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Abstract

The number of preventable death in US hospital is astonishingly high, upward of 100,000

per year. This has prompted a national initiative to create and deploy rapid response

team (RRT), to quickly identify, evaluate, triage, and treat patients with clinical signs of

deterioration to reduce the frequency and severity of negative outcomes. Although im-

plementation of RRT does demonstrate some significant reduction in hospital mortality

in the wards, such improvement may not be consistent in clinical outcome. Therefore,

the evidence of the efficacy of RRTs is limited.

To ensure a successful implementation of rapid response operations, the early iden-

tification, better recognition, timely and appropriate treatment, and proper structural

organization of care providers are of critical importance. In particular, prompt response

and treatment play a key role. Therefore, improvement of the existing rapid response

process to facilitate quick response and intervention is necessary and important. While

RRT plays a critical role in this, it is not the whole picture of hospital rapid response.

Other providers will also be activated and provide care to a declining patient. Therefore,

collaborative and integrated operations involving all the care providers including RRT,

considered as rapid response system (RRS), should also be examined. Although there

exist clinical research in topics related to RRT and RRS, mathematical models to study

rapid response operations from a system perspective can provide a fresh look, and more

importantly an analytical insight at the rapid response process. Since such models do

not exist in the current literature, the goal of this study is intended to contribute to this

end by developing the models and applying it for improvement.
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To achieve this goal, we consider two types of RRSs, one with a dedicated RRT

or one with an assembled RRT in which providers come from other divisions (such as

intensive care unit, ICU). In the former model, we focus on reducing the decision time

(i.e., the time from detection of patient declining to the time a final decision is made)

and its variability, while the latter emphasizes on studying multiple processes involved

in rapid response operations, including triage, patient declining, floor intervention, RRT

call initiation, and coordination with ICU.

More specifically, for RRS with a dedicated RRT, analytical formulas to evaluate the

mean, the coefficient of variation, and the distribution of decision time are developed.

System-theoretic properties are investigated. A bottleneck analysis method is intro-

duced to identify and improve the process whose improvement can lead to the largest

improvement in system performance. Indicators based on the data collected on the

hospital floor are discovered to facilitate the identification and mitigation of bottleneck

responses. Lastly, using a two-level recursive procedure, we consider multiple patient

scenario and resource sharing during rapid response process is addressed. For RRS with

an assembled RRT, an analytical framework is developed to study the correlations and

coordination among different departments and multiple providers involved in RRS. With

such a framework, a continuous time Markov chain model is introduced to evaluate the

steady state probabilities of patient status. Analytical formulas are developed for the sin-

gle patient scenario, and a recursive procedure is presented to study the multiple-patient

case. Finally, a case study at University of Kentucky Chandler Hospital is introduced to

illustrate the applicability of the method. It is shown that the developed model provides

accurate estimation of system performance.

In summary, improving patient safety is the top priority for hospital management.



vi

The models and methods developed in this study will provide a quantitative tool to

analyze and improve rapid response operations from a system point of view.
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Chapter 1

Introduction

1.1 Research Motivation

The expenditures in healthcare in US reached $2.7 trillion, which consumed about 17.9

percent of GDP in 2011. It is projected that such spending will be almost 20 percent

by 2021, according to Centers for Medicare and Medicaid Services (National Health

Statistics Group [53]). However, such a high cost does not make the healthcare delivery

as safe as it should be. The number of preventable death is astonishingly high, upward

of 100,000 per year, according to the report, “To Err is Human,” released by Institute

of Medicine (Kohn et al. [68]). Therefore, improving patient safety is always the top

priority for hospital management. One of the hospital quality improvement efforts is to

focus on identifying hospital deteriorating patients and reducing preventable harm and

mortality. It has been shown that more than 80% of patients in hospital wards show signs

of physiological deterioration before ICU admission (Goldhill et al. [47]). Up to 41% of

ICU admissions are considered avoidable due to suboptimal care (McQuillan et al. [81]).

Therefore, quick response and appropriate treatment to patient deterioration is critical

(Downey et al. [38]), which has attracted nationwide interests in recent years to improve

hospital care quality and ensure patient safety (Shojania et al. [97]). In particular, This

has prompted a national concern (Anderson et al. [7], Brindley [19], Kaldjian et al.

[66], Landrigan et al. [70], Leape and Berwick [71], Wachter [107], Winters et al. [116])
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and initiative to create and deploy rapid response teams (RRTs, also known as medical

emergency teams, METs) to quickly evaluate, triage, and treat patients with clinical

signs of deterioration to against negative outcome (Berwick et al. [13], Hillman et al.

[61], Priestley et al. [88]).

Clinical deterioration in the hospital setting is often a precursor to serious and often

fatal outcomes, such as cardiac arrest and unplanned admissions to the intensive care

unit (ICU). Intuitively, the implementation of RRT makes sense to provide a systemat-

ic response to deterioration episodes, and it does demonstrate significant reduction in

hospital mortality in the wards in some cases, as observed in a study by Priestley et al.

[88]. However, such improvement may not be consistent in clinical outcome (Winters

et al. [115]). Therefore, the evidence of the efficacy of RRTs is limited.

To ensure a successful implementation of rapid response operations in acute care

delivery, the early identification, better recognition, timely and appropriate treatment,

and proper structural organization of care providers are of critical importance. In par-

ticular, the prompt response and treatment play a key role. Several studies indicate that

although the deterioration information may be available, the response to such informa-

tion remains a concern, and the activation of the responses may be problematic (Buist

et al. [20], Franklin and Mathew [43], Goldhill et al. [46], Hillman et al. [60], Smith and

Wood [102]). Therefore, adjustment and optimization of the existing rapid response

model to facilitate quick response and intervention to improve outcome are necessary

and important (Downey et al. [38]).

To achieve this, a mathematical model of the rapid response operations can provide

a fresh look at the acute care delivery process. However, no such models are available

in the current literature. In addition, improving the rapid response process to rescue

patients is a system problem. Although RRT plays a central role, it also involves many
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other providers from multiple disciplines and depends on divisions and structural con-

figuration of workforce, protocol and operation strategies. Therefore, studying a rapid

response system (RRS), rather than RRT only, is important. It is necessary to establish

an analytical framework by developing quantitative engineering methods for analysis,

design, and continuous improvement of RRS in acute care delivery for deteriorating

patients and apply the results obtained on hospital floors to assist managerial decision-

makings.

Hospitals across the nation may have different RRSs. In many teaching hospitals,

RRT is a dedicated team consisting mainly of experienced nurses. In some hospitals,

RRT is an assembled team often composed of various providers, such as fellow doctors

from ICU. The advantage of the first type of RRT is its generally shorter activation time

which better ensures “quick” response. But, for patients going through complicated

deterioration, further help from more experienced providers is often needed. Therefore,

in the study of RRS with a dedicated RRT, we focus on timely treatment to patients with

clinical deteriorations. The second type of RRT may have more experience and usually

is capable of making final medical decision. However, the time of assembling the team

and traveling from another division is longer, as the physicians in the RRT need to hold

their current work in their own department, such as ICU, and then respond to RRT calls.

In some hospitals, they may need to travel from different buildings. Therefore, for RRS

with an assembled RRT, we investigate the entire rescuing process and coordinations

between different divisions with an emphasis on resource utilization study. The following

two subsections address the research motivation in the dedicated and assembled RRT

scenarios, respectively.
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1.1.1 RRS with Dedicated RRT

It has been shown that patient safety and care quality are strongly correlated with care

delivery time for a declining patient (Franklin and Mathew [43] and Hillman et al. [60]).

Thus, the activation of the response and timely call for assistance are critical to ensure

quick delivery of care and appropriate treatment (Downey et al. [38]). Therefore, in this

study, we focus on reduction of the decision time (i.e., from the time when a declining

signal is detected to the time a final treatment decision, such as admission to ICU, is

made) to improve patient safety and care quality. In practice, in addition to the average

response time, its variability may also have a strong influence on the patient outcome.

Clearly, large variance may result in severe negative outcomes. Hence, reducing the

variability is also of tremendous importance. However, variance itself does not directly

specify how large the variability is without the knowledge of the average decision time.

Thus, we focus on the coefficient of variation (CV) in reducing decision time variability.

Although variance or CV can provide a general and theoretical characterization of

the variability, it does not specify whether a desired care delivery time is satisfied or

not. Therefore, a more direct measure, the response-time performance (RTP), which is

referred to as the probability to make a final decision within a desired time period, is

more preferable in practice. In acute care, the available time to save a patient is limited,

which results in short desired time intervals. Thus, the RTP cannot be obtained using

Central Limit Theorem. A direct method for evaluating RTP is needed.

Using the analytical model developed, system properties, such as monotonicity, can

be investigated. Understanding these properties can provide us the direction for improv-

ing the efficacy of RRS. Following such directions, one needs to know which response

process impedes the system performance in the strongest manner. In other words, im-

proving which one can lead to the largest improvement in RRS? Such a response is
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referred to as the bottleneck response. However, identifying such a response is not easy,

since it needs to evaluate all the response performance and the impacts of this variations.

Therefore, a bottleneck analysis method based on the data collected on the hospital floor

is needed to identify the most critical process (i.e., bottleneck) in the response system,

so that the decision-makers can focus on for continuous improvement purposes. Lastly,

we extend the study and consider the cases where multiple patients requesting one care

provider, which leads to extra waiting. A two-level iterative procedure is developed to

evaluate the new average decision time.

Chapter 3 is focused on developing such models, investigating the system proper-

ties, and discovering the bottleneck indicators for identification and improvement of

bottleneck responses and finally the extension.

1.1.2 RRS with Assembled RRT

RRT intervention is part of the hospital rescuing effort, which is activated after acute

physiological deterioration happens. Ultimately, the goal is to improve hospital rapid

response to prevent undesirable outcomes. In the case of assembled RRT, the providers

in RRT typically come from ICU. Coordination between RRT activation and ICU opera-

tions becomes important. A system model can provide a new perspective of the problem.

Through quantitative modeling of the rescue process and studying the issues related to

operation protocols, RRT strategies, and team composition, etc., recommendations to

improve the rescue process can be provided.

To achieve this, an analytical framework, which consists of the modules related to

RRS, is established to characterize the patient rescue process. The modules include:

• A triage module assigns patients to floor ward or ICU.
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• A patient module provides patient status: normal or deteriorating.

• A floor module describes patient monitoring and provider (nurse/RN and doc-

tor/MD) intervention.

• A RRT module represents RRT activation and treatment.

• An ICU module involves RRT composition and response.

Clearly, all these modules are involved in RRS and they are interacting with each

other. For example, RRT treatment is critical to bring patient back to normal status,

while frequent RRT calls may impact providers’ work in ICU. Therefore, using this

framework, an analytical model is needed to characterize the patient rescuing states and

interactions among different modules (i.e., patient, multiple providers, and departments).

Such a model can provide insights to aid decision making on staffing allocation, team

composition, detection, intervention, and RRT call protocols, etc.

Chapter 4 introduces the analytical framework and a continuous time Markov chain

model to estimate the performance of RRS with an assembled RRT.

1.2 Organization of the Document

The rest of this document is organized as follows. Chapter 2 reviews the related liter-

ature in both clinical and engineering areas. Chapter 3 presents the analytical model

of RRS with dedicated RRTs. Formulas for performance evaluation are derived. Sys-

tem properties and continuous improvement methods are also examined. A iterative

procedure is developed the address an extension of the current problem. In Chapter 4,

the five-module analytical framework for patient rescue process with assembled RRTs is

introduced and a continuous time Markov chain model is presented. Analytical formula
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and iteration procedure are developed for performance evaluation. A case study is pro-

vided in Chapter 5 to demonstrate the applicability of the methods developed. All the

proofs are provided in the Appendix.
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Chapter 2

Literature Review

The goal of this research is to develop a rigorous engineering methodology to improve

rapid response in hospitals. The following literature review focuses on both the studies

through clinical trial approaches, discussed in Section 2.1, and using Industrial Engi-

neering and Operations Research (IEOR) methods, introduced in Section 2.2. Section

2.3 summarizes the existing research and the perspective of the current study.

2.1 Clinical Trial Approach

Enhancing patient safety is the most important goal in hospital management. There

has been a nationwide interest in recent years to study how to improve hospital care

quality, particularly focusing on controlling patient mortality rate. Consequently, the

concept of failure-to-rescue (FTR) is raised, which is a performance measure on inability

to save a hospitalized patient’s life when he or she experiences a complication, (Silber

et al. [98]). Taenzer et al. [104] provide a comprehensive review of approaches to address

FTR: Retrospective analysis, risk scoring system, monitoring system, effect of medical

emergency team, etc., are examined. They conclude that continuous patient monitoring

should be the next step for early intervention in the FTR field. Schmid et al. [93] also

provide a review to enhance understanding of FTR from nurses’ standpoint. Tested

interventions are examined and implications for future research are presented. Clarke
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[27] also discusses FTR from the perspective of nurse researcher and healthcare managers

and emphasizes that a favorable condition should be created for nurse practitioners to

assume individual accountability.

To reduce FTR, RRTs have been created and implemented to quickly evaluate, triage

and treat patients with physiological deterioration. Deployment of such teams is dis-

cussed by Berwick et al. [13]. It is claimed that RRT can save lives either by initiating

changes in care or by facilitating transfer to ICU. Priestley et al. [88] discuss a general-

ized idea of implementing RRT, which is termed as critical care outreach service because

many RRTs are composed of critical care fellows, and conclude that such outreach re-

duces mortality in general hospital wards. The Institute for Healthcare Improvement

has identified the deployment of RRTs as one of the major changes to prevent death

in patients who are progressively experiencing acute physiological deterioration outside

the ICU (IHI [1]). To study the effect of RRT on healthcare outcomes, Jones et al. [64]

provide a summary of studies of RRTs involving comparison data, where all the findings

suggest a positive correlation between RRT implementation and serious adverse events

reduction, such as cardiac arrest. Through case studies in hospitals, Sharek et al. [96]

show that, in a 264-bed children’s hospital, RRT implementation is associated with a

statistically significant reduction in hospital-wide mortality rate and code rate outside

of the pediatric ICU setting. In another study, using the results in 350-bed community

hospital, Dacey et al. [32] suggest that RRT deployment is associated with significant

decreases in rates of in-hospital cardiac arrest and unplanned ICU admissions. Through

the measurement of incidence of adverse events after major surgery, Bellomo et al. [12]

conclude that the introduction of MET/RRT was associated with a reduced postopera-

tive adverse outcomes, mortality rate and average hospital stay.

Although a number of successful cases are observed in different hospitals, undesirable
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results after RRT deployment are also observed. Hillman et al. [61] design a prospective

cluster-randomized controlled trial and conclude that MET/RRT does not substantially

affect the incidence of cardiac arrest, unplanned ICU admissions, or unexpected death.

Through the study in a 404-bed Kansas City-based hospital, Chan et al. [24] conclude

that RRT implementation is not associated with reductions in hospital-wide code rates

or mortality. Out of nine case studies investigated by Massey et al. [77], the results show

that three of them see no positive impact on patient outcomes. Moreover, nurses are

reluctant to use RRT with unclear rationale. Based on the review and meta-analysis

of the studies published from year 1950 to 2008, Chan et al. [25] find out that there

is a lacking in robust evidence to support effectiveness in reducing hospital mortality.

In another review, Winters et al. [115] find out that there is a weak evidence between

RRT’s effective interventions and reduction of hospital mortality, cardiac arrest rate,

or ICU admissions, due to the presence of biased results and other limiting factors. In

addition, Litvak and Pronovost [75] re-examine the functionality of RRT and claim that

many RRT activations are generated due to other factors in the hospital, such as triage

error or limited resource. The unnecessary RRT calls can be eliminated through better

patient flow management.

To more effectively evaluate RRT, the whole RRS needs to be studied, in which

RRT acts as a key component. The impact of critical care outreach services on hospital

mortality rates is studied by McGaughey et al. [79] and the results show no reduction

in mortality rate. Ranji et al. [89] evaluate the effects of RRSs on clinical outcomes

through a systematic literature review. Consistent improvement in clinical outcomes

after deployment of RRS is not found in the review. DeVita et al. [35] introduce a RRS

structure. It has an afferent limb, which is about event detection and triggering and

efferent limb, which contains RRT intervention and further actions. They also provide
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outcome measures and obstacles to implement RRS. DeVita et al. [36] further claim

that most of the studies focus on the efferent limb, while afferent limb was overlooked.

They suggest implementation of much more effective monitoring system. Trinkle and

Flabouris [106] introduce afferent limb failure (ALF), and by analyzing retrospective

medical record and database review, they conclude that ALF, as useful performance

measure for RRS, is associated with unanticipated ICU admissions, and that the duration

of ALF is associated with hospital mortality. Galhotra et al. [45] conduct a retrospective

observational study in a 730-bed hospital. They conclude that more frequent monitoring

and timely RRT activation are associated with acute care delivery improvement, while

additional number of RRT calls might not prevent undesirable outcomes. Sebat et al. [94]

study changes of times to key interventions and mortality rate during a 7 year period and

conclude that after implementation of rapid response system, those measurement reduces

significantly. Lastly, Peberdy et al. [86] recommend core dataset and measures which

can guide hospitals to collect the most meaningful data to optimize RRS interventions.

In summary, through clinical trial approach, topics in FTR, RRT and RRS are in-

vestigated. To reduce FTR, RRT, which is a crucial indicator of hospital’s capability

to ensure patient safety, is introduced throughout the nation. However, consistent im-

provement results after RRT implementation are lacking. An integrated study to address

RRT within RRS framework is necessary. Therefore, to further investigate RRT/RRS,

a fresh look from quantitative model point of view using IEOR methods is needed.

2.2 IEOR Methods

Due to the complexity in RRS, a system model to quantify the correlations among vari-

ous factors in RRS is important, which can provide a fresh look from another perspective.
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IEOR techniques play a key role in such studies. Over the past years, methodologies in

IEOR have tried to contribute to improve the quality of health care delivery. Brandeau

et al. [17] provide a list of problems in health care area that can be solved by IEOR

techniques. Problems such as capacity planning, resource scheduling, treatment plan

improvement, patient flow management, etc., have been studied intensively (see reviews

by Fomundam and Herrmann [42], Gupta and Denton [54], Cardoen et al. [21], Wiler

et al. [114], and representative papers from Green [49], Dobson et al. [37], Wang et al.

[109], Helm et al. [57], and Wang et al. [111]). For capacity planning problems, Green

[50] describes the related background and issues, and provides examples of OR mod-

els developed to provide insights to operational strategies and practices. Harper and

Shahani [56] present a detailed simulation model to help the planning and management

of hospital beds, which enables hospital decision-makers to gain insights of the conse-

quences of planning and management policies. Zhang et al. [121] introduce a simulation

optimization approach to address hospital long term capacity planning problem through

two case studies. For scheduling problems in healthcare, Cayirli and Veral [23] review

the literature related to outpatient scheduling. Another comprehensive literature review

of operating room scheduling is conducted by Cardoen et al. [21]. Denton et al. [34]

develop a stochastic optimization model and present some heuristics to create operating

room schedules under time uncertainty of surgery duration. Muthuraman and Lawley

[83] introduce a stochastic overbooking model and develop an appointment scheduling

policy for outpatient clinics, whose performance is investigated under different condition-

s. Beaulieu et al. [10] present a mathematical programming approach for preparation of

physician schedule in the emergency room, which significantly reduce the time and ef-

fort to construct the schedule. Medical decision making in healthcare, such as radiation

treatment planning, has attracted substantial amount of research interests. Brahme [16]
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advocates advanced treatment techniques to improve the efficacy of radiation therapy

and predicts that new powerful tools will be introduced. D’Souza et al. [39] present

a nested partitions framework that helps find suitable beam angle sets by guiding the

dose optimization process. Zhang et al. [120] develop a two stage solution approach to

provide guidelines for physicians on beam angle selection and dose amount usage, which

lead to a significant improvement in solution quality and result delivery time.

Patient flow is another area where significant amount of research has been developed.

Both analytical methods, such as queueing and Markov chain models, and simulation

approach are developed to address issues related to patient flow. Haraden and Resar [55]

introduce methods and generate discussion for solving various problems on patient flow

in order to reduce delays during care delivery. Fomundam and Herrmann [42] summa-

rize the research work in waiting time reduction, utilization improvement, system design

and appointment systems, using queueing models. Wiler et al. [114] compare different

modeling approaches, such as regression models, time-series analysis, queuing models,

and simulation. For each of the methodologies, they describe the fundamental assump-

tions and outline the potential applications and limitations. Green [48] describes basic

queueing models and their extensions that are particularly useful in healthcare setting.

As to specific applications, Weiss et al. [112] introduce a continuous time semi-Markov

model of population flow within a network of service facilities and use such a model to

predict length-of-stay distributions of a university teaching hospital. Wang et al. [109]

introduce a Markov chain model to analyze the work flow in CT process and investigate

the impact of staffing level at the imaging center of University of Wisconsin Medical

Foundation. Yankovic and Green [117] introduce a finite source queueing model to anal-

ysis the dynamics of bed occupancy level and nursing demand, which help cost-effective

staffing decision-making. Mandelbaum et al. [76] address issues in patient routing from
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emergency department and hospital internal wards by developing a queueing system

model with heterogeneous server pools and compare different routing policies.

In addition to analytical models, discrete event simulation (DES) is also a prevailing

tool due to its flexibility to adjust many dynamic health care delivery settings. Jun et al.

[65] provide a comprehensive survey of DES applied to health care systems, specifically

in topics of patient flow and resource allocation. They further suggest the development

of comprehensive simulation modeling framework for determining clinical performance

measures and interdepartmental resource relationships. Jacobson et al. [62] and Tay-

lor et al. [105] also present reviews of DES applied to healthcare. Substantial amount

of simulation studies have been devoted to different topics, including improvement of

a variety of hospital departments, such as emergency, pharmacy, primary care clinic

etc; analysis of hospital capacity; staffing and work schedule determination and recom-

mendations, and multidisciplinary work, such as discharge process, etc. In application

studies, a simulation study in the emergency department at the University of Kentucky

Chandler Hospital is conducted by Brenner et al. [18]. It provides a quantitative tool

for continuous improvement and process control in the emergency department and the

recommendation of adding a CT scanner and additional nurses has been implemented in

hospital. In another application, Zeng et al. [119] aim at improving the quality of care

at the emergency department of a community hospital in Lexington, Kentucky, and a

DES model is developed. The suggestion of adding equipment and implementing limited

team nursing policy is recommended to the hospital management. Coelli et al. [29] con-

duct the analysis of a mammography clinic performance using simulation and conclude

that the actual capacity of the clinic is over-sized for its present demand. Zhong et al.

[122] develop a simulation model to study the patient flow in pediatric care processes in

the University of Wisconsin Health Systems, which help reduce unnecessary variation
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in care processes, ensure efficiency of staff and engage patients in process improvement.

Spry and Lawley [103] develop a simulation model to evaluate the effect of changes to

staffing and work scheduling, which aims at helping BroMenn, a healthcare organiza-

tion, find the best schedule to get medications to the patients as quickly as possible while

using pharmacy staff effectively. Fung Kon Jin et al. [44] identify the best performing

patient flow management strategy on the institutional level on process quality through

simulation. Crawford et al. [30] use simulation model to help determine the appropriate

time to discharge acute care patients. They study the impact of individual inpatient

discharge decisions on other operations, such as ED crowding and readmission. Zeng

et al. [118] also develop a simulation model which can accurately emulate the discharge

process in University of Wisconsin Hospital and clinics and successfully identify system

bottleneck. To sum up, IEOR methods, including both analytical approaches and DES,

have attempted to address a variety of problems faced by healthcare systems. Result-

s and insights from the developed models can be used to assist hospital managerial

decision-makings.

Due to the similarities between healthcare delivery system and production systems,

applying production systems engineering (PSE) methods in healthcare systems arises

naturally. Using production systems research methodology, complex healthcare systems

can be represented by structures similar to production networks. Brenner et al. [18],

Wang et al. [108] and Zeng et al. [119] introduce a complex network with split, merge,

parallel, closed and reentrant structure to model patient flow in emergency department.

Wang et al. [110] and Wang et al. [111] transform the workflow of care delivery service

within patient room from a closed and reentrant process into serial ones. Using such

networks, improvement strategies can be developed.

Bottleneck identification and elimination have been viewed as the most effective way
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to improve system performance (see monograph, Li and Meerkov [74], and representative

studies by Biller et al. [14], Chiang et al. [26], Kuo et al. [69] and Li [73]). Applying

bottleneck analysis in healthcare is also useful for detecting the most critical process for

operational improvement. Brenner et al. [18] identify CT scanning as the bottleneck in

emergency department. Similar results are obtained in Zeng et al. [119]. In addition,

Wang et al. [109] discover the image review process as the bottleneck in CT work flow.

Shao et al. [95] introduce bottleneck analysis to discover the most critical disruptions

whose reduction can ensure most normal status in surgery.

In summary, although substantial research has been devoted to healthcare systems,

the study on rapid response systems using mathematical models is still missing. De-

veloping methods to address RRS, such as performance evaluation and continuous im-

provement, is of significant importance.

2.3 Perspectives

Over the years, it is undeniable that IEOR techniques intends to help improve the health

care operations. However, regarding the topic to ensure patient safety, which is among

the most critical issues in healthcare, there is a significant lacking in the contribution

from IEOR literature. More specifically, although substantial studies have been carried

out to study the effectiveness of RRT efforts, most of them are clinical trial based (DeVita

et al. [35], Trinkle and Flabouris [106]). Few research is devoted to studying the issues

from a system point of view. Similarly, studies on “failure to rescue” are also clinical

based and have been addressed mostly from the point of view of nurse staffing level

(Silber et al. [99], Needleman et al. [84], Silber et al. [100], Schmid et al. [93], Clarke and

Aiken [28], Kendall-Gallagher et al. [67]), rather than from system perspectives. The
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goal of this study is intended to bridge this gap.

The major challenge of this study is that, many of the existing IEOR methodolo-

gies can not be directly applied to the study of hospital rapid response. For instance,

mathematical programming is a powerful tool and sees its application in many deter-

ministic settings to address healthcare problems, particularly in issues such as planning

and scheduling (Oddoye et al. [85], Herring and Herrmann [58], Herring and Herrmann

[59], Epstein et al. [41], Earnshaw et al. [40], Reynolds et al. [90]), medical decision

making (e.g., radiation therapy and cancer screening etc., see Meyer et al. [82], Lee

et al. [72], Romeijn et al. [92], Alagoz et al. [6], Ayer et al. [8]), where objectives and

constraints can be clearly defined and interrelated by introduced variables. However, to

address hospital rapid response, which is a complex random process involving patients

and a variety of resources, deterministic methods are not suitable approach . Therefore,

stochastic systems approaches with more applications are more appropriate.

One direct approach is discrete event simulation, which can mimic the true rapid

response system well due to its flexibility in developing the model with much details.

Only one simulation study related to rapid response is discovered, which is conducted by

Carter and Blake [22] in the acute care setting. However, their emphasis is on reducing

acute patient waiting and resource allocation, rather than directly tackling the issues

raised during the rapid response. The disadvantage of simulation is that it is often case

study based and typically suffers from long model development and simulation times,

and requires details of data inputs. Most importantly, when compared to quantitative

analytical methods, simulation can only provide results under specific settings, yet lack

the capability to uncover underlying system nature. The interpretation of obtained

results may be challenging, because it is hard to determine whether these outputs are

results of system dynamics and interrelationship, or due to pure randomness (Banks et al.
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[9]). Therefore, simulation is not favorable in establishing a framework to systematically

study hospital rapid response.

In another direction, queue models have also seen their application in healthcare

settings to analyze patient flow in emergency and other departments (Green et al. [52],

Jiang and Giachetti [63], de Bruin et al. [33]). However, the applicability of queueing

theory model in RRS problem settings has several major issues. First, hospital rapid

response differs from many other queueing applications due to limited population in the

system. The issues like queue length, heavy traffic, etc., are not the main interests, while

decision time and its variability are the main factors. Second, the definition of “server”

can be extremely difficult. For example, for rapid response system with dedicated RRT,

RRT can be solely activated, but can be also requested to couple with another type

of provider. Moreover, such resources are shared by multiple patients. Third, many

queue models are restricted to some specific assumptions and computational intensity

for complex cases. . Therefore, queueing modeling is not the most appropriate approach

in studying hospital rapid response.

Lastly, there is research conducted using Markov decision model or its variation to

tackle healthcare problems (Silverstein et al. [101], Welton and Ades [113], Begun et al.

[11], Ades and Cliffe [2], Pinker and Tezcan [87]). In particular, Markov decision process

(MDP) has many real world applications in healthcare policy-related problems (Alagoz

et al. [5], Alagoz et al. [4], Green et al. [51]). For hospital rapid response, an appropriate

value function of MDP is extremely tricky to determine, so directly applying MDP is

not feasible.

In summary, innovative stochastic modeling approaches should be developed to mod-

el rapid response operations, analyze performance measures, identify and improve the

most impeding process. In the subsequent chapters, analytical models are developed
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to study the decision time and its variability in rapid response process with a dedicat-

ed RRT, and the correlations in patient rescue process with an assembled RRT. First,

the process is represented using a network structure with split and merge. Then, for

simple systems, through analysis of stochastic equations characterizing the process at

hand, analytical solutions are derived. Using iterative procedures, larger systems can

be analyzed. Moreover, empirical formulas are developed to analyze non-Markovian s-

cenarios on the hospital floor. In addition to performance evaluation, system properties

are investigated and bottleneck analysis is carried out by developing indicators using the

data that can be collected on the hospital floor. Finally, the methods have been applied

in acute care delivery process in the hospital. The development of such models and

methods, and the analysis of rapid response systems can provide hospital management

and health care professionals a quantitative tool to improve patient safety and quality

of care.
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Chapter 3

Rapid Response Process Modeling

3.1 Introduction

Since the current literature is lacking both methods for evaluating performance measures

and quantitative tools for improvement of the rapid response operations, we develop a

novel approach to model and analyze the rapid response operations, and to improve

its efficacy. To achieve this, in this chapter, a complex network with parallel, split,

and merge structures has been introduced to model the rapid response process. First,

performance evaluation problems are studied. Analytical formulas have been derived to

evaluate the mean and coefficient of variation (CV) of decision time, and response-time

performance, which characterize the efficacy of rapid response operations. Then, using

these formulas, we can investigate the methods to facilitate quick response and inter-

vention to improve outcomes. More specifically, continuous improvement activities can

be carried out by identifying the bottleneck responses so that its mitigation will lead

to the largest improvement (reduction of decision time and its CV or increase of RTP).

Specifically, the bottleneck response for decision time (BN-τ) and its variability (BN-cv),

and response-time performance bottleneck (BN − rtp) are introduced, and bottleneck

indicators based on the data collected on the hospital floor are developed. Finally, we

consider an extension under our current framework, where potential waiting due to re-

source sharing in the rapid response process is studied. We develop a two-level iteration
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approach to evaluate the new mean decision time. Satisfactory accuracy is obtained and

the applicability of the approach is discussed. Our work in rapid response process mod-

eling establish an analytical framework which provide a quantitative decision-making

tool for hospital practitioners to improve rapid response system with dedicated RRT.

3.2 System Description and Problem Formulation

Consider a rapid response process in acute care delivery summarized as follows (see

Figure 3.1 on next page):

Patient Deteriorating Nurse

Resident Doctor

Fellow Doctor

Attending Doctor

Rapid Response Team

Intern Doctor

Rapid Response Team
and Intern Doctor

Rapid Response Team
and Resident Doctor

Rapid Response Team
and Fellow Doctor

Rapid Response Team
and Attending Doctor

Step Down

ICU

Tele

Stay

Doctor 
Decision

Decision

Continuous monitoring

Figure 3.1: Rapid response process for declining patient in acute care

Procedure 3.1 Rapid response process flow:

• A patient in acute care is continuously monitored for vital signs, such as blood

pressure, heart beat, etc. When a declining signal is identified, the primary nurse
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should response quickly and ask for help. She may call RRT or an intern doctor,

or both of them. If the patient’s condition is complicated, she may also call the

resident doctor directly, or both RRT and resident (sometimes even RRT and

fellow, or RRT and attending).

• Upon receiving the call from the nurse, the RRT needs to arrive immediately and

appropriate care should be carried out. Based on patient’s condition, a decision on

either keeping the patient stay for more observations or calling the resident doctor

will be made.

• If the intern doctor is called for help, he (or she) needs to initiate appropriate

treatment and decide whether a higher level (resident) doctor is needed or not.

Otherwise one of the following four decisions: ICU, step down, telemetry, or s-

tay, will be made, where “ICU” implies admission to intensive care unit, “tele”

(telemetry) refers to moving from acute care to a monitored bed (where physiologic

monitor presents), “step down” represents progressive care – a level higher than

telemetry, but not as high as ICU, and “stay” stands for continuing observation.

Similar case occurs when both RRT and intern doctor are showing up.

• Analogously, such logic applies to resident and fellow doctors (or both RRT and

the doctors) as well. When they receive a help request (from nurse, or intern, or

RRT), their diagnosis and treatment of the patient will lead to a decision of either

calling to a higher level doctor (fellow or attending, respectively), or selecting one

of the four possible decisions.

• The attending doctor (or attending and RRT) will make a final decision (to one

of the four possible routes) if he is called.
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Such a rapid response process can be viewed as a complex network with split, merge

and parallel structures. Studying such a network to improve the efficacy of rapid response

operations is the goal of this chapter. The assumptions formulated below define the

patient, care providers, and decision flow.

Patient:

(i) In each patient room, there is one patient who may exhibit clinical deterioration.

Care providers:

(ii) The sets of care providers are defined as X1 = {nurse, RRT, intern, resident,

fellow, attending} when single provider carries out the service, and X2 = {RRT

& intern, RRT & resident, RRT & fellow, RRT & attending} when two providers

work jointly.

(iii) The response process of care providers to diagnose and treat the declining patient

is modeled as a “machine” (or “server”) with random service time tx, defined by

the probability density function fx(t), where x ∈ X = X1 ∪ X2. (Note that in

the subsequent content, x is referred to as the response process or service process

interchangeably.)

Decision flow:

(iv) The rapid response process follows the steps described in Procedure 3.1 and Figure

3.1.

(v) Y = {ICU, stay, tele, step down} define the set of four possible final decisions the

doctors (or doctors & RRT) can make. In a few cases, the rapid response team

can make a stay decision.
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(vi) The provider’s choice of calling for help is characterized by probability αij , where

j ∈ X (j 6= attending, or RRT & attending), and i is the upper level provider, as

illustrated in Procedure 3.1 and Figure 3.1.

(vii) The doctor’s final decision (to one of the four possible routes) is characterized by

probability βj
y, y ∈ Y , and j ∈ X , j 6= nurse, RRT.

Remark 3.1 The assumptions introduced above represent a preliminary model of rapid

response process in acute care delivery. Such a model can be extended to include more

complex nature of the process. For instance, patients can be grouped based on their

syndromes, and characterized by the states (or stages) of declining. The routing prob-

abilities α and β will be functions of these groups, states, and availabilities of care

providers. The decision quality and the impacts of the education and experience levels

of care providers also need to be investigated.

In an appropriately defined state space, system (i)-(vii) is a stationary random pro-

cess. Let td denote the decision time (from declining to final decision making) and Td as

its mean. In the framework of (i)-(vii), Td is a function of all system parameters.

Td = Ftd(F,A), (3.1)

where

F = [fn, frrt, fint, fres, ff , fa, frrt&int, frrt&res, fres&f , fres&a],

A = [αint,n, αrrt,n, αres,n, αrrt&int,n, αrrt&res,n, αrrt&f,n, αrrt&a,n, αres,int, αres,rrt&int,

αres,rrt, αf,res, αf,rrt&res, αa,rrt&f , αa,f ],

and subscripts n, rrt, int, res, f , a, rrt&int, rrt&res, rrt&f , and rrt&a represent

nurse, RRT, intern, resident, fellow, attending, RRT & intern, RRT & resident, RRT &

fellow, and RRT & attending, respectively.
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Since variations in rapid response operations play a critical role in system respon-

siveness, the variability of decision time, characterized by CV, is another important

performance index. Therefore, we introduce the CV of decision time, CVd, as follows:

CVd = Fcv(F,A). (3.2)

In order to determine whether a desired care delivery time is satisfied or not, the

response-time performance, RTP , which is referred to as the probability that the decision

time is less than a desired time period Ts, is introduced:

RTP = Prob(td ≤ Ts), (3.3)

where Ts could be syndrome dependent. Clearly, RTP is also a function of all system

parameters for a given Ts, i.e.,

RTP = Frtp(F,A, Ts). (3.4)

We seek analytical characterization of Td, CVd, and RTP . Therefore, the problem

to be addressed is:

Given the rapid response process (i)-(vii), develop a method to calculate the mean

and coefficient of variation of decision time and response-time performance as functions

of system parameters, and investigate system structural properties.

Remark 3.2 In addition to Td and CVd, the means and variations of decision time

specific to the four possible destinations, step down, ICU, tele, and stay, can be obtained

similarly by taking into account the probabilities βj
y, y ∈ Y , and j ∈ X , j 6= nurse, RRT.

Td,y = Ftd,y(F,A,B, Y ),

CVd,y = Fcv,y(F,A,B, Y ),

RTPy = Frtp,y(F,A,B, Ts, Y ),
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where

B = [βint
ICU , β

int
stay, β

int
tele, β

int
stepdown; β

res
ICU , β

res
stay, β

res
tele, β

res
stepdown; . . . ; β

a
ICU , β

a
stay, β

a
tele, β

a
stepdown],

Y = {ICU, stay, tele, stepdown}.

3.3 Performance Evaluation

The goal of this work is to evaluate the mean and coefficient of variation of decision

time as well as response-time performance in responding to declining signals for the

rapid response process defined by assumptions (i)-(vii). In other words, we would like

to develop a technique for calculating Td, CVd, and RTP as functions of F and A (and

B and Y ). Such a technique can help hospital management predict the outcome for

various values of system parameters and seek improvement strategies.

3.3.1 Decision Time and its Variability

From Figure 3.1, let lij denote the routing indicator from response j to response i. Then

lij = 1 if the patient is routed from response j to response i, and lij = 0 if such a route

is not selected. Then, define Ai as that response i has been initiated and carried out,

i ∈ X , we obtain

Ai =



















































li,n, if i ∈ {int, rrt, rrt&int, rrt&res, rrt&f,

rrt&a},

lres,n +
∑

j=int,rrt,r&i lres,jAj , if i = res,

lf,resAres + lf,rrt&resArrt&res, if i = f,

la,fAf + la,rrt&fArrt&f , if i = a.

(3.5)
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Using the above notations, let Ai = li,n, i ∈ {int, rrt, rrt&int, rrt&res, rrt&f, rrt&a},

denote that the first response i to the nurse’s call is carried out. The next service car-

ried out by the resident doctor is characterized by Ares, where patients are routed from

the nurse directly or from the first response (intern doctor, RRT, or RRT and intern

doctor). Af describes the fellow doctor’s responses to the patients who finish the first

(RRT & resident doctor) and second (resident doctor) ones but still need help. Finally,

Aa represents the final response by attending doctor, working on the cases coming from

RRT & fellow doctor and fellow doctor.

Therefore, Ai = 1 implies that service i has been carried out for the patient, while

Ai = 0 suggests that the patient does not go through this service. Let pi denote the

probability that response i, i ∈ X , has been carried out, i.e.,

pi = Prob(Ai = 1).

Then, we have

pi =



































































1, if i = n,

αi,n, if i ∈ {int, rrt, rrt&int, rrt&res, rrt&f,

rrt&a},

αres,n +
∑

j=int,rrt,rrt&int αres,jpj , if i = res,

αf,respres + αf,res&rrtpres&rrt, if i = f,

αa,fpf + αa,rrt&fprrt&f , if i = a.

(3.6)

Finally, since both direct and connecting routes could exist between response j and

response i, define ρij as the routing probability from j to i, which implies the probability
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a patient going through these two services. Then, we obtain

ρij =























0, if there exists no path from service j to service i,

αi,j, if there exists a direct path from service j to service i,

αi,km · · ·αk1,j, if there exist connecting paths from service j to service i,

(3.7)

where k1, . . . , km denote the possible connecting services between j and i. Specifically,

when there exists a direct path, we have

ρij = αij , if i = res, j ∈ {int, rrt, rrt&int},

or i = f, j = res ∪ {rrt&res},

or i = a, j = f ∪ {rrt&f}.

When there exists a connecting path with one connecting service, we obtain

ρij = αik1αk1j , if i = a, k1 = f, j = res ∪ {rrt&res}

or i = f, k1 = res, j ∈ {int, rrt, rrt&int}.

Finally, when the connecting path has two connecting services, it follows that

ρij = αik1αk1,resαres,j, i = a, k1 = f, j ∈ {int, rrt, rrt&int}.

Using the above notations, the performance of decision time (Td and CVd) can be

evaluated:

Theorem 3.1 Under assumptions (i)-(vii), the mean and coefficient of variation of
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decision time can be calculated as follows:

Td =
∑

i∈X

piτi, (3.8)

CVd =
1

∑

i∈X piτi

(

∑

i∈X

piτ
2
i (cv

2
i + 1− pi)

−
∑

i∈X

τi

[

∑

j∈X,j 6=i,n

(pi − ρij)pjτj

]

) 1
2

, (3.9)

where pi and ρij are defined in (3.6) and (3.7), respectively.

Proof: See Appendix A.

Theorem 3.1 provides a method to calculate the mean and CV of decision time, which

enables us to evaluate the system performance under different scenarios. Note that the

CV of decision time can be obtained without the knowledge of complete distributions of

response times.

3.3.2 Response-time Performance

Exponential Case

As shown in Figure 3.1, a series of multiple responses could occur from declining to

decision making. Then the response-time performance refers to the probability that the

summation of a series of response times will be less than the desired care delivery time

Ts. If each response time follows an exponential distribution, then the decision time

which consists of a series of various exponential services will follow a hypoexponential

distribution (Bolch et al. [15]). Thus, the probability that the decision is less than the

desired care delivery time Ts can be calculated as follows:
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Theorem 3.2 Under assumptions (i)-(vii) and exponential response time for each ser-

vice i, i ∈ X, the response-time performance, RTP , can be evaluated as follows:

RTP =
∑

i∈X,j 6=f,a

(

1− e
−Ts

τi

)

αi,n +

∑

i∈X

∑

j∈X,j 6=i,n

(

1− Cje
−Ts

τj − Cie
−Ts

τi −
m
∑

l=1

Ckle
− t

τkl

)

ρijαj,n, (3.10)

where kl ∈ X, l = 1, . . . , m, are the responses between services i and j, and m is the

number of such responses. In addition,

Ci =
∑

i∈X

∏

j∈X,j 6=i

τj
τi − τj

. (3.11)

Proof: See Appendix A.

Remark 3.3 Unlike Theorem 3.1 which is applicable to any distribution, the results

of Theorem 3.2 is only used for exponential response times. Extension of the study to

non-exponential cases will be discussed next.

RTP Approximation

Theorem 3.2 provides a formula to calculate RTP in a rapid response system. However,

the formula is very complicated and it requires detailed information of all the routing

probabilities and response times. In practice, sometimes such information may not be

always available. Thus, it may be more preferable to derive an approximation formula

based on the total response time. In other words, consider all the possible response

routes, if we aggregate all the responses weighted by routing probabilities, we obtain an

aggregated response time, then an approximate formula to calculate RTP based on the

aggregated time is needed.
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Assume that the aggregated response time still follows exponential distribution, then

RTP can be approximated by

RTPappr = 1− e
− Ts

Td . (3.12)

where Td is calculated from Theorem 3.2.

Clearly, RTPappr is only an approximation, since the aggregated response will not

be exponential anymore. Therefore, numerical studies have been carried out to evaluate

the accuracy of such approximation. A total of 100 systems have been investigated, each

with a unique set of routing probabilities selected randomly. In each system, 100 sets of

response time have been randomly selected for evaluation. Introduce ∆appr to represent

the relative difference between RTP and RTPappr, i.e.,

∆appr =
|RTP − RTPappr|

RTP
· 100%.

In all the experiments, the difference between RTP calculated by Theorem 3.2 and by

Equation (3.12), is small. The average of ∆appr is only 0.6%, and the maximal one is 3%.

An illustration of such approximation is shown in Figure 3.2. As shown in the figure,

RTPappr provides a close approximation to the actual response-time performance. Thus,

(3.12) can provide an acceptable estimate of RTP , in particular, when detailed response

information is not available.

Extension to Non-exponential Case

Theorem 3.2 assumes exponential response time for each care provider. In practice,

such an assumption may not hold. Therefore, in this subsection, we extend the study to

address non-exponential response time scenario. As an exact formula for response time

with general distribution is impossible to derive, approximation is pursued here. The
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Figure 3.2: Approximation of RTP by aggregation

questions raised here are: first, will RTP be dependent or independent on the distri-

bution types of response time? Second, if it is independent, does it exist an empirical

formula to evaluate RTP as a function of the data that can be collected on the hospital

floor?

Question 1: Will RTP be dependent or independent on the distribution types of

response time?

To answer this question, we carry out numerical studies to verify the dependence or

independence of RTP with respect to distribution type. Specifically, multiple networks

with randomly selected routing probabilities are generated. In each network, responses

with either lognormal or gamma distributions are assumed. The reason of selecting

lognormal and gamma is that they both have two parameters which enable us to place

the coefficient of variation freely. Specifically, the following five scenarios are considered:
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• Lognormal: all responses follow lognormal distribution.

• Gamma: all responses follow gamma distribution.

• Mix 1: all responses involving RRT participation follow lognormal distribution,

while others follow gamma distribution.

• Mix 2: all responses called by the primary nurse follow lognormal distribution,

while others follow gamma distribution.

• Mix 3: the responses of intern, resident, fellow, attending, and RRT and attending

follow lognormal distribution, while others follow gamma distribution.

In addition, the mean and CV are kept the same for each response under different

scenarios. Then, for a given desired time period Ts, the RTP s are evaluated by using

simulations in all scenarios, and then compared.

We first conduct ANOVA tests to investigate whether the RTP of the five systems

are statistically indifferent(p>0.05). The results show that of p value is less than 0.05

in 2 out of 5 ANOVA tests, so we can not conclude that these systems are statistically

indifferent. However, it should be noted that the simulation run time in each trial and

the trial number affect the result of p value. Therefore we further investigate whether

RTP is practically independent of the distribution type. Given a desire time Ts for each

network, we compare RTPs of the five aforementioned scenarios, In each comparison,

the largest relative difference δ is defined as:

δ =
maxi RTPi −minj RTPj

minj RTPj
· 100%, i, j ∈ {Lognormal, Gamma, Mix 1, Mix 2, Mix 3},

where RTPi represents the RTP in scenario i.

The comparison results are presented in Table 3.1. In all the comparisons, it has
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Table 3.1: The comparison of RTP s among five networks, δ

Ts(minute) 70 60 50 40

Network 1 0.06% 0.10% 0.31% 0.55%

Network 2 0.26% 0.43% 0.88% 1.55%

Network 3 0.62% 0.91% 1.39% 1.95%

Network 4 0.31% 0.36% 0.67% 1.29%

Network 5 0.23% 0.37% 0.77% 1.43%

been observed that the difference, δ, is small. The average of δ is 0.72%, and the

maximum one is 1.95%. An illustration of comparison among RTP s in one network

among the above 5 scenarios is shown in Figure 3.3. These results indicate that the

RTP is practically independent of the distribution type, but mainly depends on the

mean and CV of response time.

Question 2: Does it exist an empirical formula to evaluate RTP as a function of the

data that can be collected on the hospital floor?

Since each response may have different service time distribution or coefficient of

variation, it is more convenient to group or aggregate those CVs so that we can use an

universal CV for each response to discover an empirical formula to evaluate RTP in

non-exponential response environment. Here we propose a simple approach to obtain

this universal CV, referred to as a “weighted” CV. Specifically, for a rapid response

system with i responses, the weighted CV can be expressed as follows:

cvweighted =

∑

i picvi
∑

i pi
, (3.13)

where cvi is the coefficient of variation of response i, and pi is the probability that

response i has been carried out, as defined earlier.
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Figure 3.3: Impact of distribution type on RTP

To investigate the applicability of this weighted CV, we carry out numerical experi-

ments to compare the RTP s in original system (denoted as RTPoriginal) and the RTP s

obtained using such a weighted CV (denoted as RTPweighted). Numerous examples are

randomly generated for such experiments. To illustrate the results of these compar-

isons, the results from 5 networks are presented in Table 3.2. In each network, under

the assumption of response distribution being lognormal and gamma, using 10 instances

with different Tss, the average relative difference of RTPoriginal,j and RTPweighted,j is

calculated, which is denoted as ǫi, we have

ǫi =

∑10
j=1

|RTPoriginal,j−RTPweighted,j |

RTPoriginal,j

10
· 100%, i ∈ {lognormal, gamma}.

As one can see, for lognormal distribution, the average ǫlognormal is 0.9%, while the

largest one is 1.3%. For gamma assumption, such numbers become 1.2% and 1.7%,
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Table 3.2: The difference of RTP by using a weighted CV, ǫi

System 1 2 3 4 5

ǫlognormal 1.1% 0.5% 0.4% 1.1% 1.3%

ǫgamma 1.7% 1.0% 0.6% 1.6% 1.1%

respectively. Similar results are observed in all other experiments, which shows that the

weighted CV can be used for an empirical formula to evaluate RTP in non-exponential

response scenarios.

Next, using the weighted CV, we derive an empirical formula to approximate the

RTP in non-exponential case by proposing a linear interpolation approach . Specifically,

we first calculate RTPexp using formula (3.10) under exponential assumption. Then we

calculate RTPfixed for fixed response time, i.e., all response times are constants. This is

carried out using the following formula:

RTPfixed =
∑

sk≤Ts

γk, (3.14)

where sk is the sum of all response time of route k, and γk is the probability of this

route, which can be obtained by Equations (A.5) and (A.6) in the Proof of Theorem 3.2

in Appendix A.

For any other systems with weighted CV between 0 and 1, we estimate their RTP

by a linear interpolation between RTPfixed and RTPexp, i.e.,

RTPest = RTPfixed − (RTPfixed −RTPexp)cvweighted. (3.15)

In other words, for a rapid response system with an arbitrary distribution of re-

sponse times, its RTP can be calculated using expressions (3.10), (3.14) and (3.15). An

illustration of such estimation is shown in Figure 3.4.
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Figure 3.4: RTP approximation by linear interpolation

Similar to the numerical experiments introduced before, we investigate the accura-

cy of such estimate using linear interpolation through simulation experiments. Under

lognormal and gamma assumptions of response time, respectively, the same five net-

works described above are used. In each network, with 10 different cvs between 0 and

1, including cv = 0 and cv = 1, the average relative difference under instance j between

RTP obtained using simulation, RTPsim,j, and RTP obtained using linear interpolation,

RTPcal,j, is calculated, which is denoted as δi i.e.,

δi =

∑10
j=1

|RTPsim,j−RTPcal,j |

RTPsim,j

10
· 100%, i ∈ {lognormal, gamma}.

Table 3.3 shows the results.

Clearly, the approximation error is very small. For the five networks with lognormal

and gamma distributions, the average values of δlognormal and δgamma are 0.7% and 0.8%,
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Table 3.3: Accuracy of RTP estimation, δi

System 1 2 3 4 5

δlognormal 1.1% 0.6% 0.5% 0.7% 0.9%

δgamma 1.9% 0.4% 0.3% 1.1% 0.9%

respectively. Similar results are obtained in all other experiments. Therefore, we con-

clude that the RTP estimation method introduced here provides a quantitative approach

to estimate system response-time performance for any unimodal distribution of service

times.

We also conduct paired t-test to investigate the justification of both the usage of

weighed cv and accuracy of RTP estimations. The results of p values are not always

greater than 0.05, so statistically the we can not make the same conclusion earlier.

However, the design of simulation run time and trial run number have an impact on the

conclusion. Therefore, from applicability perspectives, the comparison results show that

the approximation approach can be used.

3.4 System Properties

Using the results obtained above, this section is devoted to investigating system-theoretic

properties of Td, CVd, and RTP , i.e., analysis of the monotonicity of functions (3.1),

(3.2), and (3.4) with respect to their arguments. The knowledge of the monotonicity

properties will determine the variables, whose improvements lead to an decrease of Td

and CVd, or an increase of RTP .

Proposition 3.1 Under assumptions (i)-(vii), the expectation of decision time, Td, is



39

monotonically increasing with respect to τi, the mean of response time of care provider

i.

Proof: See Appendix A.

Proposition 3.2 Under assumptions (i)-(vii), the coefficient of variation of decision

time, CVd, is monotonically increasing with respect to cvi, the coefficient of variation of

response time of care provider i.

Proof: See Appendix A.

Illustrations of such monotonicity properties are shown in Figures 3.5 and 3.6 for Td

and CVd, respectively. As one can see, a linearly (or close to linearly) increasing behavior

is observed for the mean and CV of decision time with respect to their arguments.

Remark 3.4 In addition to monotonicities of Td and CVd, one may concern about the

impact of mean response time on the variability of decision time. It is easy to show that

CVd is independent to the changes of τi as long as cvi remains unchanged. Specifically,

by rewriting

∂CVd

∂τi
=

∂CVd

∂cvi
· ∂cvi
∂τi

,

it follows that the second term equals to zero when cvi is a constant. In other words,

although reducing τi can lead to reduction of Td, it will not result in a decrease of CVd

unless cvi is reduced.

Similar property is observed for RTP as well, as shown below and in Figure 4.1,

reducing each response time will lead to higher RTP .
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Proposition 3.3 Under assumptions (i)-(vii), and exponential response time for each

service i, RTP is monotonically decreasing with respect to τi, i ∈ X.
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Figure 3.7: Monotonicity of RTP with respect to τi

The above monotonic properties match the intuitions well. This indicates that by

reducing the response time and its variability, the decision time can be shortened and

the variability of decision time can be reduced, respectively. Then, the next question

is, which response or service should be focused on so that the maximum benefit (reduc-

tion of Td or CVd or increase of RTP ) can be obtained. This leads to the bottleneck

identification problem in continuous improvement, which will be addressed next.

3.5 Continuous Improvement

Bottleneck identification and mitigation have been viewed as the most effective way to

improve system performance in manufacturing systems (Li and Meerkov [74]), where a



42

bottleneck machine is the one that impedes the system performance in the strongest

manner. In healthcare delivery systems, a bottleneck process is referred to as the one

whose improvement will lead to the largest improvement in performance measure. For

example, it has been shown in Brenner et al. [18] and Zeng et al. [119] that diagnostic

testing could be the bottleneck in emergency department from the patient flow perspec-

tive.

In this work, we study bottleneck responses to identify the most effective service to

reduce decision time and its variability, or to increase response-time performance. In

other words, the question is: which response time and its variability should be reduced

so that it could lead to the largest reduction of decision time and its variability, or

the largest increase in RTP? To answer these questions, we introduce the notions of

bottleneck response for decision time (BN-τ) and its variability (BN-cv), and response-

time performance bottleneck (BN-rtp).

3.5.1 Bottleneck Response for Decision Time and its Variabil-

ity

The following is the definition of bottleneck responses.

Definition 3.1 Under assumptions (i)-(vii), response i is the bottleneck response for

decision time (BN-τ) if

∂Td

∂τi
>

∂Td

∂τj
, ∀i 6= j, i, j ∈ X. (3.16)

Definition 3.2 Under assumptions (i)-(vii), response i is the bottleneck response for

decision time variability (BN-cv) if

∂CVd

∂cvi
>

∂CVd

∂cvj
, ∀i 6= j, i, j ∈ X. (3.17)
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That is, if the response time (or the CV of response time) of a process (e.g., RRT

& Resident) is reduced, it can lead to the largest decrease in Td (respectively, CVd),

then, this is the bottleneck response for decision time (respectively, for decision time

variability).

The objective of continuous improvement is to develop methods for BN-τ and BN-

cv identification, which will lead to structuring improvement projects directed to their

mitigation. To identify a BN-τ , the following results are obtained:

Proposition 3.4 Under assumptions (i)-(vii),

∂Td

∂τi
>

∂Td

∂τj

if and only if

pi > pj , ∀i 6= j, i, j ∈ X.

Proof: See Appendix A.

Proposition 3.4 indicates that the bottleneck response for decision time, BN-τ , is the

response with the largest pi. Intuitively, a response with the largest pi implies that it

has the largest probability to be selected so that its weight is the highest. Therefore, a

bottleneck indicator by measuring pi is introduced.

BN-τ indicator: Define Iτ as the BN-τ indicator, where

Iτ,j = pj , j ∈ X. (3.18)

Then, the response that has the largest Iτ is the BN-τ .

Remark 3.5 As shown in Figure 3.1, the primary nurse is always the first provider

responding to patient declining, thus, pn = 1. This implies the nurse’s response to
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deteriorating signals is always the BN-τ , which indicates the importance of activation

of response process. Then, the response with the second largest Iτ will be another

bottleneck in the response process.

Next, the BN-cv is investigated. We obtain

Proposition 3.5 Under assumptions (i)-(vii),

∂CVd

∂cvi
>

∂CVd

∂cvj

if

piτ
2
i cvi > pjτ

2
j cvj, ∀i 6= j, i, j ∈ X.

Proof: See Appendix A.

This result indicates that the bottleneck response variability, BN-cv, is the response

that has the largest piτ
2
i cvi. It can be understood as the response that has the largest

product of entering probability, mean square and CV of response time. Reducing the

variability of such a response will lead to the largest reduction in CVd. Thus, the

following indicator is introduced:

BN-cv indicator: Define Icv as the BN-cv indicator, where

Icv,j = pjτ
2
j cvj , j ∈ X. (3.19)

Then, the response that has the largest Icv is the BN-cv.

Using these indicators, the BN-τ and BN-cv can be easily identified. Note that the

calculation of such indicators can be carried out using the data collected on the hospital

floor without calculations of performances and their partial derivatives.
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3.5.2 Response-time Performance Bottleneck

Next, we investigate response-time performance bottlenecks. The RTP bottleneck (BN-

rtp) is defined as

Definition 3.3 Response i is the bottleneck response for RTP (BN-rtp) if

∣

∣

∣

∣

∂RTP

∂τi

∣

∣

∣

∣

>

∣

∣

∣

∣

∂RTP

∂τj

∣

∣

∣

∣

, ∀i 6= j, i, j ∈ X. (3.20)

Bottleneck Set Indicator

The objective of RTP continuous improvement is to develop a method for BN-rtp iden-

tification, which will lead to improving RTP in more effective manner. However, due to

the complexity in RTP calculation, exact solution to discover BN-rtp is not available.

Thus, an approximation approach is sought. Specifically, considering that the first levels

of help called by the primary nurse have higher probability of activation than higher level

physicians (such as fellow and attending doctors), we investigate a simplified structure

that the decision is made only after one level of responses. In other words, assume

αa,rrt&f = αf,res = αf,rrt&res = αres,int = αres,rrt = αres,rrt&int = 0. (3.21)

Then, the following proposition can be derived:

Proposition 3.6 Under assumptions (i)-(vi) and condition (3.21)

∣

∣

∣

∣

∂RTP

∂τi

∣

∣

∣

∣

>

∣

∣

∣

∣

∂RTP

∂τj

∣

∣

∣

∣

if

e
−Ts
τi

αi,n

τ 2i
> e

−Ts
τj

αj,n

τ 2j
, ∀i 6= j ∈ X, i, j 6= f, a.
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Proof: See Appendix A.

Based on this result, we hypothesize that e−Ts/τjαj,n/τ
2
j can be used as a bottleneck

set indicator to identify a set of BNs-rtp in the original system (i)-(vii). To verify such a

hypothesis, numerical studies have been carried out. Specifically, for randomly selected

routing probabilities αi,js and desired care delivery time Ts, the service times τis are also

randomly selected. From Definition 3.3, we obtain a list of |∂RTP
∂τi

| ranking from high

to low, which is referred to as the true BN-rtp set. Then by comparing e−Ts/τjαj,n/τ
2
j ,

we obtain another set, referred to as the hypothesized BN-rtp set. Then a comparison

between the sets can be carried out. Such experiments are repeated 1000 times.

From such a numerical study, we observe that in more than 90% of cases, the true

BN-rtp set coincides with the hypothesized BN-rtp set for the top two BNs-rtp. In

other words, the top two responses for RTP improvement can be identified by finding

the two highest e−Ts/τjαj,n/τ
2
j with more than 90% successful rate. Therefore, we think

e−Ts/τjαj,n/τ
2
j can be used as a practical indicator to identify the RTP bottleneck set,

i.e.,

BN-rtp set indicator: Define Irtp as the BN-rtp set indicator, where

Irtp,j =
αj,n

τ 2j
e
−Ts

τj , j ∈ {int, rrt, res, rrt&int, rrt&res, rrt&f, rrt&a}. (3.22)

Then, the responses having the largest and the second largest Irtp,j comprise the BN-rtp

set.

After identifying the BN-rtp set, analysis need to be carried out to focus on these

two responses to improve the efficacy of rapid response operations.
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Bottleneck Indicator

The above set indicator enables us to identify the two candidates as BN-rtp. However,

it does not specify which one could be the true bottleneck. To further investigate the

effectiveness of this indicator, we define σ as the probability of calling for higher level

help. In practice, such probability is not high. Therefore, we limit the discussion for

small σ. Table 3.4 provides the accuracy of using Irtp,j as an indicator to identify the BN-

rtp rather than the set. As one can see, when σ is less than 20%, the successful percentage

to identify the true BN-rtp is 93%. The higher the σ, the lower the percentage. When

σ is 50%, the perfentage falls just below 80%. However, even if the indicator does not

identify the response with the largest partial derivative, the difference in improvement

comparing with the response which is the true bottleneck is only 0.000016 to 0.00011

when σ ranges from 20% to 50%, respectively. Moreover, in most cases, such indicator

identifies the response with the second largest partial derivative. As shown in Table 3.4,

93% of time the second one is identified when σ = 20%. Only 0.7% of time it identifies a

response which is ranked out of the top three. For example, even when σ = 50%, among

22% of time it does not identify the correct bottleneck, but 80% of time the second

ranked response is identified, and only 4% of time it indicates a response out of the top

three.

Based on these, we believe that e−Ts/τjαj,n/τ
2
j can be used not only a BN-rtp set,

but as a practical indicator of BN-rtp when the probability of calling help from higher

level doctors is small, since in practice, such probability typically is not large. Thus, we

have

BN-rtp indicator: Define Irtp as the BN-rtp indicator. The response that has the

largest Irtp,j is the BN-rtp when σ is small.
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Table 3.4: Accuracy of BN-rtp indicator

Maximum further help probability σ 0.2 0.3 0.4 0.5

Identifying the true BN (%) 93% 85% 82% 78%

Improvement difference comparing 0.16 0.42 0.55 1.10

with the true BN (×10−4)

Identifying the 2nd BN (%) 93% 89% 82% 80%

Identifying the out-of-top-3 BN (%) 0.7% 0.8% 2% 4%

Remark 3.6 In non-exponential case, since a linear interpolation based on CV is used

to approximate RTP , it does not affect the inequality in partial derivatives. Thus, the

BN-rtp indictor introduced before still works.

3.6 Extension: Addressing Resource Sharing

In this section, we consider an extension under the current framework. Specifically, in

the previous model, only one patient is allowed in the network. It should be noted that,

in most of the practical settings, this assumption holds because it is not typical that

more than one patients are experiencing deterioration simultaneously. However, there

might be cases where more frequent declinings occur which raise a resource sharing issue.

For example, during night shift, there will be limited number of clinicians and clinical

staff. Thus, if new request is generated for a care provider or one of the two jointly

activated providers who is currently attending a declining patient, the new patient has

to wait until the current rescuing effort is finished. Consequently, the research question

is how to estimate the new mean decision time when possible resource sharing results
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in extra waiting time. Using the same analytical framework as a building block, we add

the assumption that multiple patients may present in the network and the resource may

be unavailable, as shown in Figure 3.8. Furthermore, Figure 3.9 provides an example.

The overlapping bolded time period reflects that RRT is being shared during when two

patients are in declining status at the same time. The goal is to develop a method

to address this issue. Multiple factors contribute to the extra waiting time. First, a

patient in hospital wards may decline at any time, resource sharing can only possibly

occur when multiple patients are experiencing declining during the same time period.

Second, even if multiple patients are declining, they may request different providers

so that which resource is shared and how long the extra waiting time is are still not

clear. This depends on the providers’ probability to be called and their response time.

Therefore, closed form formula to estimate waiting time is extremely difficult to obtain.

Therefore, we develop a two-level shared resource iteration (SRI) method to evaluate

the new mean decision time. To introduce such a method, an illustrative example is

presented next.

3.6.1 An Illustrative Example

We consider an example with 3 patients. First, we define resource as a care provider or

one of the two joint providers. Specifically, the resources include intern, RRT, resident,

fellow and attending, belong to resource set X1. Notice here X1 does not include nurse in

this section, that is, X1 = {int, rrt, res, f, a}. As stated before, the factors contributing

to the extra waiting time are categorized into two groups, simultaneous declining of

patients and requesting for the same provider. Therefore, two iteration procedures are

introduced. The level-1 iteration investigates the possibility that the same resource is

requested by more than one declining patients at the same time and the extra waiting
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Figure 3.8: Multiple patients present in network
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Figure 3.9: RRT is shared by two patients

time due to this. The level-2 iteration evaluates the probability that more than one

patients are declining and its resulting waiting time. The results of level-1 iteration will

be sent to level-2 iteration.

In the level-1 iteration, consider patient k, k = 1, 2, 3 and resource r, r ∈ X1. Let τ
(j)
k,r

denote the updated mean decision time including patient k ’s waiting time for resource

r during the j -th iteration, j = 1, 2, .... Introduce p
(j)
k,r to denote the probability that

patient k is occupying resource r when there is another request for the same resource

during the j -th iteration. Lastly, from Equation (3.8) in Theorem 3.1, the mean decision

time, under the assumption that all resources are available all the time, is denoted as

Td, while the probability and mean response time for response i, i ∈ X = X1 ∪X2, are

pi and τi, respectively.

At the beginning of the iteration, let all τ
(0)
k,r equal to Td and p

(0)
k,r equal to 0. For

patient 1, the waiting will happen if he/she requests help from intern while patients 2

or 3 is being attended by the intern. This probability can be expressed as p
(0)
2,int + p

(0)
3,int.

In addition, the average time that the intern provides rapid response can be expressed

by pintτint + prrt&intτrrt&int. This is due to the intern’s role in both single provider (int)
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and joint providers (rrt&int) cases. Therefore, we update the mean decision time by

including patient 1’s waiting for intern, which is τ
(1)
1,int, as follows.

τ
(1)
1,int = Td + (p

(0)
2,int + p

(0)
3,int)(pintτint + prrt&intτrrt&int). (3.23)

We next update p
(1)
1,int, the probability that patient 1 is occupying the intern when

there is another request for the resource. Again request for intern can happen in two

cases: the single provider and joint providers. For the first case, pintτint/τ
(1)
1,int reflects

the percentage of time the intern is occupied. Multiplying it by pint, the probability

the intern is working with another patient, we obtain the desired probability. Similarly,

for the second case, we obtain p2rrt&intτrrt&int/τ
(1)
1,int. Therefore, the following formula is

determined.

p
(1)
1,int =

p2intτint + p2rrt&intτrrt&int

τ
(1)
1,int

. (3.24)

Then, using p
(1)
1,int, the mean decision time contributed by patient 2’s waiting for the

intern, τ
(1)
2,int, and the probability that patient 2 is occupying intern when the intern is

requested by another patient, p
(1)
2,int, are updated.

τ
(1)
2,int = Td + (p

(1)
1,int + p

(0)
3,int)(pintτint + prrt&intτrrt&int), (3.25)

p
(1)
2,int =

p2intτint + p2rrt&intτrrt&int

τ
(1)
2,int

. (3.26)

Lastly, using the above results, the update of patient 3 is completed similarly.

τ
(1)
3,int = Td + (p

(1)
1,int + p

(1)
2,int)(pintτint + prrt&intτrrt&int), (3.27)
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p
(1)
3,int =

p2intτint + p2rrt&intτrrt&int

τ
(1)
3,int

. (3.28)

This finishes the update related to the intern.

Next, we consider another resource, the resident doctor, with similar updating process

from patient 1 to patient 3.

For patient 1:

τ
(1)
1,res = Td + (p

(0)
2,res + p

(0)
3,res)(presτres + prrt&resτrrt&res), (3.29)

p
(1)
1,res =

p2resτres + p2rrt&resτrrt&res

τ
(1)
1,res

. (3.30)

For patient 2:

τ
(1)
2,res = Td + (p

(1)
1,res + p

(0)
3,res)(presτres + prrt&resτrrt&res), (3.31)

p
(1)
2,res =

p2resτres + p2rrt&resτrrt&res

τ
(1)
2,res

. (3.32)

For patient 3, similar arguments apply. We have

τ
(1)
3,res = Td + (p

(1)
1,res + p

(1)
2,res)(presτres + prrt&resτrrt&res), (3.33)

p
(1)
3,res =

p2resτres + p2rrt&resτrrt&res

τ
(1)
3,res

. (3.34)

We continue to update all the rest of resources as follows to complete the first itera-

tion.
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For RRT: from patients 1 to 3, we have

τ
(1)
1,rrt = Td + (p

(0)
2,rrt + p

(0)
3,rrt)(prrtτrrt + prrt&intτrrt&int

+prrt&resτrrt&res + prrt&fτrrt&f + prrt&aτrrt&a), (3.35)

p
(1)
1,rrt = (p2rrtτrrt + p2rrt&intτ

2
rrt&int + p2rrt&resτrrt&res

+p2rrt&fτrrt&f + p2rrt&aτrrt&a)/τ
(1)
1,rrt, (3.36)

τ
(1)
2,rrt = Td + (p

(1)
1,rrt + p

(0)
2,rrt)(prrtτrrt + prrt&intτrrt&int

+prrt&resτrrt&res + prrt&fτrrt&f + prrt&aτrrt&a), (3.37)

p
(1)
2,rrt = (p2rrtτrrt + p2rrt&intτ

2
rrt&int + p2rrt&resτrrt&res

+p2rrt&fτrrt&f + p2rrt&aτrrt&a)/τ
(1)
2,rrt, (3.38)

τ
(1)
3,rrt = Td + (p

(1)
1,rrt + p

(1)
2,rrt)(prrtτrrt + prrt&intτrrt&int

+prrt&resτrrt&res + prrt&fτrrt&f + prrt&aτrrt&a), (3.39)

p
(1)
3,rrt = (p2rrtτrrt + p2rrt&intτ

2
rrt&int + p2rrt&resτrrt&res

++ p2rrt&fτrrt&f + p2rrt&aτrrt&a)/τ
(1)
3,rrt. (3.40)

For fellow, from patients 1 to 3, we have
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τ
(1)
1,f = Td + (p

(0)
2,f + p

(0)
3,f)(pfτf + prrt&fτrrt&f), (3.41)

p
(1)
1,f =

p2fτf + p2rrt&fτrrt&f

τ
(1)
1,f

, (3.42)

τ
(1)
2,f = Td + (p

(1)
1,f + p

(0)
3,f)(pfτf + prrt&fτrrt&f), (3.43)

p
(1)
2,f =

p2fτf + p2rrt&fτrrt&f

τ
(1)
2,F

, (3.44)

τ
(1)
3,f = Td + (p

(1)
1,f + p

(1)
2,f)(pfτf + prrt&fτrrt&f), (3.45)

p
(1)
3,f =

p2fτf + p2rrt&fτrrt&f

τ
(1)
3,f

. (3.46)

Finally, for attending, from patients 1 to 3, we have

τ
(1)
1,a = Td + (p

(0)
2,a + p

(0)
3,a)(paτa + prrt&aτrrt&a), (3.47)

p
(1)
1,a =

p2aτa + p2rrt&aτrrt&a

τ
(1)
1,A

, (3.48)

τ
(1)
2,a = Td + (p

(1)
1,a + p

(0)
3,a)(paτa + prrt&aτrrt&a), (3.49)

p
(1)
2,a =

p2aτa + p2rrt&aτrrt&a

τ
(1)
2,a

, (3.50)

τ
(1)
3,a = Td + (p

(1)
1,a + p

(1)
2,a)(paτa + prrt&aτrrt&a), (3.51)
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p
(1)
3,a =

p2aτa + p2rrt&aτrrt&a

τ
(1)
3,a

. (3.52)

After finishing the first iteration, the above updated variables are used for subsequent

iterations and the process is repeated if converges. More specifically, the following criteria

is used for convergence:

Let δ = 10−5, if

|τ (j+1)
i,r − τ

(j)
i,r | ≤ δ, i = 1, 2, 3, (3.53)

|p(j+1)
i,r − p

(j)
i,r | ≤ δ, i = 1, 2, 3. (3.54)

Then we claim the procedure is convergent. When the procedure is convergent, we

denote

lim
j→∞

τ
(j)
i,r = τi,r, i = 1, 2, 3, (3.55)

lim
j→∞

p
(j)
i,r = pi,r, i = 1, 2, 3. (3.56)

Moreover, all τi,r, i = 1, 2, 3, should be identical and all pi,r, i = 1, 2, 3, will be the

same, due to identical parameters in each patients. Therefore, upon convergence, we

have

τ1,r = τ2,r = τ3,r = Tr, (3.57)

p1,r = p2,r = p3,r = Pr. (3.58)



57

After convergence, we obtain the output of the level-1 iteration Tin, which is the

updated mean decision time by including the extra waiting time for all resources, due

to sharing.

Tin = Td + Σr,r∈X1PrTr. (3.59)

Using the Tin from level-1 iteration, we start the level-2 iteration. Let g
(l)
k , k = 1, 2, 3,

l = 1, 2, ..., denote the time proportion the patient is in declining status in iteration j,

and µ
(l)
k , k = 1, 2, 3, l = 1, 2, ..., characterize the newly updated mean decision time in

iteration j after considering the time proportion that patient k is in declining status.

Introduce Tnormal to denote the average time the patient is in normal status. To start

the iteration, assume all g
(0)
k equal to 0 and µ

(0)
k to Tin. In the first iteration, for patient

1, the waiting will only occur if patient 1 is declining, while patient 2 or patient 3 is

also declining, which can be expressed as g
(0)
1 (g

(0)
2 + g

(0)
3 ). Therefore we first obtain the

updated µ
(1)
1 as follows.

µ
(1)
1 = Tin(1 + g

(0)
1 (g

(0)
2 + g

(0)
3 )). (3.60)

In addition, the time proportion patient 1 is in declining status is updated as

g
(1)
1 =

µ
(1)
1

µ
(1)
1 + Tnormal

. (3.61)

Moving on to patient 2 and patient 3 using the same logic, we obtained the new µ
(1)
2 ,

µ
(1)
3 , g

(1)
2 and g

(1)
3 below. For patient 2:

µ
(1)
2 = Tin(1 + g

(0)
2 (g

(1)
1 + g

(0)
3 )), (3.62)
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g
(1)
2 =

µ
(1)
2

µ
(1)
2 + Tnormal

. (3.63)

For patient 3:

µ
(1)
3 = Tin(1 + g

(0)
3 (g

(1)
1 + g

(1)
2 )), (3.64)

g
(1)
3 =

µ
(1)
3

µ
(1)
3 + Tnormal

. (3.65)

This finishes the first iteration. Using the results of g
(1)
i and µ

(1)
i from this iteration,

we continue this process of updating by g
(l)
i and µ

(l)
i considering patients 1, 2, 3 again,

and repeat the process until the procedure converges. The convergence criteria is met

when the following conditions hold:

|µ(j+1)
i − µ

(l)
i | ≤ δ, i = 1, 2, 3, (3.66)

|g(j+1)
i − g

(l)
i | ≤ δ, i = 1, 2, 3. (3.67)

where δ = 10−5. Again, if the procedure converges, we obtain

lim
l→∞

µ
(l)
i = µi, i = 1, 2, 3, (3.68)

lim
l→∞

g
(l)
i = gi, i = 1, 2, 3. (3.69)

Moreover, all µi, i = 1, 2, 3, should be the same, due to identical parameters in each

patients. Therefore, let Tfinal denote the mean decision time, which is the final result,

we have
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µ1 = µ2 = µ3 = Tfinal. (3.70)

After convergence of the above level-2 iteration, all issues related to resource sharing,

which contribute to the addition of extra waiting time are addressed. An illustration

of such a procedure is shown in Figure 3.10 where n patients present in the network.

Numerical experiments have indicated that such procedure always converge.

Level-1 

Iteration

Output: Tin

Output: Tfinal

Input: 

Tin, Tnormal

Input: 

Td, pi, τi, k

Level-2 

Iteration

Figure 3.10: Illustration of two-level shared iteration procedure

3.6.2 General Procedure

Similar to the idea introduced in the illustrative example, we present here the general

procedure. Using the introduced variables in the 3-patient illustrative example, the

iteration procedure can be formally described as follows:
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Procedure 3.2 Two-level Shared Resource Iteration

(1) Level-1 iteration

Step 1.1: Initialization:

From Equation (3.6) and Equation (3.8), obtain pi, i ∈ X = X1 ∪X2, and Td. Set

j = 0. Set τ
(j)
k,r and p

(j)
k,r equal to 0.

Step 1.2: Update τ
(j)
k,r and p

(j)
k,r:

For patient 1,

For r = int,

τ
(j+1)
1,r = Td + Σi=2,...,np

(j)
i,r (pintτint + prrt&intτrrt&int), (3.71)

p
(j+1)
1,r =

p2intτint + p2rrt&intτrrt&int

τ
(j+1)
1,r

. (3.72)

For r = res,

τ
(j+1)
1,r = Td + Σi=2,...,np

(j)
i,r (presτres + prrt&resτrrt&res), (3.73)

p
(j+1)
1,r =

p2resτres + p2rrt&resτrrt&res

τ
(j+1)
1,r

. (3.74)

For r = rrt,

τ
(j+1)
1,r = Td + Σi=2,...,np

(j)
i,r (prrtτrrt + prrt&intτrrt&int + prrt&resτrrt&res

+prrt&fτrrt&f + prrt&aτrrt&a), (3.75)

p
(j+1)
1,r = (p2rrtτrrt + p2rrt&intτ

2
rrt&int + p2rrt&resτrrt&res

+p2rrt&fτrrt&f + p2rrt&aτrrt&a)/τ
(j+1)
1,r . (3.76)

For r = f ,

τ
(j+1)
1,r = Td + Σi=2,...,np

(j)
i,r (pfτf + prrt&fτrrt&f ), (3.77)
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p
(j+1)
1,r =

p2fτf + p2rrt&fτrrt&f

τ
(j+1)
1,r

. (3.78)

For r = a,

τ
(j+1)
1,r = Td + Σi=2,...,np

(j)
i,r (paτa + prrt&aτrrt&a), (3.79)

p
(j+1)
1,r =

p2aτa + p2rrt&aτrrt&a

τ
(j+1)
1,r

. (3.80)

For patient k = 2, .., n− 1,

For r = int,

τ
(j+1)
k,r = Td + (Σi=1,...,k−1p

(j+1)
i,r + Σi=k+1,...,np

(j)
i,r )(pintτint + prrt&intτrrt&int), (3.81)

p
(j+1)
k,r =

p2intτint + p2rrt&int.τrrt&int

τ
(j+1)
k,r

. (3.82)

For r = res,

τ
(j+1)
k,r = Td + (Σi=1,...,k−1p

(j+1)
i,r + Σi=k+1,...,np

(j)
i,r )(presτres + prrt&resτrrt&res), (3.83)

p
(j+1)
k,r =

p2resτres + p2rrt&resτrrt&res

τ
(j+1)
k,r

. (3.84)

For r = rrt,

τ
(j+1)
k,r = Td + (Σi=1,...,k−1p

(j+1)
i,r + Σi=k+1,...,np

(j)
i,r )(prrtτrrt + prrt&intτrrt&int

+prrt&resτrrt&res + prrt&fτrrt&f + prrt&aτrrt&a), (3.85)

p
(j+1)
k,r = (p2rrtτrrt + p2rrt&intτ

2
rrt&int + p2rrt&resτrrt&res

+p2rrt&fτrrt&f + p2rrt&aτrrt&a)/τ
(j+1)
k,r . (3.86)

For r = f ,

τ
(j+1)
k,r = Td + (Σi=1,...,k−1p

(j+1)
i,r + Σi=k+1,...,np

(j)
i,r )(pfτf + prrt&fτrrt&f ), (3.87)

p
(j+1)
k,r =

p2fτf + p2rrt&fτrrt&f

τ
(j+1)
k,r

. (3.88)
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For r = a,

τ
(j+1)
k,r = Td + (Σi=1,...,k−1p

(j+1)
i,r + Σi=k+1,...,np

(j)
i,r )(paτa + prrt&aτrrt&a), (3.89)

p
(j+1)
k,r =

p2aτa + p2rrt&aτrrt&a

τ
(j+1)
k,r

. (3.90)

For patient k = n,

For r = int,

τ
(j+1)
k,r = Td + Σi=1,...,n−1p

(j+1)
i,r (pintτint + prrt&intτrrt&int), (3.91)

p
(j+1)
k,r =

p2intτint + p2rrt&int.τrrt&int

τ
(j+1)
k,r

(3.92)

For r = res,

τ
(j+1)
k,r = Td + Σi=1,...,n−1p

(j+1)
i,r (presτres + prrt&resτrrt&res), (3.93)

p
(j+1)
k,r =

p2resτres + p2rrt&resτrrt&res

τ
(j+1)
k,r

. (3.94)

For r = rrt,

τ
(j+1)
k,r = Td + Σi=1,...,n−1p

(j+1)
i,r (prrtτrrt + prrt&intτrrt&int

+prrt&resτrrt&res + prrt&fτrrt&f + prrt&aτrrt&a), (3.95)

p
(j+1)
k,r = (p2rrtτrrt + p2rrt&intτ

2
rrt&int + p2rrt&resτrrt&res

+p2rrt&fτrrt&f + p2rrt&aτrrt&a)/τ
(j+1)
k,r . (3.96)

For r = f ,

τ
(j+1)
k,r = Td + Σi=1,...,n−1p

(j+1)
i,r (pfτf + prrt&fτrrt&f ), (3.97)

p
(j+1)
k,r =

p2fτf + p2rrt&fτrrt&f

τ
(j+1)
k,r

. (3.98)
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For r = a,

τ
(j+1)
k,r = Td + Σi=1,...,n−1p

(j+1)
i,r (paτa + prrt&aτrrt&a), (3.99)

p
(j+1)
k,r =

p2aτa + p2rrt&aτrrt&a

τ
(j+1)
k,r

. (3.100)

Step 1.3: Iteration:

Let j = j + 1. Go back to Step 1.2 until all the stopping criteria is met. For a given

δ = 10−5, we terminate the level-1 iteration until:

|τ (j+1)
i,r − τ

(j)
i,r | ≤ δ, i = 1, 2, ..., n, (3.101)

|p(j+1)
i,r − p

(j)
i,r | ≤ δ, i = 1, 2, ..., n. (3.102)

Step 1.4: Termination:

When the above terminating conditions are met, let

τ1,r = τ2,r = ... = τn,r = Tr, (3.103)

p1,r = p2,r = ... = pn,r = Pr. (3.104)

Tin = Td + Σr,r∈X1PrTr (3.105)

(2) Level-2 iteration

Step 2.1: Initialization:

Set l = 0. Set g
(l)
1 = 0 and µ

(l)
1 = Tin.

Step 2.2: Update g
(l)
k and µ

(l)
k :

For patient 1,

µ
(l+1)
1 = Tin(1 + g

(l)
1 Σi=2,...,ng

(l)
i ), (3.106)
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g
(l+1)
1 =

µ
(l+1)
1

µ
(l+1)
1 + Tnormal

. (3.107)

For patient k = 2, ..., n− 1,

µ
(l+1)
k = Tin(1 + g

(l)
k (Σi=1,...,k−1g

(l+1)
i + Σi=k+1,...,ng

(l)
i )), (3.108)

g
(l+1)
k =

µ
(l+1)
k

µ
(l+1)
k + Tnormal

. (3.109)

For patient k = n,

µ
(l+1)
k = Tin(1 + g

(l)
k Σi=1,...,n−1g

(l+1)
i ), (3.110)

g
(l+1)
k =

µ
(l+1)
k

µ
(l+1)
k + Tnormal

. (3.111)

Step 2.3: Iteration:

Let l = l + 1. Go back to Step 2.2 until all the stopping criteria is met.

|µ(l+1)
i − µ

(l)
i | ≤ δ, i = 1, 2, ..., n, (3.112)

|g(l+1)
i − g

(l)
i | ≤ δ, i = 1, 2, ..., n. (3.113)

Step 2.4: Termination:

When the stopping condition is met, we have

µ
(l+1)
i = µi, i = 1, 2, ..., n. (3.114)

Then,

µ1 = µ2 = ... = µn = Tfinal. (3.115)
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Such a procedure includes two algorithms: level-1 iteration and level-2 iteration. The

level-1 iteration can be mathematically proved to be convergent if number of patients in

the network equals to 2. The convergence of level-2 iteration can be rigorously proved

without the limitation of patient number. Theorems 3.3 and 3.4 are presented below.

Theorem 3.3 When n = 2, the level-1 iteration of Procedure 3.2 is convergent. The

following limits exist:

lim
j→∞

τ
(j)
i,r = τi,r, i = 1, 2, (3.116)

lim
j→∞

p
(j)
i,r = pi,r.i = 1, 2. (3.117)

Theorem 3.4 The level-2 iteration of Procedure 3.2 is convergent, i.e., the following

limits exist:

lim
l→∞

µ
(l)
i = µi, i = 1, 2, ...n, (3.118)

lim
l→∞

g
(l)
i = gi, i = 1, 2, ...n. (3.119)

Proof: See Appendix A.

If more than two patients present in the network, it is extremely difficult to provide

a mathematical proof for level-1 iteration due to its nature of oscillating pattern. Nu-

merical investigation of the convergence of such a procedure is conducted. Numerous

examples are generated by randomly selecting parameters. In all the examples, this it-

erative approach is convergent and results in a unique solution. Therefore, we formulate

it as a numerical fact:
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Numerical Fact 3.1 : The level-1 iteration of Procedure 3.2 is convergent when more

than two patients present in the network, i.e., we have

lim
j→∞

τ
(j)
i,r = τi,r, i = 1, 2, ..., n, (3.120)

lim
j→∞

p
(j)
i,r = pi,r.i = 1, 2, ..., n. (3.121)

The following figures illustrate the convergence in the numerical fact, using a 3-

patient example. Figures 3.11 to 3.20 show the convergence of τi,r and pi,r in the level-1

iteration of all resources. Figures 3.21 to 3.22 show the convergence of µi and gi in the

level-2 iteration. As can be seen in the figures, all the variables rapidly converge in

less than 6 iterations. Moreover, the oscillating range is extremely small after the first

iteration. For τi,rs, at the first iteration, it is always true that τ3,r > τ2,r > τ1,r, for

r ∈ X1, however, starting from the second iteration, due to oscillation, this relationship

no longer holds. After the third iteration, the differences between any two of the τi,rs

are too small to identify from the figures. For pi,rs, at the first iteration, it is always

true that p3,r < p2,r < p1,r > for r ∈ X1, Similar to τi,rs, starting from the second

iteration, oscillation pattern makes this relationship no longer hold. Also similarly, the

differences between any two of the pi,rs are extremely small to tell from the figures after

the third iteration. For µis and gis, monotonicity property can be verified in the figures.

Moreover, the difference between any of the two µis is always extremely small starting

from the first iteration. Such small difference can be also observed regarding gis.

3.6.3 Accuracy

The accuracy of the two-level shared resource iteration approach is examined by com-

paring the simulation results with those obtained by the iteration approach. In the
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numerical study, we assume each response follows uniform distribution between 20 and

40 minutes. All routing probabilities follow uniform distribution from 0 to 1. The time

distribution of patient in normal status is exponential. Ten instances are generated.

Since rapid response implies that most of the time the patients are in normal status,

the ratio between declining and normal status for patients is always less than 20% in

the setting. The accuracy results are shown in Table 3.5. Let T sim,i
final and T sri,i

final denote

the mean decision time obtained by simulation and that obtained by two-level SRI in

instance i. The average relative error, ǫ, shown below is defined as follows. The simula-

tion time and number of trial run numbers are appropriately designed in simulation, so

that the confidence limits are within 1% of the estimation of mean.

ǫ =
Σ10

i=1

|T sim,i
final

−T sri,i
final

|

T sim,i
final

10
· 100%. (3.122)

Table 3.5: Accuracy of two-level SRI, ǫ

Normal time(minutes) 300 350 400 450 500 550 600

2 patients 0.85% 0.90% 0.91% 0.90% 0.88% 0.86% 0.85%

3 patients 1.13% 1.06% 0.99% 0.96% 0.92% 0.88% 0.83%

4 patients 1.76% 1.65% 1.54% 1.44% 1.35% 1.29% 1.18%

5 patients 1.66% 1.55% 1.44% 1.30% 1.24% 1.19% 1.13%

From the above table, the two-level shared resource iteration performs well, which

indicates its effectiveness.
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3.6.4 Applicability

In the previous setting for accuracy test, exponential distribution is assumed for time

duration of patient normal status. In most real cases, such an assumption may not hold.

In this subsection, we investigate how the patient’s normal time affects waiting due to

resource sharing. To do this, gamma and lognormal distributions are used. Since in

rapid response setting, the more time elapses, the more likely the patient will be at risk

of deterioration. Therefore, we study the cases where CV is less than 1. Specifically,

we take three data points, where CV = 0.25, 0.5, 0.75, as well as CV = 0 and CV =

1. We hypothesize that the variability has little effect on the new mean decision time

. The simulation results match the hypothesis. In Table 3.6, ten instances are created

and the largest possible relative error δ is presented. Let Ti,j denote within instance

j, j = 1, ..., 10, the mean decision time obtained from simulation where i = 1, 2, 3, 4

corresponding to the cases where CV = 0, 0.25, 0.5, 0.75, 1, respectively.

δ =
Σ10

j=1
|maxi Ti,j−mini Ti,j |

mini Ti,j

10
· 100%. (3.123)

Table 3.6: Accuracy of two-level SRI in lognormal distribution case, δ

Normal time(minutes) 300 350 400 450 500 550 600

2 patients 0.07% 0.07% 0.07% 0.06% 0.08% 0.08% 0.07%

3 patients 0.24% 0.17% 0.14% 0.12% 0.14% 0.12% 0.13%

4 patients 0.37% 0.26% 0.25% 0.19% 0.17% 0.16% 0.20%

5 patients 0.46% 0.27% 0.21% 0.13% 0.12% 0.13% 0.82%

Similarly, as for gamma distribution, the results are shown in Table 3.7, which is

also satisfactory to support the hypothesis. Therefore, we conclude that the proposed
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iterative method can provide an accurate estimation of mean decision time in multiple

patient scenario.

Table 3.7: Accuracy of two-level SRI in gamma distribution case, δ

Normal time(minutes) 300 350 400 450 500 550 600

2 patients 0.28% 0.22% 0.16% 0.14% 0.12% 0.11% 0.10%

3 patients 0.59% 0.42% 0.31% 0.21% 0.16% 0.14% 0.10%

4 patients 0.97% 0.70% 0.51% 0.41% 0.31% 0.27% 0.20%

5 patients 1.50% 1.03% 0.77% 0.64% 0.51% 0.38% 0.33%

3.7 Conclusions

In this chapter, a preliminary model to characterize the rapid response operations with

dedicated RRT in acute care is developed. Closed formulas have been derived to eval-

uate the mean and variability of decision time. For response-time performance under

exponential service time assumption, we derived a closed formula. In the study of exten-

sion to non-exponential case, we provide an approximation approach with satisfactory

accuracy.

The monotonic properties of these performance measures have been investigated.

Bottleneck identification methods are developed to improve the efficacy of rapid response

operations in acute care. Specifically, the bottleneck response for decision time (BN-τ),

decision time variability (BN-cv), and response-time performance (BN-rtp) have been

introduced, and bottleneck indicators have been developed based on the collected data.

Such methods provide a quantitative tool for analysis and improvement of rapid response
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operations in acute care delivery to improve patient safety and care quality. Lastly, we

address the resource sharing issue under the current framework. A two-level shared

resource iteration approach is developed. Satisfactory accuracy is obtained and the

applicability of the approach is discussed.
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Chapter 4

Patient Rescue Process Framework

and Modeling

4.1 Patient Rescue Process Framework

Improving patient safety is the top priority for hospital management. In recent years,

reducing the rate of FTR has been a nationwide interest. One of the key issues is to

identify hospital deteriorating patients and reduce preventable harm and mortality. For

most FTR cases on hospital floors, patients may start with experiencing physiological

deterioration, changing from non-risk condition to risk status. Such declining may trigger

a signal to alarm or warn the nurse or may be detected by RNs frequent check. Possible

intervention by the RN or physician may bring the patient back to normal condition.

However, in some cases, RRT calls need to be initiated to request further treatment for

rescue. Many RRTs are assembled by attending and fellow physicians from ICU. Such a

process is typically referred to as patient rescue process, which is an integrated process

with strong correlations and coordinations among multiple departments, and among

different care providers. A systematical way to quantitatively model and improve this

process is of importance.

In this chapter, a systems approach is presented to improve operations related to the
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rescue process. An analytical framework with five modules is proposed to study the cor-

relations and interactions among all the factors related to the process. More specifically,

the five modules include: a triage module labels patients in different categories, such as

moving to ICU or floor ward, risk, non-risk, etc.; a patient module describes the patient

status on the floor, where possible deterioration may occur (i.e., status changing from

non-risk to risk); a floor module represents the RN check and possible intervention by

providers (RN and MD), and initiation of RRT calls; a RRT module describes the effort

and treatment by RRT; since many RRTs are assembled by physicians from ICU, thus

an ICU module outlines the staffing demand in ICU practices. Such a framework pro-

vides an integrated model to address the whole process systematically. An illustration

of such a framework is shown in Figure 4.1.

  Triage 
M odule 

  Patient 
M odule 

  Floor 
M odule 

  R R T 
M odule 

  IC U  
M odule 

Patient 
status

Resource 
utilization

Delay in   
detection

RRT call 

ICU utilization

RRT utilization ICU utilization

RRT utilization

Figure 4.1: Analytical framework of rescue process

As one can see, the triage module identifies admitted patient status, which feeds into

the patient module to generate declining signals. Such declining may trigger a signal

to alarm the RN or may be detected by the frequent check of RN in the floor module.
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RRT calls may be initiated if severe and continuous deterioration is identified. Clearly,

the RRT utilization will affect ICU operations. However, the ICU utilization may also

impact RRT deployment, and may change triage decision if limited capacity is observed.

To understand the complex interactions among these modules and their implications,

quantitative models need to be developed to study the impacts of different factors in

these modules. Stochastic models or discrete event simulation models can be developed

to study the patient rescue process from different perspectives.

4.2 Patient Rescue Process Modeling

Using the framework described above, we study the patient rescue process to patient

deterioration. This includes two most critical phases: the first phase is the detection

and recognition of patient deterioration, which is indicated by abnormal physiological

vital signs, such as heart rate, respiratory rate, and blood pressure. The second phase is

the intervention after deterioration happens. Multiple care providers, such as the nurses

(RN), physicians (MD), rapid response team (RRT), and/or staffs from intensive care

unit (ICU) are involved in the process Berwick et al. [13], Priestley et al. [88]. Time

delay in either of the two phases will highly likely put patient safety at risk McGloin

et al. [80] and impose extra burden on ICU McArthur-Rouse [78].

Since the patient rescue process is a complex process involving multiple providers in

different disciplinary or divisions and various patient syndromes or complications, there

is a need to investigate the problem from a system vista. A system model can provide

a fresh look at the problem by developing a novel investigation approach to study the

dynamics and interactions through quantitative modeling of the rescue process. We

introduce an analytical model to analyze such process in the hospital, which can address
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the interactions between patient condition change and staff response, such as RN or MD

intervention, RRT call initiation, etc. It can also provide insights to aid decision making

on staffing allocation, team composition, detection and intervention protocols, etc.

In this study, a continuous time Markov chain model is developed,which characterizes

the patient status as normal (non-risk), deteriorating (risk), being intervened by RN, MD

and RRT, and being elevated (to ICU). Closed formulas to calculate the probability of the

patient staying in different states are developed for single patient case. An approximation

method, referred to as the shared resource iteration (SRI) approach, is proposed to study

the multiple patients scenario. Using numerical study, such an iteration is found to be

convergent and results in a high accuracy estimation of patient state probability. This

method provides a quantitative tool to analyze the patient rescue process and investigate

strategies to improve patient safety. The successful development of such a model can

provide hospital management a quantitative tool to analyze the efficacy of patient rescue

process and seek recommendations for improvement.The detailed model and analysis

method are introduced below.

4.2.1 System Description and Assumptions

System Description

A typical patient rescue process is shown in Figure 4.2 and described as follows:

• The inpatient is continuously monitored by an alarm system and through regular

check by the RN, who works as the first line provider in most hospitals. If the

patient is in normal status, no intervention is needed and the patient will be

checked back in next round.

• The condition of the patient on the floor can be classified into two categories:



81

Escalate 

care?

Risky 

Patient at 

Bed 1

Nurse 

detection

RRT 

intervention

?

RRT 

intervention

ICU

MD 

intervention

?

MD 

intervene

Yes

Non-risky 

Patient at 

Bed 1

Nurse 

checking

No

Yes Yes

No No

Escalate 

care?

Risky 

Patient at 

Bed n

Nurse 

detection

RRT 

intervention

?

RRT 

intervention

MD 

intervention

?

MD 

intervene

Yes

Non-risky 

Patient at 

Bed n

Nurse 

checking

No

Yes Yes

No No

Figure 4.2: Flow diagram of patient rescue process

“non-risk” implies that the patient is free of clinical deterioration, while “risk”

indicates that the patient is susceptible to acute physiological deterioration, which

is a precursor to serious and often fatal outcomes, such as cardiac arrest.

• The patient may experience physiological deterioration, changing from non-risk

condition to risk status.

• The patient declining may trigger a signal to alarm or warn the nurse (RN) or may

be detected by RN’s frequent check.

• If the patient’s deterioration is not severe, the RN’s intervention may bring the

patient back to non-risk condition. However, if the declining is more critical, the

MD should be notified.

• In some cases, the MD’s intervention can bring the patient back to normal con-

dition. However, in some other cases, a RRT call need to be initiated to request
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further treatment for rescue.

• Again, the RRT treatment can either bring the patient back to normal, or suggest

further rescue, i.e., elevating the patient for ICU admission.

• The patient elevated to ICU may become stable after treatment, and is de-elevated

back to the floor to normal condition. Hospital mortality is not considered in this

model.

As one can see, patient rescue is an integrated process with strong correlations and

coordinations among different departments, and among many care providers. A system-

atical way to quantitatively model and improve this process is of importance.

Assumptions

To study such a process, the following assumptions addressing the patient’s status,

provider’s intervention, and their correlations, are introduced:

1) There are n inpatients on the hospital floor.

2) The care provider team is composed of one RN, one MD, and one RRT.

3) For a non-risky patient i, i = 1, . . . , n, the time between RN’s regular checked is

exponentially distributed with parameter λi,1, which is referred to as the nurse check

rate.

4) The time a normal patient i, i = 1, . . . , n, stays at non-risk condition is exponentially

distributed with parameter λi,2. Such a parameter is also referred to as a patient’s

declining rate.
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5) For a risky patient i, i = 1, . . . , n, the time until a RN detects the patient’s declining

is described by an exponential distribution with parameter λi,3. This parameter is

defined as the detection rate.

6) For a non-risky patient i, i = 1, . . . , n, the time the RN needs to spend for a regular

check follows exponential distribution with parameter µi,1.

7) For a risky patient i, i = 1, . . . , n, the time from intervention by RN, MD, and RRT

to back to normal are exponentially distributed with parameters µi,2, µi,3, and µi,4,

respectively. These parameters are also referred to as the RN, MD, and RRT’s rescue

rates, respectively.

8) The ICU treatment time for an elevated patient i, i = 1, . . . , n, is also exponentially

distributed with parameter µi,5, which is referred to as the recover rate. It is assumed

that the ICU has enough capacity to admit patients if needed.

9) For a risky patient i, i = 1, . . . , n, the time from intervention by RN, MD, and

RRT to the arrival of upper level providers (MD, RRT, and ICU, respectively) are

exponentially distributed with λi,4, λi,5 and λi,6, respectively.

The justification of the above assumptions are discussed in the following remarks.

Remark 4.1 The exponential assumptions are introduced to make the analysis tractable.

Such assumptions can be relaxed in future work.

Remark 4.2 Assumption 9) implies that, to intervene a risky patient, the responding

provider will wait until the higher level one arrives. In other words, the RN will stay

with the patient until the MD is coming, or the MD will stay until the RRT arrives.

Remark 4.3 According to the above assumptions, self-healing is not considered for

deteriorating patients in acute care.
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4.2.2 Single Patient Case

Problem Formulation

We first consider single patient scenario. In an appropriately defined state space, the

patient rescue process described above is a stationary random process. In the framework

of 1)-9), a continuous-time Markov chain (CTMC) model can be developed. Introduce

Markov states S1 to S7 to denote the status of the patient, representing risk, non-risk,

provider intervention, etc. These states are defined as follows:

• State S1: “Floor NR” - the patient is in non-risk condition, waiting to be checked

by the RN.

• State S2: “Floor R” - the patient is in risk condition, waiting to be checked by the

RN.

• State S3: “Nurse NR” - the patient is in non-risk condition and the RN is checking

him/her.

• State S4: “Nurse R” - the patient is in risk condition and under RN intervention.

• State S5: “MD Int” - the patient is in deteriorating condition and under MD

intervention.

• State S6: “RRT Int” - the patient is in deteriorating condition and under RRT

intervention.

• State S7: “ICU” - the patient is in deteriorating condition and is elevated and

treated in ICU.

Such states and transitions for the patient are illustrated in Figure 4.3.
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Figure 4.3: CTMC transition diagram for one patient

Let Pi, i = 1, . . . , 7, denote the steady state probability that the patient is in state

i. In the framework of 1)-9), Pi is a function of all system parameters, i.e.,

Pi = fP,i(Λ,Γ), i = 1, . . . , 7, (4.1)

where

Λ = [λ1, . . . , λ6],

Γ = [µ1, . . . , µ5].

Solutions to the problem are presented below.

Performance Evaluation

Using the CTMC model under single-patient case, the balance equations can be written

as follows:

(λ1 + λ2)P1 = µ1P3 + µ2P4 + µ3P5 + µ4P6 + µ5P7, (4.2)

λ3P2 = λ2P1, (4.3)

µ1P3 = λ1P1, (4.4)
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(λ4 + µ2)P4 = λ3P2, (4.5)

(λ5 + µ3)P5 = λ4P4, (4.6)

(λ6 + µ4)P6 = λ5P5, (4.7)

µ5P7 = λ6P6. (4.8)

The steady state probabilities can be solved. Since the Markov chain under study

is finite, irreducible and positive recurrent, the limiting probabilities will exist. The

steady-state probabilities can be calculated as follows:

P1 =
1

Ψ
, (4.9)

P2 = C2P1, (4.10)

P3 = C3P1, (4.11)

P4 = C2C4P1, (4.12)

P5 = C2C4C5P1, (4.13)

P6 = C2C4C5C6P1, (4.14)

P7 = C2C4C5C6C7P1, (4.15)

where,

Ψ = C1 + C2 + C3 + C2C4 + C2C4C5 + C2C4C5C6 + C2C4C5C6C7,
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C1 = 1,

C2 = λ2/λ3,

C3 = λ1/µ1,

C4 = λ3/(λ4 + µ2),

C5 = λ4/(λ5 + µ3),

C6 = λ5/(λ6 + µ4),

C7 = λ6/µ5.

The above results are obtained from balance equations (4.2) to (4.8), we can rewrite Pi

as:

P2 =
λ2

λ3

P1 = C2P1,

P3 =
λ1

µ1

P1 = C3P1,

P4 =
λ3

λ4 + µ2
P2 = C4P2 = C4C2P1,

P5 =
λ4

λ5 + µ3

P4 = C5P4 = C5C4C2P1,

P6 =
λ5

λ6 + µ4
P5 = C6P5 = C6C5C4C2P1,

P7 =
λ6

µ5

P6 = C7P6 = C7C6C5C4C2P1.

From the normalization condition that the summation of all Pis equal to 1, we have

P1(1 + C2 + C3 + C4C2 + C5C4C2 + C6C5C4C2

+C7C6C5C4C2) = 1.
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Solve for P1, then all other Pis can be obtained.

Furthermore, the utilizations of the RN, MD and RRT can be obtained as well by

summing up all the corresponding probabilities. Specifically, under assumptions 1)-9),

for single patient case, the utilizations of RN, MD, and RRT are calculated as follows:

ρRN = P2 + P4, (4.16)

ρMD = P5, (4.17)

ρRRT = P6. (4.18)

4.2.3 Multiple Patients Case

The above results are only applicable when only one patient is considered, in which

the providers are always available to carry out the service. When multiple patients are

involved, due to limited resource, such services may not be available. In other words,

a patient may need to wait if the requested provider is serving another patient. For

example, as shown in Figure 4.4, Nurse can be shared by multiple patients, represented

by the large rectangles. Similar scenarios can be observed for MD and RRT as well.

Intuitively, one may define and add new states to the existing CTMC model to ad-

dress this issue. For example, one can explicitly list different combinations of providers’

services on different patients as states. However, the relationships between the states

will be extremely complex for analysis because we have to consider differentiated pa-

tients, a variety of resources, each with a different number, as well as numerous waiting

scenarios. Indeed, under the two-identical-patient case, a CTMC model with 29 states

can be developed. Such analytical model is discussed below.
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Figure 4.4: Illustration of provider resource sharing

A two-identical-patient analytical model

Consider a two-identical-patient case, where transition rates are identical (i.e., λk,i =

λi, µk,i = µi, k = 1, 2.), with one set of providers (1 RN, 1 MD, 1 RRT). A CTMC model

can be developed. Each state in the two-identical-patient CTMC model is in the form

of a vector:

[AF loorNR, AF loorR, ANurseNR, ANurseR, AMDInt, ARRTInt, AICU ], defined as follows:

• AF loorNR: number of patients in non-risk condition.

• AF loorR: number of patients in risk condition.

• ANurseNR: number of patients in non-risk condition and the RN is checking him/her.

• ANurseR: number of patients in risk condition and under RN intervention.
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• AMDInt: number of patients in deteriorating condition and under MD intervention.

• ARRTInt: the number of patients in deteriorating condition and under RRT inter-

vention.

• AICU : number of patients in deteriorating condition and is elevated and treated

in ICU.

Moreover, for elements AF loorNR, AF loorR, ANurseR, AMDInt, let 1b denote one patient is

in the respective status but being blocked, i.e., waiting. We list all the Markov states of

the two-identical-patient CTMC model below with the numbering:

1: (0,0,0,0,0,0,2) 2: (0,0,0,0,0,1,1) 3: (0,0,0,0,1,0,1) 4: (0,0,0,1,0,0,1)

5: (0,0,1,0,0,0,1) 6: (0,1,0,0,0,0,1) 7: (1,0,0,0,0,0,1) 8: (0,0,0,0,1,1,0)

9: (0,0,0,0,1b,1,0) 10: (0,0,0,1,0,1,0) 11: (0,0,1,0,0,1,0) 12: (0,1,0,0,0,1,0)

13: (1,0,0,0,0,1,0) 14: (0,0,0,1,1,0,0) 15: (0,0,0,1b,1,0,0) 16: (0,0,1,0,1,0,0)

17: (0,1,0,0,1,0,0) 18: (1,0,0,0,1,0,0) 19: (0,1,0,1,0,0,0) 20: (0,1b,0,1,0,0,0)

21: (1,0,0,1,0,0,0) 22: (1b,0,0,1,0,0,0) 23: (0,1,1,0,0,0,0) 24: (0,1b,1,0,0,0,0)

25: (1,0,1,0,0,0,0) 26: (1b,0,1,0,0,0,0) 27: (0,2,0,0,0,0,0) 28: (1,1,0,0,0,0,0)

29: (2,0,0,0,0,0,0)

For example, state 1 means two patients are in ICU. State 2 implies that 1 patient

is in ICU, while the other one is under RRT intervention. State 9 is the state with

blockage: The MD has delivered care to one patient and ask for RRT intervention, but

that patient has to wait for RRT, which is with the other patient. The transition rate

matrix Q is presented in Appendix B.

Since the two-identical-patient Markov chain is finite, irreducible and positive recur-

rent, the limiting probabilities exist. Let πi denote the steady state probability of state

i. From balance equations and normalizing condition, we can obtain πi, i = 1, 2, . . . , 29.



91

Using such πis, we can obtain the steady state probability of the two-identical-patient

CTMC model.

In case of more than two patients being considered, there can be an exponential

increase in number of states when the number of patients increases, which makes di-

rectly list all the states impossible. Therefore, we introduce the idea of the iterative

method, we investigate the performance measures of this two-identical-patient system

by approximation using the single-patient Markov state introduced earlier. Specifically,

we construct the mapping of the approximation as follows.

2P1 ≈ π7 + π13 + π18 + π21 + π22 + π25 + π26 + π28 + π29,

2P2 ≈ π6 + π12 + π17 + π19 + π20 + π23 + π24 + π27 + π28,

2P3 ≈ π5 + π11 + π16 +
26
∑

k=23

πk,

2P4 ≈ π4 + π10 + π14 + π15 +

22
∑

k=19

πk,

2P5 ≈ π3 + π8 + π9 +

18
∑

k=14

πk,

2P6 ≈ π2 +

13
∑

k=8

πk,

2P7 ≈
7

∑

k=1

πk.

In the above approximation, the left hand side equals to the room number multiply

by steady state probability of single-patient Markov model, whose closed formula can be

obtained. The right hand side equals the corresponding probability that one patient is

in state i in the two-identical-patient Markov model. The error in approximation is that

first, the Markovian assumption is used for both service time and waiting time. Second,

the combination of πis does not always reflect the true respective performance measure.
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For example, in the first approximation, which uses 2P1, the true probability that one

patient is in non-risk condition, should equal to π7 + π13 + π18 + π21 + π22 + π25 + π26 +

π28 + 2π29.

For identical patient case where number of patient is greater than 2, similar idea

can be developed to use Markov states in a single-patient model to approximate the

respective performance measures of system with n patients. The illustration of the

method is presented below.

An Illustrative Example

setting with one set of providers (1 RN, 1 MD, 1 RRT) focusing on RN occupancy is

introduced. Let λ
(j)
k,1 and λ

(j)
k,3 denote the RN check rate and detection rate for patient k,

k = 1, 2, during the j-th iteration, j = 1, 2, . . ., respectively. Introduce P
(j)
k,3 and P

(j)
k,4 to

represent the steady state probabilities of state Nurse NR and state Nurse R for patient

k at iteration j, respectively.

To start the iteration, first we assume the RN’s occupancy in patient ward k when a

patient is in risky or non-risky condition is known. In other words, P
(0)
k,3 and P

(0)
k,4 , k = 1, 2,

are known (for instance, they can be calculated using single patient assumption).

Now we consider patient 1. If the RN is currently serving patient 2, then he/she has

to wait until the RN is available. Thus, patient 1’s status can only change when the RN

service to the other patient is finished. To represent such a scenario, we update the RN

check and detection rates as follows:

λ
(1)
1,1 = λ

(0)
1,1

(

1− P
(0)
2,3 − P

(0)
2,4

)

,

λ
(1)
1,3 = λ

(0)
1,3

(

1− P
(0)
2,3 − P

(0)
2,4

)

,

where λ
(0)
1,1 = λ1,1 and λ

(0)
1,3 = λ1,3. In other words, we assume the transition rates are
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reduced due to resource sharing from other patients.

Using the new RN check and detection rates, we can re-evaluate the RN service for

patient 1, i.e., an update of P1,2 and P1,4 can be obtained using the closed formulas in

single patient case.

P
(1)
1,2 = fP,2

(

Λ
(1)
1 ,Γ1

)

,

P
(1)
1,4 = fP,4

(

Λ
(1)
1 ,Γ1

)

,

where λ
(1)
1,1 and λ

(1)
1,3 are used to replace λ

(0)
1,1 and λ

(0)
1,3 in Λ

(1)
1 , respectively.

Now consider patient 2. Similar to the analysis of patient 1, the nurse check and

detection rates are updated.

λ
(1)
2,1 = λ

(0)
2,1

(

1− P
(1)
1,3 − P

(1)
1,4

)

,

λ
(1)
2,3 = λ

(0)
2,3

(

1− P
(1)
1,3 − P

(1)
1,4

)

,

and P2,2 and P2,4 will be updated, i.e.,

P
(1)
2,2 = fP,2

(

Λ
(1)
2 ,Γ2

)

,

P
(1)
2,4 = fP,4

(

Λ
(1)
2 ,Γ2

)

,

where λ
(1)
2,1 and λ

(1)
2,3 are used in Λ

(1)
2 .

After all the steady state probabilities are updated, we finish the first iteration. Using

these results, we start the second iteration, and repeat such a process until the differences

of steady-state probabilities between two successive iterations are small enough, i.e., the

process converges. Then the steady-state probabilities of patient states are obtained.

If the MD and RRT interventions are also shared by multiple patients, similar treat-

ment can be applied to calculate their steady state probabilities iteratively. Notice that

all the steady-state probabilities, Pk,is, are approximations, which is the combination of
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steady-state probabilities of the n-patient CTMC model. These Pk,is can provide the

utilization of resources, which does not necessitate knowing each specific individual state

probabilities of n-patient CTMC model, which is extremely hard to model.

General Procedure

Using the idea introduced in the illustrative example, a general iterative procedure has

been developed to approximate aggregated steady state probabilities of patient states.

Consider a general patient rescue process with n patients, mn RNs, md MDs, and mt

RRTs, where all mn, md, mr < n. Introduce operator Φi(n,m, P1,i, . . . , Pn,i) to denote

the probability that m providers are taking care of the patients in process i among n

wards, and Pk,i, k = 1, . . . , n, represents the probability that patient k is in process i,

being served by the provider. Thus, operator Φi(·) can be obtained as follows:

Φi(n,m, P1,i, . . . , Pn,i)

=
n−m
∑

k=1

Pk,iΦi(n− k,m− 1, Pk+1,i, . . . , Pn,i)

+
n
∏

k=n−m+1

Pk,i, (4.19)

with initial condition

Φi(l, 1, P1,i, . . . , Pl,i) =
l

∑

k=1

Pk,i, (4.20)

and boundary condition

Φi(m,m, P1,i, . . . , Pm,i) =

m
∏

k=1

Pk,i. (4.21)

When patient k is in process i waiting for the providers, who are serving patients

in other wards in this process, the probability of such an event is described by Φi(n −
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1, m, P1,i, . . . , Pk−1,i, Pk+1,i, . . . , Pn,i), where m = mn if it is in RN service (respectively,

m = md or mr for MD and RRT services).

Therefore, the general iterative procedure for a patient rescue process with multiple

patients and providers can be described as follows:

Procedure 4.1 Step 1: Initialization: Calculate steady-state probabilities under single

patient setting and set those as initial values.

P
(0)
k,i = fP,i(Λk,Γk), i = 1, . . . , 7, k = 1, . . . , n.

Step 2: Patient update: Update transition rates related to the occupancy of RN,

MD and RRT for patient k, k = 1, . . . , n, and obtain updated steady-state probabilities.



96

During iteration j, j = 0, 1, 2, . . .,

λ
(j+1)
k,1 = λ

(0)
k,1

[

1− Φ3

(

n− 1, mn, P
(j)
1,3 , . . . , P

(j)
k−1,3,

P
(j)
k+1,3, . . . , P

(j)
n,3

)

− Φ4

(

n− 1, mn, P
(j)
1,4 ,

. . . , P
(j)
k−1,4, P

(j)
k+1,4, . . . , P

(j)
n,4

)

]

,

λ
(j+1)
k,3 = λ

(0)
k,3

[

1− Φ3

(

n− 1, mn, P
(j)
1,3 , . . . , P

(j)
k−1,3,

P
(j)
k+1,3, . . . , P

(j)
n,3

)

− Φ4

(

n− 1, mn, P
(j)
1,4 ,

. . . , P
(j)
k−1,4, P

(j)
k+1,4, . . . , P

(j)
n,4

)

]

,

λ
(j+1)
k,4 = λ

(0)
k,4

[

1− Φ5

(

n− 1, md, P
(j)
1,5 , . . . , P

(j)
k−1,5,

P
(j)
k+1,5, . . . , P

(j)
n,5

)

]

,

λ
(j+1)
k,5 = λ

(0)
k,5

[

1− Φ6

(

n− 1, mr, P
(j)
1,6 , . . . , P

(j)
k−1,6,

P
(j)
k+1,6, . . . , P

(j)
n,6

)

]

,

P
(j+1)
k,i = fP,i

(

Λ
(j+1)
k ,Γk

)

, i = 2, 4, 5, 6.

Step 3: Iteration: Let j = j + 1, go back to Step 3 until the stopping criteria is met.

For a given δ ≪ 1, the iteration can stop when all the differences in Pk,i between two

consecutive iterations are smaller than δ, i.e.,

max
k,i

∣

∣

∣
P

(j)
k,i − P

(j−1)
k,i

∣

∣

∣
< δ, ∀k = 1, . . . , n, i = 3, . . . , 6.

Next, the convergence of such an iterative method is studied. Proposition 4.1 and

Proposition 4.2 are presented below.

Proposition 4.1 For Procedure 4.1, if n = 2, md = 1, mn = mr = 2, the following

limits exist:

lim
j→∞

P
(j)
k,5 = Pk,5, k = 1, 2, (4.22)
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lim
j→∞

P
(j)
k,6 = Pk,6, k = 1, 2. (4.23)

Proof : See Appendix A.

Proposition 4.2 For Procedure 4.1, if n = 2, mr = 1, mn = md = 2, the following

limits exist:

lim
j→∞

P
(j)
k,5 = Pk,5, k = 1, 2, (4.24)

lim
j→∞

P
(j)
k,6 = Pk,6, k = 1, 2. (4.25)

Proof : Analogously to the proof of Proposition 4.1.

The above propositions state that, for a 2-patient system, both Pk,5 and Pk,6, k = 1, 2

are convergent if number of MD or RRT equals to 1. Therefore the utilization of MD

and RRT can be estimated if only one of those two resource, can be shared.

For system with patient number greater than 2, and resource sharing is possible

for RN, MD and RRT. The convergence property is investigated numerically. Based

on extensive numerical experiments by randomly selecting number of patients, numbers

of providers, and service time parameters, we justify that this iterative approach is

convergent and results in a unique solution (i.e., independent of initial values). Therefore,

we formulate this as a numerical fact:

Numerical Fact 4.1 : Under assumptions 1)-9), Procedure 4.1 is convergent, i.e.,

lim
j→∞

P
(j)
k,i = Pk,i, ∀k = 1, . . . , n, i = 1, . . . , 7. (4.26)

In addition, the steady state probability solution, Pk,i, k = 1, . . . , n, i = 1, . . . , 7, is

unique.
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Using the convergent probabilities, the providers’ utilizations are also obtained.

Corollary 4.1 Under assumptions 1)-9), the utilizations of RN, MD, and RRT are

calculated as follows:

ρRN =
n

∑

k=1

(Pk,2 + Pk,4), (4.27)

ρMD =
n

∑

k=1

Pk,5, (4.28)

ρRRT =

n
∑

k=1

Pk,6. (4.29)

The figures 4.5, 4.6, 4.7 and 4.8 illustrate the aforementioned numerical fact.
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Figure 4.5: Probability of “Nurse NR” state for patient 1 (P1,3)

4.2.4 Accuracy Investigation

In numerous settings, the accuracy of the method is investigated numerically by compar-

ing with simulations. Dozens of examples have been generated with parameters selected

randomly for multiple patients scenarios. In all simulations, we set the simulation time
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Figure 4.6: Probability of “Nurse R” state for patient 1 (P1,4)
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Figure 4.7: Probability of “MD Int” state for patient 1 (P1,5)
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Figure 4.8: Probability of of “RRT Int” state for patient 1 (P1,6)

and number of trial run numbers to make sure that the confidence limits are within 1%

of the estimation of mean.

The average values of λi and µi are estimated by medical professionals working on

hospital floor. Such estimates are shown in Tables 4.1 and 4.2 for λi and µi, respectively.

Table 4.1: Estimates of average λi (1/hour)

λest,1 λest,2 λest,3 λest,4 λest,5 λest,6

0.33 0.2 1 2.5 2 3.33

Table 4.2: Estimates of average µ (1/hour)

µest,1 µest,2 µest,3 µest,4 µest,5

5 3.33 2.5 2 0.2

To accommodate the randomness of providers’ services, parameters λk,i, i = 1, . . . , 6,
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k = 1, . . . , n, and µk,i, i = 1, . . . , 5, k = 1, . . . , n, are generated from the intervals

[λest,i/1.5, λest,i · 1.5], i = 1, . . . , 6,

[µest,i/1.5, µest,i · 1.5], i = 1, . . . , 5, (4.30)

randomly with equal probability, respectively.

First, we consider the cases of identical patients (i.e., all wards have equal proba-

bility to accept any patients so that identical parameters are obtained for each ward,

λk,i = λi, µk,i = µi, ∀k) are studied. Let ρsimRN , ρsimMD, and ρsimRRT denote the utilizations

of RN, MD, and RRT, obtained by simulations, respectively. Similarly, ρsriRN , ρ
sri
MD, and

ρsriRRT represents the utilizations obtained using the SRI method. The relative error in

utilization evaluation between simulation and iterative approach is defined in Equation

(4.31):

δi =

∣

∣

∣
ρsimi − ρsrii

∣

∣

∣
· 100%

ρsimi

, i = RN,MD,RRT, (4.31)

Because the utilizations of resources are very small numbers, to avoid small denom-

inators when they are very small, the absolute error in utilization evaluation between

simulation and iterative approach is defined in Equation (4.32):

ǫi =
∣

∣

∣
ρsimi − ρsrii

∣

∣

∣
·, i = RN,MD,RRT. (4.32)

where ρRN , ρMD, and ρRRT are defined in Corollary 4.1.

In each simulation experiment, 1000 hours of simulation time are assumed and 20

replications are carried out, to ensure steady state and sufficiently small confidence

intervals. The number of patients is selected as 2, 4, 6, or 8. For each setting of providers,

10 simulation experiments by randomly selecting parameters from sets (4.30) are carried
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out. The average of the differences, ǫi, i = RN,MD,RRT , between simulation and

iterative method, are briefly outlined below.

Case 1: Single provider (mn = md = mr = 1).

In the case of single RN, single MD, and one RRT, Table 4.3 shows both of the

average relative error (δi) and the average absolute error (ǫi) between simulation and

SRI approaches.

Table 4.3: Identical patients: Single provider case

Number of patients 2 4 6 8

Error δi ǫi δi ǫi δi ǫi δi ǫi

i = RN 1.76% 0.002 5.1% 0.013 8.50% 0.031 11.65% 0.055

i = MD 5.22% 0.001 14.32% 0.009 19.69% 0.019 23.47% 0.030

i = RRT 7.85% 0.001 16.31% 0.004 21.72% 0.009 25.49% 0.014

Case 2: Multiple RNs, single MD and one RRT (mn > 1, md = mr = 1).

Table 4.4 shows the results with 2 and 4 RNs and single MD and RRT.

Case 3: Multiple RNs, MDs, and RRTs (mn > 1, md > 1, mr = 2).

When both MD and RRT services also have multiple providers, both the relative and

absolute errors, δi and ǫi are presented in Table 4.5.

Next, the more general cases, non-identical patient scenarios, are investigated. Let

ρsimRN , ρsimi and ρsrii , i = RN,MD,RRT , denote the utilizations of RN, MD, and RRT,

obtained by simulations and iterative method, respectively. The accuracy is defined the

same as in Equation (4.31) and (4.32).

Case 4: Non-identical patients: single provider (mn = md = mr = 1).
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Table 4.4: Identical patients: Multiple RNs and single MD and RRT

Number of patients 4 6 8

Error δi ǫi δi ǫi δi ǫi

i = RN 0.55% 0.001 2.28% 0.009 5.47% 0.028

i = MD 0.96% 0.001 3.78% 0.003 10.15% 0.011

i = RRT 1.79% 0.001 7.89% 0.003 17.84% 0.008

(a) mn = 2

Number of patients 6 8

Error δi ǫi δi ǫi

i = RN 0.89% 0.004 9.84% 0.053

i = MD 3.03% 0.002 12.4% 0.013

i = RRT 1.01% 0.001 24.1% 0.011

(b) mn = 4

Table 4.5: Identical patients: Multiple RNs, two MDs, and RRTs

Number of patients 6 8

Error δi ǫi δi ǫi

i = RN 0.27% 0.001 0.19% 0.001

i = MD 0.87% 0.001 0.79% 0.001

i = RRT 1.90% 0.001 2.03% 0.001

(a) mn = 4, md = mr = 2
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The results are shown in Table 4.6 with errors.

Table 4.6: Non-identical patients: Single provider case

Number of patients 2 4 6 8

Error δi ǫi δi ǫi δi ǫi δi ǫi

i = RN 1.73% 0.002 4.06% 0.011 15.06% 0.061 24.65% 0.136

i = MD 7.17% 0.002 17.13% 0.010 12.54% 0.010 2.17% 0.002

i = RRT 7.19% 0.001 16.72% 0.004 12.97% 0.004 13.14% 0.005

Case 5: Non-identical patients: multiple RNs, single MD and one RRT (mn > 1,

md = mr = 1).

From Table 4.7, it is clear that the errors are smaller.

Case 6: Non-identical patients: multiple RNs, MDs, and RRTs (mn > 1, md >

1, mr = 2).

Again when both MD and RRT services also have multiple providers, errors between

simulation and iterative method are presented in Table 4.8.

4.2.5 System Properties

Using the results obtained above, the system-theoretic properties can be investigated.

Specifically, the monotonic properties of the care delivery system can help us determine

the direction of changes with respect to parameter variations. Intuitively, the RN uti-

lization should increase if RN check rate or nurse detection rate increases. Similarly, the

MD and RRT utilizations are monotonically increasing with respect to MD intervention

rate and RRT initialization rate, respectively. Such intuitions can be verified in the
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Table 4.7: Non-identical patients: Multiple RNs and single MD and RRT

Number of patients 4 6 8

Error δi ǫi δi ǫi δi ǫi

i = RN 0.4% 0.001 2.17% 0.010 6.58% 0.038

i = MD 1.57% 0.001 4.85% 0.004 20.78% 0.017

i = RRT 3.18% 0.001 6.43% 0.002 7.84% 0.003

(a) mn = 2

Number of patients 6 8

Error δi ǫi δi ǫi

i = RN 0.74% 0.003 3.27% 0.019

i = MD 0.16% 0.004 23.03% 0.018

i = RRT 7.86% 0.002 9.88% 0.003

(b) mn = 4

Table 4.8: Non-identical patients: Multiple RNs, two MDs, and RRTs

Number of patients 6 8

Error δi ǫi δi ǫi

i = RN 0.50% 0.002 2.98% 0.017

i = MD 4.53% 0.003 20.62% 0.017

i = RRT 5.65% 0.001 8.28% 0.003

(a) mn = 4, md = mr = 2
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model developed.

Let ր indicate monotonically increasing and ց represent monotonically decreasing.

To simplify the analysis, assume all λk,i = λi, and µk,i = µi, ∀k. In this case, all Pk,i = Pi.

Then the monotonicity with respect to λi and µi can be summarized as follows:

Proposition 4.3 Under assumptions 1)-9) with λk,i = λi, µk,i = µi, ∀k, the mono-

tonicity properties of Pi, i = 1, . . . , 7, with respect to λi, i = 1, . . . , 6, are summarized in

Table 4.9, where A indicate piecewise monotonicity, i.e.,

Table 4.9: Monotonicity with respect to λi

λ1 λ2 λ3 λ4 λ5 λ6

P1 ց ց ր A B C

P2 ց ր ց A B C

P3 ր ց ր A B C

P4 ց ր ր ց B C

P5 ց ր ր ր ց C

P6 ց ր ր ր ր ց

P7 ց ց ց ց ր ր
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A :











ց, if M > 0,

ր, otherwise,
(4.33)

M = µ2(µ5(λ6 + µ4) + λ5(µ5 + λ6))

−µ5(λ5 + µ3)(λ6 + µ4),

B :











ց, if N > 0,

ր, otherwise,
(4.34)

N = (µ5 + λ6)µ3 − (λ6 + λ4)µ5,

C :











ց, if µ4 > µ5,

ր, otherwise.
(4.35)

Proof : See Appendix A.

Similar monotonicity can be observed with respect to µi as well.

Proposition 4.4 Under assumptions 1)-9) with λk,i = λi, µk,i = µi, ∀k, the mono-

tonicity properties of Pi, i = 1, . . . , 7, with respect to µi, i = 1, . . . , 5, are summarized in

Table 4.10.

Proof : Analogously to the proof of Proposition 4.3.

4.3 Conclusions

In this chapter, the patient rescue process in hospital ward is studied. An analytical

model based on continuous time Markov chain has been developed. We first study the

single-patient scenario and then extend to multiple patients setting. A shared resource

iteration method is proposed. The iteration procedure is convergent and provides the
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Table 4.10: Monotonicity with respect to µi

µ1 µ2 µ3 µ4 µ5

P1 ր ր ր ր ր

P2 ր ր ր ր ր

P3 ց ր ր ր ր

P4 ր ց ր ր ր

P5 ր ց ց ր ր

P6 ր ց ց ց ր

P7 ր ց ց ց ց

unique solutions, which are aggregated steady state probabilities, reflecting performance

measures related to RN, MD and RRT. The accuracy of estimation is presented through

numerical study. The monotonic properties are also investigated. This provides the

medical professionals a quantitative tool to study and improve floor operations and

patient rescue processes.
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Chapter 5

Case Study

5.1 Background

The University of Kentucky Chandler Medical Center (UKCMC) encompasses the Col-

leges of Dentistry, Health Sciences, Medicine, Nursing, Pharmacy, and Public Health, as

well as the University of Kentucky Chandler Hospital, the Kentucky Childrens Hospital

(UKCH), and the Centers of Excellence. The mission of the UKCMC is to help peo-

ple of the Commonwealth and beyond to gain and retain good health through creative

leadership and quality initiatives in education, research, and service. The University of

Kentucky Chandler Hospital is a 473 bed tertiary care facility that serves as the ma-

jor full service referral center for central and eastern Kentucky. UKCH has experienced

tremendous growth over the past several years increasing from 19 000 discharges in fiscal

year 2004 to more than 32 000 discharges in fiscal year 2011. A new facility of UKCH

opened in the Spring of 2011 with substantially increased capacity. To address the chal-

lenges faced in the rapid response process in UKCH, an analytical model to evaluate its

performance, identify the critical constraints, and propose potential improvement direc-

tions is of importance. The case study presented here is intended to contribute to this

end. The rapid response process in UKCH acute care delivery is similar to the process

introduced in chapter 3. With the help of acute care personnel, questionnaires have

been designed and distributed to acute care personnel through rapid response team to
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track the care delivery process. For each service, the patients declining information, the

times of call for help, providers arrival times, decisions, etc., are recorded. A total of

more than 160 samples have been collected in a two-month period. Based on the col-

lected information, a preliminary model has been developed. Due to the limited sample

size, some procedures rarely occur. Thus, we aggregate those processes (e.g., services

by resident, fellow and attending doctors), and obtained a simplified process model, as

shown in Figure 5.1. In this study, we focus on the decision time from nurse call to final

decision making.

Resident Doctor
Fellow Doctor

Attending Doctor

Rapid Response Team
and Intern Doctor

Rapid Response Team
and Resident Doctor

Rapid Response Team
and Attending Doctor

Doctor 
Decision

ICU

Step Down

Tele

Stay

Patient Deteriorating Nurse

Figure 5.1: Rapid response process in acute care of UKCH

5.2 Model Validation

We first validate the model by comparing the decision time and its variabilities obtained

from the model with that obtained from the collected data.

To calculate mean time and CV from Theorem 3.1 in the model, we calculate the

routing probabilities αij , the average service times τi, and its variability cvi. The results

are shown in Tables 5.1-5.3, where afr denote the aggregated response of attending,
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fellow and resident doctors.

Table 5.1: Routing probabilities

αr&i,n αr&r,n αr&a,n αafr,r&i

0.30 0.50 0.15 0.29

Table 5.2: Mean response time (min)

τr&i τr&r τr&a τafr

23.94 44.11 47.80 29.44

Table 5.3: CV of response time

cvr&i cvr&r cvr&a cvafr

0.92 0.68 0.91 0.78

Using these data, from (3.6) and (3.7), we calculate pi and ρi as shown in Tables 5.4

and 5.5, respectively.

Then, using Theorem 3.1, the average decision time and its CV are evaluated. Let

T collect
d , CV collect

d denote the mean and CV obtained from the collected data, respectively,

and Tmodel
d , CV model

d are those calculated by Theorem 3.1. Define

ǫT =
|T collect

d − Tmodel
d |

T collect
d

· 100%,

ǫCV =
|CV collect(td)− CV model

d |
CV collect

d

· 100%. (5.1)

As shown in Table 5.6, the estimate of mean decision time is accurate due to the fact

that such an estimation is a weighted sum of all response times, which directly come
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Table 5.4: pi of response time

pr&i pr&r pr&a pafr

0.30 0.55 0.15 0.09

Table 5.5: ρi of possible routes

ρr&i,n ρr&r,n ρr&a,n ρafr,r&i ρafr,n

0.30 0.55 0.15 0.29 0.09

from the collected data. For CV estimation, comparing with the actual data collected

on the hospital floor, the difference in CV is around 5%, which is acceptable by taking

into account that there exist errors in data collection and relatively small sample size.

Therefore, the model is validated.

Table 5.6: Model validation

T collect
d Tmodel

d ǫT (%)

41.15 41.15 0

(a) Mean (min)

CV collect
d CV model

d ǫCV (%)

0.744 0.786 5.63

(b) CV

For the measure of response-time performance (RTP), we study the RTP as a func-

tion of desired care delivery time Ts. It is observed that the estimation of RTP is close

to the data observed on the hospital floor, where the average difference is within 4%.

Similar accuracy is observed when the approximate RTP is calculated based on the
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aggregated response time. Thus, the model is also validated.

5.3 Improvement Analysis

Using the above model, we investigate the bottlenecks in rapid response process. From

the BN-τ indicator, the RRT & resident response has the largest Iτ (where pr&r = 0.553),

which implies this process is the BN-τ response. In addition, using the BN-cv indicator,

such a response has the largest Icv as well (where pr&rτ
2
r&rcvr&r = 0.547). Thus, it is

also the BN-cv response.

To improve the system performance, reductions of both mean and CV of RRT &

Resident response are expected. Clearly, reducing the mean response time can lead to

anticipated reduction of average decision time (however, such a response is still the BN-τ

since it has the largest Iτ or pi). Here, we focus on reducing variability of the response.

As shown in Figure 5.2, as cvr&r being reduced by 10%, CVd decreases to 0.75, and RRT

& resident is still the BN-cv. When cvr&r is reduced to 58%, CVd falls to 0.615, and

BN-cv shifts to RRT & attending. Therefore, emphasizing on improving the response of

RRT & resident is the key to improve the rapid response process in acute care delivery

in UKCH.

We further investigate the RTP bottleneck in rapid response process by using the BN-

rtp indicator. As one can see from Figure 5.3, RRT & Resident and RRT & Attending

are within the BN-rtp set for all Ts considered. Since the σ is small in this study, RRT

& Resident can be identified as the BN-rtp. As RRT & Resident is also the bottleneck

response with respect to response time (BN-τ) and its variability (BN-cv) as discussed

in Chapter 3, improving the response of RRT & Resident is the key for an efficient

rapid response process in acute care delivery in UKCH. The hospital management has
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Figure 5.2: BN-cv in acute care of UKCH

accepted this recommendation and improvement procedures are in progress.
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Chapter 6

Summary and future work

6.1 Summary

The effectiveness and efficiency of hospital rapid response system have tremendous im-

pact on patient safety, which is always the top priority of hospital managerial decision-

making. This research is the first study to address this issue from systems perspectives.

Rather than using traditional clinical trial approaches or simulation modeling, analyti-

cal framework is established to quantitatively investigate two types of RRSs, which are

adopted nationwide. The goal is to develop an analytical tool which can be directly

applied on hospital floors for continuous improvement purposes. Detailed contributions

are presented in the following two subsections.

6.1.1 RRS with Dedicated RRT

RRS with dedicated RRT features rapid response operations, which require quick de-

livery of care, because patient safety and care quality are strongly correlated. In light

of this fact, an analytical model to characterize such operations is developed. The fol-

lowing three performance measures are proposed: average decision time, decision time

variability and response time performance (RTP). Closed formulas are derived for per-

formance evaluation of mean and variability for general distribution response times. For
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RTP, closed formula is derived under exponential distribution. For non-exponential cas-

es, approximation approach is provided with satisfactory accuracy. Next, monotonic

properties of these three performance measures are investigated. Furthermore, the no-

tion of bottleneck is introduced and bottleneck indicators are developed, which can help

determine the most critical response under different measures directly using hospital

floor data. Lastly, we address the resource sharing issue for the scenario of simultaneous

declining of multiple patients. A two-level shared resource iteration method is devel-

oped. The convergence the iteration approach has been investigated analytically and

numerically. The above work provides a fresh look of RRS with dedicated RRT from

systems perspective and an analytical tool for hospital management.

6.1.2 RRS with Assembled RRT

Compared to RRS with dedicated RRT, RRS with assembled RRT features more correla-

tion and coordination between multiple departments in the hospital. Therefore, resource

utilization is of crucial interest. We first present a patient rescue process framework,

with a five-module thinking, consisting of five modules: the triage module, patient mod-

ule, floor module, RRT module, ICU module. Such five modules are interconnected and

interacting with each other. We next develop a CTMC model to characterize the pa-

tient status, medical intervention by different providers, and elevation to ICU. For single

patient case, closed formulas are developed to calculate the probability of the patient’s

staying in different states. A shared resource iteration method, is proposed to study

the multiple-patient and multiple-provider scenario. Convergence property is justified

numerically and accuracy is investigated. This method provides a quantitative tool to

study the patient rescue process.
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6.2 Future work

System modeling to study hospital rapid response is a newly developed approach. More

in-depth research is needed and there exist promising research opportunities. The fol-

lowing problems can be studied to extend this research.

6.2.1 RRS with Dedicated RRT

The translational impact of the research is important. The bottleneck indicators for

mean and CV of care delivery time can be easily calculated based on the hospital floor

data, thus making the implementation attractable. However, the bottleneck analysis

for response-time performance, BN-rtp, which characterizes the most critical response

to impede RTP in the strongest manner, still needs to be further studied to obtain a

simpler indicator, which could be directly used on hospital floor.

Another direction in this area can be focused on investigation of decision-making of

the nurse, which is the first-line provider. The care quality of nurse is strongly correlated

(see Ridley [91], Cronenwett et al. [31] and Aiken et al. [3]). How the experience and

educational level of nurse impact the decision-making and the rapid response care quality

is an issue worthy of further investigation.

In addition, it would be interesting to model patient declining during rapid response

process. How the declining affect the decision-making of different responses and the care

quality can be investigated. The main challenge is to model patient declining, since a

number of patient’s vitals jointly reflect deterioration. To the best of our knowledge,

no satisfactory quantitative model exist in the literature. Therefore, it is needed for

medical researchers and industrial engineering researchers to collaboratively develop

such a model. By incorporating such a model, many issues in rapid response can be
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further investigated.

6.2.2 RRS with Assembled RRT

First, the accuracy of the proposed iterative method can be improved. Further investi-

gation of updating procedure and convergence property are needed.

The interactions of the modules in the analytical framework need to be further in-

vestigated. Either analytical or simulation models need to be developed to uncover the

underlying principles in the system to provide improvement recommendations.

Specifically, the following work can be carried out:

• Exponential assumption is introduced in the current model. In reality, it may not

hold. Thus, extending the study to non-exponential cases is of importance.

• Using the model developed, the issues of staffing level, RN checking frequency,

RRT team composition, RRT call initiation, etc., can be studied. Specifically,

the following questions can be raised: For a n-patient hospital ward setting, how

many RNs, MDs and RRTs should be assigned? How does patient status affect the

checking frequency of RNs? What is the RRT calling criteria that can effectively

improve patient safety and operation efficiency of the providers simultaneously?

Answers to these questions can help build a more effective and efficient hospital

rapid response system.

• Again, modeling patient status and his or her declining process is important. The

current model only describes two states, risk and non-risk. More detailed con-

tinuous modeling of declining process can provide useful information for provider

interventions.
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• Such a model can help investigate coordinations between different hospital depart-

ments or units, and different providers, etc,.

• Moreover, such a study will lay a solid foundation to study patient care delivery

and patient flow in a whole hospital setting.

Finally, as rapid response operations involve strong time dynamics, transient analysis

is needed, in particular, when patient declining is included in the model. However,

transient behavior is less studied not only in rapid response systems, but also in almost

all engineering and service systems due to its extreme difficulty. Development in this

area will not only provide methods and tools for hospital rapid response and patient

rescue, but also contribute substantially to all areas, which will open up a new research

field.

In summary, the study of the aforementioned work will further form a more complete

and powerful analytical tool for performance analysis and continuous improvement of

rapid response operations, which is of crucial significance due to its strong correlation

with patient safety.
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Appendix

Appendix A: Proofs

Proofs of Chapter 3

Proof of Theorem 3.1: The mean of decision time follows immediately by summing

up all possible responses with weights.

The variance of decision time can be evaluated as follows:

V ar(td) = V ar

(

∑

i∈X

Aiti

)

=
∑

i∈X

V ar(Aiti) +
∑

i∈X

∑

j∈X,j 6=i

Cov(Aiti, Ajtj). (A.1)

The first term in (A.1) can be rewritten as:

V ar(Aiti) = E(A2
i t

2
i )−E2(Aiti)

= E(A2
i )E(t2i )−E2(Ai)τ

2
i

= E(A2
i )[V ar(ti) + τ 2i ]− E2(Ai)τ

2
i .

Since only one route will be selected, Ai can only take value of 1 or 0. Then,

E(Ai) = 1 · pi + 0 · (1− pi) = pi,

E(A2
i ) = 12 · pi + 02 · (1− pi) = pi.

it follows that

V ar(Aiti) = pi(V ar(ti) + τ 2i )− p2i τ
2
i

= pi[V ar(ti) + (1− pi)τ
2
i ]. (A.2)
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The second term in (A.1) can be rewritten as:

∑

j∈X,j 6=i

Cov(Aiti, Aitj) =
∑

j∈X,j 6=i

[E(Aiti · Ajtj)− E(Aiti)E(Ajtj)]

=
∑

j∈X,j 6=i

[E(AiAj)τiτj − E(Ai)E(Aj)τiτj ]

If j = n, then Aj = 1 with probability 1 since nurse response is always the first one.

Thus,

E(AiAj) = E(Ai)E(Aj) = E(Ai).

It follows that
∑

j∈X,j 6=i

Cov(Aiti, Aitj) = 0.

If j 6= n, again since there is only one patient in the system at any time and only one

route will be selected, thus, AiAj = 1 if the patient go through the route between service

j to service i, with probability ρij . Then we have

E(AiAj) = pj · ρij = pjρij.

Finally, we obtain

∑

j∈X,j 6=i

Cov(Aiti, Aitj) =
∑

j∈X,j 6=i,n

(ρijpjτiτj − pipjτiτj). (A.3)

By combining (A.2) and (A.3) and replacing them in (A.1), we have

V ar(td) =
∑

i∈X

pi[V ar(ti) + (1− pi)τ
2
i ]

+
∑

i∈X

∑

j∈X,j 6=i,n

(ρijpjτiτj − pipjτiτj)

=
∑

i∈X

piτ
2
i (cv

2
i + 1− pi)

−
∑

i∈X

τi

[

∑

j∈X,j 6=i,n

(pi − ρij)pjτj

]

.



122

It follows that

CVd =

√

V ar(td)

Td

=
1

Td

(

∑

i∈X

piτ
2
i (cv

2
i + 1− pi)

−
∑

i∈X

τi

[

∑

j∈X,j 6=i,n

(pi − ρij)pjτj

]

)
1
2

.

Proof of Theorem 3.2: Assuming there are K decision routes, where routes

1, . . . , k1 are direct routes (i.e., no higher level help is requested), and k1 + 1, . . . , K

are the routes which require further help. Denote li, i = 1, . . . , K, as the routing indica-

tor. Then li = 1 indicates that route i is selected, and li = 0 not selected. Let td denote

the decision time, and td(i) represent the decision time when route i is selected. Then,

RTP can be expressed as follows:

Pr(td ≤ Ts) =
K
∑

i=1

Pr(td ≤ Ts|li = 1)Pr(li = 1)

=

K
∑

i=1

Pr(td(i) ≤ Ts)Pr(li = 1)

=

k1
∑

i=1

Pr(td(i) ≤ Ts)Pr(li = 1) (A.4)

+

K
∑

i=k1+1

Pr(td(i) ≤ Ts)Pr(li = 1).

For the first term, when i ≤ k1, only one response (assuming j) is initiated. Therefore,

Pr(td(i) ≤ Ts) = 1− e
−Ts

τj , i = 1, . . . , k1,

and

Pr(li = 1) = αi,n. (A.5)
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For the second term, it involves more than one responses. Thus, the total response

time follows a hypoexponential distribution. For a route i, i = k1 + 1, . . . , K, with m

responses in total, assume it starts from a nurse call to response j and finishes with

response q. The intermediate responses are denoted as r1, r2, . . . , rm−2. Then, we have

Pr(td(i) ≤ Ts) = 1− Cje
−Ts

τj − Cqe
−Ts

τq

−
m−2
∑

s=1

Crse
− Ts

τrs , i = k1 + 1, . . . , K,

where

Ci =
∑

i∈X

∏

j∈X,j 6=i

τj
τi − τj

.

In addition,

Pr(li = 1) = ρqjαj,n, (A.6)

where ρqj is the probability that a patient goes through services j to q, which is defined

in Equation (3.7).

Replacing the above expressions back to Equation (A.4), the RTP calculation for-

mula is obtained.

Proof of Proposition 3.1:

Immediately obtained from Theorem 3.1 by showing that

∂E(td)

∂τi
= pi > 0. (A.7)

Proof of Proposition 3.2: From

∂CVd

∂cvi
=

∂

(√
V ar(td)

Td

)

∂

(√
V ar(ti)

τi

) ,
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since τi is unchanged, by Theorem 3.1, Td will still be the same. Thus, we have

∂CVd

∂cvi
=

τi
Td

· ∂
√

V ar(td)

∂
√

V ar(ti)
=

τi
Td

·
∂
√

V ar(td)

∂V ar(ti)

∂
√

V ar(ti)

∂V ar(ti)

=
τi
Td

·
∂
√

V ar(td)

∂V ar(td)
· ∂V ar(td)
∂V ar(ti)

1

2
√

V ar(ti)

=
τi
Td

·
1

2
√

V ar(td)
· ∂V ar(td)
∂V ar(ti)

1

2
√

V ar(ti)

=
τi
Td

·
√

V ar(ti)
√

V ar(td)
· ∂V ar(td)

∂V ar(ti)
.

From (3.9) in Theorem 3.1,

∂V ar(td)

∂V ar(ti)
= pi.

Thus, we obtain

∂CVd

∂cvi
= pi ·

τi
Td

·
√

V ar(ti)

V ar(td)

= pi ·
cvi
CVd

· τ
2
i

T 2
d

(A.8)

> 0.

Proof of Proposition 3.4: From (A.7), it is clearly that ∂Td

∂τi
is maximized if and

only if pi is maximized.

Proof of Proposition 3.5: From (A.9), it is easy to see that ∂CVd

∂cvi
is maximized if

and only if pi · cvi
CVd

· τ2i
T 2
d

is maximized. By deleting the common terms Td and CVd, the

argument is arrived.
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Proof of Proposition 3.6: Under condition (3.21), RTP can be expressed as

follows:

RTP =
∑

i∈X,i 6=f,a

(

1− e
−Ts

τi

)

αi,n (A.9)

Then, taking the partial derivatives of τi, we obtain the following:

∣

∣

∣

∣

∂RTP

∂τi

∣

∣

∣

∣

=

∣

∣

∣

∣

αi,n · (e−
Ts
τi ) · Ts · (

1

τ 2i
)

∣

∣

∣

∣

.

Similar derivation is applied to τj. Thus, ignoring the common term Ts, the comparison

formula is obtained.

To prove Theorem 3.3, Lemma A.1 and Lemma A.2 are needed.

Lemma A.1 If p
(j)
2,r > p

(j−1)
2,r , i = 1, 2; r ∈ X1; j = 1, 2, 3, ..., we have τ

(j+1)
1,r > τ

(j)
1,r ,

p
(j+1)
1,r < p

(j)
1,r, τ

(j+1)
2,r < τ

(j)
2,r , p

(j+1)
2,r > p

(j)
2,r.

Proof of Lemma A.1: From all the equations related to the update of τ
(j)
i,r and

p
(j)
i,r , which are from (3.71) to (3.99), we have the following equations, with C1,r and C2,r

being constants related to resource r, respectively. Specifically, we have

C1,r =



































































pintτint + prrt&intτrrt&int, if r = int,

presτres + prrt&resτrrt&res if r = res,

prrtτrrt + prrt&intτrrt&int + prrt&resτrrt&res

+prrt&fτrrt&f + prrt&aτrrt&a if r = rrt,

pfτf + prrt&fτrrt&f if r = f,

paτa + prrt&aτrrt&a if r = a.
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C2,r =



































































p2intτint + p2rrt&intτrrt&int, if r = int,

p2resτres + p2rrt&resτrrt&res if r = res,

p2rrtτrrt + p2rrt&intτ
2
rrt&int + p2rrt&resτrrt&res

+p2rrt&fτrrt&f + p2rrt&aτrrt&a if r = rrt,

p2fτf + p2rrt&fτrrt&f if r = f,

p2aτa + p2rrt&aτrrt&a if r = a.

For iteration j, if p
(j)
2,r > p

(j−1)
2,r , then for patient 1:

τ
(j)
1,r = Td + p

(j−1)
2,r C1,r < Td + p

(j)
2,rC1,r = τ

(j+1)
1,r , (A.10)

p
(j)
1,r =

C1,r

τ
(j)
1,r

>
C1,r

τ
(j+1)
1,r

= p
(j+1)
1,r . (A.11)

This leads to, for patient 2,

τ
(j)
2,r = Td + p

(j)
1,rC1,r > Td + p

(j+1)
1,r C1,r = τ

(j+1)
2,r , (A.12)

p
(j)
2,r =

C2,r

τ
(j)
2,r

<
C2,r

τ
(j+1)
2,r

= p
(j+1)
2,r . (A.13)

The obtained results in the above four inequations complete the proof.

Lemma A.2 For i = 1, 2; r ∈ X1; j = 1, 2, 3, ..., the sequences p
(j)
1,r and τ

(j)
2,r are mono-

tonically decreasing, while the sequences p
(j)
2,r and τ

(j)
1,r are monotonically increasing.

Proof of Lemma A.2: Mathematical induction is used to proof this lemma. Initial

Step: When j = 1, since p
(0)
2,r = 0, from Equation(A.13), we have

p
(1)
2,r > p

(0)
2,r = 0, (A.14)
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Then, from Lemma A.1, we have

τ
(2)
1,r > τ

(1)
1,r , (A.15)

p
(2)
1,r < p

(1)
1,r, (A.16)

τ
2)
2,r < τ

(1)
2,r , (A.17)

p
(2)
2,r > p

(1)
2,r. (A.18)

The above proves the base case. Inductive Step: Assume when j = k,

τ
(k+1)
1,r > τ

(k)
1,r , (A.19)

p
(k+1)
1,r < p

(k)
1,r , (A.20)

τ
(k+1)
2,r < τ

(k)
2,r , (A.21)

p
(k+1)
2,r > p

(k)
2,r . (A.22)

From Lemma A.1, this leads to

τ
(k+2)
1,r > τ

(k+1)
1,r , (A.23)

p
(k+2)
1,r < p

(k+1)
1,r , (A.24)

τ
(k+2)
2,r < τ

(k+1)
2,r , (A.25)

p
(k+2)
2,r > p

(k+1)
2,r . (A.26)

Thus, the case of j = k + 1 also holds. Therefore, by induction, we obtain that, for

i = 1, 2; r ∈ X1; j = 1, 2, 3, ..., the sequences p
(j)
1,r and τ

(j)
2,r are monotonically decreasing,

while the sequences p
(j)
2,int and τ

(j)
1,int are monotonically increasing.

Proof of Theorem 3.3: From Lemma A.2, we obtain that for i = 1, 2; r ∈ X1; j =

1, 2, 3, ..., the sequences p
(j)
1,r and τ

(j)
2,r are monotonically decreasing, while the sequences
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p
(j)
2,int and τ

(j)
1,int are monotonically increasing. Next we show that the sequences τ

(j)
i,r and

p
(j)
i,r , i = 1, 2; r ∈ X1; j = 1, 2, 3, ..., are bounded from above and below. For p

(j)
i,r s, from

Equations (A.11) and (A.13), we have

0 < p
(j)
i,r < 1. (A.27)

For τ
(j)
i,r s, from Equations (A.10) and (A.12), since 0 < p

(j)
i,r < 1, we obtain

Td < τ
(j)
i,r < Td + Ci,r. (A.28)

Since the sequences τ
(j)
i,r and p

(j)
i,r , i = 1, 2; r ∈ X1; j = 1, 2, 3, ... are monotonic and

bounded from above and below, they are convergent, which proves Equations (3.116)

and (3.117) hold in the level-1 iteration.

To prove Theorem 3.4, Lemma A.3 and Lemma A.4 are needed.

Lemma A.3 g
(l)
i > g

(l−1)
i , i = 1, ..., n, l = 1, 2, ..., if and only if µ

(l)
i > µ

(l−1)
i .

Proof of Lemma A.3: From Equations (3.107), (3.109) and (3.111), for i = 1, ..., n,

l = 1, 2, ..., we have

g
(l)
i =

µ
(l)
i

µ
(l)
i + Tnormal

. (A.29)

Equation (A.29) can be rewritten as

µ
(l)
i =

Tnormal

1

g
(l)
i

− 1
>

Tnormal

1

g
(l−1)
i

− 1
= µ

(l−1)
i . (A.30)

To prove the second argument, Equation (A.29) can be rewritten as

g
(l)
i =

1

1 + Tnormal/µ
(l)
i

>
1

1 + Tnormal/µ
(l−1)
i

= g
(l−1)
i . (A.31)

Therefore, Lemma A.3 holds.
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Lemma A.4 If g
(l)
i > g

(l−1)
i , i = 1, ..., n, l = 1, 2, ..., then g

(l+1)
i > g

(l)
i .

Proof of Lemma A.4: We first prove that when i = 1, l = 1, 2, ...,

g
(l+1)
1 > g

(l)
1 . (A.32)

From Equation (3.106), we obtain

µ
(l+1)
1 = Tin(1 + g

(l)
1 Σi=2,...,ng

(l)
i ) > Tin(1 + g

(l−1)
1 Σi=2,...,ng

(l−1)
i ) = µ

(l)
1 (A.33)

Therefore, from Lemma A.3, inequation (A.32) holds. When 2 ≤ i ≤ n − 1, we prove

by contradiction. Suppose the statement in Lemma A.4 is false, i.e., for i = 2, ..., n− 1,

l = 1, 2, ..., if g
(l)
i > g

(l−1)
i , there exists an i∗, 2 ≤ i∗ ≤ n − 1, that makes the following

inequation hold:

g
(l+1)
i∗ ≤ g

(l)
i∗ , (A.34)

and for all i > i∗,

g
(l+1)
i > g

(l)
i , (A.35)

Then from Lemma A.3, we have

µ
(l+1)
i∗ ≤ µ

(l)
i∗ . (A.36)

From Equation (3.108) and (3.109), it follows that

µ
(l+1)
i∗ = Tin(1 + g

(l)
i∗ (Σj=1,...,i∗−1g

(l+1)
j + Σj=i∗+1,...,ng

(l)
j )), (A.37)

µ
(l)
i∗ = Tin(1 + g

(l−1)
i∗ (Σj=1,...,i∗−1g

(l)
j + Σj=i∗+1,...,ng

(l−1)
j )). (A.38)

Since g
(l)
i > g

(l−1)
i , for any i and l, the following two inequations hold.

g
(l)
i∗ > g

(l−1)
i∗ , (A.39)

Σj=i∗+1,...,ng
(l)
j > Σj=i∗+1,...,ng

(l−1)
j . (A.40)
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Therefore, we must have

Σj=1,...,i∗−1g
(l+1)
j > Σj=1,...,i∗−1g

(l)
j (A.41)

From Equations (A.37) and (A.38), this implies that, there should exists at least one

i∗∗ < i∗, such that the following inequation holds:

g
(l+1)
i∗∗ ≤ g

(l)
i∗∗ , (A.42)

And for all i > i∗∗,

g
(l+1)
i > g

(l)
i . (A.43)

Furthermore from Lemma A.3, we have

µ
(l+1)
i∗∗ ≤ µ

(l)
i∗∗ . (A.44)

Applying the same logic again, if Equation (A.44) holds, we can find the largest i∗∗∗ < i∗∗

making the following inequation hold.

g
(l+1)
i∗∗∗ ≤ g

(l)
i∗∗∗ , (A.45)

and

µ
(l+1)
i∗∗∗ ≤ µ

(l)
i∗∗∗ . (A.46)

By introduction, this follows that for any given 2 ≤ i∗ ≤ n − 1, with g
(
i∗l + 1) ≤ g

(
i∗l).

there always exists an i∗∗ such that

g
(l+1)
i∗∗ ≤ g

(l)
i∗∗ , (A.47)

µ
(l+1)
i∗∗ ≤ µ

(l)
i∗∗ . (A.48)

This implies that

g
(l+1)
2 ≤ g

(l)
2 , (A.49)
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µ
(l+1)
2 ≤ µ

(l)
2 . (A.50)

However, from Equations (3.108) and (3.109), we have

µ
(l+1)
2 = Tin(1 + g

(l)
2 (g

(l+1)
1 + Σj=3,...,ng

(l)
j )), (A.51)

µ
(l)
2 = Tin(1 + g

(l−1)
2 ((g

(l)
1 + Σj=3,...,ng

(l−1)
j )). (A.52)

From inequation (A.32), we obtain

µ
(l+1)
2 > µ

(l)
2 , (A.53)

which contradicts to µ
(l+1)
2 ≤ µ

(l)
2 . Therefore, by contradiction, we can show that when

2 ≤ i ≤ n− 1, l = 1, 2, ..., g
(l+1)
l > g

(l)
l .

By induction, we can show that for i = 2, ..., n, g
(l+1)
i > g

(l)
i . For i = 1, ..., n,

l = 1, 2, ..., if g
(l)
i > g

(l−1)
i holds, we have g

(l+1)
i > g

(l)
i . Lemma A.4 is proved.

Proof of Theorem 3.4: First we prove that the sequences µ
(l)
i and g

(l)
i , i = 1, 2, ...n;

l = 1, 2, 3, ..., are monotonically increasing using mathematical induction. Initial Step:

When l = 1, since g
(0)
i = 0, from Lemma A.4, g

(1)
i > g

(0)
i = 0, then g

(2)
i > g

(1)
i and

µ
(2)
i > µ

(1)
i . The base case is proved. Inductive Step: The inductive assumption is

that when l = k, we have µ
(l)
i > µ

(l−1)
i and g

(l)
i > g

(l−1)
i , i = 1, 2, ...n; l = 1, 2, , ..., k.

Then from Lemma A.4 and using the condition g
(k)
i > g

(k−1)
i , we have µ

(k+1)
i > µ

(k)
i and

g
(k+1)
i > g

(k)
i . Therefore, the case where l = k + 1 also holds. Therefore, the sequences

µ
(l)
i and g

(l)
i , i = 1, 2, ...n; l = 1, 2, 3, ..., are monotonically increasing. For boundedness,

g
(l)
i s are bounded between 0 and 1 from Equation (3.107), (3.109), and (3.111), while

µ
(l)
i s are also bounded according to Equations (3.106) and (3.108). Since the sequences

µ
(l)
i and g

(l)
i , i = 1, 2, ..., n, are both monotonic and bounded from above and below, they

are convergent, which proves Equations (3.118) and (3.119).
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Proofs of Chapter 4

To prove Proposition 4.1, it is convenient to present the proof of Proposition 4.3 first

below.

Proof of Proposition 4.3:

Under assumptions 1)-9), we investigate with relationship of Pi, i = 1, . . . , 7, with

respect to λk, k = 1, . . . , 6. Due to space limitation, we provide here only the proof of

P1. The proofs of other is can be obtained similarly. The expression for P1 is shown as

follows:

P1 =
1

Ψ

where,

Ψ = C1 + C2 + C3 + C2C4 + C2C4C5

+C2C4C5C6 + C2C4C5C6C7,

C1 = 1,

C2 = λ2/λ3,

C3 = λ1/µ1,

C4 = λ3/(λ4 + µ2),

C5 = λ4/(λ5 + µ3),

C6 = λ5/(λ6 + µ4),

C7 = λ6/µ5.

First, consider λ1. Rewrite P1 as

P1 =
1

A1λ1 +B1

,
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where A1 and B1 are terms without λ1. Specifically,

A1 =
1

µ1
,

B1 = C1 + C2 + C4 + C5 + C6 + C7.

Then, taking partial derivative of P1 with respect to λ1, we obtain

∂P1

∂λ1

= − A

(Aλ1 +B)2
< 0.

Therefore, P1 is monotonically decreasing with respect to λ1.

Next, consider λ2. Using the exact same approach, it is easy to show that P1 is

monotonically decreasing with respect to λ2.

Then, consider λ3. Rewrite P1 as

P1 =
1

A3

λ3
+B3

< 0,

where A3 and B3 are terms without λ3. Specifically,

A3 = λ2,

B3 = C1 + C3 + C4 + C5 + C6 + C7.

Then, by taking partial derivative of P1 with respect to λ3, we have

∂P1

∂λ3

=
(−1)

(A3λ3 +B3)2
A3

(−1)

λ2
3

> 0.

Therefore, P1 is monotonically increasing with respect to λ3.

Now we consider λ4. Again rewrite P1 as:

P1 =
1

A4 +
λ2

λ4+µ2
+ λ2λ4

(λ4+µ2)B4
+ λ2λ4E4

(λ4+µ2)B4
+ λ2λ4E4D4

(λ4+µ2)B4

,
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where A4, B4, D4 and E4 are terms without λ4. In particular,

A4 = C1 + C2 + C3,

B4 = λ5 + µ3,

D4 =
λ6

µ5

,

E4 =
λ5

λ6 + µ4
.

After further simplification of P1, we have

P1 =
1

A4 +
F4λ4+B4λ2

B4(λ4+µ2)

,

and

F4 = λ2 + E4λ2 + E4D4λ2.

Taking partial derivative of P1 with respect to λ4, it leads to

∂P1

∂λ4
=

(−1)

(A4 +
F4λ4+B4λ2

B2
4(λ4+µ2)2

· F4µ2 −B4λ2

B4(λ4 + µ2)2
.

Determining the sign of this partial derivative is equivalent to determine the sign of

Ψ = F4µ2 −B4λ2.

By substituting the expressions of B4, D4, E4 and F4, it follows that

Ψ = λ2(1 + E4 + E4D4)µ2 − λ2(λ5 + µ3)

= λ2[(1 + C + E4D4)µ2 − (λ5 + µ3)]

= λ2[(1 +
λ5

λ6 + µ4
+

λ5

(λ6 + µ4)

λ6

µ5
)µ2 − (λ5 + µ3)]

=
λ2[(λ6 + µ4)µ5 + λ5(µ5 + λ6)]µ2

(λ6 + µ4)µ5

−λ2(λ5 + µ3)µ5(λ6 + µ4)

(λ6 + µ4)µ5

=
1

(λ6 + µ4)µ5

M,
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where

M = µ2[(λ6 + µ4)µ5 + λ5(µ5 + λ6)]− µ5(λ5 + µ3)(λ6 + µ4).

Therefore, whenM > 0, then Ψ > 0, and ∂P1

∂λ4
< 0, which implies that P1 is monotonically

decreasing with respect to λ4. When M < 0, P1 is monotonically increasing with respect

to λ4.

Similarly, the proofs the monotonicity property of P1 with respect to λ5 and λ6 can

be carried out.

Lemma A.5 is needed to prove Proposition 4.1.

Lemma A.5 For i = 1, 2; j = 1, 2, 3, ..., the sequences λ
(j)
1,4 and P

(j)
1,5 are monotonically

increasing, while the sequences λ
(j)
2,4 and P

(j)
2,5 are monotonically decreasing.

Proof of Lemma A.5: Under assumptions 1)-9), the updating equations related

to MD during iteration j can be written as follows:

For patient 1:

λ
(j+1)
1,4 = λ

(0)
1,4

(

1− P
(j)
2,5

)

, (A.54)

then, P
(j+1)
1,5 can be obtained as follows.

P
(j+1)
1,5 = fP,5

(

Λ
(j+1)
1 ,Γ1

)

, (A.55)

where λ
(j+1)
1,4 is used to replace λ

(j)
1,4 in Λ

(j+1)
1 .

For patient 2:

λ
(j+1)
2,4 = λ

(0)
2,4

(

1− P
(j+1)
1,5

)

, (A.56)

then, P
(j+1)
2,5 can be obtained as follows.

P
(j+1)
2,5 = fP,5

(

Λ
(j+1)
2 ,Γ2

)

, (A.57)



136

where λ
(j+1)
2,4 is used to replace λ

(j)
2,4 in Λ

(j+1)
2 .

Mathematical induction is then used. Initial Step (j = 1 case): When j = 0,

according to the initialization step in Procedure 4.1,

P
(0)
2,5 = fP,5(Λ2,Γ2) > 0. (A.58)

Then from Equation (A.54), we have

λ
(1)
1,4 = λ

(0)
1,4

(

1− P
(0)
2,5

)

< λ
(0)
1,4. (A.59)

Following Proposition 4.3, we have

P
(1)
1,5 = fP,5

(

Λ
(1)
1 ,Γ1

)

< fP,5

(

Λ
(0)
1 ,Γ1

)

= P
(0)
1,5 . (A.60)

In addition, we have

P
(1)
1,5 = fP,5

(

Λ
(1)
1 ,Γ1

)

> 0. (A.61)

From Equation (A.56), we have

λ
(1)
2,4 = λ

(0)
2,4

(

1− P
(1)
1,5

)

< λ
(0)
2,4. (A.62)

From Equation (A.67), we have

P
(1)
2,5 = fP,5

(

Λ
(1)
2 ,Γ2

)

< fP,5

(

Λ
(0)
2 ,Γ2

)

= P
(0)
2,5 . (A.63)

In to the next iteration, for j = 1, which is the base case, from Equation (A.54), we

have

λ
(2)
1,4 = λ

(0)
1,4

(

1− P
(1)
2,5

)

> λ
(0)
1,4

(

1− P
(0)
2,5

)

= λ
(1)
1,4. (A.64)

Then from Proposition 4.3, we have

P
(2)
1,5 = fP,5

(

Λ
(2)
1 ,Γ1

)

> fP,5

(

Λ
(1)
1 ,Γ1

)

= P
(1)
1,5 . (A.65)
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From Equation (A.56), we have

λ
(2)
2,4 = λ

(0)
2,4

(

1− P
(2)
1,5

)

< λ
(0)
2,4

(

1− P
(1)
1,5

)

= λ
(1)
2,4. (A.66)

From Equation (A.67), we have

P
(2)
2,5 = fP,5

(

Λ
(2)
2 ,Γ2

)

< fP,5

(

Λ
(1)
2 ,Γ2

)

= P
(1)
2,5 . (A.67)

The above proves the base case (j = 1).

Inductive Step: Assume when j = k, we have

λ
(k+1)
1,4 > λ

(k)
1,4, (A.68)

P
(k+1)
1,5 > P

(k)
1,5 , (A.69)

λ
(k+1)
2,4 < λ

(k)
2,4, (A.70)

P
(k+1)
2,5 < P

(k)
2,5 . (A.71)

From Equation (A.71), we have

λ
(k+2)
1,4 = λ

(0)
1,4

(

1− P
(k+1)
2,5

)

> λ
(0)
1,4

(

1− P
(k)
2,5

)

= λ
(k+1)
1,4 , (A.72)

from Proposition 4.3, we have

P
(k+2)
1,5 = fP,5

(

Λ
(k+2)
1 ,Γ1

)

> fP,5

(

Λ
(k+1)
1 ,Γ1

)

= P
(k+1)
1,5 , (A.73)

From Equation (A.69), we have

λ
(k+2)
2,4 = λ

(0)
2,4

(

1− P
(k+2)
1,5

)

< λ
(0)
2,4

(

1− P
(k+1)
1,5

)

= λ
(k+1)
2,4 , (A.74)

Finally, from Proposition 4.3, we have

P
(k+2)
2,5 = fP,5

(

Λ
(k+2)
2 ,Γ1

)

< fP,5

(

Λ
(k+1)
2 ,Γ1

)

= P
(k+1)
2,5 . (A.75)
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Therefore j = k+1 also holds, which completes the mathematical induction. The lemma

holds.

Proof of Proposition 4.1:

From Lemma A.5, P
(j)
1,5 , j = 1, 2, 3, ..., is monotonically decreasing, also it is bounded

from above and below because 0 < P
(j)
1,5 < 1, therefore P

(j)
1,5 is convergent. Similarly, P

(j)
2,5 ,

j = 1, 2, 3, ..., is also bounded and monotonically increasing, so it is also convergent.

Therefore we have

lim
j→∞

P
(j)
k,5 = Pk,5, k = 1, 2. (A.76)

From the balance equation in single-patient CTMC model, for patient k, we have

(λk,6 + µk,4)Pk,6 = λk,5Pk,5, k = 1, 2. (A.77)

Since λk,6, µk,4 and λk,5 are never updated, thus always stay unchanged, which make

Pk,5 and Pk,6 have the same monotonic property and both are bounded. Therefore, we

have

lim
j→∞

P
(j)
k,6 = Pk,6, k = 1, 2. (A.78)

This proposition is proved.

Proof of Proposition 4.2: This proof follows the similar logic of the proof for

Proposition 4.1.
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Appendix B: Transition rate matrix

The transition rate matrix Q of two-identical-patient CTMC model is presented below,

which is the concatenation of matrices Q1, Q2, Q3 and Q4.

Q = [Q1 | Q2 | Q3 | Q4].
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