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Abstract

Let X be a locally symmetric space associated to SL(n,R) and f; € C*°(X) an orthonor-
mal basis of Maass forms, with associated spectral parameters v;. Let Y C X be a flat
submanifold of maximal dimension. We prove a bound for f; integrated against a smooth

cutoff function on Y, uniform in the spectral parameter.
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Chapter 1

Introduction

Let G be a noncompact semisimple Lie group with Iwasawa decomposition G = NAK and
Lie algebras g = n+ a + ¢. Let G/K be the associated symmetric space and X = I'\G/K
a compact quotient. Let (f;); € L?(X) be an orthonormal basis of Maass forms with
spectral parameters v; € af. Let Y C X be a maximal flat submanifold (not necessarily
closed) and b € C°(Y) a smooth cutoff function. We are interested in the growth of the

flat periods
i = i\Z b(x)d
F /f (z)b(x)dx

with respect to v;.
There is a general bound for Laplace eigenfunctions on compact manifolds due to

Zelditch [1] which in our case gives

. s _ 27 _
|P1’ < ||Vi||(d1mX dimY—-1)/2 — Hyz”(n n—2)/4 '
Michels [2] was the first to study flat periods on higher rank locally symmetric spaces.
His work implies' an averaged estimate for flat periods, as follows. Let X be a compact
locally symmetric space of noncompact type, of rank r. Let ¥ C a* be the restricted roots

of X and X7 be the positive roots. Define the set of “generic points” (a*)8™ C a* to be

L This result for Maass forms follows from applying the trace formula argument in Section 2.2 to Michels’
bound for spherical functions.



the set of points that are regular and that do not lie in any proper subspace spanned by
roots. Fix a closed cone D C (a*)8". Let § : a* — R be the Plancherel density. Then

there exists C' > 0 such that uniformly for A € D we have

Yo PP < B+
[Revi—A|<C
In other words, consider all periods P; such that Rev; lies in a ball of fixed radius around
A, then their average norm squared is < (1 +||A||)~". For certain choices of X and Y
enumerated in [2, Theorem 1.3] Michels proves a lower bound (replacing < with x).
For X associated to SL(n,R), we give an estimate uniform in A, elucidating the be-

havior on the non-generic set. Define 8y(A) = [[,exr 1 +[(A, @)

, which is essentially the

maximum of 3 taken over a ball around .

Theorem 1. Uniformly for A = diag(A1,...,\,) € a* we have

Yo PP < BN HIAD T La(A)
||Reui—>\||§1
with the implied constant depending only on n and the test function b. The function Ly (\)
is Weyl invariant, and in the Weyl chamber ?> with A\; < --- < A\, we define it as follows.
Define log' x = log(2 + ). Forn # 4,

L,(\) = <log' A )”—2
" L4 Ao + A1 ’

and forn =4,

DYy Il |
1+[A2| +]As] 1T+ — Ao +]A3 — A4

Ly(A) == (108;/

Since Bo(A) < |A|"™Y/2 we obtain [P;| < ||VZ~H("273”+2)/4 Ly, (v)"/2, an improvement

on the bound for general manifolds. The factor L, (\) can be given a geometric interpre-

2This is opposite from the canonical positive chamber.



tation, namely, it grows when A is collinear with a root. In the n = 4 case, it grows when

A is collinear with a root or a sum of two orthogonal roots.

1.1 Outline of the proof

Using a standard pre-trace formula argument, we reduce the period estimate to an estimate

for spherical functions: let A C SL(n,R) be the diagonal subgroup and b € C°(A), then

/A ox(@)b(g)dg <5 (1 +]AD ™ La(N). (11)

We use a theorem of Duistermaat to linearize the problem, replacing the spherical function
) on the Lie group with a “Euclidean” approximation on the Lie algebra. The problem
then reduces to the following lemma: Let A € a* be regular. For a real n x n matrix A, let
d(A) = Y2 <i<pn A7 be the size of the diagonal. Choose k € SO(n) at random according

to the Haar measure, then
Prob[d(kAk™1) < 1] < (L +|[A) "L, ().

While we were unable to prove a lower bound in Theorem 1, this lemma and Michels’

lower bounds are at least suggestive that our upper bound is sharp.



Chapter 2

Proof of theorem 1

2.1 Preliminaries and Notation

The notation A < B means there exists C' > 0 such that A < CB, and A < B means
A <« B <« A. The implied constant C' may always depend on the dimension n and bump
function b; any other dependency is indicated with a subscript. When A is a matrix, || Al
will denote the Frobenius norm ||A||> = Zij‘Aij|2' Indicator functions are denoted 1g(x)
where S is a set or 1[P(xz)] where P is a predicate.

Let G = SL(n,R). We write the Iwasawa decomposition G = NAK, where N is the
upper triangular subgroup with 1’s on the diagonal, A is the diagonal subgroup and K
is SO(n). We have the corresponding Lie algebra decomposition g =n+ a+ ¢ and the
Cartan decomposition g = p + €. Then X = I'\G/K for some cocompact lattice I' C G,
and Y lies in the image of gA for some g € G. Using a partition of unity we may assume
the support of b is small, say, having diameter < R/100 where R is the injectivity radius

of X, and lift b to C°(gA).

2.2 Spherical Functions and the Trace Formula

Let H : G — a be the smooth map satisfying g € Ne/(9 K for all g € G (sometimes called

the “Iwasawa projection”). Let p be the half sum of the positive roots and W be the Weyl



group. Recall the spherical functions

oalg) = / el TIHED g,
K

the Harish-Chandra transform

o = /G f@)or@)dz  f € CF(E\G/K),

and its inverse

1 ~
F@) = 7 [ ex@Fsar

In order to prove Theorem 1 we use the pre-trace formula for SL(n,R). Let k € C°(K\G/K)

be a bi-K-invariant test function and

K(z,y) =Y k(')
vel’
be the corresponding automorphic kernel on X. Then the pre-trace formula [3] states

Dk lyy) =D k(—wi)filw) fi(y)

yel’

where F is the Harish-Chandra transform of k. Integrating against b(z)b(y) € C*(gAxgA)

we obtain

z 1 T rdy — () P2 ‘
LA/QA;k< W) dady = 3 K IP (2.1)

Next we construct a k such that k concentrates around a given Ag. Recall that the
spectral parameters of Maass forms satisfy Wy; = W75 and ||[Imy;|| <||p|]. Define Q =
{X€al: WA =WAJImA| <|p|}. Using the Paley-Wiener theorem for the Harish-

Chandra transform we construct k with the following properties:
1. k is supported in a ball of radius R/100, where R is the injectivity radius of X.

2. k(A) >0 for A € Q.



3. k(\) > 1 for A € Q with |[Re A — Ao|| < 1.
4. k() <n (14X = Xo|)~N for v € Q uniformly in Ag.

The details of this construction may be found in Section 4.1 of [4]. By property (1), all

terms except v = e on the geometric side drop out. By properties (2) and (3) we have

/QA/QAk(x_ b(@)b(y)dedy > > P

[[Rev;—Aol|<1

Note that 71y € A. Defining by (z) = ng b(x)b(xz)dx € C°(A) and changing variables

z = 21y the left hand side becomes

/gA /gA k(x—ly)b(:c)b(y)dxdy:/k(z)bl(z) ds

A

-/ (rv%/r [ @R du) br(2)dz
= i1 L F050 ([ exom (i) an

The task is now to bound the integral of a spherical function ¢, against a smooth cutoff

function on A. In other words, we need the following bound: for b € C°(A),

/AW(Z)b(Z)dZ <p (L+A) T La(N).

With this bound, Theorem 1 follows from the rapid decay of k away from —\g (property

4) and the polynomial growth of .

2.3 Euclidean Approximation of Spherical Functions

Let g = £ + p be the Cartan decomposition. For X € p, k € K write k.X = kXk~! for the
adjoint action of K on p. Let m : p — a be the orthogonal projection with respect to the

Killing form. By a theorem of Duistermaat [5, Equation 1.11], there exists a nonnegative



analytic function a € C*°(p) such that

where dk is the Haar measure. Changing variables z = ¥ and using Duistermaat’s

formula gives

(%) = / dz—// ATk g (k. X )b(eX ) d X dk
—/K(/a (ik™EAX) (kX)b(eX)dX> dk,

where in the second line we extend A € a* to p* by pulling back along =, and replace
the adjoint action with the coadjoint action. Let c(k, X) := a(k.X)b(e™) and note that
c € CX(K x a). Let ¢(k,&) € C°(K x a*) be the Fourier transform of ¢ in the second
variable. Then the inner integral is just ¢ evaluated at the frequency ¢ = —7*(k=1.\),

where 7* : p* — a* is restriction:

(x) = /KE(k, —*(k~'\))dk.

Since ¢(k, &) has rapid decay in £ for all £ and K is compact, sup, ¢(k, ) also has rapid
decay in £. Let B be the indicator function of the unit ball on a*, pulled back along 7* to
p*. Taking the supremum in the first variable and upper bounding in the second variable

by balls gives
Zd / r (kYN dk

where the sequence d, has rapid decay. Essentially, we want to know how much the

coadjoint orbit K.\ can concentrate near (a*)*. It suffices to show the following lemma:

Lemma 1. Let Sym,(R) be the set of real symmetric n x n matrices. For X € Sym, (R)

let w(X) be the diagonal part of X and B(X) = 1[|x(X)|| < 1]. Let A = diag(\1, ..., An)



with A\ < Ay < -++ < Ap. Define

() = /S oy BlEN

and

An(A) = (LA T Lo (V).
Then if Tr A = 0 we have I,(\) < Ap(N).

Finally, since () is continuous in A, we may perturb A to be regular (i.e. A\; < \j41

rather than <), then

()] <D de(@ 4 HIAD T Lo ()

r=1

< (4[N Ln (V).



Chapter 3

The coadjoint orbit K.\

The remainder of the paper will be proving Lemma 1.

3.1 Preliminaries

We note some properties of I,,(A) and A, (N).
e [,(A) is monotone under scaling: if t > 1 then I,,(t\) < I, ().

e For a fixed C > 0, we have A4,(CA) <¢ An(A), and ||A — X|| < C implies A,()) <¢
Ap(XN).

e An estimate for I,,(\) when Tr\ # 0 easily follows from the tracefree case. Write

A= Ao+ (TrA/n)I. Then

[ (kA)||* = |7 (k20)||* + 20 (k.2o), (Tr A/n)T) + ||7((Tr A/n)D)||

= || (k-20)||* + (Tr A)?/m,
so||m(k.A)|| < 1if and only if ||7(k.Xo)|| < /1 — (Tr A)2/n. Thus

Lo/ VT CRNm) [TeA| < v
I,(\) = : (3.1)
0 ITr Al > /n
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We also note the following soft lower bound for I,,()\).
Lemma 2. I,(\) > (1 _{_”)\H)—dimSO(n).

Proof. An easy inductive argument shows that for all A with Tr A = 0, there exists some
ko € SO(n) such that 7(kg.A\) = 0. Indeed, suppose \; < 0 < A2, and let Ry € SO(2) act

on the first two coordinates, then

A1 A9
RTI'/Q‘ )\2 = )\1 3

so by continuity there exists 6 such that Ry.\ has a 0 in the upper left corner, etc.

Choose X € so(n) with || X|| < 1/100. Taylor expansion gives
1
(exp X)ko A = koA + X (ko-A) = (ko A)X + 5 (XQ(kO.)\) —2X (ko N X + (ko./\)X2> .

ThusHTr((exp X)koN)|| < [ XAl and”w(k:./\)H < 1 on a ball of radius > min(1/100,]| || ")

around k. O

Since (1 +||A[))~ 499 « I,(\) < 1, in the rest of the proof we may assume that
|IA|| is greater than some constant depending only on n and prove I,(A) <|[A|7"™ L, (\)

instead of I,,(A) =< (1 +|| )™ 1L, (N).
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3.2 Inductive step

a
For n = 2, we have A\ = and the integral can be evaluated with basic trigonom-

etry:

—acos20 asin26

1 27
/ B(k.N)dk = 2/ B do
SO(2) ™ Jo asin26  acos?260

1 27
=5 ; 1[2a? cos?(26) < 1]db
= (1+lal)~,

so assume n > 3.

Let eq,...,e, be basis vectors for R™ and let SO(n — 1) C SO(n) be the subgroup
fixing e,. Let Il : Sym,,(R) — Sym,,_;(R) be the projection to the upper left n —1xn—1
submatrix; we have II(k'.X) = k' II(X) for ¥ € SO(n —1). Let ' and B’ be the n — 1-
dimensional versions of 7 and B. Let X = k.A\. We have H7r(X)H2 = H7T/(H(X))H2 + X2,

so B(X) < B'(II(X)) and
I,(\) < /so( )B’(H(kz.)\))dkz. (3.2)

On the other hand, since Tr X = 0 we have X, = — Z?;ll X;; and by Cauchy-Schwarz
X2, < (n—1) Y0 X2 = (n— 1)/ (I(X))||%, s0 ||[r(X)|| < v/al|x'(I1(X))|| and

L) > /SO( B X) i

To do the induction we will convert the integral over SO(n) to an integral over SO(n —1):
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Lemma 3. Define

K1
M = P < i < Aigt

Hn—1

and

_ H1§i<j§n—1‘/” - Mj|

1/2°
IT 1<icn [N —n5]"
1<j<n—1

J(n) :

For any non-negative f : Sym,,_1(R) — R, we have

/ FOLRA)) dh = o / / FOR ) dI T (1) ds. (3.3)
SO(n) M JSO(n—1)

for some absolute constant c, > 0.

Proof. Let A C Sym,,_;(R) be the set of matrices conjugate to some u € M, equipped

(n—1)

with the metric inherited from R . We will show both sides are proportional to

/ F0 T = (x| Y2 ax (3.4)
A 1<i<n
1<j<n—1

where 1;(X) is the j-th highest eigenvalue of X, viewed as a function on A. Define a map

F:50(n) — Sym,,_;(R)

F(k) = II(k.N).

We begin by pushing the left hand side of (3.3) forward along F' to get (3.4). First we

exclude the degenerate case where II(k.)\) shares an eigenvalue with .

Lemma 4. )\; is an eigenvalue of TI(k.\) if and only if (e;,k~te,) = 0.
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Proof. By replacing A with A — A\;I, we may assume without loss of generality that \; = 0.

Let P = I —enel, the projection killing the n-th coordinate. Then for any A € Sym,, (R),

so the eigenvalues of PAP are the eigenvalues of TI(A), with an extra multiplicity at 0.
Suppose J; is an eigenvalue of II(k.)\), then PkAk~!Pv = 0 for some v with Pv # 0.
If Ak~ Pv =0, then k~!Pv = ce; for some c # 0, and {(e;, k~te,) = ¢ Nk~ Pv, kte,) =
cHPv,e,) = ¢ Hov, Pe,) = 0. Otherwise, if PkAk™'Pv = 0 and Mk™'Pv # 0 then
kXk~tPv = ce,, for some ¢ # 0 and (e;, k~te,) = ¢ ey, Ak~ Pv) = e ey, k71 Pv) = 0.
Conversely, if (e;, k™ 'e,) = 0 then Pke; = ke; and PkAk~!Pke; = Pkle; = 0, so ke;

is the desired eigenvector for II(k.\). O

Let S = {k € SO(n) : (e;,kte,) = 0 for some i }. Note that the quotient SO(n—1)\S
is the intersection of the sphere S™ ~ SO(n — 1)\SO(n) with the coordinate planes, so
S is negligible. The following calculation of Fan and Pall [6, Theorem 1 and pp.300-301]
shows that F'(SO(n) —S) = A.

Lemma 5 (Fan-Pall). Let g <--- < pip—1 and z1,...,2, € R. Suppose the matriz

231 21

Hn—1 Zn—1

21 ... Zpn—1  Zn

has eigenvalues \; < --- < Ay, Then A1 < pup < o <+ < pp—1 < \y. Furthermore, if

Ni # pj for all i, j then
o _ Thicjenl — il
z; =

" Thi<j<n—|mi — 1l
i#£j

for 1 <i<n-—1, and taking traces gives z, = Y, \j — Zj -
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Conwversely, for any p and X\ satisfying \; # pj the above choice of z; gives a matriz

with eigenvalues .

We check that F restricted to SO(n) — S is a smooth covering and compute its dif-
ferential. Let Y € A. Conjugating by SO(n — 1) we may assume Y is diagonal. There
are 2! choices of X € Sym,,(R) conjugate to A such that II(X) = Y, corresponding
to choices of sign for the z; in (3.5). Furthermore, since the centralizer of A in SO(n)
consists of reflections through an even number of coordinate axes, for each X there are
27~1 choices of k € SO(n) — S such that k.\ = X.

Let Ej; be the n x n matrix with a 1 at position (4, j), a —1 at (j,¢) and 0 elsewhere.
Then {E;;k : 1 <1i < j < n} is an orthonormal basis for T;,SO(n) (up to some constant).
Let Fj; be the n — 1 x n — 1 matrix with a 1 at (¢,7) and (j,7) (or a single 1 if ¢ = j).
Then {Fj;:1 <i < j <n—1} is a orthonormal basis for TF(k)A.

We calculate
o1
Dy F(Esk) = lim " [TI((exp tEj)k.A) — I(k.N)]
= II([Ej, k.A])

(pj — i) Fij J<mn

a1+ 6)Fy j=n

The Jacobian determinant has one nonzero term (the one that associates Ej; to Fy; for

j <n and Fy for j =n). Hence

— 1/2
det DkF = H (,U,j — ,ul) H 221' = :|:2n 1 H ’)\z — ,U,j| / y
1<i<j<n—1 1<i<n—1 1<i<n
1<j<n-1

which is nonvanishing everywhere. Thus F defines a smooth 22"2-fold covering, and

pushing forward along F' we see that the left hand side of (3.3) is proportional to (3.4).
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On the other hand, define

G:SOn—1)xM—= A

G(K ) =K .p.

It suffices to compute the differential at &' = 1. Take {E{; : 1 <i < j <n —1} as a basis

for T1SO(n — 1) and let (€})1<i<n—1 be the obvious basis for T, M. Then

D(l,M)G(EgyO) = [E;_V/"L] = (:uj - MZ)FL]

D1, G(0,¢;) = F

and the Jacobian determinant is :I:ngi<j§n71‘iui — ,uj‘, so the right hand side of (3.3)

pushes forward to (3.4).

Define

Tn(A) = /M A ()T (1) dp

The next step is to show I,(v/n — 1\) < Jp(A) < I, (A/+/n). Then it will suffice to prove

Jn(A) =[N 7" Ly (M), Applying Lemma 3 to Equation (3.2) we get

I,(\) <<// B'(K'.p) dk' J (1) dp
M Js0(n-1)

= / I (p)J (1) dp-
M

By Equation (3.1) we may restrict to the region where |Tru| < +/n —1, in which we

have I,—1(p) = In—1(po/v/1 — (Tru)2/(n — 1)), where pg is the tracefree part of u. By
monotonicity, this is < I,,_1(uo), by induction I,,—1(po) < An—1(po) and since || — p| is

bounded, Ay,—1(up) < Ap—1(p). The upper bound now reads

BV [ er Ana ()0
ITr jul< /=T
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Scaling A and p by v/n — 1 this is equivalent to

I,(vVn—1)\) < /MEM Ap1(Vn— 1p)J (p)dp,

|Tr p|<1

and since A,—1(v/n — 1p) < Ap—1(p) the RHS is < J,(A), so In(v/n — 1X) < Jp(A).

On the other hand, for the lower bound we have

AOE ) oy B T

= / L1 (V) J () dps,
M

and we may restrict the integral to the region where Tr u < 1/4/n, in which

Loy (Vi) = Lot (Vipo/\/1 = (Tr V)2 (n — 1))
> Loy (Vino/v/(n = 2)/(n = 1)
= Ap—1(po)

=< An—1(p)-

So

BV [ Al dn
|Tr p<1/v/m

and scaling A and p by 1/y/n we get I,(A/\/n) > J,(N).
Our strategy for showing J,,(A) < [|A||7"™ L,,(\) will be to simplify J,,(\) to a convo-

lution. Define

Hie={peM: |3, m| <1}

Fy(x) = 1 ap X — 272 i — 272

Rij -= |Mz‘ - MjH)‘z‘ - Mj}_l/z‘)\jﬂ - Mi‘_lﬂ :
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Then
TN = / A+l 2 L) [ wy [ FGwde  (36)
H 1<i<j<n—1 1<i<n—1

Note that
N o ) =172 |y —1/2 -1/2
Fi(x) < 1[/\i7>\i+1}|/\1—)\1+1\ (\)\z—x| +|Xit1 — x| )

implying [ F;(z)dz < 1. Also, k;; <1 on H. If we can eliminate the factors (1+|u||) "2,

Ly—1(p), and k; ; then the integral becomes simply a convolution evaluated at 0:

/H II #ite)du= / / cy (< Zim) [T Fie) dpns - dp

1<i<n—1 1<i<n—1

= (1[—1,1} ¢ <1§i;kn1Fi>> 0.

Let d = A\, — A1 and let d; = A;11 — A; be the “spectral gaps.” Then Lemma 1 follows
from the following cases:

First, by Lemma 6, we have unconditionally that J,(X) > |||~ "
e Let I be the index of the largest gap. Suppose dy > (1 —1/100n)d. Then:
— If (n,I) # (4,2), then L, ()\) = 1 and it remains to show J,,(A) < ||| 7", See
Lemma 9.
— If (n,I) = (4,2), then the exceptional term term in L, () is large. See Lemma

10.

e Otherwise, let I < J be the two largest gaps, breaking ties arbitrarily. Then (1 —
1/100n)d > dy,dy > d/100n>.

— If (I,J) # (1,n — 1) then Ly,(\) =< 1 and it remains to show J,,(A) < || A7

See Lemma 11.

— If (I,J) = (1,n — 1) then the main term in L, () is large. See Lemma 13.
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Chapter 4
Convolution Bounds

4.1 The general lower bound

Lemma 6. For all A\ with A\ < Ay < - < An, we have J,(X) > ||\~

Proof. Applying the inequalities Ly, (1) > 1 and (1] u|])~+2 > ||A| ™" to the definition
of Jp(A) gives
1) > N [ T

We define a subset of H on which the ;; are bounded away from 0. Let 6 = —\;/d.
From (n — DA1 + Ay < A1+ X+ -+ A\, = 0 we deduce Ay < —d/n and similarly
AM+m—DA>M+X++X, =0 = (n—1)d>-n\. Thus1/n<0<1-1/n.
Let m; = OX\; + (1 — 0)X\i+1. Then Zlgign—l m; = 0. Define intervals M; C [\, Ait1]

centered on the m;, given by
M,; = [7’I’LZ — di/2n,mi + dl/2n]
and restrict the integral to the set

H = {/L TS MZ?’ZMM@‘ < 1} CH.
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Then for u € H' we have

L I ¥ el YRl 2 R LY | B |

i = Njea| s = A+ = A TN = A T 2n

and similarly ’,ui - ,uj’ /‘)\z - Hj‘ > 1/2n, so ki > 1/2n. Also, for p; € M; we have
Fy(pi) = |\ — Ay |72 (|>\z' — i) 7Y A1 — Mz‘|_1/2> > d;t.
Applying the lower bounds for ;; and F; gives

O RaSN I | s T

1<i<n—1

and this is equivalent to a convolution

Ja(N) > [IA| 7" G(0)
G = 1[_171] * ( E S di_llMi> .

1<i<n—1

Since ), m; = 0 we can translate each factor to be centered at 0,

—1
G= 1[7171} * <1§’i§<n—1di 1[di/2n,d¢/2n}> .

Then by the following Lemma, G(x) is maximized at z = 0.

Lemma 7. For a sequence of reals a; > 0 let

fn(z) = 1§>z!<§n 1[_ai7ai] ()

then fy is mazimized at 0 for all n.

Proof. The f,, are obviously even. We prove a stronger statement, that f,, is nonincreasing
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on [0,00). The case n =1 is trivial. For n > 1 and = > 0 we have

fulz) = / 1y ) (2 — 9) far (9)dy
T+an
- / Fut (y)dy

—an

implying, for 0 < x < 2/

T+an i
fal@) — fula') = / faca(y)dy — / fue1(v)dy

—an ' —an

_ /;/_a" Far(y)dy — /:/Mn fa-1(y)dy

—Qan +an

= / fo—1(y — an) — fo—1(y + an)dy,

and by induction the integrand is > 0. O
Finally, note that [ G(z)dz = 2[[,||d; ' 1, ) > 1 and G(z) is supported in an interval
of length < ||A||. Thus, G(0) > ||A| ™" and we are done. O

4.2 Monotone rearrangement

In order to upper bound various convolutions we introduce the following convenient tool.

For f:R — [0,00) define the level set
[f>th={zeR: f(x) > t},
and the “layer cake representation” of f,

f(a) = / 1oy () dt.
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For a set S C R define the rearranged set S* = [0,1(S)). Finally define the monotone

rearrangement

Fo(a) = / 1y oy () db.

For example, the monotone rearrangement of 11, is 1jg;_4), and the monotone rear-

rangement of
f(@) = Lggla — 2| 72|p — 2|72
is

Fo(@) = Lo pa(w/2) (0 — a) —2/2)7 '/

< (b—a)" V25712,

We note basic properties such as f < g = f* < ¢* and (af)* = af*. The real workhorse

is the n-ary Hardy-Littlewood Rearrangement inequality:

Lemma 8. For fi1,..., fn : R — [0,00) we have
/Hfz(x)d:c < /Hfz*(az) dx
=1 =1
Proof.

/Rfl(x)fn(x)de/R/o /0 1{f1>t1}(:c)...1{fn>tn}(x)dtn...dtldx
:/ / B> 030 A > b} . dty
0 0
s/o /0 ({fi > 00> b)) db . dy
:/ff(x)...f;;(a;)dx.
R

O

For n = 2 this implies || f * g, < (f*,¢"), where f x g is the convolution of f and g.
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We also note the following inequalities for 0 < a < b:

b k k
/ a2 <log’ T) dz <, b/? (log’ f) (4.1)
a x
b k k
T T
/ z! (log' x) dr < logg <log’ a> , (4.2)

the first of which can be verified by applying integration by parts k times.

4.3 One Large Gap

In this section we assume there exists I such that dy > (1 — 1/(100n))d.
Let d = d —dr =| 1 — Ar| +|A 141 — A\n| < d/100n. We show that n and I determine
the positions of A; and p; up to an O(d') error. Write £C for an error of absolute value

< C. Then \; = A1 +=d fori < I and \; = \,, = d’ for i > I. Writing

O:ZA,-

= I\ + (n— DAy £ nd

we get A\, = Id/n+d and \; = (I —n)d/n £ d'. Then

Migd/ i<I
A = Idn (4.3)
— +2d i>1
n
and (using !Zz ,ui’ <1 to find puy)
wigd’ i<
n
I-2
i = ﬂi@nd’%—l) i=1T (4.4)
n
I—d:I:2d’ > 1
n
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4.3.1 The upper bound when (n, ) # (4,2)

Lemma 9. Assume there exists I such that df > (1 — 1/(100n))d and (n,I) # (4,2).
Then Ln(X) =< 1 and J,(A) < ||A||7".

By Equation 4.3 we have |A2| > d so

, [l
< 1.
1+ |A2| +[An-1]

log

Also, if n =4 but I # 2 then at least one of |[A\; — Aa| and |[A\3 — A\g| is > d so

/ A

< 1.
T+ — Ao +]A3 — Ay

log

Thus L,(\) = 1, and by Lemma 6, J,(A\) > [|A|7"", so it remains to show J,(\) <
A

If I > 2 then |p| > d, otherwise, if I = 1 then |u,_1| > d. Thus (1 +|u|)""? <
IA

If n =4 and I # 2 then |u2| > d and L,—1(p) < 1.

If n > 5, then at least one of |ug| and |p,—2| must be > d, so

S 7

log = 1.
1 +{p2] +|pn—2|

If n =5 then the exceptional factor in L,,_1(u) is also < 1 since at least one of |p; — po|
and |p3 — pu4] must be > d. Thus L,,—1(p) < 1 for n > 5.

Bounding x; ; <1 for all 4,7 we get
70 <IN [ T ) e

By Equation (4.4) we have u; = (I — 2n)d/n + (2nd’ + 1). Then (taking d sufficiently
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large) |[A\; — 7| and [Azy1 — pg| are > d so Fr(t) <||A| . Finally

T <IN [ TT Fitis) d

Hitl

=y (1[_1,1] ; (;;F)) (0)

— 1
<A TTIEL
il

< AT
and we are done.

4.3.2 The case (n,I) = (4,2)

Lemma 10. Assume there exists I such that d;f > (1 —1/(100n))d and (n,I) = (4,2).

Then
[ Al
1 —H)q — /\2’ —H)\g — )\4‘

L,(\) =< log’
,and Jp(A) <||A|7" Ly ().

The proof proceeds similarly to Lemma 9, except that we cannot eliminate L, _1(u) =

log/||\|| /(1 +]|u2]). We write instead

1) <IN [ La)Gz) e

where

o I

L) T[]

G = 1[_171] * F1 * Fg.
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Using Young’s inequality and the fact that || F;||; =< 1 we have

TnO) <IN L 1+ P
oo
<IATIL  Fillog 2|, 1Bl

<AL * Pl -
Then using the Hardy-Littlewood rearrangement inequality and equation (4.1):

L # Fil o < (L7 FY)

& AL 172
log! NN g=1/2,-1/2 4
<</0 og l—i—\x] 1 x X

A

<<log'1+d1,

s0 J(A) < [N % and similarly J,(A) <||A| """ log’ ler\C'lg. Together these imply
Al

TN < |IA7" log’
) < og o e — )

as desired. For the lower bound, we restrict to H’, then since k;; > 1 for all ¢ < j, and

(1 +llul ™ > A7 we have

_ A
5 >IN [ o (5 T A du

Utlpal 22,

By Equation (4.4) we have |ug| < 1+ 4d’ for p € H', so

—2 Al
Jn(A) > [|A[7" log 1 4d S,y H Fi(pi) dp
1<i<3
and using the same argument as in Lemma 6 the integral is > ||A[|”'. Finally since

d :|)\1 — )\2| —H)\g — )\4| we have

Al

Jn(A Al 72 log’ .
) > I og o e — )
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4.4 Two Large Gaps

In this section we assume no index I satisfies d; > (1 —1/100n)d. This implies there exist

indices I < .J such that dy,d; > d/100n2.

4.4.1 The case (I,J) # (1,n—1)

Lemma 11. Suppose there exist I < J with (I,J) # (1,n—1) such that dj,dy > d/100n>.
Then LX) =< 1 and J,(A) < ||A|7".

Proof. If |Aa| +[An_1| < d/100n2, then d; < d/100n? for 2 < i < n — 2, forcing (I,J) =
(1,n—1). Hence |A\a| +|An—1] > ||A|| and the main term in L, (\) is < 1. The exceptional
term of L, () is also < 1 since one of |A; — Ao ,|A3 — A\4| must be d; or dj. It remains to
prove J,(\) < ||A|7"F

If n = 3 then (1, J) = (1,2) is forced, so we must have n > 4. By symmetry (replacing
A,y .oy Ap With =\, ..., —\1) we may assume J < n — 2.

First we rewrite L,_1(¢) to depend solely on pu:

Lemma 12. Under the assumptions of Lemma 11,

Lp—1(p) < L(pg) == <log’ M”) <10g’w>n_2 <10g’w>n_3-

|As— ] [Asi1 — gl |11

Proof. If J =n — 2 then bound

-3 -3
<log’ [ ] )n < <log/\|/\H>" _
1+ 2| +|pn—2| 17|

Otherwise, suppose J < n — 3. Since 1 < I < J we must have n > 5. If (I,J) = (1,2)

then [pa| +[pn—2| = |p2 — p3| =[p2 — As| =[As41 — po| and

n—3 n—3
A
fo LY g (LY
1+ |pa| + | pn—2] Ag+1 —

Otherwise, if (I,J) # (1,2) then n > 6 is forced, and |uz| + |pn—2| > |u2 — tn—2| >
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‘)\3 — )\n—2’ >djy >>H)\H, SO

—3
1+ |p2| +|pn—2|

As for the exceptional factor in L,_1(u) that appears when n =5, if J = 3 we bound

[\
IAjs1 — pg]’

/ 4]

< log’
L+|pr — po| +|ps — pal

log

and if J = 2 we bound
[l

<L ———.
|As— ]

Since ||| 3> |11 — pn1] > dy > || A, we have (1+|u]]) =™+ <||A| "2,

Since [Aj41 — pr| > dj > ||A|| we have

krg =Ar — sl AN = e 7Y s — g

1/2

— 1/2
< Y2 s = M2,

and since [\j — pp—1| > dj > ||A|| we have

Fogme1 =|As — pme1] YN0 — g |1y — pin1]

—-1/2

1/2
<M g = oY

<MY = a2

Applying all the above inequalities, and r;; < 1 for all other pairs 4, j, to Equation (3.6)

and converting to a convolution we have

Ju(3) < A / F(H)G(—t) dt
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where

F(t) = / Fr(pn)Fy(p)lr — Ly — M2 L(ug) dpg
pr+pg=t

o0~ (10 (1,7 )

The estimation of F'(t) is contained in Lemma 14, with
A=X B=Xy C=X; D=Xjp1 E=XN, T=d, k=2n—-4

giving

)\J - /\[+1| >k+1 |>‘n - )\J-&-l‘ s
Fit)< (|lo "— + [log’ 2“2 =21 +
Q ( g\)\1+1+)\J—t| g|/\l+/\J—i—1_t’

k k
(log’ d) ; <1og' d ) .
A1+ Ay —t 11+ Agp — 1

Let d =d—d;—dy. Let Hi(t) be the sum of the first two log terms and Hs(t) be the sum

of the second two log terms. We have|\; — Ari1],|A\n — Ays1| < d' so Hf (t) < (log’ d?/)kﬂ.

Let di be the next largest gap after d; and dj, we have dx > d’'/(n — 3). Then

[ moc-na < rl, T] 120,
i£1,J,K

< (Hi, Fg)

dK d/ k+1
< / <log’ x> 412172 g
0

- log/ i/ k+1
dg

as desired. To bound [ Hy(t)G(—t)dt there are two cases. First suppose d' > d/(100n).
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Then

/HQ(t)G(—t) dt < (Hj, F;)

di d k
<K / (log' x> d[_(l/Q:L‘_l/2 dx
0

since di > d. Otherwise d’ < d/(100n). If G(—t) # 0 then

te —suppG

Cl-LA+ Y Xy, —Ad
1<i<n—1
AL

=[-14+ XM+ Ar41+Ajp1, LN+ A0+ Mg
Recall that A\ < —d/n. Subtracting A; + A from the lower bound for ¢ we get

t—Ar—Aj>—-14+M+dr+dy
Z—l—d/n—i—d[—i-dJ

>—14(1—-1/100n —1/n)d

so for sufficiently large A, |t — A — As| > ||A|l, and similarly [t — Ary1 + Agei| > ||l
Hence Hs(t) < 1 on the support of G(—t) and [ Ha(t)G(—t)dt < 1 as desired. O
4.4.2 The case (I,J)=(1,n—1)

Lemma 13. Let (I,J) = (1,n — 1) and suppose dr,dy > d/100n?. Then

LMX( A )2

1 +[A2] +[An—1]
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and Jo(N\) < ||AIT"T L, ().

Proof. Clearly the exceptional term in L4 () is trivial when dy,ds > ||A||. We split into

three cases: the upper bound for n = 3, the upper bound for n > 4, and the lower bound.

The upper bound when n =3

Since |A1 — Az2|,| A2 — A3| >||A|| we have

(U + ) hr2 < A — po 72 Ag — |72
<A1 = Aol T2 As = Ao V2

<IN
Then

1
In(A) <<H)\H_1/ / et A1 — 1|72 e = g TP g = po TP — paol TP dpn dit.
N < e <pa<ng

By Lemma 15 the inner integral is

- Al R -1 A Al
)\ 1 l / || l / — )\ 1 / 1 /
<A <0g a1 s =1 [Al7 ( log a1 T )

and

J (>\)<<||)\||‘2/1 og' ML 1o AL 4,
! 1 A+ 12X — 1|
- Al
<A log!
A" log W

as desired.
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For 2 <i <n — 2 we have

ki =l — pal N — ] 7 = gl

<lpr = gl Air = | EIN 2
1/2)y(—1/2

<y = g PN Y

and similarly x; ,, <|p; — un]1/2]]A|]_1/2 so by AM-GM, k1 ikin < |p1 — un_l\H)\H_l. Also,

Fim < |1 — pn_1]]]A]| "' We can use these factors to cancel (1 +|u[)~"*2, and the extra

factor in Ly,_1(p) if n = 5:

[l ) —n+2
log’ (L) h1n K1,iRin—1
( LA |pn — pal +|p3 — pual il ! QSE_Q o

< log/ Ly =172, 2
1 — pa|

<A
where in the last line we use the fact that zlog(1/x) <1 for < 1. Bound &;; < 1 for all
remaining ¢, j.

Bound

<10g/ [ ]| >n_3<< (log’ [ ] >n_3
L+ 2| +|pn—2| L +|pn—2|

Write

Tu(3) < A7 / F(H)G(~1) dt
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where

F(t):/u1+un1t Fi(p1)Fo1(pn—1) dp
A1<p1<A2
Anflgﬂnflg)\n

G [7171] * n—2 i <i7$1’n—2,n—1 Z)

n—3
FL _ Fn— 1 / H/"[’H .
£ 2(0) = Focala) (102 {21

Applying Lemma 15 and using dy,d,—1 > ||| gives

- All Al
F(t) <||A 1(10'”—}—10’ .
&) <Al Bt At D Awt — 1]
By symmetry (replacing A1, ..., A, with —\,,, ..., —A1) we may assume|\,—1| >|A2|, which

also implies A\,,—1 > 0. Now we split into three cases:

o If \,_1 <100 then bound
Fy_a(x) < (log'[|A)" 2 Foa(x)
and

/ F()G(=t)dt < Qg || F« 10| TT 17
i#ln—1

RNy L P\
<IN g/ A" | tog

<[[AIIT (og/IA])"

_ Al n-2
A & T | + ]

and we are done.

e Suppose A\,—1 > 100 and |A2 — Ap—1| < |A\p—1]/100. Then Ag,..., A1 > 0 and
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A2 > 10. Since F , is supported on [A;_2, \n—1] we can bound

A n—3
FE () < (1og', | ”2‘) Foos(a)

< (log’ Al >n3 F_o(z).
1+ Aa| +[An=1]

For ¢ satisfying G(—t) # 0 we have

te —suppG
C[-1- Z Ait1,1— Z Ail
2<i<n—2 2<i<n—2

= [T+ M+ A+ A, T+ A+ A1 + A

sot— A — Ay > A2 —1>|A2| +|An—1]. On the other hand,

A2+ At — > Xo 4 Anct — (14 A1+ At + An)
>X—1=-A1 =X\
>X—14+ Ao+ 4+ A1)
>n—1) -1

> 1+ Ao +[Ap-1].

Thus

Al
14| +[An—1l’

F(t) <<H/\H_1log’

and the result follows.

e Finally suppose |A,—1] > 100 and |A2 — A\p—1] > |An—1]|/100. Then [Ag — A\p—1]| =<

1 +|)\2| —H)\n_1|. If Ao < )\n—1/27 then d,—9 > |)\2 — An—l’ /4 > |)\2| —H)\n_2| and
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by monotone rearrangement,

[Foceoa < Far| TT IR

i#l,n—2,n—1

dn72 )\ n—2
< H)\H_l/o d;i/;m_lﬂ (log'U) dx

_ Al "2
<INt <1og’ C|l| I >
n—2

<<H)\||71 10gl ||)\|| 2
L+ |A2] + [ 2]

and we are done. Otherwise if A,,—o > \,—1/2 then

L ;AN
F oz ( )<< (1 ’)\n 2‘> Fn_g(.r)

A n—3
< <log’ I > Fr_a(x).

1+ |A2| +[An-1]

Choose 2 < K < n — 2 such that dg is the next largest after dy, then

dx > (d—d;—dy)/(n—3)
=[A2 = Ap—1| /(n = 3)

> 1+ Aa] +|An—2]

and

Al
1 +|)\2| —H)\n 2|

IF+Kl. [T IElL

i#1,Kn—1
, [\
L+ 2| +[An—2]

( )

( )
<<||)\||_1<log’1+‘)\2‘|/\ﬂ’)\n 2\> ( ,HAH>

( )

_1/2 —1/210g/H H dx

/ [
1+ A2] +[An_2|




35

Lower bound when n >3 and (I,J) = (1,n — 1)

By assuming L, () is larger than some constant, we may assume 1 + |A\o| +|[A\,—1| <
d/(100n). This further implies [\ + Ap| = |A2 4+ -+ A1 < d/100, and since d =
An — A1, we have A\ = (A1 + Ap — d)/2 < —d/2 + d/200 < —d/3 and A, > d/3.

Similarly to Section 4.1, we restrict the integral to the region
H' ={uecH:p €M for2<i<n—2, p <—d/d, pn_1 > d/4},

on which we have x;; > 1/4 for all i < j, and F; > di_llMi for 2 < ¢ < n—2. Since

A2 < p2 < pp—2 < Ap—1 we have

" 1+ Aa| +[An—1]

Bound A2 — 1] ™Y A1 — gt |72 > IA 7Y and (1 4[p))"" 2 > A T2, Using all

the above inequalities gives

B A\ n—3
Tn(A) > A7 <10g'1+|xl||+|A 1l) ”

[l 2 = T BT
H 2<i<n—2

which we rewrite as a convolution

Ju(A) 3 A7 / F(H)G(~t) dt

F(t) = //LlJr,LLnl:t |)\1 — 'u1|_1/2|>\n - /«Lnfl‘_l/2 d,u
A <p<—d/4
d/4S:U‘TL71S)\’IL

—1
G = 1[_1’1} * <2<ii<n_2 dl ].MZ) .

Since M; C [Ag, A\p—1] for 2 < i < n —2, we have G(—t) # 0 = [t| < d/100. If
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t < A1 + Ay, then substituting y = u1 — A1 in the equation for F' gives

F(t) = /td/4A1 y PO = (= (y +2))) P dy
0

t—d/4—)\1
=/ Uy 0 4 A — 1)V dy.
0

Apply Lemma 17 with a = A\ + A\, —t and T' =t — d/4 — A\;. The preceding inequalities

for |t|, A1, and |\ + A, | ensure a < T. This gives

Al
F(t) > log/ — AL
(t) > log W w—
Likewise if t > A1 + \,, then
Al
F(t 1 ’Hi
(t) > log" =3 —4
thus
Al
F(t) > lo (L

Since [A1 + An| < |A2| +[An—1| we have [t — (A1 + An)| < |t] +[A2| +[An—1] and

Y
1+ el + Ao ]

F(t) > log
Meanwhile, we have [G(t)dt > 1, and the support of G is contained in an interval of
radius < 1 +|A2| +|\,—1] around 0, so

A

F(OG(—t) dt > log! — 1
/ ()G (-t) & T ]+ ]

as desired. ]
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4.5 Lemmas

Here we have separated out the main calculation for the two large gaps case.

Lemma 14. Let A< B < C <D < E, T, and (L;)i1<i<i be given with|A—E| < T.

Then for A+ C <t< B+ D,

_ T
@ﬁiﬂWﬁqx—mu—Bm—cm—DD1ﬁw—WQW—EW2IIbéL da

isiss size iy

is bounded above by
<, T|A— B|7'?|c — D|7'/* x
1 / |B_C‘ k+1+ 1 / |D_E‘ k+1+ 1 / T k_|_ 1 / T
og ——— og —— og ———— og ————
S 1B+C—1 STA+D ¢ SA+C—1 S1B+D—1

Proof. For z € [P, Q] we have

o= P — QI <P = QT (o~ PP - ). (45)

Using this identity twice with (P,Q) = (4,B) and (P,Q) = (C,D) and substituting

y=1—x gives

(¢) <|A-B"|lc—=D[7* Y 1(x.Y)

Xe{A,B}
Ye{C,D}
where I(X,Y) =
min(B,t—C)
T
v — X7z —t+Y|7V2220 — |22 — t + E|V/? log/ —————du.
o~ X |7 V22— 1) T o s
max(A,t—D) 1<i<k

First consider I(A,C). Extend the bounds of the integral to [A,¢ — C]. Bound
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22 — "%z — t + E|"/? < T. Then

t—C B _ T
u—mlﬂp—@—cn”QIIm%M_

Im¢»<T/ _ ' &
A t + x|
1<i<k

A

and using Equation (4.5) with (P, Q) = (A,t—C) and then using monotone rearrangement

on each factor we obtain

e [ 1/2 , T\* / T :
I1(A,C Tit—C - A|~ - log'— | d T(log ——— | .
(4.0)<T | /0 ’ <og x) Sk (0g|A+C_t’>

The calculation for I(B, D) is similar to I(A,C).
Now consider I(A, D). Bound |2z — t\1/2 < T'Y2. Suppose t < A + D. Substitute
2’ = x — A. The integral now runs from 0 to B — A, extend it to [0,7]. The integral now

reads

T d
Z.
|Li —t+2' + A

T
T1/2/ /|72’ + A+ D —t| P+ A+ E— 1] ] log/
0 1<i<k

Applying Lemma 16 witha=A+ D —tand b= A+ E —t gives

A E—t k+1
I(A,D) <; T ( i )

log/A-l-D—t

E_D k+1

T (1o 2 =21
< (Og|A+D—t|

If t > A+ D, then substitute ' = x — t + D, extend the bounds of the integral to [0, 7],
and apply Lemma 16 with a =t — A — D,b = E — D. The calculation for I(B,C) is

similar. O
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Lemma 15. Let A < B < C < D be given with|A — D| < T. Then for A+B <t < C+D,

—-1/2
Jrsvet o= Al = Blly ~ Clly - D) * do
A<z<B
C<y<D

is bounded above by

<|A-B|™Y?|c - D|7V/? <1og' + log’

T T
|B+C —t |A+D—t|)"

Proof. Substitute A, B,C +T,D +1T,D +2T,3T,t+ T for A,B,C,D, E,T,t in Lemma
14. We obtain that

—1/2
/QW#W (z - Allz - Blly— C —Tlly - D — T)) |z — y["2ly — E — 2T|"/2 da
A<z<B
C+T<y<D+T
is < than
_ B T +|B-C| T +|D — E|
TIA— B 1/QC'—D 1/2 log/ — 1 — "' 4 oo/ — " 1},
| I | S TBrCo—q T TA+D 4

Note that |z — y|,|ly — E — 2T in the integrand and T'+|B — C|,T +|D — E| on the right

hand side are all < T, so dividing both sides by T gives the desired inequality. U

Lemma 16. For 0 < a,b<T and all L1,...,L; we have

T
T
~1/2 ~1/2 1/2 /
/ (x4 a) 4 (x+b) || log Z

b k+1
de <, T? <Iog' > .
0 . j a
1<i<k

i T X |

Proof. Since z~Y2(xz + a)~"?(z 4+ b)'/? is decreasing on [0,T], we may use monotone
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rearrangement and assume L; = 0 for all . If 0 < a < b < T then the integral is

bt/ T b\* bl/? b T b\*
127" r - e 127" v r e 1/2
< T Ti2 <log 5 + log a) + 7T T2 (log a) <log + log a) + T

k+1
<, TY? <1og’ b)
a

where on the third line, we use the fact that (b/T)Y?(log’(T/b))* < 1. Otherwise if

0<b<a<Tthen z72(z 4 a)~V2?(x 4 b)"/? < £71/2 and the integral is

T T\ F
< / 1?2 <log' ) de < TV2.
0 T

Lemma 17. For0<a < T,

T
/ e V2 (x4 a)"V? dz < log/ (T/a).
0

Proof.

T a T
/ ml/Q(a:—i-a)l/Qdm—/ xl/z(x—i-a)l/de—i-/ eV (x4 a) V2 da

0 0 a

a T
= q /2 / Y2 de + / x Vdx
0 a

=<1+ log(T/a).



41

Bibliography

Steven Zelditch. “Kuznecov sum formulae and Szego limit formulae on manifolds”.

In: Communications in partial differential equations 17.1-2 (1992), pp. 221-260.

Bart Michels. “The maximal growth of automorphic periods and oscillatory integrals

for maximal flat submanifold”. PhD thesis. Paris 13, 2022.

T. Tamagawa. “On Selberg’s trace formula”. In: J. Fac. Sci. Univ. Tokyo (1960),
pp. 363-386.

Farrell Brumley and Simon Marshall. “Lower bounds for Maass forms on semisimple

groups”. In: Compositio Mathematica 156.5 (2020), pp. 959-1003.

JJ Duistermaat. “On the similarity between the Iwasawa projection and the diagonal

part”. In: Mem. Soc. Math. France 15 (1984), pp. 129-138.

Ky Fan and Gordon Pall. “Imbedding conditions for Hermitian and normal matrices”.

In: Canadian Journal of Mathematics 9 (1957), pp. 298-304.



	Introduction
	Outline of the proof

	Proof of theorem 1
	Preliminaries and Notation
	Spherical Functions and the Trace Formula
	Euclidean Approximation of Spherical Functions

	The coadjoint orbit K.
	Preliminaries
	Inductive step

	Convolution Bounds
	The general lower bound
	Monotone rearrangement
	One Large Gap
	The upper bound when (n,I) =(4,2)
	The case (n,I) = (4,2)

	Two Large Gaps
	The case (I,J) =(1,n-1)
	The case (I,J) = (1,n-1)

	Lemmas


