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ABSTRACT

Modern physics and biology satisfactorily explain the passage from the
Big Bang to the formation of Earth and the first cells to present-day life,
respectively. However, the origins of biochemical life still remain an open
question. Any answer to the question must explain how an evolving
ecology of polymers of ever-increasing length could come about on a
planet that otherwise consisted only of small molecules. In this work, we
use chemical reaction network (CRN) theory to develop a formalism for
defining a notion of ecology as well as different categories of evolution.
We formalize an ecology as any collection of autocatalytic subnetworks
(ASs). For a class of ASs, which we term stoichiometric ASs, we show
that it is possible to classify them in equivalence classes and develop
mathematical results about their behavior. We formalize evolution of a
stochastic CRN (SCRN) as attractor-switching in a system with multiple
attractors. To quantify evolution, we first derive the Hamilton-Jacobi
theory underlying continuous-time Markov processes, and then use the
construction to develop a variational algorithm for estimating switching
dynamics for a generic SCRN that exhibits multiple attractors. We then
summarize our mathematical formalism for identifying evolving ecologies
in CRNs, and employ it to construct abstract polymer ecologies that can
exhibit dynamics such that attractors in the polymer composition space

with a higher average polymer length are also more probable. Furthermore,



XV

we demonstrate a polymerization model in two monomers that exhibits
historical contingency. This thesis is intended to provide a step forwards
towards understanding the origins of biochemical life, and we conclude
with a discussion of the limitations of our formalism and directions where
future work is needed. While we employ theoretical techniques from
mathematical physics, numerical optimization, polyhedral geometry, and
CRN theory, we hope that this work finds practical applications with an
inter-disciplinary audience including chemists, evolutionary biologists,

optimal control theorists, and game theorists.



1 MOTIVATING QUESTION AND THE PRESENTATION OF

THIS THESIS

1.1 A question concerning the origins of
biochemical life

The mathematical foundations of modern physics provide a framework in
which we can probe and comprehend the non-living mechanical entities
of the universe (Aad et al., 2012; Gardner et al., 2006). Similarly, it is well
established that mathematical, computational, and information-theoretic
principles can have the same quantitative effectiveness in understand-
ing and predicting the behavior of living entities (Eisenstein et al., 2021;
Schneider, 2010; Dolson and Ofria, 2021). In particular, chemical reaction
network (CRN) theory, the mathematical foundations of which were laid
in the 1970s (Horn and Jackson, 1972; Feinberg, 2019; Yu and Craciun,
2018), has ubiquitous applications in understanding both abiotic systems,
like nuclear fusion in stars (see Fig. 1.1), cellular biotic systems, like ge-
netics and metabolism (Smith and Morowitz, 2016). In this work, we
propose a rigorous characterization of evolution and ecology in CRN, and
demonstrate its applications to the origins of biochemical life.

Our definition of evolution relies primarily on probability theory, which
Jaynes termed ‘the logic of science” (Jaynes, 2003). Broadly construed,

given a mechanism of interactions and observational constraints, the role of
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Figure 1.1: The CRN of nuclear fusion in the Sun (Commons, 2015).

a mathematical theory of probability in dynamical systems is to summarize
the information of the dynamics in a probability distribution along the
space of all possibilities. In particular, suppose that a stochastic system
modeling a physical scenario is calculated to exhibit two steady states
with unequal probabilities, and at an instance is observed to be in the less-
probable steady state. Then it must be the case that, given sufficient time,
as long as the two steady states are connected by a path, the stochastic
system will discover the other more-probable steady state. Thus, using
probability theory, we can predict a directionality to the dynamics of the

simulation, as well as the physical system it simulates.



Probability theoretic considerations alone, however, are not sufficient to
quantify evolution in living systems. For a start, as articulated by Oono in
Ref. Oono (2012), a qualitative difference between complex living systems
and their simple non-living counterparts is that complex systems have
information in their internal state that is not reducible to their immediate
boundary conditions, and thus relies on memory to be transmitted through
time (for an information theoretic formulation, see Ref. Krakauer et al.
(2020)). It is readily verified that the affordances of each biochemical
entity, whether a protein, cell, or organism, are, at least partially, specified
by its evolutionary history. This characterization is also cognizant with
Louis Pasteur’s maxim, ‘omne vivum ex vivo” or that “all life is from life’,
which posits that life lacks spontaneous-organizing capability and only
can only come from other complex systems.

In the last century, it was discovered that life has a genetic basis (Wat-
son and Crick, 1953) and its memory is stored biochemically as an inter-
acting ecology of autocatalytic and inhibitory polymers. A mathematical
viewpoint of understanding the genetic basis of life as an ecology of auto-
catalytic polymers was formulated by Eigen and Schuster in their trilogy
(Eigen and Schuster, 1977, 1978a,b). Since then, there has been a prolifera-
tion of mathematical models, such as (Kauffman and Levin, 1987; Nowak
and Ohtsuki, 2008; Hordijk and Steel, 2018), that attempt to elucidate
the mathematical structure underlying autocatalytic polymer dynamics

and the transition from a prebiotic to a biotic world. However, it must be
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Figure 1.2: A 1-dimensional CRN whose attractors are such that their
occupation is more probable as their distance increases from the origin. If
the distance from the origin is seen as a measure of evolvedness and their
log-improbability as a measure of cost, then the more evolved attractors
are less costly. Such a CRN will be said to exhibit directional evolution from
any but the most evolved attractor.

noted, while understanding the emergence of autocatalytic long polymers
is necessary to understand the non-life to life transition, it is certainly
not sufficient. To explain the sustenance of such an ecology, there have
also been considerable efforts to understand the emergence of spatial
compartments using small molecule chemistry, both phenomenologically
(Ruiz-Mirazo et al., 2017; Higgs, 2021) and mathematically (Segré et al.,
1998).

The question concerning the origins of biochemical life that we raise

in this work is: How can an ecology of autocatalytic polymers emerge in



an environment with otherwise small molecules and directionally evolve
towards more stable states that include a greater abundance of long poly-
mers? Are there ecologies that have the potential to exhibit open-ended
evolution, or demonstrate some form of historical contingency? While we
do not argue for the physical existence of such systems, mathematically,
we demonstrate several classes of CRNs that can satisfy some or all of
the above properties. A simple example 1-dimensional CRN that exhibits

directional evolution, explained further in Sec. 4.2, can be seen in Fig. 1.2.

1.2 Layout of the thesis

This thesis is a compilation of three manuscripts:

e The geometry and combinatorics of an autocatalytic ecology in chem-
ical and cluster chemical reaction networks (preprint available at the

time of thesis submission, (Gagrani et al., 2023a)).

o Action Functional Gradient Descent algorithm for estimating escape
paths in stochastic chemical reaction networks (published in Physical

Review E, (Gagrani and Smith, 2023)).

e The mathematics of evolving ecologies in chemical reaction networks
and the origins of biochemical life (under preparation, (Gagrani et al.,

2023b)).



Two of the three manuscripts were prepared in collaboration with co-
authors. However, I have omitted all the parts contributed by the collabo-
rators and, where necessary, have referred to the manuscript in the main

text.

1.2.1 Chapter2

In Sec. 2.2, we briefly review chemical reaction networks (CRNs) and a
few different notions of autocatalysis. In Sec. 2.3, we develop a formal-
ism for analyzing minimal autocatalytic subnetworks (MASs) that are
detectable from the stoichiometric matrix. In the manuscript Ref. Gagrani
etal. (2023a), we provide a linear-programming algorithm to exhaustively
enumerate them. We also propose a visualization scheme in which to
represent MAS combinatorics and geometry. In Sec. 2.4, we present the
cluster chemical reaction network (CCRN) framework and argue that it is
provides a natural coarse-graining of realistic chemical and biochemical
reaction networks. We then explore the combinatorics of MASs in CCRN
framework and provide a worked-out example to demonstrate the geome-
try of autocatalysis in the stoichiometric subspace of species concentration.
Multiple examples from the CCRN framework are also spread throughout
this work. We conclude, in Sec. 2.5, with an overview of our contributions

and possible avenues for future investigation.



1.2.2 Chapter 3

In Section 3.2, we derive the Hamilton-Jacobi theory for stochastic pro-
cesses starting from a master equation and apply it to stochastic CRN. We
show that the Hamilton-Jacobi theory of the non-equilibrium potential
(NEP) arises naturally as a result of a variational principle applied to the
action functional. In Appendix B.1, we investigate the relevance our work
might have to a stochastic modelling practitioner by posing a general practi-
cal problem, giving an overall picture of the solution and explaining where
our algorithm fits in. In Appendix B.2, we employ the Hamilton-Jacobi
formalism to recover the ACK theorem and NEP for complex-balanced
systems. In Appendix B.3, we define a ‘non-equilibrium action’, of which
both the master equation and Schrodinger equation can be seen as a vari-
ational solution, derive the path integral formula and action functional
for stochastic population processes, and calculate the first and second
variational derivatives of the action functional. In Section 3.3, we propose
an action functional gradient descent (AFGD) algorithm that finds the varia-
tional solution in the space of paths constrained at end points for a given
Hamiltonian value constraint. We also explain how the algorithm can be
used to find least-improbable escape paths out of a stable attractor and
assign a value to the NEP along them. The details of the implementation
are provided in Appendix B.4, and a MATLAB implementation is made
available at (Gagrani, 2022). In Section 3.4, we demonstrate the appli-

cations of the AFGD algorithm on several CRNs. We first consider the



Selkov model, and compare the result of the algorithm against the escape
trajectory found by the ‘shooting-method” (Figure 3.9). We then define a
class of high dimensional birth-death models, namely ‘N-Schlogl model’,
and compare the results of the algorithm against a stochastic simulation
for the 2-Schlogl model (Figure 3.4). We also use the algorithm on the six
dimensional 6-Schlogl model, and compare the result against the integra-
tion of Hamilton’s equations of motion (Figure B.7). Finally, in Section 3.5,
we conclude with a discussion of our contribution and potential avenues

of future research.

1.2.3 Chapter4

In Sec. 4.1, we explain the mathematical formalism for modeling evolving
ecologies in CRNs. We rigorously define the concepts species composition,
ecology, attractor, evolvedness, and cost using CRN theory and Hamilton-
Jacobi theory for stochastic processes developed in the previous chapters.
The mathematical preliminaries have been presented in appendices C.1,
C.2, and C.3, where the passage from probability theory to the dynamics
of stochastic CRNs is detailed. In Sec. 4.2, we employ our formalism on a
one-dimensional CRN, and polymer models in one and two monomers,
and demonstrate that they can evolve. Finally, in Sec. 4.3, we provide a
summary of our contributions, acknowledge the limitations of our formal-
ism in understanding the origins of biochemical life, and discuss directions

for future research.



2 THE GEOMETRY AND COMBINATORICS OF AN

AUTOCATALYTIC ECOLOGY IN CHEMICAL AND CLUSTER

CHEMICAL REACTION NETWORKS

2.1 Introduction

Chemical reaction network (CRN) theory offers a versatile mathematical
framework in which to model complex systems, ranging from biochem-
istry and game theory to the origins of life (Veloz et al., 2014; Smith and
Morowitz, 2016). The usefulness of CRNs in modelling these phenomena
stems from its ability to exhibit a wide range of nonlinear dynamics and it
is widely recognized that autocatalysis can be seen as a basis for many of
them (Epstein and Pojman, 1998; Schuster, 2019). Broadly, autocatalysis is
framed as the ability of a given chemical species to make more copies of
itself or otherwise promote its own production. Thus, from the perspective
of kinetics, one would expect autocatalysts to be able to show super-linear
growth (Hordijk and Steel, 2004; Andersen et al.). For some examples of
nonlinear kinetics obtained by composing two autocatalytic cycles and
their relevance to ecological dynamics, see Fig. 2.1.

A comprehensive understanding of autocatalysis in CRNs has great
practical values, but its full mathematical treatment remains to be devel-
oped. In (Andersen et al.), it is conjectured that it is impossible for a CRN

to show a temporary speed-up of the reaction before settling down to reach
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an equilibrium if, at least, it is not formally autocatalytic. Also, it is sug-
gested in (Deshpande and Gopalkrishnan, 2014) that understanding the
interactions between autocatalytic and drainable subnetworks might pro-
vide a basis for obtaining a proof for the long-standing persistence conjecture
(Feinberg, 1989).

In recent work (Blokhuis et al., 2020), Blokhuis et al. defined a notion of
autocatalysis strictly in terms of the stoichiometric matrix without referring
to the underlying CRN. While their notion is more restrictive than the
notion of autocatalysis discussed in (Andersen et al.; Deshpande and
Gopalkrishnan, 2014), it permits richer mathematical analysis. Using
their stoichiometric criterion for autocatalysis, Blokhuis et al. show that
there are only five types of minimal autocatalytic motifs. They also found
that autocatalysis is more abundant than previously thought, and simple
reaction networks with a few reactions can contain very many minimal
autocatalytic motifs in them.

In this chapter, we extend the definition of Blokhuis et al. to subnet-
works, and provide tools for exhaustively enumerating autocatalytic sub-
networks and understanding their combinatorics. The layout of the chapter
is as follows. In Sec. 2.2, we briefly review chemical reaction networks
(CRNs) and a few different notions of autocatalysis. In Sec. 2.3, we develop
a formalism for analyzing minimal autocatalytic subnetworks (MASs)
that are detectable from the stoichiometric matrix. In the manuscript Ref.

Gagrani et al. (2023a), we provide a linear-programming algorithm to
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exhaustively enumerate them. We also propose a visualization scheme
in which to represent MAS combinatorics and geometry. In Sec. 2.4, we
present the cluster chemical reaction network (CCRN) framework and
argue that it is provides a natural coarse-graining of realistic chemical
and biochemical reaction networks. We then explore the combinatorics of
MASs in CCRN framework and provide a worked-out example to demon-
strate the geometry of autocatalysis in the stoichiometric subspace of
species concentration. Multiple examples from the CCRN framework
are also spread throughout this work. We conclude, in Sec. 2.5, with an
overview of our contributions and possible avenues for future investiga-

tion.

2.2 Chemical reaction networks and
autocatalytic cycles

The mathematical theory of chemical reaction networks (CRNs), pio-
neered by Horn, Jackson, and Feinberg (Horn and Jackson, 1972; Feinberg,
2019; Yu and Craciun, 2018), has ubiquitous applications in understand-
ing nature. In particular, for biological and ecological applications, the
formalism allows for a notion of self-replication or autocatalysis where cer-
tain species increase the population of these same species. Consequently,
there is value in rigorously understanding the organization of a collection

(ecology) of autocatalytic cycles.
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In (Feinberg, 2019), Feinberg defines a CRN as a triple of the set of
species, complexes, and reactions (8, €, R), which we review in Appendix
A.1. Ithasbeen argued in (Deshpande and Gopalkrishnan, 2014), however,
that the data of the set C of complexes is redundant as it can be recovered
from the reaction set R and, thus, a CRN can be defined more economically
as (§,R). Since the two representations are equivalent, we will pick either,
dictated by convenience. The concept of autocatalysis, dating back to
the late 1800s (Ostwald, 1890; Peng et al., 2022b), has several distinct
formulations in CRN theory, for a review of which we refer the readers
to Andersen et al. (Andersen et al.). In our work, we closely follow the
formulation of Blokhuis et al. (Blokhuis et al., 2020), while acknowledging
its relationship to other formulations of autocatalysis, as shown in Sec.

2.2.2.

2.21 Hypergraphs, stoichiometric matrix, conservation

laws, and null flows

A chemical reaction network (CRN) is defined by the pair (§, R) where 8

and R denote the finite sets of species and reactions, respectively.

SZ{Sl,...,SS}

R={y —y’}
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The reaction hypergraph of the CRN (8, R) is the directed graph with complex
set C:={y,y’ly — y’ € R} and edge set R. The complexes, are multisets
of species (vertices), and are denoted by a column vector y representing
the stoichiometry or multiplicity of each species in the complex. Note that
this is purely topological data, and no reference is made to the kinetics or
dynamics of a system specified by the CRN.

Let (hyper)graph G = (8, R) be a CRN. Then the stoichiometric subspace
S is defined as the linear span of the reaction vectors {y’ —yly =y’ € R}.
The stoichiometric matrix S is defined as the matrix whose columns are the

reaction vectors,

cols(S) ={y' —yy — y' € R}L (2.1)

We denote the restriction of the rows of the stoichiometric matrix S
to a species set 8’ C 8 by Ss/, and the restriction of the columns of S to a
reaction set R’ C R by S*'. In general, for a subgraph §' = (8/,R') C G,
we denote the restriction of S to §’ by S|g/ := S?;,’.

We define a subnetwork of a graph G to be the subgraph (8|x/, R')
where R’ C R and there is no omission of species in the subnetwork that
participates in the set of reactions R of the original graph §.

Let vector n = [ny,...,ng]" € Z3; (¢ RY;) denote the population
(concentration) of each species in the system, and v = [vy,...,vx]" denote

a (hyper)flow on G. Then the change of species population (concentration)
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An resulting from the flow v € Z%; (v € RZ ) on the graph § is given by
An=S-v.

The span of the columns of the stoichiometric matrix is termed as the
stoichiometric subpsace, and is the subspace of the change in species concen-
tration under an arbitrary flow on §.

A flow on a graph can also be used to create a linear combination of the
reactions, also called a composite reaction or §—dilution in the terminology
of (Andersen et al.) or (Deshpande and Gopalkrishnan, 2014; Cardelli,
2011), respectively. For example, a flow v on graph § would result in the

composite reaction

R R
/
D Vi = ) iy
r=1 r=1

The left null space of S, i.e. vectors x such that x - S = 0, correspond to

conservation laws

x-An =0.

Equivalently, the inner product of the conservation law with the popu-
lation x - n is an invariant for the network under an arbitrary flow. The
vector x will be called a positive conservation law if all its coefficients are
nonnegative.

Similarly, the right null space of S, i.e. vectors w such thatS-w =0,
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Figure 2.2: In the left panel, the Euclidean embedded graph (E-graph,
see Craciun (2019)) of the CRN in Example 2.1 is shown. The E-graph is
obtained by representing the complexes as lattice points in a Euclidean
lattice and representing the reactions as edges between them. The flows
on the reactions are labelled by k and the change in concentration they
induce, An = Sk, is schematically represented in the right panel.

correspond to null flows which leave the population (concentration) of the
species unchanged (An = 0). A careful accounting of the right null space
of S provides a topological classification of a CRIN, which we review in

Appendix A.1.

Example 2.1. Consider the CRN G = (8, R) given as

A+B—=—2A,

A+B—2B.

For a visual representation of this example, see Fig. 2.2. Then the species set § =

{A, B} and the reaction set R = {A +B — 2A,2A — A+ B,A + B — 2B}. As
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can be read from R, the complex set C = {A + B, 2A, 2B}, and their corresponding

vectors are

1 2 0
YA+B = s Y2A = yYoB =
1 0 2

The stoichiometric matrix S for G is

with left null space (conservation laws) spanned by x = [1,1] and right null
space (null flows) spanned by the basis {[1,1,0]",[1,0,1]"}. Notice that the
stoichiometric subspace is one-dimensional and perpendicular to the conservation

law.

2.2.2 Formal, exclusive and stoichiometric autocatalysis,

and autocatalytic cores

Formal autocatalysis: Following the formulation in (King, 1978), An-
dersen et al. in (Andersen et al.), define a CRN § to be formally autocatalytic

in the set M if:

1. there exists a flow on G such that the resulting composite reaction is

of the form

(F) + mM — nM + (W),
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where 0 < m < n'. Here m and n are the stoichiometries of the set
M in the input and output of the composite reaction, respectively,

and oM = }_; o; M.
Example 2.2. Consider the reaction network G = ({A,B},{A - B,A+B —
B}) under the flow v = [1, 17. The resulting composite reaction is

2A +B — 2B.

Thus the reaction network is formally autocatalytic for the set M = {B}.

Exclusive autocatalysis: In (Andersen et al.), Andersen et al. define

a CRN § to be exclusively autocatalytic in the set M if:

1. there exists a flow on G such that the population of each species in

the set M strictly increases.

2. for every reactiony — y’ € G, the input complex y and the output
complex y’ contain at least one species from the set M. This ensures
that the flow is inadmissible, or there is no flow, if the population of

any species in the set M is zero.

While the first condition is identical, it is the second condition that makes

exclusive autocatalysis a more restrictive notion than formal autocatalysis.

1A < B, read as A precedes B, if all entries of A — B are strictly negative. Analogously,
A - B, read as A succeeds B, if all entries of A — B are strictly positive.
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Example 2.3. The CRN G in Example 2.2 is not exclusively autocatalytic since
the flow proceeds even if the population of B is 0. That is because the reaction
A — B does not require the presence of B to proceed.

However, in Example 2.1, G is exclusively autocatalytic in the set M = {A} since:
1. the flow v = [1,0,0]" increases the population of A, na, by 1ifna > 0.

2. the reaction A+ B — 2A requires the presence of at least one A and cannot

occur if na =0.
Similarly, one can show that G is also exclusively autocatalytic in the set M = {B}.

Note that this definition is consistent with an intuitive notion of au-
tocatalysis and is cognate with those of prior works (Deshpande and

Gopalkrishnan, 2014; Gopalkrishnan, 2011; Barenholz et al., 2017).

Stoichiometric autocatalysis: In (Blokhuis et al., 2020), Blokhuis
et al. generalize the notion of autocatalysis for subgraphs rather than
complete networks. They define a motif to be any subgraph G’ of a CRN,
or equivalently any possible submatrix S|g: of the stoichiometric matrix S.
Then, an autocatalytic motif is defined to be a subgraph A = (As, Ag) such

that:

1. There exists a nonnegative flow g on A such that the change in
concentration of each species in the set As is strictly positive or

Ang, =S-g > 0.
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2. For every reactiony — y’ € Ag, the complexes y and y’ contain at
least one distinct species from the set As. Equivalently, each column

in S := S|4 has at least one positive and one negative coefficient.

Notice that the first condition is identical to that of exclusive autocataly-
sis. However, the second condition, also termed autonomy of submatrix
S, ensures that the production of any species consumes at least one other
species of the motif, disallowing unconditional growth. The condition that
there needs to be at least one autocatalytic species in the reactants distinct
from the products makes this definition more restrictive than exclusive
autocatalysis, due to which we term their criterion as stoichiometric au-
tocatalysis. A useful feature of stoichiometric autocatalysis is that it can
be inferred from the stoichiometric matrix without referring to the under-
lying CRN. In the rest of our work we will adhere to this criterion and
will use autocatalysis to mean stoichiometric autocatalysis, unless specified
otherwise.

Following the terminology in (Deshpande and Gopalkrishnan, 2014),
if there exists a nonnegative flow such that S- g < 0, we would term the
subgraph as a drainable motif, where the change in concentration of all the
species in the subset is strictly negative. While we focus our attention on
autocatalytic motifs, the results in our chapter are easily extended to their
drainable counterparts. In (Deshpande and Gopalkrishnan, 2014), the
authors prove that a network is persistent if it has no drainable motifs and

also remark on the importance of autocatalytic and drainable motifs for



21

{{Food},{Waste},{Member,{Core}}} Partition

({1} O (23,41 (G 28 {284

|

Figure 2.3: In the left panel, all minimal autocatalytic subnetworks (MASs)
for the complete 1-constituent CCRN with L = 4 are shown. The core types
are also color coded using the typology of Blokhuis et al. in (Blokhuis
et al., 2020). In a CCRN, each species is denoted by a vector of positive
integers with an overbar, and each reaction satisfies certain conservation
laws. For a definition of a CCRN, see Sec. 2.4. The list of reactions can
be found in Ref. Gagrani et al. (2023a). In the right panel, the list of the
FWMC classes with the information of their intersection is shown.

understanding the dynamics of a network in ecological terms.

Autocatalytic core: An autocatalytic core is a minimal autocatalytic
motif that does not contain a smaller autocatalytic motif. In Ref. Blokhuis
et al. (2020), it is shown that if A = (Ac, Ag) is an autocatalytic core, it

has the following properties:

1. Sis a square and invertible matrix, and the number of reactions |Ag|

must be equal to the number of autocatalytic species in the core |Ac]|.



22

2. Every forward reaction in Ag contains only one species from the core

set Ac (possibly with stoichiometry higher than one).

Furthermore, the authors provide a geometric characterization of the
autocatalytic cores and show that they can only be of five types. We label
the autocatalytic subnetworks in Fig. 2.3 using their taxonomy, and for

details we refer the readers to (Blokhuis et al., 2020).

Example 2.4. Recall from Example 2.1, the stoichiometric matrix was given by

1 -1 -1
S =

-1 1 1
Notice that there is no autocatalytic core in this network, and thus a naive char-
acterization by the Blokhuis et al. criteria would regard the network to be non-
autocatalytic. On the other hand, from Example 2.3, we know that the network
is exclusively autocatalytic. To remedy this, we modify the network by replacing
each reaction whose reactant and product complex shares a species with two new

reactions with a fictitious distinct intermediate species. This then yields a new

network G* given by

2A—C—A+B—D—2B,

where C, D are the newly added fictitious species. The stoichiometric matrix for
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G* is given by

S*

Notice that the restriction of the stoichiometric matrix to the species set 8’ = {A, C}
and the reactions set R' = {A + B — C,C — 2A}, denoted by Sg??/, indeed
satisfies the properties for an autocatalytic core, and thus G* is indeed autocatalytic
with core species {A, C}. A similar construction shows that the network is also
autocatalytic in the set {B, D}. (In the typology of Blokhuis et al. both of these

cores are of type L.)

2.3 Organizing an autocatalytic ecology

Even mildly complicated CRNss can exhibit an abundance of autocatalytic
cores (Personal conversations with Philippe Nghe; Peng et al., 2022a).
Recall from Sec. 2.3.1 that we define a subnetwork of a graph § = (8, R) to
be a subgraph (8|x/, R’) where R’ C R and there is no omission of species
in the subnetwork that participate in R in the original graph G. Then,
we define a minimal autocatalytic subnetwork (MAS) to be a subnetwork
that contains exactly one autocatalytic core. In Sec. 2.3.1, we demonstrate
first, these subnetworks organize within equivalence classes, and, second,

that the subnetworks within an equivalence class can also be organized by
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analyzing, what we call their species-productive cones. We prove some results
about autocatalytic subnetworks in Sec. 2.3.2, and provide algorithms to
exhaustively enumerate the MASs and to identify their species-productive
cones in Ref. Gagrani et al. (2023a). Finally, we discuss the polyhedral
geometry of autocatalytic ecologies and develop a visualization scheme in
Sec. 2.3.3. It must be noted that, to simplify construction, we have assumed
that the graph § is reversible throughout this section, i.e. for every reaction

Y1 — Yo € G, the reverse reaction y, — yj is also in the reaction set of G.

2.3.1 Definitions

Let § = (§,R) bea CRN. Let A = (84, Ar) be a minimal autocatalytic sub-
network (MAS) containing exactly one core, where § 5 is the set of species
with non-zero stoichiometry in the reaction set Ax € R. From property 1
of an autocatalytic core, there must be a subset Ac C §4 containing the
core species that has the same size as Ag. In general, however, there will
also be disjoint subsets of § o of species that only occur as co-reactants, co-
products, and both co-reactants and co-products in Ag. Correspondingly,
if we consider the restriction of the stoichiometric matrix S to the reaction

set Ag, denoted by S := S|a, for the MAS A we define:

1. the species set corresponding to all rows of S with nonpositive coef-

ficients as the food set and denote it by Ar.

2. the species set corresponding to all rows of S with nonnegative
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coefficients as the waste set and denote it by Ay .

3. the species set corresponding to all rows of S with both positive and

negative coefficients as the member set and denote it by A .

4. the species set corresponding to all rows of autocatalytic core as the

core member set and denote it by Ac.

We denote the exclusion of a subset K from the species set by A k. For
example, all species in the species set of an autocatalytic subnetwork A
except the core member species will be denoted by A /. Note that the core
member set, or simply core set, is a subset of the member set, or Ac C Ap.
We refer to the species in the member set that are not in the core set as
non-core member species and denote their set as Ay, c. For an example of the
partitioning process on a reaction network where each set is non-empty,

see Fig. 2.4.

Food-waste-member-core partition of an autocatalytic subnetwork

Henceforth we will refer to the above partition of the species set for a MAS
as the food-waste-member-core (FWMC) partition of the MAS. Moreover, we
will refer to the submatrices generated by restricting to the food, waste,
member, and core species, as Sk, Sw, Sm, and Sc, respectively. Finally,
notice that MASs with identical FWMC partitions form an equivalence

relation. Thus we will call MASs A and B to be equivalent if they have the
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Figure 2.4: Food-waste-member-core and resource-member partition of
a minimal autocatalytic subnetwork in the 1-constituent Cluster CRN
(CCRN) with L = 6. Using the typology of Blokhuis et al. this subnetwork
has a type two core.

same FWMC partition,

A =B < FWMC(A) = FWMC(B).

Our quadpartite partition of the species set can be coarse-grained to a

bipartite resource-member partition where the resource set is the union of



27

food and waste sets (and member set is the same as above) (see Fig. 2.4).
Our partitioning of the species set by examining the coefficients of the
stoichiometric matrix is cognate with the partitioning done by Avanzini
et al. in (Avanzini et al., 2022), however, since their interest is in null
cycles, they partition the set of species into a resource-member partition. It
is also aligned with, and is in fact a refinement of, the food-waste-member
partitioning by Peng et al. in (Peng et al., 2020), where it is shown that
different compositions of distinct autocatalytic cycles can lead to various

ecological dynamics (see Fig. 2.1).

Example 2.5. In the network G* from Example 2.4, the MIASs are:
1. Ay =({A,B,C}L{A+B — C,C — 2A}with FWMC partition {{B},{}, {A, C}}}.
2. A, = ({A,B,D},{A+B — D, D — 2B}with FWMC partition {{A},{},{{B, D}}}.

Notice that both these subnetworks have empty waste and non-core member species

sets.

Flow, species and partition productive cones

Flow-productive cone: Recall from property 1 of an autocatalytic
core that Sc is invertible. The chemical interpretation of the inverse is that
the k™ column is a flow vector that increases the k™ species by exactly
one unit, making it an elementary mode of production. We define the

flow-productive cone, denoted by T, as the cone generated by the elementary
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Figure 2.5: The flow and species productive cones for the Example 2.6
are shown in the left and right panel, respectively. The dimensions of
the embedding space of the flow and species productive cones are the
number of reactions and species in the minimal autocatalytic subnetwork,
respectively. Notice that the food species B is strictly consumed (nonposi-
tive) and the core species A, C are strictly produced (nonnegative) in the
species-productive region. For this example, the partition-productive cone
is identical to the species-productive cone.

modes of production of a minimal autocatalytic subnetwork (MAS),
F(A) = cone(cols(gzl)). (2.2)

By definition, an element in the interior of the flow-productive cone, the
flow productive region, of A corresponds to a flow vector for which A is
productive, i.e. the core member species of A are strictly produced. It
should be noted that the inverse of Sc might contain negative coefficients.
Since we are only considering reversible networks, negative flows on a

reaction simply correspond to the reverse reactions. In general, however,
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for non reversible networks the productive cone may be defined as
F(A) = cone(cols(ggl)) N ]R/;g.

Species-productive cone: We term the image of the flow-productive
cone of a MAS under its stoichiometric matrix S as the species-productive

cone and denote it by P,

P(A) =S -F(A)

= cone(cols(S - Sgl). (2.3)

Therefore, each vector in the interior of the species-productive cone for a
MAS, which we refer to as the species-productive region, describes a change
in concentration of the participating species for which the subnetwork
is productive in the core member species. We remark that the species-
consumptive cone for the drainable subnetwork A°P, which is obtained by
reversing the edges of the autocatalytic subnetwork A, is the opposite of

the species-productive cone:
P(AP) = —P(A).

Partition-productive cone: Consider a MAS with species set 8. Let
us denote the FWMC partition of § as T = {T¢, Tw, Tm,c, Te). Let e; be

a column vector of size 8 with 1 at the i™ position and 0 elsewhere. We
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define the set of basis vectors By for the partition T to be
Br = BEUBYW UBMCUBS (2.4)
where

B? = {—e¢lf € T¢},

BY ={enlw € Tw},

M/C
BM/C —(—e Uenlm e Ty, c),

B—IC— = {eclc - Tc}

Thus the basis B for a partition T spans the negative half-space of each
species in the food set, the positive half-space of each species in the waste
and core set, and both negative and positive half-spaces of each species
in the non-core member set. Let the reaction network have conservation
laws {xi}, such that x; - S = 0. We define the partition-productive cone for the
partition T, denoted by Q(T), to be the cone generated by the basis vectors

restricted to the stoichiometric subspace
Q(T) = cone(Bt) L {xi}.

As noted in the previous subsection, belonging to an FWMC partition
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is an equivalence relation. By definition, the species-productive cones of
all equivalent autocatalytic subnetworks belonging to the partition T will

lie in the partition-productive cone Q(T).

Example 2.6. In this example, we will identify the flow-productive, species-
productive and partition-productive cones for the MAS A4 from Example 2.5
(shown in Fig. 2.5). For A; = ({A,B,C},{A+B — C,C — 2A},

-1 2
S=1]-1 o0
1 -1
— -1 2
Sc =

1 -1

_ 1 2

11

The flow-productive cone is
11 |2
F(A1) = cone , ,
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and the species-productive cone is

Notice that the graph G* (from Example 2.4) has a positive conservation law
x = (1,1, 2]. The partition-productive cone for the partition T, = {{B}, {}, {A, C}}}

is

o |1| [O
Q(Ty) =cone | |—=11|,10!,10 Lx
0| |0 |1
- 1- - 0
=cone | |—-1|, -2
0 1

= P(Aq).

For this example, the species-productive and partition-productive cones are identi-

cal, which is an instance of a general result proved in Theorem 2.12.

2.3.2 Mathematical results

To understand the geometry of the different cones defined in the previ-

ous subsection, we prove some results about their behavior. In order to
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organize the partitions, we give the conditions under which two mini-
mal autocatalytic subnetworks (MASs) with different partitions will have
non-intersecting species-productive regions in Proposition 2.7. Next, we
explore conditions under which the species-productive cone is identical
with the partition-productive cone for a MAS in Theorem 2.12. Under
such conditions, the partition itself contains the information of the species-
productive regions of all the MASs belonging to it. Finally, in Proposition
2.14, we understand the topological properties a CRN must posses in order
for the species-productive cones of two MASs to intersect. In Sec. 2.3.3
we will use these results to construct a visualization scheme for the list of

MASs in any CRN.

Proposition 2.7. Two autocatalytic subnetworks with different food sets have

disjoint species-productive regions if their non-core member species sets are empty.

Proof. We will show that if two autocatalytic subnetworks A and B have
distinct food sets and their non-core member species sets are empty, then
the interiors of their species-productive cones (species-productive regions)
do not intersect,

int(P(A)) Nint(P(B)) = @.

Let Ar/Br # @. Recall that that the species-productive cone of the sub-

networks lies within their partition-productive cone Q(FWMC(A)) and
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Q(FWMC(B)). Let y be the vector of length & such that

—1lifie AF/BF
[Y]i =
0 otherwise.

Then, by definition of the partition-productive cones, y-int(Q(FWMC(A))) >
Oandy - int(Q(FWMC(A))) < 0. Thus, y defines a hyperplane separating
the two species-productive regions, and the two regions do not inter-

sect. L]

Remark 2.8. If the non-core member species set is not empty, then the result is

no longer true. For instance, see Example 2.13.

Example 2.9. Using Examples 2.5 and 2.6, the species-productive cones for Aq
and A, in the species set {A, B, C, D} are

1 0
—1 —2
P(A1) = cone , ,
0 1
0 0
-1 -2
1 0
P(A,) = cone ,
0 0
0 1
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Ifwelet y =[0,—1,0,0], then y - int(P(A1)) > 0and y - int(P(A;)) < 0. Thus
y defines a separating hyperplane, and the two species-productive regions are
disjoint.

Lemma 2.10. The restriction of the species-productive cones of all MASs to their

core (member) species is the positive orthant in the core species.

Proof. Recall that the species-productive cone of a MAS is defined as
P(A) = cone(cols(S - Sgl).

By definition of the matrix inverse, the restriction of the product to the

core species is the identity matrix,

S-5¢ | =Ie

Thus, the species-productive cone restricted to the core species is the

positive orthant. O

Lemma 2.11. If a CRN has any positive conservation laws, the union of the food

set and the non-core member set of any MIAS must be non-empty.

Proof. Let A be a MAS, with associated stoichiometric matrix S, of a CRN
with a positive conservation law given by the vector x. Suppose A does
not have any element in the food set A or the non-core member set Apy/c.

For any flow v in the productive region of A, we know that S-v > 0. Also,
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since x is a positive conservation law, x-S - v = 0. Since the sum of positive
values cannot add up to zero, we have a contradiction. Thus, there must
be at least one element in the food set or the non-core member set of a

MAS with positive conservation laws. ]

Theorem 2.12. For a CRN with positive conservation laws, the species-productive
cone of any MAS with exactly one more species than the core set is identical to its

partition-productive cone.

Proof. Let A be a MAS of a CRN with positive conservation laws {x; } with
exactly one more species than the core set, denoted by C ={C;,...,Cc}.
From Lemma 2.11, we know that the extra species must be either in the
food set or non-core member set of A. In either case, the species must be
net consumed by the subnetwork to respect the positive conservation laws,
and we denote it by f.

Let us label the species set as {f, Cy,..., Cc}. Recall that the partition-
productive cone is defined as Q(FWMC(A)) = cone(B) L {x;}, where

B 7 [ ] 7 )
—1 0 0
0 1 0
B = , eens
\ 0 0 1

Note that the additional basis vector for the non-core member species with

positive entries is omitted since we know that it must be consumed in
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the species-productive region to respect the positive conservation laws.
Moreover, using Lemma 2.10, we know that the restriction of the species-
productive cone to the core species is the positive orthant in the core species.
In particular, for the species-productive cone P(A) = cone(cols(S - §gl),

we have

where f is a row vector [fy, ..., fc] and I¢ is the identity matrix of size C.

Since the CRN also has conservation laws, these coefficients must satisfy

[Xi}f ’ f1+[xi] c 1=0

for every conservation law indexed by i. But these are simply the basis
vectors of the partition-productive cone B when made orthogonal to the
conservation laws. Thus the partition-productive cone is identical to the

species-productive cone. [



38

Example 2.13. Consider two MASs (from Sec. 2.4.2 Fig. 2.3)

The partitions of Ay and A, are {{},{},{1,{2, 3,41} and {1}, {3,{{2, 3, 4}}}, respec-
tively. A simple calculation yields that their species-productive cones are in fact

identical, and

—2 -3 —4
1 0 0
P(A1) = P(Az) = cone , ,
0 1 0
0 0 1

Proposition 2.14. If the species-productive cones of two MASs have an intersec-

tion, the reversible graph of their union has a null flow.

Proof. Let the productive cones of two MASs A and B, have a non-empty
intersection, P(A) N P(B) # @. Let A U B be the subnetwork obtained by
taking the union of the two subnetworks, and let SAg be the associated

stoichiometric matrix. Then, there must be non-identical flows v5 and vg
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with support in A and B, respectively, such that

SAUB - VA = SaAuUB - VB.

This implies that Saug - (va — vg) = 0, and thus the kernel of the stoi-
chiometric matrix is non-empty. In general, the difference of their flows
(va — vg) can have negative coefficients, however, it yields the interpreta-
tion of a null flow on a network if the union of the two subnetworks A U B

is made reversible. O

Remark 2.15. The converse statement, if the reversible graph of the union of two
MASs contains a null cycle then their species-productive cones must intersect, is

not true. For example, consider the MASs (from Sec. 2.4.2 Fig. 2.3)

b
i
|
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=
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Notice that FWMC(A4) = {1}, {}, {2, 3}}} and FWMC(A,) = {{3}, {},{{1, 2}}}.
Thus, using Proposition 2.7, the two species-productive cones do not intersect.

However, the union of the two subnetworks yields
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Identical

Containment

- Intersect

Disjoint

Figure 2.6: The intersection data of partition-productive cones for all
partitions of the complete L = 5 1-constituent CCRN (described in Sec.

242).

which is a null cycle (with null flow [1,1, 1m).

2.3.3 Geometry and visualization

In the last subsection, we proposed an algorithm that, given a stoichiomet-

ric matrix of a CRN, outputs a list of the MASs it contains. In this section,

we will explain how to take the list of MASs and visualize their combina-
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torics and geometry. Recall that for each MAS, we define a flow-productive
cone in the flow space of the graph where each core member species is
strictly produced, and a species-productive cone on the space of changes in
concentration (population). Geometrically, the space of changes in chemi-
cal concentration (i.e., the velocity space of chemical concentrations) is
the stoichiometric subspace of the CRN. Thus, the list of MASs can be seen
as yielding a partial polyhedral decomposition of the stoichiometric space
induced from the flows on the hypergraph (CRN). We remark that, for a
more complete decomposition one must also consider the consumptive
cones of the minimal drainable subnetworks. However, it is not necessary
that the union of the autocatalytic and drainable subnetworks span the
complete stoichiometric space (for example, see Sec. 2.4.2 Fig. 2.12).

In subsec. 2.3.1, we showed that each subnetwork can be assigned to its
FWMC equivalence class. As explained in Proposition 2.7, while there are
cases where the species-productive cones of different equivalence classes
can be shown to not intersect, in general the productive regions of differ-
ent equivalence classes can intersect. To visualize the list of equivalence
classes to which the MASs belong, we run the algorithm for finding an
intersection between each pair of partition-productive cones and obtain a

two-dimensional square matrix, C,,, of dimension equal to the number of

pPp’

equivalence classes. Let us denote the list of equivalence classes by £. The
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FWNC Partition { {4}, {1}, {{2,3.5}}
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MASS
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MASs AS1, AS4

- . - . L interset
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Figure 2.7: All MASs belonging to the {{4},{1},{{2, 3, 5}}} class in the com-
plete L =5 1-constituent CCRN are considered. The projections of their
species-productive cones on the food and waste species are shown in the
left panel. The right panel displays the intersection information of MASs
within a class analogous to Fig. 2.6. Note that there are no MASs in the
class that are disjoint, and thus the ‘disjoint’ label is omitted.

entry of Cpp in the i row and j* columns is given by,

(

2if Q(£1) = Q(L;),
1if Q(L1) € Q(L;5),

0if & 7# Q(£L:) N Q(L;) & Q(L), Q(L5),

|1 QL) UQLLy) = 2.

Notice that any asymmetry in entries across the diagonal indicates that

only one of the partition-productive cones completely contain the other.

This matrix can then be visualized as a heat map, for example see Fig. 2.6.

Each equivalence class can contain several MASs. The species-productive

cones of the MASs in a class are not always identical. While they will share
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the same projection on the core species, the productive regions in the
non-core species can be very different. For example, let us pick the equiva-
lence class {{4},{1},{{2, 3, 5}}} from the list of classes shown in Fig. 2.6. From
the figure, we know that it contains 5 MASs. We plot the projection of
the species-productive region in the non-core species in the top panel
of Fig. 2.7. In higher dimensions when more non-core members are in-
volved, this representation can get rather cumbersome. Thus, we employ
a similar visualization as Cp, to depict the intersection of MASs within
an equivalence class. Whether or not there is an intersection between the
species-productive cones can be ascertained using our algorithm outlined
in the previous subsection. For an example of the resulting visualization
for the same equivalence class considered above, see the bottom panel
of Fig. 2.7. In the same manner, a visualization for the information of
pairwise intersection of the productive cones of all MASs for a CRN can

also be obtained, for example see Fig. 2.8.

Example 2.16. Consider the complete L = 5 1-constituent CCRN of order
two. The list of all the FWMC classes, the number of MASs they contain, and

their intersection information is summarized in Fig. 2.6. Consider the class
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Identical

Containment

- Intersect

- Disjaint

Figure 2.8: The pairwise intersection information for all the species-
productive cones of the L = 5 1-constituent complete CCRN of order
two. The reaction network and the list of MASs can be found in Ref.
Gagrani et al. (2023a).
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{{4},{1},{{2,3,51}}. It contains the MASs:

AS1 ={242 =3 +1,
5 52+3,
44+352+5)

AS2 ={4+2 - 1+5,

W

-2+

Qi

7

NI

443 —-52+05)

The projection of the species-productive cones for the above MASs and their

intersection information is summarized in Fig. 2.7.
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Figure 2.9: Consider a CRN of polymers whose species set is arranged as a
binary tree in two letters, shown to the left. Then the cluster resulting from
each binary string is obtained by counting the number of occurrences of
each alphabet. The clusters thus obtained form a lattice structure, shown
to the right.

2.4 Cluster chemical reaction networks (CCRN)
framework

All realistic chemical reactions, ignoring nuclear reactions, conserve the
number of atoms of each type. Often, but not always, reactions involving
polymers also conserve the number of each monomer. This motivates
taking a coarse-grained perspective, where we forget the bond structure
of each molecule or polymer and only count the number of atoms or
monomers, respectively. Following terminology from Chapter 7 of (Kelly,
2011), we will refer to this coarse-grained description of each species as a
cluster (see Fig.2.9). This also allows us to coarse-grain a realistic CRN into
a new CRN which has clusters as species and reactions between multisets
of clusters induced from the reactions in the original CRN. We will call the

resulting CRN, a cluster chemical reaction network (CCRN) obtained from
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the original CRN.

There are three advantages of considering CCRN descriptions of CRNs.
First, consider a CRN whose species set consists of all linear polymers
formed of D monomers up to size N. Then, the CCRN induced by the CRN
would reduce the number of species from exponential (D) to polynomial
(NP) in the size of the polymer, providing a significant computational
advantage. Secondly, since each reaction in the original CRN induces a
reaction in the CCRN with the same topology, the mapping would preserve
the autocatalytic property. In other words, if a CRN is autocatalytic, its
induced CCRN will also be autocatalytic. However, since it is a many-
to-one map, multiple autocatalytic subnetworks of the CRN might map
to the same autocatalytic subnetwork in its CCRN or new autocatalytic
subnetworks in the CCRN might emerge (see Example 2.17). Thirdly, one
can later re-introduce structure into the CCRN by adding more species
with the same cluster counts (conserved quantities). In this way, the
coarse-graining can be systematically refined to recover the original CRN,

and allows a gradual complexification of the model.
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Example 2.17. Consider the CRN

5=(R)
8§ ={A,B,BAA,ABB,ABBA, BAAB, ABBABAAB}
R ={ABBA + BAA + B — ABBABAAB,

BAAB + ABB + A — ABBABAAB,

ABBABAAB — ABBA + BAAB.}

The CCRN obtained by counting the number of As and Bs in each string and

representing the resulting clusters as Wa, Ny is

CCRN(S) = (8¢, Rc)

SC - {1/ O/ 0/ 1/ 2/ 1/ 1/ 2/ 2/ 2/ 4/ 4}

B

Re=1{2,24+2,1+0,1—4,4,

2,24+1,2+1,0—

.

4

~

4,4 —2,2+2,2.}

Notice that while the CRN has one minimal autocatalytic subnetwork (MAS),
the CCRN has two MASs. This can be remedied by remembering that BAAB and
ABBA are distinct by introducing a new species 2,2". A ‘finer’ CCRN would
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then be

CCRN(S)" = (S¢, Re)

Note that CCRN(G)* has identical information to the original CRN and is the
finest CCRN that can be obtained from the original CRN.

We formally define a CCRN in Sec. 2.4.1, and systematically explore
the properties of CCRNs with one conserved quantity (type of atom or
monomer) in Sec. 2.4.2. We also provide the statistics of autocatalytic
subnetworks found in such reaction networks and present a worked-out-
example in Sec. 2.4.2. We briefly discuss the computational challenges in
scaling the algorithm for fully connected models in Sec. 2.4.2 and introduce

rule-generated CCRNs in Sec. 2.4.3.

2.4.1 Formalism

A cluster chemical reaction network (CCRN) is a CRN with the additional
structure that, upon excluding the inflow and outflow reactions, the net-

work has at least one nonnegative integer conservation law (for the defi-
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nition of a conservation law, see Sec. 2.2.1). Each conservation law corre-
sponds to a type of constituent that is conserved. We denote the number
of distinct constituents by D and label them as A, ..., Ap. The species of
a CCRN, termed clusters, are multisets of constituents and denoted by an
overline (notation chosen to be consistent with (Liu and Sumpter, 2018))
over a vector of nonnegative integers representing the number of each

constituent in the cluster. For instance,

denotes the cluster comprising n,, ..., np of constituents A4, ..., Ap, re-
spectively. Notice that a unit of a constituent represents a unit of conserved
quantity, thus a cluster is labelled by its set of conserved quantities. In case
of multiple clusters with the same conserved quantities, we distinguish
them with an asterisk *. For example, in Table 2.2, Tand 1 refer to a
monomer and an activated monomer, respectively. Finally, we define the

length of a cluster to be the sum of its conserved quantities,

D
l(n) := Z ni.
i=1

In a CCRN, complexes are multisets of clusters and denoted by

X . X =
c™ = E cp - M.
n
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As an abuse of notation, we denote the stoichiometry of complex c* also
by c¢*, where now it is the column vector with entries c;. We define the
size of a complex to be its vector sum of conserved quantities of each type,

and denote it as
lc*] = Z cp - .
n
We define the width of a complex to be total number of clusters in the

multiset, and denote it by

w(c%) = Z Cp-

In the CCRN, every reaction must be such that the size of the source and

target complexes are identical. Thus, a reaction ¢c® — cP is allowed only if

=) c¥-n=> cf n=[cP|
n n

This restriction consistently ensures that the number of constituents across

each reaction are conserved, as

Zn-(cﬁ—c“)nza

Let Hp = (§,R) denote a CCRN with D constituents. Then for any
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finite CCRN,

8 C {an € ZY},

R C{c* = cPlle™] = IcP[}.

We define the length of a CCRN by the maximum length of its clusters,
and denote it by

U(Hp) = max In|.

We also define the order of a CCRN to be the maximum width of its com-
plexes, denoted by

o(Hp) :mjgxw(c“).

We define a complete CCRN of length L and order w to consist of all
species up to length L and all possible reactions that are allowed by the
conservation laws with complexes of width up to w. Since any reaction
consisting of more than two reactants or products can be written as chains
of second-order reactions, for our analysis we will restrict to CCRNSs of order

two.

24.2 Complete CCRN
1 constituent CCRN

Let H} = (8, G, R) denote a complete 1-constituent CCRN of length L and

order two. 1-constituent CCRN of length L means that the species set
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Figure 2.10: Number of minimal autocatalytic subnetworks (MASs) vary-
ing with L for the complete 1-constituent CCRN of order two. For each L,
the distribution of MAS with the number of reactions is also shown. Notice
that total MASs for each L, plotted as black dots, increases exponentially
with L.
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Max. size | CCRN properties # reactions in a MAS
L el IR € 1+ 5|2 3 4 5 6
3 6 6 3 3 1|2 0 0 0 0
4 1 14 5 8 3|9 11 0 0 0
5 17 26 7 16 6 |24 98 48 0 0
6 24 44 9 29 10|48 461 768 331 0
7 32 68 11 47 15|85 1549 6028 5673 1709

Table 2.1: The complete 1-constituent CCRN of size L and order two is
considered for L from 3 —7. The topological properties of the CCRN, such
as number of linkage classes { and deficiency 6, are shown in the left half
(for calculations, see Appendix A.2). The number of MASs for a given
number of reactions is shown in the right half (for a visual representation,
see Fig. 2.10).

T+T||1+2 T+§\

|~

(V]|

S

2 3
1+5——=2+4|1T+6=—=2+5
6 ——=3+3 7 3+4

Figure 2.11: The first few reactions in the complete 1-constituent CCRN of
order two. The reactions containing clusters only up to length four (L = 4)
are shown in yellow boxes.

consists of clusters up to length L, denoted as § ={1,2,...,L}. By order
two, we mean that all complexes are at most of width two, and the set of
complexes is denoted as € = {a}U{a+b}fora,b e Sandb < a < L. Bya

complete CCRN, we mean that the set of reactions contains all the possible
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reactions that are allowed by the conservation law, i.e.

R=fa+b==c+da+b=c+dU

([@a==tc+dla=c+d.

The first few linkage classes of the complete 1-constituent CCRN of order
two are shown in Fig. 2.11 and the complete CCRN for L = 4 is highlighted
in yellow. The information about the reaction networks and the MASs
that they contain for the complete 1-constituent CCRNSs of L ranging from
3 to 7 is collected in Table 2.1 and Fig. 2.10.

Consider the complete 1-constituent CCRN with L = 4 of order two, the
reaction network for which is shown in Fig. 2.11. Notice that this subnet-
work has 5 linkage classes, 11 complexes, and 14 reactions. An application
of the algorithm for enumerating all the MASs of the CCRN discussed
in Ref. Gagrani et al. (2023a) yields a list of 20 subnetworks, shown in
Fig. 2.3. In the list, there are 9 MASs with two reactions and 11 MASs
with three reactions. Since the CCRN has 4 species, and 1 conservation
law, the stoichiometric subspace is of dimension 3. Moreover, due to the
conservation law, from Lemma 2.11 each MAS must possess at least one
non-core species. This means that there cannot be any 4 reaction MAS as it
would require at least 5 distinct species, which would be a contradiction.

Upon obtaining a list of MASs for a given CRN, we would like to un-

derstand how their species-productive and partition-productive cones
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intersect. For the L =4 CCRN considered above, using Theorem 2.12, any
MASs within a partition have identical species-productive cones and it
is identical to the partition-productive cone. Thus, we do not show any
plot for the species-productive cone intersection data. Moreover, any two
partitions consisting of the same core of 3 species must have the same
partition-productive cone, as the stoichiometric subspace is of dimen-
sion 3. For example, the partition-productive cones of {{1},{},{{2,3, 4}}}
and {{},{},{1,{2, 3, 4}}} are identical. The information of the intersection of
partition-productive cones for different FWMC partitions are shown in
the bottom panel of Fig. 2.3.

Unlike the L = 4 case, for the complete 1-constituent CCRN with L =5
of order two, there can be MASs in the same equivalence class whose
species-productive cones do not intersect. Moreover, it is not a priori
clear whether or not two partition-productive cones of different partitions
will intersect. Thus we employ our visualization scheme and display
this information in Fig. 2.6. As described in Sec. 2.3.3, for a particular
equivalence class we also show the intersection information of the species-

productive cones in Fig. 2.7.
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0, —3/2,1]

[—3,0,1]

1, —1/2,0] « »(—2,1,0]

1,0, —1/3]

0,1, —2/3]

Figure 2.12: The 2-dimensional stoichiometric subspace along with the
autocatalytic productive cones for the L = 3 complete 1-constituent CCRN
are shown. The 6 rays emanating from the origin, labelled by their di-
rections in the 3—dimensional space, form the edges of productive cones
where one species is consumed and another is produced. For instance,
the ray [—3,0, 1] corresponds to the direction in the stoichiometric space
where 1 is consumed, 3 is produced, and 2 remains constant.

L=3 1-constituent CCRN

Consider the complete 1-constituent CCRN with L = 4 of order two, given

by
3 = (8,R)
$=1{1,2,3}
R=(I4+1 7
ko
142 223
ks
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This network has two MASs, namely

AL ={1+2 -3,
1+3—>2+2},
AQZ { §—>T+T,

341 —>2+2)

Since the CCRN has one conservation law, the stoichiometric subspace
is of dimension 2 and perpendicular to [1,2,3]". The two-dimensional
stoichiometric subspace is shown in Fig. 2.12. The 6 rays emanating from
the origin, labelled by their directions in the 3—dimensional space, form
the edges of productive cones where one species is consumed and another
is produced. The species-productive cones of the two autocatalytic cycles
are also labelled. Note that the species-productive regions is the complete
cone within the bounding rays, and the finite boundary is drawn simply
to enhance visualization. For example, the species-productive cone of
the MAS A; is bounded by the rays [—2,1,0] and [-3,0, 1]. Notice that
the FWMC partition of A; is {{1},{}, {{2, 3}}}, consistent with the species-
productive region that strictly consumes species 1 and strictly produces
species 2 and 3.

We also want to make a few remarks about the details that are absent in
Fig. 2.12. Firstly, for every MAS, there is a minimal drainable subnetwork

obtained by reversing the reaction edges. The species-productive cone
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Figure 2.13: Multiple fixed points for the complete 1-constituent CCRN
with L = 3 and order two obtained using Feinberg’s deficiency one algo-
rithm (see Appendix A.3). The parameters for the algorithm are chosen
tobe uy =1, u; = 3, u3 = 4 =1, and the rate constants for the model are
ki1 =1,k; =1.001, kip = 1.1, k3 = 1.011, k43 = 0.146, kp, = 0.027.

of these drainable networks will be the negative of their autocatalytic
counterparts. Secondly, notice that there is no MAS with the partition
{12}, {3, {{1,3)}}). In case there was one, as will be if we allow reactions of
order 3, then its species-productive cone would be bound by the rays
[0,-3/2,1] and [1,—1/2,0].

Notice from Table 2.1 that this CCRN has a deficiency of one. This
means that when taken with mass-action kinetics, it has the potential to
exhibit multistability. To investigate this, we used Feinberg’s deficiency one
algorithm (Feinberg, 1988) in Appendix A.3 and obtained rate constants
for which the CCRN has multiple steady states. An example of multiple

steady states and the rate constants using which they are obtained are

reported in Fig. 2.13.
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Number theoretic result for 1-constituent CCRN of order two

Since CCRNSs are defined by number conservation laws, finding autocat-
alytic subnetworks in CCRN corresponds to number-valued solutions of
systems of equations. In this subsection we will show that if there exists a
two-reaction MAS in a partition of a 1-constituent CCRN, then it must be

unique.

Lemma 2.18. Let A be a 2-reactions MAS in a 1-constituent CCRN of order two.
Then, there does not exist any other MASs in the CCRN with the same FWMC

partition as A.

Proof. Let Ac = {i,j} be the core species in A (assume without loss of
generality that i > j). The possible 2-reaction MASs with that set of core

species are given by reactions of the form

ith— j+b,
i+l — 21
i+m = 2j,
j+TG = 14 s
Note that each non-core species can take the value 0, indicating the absence
of a reactant. However, due to Lemma 2.11, the conservation law will

require that at least one food species is non zero. Observe, also, that

in both types of potential MASs there is a reaction which is uniquely
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determined by i and j (being then {3 and 1, also unique for this choice
of the core set). Concretely 05 =21 —j and m; = 2j —i. Note that these
reactions are different since it is assumed that i # j. Thus, the above
reactions reduce to:

i+j+l—1i— j+¢

Mll

j+2i—j— 2L

i+2j—1— 2j,
M, :
j+i+m—j— i+m
Now we will do a case-by-case analysis to show that each FWMC-partition
will contain at most one solution of the systems of equations.

Note that the only possible partition of the species induced by the
reactions in M; is: FWMC(M;) = {j + € — 1,21 —j}, {}, {{i, j}} whereas the
partition for M, is: FWMC(M;) = {2j — i, i+m—j, },{m}, {1, j}} From both
types of partition, the only possibility that both coincide is that 1 = m and
i = j contradicting the assumption that i > j.

]

Given two different species i, j with i > j > 1, the above result also
provides a way to construct all the 2-reactions MASs with those species
being the core species. The explicit reactions taking part of the MASs are

in the form:
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N

e Incasei <

Ri: i+j+0—i— j+{
MAS; = i
Ry: j+2i—j— 2L

foralll{ € [i—j,LINZ.

N

e Incase i <j <

R;: i+2j—i— 2j,
MAS, = ~ ~
Ry: j+i+m—j— i1+m.

forallme [0,L+j—1NZ.

Computational challenges in scaling

Consider the complete 2-constituent CCRN of order two, defined as

Hy, =(8,R)

8 ={a,bla,b € Z>0}

R ={a,b+c,d—ef+gnh

a+c=e+gandb+d=Ff+h}

We wish to remark that for 3(, and other CRNs with a large number of
reactions, generating the whole set of autocatalytic subnetworks is compu-

tationally challenging. As the number of reaction increases, the dimension
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of the space where the MASs are to be found also increases, and even
finding a single MAS in the network implies solving a difficult optimiza-
tion problem that might be computationally costly. Even being each of
the cycles polynomial-time solvable (which does not seem to be the case),
the complexity of the enumeration algorithm may turn into exponential
(see, e.g., (Garey and Johnson, 1979)) since the number of subnetworks
increases considerable with the number of species and reactions. Thus for
practical reasons, it maybe more feasible to consider sparser rule-generated

networks, as explained in the next subsection and shown in Fig. 2.2.

2.4.3 Rule generated CCRNs

A naive computational modelling of artificial chemistry (Banzhaf and
Yamamoto, 2015) often runs into issues of memory, storage and process-
ing due to a combinatorial explosion of chemical species and reactions
involved in the CRN. For instance, if one uses string chemistry (Moyer
et al., 2020) (or polymer sequence chemistry) to model polymers of size
up to N with D distinct monomers (D constituents), a straightforward
calculation shows that one is required to track 3|, D' > DN species.
Since for any physically relevant model N > D, so it is clear that the com-
putation will soon become intractable as one increases the size of the string
(polymer) N while also considering their relevant network of interactions.
On the other hand, even a simple graph-grammar for generating artificial

chemistry, with the application of (Andersen et al., 2016), can generate a
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Monomer activation 11
Catalyzed activation C+i=—T1+C
Polymerization 1+1T =2

2417 =3
1-constituent i+1T =+

i k+1,00 =7 +1k
2-constituent {] + )T

i k+0,1T = j,k+1

Templated jyk+k—=1j+1,0 —j,k+k,j

polymerization j,k+kj—1+0, jR— j,k+Kk,j
Fusion i+E —jt+k
Fission j=—j—k+k

Table 2.2: Several examples of rules for generating a sparse CCRN relevant
to biochemistry. Here, in accordance with the definition of a CCRN, the
variables j, k must be chosen such that the resulting clusters have a non-
negative integer quantity of each constituent.
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reaction network that is computationally unfeasible. Moreover, even if one
restricts the reaction network in the computationally feasible regime, an
enumeration of autocatalytic subnetworks or motifs will generically be an
extremely long list. In such a scenario, it might be unclear how to simplify
the model without stripping away the essential details or adding artifacts.

We argue that the Cluster framework, or considering CCRNs induced by
CRNs, can help alleviate some of the issues raised above. Any rule gen-
erated CRN, in string chemistry or built using graph-grammar methods,
must induce rules on the CCRN. Since the induced CCRN can have an
exponentially reduced species set, it offers a way to constrain the model
to a more computationally feasible regime. Since autocatalytic networks
are preserved under this coarsening (with some caveats mentioned in the
introduction to this section), one can use the CCRN to obtain a smaller list
of MASs. One can then gradually complexify the CCRN by adding more
species with the same conserved quantities until the required behavior of
the CRN is captured by the CCRN.

For example, consider polymer chemistry with two monomers A and
B. For an arbitrary polymer w, the addition of an A or B yields w - A or

w - B, respectively. In the cluster framework, if we map A, B, and w to

1,0,0,1, and j, k, respectively, the polymerization reactions in the CCRN
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become

k+1,0 =7 +1K,

k+0,1 =7 k+1

In realistic chemistry, however, a monomer addition to a polymer is only
done by an activated monomer and not an unactivated monomer. Thus,
we may want to distinguish activated and unactivated monomers in our
model, for which we can add extra species 1,0°and 0,1". The resulting
polymerization reactions and other examples of rule generated CCRNs

are shown in Table 2.2.

2.5 Discussion and future research

In this work, we began by reviewing the notions of autocatalysis in liter-
ature in Sec. 2.2.2. We term the autocatalysis that can be detected from
the stoichiometric matrix as stoichiometric autocatalysis, and show that it
is more constrained than formal or exclusive autocatalysis. Any system
showing stoichiometric autocatalysis is formally and exclusively autocat-
alytic, which means that enumeration of stoichiometrically autocatalytic
subnetworks can only underestimate the autocatalytic structure in a CRN.

In (Blokhuis et al., 2020), it was shown that there are exactly five types

of minimal stoichiometrically autocatalytic cores, where a core is obtained
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by only selecting a few species from the complete set of species that par-
ticipate in the autocatalytic reactions. In Sec. 2.3, we extend their work
by defining stoichiometric autocatalysis for autocatalytic subnetworks de-
fined on the complete set of participating species in the reaction network.
We show that for any such subnetwork, the species set can be uniquely
assigned a food-waste-member-core partition, and define geometrically rel-
evant quantities for them. We then derive mathematical results about
these quantities, and provide an algorithm for exhaustively enumerating
all minimal autocatalytic subnetworks (MASs). We also show how to take
the list of MASs and obtain a visual summary of their combinatorics.

In Sec. 2.4, we define the cluster chemical reaction network (CCRN) frame-
work. Since CCRNSs are defined using conservation laws, we argue that
this provides a natural framework for coarse-graining real CRNs. We then
use the tools developed in Sec. 2.3 to organize a list of MASs for maximally
connected 1-constituent CCRNs with L species and show that the number
of MASs increases exponentially with L. While the fully connected CCRNs
might not have physical relevance, in Sec. 2.4.3 we comment on how sparse
CCRNSs maybe obtained using rules induced by real polymer or biological
chemistry (see Table 2.2).

Our work opens up a few lines of future research, namely:

1. For a simple network in Example 2.1, proven to be exclusively auto-
catalytic in Example 2.3, we proposed a modification such that the

resulting graph was stoichiometrically autocatalytic in Example 2.4.
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Is there a general algorithm to modify any exclusively autocatalytic
motif to a stoichiometrically autocatalytic motif? Having such an
algorithm would allow us to use the typology of (Blokhuis et al.,
2020) and the results in this work to understand the autocatalytic

properties of any CRN.

. Within the CCRN framework, we restricted the clusters to have non-
negative constituents. However, one can also consider the clusters
defined on the complete integer lattice. The resulting reaction net-
work could then be used to model real nuclear reactions. For example,
if the positive conserved quantity corresponds to positive charge or
subatomic particle type, the negative conserved quantity would refer

to a negative charge or anti-particle, respectively.

. The generation of MASs, for general CRNs, and especially for CCRNSs,
is computationally costly. Our optimization-based approach requires
solving a series of binary mathematical programming problems
with an increasing number of linear constraints. Further research
includes the particular study of these optimization problems, in
particular, its polyhedral properties that will allow to strengthen the
formulation and solve them more efficiently. Exploiting the algebraic
properties behind conservation laws of sequences of integer numbers
would also lead us to understand the mathematical insights of these

networks.



69

4. Realistic CRNs will not coarse-grain to a fully connected CCRN, thus
appreciably reducing the number of reactions in the network, as well
as the MASs that they contain. As a future investigation, similar to
(Anderson and Nguyen, 2022), can we consider randomly generated
CCRNSs in an Erdos-Renyi framework and compute a bound on the
number of autocatalytic cycles which persist as a function of the

probability of a reaction being allowed in the network?

5. CCRNs are defined in terms of their conservation laws, and have
more degrees of symmetry than generic CRNs. Having completely
enumerated the stoichiometrically autocatalytic ecology of a com-
plete CCRN, can we better understand and characterize their kinet-

ics?
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3  ACTION FUNCTIONAL GRADIENT DESCENT (AFGD)
ALGORITHM FOR ESTIMATING ESCAPE PATHS IN

STOCHASTIC CHEMICAL REACTION NETWORKS

3.1 Introduction

Stochastic modelling has played an increasingly central role in science since
the advent of high speed computing. There are, however, many categories
of events that are vital to the organization of long-term dynamics for which
the rate diminishes exponentially with system size (‘rare” events) and
computer simulations become unaffordable. A typical approach in these
scenarios is to employ importance sampling approaches in the stochastic
simulation to efficiently simulate the rare event of interest (see Hartmann
and Schiitte (2012); Cao and Liang (2013); Biondini (2015)). In this work,
for the particular case of stochastic chemical reaction networks, we provide
a deterministic alternative for estimating the likelihood of rare events.
Stochastic nonlinear dynamical processes exhibiting multistability, or
multiple coexisting attractors, have found several scientific applications
ranging from modelling climate change to population biology and the ori-
gin of life (Benzi et al., 1983; Dyson, 1982; Smith and Krishnamurthy, 2015;
Smith and Morowitz, 2016), and are an active subject of interdisciplinary
research. A question of critical importance for any practical application of

such a system is, how often does it transition out of a stable attractor and
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what are the least-improbable paths by which such a transition occurs?
In literature, the dynamics that arise due to the system’s transitioning
from one stable attractor to another and the optimal path of transition is
referred to as ‘switching dynamics” and “escape path’, respectively.

Many phenomena in biology, chemistry, physics or engineering can
be modelled as a chemical reaction network (CRN). It is also well known
that CRNs can exhibit a host of dynamics, including limit cycles and
multistability (Yu and Craciun, 2018). Perhaps less well-known is the
role of Hamilton-Jacobi ray theory underlying stochastic CRN, and the
interpretation of escape paths as particular characteristic curves that arise
as a solution to the associated Hamilton-Jacobi equation. In our work, we
review the necessary formalism and employ techniques from mathematical
physics and numerical optimization to estimate the escape paths for a
multistable CRN. More precisely, we first recognize that the escape paths
are variational (locally least-action) solutions to the action functional,
and subsequently use the functional to perform a gradient descent that
converges on the desired path.

It must be noted that neither the recognition of the escape path as a
variational solution nor using the action functional to perform gradient
descent is novel to us (for instance, see Berne et al. (1998)), however,
we differ from the earlier work in a few ways. In the past, the use of
Hamilton-Jacobi theory to find the escape path for CRN has only been

made using the ‘shooting-method’, which relies on integrating Hamilton’s
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equations of motion, rather than a functional gradient descent approach
that we present here (see Dykman et al. (1994)). On the other hand,
while the action functional has been used for a gradient descent, to our
best knowledge, the form of the Hamiltonian assumed has always been
separable in momentum and position (see Weinan et al. (2004); Bouchet
et al. (2019)). This form of the Hamiltonian, with other constraints on
the functional form, makes it amenable to finding an analytic form for the
associated Lagrangian which drastically simplifies the gradient descent.
While this assumption is typical for a Hamiltonian describing mechanical
energy in physics, it is far too restrictive for a generic Hamiltonian in

chemistry, as can be seen below:

Hume(p, q) = K(p) + U(q),

Hern (P, q) = Z (e(y(s*yoc)p _1)]<’yo(—>y|3qy“/ (3.1)

Yo,/ Yp

where p and q are the momentum and position coordinates, K(p) and
U(q) are the kinetic and potential energy, and Hyg and Hern (Eq. 3.16) are
the Hamiltonians for mechanical energy and chemical reaction networks
respectively. In our algorithm, however, we start from the Hamiltonian,
numerically solve for the Lagrangian at each iteration and use it to calculate
the descent direction. While our algorithm is designed for stochastic CRNs,
it is amenable to generalization for other classes of stochastic Hamiltonian

dynamical systems.
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The layout of the chapter is as follows. In Section 3.2, we derive the
Hamilton-Jacobi theory for stochastic processes starting from a master
equation and apply it to stochastic CRN. We show that the Hamilton-Jacobi
theory of the non-equilibrium potential (NEP) arises naturally as a result
of a variational principle applied to the action functional. In Section 3.3,
we propose an action functional gradient descent (AFGD) algorithm that
finds the variational solution in the space of paths constrained at end
points for a given Hamiltonian value constraint. We also explain how
the algorithm can be used to find least-improbable escape paths out of
a stable attractor and assign a value to the NEP along them. The details
of the implementation are provided in Appendix B.4, and a MATLAB
implementation is made available at (Gagrani, 2022). In Section 3.4, we
demonstrate the applications of the AFGD algorithm on several CRNs. We
first consider the Selkov model, and compare the result of the algorithm
against the escape trajectory found by the ‘shooting-method” (Figure 3.9).
We then define a class of high dimensional birth-death models, namely
‘N-Schlégl model’, and compare the results of the algorithm against a
stochastic simulation for the 2-Schlogl model (Figure 3.4). We also use the
algorithm on the six dimensional 6-Schlégl model, and compare the result
against the integration of Hamilton’s equations of motion (Figure B.7).
Finally, in Section 3.5, we conclude with a discussion of our contribution

and potential avenues of future research.
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3.2 From master equation to Hamilton-Jacobi
equation for CRN

The application of Hamilton-Jacobi theory to chemical reaction networks
(CRNs) has a long history (Gang, 1987; Dykman et al., 1994). In this
section, we review the necessary formulation needed to understand the
switching dynamics of stochastic chemical reaction networks (Section
3.2.3) and to devise a variational algorithm for predicting the transitions
(Section 3.3). In Section 3.2.1 we derive the non-equilibrium potential
for continuous time Markov population processes and explain its role in
estimating the probability of stochastic events. In Section 3.2.2, we de-
rive the Hamiltonian for a CRN and prove that the NEP is a Lyapunov
function along the deterministic trajectories under mass-action kinetics.
In Appendix B.1, we investigate the relevance our work might have to a
stochastic modelling practitioner by posing a general practical problem,
giving an overall picture of the solution and explaining where our algo-
rithm fits in. In Appendix B.2, we employ the Hamilton-Jacobi formalism
to recover the ACK theorem and NEP for complex-balanced systems. In
Appendix B.3, we define a ‘non-equilibrium action’, of which both the
master equation and Schrédinger equation can be seen as a variational so-
lution, derive the path integral formula and action functional for stochastic
population processes, and calculate the first and second variational deriva-

tives of the action functional. There are many resources that provide an
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alternative treatment of the same subject, for instance see Snarski (2021);

Smith (2020) and references therein.

3.2.1 Hamilton-Jacobi equation and Non-Equilibrium

Potential (NEP) for stochastic dynamics

A continuous time Markovian population process is specified by its master

equation,

—pnt Z']I‘Tmpn t)
Zp(n,t)zl forall t

> Tun =0 forall n’ (3.2)

where t is the time variable, n is a D—dimensional discrete vector in
the positive integer lattice ZY; denoting a position in the state space (to
simplify notation we drop the arrow in 1) and p(n, t) is a time-evolving
probability distribution function (PDF) over the state space. T is referred
to as a transition operator, and in this chapter we only consider time
independent transition operators.

For what follows, it is useful to recast Eq. 3.2 into the following form
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and define a Hamiltonian operator H that acts on the PDF p,

0 N 0
ap(n t)=H (—ﬁ,ﬂ) p(n,t) (33)

where 0/0n is the infinitesimal-shift operator!.

The resemblance of Eq. 3.3 to the Schrodinger equation is not a mere
coincidence, and we show in Section B.3.1 how they can both be derived
from a common variational problem of extremizing, what is termed as,
the ‘non-equilibrium action” (NEA) in (Eyink, 1996). It should come as no
surprise then that we can employ the same machinery developed in math-
ematical physics for quantum mechanics to derive results about stochastic
dynamics. This line of reasoning has a long history and we refer the read-
ers to (Doi, 1976; Baez and Biamonte, 2012; Smith and Krishnamurthy,
2015; Smith, 2019) for a ‘second-quantization’ treatment via abstract linear
algebra.

We can integrate Eq. 3.3 starting from a PDF p(n,,0) at time 0 to get a

!A function in x can be shifted by y by the application of a shift operator given by eV o,
as can be seen by

ad y a“f 9
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distribution p(ny, T) at time T, indexed by ny and ny respectively.

-
o(ny, T) = els Hatpm, 0)

— [ tan | tap)e 0P Olpng 0 (34)
where A is the action functional

]
A[n(t),p(tn:L { S H(pn)| at (35)

and p is a momentum variable canonically conjugate to the position vari-
able n. The second line in Eq. 3.4 is the path-integral formula, a proof of
which can be found in Appendix B.3.2, and [dn] [ dp] is the path-integral
measure. Note that in Eq. 3.5, the Hamiltonian function H(p, n) has the
same functional form as the Hamiltonian operator H except the operator
—0/0n is replaced by the variable p.

In the first line of Eq. 3.4, the exponentiation of the Hamiltonian op-
erator is to be understood as a time-ordered matrix product over small
intervals dt. Its role is to time-evolve the initial distribution p(0) and
accumulate probability through all possible chains of states until time T so
as to obtain a new distribution p(T). In the second line, upon taking appro-
priate limits signifying a continuous time parameter, we obtain another
description of the same process where we sum over all the paths starting

at ny at time 0 and ending at ny at time weighted with an appropriate
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measure. The negative log of the measure of a particular path is given by
the action functional (in other words, A takes as input a path and returns
its log-improbability), and integrating under the path-integral measure
amounts to summing over all paths. For a didactic introduction to the
topic and its application to stochastic dynamics, we refer the reader to
(Baez and Biamonte, 2012).

It is useful to pass from a discrete to a continuous state space by descal-
ing n with a scale factor V and considering the large V limit. In order to
align our presentation here with the mathematical physics literature, we
denote the continuous variable by q = n/V and refer to the continuous
state space as configuration space. There are several interpretations the
variables can take; the one of interest to us is where n is a population
vector (thus n > 0), q is the concentration vector and V is a scale of the
the total population. Following Eq. 3.4, we can write the time evolution of

a distribution in the transformed coordinate q as

0(q,T) = j [dg] J [dpl e Al0P (M 5(4(0),0)

T d
Ala(t),p0)] = | {p 49w, q)} a, (3.6)

where A is the action functional in the new coordinates and has a different
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Hamiltonian H(p, q) which relates to H(p, n) by 2

VH(p,q) < H(p, qV) = H(p,n). (3.7)

It must be noted that Eq. 3.7 is an additional constraint on the form of
the Hamiltonian, but is one that is satisfied by the CRN Hamiltonian
which we are interested in for the scope of this chapter. Moreover, if the
asymptotic equality was an equality then the condition is often referred
to by saying ‘the Hamiltonian is extensive in the position coordinate’, or
‘the Hamiltonian is a homogenous function of degree one in the position
coordinate’. We will return to this point in the next subsection, once we
write the explicit Hamiltonian for a CRN.

Together the position and momentum coordinates (q, p) constitute a
point in the phase space (Arnol’d, 2013). In order to evaluate the distribution
at time T using Eq. 3.6, in principle we need to sum over all the phase space
paths that end at q at time T. Evaluating the full sum, however, is not
necessary to obtain the leading large-V asymptotics. Through Laplace’s
or saddle-point method, for large V the path integral is dominated by

the saddle point of the functional and the distribution at time T can be

2We say f(V) =< g(V) (read as f(V) is asymptotic to g(V)) if

fv)
um o) = E
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approximated by

p(q, T) =< N(V)e Va0 Mlp(g*(0),0)
where (q*(t),p*(t)) is such that

SA[q*(t),p*(t)l =0and q*(T) = q, (3.8)

and N(V) is a normalization factor expounded upon in the subsequent
paragraph. The constraint in the last line specifies the stationarity or
optimality condition on the saddle point path (q*(t), p*(t)), also referred
to as the path of stationary action, and we henceforth refer to it simply as
the optimal path (for a MinMax formulation of the saddle-point see Section
3.3.1). We require here that the Hamiltonian function is convex in the
momentum variable p, which we show is the case for CRN Hamiltonians
with mass-action kinetics in Section 3.2.2.

There are two caveats to Eq. 3.8 that we now point out. First, the
normalization factor N(V) in the first line depends not only on the scale
factor V but also on the optimal path. There is an in-principle method,
although costly in practice, to obtain N(V) from the action functional
itself, outlined in (Kirsten and McKane, 2003), Ch. 7 of (Coleman, 1988)
and Ch. 4 of (Smith and Krishnamurthy, 2015) (for an application, see
Manikandan and Krishnamurthy (2017)). Second, since the path integral
is a sum over all paths, there are several stationary paths starting from

different q*(0) that reach q at T, and one must perform a sum over all
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of them. This becomes increasingly relevant in the limit T — oo, where
the system can bounce back and forth multiple times between a q*(0)
and q (see Smith and Krishnamurthy (2015); Coleman (1988)). There is,
however, a two-fold resolution to this problem. First, the normalization
factor N(V) is sub-exponential in V, and can be well-approximated by
unity large for V (also see the introduction to Section 3.3). Second, the
initial distribution p(q, 0) is typically taken to be peaked at a given value,
thus yielding negligible contribution from every q*(0) that is not near the
peak of the initial condition. Thus we only pick the least-improbable direct
paths that start from near the peak of the initial distribution and reach q
in Eq. 3.8.

In the first line of Eq. 3.8, the only free variables are configuration ¢
and final time T, which together characterize a time evolving distribution.
The optimality condition picks a path (q*(t), p*(t)), and it is only the prob-
ability mass at q*(0) in the initial distribution at time 0 i.e. p(q*(0),0),
weighted appropriately by the action functional, that contributes to the fi-
nal distribution at configuration q and time T. The weight factor e~ VAl4"»"]
accounts for the fact that not all the probability mass from q(0) goes to
q in time T, and in this sense takes the interpretation of a conditional
probability.

Since the conditional probability term is only in the exponential, it is
useful to write the probability distribution itself as an exponential function

p(q,t) = e~ VS(aY) Here S(q, t) is the action function (not be confused with
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A which is the action functional) and its time evolution is given as follows

S(q,T) = Alq™(t), p* ()] + S(q*(0),0)

T * dq* * * *
:J{p.dt_Hm,q)dusM(mﬁ) (39)
0

where in the second line, we expand the action functional using Eq. 3.6.
Thus the action function evolves by the optimal value of the action func-

tional, and since it is a function we can also consider its total differential

i
SMJW=J<B+SMWMﬁ)

0
_JT 0S(q*,t) dq*  3S(q", 1)
B 9q* dt ot

dt + S(q*(0),0). (3.10)
0

Comparing equations 3.9 and 3.10, we get

oS(q*,t)
oq*

o0S(q*,t) .

ot H(p*, q%)

3S(q*, t) dS

Bt B A —_— a* A1
(2 311)

where the first two lines are obtained by comparison and the last line is
obtained by substituting the first line in the second line. The non-linear
PDE in the last equation is called the Hamilton-Jacobi equation. For an
introduction to the subject and its history, we refer the readers to (Gold-

stein et al., 2002; Arnol’d, 2013) (what we call as the action function is
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also called Hamilton’s principal function). We briefly remark that the
definite integral of the action functional along the optimal path fg dS
also acts as a divergence function in information geometry (see Leok and
Zhang (2017); Smith (2019)) and is denoted as S(q*(T)l|q*(0)) yielding
the relation S(q3) = S(q7llqg) + S(qg), as mentioned in Eq. B.2.

The role of momentum for stochastic systems can be best understood
by the Hamilton Jacobi equation. The first line in Eq. 3.11 shows that
momentum is the gradient of the action function, which in turn is descaled
negative log probability of the time evolving distribution given some
initial conditions. Using this, we see that p*(0) must be the gradient of
the action function S at q*(0), and that an optimal path in phase space
corresponds to a contour in the probability distribution arising by scaling
and exponentiating the action.

The third line in Eq. 3.2 ensures that the transition operator always has a
cokernel, namely the row vector consisting of all ones [1, ... ., 1]. The Perron-
Frobenius theorem for stochastic matrices proves that the operator also
has a unique right kernel, referred to as the stationary distribution which

we denote here by 7. 7t thus satisfies } | Tr,m7(n,t) = 0 or equivalently
Hri(n,t) =0.

From Egs. 3.2, 3.3 one can see that the stationary distribution is indeed

time independent as d7t(n, t)/dt = 0, thus justifying its name.
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The descaled log-improbability or action function of the stationary
distribution is commonly referred to as the non-equilibrium potential

(NEP) and denoted by V (see Anderson et al. (2015)),
n(n) < e Vv, (3.12)

where the normalization constant has been set to unity following the
discussion below Eq. 3.8. As the action of a stationary distribution, it must

satisfy

ov
Fra

H (%, q> = (3.13)

where the second line is the Hamilton-Jacobi equation from Eq. 3.11 that
must be satisfied by the NEP.

In the remainder of this section, we will develop and demonstrate the
applications of Hamilton-Jacobi theory for CRNs. Finding the NEP V for
a general CRN is of importance for getting any numerical estimates on
its behavior, and it is the task that we will concern ourselves with in this
chapter starting Section 3.3. As explained above, to calculate the difference
of the action function or NEP between two points we first need to find
the optimal path connecting them, which is precisely what the Action

Functional Gradient Descent (AFGD) algorithm is designed to do.
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3.2.2 Hamilton-Jacobi theory for stochastic Chemical

Reaction Networks (CRN)

In this subsection, we start by introducing the mathematical formulation of
CRNs and derive its Hamiltonian function in the concentration coordinate.
Next, we show that the Hamiltonian function is convex in the momentum
coordinate, a necessary condition for the existence of optimal paths, and
write the equations that the optimal paths must satisfy. Then we clas-
sify the optimal paths constituting the stationary distribution into two
categories, namely relaxation paths and escape paths, and show that the
former yield the deterministic mass-action kinetics (MAK) and the latter
yields the non-equilibrium potential (NEP). Finally we show that, for a
general CRN with multiple fixed points, the NEP is always a Lyapunov
function with respect to MAK.

A CRN is defined by the triple {8, C, R}, where §,C, R are the set of

species, complexes and reactions respectively.

S et {Sl, ooy Si_, ceey S|S|}

C = {yll"'/ya/"'/y\ﬂ ‘Yo € N|S\}

Ky —sye
R = {Yff —Yff_lﬁ% Yii - kya—njﬁ > 0}/

where Roman letters (i,j) and Greek letters (o, 3) are used to denote
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species and complex indices, respectively. A complex is a multi-set of
species, and is denoted by the column vector y, representing the sto-
ichiometry of the multi-set. The state of a CRN is characterized by a
population vector n € Z>O, and the time evolution of a probability dis-
tribution over the state space is given by (for a rigorous microphysical

derivation, see Gillespie (1992) )

8] S|
dp(n, t) Kya—yp (ni —Yp,i +Ya,i))! it
T dt vo (1 (i —ypy)! P(“—‘JBJFUM)—Hﬁ
Yo, Yp i=1 At i1 i ,
Kya—ys (M —Yp +Ya))! n!
= P —yYp + Yo, t) = ———p(n, )
yéﬁ Ve ( (n—yp)! 9o T iy
(3.14)

where we get the last equation by making use of the multi-index nota-
tion.
Writing Eq. 3.14 in the form of equation Eq. 3.3 by making use of the

shift operator (see footnote 1), we get

dp(n, t)
dt

_ ( oc)i k’\ng*)y[s n'

= Z (e-Wp—veaw 1) Voot T y(x)'p(n,t)
Yo Yp
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Figure 3.1: Diagrammatic representation of 1-Schlogl, 2-Schltgl, 3-Schlogl
and 4-Schlogl model CRNs from top left to bottom right. Species, com-
plexes, stoichiometry and transitions are represented with solid circles,
empty circles, solid lines and dashed arrows, respectively.

and obtain the following Hamiltonian operator for CRN

A k n!

— —(Yp—ya)oxn _ Ya—Yp

Ao = Y (e Up—Ya)- 1) N re——Tt (3.15)
Yo,/Yp

Following the derivation in Section B.3.2, we can replace the differential

operator —9/dn with momentum variable p to obtain the Hamiltonian

function

k’yfx_HJ[S n'
He(pm) =V ) (er7ve? —1) Vel (m—y,)!
You,/Yp

Finally, using the observation (;\q/\gj)! = (qV)Y, we can pass to the Hamil-
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tonian function in the concentration variable ¢ = n/V using Eq. 3.7 to

get

Hern(p, q) = Z (e(yﬁ_ya)~]i’ _ 1)ky(x—>yﬁqy“- (3.16)
Yo Yp

For the Hessian of the Hamiltonian function in the momentum variable

p, we get

OHcry —ya)
apr = 2 (Up —Uallyp —ya) eI Thy Ly g (317)

Yo, Yp

It can be seen that Hessian of the Hamiltonian in p is positive definite as it
is a sum of symmetric dyadics, each of which is positive definite. Thus, as
commented in the discussion below Eq. 3.8, the Hamiltonian function for
a CRN is indeed convex in the momentum variable.

As noted in the previous subsection, the convexity of the Hamiltonian
in the momentum coordinates allows us to find stationary or optimal paths
where the variation of the action functional vanishes. The optimal phase

space paths (q(t), p(t)) satisfy the Hamilton’s equations of motion (EoM)

dg _ on
dt  op’
dp  0oH
at g (3.18)

where we have dropped the * in denoting the optimal path for simplifying
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notation. For a derivation, see Section B.3.3, where we also show that
the Hamiltonian is constant along the optimal path and the equivalence
of Hamilton’s EoM with the Hamilton-Jacobi equations. Intuitively, the
ODEs of Hamilton’s EoM are the characteristic curves of the Hamilton-
Jacobi PDE, and thus the union of all solutions to Hamilton’s EoM form
the complete solution to the Hamilton-Jacobi PDE.

Substituting the CRN Hamiltonian from Eq. 3.16 into Eq. 3.18 and

omitting the species index for notational clarity, we get

d
o 2 ey (P Ly g

Yo Yp

d agY=

d_1t3 N L 1)kyﬁ%§_q, (3.19)
Yo Yp

which are the set of ODEs satisfied by the optimal paths for a CRN.

Let us begin investigating the optimal paths specified by the above
equations. For reasons mentioned in Eq. 3.13, we only consider the subclass
of optimal paths in the Hcry = 0 submanifold. For the remainder of this
section, we drop the subscript CRN and refer to the CRN Hamiltonian
simply by H.

Notice that for p = 0, the Hamiltonian is identically zero i.e. H(p =
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0,q) =0 for all q. Substituting this assignment in Eq. 3.19, we get

|,
dt|
d
Sl = Y e ek (3.20)
p=0
Yo,'Yp

The first line ensures that, since the time derivative of p vanishes, p =0 is
a consistent assignment everywhere along the optimal path. The second
line is nothing but the set of ODEs corresponding to the law of mass-action
kinetics for a CRN. Thus the optimal paths with p = 0 correspond to the
deterministic trajectories of a CRN, which we term relaxation trajectories
and denote as q(t).

To understand why the p = 0 solution must correspond to the de-
terministic behaviour of CRN in the Hamilton-Jacobi formalism, let us

calculate the change in action along the relaxation trajectory. From Eq. 3.9,

0 0

T T
ddee
J 4S[qual = j {o-%—mo,qrel) at

=0. (3.21)

Recall from Eq. 3.8 that the exponential of the scaled change in action
acted as a conditional probability up to a normalization factor. Since the

change in action is identically zero, almost all of the probability measure
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without any suppression evolves along the relaxation trajectory yielding

p(qrel(T)/ T) - Np(qrel(o)/o)-

It is quite common for the deterministic dynamics of a CRN, Eq. 3.20,
to exhibit multiple fixed points. Let us denote a fixed point by q. Then

each fixed point must satisfy

dq
—; — O frnd Z (UB _ya)kya—ﬂjﬁﬂy“
Yo,/Yp
=Y Ya ) (kyporyad”® — Ky, oy q¥%)- (3.22)
Y Yp

The existence of multiple steady states can be ruled out in many cases by
certain topological considerations and is studied in deficiency theory. For
an introduction and detailed derivation of some results, we refer the reader
to (Feinberg and Horn, 1974; Feinberg, 2019; Smith and Krishnamurthy,
2017,2021).

For our purposes in this chapter, we restrict our attention to generic
CRNs with multiple fixed points. These points can be indexed by the
number of repelling directions, which can easily be determined using the
eigenvalues of the Jacobian of the flow field in Eq. 3.20. A fixed point with
no repelling or all attracting directions is referred to as a stable attractor. In
a purely deterministic setting, one would expect any evolving probability

distribution to end up concentrated at the multiple stable attractors with
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submanifold
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Figure 3.2: Diagrammatic proof of the Lyapunov property of the non-
equilibrium potential with respect to mass action kinetics.

ratios determined by the initial conditions. In a stochastic setting however,
there can be large fluctuations that take the system out from the vicinity of
a stable attractor to a generic point q # q in its basin of escape. The path
along which the system arrives at q with a leading exponential probability
will be the optimal path that starts from q and ends at g, and the probability
of this event is precisely given by the action function along that path using
3.8. We call the optimal paths out of a fixed point in the H(p,q) = 0
submanifold as escape trajectories, denoted by qes., and from eqs 3.12,
3.13 it is precisely the action function along paths that determine the value

of the NEP,

q
- J Pesc(q’) dq’ (3.23)
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where ((esc, Pesc) is the optimal path that connects q and q. Note that
the momentum assignment along the escape path must necessarily be
non-zero, except at the fixed points, and the Hamiltonian function must

evaluate to zero everywhere along the optimal path.

pesc(q) = p(qesc) 7& 0

H(pescz qesc) =0 (324)

To understand why the momentum assignment along escapes must be
non-zero everywhere except the fixed points and to prove that the NEP is a
Lyapunov function with respect to the relaxation trajectories (mass-action
kinetics), let us investigate the geometry of the H(p, q) = 0 submanifold
in the 2|§| dimensional phase space. Since we are considering a CRN with
fixed points, there must exist shift vectors yg — y4 such that H — oo
when [p| — oo in all directions. Also, recall from Eq. 3.17 that for a fixed
concentration ¢, the Hamiltonian is a convex function in p. This means
the H(p, q) = 0 submanifold at a given q must be a closed surface and
bounded in the interior with H < 0. Next, let us consider the outward
normal to the surface given by 0H/0p. Recall from Hamilton’s equations
from Eq. 3.19 that the outward normal is equal to the rate of change of

concentration. Since by the fixed point condition

oH(0,q)
“p 0, (3.25)



94

2-Schlogl - escape paths Heteroclinic network
3 P — %
oo .
25 "
— === Escape
= . Saddle
= 2 ; Stable .
1
1.5 !
!
P *
15 2 2.5 3
Q1

Figure 3.3: Escape paths and heteroclinic network for the 2-Schlogl model.
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Figure 3.4: Comparing the algorithm against Gillespie stochastic simula-
tion for the 2-Schlogl model (Section 3.4.2). Scaled log-improbability of
the stationary distribution 7t is defined to be (—1/V) log(m).

this means that the outward normal to the surface vanishes and thus the
H(p, q) = 0 submanifold must pinch off at the fixed points yielding p = 0
as the only solution in the submanifold.

Finally, to show that the NEP is a Lyapunov function along the de-

terministic MAK, let us consider its time derivative along a relaxation
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trajectory.

dv(qrel(t)) _ aV(q) ﬂ

dt ~ 9q dt|,
dg
- pesc(q) 1.
dt |,
oH
- ( esc 0) AL
P ap p=0
<0 (3.26)

where the first line follows from chain rule, the second line uses the
Hamilton-Jacobi relation of momentum and NEP from Eq. 3.23, and the
third line follows from Eq. 3.20. The last line follows from the fact that the
gradient of a convex function along a chord in the convex subset (secant)
is non-positive, or equivalently the outward normal always makes more

than 90° with a secant, shown diagramatically in Figure 3.2.

3.2.3 Switching dynamics for a multistable stochastic

CRN

Let us refer to the set of attractors (fixed points) of a CRN, when taken
under MAK, by q = {q vy Ay }. Now, label the attractors by the
number of positive eigenvalues of the Jacobian of the MAK rates or the
mixed-Hessian of the Hamiltonian 9°H(p, q)/0pdq evaluated at p = 0.

Recall that the positive eigenvalues give the number of repelling directions
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around the attractor. Let us refer to the fixed points with zero and one
repelling directions as stable and saddle attractors, respectively.

For large scale factor V, the switching dynamics of the stochastic CRN
will be generally governed by the stable and saddle attractors. Recall from
Section 3.2.1 that the most likely or optimal paths for a stochastic trajectory
lie in the H = 0 submanifold. Moreover, in Section 3.2.2, we showed
that there are both trajectories leading into a stable attractor (termed
relaxation trajectories) and coming out of a stable attractor (escape paths).
In particular then, corresponding to relaxation trajectories that emanate
nearby a saddle attractor into a stable attractor, there will also be escape
paths emanating from the stable attractor and terminating at the saddle
attractor. The data obtained by collecting all the stable and saddle attractors
and the relaxation and escape paths joining them is called as the heteroclinic
network for the CRN. For example, the heteroclinic network obtained for
the 2-Schlogl model from Figure 3.1 is shown in Figure 3.3 (also see Section
3.4.2).

Generically, one expects a stochastic CRN to spend a long time near
a stable attractor before transitioning to a subsequent one by passing a
saddle attractor in between. Recall that the NEP or action along an escape
trajectory (see Section 3.2.1) quantifies the scaled log-improbability of the
escape event. Moreover, as we have shown in Section 3.2.2, the NEP is a
Lyapunov function along MAK. This means that the NEP must monotically

decrease along the relaxation trajectory, or correspondingly monotonically
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increase along the escape trajectory. For example, the NEP for the 2-Schlogl
model along all the escape heteroclinic orbits is shown in the right panel
of Figure 3.3. Moreover, in Figure 3.4, the NEP is shown for a particular
escape and compared against the occupation log-improbability probability
obtained by a Gillespie simulation.

We briefly want to remark that since the NEP increases along an escape
trajectory, the quantity must not be seen as an entropy for a stochastic
system. This viewpoint will naturally lead to paradoxical violations of the
second law of thermodynamics. However, in (Smith, 2020), it is shown
that for an appropriate definition of entropy for stochastic CRN, its rate
of change for any system can be asymptotically estimated by the rate of
change of the NEP along a relaxation trajectory, thus yielding a rigorous

second law for CRN.

3.3 Action Functional Gradient Descent

(AFGD) algorithm

A central property of chemical reaction networks (CRNs) that makes
them particularly useful for modeling complex systems is their ability to
exhibit multiple attractors when taken under deterministic mass-action
kinetics. Moreover, in a stochastic CRN, due to fluctuations in population
sizes, it is possible for the system to transition out of a stable attractor

into another with some probability. It is of practical value to quantify the
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Object Notation
Configuration space QCRP
Space of curves Po=1{q:10,1] = Q,q(0) = q1,q(1) = q¢}
Curve q¢cPo
Phase space T*Q C R?P
Space of trajectories | P1+q ={(q,p): [0, T] = T°Q,q*(0) = q1, q*(T) = q¢}
Trajectory (q,p) =v € Prq

Table 3.1: Notation used for denoting paths in configuration and phase
space.

transition events, termed as escapes, and can help in experiment design as
well as network inference (Langary and Nikoloski, 2019). However, the
escapes are rare, scaling exponentially in —V, compared to fluctuations
in population that are polynomial in 1/V, making stochastic simulation
an inefficient approach to estimate the leading consequences of escapes,
which dominate basin-switching.

In this section, we provide a deterministic alternative to estimating
the escape paths between appropriate start and end points in chemical
concentration space using a variational method. Specifically, we present a
functional gradient descent algorithm that finds the optimal trajectory, that
minimizes the action functional while satisfying the boundary conditions.
A mathematical formulation of the optimization problem is posed in Sec-
tion 3.3.1 and the algorithm is explained in Section 3.3.2, while relegating
the technical details to Appendix B.4. A discussion of the algorithm’s
performance costs and its relation to other methods is presented in Section

3.3.3.
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Finally, we will briefly remark on obtaining the probability of system
transition from the escape path. First, notice that if the boundary condi-
tions are such that the trajectory emanates from a stable fixed point and
terminates in a saddle fixed point, then the resulting escape trajectory does
not lie in the solution set of the deterministic mass-action kinetics, and
can only be interpreted in the stochastic framework (see Section 3.2.2).
Let the phase space trajectory of such an escape be denoted by y*. For
reasons explained below Eq. 3.8, the likelihood of a system of scale factor
V starting from the stable fixed point and escaping to the saddle fixed
point can be well-approximated simply by e~ VA" (see Eq. 3.12). For
example, we choose V = 300 in Figure 3.4, the authors consider values
of V as low as 10 in Figure 4 of (Smith and Krishnamurthy, 2017), and in
both cases the occupation probability from the stochastic simulation data
is well in agreement with the exponential of the scaled action along the

escape trajectory.

3.3.1 Formulation as a MinMax problem

We refer to the space of states in which we can find our chemical system
as configuration space, denoted by Q. Suppose we have |8§| = D species
in our network, then the state of a system at a given time is a vector of
concentration of each species € RY;. The space of paths that a system can
take in configuration space is denoted by Pq, and we denote a path by

q(s). Notice that although the space of parametrized differentiable paths
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lies in the tangent bundle of Q (see Milnor et al. (1963)), the parametriza-
tion is arbitrary and we do not yet have a notion of physical time and
velocity. To introduce a notion of physical time, we have to introduce a
Hamiltonian function (see Egs. 3.6, 3.16) defined on the cotangent bundle
of Q, commonly referred to as the phase space. The coordinates canonically
conjugate to configuration coordinates q in the cotangent space are also
called as momentum coordinates and denoted by p. Moreover, since the
Hamiltonian is convex in momentum, every path in the configuration
space has a unique lift in phase space parametrized by time variable t,
which we denote by y = (q(t), p(t)). To avoid confusion, henceforth we
refer to a path in configuration space in Pq as a curve, and phase space
path in Pr.q as a trajectory.

In the notation described in Table 3.1, we can succinctly formulate
the problem that we wish to devise an algorithm to solve. We wish to
find the optimal phase space trajectory, i.e. a trajectory that minimizes the
action functional, constrained such that its projection to the configuration
space curve begins at configuration q; and ends at qr, and the phase space

trajectory is along the H(p, q) = 0 submanifold (reason for the H(p, q) =0
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constraint can be found in discussion around Eq. 3.13 in Section 3.2.1).

Find y* = (q%,p") € Prq

N
such that A [y*] = min max (p i H(p, q)) dt,

q(0) = q1,q(T) = qr. (3.27)

Once the escape path from q; to qf is identified, the difference in the
non-equilibrium potential between the two configurations is given by

value of the action along the path, i.e.
V(qr) —V(q1) = Aly*]. (3.28)

For reasons discussed in Section 3.2.3, we are only interested in finding
escape paths from a stable to a nearby saddle fixed point, thus we will
choose the end points to be in the set of fixed points of the mass-action
kinetics g, as defined in Eq. 3.22. Moreover, from Eq. 3.25, we know that
the H(p, q) = 0 phase space submanifold pinches off and the only solution
to H(p, q) = 0is p(q) = 0. Thus, for our purposes here, the momentum

end point constraints are p(q;) = 0 = p(qs).
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Figure 3.5: Lifting a curve in configuration space to a trajectory in phase
space by assigning a momentum and time difference to each segment.

2-Schlogl descent aProgress: light to dark
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Figure 3.6: Functional gradient descent for 2-Schlogl model without filter-
ing. Note that the low-frequency waves first amplify and then concentrate
at higher frequencies near a central, badly-performing place on the trajec-
tory.

3.3.2 Algorithm and pseudocode
Main idea

For a CRN exhibiting multiple fixed points, we start by picking a stable
and a nearby saddle fixed point. The fixed points are determined by

finding roots of the polynomial rate equations of mass-action kinetics, and
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can be found for high dimensional systems using a numerical algebraic
geometry software such as Bertini (Bates et al.). Once the end points have
been determined, we obtain a configuration space curve by joining the
end points with a straight line, which serves as an initial condition for the
algorithm (see App. B.4.2). While in the actual algorithm the initial curve
will be uniformly discretized at finitely many points, in this subsection, for
the sake of explaining the main idea, consider that the curve is continuous.

Let the continuous configuration space curve at iteration I be denoted
by q!. Then, as explained in App. B.4.3 and shown in Figure 3.5, we lift the
curve to a phase space trajectory by assigning a scalar dt and vector p' at
each point, such that the variation of the action functional in momentum

is zero while the phase space trajectory is constrained to the H(p,q) =0

submanifold,
dg' _0H
dt  0p |(qupn
0=H(p', q").

Assigning momentum and time coordinates at each point along the dis-
crete curve (see Figure 3.5) can be implemented using standard constraint
optimization solvers (see B.4.3) and is the costliest step in the algorithm.
Notice that since the Hamiltonian is convex in momentum, the solution
exists. However, recall from Eq. 3.1 that the CRN Hamiltonian, as opposed

to the generic Hamiltonian for mechanical energy, is not quadratic in mo-



104

mentum. Thus, the momentum coordinate generally cannot be solved
for analytically and the difficulty of assigning it will depend on both the
dimensionality of the system as well as the number of reactions in the
network.

From Eq. B.25, the variation of the action functional along a phase

space trajectory (q, p) is

dA dA
dAlq, pl —J dt (E -8q + 3 Sp) where

OA d oH

5q  \dt g
A  (dq 9H
= - (dt_ap). (3.29)

Thus, as explained in App. B.4.4, we update the new configuration curve
in the next iteration q'™! = q! + 8q!, where a variation §q' is chosen to be

in the steepest descent direction g' (to first order), where

7

(qhp!)

I.__ﬁ_ d_p+a_H
9= 5g \dt 9q

and 6q"' =€ ¢’

with a step-size € > 0 picked by employing a backtracking line search (see

B.4.6, (Wright et al., 1999)). This assignment of 5q' ensures that, using
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Eq. B.25, the variation of the action is negative semidefinite

4 A
5q o4

< 0, (3.30)

dA =

with equality only at the optimal curve.

The algorithm for finding the solution to Eq. 3.27 can thus be seen as
performing a max by assigning optimal momentum values, followed by
moving towards the min by taking a gradient in the descent direction in
each iteration. The convergence of the algorithm relies on the convexity of
the action functional around the optimal solution, on which we comment

in App. B.3.4.

Noise and discretization

Since the optimal trajectory is a solution to a variational problem, it must
be smooth. A naive implementation along the above account on a finitely
sampled or discretized curve will fail on two ends. Firstly, there are two
major sources of noise that self-amplify along the iterations, namely due to
numerical solving of assigning momentum values (lifting the curve) and
discretization. Secondly, any information in the optimal curve below the
length scale of the discretization length will not be able to be captured. We
elaborate on this in App. B.4.5, and for an illustration of the results with

such a naive implementation, see Figure 3.6. Our contribution in this work
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Algorithm 1 Pseudocode for Action Functional Gradient Descent (AFGD)
algorithm (implementation (Gagrani, 2022))

[+ 1€ < e;fc « fie; A +
qic < Initial_condition
q' + Space_uniform_sampling|qc]

(q,p,t)! < Lift_curvelq'] > Lift curve to phase space trajectory
St < Action[(q,p)*] > Calculate action
g' = Functional_gradient((q, p, t)"] > Calculate functional gradient
gl = Filter_gradient(g?, f.] > Low-pass filter gradient
AS 0
while I < Iyy oF fo < fyiax OF Al > Ajresh dO

[+ TI+1

e' + Step_Size(q' !, gl 1, e

gl g el x git
(g,p,t)! « Lift_curvelq']
ST < Action[(q,p)"]
AS + ST — St
if |AS| < ASihresh OF € < €ghresh then
fo < fc + Af;e! < ec > Loosen pass-band; refresh step-size
q! « Filter_in_time_uniform[q'] > Optional: increase
sampling/anneal
(q,p,t)! < Lift_curvelq!]
end if
A + Distance_Hamilton’s_equations[(q, p)'] > Verification: Least
distance from integrated EoM
gl Functional_gradient|[(q, p, t)] > Calculate functional gradient
gl + Filter_in_space_uniform[gI, f.l > Low-pass filter gradient
end while

=1 > Pick step size
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N points 55 Phase space trajectory Action functional
curve (I points) (¢, dq,p, dt) Shl=[pdq— hdt
(g, da)
oo ) s l
Inc1-(3'11):(1‘0:'1:1;plhw Filter trajectory YES Is € < €ghresh OF
| N =5 N+ AN ° q— q+ = QS(‘L fr) Update cutoff freq. 1S *] = Sl < AStheesn?
S fe—= fet+ Afe ~ /
NO
Action functional gradient Functional gradient
descent (AFGD) algorithm S
Update trajectory Step size € Find € s.t. Filter gradient
qa—qt=q+dq 8q = €gs AS[y, g <0 9s(for9)

Figure 3.7: The AFGD algorithm in a nutshell. For the CRN Hamiltonian,
when the end points are fixed points of the system then h = 0 must be
chosen. For a detailed description, see Section 3.3.2.

then is to provide a principled algorithm for controlling these sources of
noise and providing a recipe for how, in principle, one could approach the
continuum limit in a controlled fashion where the algorithm is guaranteed

to converge to the unique solution provided the action functional is convex.

Stuck in a local minima: The objective of the algorithm is to converge
upon a phase space trajectory where the value of the action functional
along it is minimized. If the difference in the action calculated in two
subsequent iterations is below a threshold, or the step size is below a

certain threshold, the descent is considered stuck.
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Controlling noise: Firstly, in order to control the noise in the functional
gradient g, we employ a low-pass filter and obtain a smoothed gradient
gs, as explained in App. B.4.5. To begin the descent, we choose a small
low-pass frequency and allow the algorithm to proceed until it is stuck in
a local minimum. The descent gets stuck away from the global minimum
whenever the remaining frequencies to be relaxed in the trajectory fall
above the pass-band shoulder. Thus we slightly increase the cut-off fre-
quency of the low-pass filter, allowing more meaningful frequencies to go
through and at the same time keeping noise from creeping in, and let the
algorithm converge to a new curve (explained in App. B.4.7). Moreover,
it must be noted that the algorithm uses a single step size for the complete
curve, i.e. q'"1 = q' + egs, where € is a scalar. Thus we find it best to
filter the gradient in a space-uniform parametrization of the curve (see
Eq. B.51), which ensures that the magnitude of the gradient affects all the
discrete segments in a uniform fashion.

Secondly, we also low-pass filter the configuration curve q' in a time-
uniform sampling (see Eq. B.52) each time we update the cutoff frequency.
The reason for this is, in practice, although we smooth the gradient, some
noise might still accumulate in the descended curve. This step ensures
that the descended curve is smooth, and in practice, can often take the
curve closer to the optimal curve even in the absence of a descent step (for

instance, see Figure B.5 and the discussion in B.4.8).
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Annealing/Reducing discretization interval: If the algorithm is stuck
at a curve where no further descent is possible by increasing the low-pass
frequency or filtering the trajectory, we increase the sampling of the curve
by linearly interpolating on a smaller discretization interval. We also refer
to this process as annealing, the details of which can be found in App. B.4.7.
One might consider adding > 1000 points in the trajectory, and restarting
the algorithm from a new value of the low-pass cut-off frequency at this
finely sampled trajectory. A typical reason why the algorithm does not
descend further, despite not finding the optimal trajectory, is that the
gradient might have meaningful information at length scale smaller than
the discretization interval. Increasing the number of sample points then
ensures that the meaningful information is not cancelled by the low-pass
filter. Through examples considered in the next section, we show that
this step can take the curve arbitrarily close to the optimal curve, as it
theoretically should since we are approaching the continuum limit of the

trajectory.

Verification protocol

At the optimal trajectory, we know that the functional gradient of the
action in both position and momentum must be zero, in other words, the
phase space trajectory must satisfy Hamilton’s equations of motion. This
gives a canonical verification method for the algorithm, namely numerical

integration of Hamilton’s equations forwards and backwards from each
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point in the phase space trajectory and looking for how closely they ap-
proach the boundary points. The algorithm halts when we have an exact
trajectory that starts and ends at the fixed points, and the deviation of the
numerical integration from the end points gives us a way to quantify con-
vergence. We explain the process by which one can obtain such a quantity
in App. B.4.8. However, it must be noted that symplectic integration in
high dimensions is often numerically unstable and we refer readers to
(Hairer et al., 2006; McLachlan et al., 2009), for their careful and efficient

implementation.

Algorithm in a nutshell

Starting with a uniformly discretized straight line between the end points,
the Action Functional Gradient Descent (AFGD) algorithm consists of

three nested subroutines:

1. Lift the curve to a trajectory and calculate the functional gradient.
Filter the gradient in space-uniform parametrization and calculate a

step size to descend. Descend to obtain a new curve.

2. If the descent is stuck, filter the curve in time-uniform parametriza-
tion and advance the space-uniform filter parameters. Go to routine

1.

3. If the descent is stuck, anneal or add more sample points and refresh

the filter parameters. Go to routine 1.
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Optionally, to quantify a distance from the global minimum, one can also
repeatedly employ the verification protocol.

A pseudocode is presented in Algorithm 1 and the algorithm is dia-
grammed in Figure 3.7. The mathematical and implementation details of
the subroutines can be found in App. B.4 and the code can be found in

(Gagrani, 2022).

3.3.3 Performance costs and relation to other methods

From the last subsection, recall that the costliest step of our algorithm
is the constrained optimization function needed to lift the curve. Let us
refer to the cost of solving the optimization problem as Ce .. Also, recall
that the algorithm consists of three nested subroutines, namely obtaining
the gradient and descending, advancing the filter-parameter when stuck,
and advancing the number of sample points when stuck in the second
routine. Let us refer to the number of points in the curve to be Np, and
the number of times the second and third routines are called as N, and
N3, respectively. Moreover, suppose that each time the third routine is
performed, ANp points are added to the curve. The cost of running the
algorithm then can simply be estimated as
N3

Cost of algorithm ~ Z (Np +1ANp) Ceopt. x Na.

i=0
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As commented upon in Section B.4.3, a parallel implementation of calcu-
lating the lift of a curve can reduce the cost of computation by a factor
proportional to the number of cores.

The proposed AFGD algorithm is a novel functional gradient descent
method for solving two-point boundary value problems for a Hamiltonian
system. Since it is known that the solutions satisfy the Hamilton equations
of motion, another popular method for solving the same type of problem
is the shooting method (Press et al. (2007) ). In the shooting method, after se-
lecting the two boundary points, one searches for the trajectory connecting
them by integrating a brush of trajectories forwards and backwards from
the starting and end points, respectively, in order to reach one or more
fitting points in between. The technical difficulties associated with the
shooting method method are two-fold. First, the search cost of the method
increases exponentially with system dimension, as the (cross-sectional)
brush of trajectories that must be sampled and refined has codimension 1
in the configuration space (starting position) and also codimension 1 in
the tangent space (direction). Second, the method as a single algorithm
can also fail for CRNs because the Hamiltonian diverges exponentially in
the conjugate momentum variables (see Eq. 3.16). Stabilizing numerical
integrators with diverging exponentials is challenging (Hairer et al., 2006;
Duruisseaux et al., 2021), and if floating-point precision is magnified so
that no trajectory can converge to a fixed point, the shooting method must

be performed recursively along a path, introducing a further step of error
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Figure 3.8: Diagrammatic representation of the reaction network (left) and
a proxy-heteroclinic network using relaxation trajectories for the Selkov
model.

bounding and path updating (for example, see Smith and Krishnamurthy
(2021)).

The AFGD algorithm, on the other hand, does not suffer from the same
issues. Firstly, it relies on computing derivatives, minimizing objective
functions, and filtering, all of which are significantly cheaper and more
robust than numerical integration. Secondly, due to the above mentioned
reasons, it is also feasible in large dimensions. However, it must be noted
that the computation time scales with proportionally to the number of
points in the trajectory, and in high dimensions a rather fine sampling
of the curve might be needed to get a meaningful escape. The demerit
of the AFGD algorithm is that it does not find the exact escape path, as
the action can reach its minimum value within tolerance without having
completely descended upon the solution to the equations of motion. An

example of this can be seen towards the ends of the trajectory near the
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stable fixed points in Figure 3.9, where the trajectory converged upon
by the AFGD does not agree completely with that from the shooting
method. This suggests that, even in high dimensions, some hybrid of the
shooting method and AFGD can be used if the exact escape trajectory
is desired. However, if simply a reliable estimate of the action along
the escape trajectory is required (to estimate the escape probability, for

example), then the AFGD algorithm should be preferred.

3.4 Application and results

Escape paths Non equilibrium potential
20 ‘ ‘ ‘ - 01— ‘ ‘ ‘
Shooting method
ﬂ\% ——AFGD algorithm 0 _
150\ e
\ L 01 s
e
N ks e
& 10 AN + 0.2
~ Q
<
-0.3
5
-04
0 -0.5
50 60 70 80 -20 -10 0 10
a Length [ | dq|

Figure 3.9: Comparing escape paths obtained from AFGD algorithm
against the shooting method (left panel) and plotting the non equilib-
rium potential along the escape (right panel). The data is taken from
(Smith and Krishnamurthy, 2021), and can be compared against Figures 9
and 15 of the same reference. (For details on the differences between the
two methods, see the last paragraph in Section 3.3.3.)

In this section, we will demonstrate the applicability of the AFGD

algorithm using three models with varying features. The first application
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we consider will be to determine the escape paths and NEP of the Selkov
model. The Selkov model, first introduced in 1968 by E. Sel’kov (Sel’Kov,
1968) to model self-oscillations in glycolisis, exhibit relaxation curves that
spiral into the stable attractors. Since a spiralling curve, in principle, needs
an exponential number of sample points near the fixed point, it poses a
difficult challenge for the AFGD algorithm. The other two applications
that we consider are higher dimensional analogs of the Schlégl model. The
Schlogl model was introduced by F. Schlogl in 1972 to understand non-
equilibrium phase transitions in chemical reaction systems (Schlogl, 1972).
The Schlogl model is an example of a 1-dimensional birth-death process,
for which the NEP can be analytically found using Hamilton-Jacobi theory,
as we show in Section 3.4.2. We then define N dimensional analogs of the
Schlogl model, that we term as N-Schlogl models, for which no analytic
results are yet known. We then make use of the AFGD algorithm for the
2-Schldgl and 6-Schldgl model, and verify it against Gillespie simulation
and Hamilton’s equations of motion, respectively. It must be noted that
throughout the examples considered in this section, we tune only the
algorithm parameters while keeping the underlying algorithm identical
to the pseudocode 1, thus demonstrating that the algorithm is agnostic
to the dimensionality of the model. For a MATLAB implementation of
the AFGD algorithm, using which we obtain the figures displayed in this
chapter, see Gagrani (2022).
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3.4.1 Selkov model

In this subsection we will consider the well-known Selkov model, which
has been analyzed by eikonal methods in (Dykman et al., 1994; Smith
and Krishnamurthy, 2021). A peculiarity of the model, that makes it both
interesting and challenging for analysis, is that both relaxation and escape
trajectories exhibit vorticity around the fixed points. In both (Dykman
et al., 1994; Smith and Krishnamurthy, 2021), the authors identify the
escape trajectories by using the shooting method (see Press et al. (2007)),
which amounts to integrating a brush of optimal trajectories in phase space
emanating from a point, selecting the one that approaches the desired
end point most closely, and repeating. The AFGD algorithm, however,
identifies the optimal trajectory using a functional gradient descent, and
we summarize the main results of the implementation as well as compare
it to the optimal trajectory obtained via the shooting method in (Smith
and Krishnamurthy, 2021) here.

To explicitly define the model, our choice of rate constants is identical

to (Smith and Krishnamurthy, 2021). The concrete model we consider is,
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A diagrammatic representation of the reaction network can be seen in
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the left panel of Figure 3.8. The resulting fixed points of the model are at
q €{(80,2),(68,8), (48, 18)}, which we first characterize using the number
of repelling directions and then find the relaxation trajectories that emanate
close to a saddle and reach the stable point in the right panel of Figure
3.8, which we refer to as as a ‘proxy-heteroclinic network’. Our goal is
to find the escape trajectories that emanate from each of the two stable
points and reach the saddle point, and thus obtain the ‘true heteroclinic
network’. For the sake of brevity we will only demonstrate the workings of
the algorithm on the top left escape path starting from (48,18) and ending
at (68,8), however the same procedure can be used to obtain the other
escape as well.

The first feature that one might notice in the top left relaxation path
is that it spirals inwards towards the stable fixed point. This is not un-
common for a CRN and we discuss how to obtain initial conditions for
such trajectories in App. B.4.2. We then sample the initial configuration
space curve uniformly with 2500 points and run the algorithm, the results
of which are summarized in Figure B.6. The top row of the figure dis-
plays how the descent progresses across the iterations, and the lower two
rows summarize how the action, step size, cutoff frequency and minimum
distance from the integrated EoM change along the descent.

Although the action seems to stabilize and the step size is zero roughly
beyond iteration 150, the momentum assignment at the converged tra-

jectory (top right panel) clearly looks unreliable. As a rule of thumb,
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we expect the optimal trajectory to be smooth and containing only low
frequency modes. Thus, one can see that despite the AFGD algorithm’s
effort to smooth the cusp in the momentum initial conditions, it has not
yet converged even close to the true solution. To remedy this, we sample
the converged curve in 4000 points, a process we call annealing (explained
in Section 3.3 and App. B.4.7), run the algorithm again starting with this
initial condition and plot the summary in Figure 3.10. This time we indeed
find that the converged momentum assignment is without any cusp (right
panel of first row), the action has converged to a yet lower value (second
row) and the least distance from the integrated equations of motion A
drops below 0.5 (third and fourth row), guaranteeing convergence near
the true solution.

We now proceed by the same method to find the other escape trajectory
and plot them against the optimal trajectory found by the shooting method
in (Smith and Krishnamurthy, 2021) in the left panel of Figure 3.9. Using
Eqg. 3.23, we find the NEP along the escape trajectories and thus obtain the
true heteroclinic network for the Selkov model, as displayed in the right

panel of Figure 3.9.

3.4.2 N-D Schlégl model

1-D Schlogl model We begin our discussion by first considering 1-D
birth-death processes, of which the 1-D Schlogl model is an example. A 1-

species reaction network is called as a birth-death process if the difference
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of the vectors denoting the target and source complex for each reaction is

either positive or negative one, that is

lyg —y«l =1 for all reactions in R,

kafﬁYﬁ
where R = {yg — yi : Ky, -y, = 0}

The reactions where the stoichiometry of the target complex is one more or
less than the source correspond to ‘birth” or ‘death’ reactions, respectively
(Anderson et al., 2015).

Using the form of the CRN Hamiltonian in Eq. 3.16, we can write the

Hamiltonian function of a 1-D birth death process as

Hipa(p,q) = (ep - 1)r+1(q) + (efp - 1)r,1(q), (3.32)

where 1, ,_; are polynomials in q with coefficients as the corresponding
rate constants appearing in the birth/death reactions. From the Hamilto-
nian, one can read that the deterministic rate of growth in the concentration
of the speciesis ¢ = r,1(q) —7_1(q) and the roots of ¢ correspond to fixed
points of the system.

We can now proceed to find the NEP for such processes by solving for
an escape momentum assignment in the Hi 4. = 0 submanifold. Since we

have only one species and a two-dimensional phase space manifold, for a
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birth-death process this constraint uniquely picks a pesc # 0,

Hl-b.d. (pescz q) — 0/

pec(q) = In (:jjﬁ) . (3.33)

Following the discussion on Hamilton-Jacobi theory in Section 3.2.2, inte-
grating the escape momentum in Eq. 3.33 yields the NEP V. Notice that
at the fixed points, pesc = 0, and correspondingly the NEP is at a local
extrema. To ensure that the NEP is always greater than zero, we find a

possibly non-unique fixed point g, such that

q
q= argminj In (Ll(q)) dq,

a Jo T11(q)

using which the NEP is defined as

q
Visa(@ = [ 1 (Z19) da (334)

q

The ratio of the value of the stationary distribution at points n, and n; in

a stochastic simulation of scaling volume V is then given by

n) (" (Talq)
) exp ( VJq1 In (r+1(q)> dq) . (3.35)

The results concerning the NEP of 1-D birth death systems are well

known, and an alternative derivation can be found in (Anderson et al.,
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2015). A particular example of a birth-death process relevant to our pur-
poses here is the Schlégl model (Schlogl, 1972). For a pedagogical exposi-
tion of an application of Hamilton-Jacobi theory to Schlogl model and its
generalizations, see Lazarescu et al. (2019); Smith (2020). For this section,
we use the concrete 1 species reaction network

= X

d)ll

2X % 3X, (3.36)

where the rate constants are identical to example 10 of (Anderson et al.,
2015). For a diagrammatic representation of the reaction network, see top
left panel in Figure 3.1. For the choice of reaction network in Eq. 3.36, we

have

r1(q) =119+ ¢°

T,1(q) = 6 + 60>

dqrel - a_H
dt  9p =0

= 141(9) —7-1(q)

=—(q9—=1)(q—2)(q—3). (3.37)

Notice that the relaxation flow field has three roots, which means
that the model exhibits three fixed points for the rate constants chosen
q €{(1),(2), (3)}. We display the velocity and momentum assignment of

the variational solution along the H(p, q) = 0 submanifold for this model
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in Figure 3.11.

2-D Schlégl model We define the 2-D Schlégl model to be a two
species reaction network with 1-Schlogl reactions in each species and
diffusion between the two species. For the results in this section and App.

B.4, we use the concrete network

6 6 0.15
11 Xl 11 X2 Xl 0.15 X2
2X; % 3X, 2X, % 3X,, (3.38)

which we represent diagrammatically in the top right panel in Figure 3.1.
For the choice of rate constants, the relaxation flow field has nine fixed
points, out of which four are stable (with no repelling direction), four
are saddle (with one repelling direction) and one is unstable (with all
repelling directions).

As explained in Section 3.2.1, in order to understand the switching
dynamics from one stable fixed point to another, we need to only consider
the least-improbable path of escape. We know that the least-improbable
path between two nearby fixed points is through the saddle point between
them, and thus we look for the equation of motion that emanates from
a stable attractor and ends at any of the closest saddle points using the
AFGD algorithm. Before looking for escape paths however, we find it

useful to find the relaxation trajectories that emanate close to a saddle
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point and reach a nearby stable point. This information yields a “proxy-
heteroclinic network” and tells us whether or not the system exhibits any
vorticity in the areas of interest. For the position and classification of the
fixed points and a “proxy-heteroclinic network” for the 2-Schlogl model,
see Figure 3.12.

We now proceed to identifying all the relevant escape paths to create a
heteroclinic network for the 2-Schlogl model. As an illustrative example of
an application of the AFGD algorithm, we first focus our attention to the
bottom left escape path from the stable root q; = (1,1) to the saddle root
qr = (2.16,1.09). From the criteria specified in App. B.4.2, we begin the
descent from a straight line initial condition as shown in Figure B.2. We
run our algorithm starting from a curve consisting of 500 points, and we
summarize the progress of the descender in Figure B.5. The topmost row
depicts how the the phase space trajectory changes in the configuration
space (left) and momentum space (right) as the algorithm progresses.
The last two rows summarize the progress of the action along the escape,
step size, cutoff frequency and least distance from the end points of the
integrated EoM during descent.

One can observe that the descent in the action has a step-like behavior
which is mirrored in the step size as well as cutoff frequency. What is
happening is that the algorithm descends at a given setting of a cutoff
frequency as much as it can, by reducing the step size as long as it is

above a certain threshold and the value of the action function is strictly
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decreasing. Once no further step can be taken because the step size has
decreased below the minimum threshold of €yesh, the cutoff frequency
is slightly raised to allow the pass-band to inject more meaningful signal
into the gradient. It can be seen in Figure 3.13 that the overall magnitude
of the gradient decreases and its power spectrum becomes flatter as the
descent proceeds through the iterations of the algorithm. For more details,
see App. B4.7.

The bottom right panel in Figure B.5 shows how the minimum distance
A of the integrated Hamilton’s EoM, as explained in App. B.4.8, changes
along iterations of the algorithm. Curiously, the distance continues to
decrease even when the step size is zero for I > 55. The reason for this
is that our algorithm also smooths the configuration space curve in a
time-uniform sampling, which for the 2-Schlogl demonstrably takes the
trajectory towards the optimal solution. The distance, however, ceases
to decrease after a point, and it is a signal that the number of points in
the trajectory needs to be increased if further progress is to be made. We
show the closest integrated trajectory overlaid on the descender trajectory
for a few iterations in Figure 3.14. Since, in the previous example, we
have already discussed the process of descending further towards the true
solution by ‘annealing’ (increasing the number of sample points in the

trajectory), we will not pursue it here.
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Validation against Gillespie algorithm Now that we have verified
the correctness of the descended trajectory against Hamilton’s EoM, we
can ask how well does it perform against a stochastic modelling method
such as the Gillespie algorithm (Gillespie et al., 2007)? To compare the
two, we run two simulations with scaling volume V = 300 and find
the scaled-log improbability of their stationary distribution 7, i.e. we
calculate (—1/V)log(m). Since the two simulations give similar results,
we only display the contour plot resulting from the second simulation
for clarity in the left panel of Figure 3.4. We then proceed to find the
scaled log-improbability along only the escape trajectory output by the
AFGD algorithm and compare it against the action or NEP found using
Eq. 3.23. The result is displayed in the right panel of Figure 3.4. We can
see that the scaled NEP obtained from the simulation is higher than the
log-improbability obtained from the algorithm, as it theoretically should
because the variational solution provides a lower bound, becoming exact
in the V — oo limit. For a similar plot for the 1-Schlégl model, see Figure
1in (Anderson et al., 2015).

Having convinced ourselves of the correctness of the algorithm by two
different means, i.e. via integrating Hamilton’s EoM and verifying against
stochastic simulation, we proceed to find the true heteroclinic network for
the 2-Schlogl model. The heteroclinic network consists of all the escape
trajectories from every stable attractor, as well as the log improbability

or NEP along each escape. We obtain the escape paths by running the
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algorithm for every pair of nearby stable and saddle points, and display

the resulting heteroclinic network in Figure 3.3.

N-D Schlogl model The AFGD algorithm is defined independently of
the dimensions of the system, and thus works equally well for dimensions
higher than 2. To demonstrate this point, we consider an N-dimensional
generalization of the Schlégl model. Analogous to the 2-Schlogl model,
we define a system with N species and include the Schl6gl reactions for
each species, as well as diffusion amongst the species.

For N > 2 we have to make a choice regarding the underlying diffu-
sion network, and to simplify considerations we choose a fully connected
diffusion network, i.e. each species is diffusing with all species. Other
choices could also be made, such as the species could form a 1-D or a 2-D
lattice with diffusion only between the nearest neighbors, but this choice
is beside the point of our purposes here. A diagrammatic representation
of the 3-D and 4-D Schlégl model can be seen in the lower line of Figure
3.1.

For an application of the AFGD algorithm to higher dimensional sys-
tems, we consider the 6-Schlogl model. To demonstrate the efficacy of
the algorithm, the descended phase space trajectory is plotted against
Hamilton’s EoM in Figure B.7. The output trajectory is obtained using
2000 sample points and running for under 300 iterations at a relatively

low cutoff frequency. Since other details are not particularly illuminating,
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we omit the summary plots for brevity, but make it available in (Gagrani,

2022).

3.5 Discussion

Chemical reaction networks (CRNs) are essential for modeling a wide
range of natural phenomena such as star formation, the origin of life,
spatial or ecological patterns in living organisms, and climate (Smolin
(1996); Smith and Morowitz (2016); Turing (1990); Benzi et al. (1983)).
The widespread utility of CRNs stems from their ability to exhibit dynamic
equilibria which, unlike the equilibrium at the top or bottom of a potential
well where the velocities of objects are zero, are states of a system where
the composition remains unchanging although the constituent species are
being dynamically exchanged. The state of a star, organism, ecosystem
or climate, when modeled as a stochastic CRN, can undergo transitions
from one dynamic equilibrium to another, and it is the probability of such
a transition occurring that we give an algorithm to numerically estimate
in this work. It must be noted that since the probability of transitions
is exponentially suppressed in the number of simulated species, finding
cheaper ways of estimating them is of practical importance.

Our main contribution has been to employ the Hamilton-Jacobi formal-
ism to rigorously formulate the problem of finding transitions between

steady states (or fixed points) of a CRN as a MinMax problem, and to con-
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struct a principled algorithm to solve it. The functional whose value along
its optimal points are the desired transitions is called the action functional,
due to which we name our algorithm as the Action Functional Gradient
Descent (AFGD) algorithm. Our algorithm only requires computation of
derivatives, solving function optimization problems, and basic tools from
signal processing. Moreover, while the algorithm itself does not rely on
numerical integration, its validity can be readily verified by integrating
the equations of motion starting anywhere along the converged output
(for more detailed, see Section 3.3). Finally, in Section 3.4, we explore
applications of the algorithm on several high dimensional problems and
validate them against other methods of obtaining transition paths and
probabilities.

While in this work, we only use the algorithm to calculate transitions
between two fixed points, in principle it can be used to find a transition
between any two points which are guaranteed to have a direct optimal
phase space trajectory connecting them. In particular, rather than escaping
from a stable fixed point to a nearby saddle point, one might be interested
in finding the probability of an escape to any point within the basin of
escape of the stable point in the long time limit. As explained in Section 3.2,
the optimal trajectories that connect the stable fixed point to the desired
point will also be in the H(p, q) = 0 submanifold, and can readily be found
(by leaving the momentum at the end point unspecified) by the AFGD

algorithm. In this way, by connecting arbitrary points to their nearest stable
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fixed points, in principle, one can assign a transition probability to each
point on the state space and recover the occupation probability distribution
that one would otherwise obtain by running a stochastic simulation of
a CRN for a very long time. We will then leave is as future work to
take as input the time-series data or occupation probability distribution
obtained from a stochastic simulation and to learn the CRN from which it
was generated. Due to the widespread utility of CRN in modeling real-
world phenomena, a machine learning algorithm to infer the CRN from

its simulated data would have several significant scientific applications.
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4 MATHEMATICS OF EVOLVING ECOLOGIES IN
STOCHASTIC CHEMICAL REACTION NETWORKS AND THE

ORIGINS OF BIOCHEMICAL LIFE

4.1 A mathematical formalism for modeling
evolving ecologies in chemical reaction
networks

In this section, we propose a mathematical formalism for a bottom-up
approach to modeling an evolving ecology using CRNs. We articulate
the role of mathematics in the formalism in subsec. 4.1.1, and explain the
physical assumptions leading to a CRN description of the phenomenon
under investigation in subsec. 4.1.1. In subsec. 4.1.2, by purely topological
considerations, we define our notion of an ecology. Then, in subsec. 4.1.3,
we give a mathematical characterization of various types of evolution for a

CRN with chemical kinetics.

4.1.1 The role of mathematics in our formalism and the

physical assumptions leading to our basic set-up.

A primary utility of mathematics in the sciences is its ability to unam-

biguously discern what is impossible, thus imposing limits on what is
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possible. For example, elementary geometric considerations yield that it
is physically impossible to inscribe a square of side length d in a circle of
diameter d. Similarly in the physical sciences concerning the motion of
particles, variational analysis is used to derive the optimal paths between
two points (Goldstein et al., 2002), imposing a limit on some measurable
quantity (time for light, or “action” for massive particles) in any experiment
satisfying the relevant constraints.

In our formalism, we take a bottom-up approach to modelling a system
under investigation. We define a system by defining the types of all prag-
matically irreducible entities, and their network of interactions with each
other and the environment. The role of mathematics in our formalism,
then, is to systematically investigate the variabilities that the system can
exhibit, and derive limits on these variabilities. In particular, we give a pre-
cise mathematical criterion for what constitutes an ecology, and whether
or not it is capable of evolution. Whether or not the modeled systems are
physically feasible, and their variabilities admitted in nature, are practical
questions left unresolved by mathematical considerations alone.

For a bottom-up approach to modeling a phenomenon under investi-

gation, our formalism requires that:

e The types of all, possibly infinite, pragmatically irreducible entities

in the system is known.! We refer to the types as species, labelled by

1The notion of irreducibility is not to be taken in the physical sense, like a description
in terms of subatomic particles, rather in a pragmatic sense, like a molecule or a cell
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s, and the list of species as the species set, denoted by § = {s, ..., ss}.

e The list of all stoichiometric interactions, termed reactions, by which
the count of each entity changes are known. Each reaction changes
the composition of the species population by whole numbers, and
their list, denoted by R, includes the interactions of all the species

with one another and with their environments.

When taken together, the information (8, R) is said to define a CRN. In the
remaining subsection, we will describe the assumptions that need to be
made to obtain a CRN description.

The first assumption that we make to obtain a CRN description is that
each particle of a species is indistinguishable, and we can only access
the count or population of each species, termed species composition, of
the system. Second, we assume that the mechanism of interactions is
memoryless, or satisfies the Markovian property. By this we mean that the
state of a system in the future only depends on the current state, and is
not affected by its past. In Appendix C.1 and Ch. 3, we show that these
processes can be formalized by way of a stochastic Hamiltonian and derive
the Hamilton-Jacobi theory for stochastic population processes.

The third assumption that we make to obtain a CRIN description is
on the stochastic Hamiltonian. To obtain a CRN description, we assume

that the stochastic dynamics can be specified such that each stochastic

may be considered to be an irreducible entity for a chemical or biological experiment,
respectively.
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transition can be expressed as a list of rules that transmute a collection
of species into another. In other words, we require that the stochastic
Hamiltonian be written as a sum over reaction channels in the set R, as
described in in Appendix C.2 and Ch. 2. We remark that CRNs can also be
used to describe cosmological and astrophysical processes by considering
all the subatomic particles as the species set and their interactions afforded
by the Standard Model (Group, 1998) as the reaction set, and collect some

examples in Table 4.1 and Fig. 1.1.
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Finally, we make a fourth assumption to obtain a kinetic description
from CRNSs. Stochastic chemical kinetics assumes that the particles come in
discrete amounts and are in a well-mixed reactor. Moreover, it assumes that
each reaction proceeds stochastically proportional to the ways of sampling
the input reactants from the system. For a detailed explanation see subsec.
C.3 or Ref. Gillespie et al. (2007). While these kinetic assumptions are not
always justified (see Michaelis-Menten kinetics (Qian and Bishop, 2010)),
they do have a microphysical basis. For instance, the stochastic chemical
kinetics assumed here have been shown to be exact for any gas-phase
chemical system that is kept well-stirred and thermally equilibrated in
Ref. Gillespie (1992). We remark that the assumption of well-stirred does
not mean that CRNs cannot account for spatial inhomogeneity. To model
diffusion systems that differentiate between locations, we simply need to
add new species at each site and explicitly track their location index (for
example, see Ref. Mufiuzuri and Pérez-Mercader (2022); Plum and Baum

(2022)).

4.1.2 A topological definition of an ecology

A stoichiometric interaction, or a reaction, in the set R is of the form

Y181+ ... +YsSs —> YiS1 + ... +YsSs,
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where the coefficients y; and y{ are nonnegative integers (€ Zx,) for all
species s; in the set 8. Any collection w;s; + ... 4+ wgsg with nonnegative
coefficients w; is referred to as a complex, and the vector w is called as the
stoichiometry of the complex. In what follows, we will simply denote a
complex by its stoichiometric vector w. Thus, notationally, the reaction
above simplifies to

y—y/,

and y and y’ are called the input and output complex, respectively.

Let us label the reactions in the set R as

R={1 = Yi,-- - Y= = Yz}

where all complexes y; and y{ for i € [1,|R|] are not necessarily distinct.

We denote species composition at a given instant by

n:i= (nli"'/nS)/

where each n; is a non-negative integer. The effect of a reactiony — y’ on
a species composition n, then, is to remove the complex y and replace it
with the complex y’. Equivalently, a reaction y — y’ transforms the com-
position from n ton —y +y’, denoted asn — n —y +y’. For a bottom-up
approach to modeling, we require that every such elementary stoichiomet-

ric interaction by which the species composition can be changed must be
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in the set R. Conversely, we require that R only consist of such elementary
interactions.

In CRNs, the firing of a collection of elementary reactions in the set
R can also be expressed as a reaction, however this reaction does not
necessarily belong to the set R and is termed a composite reaction. For
example, in a network with two reactions {y; — y;,y» — yj}, firing
the first and second reaction f; and f, times, respectively, we obtain the
composite reaction

f1y1 + f2y2 — fry; + Hry,.

The firings are formalized as flows on a CRN in Ch. 2, and are explained
further in Appendix C.2.

A topological property of a CRN of particular interest for our formal-
ism is autocatalysis. Autocatalytic cycles have been used for modelling
the metabolic cycles in an organism, the life cycle of an organism (Smith,
2021), and in general can be seen as a minimal model for a living organ-
ism (Hordijk and Steel, 2018). The concept of autocatalysis, dating back
to the late 1800s (Ostwald, 1890; Peng et al., 2022b), has several distinct
formulations in CRN theory (Andersen et al.; Deshpande and Gopalkr-
ishnan, 2014; Blokhuis et al., 2020). Here, by autocatalysis we mean what
is referred to as exclusive autocatalyis in Ref. Andersen et al.. A discussion
of autocatalysis and related concepts can be found in Appendix C.2 and

Ch. 2.
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A subset of reactions R’ C R will be set to be an autocatalytic subnetwork

(AS) if it satisfies the following properties:

1. There exists a flow on the subnetwork given by R’ such that the

resulting composite reaction is of the form:

(F) + mC — nC + (W),

where 0 < m < n.2 Here m and n are the stoichiometries of the set C

in the input and output of the composite reaction, respectively, and

oC = Zi oiGi.

2. For every reactiony — y’ € R’, the input complex y and the output
complex y’ contain at least one species from the set C. This ensures
that there is no flow if the population of every species in the set C is

Zero.

For an AS that satisfies the above properties, C will be said to be its auto-
catalytic set.
Furthermore, generalizing the formulation in Ch. 2, for each AS, we

can define:

e A food set F defined as the union of all the species that occur only as

reactants in the reaction set R’.

ZA < B, read as A precedes B, if all entries of A — B are strictly negative. Analogously,
A >~ B, read as A succeeds B, if all entries of A — B are strictly positive.
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o A waste set W defined as the union of all the species that occur only

as products in the reaction set R'.

e A member set M defined as the species which occur as both reactants

and products in the reaction set R'.

We refer to the assignment of food, waste, and member sets for an AS
as its food-waste-member or FWM partition. We briefly remark that, by
construction, each AS can be uniquely assighed a FWM partition, and

their mathematical properties are developed further in Ch. 2.

Ecology: We define an ecology to be a collection of ASs in a CRN.2
Our use of the terminology is justified by the observation that, as explained
above, an organism can be modelled using ASs in a CRN. The ecology as
a whole, then, can be seen as a dynamic network of positive and negative
interactions between different organisms. Moreover, since each AS has its
own set of food and waste species, an ecology can be assigned a food set as
the union of the food sets and elements in the member set that only appear
as reactants in the composite reactions of all the ASs while excluding the
union of all their waste sets, and elements in the member set that only
appear as products in the composite reactions. The food set thus defined
imposes a limit on the least number of species required by the ASs to

exhibit their autocatalytic character. Notice that certain CRNss can exhibit

3Given a CRN, a linear-programming algorithm to enumerate all minimal ASs which
have distinct species in the input and output complexes is given in Ch. 2.
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ecologies that do not have a food set, and we term them closed ecologies.
Arguably, after the dominance of photosynthetic recycling, barring rare
astronomical events, there is no appreciable exchange of atoms from outer
space. Thus the CRN of Earth with atoms and molecules as species can be

said to exhibit a closed ecology.

4.1.3 A kinetic definition of evolution

The effect of the reactions on the species composition dynamics is obtained
by selecting a model for how the interactions proceed and choosing values
for kinetic parameters. Our model of the effect of reactions on the system is
that, each reaction in the set R occurs with a probability proportional to the
number of ways of selecting the collection y from the current composition.
For a reaction y — y’, this choice of dynamics models the scenario that
a collection of entities specified by the reactant complex y come together
and transmute into entities specified by the product complex y’. This
assumptions constitutes stochastic chemical kinetics in a continuous-flow
stirred tank reactor. For a detailed derivation, see Appendix C.3 and Ch.
3.

A CRN G, when taken with stochastic chemical kinetics, is given by the
triple (8, R, K), where

K ={ky_y € Rogly =y’ € R}
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In stochastic chemical kinetics, the unnormalized probability of each reac-
tiony — y’ being selected randomly is ky_,,nY, where n is the discrete

species composition in the integer lattice Zg(‘] and

8]

Tli!
= H (ny —yq)!

i=1

Instead of tracking the discrete species composition n, it is useful to track
the continuous species composition q € R‘s(l) obtained by dividing the

discrete composition with a scale factor V,

<3

q:

For example, in molecular dynamics, we use the Avogadro’s number
V = 6.022 x 10? to obtain a molar concentration q from molecular count
n.

It can be shown that, for large scale factors V, the effect of stochastic-
ity on the (continuous) species composition dynamics are exponentially
suppressed. In fact, in the limit V — oo the system is governed by deter-
ministic equations, which are commonly referred to as Mass-Action Kinetics
(MAK). A central feature of MAK, that makes it especially useful for de-
scribing non-linear phenomena, is its ability to exhibit multiple types of
attractors in the composition space, namely: discrete attractors, limit cycles,

and chaotic attractors (Yu and Craciun, 2018; Willamowski and Rossler,
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1980). A CRN exhibiting multiple attractors is said to be multistable. Each
type of attractor poses its own set of theoretical and computational chal-
lenges, and for the purpose of this work, we restrict ourselves only to
discrete attractors.

Formally, the (discrete) attractors are defined as the stable fixed points
of the MAK such that any perturbation around the fixed point results
in the system relaxing towards it. There are, however, other fixed points
where, if the initial conditions are along a particular line called their re-
pelling dimension, the system relaxes away from the point. We term the
fixed points with exactly one repelling dimension as transient points, and
generically refer to any fixed point with strictly more than zero repelling
dimensions as unstable points. A detailed mathematical description of this
taxonomy can be found in Appendix C.3. We state without proof that,
every two attractors must have at least one transient point that separates
them.

In systems with a small scale factor V, the underlying stochasticity of
the model leads to an appreciable deviation of the dynamics from MAK.
An effect of particular interest for our formalism is that of basin-switching.
In a multistable system, while a system stays at an attractor composition
indefinitely under MAK, stochastic dynamics allows for transition from
one attractor to another, via a transient point. The paths that the system
takes to escape from an attractor into nearby transient points are called

escape paths. The least-improbable (or most probable) escape paths are
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essential to the calculation of the non-equilibrium potential (NEP) function
(for an exposition, see Appendix C.1). The NEP, denoted by V, yields a
direct measure of the negative descaled log-probability of the system of

being in a composition, ¢, up to a global additive constant* (see Eq. C.10)
1 1
V(q)+c = Y, log(Probability(q)).

In Ch. 3, we provide a functional gradient descent algorithm to compute

the escape paths and the associated NEP for any CRN.

Cost: Consider the set of species composition attractors, and denoted

it by g, where
q:=1{q,, 9, -, d

To simplify terminology, and in accordance with connections between
Hamilton-Jacobi theory, optimal control theory, and chemical reaction
networks (see Ref. Snarski (2021)), we refer to the value of the NEP (or

the negative descaled log probability) at an attractor as its cost.

Cost(q) =V(q)
*We say f(V) =< g(V) (read as f(V) is asymptotic to g(V)) if

im m =1.
V—o0 g( )
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Note that, alike any other potential, the value of the cost has only a relative
significance. In particular, the difference in the cost between two attrac-
tors is a measure of the ratio of their log probability, where a less costly
attractor is exponentially more probably occupied given a long enough
time. Conversely, it is less probable for the system to be at a more costly

attractor composition, than another one of lesser cost.

Evolvedness: The notion of evolvedness is one that cannot be given
a purely mathematical definition since it depends on what the species
are, and how unlikely they are to found in equilibrium. Thus, to define
evolvedness, we first require that each species be assigned a positive weight
vector. The weight of a species can quantify, for instance, how difficult it is
to assemble the species (Marshall et al., 2021) from the building blocks
available in the environment, or the difficulty of discovering that species
in equilibrium. The different coefficients of the weight vector for each
species measure evolvedness along different dimensions. Let the number
of dimensions along which we measure evolvedness be denoted by e. Then,
all the weight vectors can be collected in a weight matrix of dimensions
e x |§|, which we denote by w, where

weight(si) = w.
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Once the weights are assigned, then we define the evolvedness of an

attractor composition as the weighted sum of the composition,
8
Evolvedness(q) = Z w'(;.
i=1

For example, let the species be polymers in one monomer. Define the
species set as {1,2,..., M}, where j denotes a polymer of length j. Suppose
the system is coupled to an environment modeled as a chemical reservoir
of monomers. Then, we may assign the weight matrixw = [1,2,..., M],
where the weight of each species is a scalar quantity. The evolvedness of

an attractor composition ¢ then evaluates to

M
Evolvedness(q) = Z iqi.
i=1

Defining evolution: Using the terminology developed above, we will
define the terms directional evolution, open-ended evolution, and historical

contingency for a stochastic CRN.

1. Given a stable (composition) attractor of a stochastic CRN, if there
exists a more evolved attractor that is less costly than the current one,

then the attractor will be said to be capable of directional evolution.

2. If a CRN has infinitely many attractors, and at each attractor, there

is at least one more attractor that is less costly and more evolved
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than the current one, then such a stochastic CRN will be said to be

capable of open-ended evolution.

3. If there are at least two more evolved and less costly attractors
between which the system can only (predominantly) transition
through less evolved and costlier attractors, then the stochastic CRN
will be said to exhibit historical contingency. This follows because,
starting from a less evolved more costly attractor, the trapping of the
system in any of the more evolved less costly attractor is a contingent

choice which affects its future evolution.

4.2 CRN models of evolving ecologies

In this section, we provide examples of different CRN ecologies that exhibit
evolution. We briefly review the formalism for ascertaining evolution in
Sec. 4.2.1. In Sec. 4.2.2, we explore a CRN in one species and demonstrate
that, with an appropriate choice of rate constants and reaction set, it can
be made to exhibit N attractors for any N. Considering the distance of an
attractor from the origin as a measure of its evolvedness, we prove in Ref.
Gagrani et al. (2023b) that there exist rate constant assignments such that
for any attractor, the cost of each more evolved attractor is strictly lesser
than its cost. By our characterization of the different types of evolution
in Sec. 4.1.3, this system is capable of directional evolution from all but

the most evolved attractor. Moreover, we conjecture that a rate constant
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assignment can also be found in the limit N — oo, in which case this
system will be said to be capable of open-ended evolution.

In Sec. 4.2.3, we consider a polymer model in one monomer. Against
a background of polymerization and degradation reactions, we add ad-
ditional reactions that select a polymer to play the functional role of a
catalyst for monomer activation, and refer to the polymer as a kinase. In
the presence of such a kinase, we show that the polymer model forms
an ecology, and under appropriate rate constants, the system can exhibit
multistability. Furthermore, we show that the analysis of mulstability is
similar to the previously considered one-dimensional CRN. Using the
algorithm from Ch. 3, we show that this model can exhibit directional
evolution from any but the most evolved attractor. Finally, in Sec. 4.4, we
consider a polymer model in two monomers. To each polymer, we assign
a two-dimensional evolvedness using the abundance of each monomer
in it. Then, by selecting certain polymers as kinases and appropriate rate
constants for the system, we show that the model has the potential to ex-
hibit two evolved attractors, albeit in different dimensions. We show that
it is highly unlikely that the system transitions between the two evolved
attractors, except by going through a more costly and less evolved attractor.
Thus, we conclude that our polymer model in two monomers can exhibit

historical contingency.
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4.2.1 Procedure for ascertaining evolution

Consider a CRN with kinetics Gk = (8, R, K). Since all CRNs in this section
will be taken with kinetics, to avoid notational clutter we will simply denote
the CRN as §. The Hamiltonian for the CRN is written as (see Eq. C.19 in
Appendix C.3)

Hern(p, q) = Z(e(y/_y)p — Dky—yq”. (41)
g

The equations of mass-action kinetics for this CRN are given by (see

Eq. C.20)
d :
=Y W =Yk (42)
S

Let us denote the fixed-point or attractors of the CRN by ¢, where

dq

It =0.

q

Each attractor can be assigned stability by the criterion explained in Ap-
pendix C.3.2.

The non-equilibrium potential (NEP) for the system, V(q), is found by
solving (see Eq. C.11)

Vv
H (2—q £0, q) ~0, (4.3)
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and using
oV

v(q) :Jﬁdq‘

This step is computationally difficult, and analytic solutions are infeasible
in all but the simplest cases. We provide a functional gradient descent
algorithm to obtain the NEP for a general CRN in Ch. 3.

For notational clarity, let us denote each stable root by the row vector

t; and refer to the set of stable roots with t, where
t.= {tl, . .,tm}.

Define a weight matrix w quantifying the evolvedness of each species. The

evolvedness of each stable root is then given by
Evolvedness(t;) = wt, .
The cost of the attractors is given by V(t;)
Cost(t;) = V(ty).

Finally, using the criteria specified at the end of Sec. 4.1.3, we ascertain

which type of evolution, if any, is the CRN capable of.
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Roots = {1, 2, 5} Roots = {1, 2, 6}

—MAK
——100*NEP |

—MAK
——100*NEP 20

0 1 2 3 4 5 6 0 1 2 3 4 5 6 7
Concentration ¢ = n/V Concentration ¢ = n/V

Figure 4.1: The CRN G, is shown with two rate constants that admit di-
rected evolution. The rate of change given by mass-action kinetics (MAK)
and an arbitrarily scaled non-equilibrium potential (NEP) are overlaid in
the display. The rate constants {k, k1, kz, k3} for the left and right panel
are {10,17,8,1} and {12, 20, 9, 1}, respectively.

4.2.2 Open ended evolution in a one-dimensional CRN
Let us consider a stochastic chemical kinetic system with 1 species, denoted

by X.

One reversible reaction: Suppose that there is an external reservoir
from which X can flow directly into and out of our system with rate

constants ko and k;, respectively. This yields our first CRN, which we refer

G, = ({X}, {@ E: x}) .

Let us denote the concentration of X simply by q, and its conjugate mo-

to as G, where

mentum by p. Using Eq. 4.1, the Hamiltonian for the CRN §; is given
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by
Hi(p,q) = (e? —1)kg+ (e P — 1)k q.

Using Eq. 4.2, the relaxation trajectory for the system is given by

dq
E = ko — k1q.

As can be seen from the above equation, it has a unique complex-balanced
attractor at

ﬂ:

=T

Since there is a unique complex-balanced attractor for the CRN, as proved

in Appendix B of Ch. 3, the

oV oV

solution for the system is given by the momentum assignment

oV, q <k1CI)
—=In|{=-]=In{—].
(el (ﬂ) ko

This momentum assignment yields the NEP V; as

q /
v, =J dq’In (q—>
a q

—gln (%) —(q—q), (4.4)
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where q = ko/ki. Since this CRN has only one type of attractor, no evolution is

possible.

Two reversible reactions: Now, let us add another reversible reaction
channel

2X =22 3X,
ks

to our CRN. Let us denote the resultant reaction network by G,, where

G, = ({X},{@ = X,2X = 3x}) .

k3

This is the well-studied Schldgl-model (Wilhelm, 2009), and, as we will see,
it has the potential to exhibit multistability.

Following terminology defined in Appendix C.2, notice that G, has 4
complexes, 2 linkage classes, and a stoichiometric subspace of dimension

1. Using Eq. C.18, it has a deficiency & of one,
d0=4-2-1=1.

It can be seen that it has one independent minimal delta null subnetwork
(MDNS)
MDNS = {@ — X, 3X — 2X},

a null-flow for which is given by (1, 1]T. Moreover, using the definitions

detailed in Sec. 4.1.2, G, has one minimal autocatalytic subnetwork (MAS),



156

given by
MAS = {2X — 3X]},

with the autocatalytic set {X}, and one minimal drainable subnetwork (MDS),
given by
MDS = {3X — 2X},

with the drainable set {X}. Since this CRN has an autocatalytic subnetwork, it
forms an ecology.

The Hamiltonian for G, is
Ha(p, q) = (e? —1)(ko + kaq?) + (e P — 1)(k1q + ksq°).

The relaxation trajectories are given by

d
S = (ko +¥?) = (kiq + aq?).

Notice that the above equation can have up to three roots in the positive
orthant, two of which may be stable. The relationship of the roots to
the rate constants is simply given by the symmetric polynomials in three
variables using Viete’s formula (Kornitowicz and Pak, 2017).

d

As can be solved from the H (%, q> = 0 condition, the non-zero

momentum for the escape trajectories is given by

ﬂ =In (—qu + k3q3)
o0q ko + kg2 )’
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yielding the NEP V as

. q k1q+k3q3
Va(q) —J ) dqln <]<()+—kz(]2 ,

where

qu + k3q3)
ko +k2q% )

q° = argmqin Lq dqln (

Since we have only one species in the system, we simply assign the
weight vector [1] as a measure of its evolvedness. For the two attractors
{t1, to}, their degree of evolvedness is thus equal to their difference from
the origin, where the attractor further from the origin is more evolved.
Notice that the rate constants can be picked to move the attractors around

such that, for

0<t) <ty
Vo(t1) > Valts).

Some examples of such assignments can be found in Fig. 4.1. Thus, the
ecology given by this CRN is capable of directed evolution from the least evolved

attractor.

N reversible reactions: In general, we can add more reversible reac-

tion channels to our system of the form

cX == (c+1)X

c+1
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to our CRN. Since each reaction channel only only adds or removes a single
X species, the resultant network is called a birth-death process. Denoting

the resultant reaction network by G, where

N :({X}, {@ ‘;: X,2X 11:: 3X,..., (2N—2)X =22 (2N—1)X} )
1 3

kon-—1

The Hamiltonian for Gy is

Hn(p, q) = (e’ —1)ri(q) + (e —1)r_(q),
where

Ty =Kko+ k2q2 +...+ kZNiquNle

_— =kiq+ k3q3 + ...+ kZN_1q2N71.

Notice that dq/ dt = v, —r_ can have 2N — 1 roots in the positive orthant
with appropriate rate constants.

In general, for this model, considering more birth-death reaction chan-
nels (Lazarescu et al., 2019; Anderson et al., 2015), simply adds terms to
the v, and r_ polynomials. Using the same reasoning outlined above, the

NEP VN becomes
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Labelling the attractors by t, where

O<ti<th<...<tyn,

we prove in Ref. Gagrani et al. (2023b) that a rate constant assignment can

be found such that

VN(tl) > VN(tz) >0 > VN(tN)-

Thus, the ecology given by this CRN containing N reactions is capable of

directional evolution from all but the most evolved attractor.

Infinite reversible reactions: It is clear, from the arguments above,
that N can be made arbitrarily large. By adding infinitely many such

reactions, labelling the attractors by t, where

O<ti<ti<...<t.<...

we conjecture in Ref. Gagrani et al. (2023b) that, under some constraints,

a rate constant assignment can be found such that

Voo(t1) > Vo (ta) > ... > Vo(te) > ...

If the above is true, then the ecology given by this CRN containing infinite reactions

will be said to be capable of open-ended evolution.
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Figure 4.2: Some polymerization reactions of polymers in a single
monomer. The monomer is labelled as 1, the polymers are labelled with
the number of monomers they contain, and different geometries of poly-
mers are distinguished by primes ().

4.2.3 Directional evolution in polymer models in one

monomer
Consider a continuously-stirred tank reactor that is connected to an exter-
nal reservoir of monomers, from which the monomers, labelled as 1, can
flow into and out of the reactor with rates k; and k,, respectively,

S, = (T, {0 =T}

o

Suppose the monomers can form bonds between themselves to form
longer polymers. As shown in Fig. 4.2, the structure of the polymers can in
general be open (see 3), closed (see 3'), or can have multiple intersections

(not shown). For demonstrating a simple polymer ecology that can exhibit
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Species composition attractors Cost along straight line joining attractors

o
o

| o— 5 o

100} - - 2
. 2

3% ! Z 1.5
g i st
= 2
o [ <

2107} £ 1
O —3—Stable %
—©—Transient M

0.5

1074 — - = - 0 —t
1 2 3 4 5 10 15
Species Evolvedness

Figure 4.3: An example of rate constant assignments for the CRN G, that
exhibits directional evolution. The rate constants {k;, ko, l., m.} are chosen
to be {0.1476,1,2.9,1}. All spontaneous addition and degradation rate
constants are chosen to be identical, with s; = s =1 and d; = d = 2.06.
The species composition attractors along with their stability are displayed
in the left panel. An estimate of the NEP using the AFGD algorithm by
finding the Action along straight lines joining the attractors are shown in
the right panel. The measure of evolvedness along the joining curve is
shown along the x—axis.

directional evolution, we only consider open polymers that do not have
any self intersections.

Let us label the (open) polymer with n monomers as 1. Consider the
space of all reactions that the polymers can participate that conserve the
total number of monomers in the system. Let us denote the reactant and

product complex for such a reaction by c¢*, where

X . X =
c .—E Cp - L
n
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Then, a reaction ¢® — cP is allowed only if

o — B
E cn-n—g Ch T
n n

The reaction network for such a system includes reactions of the type

1+1=2

1+2=3
1+1+1=3

1+43+—2+2

Such reaction networks, that are defined through conservation laws, are
termed cluster chemical reaction networks (CCRNs) and developed fur-
ther in Ch. 2. Observe that the CRN of polymers, when not constrained to
a subset of reactions, contains many autocatalytic subnetworks and thus
forms an ecology. An enumeration of the autocatalytic subnetworks in
the CCRN with only up to second-order reactions can be found in Ch. 2,
and it is also shown that this count grows exponentially in the size of the

longest polymer in the system.

Null-model: To simplify matters, let us restrict our CRN to only

reactions where the polymers elongate via end additions of a monomer.
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We denote the CRN, with up to polymers of size n, thus obtained as
GEnd = (8, R, K), where

n—1+TS“£ﬁ}.

n—1

Here s; and d; are the rate constants of spontaneous addition and degra-
dation of a monomer to and from a polymer of size i, respectively.
Our model of background processes, or null-model, is the CRN Gy,

where

9Null - 9Env. U 9End-

While we can write a Hamiltonian for this model, it is not particularly
illuminating. Instead, we directly investigate the attractors for this model.

Denoting the concentration of species i by qi, and its rate of change by q;,
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the MAK for the CRN is

Jn = _dnflqn + Sn—1919n—1,

n-1 = —(dn—2 4+ sSn-191)qdn-1 + (Sn—291qn—2 + dn_1qn),

q2 = —(d1 + s291)q2 + (5197 + daq3),
n—1

a1 = (—koq1 + ki) + Z (—siqiq1 + diqit1)

i=1

+ (—Slq% + dqu) .

Elementary considerations yield that there is a single species composition

attractor for the CRN, and it is given by

ol
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Since there is only a single attractor, the null-model is not an evolving CRN.

Catalysts for monomer formation It is common for polymers to play
a functional role in the system from which they emerge. Suppose that
the polymer of size c, C, acts as a catalyst for monomer formation. In
accordance with literature, We refer to such a polymer as a kinase (see Ref.

Kannaiyan and Mahadevan (2018)). Introducing a kinase then amounts
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to adding the reactions of the form

to our CRN.
Let us denote the CRN resulting from taking the union of the null-

model and reaction R. as G.. Observe that the reactions

form an autocatalytic subnetwork with food set {c — 1} and member set
{1,¢). Thus, the resulting CRN G is an ecology.

It is also easy to see that §. has non-zero deficiency (see Appendix
C.2.1) and can exhibit multistability for an appropriate choice of rate
constants. The rates of polymers of size greater than 1 is left unchanged

by the addition of R, and thus they retain their functional form

i—1

qi = H [Z—]]] (%)i forie [2,n].

j=1

However, the attractor concentration of 1, denoted by qj, is given by roots
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of the equation

c—1
0= (ags k) + ]| 3] o= mea e

Notice that the above equation is of the same form as that considered in
the previous subsection, Sec. 4.2.2. In particular then, we can add any
number of such catalysts to obtain any number of roots, where the position
of the roots are determined by the rate constants.

Consider the case with only one kinase ¢. The rate constants can then
be chosen such that the above equation has up to three roots. Analogous to
the setup in Ref. Gagrani et al. (2023b), let us pick the three roots such that
the root closer to the origin has multiplicity two. It is easy to see that the
root furthest from the origin is an attractor, and the root closer to the origin
is an inflection point. Notice that, starting from any point to the right of
the inflection point, under MAK, the system will relax to the attractor (or
the fixed point furthest from the origin). As shown in Ch. 3, since the NEP
is a Lyapunov function in the MAK, the value of the NEP is monotonically
decreasing from the inflection point to the attractor. Now, if we slightly
displace one of the lower roots to a value lower than the inflection point,
then the root closest to the origin is an attractor and the inflection point
becomes a transient point. Due to the same reason as above, the value of

the NEP is maximum at the transient point and monotonically decreases

to its left until the attractor. However, since the value of the NEP changes
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continuously with the position of the roots, the lower root can be chosen
to be close enough to the middle root such that the NEP at the root closest
to the origin is higher than the NEP at the further root.

To each polymer, let us assign an evolvedness which is equal to the num-
ber of monomers it is consisted of. Thus, the evolvedness of an attractor

composition t is given by
Evolvedness(t) = Zj tj.
j=1

In order to ascertain whether such a model is capable of directional evolu-
tion, we need to solve the Hamilton-Jacobi equation and find the NEP V..
For the particular case shown in Fig. 4.3, we employ the AFGD algorithm
from Ch. 3 and calculate V.. While these are not exact solutions to the
Hamilton-Jacobi equations, the difference in their magnitudes, and a few
iterations of the algorithm suggest that the actual NEP in the more evolved
attractor is lesser than the less evolved state for this choice of rate constants.
As is clear from the figure and the argument in the preceding paragraph,
there exists some choice of rate constants such that, if the attractors are

such that t; is less evolved than t,, then
Ve(t) > Ve(ta).

Thus, this CRN is capable of directional evolution from its least evolved attractor.
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Figure 4.4: Attractors for CRNs §; and Gg from Sec. 4.2.4 are shown on the
left and right panel, respectively. In the left panel, there is a unique most
evolved attractor and the other evolved attractors are directly connected
to it through a transient point. Thus, this system is capable of directional
evolution. In the right panel, there is no unique most evolved attractor, and
a transition between the most evolved attractors can only occur through a
less-evolved attractor. Thus, this system is capable of exhibiting historical
contingent evolution.

Reasoning by analogy from the 1-dimensional model, we argue that this CRN can
be made to be directionally evolving from all but its most evolved attractor for any
number of attractors. Moreover, we conjecture that by adding infinite catalysts,

the rate constants can be chosen to make the CRN exhibit open-ended evolution.

4.2.4 Historically contingent evolution in polymer models

in two monomers

Let us consider polymers composed of two different types of monomers,
labelled A and B. Since we are restricting to only open polymers, or
polymers that avoid self-intersection, we can identify each polymer by its

sequence of monomers. For instance, the complete list of polymers in two
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monomers of size three is:

{AAA,AAB,ABA,BAA, ABB,BAB,BBA, BBB}.

Let w}' denote an arbitrary polymer of size n in two monomer. Then the

end addition reactions are of the type:

Bw; = w; + B == w;B.

In all of the different cases, the reaction is of the form w™ — w™*1.

Notice that there are 2™ polymers of size n in two monomers,

lwy| =2™.

While we can enumerate the complete reaction network for our model,
it is not feasible to perform analysis with an exponentially growing list
of species. To overcome this challenge, we introduce a coarse-graining
CCRN with polynomially growing species in Ch. 2. While the formalism
is developed there, the basic construction is this. For each polymer, instead
of tracking the exact sequence of monomers, we only count the number of
monomers of each type. These letter-count sets are instances of clusters

(as letters are conserved), and we refer to the species and CRN thus
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obtained as clusters and two-constituent CCRN, respectively. For example,
the polymer AABA maps to the cluster (3A,1B). In what follows, we use

the basis (A, B) and denote the clusters as 1i,j, where

(iA,jB) = 1.
Polymerization CRN: Let our simplified CRN of the polymer in two

monomers, or the two-constituent CCRN, be denoted as Gpoly. = (8, Rpoyy.)-

Then the species set is given by

and the reaction set is given by

— o Ay
:RPoly. —{{1/] + 1/0 TAI] 1+ 1/]/

_ SBi]' JE—
,j+0,1==1i,j+1

dBi]'

Vi,j € Zso,i+ ] 21}.

In general, the attractors of this CRN cannot be analytically found. To

simplify analysis, consider the case that all spontaneous addition and
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degradation rate constants are identical to one another,

SAi)' = SBij =S Vi,j,

dAy =dBy =d Vi, j.

Then the attractor concentration for any cluster can be found in terms of

the attractor concentration of the monomers, and is of the form

au=(3) " () (o) (45)

Monomer formation and catalysts: Suppose the system was in con-

tact with a chemical reservoir from which monomers 1,0 and 0, 1 could
flow in and out of the system. Let us denote the CRN containing reactions

with the environment as Ggny. = (Sgnv., Renv. ), Where

Furthermore, suppose some polymers acted as catalysts for monomer
formation. As argued in the last subsection, the addition of each catalyst

yields a new autocatalytic subnetwork, making such a CRN an ecology.
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Let us denote the set of catalysts and reversible reactions that catalyze
monomer formation as € and Rc,, respectively, where R¢,;. contains reac-

tions of the form

or

B s
e,f——1¢,f+0,1,
mBe,f

for each e, f € C. Notice that not all rate constants have to be positive,
thus the catalysts can selectively catalyze one but not the other monomer
formation. Let us denote the CRN of catalyzation reactions as Gc,t, where
Scat. = (€, Re).

Consider the CRN G that contains in-flow and out-flow reactions Sg,y,
polymerization reactions Gp,y., and reactions that catalyze monomer con-

centration Gcgt,

9 — 9Env. U 9Poly. U 9Cat.'

Analogous to analysis in the last subsection, the attractors of the CRN can
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be found by using the roots of the system:

O:(kAl—kAo)ﬂ +

S

e+f—1 d .
Z (a) (LAer —mAcq1,0)(d10)“(do1)®,
efeC
0 :(kBl —kBo)% +
S e+f—1
> (3) (Bes—mBerdon)(di0)*(doa)’,

& d
e, feC

along with Eq. 4.5. Observe that the roots of the above system of polyno-
mials yield attractors in the monomer concentrations, and the polymer
concentration are fixed by the Gpjy..

Having obtained attractor compositions, we need to define a notion
of their evolvedness. Since the species of this system are composed of
two monomers, both of which are of equal importance, we assign a vector
valued weight to each species. In particular, to the cluster species 1,7, let

us assign the weight vector [i, i,
Weight (1,j) = [i,j]".
Thus, the evolvedness of an attractor composition q will be given by
Evolvedness(q) = Z qi;[L,31"
)

Notice that the evolvedness is a vector quantity, each dimension quanti-
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fying the evolvedness in a given monomer. For the case considered in
this work, where the attractor concentration of the large clusters takes a
product form of the monomer concentrations, the evolvedness are mono-
tonically increasing in the concentrations of the monomers. Thus, we will
simply use the concentration of the monomers 1,0 and 0,1 at the attractor
as a proxy for the vector-valued evolvedness of an attractor.

Now we will consider two concrete examples of CRNs of the above
type, denoted as §; = (8, R ) and Gr = (§, Rg). Inboth cases 8 is the space
of all two constituent clusters, which can be identified with the positive
orthant of the integer lattice in two dimensions.

Let the first reaction set be given by :

R =Rpoly.|s=1,a=5.01U

100 ——
{@ —1,0,
17

The attractors in the monomer concentrations are shown in the left panel of
Fig.4.4. It can be seen that the CRN has four attractors{(1,1), (1,5), (5,1), (5,5)}.
As explained in the last paragraph, we can use the concentration of the

monomers as a proxy for the vector-valued evolvedness of the attractors.
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Thus, clearly, (1,1) and (5,5) are the least and most evolved attractors,
respectively. Due to symmetry of the model and similar considerations
made earlier in this subsection, the ordering of the cost of the attractors is

such that:

Cost(1,1) < Cost(1,5) = Cost(5,1) < Cost(5,5).

Hence we conclude that G is capable of directional evolution.

Let the second reaction set be given by :

Rr =Rpoly.|s=1,a=5.01U

The attractors in the monomer concentrations are shown in the right panel
of Fig. 4.4. It can be seen that the CRN has three attractors, roughly around
{(1,1),(4,1),(1,3)}. Although, (1,1) is the least evolved attractor, the other

attractors (4,1) and (1,3) are both more evolved albeit in different dimen-
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sions. Also, observe that a transient point separates each of the more
evolved attractor from the lesser evolved one. Thus, from considerations
explained in Ch. 3, suppose the system were to reach an evolved attractor,
the least improbable path out of the attractor would be through the tran-
sient point to a lesser evolved attractor. In other words, for large enough
population sizes, the system will almost never transition from one of the
more evolved attractors directly into the other evolved attractor, and will
always go through the lesser evolved attractor. Thus, we conclude that the

ecology given by S is capable of exhibiting historically contingent evolution.

4.3 Discussion

Stochastic processes are central to modeling complex systems with very
many degrees of freedom. Stochastic CRNs, a particular type of stochas-
tic process, models the scenario where the species are well-mixed in the
system and reactions proceed randomly by bringing different species into
contact. In this work, we provide a mathematically rigorous formalism
for ascertaining when a CRN forms an ecology, and when a stochastic
CRN is capable of directional, open-ended, or historically contingent evo-
lution. We then employ the formalism on polymer models in one and
two monomers and show that there are kinetic parameters such that the
stochastic system is guaranteed to evolve towards attractors with greater

abundance of longer polymers.
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The polymer models, worked in Sec. 4.2, are intended to provide an-
swers to the questions raised in the introduction (Sec. 1.1). They show
that, in an environment which only provides small molecules (monomers)
which have an ability to create bigger molecules (polymers), there can
exist conditions under which an ecology reliably evolves to a composition
with a higher mean molecule size and lower cost. Moreover, evolution-
ary transitions can also be potentially open-ended because a system can
repeatedly evolve to other compositions with even higher mean lengths
and lower costs. The general formalism and the precise definitions of

composition, ecology, evolvedness, and cost were explained in Sec. 4.1.

Limitations and future work:  Although we have defined a notion
for evolution in stochastic CRNs, the mathematical considerations here
are not sufficiently developed to explain the origins of biochemical life in
its modern form.

First, the the stochastic CRNs considered here only model a homoge-
nous species distribution, and makes the continuously-stirred tank reactor
assumption. On the other hand, Darwinian selection and evolution, char-
acterized by inheritance, differential success, and mutation, relies on a
notion of compartmentalization and spatial heterogeneity. As remarked
in Sec. 4.1.1, while spatial heterogeneity can be modelled by introducing
new sets of species labelled by a spatial index (see Refs. (Mufiuzuri and

Pérez-Mercader, 2022; Plum and Baum, 2022)), this approach very quickly
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becomes infeasible for modelling even modestly sized reaction networks at
each spatial site. Moreover, work remains to clearly define a notion of indi-
viduality, inheritance, and differential success for a spatially heterogenous
evolving ecology of CRNs.

Second, a key feature of biochemical life is, what is known as the
central dogma (Li and Xie, 2011), which posits that genetic information only
flows from nucleic acids to protein. Equivalently, the space of possibilities
or the entropy of the bonds in a protein is controlled by the RNA from
which it was translated in its distant hereditary history (Smith, 2008). It is
widely understood that different topologies of CRNs can achieve various
computations (Ma, 2009; Varghese et al., 2015; Dittrich, 2005). In fact, they
are shown to be Turing complete (Fages et al., 2017) and can implement
neural networks (Anderson et al., 2021). Thus, we posit that CRNs can
model and implement the types of control systems needed to explain the
emergence of the central dogma. In our formalism, we recognize the role
of autocatalysis in organizing CRN dynamics and forming an ecology
(Peng et al., 2020). However, further work is needed to formalize how
these ecologies themselves could evolve into more complex ecologies that
could eventually yield a control system resembling biochemical life as we

know it.
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A APPENDIX TO CHAPTER 2

A.1 Deficiency theory and multistability in
CRNs

In (Feinberg, 2019), a CRN is defined by the triple {§, C, R}, where §, C,
and R are the set of species, complexes, and reactions respectively. Recall
from Sec. 2.2.1 that a CRN is a hypergraph with hypervertices in the set
€ and hyperedges in R. The stoichiometric matrix S is defined such that
(see Eq. 2.1)

cols(S) ={y' —yly =y’ € R}

Alternatively, S can be written as the product Y - M, where the columns
of Y are the stoichiometries of the hypervertices

cols(Y) ={yly € €}

and M is the oriented vertex-edge incidence matrix of the hypergraph (see
Balandin (1940); Feinberg (2019))

cols(M) ={ey —eyly >y’ € R},

where e, is the vector with 1 at hypervertex y and 0 otherwise. Note that
Y and M are of sizes 8] x |C| and |C| x |R|, respectively, yielding S of size
8] x |R].

Since S is a linear operator, using the rank-nullity theorem we get

dim(domain(S)) = dim(im(S)) + dim(ker(S)). (A1)

Let E, V, s denote the number of reactions (hyperedges), complexes (hyper-
vertices) and the dimension of the stoichiometric subspace S, respectively.
Then, by definition,
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Using S =Y - M, we have
dim(ker(S)) = dim(ker(M)) + dim(ker(Y) Nim(M)). (A2)

Notice that the complexes and reactions, without referring to the under-
lying species, form a graph, the vertex-edge incidence matrix of which is
given by M. Using properties of the vertex-edge incidence matrix, if the
number of independent loops in the graph are 1, then

dim(ker(M)) = 1.

Denoting dim(ker(Y) N im(M)) by §, also referred to as the deficiency of
the CRN, substituting the above and Eq. A.2in Eq. A.1, we get

d=E—1—s. (A3)

Furthermore, let us denote the number of connected components or
linkage classes of the complex-reaction graph by {. Notice that £ and 1 are
the zeroth and first Betti numbers of a graph, respectively (Hatcher, 2005).
Using the formula for the Euler characteristic of a graph, we have the
relation

V_E=(—1, (A4)

where V is the number of vertices in the graph. Substituting the above in
Eq. A.3, we obtain the more widely used expression for the deficiency

5=V —l—s. (A.5)

For direct derivations of Eq. A.5 without resorting to a counting of inde-
pendent loops, see Smith and Krishnamurthy (2017); Feinberg (2019).
Intuitively, deficiency is a topological property of the reaction network
that informs about the steady state dynamics. In particular, a non-zero
deficiency is a necessary, but not sufficient, condition for the dynamics
to exhibit multistability or multiple steady states. In certain cases, such
as for deficiency one networks (Feinberg, 1988), there exist algorithms
that can help classify whether or not multiple steady states can exist for a
given CRN and identify the rate constants such that under mass-action
kinetics it exhibits multistability. Once a model exhibiting multistability
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Complex label: (a,b)

Figure A.1: Representation of the complete 1-constituent CCRN with
L = 6. Complex label (a,b) on a lattice point corresponds to the complex
a+ b. All the complexes connected by a red line correspond to a fully
connected graph in the reaction network. For example, the red line con-
necting {(5,0), (4,1), (3,2)}, labelled a+b = 5, corresponds to the reactions
(5 <= 4+1 < 3+2 <= 5}inthe CCRN.

is finalized, one can also use algorithms from (Gagrani and Smith, 2022;
Dykman et al., 1994) to estimate the most-likely path the system will take,
along with its probability, to escape from one steady state to another.

A.2 Kernel of the stoichiometric matrix for the
complete 1-constituent CCRN

Let H} = (8,C,R) denote a complete 1-constituent CCRN of length L
and order two. 1-constituent CCRN of length L means that the species
set consists of clusters up to length L, denoted as § = 1,2,...,L} (fora
detailed definition, see Sec. 2.4.2.) For a diagrammatic representation
of the reaction network, see Fig. A.1. Here, following Appendix A.1,
we will perform the necessary calculations to calculate the kernel of the
stoichiometric matrix for a general length L.

First, we will count the number of complexes in a complete 1-constituent
CCRN of length L. Let us denote the set of complexes of size N as C}. Re-
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call that size of a complex is defined as the sum of the conserved quantities
in each cluster. For2 < N <L,

ey ={N,N—T1+1,...,[N/2] + [N/2]}

ForL <N <2L -2,

el ={(N—L~+L...,[N/2] +[N/2]}

Thus, the number of complexes as a function of N and L are

@) _ IN/2| +1for2 <N <L,
U lL4+1—[N/2] forL< N <2L—2.

The total number of complexes for a CCRN of length L is thus

e =) IeY|= (LH)Z(L”) —4.
N

This can be found by either summing the individual contributions or by
observing from Fig. A.l that the complexes occupy the lower triangle
including the diagonal for a lattice with L 4-1 rows and columns excluding
4 points.

Let us denote the set of reactions of complexes of size N by RI¥. Since
the reaction network of the complete CCRN is obtained by connecting all
allowed reactions, for complexes of size N, the number of reactions are

2(M N2 for L < N < 2L -2,

RN {2(““/?“) for2 <N<IL,
N
2

where the factor of 2 is multiplied since all reactions are reversible. Since,
each N contributes exactly one linkage class (or connected component),
the total number of linkage classes { for the complete CCRN is 2L — 3.
Recall from Appendix A.1, the kernel of the stoichiometric matrix is
the sum of the independent loops 1 and the deficiency §, where using
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Equations A.4 and A.5 we have

1= |Re|—Cr[+ ¢ (A.6)

2L-2

1250 —2
— Ny_ = - “
=D IR} 1
N=2

5= 1€ —L—s (A7)
(L+1)(L+2)

- 5 —4—(2L—-3)—(L—1)

(L-1)(L-2)
2

The intersection Im (M) N Ker(Y), the dimension of which is the defi-
ciency 9, counts the null flows of the CCRN which are not simple loops in
the network. While an explicit basis can be obtained using subnetworks
of the form

m—om—k+k
T+k—>n+k
n+tk+m—k—m+m,

we will not be pursuing it since we do not need it for any result in this
work.

A.3 Deficiency-one algorithm for L=3
1-constituent CCRN

The complete L = 3 1-constituent CCRN is the simplest complete CCRN,
and as we will see, it possesses non-trivial dynamical properties. In par-
ticular, from Table 2.1, it can be seen that the deficiency 6 for the CCRN
is one. This hints at the possibility that the CRN, when taken with mass-
action kinetics, exhibits multistability. In this section, using Feinberg’s
deficiency-one algorithm from (Feinberg, 1988, 2019), we will confirm
that the network indeed has the capability of exhibiting multiple steady
states, and find a relation between the rate constants and concentrations
where that is the case. The algorithm works by converting the CRN into a
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system of linear inequalities, and if they have a solution, they can be used
to obtain a relation between the rate constants and multiple steady states.

The L = 3 1-constituent CCRN, denoted by § = (S, C, R), is given by
the species set 8§ = {1,2,3}, complex set C = {1 +1,2,1+2,3,1+3,2+2}
and reaction set

~
il
jy

R={1+1==2,
ko
T+2 223
k3
- — k3 = —
1+3=—=2+2}.
koo

Notice that the above reaction network is a regular (Feinberg, 1988) deficiency-
one reaction network, and is thus a valid candidate for the deficiency-one
algorithm. To proceed with our calculation, we will follow closely the
example in Chapter 17 of (Feinberg, 2019) and Sec. 5 in (Feinberg, 1988).
The confluence vector g € R® for our network can be calculated to be

(up to sign)

g; =—1, g1.1 =1,
912 =1, g5=1,
913 = —1, 9513 =

For our construction, we will use the following upper-middle-lower parti-
tion

U:={1+3,2+2},
M :={1+2,3},
L:={1+1,2}.

The partition induces the following system of inequalities on the chemical
potential,

215 > U+ 1z > W3 = up + Hy > Hp > 2
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The inequalities are satisfied by

Uy > 0/
Hy > 2uy,
Wz = U7 + Uz,

which clearly have a solution, for e.g. uy = 1, u; = 3, u5 = 4. Thus, the
CCRN can exhibit multiple steady states.

To find the rate constants at which the system exhibits multistability,
we use subsection 5.3 in (Feinberg, 1988). Following the reference, let us
denote the mass-action kinetics rate vector by k. := ky_,/x¥, where x is
the concentration vector and x¥ := [ [; .4 x{'*. Choosing the monotonically
increasing function to be the exponential ¢(x) = €*, and choosing 1 so
that u; + p3 <1 < p; we get

62H§ — en
Kt 5.5=1-——— =ki3x5%3
1+3—2+42 e2Hy _ eliehs 132123,
eMitz — el K ”
Ky, 5 q,3=1 ¥ = X5
24+2—1+3 62“? _ e“Te“§ 22 27

Ki1253 = Ki2X7Xg,
K31z = Kixixg — 1 = ksxs,

, e?Hi — N 5
KoTH T = 1 g ey 2%
ehz — el )
K412 1- m = klle-
From (Feinberg, 1988), it is also known that if x := (xg, x5, X3), then so

is x* := (x7e"1, xze"2, x3e*3), thus yielding multiple steady states for our
system.
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B APPENDIX TO CHAPTER 3

B.1 Experimental applications of AFGD

Consider a dynamical experiment where the individual populations of
a list of different types or ‘species’ of objects is tracked through time.
Supposing all objects are discrete and objects of the same species are
indistinguishable, we can label the different species as {S1,S»,...} = 8 and
obtain a population vector (n;,n,,...) = i which represents the state of
the experiment. Furthermore, we will denote the entry in the time series
data at time t as (11, t) or simply ;.

In a stochastic experiment, starting from the same initial condition
does not guarantee the same observation after some time t has elapsed.
In this case, if we are to completely understand the dynamics of the sys-
tem under investigation, we have to consider a collection or ‘ensemble’
of experiments starting from some initial condition (1iy, 0) and see how
the relative frequencies of the different observations in the experiment
ensemble changes in time. More precisely, from the data of the experiment
ensemble, we get the probability that the experiment is found in 71 at time
t given that it was in 1, at time 0, denoted as P[(1i¢, t) N (11, 0)].

Recall from the definition of conditional probability that

Pty N1yl = Pl |[Ro] P[], (B.1)

where P[1i;|fly] denotes the probability of observing iy conditioned on
having observed 1. This formula can be useful to us in two ways. First, if
the conditional probability P[1i¢[fiy] is known, given an observation at the
time of initialization (detection), we can make a probabilistic prediction
(retrodiction) of what will be (was) the state of the system at a future
(past) time t. Second, if we have access to both P[1i; N 1] and P[], then
we can improve our model of the system. In the remainder of the paper
we focus on the first of these and comment on the second use in Section
3.5.

In Section 3.2.1 (Eq. 3.8), we give a detailed exposition of how the
Hamilton-Jacobi formalism yields asymptotic estimates to the conditional
probability term P[ii|o]. The basic idea can be summarized as follows.
Whenever the dynamics of the ensemble of experiments can be modelled
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as a Hamiltonian dynamical system satisfying certain conditions, in the
limit of a large number of objects in each experiment (making sample
fluctuations negligible) the conditional probability P[1i|[1i] can be esti-
mated by finding the optimal path that takes the system from 1 to ;.
The optimality condition can take various interpretations such as most
probable, least improbable, least costly, etc. (Snarski, 2021), but in all these
interpretations there is a variational principle at play which derives from
the Hamiltonian structure of the dynamics. Instead of yielding the con-
ditional probability, Hamilton-Jacobi theory gives a descaled conditional
log improbability that is referred to as the action function and denoted by

S(gellgo) = —57 log (PIVGe[VGol) , (B.2)

where § = 1/V. In technical terms, the action function is a solution to the
Hamilton-Jacobi PDE, and the optimal paths given by ODEs of Hamilton’s
equations of motion are its characteristic curves. While historically this
formalism has been used to describe motion of celestial or terrestrial objects
and is the workhorse of classical mechanics, it can indeed also be used
to quantify population space dynamics such as in chemical reactions,
population genetics or economics (Baez and Biamonte, 2012; Smith and
Morowitz, 2016; Smith, 2021; Shubik and Smith, 2016).

A particular type of measurement procedure that is of practical rele-
vance is letting the stochastic experiment evolve under its own rules for an
extremely long time i.e. several orders of magnitude more time than any
characteristic time scale in the system. Due to a theorem by Perron and
Frobenius (Pillai et al., 2005), the probability distribution of the ensemble
of experiments will always approach a stationary distribution indepen-
dent of the initial conditions, which we denote by 7t(11). By definition then,
P[(7, 00) N (71, 0)] = (1), and the ratio of the stationary distribution at
two population states 7 and 1, will be given by

=P[(7, 00)|(/, 0)] = mt(A'|R). (B.3)

Thus, for the stationary distribution, the conditional probability between
two events 7t(1'[11) is simply equal to the ratio of their stationary probabil-
ities 7t(1’) /(). Using Hamilton-Jacobi theory, we will show in Section
3.2.1 that t(7’|17) is asymptotically estimated by finding the optimal path
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connecting 1 and 1’ in the H(p, q) = 0 submanifold of the phase space.
Thus, the complete solution to the Hamilton-Jacobi PDE in the H(p, q) =0
manifold, also referred to in literature as Non-Equilibrium Potential (NEP),
plays a central role for a certain set of questions. We will return to this
point and explain its relevance to our algorithm after we introduce the
basic idea behind stochastic chemical reaction network theory.

To explain the type of systems that can be modelled using stochastic
chemical reaction networks, we first need an understanding of a ‘reaction’.
In a system described by the population of its individual species, a reaction
is a rule for a transition that replaces a collection or multiset of objects
with a different one. For example, suppose in a system consisting of only
two species, a reaction

Sl—>52

will transition the population vector (ny,n,) to (ny —1,n2 +2). A ‘re-
action network’ is a set of such reactions, each of which are assigned a
rate constant determining a proportionality factor in the propensity or
how often these reactions are to occur at random. In the particular case
of a stochastic ‘chemical’ reaction network (CRN), the reaction rates are
also proportional to the concentrations of the species and model propor-
tional sampling without replacement. Although the dynamics of chemical
reaction networks can be seen rigorously as arising from an underlying
physical process (Gillespie, 1992), we will concern ourselves only with
the modelling aspects of a stochastic CRN.

Chemical reaction network theory has a long history, and for an ex-
cellent review we point the readers to (Yu and Craciun, 2018). The most
notable feature of chemical reaction systems is that they can exhibit a
wide array of dynamics, with single or multiple attractors, limit cycles, etc.
Although there are a host of applications that CRN have, to continue along
our practical problem let us pick a particular one. Supposing that our
system under investigation can be modelled as a multi-attractor CRN, we
want to design an experiment to physically observe the different attractors.
This amounts to finding how many experiments our ensemble should
consist of so as to detect a significant amount in each attractor, which,
as we will explain, is a type of problem that our algorithm can help get
numerical estimates to.

Let us refer to the set of stable attractors in the population space by 1 =
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{1, ,,...}. To estimate the number of experiments our ensemble must
consist of, it is sufficient to estimate the ratio of the stationary distribution
7i(f, [f;) at any two stable attractors fi; and . From CRN theory and
other considerations mentioned in the main text, any optimal path in
the H(p, q) = 0 submanifold that emanates from the stable attractor 1i;
must go through an adjoining saddle point, before going on to the next
stable attractor, and so on in the process of reaching some 11,. The optimal
paths that take the system out of a stable attractor to an adjoining saddle
attractor are called ‘escape paths’, and their collection consists of what we
call a "heteroclinic network’. The heteroclinic network then determines the
asymptotic stationary distribution of the stochastic system at the stable
attractors, and the escape paths that constitute the heteroclinic network is
precisely what our algorithm is designed to find (for e.g. see Figure 3.3).

We conclude this section by explaining how one can also use the algo-
rithm to estimate the ratio 7t(1i|i1; ) for a general multi-attractor CRN at any
point 1. First, consider the case where the system exhibits a unique stable
attractor ii;. In that case, the ratio 7t(1ii1; ) is found simply by determin-
ing the optimal path that connects the stable attractor 11, to the point 7,
which is how we recover the Horn-Jackson potential using Hamilton-Jacobi
theory in Section B.2. Next, in the case where the system has multiple
attractors, we can use the algorithm to determine the stable attractor 1,
from which there is a direct escape path (that does not go through any
other stable attractor) to . Once the optimal path joining i, and 1, or
equivalently 7t(1|11, ) is found, we can use the heteroclinic network (as
discussed in the preceding paragraph) and

to determine the desired ratio. In technical terms, since the stationary
distribution is asymptotically estimated by the solution of the Hamilton-
Jacobi PDE in the H(p, q) = 0 submanifold, the conditional probability
between any two points i; and 1, is obtained by finding the difference in
the values of the solution while traversing only along any of the optimal
paths or characteristic curves. The geometry of the optimal paths in the
H(p, q) = 0 submanifold is such that each stable attractor has a region
within which each point is connected to the attractor by an escape path
(escape basin (Smith and Krishnamurthy, 2021) ), and neighboring regions
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are connected by a saddle point which lies on the boundaries of two
adjacent basins (for a detailed exposition, see Smith (2020)). Thus one can
can use our algorithm to find any number of desired characteristic curves
of the Hamilton-Jacobi PDE in the H(p, q) = 0 submanifold and construct
the complete stationary distribution for a chemical reaction network with
multiple attractors.

B.2 Rederiving previous results in the
Hamilton-Jacobi formalism

In this subsection we illustrate the usage of the formalism developed
up to this point by rederiving some well known results in CRN theory.
We start by giving a diagrammatic representation of CRNs, through the
help of which we define the complex-balanced condition. Then we find
the stationary distribution for such CRN by finding zero-eigenvectors of
the corresponding Hamiltonian operators, which recovers the Anderson-
Craciun-Kurtz (ACK) theorem (Anderson et al., 2010). Next, we find the
NEP for such a distribution using Hamilton-Jacobi theory which recovers
the Horn-Jackson potential and finally show that the negative descaled
logarithm of the stationary distribution is indeed the NEP by comparison.
We return to the techniques in this section by defining and finding the
analytic NEP of another class of models, namely one dimensional (1-D)
birth-death models in Section 3.4.2. There we also consider its generaliza-
tion to N-dimensional (N-D) birth-death models, and use our algorithm
to numerically estimate the corresponding NEPs.

Recall from Section 3.2.2 that a CRN is defined by the triple consisting
the set of species §, set of complexes C and set of reactions R. For a
diagrammatic representation, we represent each species with a solid circle
and each complex with an empty circle. Since a complex is a multi-set
of species, we connect each complex to its constituting species with solid
lines, where the number of lines denote the stoichiometry of the complex
(denoted by column vector y). Finally, a reaction is a directed edge with
a pair of complexes as source (y,) and target (ypg), which we denote
through a dashed line with an arrow indicating direction of reaction. For
examples of such a representation, see Figures 3.1 and 3.8 or diagrams in
(Krishnamurthy and Smith, 2017; Smith and Krishnamurthy, 2021).
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In this diagrammatic representation, the deterministic flow of mass-
action-kinetics can be visualized by assigning weights to the directed edges
(dashed lines) equal to k., q"~. An equilibrium is said to be complex
balanced (Horn and Jackson, 1972) at q if the total flow directed out of each
complex equals the total flow inwards or the net flow out of each complex
is zero, i.e.

> (kyﬁya(ﬂ)w —kyﬁyﬁ(g)w) =0 for all «. (B4)

Yp

Given a CRN that exhibits a complex-balanced steady state, we will
now find the stationary distribution 7t(n), such that A(—9/0n,n)m(n) = 0.
To identify the stationary distribution, we first need to make the same
change of coordinates as we did for deriving the path integral formula in
Section B.3.2 Eq. B.20, in which the Hamiltonian operator takes the form

2 0
H Il
—CRN <Z' 62)

k’ym_)y{3 a Y
— Yp _ Yo I "IP [
2 (= =2 (5,

Yu,'Yp

k a Yp k a Y
_ Ya Yyp—7Yax [ Y _ Ya—yp [ MY
Teple @] o

where in the last line we have switched indices to rewrite the Hamiltonian
in a form similar to Eq. B.4, also termed the complex representation in (Smith
and Krishnamurthy, 2017). As mentioned in Section B.3.2, the change
of coordinates corresponds to evolving the Z-transform or the moment-
generating function (MGF) rather than the distribution itself. Observe
that the coordinate change preserves the commutation relations before
and after the transformation,

IThis transformation is analogous to the Dirac transformation for simple harmonic
oscillator in quantum mechanics, where we change from position and momentum to
raising and lowering operators. z and 0/9z precisely play the role of the raising and
lowering operators respectively, however, since stochastic dynamics preserves the {;
norm, the normalization is different. For the relevance of these operators in statistics, see
Baez and Biamonte (2012).
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2] [2]. 59

We will refer to z as the raising operator and 0/0z as the lowering operator.
For a representation of the above in abstract linear algebra making use
of Fock space operators a, a' with [a,a’] = 1, see Ch. 4 of (Smith and
Krishnamurthy, 2015).

Next, we find the eigenvectors of the lowering operator 9/9z. Let us
denote the eigenvector with eigenvalue Vc by C(z). Then we have,

02 _ v ()
0z
Clz) = Ne<?,

where N is a normalization factor (determined in the next line). Recall
that the Z-transform or MGF of a probability distribution must be such
that C(z = 1) = 1, which means that N = e ¢ yielding

C(Z) — e7Vc+ch — ch(zfl). (B7)

Let us denote the eigenvector of the lowering operator with eigenvalue
Vq by Q(z). Then using Eq. B.5,

ECRNQ(Z)

k a Yp k a Yo
_ Yu “Yp 7Y [ 7 _ MaYp [ Z
- ZZ Z |: Vyﬁ—l (62) VUoc*l (62) :| Q(Z)
Ya

Yp

VY Q) Y (Ko (009~ oy (@)
Yu

Ysp
=0, (B.8)

where in second line we make use of the fact that Q is an eigenvector of
0/0z and in the last line we use the complex-balanced condition from Eq.
B.4.

Finally, to obtain the distribution 7t(n) from Q(z), we can either take
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the inverse-Z transform or simply expand the exponential as a summation,

Qz) = Tli:ozne_vcl (VT%!)“
= i z"t(n)
n=0

By reading the coefficients of the series, we obtain for the stationary distri-
bution

nn)=e "4 . (B.9)
which is the ACK or multi-Poisson distribution as derived in (Anderson
et al., 2010; Smith and Krishnamurthy, 2017).

Having determined the stationary distribution using the Hamiltonian
operator, we proceed to making use of Hamilton-Jacobi theory to find the
NEP for complex-balanced system. Recall from 3.2.2 that to find the NEP,
we need to find a momentum assignment pes.(q) # 0 at every configuration
q, such that H(pesc(q), ) = 0 and the Hamilton’s equations are satisfied
for any initial condition. For finding the momentum assignment, namely
escape momentum, along the H(p, q) = 0 submanifold it is easiest to recast
the CRN Hamiltonian from Eq. 3.16 in the following form

H(p, q)
— Z(ev)ya {Z (kyﬁ_wa(epq)ys _ ky“%yﬁ(epq)‘-’“ﬂ.
Ya Yp

We will now show that pesc = In (q /q ) is such an assignment. Observe
that,

H(q’pesc)
Ya
= Z (%) {Z (kyrs—moc(ﬂ)yﬁ _kya—wﬁ(ﬂ)y“)]
Yu — Yp

=0,
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where the last line follows from the complex-balanced condition. Next,

we calculate the total time derivative of pesc and confirm the consistency

of such a momentum assignment against the equations of motion.
dpesc_ldq_laH_ oH

dt qdt gqop  9q’

where the last equality can be verified by a simple calculation.
Thus the NEP V for CRN that exhibit a complex-balanced steady state
is given by

q
V(q) :J Pesc dq (B.10)
q
=qln (%) —(q—4), (B.11)

where an integration constant has been chosen such that V(q) = 0, and
we recover the Horn-Jackson potential that appears in (Horn and Jackson,
1972).

Finally, we show the equivalence of the stationary distribution in Eq.
B.9 and NEP in Eq. B.11. Using Eq. B.9 and substituting n = Vq, we have

1 1
Y log(nt(n)) = —v (Vg +Vqlog (Vq) —logn!)

q
=ql - —(q—
q0g<ﬂ> (g—q)

where the last line is obtained by using Stirling’s approximation. We
recognize the last equation to be the same as the NEP in Eq. B.11, which
completes our expository example of the equivalence of the Hamiltonian
operator techniques and Hamilton-Jacobi theory for complex-balanced
systems.
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Quantum dynamics

Space of states of system Discrete Continuous
qeqQ n e Z%, x € RP
Space of states of ensemble | Probability distribution Wave-function
Felp pR(n) e ! P(x) € 12
Dual state space Sampling protocol State of detector
Fell-)" pL(n) € (= P(x) € 12
Dual pairing or (pL, pX) (P, )

Inner product
Hamiltonian operator

Forward equation

Adjoint representation
(pl¥) =¥(p)

Momentum operator
(pIPI¥) =p(pl¥)
Scaling limit
Large-deviation theory

> . er(m)pF(n)
! preserving dynamics
Infinitesimal stochastic

A

> +Hnn =0 foralln’

Master equation

9pR(n) _ 1y4R
patq — VHpR(q)
Z-transform

plz) =2 z"p(n)
Laplace-transform

bvlp) =Jo e""plq) dg

Ji ()2 (x) dx
L? preserving dynamics
Infinitesimal unitary
H=—Hf
fl= — iR, K =Kt
(M is Hermitian)
Schrédinger equation

M _ iy
ot = h

Fourier transform

P(p) = [ dxe vP*ap(x)

=

b_ho
P_iax

h— 0
P(x, 1) < endx

Table B.1: Correspondence between stochastic and quantum dynamics
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B.3 Non-equilibrium action, action functional
and its first and second variational
derivatives

B.3.1 Deriving stochastic and quantum dynamics from
the non-equilibrium action (NEA)

Hamiltonian dynamical systems is a mathematical framework for formu-
lating and analyzing dynamics of physical systems defined through a
variational principle. The space of states (state-space) of a physical system
is the space of all possible values one can observe upon measurements
at the finest resolution. In physics, the measurable can be position, spin,
energy of a particle or a group of particles, while in chemistry or biology,
the measurable can be the count, concentration, etc. of a given species of
molecule, organelle or organism. An experiment consists of an ensemble
of systems, each obeying the same set of rules. These systems can either
evolve simultaneously (like particles in a fluid, molecules in a solution,
organisms in an ecosystem) or can be spatio-temporally separated (like
a series of independent quantum or biological experiments) or both. In
all cases, one can assign a distribution over the state-space and refer to
it as the state of the experiment, which we denote by [V?(t)), as well as
define a sampling protocol that takes a distribution as input and give a
scalar quantity, which we denote by (Y"(t)|. ?

Following Eyink’s construction in (Eyink, 1996), given a Hamiltonian
operator H we define the non-equilibrium action (NEA) functional I" to be

It (t), wR(t)] = J(WL(t), (3¢ —H)WR(1)) dt

that takes a time-evolving state [¥®) and sampling protocol (Y| as input
and yields a scalar quantity. If we expand the NEA around Hilbert-space

ZProbability distribution and quantum amplitudes are both distributions, formally
defined as vectors in L; and L, normed Hilbert space, respectively (Baez and Biamonte,
2012).
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vectors GpR and PpF,

\yR — (I)R +6\PR
Wh =gt +owt

we get the variation in the NEA to be
Y (6), R (1] = Tlb" (1), oF (1))
- J(é‘{/L(t), (3¢ — ) dR(1)) at

+ J<( — 3, — HN) (1), 8WR (1)) dt + O(8%).

The stationary condition then yields the following Hamilton’s equa-
tions of motion on the Hilbert space vectors

2. bR(t) = PR,
2.t () = —FTPL (1), (B.12)

The norm of the state and the sampling protocol must be preserved
during the dynamics, which yields extra conditions on the Hamiltonian
operator A. In particular, when A preserves the L; norm, then we get the
Master equation from Eq. 3.2.

It is also straightforward to verify that the Hamiltonian operator that
preserves the L, norm must correspond to an anti-Hermitian operator,
implying A = —HAf. Since the dual of an L, function is an [, function,
there is no difference between the evolution of the state or the sampling
protocol, thus reducing the two equations in Eq. B.12 to one, yielding the
Schrodinger equation. We summarize these observations in table B.1.

The two equations B.12 can be collected in one by defining a density
operator $ = [dpR) (" and finding its total time derivative

do _ dip®) (M _ dio%), ¢ ry d(O"]
dt = ar - oar PITeNTg
= HpX) (@ —[d®)(d" AT

- [ﬂ, &] . (B.13)
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This is also known as the Von-Neumann equation and the operator [F, .] is
also referred to as the Liouville operator (Manzano, 2020). The statistical
observation of the state of an experiment under a sampling protocol is
given by (O)4 = Tr{ C)&)} The time evolution of the statistical observable

O along the variational solutions of the non-equilibrium action is then
given by

d(O)¢ Al 2 00 .
=Te{ [O,11] b} + e 520 . B.14
It r byp+Try 5 @ (B.14)
For an excellent introduction to operator techniques in quantum statistical
mechanics and quantum computation, see Kadanoff (2000); Nielsen and

Chuang (2002).

B.3.2 Derivation of the path integral formula

In this section we will answer the question, given the state of an experiment
(PDF) at time t = 0 and a stochastic Hamiltonian with which the system
evolves following Eqs. B.12 and 3.2, what is its state at an arbitrary time
t=T7?

Let us revisit the time-evolution, from Eq. 3.3, for a PDF p(n, t), where
n € Z, denotes the position in state space and t is the time,

d . d
ap(n,t) =H (—ﬁ,n) p(n, t). (B.15)

Since n takes only nonnegative integer values, we can consider the moment-
generating function (MGF) or Z-transform of the PDF p(n, t), given by
p(z,t), and its inverse

plz,t) =D z"p(n,t) (B.16)
p(n,t) = %fﬁ dzznl+1 p(z,t). (B.17)

We refer to the first line as Z-transform and the second as inverse Z-
transform (for an introduction, see Oppenheim etal. (1997)). Here z € CP
and the contour integral is done over any contour that encloses z = 0.
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Since Eq. B.15 in general defines the time evolution of any distribu-
tion, in particular we can consider the time evolution of the MGF or
Z—transform of a distribution

35 N 0
p(ai/t) N <—a,n> p(n, t)

n

A

0
=H < E)z) Pz, t), (B.18)

where H is the time evolution operator for the Z-transformed distribution,
which we will henceforth refer to as the Z-Hamiltonian operator.
Using the observations

Z z“e_U%p(n,t) =2zY Z z2"p(n, t)
n

|

Zz“(ni'y)!p(nt —z‘~’< ) Zz p(n,t),

n

it is easy to see that the Z-Hamiltonian operator for CRN from Eq. 3.15

N 0
H e
CRN ( o’ n)

Ky, — n!
— —(Yp—Va) o _ Ya7Yp
E <e g 1) Vol | I (B.19)

Yo,Yp

takes the following form (for a more insightful derivation, see Baez
and Biamonte (2012))

IEI zi — Z (Zyrs_zya)M 3 o (B.20)
—RNAT0z) Vel \9z) '

Y, Yp

Returning to the question posed in the beginning of this subsection,
given a Hamiltonian operator H and p(n,0), we wish to find p(n, T). The
approach that we will take is the following (for a pedagogical introduction
to these methods, see Altland and Simons (2010); Peskin (2018)). First,
we discretize time from O to T into N intervals of length At, such that
NAt = T. Next, we label the random variable denoting the count of the
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system at time 1At by n;. Since, we know that the system is evolving with
the given Hamiltonian, there is a relation between p(ni;1, (i + 1)At) and
p(ny, iAt). To find p(ni4q, (1 + 1)At), we first compute the Z-transform of
p(ny, iAt), evolve it for At by B.18 and compute the inverse Z-transform at
Nit1.

p(ng, iAt) Pz, iAL)

Time evolve
p(nig1, (i + 1)At) M (%BA’/;(Z;‘ iAt)
Figure B.1: Evolving distribution by At

Using the above procedure, which we represent in diagrammatic form
in Figure B.1, we can read the distribution at time (i + 1)At to be

p(mit1, (i +1)At) (B.21)

1 [ 1 . '
= 5§ da et HEE) } 2oy iay

1 [ i —Mn; . 2 ) ny .
= ﬁ dZ Z z. 1+1eAtH(Z, aaz)zi lp(ni/ lAt)

1 7 dZi M1+ JAtH (zi,mny) :

where in the last line, the function J(z;, n;) is obtained by an application

of the operator F (z,Z) on z{'". In particular for CRN, using B.20, we
obtain

k«yaﬁyﬁ n!
Vya—l (n _ycx)!.

Hernlzm) = D (29079 —1)
Yo, Yp

(B.22)

Finally, by repeated application of the above procedure at the initial
PDF N times and taking the limit N — oo and At — 0, while their product
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is held fixed NAt = T, we obtain

p(nN/ NAt)

1 [dz

B i —Nip1+ni JAtH(zi,n4)

_ | | = E z; e )p(nOIO)
o (27’(13g zi T

using z; = ePt

—1
dpi —pilnin—n) patH (pymy)
— —rFt i(Mip1—my 1 1{(pi,ni . ,O
E(szze e p(no,0)

ny

Jﬂ»JFﬁ}Z}mﬂfﬂm@”Hmm“mmmn

where [dp] and [dn] are the path-integral measures and H(p,n). The
last line yields us the path-integral formula and we define the action
functional as

-
Aln(t),plt)] = | dtlpi~Hip,n) dt) (.23)
For an alternative derivation of the functional integral in the Doi-Peliti for-
malism using coherent states, see Smith (2011); Smith and Krishnamurthy
(2015); Smith (2019).

Note that For CRN, using B.22, the Hamiltonian function takes the
particular form

(U Ky, n!
Hanlpn) = ¥ (s S M
Yo/ Yp

which is the same as the functional form of the Hamiltonian operator in
Eq. B.19, with the operator —2 replaced by the momentum variable p,
thus justifying our notation.
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B.3.3 Optimality condition: Hamilton’s equations of
motion and their relation to the Hamilton-Jacobi
equation

Analogous to Eq. B.23, in Eq. 3.6 we defined an action functional in the
concentration and momentum coordinates (g, p) to be

T dq
Ala,pel = [ o G -Hpa) a

0
where the relation of the Hamiltonian function H(p, q) to H(p,n) was
discussed in Eq. 3.17. As discussed around Eq. 3.8, the path integral is
dominated by the value of the action functional around the optimal or
stationary path, i.e. the path for which the first variation of the action is
Zero.

To calculate the first variation of the action, we consider the difference
of the action functional between a path (q(t), p(t)) and (q(t)+8q(t), p(t)+
dp(t)). In the following equation, we will suppress the time dependence
to simplify notation and keep only the first order terms.

SAlq, pl

B dg oH déq OH
oo (G -5) - 0 -5
B dg oH dp OoH
_Jdt{ép(dt ap) dq (dt aqéq) +pdq

where the last line is obtained by integrating by-parts. If we fix the end-
points of the path in configuration space, then we can set 6q(0) = 5q(T) =
0, getting rid of the last term in the above equation.

Using Eq. B.25 and

0

T} (B.25)

5Alq(t), p(t)] = %&q(t) T %fm(t)

we can read off the variation of the action functional in configuration and
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momentum around (q(t), p(t)) to be

A (dp  oH
5q(t) dt 09q/’
sA  (dq oM
mw‘(a_%) (B.26)

The optimality condition A[q*,p*] = O for a trajectory (q*(t), p*(t))
then yields

dp* ~ 9oH
dt  09gq*’
dq* oH
it = ope (B.27)

The last two lines are also referred to as Hamilton’s equations of motion
(EoM) and are the equations that any optimal trajectory must satisfy.

There is a rich and deep mathematical structure underlying these
equations, which is the subject of symplectic geometry. For instance, the
change in value of an observable function f(p, q) along an optimal trajec-
tory (q*,p*,t) can be given in terms of its Poisson-bracket commutator
with the Hamiltonian,

df of 9ofdq  ofdp
at ot Taqdt " apat
_of dfoH dfoH
“ot " 3q9p 9pogq

= — +{f,H}. (B.28)

This immediately shows that the value of a time-independent Hamiltonian
as well as any time independent operator that commutes with the Hamil-
tonian stays constant along equations of motion (notice the resemblance
of the above equation with Eq. B.14). For a classical introduction to the
subject, see Goldstein et al. (2002); Arnol’d (2013).

To end this subsection, following (Courant and Hilbert, 2008), we
provide a proof of the equivalence between Hamilton’s equations of mo-
tion and Hamilton-Jacobi equation on paths where the velocity and the
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momentum are related by a Legendre transform.

S
T

_d /s

P~ e5)
s s
= 3q0q9 " aqot

0°S dH oH 0QdHOp

where the first and fourth line use the Hamilton-Jacobi equation. The
fourth line also makes use of the relation between optimal momentum
and velocity, or the Legendre-transform condition.

B.3.4 Second variational derivative of action functional:
Onsager-Machlup action and convexity of instanton

In this subsection, we will first calculate the second variational derivative
of the action functional. Next, we provide a derivation of the Onsager-
Machlup action, followed by comments on the convexity of the action
functional around any optimal trajectory.

To simplify notation we use the following convention. For vectors v, w,
we represent their dot product vi'w as vw. For a quadratic form M, we
represent M(v,v) = v Mv simply as Mv?. Finally, the time derivative and
perturbation of a function x is given by

_dx

=
xT =x 4+ dx,

respectively.
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Recall, in Eq. 3.6, the action functional was defined to be
T
Alg,p) = J dt{pq — H}.
0

Thus, the variation in the action functional up to terms second order in
the variation is

T

o

SA=Alq",p"]—Alq,p]
OH 1 92H 9%H 5 T
= | dt {5‘p (q > dq <p + )} +0pdq — 5 [5p 5q] [aag%p op04 [SP] +péq
N q dqdp 0qdq q 0
92H i
[ . oH 1 oY) < dt + d aq> 6]3
=] dt<op (q ) dq <p + _) i [5]3 5q] pop. o _
J { 0q) 2 (a+ aH) 2| 15
( d 1 9%H 1°
- dt{ép (q ap) balpt ) - Eapap (apap) ( apaqf’q)

92H 2
RICER=a T
paq aqaq

where we have implicitly assumed that the original and perturbed
phase space trajectories lie in the same H = h submanifold.

Now, if we assume that the two trajectories are constrained to the
same end points in configuration space, i.e. 8q(0) = 8q(T) = 0, then
the boundary terms vanish. Moreover, if we assume that the momentum
assignment before and after the perturbation is optimal, i.e. p and p* are
assigned to q and q* such that the phase space point is at its Legendre

)+ (i)

(B.29)

O
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transform before and after the perturbation, then we have

For (q,p)
oH

0=(q——
( op

For (q*,p")
i = OH(p", q")
op
. OH
%4 = 3paq

0=6p—(

0?H 5
opop P

2 —1
aH) (6c'|—

oq +

opop

0padq

(B.30)

2
H
0 (B.31)

g

Substituting eqs B.30 and B.31 in Eq. B.29 and making use of the as-
sumptions, we get the variation in the action functional to be

oH

oH) 1|
q 2
0 +1
q 2

0

oH

0

M\ 1
oq 2

-
dt {—6q (p +
J
-
dt { —8q (p +
J
-
dt { —8q (p +
J

[ 9%H > ®H _,
(dt N apaq) éq} " 3q0q" ] }
OH aH ?°H _ 1> H _,
GOt By Ty apaqéq} " 9q0q° }
®H _1°  ?H
st s _ 2
9 apaqéq} 2q0q "¢ }
(B.32)

where we add and subtract the same quantity in the second line and
make use of the Legendre transform condition in the third line.

Onsager-Machlup Action 6.A measures the log-conditional improba-
bility of trajectory q* given base trajectory q. If q is Hamilton’s equation
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of motion along p = 0, then we have

=0, (B.33)

and we thus recover the Onsager-Machlup action

Aomlq ™l = Al(q",0)] - Al(q,0)]

:J dt {% (aa;;))‘l g+ — q]2] } . (B.34)

Recall from the discussion around Eq. 3.20 that the equations of motion
along which p = 0 are the deterministic trajectories of the system. Thus the
Onsager-Machlup action measures the log improbability of a trajectory q*
conditioned on the deterministic or relaxation trajectory q for the stochastic
system. For a similar derivation and applications to population biology,
see Smith (2021).

Convexity of action functional around an optimal path If q is an
escape curve for a CRN Hamiltoninan, only the first equation of Eqs. B.33
holds since p(gesc) # 0 (see Egs. 3.24). The variation in action around the

dA =

optimal path then becomes
1
J dt {5 } . (B.35)

Notice that due to convexity of the Hamiltonian in p, the first term is posi-
tive definite. However, nothing can be said a priori about the second term
since the Hessian of the Hamiltonian in q for multi-stationary networks
is in general non-convex. For the applications demonstrated in the paper,
the variation is indeed positive definite and a global minimum exists in all

2 -1 2 2 2
o gt —q— 2 sq| - 2 5g2
opop 0padq 0qaq
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cases. Generically however, as can be seen from the equation above, not
all optimal curves are global minimizers of the action. For an example of
an infinite dimensional stochastic system exhibiting a saddle optimal solu-
tion, we refer the readers to Chapter 8, (Kamenev, 2011). The authors are
not aware of a similar example for a finite dimensional chemical reaction
network at this point, and leave it as a question for future investigation.

B.4 Details of AFGD

B.4.1 Notation

As noted in Table 3.1, starting Section 3.3.1, we use the following notation.

Configuration space : Q C R”

Po =1q:10,11 = Q:4q(0) = q1,q(1) = qr)
Configuration space curve : q € Pq

Phase space : T*Q C R?P

Prq ={(q,p):10,T] = T°Q:q"(0) = q1,q"(T) = qr}
Phase space trajectory : y € Pr+q

We refer to paths in configuration space as ‘curves’, and paths in phase
space as ‘trajectories’. This is an unusual choice intended to avoid con-
fusion and simplify terminology, and will be used consistently through
this section. Notice that curves are parametrized on the unit interval [0, 1],
which is the normalized arc length. On the other hand, trajectories are
parametrized with time, on the interval [0, T] (for more details, see Section
3.3.1).

Since computationally we have to work with discrete paths, we now
introduce notation for discretization. Say we sample a continuous path
x € X on N points, we denote its discrete counterpart with % € X where

5 n
X(n) =x (N) wheren € [1,N] C Z.

We denote the I' iteration of the algorithm with a superscript 1. For

instance, the configuration space curve in the first iteration is denoted by
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', where
B n
1(TL) —_ 4IC (_)
N
2-Schlogl: linear initial conditions Selkov model: spiral initial conditions
3r R — 20
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(a) 2-Schlogl model (b) Selkov model

Figure B.2: Initial conditions for the AFGD algorithm.

B.4.2 Initial condition

To begin the descent towards an optimal trajectory, in principle, one can
start with an arbitrary curve connecting the end-points q; and qr that
does not pass through or go around another fixed point and remains in
qi’s basin of escape. In practice however, the descent might require a
large number of sample points and high numerical accuracy to obtain
the optimal trajectory. In this subsection we provide a method to classify
the optimal trajectory and pick an appropriate initial condition with the
desired number of sample points effectively.

We classify the optimal trajectory near a fixed point by linearizing
Hamilton’s equations of motion (EoM) and analyzing the eigenvalues
of the Hessian. If the eigenvalues have a non-zero imaginary part then
the optimal trajectory spirals into or out of the fixed point. An exposition
of this technique can be found in Chapter 4 of (Kamenev, 2011) (their
‘activation trajectory’ is our ‘escape trajectory”), but we repeat the relevant
construction here.

Let the fixed point be denoted by q. Recall that the momentum value
at the fixed point in the H(p, q) = 0 submanifold is identially zero i.e.
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p(q) = 0. Linearizing Hamilton’s equations of motion around the fixed
point, we get

a) [ oM o oH
a| | op opaq  op? la-d)
= +
dp oH oH oH
L I s BULLSLLE N ey
dt L aq (q,0) aqz aqap (q,0)
o on
opdq op? (g —q)
= . (B.36)
SULLE [ )
L aqap (q,0)

where the second line is obtained by using the fact that q is a fixed point and

p(q) = 0. To simplify notation, we denote the column vector (q—q,p— 07
by Ay. Then we can rewrite the above equation as
dAy
— =MA
dt Y
2n
M=> Aw/ (B.37)
i=1

where M is the Hessian with eigenvectors v; and their corresponding
eigenvalues A;.
Let the initial condition be denoted by q'C.

Systems without voriticity If all A;s are real then we know that the
optimal trajectory will not spiral into the saddle or out of the stable fixed
point. In this case, we pick the initial condition to be a straight line starting
from the stable fixed point towards the saddle fixed point.

q'“(s) = qr + (1 —s)(q1 — qF) (B.38)

The discrete initial curve for the algorithm will then be given by,

g'(n) =4 (%) : (B.39)
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Systems with vorticity If some A;s are complex, then the trajectory spi-
rals outwards or inwards around the stable or saddle fixed point respec-
tively. For the purpose of this subsection, let us assume that the eigenvalues
are complex around the stable fixed point q; and real around the saddle
fixed point qr.

All the trajectories that depart from the fixed point, including the es-
cape trajectory in the H(p, q) = 0 submanifold, lie in the D-dimensional
submanifold ® (in the 2D-dimensional phase space) given by the superpo-
sition of the eigenvectors with non-zero eigenvalues. Thus, we can write
the escape trajectory near the fixed point as

AY(0) =) v
Ay(t) =) werty (B.40)

where we must pick p; such that

u € [—1,1] c R foralli,
w =0 ifRe(\) <0,
and || = | if A=A

which ensures that we only consider the repelling subspace and the tra-
jectory has purely real coordinates. There is still some arbitrariness in
the selection of the magnitude and sign of the coefficients which must be
resolved through experimentation on a case-by-case basis, the goal being
to select coefficients such that the curve spirals outwards (Re(A;)> 0) from
q: towards qr.

We know that the trajectory obtained by integrating the linearization
is only valid in some small distance around the fixed point. To end the
curve at the saddle fixed point, we find time t such that the first derivative
of the spiral matches the slope of the joining line, i.e. solve for t = t* > 0

3Also called the Lagrangian submanifold (Kamenev, 2011)
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such that

— (@(t) —qr)i foralli € [2,n].
(B.41)

We obtain the complete initial condition by taking the union of the
spiral part and straight part,

spiral (W) = q1 + Ay(u) foru e [T, t]
qstraight(u) - qF + (1 - U)(QI + Ay(t*) - qF) fOI'LL S [O/ 1]

qIC = (spiral U qstraight- (B42)

We then use the length along the curve to parametrize ', and obtain the
initial condition

a'(m) =" (1) (B.43)

B.4.3 Lift curve to trajectory

In every iteration, we begin with a configuration space curve q' and lift it to
a phase space trajectory (q, p, t)!, which we then use to obtain a variation
curve 5q', which gives us a curve for the next iteration q'*! = q' + §q’.
In this subsection, we define the lift map and comment on methods for its
implementation.

For a discretized curve g, for each segment §(i) to (i + 1) we assign
an optimal momentum value p(i) at the center of the segment and a time
interval At(i) denoting the time taken for transition from q(i) to q(i+1)
(see Figure 3.5), using the following equations. The process of assigning
an optimal momentum value using a convex Hamiltonian is an instance of
a Legendre-transformation, for a detailed exposition see Touchette (2005).

s
0=t (b, ain) + 24
Ag(n) oH
_H B.A4
At 0P [(p(n) q(n)+29m) (B4
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(b) Selkov model initial condition phase space trajectory

Figure B.3: Phase space trajectory obtained by lifting the initial conditions
shown in Figure B.2.

or equivalently

p(n), At(n) = arg mpax n&itn

(p CAG(n) — (H (p, q(n) + qu(“)> - 0) At) (B.45)

The D+1 values are assigned so as to simultaneously satisfy the H(p, q) =0
constraint (1 equation) and the Legendre transform condition (D equa-
tions), as shown in B.44. In fact, the two problems can equivalently be
assimilated in a single optimization problem, as shown in Eq. B.45, where
At plays the role of a Lagrange-multiplier. Since the Hamiltonian is convex
in momentum, the objective function is concave in p, so a unique max
exists. At the optimal momentum assignment, the gradient of H in p and
dq are in the same direction, and the magnitude of the two vectors is made
equal via At.
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Finally, we appropriately assign the momentum and time assignment
along the configuration curve as shown below and obtain a discrete phase
space trajectory.

t(1) =0

=3 Atim)

5(1) =0 p(N)

plmy < 2= ol

$(n) = (3,5, 0(n) (B.46)

We call this procedure as the [ift of a configuration curve to phase space
trajectory. Denoting the lift map by A, we define it as

/\jDQ — j)T*Q
q—v=(q,pt) (B.47)

We denote the inverse or the projection map from phase space trajectory
to configuration space curve by IT, and define it to be

ﬂij)T*Q —)st
¥ g (B.48)

Comments on implementation Eqgs. B.44 can be solved numerically
using a nonlinear least-squares problem solver, such as MATLAB's Isgnon-
lin. Eq. B.45 can be solved using a constrained optimization solver, such
as MATLAB's fmincon.

Eq. B.44 can also be solved analytically by first doing a change of coor-
dinates, like the one in Eq. B.22, in which the Hamiltonian function and its
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derivatives are polynomials rather than consisting of exponential terms.

p—oz=e¢e?
H(q,z) =0
OH
Adi oz z1
=" — 1e2,nCZ
Aqy gifzi

This gives D equations for D components of z. We can then use this to

solve for At
dH\ !
At=A —
q1 <Zl azl)

It must be noted that numerically solving for roots of polynomials can get
costly in high dimensions. Also, the numerical precision decreases as we
go from z to p coordinates, and it is the latter that we need for integrating
Hamilton’s equations of motion.

Irrespective of the implementation, for calculating momentum and time
assignments along the complete trajectory, the problem B.45 or B.44 must
be solved individually for each segment. Thus, a parallel implementation
over multiple cores is natural and can save a lot of computational time.
Also, we recommend smoothing the momentum values along the trajectory
using a moving average at this step in order to partially reduce noise
introduced by discretization and even out the effect of numerical errors.
For a concrete MATLAB implementation, see Gagrani (2022).

B.4.4 Functional gradient - obtaining and filtering

In the action functional gradient descent (AFGD) algorithm, we perform
a functional gradient descent using negative of the functional gradient of
the action functional, derived in Eq. B.26. Denoting the functional gradient
by g, we get
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(a) 2-Schlogl model original and filtered functional gradient at the first iteration.
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(b) Selkov model original and filtered functional gradient at the first iteration.

Figure B.4: Extracting functional gradient from phase space trajectory
and smoothing it. In all panels, the unfiltered and filtered curves are
represented by dashed and solid lines, respectively.

Thus we define the discrete functional gradient § as
. (2 p(m) —p(m—1)  oH > (B.49)
T (a(m),p(m))

9m) = 2atm) T Aatm—1) | aq

The result of naively performing a functional gradient descent using
the above gradient is displayed in Figure 3.6. It can be seen that any numer-
ical inaccuracies in solving for the momentum will be amplified by taking
the time derivative, resulting in self-amplifying noise and instability. In
order to smooth the noisy signal thus produced, we employ a filtering rou-
tine, that we explain in the next subsection, and obtain a smooth discrete
function §; that we use for updating the algorithm.
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B.4.5 Filtering and resampling routines
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Figure B.5: Descent progress and summary for the 2-Schlogl model for a
trajectory with 500 points.

Filtering

In order to filter a discrete function {j which takes value at N points, we
employ the following routine.
First, we subtract a straight line joining the end points from the function,
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to get a new function {j which is identically zero at the end point.

Juln) =G(N) + (1 - ;‘—:11) (5(1) —5(N))
0y =9 — Ust

Next, we define a concatenated function 6{j. of size 2N — 1 which is
obtained by juxtaposing a flipped copy with a negative sign next to the
original signal and by removing the duplicate point at N.

5. (1) — —5G(N—u+1) ifuell,N—1]
Jeltt) = sH(u—N+1) ifue[N,2N—1]

Next, we apply a Butterworth lowpass filter B(-, f.)*, with some cutoff
frequency f., to the concatenated function and obtain a filtered function
d{s. Notice 87, is an odd function across the mid-point N, and thus {s
will also be of the same form. Concatenation before filtering is a common
technique employed in signal processing, without which the end-points
are not guaranteed to remain at zero after applying the lowpass filter.

fe := Cutoff frequency
5ch =B (590 fc)
Finally, we obtain the desired signal {j; by picking out only the second

half of the smoothed concatenated function &{js and adding that back to
the straight line from the first step

0Ys(n) =dfs(n+N—1) forn e [1,N]
gs - gst + 6gs (B50)

Resampling

To resample the discrete curve g, we first need a parametrization. Consider
the continuous curve q obtained by interpolation. Then there are two
choices of parametrization canonically available to us, namely

“For our implementation we choose Butterworth filter of order 4, but this choice is
arbitrary and can be experimented with.
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1. Arc-length parametrization

ol ddl
() = 291129 (B51)
‘[ql |dq|
2. Time parametrization
t(x)
s(x) = B.52
) t(qr) (B52)

Now we obtain a new discrete function §,, uniform in a chosen parametriza-

tion s(x) by finding a point x where s(x) = m/N, i.e.

Gu(m) =% such that s(%) = "N‘ for m € [1,N]. (B.53)

We will call a discrete curve §,, space-uniform or time-uniform sampled
if we use the arc-length parametrization in Eq. B.51 or time parametrization
in Eq. B.52 respectively.

B.4.6 Pick step size

Once we have a descent direction g obtained by filtering the functional
gradient, we need to pick a step size that ensures that the value of the
action functional is strictly decreasing. More precisely, we need to pick
€ > 0 such that

A€l < Aly]

, (B.54)
where ¥ =A(q)

Ideally, in order to maximize descent, we want to pick the largest € > 0
such that the above conditions are satisfied. In practice however, this will
require us to solve another optimization problem which can be rather time
consuming. Thus, for ease of implementation we employ the backtracking
line search method in which one starts from a large value for € and keeps
making it smaller until the conditions are satisfied. For an exposition of
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the method and more sophisticated ‘line search” algorithms for picking a
step size, see Wright et al. (1999).

If the step size is below a threshold € < €uresh Or change in the value
of the action is too small |A[V€] — A[¥]| < ASthresh, then we end the search
and assign a step size € = 0. This indicates that the algorithm can not
descend further with the given conditions and takes it to the next phase
of either updating cutoff frequency or increasing the number of sample
points.

As an illustration of convergence, see the fourth panel in Figures B.5,
B.6 and 3.10. Notice that in all figures, the step size is identically zero for a
few iterations, thus indicating that the algorithm must either be terminated
or taken to the next phase.

B.4.7 Updating cutoff frequency and increasing sample
points during descent

Updating cutoff frequency

The low-pass filter on the functional gradient serves the purpose of con-
trolling noise due to discretization and numerical solving. However, it also
cuts off meaningful signal in the gradient, especially in the beginning of the
descent when the cutoff frequency f. takes a very small value. To remedy
this, at a given cutoff frequency, we let the algorithm converge till it cannot
take a further step in the descent direction, and then increase the cutoff
frequency to f. 4+ Af. The value of Af can be chosen by experimentation
and we choose it to be 0.1 for our implementation.

We also define a maximum cutoff frequency fy.x as a considerable
fraction of the Nyquist frequency. However, it must be noted that, in prac-
tice, the algorithm will stop descending at a much lower cutoff frequency
than fyax. In other words, for no step size will the filtered gradient yield
a smaller value of the action functional than its current value. A reason
for this might be that the gradient is dominated by noise which is being
allowed to go through the pass-band. This is when, for descending further,
we employ the annealing subroutine.

For an illustration of how the cutoff frequency updates with with
iterations, see the fifth panel in Figures B.5, B.6 and 3.10. Notice that in
all of these, there are a few iterations where the cutoff frequency remains
the same before increasing to a slightly higher value. As explained earlier,
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Figure B.6: Descent progress and summary for the Selkov model for a
trajectory with 2500 points.

during these iterations the algorithm takes a non-zero step size and the
value of the action functional steadily decreases.

Annealing or increasing sample points

At a given iteration the curve only has a finite number of points, say N.
However, in principle, the optimal trajectory that minimizes the action
functional is a continuous function i.e. we need the limit N — oo to
accurately represent it. We get around this problem by first descending
with a small value for N until the algorithm converges, and then updating
the number of points in the trajectory to N 4+ AN.

To illustrate the importance of this subroutine, we consider an appli-
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cation of the AFGD algorithm to the Selkov model. In Figure B.6 it can
be seen that the algorithm converges to some trajectory that exhibits non-
differentiability in the momentum coordinates. We know that the true
optimal path must be a smooth function, and thus the algorithm has not
converged to the true solution. To remedy this, we take the converged
trajectory and resample in the time-uniform sampling, defined in Section
B.4.5, with 4000 points. As is evident from Figure 3.10 and the discus-
sion in Section 3.4, this indeed takes the algorithm towards the optimal
trajectory.

In principle, one must employ the annealing subroutine infinitely many
times, since the true optimal trajectory is a continuous function. In practice
however, since we can monitor the progress of the algorithm by integrating
Hamilton’s EoM, as we explain below, after a desired accuracy is reached
one can terminate the AFGD algorithm and, if needed, use the shooting-
method (Press et al., 2007; Dykman et al., 1994).

B.4.8 Integrating Hamilton’s equations of motion and
convergence criteria

The objective of the AFGD algorithm is to converge at the optimal curve
constrained at the end points, such that the lifted trajectory is a solution
to the Hamilton-Jacobi PDE in Eq. 3.13. In App. B.3.3, we prove that any
solution of Hamilton-Jacobi must also satisfy Hamilton’s equations of
motion (EoM), thus the optimal lifted trajectory must also satisfy them.
Since Hamilton’s EoM is a system of coupled ODEs, it is easier to find
their solution starting from an initial condition as opposed to solving HJ
equations. We will now use this property of the optimal trajectory to define
a ‘distance’ from the true solution at a given iteration and a convergence
criterion, as explained below.

At a given iteration I, let us denote the discrete phase space trajectory
as ¥ and parametrize it with discrete index m € [1, N]. Now, integrate
Hamilton’s EoM forwards and backwards starting from each point m until
the configuration space distance from the saddle and stable fixed points,
respectively starts diverging, having passed through its point of closest
approach. We take the minimum Euclidean distance in configuration
space near the stable and saddle points, and add them to obtain a A(m)
for each point m. Finally, we find the minimum over all m to assign a
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Figure B.7: Integrating Hamilton’s equations of motion against AFGD
algorithm output for the 6-D Schlégl model after 300 iterations. The
convention is the same as used in Figure 3.14, and is omitted for neatness.

distance of the phase space trajectory, denoted by A! = min,,, A(m), and
use it as a “‘measure’ for distance from optimality.

Note that since the optimal curve passes through both the saddle and
stable fixed point, the distance A of the optimal trajectory must be zero by
definition. In practice, however, one can define a Ayyesh such that when
A < Apnresh, We Will declare the algorithm to have converged.

For an illustration of how this measure changes with iterations for the
Selkov model, see the bottom right panel in Figures B.6, B.5 or last three
panels in Figure 3.10. To see how A changes during the descent of the
2-Schlogl model, see Figure 3.14. In some of these figures, it can be seen
that A continues to decrease even though the step size is 0. The reason
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for this is the additional time-uniform filtering on the curve each time
the cutoff frequency is updated. Since distance from Hamilton’s EoM is a
theoretically rigorous measure of convergence, we can use this to convince
ourselves of convergence for higher dimensional models, where alternative
verification methods such as the shooting method or Gillespie simulations
can be rather expensive. For example of the application of this measure to
a 6-D model, see Figure B.7.
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C APPENDIX TO CHAPTER 4

C.1 Hamilton-Jacobi theory for stochastic
population processes

Description Denoted by Belongs to
State n RP,7ZP, Z/Dp
Event (n,t) teR
Probability p(n,t) p=>0,) ,p=1
Transition rate matrix W n > Wihon =0

In this subsection, we briefly outline the arguments leading from a stochas-
tic population process to its Hamilton-Jacobi theory for obtaining condi-
tional probabilities of events.

C.1.1 States, events, and probability

Consider a phenomenon under scientific investigation, where the types
of all (possibly infinite) pragmatically irreducible entities in an experi-
ment are known. The notion of irreducibility is not to be taken in the
physical sense, like a description in terms of subatomic particles, rather
in a pragmatic sense, like a molecule or a cell may be considered to be an
irreducible entity for a chemical or biological experiment, respectively. Let
us refer to each irreducible entity as a particle, each type of an irreducible
entity as a species, and denote it by s, the list of types as the species set, and
denote it by § = {sy, ..., ss}, and the number of particles of a given species
s; as the count of that species, and denote it by n;.

States: Each particle can possess internal degrees of freedom, such
as chirality, charge, spin, or mass, depending on the species of which it is
a member, and external degrees of freedom, such as relative position with
respect to other particles. Typically, a state of the experiment is used to refer
to the complete information of all the degrees of freedom of each particle
in a system (Pathria, 2016). We are primarily interested in the Population
Processes (PP) of species, for chemical and biological applications, and
each particle of a type will be considered indistinguishable. Hence, by a
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state, we simply mean the information of the counts of each species in the
experiment and denote it by

n:=(ny...,ng) € Zio.

We refer to the population state as species composition in the main text.

Events: Consider a time parameter t external to the experiment,
where t € R. The state of an experiment at some time t constitutes an
event E, which we define as

E:.= (nE/tE)'

Event E; is said to precede event E; if tg, < tg,.

Probability: Let us denote the probability of event E by p(E), where

p(E) := p(ng, te).

By the definition of probability, and our restriction to experiments where
the species set is completely known,

Zp(nE/tE) =1 V te.

ng

Let us denote the joint probability of events E; and E, as p(E, U E;).
Then, by the definition of conditional probability, we have

p(E2 N Eq) = p(E2lE1)p(E4), (C.1)
where p(E;|E,) is the probability that event E, occurs conditioned on event

E;.

C.1.2 Event transition rates and probabilities

Consider events Ey, E,, and Ej3, such that tg, < tg, < tg,. Then, by applica-
tion of Eq. C.1, we have

p(EsNEx N Eq) = p(Es[E, N Ey)p(Ex N Ey).
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If the phenomenon under investigation is such that the probability of
a future event only depends on the current state of the experiment as
opposed to prior events, i.e. the process satisfies the Markov property
(Kelly, 2011), then the above relation simplifies to

p(EsNExNEy) = p(Es[E2)p(E2 NEy),

which, when summed over ng,, yields the Chapman-Kolmogorov equation

p(EsNE1) =) p(EsfE2)p(E2 NEy). (C.2)

nEZ

Event transition rates: Let us choose the events E;, E;, and E; such
that [tg, — tg,| < [tg, — tg, |, and denote them as

E; = (n, ti), B2 = (n,t—6t), B3 = (n, 1),

where t; < t and 6t > 0. Let us denote the probability of transition from
state n’ 2% n in some small time 5t to be W, —n 01,

pm,tNn',t —6t) = W, 5t,

and refer to W,,._,,, as the transition rate matrix. Substituting the relation
in Eq. C.2 by using

p(n,tn’,t —ot) = (1 — &t Z Wn/_m”> d(n—mn') + 8tWnin

n//

and taking the limit 5t — 0, we obtain the so-called continuous-time master
equation (see Ref. Altland and Simons (2010))

ap(n/t N ny, ti
ot

D Y Wb )~ Wosmp(m ). (C3)

n/

Notice that W,,/_,, is the rate of transition from state n’ to n and each
coefficient has the dimension of inverse time. The master-equation is a
partial differential equation (PDE) for the time-evolution of the joint prob-
ability p(n,t N ny, t;) under a continuous-time Markov process. In what
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follows, for notational simplicity, we will often omit the initial conditions
(ny, t;) from the arguments of the probability distribution, and implicitly
assume that any solution of the PDE found by providing initial condition
represents the joint distribution.

Hamiltonian function and the Hamilton-Jacobi formalism: As has
been shown in Ref. Kamenev (2023) and Ref. Gagrani and Smith (2023),
it is useful to define Hamiltonian and momentum operators H and P,
respectively, and recast the master-equation, Eq. C.3, as

op(n, t) 2
T = ;(e aa“ - 1)Wn—>n+rp(n/ t)

where,! 5

Furthermore, if one passes from a discrete count variable n to a continuous
concentration variable ¢ = n/V, where V is a scale of the total population,
then an asymptotic solution (in V) to the above equation can be obtained
by employing large-deviations theory and the Hamilton-Jacobi formalism.
While we summarize the main results below, for a complete derivation we
refer the readers to Sec. II A of Ref. Gagrani and Smith (2023) and Chap.
4 of Ref. Smith and Krishnamurthy (2015).

From H (f’, n) , we first obtain the Hamiltonian function H(p,n),

H(p/ T'L) - Z(erp - 1)Wn—>n+r/

T

'Formally extending n from an integer to the real domain, a function in n can be
shifted to n 4y by the application of a shift operator given by e¥3~, as can be seen by

= yn o) o
flx+y) = Y L = Vi),
n=0
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by replacing the momentum operator P with the momentum function p,
P—p, H(P,n) = Hip,n).

(Notice that the Hamiltonian function is always convex in the momentum
coordinates p.) Next, we pass from a count variable to a concentration
variable

n—qV, H(p,n)—Hlp,qV),

and define a new Hamiltonian function in the concentration coordinates
H(p, q)

H(p,q) = Z(erp — Dwqgqir (C.5)

T

where wy_, 4 is chosen such that?
H(p,Vq) < VH(p, q).

Under these transformations, either using path-integral methods ex-
plained in Ref. Gagrani and Smith (2023), or large deviation theory (see
Fig. C.1), the joint probability of an event (q, t) succeeding (q;, t;) asymp-
totically equals

p(g,tNgi ti) < e_vfg:"i ds(q/'t/)P(qi,ti), (C.6)

where S(q’,t’) satisfies the Hamilton-Jacobi equations (compare with Eq.
C4)

. 0S(q,t)
p - aq 7
0S(q,t) .
S = M), (€7)

2We say f(V) =< g(V) (read as f(V) is asymptotic to g(V)) if

V)
gm ooy ~ b
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% _
p(n,t) —2 - Bz 1)
Z-transform
FAL
F=a=73 ¢
S(q,t) < ['(p, 1)

Legendre transform

Figure C.1: Extracting a large-deviations function from a probability
distribution for a stochastic population process (see Refs. (Smith and
Krishnamurthy, 2015; Rassoul-Agha and Seppaldinen, 2015; Touchette,
2009; Ellis, 2006)). As an application of Cramér’s theorem, we get that
p(qV,t) < e VSiat),

subject to the boundary condition

(i) = —, In(p(ay, to).

S(q,t) is called the action function and can be equivalently formulated as
(see Sec. III A of Ref. Gagrani and Smith (2023))

qt t
J as(q',t') = inf supj at' (pg’' —H(p,q")),  (C8)

qi,ti q'(t") p(t) Ity
constrained to the conditions
q'(t)=qi, q'(t)=q.

Finally, as explained in Refs. (Arnol’d, 2013; Goldstein et al., 2002;
Courant and Hilbert, 2008) and derived in Appendix C 3 of Ref. Gagrani
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and Smith (2023), the phase space path (q(t), p(t)) where the ‘inf-sup” (or
‘min-max”) condition is satisfied, henceforth referred to as the optimal path,
is a solution to the Hamilton’s equations of motion

dg _ 9H(p,q)
dt ap
dp _ 9H(p,q)
dt oq ' (C9)

constrained to the conditions
q'(td) =qi, q'(t) =q.

Event transition probability: It can be read from Egs. C.1 and C.6
that the probability of event (q, t) conditioned on the event (q;, t;) is given

by
0(q, tlqe, t) = e Vit a8t re (C.10)

Thus, intuitively, the Action function or a solution to the Hamilton-Jacobi
equation can be seen as the time-evolving descaled log-improbability of
observing the concentration q at time t conditioned on having observed
concentration ¢; at time t;.

For very long time scales, in the limit [t — t;| — oo, the evolving proba-
bility distribution given by the solution to the master-equation (Eq. C.3)
converges upon the stationary distribution 7t(q) (for reasons discussed
towards the end of Sec. II A in Ref. Gagrani and Smith (2023)). The Action
or scaled log-improbability of the stationary distribution 7t(q) is given by
the Non-Equilibrium Potential (NEP), denoted by V(q). By definition of the

stationary distribution,

oV
E—O.

Substituting it in Eq. C.7, we get that the NEP must satisfy

ov
H =, =0. C.11
(p . q) (C.11)

Thus, from Eq. C.10, the probability of observing the event (, co) condi-
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tioned on the event (q;,0) is given by

p(q, colqs, 0) = e Va4V, (C.12)

From Eq. C.5, notice that for p =0,
H(0,q) =0 vq.

Also, this solution satisfies the Hamilton’s equation of motion (Eq. C.9)
for momentum evaluation,

ol
dt|,_,
and yields
dq
atl, " ;rw,ﬁq+r (C.13)

for the rate of change in concentration. Since the NEP 'V along optimal
paths with p = 0 is identically zero,

V(q)lp=0 =0,

the conditional probability in Eq. C.10 has the most contribution from
trajectories that satisfy Eq. C.13. For the above mentioned reasons, and
those explained in Sec. II C of Ref. Gagrani and Smith (2023), the solutions
to Eq. C.13 are termed as the deterministic or relaxation dyanamics of the
stochastic system under consideration.

Finally, we remark that there are also optimal paths with momentum
p* # 0 on the H(p*, q) = 0 submanifold. We will call these assignments of
momenta as the escape momenta. These optimal paths correspond to the
least-improbable paths constrained to the end-points, and are termed the
escape trajectories when the initial fixed point is a stable fixed point of the
relaxation dynamics given by Eq. C.13. Notice that these trajectories are
due to the inherent stochasticity of the system, and completely missed by
the deterministic description of the system given by Eq. C.13. For more
details, see Sec. II C in Ref. Gagrani and Smith (2023).
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C.2 Species interaction networks and their
properties

From the master equation, Eq. C.3, we notice that, at the smallest time scale,
the information about state transitions is in the transition matrix W,/ _,,.
Recall that each entry in the counts vector n denotes the population of
the corresponding type of species. Since we are interested in the popula-
tion dynamics of the particles of a species, rather than their geometric or
spatial description, the interaction between the species cannot be a priori
specified, and is governed by the phenomenon under investigation. In
this subsection, we will consider the case where the transition matrix has
a special structure that it inherits from the network of species interactions.

This interaction network is the purely topological data on the dynam-
ics, one that can be said prior to the particular dynamics. When we take
a reaction network, we can decompose it into subnetworks, by criteria
defined in this subsection. It is to be noted that while the classification is
done using linear algebra and polyhedral geometry, the decomposition
into subnetworks is a topological operation on the interaction network and
does not directly determine anything about the dynamics of the system.
These considerations do, however, tell us where a system cannot be be-
cause each system must be in the same stoichiometric subspace as its initial
boundary constraint. They can also help specify the polyhedral decompo-
sition admitted by the space of flows on the hypergraph into null-spaces
and positively or negatively flow-productive and species-productive cones
(defined in Ref. Gagrani et al. (2023a)).

C.2.1 Chemical reaction network

Recall that the set of all species is denoted by 8. Suppose that each interac-
tion is of the form y — y’, where it takes a multiset (collection admitted
with a non-negative multiplicity) of species y = {y; € Z>ols; € 8} as a
reactant, and produces a different multiset y’ = {y{ € Zxgls; € S} as a
product. The reactant and product multisets are termed complexes, and the
set of all complexes is denoted by C. A network of such interactions is
formalized as a chemical reaction network (CRN) (Feinberg, 2019; Yu and
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Craciun, 2018), and specified as a hypergraph

with each species s € § and reactiony — y’ € R forming a vertex and a
hyper-edge, respectively. While it is traditional (Feinberg, 2019; Anderson
et al., 2015) to define a CRN as the triple (8§, C, R), but as explained in Ref.
Gagrani et al. (2023a) and Ref. Deshpande and Gopalkrishnan (2014), the
two are equivalent, and our use of either will be dictated by convenience.

The transition rate matrix element wq_, g+ (Wn_n4-) induced by a
CRN § is obtained by summing over all flows X, (X,,_,,/) on reaction
channels y — y’ whose net contribution is to transform the concentration
(count) from qto q+7r (nton+r). A flow on CRN § yields the transition
rate matrix

Wn—>n+r: Z 5(T—(UI—U))$y_>y/(n),
y—y’esg
Wasgir = D 81—y —y))Kyoy(q). (C.14)

y—y’eg

Using Eq. C.5, the Hamiltonian functions Hegn(p, ) and Hern(p, q) in
the count and concentration for this transition rate matrix is

HCRN(p/n) = Z(e(y/iy)p - 1)xy—>y’(n)/
9

Hern(p,q) = ) (e 9P — 1)KL y(q). (C.15)
9

Using Eq. C.13, the deterministic dynamics under a CRN § is given by
dg _ L y)K C1
3= 2 —uKyoy (). (C.16)
S

As explained in Sec. I A of Ref. Gagrani et al. (2023a), it is useful to recast
the above equation in a matrix form
dq

F =5% (C.17)
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where S is the stoichiometric matrix with dimensions |8| X |R| and X is the
flow vector of size |R|.

Stoichiometric subspace: We remark that Eq. C.17 ensures that the
rates of change in concentration (or changes in count) for a CRN can only
lie within the range of the stoichiometric matrix S. This subspace is termed
as the stoichiometric subspace, the dimension of which we denote by s. It
can be seen that the stoichiometric subspace has dimensions

s = Rank(S)
= |8| — [Kernel(S")].

We also want to briefly mention that elements in the left null space of the
stoichiometric matrix, or Kernel(S"), correspond to conserved quantities
under the stoichiometry of the CRN (see Refs. (Feinberg, 2019)).

Subnetwork: We define a subnetwork G’ of a CRN G to be the subgraph
G’ = (8lg/, R’) where R’ C R and 8|x, indicates that there is no omission
of species in the subnetwork that participates in the set of reactions R’ of
the original graph G. We will denote the restriction of S to §' by

S;: S|9/.

C.2.2 Minimal null subnetwork
We will define a subnetwork G’ C § to be a null subnetwork (NS) if there

exists a flow K € Kernel(S) such that
SXK =0.

Such a flow, one that is in the kernel of the stoichiometric matrix of a CRN,
will be termed as a null flow for the CRN. Furthermore, we define a minimal
null subnetwork (MNS) to be a NS which does not contain a smaller NS in
it.

Minimal delta null subnetworks: A hypergraph § can also be seen
as a directed ordinary graph with vertices and edges that are the complexes
and reactions from the sets C and R, respectively. Let us denote the number
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of connected components in the ordinary graph of the CRN, also termed
linkage classes, by (. Furthermore, as explained in the appendix of Ref.
Gagrani et al. (2023a), the stoichiometric matrix can be written as the
product

S=YM,

where the columns of Y are the stoichiometries of the complexes
cols(Y) ={y ly € €}

and M is the oriented vertex-edge incidence matrix of the ordinary graph
(see Refs. (Balandin, 1940; Feinberg, 2019))

cols(M) ={eys —eyly -y’ € R},

where ey is the vector with 1 at complex y and 0 otherwise. From this
representation of the stoichiometric matrix, it is clear that there may exist
null flows X which belong to the intersection of kernel of YM with the
orthogonal complement to kernel of M in the domain of M,

X € Kernel(YM) N Kernel(M)".

Following the terminology from Ref. (Smith and Krishnamurthy, 2017),
we will refer to these null flows as 0—flows. We define a minimal delta
null subnetwork (MDNS) as a minimal null subnetwork that admits a
d—flow.

As proved in Ref. Feinberg (2019) or Appendix A of Ref. Gagrani et al.
(2023a), the existence of a 6—flow is a necessary condition for a CRN to
show multistability. The number of independent 6—flows is given by

5=1|Cl—C—s, (C.18)

where b characterizes a topological property, termed as deficiency, of the
network.

C.2.3 Siphon subnetwork

Extending the definitions of Deshpande et al. in Ref. Deshpande and
Gopalkrishnan (2014) to subnetworks, a siphon subnetwork is defined as a
subnetwork §’ C G if:
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1. there exists a set M € §, such that, there exists at least one species
from M in each reactant and product complex of the reaction set R'.

Minimal autocatalytic subnetwork: We term a siphon subnetwork
§" C G as an autocatalytic subnetwork (AS), if there exists a species set
M € 8§ and a flow X such that

1. all species in the set M are strictly produced

dq

=—SK 0.
i, 5%, >

M

We term an AS that does not contain any strictly smaller autocatalytic
subnetwork as a minimal autocatalytic subnetwork (MAS).

Our definition of autocatalytic is identical to, what Andersen et al.
in Ref. Andersen et al. define as, exclusively autocatalytic. For a detailed
comparison of other definitions of autocatalyis, see Ref. Andersen et al. or
Sec II B of Ref. Gagrani et al. (2023a). While we do not use their result in
this work, we want to mention that Blokhuis et al. in Ref. (Blokhuis et al.,
2020), have proved that for an even more restrictive notion of autocatalysis,
what we term as stoichiometrically autocatalysis, all MASs can be categorized
into five types depending on their autocatalytic core (for more details, see
Sec. IIT A of Ref. Gagrani et al. (2023a)).

Finally, we remark that, often one is concerned with whether an in-
troduction of an AS can potentially introduce new steady states in the
system. To that end, Eq. C.18 provides a straightforward formula using
which it can be checked whether addition of a new AS (or for that matter
any subnetwork) increases the deficiency of the network.

Minimal drainable subnetwork: We term a siphon subnetwork G’ C
§G as a drainable subnetwork (DS), if there exists a species set M € § and a
flow X such that

1. all species in the set M are strictly consumed (or drained)

dq

=SX 0.
FENREE

M
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We term an DS that does not contain any strictly smaller autocatalytic
subnetwork as a minimal drainable subnetwork (MDS). In Ref. Desh-
pande and Gopalkrishnan (2014), Deshpande et al. explain the relevance
of understanding both the autocatalytic and the drainable siphons in a
comprehensive characterization of the dynamics of a CRN.

C.3 Modeling a mechanism and obtaining
quantitative predictions

To obtain any quantitative predictions about the collective behavior of
particles in an experiment, we need to propose a mechanism by which the
interactions (modelled in the interaction network) are undertaken and
provide the relevant kinetic parameters. For our purposes in this work, let us
assume that the mechanism of an interaction is the following. We suppose
that the particles under consideration are in a well-mixed mixture with a
homogeneous particle density. Furthermore, a reaction y — y’ proceeds
with a rate proportional to the chance that the particles constituting the
multi-sety collide with each other (mechanism), and a rate constant (kinetic
parameter). We remark that, while these assumptions are characteristic
of chemical kinetics in nature (see Refs. (Gillespie et al., 2007; Feinberg,
2019)), they have to be generalized further for biochemical processes
(Johnson and Goody, 2011; Qian and Bishop, 2010).

C.3.1 Stochastic chemical kinetics:
A CRN G = (8,R) is said to be taken with kinetics

K={kyoy €Rogly =y’ € R}

if for each reactiony — y’ € R, there is an associated positive rate constant
ky—y' € R in the set K. Together, we represent the CRN with kinetics as
the triple

Sk = (8, R, K).

Since, as explained in the beginning of this subsection, we have as-
sumed chemical kinetics, the flows on the reactions of the CRN are de-
termined by the concentration (count) and the rate constant. Explicitly,
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assuming a scale factor V, the flows in the count variable in Eq. C.14 can
be written as (Anderson et al., 2015; Gagrani and Smith, 2023; Smith and
Krishnamurthy, 2015)

8
_ kyoy n!

KU—W’ T Vy-1 (ni _yi)!]‘{ni>yi}'

i=1
Making use of the scaling limit explained below Eq. C.5 and the multi-
index notation, the flows in the concentration variable then becomes

_ y
Kyoyr = ky—yrq”.

Substituting the above flow in Eq. C.15, we get that the Hamiltonian for a
CRN with chemical kinetics is

Hern(p,q) = D (e —1)ky_yqY. (C.19)
9

Since we will be assuming chemical kinetics in the rest of our work, hence-
forth we drop the subscript ‘CRN’, and refer to the Hamiltonian Hern (P, q)

as simply H(p, q).

Deterministic mass-action kinetics: Using Eqs. C.13 and C.16, the
relaxation trajectories of chemical kinetics, termed the deterministic mass-
action kinetics (MAK), are given by

d ,
d—(t] =3 (v —ylkyoyq¥

9
=3 v (kyya —kyya?). (C.20)

y’'eg yeg

Notice that the right hand-sides of the above set of ordinary differential
equations (ODEs) are polynomials in the concentration variables, due to
which they are also said to define a polynomial dynamical system (Craciun,
2019).



240

C.3.2 Stability, transitions, and cost of discrete attractors

Stability: In our work, we restrict to dynamical systems with a set of
discrete fixed-points. Suppose there are N discrete fixed points, denoted
by q := {ﬂl' N }, then they satisfy

d ,
G| =2 —ukyyat =0
9 g

The stability of a fixed-point can be determined by solving for the eigen-
values of the Jacobian matrix resulting from the right-hand sides of the
above set of equations. In particular, for a system of size |§|, we will term
a fixed-point with 8] strictly negative eigenvalues as a attractor, and fixed-
point with [8] — 1 strictly negative but one strictly positive eigenvalue as a
transient point. In general, all fixed points with at least one strictly positive
eigenvalue will be termed unstable points. For more details, see Sec. II C in
Ref. Gagrani and Smith (2023).
We briefly remark that a root g, such that

2 (k‘-’—’y’ﬂy _ky’—wﬂy/) =0

yes

is said to be complex-balanced (Baez and Biamonte, 2012; Anderson et al.,
2010). A network with non-zero deficiency, under appropriate kinetics, has
the potential to exhibit multiple attractors, neither of which are complex-
balanced.

Transition between attractors: While determining whether or not a
system can have multiple attractors is a challenging question (Feinberg,
1988, 1989), cases where there are multiple attractors are primarily of
interest to us. In particular, we would like to know, given that a system is
at one attractor at time t = 0, what is its probability of being in a different
attractor after a very long time t — co? As explained earlier in Sec. C.1.2,
the descaled log-improbability of such an event is the difference of the
NEP at the two steady states, where the value of the NEP is determined by
finding a partial solution to the Hamilton-Jacobi equation. In Ref. Gagrani
and Smith (2023), we develop a functional gradient descent algorithm
that is designed to estimate such solutions for stochastic CRNs.
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To conclude this subsection, we briefly explain the significance of the
NEP and the role it plays in related fields. Colloquially, the NEP or the
Action function along a trajectory (explained in Sec. C.1.2) can be said
to quantify the cost of the trajectory (Snarski, 2021). This terminology is
intuitive as, in the long-time limit, the log-probability of occupation of a
state is negative of the cost of the state, thus exponentially favoring a lower
cost than a higher cost. Moreover, any transition from one state to another
is most likely to occur through the least costly trajectory connecting them,
and these are precisely the solutions to Hamilton’s equations of motion.
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