Topics in False Discovery Rate Control in Multiple Regression

Models with Unobserved Confounders

by

Taiyu Ye

A dissertation submitted in partial fulfillment of

the requirements for the degree of

Doctor of Philosophy

(Statistics)

at the
UNIVERSITY OF WISCONSIN-MADISON

2024

Date of final oral examination: 5/20/2024

The dissertation is approved by the following members of the Final Oral Committee:
Chunming Zhang, Professor, Statistics
Xiaoxia Shi, Professor, Economics
Hyunseung Kang, Associate Professor, Statistics
Yiqgiao Zhong, Assistant Professor, Statistics

Zhengjun Zhang, Professor, Statistics



© Copyright by Taiyu Ye 2024
All Rights Reserved



To my family



ii

Acknowledgments

I am deeply indebted to Prof. Chunming Zhang for her exceptional mentorship, unwavering
support, and insightful guidance throughout my Ph.D. journey. Her vast knowledge of
statistical insights and methodological development, coupled with her dedication to aca-
demic excellence, has profoundly influenced the direction and quality of this research. Prof.
Zhang has set a standard of rigor and precision that has greatly enriched the quality of this
research. I am truly fortunate to have had the privilege of working under her supervision.

My sincere thanks also extend to my committee members: Prof. Xiaoxia Shi, Prof.
Hyunseung Kang, Prof. Yigiao Zhong, and Prof. Zhengjun Zhang. Their collective expertise
significantly contributed to the success of this research endeavor. Prof. Xiaoxia Shi’s insights
in Economics provided invaluable interdisciplinary perspectives, enriching the depth of this
study. I am grateful to Prof. Hyunseung Kang not only for sharing a seminal paper that
guided me along the path of this research but also for many constructive conversations. I
also extend my heartfelt gratitude to Prof. Yigiao Zhong and Prof. Zhengjun Zhang for their
enormous support during my STAT 709 TA experiences. Prof. Yigiao Zhong’s guidance in
statistical learning analysis was instrumental in shaping key findings and conclusions. Prof.
Zhengjun Zhang’s profound understanding of statistical modeling broadened my horizons
and enriched the depth of my research. I miss joyful conversations with Prof. Zhengjun
Zhang. Although it rarely happened now after his retirement, his influence continues to
resonate in my work and thinking.

I also want to extend my thanks to professors who contributed in my PhD jounrey: Bret

Larget, Brian Yandell, Cécile Ané, David Anderson, Eric Bach, Garvesh Raskutti, Timo



iii

Seppailédinen, Jun Shao, Jun Zhu, Stephen Wright, Yazhen Wang, Yingyu Liang.

I was fortunate to participate in a insightful research group held by Prof. Chunming
Zhang. I want to thank for all the speakers for their thorough preparations and insightful
understanding, which greatly enlarged my knowledge base. Especially, I am extremely
grateful to Muhong Gao, Yongsu Lee, Yongfeng Wu, Yanbo Shen and Bowen Zhang for their
valuable contributions and enriching discussions, and most importantly, their consistent
support throughout my PhD journey.

Furthermore, I am grateful to my graduate fellows and dear friends such as Ben Teo,
Chi-Shian Dai, Chanwoo Lee, Hanying Jiang, Jinyi Wang, Jingcheng Xu, Kwangmoon Park,
Nathaniel Pritchard, Peng Yu, Susan Glenn, Yue Gao for their endless encouragement,
listening ears, and uplifting spirits during moments of triumphs and challenges moments.
Their camaraderie and unwavering belief in my aspirations have made this journey more
meaningful and enjoyable.

Lastly, I am deeply grateful to my girlfriend, Dr. Xiangqi Bai, and my family for their
constant love, encouragement, and understanding throughout this challenging yet rewarding
academic journey. Their great support and belief in my abilities have strengthened and
motivated me. I am especially thankful to my parents for instilling in me a passion for
learning and for always believing in my potential to achieve my goals.

This work was supported in part by the University of Wisconsin-Madison Office of the
Vice Chancellor for Research and Graduate Education with funding from the Wisconsin

Alumni Research Foundation.



Contents

Contents iv

List of Tables vi
List of Figures vii
Abstractviii

1 Introduction 1
1.1 Main contributions 3

1.2 Related literature 7

2 Latent effects modeling 9
2.1 Factor representation for general covariance dependence 10

2.2 Uniform approximation using RKHS 14

3 Models and identification 17
3.1 Identifiability problem 20

3.2 Semi-strong factors 26

4 Methodology 29
4.1 Estimation of NC set 29
4.2 Estimation of G and By 31

4.3 FDP estimation in multiple testings 32

iv



5 Theoretical results 35
5.1 Assumptions 35
5.2 Asymptotic for T and oracle inequalities for By 38
5.3 Asymptotic for G and Elﬁnal 40
5.4 Consistency of FDP estimation 42

6 Numerical experiments 44
6.1 Simulations 44
6.2 Synthetic dataset 48

6.3 A real data application 50
7 Discussions 54

A Preliminaries for the main proofs 56
A.1 Notations 56
A.2 Some useful lemmas 57

B Proofs of main results 63
B.1 Proof of Theorem 2.1 63
B.2  Proof of Proposition 2.2 66
B.3  Proof of Proposition 3.2 67
B.4 Proof of Lemma 3.3 68
B.5 Proof of Proposition 5.7 70
B.6  Proof of Theorem 5.8 75
B.7  Proof of Proposition 5.9 80
B.8 Proof of Theorem 5.10 82
B.9  Proof of Theorem 5.11 86

Bibliography 96



List of Tables

6.1 Summary of findings in the GEO dataset with different numbers of latent com-
ponents. The thresholds are chosen such that the estimated FDPs are around
0.05. The third to the last columns are: number of significant genes with given
threshold, number of significant genes coming from X/Y chromosomes with
given threshold, ratio of significant X/Y genes to significant genes, ratio of X/Y
genes in the top 100 significant genes. When K = 0 (no adjustment), p-values

are all close to 0 and there is no meaningful choice for the threshold. . . . . ..

vi



List of Figures

6.1

6.2

6.3

6.4

6.5

6.6

6.7

Compare the performance of different methods under linear latent confounding
effects. Error bars are one standard deviations calculated based on 100 repeated
simulations. . . . .. ...
Compare the performance of different methods under nonlinear latent confound-
ing effects. Error bars are one standard deviations calculated based on 100
repeated simulations. . . . .. ... L L L L Lo Lo
Comparisons with CATE in weak signal scenarios for linear and nonlinear models,
and varying null hypotheses proportion. Error bars are one standard deviations
calculated based on 100 repeated simulations. . . . ... ... ... .. ... ..
“QQ-plots” of estimated FDP versus oracle FDP under three different models
and four different methods (from top to bottom): NC-Adjusted, IRW-SVA, CATE
and our method NC-CASVA. The black straight line is y = z. The performance
is better if dashed red lines are closer to the black line. . . . . . . ... ... ...
Standard PCA visualization of the group and batch effects in the simulated
single-cell dataset. . . . . .. ... ... ... ... .. L o
Comparison with CATE in the simulated single-cell dataset. For CATE, we select
a = 0.05 as commonly used in practice. For our method, we apply our FDR
control procedure to select the significancelevel. . . . .. . ... ... ... ...

Histograms of p-values under different numbers of latent components for GEO

vii

47

48

49

50

51

52



viii

Abstract

This thesis introduces a new method for controlling false discovery rate (FDR) in large-
dimensional cross-sectional datasets, such as those encountered in genome or brain imaging
studies. These datasets can typically be modeled by multiple regression models, where
traditional multiple testing procedures can be compromised by strong dependence among
test statistics, often due to batch effects or unobserved confounders. Using a probabilistic
representation technique, we establish that the unobserved effects can be characterized by
low-dimensional variables via a class of potentially nonlinear functions. Furthermore, we
prove the existence of a uniform basis approximation to these nonlinear functions when
they originate from a common Reproducing Kernel Hilbert Space (RKHS). This enhances
the philosophy of modeling the unobserved effects using factor models in the literature.
We propose a novel two-step method to mitigate the common dependence caused by the
unobserved effects. In the first step, we obtain an estimation of Negative Control (NC)
set. This aims to control the false negative rate while allowing for some sacrifice in FDR.
In the second step, we extract useful information about the unobserved effects from the
estimated NC set, and construct pairwise asymptotically independent test statistics. We
provide theoretical guarantees for both steps. Additionally, our theoretical analysis enhances
the existing literature by relaxing a common technical assumption that limits theoretical
analysis for FDR control. Numerical experiments and theoretical derivations demonstrate
that our method’s false discovery proportion (FDP) estimations converge to the oracle
values that utilize information from the unobserved variables, providing a guarantee for

FDR control.



Chapter 1

Introduction

Multiple hypothesis testing finds extensive applications across different research fields such
as biology, medicine, genetics, neuroscience, econometrics and finance. Traditional methods
for performing multiple testing with false discovery rate (FDR) control typically rely on
the assumption of independence or weak dependence among test statistics (Benjamini
and Hochberg, 1995; Benjamini and Yekutieli, 2001; Storey et al., 2004). However, in many
practical applications, variables are often correlated, making the independence or weak
dependence assumption highly unrealistic. For instance, batch effects are common in
biological experiments, where data are affected by non-biological or non-scientific variables
such as laboratory conditions, technicians adeptness (Leek et al., 2010). These effects can
result in correlations between outcomes of interest. In medicine, k-locus analysis is used to
detect the causative genes for complex diseases such as diabetes, schizophrenia and cancer
(Liand Ji, 2005). When two different k-loci with shared locations are of interest, the tests for
these loci are inherently correlated due to shared genetic information in the overlap region.
In finance, conducting performance analysis on all hedge fund managers to distinguish their
skills from luck (Romano and Wolf, 2005) can lead to correlated tests, as these managers
operate in the same macro-econometric environment. The source variables responsible
for these correlations may not be included or only partially included in the final datasets,

complicating the task of adjusting for correlations.



As emphasized in Efron (2007), accounting for correlation is crucial in deciding which
hypotheses should be rejected. Otherwise, the accuracy of multiple testing procedures can
be compromised, especially in high-correlation situations. Correlations among test statistics
are often reflected in histograms of p-values. Ideally, the histogram of null p-values should
be uniformly distributed from 0 to 1. Distorted null distribution histograms may have peaks
at either end of the range. If null p-values are concentrated around 0, this indicates a failure
in controlling the type I error. Conversely, if null p-values are concentrated around 1, the
alternative p-values are likely to become larger due to correlations, leading to increased type
IT error and reduced power.

Factor models have been successful in capturing the interconnections across various
subjects and measured variables in various applications (Almlund et al., 2011; Fan et al.,
2013; Grotzinger et al., 2019). Therefore, Factor models are well-suited for addressing
correlations arising from unobserved variables. Factor models also find applications in
multiple testing procedures, particularly within multiple responses linear regression models
(Leek and Storey, 2008; Friguet et al., 2009; Fan et al., 2012; Gagnon-Bartsch et al., 2013;
Du and Zhang, 2017; Lee et al., 2017; Wang et al., 2017; McKennan and Nicolae, 2019; Bing
et al., 2023). We emphasize that factor models can have different names, such as surrogate
variable analysis, batch effects, unwanted variation, latent factor structure, unmeasured
confounders, or hidden variables. Regardless of the terminology, their shared objective is to
correct distorted null distributions caused by the unobserved effect.

This thesis will focus on addressing a class of multiple testing problems within this
framework. We propose a new method for estimating the latent factors, which aids in disen-
tangling correlations among different measured responses, thereby enabling construction
of asymptotically independent test statistics.

A multiple responses linear regression model have the following form:

Yi,j = b;—XJ + U 5. (11)



Here, Y; ; is the measured response variable for the j-th (j = 1,...,n) subject in the i-
th (¢ = 1,...,m) linear regression model. b;, = (biyl,...,bim)T € RRP is the vector of
regression coefficient, X, ; = (X1,,...,Xp;)| € RP? is the explanatory variable, u; ; is
the remainder. Only Y; ; and X, ; are observable, while u; ; is unobserved. u; ; contains
correlation information across different measured responses, which is the target we aim to
address.

Our multiple testing problem involves evaluating the following hypotheses for a user-

specific ¢ X p constraint matrix A with rank(A) = ¢ < p:

H()Z' : Ab@_ =0 V.S. le’ : Abi,_ 7& 0 2= 1, NN (1.2)

Upon eliminating the effect of X_i,..., X, ,, the relationship between the i-th and i'-th
regressions can be characterized by the correlation between u; ;, u; ;. This dependence is

commonly described using the latent factor structure:

L L
Uij = (’Yi(,. ))TQ.(J) + €4, (1.3)
where g_(j) is an unobserved latent factor that governs the majority of dependence, 7§7_L) is

a factor loading, ¢; ; is an idiosyncratic error term. Combining Eq.(1.1) and Eq.(1.3), the

model can be written in a matrix form:

Y =BX+TI,G, +E. (1.4)

However, it is common to assume G, to have exact low rank. Consequently, the covariance
structures considered in the existing works tend to be restrictive.
1.1. Main contributions

In this thesis, we initiate the modeling of u; ; in a genuinely general sense where no struc-

tural assumptions are imposed on the covariance of uy j, ..., un ;. Instead of assuming a



generative model as in Eq.(1.3), we demonstrate, from a representative perspective, that ; ;
can be represented by a low-dimensional latent factor e, ; through a nonrandom nonlinear
function f;:

Uj,j = fi(a”j) + €55 (15)

where f;(c, ;) is the nonlinear latent component, and ¢; ; is the idiosyncratic error term.

Eq.(1.5) can be termed as nonlinear factor models, and there are relatively few papers
that make efforts in estimating it. Recently, Feng (2020) proposed a local PCA method that
calculates a neighborhood for each observation Y; ; where the Taylor expansion is valid
for a monomial basis approximation around e, ;. But in the numerical experiments, the
author only used functions that could be expressed as finite linear combinations of some
basis functions, essentially reducing Eq.(1.5) to Eq.(1.3). This motivates us to answer a
pertinent question: what kind of systems of nonlinear functions fi, ..., f,, can be linearly
approximated with suitable choice of basis functions? We demonstrate that if fi,..., fi,
come from a common Reproducing Kernel Hilbert Space (RKHS), then they can be uni-
formly approximated by eigenfunctions of the reproducing kernel. The approximation error
is controlled by the order of the eigenvalue to which the eigen-expansions end and the
maximum norm of fi,..., f,, in the RKHS.

This reveals that the nonlinear representation in Eq.(1.5) reduces to Eq.(1.3) up to the
approximation error, and model Eq.(1.1) can always be represented in the following matrix
form:

Y=BX+TIG+F+E, (1.6)

where G ! is the latent basis, I is the matrix of expansion coefficients, F is the approximation
error matrix. The generative model Eq.(1.3) holds true when F = 0. While Eq.(1.6) shares
similarities with Eq.(1.4), a notable difference arises in terms of the dimensionality of G. This
difference stems from potential existence of infinite positive eigenvalues for a reproducing

kernel. Furthermore, the approximation error can be made small only as the dimensionality

'Here, we use G to distinguish from G, in the pure linear case. Same for T'.



approaches infinity.

To address the latent effect, our method aims to explicitly estimate the latent factor G,
in linear case, or the latent basis G in nonlinear case. The main heuristic relies on partial
observation of the unobserved component: if many rows of B are zeroes, the submatrix of
Y that consists of these rows resembles factor models (Bai, 2003; Bai and Ng, 2002), and G,
or G can be estimated using PCA method. A collection of zero rows of B is referred to as a
Negative Control (NC) set 2. This idea draws inspiration from Leek and Storey (2008), who
proposed an iteratively re-weighted algorithm for NC set estimation. However, they did not
provide a theoretical guarantee for the NC set estimation, and their method is significantly
degraded, especially when G, is confounding with X (Wang et al., 2017). Another approach
relies on prior knowledge of the NC set, as introduced by Gagnon-Bartsch et al. (2013).
However, such prior knowledge is often scarce in many applications. In contrast, we propose
anew method for estimating the NC set, which offers a theoretical guarantee to control false
negatives even under potential confounding effect between X and the latent component.
This method relies on the “beta-min” condition, which assumes the magnitudes of nonzero
rows are not too small.

After adjusting for the dependence caused by the latent component, constructing asymp-
totically independent test statistics is straightforward. This construction enables the appli-
cation of traditional multiple testing procedures. Two commonly employed approaches
are Benjamini-Hochberg’s procedure (Benjamini and Hochberg, 1995) and Storey’s proce-
dure (Storey, 2002). Benjamini-Hochberg’s method is fundamentally a sequential approach
where p-values are arranged from the smallest to the largest. A data-driven cutoff point
is then calculated to reject only the most significant hypotheses while controlling FDR
throughout the process. Storey’s approach involves fixing a threshold value ¢, estimating
false discovery proportion (FDP), where the expectation FDP is FDR, for each choice of
t, and then determining the threshold ¢ such that the estimated FDP does not exceed a

predefined significance level a. Although these approaches have different motivations,

*More precisely, a NC set is a collection of rows that are near to satisfy the null hypothesis in Eq.(1.2). Zero
rows correspond to the case when contrast matrix A = I,,.



their equivalence was derived in Storey et al. (2004). In this thesis, we will adopt Storey’s
approach. Our estimation of the FDP converges to the oracle FDP which utilizes information
from the latent component.

Our theoretical contribution encompasses additional two aspects. Firstly, we explicitly
assume a linear sparsity condition on the number of true nonzero rows of the coefficient
matrix B: the fraction of nonzero rows, no matter how small, does not vanish as m and n
grow larger. Consequently, we depart from the common assumption that Pr, B = o(1), as
frequently employed in recent works (Lee et al., 2017; Wang et al., 2017; McKennan and
Nicolae, 2019; Bing et al., 2023), where Pr, is the orthogonal projection matrix onto the
column space of I';,. The linear sparsity condition enables us to analyze FDR controlling
property theoretically, a feature absent in the aforementioned works. We emphasize that the
linear sparsity condition aligns with common beliefs in practice, even in genomic studies
where the proportion of significant findings is very small and around 0.1% ~ 1%. Secondly,
extending existing analysis to account for the presence of the remainder term F is non-trivial.
This challenge arises especially when the nonlinear latent component is not independent of,
and thus confounded with X.

The main contribution of this thesis is summarized as follows.

1. We present a nonlinear decomposition for the remainder term in the multiple responses
linear regression model. Also, we establish a connection between the nonlinear de-

composition and linear scenarios in terms of basis approximation.

2. We introduce a new method for estimating an NC set, taking into account the presence
of confounding effects between X and the latent component. The NC set is useful in
constructing pairwise asymptotically independent test statistics, thereby enabling us

to achieve our goal of FDR control.

3. We relax the common assumption that Pr, B = o(1). Our method can be extended to

encompass certain classes of nonlinear latent components.



1.2. Related literature

First of all, the nonlinear factor representation in Eq.(1.5) is compatible with the linear
factor representation in Eq.(1.3). Theoretically, many existing works have focused solely on
dealing with the linear representation. Thus, we may be among the first to extend this idea
to the nonlinear case.

The majority of relevant literature in this domain stems from the introduction of surrogate
variable analysis (SVA), a concept pioneered by Jeffrey T. Leek in his P.h.D. thesis and
subsequent series of papers (Leek, 2007; Leek and Storey, 2007, 2008; Leek et al., 2010).
SVA proves valuable for modeling large-scale noise dependence caused by unmeasured or
unmodeled factors. The authors also proposed an iteratively re-weighted algorithm (IRW-
SVA), which utilizes bootstrap estimation of the probability of b;, belonging to the null
hypothesis in Eq.(1.2) to estimate an NC set and obtain estimations of surrogate variables.
Likewise, Gagnon-Bartsch et al. (2013) proposed using existing NC sets. In practice, such
knowledge of NC sets is typically transferred from other similar studies.

By around 2017, researchers shifted their focus towards methods that do not rely on
NC set information. Instead, statisticians began to realize that estimating I'7, is much easier
than estimating G. By initially identifying the column space of Iz, it becomes feasible
to recover B from P%LB provided that Pr, B = o(1), where PI%L =1L, —Pr,. Leeetal
(2017) proposed a coefficient adjustment procedure for estimating I';, and then recovered
B, assuming that the true B and I';, are asymptotically orthogonal after mean centering.
Wang et al. (2017) first estimated I'7, through a rotation technique, and then estimated B
through robust regression, demonstrating its effectiveness in mitigating the confounding
effect when G, and X follows a structural linear equation model. McKennan and Nicolae
(2019) extended this method and theoretical analysis to scenarios when the observed data
lacks sufficient informativeness about the latent factors. Bing et al. (2022, 2023) offered
non-asymptotic estimation error bounds and statistical inference results, addressing cases

involving ultra high-dimensional X and sparse I'.



While effective, this framework is not without cost, particularly in the context of FDR
control. On one hand, these processes typically yields correlated estimations of B, resulting
in correlations between testing statistics derived from these estimations. However, mitigating
these correlations is crucial for achieving the goal of controlling FDR in traditional multiple
testing procedures. On the other hand, in order to satisfy the assumption that Pr, B = o(1),
many of the above works essentially require small magnitudes of B such as ||B||1,2/n/m =
o(1), where || - ||12 is the sum of ¢, norms for row vectors. Consequently, the number of
statistically significant nonzero rows with magnitudes at least O(1/+/n) must be of order
o(m). This restricts the applicability of traditional FDR control framework, which assumes
the number of alternative hypotheses grows linearly with m, thereby resulting in a lack of
theoretical guarantee for FDR control.

The remaining parts of this thesis are organized as follows. Chapter 2 delves into
latent factor representation for general covariance dependence, exploring both linear and
nonlinear approaches. Chapter 3 outlines the models under consideration, addressing their
identifiability issues. Chapter 4 introduces the procedure of our proposed method, detailing
parameter estimations and hypothesis testings. Chapter 5 outlines technical assumptions
as well as provides theoretical guarantees for each step proposed in Section 4. Chapter 6
encompasses numerical experiments designed to validate the effectiveness of our multiple
testing procedure. Chapter 7 gives a brief discussion. All technical details and derivations

are relegated to Appendices A and B.



Chapter 2

Latent effects modeling

In this chapter, we systematically describe our philosophy in modeling general covariance
structure in unobserved effects. The main purpose is to provide theoretical justification
for using the latent factor structure to handle correlations among different regressions. We
will begin with a general representation theorem, which asserts that arbitrary covariance
can always be viewed as generating from a class of nonlinear functions. We then conclude
by addressing why relatively few linear latent factors can effectively capture most of the
covariance structure in many situations.

We can rewrite model Eq.(1.1) into a matrix form as

Y = BX + U, 2.1)
where
Yi1 Yin Y1T
Y=| i i | eR™ = (Yo, V) = ,
Ym,l Ym,n Yn—{,
b1 bip blT,.
B=| i .. i |ermr=(ba.by)=| i |
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X11 Xin XlT,.
X = E Rpxn - <X.,17 7X TL) - 9
T
Xp71 s Xp7n Xp7'
ui,1 s Ulp UI
U=| & i ermr=(ugu) = | (2.2)
Um1 .- Umn u;rl;,.

Alternatively, model Eq.(2.1) is a collection of m different linear regression models:

Y (i,:) = B(4,:)X + U(i,:),
= Y =b X+u/,

= Y., =X"bi.tu, i=1..m (2.3)
Throughout this paper, we will assume that (Y, ;, X, ;, w.;), 7 = 1,...,n, are i.i.d.
random vectors and they have finite covariances. B is the coefficient matrix. We emphasize

thatonly Y and X are observable. Latent effects, and dependence among different regression

models are quantified in U.

2.1. Factor representation for general covariance dependence

For the model in Eq.(2.1), test statistics constructed directly from the observed Y, X could be
strongly correlated in applications due to (a) insufficiency in data collection to include impor-
tant explanatory variables that explain variability in Y, (b) unmeasured confounders that
affect both X and Y, and (c) intrinsic but unknown mechanism yielding the observations
Y.

We seek a direct decomposition of U into a sum of latent but structural part and a

random error part, in the hope of removing any source of row-dependence by estimating



the latent part. An intuitive way of decomposition is to write

where

I'; G, is interpreted as low-rank part, and E as idiosyncratic part.

U-E[U]=T.G, +E,

(L)

’Yl,r
| R = ('7,(,”,
L
Your
(L)
gl,n
: e R™" = (g,(ﬁ/)v
L
ot
€1,n
. c Rmxn —
€m,n

11

(2.4)

Apparently, the decomposition Eq.(2.4) is always possible and not unique. For our

purpose, a useful decomposition should have the following two properties: (i) €;,. are

uncorrelated with each other, ensuring that all levels of row-dependence between different

regression models are quantified by the low-rank part; (ii) there is a possible way to estimate

I';, and Gy. For the first property, Leek and Storey (2008) presented a decomposition

where rows of E are independent. But it is not known whether their decomposition yields

an identifiable low-rank component. To satisfy the second property, we may consider an

easier problem where U is observable to us. In this case, Eq.(2.4) resembles factor models

considered in Bai (2003), enabling technical conditions outlined therein to describe a useful

decomposition. For example, we may also consider the following additional conditions:

E[(—:_,j] = 0,

(L)
J

-

Cov(g

76.7j) = 07
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COV(Q%)) =1,, Dg := Covl(e, ;) is diagonal,

"

Yy := Cov(u, ;) = T1T] + Dg. (2.5)

The following theorem extends Proposition 1 in Leek and Storey (2008), provided that
our decomposition satisfies Eq.(2.4), property (i) as well as the moment conditions outlined
in Eq.(2.5). We also explore the feasibility of nonlinear factor decomposition beyond the

linear counterpart.

Theorem 2.1. ! For model (2.1), there exist latent factor matrix G € R"™™", an error matrix
E € R™*" such that each column of Gy, E are i.i.d., achieved by suitably enlarging underlying

probability space. Also,

(1) E[g"Y]=0,E[e.;] = 0, Cov(g. €.;) = 0, Cov(g'?) = 1, D = Cov(e. ) is diagonal,

LB} ",

U-E[U=T.G.+E as. (2.6)

where T';, € R™*" is non-random and rank(I'y) = r < m — 1. The distribution of €, ; is
non-degenerate if and only if 3¢ = 1,...,m such that e; € Col(Xvy), the column space of

Yy, where e; is the standard basis for R™.

(2) There exists a vector-valued Borel function f = (f1,...,fm)’ € R™, and a latent factor
matrix A = (a.1,...,00,) " € R¥™, such that o, j are iid., E[f?(ev. ;)] is finite Vi and
I'Gp + E[U] = f(A) a.s. (2.7)

U=f(A)+E as. (2.8)

Variables and functions constructed in this proposition depend on m in general. We will suppress their
superscripts (m) for simplicity.
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where
filawr) .. filown) fi(A)T
f(A) = : : e R™" = :

fm(a-,l) fm(a-ﬂ) fm(‘A‘)T

In fact, the latent factor A in the nonlinear representation Eq.(2.8) can be chosen such that it

has only one row (k = 1) and «_ ; arei.i.d. Uniform(0, 1).

Theorem 2.1 shows that u, ; can be decomposed in both linear and nonlinear ways. Both
Eq.(2.6) and Eq.(2.8) depict general dependence in the sense that no additional restrictions
were imposed on U beyond basic distributional assumptions.

Eq.(2.6) is referred to as an exact factor model since the idiosyncratic error E does not
introduce any correlation among different measurements. In many applications, researchers
often believe that the number of latent components » = rank(Gy) is small. Finding the
smallest number r such that Eq.(2.5) and Eq.(2.6) hold has a long-standing history and is
known as the minimum rank factor problem. Ledermann (1937) made a notable attempt at
solving this problem, but it remains unresolved to this day. If entries of Xy are generated
according to some continuous distributions such as Gaussian, the minimum rank is no
less than the Ledermann’s bound (= ©(m)) with probability 1 (Shapiro, 1982). This implies
that an exact low-rank assumption on rank(Gy,) cannot describe more general dependence.
Conversely, if the smallest r is of order O(m), precise estimation of latent factors becomes
unlikely due to oversized parameter space. Therefore, a more practical approach is to find a
relatively small r such that Eq.(2.5) and Eq.(2.6) hold approximately.

Eq.(2.8) represents general dependence from another angle. Different entries in u, ; are
dependent only through a low-dimensional latent variable «, ;, and a class of nonlinear
functions. Viewed as data generation processes, Eq.(2.8) could be preferred because the

latent variable c, ; could have the same distribution for varying m, while in general, there is

(L)
J

",

no such guarantee for g . This brings benefit in justifying why relatively few components
can approximate general covariance dependence. For example, if o, ; € [0, 1], then we can

use any basis from L?[0, 1] to approximate fi, ..., f,, simultaneously. When these functions
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possess some “nice” properties, the approximation can be uniform. This connection between
approximately linear and nonlinear factor representations is crucial and will be explored

further in Section 2.2.

2.2. Uniform approximation using RKHS

Equip Eq.(2.1) with the nonlinear representation:

u'vj = f(a'vj) + E"j’

where a, ; could be k-dimensional, f1,..., f, are functions from RF = R. Assuming that
fi(a. ;) has finite variance for all i = 1,...,m. Let ﬁ be any approximation to f;, and
Yi;=Yi,— ﬁ(a_d). The OLS estimation of B based on regression of Y onto X is consistent

provided that

max E[fi(e;) — fi(ew.;)]* = 0.

1<i<m

It is thus natural to consider space L?(P%), where P® is the distribution law of c, ; on R*.
Let {¢,(8)}22, be any orthogonal basis in this space. Expand f; in L?(P%) w.r.t. the basis up

to the K-th order:

K
file ;) = Z(fi, Co) r2peyCo(e. j) + fi(K)(a,,j) = linear part + remainder, (2.9)

v=1

where (-, -) 12(pa) is the inner product in the Hilbert space L*(P®). The uniform approxima-

tion error in L? is

K 2
i = @%E[(ﬁ ) } (2.10)
In general, {x does not necessarily converge to zero, but this could be true if fi,..., fi,

reside in a suitable subset. The subset we choose is a Reproducing Kernel Hilbert Space

(RKHS). The following proposition is adapted from Wahba (1990).
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Proposition 2.2. Let T the support of P*. Suppose T is compact, and R(s,t) is a symmetric,
continuous, positive-definite and square-integrable bivariate function on T2. The RKHS H g corre-

sponding to R is associated with the following inner product:

rank(R)

h 7®’U 2(PpPa) ° h2,@v 2 (P
(h1, h2)yy = Z i, Bo) e ))\< G ) (2.11)
v=1 v

Here, A, represents the v-th largest eigenvalue, ®,, is the associated eigenfunction, and rank(R) de-
notes the number of eigenvalues of R. H g, consists of any function h € L*(P®) such that |3, :=

VB, B, < o0, and h belongs to the closure of the vector space spanned by {®, )"

For the remainder of this section, we will use the notations and conditions given in
Proposition 2.2. Proposition 2.2 implies that Hp is a proper subset of L?(P%). Reconsider
Eq.(2.9). When f1,..., fm € Hg,and (, = @, forv =1, ..., rank(R),

" , rank(R) rank(R) (f. g >L2 - ,
E [(fl (. ;) } = Y ([ ®o)izpa) < Ak Z v < Ax+1 e | fill34 -
v=K+1 v=K+1
(2.12)
Note that Eq.(2.12) holds uniformly over i = 1,...,m. If rank(R) is infinite, it is known that
limg 00 A1 = 0. The uniform L? approximation error {x — 0 as K — oo provided that

maxi<i<m || fill3,,, is bounded. If rank(R) is finite, {x = 0 as long as K = rank(R).

Using a similar argument, pointwise approximation error can also be uniformly con-

trolled.
rank(R) 2
2
() = (X (@i iemiley)
v=K+1
rank(R) <f“ L2 - rank(R)
<D DL A
v=K+1 v=K+1
< a1 max 1£ill3e- (2.13)

K( . .
Here, ax+1 = maXseT Y o pe +% A, ®2(s) is the uniform convergence rate for the function

series szl Ay ®2(s), whose limit function is R(s, s). If rank(R) is infinite, lim oo a1 = 0
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is guaranteed by Mercer’s theorem. For more details about RKHS and the associated eigen-
decomposition, we refer readers to Dunford and Schwartz (1965); Sun (2005); Wahba
(1990).

In summary, Eq.(2.12) and Eq.(2.13) demonstrate the potential to uniformly approxi-
mate a system of nonlinear functions using relatively few linear components, i.e. K < m.
Eq.(2.12) indicates that the corresponding covariance matrix of ( fl(K) (o) -y (K) (. j))T
is weakly dependent, as defined in Fan et al. (2012). This helps explain why a few linear
latent factors suffice for capturing general covariance dependence caused by potential non-
linear factors, as observed in a numerical example in Fan et al. (2012).

Additionally, our results align well with the philosophy behind the use of approximate
factor models (Bai and Ng, 2002; Bai, 2003 ), which capture majority of sample covariance using
a few approximate factors, and allow for some correlations in the idiosyncratic error terms.
In our decomposition, the orthogonal basis can be seen as the approximate factors. If €; ; :=
fi(K) (e, j) + €, is considered as the true idiosyncratic error term, then the approximation
error fi(K)(a_,j) is exactly the source that incurs correlations among ¢; ; overi = 1,...,m.
Even though the exact factor structure could be large-dimensional, assuming an approximate,
relatively low-dimensional structure is often justifiable in many situations. Therefore, our

results illustrate the power of using latent factor structure to deal with general covariance.
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Chapter 3

Models and identification

The main objective of this chapter is to discuss the identifiability of the parameters involved
in our nonlinear representation model presented in Chapter 2. This may appear impossible at
first glance since the latent component is not observable. However, by carefully considering
the relationships between observed and unobserved variables, we can devise strategies to
infer these parameters, thereby revealing the underlying structure of the model.

The nonlinear representation model has the following form:
Y =BX + f(A) + E, (3.1)

where Y, X, A, E are random matrices with i.i.d. columns. Hereafter, we will assume that

2

€.j is independent of X ; and «. ;, and Cov(e. ;) = Dg = diag(c?,...,02,

) is a diagonal
matrix. When fi, ..., f,, originate from a good subset in L?(P%), f(A) can be uniformly
approximated using linear combinations of some orthogonal basis functions.

In light of Eq.(2.12) and Eq.(2.13), let
Yipw = <fi7(I)U>L2(]P"1)a 1= 1,...,m, v = ].,...,_[{7

gv,j:q)v(a.,j)a v=1,....,K,j=1,...,n,
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Y1 - YLK "/1T,.
r=|: ... eRme:(m,l,...,m,K): o,
Yml oo VmK Y.
g1 - Gim g1,
G=| i . i |eRF = (gagn)=| |
9K 1 JdKn QzTg,
K
£ (@) 5 (a) 7
F=fA)-TG=| . ¢ |eR™=(fu.fa)=| ¢ |
£ (a) o () o,

Then, Eq.(3.1) becomes

Y=BX+IG+F+E. (3.2)

Once again, we emphasize that G, F, E are not observable. It is worth noting that this model
representation encompasses pure linear case when approximation error term F = 0. In this
thesis, we assume that p = rank(X) is fixed or low-dimensional, i.e. p < n. The number of
latent basis K is known or pre-chosen, which is a common assumption in the factor model
literature. K viewed as a function of m,n can diverge to co. By transformation, we can
always assume that Cov(g. ;) = Ix. We can also assume that rank(I') = K since otherwise,
the corresponding components in g, ; can be dropped.

Before diving into the discussion of identification, a few properties about F should
be noted. As a collection of remainder terms in L?(P%), F automatically satisfies that
Cov(f.j,9.;) = 0,Vi =1,...,m. Next, we illustrate that Cov(f. ;, X. ;) = 0 is also true if
latent factor g. ; is augmented with h; (e, ), the conditional expectation of X; ; given . j,

i=1,...,p. Let V be the linear subspace of L?(P®) spanned by hy, ..., h,, then

LA(P*) =V @V,

'We slightly abuse the notation f here. We emphasize that whenever f is associated with double subscripts
such as f, ; or f;,,, it refers to the corresponding row vector or column vector of F respectively.
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where @ represents direct sum of two mutually orthogonal Hilbert spaces. Let h(c, ;) be

the vector stacked by h;(c. ;) over 4. This implies that

.

Fla.;) =T"h(a.;) + f* (e ;) (3.3)

for some m x p loading matrix T'* and f* = (ff,...,f5)" where f* € V1. Apply the
uniform approximation scheme outlined in Section 2.2 to f*, and let g. ; in Eq.(3.2) include
h(a. ;) as well as first K orthogonal basis functions in V. The approximation remainder
f.; must satisfy Cov(f.;,h(c.;)) = 0. Then, Cov(f.;, X.;) = 0 follows because X, ; —
h(e, ;) is uncorrelated with any functions of . ;. The above argument justifies that the
approximation error term F does not introduce endogeneity to the idiosyncratic error, even
if X is confounded with f(A) as quantified by I'* in Eq.(3.3). This provides the foundation
for the identification of B.

To facilitate further discussions, we will decompose BX into two parts: the first part,
which is our primary focus for hypothesis testing, and the second part, which is a nuisance
component. Since the constraint matrix A is of full rank, we can always find a (p — ¢) x p
matrix A such that each row of A is orthogonal to Col(AT"), the column space of AT, and

that (AT, A]) is invertible. Let M, = (AT, A]), and

M-x = |
X2

where X is ¢ x n, Xg is (p — ¢) x n. Then, for B; = BAT, B, = BAI,

BX = B:X; + ByXo. (34)
Let
1 1 1
bt o bl (BT
Bl = : € R = <b(,11)7 . 7b(,lc)) = : ’
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b ()"
_ mx (o) _ (p(2) @ ) _
B, = € Rmx(r=0) = (b_,l, ..,b_,p_c>
N A A (b)) T

The original testing problem Eq.(1.2) is equivalent to testing the following:
Hoyi:b) =0 wvs. Hy:b"#0 i=1,..m.

Therefore, the collection of parameters is @ = (B, By, I', Dg). However, we do not aim
to identify the exact values of all parameters. Specifically, the nuisance parameter By is
not of interest. Because any left multiplication of orthogonal matrix to G does not affect its
covariance, the exact value of I' is ambiguous and hard to identify. We will only consider
identifying its column space Col(I'), which can be quantified by its associated projection

matrix Pr.

3.1. Identifiability problem

This section discusses the identifiability of Col(I"), Dg and B;. The identification procedures
presented in Section 3.1.1 and 3.1.2 draw inspiration from Wang et al. (2017); Bing et al.
(2023). In section 3.1.3, we will talk about a difficulty encountered of applying these
procedures with an inexact Col(T'). This issue motivates the aforementioned works to

impose the technical condition PrB; = o(1).

3.1.1. Identifiability for Col(T') and Dg

Consider the column-wise representation of Eq.(3.2):

Y’j = BX'»j + Fg')j + f'v.j + 6'7j' (35)
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Let® =E[g, ;X ] - E[X, ;X ] ~!, we can decompose g, ; as:

9. =2X ; +W,, (3.6)

where Cov(W_;, X ;) = 0.

By finding the best linear projection of Y, ; onto X ;, the marginal effect of X, ;on'Y, ;,

B 4 I'® can be identified. Then,

Cov(Y,; — (B+TI'®)X, ;) =TSwI' + Zp + Dg, (37)

",

where Zw = E[W, ;W ], Zp = E[f.;f.|;]. Here, we use pairwise uncorrelatedness among

W.;, f.; and €, ;. Suppose X is invertible.

(1)

(ii)

In the linear case, f. ; = 0. Applying Theorem 5.1 in Anderson and Rubin (1956), we
1
can ascertain the identification of Col(I'S3) and Dy if there remains two disjoint
1
submatrices of rank K after deleting any row of I'Xg;,. Consequently, we establish an

exact identification for Col(I') and Dg.

In the nonlinear case, there is a lack of established methods to exactly recover I' from
Eq.(3.7). But Col(I') can be identified asymptotically by PCA method provided that
the last two terms are relatively small compared to the first term (Fan et al., 2013).
More precisely, let Ayin(-) be the smallest eigenvalue function, || - ||2 be the spectral
norm of matrices. By Weyl’s inequality and sin § theorem (Bhatia, 2013), the first K

eigenvector matrix T of Cov (Y., — (B+TI'®)X, ;) satisfies

[Zrl2 + [IDell2
(TEWTT) — [|Z¢l2 — [IDel2

T
[Pr=Pely< 5 5

However, simply removing the largest K components from the spectral decomposition
of Cov(Y,; — (B+T'®)X. ;) cannot ensure the convergence of diagonal elements to

those of Dg. We will give a consistent estimator for Dg in Chapter 4.
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3.1.2. Identifiability for B; with known Col(T")

Eq.(3.1) can be viewed as multiple semi-parametric models. From Robinson (1988), a
sufficient and necessary condition for identifying B; when «, ; is observed is

E|(X

.
’,

j = EIX jle)) (X, — E[X jla]) | - 0.

We emphasize that this condition is implied by 3w > 0, which is already used in identifying
Col(I"). To see this, recall that we have assumed g ; is augmented with E[X_ |, ;] in the
nonlinear case. Thus, W, ; contains the remainder of the best linear projection of E[X_ ;|cx, ;]
onto X ;. Also, X, ; — E[X_ j|a. ;] is the remainder of the best linear projection of X_;
onto E[ X j|e, ;]. By Schur’s complement argument, the positive definiteness of these two
remainder terms is equivalent.

To identify By, the Negative Control condition and the Sparsity condition are used:

e (Negative Control): (B;)s = 0 and rank(T's) = K ! for a known index set S C
{1,...,m} with |S| > K. A set S satisfies this property is called a Negative Control
(NC) set.

e (Sparsity): The number of nonzero rows in B; is no greater than | (m — s)/2|, and
rank(I's) = K for any s-subset S C {1,...,m}, where s is an integer such that

K <s<m.

The two conditions were proposed by Wang et al. (2017) where the authors assume a
structural equation model between X and G. Interestingly, these conditions remain effective

even in our nonlinear setup, without assuming any functional relationship between X and

G.

Proposition 3.1. Suppose Col(T") is known exactly. Then, B is identifiable under either the Neg-

ative Control condition or the Sparsity condition.

"Unless stated otherwise, a matrix associated with an index set S refers to the submatrix formed by selecting
rows in S. The same convention applies subsequently.
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Proof : Note that B + I'® is identified, B; + T®A" is identified as well. Since Col(T")
is known, its projection matrix Pr becomes available. This indicates that P#B; can be

identified. Suppose B] is another matrix such that
PrB1 = PpBi. (3.8)

For the Negative control condition, we choose index set S as specified in the condition.
For the Sparsity condition, we set S to be the collection of rows where both B; and B are
zeros. In either case, we can ascertain that |S| > K and rank(I's) = K. By rearranging rows,

we can assume that

I's
r=

FSC

Then, Eq.(3.8) implies that

~Ts(TiTs +TLTse) 1T, (B. - Bl)s. = 0.
L, 5| — Lse(TiTs + T Lse)'Tge
Due to full rankness of I's, it shows that (B; — B])sc = 0. Since (B;)s = (B])s = 0, we
can conclude that B; = B, thereby establishing the identifiability of B;. B
In the proof of Proposition 3.1, the key is to recover B; from PIL‘Bl, which can be seen
as an instance of compressed sensing problem. The identification with the Sparsity condition
is equivalent to solve:

min [|®|10 st PFO® =PgBy, (3.9)

where ||®]10 = >_/%, 1(6;. # 0) is the number of nonzero rows of ©. This problem is
known to be NP-hard and cannot be practically solved (Foucart and Rauhut, 2013). Consider

a convex relaxation to Eq.(3.9):

min [|®|12 st PF® = PgBy, (3.10)
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where |©]12 = >, [10;.]|2 is the row-wise sum of ¢/, norms of ®. Forany s =1,...,m,

define

(s, T) =min {t € [0,1] : | Prv|3 < t|v|j3, |v]o < s} (3.11)
§(s,T') is the s-sparse Restricted Isometry (RIP) constant for Py

Proposition 3.2. Suppose Col(T) is known exactly and §(||B1||1,0,T) < 3, then By can be iden-

tified by the minimization problem in Eq.(3.10).

Proposition 3.2 demonstrates the potential for recovering B; when the RIP constant is
not too large. The condition required for identification using Eq.(3.10) is stronger than that

for Eq.(3.9), representing a trade-off made to reduce computational costs.

3.1.3. Identification for B; with inexact Col(T")

In practice, estimating Col(I") introduces the potential bias in identifying B;. In this section,
we will explore the robustness of the identification methods outlined in Section 3.1.2 when
only an approximate Col(T") is available. Because identification through Eq.(3.9) is not
practical, we will focus on identification through NC set or solving the minimization problem
in Eq.(3.10). Suppose we have identified an approximation By, the robustness is measured
in terms of |[B; — Bi||oc2, Where || - [|x,2 is the maximum of row-wise {» norms. This
measurement aligns well with our goal of performing hypothesis testings for rows of B;.
Let I be any estimate of T such that |T' — T'H||o..2 = o(1) for a matrix H.

If an NC set S is known, then there is another way to identify B, different from the
proof presented in Proposition 3.1. Let M = By + T'®A . Since we know M is identified
and (B;)s =0,

Mg =Tgs®A'.

This implies that
B, =M - I'(Dils) T iMs. (3.12)
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The plug-in estimator is

B; =M —I(TiTs) 'TiMs. (3.13)

Under mild assumption on &,
IB1 —Biloc2 = o(1).

Thus, identification through NC sets is robust to inexact Col(T").
Without NC set information, our best hope is to recover B; from PI%Bl + PI%IYI)AT,
which is essentially PI%Bl with small perturbations at each entry. To account for these small

perturbations, consider a generalized version of Eq.(3.10):
min |12 st ||Pg®—PiB; —PiT@AT| _, <7 (3.14)

Suppose B, is the minimizer of Eq.(3.14). It is generally challenging to ensure By —
B |02 = 0(1), unless imposing conditions such as 73]% is close to I,,, entry-wisely (Rosen-
baum and Tsybakov, 2010). To resolve this issue, previous works (Lee et al., 2017; Wang
et al., 2017; McKennan and Nicolae, 2019; Bing et al., 2023) impose conditions such that
IPrBiflcc2 = |PpBilloc,2 = o(1). This implies that |P2B1 + PAT®AT — Bile,2 = o(1),
and B is identified asymptotically. Indeed, By cannot be recovered if B; € Col(T"). But there
are doubts about whether || PrBi||s,2 = 0(1) is necessary since it rules out the worst-case
scenario by only focusing on the best-case scenario and leave no room in between. Therefore,
we are motivated to find intermediate results without this assumption. To achieve this, we

will need the following lemma.

Lemma 3.3. Suppose So C {1,2,...,m} is any index set with cardinality s, § := 6(2s,T). For
any matrix V.€ R™*¢, let S be the s largest rows of Vg in terms of {3 norm. Let Sp1 = Sp U Si.

Then,
)

1
[Vsollr < 7”(73%‘7)801“1: + m”vsgnl,%

1—-9
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1
IVIE < Vol + S IVesllTe:

Let Sy be the collection of true nonzero rows of By, I be replaced by I,V=B;-Bjin
Lemma 3.3. If  in Eq.(3.14) is chosen such that HP%I‘(I)AT loo,2 < m, then

[PE V]| p < 20 (3.15)

By triangular inequality and Cauchy-Schwartz inequality, ||B; + V|12 < [|B1||1,2 implies

that ”V‘%’ 1,2 < ||V30”1’2 < \/EHVS()HF- Apply Lemma 3.3,
V2s-2n 0
AY < AY
Vel < 22 4 Ve,
which implies that
1 2v2
Vse llooa < —||V < —— 1. 1
[Visg, lloo,2 < \/gll sullF < 7557 (3.16)

Eq.(3.16) implies that if § = §(25,T) < + and n = o(1), then zero rows in S§; can be
uniformly estimated. If the number of false negatives can be controlled, this indicates that
the identification of an approximate NC set remains robust.

To conclude, we demonstrate that the identification for B; through an NC set is robust,
and the identification of an NC set using Eq.(3.14) is robust. This observation motivates
the main idea of our method proposed in Chapter 4: we will solve Eq.(3.14) to estimate an

approximate NC set, and then use this NC set to improve our estimation for B;.

3.2. Semi-strong factors

In a genuinely nonlinear case, where the latent component does not have a finite rank, the
approximation remainder term F diminishes only if K — co. Because of this, we allow a
possibly diverging number of latent components. This is in sharp contrast to many existing
works about factor models or factor augmented regression models Bai (2003); Bai and Wang

(2016).
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The major challenge in our linear approximation approach to nonlinear factor models
arises from the disparity between the commonly used strong factors assumption in factor
models literature and potential existence of an infinite number of factors. In terms of our

notations, the strong factors assumption requires
Apin(T'D)=Q(m)  and  Apax(T'T) = O(m), (3.17)

which implies that ||T||% = ©(mK), where || - || r denotes the Frobenius norm of a matrix.
However, T2 = tr(T'T) < Y7 E[fA ()] < mmaxi<i<m E[f?(a)] = O(m), if the L?
norm of f; is uniformly bounded over i. This observation implies that the number of strong
factors cannot grow infinitely in nonlinear case.

Instead, we consider relaxing the strong factors assumption to a semi-strong form.
Assuming further that the RKHS norm || f;||7,, is uniformly bounded, a similar calculation,

as shown in Eq.(2.12), implies that

7.k ll3 = O(mAk),

and

Apin(TTT) = O(mAg).

Therefore, if I' is not rank-deficient, a more realistic assumption for the factor loadings

generated by eigenfunction expansions is
Apin(D'T) = Q(mrpy,)  and  Apax(T'T) = O(m), (3.18)

where 7, , = O(Ak). As limg_,oc Ak = 0, Eq.(3.18) is a form of semi-strong factors
assumption. Note that this assumption is consistent with the linear scenario, in which case
the number of nonnegative eigenvalues K is finite and A is a positive constant.

We conjecture that 7, , = ©(\}% ) for some a > 1, which can be verified in the following
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case. Suppose entries of I' are randomly generated such that

Yio = )\v Ci,v,

where (; , are i.i.d. bounded random variables, ¢ = 1,...,mand v = 1,..., K. It can be

verified that, if Y 7 ; A\, < 0o, the corresponding functions f; satisfy

Vil = 3 M2, < 00, Vi

v=1

In this case, I" can be seen as the product of a random matrix with i.i.d. entries and a
diagonal matrix consisting of the first K eigenvalues of the reproducing kernel. Under mild

assumptions from random matrix theory, it can be shown that
Amin(TTT) = Qp(mA%).

This verifies our conjecture with a = 2.



29

Chapter 4

Methodology

In this chapter, we describe our full strategy of conducting multiple testings for Eq.(1.2)
with FDR control. We begin by introducing a regularization-based method for estimating an
NC set. Secondly, we utilize this NC set to estimate the latent factor G using PCA method.
The final estimation of B is obtained after adjusting for G, and construct testing statistics
based on this estimation. We conclude with a detailed description of our FDR controlling

procedure.

4.1. Estimation of NC set

Addressing the estimation of NC set is challenging due to the inherent difficulty in isolating
the effects between observed and unobserved parts. An exception is the IRW-SVA algorithm
proposed in Leek and Storey (2008), which has proven to be useful in various applications.
However, IRW-SVA lacks theoretical guarantee, and Wang et al. (2017) demonstrated that it
could diverge when X and G are confounded.

IRW-SVA begins with an initial guess for G using PCA method. Let Px be the projection
matrix onto Col(X "), Px := I,, — Px be the projection onto the orthogonal complement of

Col(X ). Right multiplying Px in Eq.(3.2),

YPx = I'GPx + (F + E)Px.
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Let

Yp)i( = Ul:KDlzKVIK + remainder (41)

be the singular value decomposition (SVD) of YP)L(, where Uy.xD;. KVI x contains the top
K components and the diagonal entries in D is listed in descending order. IRW-SVA uses
\/n-times V. as the initial estimator for G. Intuitively, this initial estimator is convergent
to GPx%. The OLS estimation for By using GPx has bias TGX (XX ")"'AT. This bias
becomes more significant when the confounding effect between X and G is more severe,
which partly explains why IRW-SVA fails in this case. Nonetheless, the information of I" is
intact. Let T" = % for further discussions.

We propose to to solve the following minimization problem:
minjmize [Py (Y — ©X,1)Px, 15+ 1©]1,2, (4.2)

where 7 > 0 is a tunning parameter. Eq.(4.2) connects to Eq.(3.14) in the sense that
Plf (Y — ©X,)Px, is a sample analogue to PI%BI + PI%I‘@AT — 771%@. By vectorization,
Eq.(4.2) can be viewed as a high-dimensional regression problem with the group lasso
penalty. This problem is complicated by the structural rank-deficiency of its design matrix
(P)%QXI) ® Pli, where ® stands for Kronecker product.

Recovering exact sparsistency through lasso or group lasso generally requires stringent
assumptions (Zou, 2006; Lounici et al., 2010). Therefore, we only seek for a subset estimation,
which is sufficient for estimation of By as observed in Section 3.1. Let B; be a solution to
Eq.(4.2).

6

SO)={i=1,....,m: ||B§.}}HQ_%}. (43)

is an estimation for NC set. § > 0 is a chosen threshold. Here is the main heuristic: If
|S(0)|/m > p and the true positive proportion is s, then at least |7 — s|m zero rows of
B, (/(7)) must be true negatives. When s is relatively small compared to 7, most of these

zero rows are true negatives, forming an approximate NC set.
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The NC set in Eq.(4.3) may not be sufficiently large. To resolve this, a re-weighted version

of Eq.(4.2) can be used:

minimize [Py (Y — ©X1)Px, 15 47 |1¢®]|1.2, (4.4)

where S is any estimated NC set, I+ is m x m diagonal matrix with i-th diagonal being 1 if
i € S and 0 otherwise. Then, Eq.(4.3) is applied again to enlarge the NC set. This scheme

proposed can be repeated until new NC set is not significantly larger than the old one.

4.2. Estimation of G and B;

Let S be our final choice of NC set. With the help of S, the estimations for G and B; are

straightforward. Perform SVD decomposition for Y sPx,:
YsPx, = U DSk (VfK)T + remainder, (4.5)

where U¢ DY - (V‘lS x) " contains the top K components, DY  is diagonal matrix with en-
tries listed in the descending order. Similar to Bai and Ng (2002); Bai (2003), our estimation
of G is

G =vn(Vik) ', (4.6)

where V.x is the first K columns of V. Our final estimation of B; is obtained by ordinary

least squares for each row-wise regression:

B final = argmin (Y — ©X1)Py = YPy X1 (XiPyx, X)) (4.7)

2
2(;,HF

where 73;2 ¢ 1s the orthogonal projection matrix onto the complement of both Col(X3) and

Col(é). The idiosyncratic variances can be estimated through:

R 1 L :
0 = Y P Y =L (48)
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4.3. FDP estimation in multiple testings

Traditional multiple testing procedures are based on a sequence of p-values for a family
of hypotheses, and each hypothesis is rejected if its p-value is below or equal to a pre-

determined threshold ¢. Define the following empirical processes for any ¢ € [0, 1]:
V(t)=|{ieLy: P, <t}

Sit)y=|{i ey : P, <t}
Rit)y=|{i=1,...,m: P; <t} (4.9)

Then V' (t), S(t), R(t) are the number of falsely rejected hypotheses, the number of correctly
rejected hypotheses, and the total number of rejected hypotheses. The false discovery
proportion w.r.t. the threshold ¢ is defined as

FDP(f) = RX)(Q - with R(t) v 1 = max{R(1), 1} (4.10)

Based on different p-values, different FDPs can be defined. The one we are specifically
interested in is the FDP derived from the oracle test statistics, which utilize the information
from the unobserved component, for simultaneously testing hypotheses in Eq.(1.2). We
consider two different sets of oracle test statistics, based on different oracle estimators for

B;. The first set of Wald’s type oracle test statistics is based on

- -1

Biom = YPx, X (X1Px,cX]) (4.11)
the OLS estimator of Y regressing onto X, X3 and G. The second set of is based on

Biom = (Y — F(A)Px, X (XiP%,X] ), (4.12)

the OLS estimator of Y — f(A) regressing onto X, Xs. The key difference between the two
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estimators lies in their efficiency: the second type has smaller asymptotic variance, and thus
more efficient.

For ELora in Eq.(4.11), the oracle test statistics are

B(l) X rPJ_ XTB(l)
Tz‘,ora: ( z,ora) 1 )2(2,G 1 z,ora’ (413)

g;

For BLora in Eq.(4.12), the oracle test statistics are

b Yy Tx, pL x[HY
Ti,ora = ( z,ora) ! 2X2 ! z,ora, (414)
g;

(1)

7,0ra

In either form, b is the ¢-th row vector of ]A31,0ra. The oracle p-values are

Pi,ora =1- Xg(Ti,oraa O)a (415)

X2(t,0) is the c.d.f. for chi-squared distribution with degree of freedom ¢ and non-centrality
0. The main difference between these two oracle test statistics lies in their efficiency. Since
X1Px, X/ = X1P§27GX1T, the testing procedure based on Eq.(4.14) is more powerful than
Eq.(4.13).

Let Bz(‘,lﬁ)nal be our final estimate of bz(‘,l-)’ 0; be the estimated standard error for the i-th
regression model, Vi = 1,...,m as shown in Section 4.2. The Wald’s type test statistics and

the associated p-values are:

(1) T il T#(1)
(b ) lexz,éxlb

~ 4,final 4,final
i = OA_ZQ )
B=1-x4(T,,0). (4.16)

Note that our T} is more similar to the statistics in Eq.(4.13) than that in Eq.(4.14), so we
can expect our tests to behave more like the first set of oracle Wald’s tests.

Asin Eq.(4.9), {Vora(t), V(1) }, {Sora(t), S(t)}, { Rora(t), R(t)} can be defined accordingly.
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Similarly, define the oracle false discovery proportion and the estimation of it:

 FDP(t) = RZ)(Q - (4.17)

Vora(t)
Rora(t) V 1

FDPya(t) =

Note however, ﬁ’(t) is still not observable due to unknown Z;, the subset of true null
hypotheses for Eq.(1.2).

Since ]5z~, i =1,...,m have accounted for the covariance dependence caused by the G,
they can be viewed as p-values with weak dependence. Therefore, the following classical

estimation of F{D\P(t) can be applied (Storey et al., 2004):
mao(A\)t

FDP, (t) = O (4.18)

where 7tg(A) = Y27, 1(P; > \)/m(1—\) is an estimation of the proportion of null hypothesis
|Zo|/m. X € (0,1) is generally chosen to be very close to 1.
Based on Eq.(4.18), Storey’s procedure can be applied to control FDR. Suppose the target

tolerance of FDR is « € (0, 1). Then, threshold ¢ is chosen as:
f = sup {t € [0,1] : FDP,(t) < a}. (4.19)

For eachi = 1,...,m, hypothesis Hy; in Eq.(1.2) is rejected if and only if the corresponding

p-value 13@ < {.
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Chapter 5

Theoretical results

In this chapter, we provide theoretical guarantees for the procedure introduced in Chapter
4. Section 5.1 contains our main assumptions. Section 5.2 begins with asymptotic results
for estimation of I'. Then, we establish oracle inequalities for the minimization problems
in Eq.(4.2). These inequalities help in controlling the number of false negatives in our NC
set estimation. Section 5.3 presents asymptotic results for the estimations of B; and Dg.
Notably, we demonstrate that our estimation for B is as efficient as if we had observed the

latent factor G. Lastly, Section 5.4 establishes consistency of our FDP estimator.

5.1. Assumptions

We consider the setting where m, n can both diverge to infinity. The number of latent basis
K is assumed known and considered as a function of m,n. K could diverge to infinity in
the nonlinear scenario. All asymptotic limits in this paper are taken simultaneously for both
m and n (Bai, 2003). We assume that n = o(m), logm = o(n), p = o(n'/?), the dimension of
primary variable X, i.e. cis fixed. The underlying dimension % for nonlinear factor c. ; is

fixed. We begin with basic distributional assumptions.

Assumption 5.1. Y, ;, X_;, «. ;, €. j are ii.d. random vectors. €_j ~ N(0,Dg) is an indepen-

dent error, where Dg, = diag(c%,...,02,). Latent basis g, ; and approximation remainder f. ; are
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considered as Borel functions of o, j. Entries of Xy and Xy are sub-gaussian random variables and

their sub-gaussian norms are uniformly bounded. Lastly, E[g”jg.m = Ig, Cov(X.;, f.;) =0,

Cov(g.;, f.j) = 0.

The following regularity conditions on ¥x ¢, the covariance matrix of ( Tj, g_Tj), and T,

Yr, Dg are required for our analysis.
Assumption 5.2. Assume the following conditions hold:

(a) 0 <inf,, » Amin(Ex,¢) < lim SUp,;, 5 Anax(Ex,6) < o0.

Mmrm,n

(b) 0 < liminf,,, Amm( L FTF) < lim sup,,, Amax<%I‘TI‘) < .

(©) Dl = 0(2).
(d) 0 < infy,, minj<j<m 0? < Sup,, , MaX1<i<m 07 < 0.

Assumption 5.2 contains common conditions in factor models literature (Bai and Ng,
2002; Bai, 2003). Similar conditions were also used in the recent work by Bing et al. (2023).
Our assumption is slightly different in (b) and (c), where we have accounted for the loss of
factor strength and the remainder term due to the linear approximation to the nonlinear

component.

Assumption 5.3. The support for c, j is compact. Nonlinear functions f1,. .., fm arein a RKHS
generated by kernel function R(s, t). Assume that n\3, — oo, KVp = o(n\%), and Mak 1 logm =

O(1), where N is the K-th eigenvalue of R, ax 1 is defined in Eq.(2.13), M = supy<;<,, || fi H%R

Assumption 5.3 has immediate consequences that are worth mentioned. Firstly, the
uniform L2 approximation error M Ak is controlled because A 11 < ax1. Secondly, it

implies that g. ; is bounded with /5 norm of order O (ﬁ)

= 2 - 2 1 & 2 1 1
vz::lgu,j = ;q)v(a.,j) < e ;Avév(aﬂ) < ER(oé_’j,oé_,j) — O(E)
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Lastly, row vectors in the factor loading matrix I" are uniformly bounded in the sense that

SUD; << 17313 < My, see Eq.(2.12).

Assumption 5.4. (Linear sparsity) Let To, Ty C {1,...,m} be the index set ! where null hypothe-

ses and alternative hypotheses hold respectively,
I
lim M =m € (0,1), |Zo| + |Z1| = m.

Assumption 5.5. Suppose I, in assumption 5.4 is further decomposed as T, = Z11 U Z12 U I;3.
|Z1;| — oo for each j = 1,2, 3. The asymptotic proportions are w11, 712, 713, where w11, w12 could

be zeroes, m13 > 0, w11 + w2 + w3 = 1 — mo. Also, the following conditions hold:

. 1
(a) limsup,, , v/nmaxer,, Hb§ )H2 — 0.

s

(b) There exists a vector sequence {c;};°, C R® such that

. 1
lim max H\/ﬁbz( _) —cill2=0, sup [efl2 <oo.
m,n i€l ’ 1<i<oo

- : 1
() lminfy, /1 miner, ||b§,,)”2 — 00,

Assumption 5.4 is assumed to align with traditional multiple testing settings (Storey,
2002). Assumption 5.5 divides alternative hypotheses into weak, medium and strong parts
based on their signal strengths. When 71| = |m12| = 0, assumption 5.5 becomes the “Beta-
min” condition, which has been widely used in high-dimensional regression literature to

differentiate nonzero coefficients to zeroes (van de Geer et al., 2011).

Assumption 5.6. The following generative model holds for X
X1 =B2,1 X2 +I'xG + Ex,

ITx[[r = O(1).

7o and Z; are non-decreasing set sequences indexed by m. The subscript m is omitted for simplification.
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Conditional on X_(? and o j, (Ex); j is a zero-mean sub-gaussian random variable. The sub-
gaussian norms across different i are uniformly bounded away from zero and upper bounded by a

bounded function of X (?) and o ;.

Assumption 5.6 is only used in nonlinear case for showing \/n-consistency of our final
estimator Bl,ﬁna]. If the approximation remainder term F = 0, this condition is not needed.
Essentially, it assumes that E[ X (;) | X (?) , v, ;| is in a partial linear form, where the parametric
part is linear in X3 and the nonparametric part is a nonlinear function of c, ;. Because G
contains E [ X (}) | ;] in nonlinear case, it can be shown that the nonparametric part must

be represented by G. Therefore, it is not restricted to assume that X is linear in X, and G.

5.2. Asymptotic for I' and oracle inequalities for B,

In this section, we will establish oracle inequalities for the minimizers of Eq.(4.2), which hold
with probability tending to 1. Leveraging the “Beta-min” condition, these inequalities enable
control over the number of false negatives selected by Eq.(4.2), thus offering a guarantee
for our NC set estimation. The following proposition provides asymptotic results for the

estimation of IT".

)= % as in Eq.(4.1). Under assumptions

5.1-5.3, if nr, ,, — oo, then the following conclusions hold:

Proposition 5.7. Let T' = (41.,...,%m.

(1) [[Pg = Prll, = OP(\/niT,n)'

(2) There exists a K x K matrix H such that H is invertible with probability tending to 1, and

8l = 0p(1), [H™[l2 = Op(1), |[£ = TH, = 0p(4/=).

. M
(3) maxj <j<m H,-),i’. _ HFY@-H — OP<\/K\/lo§Lm+p + \/ s)f(KJrl + \/m}T,n>

Similar results to Proposition 5.7 can be found throughout factor models literature.

Our contributions lie in several aspects: (1) allowing the number of latent factors K to
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diverge; (2) accommodating the difference of strength between the smallest and the largest
eigenvalues in factor loadings (assumption 5.2(b)); (3) taking into account the remainder
term F resulting from linear approximation. If K is finite and Apin (I''T) and Apax (T''T)
are of the same order, we can show that \/n (’% — H%) = Op(1) with a slight modification

to our proof, aligning with the findings in Bai (2003); McKennan and Nicolae (2019).

Theorem 5.8. Suppose assumptions 5.1-5.3 hold, and the |T,|-sparse RIP constant for T' satisfies
that § := 6(2|Z4|, f‘) < 1. Forany 0 < € < 1, the following holds simultaneously with probability

greater than 1 — e:

(1) The tunning parameter can be chosen such that

M 1 M
nZCE\/ﬁ( K Vlogm+p+ DY AR+ ) )
Mo S\ P

where C, > 0 is a constant.

(2) For the minimizer By = (b\", ..., B&}_)T in Eq.(4.2):

)

By — Bylp < 20- 11| i

1—46 Apin(X1P%, X])

and
dm,nn

max [[b{") — (!5 < : ,
’ ’ (1-06(1,1)) Apin (X1 P, X))

1<i<m

where

. § 4 \/20 . |Il‘ Amax(Xl,P}JEQXI)

dm,n 2 7 1max (Pf)m

1—40 Apin(XaPx, X]) " 1<ism

(Pg)ii is the i-th element in the main diagonal of Pp.

(3) Let byin = min;ez, Hbl(l)Hz For the NC set estimation in Eq.(4.3) with § < 7\/515@“/

A 4By — B2
S0 ng| < “EL

min
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Theorem 5.8 derives error bounds for the minimizer B; in Eq.(4.2). It shows that the
average / loss as well as maximum ¢5 loss are approximately of order /n up to some factors.

If Mak 1/ kg < logm and nr2,, — oo, Theorem 5.8(2) shows that \/%HEI — Bi||r =

m,n

Op<\/rm,nM + Klogm - ‘I—> and \/ﬁHEl —Bill12 = Op((rmmM—FKlogm)- %)

1|
m

The bound can be improved especially when |Z; | is small, due to either small |Z; | or increased
5(2|Z4,T). Our results do not contain /n-consistency for 1351) This is due to the theoretical
difficulty when we do not assume ’\P%Bl l1,2 = op(1), as mentioned in Section 3.1.

From the error bounds, it is natural to select an NC set by thresholding. This approach is
essentially the thresholded lasso, which is known to share similarities to the adaptive lasso
(van de Geer et al., 2011). Assuming the “Beta-min” condition in assumption 5.5, there
exists a possibility to select all true negatives without any false negatives with probability
tending to 1, provided that (r, ,M + K logm) - % = 0(0). Therefore, this thresholded
approach is ideal for NC set estimation. As a rule of thumb, we recommend selecting a
threshold such that around half of rows are included in an NC set. This recommendation is
grounded on the belief that |Z;| is less than m /2, which coincides with the identification
condition in the Sparsity scenario, see Section 3.1.

In practice, this approach could be compromised due to lack of “Beta-min” condition.
However, the error bounds do exclude the inclusion of those strong bz(',l-) with large /5 norms.
In Section 5.3, we will illustrate that the inclusion of some false negatives with small ¢,
norms has a mild effect on the estimation of the latent basis G. Therefore, the estimated NC

(1)

set is robust to the inclusion of weak b

5.3. Asymptotic for G and B s,

Based on our NC set estimation, the estimation of the latent basis G and the final estimation
]A317ﬁnal are obtained. Unlike the minimizer B in Eq.(4.2), the final estimation for B; can be
proven to be y/n-consistent, laying the groundwork for subsequent hypothesis testing and

inference procedures.
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Proposition 5.9. Let S be a chosen NC set such that s = |S| — oo, and AminGI‘gI‘g) =
Q(rmn), Amax (%F‘EFg) = O(1). Let F C S be the collection of false negatives. Under assump-
tions 5.1-5.3, if = = Qp(1) and || B1||co,2 = O(1), then the following conclusions hold for Gin
Eq.(4.6):

P& = Papy Il; = Op(&mn),

|(57:5) "o -ars

OP (\/ﬁfm,n) ’

2_

where &y, = —2 (” KM ”(B%”F) ,0isa K x K orthogonal matrix.

STm,n n

In Proposition 5.9, we make the assumption that the chosen NC set is nonrandom for
simplification purposes. This assumption can be easily satisfied through a sampling splitting
procedure: we use the first half of data for NC set estimation, and reserve the second half for
latent basis estimation. Therefore, this assumption does not impose a significant restriction
on our methodology.

It is worth taking a moment to compare Proposition 5.7 with Proposition 5.9. We can
observe that the convergence rate for T is approximately proportional to ﬁ, while that for
G is ﬁ + 1. Inn = o(m) scenario, this suggests that estimation of G is more accurate
compared to that of I', highlighting the advantage of obtaining an explicit latent basis
estimation. This phenomenon is also known as the “blessing of dimensionality” in factor
models literature Bai (2003); Bing et al. (2022).

Another notable aspect in Proposition 5.9 is that we consider the inclusion of false
negatives in our NC set. As mentioned after Theorem 5.8, it is unlikely to include strong

rows; only those with ¢ norms less than —= for some ¢ > 0 such that ¢ = Op ((rmnM +

Vn

Klogm) - %) can be included. To ensure that /n&,, , = op(1), it is sufficient to have

¢ = op(rm,n). Therefore, the inclusion of weak false negatives poses no issue for our NC set

estimation.

Theorem 5.10. Suppose assumptions 5.1-5.3 hold, and assumption 5.6 hold if F # 0. If & =
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o < \/iW) ’ where fm,n is the convergence rate Of PG fo pépx2’ then

Vbl — b)) L N(0,028 ]

i,final = i,

where 3x | x,,G 18 the covariance of remainder after removing the best linear projection of X1 onto

Xy and G from X . Additionally,

max ‘63 - 02-2‘ Lo
1<i<m

Theorem 5.10 establishes asymptotic distributions for our final estimator. The asymptotic

-1

) 2
variance o Exl Xs,G

is the same as that obtained if we regress Y; . onto X, X, and G,
demonstrating the efficiency of our final estimator. In the nonlinear case, assumption 5.6
holds and Ex = X; — E[X;]|A]. This implies that Cov(Ex) = ¥x,x, ¢ and b | is

i,fina

semi-parametrically efficient.

5.4. Consistency of FDP estimation

Theorem 5.11. Suppose assumptions 5.1-5.5 hold, and assumption 5.6 hold if F # 0. If &y =
0<W), Mag 11 1og>m = o(1), then the following conclusions hold:

(1)

/

Xg 1€ Ty UT

>

[N

X2(N) i €T )

oo i¢113

\

where x2(-, Ai) is a non-central chi-squared distribution with non-centrality parameter \; =

T , . .
C‘Exéi'%xQGcl Furthermore, for Vi # i/, T; and T} are asymptotically independent.
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(2) Suppose By or in Eq.(4.11) is used in constructing the oracle test statistics, then

sup ‘ﬁ(t) - FDPora(t)‘ £,
0<t<1

sup )Pﬁ,\(t) - cF/D\P(t)| Zo,
0<t<1

where c =1+ 711 + %, Fi(A) =limpyoe = 300 1 —Xz((xz)_l(l —),0), )\i).

(3) Suppose By ora in Eq.(4.12) is used in constructing the oracle test statistics, then for any
€e>0,

inf FDP(t) — FDPoya(t) > —¢
0<t<1

with probability tending to 1, and

sup @A(t) — cF/ﬁ’(t) Lo.
0<t<1
Theorem 5.11 asserts that our constructed testing statistics are asymptotically indepen-
dent, justifying the power of factor model idea in addressing general covariance dependence.
F{D\P(t) is consistent to the oracle FDP in (2). Our estimation of Fﬁ(t) is FDP A(D). FDP NG
is consistent only when 717 = 0 and X is chosen such that F;(\) = 1. But we observe that cis
always greater than or equal to 1, indicating that the procedure based on FDP A(t) is slightly
conservative but remains valid for the purpose of FDR control. For the oracle FDP in (3),
we no longer have consistent estimation. Instead, F/D\P(t) is guaranteed to be a conservative

substitute to the oracle FDP. Therefore, FDP A(t) is a doubly conservative substitute for

FDP;a(t), and is sufficient for FDR control.
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Chapter 6
Numerical experiments

6.1. Simulations

In this section, we assess the performance of our proposed multiple testing procedure, and
compare it with other methods in the literature. Because not all methods were proposed for
FDP estimation procedure, for fair comparison, we will also use metrics for general testing
purpose: (1) Type-l error at ¢t = 0.05, (2) test power at ¢t = 0.05, (3) FDP at ¢ = 0.05. Still,
we are interested in (4) the “QQ-plots” of FDP A(t) versus FDP,,,(t) as t changes from 0 to
1 based on p-values calculated from different methods.

We set our large dimensional multiple regression model to be
Yij = bin Xy +biaXaj +uij,

ui; = fi(o ;) + €ij,

Here are some basic setups we use to generate our model:
(a) m = 10000, n =100, p = k = 2, mp = |Zy|/m = 0.70 or 0.95.

(b) €ij ~ 80 N(0,0?) where o; are sampled from an inverse Gamma distribution with



(c)

(d)
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parameters (10,9), so the standard deviation of the random error is around 1.

X1, ~ N(0,1). We emphasize that we do not include independence or any special
dependence structure assumption on X and « for theoretical derivations, which makes
a great improvement over many existing works performing multiple testings with
latent variables. To simulate the situations where « are unobserved confounders, we
allow X ; to be dependent on a. The dependence is described by either of the two

following equations:

(c1) Xo; =bayj — 3az; +n;, o  ~ Uniform(0,27), n; ~ N(0,1);

(2) a;; = X;j+n;j, Xoj ~ Uniform(—2,2),n;; ~ N(0,1).

The second case was the dependence structure considered in the confounder adjust-
ment method proposed by Wang et al. (2017). Since their method was proposed

specifically for linear factor models, we are specifically interested in comparing the

performance of our method with theirs in linear (c2) case.

bi1, bi 2 are ii.d. N(0,2.5%) for i = 1,...,3000. bi1 = bia ~ N(3.5,1). To simulate
weak signals, we also consider rescaling these coefficients by 1/+/n. It can be seen that

our constraint matrix is A = (1, —1), the testing problem Eq.(1.2) becomes

HOi : bi71 = bi’Q V.S. Hli : bi71 7& bi72 1= 1, ey 10000.

The null hypothesis is true for i = 3001, . .., 10000.

We consider two types of confounding mechanisms:

(1)
(ii)

linear case, fi(c. ;) =1+ 'yiT_a_J, where we set 7; . ~ N»(O0, 2.5%15);

nonlinear case, f;(c. ;) = e:x;p(giT a, j), where g; is 2-dimensional with i.i.d. Uniform(0, 1)

entries.
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For comparison of different methods, we used the same estimated number of latent
components: K = 3 for linear cases, and K = 20 for nonlinear cases. Each setup is repeated

for 100 times. The methods considered are as follows:

e Unadjusted: This approach treats the multiple testing problem as if no unobserved

confounders are present.

e NC-Adjusted: This method is proposed by Du and Zhang (2017). It assumes the
availability of a well-chosen NC set. We use our NC set selection algorithm for this

method.

e IRW-SVA: The iterative re-weighted surrogate variable analysis algorithm was pro-
posed by Leek and Storey (2008). In each iteration, it computes a bootstrap estimation

of P(bj1 = b2, fi(A) #0]Y, X, G) as the weight used for weighted SVD.

e CATE: The confounder adjustment multiple testing procedure proposed by Wang
etal. (2017). Different to x? tests used in other methods, their method uses asymptotic

Z-tests instead and does not consider addressing FDR control problem.

e NC-CASVA: Our proposed NC set selection method and multiple testing procedure
with confounder adjustment using surrogate variables. It uses the same confounder

adjustment technique as IRW-SVA but with a different NC set selection algorithm.

e Oracle: This method assumes knowledge of the unobserved latent components. In
the linear case, we directly access the latent confounder G, and the baseline will be
based on the oracle estimator in Eq.(4.11). In nonlinear case, the baseline corresponds

to the estimator in Eq.(4.12).

The results are summarized in Figure 6.1-6.4. Our proposed method behaves nearly
identically to the oracle method across all evaluation metrics. The nominal size is controlled
at level 0.05, and the estimated FDP is close to the oracle’s. In the linear case, the power is

also very similar to the oracle method. In the nonlinear case, the power is slightly lower due
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Figure 6.1: Compare the performance of different methods under linear latent confounding
effects. Error bars are one standard deviations calculated based on 100 repeated simulations.

to the loss of estimation efficiency, as discussed below Eq.(4.12). These results demonstrate
the effectiveness of our proposed testing procedure as a surrogate for the oracle method,
making it suitable for mitigating linear and nonlinear confounding effects.

In our simulations, the latent components are confounding with the primary variables.
Since NC-Adjusted and IRW-SVA were proposed for scenarios without confounding effects,
it is unsurprising that their performance is mediocre.

Compared to our method, CATE effectively controls Type-I error and FDP, though with
a slight reduction in test power. It is worth noting that the actual size of CATE method is
not consistent to the nominal size, even in the linear case (c2), for which it was specifically
designed. This inconsistency may arise from certain technical conditions needed for theoret-
ical analysis of the CATE method. When the proportion of null hypotheses increases, their
conditions are better satisfied, resulting in more consistent tests, as shown in Figure 6.3.

It could be valuable if CATE proves to be conservative across many other scenarios.
However, without a solid theoretical understanding of CATE, its power may be limited

in multiple testing contexts. Assume a researcher faces a multiple testing problem and
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Figure 6.2: Compare the performance of different methods under nonlinear latent con-
founding effects. Error bars are one standard deviations calculated based on 100 repeated
simulations.

applies the Storey’s procedure to the p-values obtained from the CATE method to provide
uncertainty quantification. Suppose the estimated FDP is twice as large as the actual FDP, as
shown in Figure 6.4, and FDP,,(t) = 0.10. If the researcher wants to control FDR at level
0.10, he would select a smaller threshold than ¢ due to inconsistency in FDP estimation. This
would result in even more reduced test power.

In summary, the simulation results align with our theoretical foundations. For the
purpose of multiple testing with FDR control, our proposed method stands as a strong

competitor among the available approaches.

6.2. Synthetic dataset

In this section,we use Splatter package in R to simulate a single-cell dataset with two groups
and four different batches, which can be visualized in Figure 6.5. The responses are gene
expression counts and we use standard log-normal transformation to preprocess the data.

Technically, the counts are generated according to a Poisson-Gamma distribution, which
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Figure 6.3: Comparisons with CATE in weak signal scenarios for linear and nonlinear
models, and varying null hypotheses proportion. Error bars are one standard deviations
calculated based on 100 repeated simulations.

does not align with our theoretical framework. The objective is to evaluate the robustness of
our method in this scenario.

Since CATE stands out as a strong competitor in the previous section, it is the only
method for comparison in this setup. To emphasize the differences between CATE and our
proposed method in real applications, we adopt different rejection thresholds: for the CATE
method, we use rule-of-thumb threshold of o = 0.05; for our method, we focus on FDR
control, and select a threshold at which the true FDP is approximately 0.05. The result is
shown in Figure 6.6. Our method proves effective in approximating the true FDP even when
the model is misspecified. In this case, our method controls the FDR with a slight sacrifice
in test power compared to CATE. The advantage of using our method is that it provides an

accurate estimation of the underlying FDP in practical applications.
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Figure 6.4: “QQ-plots” of estimated FDP versus oracle FDP under three different models
and four different methods (from top to bottom): NC-Adjusted, IRW-SVA, CATE and our
method NC-CASVA. The black straight line is y = . The performance is better if dashed
red lines are closer to the black line.

6.3. A real data application

The dataset we chose was repeatedly used in the literature, and its original version can be
downloaded from GEO database (Series GSE2164). It was used in Vawter et al. (2004) for
an investigation of gender differences in gene expression to known biological differences
due to sex chromosome linked genes. Samples are consisted of 10 individuals, 5 men and 5
women. Each individual was sampled three times for three different brain regions. Each
sample was analyzed by three different labs. In total, there should be 10 x 3 x 3 = 90
samples. But 6 of them have missing information, resulting in 84 samples in the final dataset.
The response variables consist of expression data from 12600 different genes. Gender is

our primary interest. Brain regions and labs information are nuisance variables. Since it is
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Figure 6.5: Standard PCA visualization of the group and batch effects in the simulated
single-cell dataset.

generally believed that batch effects are unobserved and ubiquitous in data obtained from
microarray-based experiment, latent factor models could be useful in isolating these effects.
We follow the gold standard proposed by Gagnon-Bartsch, Jacob and Speed Gagnon-Bartsch
et al. (2013), and use the ratio of significant genes coming from X/Y chromosomes genes as
a benchmark in evaluating the performance of our multiple testing procedure. There are
488 such genes in the dataset.

Table 6.1 summarizes our results for this dataset. We chose the threshold in the multiple
testing procedure by making our estimated FDP around 0.05. When K = 0, the largest
p-value is 0.0504, and almost all genes are significant at significance level 0.05. This is highly
impossible in a genomic data study. The improvement is huge after we introduce latent
factor components. To obtain the highest X/Y proportion, we may choose K = 1. In this case,
there are 11 genes coming from X/Y chromosomes among 14 significant genes. By the gold
standard we mentioned, the result is very convincing. We expect there is only 14 x 0.05 ~ 1

gene to be false positive. However, with only one latent component it is insufficient to



52

3
0.6- K2
Metrics
0.4- +*— Type | error
—— Power
0.2 - —— FDP
==
__________________ o =
0.0- T -
,‘5‘?‘
o ]
% Gl:’?‘
<

Figure 6.6: Comparison with CATE in the simulated single-cell dataset. For CATE, we
select a = 0.05 as commonly used in practice. For our method, we apply our FDR control
procedure to select the significance level.

capture weak signals that are omnipresent in genomic datasets. Also, it was found that a
total of 37% gene expression of all genes exhibit sex-biased expression in at least one tissue
Oliva et al. (2020). Significant genes should not be restrictive to X/Y chromosomes.

The choice of K is a challenging topic. If we use the number of significant X/Y genes as
a standard for choosing K , we should choose a number that is no less than 10 as the number
of significant X/Y genes becomes more stable. In Wang et al. (2017), they chose K = 25
for this dataset, and they found 27 significant genes on X/Y chromosomes in top 100 genes.
Given K = 25, our method displays a similar result, with one more significant X/Y gene.
Our testing procedure is expected to have 111 x 0.05 = 5 false positive genes.

Since our results are quite comparable to previous analysis of the same dataset, we claim
that our approach provides a reliable way to choose the threshold in multiple testings, and
to get a consistent estimation of FDP. This could be invaluable to scientific findings in which

there may not have a gold standard like this to give an intuitive evaluation of false findings.
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K threshold (x10~%) sig.  X/Ysig. X/Yratioinsig. X/Y ratioin top 100
0 1.00 x 10* 12600 17 0.0013 0.17
1 0.61 14 11 0.7857 0.23
2 0.72 18 14 0.7778 0.26
3 1.11 26 17 0.6538 0.25
4 1.14 28 18 0.6429 0.26
5 1.83 43 22 0.5116 0.27
10 6.71 140 27 0.1929 0.27
15 8.24 169 28 0.1657 0.28
20 3.59 85 27 0.3176 0.27
25 4.58 111 28 0.2523 0.28
30 5.65 133 27 0.2030 0.27

Table 6.1: Summary of findings in the GEO dataset with different numbers of latent
components. The thresholds are chosen such that the estimated FDPs are around 0.05.
The third to the last columns are: number of significant genes with given threshold,
number of significant genes coming from X/Y chromosomes with given threshold,
ratio of significant X/Y genes to significant genes, ratio of X/Y genes in the top 100
significant genes. When K = 0 (no adjustment), p-values are all close to 0 and there is
no meaningful choice for the threshold.

R REEE

~ A~ A~

K=5 K =10 K =25

Figure 6.7: Histograms of p-values under different numbers of latent components for GEO
dataset.
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Chapter 7

Discussions

In this thesis, a new method is proposed to perform multiple testing for multiple regression
models with unobserved confounders with FDR control. The cornerstone of our method
lies in the application of a latent factor structure to account for covariance dependence. We
demonstrate through a representation theorem about the power of using the approximate
factor structure for covariance approximation. When the latent confounders are generated
through nonlinear functions in a common Reproducing Kernel Hilbert Space (RKHS), the
approximation is uniform. Subsequently, we assume the observed dataset is generated from
multiple semi-parametric regression models. Even under the most challenging situation
where the latent nonlinear component could be confounded with the variables of interest,
we succeed in finding an intuitive method for making inference about regression coeffi-
cients. Our method involves solving a group lasso typo minimization problem and use the
minimizer for NC set estimation. The NC set is guaranteed to rule out strong false positives
with high probability, and is robust to weak false positives. Consequently, the latent basis,
or unobserved confounders estimated by the NC set are natural “surrogate” for the latent
effects and can be used to eliminate covariance dependence across different regression mod-
els. Our final estimator for the coefficient matrix is efficient, and asymptotically independent
statistics can be constructed, thereby laying the ground for FDR control.

However, our method and theoretical analysis can be further improved in the following
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aspects. Firstly, our method does not account for heterogeneity, which may impact the
accuracy of our NC set estimation. Improvement can be achieved by proposing the estimation
for idiosyncratic variances before completing NC set estimation. Secondly, our method
heavily relies on full rankness of I's for the estimated NC set S. If I is sparse, we may
need to take into account its sparsity when obtaining the NC set estimation. Lastly, our
analysis for NC set control is limited in two ends: either weak signals or strong signals. The
analysis for the middle level where /> norms for regression coefficient are of order © (ﬁ)
is challenging. As this could be of an independent research interest, we leave this for future
research.

In conclusion, while our proposed method shows promise in addressing multiple testing
of multiple regression models with unobserved confounders, we acknowledge that our
numerical experiments are currently limited in space. We recognize the need for more
extensive empirical validation across a wider range of scenarios and datasets. In future work,
we plan to conduct additional numerical experiments to further evaluate the performance
and robustness of our method under diverse conditions. These experiments will enable
us to gain deeper insights into the strengths and limitations of our approach, ultimately

enhancing its applicability and effectiveness in practical settings.
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Appendix A
Preliminaries for the main proofs

A.1. Notations

For a matrix X, Col(X) is the linear space spanned by columns of X, Null(X) is the null
space of X, rank(X) is the rank of X. We use ||X]||2 to denote the spectral (operator) norm
of X, and ||X||r for the Frobenius norm. When X becomes a square matrix, Apyin(X) and
Anax(X) are the smallest and largest eigenvalues of X. tr(X) is the trace of X. For two
symmetric square matrices X, Y, X > Y if and only if Apin (X —Y) > 0.

For a given row index set S, X s can have two interpretations based on context. Primarily,
it denotes the submatrix of X formed by selecting the corresponding rows in S. Alternatively,
it can be referred to a matrix with the identical dimension as X, where the values align with
X for the corresponding rows in S, and are zeroes otherwise.

For asymptotic arguments, we use 3, £ and % to denote “converges almost surely”,
“converges in probability” and “converges in distribution” respectively. a, = op(b,) if
‘g—: £o. an = Op(by) if |an| < C¢|by,| for a constant C. dependent on € > 0 with probability
atleast 1 —e. a, = Qp(by) if |an| > Cc|by| for a constant C. dependent on € > 0 with
probability at least 1 — €. a,, = Op(by,) if a, = Op(b,) and a, = Qp(b,). We say a given
sequence of events {A, }7° | happens with high probability if 1 4 = op(1). a, < b, implies

3C > 0 such that a,, < Cb,, for large n, or equivalently, a,, = O(b,).
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A.2. Some useful lemmas

To facilitate theoretical derivations of the main results, we outline some useful lemmas
and intermediate conclusions below. Lemma A.1 can be found in Boucheron et al. (2003).
Lemma A.2 is Weyl’s inequality. Lemma A.3 is a more original version of Davis-Kahan
sin @ theorem. For statistical applications, we generalize the results in Yu et al. (2015) from
Frobenius norm to spectral norm. Both lemmas are adapted from Bhatia (2013). Lemma A 4,
Lemma A.5 are some concentration results for random matrices, and are directly borrowed
from Vershynin (2018). Proposition A.6 establishes asymptotic results that will be repeatedly

referenced in Appendix B.

Lemma A.1. Suppose X1, ..., X n have chi-squared distribution with p degrees of freedom, then

E ‘maXNXZ- —p} < 24/plog N +2log N.

i=1,...,

Lemma A.2. For symmetric matrices M1, My,
Amin(M1 — M) < A;j(M1) — Aj(M2) < Apax(Mi — My), Vi,

where A;(-) is the i-th largest eigenvalue of a matrix.

Lemma A.3. Let My, My be symmetric matrices, Si, Sz be two subsets in R that are separated
at least § > 0 away from each other, P, (S1) be the projection matrix onto the space spanned by
the eigenvectors of My with corresponding eigenvalues in Sy. P, (S5) is defined similarly. Then

if rank (P, (S1)) = rank(Pwm, (S5)),
[Phy (S1) = Pota(S5)ll2 < 55IMy — Mol

If X, Y are matrices with orthonormal columns such that Py, (S1) = XX, Pu, (S§) = YY T,
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then there exists an orthogonal matrix O such that

V2
5HMr*Mﬂz

[XO Y|z < 5

Proof: The first conclusion is from Bhatia (2013) and we only need to prove the second
conclusion. Let X, Y be of dimension n x I. We assume that n > 2I, the case when n < 21
can be proved similarly. By Theorem VII.1.8 in Bhatia (2013), there exist n x n orthogonal

matrix Q, [ x [ orthogonal matrices Oy, O3 such that

QX0 = 1|0

QYO =[S
0
where C, S are [ x [ nonnegative diagonal matrices such that C? 4 S? = I,. The diagonal

elements in S are well-known in defining the sin 6 distance. Since the spectral norm is

invariant to orthogonal transformations (left and right), the spectral norm of XX — YY"

is that of
I,-C?> —-CS
-SCc -8
Also note that
S C
-C S
is an orthonormal matrix and
I, -C?> —CS S C S o

-sCc  -s§? -C S 0 -S
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we conclude that
ISz = IXXT =YY '[l2 = | Pa, (1) — Pr, (S5)lo-
Finally, choose O = O, O2T, we have
IXO ~ Y3 =|QXO0: — QYO:f < |L — C|3 + IS5 < 2]|S|3,

and the result follows. B

Lemma A.4. Let M be an m x n matrix, m > n, whose row vectors M; , are independent, mean-

zero, sub-gaussian isotropic random vectors in R™. Then, for any t > 0, we have

Vm = CE*(Vn+1) < s,(M) < 51(M) < Vim + CK*(vVn + 1)

with probability at least 1 — 2 exp(—t%). Here, C > 0 is a general constant, K = max; | M;_||,, is

the largest sub-gaussian norm for rows of M, s;(+) is the i-th largest singular value of a matrix.

Lemma A.5. (Matrix Bernstein’s inequality) Let My, ..., M,, be independent, mean-zero, m x m

symmetric random matrices, such that ||M;||2 < K almost surely for all i. Then,

@ B(]| 2 vy

>t> <2mexp<— /2 )
2o~ ) = 1320 EME |2+ Kt/3 )

1/2
(2) EHZ?:l M; ) V1+logm + K(1+logm).

<o En
2

Proposition A.6. Suppose assumptions 5.1-5.3 hold for model (3.1), then

3 =0p(n),|[El2 = Op(vm).

(1) maxi<i<m ||€i.

(2) maxi<i<m [|fi.[13 = o(n), [Fll2 = Op(vm).

P

(3) |[#XXT-E[x.X]]|| 5o

i LGGT Lk, 5 0,and | 1XGT ~E[X.1g] |, 5 0.

(4) (1) = Ain (XPEXT) < Ao (XPEXT) = Op(n).
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(5) Qp(n) = Amm(GP)JgGT) < Ao (GP)L(GT) = Op(n).
(6) E|Me;. |3 = o?E|M||% for any random matrix M independent of €;,,i = 1,...,m.

Proof: (1) Let D be a m x m diagonal matrix where D;; = 1/0;. Then D - Eisam x n

.12
random matrix with i.i.d. N(0,1) entries. ”6;;72”2 follows a chi-squared distribution with

1

degree of freedom n. From Lemma A.1,

2 2 ||€||§
g el < g, ot g, o = Orlnt Vnlowm +ogm) = Or)

Additionally, Lemma A.4 implies that |[DE||2 = Op(y/m). Hence
IEll2 < D2 - |DE|2 = Op(v/m).
(2) We will apply Lemma A.5(2) to M; = f_,jf_’Tj — Xy, j =1,...,n. Note that
fz%j < Mag41.

Then,
I1£i.ll3 < Mag 1n,
I£.4113 < Magam,
IVl < 1 £.4115 + 1 2R ]2,
EM? = E(f.;f.)* = =% < E[|If.;13£.,F]] = Max1mEp.

From Lemma A.5,

n
1
IEH ZMj“z <V Mag ymnlogm|Zg|s + (MCLK+1 + H)mlogm. (A1)
j=1
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Eq.(A.1) implies that
IFET ]2 < || YoMy, +nlZell2 = Op(m) + O(m) = Op(m),
j=1

whence the conclusion follows.

(3)LetM, ; = ( J;-,g_Tj)T andM = (M4, ... ,M_,n)T. Mj = E;ézM”j isanisotropic

sub-gaussian random vector with sub-gaussian norm of order O <\/;3 + ﬁ) . Apply Lemma
AdtoM=(M_,...,M,_)":

)

Cap it

NG

_ Cap it

T m

1 —~ 1 —~
< Sp+K(%M) < 31(7M> <1+

with probability greater than 1 — 2 exp(—t?), where a,, k + = (p + i) (vVp+ K +t). Then,

by Assumption 5.3,
1T~ B ) 1\ o/ 1 — P
[ oMM —max(\l—%K(ﬁM) : Sl(ﬁM) -1]) %o
By Assumption 5.2(a),

1 2 1 =T~ 12, P
| oM™= mx | < IBYG | M M- 1 1=l S o

The conclusion follows by considering corresponding blocks in %MTM -XYxaG-

(4) Partition ¥ x g with dimensions compatible to X and G as follows:

Y1 212
Sx.c = . (A2)

o1 XYoo

From (3),

XPiXT xXxT XGT T\-1GXT
Pi -= - S(GG) CX B 25

n n
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Note that X711 — X1 22_21221 is the inverse matrix of the upper-left block of 25{}@ Since
¥x.c > 0and X3 > 0, we conclude that 3, — 2122521221 > 0 by Schur’s complement.
Furthermore, inf,, ;, Amin (211 -3 22_21221) > 0, and the conclusion follows.

(5) The proof is similar to (4).

(6) Consider the j-th row of Me;.. Conditional on M, it follows N (0,02 (M);.|3).
Therefore,

E|Me;. |3 = of Y E|(M);. |3 = o7E[M] 7.
j
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Appendix B

Proofs of main results

B.1. Proof of Theorem 2.1

(1) Firstly, we show the “if and only if” condition for the existence of non-degenerate
€.j. Any positive semi-definite matrix can be written as I';I'] with appropriate rank by
diagonalization. Thus, we only need to consider non-negative diagonal matrix Dg such

that Xy — Dg = 0. Dg can be written as

m
DE = Zdieie;r, di > 0.
i=1

Necessity. If Dg is nonzero and Xy — Dg > 0, there exists some ¢’ such that d;; > 0

and Ty — dyeye;, = 0. For any € Null(Xy) we must have ez = 0 since otherwise
' (Zy — dy ei/e;)m < 0. ey is thus contained in Col(Xy).
Sufficiency. Pick an arbitrary e; € Col(Xy), then there is a unique y; € Col(Xy;) such

that e; = Syy;. For any « € Null(Zy), e/ x = y Suz = 0. Let
daxi = sup{t > 0: Sy — te;e] > 0}.

Any x € R™ can be decomposed as xy + x; for zp € Null(Xy) and x; € Col(Xy). Choose
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a d > 0 such that ¢ is smaller than the smallest nonzero eigenvalue of Xy. Then
x| (Zy — dee) )x = x| (By — dese) )z > x| Syx — 0||x]|2 > 0.

The above shows that dpax,; > 0 > 0. Then sufficiency follows from 3y — dmax,ieieiT =
limyg,,, , XU — teie: >~ 0. Furthermore, with a more detailed argument it can be shown

max,i

that dpax; = ﬁ = m and rank(Ey — dpmayxieie; ) = rank(Zy) — 1.

Now consider the construction of the decomposition in Eq.(2.6). By i.i.d. assumption, it
suffices to consider decomposition of u, ;. Assume WLOG that E[u. 1] = 0. We can always
choose a non-negative diagonal matrix Dg such that r = rank(3y — Dg) < m — 1. To
see this, if ¥y is full rank, e; € Col(Xy) for any i and we can choose Dg as in the proof
of sufficiency; or otherwise, it holds with Dg = 0. When Xy is non-singular, the proof is
straightforward. In case of any singularity of 3y, suppose rank(Xy) = k£ < m. Through

diagonalization of Xyj, there exists an orthogonal matrix O = (O, O2) where O; is m x k,

O3 is m x (m — k) such that
D := Cov(O{ u,1) is a k x k positive diagonal matrix,

and

0,DO] =3y, O0JZy0;=0, Oju =0as.

Let ¥y — Dg = I‘LI‘Z for a m x r matrix I';,. Since Xy > I‘LI‘E,
0=0J2y0y = 0,T;T} 0, = 0,

we get

o, T[]0, =0.
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Let g1 be sampled independently to u, 1, and
g1~ N.(0,I, —-T;O;D'0/I})!

Then for g(ji) =g+ I‘ZOlD_IOITu_J ,

"

D O/r
COV(OI’LL_J,Q(I{)): LoE

.
)

rjo, I,
u,1=00"u;=0,0{u,+0:05u;=0,0{u,as.,

by 0,0/T
Cov(u,y,g%) = M b (B1)
r;0,0/ I

Note that
0,0,T(0,0,T,)" = 0,0,T,T'; 0,0, =0,

0,0/, =0.

Then
0,0/T,=0,0/T,+0,0JT;,=00'T, =T;.

(L)
.1

(L)
1

.
)

From Eq.(B.1),€,1 =u.1 —I'rLg |’ and g 7’ satisfy all the required properties.

(2) Let v be sampled from Uniform(0, 1). Digits in dyadic representation of v are known

to be i.i.d. Bernouli(1/2). Initialize u1, . .., u,, to be zeroes. Add vgg’fﬁgr to w1, where vi, 1

is the (km + r)-th digit in dyadic representation of v, k € N, = 0,...,m — 1. Because
u1, ..., un use different sets of digits in v, u1, ..., uy, are i.i.d. Uniform(0, 1).

Note that (uy,...,un) can be viewed as a Borel function of v. Apply Theorem 2(a)
in Riischendorf and de Valk (1993) for w1, ..., u,,, there exists a Borel function f € R™

such that f(v) 2 T Lg_(’]i). f is a measurable map from (R, B(R), Pyniform) to (R™, B(R™)),

1Using Schur’s complement, I, — I'"O;D 'O/ I can be shown to be positive semi-definite.
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I‘Lg(? is a measurable map from (Q, F, P) to (R™, B(R™)). f and FLQ(? share the same

L3} L3}

induced measure as shown:

(L)
W1

pf — pl'ze

uni form

Apply Proposition 1 in Rachev and Ruschendorf (1991), there exists a random variable
o, 1 : 2 — Rsuch that

f(a.,l) = ]-‘Lg(lll) a.s.[IP’] and P! = IEDuniform-

LE)

That is, t, ; ~ Uniform(0, 1) as required.

B.2. Proof of Proposition 2.2

The main proof is detailed in Wahba (1990). The original claim states that any function
h € L*(P*) with ||h|ly, < oo will belong to Hr. However, this assertion is not rigorous
since h must reside in the linear space spanned by eigenfunctions, as we will demonstrate
below.

Let V be the linear subspace in L(P®) spanned by {®,}"*")). Suppose h € L*(P%)
with |||z, < co. By orthogonal projection of 4 onto V,

rank(R)
h = Z (h, ©U>L2(IP’°‘)CI)U +h*,

v=1

where h* is orthogonal to V. If h € Hp, then h* € Hg. By the reproducing property,

rank(R)
(1) = (W R(t, )y, = <h*, S )\vq)v(t)q%(.»% —0
v=1
for any ¢ € 7, which implies that ~ must be spanned by {‘I’U}Z?}‘(R). n
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B.3. Proof of Proposition 3.2

This proof extends Theorem 6.9 in Foucart and Rauhut (2013) from ¢; minimization to the
group lasso penalty. For simplicity, let S be the collection of row index i such that bz(,l-) # 0,
and s = |S| = | B1]j1,0, 6s = 6(|| B4

1,0,T'). Suppose B; + V is a minimizer to Eq.(3.10).
Then, PI%V = 0and

[(B1+V)slli2+ [Vselli2 = [IB1+ V12 < | By

l12 = [[(B1)s]l1,2- (B.2)

Note that ||(B1 + V)s

12 > [[(B1)slli,2 — [|Vsll1,2, Eq.(B.2) implies that
IVslli2 > [[Vsellr,2: (B.3)

We will establish a contradiction to Eq.(B.3) if V # 0, thereby showing that B is the only
minimizer to Eq.(3.10).

Let Sp U S ... be a partition of the index set {1, ..., m}. Here, Sy is the collection of s
largest rows of V in terms of ¢, norm, S; is the collection of s largest rows in Vg in terms

of £ norm, and so on. Since PiV = 0, we have Py Vs, = — Y-, P¢ Vs, and

1
IVeulld < ——= IP# Vil
S

= jéstr(vgopri > (-Vs)

k>1

- ~tr(VEPr Y (V)

k>1

= IPrVsllrlPrVs,llr
1— 95

ds
<
—1—4s

[Vsoll Pl Vsl Fs (B.4)

where we use the definition in Eq.(3.11) for the first line and the last line. The second line
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uses the fact that Vs, and Vs, have disjoint supports. Note that by our construction of S,

IVslle < E> 1 (B.5)

1
7 Vs ll12,

Combining this with Eq.(B.4),

Os

Vsolliz < Vsl Vs, llp <
1— 46,

1
D IVsilhz < 51 VIe.
k>0

Since Sy contains the largest s rows,
2[Vslhz <2[[Vsolhz < [[VI2 = [Vslliz + [[Viselli2:

This contradicts Eq.(B.3) if V # 0. Thus, B; must be the only minimizer to Eq.(3.10). B

B.4. Proof of Lemma 3.3

Let Py be the submatrix of 77% formed by the corresponding columns in Spi, Pp be the
projection matrix onto Col(Pg). Then, Iy, — POT1 Py, is the lower right 2s x 2s submatrix of
Pr. By the definition of 4,

|Tos — P Porll2 < 4,

which implies that
(1= 0)|PoiClE < [Pg PoiCllE (B-6)

for any matrix C. Since PPPI%V = Py C for some C, and PpPgy; = Po1, we have
V1— 5H,PP,PFLVHF = }{PJIP#VHF = HP(TIVHF - H(P%V)SMHF' (B.7)

Let SoUS1 USs ... be a partition of the index set {1, ..., m}, where S, (k > 2) is defined
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in the same way as in the proof of Proposition 3.2. Decompose PpPgV as:

PpPEV =PrVs, + > PpPiVs,. (B.8)
k>2

We know PpP#ng = 731% C, for some matrix Cj, supported on Spi, k > 2. Then,
|PePEVs Iy = tr(VE PEPRPEVS, ) = tr(CIPEVS, ) = tr(CLPrVs,)

< |PrCkllrlPrVs,llr

<[ CrllFIVs,lIr

1)
< \/—HP#CICHFHVS;@HF

ﬁ“PPPLVSk HFHVSk |7,

which implies that

HPPP%VS;CHF < ng”F (B.9)

J
V=i
Note that Vs, also satisfies the inequality in Eq.(B.5) for k > 2, thus

H Z PePr Vs, Vsell,2- (B.10)

Vs, I
2 p S /7;H Selliz = ﬁ )

Combining Eq.(B.7), Eq.(B.8) and Eq.(B.10), the first conclusion will follow from

0
V1 =0[Vsyllr = —==—==]

1
Vielis < ——— || (PEV)
=gy, vl = =5 1PEV)so

| o (B.11)

To prove the second conclusion, note that the k-th largest /2 norm row in Ve is bounded

Vselli,2
by —2—. Therefore,

1 1
Vs lF < Vsl Do 5 < <1 Vsl
k>s+1

The conclusion follows. B
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B.5. Proof of Proposition 5.7

(1) Let
1
%YP)%YT = M; + M, + M3,

where

1
M, = —TIGPsG'TT,
mn

|
My = — (FGP)%(F +E) +(F+ E)P)L(GTI‘T),

mn

Ms = L(F +E)Px(F+E)". (B.12)

mn
Since T'(T''T')~1/2 is orthogonal and of rank K, and

1

M, = r(rTr)—l/Q{mn

(FTF)I/QGP)L(GT(I\TF)I/Q}(I\TI\)—I/2FT’

by assumption 5.2 and Proposition A.6, we conclude that

QP(Tm,n) = AK(MI) S Amax(Ml) = Op(l) (B13)
and
[Mzllz = Op (;ﬁ)’ M3l = Op (%) (B.14)

Since T is scaled from the top K eigenvectors of LYPLY" and T(T''T)~Y/2 consists of

the top K eigenvectors of M, by Lemma A.2 and Lemma A.3,

1Pe —Pell, = 0p (———)

2
\/ M Timn

(2) To prove this, we can find an implicit H using (1) and Lemma A.3. For convenience

of later proofs, we find an explicit expression for H. We will use U, D, V to simplify U;.x,



Di.x, Vi.x in Eq.(4.1). Eq.(4.1) implies that
UD =T'GPxV + (F + E)Px V.

Then,
|UD — TGP« V||, = Op(vm),

which is equivalent to
L
£ = on ()

£ ), - 0n(y/%).

GPxV
vn

LetH = , then
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(B.15)

(B.16)

Itis clear that ||H||2 = Op(1). It remains to prove that H is invertible with high probability

and |[H™!|3 = Op(1). From Eq.(B.13) and Eq.(B.14),

Qp(rmn) = Amin (]32>

—) < Amax<n]3;) = Op(1).

Left multiplying D~'U" to the matrix in Eq.(B.16):

1 — VD UTTH], = Op (V[ D) = O ( nimn)

Since nry, , — 0o, we will finish the proof by showing that

Qp(1) < Apin(RDTTUTTTTUD ) < Apux (nD'UTTTTUD ) < Op(1).

Using Eq.(B.12) and the fact that U consists of eigenvectors of - YPxY ",

— =u'r + U '™™M,U + U'M;U.

mn

GPxG'T'U
m

(B.17)

(B.18)

(B.19)
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Eq.(B.14) together with Eq.(B.19) imply that

HIK - D—1UTFGP§GTFTUD—1H2 = Op (m\/ﬁHD_2H2> - op< ! ) (B.20)

Since nr2,,, — 0o, D"'U'T'GPxG 'TTUD™! converges in probability to Ix with re-
spect to the spectral norm. Also, D"'U'T must be of full rank with high probability.
Eq.(B.20) implies that

Amin(GPEG ) Ao (DTUTTTTUD ™) <14 0p( ! ).

and

1
Amax (GPEG ) Ain(DTUTTTTUD ™) > 1 - O0p( ).
N

Note that Qp(n) = Amin(GPEG ") < Anax (GPxG ") = Op(n), Eq.(B.18) follows from the
above two inequalities.

(3) From Eq.(B.15),
V(¥ — Hy,) = VI Px(fi. + €i.). (B.21)

Similar to Eq.(B.16), we can show that

VT —D-'U'TGPx|, = |[D'UT(F + E)Px]|, = Op(\/%).

From Proposition A.6, maxi<i<m || fi. + €.|l2 = Op(y/n). Together with Eq.(B.18), we have:

v/n max H'S’% — H'yi’_H = m'ax HD_IUTI‘GP)L((fi,_ + 61'7_)” + Op( ! )
1<i<m m,n
1
< A e ror( ) e
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Conditional on X and G, GPxe;, follows Nk (0,02GPxG"). Then,
|(GPxGT) " GPxe ||” ~ o2x%.
Apply Lemma A.1,

max HGP)%GZ-,_HZ < AmaX(GP%(GT) max U?-(K—i—\/QK logm+2logm) = Op (n(K\/log m))
<i<m

1<i<m

Then,
1 _
e HGPXQ,- 5 = Op(v/n(K Vlogm)). (B.23)
Consider
GPxfi.= Gfi. — GX(XX")7IX ;.. (B.24)
For the first term, Gf;. = 2?21 fijg.; is a sum of n ii.d. random vectors where each

summand is bounded by 4/ Miiﬁﬂ, see Eq.(2.13) and the comments below assumption 5.3.
Let
0 579
M, ; = fid9.s (B.25)
fijg.; 0

bea (K +1) x (K + 1) symmetric matrix, j = 1,...,n. Note that {M, ;}/_, are mean-zero,

iid. random matrices, and [|M 2 < || fi jg.ill2 < /2555,
Proposition A.6 to {M; ;}7_;,

EM [, < #5 Apply

Axt?/2 )

nMagi1 + t\/M)\KaK—H/?)

’22t> < 2K + exp (-

(|
j=1

By union bound,

n
Axt?/2
IP’( max H le 215) SQm(K—i—l)exp(— )
1<i<m ng T2 nMaK_H—I—t\/M)\KaK_H/{%
Agt?/2
< exp (2 logm — ) (B.26)
nMaK+1 +t\/M)\KaK+1/3
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From Eq.(B.26), there exist general constants c;, co > 0 such thatif t > ¢;4/ %}f“,

n
max M, ‘ <t
1§z‘gmHZ:1 Yl =
]:

with probability higher than 1 — m ™. The above inequality implies that

nMa
max |G|, = 0p( %) (B.27)
For the second term in Eq.(B.24),
max [[GXT(XXT) X [, < Op(n)-Op () - max X[, = Op( max |Xf.,)
1<i<m bellg =P PA\n) 1<i<m blle = YR 1SS tell2)

To bound max)<i<p || X fi.||,, we apply the General Hoeffding’s inequality (Theorem 2.6.2

in Vershynin (2018)) coordinate-wisely:

Cgt2
>t> < 2ex (—7>,
2 - P nMag i1

n
P(‘ > fiiXi
j=1

where c3 > 0 is a general constant. Also,

n 2
Cgt
TP S PR G
1S 1215y jz;fm Lily =t) = =mpexp nMag 1
03t2
< exp (logm — 7) (B.28)
nMag 1

Similar to Eq.(B.27), Eq.(B.28) implies that

1<i<m 1<i<m 1<I<p

max HXﬁH2 = ,/p max max ‘ Zfi’le’j‘g = Op(\/anaK+1 logm) = Op(y/np).
j=1
(B.29)
Combining Eq.(B.22), Eq.(B.23), Eq.(B.27), Eq.(B.29) we conclude that

N KVio + M 1
max H'Yi-_H'Vi-H_OP(\/mjL / CLK+1+ )
1<i<m ’ ’ n NAK VI T'mn
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B.6. Proof of Theorem 5.8

(1) The loss function in Eq.(4.2) can be written as:

9 m
L(©) = ||[PE(Y — ©X1)Px, |+ 1 > 116i.2- (B.30)
i=1
Because L(B;) < L(B?) for any m x ¢ matrix B} = (bg}*) b(l*))T, by rearranging terms

in Eq.(B.30) we deduce that

tr( A% Pivxl) <2.tr (VXl(Y B:X,) TPL) -y (Hb(l* |yl3§i>||2) (B.31)
i=1
where 5(1 = X1P§2, Y = YP)L(2 and V = V(B*) =B — Bj.
The first term on the right-hand side of Eq.(B.31) is the sum of m inner products of rows
of V and columns of )21(3? — Bffil)TPI%, where

X.(Y - BiX,) Pd = (X1X1 (B, -B)T +X,G'T" +X1(E+F)T)P1£

= M + My + M3. (B.32)

Firstly, consider M and M3, and we will postpone the discussion of M for different choices
of B7.
For M,
M, =X;G"(C - TH TP} (B.33)

LetE = (Ej,i)lgjgm,lgigm = ’P%‘ Consider the i-th column of MQ,

[(Ma).ill2 < [|X1G " [2f[(T —TH)TE, |2

m
= 1K1 G Tl Yo — B 5085
j=1
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< 1K G ol (I = B iz + | Yo — H'5505,

i)
JFi
<IXGT o (14 \/m( = Bi)) - max |y —H 92, (B34)

1<5<m

where the lase line uses Cauchy-Schawartz inequality and the fact that 2;; <1, >, ,;
ii(1 —Zi). Eq.(B.34) implies that

[1

m
tr(VMz) < amnlX1G 2 Va2,

(B.35)
i=1

where

Gmn = (1 + 1%%)% m(l — EM)) . 1glza)§n H'Yz —H" "Yz ”2

For M3,
I(Ma).llz = | > Xules. + £i.)Z5
j=1
< |[Xi(ei. + fi. H2+maXHX1 €t £l D 1Bl
J#
< | Xa(ein + £i)|], + max X1 (€5, + fj,_)HQ\/(m ~DEi(1 - Eiy)
< (14 /m-50)) - max [ Ky, + £l (B.36)
Eq.(B.36) implies that
tr(VMs3) < by Z IV, (B.37)

where

1<i<m ’

bmn = (1 + max {/m(l — E.“)) -1I<nzz?:nHX1 €.+ fi. H2
We need a more precise order for each term in a,, , and by, . For a, », ||)~(1 GT||2 =

Op(n), and

2
a . .
max 1 _Ei,i — maX ’Y/L (FTF) _ Op(m X1<i<m H’Y’h- 2
1<i<m

ma - ). (B.38)
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where we use Proposition 5.7(3) and the fact that T'T' = %2. Similar to the proof of

Eq.(B.24) and Eq.(B.29), we can show that

uax |X1Px, €|, = Op(vn), max |X1Px, fi..l|, = Op(v/np). (B.39)
Therefore,

) maxi<i<m H%‘,.

2+ /TP 2. (B.40)

Cm,n = OP((TL 121%)7(71 H72, - Hil’%‘,.’

m,n

where ¢ = 2(am ]| X1G |2 + b )-

From Proposition 5.7(3), we can choose a constant Cs > 0 such that

|2

2Cm,n < Cg\/’ﬁ( /K\/logm—i—p—i— niviar 41 1 )maXISszH’Yz,. <n (B.41)

AK vV T'mn vV T'mn

with probability greater than 1 — ¢ for sufficiently large m, n. The derivations below will be
conditioned on the event when Eq.(B.41) holds.
(2) Firstly, we establish an upper bound for |B; — By || .. Return to Eq.(B.31) with the

choice of B] = Bj. In this scenario, M; = 0, then
_l_ T m m
ST A - 1 ~(1
0<tr(Xy VI PE VX)) < e 30 Va2 1 30 (16072 = 152
i=1 i=1

m
< mn D IVidllz+ 10 1V 12 =0 [Valle. (B.42)

=1

From Eq.(B.42) and Eq.(B.41),

IVllie <3V l12: (B.43)
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Taking derivative w.r.t. ® for L(®) in Eq.(B.30), we know

Lo T T )
P%lelxl *P%Yxl = *g : (B.44)

sen(bl,.) "

where sgn(-) denotes the subgradient of ¢, norm. From Eq.(B.44),

[PAVRIX] — PITGR.X, — PLP+BIX, |, < (B.45)
Note that
|PETGRX] + PE(F + BX] ||, = MT + M |, < 22,
we have
HP%VXlXIHOOQ <,

and thus

PiVle € — v (B.46)

1PE Vs o

We are now ready to apply Lemma 3.3 to V.1letSy =1y, 5 = |Z1]. S1, So1 are defined in

the same way as in Lemma 3.3. Then,

- 1 e ) A
”V501”F < mH(Pf‘ V)501HF + (1 _6)\/§HVIO 1,2
V2s n 30 N
< —— + IVz, |12
1-4 Amin(XIXI) (1 o 6)\/5 1
2 30 N
e A
o Amin(Xlxl) ( o )
2 36 -
< \/? 7 + HV301HF7

—1-9 Amin(ilif) (1 — 5)
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which implies that

N \V2s
[Vsollr < T (B.47)
1—46 T
Amin(X1X)

The second conclusion in Lemma 3.3 together with Eq.(B.43) and Eq.(B.47) imply that

. - - V20s
[B1—Bullr = Vil < VIOVl < 2 —— . (B.48)
Amin(X1X1 )
with probability greater than 1 — ¢ for sufficiently large m, n.
Again, consider Eq.(B.31). For each ¢ = 1,...,m, we now choose B} such that bg-,l_*)

equals to 1351*) forall j # i, and bz(.}_*) = bf_). Now M; is not a zero matrix, but it suffices to

consider the i-th column of M since V; , is zero except for j = i. Note that

~ =T
M; = X;X, (B; - B}) P} (B.49)
Then,
S <! 1 7 (1) =
[(M1).ill2 = H > XX, (b§,.) - b§',.))=j,z‘ )
i
~ ~T ~
< Amax(XiXy) - [Bi =Bl - D B2,
j#i
~ ~T ~
= Amax(X1Xy ) - [|[B1 — By[r - (B.50)
Also,
~TaT NS . o> oTos
tr(Xy VI PE V) 2 (1= 6(1,0) Ain(Xa X )6 — 82 3. (B.51)
Putting Eq.(B.35), Eq.(B.37), Eq.(B.48), Eq.(B.50) and Eq.(B.51) together:
« ~ ~T. =~ -
(1= 8(1, 1)) Auwin (Ko X )18 = 073 < dn b)) = {1, (B52)
where -
V20 - 71| Amax (X1 X
dmm:g—f— 1 (X 1)77 max /1 —5;;

_ S ST i
1—46 Amin(Xlxl) 1<i<m
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Note that Eq.(B.52) holds uniformly over i = 1, ..., m, the conclusion follows.

(3) The proof is straightforward from Eq.(B.48):

0 \2 R
—=) <IBi - Bl (B53)

S(0) N 1| (bmm -7

B.7. Proof of Proposition 5.9

Let G = GPx,, X1 = X;Px,. From Eq.(3.2) and Eq.(4.6),
YsPx, = (B1)sX1 + IT'sG + (Fs + Es)Px,.- (B.54)

Then, -% is clearly the top K eigenvectors of -L-Px Y {Y sPx,, where

1
%P§2YEY3P§2 =M, + My + M3 + M, + M,

1 ~7 ~
M; = —G TirsG,
mn
1 /x7T ~
M, = o <G T'{(Fs+Es)Px, + Px,(Fs + ES)TFSG>7
1
M; = %P)L(z (Fs +Es)' (Fs +Es)Px, .
1 o7 =
M, = —X, (B1)5(B1)sX
1= X (B1)s(B1)sX1,
I T ~ L 3 ~ 1\
M = X, (B1)3 (I‘SG + (Fs + ES)PXQ) + (B1)sX, (I‘SG + (Fs + ES)PX2)

Note that GG " = GG = GPx G, Proposition A.6(5) and assumption 5.2(a) imply that

Qp(1) < Amin<%(~}(~}T> < Amax<%(~}éT> < 0p(1). (B.55)
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From Eq.(B.55),
Qp(snrmp) < Amm((ééT)l/QrgrS(ééT)lﬂ) < Amax((ééT)l/Qrgrs(ééT)lﬂ) < Op(sn).

Since CN-}T(CNJCNJT)_I/ 2 is a rank K orthogonal matrix and

b

~T o~ ~T
M, =G (GG )—1/2{mn

(GG ) PTITs(GG )2 HGE )16,
we conclude that
5Tm.n

Consider the first term in M,

T
|G T§(Fs+Es)Px,ll2 = |Px,G T (Fs + Es)Px, |2
<|G'T§(Fs+Es)|2

= |5 (Fs +Es)G o,
I‘g (Fs 4+ Es)G' isa K x K matrix. For its (4, j)th entry,

n
(CEFs+E)G)ij = Y > Vil (Frr ko + €k a)-
ko=1k1€S

Note that » ;. s Vk:,i9j k2 (fr1 k2 + €k k) has mean zero and is independent over 7,

2
E[(T$(Fs+Es)G');,] = ”E[ D i1 (frn + ekl,l)}
k1€S

2 2
< 2HE[ Z 'Ykl,z‘gj,lfkl,l] + QnE{ Z Vki1,i95,1€k1,1

ki€S ki1€S
2
= 2nE[ Z ’Ykl,igj,lfkl,l] +2n Z 7131,1'0'1%1
k€S ki€S

<O SE[fafh]v + Om)|r.ill3 = O(m) .ill3.
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Sum over i, j, we conclude that
IT5(Fs +Es)G |2 < |T§(Fs + Es)G ' ||p = Op(VEm) - [T p = Op(mVKM).

The spectral norm of the second term in M is of the same order by a similar proof.

By Proposition A.6, | M3]l2 = Op (%) Thus far, we have shown that

Age(My) = 0p (72, M | = op(‘/[;iM), M| = op(l). (B.57)

n
If there were no false negatives, Eq.(B.57) is sufficient for deriving our conclusions. Note

that |[(B1)sXi |2 = [|(B1)Xi]l2 = Op (v/7ll B1) 5l ), then

MLy |2 = OP(H(B;)LI'%), M|l = op(’(B%”F). (B.58)

Finally, by diagonalization of %(ééT)l/QI‘EI‘S(ééT)lﬂ we see that éT(éCN-}T)_l/Q

isup to an K x K orthogonal matrix the top K eigenvectors of M;. The orthogonal trans-

formation does not affect the projection matrix. By identifying M;, My, S;, Sz in Lemma

A2, Lemma A.3 with My, M + M; + M3 + My + M5, [Ax (M), 00), (— 00, Ag1(M1 +
M; + M + My + M;)], Eq.(B.57) and Eq.(B.58) imply that

P - Pall, = 0p (o (VEM , 1B1)ry),

ST'm n vm

)

and the first result follows. The second result follows from Lemma A.3. B

B.8. Proof of Theorem 5.10

Since

L L  _pl(pL _plL
Px,6 = Pxa6 = P, (PGP§2 PGP)@)’
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We know X 7?;(27 (;XlT is invertible with probability tending to 1 by Proposition A.6(4) and

Proposition 5.9.
Foreachi=1,...,m,
: -1
b — b1 = (XuPyg o X1) XiPx (G i + fi + €5). (B.59)

Before the main proof, we prove the following lemma.
Lemma B.1. Under the same conditions as in Theorem 5.10:

(1) maxi<i<m HX17’§2’GGT%,. 2 = Op(n&mn vV M).

(2) maxi<i<m HX17’§2’Gfi,.Hz = OP(\/H(\/ﬁgm,n\/MaKJrl + /Mag1log m))

(3) maxlggm HX1P§2 Gei”HQ = Op(\/nlog m)

GPx,G' ) /2

-
Proof. (1) Since 73;2 GGT = 77;2 & (GP)%2 - ( OG) , where O is from Propo-

n

sition 5.9.

L T
1<i<m ”XlPX%GG il

2 < OP(\/H)OP(gm,n\/ﬁ) fgfgfn H’YZ,”Q = OP(n‘gm,n\/M)

(2) In this case, we need assumption 5.6.

GP%,G'

n
= Op(n€mnv/Magi1) + EX,P)L(Q’Gfi,.
— OP(né-m,n V MCLK+1) + (]- + OP(gm,n»EXP)L(Q’Gfi,.-

X1 P, ofi. = Tx(GPx, - ( )1/ 20@)73;2,@']%,. +ExPy o fi

Let z; = P)l(%G fi..- Note that z; is a function of X, and A. Apply the General Hoeffding’s

inequality to each row of Ex z;,

/2
P(‘(EX)]T%‘ > t|Xo, A) < 2exp ( - K26||z||2)7 (B.60)
ill2
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where ¢, K are constants depending on the conditional distribution of Ex given X5, A. By

union bound,

/2
P( max max ‘(EX)TzZ‘ > t‘XQ,A) < 2mecexp ( _ 67>

1<j<c1<i<m J K2| 2|3
ct?
< exp <logm — w)
ct?
S exp (logm — m) (B.61)

The last line is independent of X, and A, therefore, the upper bound also holds uncondi-
tionally. Eq.(B.61) implies that

max Imax ‘(Ex)jzl} = Op(\/nMaKH logm), (B.62)

1<j<e1<i<m

and

max ||EXP)L(2’Gfi,_||2 < /e max max ‘(Ex)jzl‘ = Op(v/nMagy1logm).  (B.63)

1<i<m 1<j<c 1<i<m

(3) Firstly, XI’P)J&%GQ‘,. = (1 + Op(ﬁmm))XlP)l(Q?Gei,_. Conditional on X and G, the j-th

entry of X1P§27Gei7, follows N (0, 07| (X1P§27G)j,,

3). Then,

1 2 1
’(X1Px2,Gei,-)j} ~ UZ'QH(XlPXg,G)j,- |§ : X%-

Apply Lemma A.1,

1 2 2 L 2 _
lrgniagﬁ ‘(lex%éeiv-)j} < lglizg(nai 1X1Px, gll2 - (1 ++/2logm + 2logm) = Op(nlogm).

Summing over j =1,...,¢,

i |!<X1P§2,G6i,.)j\\§ = Op(nlogm).



85

O
Apply Lemma B.1 to Eq.(B.59):
X1PJ‘ A XI 1 X{PJ‘ ~ €
2 (1) B (1) _ X2,G Xo,G 7"
\/ﬁ(bi,ﬁnal bz,. ) ( n ) \/’71 + OP(l). (B64)

.
XiPg X1 XiPg o (140p(Emn)) X
- n

Because

P
— 2X1|X2,G and Amin(2X1|X27G) > 0,

\/E(BE lf%nal - bg,l)

X1 Px%. o X \-1X1Px%. €.
) — ( 1 X27G 1 ) 1 XQ,G ? +0P(1)

NG

) Ne(0.07X,P%, 6X] ) +0p(1)

n
B <)(173,@7(;)(1T
- n

~1/2

= Exl\xz,c

N.(0, U?Ic) +op(1)

5 Ne(0, 0755 x,.0):

To prove the uniform consistency of 67, note that
Y Px ¢ Yi. = 7.GPx ¢ G i + 27, GPx ¢ (fi. + &) + (fi. + &) Py o (fi. +€i).
Recall that H’P)L(2 GGT H2 = Op(v/n&m,n), then from Proposition A.6,

max ||V, Py o Yi. — €/ Py q€ill, = Op(n, . M +népnVM +nMager +ny/Mag),

1<i<m

which implies that
max 07 - el Py ei |, = or(1)
1<i<m 7 n—p-— K 1" X .G Tye 9 P .
From Lemma A.1,
1 T 2 \/@
1o mfi,ﬁ@,_ —o0;| = OP( - )
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Also, from a similar proof to Eq.(B.23),

max He;—_(XT, GT)H2 = Op(\/n(p+ K) Vlogm).

1<i<m
The above two results show that

P

1
TP;& Gei" — 0'7;2 — O,

max (—————5€
1<i<mln—p—K **

which establishes that

A P
max |67 — 02| = 0.
1<i<m

B.9. Proof of Theorem 5.11

(1) Let

A

T-ad(’l)i) =

7

i,final ifinal

(B et = v0) XL (X (Bl — i)

)
0;

Then,

T3 (v;) = (Y, — XI”@)TP)L(Q,@XI (X1P§27@X1T)71X17’§27¢(Y3,. — X v;)/67

= Si1 + Sia + Siz + 2Si4 + 2Si5 + 2556, (B.65)

where

1 T —1 1 ~
S = (X] (0} —v;) + €. P, aX1 (XiPyg oX1) ' XiPx & (X7 (bY) —v) +¢,) /67,

-1 A
Sig = fzIP)JiQ’GXIT (leth,@XD le)l(%@fiﬂ/%?a
—1 ~
Sis = 71.GPyx, X1 (XiPx, o X1) XaPy, oG /67,
-1 1 ~
Su = £ Px, X1 (XiPx, o X1) XiPy, o (X{ (B —v)) +€:.) /57,

-1 1 o
Sis = 1L.GPx ¢ X1 (XiPx o X]) le)t%é(xf(bg ) _v) +e) /67,

)



-1 ~
Sis = 7. GPx, X1 (XiPy, o X1) XiPy, o fi./67.

Wesetv;, =0fori € 7o UZ;1 UZyg, or v; = b(l_) if 7 € Z;13. Note that

i?

max || X7 (6" — )|, = 0p(1)

1<i<m be

and

|xiPs, XD 7, = 0p ().

n

Apply Lemma B.1 and the uniform consistency of 6

max |Si;2| = Op (nﬁiynMaKH + Mag 1 log m),
1<i<m

max |S;3| = Op (né"?n,nM%

1<i<m

max |Sia| = Op(x/logm(\/ﬁfmm\/MaKH + \/MaK+1 logm)),

lgl'f?;:n |Sz5| = OP(\/ﬁgm,n V M]Og ’I?’L),

1<

Therefore,

A d P
lrgnzaéﬁ "I%a (’UZ) — Sﬂ‘ — 0.

Let Lo
- 1
(1P, oX1) | XaPx, o (X6 +ei.)
o
—1/2
(XiPs, oX{) ' XiPg gei.

g4

1 €Ty UZ11 U9

* j—
il —

i1 €113

From Proposition 5.9 and Lemma B.1, it can be shown that

2 P
1r§nia§)7(n ‘HS:lHQ - Sil‘ — 0.

max |Sis| = Op (\/ﬁ§m7nm(\/ﬁfm7n\/MaK+1 + \/MaK+1 logm)).
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(B.66)

(B.67)

(B.68)
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Because ¢; , is independent of X and G, conditional on X and G,
Sh|X, G ~ Nc((xlp)ggx{)l/ b o, Ic> (B.69)

fori € Iy UZy1 UZqe, and
SH|X, G ~ N (0, IC), (B.70)

for i € Z;3. Let

1/2
(X1P§2,GXI) b

g4

*
. Sil -

1 €Ty UT11 UIe
il — .

(B.71)
S;kl 1 €113

From Eq.(B.69) and Eq.(B.70), S} are i.i.d. N.(0,I.) random vectors.
Fori € To UT; Uy, T; = T9%0). If i € Ty, S%° = S From Eq.(B.67) and Eq.(B.68),

s~ d .
T; 5 X2 If i € Thy, maxier,, ||(XiPx, X1 )?bi.||, = op(1). Then, S5 — S| = op(1),

c*

A~ d . 1/2 & d, sk
T, — X?;- If i € 719, maxjer,, H(le)l(LGXIT)l/Qbi’_ - E)(/l\XQ,GCiH2 =op(1). T; — ) S+
%06 |2 20\ Fori € Ty, by the triangle i lit
||y ~ X& (-, Ai). For i € 73, by the triangle inequality,
_ [eDrxm o
VTi > ’ 672‘2’@ " T b)) = 0p (V)62 — Op(1) & 0. (B72)

The asymptotic independence between T; and Ti/, Vi, i € Ty Uy U follows easily
from the independence between Si* and S}%. If either i or ¢’ belongs to Z;3, the asymp-
totic independence follows from the fact that an almost surely infinite random variable is
independent of any other random variable.

(2) In this case, T; ora = ||S5]|3 for i € Zo U Z11 U Zh2. It suffices to show that

=0, (B.73)

Lo. (B.74)
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Let Xi,m,n = ﬁr Y;Z,m n = CZji,ora for i ¢ 13, Zm,n = (X’ G) and

)

155113 1€y Ul1

i= 1/2
b)) c; |12
Kk X11X2,G™*
|5z +

e
It can be verified that the conditions in Lemma B.3 are satisfied with these sequences. Then,

1 € Tq9.

Vi) 1 - 1 . 1 -
n(z):mzl(Pi <t)= Ezl(Ti > C) :EZP(H 13 > €) + 0p(1) 5 mot.
€Ly i€y i€Zp
(B.75)
Similarly,
Voult) B (B.76)
m
Eq.(B.73) follows.
Consider Eq.(B.74), A )
R(t) V(@) 1 .
T s T MGz 0),
i¢To
Rora(t) %ra(t> 1
= — >
m m * m Z (1= ©)
i¢7To
From Lemma B.3,
1 7 1 *%
- Y UTi=C) = - > PS5 > C) +op(1) Lot (B.77)
1€111 €711

and

1/2

1 : 1 2, 1%,,6 % ||2
— > (0) = — oy T Xa[Xo, G )
D DRICIETe) m‘ZP(‘ i+ eS| > 0) +op()
1€Z12 1€112
P . 1 2
— 12 lim —— 1-— C,)\‘
m—00 |112‘ ng XC( Z)

= 2 F1(¢). (B.78)
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Similarly,
% > YTiora > C) = 7t (B.79)
€711
and
% Z 1(Tiora > C) = mi2Fi(t) (B.80)
i€ZL12
From Eq.(B.72),
R 1 T
min /7, > J il mXXZ)mZI R _ ma 15313 + |74~ 1513
= Op(v/n) min [[b{)]}2 ~ Op(Viogm) & . (B.81)
Then,
% S (T =0) By (B.82)
i€113
Similarly,
— Z Tyora > C) 5 mi3. (B.83)

’LEIL;

Combining Eq.(B.75) to Eq.(B.83),

R(t)

m

Rora(t) P

P
— (7T0 +7T11)t+7T12F1(t) + 713,

= (mo + m11)t + M2 F1(t) + m13.  (B.84)

Then, Eq.(B.73) and Eq.(B.74) are verified for each fixed t. The uniform convergence result

follows from Lemma B.2.

For the second conclusion,

foNt V(t)/m
(R(t)v1)/m  (R(t)V1)/m

ﬁo(A)t - CT(‘[)t
(mo + m1)t + maFi(t) + mz Vv L

[FDP,\(t) — FDP(1)| =

+op(1).
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Note that

ﬁ'o()\) = T::L(_l I_%(i‘)) _ 1 —1R_()\)?/m g 1-— (770 +7T11)f\_—)7\T12F1()\) — T3

= CTo,

the conclusion follows.

(3) The proof is similar to (2). The only difference lies in Eq.(B.80). In this case,

1 P . ]- 2 CIEX”XQC’L‘
- Z (T ora > C) = 12 nlgnooﬁ Z 1 —xc (C, T) > m2ki(t).  (B.85)
i€l12 12 i€Zq2 (

This results in

with probability tending to 1.

Lemma B.2. (Uniform convergence for random c.d.f.s) Suppose F,(t), F(t) arec.d.f.sand F,,(t) T

F(t), F,(t—) A F(t—) for every t € R. Then,

sup |F,(t) — F(t)] 5 0.
t
Proof. We prove this by verifying the definition of convergence in probability. Let £ > 0 be
any fixed positive integer. For 1 < j < k —1,let z;; = inf{t : F(t) > j/k}. This implies
that F(x; —) — F(zj_1x) < k!, where 2o, = —oc and x, ;, = co. The convergence of F, (1)
and F,,(t—) for each of z; ; imply that we can find a positive integer N such that whenever

n>N,
PSS {max (|Fu(eje) = Flaju)l, | Fa(en—) = Flagio)l) > k') < e

for an arbitrary € > 0. We restrict our further discussions in the event ﬂ?;ll {max (|Fn(zj ) —

F(:cj?k)\, \Fn(azj’k—) — F(a:j’k—)]) § k’_l}. For anyt S (xjfl’k,flfj,k) With 1 §j § ]C,

Fo(t) < Fo(zj1—) < Fjp—) + kP < F(xj_14) + 2k < F(z) + 2571,
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Fo(t) > Fo(zjo1k) > F(wjo1p) — k' > Flzjp—) — 271 > F(x) — 2k 1.

This proves that for n > N
P(sup IEu(t) — F(1)] > 2k:_1> <e
t

and the conclusion follows. O

Lemma B.3. Let {X; n}y, {Yimn "y be two random arrays such that

P
max. | Ximn — Yimm| = 0

as m, n tend to infinity. Suppose Y; m n|Zm.» are conditionally independent over i = 1, ..., m with
conditional Lebesgue c.d.f. p(t, \i(Zy)). p(t,0) is parametrized by 6 € O and is continuous w.r.t.
tand 0. \i(Zp ) € © and maxi<i<m |Ai(Zmn) — ¢l LY 0 for a deterministic bounded sequence
{ci}2, C ©. Also, suppose Wi, i = 1,2... are independent random variables such that W; has

c.d.f. p(t,c;). Then, the following conclusions hold:

(1) Forany C,Cs € R,

max
i

P(}/i,m,n > Cla}/i’,m,n Z 02) - P(Wz 2 017Wi’ 2 02)‘ — 0,

max |P(Ximm = C1, Xirmn > Ca) — B(W; > C1, Wy > Cy)| — 0.
i#i! B

(2) Forany C € R,

1 & 1 «— p
1Yimn >C)— — S PW; > C) 50,
m 2 (Yim, ) m; ( ) =
iiux >C)—lzm:P(W->C)f>0
ml:l ,mn lel 1 .

Proof. (1) Note that

P(K,m,n Z 017}/;’,m,n Z CQ) - P(Wz 2 Cl: Wi’ 2 CQ)
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P(C1, A (Zinn))P(Coy At (Zi ) )dPZm — p(Ch, ¢5)p(Ca, cir)

/
:/<p (C1, Ai(Zmn)) = (C1,cl)> (Coy Mo (Z ) dBZmn
/

+ p(Cla )( (027 A ( )) _p(C2,Ci/))d]P>Z’m,n.
Then,
e [P(Vimn 2 C1, Yomn 2 C2) = P(Wi 2 Co, Wor 2 Ca)| S L+ 1
where
Il = /maX ’p(cla )\Z(Zm,n)) —p(Cl, ci) dIE])me7
Iy = /Hl?X ‘p(027 Nit(Zmn)) — p(Ca, cir) dpZmn.

Since p(-, #) is uniformly continuous w.r.t. # in any bounded region, max;
P(C2, Air(Zmn)) — p(C2, cir)

theorem, we can conclude that I, Iy — 0, and the first conclusion follows.

p(01, Az(Zm,n)) -

p(Cy,¢i) 2 0and max; . By the dominated convergence

For the second conclusion, it suffices to show that

max
it

(Ximn > C1, Xirynn > Ca) = P(Y; > C1, Y > Ca)| = 0
Fixany e > 0,let £ = {maxlggm | Ximm — Yimnl > e}. We know

P(&) — 0.
Then,

P(Xi,m,n > Cla Xz",m,n > C) < IED()(z',rrz,7L > ChXi’,m,n > 02756) + P(8>

IN

P(Yi,m,n > Cl - 67 }/;:/7m7n > 02 - 6, (C/‘C) + P((c/‘)

IN

IED(Y;,m,n > Cl - evn’,m,n > 02 - 6) + ]P)(S)
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and

P(Y;m,n > Cp — €, Yvi’,m,n > Co — 6) - IP)(Yvi,m,n > ClaYYi’,m,n > 02)
< IP)(611 —€<Yimn< Cl) + ]P(CQ —€<Yimn< 02)
= /p(Ch )\Z(Zm,n» - P(Cl — €, Az(Zm,n» + p(027 )\z’(Zm,n)) - P(C2 — € )\i’(Zm,n))dIPZM’n

< /wE(Cb Zm,n) + wE(CQ, Zm,n)dpzm*",
where we(t, Zimn) = maxi<i<n SUD;_c<acite [Pt Ai(Zimn)) = P(s, Ai(Zm,n))|- Similarly,

]P)(Xi,m,n > ClyXi’,m,n > 02) > ]P)(Xi,m,n > ClyXi’,m,n > 02756)

Vv

IP(Y;,m,n >Ch + €, Y'i’,m,n > Cy + €, gc)

Y

P(m,m,n > Ch +e, Yvi’,m,n > Co + 6) - P(8)7
and

]P)(}/i,m,n > Clyyé’,m,n > 02) - ]P)(}/i,m,n > C1 + ¢, }/i’,m,n > Cy + 6)

< /we(clv Zm,n) + we(027 Zm,n)d]}bzm’n-
The above show that

max
i

IP)(AXVZ‘,m,n > ClaXi’,m,n > 02) - IED(}/'i,m,n > Cla }/i’,m,n > 02)‘
can be bounded by
/we(ch Zm,n) + w€<027 Zm,n)dpzm’n + P(5>7

which can be made arbitrarily small for small enough € > 0 and large enough m,n by
uniform continuity of p and the dominated convergence theorem. The conclusion follows.

(2) We only prove the first conclusion, the second conclusion follows using the same
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argument. By Chebyshev’s inequality,

(s

IN

S 1 Vi =€) — P(Yinn > C)| > )

=1

I + 5, Ve > 0,

where

mQ B} ZCOV zmn = C)7 1<}/i’,m,n > C))
£

From (1), we know S can be made arbitrarily small for large m, n. Also,

1<i<m

’;épm,m,nz@—;immzc ‘ < max [P(Yimn > C)—P(W; > C)| =0

then the conclusion follows. O
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