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Abstract

This dissertation addresses problems involving multilinear functions which arise in Systems The-

ory and satisfy certain symmetry conditions. To this end, in the first part of the dissertation, we con-

sider several problems in optimization and probability involving a so-called symmetric pair (f,X)

where f(x) is to be optimized over constraint set X. In later chapters, we generalize the formula-

tion to address problems involving a so-called multi-group symmetric pair. This generalization is

motivated by the fact that symmetry may fail to be satisfied, but there may be subsets of variables

entering into the problem in a symmetric way. We also consider variations on the themes above.

For example, f(x) may be a sum of symmetric functions or enjoy certain affine linearity properties.

For systems described via our symmetric (f,X) pair framework, we show that the complexity

of a problem solution can often be significantly reduced via exploitation of symmetry. By this we

mean the following: While the solution for the non-symmetric case requires us to perform function

evaluations on all 2n extreme points of X, for the symmetric case, we may only need to perform

function evaluations on a much “smaller” subset of them. For example, for a symmetric pair (f,X)

with f(x) being multilinear and X ⊆ Rn being a symmetric hypercube, finding the maximum or

minimum of f(x) on X requires considering only a linear number of extreme points in n versus 2n

for the non-symmetric case. We provide a “Mapping Theorem” along these lines that gives a char-

acterization of the convex hull of the image of a hypercube under a multilinear mapping. The

dissertation also includes a number of probability-related applications associated with a symmet-

ric function of a random vector with independent and identically distributed components. When

finding the probability mass function of a symmetric function, we see that symmetry can lead to

far fewer point masses than the non-symmetric case.
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For the more general case of multi-group symmetry with m groups each of size N and X being

a product of identical hyperrectangles, we show that with M = 2N , the maximization and mini-

mization of f(x) on X can be attained by considering

Next =

(
m+M − 1

m

)
extremes points rather than 2n. For many applications where the group size N is small in compar-

ison to the number of groups m, the formula Next leads to significant savings. Subsequently, we

extend these results to address a so-called groupwise affine symmetric case with X being a product

of m polytopes.

One highlight of this dissertation is the result in Chapter 6. There, we consider a class of resource

allocation problems which involves n suppliers, m identical warehouses and a single resource. In

this context, the function f(x) to be minimized is a separable, concave sum of symmetric functions

on a polytope constraint set X. Although each instance of this problem can be solved via extreme

point function evaluation, by making use of symmetry in conjunction with Schur concavity, again,

great savings in computation can result. For cases with a relatively small number of warehouses m

in comparison with the number of suppliers n, the number of extreme points one needs to check to

find a solution is drastically less than the number of extreme points of X.

In addition to illustrative applications already mentioned, we also consider finding the minimum

and maximum of a symmetric trading gain over a hypercube, problems involving probability mass

functions for binomial and quadrinomial lattice models, analysis involving a confinement polygon

model for a multi-group symmetric trading gain and distribution of a commodity such as corn

among identical warehouses.
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Chapter 1

Overview of Dissertation Research

This dissertation concentrates on systems whose mathematical description involves parameters en-

tering into various equations and set descriptions both multilinearly and symmetrically. The sys-

tems under consideration are described by a so-called symmetric pair (f,X). Much of the research

herein is devoted to demonstrating how results from the literature can be improved if symmetry is

brought into play. In particular, when a multilinear function f(x) is maximized or minimized on X

via extreme point function evaluations, we see that symmetry often leads to a “drastic” reduction in

computation versus that required for a generic multilinear function. For applications, we develop

results exploiting symmetry in the areas of probability, optimization and finance.

Generalizing in later chapters, we define a new concept called multi-group symmetry. In this case,

subgroups of variables may enter into f(x) a symmetric way which can be exploited. In this frame-

work, we provide theorems involving the maximization and minimization of multilinear functions

on hyperrectangles and polytopes. Finally, one highlight of this dissertation is a result for a class

of resource allocation problems involving n suppliers, a single resource and the inventory carrying

costs for m identical warehouses. We seek to minimize a separable, concave sum of symmetric

functions over a polytope representing the constraints. For any instance of this problem, when

finding a solution via extreme point function evaluation, we show that because of symmetry and

Schur concavity, for cases where there are a small number of warehouses in comparison to sup-

pliers, the number of extreme points one needs to check can be orders of magnitude less than the

number of extreme points of the constraint polytope.
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In the next section, we review some standard definitions in mathematics. Then, in the sections

to follow, we look at existing literature on multilinear functions addressing problems with similar

flavor to those in this dissertation in the areas of optimization, probability and robust stability. We

also provide motivating examples where symmetric multilinear problems naturally occur.

1.1 Some Basic Definitions

In this section we provide definitions which serve as the takeoff point for the chapters to follow.

1.1.1 Definition (Affine Linear Function): A function f : Rn→R, is said to be affine if there

exist real scalars α1, α2, . . . , αn and β ∈ R such that for x .
= (x1, x2, . . . , xn) ∈ Rn,

f (x) =
n∑
i=1

αixi + β.

1.1.2 Definition (Multilinear Function): A function f : Rn→R is said to be multilinear if it is

affine in each of its individual components xi. In other words, when all variables but one are held

fixed, then the resulting single-variable function is affine.

1.1.3 Example (Multilinear Function): An example of a multilinear function is

f (x1, x2, x3) = 2x1 + 4x1x2 + 6x1x2x3 + 7.

That is, if we hold x2 and x3 fixed, then f (x1, x2, x3) is affine linear in x1. Similarly, if we hold

x1 and x3 fixed, then f (x1, x2, x3) is affine linear in x2. Finally, if we hold x1 and x2 fixed, then

f (x1, x2, x3) is affine linear in x3.

1.1.4 Definition (Symmetric Function): A function f : Rn→R is said to be symmetric if it is

unchanged by any permutation of its variables; e.g., see Macdonald [1] and Terr [2].

1.1.5 Example (Symmetric Multilinear Function): The function

f (x1, x2, x3) = x1 + x2 + x3 + 2x1x2x3
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is multilinear by inspection and symmetric, i.e.,

f (x1, x2, x3) = f (x1, x3, x2) = f (x2, x1, x3) = f (x2, x3, x1) = f (x3, x1, x2) = f (x3, x2, x1) .

1.1.6 Remarks on Symmetric Functions: In the field of abstract algebra, when symmetric func-

tions are addressed, it is usually in reference to symmetric polynomials such as the function

f(x) = x21x
2
2 + x21x

2
3 + x22x

2
3 + 10x1x2x3 + 5.

In this dissertation, although our primary focus is on symmetric multilinear functions, a special

kind of symmetric polynomial, some of our results will also hold for rather general symmetric

functions such as

f(x) = cos x1x2x3 + sin2(x1x2 + x1x3 + x2x3).

1.1.7 Definition (Symmetric Set): A set X ⊆ Rn is said to be symmetric if, for any given vec-

tor x = (x1, x2, . . . , xn) ∈ X, any permutation of its components also belongs to X.

1.1.8 Example (Symmetric Set): In R2, the quarter-circle described by

X =
{
x ∈ R2 : x21 + x22 ≤ 52, x1 ≥ 0, x2 ≥ 0

}
is symmetric; see Figure 1.1. Notice that given any (x1, x2) ∈ X we also have (x2, x1) ∈ X.

1.1.9 Definition (Symmetric Pair): Given a symmetric function f : Rn→R and a symmetric

set X ⊆ Rn, we call (f,X) a symmetric pair.

1.1.10 The Big Picture: In this dissertation, for systems fitting into our (f,X) pair framework,

we show that the complexity of the problem solution can often be significantly reduced via ex-

ploitation of symmetry. That is, while the non-symmetric case requires us to perform function

evaluations on all 2n extreme points of X to find a solution, for the symmetric case we may

only need to perform function evaluations on a much “smaller” subset of them. For example,

when (f,X) is a symmetric pair with f(x) multilinear and X ⊆ Rn a hypercube, to find the min-

imum or maximum of f on X, we only have to consider a linear number of extreme points in n
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Figure 1.1 Quarter-Circle Symmetric Constraint Set X in R2

rather than 2n in the classical solution when symmetry is not in play. We also demonstrate how to

exploit symmetry to simplify the computation of probabilities. When finding the probability mass

function of a symmetric function, we see that symmetry can lead to far fewer point masses than

the non-symmetric case.

1.2 Motivating Examples

In this section, we present four motivating examples from Systems Theory. One of them involves

financial markets, two cover discrete-time bilinear systems and one involves the transfer function

of a circuit.

1.2.1 Financial Markets: For the first motivating example, we see where symmetric multilinear

uncertainty structures arise in financial markets. To illustrate, we consider the trading gain equation

that results from a linear feedback strategy with feedback gain K; see [54]. When a trader begins
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with initial investment I0, the trading gain or loss is given by

f(x) =
I0
K

[
n−1∏
i=0

(1 +Kx(i))− 1

]
where x .

= (x(0), x(1), . . . , x(n− 1)) is the sequence of daily returns and n represents the number

of trading days. Notice that f(x) is a symmetric multilinear function. Furthermore, when the

x(i) above are independent and identically constrained, the resulting pair (f,X) is symmetric. In

Section 4.9, we find the probability mass function of f(x) when the x(i) above are independent

and identically distributed Bernoulli-like random variables. In Section 4.11, we find the probability

mass function for an extended version of the trading gain above.

1.2.2 Discrete Bilinear System: We first consider the discrete-time bilinear system shown in

Figure 1.2. In the figure, Z−1 denotes the delay operator. In this system, we have two interacting

subsystems. The first is bilinear in x(k) and y1(k), and the second is bilinear in x(k) and y2(k). The

two interacting subsystems share the same bounded uncertain time-varying perturbation x(k). The

output z(k) of the system is the sum of the outputs of the interacting subsystems. Mathematically,

we have

y1(k + 1) = (a1 + λ1x(k)) y1(k);

y2(k + 1) = (a2 + λ2x(k)) y2(k);

z(k) = y1(k) + y2(k)

where a1, a2, λ1, and λ2 are constants. Now, beginning with y1(0) = y2(0) = 1, for any time

instant k ≥ 0, it is readily verified that the output z(k) is a symmetric multilinear function of the

perturbations x(k). For example, if k = 3, then a straightforward calculation leads to

z(3) = (a31 + a32) + (λ1a
2
1 + λ2a

2
2)(x(0) + x(1) + x(2))

+ (λ21a1 + λ22a2)(x(0)x(1) + x(0)x(2) + x(1)x(2))

+ (λ31 + λ32)(x(0)x(1)x(2))

which is a symmetric multilinear function of x(0), x(1) and x(2).
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Figure 1.2 Two-dimensional Bilinear Control System with One Time-varying Perturbation

Now suppose the two bilinear subsystems in Figure 1.2 are not interacting and each have their own

bounded uncertain time-varying perturbation. Let x1(k) be the perturbation associated with the

first system and let x2(k) be the perturbation associated with the second system. Then the system

is described mathematically by

y1(k + 1) = (a1 + λ1x1(k)) y1(k);

y2(k + 1) = (a2 + λ2x2(k)) y2(k);

z(k) = y1(k) + y2(k),

where a1, a2, λ1 and λ2 are constants. Now, beginning with y1(0) = y2(0) = 1, for any time instant

k ≥ 0, the output z(k) can be readily shown to be a so-called multi-group symmetric multilinear

function involving x1(k) and x2(k). As formally defined in Chapter 5, a multi-group symmetric

function is symmetric with respect to the permutations of subgroups of its variables, rather than all
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its variables as in the symmetric case. Now suppose k = 3, then

z(3) = a31 + λ1a
2
1(x1(0) + x1(1) + x1(2)) + λ21a1(x1(0)x1(1) + x1(0)x1(2) + x1(1)x1(2))

+ λ31(x1(0)x1(1)x1(2)) + a32 + λ2a
2
2(x2(0) + x2(1) + x2(2))

+ λ22a2(x2(0)x2(1) + x2(0)x2(2) + x2(1)x2(2)) + λ32(x2(0)x2(1)x2(2))

is a multi-group symmetric multilinear function that is symmetric with respect to the three groups

given by {x1(0), x2(0)}, {x1(1), x2(1)} and {x1(2), x2(2)}. In Chapter 5, we provide a formal

definition of a multi-group symmetric function. We also define other multi-group symmetric con-

cepts such as a multi-group symmetric set. For optimization theorems involving a multi-group

symmetric pair (f,X), we describe how an optimum is found using a subset of the extreme points

of X. We also provide a formula for the number of such points which are needed.

1.2.3 Systems with Uncertain Poles: Another class of problems giving rise to symmetric pairs

(f,X) is obtained for the feedback control system, shown in Figure 1.3, that is derived from a

resistor-capacitor network of lag compensators. Also, in this system, the αi are given fixed zeros,

and x = (x1, x2, x3) are the uncertain poles that are restricted to the bounding set X described by

.01 ≤ xi ≤ 1 for i = 1, 2, 3. Via a straightforward calculation, the denominator of the closed loop

transfer function is readily verified to be

p(s, x) = s3 +

(
1

2
(x1 + x2 + x3) + α̃2

)
s2 +

(
1

2
(x1x2 + x1x3 + x2x3) + α̃1

)
s+

1

2
x1x2x3 + α̃0

where

α̃0
.
=

1

2
α1α2α3; α̃1

.
=

1

2
(α1α2 + α1α3 + α2α3); α̃2

.
=

1

2
(α1 + α2 + α3).

The key points to note are that all the coefficients of this polynomial are symmetric multilinear

functions of x and (f,X) defines a symmetric pair.

1.3 Motivating Background Literature

Over the last few decades, there has been a great deal of work done in the study of dynamic systems

with a so-called “multilinear uncertainty structure.” In reviewing the literature on this topic, we
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Figure 1.3 System Leading to Closed Loop Symmetric Multilinear Uncertainty Structure

focus on the areas most closely related to the work in this dissertation: mapping of multilinear

uncertainty, probability and mathematical programming. We address situations where symmetric

multilinearity can arise in each of these areas.

1.4 Literature on Multilinear Mapping of Uncertainty

The Mapping Theorem, given in [33], is a powerful result that can be used in the analysis of

multilinear functions. It is stated below.

1.4.1 Mapping Theorem: Suppose X ⊂ Rn is a hyperrectangle with extreme points {xi} and

f : Rn→Rk is multilinear. Then the range f (X) = {f (x) : x ∈ X} has convex hull

conv f (X) = conv
{
f
(
xi
)}
.

1.4.2 Remarks on Mapping Theorem: According to the Mapping Theorem, for a multilinear

function defined on a hyperrectangle, one can compute the convex hull of the range of the function

by finding the convex hull of the images of the extreme points of X. In [34], with the aid of a

two-dimensional version of the Mapping Theorem, the robust stability of a family of characteris-

tic polynomials whose coefficients ai(x) are multilinear functions, the convex hull above can be

determined graphically. The uncertain polynomials in [34] come from several real-world systems
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that include a circuit from a motor inertia system, a circuit from an electrical circuit with a feed-

back network, a model of a DC motor with resonant load and the model of a supersonic transport

plane. In [35], several theorems for robust stability are given for a family of polynomials with

coefficients ai(x), which are multilinear. The proofs of several of these theorems require the use

of the Mapping Theorem.

1.4.3 Example (Use of Mapping Theorem): To provide an example to illustrate the use of the

Mapping Theorem, we consider the family of uncertain polynomials described by

p(s, x) = s3 − (x1 + x2 + x3) s
2 + (x1x2 + x1x3 + x2x3 − 36) s

+ 12 (x1 + x2 + x3)− x1x2x3 − 114

with X described by 0 ≤ xi ≤ 1 for i = 1, 2, 3. In control theory, with frequency variable ω≥0,

we typically substitute s = jω above and construct p (jω,X), the so-called value set. Using the

Mapping Theorem we obtain an approximation for p (jω,X), namely its convex hull. For p(s, x)

above, X has 8 extreme points

x1 = (0, 0, 0) ; x2 = (0, 0, 1) ; x3 = (0, 1, 0) ; x4 = (0, 1, 1) ;

x5 = (1, 0, 0) ; x6 = (1, 0, 1) ; x7 = (1, 1, 0) ; x8 = (1, 1, 1) .

Hence, to obtain conv {p (jω,X)}, we require 8 points in the complex plane. Namely we need

p (jω, xi) for i = 1, 2, . . . , 8. For example when i = 4, straightforward calculation yields

p(jω, x4) = 2ω2 − 90 − j
(
ω3 + 35

)
.

To further illustrate, we take ω = 1. Then p(j1, x4) = −88− j36 and the remaining 7 points in the

complex plane are readily found and the resulting convex hull is obtained; see Figure 1.4, where

conv {p (j1,X)} is compared with the true set p (j1,X).

1.4.4 Mapping Theorem Exploiting Symmetry: It is no accident that conv {p (j1,X)} above is

obtained by using only four extreme points instead of the eight predicted by the Mapping Theorem.

This is a consequence of symmetry. With this motivation in mind, in Section 3.6, we give a
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Figure 1.4 Convex Hull of p(jω,X) and True Set at ω = 1

“symmetric multilinear version” of the Mapping Theorem. In this case, to compute the convex

hull, as a result of the symmetry of the pair (f,X), one only needs to evaluate the function f(x)

at n + 1 extreme points instead of the original 2n. Since many systems problems involve large n,

this reduction of complexity is critical for computational tractability. When X satisfies the non-

triviality requirement that p(s, x0) is stable for at least one x0 ∈ X, the well known necessary and

sufficient condition for robust stability is that 0 /∈ p (jω,X) for all 0 ≤ ω <∞; e.g., see [3].

1.5 Probability Problems Involving Multilinear Dependence

In the systems area, multilinear uncertainty structures not only arise in a robustness context but

also in a probabilistic context. Using the notation from Section 1.4.3, we now take X to be a

random vector with componentsXi. In stability analysis, we consider a random polynomial whose

coefficients ai (X) are real multilinear functions of

p (s,X)
.
=

m∑
i=0

ai (X) si
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In this setting, X corresponds to the support of X and is a hypercube with center

x0
.
=
(
x01, x

0
2, . . . , x

0
n

)
described by |xi − x0i | ≤ ri where ri ≥ 0 for i = 1, 2, . . . ,m. With this formulation, in [36] the

notion of “distributional robustness” is considered and applications include a mass-spring damper

system with fifteen uncertain parameters. In a similar context, the work in [37] considers the

H∞ norm of a proper stable transfer function matrix H (s,X). In [38], for the case of a random

resistive network, the worst-case probability distribution for its equivalent conductance is derived.

This conductance is written as the quotient of multilinear functions, and uncertain conductances

are viewed as independent Gaussian distributed random variables.

1.6 Mathematical Programming with Multilinear Functions

In Systems Theory, multilinear functions arise in many mathematical programming applications.

For example, in [41], multilinear functions are used in bilinear and quadratic programs. Multilin-

ear functions are also present in Reformulation-Linearization techniques in discrete and continuous

optimization; e.g., see [42]. In [43], several schemes for bounding multilinear functions are stud-

ied. They include the arithmetic method, the logarithmic method, and the exponent transformation

method; see [44]. Multilinear functions are also used as objective functions, as in the feedback

analog neural networks studied in [45]. Finally, we mention literature involving the transfer func-

tion of a large class of lumped linear time-invariant electrical networks, can be written in the form

H(s, x) =
N(s, x)

D(s, x)

where

N(s, x) =

m1∑
i=0

ni(x)si; D(s, x) =

m1∑
i=0

di(x)si

are polynomials with real coefficients ni(x) and di(x) being multilinear functions. The formu-

lation also includes a hyperrectangle set X for the uncertain parameter vector x. In this setting,

references [46] and [47] involve nonlinear programming to compute the worst-case for various

classes of transfer functions.
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1.7 Overview of Chapters to Follow

Now that we have provided the “big picture,” we conclude this chapter with a brief overview of

the technical results to follow. Indeed, in Chapter 2, we provide a first principles derivation of the

general form of a symmetric multilinear function that we believe is useful for the systems commu-

nity. That is, in contrast to more abstract approaches to the derivation of a more general result for

polynomials that can be found from the field of algebra, for example, see [1], [64], and [65], the

proofs become much easier for multilinear functions.

In Chapter 3, we study the maximization and minimization of a symmetric multilinear f(x) over a

symmetric hypercube X ⊆ Rn. For this symmetric pair (f,X), we prove that we only need n + 1

extreme point function evaluations to find the minimum or maximum. This compares with the

classical solution which requires 2n such evaluations for a generic multilinear function. Included

in Chapter 3 is an application involving a trading gain f(x) arising in a financial market scenario.

We find the minimum and maximum of this function with a symmetric hypercube constraint. Fi-

nally, we provide a “new” version of the Mapping Theorem that applies for a symmetric pair (f,X).

In Chapter 4, we derive the probability mass function (PMF) associated with a symmetric func-

tion S (X) with X being a random vector with independent and identically distributed random

components. As an application, in Section 4.3, we find the CDF and PMF associated with the “Si-

multaneous Long-Short” analysis in [53]. In this case, the components of X are independent and

identically distributed random variables that take on only two values. We also find the probability

mass function of a trading gain S (X) arising from a linear feedback strategy where the under-

lying price trajectory is determined by a binomial lattice model. In addition, we find the PMF

of a function S (X) that is a sum of two symmetric functions and is associated with a so-called

quadrinomial lattice model for the price trajectories of two correlated stocks. We also discuss how

to extend our PMF result for three or more correlated stocks.
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In Chapter 5, we generalize the notion of a symmetric pair (f,X) to a so-called multi-group sym-

metric pair with X ⊆ Rn being the product of m identical hyperrectangles. We address the max-

imization and minimization of f(x) over X and show that in many cases, particularly when m is

large in comparison to the size of each group N , exploitation of multi-group symmetry requires

much fewer extreme point function evaluations than that required for a generic multilinear func-

tion. That is, with M = 2N , one need only consider

Next =

(
m+M − 1

m

)
extreme points. Also in Chapter 5, we consider a so-called groupwise affine symmetric pair

where X is the product of m identical polytopes each with M extreme points. We first show

that as a result of f(x) being groupwise affine, a maximum and minimum occur at the extreme

points of the polytope X. Then, by taking advantage of multi-group symmetry, we arrive at the

same formula of Next for the number of extreme points to be considered. This compares to Mm

extreme points which are required without multi-group symmetry. As an application, we consider

the case where f(x) is a groupwise affine trading gain that results from trading two correlated

stocks using a linear feedback strategy. We estimate the best and worst case values of f(x) after m

days of trading.

In Chapter 6, we present a highlight of this dissertation. Namely, we study a class of inventory car-

rying cost problems which fall under the umbrella of resource allocation. The minimization prob-

lems we consider involve n suppliers m warehouses and a single resource. The i-th supplier can

send resource amount xi,j ≥ 0 to a prescribed subset of warehouses. We seek to minimize f(x),

the total “inventory carrying costs,” which is seen to be a separable, concave sum of symmetric

functions. The constraint set X is taken to be a simplex associated with admissible resource al-

locations. Then, by making use of Schur concavity, consistent with other results in this thesis,

it is shown that the number of extreme point function evaluations one needs to perform to find a

solution can be dramatically less than the number of extreme points of X. To achieve these results,

we introduce a new technical concept called the Ordered Loading Property (OLP). We prove that

the number of such extreme points having this property is m! regardless of the value of n, while
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for fixed m, the number of extreme points of X can be many orders of magnitudes larger than the

number of OLP points.

In Chapter 7, we provide concluding remarks and directions for further research. In particular,

we consider an alternate version of the resource allocation problem in Chapter 6 including the

geographical location of the suppliers. We also consider how we can generalize our multi-group

symmetric theory to cases where only a subset of variables enter into a multi-group function sym-

metrically. Finally, we consider some robust stability problems where symmetry can be exploited.
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Chapter 2

On Representation of a Symmetric Multilinear Function

In this chapter, we provide a characterization of symmetric multilinear functions. We show that

a generic symmetric multilinear function f(x), for x = (x1, x2, . . . , xn) ∈ Rn, is a linear combi-

nation of elementary symmetric functions. These elementary symmetric functions come from the

field of abstract algebra.

2.1 Elementary Symmetric Functions

2.1.1 Definition: For x = (x1, x2, . . . , xn) ∈ Rn, the elementary symmetric functions e0(x),

e1(x), e2(x), . . ., en−1(x), en(x), see [2], are given by

e0(x) ≡ 1;

e1(x)
.
=

n∑
i=1

xi;

e2(x)
.
=

∑
1≤i<j≤n

xixj;

e3(x)
.
=

∑
1≤i<j<k≤n

xixjxk;

e4(x)
.
=

∑
1≤i<j<k<l≤n

xixjxkxl;

e5(x)
.
=

∑
1≤i<j<k<l<m≤n

xixjxkxlxm;

...

en(x)
.
=

n∏
i=1

xi.

Note that the i-th such function has
(
n
i

)
terms and ei(x) = 0 if i > n.

2.1.2 Properties: The elementary symmetric functions have several nice properties. Affine linear

combinations of elementary symmetric functions are also symmetric functions. Finally, elementary

symmetric functions satisfy a recursive relationship. That is, if x = (x1, x2, . . . , xn) ∈ Rn and
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x̄ = (x1, x2, . . . , xn−1) ∈ Rn−1, then

ei (x) = ei (x̄) + ei−1 (x̄)xn

for i = 1, 2, . . . , n. Note that en(x̄) = 0 and the number of terms in the above relation is in

agreement with the identity (
n

i

)
=

(
n− 1

i

)
+

(
n− 1

i− 1

)
.

2.2 Main Result: Representation of a Multilinear Symmetric Function

Per the discussion in Chapter 1, in this section, we see that the desired characterization of symmet-

ric multilinear functions is easy to obtain under the strengthened hypothesis that f(x) is multilin-

ear. No abstract algebra concepts are needed, making the ideas more accessible to the engineering

community.

2.2.1 Theorem: A multilinear function f : Rn → R is symmetric if and only if it can be expressed

in the form

f(x) =
n∑
i=0

aiei(x),

where the ei(x) are the elementary symmetric functions and a0, a1, . . . , an−1, an are real constants.

2.2.2 Preliminaries: To facilitate the proof, we define the mappings

σi : {1, 2, . . . , n− 1, n}→{1, 2, . . . , n− 1, n}

as follows: For i = 1, we take σ1 to be the identity mapping. Then, for i = 2, 3, . . . , n− 1

σi(j)
.
=


i if j = 1;

j − 1 if 1 < j ≤ i;

j if i < j ≤ n.

Finally for i = n, let

σn(j)
.
=

 n if j = 1;

j − 1 if 1 < j ≤ n.
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Now using σ1, σ2, . . . , σn, we define the distinguished permutations of x = (x1, x2, . . . , xn) ∈ Rn

as mappings with components

xσij
.
= xσi(j),

for i = 1, 2, . . . , n and j = 1, 2, . . . , n. For example, if n = 5, the distinguished permutations are

xσ1 = (x1, x2, x3, x4, x5) ;

xσ2 = (x2, x1, x3, x4, x5) ;

xσ3 = (x3, x1, x2, x4, x5) ;

xσ4 = (x4, x1, x2, x3, x5) ;

xσ5 = (x5, x1, x2, x3, x4) .

Now, for a symmetric function f(x), we observe that

f(xσj) = f(x)

for j = 1, 2, . . . , n.

2.2.3 Proof of Theorem 2.2.1: Sufficiency is trivial since every multilinear function of the form

f(x) =
n∑
i=0

aiei(x).

is symmetric by inspection. In order to establish necessity, suppose f(x) is an arbitrary symmetric

multilinear function. Then, it can be expressed as

f(x) = a0 +
n∑
i=1

bixi +
∑

1≤j<k≤n
1≤i≤(n

2)

cixjxk +
∑

1≤j<k<l≤n
1≤i≤(n

3)

dixjxkxl + · · · + anen(x)

where a0, bi, ci, di, . . . , an are constants. Since f(x) is symmetric, we claim that the coefficients

must satisfy the equations

b1 = b2 = · · · = b(n
1)

;

c1 = c2 = · · · = c(n
2)

;

d1 = d2 = · · · = d(n
3)
.

...
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To prove the equalities above, we invoke symmetry. That is, using the distinguished permutations

defined above, the necessary conditions

f(xσ1)− f(x) = 0;

f(xσ2)− f(x) = 0;

...

f(xσn)− f(x) = 0

must be satisfied. That is

f(xσ1)− f(xσj) = 0

for j = 1, 2, . . . , n. Now, to show all the bi coefficients are the same, all the ci coefficients are the

same, all the di coefficients are the same and so on, in each case we use n distinguished vectors

with components that consists of ones and zeros and substitute them into equation above. There

are n distinguished vectors that show all the bi coefficients are the same, n distinguished vectors

that show that all the ci coefficients are the same, n distinguished vectors that show all the di

coefficients are the same, etc. For notational simplicity, we demonstrate how this procedure works

for n = 3 noting that the same method of proof works for arbitrary n. Now, for n = 3, the arbitrary

symmetric multilinear function is given by

f(x) = a0 + b1x1 + b2x2 + b3x3 + c1x1x2 + c2x1x3 + c3x2x3 + a3x1x2x3.

Now, the three necessary conditions f(xσ1)− f(xσj) = 0 reduce to the two equations

(b1 − b2)x1 + (b2 − b1)x2 + (c2 − c3)x1x3 + (c3 − c2)x2x3 = 0;

(b1 − b2)x1 + (b2 − b3)x2 + (b3 − b1)x3 + (c1 − c3)x1x2 + (c2 − c1)x1x3

+ (c3 − c2)x2x3 = 0.

since the first equation is redundant. To show all the bi coefficients are the same, we use the 3

distinguished vectors

(1, 0, 0), (0, 1, 0), (0, 0, 1).
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Substituting (1, 0, 0) into our system of equations forces

b1 = b2.

Now our original set of equations reduce to

(c2 − c3)x1x3 + (c3 − c2)x2x3 = 0;

(b2 − b3)x2 + (b3 − b1)x3 + (c1 − c3)x1x2 + (c2 − c1)x1x3 + (c3 − c2)x2x3 = 0.

Substituting (0, 1, 0) into previous equations we get

b2 = b3.

Since b1 = b2 and b2 = b3, we can conclude that b1 = b2 = b3. Now, to consider the ci, note that

our set of equations now reduces to

(c2 − c3)x1x3 + (c3 − c2)x2x3 = 0;

(c1 − c3)x1x2 + (c2 − c1)x1x3 + (c3 − c2)x2x3 = 0.

Now to show all the ci coefficients are the same, we use the 3 distinguished vectors

(1, 1, 0), (1, 0, 1), (0, 1, 1).

Substituting (1, 1, 0) leads to

c1 = c3.

With c1 = c3, we can further reduce our set of equations to

(c2 − c3)x1x3 + (c3 − c2)x2x3 = 0;

(c2 − c1)x1x3 + (c3 − c2)x2x3 = 0.

Now substituting the second distinguished vector (1, 0, 1) leads to

c2 = c3;

c2 = c1,
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above. Therefore c1 = c2 = c3. Since we now have all bi equal and all ci equal, f(x) reduces to

f(x) = a0 + b1(x1 + x2 + x3) + c1(x1x2 + x1x3 + x2x3) + a3x1x2x3.

Now via the change of notation a1 = b1 and a2 = c1, we obtain the form

f(x) = a0 + a1e1(x) + a2e2(x) + a3e3(x).

Now, for general n, using a similar procedure with distinguished vectors each having n− i entries

xi = 1 and the remaining xi = 0, the symmetric multilinear function f(x) can be simplified to

f(x) =
n∑
i=0

aiei(x).
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Chapter 3

Symmetric Multilinear Optimization Problems

This chapter considers several optimization problems involving the maximization and minimiza-

tion of a symmetric multilinear function f(x) on a symmetric hypercube X with center x0 ∈ Rn

and radius r. For notational convenience, using the l∞ norm, we write

X
.
=
{
x ∈ Rn : ‖x− x0‖∞ ≤ r

}
.

With X symmetric, it is easy to see that all components of the center point x0 must have the same

value; i.e., the center is of the form x0 = (c, c, . . . , c) for some c ∈ R. It is well known that the

maximum and minimum of a multilinear function on a hypercube is attained among its 2n extreme

points; e.g., see [3]. For the symmetric pair (f,X) above, it will be shown that we only need to

consider at most n + 1 extreme points as opposed to 2n extreme points for a general multilinear

problem. In other words, in the symmetric case, one need only consider a linear number of extreme

points in contrast to an exponential number in the general case. Since real-world problems often

involve large n, this reduction in computational complexity is dramatic.

We apply this result to the example involving financial markets described in Section 1.2.1. To

this end, we find the minimum and maximum of a symmetric multilinear trading gain function

that arises from using the “Simultaneous Long-Short” strategy in [53]. Finally, in this chapter, we

establish a specialized Mapping Theorem for the symmetric pair (f,X); recall Section 1.4.1 and

see [33]. In this case, we see that the convex hull of the range of f(x) is obtained by using only

n+ 1 extreme points as opposed to 2n extreme points for a general multilinear function.
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3.1 Transformation to Unit Hypercube

In the sequel, it is often convenient to work on the unit hypercube. This simplifies both notation

and proofs. For the unit hypercube, in terms of the notation above, we have center x0 = 0 and

X
.
= {x ∈ Rn : ‖x‖∞ ≤ 1} .

3.1.1 Relationship Between General Hypercube and Unit Hypercube: Let (f,X) be a sym-

metric pair with f(x) multilinear with X being a hypercube having center x0 and radius r ≥ 0.

Given f(x) expressed in terms of elementary symmetric functions as

f(x) =
n∑
i=0

aiei(x),

define the multilinear function f̃ : Rn→R by

f̃(x)
.
=

n∑
i=0

ãiei(x)

where

ãi
.
= ri

n−i∑
k=0

(
n− i
k

)
ckak+i

for i = 0, 1, . . . , n. Then, it is easy to see that

min
x∈X

f(x) = min
‖x‖∞≤1

f̃(x);

max
x∈X

f(x) = max
‖x‖∞≤1

f̃(x).

Further if x̃∗ is an optimal element for f̃(x), it can be readily shown that

x∗ = rx̃∗ + x0

is an optimal element for f(x).

It is interesting to note that the coefficient vectors a and ã representing f(x) and f̃(x) above can

be represented in a compact matrix form. Indeed, a lengthy but straightforward calculation leads

to

ã = (AP◦B) a
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where ◦ is the Hadamard product for matrices, P is an upper triangular matrix whose non-zero

entries are taken from Pascal’s triangle,

A
.
= diag

(
1, r1, r2, . . . , rn

)
,

and B is an upper triangular matrix

B
.
=



1 c c2 · · · cn−1 cn

0 1 c · · · cn−2 cn−1

0 0 1 · · · cn−3 cn−2

...
...

... . . . ...
...

0 0 0 · · · 1 c

0 0 0 · · · 0 1


.

3.1.2 Example (Generic Hypercube to Unit Hypercube): With n = 2, r = 2 and c = 2, the

symmetric hypercube X is described by

X =
{
x ∈ R2 : ‖x− x0‖∞ ≤ 2

}
with center x0 = (2, 2). Now given the symmetric multilinear function

f(x) = 5 + 5(x1 + x2) − 2x1x2,

a straightforward calculation leads to

f̃(x) = −8x1x2 + 2(x1 + x2) + 17

and the maximum of f̃ occurs at x̃∗ = (−1, 1). In addition, the transformation above leads to

x∗ = (0, 4) and optimal values f(x∗) = f̃(x̃∗) = 25.
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3.2 Extreme Points of X

The set of extreme points of a symmetric hypercube X, denoted by Xext, are straightforward to

describe. That is, Xext consists of the 2n points x = (x1, x2, . . . , xn) ∈ Rn with

xi∈{c− r, c+ r}

for i = 1, 2, . . . , n. As mentioned earlier in this chapter, it is well known that the maximum and

minimum of a multilinear function f(x) defined on a hypercube is found among its extreme points.

In other words,

min
x∈X

f(x) = min
x∈Xext

f(x);

max
x∈X

f(x) = max
x∈Xext

f(x).

In the theorem to follow, we see that symmetry of the pair (f,X) makes it possible to solve the

maximization and minimization problems above using only n+ 1 distinguished extreme points.

3.3 Maximization and Minimization of a Symmetric Multilinear Function

In this section, we see how symmetry is exploited to simplify the solution of the problems above.

3.3.1 Preliminaries: To facilitate the proof of the theorem to follow, we define the sets

Xk
.
= {x : k components xi = c+ r and n− k components xi = c− r} ,

for k = 0, 1, . . . , n and notice that

Xext =
n⋃
k=0

Xk

partitions Xext into n+ 1 disjoint sets each of size ‖Xk‖ =
(
n
k

)
.
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We also define the distinguished extreme point set XK by selecting one element from each of the

sets Xk defined above. For Xk, with 1 ≤ k ≤ n− 1, the selection we make has components

xi =

 c+ r if 1 ≤ i ≤ k;

c− r if k + 1 ≤ i ≤ n.

The vectors (c− r, c− r, . . . , c− r) and (c+ r, c+ r, . . . , c+ r) are used for k = 0 and k = n

respectively. Note that the cardinality of ‖XK‖ = n+ 1.

To illustrate construction of the sets Xk and XK defined above, suppose that n = 3, c = 55, and

r = 45. Then the associated hypercube X, has extreme point set

Xext =
3⋃

k=0

Xk

and moreover,

X0 = {(10, 10, 10)} ;

X1 = {(100, 10, 10) , (10, 100, 10) , (10, 10, 100)} ;

X2 = {(100, 100, 10) , (100, 10, 100) , (10, 100, 100)} ;

X3 = {(100, 100, 100)}

and the distinguished extreme point set is

XK = {(10, 10, 10) , (100, 10, 10) , (100, 100, 10) , (100, 100, 100)} ,

with cardinality ‖XK‖ = 4 while ‖Xext‖ = 8.

3.3.2 Theorem: Let (f,X) be a symmetric pair with f(x) multilinear and X being a symmetric

hypercube with distinguished extreme point set XK. Then

min
x∈X

f(x) = min
x∈XK

f(x);

max
x∈X

f(x) = max
x∈XK

f(x).
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3.3.3 Proof: We only provide a proof of the maximization case since the proof for the minimiza-

tion case is nearly identical. Per the discussion in Section 3.1, without loss of generality, we take

X to be the unit hypercube. From the “ordinary” Mapping Theorem, we know that an optimal

element x∗ can be found in Xext; see Section 3.2. Now in view of symmetry, f(x) is constant

on Xk for each k = 0, 1, . . . , n. In other words all the
(
n
k

)
extreme points associated with the set

Xk all evaluate to the same function value. Hence, to obtain the maximum of f(x), we need only

consider one extreme point from each set Xk. Since the set XK is comprised of n+ 1 such points,

we conclude that

max
x∈X

f(x) = max
x∈XK

f(x).

3.4 Illustrative Example

To illustrate application of the theorem above, we take n = 4 and consider finding the maximum

of the symmetric multilinear function

f(x) = 7 − 3(x1 + x2 + x3 + x4) + 5(x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4)

+ 8(x1x2x3 + x1x2x4 + x1x3x4 + x2x3x4) − 7x1x2x3x4

on the symmetric hypercube X with center x0 = (5, 5, 5, 5) and radius r = 2. According to the

theorem, we first generate the distinguished extreme point set

XK = {(3, 3, 3, 3) , (7, 3, 3, 3) , (7, 7, 3, 3) , (7, 7, 7, 3) , (7, 7, 7, 7)} .

Now evaluating f(x) at each of these extreme points, we find a maximizer occurs at x∗ = (7, 7, 3, 3)

and associated optimal value f (x∗) = 930. By taking advantage of symmetry, instead of having

to consider 24 = 16 extreme points we only used 5 extreme points.
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3.5 Application: Stock Trading Example

In this section, we analyze the symmetric multilinear stock trading gain resulting from a so-called

“Simultaneous Long Short” linear feedback controller introduced in [53]. The symmetric function

of interest is given by

f(x) =

[
n−1∏
i=0

(1 + x(i)) +
n−1∏
i=0

(1− x(i)) − 2

]
where x = (x(0), x(1), . . . , x(n− 1)) represents the daily returns and n represents the number

of trading days. We consider the symmetric hypercube X with radius 0 < r < 1 and our goal

is to find the minimum and maximum value of f(x). Now, because (f,X) is a symmetric pair,

according to Theorem 3.3.2, both the maximum and minimum of f(x) will occur at one of the

n+ 1 distinguished extreme points in the set

XK = {(−r,−r,−r, . . . ,−r) , (r,−r,−r, . . . ,−r) , . . . , (r, r, . . . , r,−r) , (r, r, r, . . . , r)} .

If f(x) were not symmetric, we would have to evaluate f(x) at each of the 2n extreme points of

Xext to find its minimum or maximum. Now, as a result of the structure of f(x) for this problem, we

can actually find a formula for the optimum without recourse to multiple extreme point evaluations.

By substituting r for k components of x and −r for n − k components, it suffices to study the

function

f̃(k)
.
=
[
(1 + r)k(1− r)n−k + (1− r)k(1 + r)n−k − 2

]
where 0 ≤ k ≤ n. In the theorem below, we see that the maximum and minimum value of f̃(x)

can be found in closed form.

3.5.1 Theorem: The minimum and maximum values of the trading gain f(x) are given by

min
x∈X

f(x) =


2
[
(1− r2)

n
2 − 1

]
for n even;

2
[
(1− r2)b

n
2
c − 1

]
for n odd;

max
x∈X

f(x) = [(1 + r)n + (1− r)n − 2] for all n.
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For n even, every point x ∈ Xk with k = n
2

is a minimizer and one such point is given by

x∗i =

 r for 1 ≤ i ≤ n
2
;

−r for n
2

+ 1 ≤ i ≤ n.

For n odd, the minimum occurs at every point x ∈ Xk1∪Xk2 with k1 = bn
2
c and k2 = dn

2
e. Two

such points are given by

x∗i =

 r for 1 ≤ i ≤ bn
2
c;

−r for bn
2
c+ 1 ≤ i ≤ n

and

x∗i =

 r for 1 ≤ i ≤ dn
2
e;

−r for dn
2
e+ 1 ≤ i ≤ n.

The maximum occurs at x∗ = (−r,−r,−r, . . . ,−r) and (r, r, r, . . . , r).

3.5.2 Proof: Since (f,X) is a symmetric pair with f(x) multilinear and X being a hypercube,

we know from Theorem 3.3.2, that the minimum and maximum of f(x) occurs at one of the

distinguished extreme points of XK given by

XK = {(−r,−r,−r, . . . ,−r) , (r,−r,−r, . . . ,−r) , . . . , (r, r, . . . , r,−r) , (r, r, r, . . . , r)} .

Now, recalling the function f̃(k) above, notice that the values f̃(0), f̃(1), . . . , f̃(n) correspond to

f(x) evaluated at each of the elements of the distinguished extreme point set XK. Noting that

f̃(k) is convex when k is treated as a continuous variable, if the minimum occurs at an integer,

the minimum for continuous k will be the same as the minimum for discrete k. If the minimum

for continuous f̃(k) does not occur at an integer, as a result of the convexity of the function, for

discrete f̃(k), the minimum will occur at one or both of the two closest integers bracketing this

minimum. By calculus, it is straightforward to verify that for continuous k,

df̃

dk

∣∣∣∣∣
k=n

2

= 0;

d2f̃

dk2

∣∣∣∣∣
k=n

2

≥ 0.
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Therefore the minimum of f̃(k) for continuous k occurs at k∗ = n
2
. When n is even this corre-

sponds to discrete minimize k∗ = n
2

as well, and

f̃
(n

2

)
= 2

[(
1− r2

)n
2 − 1

]
.

Note that k∗ = n
2

corresponds to distinguished extreme point

x∗i =

 r for 1 ≤ i ≤ n
2
;

−r for n
2

+ 1 ≤ i ≤ n.

For n
2
, if k∗ is not an integer, the minimum for f̃(k) for discrete k will occur at either k∗ = dn

2
e or

k∗ = bn
2
c. However, since

f̃
(
dn

2
e
)

= f̃
(
bn

2
c
)

= 2
[(

1− r2
)bn

2
c − 1

]
,

both of these candidates are optimal. In summary, the optimal elements k∗ = dn
2
e and k∗ = bn

2
c

correspond to distinguished extreme point

x∗i =

 r for 1 ≤ i ≤ dn
2
e;

−r for dn
2
e+ 1 ≤ i ≤ n

and

x∗i =

 r for 1 ≤ i ≤ bn
2
c;

−r for bn
2
c+ 1 ≤ i ≤ n.

As a result of the convexity of f̃(k), for continuous k, its maximum occurs at either k∗ = 0 or

k∗ = n, or both. However since f̃(0) = f̃(n), it occurs at both. Hence we obtain maximum value

f̃(0) = f̃(n) = [(1 + r)n + (1− r)n − 2]

and corresponding optimal elements x∗ = (−r,−r,−r, . . . ,−r) and x∗ = (r, r, r, . . . , r).

3.5.3 Examples: When n = 4,

min
x∈X

f(x) = 2
[
(1− r)2 − 1

]
; x∗ = (r, r,−r,−r) ;

max
x∈X

f(x) =
[
(1 + r)4 + (1− r)4 − 2

]
; x∗ = {(−r,−r,−r,−r) , (r, r, r, r)} .
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When n = 5,

min
x∈X

f(x) = 2
[
(1− r)2 − 1

]
; x∗ = {(r, r,−r,−r,−r) , (r, r, r,−r,−r)} ;

max
x∈X

f(x) =
[
(1 + r)5 + (1− r)5 − 2

]
; x∗ = {(−r,−r,−r,−r,−r) , (r, r, r, r, r)} .

3.6 Mapping Theorem for Symmetric Multilinear Functions

In this section, we provide a specialized version of the Mapping Theorem which applies to a

symmetric pair (f,X); see Section 1.4.1 where this topic is first discussed.

3.6.1 Theorem (Symmetric Mapping): Suppose f : Rn→Rk has components fi(x) that are

symmetric multilinear functions and X ⊆ Rn is an symmetric hypercube with distinguished ex-

treme point set XK. Then

conv f (X) = conv f (XK) .

3.6.2 Preliminaries: In preparation for the proof of the theorem, we first review the well-known

definition of a support function; e.g., see [67]. For X ⊆ Rn the support function h : Rn→R on X

is defined by

h(y)
.
= sup

x∈X
yTx

where x and y are column vectors and yT is the transpose of y. Now for a polytope,

X = conv (Xext) ,

given any y ∈ Rn, it is also well known and easy to show that we can obtain the support function

of X by using Xext, the extreme points of X . That is,

h(y) = max
x∈Xext

yTx.

Finally, another important well-known property which we need is that if two closed sets X1 ⊆ Rn

and X2 ⊆ Rn have the same support function h(y), then

conv X1 = conv X2.
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3.6.3 Proof of Theorem 3.6.1: We prove the theorem by making use of the preliminaries above.

Indeed, we first define the finite point set

F .
= f (XK) .

It suffices to show that f (X) and F have the same support function. Indeed, let y ∈ Rk be

arbitrarily fixed and let hf (y) and hF(y) denote the support functions on f (X) and F respectively.

Beginning with

hf (y) = sup
x∈X

yTf (x),

and observing that f̃(x) = yTf(x) is a symmetric function for each fixed y ∈ Rn, in view of

Theorem 3.3.2 and the compactness of X, we obtain

hf (y) = max
x∈X

f̃(x) = max
x∈XK

yTf(x) = hF(y),

where we have also used the fact that f (XK) and conv f (XK) have the same support function.

3.7 Further Research

In this chapter, we have shown how to efficiently find the maximum and minimum of a symmetric

multilinear function f(x) over a symmetric hypercube X. Exploiting symmetry, one only need

to consider n + 1 extreme points as opposed to the 2n extreme points required for the generic

non-symmetric case. We now discuss directions for future research along this line.

3.7.1 Min and Max of Multi-Group Symmetric Multilinear Functions: In Chapter 5, we will

introduce the notion of an multi-group symmetric function f(x). This will allow us to extend the

results in this chapter to cover optimization problems under a less stringent requirement. In our

multi-group symmetric theory, the variables x1, x2, . . . , xn of x, get partitioned into m groups,

each of equal size N .
= n/m where n is divisible by m. For the case where f(x) is multilinear

and X is the Cartesian product of m identical hyperrectangles, each with M = 2N extreme points,

we prove that to find an optimum for both the minimization and maximization cases, f(x) only
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needs to be evaluated at

Next
.
=

(
m+M − 1

m

)
extreme points rather than 2n for a generic multilinear function. For the limiting case whenm = n,

each group has size N = 1, X becomes a hypercube, multi-group symmetry reduces to symmetry

and Next = n+ 1.

3.7.2 Minimization of Symmetric Convex Function: In this section, we give a conjecture for

a minimizer of a a symmetric convex function f(x) on a symmetric convex set, not necessarily

a hypercube, X⊆Rn. If the conjecture is proved to be true, then an n-dimensional optimization

problem becomes a one-dimensional optimization problem. Suppose f(x) is such that a minimizer

exists. Then, we conjecture that f(x) has a minimizer x∗ ∈ X of the form

x∗ = (γ, γ, . . . , γ)

for some γ ∈ R. To illustrate the ramifications if this conjecture proves to be true, suppose X = R3

and

f(x) = 5
(
x21 + x22 + x23

)
+ 5 (x1x2 + x1x3 + x2x3) + 2 (x1 + x2 + x3) .

Now, f(x) is symmetric by inspection and it is also a strictly convex function since its Hessian

H(x) =


10 5 5

5 10 5

5 5 10


is positive definite. To find the minimum of f(x), we set x1 = x2 = x3 = γ. Then a straightfor-

ward calculation yields

f(γ, γ, γ) = 30γ2 + 6γ,

whose global minimum is trivially obtained with γ = −0.1. In this case the corresponding optimal

value is readily found to be

f ∗ = f (−0.1,−0.1,−0.1) = −0.3.
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Chapter 4

On Symmetric Functions of Discrete Random Variables

In this chapter, we consider the probability distribution functions, both the cumulative distribution

function (CDF) and probability mass function (PMF), for a symmetric function S(X) with under-

lying random vector X whose components Xi are independent and identically distributed. As a

result of the symmetry of S(X), the number of terms required to compute the PMF and CDF is

seen to be “drastically” reduced in comparison to the non-symmetric case. Note that in this chapter

we represent symmetric functions with the notation S(X) rather than f(x) which we reserve for

probability density functions. To this end, we denote the CDF of S(X) by FS(x) and the PMF by

fS(x). As an application, we also revisit the example involving financial markets that was consid-

ered in Chapter 3. That is, we find the PMF and CDF of the symmetric multilinear function that

arises from stock market trading using the so-called “Simultaneous Long-Short” method. In this

context, the random vector X has i.i.d. components Xi that take on only two values.

Subsequently, later in the chapter, we consider another financial market application. We first look

at the case where S(X) is the trading gain that occurs from using linear feedback and a binomial

lattice, see [59], for propagating stock prices. Then, we consider a second case where S(X) is the

trading gain that occurs when a so-called quadrinomial lattice, see [58], is used to propagate a pair

of correlated stock prices. For both cases, we find the PMF of S(X). By way of future research,

we consider the form of the PMF of S(X) with m = 3 stocks. In this case, S(X) is the sum of

three symmetric multilinear functions. These special sums show promise for more general PMF

results involving generic sums of symmetric functions.
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4.1 Description of Random Variables

In this chapter, the random vectorX = (X1, X2, . . . , Xn) has componentsXi which are assumed to

be i.i.d. discrete random variables having common mass concentration points x1 < x2 < · · · < xl,

for i = 1, 2, . . . , n. That is, each Xi takes on l distinct values and its probability mass function is

described by

pj
.
= P (Xi = xj) ; j = 1, 2, . . . , l

with all pj≥0 and p1 + p2 + · · ·+ pl = 1.

4.2 Derivation of CDF and PMF of S(X)

4.2.1 Preliminaries: To state Theorem 4.2.3 to follow, we require some notation. WithX defined

as above and S (X) a symmetric multilinear function, we first define the index set

K .
=

{
K = (k1, k2, . . . , kl) ∈ Zl+ :

l∑
j=1

kj = n

}
.

Now, for each K = (k1, k2, . . . , kl) ∈ K, we take XK to be the event

XK
.
= {x∈Rn : exactly kj components of X are xj for j = 1, 2, . . . , l} .

The cardinality of XK is

‖XK‖ =
n!

k1!k2!· · ·kl!

and we note that X is partitioned as

X
.
=

⋃
K∈K

XK .
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Now, for each K ∈ K we define the distinguished vector xK ∈ XK by

xKi
.
=



x1 for 1 ≤ i ≤ k1;

x2 for k1 + 1 ≤ i ≤ k1 + k2;

x3 for k1 + k2 + 1 ≤ i ≤ k1 + k2 + k3;
...

xl for
∑l−1

j=1
kj + 1 ≤ i ≤ n

for i = 1, 2, . . . , n, with appropriate deletions above for ki = 0.

4.2.2 Example Illustrating Notation: To provide an example of the construction above, suppose

l = 3 and n = 4. Then

K =
{
K = (k1, k2, k3) ∈ Z3

+ : k1 + k2 + k3 = 4
}

and

K =



(0, 0, 4) , (0, 1, 3) , (0, 2, 2)

(0, 3, 1) , (0, 4, 0) , (1, 0, 3)

(1, 1, 2) , (1, 2, 1) , (1, 3, 0)

(2, 0, 2) , (2, 1, 1) , (2, 2, 0)

(3, 0, 1) , (3, 1, 0) , (4, 0, 0)


.

Now to illustrate construction of xK , suppose K = (0, 2, 2), then

XK =

(x2, x2, x3, x3) , (x2, x3, x2, x3) , (x2, x3, x3, x2)

(x3, x2, x2, x3) , (x3, x2, x3, x2) , (x3, x3, x2, x2)

 ,

‖XK‖ = 6 and

xK = (x2, x2, x3, x3) .
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4.2.3 Theorem: Given the symmetric function S : Rn→R and the discrete i.i.d. random variables

X1, X2, . . . , Xn, the CDF FS(x) and PMF fS(x) are given respectively by

FS(x) =
∑
K∈K

pk11 p
k2
2 · · ·p

kl
l

(
n!

k1!k2!· · ·kl!

)
u
(
x− S

(
xK
))

;

fS(x) =
∑
K∈K

pk11 p
k2
2 · · ·p

kl
l

(
n!

k1!k2!· · ·kl!

)
δ
(
x− S

(
xK
))

where u (·) denotes the unit step function and δ (·) denotes the Dirac delta function.

4.2.4 Proof of Theorem 4.2.3: Recalling the partition of X above in terms of XK , we invoke the

law of total probability to obtain

FS(x) = P (S (X) ≤ x) =
∑
K∈K

P (S (X) ≤ x |X ∈ XK )P (X ∈ XK) .

Now, since S(X) is symmetric and constant on XK , taking representative xK ∈ XK , we have

P (S (X) ≤ x |X ∈ XK ) =

 0 if S
(
xK
)
> x;

1 if S
(
xK
)
≤ x;

= u
(
x− S

(
xK
))
.

Now substituting in FS(x) above yields

FS(x) =
∑
K∈K

u
(
x− S

(
xK
))
P (X ∈ XK) .

Next using the fact that the Xi are i.i.d., we have

P (X ∈ XK) = pk11 p
k2
2 · · ·p

kl
l ‖XK‖

= pk11 p
k2
2 · · ·p

kl
l

(
n!

k1!k2!· · ·kl!

)
.

This leads to the final expression for the CDF which is

FS(x) =
∑
K∈K

pk11 p
k2
2 · · ·p

kl
l

(
n!

k1!k2!· · ·kl!

)
u
(
x− S

(
xK
))

and the PMF formula follows trivially via differentiation.
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4.2.5 Remarks on Complexity of PMF Calculation: As a consequence of symmetry, the num-

ber of terms in FS(x) can be dramatically less than the number of terms obtained without symme-

try. Without symmetry, one would need to work with the formula for ‖XK‖, given in Section 4.2.1,

to determine P (S (X) ≤ x |X ∈ XK ). Also as a consequence of symmetry, the number of terms

required to compute both the CDF and PMF of S(X) in Theorem 4.2.3 is given by

N(l, n) =

(
n+ l − 1

n

)
rather than ln terms without symmetry; see [66]. Note that ‖K‖ = N(l, n).

4.3 Example: Trading Gain with a Two-Mass Distribution

In this section, we find the PMF associated with the symmetric multilinear trading gain equation

which arises from a “Simultaneous Long-Short” stock trading described in Section 3.5. Indeed,

we begin with the symmetric function for the trading gain given by

S(X) =

[
n−1∏
i=0

(1 +X(i)) +
n−1∏
i=0

(1−X(i)) − 2

]
.

We now consider the case when the components of

X = (X(0), X(1), . . . , X(n− 1)) ,

which represent the daily returns take on only two values like the Bernoulli distribution. Our anal-

ysis corresponds to l = 2 in Theorem 4.2.3.

To illustrate further, suppose 0 < r < 1, x1 = −r and x2 = r. Then we begin with

p1 = P (X(i) = −r) ; p2 = P (X(i) = r)

for i = 0, 1, 2, . . . , n − 1 with p1 ≥ 0 and p2 ≥ 0 as given with p1 + p2 = 1. Now, to apply

Theorem 4.2.3, use

K =
{
K = (k1, k2) ∈ Z2

+ : k1 + k2 = n
}
.
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and distinguished vectors xK with components

xKi =

 −r for 1 ≤ i ≤ k1;

r for k1 + 1 ≤ i ≤ k1 + k2

This leads to PMF

fS(x) =
∑
K∈K

pk11 p
k2
2

(
n!

k1!k2!

)
δ
(
x− S

(
xK
))

where, for K = (k1, k2) ∈ K,

S
(
xK
)

= (1 + r)k1(1− r)k2 + (1− r)k1(1 + r)k2 − 2.

Note that for this special case where l = 2 and the discrete random variable X(i) takes on two

values −r and r, the number of total Dirac functions is much less than the number of elements

in K. More specifically ‖K‖ = n+ 1 while the number of Dirac functions is given by dn+1
2
e.

Now for further illustration, suppose n = 5, then there are 6 terms in fS(x) obtained from

K =
{

(0, 5) , (1, 4) , (2, 3) , (3, 2) , (4, 1) , (5, 0)
}

corresponding distinguished vectors xK given by

x(0,5) = (r, r, r, r, r) ; x(1,4) = (−r, r, r, r, r) ; x(2,3) = (−r,−r, r, r, r) ;

x(3,2) = (−r,−r,−r, r, r) ; x(4,1) = (−r,−r,−r,−r, r) ; x(5,0) = (−r,−r,−r,−r,−r)

and the resulting PMF is given by

fS(x) =
(
p51 + p52

)
δ
(
x−

[
(1 + r)5 + (1− r)5 − 2

])
+ 5p1p

4
2δ
(
x−

[
(1− r)(1 + r)4 + (1 + r)(1− r)4 − 2

])
+ 10p21p

3
2δ
(
x−

[
(1− r)2(1 + r)3 + (1 + r)2(1− r)3 − 2

])
+ 10p31p

2
2δ
(
x−

[
(1− r)3(1 + r)2 + (1 + r)3(1− r)2 − 2

])
+ 5p41p2δ

(
x−

[
(1− r)4(1 + r) + (1 + r)4(1− r)− 2

])
.
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After expanding the products in r associated with each point mass and combining like terms, the

PMF reduces to

fS(x) =
(
p51 + p52

)
δ
(
x− 10r4 − 20r2

)
+ 5

(
p1p

4
2 + p41p2

)
δ
(
x+ 6r4 − 4r2

)
+ 10

(
p21p

3
2 + p31p

2
2

)
δ
(
x− 2r4 + 4r2

)
.

and there are 3 Dirac functions as expected. To provide a more concrete final result, we take

p1 = 0.4, p2 = 0.6 and r = 0.1 in the equation above and we find that

fS(x) ≈ 0.088δ (x− 0.201) + 0.336δ (x− 0.0394) + 0.576δ (x+ 0.0398).

Since our example above is only for 5 trading days, the PMF of the trading gain is very sparse.

Figure 4.1 shows the central portion of the PMF based on a new calculation using a one-year period

with n = 252 and the same parameters p1, p2 and r. Each stem in the figure represents a Dirac

function. Although not all visible in Figure 4.1, the total number of Dirac functions is 127 rather

than 253 in the general case.
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Figure 4.1 PMF of fS(x) for n = 252 Trading Days
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4.4 Symmetry Over a Stock-Price Lattice

In the remaining sections of this chapter, we consider another example involving financial markets.

In particular, we focus on the stochastic characterization of the trading gain garnered from the use

of linear feedback with stock prices varying over a lattice. We begin with the simple case of

a single stock and assume that the underlying stock price is governed by the classical binomial

model of Cox, Ross and Rubinstein [59]. From this starting point, we derive the resulting PMF for

the discrete-time trading gain. We then consider the case of two correlated stocks governed by a

so-called quadrinomial lattice and derive the PMF its discrete-time trading gain.

Figure 4.2 Two Stages of a Binomial Lattice

4.5 Binomial Lattice Model

This model is described in terms of two parameters u > 1, 0 < d < 1 and a given probability p

of “up”; see [59]. Then, going forward in time from some stock price S at stage k, it is assumed

that the next price at stage k+ 1 is Su with probability p and Sd with probability 1− p. Figure 4.4
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illustrates the first two stages of a binomial lattice. At any stage k, S(k + 1) can either be S(k)u

or S(k)d. Later in this chapter, when working with a symmetric function over this lattice, thanks

to symmetry, we see that the PMF involves only n+ 1 point masses rather than 2n.

Figure 4.3 Single Transition Possibilities in Quadrinomial Lattice

4.6 Quadrinomial Lattice Model

The quadrinomial lattice model is a generalization of the binomial lattice model in [59] which is

used for a single stock. We now consider two correlated stocks. To this end, we work with a model

very similar to the one considered in [60] in option valuation; see also [61]-[62] for other examples

of option valuation via lattices and [63] for an introduction to lattice models in finance. For the

two-stock case under consideration, we have u1 > 1 and 0 < d1 < 1 as the “up-down parameters”

for the first stock price S1(k) and u2 > 1 and 0 < d2 < 1 for the second stock price S2(k). In

this more general case, beginning with price pair (S1, S2) at stage k in the lattice, there are four

possible branches and associated probabilities for the next price pair at stage k + 1. Namely, we

transition to (S1d1, S2d2) with probability p00, (S1d1, S2u2) with probability p01, (S1u1, S2d2) with

probability p10 and (S1u1, S2u2) with probability p11. These transitions are depicted in Figure 4.3

and the main result, a description of the PMF for trading gains, is given in Theorem 4.11.1.
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4.7 Trading Gain PMF Overview for Lattice Models

In this section, we first analyze the trading gains using a binomial lattice and then provide the

generalization to the quadrinomial lattice. At stage k, the amount invested is given by

I(k) = I0 +Kg(k)

with I0 being the initial amount, K being the feedback and g(k) the trading gain with g(k) < 0

denoting a loss. When I0 and K are positive, the interpretation of the feedback law above is that

the trader is “long” and benefits from increases in the stock price S(k). Conversely, when I0 andK

are negative, the trader is “short” and profits are accrued if S(k) decreases. Given this setting, the

problem formulations in papers [53]-[57] are closest to the one given here.

This PMF of the trading gain for the binomial lattice is seen to have the same form as the PMF

we found in the scenario in Section 4.3 for the “Simultaneous Long-Short” case. Our analysis is

then generalized to the case of two correlated stocks whose prices are governed by a quadrinomial

lattice model. We note that the PMF for the binomial lattice result can be obtained as a special case

of the quadrinomial analysis using two “perfectly” correlated stocks. In this chapter, we exploit

the symmetry property of the trading gains at stage k = n. They are a function of the random

vector X whose components are single-step returns from each stock. For the single stock case, we

used

X
.
= (X(0), X(1), . . . , X(n− 1))

where

X(k)
.
=

S(k + 1)− S(k)

S(k)

for k = 0, 1, . . . , n− 1. For the two stock case, we now take

X
.
= (X1, X2)

with random vector components

Xi
.
= (Xi(0), Xi(1), . . . , Xi(n− 1))
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for i = 1, 2 and

Xi(k)
.
=
Si(k + 1)− Si(k)

Si(k)

for k = 0, 1, . . . , n − 1. To denote the stochastic dependence of g(n) on X , in the sequel, when

convenient, we use the notation S(X)
.
= g(n). Since S(X) is invariant under permutations of

the random single-step returns Xi(k) for each stock, it is therefore a sum of symmetric functions.

Hence, instead of having 22n point masses describing its probability distribution, only (n+ 1)2 are

required. For the single-stock case where m = 1, instead of having 2n point masses for the PMF

of the trading gain, as a result of the symmetry of S(X), only (n+ 1) are required. After obtaining

the PMF of S(X) we provide numerical examples showing how it is found from both the binomial

and quadrinomial lattice models.

4.8 Trading Gain Dynamics for the Binomial Lattice

In this section, we discuss the trading gain dynamics of a single stock resulting from the use of the

linear feedback control I(k) = I0 +Kg(k) over a binomial lattice described by the triple (u, d, p).

We first derive sample path solutions for g(k) which result from a realization of the (u, d) se-

quences. Indeed, suppose that X(0), X(1), . . . , X(n − 1), X(n) is a sample path of stock returns

generated from some underlying stochastic process. Then, when we arrive at stage k with the

cumulative trading gains g(k), to update to stage k + 1, the increment to the trading gains, call

it ∆g(k), is obtained by multiplying the percentage change in the stock price X(k) by the amount

being invested I(k). That is,

∆g(k) = g(k + 1)− g(k) = X(k)I(k).

Now substituting the linear feedback I(k) = I0 +Kg(k) above and simplifying, we obtain update

dynamics

g(k + 1) = (1 +KX(k))g(k) +X(k)I0.
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By viewing the recursion above as a linear time-varying system with input X(k)I0, a formula

for S(X) is readily obtained via classical state-space methods. Indeed, via a lengthy but straight-

forward calculation, the solution is

S(X) =
I0
K

[
n−1∏
i=0

(1 +KX(i))− 1

]
,

where, considering the binomial lattice parameters u, d and p for i = 0, 1, . . . , n − 1 above, the

random variables X(i) are described by

P (X(i) = d− 1) = 1− p;

P (X(i) = u− 1) = p.

4.9 The PMF of S(X) for the Binomial Lattice

The first result of this chapter, the PMF of the trading gain S(X) for the binomial lattice case,

is given in the lemma below. Later in the chapter, this simple result is generalized to the more

complex quadrinomial lattice.

4.9.1 Lemma: Given the linear feedback control stock trading strategy I(k) = I0 + Kg(k) and

binomial lattice triple (u, d, p), let

xi
.
=

I0
K

[
(1 +K (u− 1))i(1 +K (d− 1))n−i − 1

]
for i = 0, 1, 2, ..., n. Then, the probability mass function for the trading gain or loss S(X) is the

sum of Dirac Delta functions given by

fS(x) =
n∑
i=0

(
n

i

)
pi(1− p)n−iδ (x− xi) .

4.9.2 Proof: To find fS(x), for the random variable S(X), we first note that there are 2n possible

paths through the lattice associated with the price S(k). However, since S(X) is a symmetric

function of the X(k), S(X) is invariant to any permutation of these returns. Hence, S(X) can
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only take on n+ 1 possible values given by

xi
.
=

I0
K

[
(1 +K (u− 1))i(1 +K (d− 1))n−i − 1

]
where i = 0, 1, . . . , n. These values span from the case where the stock goes down for n consec-

utive periods to the case where the stock goes up for n consecutive periods. Now for these n + 1

values, we find the probability mass for each of them. Indeed, for xi, there are Ni =
(
n
i

)
possible

paths with each such path having probability pi = pi(1 − p)n−i. Now summing over these n + 1

possibilities leads to

fS(x) =
n∑
i=0

Nipiδ(x− xi);

=
n∑
i=0

(
n

i

)
pi(1− p)n−iδ (x− xi) .

4.10 Analysis of the Quadrinomial Lattice

For the quadrinomial lattice with two stocks, as described in Section 4.6, the function S(X) is the

sum of two symmetric functions, one for the first stock and one for the second. At stage k, the

amount invested is given by

I(k) = I1(k) + I2(k)

for k = 0, 1, . . . , n− 1 with components

I1(k) = I0,1 +K1g1(k); I2(k) = I0,2 +K2g2(k)

with g1(k) and g2(k) representing the trading gain of the stock, I0,1 and I0,2 being the initial

amounts invested, and K1 and K2 being the feedback gains. When the I0,i and Ki are positive,

the interpretation of the feedback law above is that the trader is “long” and benefits from increases

in the stock price Si(k). Conversely, when I0,i and Ki are negative, the trader is “short” and profits

are accrued if Si(k) decreases; see [53]-[57]. The overall trading gain at stage k is given by

g(k) = g1(k) + g2(k).
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For the evolution of the stock price pair (S1(k), S2(k)), to denote stochastic dependence on X at

stage k = n, when convenient, we write

S(X)
.
= g1,n(X1) + g2,n(X2)

where

gi,n(Xi) =
I0,i
Ki

[
n−1∏
j=0

(1 +KiXi(j))− 1

]
for i = 1, 2 and Xi(k) is the return on Stock i at stage k. Noting that the trading gains gi,n(Xi)

above are symmetric functions, in the theorem to follow, we see that the number of terms compris-

ing its PMF fS(x) is much smaller than what would be needed in the non-symmetric case. Now,

consistent with Figure 4.3, the PMF for each Xi(k) above is described by

P (X1(k) = d1 − 1, X2(k) = d2 − 1) = p00;

P (X1(k) = d1 − 1, X2(k) = u2 − 1) = p01;

P (X1(k) = u1 − 1, X2(k) = d2 − 1) = p10;

P (X1(k) = u1 − 1, X2(k) = u2 − 1) = p11

with the pij ≥ 0 and p00 + p01 + p10 + p11 = 1 being satisfied.

4.11 The PMF of S(X) for the Quadrinomial Lattice

In this section we provide the main result of this chapter, the PMF of the trading gain S(X) for the

Quadrinomial Lattice case.

4.11.1 Theorem: Given the pair of linear feedback stock trading strategies which are represented

by I1(k) = I0,1 +K1g1(k) and I2(k) = I0,2 +K2g2(k) and the quadrinomial lattice with parame-

ters (u1, d1, u2, d2) and transition probabilities (p00, p01, p10, p11), let

x1,i
.
=

I0,1
K1

[
(1 +K1 (u1 − 1))i(1 +K1 (d1 − 1))n−i − 1

]
;

x2,i
.
=

I0,2
K2

[
(1 +K2 (u2 − 1))i(1 +K2 (d2 − 1))n−i − 1

]
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for i = 0, 1, 2, ..., n. Then, the probability mass function fS(x) for the overall trading gain S(x) is

the sum of Dirac Delta functions given by

fS(x) =
n∑
i=0

i∑
k=0

n−i+k∑
j=k

(
n

i

)(
i

k

)(
n− i
j − k

)
pn−i−j+k00 pj−k01 pi−k10 p

k
11δ (x− x1,i − x2,j) .

4.11.2 Proof: To find fS(x) for the random variable S(X), we first note that there are 22n possible

paths for the lattice associated with the price pair (S1(k), S2(k)). However, since each gi(Xi) is a

symmetric function, it is invariant to any permutation of these returns. Hence, each of these gains

can only take on n + 1 possible values at most. Now, for i = 1, 2, there are n + 1 possible values

for the gi,n(Xi) obtained by spanning all the “up-down” possibilities for xi,j , given by

xi,j
.
=

I0,i
Ki

[
(1 +Ki (ui − 1))j(1 +Ki (di − 1))n−j − 1

]
for j = 0, 1, . . . , n−1. Consequently, there are at most (n+ 1)2 possible values for S(X) obtained

from sums of the form x1,i + x2,j . Now, for these (n+ 1)2 points comprising the sample space

for S(X), we need to find the probability mass associated with each of them.

Indeed, count up all the outcomes where after n periods of trading, i values of the single-step

returns (X1(0), X1(1) . . . , X1(n− 1)) in g1,n(X) are u1 − 1 and j values of the single-step re-

turns (X2(0), X2(1) . . . , X2(n− 1)) in g2,n(X2) are u2 − 1 where i and j range from 0 to n − 1.

Now for fixed i and j, let k represent the number of periods where both the first stock and the

second stock go up on the same period. For a particular outcome of g1,n(X1) where there are i

values of Xi(k) set to u1 − 1 and n− i values set to d1 − 1 and there are

Nijk
.
=

(
n

i

)(
i

k

)(
n− i
j − k

)
possible sample paths for S(X) for k = 0, 1, . . . , i. Notice that

(
i
k

)
is the number of ways for the

first and second stock to have k out of i periods where both their prices go up on the same period

and
(
n−i
j−k

)
is the number of ways where the first stock price goes down and the second stock price

either goes up or goes down over the remaining n− i periods of trading. Since each trading period
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is independent, the probabilities associated with these sample paths are all the same and given by

pijk
.
= pn−i−j+k00 pj−k01 pi−k10 p

k
11

for k = 0, 1, . . . , i. Now summing over all the (n+ 1)2 possibilities leads to

fS(x) =
n∑
i=0

n∑
j=0

i∑
k=0

Nijkpijkδ (x− x1,i − x2,j)

=
n∑
i=0

n∑
j=0

i∑
k=0

(
n

i

)(
i

k

)(
n− i
j − k

)
× pn−i−j+k00 pj−k01 pi−k10 p

k
11δ (x− x1,i − x2,j)

=
n∑
i=0

i∑
k=0

n−i+k∑
j=k

(
n

i

)(
i

k

)(
n− i
j − k

)
× pn−i−j+k00 pj−k01 pi−k10 p

k
11δ (x− x1,i − x2,j)

where, in the summations above, we use the convention that
(
i
k

)
= 0 if k > i and

(
n−i
j−k

)
= 0

if j − k > n− i or k > j. The proof of the theorem is now complete.

4.11.3 Remarks on Term Count and PMF Complexity: As stated earlier, as a result of sym-

metry, the number of point masses for the PMF of S(X) in Theorem 4.11.1 is reduced to (n+ 1)2

as opposed to a potential 22n point masses without symmetry. In addition, via a straightforward

computation, the number of terms in the PMF for S(X) is found to be

N =
n∑
i=0

i∑
k=0

n−i+k∑
j=k

1 =
1

6
n3 +

1

2
n2 +

4

3
n+ 1.

4.11.4 Binomial Lattice as a Special Case: As mentioned earlier in the chapter, the PMF for-

mula for the quadrinomial lattice is a generalization of the one obtained for the binomial lattice.

To see this, we consider the case of two “perfectly” correlated stocks where

p11 = p, p00 = 1− p, p10 = p01 = 0, K1 = K2 = K, I0,1 = I0,2 = I0/2,

u1 = u2 and d1 = d2. Then the PMF formula for the quadrinomial reduces to that given for the

binomial lattice.



49

4.11.5 SLS as a Special Case: A second special case of interest involves the “Simultaneous

Long-Short” (SLS) linear feedback control strategy considered in Section 3.5. In the context of

the quadrinomial lattice framework from Section 4.10, the long investment I1(k) has initial in-

vestment I0,1 = I0 and feedback parameter K1 = K, while the short investment I2(k) has initial

investment I0,2 = −I0 and feedback parameter K2 = −K. With these trading rules, we recover

the PMF of S(X) for SLS by making the substitutions

p11 = p, p00 = 1− p, p01 = p10 = 0, u1 = u2, d1 = d2

in the quadrinomial lattice PMF formula for fS(x). Now the PMF becomes

fS(x) =
n∑
i=0

(
n

i

)
pi(1− p)n−iδ (x− xi)

where

xi
.
=

I0
K

[
(1 +K (u− 1))i(1 +K (d− 1))n−i

+ (1−K (u− 1))i(1−K (d− 1))n−i − 2
]
.

The SLS PMF result we found in Section 4.3 is a special case of the PMF above with I0 = 1,

K = 1, (u− 1) = r and (d− 1) = −r.

4.12 Numerical Examples

In this section, we provide numerical examples illustrating the generation of the PMF for trading

scenarios using the binomial and quadrinomial lattice models. In order to simulate realistic stock

prices, we size the parameters ui and di to represent trading on the order of every minute. We se-

lect ui and di so that the PMF fS(x), representing n = 100 periods of trading, roughly corresponds

to 100 minutes of trading.

4.12.1 Binomial Lattice Example: For the single stock trading scenario, we assign up param-

eter u = 1.001, down parameter d = 0.999 and “bullish” transition probability p = 0.55. This

corresponds to a daily move in the stock price which can be up to 0.1 percent up or down. For
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the long case, we set the initial investment to I0 = 1 and the feedback gain to K = 2, while for

the short case, the initial investment is I0 = −1 and the feedback gain is K = −2. Now for long

trading, in accordance with Theorem 4.9.1, the formula for the PMF is

fS (x) =
100∑
i=0

(
100

i

)
(0.55)i(0.45)100−iδ

(
x− 0.5

[
(1.002)i(0.998)100−i − 1

])
.

Since u > d, the probability of winning, that is, having S(X) > 0, is greater than 0.5. In fact, based

on the PMF above, we obtain P (S(X) > 0)≈0.8198. We also find that E [S(X)]≈0.01017. Fi-

nally, the minimum trading gain is obtained as gmin≈−0.09072 while the maximum is gmax≈0.1106.

Similarly, for short trading, the formula for the PMF is

fS (x) =
100∑
i=0

(
100

i

)
(0.55)i(0.45)100−iδ

(
x− 0.5

[
(0.998)i(1.002)100−i − 1

])
.

Since u > d, the probability of winning, is smaller than 0.5. Using the PMF above, we ob-
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Figure 4.4 Binomial Lattice Examples

tain P (S(X) > 0)≈0.1321. We also find that E [S(X)]≈ − 9.979×10−3. Finally, the minimum

value of the gain is gmin≈−0.09072 while gmax≈0.1106. For comparison purposes, we show plots
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of the PMF for both the long and short cases in Figure 4.4. The long case is represented by the

green bars while the short case is represented by the red bars. Note that for both PMF plots, we

only show the central portions of the PMF.
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Figure 4.5 Quadrinomial Lattice Example

4.12.2 Quadrinomial Lattice Examples: For our first example, we consider a scenario where

the first stock is a long trade and the second stock is a short trade. The quadrinomial lattice

parameters are u1 = 1.001, u2 = 1.002, d1 = 0.999, d2 = 0.998, p00 = 0.25, p01 = p10 = 0.125

and p11 = 0.5. For the long trade, we take initial investment I0,1 = 2 and the feedback gainK1 = 2,

while for the short trade, we take I0,2 = −1 and K2 = −2. Using Theorem 4.11.1, we obtain PMF

fS (x) =
100∑
i=0

i∑
k=0

100−i+k∑
j=k

(
100

i

)(
i

k

)(
100− i
j − k

)
(0.25)100−i−j+k(0.125)i+j−2k(0.5)k

× δ (x− x1i − x2j) ;

x1,i =
[
(1.002)i(0.998)100−i − 1

]
;

x2,j = 0.5
[
(0.996)j(1.004)100−j − 1

]
.
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The number of terms in the PMF isN = 171, 801 while the number of point masses is 10, 201. The

difference between the number of terms and the number of point masses is due to the repetition of

Dirac function values. Using the PMF above, we obtain P (S(X) > 0)≈0.4273 for the probability

of winning. We also find that E [S(X)]≈0.0037. Finally, gmin≈− 0.3465 while gmax≈0.4665. A

plot of the PMF is shown in Figure 4.5. Note that we only show a smoothed envelope of the central

portion of the distribution since the actual distribution has over 10, 000 point masses.
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Finally, we give an example of SLS trading as considered in Section 4.3. Now with parame-

ters u1 = u2 = 1.001, d1 = d2 = 0.999, p00 = 0.45, p01 = p10 = 0, p11 = 0.55, I0,1 = 1,

I0,2 = −1, K1 = 2 and K2 = −2, using the formulae in Section 4.10, we enhance the informa-

tion in Section 4.3 with the PMF for the “combined” trading gain S(X) = g1,n(X1) + g2,n(X2).

Using the PMF, we obtain the probability of winning, P (S(X) > 0)≈0.479. We also find

that E [S(X)]≈1.997×10−4. Finally, gmin≈− 0.1814 while gmax≈0.2212. Figure 4.6 is a plot of

the central portion of the PMF of S(X) for this SLS case. Notice that the probability of winning

for SLS is more than that of the binomial lattice short trade, but smaller than that of the long stock

trading case.
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4.13 Further Research

In this chapter, we first derived the PMF for a symmetric function S(X) with components Xi

of X are discrete i.i.d. random variables. We applied this result to the specific case when the

Xi are i.i.d. Bernoulli random variables. Later in the chapter, we provided a formula for the

PMF of the trading gains resulting from a linear feedback control strategy with prices generated

via a quadrinomial lattice model for a pair of correlated stock prices (S1(k), S2(k)). We believe

that it should be possible to extend the ideas used for m = 2 stocks to m = 3 and beyond. To

sketch the key ideas for an octonomial lattice obtained with m = 3 stocks, beginning with the

transition probabilities (p000, p001, p010, p011, p100, p101, p110, p111), corresponding to combinations

of up-down stock moves (ui, di) of the correlated stock prices (S1(k), S2(k), S3(k)) for i = 1, 2, 3,

the PMF for the trading gain or loss

S(X)
.
= g1,n(X1) + g2,n(X2) + g3,n(X3)

has the form

fS(x) =
n∑

i1=0

n∑
i2=0

n∑
i3=0

i1∑
k=0

C (n, i1, i2, i3, k) pn−i1−i2−i3+k000 · · ·pk111

× δ (x− x1,i1 − x2,i2 − x3,i3) ,

where

xi,j
.
=

I0,i
Ki

[
(1 +Ki (ui − 1))j(1 +Ki (di − 1))n−j − 1

]
for i = 1, 2, 3 and j = 0, 1, . . . , n. Note that the coefficient C (n, i1, i2, i3, k) is a product of appro-

priately constructed binomial coefficients and there are (n+ 1)3 point masses comprising the PMF.

As a result of the symmetry of S(X) with respect to the returns X1(k) and X2(k), out of a pos-

sible 22n return sequences comprising the sample space, we only end up dealing with (n+ 1)2

point masses. More generally, for the case of m stocks with S(X) being a sum of m symmetric

functions, using our method and fully exploiting symmetry, the 2mn possible return sequences col-

lapse down to (n+ 1)m probability mass points. This number, while manageable for small (m,n)
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combinations, can easily become prohibitive for larger n and m. For example, with n = 100, in

the example given in Section 4.12, the number of point masses was over 10, 000 and this number

increases to over 1, 000, 000 for three stocks.
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Figure 4.7 Octonomial Lattice Example

Given the growth rate of point masses described above, form > 2 correlated stocks, in many cases,

development of a general formula for the PMF of S(X) may be more of an academic exercise than

of practical importance because the central portion of the PMF can readily be estimated via Monte

Carlo simulation. To illustrate, for the case when m = 3 with n = 100, using 100, 000 sample

paths we generated an approximation for the PMF of S(X) using lattice parameters

u1 = 1.001, d1 = 0.999, u2 = 1.002, d2 = 0.998, u3 = 1.001, d3 = 0.999;

p000 = p001 = p010 = p011 = 1/8, p100 = p101 = 1/16, p110 = 1/4; p111 = 1/8

and feedback and initial investment parameters are given by

K1 = K2 = K3 = 2, I0,1 = I0,2 = I0,3 = 1.
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Using the resulting approximation of the probability mass function, we estimated the probability

of winning, P (S(X) > 0)≈0.96315. We also find that E [S(X)]≈0.040073. Finally, the mini-

mum and maximum value of the trading gain are gmin≈− 0.3465 and gmax≈0.4665 respectively.

Figure 4.7 shows a plot of S(X). Notice that we only show a smoothed envelope of the central

portion of the PMF since it consists of over a million point masses.
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Chapter 5

Multi-Group Symmetric Multilinear Optimization Problems

This chapter addresses some minimization and maximization problems for a so-called multi-group

symmetric pair (f,X) which will be defined below. We begin the chapter by providing the def-

initions of multi-group symmetric functions and multi-group symmetric sets. Although a func-

tion f(x) may not be symmetric, subgroups of its variables may enter into it in a symmetric way.

In our multi-group symmetric framework, the variables x1, x2, . . . , xn of x, get partitioned into m

groups, each of equal size N = n/m where n is divisible by m. We consider this setting in order

to extend the notions of a symmetric pair (f,X) from Chapter 3.

For the initial results in this chapter, we work with the multi-group symmetric pair (f,X) where f(x)

is multilinear and X ⊂ Rn is the Cartesian product of m identical hyperrectangles X̃ ⊂ RN with

non-empty interiors. That is, X̃ is not necessarily a hypercube as in Chapter 3; the “width” in each

coordinate direction can be different. The results in this chapter specialize to those in Chapter 3

when we consider the special case when m = n. Then each group has size N = 1, the set X itself

becomes a hypercube and multi-group symmetry reduces to symmetry.

To provide perspective for the analysis to follow, we begin with the well-known fact that the max-

imum and minimum of a multilinear function on X is attained among its 2n extreme points; for

example see [3]. However, as a result of multi-group symmetry, for our particular product of hy-

perrectangles, noting that each hyperrectangle has M = 2N extreme points, it will be shown that
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to obtain the optimum, we only need to consider at most

Next =

(
m+M − 1

m

)
extreme points. In many cases, especially when the group size N is not large, this can result in

huge savings in the number of extreme points one needs to consider; see below. For the limiting

case when m = n, described previously, Next = n+ 1.

5.0.1 Extreme Point Savings: We now elaborate on the extreme point savings one can obtain

in the multi-group symmetric case versus a generic multilinear function. With M = 2N extreme

points for each group, we can compare Next given above with Nmax
.
= 2n = 2mN . Figure 5.1

shows a logarithmic plot of Nmax/Next for fixed N and variable m. The four plots shown in

the figure correspond to the cases where n = m, n = 2m, n = 5m and n = 10m. There are

many instances that illustrate that Nmax is orders of magnitude larger than Next. For example,

when N = 2 and m = 100, Next = 176, 851 while Nmax≈176, 851×1055.
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5.0.2 Extension to Polytopes: In the latter part of this chapter, we provide a theorem involv-

ing the maximization and minimization of a so-called groupwise affine function on a polytope.

A groupwise affine function f(x) is a special type of multilinear function that is defined below.

The motivation for consideration of a groupwise affine pair is derived from applications with f(x)

having special structure -- over and above multilinearity. For this case, X can be a product of poly-

topes and we obtain a theorem that shows that both the maximum and minimum of f(x) are found

among the extreme points of X. This leads to the same formula for Next as given above, but in this

case, M corresponds to the number of extreme points of each group’s polytope. In many cases,

Next is much smaller than Mm, the number of extreme points required without exploiting multi-

group symmetry. As an application of this result, we estimate the best case and worst case values

of the trading gain resulting from using a polytopic containment model for the returns resulting

from trading a pair of stocks. This generalizes results for a single stock given in [54].

5.1 Multi-Group Definitions

In this section, we provide the definitions for the multi-group framework. Of particular interest are

the definitions of multi-group symmetric functions and multi-group symmetric sets.

5.1.1 Preliminaries: In the sequel, we often work with a partition Im
.
= {I1, I2, . . . , Im} of the

set {1, 2, . . . , n}; i.e., the Ii are nonempty, pairwise disjoint and

m⋃
i=1

Ii = {1, 2, . . . , n} .

We use notation Ni
.
=‖Ii‖ for i = 1, 2, . . . ,m to denote sizes. Note that N1 +N2 + · · ·+Nm = n.

To illustrate, for m = 3 and n = 9, the sets I1 = {1, 3}, I2 = {2, 4, 7} and I3 = {5, 6, 8, 9} form a

partition with N1 = 2, N2 = 3 and N3 = 4. When all Ni are equal, we call this an equi-partition,

and for convenience of notation we often do not refer to the underlying set {1, 2, . . . , n}. In this

case Ni = N for i = 1, 2, . . . ,m. Associated with partition Im are the group variables associated
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with x ∈ Rn. That is, we work with subvectors x[1],x[2],. . .,x[m] of x where x[j] consists of the

components xi with i ∈ Ij .

5.1.2 Definition (Multi-Group Symmetric Function): Let function f : Rn→R and an equi-

partition Im = {I1, I2, . . . , Im} be given. Then f is said to be multi-group symmetric with respect

to Im if it is unchanged by any permutation of its group variables x[1],x[2],. . .,x[m]. For simplicity,

we often suppress all the qualifiers about the partition Im defining the groups and simply refer to f

as “multi-group symmetric.”

5.1.3 Examples (Multi-Group Symmetric Multilinear Function): The multilinear function

f (x1, x2, x3, x4) = 7 (x1x2 + x3x4) + (x2 + x4)

with partition I1 = {1, 2}, I2 = {3, 4} is multi-group symmetric. That is, by inspection it satisfies

f
(
x[1], x[2]

)
= f

(
x[2], x[1]

)
.

Notice that the function f : R9→R given by

f (x) = x1x3 + x2x4x7 + x5x6x8x9

with partition I1 = {1, 3}, I2 = {2, 4, 7} and I3 = {5, 6, 8, 9} does not qualify as a multi-group

symmetric function since the group sizes are not equal.

5.1.4 Definition (Multi-Group Symmetric Set): Let set X ⊆ Rn be given. Also, let equi-

partition Im = {I1, I2, . . . , Im} of {1, 2, . . . , n} also be given. Then, the set X is said to be

multi-group symmetric with respect to Im if any permutation of its groups x[1],x[2],. . .,x[m] belong

to X whenever x ∈ X.

5.1.5 Definition (Multi-Group Symmetric Pair): A multi-group symmetric pair (f,X) consists

of a function f : Rn→R and a set X⊆Rn, both of which are symmetric with respect to the same

equi-partition Im.
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5.1.6 Assumption: In this chapter, when dealing with symmetric functions and sets, without loss

of generality we assume that a partition Im is arranged in ascending order from 1 to n. That is,

without loss of generality, we assume that the groups x[j] satisfy x =
(
x[1], x[2], . . . , x[m]

)
.

5.1.7 Remark on Assumption: This assumption is made without loss of generality because we

can always relabel the xi before proceeding. For example, for the function f : R9→R given by

f (x) = x1x3 + x2x4x7 + x5x6x8x9

with partition I1 = {1, 8}, I2 = {3, 2, 6} and I3 = {4, 5, 7, 9}, to obtain ascending order, we

relabel x8 as x2, x2 as x4, x6 as x5, x4 as x6, x5 as x7 and x7 as x8 so that

f (x) = x1x3 + x4x6x8 + x2x5x7x9,

would be respect to the partition I1 = {1, 2}, I2 = {3, 4, 5}, I3 = {6, 7, 8, 9}.

A major implication of this assumption above is that given a partition Im, a function f : Rn→R

can be expressed as

f (x) = f
(
x[1], x[2], . . . , x[m]

)
.

Therefore, a multi-group symmetric function with partition Im = {1, 2, . . . , n} is symmetric. In

this case we have Ij = j and x[j] = xj for j = 1, 2, . . . , n since m = n.

5.2 Constraint Set for Multi-Group Symmetric Problem

As previously stated, the initial constraint set X for our first multi-group symmetric problem is the

product of m identical hyperrectangles. Specifically,

X
.
=

m×
i=1

X̃ = X̃m;

X̃
.
=

N×
i=1

[ci − ri, ci + ri] ,
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with all ri > 0 and

x0
.
= (c1, c2, . . . , cN) ∈ RN

being the center of X̃. Note that for the special case where N = 1, X̃ is an interval and we recover

the formulation in Chapter 3. The set of extreme points of X, denoted by Xext, are the 2n points of

the form

x =
(
x[1], x[2], . . . , x[m]

)
with each x[i] above being an extreme point of X̃; i.e., each x[i] is an N -tuple of the form

(c1±r1, c2±r2, . . . , cN±rN) .

In the sequel, we use xj , where j∈J = {1, 2, . . . ,M}, to index these extreme points. We note that

the results to follow do not depend on the particular labelling scheme which is used.

5.3 Obtaining Distinguished Extreme Points

In this section, using multi-group symmetry, we construct a “smaller” distinguished subset of Xext,

called XK. In Theorem 5.4.1 to follow, we see that the maximum or minimum can be found when

working with a multi-group symmetric pair.

5.3.1 Construction of Distinguished Extremes: Recall that the number of points of Xext is given

by 2n = 2mN and the number of extreme points of X̃ is M = 2N , where N is the size of each

group. We now construct a distinguished subset of Xext. Indeed, letting

K .
=

{
k = (k1, k2, . . . , kM) ∈ ZM+ :

M∑
i=1

ki = m

}
,

recalling xi denotes the extreme points of X̃, for each k = (k1, k2, . . . , kM) ∈ K, we choose

the extreme point x with the first k1 groups assigned the vector x1, the next k2 groups assigned the

vector x2 and so on until the last kM groups are assigned xM . For example, if (k1, k2) = (3, 2), then

the first three subvectors of x, x[1],x[2] and x[3], are assigned the extreme point x1 and the last two
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subvectors x[4] and x[5] are assigned the extreme point x2. These points comprise the distinguished

extreme point set XK and the number of such points is given by

Next =

(
m+M − 1

m

)
.

5.3.2 Example of Xext and XK: To illustrate construction of the set XK defined above, suppose

that N = 2 and m = 2 so that n = 4. Also, suppose that c1 = 2, c2 = 4, r1 = 1 and r2 = 2. Then

the hyperrectangle X has extreme point set

Xext =



(1, 2, 1, 2) , (1, 6, 1, 2) , (1, 2, 1, 6) , (1, 6, 1, 6)

(3, 2, 1, 2) , (1, 2, 3, 2) , (3, 2, 1, 6) , (1, 6, 3, 2)

(3, 2, 3, 2) , (3, 6, 1, 2) , (1, 2, 3, 6) , (3, 6, 1, 6)

(1, 6, 3, 6) , (3, 6, 3, 2) , (3, 2, 3, 6) , (3, 6, 3, 6)


and the distinguished extreme point set is readily obtained as

XK =

(1, 2, 1, 2) , (1, 6, 1, 2) , (1, 6, 1, 6) , (3, 2, 1, 2) , (3, 2, 1, 6)

(3, 2, 3, 2) , (3, 6, 1, 2) , (3, 6, 1, 6) , (3, 6, 3, 2) , (3, 6, 3, 6)


with cardinality ‖XK‖ = 10 while ‖Xext‖ = 16.

5.4 Hyperrectangle Extreme Point Theorem

In this section, we give our first result on multi-group symmetry and provide an example illustrating

its application.

5.4.1 Theorem: Let (f,X) be a multi-group symmetric pair with respect to equi-partition Im
where f(x) is multilinear and X is the product of m identical hyperrectangles with corresponding

distinguished extreme point set XK. Then

min
x∈X

f(x) = min
x∈XK

f(x);

max
x∈X

f(x) = max
x∈XK

f(x).
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5.4.2 Proof: We only provide a proof of the maximization case since the proof for the minimiza-

tion case is nearly identical. Beginning with the fact that an optimal element

x∗
.
=
(
x[1]∗ , x

[2]
∗ , . . . , x

[m]
∗
)

can be found in Xext, to reduce the set of extremes to XK we first partition Xext as

Xext =
⋃
k∈K

Xk

with Xk consisting of the set of vectors x∈X satisfying the following condition: k1 groups are

assigned the vector x1, k2 groups are assigned the vector x2 and so on until kM groups are as-

signed xM . We see that the sets Xk do indeed form a partition of Xext since the Xk are all disjoint,

‖Xk‖ =

(
m

k1, k2, . . . , kM

)
,

and ∑
k1+k2+···+kM=m

(
m

k1, k2, . . . , kM

)
= Mm = 2mN = 2n.

Since (f,X) is a multi-group symmetric pair with respect to Im, f(x) is constant on Xk. In other

words all the extreme points of Xk all evaluate to the same function value. Hence to obtain the

maximum of f(x), we need only consider one extreme point from each set Xk. Since the set XK is

comprised of such points, it follows that

max
x∈X

f(x) = max
x∈XK

f(x).

5.4.3 Illustrative Example: To illustrate application of the theorem above, we consider finding

the maximum of the multi-group symmetric multilinear function

f(x) = 10 + 5(x1x2 + x2x3 + x4x5 + x5x6) − 10(x1x2x3 + x4x5x6),

with partition I1 = {1, 2, 3} and I2 = {4, 5, 6}, and hyperrectangle X defined by

c1 = 3, c2 = 4, c3 = 5; r1 = r2 = r3 = 5.
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According to the theorem, we generate the distinguished extreme point set XK shown below. Note

that this set has Next = 36 with M = 23 = 8 and m = 2, whereas 2n = 26 = 64 extreme points

are needed without exploiting symmetry. Evaluating f(x) at each of these extreme points, we find

a maximizer at x∗ = (−2, 9, 10,−2, 9, 10) ∈ XK with optimal value f (x∗) = 4330. The set XK is

given by

XK =



(8, 9, 0, 8, 9, 0) , (8, 9, 10, 8, 9, 0) , (8, 9, 10, 8, 9, 10)

(8,−1, 10, 8,−1, 10) , (8, 9, 0, 8,−1, 10) , (8, 9, 10, 8,−1, 10)

(8,−1, 10,−2, 9, 10) , (8, 9, 0,−2, 9, 10) , (8, 9, 10,−2, 9, 10)

(8, 9,−2, 8,−1, 0) , (8, 9, 10, 8,−1, 0) , (−2, 9, 10,−2, 9, 10)

(8,−1, 0, 8,−1, 0) , (−2, 9, 10, 8,−1, 0) , (8,−1, 10, 8,−1, 0)

(8,−1, 10,−2, 9, 0) , (8, 9, 0,−2, 9, 0) , (8, 9, 10,−2, 9, 0)

(−2, 9, 0,−2, 9, 0) , (8,−1, 0,−2, 9, 0) , (−2, 9, 10,−2, 9, 0)

(8,−1, 10,−2,−1, 10) , (8, 9, 0,−2,−1, 10) , (8, 9, 10,−2,−1, 10)

(−2, 9, 0,−2,−1, 10) , (8,−1, 0,−2,−1, 10) , (−2, 9, 10,−2,−1, 10)

(8, 9, 0,−2,−1, 0) , (8, 9, 10,−2,−1, 0) , (−2,−1, 10,−2,−1, 10)

(9,−1, 0,−2,−1, 0) , (−2, 9, 10,−2,−1, 0) , (8,−1, 10,−2,−1, 0)

(−2,−1, 0,−2,−1, 0) , (−2,−1, 10,−2,−1, 0) , (−2, 9, 0,−2,−1, 0)



.

5.5 Groupwise Affine Pairs and Polytopes

Previously in this chapter, we studied the multi-group symmetric pair (f,X) where f(x) is a mul-

tilinear function on Rn and X is the product of m hyperrectangles. Further to the preview in

Section 5.0.2, in this section, we define the notion of a groupwise affine pair (f,X) with respect

to partition Im = {I1, I2, . . . , Im} where f(x) is a so-called groupwise affine function and X is a

product of m polytopes Xi, i.e.,

X =
m×
i=1

Xi
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with each Xi ⊆ RN . Now letting Xext denote the extreme points of Xi, we have

Xext
.
=

m×
i=1

Xext,i

where Xext,i are the extreme points of the polytope Xi.

5.5.1 Definition (Groupwise Affine Function): Let the function f : Rn→R be given and sup-

pose the partition Im = {I1, I2, . . . , Im} be given. Then f is said to be groupwise affine if it is

affine in each of its group variables x[1],x[2],. . .,x[m]. In other words, when all the variables associ-

ated with the groups x[j], where j 6=i, are held fixed, the resulting function is affine in x[i]. Similar to

the multilinear case, we often suppress all the qualifiers about the partition Im defining the groups

and simply refer to f as “groupwise affine.”

5.5.2 Definition (Groupwise Affine Pair): A groupwise affine pair (f,X) consists of a group-

wise affine function f : Rn→R and set X⊆Rn, both of which are respect to the same partition Im.

5.5.3 Definition (Groupwise Affine Symmetric Pair): A groupwise affine symmetric pair (f,X)

consists of a groupwise affine function f : Rn→R and set X⊆Rn, both of which are symmetric with

respect to the same equi-partition Im.

5.5.4 Remarks on Groupwise Functions: The multilinear function

f (x) = 6 (x1x4 + x2x3) + 2 (x1 + x4) + 3 (x2 + x3) + 1

with partition I1 = {1, 2}, I2 = {3, 4} is groupwise affine by inspection. Now, if instead we

consider the multilinear function

f(x) = 10 + 5(x1x2 + x2x3 + x4x5 + x5x6) − 10(x1x2x3 + x4x5x6),

from Section 5.4.3 with partition I1 = {1, 2, 3} and I2 = {4, 5, 6}, it is easy to see that it is not

groupwise affine. That is, if x[2] is held fixed, the resulting function is multilinear rather than affine

in (x1, x2, x3).
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5.5.5 Remarks on Multilinear Functions on Polytopes: To motivate the theorem to follow, we

note the following: To find the maximum or minimum of a multilinear function on a polytope,

one cannot simply consider the extreme points. For example, if f(x) = x1x2, x1 ≥ 0, x2 ≥ 0

and x1 + x2 ≤ 1, the maximum occurs at (1/2, 1/2) which is not one of the extreme points (0, 0),

(0, 1) and (1, 0). However, in the theorem below, for our particular multilinear function f(x) and

polytope X, it turns out that both its maximum and minimum do actually occur on an extreme.

5.5.6 Theorem: Let (f,X) be a groupwise affine pair with respect to partition Im where f(x) is

a groupwise affine function and X is a polytope with extreme point set Xext. Then

min
x∈X

f(x) = min
x∈Xext

f(x);

max
x∈X

f(x) = max
x∈Xext

f(x).

5.5.7 Proof: We only consider the maximization case since the proof for the minimization case

is nearly identical. Indeed, let

f ∗
.
= max

x∈X
f(x)

and suppose

x∗
.
=

(
x[1]∗ , x

[2]
∗ , . . . , x

[m]
∗
)

is an optimal element above; i.e., f(x∗) = f ∗. Now we consider two cases. First, if all the x[i]∗ are

extreme points of Xi, the proof is complete. On the other hand, if not all of the x[i]∗ are extreme,

let x[j]∗ denote one of the components that is not extreme and define the function F

F
(
x[j]
) .

= f
(
x[1]∗ , x

[2]
∗ , . . . , x

[j−1]
∗ , x[j], x[j+1]

∗ , . . . , x[m]
∗
)

which is an affine function in x[j]. Combining this with the fact that Xj is a polytope, F is maxi-

mized on Xext,j . Now let x[j]∗ ∈ Xext,j be an extreme point where F is maximized. Then letting x∗

denote x∗ with x[j]∗ substituted for x[j]∗ it follows that x∗ is an optimal point too; i.e.,

f(x∗) = F
(
x[j]∗
)

= f
(
x[1]∗ , x

[2]
∗ , . . . , x

[j−1]
∗ , x[j]∗ , x

[j+1]
∗ , . . . , x[m]

∗
)
≥ f ∗.
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Now, the argument above is repeated; i.e., if all the x[i]∗ are extreme points the proof is complete.

Otherwise, we repeat the procedure above for another component x[j]∗ that is not extreme. Contin-

uing this process, eventually all the x[i] will be perturbed to extreme points of their respective Xi,

while preserving optimality at each step. Hence, we conclude

max
x∈X

f(x) = max
x∈Xext

f(x).

5.6 Extreme Point Theorem for Groupwise Affine Case

In this section, we give a theorem that builds upon the results given in Section 5.5. We consider

the groupwise affine symmetric pair (f,X) where f(x) is a groupwise affine function on Rn and

X ⊆ Rn is a product of m identical polytopes. That is, X is described by

X
.
=

m×
i=1

X̃ = X̃m

and we take X̃⊂RN to be described by the convex hull of its extreme points; i.e.,

X̃
.
= conv

{
x1, x2, . . . , xM

}
.

Hence, the set of extreme points of X is given by

Xext
.
=

m×
i=1

{
x1, x2, . . . , xM

}
.

5.6.1 Distinguished Extreme Points: We already know from Theorem 5.5.6 that the minimum

and maximum of f(x) is attained at the extreme points of X; i.e., for some x∈Xext. However,

when (f,X) is the groupwise affine symmetric pair as described above, we obtain a stronger result.

In this case, we define the distinguished extreme point set XK in the same manner as Section 5.3.1.

That is, in this case x1,x2,. . .,xM are the extreme points of the polytope X̃ and we prove in the

sequel that multi-group symmetry makes it possible to find the maximum or minimum of f(x)

on X using

Next =

(
m+M − 1

m

)
distinguished extreme points rather than Mm extreme points.
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5.6.2 Example of Xext and XK: Suppose M = 3, m = 2, N = 2, n = 4 and X̃ is the triangle in

Figure 5.2 with extreme points

x1 = (1, 2); x2 = (3, 4); x3 = (5, 2).

Whereas the polytope X has extreme point set

Xext =


(5, 2, 5, 2) , (5, 2, 3, 4) , (3, 4, 5, 2)

(3, 4, 3, 4) , (5, 2, 1, 2) , (1, 2, 5, 2)

(3, 4, 1, 2) , (1, 2, 3, 4) , (1, 2, 1, 2)

 ,

with cardinality ‖Xext‖ = 9, the distinguished extreme point set is

XK = {(5, 2, 5, 2) , (5, 2, 3, 4) , (3, 4, 3, 4) , (5, 2, 1, 2) , (3, 4, 1, 2) , (1, 2, 1, 2)} ,

with cardinality ‖XK‖ = 6.

1 2 3 4 5
1.5

2

2.5

3

3.5

4

4.5

x1

x2

x3

x
1
(i)

x 2(i)

Triangluar Set

Figure 5.2 Triangle Set X̃ in R2
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5.6.3 Theorem: Let (f,X) be the groupwise affine symmetric pair with respect to equi-partition

Im where f(x) is groupwise affine and X is a product of identical polytopes with distinguished

extreme point set XK. Then

min
x∈X

f(x) = min
x∈XK

f(x);

max
x∈X

f(x) = max
x∈XK

f(x).

5.6.4 Proof: We consider maximization noting that a nearly identical proof holds for the min-

imum. By Theorem 5.5.6, we know that f(x) is maximized or minimized on an extreme point

of X. The remainder of the proof is the same as that given in Section 5.4.2 except that X is a

polytope rather than a hyperrectangle with x1, x2, . . ., xM being its set of extreme points of X̃. In

this case, M is not necessarily equal to 2N .

5.7 Multi-Stock Trading Example

As an illustration of Theorem 5.6.3, in this section, we look at the groupwise affine symmetric

pair (f,X) where f(x) is a trading gain function and X ⊆ Rn is a product of m identical poly-

topes X̃ each of which represents a constraint on the daily return vector. This “polytope contain-

ment set” is constructed by taking the convex hull of the daily returns of stocks from historical

data. Then moving forward, to demonstrate our theory, we assume the returns for each trading day

fall within the estimated polytope X̃. Our goal is to investigate how large or small the trading gain

could become after trading for m days.

The function f(x) which we consider is derived from a linear feedback trading strategy, for exam-

ple, see [54], and is given by

f(x)
.
=

N∑
i=1

I0,i
Ki

[
m−1∏
j=0

(1 +Kixi(j))− 1

]
where

x
.
= (x(0), x(1), . . . , x(m− 1))
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and x has subvectors

x[k+1] = x(k)
.
= (x1(k), x2(k), . . . , xN(k))

for k = 0, 1, . . . ,m − 1 with components xi(k) representing the daily returns of N correlated

stocks, m being the number of trading days, I0,i being the initial investment and Ki being the

feedback gain for Stock i respectively. Since, we also require self-financing, at stage k, the trader

is not allowed to invest an amount I(k) leading to the possibility that the account value V (k + 1)

is negative. This condition means that if the returns are bounded by |xi(j)| < xmax,i then the

feedback Ki which the trader uses for each stock satisfies |Ki| ≤ 1/xmax,i. As in Section 5.6, the

polytope X for x is the product of m identical polytopes X̃⊂RN given by the convex hull of its

extreme points x1, x2, . . . , xM .

5.7.1 Two-Stock Example: As an illustrative application of Theorem 5.6.3, we estimate the best

and worst case values that the trading gain f(x) can attain when trading two stocks. We choose

two stocks from the same sector with one of the stocks traded long while the other stock is traded

short. In this context, the trading gain is given by

f (x) =
I0,1
K1

[
m−1∏
j=0

(1 +K1x1(j)) − 1

]
+

I0,2
K2

[
m−1∏
j=0

(1 +K2x2(j)) − 1

]

where I0,1 > 0, K1 > 0, I0,2 < 0 and K2 < 0. To estimate the best and worst case values that f(x)

can possibly attain over m days of trading, we work with a polytope bound X̃, a polygon in R2

in this case, for x(k) which partially accounts for correlation. It is assumed that at each period,

the return x(k) = (x1(k), x2(k)) is confined to the polytope X̃ that is the convex hull of in-sample

returns from the previous year, defined by 252 trading days. Note that f(x) represents what could

happen if the returns are confined to X̃ for the next m days with no further restriction regarding

probabilities and X = X̃m.

We now claim that (f,X) is a groupwise affine symmetric pair so that Theorem 5.6.3 is applicable.

Indeed, we have m groups with partition Ik = {2(k − 1) + 1, 2(k − 1) + 2} for k = 1, 2, . . . ,m
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and associated group variables given by x[k+1] = (x1(k), x2(k)) for k = 0, 1, . . . ,m− 1. Now, by

inspection, f(x) is groupwise affine symmetric.

In the two examples below, we estimate the best case and worse case values that f(x) could attain

for m = 10 days of trading beginning August 28, 2014. This corresponds to two weeks of trading.

In constructing the polytope X̃, we use return data from August 27, 2013 to August 27, 2014.

In addition, in all cases, the initial investment in the long trading stock is I0,1 = 1 with feedback

gainK1 = 2 while for the short case I0,2 = −1 andK2 = −2. Therefore, the trading gain becomes

f (x) =
1

2

[
9∏
j=0

(1 + 2x1(j)) +
9∏
j=0

(1− 2x2(j)) − 2

]

where x = (x1(0), x2(0), x1(1), x2(1), . . . , x1(9), x2(9)).

5.7.2 Confinement Polygon for Honda-Toyota: For our first example, we consider Honda Mo-

tor Company (HMC) and Toyota Motor Corporation (TM), with HMC being the long trade and

TM the short trade. These two stocks are part of the Consumer Goods sector of the stock market.

The polygon X̃ for this example is shown in Figure 5.3. To estimate X, we eliminated any outliers

using the Mahalanobis distance metric; see [49]-[52]. Displaying the daily return data, the x axis

shows returns from the HMC stock while the y axis shows returns from the TM stock. The extreme

points of the polygon are given by

x1 = (.0291, .0357) ; x2 = (.0014, .0282) ; x3 = (−.0227, .0012) ;

x4 = (−.0310,−.0112) ; x5 = (−.0285,−.0175) ; x6 = (−.0199,−.0254) ;

x7 = (−.0044,−.0203) ; x8 = (.0097,−.0147) ; x9 = (.0127,−.0126) ;

x10 = (.0239, 0) ; x11 = (.0385, .0203) .

Therefore ‖XK‖ = 184, 756 while ‖Xext‖ = 25, 937, 424, 601. After generating the distinguished

extreme point set XK via a lengthy computation, a minimum value of the trading gain is found to

be given by

x∗(k) =

 x2 for k = 0, 1, 2, 3, 4;

x3 for k = 5, 6, 7, 8, 9
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with f (x∗) = −0.2284 while the maximum of the trading gain occurs at x∗(k) = x11 for all k

with f (x∗) = 0.3807.
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Returns [2013/08/28−2014/08/27]
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T
M

Figure 5.3 Polytope Set X̃ for HMC and TM

5.7.3 Confinement Polygon for FedEx and UPS: For our second example, the long trade is done

on FedEx (FDX) while the short trade is done on United Parcel Service (UPS). The polygon X̃ for

this example is shown in Figure 5.4. Again, outliers are eliminated. The x axis shows returns for

FedEx stock while the y axis shows returns from the UPS stock. The polygon’s extreme points are

given by

x1 = (.0220, .0178) ; x2 = (.0035, .0227) ;

x3 = (−.0404,−.0165) ; x4 = (−.0166,−.0227) ;

x5 = (−.0150,−.0223) ; x6 = (.0116,−.0134) ;

x7 = (.0279,−.0002) ; x8 = (.0282, .0010) ;

x9 = (.0278, .0126) ; x10 = (.0252, .0151) .
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Figure 5.4 Polytope Set X̃ for FDX and UPS

Therefore ‖XK‖ = 92, 378 while ‖Xext‖ = 1010. After generating the distinguished extreme point

set XK, via a lengthy computation, a minimum value of the trading gain is found to be given by

x∗(k) =

 x2 for k = 0, 1, . . . , 5;

x3 for k = 6, 7, 8, 9

with f (x∗) = −0.1969 while for the maximum case f (x∗) = 0.3624 with x∗(k) = x7 for all k.

5.8 Conclusion and Further Research

In this chapter, we studied the maximization and minimization of multi-group symmetric func-

tions. Our first theorem involved the multi-group symmetric pair (f,X) where f was multilinear

and X was a product of m identical hyperrectangles each with M = 2N extreme points. We

showed that as a result of multi-group symmetry, instead of 2n extreme points for a general multi-

linear function, we only need to consider Next =
(
m+M−1

m

)
extreme points to find the minimum or
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maximum of f on X. The second theorem involved the groupwise affine pair (f,X) where f was

a groupwise affine function and X was the product of m polytopes. We showed that as a result of

being groupwise affine, f was maximized and minimized on the extreme points of the polytope X.

The final theorem of the chapter involves the groupwise affine symmetric pair (f,X) where X is

the product of m identical polytopes each with M extreme points. We showed that as a result of

multi-group symmetry, instead of Mm extreme points, we only need to consider Next =
(
m+M−1

m

)
extreme points to maximize or minimize f on X. As an illustration of this result, we considered

a polytope confinement set for daily stock returns and estimated the best and worst case values of

the resulting groupwise affine trading gain.

Based on the results in this chapter, one interesting direction for further research involves an inves-

tigation of the computational complexity associated with finding the distinguished extreme point

set XK for the polytope X for the two-stock application of the polytope containment model. We

can characterize the computational time as a function of the number of extreme points M of the

polytope X̃ and the number of trading days m used to estimate the best and worst case values of

the trading gain. For the examples given in this chapter with M = 10 extreme points and m = 10

trading days, it took about 10 minutes to compute the best and worse case values of the trading

gain using MATLAB.
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Chapter 6

On a Class of Resource Allocation Problems

The results in this chapter constitute an extension of work in previous chapters on optimization

problems involving the pair (f,X). In Chapter 3, we looked at the case where f(x) was a sym-

metric multilinear function and X was a symmetric hypercube. In Chapter 5, we extended the

results to address the so-called multi-group symmetric case. In this chapter, we consider a class of

resource allocation problems involving minimization of total “inventory carrying costs” obtained

with f(x) being a separable, concave sum of symmetric functions. The constraint set X, is taken

to be a simplex associated with admissible resource allocations.

6.1 The Inventory Carrying Cost Problem

The Inventory Carrying Cost Problem (ICCP) which we consider involves n suppliers, m identical

warehouses and a single resource. Each supplier begins with an amount ri > 0 of this resource

which can be allocated to a prescribed subset of the warehouses. Each warehouse has a carrying

cost associated with its new and pre-existing inventory and the goal is to minimize the sum of the

carrying costs.

6.1.1 Suppliers and Warehouses: We formulate the ICCP using the multiple continuous re-

source allocation model in [68]. As previously stated, each supplier i∈{1, 2, . . . , n} is assumed

to have an amount of the resource ri > 0. We let Ii be the set of indices of warehouses to which

supplier i can supply some portion of ri. Also, we let ni
.
= ‖Ii‖ be the number of warehouses

associated with the i-th supplier. To avoid trivialities, we assume each Ii is non-empty. Without
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loss of generality, it is assumed that no two Ii are identical otherwise we can sum the ri levels of

two identical suppliers and treat them as one “super supplier.” As a result of this assumption, the

number of suppliers is n ≤ 2m− 1. Now for each warehouse j∈{1, 2, . . . ,m}, we let Jj be the set

of indices indicating the suppliers from which warehouse j can receive amounts of the resource.

This notation is purely for convenience since the Jj can be derived from the Ii. That is, if j ∈ Ii
then i ∈ Jj .

6.1.2 Variables and Constraints: For each j∈Ii, we let xi,j ≥ 0 be the amount of the resource

which supplier i decides to send to warehouse j. Then, for supplier i, letting x[i] be the allocation

vector with components xi,j arranged in ascending order on j, the decision vector for this problem

can be represented by the n-tuple

x
.
=

(
x[1], x[2], . . . , x[n]

)
.

where

n
.
=

n∑
i=1

ni.

The constraint set for supplier i is the simplex Xi described by∑
j∈Ii

xi,j = ri

and the overall constraint set is the polytope described by the product of simplices

X
.
=

n×
i=1

Xi.

The extreme points of X, denoted by Xext consists of tuples(
xl1 , xl2 , . . ., xln

)
where xli is an extreme point of Xi for i = 1, 2, . . . , n. Each component of xli belongs to {0, ri}.

Finally, taking x0,j to be the pre-existing inventory for warehouse j, its total inventory is given by

Xj (x)
.
= x0,j +

∑
i∈Jj

xi,j.
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6.1.3 Carrying Costs and Optimization Problem: It is assumed that each of the warehouses

have identical concave carrying costs determined by the concave function g : R+→R. Hence, the

carrying cost for warehouse j is

fj (x)
.
= g (Xj (x))

and the total overall carrying cost, summed over all warehouses, is the concave function

f (x)
.
=

m∑
j=1

fj(x).

Our goal is to find an optimal allocation vector x∗ minimizing f(x) with respect to x∈X. That is,

we seek x∗ ∈ X such that

f (x∗)
.
= min

x∈X
f (x) .

6.2 Extreme Points and Computational Considerations

Since X is a polytope and f(x) is concave, it is well known that a minimizer is obtained at one

or more of the extreme points of X; see [75]. Accordingly, for any proposed algorithm aimed at

finding a solution via function evaluation at the extreme points, in order to evaluate the required

computational effort, it is important to count the number of such points.

6.2.1 Preview of Main Result: Our main result in this chapter is an algorithm which finds the

optimum using

N∗ (m)
.
= m!

extreme points of X at most. Notice that this result is independent of n, the number of suppliers.

Therefore, for problems with a relatively small number of warehouses m in comparison with the

number of suppliers n, N∗ can be orders of magnitude less than the total number of extreme points

of X. To elaborate, for fixed m, the number of extreme points of X can be as large as

Nmax (m)
.
=

m∏
i=1

i(
m
i ).
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For this worst-case scenario, even for small m, the reduction in the number of extreme points for

our method can be dramatic. For example, if m = 4, Nmax = 20, 736 while N∗ = 24.

6.2.2 Counting Extreme Points (More Details): Recall from earlier in the chapter that the num-

ber of warehouses associated with the i-th supplier is ni = ‖Ii‖. Now noting that X is the product

of simplices Xi of dimension ni, it follows that its number of extreme points ‖Xext‖
.
=
∏n

i=1ni. For

a given number of warehouses m and suppliers n, we ask the question: How large can the number

of extreme points, call it Nmax(m,n), be? To answer this, we want to determine what choice of

admissible Ii leads to the largest product of the Nmax(m,n) above. Indeed, given that no two Ii

are identical,Nmax(m,n) is maximized with each supplier “connected” to as many warehouses as

possible. This leads to one supplier with ni = m, then up to
(
m
m−1

)
suppliers with ni = m− 1, up

to
(
m
m−2

)
suppliers with ni = m − 2, etc. This process continues until n1 + n2 + · · · + nn = n.

For example, if m = 4 and n = 4, then one scenario where the largest number of extreme points

is reached is with I1 = {1, 2, 3, 4}, I2 = {1, 2, 3}, I3 = {1, 2, 4} and I4 = {1, 3, 4}. This leads to

108 extreme points whereas our results to follow lead to N∗(4) = 24 extremes.

6.2.3 Formula for Nmax(m,n): To summarize the argument above, for a given n ≤ 2m − 1, via

a maximization over the choice of Ii, the number of extreme points can be as high as

Nmax (m,n) = (m− k∗ − 1)n−
∑k∗

i=0 (m
i )

k∗∏
i=0

(m− i)(
m
i )

where

k∗
.
= k∗(m,n) = max

{
k :

k∑
i=0

(
m

i

)
≤ n

}
.

When the number of suppliers is n = 2m − 1, the maximum possible, we refer to this as a “full

problem.” We would like to determine how large the number of extremes can be by choice of Ii.

In this case Nmax(m,n) depends only on m and

Nmax(m)
.
=Nmax(m, 2m − 1) =

m−1∏
i=0

(m− i)(
m
i ) =

m∏
i=1

i(
m
i ).
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For this worst-case scenario, even for small m, the number of extreme points is quite large. For

example, if m = 5, there are 309, 586, 821, 100 extreme points which contrasts to N∗(5) = 120

using the results to follow.

6.2.4 Contribution of this Chapter: To obtain the result N∗(m) = m! in this chapter, we show

that there is a “small” distinguished set of extreme points which determine the minimum of f(x). In

order to compare the difference in extreme points between Nmax(m) and our solution with N∗(m),

we use the metric

log

(
Nmax(m)

N∗(m)

)
=

m∑
i=1

(
m

i

)
log(i) − log (m!) .

Figure 6.1 shows a plot of this function using a base 10 logarithmic scale. The fact that Nmax(m)

is orders of magnitude larger than N∗(m) as is illustrated by a problem with seven warehouses.

Whereas N∗(7) = 5040, which is in the realm of modest desktop computation, a full problem with

the same number of warehouses involves Nmax(7) = 5040×1065.
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Figure 6.1 Extreme Point Comparison between Nmax(m) and N∗(m)
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6.3 Related Literature

There are many resource allocation results in the literature for the separable objective function

case; e.g., see [68]-[74]. Most of these papers involve minimization of a convex separable objec-

tive function over a linear constraint set; e.g., see [68] and [69].

As our resource allocation problems involve a concave objective function and a compact set X ob-

tained via linear constraints, extreme points of X are in play. The concave minimization problems

closest to the formulation in this chapter are the papers in the literature involving a concave sepa-

rable objective function and linear constraints; e.g., see [75]-[85]. Most of the problems in these

papers have exponential complexity and only special cases of them can be solved in polynomial

time; e.g., see [75]. In most cases, branch and bound algorithms involving linear approximations

of a concave objective function are used as part of the solution; e.g., see [75]-[81].

Another class of concave minimization problems that give rise to extreme point solutions involve

Leontief substitution models for multi-inventory systems; see [82]. Some examples include deter-

ministic multi-facility economic lot size and warehousing problems with concave costs. For the

general Leontief formulation, the computational effort needed to search extreme points increases

exponentially with the size of the problem. However, for certain special cases, one can use dy-

namic programming with computational effort increasing only polynomially with the size of the

problem. One example of this involves certain arborescence multi-echelon structures that have

separable concave production costs; see [82].

Finally we mention the large class of Minimum Concave-Cost Network Flow Problems (MCC-

NFP) which also admit extreme point solutions; see [85]. MCCNFP arises from a directed graph

problem consisting of nodes and arcs. In MCCNFP, the objective function is a separable concave

cost function and most of these problems have exponential complexity; see [85]. There are a few



81

exceptions involving specially structured versions of the MCCNFP for which polynomial time al-

gorithms have been developed. For example, in [84], for a fixed number of sources h and nonlinear

arc costs k, a polynomial time algorithm is given for small values of h and k. However, the prob-

lem becomes exponentially hard for larger values of h and k.

6.4 Motivating Example

To provide an example of Inventory Carrying Cost Problem to be solved, we consider m = 3

suppliers and n = 4 warehouses and imagine the resource being a “divisible” commodity. In

this case, let the commodity be rice. The rice is measured in pounds. Figure 6.2 above shows a

directed graph depicting the situation at hand. The warehouses are represented by the rectangles

which contain their pre-existing inventories x0,i, while the suppliers are represented by the circles

which contain their ri values. The black arrows protruding from each supplier circle indicate the

warehouses that can receive their rice quantities.
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Supplier 4 

Warehouse 1 Warehouse 2 

Warehouse 3 

Figure 6.2 Directed Graph of Rice Supplier-Warehouse Problem
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Now our Inventory Carrying Cost Problem is to find an x∗ minimizing

f (x) =
3∑
j=1

log (1 +Xj (x)) ;

X1 (x) = 13 + x1,1 + x2,1 + x4,1;

X2 (x) = 12 + x1,2 + x3,2 + x4,2;

X3 (x) = 10 + x2,3 + x3,3 + x4,3

and x = (x1,1, x1,2, x2,1, x2,3, x3,2, x3,3, x4,1, x4,2, x4,3). The warehouses that each supplier can

provide rice quantities to are I1 = {1, 2}, I2 = {1, 3}, I3 = {2, 3} and I4 = {1, 2, 3}. The overall

constraint set is

X =
4×
i=1

Xi

where the constraint set Xi for supplier i ∈ {1, 2, 3, 4} is described by

x1,1 + x1,2 = 6;

x2,1 + x2,3 = 5;

x3,2 + x3,3 = 7;

x4,1 + x4,2 + x4,3 = 9.

The minimizer to this instance of our ICCP occurs at an extreme point of X. This corresponds to

each of the suppliers allocating all of their rice quantities to only one of the warehouses to which

they can supply. For example, one extreme point allocation would be if Warehouse 1 ended up

with 24 pounds of rice (6 pounds from Supplier 1 and 5 pounds from Supplier 2), Warehouse 2

with 19 pounds of rice (7 pounds from Supplier 3) and Warehouse 3 with 19 pounds of rice (9

pounds from Supplier 4). Now this problem has a total of 24 extreme points while our theory to

follow only requires an enumeration of 6 extreme points to find a minimizer. Each of these spe-

cial extreme points has a property which we will call Ordered Loading Property (OLP). The OLP

extreme point which minimizes this ICCP assigns 18 pounds of rice to Warehouse 1, 34 pounds of
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rice to Warehouse 2 and 10 pounds of rice to Warehouse 3. It is constructed by supplying Ware-

house 2 with as many pounds of rice as possible, then Warehouse 1 with as many pounds of rice as

possible and finally Warehouse 3 with as many pounds of rice as possible.

6.5 Ordered Loading Property Definition and Theorem

In this section, we give the main result of this chapter, the Ordered Loading Property (OLP) Theo-

rem. We begin by giving a formal definition of the OLP extreme points. In the sections to follow,

we prove the theorem using results in the literature involving majorization and Schur concavity

in [86].

6.5.1 OLP Distinguished Points: The set of OLP extreme points are a distinguished set of m!

points of Xext which will be denoted by XOLP . Each OLP distinguished point x∈XOLP is con-

structed using one of the m! bijections ω from {1, 2, . . . ,m} to {1, 2, . . . ,m}. This corresponds

to specifying the ordering which will be used to service the warehouses. More specifically, un-

der an OLP assignment, Warehouse ω(1) will be allocated as much of the resource as allowed by

the constraints. Recalling that Jj is the set of indices indicating which suppliers can deliver to

Warehouse j, this forces

xi,ω(1) = ri for all i∈Jω(1).

To obtain the remaining components of this OLP extreme point, supplier inventories are updated

and the process is repeated using ω(2), ω(3), etc. That is,

xi,ω(j) = ri for all i ∈ Jω(j) −
j−1⋃
k=1

Jω(k)

for j = 2, 3, . . . ,m. This results in m! distinguished extreme points comprising XOLP .

6.5.2 Theorem (OLP): Let XOLP be the set of OLP distinguished points of Xext. Then

min
x∈X

f (x) = min
x∈XOLP

f (x) .
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6.6 Preliminaries for the Proof of the OLP Theorem

The proof of the theorem is facilitated via some preliminaries. First, let Tj : Rn
+→Rm

+ be the affine

linear transformation taking x to Xj(x) defined in Section 6.1. Then, its vectorized version T (x)

with components Tj(x) takes the original minimization to an equivalent problem over T (X).

Namely,

min
x∈X

f (x) = min
X∈T (X)

F (X)

where T (X) is the polytope with extreme points which describe all possiblem-tuples of warehouse

inventories resulting from each supplier directing all resources to only one warehouse and

F (X)
.
=

m∑
j=1

g (Xj) ,

is easily seen to be symmetric and concave. The definitions to follow will be used in the proof of

the OLP Theorem. They can be found in [86].

6.6.1 Definition (Majorization): For any X = (X1, X2, . . . , Xm) ∈ Rm, let

X↓
.
=
(
X[1], X[2], . . . , X[m]

)
denote the re-ordering of the components of X in non-decreasing order. Now for

X, Y = (Y1, Y2, . . . , Ym) ∈ Rm,

we say X weakly majorizes Y if for each j∈{1, 2, . . . ,m}

X[1] +X[2] + · · ·+X[j] ≥ Y[1] + Y[2] + · · ·+ Y[j].

If in addition
m∑
j=1

Xj =
m∑
j=1

Yj,

then we sayX majorizes Y or alternatively, Y is majorized byX . We denote this by writingX�Y .
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6.6.2 Definition (Schur Concave): A real-valued function F defined on a set X̃⊂ Rm is said to

be Schur concave on X̃ if whenever X = (X1, X2, . . . , Xm) and Y = (Y1, Y2, . . . , Ym) are vectors

in X̃ such that X majorizes Y , then F (X) ≤ F (Y ).

6.6.3 Remark (Symmetric Concave Functions): Suppose g : R+→R is concave, then the func-

tion F : Rm
+→R given by

F (X)
.
=

m∑
j=1

g (Xj) ,

is Schur concave; see [86].

6.7 Proof of the OLP Theorem

Recalling the transformation T from Section 6.6, we know that

min
x∈X

f (x) = min
X∈T (X)

F (X) .

Now let Y = (Y1, Y2, . . . , Ym) be an arbitrary point in T (X). Then, to prove the theorem, it suffices

to show that there exists some X∈T (XOLP ) such that F (X) ≤ F (Y ). Indeed, let

ω : {1, 2, . . . ,m}→{1, 2, . . . ,m}

be the bijection that reorders the components of Y in decreasing order; i.e.,

Y↓ =
(
Yω(1), Yω(2), . . . , Yω(m)

)
.

Subsequently let X = (X1, X2, . . . , Xm) be the image of the corresponding OLP distinguished

point under T with bijection ω. Then X has components

Xω(1)
.
= x0,ω(1) +

∑
i∈Jω(1)

ri,

and for j = 2, 3, . . . ,m,

Xω(j)
.
= x0,ω(j) +

∑
i∈Jω(j) −

⋃j−1
k=1Jω(k)

ri.
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We now claim that F (X) ≤ F (Y ). Indeed, in view of [86], it suffices to show thatX majorizes Y .

By construction, we know that for the image of the OLP distinguished point,

Xω(1) ≥ Yω(1),

and for each j = 2, 3, . . . ,m− 1,

Xω(1) +Xω(2) + · · ·+Xω(j) ≥ Yω(1) + Yω(2) + · · ·+ Yω(j)

and finally,

Xω(1) +Xω(2) + · · ·+Xω(m) = Yω(1) + Yω(2) + · · ·+ Yω(m).

Recalling the notation X↓ =
(
X[1], X[2], . . . , X[m]

)
for the components of X in decreasing order,

it is immediate that

X[1] +X[2] + · · ·+X[j] ≥ Xω(1) +Xω(2) + · · ·+Xω(j)

for j = 2, 3, . . . ,m and

X[1] +X[2] + · · ·+X[m] = Xω(1) +Xω(2) + · · ·+Xω(m).

Combining this with the previous inequalities involving Xω(i) and Yω(i), we can conclude that X

majorizes Y . Hence F (X) ≤ F (Y ) and the proof is complete.

6.8 Illustrative Example

To illustrate the application of the Ordered Loading Property Theorem in the previous section, we

revisit the motivating example in Section 6.4 with

f (x) = log (14 + x1,1 + x2,1 + x4,1) + log (13 + x1,2 + x3,2 + x4,2)

+ log (11 + x2,3 + x3,3 + x4,3) ,

x = (x1,1, x1,2, x2,1, x2,3, x3,2, x3,3, x4,1, x4,2, x4,3)
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and constraint set X described by

x1,1 + x1,2 = 6;

x2,1 + x2,3 = 5;

x3,2 + x3,3 = 7;

x4,1 + x4,2 + x4,3 = 9.

The warehouses to which each supplier provides rice quantities are

I1 = {1, 2} ; I2 = {1, 3} ; I3 = {2, 3} ; I4 = {1, 2, 3}

while the suppliers from which warehouse can receive rice quantities are

J1 = {1, 2, 4} ; J2 = {1, 3, 4} ; J3 = {2, 3, 4} .

By the theorem, since m = 3, f(x) is minimized at one of 3! = 6 OLP points of XOLP which are

given by

x1 = (6, 0, 5, 0, 7, 0, 9, 0, 0) ;

x2 = (6, 0, 5, 0, 0, 7, 9, 0, 0) ;

x3 = (0, 6, 5, 0, 7, 0, 0, 9, 0) ;

x4 = (0, 6, 0, 5, 7, 0, 0, 9, 0) ;

x5 = (6, 0, 0, 5, 0, 7, 0, 0, 9) ;

x6 = (0, 6, 0, 5, 0, 7, 0, 0, 9) .

The minimum occurs at x = x3 with ω(1) = 2, ω(2) = 1, ω(3) = 3 and associated optimal value

f ∗ = f
(
x3
)

= 8.8977.

Recall from Section 6.4 that the optimal solution corresponds to Warehouse 1 holding 18 pounds

of rice, Warehouse 2 holding 34 pounds of rice and Warehouse 3 holding 10 pounds of rice. The

optimal allocation to each of the warehouses is determined by the bijection ω which requires Ware-

house 2 to be allocated as much rice quantities from suppliers as possible, then Warehouse 1 to be
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allocated all the rice quantities from suppliers not taken by Warehouse 2 which leaves Warehouse 3

with only its pre-existing inventory. Warehouse 1 is allocated 5 pounds of rice from Supplier 2 and

has a pre-existing inventory of 13 pounds of rice. Warehouse 2 is allocated 6 pounds of rice from

Supplier 1, 7 pounds of rice from Supplier 3 and 9 pounds of rice from Supplier 4 and has a pre-

existing inventory of 12 pounds of rice. Finally, Warehouse 3 has a pre-existing inventory of 10

pounds of rice and is not allocated any rice quantities from any of the suppliers.

Figure 6.3 shows a plot of the 24 possible allocations associated with the extreme points of Xext.

The OLP allocations are shown in black. The OLP allocation that corresponds to x∗ is the black

diamond. The allocations that do not correspond to the OLP points are shown in white.
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Figure 6.3 Graphical Depiction of Extreme Point and OLP Allocations

6.9 Larger-Scale Example

In this section, we consider an instance of the ICCP wherem = 8 warehouses and n = 28−1 = 255

suppliers. We imagine our “divisible” commodity to be corn. The corn is measured in pounds. The

collection of sets I1, I2, . . . , I255 indicate the warehouses from which each supplier can provide
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some quantity of corn. They are represented by the powerset of {1, 2, . . . , 8} excluding the empty

set. The first
(
8
1

)
sets I1, I2, . . . , I8 are given by

{1} , {2} , . . . , {8} .

The next
(
8
2

)
sets I9, I10, . . . , I36 are given by

{1, 2} , {1, 3} , . . . , {7, 8} .

The next
(
8
3

)
sets I37, I38, . . . , I92 are given by

{1, 2, 3} , {1, 2, 4} , . . . , {6, 7, 8} .

The next
(
8
4

)
sets I93, I94, . . . , I162 are given by

{1, 2, 3, 4} , {1, 2, 3, 5} , . . . , {5, 6, 7, 8} .

The next
(
8
5

)
sets I163, I164, . . . , I218 are given by

{1, 2, 3, 4, 5} , {1, 2, 3, 4, 6} , . . . , {4, 5, 6, 7, 8} .

The next
(
8
6

)
sets I219, I220, . . . , I246 are given by

{1, 2, 3, 4, 5, 6} , {1, 2, 3, 4, 5, 7} , . . . , {3, 4, 5, 6, 7, 8} .

The next
(
8
7

)
sets I247, I248, . . . , I254 are given by

{1, 2, 3, 4, 5, 6, 7} , {1, 2, 3, 4, 5, 6, 8} , . . . , {2, 3, 4, 5, 6, 7, 8} .

Finally, the last set I255 = {1, 2, 3, 4, 5, 6, 7, 8}. Now the suppliers from which each warehouse

can receive quantities of corn from are the Ji derived from the Ii above. We take the allocation

vector x to be

x = (x1,1, x2,2, . . . , x8,8, . . . , x255,1, x255,2, . . . , x255,8) .

Each component of x has the form xi,j where i corresponds to Ii and j is an element of Ii. The

components of x are ordered according to the elements in the sets I1, I2, . . . , I255. The quantity of
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corn ri (in pounds) that each supplier has is taken from a uniform distribution of integers ranging

from 10 to 40. Letting r(i : j) denote the components of the vector r from ri to rj we have

r(1 : 5) = 10; r(6 : 12) = 11; r(13 : 20) = 12; r(21 : 29) = 13; r(30 : 39) = 14; r(40 : 51) = 15;

r(52 : 56) = 16; r(57 : 71) = 17; r(72 : 81) = 18; r(82 : 89) = 19; r(90 : 97) = 20;

r(98 : 102) = 21; r(103 : 109) = 22; r(110 : 122) = 23; r(123 : 126) = 24; r(127 : 139) = 25;

r(140 : 148) = 26; r(149 : 156) = 27; r(157 : 162) = 28; r(163 : 168) = 29; r(169 : 175) = 30;

r(176 : 183) = 31; r(184 : 186) = 32; r(187 : 195) = 33; r(196 : 207) = 34; r(208 : 216) = 35;

r(217 : 222) = 36; r(223 : 226) = 37; r(227 : 239) = 38; r(240 : 252) = 39; r(253 : 255) = 40.

The pre-existing inventory of the warehouses was taken from a uniform distribution of numbers

ranging from 25 to 50 pounds. We obtained

(x0,1, x0,2, . . . , x0,8) = (41, 42, 35, 34, 50, 25, 48, 48) .

In this example, due to economies of scale (see [75]), we use the carrying cost function

g(x) = log (1 + x)

and therefore

f (x) =
8∑
j=1

log (1 +Xj (x)) .

From the OLP Theorem, we know that the optimal allocation is found among the 8! = 40, 320 OLP

points whereas the set X has 7.6959×10145 extreme points! For this data set, we find that the opti-

mal allocation assigns 58 pounds of corn to Warehouse 1, 69 pounds of corn to Warehouse 2, 3592

pounds of corn to Warehouse 3, 170 pounds of corn to Warehouse 4, 72 pounds of corn to Ware-

house 5, 730 pounds of corn to Warehouse 6, 331 pounds of corn to Warehouse 7 and finally, 1618

pounds of corn to Warehouse 8. Now f ∗ = 19.8620 and the bijection associated with the optimum

OLP allocation is given by

ω(1) = 3; ω(2) = 8; ω(3) = 6; ω(4) = 7; ω(5) = 4; ω(6) = 5; ω(7) = 2; ω(8) = 1.



91

6.10 Further Research

In this chapter, we studied an Inventory Carrying Cost Problem, denoted as ICCP, which involves

the distribution of a resource between n suppliers and m identical warehouses. We showed that

the optimum allocation for this problem is found among the set of m! OLP points. As an extension

of our current research, we consider the case where each warehouse’s carrying cost function is

different. More specifically, we plan to consider a modified version of the ICCP where the objective

function is given by

f (x) =
m∑
j=1

fj(x)

where

fj (x) = gj (Xj (x))

and each gj is a concave function. In this case, the Schur concavity argument in our proof of opti-

mality is no longer valid since each warehouse’s carrying cost function is different. Nevertheless,

we conjecture that it may still be the case that the set of OLP extreme points contain a solution to

these problems. To illustrate this, consider the motivational example from Section 6.4, but with the

objective function replaced by

f (x) = log (14 + x1,1 + x2,1 + x4,1) + (12 + x1,2 + x3,2 + x4,2)
1/2

+ log (1 + 2 (10 + x2,3 + x3,3 + x4,3)) ;

x = (x1,1, x1,2, x2,1, x2,3, x3,2, x3,3, x4,1, x4,2, x4,3) ,

where g1(x) = log (1 + x), g2(x) =
√
x and g3(x) = log (1 + 2x). Despite each warehouse

having a different carrying cost function, a minimum still occurs at the OLP point

x∗ = (6, 0, 5, 0, 0, 7, 9, 0, 0)

with f (x∗) = 10.5458. The optimal solution results in 33 pounds of rice allocated to Ware-

house 1, 12 pounds of rice allocated to Warehouse 2 and 17 pounds of rice to Warehouse 3.
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Chapter 7

Conclusion and Future Research

The main theme of this dissertation was the exploitation of symmetry for systems problems in-

volving multilinear uncertainty structures. To this end, we considered various optimization and

probability scenarios and demonstrated how symmetry is used to reduce computational complex-

ity. A few of our theorems are more general and do not require multilinearity; only symmetry is

exploited in these cases. This was the case in Chapter 4 where we considered the probability mass

function of a general symmetric function of i.i.d random variables. We also provided a number of

theorems involving optimization and probability for sums of symmetric functions and multi-group

symmetric functions. One highlight of this dissertation is the extreme point result obtained via

Schur concavity for the Inventory Carrying Cost Problem described in Chapter 6. We now present

three avenues for future research.

7.1 Future Work on Resource Allocation

A first direction for future research involves a more general allocation problem in Chapter 6. One

important extension would be to consider the geographical location of suppliers as optimization

variables and take into account the distances to warehouses. This extended formulation will be

similar in flavor to position location problems which are studied in optimal facility location prob-

lems in [80]. Facility location problems are often formulated as Minimum Concave-Cost Network

Flow Problems (MCCNFP) which involve directed graphs; see [84] and [85].
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7.1.1 Supplier Positioning Problem: Building on the setup in Chapter 6 we introduce a pair of

variables (ui, vi) which denotes the position of supplier i in the u-v plane. Given all the positions of

the warehouses, we would like to make an optimal selection of these variables using an augmented

objective function which not only includes the distances mentioned above but also accounts for the

amount of resource delivered by the suppliers; i.e., the augmented objective function should also

reflect larger good shipments being more costly. This leads us to consider a function of the form

d(u, v) =
n∑
i=1

∑
j∈Ii

di,j (ui, vi, xi,j)

where, as in Chapter 6, Ii are the set of indices of warehouses to which supplier i can supply some

portion of ri and xi,j is the amount of resource delivered from supplier i to warehouse j . We also

plan to address the extent to which concavity and extremality can be brought into play and how

difficult the problem becomes as we increase the number of warehouses. In other words, we need

to determine how complex the problem becomes as m increases.

7.2 Future Work on Multi-Group Symmetry

For future research regarding multi-group functions and sets, it would be of interest to investigate

computational complexity when only a subset of variables enter into f(x) either symmetrically or

in a groupwise manner. To motivate this topic, consider the pair (f,X) where f : R5→R is the

multilinear function
f(x) = x1x2 + x1x3 + x2x3 + 2 (x4 + x1x2x3x4x5)

and X ⊂ R5 is given by the product of hyperrectangles X1×X2 where X1 = [1, 2]× [1, 2]× [1, 2]

and X2 = [2, 3]× [2, 3] with partition I1 = {1, 2, 3}, I2 = {4, 5}. If we hold x[2] fixed, then

the resulting function is symmetric in (x1, x2, x3) and we only need to consider 4 extreme points

to find its minimum or maximum on X1. On the other hand, if we hold x[1] fixed, the resulting

function is not symmetric in (x4, x5) and we need to consider all 4 extreme points to find its min-

imum or maximum on X2. Therefore, to find a minimum or maximum of f on X, it suffices to

consider (4)(4) = 16 extreme points as opposed to the 25 = 32 for a general multilinear function.
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One direction for future research involves generalizing results in this thesis to allow for subsets

of group variables being symmetric or groupwise affine. To this end we will be working with

“subset-group asymmetric” and “subset-groupwise affine symmetric” pairs. It should be possible

to develop theorems characterizing extreme point savings when working with such pairs. One

special case of interest for a “subset-group asymmetric pair” is obtained when f(x) is multilinear

and X is the product of hyperrectangles that are not all identical. A “subset-groupwise affine sym-

metric pair” (f,X) would be the case which arises when f(x) is groupwise and X is the product of

polytopes that are not all identical.

7.3 Future Research on Symmetric Multilinear Robust Stability Problems

In systems theory, multilinear functions are heavily used. Hence this section on future research is

much more detailed than its predecessors. In particular, we focus on robust stability and related

mathematical programming issues. Indeed, there is a large body of literature devoted to the study of

the stability of the family of polynomials P .
= {p(·, x) : x ∈ X} with each member p (·, x) having

the form

p(s, x)
.
=

m∑
i=0

ai(x)si.

Typically, p(s, x) is called an uncertain polynomial, called the vector of uncertain parameters

and X is called the uncertainty bounding set; e.g., see [3]. The polynomial above is typically

assumed to have continuous coefficient functions a0(x), a1(x), . . . , am(x) and X ⊂ Rn is a hyper-

rectangle

X
.
=
{
x ∈ Rn : x−i ≤ xi ≤ x+i for i = 1, 2, . . . , n

}
,

where xi− and xi+ are given bounds for the i-th component xi of x. Now, this family P is said to

be robustly stable if, for all x ∈ X, p(s, x) is stable; that is, all roots of p(s, x) lie strictly in the left

half plane; see [3] and its extensive bibliography for full coverage of this topic.
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7.3.1 Robust Stability with Symmetry in Play: Many papers such as [4] and [5] consider the

robust stability problem of the family of polynomials above with the coefficients ai(x) being multi-

linear functions. For example, this structure arises in a cascade connection of Single-Input-Single-

Output transfer functions; see also [7]-[9], [10]-[14], [15]-[24] and [25]-[30] where problems of

stability with multilinear dependence arise. Of particular note is reference [31], where the robust

stability problem is considered with coefficients ai(x), which are symmetric multilinear functions.

When the uncertainty bounding set X satisfies the nonoverlapping condition

x+1 > x−1 > x+2 > x−2 > · · · > x+n > x−n ,

it turns out one can test for the robust stability by using the so-called Edge Theorem in [32]. This

theorem reduces the robust stability problem to testing the subset of polynomials associated with

the one-dimensional edges of X.

7.3.2 Further Research on Robust Stability: To motivate how symmetry can be exploited in

new settings not considered to date in the literature, we now consider the linear time-invariant

state-space system

ẏ =


x1 1 2

12 x2 3

6 4 x3

 y .
= A(x)y.

The uncertain characteristic polynomial of this system is easily calculated to be

p(s, x) = det (sI − A(x))

= s3 − (x1 + x2 + x3) s
2 + (x1x2 + x1x3 + x2x3 − 36) s

+ 12 (x1 + x2 + x3)− x1x2x3 − 114

and it is noted that the coefficients of this polynomial are all symmetric multilinear functions of x.

To see the benefit of the symmetry above in a computational complexity context, we consider the

simple case where each xi can take on one of two possible values, a or b. That is, xi ∈ {a, b} for
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i = 1, 2, 3. To determine if this system is robustly stable, it is necessary and sufficient to find the

roots of the polynomials associated with the eight possibilities for x and check if they all lie in the

strict left half plane. These eight possibilities are given by

x1 = (a, a, a) ; x2 = (a, a, b) ; x3 = (a, b, a) ; x4 = (a, b, b) ;

x5 = (b, a, a) ; x6 = (b, a, b) ; x7 = (b, b, a) ; x8 = (b, b, b)

and the polynomials are readily generated. For example,

p(s, x4) = s3 − (a+ 2b) s2 +
(
b2 + 2ab− 36

)
s + 12a+ 24b− ab2 − 114.

Notice that as a result of the symmetry of p(s, x), we have

p(s, x2) = p(s, x3) = p(s, x5);

p(s, x4) = p(s, x6) = p(s, x7).

Therefore in view of symmetry, to determine if p(s, x) is robustly stable we only need to check the

polynomials associated with the extreme points, p(s, x1), p(s, x2), p(s, x4), and p(s, x8), instead

of the original eight. This example, while very simple, illustrates the reduction in computational

complexity that can be attained with symmetric multilinear functions. More generally, if the matrix

A(x) above has n uncertain parameters x1, x2, . . . , xn, each taking on values a or b; then we have

2n extreme points. To determine if p(s, x) is robustly stable, using symmetry, we only need to

check the polynomials associated with n+ 1 of the extreme points, instead of the original 2n.

7.3.3 Symmetry Related to Hurwitz Matrices: One interesting new class of optimization prob-

lems which one could consider involves the so-called Hurwitz matrix which arises in the robust

stability problems above. To provide motivation, we revisit the uncertain polynomial

p(s, x) = s3 − (x1 + x2 + x3 − 4) s2 + (x1x2 + x1x3 + x2x3 − 36) s

+ 12 (x1 + x2 + x3)− x1x2x3 − 114,

considered above with symmetric coefficient functions and uncertainty bounding set X described

by 0 ≤ xi ≤ 1 for i = 1, 2, 3. We now reformulate the robust stability problem in terms of
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optimization theory, by forming the Hurwitz matrix

H(x) =


a1(x) a3(x) 0

a0(x) a2(x) 0

0 a1(x) a3(x)


for p(s, x) where the entries above are the coefficients ai(x) of p(s, x); i.e.,

a0(x) = 12 (x1 + x2 + x3)− x1x2x3 − 114;

a1(x) = x1x2 + x1x3 + x2x3 − 36;

a2(x) = 4− x1 − x2 − x3;

a3(x) = 1.

Now, noting that the Hurwitz stability criterion requires the leading principle minors ofH(x) to all

be positive, the necessary and sufficient conditions for robust stability are

a1(x) > 0;

a1(x)a2(x)− a0(x) > 0

for all x ∈ X. Equivalently, robust stability is assured if the following two optimality conditions

are satisfied:

min
x∈X

a1(x) > 0;

min
x∈X

[a1(x)a2(x)− a0(x)] > 0.

We notice that the second Hurwitz minor, detH(x), above is symmetric. That is,

detH(x) = a1(x)a2(x)− a0(x)

=
(
x21x2 + x1x

2
2 + x21x3 + x1x

2
3 + x22x3 + x2x

2
3

)
+ 4 (x1x2 + x1x3 + x2x3)

− 2 (x1x2x3) + 24 (x1 + x2 + x3) − 30.

The symmetry in the coefficients ai(x) is preserved in the minors of the Hurwitz matrix. One could

study this in greater detail for future work. This “symmetry preservation property” may be useful

to solve new classes of robust stability problems.
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