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abstract

High-dimensional turbulent systems appear frequently throughout science and

engineering where the high-dimensionality and nonlinearity of these systems pose

a persistent challenge. Due to the chaotic nature of these systems as well as the

uncertainty that arises in real applications, a statistical approach is useful where the

high-level statistical averages are used to analyze and model their behavior. This

dissertation presents several ways in which statistical methods can be incorporated

into analyzing turbulent systems, including applications to real satellite data of the

Arctic. First, a method for dynamically interpolating between missing observations

of sea ice floe trajectories is presented. These satellite-based observations of indi-

vidual sea ice floe trajectories are often obscured by clouds, leading to gaps in the

dataset. The dynamical interpolation method uses a balanced physics-based and

data-driven approach to address the high-dimensionality and nonlinearity of the

coupled ice-ocean-atmosphere system. Second, effective strategies for statistical

control of turbulent dynamical systems are presented. Statistical control offers an

efficient and robust approach to the control of turbulent dynamical systems and

new strategies are developed which extend the statistical control framework to

scenarios with large initial perturbations and changes in the dynamical regime.

Lastly, a framework for utilizing observations of ice floe trajectories for ocean eddy

identification is developed. Eddies play an important role in the Earth’s ocean and

climate systems yet eddy identification is typically restricted to ice-free regions of

the Arctic. By utilizing observations of ice floe trajectories this framework aims to

extend eddy identification capabilities to provide valuable insights into the Arctic.
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lagrangian ice floe measurements via data-driven
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1.1 Introduction

Sea ice plays a key role in the Arctic climate system [132, 143, 144, 84, 109, 17]. It

modulates important momentum, heat, and material transfer processes between

the ocean and the atmosphere [133, 129, 134]. Given the sensitivity of the sea ice

cover to global warming trends, the observation and modeling of sea ice are critical

for understanding global climate, including monitoring the drastic changes in the

Arctic and assessing possible future climate scenarios.

Earth system models typically characterize sea ice as a continuum with viscous-

plastic rheology primarily through ice concentration, volume, and thickness [66,

137, 68]. While this traditional modeling approach yields realistic results at the

basin scale, at scales of O(10)km and smaller, sea ice exhibits brittle behavior with

the motion of individual fragments deviating from a continuum description. In

this case, the discrete element method (DEM) [41, 40, 65], which characterizes

the trajectories of individual ice floes, as opposed to clusters of ice, becomes the

natural choice to describe sea ice dynamics. Compared to continuum models, the

modeling of individual floes provides a richer representation of sea ice dynamics

through local interactions with the oceanic and atmospheric components [86, 138].

In addition, since the DEM models are developed under Lagrangian coordinates,

there is no need for an advective transport scheme to move floes between grid cells

as in continuum models, significantly reducing computational costs. The DEM

models can also change the spatial resolution as the geophysical situation requires,

allowing greater flexibility in the study of sea ice.

The unique advantages and wide applications of models based on the DEM
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highlight the need for observational sea ice data within the Lagrangian framework.

Observed floe trajectories facilitate the development and calibration of DEM models

and provide insight into the evolution of sea ice properties. However, despite the

increase in satellite missions and the improved techniques in acquiring remote

sensing observations, most existing observational products are based on Eulerian

descriptions of the sea ice drift field. Exceptions include the Arctic Ocean Sea

Ice Drift Reprocessed [9] and the Making Earth System data records for Use in

Research Environments (MEaSUREs) programs [80]. Yet, these measurements

cannot adequately resolve sea ice motion at small scales due to the spatial resolution

(31.25km for Arctic Ocean Sea Ice Drift Reprocessed product) or the sampling

frequency (3-day interval for MEaSUREs) of the data. On the other hand, in situ

field measurements using buoys on ice floe surfaces have provided invaluable

information, but trajectories are often sparse [21, 56, 82, 71, 69] as the marginal ice

zone is undersampled relative to central Arctic regions.

Recently, a new Lagrangian floe tracking algorithm, called the Ice Floe Tracker

[87, 148], was developed and applied to optical satellite images. It creates La-

grangian sea ice measurements in the low-sampled regions between the ice pack

and the open ocean, commonly known as the Marginal Ice Zones (MIZ). This data

set was the first of its kind in that it provides not only the Lagrangian trajectories

but also the floe sizes and geometries together with the angular displacements of

floes in the MIZ extending throughout the 21st century. Given the demonstrated

link between floe rotation rates and the characteristics of the underlying small-

scale ocean eddies in the Beaufort Gyre MIZ, these sea ice floe observations have
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proved to be essential for recovering the state of the underlying turbulent ocean

field, providing a unique insight into the multi-scale nature of the ocean [107].

Atmospheric noise is visible in optical images and leads to many one- or two-day

gaps in the retrieved trajectories within the Lagrangian Ice Floe Tracker data set.

See Figure 1.1 for an example. A commonly used approach to filling these gaps

is to interpolate between the available observations through linear interpolation

[107]. These trajectories (and their curvature) are used to characterize ocean cir-

culation/eddy behavior. However, such an approach ignores the MIZ dynamics,

leading to trajectories lacking many physical properties. Linear interpolation also

fails to retrieve the curvature of the trajectories, which is essential for characterizing

the turbulent ocean flow field within the meso/submeso-scale range in polar re-

gions. Alternatively, physics-based dynamical interpolation incorporates both the

available partial observations and knowledge of the coupled atmosphere-ocean-floe

dynamics. While the resulting interpolated trajectories are expected to reflect reality

better, traditional dynamical interpolation approaches are often extremely slow

and computationally expensive due to the high dimensionality and nonlinearity of

the underlying system [62, 19].

This paper presents an efficient and statistically accurate nonlinear dynamical

interpolation framework for recovering the missing floe observations in Lagrangian

trajectories. It exploits a balanced physics-based and data-driven construction to

address the challenges posed by the high-dimensional and nonlinear nature of

the coupled system. This new method involves a sequential prediction-correction

procedure. The error from predicting the missing values in the coupled atmosphere-
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ocean-floe system is mitigated by incorporating the available observations of floe

positions and orientations via Bayesian inference. One crucial feature of the pre-

sented framework is that it exploits a data-driven reduced-order stochastic modeling

strategy to advance the statistical forecast of the atmosphere and ocean fields, which

are the underlying driving forces of the sea ice motion, but are not considered by the

direct curve-fitting algorithms. Particularly, these simple stochastic models describe

the time evolution of the leading spectral modes of the atmosphere and ocean fields,

where effective stochastic forcing is adopted to characterize the fluctuations at the

unresolved scales. Therefore, the resulting surrogate models significantly reduce

the computational cost at the forecast step, which is the most time-consuming part

in traditional dynamical interpolation approaches. It is worth highlighting that

closed analytic formulae are available for expressing the statistics associated with

these simple stochastic models, facilitating the systematic and efficient data-driven

model calibration. The calibrated models succeed in accurately predicting the

atmosphere and ocean states and the associated uncertainty. The latter is crucial in

reaching the least biased state estimate using nonlinear dynamical interpolation,

especially in the presence of strong turbulence, which is again completely missed

by deterministic curve fitting methods. In addition, the framework allows for simul-

taneous estimation of several critical physical parameters that cannot be directly

inferred from satellite images but are essential for the dynamical interpolation,

such as the thickness of each floe, using only relatively short floe trajectories.

The rest of the paper is organized as follows. It starts with the development of

the physics-based data-driven dynamical interpolation framework. Then the new
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method is tested on both a synthetic data experiment and the real data set of floe

trajectories in the Beaufort Sea MIZ. The focus here is on the non-interacting floes,

but the framework can be easily extended to the interacting ones. The study also

includes analysis of the resulting interpolated Lagrangian ice floe trajectories and

angular displacements as well as the recovery of several key physical properties of

the floes and their associated statistics. The recovered floe trajectory utilizing the

traditional linear interpolation approach will serve as a benchmark solution.

1.2 The Reduced-Order Modeling and Nonlinear

Dynamical Interpolation Framework

This section presents an overview of the new modeling and nonlinear dynamical

interpolation framework consisting of four key steps. The technical details of the

model, the data and the methods are included in Appendix.

This framework works with a coupled atmosphere-ice-ocean system. While this

system can take the form of a coupled dynamical model, the framework also allows

the atmospheric and/or oceanic components to be given as numerical data. Here,

a DEM model is used to characterize the sea ice dynamics, where the individual

floe shapes and sizes are drawn from a library of floe observations in the Beaufort

Gyre MIZ [88]. Given that the observations contain only nearly non-interacting

and shape-preserving floes, the ice floe motion can be assumed to be mainly driven

by oceanic and atmospheric forcing, which are calculated from surface integrals

over floe shapes. The ocean component is given by a two-layer quasi-geostrophic
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1
Figure 1.1: Sea ice floes in the Beaufort Sea MIZ. Top panel: Representative Moderate
Resolution Imaging Spectroradiometer (MODIS) True Color image (downloaded
from the NASA Worldview application) displayed in a WGS 84/NSIDC Sea Ice Polar
Stereographic North 70" N projection. For only this figure, the image is oriented
90◦ from standard Polar Stereographic coordinates so that the top of the image is
roughly north. The red box outlines the region of interest. Bottom panels: The
observed MIZ of the Beaufort Sea (the box area of the top panel) is shown on three
consecutive dates (26.06.2008 to 28.06.2008). Identified floes are contoured with
red. On 27.06.2008, the atmospheric noise acts to blur ice floe contours impeding
the effective identification of most of the floes.

(QG) model that generates eddies from baroclinic instabilities, the so-called Phillips

model [139], in which the cumulative impact of many passing floes on the turbu-

lent eddy field is represented via a quadratic surface drag. The model has been

systematically calibrated to capture the key features of the interaction between the
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Arctic ocean and the ice floes. The optimization criterion used here is to match the

simulated and observed scale-dependency of the foe rotation variance, where the

bulk vertical shear of the background horizontal velocity, the deformation radius,

and the effective ratio between the top and bottom layer depths are the tuning

parameters. See [107] for the detailed calibration strategy. The spatial resolution

is 128 × 128 gridpoints. Because of the high latitude, the deformation radius is

small: on the same order as the model resolution. Despite potential unresolved

effects, their impact is mitigated by the relatively large floe areas and statistical

averaging of the dynamical interpolation. The atmospheric component is taken

from a reanalysis product (ERA5) [115, 37], which provides Eulerian wind velocity

fields over the observational period. As the wind field exhibits larger-scale features,

a coarser spatial resolution of 11× 11 gridpoints is used. Note that the focus here is

in the MIZ of the Beaufort Sea (see Figure 1.1). Hence, a double-periodic boundary

condition is adopted for simplicity. The potential model error and bias introduced

from the various approximations can be mitigated at the statistical forecast stage

using the stochastic corrections and Bayesian inference in the framework intro-

duced in the rest of this section. The domain size, as shown in Figure 1.1, is roughly

600km×600km. Figures 1.2 and 1.3 include a schematic illustration of the main

steps of the framework.

Step 1. Development of low-cost data-driven reduced-order stochastic models.

The ensemble forecast adopts a probabilistic characterization of the model state

and is thus a natural way to predict complex turbulent systems [117, 136, 85].

However, the high dimensionality and nonlinearity of the coupled atmosphere-ice-
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Spectral decomposition

Reduced Modes 
in Spectral Space

(c)(a)

(d)
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Figure 1.2: Schematic diagram of the new method. Panels (a)–(f): A spectral
decomposition is applied to the output of a complicated ocean model. Only a small
set of the most energetic spectral modes are retained. The governing equations of
these energetic modes are modeled by the low-cost linear stochastic models, thereby
significantly reducing the computational cost. The illustration also compares the
true ocean flow field and its reconstructed state. The original field is generated
from the two-layer quasi-geostrophic (QG) model, while the reconstructed one
only uses modes for which |k| ⩽ 11. The top right corner compares the time series
of the mode k = (5, 5) associated with the QG model and a random realization
from the calibrated linear stochastic model.
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Figure 1.3: Schematic diagram of the new method. Panels (a) and (b): The dy-
namical interpolation is performed via nonlinear data assimilation. The traditional
method requires running the original system in the physical space and is extremely
expensive. Here, x, u andα denote the ice floes, the ocean and the atmospheric state
variables, and the model parameters, respectively. In contrast, the new and efficient
method for dynamical interpolation alternates between physical and spectral spaces
using the reduced-order stochastic models. It has the main benefit of allowing for
the simultaneous estimation of state variables and key physical parameters.

ocean system makes a single realization of the model forecast very computationally

expensive, let alone the forecast of the entire ensemble. Therefore, the first step in

this framework is to develop data-driven reduced-order models with the aim to

significantly lower the computational cost of the forecast step.

Figure 1.2 outlines the development of such reduced-order models for the

turbulent ocean field. Given a long simulation generated from the original two-

layer QG ocean model, the spectral decomposition of the velocity field is used. Most

of the energetic modes are concentrated within a circular area centered at k = (0, 0)
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with a relatively small radius in spectral space |k| ⩽ K, where k = (k1,k2) is the

spectral index. The reduced-order model is set up to only describe the temporal

evolution of the dynamics of this small set of spectral modes. It is expected to

retain most of the key features of the original ocean field but significantly lower

the computational cost. Yet, given the nonlinearity of the original ocean model, the

governing equation of each spectral mode is fully coupled with all other modes,

including those omitted in the reduced-order model. To effectively characterize

the temporal evolution of each spectral mode in the reduced-order model, a linear

stochastic model is developed as a surrogate [57],

du
dt = (−a+ iω)u+ f+ σẆ, (1.1)

where u is a complex variable for a single spectral mode, a and ω are the damp-

ing and oscillation frequencies, respectively, f is the forcing of the system, Ẇ is a

complex-valued white noise, and σ is the amplitude of the noise. In (1.1), damping

and stochastic noise are adopted to parameterize the contribution of the extremely

complicated, nonlinear, and deterministic part of the original governing equation,

which leads to a cheaper and more effective way to reproduce the statistical forecast

results [97, 52, 16, 19, 99, 121]. Independent linear stochastic models are used to

characterize the temporal evolution of each mode in spectral space, which never-

theless allows a fully correlated spatial pattern in physical space. Since the QG

model generates an incompressible flow field, the spectral representation of the

ocean is based on the stream function. Similarly, a pair of linear stochastic models

is utilized to approximate the two-dimensional velocity components associated
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with each spectral mode of the atmospheric wind field.

Note that despite the independence between the linear stochastic models for

different Fourier modes, the strong correlation still exists between the state variables

in physical space after the spatial reconstruction via the inverse Fourier transform.

The simple structure of the linear stochastic model allows for systematic model

calibration and large computational savings, making an ensemble forecast feasible.

It is worthwhile to highlight that the most important factor impacting the perfor-

mance of the dynamical interpolation is the leading-order statistics of the ensemble

forecast, rather than the dynamics of individual model trajectories. In this way,

because the independent stochastic models are accurate with respect to the statistics

of the QG model, the forecast produces good results.

Step 2. Systematic model calibration.

The linear stochastic model in (1.1) can be calibrated systematically by taking

advantage of the analytic formulae for its four fundamental statistics: the mean,

the variance, and the real and the imaginary parts of the decorrelation time. The

values of these four statistics have a unique one-to-one correspondence with the four

parameters a,ω, f, and σ. Therefore, once the values of these statistics are computed

numerically from the time series of a single spectral mode in the original QG ocean

model, these values are plugged into the closed analytic formulae, determining the

four parameters in the linear stochastic model associated with that spectral mode.

Rather than simulating the 30,000 modes of the two-layer QG model, setting

K to be 11 in step 1 of the framework results in a reduced-order model containing

only about 400 modes. This simulation still resembles the full QG system while
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being much more computationally inexpensive, roughly 30 times faster. See panels

(a) and (b) of Figure 1.2. In addition, after applying the proposed calibration

procedure, a random realization of the time series from the linear stochastic model

is also statistically similar to the truth by capturing the mean, variance and the

decorrelation time. See panels (c) and (d) of Figure 1.2 for a comparison of mode

(5, 5). This similarity is essential for an accurate ensemble forecast using the linear

stochastic reduced-order models. Finally, the same linear stochastic models are

adopted as surrogate models to describe the atmospheric wind field based on the

ERA5 reanalysis data.

Step 3. Physics-based dynamical interpolation via nonlinear data assimilation.

Dynamical interpolation exploits the optimal combination of the ensemble fore-

cast from the model and the information from the partial observations via nonlinear

data assimilation. The incorporation of the underlying dynamics sets dynamical

interpolation apart from pure curve fitting methods. The basic dynamical interpo-

lation scheme used here is the ensemble Kalman smoother (EnKS), in which an

ensemble of model trajectories represents the estimate of the system state. Each

ensemble member contains trajectories for all state variables, including the sea ice,

the ocean, and the atmosphere. The EnKS provides point estimates through the

ensemble mean and quantifies the uncertainty through the ensemble spread. The

resulting distribution is called the posterior distribution, which contrasts with the

prior distribution solely obtained from the forecast step of the model.

The traditional EnKS contains a straightforward prediction-correction loop in

physical space that requires repeatedly integrating the expensive original dynami-
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cal model. In contrast, the new method here uses the linear stochastic models to

approximate the ocean and atmospheric flow fields, and the prediction-correction

procedure alternates between the physical and the spectral spaces. Specifically, the

prediction of the ocean and atmospheric flow fields, which involves running the

linear stochastic models forward, is implemented in the spectral space. On the other

hand, the correction of all the state variables, which applies the Bayesian formula

that optimally combines the model and observational information, is carried out

in the physical space. Spectral decomposition and flow field reconstruction are

adopted after each correction and prediction step, respectively. See Figure 1.3.

Since only a few spectral modes are involved in the sequential prediction-correction

procedure, the computational efficiency is preserved. Note that the DEM sea ice

model remains highly nonlinear, which makes the entire dynamical interpolation

nonlinear. To further improve the numerical stability and mitigate erroneous spuri-

ous long-term correlations, localization and fixed lag strategies are incorporated

into the basic version of the EnKS [6, 49].

Each set of floe observations are processed sequentially in time. The algorithm

represents the model state with an ensemble of model trajectories. During the

prediction correction loop, the ensemble is forecast forward in time up to the next

available observation. The sea ice variables are forecast in physical space according

to the sea ice model. The ocean and atmosphere variables are forecast in spectral

space according to the statistically-accurate stochastic forecast models. After the

forecast of the ensemble, all variables are transformed back to physical space where

they are compared to the observations in the analysis step. The ensemble is updated,
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in a Bayesian sense, according to the new observations. Finally the ocean and

atmosphere variables are transformed back to spectral space for the next iteration

of the loop.

Step 4. Efficient parameter estimation of important physical quantities.

The main practical challenge of using general dynamical interpolation methods

to analyze the sea ice cover is the lack of access to the entire parameter space from

a single remote sensing instrument. For example, the thickness of the floes deter-

mines the inertia of floe motion and is crucial to the coupled system. To overcome

this challenge, an efficient parameter estimation algorithm is embedded into the

dynamical interpolation framework. Here, the unobserved physical quantities are

treated as the augmented state variables, which are simultaneously estimated with

the actual variables of the model state. The uncertainty in the estimated param-

eters, due to the relatively short Lagrangian trajectories, is also quantified in the

algorithm.

1.3 Results of Interpolating the Floe Trajectories and

Angular Displacements

Setups of the two experiments

The new dynamical interpolation framework is first applied to a synthetic data

experiment and then to the real observation scenario.

The synthetic data experiment uses the two-layer QG ocean model and the
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reanalysis data for the atmospheric winds to force the ice floes governed by the

DEM model. The ice floe shapes, sizes, positions, and orientations are initialized

from a library of floes in the Beaufort Gyre MIZ [88], which is generated from

optical remote sensing imagery using the Ice Floe Tracker algorithm [87]. The

thickness of each floe is randomly drawn from a background distribution [79]

and is assumed to be constant during the entire observational period. See panel

(c) of Figure 1.5. Note that the stochastic approximate models are not utilized to

generate the synthetic data, rather they are only used to dynamically interpolate

the missing floe observations. For the real data experiment, Lagrangian sea ice floe

trajectories are obtained using the Ice Floe Tracker algorithm within the study area

delineated in Figure 1.1 during the spring-to-summer transition of 2008. The same

linear stochastic models that are calibrated for the synthetic data experiment are

adopted to carry out the dynamical interpolation. See Table 1.1 for the summary of

the models used to generate the true signal and those adopted to implement the

dynamical interpolation in the two experiments.

The floe locations and angular displacements are the only observational in-

formation in the dynamical interpolation for the coupled atmosphere-ice-ocean

system. These two quantities are obtained from the satellite images at a frequency

of roughly every 24 hours. The observational uncertainty, which is used in the

dynamical interpolation algorithm, is set to be 0.25 km and 5 degrees, respectively.

Both experiments contain 38 floe trajectories of various lengths in time. See

the bottom panel of Figure 1.4. Excluding the first and the last point in each floe

trajectory, there are in total 164 remaining candidate observational points for the
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(a) Synthetic data experiment
Atmosphere Ocean Sea Ice

Truth ERA5 reanalysis Two-layer QG The known DEM model
Interpolation Calibrated LSM Calibrated LSM The known DEM model

(b) Real data experiment
Atmosphere Ocean Sea Ice

Truth Not needed Not needed Satellite observations
Interpolation Calibrated LSM Calibrated LSM The known DEM model

Table 1.1: Summary of the models used for both the synthetic and the real data
experiments. In each experiment, the first row “truth” stands for the underlying
systems that generate the true signal, while the second row “interpolation” indicates
the model used for dynamical interpolation. The same calibrated linear stochastic
model (LSM) is utilized for the real data as for the synthetic data experiments. In
the real data case, the true signals of the atmosphere and ocean components are
not needed. In the synthetic data case, the true atmosphere and ocean models are
used to drive the DEM model to generate the observed floe trajectories and angular
displacements.

38 trajectories. These 164 candidates are randomly divided into four sets, where

each set contains 41 data points. Then four independent dynamical interpolation

simulations are carried out. In each simulation, the 41 candidate observations in

the corresponding set are artificially removed as the missing observations. Note

that the missing observations referenced in the real data experiment are not the

actual missing ones in the satellite images obscured by clouds, but are rather the

artificially removed ones. Such a setup guarantees the true values of these missing

floes are known and therefore it allows the qualitative study of the accuracy of

the dynamical interpolation. Nevertheless, this 3 : 1 ratio between the number of

observed and missing floe observations mimics the real-world situation in the MIZ

during the boreal summer. The number of ensemble members used here is 600.
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Figure 1.4 displays the 38 sea ice floe trajectories in the real data experiment,

which are retrieved from satellite remote sensing imagery using the Ice Floe Tracker

algorithm during the spring-to-summer transition of 2008. Each floe trajectory

is represented by the transition from fully transparent to opaque with each floe

assigned a specific color. The index in these floes corresponds to those in Figures

1.6 and 1.8.

Results of the synthetic data experiment

Figure 1.5 illustrates the parameter estimation of the floe thicknesses from the

dynamical interpolation. To quantify the uncertainty in the estimated thickness

of each floe, the posterior distribution characterized by the ensemble members is

also included via a violin plot. The results shown here are calculated using all the

ensemble members from the four simulations, but different simulations lead to

similar distributions for all the floes. The estimations are overall reasonably accu-

rate, especially given such a small number of observations within a large domain.

Particularly, the truth of all the 38 floes is consistently covered by the posterior

distribution. In addition, for two-thirds of the floes, the true thickness value lies in

a high likelihood region of the distribution within one standard deviation from the

mean. Note that the error in the thickness estimation can offset the error from recov-

ering the atmosphere and ocean flow fields, and therefore the overall interpolation

results remain accurate, as will be seen below. It is worthwhile to highlight that

both the background thickness distribution, from which the true thickness values

are drawn, and the estimated posterior distributions, exhibit strongly fat-tailed
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non-Gaussian behavior, as is clear in the violin plot. These non-Gaussian features

are the unique outcome of the highly nonlinear dynamics of the sea ice floes. In

addition, because the ensemble is transformed from the prior distribution to the

posterior during each update of the nonlinear EnKS, rather than resampled, these

important non-Gaussian features can be preserved through the ensemble update

(see Appendix.) By contrast, simply considering the ensemble mean and standard

deviation would underestimate the likelihood of large floe thicknesses while simul-

taneously overestimating the likelihood of small thicknesses. Notice that such a

non-Gaussian feature is found in all model variables, but is especially illustrated

by thickness estimation. These findings imply the necessity of incorporating both

the nonlinear sea ice dynamics and the nonlinear data assimilation scheme into the

dynamical interpolation framework.

Panel (a) in Figure 1.6 compares linear and dynamical interpolation for recov-

ering the floe location and angular displacement. The ensemble mean estimate

using the dynamical interpolation almost always outperforms linear interpolation

in recovering the floe locations. Specifically, the absolute error using the linear

interpolation is nearly three times as large as that using the dynamical interpolation.

The linear interpolation also, by design, completely fails to recover the curvature

and the nonlinear evolution of the floe trajectories. In contrast, the dynamical inter-

polation accurately captures these important physical features. In addition to the

point estimate using the ensemble average, the ensemble provides the quantification

of the estimated uncertainty. The uncertainty overall remains at a relatively low

level, indicating the confidence of the posterior mean estimate. Among all the 164
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recovered missing observations, roughly 80% of the true observations fall within

two standard deviations around the ensemble mean estimate. This implies the

accuracy and robustness of the dynamical interpolation. In addition, the recovery

of the angular displacement using the dynamical interpolation is quite accurate.

Panel (a) of Figure 1.7 illustrates the recovered ocean field represented by the

stream functions utilizing the dynamical interpolation. The result shown here is on

a specific day in the middle of the entire time period. The accuracy in recovering the

ocean field remains in a similar level on other days. The overall pattern correlation

between the truth and the recovered ocean field is around 0.3. Nevertheless, given

the fact that there are only 17 floes inside this large domain on this day, the skill of

recovering the ocean field is already significant. In particular, the ocean eddies are

recovered quite reasonably in the areas, where the observed floes are concentrated.

The pattern correlation is above 0.3 and the amplitude of the recovered eddies is

similar to the truth. This is partially due to the use of the localization technique

in the dynamical interpolation, where each observation affects more towards the

skill of the recovered ocean in the nearby regions. The appendix includes more

sensitivity analysis, which shows the improvement of the recovered ocean field if

the density of observed floes increases.
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Figure 1.4: Sea ice floe trajectories retrieved from optical satellite remote sensing
imagery. MODIS True Color images (downloaded from the NASA Worldview ap-
plication) acquired on 25.06.2008 and 30.06.2008 are displayed in a WGS 84/NSDIC
Sea Ice Polar Stereographic North 70” N Projection, on top of which retrieved ice
floe trajectories are displayed in color. In both images, the evolution of floe positions
is represented as a shift in opacity from transparent to opaque objects. Final floe
positions are marked using black contour lines. Note that the recovered floe trajec-
tories have different lengths and periods. Information regarding the acquisition
period of each floe trajectory is shown in the bar plot underneath. Only a sub-set of
the 38 non-interacting floes used in this study are shown for clarity.
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Figure 1.5: Parameter estimation of sea ice thickness in the synthetic data experi-
ment. Panels (a) and (b): The black dots and solid lines indicate the truth and the
ensemble mean estimate of each sea ice floe, respectively, while the shaded area
in the violin plot indicates the estimated non-Gaussian PDF formed by ensembles.
Panel (c): The background sea ice thickness distribution. The true value of the
thickness for each sea ice floe is randomly drawn from such a distribution. It is also
used as the initial distribution in the parameter estimation algorithm.
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Figure 1.6: Comparison of recovering the missing observations using linear and
dynamical interpolation schemes. The top panel illustrates the procedure of per-
forming the interpolation experiments. A floe trajectory is first retrieved from the
satellite imagery. Next, the observed floe on a specific day is artificially removed.
The linear/dynamical interpolation framework is applied to recover this artificially
removed observation. In the bottom part, panels (a) and (b) show the results from
the synthetic and the real data experiments, respectively. In each panel, the top part
shows the interpolated floe locations while the bottom part shows the interpolated
angular displacement. Since the floes in the synthetic data experiment are taken
from the library of sea ice floe observations, floes with the same index in the two
experiments are identical (i.e., shapes and sizes are retained). In addition to the
ensemble mean estimate presented by the blue marker, the uncertainty resulting
from the dynamical interpolation is provided by the shaded areas. For the illus-
tration purpose, only the two-dimensional Gaussian confidence interval is used to
characterize the uncertainty in the dynamical interpolation.
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Figure 1.7: The recovered ocean flow field represented by the stream functions
utilizing the dynamical interpolation. The top panel shows the truth and the
recovered ocean field in the synthetic data experiment while the bottom panel
shows the recovered ocean field of the real data. Since the primary focus is to
resolve regions close to the ice edge, a 400km×400km domain within the original
600km×600km area and having the same domain center is presented. The pattern
correlation between the true and recovered ocean in the 400km×400km subdomain
is 0.32. The results shown here are on a specific day in the middle of the study
period. For the real data, it is July 1. The error in recovering the ocean field remains
in a similar level on other days. The white dots mark the locations of the floes.
There are in total 17 floes inside the 400km×400km domain for both cases.
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Results of the real data experiment

Panel (b) of Figure 1.6 includes four cases of the recovered missing floes on the

real data set. Similar to the conclusion from the synthetic data experiment, the

dynamical interpolation being applied to the real data set also shows significant

advantages over the linear interpolation in the sense that the error in the ensemble

mean is overall much smaller and the uncertainty can be systematically quantified.

Comparing with the analogs from the synthetic data experiment in Panel (a), the

accuracy of the results in the real data test remains comparable. Figure 1.8 includes

additional case studies of the recovered missing floe trajectories from the real data

experiment. Again, the dynamical interpolation provides reasonable results in

most of the cases. Panel (b) of Figure 1.7 displays the recovered ocean field on

July 1, 2008. Although there is no true solution for the validation of the point-wise

recovery skill, the overall flow amplitudes as well as the number and the size of the

eddies in the recovered ocean field all look reasonable. One interesting finding is

that the recovered ocean field in the north-east corner of the domain is nearly zero

due to high uncertainty, which corresponds to the area beneath the large piece of

the ice cover shown in Figure 1.4.

Figure 1.9 compares the physical properties of the recovered ice floes between

the real observations, the dynamically interpolated data, and the direct model

simulation. Since the data set consists of discrete observations, the two metrics

used are the discrete curvature and the daily angular displacement. The former

is calculated using the circumscribing circle of each trio of observations while

the latter is obtained by taking the difference in angle between two consecutive
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observations. The results using the linear interpolation are omitted here, as the

linear interpolation fails to provide any useful information of these two physical

quantities. Panel (a) shows that the curvature of the floe trajectories from the

direct model simulation is severely underestimated, which is a natural outcome of

the model error. In contrast, the data resulting from the dynamical interpolation

succeeds in reproducing the non-Gaussian distribution of the observed truth with

a one-sided fat tail. Next, with respect to the angular displacement, as is shown in

Panel (b), the real data set has a negative bias due to the influence of the Beaufort

Gyre, something which is not reflected in the direct model simulation that is again

due to the model error. Nevertheless, such a bias in the direct model simulation

is almost fully corrected in the dynamically interpolated data with the help of the

partial observations. These results indicate the importance of utilizing both the

observations and a suitable model in the dynamical interpolation, as the model

provides at least partially the access to the crucial underlying nonlinear dynamical

information while the observations can largely reduce the biases from the model

forecast.

1.4 Conclusions and Discussion

Model error is inevitable when studying complex systems. In the dynamical in-

terpolation framework developed here, the sea ice DEM model remains highly

nonlinear while the ocean and atmospheric components are effectively approxi-

mated by linear stochastic models. Indeed, a large error will appear if these linear
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Figure 1.8: Additional results for the real data experiment, similar to those in Panel
(b) of Figure 1.6.

stochastic models are used to study the dynamics associated with the ocean and

atmospheric fields. Nevertheless, for the purpose of dynamical interpolation, the

information needed from the model is merely some prior knowledge of the short-

range statistical forecast of these fields, which are usually quite accurate due to the

fact that these linear stochastic models are carefully calibrated.

The reduced-order models in the proposed framework are not limited to linear

stochastic models. If the time series of the underlying flow fields exhibit strong
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Figure 1.9: Comparison of the recovered properties using different interpolation
methods. Panel (a): comparison of the distribution of the curvature of the recovered
trajectories. Panel (b): comparison of the distribution of the angular displacement
of the recovered trajectories. Panels (c)–(d): Schematic illustrations of the defi-
nitions of the discrete curvature and angular displacement used to compute the
distributions in Panels (a)–(b).

non-Gaussian features, then suitable nonlinear or non-Gaussian surrogate mod-

els can be easily incorporated [32, 73, 58, 48, 103]. In particular, one such simple

candidate is a family of linear models with multiplicative noise [11]. Another

potential alternative is the multilayer stochastic models [76, 77]. On the other hand,

the sea ice dynamics within the scales studied here are predominantly nonlinear.

The governing equations are well understood and are crucial in the dynamical

interpolation, given that the directly observed variables are sea ice floe trajectories.

The strong nonlinearity in sea ice dynamics is also more deterministic and less

turbulent than the atmosphere or the ocean. Therefore, linear stochastic models are
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not appropriate for approximating the fully nonlinear behavior of sea ice. Since the

degree of freedom in characterizing the floe trajectories is much lower than the gov-

erning equations of the atmospheric and oceanic velocity fields, the nonlinear floe

dynamics are explicitly incorporated into the dynamical interpolation framework.

It is also worth highlighting the importance of the prior physical model of the

ocean and the prior time series of the atmosphere, which significantly facilitate the

calibration of the linear stochastic models. In the absence of a suitable prior model

or data for the ocean and the atmosphere, the calibration of the reduced-order

stochastic surrogate models requires a more complicated iterative expectation-

maximization procedure [27]. In other words, the dynamical interpolation, the

parameter estimation of the thickness, and the uncertainty quantification of the

oceanic and atmospheric flow fields have to be carried out simultaneously with

the floe trajectories providing the only available information. Such an iterative

approach often requires an extensive observational database to ensure the accuracy

of the dynamical interpolation scheme.

Another crucial point is the quantification of the uncertainty, particularly in the

presence of the model error, the small number of observations, and the implications

of turbulent systems. Uncertainty quantification is not available by applying direct

curve fitting methods but rather a unique feature of the dynamical interpolation

framework. In this study, the properties of sea ice exhibit various non-Gaussian

features such as the non-symmetry in the distribution of the angular displacement,

strong skewness, and fat tails with extreme events in the distributions of the curva-

ture and the thickness. These non-Gaussian features have been shown to be crucial
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in understanding the sea ice dynamics [135, 110]. Hence, to assess uncertainty, the

attributes of the entire distribution are considered.

Finally, the framework developed here has several unique implications for im-

proving our understating of Earth system science. First, new-generation climate

models that accurately represent sea ice dynamics at the floe scale will require

validation against Lagrangian observations of sea ice floes at high and moderate

resolutions. The point-estimate recovery of missing observations and the associ-

ated estimates of the uncertainty mitigate some of the issues of Lagrangian optical

remote sensing observations. The methodology presented here is also easily adapt-

able to analyze the output of other instruments. In this sense, it is expected that the

continuous trajectories stemming from the nonlinear data assimilation can be used

in more sophisticated deep-learning models for calibration and training. Second,

the proposed framework allows for accurate parameter estimation of unobserved

variables at unprecedented scales in a Lagrangian setting. For example, the retrieval

of sea ice thickness is outlined here, which is a crucial variable in understanding

the evolution of the sea ice cover in response to a changing climate. Lastly, data

assimilation provides the key missing piece for understanding ocean transport and

mixing processes at high latitudes. Small-scale eddies have an important role in

transferring energy to larger-scale structures via an inverse cascade of energy and

are thus hypothesized to be the missing energy source to close the ocean energy

budget. High-resolution numerical simulations have highlighted their contribu-

tion to nutrient redistribution, oxygen transport, and biogeochemical processes.

However, they are hard to observe due to the lack of resolution of space-borne



31

sensors and the sparsity of in situ instruments. Given the recently demonstrated

connections between the rotation rate of sea ice floes and eddies with sub-surface ex-

pression in the western Arctic Ocean, it is anticipated that this method can be used

to understand fundamental processes of ocean turbulence at small-to-moderate

scales.
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2 effective statistical control strategies for complex

turbulent dynamical systems

The following chapter is adapted from an open-access paper [39] published in

Proceedings of the Royal Society A under a creative commons license. The paper is

authored by Jeffrey Covington, Di Qi, and Nan Chen. The research was conducted

by all the authors. Jeffrey Covington was responsible for writing the original draft

of the publication with editing provided by Di Qi and Nan Chen.

The research of Nan Chen is funded by ONR (grant no. N00014-21-1-2904) and

ARO (grant no. W911NF-23-1-0118). Jeffrey Covintton is partially supported by

ONR (grant no. N00014-21-1-2904) as a graduate research assistant.

2.1 Introduction

Complex turbulent dynamical systems emerge throughout fields in science and tech-

nology, including in geophysics, engineering, neural science, and plasma physics, to

name a few [94, 139, 97, 112, 28, 130, 146, 126, 60, 32]. These turbulent systems are

characterized by high-dimensional state spaces with substantial nonlinear energy

transfers between scales [120, 97, 4]. The control of such turbulent dynamical sys-

tems has grand importance and broad applications. The goal of control is to design

an optimal course of action (the control) to drive the perturbed state of interest

back to a desired final target state under minimum cost within a finite time window.

For example, active and passive control strategies can reduce the aerodynamic
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drag of vehicles such as aircraft and cargo ships [131, 81, 15, 119, 3] and increase

the efficiency of liquid and gas transport through pipelines [10, 122, 74]. Various

control strategies have also been designed for applications in industrial mixing

and manufacturing [20, 1, 118, 78]. In addition, control of turbulent systems has

significant implications for climate change mitigation involving large-scale models

with high uncertainties [92, 91, 70, 46]. However, controlling turbulent systems, in

general, has proven a formidable challenge. The central obstacles involve the devel-

opment of efficient algorithms to deal with the genuinely high dimensionality and

a large number of unstable modes. Linear control theory is a well-developed field

[44, 18, 127] and linear control strategies have been applied to turbulent systems

under a variety of circumstances where chaotic systems can be linearized about

a fixed-point and stabilized by the control [116, 67]. For example, linear control

with closed-loop feedback from the system has successfully been used to delay

the transition from laminar to turbulent flow [12, 50, 13]. However, linear con-

trol techniques do not scale well computationally when the dimensionality of the

system becomes large [75, 45]. Thus low-dimensional reduced-order approxima-

tions are frequently employed through model reduction and system identification

[147, 125, 23, 72, 55]. Besides linear control, there have been many other innovative

approaches to the control of turbulent systems. Machine learning, for example, has

been used to design control laws for turbulent systems using data [45, 24, 22]. In

addition, there have been open-loop approaches where a predetermined control is

applied [122, 140].

Statistical control offers a fundamentally different approach compared with the
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traditional trajectory control methods. Statistical control aims to control certain

statistical features of the underlying system. These features can be considered as

each statistical moment of the critical model state and are estimated by averaging an

ensemble of model states. Note that even deterministic systems can fall under the

statistical control framework due to the uncertainties in the initial conditions and

observations. These initial uncertainties are propagated and amplified in time as a

response to the strong instability considering the turbulent nature of the system.

Statistical control has several unique advantages. First, there is no need to exploit

exhausting procedures to resolve the full solution of each high-dimensional chaotic

trajectory of the underlying turbulent dynamics. The control strategy is achieved

effectively by considering only the contributions of the leading order moments.

This significantly reduces the computational cost and avoids the randomness of

individual trajectories in affecting the control results. Second, although individual

trajectories are turbulent, the time evolution of the statistics is deterministic thus is

usually easier to control in practice. In addition, for energy-conserving systems, the

statistical energy combining the mean and total variance of the system is always

stable towards its statistical equilibrium. This can be seen by noticing that the Fokker-

Planck equation, which is the time evolution of the probability density function

(PDF) of the state variables, is always linear despite the associated underlying

dynamical system being highly nonlinear and turbulent. Using conservation of

energy, the statistical energy, which bounds the mean and variance of the system,

exponentially decays to the equilibrium state of the system. [96]. Therefore, the

statistics are more controllable. Third, statistical control can naturally account for
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uncertainties and incorporate stochastic reduced-order models [103, 104, 124]. It

allows a large degree of freedom to design suitable strategies for efficient controls.

Statistical energy is a measure of the total statistical mean and variance of the

system state across all scales. It is a natural scalar quantity to consider in the context

of controlling turbulence [53, 96, 123]. Previous works [102, 105, 104] have demon-

strated that statistical responses in the key states can be successfully controlled

using the statistical energy by making use of an energy-conservation principle

that appears in numerous turbulent dynamical systems [96, 97, 63]. In particular,

exploiting symmetry in the total statistical energy dynamics avoids the inherent

nonlinear structure containing instability. Consequently, this approach eliminates

the need to track and control a large number of unstable modes. In its current

formulation, this statistical control strategy is run in an open-loop manner without

requiring online feedback from the system, allowing for the prescribed control

forcing to be determined offline for efficient computation. In addition, using the

scalar-valued total statistical energy as the control object circumvents the computa-

tional issues raised by high-dimensional systems. These factors point to promising

applications of statistical turbulent control considering different dynamical features

of the targeting turbulent systems.

The statistical control strategy aims to control the statistical energy from a

perturbed state back to the target equilibrium state by exerting an external control

forcing in the underlying turbulent system. From a high-level description, the

strategy consists of two consecutive steps: calculating the optimal energy control

and the inversion of a nonlocal control-forcing relation. In the first step, the explicit
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dynamics of statistical energy are derived using the aforementioned statistical

energy-conservation principle. The original control of the high-dimensional system

gets reduced to a linear control problem for the scalar energy, which can then be

solved using the Hamilton-Jacobi-Bellman (HJB) equations directly [5, 14]. In the

second step, a nonlocal inversion problem is solved to find the deterministic external

control forcing in the underlying system, which yields the optimal control of the

original turbulent system. This nonlocal inversion problem uses the coupling of the

optimal energy control found in the first step with both the deterministic external

forcing and the response of the statistical mean of the system to the external forcing.

Direct simulation of the response of the mean would be prohibitively expensive,

so a crude first-order linear response approximation was employed in previous

works instead [102, 104, 95, 100]. Notably, the second-order feedback term in

the full control-forcing relation was truncated. This simplifies the analysis and

remains consistent with the first-order approximation valid for small amplitude

perturbations within the linear regime. This approach effectively controlled the

statistical energy to the target equilibrium state from small initial perturbations.

This paper aims to develop new statistical control strategies for scenarios with

more significant initial perturbations and stronger nonlinear responses, allowing

the statistical control framework to be applied to a much wider range of problems.

Note that the second-order term in the control-forcing relation, consisting of the

product of the external forcing perturbation and the mean response to the forcing,

is significant for large initial perturbations from the equilibrium state and thus

cannot be neglected. While this term can be truncated for small perturbations, it
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must be included to guarantee proper performance under most large perturbations.

In scenarios where the initial mean perturbation is the dominant component of

the initial energy perturbation, the inclusion of the second-order term is reflected

by the initial external forcing perturbation prescribed by the strategy. Even when

the initial mean perturbation is small, the required strong external forcing coupled

with dominant nonlinear terms to efficiently control the system usually has a corre-

spondingly strong mean response. In such a case, the external forcing perturbation

is strongly influenced by the second-order term in the control-forcing relation.

Two new statistical control methods are developed in this paper to address these

difficulties. First, the higher-order methods, incorporating the second-order term,

is developed to fully resolve the control-forcing relation given the mean response

so that the higher-order responses are considered explicitly. The corresponding

changes to recovering the forcing perturbation effectively improve the performance

of the statistical control strategy in most test cases. Second, the accuracy of the mean

response used in the existing statistical control methods to the external forcing

also dramatically impacts the performance of the statistical control strategy. With

large perturbations, although linear response theory can provide reasonable results

in some special cases [64, 100, 108], the assumptions justifying the use of linear

response theory breaks down and the existing methods often lead to significant

errors. In particular, the mean linear response is inadequate when the system is

perturbed into a different dynamical regime than the equilibrium state. Due to these

limitations, a mean closure model for the mean response as an alternative to the mean

linear response is developed in this work. The mean closure model is based on the
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explicit mean dynamics given by the underlying turbulent dynamical system. The

dependence of the mean dynamics on higher-order moments is closed using linear

response theory but for the response of the second-order moments to the forcing

perturbation rather than the mean response directly. Despite still incorporating

linear response theory, the introduction of explicit dynamical information from the

underlying model allows the mean closure model to better reflect the properties of

the perturbed regime compared to the mean linear response, which only contains

information from the equilibrium statistics.

The rest of the paper is organized as follows. Section 2.2 reviews the general

strategies of energy-conserving turbulent dynamical systems, including the relevant

assumptions and properties needed for the statistical control strategy. The statisti-

cal energy control problem is formulated in Section 2.3 along with the strategies

for recovering the optimal forcing perturbation from the optimal energy control,

namely combining the low-order or high-order methods with either the mean lin-

ear response or the mean closure model. In Section 2.4, the control strategies are

evaluated in detail based on two prototype models. The first model is a prototypical

test model that can exhibit various behaviors and dynamical regimes. The second

model is the Lorenz ’96 model, which is high-dimensional and exhibits multiple

dynamical regimes based on the magnitude of the external forcing. Section 2.5

discusses the results and provides guidance and suggestions for when the various

strategies should be applied. Lastly, Section 2.6 concludes the paper and offers

potential future research directions.
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2.2 Background on Statistical Modeling

Statistical formulation of the turbulent systems

Turbulent dynamical systems with quadratic energy-conserving nonlinearity can

be represented in the following general canonical form [97, 103, 99] on the state

variable u ∈ RN satisfying the dynamics

du
dt

= (L+D)u + B(u, u) + F(t) + σ(t)Ẇ(t). (2.1)

Above, the linear component of the operator is decomposed into two matrices: a

skew-symmetric matrix representing linear dispersion effects, L, and a negative

definite matrix representing dissipation effects, D. The quadratic nonlinearity is

given by a bilinear operator,B(·, ·), which satisfies the following energy conservation

law,

u · B(u, u) = 0. (2.2)

Here “·” denotes the Euclidean inner product. The last two terms of equation (2.1)

represent the external forcing of the system, which is composed of the deterministic

component of the forcing, F(t), and the random component, σ(t)Ẇ(t), where

Ẇ is Gaussian noise. The family of turbulent dynamical systems which can be

represented by the general abstract equation (2.1) is large and diverse, including

many important examples from geophysics, neural science, material science, plasma

physics, and engineering [94, 139, 97, 112, 28, 130, 146, 126, 60, 32]. The statistical

control strategies proposed in this paper can be applied to these practical problems,
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for example, the design of effective strategies for the control of climate change

systems back to its previous unperturbed equilibrium; and the control of anomalous

statistics in the radial transport of plasma flows in tokmak devices that enable fusion.

It is useful to decompose the state u into a deterministic mean state, ū(t) = ⟨u(t)⟩,

and the stochastic fluctuations about each mode

u = ū +

N∑
k=1

Zk(t)ek, (2.3)

where ⟨·⟩ denotes statistical expectation, and ek is the predetermined orthonor-

mal basis. The covariance matrix of u is defined as R(t) = ⟨ZZ∗⟩ where Z =

(Z1, . . . ,ZN)T and ·∗ denotes the conjugate transpose. Using the above mean-

fluctuation decomposition of u and equation (2.1) the dynamics of the mean of u

can be explicitly written as

dū
dt

= (L+D)ū + B(ū, ū) +
N∑
i,j=1

RijB(ei, ej) + F, (2.4)

The operator Lu incorporates the energy transfers between modes from the linear

dispersion and dissipation effects

{Lu}ij = [(L+D)ej + B(ū, ej) + B(ej, ū)] · ei. (2.5)

Importantly, note that the mean dynamics given in equation (2.4) are not closed

due to the dependence on the covariance through the interactions with the non-

linearity. Further, even by including the next-order covariance dynamics from the
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equation. The covariance equation for R can be derived as

dR

dt
=Lu(ū)R+ RL∗u(ū) +QF +Qσ, (2.6)

{QF}ij =

N∑
m,n=1

⟨ZmZnZj⟩B(em, en) · ei + ⟨ZmZnZi⟩B(em, en) · ej. (2.7)

QF is the energy flux that accounts for the energy transfer from higher-order non-

Gaussian statistics, and Qσ =
∑
k(ei · σk) (σk · ej) is positive definite and gives

the energy transfer from the stochastic component of the external forcing. The

system with (2.6) is still not closed due to the third-order moments that appear in

the energy flux term QF. This means that the statistical mean response to external

forcing cannot be fully resolved in this hierarchical approach, so in practice, various

approximations and closures are needed [103].

Statistical Energy and Response to External Forcing

One quantity of primary interest is the total statistical energy of the system, defined

as a combination of the energy in the mean and total covariance

E =
1
2 ū · ū +

1
2 tr(R). (2.8)

Here, ū is the mean vector of u, and tr(R) is the trace of the covariance matrix. The

total statistical energy incorporates both the energy contained in the mean flow of

the system as well the energy contained in the fluctuations caused by turbulence, so

that it encompasses the energy transfers between these features of the system [96].
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By controlling this scalar statistical energy containing statistical information from

all the scales, we are able to effectively control the potentially very high dimensional

system with very low computational cost.

In addition to the energy conservation principle given in equation (2.2), the

following assumptions, detailed in [96], are needed to precisely formulate the

dynamics of the statistical energy E, namely,

B(ei, ei) ≡ 0, 1 ⩽ i ⩽ N, (2.9)

and

ei · [B(ej, ei) + B(ei, ej)] = 0 for any i, j. (2.10)

The above identities characterize the general symmetry in the system that the self-

interactions and the closed interactions between pairs of modes vanish under the

quadratic nonlinearity. To simplify the notation used in this discussion, we also

assume uniform damping D = −dI with d > 0. Under these assumptions and

using equations (2.4) and (2.6), the total statistical energy satisfies

dE

dt
= −2dE+ ū · F +

1
2 tr(Qσ). (2.11)

Statistical energy generally decays to the equilibrium state exponentially. Notably,

the dynamics depends only directly on the external forcing and first-order mean

state, not the covariance or higher-order moments. This allows for controlling the

response to external forcing from determining the total statistical energy and solely
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considering the external forcing and the response of the mean to the forcing.

To determine the response of the statistical energy to perturbations of the deter-

ministic external forcing, denote the statistical energy of the system under the equi-

librium distribution as Eeq and denote the energy perturbation as E ′(t) = E(t)−Eeq.

The equilibrium energy satisfies dEeq/dt = 0, so, using equation (2.11), the equi-

librium energy can be explicitly computed using only first-order mean state by

Eeq =
1

2d ūeq · Feq +
1

4d tr(Qσ). (2.12)

Using the above equation and further denoting the deterministic forcing perturba-

tion as δF = F − Feq and the corresponding mean perturbation as δū = ū − ūeq, the

energy perturbation, E ′, satisfies

dE ′

dt
= −2dE ′ + (Feq · δū + ūeq · δF) + δū · δF. (2.13)

Again, for simplicity, assuming that the stochastic component of the external forcing

is not perturbed and does not contribute to the energy perturbation dynamics. It

is useful to further decompose the response of the energy perturbation for each

mode, i.e.

dE ′

dt
= −2dE ′ +

N∑
k=1

[
ūeq,k · κk(t) + Feq,k · δūk(t;κ) + κk(t) · δūk(t;κ)

]
, (2.14)

E ′(0) = E ′
0, (2.15)

where κk is the kth component of δF. Likewise, Feq,k, ūeq,k, and δūk are the kth
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components of Feq, ūeq, and δū respectively. To emphasize the central role of the

forcing perturbation in each component, the mean response, δūk, dependence on

the forcing perturbation, κ = (κ1, . . . , κn)T, is noted explicitly in the above equation.

2.3 Methods on Statistical Control

This section describes the control strategies for high-dimensional turbulent systems,

including large-amplitude perturbations. The method is generally split into two

consecutive steps: i) the calculation of the optimal energy control for the total

statistical energy, and ii) the attribution of the forcing contribution for each detailed

spectral mode. Especially, high-order accuracy is achieved by considering different

ways to approximate the mean responses and high-order feedback in the control.

We illustrate the general idea in the diagram in Figure 2.1.

Optimal Control of the Perturbed Energy

As the first step of the statistical control strategy, the objective is to drive the total

statistical energy from a perturbed state back to a target equilibrium state with a

minimized cost through prescribing the deterministic external forcing perturbation

in each mode, κk. The direct optimal control of the energy dynamics is achieved by

controlling the much simpler scalar equation independent of the full dimensionality

of the system. In the second step, the external forcing perturbation that yields this

optimal control will be recovered by attributing the contribution to the total energy

from each individual mode.
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In this and future sections, the energy perturbation will be denoted as E to

simplify the notation. Define the energy control problem as

dE

dt
= −2dE+

N∑
k=1

Ck (2.16)

where the objective is to control the energy perturbation, E, back to zero over the

time interval [0, T ] using the controls Ck, representing the total contribution to the

energy perturbation from each mode. The cost functional of this control problem is

proposed as

Fα[Ck(·)] ≡
∫T
t

[
E2(s) +

N∑
k=1

αkC
2
k(s)

]
ds+ kTE

2(T), (2.17)

where αk gives the relative weights between each control and the total energy

perturbation. kT is the cost coefficient for the final energy perturbation from the

equilibrium state at time T . From the above setups, the control of total energy be-

comes a standard linear control problem with a quadratic cost, and so the Hamilton-

Jacobi-Bellman (HJB) equation [5, 14] can be applied to find the optimal control C∗
k.

In addition, the total statistical energy is a scalar quantity, so the associated energy

control problem is tractable even when the underlying system is high-dimensional.

Solving the HJB equations [105] leads to the following Riccati equation

dK

dt
=

N∑
k=1

α−1
k K

2 + 4dK− 1, 0 ⩽ t < T (2.18)

K(T) =kT (2.19)
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which is solved backward in time. The quantity K is a factor of the value function

that appears in the HJB equations. The full details of this application of the HJB

equations can be found in [105]. Using the solution of K, the optimal response of

the energy perturbation, E∗, is given by the forward equation

dE∗

dt
=−

(
2d+

N∑
k=1

α−1
k K

)
E∗, 0 ⩽ t < T , (2.20)

E(0) =E0. (2.21)

Finally, the optimal control in each mode, C∗
k, can be calculated as

C∗
k(t) = − α−1

k K(t)E
∗(t). (2.22)

Inversion of the Control-Forcing Relation

The goal is to find the forcing perturbation in each mode κk that yields the optional

control discovered from the energy perturbation. For simplicity in notation, the

optimal control of each mode found in the previous section will be denoted by Ck,

where the superscript “∗” is dropped. Using equation (2.14) yields the following

relation between the energy control and the forcing perturbation in each mode:

Ck(t) = ūeq,k · κk(t) + Feq,k · δūk(t;κ) + κk(t) · δūk(t;κ). (2.23)

The mean perturbation response, δūk, depends on the forcing perturbation κ.

Inverting this relation for κk involves solving an ODE system which couples the
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Step 1: Calculation of Optimal Energy Control

HJB/Riccati Equation Legend
K HJB value function
E Optimal energy response
C Optimal control
κ Forcing perturbation
ū Mean response

Energy Dynamics

Optimal Control

K

K,E

Step 2: Inversion of Control-Forcing Relation

Forcing

Forcing (Low-Order)

OR

Forcing (High-Order)

Mean Response

Mean Linear Response

OR

Mean Equation Closure

κ

ū

C

Figure 2.1: Schematic diagram of the statistical control strategy. Step 1 is the
calculation the optimal control, Ck, for each mode. First, a Riccati equation, equa-
tion (2.18), is solved. This is used to calculate the optimal energy response using
equation (2.20). The optimal control is then calculated using equation (2.22). Step
2 consists of finding the forcing perturbation, κk, which yields the optimal control
in each mode. Inverting the control-forcing relation involves solving coupled equa-
tions for the forcing and the mean response to that forcing. There are two choices
for the forcing equations: the low order equations, equation (2.24), and the high
order equations, equation (2.27). For the mean response there are two strategies:
a linear response for the mean, equation (2.34), and the mean dynamics with a
closure for the higher-order moments, equation (2.39). Choosing one strategy from
each category yields four strategies total.
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optimal control, Ck, the forcing perturbation, κk, and the mean response, δūk.

The Low-Order Method

In previous works [102, 105], small forcing perturbation and mean state response

are always assumed, and thus the second-order term, κk ·δūk, is omitted in equation

(2.23). In this way the relation only accounts for the dominant leading-order

response of the energy to the forcing perturbation. This assumption is justified

by using leading order approximations for the mean response for small initial

perturbations, which introduce O(δ2) errors in the same order as the second-order

perturbation term. In doing so, the inversion relation is linearized, leading to

simplified analytical solutions. The ODE resulting from this linearized relation,

referred to in this paper as the “low-order method”, is given by

dκk

dt
=

1
ūeq,k

(
dCk

dt
− Feq,k ·

dūk

dt

)
(2.24)

κk(0) =
1

ūeq,k

(
Ck(0) − Feq,k · δūk(0)

)
. (2.25)

Here dCk/dt can be explicitly calculated using equations (2.18), (2.20), and (2.22)

dCk

dt
= −α−1

k E
∗(t)(2dK(t) − 1). (2.26)

The term δūk(0) denotes the mean perturbation in the initial perturbed state. Solv-

ing this ODE system involves approximating the response of the mean, dūk/dt, to

the forcing perturbation. Strategies for computing the mean responses are detailed

in sections 2.3.
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The High-Order Method

The second-order term in the control forcing relation was truncated in the low-order

method. However, large errors might be introduced due to this omission when

the perturbation amplitude grows large. Still, the same analysis can be done by

including this additional term. The ODE resulting from inverting equation (2.23),

including all contributing terms, is given by

dκk

dt
=

1
ūeq,k + δūk(t)

(
dCk

dt
−
(
Feq,k + κk(t)

)
· dūk
dt

)
(2.27)

κk(0) =
1

ūeq,k + δūk(0)
(
Ck(0) − Feq,k · δūk(0)

)
, (2.28)

wheredCk/dt is given by equation (2.26) and δūk(0) is the initial mean perturbation

in the perturbed state. Compared to equation (2.24), equation (2.27) contains one

more perturbation term that accounts for the higher-order contributions to the

energy response. For large perturbations from the target equilibrium state, the

high-order feedback term becomes necessary to accurately recover the true forcing

forms. The inversion of the full control-forcing relation will be referred to in this

paper as the “high-order method” in which the response of the energy to the forcing

and mean perturbations is fully resolved. On the other hand, the extra terms in the

denominator may lead to additional numerical complications, but the improved

performance is generally worth the additional sophistication. We will discuss the

performance in the detailed numerical tests in Section 2.4.
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Different Strategies to Recover Mean Responses

The inversion of the control-forcing relation given by equations (2.24) and (2.27)

requires the response of the mean to the forcing perturbation. Unfortunately, a direct

simulation for the mean responses would be prohibitively expensive considering

the extremely high dimensional problem, so approximations for the mean response

are developed instead. In this subsection, we develop two approaches to efficiently

estimate the mean responses without directly solving the full equations. The first

strategy uses linear response theory as a convenient way to recover the leading-

order mean response based on the Fluctuation-Dissipation Theorem (FDT) [93, 83].

The second approximation provides a more accurate high-order approximation

based on solving the explicit mean dynamical equation with a high-order closure.

Mean Linear Response to Forcing

Linear response theory based on the Fluctuation-Dissipation Theorem (FDT) is

commonly used in statistical physics and climate science to predict the leading

order statistical responses of a system to forcing perturbations without having to

expensively solve the Fokker-Plank equation [93, 104, 83, 108]. Below we review

the general idea and key formulae for the linear responses used in this paper with

more details summarized in Appendix B.1.

According to the FDT the statistical expectation of a functional A(u) in a per-

turbed state can be written as

⟨A(u)⟩(t) = ⟨A(u)⟩eq + δ⟨A(u)⟩(t) +O(δ2) (2.29)
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where ⟨·⟩(t) denotes statistical expectation under the probability density of the

perturbed state p(u, t), and ⟨·⟩eq denotes statistical expectation under the time-

invariant equilibrium probability density peq(u). The quantity δ⟨A(u)⟩(t) is the

leading-order response to the perturbation and is given by

δ⟨A⟩(t) =
∫
A(u)δp ′(u, t)du (2.30)

where δp ′(u, t) = p(u, t) − peq(u) is the perturbation of the probability density.

Under the assumption that the perturbed state is as a result of the external forcing

perturbation δF(t) = wδf(s), linear response theory states that this leading order

response can be calculated as the convolution

δ⟨A⟩(t) = RA ∗ δf =
∫ t
−∞RA(t− s)δf(s)ds (2.31)

where RA is

RA(t) = ⟨A[u(t)]G[u(0)]⟩eq (2.32)

and G is given by

G(u) = −p−1
eq divu(wpeq). (2.33)

Using equation (2.31) with the functional A(u) = uk − ueq,k, the linear mean

response of the kth mode to each mode of the forcing perturbation κℓ = eℓ · κ is

computed by

δūk =

N∑
ℓ=1

[∫ t
0
Rū,kℓ(t− s)κℓ(s)ds+

∫ 0

−∞Rū,kℓ(t− s)δFp,ℓ ds

]
+O(δ2), (2.34)
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where

Rū,kℓ(t) = ⟨(uk(t) − ūeq,k)Gℓ[u(0)]⟩eq, (2.35)

and

Gℓ(u) = −
divu(eℓ · peq(u))

peq(u)
. (2.36)

Here peq(u) is the equilibrium probability density of u and ⟨·⟩eq denotes statistical ex-

pectation with respect to peq. The basis vector eℓ corresponds with the contribution

to the response from the ℓth mode. While equation (2.34) sums the contributions

from each of the Nmodes to the mean response of the kth mode, in practice only

the contributions from a few modes are needed. The forcing perturbation δFp,ℓ is

the constant external forcing perturbation corresponding to the initial perturbed

state. This is contrasted with κ, which is the time-dependent forcing perturbation

based on the control that takes over at time t = 0, which is why the integral in

(2.34) is split into two intervals. Notably, the linear response operator Rū,kℓ only

depends on the PDF of the target equilibrium state and does not depend on the

perturbed state. This explicit formula provides a great computation reduction for

convenient calculation of the mean responses but only in the leading order.

Then, the linear response approximation is incorporated into the low-order

and high-order methods given in equations (2.24) and (2.27), which utilize the

derivative of the mean response. By truncating the O(δ2) terms and taking the

derivative of equation (2.34) with respect to time, the equations of the mean linear
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response approximation are given by

dūk

dt
=
d(δūk)

dt
=

N∑
ℓ=1

[
Rū,kℓ(0)κℓ(t) +

∫ t
0
R ′
ū,kℓ(t− s)κℓ(s)ds− Rū,kℓ(t)δFp,ℓ

]
(2.37)

with initial condition

δūk(0) =
N∑
ℓ=1

[∫ 0

−∞ Rū,kℓ(t− s)δFp,ℓ ds

]
. (2.38)

While the linear response includes contributions from all modes, typically, only

the contribution from a few modes is relevant, allowing the rest to be truncated to

further save the computation cost.

Mean Dynamical Equation Closure for Response to Forcing

While directly using linear response theory for the mean response provides a useful

approximation, as in section 2.3, the linear response is proved inadequate in many

cases with large perturbations. This paper develops another strategy to incorpo-

rate the mean response based directly on the mean dynamical equation explicitly

given in equation (2.4) subject to the forcing perturbation κ. For this method, the

dependence of the mean dynamics on the second-order moments through the

nonlinearity is closed using a linear response for the covariance. Compared to

the linear response of the mean, which only incorporates statistical information

from the target equilibrium distribution, the use of the mean dynamical equation

incorporates crucial additional dynamical information. This can be particularly

useful when the system is perturbed into a different dynamical regime.
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The mean dynamical equation in the mean closure method is given by (2.4)

dū
dt

=(L+D)ū + B(ū, ū) +
N∑
i,j=1

Rij(κ)B(ei, ej) + Feq + κ. (2.39)

This equation still requires the solution of the second-order covariances R inversely

dependent on the form of the forcing perturbation κ. A closure model is constructed

using linear response theory for the response of the covariance, Rij, to the external

forcing

Rij(t;κ) = Req,ij +

N∑
ℓ=1

[ ∫ t
0
RR,ijℓ(t− s)κℓ(s)ds

+

∫ 0

−∞ RR,ijℓ(t− s)δFp,ℓ ds

]
+O(δ2), (2.40)

where the linear response operator for the covariance is given by

RR,ijℓ(t) = ⟨(ui(t) − ūeq,i)(uj(t) − ūeq,j)Gℓ[u(0)]⟩eq, (2.41)

and

Gℓ(u) = −
divu(eℓ · peq(u))

peq(u)
. (2.42)

The higher-order closure of the mean equation enables a better characterization

of the mean responses respecting its explicit nonlinear dynamics. The errors from

the linear response approximation then appear in the second-order covariances

rather than the first-order mean. The linear response in (2.41) will require the

computation of lagged third moments, adding more non-Gaussian information



55

into the approximation. As in Section 2.3, a quasi-Gaussian approximation is used

for the linear response operator to efficiently compute the response operators.

Strategies for Calculating the Linear Response Operators

The linear response operators given in equations (2.32), (2.34), and (2.40) be com-

putationally expensive to calculate in practice due to non-Gaussian features and

high-dimensionality of the equilibrium probability distribution. In this paper,

we adopt the quasi-Gaussian approximation [83, 98, 59] where the equilibrium

probability density, peq(u), is approximated by a Gaussian distribution to directly

calculate Gℓ(u), in which case the equilibrium probability density is given by

peq(u) = (2π)N/2 det(R)1/2 exp
(
−(u − ūeq)

TR−1
eq (u − ūeq)

)
. (2.43)

Then equations (2.36) and (2.42) can be calculated explicitly using this approxima-

tion as

Gℓ(u) = eℓ · R−1
eq (u − ūeq). (2.44)

This is then utilized in equation (2.32), giving

RA(t) = ⟨A[u(t)](eℓ · R−1
eq (u(0) − ūeq))⟩eq (2.45)

where A[u] is the appropriate functional. For equation (2.34) the functional is

A[u] = uk − ueq,k and for (2.40) it is given by A[u] = (ui − ueq,i)(uj − ueq,j).

Equation 2.45 can then be calculated numerically from a model trajectory. Notice
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this approximation is quasi-Gaussian since the higher-order moments could still

be involved due to the probability expectation in (2.35) based on the true solution

rather than only the Gaussian closure.

There are many other strategies for approximating the linear response operator

[104]. While the quasi-Gaussian approximation is sufficient for the purposes of

this paper, other strategies can be considered for calculating the linear response

operator. The previous works on the statistical control strategy [102, 105] have

considered an exponential fit to approximate the linear response operator

RA(t) ≈ exp(−γkt) (2.46)

where the complex parameter γk can be systematically chosen based on an infor-

mation theory criterion. This use of an exponential fit is justified from the case with

a quasi-Gaussian approximation and a diagonal covariance matrix where the linear

response operator reduces to an autocorrelation function of u, which frequently

have exponential and oscillatory structures. While this exponential fit is not utilized

in this paper, it is noted for its potential application as a useful approximation in

practical settings and for the theoretical convenience of having an explicit form of

the linear response operator.

2.4 Numerical Results

We examine the performance of the methods developed in Section 2.3 using de-

tailed numerical tests. Combining the high-order or low-order methods with the
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mean equation closure or mean linear response gives a total of four approaches

for inverting the control-forcing relation to compare. These methods concern dif-

ferent aspects of component approximations of the statistical control strategy, and

the choice to implement each one can be made accordingly based on the specific

problem. It is important to note that while the energy response to a theoretically

optimal forcing perturbation is known, inverting the control-forcing relation in

equation (2.23) necessarily utilizes approximations, and so the actual energy re-

sponses produced by the forcing perturbations calculated by each strategy need to

be compared to the optimal energy response.

These four strategies are evaluated on two complex nonlinear models exhibiting

various dynamical and statistical behaviors. The first test model is a prototypical

triad nonlinear model [103] focusing on a generic coupling between three modes

of a turbulent system. It can exhibit a wide variety of nonlinear and non-Gaussian

behaviors. Two regimes of this model are considered, including a nearly Gaus-

sian regime with nonlinear energy transfers between modes and a non-Gaussian

regime exhibiting an energy cascade representing the transition to turbulence. The

second test model is the classic Lorenz ’96 model [89] with 40 dimensions which

shows multiple dynamical regimes depending on the magnitude of the external

forcing. Large perturbations inducing regime switching will be the primary con-

sideration. These test models will illustrate the differences between the statistical

control strategies.

The experimental setup is as follows. First, the external forcing perturbation is

calculated offline using different statistical control strategies. The optimal energy
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control is calculated using equations (2.18), (2.20), and (2.22). The forcing pertur-

bation which yields this control is found using either the high-order method given

in equation (2.27) or the low-order method given in equation (2.24). The mean

response to the forcing perturbation is approximated by the mean equation closure

model described in equations (2.39) and (2.40) or by the mean linear response in

equations (2.34) and (2.37). Second, the external forcing perturbation is applied to

a Monte Carlo simulation of the underlying dynamical system. An initial ensemble

of model trajectories of size M = 1 × 104 is drawn from the initial distribution.

The perturbed initial state is created by a deterministic forcing perturbation. The

deterministic component of the external forcing Feq is perturbed by a constant

forcing amplitude δFp to drive the statistics of the ensemble into a perturbed state

away from the original statistical equilibrium.

At the time t = 0, the control strategy takes over. Thus, the previous forcing

perturbation is replaced by the statistical control forcing, κ. The response of the

statistical energy to the forcing is calculated from the ensemble and is tracked as

the system is controlled back to the equilibrium state. These energy responses

from each strategy are compared to the theoretically optimal energy response in

equation (2.20). The uncontrolled case where no control forcing perturbation is

applied, in which the energy naturally decays back to the original equilibrium

state, is also used as a point of comparison. Other quantities, such as the mean

response, variance response, and empirical control, are also compared for tracking

the performance.
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Regime I: Near-Gaussian Regime

(a) Sample Trajectories
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Regime II: Highly Non-Gaussian Regime

(c) Sample Trajectories
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Figure 2.2: The dynamics and equilibrium distributions of the prototype triad
model under two different regimes. Panels (a) and (c) show sample trajectories
of each regime of the model. Panels (b) and (d) show the equilibrium marginal
distributions of the state variables as well as their pairwise joint distributions in each
regime. The nonlinearity in the model produces non-Gaussian distributions in each
regime. In particular Regime II exhibits intermittency and highly non-Gaussian
statistics.

A Prototype Nonlinear Triad Model

The first test model is a prototypical 3-dimensional model equipped with a quadratic

energy-conserving nonlinearity, which is referred to in this paper as the triad model.
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The triad model represents a generic nonlinear coupling between three variables

universal in turbulent flows [103, 101, 35]. Such a triad interacting structure would

emerge as the bare truncation of three identified modes from a high-dimensional

turbulent model. The triad model can also generate a wide variety of nonlinear and

non-Gaussian behaviors due to the dominant role of the nonlinear coupling term.

This sets a desirable first test model to evaluate the skills of the different proposed

approaches considering the high-order contributions in the mean state and the

energy equation. Despite the nonlinearity, the triad model is analytically tractable

in terms of the equilibrium statistics when the linear parts have certain special

structures [101], making it an appropriate test model used to have an in-depth

study of the different features of the four proposed strategies.

The state variables of the triad model are represented by u = (u1,u2,u3)
T with

governing differential equations:

du1

dt
=L2u3 − L3u2 − d1u1 + B1u2u3 + F1 + σ1Ẇ1, (2.47)

du2

dt
=L3u1 − L1u3 − d2u2 + B2u3u1 + F2 + σ2Ẇ2, (2.48)

du3

dt
=L1u2 − L2u1 − d3u3 + B3u1u2 + F3 + σ3Ẇ3. (2.49)

In addition, the quadratic coupling coefficients satisfy

B1 + B2 + B3 = 0, (2.50)

which ensures the general energy-conserving property (2.2) of the turbulent dy-
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namical system framework. Figure 2.2 shows two typical regimes of the triad model

used to evaluate the strategies: one has near-Gaussian statistics, while the other is

highly non-Gaussian.

Control on a Near-Gaussian Regime

The first test regime for the triad model is a near-Gaussian regime which nonetheless

contains strong nonlinear energy transfers between modes to reach the equipartition

of energy. Sample trajectories and equilibrium distributions for this regime are

pictured in Regime I in Figure 2.2. Nearly Gaussian and weakly non-Gaussian

features are common in practice, such as in fully turbulent flow with strong mixing.

The damping coefficients for this regime are d1 = d2 = d3 = 1. The linear dispersion

coefficients are L1 = 3, L2 = 2, and L3 = −1. The nonlinear quadratic coupling

coefficients areB1 = 1, B2 = −0.6, andB3 = −0.4. The deterministic external forcing

for the equilibrium state is given by F1 = F2 = 1 and F3 = −1 while the stochastic

external forcing coefficients are given by σ1 = σ2 = σ3 = 0.5. To perturb the model

state, F3 is perturbed by δFp,3 = −4 until time t = 0. While only F3 is perturbed

initially, all modes are used to control the system back to the equilibrium state.

The control of the system from the perturbed state back to the equilibrium

state under different strategies is shown in Figure 2.3. All the methods show faster

convergence than the no-control scenario to efficiently return the unperturbed

equilibrium state. Notably, the high-order method achieves the most accurate near-

optimal performance, particularly the high-order method with a mean equation

closure. In contrast, the low-order methods overshoot the response incurring
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(e) Mean Response to Low-Order and High-Order Forcing
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Figure 2.3: The control of the prototype triad model from the perturbed state
back to the equilibrium state in the near-Gaussian regime. Panels (a) and (b)
show the energy response to the forcing, including the response from no control,
the linear response and equation closure strategies, as well as the theoretically
optimal response. Panel (a) shows the energy response for the low-order strategies:
using a mean linear response and using a mean equation closure model. Panel (b)
shows the same with the high-order strategies. Panel (c) compares the controls
realized by the various strategies to the optimal control. Panel (d) shows the forcing
perturbations prescribed by each strategy. Note that the control-forcing relation
cannot be inverted exactly, so there is not forcing perturbation that corresponds to
the theoretically optimal energy response. Panel (e) shows the responses of the
mean under each strategy.
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relatively higher costs. This is the first confirmation of the crucial role of the

higher-order correction in the energy equation when nonlinearity is dominant, as

in the triad system. There is a stark difference in the control forcing perturbations

between the high-order and low-order methods which can be seen by κ2 and κ3

in panel (d) of Figure 2.3. The initial forcing perturbation for κ2 differs entirely

from the low-order and high-order methods. This is because the corresponding

initial mean perturbation, δū2, pictured in panel (e), is relatively large; thus, the

initial contribution of the second-order κ2 · δū2 term to the control-forcing relation

is quite significant. Indeed, the low-order method overcompensates for lacking

this high-order term with a large initial forcing perturbation. In contrast, the initial

forcing perturbation for the high-order method is significantly smaller. For the third

mode, κ3, the initial forcing perturbation is comparable between the high-order

and low-order methods due to the initial mean perturbation δū3(0) being relatively

small. However, the high-order method produces a stronger forcing perturbation

in κ3 shortly after the initial time. This is explained by the observation that in

all methods, the mean perturbation response, δū3, quickly takes on a large value.

So the second-order κ3 · δū3 term in the control-forcing relation is non-negligible.

Because of this, only the high-order method can account for the contribution of the

second-order term to the energy response. One can also see a difference between

the initial forcing perturbation for κ1 between the mean linear response and mean

equation closure methods. This is an example where the mean linear response

does not accurately produce the initial mean perturbation, while the mean closure

model directly incorporates the initial mean perturbation.
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Figure 2.4: Example of controlling a highly non-Gaussian regime in the prototypical
triad model. Panel (a) shows the response of the energy to the forcing perturbation
for all strategies. Panel (b) shows the control for each strategy for the u1 mode.
Panel (c) shows the forcing perturbation in the u1 mode. Panel (d) shows the mean
response in the u1 mode.

Control on a highly non-Gaussian Regime

The second test regime, shown in Regime II of Figure 2.2, has highly non-Gaussian

statistics and intermittency. It features an energy cascade from u1 to u2 and u3

reminiscent of the transition to turbulence. The damping coefficients are d1 = d2 =

d3 = 1, the quadratic nonlinear coupling coefficient are B1 = 2 and B2 = B3 = −1,

and the linear dispersion coefficients are L1 = 0.03, L2 = 0.02, and L3 = −0.01.

The unperturbed deterministic external forcing is given by F1 = F2 = F3 = 2

and the stochastic external forcing coefficients are σ1 = 2 and σ2 = σ3 = 1. The

perturbed state is achieved through constant deterministic forcing perturbations

δFp,1 = δFp,2 = δFp,3 = 2 until time t = 0. Figure 2.4 shows the results of applying
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the control strategies to Regime II of the triad model. We focus on the performance

of the dominant mode u1. The other two modes u2u3 have qualitatively similar per-

formance and are omitted for a cleaner representation. Similar to the near-Gaussian

regime, there is a strong forcing perturbation in κ1 for the high-order method after

the initial time. The initial forcing using different methods is comparable due to

the relatively small initial mean perturbation δū1(0) but the mean response shortly

after the initial time requires the high-order method to capture the subsequent

response by the energy. In addition, this example illustrates how the mean equation

closure model can produce more accurate forcing perturbations under a strongly

nonlinear non-Gaussian regime even when the initial perturbation is similar. As ex-

pected, stronger non-Gaussianity requires a more accurate calibration of the mean

responses taking into account the higher-order statistics. The high-order equation

closure gains a more accurate estimation of the mean state, thus leading to the most

accurate result. For low-order methods, lacking the higher-order correction term

often leads to larger errors. We suspect that the agreement in the low-order linear

response approach comes as an accidental cancellation of errors.

A High-Dimensional Model with Multiple Regimes

The Lorenz ’96 model is a standard test model which mimics geophysical waves

and exhibits phenomena such as mid-latitude baroclinic instability [89]. The model

is defined in a 40-dimension vector state by

duj

dt
= (uj+1 − uj−2)uj−1 − uj + F, j = 1, . . . , 40 (2.51)
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Figure 2.5: Sample trajectories and distributions of the 40-dimensional Lorenz
96 model for both the F = 5 (weakly chaotic; highly non-Gaussian) and F = 8
(strongly chaotic; nearly Gaussian) regimes. Panel (a) shows sample trajectories
for one sample of each regime in the form of the Hovmoller diagram. Panel (b)
shows the autocorrelation functions (ACFs) for each regime. Note that the ACF
for the F = 5 regime exhibits long-term oscillatory behavior while the ACF of the
F = 8 regime decays very fast. Panel (c) shows the equilibrium distribution for
each regime. The F = 5 regime is highly non-Gaussian while the F = 8 regime is
nearly Gaussian.

Here, the variables are indexed periodically, e.g., u41 = u1. The external forcing F is

the same for each mode, and so the equilibrium statistics of the system are spatially

invariant. Note that quadratic nonlinearity satisfies the energy conservation law

given in equation (2.2), which can be shown by the symmetry of the nonlinearity

in equation (2.51).

A key property of the Lorenz ’96 model is that it exhibits a variety of dynamical

and statistical regimes by altering the value of F. Multiple dynamical regimes are

typical of complex turbulent systems and represent a classic obstacle to effective
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control. Figure 2.5 exhibits two dynamical regimes corresponding to F = 5 and

F = 8. The F = 5 regime is weakly chaotic. It has highly non-Gaussian statistics and

a long decorrelation time. Meanwhile, the regime corresponding to F = 8 features

near-Gaussian statistics and strongly chaotic dynamics with a correspondingly

short decorrelation time. Previous results [102, 105] have shown the statistical

control strategy to be effective at controlling small perturbations in the Lorenz ’96

model back to the equilibrium state.

In the current experiment, we show the efficacy of the strategies on a large

perturbation which drive the system into a different dynamical regime. This leads

to a much more challenging problem since the model state goes through a statistical

transition between two distinctive regimes. The linear response estimation is no

longer valid since the model moves far beyond the linear and near-Gaussian regime.

The higher-order corrections become necessary to guarantee effective control per-

formance. In this case, the Feq = F = 5 regime is taken as the equilibrium state and

δFp = 3 so that the perturbed state is in the F = 8 regime. Figure 2.6 shows the

control strategies for this large perturbation. In this case, the high-order method

with the mean dynamical equation closure shows the most effective strategy. In

fact, it shows that combining both the high-order and the mean closure methods

is essential to achieve good performance. This is a typical example to confirm the

necessity of including high-order corrections when nonlinear and non-Gaussian

features become dominant.
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Figure 2.6: The control of the Lorenz 96 model from the perturbed state of F = 8
back to the equilibrium state of F = 5. Note this is a large perturbation into a regime
with very different dynamics and statistics from the equilibrium. Panels (a) and
(b) show the response of the energy perturbation to the control forcing for the
low-order strategies and high-order strategies respectively. The energy perturbation
is normalized by the dimension of the system. Panels (c)-(f) show the controls,
forcing, mean response, and variance response for each mode. Note the system is
translationally invariant, so the corresponding values for each mode are the same.
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2.5 Further Discussions

The statistical control strategies extend the effective control methods beyond the

small perturbation scenario and demonstrate promise for applications to a broader

range of turbulent situations. To summarize, they enjoy several attractive features.

Using the total energy as the object of control, there is no need to track and control a

large dimension of instabilities due to the energy-conservation principle. Thus, the

computational cost is significantly reduced and independent of the dimensionality

of the system. Further, the control can be determined entirely offline and only

requires statistical information about the target equilibrium state, which is usually

available from history observation data in many realistic applications.

Here, we discuss several key features in the new high-order control strategies

based on the observations from the numerical experiments.

The High-Order Correction

The control-forcing relation, which encodes the energy response to the external

deterministic forcing perturbation, has a second-order perturbation term, δF · δū,

which accounts for the higher-order contributions of the deterministic forcing per-

turbation to the energy response. This term consists of the product of the forcing

perturbation and the mean perturbation in response to the forcing. Under the

circumstances with small perturbations from the equilibrium state, both the mean

perturbation and the forcing perturbation are small, so this term can be truncated

without compromising the accuracy of the energy response. This method, where
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only the leading-order contributions to the energy response are considered, is the

low-order method. However, for most large perturbations, the second-order term

becomes large and significantly affects the energy response. The high-order ap-

proach incorporates this second-order term in the inversion of the control-forcing

relation, fully resolving the energy response given the forcing perturbation and

mean response. We explore several circumstances where the second-order pertur-

bation term significantly impacts the energy response; thus, adding the high-order

method can yield significant improvements over the low-order method.

When the initial mean perturbation is large, the initial value of the external

forcing perturbation is greatly affected by the presence of the second-order term.

This can be seen in equations (2.24) and (2.27) where the initial condition for the

high-order method includes an extra term for the initial mean perturbation δū(0).

The effect of the initial mean perturbation on the resulting forcing perturbation can

also be seen in κ2 of Figure 2.3 in the control of Regime I in Section 2.4. However, a

large initial mean perturbation is unnecessary, and the second-order term can still

have a significant effect even when the initial mean perturbation is relatively small

if there is still a large initial energy perturbation due to the variance. Because the

initial energy perturbation is large, the relative balance of the mean and variance

in the total energy perturbation can shift over time, resulting in a potentially large

mean perturbation after the initial time. In this case, the second-order term signifi-

cantly impacts the evolution of the forcing perturbation even with the same initial

conditions. Several examples of this phenomenon can be seen in the numerical tests

in Sections 2.4 and 2.4, especially in Figure 2.6, where a drastic phase transition is



71

shown.

As a further comment, whether to use the low-order or high-order methods can

be made independently for each mode. For example, in a multiscale system, the

effect of the second-order term may be small relative to the total energy response for

small-scale modes and only be significant for larger-scale modes. In this case, the

high-order method could be applied to only a subset of large-scale modes, while the

low-order method is used for the rest, simplifying the dynamics in those small-scale

modes without compromising performance.

The Mean Closure Equation

The response of statistical energy to the external forcing depends directly on the

mean response to the forcing. It is indirectly linked to the higher-order moments

through the mean dynamical equation. This property is critical to formulating the

statistical control strategy, allowing for attributing an external forcing perturbation

to the optimal control by solving the control-forcing relation. Therefore, accurately

approximating the mean response to external forcing is vital to the success of the sta-

tistical control strategy. Linear response theory effectively approximates the mean

response for small perturbations, and it can perform well for larger perturbations

in some cases when non-Gaussian statistics is not so important. However, its skill

degenerates when the system is largely perturbed to a different dynamical regime

where the linear response operator, based solely on the unperturbed dynamics, can

provide very little information for the future perturbed state.

Using a mean closure equation for the mean response, which directly incorpo-
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rates dynamics from the model, is expected to show improved performance when

the initial perturbation spans multiple dynamical regimes. A mean dynamical

closure equation is based on the explicit mean dynamics given in equation (2.4),

in which the dependence on higher-order moments is closed using a suitable ap-

proximation. The closure considered in this paper utilizes a linear response for

the higher-order contribution of the covariance described in equations (2.39) and

(2.40). While this mean closure equation still relies on the linear response for the

covariance, the mean dynamics still provide more information about the perturbed

regime than the mean linear response.

The initial forcing perturbation is affected by the choice of mean response. The

mean linear response cannot directly use the initial mean perturbation and instead

must use the initial mean perturbation predicted by the linear response to a constant

forcing perturbation. This is necessary to guarantee the convergence of the forcing

perturbation to zero in the linear response case. The mean closure model, however,

can utilize the initial mean perturbation directly. This is illustrated by κ1 in Figure 2.3

in Regime I of Section 2.4 where the initial mean response differs between the linear

response and mean closure methods. In this case, the mean equation closure

achieves better performance. Even when the initial mean perturbation is similar to

the initial mean perturbation predicted by the linear response, the mean closure

model can provide more accurate dynamics in many cases. In Section 2.4, the mean

equation closure method performs better among all cases, especially in Regime II.

In Section 2.4, the Lorenz ’96 model is perturbed from a non-Gaussian regime to a

near-Gaussian turbulent regime. The mean equation closure again performs better
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than the linear response in this case with multiple dynamical regimes.

Convergence to the Equilibrium State

The total statistical energy bounds the total mean and variance. Ideally, one hopes

that the efficient control of the equilibrium energy will also achieve the efficient

control of the mean and variance back to the equilibrium state. While this appears

to be the case in most applications, this is not mathematically guaranteed by the

statistical control strategy. Figure 2.7 illustrates an example where the optimal

energy response is achieved through the high-order mean closure strategy, but the

external forcing perturbation converges to a constant non-zero state. Essentially

the system converges to a different equilibrium with a different constant external

forcing but the same equilibrium energy.

The cost functional given in equation (2.17) only penalizes the strength of the

direct energy control Ck rather than the external forcing perturbations κk that yield

that control. In addition, the control-forcing relation given in Equation (2.23) admits

multiple solutions in the limit in both the low-order and high-order formulations.

One natural fix for such an issue is incorporating additional terms into the cost

function, for example, explicitly excluding the mean state.

2.6 Conclusion

An efficient method of controlling the complex turbulent system with energy con-

serving nonlinearity is achieved through control of the total statistical energy from
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Figure 2.7: An example where the optimal energy response is achieved, but the
system is forced to a different equilibrium state. The triad model has parameters
d1 = d2 = d3 = 1, L1 = L2 = L3 = 0, B1 = 1, B2 = −0.6, B3 = −0.4, F1 = F2 = F3 =
0.5, and σ1 = σ2 = σ3 = 0.5. The perturbed state has F3 = −1. Panel (a) shows the
energy response to the low-order and high-order control strategies. Panel (b) shows
the forcing perturbations in each mode. Note that the forcing perturbation for the
high-order method does not converge to zero. Panel (c) shows the equilibrium
distribution, the perturbed distribution, and the alternative distribution achieved
by the high-order method that yields the same statistical energy.

a perturbed state back to equilibrium without controlling the large number of mul-

tiscale and potentially unstable modes. This paper proposed new statistical control

strategies overcoming the inherent limitations in previous works [102, 105], which

had been restricted to scenarios with small perturbations from the equilibrium

state. Incorporating the high-order term in the control-forcing relation accounts

for the second-order contribution of the perturbations to the statistical energy, al-

lowing the strategy to account for the response of the energy more accurately to

large amplitude external forcing perturbations. Additionally, introducing a mean
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dynamical closure model allows the statistical control strategy to better account for

large perturbations that drive the system into different dynamical regimes whose

dynamics cannot be adequately reflected directly by a mean linear response ap-

proximation. These strategies allow for the practical application of the statistical

control strategy to a wider variety of perturbations and regimes than previously

possible.

The field of statistical control theory remains relatively underexplored, provid-

ing many promising research directions. The results presented in this paper could

be further refined by developing more sophisticated methods for incorporating

the mean and covariance dynamics into the mean response. Besides, other designs

for mean closure models could be considered, several of which are described in

[103]. Reduced order stochastic models, such as those described in [124], could

also be used to design suitable mean response operators and closures. It may also

be possible to incorporate other more suitable statistical functionals into the con-

trol strategy in addition to the statistical energy. This would allow, for example,

the direct control of the statistical mean, giving finer control over the response of

the system. Lastly, while the current statistical control strategy is conducted in

an open-loop fashion, determining the control offline, a natural extension would

be incorporating feedback from the system into a closed-loop statistical control

strategy. This could be accomplished, for example, by combining estimates of the

actual mean response of the system obtained through data assimilation into the

inversion of the control-forcing relation. The mean response operator then can

be effectively estimated from the output of the data assimilation scheme based
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on the observation data, such as the ensemble Kalman filter. The computational

advantages of the statistical control strategy would be very advantageous in such

a closed-loop formulation, which requires real-time incorporation of the model

feedback.
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3 probabilistic eddy identification with uncertainty

quantification using ice floe trajectories

This chapter presents research conducted by Jeffrey Covington under the guidance

of Nan Chen, Steve Wiggins, and Evelyn Lunasin.

3.1 Introduction

Mesoscale eddies are a major component of the Earth’s ocean and climate systems.

For example, mesoscale eddies are important in momentum, heat, and mass transfer

in the ocean [26, 36]. Identification and tracking of ocean eddies is therefore a vital

component in the study of ocean dynamics and of the climate system as a whole. The

majority of eddy identification methods utilize high-resolution satellite altimetry

data which have provided global datasets of eddy tracks. However, in the arctic

regions, sea ice interferes with satellite altimetry. In addition, in-situ measurements

are sparse and expensive in the arctic. Because of this, eddy identification in the

arctic is generally restricted to ice-free regions and depends on the seasonality

of sea ice. In order to extend the capabilities of eddy identification methods in

the arctic, satellite observations of free floating sea ice floe trajectories can be used.

However, utilizing observations of ice floe trajectories is very different from utilizing

satellite altimetry data, most notably in accounting for the inherent uncertainty

from estimates made from sea ice data. The objective of the chapter is to build a

framework for utilizing ice floe trajectories for eddy identification and for applying
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eddy diagnostics under uncertainty in the ocean velocity field.

In order to perform eddy identification it is necessary to estimate the ocean

velocity field. Data assimilation is used to accomplish this from observations of ice

floe trajectories. Applying data assimilation combines the observed trajectories with

a coupled ice-ocean model to estimate the unobserved ocean state. This provides

not just a mean estimate of the ocean state, but also the associated uncertainty. Due

to the nature of ice floe observations, a certain level of uncertainty is always present.

Therefore, it is necessary to consider traditional eddy identification methods in the

context of this uncertainty.

Section 3.2 presents a coupled ice-ocean model that incorporates complex ice

floe dynamics including the highly nonlinear contact forces between floes. Section

3.4 presents a data assimilation framework that can utilize the observed floe trajec-

tories along with the highly nonlinear ice-ocean model to optimally estimate the

unobserved ocean state in a computationally efficient way. Section 3.5 discusses

eddy identification and considers two eddy diagnostic tools. The identification of

eddies under uncertainty from the data assimilation is explored.

3.2 Sea ice model

Ice floes are formed when ice sheets break up. Especially during the summer, ice

floes can be free floating, driven by the local characteristics of the ocean. In order to

utilize satellite observations of ice floe trajectories for data assimilation it is necessary

to incorporate a model which can account for intricate ice floe dynamics. In this
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section we present a model of ice floe dynamics which captures complex sea ice

and ice-ocean interactions which, despite its high-dimensionality and nonlinearity,

can be used in data assimilation applications.

For this ice floe model [42, 29] the ice floes are assumed to have cylindrical

shape with uniform thickness. The ice floes are subject to ocean drag forces in a

one-way interaction where the ocean drag force on the ice floes is calculated using

a quadratic drag approximation. Further, the ocean forces and torques acting on

the floes are assumed to be uniform over the shape of the floe, allowing for the

forces to be explicitly calculated without the need to calculate surface integrals in

the floe dynamics. Finally, the contact forces between floes can be approximated by

taking advantage of the cylindrical floe shapes. Despite these simplifications, this

model can capture many of the rich features of sea ice dynamics that are necessary

to account for in a real observational setting.

3.3 Ice floe dynamics

We consider an idealized discrete element method (DEM) model of individual sea

ice floes. In this model [42] each floe has an index ℓ = 1, . . . ,L and is characterized

by the floe position at the centroid, xℓ = (xℓ,yℓ)T, its translational velocity uℓ =

(uℓ, vℓ)T, its rotational orientation relative to the initial condition,Ωℓ, and its angular

velocityωℓ. Each floe also has two associated parameters, the floe radius Rℓ, and

the floe thickness hℓ. Using the ice density, ρice, and ocean density, ρocean, the mass

and moment of intertia of each floe can be calculated. The governing equations for
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the floe dynamics are then given by Newton’s second law

dxℓ
dt

=uℓ (3.1)

mℓ
duℓ
dt

=Fℓcontact + Fℓocean (3.2)

dΩℓ

dt
=ωℓ (3.3)

Iℓ
dωℓ

dt
=τℓcontact + τ

ℓ
ocean (3.4)

where Fℓcontact, Fℓocean, τℓcontact, and τℓocean are the forces and torques induced by the

ocean drag and contact forces between floes. The mass of each floe is given by

mℓ = ρicehℓπR
2
ℓ and the moment of inertia is given by I = ρicehℓπR

4
ℓ. The ocean

forces and torques are given in equations (3.30) and (3.31) detailed in section 3.3.

The total contact forces and torques between ice floes are calculated in equations

(3.8) and (3.12) detailed in section 3.3.

Ocean drag

The ice-ocean interaction of the model occurs through the ocean drag, where the

drag force acts to bring the floe velocity and angular velocity closer to the ocean

velocity and vorticity. Note that this can speed up a floe in addition to slowing a

floe down.

The drag force and torque induced by the ocean on the ℓth floe are calculated

using a quadratic drag approximation

Fℓocean(x, t) = αℓ
(
uo(x, t) − uℓ

) ∣∣uo(x, t) − uℓ
∣∣ (3.5)



81

0 20 40 60 80 100
0

20

40

60

80

100
Ice Floe Locations

Figure 3.1: A snapshot of the ice floe model. The floes in the model are cylindrical.
A line is plotted to indicate the orientation of the floe. The underlying ocean velocity
field and stream function is also plotted.

and

τℓocean(x, t) = βℓ
(∇× uo(x, t)

2 −ω

) ∣∣∣∣∇× uo(x, t)
2 −ω

∣∣∣∣ . (3.6)

The ocean velocity, uo, is given by equation (3.14). Here ∇× uo = ∂vo
∂x

− ∂uo
∂y

is the

ocean vorticity, which is twice the angular velocity, and is given by equation (3.15).

The coefficients αℓ = docnρocnπR
2
ℓ and βℓ = docnρocnπR

4
ℓ incorporate the ocean drag

coefficient, docn, the ocean density ρocn, and the floe cross-sectional area πR2. The

coefficient β also has an extra factor of R2 which comes from integrating the torque

over the floe area, whose integrand depends on the radius from the centroid.
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Floe contact forces

The total contact force on the ℓth floe is calculated from the sum of the contact forces

between the floe and all other floes

Fℓcontact =

L∑
k=1

(
Fℓkn + Fℓkt

)
(3.7)

where the contact force from each other floe is divided into the normal component,

Fℓkn , and the tangential component, Fℓkt . The contact forces are only nonzero if the

floes are overlapping, that is if the distance between the floes is less than the sum

of the floe radii.

The normal component of the contact force follows Hooke’s law

Fℓkn = Ecn (3.8)

where E is Young’s modulus, c is the length of the chord of intersection calculated

by equation (3.10), and n is the unit normal direction. Due to the cylindrical shape

of the floes the normal direction is parallel to the vector between the floe centroids.

The force in the tangential direction given by

Fℓkt = Gcvtt (3.9)

where G is the shear modulus, vt is the difference in tangential floe velocity, and t
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is the tangential direction. The length of the chord, c, can be calculated by

c =
1
d

√
4d2R2

max − (d2 − R2
min + R

2
max)

2 (3.10)

where d is the distance between the floes, Rmax is the larger of the two floe radii,

and Rmin is the smaller. The difference in tangential velocity is given by

vt = (uk − uℓ) · t + (Rkω
k + Rℓω

ℓ) (3.11)

where uk, ωk, and Rk are the velocity, angular velocity, and radius of the other floe

respectively, t is the tangential direction perpendicular to the normal direction, and

“·” is the dot product. Note that the difference in tangential velocities depends on

the translational velocities of the floes as well as the angular velocities of the floes.

The tangential velocity component due to the angular velocity is proportional to

the floe radii. Also note that while (3.11) takes the difference in the floe velocities,

the tangential velocity of floe k is opposite in sign from the perspective of floe ℓ,

hence there is a sum instead of a difference in the second term.

The total contact torque acting on the ℓth floe is calculated from the tangential

contact force as

τcontact =

ℓ∑
k=1

Rℓf
ℓk
t (3.12)

where Fℓkt = fℓkt t.
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Ocean model

The ocean model is incompressible and periodic on the domain [0, xmax)
2. The ocean

state is characterized by its Fourier coefficients, ûk(t), where k = (k1,k2)
T ∈ Z2

is the two-dimensional wave number and the coefficients satisfy û−k = ûk, the

complex conjugate. The real-valued stream function, ψ, is given by

ψ(x, t) =
∑
k∈Z2

ûk(t) exp
(
−

2πi
xmax

(k · x)
)

(3.13)

where the level sets of the stream function are the streamlines of the velocity field,

so the corresponding ocean velocity is given by uo = (uo, vo)
T =

(
∂ψ
∂y

,−∂ψ
∂x

)
. From

the Fourier coefficients the ocean velocity is reconstructed as

uo(x, t) =
∑
k∈Z2

ûk(t) exp
(
−

2πi
xmax

(k · x)
)

rk (3.14)

with eigenvectors rk =
(

2πik2
xmax

,−2πik1
xmax

)T
. In addition, the ocean vorticity, ∇× uo =

∂vo
∂x

− ∂uo
∂y

, is given by

∇× uo(x, t) =
∑
k∈Z2

ûk(t) exp
(
−

2πi
xmax

(k · x)
)(

2π|k|
xmax

)2

. (3.15)

The Fourier coefficients, ûk(t), can depend arbitrarily on t. Here we consider a

stochastic ocean model where the Fourier coefficients are governed by independent
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Ornstein-Uhlenbeck (OU) processes

dûk

dt
= (−ak + ϕki)ûk + fk + σkẆk(t) (3.16)

with complex Gaussian white noise Ẇk and real parameters σk > 0, ak, ϕk, and

fk. Note that even though the OU processes for the Fourier coefficients given in

equation (3.16) are independent, the resulting velocity field in physical space still

has spatial correlations. In order to ensure that the ocean velocity is real-valued

it is necessary that û−k = ûk, so the parameters and noise have the additional

restriction that a−k = ak, ϕ−k = −ϕk, f−k = fk, and σ−k = σk with Ẇ−k = Ẇk.

Parameter fitting based on equilibrium statistics

The equilibrium mean, covariance, and decorrelation time of each independent OU

process given in (3.16) can be written explicitly in terms of the parameters ak, ϕk,

fk, and σk as

Mean(ûk) =
fk

ak − iϕk
Var(ûk) =

σ2
k

2ak
Tcorr =

1
ak − iϕk

(3.17)

where the decorrelation time is defined as

Tcorr =

∫∞
0

E[(ûk(0) − Mean(ûk))(ûk(t) − Mean(ûk))]

Var(ûk)
dt. (3.18)
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Inversely, the equations given in (3.17) can be inverted to write the parameters in

terms of a given a set of equilibrium statistics

ak =Re
[

1
Tcorr

]
ϕk =− Im

[
1
Tcorr

]
(3.19)

fk =
Mean(ûk)

Tcorr
σk =

√
2 Var(ûk)Re

[
1
Tcorr

]
. (3.20)

In this way the parameters can be systematically calibrated to a specified equilibrium

mean, variance, and decorrelation time, allowing the model to have specified

properties or for the model to be tuned to data, either to real data or a free run of

sophisticated ocean model.

3.4 Lagrangian data assimilation of ice floe

observations

In order to utilize observations of ice floe trajectories for eddy identification, we

apply data assimilation to incorporate the observations with a coupled ice-ocean

model to estimate the underlying ocean state. Data assimilation provides an es-

timate of the underlying ocean through the posterior distribution, which is the

probability distribution of the ocean state conditioned on the ice floe observations,

in a Bayesian sense. There are a number of advantages to using data assimilation for

eddy identification. First, remotely-sensed measurements of the ocean, including

ice floe observations, are inherently noisy. Many eddy identification diagnostics

are sensitive to noise, requiring various preprocessing methods. Data assimilation,
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which takes a probabilistic viewpoint, naturally accounts for observational noise in

the system. Second, the posterior distribution provides not just a point estimate of

the system state, but also the uncertainty in the estimate. This is especially impor-

tant in the case of ice floe measurements where the spatial sparsity of observations

leads to large uncertainties in the estimated ocean state. Rather than only relying

on the point-estimate of the ocean, the uncertainty quantification provided by data

assimilation can be used to account for the uncertainty appropriately.

This is an example of Lagrangian data assimilation, where the observations, in

this case the ice floe trajectories, are given in Lagrangian coordinates. The nonlin-

ear translation between the Lagrangian coordinates of the observations and the

Eulerian coordinates of the velocity field poses a challenge to many traditional data

assimilation methods [7]. Because of this nonlinearity, this study utilizes the condi-

tional Gaussian (CG) framework for data assimilation [32]. The CG framework

applies to a wide variety of nonlinear models in geophysics and has been applied to

Lagrangian data assimilation [29]. In addition, the CG framework has a number of

advantageous properties. First, the posterior distribution is Gaussian, despite the

nonlinearity, and so the posterior distribution is fully characterized by the posterior

mean and covariance, precluding the need for approximation of the posterior dis-

tribution with an ensemble. Second, the posterior mean and covariance are given

through analytic formulae, making the method computationally efficient. Third,

the CG framework allows not just for the sampling of the posterior distribution at a

fixed time instant, but also provides a method for sampling entire model trajectories

conditioned on the observations. This is important for eddy diagnostics like the
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Lagrangian descriptor, which utilizes the temporal component of the velocity field.

Conditional Gaussian data assimilation

A dynamical system falls under the conditional Gaussian (CG) framework if it can

be written in the following form:

dX
dt

=A0(X, t) + A1(X, t)Y + B(X, t)ẆX(t), (3.21)

dY
dt

=a0(X, t) + a1(X, t)Y + b(X, t)ẆY(t) (3.22)

where X is the state vector of observed variables and Y is the state vector of unob-

served variables. Here, A0, A1, B, a0, a1, and B are matrices that can depend on t

and X arbitrarily nonlinearly. While this dependence is always assumed, it may not

be denoted in the subsequent discussion for notational efficiency. ẆX and ẆY are

Gaussian white noise.

Because of the potentially highly nonlinear interactions with the observed vari-

ables, the CG framework applies to a wide range of nonlinear systems and an even

wider range of systems have suitable nonlinear CG approximations. However,

despite the nonlinearity, the coefficient matrices only depend on the observed vari-

ables, X, and do not depend on the unobserved variables, Y, and so the system

is linear in Y given X. This property ensures that the conditional distribution of

Y given a trajectory of X is Gaussian as the name implies. Because of this prop-

erty the posterior distributions for filtering and smoothing are characterized by

their posterior mean vectors and covariance matrices which are given by analytic
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formulae.

The posterior distribution of Y(t) at time t given a trajectory of X(s) over the

interval [0, t] is known as the filter posterior distribution and is given by

p(Y(t) | X(s), s ⩽ t) ∼ N(µf(t), Rf(t)) (3.23)

where µf and Rf are the filter mean and covariance respectively. The filter mean

and covariance can be calculated using the forward equations

dµf
dt

=(a0 + a1µf) + (RfA∗
1)(BB∗)−1

(
dX
dt

− (A0 + A1µf)

)
(3.24)

dRf

dt
=a1Rf + Rfa∗

1 + bb∗ − (RfA∗
1)(BB∗)−1(A1Rf) (3.25)

where the initial condition is a Gaussian distribution with meanµf(0) and covariance

Rf(0). Here “·∗” denotes the conjugate transpose.

The posterior distribution of Y(t) at time t ∈ [0, T ] given a trajectory of X(s) over

the entire interval [0, T ] is known as the smoother posterior distribution [33] and is

given by

p(Y(t) | X(s), s ∈ [0, T ]) ∼ N(µs(t), Rs(t)) (3.26)

where µs and Rs are the smoother mean and covariance respectively. Compared to

the filter posterior distribution, the smoother posterior distribution incorporates

both past and future observational observation.

To calculate the smoother mean and covariance, first the filter mean and covari-

ance are calculated. The condition of the smoother mean and covariance equations
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at the final time T is given by the filter mean and covariance at time T , that is

(µs(t), Rs(t)) = (µf(t), Rf(t)). The following equations are then integrated back-

wards in time from time T to time 0:

dµs
dt

=− a0 − a1µs + (bb∗)R−1
f (µf − µs) (3.27)

dRs

dt
=− (a1 + (bb∗)R−1

f )Rs − Rs(a∗
1 + (bb∗)R−1

f ) + bb∗. (3.28)

The smoother equations calculate the matrix inversion R−1
f which can be compu-

tationally inconvenient for high dimensional systems. While Rf is full in general,

an approximation can be used where the full matrix Rf is used in equations (3.24)

and (3.25) but only the diagonal entries are saved and used to calculate R−1
f in

equations (3.27) and (3.28). In addition, if only the smoother mean is required,

equation (3.28) does not need to be calculated as equation (3.27) does not depend

on Rs.

While the smoother mean and covariance can be used to sample Y at a fixed

time instant, the CG framework can also be used to sample entire trajectories of

Y conditioned on X on the interval [0, T ]. Such sampled trajectories are important

for calculating eddy diagnostics such as the Lagrangian descriptor, which incor-

porate temporal information from the velocity field. Sampling these trajectories is

accomplished via the backward sampling equation where an initial Y(T) is drawn

from Y(T) ∼ N(µf(T), Rf(T)) and then its trajectory is calculated using the following
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stochastic equation integrated backward in time

dY
dt

= −a0 − a1Y + (bb∗)R−1
f (µf − Y) + bẆY(t). (3.29)

Note that when sampling multiple trajectories of Y conditioned on X, the same

filter mean and covariance are used in equation (3.29) and the dynamics of the

sampled trajectories differ only in the sampled initial condition at time T and the

realizations of the Gaussian white noise ẆY(t). In particular R−1 can be calculated

once on the interval [0, T ] and then reused to calculate each sampled trajectory. The

same diagonal approximation for R−1
f that can be used for the smoother equations

is also suitable for the backward sampling equation.

Data assimilation of the sea ice model

The sea ice model considered in section 3.2 along with observations of the floe

trajectories nearly falls within the conditional Gaussian framework, where the

observed variables, X, consist of the floe positions and angular displacements, and

the unobserved variables, Y, consists of the floe velocities and the Fourier coefficients

of the ocean. Notably the highly nonlinear contact forces depend nonlinearly only

on the observed variables.

The quadratic ocean drag used in section 3.3 means that the model does not

strictly fall under the conditional Gaussian framework. One solution is to use linear
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drag, where equations (3.30) and (3.31) are replaced by linear drag

Fℓocean(x, t) = αℓ
(
uo(x, t) − uℓ

)
(3.30)

and

τℓocean(x, t) = βℓ
(∇× uo(x, t)

2 −ω

)
. (3.31)

The coefficients αℓ = docnρocnπR
2
ℓ and βℓ = docnρocnπR

4
ℓ remain the same as in the

quadratic drag case.

However, it is not necessary to linearize the floe dynamics. Instead, a highly

accurate approximation can be used where the dynamics are linearized about the

posterior mean µf. To see this consider a variation of equations (3.32) and (3.33)

that considers a nonlinear coupling between X and Y

dX
dt

=A0(X, t) + A1(X, t)Y + B(X, t)ẆX(t), (3.32)

dY
dt

=F(X, Y, t) + b(X, t)ẆY(t) (3.33)

The nonlinear function F can then be lienarized about µf as

F(X, Y, t) ≈ F(µf, Y, t) + JY(µf, Y, t)(Y − µf) (3.34)

where JY is the Jacobian with respect to Y.

Traditional Lagrangian data assimilation utilizes massless tracers which are

analogous to ocean drifters. It has been shown that with a sufficient number of

tracers the ocean can be estimated to arbitrary precision [34]. However, there are
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Figure 3.2: The Root Mean Squared Error (RMSE) of the ocean recovery under
contact forces by the number of observed floe trajectories. The radius of all floes is
6 km so that the overall area covered by ice is proportional to number of floes. The
error generally decreases as the number of floes increases. However, once a density
of floes is reached the contact forces interfere with the recovery of the ocean.

important differences between floe and tracer dynamics. For one, as the number of

floes increases, the influence of contact forces between floes also increases. Figure

3.2 shows that at a certain threshold of ice concentration, the contact forces domi-

nate over the ocean drag forces, severely reducing the effectiveness of the ocean

estimation. Other important differences include the influence of floe momentum,

which reduces the impact of short time scales in the ocean velocity field. In a real
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observational scenario there is also the influence of model error. These differences

mean that utilizing floe observations always entails significant uncertainty in the

posterior distribution. This is contrary to the assumptions normally made in eddy

identification, where high resolution data is typically available.

3.5 Eddy diagnostics

There are many methods for characterizing and automatically identifying oceanic

eddies [128, 47]. Broadly speaking, eddy diagnostic methods are based on the 2D

ocean velocity field,

uo(x, t) = (uo(x, t), vo(x, t))T, (3.35)

which is estimated from observations. Two methods we consider here are the

widely used Okubo-Weiss parameter and a Lagrangian descriptor based on the

modulus of vorticity. In addition to the methods considered here, there are many

other approaches to eddy identification such as ones based on the geometry of

the velocity field [111], wavelet analysis of the Sea Surface Height (SSH) [43], the

geometry of the SSH [25, 51], finite time Lyapunov exponents (FTLE) [113] and

Lagrangian-averaged vorticity deviation (LAVD) to name a few.
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Okubo-Weiss parameter

A classical, Eulerian, approach to eddy identification is the Okubo-Weiss Parameter

[114, 145]. The Okubo-Weiss parameter is defined by

OW = s2
n + s

2
s −ω

2 (3.36)

where the normal strain, the shear strain, and the relative vorticity are given by

sn =
∂uo

∂x
−
∂vo

∂y
, ss =

∂vo

∂x
+
∂uo

∂y
, ω =

∂vo

∂x
−
∂uo

∂y
(3.37)

respectively. When the Okubo-Weiss parameter is negative, the relative vorticity

is larger than the strain components, indicating vortical flow. The Okubo-Weiss

parameter is widely used in part thanks to its physical interpretability. The Okubo-

Weiss parameter is an example of an Eulerian quantity, based solely on a snapshot

of the ocean velocity field.

In the OW parameter framework, eddies are characterized by enclosed areas

where the relative vorticity dominates over the strain components. This is normally

defined as being when the OW parameter is below a certain (negative) threshold.

The precise choice of this threshold partially subjective and region-dependent, but

a commonly chosen threshold is −0.2σOW where σOW is the standard deviation of

the OW parameter. Figure 3.3 shows an example of the OW parameter for a certain

velocity field along with the eddies as defined by the framework.

In practice the OW parameter is sensitive to observational noise. For example,

when using SSH to estimate the velocity field, calculating the OW parameter in-
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volves taking two derivatives of SSH [25, 36]. Because of this the OW parameter is

often smoothed before using for eddy identification [54].
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Figure 3.3: Panel (a) shows a particular velocity field and panel (b) shows the
associated Okubo-Weiss (OW) parameter as well as the eddies identified by the
OW criteria. Positive (red) values of OW indicate strain-dominated regions while
negative (blue) values indicate vorticity dominated regions. Here the OW param-
eter is normalized so it has a standard deviation of 1 and the threshold value for
eddy identification was chosen to be 0.2σOW .

Lagrangian descriptor

Unlike the OW parameter, which considers only an instantaneous snapshot of the ve-

locity field, the Lagrangian descriptor incorporates the time-dependent component

of the velocity field [106].

The Lagrangian descriptor based on the modulus of vorticity [141, 142] is de-

fined as

MV(x∗, t∗)τ =
∫ t∗+τ
t∗−τ

W(x(t), t)dt =
∫ t∗+τ
t∗−τ

∣∣∣∣∂v∂x −
∂u

∂y

∣∣∣∣ dt (3.38)
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where the modulus of vorticity is

W(x, t) = |∇× uo(x, t)| (3.39)

and ∇×uo denotes the ocean vorticity. The parameter τ indicates the time window

over which equation (3.38) is integrated. In Equation (3.38), x(t) is the trajectory

of a massless Lagrangian tracer such that x(t∗) = x∗ and

dx
dt

= uo(x, t) (3.40)

where uo = (uo, vo)
T is the velocity of the ocean.

Note that while the modulus of vorticity given in equation (3.39) is an Eulerian

quantity only depending on a fixed snapshot of the ocean, the Lagrangian descriptor

given in equation (3.38) incorporates both spatial and temporal information from

the ocean state, giving a comprehensive dynamical picture of the ocean.

Here an eddy is defined as a local maximum ofMV , the Eddy core, surrounded

by the largest closed contour surrounding the Eddy core that only contains one

local maximum. Figure 3.4 shows an example of the modulus of vorticity and the

Lagrangian descriptor based on the modulus of vorticity,MV .

Eddy identification under uncertainty

Lagrangian data assimilation gives the posterior distribution of the ocean state con-

ditional on the observed ice floe trajectories. This posterior distribution can be then

used to estimate the ocean velocity field, and hence can be used to apply various
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Figure 3.4: Panel (a) shows a particular velocity field. Panel (b) shows the asso-
ciated modulus of vorticity as well as the eddies identified by the criteria. Panel
(c) showsMV , the Lagrangian descriptor based on the modulus of vorticity. The
values are normalized to the range [0, 1].

eddy diagnostics like the Okubo-Weiss parameter and the Lagrangian descriptor

based on the modulus of vorticity. However, due to the inherent uncertainty associ-

ated with using ice floe observations, it is necessary to consider the entire posterior

distribution of the ocean state rather than just the posterior mean. Therefore, it is

important to consider the impact of uncertainty on the eddy diagnostics and eddy

identification.

When calculating Eddy diagnostics, there is a distinction between calculating

the diagnostic using the posterior mean of the ocean and calculating the expected

value of the eddy diagnostic under the entire posterior distribution. Under the pos-

terior distribution, the eddy diagnostic becomes a random variable from which its

statistical expectation can be calculated. For example, the Okubo-Weiss parameter

is a nonlinear function of the ocean state and therefore the expected value of the

Okubo-Weiss parameter is not equal to the Okubo-Weiss parameter of the posterior

mean ocean velocity in general. The expected value of the OW parameter can be
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numerically calculated by sampling possible ocean states from the posterior dis-

tribution N(µs(t), Rs(t)) given by equations (3.27) and (3.28), calculating the OW

parameter for each sampled ocean state, and then taking the mean of the sampled

OW parameters. Figures 3.5 and 3.6 show the differences between these quantities

for the OW parameter. The posterior mean of the ocean, especially under high

uncertainty, has a lower amplitude than the true ocean. This is because for this

ocean model the statistical equilibrium mean of the ocean is zero which is reflected

most clearly in figure 3.6.

On the other hand the Lagrangian descriptorMV is also a nonlinear function of

the ocean state and its statistical expectation was considered in [31]. BecauseMV is

a Lagrangian quantity depending on dynamical information, in order to numerically

calculate its expected value it is necessary to sample ocean trajectories rather than

the ocean state at a fixed time. To accomplish this, the backward sampling formula

given in equation (3.29) is used to sample ocean trajectories from whichMV can be

calculated. The expectation ofMV is shown in figure 3.7 Under high uncertainty

the expectation of the Lagrangian descriptor based on the modulus of vorticity,

MV , tends towards the equilibrium mean value ofMV which is nonzero.

It should be noted that while there is a canonical “true” ocean state used to

generate the observed floe trajectories, the ocean state is not uniquely determined by

the observations. The conditional Gaussian framework gives the optimal posterior

distribution for the ocean state conditional on the observations, and so the true

ocean state can be considered as being one sample from this posterior distribution.

From this perspective, the statistical expectation of an eddy diagnostic is not an
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Figure 3.5: A comparison of using the Okubo-Weiss parameter under the posterior
distribution of Lagrangian data assimilation using 4 observed floe trajectories. Panel
(a) shows the true velocity field and panel (b) plots the associated Okubo-Weiss
parameter and eddies. Panel (c) shows the Okubo-Weiss parameter calculated
using the posterior mean of the ocean. Panel (d) shows the statistical expectation
of the OW parameter under the entire posterior distribution. There are subtle
differences between panels (c) and (d). In particular panel (d) shows several more
eddies that meet the negative threshold used for eddy characterization.

estimation of the true state, but rather a description of the distribution of possible

states.
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Figure 3.6: An example of the Okubo-Weiss parameter under high uncertainty.
This is an extreme example where the ocean recovery is based on a single floe
trajectory. Panel (a) shows the true velocity field with associated Okubo-Weiss
parameter and identified eddies in panel (b).
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Figure 3.7: A comparison of using the Lagrangian descriptor based on the modulus
of vorticity,MB, under the posterior distribution of Lagrangian data assimilation
using 4 observed floe trajectories. Panel (a) shows the true velocity field and panel
(b) plotsMV and the eddies. Panel (c) showsMV calculated using the posterior
mean of the ocean. Panel (d) shows the statistical expectation of MV under the
entire posterior distribution. There are subtle differences between panels (c) and
(d). Note that in regions of high uncertainty, the expectation ofMV tends towards
a nonzero mean value.
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3.6 Conclusion

While sea ice is typically an obstacle to eddy identification, this chapter presented

a framework for utilizing ice floe trajectories for eddy identification. By utilizing

Lagrangian data assimilation on a sea ice model, the underlying ocean state can

be estimated from observed ice floe trajectories. However, the estimated ocean

inherently contains uncertainty and so it is not enough to only utilize the mean

estimate of the ocean state for eddy identification. Therefore, by sampling from the

posterior distribution, traditional eddy identification were adapted to incorporate

this uncertainty. Using this method the statistical expected value of two eddy

diagnostics, the Okubo-Weiss parameter and the Lagrangian descriptor based on

the modulus of vorticity, were calculated from the posterior distribution, giving the

optimal point estimates of these diagnostics. In this way the probabilistic nature

of utilizing floe observations can be naturally and rigorously incorporated into

traditional eddy identification frameworks. This framework could play a key role

in extending the capabilities of eddy identification further into the arctic region,

allowing for a more comprehensive understanding of ocean dynamics in the arctic.
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a appendix to briding gaps in the climate observational

network

A.1 The coupled atmosphere-ice-ocean system

The DEM model

The sea ice floes are described by a DEM model. The floes can have arbitrary 2D

shapes with their movements and rotations determined by the surface integrals

of the ocean and wind velocities over these shapes. Both the full QG model and

reanalysis data or and the approximate stochastic models can be used to drive this

ice floe model. In the DEM model utilized here, the shape and thickness for each

floe are assumed to be unchanging over time. Since the non-interacting floes are

the primary focus of this work, the contact forces are not included in the model

presented here, which greatly reduces the computational cost.

The dynamics of a single ice floe is described as follows [107, 30]. Let Xice =

(xice,yice) be the centroid of the floe and Ω its the angular displacement about

the centroid. Also denote Vice = (uice, vice) to be the velocity of the floe and ω is

the angular velocity. Then ice floe-ocean interactions are calculated using surface
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integrals over the area of the floe:

Ẋice =Vice (A.1)

Ω̇ =ω (A.2)

mV̇ice =

∫∫
A

Ftotal dA (A.3)

Iω̇ =

∫∫
A

τdA (A.4)

where A is the area of the floe. Ftotal is the total force on the ice floe induced by the

ocean, atmosphere, and other sources. τ is the resulting torque, calculated from

the force.

The total force on the floe by the ocean consists of ocean drag, atmosphere

forcing, Coriolis force, and the pressure gradient

Ftotal = Focn + Fatm + FCoriolis + Fpressure. (A.5)

To incorporate the ocean turning angle, define the rotation matrix Rθ as

Rθ =

cos(θ) − sin(θ)

sin(θ) cos(θ)

 . (A.6)

The force induced by the ocean drag at the point Xocn within A is given by

Focn = ρocnCocn∥Vocn −V ice∥Rθ(Vocn − Vice) (A.7)
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where θ is the fixed ocean turning angle. Similarly the force induced by the atmo-

sphere at the point Xatm within A is given by

Fatm = ρatmCatm∥Vatm −V ice∥(Vatm − Vice). (A.8)

No atmosphere turning angle was used in this study. The Coriolis force induced

on the floe is constant over the area of the of the floe and is given by

FCoriolis = ρicefcLiceR−π/2Vice (A.9)

where fc is the Coriolis coefficient and Lice is the thickness of the ice floe. The force

induced by the pressure gradient of the ocean acting on the floe depends on the

ocean velocity and so varies over the floe area, A

Fpressure = ρicefcLiceRπ/2Vocn. (A.10)

The pressure gradient of the ocean is in geostrophic balance with the Coriolis force

induced on the ocean. The torque induced on the floe at the grid point Xtorque is

given by

τ = (Xtorque − Xice)× Ftotal = (xtorque − xice)Fy − (ytorque − yice)Fx (A.11)

where Ftotal = (Fx, Fy) are the components of the total force.
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The two-layer QG model

The ocean model is a two-layer Quasi-Geostrophic (QG) model with periodic

boundary conditions on a square domain. The ocean state is characterized by the

stream functionsψi(x,y) and potential vorticities (PV) qi(x,y) of each layer i = 1, 2.

These quantities, ψ and q, are deviations from a background mean state. The level

curves of the stream function, ψi, correspond to streamlines of the velocity field,

which guarantees an incompressible flow. The ocean velocity field for each layer

can thus be calculated as

(ui, vi) =
(
−
∂ψi

∂y
, ∂ψi
∂x

)
, i = 1, 2. (A.12)

The formulation of the QG equations follows the version in [8]. The PDEs which

govern the time evolution of ψi and qi are as follows:

∂q1

∂t
+ u1

∂q1

∂x
+
∂q1
∂y

∂ψ1

∂x
+ J(ψ1,q1) =ssd (A.13)

∂q2

∂t
+ u2

∂q2

∂x
+
∂q2

∂y

∂ψ2

∂x
+ J(ψ2,q2) = − R2∇2ψ2 + ssd. (A.14)

Here “ssd” represents small-scale dissipation, which are higher-order derivative

terms that are ignored. J is the Jacobian

J(ψ,q) = ∂ψ

∂x

∂q

∂y
−
∂ψ

∂y

∂q

∂x
. (A.15)
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The stream functions further satisfy

q1 =∇2ψ1 +
(ψ2 −ψ1)

(1 + δ)L2
d

q2 =∇2ψ2 +
δ(ψ1 −ψ2)

(1 + δ)L2
d

. (A.16)

where δ = H1/H2, Hi is the depth of each layer, and Ld is the deformation radius.

u1 and u2 are the mean ocean velocities for each layer. ∂q1/∂y and ∂q2/∂y are

the mean of the PV gradients for each layer and are given explicitly by

∂q1

∂y
=
u1 − u2

(1 + δ)L2
d

∂q2

∂y
=
δ(u2 − u1)

(1 + δ)L2
d

. (A.17)

The final parameter, R2, is the decay rate of the barotropic mode

R2 =
f0dEkman

2H2
(A.18)

where f0 is the Coriolis parameter and dEkman is the bottom boundary layer thickness.

Note that in this formulation we use a constant Coriolis force throughout the

domain.

Table 2 summarizes the parameters in the DEM and two-layer QG models.

The atmospheric wind velocity data

The fifth generation ECMWF reanalysis data product (ERA5) [115, 37] for the

global climate and weather is implemented for describing the atmospheric wind

that is used to calibrate the atmospheric component of the linear stochastic models.
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Parameter Value
Ocean density ρocn = 1027kg/m3

Ice density ρice = 920kg/m3

Air density ρatm = 1.2kg/m3

Ocean drag coefficient cocn = 5.5 × 10−3

Atmosphere drag coefficient catm = 1.6 × 10−3

Coriolis coefficient fc = 1.4 × 10−4

Top layer mean ocean velocity u1 = 2.58km/day
Bottom layer mean ocean velocity u2 = 1.032km/day
Top layer mean potential vorticity ∂q1

∂y
= 0.0265km−1day−1

Bottom layer mean potential vorticity ∂q2
∂x

= −0.0212km−1day−1

Coriolis parameter fc = 12day−1

Coupling parameter R1 = 6.9 × 10−5km−1

Decay rate of the barotropic mode R2 = 1day−1

Deformation radius Ld = 5.7km
Ratio of upper-to lower-layer depth δ = 0.8

Turning angle of the ocean θ = π/9
Ensemble size 600

Localization radius 200 km
Observational noise in location 250 m

Observational noise in angular displacement 5◦

Table A.1: Parameters in the DEM, the two-layer QG models and the EnKS.

A.2 Sea ice floe observations and the processing of

satellite images

Remote sensing measurements were retrieved from Moderate Resolution Imaging

Spectroradiometer (MODIS) optical imagery (Level 1B 250M). The data is open-

access through the Earth Observing Sysetm Data and Information System (EOS-

DIS) Worldview platform (https://worldview.earthdata.nasa.gov). In sum-

mary, both Corrected Reflectance True and False Color images were pre-processed

https://worldview.earthdata.nasa.gov
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to reduce the imprint of atmospheric noise allowing the segmentation of sea ice floes

ranging from 4 to 75 km in length scale as individual objects. Ice floes were then

tracked in a three-stage process involving comparing geometrical parameters in suc-

cessive images, finding potential matches, and selecting the best candidates based

on the assessment of a similarity metric and surface area differences. The reader is

referred to [87] for a detailed description of the pre-processing, segmentation, and

tracking routines.

A.3 Calibration of Stochastic Forecast Models

Statistically accurate stochastic models are used for the ocean and atmosphere

components of the forecast model. These models can be systematically calibrated

based on a 20-year simulation of the two-layer QG model in the case of the ocean

component and the reanalysis data set in the case of the atmosphere component.

In both cases, the system state is represented in spectral space and the evolution of

each spectral mode is governed by a linear stochastic model (1.1). Only the modes

with a wave number less than a certain radius are kept: |k| ⩽ 11 in the case of the

ocean and |k| ⩽ 5 in the case of the atmosphere for a total of 337 and 81 modes

respectively.

Recall the linear stochastic model in (1.1), which is also known as the complex

Ornstein–Uhlenbeck (OU) process [57]. In (1.1), a, ω, and σ are real-valued

parameters with a,σ > 0, f is a complex-valued parameter, and Ẇ is a complex-

valued white noise. The equilibrium distribution of this OU process is Gaussian
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and its mean and variance are given in terms of the model parameters:

ū =
f

a− iω
Var(u) =σ

2

2a . (A.19)

The decorrelation time is defined as

T =

∫∞
0

E [(u(t) − u)(u(t+ τ) − u)∗]

Var(u) dτ (A.20)

where the expectation is taken over t. The decorrelation time is also given in terms

of the model parameters

T =
1

a− iω
. (A.21)

Using these equation for the equilibrium mean, variance, and decorrelation time,

the four parameters of the OU process, d,ω, f, and σ, can be written explicitly in

terms of these equilibrium statistics as in

d =Re
[

1
T

]
ω =− Im

[
1
T

]
f =

ū

T
σ =

√
2 Var(u)Re

[
1
T

]
. (A.22)

Using these formulae for the model parameters, an OU process can be fit to match

a given set of equilibrium statistics. In the case of the ocean model, an independent

OU process is fit to each spectral mode of the stream function using the mean,

variance, and decorrelation time of a 20-year QG model simulation. For the atmo-

sphere model, a pair of independent OU processes is fit to each spectral mode of
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the two-dimensional velocity field using the statistics of the velocity field from the

ERA5 data set.

A.4 Ensemble Update

Let K denote the number of days of observations and denote the time of each day

of observations by tk for k = 1, . . . ,K. Denote theM-dimensional system state at

time t by ψ(t) for t1 ⩽ t ⩽ tK. Then define the vector dk of observed floe locations

and orientations at time tk by

dk = Mk [ψ(tk)] + ϵ. (A.23)

Mk returns only the subset of system variables corresponding to the observed floe

positions and orientations at time tk. The dependence on k allows for a chang-

ing number of observed floes at each observation time. ϵ is a small Gaussian

observational noise, corresponding to the resolution of the satellite images.

The EnKS, and all smoothing algorithms, estimate

f(ψ(t) | dk, . . . ,d0), (A.24)

the probability distribution of the state variable ψ(t) at a time t0 < t < tk given

the available observations d0, . . . ,dk. The estimation of the variable at any time t

in the interval [t0, tk] contrasts smoothing with filtering, which only estimates the

state at the present time tk. This distribution at time tk can be calculated exactly
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using Bayes’ theorem

f(ψ(tk) | d0, . . . ,dk) ∝ f(ψ(tk) | d0, . . . ,dk−1)f(dk | ψ(tk)), (A.25)

a process called Bayesian inference. The left-hand side of equation (A.25) is the

posterior distribution while the right-hand side consists of two factors: the prior

or forecast distribution and the observational model. The EnKS represents the

distribution of the state variable with an ensemble of model trajectories. This

ensemble is then iteratively forecast and updated for each set of observations,

which are processed sequentially in time, using equation (A.25). Note that the

difference between the ensemble Kalman filter (EnKF) and EnKS is that the former

only uses the information up to the current time instant while the latter uses all the

available observational information including the future one. Thus, the EnKF is

more appropriate for the providing an improved initialization of the forecast while

the EnKS applies to dynamical interpolation.

Let N be the size of the ensemble and denote individual ensemble members by

ψ
(n)
k (t) for n = 1, . . . ,N. The superscript “(n)” distinguishes individual ensemble

members from the true system state denoted by ψ(t). The subscript k denotes that

the ensemble has been updated using the first k observations. To compute ψ(i)
k (t)

for t > tk, the forecast model is used. While only the value ofψ(i)
k (tk+1) is required

to perform the ensemble update, the ensemble at any prior time t for t1 ⩽ t ⩽ tk+1

can be stored in memory and updated for each new observation.

Once the ensemble has been updated for observation k, to assimilate observation
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k+ 1, theM×Nmatrix of the ensemble members is formed

Ak(t) =

(
ψ

(1)
k (t) ψ

(2)
k (t) · · · ψ(N)

k (t)

)
. (A.26)

The forecast ensemble matrix, Af
k+1 = Ak(tk+1), is calculated using the forecast

model. Then the updated ensemble is calculated using anN×N linear transforma-

tion, T , of the ensemble

Ak+1(t) = Ak(t)T (A.27)

for any t1 ⩽ t ⩽ tk+1 where T is formed using the Kalman filter equations from the

forecast ensemble, Af
k+1, and the observations, dk+1.

The above method is modified slightly to utilize localization, which leverages the

spatial structure of the system to reduce the negative effects of spurious correlations.

During the update at time tk, each variable in ψ is associated with a location in

physical space. For variables of an observed floe, their assigned location is the

position of the observation. For an unobserved floe, the forecast mean position

is used. For ocean and atmosphere variables, the spectral representations are

transformed to physical space and the location for each grid point is used.

To update under localization, each state variable in ψ is updated individually.

An ensemble corresponding to each state variable is formed from taking the values

from the ensemble of model trajectories. This ensemble is then updated using

only observations that are within a fixed radius of that variable’s associated spatial

location. The matrix T is formed using the full forecast ensemble, Af
k, and the

observation vector dk containing only the observations within the localization
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radius. Then the 1 ×M row vector of the variable’s ensemble is updated using this

localized version of T . This process is repeated to update all localized variables in

ψ.

A.5 Parameter Estimation

Unknown parameters, such as individual floe thicknesses, can be estimated within

the proposed framework. The parameters are appended to the state vector and

treated as non-dynamical variables. In other words, the evolution equations of

the parameters θ are dθ/dt = 0. The initial values of the parameters in each

ensemble member are drawn from a background distribution (displayed in panel

(c) of Figure 1.5). Therefore, the initial ensemble includes the uncertainty of

the parameters. During the ensemble forecast, the parameter values are kept

constant. However, during the ensemble update, the distribution of parameter

values among the ensemble members is updated as well according to the same

linear transformation. In this way the distribution of parameter values changes

over the course of the algorithm even though the values do not change during the

forecast. Since the parameters are non-dynamical, trajectories of these parameters

do not need to be considered and only the current values of the parameters need to

be stored.
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A.6 Sensitivity Analysis of the Ocean Recovery

The ocean is represented in the system state by the stream function, which encodes

an incompressible flow. The synthetic data was generated using a quasi-geostrophic

(QG) incompressible ocean model. For nonlinear data assimilation, a statistically

accurate stochastic forecast model is used to forecast the ensemble of model trajec-

tories. This ensemble is then updated after each set of observations, allowing any

model variables, including the ocean stream function, to be recovered at any point

in time. For these experiments, the ocean is recovered for the day of July 1, which is

roughly in the middle of the set of observations. Note that the ocean evolves slowly

with time and so this is representative of the overall ocean recovery. In addition to

the standard setup in the main text, the following two additional experiments of

the ocean flow field recovery are included.

Figure A.1 shows the recovery of the ocean stream function using synthetic

data without atmosphere forcing, i.e. atmosphere component of the sea ice model

is removed for both the generation of synthetic data and in the forecast model.

In this case the dynamics of the floes are fully accounted for by ocean forces and

the total degree of freedom of the unobserved variables is reduced. Therefore, a

better recovery of the ocean state is expected due to the lack of interference from

the atmosphere. Indeed, the results of the ocean recovery seem to be improved.

However, the lack of atmosphere forcing, which is responsible for the large-scale

floe movements, leads to floe trajectories that travel a shorter distance, and hence

cover a smaller portion of the region. This impacts localization during the ocean

ensemble update, which removes the influence of observed floes that fall outside
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Figure A.1: A comparison of the true and recovered ocean on July 1 for a synthetic
data experiment with no atmosphere forcing. Panel (a) shows the stream function
of the true ocean generated from a QG ocean model. Panel (b) shows the recovery
of the stream function using the ensemble mean. The pattern correlation between
the true and recovered ocean in the 400km×400km subdomain is 0.43. Each plot
shows white dots indicating the position of the observed floes. While a 400 km by
400 km region is plotted, the ocean is extends another 100 km on all sides to reduce
the impact of the periodicity in the ocean model.

the localization radius of each ocean grid point. In this case the amplitude of the

recovered ocean is nearly zero in some areas, which reflects the uncertainty of the

ensemble rather than an actual amplitude of individual ensemble members.

In another experiment, Figure A.2 shows the ocean recovery for synthetic data

that is generated with atmospheric forcing, but using a 200 km by 200 km ocean

(rather than a 600 km by 600 km ocean) that is extended periodically to the entire

domain. This is analogous to a case in which a much higher density of observations

is available. No localization is utilized here, as the typical localization radius of

200 km covers the entire ocean. In this case the qualitative recovery of the ocean is

quite good, demonstrating that a sufficiently high density of floe observations can

recover ocean features well.
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Figure A.2: Compares the true and recovered ocean stream functions for a synthetic
data experiment using a 200 km by 200 km ocean extended periodically to the whole
domain. Panel (a) shows the true ocean, generated from a QG model on a 200 km by
200 km domain. The dashed black line indicates the size of the ocean which is then
periodically extended to the whole domain. Panel (b) shows the ensemble mean
stream function. The pattern correlation between the true and recovered ocean
is 0.60. The floe positions are indicated with white dots. Note that observations
outside of the 200 km by 200 km ocean region influence the ensemble update of the
ocean just as much as observations inside the region due to the periodicity of the
ocean.

A.7 Behavior of Ensemble Members in the Dynamical

Interpolation

The ensemble mean provides a complete trajectory and is the best point estimate

of a floe’s position available from the dynamical interpolation method. However,

despite the fact that each ensemble member is based on the model forecast cor-

rected by the partial observations, their average — the ensemble mean — is often

not a physically consistent trajectory of the model. Therefore, it is important to

look at each individual ensemble member and understand the additional physical

properties that are not fully reflected in the ensemble mean.
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Figure A.3 shows an example of a continuous floe trajectory generated from the

sea ice model, along with the daily observed floe positions. The trajectories between

daily observations are then interpolated using different methods. Note that this

floe trajectory contains a loop midway through, which is compared qualitatively

with the interpolation using different methods. While the ensemble mean provides

better physics than linear interpolation and contains nonlinear evolution of the

trajectory, it still fails to capture this loop. On the other hand, more than half of

the ensemble members recover such a loop around the correct location, something

which is otherwise lost during averaging. The finding here reveals the potential

role that utilizing individual ensemble members can play in identifying properties

of floe trajectories that are not otherwise captured by the ensemble mean. Such a

result also highlights the importance of considering the uncertainty represented by

the ensemble members in addition to the mean state estimation.
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Figure A.3: Comparison of different methods for the interpolation of floe trajectories.
The first panel shows a floe trajectory generated from the sea ice model and sampled
every time unit at the black dots. This trajectory contains a loop. The next three
panels show various forms of interpolation. The first shows linear interpolation.
The second shows the ensemble mean. The third shows a sampled ensemble
member. The bottom panels shows other sampled ensemble members.
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b appendix to effective statistical control strategies

for complex turbulent dynamical systems

B.1 Statistical linear response theory for turbulent

dynamical systems

Here, we give a brief description for the theories and strategies in predicting model

statistical responses using statistical linear response theory [93, 98, 103]. The sta-

tistical response theory and the Fluctuation-Dissipation Theorem (FDT) offer a

convenient way to compute leading-order statistical approximation about model

responses to various external perturbations [93, 108]. Assume that the perfect

model of the turbulent dynamical system is

du
dt

= F (u) . (B.1)

The ideal equilibrium state associated with (B.1) is the invariant probability density

peq (u) that satisfies LFPpeq = 0 with LFP the corresponding Fokker-Planck operator.

The equilibrium statistics of some functional A (u) are determined by

⟨A⟩eq =

∫
A (u)peq (u)du. (B.2)
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Next, perturb the system (B.1) by the external forcing perturbation written in

separation with temporal and spatial variables,

δF (u, t) = w (u) δf (t) , (B.3)

where w (u)defines the spatial dependence and f (t)defines the temporal variability

of the forcing perturbations. We are interested in the statistical response in the

perturbed state uδ subject to the perturbation form (B.3) in the perturbed equation

duδ
dt

= F
(
uδ
)
+ w (u) δf (t) . (B.4)

The resulting perturbed probability density function pδ due to the general forcing

perturbation δF then can be asymptotically expanded according to the equilibrium

and the correction to perturbation, that is

pδ (u, t) = peq (u) + δp′ (u, t) ,
∫
peq (u)du = 1,

∫
δp′ (u)du = 0. (B.5)

Accordingly, the statistical expectation of any functional A (u) to the perturba-

tion is formulated accordingly under the equilibrium measure and leading-order

correction,

⟨A (u)⟩ = ⟨A⟩eq + δ ⟨A⟩ (t) +O
(
δ2) , (B.6)

using the measure asymptotic decomposition (B.5) and (B.2), and δ ⟨A⟩ =
∫
A (u) δp′ (u)

according to the perturbation correction δp′.

Linear response theory gives the leading order prediction for the statistical re-
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sponse functional computed from the convolution with the linear response operator

when the perturbation amplitude δ is small enough

δ ⟨A⟩ (t) = RA ∗ δf (t) =
∫ t

0
RA (t− s) δf (s)ds. (B.7)

The derivation of the above formula is concluded from separating the leading order

dynamics of the Fokker-Planck equation for the perturbed probability function

[93]. The pointed-bracket above denotes the statistical average under the solution

p from the Fokker-Planck equation. RA (t) is called the linear response operator

corresponding to the functionalA, which is calculated through correlation functions

in the unperturbed statistical equilibrium only

RA (t) = ⟨A [u (t)]G [u (0)]⟩eq , G (u) = −p−1
eq divu

(
wpeq

)
. (B.8)

The above linear response formula for statistical responses (B.7) is shown to have

high skill for the mean response and some skill for the variance response for a wide

variety of turbulent dynamical systems even with nonlinearity [98, 2, 100, 90, 61].

In addition, rigorous theories [64, 95] have been provided for the validity of the

linear response theory.

Still, the linear response operator RA is difficult to calculate by directly using

(B.8) for general systems considering the complicated and unaccessible equilib-

rium distribution peq. A variety of Gaussian approximations for peq and improved

algorithms have been developed for computing the linear response operators

[83, 93, 100, 95]. In many situations, it is found that a Gaussian PDF from the
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Gibbs invariant measure can offer a quite accurate characterization of the unper-

turbed distribution of the system. In this way, the quasi-Gaussian (qG) closure,

peq ∼ pGeq, provides a desirable approximation of the equilibrium measure. Then

the linear response operator (B.8) can be computed directly from the autocorrec-

tion functions. The qG FDT has shown effective skill in predicting the statistical

responses especially in the mean state, thus we adopt this approximation in the

main text for designing the control strategies.
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