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Abstract

We study the invariant measures and fluctuation limits of discrete-time harness processes in one
spatial dimension. We construct one essential ergodic (under spatial shifts) invariant measure of the
increment process derived from harness process, and all other ergodic invariant measures can be ob-
tained by adding constants. We also show that the weak limit of the one dimensional height fluctuations
starting from the increments under several translation-invariant ergodic measures will obey Edwards-
Wilkinson equation, and the finite-dimensional marginal convergence can be extended to a process

level convergence.
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Notation and Symbols

Here is a collection of some notations we use throughout the thesis.

Z

Z+

N

Zd

R

R+

is the set of all integer numbers.

is the set of all nonnegative integer numbers.

is the set of all positive integer numbers.

is the d-dimensional integer lattice.

is the set of all real numbers.

is the set of all nonnegative real numbers.

is either the absolute value if z is a number or the Euclidean norm if
x is a vector.

is the imaginary unit which equals to v/—1.

is a positive finite constant, the value of which may vary from line to
line.

means the random variable X has distribution .

is the o-algebra generated by random variables X1, Xo, ..., X,.

is the generic probability function.

is the expectation under probability measure P.

are the probability measure and expectation of the random walk X}



o EV

coming from the dual representation of the harness processes.

is the expectation under initial distribution v.
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Chapter 1

Introduction

In statistical mechanics, for 141 dimensional surface growth models, it is believed that even though
the microscopic evolutions of different models may be different in general, macroscopic behaviors
are often similar and usually can be categorized into two classes based on the macroscopic flux: the
Edwards-Wilkinson (EW) and the Kardar-Parisi-Zhang (KPZ) universality classes (more details can
be found in ( )). A central model in the KPZ class is the well-known KPZ
equation:

1 .
hy = Vhag + 5A(hgc)2 +VDW, (1.0.1)

where W is the space-time white noise. It is predicted but not completely proved that the order of
universal height fluctuation is t1/3 where ¢ is the time parameter (see ( ) for a survey).

In the EW universality class, on the other hand, the limit of the height fluctuation can be described
as the solution of the stochastic heat equation with additive noise (often called Edwards-Wilkinson

(EW) equation (see (1982))):
Zy = vZyy + VDW. (1.0.2)

And the order of macroscopic height fluctuation (scaling time and space by some functions of n) is ex-

pected to be nl/%. This conjecture is supported by past work in independent random walks (

( ) and ( )), independent random walks in static and dynamical random environment
(RWRE) ( ( ) and ( )), random average process (RAP)
( ( )) and a recent model under continuous space and time setting from the Howitt-

Warren flows (Yu ( )). In this paper, we consider a specific surface growth model called harness



process, the one space dimensional version of which obeys EW universality.
Harness processes were first named and studied by J. M. Hammersley around 1956 when he was
looking at a problem on long-range misorientation in the crystalline structure of metals (see
( )). Later on, ( ) has investigated the continuous-time harness processes where
the weight vector is symmetric, unnormalized and infinite while the random noises are normally dis-
tributed. He has proved the convergence to the equilibrium state from the initial configuration under
various conditions. A few years later, ( ) generalized his results for asymmetric but finite
weight vector and non-gaussian random noises, and proved both the existence and uniqueness of the
translation-invariant equilibrium state. Interestingly, he has also pointed out that if the weight is nor-

malized, in one-dimensional case, the order of the height fluctuations is exactly tt/ 4 but the order

decreases to (log t)'/? in two-dimensional case, and the height fluctuations become bounded for higher
dimensions.
Under the same continuous time setting, ( ) have introduced the ran-

dom walk representation of the harness processes, through which they constructed an invariant measure
as the limit of the process starting from the flat configuration. They have shown that with Gaussian
noises and finite support assumption on the transition kernel, for d > 3, the invariant measures of
harness processes are Gaussian Gibbs fields (also called harmonic crystals), which has been studied
in ( ) and ( ). For lower dimensions (d = 1,2), the invariant
measure for the process itself on the entire Z lattice may not exist in general, but still they have found
the stationary measure for the process “pinned at the origin” (h:(0) = 0) or “viewed from the height
at the origin” (h¢(-) — h(0)). ( ) studied the influence of the tail distribution of the noises
on the convergence of the harness process under the discrete time setting. He also gave the connection
between the decay rates of the noise distribution and the limit distribution.

In this thesis, we study the discrete-time version of harness process in one spatial dimension, which

has some connections with independent random walks model in ( ) and one dimensional



RAP model in ( ). Chapter 2 will first give a detailed description of the model (Section
2.1) and then discuss the main results ( Section 2.2 and Section 2.3). Section 2.2 focuses on finding the
invariant measure for the increment process derived from the harness model. We appeal to

( ), provide an invariant measure as the distribution of the limit of an L?-martingale
and show that it is indeed the unique ergodic (spatially speaking) measure with finite first moment.
Unlike the product form invariant distributions stated in ( ) and ( ), the
invariant distribution for the increment process in our case does have non-zero correlations (except in
some special cases). Section 2.2 will provide asymptotic results for the scaled height fluctuations. We
will show that the fluctuation is subdiffusive (O(n'/*)), and the scaled hight fluctuations starting from
i.i.d., invariantly distributed and strongly mixing initial increments will converge to two-parameter
Gaussian processes in the sense of convergence of finite-dimensional distributions. More interestingly,
the time marginal of the limit process in the second case is a fractional Brownian motion with Hurst
parameter 1/4. In addition, the process-level tightness of the convergence will be achieved. Chapter 3
will cover all the proofs. Appendix A will discuss some useful properties of the potential kernel of one
dimensional recurrent random walks. Appendix B provides a proof of Local Central Limit Theorem

(LCLT) and several applications.



Chapter 2

The harness process and the main results

2.1 The model

For fixed dimension d € N, the harness processes is a collection {h; : t € ZT} where each h; is a
real-valued random height function on Z?, the evolution of which obeys the following rule,

hipa (i) = Y w(k)hi(i+ k) + &1 (i), i€z tez?, Q2.1.1)
kezd

where {w(k)}1cza is a fixed weight vector with the following properties

0 <w(k) <1, forall k e Z4, Z w(k) = 1 and the support supp(w) = {k € Z% : w(k) > 0}
kezd

is finite. (2.1.2)

The mean (vector) of w is denoted by 11 = > ;54 kw(k). In dimension d = 1, we write the variance

as

of = (k= m)’w(k). (2.1.3)

kEZ

Assumption (2.1.2) implies that 0 < 0% < cc.

{&t(K)} keza tez are assumed to be i.i.d. random noise variables with mean zero and variance

Var(&o(O)) = O’g < 00. (2.1.4)

Roughly speaking, (2.1.1) can be viewed as a discrete version of the EW equation in (1.0.2). Note

that the evolution of random average process (RAP) is quite similar to (2.1.1) except two differences:



it does not have the noise term ¢ and the weight vector {w(k)},czq is a random vector called random
environment (see ( ).
We will think of the weight vector {w(k)},cza as the transition probability of a discrete-time

random walk on Z?. We will denote this transition kernel by
p(i.g) =w(j—1i), i,je2, (2.1.5)

and multistep transition probabilities by

PR = Y plii)p(inia) - plie-1,4), ij € 2% ke LT, (2.1.6)

11,82, 1 €zd
where p°(i,7) = 1{i = j}, p'(4,5) = p(i, ). The random walk on Z? with transition probability
p(i,7) and initial position 4 is denoted by { X} },c7+.
For future use, we denote another transition kernel

q(i,j) = > w)w(j —i+2), i,jez’ (2.1.7)
2€7Z4

We use {Y;'};cz+ to represent the random walk with transition probability (i, j) and starting point .
Notice that Y is a symmetric random walk, the distribution of which is the same as X} — X? (see
the proof of Lemma 2.3) where X/ and X are independently distributed random walks with transition
probability p(-, -). The multistep transitions

¢ (i,0) = Y PP, 2)p*(0,2), i€z ket (2.1.8)

2€7Z4

Under assumption (2.1.2), g will also be finitely supported and nondegenerate.
As an analogue of the Harris graphical construction in ( ), the harness

process {h¢ };c7+ has the following random walk representation.

Lemma 2.1. Forallt € 71, i € 72,

t

hi(i) = E [ho(X}])] + ) B [&(X] )] . (2.1.9)
k=1



Notice that the initial state {ho(4) : i € Z%} and the noise variables {;(4) : i € Z¢, k € N} remain
random in the expectation above. We assume that {/(4) };cza is independent of {&x () };cz4 ken-

For surface growth models, on the macroscopic and deterministic scale, the height equation should
be a Hamilton-Jacobi equation: % +H (Vv) = 0. The slope satisfies conservation law, and the function
H is called the flux. If the flux is linear, then the model falls into EW class. If the flux is strictly convex
or concave, then the system is in KPZ class. For harness process, by applying (2.1.9), we can show
that the flux is linear. To be specific, the macroscopic height function h; is simply translated by speed

b= — 1.

Theorem 2.2. Assume (2.1.2) and (2.1.4). Suppose {h}(i) : t € Z*t,i € Z},en is a sequence of
independent harness processes and L hi(|nz]) converges in probability to a continuous function u(z)

with u(0) = 0 uniformly on any bounded set as n goes to infinity, i.e.

1
lim P | sup [—h{(|nz]) —u(x)] >€e] =0, Ve, R>0. (2.1.10)
Then, for all x € R¢,
1
— Tntj(tnxj)&u(:ﬂ—bt), asn — oo. (2.1.11)
n

The limit in (2.1.11) is called “hydrodynamic limit” of the process. And v(z,t) = u(z — bt) is the

unique solution of the linear transport equation
v¢ + buy = 0, with initial condition v(z,0) = u(x). (2.1.12)

This is the dynamics of the macroscopic harness process. The lines z:(t) = z + bt are called the
characteristics of (2.1.12). This hydrodynamic limit suggests that the harness process should obey EW
universality.

From now on, we restrict to dimension d = 1 and further assume the probability vector {w(i) };ez

to have span 1, i.e.

max{k € ZT : 30 €Z, s.t. supp(w)CL+kZ}=1. (2.1.13)



The new assumption (2.1.13) guarantees that the transition kernel ¢(7, j) will also have span 1. We

summarize the properties of g below.

Lemma 2.3. Assume d = 1, (2.1.2) and (2.1.13). g-walk is symmetric (and hence recurrent), irre-
ducible and has span 1. The mean and variance of the one-step transition are

qu(o,x) =0, Zach(O,x) = 20%. (2.1.14)

TEZL TEZ
2.2 Invariant measures

The proofs for the results in this section can be found in Section 3.2.

Because of the nonexistence of invariant distributions of the harness process h; in one space di-
mension (see ( )), in this section, we will mainly forcus on the construction
and the uniqueness of the ergodic (spatially speaking) invariant measures of the increment process

{ne(x) : € Z};ez+ which is defined below.
ne(i) = hy(i) — hy(i — 1), i€ Z,t €L, (2.2.1)
From the dynamics of harness processes (2.1.1), we can derive the evolution of the increments 7.

7]t+1(i) = Zw(k})ﬁt(l + k) + €t+1(i) — €t+1(i — 1), 1 €Z,t € 7. 2.2.2)
keZ

For the invariant distributions of the general increment processes in higher dimensions (d > 2), please
see (2015).

We would like to set up some basic terminology before we move on to any specific result. Let M
be the space of probability measures on R”. A measure v € M is said to be invariant for the process 7;
defined in (2.2.1) if ng ~ v implies 17; ~ v. The convex set of all invariant measures of 7 is denoted by
T. Let {0, } zz be the set of shift operators in space. As an example, for € RZ, (6,1)(i) = n(i + z),
Vi € Z. A measure v € M is said to be shift invariant in space if v(6,A) = v(A) for all Borel sets

A C RZ and x € Z. The collection of all shift invariant measures in M is denoted by J. A Borel set



B C R?%is invariant if ,, B = B for all z € Z. A shift-invariant measure v € 7 is ergodic if v(B) = 0
or 1 for every invariant Borel set B C RZ.

For the construction of the invariant measures of 7, we first define a harness process {h, (i) :
i € ZL}>s starting at time s with a flat configuration, i.e. h, (i) = 0, Vi € Z. Then, from the dual
representation (2.1.9), at time ¢ > s, the heights h, 4 (-) can be represented as

hisg (D) =) Z Ei(y j), iE€ZL,t>s. (2.2.3)

JEZ k=s+1

In addition, we can also define a harness process hf 1 starting at time s with configuration g, i.e.

h§

[s,s]

(i) = <(4), Vi € Z. Then, we can also write h[ g2

B = Z &P TG + D s i€Z,t> s (2.2.4)

JEL k=s+1 jez

We can show that
Theorem 2.4. Assume d =1, (2.1.2), (2.1.4) and (2.1.13).

1. For each fixed i € 7, and t € 77, the process {hy_s(i) — hy_sq(i — 1) : s € ZT} is
an L*-martingale with respect to the filtration (Fs)s>o where Fs = U({t,sﬂ(-), ... ,ft(-)).
Furthermore, the martingale hy_g (i) — hy_g (i — 1) converges both almost surely and in

L%-norm as s — oo. We denote the limit by Ay(i), i € Z.

2. {A¢}iep+ is a stationary Markov process. The distribution of Aq is an ergodic (space-wise)

invariant measure for the increment process 1 (+).

The representation (2.2.3) suggests that the process Ay can be written as
ZZ& k(j [ G f)—p i —1,5)], ieZtezt. 2.2.5)
JEZ k=0
By (2.2.5), one can easily check that the process {A;};cz+ obeys evolution (2.2.2) and hence itself is

an increment process of a harness process.



Let us denote the distribution of Ag by mg € Z N J. Since 7y is ergodic, it is one extreme point of

7Z. The mean and covariances of 7 are described below.

Proposition 2.5. Assume d =1, (2.1.2), (2.1.4) and (2.1.13). 7y has mean zero and covariance Vp(-, -)
given by

Vo(i,j) = oglai —j = 1) +ai — j +1) = 2a(i = j)], i,j € Z, (2.2.6)

where a(x) is the potential kernel,

a(z) = [¢"(0,0) - ¢"(2,0)], z€Z, 2.2.7)
k=0

and the associated transition kernel q is defined in (2.1.7).

Notice that the convergence of the infinite series in (2.2.7) is guaranteed by assumption (2.1.2) and
(2.1.13) (see either Lemma 3.4 in Section 3.2 below or P28.8 in ( ).

Now we can see that the invariant measure 7 is not degenerate since a(0) = 0 and a(x) > 0 for all
x # 0 due to Lemma 3.5 in the proof of Theorem 2.4. The potential kernel a(x) has been well studied
in ( ). And some of the useful results are listed in Appendix A. From the properties of the

potential kernel a(x), we can make a few comments on the covariance function V4 (0, z).
Corollary 2.6. Assume d =1, (2.1.2), (2.1.4) and (2.1.13).

1. The spectral density function (see definition below, the details can be found in Chapter 4 of

( )) of Vo (0, ) can be written as

T 1 — cos(0) ‘

f(0) = (2.2.8)

2. There exist constants A, ¢ > 0 such that

Vo(0,2)] < Ae™l vz e 7Z; (2.2.9)



10

o2
> h(0,k) = =5, (2.2.10)
keZ 71
The series in (2.2.10) is called the series of covariances, and it converges absolutely.

Definition 2.7. A function f defined on (—m, x| is the unique spectral density of a stationary process

{ X }iez with covariance V (-, -) if
e f(0)>0foralld € (—m,m),

o V(0,k)= ["_e*f(0)do, forall k € Z.

Now let us further investigate the invariant measure 7. First, let us give the following definitions.

Definition 2.8. A mean-zero real-valued stochastic process {n(x)}zcz that is stationary in the wide

sense (covariance-stationary) is called linearly regular if the space
H(—00,—0) = m H(—00, )
x

is trivial, where H (a,b) is the mean square closed linear hull of {n(y) : a <y < b}, i.e. H(a,b) is the

minimal closed set in L*(IP) that contains the linear span of {n(y) : a <y < b}.

More details about the space H(a, b) can be found in ( ) (see Chapter

L5).

Definition 2.9. A mean-zero real-valued stochastic process {n(x)}zcz that is stationary in the wide

sense (covariance-stationary) is called completely linearly regular if

pla) = Sup |E[p12] | = 0, asx — oo.
¢1€H("E7OO)7¢2€H(*OO,O)
llp1ll2=llp2ll2=1

{p(x)},cz+ are called the coefficients of complete linear regularity.
The linear regularity condition has been introduced and well-studied in
( ), and it plays an important role in the prediction theory of stationary random processes (see

( ) for detail). Here we will show that 7 is indeed completely linearly regular.
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Theorem 2.10. Assume d = 1, (2.1.2), (2.1.4) and (2.1.13). The my-distributed process {n(x)},ecz is

completely linearly regular with linear regularity coefficient
p(z) =o(x™™), forallncZ .
More interestingly, if we set the noise £ to be Gaussian in (2.2.5), the result can be stronger.

Definition 2.11. A stationary stochastic process {n(x)} ez is called completely regular if

o(z) = Sup |Cov (1, 02)] — 0, asx — 0.
$1ELP(F2),pa€l?(FO )
llg1ll2=lI¢p2ll2=1

where F)l = o{n(x) : m < x < n}, and{o(x)},cz+ are called the coefficients of complete regularity.

Corollary 2.12. Assume d = 1, (2.1.2), (2.1.4), (2.1.13) and {& (i) }icz.+e7 have i.i.d. Gaussian distri-
bution. Then g is a centered Gaussian field (also called Gauss measure) with the covariance function
Vo(+, ). mo-distributed process {n(x)}.ez is stationary and completely regular with regularity coeffi-
cient

o(x) =o(x™™), foralln cZ™ .

For the uniqueness of the ergodic (spatially speaking) invariant measure of the increment process

{nt}+cz+, we have the following theorem.

Theorem 2.13. (Uniqueness) Assume d = 1, (2.1.2), (2.1.4) and (2.1.13). Let v € T N J satisfy
the following properties. v is an ergodic measure, BV |n(0)| < oo and E” [n(0)] = ¢. Denote the

distribution of {c + Ao(x) }zcz by 7. Then,
V= Te.

More results about the structure of Z can be found in ( ).
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2.3 Limits for height fluctuations

The proofs for the results in this section can be found in Section 3.3.

In this section, we assume that the initial height function hg : Z — R is normalized by ho(0) =
0. The distribution of the initial increment process {rno(z)},cz is assumed to be shift invariant and
ergodic. We denote the mean, the variance and the series of covariances of the initial increments by

o =E[m(0)], of =Varn(©0)], <*=2) Cov[m(0)m(x)]- (2.3.1)
TEZ

The convergence of the series above will be guaranteed by condition (a), (b) and (c¢) in Theorem 2.15
below. One can show that ¢ is the limit of n~Var [1(1) + 70(2) + - - - + 70(n)] and hence nonneg-
ative (see Lemma 1.1 in ( ).

We are interested in the fluctuation on the marcroscopic characteristic line x(t) = bt with spatial
scaling /n (note that b = — ). We find that the magnitude of this fluctuation is n'/%. To be more

specific, we are studying the weak limit of the following subdiffusive-scaled fluctuation:

T (t,r) =n~1/4 {thtj (lrv/n] + |ntb]) — porv/n} . (2.3.2)

From Lemma 2.1, h,,(t,7) has the following dual representation
[nt)

T (t, ) = n~ /4 [ (xp) } + ZE [gk (xpn) )} — uoryn (2.3.3)
where y(n) = [ntb] + [rv/n], and {X} }rcz+ is a random walk on Z starting from site i € Z with
transition kernel p(z, y) defined in (2.1.5). The expectation E only acts on the random walk X _y(”) .

Our main work is to show that the process {hn(t,7)};cr+ rer Will converge weakly to the weak
solution of an Edwards-Wilkinson equation (1.0.2). We will study the fluctuation limits under three
circumstances: the initial increments {ny(x) : * € Z} are (a) i.i.d. (b) mp-distributed, or (c) a strongly

mixing stationary sequence. The strong mixing condition is defined below.
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Definition 2.14. Let {n(i) : i € Z} be a stochastic sequence and F,' = o(n(i),n < i < m). We say

that the sequence 1) is strong mixing if a(n) — 0 as n — oo where the strong mixing coefficient is

a(n) = sup a(F* o, Feln), (2.3.4)
k
where
a(A,B)= sup |P(ANB)—P(A)P(B)| (2.3.5)
AceA,BeB

for two sub-c-algebras A and B on a probability space (), F, P).

For the properties of strong mixing conditions(e.g. the differences and relations between strong
mixing and completely regular), we refer to ( ).

Now let us depict the limit process. Let us denote the centered Gaussian p.d.f and c.d.f with variance

v? by
1 .’E2 T
py2(x) = Nor exp | =53 and @2 (z) = G (y)dy, (2.3.6)

and define the Gaussian process {Z(t,7) : t € RT,r € R} to be the sum of two stochastic integrals

Z(t,r) = ¢ // Po2(1—s) (1 — 2)dW (s,2) + g/ 0,24 (r — x)B(x)dx, (2.3.7)
o1 0,xR R

where {W (¢t,r) : t € RT,r € R} is a two-parameter Brownian motion and { B(r) : r € R} is a two-
sided Brownian motion. W and B are independent. In fact, Z(¢,r) is also the unique mild solution

( ( )) of the following EW equation on R™ x R:

0Z 0197 o B
52 + U—1W, Z(0,7) = sB(r). (2.3.8)

The process {Z(t,7) },er+ rer has zero mean and covariance

0.2
E[Z(s,q)Z(t, )] = 5T1((t,7), (5,9)) + *T2((t,7), (5, 9)), (2.3.9)

01

where I'q, I's are given as follows. First define the function

Uo(x) =2p,2(x) —z (1 — ®e(x)). (2.3.10)
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Then, the two functions I'1, I'y are expressed as

Iy ((57 Q)7 (tv T)) = \IIU%(tJrS) (T - q) - \Ila'f|tfs|(r - Q)a (2.3.11)

and

F2((S7 Q), (tv ’I”)) = \I/U%s(_Q) + \I}a%t(r) - \Ijo%(t—l-s)(r - Q)- (2.3.12)

Theorem 2.15. Assume d = 1, (2.1.2), (2.1.4), (2.1.13), E [50(0)4] < o0, and that one of the following

conditions is true.
(a) {no(x):x € Z} is an i.i.d. sequence with finite second moment;
(b) {no(x) : x € Z} obeys the invariant measure o of the sequence {Ao(x)}rcz defined in (2.2.5);

(c) {no(z) : © € Z} is a strongly mixing stationary sequence, and there exists a 6 > 0 such that

E|10(0)|?*% < oo, and the strong mixing coefficients of {no(x)}4ez satisfy

o0

> G+ 1) a(j) < . (2.3.13)
7=0

Then, the series of covariances ), Cov(no(0),no(x)) converges absolutely. The fluctuation process
{hn(t,7)}icr+ rer Will converge weakly to the Gaussian process {Z(t,7)};cr+ rcr in the sense of fi-

nite dimensional distributions, i.e. for any fixed integer N > 0, any pairs (t1,71), (t2,72), ..., (IN,TN) €

Rt x R,

(En(tl, 1), hn(ta,72), . .. ,En(tN,rN)) = (Z(t1,m1), Z(to,12), ..., Z(tN,TN)), asn — oo.

(2.3.14)

Remark 2.16. 1. In(2.3.9), we can see that the covariance of the limit process Z has two parts, the
I’y part comes from the dynamical fluctuations (i.e. the randomness caused by the noise variables
{&k () }kez+ wez)r while the T'y part is contributed by the initial fluctuations (the randomness of

the initial increments {no(x)},ez)-



2. In case (a), <2 = 03. In case (b), from (2.2.10), ¢? =

)—-qm‘mqw

15

3. In case (c), it is possible that > = 0. If that happens, the randomness of the initial increments

will not have any impact on the limit process.

4. If the noise terms {&;,(x) }rez zcz are normally distributed, then case (b) is covered by case(c)

due to Corollary 2.12 and the fact that complete regularity is stronger than strong mixing, i.e.

a(z) < o(z), Vo € ZT (see ( ).

5. In case (b), at r = 0, the limit process {Z(t,0) };,cr+ is a fractional Brownian motion with Hurst

parameter 1 /4. The covariance has the form

E[Z(s,0)Z(t,0)] =

t—s

\ﬁ

(2.3.15)

Notice that the fluctuation process {h,(t,7)}icr+ reRr lives in a 2-parameter cadlag path space

(continuous from right above and have limits from other directions). Let us denote this 2-parameter

cadlag function space with Skorohod’s topology by (see Definition 2.17, more details can be found in

(1971))

Dy =Dy(Q,R)

={f:Q — Rs.t. for V(tg, r9) € Q, lim f(t,r) exists fori = 1,2, 3, 4,

tr)EQ, o)
(t,’r”)—>(t0,7"0)

and ~ lim  f(t,r) = f(to,0)}-
(t’T)EQ%vaTo)
(t,T')—)(to,'r‘o)

where Q = [0,T] x [-R, R}, and QZ('tO ro)" 1 = 1,2, 3,4 are four quadrants of Q:

Q%toﬂ"o): {(t,r) € @Q: t>t0,r>rg}Qt0m: {(t,r) € Q :t > ty,r <10},

Q?to,m) ={{t,r)eQ:t<tor< TU}’Q?to,r()) ={(t,r) e Q :t <tg,r >1p}.
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Definition 2.17. Let A be the set of all transformations \ : QQ — Q of the form A(t,r) = (A1(t), Aa(7))
where both \1 and \o are strictly increasing, continuous bijections. We define the Skorohod distance
between x,y € Da to be

ds(z,y) = inf max(fla —yA[l, [IAl),
eA
where ||z — yA|| = supyeq [#(u) — y(A(u))] and [N = sup,eq [A(u) = ul.

We will show that under stronger assumptions on the moments of {no(x)},ez and {&x(x) }r ez
and the strong mixing coefficients {«(k)},cz+, the weak convergence in finite dimensional distribu-

tions of hy, (-, ) in Theorem 2.15 can be strengthened into a process level convergence.

Theorem 2.18. Assume d = 1, (2.1.2), (2.1.4), (2.1.13), E [£(0)'?] < oo, and that one of the follow-

ing conditions is true.
(a) {no(x):x € Z} is an i.i.d. sequence with finite 12th moment;
(b) {no(x) : x € Z} has the distribution T of the sequence { Ao ()} ez defined in (2.2.5);

(c) {no(x) : x € Z} is a strongly mixing stationary sequence, and there exists €y > 0 such that

E [|70(0)[***€0] < oo and the strong mixing coefficients {c(x)} g+ satisfy

[e.9]

D i+ 1)10F18/00 (1) < oo, (2.3.16)
i=0
Then the fluctuation process {hy(t,7)}1cr+ rer converges weakly to {Z(t,r)}cp+ rer 0n Do in the

Skorokhod topology, i.e.

lim Ef(h,) = Ef(Z)

n—oo

for all Skorokhod-continuous bounded functions f : Dy — R.
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Chapter 3
Proofs

3.1 Proofs of the initial preparations

Proof of Lemma 2.1. According to the evolution (2.1.1) and (2.1.5),

ha(i) = > w(k)he1(i+ k) + &) = B [he 1 (X])] +&(0)
kezd

=E [E (h—2(X3) | X1) +&-1(XD)] +&(0)

=E [hy—o(X3)] + E& 1 (XD) + &(i)

t
=E [ho(X))] + Y B&(X[ ). (3.1.1)
k=1

Proof of Theorem 2.2. From the dual representation (2.1.9),

[nt|

EthtJ(Lnng) [h XLntj } ZE {fk [nt|— }
Thus, forall e > 0, z € RY,
1 n
P Ethtj(LnxJ) —u(x —bt)| > ¢

[nt)

CS B [gox )]

k=1

SP(’:L [hn(XLLZZJ)} —u(ac—bt)‘ ) (

<P (:LE [hg(XLLZZJ)} —u(z — bt)’ +

Lnt)

IRl

€
2) . (312
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d

For the first part in (3.1.2),

]P’(‘l (x| —u(m—bt)’ ) (

Z P (x|, i) h3 (i) — u(z — bt)| >

iezd
( ZpL"tJ |nx|,i) [hg (i) /n — u(i/n)] pr nx|,i)u(i/n) — u(z — bt) >;)
i€z iezd
<P (2 Pt (L) 5 0) /i — u(ifm)| > j)
U

1o

1 { > ot (], iu(i/n) — u(z - bt)‘ > }
i€Z

gp< sup Iha‘(LnyJ)/n—u(y)l>i>+1{‘E[ (xb )] - uta = 0| > £}

ly| < Mt+|z|+1
where the last inequality is because from the assumption (2.1.2), we can find large enough constant

M > 0 such that w(z) = 0 for all |z| > M.

The condition (2.1.10) directly implies that

lim P( sup  |hg([nyl])/n —u(y)| > i)

|
e

oo\ Jy| <Mtz +1

And by LLN and the continuity of u(x), one can easily show that

lim 1{‘13[ (X“””J/n)} —u(z — bt)| > i} ~0.

n—oo

Therefore, we have proved that

lim P <
n—oo
For the second part in (3.1.2), by Markov Inequality, we have
[nt]

[ nt]
( ZE&C (X ) 2) =P ( o> (e g (@) > <

k=14czd

[nt) Y g2 )
{ |:Z Z ant nmJ,Z)fz(Z)] } = 62;2 Z Z [antJ_k(Lnl’J,i)]

k=1 ZEZd

[h”(Xm)] —u(z — bt)| > ;) = 0. (3.1.3)

nt] 1 402 |nt)
€2n2 Z _27’”2%0, as n — oQ.

(3.1.4)
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The transition kernels p and q are defined in (2.1.5) and (2.1.7) respectively.

Combine (3.1.3) and (3.1.4) together, we get

lim P (‘ihfmtJ(anJ) (e — bt)’ > e> 0,

n—oo

which completes the proof of Theorem 2.2. 0

Proof of Lemma 2.3. Let X? and X} be two independently distributed random walks with transition
probability p in (2.1.5). We first check that the random walk Y0 = X? — X? has the transition
probability q.
ForVk € Z%,x,y € Z,
P(Yk0+1 =y, YY) =x) _ P(X,g+1 - Xlg+1 =y, X} - Xlg =)
P(Y? =x) P(X? - XV = x)
= Duez vez P (X =y + “75(13“ = u, X} =z + v, X} = v)
ez PR =2+ v)P(X] =)

ez Tz wly +u—z — v)wlu— 0)P(X) = 2 + v)P(XL = )

Y ez P(X = 2+ v)P(X}) = v)
Z=u—v Dvez dosez Wy — T+ Z)UJ(Z)P(X;? =T+ U)P(Xlg =)

Yz P(XY =2+ 0)P(X} =)

=Y wly —z+2)w(z) = q(z,y).

K1Y/

P(Yk0+1 = y|Yk0 =1z)=

The symmetry is because

Zw —x+ 2)w uzmﬂz w(u+z—y) =q(y,x).

2€EZ UEL

The equivalence of mean zero and recurrence for one dimensional random walks can be found in
( ) (T3.1, page 33).

For span 1 and irreducibility, we use Bézout’s Identity and its corollary.

Lemma 3.1. Bézout’s Identity Let a1, as, . .., a, be integers, not all zero, let d be their greatest com-

mon divisor, i.e. d = gcd(aq, ag, ..., ay). Then there are integers x1, xo, . . ., x, such that

n
d= E a;T;.
=1
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Corollary 3.2. Let aj,ag, ..., ay, be integers, not all zero, let d = ged(ay, ag, . .., ay,). Then
n
{kd: keZ} = {Zai:ti DX, X9y, Ty € L}
i=1
The proof of the case n = 2 can be found in ( ) (see Theorem 2-3 and its corollary on
page 25), the multi-dimensional case (n > 2) can be proved by using the result of the case n = 2.

Note that supp(q) = supp(p) — supp(p). Let us denote all the elements in supp(p) — supp(p) by

. def
supp(p) — supp(p) = {i —j : i,j € supp()} = {a1,a2,...,am}.

The irreducibility of ¢ is equivalent to {tya; +teas + ...+ tmay, : t; € Zy} = Z. Moreover, we can
easily see that {t1a1 + toag + ...+ tmay : t; € Zy} = {tia1 + teas + ... +tpmay, : t; € Z} due
to the symmetry of supp(q).

From Corollary 3.2,
{tlal +toag + ... +tmam : t; € Z} = dZ,

where d = ged(ay, ag, ..., am).

Since p has span 1, d = 1. Therefore, ¢ is irreducible. Also, since 0 € supp(q), d = 1 implies that
q also has span 1.

The variance of the jump can be calculated by simply noticing Var(Y?) = Var(X?) + Var(X?) =
207,

Thus, the proof of Lemma 2.3 is complete. O

3.2 Proofs of invariant distributions

3.2.1 The construction of the invariant distributions

Proof of Theorem 2.4. First, we would like to show that for all fixed i € Z, and t € Z™, the process

{hjp—s(i) —hp_sy(i—1): s € 7%} is an L2-martingale.
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Forall 0 < s < r, from (2.2.3),

I t t
E (B (i) = hp—s g OIF] =E > > &' 6,0 =Y. Y. &', 4) ‘fs
| JE€Z k=t—r+1 JET k=t—s+1
[ t—s
=B > > &) G5 Fs| =0.
| JE€Z k=t—r+1
The last equation is because &, 41(+), &—rt2(+), - . ., &—s(+) are independent of F. After some simple

manipulations on the equation above, we can show the martingale property of the process {h[t_ 5] (1) —
hi—s (i — 1)} sez+- In order to check the L? boundedness, we first give an explicit formula for the

2nd moment of A 4(4) — hjy_s (i — 1). Recall that the transition probability g is defined in (2.1.7).

Lemma 3.3. Assume (2.1.2) and (2.1.4). For —oco < s < t, 1,5 € Z,

t—s—1
Elhq()] =0, E[hpg(@)]* =02 Y d(0,0); 3.2.1)
k=0
9 t—s—1
E [(h[s,t](y‘) — his (7)) } =20¢ Y [4"(0,0)—¢"(j —4,0)], j#i, (322)
k=0

where ¢°(i,0) = 1{i = 0}.

Proof.
t
E [hpg()] =B |> > &6 56,4)| =0
JEZ k=s+1
t 2 t
2 . _ —kye -
E [hisg ()] =E [>° > &Up 0| =02 > Y pH5)?
JEZ k=s+1 JEZ k=s+1
t t—s—1
=0? Y ¢"7F(0,0) = of ¢*(0,0)
k=s+1 k=0
Notice that

E[hisn(7) = bps.g (D] = E[his g ()] +E[hs.g(8)]? = 2B [hgs g (Vhisn (7). (3.2.3)
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From (3.2.1),
t—s—1

E (Ao (7)]” = Elhiq()]” = o? i q*(0,0). (3.2.4)

For the last term in (3.2.3),

E[hye.q (i)hys g (G) {[Z > Galk ] [Z 2 &k k)”

keZ n=s+1 keZ n=s+1
t t—s—1
zagz Z P (G, k)pt (i k) —(75 Z ¢ "(j —1i,0) ag Z (j —1i,0). (3.2.5)
k€Z n=s+1 n=s+1
Plug (3.2.4) and (3.2.5) into (3.2.3), we show that
5 t—s—1
E[h[s,t] (]) - h[s,t] (Z)] = 20—? Z [qk(oa 0) - qk(] — 1, 0)] O
k=0

One can show that the sum on the right hand side of (3.2.2) converges as s goes to —oo under the

assumption (2.1.13). In fact,

Lemma 3.4. Assume (2.1.2) and (2.1.13). For Vi € Z, there exists a constant co(i) < o0, s.1.

> [d* (i,0)] < coli)s™ /2, VseZ'. (3.2.6)
k=s

Proof. First, we give some useful properties of the transition probability q.

Lemma 3.5. Assume (2.1.2). Then
q"(i,0) < ¢"(0,0), ¢*™(0,0) < ¢*(0,0), Vk>0,i#0. (3.2.7)

Proof. From (2.1.8),
= S0 = X g | (40.0) + (F.0) | = X (0.0) =00
: Y Y — : 2 Y ? £ Y Y Y
JEZ JEZ jJEZ
where p is the transition probability defined in (2.1.5). We can see that ¢*(i,0) = ¢*(0,0) if and only
if

p*(0,7 — i) = p*(0,4), forall j € Z. (3.2.8)
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Suppose that there exists i # 0 such that ¢*(i,0) = ¢*(0,0). Notice that ¢*(0,0) > 0 due to
¢(0,0) > 0. Hence, ¢*(i,0) > 0. Then, there exists £ € Z such that p*(0,¢ — i) > 0, p¥(0,£) > 0.

According to (3.2.8), we have
p*(0,¢ —mi) = p*(0,£) > 0, forall m € Z.

This contradicts the assumption that p has finite range.
The second inequality can be proved by using the first one,
¢"71(0,0) = > ¢"(0,4)q(3,0) <> 4*(0,0)q(4,0) = ¢*(0,0). O
JEZL JEZ
As an analogue to Kolmogorov Backwards Equation, we can rewrite the probability of the random

walk Y.° returning to site 0 at time s as

¢°(0,0) = > > " q(0,i) [¢"(0,0) — ¢*(i,0)]. (32.9)
k=s icZ
In fact,
>3 a(0,9)[¢4(0,0) — ¢F(5,00] =D 1Y q(0,4)g"(0,0) = Y q(0,5)d" (4, 0)
k=s i€Z k=s | i€Z JEZ
=> [¢"(0,0) = ¢"*(0,0)] = ¢°(0,0).
k=s

Note that every term in the summation (3.2.9) is nonnegative because of Lemma 3.5.

For ¢®(0,0) in (3.2.9), we have the following bound.

Lemma 3.6. Assume (2.1.2).
3C >0, st ¢°(0,2) <Cs V2 VseZt zel. (3.2.10)

The proof of Lemma 3.6 can be found in ( ) (P7.6, page 72).

For ¢(0, j) > 0, from (3.2.9) and (3.2.10), we have

oo

9(0,5) > [4"(0,0) — ¢*(j,0)] < ¢*(0,0) < Cs~ Y2,
k=s
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Let co(j) = q(OCJ). Then

o0
> 16"(0,0) = ¢*(j, 0)] < eo(j)s /2.

k=s

For ¢(0, ) = 0, since the random walk Y_0 is irreducible under assumption (2.1.13) (Lemma 2.3), thus,
3d > 1, s.t. ¢%(0,7) # 0. Then, we can use the method above with ¢%(0, j) instead of ¢(0, j). Again,

by an analogue to Kolmogorov Backwards Equation, we have the following equation:

[e%S) s+d—1
> q%0,1)[d"(0,0) = ¢*(5,0)] = > ¢¥(0,0). (3.2.11)
k=s i€Z k=s
Combining (3.2.10) and (3.2.11), we have
[e%9) s+d—1
g%(0,7) > _[¢"(0,0) = ¢*(,0)] < D ¢"(0,0) <dCs™ /2.
k=s k=s
Let co(j) = #OCJ). Then
> " [4¥(0,0) — ¢*(5,0)] < co(j)s ™2
k=s

The proof of Lemma 3.4 is complete. O

Combine (3.2.2) and (3.2.6) together, we can find a constant C' > 0 such that for all ¢ € Z and
s, t€ZT,

E [(h[t_s,ﬂ (i) = hjp_g (i — 1))2} <C. (3.2.12)
Hence, we have shown that {hj_s (i) — h_sy(i — 1) : s € Z*} is an L?-martingale. By the
Martingale convergence Theorem (see, e.g. Theorem 5.4.5 in ( ), (3.2.12) implies the
almost sure and L? convergence of hit—s(1) — hi—s (i — 1) as s goes to oo. Lemma 3.4 gives an L?
speed of convergence.
Notice that Ay, (i) — hy—s (i — 1) = ZjeZ ZZ:tfs+1 §e(d) [ptfk(iaj) — (i — 173')}-
Taking s to infinity, we can represent the limit A;(4) as

A = DD &a) [pGd) - pMi- 15| ieztezt.

JEZ k=0
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The stationarity of A4(+) can be seen directly from the construction. And the Markov property can
be derived from the Markov property of the harness processes. In fact, according to the setting (2.1.1),

Pip—s 0417 (0) =g p417 (=1 Z’w ) [Pre—sg (0 4 5) = hp—s g (i + 5 — D] +&41 (1) —Era (i-1).
JEZL

Let s — oo, we have

Appr (i) = w)Au(i+ ) + &1 (i) = Gra(i = 1). (3.2.13)
JEZ

Also from (3.2.13), we see that the evolution of the process {A; };cz+ is the same as the increment
dynamic (2.2.2). Therefore, A, is an increment process and surely its distribution is the invariant
measure of the increment process {7; };cz+ defined in (2.2.1).

Next, let us prove the ergodicity. Notice that from (2.2.3),

B (@) —hpsn(a=1) =" > &lita) [pH0,5) 90,5+ )] = £(0.0), w ez,

JEZ k=t—s+1

where f(§) =3 _cz Zzzt_sﬂ & (5) [p'%(0,5) = p'=*(0,j + 1)]. and 6 is the space-shift operator.
Let us denote f(£) = limsup,_, ., fs(£). Since limg o0 hp—s (i) — hy_s (i — 1) = Ay(i) as

F(07€) = Ay(i) as. Also, according to the settings, {£x(j) : k € Z,j € Z} are i.i.d. Therefore, by

Theorem 7.1.3 in ( ), we may conclude that the sequence Ay(+) is ergodic under spatial
translations.
Thus, Theorem 2.4 has been proved. O

Proof of Proposition 2.5. E[A(i)] = 0 is due to the fact that Ay(i) is the L-limit of hy_ (i) —
h[t—s,t] (Z — 1) as s — oQ.

For the covariance,

E[A(1)A(5)] = lim E [(hy—s(i) — hp—sg(i = 1)) (hp—sg(G) = hp—sg (i —1))]
=0¢ ). [QQk(i —5,0)—q"(i—j—1,0) = ¢"(i —j+ 1,0)}

—ag[ (t—j—D+4ai—j+1)—2a(i —3)], i,j€Z,
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where the second equality comes from (3.2.5). O
Proof of Corollary 2.6. (2.2.8), (2.2.9) are from Lemma A.3 in the Appendix. And Lemma A.5 implies
(2.2.10). O
3.2.2 Properties of the invariant distributions

Proof of Theorem 2.10. This result is a direct application of Theorem 8 from

( ) (page 181, section V.6). The theorem is stated as a lemma below.
Lemma 3.7. A necessary and sufficient condition for
p(x) = O0(x™"P), where 0 < 3 <1,
is that the spectral density f(\) permits a representation of the form
FO) = [P(e?)Pw(N),

where P(z) is a polynomial with zeros on |z| = 1 and the function w(\) is strictly positive, i.e.

infye(_r.q w(A) > 0, and r times differentiable with the rth derivative satisfying a Holder condition

of order B.
2
In our case, according to (2.2.8), the spectral density function f(\) = 075 . l_zlfc‘;s(gi)em. From
kEZ ’
0.2
¢

the proof of Lemma A.3, we can see that f(\) is infinitely differentiable and f(0) =

2no

5 > 0 (hence
1
strictly positive). Let P(z) = 1 and w(A) = f(\) in Lemma 3.7, we finish the proof of Theorem

2.10. O

Proof of Corollary 2.12. Proving 7 to be a Gaussian field is trivial due to the fact that 7y is non-
degenerate, A¢(-) is the limit of g () —hjp—s (- —1) and hj;_ 4 (+) are jointly Gaussian distributed.
For Gaussian processes, the coefficients of complete linear regularity are equal to the coefficients

of complete regularity (see page 249 in ( ), i.e.

p(z) = o(x), V& =0.
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By Theorem 2.10, the proof is complete. O

Proof of Theorem 2.13. Suppose there exist two invariant (by time) and ergodic (under spatial trans-
lations) distributions with same finite mean for the increment process {7 },cz+. Let us denote them
by 7!, 72 € TN J. Then we can define two initial increments: 7'-distributed {n}(x) : z € Z} and
n2-distributed {n3(x) : x € Z}. Let us assume that n} and nZ are coupled in the way that the dif-
ference process {ng(z) — n3(x)}zez is also ergodic, and the increment process {n} () : x € Z},cp+
and {n?(z) : © € Z},cz+ evolve from initial increments 7§ and 13 respectively with the same noise

{&(i) : t € N,i € Z}. The existence of such coupling method can be proved by the following lemma.

Lemma 3.8. Fori = 1,2, let C); be a complete separable metric space with Borel o-algebra F;, and T;
be a measurable transformation on (€, F;). Let us suppose that for i = 1,2, v; is an ergodic invariant
measure on (§;, F;) w.r.t. T;. Then, there exists an ergodic invariant measure [ on the product space

(1 x Qo, F1 @ Fo) w.r.t. Ty X Ty, such that for all A € Fi, B € F,
,u(A X Qg) = I/l(A),,LL(Ql X B) = IJQ(B).

Proof. Note that the product measure v = v ® 15 is an invariant measure on (1 X Qo, F1 ® F2)
w.r.t. T1 x Ts. By the Ergodic Decomposition Theorem, there exists a probability measure p, on the

set of ergodic measures M, on (€21 X Qy, F1 ® Fa) w.r.t. T} x Ty, such that

v pula),

Note that

vi(-) =v(-x Q) = / (- x Qo) py(dm), (3.2.14)

e

va() =v( x ) = / (2 X ) py(dm). (3.2.15)

e

And one can easily show that for all 7 € M., the marginals 7(- x Q9) and w(€2; x ) are also ergodic.

Thus, (3.2.14) and (3.2.15) are in fact ergodic decomposition of v and v respectively. Since v; and
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vy are ergodic, we have for p,-almost every m € supp(p, ),
(- x Qo) =v1(4), 7(Q1 x +) = (), (3.2.16)

where supp(p,) = {m € M, : for ¥V open neighbourhood N, C M, of 7, p,(N;) > 0}.

The proof for Lemma 3.8 is complete by picking up  from supp(p, ) such that (3.2.16) holds. [

Using (2.1.9) and (2.2.1), the increment processes 7; and 1? can have the following expressions

n(7) =Y G amo() + YD G @) [Grle) — (@ —1)], jeZteZti=1,2

TE€EZL k=1xz€Z
(3.2.17)
Let us denote the difference of the two increment processes by (;(+), i.e.
(i) = mp (i) —mi (i), i€Z,tel, (3.2.18)

and the underlying ergodic distribution of {(y(¢) : @ € Z} as v. Notice that E” [(y(x)] = 0 due to the
assumption E™ [n3(z)] = E™ [13(z)].
From (3.2.17),

Gi) =Y pi,2)lo(z), i€Ztelr. (3.2.19)
T€EZ

Forz € Z,t € Z*, and ¢ € R?, let us set
CT = {CT(Z) = (_T) \ (C(Z) A r)}iGZv r> 0)

9, ¢) =Y '@, y)¢W), g, ¢r) = 0, 9)¢" (y),

yEL YEZL

and the characteristic function of the transition p
ox(0) =Y p0,y)e™, OeR.
YEL
First, we will show that for every fixed 7 > 0, g(x,(,r) converges to a constant in L?(v) as

t — oo. Then, we will prove that such convergence implies the convergence of g;(x, () in L!(v).



29

Note that the covariance V] (z) = E¥[¢"(0)¢" ()] is a positive definite sequence (i.e. >, V) (x —

T,y vV

Y)2zZy > 0, for any choice of finitely many complex numbers {z,}). By Herglotz” Theorem (see

Chapter XIX.6 in ( ), there exists a bounded measure «" on [—7, 7) such that

V)(x) = /e—”%’”(de), x € Z.

Let {X;};cz+ and {X;},cz+ be two i.i.d. copies of the random walk with transition probability p.

We use them to compute the covariance of g;(x, (,r) and g,(x, ¢, r) under measure v.

/ 00(@, €, 1)gs (&, G, ) (dC) = / B¢ (X)|EP (¢ (Ka) ] (dC)

B [0 (R0 = B [V (X, - X)

_g@) /ezH(Xth),yr<d9> _ /Exezef(s _E:t:ezaXt,yr(de)
— [Bx@Pox(®)'r (@), (3220

If we switch the position of s and ¢ above, we can further get

/ [0x(0)]°[ox (0)])"7" (dO) = / [x (0)][dx (0)]'4" (dh). (3.2.21)

Apply (3.2.20) and (3.2.21), we can get

[ (e ¢r) = gt € 0ld) = [ [an( o = 20, € o)+ g o)) ()

‘/ [6x(O)* = 26x (@) ox(6)' + ox (B)**] "(d6) = / [6x(60)" = ox(0)°|" 7" (d0)

= / |6x(0)" = ox(0)*|" 4" (d0). (3.2.22)
040

Notice that (2.1.13) makes sure that |¢x (0)| < 1,V0 € [—m, 7)\{0} (Lemma B.4 in the Appendix).
Thus, the integrand |¢x (6)" — ¢x (6)* ‘2 in (3.2.22) will converge to zero as s, t — oo for 0 € [—m, )\
{0}. From Bounded Convergence Theorem, we may conclude that for any fixed z € Z, r > 0,

{gi(x, ¢, ) }4ez+ is a Cauchy sequence in L?(v). Hence, there exists a L2(v) limit

g(z,¢;r) = lim gi(z,(,r), € 2. (3.2.23)
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Next, we will prove that g(z, (, ) is nothing but a constant function of x for v-almost every fixed

Lemma 3.9. Under the conditions in Theorem 2.13, for all fixed r > 0 and v-almost every fixed ,

there exists a constant C((, ) such that
g(z,(,r) = C((,r), forall x € 7.
Proof. Notice that

19:(2, ¢, ) <D Pyl (W) <7, teZTzeZ,(€R”
YEZ

Thus, for v-almost every fixed ¢,

g(z, ¢,r)| <7, z€Z

Also, letting s — 00 in gsi4(2, ¢, 1) = 3, P (2, 4)gs(y, ¢, ) shows that
g(@.¢.r) = pl(@y)gy.C.r), teZt. (3.2.24)
YEL
functions with property (3.2.24) are called p-harmonic. So far we have shown that g(z,(,r) is a

bounded p-harmonic function w.r.t. . The proof is complete by the following lemma. 0
Lemma 3.10. Assume (2.1.2) and (2.1.13). Bounded p-harmonic functions are constants.

Proof. Suppose h(x) is a p-harmonic function, i.e. h(z) = > ., p(z,2)h(2), v € Z. If p(z,y) >
0, one can use the coupling described on page 69 of ( ) to show that h(z) = h(y). If
p(z,y) = 0, from assumption (2.1.13), we can find a path z = z¢, z1,z2,...,Tm—1,Tm = yonZ
such that p(z, zi+1) + p(zit1,2i) > 0,4 = 0,1,...,m — 1, and hence h(z) = h(z;) = --- =

hzm—1) = h(y). O
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Now we have shown that for v-almost every fixed ¢, the limit g(x, ¢, r) is independent of . Then

we look at g;(z, ().

EY ’gt(xaC) - gs(x’<)| SEV |gt($,<) - gt(‘ra Cvr)| +EV |gs($,<) - gs(fC,C,TN
+E¥ ‘gt(JE,C,T) - gs(x7<7r)’

<2E”[C(0) = ¢"(0)] + {E [gu(, ¢, 7) — 98(907577")]2}1/2 '

From the finite first moment assumption on 7! and 72, lim, _, oo E” [¢(0) — ¢"(0)| = 0. Thus, {g:(x, -)}

is a Cauchy sequence in L' (v). Let us denote the limit
g(z,¢) = tliglo gt(x,¢), x€Z. (3.2.25)
Since
E” |g(x,¢) — g(x, ¢, )| < E”[g(, ) — gz, O + E”[¢(0) — ¢ (0)] + E [ge(x, ¢, 7) — g(, ¢, 7))l
Letting ¢ — oo above shows that
EY |g(z,¢) — g(x, ()| <EY|C(0) = ¢"(0)] = 0, asr — oo. (3.2.26)
This implies that for v-almost every fixed ¢,
9(0,¢) = g(,¢), Vx€Z (3.2.27)

On the other hand, by the translation-invariant property of p(-, -),

(2, ¢) =Y (@, y)¢(y) = Y "0,y — 2)¢(y) = Y p'(0,2)¢(z + x) = g1(0, 620).

yEZ YyEL z€Z

Letting t — oo leads to

9(x,¢) = 9(0,0,¢), xz€Z, v—a.s. (3.2.28)

Combine this with (3.2.27), we see that for v-almost all (,

9(0,¢) = 9(0,6,¢), Vzx €Z. (3.2.29)
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By the ergodicity of v, we have

9(0,¢) = / 9(0.O)u(d¢) = lim / 0 (0,O0(d0) =0, v—a.s. (3.2.30)

Note that the second equation is due to the convergence of g¢(0, () in L' (v).

Recall that g;(x, (o) = (;(x) = n} () — n?(z). Thus, we have proved that
i (z 2 "0 (3.231)

For any finite set A = {x1,z9,..., 2} C Z, let function f : R™ — R be any bounded Lipschitz

function. We have

m

E™ F(n(A) ™ F(n(A))] < E*IF(nl(A)) = S (nF(A))] < CE” { > () = (a))’] 1/2}

i=1

m
SCZE”}ntl(xi) — T}?(%)’ — 0, ast— oo.
i=1

This implies that the marginal distributions of 7! and 72 on A are the same. And, thus, 7! = 72 which
contradicts the assumption that 7' and 72 are two different probability measures.
One can easily check that 7. € Z N J and it is ergodic with mean c. Thus, the proof of Theorem

2.13 is complete. O

3.3 Proofs of the distributional limits

3.3.1 Convergence of finite-dimensional distributions

Proof of Theorem 2.15. Let us define

Hoa(t,r) =n~V/A (E( v frf) (3.3.1)

g t T‘ =n 1/42 770 — Mo {1{Z>0}P(Z < XL( j)) - 1{i§0}P(2 > X@Etf)} (332)
€L

B [nt]

Fult,r) =n 1/4ZE (Xt )] (3.3.3)

Then we can rewrite hy, (¢, 7) as
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Lemma 3.11.

ho(t,7) = poHn(t, 1) + Sp(t,r) + Fu(t,r). (3.3.4)

Proof. From (2.3.3), we just need to show that n~1/4 {E [h (XZL’ )} Or\f} = uoH,(t,r) +

Sa(t, ).

n VB [ho(XES)] = porv/n }

Xtut) 0
=n~'/4 {Xy< >0} Z o (2 f(?f<0} Z (i) | — porv/n
=XV 41
=n~'/4 Zﬁo(i) (1 < antj) ZUO (l > X‘f,i;) — porv/n
>0 i<0

=poH,(t,7) + Sp(t, 7).

The last equality can be reached by adding and subtracting ug from each term and doing some rear-

rangements. O

Note that
B(XU) = plnt] +y(n) = [rv/n] +0(1),
Thus,
poH(t, 1) = O(n~4), (3.3.5)
and lim,, 00 pto H . (t,7) = 0 uniformly over (¢, 7).
For S,,(t,r) and F,(t,r), they are independent and we will treat them separately in Lemma 3.12

and Lemma 3.20. We start with S,,.

Let {S(t,r) : t € RT,r € R} be a mean-zero Gaussian process with the following covariance:
E[S(t,T)S(S, q)] = §2F2((t,r), (s, q)), t,s e RT,r q €R. (3.3.6)

Then, for Sy, (t,r), we have
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Lemma 3.12. Under the conditions in Theorem 2.15, {Sy(t,7)}1er+ rer Will converge weakly (in the

sense of finite dimensional distributions) to the Gaussian process {S(t,7) }1er+ rer a5 1 — 0.

Remark 3.13. In the proof of the above lemma, we use the following alternative definition of I's:
0
L2((s,q), (t,7)) —/ P(By2, > q — 2)P(By2, > r — x)dx

—0o0

oo
+/ P(By2s < q — 2)P(By2y < 17— x)du, (3.3.7)
0
where { B;}icr+ is a standard 1-dimensional Brownian motion.

Proof. Notice that in order to show the convergence of finite-dimensional distributions of Sy, (-, -), we
only need to show that for each fixed N € N, {(¢;,r;) e Rt xR:j=1,...,N}and{f; e R: j =

., N}, we have
N N
Zejgn(tjﬂ“j) jZQjS(tj,Tj), as n — oQ.

Note that

N
Z ? t]yr] —n_1/4 Z 9 Z () - MO){1{1>O}P(2 < X[‘nt]j)J+LTJfJ)

7j=1 €L

. nt;b r
1P (i > XLL ttJJH m)}

=n~*Y " (0(i) — po) Z '9j{1{z'>o}P(i < X&ZZF“”“%

ieZ j=1

. nt;b Ti\/N
~ LicoyP (i > X [P Jﬂ)}-

Let us denote

N N
_ . [nt;b]+|rjv/n] . [ntib]+[rjv/n]
ani =" i) D 1: 0P (i < X)) — <oy D 193'P(Z > Xy )
= =
(3.3.8)

Then,

N
Z 0;Sn(tisr) = ani(m0(i) — o). (3.3.9)

1E€EZL
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Let us consider the three cases in Theorem 2.15 separately.
Case (a): If no(x)’s are i.i.d., let £(n) be any increasing function of n such that lim,,_,~, ¢(n) = oo,

we will show that only #(n)+/n number of terms matters in the above summation (3.3.9). To be specific,

Lemma 3.14.
2
T B[S ani(moli) — po)| =0, (3.3.10)
li[>£(n)v/n
Proof. Notice that
2
E[ Y anilm@) -mo)| = 3 Eladi(n() - m)’]
[i|>£(n)v/n |i|>£(n)v/n
_ nt;b|+|r;
:nlﬂﬁ{ T b:eP >waﬂﬂﬂﬂ
i<—l(n)y/n J=1

N 2
+ > [ZQJP(iSXLL::jj)J+LTj\/ﬁJ)]}

i>l(n)y/n J=1

N
< Cn—l/ngjz Z P(i > XLLZZTHLW/EJ) + Z P(z < XLLn: JbJ+L?“JfJ)

Jj=1 i<—l(n)\/n i>4(n)\/n
By standard large deviation theory, for any € > 0, there exist constants K; > 0,7 = 1,..., N such
that when i < [rj\/n],

exp{—K,;(i — |rj/n])?/nt;} if|i — [rjv/n]| < ntje,
P(i > x|tV < Y ’ ! "33

exp{—Kjli — |rjv/n]l} if [i — |rjv/n]| > ntje,

and when i > [rj\/n],

o exp{—K;(i — Lry/a))2 nts} i li — Lry/)| < ntye,
P(i < x [tV < o ’ ’ (331

exp{—Kjli— [r/ally ifli— [ryv/a)| > nte.
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Hence, we can further bound the second moment of Z|1;|> 0(n)/m Onsi (770(2') — uo) by

N
E‘ Z an,i(no(i)_uo)rScn—1/2zgjz[ Z L Z e‘KJ"m']

G =1 e mela(i)
<CZ«92 [/_K " T]H —Kj2*/t; g +/oo —K;2® [t gy 4 ! e_KfntjE] — 0, asn — o0
T € : = : ) )
L(n)—r;j—1 \/ﬁ

where I1(j) = [—ntje, —€(n)\/n—|rj\/n])J(l(n)y/n—|rjv/n|, nte], and Ir(j) = (—oo, —ntje) U
(ntje, 00).

Thus, the proof for Lemma 3.14 is complete. O

And for the main part Z| i|<t(n)/m On,i (770 (1) — ,uo), we will use the Lindeberg-Feller Central Limit

Theorem to show the convergence.

Theorem 3.15. (Lindeberg-Feller) For each n > 0, assume that { X, ;,j = 1,2,...,J(n)} are inde-

pendent, mean-zero, square-integrable random variables, and let T,, = Z;]iq) Xn,j. Let us suppose

the following two conditions hold:

1 limy, oo YOIV E(X2 ) = 0%

2. forall e > 0, lim,, o Z‘](n ( 7217]-1{|Xn’]-| > e}) =0.
Then, T,, will converge weakly to a Gaussian random variable with mean 0 and variance o2

2
Now let us first check the limit of E [ngé(n)\/ﬁ i (no(i) - ,ug)} . Notice that

2
E Z an,i(no(i) — po)
1<tV
S | 5wl xR x| e
—(n)y/n<i<0 [J1,J2=1
DY Z 05,0, P (i < X1y (< x e | )

0<i<l(n)y/n [J1.52=1
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Let us consider the first part (3.3.13). Let M > 0 be any fixed positive number such that M < ¢(n).

We can further break (3.3.13) into two parts.

n_1/208 Z Z 6;,6,,P Z>XLLm“JbJHT“fJ) (i >XLWJ2Jme2fJ)
nt nt
—£0(n)y/n<i<0 | J1,J2=1 " 2
_ =12 2 [nt;, b]+1rj vl [ntjob]+1rjp vn)
n 203 M;«O Zle BP (> X TP (> XY | (B35)
— n<i< J1,J2
+n—1/20_(2) Z Z 9 9 P 1>XLZIJ1bJ+LTJ1fJ) ( XL:szbJ+LTJ2fJ)
—l(n)y/n<i<—My/n |J1,J2=1 ol Lntsa]
(3.3.16)
For (3.3.15), we can rewrite it into integral form,
- [nt; o]+ [rj; vl [ntjob]+ )5 v/n]
n2og > Z 05,05, P (i > X )P (> X )

—Mf<i<0 J1,j2=1

[t b) L7, V)
= o3 Z 931%/ Lz (rvmn vy [P(Vaz /v > X T )

J1,J2=1

P([vaa] Vi > X[ e ym) e,
(33.17)

Notice that from CLT, we have (XLL::JI)HLT\/HJ —ry/n)/v/n = B,z Thus, letn — oo in (3.3.17)

and use Bounded Convergence Theorem, we have

lim 1203 3" Z 0,0, P (i > X[ VI p (o x et i
—M\/n<i<0 |Jji.j2=1 ' ’

= o} Z 0;,0;, / [IP’ (B’U%tj1 <z - 7“j1> P <Boftj2 <z - rjg)] dzx.

J1,j2=1
(3.3.18)
For the remaining part in (3.3.16), we will show that it is negligible as M goes to co. Recall from

(3.3.11), suppose M > max;{|r;j|}. Then,

N
- , Lntsy b+ Vi o 1 [ty b]+ [y v/
DY D 15l 105, [P (i > X TP (> X T
—€(n)v/n<i<—My/n | J1,72=1
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N
—-1/2 [nt;b]+|rjvn]
<Cn Z Z >XLnt;J M)
Jj=li<—M/n
N
< Cn~1/2 Z Z e Kili=lrjvn))?/nt; | Z e Kili=lrjvnl|
j:l LTj\/ﬁJ—TLtjES’i<—M\/E i<[7'j\/ﬁj—ntje
N M—r;+1 ) 1
g [/_ e it dy \/ﬁe—”Kﬂfﬂ : (3.3.19)
Let n — oo first and then m — oo in (3.3.15) and (3.3.16), and use (3.3.18), (3.3.19). We can see
that
- [ty bJ+ s, VA [ty Ly
. —1/2 2 . n T5 ni; T3 n
nh_)r{.lon 1242 Z Z 9j10j2P(Z>XL tjllj VP (i >X[nt;22j 2V
—£(n)/n<i<0 | J1,52=1
= o} Z 0;,0;, / [IP’ (BC,%tj1 <z-— le> P (Baft],2 <z - er)}dx.
J17J2 1
By the same token, one can show that
. —1/2 2 [ntj, bl +[rj, v/l [ty 0] +1rjp v/n)
Jim n /o > Z 05,05, P (i < Xt )P (< X2
0<i<l(n)y/n [J1,J2=1
= o2 Z 0;,0;, / [P (Bo%tjl >z rjl) P (Bc,%t >z er)} dz. (3.3.20)
Ji,J2=1

Thus, we have shown that

N
Jim. Z E [ani(m0(3) — p0)]” = Z 00062 ((ti, i), (. 7;))-
li<tm)vr =1

For the second condition in Theorem 3.15, we need to pick £(n) in a smart way. Note that from (3.3.8),
al d
lan,i| < n~ /4 Z 16| if con~ V4.
Then,

> E a2 0(0) — o) “Llani (n0(0) — o) > ¢}
li|<b(n)v/n

< CUm)E | (10(0) — 10)"1{] (n0(0) — pro)| = ne/en}].
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Since 70(0) has finite 2nd moment, the expectation above will vanish as n — oco. We can pick £(n) so

that it grows slowly enough. For example

—1/2
o(n) = {E[(n0(0) = 110)*1{| (m0(0) — ro)| = n'/*}] }
Therefore, in sum, we have shown that
N
Z an,i(o(i) — po) = ZHjS(tj,rj), as n — 00.
[i]<e(n)y/n Jj=1

Combining this with Lemma 3.14, the first case has been proved.
Case (b): Under the condition that {ny(x)}.cz is mo-distributed, according to (2.2.5), no(+) has the

following representation.

szk [ (i,5) — (i—l,j)}, i €Z. (3.3.21)
JEZ k=0

Thus, we can rewrite Z 10;Sn(tj,r;) into

N
Z ? t]ﬂ“] Zzanzzg k: < Z]) pk(i—l,j)),

€L JEL

where a,, ; is defined in (3.3.8).
Now let /(n) be any increasing function of n such that lim,,_,o, n/+/¢(n) = 0. Similar to Case

(a), we would like to show that

Lemma 3.16.

nlggoE(ZZam Z €1 ( i j) — (i—1,j))‘2:0. (3.3.22)

€L JEL
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Proof.

E[Y Y ans Y €40) (#460) — i - 1.9)[

1€EL JEL k=£(n)

— 025 S i ans, Z S (05 ) — 7 = 1.9) (42,9) — 2502~ 1,))

11€L12€EZL )jGZ

oo
= Ug Z Z Aniq o Z [2qk(i2 —i1,0) — qk(ig —i1+1,0) — qk(ig — 1 — 1,0)]

11ELi2€EL k={(n)

SUEZ Z [qu(j70)_Q(]+10)_q .7_10] Zanzanz+]
JEZ |k=t(n) i€Z

G 1 " —1J —1(J et

= O'g Z Z g (ﬁ]ic/(ﬁ) (26 70— € DY U1 ) Z Qn i An i+ 5

JEL |k=t(n) -7 ieL
ot " o) (1 - cosd)

= oy ) Pd9| - 1> anianitj)| - (3.3.23)

j€L v =

where ¢y (9) = >_,c74(0, ] )e¥?. Notice that the integrand in (3.3.23) is a nonnegative and integrable

#2™ (9) (1—cos )
1—¢y (9)

oy (9) = |ox(0)|? where ¢x () = > iz w(j)e¥?. Thus, the integral in (3.3.23) has the following

function due to the fact that is an analytic function (see the proof of Lemma A.3) and

bound.

™ i (9) (1 — cos V)
. 1—¢y(0)

where the last inequality is from (3.2.10).

<C ¢“" (9)dv = Cq"™(0,0) <

C
= i

—zyﬁdﬁ

(3.3.24)

For the last summation in (3.3.23), due to assumption (2.1.2), we have #{j € Z : ZieZ An iOnitj 7

0} = O(n). Furthermore, we can show that

Lemma 3.17. Forall k € Z,

N N
nhanolo Z An,iQn itk = Z Z 05,05,12 ((tjlvrji)v (t]évrjz)) . (3.3.25)

i€Z Jji=172=1

In addition, we can find a constant A > 0, such that

E Un,iQni+k

1€Z

<A, VkeZmneN. (3.3.26)
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Proof.
Zan,ian,i+k
1EZ
=n BN TN 00 Y P(i< XLLZt;jJHLrhﬁJ)P(i +k < XLL:;J-QQJJJFL%\/EJ)
Jj1=1j2=1 i>0,i+k>0
aigl ti b tiyb]+|r;
n1/2 Z Z Z P(i < XLLZtJJllJHmeJ) (i+k> X&Zt;jﬂ%\/m)
1=1j2=1 z>0,i+k§0
N
n-1/2 Z Z Z P(i > XLL:ZEJI)JHMWJ)P(“‘]‘J < XLL:fZTHL%x/ﬁJ)
J1=172=1 z<0,i+k>0
+n*ﬂ§:§:@ﬁh S PG> xR (ks x ),
J1=1j2=1 i<0,i+k<0

For the first term and the fourth term above, one can use the same technique we have used in proving

(3.3.20) to show that

1 R AV NS Lty bl+1rs, v
Jim a2 PES X TP k< X )
1>0,i+k>0

oitjy —

+oo
:/ P(B,2, <rj —x)P(B,2,. <rj—x)dz,
0
and

lim n~/? Z P(i > thtanLT’n\/ﬁJ)P(i_i_k - X\_nthbj+|_rj2\/ﬁJ)

n—00 L”tjl J L”tng
1<0,i+k<0

0
= / IE”(BU%,1 > — :E)]P)(Bg%% > 1y, — x)d.

—00

For the second term,

n—l/Q Z P(Z < XLntjle+LTJ1fJ) ( +k> XLntJQbJ+LTJ2fJ)

L th \_nt] ]
i>0,i+k<0
—k
o 1/2 . [ntj, b]+|rj; vl . [ntj, b+ |rj, vl
— Y Z;P(ngLnt]?llJ 7 )P(z+l<:>XW]?22J 2V

< |kln7Y? 50, asn — oc.
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By the same token, one can show that

lim n~1/2 Z P(i >XLntjle+Lrj1x/ﬁJ)P(i+k SXLntJQbJ-FLTszj) 0.

n—00 L”th J I_nt] ]
1<0,i+k>0

In sum, we have shown that

nh_)rgo E Ui O itk

iGZ
- Z Z 0]10J2 |:/ P(Baft“ < Tj — :L')]P)(BU%% < Tjo — :L‘)dl’
Jj1=1j2=1
0 N N
+ /_oo P(By2y, > rjy — 2)P(By2y, > 1jy — x)dﬂ«"} =3 > 0305Ta ((tjy,m5,), (tins73))

J1=1j2=1

For the inequality (3.3.26), it is simply concluded from the limit (3.3.25) and the fact that

Z |G, iGnivk| < Zaiﬂ-, kez. O

€L 1€EZ

Combine (3.3.24) and (3.3.26) together, we can find a constant C' > 0 to further bound (3.3.23).

E‘ZZangk ( (i, 7) — k(¢_1,j))’2gc Z(n)—>0,asn—>oo.

1€EL JEL k=£t(n)

Thus, the proof of Lemma 3.16 is complete. O

For the main part 3, > iy ani Ze(n &k(4) (P*(4,5) — p*(i — 1,4)), again we will use the

Lindeberg Feller CLT to show the convergence. First, let us check the variance. Notice that

2
IO ani Z &) (P4G) = M = 1.9)
€L JEL
(n)—
_ ZZ 124(.0) = ¢+ 1,0) = ¢* (G = 1,0)| 3 anjaniss
JEZ k=0 €L
:022[ G- +4a(j+1)—2a(j Zamanlﬂ
JEZL i€Z

—2 Y Y [264G.0) ~ G+ 1.0) ~ G- 10| Y i

JEZL k=0(n) i€Z
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where a(z) is defined in (2.2.7). By the absolute convergence of } .7 [a(j — 1) +a(j + 1) — 2a(j)]
(Lemma A.5) and the uniform boundedness of ZieZ Qp,iani+; from (3.3.26), we can use Absolute

Convergence Theorem to show that

lim ng G—D+a(i+1)—2a(j Zamamﬂ

n—oo

JEZ €L
— éz (G—1) +a(j+1)—2a(j )]Jl_)ﬁ()lOZamamﬂ
JEL i1€7Z
Ug N N
) Z Z 9]‘16]'21—‘2 ((tj17rj1)7 (tj27rj2)) .
1 ji=1 jam1

where the last equality is from (3.3.25) and (A.0.8).

Combine this with (3.3.22), we have shown that

Tim E |3 Y a Z &) (PFG0,5) — 4G = 1.9)

1€EZ jGZ

Z Z 031032F2 ]l?rjl) ( jz?rjz))~ (3.3.27)

L ji=1js=1

Lastly, we would like to check the Lindeberg condition. Let us denote

Un k() = £0) 3 ans [P, 5) = G = 1,5)]

i€z
For all € > 0,
{(n)—1 £(n)—1

> > E[URD{IUG)] 2 )] sz > {E[U0 D (U G)] 2 O}

(n)—1 E(n -1 [

<1y S e - 2 s

JEZ k=0 JEZ k=0

4
> ans (£ p’fu—l,j))] .

€L

where the first inequality is from Cauchy-Schwarz inequality, and the second is from Chebyshev’s
inequality.

Notice that from the definition of a,; in (3.3.8), we can find a constant C' > 0 such that |am-| <
Cn~4. Thus,

> lonal - [p#.9) = 2 = 1.9)| < Cam YD) =t - 1,)| < 2007

1€EZL 1€Z
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Therefore,

£(n)—1

S > BV {IUn k()] = )]

JEZ k=0

2
4 IE

< “ f?z > Z [Zam( pk(il,j))] 50, asn oo (33.28)

E n JEZ k=0 1EL

where the convergence of 3 Zk (n)-1 [Yicz ani (P%(i,7) — p*(i — 1,5))] % is from (3.3.27).

Combine (3.3.27) and (3.3.28) together, we have shown that

Zzangk ) (#.5) — - 1,9)

1€Z JEL

»—tm‘mw

N N
Z Z 9J19J2F2 ]lﬂrjl)’ (tjga rjz)) , asm — oo.

Combine this with Lemma 3.16, the second case has been proved.

Case (c): For the last case, we assume that the initial increments {1y (z)},cz are a strongly mixing
stationary sequence such that 36 > 0s.t. E[no(0)|?? < oo, and the strong mixing coefficients of 7(-)
satisfy 2224 (j + 1)2%a(j) < oco.

We first investigate the variance 62 = Var [>°,; an.i(n0(i) — 10)]. Notice that

Z an,jan kCov [no(7) ZCOV 10(0),m0(¢)] Zan,kan,é—i-k' (3.3.29)
jkEZ = keZ

To show the limit of 52, we need to show that the series of covariances Y., Cov (10(0), no(k)) is
absolutely convergent. In order to achieve that, we use the following lemma which is part of Theorem

1.11in Rio (2013),

Lemma 3.18. Suppose X and Y are two integrable real-valued r.v.’s. Let us assume that XY is also

integrable and denote o = o (0(X),0(Y")) in (2.3.5). Then
Cov(X,Y)| < 4 / " Ox (w)Qy (u)du, (3.3.30)
0

where Q x (u), Qy (u) are the quantile functions of | X| and |Y'| respectively (i.e. Qx(u) = inf{z €

RT:P(|X|>z) <u}, 0<u<l).
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Let us denote the quantile function of |19 (0) — po| by @, (w). Then

I\)
S Cov [10(0), mo(0)]] <43 / 2 g < 4 / S 1 uzaqay (@) d

LEL LeZ Lel

0/(2+96) 2/(2+)
! (2+6) /6 1

1 / (> tpuzaten) dUI [ / (Qn(u))%édu} .
0 ‘ez 0

Note that a(n) N\, 0 as n — oo. Thus,

(2+6)/5
/ (3" Luzagay)  du

LeZ j

/oz(]) (2] n 1)(2+5)/5du
a(j+1)

Mm%g

<
Il
o

(2 + ) a() — a(j +1)].

And we have,

n

> (25 + 1) Pa(j) — a(j +1)]

j=0
= a(0) — (2n 4+ 1)+ q(n + 1) +Z[2y+1 (2+0)/6 _ (25 — 1)<2+5)/5} a(j)
7j=1

n

<a(0) = 2n+ D) (n+1)+CY (5 +1)*°a
7=1

Let n go to co above,

i (27 + 1) la(j) — a(j + 1)] < a(0) + Ci(j +1)%a(j) < oo.
7=0 J=1

Also,

1
| (@) du=E [ln0) = o] < .
0

where the equality is because if U is uniformly distributed on (0, 1), then @,,(U) has the same distri-

bution as |19(0) — uol|. In fact, for z € RT,

P(Qy(U) > x) =P (inf{y € R™ : P(|no(0) — po| > y) < U} > )

—P {P(Ino(0) — po| > z) > U} = B(lo(0) — po| > 2).
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Therefore, we have shown that

ad 5/(2+6)
2 Cov (), mo(B)] < C<Z(j - 1)2/6a(j)> <E [|770(0) - H0|2+6D2/(2+6) < o0.
= =

(3.3.31)
Thus, from (3.3.25) and (3.3.26), we can let n go to oo in (3.3.29) and apply Dominated Conver-

gence Theorem to conclude that

N N
Tim an =< > 010512 ((t,,75) (Lo, 752)) - (33.32)
J1=1j2=1
Since lim,, .o 2 = 0 directly implies that Z Sn(t;, ;) converges weakly to zero. For

the rest, we assume that Zjl 1 ij 105.05,02 ((tj,,75,), (tjp,75,)) > 0, and use Theorem 2.2(c)

(restated below) in ( ) to complete the proof.

Theorem 3.19. Let {b,,; : —my, < i < my,n € Z'} be a triangular array of real numbers such that

limsup Y b2 ; (3.3.33)
n—o0 ’LGZ
lim max |by, ;| = 0. (3.3.34)
n—oo €7

where by, ; = 0, if |i| > my,.

Also, we assume that {7j(i) : i € Z} is a centered, strongly mixing and non-degenerate (i.e.
Var(77(0)) > 0) stationary sequence such that

mn
ar< > bn,m(z’)> =1, (3.3.35)
I=—Mn

and there exists § > 0 so that E {|7(0)|**°} < oo and > ieold + 1D2a(j) < oo.

Then,

Z bn.ifi(i) = N(0,1), asn — oco. (3.3.36)

zf—mn

In our case, we can let by, ; = ay, /0y, (i) = 19(%) — f10, ¢ € Z. To use Theorem 3.19, it is enough

to show that {b,, ; } satisfies conditions (3.3.33) and(3.3.34).



For condition (3.3.33), from (3.3.25) and (3.3.32), we see that
Jm ) b
i€EZ

For condition (3.3.34), from (3.3.8),
N
|an| <07V 105, i€z

Therefore,
N
baal < —
max —_—
ier = L/ 15,

Apply Theorem 3.19, we have

—Zamng — po) = N(0,1).

" ez

Combine this with (3.3.32), we may conclude that

N
Z n(ti ) = N 082 Zeﬁ%rz« 1 T1)s (a7 ))

Jj1=1j2=1

Thus, the third case has been proved and the proof of Lemma 3.12 is complete.

Z|9j| — 0, asn — 0.
j=1
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O

Now we turn to the remaining term Fn(t, r) in (3.3.4), let us define another mean-zero Gaussian

process {F(t,r) : t € RT,r € R} which is independent of process {S(t,7)};cr+ e and has covari-

ance
2

E[F(t,r)F(s,q)] = %n((u@ (s.9)), t,seRT,rqeR.
1

‘We can show that

(3.3.37)

Lemma 3.20. Under the assumptions in Theorem 2.15, {F,(t,7) }1cr+ rer Will converge weakly (in

the sense of finite dimensional distributions) to the Gaussian process {F(t,r)}cr+ yer as 1 goes to

Q.
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Remark 3.21. Here we gave two equivalent expressions for the I'1 function defined in (2.3.11) which

may be used in the following context.

oo
Fl((SaQ)v (t,T)) = / [P(Bofs <q-— x)IP)(Baft > = .%‘) - P(Bafs < q - x’Boft >r = l‘) de,

— 00

(3.3.38)

and

N |

Iy ((Sa Q)7 (t> ’l“)) =

fors,t € RT and q,r € R.

R ! 214 3.3.39
Loy oot athie (3339

Proof. Note that F,,(¢, ) can be rewritten as

[nt] [ nt]

Folt,r) =n 1/4ZE [gk v k)] =0 Y S g(@)P (XIS = ), (3.3.40)

k=1xz€Z

Recall that X' is defined to be a random walk starting from site i with transition probability p defined
in (2.1.5).

Thus, we immediately have EF',,(¢,7) = 0.

[ntb) +lrv/) g st +laval

Now let us take a look at the covariance. Suppose X are two inde-

pendent random walks with transition probability p.

For the case s = t, r # ¢, let us denote x,, = |7\/n] — [¢+/n]. Then,
nt]
B[F 1) Fa(t)] =73 3 o2 (X[ — gyt v
k=1x€Z

[nt] [nt] -1
172 QZantJ “k(2,,0) = n" 20 2 Z (0, y,). (3.3.41)

The second equality above is because g can be viewed as the transition probability of X _Lntbj vl

X.LnthHq\/ﬁJ (see the proof of Lemma 2.3).

Combine (3.3.41) with (B.0.7) in the Appendix,

n—oo

0-2 20’%15 1 ( )2
_ ¢ r—4q
lim Ern t ’I" ( ):| —%‘%/O %exp{—T}dU
2
S
72]_1



49

For the case s # t, we suppose s < t and let z,, = X LLZ?fJbJ—J[};]/m — |nsb| — |gv/n]. Then, the

covariance can be written as

[ns]
Eﬁn(t,r)Fn(s n—1/2 QZP XLZZ)J;LMFJ XLLZSSJbJJ];quJ )

_,—1/2 2 [ntb]+|rv/n] LnsbJﬂ V| [ntb|+[rv/n]

=n""26¢E ZP (X o V™ = XY™ = ol x )}
k=1

~[ns]
_ ns ntb r

=n 1/20'§E th 1=k (XLLREJJJLES{J |nsb| — {qﬁj,O)]
“k=1
~lns]—1

:n_l/zag]E Z q* (O,xn)].
- k=0

Note that the 3rd equality is because of the Markov property of random walks.

Similar to the case s = ¢, we will use Corollary B.3 in the Appendix to derive the limit. By CLT,

we have
n~ Y2, = By2j_g +(r—q), asn— oo,
We can pick random variables { X LLZZ)J— 4[5;]/@ }nen such that X LL:fJbJ— J[kz]/ﬁj 4 x LL:ttj)J_ J[g;]/m ,neN

and n=1/2%, = n1/2 (XLLZ:JI’JEZ]/EJ — |nsb| — Lq\/ﬁj) 3 Byzp_g + (r — q) as n — oo (see

Theorem 3.2.2 in ( ).

Then, by (B.0.7),

ns]—1 202 N2
lim n~1/2 Z q" (0,2,) = 1/ o exp{—<Bg%|t8|+r 7 }dv a.s.
n—soo — 20% 0 Y 2v ’
Also, by (3.2.10),
[ns]-1 ns|—1

n=1/? Z ¢ (0,2,) <n V2 [1+ Z CkV?2 | =0().
k=0 k=1
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Hence, we can apply Dominated Convergence Theorem and get

[ns]—1

o —-1/2 2 ki 4
nlbr%oErn (t,r)Fn(s,q)] —nhHH;On agE{ kzo q (O,xn)}
1 [t 1 (By2jp—s) + 1 — )
=o’E ex {— L }dv]
£ |:20'1 0 \ 2mv P 20
0-2 +o0o 201 I + r—
q
ex dvdzx
201 / V2w p{ }\/27['0'%‘75 p{ 2|t }
0-2 20‘18 1 ( _
£ r—q)°
= — expy — dv
3 SN e B 2<v+a%rt—s\>}
o roiltts) q —q)2 o2
£ (r—aq £
= — expy ———— tdv = —=T"1((t,7),(s,q)).
207 an s Vor p{————} = 1((t,7), (5,9))
So far we have shown that,
o¢
nl;n;oErn (t,7)Fn(s,q)] = ?Fl ((t,r),(s,9)), (t,7),(s,q) € Ry xR, (3.3.42)

1

Again, the next step will be applying Lindeberg Feller Central Limit Theorem to complete the
proof.

For any fixed N € N, {(¢;,r;) e RT xR:j=1,...,N},and {§; e R:j =1,..., N}, without
losing generality, let us suppose that t; < t5 < ... < ty. We will rewrite Z;V: 1 ijn(tj, r;) into a
sum of independent random variables. Notice

[nt; ]

ZGF (t,75) —”_1/4229 ZE[ XL:tt;JbH];Lr;fJ)}
J

—n_1/429 Z Z‘Sk’ =k (Lnt;b] + [rjv/n), )

7j=1 k=1 z€Z

N—-1 [ntey1]

Y Y Y 0 X ot (bl + )
(=0 k=|nt¢]+1 j=0+1  z€Z
[ntn ] N

= Z n~ /4 Z 6, Z{k(x)ptntjj_k (Int;b] + [rjv/n], ).
k=1

j=t(k)+1 z€L

where we denote tg = 0 and 4(k) = ¢ iff [nt;| +1 < k < |nt;y1].
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Let us also denote

N

Ve =0 3" 0,3 @) ([ntb) + |rivn),2), ke {1,2,... |ntn]}.

j=t(k)+1 =z€Z
Lnt]\]

N
Zajﬁn(tjﬂ“] Z Vnk
7=1

The random variables {mG}lgkﬂnt ~| are independent. Due to (3.3.42), we can directly check that
the first condition in Lindeberg-Feller CLT (Theorem 3.15) holds

I_nth

Tim ; EV2, = Z 901 2 ((tiyrs), (t5,75))- (3.3.43)

i,j=1

Now let us check the second condition. For every fixed € > 0,

[ntn]

> E V2 {[Vagl = €}) (3.3.44)

k=1

Lnth 12
<n 2% C Z 07 { > &l@)p™l=F ([nt;b) + [rjv/n), x) 1{Vn7k>€}}

k=1 j=t(k)+1 Lzez |

[ntn] N 11"
<on 2y Z 92{ 3 (@)l F (b + /), x) } {P(Vail > €}1/2.

k=1 j=t(k Leez |

(3.3.45)

For the moment in the last inequality above, note that by assumption, £ has finite 4th moment. We

have

4
E > &(@)pI = (Intsb] + |r \/ﬁJ,l‘)]

TEL
<Cy [ b =R (|nt;b] + U’j\/ﬁJﬁU)r {ptntﬂ_k (Lnt;0] + LTJ"/EJ’y)r
z,YEL
03 [t (L) + L) =)

2€Z
<C [antjj—k (0, 0)} 2 + Cquth—k (0,0) Z [plntﬂ—k (Lntjbj + LTj\/;LJ , Z)] ’

2EZL
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2
< C g7k (0,0)| <
C, if k = |nt;].

where the last inequality is from (3.2.10).

For the last term in (3.3.45), we can use Markov inequality,

4
N
]' n
P([Vikl 2 €) <—E | Z 0; > &r(@)pl™ I 7F ([nt;b] + [rjv/n], )
j=L(k)+ x€EL
c U !
S@ Z HQE ka(x)ptnt”*k (Int;b] + [rjv/n), z)
j=0(k)+1 €7
N
< e —
“net Z b (Int;| —k)V
j=L(k)+1
Thus, (3.3.44) can be further bounded by
I_ntNJ
> EVI{[Vakl = €})
k=1
1/2
[ntn] N N
C 1 1
SIS > TRV
= 2n | — 1y1/2 o
o et (Mt =) v i— (k)41 (lnt:] — k) v 1
2
5 C WZNJ N 1 ) C [nty] N
= 2, | \1/2 = 2, | —
NS li—ima (Int;| — k)2 v1 S ([ntj] —k)Vv1
c QL 1
= _— 1 1
eQn;kzl ntj—k)\/l_ Zog{ntj)\/ }—0, asn— oo.

We have checked the second condition in Theorem 3.15, and hence the proof for Lemma 3.20 is

complete. O

By Lemma 3.12, Lemma 3.20 and the independence of {.S, (¢,7) }er+ rer and {Fn (¢, 7) }er+ rers

the proof of Theorem 2.15 is complete. O
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3.3.2 Process-level tightness

Proof of Theorem 2.18. For simplicity, let us replace ) with [0, 1]2. Theorem 2 in

( ) gives a necessary and sufficient condition for the weak convergence of a Dy-valued process X, :

1. Convergence of finite-dimensional distributions: For every finite set {(¢;,7;)}Y; C [0,1]%, we

have
(Xn(tl,ﬁ), ... ,Xn(tN,TN)) = (X(tl,ﬁ), . ,X(tN,TN)), asn — oo;

2. Tightness: Ve > 0,

lim lim sup P{wj(X,,) > €} = 0,

=0 n—oo

where the modulus wj is defined as
/ .
ws(z) =infmax  sup |z(t,r) — z(s,q)],
A GEA (1) (s.0)€C
in which A is any partition of [0, 12 formed by finitely many lines parallel to the coordinate axes

such that any element G of A is a left-closed, right-open rectangle with diameter at least 4.

We have already proved the marginal convergence in Theorem 2.15. For the tightness part, instead
of using wf, we use the following modulus:
ws(z) = sup lx(t,r) — x(s,q)|. (3.3.46)
(t,r),(s,9)€[0,1]?
&)= (s,0)l<8
One can easily show that for every fixed 0 < § < 1, wg /2(33) < ws(x), Vo € Day. Thus, it is sufficient

to show that

lim lim sup P{w;s(X,) > €} =0, Ve>0,

0—=0 n—oo

which can be proved by checking the following sufficient conditions given in ( )(Proposition

2):
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Lemma 3.22. Suppose {X,,} is a sequence of Da-valued processes such that for all n > 0, there exists

a decreasing sequence 6, \ 0 s.1.

1. there exist B > 0, k > 2, and C > 0 such that for all large enough n,
E(| X (t, 1) — Xn(s,q)%) < C|(t,r) — (s,q)|" (3.3.47)
holds for all (t,r), (s,q) € [0,1]? with Euclidean distance |(t,r) — (s,q)| > dn;
2. Ye,v > 0, there exists nyg > 0 such that for all n > ny,

P{ws, (Xn) > €} <. (3.3.48)

Then, for every fixed €, > 0, there exist 0 < § < 1 and integer ng > 0 such that

Now let us check the first tightness condition. We set 8 = 12 and 6,, = n™".

Lemma 3.23. Assume the assumptions in Theorem 2.18. There exists constant C' > 0 s.t. for all
sufficiently large n,

E([fu(t,r) = Bu(5,9)]'2) < C|(t,7) = (5,9)|" (3.3.49)

holds for all t,s,r,q € [0,1] with |(t,r) — (s,q)| > n~7, where k and ~y can be any fixed numbers

satisfying 2 < k < 3and 0 <y < %
Proof. Recall from (3.3.4),
hn(t,r) = poHn(t,r) + Sp(t,7) + Fn(t,r), (t,7) € RT x R.

By Minkowski Inequality,

& (in(t,) — B, )] < ol [E ([Fnlt, )~ Hals,0))] "

1/12

+ [E (1St r) = Suls, )1')]"" + [E (IFn(t,r) = Fals, 0)]'2)] (33.50)
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For the first term on the right of (3.3.50), recall from (3.3.5), Fn(t, r) has the uniform bound
[H,(t,r)| < On~ Y1, Y(t,r) e RT xR
Therefore,
7 77 12\71/12 —-1/4
kol [E ([Hn(t,r) — Ha(s,q)|*)] "~ < On~ YA (3.3.51)
For the second term on the right of (3.3.50), from (3.3.2),
Sn(t,r) — Sn(s,q)

/4 Z(Uo(i) — o) [P(z < XLLZttj)JHTﬁJ) —P(i< XLnsbJﬂq\/ﬁJ)}

- |ns]
>0
1/42 no (i [ (z > XLLZIJ’JJHTIJ) P(z > XLLZEJbHquJ)}
<0
=0 VS (mo(—=i) = o) [P (X = = [nt6] = [1v/n]) = P(X[,y = —nsb] — [qv/n))]
<0
VU3 (10(=1) = o) [P (X < —Lnth] — [rv/]) = P(X[,,) < —[nsb] — lav/n])]
>0
(3.3.52)
Denote the events
Avy = { Xl = ~Inth] - 1) X}y < ~Lnsb) — |av) }
Az, :{ ) < —[nth| — [rv/n], X1, > —|nsb| — Lq\/ﬁj}.
Then, we can rewrite (3.3.52) as
Su(t,r) — Sn(s,q) =n 1/42 no(— [ (Alz) — P(AQJ')] . (3.3.53)

€L

We give an intermediate bound for the 12th moment of Sy, (t,7) — S, (s, q) that work for all three

cases (a), (b) and (c) in Theorem 2.18.

Lemma 3.24. Assume that the initial increments {no(x)} ez satisfy either (a), (b) or (c) in Theorem

2.18. Then 3 C > 0 s.t.

6
E{[Su(t.r) = Suls.q)] *} < Cn7 {1 + 3 [P(Aum) + P(Agm)]} . VneN. (33.54)

meZ
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Proof. We first state a lemma which will be used several times in the following context.

Lemma 3.25. Let I be an index set. Suppose {X;}icr is an i.i.d. sequence with finite 12th moment,

and {a;}icy is an bounded fixed sequence, i.e. 3 constant M > 1 s.t. |a;| < M, Vi € I. Then, there

12 6
<Z aZ-X,) <C (1 + Za?) . (3.3.55)

il el

exists constant C' < oo, such that

Proof.

12
(Z aiXi) = Z @iy @i+ Wi, B [ X, Xy - X ]

el 11,02,..,812€1

oy v qI(sd)eamy v (v

k=1L41+Lla+...+L,=12 j=1 \i€l k=1L41+la+...+L=12 \i€l
0;>2,j=1,2,....k 0;>2,j=12,...k
6 k 6
<cy (Za?) <C <1 +Za§>
k=1 \iel i€l

Case (a): Assume that {no(z)},cz are i.i.d. with 12th finite moment. Notice that
}P(Al’z) — P(Agﬂ)‘ <1, WViel.

By (3.3.55),

£ {5t - S0} =2 { o) ) [P (1) - ()] |

€7

3{1+Z (Arm) — (Ag,m)]Q}ﬁgcn {1+Z (A1) +P(A2m)]}6.

me7Z meZ

Case (b): Assume {no(x) : z € Z} is mo-distributed. From (3.3.53) and (2.2.5), we have
Sn(t,r) — Sn(s,q)

ek [P0 i) =2 0 i+ D] [P(41) ~ P(4a)].

JEZ k=0 i€Z
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Note

3 ‘pk((),j i) — R0, i+ 1)‘ P (A1) — P(Ayy)]

1E€EZ

<Z[ (0,5 +1) +p (0,j+i+1)] —2, VjeZkelt
i€EZ

Again, from (3.3.55),
{rn t,r) q)}w}
3{1+ZZ<Z[ (0.5 +1) ~ (0.5 +i +1)] [P(Al,o—P(Az,i)}) } .

JEZ k=0 \i€Z
Furthermore,
2
ZZ <Z { (0,5 +1i) — (0,j+z’+1)] [P (A1) —P(Az,i)]>
JEZ k=0 \i€Z

—ZZ S [P+ ) = pH0,5 i+ D] - [P0, + i2) — 90, + i+ 1)

JEZ k=011 ,i2€Z
: [P (Al 1;1) - P(AQ,@'l)] [P (A17¢2) — P(AQJQ)]
:ZZZZ[ (0,5 +1) - (07j+i+1)} : [pk(07j+z’+€)—p’“(O,j+i+€+1)}

[P (A1) = P(A2:)] - [P(A1ige) — P(Az40)]

=3 "N la(t - 1) +a(t +1) — 2a(0)] - [P(A1;) — P(As)] - [P(Avie) — P(Azise)]

i€Z LEL
<Slalt - 1)+ a(t+ 1) - 2a(0) Y0 L {[P(412) - (2] + [P(A1 ) — P(dni)]?)
LEL €7

_ 01%2 [P(A1;) —P(A2)]° < 01% Z [P (A1) — P(Ag,)] < 01% Z [P (A1) + P (Az)] .

where the potential kernel a(z) is defined in (2.2.7) and the last equality is from Lemma A.5 in the

Appendix.

Therefore, we can find constant C' < oo, such that
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{rntr sq)] }<Cn_3{1+z A11)+P(A21)}} .

€L

Case (c): Assume {no(x)},cz is a strongly mixing stationary sequence satisfying the following
condition. There exists £g > 0 such that E [[79(0)|'***°] < oo and the strong mixing coefficients
{a(2)}4ez+ should have S°5° (i + 1)10F132/%04, () < oo.

We will use the following bound borrowed from ( ) (see Theorem 2.2 and the derivation of

equation C.6).

Lemma 3.26. Let m > 0 be an integer and {X; };en be a sequence of centered real valued random
variables with finite momemts of order 2m. Let S,, = Y ., Xy. Then there exists two positive

constants Gy, , by, < oo such that

where Q(u) i

a l(u) = > iso Hu < ali)} and {a(k)} >0 are the
strong mixing coeffients of { X; }ien.
Furthermore, in general, for v > p > 1, suppose {X;};cn have finite rth moment. Then, there

exists a constant ¢, < oo such that

Z [t 2 Qg
—p/T n
< Cp (Z(Z + 1)(177“ 2r+p)/(7’—P)a(Z')> (E‘Xk|r)p/r ) (3.3.56)
=0 k=1
Let us denote k, = #{i € Z : P(AM) — P(Agﬂ-) # 0}. Then k, = O(n) due to assump-

tion (2.1.2). Based on Lemma 3.26 above, let );(u) be the quantile function of ‘770(—@') — Mo‘ .
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[P (A1) — P(A24)],
{D (t,7) = Snls, Q)]12}
<Z;/ () A R Q3 (u u> +Z/ ) A QP2 () du

JEZ

= 6, we have

—3

Let p = 2,7 = 121in (3.3.56), we can get an upper bound for } ., fol [ (u) A kn]Q? (u)du

2/ () A k) Q) du

1€EZ
kn 5/6 1/6 9
<o (36407500 3 (st - wl) " [P) Pt
i—0 jez

. 5/6
gc(Z(z’+1)1/5a(7;)> D [P(Ar;) +P(A2;)] <C > [P(A1y) + P(A;)]

i=0 JEL JEL
By the same token, let p = 12, r = 12 4 ¢ in (3.3.56), we can show that

Z/ L(w) A ke 11Q12( )du

JEZL

n 0/ (12+20)
<C (Z(Z + 1)10+132/€0a(i)> Z [P(Alyj) + P(AQJ)]

i=0 JEZ

<CZ Al] —|—PA2])]

JEZ
Hence,
E{[Su(t.r) = Suls, )] *}
<Cn3 S| D [P(ALy) + P(Ay)] +Z (A1) +P(Az;)]
JEZ JEZ
6
3{1+ > [P(Arm) +P( Agm)]} .
meZ
The proof of Lemma 3.24 is complete. O

Now let us bound the summation ) [P (A1,m) +P (A27m)] .
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Lemma 3.27. 3 C < oo, s.t.

> [P(A1m) + P(Az)] < C [VE=9)n+Ir—alvi+1] . (3.3.57)

meZ

Proof. Suppose t > s. Note that

Z P(Ai ) = Z P(XfmJ > —|ntb| — |rv/n| _m7XEnsJ < —|nsb] — [gv/n] —m)

me7Z meZ

=" > P(x{,, = —[nsb| — av/n] — ¢)

meZ l>m

P (XD, > Lnsb] — [ntb] + [gv/n] — [rv/n] —m +£)

k::—m Z ZP(XBLSJ = —LnSbJ — Lq\/ﬁJ —k— m)

meZ k>0
P(XDpyne) = Insb] — [ntb] + [qv/n] — [rv/n] + k)
= P(X{p|_jns) = nsb| — [ntd] + [qv/n| — [rv/n] + ). (3.3.58)
k>0

Similarly, one can show that

D P(Aym) =D P(X] jne < [nsb] — [ntb] + [gv/n] — [rv/n] + k). (3.3.59)

meZ k<0

Combine (3.3.58) and (3.3.59) together,

ZZ [P(A1m) +P(A2m)]
_ kaP(XfmJM — [nsb] + [ntb] — lav/n] + [rv/n] = k)

+ ;@P(antJ—LnsJ — Lnsb] + [ntb] — [gv/n + |rv/n] < k)
_ kaP(‘X&tJ_M — |nsb] + |ntb] — [gv/n] + rv/al| > k)

= B| Xy ey — nsb] + ntd] — Lav/n] + v/
< B[XD,0) ey — [nsb) + [ntb] | + | — gy + 1

SC[M—HT—QM/E—FI].
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O

Combine (3.3.54) and (3.3.57) together, we can get the following bound for the second term in

(3.3.50):

_ _ 1/2
[ ([S(t7) = Suls, )] < on A (ViE=sl+lr—gl) va+1] 7. (3360
For the third term on the right of (3.3.50), from (3.3.40), suppose ¢t > s,

Fn(tvr) - Fn(sa Q)
Lns]
= 1Y ) [POET =) - POLI = 2)]
k=1 z€Z
[nt]

S S aER o)

k=|ns|+12z€Z

From (3.3.55),

{rn (t,r) q)]lz}

[ns] )
-3{1+22[ ) =) POl o =)

k=1 x€7Z
|nt| 6
+ > Sex i < x)2} . (3.3.61)
k=|ns]+1z€Z
For the two summations on the right of (3.3.61),
o L th+[ Vvl _ K bJJrL vnl _ e th+ lrv/n] _
k=1 z€Z k= \_nsJ—‘,—l TEZL
SR 0] ] oy, S (bl laviil gl bl
n /1 n r ns q\/n ns q
—ZP |nt]—k Xint—k +ZP(XLnstk Xins|— 0)

9 Z P nth—i— [rv/n] X\_nsb]+|_¢1\/7ﬂ — 0)

[nt]— |ns]—k

[nt]—1 [ns]—1 [ns]—1
= > 0.0+ Y qk<o,o>2E{ > A (™ Lnsb) — Lqm,m}

k= k=0

[e=]
i
[e=]
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[nt]—1 [ns|—1
= > q’“(o,o)+2E{ 3 [qk(O,O)qk(XLL:fj)JEZ}/EJLnsbJLq\/ﬁJ,O)}}. (3.3.62)

k=|ns] k=0
From (3.2.10), the first term in (3.3.62) can be bounded by

[nt]—1 [nt]—1 |nt]—|ns)

Z ¢*(0,0) < Z ﬁg Z \%<C[1+M]- (3.3.63)
k=1

k=|ns] k=|ns]

By inequality (3.2.7), the second term in (3.3.62) is bounded by

[ns]—1
EQ Y [d"0,0) = g" (X[ iy™ = [nsb] — Lav/n),0)] }
k=0

<E [a (X115 = nst] - Lavin))| < CB|X[IPY™ — (nsb] — |av/n)
SC’{(\/\t—sH—\r—q\)\/ﬁ—i— 1}, (3.3.64)

where a(x) is defined in (2.2.7) and the second inequality is due to (A.0.1).
Combine (3.3.63) and (3.3.64), we can get a bound for (3.3.62). And therefore the third term on

the right of (3.3.50) can be bounded by

B (Fultr) = Fulsa) )] < 0o [(Vie=sl <l —al) vi+1] . Ga69)

As a conclusion from (3.3.51), (3.3.60) and (3.3.65), there exists constant C' < oo such that

E ([Bn(t.) — (s @)?) <On* [(VIE— sl +Ir —al) Vi +1]

<C(t—sP+|r—q®+n7). (3.3.66)

This bound has exactly the same form as the one found in ( ).

Since t, s,7,q € [0, 1] are bounded and 2 < k < 3, we can further bound (3.3.66) by
E ([hn(t,r) — hn(s,q)['?) < C ([t —s|" + [r —gq|" +n7%). (3.3.67)
Note that 6% = n~"" >n=3 and |(t,7) — (s, q)| > dn, We can get
E (|hn(t,7) — ho(s,@)['?) < C (Jt — s|" + |r — q|"), (3.3.68)

which proves Lemma 3.23. 0
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The second tightness condition can be verified as following.

Lemma 3.28. Under the settings in Lemma 3.23, for any fixed 1 < vy < 3/2 and ¢ > 0,

lim P sup |hn(t,7) — hn(s,q)| > €| =0.
A NCORCHE(RIE
lI(t:r)=(s.q)ll<n™?

Proof. Let us define the interval I(k) := [(k — 1)n~7, (k + 1)n=7] N [0, 1]. For all fixed ¢ > 0,

P sup |ha(t,7) — hn(s,q)| > €
(t.r),(s,q)€[0,1]?
I¢t.r)~(s,) | <n ™

[n7] [n7]
_ _ €
<P sup |hn(t, 1) — hp(kin™ 7  kon™7)| > =
U U {te[(kl),rel(kz) 2

k1=1ko=1
ln7] [n7] _ B ]
< P sup | (t,7) — hp(kKin™ 7 kan™7)| > ) . (3.3.69)
1;1 ,gzl <t€[(k1),r€[(k2) 2

Similar as before, we can break k., (-, -) into three parts. Since

|hn(t, ) — hp(kin™7, kon™7)]
< |,u0ﬁn(t¢ ’l“) - Mﬂﬁn(kln_va an_’y” + ‘gn(tv ’I") - gn(kln_77 k2n_’y)’

+ | Fn(t,r) — Fr(kin™7, kan™7)],
one can further bound (3.3.69) by three terms.

P sup |hn(t,7) — hn(s,q)] > €

(t7r)7(37q)6[071]2
lI(t,r)=(s,9) | <n™7

[n7] [n7]
_ — €
< P sup (o H n(t,7) — poHn(kin™", kan™7)| > ) (3.3.70)
k; 1@2::1 <t6[(kz1),rel(k2) 6
[n7] [n7] .
+ P sup 1S, (t,7) — Sp(kin™, kan™7)| > ) (3.3.71)
161221 162221 <t€[(k‘1),7“€[(k’2) 6
[n7] [n7] .
+ P sup |Fo(t,r) — Fp(kin™, kon™ )| > ) . (3.3.72)
/ﬂzzl kJQZZ]_ <t€f(k1)»r'€f(k2) 6
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For the first term (3.3.70), we have observed that Fn(t, r) can be uniformly bounded by Cn~1/4,

):0.

Thus, for large enough n,

P ( sup \poHn(t, 1) — poHp(kin™7, kan™7)| >
tel(ky),rel(ks)

[=2N e

As a result, the summation in (3.3.70) vanishes as n — oo.

For the second term (3.3.71) and third term (3.3.72), recall from (3.3.53),

Sp(t,r) — Sp(kin™7, kan™7)

= n VY " (no(=i) — o) [P (Avilt,m kan™ kan ™)) = P (Azilt,r, kan™ 7, kan ™)),

€L
(3.3.73)
where
Ari(tyrys,0) = { Xy = —=Intb] = [rv/n], X[,y < ~Lnsb] = lav/n) }
Aoi(t,7,5,0) = { Xy < —Lnt] = [rv/n], X,y > —|nsh] — [qv/m] }.
And
- - ) tb
Fat, ) = Fallan™ ken™") =03 3 6@)P (X[ = 2)
k=1xz€Z
\.klnl*vj Lk_ 17—YbJ+U€ 1/27'”
Y ng(x)P(XLkllnl_Wk 2 = z).

k=1 «x€Z

Note that for large enough n, and any ¢t € I(k1), r € I(k2),

Int — kin' ™| =njt — kin 7| < 'Y < 1/2,
[ntb — kyn=7b| =n|b| - [t — kin Y| < |bjn!™Y < 1/2,
Irv/n — kon/277 ] =n12|r — kyn ™Y < nY/?27Y < 1/2.
This means that for ¢ € I(k;) and r € I(k2), each one of |nt], [ntb] and |r/n| can only have at

most one jump. For example, |nt| can only jump from |k;n'=7| — 1 to [kyn'~" | or from |kyn'~7]

to |[k1n'~7] + 1. As aresult, S,,(t,7) and F,,(¢,7) can only have at most 8 values on I(k;) x I(ks).
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Suppose that S,,(¢,7) has exactly mo < 8 values on the interval I(k1) x I(ks). Let us pick one

point from each value of S,,(t,7) on I (k1) x I(ks) and denote them by (t;,7;),% = 1,...,mg. Then,

P sup [Su(t,r) — Sp(kin ™, kan )| > <
tcl(ky),rel(ke) 6

E|Sy(ti,7i) —Sn(kln_V,k:gn_V)PQ
<ZIP’<]S (tiyri) — Sp(kin™7 kon ™" ><Cz 3

o [ (it = Rin T+ !n—kzn—”!) vit1] ol ey e’

<C)
i=1

< Cn~3.

n3 - n3
where the second inequality is from Markov inequality, and the third inequality comes from (3.3.60).

Therefore, for any 1 < v < 3/2, we have

n7] L) B B
Z Z P | sup [Su(t,r)— Sp(kin™ 7, kan™7)| >

_ _ tel(ki)
ki=1ko=1
1= rel(ks)

[n7] |n?]
<C Z Z n3<On®3 50, asn — .
ki=1 k=1

(NI Ie)

From inequality (3.3.65), one can use the same method to show that

] (7]

Z Z P| sup [Fu(t,r) — Fn(kin 7, kan™7)| >
— _ tel(k
=lk=1 rel((klg))

<Cn®3 50, asn— oo.

In sum, we have proved that (3.3.70), (3.3.71) and (3.3.72) will vanish when n goes to co, and

hence Lemma 3.28 has been proved. O

The proof for Theorem 2.18 is complete. O
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Potential Kernel
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Let g(x,y) be the transition kernel defined in (2.1.7). For the following, we assume (2.1.2) and

(2.1.13). P28.8 in ( ) shows that the potential kernel

a(z) = _[¢"(0,0) — ¢"(x,0)]

k=0

is well-defined for every « € Z. And it has the following properties.

Lemma A.1. The potential kernel a(z) is an even function with order |z| as x — oc.

1
i 45 L
z—4o00 I 207
Proof. See P28.4 in ( ) (page 345, Chapter VII).

Lemma A.2. For k € Z, we have

lim [a(z+ k) —a(z)] =

Tr——400 o R;
lim [a(z+k) —a(z)] = —i.
T——00 20’%

Proof. See P29.2 in ( ) (page 354, Chapter VII).

Lemma A.3. The potential kernel a(x) satisfies the following equations:

(a)

> qliyj)a(k — j) = a(k — i)+ 1{i =k}, ikeZ,
JEZ

To be specific,

(A.0.1)

O

(A.0.2)

(A.0.3)

(A.0.4)
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(b)

a(z — 1) +a(z + 1) — 2a(x) = i/ﬂ meweda A (A.0.5)
-7 — QY
where ¢y (0) =", q(0, z)e™.

(c) There exist positive constant A, c < oo such that for all x € Z,

la(z — 1) + a(z + 1) — 2a(z)| < Ae™l, (A.0.6)

Remark A.4. Note that we can also write (A.0.5) in terms of the characteristic function of transition

p. Let us denote ¢x (0) = Y, ., p(0,x)e". Then

1 [™ 1—cos(0) .0
a(lr—1)+a(x+1 —an:/ ———e"dl, xe€lZ. (A.0.7)
(=1)+a(z+1) - 2a(z) = T Tox (O
Proof. For the first equation, see T28.1 in ( ) (page 352, Chapter VII).

The second equation is a simple application of the inversion formula. The detail can be found in
the proof of P29.5 in ( ) (page 355, Chapter VII).

For the third part, let h(6) = t;c;sgzg, 6 € [—m,7]. From (A.0.5), we can see that h is a real

function. Also, h is a periodic funcion with period 2. We will show that A is indeed analytic.

Let us naturally extend the function A to the complex plane, i.e.

1 —cos(z)

h(Z) - 1 _ ¢Y(Z)7

z € C.

Since 1 — cos(z) and 1 — ¢y (z) are entire functions (analytic over the whole complex plane), h(z)
is meromorphic on the whole complex plane and point z = 0 is its pole.

Also note that ¢ has span 1, thus we can show that for 6 € [—m, 7], ¢y (0) = 1 if and only if § = 0
(see Lemma B.4 in the Appendix).

Therefore, h(z) is analytic on [—7, 7| \ {0}, and hence we only need to show that z = 0 is a

removable singularity.



Note that 1 — cos(z) and 1 — ¢y (2) have the following Taylor expansion:

1 ( ) 1 2+ = (_1)k+1 2k cC
— COS(Z2) ==% — < z .
2 kzz R 7

k—O—lka ok

where my, = > 2¥¢(0, ) (note that myy,_; = 0 since ¢ is symmetric).

Thus, we have the following limit,

—1 k+1
. . 1—cos(z) 377+ 20, gzgy 2%
hn%) h(z) = hH[l) T o0l = hn%) g R
— 2k
Zz— z2— gby(z) z— 22 + Zk 2 ©l5) ~2k

k:+1
2%—2
5+ 2 2k z

20 2 oo (= 1)’“'17”21« 52k—2 T 202
+ k2 @ 1

Therefore, h(z) is analytic. And by (A.0.5), we can think of a(z — 1) +a(z+1) —

Fourier coefficient of h. From results in Fourier Analysis (see Proposition 1.2.20 in
conclude that the decay of a(x — 1) + a(z + 1) — 2a(z) is exponentially fast.

Thus, the proof for Lemma A.3 is complete.
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2a(z) as the xth

(2009)), we

Lemma A.5. The series Z]EZ[ a(j — 1)+ a(j + 1) — 2a(j)] is absolutely convergent and

D lali—1) +a(j+1) - 2a(j)] = 0_1%

jez
Proof. The first part is a direct result from (A.0.6).
For the second part, for any fixed M, N > 0,

N

3 [a(G - 1) +a(j +1) = 2a(j)] = a(N +1) —a(N) +a(—M — 1) —

j=—M

Let M, N — oo, and by (A.0.2) and (A.0.3), we have

(A.0.8)

a(—M).

Y lalG—1) +a(i+1) = 2a(j)] = lim [a(N +1) —a(N)] + lim [a(~=M —1) — a(—M)]

- N—oo M—o0
JEZ
1 n 1 1
207 202  oF
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Appendix B

Local Central Limit Theorem

For the following, let us consider a transition probability p(z,y) for a discrete-time random walk

{Xt}iez+ on Z. Throughout this section, we assume p to be translate invariant, has finite range and

span 1, i.e.
p(0,2) =p(y,z+y), Vr,y€cl, (B.0.1)
# supp(p) < oo, (B.0.2)
max{k € ZT : W € Z, s.t. supp(p) CL+kZ} =1, (B.0.3)

where supp(p) = {x € Z : p(0,x) > 0}.
For convenience, we denote p(z) = p(0, z). We also denote the mean and variance by

p=Y xp(x), of =Y (v—m)’p().

€L TEZ

The following Local Central Limit theorem generalizes Theorem 2.3.5 in ( )

to the case p1 # 0.

Theorem B.1. (Local Central Limit Theorem) Assume (B.0.1), (B.0.2) and (B.0.3). There exists a

constant C < 0o, such that

Ip'(z) — @' (z)| < % Ve eZ,teZ". (B.0.4)

AS)

where

tN 1 {_(l‘—tm)z} B.OS
o' (x) = 727?0% exp . (B.0.5)
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As applications to Theorem B.1, we list two corollaries. The first corollary is an generalization of

Theorem 2.3.6 in ( ). The second corollary is stated in Lemma 4.2 in

(2010).

Corollary B.2. Assume (B.0.1), (B.0.2) and (B.0.3). Let V denote the differences in the x variable,

Vp'(x) =p'(z+1) = p'(z), V@'(z)=¢'(x+1)— @' (x).
There exists a constant C < oo, such that

_ C
|Vp'(z) — V&' (2)] < YR VeeZteZt. (B.0.6)

Corollary B.3. For a mean 0, span 1 random walk S,, on 7 with finite variance o2, a € R and points
ap, € Z s.t. limy, 00 an /v/n = a, then
-1 24

|nt| o 9
1 1 1 a
lim —= > P(Sp=an) = — IRV B.0.
lim NG 2 (Sk = an) 02/0 mexp{ 2v}dv (B.0.7)

Proof of Theorem B.1. The characteristic function of the transition p is ¢(0) = >, ., p(k)e**. Since
p has finite range, ¢(#) is the sum of finitely many exponential functions and hence, analytic. We can
also define a “normalized” characteristic function ¢(6) = ¢(#)e M =3 ez p(k)e?F=11)0 which is
also analytic.

Let us first provide a lemma which gives bounds for the characteristic function <;~5(9)
Lemma B.4. Under the assumptions in Theorem B.1,

(a) For every fixed € > 0,

sup{|p(0)| : 6 € [—m,7],|0] > €} < 1. (B.0.8)
(b) There is a constant b > 0 such that
1p(0)] <1—002, VO € [—m, 7] (B.0.9)
In particular, for r > 0,

16(0)]" < [1 — 00" < exp{—bré?}, VO e [-m,x]. (B.0.10)
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Proof. For part (a), since |$(0)| = |¢(0)|, and by continuity and compactness, we only need to show
that |¢(0)| < 1 for any 6 € [—m, 7| \ {0}, which is proved by Theorem 3.5.1 in ( ).

For part (b), note that ¢(0) has the following Taylor expansion:
¢(0) =1 — ——+h(h), (B.0.11)

where h(6) = O(]0]*) as 6 — 0.

202
o170

We can pick an e; > 0 such that for all |§] < e, |h(0)] < . Leteg = €1 A j'/—? Then, for

V’6| < €,

- 292 B 202 202 292
o< - T+ he) <1 - A=+ A2 1 - T

For every 7 > || > €, by the result in part (a), let 1 — a = sup{|$(#)| : 8 € [—m, 7], |0] > e} <
1. Then0 < a <1 and

~ a
0)<1—a<1——62
BO) <1-a<1- 5
Letb = 7 A % and we are done. O
4 ™
- t
Next, let us give an approximation to [gf) (6 / \/f)} .

Lemma B.5. Assume the assumptions in Theorem B.1, there exist € > 0 and ¢ < oo such that for all

positive integers t and all |0| < eV/t,

(a) We define §(0,t) and F,() as following:

{5) (%)]t = exp {—0%292 + §(0,t)} = [1+ Fy(0)] exp {—0192} . (B.0.12)

(b)

292 0 3
15(0,1)] < <014 > A <Ct1/|2 ) . (B.0.13)
(c)

202
|Fy(6)] < exp { % } + 1. (B.0.14)
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Proof. For part (a), by the continuity of ¢, there exists § > 0 such that [¢(8) — 1| < 5, forall [0] < 6.
And thus, §(6,t) and F}(6) are well-defined if the inequality || < §+/¢ holds.

For part (b), from (B.0.11) and Taylor expansion, we get

logq;(ﬁ) =log <1 - [10%92 — B(@)])

1.1 ~
— L3021 () — L[0%7 — RO)2 + O(8)
. 30%92 +h(6) - §a§94 + o0

Hence,

~( 0 1 - (0 oot 95

Compare it with ¢ log ¢ (W) =— 0%292 + g(0,t), we can get an estimate for §(6,1),

§(e,t)=t-ﬁ<\%>—ailf4 t- O(i@i):t-ﬁ<\%>+t O<‘§24>—t-0<‘0t‘2>.

Thus, there exists 0 < ¢; < d, such that for all t > 0 and all |0| < e11/2,

1 1
13(6,1)| < 4a§t 9t o262, (B.0.15)

Moreover, since h (%) =0 (lg%) g0,t) =t-0 (lﬁ%) We can find 0 < €2 < ¢ and

0 < ¢ < o0, such that for all positive integer ¢ and all |0| < eaV/t,

. o _ o’

19(0,t)] < ct- 5E = T (B.0.16)
Take € = €1 A €9, (B.0.13) is achieved.
Part (c) is a straightforward result from part (b) by using the fact that |e*| < el#l. O

The next lemma studies the error term of the normal approximation for the multi-step transition

probability p*(z).

Lemma B.6. Assume the assumptions in Theorem B.1. Let us define by(z,1) by the equation

1 s o3s?
e VieVise=—3
27Vt Jysl<r

p'(z) = @' () + by(z,7r) + (s)ds, (B.0.17)
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where @' (x) = L exp {— (xft“§)2 } Then, there exist e > 0, 0 < ¢ < oo and { > 0 such that

27r0%t 2to]

2

by (z,7)| < et ™2™ VO <r < eV (B.0.18)

Proof. We set € to be the same as in Lemma B.5.

By the inversion formula,

7 zx/f,uls —ths
Qw\f/ { ( )] e e Vi'ds. (B.0.19)

From (B.0.8), there exists 51 > 0 such that

6O) < e, m>10] > e

Let us split the integral (B.0.19) into two parts:

t
pa) = )] e e

21Vt Jevfi<is|<nvi [(73 (\/7E

1 ~( s t g
+—F 0] <)] eVims TV g,
21/t |s|<e\/f|: Vit

Note that the first integral in the above equation has the following bound.

t
<

ds

1 (5 Vip
- . VIS o Vi *ds
21Vt Jevi<|s|<nvi {gﬁ (\/f)]

1 ()
27T V't Jevi<is|<nvi Vi
By using the inversion formula, we can similarly split ¢(x) into two parts:

+o00o N
/ Z\f/us—fals dS

~ S

()

ds e Prtds = T 66_61t.
B 277\/ Vi<]s \<7r\/ ™

27T\f eVi<|s|<mvE

t

+
s

2\t

1 6 z\f,uls o‘ls dS—l—

= ¢ Vi eVims—30ts g
21Vt Jjs|>evi 21\t Jys|<evi
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Again, same as before, the first term goes to zero exponentially fast.

! e Vi etms—gols? gg) < ! e 291 ds Sé/zgl/ e 2711 dp
21Vt Jjs)>evi 21Vt Jis|zevi 21 Jjg|>e

+oo +oo

:1/ e~ 2910 g9 < 1/ Q.e—%ffft92d9

T Je T Je €
1

=—gc e 201e, (B.0.20)

1

Thus, we can pick S2 > 0 such that

71 / e Vi e“[“lsf o’ ds = O (e*&t) .
21Vt Jis|>evi

Let 8 = 81 A B2. Then

1 ~( s ¢ 1 2.2 _aw
) — &t x) =0 e_ﬁt + |: <>:| — e 2018 ez\/iulse Visds
po) g =0 ()4 [ (2

=0 (e_ﬁt + 9 1\/5 Ft(s)e_%U%SQe“/i“lse_%sds.
™ |s|<ev/t

By simply choosing ¢ to be strictly less than 3/¢2, we prove the result for 7 = ey/t. For 0 < r <

ev/t, we use the estimate (B.0.14).

_1,2.2 -z
Fy(s)e 291° Vs e T Vit 4

r<|s|<evt r<|s|<evt

0%32 1 2.2 +00 0%92
< / [64 + 1} e 2%1% (s < 2/ e 1 ds. (B.0.21)
<|s|<ev/t r

In order to get a bound better than the one in (B.0.20), we use the following inequality (see Formula

7.1.13 in (1984)).

Lemma B.7. For any r > 0, we have

/ e Cds < —— (B.0.22)
T+ \/7‘27 r o1 /r2 244
We get
G'%TQ
1z - o2p2
Ft(s)e_%U%SQe“/g“lsefﬁsds < de < Qﬁe_lT.
r<ls|<evi o?r/2+o1+/(o17/2)2 + 4/ — 01
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1 _ s o2s

t _ —pt Z\/E 18, ———
a:—0<e >+/ e Vie'V'H1SeT T3 Fi(s)ds
( ) 277\/7E r<|s|<evt t( )

1 _ s 2

0'52 ~
e \/fe“/imse_TFt(s)ds
2mV/t Jis|<r

021"2 1 _ws 0252 ~
=0 (e ) +o(t72e 7 ) + e VieVlmsem =y Fy(s)ds.
27['\/7? [s|<r

’ﬁ(‘ﬁ
&
|
<l

+

2
We can choose ( to be strictly less than e% A %. And hence, the proof for Lemma B.6 is complete.

O]

Now let us prove the main theorem. Let us take r = t'/12 in Lemma B.6, we have

1

] o242 -
27_‘_\/7;/< L C_Wel\/fulse_lTFt(S)ds_ (B.0.23)
s|<t

pt(l‘) _ @t(x) +0 (t—1/2e_<t1/6) i
Notice that from (B.0.13),

E(0)] =990 1] < C3(0,¢ < Clor 0 < t'/12
1(0)] = e — 4= ’9(7)\_W7 0] < .

where the first inequality is because e* — 1 = O(z) for all = in a bounded set.

Thus,
! 5 oims = B (68| < o -
—— e e e s)ds —=e S
271-\/5 |s|<t1/12 t - 271\/1? |s|<t1/12 t1/2
C 0252
< / sPPe 5 ds = Ot V).
27Tt SER
Therefore,
P(a) -G @) =0 (™).
And the proof of Theorem B.1 is complete. O
Proof of Corollary B.2. From (B.0.23) in the proof of Theorem B.1,
Vp' (@) =V§!(z) + O (17127
1 0752
+ P ez (e"(f”*l)s/‘/’E — e_”s/ﬁ) e“/i’“se_lTFt(s)ds. (B.0.24)
s|<t
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Notice that for |s| < t1/12,

Then,
0'252
—’L Qg+1)s/\/ 6—11’8/\/%) elﬂulse_lTFt(S)dS
27T\f \<t1/12
o 4 2.2 C 0242
< ﬂe T ds < / Is|te™ "7 ds = O(t%/?).
2mV/t Jygj<onz 2mt3/? Jser
Hence,

Vp'(z) = V@' (z) + Ot %/2).

This proves Corollary B.2.

O
Proof of Corollary B.3. First, One can use LCLT to show that
I Vi [P(S, = 1) ! { v H 0 (B.0.25)
im sup+v/m m =) — ————=e€xps —— ¢| = 0. 0.
s b Vormo? P\ 2me?
Then,
[nt]—-1 nt]— 2
1 1 1 _ay -1/2
NG ; P8k =an) = 7 kZ [ V2rka? Xp{ 2k02}+o(k )}
nt|—1
SRS S R A 3
no— v2n( k/n 2(k/n)o
"1{u < (Int] —1)/n} { (an/v/n) }
= — —————— > du+o(l). B.0.26
/0 27 ([nu]/n)o? P 2([nu]/n)o? utoll) ( )

Notice that the integrand in (B.0.26) is bounded by

1 .
oyt By Dominated Convergence Theorem, we
have

p to a?
The proof is complete by substitution v = uo?>.
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