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Abstract

We study the computational complexity of counting problems, such as computing the partition
functions, in both the exact and approximate sense. In the first part of the dissertation, we
classify exact counting problems. We show a dichotomy theorem for Holant problems defined
by any set of symmetric complex-valued functions on Boolean variables in both general and
planar graphs. Problems are classified into three classes: those that are P-time solvable over
general graphs; those that are P-time solvable over planar graphs but #P-hard over general
graphs; those that remain #P-hard over planar graphs. It has been shown that in many other
contexts, holographic algorithms with matchgates capture all counting problems in the second
class. A surprising result is that we found a new class of tractable problems in the same class,
but cannot be captured by holographic algorithms with matchgates. In the course of proving
this dichotomy theorem, we also classify parity Holant problems and #CSP defined by any set
of symmetric complex-valued functions on Boolean variables.

Then we focus on approximating partition functions of 2-spin systems, including the famous
Ising model as a special case. We show a fully polynomial-time approximation scheme (FPTAS)
for anti-ferromagnetic 2-spin systems up to the tree uniqueness threshold. There is no such
algorithm beyond the threshold unless NP = RP [SS14]. We also generalize this hardness result
to bipartite graphs, with the exception that the Ising model without fields is approximable in bi-
partite graphs. This hardness result helps to establish some new imapproximability results for
ferromagnetic 2-spin systems [LLZ14a]. To complement those, we give near-optimal FPTAS in
certain regions of ferromagnetic 2-spin systems. Furthermore, we go beyond non-negative real
weights, and classify the computational complexity of the Ising model with complex weights.

Using such results, we draw conclusions about strong simulation of certain quantum circuits.



Chapter 1

Introduction

1.1 Counting Problems and Complexity Classification

In this dissertation we study counting problems. A canonical example is #SAT, namely to count
the number of satisfying assignments of CNF formulas. #SAT can be viewed as a special case in
a more general framework, called counting constraint satisfaction problems (#CSP). An instance
of #CSP contains variables and constraints, and the goal is to count the number of assignments
satisfying all constraints. An equivalent formalism is to sum the weights over all possible
assignments, where the weight is 1 if it is satisfying and 0 otherwise. Moreover, we may de-
compose this weight into a product over all constraints, maintaining the same semantics. Thus
this sum-of-products quantity counts the number of satisfying assignment, which is usually
called the partition function. Recasting in these terms, it is natural to generalize to functions
taking values in Q, R, or C, rather than just {0, 1}. This is a really powerful framework, capable
of expressing many problems of counting local combinatorial structures, such as independent
sets or vertex covers.

The name “partition function” originated from the statistic physics literature. Its study
was initiated even before the formalization of polynomial time algorithms and computational
complexity. Many models have been proposed to study the interaction among particles, such
as the Ising model [Isi25]. The partition function is a crucial quantity for these models, as it
encodes a lot of information regarding the model. These statistical models later found a lot

of applications in computer science. Examples range from factor graphs in machine learning



[WJO08], signal processing [For0O1], to the classical simulation of quantum computation [Val02b,
JV14]. The significance of these models is that they achieve the maximum entropy among
all models that are consistent with the data. After learning such models, one may want to
draw conclusions according to them. This is called statistical inference, and it often amounts
to computing the marginal probability, expectation, or entropy of random variables. These
tasks are equivalent to the evaluation of partition functions, and thus are essentially counting
problems.

Efficient algorithms of evaluating partition functions would have a lot of theoretical and
practical significance, but do they really exist? If there is not an universal one, then for what
problems do efficient algorithms exist? The formalization of this question dates back to 1979,
in which year Valiant [Val79b, Val79a] proposed the counting complexity class #P to capture
the apparent intractability of many natural counting problems. The class #P is the counting
counterpart to NP, that is, to count the number of certificates which can be verified in polyno-
mial time. Just like NP-hard problems, #P-hard problems are the most difficult ones in #P. It
is believed that #P-hard problems, including the aforementioned #SAT, do not admit efficient
algorithms. Itis not surprising that #SAT is #P-hard, since its decision version is NP-hard. How-
ever, what surprises people is that problems, such as counting the number of perfect matchings
(#PM), whose decision counterparts have efficient algorithms, are still possible to be #P-hard
[Val79al.

One ultimate goal we pursue is to understand which problems are easy to count, and which
are not. In other words, we want to classify the computational complexity of counting prob-
lems. There can be several different meanings of an easy problem. The strongest sense is that
we have an efficient algorithm to compute the exact answer. This is the most desirable but least
likely one. In many contexts, we are content with good approximations. On the other hand, in
the absence of an separation between #P and FP (the function counterpart of P), #P-hardness
becomes our standard notion of computational intractability. After all, #P-hard problems are
very unlikely to have efficient algorithms. We also work under other standard complexity as-
sumptions, such as NP + RP, when we are talking about the impossibility of efficient algorithms
in a weaker sense, such as approximations.

Some of the most intriguing efficient algorithms again come from statistical physics. In



particular, the Fisher-Kasteleyn-Temperley (FKT) algorithm [TF61, Kas61, Kas67] is a classical
gem that counts perfect matchings over planar graphs in polynomial time. This was an impor-
tant milestone in a decades-long research program in statistical physics to determine what is
known as Exactly Solved Models [Bax82, Isi25, Ons44, Yan52, YL52, LY52, TF61, Kas61, Kas67,
Lie67, LS81, Wel93].

For four decades, the FKT algorithm stood as the polynomial-time algorithm for any count-
ing problem over planar graphs that is #P-hard over general graphs. Then Valiant introduced
matchgates [Val02b, ValO2a] and holographic reductions to the FKT algorithm [Val08, Val0O6].
These reductions differ from classical ones by introducing quantum-like superpositions. This
novel technique extended the reach of the FKT algorithm and produced polynomial-time algo-
rithms for a number of problems for which only exponential-time algorithms were previously
known.

Since the new polynomial-time algorithms appear so exotic and unexpected, and since they
solve problems that appear so close to being #P-hard, they challenge our faith in the well-
accepted conjecture that P + NP. Quoting Valiant [Val06]: “The objects enumerated are sets
of polynomial systems such that the solvability of any one member would give a polynomial
time algorithm for a specific problem. ... the situation with the P = NP question is not dissim-
ilar to that of other unresolved enumerative conjectures in mathematics. The possibility that
accidental or freak objects in the enumeration exist cannot be discounted if the objects in the
enumeration have not been studied systematically.” Indeed, if any “freak” object exists in this
framework, it would collapse #P to FP.

Therefore, over the past 10 to 15 years, this technique has been intensely studied in order to
gain a systematic understanding to the limit of the trio of holographic reductions, matchgates,
and the FKT algorithm [Val02a, CC0O7, CCL09, CL10, Val10, CL11a, LMN13, Morl1, MM13, CG14].
Without settling the FP versus #P question, the best hope is to achieve a complexity classifi-
cation. This program finds its sharpest expression in a complexity dichotomy theorem, which
classifies every problem expressible in a framework as either solvable in polynomial time or
#P-hard, with nothing in between.

Assuming that FP + #P, such a dichotomy does not hold for the whole class of #P, due to

an easy adaption of Ladner’s theorem [Lad75]. Nevertheless all known intermediate problems



are unnatural and artificial. On the other hand, many natural problems are expressible as, for
example, #CSPs, which we have mentioned at the beginning of this section. Hence we usually
want to work within certain frameworks, such as the Tutte polynomial or #CSP, in order not
to ask overly general and vague questions. Unfortunately, there are some important problems,
like #PM, that are difficult to express as a point on the Tutte polynomial or as a #CSP. In fact,
#PM is provably beyond the reach of the special case of vertex assignment models [FLSO7,
DGL"12, Sch13]. However, this is the problem for which FKT was designed, and is the basis of
Valiant’s matchgates and holographic reductions. To address this issue, a refined framework,
called Holant problems [CLX11a], was proposed. It is an edge assignment model. It naturally
encodes and expresses #PM as well as Valiant’s matchgates and holographic reductions, which
makes it the proper framework to study the power of holographic algorithms. It is also more
general than #CSP in the sense that a complete complexity classification for Holant problems
implies one for #CSP.

The first success in classifying the complexity of Holant problems was achieved in the parity
setting. The goal is to compute the partition function modulo 2, and the hardness is captured
by @P-hardness. In a joint paper with Lu and Valiant [GLV13], we showed a complete dichotomy
for symmetric Boolean functions. An interesting phenomenon is observed in this work, that
is, for some functions, the partition function is always even, which makes it 0 mod 2. We
call them vanishing signatures. Later, it turned out that the vanishing signatures are the last
missing piece in a complete computational complexity dichotomy of complex weighted Holant
problems [CGW13].

The dichotomy in [CGW13], despite being the culminating result of a long line of research
[CLX11a, CK12, CK13, CHL12, HL12], does not answer the question raised by Valiant, since it
does not tell us about the complexity when instances are restricted to planar graphs. With
respect to planar instances, a strong theme has emerged in research. For a wide variety of
problems, such as those expressible as a #CSP, holographic reductions to the FKT algorithm is
a universal technique for turning problems that are #P-hard in general to P-time solvable over
planar graphs. In fact, a preponderance of evidence suggests the following putative classifica-

tion of all counting problems defined by local constraints into exactly three categories:



(1) those that are P-time solvable over general graphs;
(2) those that are P-time solvable over planar graphs but #P-hard over general graphs;
(3) those that remain #P-hard over planar graphs.

Moreover, category (2) consists of precisely those problems that are holographically reducible
to the FKT algorithm. This theme is so strong that it has become an intuitive and trusty guide
for us when we investigate unknown problems and plan proof strategies. Many of the results
were proved in this way. However, one is still left wondering whether the FKT algorithm is
universal, or more precisely, is the combined algorithmic power of the trio sufficient to capture
all tractable problems over planar graphs that are intractable in general? Supporting evidences
for this putative classification date back to the classification of the Tutte polynomial [Ver91,
Ver05]. It has also been an unfailing theme when classifying spin systems [Kow10, CKW12] and
#CSP [CLX10, GW13].

What catches us off guard is when we classify for the first time the complexity of Holant
problems over planar graphs in an recent paper [CFGW15], there are new planar tractable prob-
lems not expressible by a holographic reduction to matchgates and FKT. To the best of our
knowledge, this is the first primitive extension since FKT to a problem solvable in P over planar
instances but #P-hard in general. Furthermore, our dichotomy theorem says that this completes
the picture: there are no more undiscovered extensions for problems expressible in this frame-
work, unless #P collapses to FP. In particular, the putative form of the planar Holant dichotomy
is false. This complexity dichotomy generalizes both the dichotomy for Holant [HL12, CGW13]
and the dichotomy for planar #CSP [CLX10, GW13].

This new tractable class can be described as orientation problems. Given a planar graph,
we allow two kinds of vertices. The first kind can be either a sink or a source while the sec-
ond kind only allows one incoming edge. The goal is to compute the number of orientations
satisfying these constraints. This problem can be expressed in the Holant framework under
a transformation by H _ﬂ]. It can be shown that this is equivalent to the Holant problem on
the (planar) edge-vertex incidence graph where we assign the DISEQUALITY function to every
edge, and to each vertex, we assign either the EQUALITY function or the EXACTONE function.

Suppose vertices assigned EQUALITY functions all have degree k. If k = 2, then this problem



can be solved by FKT. We show that this problem is #P-hard if k = 3 or k = 4, but is tractable
again if k > 5. The algorithm involves a recursive procedure that simplifies the instance until
it can be solved by known algorithms, including FKT. The algorithm crucially uses global topo-
logical properties of a planar graph, in particular Euler’s characteristic formula. If the graph is
not planar, then this algorithm does not work, and indeed the problem is #P-hard over general
graphs.

More generally, we allow vertices of arbitrary degrees to be assigned EQUALITY. If all the
degrees are at most 2, then the problem is tractable by the FKT algorithm. Otherwise, the
complexity depends on the greatest common divisor (gcd) of the degrees. The problem is
tractable if gcd > 5 and #P-hard if gcd < 4. It is worth noting that the criterion for tractability
is not a degree lower bound. Moreover, the planarity assumption and the degree rigidity pose
a formidable challenge in the hardness proofs for gcd < 4.

If the graph is bipartite with EQUALITY functions assigned on one side and EXACTONE func-
tions on the other, then this is the problem of #PM over hypergraphs with planar incidence
graphs. Our results imply that the complexity of this problem depends on the gcd of the hy-
peredge sizes. The problem is computable in polynomial time when gcd > 5 and is #P-hard
when gcd < 4 (assuming there are hyperedges of sizes at least 3). For more details, see Section
6.4 and Theorem 6.16.

Coming back to the challenge of the P vs. NP question posed by Valiant’s holographic al-
gorithms, we venture the opinion that the dichotomy theorem provides a satisfactory answer.
Indeed, it would be difficult to conceive a world where #P is FP, and yet all this algebraic theory
can somehow maintain a consistent, sharp but faux division where there is none. (Consider the
following Gedankenexperiment: #P is really equal to P, but the Supreme Fascist keeps scores
on how much of #P we have learned to be in P. For every problem in this broad class that is
yet unknown to be in P the SF lets we prove it #P-hard—a superfluous notion really. Neverthe-
less for every problem in the class known to be in P, the SF makes sure our proof method for
#P-hardness on that problem fails, thus preventing one from making the ultimate discovery.)

In the first part of this dissertation, our main goal is to show the dichotomy theorem for
Holant problems, for both general and planar graphs. This is summarized as Theorem 6.17.

In Chapter 1, starting from Section 1.3, we give necessary definitions and useful background



knowledge. In Chapter 2, we show the dichotomy for Holant problems modulo 2. In Chapter
3, we give a dichotomy for a single arity-4 function. In Chapter 4, a dichotomy for planar #CSP
is shown. In Chapter 5, we examine more closely about what holographic transformations can
do for tractable problems, and show some related hardness results. Finally in Chapter 6, we
give the main dichotomy, Theorem 6.17. Results in Chapter 2 are joint work with Pinyan Lu
and Leslie G. Valiant [GLV13]. To ensure the best presentation, results taken from four papers
[CGW13, GW13, CGW14, CFGW15] are blended and reported in Chapters 3, 4, 5, and 6. These

are joint work with Jin-Yi Cai, Zhiguo Fu, and Tyson Williams.

1.2 Approximate Counting

One thing that seems unfortunate, indicated by dichotomy theorems described in the previous
section, is that algorithms for exact counting are rather scarce. The vast majority of counting
problems are #P-hard. However, the pursuit of efficient counting algorithms does not stop
there. In practice, people use algorithms like belief propagation or the junction-tree algorithm,
which either works as intended only in restricted settings, or requires exponential running time
on certain instances.

For provable efficient algorithms, a celebrated result is by Jerrum et al. [JS89, JSV04], which
gives a fully polynomial time randomized approximation scheme (FPTAS) for the permanent of a
non-negative matrix. Computing the permanent is the first nontrivial example of #P-hardness
given by Valiant [Val79a]. The algorithm is based on a Markov Chain Monte Carlo (MCMC)
sampling scheme, a technique which has its own long and fruitful history in statistical physics.
Since then, this MCMC technique is studied extensively and broadly. Examples include, but are
not limited to, approximately counting the number of proper colorings [Vig00], independent
sets [DGOOb], and to approximate the volume of a convex body [DFK91], etc.

Powerful as they are, MCMC algorithms do not always give the optimal bounds on many
problems, at least not with the current analysis tools available. For example, the best Markov
chain to sample independent sets works when the graph has a degree bound of 4 [DGOOb],
whereas a breakthrough result by Weitz [Wei0O6] showed that it is possible to approximately

count the number of independent sets when the degree bound is 5. Weitz’s idea involves a novel



technique called correlation decay or strong spatial mixing, which asserts that the correlation
among variables of the system decays exponentially fast in distance. When this is the case,
we can recursively compute the marginal probability by unfolding the original instance into
an exponentially large tree with early truncation as the influence below is small. This idea of
approximate counting without sampling is independently introduced by Bandyopadhyay and
Gamarnik [BGO8] as well.

Counting independent sets is a special case of the partition function of the hardcore gas
model, in which the same independence constraint is applied and each vertex is assigned a
weight (also called fugacity or activity) when it is chosen. The hardcore gas model, in turn, is
a special case of the more general 2-state spin systems. Spin systems are some of the most
fundamental statistical physics systems. The goal is to model nearest neighbour interactions.

For a 2-spin system and an underlying graph, we assign “+” or “-” spins to vertices. On each edge
there is an interaction between the two endpoints, depending on their spins. This interaction
may be contractive, where the system is called ferromagnetic, or repulsive, where it is called

anti-ferromagnetic. The system is often equipped with an external field as well, which favors

1

toward one spin or the other. We use a matrix [ fls v

} to denote the symmetric edge interaction,
and a vector [N to denote the external field. Then ferromagnetic systems have 3y > 1 and
anti-ferromagnetic fy < 1. For the hardcore model, the edge interaction is [(1) H, banning all
(+,+) edges, and the external field is [71‘] where A is the vertex weight when it is chosen (or
assigned “+”). Another famous model in this framework is the Ising model [Isi25], where the
edge interaction is totally symmetric “3 H

One important phenomenon statistical physicists discovered is the phase transition, namely
that these systems undergo a drastic change of behaviors as parameters change. The system
may have disordered or ordered phases, depending on the uniqueness of the so-called Gibbs
measures. The breakthrough by Weitz [Wei06] first illustrated that it is possible to get an FPTAS
for the hardcore gas model all the way up to this uniqueness threshold in infinite regular trees
(also known as the Bethe lattice or the Cayley tree). Weitz’s algorithm is later generalized to all
anti-ferromagnetic 2-spin models by Sinclair et al. [SST12] and Li et al. [LLY12, LLY13]. Some of
my unpublished results are combined with [LLY12, LLY13] for a journal submission [GLLY15].

On the other hand, when the correlation decay fails, there are gadgets to realize some long



range correlation. In these gadgets, typical configurations are ordered, in the sense that they
favor one part of the graph or the other. We then can use these ordered phases to simulate
states of other problems, and show that the original problem is hard to even approximate. The
first tight result of this sort is due to Sly [Sly10], building upon a series of work [DFJ02, MWWO09],
showing that there is no FPRAS unless NP = RP for the hardcore gas model in a small interval
beyond the uniqueness threshold in infinite regular trees. It is later improved by [GGS™ 14] for
the hardcore model to all fields beyond the uniqueness threshold for most degrees, and by us
[CCGL12] for all anti-ferromagnetic 2-spin systems to beyond the uniqueness threshold multi-
plied by a constant factor. It is finally confirmed [GSV12, SS14] that this hardness always holds
beyond the uniqueness threshold. Thus, a beautiful connection between the computational
complexity transition and the phase transition of statistical systems has been established.

The 2-state spin models can be viewed as the simplest case of #CSP, namely with only one
binary symmetric function, and a possibly unary function with respect to the field. Similar to
exact counting, a lot of research has been devoted to classify the computational complexity
of approximating counting problems. An important open question emerges from these work,
which is counting independent sets in bipartite graphs (#BIS). There is no known efficient al-
gorithm for #BIS, nor is there any hardness reduction. It is conjectured that neither is the
case [DGGJO03]. For instance, there is a whole class of #CSP problems that are equivalent to
#BIS in approximation [BDG" 13, CDG'15], and approximating the ferromagnetic Potts model
(a higher domain version of the Ising model) is shown to be at least as hard as #BIS [G]J12a]. The
intriguing feature of #BIS is that all previous hardness reductions break, due to the bipartite
structure. Striving for a better understanding of #BIS, we [CGG"14] showed that beyond the
uniqueness threshold, anti-ferromagnetic 2-spin systems in bipartite graphs are no easier to
approximate than #BIS, except for Ising models without external field, which can be reduced
to ferromagnetic Ising models and thus have FPRASes [JS93]. In particular, #BIS with degree
bound 6 is as hard to approximate as #BIS itself. Our results would hopefully shed some light
on the approximation complexity of #BIS in future.

Although not solving the problem #BIS, our result in [CGG'14] does help classifying fer-
romagnetic 2-spin models (y > 1). All ferromagnetic 2-spin models are #BIS-easy [G]JO7].

Thus #BIS-hardness is the best lower bound one should hope for. Building upon our results in
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[CGG™14], Liu et al. [LLZ14a] showed some unexpected #BIS-hardness for ferromagnetic 2-spin

models, especially for the case of B < 1 < y. Recently, we [GL15] have obtained a complemen-

Ac+l
tary correlation decay based algorithm for f < 1 < vy as well, for external fields A < (%) ‘ ,
where A, = Fvgzi improving upon previously best known bound A < % [LLZ14a]. This is al-

[Ac]+1
most optimal, since if we allow all external fields in the range of (0,A) for some A > (% ’ ,

then the problem is #BIS-hard [LLZ14a, CGG"14]. Interestingly, weAalscl) provide evidence that
neither (%) Ea is the tight bound for approximability, nor is (%) i tight for the failure of
correlation decay.

Prior to this point, all results mentioned in this section are about non-negative weighted
counting problems. In a recent paper [GG14], we studied the Ising model with complex param-
eters. In addition to its intrinsic mathematical interest, the complex weighted Ising model has
connections to a quantum complexity class called IQP [SB09, BJS11], which stands for “Instanta-
neously Quantum Polynomial-time”. What we are interested in is to approximate the norm and
the argument of the partition function. We show that for most parameters in the absence of
external fields, these problems are NP-hard to approximate. In fact, we also show an interesting
stronger results that for many of these parameters, even approximation is #P-hard. (Note that
all problems in #P can be approximated with an NP oracle [DGGJ03].) We also gave a complete
classification when the edge interaction and the external field are both roots of unity, cases
relating to BQP. Our work implies some new hardness results about classically simulating IQP
circuits in the strong sense.

The second part of this dissertation, starting from Chapter 7, focuses upon approximate
counting, and is organized as follows. In Chapter 7 we give necessary backgrounds and de-
fine problems, as well as show the algorithm for all anti-ferromagnetic 2-spin systems up to
the uniqueness threshold. In Chapter 8 we explain the complementary hardness results, and
generalize them to bipartite graphs. In Chapter 9 we present the improved algorithm for fer-
romagnetic 2-spin systems. In Chapter 10 complex weighted Ising models are studied. Results
presented in Chapter 7 are mostly from [GLLY15] and are joint work with Liang Li, Pinyan Lu,
and Yitong Yin. Results in Chapter 8 are published in [CGG'14] and are joint work with Jin-Yi

Cai, Andreas Galanis, Leslie Ann Goldberg, Mark Jerrum, Daniel Stefankovi¢, and Eric Vigoda.
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Chapter 9 is summarized in [GL15], joint work with Pinyan Lu. Results in Chapter 10 are from

[GG14], joint work with Leslie Ann Goldberg.

1.3 Problems and Definitions

In the rest of this chapter we will define problems to be studied in the context of exact counting
and prove some necessary background knowledge. For approximate counting, see Chapter 7
and later.

The framework of Holant problems is defined for functions mapping any [q]™ — R for a
finite g and some commutative semiring R. We investigate Boolean Holant problems, that is, the
domain size q is 2. We are interested in complex-weighted functions [2]™ — C throughout this
dissertation, as well as parity functions [2]™ — Z, in Chapter 2. For consideration of models
of computation, complex functions take algebraic values.

We allow multigraphs, that is, graphs may have self-loops and parallel edges. A graph
without self-loops or parallel edges is a simple graph. Fix a set of local constraint functions
F. A signature grid Q = (G, ) consists of a graph G = (V, E), where 7 assigns to each vertex
v € V and its incident edges some f, € F and its input variables. We say that Q is a planar
signature grid if G is planar, where the variables of f, are ordered counterclockwise starting

from an edge specified by 7t. The Holant problem on instance Q is to evaluate

Holant(Q;F) = Z H fu(o [e())s

o veV

a sum over all edge assignments o : E — {0, 1}, where E(v) denotes the incident edges of v and
o |g(v) denotes the restriction of o to E(v). We write G in place of Q) when 7 is clear from the
context. We also sometimes write Holantn instead of Holant(Q;J) when F is clear from the
context.

A Holant problem is defined by a set F of signatures.

Name Holant(J)
Instance A signature grid Q = (G, ).

Output Holant(Q; F).
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The problem Pl-Holant(¥) is defined similarly using a planar signature grid.

We allow F to be an infinite set. For Holant(JF) (or Pl-Holant(J)) to be tractable, the problem
must be computable in polynomial time even when there exists an effective description of
every signature in &, and these descriptions are considered part of the input. In contrast, we
say Holant(J) is #P-hard if there exists a finite subset of F for which the problem is #P-hard.
We say a signature set J is tractable (resp. #P-hard) if the corresponding counting problem
Holant(F) is tractable (resp. #P-hard). Similarly for a signature f, we say f is tractable (resp. #P-
hard) if {f} is. We follow the usual conventions about polynomial time Turing reduction <t and
polynomial time Turing equivalence =r.

A function f,, can be represented by listing its values in lexicographical order as in a truth
table, which is a vector in C2**"’, or as a tensor in (C2)®9e8(v)_ A function is symmetric if its
output depends only on the Hamming weight of its input. A symmetric function f of arity n can
be expressed as [fg, f1,..., n], where f,, is the value of f on inputs of Hamming weight w. This
is the signature of f, and we also use the two words “function” and “signature” interchangeably.
We study symmetric functions in most cases, but we do go beyond if necessary.

An example of symmetric signatures is the EQUALITY signature =, of arity n, which can be
expressed as [1,0,---,0,1]. Let EQ = {=,| n € N}. Another example is the EXACTONE signature
EO,, of arity n, which can be expressed as [0,1,0,---,0]. Let EO = {EO,, | n € N}. Then
Holant(£0) is the problem of counting perfect matchings.

A signature f of arity n is degenerate if there exist unary signatures u; € cca<j<g<n
such that f = u; ® - - - ® un,. It is equivalent to replace f by uy,...,u,, ordered appropriately. If
a degenerate signature f is symmetric, then there exists an unary u such that f = u®™,

Replacing a signature f € F by a constant multiple cf, where ¢ # 0, does not change the
complexity of Holant(F). It introduces a global nonzero factor to Holant(Q; F). We may say we

obtain a signature f when in fact we have obtained a signature cf for some c # 0.
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1.4 Useful Reductions

Holographic Reduction

One key technique for Holant problems is holographic reductions. To introduce the idea, it is
convenient to consider bipartite graphs. For a general graph, we can always transform it into
a bipartite graph while preserving the Holant value as follows. For each edge in the graph, we
replace it by a path of length two. (This operation is called the 2-stretch of the graph and yields
the edge-vertex incidence graph.) Each new vertex is assigned the binary EQUALITY signature
(=2) =1[1,0,1].

We use Holant (¥ | §) to denote the Holant problem over signature grids with a bipartite
graph H = (U, V,E), where each vertex in U or V is assigned a signature in ¥ or G, respec-
tively. Signatures in F are considered as row vectors (or covariant tensors); signatures in § are
considered as column vectors (or contravariant tensors) (see, for example [DP91]). Similarly,
Pl-Holant (¥ | §) denotes the Holant problem over signature grids with a planar bipartite graph.

For a 2-by-2 matrix T and a signature set F, define TF = {g | 3f € F of arity n, g = T®"f},
and similarly for FT. Whenever we write T®™f or TF, we view the signatures as column vectors;
similarly for fT®™ or FT as row vectors. In the special case that T = [1 1, ], we use  to denote
TF.

Let T be an invertible 2-by-2 matrix. The holographic transformation defined by T is the
following operation: given a signature grid Q = (H, 7t) of Holant (¥ | §), for the same bipartite
graph H, we get a new grid Q' = (H, /) of Holant (S’T | T*IS) by replacing each signature in F

or G with the corresponding signature in FT or T 1lg.

Theorem 1.1 (Valiant’s Holant Theorem [Val08]). If T € C2*2 is an invertible matrix, then we

have Holant(Q; ¥ | ) = Holant(Q’; T | T~19).

Therefore, an invertible holographic transformation does not change the complexity of the
Holant problem in the bipartite setting. Furthermore, there is a special kind of holographic
transformation, the orthogonal transformation, that preserves the binary equality and thus

can be used freely in the standard setting.
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Theorem 1.2 (Theorem 2.6 in [CLX11a]). If T € O»(C) is an orthogonal matrix (ie. TTT = 1),
then Holant(Q; ) = Holant(Q'; TF).

We frequently apply a holographic transformation defined by the matrix Z = % [{ _IJ (or

sometimes without the nonzero factor of % since this does not affect the complexity). This

matrix has the property that the binary EQUALITY signature (=) = [1,0, 1] is transformed to
(1,0,1]1Z%% = [0,1, 0] = (#2), the binary DISEQUALITY signature.

By Theorem 1.1, we have that

Holant(¥) = Holant <[1, 0,1]T®? | T*ISF)

Pl-Holant(F) = Pl-Holant ([1,0, 1]T®2 | T-'F),

where T € GL»(C) is nonsingular. This leads to the notion of C-transformable.

Definition 1.3. Let F and C be two sets of signatures. We say F is C-transformable if there exists

aT e GL,(C) such that [1,0,1]T®2 € ¢ and ¥ C TC.
The following lemma is immediate.

Lemma 1.4. If F is C-transformable, then we have the following reductions.

Holant(JF) <t Holant(C);

Pl-Holant(F) <t Pl-Holant(C).

Clearly, if Holant(€) or Pl-Holant(C) is tractable, then Holant(JF) or PI-Holant(J) is tractable

for any C-transformable set F.

Counting Constraint Satisfaction Problems

From the bipartite perspective, it is easy to express counting constraint satisfaction problems
(#CSP) in the Holant framework. An instance of #CSP(F) has the following bipartite view. Create
a vertex for each variable and each constraint. Connect a variable vertex to a constraint vertex

if the variable appears in the constraint. This bipartite graph is also known as the constraint
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graph. Moreover, each variable can be viewed as an EQUALITY function, as it forces the same

value for all adjacent edges. Under this view, we see that

#CSP(F) =1 Holant (EQ | F),

where £Q = {=1,=2,=3,...} is the set of EQUALITY signatures of all arities. By restricting to
planar constraint graphs, we have the planar #CSP framework, which we denote by PI-#CSP.
The construction above also shows that PI-#CSP(JF) =t Pl-Holant (€Q | F).

For any positive integer d, the problem #CSP4 () is the same as #CSP(F) except that every
variable appears a multiple of d times. Similarly for P1-#CSP%(¥). Clearly #CSP! () is the same
as #CSP(F). We also have that,

#CSPY(F) =1 Holant (£Qq4 | F)

P1-#CSP4(F) =t Pl-Holant (¢Q4 | ),

where £Q4 = {=4,=24,=34,--- | is the set of EQUALITY signatures of arities that are a multiple

of d. Furthermore, if d € {1, 2}, then we have

#CSP4(F) =1 Holant(£Qq U F)

Pl-#CSPY(F) =t Pl-Holant(£Qq4 U F). (1.1)

Reductions from left to right are trivial. For the other direction, we take a signature grid Q for
the problem on the right and create a bipartite signature grid Q' for the problem on the left
such that both signature grids have the same Holant value. We simply create the bipartite grid
Q" of Q as described earlier. Then we contract all EQUALITY signatures that are connected
with each other, resulting in O’ where EQUALITY signatures are on one side and signatures
from JF on the other. If d = 1, then this is an instance of #CSP(F) (or PI-#CSP(F)). If d = 2, then
every EQUALITY in Q" is of even arity and contraction keeps parity. Hence Q' is an instance of

#CSP2(F) (or PI-#CSP?(F)).
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. J

Figure 1.1: An F-gate with 5 dangling edges.

Realization

One basic notion used extensively is realization. We say a signature f is realizable (or con-
structible, implementable) from a signature set & if there is a gadget with some dangling edges
such that each vertex is assigned a signature from &, and the resulting graph, when viewed as
a black-box signature with inputs on the dangling edges, is exactly f. If f is realizable from a
set &, then we can freely add f into F while preserving the complexity.

Formally, such a notion is defined by an F-gate [CLX10]. An F-gate is similar to a signature
grid (G, nt) for Holant(F) except that G = (V, E, D) is a graph with some dangling edges D. The
dangling edges define external variables for the F-gate. (See Figure 1.1 for an example.) We
denote the regular edges in E by 1,2,..., m and the dangling edgesin D by m + 1,...,m + n.

Then we can define a function I' for this F-gate as
Myt,---»Yn) = Z H(x1,---Xm>Y1ls--->Yn),

where (yi,...,yn) € {0,1}™ is an assignment on the dangling edges and H(x1,.-.,Xm,Y1,---,Yn)
is the value of the signature grid on an assignment of all edges in G, which is the product of
evaluations at all internal vertices. We also call this function I' the signature of the F-gate.

An F-gate is planar if the underlying graph G is a planar graph, and the dangling edges,
ordered counterclockwise corresponding to the order of the input variables, are in the outer
face in a planar embedding. A planar F-gate can be used in a planar signature grid as if it is
just a single vertex with the particular signature.

Using the idea of F-gates, we can reduce one planar Holant problem to another. Suppose g

is the signature of some F-gate. Then Holant(F U{g}) <t Holant(¥). The reduction is simple.
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Given an instance of Holant(F U{g}), by replacing every appearance of g by the F-gate, we get
an instance of Holant(J). Since the signature of the F-gate is g, the Holant values for these two
signature grids are identical. This reduction clearly applies to the planar setting as well.

Although our main result is about symmetric signatures, some of our proofs utilize asym-
metric signatures. When a gadget has an asymmetric signature, we place a diamond on the edge
corresponding to the first input. The remaining inputs are ordered counterclockwise around
the vertex.

We note that even for a very simple signature set &, the signatures for all F-gates can be

quite complicated and expressive.

1.5 Tractable Signature Sets

We summarize several known sets of tractable Boolean functions with complex weights. The
first one is very simple. If all signatures are degenerate or binary, then the problem is tractable.

For a binary signature, define its matrix as

M = [”00) (0”} . (1.2)

Connecting f to g via one edge gives another signature h with the matrix My, = MM,.

Lemma 1.5. Let F be a set of complex weighted symmetric signatures in Boolean variables. Then
Holant(F) is computable in polynomial time if all non-degenerate signatures in F are of arity at

most 2.

Proof. We first replace degenerate signatures by a bunch of equivalent unary signatures. Then
any instance of Holant(F) can be decomposed into paths and cycles. The Holant is a product
of all paths and cycles.

For a path, we remove the two endpoints, leaving a binary signature f composed by a series of
binary signatures. Compute the signature matrix M of f by multiplying all binary signatures
along the path. Then the Holant is vMu', where v and u are the two unary signatures at

endpoints.
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For a cycle, we arbitrarily break an edge getting a path with two dangling edges. Similar to
the above case, we multiply matrices of all binary signatures along this path, getting M. The

trace of M is the Holant. O

We further note that for a binary signature f and T € C2%2, let g = fT®2. Then
Mg = TMT. (1.3)

This can be seen by viewing T as a binary, and then treating g as connecting T, f, and T'

sequentially.

Affine Signatures

Definition 1.6 (Definition 3.1 in [CLX14]). A k-ary function f(x1,...,xy) is affine if it has the form
A XAx=0 ° "LZ]‘n:I <Vj'x>’

where A € C, x = (x1,%X2,...,Xk, 1), A is a matrix over F», vj is a vector over [, and x is a 0-1
indicator function such that xax—o is 1 if and only if Ax = 0. Note that the dot product (vj,x)
is calculated over Fo, while the summation Z]T‘:1 on the exponent of i = v/—1 is evaluated as a

sum mod 4 of 0-1 terms. We use A to denote the set of all affine functions.

The matrix A defines an affine space which is the support of the signature f (and hence
the name). Notice that there is no restriction on the number of rows in the matrix A. It is
permissible that A is the zero matrix so that xax—o = 1 holds for all x. An equivalent way
to express the exponent of i is as a quadratic polynomial where all cross terms have an even
coefficient (cf. [CCLL10]).

Itis known that the set of non-degenerate symmetric signatures in A is precisely the nonzero

signatures (A = 0) in F; U F» U F3 with arity at least 2, where ¥, F», and F3 are three families
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of signatures defined as

Fy = {A([1,01%% +i"[0,11°%) |[A € G,k =1,2,...,7r=0,1,2,3},
Fo = {M ([, U®* +47[1,-1]®%) [N e G,k =1,2,...,v=0,1,2,3}, (1.4)

F3 = {A (L, % +i"1,-1%%) [Ae Ck=1,2,...,71=0,1,2,3}.

We explicitly list these signatures up to an arbitrary constant multiple from C:

1. [1,0,...,0,%1]; (F1,7=0,2)
2. [1,0,...,0,£il; (F1,v=1,3)
3.1,0,1,0,...,0 or 1]; (Fo,1=0)
4. 1,—1,1,—1,...,(—i) or 1]; (Fo,m=1)
5. [0,1,0,1,...,0 or 1]; (Fp, 1 =2)
6. (1,1, 1,i,...,1ior 1]; (Fo, 7 =3)

7. 1,0,—-1,0,1,0,—1,0,...,0 or 1 or (—=1)]; (F3,7=0)
8. [1,1,-1,-1,1,1,-1,—-1,...,1or (—1); (F3,r=1)
9. [0,1,0,-1,0,1,0,—1,...,00r 1 or (—-1)]; (F3,1=2)
10. [1,-1,-1,1,1,-1,-1,1,...,1 or (—=1)]. (F3,r=3)

Table 1.1: List of all non-degenerate affine signatures.

The tractability of A is first shown in [CLX14]. In fact, #CSP(A) is tractable and hence so is
Holant(A) by (1.1). It was later generalized to arbitrary domain size using Gauss sums [CCLL10].

Together with Lemma 1.4, we have the following.

Lemma 1.7. Let F be any set of symmetric, complex-valued signatures in Boolean variables. If

F is A-transformable, then Holant(JF) is computable in polynomial time.

Product-Type Signatures

Definition 1.8 (Definition 3.3 in [CLX14]). A function is of product type if it can be expressed as a
product of unary functions, binary equality functions ([1, 0, 1]), and binary disequality functions

([0,1,0]). We use P to denote the set of product-type functions.
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An alternate definition for P, implicit in [CLX11b], is the tensor closure of signatures with
support on two complementary bit vectors. It is easily shown (cf. Lemma A.1 in the full version
of [HL12]) that if f is a symmetric signature in P, then f is degenerate, binary DISEQUALITY =+,
or [a,0,...,0,b] for some a,b € C.

The tractability of P is due to a straightforward propagation algorithm (see, for example
[CLX14]). In fact, #CSP(P) is tractable and hence so is Holant(?) by (1.1). Together with Lemma

1.4, we have the following.

Lemma 1.9. Let F be any set of symmetric, complex-valued signatures in Boolean variables. If

F is P-transformable, then Holant(F) is computable in polynomial time.

Matchgate Signatures

Matchgates were introduced by Valiant [Val02b, ValO2a] to give polynomial-time algorithms
for a collection of counting problems over planar graphs. As the name suggests, problems
expressible by matchgates can be reduced to computing a weighted sum of perfect matchings.
The latter problem is tractable over planar graphs by Kasteleyn’s algorithm [Kas67], a.k.a. the
FKT algorithm [TF61, Kas61]. These counting problems are naturally expressed in the Holant
framework using matchgate signatures, denoted by M. Thus Pl-Holant(M) is tractable.
Formally, recall that £O is the set of EXACTONE functions for all integers k. Let WEO be
the set of weighted EXACTONE, functions for all k. Then M contains signatures that can be
realized as an WEO-gate. Holographic transformations extend the reach of the FKT algorithm

even further by Lemma 1.4, as stated below.

Lemma 1.10. Let F be any set of symmetric, complex-valued signatures in Boolean variables. If

F is M-transformable, then Pl-Holant(F) is computable in polynomial time.

Matchgate signatures are characterized by the matchgate identities (for an up-to-date treat-
ment, see [CG14] for the identities and a self-contained proof). Any matchgate signature f must
satisfy the parity condition, which asserts that the support of f has to contain entries of only
even or odd Hamming weights, but not both. For symmetric matchgates, they have 0 for every
other entry and form a geometric progression with the remaining entries. We explicitly list all

the symmetric signatures in M (see [CG14]).
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Proposition 1.11. Let f be a symmetric signature in M. Then there exists a,b € C andn € N

such that f takes one of the following forms:

1. [@™,0,a™!b,0,...,0,ab™ 1, 0,b™] (of arity2n > 2);
2. [a™,0,a™ 1b,0,...,0,ab™1,0,b™,0] (of arity2n+1 > 1);
3. [0,a™,0,a™'b,0,...,0,ab™"1,0,b™] (of arity2n+1 > 1);
4. [0,a™,0,a™ 1b,0,...,0,ab™"1,0,b™,0] (of arity 2n + 2 > 2).

In the last three cases with n = 0, the signatures are [1,0], [0, 1], and [0, 1,0]. Any multiple of

these is also a matchgate signature.

Note that perfect matching signatures, [0,1,0,---,0], and their reversal are special cases
when b = 0 or a = 0 in the last two cases.
Another useful way to view the symmetric signature in M is via a low tensor rank decom-

position. To state these low rank decompositions, we use the following definition.

Definition 1.12. Let S,, be the symmetric group of degree n. Then for positive integers t andn

with t < n and unary signatures v,vi,...,vn_t, we define

n
Symt (vivi,..o,vned) = > R npis

ESH k=1
where the ordered sequence (uq,u,...,un) = (V,...,V,V1,...,Vn_t).
Hf_—/
t copies
Proposition 1.13. Let f be a symmetric signature in M of arity n. Then there exist a,b,A € C

such that f takes one of the following forms:
2[a™,0,a™ 2b2,0,...,0,b™M] n is even,

1. [a,b]®™ + [a, —b]®™ =
2[a™, 0,a™ 2b2,0,...,0,ab™ 1, 0] n is odd;

2[0,a™ 1b,0,a™3b3,0,...,0,ab™1,0] n iseven,
2. [a,b]®" — [a, —b]®M =
2[0,a™ 1b,0,a™3b3,0,...,0,b"] n is odd:

3. ASym™~1([1,0];[0,1]) = [0,A,0,...,0];

4. ASym"*~1([0,1];[1,0]) = [0,...,0,A,0].
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The understanding of matchgates was further developed in [CL11a], which characterized,
for every symmetric signature, the set of holographic transformations under which the trans-

formed signature becomes a matchgate signature.

1.6 Some Known Dichotomies

We first state a dichotomy theorem for a single signature of arity 3. It will be the induction
base case in various settings. It is a combination of [CHL12, Theorem 3] (standard setting) and

[CLX10, Theorem V.1] (planar setting).

Theorem 1.14. Iff = [fy, f1, fo, f3] is a non-degenerate, complex-valued signature, then Pl-Holant
(f) is #P-hard unless f satisfies one of the following conditions, in which case the problem is

computable in polynomial time:
1. f is A- or P-transformable;
2. For o € {2i,—2i}, fo = ofy + fo and f3 = ofs + f;;
3. f is M-transformable.

If f satisfies condition 1 or 2, then Holant(f) is computable in polynomial time without planarity;

otherwise Holant(f) is #P-hard.

Nextis a dichotomy theorem about counting complex weighted graph homomorphisms over

degree prescribed graphs.

Theorem 1.15 (Theorem 3 in [CK12]). Let S C Z* containing some r > 3, let G = {=y| k € S},
and let d = gcd(S). Further suppose that fy,f1,f> € C. Then Pl-Holant ([fy, 1, 2] | §) is #P-hard

unless one of the following conditions holds:

1. fofy =17,
2 fO - f2 =Y
3. f1 =0;

4. fof; = —f] and f§ = —f$ + 0;
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5. f8 =13 0.

In all exceptional cases, the problem is computable in polynomial time.

In particular, in Case 5, Holant ([fo, 1, 2] | G) is #P-hard unless another condition is satisfied.

Theorem 1.15 is the original statement as in [CK12]. It is explicit and easy to apply. Con-

ceptually, it can be restated as Theorem 1.15’.

Theorem 1.15’ (Theorem 3 in [CK12]). Let S C Z" contain k > 3, let § = {=¢| k € S}, and
let d = gcd(S). Further suppose that f is a non-degenerate, symmetric, complex-valued binary
signature in Boolean variables. Then Pl-Holant (f | §) is #P-hard unless f satisfies one of the

following conditions, in which case the problem is computable in polynomial time:
1. there exists T € T4q such that T®2f € A;
2. fe?;
3. there exists T € Toq such that T®%f € M.
In particular, in Case 3, Holant ([fo, f1, 2] | G) is #P-hard unless another condition is satisfied.

The following dichotomy theorems are not directly used. We list them for comparison. First

is the Boolean #CSP dichotomy. Note that it is not restricted to symmetric functions.

Theorem 1.16 (Theorem 3.1 in [CLX14]). LetJF be a set of complex functions in Boolean variables.
Then #CSP(F) is #P-hard unless F C P or ¥ C A, in which case the problem is computable in

polynomial time.

The other three are about Holant problems, and we paraphrase them in the more up-to-date

language of C-transformable signatures. We have the real-valued Holant dichotomy.

Theorem 1.17 (Theorem II1.2 in [HL12]). Let F be any set of symmetric, real-valued signatures in
Boolean variables. Then Holant(F) is #P-hard unless F satisfies one of the following conditions,

in which case the problem is computable in polynomial time:
1. Any non-degenerate signature in F is of arity at most 2;

2. Fis A- or P-transformable.
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The other two dichotomy theorems concern about Holant problems with some auxiliary
functions available. Let U denotes the set of all unary functions, and in particular, let A
and A; denote constant unary functions [1,0] and [0, 1]. Denote by Holant™(F) the problem
Holant(F U U), that is, unary functions are freely available. Similarly denote by Holant®(F) the
problem Holant(F U {Ag, A1}), that is, constant unary functions are freely available. Complex-

valued Holant™ and Holant® are classified in [CLX11a] and [CHL12], respectively.

Theorem 1.18 (Theorem 4.1 in [CLX11a]). Let F be any set of symmetric, complex-valued sig-
natures in Boolean variables. Then Holant™ (F) is #P-hard unless F satisfies one of the following

conditions, in which case the problem is computable in polynomial time:
1. Any non-degenerate signature in F is of arity at most 2;
2. F is P-transformable;

3. There exists « € {2i,—21i}, such that for any signature f € F of arityn, for0 < k < n— 2,

we have fy > = afi 1 + x.

Theorem 1.19 (Theorem 6 in [CHL12]). Let F be any set of symmetric, complex-valued signa-
tures in Boolean variables. Then Holant® (F) is #P-hard unless J satisfies one of the following

conditions, in which case the problem is computable in polynomial time:
1. Any non-degenerate signature in F is of arity at most 2;
2. F is P-transformable;
3. FU{(1,0],[0, 1]} is A-transformable;

4. There exists « € {21, —21}, such that for any non-degenerate signature f € F of arity n, for

0<k<<n—2,wehave fi,» = af 1 + fi.
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Chapter 2

Parity Holant Problems

In this chapter, we show a dichotomy theorem for parity Holant problems. The parity Holant
problem concerns about Boolean functions taking values in Z,. To avoid confusion, we call
them Z,-functions or Z,-signatures. In other words, our goal is to compute the parity of integer
valued Holant problems. We write © Holant(Q; F) to denote the Holant value in this particular

case, where ¥ is a set of Z»-signatures.

Name @ Holant(JF)
Instance A signature grid Q = (G, ).

Output ¢ Holant(Q;F).

Similar to Holant® problems, @ Holant® denote problems with Ay = [1,0] and A; = [0, 1] avail-
able. Our proof strategy is to first prove a dichotomy for @ Holant® and then extend it to the
general case. We call a signature f a sub-signature of g if fof; - - - f, is a substring of gog1 - - - gm-
In the Holant® setting any sub-signature is realizable.

Note that the only non-trivial transformation in Z; is [} 1]. However, we shall not restrict
transformations in Z,. As we will see in a moment, transformations in R are useful to derive

tractability results.
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2.1 Tractable Z,-Functions

We start with three tractable families for @ Holant® problems, related to the three families de-
scribed in Section 1.5. We need to consider each class in the specialized parity setting. The
first family, affine signatures, is adopted directly. The second family is derived from Fibonacci
signatures [CLX13]. As we now understand, it is actually a subclass of P-transformable signa-
tures. For general counting problems, Fibonacci signatures are tractable, and so are they for
parity counting. This family remains tractable even with the addition of the inversion signa-
ture [0, 1,0] in the parity setting. This addition for general counting problems would entail
#P-hardness. The third family is matchgate signatures. As noted in Section 1.5, matchgate sig-
natures are tractable in planar graphs but not in general graphs. However, if we are restricted
to the parity problem, then matchgate Z,-signatures are tractable even in general graphs since
we can decide the parity of the number of perfect matchings efficiently.

Clearly for any set 7, if @ Holant®(J) is tractable then so is @ Holant(J).

Affine Signatures

Unlike in Section 1.5, we only need to consider unweighted affine signatures. In this special
case, affine signatures correspond to simultaneous linear equations over Z, and are defined as

follows.

Definition 2.1. A Z,-signature is affine if its support is an affine space. Denote by Ag, the set of

all affine 7Z,-signatures.

By definition, an affine Z,-signature can be viewed as a constraint defined by a set of linear
equations. Viewing edges as variables in Z», every assignment which contributes 1 in ¢ Holant
is a solution which satisfies all linear equations, and vice versa. Hence @ Holant is exactly the
number of solutions of the linear system, which can be computed in polynomial time. Note

that by definition all degenerate Z,-signatures are in Ag;.

Lemma 2.2. The problem & Holant®(Ag,) is polynomial time computable.
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We explicitly list all non-degenerate symmetric affine 7Z,-signatures, derived from Table
1.1. Notice that in the parity setting 1, —1, and i all behave the same. Every non-degenerate

symmetric affine Z,-signature has one of the following forms:
- Equality Signatures: [1,0,0,...,0,1];
- Parity Signatures: [1,0,1,0,...,0/1] or [0,1,0,1,...,0/1],

where the last entry depends on the arity.

Fibonacci Signatures and [0, 1, O]

The family of Fibonacci signatures was introduced in [CLX13] to characterize a new family
of holographic algorithms. It is now understood as a subclass of P-transformable signatures

[CGW14]. In Z,, we have the following definition.

Definition 2.3. A symmetric Z,-signature [fy,f1,...,Tn] is called Fibonacci if for 0 <k < n— 2,

fr + fiep1 = fiero-

The Holant of a grid composed of Fibonacci signatures can be computed in polynomial time
[CLX13]. Its parity version is therefore also tractable. Here we will show that the tractability
still holds even if we extend the set with the binary DISEQUALITY signature [0, 1, 0], which is
not Fibonacci. The tractability is based on the properties of Fibonacci Z,-signatures and an
observation on [0, 1,0] as a Z;-signature. Denote by Pg the set of all Fibonacci Z;-signatures
plus [0, 1, 0] and all degenerate Z,-signatures. Note that as [0, 1], [1, 0], and [1, 1] are all Fibonacci,

adding degenerate signatures in Pg does not affect its tractability.
Lemma 2.4. The problem & Holant®(Pg,) is polynomial time computable.

In the proof, we will go beyond Z, and use transformations in R. This is the only place in
this chapter where signature entries are viewed as real numbers rather than in Z».

Since our goal is the parity, [0, 1, 0] can be replaced by the asymmetric signature (0,1, —1,0)
in R. (Note that here the expression (0,1,—1,0) is a vector listing function values, rather than

the abbreviated form of symmetric signatures.) This (0,1,—1,0) is a so-called 2-realizable
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signature, which has a special invariant property under holographic transformations [Val06,

CL11a, CL11b]. This property plays an important role in the proof.

Proof. As stated above, we replace [0, 1,0] by the asymmetric signature (0,1,—1,0). We also
replace Fibonacci Z,-signatures by real-valued Fibonacci signatures. For example, [1,1,0, 1] is
replaced by [1, 1, 2, 3]. After the replacement, the parity of the Holant value does not change.
Denote the set of real-valued Fibonacci signatures by F. Since Ag, A1 € F, Holant®(FU(0,1,—1,0))
is equivalent to Holant(FuU(0, 1, —1,0)). Next we show that Holant(FU(0, 1,—1, 0)) is computable
in polynomial time.

For a Fibonacci signature f = [fq, fq,...,fn] over R, we have that fy,» = f, 1 + fx for all
k =0,1,...,n— 2. This is a second-order homogeneous linear recurrence relation. Thus we
have that f; = AAL + BAL for 1 <1< n, where A\; = (1—+/5)/2 and A, = (1++/5)/2 are the two
roots of its characteristic polynomial x> = x+1, and A, B are two real numbers depending on fg
and f;. In the tensor notation, we have that f = A | )\11 ]®“ +B| )\12 ] ®™ One crucial observation

is that A; and A, are universal for all Fibonacci signatures (while A and B can vary depending

on the initial values). Therefore we can do a holographic reduction as in Theorem 1.2 under

1 M
/22 /22
the following orthogonal matrix T = AIIH i;“ . We note that T is orthogonal because
A3+ 4 /A3+1
A1A2 = —1. This does not change the Holant value by Theorem 1.2. But all Fibonacci signatures

have nicer forms since

= [\/)\%+1A,0,...,O,\/7\%+IB].

Note that [, /7\% +1A,0,...,0, \/7\5 + IB] € P. This in fact shows that Fibonacci signatures are

P-transformable.

For the signature (0,1,—1,0), it is easy to verify that T®2(0,1,—1,0) = (0,—1,1,0). More-
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over, as an asymmetric signature, (0,—1,1,0) € P as well. Hence we have shown that

Holant(FuU (0,1,—1,0)) <y Holant(P).

Recall that Holant(?P) is tractable by Lemma 1.9. This finishes the proof. O

Next we list explicitly all non-degenerate Fibonacci Z,-signatures. By Definition 2.3, a Fi-
bonacci Z»-signature is completely determined by its first two bits and arity. The initial bits
can be 00,01, 10, or 11. However, the 00 case leads to the degenerate all-O signature. Every

non-degenerate Fibonacci Z,-signature has one of the following forms:
. 0,1,1,0,1,1,...,0/1],
. [1,0,1,1,0,1,...,0/1],
. [1,1,0,1,1,0,...,0/1].
The following lemma regarding the realizability is useful in the hardness proof later.

Lemma 2.5. Any non-degenerate Fibonacci 7»-signature can be realized by any 7, -signature in

the set{[0,1,1,0],(1,0,1,1],(1,1, 0, 1]} with the two unary constants [1,0] and [0, 1].

Before the proof, we want to point out that {[0,1,1,0],[1,0, 1, 1],[1,1,0, 1]} is the set of non-
degenerate ternary Fibonacci Z,-signature. In other words, they are the simplest non-trivial

ones.

Proof. Suppose we have f ¢ {[0,1,1,0],[1,0,1,1],[1,1,0,1]} and we want to realize some non-
degenerate Fibonacci Z,-signature g of arity n. Given another non-degenerate Fibonacci Z;-
signature f’, it is easy to verify that by connecting f’ to f via one edge is still symmetric, non-
degenerate, and Fibonacci. Hence we may construct non-degenerate Fibonacci Z,-signature
of arbitrarily long arity. Moreover, observe that g is a subsignature of any non-degenerate
Fibonacci Z,-signature of arity n + 2, despite its initial values. Then the construction is to get
such a signature of arity n + 2 using f first, and get the subsignature g using [1,0] and [0, 1]

next. O
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Matchgate Signatures

In this chapter our notion of matchgates is different from that in Section 1.5. The main differ-
ence is that we allow not necessarily perfect matchings. As we shall see later, this relaxation
maintains tractability even in not necessarily planar graphs. Denote by EO,, = [0,1,0,---,0]
the EXACTONE function of arity n, and AO,, = [1,1,0,---, 0] the ATMOSTONE function of arity

n. Let £O and AO the set of all these functions, respectively.

Definition 2.6. A Z,-signature f is called matchgate if f can be realized by functions from £O

and AQ. Denote by Mg, the set of all matchgate Z,-signatures.

Note that [0, 1], [1,0] and [1, 1] are all matchgates. Hence all degenerate Z, signatures are
in Mg. Also note that this notion of matchgates is in its most general sense: the gadget can
be either planar or non-planar and for each node we can insist or not on whether it has to be

saturated by a matching edge. We will prove the following.
Lemma 2.7. The problem & Holant®(Mg,) is polynomial time computable.

As [1,0],[0,1] € Mg, we define parity matching problem which is equivalent to & Holant®
(Mg). Reductions between these two problems are straightforward. The graph is the same. All
the vertices in V() have signatures from €0 and all the other vertices have signatures from AO.
Name PARITY MATCHING PROBLEM
Instance A graph G = (V,E) and Vy C V.

Output Parity of the number of (partial) matchings that saturate all the vertexes in V.

The total number of such matchings can be rewritten as a summation of perfect matchings

MatchingS(G) = Y  PM(G(U)),
uoVv,
where MatchingS(G) is the value we what to compute, PM(G) is the number of perfect matchings
in G, and G(U) is the induced subgraph of G on vertex set U.
Before proceeding to the algorithm for the PARITY MATCHING PROBLEM, we need an impor-

tant notion called the Pfaffian. The Pfaffian of an n x n skew-symmetric matrix A, denoted
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Pf(A), is defined to be zero if n is odd and one if n = 0. If n = 2k is even with k > 0, then:

k
1 . .
PE(A) = 51 D o | [A(0(2i—1),0(20)),
O'GSZk 1:l
where ¢ is a permutation on {1, 2,---, 2k}, Soi is the symmetric group on 2k elements, and
£ €{1,—1}1is the sign of o.
The following fact, due to Cayley [Cay49], (see also [BR91] Theorem 9.5.2) relates the Pfaffian

to the determinant.

Theorem 2.8. For any 2k x 2k skew-symmetric matrix A
det(A) = (Pf(A))>.

In the field Z,, we have x = —x and hence a skew-symmetric matrix is indeed symmetric.
Moreover the sign ¢ in Z, can be ignored. Let A be the adjacency matrix of a graph G = (V, E),
i.e. nonzero elements of A are A;; = Aj; = 1 if {i,j} € E. Then each monomial in the Pfaffian
corresponds to a distinct perfect matching in G. Therefore, in Z,, Pf(A) is exactly the parity of

the number of perfect matchings in G. We have that
PM(G) = Pf(A) = (Pf(A))? = det(A) (mod 2) (2.1)

if G has an even number of vertices. Since det(A) is polynomial time computable, so is the
parity of the number of perfect matchings.

Next we show that this tractability can be extended to partial matchings as well in Z,. We
do this through the Pfaffian Sum Theorem [ValO2b]. For any n x n matrix A we call a set
I ={i,1ip,...,1r} C [n] an index set. Further we denote by A(I) the r x r sub matrix of A on

rows and columns in I.

Definition 2.9. The Pfaffian Sum of an n x n matrix A is a polynomial over indeterminates
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A1, A2, ..., An such that

PIS(A) = > [ [T | PRA(D).

IC[n] \igl

We only need instances in which each A; is either O or 1. For a given unomittable vertex set
Vj, we define the characteristic vector A = (Aq,...An) as follows: for each i, A; = 0 if i € Vj and
Ai = 1 otherwise. Thus the Pfaffian Sum over A is the sum of Pf(A (1)) over index sets containing
Vo.

We define the n x n matrix A(™) as follows:

(1) Iy, ifd <,
AM(L5) =< (DA, ifi >,

0, ifi=j.

Also for an n x n matrix A we define A™ to be the (n+ 1) x (n + 1) matrix of which the first n
rows and columns equal A itself, and the (n + 1)-st row and column entries are all zero.
The following theorem, which relates the Pfaffian Sum to a single Pfaffian, was proved in

[ValO2bl].

Theorem 2.10. For an n x n skew-symmetric matrix A, and indeterminates A, - -+ ,An i1

Pf(A + A(M)) ifn is even
PfS(A) =

PRAT + AT with Apyq = 1, if n is odd.
Thus, a Pfaffian Sum can be computed in polynomial time. The relation (2.1) between perfect
matchings and Pfaffians can be therefore generalized to one between matchings and Pfaffian

Sums:

MatchingS(G) = Z PM(G(U)) = Z Pf(A(U)) = PfS(A)(A) (mod 2). (2.2)
udsVv, U>Vy

This relation gives a polynomial time algorithm for the Parity Matching Problem and completes

the proof of Lemma 2.7.
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Now we go on to list explicitly all the non-degenerate symmetric matchgate signatures.
Useful matchgate identities in [CCL0O9] is an essential tool to characterize the realizability of
matchgates. For completeness we quote the identities as follows.

A pattern « is an m-bit string, i.e., x € {0,1}™. A position vector P = {pi},i € [l, is a
subsequence of {1,2,...,m}, i.e,, p; € [m] and p; < p2 < --- < py. It can also be viewed as a
m-bit string, whose (p1,p2,.-.,p1)-th bits are 1 and the others are 0. Let e; € {0,1}™ be the
pattern with 1 in the i-th bit and 0 elsewhere. Let &+ 3 denote the bitwise XOR of the patterns

o and f3.

Proposition 2.11 (Matchgate Identities for Signatures). For a signature f vealizable by signatures
from EQ, for any pattern « € {0,1}™, any 1 (0 < 1 < m), and any position vector P = {pi},i € [l],

the following identity holds:

1
D (—1)(o+ ep ) f(ax+p + ep,) =0. (2.3)
i=1

Lemma 2.12. Every non-degenerate symmetric Z,-signature in Mg, has one of the following

forms:
- ExacTONE [0,1,0,0,...,0] or its reversal [0,0,...,0,1,0],
- ATMOSTONE [1,1,0,0,...,0] or its reversal 0,0, ...,0,1, 1],
- Parity: [1,0,1,0,...,0/1] or [0,1,0,1,...,0/1].

Proof. We first prove that every non-degenerate symmetric signature f of arity n realizable
from £0 and AO has one of the forms as claimed in the lemma. Suppose in general f is realized
by some gadget G = (V, E,D) where D is the set of dangling edges, and V C V is the set of
omittable vertices. We construct G’ where every vertex in G’ has £0 signature using Theorem
2.10 as follows. We add all edges (i,j) where i,j € V. Moreover, we add an additional vertex u
with a dangling edge, and we connect u to all vertices in V. Then G’ defines a signature g of
arity n + 1 since we add one more dangling edge.

Suppose the input is « on D. Then it is equivalent to remove all vertices that are adjacent

to a dangling edge chosen by «. If there are odd many of remaining omittable vertices, then we
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keep u as remained, and otherwise remove u. That is to say, the input on u is ®a = & | «;,
the parity of «. By Theorem 2.10, g(«, ®x) = f(«). Since every signature in G’ is from €0, g
satisfies (2.3) by Proposition 2.11.

In the following, we assume that G has an odd number of vertices. The case of even vertices
is similar.

If n = 2, all non-degenerate symmetric signatures are of the forms claimed in the lemma.

We now consider n > 3 and apply the matchgate identities (2.3) to g. Consider the pattern
1000 where « has Hamming weight 2i, and 0 < 2i < n — 3. Let the position vector be

111000 ---01. Then (2.3) gives us that

0 =g(000x0)g(111x1) — g(110xx0)g(001x1) + g(101x0)g(010x1) — g(100x1)g(011x0).

Translating back to f, we get that

foifoiy3 — foigofoip1 = 0.

If n = 3, then this is fof3 = f1fy» and is the only identity.
If n > 4, we use the matchgate identities (2.3) again. Consider the pattern 1000« ® « where
o has Hamming weight i, and 0 < i < n —4. Let the position vector be 111100 - -- 0. Then (2.3)

gives us that

0 =¢g(0000x, ®ex)g(1111 e, dx) — g(1100c, Dx)g(001 1, Pex)

+ g(1010¢, ®x)g(0101x, Bex) — g(1001 e, Bex)g(0110¢, Dx).

Translating back to f, we get that

fifizqa —fizofiy2 =0.

Consider the pattern 10™ and the position vector 1™ & (m), where &(m) is the parity of m.
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Then we have

0=g(0™)g(1™ @ (m)) —g(110™ 1)g(001™ 2 @ (m))

+g(1010™2)g(0101™ 3 & (m)) — g(10010™3)g(01101™ 4 & (m)) £ - - -
All terms cancel except the first two. Translating to f, we get that
fofm — fafmm_2 =0.
Similarly, consider the pattern 10™ and the position vector 1™ 10@ (m —1). Then we have

0=g(0™N)g(1™ 0@ (m—1))—g(110™ Hg(001™ 30 @ (m —1))

+g(1010™2)g(0101™ 40 & (m — 1)) — g(10010™3)g(01101™ 20 (m —1)) + - - -
Again, all terms cancel except the first two. Translating to f, we get that
fofm—1— fafm—3 =0.

Similarly, we can also get that f{f,,, = f3f,,_» and f{f,,_1 = f3f_3.
The relation fif;, 4 = fiz o implies that the subsequence of entries from even (or odd) indices

form a geometric sequence. In Z,, there are only four types of geometric sequences, which are

1. 0,0,...,0],
2. [1,0,0,...,0]
3. [0,0,...,0,1],
4. [1,1,...,1]

There are 4 x 4 = 16 possible combinations for even subsequence and odd subsequence. We
use type (1,j) to denote the sequence whose odd subsequence is of type i and even subsequence

is of type j. Types (1,1) and (4,4) are degenerate. Types (1,2), (1,3), (1,4), (2,1), (2,2), (3,1),



36

(3,3), and (4, 1) are listed in the lemma. We only need to rule out the remaining six types (2, 3),

(2,4), (3,2),(3,4), (4,2), and (4, 3).

- For (2,4), the first four entries are [1, 1,0, 1], which does not satisfy fofs = f{fp. This

matchgate identity also rules out (4, 2), whose first four entries are [1,1, 1, 0].
- For (3,4) and (4, 3), their last four entries do not satisfy f,;,_3fm = frn—1fm—2-

- For (2,3), it has form [1,0,...,0,1] or [1,0,...,0,1,0]. It violates either fof,,, = fof,,,_» or

fofm—1 = fafim—3.
- For (3, 2), we can similarly argue that it violates either f{f,,, = f3f,,_2 or fif,n_1 = f3fm—_3.

This completes the first part of the proof, namely that all matchgate Z,-signatures are of

desired forms. The realizability of these signatures follow from Lemma 2.15 below. O

Next we prove some realizability properties regarding symmetric matchgate signatures,
which will be useful later in the #P-hardness proofs. We prove progressively stronger realiz-

ability.

Lemma 2.13. Every PARITY Z,-signature can be realized by the signatures [0, 1], [1,0], and

[0,1,0,1] (or [1,0,1,0]).

Proof. Suppose we have f = [0,1,0, 1]. The case of [1,0,1,0] is similar. We prove inductively
that we can realize [0,1,0,1,---,0/1] of arity 2k + 1. The base case is k = 1 and is f. Suppose
we have g =[0,1,0,1,---,0/1] of arity 2k + 1 > 3. We may connect g to f via one single edge
twice. The resulting signature has the form [0,1,0,1,---,0/1] and arity 2k + 3. Hence we can
construct signatures of the form of arbitrary length. Suppose we want to realize some PARITY
Z,-signature h of arity n. Then h is a subsignature of the realizable [0,1,0,1,---,0/1] of arity

n+1 or n+2, depending on the parity of n. Using [0, 1] and [1, 0] to get h finishes the proof. O

Lemma 2.14. Every PARITY and EXACTONE (and its reversal) Z,-signature can be realized by

the signatures [0, 1], [1, 0], and [0, 1,0, 0] (or [0, 0, 1, 0]).
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Figure 2.1: The triangular gad- Figure 2.2: The gadget for [0,1,0,0,0] and
get. 1,1,0,0,0].

Proof. By symmetry, we only need to prove the lemma for [0, 1, 0,0]. First observe that if we
place [0, 1,0, 0] at every vertex in the triangular gadget shown in Figure 2.1, the resulting sig-
nature is [0, 1,0, 1]. Then by Lemma 2.13, every PARITY signature can be constructed.
Connecting [1, 0] to [0, 1, 0, 0], we get [0, 1, 0]. Then we use the gadget in Figure 2.2, where we
put [0, 1,0, 0] on circle vertices and [0, 1, 0] on the square. It is easy to verify that the resulting
Z»-signature is [0, 1,0, 0, 0], which is symmetric. Note that in general such a construction does
not entail a symmetric signature. In the same way we can connect [0, 1,0,...,0] of arity k to
[0,1,0,0] via [0, 1, 0], and the resulting Z,-signature is [0,1,0,...,0] of arity k + 1. Therefore
we can construct all Z,-signatures in £O. Their reversal can be obtained by putting [0, 1, 0] on

every edge. This completes the proof. O

Lemma 2.15. Every PARITY, EXACTONE (and its reversal), and ATMOSTONE (and its reversal),

can be realized by the signatures [0, 1], [1,0], and [1,1,0,0] (or [0,0,1,1]).

Proof. By symmetry, we only need to prove the lemma for [1, 1, 0, 0]. Note that we get [1, 1] from
(1,1,0,0] by connecting it with [1, 0] twice. By connecting [1, 1] with [1, 1,0, 0], we get [0, 1, O].
Then we place [1, 1, 0, 0] at circles and [0, 1, 0] at the square on the gadget in Figure 2.2. Similar
to the proof of Lemma 2.14, we get a symmetric Z,-signature [0, 1,0,0,0]. Thus, by Lemma
2.14, all PARITY, €0, and their reversal are realizable.

Moreover, connect [0, 1,0, ..., 0] of arity k with [1, 1,0, 0] via [0, 1, 0], resulting in [1, 1, 0, ..., O]
of arity k+1. In this way, we can construct every ATMOSTONE Z,-signature. Again, their reversal

can be obtained by putting [0, 1, 0] on every edge. O

The realizability part of Lemma 2.12 follows from Lemma 2.15 since [0, 1], [1, 0], and [1, 1, 0, O]

are all allowed to build Z,-signatures in M.
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2.2 Hardness Results

In this section, we prove several hardness results regarding & Holant® problems. These results
are preparations for proving dichotomy theorems. Most of them are for low arity signature

sets. As we will see later, general cases will boil down to lower arity cases.

A Hardness Starting Point

To begin with, we first consider the problem of ©Pl-Rtw-Mon-3CNF. PI-Rtw-Mon-3CNF is a special
case of the satisfying problem for 3CNF formulas, with the requirement of “PL”, “Rtw”, and
“Mon”. “PL” means that inputs are restricted to planar (constraint) graphs. “Rtw” (read twice)
means that every variable only appears twice in clauses. “Mon” (monotone) means that for
every variable only itself or its negation appears, but not both. Therefore we may assume all
variables appear in positive forms. ®&Pl-Rtw-Mon-3CNF is to compute the parity of all satisfying
assignments of such instances.

To rewrite ®Pl-Rtw-Mon-3CNF in the Holant setting, we use vertices to represent all clauses
and variables. Draw an edge between a clause vertex ¢ and a variable vertex x if x appears c. Due
to the requirements “Rtw” and “3CNEF”, the resulting graph is a 2-3 bipartite graph. Moreover,
a variable that only appears positively is the same as the signature =, which means it can be
viewed as an edge. The signature on each clause vertex is [0, 1, 1, 1] since it is an “OR”. Hence,
in the Holant language, this problem becomes Planar ¢ Holant([0, 1,1, 1]).

Valiant [Val06, Theorem 2.3] showed that ®Pl-Rtw-Mon-3CNF is ¢&P-complete. Translating
to the Holant framework, we have the following. Note that the problem @ Holant([0, 1,1, 1]) is

equivalent to @ Holant([1, 1, 1, 0]) by complementing all assignments.

Proposition 2.16. Planar ¢ Holant([0, 1,1, 1]) and Planar ® Holant([1, 1, 1,0]) are ®P-complete.

Remark All hardness results in this chapter for @ Holant® hold even if we restrict the input
to planar graphs. This is because Proposition 2.16 holds for planar graphs, and all reductions
are also planar. On the other hand, to prove the & Holant dichotomy we will employ some

non-planar reductions.
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To apply holographic transformations, we need to rewrite @ Holant([0, 1,1, 1]) in the bipar-
tite setting, which is & Holant((1, 0,1]/[0, 1,1, 1]). Under the transformation T = [} 1], we have

that
@ Holant([1, 0, 1]/[0, 1,1, 1]) = @ Holant([1, 1, 0]|(1, 0, 0, 1]).

Since this is the first time to see holographic transformation in action, we will calculate it in
detail. Later we shall not repeat this calculation for brevity. Let f = [1,0,1], g = [0,1,1,1]. By

Theorem 1.1, we have that @ Holant(f | g) = @ Holant(fT®? | (Tfl)®3 g). Now we compute

1 1 11

01 01
2[1 11 2}-
0 011

00 01

fT®2:[1 00 1}-

As a Zp-signature, fT®2 = [1,1,0]. On the other hand, note that T-! = T (mod 2). Hence we

have
_1 1 1 1111 1_ _O_ _7_
01 010101 1 4
00110011 1 4
(T*I)@B o 0 0O010O0O01 . 1 _ 2
0 0O0OO0OT1T1T11 1 4
0000O0OT1O0T1 1 2
000 0O0O0OT1T1 1 2
000 0O0O0OO 0?1 1 1

As a Z,-signature, (T*1)®3 g=17,4,2,1] =[1,0,0, 1]. Thus, the problem after transformation is
@ Holant([1, 1, 0]|[1, 0,0, 1]). Hence we have the following corollary. Again the second problem

is equivalent to the first by flipping all assignments.

Corollary 2.17. ©® Holant([1, 1, 0]|[1, 0,0, 1]) and © Holant([0, 1, 1]|[1, 0, 0, 1]) are ®P-complete.
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In fact, the result above is also shown in [Val06]. The problem ¢ Holant([1, 1, 0]|[1,0, 0, 1])
is called @©Pl-3/2-Bip-VC, and is further equivalent to ¢ Holant([1,1,0]|(1, 1, 1,0]) under holo-
graphic transformations.

More Hardness Results

Next we establish some further hardness results for @ Holant® problems. First comes a quick

generalization of Corollary 2.17. Recall that =, is the EQUALITY signature of arity n.
Corollary 2.18. Ifn > 3, then @ Holant®([0, 1, 1], =,,) is ®P-complete.

Proof. If n = 3, ®Holant([0, 1,1],[1,0,0, 1]) is ®P-complete by Corollary 2.17. Otherwise we
show how to construct =3 from =,,. Connecting [0, 1] with [0, 1, 1] gives the unary [1, 1]. Con-

necting =,, with (n — 3) many [1, 1]'s gives =3. O

Then we deal with the case when the signature set intersects both Pg and Mg. We first

show a base case and then reduce the general case to it.
Lemma 2.19. @ Holant“([0,1,0,1,0],1[0,1,1,0]) is ®P-complete.

Proof. First we claim that ¢ Holant([0, 1,0, 0, 0], [0, 1, 1, 0]) is ®P-complete. Construct the gadget
in Figure 2.3. We put [0, 1, 0, 0, 0] on circles and [0, 1, 1, O] on the square. The resulting signature
is [1,1,1,0]. Thus, ® Holant([1,1,1,0]) <t @ Holant([0,1,0,0,0],[0,1,1,0]). By Proposition
2.16, ® Holant([1, 1, 1, 0]) is ®P-complete. The claim is proved.

Under a holographic transformation of T = [} ], we have that

2 1\ ®4
& Holant ([0, 1,0,0,0],[0,1,1,0]) = & Holant | [1,0, 1]T® \(T_) 0,1,0,0,0],

(T_1)®3 0,1, 1,0])

= ¢ Holant ([0,1,1] | [0,1,0,1,0],[0,1,1,0]).
Note that we get [0, 1, 1] by connecting [0, 1, 1, 0] to [1,0]. Hence

@ Holant ([0,1,1]][0,1,0,1,01,[0,1,1,0]) <t @ Holant® ([0,1,0,1,0],[0,1,1,0]).
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Combine everything and the lemma is proved. O

Figure 2.3: The gadget to construct Figure 2.4: An asymmetric gadget
(1,1,1,0]. for domain pairing.

Corollary 2.20. Let f and g be two non-degenerate Z,-signatures of arity n and m, respectively,

such thatn,m > 3, f € Pg, and g € Mg. Then & Holant® (f, g) is &P-complete.

Proof. First, we connect n—3 many [1,0]’s to f to get an arity 3 signature f’. Since f € Pg and is
non-degenerate, f’ is in the set {[0,1,1,0],[1,0,1,1],[1, 1,0, 1]}. By Lemma 2.5, we can construct
all signatures in P4, including [0, 1, 1, 0], from f’, [1, 0], and [0, 1].

By Lemma 2.12, we may assume that g is in €0, AO, or PARITY. Connect g with m — 3 many
[1,0]’s. The resulting signature g’ is one of [0, 1,0, 0], [1,1,0,0], [0,1,0,1], or [1,0,1,0]. Apply
Lemma 2.13, Lemma 2.14, or Lemma 2.15, and we can always construct all PARITY signatures,
including [0, 1,0, 1, 0], from g’, [1, 0], and [0, 1].

Hence ¢ Holant® ([0, 1,0, 1,0],[0, 1, 1,0]) <t © Holant®(f, g). By Lemma 2.19, @ Holant(f, g)

is ®P-complete. O

Corollary 2.20 implies that any mixing of non-trivial Z,-signatures from Pg and Mg leads
to ®P-hardness. Similarly, we have the following no-mixing lemma of Mg and €Q.

In the following proof we will use a technique called domain pairing. It is first employed
in [CLX10, Lemma IIL.2] for real weighted PI-#CSP. It was also used in [HL12, Lemma IV.5] with
real weights as well as grouping more than just two domain elements.

Given a signature f of arity 2n, we view each pair of inputs of f as a new input. Effectively
this is a signature of arity n on a domain of size 2 x 2 = 4. However, we will use other signatures

to ensure that the values on each pair of inputs are always the same. Hence the domain size
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is projected down back to 2. Usually the gadget we use is not symmetric geometrically, like
the one in Figure 2.4, and its signature is also asymmetric. However, by this domain pairing
argument (edges are paired by the dotted circle in Figure 2.4), the resulting signature is indeed
symmetric. To ensure the same value constrict, we usually work in a bipartite graph, construct

an equality signature on the other side, pair its edges, and use it as an equality of half the arity.
Lemma 2.21. ® Holant([0, 0, 1, 0], =¢) is ©P-complete.

Proof. We connect one edge of two [0, 1,0, 0]'s as in Figure 2.4, getting an asymmetric signature
f. As discussed above for domain pairing, we will enforce that each pair of dotted edges of f
takes the same value. Under this guarantee, f is [1, 1, 0] of arity 2 in the paired domain. In other

words, the domain pairing is the following reduction

@ Holant([1,1,0] | =3) <71 @ Holant(f | =¢).

Given an instance Q = (G, t) of @ Holant([1, 1, 0] | =3), we replace each edge by a pair of parallel
edges, and put f on the left and =g on the right. This is an instance of & Holant(f | =¢). It is
easy to verify that this does not change the @ Holant. By Corollary 2.17, & Holant([1,1,0] | =3)

is ®P-complete and so is & Holant([0, 1,0, 0], =,). O
Lemma 2.21 can be generalized for higher arity equalities and ATMOSTONE signatures.

Lemma 2.22. Ifn > 3, then @ Holant([0, 0, 1, 0], =, ), ® Holant®([0, 1, 0, 0], =, ), ® Holant®([0, 0,

1,1],=n) and ®Holant®([1, 1,0, 0], =, ) are all ©P-complete.

Proof. By symmetry, we only need to prove the lemma for [0, 1,0,0] and [1, 1, 0, 0]. By Lemma 2.15,
we can realize [0,1,0,0] from [1,1,0,0], [0,1], and [1,0]. Hence it is sufficient to prove ®P-
hardness for @ Holant®([0, 1,0, 0], =,.).

We reduce the arity of =, by doing self-loops. Eventually it becomes =3 or =4, depending
on the parity of n. In either case we can realize =g by connecting four =3’s or two =4’s together.

Hence we are done by Lemma 2.21. O

Lemma 2.22 implies the following corollary for signatures that contain both EQUALITY and

EXACTONE or ATMOSTONE as subsignatures.
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Corollary 2.23. ¢ Holant“([1,0,...,0,1,0]) and ® Holant®([1,0,...,0,1, 1]) are ®P-complete, if

the number of zeroes is at least 2.

Finally, there’s still two more cases not covered by all above. They can be treated in more or

less the same manner, and are summarized in the next lemma. We will use Lemma 2.21 again.
Lemma 2.24. @ Holant“([0,0, 1,0, 0]) and ® Holant([0,0, 1,0, 1]) are ®P-complete.

Proof. Note that [0, 0, 1, 0] is a subsignature of both [0,0, 1,0, 0] and [0, 0, 1,0, 1]. We only need
to construct =g to apply Lemma 2.21.

If we place [0,0,1,0,0] at both the circle and the triangle in the gadget shown in Figure
2.5, the resulting signature is =4. We get =g by connecting one edge of two =4’s. Hence
@ Holant®([0, 0, 1,0, 0]) is ®P-complete.

The case of [0,0,1,0,1] is more complicated. First get [0,1,0] as it is a subsignature of
[0,0,1,0, 1]. Hence we have [1,0, 1, 0, 0] by connecting [0, 1, 0] to each edge of [0,0, 1, 0, 1]. Then
we place this [1, 0, 1, 0, 0] at the triangle and [0, 0, 1, 0, 1] at the circle in the gadget in Figure 2.5.
The combined gadget is depicted in Figure 2.6, where circles are [0,0, 1,0, 1] and squares are
[0, 1,0]. The resulting signature is again [1,0, 0,0, 1]. The remaining proof is the same as the

case of [0,0, 1,0, 0]. O

We remark that the gadget in Figure 2.5 does not necessarily realize a symmetric Z,-signature,

but it does with the specific signatures we put in the proof above.

D= XC

Figure 2.5: The gadget to construct Figure 2.6: The gadget to construct
(1,0,0,0,1] from [0, 0, 1, 0, 0]. (1,0,0,0,1] from [0,0, 1,0, 1].

2.3 Parity Holant® Dichotomy

Based on the algorithms in Section 2.1 and the hardness results in Section 2.2, we are now ready
to show the dichotomy theorem for ¢ Holant® problems, which is a stepping stone towards the

final dichotomy. We show a single signature dichotomy first, and then generalize it to sets.
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Lemma 2.25. Let f be a Z,-signature such that f ¢ Ag U Pg, U Mg. Then @ Holant®(f) is ®P-

complete.

The proof is a case-by-case analysis. Basically we want to discuss in terms of the maximum
number of consecutive ‘0’ bits and then that of ‘1’ bits in its symmetric form. We need to rule

out some simple cases before that.

Proof. First notice that Mg, contains all signatures with arity less than or equal to two, as well
as all degenerate signatures. Thus, f has arity n > 3 and is non-degenerate. Also note that the
reversal of f has the same complexity as f by flipping. Hence we will often ignore its reversal.

We also rule out some patterns that will appear later more than once. Assume f contains one
of [0,1,1,0], [1,0,1,1],0one [1, 1,0, 1] as a subsignature. Because f ¢ P, it must extend that sub-
signature in either or both directions. Thus f must contain [0, 1,1,0,0], [1,0,1,1,1], [1,1,0, 1, 0]
or their reversals as a subsignature. However, any of the three defines a ©P-complete problem,

and their reversals have the same complexity by flipping.

- For [0,1,1,0,0], ®Holant®(f) is ®P-complete by Corollary 2.20 since it contains both a

Fibonacci Z,-signature [0, 1, 1,0] and EXACTONE; [1, 1, 0, 0] as subsignatures.

- For[1,0,1,1,1], ® Holant®(f) is ©P-complete by Proposition 2.16 since it contains [0, 1, 1, 1]

as a subsignature.

- For [1,1,0,1,0], ®Holant(f) is ¢P-complete by Corollary 2.20 since it contains both a

Fibonacci Z,-signature [1, 1,0, 1] and PARITY [1,0, 1, 0] as subsignatures.

Hence we can assume that f does no contains any of [0,1,1,0], [1,0,1,1], or [1,1,0,1] as its
subsignature.

Now we consider the maximum number of consecutive ‘0’ bits of f in its symmetric form.
First we assume f contains at least 2 consecutive 0’s. Then consider a sequence of consecutive
0’s of the maximum length ky in f. If both ends of this sequence are 1, then f contains a
subsignature of the form [1,0,...,0,1,0], [1,0,...,0,1, 1] or their reversals, because otherwise

f is an EQUALITY signature =,,€ Ag. Then by Corollary 2.23, @ Holant®(f) is ©P-complete.
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Otherwise, only one end of these 0’s is 1. Hence we may assume the first kg bits of f are O
as we may flip f if necessary. Consider the number of subsequent ones after these zeroes. We

have the following 3 cases.

- If there are more than 2 ones, then we have [0, 1, 1, 1] as its subsignature and we are done

by Proposition 2.16.

- If there are 2, f cannot end here because the partial matching gate [0,...,0,1, 1] is in M.
Then we have [0,0,1,1,0] as a subsignature of f. Hence @ Holant®(f) is ®P-complete as

discussed earlier.

- If there is only 1, f cannot end there because [0,...,0,1] is degenerate. Also because
[0,...,0,1,0] is in M, f must have the form [0,...,0,1,0,0] or [0,...,0,1,0,1]. By Lemma

2.24 both cases are ©P-complete.

The case left is when f contains at most 1 consecutive 0’s. Consider the maximum number
ki of consecutive 1’s in f. If k; > 3, f must contain [0, 1,1, 1] or its reversal and we get ®P-
completeness by Proposition 2.16. If k; = 1, f must be a PARITY signature which belongs to
Mg. Contradiction. Thus k; = 2. In that case f must contain a Fibonacci Z»-signature [0, 1, 1, 0],

(1,0,1,1]or[1,1,0,1] asits subsignature, which is already shown to imply ®P-completeness. [

Given Lemma 2.25, the remaining case to deal with is that ¥ C Ag U Pg U Mg, but F is not

a subset of any of them. The next lemma shows that this case also implies ©P-complete.

Lemma 2.26. Let F be a set of signatures. If F C Ag UPg UMg, but F € Ag, F £ Pg, and

F ¢ Mg, then ® Holant®(F) is ®P-complete.

Proof. Since ¥ ¢ Mg and every Z»-signature with arity at most 2 is a matchgate, there must
exist f € F of arity n > 3 which is not a matchgate. Therefore f is either =,, or a Fibonacci
signature.

We deal with the case that f is =, first. Since ¥ is not a subset of Ag;, there must exist g € &
such that g € Ag but g € Pg UMg. Since Ag contains all degenerate Z-signatures, g is non-
degenerate and of arity at least 2. Moreover, if g has arity 2, then g is either [0,1,1] or [1, 1, 0]

as g € Ag. By Corollary 2.18, & Holant®(f, g) is &P-complete and so is ¢ Holant(F). Otherwise



46

g has arity > 3. Since g € Pg U Mg but g € Ag, g is Fibonacci, EXACTONE, or ATMOSTONE.
Hence g contains a subsignature [0, 1, 1], [1,1,0], or [0,1,0,0]. By Corollary 2.18 and Lemma
2.22, ® Holant®(J) is ®P-complete in any of the cases.

The other case is when f is Fibonacci. Then f contains either [0,1,1] or [1,1,0] as a sub-
signature. Because J is not a subset of Pg, there must exist g € F such that g ¢ P4 but
g € Ag UMg. Since Pg contains all degenerate Z»-signatures, g is non-degenerate and has
arity > 3. If g is EQUALITY, then by Corollary 2.18, ¢ Holant®(f, g) is ®P-complete and so is
@ Holant® (). Otherwise, g € Mg. By Corollary 2.20, ¢ Holant®(f, g) is &P-complete and so is
@ Holant® (7). O

By Lemma 2.2, Lemma 2.4, and Lemma 2.7, if F C Ag, F C Pg, or F C Mg, then ¢ Holant® (F)
is computable in polynomial time. Together with Lemma 2.25 and Lemma 2.26, we have the

dichotomy of @ Holant® problems.

Theorem 2.27. ¢ Holant®(F) is ®P-complete, unless F C Ag, F C Py or F C Mg. In any of the
exceptional cases © Holant®(F) can be computed in polynomial time. The same statement also

holds for planar graphs.

2.4 Parity Vanishing Signature Sets

In the remaining two sections we extend our results to obtain the dichotomy result for & Holant
without assuming any available functions. One key ingredient to the full dichotomy is a new

tractable family which we call Vanishing.

Definition 2.28. A set F of Z, -signatures is called vanishing if the value of ® Holant(Q; F) is zero
for every Q. A single Z,-signature f is called vanishing if {f} is. Denote by Vg the class of all

vanishing signature sets.

We note that Definition 2.28 in fact defines a family of tractable Z,-signatures, instead of
just a set. It is possible that both F; and F> are vanishing, but F; U &> is not.
We first show some basic properties of V. For two Z;-signatures f and g of the same arity,

f + g denotes the bitwise addition in Z», i.e. for any input x, (f + g)(x) = f(x) + g(x).
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Lemma 2.29. Let F be a vanishing Z,-signature set.
- If f is an F-gate, then F U {f} € V.
- If go and g, are two Z,-signatures in F of the same arity, then ¥ U{go + g1} € Vg.

Proof. The first statement is trivial. We prove the second, which says that a vanishing signature
set is closed under linear combinations.

Let Q = (G, ) be an instance of @ Holant(FU{gp+ g1}). We want to show that Holantn = 0.
If the signature gy + g; does not appear in H, then Holantg, is zero since § € Vg. Otherwise,

we denote by U the set of vertices having the signature go + g;. Then:

Holanty = Z H fy(o |E(V))

o:V—{0,1} veVvV

= Z H fu(olen)) H (9o(0 [g(v)) + 91(0 [g(v))

o vgUu velu
=> TItvtlea) | D T[g9wwlolen
o vgU T:U—{0,1} veu
- Z Zva(G|E ng (o lew) | >
T:U—{0,1} o vgUu velu

where o is an assignment, E(v) denotes the incident edges of v, and o |g(,) denotes the re-
striction of o to E(v). In the final line, we rewrote Holantn into an exponential sum over all
configurations T on U, where every term in the bracket is a Holant value on Q but with g; + g»
on v replaced by g.(, for every v € U. These are all instances of ® Holant(J), and therefore all
terms are zero since § € Vg. The summation Holantg, albeit exponential, is also zero. This

completes the proof. O

In the following two subsections, we mention some simple examples of Vg. They are not
really used in the dichotomy proof, but one may get some intuition and there are some interest-
ing phenomena. In the last part of this section, we will introduce self-vanishable Z,-signatures,

which is crucial in the proof of the full dichotomy.



48

Complement Invariant Signatures

The simplest example of vanishing Z,-signatures are complement invariant ones. A signature
f of arity n is called complement invariant if for « € {0, 1}, f(a) = f(&).

If all Z,-signatures involved in a Holant instance () are complement invariant, then any
assignment of edges and its complement yield the same value, and hence they are cancelled in

& Holant. In the end ¢ Holant is always 0.
Proposition 2.30. Let F be a set of complement invariant signatures. Then F is vanishing.

As a side note, this family of signature sets corresponds to the additional tractable case of

in Faben’s parity CSP dichotomy [FabO08].

Matching Based Vanishing Signature Sets

Next we describe another family of vanishing signature sets. In a graph where all nodes have
even degrees the parity of the number of perfect matchings is even. This can be easily shown
using (2.1). The parity of perfect matchings is equal to that of the determinant of its adjacency
matrix. Adding up all rows of the adjacency matrix, we get a vector composed of even numbers.
Thus this matrix must be singular in Z, and its determinant is zero.

Furthermore, using (2.2), we make the same claim for PARITY MATCHING PROBLEMS defined
in Section 2.1. If unomittable nodes have even degrees and omittable nodes have odd degrees,
then the parity of desired matchings is always even. By (2.2), the parity of the number of such
matchings equals Pf(A +A (™)) if n, the number of nodes, is even, or Pf(A+t + A1) if n is odd.
As the number of vertices of odd degrees must be even, it is easy to verify that the summation
of all rows in A + A(™) for even n, or the first n rows in At + A(™*+1) for odd n is a zero vector
in Z». Hence, the Pfaffian, which equals the determinant, is zero in Z,. In the Holant language,
unomittable nodes of even degrees have Z,-signatures EXACTONEy;, and omittable nodes of
odd degrees have ATMOSTONE»y/_1, for some integers k,k’ > 1.

By Lemma 2.29, the linear combination of these matching signatures, or signatures that can

be realized from them, also belong to this vanishing signature family.
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Proposition 2.31. If a Z,-signature set F is composed of EXACTONE of even arities, ATMOSTONE
of odd arities, Z,-signatures realizable from them, and linear combinations of all above, then

FeVg.

Note that all Z-signatures realized from EXACTONE, and ATMOSTONEy/ 1 are in Mg,
and they do not provide any new tractable set. However, the linear combination can bring us
outside of Mg. Then Z»-signatures realized from these linear combinations are also outside of
Mg. Indeed, there are some sets J such that ¢ Holant®(F) is ®P-complete, but F is vanishing,

and thus @ Holant(F) is tractable.

Example 2.32. By Theorem 2.27 @ Holant®({[1, 1, 1,0, 1]}) is ®P-complete. However, [1,1,1,0,1]
is vanishing because [1,1,1,0,1] = [0,1,0,0,0] + (1,0, 1,0, 1], where [0,1, 0,0, 0] is EXACTONE4
and [1,0,1,0,1] can be realized from EXACTONEy4 (the construction is similar to that in Lemma

2.14).

Self-Vanishable Signatures

In this section, we introduce a new notion called self-vanishable signatures which plays an
important role in the proof of the full dichotomy. First, we introduce an extended version of

the inner product for two signatures with not necessarily the same arity.

Definition 2.33. Let f and g be two signatures with arities n and m (n > m) respectively. Their

inner product h = (f, g) is a signature with arity n — m defined as follows:

h(a)= ) (B, a)g(B),

Be{0,1}m
for every o € {0, 1}~ ™,

If f is symmetric, then h = (f, g) is also symmetric. If both f and g are symmetric, then
their inner product h = [hg, hy,...,hn—m] has the following form: hy = 3% (T)fjﬂgj for

0 <i<n—m. Hence, in 75,

(f,[1,1]%2) = (f,[1,1,1]) = (f,[1,0,1]), (2.4)
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since (f) = 2. We will need this simple fact in future.
We can also view this inner product in a combinatorial way. Given two gates with signatures
f and g, connecting (the first) m dangling edges of f to g (see Figure 2.7), results in a gadget

with signature (f, g).

Figure 2.7: The signature inner product.

Definition 2.34. A Z,-signature f of arity n is called self-vanishable of degree k if there exists a
unique non-negative integer k < n such that (f, 1, 1]®k+1) =0 and (f,[1,1]®%) + 0, denoted by
rd(f) = k. Define rd(0) := —1. If such a k does not exist, then f is not self-vanishable and define

rd(f) :==n.

The notation, rd(-), stands for the recurrence degree. We will see in Lemma 2.37 that entries
of f with rd(f) = d satisfy a linear recurrence of degree d.
A vanishing 7Z,-signature is necessarily self-vanishable, as shown in the following proposi-

tion. It also partly explains the intuition why we define this notion in this way.
Proposition 2.35. If f is vanishing, then f is self-vanishable.

Proof. Let n be the arity of f. If n = 2k is even, construct an instance of one single vertex of k
many self loops, and put f on it. The resulting signature is of arity 0, which means it is a single

value, and the value is (f,[1,0, 1]®%). However, (2.4) implies that

(f, [1,1]92%) = (f,[1,1,1]®%) = (f,[1,0, 1]¥¥).

Since f is not self-vanishable, (f,[1, 1]®2k> #+ 0. Hence f is not vanishing, and neither is 7.

If n = 2k + 1 is odd, then we do k many self-loops of f. The resulting Z,-signature is arity
1, and its signature is g = (f, [1,0, 1]®%) = (f,[1,1]®2k). This g cannot be [0, 0] or [1,1] for f is
not self-vanishable. Hence g must be either [0, 1] or [1, 0]. In either case, connect two copies of

g- We get an instance whose ¢ Holant is 1. Again f is not vanishing, and neither is . O
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The following lemma is immediate by induction.

Lemma 2.36. Let f be self-vanishable of degree d > 0. Let r be an integer that 0 < r < d + 1.

Thenrd((f,[1,1]®")) =d —.

It is easy to verify that for a symmetric Z,-signature f = [fg, f1,..., Tn], we have that
<f¢ [15 1]> = [fO + fl’ fl + f2’ ey fnfl + fn]

Hence the only symmetric Z»-signature of arity n with rd(f) = 0 is [1,1]®¥™. In other words, it

satisfies a linear relation f; = 1 for any 0 < i < n. In general, we have the following.

Lemma 2.37. Let f = [fo,f1, -, Tn] be a symmetric Z,-signature with arity n, rd(f) = d and

0 < d < n. Then we have that
d
(.)fi—i—j =1, (2.5)
=0 )
forany0 <i<n—d.
Proof. We prove it by induction on d. The base case is when d = 0. As shown above, the only
possible Z,-signature is [1,1]®™, and it satisfies f; = 1 for any 0 <i < n.

Now suppose d > 0 and the lemma holds for any 0 < k < d. Let f = (f,[1,1]®") of arity

n — 1. By Lemma 2.29, rd(f’) = d — 1. By induction hypothesis,

a—1
d—1
> < , )f{ﬂ- =1, (2.6)
=0 *
for any 0 < i < n—d. Moreover, f{ = f; + fi1. Plugging it in (2.6) the lemma is proved. O

Lemma 2.37 implies that any self-vanishable signature of degree d > 0 is completely
determined by its first d entries. We call a self-vanishable Z,-signature f with arity n and
rd(f) = d < n has the canonical form if f; = 0 for any 0 < 1 < d — 1. Using Lemma 2.36, it is
easy to verify that if f has the canonical form for symmetric self-vanishable Z,-signatures of

degree d, then (f,[1,1]®") has the canonical form of degree d — r where 0 < r < d + 1.
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Denote by v&™" the canonical symmetric self-vanishable Z,-signature of degree d and arity
n > d. We also write v4 when the arity is clear from the context. Clearly vg =1 by (2.5) and

the fact that vf =0 for any 0 < i< d— 1. We will use this observation in the following lemma.

Lemma 2.38. Let f be a symmetric self-vanishable 7Z,-signature of degree d and arity n > d.

Then there exist c; € {0,1} where 0 < i < d — 1 such that
a—1
f=vdn 4 Z civh™.
i=0

Proof. Since all canonical self-vanishables have the same arity n, we will drop the superscript

n. Let ¢;’s be the unique solution to the linear system Z]fifl xjv{ =f; for 0 <1< d-—1. The

solution {c;} always exists because the coefficient matrix A is of full rank, as

vy V9 11 ... 1
1 1 1
v v cer VR 01 ... 0/1
A— 0 1 d-1| _
_\)8*1 v‘fl*1 vgj_ _O 0 1 |

where we use the facts that vi =0 forall 0 <j <iandv{ =1 forall 0 <i<d—1. Let
a-1
fi=vd + Z civ'.
i=0

We will show that f’ = f. By the definition of f’ and {ci}, it is easy to verify that f{ = f; for all
0<ig<d-1.
Then by Lemma 2.37, it is sufficient to prove that f’ is self-vanishable of degree d. This can

be verified as follows:

d—1
(F, L, 1% = (w4, [1, 084 4 3 o (0], [1,1]947) =0,
i=0
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and

d—1
(£, 1% = w4, [1, 1089 + Y (v} [1,1]%9) = (v4,[1,1%9) = 0. O
i=0

The canonical form is useful due to the following decomposition lemma.

Lemma 2.39. The canonical symmetric self-vanishable Z,-signature of degree d > 0 can be

expressed as follows:

where [i € S] =1 if and only ifi € S, ug = [1, 1] and u, = [0, 1].

Proof. We prove by induction on d. It is obvious for d = 0. Now we assume that the lemma

holds for d — 1. For d > 0, let

Then,

(f,[1,1]) = < > Qugies), [1’1]> = <®u[iesb [1’1]>
SC| SC[n],|S|=d

Cnl,|S|=d i=1 i—1
n—1
= Z (Upnesy [1,1]) ® ® Ulies]
SCn],|S|=d i=1

n

—1 n—1

= Z ® Ulies] = Z ® Ulies]-

SCnl,IS|=d i=1 SCn—1},|S|=d—1 i=1
nes

By the induction hypothesis, we conclude that (f,[1,1]) = v4~!. Hence f is self-vanishable of
degree d by Definition 2.34. Moreover, we have that f; +f;, ;1 =0 forall 0 < i < d—2. Itimplies
that f; =i forall 0 < i< d—2. Since d > 0, it is easy to verify that fo = 0. Hence f; = 0 for

alo<ig<d—1. O

Remark Note that this exponential sum is very similar to the symmetrization function Sym?,(-; -)
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of Definition 1.12. However since we are working in Z,, we have to be more careful to avoid

even factors introduced by redundant permutations.

We define strongly and weakly self-vanishable Z,-signatures depending on rd(-). As we will

see shortly, strongly self-vanishable Z,-signatures are vanishing.

Definition 2.40. Let f be a self-vanishable 7, -signature with arity n and rd(f) = d < n. We call

f strongly self-vanishable if —1 < d < %, and weakly self-vanishable otherwise.

A set F of strongly self-vanishable Z,-signatures is vanishing. The idea is that using Lemma
2.38 and Lemma 2.39, @ Holant(Q; F) can be always decomposed into smaller & Holant’s where
each one contains only unary signatures, and there are more than half [1, 1]’s. As a result two

(1, 1]’s must be matched, and makes the ¢ HolantO.

Lemma 2.41. Let F be a set of symmetric strongly self-vanishable 7,-signatures. Then F is

vanishing, that is, ¥ € Vg.

Proof. Clearly we can ignore all Z,-signatures in F that are identically 0, which are f such that
rd(f) = —1. Then by Lemma 2.29 and Lemma 2.38 it is sufficient to prove the theorem for
canonical strongly self-vanishable Z,-signatures. They can be decomposed as in Lemma 2.39.
Each term of the decomposition is a degenerate signature, a tensor product of [1, 1]’s and [0, 1]’s.
For a strongly self-vanishable Z,-signature, we have that d < %. It implies that in each term,
the number of [1, 1]’s is larger than or equal to the number of [0, 1]’s.

Let Q = (G, ) be an instance of @ Holant(F). Suppose that there is at least one f € F of arity
n appearing in Q such that rd(f) = d < 5. It implies that in each term of the decomposition
there are strictly more [1, 1]’s than [0, 1]’s. In this case, we further decompose the Holant value
as in Lemma 2.29 into a sum of several (possibly exponentially many) Holant values according
to the decomposition of canonical Z,-signatures in Lemma 2.39. Then in every such Holant,
every signature appeared is degenerate. A vertex of arity n can be viewed as n unary signatures
((1,1’s or [0, 1]’s). Therefore the whole graph is decomposed into isolated edges. For each edge,
its two endpoints are either [1,1] or [0, 1]. The Holant is the product over all these edges. If
both ends of one edge are [1, 1], then the value for this edge is 0 and so is the Holant. However,

in every Holant, such cancellation must happen at some edge because there are strictly more
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[1,1]’s than [0, 1]’s. Hence, in total, the whole Holant is a sum of (possibly exponentially many)
0s, which is still O.

If there is a signature of odd arity, then d < % always holds. The remaining case is that of
all Z,-signatures have even arity and satisfy d = 7. In that case we do the same decomposition
as in the previous paragraph. The numbers of [1, 1]s and [0, 1]s are now exactly equal. Now it
is possible to have some Holant in the decomposition that equals 1. In this case, we need to

look further into the structure of the decomposition

n n
f= Z ®v[i€S} = ®u[165}'

SC[nl]IS|=d i=1 SCnlIS|=7% i=1

Nz

Let G = (V,E). As in the proof of Lemma 2.29, we have that

Holantny = Z H fu(o [g()

o veVv

= > Y I Quiiesaloleny)

SyvClnyl, |Sv‘:% o veVi=l
vV veVv

= XTI (e e

SyCilnyl, |Sv‘:%M (i,j)€E
vV veVv

where t}i,j) and t%i’j) are indices of the edge (i,j) in the local numbering of edges at vertices i
and j, respectively. Note that the summation is indexed by a vector {S,, | v € V}. A term indexed
by some {S, } in the summation contributes 1 if and only if {S,} satisfies the condition that for
all edges (i,j), exactly one of t}i,j) € S; and tj(i’j) € S; is true. The crucial observation is that
if {S,} satisfies this condition, its complement {S,} also satisfies it. Hence, if a term indexed

by {S,}is 1, it will be cancelled out with the term indexed by the {S,}. (Here we use the fact

Syl =1Sy| = B¢.) This completes the proof. O

As a final remark we note that the family Vg has the following difference from Ag, Pg, and
Mg. The union of two sets in Vg is not necessarily in Vg. For example, [0, 0, 1, 1, 0] is strongly
self-vanishable, and [1,0, 1, 1, 1] is matching based vanishing, but the set of [0,0,1,1,0] and

(1,0,1,1,1] is not vanishing.
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2.5 Dichotomy for Parity Holant

In the final section of this chapter, we prove the dichotomy for ¢ Holant problems with sym-
metric Z»-signatures. We will reduce a lot of cases into ¢ Holant® problems, and then apply
Theorem 2.27. To do so, we need to do pinning, that is, to realize [0, 1] and [1,0]. However,
pinning is not always possible. We show that for exceptional cases, signature sets must be
vanishing, and are therefore tractable.

We remark that some reductions in this chapter are not planar (for example, Lemma 2.42).
As aresult, a dichotomy for planar graphs does not follow directly.

Our first goal is to show that realizing either one of [0, 1] and [1, 0] is sufficient to realize
the other. Before that we show that degenerate Z,-signatures [0, 0, 1] or [1, 0, 0] can be used as

[0,1] or [1,0].

Lemma 2.42. For any Z,-signature set F, we have that

@ Holant(F U{[1,0]}) =1 @ Holant(F U{[1,0,0]})

@ Holant(F U {[0, 1]}) =1 @ Holant(F U {[0, 0, 11}).

Proof. Inboth claims reductions from the right to the left are trivial. We will show & Holant(FU
{[1,0]}) <7 @ Holant(F U{[1, 0, 0]}). The other claim is similar.

Let Q = (G, n) be an instance of @ Holant(F U {[1,0]}). We make another copy G’ of G and
put them together disjointly. Then use [1, 0, 0] to replace every occurrence of [1,0] in G and its
corresponding one in G’. This is depicted in Figure 2.8. All circles are put [1, 0] and all squares
(1,0, 0]. View the part of G excluding [1,0]’'s as a (possibly exponentially large) signature f. The
Holant of the left is f(00...0), while the Holant of the right is (f(00...0))2 = £(00...0) (mod
2). O

It may not be always possible that having only one of [0, 1] and [1,0] we can construct the
other. However, if the signature set is of one of the three tractable family, then we don’t need
to worry. Otherwise we show that if the other unary signature is not easy to construct, the

signature set itself is hard already.
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N

Figure 2.8: Simulating [1, 0] using [1,0,0] or [1, 1, 0].

Lemma 2.43. LetF be a set of symmetric Z,-signatures. Problems & Holant(FU{[1, 0]}), & Holant
(FuU{(1,0,01}), ®Holant(F U{[0, 1]}) and @ Holant(F U{]0, 0, 1]}) are ®P-complete unless ¥ C Ag;,
F C Pg, or F C Mg,. Moreover, in any of the exceptional cases, these problems are computable

in polynomial time.

Proof. By Lemma 2.42 and symmetry, we only need to prove the lemma for & Holant(FU{[1, 0]}).
If F is a subset of A, M, or F U {[0,1,0]}, then by Lemma 2.2, Lemma 2.4, or Lemma 2.7,
@ Holant(F U {[1, 0]}) is computable in polynomial time.

Now suppose otherwise. If we can simulate [0, 1] or [0, 0, 1], then by Lemma 2.42, & Holant®
(F) <1 ®Holant(F U {[1,0]}). Hence by Theorem 2.27, ® Holant(F U{[1, 0]}) is ®P-complete.

Since ¥ is not a subset of Ag, there exists f € F, which is non-degenerate and f ¢ Ag.
Consider the first bit of f. Assume it is 0. If the next bit is 1, we are done, since using [1, 0]
we can get any prefix of f, and in particular, [0, 1] in this case. Otherwise it begins with, say, k
many successive 0’s followed by 1. Using [1, 0] we get [0, 0, ..., 1] of arity k. If k = 2, then it is
(0,0, 1] and we are done. Otherwise we do self-loops until it is unary or binary. The resulting
signature is either [0, 1] or [0, O, 1]. In either case, we are done with the leading bit O case.

Next assume that the leading bit is 1. Similar to the leading bit O case, we can get a Z»-

signature g of the form [1,1,...,1,0] of arity k. Depending on k, we have three cases.

- If k > 3, one self-loop on g results in a Z,-signature of the form [0, 0, ..., 0, 1] of arity k—2.

This has been dealt with in the leading bit O case.

- If k = 2, then g = [1, 1,0]. Connecting two copies of g sequentially gives us [0, 1, 1]. We

get [0, 1] by connecting [0, 1, 1] to [1, 0].
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- Otherwise k = 1 and f begins with 1, 0. Consider the number of successive 0’s afterwards

in f.

- If there is only one 0 afterwards, f have a prefix [1, 0, 1]. Since f cannotbe 1,0, 1,0,...,
0/1] € Ag), f must have a prefix of the form 1,0, 1,0, ...,1,0,0] or [1,0, 1,0,...,0,1, 1].
In either case, one self-loop on this prefix gives us [0, 0,..., 0, 1]. This has been dealt

with in the leading bit 0 case.

- Otherwise f starts with [1,0,---,0, 1] where there are at lest two 0’s since f is non-
degenerate. Moreover, f cannot be [1,0,...,0,1] € Ag. Hence f must have a prefix
h of the form either [1,0,...,0,1,0] or [1,0,...,0,1,1] of arity k > 4. In either case,
we do a self-loop on h to get h/. Note that h/ has the same form as h, but with two
less arities and 0’s. Repeat this process until we get a Zp-signature of arity 4 or 5,
depending on the parity of k. It is one of the following four: [1,0,0, 1,0], [1,0,0, 1, 1],
(1,0,0,0,1,0] or [1,0,0,0,1,1].

* For [1,0,0,1, 0], one self-loop gives [1, 1, 0] which is dealt with above.

* For[1,0,0,1,1], putit on every vertex in the tetrahedron gadget of Figure 2.9. The
resulting signature is [0, 1,0, 1, 0]. We get [0, 1] from [0, 1, 0, 1, 0] by connecting it
with three [1, 0]’s.

* For [1,0,0,0, 1, 0], put it on every vertex in the gadget of Figure 2.10. The result-
ing signature is [0, O, 1].

* For [1,0,0,0, 1, 1], with two self-loops we get [0, 1]. O

Figure 2.9: The tetrahedron gadget. Figure 2.10: The gadget for [1,0,0,0, 1, 0].

Using the idea of replication in Lemma 2.42, [1,1, 0] can also be used as [1, 0]. Formally we

have the following corollary.
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Corollary 2.44. Let F be a set of symmetric Z,-signatures. Problems ® Holant(F U{[1, 1, 0]}) and
@ Holant(F U {[0, 1, 1]}) are ®P-complete, unless F C Pg or F C Mg. In either of the exceptional

cases, both problems are computable in polynomial time.

Notice that if F is a subset of Ag,, then @ Holant(F U{[1, 1, 0]}) is still possibly &P-complete,

because for example [1, 1, 0] together with =3¢ Ag gives ®P-hardness by Corollary 2.17.

Proof. We first prove that
@ Holant ((FU{[1,1,0]}) U [1,0]}) <t @ Holant(F U{[1, 1, 0]}). (2.7)

We use the same idea as in Lemma 2.42. Given an instance Q) = (G, 7t) of ® Holant((FU[1,1,0])
U[1, 0]), we replicate G and replace every pair of corresponding occurrences of [1,0] by [1, 1, 0],
as depicted in Figure 2.8. Circles are [1,0]’s and squares [1,1,0]’s. Call the new instance Q’.
Suppose there are n many occurrences of [1,0] in G. Again view the part of G excluding [1, 0]’s

as an arity n signature f. Hence we have

@ Holantg: = Z fla)f(B),

«,Be{0,1}™
a/N\pB=0

where «x A f is the bit-wise “and” of « and p. The requirement o« /A = 0 is due to [1,1,0]’s. In
the summation, if o +  and f(x)f(B) = 1, then f(p)f(x) = 1 as well, so their contributions are

cancelled in @ Holantq.. If « = 3, then it must be that « = 3 = 0. Hence,
@ Holantg: = (f(0))* = f(0) = @ Holantg .

By Lemma 2.43 and (2.7), @ Holant(FU{[1, 1, 0]}) is ©P-complete unless (FU{[1,1,0]}) C Ag,
(Fu{l,1,0]}) € Pg, or (FU{[1,1,0]})) € Mg. Since [1,1,0] € Pg, [1,1,0] € Mg whereas

[1,1,0] € Ag, the condition above simplifies to ¥ C Pg, or F C Mg,. O

Finally we are ready to show the full ® Holant dichotomy.
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Theorem 2.45. Let F be a set of symmetric Z,-signatures. The problem ® Holant(F) is ®P-
complete unless ¥ C Ag, F C Pg, F C Mg, or F € Vg. Moreover, in any of the exceptional cases,

@ Holant(F) is polynomial time computable.

Proof. If § € Vg then @ Holant(J) is trivially computable in polynomial time since we just
return O for any input. The other three cases are tractable by Lemma 2.2, Lemma 2.4, and
Lemma 2.7 (note that ¢ Holant(F) <t & Holant®(7)).

Now we assume that ¥ ¢ Vg. By Definition 2.28, there is an instance Q = (G, 7) of
@ Holant(¥F) such that ® Holant(Q;F) = 1. We shall use G as a gadget to realize Z,-signatures.
Breaking the graph of G at one arbitrary edge, we get a signature of arity 2. Call it g. Hence
@ Holant(Q; F) = g(00)+g(11) = 1. By symmetry, we may assume that g(00) = 1 and g(11) = 0.
If g(01) = g(10) = 0, then we have a Z-signature [1,0,0] and we are done by Lemma 2.43. If
g(01) = g(10) = 1, then we have a Z,-signature [1, 1, 0] and we are done by Corollary 2.44.

The remaining cases are g(01) = 1, g(10) = 0 and g(01) = 0, g(10) = 1. These two Z»-
signatures are the same up to a reordering of the two dangling edges. We may assume that
g(01) =1, g(10) = 0. Then g is [1,0] ® [1, 1]. By connecting two copies of this g through their
first edge, we get a Zp-signature [1,1,1] = [1,1] ® [1, 1]. By the same replication argument as in
Lemma 2.42, we can use the Z,-signature [1, 1] freely.

If all Zp-signatures in J are strongly self-vanishable, then ¥ € Vg4 by Lemma 2.41, a con-
tradiction. Therefore there exists f € F of arity n which is weakly self-vanishable or not self-
vanishable.

We first assume that f is not self-vanishable. If n = 2k + 1 is odd, by k many self-loops on f,
we get aunary (f, (1,0, 1]®k> = (f,[1, 1]2k). This is not [0, 0] or [1, 1] since f is not self-vanishable.
So it must be [0, 1] or [1, 0] and we are done by Lemma 2.43. If n = 2k is even, then k — 1 many
self-loops on f gives us a binary (f, (1,0, 1]®k—1> = (f, [1, 1]®2k_2> = [a, b, c], where a # ¢ since
f is not self-vanishable. It has to be one of [1,0,0], [0,0,1], [1,1,0] and [0, 1,1]. Again we are
done by Lemma 2.43 or Corollary 2.44.

Henceforth we may assume that all Z,-signatures in F are self-vanishable. In particular
f € J is weakly self-vanishable such that rd(f) = d. Then % < d <n — 1 by Definition 2.40. We

will realize either [1, 0] or [0, 1]. Since d is an integer and d > %, 2d —n — 1 > 0. We connect f



61

to (n— d) many copies of g’s and 2d —n — 1 many copies of [1, 1]’s to get f’. This construction
is valid because f’ has arity n —2(n —d) — (2d —n — 1) = 1. Recall that g = [1,0] ® [1, 1]. We

calculate f’ as follows:
= (f,g®" ¢ @ [, %24 ™) = (f, 1, %4 @ [1,019™ ) = ((f,[1, %471, [1,00%"9).

Since f’ is unary, it is in fact the first two entries of (f, [1, 1]®d_1>. By Lemma 2.36, (f, [1, 1]®d_1>
is a self-vanishable signature of degree d — (d — 1) = 1. Therefore by Lemma 2.37 it must
be Parity [1,0,1,0,...,0/1] or [0,1,0,1,...,0/1], whose first two entries are either [1,0] or

[0, 1]. O

Concluding Remarks

Results reported in this chapter are mainly from [GLV13], joint work with Pinyan Lu and Leslie
G. Valiant. However, the presentation, especially regarding vanishing 7,-signatures, is largely
rewritten using more up-to-date language.

The major open problem left is to characterize all vanishing Z,-signatures. Although we
have provided three sufficient conditions including Lemma 2.41, as well as a necessary condi-
tion Proposition 2.35, it is not clear what a complete characterization of Vg might look like. The
main obstacle is that some cases, such as matching based vanishing Z,-signatures, can become
very complicated. As we will see in Chapter 3, in contrast, we have a complete characteriza-
tion of complex vanishing signatures, which basically corresponads to strongly self-vanishable
signatures in this chapter.

Related work includes Faben’s parity Boolean CSP dichotomy [Fab08], which was later gener-
alized to all integer moduli [GHLX11], as well as computing the parity of graph homomorphisms
[FJ15, GGR14, GGR15]. We note that in terms of graph homomorphisms, a full dichotomy is

still open. Only special cases are solved such as trees and other graph families.
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Chapter 3

Holant Problems on 4-regular graphs

In the following several chapters we will classify all complex weighted Boolean Holant problems
on both general graphs and planar graphs. From this point on, all functions are 2] — C.
In this chapter we will first develop a theory about vanishing signatures in C, similar to the
one developed in Chapter 2. However, unlike in Chapter 2, we will complete characterize all
vanishing signatures in C. These vanishing signatures happen to account for some isolated
tractable cases in previous work [CLX11a, CHL12]. We will use the characterization and continue

to show a dichotomy for Holant(f) and Pl-Holant(f) where f is a symmetric signature of arity 4.

3.1 Complex Vanishing Signatures

We define complex vanishing signatures similar to Definition 2.28.

Definition 3.1. A set of signatures ¥ is called vanishing if Holant(Q; F) = 0 for every signature

grid Q. A signature f is called vanishing if the singleton set {f} is vanishing.

The trivial example of vanishing signatures is the identically zero signature. Similar to
the case in Z,, there are non-trivial vanishing signatures in C. We will characterize all sets
of symmetric vanishing signatures. Note that we do not have a complete characterization in
Chapter 2.

First we observe that Lemma 2.29 still holds in C, with the same proof. Note that it does

not require signatures to be symmetric. Recall that f + g denotes the bit-wise addition of two
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signatures f and g of the same arity, i.e. (f + g)(x) = f(x) + g(x) for any input x.
Lemma 3.2. Let F be a vanishing signature set.
- If f is an F-gate, then F U {f} is vanishing.
- If go and g, are two signatures in F of the same arity, then ¥ U{go + g1} is vanishing.

Our generalization is mostly based on the idea in Lemma 2.41. Basically we want to show
that for certain signatures F, Holant(Q;F) can be always decomposed into smaller Holant’s
where each one contains only unary signatures, and two unary signatures vanishing each other
must be matched. In Lemma 2.41, the vanishing unary is [1, 1]. In C, apparently [1, 1] is not van-
ishing. Instead, we will use [1,1] and [1, —i], which are the only two vanishing unary signatures
in C. Also note that there is no vanishing unary in R. That explains why there is no vanishing
signature shown up in the dichotomy Theorem 1.17 of real-weighted Holant .

More concretely, consider a signature set ¥ where every signature of arity n is degenerate.
That is, every signature of arity n is a tensor product of unary signatures. Moreover, for each
signature, suppose that more than half of the unary signatures in the tensor product are [1,1].
For any signature grid QQ with signatures from &, it can be decomposed into many pairs of
unary signatures. The total Holant value is the product of the Holant on each pair. Since more
than half of the unaries in each signature are [1, i], more than half of the unaries in Q are [1, i].
Then two [1,1i]’s must be paired up and hence Holantn = 0. Thus, all such signatures form a
vanishing set. Clearly this argument holds when [1,1] is replaced by [1, —i].

These signatures described above are generally asymmetric. To characterize symmetric
vanishing signatures, we will use the symmetrization operation in Definition 1.12. Let t and n
be two positive integers such that t < n. Let v,vq,...,v,_{ be unary signatures, and S,, be the

symmetric group of degree n. Recall that

n
Symb (vivi,..o,vned) = > R Unpis
eESH k=1
where the ordered sequence (uj, up,...,un) = (V,...,V,V1,..., Vn_t)-
~—

t copies
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Compare Definition 1.12 to the symmetrization used in Lemma 2.39. The difference is
that in Definition 1.12 we allow redundant permutations of v. Moreover, equivalent v;’s also
induce redundant permutations. These redundant permutations introduce a nonzero constant
factor, which affects the complexity in Z», but not in C. On the other hand, they simplify
our calculations in C. We will mainly use v = [1,i] or v = [1,—i]. An illustrative example of

Definition 1.12 is

Symj3([1,1]; [, b]) = 2[a,b] ® [1,1] ® [1,1] + 21,1 ® [a,b] @ [1,i] + 2[1,i] ® [1,i] @ [a, b]

= 2[3a,2ia +b,—a + 2ib, —3b].

Next we define the vanishing degree, which is a dual of the recurrence degree in Definition

2.34.

Definition 3.3. A nonzero symmetric signature f of arity n has positive vanishing degree k > 1,
denoted by vd™ (f) =k, if k < n is the largest positive integer such that there exists n — k unary

signatures vi,...,vn_x Such that

f = SymE ([1,1l;v1,...,vn_1)-

If f cannot be expressed as such a symmetrization form, we define vd™ (f) = 0. If f is the all zero
signature, define vd™ (f) = n + 1.

We define negative vanishing degree vd™ similarly, using —i instead of 1i.

It is possible that both vd ™ (f) and vd ™ (f) are nonzero. For example, vd" (=) =vd (=) =

We define analogues to strongly self-vanishable Z,-signatures of Definition 2.40. Note that
unlike in Definition 2.40, in C a signature of vanishing degree exactly % does not vanish, since

we do not have the nice cancellation in 7».
Definition 3.4. For o € {+,—}, define V° = {f | 2vd°(f) > arity(f)}.
Similar to Lemma 2.41, V* and V— are vanishing.

Lemma 3.5. Let F be a set of symmetric signatures. If ¥ C V™ or F C V—, then J is vanishing.
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In Theorem 3.12, we will show that V* and V— capture all symmetric vanishing signature

sets in C.

Characterizing Vanishing Signatures using Recurrence Relations

Similar to Lemma 2.37, we have an equivalent characterization of vanishing signatures. It also

uses linear recurrence relations, but the recurrence is different from (2.5).

Definition 3.6. A symmetric signature f = [fo,f1,...,Tn] of arity n is in fRf for a nonnegative

integert > 0 ift >n or forany 0 <k < n—t, fy,..., fr.t satisfy the recurrence relation

t). t ct— t).
(t) e + <t B 1>1t e 14+ <0>10fk = 0. (3.1)

We define R, similarly but with —i in place of i in (3.1).

It is easy to see that R} = R, is the set of all zero signatures. Also, for o € {+,—}, we have
RY C R, when t < t’. By definition, if arity(f) =n then f € Ry -

Let f = [fo,f1,...,fn] € R with 0 < t < n+ 1. Then the characteristic polynomial of its
recurrence relation is (1 +xi)t. Thus there exists a polynomial p(x) of degree at most t— 1 such
that i, = i*p(k), for 0 < k < n. Furthermore, p(x) is unique. If there are two polynomials p(x)
and q(x), both of degree at most t — 1 < n, such that fi, = i*p(k) = i*q(k) for 0 < k < n, then
p(x) and q(x) must be identical. Now suppose . = i*p(k) (0 < k < n) for some polynomial p
of degree at most t — 1, where 0 < t < n. Then f satisfies the recurrence (3.1) of order t. Hence
feRy.

Thus f € 31;11 if and only if there exists a polynomials p(x) of degree at most t such that

fi. =i*p(k) (0 < k <), for all 0 < t < n. For R, just replace i by —i.

Definition 3.7. For a nonzero symmetric signature f of arity n, it is of positive (resp. negative)
recurrence degree t < n, denoted by rd™ (f) =t (resp. rd ™ (f) = t), if and only if f € Rfﬂ — R

(resp. f € R | — Ry ). If f is the all zero signature, we define rd" (f) = rd™ (f) = —1.

Note that although we call it the recurrence degree, it refers to a special kind of recurrence

relation. For any nonzero symmetric signature f, by the uniqueness of p(x), it follows that
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rd?(f) = t if and only if deg(p) = t, where 0 < t < n. We remark that rd°(f) is the maximum
integer t such that f does not belong to RY. Also, for an arity n signature f, rd°(f) = n if and

only if f does not satisfy any such recurrence relation (3.1) of order t < n for o € {+, —}.

Lemma 3.8. Let f = [fy,...,Tn] be a symmetric signature of arity n, not identically 0. Let t be a

non-negative integer such that 0 < t < n. For o € {+,—}, the following two are equivalent:

(i) There exist t unary signatures vy, ..., v, such that

f = SymlY([1, oil; vy, ..., Vi) (3.2)

(i) f e RY

t+1-

Proof. We consider o = + since the other case is similar, so let v = [1,1].

We start with (i) = (ii) and proceed via induction on both t and n. Assume that f =
[fo,...,fn) = Symn~t(v;vy,...,v¢). For the first base case of t = 0, Sym(v) = [1,{®" =
1,1, —1,—i,...,i"], s0 fry1 =ifc forall 0 <k <n—1and f € R}.

The other base case is that t = n — 1. Let Sym}L(v;vl, ...,v¢) = [fo,...,Tn] where vi = [aj, by]
for1 <i<tand$=i"fu+---+(7)if1 + (§)i%o. We need to show that S = 0. First notice that

any entry in f is a linear combination of terms of the form a;, ay, ---a;, , , bj, ---bj,, where

1 s
O0<k<<n-—1,and {i},..,in-1-ksj1s---»jx} =1{1,2,...,mn— 1} Thus S is a linear combination
of such terms as well. Now we compute the coefficient of each of these terms in S.

Each term aj, ay, ---ai, , . bj, ---bj, appears twice in S, once in f and the other time in
fi41. Its coefficient is k!(n — k)! in fy, and is i(k + 1)!(n — k — 1)! in fy ;. Thus, its coefficient
inSis

(ki 1>ik+li(k+ Din—k—1)!+ <2>ikk!(“_k)! =0.

The above computation works for any such term due to the symmetry of f, so all their coeffi-
cients in S are 0. Hence S = 0.

Now assume for any t’ < t or for the same t and any n’ < n, the statement holds. For (n,t),

n—t—1
n—1

where n > t+ 1, let g = [go,---,gn_1] be a signature such that g = Sym (Vv;vi,...,v¢), and
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forany 1 <j <t,let h0) = [héj), s hﬁil] be a signature such that

h0) = Sym:tj(v;vl,...,vj_l,v]-H,...,vt).

-+

By the induction hypothesis, g satisfies (3.1) of order t + 1, namely g € R/ ;.

Also for any j,
hUi) satisfies (3.1) of order t, namely h0) € Rf C R/ ;.

We have the recurrence relation

Symlrt(v;vi,..., Vi) = (N —t)hv® Symﬁj‘l(v;vl, cey Vi)

t
—i—Zvj@Symzj(v;vl,...,v)-_l,v]-H,...,vt). (3.3)
j=1
By (3.3), the entry of weight k in f for any k > 0 is

t
fi=MmM—t)igr 1+ Z bjhfjll.
j=1
We know that{g;}and {hgj )} satisfy the recurrence relation (3.1) of order t+ 1. Thus, their linear
combination {f;} also satisfies (3.1) starting from i = k > 0 for any k > 0.

We also observe that by (3.3), the entry of weight k in f for any k < n is
t .
fk=Mm—t)gx + Z (ljhl(j).
j=1

Since t < n — 1, by the same argument, (3.1) holds for f when k = 0 as well.

Now we show (ii) == (i). Notice that we only need to find unary signatures {v;} for
1 < i < t such that Sym} *(v;vy,...,v¢) matches the first t + 1 entries of f. The theorem
follows from this since we have shown that Sym}—*(v;vy,...,v;) satisfies (3.1) of order t + 1
and any such signature is determined by the first t + 1 entries.

We show that there exist vi = [ai, bi] (1 < i < t) satisfying the requirement above. Since f is
not identically 0, by (3.1), some nonzero term occurs among {fq, ..., ft}. Letfg = 0,for 0 < s < t,
be the first nonzero term. By a nonzero constant multiplier, we may normalize s = s!(n — s)!,

and set v; = [0,1], for 1 < j < s (which is vacuous if s = 0), and set vsy; = [1,bsy;], for
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1 <j < t— s (which is vacuous if s = t). Let f’ be the function defined in (3.2) using these v;’s.
Then f;, = fix = 0 for 0 < k < s (which is vacuous if s = 0). By expanding the symmetrization

function, for s < k < t, we get

where A; is the elementary symmetric polynomial in {bg1,...,b¢} of degree j for 0 <j < t—s.
By definition, Ag = 1 and f, = fs. Setting f; = fy for s +1 < k < t, this is a linear system in
Ay’s (1 < j < t—s), with a triangular matrix and nonzero diagonals. We can hence solve A;’s
for 1 <j < t—s. Itis sufficient to find b;’s (s + 1 < j < t) to satisfy Aj’s (1 <j <t —s) which
we have just solved. We pick the (t — s) many roots of the equation Z;‘;g (—1)jA]- xt7s7 =0to
be bj’s (s + 1 <j < t). Itis easy to see that such bj’s ensure that f;, = fi for s+ 1 <k < t, and

hence f’ = f. O
Corollary 3.9. If f is a symmetric signature and o € {+,—}, then vd® (f) +rd° (f) = arity(f).

Thus we have an equivalent form of V° for ¢ € {+, —}. Namely,
VO ={f|2rd°(f) < arity(f)}.

Characterizing Vanishing Signature Sets

Now we show that V* and V— capture all symmetric vanishing signature sets. To begin, we show

that a vanishing signature set cannot contain both types of nontrivial vanishing signatures.

Lemma 3.10. Let f, € V' and f_ € V. If neither f, nor f_ is the all zero signature, then the

signature set {f,,f_} is not vanishing.

Proof. Let arity(f,) = n and rd"(f.) = t, so 2t < n. Consider the gadget with two vertices
and 2t edges between two copies of f,. (See Figure 3.1 for an example of this gadget.) View
f, in the symmetrized form. Since vd™ (f,) = n — t, in each term, there are n — t many [1,1]’s
and t many unary signatures not equal to (a multiple of) [1,1i]. This is a superposition of many

degenerate signatures. Then the only non-vanishing contributions come from the cases where
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the n — 2t dangling edges on both sides are all assigned [1, i], while inside, the t copies of [1, 1]
pair up with t unary signatures not equal to [1,1i] from the other side perfectly. Notice that
for any such contribution, the Holant value of the inside part is always the same constant and
this constant is not 0 because [1, 1] paired up with any unary signature other than (a multiple
of) [1,1] is not 0. Then the superposition of all of the permutations is a degenerate signature
[1,1®2(n—=2t) yp to a nonzero constant factor.

Similarly, we can do this for f_ of arity n’ and rd™ (f_) = t/, where 2t’ < n’, and get a

degenerate signature [1, —i]®2(n'~2t")

, up to a nonzero constant factor. Then form a bipartite
signature grid with (n’ — 2t’) vertices on one side, each assigned [1,i]®2("—2% and (n — 2t)
vertices on the other side, each assigned [1, —i]®2("'~2t") Connect edges between the two sides
arbitrarily as long as it is a 1-1 correspondence. The resulting Holant is a power of 2, which is

not vanishing. O

Figure 3.1: Example of a gadget used to create a degenerate vanishing signature
from some general vanishing signature. This example is for a signature of arity 7
and recurrence degree 2, which is assigned to both vertices.

Lemma 3.11. Every symmetric vanishing signature is in Vv U V.

Proof. Let f be a symmetric vanishing signature. We prove this by induction on n, the arity of
f. For n = 1, by connecting f = [fy, f1] to itself, we have f% +f2 = 0. Then up to a constant
factor, we have either f = [1,1i] or f = [1, —i]. The lemma holds.

For n = 2, first we do a self loop. The Holant is fy + f>. Also, we can connect two copies of
f, in which case the Holant is f% + 2f§ + f%. Since f is vanishing, we have that fy + f, = 0 and
f3 + 2f2 4 f3 = 0. Solving them, we get f = [1,1,—1] = [1,1]®? or f = [1,—i,—1] = [1, —i]®2 up to
a constant factor.

Now assume n > 2 and the lemma holds for any signature of arity k < n. Let f =
[fo, f1,...,fn] be a vanishing signature. A self loop on f gives f’ = [f{,f{,...,f/ _,], where
f).’ = fj + fj2 for 0 < j < n — 2. Since f is vanishing, f’ is vanishing as well. By the induction

hypothesis, f' € Vt UV,
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If f’ is identically zero, then we have f; 4 f;;» = 0 for 0 <j < n—2. This means that the f;’s
satisfy a recurrence relation with characteristic polynomial x + 1, so we have fj = at) +b(—1)
for some a and b. Then we perform a holographic transformation with Z = % 1],

Holant (= | f) =1 Holant ([1, 0,1]2%2 | (Z*l)@mf)

=t Holant ([0,1,0] | f),

where f = [a,0,...,0,b]. The problem Holant ([0,1,0] | f) is a weighted version of testing if a
graph is bipartite. Now consider a graph with only two vertices, both assigned f, and n edges
between them. The Holant of this graph is 2ab. However, we know that it must be vanishing,
so ab=0. If a =0, then f € V~. Otherwise, b =0 and f € V.

Now suppose that f’ is in V™ UV~ but not identically zero. We consider f’ € V' since the
other case is similar. Then rd ™ (f') =t, so 2t < n — 2. Consider the gadget which has only two
vertices, both assigned f’, and has 2t edges between them. (It is the same one as in Lemma
3.10. See Figure 3.1 for an example.) It forms a signature of arity d = 2(n—2 — 2t). This gadget
is valid because n — 2 > 2t. By the combinatorial view as in the proof of Lemma 3.10, this
signature is [1,1]®4.

Moreover, rd " (f’) = t implies that the entries of f’ satisfy (3.1) of order t + 1. Replacing
f)-’ by f; + fj 2, we get a recurrence relation for the entries of f with characteristic polynomial
(x* +1)(x — )" = (x +1)(x —i)*2. Thus, f; = Vp(j) + c(—1)’ for some polynomial p(x) of
degree at most t + 1 and some constant c. It suffices to show that ¢ = 0 since 2(t+ 1) < n as
2t<n—2.

Consider the signature h = [hy,...,h,,_1] created by connecting f with a single unary sig-
nature [1,1i]. For any (n — 1)—regular graph G = (V, E) with h assigned to every vertex, we can
define a duplicate graph of (d + 1)|V| vertices as follows. First for each v € V, define vertices v/,
vi,...,vq. Foreachi, 1 <1< d, wemake a copy of G on{v; | v € V},i.e,, for each edge (u,v) € E,
include the edge (ui,v;) in the new graph. Next for each v € V, we introduce edges between v’
and v; for all 1 < i < d. For each v € V, assign the degenerate signature [1,i]®¢ that we have
constructed in the last paragraph to the vertices v’; assign f to all the vertices vi,...,vq. Let

H be the Holant of G with h assigned to every vertex. Then for the new graph with the given
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signature assignments, the Holant is H4. By our assumption, f is vanishing, so H4 = 0. Thus,
H = 0. This holds for any graph G, so h is vanishing.

Notice that hy = fi +1ify,; forany 0 < k < n—1. If his identically zero, then i +if 1 =0
for any 0 < k < n — 1, which means f = [1,i]®™ up to a constant factor and we are done.
Otherwise, suppose that h is not identically zero. By the inductive hypothesis, h € VT U V.
We claim h cannot be from V—. This is because, although we do not directly construct h from
f, we can always realize it by the method depicted in the previous paragraph. Therefore the set
{f’,h}is vanishing. As both f’ and h are nonzero, and f’ € V*, we have h ¢ V—, by Lemma 3.10.

Hence h € V. There exists a polynomial q(x) of degree at most t' = {“T_lj such that
he = i*q(k), for any 0 < k < n — 1. Since 2t < n — 2, we have t < t’. On the other hand,

hy = fix + if 1 forany 0 < k < n— 1, so we have

i*q(k) = hy = fi +ifi
— lkp(k) + C(*"L)k +l (lk+1p(k+ 1) + C(*i)k_’_l)
=i* (p(k) = p(k + 1)) + 2c(—1)*

= i%r(k) + 2¢(—1)¥,

where r(x) = p(x) — p(x + 1) is another polynomial of degree at most t. Then we have

which holds for all 0 < k < n — 1. Notice that the left hand side is a polynomial of degree at
most t/, call it s(x). However, for all even k € [n], s(k) = 2c. There are exactly [3] > |21 | =t/
many even k within the range {0,...,n — 1}. Thus s(x) = 2c¢ for any x. Now we pick k = 1, so

s(1) = —2c¢ = 2¢, which implies ¢ = 0. This completes the proof. O

Combining Lemma 3.5, Lemma 3.10, and Lemma 3.11, we obtain the following theorem that

characterizes all symmetric vanishing signature sets.

Theorem 3.12. Let J be a set of symmetric signatures. Then J is vanishing if and only if ¥ C V'

orFC V.
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The set of vanishing signatures is closed under orthogonal transformations. This is because
under any orthogonal transformation, the unary signatures [1,1i] and [1, —i] are either invariant
or transformed into each other. Then considering the symmetrized form of any signature, we

have the following lemma.

Lemma 3.13. For a symmetric signature f of arity n, o € {+,—}, and an orthogonal matrix

T € C?%2, either vd? (f) = vd® (T®™f) or vd° (f) = vd ™ (T®™f).

Characterizing Vanishing Signatures via a Holographic Transformation

There is another explanation for the vanishing signatures. Given f € V* with arity(f) = n and

rd™ (f) = d, we perform a holographic transformation with Z = % (14,

Holant (=, | f) =1 Holant ([1, 0,1]2%2 | (Z_1)®“f>

=1 Holant ([0, 1,0] | f),

where f is of the form [fy, f;,...,fq,0,...,0], and fq # 0. To see this, note that Z~! = % (173

andZ ! [1] = v2[}]. Weknow that f has a symmetrized form, such as Sym 4([1];vy,...,va).

n i
Then up to afactor of 2™/2, we have f = (Z71)®™f = Sym} ([} ];w,...,uq), whereu; = Z~1v;
for 1 <1i < dand u; and v; are column vectors in C?. From this expression for f, it is clear
that all entries of Hamming weight greater than d in f are 0. Moreover, if fq4 = 0, then one
of the u; has to be a multiple of [1,0]. This contradicts the degree assumption of f, namely

vd™ (f) =n —rd* (f) = n — d but not any higher. Formally we have the following.

Lemma 3.14. Suppose f is a symmetric signature of arity n. Let f = (Z~1)®"f. Ifrd™ (f) = d,
then f = [fo, f1,...,f4,0,...,0] and fq # 0. Also f € R, if and only if all nonzero entries of f are
among the first d entries in its symmetric signature notation.

Similarly, ifrd™ (f) = d, then f = [0,...,0,fn_q,...,Tn] and fn_q # 0. Also f € R if and

only if all nonzero entries of f are among the last d entries in its symmetric signature notation.

By linearity, Lemma 3.14 implies the following fact. If f = g+ h is of arity n, whererd ™ (g) =

d, rd" (h) = d’, and d + d’ < n, then after a holographic transformation by Z, f = (Z~1)®"f
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takes the form [gy,...,94,0,...,0,hqs,..., hol, withn —d — d’ — 1 > 0 zeros in the middle of
the signature.

In any instance of Holant ([0, 1,0] | f), the binary DISEQUALITY (#3) = [0,1,0] on the left
imposes the condition that half of the edges must take the value 0 and the other half must take
the value 1. On the right side, by f € VT, we have d < n/2, thus f requires that less than half of
the edges are assigned the value 1. Therefore the Holant is always 0. A similar conclusion was
reached in [CLX12] for certain 2-3 bipartite Holant problems with Boolean signatures. However,
the importance was not realized at that time.

Under this transformation, one can observe another interesting phenomenon. For any a,b €
(@

Holant ([0, 1,0] | [a,b,1,0,0]) and Holant ([0, 1,0] | [0,0, 1,0, 0])

take exactly the same value on every signature grid. This is because, to contribute a nonzero
term in the Holant, exactly half of the edges must be assigned 1. Then for the first problem, the
signature on the right can never contribute a nonzero value involving a or b. Thus the Holant
values of these two problems on any signature grid are always the same. Nevertheless, there
exist a,b € Csuch that there is no holographic transformation between these two problems. We
note that this is the first counterexample involving non-unary signatures in the Boolean domain
to the converse of Theorem 1.1, Valiant’s Holant Theorem. It provides a negative answer to a
conjecture made by Xia in [Xiall, Conjecture 4.1].

Moreover, Holant ([0, 1,0] | [0,0,1,0,0]) counts Eulerian orientations in a 4-regular graph.
This problem was shown #P-hard [HL12, Theorem V.10]. In this chapter we will strengthen this
result to the planar setting. Undoing the Z transformation, the problem of counting Eulerian
orientations in a 4-regular graph is Holant([3,0,1,0,3]). The other problem Holant([0, 1, 0] |
[a,b,1,0,0]) corresponds to a Holant problem defined by f = Z®4[a,b, 1,0, 0] of arity 4 with
rd(f) = 2. Therefore, for any a,b € C, f is #P-hard as well.

Tractable cases involving vanishing signatures

We note that some particular categories of tractable cases in previous dichotomies (case 2 of

Theorem 1.14, case 3 of Theorem 1.18, and case 4 of Theorem 1.19) are in JQEE. At the time
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they were discovered, it was not known that those cases are vanishing. In fact, we may add
more signatures in vanishing sets and preserve its tractability. First, we can include binary

signatures in RS for o € {4+, —}.

Lemma 3.15. Let F be a set of complex weighted symmetric signatures in Boolean variables. Then

Holant(J) is computable in polynomial time if 7 C V° U{f € RY | arity(f) = 2} for o € {+,—}.

Proof. Any binary signature g € R has rd°(g) < 1, and thus vd°(g) > 1 = arity(g)/2. Any
signature f € V° has vd’(f) > arity(f)/2. If F contains a signature f of arity at least 3, then
it must belong to V°. Given an instance Q) of Holant(J), if there is f appearing in Q such
that arity(f) > 3, then f € V° and by the combinatorial view of Lemma 3.5, more than half
of the unary signatures are [1, oi], so Holantn vanishes. On the other hand, if none of arity 3
signatures shown up in Q, then every signature is of arity at most 2. This is the case of Lemma

1.5. ]
Moreover, we may combine all unary and degenerate signatures with RS for o € {+, —}.

Lemma 3.16. Let F be a set of complex weighted symmetric signatures in Boolean variables.
Then Holant(J) is computable in polynomial time if all non-degenerate signatures in I are in RS

foro e {+,—}

Note that any signature in RS having arity at least 3 is a vanishing signature. Thus all
signatures of arity at least 3 in Lemma 3.16 are vanishing. Lemma 3.16 is in fact case 3 of
Theorem 1.18 [CLX11a]. It is also a special case of Fibonacci gates [CLX13, CLX11b]. Here we

give a different proof based on vanishing signatures.

Proof. Let Q be aninstance of Holant(JF). Decompose all degenerate signatures into unary ones.
Then recursively absorb any unary signature into its neighboring signature. If it is connected
to another unary signature, then this produces a global constant factor. If it is connected to
a binary signature, then this creates another unary signature. We observe that if f € RS has
arity(f) > 2, then for any unary signature u, after connecting f to u, the signature (f,u) still
belongs to RS. Hence after recursively absorbing all unary signatures in the above process, we

still have a signature grid where all signatures belong to RS. Any remaining signature f that
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has arity at least 3 belongs to V° since rd’(f) < 1 and thus vd®(f) > arity(f) — 1 > arity(f)/2.

Thus we can apply Lemma 3.15. O

Lemma 3.15 and Lemma 3.16 are both based on vanishing signatures, but they can be very
different. In Lemma 3.15, all signatures in &, including unary signatures but excluding binary
signatures, must be in V° for o € {4, —}; the binary signatures are only required to be in Rf.
In contrast, Lemma 3.16 has no requirement placed on degenerate signatures which include all
unary signatures. All non-degenerate binary signatures are required to be in RS. Moreover, all
non-degenerate signatures of arity at least 3 are also required to be in RS, which is a strong

form of vanishing; they must have a large vanishing degree of type o.

3.2 Redundant 4-by-4 Matrices

We need some language to talk about arity 4 signatures, which will be the main subject in the
rest of this chapter. For a binary signature, we have a matrix representation defined in (1.2).
We extend this notion to arity 4 signatures. We define a 4-by-4 matrix as the signature matrix
of an arity 4 signature, index by two “input” bits and two “output” bits. Note that there is no

real input and output. It is just that we view two wires as inputs and the other two as outputs.

Definition 3.17. The signature matrix of a symmetric arity 4 signature f = [fy, 1, T2, T3, T4] is

fo f1 f1 T2

fi1 f2 f2 f3
M¢

fi fo f2 f3

fo f3 f3 T4

This definition extends to an asymmetric signature g as

[ 0000 0010 0001 0011
g g g g

0100 0110 0101 0111

g 9 g g

Mg = 1000 1010 1001 1011 |’

g g g g

1100 1110 1101 1111
g1100 gll10 gliot gliil]
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where we use g* to denote g(x) for a vectorx € {0, 1}4.

When we present g as an F-gate, we order the four external edges ABCD counterclockwise.
In M, the row index bits are ordered AB and the column index bits are ordered DC, in reverse
order. This is for convenience so that the signature matrix of the linking of two arity 4 F-gates
is the matrix product of the signature matrices of the two F-gates.

One important property of the signature matrix of a symmetric signature is that its middle
two rows and two columns are identical. If we connect two such signatures together by two
wires, the resulting one is not necessarily symmetric, but it still has this property. Due to this

observation, we define redundant matrices.

Definition 3.18. A 4-by-4 matrix is redundant if its middle two rows and middle two columns

are the same. Denote the set of all redundant 4-by-4 matrices over a field F by RM4(F).

Consider the function ¢ : C**4 — C3*3 defined by

¢(M) = AMB,

where ) _
1 00

1 0 00
010

A=10 3 3 0 and B=

010

0 0 01
0 01

Intuitively, the operation ¢ replaces the middle two columns of M with their sum and then the
middle two rows of M with their average. (These two steps commute.) Conversely, we have the

following function 1 : C3*3 — RM4(C) defined by

W(N) = BNA.

Intuitively, the operation 1 duplicates the middle row of N and then splits the middle column
evenly into two columns. Notice that @({(N)) = N. When restricted to RMy(C), ¢ is an iso-

morphism between the semi-group of 4-by-4 redundant matrices and the semi-group of 3-by-3
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matrices, under matrix multiplication, and 1 is its inverse. To see this, just notice that

1 0 00
1 00
0% 1o
AB=10 1 0 and BA = L
o1l 1o
00 1 ¢ e
0 0 01

are the identity elements of their respective semi-groups.
For an (not necessarily symmetric) signature f, if M¢ is redundant, define the compressed
signature matrix of f as m = @(My).

We are particularly interested in the signature id4 with signature matrix

1 0 0 O
o1 1o
Miq, = 0 i i 0 , (3.4)
2 2
0 0 01

—_~—

the identity element in the semi-group of redundant matrices. Thus, Miq, = I3.

Although our main focus is symmetric signatures, to achieve our result we have to go beyond
to asymmetric signatures. For an asymmetric signature (of a fixed ordering), we use a diamond
to illustrate its most significant bit. We often want to reorder the input bits under a circular
permutation. For a single counterclockwise rotation by 90°, the effect on the entries of the
signature matrix of an arity 4 signature is given in Figure 3.2.

Redundancy of a signature matrix and non-singularity of a compressed signature matrix

are invariant under invertible holographic transformations.

Lemma 3.19. Letf be an arity 4 signature with complex weights, T € C2*? a matrix, and f = T®f.

If M¢ is redundant, then My is also redundant and det(@(My5)) = det(@(My)) det(T)S.

Proof. Since f = T®4f, we can express M5 in terms of M and T as

M; = T92M; (TT)®2. (3.5)



78

(a) A counterclockwise rotation (b) Movement of signature matrix entries

Figure 3.2: The movement of the entries in the signature matrix of an arity 4 sig-
nature under a counterclockwise rotation of the input edges. Entires of Hamming
weight 1 are in the dotted cycle, entires of Hamming weight 2 are in the two solid cy-
cles (one has length 4 and the other one is a swap), and entries of Hamming weight 3
are in the dashed cycle.

This can be directly checked. Alternatively, this relation is known (and can also be directly
checked) had we not introduced the flip of the middle two columns, i.e., if the columns were
ordered 00,01,10,11 by the last two bits in f and f. Instead, the columns are ordered by
00,10,01,11 in M¢ and My. Let T = (t}), where row index i and column index j range from

{0,1}. Then T®2 = (t}t}f), with row index ii’ and column index jj’. Let

=
—
-

then ET®?E = T®?  i.e., a simultaneous row flip ii’ + i’i and column flip jj’ « j’j keep T®? un-
changed. Then the known relations M€ = TO2M¢& (TT)®2 and & (TT)®2 &= (TT)®2 imply (3.5).

Now X € RM4(C) if and only if EX = X = XE&. Then it follows that M; € RMy(C) if M¢ €
RM4(C). For the two matrices A and B in the definition of ¢, we note that BA = M;q4,, where

Miq, given in (3.4) is the identity element of the semi-group RM4(C). Since M¢ € RMy(C), we
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have BAM; = M = M¢BA. Then we have

@(Mg) = AM;B = A (T®2Mf (TT)®2) B
= (AT®2B)(AM;B)(A (TT)®? B) (3.6)

= @(T*) (M) ((TT)®?).
Another direct calculation shows that
det(@(T®?)) = det(T)® = det(e((TT)¥?)).
Thus, by applying determinant to both sides of (3.6), we have
det(@(Mg)) = det(@(My)) det(T)°

as claimed. O

3.3 Counting Eulerian Orientations in 4-Regular Planar Graphs

Counting (unweighted) Eulerian orientations over 4-regular graphs was shown to be #P-hard
[HL12, Theorem V.10]. We will strengthen this result by showing that this problem remains

#P-hard when the graph is also planar. Recall the definition of an Eulerian orientation.

Definition 3.20. Given a graph G, an orientation of its edges is an Eulerian orientation if for

each vertexv of G, the number of incoming edges of v equals the number of outgoing edges of v.
We have the following problem and result.

Name PL-4REG-#EO
Instance A 4-regular-planar graphs G.

Output The number of Eulerian orientations in G.

Theorem 3.21. PL-4REG-#EO is #P-hard.
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Figure 3.3: A plane graph (a), its medial graph (c), and both graphs superimposed (b).

The reduction begins with the problem of evaluating the Tutte polynomial at the point (3,3),

which is #P-hard even over planar graphs.

Theorem 3.22 (Theorem 5.1 in [Ver05]). For x,y € C, evaluating the Tutte polynomial at (x,y)
is #P-hard over planar graphs unless (x — 1)(y — 1) € {1,2} or (x,y) € {(1,1),(—1,—1), (w, w?),
(w?, w)}, where w = e2™/3_ In each exceptional case, the computation can be done in polynomial

time.

The first step in the reduction concerns a sum of weighted Eulerian orientations on a medial

graph of a planar graph. Recall the definition of a medial graph.

Definition 3.23 (cf. [BO92]). For a connected plane graph G (i.e. a planar embedding of a con-
nected planar graph), its medial graph H has a vertex for each edge of G and two vertices in H

are joined by an edge for each face of G in which their corresponding edges occur consecutively.

An example of a plane graph and its medial graph are given in Figure 3.3. Notice that a
medial graph of a planar graph is always a planar 4-regular graph. Las Vergnas connected the
evaluation of the Tutte polynomial of a planar graph G at the point (3,3) with a sum of weighted

Eulerian orientations on a medial graph of G [Las88].

Theorem 3.24 (Theorem 2.1 in [Las88]). Let G be a connected plane graph and let O(G,,) be the

set of all Eulerian orientations in the medial graph G, of G. Then

2-T(G;3,3)= ) 2RO (3.7)
0€0(Gm)
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where B(0) is the number of saddle vertices in the orientation O, i.e. the number of vertices in

which the edges are oriented “in, out, in, out” in cyclic order.

Although the medial graph depends on a particular embedding of the planar graph G, the
right side of (3.7) is invariant under different embeddings of G. This follows from (3.7) and the
fact that the Tutte polynomial does not depend on the embedding of G.

Now we are ready to prove Theorem 3.21.

Proof of Theorem 3.21. In the Holant language, PL-4REG-#EO is the problem Pl-Holant(#, |
[0,0,1,0,0]). We reduce calculating the right side of (3.7) to Pl-Holant (#, | [0,0, 1,0, 0]). Once
finished the reduction the theorem follows from Theorem 3.22 and Theorem 3.24.

The right side of (3.7) can be expressed as Pl-Holant (#> | f), where the signature matrix of

fis

M, =

We perform a holographic transformation by Z = H }i] to get

Pl-Holant (#; | f) =t Pl-Holant ([o, 1,01(21)%2 | z®4f)
=t Pl-Holant ([1,0,1]/2 | 4f)

=1 Pl-Holant(f),

where the signature matrix of f is
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We also transform Pl-Holant (#, | [0,0, 1,0, 0]) by Z to get

Pl-Holant (#, | [0,0,1,0,0]) =t Pl-Holant ([o, 1,01(z~1)®?% | z®%(0,0,1,0, 0])
=t Pl-Holant ([1,0,1]/2 | 2[3,0,1,0, 3])

=7 Pl-Holant([3,0, 1,0, 3]).

Using the planar tetrahedron gadget in Figure 3.4, we assign (3,0, 1,0, 3] to every vertex and

obtain a gadget with signature 329, where the signature matrix of g is

19 0 0 7

110 7 5 O
0 57 0
7 0 0 19

Figure 3.4: The planar tetrahedron gadget. Each vertex is assigned [3,0, 1, 0, 3].

Now we show how to reduce Pl-Holant(f) to Pl-Holant(g) by interpolation. Consider an
instance Q of Pl-Holant(f). Suppose that f appears n times in Q. We construct from Q a
sequence of instances Qg of Holant(g) indexed by s > 1. We obtain Qg from Q by replacing
each occurrence of f with the gadget Ny in Figure 3.5 with g assigned to all vertices. Although f
and g are asymmetric signatures, they are invariant under a cyclic permutation of their inputs.
Thus, it is not necessary to specify which edge corresponds to which input. We call such
signatures rotationally symmetric. In other words, a rotationally symmetric signature has the

same matrix under the operation in Figure 3.2.

To obtain Qg from Q, we effectively replace My with My, = (Mg)*, the sth power of the
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Figure 3.5: Recursive construction to interpolate f. The vertices are assigned g.

signature matrix Mg. Let

0O 0 1 1
1 1 0 0
T=
-1 1 0 0
0O 0 -1 1
Then
1 0 0O 1 00 O
1 01 0O 1 1 0 6 0 O 1
Me=TA;T =T T and Mg=TAgT " =T T
0 01 0 0 0 6 O
0O 0 0 3 0 0 0 13

We can view our construction of Q; as first replacing each My by T/\;T*1 to obtain a signature
grid Q’, which does not change the Holant value, and then replacing each A; with Ag. We
stratify the assignments in QO based on the assignment to A;. We only need to consider the

assignments to A; that assign
- 0000 j many times,
- 0110 or 1001 k many times, and
- 1111 ¢ many times.

Let cjx¢ be the sum over all such assignments of the products of evaluations from T and T-1

but excluding A; on Q'. Then

Holantg = Z 3eC)' ke
j+k+l=n
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and the value of the Holant on Qg, for s > 1, is

Holantg, = Y (6¥139)%cjpe (3.8)

j+k+l=n
This coefficient matrix in the linear system of (3.8) is Vandermonde and of full rank since for
any 0 < k+ ¢ <nand 0 < k/ 4+ ¢’ < n such that (k,€) # (k/,2), 6¥13% = 6X'13¢". Therefore, we

can solve the linear system for the unknown c;i,’s and obtain the value of Holantg,. O

3.4 Redundant Signatures with Non-Singular Compressed Matrices

In this section, we will show that all redundant signatures with non-singular compressed ma-

trices are #P-hard, even in planar graphs. We begin with the identity element id4 of RM4(C).

Lemma 3.25. Let idy be the arity 4 signature with Mg, given in (3.4) so thatm = I3. Then

Pl-Holant(idy4) is #P-hard.

Proof. We reduce from Pl-Holant(f), where f = [1,0, %,0, 1]. Under the holographic transfor-
mation Z = % [1 1], Pl-Holant(f) is equivalent to PL-4REG-#EO. Hence Pl-Holant(f) is #P-hard
by Theorem 3.21. The reduction is via an arbitrarily close approximation using the recursive
construction in Figure 3.6 with g assigned to every vertex.

We claim that the signature matrix My, of Gadget Ny is

1 0 0 ax
0 aks1 ak+1 O

0 axs1 axyr O

ax 0 0 1

where a = § — % (—%)k. One can directly verify this for No. Inductively assume My, has this
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Figure 3.6: Recursive construction to approximate [1,0, 3,0, 1]. Vertices are as-
signed g.

Nk+1

form. Then the rotated form of the signature matrix for Ny, as described in Figure 3.2, is

1 0 0 A1

0 a a 0
K k+1 (3.9
0  ak+1  ax 0

Clk+1 O O ]_

The action of g on the far right side of Ny is to replace each of the middle two entries in the
middle two rows of the matrix in (3.9) with their average, (ax + axy1)/2 = ax2. This gives
A AN

Clearly this construction is planar.

Let Q = (G, ) be an instance of PI-Holant(f). Suppose G = (V,E) and |V| = n. Then [E| = 2n.
Let H¢ = Holant(Q; f) be its Holant value. Let Hy, = Holant(Q; Ny ) be the Holant where every
vertex in G is assigned Ny. Since each signature entry in f can be expressed as a rational number
with denominator 3, each term in H; can be expressed as a rational number with denominator
3™, and Hy, itself is a sum of 22" such terms, as |[E| = 2n. If the error I[Hn, — Hgl is at most
1/3™+1 then we can recover Hy from Hy, by selecting the nearest rational number to Hy,
with denominator 3™.

For each signature entry x in My, its corresponding entry x in My, satisfies [x — x| < x/ 2k,
Then for each term t in the Holant sum Hy, its corresponding term t in the sum Hy, satisfies
t(1—1/29" <t <t(1+1/285" thus —t(1 — (1 —1/2%)") <t —t < t((1+1/2%)™ —1). Since

1—(1—1/2%™ < (1+1/2%™—1, we get [t —t| < t((1+1/25)™ —1). Also each term t < 1.
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Hence

IHn, — Hol < 22™((1 4+ 1/2%)™ —1) < 1/3™1,

if we take k = 4n. The construction is of linear size, and hence the reduction is in polynomial

time. 0

In Lemma 3.27, we will show that every signature of arity 4 with non-singular compressed
matrix is able to interpolate the identity element id4. There are three cases in Lemma 3.27 and

one of them requires the following technical lemma.

Lemma 3.26. Let M = [By By --- By] be an n-by-n block matrix such that there exists a A € C,
for all integers 0 < k < t, block By is an n-by-c,. matrix for some integer ¢y, > 0, and the entry
of By at row r and column c is (By )rec = r°1AK", where v,c > 1. If A is nonzero and is not a root

of unity, then M is nonsingular.

Proof. We prove by induction on n. If n = 1, then the sole entry is A* for some nonnegative
integer k. This is nonzero since A # 0. Assume n > 1 and let the left-most nonempty block
be B;. We divide row r by NT which is allowed since A # 0. This effectively changes block B,
into a block of the form B,_j. Thus, we have another matrix of the same form as M but with
a nonempty block By. To simplify notation, we also denote this matrix again by M. The first
column of By is all 1’s. We subtract row r — 1 from row r, for r from n down to 2. This gives us
anew matrix M/, and detM = det M’. Then det M’ is the determinant of the (n—1)-by-(n—1)
submatrix M” obtained from M’ by removing the first row and column. Now we do column
operations (on M"’) to return the blocks to the proper form so that we can invoke the induction
hypothesis.

For any block B, different from B(,, we prove by induction on the number of columns in
B, that B, can be repaired. In the base case, the rth element of the first column is (B} ),; =
Akt Ak(r=1) — Ak(r—=1)(\k _ 1) for r > 2. We divide this column by A¥ — 1 to obtain AK(*—1),
which is valid since A is not a root of unity and k # 0. This is now the correct form for the rth
element of the first column of a block in M”.

Now for the inductive step, assume that the first d—1 columns of block B{< are in the correct

form to be a block in M”. That is, for row index r > 2, which denotes the (r—1)-th row of M”,
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the rth element in the first d — 1 columns of B{, have the form (B{ ). = (r —1)¢~1AK"=1_ The
rth element in column d of B{, currently has the form (B ),q = r47IAKT — (r — 1)d-Izk(—=1),

Then we do column operations

Z( ) Bk e _ yd- 17\1«_“ )d 1)\kr 1) i (C_1> _l)cfl}\k(rfl)

— .rd—].)\kT‘ _ T.d—].)\k(T—l)

— Td—l)\k(r—l)()\k _ 1)

and divide by (A% — 1) to get r4—1Ak("=1)_ Once again, this is valid since A is not a root of unity

and k # 0. Then more (of the same) column operations yield

d—1

d—1
d—1yk(r—1) c—1yk(r—1)
A — —1 A

T E (c— 1>(r )

c=1

d d—1
— Ak(r=1) d-1 _1)4-1_ - _ 1]
T+ (r—1) CE_l e 1 (r—1)

d=1 This gives the correct form for the rth

and the term in parentheses is precisely (r — 1)
element in column d of By in M”.

Now we repair the columns in B}, also by induction on the number of columns. In the base
case, if B, only has one column, then there is nothing to prove, since this block has disappeared
in M”. Otherwise, (By)r2 =7 — (r—1) = 1, so the second column is already in the correct form
to be the first column in M”, and there is still nothing to prove. For the inductive step, assume
that columns 2 to d — 1 are in the correct form to be the first block in M” for d > 3. That is,
the entry at row v > 2 and column ¢ from 2 through d — 1 has the form (B(),. = (v — 1)
pd—1

The rth element in column d currently has the form (B})»q = — (r—1)9"1, Then we do

the column operations

d—1 d—1 —
(Bé)rd_ (C_2>(B(,))rc =rd-l— T_l Z ( > T_l)c_z
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and divide by d — 1, which is nonzero, to get (r — 1)4-2. This is the correct form for the rth
element in column d of Bj in M”. Therefore, we invoke our original induction hypothesis that

the (n — 1)-by-(n — 1) matrix M” has a nonzero determinant, which completes the proof. O

Lemma 3.27. Let id4 be the arity 4 signature with Mg, given in (3.4) and let f be an arity 4
signature. If M is redundant and T\A/l; is nonsingular, then for any set ¥ containing f, we have

that

Holant(F U {id4}) <t Holant(F).

Proof. Consider an instance Q of Holant(FU{id4}). Suppose that id4 appears n times in Q. We
construct from Q a sequence of instances Q¢ of Holant(F) indexed by s > 1. We obtain Qjq
from Q by replacing each occurrence of id4 with the gadget N in Figure 3.7 with f assigned
to all vertices. In Qg, the edge corresponding to the ith significant index bit of N connects to

the same location as the edge corresponding to the ith significant index bit of id4 in Q.

Figure 3.7: Recursive construction to interpolate id4. All vertices are assigned f.

Now to determine the relationship between Holant, and Holantq , we use the isomorphism
between redundant 4-by-4 matrices and 3-by-3 matrices. To obtain Q¢ from Q, we effectively
replace Miq, with My, = (My)%, the sth power of the signature matrix M. By the Jordan

normal form of K/lvf, there exist T, A € C3*3 such that

AL b 0
Me=TAT ' =T |0 Ay by| T°L,

0 0 A3

where by, by € {0,1}. Note that AjAxA3 = det(/l\/\l;) # 0. Also since I\//l\i_,; = @(Miq,) = I3, and

TI3T-! = I3, we have 1|)(T)Mid411)(T_1) = Miq,. We can view our construction of Qg as first
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replacing each Mjgq, by w(T)Mid411)(T*1), which does not change the Holant value, and then

replacing each new M4, with {p(A%) =P (A)* to obtain Q. Observe that

PB(TIWAG(T)) = TAST ! = (M¢)® = (@(Mf))® = o((M¢)*),

Hence, Y(T)Y(AS)Y(T) = My,. (Since Mig, = (T)Miq,p(T!) and My, = $(T)h(A®)
P(T~1), replacing each Miq,, sandwiched between {(T) and P(T 1), by P(A®) indeed trans-
forms Q to Q. We also note that, by the isomorphism, }(T~!) is the multiplicative inverse
of Y (T) within the semi-group of redundant 4-by-4 matrices; but we prefer not to write it as
P(T)~! since it is not the usual matrix inverse as a 4-by-4 matrix. Indeed, \{(T) is not invertible
as a 4-by-4 matrix.)

In the case analysis below, we stratify the assignments in QO based on the assignment to
P(A3). The inputs to P(AS3) are from {0, 1}? x {0, 1}2. However, we can combine the input 01
and 10, since \(A®) is redundant. Thus we actually stratify the assignments in Q4 based on
the assignment to A®, which takes inputs from {0, 1, 2} x {0, 1, 2}. In this compressed form, the
row and column assignments to A® are the Hamming weight of the two actual binary valued
inputs to the uncompressed form P (A*S).

Now we begin the case analysis on the values of b; and b,.

1. Assume b; = bp = 0. We only need to consider the assignments to A® that assign

- (0,0) i many times,
- (1,1) j many times, and

- (2,2) k many times

since any other assignment contributes a factor of 0. Let cyji be the sum over all such
assignments of the products of evaluations of all signatures in Q4 except for A® (including
the contributions from T and T—!). Note that this quantity is the same in Q as in Q. In
particular it does not depend on s. Then

Holantg = Z Cijk

2)
i+j+k=n
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and the value of the Holant on Qg, for s > 1, is

i . k S C.k
Holantg, = ) (?\1?\]2?\3) ( ;5 ) :
i+j+k=n
The coefficient matrix is Vandermonde, but it may not have full rank because it is possible
that ALK = AVAVAK for some (i,5,k) # (i/,j’,k’), where i +j +k = i/ +§' + k/ = n.

However, this is not a problem since we are only interested in the sum }_ Czijjk. If two

coefficients are the same, we replace their corresponding unknowns c;y/ 2) and Cirjrir/ 21’
with their sum as a new variable. After all such combinations, we have a Vandermonde
system of full rank. In particular, none of the entries are 0 since AjA2A3 = det(l\A/l;) # 0.

Therefore, we can solve the linear system and obtain the value of Holantg,.

. Assume b; # by. We can permute the Jordan blocks in A so that b; = 1 and b, = 0, then
A1 = Ao, denoted by A. We only need to consider the assignments to A that assign

- (0,0) 1 many times,

- (1,1) j many times,

- (2,2) k many times, and

- (0,1) £ many times
since any other assignment contributes a factor of 0. Let ciji¢ be the sum over all such

assignments of the products of evaluations of all signatures in Q4 except for A® (including

the contributions from T and T—1!). Then

_ Cijk0
Holantg = Z 5
i+j+k=n
and the value of the Holant on Qg, for s > 1, is
L ¢ cis
k -1 ke
Holanto, = Y APk (a1) (S5)

i+j+k+Hl=n

k
- I R) G

it+j+k+l=n
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If A3/A is a root of unity, then take a t such that (A3/A)* = 1. Then

thcy;

__ynst [} ijke

Holantg , = A E S ()\€2j+lz> .
i+j+k+e=n

For s > 1, this gives a coefficient matrix that is Vandermonde. Although this system is
not full rank, we can replace all the unknowns ci;y¢/ 2) having i +j + k = n — { by their
sum to form new unknowns ¢y =3 ;5 _n_¢ %, where 0 < ¢ < n. The new unknown

¢y is the Holant of Q that we seek. The resulting Vandermonde system

e o (e

__AMs

HOlantht—)\ E S <}\€2€)
£=0

has full rank, so we can solve for the new unknowns and obtain the value of Holanto = c.

If A3/A is not a root of unity, then we replace all the unknowns ciji¢/(A'277%) having
i+j = m with their sum to form new unknowns C':nkE’ forany 0 < m,k,{and m+k+£{ =n.

The Holant of Q is now

Holantg = Z CInKo
m+k=n

and the value of the Holant on Qg is

A ks B
R CO R

i+j+k+Hl=n
ks
Z A3
__\ns e
=A ()\ S kae.
m+k+€=n

After a suitable reordering of the columns, the matrix of coefficients satisfies the hypoth-
esis of Lemma 3.26. Therefore, the linear system has full rank. We can solve for the

unknowns and obtain the value of Holant.

. Assume b; = by = 1. In this case, we have A; = A» = A3, denoted by A, and we only need

to consider the assignments to A® that assign

- (0,0) or (2,2) i many times,



92

- (1,1) j many times,
- (0,1) k many times,
- (1,2) ¢ many times, and
- (0,2) m many times
since any other assignment contributes a factor of 0. Let cijx¢m be the sum over all such

assignments of the products of evaluations of all signatures in Q4 except for A® (including

the contributions from T and T—!). Then

Cij000
Holanty = Z ”27]
i+j=n

and the value of the Holant on Qg, for s > 1, is

. k+¢ m ..
e, T A (e ) s ) (S22
i+j+k+L€+m=n

_ k+-0+ Cijkem
= A" > ST s =™ (7\k+f+2m2j+k+m> .
i+j+k+l+m=n
We replace all the unknowns cijiem /(AKH{H2m2i+k+m) having i +j = p and k+ ¢ = q by

their sums to form new unknowns c’

pqm» forany 0 < p,q,m and p + g+ m = n. The

Holant of Q is now c/,,,. This new linear system is

Holantg, = A™* Z sdT™M (s — l)mc{,qm,

P+gq+m=n

but is still rank deficient. We now index the columns by (q, m), where q > 0, m > 0,
and ¢ + m < n. Correspondingly, we rename the variables xqm = c]’D qm: Note that
p =n—q—mis determined by (q, m). Observe that the column indexed by (q, m) is the
sum of the columns indexed by (q— 1, m) and (q — 2, m+ 1) provided q — 2 > 0. Namely,

sItM(s—1)M = sq-1tm(g_1)m 4 ga—2+m+l(g_1)m+1l Of course this is only meaningful

if g > 2, m>0and q+ m < n. We write the linear system as

Holantq
Z XqmXq,m = ATLS ’

20, m20, g+m<n
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where oqm = s97™(s — 1)™ are the coefficients. Hence aqmXqm = %q—1,mXq,m +

0q—2,m+1Xq,m, and we define new variables

Xq—1,m & Xgq,m T Xq—1,m

Xq—2,m+1 ¥ Xq,m T+ Xq—2m+1

from g =n—mdown to 2 for every 0 < m < n— 2.

Observe that in each update, the newly defined variables have a decreased index value
for q. A more crucial observation is that the column indexed by (0, 0) is never updated.
This is because, in order to be an updated entry, there must be some q > 2 and m > 0
such that (q —1,m) = (0,0) or (q — 2, m+ 1) = (0,0), which is clearly impossible. Hence

X0,0 = C1o0 18 still the Holant value on Q. The 2n + 1 unknowns that remain are

X0,0s X1,0» X0,1, X1,1, X0,25 X1,25 -5 X0,n—1> XI,;n—15 X0,n
and their coefficients in row s are
L,s,s(s—1),s%(s—1),s°(s—1)%,...,s" 1 s— 1)L sM(s— 1)L, s™(s— 1)™

It is clear that the k-th entry in this row is a monic polynomial in s of degree k, where
0 < k € 2n, and thus s* is a linear combination of the first k entries. It follows that
the coefficient matrix is a product of the standard Vandermonde matrix multiplied to its
right by an upper triangular matrix with all 1’s on the diagonal. Therefore, the linear
system has full rank. We can solve for these final unknowns and obtain the value of

Holantgo = x0,0 = ¢/ (- O

We summarize our progress with the following corollary, which combines Lemmas 3.25 and

3.27.

Corollary 3.28. Let f be an arity 4 signature with complex weights. If M is redundant and K/lvf

is nonsingular, then P1-Holant(f) is #P-hard.
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We also have a consequence of Corolloary 3.28, weaker yet easier to apply, concerning

symmetric signatures.
Corollary 3.29. For a symmetric arity 4 signature [fy, f1, T2, 3, f4] with complex weights, if there
does not exist a,b,c € C, not all zero, such that for allk € {0, 1, 2},

afx + bfyy1 +cfry2 =0,

then Pl-Holant(f) is #P-hard.

By Lemma 3.19, for a nonsingular matrix T € C2%2, My is redundant and T\A/l; is nonsingular
if and only if Mz is redundant and I\A/l? is nonsingular. Combine this fact with Corollary 3.28

and Lemma 3.19, and we have the following.

Corollary 3.30. Let f be an arity 4 signature with complex weights. If there exists a nonsingular
matrix T € C2%2 such that f = T®*f, where Ms is redundant and /1\71; is nonsingular, then

Holant(f) is #P-hard.

3.5 A Unary Interpolation Lemma

Before continuing to the main result of this chapter, we prove an interpolation lemma for unary

signatures first. It is useful in the following the rest of this chapter as well as in the next.
Lemma 3.31. Suppose M € C™*™ agnd s € C™*1, If the following three conditions are satisfied,
1. det(M) #0;
2. s is not orthogonal to any row eigenvector of M;
3. M has infinite order modulo a scalar;
then vectors in the set S = {MXs | k > 0} are pairwise linearly independent.

Proof. Since det(M) # 0, M is nonsingular and the eigenvalues A; of M, for 1 < i < n, are
nonzero. Let M = P~1JP be the Jordan decomposition of M and let p = Ps € C**!. Suppose

for a contradiction that vectors in S are not pairwise linearly independent. This means that



95

there exists integers k > { > 0 such that M*s = BM!'s for some  # 0. Let t = k — £ > 0. Then
we have that P~1JtPs = M's = s and hence Jtp = Bp.

Suppose that | contains some nontrivial Jordan block and consider the 2-by-2 submatrix
in the bottom right corner of this block. From this portion of |, the two equations given by
J'p = Pp are Alpi_; + t?\{_lpi = Bpi_1 and Alp; = Bp;i. Since s is not orthogonal to any row
eigenvector of M, p; # 0. Then these equations imply that t?\fl‘*lpi =0, a contradiction.

Otherwise, M is diagonalizable and ] contains only trivial Jordan blocks. From J*p = Bp, we
get the equations Alp; = Bp; for 1 < i < n. Since s is not orthogonal to any row eigenvector of

M, pi #0for 1 <i<n. HenceA! =1forall 1 <1i<n. Therefore M* = BI,,, which contradicts

that fact that M has infinite order modulo a scalar. O

Recall that for a binary signature f, its matrix M; is defined in the same way as in Definition

3.17:

Note that here we do not need to worry about how to order the edges of f.

Lemma 3.32. Let F be a set of signatures. If there exists a planar F-gate with signature matrix

M e C%*2 and a planar F-gate with signature s € C2*! satisfying the following conditions,
1. det(M) # 0;
2. det([s Ms]) #£0;
3. M has infinite order modulo a scalar;

then Pl-Holant(F U {[a, b]}) <1 Pl-Holant(J) for any a,b € C.

Proof. Let Q = (G, 7t) be an instance of PI-Holant(FU{[a, b]}). Let V/ C V be the subset of vertices
assigned [a, b] by 7t and suppose that [V’/| = n. We construct from Q a sequence of instances Q.
of Pl-Holant(¥) indexed by k > 1. We obtain Qy from Q by replacing each occurrence of [a, b]
with the unary recursive construction (M, s) in Figure 3.8 containing k copies of the recursive

gadget. This unary recursive construction has the signature [ay, by] = MKs.
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Figure 3.8: Unary recursive construction (M, s).

If s is orthogonal to a row eigenvector 3 of M, it is easy to verify that Ms is also orthogonal
to . Hence [s Ms] is singular. This contradicts to det([s Ms]) # 0. It implies that s is not
orthogonal to any row eigenvector of M. By Lemma 3.31, vectors in the set S = {[ay, by] | 0 <
k < n+ 1} are pairwise linearly independent. In particular, at most one by can be 0, so we may
assume that by £ 0 for 0 < k < n, renaming if necessary.

We stratify the assignments in Q based on the assignment to [a, b]. Let ¢, be the sum over
all assignments of products of evaluations at all v € V\V’ such that exactly ¢ occurrences of

[a, b] have their incident edges assigned 0 (and n—¢{ have their incident edges assigned 1). Then

Holanty = Z a‘b™ e,
0<i<n

and the value of the Holant on Oy, for k > 1, is

¢
Holantgo, = Z aib{(‘*gce:b{j Z <§k> Cy.

0<e<n 0<e<n

The coefficient matrix of this linear system is Vandermonde. Since vectors ay,by in S are
pairwise linearly independent, ratios ay /by are distinct (and well-defined since by # 0), which
means that the Vandermonde matrix has full rank. Therefore, we can solve the linear system

for the unknown ¢,’s and obtain the value of Holant,. O

3.6 Pl-Holant Dichotomy for a Symmetric Arity 4 Signature

With Corollary 3.28 in hand, the only obstacles remaining to prove a dichotomies for a symmet-
ric arity 4 signature are Holant([v, 1,0, 0,0]) and Pl-Holant([v, 1,0,0,0]). On the other hand, if
v = 0, then Pl-Holant([v, 1, 0, 0, 0]) is tractable, since it counts the number of perfect matchings
in a 4-regular planar graph. We will show that otherwise it is #P-hard. On the other hand,

Holant[0, 1, 0, 0, 0] is #P-hard without the planar assumption.
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Lemma 3.33. Holant([0, 1,0, 0, 0]) is #P-hard.

Proof. Using the tetrahedron gadget in Figure 2.9 with [0, 1, 0, 0, 0] assigned to each vertex, we

get a signature g = (3,0, 1,0, 1]. Since det(ﬁ;) = 4, we are done by Corollary 3.28. O

We will prove that PI-Holant([v, 1, 0, 0, 0]) with v # 0is #P-hard by reducing from Pl-Holant([v,
1,0, 0]). These two problems are counting weighted matchings over planar k-regular graphs for
k = 4 and k = 3 respectively. First we want to realize [1, 0, 0]. We will combine the idea of anti-

gadgets from [CKW12] with Lemma 3.32.

Lemma 3.34. For any v € C and signature set F containing [v, 1,0, 0, 0],
Pl-Holant(F U{[1, 0, 0]}) <t Pl-Holant(F).

Proof of Lemma 3.34. Consider the gadget construction in Figure 3.9. For k > 0, the signature
of Ny is of the form [ay, by, 0], and Ng = [v, 1, 0]. Since Ny is symmetric and always ends with O,
we can analyze this construction as if it were a unary recursive construction. Let s} = [{;;; ], SO

so = []. It is easy to verify that that s, = M¥sq, where M = [} 2].

N() Ny

Ny

Figure 3.9: Binary recursive construction with a starter to interpolate [1, 0, 0]. Ver-
tices are assigned [v, 1,0, 0, 0].

Since det(M) = —2, M is nonsingular. If M has finite order modulo a scalar, then M¢ = BI,
for some positive integer { and some nonzero complex value 3. Thus, the signature of N,_q,
which contains the anti-gadget of M, is M*"1sy = BM~1sqg = B [}]. After normalizing, we
directly realize [1, 0, O].

Otherwise M has infinite order modulo a scalar. It is easy to verify that det ([sg Msg]) = —2.

Hence by the unary interpolation as in Lemma 3.32, we have that

Pl-Holant(F U {[a, b, 0]}) <7 Pl-Holant(J).
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for any a,b € C. The lemma follows from the claim by setting a =1 and b = 0. O

Note that towards the end of the proof of Lemma 3.34, Lemma 3.32 does not really directly
apply, as we are interpolating a binary signature, instead of a unary one. However, the inter-
polation is almost identically the same, as the support of the binary signature has dimension
two, which is the same as a unary signature.

For the next lemma, we use a well-known and easy generalization of a classic result by
Petersen [Pet91]. Petersen’s theorem considers 3-regular, bridgeless, simple graphs (i.e. graphs
without self-loops or parallel edges) and concludes that there exists a perfect matching. The

same conclusion holds even if the graphs are not simple. We provide a proof for completeness.
Theorem 3.35. Any 3-regular bridgeless graph G has a perfect matching.

Proof. We may assume that G is connected. If G has a vertex v with a self-loop, then the other
edge of v is a bridge since G is 3-regular, which is a contradiction. If there exists some pair of
vertices of G joined by exactly three parallel edges, then G has only these two vertices since it
is connected and the theorem holds.

In the remaining case, there exists some pair of vertices joined by exactly two parallel edges.
We build a new graph G’ without any parallel edges. For vertices u and v joined by exactly two
parallel edges, we remove these two parallel edges and introduce two new vertices w; and wo.
We also introduce the new edges (u,wi), (u,wz), (v,wi), (v,wp), and (wi,w,). Then G’ is a
3-regular, bridgeless, simple graph.

By Petersen’s theorem, G’ has a perfect matching P’. Now we construct a perfect matching
P in G using P’. We put any edge in both G and P’ into P. If u is matched by a new edge in G/,
then v must be matched by a new edge in G’ as well and we put the edge (u,v) into P. If u and
v are not matched by a new edge, then we do not add anything to P. It is easy to see that Pis a

perfect matching in G. ]

We use this result to show the existence of what we call a planar pairing for any planar

3-regular graph, which we use in our proof of #P-hardness.

Definition 3.36 (Planar pairing). A planar pairing ina graph G = (V,t) isa set of edgesP C VxV
such that P is a perfect matching in the graph (V,V x V), and the graph (V,E U P) is planar.
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Obviously, a perfect matching in the original graph is a planar pairing.

Lemma 3.37. For any planar 3-regular graph G, there exists a planar pairing that can be com-

puted in polynomial time.

Proof. We efficiently find a planar pairing in G by induction on the number of vertices in G.
Since G is a 3-regular graph, it must have an even number of vertices. If there are no vertices in
G, then there is nothing to do. Suppose that G has n = 2k vertices and that we can efficiently
find a planar pairing in graphs containing fewer vertices. If G is not connected, then we can
already apply our inductive hypothesis on each connected component of G. The union of planar
pairings in each connected component of G is a planar pairing in G, so we are done. Otherwise

assume that G is connected.

u uz
Vi V2

A%

(a) The neighborhood around u and v in G. (b) The same neighborhood in H.

Figure 3.10: The neighborhood around u and v both before and after they are re-
moved.

Suppose that G contains a bridge (u,v). Let the three (though not necessarily distinct)
neighbors of u be v, u;, and uy, and let the three (though not necessarily distinct) neighbors
of v be u, v, and v, (see Figure 3.10a). Furthermore, let H,, be the connected component in
G — {(u,v)} containing u and let H, be the connected component in G — {(u,v)} containing v.
Consider the induced subgraph H;, of H,, after adding the edge e,, = (uj,u») (which might be
a self-loop on u = u; = up) and then removing u. Similarly, consider the induced subgraph
H/ of H, after adding the edge e, = (vi,v2) (which might be a self-loop on v = v; = v») and
then removing v. Both H/, and H/, are 3-regular graphs and their disjoint union gives a graph
H’ with n — 2 = 2(k — 1) vertices (see Figure 3.10b).

By induction on both H/, and H/, we have planar pairings P,, and P,, in H;, and H), respec-
tively. Let H” be the graph H’ including the edges P,, U P,. If H” contains both e, and e,,

then embed H” in the plane so that both e, and e, are adjacent to the outer face. Otherwise,
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any planar embedding will do. Then the graph G including the edges P, U P,, is also planar, so
P, UP, U{(u,v)}is a planar pairing in G.

Otherwise, G is bridgeless. Then by Theorem 3.35, G has a perfect matching, which is also
a planar pairing in G. Since a perfect matching can be found in polynomial time by Edmond’s

blossom algorithm [EAm65], the whole procedure is in polynomial time. O

The approach above to find a planar pairing is reported in [GW13]. Alternatively, an algo-
rithm by Cai and Kowalczyk [CK13] achieves the same goal. It was used to show that counting
vertex covers over k-regular graphs is #P-hard for even k > 4 (see the proof of Lemma 15
in [CK13]). Their algorithm to find a planar pairing starts by taking a spanning tree and then
pairing up the vertices on this tree. The planar pairing idea is special, in the sense that the
argument is global. In contrast, most gadget constructions in our hardness proofs are local.
Planar pairings permit reductions that are not otherwise possible.

Now we use the planar pairing technique to show the following.
Lemma 3.38. Letv + 0 € C. Pl-Holant([v, 1,0, 0, 0]) is #P-hard.

Proof. Wereduce from Pl-Holant([v, 1, 0, 0]) to PlI-Holant([v, 1, 0, 0, 0], [1, 0, 0]). Since PI-Holant([v,
1,0, 0]) is #P-hard when v + 0 by Theorem 1.14, the reduction implies that Pl-Holant([v, 1, 0, 0, 0])
is also #P-hard when v + 0 by Lemma 3.34.

Let QO = (G, ) be an instance of Pl-Holant([v,1,0,0]). Then G = (V,E) is planar and 3-
regular. By Lemma 3.37, there exists a planar pairing P in G and it can be found in polynomial
time. Then the graph G’ = (V,E U P) is planar and 4-regular. We assign [v, 1,0,0, 0] to every
vertex in G’. Moreover, we replace each edge in P with a path of length 2 to form a graph
G’ and assign [1,0,0] = [1,0]®2 to each of the new vertices. Call this new instance Q”. Then

Holant(Q; [v, 1, 0,0]) = Holant(Q";{[v, 1, 0,0, 0], [1, 0, 0]}). O

Note that our proof of Lemma 3.38 reduces Pl-Holant([v, 1, 0, 0]) to Pl-Holant([v, 1, 0, 0, 0]) for
all v € C. Neither Lemma 3.34 nor Lemma 3.38 ever considers the value of v. This is consistent
because both signatures are in M when v = 0, thus tractable, and both signatures are #P-hard
when v is different from O.

Now we are ready to prove our Pl-Holant dichotomy for a symmetric arity 4 signature.
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Theorem 3.39. Let f be a non-degenerate, complex-weighted Boolean signature. Pl-Holant(f) is
#P-hard unless f satisfies one of the following conditions, in which case the problem is computable

in polynomial time:
1. f is A- or P-transformable;
2. f is vanishing;
3. T is M-transformable.

If f satisfies condition 1 or 2, then Holant(f) is computable in polynomial time without planarity;

otherwise Holant(f) is #P-hard.

Proof. Tractability follows from Lemma 1.7, Lemma 1.9, and Lemma 1.10, as well as the fact
that vanishing signatures are tractable.

Suppose f = [fy, f1, o, f3, f4]. If there do not exist a,b,c € C, not all zero, such that for all
k €{0,1, 2}, afx + bfx1 + cfri2 = 0, then Pl-Holant(f) is #P-hard by Corollary 3.29. Otherwise,
such a, b, c exist. If a =c =0, then b # 0, so f; = f, = f3 = 0. In this case, f € P is a generalized
equality signature, so f is P-transformable.

Now suppose a and c are not both 0. If b%> — 4ac # 0, then fx = o *o + p7 Bk, where
x1f2 — apP1 # 0. A holographic transformation by [g; Eﬂ transforms f to =4. Apply The-
orem 1.15 and we have tha Pl-Holant(f) is #P-hard unless f is A-, P-, or M-transformable.
Moreover, if f is M-transformable, Holant(f) is #P-hard.

The exceptional case is b2 — 4ac = 0. There are two symmetric possibilities. In the first,
for any 0 < k < 2, fi = cka®! 4+ da*, where ¢ # 0. In the second, for any 0 < k < 2,
fi = c(4—k)a3 " +da*~¥, where ¢ # 0. These two possibilities map between each other under

a holographic transformation by [{ } ], so assume that the first one holds.
1
1+?

[gc_"‘l] transforms f to f = [v,1,0,0,0] for some v € C after normalizing the second entry.

If « = +i, then f is vanishing. Otherwise, a further holographic transformation by

(Details are provided after the proof.) If v = 0, then the problem is counting perfect matchings
over planar 4-regular graphs, so f € M and f is M-transformable. Pl-Holant(f) is tractable but

Holant(f) is #P-hard by Lemma 3.33. Otherwise, v # 0 and we are done by Lemma 3.38. O
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Here we give the details of the orthogonal transformation used in the proof of Theorem
3.39. We state the general case for symmetric signatures of arity n > 1, although we only used
n = 4 in the proof above. Appendix D of [CHL12] has the case of n = 3.

We are given a symmetric signature f = [fg,..., ] such that fi = cka*—1 + daXk, where

da—1
c#0,and « # +i. Let S = [ ! a1 ] Note that det(S) = ¢ # 0. Then f can be expressed as

o8 c+?0¢
f=S8%"[1,1,0,...,0],

where [1,1,0,...,0] should be understood as a dimension 2™ column vector, which has 1 in
entries with Hamming weight at most one and O elsewhere. This identity can be verified by

observing that

1,1,0,...,0] = [1,01®™ + Sym"1([1, 0]; [0, 1])

1
(n—1)!

and we apply S®™ using properties of tensor product, S®™[1,0]®™ = (S[1,0])®™, etc. We con-
sider the value at index 0™ %1%, which is the same as the value at any entry of weight k. By
considering where the tensor product factor [0, 1] is located among the n possible locations,

we get

d—1 d—1
ok +k (c + noc) o« (n— k)Tock = cka® 1 + dak.

Let T = \/1172 [L %], then T=TT =T~! € 0(C) is orthogonal, and R = TS = [} %] is
X

upper triangular, where z,w € C and u = V1 + o? # 0. However, det(R) = det(T)det(S) =
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(—1)c # 0, so we also have z # 0. It follows that

T = (TS)®™[1,1,0,...,0]

= R®"[1,1,0,...,0]

= R®" <[1, 0]%™ + Symp~([1, 0J; [0, 1])>

1
(n—1)!

= [u, 0]%™ + Sym? ! ([, 0]; [w, z])

1
(n—1)!

= ™ +nu™ tw,u™12,0,.. .00

Since u™ 1z # 0, we can normalize to 1 the entry of Hamming weight 1 by a scalar multiplica-

tion. Thus, we have [v, 1,0,...,0] for some v € C.

3.7 Vanishing Signatures Revisited

In this section, we revisit vanishing signatures and show related hardness results. Basically,
these hardness results imply that the two tractable cases illustrated in Lemma 3.15 and Lemma
3.16 are essentially maximal, in the sense that adding any other signature yields #P-hardness.
In planar graphs some exceptional cases do exist, due to M-transformable signatures. Results
proven in this section will be useful for the Pl-Holant dichotomy.

Before proving anything, we first show a simple interpolation lemma, which will be handy

in future.

Lemma 3.40. Let x € C. If x # 0, then for any set F containing [x, 1, 0], we have
Holant (#; | FU{[v,1,0]}) <t Holant (%, | ),

for anyv e C.

Proof. Consider an instance QO of Holant (#, | FU{[v,1,0]}). Suppose that [v,1,0] appears n
times in ). We stratify the assignments in Q based on its assignments to [v,1,0]. We only
need to consider assignments that give all [v, 1, 0]’s Hamming weights 0 and 1 since Hamming

weight 2 contributes 0. If there are i many [v, 1, 0]’s having Hamming weight 0, then the rest
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n—1many have Hamming weight 1. Let c; denote the summation of the product of evaluations
of signatures other than [v, 1,0] in Q over assignments which give i many [v, 1, 0]’s Hamming

weight 0. We can rewrite the Holant on Q as

n
Holantg = Zvici.
i=0
We construct from Q a sequence of instances Qg of Holant(F) indexed by s > 1. We obtain
Qg from Q by replacing each occurrence of [v,1,0] with a gadget g5 created from s copies
of [x,1,0], connected sequentially but with (#2) = [0, 1, 0] between each sequential pair. The

signature of gs is [sx, 1, 0], which can be verified by the matrix product

s—1 s—1
x 1[0 1 x 1 1 x x 1 1 (s—1)x| [x 1 sx 1

1 0|1 O 1 0 01 10 0 1 1 0 1 0

The Holant on Q; is

Holantg, = Z(sx)ici.
i=0

For s > 1, this gives a coefficient matrix that is Vandermonde. Since x is nonzero, sx is distinct
for each s. Therefore, the Vandermonde system has full rank. We can solve for the unknowns

¢; and obtain the value of Holantg. O

Now consider the mixing of vanishing signatures with unary and binary signatures. For
unary signatures, they can be combined with RS, and we show that they cannot be combined

with any other vanishing signature.

Lemma 3.41. Let f € V° be a symmetric signature of arity n with rd°(f) = d > 2 where
o € {+,—}. Supposev = u®™m is a symmetric degenerate signature for some unary signature u

and some integer m > 1. If u is not a multiple of [1, oi], then Pl-Holant(f,v) is #P-hard.

Proof. We consider o = + since the other case is similar. Since f € V', we have n > 2d > 4.

Under a holographic transformation by Z, we have

Pl-Holant(f,v) = Pl-Holant (#; | f, [a, b]*™),
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where f = (Zfl)(gm f and [a, b]®™ = (Zfl)®mv with b = 0 since u is not a multiple of [1,1].
Moreover, f = [fg, f1,...,fq,0,...,0] with f4 # 0 by Lemma 3.14.

We get f/ = [fq_2,fq_1,fa,0,...,0] of arity n — 2d + 4 by d — 2 self-loops via #, on f. This
is on the right side. With two more self-loops, we get [1,0]®™ 24 also on the right.

We claim that we can use [1,0]®™" 24 and [a, b]®™ to create [a,b]®" 24, Let t = gcd(m,n —
2d). If n — 2d > m, then we connect [a,b]®™ to [1,0]%™ 24 via #, to get [1,0]®"2d—m yp
to a nonzero factor b # 0. We repeat this process until we get a tensor power [1,0]®¢ for
some { < m. We can do a similar construction if m > n — 2d. Repeat this process, which is a
subtractive Fuclidean algorithm. Halt upon getting both [1, 0]®t and [a, b]®t. Then we combine
n=2d copies of [a, b]®* to get [a, b]®™ 24,

Now connecting [a, b]®™ 24 back to f’ via #», gives f”/ = [f”q, f"/1,f"5,0, 0] of arity 4. More-
over, 7, = b™2df; = 0. Notice that Pl-Holant(#» | [f”y,f"1,f”»,0,0]) = Pl-Holant(#>» |
[0,0,1,0,0]), the Eulerian Orientation problem over planar 4-regular graphs, which is #P-hard

by Theorem 3.21. Thus, Pl-Holant(f,v) is #P-hard. O
Next come binary signatures. We first do some preparation.

Lemma 3.42. Let c,t € C. If ct # 0, then Pl-Holant (#, | [t,1,0,0,0],[c, 0, 1]) is #P-hard. More-
over, Holant (#, | [0,1,0,0,0], [c, 0, 1]) is #P-hard.

Proof. By connecting two copies of #, to either side of [c,0, 1], we get the signature [1,0, c]
on the left. Clearly Pl-Holant ([1,0,c] | [t,1,0,0,0]) <t Pl-Holant (#; | [t,1,0,0,0], [c, 0, 1]). Then

under a holographic transformation by T~!, where T = {é \%}, we have

Pl-Holant ([1,0,¢] | [t,1,0,0,0]) = Pl-Holant ([1,0, (T 1)®2 | T®4[t,1,0,0, 0])
= Pl-Holant ([1,0,1] | [t, /¢, 0,0,0])

= Pl-Holant([t, v/c, 0, 0, 0]).

The last problem is #P-hard by Lemma 3.38 after dividing by /c. Clearly above reductions
still hold without the planar restriction. The second statement follows from t = 0 and Lemma

3.33. 0
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If t = 0, the above problem is tractable in planar graphs. In general, we need to take care

of some planar tractable cases. Recall that Z = % [1 1] Define

My = {f | arity(f) = n, f = Z®"EXACTONE,,n € N}
and
M, = {f|arity(f) = n, f = Z®"ALLBUTONE,,n € N}.

It is easy to see that M; = {(Z [9 (1)])®n EXACTONE,, 1 € N} =[O ]MF. Let My = M UM,
The reason of the name Mff will become clear in Chapter 5, in particular, Definition 5.16. The
set My contains all M-transformable signatures in V*.

Also note that if f € V* is a symmetric non-degenerate signature, then f has arity at least
3. This is because a unary signature is degenerate, and if a binary symmetric signature f is
vanishing, then its vanishing degree is greater than 1, hence at least 2, and therefore f is also
degenerate. Nevertheless, we explicitly state this condition arity(f) > 3 in the following lemmas.

In light of Lemma 3.15, we can allow non-vanishing binary signatures from RS but not

others.

Lemma 3.43. Let f € V° be a symmetric non-degenerate signature of arity n > 3 for some
o € {+,—}. Leth ¢ RY be a non-degenerate binary signature. Then Holant(f,h) is #P-hard.
Moreover, if f ¢ Mg, then Pl-Holant(f, h) is #P-hard.

Proof. We consider o = + since the other case is similar. Under a Z transformation,

Pl-Holant(f, h) = Pl-Holant (#; | f,h),

Holant(f, h) = Holant (#; | f,h),

where f = (Z*I)@TL fand h = (Z*I)@)2 h. Since h ¢ R}, we may assume that h = [a, b, 1] by
Lemma 3.14 with a nonzero entry h,. Moreover since h is non-degenerate, so is h, and b? # a.
We prove the lemma by induction on the arity of f (or equivalently f). There are two base

cases, n = 3 and n = 4. However, the arity 3 case is easily reduced to the arity 4 case. We show
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this first, and then show that the lemma holds in the arity 4 case.

Assume n = 3. Since f € V*, we have f = [t,1,0,0] for some t # 0, by Lemma 3.14 and
f ¢ M, . Consider the gadget in Figure 3.11. We assign f to the circle vertices and #» to the
square vertex. Let ' be the signature of the resulting gadget. The signature f may not seem
symmetric by construction, but it is not hard to verify that indeed = [2t,1,0,0,0]. The crucial
observation is that it takes the same value 0 on inputs 1010 and 1100, where bits are ordered

counterclockwise, starting from an arbitrary edge. This finishes our reduction to n = 4.

Figure 3.11: Circle vertices are assigned [t, 1,0, 0] and the square vertex is assigned
9.

Now we consider the base case of n = 4. Since f € V*, we have vd™ (f) > 2 and rd ™ (f) < 2.
As f is not degenerate, rd" (f) ¢ {—1,0}. It implies that rd" (f) = 1 and by Lemma 3.14, f =
[t,1,0,0,0].

Our next goal is to show that we can realize a signature of the form [c, 0, 1] with ¢ # O,

namely,

Pl-Holant (#» | [t,1,0,0,0], [c, 0, 1]) <t Pl-Holant(f, h);

Holant (#» | [t,1,0,0,0], [c, 0, 1]) <t Holant(f, h).

This finishes our base case because Holant (#5 | [t, 1,0, 0, 0], [c, 0, 1]) is #P-hard by Lemma 3.42.
Moreover, if f ¢ M, then t + 0. By Lemma 3.42, PI-Holant (#» | [t, 1,0, 0, 0], [c,0, 1]) is also
#P-hard.

If b = 0, then h is what we want since in this case a = a — b? # 0.

Otherwise b # 0. By connecting h to f via #», we get [t + 2b,1,0]. If t # —2b, then by
Lemma 3.40, we can interpolate any binary signature of the form [v, 1,0]. Otherwise t = —2b.
Then we connect two copies of h via #5, and get R = [2ab, a + b2, 2b]. By connecting this R
to f via =», we get [2(a — b?),2b,0], for t = —2b. Since a # b% and b # 0, we can once again

interpolate any [v, 1, 0] by Lemma 3.40.
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Figure 3.12: A sequence of binary gadgets that forms another binary gadget. The
circles are assigned [v, 1, 0], squares are #,, and the triangle is [a, b, 1].

Hence, we have the signature [v, 1, 0], where v € C is for us to choose. We construct the
gadget in Figure 3.12 with the circles assigned [v, 1, 0], the squares assigned >, and the triangle
assigned [a, b, 1]. The resulting gadget has signature [a+2bv+v2, b+v, 1], which can be verified

by the matrix product

v 110 1] |a b| |0 1| |v 1 a+2bv+v2 b+v
1 0/ |1 ol|b 1|1 Oo|l]|1 O b+v 1

Setting v = —b, we get [c, 0, 1], where ¢ = a — b2 # 0. This finishes the base case of n = 3, 4.

Now we do the induction step. Assume n > 5. Since f is non-degenerate, rd*(f) > 1. If
rd"(f) = 1, then f = [t,1,0,...,0] for some t + 0. We connect h to f via #», getting [t +
2b,1,0,...,0] of arity n —2 > 3. If t + 2b * 0, then we are done by induction hypothesis.
Otherwise t = —2b, and we connect two h together via #,. The signature is R =02 ab,b’+a, 2b].
Connect h' to f via #5. We get [—4b2 + 2(b% + a), 2b,0,...,0] = [2(a —b?),2b,0,...,0]. If b = 0,
then t = 0. Contradiction. Hence b = 0, and a — b2 = 0 for b is not degenerate. Then we can
apply induction hypothesis on [2(a — b?), 2b, 0, ..., 0].

The case left is that rd"(f) = d > 2. Then f = [fo,f1,...,fq,0,...,0] with fq4 = 0 by
Lemma 3.14. We do a self-loop of f via #,, getting f := [f1,...,fq,0,...,0] of arity n — 2 > 3.
Since d > 2, f is non-degenerate and f"” = 72m=2)§" ¢ y+ Apply the induction hypothesis
and we are done here for Holant(f, h).

For the planar case, if f” ¢ M;f, then apply the induction hypothesis and we are done.
Otherwise d = 2 and we may assume f = [fy, 0, 1,0,...,0] since f, = 0.

In this case, we connect h to f via #», getting f = [a + fo, 2b, 1,0, ...,0] of arity n — 2 > 3.
If n > 7, then we can apply the induction hypothesis. If n = 6, then " =[a+ fo, 2b,1,0,0] of
arity 4. Notice that Pl-Holant (#>| [a + fo, 2b, 1,0, 0]) is equivalent to Pl-Holant (+;| [0,0, 1,0, 0]),
which is PL-4REG-#EQO. Then Pl-Holant (qt o | ?m> is #P-hard by Theorem 3.21.
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The only case left now is when n = 5 and f = [f, 0, 1, 0, 0, 0]. We do two self-loops on f via
+5 to get [1,0]. Then connect [1,0] to h via #, and get [b, 1]. At last, connect [b, 1] to f via #»,
resulting in [fo, b, 1,0,0]. Similar to the case above, Pl-Holant (+;| [fo, b, 1,0, 0]) is equivalent to

PL-4REG-#EQ, and is #P-hard by Theorem 3.21. O
If f € M, there is an additional planar tractable case for the binary signature.

Lemma 3.44. Let f €¢ M§ be a symmetric non-degenerate signature with o € {+,—} of arity
k > 3. Suppose h is a non-degenerate binary signature such that h ¢ RS and h is not a multiple

of Z%%[a, 0, 1] for any a # 0. Then Pl-Holant(f, h) is #P-hard.

Proof. We assume f € MI since the other case is similar. Suppose h = Z®2[q, b, ¢] for some
a,b,c € C. Since h ¢ RI, we have ¢ = 0, so we assume ¢ = 1. Moreover b = 0. This is because,
if b = 0 then either h is degenerate or is a multiple of Z®?[a, 0, 1] for some a = 0. Either case
violates our assumption. Then under a holographic transformation by Z, the problem becomes
Pl-Holant (#» | EXACTONEy, [a, b, 1]). If we connect two copies of EXACTONE via #», we get
EXACTONE>«_». Hence we may assume that k > 5. Then we connect [a,b, 1] to EXACTONE,
via #5, and get [2b,1,0,...,0] of arity k — 2 > 3. Since b + 0, Pl-Holant(f, h) is #P-hard by

Lemma 3.43. O

Next we consider mixing signatures from V* and V. In general graphs, it is always #P-hard.
For planar graphs, there is a tractable case when one signature is in Mi and the other is in M,
since as a set they are M-transformable. We will first show that every other case is #P-hard,
even for planar graphs. We deal with the case when signatures from both M;{ and M, show

up immediately after.

Lemma 3.45. Letf € V™ and g € V~ be two symmetric non-degenerate signatures of arities > 3.

Iff ¢ M or g ¢ M then Pl-Holant(f, g) is #P-hard.

Proof. Suppose rd" (f) = d, rd”(g) = d’, arity(f) = n and arity(g) = n’/, then 2d < n and

2d’ < n’. Under a holographic transformation by Z = H }i], we have that

Pl-Holant (=; | f,g) =t Pl-Holant (#; | f, ),
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where f := (Z"1H®"f = [fy,...,fq,0,...,0l and § := (Z"1)®"'g = [0,...,0,Gg/,--.,gol due to
Lemma 3.14. Moreover fq # 0 and g4, # 0.

If d > 2, we can do d’ many self-loops of #, on g, getting g’ := [0,...,0,g4/] of arity
n’ —2d’ > 1. Thus g’ := z®(W'—2dg" — [1, —{]®("'~2d") yp to a nonzero constant. We apply
Lemma 3.41 to derive that Pl-Holant(f, g) is #P-hard. If d’ > 2, we can similarly get [1, {j®n-2d)
and apply Lemma 3.41. Thus we can assume thatd = d’ = 1.

So up to nonzero constants, we have f = [q,1,0,...,0] and g = [0,...,0,1,b] for some
a,b € C. We can assume that f ¢ M} and a # 0. The case of b + 0 is similar. We show that
it is always possible to get two such signatures of the same arity min{n,n’}. Suppose n > n’.
We form a loop from f via #5. It is easy to see that this signature is the degenerate signature
2[1,0]®("=2) " Similarly, we can form a loop from g and can get 2[0,1]®("'=2)_ Thus we have
both [1,0]®("~2) and [0,1]®(™'~2), We can connect all n’ — 2 edges of the second to the first,
connected by #». This gives [1,0]®("~ ") We can continue subtracting the smaller arity from
the larger one. We continue this process in a subtractive version of the Euclidean algorithm,
and end up with both [1,0]®t and [0, 1]®t, where t = gcd(n —2,n' —2) =ged(n—n’/,n’—2). In
particular, t | n —n’ and by taking “%“/ copies of [0, 1]®t, we can get [0, 1]®("~"'), Connecting
this back to f via #», we get a symmetric signature of arity n’ consisting of the first n’ + 1
entries of f. A similar proof works when n’ > n.

Thus we may assume n = n’. Connecting [0,1]®("=2) to f = [a, 1,0,...,0] via =, we get
h = [a,1,0]. Recall that a # 0. Translating this back by Z, we have a binary signature h ¢ R,
and his not a multiple of Z®2[c, 0, 1] for any ¢ # 0. Since g € V—, by Lemma 3.43 or Lemma 3.44,

Pl-Holant(g, h) is #P-hard. Hence Pl-Holant(f, g) is also #P-hard. O

When signatures in both M and M, appear, we show that the only degenerate signatures

that mix must also be vanishing.

Lemma 3.46. Let f € MI and g € M be two non-degenerate signatures of arity n > 3 and
m > 3, respectively. Letv = u®® be a degenerate signature for some unary signature u and

some integer { > 1. If u is not a multiple of (1, +i], then Pl-Holant(f, g,v) is #P-hard.
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Proof. Under a holographic transformation by Z, we have that
Pl-Holant(f, g,v) = Pl-Holant (#5 | EXACTONEy,, ALLBUTONE,,, [a, b]®*)

where ab # 0. Notice that v is transformed to (Z71u)®! = [a,b]®!. We have ab = 0 since
u is not a multiple of [1,+i]. First we get [1,0]®™ 2 by a self-loop via #» on EXACTONE.
By the same subtractive Euclidean argument as in Lemma 3.41, we can realize [q, b]®N—2 by
[1,0]®™ 2 and [a, b]®!. Connecting [a, b]®™ 2 to EXACTONE,, via #» we get a binary signature

h=[(n—2)ab™3,b™"2,0]. After transforming back, we have that
Pl-Holant(g, Z®%h) <1 Pl-Holant(f, g, v).

However Z®2h ¢ R, by Lemma 3.14 and it is not a multiple of Z%2[c,0,1] for any ¢ # 0. Apply
Lemma 3.44, where (g, Z®?h) plays the role of “(f,h)” in Lemma 3.44 and ¢ = —, we conclude

that Pl-Holant(f, g, v) is #P-hard. O

At last, we show the planar tractable case is #P-hard in general graphs. The reduction uses

a non-planar construction.

Lemma 3.47. Let f € M and g € M be two signatures of arityn > 3 and m > 3, respectively.

Then Holant(f, g) is #P-hard.

Proof. Use the subtractive Euclidean argument in Lemma 3.45, we can realize signatures f’ €
qu and g € M, of the same arity min{n, m}. Hence we may assume that m = n. We do a

Z = [} 1] transformation:
Holant(f, g) = Holant (#,| f,g),

where f = EXACTONE,, and g = | ¢ (1)]®n EXACTONE,, = [0,...,0,1,0] since f € M, and g € M.
Our goal is to obtain a signature that satisfies the condition of Corollary 3.30.

The gadget in Figure 3.13a, with f assigned to the circle, g assigned to the triangle, and #»
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assigned to squares, has signature h with a signature matrix

o o o O
—
—

o o O

where v = n — 2 is positive since n > 3. Although this signature matrix is redundant, its
compressed form is singular. Rotating this gadget 90° clockwise and 90° counterclockwise,

(recall Figure 3.2) we get signatures h’ and h”, respectively, with signature matrices

0 0 01 0 0 01

0 v 10 0 010
Mh/ = and Mh// =

01 0O 01 v O

1 0 0 O 1 0 0 O

Then we build the gadget in Figure 3.13b, with h’ assigned to the circle, h’ assigned to the

triangle, and #, assigned to squares. The resulting signature r has a signature matrix

0001 00 0 1

0010 0 v vV 41 0
MT:Mh/ Mh”:

0100 01 v 0

1 000 10 0 0

Note that the effect of the #, signatures is to reverse all four rows of M;,» before multiplying it
to the right of My,,. Although this signature matrix is not redundant, every entry of Hamming

weight 2 is nonzero since v is positive.
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D DO X

(a) The circle is assigned f, the triangle is as- (b) The circle is assigned h’, the triangle is as-
signed g, and the squares are assigned ;. signed h”, and the squares are assigned =#».

Figure 3.13: Gadget constructions used to obtain a hard and redundant arity 4
signature.

Let v’ be the signature with its matrix

0 0 01

0 0
MTJ = T , (3.10)

0 0

1 0 0 0

where T=P [ § O 7P L P= [p1+ Fﬁ},andpi = (v++vv2+4)/2, forsomet e Candt = 0. We

1

claim that we can use r to interpolate v/, for any t # 0. We use the recursive construction in

Figure 3.14.

N, N> Ns+1

Figure 3.14: Recursive construction to interpolate a signature r’ that is only a rota-
tion away from having a redundant signature matrix and nonsingular compressed
matrix. The circles are assigned r and the squares are assigned #».

Consider an instance Q of Holant (#, | F U {r’}) with r € F. Suppose that r’ appears n times
in Q. We construct from Q a sequence of instances Qg of Holant (#; | F) indexed by s > 1.
We obtain Qg from Q by replacing each occurrence of r’ with the gadget Ny in Figure 3.14
with r assigned to circles and #, assigned to squares. In Q¢, the edge corresponding to the ith
significant index bit of Ng connects to the same location as the edge corresponding to the ith
significant index bit of v’ in Q.

The signature matrix of Ny is the sth power of the matrix obtained from M, after reversing



114

all rows, and then switching the first and last rows of the final product, namely,

wooi1l[to o o foo o 1][1o o 0_571
010001 v 0 01 v O0[l01 v 0
0010/[0v+v+1 0 |0v v+1 0|0 v v2+1 0
100000 0 1] 10 0 O0/[00 0 1]

The twist of the two input edges on the left side for the first copy of M, switches the middle
two rows, which is equivalent to a total reversal of all rows, followed by the switching of the
first and last rows. The total reversals of rows for all subsequent s — 1 copies of M, are due to
the presence of #, signatures.

After such reversals of rows, it is clear that the matrix is a direct sum of block matrices
indexed by {00,11} x {00,11} and {01,10} x {10,01}. Furthermore, in the final product, the
block indexed by {00,11} x {00,11}is [{}]. Thus in the gadget N, the only entries of My,
that vary with s are the four entries in the middle. These middle four entries of My, form the
2-by-2 matrix [\1) v2v+1r' Since [\1) vz\—)l—l} =P [)‘O* )\0_} P—1 where Ay = (V2 +2+vvVv2 +4)/2 are

the eigenvalues, we have that

Y A0
—p| " P,
v vi+1 0 AS

1 v

The determinant of [v Vi1

} is ALA_ =1, so the eigenvalues are nonzero. Since v is positive,
the ratio of the eigenvalues A, /A_ is not a root of unity, so neither A nor A_ is a root of unity.
Now we determine the relationship between Holantn and Holantgo, . We can view our con-

struction of Qg as first replacing M, with

1 00 0[O O O 1|1 0 OO
0 o] (o t 0 0} |0 0

P N
0 of [0 0o t' o] |0 0
00 0 1|1 0 O 0|0 O O 1

which does not change the Holant value, and then replacing the new signature matrix in the
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middle with the signature matrix

0 0 0 1
0 A 0 0
0 0 AS 0

1 0 0 o

We stratify the assignments in QO based on the assignments to the n occurrences of the signa-

ture matrix

00 0 1
0Ot 0 O

(3.11)
00 t!o
10 0 O

The inputs to this matrix are from {0, 1}2 x {0, 1}, which correspond to the four input bits.
Recall the way rows and columns of a signature matrix are ordered from Definition 3.17. Thus,
e.g., the entry t corresponds to the cyclic input bit pattern 0110 in counterclockwise order. We

only need to consider the assignments that assign
- imany times the bit pattern 0110,
- j many times the bit pattern 1001, and
- k many times the bit patterns 0011 or 1100,

since any other assignment contributes a factor of 0. Let cij1 be the sum over all such assign-
ments of the products of evaluations of all signatures in QO except for the signature in (3.11).

Then,

Holantp = Z ti’jcijk
i+j+k=n
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and the value of the Holant on Qg, for s > 1, is

Holantg, = Z )\il}\i](:ijk: Z ?\i(lﬂ)cijk-
i+j+k=n i+j+k=n

This Vandermonde system does not have full rank. However, we can define for —m < { < n,

/
Cp = Z Cijk-

i—j=¢
i+j+k=n

Then the Holant of Q is

Holantg = Z t'cy

—n<UILn
and the Holant of Q; is

Holantg, = Z Astey.

—n<i<n
Now this Vandermonde has full rank because A, is neither 0 nor a root of unity. Therefore, we
can solve for the unknowns c; and obtain the value of Holant. This completes our claim that
we can interpolate the signature v’ in (3.10), for any nonzero t € C.

Lett=(VV2+8+Vv2+4)/2s0t 1 =(Vv2+8—Vv2+4)/2. Leta= (Vv2+8—v)/2 and
b= (Vv2+8+v)/2,50 ab =2 # 0. One can verify that

t O 1 a 1
P Pt =
0 t! 1 b
Thus, the signature matrix for r’ is

0 0 01

0 al O
M, =

01 b O

1 0 0O

After a counterclockwise rotation of 90° on the edges of v/, we have a signature r” with a
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redundant signature matrix

M, =

—
—_
[ e )

Its compressed signature matrix
0 0 a

—_—

Myr=10 2 0
b 0 O

is nonsingular. After a holographic transformation by Z—!, where Z = % [1 1], the binary dis-
equality (#2) = [0, 1, 0] is transformed to the binary equality (=) = [1, 0, 1]. Thus the problem
Holant ([0, 1,0] | v") is transformed to Holant (:2 | Z®4r”), which is the same as Holant(Z®4r").

We conclude that this Holant problem is #P-hard by Corollary 3.30. O

To end this section, we show two hardness results related to vanishing signatures. They
will be useful in the proof of the Pl-Holant dichotomy. The first is to show that My signatures

cannot be combined with =, in the Z basis.

Lemma 3.48. Letf € V\ My and g = Z®™ (=,,) be two non-degenerate signatures with arities m

and n respectively. If m,n > 3, then Pl-Holant(f, g) is #P-hard.

Proof. We may assume that f € V* \ My. The case of f € V— is similar. By Corollary 3.9, we

have rd*(f) =d < —. Under a holographic transformation by Z, we have

Pl-Holant (=; | f, g) = Pl-Holant ([1, 0,112%2 | 71t g})

= Pl-Holant (#» | f,=n),

where f = (Z71)®™f, By Lemma 3.14, the support of f is on the first d entries. As f ¢ My, we
have either d = 1 and f = [f(, 1,0,...,0] with fy # 0, or d > 2 and f = [fo, f1,...,fq_1,1,0,...,0]
with f4_1 # 0 (and up to a nonzero scalar in either case).

In the first case, a self-loop on f via =» gives [1,0]®™2 on the right side. Let r = gcd(n, m—

2), and let £1, {» be two positive integers such that ¢{;n — £(m — 2) = r. We connect {; copies
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of =, with ¢ copies of [1,0]®™2 via #,’s to get [0, 1]®". Since r | m — 2, we can also realize
[0, 1]®™~2 by putting %4 copies of [0, 1]®" together. Now connect [0, 1]¥™ 2 to f via #». The

resulting signature is [fg, 1,0]. We can also move =, to the left using n copies of =,. Hence,

we have that
Pl-Holant(=n| [fo, 1,0]) <t PI-Holant(#; | f,=n).

The former problem is #P-hard by Theorem 1.15 since fo # 0, so the latter problem is #P-hard
as well.

In the second case, we have m > 5 since 2 < d < % Furthermore, we may assume that
d = 2, since otherwise can we do d — 2 self-loops on f via #». With this assumption, we do
two self-loops on f via #» to get [1,0]®™ 4 on the right side. By a similar argument as in the
previous case, we can construct [0,1]®™ 4 by using [1,0]®™ 4 and =,, via #»>. Now connect

[0, 1]®™—4 back to f via #,. We get the arity 4 signature [fo, f1, 1,0, 0]. Hence, we have that
Pl-Holant (> | [fg, f1,1,0,0]) <7 Pl-Holant(#> | f,=n).

Note that Pl-Holant(#> | [fo, f1, 1, 0, 0]) is equivalent to Pl-Holant(#> | [0, 0, 1,0, 0]), PL-4REG-#EO,
which is #P-hard by Theorem 3.21. Thus PI-Holant(#> | f,=,) is #P-hard as well. O

The second one concerns about signature with self-loops. If the signature with one self-loop

is vanishing, then the original one has to be vanishing as well, unless it is #P-hard.

Lemma 3.49. Let f be a non-degenerate symmetric signature of arity n > 5. Let f' be f with
a self loop. If f' is non-degenerate and vanishing, then Pl-Holant(f) is #P-hard unless {f,f'} is

vanishing, in which case Pl-Holant(f) is tractable.

Proof. Since f’ is vanishing, f’ € V° for some o € {+,—} by Theorem 3.12. For simplicity,
assume that f' € V*. The other case is similar.

Note that f’ is of arity n — 2 > 3. Suppose rd™ (f’) = d — 1, where 2d < n and d > 2 since f’
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11

is non-degenerate. Under the transformation Z = % [1 1], we have that

Pl-Holant (= | f,') =t Pl-Holant (1,0, 112 | (™ 1)*™f, (2 1)="t')

=1 Pl-Holant ([0, 1,0] | f, '),

where f/ = [fy,...,fq,0,...,0] with f; # 0 by Lemma 3.14. Note that doing self-loop in the
standard basis is the same as connecting to [0, 1, 0] in the Z basis. Hence we may assume that
f = [fo, f1,...,T3,0,...,0,c], for some fy and c. If ¢ = 0, then {f, f’} C V* is vanishing. Hence we
may assume that ¢ = 0. We will show that Pl-Holant(f) is #P-hard.

Doing d — 2 self-loops by [0, 1,0] on f, we get a signature h = [fq_»,fq_1,fq4,0,...,0,0/c] of
arityn —2(d —2) =n—2d+4 > 5. The last entry of his c when d = 2 and is 0 when d > 2.
As n > 2d, we may do two more self loops and get [fq,0,...,0] of arity k = n — 2d > 1. This
signature is equivalent to [1,0]®*. Now connect this signature back to f via [0,1,0]. It is the
same as getting the last n — k + 1 = 2d + 1 signature entries of f up to a nonzero scalar. We
may repeat this operation zero or more times until the arity k’ of the resulting signature is less
than or equal to k. We claim that this signature has the form g = [0,...,0,c]. In other words,
the k’ 4 1 entries of g consist of the last ¢ and k’ many 0’s from the signature f, all appearing
after fq. This is because there are n — d — 1 many O entries in the signature f after f4, and
n—d—1>k >k’ Note that g = [0, 1]®¥.

Having both [1,0]®% and g = [0, 1]®¥’ in the Z basis, we realize [0, 1]®* using the subtractive
Euclidean argument as in Lemma 3.41, where t = gcd(k, k’). Then we put % many copies of
[0, 1]®* together to get [0, 1]¥. Connect h with [0, 1]% by [0, 1, 0]. Note that due to [0, 1, 0] flipping
the bits, this gets the prefix of h of arity arity(h)—k. Recall that arity(h) = n—2d +4, and hence
arity(h) —k =n —2d +4 — (n — 2d) = 4. The resulting signature has arity 4. Moreover, the
signature is [fq_»,fq_1, 4,0, 0]. The last entry is O (and not c), because k > 1 and arity(h) > 5.

However, Pl-Holant([0, 1, 0]|[f4_>,fq_1, fa, 0, 0]) is equivalent to Pl-Holant([0, 1, 0]|[0, 0, 1, 0, 0])
when fq # 0. This is PL-4REG-#EO and is #P-hard by Theorem 3.21. O
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Chapter 4

Planar Counting CSP

In this chapter, we will show a dichotomy theorem for planar #CSP problems defined by complex
weighted symmetric Boolean functions. This may seem a little detour towards our goal of
classifying Holant problems, but in fact it will be a key ingredient to our main planar Holant
dichotomy. Recall that for any signature set &, F denotes H>JF, where Hy, = H _11]. The

dichotomy theorem is stated as follows.

Theorem 4.1. Let F be any set of symmetric, complex-valued signatures in Boolean variables.
Then P1-#CSP(F) is #P-hard unless F C A, F C P, or F C J\A/E, in which case the problem is

computable in polynomial time.

Recall that £Q denotes the set of all EQUALITY signatures. Our focus is PI-#CSP(JF), which
is equivalent to Pl-Holant(£Q U F), as explained in Section 1.4 and (1.1). We often study this
problem in the Hadamard basis, that is, under a holographic transformation by the Hadamard
matrix Hy = [ } _11 } . In the Hadamard basis, the problem to classify becomes Pl-Holant(S/S\) UuF).

Results reported in this chapter are mainly from [GW13]. Prior to this work, dichotomy
theorems were known for complex weighted Boolean #CSP [DGJ09, BDG"09, CLX14], as well
as Boolean P1-#CSP [CLX10] for real weighted symmetric functions. One important theme of
[CLX10] is that all problems that are tractable in planar graphs, but #P-hard in general graphs,
are captured precisely by holographic algorithms with matchgates (compare Theorem 1.16 to
Theorem 4.1). More precisely, the only planar tractable case is M in the standard basis, or M in

the Hadamard basis. We will show that the theme still holds for complex functions. In contrast,
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as we will see in Chapter 6, it is not true for Pl-Holant. In fact, £Q is matchgate realizable only
in the Hadamard basis, up to a stabilizer of M, which makes the Hadamard basis the “right”
one to work in.

Another reason to work in the Hadamard basis is pinning. Pinning is the very first step to
show hardness in many previous dichotomy theorems for Boolean #CSP(J) [DGJ09, BDG09,
CLX14]. The goal of pinning is to realize constant functions [1,0] and [0, 1] and was always
achieved by a nonplanar reduction. In the nonplanar setting, [1,0] and [0, 1] are contained in
each of the maximal tractable sets A and P (cf. [CLX14]). Therefore, pinning does not entail
any unexpected collapse of complexity classes. However, £Q with {[1, 0], [0, 1]} are not simulta-
neously realizable as matchgates. Hence Theorem 4.1 implies that pinning is not possible for
PI-#CSP(F), unless #P collapses to P! Instead, apply the Hadamard transformation and consider
Pl-Holant(C;r U é@)_ In this Hadamard basis, pinning becomes possible again since [1, 0] and [0, 1]
are included in each maximal tractable set. We prove our pinning result in this Hadamard basis
in Section 4.3. Note that as [1,0] € 8/5, we only need to realize [0, 1] there.

One important result that we will use extensively is Theorem 1.15. In particular, we will
often apply Theorem 1.15 with § = £Q, in other words, d = 1 in Theorem 1.15. This is the
special case of Pl-#CSP(F) when F contains a single binary signature. Furthermore, under the
holographic transformation by Hy = [} 1], it is easy to see that conditions fof; = f3 and
fofo = —f% Afg = —f» in Theorem 1.15 are invariant, while conditions f; = 0 and fy = fo map to
each other. Therefore, by an apparent coincidence, the tractability conditions remain the same.
To be clear, we restate Theorem 1.15 both before and after a holographic transformation by H

with G = €Q.

Theorem 4.2 (Special case of Theorem 1.15). For anyfy, f1,f> € C, bothPl-Holant ([fq, f1, 2] | £Q)
and P1-Holant ([fo, f1, o] | 8/5) are #P-hard unless one of the following conditions hold, in which

case both problems arve computable in polynomial time:

1. fofy = 2;

3. fof2 = —f5 and fo = —f2;
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4. fo = fo.

As we concern Pl-Holant(éZ) UJ), we will specialize and summarize tractability Lemmas 1.7,
1.9, and 1.10, as follows. We note that A= HoA = A, and €9 is matchgate realizable in the

standard basis.

Lemma 4.3. Let J be a set of symmetric, complex-valued Boolean signatures. ThenPl-Holant® (FU

é@) is tractable if F C A, F C TT?, orF C M.

Figure 4.1 is a Venn diagram of the tractable P1-#CSP signature sets in the Hadamard basis.
Each signature may also take an arbitrary constant multiple from C. This figure is particularly
useful in Section 4.2, where we consider the complexity of multiple signatures from different
tractable sets. The definition of each tractable signature set is given in Section 1.5.

The notation “f>” is short for signature f with “arity(f) > k”. Notice that M N P Ais

empty.

4.1 Domain Pairing

One important technique that we will use is domain pairing. Recall that we have used domain
pairing in Chapter 2, in particular, Lemma 2.21. The idea is to pair Boolean variables to simulate
a problem on a domain of size four and then reduces a problem in the Boolean domain to it.
As explained earlier, we will work in the Hadamard basis instead of the standard basis. The
goal is to classify Pl-Holant(F U 8/5).

We first prove a simple interpolation lemma for non-degenerate, generalized equality sig-

natures of arity at least 3.

Lemma 4.4. Let f = [q,0,...,0,b] with arity(f) > 3 for some a,b € C. If ab # 0, then for any set

F containing f,
Pl-Holant(F U {=4}) <t Pl-Holant(JF).

Proof. Since a # 0, we can normalize the first entry of f to get [1,0,..., 0, x], where x # 0. First,

we show how to obtain an arity 4 generalized equality signature. If r = 3, then we connect two
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P

[1,0,...,0,:&1]>3

(1,b,1,0,...]

(1,0,...,0, :|:i]>3

withb £0ADb* #£1
1, +1,-1,F1,1,+1,...]52

(1,0, £i]
[1’01_1’0’ 1101"']23
0,1,0,—1,0,1,...]

[1,0,7] with r £ 0 AT #£1
[l,O,T,O,rZ,O,...]>3 withr;«éO/\r2 #1
[0,1,0,7,0,7%,...]53 with T £ 0 A2 # 1
[0,1,0,...,0]>3

0,...,0,1,0]>3
M

Figure 4.1: Venn diagram of the tractable Pl-#CSP signature sets in the Hadamard
basis. Each signature has been normalized for simplicity of presentation. For a

signature f, the notation “f>1” is short for “arity(f) > k”.

copies together by a single edge to get an arity 4 signature. For larger arities, we form self-loops
until realizing a signature of arity 3 or 4. By this process, we have a signature g = [1, 0,0, 0, y],
where y = 0. If y is a pth root of unity, then we can directly realize =4 by connecting p copies
of g together, two edges at a time as in Figure 3.7. Otherwise, y is not a root of unity and we
can interpolate =4 as follows.

Consider an instance Q of Pl-Holant(F U {=4}). Suppose that =4 appears n times in Q. We

stratify the assignments o’s in Q) based on the assignments to =4. We only need to consider
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o’s which assign all zeroes or all ones to =4 since otherwise o contributes 0. Let c¢; denote the
summation of the product of evaluations of signatures other than =4 in Q over assignments
that give 1 many =4’s Hamming weight O (and n — 1 many =4’s Hamming weight 4). We can
rewrite the Holant on Q as

n
Holantg = Z Ci.
1=0

We construct from Q a sequence of instances Q¢ of PI-Holant(J) indexed by s > 1. Let g,
be the arity 4 signature of connecting s copies of [1,0, 0, 0,y], two edges together one pair at a
time as in Figure 3.7. We obtain Qg from Q by replacing each occurrence of =4 with gs. The

Holant on Q; is
n

Holantg, = Z (y®)icy.
i=0

For s > 1, this gives a coefficient matrix that is Vandermonde. Since y is neither 0 nor a root
of unity, y* is distinct for each s. Therefore, the Vandermonde system has full rank. We can

solve for the unknowns c; and obtain the value of Holantq. O

By a simple parity argument, gadgets constructed with signatures of even arity can only
realize other signatures of even arity. In particular, this means that =4 cannot by itself be used
to construct =3. The domain pairing argument makes realizing —3 possible using =4 alone.
The catch is the domain changes from individual elements to pairs of elements. We prove a

generalization of the domain pairing lemma [CLX10, Lemma III.2] for complex weights.

Lemma 4.5. Let a,b,x,y € C. If aby # 0 and x*> # y?, then for any set F of complex-valued
symmetric signatures containing [x, 0,y, 0] and [q, 0, ..., 0, b] of arity at least 3, P-Holant(FU 8/5)
is #P-hard.

Proof. Wereduce from Pl-Holant ([x,y,y] | £€Q) to Pl-Holant(CFUéE)). Since PI-Holant ([x,y,y] | £Q)
is #P-hard if y # 0 and x> # y° by Theorem 4.2, this shows that Pl-Holant (! US/Q) is also #P-hard.

An instance of Pl-Holant ([x,y,y] | £Q) is a signature grid Q with underlying graph G =
(U,V,E). In addition to G being bipartite and planar, every vertex in U has degree 2. We
replace every vertex in V of degree k (which is assigned =, € £Q) with a vertex of degree 2k,

and bundle two adjacent variables to form k bundles of 2 edges each. The k bundles correspond
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to the k incident edges of the original vertex with degree k. By Lemma 4.4, we have =4, which
we use to construct =, for any k. Then we assign =y to the new vertices of degree 2k.

If the inputs to these equality signatures are restricted to {(0,0),(1,1)} on each bundle,
then these equality signatures take value 1 on ((0,0),...,(0,0)) and ((1,1),...,(1,1)) and take
value O elsewhere. Thus, if we project the domain [2] x [2] to {(0,0),(1,1)}, it is the equality

signature =y.

)

a;p — — bl
ig
az — — b2

————

Figure 4.2: Gadget designed for the paired domain. One vertex is assigned [1, 0, 1, O]
and the other is assigned [x, 0, y, O].

To simulate [x,y,y], we connect f = [x,0,y,0] to g = [1,0,1,0] € €Q by a single edge as

shown in Figure 4.2 to form a gadget with signature

h(ar,a2,b1,b2) = Y f(ai, bi,c)glaz, bz,c).
c=0,1

We replace every (degree 2) vertex in U (which is assigned [x,y, y]) by a degree 4 vertex assigned
h, where the variables of h are bundled as (a;, a») and (by, b»).

The vertices in this new graph G’ are connected as in the original graph G, except that every
original edge is replaced by two edges that connect to the same side of the gadget in Figure 4.2.
Notice that h is only connected by (aj, ap) and (by, b») to some bundle of two incident edges
of an equality signature. Since this equality signature enforces that the value on each bundle is
either (0,0) or (1, 1), we only need to consider the restriction of h to the domain {(0, 0), (1, 1)}.
On this domain, h behaves like [x,y,y] as a symmetric signature of arity 2. Therefore, the
signature grid Q' with underlying graph G’ has the same Holant value as the original signature

grid Q. O

One may notice the apparent similarity between the gadget in Figure 2.4 and the one in
Figure 4.2. It is not surprising as both are used for domain pairing arguments, although the
details are different.

There are two scenarios leading to Lemma 4.5, the first of which is immediate.
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Corollary 4.6. Let a,b,x,y € C. Ifabxy # 0 and x* # y?, then for any set F of complex-weighted
symmetric signatures containing [x, 0,y] and [a,0,...,0,b] of arity at least 3, Pl-Holant(F U SAQ)
is #P-hard.

Proof. Connect three copies of [x,0,y] to [1,0, 1, 0], with one on each edge. We get x[x?, O,yz, 0].

Then apply Lemma 4.5. O

The second scenario that leads to Lemma 4.5 is Lemma 4.8, the proof of which also uses
Corollary 4.6. We will apply Corollary 4.6 either directly or after interpolating a unary signature

in two possible ways. The next lemma deals with one possibility.

Lemma 4.7. Suppose x € C and let f = [1,x, 1]. If x € {0, +1} and My has infinite order modulo
a scalar, then for any set F of complex-weighted symmetric signatures containing f and for any

a,b e C, we have
Pl-Holant(F U {[a, b]} U £Q) <t Pl-Holant(F U £Q).

Proof. Consider the unary recursive construction (Mg, s), where s = [(1)} € £Q. The determinant
of M is 1 —x? # 0. The determinant of [s Mys] is x # 0. By assumption, My has infinite order

modulo a scalar. Therefore, we can interpolate any unary signature by Lemma 3.32. O

Lemma 4.8. Let a,b € C. Ifab # 0 and a* # b*, then for any set F of complex-weighted
symmetric signatures containing f = [q,0,...,0,b] of arity at least 3, Pl-Holant(F U @) is #P-
hard.

Proof. Since a # 0, we normalize f to [1,0,...,0,x], where x # 0 and x* # 1. If the arity of f
is even, then after some number of self-loops, we have [1,0, x] and are done by Corollary 4.6.
Otherwise, the arity of f is odd. After some number of self-loops, we have g = [1,0,0, x].
If we had the signature [1, 1], then we could connect this to g to get [1,0,x] and be done by
Corollary 4.6. We now show how to interpolate [1, 1] in one of two ways. In either case, we use
the signature [1, x|, which we obtain via a self-loop on g.

Suppose R(x), the real part of x, is not 0. Connecting [1,x] to [1,0,1,0] gives h = [1,x, 1].

The eigenvalues of My, are AL = 1 & x. Since R(x) # 0 if and only if

i—i # 1, the ratio of the
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eigenvalues is not a root of unity, so M, has infinite order modulo a scalar. Therefore, we can
interpolate [1, 1] by Lemma 4.7.

Otherwise, R(x) = 0 but x is not a root of unity since x # +i. Connecting [1,x] to g gives
h = [1,0,x%]. Clearly (xz)4 + 1. Hence we apply Corollary 4.6 on h and f, implying that
Pl-Holant(F U 8/5) is #P-hard.. O

4.2 Mixing of Tractable Signatures

In this section, we consider all kinds of cases when tractable signatures of different classes are
combined. Basically, each tractable class, A, iT’, or M, in Lemma 4.3 is maximal. Combining
signatures from any two of them gives #P-hardness. The Venn diagram in Figure 4.1 is helpful
to understand various cases considered in the following lemmas.

The first two lemmas consider the case when one of the signatures is unary.

Lemma 4.9. Let f € A — P be a symmetric signature. Let a,b € C such that ab # 0 and a* # b*.

For any set F of signatures containing f and [a, b], Pl-Holant(F U é@) is #P-hard.
Proof. Up to a nonzero scalar, the possibilities for f are

- 1,0, £il;

. [1,0,...,0,x] of arity at least 3 with x* = 1;

- [1,£1,-1,F1,1,4+1,—1,F1,...] of arity at least 2;

- [1,0,-1,0,1,0,—1,0,...,0 or 1 or (—1)] of arity at least 3;

- [0,1,0,—-1,0,1,0,—1,...,0 or 1 or (—1)] of arity at least 3.

We handle these cases below.

1. Suppose f = [1,0,+1]. Connecting [a,b] to [1,0,1,0] gives [a,b, a] and connecting two
copies of [1,0,+i] to [a,b, a], one on each edge, gives g = [a,+ib,—al]. Since ab # 0
and a* # b* Pl-Holant (g | 8/5) is #P-hard by Theorem 4.2, so Pl-Holant(F U £9Q) is also
#P-hard.
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2. Suppose f = [1,0,...,0,x] of arity at least 3 with x* = 1. Connecting [a,b] to f gives
g = [a,0,...,0,bx] of arity at least 2. Note that (bx)* = b* # a*. If the arity of g is
exactly 2, then Pl-Holant({f, g} U 55) is #P-hard by Corollary 4.6, so Pl-Holant(F U EZ)) is
also #P-hard. Otherwise, the arity of g is at least 3 and Pl-Holant({g} U é@) is #P-hard by
Lemma 4.8, so Pl-Holant(F U SAQ) is also #P-hard.

3. Suppose f = [1,+1,—1,...] of arity n > 2. Connecting n—2 many copies of [1, 0] to f gives
[1,£1,—1] of arity exactly 2. Connecting [a, b] to [1,0, 1, 0] gives [a, b, a] and connecting
two copies of [a, b, a] to [1,+1,—1], one on each edge, gives g = [a? + 2ab — b2, +(a® +

b?),—a® + 2ab + b2]. This is easily verified by

a bl |1 1| |a b a?+2ab—b%2  £(a?+b?)
b al |£1 —1| |b «a +(a®+b%) —a®+42ab+b?

Since ab # 0 and a* # b4, Pl-Holant <g | 8/5) is #P-hard by Theorem 4.2, so PI-Holant(F U

P

£Q) is also #P-hard.

4. Suppose f = [1,0,—1,0,...] of arity n > 3. Connecting n — 3 copies of [1,0] to f gives
g =[1,0,—1,0] of arity exactly 3. Connecting [a, b] to g gives h = [a, —b, —a]. Since ab # 0
and a* # b*, Pl-Holant (h | FE) is #P-hard by Theorem 4.2, so Pl-Holant(F U £9Q) is also
#P-hard.

5. The argument for f = [0,1,0,—1,...] is similar to the previous case. O

Lemma 4.10. Letf € M —A be a symmetric signature. If ab # 0, then for any set F of signatures

containing f and [a, b], P1-Holant(F U 8/@) is #P-hard.

Proof. Up to a nonzero scalar, the possibilities for f are
- [1,0,7] with v # 0 and 1* # 1;
- [1,0,1,0,12,0,...] of arity at least 3 with r # 0 and 2 # 1;
- [0,1,0,7,0,72,...] of arity at least 3 with r # 0 and 2 # 1;

- [0,1,0,...,0] of arity at least 3;
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- [0,...,0,1,0] of arity at least 3.

We handle these cases below.

1. Suppose f = [1,0,7] with v* # 1 and r # 0. Connecting [a,b] to [1,0,1,0] gives [a, b, a]
and connecting two copies of [1,0, 7] to [a, b, a], one on each edge, gives g = [a, b, ar?]. If
a® # b?, then Pl-Holant (g | @) is #P-hard by Theorem 4.2, so Pl-Holant(F U £Q) is also
#P-hard.

2 — b2 and we begin by connecting [a, b] to [1,0,r] to get [a,br]. Then by

Otherwise, a
the same construction, we have g = [a, br?, ar?] and Pl-Holant (g | §§> is #P-hard by

Theorem 4.2, so PI-Holant(F U éb) is also #P-hard.

2. Suppose f = [1,0,7,0,...] of arity n > 3 with r* # 1 and r # 0. Connecting n — 3 copies of
[1,0] to f gives g = [1, 0, , 0] of arity exactly 3. Connecting [a, b] to g gives h = [a, br, a]. If
a? # b?r, then Pl-Holant (h \ é@) is #P-hard by Theorem 4.2, so Pl-Holant(F U £Q) is also
#P-hard.

Otherwise, a?

= b?r and we begin by connecting [1, 0] and [a, b] to [1,0, 0] to get [a, br].
Then by the same construction, we have g = [a, br?, ar] and Pl-Holant (g | éf)) is #P-hard

by Theorem 4.2, so Pl-Holant(F U 8/5) is also #P-hard.
3. The argument for f =[0,1,0,r,...] is similar to the previous case.

4. Suppose f = [0,1,0,...,0] of arity n > 3. Connecting n — 2 copies of [a,b] to f gives
g= a®*3[(k — 2)b, a,0]. Since ab # 0, Pl-Holant (g | gﬁ) is #P-hard by Theorem 4.2, so
Pl-Holant(F U é@) is also #P-hard.

5. The argument for f = [0,...,0,1, 0] is similar to the previous case. O

Now we consider the general case of two signatures from two different tractable sets. The
three tractable sets, A, fT’, and M, give rise to three pairs of tractable sets to consider, each of

which is covered in one of the next three lemmas.

Lemma 4.11. Let f € A — P and g € P — A be two symmetric signatures. For any set F of

signatures containing f and g, P1-Holant(5 U gi\)) is #P-hard.
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Proof. The only possibility for g is [a,b,a,b,...] of arity n, where ab # 0 and a* # b*. Con-

necting n — 1 copies of [1,0] to g gives [a, b] and we are done by Lemma 4.9. O

Lemma 4.12. Let f € A—M and g € M — A be two symmetric signatures. For any set & of

signatures containing f and g, P1-Holant(J U EZ)) is #P-hard.

Proof. Suppose f has arity n. If f does not contain any 0 entry, then after connecting n—1 copies
of [1,0] to f, we have a unary signature [a, b] with ab # 0. Then we are done by Lemma 4.10.
Otherwise, f contains a 0 entry. Then f = [x,0,...,0,y] of arity at least 3 with xy # 0 (and
x* =y*). (See Figure 4.1.)

Suppose g has arity k. Up to a nonzero scalar, the possibilities for g are (again, cf. 4.1):
- [1,0,7] with r # 0 and 1* # 1;

- [1,0,1,0,1%,0,...] withk > 3, r# 0, and 1% # 1;

- [0,1,0,1,0,72,...] withk > 3,7 # 0, and 1% # 1;

- [0,1,0,0,...,0] with k > 3;

- [0,...,0,0,1,0] with k > 3.

We handle these cases below.

1. Suppose g = [1,0, 7] with v # 0 and r* # 1. Then we are done by Corollary 4.6.

2. Suppose g =[1,0,1,0,...] withk > 3, r # 0, and r2 = 1. After connecting k — 3 copies of
[1,0] to g, we have h = [1,0,1,0] of arity exactly 3. Then Pl-Holant({f, h} U é?)) is #P-hard
by Lemma 4.5, so PI-Holant(F U 55) is also #P-hard.

3. Suppose g = [0,1,0,,...] with k > 3, r # 0, and 12 # 1. After connecting k — 3 copies
of [1,0] to g, we have h = [0,1,0, ] of arity exactly 3. Connecting two more copies of
[1,0] to h gives [0, 1]. Then we apply a holographic transformation by T = [} ], so f is
transformed to f = [y,0,...,0,x] and h is transformed to h = [r,0,1,0]. Every even arity
signature in €0 remains unchanged after a holographic transformation by T. By attaching

[0, 1]T = [1, 0] to every even arity signature in TE/@, we obtain all of the odd arity signatures
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in £Q again. Then Pl-Holant({f, i} U £Q) is #P-hard by Lemma 4.5, so Pl-Holant(F U £9Q) is
also #P-hard.

4. Supposeg =[0,1,0,...,0] withk > 3. The gadget in Figure 4.3 with g assigned to both ver-
tices has signature h = [k —1, 0, 1]. Then Pl-Holant({f, h}U 8/52) is #P-hard by Corollary 4.6,
so Pl-Holant(F U gﬁ) is also #P-hard.

5. The argument for g = [0,...,0, 1,0] is similar to the previous case. O

<

Figure 4.3: The vertices are assigned g = [0, 1,0,...,0].

Lemma 4.13. Let f € M — P and ge P — M be two symmetric signatures such that {f, g} Z A.

Then for any set F of signatures containing f and g, Pl-Holant(F U éﬁ\)) is #P-hard.

Proof. The only possibility for g is [a,b,a,b,...], where ab # 0. Suppose g has arity n > 0.
Connecting n — 1 copies of [1,0] to g gives h = [a,b]. If f ¢ A, then Pl-Holant({f, h} U SAQ) is
#P-hard by Lemma 4.10, so Pl-Holant(F U é@) is also #P-hard.

Otherwise, f € A, so g ¢ A. Then Pl-Holant({f, g} U gb) is #P-hard by Lemma 4.11, so
PI-Holant(F U SAQ) is also #P-hard. O

We summarize this section with the following theorem, which says that the tractable sig-
nature sets cannot mix. More formally, signatures from different tractable sets, when put

together, lead to #P-hardness.

Theorem 4.14 (Mixing). Let F be any set of symmetric, complex-valued signatures in Boolean
variables. If F C AU PU M, then Pl-Holant(F U SAQ) is #P-hard unless F C A, F C UAD, orFCM,

in which case Pl-Holant®(F U £Q) is tractable.

Proof. If F is a subset of A, GAD, or M, then the tractability is given in Lemma 4.3. Otherwise
F is not a subset of A, fT’, or M. Then F contains a signature g € (UA) UM) — A since F € A.
Suppose F contains a signature f € A — P M. If gce P — A, then Pl-Holant(F U 8/5) is #P-hard
by Lemma 4.11. Otherwise, g € M — A and Pl-Holant(F U SAQ) is #P-hard by Lemma 4.12.
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Now assume that ¥ C PUM. Since (UADHM) —A is empty (see Figure 4.1, either g € P—M—A
or g € M—DP— A If g € P — M — A, then there exists a signature f € M — P since F z P.
In which case, Pl-Holant(F U é@) is #P-hard by Lemma 4.13. Otherwise, g € M — P — A and
there exists a signature f € P — M since F ¢ M. In which case, PI-Holant(F U 8/5) is #P-hard by

Lemma 4.13. O

4.3 Pinning for Planar #CSP

The idea of “pinning” is a common reduction technique between counting problems. For the
#CSP framework, pinning fixes some variables to specific values of the domain by means of
the constant functions [BD07, DGJ09, BDG"09, HL12]. In particular, for counting graph ho-
momorphisms, pinning is used when the input graph is connected and the target graph is
disconnected. In this case, pinning a vertex of the input graph to a vertex of the target graph
forces all the vertices of the input graph to map to the same connected component of the tar-
get graph [DGO00Oa, BGO5, GGJT10, ThulO, CCL13]. For the Boolean domain, the constant 0 and
constant 1 functions are the signatures [1, 0] and [0, 1] respectively.

From these works, the most relevant pinning lemma for the P1-#CSP framework is by Dyer,
Goldberg, and Jerrum in [DGJ09], where they show how to pin in the #CSP framework. However,
the proof of this pinning lemma is intrinsically nonplanar. Cai, Lu, and Xia [CLX10] overcame
this difficultly in the proof of their dichotomy theorem for the real-weighted P1-#CSP framework
by first applying a holographic transformation by the Hadamard matrix Hy, = H _11] and then
pinning in this Hadamard basis.! We stress that this holographic transformation is necessary.
Indeed, if one were able to pin in the standard basis of the Pl-#CSP framework, then P = #P
would follow since Pl-#CSP(JV[) is tractable but Pl-#CSP(J\A/E U {[1,0],10,1]}) is #P-hard by our
main dichotomy in Theorem 4.1 (or, more specifically, by Lemma 4.10).

Since PI-#CSP(F) is Turing equivalent to Pl-Holant(F U £Q), the expression of PI-#CSP(¥F) in
the Hadamard basis is Pl—Holant(gr U E/Q). Then we already have [1,0] € 8/5, SO pinning in the

Hadamard basis of P1-#CSP(JF) amounts to obtaining the missing signature [0, 1].

IThe pinning in [CLX10], which is accomplished in Section IV, is not summarized in a single statement but is
implied by the combination of all the results in that section.
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Figure 4.4: The circles are assigned [q, 0, 0,0, b, c].

The Road to Pinning

We begin the road to pinning with a lemma that assumes the presence of [0,0,1] = [0, 1]®2,
which is the tensor product of two copies of [0,1]. In our pursuit to realize [0, 1], this may
be as close as we can get, such as when every signature has even arity. Another roadblock to
realizing [0, 1] is when every signature has even parity. Recall that a signature has even parity
if its support is on entries of even Hamming weight. By a simple parity argument, gadgets
constructed with signatures of even parity can only realize signatures of even parity. However,
if every signature has even parity and [0, 0, 1] is present, then we can already prove a dichotomy,
which is Lemma 4.16.

Before proving Lemma 4.16, let us show the following technical lemma first. It will be used

in the proof of Lemma 4.16, as well as in Section 4.4.
Lemma 4.15. Let a,b,c € C. If ab # 0, then Pl-Holant([a, 0, 0,0, b, c]) is #P-hard.

Proof. Let f be the signature of the gadget in Figure 4.4 with [q,0,0,0,b, c] assigned to both

vertices. The signature matrix of f is

a2 0 0 0

0 b2 b2 be
Mf_ y

0 b? b? bc

0 bc be 3b2 42

which is redundant. It is easy to verify that det (K/lvf) = 6a’b* # 0. Thus, Pl-Holant(f) is
#P-hard by Corollary 3.28, so Pl-Holant([a, 0, 0,0, b, c]) is also #P-hard. O

Lemma 4.16. Suppose JF is a set of symmetric signatures with complex weights containing [0, 0, 1].
If every signature in F has even parity, then either Pl-Holant(F U g@) is #P-hard or F is a subset

of A, iT?, or M, in which case Pl-Holant®(F U SAQ) is tractable.
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Proof. The tractability is given in Lemma 4.3. If every non-degenerate signature in & is of arity
at most 3, then F C M since all signatures in F satisfy the (even) parity condition.

Otherwise F contains some non-degenerate signature of arity at least 4. For every signature
f € Fwith f = [y, f1,...,fm] and m > 4, using [0, 0, 1] and [1, 0], we can obtain all subsignatures
of the form [fy_», 0, fy, 0, fx 2] for any even k such that 2 < k < m — 2. If any subsignature g
of this form satisfies fi_pfyi 2 # 1“]2< and fy # 0, then Pl-Holant(g) is #P-hard by Corollary 3.28,
so Pl-Holant(F U é@) is also #P-hard.

Otherwise all subsignatures of signatures in F of the above form satisfy fi_»fx > = fﬁ or
fi. = 0. There are two types of signatures with this property. In the first type, the signature
entries of even Hamming weight form a geometric progression. More specifically, the signatures

of the first type have the form
™, 0,0™1B,0,...,0,axp™ 1 0,p™ or [&™0,a™!B,0,...,0,ap™1,0,p™, 0]

for some «,3 € C, which are in M. In the second type, the signatures have arity at least 4
or 5 and are of the form [x,0,...,0,y] or [x,0,...,0,y,0] respectively, with xy # 0 and an odd
number of 0’s between x and y (since they have even parity). If all of the signatures in F are of
the first type, then ¥ C M.

Otherwise F contains a signature f of the second type. Suppose f = [x,0,...,0,y, 0] of arity
n > 5 with xy # 0. Then n is odd as there are odd number of 0’s between x and y. With “T_S
many self-loops, we have g = [x, 0,0, 0,y, 0] of arity exactly 5. Then Pl-Holant(g) is #P-hard by
Lemma 4.15, so Pl-Holant(F U é@) is also #P-hard.

Otherwise f = [x,0, ..., 0,y] of arity at least 4 with xy # 0. If x* = y*, then Pl-Holant(F U Q)
is #P-hard by Lemma 4.8. Otherwise x* = y*. This puts every signature of the second type in

A. Therefore ¥ C A UM and we are done by Theorem 4.14. O

Every other result in the rest of this section states that we are able to pin (under various
assumptions on J). Formally speaking, we repeatedly prove that Pl-Holant®(F U gﬁ) is #P-hard
(or in P) if and only if Pl-Holant(F U 8/5) is #P-hard (or in P). The difference between these
two counting problems is the presence of [0, 1] in Pl-Holant®(F U gﬁ\l). We always prove this

statement in one of three ways:
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1. we show that Pl-Holant® (F U 55) is tractable (so Pl-Holant(F U 55) is as well);
2. or we show that Pl-Holant(F U 8/5) is #P-hard (so PI-Holant®(F U 8/5) is as well);

3. or we show Pl-Holant® (5 U gﬁ) <t Pl-Holant(5 U 8/5) by realizing [0, 1] using signatures
in FU £Q.

Lemma 4.17. Let F be any set of complex-weighted symmetric signatures containing |0, 0, 1].

Then Pl-Holant® (U g@) is #P-hard (or in P) if and only if PI-Holant(F U 55) is #P-hard (or in P).

Proof. If we had a unary signature [a, b] where b # 0, then connecting [a, b] to [0, 0, 1] gives the
signature [0, b], which is [0, 1] after normalization. Thus, in order to reduce Pl-Holant®(F U 8/5)
to PI-Holant(F U 8/5\2) by constructing [0, 1], it suffices to construct a unary signature [a, b] with
b # 0.

For every signature f € F with f = [fy, f1,..., fm], using [0, 0, 1] and [1, 0], we can obtain all
subsignatures of the form [fx_1, fi] for any odd k such that 1 < k < m. If any subsignature
satisfies fy, # 0, then we can construct [0, 1].

Otherwise all signatures in  have even parity and we are done by Lemma 4.16. O

Figure 4.5: The circles are assigned [1, 0, 1, 0] and the triangles are assigned [1, 0, x].

There are two scenarios that lead to Lemma 4.17, which are the focus of the next two

lemmas.

Lemma 4.18. For x € C, let F be a set of complex-weighted symmetric signatures contain-
ing [1,0,x] such that x ¢ {0,41}. Then Pl-Holant®(F U 8/5) is #P-hard (or in P) if and only if
Pl-Holant(F U 8/5) is #P-hard (or in P).

Proof. There are two cases. In either case, we realize [0, 0, 1] and finish by applying Lemma 4.17.
First we claim that the conclusion holds provided |x| # 0, 1. Combining k copies of [1, 0, x]
gives [1,0,x¥]. Since |x| € {0, 1}, x is neither zero nor a root of unity, so we can use polynomial

interpolation to realize [a, 0, b] for any a, b € C, including [0, 0, 1].
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Otherwise |x| = 1. The gadget in Figure 4.5 has signature [fg, f1, f2] = [1+x2, 0, 2x]. If x = +i,
then we have [0, 0, +21], which is [0, 0, 1] after normalization.

Otherwise x # =i, so fg # 0. Since x # 0, f» # 0. Since x = =1, |fy] < 2. However,

2x
1+x2

|f2| = 2. Therefore, after normalization, the signature [1,0,y] with y = has [y| > 1, so it

can interpolate [0, 0, 1] by our initial claim since |y| & {0, 1}. O

Lemma 4.19. Let F be a set of complex-weighted symmetric signatures containing a signature f
that is not identically 0 but fo = 0. Then Pl-Holant® (F U é@) is #P-hard (or in P) if and only if
Pl-Holant(F U 8/5) is #P-hard (or in P).

Proof. Suppose the first non-zero entry of f is f; where i > 0 and f has arity n. Connecting n—1

many copies of [1,0] to f gives us [0,0,---,0, f;] of arity i. With [152] many self-loops, we get

[0, fi] or [0, 0, ;] depending on the parity of 1, which is either [0, 1] or [0, O, 1] after normalization.

If it is [0, 1], then we are done directly. If it is [0, O, 1], then we are done by Lemma 4.17. O

As a significant step toward pinning for any signature set &, we show how to pin given any

binary signature. Some cases resist pinning and are excluded.

Lemma 4.20. Let F be a set of complex-weighted symmetric signatures containing a binary
signature f. Then Pl-Holant®(F U gﬁ) is #P-hard (or in P) if and only if Pl-Holant(F U gﬁ) is
#P-hard (or in P) unless f € {[0,0,0],[1,0,—1],[1,r,72],[1,b, 1]}, up to a nonzero scalar, for any
b,re C.

Proof. Let f = [y, f1, f2]. If fy = 0 and either f; # 0 or f» # 0, then we are done by Lemma 4.19.
Otherwise, f = [0,0,0] or fy # 0, in which case we normalize fy to 1. If Pl-Holant (f | gﬁ) is
#P-hard by Theorem 4.2, then Pl-Holant(F U 8/5) is also #P-hard. Otherwise, f is one of the

tractable cases, which implies that
f 6 {[O’ O! O]’ [1! r’ TZ]’ [1! O’ X]’ [1’ :t]‘! _1]’ [1’ b! 1]}'

If f =[1,41,—1], then we connect f to [1, 0, 1, 0] to get [0, &2], which is [0, 1] after normalization.
If f =[1,0,x], then we are done by Lemma 4.18 unless x € {0, £1}. The remaining cases are all

excluded by assumption, so we are done. O
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Pinning in the Hadamard Basis

Before we show how to pin in the Hadamard basis, we handle two simple cases.

Lemma 4.21. For any set F of complex-weighted symmetric signatures containing [1, +i], we

have Pl-Holant® (F U g@) <7 Pl-Holant(F U 8/52).

Proof. Connect two copies of [1,4i] to [1,0, 1, 0] to get [0, +-2i], which is [0, 1] after normaliza-

tion. O

The next lemma considers the signature [1,b,1,b!], which we also encounter in Theo-

rem 4.24, the single signature dichotomy.

Lemma 4.22. Letb € C. Ifb ¢ {0,4+1}, then for any set F of complex-weighted symmetric
signatures containing f = [1,b, 1, b1, Pl-Holant(F U E@) is #P-hard.

Proof. Connect two copies of [1,0] to f to get [1,b]. Connecting this back to f gives g = [1 +
b2, 2b, 2]. Then Pl-Holant (g | é@) is #P-hard by Theorem 4.2, so Pl-Holant(F U g@) is also #P-

hard. O
Now we are ready to prove our pinning result.

Theorem 4.23 (Pinning). Let F be any set of complex-weighted symmetric signatures. Then

Pl-Holant® (F U @) is #P-hard (or in P) if and only if PI-Holant(F U g@) is #P-hard (or in P).

This theorem does not exclude the possibility that either framework can express a problem
of intermediate complexity. It merely says that if one framework cannot express a problem
of intermediate complexity, then neither can the other. Our goal is to prove a dichotomy for
Pl-Holant(5FuU 8/5). By Theorem 4.23, this is equivalent to proving a dichotomy for Pl-Holant® (FU
£9Q).

Proof of Theorem 4.23. For simplicity, we normalize the first nonzero entry of every signature
in F to 1. If F contains the degenerate signature [0, 1]™ for some n > 1, then we take self-loops
on this signature until we have either [0, 1] or [0, 0, 1] (depending on the parity of n). If we have

[0, 1], we are done. Otherwise, we have [0, 0, 1] and are done by Lemma 4.17.
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Now assume that any degenerate signature in F is not of the form [0,1]®™. Then we can
replace these degenerate signatures in F by their unary versions using [1,0]. This does not
change the complexity of the problem. Hence we may assume all degenerate signatures in F
are unary. If F contains only unary signatures, then F C P and Pl-Holant® (5 U g@) is tractable
by Lemma 4.3.

Otherwise F contains a non-degenerate signature f of arity k > 2. We connect k — 2 copies
of [1, 0] to f until we obtain a signature with arity exactly 2. We call the resulting signature the
binary prefix of f. If this binary prefix is not one of the exceptional forms in Lemma 4.20, then
we are done, so assume that it is one of the exceptional forms.

We do case analysis according to the exceptional forms in Lemma 4.20. There are five cases
below because we split the case of [1,r,12] into [1,0, 0] and [1, r, 2] with r = 0 as two separate
cases. In each case, we either show that the conclusion of the theorem holds or that f € AU(T)UM,
for each non-degenerate f € F. After the case analysis, we have that ¥ C A U P UM. Then we

are done by Theorem 4.14.

1. Suppose the binary prefix of f is [0,0,0]. Since f is not degenerate, then f is not identi-

cally 0, and we are done by Lemma 4.19. Thus, in this case, the theorem holds.

2. Suppose the binary prefix of f is [1,0, —1]. If f is not of the form
1,0,-1,0,1,0,—1,0,...,0 or 1 or (—1)], 4.1)

then after one self-loop, we have a signature of arity at least one with 0O as its first entry

but is not identically 0, so we are done by Lemma 4.19.

Thus, in this case, we may assume f has the form given in (4.1).

3. Suppose the binary prefix of f is [1,0,0]. Since f is not degenerate, f is not of the form
[1,0,...,0]. Suppose the second non-zero entry is f; = x # 0 where i > 3. Then after
connecting k — i copies of [1, 0], where arity(f) = k, we have [1,0,...,0,x] of arity i. If
x* #£ 1, then Pl-Holant({f} U g@) is #P-hard by Lemma 4.8, so Pl-Holant(F U gf)) is also
#P-hard.



139

Otherwise, x* = 1. If f = [1,0,...,0,x] with x* = 1, then f € A. Suppose that x is not the
last entry in f. Connecting k — i — 1 copies of [1,0] to f, we have g = [1,0,...,0,x,y] of

arity 1+ 1.

- Ifiis odd, then doing % many self-loops, we have h = [1, 0, 0, x, y]. The determinant
of the compressed signature matrix of h is —2x2 # 0. Thus, Holant(h) is #P-hard by
Corollary 3.28, so Pl-Holant(F U 55) is also #P-hard.

- Otherwise, i is even. After % many self-loops on g, we have h = [1,0,0,0,x,yl.

Then by Lemma 4.15, Holant(h) is #P-hard, so PI-Holant(F U 8/5) is also #P-hard.

Thus, in this case, we may assume that f = [1,0,...,0,x] with x* = 1.

4. Suppose the binary prefix of f is [1, r, r2], where r # 0. Since f is non-degenerate, f is not of
the form [1,r,...,r™]. Suppose the first term that breaks the patternis f,,, 1 =y # rm+l
with m > 2. Connecting k — m — 1 many copies of [1, 0], where arity(f) = k, we have
(1,7,...,7™, yl. Using [1,0], we can get [1,7]. If r = &1, then we are done by Lemma 4.21,
so assume that r # +i. Then we can attach [1, r] back to the initial signature k — 3 times
to get g = [1,T, r2,x] after normalization, where x # r3. We connect [1, 1] once more to
get h = [1 +1%,7(1 +12),r% + rx]. If h does not have one of the exceptional forms in

Lemma 4.20, then we are done, so assume that it does.

Since the second entry of h is not 0 and x # r3, the only possibility is that h has the form
[1,b,1] up to a scalar. This gives x = r~!. Note that r # +1 since x # r3. A self-loop on
g = [1,7,v%,v~ 1] gives [1 + 1%, + r—1], which is [1,v!] after normalization. Connecting
this back to g gives h' = [2, 2r, 2 + 2], We assume that h’/ has one of the exceptional
forms in Lemma 4.20 since we are done otherwise. If h’ has the form [1,r,7%] up to a
scalar, then r* = 1, a contradiction, so it must have the form [1,b, 1] up to a scalar. But

then r2 = 1, which is also a contradiction.
Thus, in this case, the theorem holds.
5. Suppose the binary prefix of f is [1,b, 1]. If b = +1, then this binary prefix is degenerate

and was considered in the previous case, so assume that b # £1. If f is not of the form

1,b,1,b,...], then let i be the index of the first entry in f to break the pattern. If i is
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even, connecting k—1i copies of [1, 0] to f, where k = arity(f), we have [1,b,1,...,b,y] with
y # 1. We do % more self-loops. After normalization, we get g = [1,b, 1, b, x], where
x # 1. The determinant of its compressed signature matrix is (b%> — 1)(1 — x) # 0. Thus,

Holant(g) is #P-hard by Corollary 3.28, so Pl-Holant(F U 55) is also #P-hard.

Otherwise, 1 is odd. Then connect k — i many [1,0] to f, and we get [1,b,1,...,1,y] with
y # b. We do % self-loops. After normalization, we get [1,b, 1,x], where x # b. One

more self-loop gives us g’ = [2,b + x].

. If b = 0, then connecting g’ to [1, 0, 1,x] gives [2,x, 2+x?]. We assume that [2, x, 2+x?]
has one of the exceptional forms in Lemma 4.20 since we are done otherwise. Because
x # 0, the only possibility is that [2,x,2 + x°] has the form [1,r,1%] up to a scalar.

Then we get x2 = —4, so g = [2,x] = 2[1, £i] and we are done by Lemma 4.21.

- Otherwise, b # 0. Using [1, 0], we can get h = [1,b, 1]. If the signature matrix My,
of h has infinite order modulo a scalar, then we can interpolate [0, 1] by Lemma 4.7
since b ¢ {0, +1}, and we are done.

Hence we may assume that My, has finite order modulo a scalar. There exists positive
integer ¢ and B # O such that M! = BI,. Thus after normalization, we can construct
the anti-gadget [1,—b, 1] by connecting £ — 1 copies of h together. Connecting [1, 0]

to [1,—b, 1] gives [1, —b] and connecting this to [1, b, 1,x] gives [1 —b2,0,1 — bx].

If 1=2% ¢ {0,+£1}, then we are done by Lemma 4.18. Otherwise, y = 1=25 € {0, +1}.

Fory =0, we get x = b~! and are done by Lemma 4.22 since b ¢ {0, +1}. For y=1,
we get b = x, a contradiction. For y = —1, we get 2 — b2 — bx = 0. Then connecting
[1,—b,1] to g = [2,b + x] gives [2 — b%> — bx,x — b] = [0,x — b], which is [0,1] after

normalization.
Thus, in this case, we may assume that f = [1,b,1,b,...].
To summarize, every non-degenerate signature in ¥ must have one of the following forms:
- [1,0,-1,0,1,0,—1,0,...,0 or 1 or (—1)], which is in A N M;

- [1,0,...,0,x], where x* = 1, which is in A;
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. [1,b,1,b,...,1 or b], which is in P.

Moreover, as unary signatures are all in UAD, we have that ¥ C A U P UM. We are done by

Theorem 4.14. O

4.4 Planar #CSP Dichotomy

In this section, we prove our main dichotomy theorem. We begin with a dichotomy for a single

signature.

Theorem 4.24. Let f be a non-degenerate symmetric signature of arity n > 2 with complex
weights in Boolean variables. Then Pl-Holant({f} U é@) is #P-hard unless f € AUP U M, in which

case the problem is computable in polynomial time.

Proof. When f € AU PU M, the problem is tractable by Lemma 4.3. When f ¢ A U PuU M, we
prove that Pl-Holant® ({f}U gﬁ\)) is #P-hard, which is sufficient because of pinning (Theorem 4.23).
Using [1, 0] and [0, 1], we can obtain any subsignature of f.

Notice that once we have [0, 1] and gb we can realize every signature in Tgb, where T =
[91]. In fact, every even arity signature in €0 is also in TEQ, and we obtain all the odd arity sig-
natures in TEQ by attaching [0, 1] to all the even arity signatures in ga. Therefore, a holographic
transformation by T does not change the complexity of the problem. Furthermore, A U PUM
is closed under T. We will use these facts later.

The possibilities for f can be divided into three cases:
- f satisfies the parity condition,;
- f does not satisfy the parity condition but does contain a 0 entry;
- f does not contain a 0 entry.
We handle these cases below.

1. Suppose that f satisfies the parity condition. If f has even parity, then we are done by

Lemma 4.16. Otherwise, f has odd parity.
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- If n, the arity of f, is odd, then under a holographic transformation by T = [?}], fis
transformed to f, which has even parity. Then either Pl-Holant® ({f} U §§) is #P-hard
by Lemma 4.16 (and thus Pl-Holant® ({f} U 8/5) is also #P-hard), or f € AU P UM (and
thusfeAU@UM).

- Otherwise, n is even. Connect [0, 1] to f to get a signature g with even parity and
odd arity. Then either Pl-Holant®({g} U €0) is #P-hard by Lemma 4.16 (and thus
Pl-Holant® ({f} U g@) is also #P-hard), or g € AU P UM. In the latter case, it must be
that g € M since non-degenerate generalized equality signatures cannot have both
even parity and odd arity (cf. Figure 4.1). In particular, the even parity entries of g
form a geometric progression. Therefore f € M since f has odd parity and the same

geometric progression among its odd parity entries.

2. Suppose that f does not satisfy the parity condition but contains a 0 entry. Since f does
not satisfy the parity condition, there must be at least two nonzero entries separated by
an even number of 0 entries. Thus, f contains a subsignature g = [q,0,...,0,b] of arity

k=2{+1 > 1, where ab # 0.

If £ = 0, then k = 1 and we can shift either to the right or to the left and find the O entry in
f and obtain a binary subsignature h of the form [a, b, 0] or [0, a, b], where ab # 0. Then

Pl-Holant <h | g@) is #P-hard by Theorem 4.2, so Pl-Holant({f} U 8/5) is also #P-hard.

Otherwise ¢ > 1, so k > 3. If a* # b*, then Pl-Holant({g} U £Q) is #P-hard by Lemma 4.8,
so PI-Holant({f} U 8/5) is also #P-hard.

4 =% s0 g e A. If f = g, then we are done, so assume that f # g, which im-

Otherwise, a
plies that there is another entry just before a or just after b. If this entry is nonzero, then f
has a subsignature h of the form [c, a, 0] or [0, b, d], where cd # 0. Then Pl-Holant <h | éf))

is #P-hard by Theorem 4.2, so Pl-Holant({f} U 8/5) is also #P-hard.

Otherwise, this entry is O and f has a subsignature h of the form [0, a,0,...,0,b] or
[a,0,...,0,b,0] of arity at least 4. If the arity of h is even, then after some number of
self-loops, we have a signature h’ of the form [0, a, 0,0, b] or [q, 0,0, b, 0] of arity exactly 4.

Then Pl-Holant(h') is #P-hard by Corollary 3.28 since ab # 0, so Pl-Holant({f}U é@) is also
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#P-hard.

Otherwise, the arity of h is odd. After some number of self-loops, we have a signature
h’ of the form [0, a,0,0,0,b] or [a,0,0,0,b,0] of arity exactly 5. Then Pl-Holant(h’) is
#P-hard by Lemma 4.15 since ab # 0, so Pl-Holant({f} U gb) is also #P-hard.

. Suppose f contains no 0 entry. If f has a binary subsignature g such that Pl-Holant (g | é@)
is #P-hard by Theorem 4.2, then Pl-Holant({f} U é@) is also #P-hard.

Otherwise every binary subsignature [a, b, c] of f satisfies the conditions of some tractable
case in Theorem 4.2. The three possible tractable cases are degenerate with condition
ac = b? (case 1), affine A with condition ac = —b? A a = —c (case 3), and a Hadamard-
transformed product type P with condition a = c (case 4). If every binary subsignature
[a, b, c] of f satisfies ac = b2, then f is degenerate, a contradiction. If every binary subsigna-
ture [a, b, c] of f satisfies ac = —b?Aa = —c, thenf =[1,+1,—1,F1,1,+1,—1,F1,...] € A
(up to a scalar) and we are done. If every binary subsignature [a, b, c] of f satisfies a = c,

then f € P and we are done.

Otherwise, there exists two binary subsignatures of f that do not satisfy the same tractable
case in Theorem 4.2. Hence f has arity n > 3. Let hy = [fi, fi 1, fige] forall 0 <ig<n—2
be binary subsignatures of f. Suppose there exists an i such that h; satisfies the affine
condition (case 3). We claim that there must exist two successive signatures h = [a, b, c]
that is affine and h/ = [b, ¢, d] satisfying either the degenerate or the product-type con-
dition, up to a transformation of [(1) (1)] This is because we can start from h; and search
in both directions h;_; and h;,; until we found such h and h’. It is always successful
because not all h; satisfies the affine condition. Let g = [a, b, ¢, d] be the tenary subsigna-
ture of f. Then for either case of h/, we have g = [1,¢,—1, ¢] after normalization, where
¢2 = 1. Connecting two copies of [0, 1] to g gives [—1, ¢]. Connecting this back to g gives
g’ = [0,—2¢,2]. Then Pl-Holant (g’ | é@) is #P-hard by Theorem 4.2, so Pl-Holant({f}U 55)
is also #P-hard.

Otherwise, up to the transformation [ { } |, there exists a ternary subsignature g = [a, b, ¢, d]
of f such that h = [a, b, c] satisfies the product-type condition (but not the degenerate con-

dition) and h/ = [b,c, d] satisfies the degenerate condition. Then g = [1,b,1,b~!] after



144

normalization, where b2 # 1. Then Pl-Holant (g | é@) is #P-hard by Lemma 4.22, so
Pl-Holant({f} U 8/@) is also #P-hard. O

Now we are ready to prove our main dichotomy theorem.

Theorem 4.25. Let F be any set of symmetric, complex-valued signatures in Boolean variables.
Then Pl-Holant(F U 8/5) is #P-hard unless F C A, F C ﬂA’, or F C M, in which case the problem is

computable in polynomial time.

Proof. The tractability is given in Lemma 4.3. When ¥ is not a subset of A, GA), or M, we prove
that Pl-Holant® (5 U 8/@) is #P-hard, which is sufficient because of pinning (Theorem 4.23).

For any degenerate signature f € &, we connect some number of [1, 0] or [0, 1] to f to get its
corresponding unary signature. We replace f by this unary signature, which does not change
the complexity. Thus, assume that the only degenerate signatures in F are unary signatures.

fFg AU PU M, then the problem is #P-hard by Theorem 4.24. Otherwise, ¥ C AU PUM

and we are done by Theorem 4.14. O

Transforming back to the standard basis, Theorem 4.25 is equivalent to Theorem 4.1.
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Chapter 5

A Closer Look at Tractable Signatures

Aside from vanishing signatures, major tractable sets are A-transformable in Lemma 1.7, P-
transformable in Lemma 1.9, and M-transformable in Lemma 1.10. In this chapter, we first
characterize these three sets, and then show various hardness results related to them. After
we finish these hardness results, we will utilize them to show Theorem 5.41, the single signature
dichotomy for Holant and Pl-Holant.

Throughout the chapter, we define o« = 1—\72‘ =Vi= e and use 0, (C) to denote the group
of 2-by-2 orthogonal matrices over C. While the main results in this section assume that the
signatures involved are symmetric, we note that some of the lemmas also hold without this
assumption. We use Fy3 to denote F; U F» U F3, where F1, F», and F3 are defined in (1.4).

Recall that by Definition 1.3, if a set of signatures JF is C-transformable, then there exists a
T € GL»(C) such that [1,0,1]T®? € € and F C TC. We first consider possible transformations
such that [1,0,1]T®2 € A, P, or M. While there are many binary signatures in A, P, and M, it

turns out that it is sufficient to consider the following cases.
Proposition 5.1. Let T € C?*? be a matrix. Then the following hold:
1. [1,0,1]T®? = [1,0,1] if and only if T € 0,(C);
2. [1,0,1]T®2 = [1,0,1] if and only if there exists an H € O(C) such that T=H [} 0];

3. [1,0,1]T®2 = [0,1,0] if and only if there exists an H € 02(C) such that T = =H[! L ].

11—

N
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Proof. Recall (1.3). Case 1 is clear due to
[1,0,1]T%2 =[1,0,1] <= TTLT =1, <« TTT =1y,

the last of which is the definition of a (2-by-2) orthogonal matrix. Now we use this case to prove
the others.

LetDy = [} %] and D3 =Z = % [1 L], 1et T = HD; (for j = 2,3), where H € O(C). Then

we can directly verify that,
1,0, 1T%% = 1,0, 1](HD;)®* = [1,0,1]D§** = f;,

where >, = [1,0,1] and f3 = [0, 1, 0] are the binary signature in case 2 and 3.

On the other hand, suppose that [1, 0, 1](Tj)®2 = fj, for j = 2, 3. Then we have that
[1,0,1)(T;D; 12 = £;(D;1)®* = [1,0,1],

s0 H=T;D; ' € 02(C) by case 1. Thus T; = HDj as desired. O
We also need the following lemma. Its proof is straightforward.

Lemma 5.2. If a symmetric signature f = [fy,f1,...,Tn] can be expressed in the form f =
all,A]®™ + b[1, u®™, for some a,b, A, u € C, then the f\.’s satisfy the recurrence relation fy_ > =

A+ Wfrs1 — Apfi for0 <k <n— 2.

5.1 Characterization of A-transformable Signatures

We start with A-transformable signatures. We introduce the left and right stabilizer groups of

A:

LStab(A) ={T € GL>(C) | TA C A}j;

RStab(A) = {T € GL(C) | AT C A}
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In fact, these two groups are equal and coincide with the group of nonsingular signature ma-

trices of binary affine signatures. Recall (1.2). For a binary signature f = (0, 01 10 f11) "jts

signature matrix My is

fOO fOl

flO fll
Let
A?X2 =My | f € A, arity(f) =2, and det(M;) = 0}

be the set of nonsingular signature matrices of the binary affine signatures. It is straightforward
to verify that A%*? is closed under multiplication and inverses. Therefore A?*? forms a group.
Let Do = [§9] and Ho = S5 [1 1}]. Alsolet X = [04] and Z = 5[} };]. Note that
Z = DyH, and that D3Z = % [ 1, }] = ZX. Hence X = Z~'D3Z. Furthermore, Dy, H,,X,Z €
LStab(A) NRStab(A) N A2*2, as well as all nonzero scalar multiples of these matrices.
Not only are the groups LStab(A), RStab(A), and A2*? equal, they are generated by D, and

H> with a nonzero scalar multiple.
Lemma 5.3. LStab(A) = RStab(A) = A%*? = C* - (D3, Hy).

Proof. Let
S:={S € GL2(C) | F1235 C Fy23}

be the right stabilizer group of F123. Since Fy»3 C A, and symmetric signatures are still sym-
metric under any transformation, we have that RStab(A) C S. Moreover, as A is closed under
gadget construction, A2*2 C RStab(A). Hence, A%2%2 C RStab(A) C S. Together with the fact
that Dy, Hy € A2%2, we have C*- (D, Hy) C A?*? C RStab(A) C S. To finish the proof, we show
that S C C* - (D3, Hy). For LStab(A), the proof is similar.

Let T be an arbitrary element in S. For f = (=3), we have fT®3 € F53. Then by the form
of Fy23, for some M € (D», Hy), chosen to be either I, or Hg = Hy, or ZT = HyD», we have

f(TM~1)®3 ¢ F,, which is a generalized equality signature. Then either TM~! or TM~ !X is a
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diagonal matrix T’ = A [} ]. Furthermore, by applying T’ to =4, we conclude that (=4)T"®4 €
JF1, since it is in F13 but not in ¥, U F3 because T’ is diagonal. It follows that d is a power of i,

and hence [} 9] is a power of D,. Thus T € C* - (D, Hy). O

Since LStab(A) = RStab(A), we simply write Stab(.A) for this group. Of course each T under
which F is A-transformable is just a particular transformation that can be extended by any

element in Stab(A).

Lemma 5.4. Let F be a set of signatures. Then F is A-transformable under T if and only if F is

A-transformable under any T’ € T Stab(A).

Proof. Sufficiency is trivial since I, € Stab(A). If F is A-transformable under T, then by defini-
tion, we have (=2)T®? e Aand ¥’ =T 1F C A. Let T’ = TM € T Stab(A) for any M € Stab(A).
It then follows that (=2)T'®? = (=) T®?M®? c AM = A and T 1F=M"1F Cc M 14 = A.

Therefore ¥ is A-transformable under any T’ € T Stab(A). O

After restricting by Proposition 5.1 and normalizing by Lemma 5.4, one only needs to check

a small subset of GL;(C) to determine if &F is A-transformable.

Lemma 5.5. Let F be a set of signatures. Then F is A-transformable if and only if there exists

anH € 02(C) such thatF CHA or FC H [} 0] A.

Proof. Sufficiency is easily verified by checking that = is transformed into A in both cases. In
particular, H leaves =» unchanged.

If 7 is A-transformable, then by definition, there exists a matrix T such that (=,)T®2 € A
and T'F C A. Since = is non-degenerate and symmetric, (=»)T®? € A is equivalent to
(=2)T®2 € Fyp3.

Any signature in F3 is expressible as c(v‘iz’“ + itv?“), where t € {0,1,2,3} and (vy,v2) is a

pair of vectors in the set
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We use Stab(A) to further normalize these three sets by Lemma 5.4. In particular, ¥; =
H>F> and F; = (DoHy) 'F3. Furthermore, binary signatures in F; are just the four signa-
tures [1,0,1], [1,0,1], [1,0,—1], and [1,0,—i] up to a scalar. We also normalize these four as
[1,0,1] = [1,0,—1]D¥? and [1,0,i] = [1,0, —i]D¥?. Hence J being A-transformable implies that
there exists a matrix T such that (=)T®2 € {[1,0,1],(1,0,1} and T-'F C A. Now we apply

Proposition 5.1.

1. If (=,)T®2 = [1,0, 1], then by case 1 of Proposition 5.1, we have T € 0,(C). Therefore
F C HA where H=T € 0»(C).

2. If (=)T®? = [1,0, 1], then by case 2 of Proposition 5.1, there exists an H € 0,(C) such
that T=H [} 9]. Therefore ¥ C TA =H[} 2] A where H € 0,(C). O

Using these two lemmas, we can characterize all A-transformable signatures. We first define

three sets A;, Ay, and As.

Definition 5.6. A symmetric signature f of arity n is in A, if there exists an H € O, (C) and a
nonzero constant ¢ € C such that f = cH®" (H]®n +PB [_11]@)“), where p = «'"*27 for some

re{0,1,2,3} andt €{0, 1}.

When such an H exists, we say that f € A; with transformation H. If f € A; with I, then
we say f is in the canonical form of A;. If f is in the canonical form of A, then by Lemma 5.2,

for any 0 < k < n— 2, we have fy,» = f), and one of the following holds:
- fo =0, or
- f1 =0, o0r
- f1 =+ifg # 0, or
- nisodd and f; = +(1 & v/2)ifg # 0 (all four sign choices are permissible).

Notice that when n is odd and t = 1 in Definition 5.6, it has some complication as described
by the factor «tn+2r,
Definition 5.7. A symmetric signature f of arity n is in A, if there exists an H € O»(C) and a

nonzero constant c € C such that f = cH®™ ([H®n + [}i]®n>.
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Similarly, when such an H exists, we say that f € A, with transformation H. If f € A, with
I, then we say that f is in the canonical form of A,. If f is in the canonical form of A,, then by
Lemma 5.2, for any 0 < k < n— 2, we have f,,» = —fy. Since f is non-degenerate, f; # +ifg is
implied.

Itis worth noting that{[ !, [ }; |}is setwise invariant up to scalars under any transformation
in O>(C) up to nonzero constants. In other words, these two vectors are the eigenvectors of

—1

orthogonal matrices. Thus for any H € O,(C), we have that [} 1,]" " H[} 1] =D, where D is

either diagonal or anti-diagonal. It is also helpful to view this equationas H [} 1] = [} 1] D.

1 11—

Using this fact, the following lemma gives a characterization of A». It says that any signature

in A, is essentially in the canonical form.

o

i

Lemma 5.8. Let f be a symmetric signature of arity n. Then f € A, if and only if f = c( [1

B[] ®n) for some nonzero constants c, 3 € C.

Proof. Assume that f = ¢ (H]®n + B [,11](8“) for some ¢, # 0. Consider the orthogonal
transformation H = [¢ ° ], where a = 1 (B% + B_ﬁ) and b = 5 ([3% — B_ﬁ). We pick a
and b in this way so that a + bi = B2x, a—bi = f~ 2=, and (a + bi)(a—bi) = a? + b2 = 1. Also
(a+bH)™ — g Then

a—bi

/N RN
a-+bi a—Dbi
H®™Mf =¢ +B
—ai+b ai+b
M RN
1 1
=c| (a+bi)"™ + (a—bi)"p
— i
N RN
1 1
=cv/B + :
— i
so f can be written as
RN RN
1 1 1
f=cy/BH N +
i —

Therefore f € A».
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On the other hand, the desired form f = ¢ ([H®n +B [}i]®n) follows from the fact that

{[}],[ 2]} 1s fixed setwise up to nonzero constants under any orthogonal transformation. [

Definition 5.9. A symmetric signature f of arity n is in Az if there exists an H € O»(C) and a

nonzero constant c € C such that f = cH®" ([ gc]@m +it [ 1] ®“) for some r €{0,1,2,3).

Again, when such an H exists, we say that f € A3 with transformation H. If f € A3z with
I, then we say f is in the canonical form of As. If f is in the canonical form of A3, then by

Lemma 5.2, for any 0 < k < n— 2, we have that fi . » = ifx and one of the following holds:
- fo =0, or
- f1 =0, 0r
- f1 = +«ifg = 0.
Now we characterize A-transformable signatures.

Lemma 5.10. Let f be a non-degenerate symmetric signature. Then f is A-transformable if and

only if f € A1 UAy U A3.

Proof. Assume that f is A-transformable of arity n. By applying Lemma 5.5 to {f}, there exists
an H € 0,(C) such that f € HA or f € H[} 9] A. This is equivalent to (H"1)®™f € A or
(H-hHenf ¢ [(1) g] A. Since f is non-degenerate and symmetric, we can replace A in the previous

expressions with F1,3. Now we consider all possible cases. Let f = (H~1)®nf,

1. If f € F;, then T®"f is in the canonical form of A;, where T = % (11 ] €02(0).

2. If f € F5, then f is already in the canonical form of A;. Let T = I, in this case.

3. If f € T3, then f already has the equivalent form of A, given by Lemma 5.8. Let T = I, in

this case.

4. If f € [} 0] F1, then T®™f is in the canonical form of A,, where T = % (11, ] €02(0).

5. If f € [} 0] F, then f is already in the canonical form of Aj3. Let T = I, in this case.
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_ _ ®n _
6. If f € [} 0] F3, then f has the form [;3](8“ + 17 [_1 3} , and T®"f is in the canonical

(04

form of Az, where T = [? 1] € 0,(C). To see this,

®Mn ®n ®n N ®n
0o -1 1 1 —o3 o
+1i' = +1i"
1 0 o —a3 1 1
r RAn 9 3n
S\ 1 1
- (—oc ) L
_ 1 1
0(3 063
- RN ®n_
3\ 1 2
— (—O( ) _1_1 n+r
o —

Letf = TO™f, where T € O, (C) is given in each case. Then ' is f after an orthogonal transfor-
mation TH™1. As shown above, ' is in the canonical form of A or Az, or is in the equivalent
form of A, by Lemma 5.8. Hence f € A; UA» U As.

Conversely, if there exists a matrix H € O»(C) such that H®™f is in one of the canonical
forms of A;, Ay, or Az, then one can directly check that f is A-transformable by Definition 1.3.

In fact, transformations we applied above are all invertible. O

5.2 Characterization of P-transformable Signatures

Turn our attention to P-transformable signatures next. Define the stabilizer group of P:
Stab(?) :={T € GL2(C) | TP C P}

Technically this set is the left stabilizer group of P. However, it is easy to see the left and right
stabilizers coincide. Furthermore, Stab(P) is generated by nonzero scalar multiples of matrices
of the form [} %] for any nonzero v € C and X = [{ }]. We start with an analogue of Lemma

5.5.

Lemma 5.11. Let F be a set of signatures. Then & is P-transformable if and only if § C [} _li] P

or there exists an H € O»(C) such that ¥ C HP.
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Proof. Sufficiency is easily verified by checking that =; is transformed into P in both cases. In
particular, H leaves =» unchanged.
If ¥ is P-transformable, then by definition, there exists a matrix T such that (=,)T®2 € P and

T~1F C P. The non-degenerate binary signatures in P are either [0, 1, 0] or of the form [1, 0, v],
1 0 1®2
up to a scalar. However, notice that [1,0,1] = [1,0, V] [0 7%}
v
we only need to consider [1,0, 1] and [0, 1, 0]. Now we apply Proposition 5.1.

and [(1) ?%} € Stab(P). Thus,

1. If (=,)T®2 = [1,0, 1], then by case 1 of Proposition 5.1, we have T € O,(C). Therefore
F CHPwhere H=T € O(C).

2. If (=»)T®2 = [0, 1, 0], then by case 3 of Proposition 5.1, there exists an H € 0,(C) such
that T = %H [1 L]. Therefore ¥ C H[! 1] ® where H € O,(C). Moreover, it is easy to

verify that H[} L] = [} LD or [} 1] D[9}] where D is non-singular and diagonal.

1
Hence D € Stab(?) or D [{ ] € Stab(?), and in either case, ¥ C [! 1] P. O
We also define P; and P, similar to A; fori =1, 2, 3.

Definition 5.12. A symmetric signature f of arity n is in P, if there exists H € O, (C) and a

nonzero constant c € C such that f = cH®™ (H]®n +p [_11]®“>, where B + 0.

When such an H exists, we say that f € P; with transformation H. If f € P; with I, then we
say f is in the canonical form of P;. If f is in the canonical form of P, then by Lemma 5.2, for
any 0 < k < n— 2, we have fi» = fy. Since f is non-degenerate, f| # +fy is implied.

It is easy to check that A; C P;. The corresponding definition for P, coincides with Defini-
tion 5.7 for A,. In other words, we define P, = A».

Now we characterize the P-transformable signatures as we did for the A-transformable

signatures in Lemma 5.10.

Lemma 5.13. Let f be a non-degenerate symmetric signature. Then f is P-transformable if and

only if f € P U P».

Proof. Assume that f is P-transformable of arity n. By applying Lemma 5.11 to {f}, there exists
an H € 02(C) such that f € HP or f € H[! 1] P. This is equivalent to (H})®"f € P or

(HH®nfe [} L] P Let f = (H-1)®"f. It is sufficient to show that f € P; or P,.
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The symmetric signatures in P take the form [0, 1, 0], or [a, 0,...,0,b] = a[1,0]®™+b[0, 1]®™,

where ab # 0 since f is non-degenerate. Now we consider all possible cases.

1. If f = [0,1,0], then f = ([1]®2 — [—11]®2>’ which is the equivalent form of P> = A>

1

given by Lemma 5.8.

2. 1 F=a[}]®" +b[9]®", then a further transformation by % [1 1] € 02(C) puts f into

the canonical form of P;.

3.If f = [1 }i]®2 [0,1,0]" = 2[1,0,1] = H]®2 + [j1}®2, then f is already in the canonical
form of P;.
7 _ 711 1®n 119N 019N e . .
4. Iff=[11] (a (8] +b[9] ), then f is already of the equivalent form of P> = A»

given by Lemma 5.8.

Conversely, if there exists a matrix H € O»(C) such that H®™f is in one of the canonical
forms of P; or Py, then one can directly check that f is P-transformable by Definition 1.3. In

fact, transformations that we applied above are all invertible. O

Combining Lemma 5.10 and Lemma 5.13, we have a necessary and sufficient condition for

a single non-degenerate signature to be A- or P-transformable.

Corollary 5.14. Letf be a non-degenerate signature. Then f is A- or P-transformable if and only

iffe P UPrUA;3.

Notice that our definitions of Py, P», and A3z each involve an orthogonal transformation.
For any single signature f € P; U P» U A3, Holant(f) is tractable. However, this does not imply
that Holant(?; ), Holant(P?»), or Holant(A3) is tractable. In fact, Holant(P,) is tractable while
Holant(P;) and Holant(A3) are #P-hard.

5.3 Characterization of M-transformable Signatures

Next come M-transformable signatures. Define the stabilizer group of M:

Stab(M) :={T € GL>(C) | TM C M}.
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Technically this set is the left stabilizer group of M. However, it is easy to see the left and right

stabilizers coincide. Moreover, Stab(M) is generated by nonzero scalar multiples of matrices

of the form [} 9] for any nonzero v € Cand X = [9 }]. In other words, Stab(M) = Stab(%).
Again, we have an analogue of Lemma 5.5. Notice that binary symmetric signatures in M

are exactly the same as those in P. The statement of Lemma 5.11 also holds for M.

Lemma 5.15. Let F be a set of signatures. Then F is M-transformable if and only if ¥ C [} 1, 1M

1

or there exists an H € O, (C) such that ¥ C HM.

We use four sets to characterize the M-transformable signatures. The function Sym?, (—; —)

is defined in Definition 1.12.

Definition 5.16. A symmetric signature  of arity n is in M; for k = 1,2, 3,4, if there exist an

H € 0,(C) and nonzero constants c,y € C such that f has the form (k) as follows:
. N 119M s [ 1 19,
(1): cH ([1] +in [ 4] )

(2): cH®“<[ ]®“i[ 1 ]®n) for somey + 0;

For k € {1, 2, 3,4}, when such an H exists, we say that f € My with transformation H. If
f € My with I, then we say f is in the canonical form of M.

Recall that we have defined Mff in Section 3.7, right before Lemma 3.43. The definition
there is consistent with Definition 5.16 as EXACTONE,, = Sym> ! ([§1:19D)-

Notice that {[}],[ 1]} is set-wise invariant under any transformation in O, (C) up to non-
zero constants. Using this fact, the following lemma gives a characterization of My. It says

that any signature in My is essentially in its canonical form.

Lemma 5.17. Let f be a symmetric signature of arity n. Then f € My if and only if f =
cSymit ([H]5[4]) orf=cSymi ([ L ];[}]) for some nonzero constant c € C.
Proof. Suppose f € My with the transformation H, that is, f = cH®™Sym ! ([1];[ 1 ]). If

i —1i

H € SO, (C), then H= [ 4 °] for some a,b € C such that a® +b? = 1. In particular, a £ bi # 0.
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Since H[!] = (a+bi)[!] and H[ 1] = (a —bi) [ ], it follows that f = c(a + bi)"(a
o) Symp~t ([1]5 [ 4])-
Otherwise, H € 02(C) —SO,(C), so H = [¢ ® ] for some a,b € C such that a® +b? = 1.
Then f = c(a+bi)(a— b))t Sym ! ([ L];[1]]).

To show the other direction, suppose f = ¢ Sym[—* ([1];[ % ]) or f = cSymp ! ([ 2

1

1))

]
The first case is already in the canonical form of M4. In the second case, we pick H = [(1) f }

0,(C). Then H®"f is in the canonical form of M. O
Next we show that My for k =1, 2, 3,4 captures all M-transformable signatures.

Lemma 5.18. Let f be a non-degenerate symmetric signature. Then f is M-transformable if and

only if f € My U Mo UMz U My.

Proof. Assume that f is M-transformable of arity n. By applying Lemma 5.15 to {f}, we have
fe [{ _li] M or there exists an H € O, (C) such that f € HM. Proposition 1.13 lists all symmetric
signatures in M. Since we are only interested in non-degenerate signatures, we only consider

non-zero a, b, and A. We divide into two cases.

1. Suppose f e [} LM,

—1i

. Further suppose f = [} 119" ([g]®“ + [fb]®“) for some nonzero a,b € C. Let T =

[V 2], where u = a + bi and v = i(a —bi). Then f = T®" (H](@niin [_11]®n).

Since T € O»(C) up to a nonzero factor of v/2ab, we have f € M.

- Further suppose f = A [} 1 ]¥™ symn~

T4 Y([3]:9]) for some nonzero A € C. Then we

n

have f = ASym2 1 ([1];[ 4 ]), so f € M.

- Further suppose f = A [1 “H([97;[4]) for some nonzero A € C. Then we

LEn
—1i
have f = ASym[ ! ([ ! },H]) so f € My by Lemma 5.17.

2. Suppose f € HM.

- Further suppose f = H®™ ([‘bl]‘gm + [_“b]®“> for some nonzero a,b € C. Then we
1

have f = a™H®™ (H]@m + [_y}@m), where y = 2, s0 f € Moy.

- Further suppose f = AH®" Sym™ ! ([1];[9]) for some nonzero A € C. Then f € Ms.
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- Further suppose f = AH®" Sym2!([9];[§]) for some nonzero A € C. Let H' =

H[94] € 02(C). Then we have f = AH'®" SymI ([ ];[9]), so f € M.

Conversely, if there exists a matrix H € O»(C) such that H®™f is in one of the canonical
forms of M;, My, M3z, or M4, then one can directly check that f is M-transformable by Definition

1.3. In fact, transformations that we applied above are all invertible. O

Let g = [x,y4,0,...,0,z] with arity n > 3, where xyz # 0. As an example of the theory
developed in this section, we show that the signature Z®™g is not in any of the tractable sets.

We will use the following lemma in future.

Lemma 5.19. Let g = [x,y,0,...,0,z] with arityn > 3 and xyz # 0. Then the signature Z®™q is

neither A-, P-, M-transformable, nor vanishing.

Proof. By Lemma 3.14 and Theorem 3.12, Z®™"g is not vanishing. To show that Z®"g is not A-,
-, M-transformable, we only need to show that Z®™g ¢ P; U M, U A3 U M3 U My by Lemma
5.10, 5.13 and 5.18, and the fact that My C A; C Py and A, = P>, C M. See Figure 5.1. Note
that My C V. Since Z®"g is not vanishing, it is not in Mjy.

We first show that Z®™g ¢ P, U M, U A3. We say a signature f = [fg, fy,..., f,] satisfies a
second order recurrence of type (a,b,c) if afy —bfy 1 +cfryp =0for 1 < k <n-—2, for some
a,b and c not all zero. Suppose Z®™g is a nonzero constant multiple of Hf € P; UM, U Aj
in the forms given in Definitions 5.6, 5.7, 5.9, 5.12, and 5.16, then f, and hence also (Z~1)®"f,
satisfies a second order recurrence by Lemma 5.2. We have H=1Z = ZD or ZD [(1) (1)] for some
non-singular diagonal D since H € O;(C). Thus f = Z®™g’ for some g’ = [x’,y’,0,...,0,z'] or
[x",0,...,0,y’,2'], with x'y’z’ # 0. We assume the former; the proof is similar for the latter.

However, for n > 4, g’ does not satisfy any second order recurrence. For a contradiction
suppose g’ does. By x'y’z" # 0, ay’ — b0 + c0 = 0 gives a = 0, ax’ — by’ + c0 = 0 gives b = 0,
and a0 — b0 + ¢z’ = 0 gives ¢ = 0; but a, b, c cannot be all zero.

Next suppose n = 3, and we show that g’ = (Z~1)®"f is still impossible.

- For Py, f = H]®3 +B [_11]®3. It is easy to check that (Z—1)®"f satisfies a second order
recurrence with its two eigenvalues sum to zero. However g’ = [x/,y’,0,z'] has type

(y'z',x'z',—y'?), the sum of its two eigenvalues is —x'z’/y’? = 0.
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- For My, f = H]®3 + [JV]@B. Since Z~' [1 1 ] has the form [¥ ], (Z~1)®nf = [4]®% &
[1‘1]®3. Thus the weight 1 and weight 2 entries of (Z~1)®"f are either equal or negative of

each other. If g’ = (Z~1)®"f this would imply y’ = 0, a contradiction.

. For Az, f = [(}(]®n+iT [_1“]8)“. Since Z7'[L 1 ]=[¥ Y], withu=1—aiandv =1+ «i,

the weight 2 entry of (Z~1)®"f is uv? + i"vu® = (uv)(v + i"u). This is nonzero for all r.

However the weight 2 entry of g’ = [x/,y’,0,2z'] is 0.

It remains to show that Z®™g ¢ Ms. If Z®™g € M3, then Z®™g = cHf for some H € O;(C)
and f = Sym™ ! ([{];[9]). Again f = (cH)~1Z®"g = Z®"g’ for some g’ having the same or
its reversal form as g. Then g’ = (Z~!)®"f is the signature n,n — 2,...,—(n — 2),—n]. The
weight 1 entry and weight n — 1 entry have the same absolute value. By the form of g’ this is a

contradiction. O

Combine Lemma 5.19 with Theorem 1.14 and Theorem 3.39. For arity n = 3 or 4, Pl-Holant
(Z®™g) is #P-hard.

e )

P1

A1

Mo,
[ A2 = | As

L J M M

Figure 5.1: Relationships among A, A», A3, P1, P2, My, Mo, M3, and My.

We note that M; C A; € P; and Ay = Py € M». Also note that P; "M, C A;. See Figure 5.1

for a visual description of the relationships among sets. Combine Corollary 5.14 with Lemma
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5.18.

Corollary 5.20. Let f be a non-degenerate signature. Then T is A-, P-, or M-transformable if and

only if f € P1 UM U A3 UMs UMy.
To finish this section, we show that signatures in M3 are not A- or P-transformable.

Lemma 5.21. Let f € M3 be a non-degenerate signature of arity n > 3 with H € 0, (C). Then
f is not A- or P-transformable. Moreover, f is M-transformable with only HD or H[9}] D for

some diagonal matrix D.

Proof. Suppose f = [fy, f1,...,Tn]. By Lemma 5.2, Definitions 5.6, 5.7, 5.9, and 5.12, and Corol-
lary 5.14, if f is A- or P-transformable, then f has to satisfy a second order recurrence relation
that af;+bfi, 1 +cfi;2 =0, for a,b,c € Csuch thatnotall a, b, c are 0 and b>—4ac = 0. In other
words, the second order recurrence relation has to have distinct eigenvalues. Moreover, this
property is preserved by holographic transformations (cf. Lemma 6.2 in [CGW14]). However, f
is in M3. Hence f = H®™EXACTONE,, for some H € O,(C) up to a nonzero factor. On the other
hand, EXACTONE,, does not satisfy a second recurrence with distinct eigenvalues if n > 3, a
contradiction.

Moreover, notice that the only signatures in M that do not satisfy such second order re-
currence relations are EXACTONE, and ALLBUTONE; functions. If f is M-transformable, then
]®

by Lemma 5.15, either f = [} 1, ™ g for some g € M, or there exists T € 0»(C) such that

1
f = T®"g for some g € M. Hence g = EXACTONE,, or ALLBUTONE,,. On the other hand

f = H®MEXACTONE,, up to a nonzero factor. It is easy to verify that f = H ji]®n g is impossi-

ble. Therefore (T~ 1H)®"EXACTONE,, = EXACTONE,, or ALLBUTONE,, up to a nonzero factor.
Let ] = T-'H = [X ] and let h = J®"EXACTONE,. As EXACTONE, = Sym}'([1];[9]),

h = ([Z ¥ 1)®"EXACTONE,, = Symn—1([X];[Y]). The first and last entries of h are x™ !y and

n

2" w. As h = EXACTONE,, or ALLBUTONE,, we have that x" 1y = z" 1w = 0. It is easy to
see that x and z, or y and w cannot be both 0. Then x =w = 0 or y = z = 0. This implies that

J=Dor]=D/[%}] for some diagonal matrix D. Thus T=HJ ! =HDlorH[?}]D~1. O
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5.4 Related Hardness Results

Now we give dichotomy theorems when signatures from P;, M>\ P», A3, or M3 appear. A major
tool we use is the dichotomy for Pl-#CSPZ, shown in [CFGW15]. Here Pl-#CSP? denotes planar
#CSP problems where every variable appears a multiple of 2 times. The proof of Theorem 5.22

depends on Theorem 4.1, and is a complicated case analysis, which we will omit.

Theorem 5.22. Let JF be a set of symmetric signatures. Then PI-#CSP?(F) is #P-hard unless F

satisfies one of the following conditions:
1. there exists T € Tg such that F C TA;
2. FCP;
3. there exists T € T4 such that F C TM.
In each exceptional case, Pl-#CSPZ(S" ) is computable in polynomial time.

We begin with P;. Recall that Hy is the 2-by-2 matrix 5 [} !} |. We do some preparation

first.

Lemma 5.23. Leta,b € C. If ab # 0, then for any set F of complex-weighted signatures contain-

ing [a,0,...,0,b] of arity r > 3,
Pl-Holant(F U {=4}) <t Pl-Holant(J).

Proof. Since a # 0, we can normalize the first entry to get [1,0,..., 0, x], where x # 0. First, we
show how to obtain an arity 4 generalized equality signature. If r = 3, then we connect two
copies together by a single edge to get an arity 4 signature. For larger arities, we form self-loops
until realizing a signature of arity 3 or 4. By this process, we have a signature g = [1, 0,0, 0, y],
where y = 0. If y is a pth root of unity, then we can directly realize =4 by connecting p copies
of g together, two edges at a time as in Figure 3.7. Otherwise, y is not a root of unity and we
can interpolate =4 as follows.

Consider an instance Q of Pl-Holant(F U {=4}). Suppose that =, appears n times in Q.

We stratify the assignments in (O based on the assignments to =4. We only need to consider
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assignments that give all =4’s Hamming weights 0 and 4 since inputs of other Hamming weights
contributes 0. If there are i many =4’s having Hamming weight 0O, then the rest n —1i many have
Hamming weight 4. Let c¢; denote the summation of the product of evaluations of signatures
other than =4 in Q over assignments which give i many =4’s Hamming weight 0. We can rewrite
the Holant on Q as Holantg = Y " ci.

We construct from Q a sequence of instances Qg of Pl-Holant(F) indexed by s > 1. We
obtain Qg from Q by replacing each occurrence of =4 with a gadget g5 created from s copies

of [1,0,0,0,y], connecting two edges together at a time as in Figure 3.7. The Holant on Qj; is

n

Holantg, = Z (y®)tey.
i=0

For s > 1, this gives a coefficient matrix that is Vandermonde. Since y is neither 0 nor a root
of unity, y* is distinct for each s. Therefore, the Vandermonde system has full rank. We can

solve for the unknowns c; and obtain the value of Holantg. O

Lemma 5.24. Let f € Py be a non-degenerate signature of arity n > 3 with an orthogonal trans-
formation H and F be a set of signatures containing f. Then PI-#CSP? (HoH™1F) <7 Pl-Holant (7).
Proof. By Definition 5.12, disregarding a nonzero constant factor, f has the following form:

®n I

1 1
f=Ho +B :
1 -1

where B # 0. We do an orthogonal transformation by HoH~!. By Theorem 1.2,
Pl-Holant(F) = Pl-Holant(HoH™'9).

Note that f = (HZH*I)@mf € HoH ¥, and f = 2n/2 ([(H@n + [‘1)]@“). By Lemma 5.23, we
can obtain =4, the arity 4 equality signature. With this signature, we can realize any equality

signature of even arity. Thus, Pl-#CSPZ(Hg H~15) <t Pl-Holant(¥). O

Combined with Theorem 5.22, Lemma 5.24 implies a dichotomy when P; signatures appear.
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Corollary 5.25. Let F be a set of signatures. Suppose there exists f € F which is a non-
degenerate signature of arity n > 3 in Py. Then Pl-Holant(F) is #P-hard unless F is A-, P-,

or M-transformable, in which case Pl-Holant(J) is tractable.

Proof. Assume that f € P; with H € 02(C). Let H' = HH; ! € 0,(C). By Lemma 5.24 and Theo-
rem 5.22, Pl-Holant(¥) is #P-hard unless (1) F C H'P, or (2) F C H'TA, or 3) F C H'T' [{ L |\,
where T € Tg and T’ € T4. In case (1), F is P-transformable since (=, )H'®? = (=,) € P. In case
(2), F is A-transformable since (=»)(H'T)®?2 = (=,)T®? ¢ A. In case (3), F is M-transformable.
IFT = [§2] then T € 02(C). So (=)(H'T' [} L,])®? = (=) e M. If T' = [ 2], then
T/ [} 4] =[! 4] and (=) (H/T' [} L, ])®% = 2[0,1,0] € M. 0

11—

In particular, we have the following corollary. It will be useful in Section 5.6 to prove the

single signature dichotomy for Pl-Holant.

Corollary 5.26. Suppose f is a non-degenerate signature of arityn > 5. Let f’ be f with a self loop.
If f' € Py is non-degenerate, then Pl-Holant(f) is #P-hard unless f is A-, P-, or M-transformable,
in which case P1-Holant(f) is tractable.

We have similar results for As.
Lemma 5.27. Let f € A3 be a non-degenerate signature of arity n > 3 with an orthogonal
transformation H and F be a set of signatures containing f. Let «x = e™/* and Y be the 2-by-2
matrix [ % 1]. Then PI-#CSP?(YH 1F U{[1,—i,1]}) <t Pl-Holant(7).

Proof. By Definition 5.9, disregarding a nonzero constant factor, f has the following form:

®n Rn

1
f=H" +i :

for some integer r € [4]. We do an orthogonal transformation H~! and by Theorem 1.2,
Pl-Holant(%) = Pl-Holant(H'F). Let f = (H*1)®TL f € H™17. Itis easy to verify that fi.» = ify.
A self loop on f yields ', where f,, = fi + fipo = (1 + 1)fx. Thus up to the factor (1 + 1),

s just the first n — 2 entries of f. By doing zero or more self loops, we eventually obtain
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a quaternary signature when n is even or a ternary one when n is odd. There are eight cases

depending on r € [4] and the parity of n. We list all of them, disregarding nonzero factors:

(1,0,1,0], [0,1,0,1l, [1,ed,i,—«f, [1,—ai, i, af for odd n;

1,0,1,0,-1], [0,1,0,1,0], 1, i, i, —,—1], [1,—od, i, &, —1] for even n.
However, for any case, we can realize the signature [1, 0, 1], due to the following. (In the calcu-
lations below, we omit certain nonzero constant factors without explanation.)
- [1,0,1,0]: Another self loop gives [1, 0]. Connect it back to the ternary to get [1, 0, i].
- [0,1,0,1]: Another self loop gives [0, 1]. Connect it back to the ternary to get [1, 0, i].

- [1, i, 1, —a: Another self loop gives [1, xi]. Connect two copies of it to the ternary to get

[1, —«]. Then connect this back to the ternary to finally get [1, 0, i]. See Figure 5.2a.
- [1,—ad, i, o]: Same construction as the previous case.
- [1,0,1,0,—1]: Another self loop gives [1, 0, i] directly.

- [0,1,0,1,0]: Another self loop gives [0,1,0]. Connect it back to the quaternary to get
(1,0,1.

- [1, i, i, —, —1]: Another self loop gives [1, «i, i]. Connect two copies of it together to get

[1, —«, —1]. Connect this back to the quaternary to get [1, 0, i]. See Figure 5.2b.

- [1,—ai, i, o, —1]: Same construction as the previous case.

N

(a) Vertices assigned [1, «d, i, —«. (b) Vertices assigned [1, ai, i, —x, —1].

Figure 5.2: Constructions to realize [1, 0, 1.

With [1, 0, 1] in hand, we can connect three copies of it to get [1, 0, —i]. Now we construct a

bipartite graph, with H-!FU{=5} on the right side and [1, 0, —i] on the left, and do a holographic
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transformation by Y = [ % 1] to get

PI-Holant ( i |H'FU{T, —2}>
= Pl-Holant ( 1,0, —i (Y12 | YH 1F U [YEF, Y92 (= )})
= PlHolant (% 1,0,11| YH™'F'U((1,0,....,0,%, [1,~1, 17}
= Pl-Holant ( H-'Fu{[1,0,...,0,i], 1, —, 1]}) .

Notice that f becomes g := [1,0,...,0,i*] where k = r4 2n (after normalizing the first entry) and
=5 on the right becomes [1,—1, 1]. On the other side, [1,0, —i] becomes [1, 0, 1]. With g, we can
construct all EQUALITY signatures of even arity as follows. First connect 4 copies of g together
arbitrarily to get an EQUALITY =, of some arity t >> 3. One or more self-loops of = gives =3 or
=, eventually. Then =4 is just two =3 connected by one edge. From =4 it is easy to construct

any EQUALITY of even arity. Hence, PI-#CSP?(YH1F U {[1, —i, 1]}) <t Pl-Holant(J). O

Corollary 5.28. Let F be a set of signatures. Suppose there exists f € F which is a non-degenerate
signature of arity n > 3 in Az. Then Pl-Holant(F) is #P-hard unless F is A- or M-transformable,

in which case Pl-Holant(¥F) is tractable.

Proof. Assume that f € A; with H € 0»(C). By Lemma 5.27, we have Pl-#CSP?(YH1F U
{[1,—i,1]}) <t Pl-Holant(F), where Y = [ % 1] and « = e™/4. Let g = [1,—1,1] and F’' =
YH-1F U{g}.

We apply Theorem 5.22 to Pl-#CSP?(F’). Then PI-#CSP?(5’) (and hence Pl-Holant (F)) is #P-
hard unless ¥’ C P, 5’ C [ ] M for some integer 0 < v < 3,0r /' C [ } A for some integer
0 < r < 7 where « = e'™/4. Notice that g ¢ P and hence the first case is impossible.

Suppose F' C [} %] M for some integer 0 < v < 3. Thenas g ¢ [ 2| M for r = 1,3, we have
that YH™15 C [} % ] M. Moreover, notice that [(l)fl]ﬁ =1 L] =[14]m=M
Hence YH1F C M. Rewrite Yas Y =[ 1, 1] [ 9]. We deduce that
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Hence JF is M-transformable in this case.
The last case is when " C [} 9] A for some integer 0 < r < 7. It implies that r = 0,2, 4,6
asge [ O]Aandg¢ [} 0] A Thatis, F' C [(1) 101] A for some integer 0 < 1 < 3. Notice that

[5 2] € Stab(A). It implies that YH™!'F C A. Again, rewriting Yas Y = [ !, 1] [& ], we have

Therefore ¥ is A-transformable. This finishes the proof. O
Similarly, we specialize Corollary 5.28 to our need.

Corollary 5.29. Letf be a non-degenerate signature of arityn > 5. Letf’ be f with a self loop, and
f’ is non-degenerate and f' € Az. ThenPl-Holant(f) is #P-hard unless f is A- or M-transformable,

in which case Pl-Holant(f) is tractable.
The next case is when f is in M» but not P».

Lemma 5.30. Let f € My \ P> be a non-degenerate signature of arity n > 3 with an orthogonal
transformation H. Then f = cH®™ (H,]®n + [Jy}(@n) for some c # 0 andy # 0, +i.

Let F be a set of signatures containing f, T=H[L 1] andg=[1+v*1—v%1+v%. Then,
PI-#CSP?(T~ 19, g) <t Pl-Holant (). (5.1)

Proof. The first claim follows from Definition 5.16, Lemma 5.8, and the fact that A, = P». In
the rest we show (5.1). We will ignore the nonzero factor c.

First assume that f = H®" <H]®n + [,ly]®n> with the + sign. We do the transformation
T:

Pl-Holant (=, | f, ) =t Pl-Holant ([1, 0, 1]H®? (1 Jy]@z

=1 Pl-Holant (g | :n,T_lfF) .

By connecting g to =, we get =,_» up to a constant factor of 1 +v2 = 0asvy # +i. We repeat

this process. If n is even, then we get =, eventually, which is on the right hand side. If n is odd,
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then eventually we get =3 and (=;) = [1, 1] on the right. Connecting [1, 1] to g we get 2[1,1] on

the left. Then connecting [1, 1] to =3 we get =, on the right. To summarize, we get that

PI-Holant (g | =2, Zn,T_liF) <7 Pl-Holant (g | :n,T_liF)

<7 Pl-Holant (f, F). (5.2)
Then we show that

Let N = “fié }11;} be the signature matrix of g. If there is a positive integer k and a nonzero
constant ¢’ such that N* = ¢’I,, where I, is the 2-by-2 identity matrix, then we may directly
implement =, on the left by connecting k copies of [1 +v2,1 —v2,1 +v?] via =» on the right.
It implies (5.3) holds.

Otherwise such k and ¢’ do not exist. The two eigenvalues of N are A; = 2 and A» = 2y°.
If \; = Ay, theny? =1 and N = [39]. Contradiction. Hence A; # A, and N is diagonalizable.
Let N =P {?‘01 )?2} P—1, for some non-singular matrix P. By connecting 1 many copies of N on
the left via =, on the right, where 1 is a positive integer, we can implement N! = P D} }?5 ] p-L
Since N does not have finite order up to a scalar, for any positive integer 1, (A; /)\2)l * 1.

Consider an instance Q of Pl-Holant (:2, gl=2,=n, T_lﬁ"). Suppose that the left =, appears

t times. Let 1 be a positive integer. We obtain Q; from Q by replacing each occurrence of =

on the left with N,
AL 0
0 Al
AL o
0 A}

Since N' =P [ ] P—1, we can view our construction of Q, as replacing N'! by 3 signatures,

with matrix P, [ }, and P!, respectively. This does not change the Holant value,

We stratify the assignments in Q; based on the assignments to the t occurrences of the
signature whose matrix is the diagonal matrix [)g ;)% ] Suppose there are i many times it was
assigned 00 with function value A}, and j times 11 with function value ?\5. Clearly i+j =t if
the assignment has a nonzero evaluation. Let ci; be the sum over all such assignments of the

products of evaluations of all signatures (including the signatures corresponding to matrices
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P and P~1) in Q; except for this diagonal one. Then

Holanto, = ) _ (AL ey

i+j=t
A
:7\5t Z ((}\;)) Ci,t—i-
o<igt

By an oracle of Pl-Holant (g |=2,=n, T_I?), we can get Holantn, for any 1 <1 < t+ 1. Recall
that for any positive integer 1, (A /)\2)l + 1. This implies that for any two distinct integers
1,5 =0, (M /)\2)i = (M /7\2)j. Therefore we get a non-singular Vandermonde system. We can
solve all ci; for i+j =t given Holantg, for all 1 <1< t+ 1. Then notice that 3 ; ;_, c; is the
Holant value of Q; by replacing both A} and A} with 1, which is the instance Q as PI,P~! = I,.
Therefore we may compute Holantg via t + 1 many oracle calls to Pl-Holant (9 | =2,=n, Tflfrr).
This finishes the reduction in (5.3).

In the left hand side of (5.3) we have =, on both sides. Therefore we may lift the bipartite

restriction. Combining it with (5.2), we get
Pl-Holant (zn, g, T*13’> <t PI-Holant (f, ¥) .

Notice that given an equality of arity n > 3, we can always construct all equalities of even
arity in a planar way, regardless of the parity of n. Therefore, we have Pl-#CSPZ(T*“f, g) <71
Pl-Holant (F).

To prove (5.1), there is another case that f = H®" ([ ]®n —[4 ]@m), with the — sign.

1
Y -Y

Again we do the transformation T, where (T~')®f = [1,0,...,0,—1] has arity n:
Pl-Holant (=; | f,J) =t Pl-Holant (g | [1,0,...,0,—1],T*19) :

We then do the same construction as in the previous case of connecting g to [1,0,...,0,—1]

repeatedly. Depending on the parity of n, we have two cases.

1. If n is odd, then eventually we get [1,0,0,—1] and [1,—1] on the right as v # =i, and

therefore 2y2[1,—1], i.e., [1,—1] on the left asy = 0. Then connecting [1,—1] to [1, 0,0, —1]
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we get =, on the right. Thus, for odd n,

Pl-Holant <g | =, [1,0,...,0,—1],T*13f) <t Pl-Holant (g 11,0, ...,o,—u,T*lff)

<7 Pl-Holant (f, ¥) .
Notice that our previous binary interpolation proof only relies on g and =,. Hence we get

Pl-Holant (g | =, [1,0,...,0,—1],T_13") >+ Pl-Holant (:2, g|=,11,0, ...,O,—l],T_“f)

=1 Pl-Holant([1,0,...,0,—1],9, T 19).

Moreover it is straightforward to construct all even equalities from [1,0,...,0,—1] in the

normal Pl-Holant setting as n > 5. Combining everything together gives us

PI-#CSP?(g, T~'9) <t Pl-Holant ().

2. Otherwise n is even. By the same construction of connecting g to [1,0,...,0,—1] repeat-
edly, we get [1,0,0,0,—1] and [1,0,—1] on the right eventually. Then we connect two

. . o [ 14y2 142 071 [1+v21—2] _ 4.2 0
copies of g via [1,0,—1], resulting in [1_; lsz] [85%] [1_12 1+12} =4v* [} % ] on the
left. Then connect [1,0,—1] to [1,0,0,0,—1] to get [1, 0, 1] on the right. At last we connect
two [1,0,—1]’s on the left via [1, 0, 1] on the right to get [1, 0, 1] on the left. Then it reduces

to the previous case. O

Corollary 5.31. Let F be a set of signatures. Suppose there exists f € F which is a non-degenerate
signature of arity n > 3 in My \ Po. Then Pl-Holant (¥) is #P-hard unless F is A-, P-, or M-

transformable, in which case Pl-Holant (¥) is tractable.

Proof. By Lemma 5.30, we have (5.1). We apply Theorem 5.22 to Pl-#CSPZ(T_lff, g). Then we
have that Pl-#CSP?(T~'7, g) (and hence Pl-Holant()) is #P-hard unless T-'F U {g} C P, or
T 1Fu{g} C [} 3] M for some integer 0 < v < 3, or T 1FU{g} C [} O] A for some integer

0 < r < 7 where & = e'™/4. We discuss each case.

1. The first case is that T~'F U {g} C P. Recall that y # 0 or =i, it can be verified that g ¢ P
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unless y2 = 1. Hence y = +1. In either case we have that H _1y} is an orthogonal matrix

up to a nonzero scalar, and hence so is T. It implies that F is P-transformable.

2. Next suppose T 'FU{g} C [} 2] M for some integer 0 < r < 3. If y = £1, then T is

1
ﬁ.
asFCT[H2][1 ] Mand (=) (T[§&] Hjl})@)z is either [1,0,1] when r = 0,2, or

is, up to a factor of Hence ¥ is M-transformable,

i’
an orthogonal matrix as [ % |

[0,1,0] when r = 1, 3, up to a nonzero factor.

Otherwise y? # 1 and itis straightforward to verify that g ¢ [(1) 9] Mforr =1, 3. Hence we

¥, D [R)00 = [4 4]

may assume that T-1F C [} | M. Moreover, [§ % ]M

M. Then T !1FCM AsT 1 =1 711,]71 H~ L, it implies that

Hence ¥ C HM and J is M-transformable.

3. In the last case, T 'FU{g} C [} %] A for some integer 0 < v < 7. If y = £1, then T is

11

an orthogonal matrix as [y _y} is, up to a factor of f Hence ¥ is A-transformable, as

FCT[{S]Aand (=) (T[} O?T]) is [1,0,1"] € A, up to a nonzero factor.

Otherwise y* # 1 and g ¢ [} O] A for any integer r = 1,3,5,7. Hence T"'FU{g} C A

as [1 0 } A = A for any integer 0 < r < 3. If 1+z; # =i, then one can check that

1+y

g ¢ A. A contradiction. Otherwise {— T2 = = +i. It implies that y = «! for some integer

1=1,3,5,7. We may assume L = 1 as other cases are similar. In this case it is possible

that T 1FU{g} CA. AsT 1 =1 _ly]_l H =L 1] “YH-1, it implies that

T c (L lAa=[oel [T W]A=1[52]4

Hence, ¥F is A-transformable by Lemma 5.5. This finishes the proof. O

Corollary 5.31 leads to the following specialization.
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Corollary 5.32. Let f be a non-degenerate signature of arity n > 5. Let f' be f with a self loop,
and f' is non-degenerate and f' € M, \ P». Then Pl-Holant(f) is #P-hard unless f is A-, P-, or

M-transformable, in which case Pl-Holant(f) is tractable.

(a) Triangle gadget (b) Planar tetrahedron gadget

Figure 5.3: Two gadgets used to create a signature in My \ P».

We can reduce the case of f € M3 to the previous case.

Lemma 5.33. Let F be a set of signatures. Suppose there exists f € F which is a non-degenerate
signature of arity n > 3 in M3 with H € O»(C). Then Pl-Holant(F) is #P-hard unless ¥ C HM, in

which case F is M-transformable and Pl-Holant(F) is tractable.

Proof. We first claim that PI-Holant(¥) is #P-hard unless ¥ is A-, P-, or M-transformable.

By the definition of M3, we may assume that f = EXACTONE,, is of arity n after an or-
thogonal transformation H. After zero or more self loops, we can further assume that either
f = EXACTONE; or f = EXACTONE,4 depending on the parity of n.

Suppose f = EXACTONE3. Consider the gadget in Figure 5.3a. We assign f to all vertices.
The signature of the resulting gadget is g = [0, 1, 0, 1], which is in M, and not in P, = A> by
Lemma 5.8. Thus, the claim follows from Corollary 5.31.

Otherwise, f = EXACTONE4. Consider the gadget in Figure 5.3b. We assign f to all vertices.
Note that this is a matchgate. The signature of the resulting gadget is [0, 2,0, 1, 0], which is in
My and not in P» = A, by Lemma 5.8. Thus, the claim follows from Corollary 5.31.

However, as f € F and f € M3, F cannot be A- or P-transformable by Lemma 5.21. Also by
Lemma 5.21, if & is M-transformable, then ¥ C HDM or H [{ | | DM for some diagonal matrix

D. Notice that D € Stab(M) and [?}] D € Stab(M). It implies that F C HM. O

Once again, we specialize Lemma 5.33 to our needs.
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Corollary 5.34. Let f be a non-degenerate signature of arity n > 5. Let f' be f with a self loop,
and f’ is non-degenerate and f' € M3. Then Pl-Holant(f) is #P-hard unless f is M-transformable,

in which case Pl-Holant(f) is tractable.

5.5 Hardness results for the Inductive Step

To finish this chapter, we will prove Theorem 5.41, which is the single signature dichotomy for
Holant and Pl-Holant problems. We prove Theorem 5.41 by induction on the arity. It relies on

the following key lemma. The important assumption here is that f’ is non-degenerate.

Lemma 5.35. Suppose f is a non-degenerate signature of arity n > 5. Let ' be f with a self
loop. If f' € P UMy UA3 UMz UV is non-degenerate, then Pl-Holant(f) is #P-hard unless
fePiuUMyUA3 UMz UV.

Lemma 5.35 depends on several results, each of which handles a different case. In fact, the
proof of Lemma 5.35 is a straightforward combination of Lemma 3.49 (for V) from Section 3.7,
Corollary 5.26 (for P,), Corollary 5.29 (for A3), Corollary 5.32 (for M, \ P»), and Corollary 5.34

(for M3) from Section 5.4, as well as Corollary 5.37 (for P»), which will be proved shortly.

D] <y

(a) An arity-4 construction (b) A binary construction

Figure 5.4: Two gadgets in the Z basis. In the normal basis, circles are assigned f
and squares are assigned =». In the Z basis, circles are assigned f and squares are
assigned #».

Lemma 5.36. Let f be a non-degenerate signature of arityn > 5. If f = Z2°"[a,1,0,...,0,1,b]

for some a,b € C, where the number of 0’s is n — 3. Then Pl-Holant(f) is #P-hard.

Proof. First we use the gadget in Figure 5.4a, where we put f on both circles, and squares are

=,. Let the resulting signature be h = Z®*h. It is easier to calculate h, that is, h in the Z basis.
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Indeed, h is not symmetric, but h has the following matrix representation as n > 5:

0 a a ab+(n—2)
a 2 2 b
My =
a 2 2 b
ab+(m—2) b b 0

Notice that this matrix is redundant, and det(l\//lvﬁ) =—A4n—-2)(ab+n—2). If ab = 2 —n,
then by Corollary 3.30, PI-Holant(h) is #P-hard, and so is Pl-Holant(f). Hence in the following
we assume that ab =2 —n.

Let f’ be f with a self loop. Then apply the Z transformation as follows:
Pl-Holant (=; | f, f') =t Pl-Holant ([0,1,0] | f, f/),

where f' =[1,0,...,0,1] and f = [a,1,0,...,0,1,b] for some a,b € C. We get this expression of
£’ because doing a self loop commutes with the operation of holographic transformations.
We connect f/ to f via [0, 1, 0], getting [a, 2, b]. Then we connect [a, 2, b] to f via [0, 1, 0] again,
getting g = [ab + 4,b,0,...,0,a,ab + 4] of arity n — 2.
If n > 7, then we use the gadget in Figure 5.4a again, where we put g on both vertices this

time. We get some signature h’, which in Z basis has the following matrix representation as

n—2>5:
0 alab+4) alab+4) (n—4)ab+ (ab+4)?
M alab +4) 2ab 2ab b(ab +4)
W:
a(ab +4) 2ab 2ab b(ab + 4)
(n—4)ab+ (ab+4)2 b(ab+4) b(ab+4) 0

Once again this matrix is redundant. It can be simplified as ab = 2 —n. The compressed matrix
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is

0 —2(n—6)a —6Nn+28
M= |—m—6)a 8—4n —(n—6)b
—6n+28 —2(n—6)b 0

It is easy to compute that det(My,) = —8(3n—14)(ab(n—6)2—6n2 +40n—56) = 8(n—4)(n—
2)%(3n —14). Sincen > 7, det(f/l\%) > 0. Then by Corollary 3.30, Pl-Holant(h') is #P-hard, and
so is Pl-Holant(f).

The remaining cases are n = 6 and n = 5. When n = 6, ab = 2 — n = —4. Moreover, g has
arity 4 and g = [ab+4,b,0, a,ab+4] = [0, b, 0, a, 0]. We do one more self loop on g via [0, 1, 0] in
the Z basis, resulting in g’ = [b, 0, al. Connecting g’ to f via [0, 1, 0], we get g7 = [a?, a,0,b, b?].
Hence det(l\//l\g—j) — —4a°b? = —64 # 0. Then we are done by Corollary 3.30.

Atlast,n =5and ab=2—n =—3. We also have g = [ab + 4,b,a,ab+ 4] = [1,b, a, 1]. One
more self loop on g via [0, 1, 0] in the Z basis results in g’ = [b, a]. Connecting g’ to f via [0, 1, 0],
we get gz = [a®+b, a,0,b, b?+a]. Hence det(f/l:,—;) =—2(a3+2a°b%+b3) =—-2(a®+b3+18). If
a3+b3+18 = 0, then we are done by Corollary 3.30. Otherwise a®+b3 = —18, and we construct
a binary signature [a, 0, b] by doing a self-loop on g in the Z basis. Then we construct another
unary signature by connecting g”” = [b, a] to [a, 0, b] via [0, 1, 0], which gives [a?,b?]. Connecting
[a?,b?] to f via [0, 1, 0], we have another arity-4 signature g3 = [ab® + a?,b%,0, a?, a’b + b?]. We
compute det(Mg;) = —2(ab + a5b? + a?b5 + b%) = —2(a® + b6 — 162). If a® + b6 — 162 = 0,
again we are done by Corollary 3.30. Otherwise a® + b% = 162. Together with a3 + b3 = —18

and ab = —3, there is no solution of a and b. This finishes the proof. O
This lemma essentially handles the case of f’ € P, due to the following corollary.

Corollary 5.37. Suppose f be a non-degenerate signature of arity n > 5. Let f' be f with a self

loop. If f' € P, is non-degenerate, then Pl-Holant(f) is #P-hard.

Proof. Since f’ € P», we have that f' = Z®"2[1,0,...,0, 1] up to an orthogonal transformation
H. Since H does not change the complexity, we may assume we are under this transformation.

Then f is of the form Z®¥"[q, 1,0,...,0,1,b]. The claim follows by Lemma 5.36. O
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@ (#, | 0,1,0,0,0],10,0,0,1,0],g)-gate on right (b) Simpler construction with the same signature
side

Figure 5.5: Two gadgets with the same signature used in Lemma 5.39.

[ [ ]
[ ] [ ]
[ ] [ ]
_—
[ [ ]
(a) Negating the second and fourth inputs (b) Movement of even Hamming weight en-

tries

Figure 5.6: The movement of the even Hamming weight entries in the signature
matrix of a quaternary signature under the negation of the second and fourth inputs
(i.e. the square vertices are assigned [0, 1, 0]).

oS

(a) Gadget with a useful signature matrix (b) Gadget that realizes a partial crossover

Figure 5.7: Two quaternary gadgets used in the proof of Lemma 5.39 and 5.40.



175

Lemma 5.35 does not solve the case when f’ is degenerate. In general, when f’ is degenerate,
the inductive step is straightforward unless f’ is also vanishing. Lemma 5.38 and 5.40 are the

two missing pieces to this end.

Lemma 5.38. Let a,b € C. Suppose f is a signature of the form Z9™[a,1,0,...,0,b] with arity

n > 3. If ab + 0, then Pl-Holant(f) is #P-hard.

Proof. We prove by induction on n. For n = 3 or 4, it follows from Lemma 5.19, Theorem 1.14,
and Theorem 3.39 that Pl-Holant(f) is #P-hard.

Now assume n > 5. Under a holographic transformation by Z = [} 1, ], we have

Pl-Holant (= | f) = Pl-Holant ([1, 0,1]22 | (Z*l)®nf)

=7 Pl-Holant ([0,1,0] | f),

where f = [a,1,0,...,0,b]. Now consider the gadget in Figure 5.4b with f assigned to both
circles, and [0, 1, 0] both squares. This gadget has the binary signature g; = [0, ab, 2b], which
is equivalent to [0, q, 2] since b = 0. Translating back by Z to the original setting, this signature

is g1 = [a+ 1,—i,a — 1]. This can be verified as

T

By the form of g7 = [0, ab, 2b] and b # 0, it follows from Lemma 3.14 that g; ¢ SRQL. Moreover,
since a = 0, g; is non-degenerate.

Doing a self loop on f yields f’ = Z®"2[1,0,...,0]. Connecting f’ back to f, we get a
binary signature g» = Z%2[0,0,b]. Once again we connect g, to f, the resulting signature is
h=2%""2[q,1,0,...,0] of arity n — 2 > 3 up to the constant factor of b = 0.

Notice that h is non-degenerate and h € V. By Lemma 3.43, Pl-Holant(h, g;) is #P-hard,
hence Pl-Holant(f) is also #P-hard. O

The next case is similar to Lemma 5.38 but a = 0. We need the following technical lemma.
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Lemma 5.39. Let g be the arity 4 signature whose matrix is

0 00

0 01
(5.4)

010

o o O O

_0 0 0
Then Pl-Holant (#» | [0,1,0,0,0],[0,0,0,1,0l,9) is #P-hard.

Proof. Consider the gadget in Figure 5.5a. We assign [0, 0,0, 1, 0] to the triangle vertices, [0, 1, 0,
0, 0] to the circle vertices, g to the pentagon vertex, and [0, 1,0] to the square vertices. Let h
be the signature of this gadget. By adding two more disequality signatures and then grouping
appropriately, it is clear that the gadget in Figure 5.5b has the same signature of the gadget
in Figure 5.5a, where the circle vertices are still assigned [0, 1,0, 0, 0], the square vertices are
still assigned [0, 1, 0], and the diamond vertex is assigned =4. To compute the signature h, first

compute the signature R’ of the inner gadget enclosed by the dashed line, which has signature

matrix
3 001 0 001
01 00 _ 01 30
My = . Then by Figure 5.6, the signature matrix of h is My =
0 010 0110
1 0 01 1 0 0O

One more gadget before we finish the proof using interpolation. Consider the gadget in Fig-
ure 5.7a. We assign h to the circle vertices and [0, 1, 0] to the square vertices. The signature of
the resulting gadget is T with signature matrix M+ (see Figure 3.2 for the signature of a rotated

copy of h that appears as the second circle vertex in Figure 5.7a), where

0 0 0 1] 000 1] [o o o 1]
o130 (lo1] lo1/Ylo1r1o0 los64ao0
M?: ® frnd
o110/ \|[1tol [1ol)lo310 Joa2o0
1000 1000 |10o0o0
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Consider an instance Q of Pl-Holant (#, | ¥ U{¥'}) with T € F, where the signature matrix of ¥’
is
0 01

o o O
w
—

0
1 10
1 00O

Suppose that ¥/ appears n times in (). We construct from Q a sequence of instances Qg of
Pl-Holant (#5 | F) indexed by s > 1. We obtain Q¢ from Q by replacing each occurrence of 7’
with the gadget N in Figure 3.7 with T assigned to the circle vertices and [0, 1, O] assigned to the
square vertices. In Qg, the edge corresponding to the ith significant index bit of N connects
to the same location as the edge corresponding to the ith significant index bit of ¥/ in Q.

We can express the signature matrix of Ny as

My, = X(XM5)® = XP diag (1,4 123,423, 1)5 p-1

where ) ) ) )
0 0 01 1 O 0 0
0 010 0O 1 1 0
X = and P=
0100 0 V3 —V3 0
1 0 0 O 0O o 0 1

Since My, = XP diag (1, 1++3,1—+/3, 1) P—1, we can view our construction of Qg as first
replacing My, with XP diag (1, 1++3,1—+/3, 1) P~1, which does not change the Holant value,
and then replacing the diagonal matrix with the diagonal matrix diag <1, 4+4+2/3,4-2V3, 1) S.

We stratify the assignments in QO based on the assignments to the n occurrences of the

signature whose signature matrix is the diagonal matrix

(5.5)
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We only need to consider the assignments that assign
- imany times the bit patterns 0000 or 1111,
- j many times the bit pattern 0110, and
- k many times the bit pattern 1001,

since any other assignment contributes a factor of 0. Let ciji be the sum over all such assign-
ments of the products of evaluations of all signatures (including the signatures corresponding
to the signature matrices X, P, and P—!)in Q except for signature corresponding to the signature

matrix in (5.5). Then

Holantp = Z (1 + \@)j (1 - \/§>k Cijk

i+j+k=n
and the value of the Holant on Qg, for s > 1, is

Holantg, = ) ((4 + 2ﬁ>j <4 — 2\/§) k>s Cijk= ) <(4 + 2\/§)i—k 4k> ) Cijik-

i+j+k=n i+j+k=n
We argue that this Vandermonde system has full rank, which is to say that

’

(4 n 2\/§)j7k 4k 2 (4 v 2\/§)j'7k 4%’

(k) ,
unless (j, k) = (j/,k’). Suppose otherwise. Then we have that (4 + 2\/§)) : 4k—k =1,

Since any nonzero integer power of 4 + 21/3 is not rational, we must have j — k = j’ — k’.
Moreover, 4% =1, and hence k =k’ and j =j’.
Therefore, we can solve for the unknown cyji’s and obtain the value of Holantq. Then after

a counterclockwise rotation of ¥’ (c.f. Figure 3.2), we are done by Corollary 3.30. O
With Lemma 5.39 at hand, we continue to prove Lemma 5.40.

Lemma 5.40. Let b € C. Suppose f is a signature of the form Z°™0,1,0,...,0,b] with arity
n > 4. If b = 0, then Pl-Holant(f) is #P-hard.

Remark For n = 3, Z®3[0, 1, 0, b] is tractable, as it is M-transformable.
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Proof. If n = 4, then we are done by Corollary 3.30. Thus, assume that n > 5.

11
i—i

Under a holographic transformation by Z = | |, we have

Pl-Holant (=» | f) =1 Pl-Holant ([1, 0,1]2%2 | (Z_1)®“f)

=1 Pl-Holant ([0, 1,0] | ),

where f = [0,1,0,...,0,b]. We show how to construct the following three signatures: [0, 0,0, 1, 0],
[0,1,0,0,0], and g, where g is defined by (5.4). Then we are done by Lemma 5.39.

Consider the gadget in Figure 5.4a. We assign f to the circle vertices and [0,1,0] to the
square vertices. The signature of the resulting gadget is [0, 0,0, 1, 0] up to a nonzero factor of
b.

Taking a [0, 1,0] self loop on [0, 0,0, 1,0] gives [0,0,1] = [0,1]®2. We connect this back to
f through [0, 1, 0] until the arity of the resulting signature is either 4 or 5, depending on the
parity of n. If n is even, then we have [0, 1,0, 0, 0] as desired. Otherwise, n is odd and we have
[0,1,0,0,0,b/0], where the last entry is b if n = 5 and 0 if n > 5. Connection [0, 1]®? through
[0,1,0] to f twice more gives [0, 1]. We connect this through [0,1,0] to [0,1,0,0,0,b/0] to get
[0,1,0,0,0] as desired.

Taking a [0, 1, 0] self loop on [0, 1,0, 0, 0] gives [1, 0, 0] = [1,0]®2. Now consider the gadget in
Figure 5.7b. We assign f to the circle vertices, [1,0]®? to the triangle vertices, and [0, 1, 0] to the
square vertices. Up to a factor of b?, the signature of the resulting gadget is g with signature
matrix My given in (5.4). To see this, first replace the two copies of the signatures [1,0]®2
assigned to the triangle vertices with two copies of [1,0] each. Then notice that f simplifies to

a weighted equality signature when connected to [1, 0] through [0, 1, O]. O

5.6 Single Signature Dichotomy

Now we are ready to prove Theorem 5.41. By Corollary 5.20, f is A-, P-, or M-transformable
if and only if f € P; UMy U A3 U M3 U My. Recall that My C V. We list My here for merely

Conceptual reasons.
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Theorem 5.41. If f is a non-degenerate symmetric signature of arityn > 3 with complex weights
in Boolean variables, then Pl-Holant(f) is #P-hard unless f € P1 UMy U A3 UM3 U M4 UV, in
which case the problem is computable in polynomial time.

Holant(f) is #P-hard unless f € P, U P» UA3 UV, in which case the problem is computable in

polynomial time.

Proof. Tractability for both parts follow from Lemmas 1.7, 1.9, 1.10, Corollaries 5.14, 5.20, and
Theorem 3.12. We prove the first claim by induction on n. The base cases of n =3 and n =4
are proved in Theorem 1.14 and Theorem 3.39. Now assume n > 5.

With the signature f, we form a self loop to get a signature f’ of arity at least 3. In general
we use prime to denote the signature with a self loop. We consider separately whether or not

f’ is degenerate.
. Suppose ' = [a, b]®("—2) s degenerate. Then there are three cases to consider.

1. If a = b = 0, then f’ is the all zero signature. For f, this means fy,» = —fy for

0<k<n—2,s0fec Py by Lemma 5.8, and therefore Pl-Holant(f) is tractable.

2. If a® + b2 # 0, then f’ is nonzero and [a, b] is not a constant multiple of either [1, ]
or [1,—i]. We may normalize so that a® + b?> = 1. Then the orthogonal transforma-
tion [ 4 °] transforms the column vector [a,b] to [1,0]. Let f be the transformed

signature from f, and f’ = [1,0]®("~2) the transformed signature from f’.

Since an orthogonal transformation keeps =, invariant, this transformation com-
mutes with the operation of taking a self loop, i.e., f’ = (f)’. Here (f)’ is the function
obtained from f by taking a self loop. As (f)’ = [1,0]®("—2) we have o+ f» = 1 and
for every integer 1 < k < n — 2, we have f, = —f,,». With one or more self loops
on (f)’, we eventually obtain either [1, 0] when n is odd or [1,0,0] when n is even. In
either case, we connect [1,0] or [1,0,0] to f until we get an arity 4 signature, which
is g = [fo, f1, 2, —f1, —f2]. This is possible because that the parity matches and the
arity of f is at least 5. We show that Pl-Holant(g) is #P-hard. To see this, we first
compute det(Mg) = —2(fo + ?2)(?% + 173) = —Z(ﬁ - ?3), since fo + f» = 1. Therefore

if 2 + T, # 0, Pl-Holant(g) is #P-hard by Corollary 3.28. Otherwise f; + f = 0, and
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we assume f> = if; since the other case is similar. Since f is non-degenerate, f is

non-degenerate, which implies f, # 0. We can rewrite g as [1,0]%% —f,[1,1]®%. Under

1 (—fp)l/4

the holographic transformation by T = [0 ST/

} , we have

Pl-Holant (= | §) =t Pl-Holant ([1, 0,1]T€? | (T*1)®4§)

=t Pl-Holant (h | =),

where

h=[1,0,1]T% = [1, (~F2) /%, 0]

and g is transformed by T~! into the arity 4 equality =4, since

®4 ®4 ®4 ®4

1 0 1
T4 + = —fa

0 1 0 i

I
<l

By Theorem 1.15, Pl-Holant (h | =4) is #P-hard as f» # 0.

3. If a® + b% = 0 but (a,b) # (0,0), then [a, b] is a nonzero multiple of [1, +i]. Ignoring
the constant multiple, we have f’ = [1,1]®(~2) or [1,—i]®("~2)_ We consider the first

case since the other case is similar.

Under the holographic transformation Z = —= [{ !; ], we have that

PL-Holant (= |, ') = PLHolant ([1,0,112%% | (27 1)®"f, (271" 2r)

=t Pl-Holant (0,1, 0] | f,f’),

where f/ ;= (Z~1)®"—2f/ = [1,0]®"2 and f := (Z~1)®"f. Since f connecting with
[0, 1,0] gives f/, f must take the form [a, 1,0,...,0,b] with some a,b € C. Depending
on whether a = 0 or not, we apply Lemma 5.40 or Lemma 5.38 and Pl-Holant(f) is

#P-hard.

- Suppose f’ is non-degenerate. By inductive hypothesis, Pl-Holant(f) is #P-hard, unless

' e Pr UMy UA3 UMz UMy UYV. Note that f’ has arity n — 2 > 3, and every signature
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in M4 of arity at least 3 is also in V. Hence the exceptional case is equivalent to f’ €
P UM> UA3 UM3 UV. In this case, we apply Lemma 5.35 to f’ and f. Hence Pl-Holant(f)
is #P-hard, unless f € P UM, U A3z U M3 U V. The exceptional cases imply that f is A- or

P- or M-transformable or vanishing, and Pl-Holant(f) is tractable.

This finishes the proof for Pl-Holant(f).

For Holant(f), suppose f € Py UPr, UA3UV. If f & P; UM UA3 UMz UMy UV, then
Pl-Holant(f) is #P-hard, and so is Holant(f). As M4 C V, we only need to show that Holant(f) is
#P-hard, if f € My \ (P71 UP>» UA3) or f € M3 (cf. Figure 5.1).

If f € Mo\ (P; UP> UA3), then by Corollary 5.14, f is not A- or P-transformable. It can be
verified that reductions in Lemma 5.30 does not rely on planarity. Hence we have #CSP? (g) <71
Holant(f) by (5.1), where f = H®" (H,]@m + [}y]®n) for some y = 0,4i,and g = [1 +v2,1 —
v2,1+v?]. Since g is binary, we can apply Theorem 1.15, or more conceptually, Theorem 1.15’.
Hence Holant(f) is #P-hard unless g satisfies one of the exceptional conditions in Theorem 1.15.
However it can be verified that all exceptional conditions imply that f is A- or P-transformable.

Hence Holant(f) is always #P-hard.

Lastly, if f € M3, then by Definition 5.16, it is easy to see that
Holant(f) = Holant(EXACTONE,, ).

With zero or more self-loops on EXACTONE,,, we get EXACTONE3 or EXACTONE4 eventually, de-
pending on the parity of n. Either case is #P-hard by Theorem 1.14 or Theorem 3.39, combined

with Lemma 5.21. O
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Chapter 6

Dichotomy for Holant Problems

One way to look at Holant problems is #CSP where every variable appears exactly twice. As we
have seen so far, #CSP?, where every variable appears even number of times, plays a key role
in our single signature dichotomy, Theorem 5.41. In order to classify the complexity of Holant
problems, in both [HL12] (for real weights) and [CGW13] (for complex weights), a dichotomy

for #CSP¢ played a similar role. We state the #CSP? dichotomy as follows.

Theorem 6.1 (Theorem IV.1 in [HL12]). Let Ty = {[} 0] € C**? | wk =1}, d > 1 be an integer,
and F be any set of symmetric, complex-valued signatures in Boolean variables. Then #CSP4 ()
is #P-hard unless there exists a T € T44q such that TF C P or TF C A, in which case the problem

is computable in polynomial time.

Recall that we use £Q4 to denote the set {=yq4| k € N*}. Then #CSP¢(7F) = Holant (£Q4 | F).
If we restrict the Boolean #CSP dichotomy, Theorem 1.16, to symmetric functions, then it is a
special case (d = 1) of Theorem 6.1.

Given that M-transformable signatures are the only newly tractable planar case for sym-
metric Boolean #CSP (cf. Theorem 1.16 and Theorem 4.1), one would conjecture that this is
also the case generalizing Theorem 6.1 to planar graphs. Surprisingly, the putative form of a
Pl-#CSPY dichotomy does not hold. For example, PI-#CSP4([0, 1,0, 0]) is #P-hard when d < 4,
but tractable when d > 5, while the set {[0, 1,0, 0]}U £Q4 is not M-transformable. We will show

this in Section 6.1.
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Let f € P, be a symmetric signature, that is, f = Z®9(=4). Then for any signature set F, we

do a transformation of Z = % EEt

Holant({f} U F) = Holant (:2 792 271 ({f} U fﬂ)

= Holant (qtz\ (=a} U 2*13") .

If d > 3, then with #, on the left and =4 on the right, we can realize all signatures in £Q4 on
the left, as follows. We construct =4 inductively on k. For k = 1, we just need to attach #»
on every edge of =4, which effectively moves =4 to the left. Suppose we have =, 4, and we
want to construct = 1)q. We can connect =4 and two copies of =4’s on the left to one =4
on the right, using up all edges of the =4 on the right. Since d > 3, we can make sure that the
resulting signature is connected. The order of the connection does not matter. The resulting
signature is an EQUALITY, and its arity is kd +2d —d = (k+1)d, which is what we want. Hence,

we have that
#CSPY(Z~'F) <t Holant({f} U F).
Moreover, clearly the construction above can be done in a planar way, implying that,
Pl-#CSPY(Z~'F) <t Pl-Holant({f} U 7).

If #CSP4(Z~1F) is #P-hard, then Holant({f} U F) is #P-hard as well. It is easy to verify that all
tractable cases in Theorem 6.1 also make Holant({f}UJ) tractable. Hence, in a sense, classifying
#CSP4(F) is necessary to classify Holant problems.

On the other hand, in the planar setting, due to the newly tractable cases that we will see
shortly in Section 6.1, proving a dichotomy for P1-#CSP¢ seems overly complicated. In fact, we
will take a different route to achieve the dichotomy for Pl-Holant than that in [HL12, CGW13].
Only necessary results related to these new planar tractable cases are derived. We show the

dichotomy for Holant afterwards, which does use Theorem 6.1.
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6.1 Another Planar Tractable Case

Given a set F of symmetric signatures, by Theorem 5.41, Pl-Holant(JF) is #P-hard unless every
single non-degenerate signature f of arity at least 3 in Fis in P; UMy UA3UMzUM4UV. We have
already proved that the desired full dichotomy holds if F contains such an f in Py, A3, My \ P>,
or M3 due to Corollary 5.25, Corollary 5.28, Corollary 5.31, or Lemma 5.33, respectively.

The remaining cases are when all non-degenerate signatures of arity at least 3 in F are
contained in P> UM, U V. In this section, we consider the mixing of P, and My. For this, we do
a holographic transformation by Z. Then the problem becomes Pl-Holant (#7 | =, EXACTONE )
with various arities k and d. Recall that EXACTONE4 denotes the exact one function [0, 1,0, ..., 0]
of arity d. These are the signatures for PERFECT MATCHINGS and they are the basic components
of Matchgates.

A big surprise, against the putative form of a complexity classification for planar counting
problems, is that we found out the complexity of Pl-Holant (#5 | =, EXACTONE4) depends on
the values of d and k, and the problem is tractable for all large k. These problems cannot be
captured by a holographic reduction to Kasteleyn’s algorithm, or any other known algorithm.
Thus for planar problems the paradigm of holographic algorithms using matchgates (i.e., being
M-transformable) is not universal.

We show that if k > 5, then Pl-Holant (#» | =, EXACTONE,) is tractable. We first show this
for k > 6, and then return to =s. Let £O = {EXACTONE4 | d > 3}.

To prove this, we first observe some possible degeneracy. Let G be the underlying graph
of an instance Q) of Pl-Holant (#» | =, £0). Any self loop on an EXACTONE4 by a #» makes it

d=2) can be applied recursively.

[1,0]®(d=2) with a factor of 2. Pinning signatures like [1,0]®(
Any [1, 0] is first transformed to [0, 1] via #, on LHS and then applied either to =, producing
[0,11®(k=1) "or to EXACTONE4 (for some d) producing [1,0]®(d—1) Similarly, any [0, 1] is first

transformed to [1,0] via #, on LHS and then applied either to =, producing [1, 0]®kx—1)

, or to
EXACTONE,4 (for some d) producing EXACTONE4_;. Note that if d = 3 then EXACTONE4_; is
just #» on RHS, which combined with its adjacent two copies of #, of LHS, is equivalent to a
single +, of LHS. Moreover, whenever an EXACTONE4 and another EXACTONE; are connected

by a #», we replace it by a single EXACTONE4, ¢_», contracting the edge between (and remove
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the connecting #,). On the other hand, consider a connected component made of =, and +».
We call such a component an Ey-block. Notice that each Ey-block has either exactly two or zero
support vectors. This depends on whether or not there exists a contradiction, which is formed
by an odd cycle of =’s connected by #>’s. We say an E-block is trivial if it has no support. Itis
easy to check the triviality. The two support vectors of a nontrivial Ey-block are complements
of each other. We mark dangling edges of a nontrivial Ey-block by “+” or “—” signs. Dangling
edges marked by the same sign take the same value on both support vectors while dangling
edges marked by different signs take opposite values on both support vectors. Let n4 be the

number of dangling edges marked +. Then it is easy to verify by induction that

ny =n_ mod k. (6.1)

An example of Eg-block is illustrated in Figure 6.1, with 8 + signs and 2 — signs.

+ - +

Figure 6.1: Example Eg-block. Circle vertices are assigned =g and square vertices
are assigned .

After contracting all edges between EXACTONE,’s and forming Ey-block’s, we obtain a bi-
partite graph connected between EXACTONE,’s and Ey-block’s by edges labeled =>.
A key observation is that a planar (bipartite) graph cannot be simple, i.e., it must have

parallel edges, if its degrees are large.

Lemma 6.2. Let G = (LUR, E) be a planar bipartite graph with parts L and R. If every vertex in

L has degree at least 6 and every vertex in R has degree at least 3, then G is not simple.

Proof. Suppose G is simple. Let v, e and f be the total number of vertices, edges, and faces,
respectively. Let v; be the number of vertices of degree i in L, where i > 6, and u; be the

number of vertices of degree j in R, where j > 3. Since G is simple and bipartite, each face has
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at least 4 edges. Thus,
2e > 4f. (6.2)

Furthermore, it is easy to see that

VZZVi+Zu5 and e:Zivi:Zjuj. (6.3)

i>6 i3 i>6 j>3

Then starting from Euler’s characteristic equation for planar graphs, we have

2=v—e+f
e
<v— > (By (6.2))
1 ) 1 .
:Zvi—f—Zu]-—éZwi—§Z)uj (By (6.3))
i>6 i>3 i>6 i=3
— 1
= Z Vi + Z u)
i>6 j=3
a contradiction. O

Lemma 6.2 does not give us tractability for the case of k > 6 yet. The reason is that given an
instance of Pl-Holant (#» | =, £0), after the preprocessing and forming E;.-blocks to make the
graph bipartite, it is possible to have Ey-blocks of arity less than 6, in which case Lemma 6.2
does not apply. However, for k > 6 and a nontrivial Ey-block of arity n where n < 6, by (6.1)
and the fact that 0 < n,,n_ < n < k, we see that n;, =n_, and n = n, +n_ must be even.
Moreover, if n = 2, then this means that the Ey-block is just #», in which case we can replace it
by a single #, connecting signatures from £0O to produce a new EXACTONE signature. The only
problematic case is when n = 4. There are two possibilities of such Ey-blocks up to a rotation,

shown in Figure 6.2a.

+ + + - + + + -
- - - + - - - +
(a) Two different arity 4 E,-blocks. (b) Replace them by parallel =;’s.

Figure 6.2: Arity 4 Ey-blocks.
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Formally we define a contraction process on the connected graph of Ey-block with dangling
edges. Recursively, for any non-dangling non-loop edge e, we shrink it to a point, maintaining
planarity. The local cyclic orders of incident edges of the two vertices of e are spliced along e
to form the cyclic order of the new vertex. For any loop we simply remove it. This contraction
process ends in a single point with a cyclic order of the dangling edges.

Figure 6.2a depicts the two possibilities of Ey-blocks of arity 4 up to arotation. An Ey-block
of arity 4 can be viewed as a pair of #, in parallel, but there is a correlation between them,
namely their support vectors are paired up in a unique way. If we replace the contracted Ey-
block of arity 4 by two parallel edges as indicated in Fig 6.2b, one can revert back to a planar
realization in the E-block as it connects to the rest of the graph. This can be seen by reversing
the contraction process step by step.

To prove the following lemma, we will show how to replace Ey-block of arity 4 by some
other signatures while keeping track of the Holant value. We also observe that this tractable

set is compatible with binary #, and unary [1, 0] or [0, 1] signatures.
Lemma 6.3. For any integer k > 6, PI-Holant (#; | =, €0, #2, [1,0], [0, 1]) is tractable.

Proof. Let Q be an instance of Pl-Holant (#, | =, €O, #5, (1, 0], [0, 1]). Without loss of generality,
we assume that Q is connected. Any occurrence of +, of the right hand side can be removed
as follows: It is connected to two adjacent copies of =, of the left hand side. We replace these
3 copies of #; by a single +, from the left hand side.

The given signatures have no weight, however the proof below can be adapted to the
weighted case. For the unweighted case, we only need to count the number of satisfying as-
signments. We call an edge pinned if it has the same value in all satisfying assignments, if there
is any. Clearly any edge incident to a vertex assigned [1, 0] or [0, 1] is pinned.

When an edge is pinned to a known value, we can get a smaller instance of the problem
Pl-Holant(=» |=, £O, #», [1, 0], [0, 1]) without changing the number of satisfying assignments.
In our algorithm we may also find a contradiction and simply return 0. If e is a pinned edge, then
it is adjacent to another edge e’ via #» on the left hand side, and both e and e’ are pinned. We
remove e, e/, and #;, and perform the following on e (and on e’ as well). If the other endpoint

of eisu = [1,0] or [0, 1] we either remove that u if the pinned value on e is consistent with u, or
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return O otherwise. If the other endpoint of e is =, then all edges of this =, are pinned to the
same value which we can recursively apply. If the other endpoint of e is EXACTONE4 € €0, then
we replace this signature by EXACTONE4 _; when the pinned value is 0; or if the pinned value
is 1 then the remaining d — 1 edges of this EXACTONEq4 are pinned to 0 which we recursively
apply. Notice that we may create an EXACTONE> (i.e. #») on the right hand side when we pin 0
on EXACTONE3. Such #,’s are replaced as described at the beginning. It is easy to see that all
these procedures do not change the number of satisfying assignments, and work in polynomial
time.

We claim that there always exists an edge in Q that is pinned, unless Q does not contain
=, or does not contain EXACTONE4 functions (for some d > 3), or there is a contradiction.
Furthermore if there are =, or EXACTONE4 functions (for some d > 3), in polynomial time we
can find a pinned edge with a known value, or return that there is a contradiction. (If there is a
contradiction in O, we may still return a purported pinned edge with a known value, which we
can apply and simplify Q0. The contradiction will eventually be found.) If QO does not contain
=y, or does not contain EXACTONE4 functions (for some d > 3), then the problem is tractable,
since Q is an instance of M, or an instance of P. The lemma follows from the claim, for we
either recurse on a smaller instance or have a tractable instance.

Suppose Q is an instance where at least one = and at least one EXACTONE4 € €O appear.
We assume no #» appears on the right hand side. If any [1,0] or [1,0] appear, then we have
found a pinned edge with a known value. Hence we may assume neither [1, O] nor [1, 0] appears
in Q.

If a signature EXACTONE4 € €0 is connected to itself by a self-loop through a +», then there
are two choices for the assignment on this pair of edges through the #», but the remaining
d — 2 > 1 edges are pinned to 0. We can keep track of the factor 2 and have found a pinned
edge with a known value. Thus we may assume there are no self-loops via #, on EXACTONE
signatures.

Next we consider the case that two separate signatures EXACTONE4 and EXACTONE, from
€O are connected by some number of #,’s. Depending on the number of connecting edges,

there are three cases:
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1. The connection is by a single +». We contract the connecting edge, maintaining planarity,
and replace these three signatures by an EXACTONE4, ¢ » to get a new instance Q’. If an

edge is pinned in Q' then it is also pinned in Q to the same value. We continue with Q’.

2. The connection is by two #»’s. There are two choices for the assignment on these two

pairs of edges through #», but the remaining d + { — 4 > 2 edges are pinned to 0.

3. The connection is by at least three +,’s. The three #5’s cannot be all satisfied, so there is

no satisfying assignment, a contradiction. We return the value 0.

Hence, we may assume there is no connection via any number of #5’s among EXACTONE signa-
tures.

Define an Ey.-block as a connected component composed of =, and #,. All external connect-
ing edges of each Ey-block are marked with 4 or — and this can be found by testing bipartiteness
of a Ey-block where we treat =»’s as edges. If any Ey-block is not bipartite, we return 0. We
contract all Ey-blocks and maintain planarity. For each Ey-block we contract two vertices that
are connected by an edge, one edge at a time, and remove self loops in this contraction process.
If a trivial Ey-block appears, then there is no satisfying assignment, and we return 0. Thus we
may assume all Ey.-blocks are nontrivial. If there is a nontrivial Ey-block of arity 2, as discussed
earlier, its signature is #,. We replace it with an edge labeled by #, to form an instance Q’,
maintaining planarity, such that any pinned edge in Q’ corresponds to a pinned edge in Q. This
new edge is between EXACTONE signatures and can be dealt with as described earlier. So we
may assume the arity of any E-block is at least 4. Since k > 6, the only possible E-blocks of
arity 4 are those in Figure 6.2a up to arotation. Since there is at least one EXACTONE4 signature
with d > 3, forming Ey-blocks does not consume all of Q.

After these steps we may consider Q a bipartite graph, with one side consisting of E-blocks
and the other side EXACTONE signatures. Edges are now labeled by =».

Suppose there are parallel edges between an Eyx-block and an EXACTONE4 signature. We
show that this always leads to some pinned edges. If two parallel edges are marked by the
same sign in the E-block, then they must be pinned to 0. If they are marked by different

signs, then the remaining d — 2 > 1 edges of the EXACTONE4 signature must be pinned to 0.
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Therefore, we may assume that there are no parallel edges between any Ey-block and any

EXACTONE signature.

s A

J

(a) An EO-Eg-4-block. Triangles are assigned (b) Break the EO-Eq-4-block into three com-
EXACTONE signatures and circles are E,- ponents. Squares are assigned #». The
blocks of arity 4. component in the middle contains a cycle,

and hence is degenerate. The other two are
equivalent to EXACTONE signatures.

Figure 6.3: EO-Eq-4-blocks

The next thing we do is to consider Ey-blocks of arity 4 with EXACTONE signatures together.
Call a connected component consisting of Ey-blocks of arity 4 and EXACTONE an EO-Eq-4-block.
Figure 6.3a illustrates an example. Notice that the two possibilities of Ey-blocks of arity 4 can
be viewed as two parallel #5’s but with some correlation between them. This is illustrated in
Figure 6.2b. Note that the two dotted lines in Figure 6.2b represent different correlations.

At this point we would like to replace every arity 4 E-block by two parallel #,’s. However
this replacement destroys the equivalence of the Holant values, before and after.

The surprising move of this proof is that we shall do so anyway!

Suppose we ignore the correlation for the time being and replace every arity 4 Ey-block by
two parallel #5’s as in Figure 6.2b. This replacement produces a planar signature grid Q;.
Every edge in QO; corresponds to a unique edge in Q. The set of satisfying assignments of Q;
is a superset of that of (). Moreover, if there is an edge pinned in Q; to a known value, the
corresponding edge is also pinned in Q to the same value. Once we find that in O; we revert
back to work in Q) and apply the pinning to the pinned edge.

All that remains to be shown is that pinning always happens in Q;. Each EO-Eq-4-block
splits into some number of connected components in Q;. If any component contains a cycle

(which must alternate between +», which are the newly created ones from the Ey-blocks of arity
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4, and EXACTONE4 signatures for d > 3), then any edges not in the cycle but incident to some
vertex in the cycle is pinned to 0. Moreover such edges must exist, for EXACTONE,4 signatures
in the cycle are of arity at least 3. Note that the cycle has even length, and there are exactly two
satisfying assignments, which assign exactly one 0 and one 1 to the two cycle edges incident
to each EXACTONE4 signature. This produces pinned edges.

Hence we may assume there are no cycles in these components, and every such component
forms a tree, whose vertices are EXACTONE functions and edges are #»’s. Suppose there are
n > 2 vertices in such a tree. As discussed in item 1 above, the whole tree is an EXACTONE;
function for some arity t. Since each vertex in the tree has degree atleast 3,t > 3n—2(n—1) =
n+ 2 > 4. We replace these components by EXACTONE¢’S.

Thus, each connected component in the graph underlying QQ; is a planar bipartite graph
with Ey-blocks of arity at least 6 on one side and EXACTONE4 signatures of arity at least 3 on
the other. By Lemma 6.2, no component is simple, which means that there are parallel edges
between some E-block and some EXACTONE4 signature. As discussed earlier, there must exist
some pinned edge, and we can find a pinned edge with a known value in polynomial time. This

finishes the proof. O

Unlike the situation in Lemma 6.2, a planar (5, 3)-regular bipartite graph can be simple.
However, we show that such graphs must have a special induced subgraph. We call this struc-
ture a “wheel”, which is pictured in Figure 6.4. There is a vertex v of degree 5 in the middle,
and all faces adjacent to this vertex are 4-gons (i.e. quadrilaterals). Moreover, at least four
neighbors of v have degree 3. Depending on the degree of the fifth neighbor (whether it is 3 or

not), we have two types of wheel, pictured in Figure 6.4a and Figure 6.4b.

Lemma 6.4. Let G = (LUR, E) be a planar bipartite graph with parts L and R. Every vertex in L
has degree at least 5 and every vertex in R has degree at least 3. If G is simple, then there exists

one of the two wheel structures in Figure 6.4 in G.

Proof. Let V =L UR be the set of vertices and let F be the set of faces. We assign a score s,, to
each vertex v € V. We will define s, so that } .\ sy = [V| = [E| + [F| = 2 > 0. The base score

is +1 for each vertex, which accounts for |V|. For each k-gon face, we assign % to each of its
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A /A /A /A

(a) Type 1 (b) Type 2

Figure 6.4: Two types of wheels. Each circle is an E5-block and triangle an EXACTONE
signature.

vertex. This accounts for |F|. As G is a bipartite and a simple graph, k > 4 and a score from a
face to a vertex is at most %.

For —|E|, we separate two cases. For any edge if one of the two endpoints has degree 3, we
give the degree 3 vertex a score of —%, and the other one —%. This is well defined because all
degree 3 vertices are in R. If the endpoints are not of degree 3, we give each endpoint —%. This
accounts for —|E|.

Now we claim that s,, < 0 unless v € L and has degree 5. Suppose v € L and has degree

d > 6, then

d 5 d
< . d=1—=<0.
sy <1+ 12d 1 <0

Now suppose v € R and v has degree d > 4. Then every edge adjacent to v gives a score —%.

Hence,

sy <1+

e
PN E-?
N
)

N| —

The remaining case is that v € R and v has degree 3. Then,

d 7 d
<l+—-———d=1——=<0.
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The claim is proved.
Since the total score is positive, there must exist v € [, v has degree 5 and s, > 0. We then
claim that there must exist such a v so that all adjacent faces are 4-gons. Suppose otherwise.

Then any such v is adjacent to at least one k-gon with k > 6. In this case,

Moreover, if v is adjacent to more than one k-gon with k > 6, Then

1 1 5
<14~ ~.2- 2 .50,
Sy —1—4 3+6 B 5=0

contrary to the assumption that s,, > 0. Hence v is adjacent to exactly one k-gon with k > 6.
Call this face F,,.

In F,, v has two neighbors in R. We match each vertex v that has a positive score to the
vertex on F, that is the next one in clockwise order from v. By the bipartiteness, every such v
is matched to a vertex in R. We do this matching in all faces containing at least one positively
scored vertex. It is possible that more than one such v are matched to the same u € R. Suppose
a vertex u € R is matched to from ¢ different such vertices of positive score. This means that

u is adjacent to at least £ many k-gons with k > 6. Then, if u has degree 3 then u has score

1 1 7 ¢
WS+ B0+ 0—5-3=—.
3 1 (3—10) ¢ B 3 B

If u has degree d > 4 then u has score

1 1 1 ¢
< . — — = d < ——.
Su\1+4 (d €)+6 4 > d< 17

Hence in any case, we have s, < —%. It implies that the total score of u and all positively
scored vertices matched to u is at most 0. However each positively scored vertex is matched
to a vertex in R. Hence the total score cannot be positive. This is a contradiction.

Therefore there exists v € L such that s,, > 0, and has degree 5, and all adjacent faces are
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4-gons. We further note that at most one neighbor of v can have degree > 4, for otherwise,

5 1 5
< [ - . = 0.
sv\1+4 > 2 I 3=0

If all neighbors of v have degree 3, that is a wheel of type 1 as in Figure 6.4a. If one neighbor

of v has degree > 4, that is a wheel of type 2 as in Figure 6.4b. O
As we shall see, either structure in Figure 6.4 leads to pinned edges.
Lemma 6.5. Pl-Holant (#», | =5, £O, #5, [1, 0], [0, 1]) is tractable.

Proof. We proceed as in Lemma 6.3 up until the point of getting ;. Note that due to (6.1) the
only nontrivial Es-blocks of arity < 4 are #, and those in Figure 6.2a. Moreover, each connected
component of (; is planar and bipartite with vertices on one side having degree at least 5 and
those on the other at least 3. We only need to show that there are edges pinned in Q;.

Unlike in Lemma 6.3, these components do not satisfy the condition of Lemma 6.2 but that
of Lemma 6.4. If any such component is not simple, then there are pinned edges similar to

Lemma 6.3. Otherwise by Lemma 6.4, the wheel structure in Figure 6.4 appears. All we need to

show is that wheel structures of either type contain pinned edges.

\

vy

\'/
7\

/\ /N /\ [\

(a) Different signs of an Es-block along the cycle (b) Edges e and e’ are pinned in wheels of type 2
lead to pinning

Figure 6.5: Degeneracies in the wheel structure.

First we claim that if a wheel of either type has a Es-block, call it E;, on the outer cycle

which has different signs on the two edges incident to it along the cycle, then the middle =s,
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denoted by E,, is pinned. This is pictured in Figure 6.5a. It does not matter whether the wheel
is type 1 or 2, or the position of E; relative to the special triangle P; in type 2. Because E, is an
equality, both e; and ey, the two edges incident to E, that are connected to the two EXACTONE
signatures flanking E;, must take the same value. If both e; and ep are assigned 1, then the
two incoming wires of E; along the cycle have to be both assigned 0, whereas they are marked
by different signs. This is a contradiction. Hence both e; and e, are pinned to 0 as well as all
edges of E,.

We may therefore assume that each Es-block has same signs along the outer cycle, either
++ or —. If the wheel is of type 1, then there is no valid assignment such that E, is assigned
0 because the cycle has odd length. In fact if E, is assigned 0, then we can remove E, and its
incident edges, and effectively the five EXACTONE signatures are now #»’s forming a 5-cycle
linked by binary equalities. Hence E, and all its edges are pinned to 1.

Otherwise the wheel is of type 2, and each Es-block has signs ++ or — along the outer
cycle. We denote by Py the special EXACTONE,4 function that has arity d > 3. We claim that the
two edges e and e’ incident to P; along the cycle are both pinned to 0. This is illustrated in
Figure 6.5b. As P; is EXACTONEq4, at most one of e and e’ is 1. If one of e and e’ is 1, the other
is 0, and as P; is an EXACTONE4 function its edge to E, is also 0, and thus all edges incident to
E, are 0. As all five neighbors of E, are EXACTONE functions, the four EXACTONE;3 functions
effectively become (#,) functions along the wheel, and we can remove E, and its incident edges.
This becomes the same situation as in the previous case of type 1, where effectively a cycle of
five binary equalities are linked by five binary disequalities, which has no valid assignment. It

implies that both e and e’ are pinned to 0. This finishes the proof. O

6.2 Complementing Hardness Results

On the other hand, we show that Pl-Holant (#, | =, EXACTONE,) is #P-hard when k = 3, 4. Note

that when k = 2 it is tractable as every signature is a matchgate.
Lemma 6.6. Pl-Holant (#; | =3, [0, 1,0, 0]) is #P-hard.

Proof. By connecting two copies of [0, 1, 0, 0] together via #5, we have [0, 1,0, 0, 0] on the right.
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Consider the gadget in Figure 6.6a. We assign =3 to the triangle vertices, [0, 1, 0, 0] to the circle
vertices, #» to the square vertices, and [0, 1,0, 0, 0] on the diamond vertex in the middle. Let f

be the signature of this gadget.

(a) Cycle-like gadget used twice (b) Gadget to realize g

Figure 6.6: Two gadgets used in the proof of Lemma 6.6.

Figure 6.7: The whole gadget to realize [0,0,0, 1, 0].

We claim that the support of fis{0011,0110,1100,1001}. To see this, notice that [0, 1, 0, 0, O]
in the middle must match exactly one of the half edges, which forces the corresponding equality
signature to take the value 0 and all other equality signatures to take value 1. The two [0, 1,0, 0]’s

adjacent to the equality assigned 0 must have 0 going out, and the other two [0, 1, 0, 0]’s have 1
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going out.

Now we consider the gadget in Figure 6.6a again. This time we place [0, 1,0, 0] on each tri-
angle, =3 on each circle, f on the middle diamond, and again #, on each square. Now notice
that each support of f makes two [0, 1,0,0]’s that are cyclically adjacent on the outer cycle
to become [0, 1,0] and the other two [1,0,0]. It is easy to see that the support of the result-
ing signature is {0111,1011,1101,1110}. Therefore it is the reversed EXACTONE4 signature
[0,0,0,1,0] (mamely ALLBUTONE4). The whole gadget is illustrated in Figure 6.7, where each
circle is assigned [0, 1, 0, 0], triangle =3, and square .

Finally, we build the gadget in Figure 6.6b. We place =3 on each circle and #» on each
square. It is easy to see that there are only two support vectors of the resulting signature,
which are 0101 and 1010. Recall (5.4), the definition of the partial crossover g. This gadget
realizes exactly g.

By Lemma 5.39, Pl-Holant (#3 | [0, 1,0, 0, 0], [0, 0,0, 1,0],g) is #P-hard. We have constructed
[0,1,0,0,0], [0,0,0,1,0], and g on the right side. Therefore Pl-Holant (#; | =3, [0, 1,0, 0]) is #P-
hard. O

For k = 4, we need the following lemma.

Lemma 6.7. Let g be the arity 4 signature whose matrix is

2. 000
01 00
0010

0 0 01

Then P1-Holant(g) is #P-hard.

Proof. Let h = [2,1,1]. We show that PI-#CSP(h) <7 Pl-Holant(g) in two steps. In each step,
we begin with a signature grid and end with a new signature grid such that the Holants of
both signature grids are the same. Then we are done by Theorem 4.1, or more explicitly, since

P1-#CSP(h) = Pl-Holant (£Q | h) by (1.1), we are done by Theorem 4.2.
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For step one, let G = (U, V, E) be an instance of PI-Holant (£Q | h). Fix an embedding of G
in the plane. This defines a cyclic ordering of the edges incident to each vertex. Consider a
vertex u € U of degree k. It is assigned the signature =,. We decompose u into k vertices.
Then we connect the k edges originally incident to u to these k new vertices so that each vertex
is incident to exactly one edge. We also connect these k new vertices in a cycle according to the
cyclic ordering induced on them by their incident edges. Each of these vertices has degree 3,
and we assign them =3. Clearly the Holant value is unchanged. This completes step one. An
example of this step applied to a vertex of degree 4 is given in Figure 6.8a. The resulting graph
has the following properties: (1) itis planar; (2) every vertex is either degree 2 (in V and assigned
h) or degree 3 (newly created and assigned =3); (3) each degree 2 vertex is connected to two
degree 3 vertices; and (4) each degree 3 vertex is connected to one degree 2 vertex and two

other degree 3 vertices.

—

(a) Step one: Degree 4 vertex example (b) Step two: Contract edges

Figure 6.8: A reduction from Pl-Holant (£Q | h) to Pl-Holant(g) for any binary sig-
nature h and a quaternary signature g that depends on h. The circle vertices are
assigned =4 or =3 respectively, the triangle vertex is assigned h, and the square
vertex is assigned the signature of the gadget to its left.

Now step two. For every v € V, v has degree 2. We contract the two edges incident to v, or
equivalently, we replace the two circle vertices and one triangle vertex boxed in Figure 6.8b with
a single (square) vertex of degree 4. The resulting graph G’ = (V/, E’) is planar and 4-regular.

Next we determine what is the signature onv’ € V' after this contraction. Clearly the two in-
puts to each original circle have to be the same. Therefore its support is 0000,0110,1001,1111,
listed starting from the diamond and going counterclockwise. Moreover, due to the triangle
assigned h in the middle, the weight on 0000 is 2, and every other weight is 1. Hence it is exactly
the signature g, with the diamond in Figure 6.8b marking the first input bit. This finishes the

proof. O
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Remark From the planar embedding of the graph G, treating h vertices as edges, the resulting
graph G’ is known as the medial graph of G, which we have met before. See Figure 3.3 for
an example. The (constructive) definition is usually phrased in the following way. The medial
graph G,,, of plane graph G has a vertex on each edge of G and two vertices in G, are joined by
an edge for each face of G in which their corresponding edges occur consecutively. However,

our construction described in the proof above clearly extends to nonplanar graphs as well.

Lemma 6.8. Pl-Holant (#, | =4, [0, 1, 0,0]) is #P-hard.

Proof. Consider the gadget in Figure 6.9. We assign binary disequality #» to the square vertices,
=4 to the circle vertices, and [0, 1,0, 0] to the triangle vertices. We show that the support of
the resulting signature is the set {00110011,11001100,11111111}, where each vector is the
assignment ordered counterclockwise starting from the diamond point.

We call the equality signature =4 in the middle the origin. There are two possible assign-
ments at the origin. If it is assigned 0, then every adjacent perfect matching signature [0, 1, 0, 0]
is matched to the half edge towards the origin, and every equality =4 is forced to be 1. This
gives the support vector 11111111.

The other possibility is that the origin is 1. In this case, we can remove the origin leaving the
outer cycle, with every [0, 1,0, 0] becoming [0, 1, 0]. This is effectively a cycle of four equalities
connected by #,. It is easy to see that there are only two support vectors, which are exactly
00110011 and 11001100.

Every pair of half edges at each corner always take the same value. We further connect
each pair of these edges to different copy of =4 via two copies of #,. This results in a
gadget with signature f whose support is the complement of the original support, that is,
{11001100,00110011,00000000}.

Now consider the gadget in Figure 6.10a. We assign #, to the square vertices, =4 to the
circle vertices, [0, 1, 0, 0] to the triangle vertices, and f to the pentagon vertex. Notice that each
pair of edges coming out of the pentagon vertex are from the same corner of the gadget in
Figure 6.9 used to realize f. We now study the signature of this gadget.

Notice that if a =4 on the outer cycle is assigned 0, then the two adjacent perfect matchings

must match half edges toward that =4, and their outgoing edges must be 0. Furthermore, the
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Figure 6.9: Grid-like gadget used in the proof of Lemma 6.8, whose support vec-
tors are 00110011, 11001100, and 11111111. Each square is assigned a binary
disequality #, circle =4, and triangle [0, 1, 0, O].

f1 \ 2 | g
00000000 | 00000000 || 11111111
00110011 | 00000000 || 01111000
11001100 | 00000000 || 11110000
00000000 | 00110011 | 10000111
00110011 | 00110011 {| 00000000
11001100 | 00110011 -
00000000 | 11001100 || 00001111
00110011 | 11001100 -
11001100 | 11001100 {| 00000000

(a) Gadget with signature g. Each square is
assigned a binary disequality #,, circle =4,
triangle [0, 1, 0, 0], and pentagon f.

(b) Support of g. Each vector is an assign-
ment ordered counterclockwise from the di-
amond.

Figure 6.10: Another gadget used in the proof of Lemma 6.8 and a Table listing the
support of its signature.
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two =4 one more step away must be 1. A further observation is that any pair of consecutive =4’s
cannot be both 0, and if a pair of consecutive =4’s are both 1, then the [0, 1,0, 0] in the middle
must have a 1 going out. In Figure 6.10a, we call the pentagon connecting to four equalities =4
on the upper right f; and the other one . Let g be the signature of resulting gadget. We further
order the external wires of f, f2, and g counterclockwise, each starting from edge marked with
a diamond. With this notation and these observations, we get Table 6.10b listing the support
of g. The support of g is {11111111,01111000,11110000,10000111,00000000,00001111,
00000000}, and 00000000 has multiplicity 2.

Next we use a domain pairing argument. First we move =4 to the left hand side, by contract-
ing four #; into it. We apply the domain pairing on the problem Pl-Holant (=4| g). Specifically,
we use =4 as =, by pairing each pair of edges together. We also pair adjacent two outputs of
g clockwise, starting from the diamond point. Each pair of output wires of g are connected to
a pair of wires from =4 on the left hand side. Note that =4 enforces that each pair of edges
always takes the same value. We re-interpret 00 or 11 as O or 1 in the Boolean domain. In this

way, we can treat g as an arity 4 signature g’ in the Boolean domain. So the reduction is

Pl-Holant (Zz \ 9/) <7 Pl-Holant (=4 | g).

We get the expression of g’ next. The two support bit strings 01111000 and 10000111 of g are
eliminated as they do not agree on adjacent paired outputs. So in the paired (Boolean) domain,
the support of g’ becomes {1111,1100,0011, 0000} where 0000 has multiplicity 2. We further
rotate g’ as a Boolean domain signature such that the supportis {1111,0110, 1001, 0000} (cf.
Figure 3.2). Now it is easy to see that the matrix of ¢’, an arity 4 signature in the Boolean

domain, is

[—
)
o o O

By Lemma 6.7 Pl-Holant(g’) is #P-hard. Hence Pl-Holant (#; | =4, [0, 1,0, 0]) is #P-hard. O
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To extend Lemma 6.6 and Lemma 6.8 to general EXACTONE4 functions, we show that we

can always realize constant functions [1,0] and [0, 1] in this setting.

Lemma 6.9. For any integer k > 3 and d > 3 and any signature set F,

Pl-Holant (#5 | =k, EXACTONE, [0, 1], [1, 0], F) <t Pl-Holant (#> | =1, EXACTONE,4, F) .

Proof. Given an instance Q of Pl-Holant (#5 | =, EXACTONE, [0, 1], [1, 0], F) with an underlying
planar graph G, if there is any [1, 0] on the right hand side, then it can be combined with #, as
a [0,1] on the left hand side, and then contracted into whatever function it is attached to. If it
is connected to [1, 0] or [0, 1], we either know the Holant is O or remove the two vertices. If it is
connected to EXACTONE4, then the contraction gives us d — 1 many [1, O] pinnings. Similarly, if
it is connected to =y, the whole function decomposes into k— 1 many [0, 1]’s. These additional
pinnings by [1, 0]’s or [0, 1]’s can be recursively applied.

By a similar analysis, it is easy to show that the only nontrivial occurrences of [0, 1]’s are
those attached to EXACTONE4 via #2. We may therefore assume there is no [1, 0] in QQ, and the
only appearances of [1,0]’s are those applied to EXACTONE4 via #5.

We can construct =g for any integer { > 1, by #; on the left and =, on the right. In fact
if we connect two copies of = via #, we get a signature of arity 2k — 2 with k — 1 consecutive
external wires labeled + and the others labeled —. As k > 3, we can take 2 wires of the k — 1
wires labeled — and attach to two copies of =, via two #5. This creates a signature of arity
3(k—1) + (k— 3) with 3(k — 1) consecutive wires labeled + and the other k — 3 wires labeled
—. Finally connect k — 3 pairs of adjacent +/— labeled wires by +» recursively. This creates a
planar gadget with an equality signature of arity 3(k — 1) — (k — 3) = 2k. This can be extended
to any =¢ by applying the same process on any consecutive k wires.

Next we construct [0, 1]®" for some integer r > 1. We get [1,0]®9-2 by a self-loop of
EXACTONE,4 via #», ignoring the factor 2. We pick an integer ¢ large enough so that d — 2 < (k.
Then we connect [1,0]%9-2 to =4 via #» to get [0, 1]®(¢*—d+2) " This is what we claim with
r=4{k—d+2.

One more construction we will use is EXACTONE,¢4_2) for any integer { > 1. This is

realizable by connecting ¢ many copies of EXACTONE4 sequentially via 5.
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Consider the dual graph G* of G. Take a spanning tree T of G*, with the external face as
the root. In each face F, let c¢ be the number of [0, 1]’s in the face. We start from the leaves
to recursively move all the pinnings of [0, 1] to the external face. Suppose we are working on
the face F as a leaf of T. If cg = 0 then we just remove the leaf from T and recurse on another
leaf. Otherwise we remove all [0, 1]'s in F. Let s be the smallest integer such that sr > cg. We
replace the #;, edge bordering between F and its parent F’ by a sequence of three signatures:
#2, EXACTONE,_ ¢(4_2) and #;, where { is a sufficiently large integer such that £(d —2) > sr—cr.
From EXACTONE; ¢(4_2) there are two edges connected to the two adjacent copies of #,. Of
the other £(d — 2) edges we will put st — ¢ many dangling edges in F, and the remaining
¢(d — 2) — (sr — cf) dangling edges in F’. Hence there are sr dangling edges in F, including
those cr many that were connected to [0, 1]’s before we removed the [0, 1]’s. We put s copies of
[0, 1]®T inside the face F to pin all of them in a planar way. We add ¢(d — 2) — (st — cf) to cf.
Remove the leaf F from T, and recurse.

After the process, all [0, 1]’s are in the external face of G. Suppose the number is p. We put r
disjoint copies of G together to form a planar signature grid. Apply a total of pr many [0, 1]’s by
p copies of [0, 1]®" in a planar way. This is now an instance of Pl-Holant (#; | =, EXACTONEq4, F)
and the Holant value is the rth power of that of Q. Since the Holant value of Q) is a nonnegative

integer, we can take the rth root and finish the reduction. O
Remark Note that the spanning tree argument in the proof above is similar to the alternative
algorithm to find a planar pairing mentioned after Lemma 3.37.

Once we have constant functions [0, 1] and [1, 0], it is easy to construct EXACTONE3 from
EXACTONEg4. Therefore combining Lemma 6.9 with Lemma 6.6 and Lemma 6.8 we get the

following corollary.

Corollary 6.10. If d > 3 and k € {3, 4}, then Pl-Holant (#; | =, EXACTONE ) is #P-hard.

6.3 Mixing M, and P, with Other Signatures

Now we prove some lemmas relating to M4 and P, that are used in the proof of the full di-

chotomy.



205

Recall that ALLBUTONE, is the signature [0,...,0,1,0] of arity d, which is the reverse of
EXACTONE4. After a Z transformation, My contains both ALLBUTONEy and EXACTONE4. If

both appear, then with any =, the problem is hard.

Lemma 6.11. If integers di,d», k > 3, then Pl-Holant (+ | =y, EXACTONEq,, ALLBUTONE, ) is

#P-hard.

Proof. We apply Lemma 6.9 to create constant functions [1, 0] and [0, 1] first. Then we construct
EXACTONE4 and ALLBUTONE,4. With both [1,0] and [0, 1] in hand, we may reduce d; or d, to 4
if d; > 4 or d» > 4. If either of the two arities is 3, then we connect two copies together via #»

to realize an arity 4 copy.

<, >
B

Figure 6.11: Gadget to realize g in Lemma 6.11. Circle vertices are assigned = and
square vertices are assigned #». The number of parallel edges is k — 2.

Moreover, we use the gadget illustrated in Figure 6.11 to create the function g in Lemma 5.39
as an Ey-block. Then by Lemma 5.39, Pl-Holant (#; | =, EXACTONEq4,, ALLBUTONE, ) is #P-

hard. O

In general signatures in P, are non-degenerate weighted equalities under the Z transforma-
tion. The next several lemmas show that the hardness criterion is the same regardless of the

weight.

Lemma 6.12. Letf € Py, g1 € MI, g2 € M, be non-degenerate signatures with arity > 3. Then

Pl-Holant(f, g1, g2) is #P-hard.

Proof. Suppose the arities of f, g;, and g, are n, m;, and m, respectively. Under a holographic
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transformation by Z, we have

Pl-Holant(f, g1, g2) = Pl-Holant (¢2 | (271)@1 f (Z71)®m1 o, (Zil)®m2 92>

= Pl-Holant (#; | f, EXACTONE,, ALLBUTONE, ) ,

where f = (Z~1)®"f which has the form [1,0,...,0,c] up to a nonzero constant, with ¢ # 0, as

f € P». We do another diagonal transformation by D = [ (1) C1O/n ] Then

Pl-Holant(f, g1, g2)
= Pl-Holant <(¢2)D®2 ’ (D~ H®"f, (D) ®™EXACTONE (D*1)®m2ALLBUTONEmZ)

= Pl-Holant (#7 | =n, EXACTONE,,, ALLBUTONE, ),
where in the last line we ignored several nonzero factors. The lemma follows from Lemma 6.11.
O
We also need to consider the mixture of P, and binary signatures.

Lemma 6.13. Let F be a set of symmetric signatures. Suppose F contains a non-degenerate
signature f € Py of arity n > 3 and a binary signature h. Then Pl-Holant(F) is #P-hard unless

heZP, or Pl-#CSPZ(DZ*ICF ) <7 Pl-Holant(F) for some diagonal transformation D.

Proof. We do a Z transformation and get

Pl-Holant(F) = Pl-Holant(F, h, f)

®2
= Pl-Holant <¢2 | z g, (Z*1> h, f> ,

where f = (Z~1)®nf = [1,0,..., 0, t] up to a nonzero constant with t # 0. We further do another
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diagonal transformation of D; = [(1) Un } Then

Pl-Holant(F) = Pl-Holant <(¢2)D‘§’2 | (D7H®™, (ZD1) 1, ((ZDI)_1)®2 h)
= Pl-Holant <¢2 | =n, (ZD;)7'F, ((ZD1J*1>®2 h>

®2
> Pl-Holant <=n | (zDy)" 19, ((ZDl)_l) h) ,

where in the second line we ignore a nonzero factor on +,. Hence by Theorem 1.15, Pl-Holant(F)
is #P-hard unless ((ZDl)_1)®2h € P (cases 1, 2 or 3 in Theorem 1.15) or ((ZDI)—1)®2h -
la, b, c] for some a,b,c € C such that ac = 0 and (a/c)?™ = 1 (cases 4 or 5 in Theorem 1.15).
In the former case, ((ZDl)*l)@2 h e P. Then h € ZDP = ZP as D; € Stab(P). In the latter
case, we construct =p,, on the right by connecting three copies of =, to one copy of =, via #».
We do the same construction again to realize =4,, using =»,,. We connect n — 1 many [a, b, c]’s
to =p,, via #; to realize a binary weighted equality [1,0,r] with r = (a/c)“f1 + 0 ignoring a
factor of c™~1. Note that r2™ = (a/c)zn(“_l) = 1. Then we do another diagonal transformation

®4n

of Dy = [(1) Tlo/z} to get Pl-Holant (iz | (ZD1D3)7'F, =, (D, 1) (:4n)). Notice that

4n
(031) 7" (2am) = [1,0,...,0,772" = (=4,

as e = 1.
Hence we have =, and =4, on the right. With =, on the left, we get =, on the left and
therefore equalities of all even arities on the right. Let D = (D;D>)~!'. Then we have the

reduction chain:

Pl-Holant(F) >1 Pl-Holant (+ | DZ ™15 U{=p, =4n})
> Pl-Holant (qtz IDZ 5 U 892)

>+ Pl-Holant (892 | DZ*I?) .

The last problem is Pl-#CSP?(DZ ). Thus Pl-#CSP?(DZ~1F) <t Pl-Holant(7). O

At last, we strengthen Corollary 6.10, Lemma 6.3, and Lemma 6.5 to weighted equalities.
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We split the hardness and tractability cases. For a set F of signatures, denote by 3’5(31 the set
of non-degenerate signatures in F of arity at least 3. Moreover denote by F* the signature set
that is the same as J but with each degenerate signature [a, b]®™ in J replaced by the unary
[a, b].

Notice that F N P, and F* N P, agree on signatures of arity at least 2, since signatures in
P> of arity at least 2 are non-degenerate. So ¥ NP, C F* N P, and the only possible extra
elements are some unary [x,y]’s from [x,y]®™ € F for some integer m > 2 and [x,y] is not a
multiple of [1,4i]. Equivalently the only possible extra elements are unary signatures of the
form Z[a,b] for ab # 0, i.e., not of the form a multiple of Z[1, 0] or Z[0, 1], when Z~!J contains

some degenerate signatures of the form [a, b]®™ for some integer m > 2 and ab =+ 0.

Lemma 6.14. Let F be a set of symmetric signatures. Let 3’53 be the set of non-degenerate
signatures in F of arity at least 3. Suppose ’J?Lg contains f € My of arity d > 3. Moreover, suppose
3‘"5(31 N P, is nonempty, and let k be the greatest common divisor of the arities of signatures in

F* N Py. If k < 4, then Pl-Holant(F) is #P-hard.
Proof. We may assume that f € MI. Since ?fg N P, is nonempty, there exists g € ff"fz NP>. By

the definition of 23

~ 4 g has arity n > 3. We do a Z transformation,

Pl-Holant (%) = Pl-Holant (ig | G, EXACTONE g, z—lsf) ,

where g = (Z71)®"g has the form [1,0, ..., 0, c] of arity n for some ¢ # 0 up to a nonzero factor.

We further do a diagonal transformation D = [ (1) Clo/n} and get

Pl-Holant(F) = Pl-Holant (qtz | =1, EXACTONE, (ZD)‘“f) ,
where we ignore nonzero factors on +#» and EXACTONE4. Then by Lemma 6.9,
Pl-Holant(F) >t Pl-Holant (:#2 | =n, EXACTONE,, [0, 1], [1, O], (ZD)*&") .

By a weighted equality we mean a signature of the form [q,0,..., 0, b] of some arity > 1, where

ab # 0. Recall that P, consists of all weighted equalities in the Z basis. Let § be the set of
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weighted equalities in (ZD)~'7. In other words, § = (ZD)~! (F N P,) as (ZD)~ P, contains all
weighted equalities. Moreover, up to a nonzero factor, (=) € G.

Let k’ be the gcd of all arities of signatures in G, or equivalently the gcd of all arities of
signatures in ¥ N P,. If k’ # k, then the only possibility is that (ZD)~ ' contains a degenerate
signature [a, b]®™ for some m > 2 with ab # 0. In this case we use pinnings [1,0] or [0, 1] to
realize [a, b] from [a, b]®™ and put [a, b] in §. Hence we may assume that k/ = k.

Pick any g1, g2 € G of arities ¢; and {». Let r = gcd ({1, {2). Let t1, tp be two positive integers
such that t;{; —t2{> = r. Then connecting t; copies of g; and t, copies of g» via #» in a bipartite
and planar way, we get a weighted equality signature of arity r.

Apply the same argument repeatedly. Eventually we construct a weighted equality h of arity

k. We further do a diagonal transformation D; to make it =, that is,

Pl-Holant(F) >t Pl-Holant (#5 | §, EXACTONE )
>71 Pl-Holant (#; | h, EXACTONE, 9)

®d
> Pl-Holant <(¢2)D?2 | =, (Dl_1> EXACTONE,, D1_19>

>71 Pl-Holant (qtz | =k, EXACTONE 4, Df19) ,

where in the last line we ignored nonzero factors of EXACTONE4 and +». If k = 3 or 4, then the
hardness follows from Corollary 6.10.
If k = 1 or 2, then on the right hand side we have =, which is =; or =, and a weighted

en (=n) € D1_19. Call it g’. We move the = to the left hand side via #». Then

equality (D)
we connect zero or more copies of this =, which is =; or =, to g’ such that its arity is 3 or 4.
It is possible that n = 3 or 4 to begin with, and if so we do nothing. We are done by yet another

diagonal transformation and Corollary 6.10. O

Lemma 6.15. Let J be a set of symmetric signatures. Suppose I C ZP UMY for some o € {+,—}
and the greatest common divisor of the arities of all signatures in ¥* N P, is k > 5. Then

Pl-Holant(F) can be computed in polynomial time.

Proof. We may assume that o = + and the case of ¢ = — is similar. We do a Z transformation

on Pl-Holant(J), and get a problem of Pl-Holant (¢2 | Z‘lff").
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In this bipartite setting, given =,, on the right hand side, we can realize =;,, for any in-
teger { > 1 as an E,-block on the right. The problem Pl-Holant (#; | £Q,, O, #»,[1, 0], [0, 1])
is tractable for any n > 5 by Lemma 6.3 and Lemma 6.5, where £Q,, denotes the set of all
equalities of arity {n for all integers ¢ > 1.

The symmetric signatures in the set ZP consist of P», Z®?(#5), and degenerate signatures. If
there is any degenerate signature of the form (Z[a, b])®™ € F with ab # 0, then Z[a, b] € F*NPs.
This contradicts k > 5. Hence all degenerate signatures in F are of the form (Z[1,0])®™
or (Z[0,1)®™, if any. Since ¥ C ZP U M/, after a Z transformation, Pl-Holant(¥) is an in-
stance of PI-Holant (#» | £Qy, £O, #», (1, 0], [0, 1]) except for the weights on the equalities. It can
be checked that the tractability results of Lemma 6.3 and Lemma 6.5 also apply to weighted

equalities. The lemma follows. O

6.4 #PM in Planar Hypergraphs

Let § = {=¢ | k € S} be a set of EQUALITY signatures, where S is a set of positive integers
containing at least one r > 3. Moreover let EO" := {EXACTONEq | d € Zt} = €O U {#7,[0,1]}.
Then Pl-Holant (9 | EO+) is the problem of counting perfect matchings over hypergraphs with
planar incidence graphs, where the hyperedge sizes are prescribed by S. In the incidence
graph, vertices assigned signatures in § on the left represent hyperedges, and vertices as-
signed signatures in €O on the right represent vertices of the hypergraph. Let t = gcd(S). By
Lemma 6.3 and 6.5, this problem is tractable if t > 5 since we can reduce Pl-Holant (9 | 8(9*) to
Pl-Holant (#2 | =, £0, #2, [0, 1]). The reduction goes as follows. With %=, on the left hand side
and = on the right hand side, we can construct all E;-blocks and hence all of £Q, on the right.
Note that § C £Q;. Then we move all signatures in G to the left via =».

If t < 4, then Pl-Holant (G | £0™) is #P-hard due to Corollary 6.10. The reason is as follows.
We construct #, on the left using the gadget pictured in Figure 5.4b with (=) € G on the left
side assigned to circle vertices and #» on the right side assigned to square vertices. Then we
move G to the right side via #, on the right side. We construct =; on the right side in the
subtractive Euclidean process using G of the right side and +, of the left side. This gives us a

reduction from Pl-Holant (#, | =¢, £0), which is #P-hard by Corollary 6.10 if t = 3, 4. Otherwise
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t = 1,2. Recall that (=;.) € G for some r > 3. We use = to reduce the arity of =, to 3 or 4, if
necessary. Again we are done by Corollary 6.10.

If we do not assume there is at least one hyperedge of size > 3 in Pl-Holant (9 | 8(9*), and
t = gcd(S) < 2, then the problem is tractable if and only if S C {1, 2}. The tractability is due to

Kasteleyn’s algorithm, as there is no hyperedge. In summary, we have the following theorem.

Theorem 6.16. The problem Pl-Holant (9 | 8(‘)*) counts perfect matchings over hypergraphs
with planar incidence graphs, where the hyperedge sizes are prescribed by a set S of positive
integers. Lett = gcd(S). Ift > 5 or S C {1, 2}, then the problem is computable in polynomial

time. Otherwise t < 4, S ¢ {1, 2}, and the problem is #P-hard.

6.5 The Full Dichotomy

We are finally ready to prove our full dichotomy theorem. Recall that for a set F of signatures,
SFT%;’; denotes the set of non-degenerate signatures in J of arity at least 3, and J* denotes J with

all degenerate signatures [a, b]®™ replaced by unary [a, b].

Theorem 6.17. Let F be any set of symmetric, complex-valued signatures in Boolean variables.

Then Pl-Holant(F) is #P-hard unless F satisfies one of the following conditions:
1. All non-degenerate signatures in & are of arity at most 2;
2. F is A-transformable;
3. F is P-transformable;
4. F C VO U{f € RS | arity(f) = 2} for some o € {+,—};
5. All non-degenerate signatures in J are in R for some o € {+, —}.
6. F is M-transformable;

7. F C ZP UMY for some o € {+,—}, and the greatest common divisor of the arities of the

signatures in F* N P, is at least 5.
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In each exceptional case, Pl-Holant(F) is computable in polynomial time. If F satisfies conditions
1 to 5, then Holant(J) is computable in polynomial time without planarity; otherwise Holant(JF)

is #P-hard.

Proof. Tractability for Cases 1 to 7 follows from Lemma 1.5, 1.7, 1.9, 3.15, 3.16, 1.10, and 6.15,
respectively.

We may assume that F contains no identically 0 signatures. We note that removing any
identically O signature from a set does not affect its complexity, being either tractable or #P-
hard, and it does not affect the set F satisfying any of the exceptional conditions in Case 1 to
7.

Next we prove the claim for Pl-Holant(F). Suppose Pl-Holant(F) is not #P-hard. If all non-
degenerate signatures in F are of arity at most 2, then the problem is tractable case 1. Otherwise,
there is a non-degenerate signature f € JF of arity at least 3. By Theorem 5.41, Pl-Holant(F) is
#P-hard unless f € P; UM» UA3 UM3 UMy or fis vanishing. If f € Py or f € Mo\ Po or f € A3
or f € M3, then we are done by Corollary 5.25, or Corollary 5.31, or Corollary 5.28, or Lemma
5.33 respectively. Therefore, we assume that none of these is the case. This implies that ?ﬁi

is nonempty and that each of its signatures is in P, or in My or vanishing. That is,
0+323 CPrUMgU.

Suppose there exists some f € 3"?13 which is in V \ M4. We assume f € V* since the other
case V~ is similar. In this case, we show that Pl-Holant(J) is #P-hard, unless F is in Case 4 or
Case 5. Assume that PI-Holant(F) is not #P-hard. We will discuss non-degenerate signatures of

arity > 3, of arity 2, and degenerate signatures separately.

1. Forany g € 3’?13, we claim that g € V. Suppose otherwise, then g € P, or g € V~. Notice
that the latter covers the case where g € My but g ¢ V' (namely g € M;). If g € P,
then Pl-Holant(f, g) is #P-hard by Lemma 3.48 and Lemma 5.8, with a possible diagonal
transformation in the Z basis. Notice that a diagonal in the Z basis is equivalent to an
orthogonal in the standard basis, which does not affect the complexity. If g € V—, then

Pl-Holant(f, g) is #P-hard by Lemma 3.45 as f ¢ Mjy.
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2. For any non-degenerate binary signature h € &, it must be that h € .’REL as otherwise

Pl-Holant(f, h) is #P-hard by Lemma 3.43.

3. Ifrd"(g) =1 forall g € ?ﬁi, then S"fi C 9%; by Lemma 3.14. Together with the fact just

proved that all non-degenerate binary in J are in R, Case 5 is satisfied.

Otherwise there exists g € &"fi such thatrd™ (g) > 2. Then g € V* by the first item above.
If F contains any degenerate signature v = u®™ for m > 1 and some unary u that is not
a multiple of [1,1i], then by Lemma 3.41, Pl-Holant(g,v) is #P-hard. Hence all degenerate
signatures are multiples of tensor powers of [1,i], which are in V*. It implies that J is in

Case 4.
Now we may assume that () # ’J"fz C P> UMy. We handle this in three cases.

1. Suppose 9%3 C My. First suppose 3’53 C Mg for some o € {+,—}. Assume o = +
as ¢ = — is similar. Then ’fﬁi C CREL by Lemma 5.17 and 3.14. If all non-degenerate
binary signatures are in RJ as well, then this is Case 5 and tractable. Let h be a non-
degenerate binary signature in § thatis notin 32;. We apply Lemma 3.44, and Pl-Holant(J)
is #P-hard unless h = Z®2[qa,0, 1] up to a nonzero factor, where a = 0. In this case we
apply a Z transformation, and get Pl-Holant (#:2| [a, 0, 1], Z*13“). Then we do a diagonal
transformation D = [ﬂg 2 (1)} Note that this only changes +, on the left hand side to a

nonzero multiple of +#». Hence we have the reduction chain:

Pl-Holant(F) = Pl-Holant (¢2 | [a,0, 1], z—lsf)
= Pl-Holant (ig 111,0,1], D_12_1?>

>1 Pl-Holant(D~'Z~1%)

Notice that D~1Z~1F contains EXACTONE; with k > 3 that is in M3 with I,. Then by
Lemma 5.33, Pl-Holant(F) is #P-hard unless D~'Z~1F C LM =M, i.e., § C ZDM = ZM.
The exceptional case implies that F is M-transformable via Z, and we are in the tractable

Case 6.
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Otherwise 3’53 contains both f € Mj{ and g € M. Similarly as above, by Lemma 3.44, any
non-degenerate binary signature in  has to be in 92; NR; = {Z®2(%5)} (cf. Lemma 3.14), or
is a nonzero constant multiple of Z®2[a, 0, 1] where a # 0, as otherwise Pl-Holant(¥) is #P-
hard. Moreover, by Lemma 3.46, Pl-Holant(¥) is #P-hard, unless all degenerate signatures
in F are of the form [1, +i]®™. Note that [1,i] = Z[1,0] and [1, —i] = Z[0, 1]. When this is

the case, F is M-transformable via Z.

. Suppose 3"53 C P,. If F contains a non-degenerate binary signature h, then we ap-
ply Lemma 6.13 and Pl-Holant(F) is #P-hard unless h € ZP, or PI-#CSP>(DZ~19) <t
Pl-Holant(F) for some diagonal transformation D. If it is the latter case, then by Theo-
rem 5.22, either Pl-Holant(¥) is #P-hard, or DZ~ 5 is a subset of TA, ?,or T [} 1 ] M, for
some diagonal matrix T. We claim that in any of these cases Pl-Holant(J) is tractable. In

fact,

a) if DZ~1F C TA, then F is A-transformable as ¥ C ZD'TA and [1,0, 1] (as a row
vector) is transformed into [1,0, 1](ZD~!T)®2, which is [0, 1, 0] € A up to a nonzero

constant;

b) if DZ71F C P, then F is P-transformable as ¥ C ZD 1P and [1,0,1](ZD1)®? is

[0,1,0] € P up to a nonzero constant;

¢) if DZ7'F C T[]} ]M, then F is M-transformable as ¥ C ZD!T [} 1 ] M and
[1,0,1] is transformed to [1,0,1](zD~1T [} 1 ])®2, which is [1,0,—1] € M up to a

nonzero constant.

Hence we may assume that every non-degenerate binary in F is in ZP. Notice that degen-
erate signatures are always in P under any transformation. Also ?ﬁf’l is a subset of ZP
because 3"5(31 C P, and P is just weighted equalities under Z-transformation. It implies

that F is P-transformable under the Z transformation. Hence we are in Case 3.

. Finally, suppose neither of the above is the case. Then there are f,g € ?fi with f € My
and g € P,. If ?fg contains both f € M} and f’ € M, then Pl-Holant(¥) is #P-hard
by Lemma 6.12. Otherwise 3’53 NMy C MI or M. Let § = F* N P;, and let d be the

gcd of the arities of the signatures in §. Then G contains at least one non-degenerate
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signature g of arity > 3. If d < 4, then Pl-Holant(J) is #P-hard by Lemma 6.14. Otherwise
d > 5. If ¥ contains a non-degenerate binary signature h, then we apply Lemma 6.13
and by a similar analysis as in the case of “Sﬂ%i C P»” above, we are done unless every
such h is in ZP. Ignoring a nonzero factor, it implies that either h = Z®2[1,0, a] where
a+ 0orh=2Z72%(%,). If h = Z%2[1,0, al, then h € F* N P, and it contradicts d > 5.
Hence h = Z®2(#,). If there is any degenerate v = (Z[a,b])®™ in F with ab = 0, then
Zla,b] € F* N P, and it also contradicts to d > 5.

In summary, Pl-Holant(F) is #P-hard unless 3‘"53 C Pr UMy, 3‘"53 N My € MY for some

o € {+,—}, the greatest common divisor of the arities of the signatures in F* N P, is at
least 5. Every non-degenerate binary in ¥ is of the form Z®2(+,), and every degenerate
in ¥ is of the form (Z[1,0])®™ or (Z[0,1])®™. Notice that P>, Z®2(#>), (Z[1,0])®™, and
(Z[0,1])®™ are all in ZP. Hence the exceptional case implies that ¥ C ZP UM for some
o € {+,—} and the greatest common divisor of the arities of the signatures in ¥* N P, is

at least 5. This is tractable Case 7.

Next we turn to Holant(JF). Unless JF is in Case 1, 3’?13 #+ (). By Theorem 5.41, any f € 3"?1(31
has to be in P; U P> U.A3 UV and otherwise Holant(F) is #P-hard.
We deal with P, P, and Aj first. It is easy to check that reductions in Lemmas 5.24 and

5.27 do not require the planarity constraint. We will use them below.

- If there exists f € fff?i such that f € P;, then by Lemma 5.24, #CSP?(HF) <t Holant(7F)
for some H € 0,(C). Then by Theorem 6.1, #CSP?>(HF) <t Holant(¥) is #P-hard, and so

is Holant(¥), unless F is A- or P-transformable.

- If there exists f € Sfffl such that f € A3, thenby Lemma 5.27, #CSP? (YH1FU{[1, —i, 1]}) <t
Holant(¥), where Y = [ * 1] and « = e™/4. Again by Theorem 6.1, it is easy to verify that
#CSPZ(YH*ICF U {1, —i, 1]}) is #P-hard, and so is Holant(F), unless ¥ is A-transformable.

- Otherwise there exists f € S—"ﬁg such that f € P,. By Lemma 5.8, we may assume that

f = [H®d +B [}i]®d where arity(f) = d and p # 0. We do a transformation by ZD,
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where D = [(1) B?/a},
Holant(JF) = Pl-Holant (qtglzd, (ZD)*lﬁ") .

With =, and =4, we can realize any singature in £€Q4 on the left as an Eg4-block. (A
detailed argument is provided at the beginning of this chapter.) Hence, we have that
#CSP4((ZD)~'%) <t Holant(¥). By Theorem 6.1, one can verify that #CSP4((ZD) 1) is

#P-hard, and so is Holant(F), unless F is A- or P-transformable.

These are tractable Cases 2 and 3.

Now we may assume that () = 3?13 C V and Holant(¥) is not #P-hard. By Lemma 3.45 and
Lemma 3.47, ’ffz must be a subset of V™ or V—. Suppose ?ﬁi C V* as the other case is similar.
By Lemma 3.43, any non-degenerate binary signature in F has to be in 92;. Now we have two

cases.

. If there exists f € ¥ C V*t such that rd" (f) > 2, then by Lemma 3.41, the only unary
signatures allowed in F are some multiples of [1, 1], and all degenerate signatures in F are
some multiples of a tensor power of [1,1]. Thus, all non-degenerate signatures of arity at
least 3 as well as all degenerate signatures belong to V*, and all non-degenerate binary

signatures belong to fR;. This is tractable Case 4.

- Otherwise ff"fz - fR;. Since all non-degenerate binary signatures are also in R, we have

that all non-degenerate signatures in F are in ®; . This is Case 5. O
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Chapter 7

Anti-Ferromagnetic 2-Spin Systems

Starting from this chapter, we will show some results on approximate counting. Unlike sweep-
ing dichotomy theorems for exact counting, such as Theorem 6.17, we have only delineated
easy to approximate problems in very restricted settings. In the following several chapters, we
will turn our attention to spin systems, which are well studied in the areas of Statistical Physics,
Applied Probability and Computer Science as a general framework to model nearest-neighbour

interactions in graphs. We will focus on 2-state spin systems, or 2-spin systems for short.

7.1 Definitions and Backgrounds

Let £ be a finite alphabet. We want to approximate the value of a function f : * — R. A
randomized approximation scheme is an algorithm that takes an instance x € £* and a rational

error tolerance ¢ > 0 as inputs, and outputs a rational number z such that, for every x and &,

Prle” ¢f(x) < z < ef(x)] >

S w

A fully polynomial randomized approximation scheme (FPRAS) is a randomized approximation
scheme which runs in time bounded by a polynomial in |x| and ¢ 1. Note that the quantity % can
be changed to any value in the interval (%, 1) or even 1 — 2~ ™ for a problem of size n without
changing the set of problems that have fully polynomial randomized approximation schemes

since the higher accuracy can be achieved with only polynomial delay by taking a majority vote
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of multiple samples.

Dyer et al. [DGGJ03] introduced the notion of approximation-preserving reductions. Sup-
pose f and g are two functions from X* to R. An approximation-preserving reduction (AP-
reduction) from f to g is a randomized algorithm A to approximate f using an oracle for g. The
algorithm A takes an input (x,¢) € £* x (0, 1), and satisfies the following three conditions: (i)
every oracle call made by A is of the form (y, 0), wherey € £* is an instance of g,and 0 < 6 < 1
is an error bound satisfying 6! < poly(|x|, e 71); (ii) the algorithm A meets the specification for
being a randomized approximation scheme for f whenever the oracle meets the specification
for being a randomized approximation scheme for g; (iii) the run-time of A is polynomial in |x|
and ¢ 1.

If an AP-reduction from f to g exists, we write f<apg, and say that f is AP-reducible to g.
If f<apg and g<apf, then we say that f and g are AP-interreducible or AP-equivalent, and write
f=aprg.

An instance of a 2-spin systemis a graph G = (V, E). A configuration o assigns one of the two
spins “0” and “1” to each vertex, that is, o is one of the 2!V possible assignments ¢ : V — {0, 1}.
The local interaction along an edge is characterized by a matrix A = [;\\?8 ﬁ?i } where A;; is
the local weight (or energy) when the two endpoints are assigned i and j respectively. Moreover,
there is also an external field, specified by b = [Eﬂ on each vertex, where b; is the local weight
when the vertex is assigned spin i. All parameters are non-negative. The total weight w(o) of

a configuration o is given by the following product

W(G) = H Ac(u),o(\)) H bcr(v)-

(u,v)€EE vev

We study symmetric edge interactions, that is, Ap; = A;o. We normalize A and b so that

A= [? H and b = [} ]. In this case, w(o) simplified into
w(o) = Bmo(ﬁ)ymﬂﬁ))\no(d) (7.1)

where mg(o) is the number of (0,0) edges given by the configuration o, m; (o) is the number

of (1,1) edges, and ng(o) is the number of vertices assigned 0. A 2-spin system is specified by
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these parameters 3,y > 0 and A > 0. Two important special cases are the Ising model, where
[} =, and the hardcore gas model, where 3 = 0 and y = 1.

We say a real number z + 0 is efficiently approximable if there is an FPRAS for the problem
of computing z. We will always assume parameters f3,v, A are efficiently approximable. Notice
that in statistic physics literature, parameters are usually chosen to be the logarithms of our
parameters above. Parameterizations do not affect the complexity of the system.

The Gibbs measure is a natural distribution in which each configuration o is drawn with
probability proportional to its weight, that is, Prg;s,y,A(0) ~ w(o). The normalizing factor of

the Gibbs measure is called the partition function, defined by

Zgya(G)= > wlo). (7.2)
o:V—{0,1}
The partition function encodes rich information regarding the macroscopic behavior of the

spin system. We consider the following computation problem.

Name #2SPIN(B,v,A)
Instance A graph G = (V,E).

Output ZB,%)\(G).

#2SPIN(f3,v, 1) is exactly the problem Holant (£Q | f) where f is a binary signature such that
Ms = [‘13 Wl,] Thus by Theorem 4.2, #2SPIN(f,v, 1) is #P-hard unless § =y = 0 or By = 1.
Moreover, on A-regular graphs where A > 3, #2SPIN(3, vy, A) becomes Holant ([A,0,---,0,1] | f).
We do a holographic transformation [é }\IO/A} to normalize the left to =A. Again by Theorem
1.15, #2SPIN(,v, A) is #P-hard to compute unless f =y =0 or By = 1.

Due to the apparent intractability of exact evaluation, much effort has focused on approxi-
mating #2SPIN(f3,v,A). The system is called ferromagnetic if the edge interaction is attractive
(By > 1), and anti-ferromagnetic if repulsive (y < 1). As it turns out, the behavior of the
system depends heavily on this property.

For ferromagnetic systems, a seminal result by Jerrum and Sinclair [JS93] gave the first
fully polynomial-time randomized approximation scheme (FPRAS) for the Ising model, that is,

3 =+v > 1. Their algorithm is based on Markov Chain Monte Carlo (MCMC) techniques. It was
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later generalized to other ferromagnetic cases by Goldberg et al. [GJP03], which was in turn

improved by Liu et al. [LLZ14a]. For 3 < vy, the current best approximable bound is that A < ¥

84
A
[LLZ14a]. In Chapter 9, we will improve it to A < (%) ’ when 3 < 1, where Ay = \/\%5?1. The

other case of 3 > vy is completely symmetric.

The very first step of aforementioned MCMC algorithms is to transform the spin system
to the so-called “subgraph world”, which is essentially a holographic transformation by H, =
H 31 ] For anti-ferromagnetic systems (fy < 1), a transformation by H, will inevitably make
signature entries negative, which prevents us to define a Markov chain properly. It is not clear
how to generalize the “subgraph world” to the anti-ferromagnetic case.

A breakthrough result by Weitz [WeiO6] gave the first fully polynomial-time approximation
scheme (FPTAS) of the hardcore model up to the uniqueness threshold on graphs with degree
bound A. This threshold characterizes the uniqueness of the Gibbs measure on infinite (A—1)-
regular trees. Weitz’s algorithm introduces a completely different idea, called correlation decay.
In fact, our aforementioned results for ferromagnetic systems are also based on correlation
decay.

Formally, we define the problem #2SPIN({3,y,A) on bounded degree graphs.

Name #A-2SPIN(B,v,A)
Instance A graph G = (V,E) with maximum degree A.

Output Zg ., A(G).

Since Weitz's result [Wei0O6], it is widely believed that, for anti-ferromagnetic 2-spin systems,
the phase transition of Gibbs measures on infinite regular trees coincides with the computa-
tional complexity transition of approximating partition functions. In this chapter, we will give
positive answer of this conjecture on the algorithmic side.

On the hardness side, the inapproximability of partition functions has in fact been exten-
sively studied. In [JS93], Jerrum and Sinclair showed that there is no FPRAS for #2SPIN(f, 3,7)
where 0 < 3 < 1 and A > 0. This hardness result is later generalized to all 0 < 3,y < 1 and
slightly beyond [GJP03]. Using gadgets based on random regular bipartite graphs, the hard-
core gas model, that is #A-2SPIN(0, 1,7), is showed to be inapproximable for a small interval

of A beyond the uniqueness threshold via a series of research [DFJ02, MWWO09, Sly10]. Sly and
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Sun [SS14] finally showed that beyond the uniqueness threshold, unless NP = RP, there is no
FPRAS for the partition function of #A-2SPIN(f3, 3,A) where 0 < 3 < 1 and A > 0, as well as #A-
2SPIN(0, 1,A) where A > 0. Note that the result of Sly and Sun [SS14] is proved independently
by Galanis, Stefankovi¢ and Vigoda [GSV12] for #A-2SPIN(B, B, 1) where 0 < f < 1 and A > 0,
as well as #A-2SPIN(O, 1,A) where A > 0, under the same assumption of beyond the uniqueness
threshold.

On A-regular graphs, the system with parameters (f3,vy,A) satisfies the uniqueness condi-
tion if and only if the system (v/Bv, VBY,AB/v)2/?) does. It is easy to see this through a
diagonal transformation by [(1) B /2) 12 } Therefore hardness results by Sly and Sun [SS14] can
be translated to all anti-ferromagnetic 2-spin systems. We should note that we are not aware
of transformations of the same property when the graph is not regular. The aforementioned
conjecture is thus almost confirmed. The only problem only is at the critical threshold.

Unlike the clear picture of anti-ferromagnetic 2-spin models, approximating #2SPIN(f3,v, A)
where 3y > 1 is not completely understood. The complexity is at most as hard as approximat-
ing independent sets in bipartite graphs (#BIS) [GJ07], which is conjectured to have no approxi-
mation algorithms [DGGJ03]. As mentioned earlier, the celebrated Jerrum-Sinclair [JS93] chain
for ferromagnetic Ising models is generalized to a broader range of parameters [GJP03, LLZ14a].
It is not likely that the rest region is all as hard as #BIS and some surprising hardness re-
sults have been shown recently [LLZ14a]. Their results are achieved via reduction from anti-
ferromagnetic 2-spin systems in bipartite graphs, which were studied in [CGG ' 14]. In bipartite
graphs, the uniqueness threshold turns out to be the correct approximability boundary again
except for the special case of #2SPIN(, 3, 1). We will return to hardness results in Chapter 8.

The understanding of multi-spin systems, either ferromagnetic or anti-ferromagnetic is also
much less complete. Hardness results are obtained regarding the special case of ferromagnetic
Potts models [GJ12a] and below the first order phase transition threshold [GSV14, GSVY14].
Correlation decay and FPTAS are also studied [LY13], but the whole picture is still far from
clear.

The idea of approximate counting via correlation decay is introduced independently by
Weitz [Wei06] and Bandyopadhyay and Gamarnik [BGO8]. Aside from results presented in this
dissertation, other important examples include [GKO7, BGK"07, LWZ14, LLL14, LLZ14b, LL15b,



222

LL15a].

In this chapter, we will give algorithmic results regarding anti-ferromagnetic 2-spin systems.
Throughout this chapter, we will assume that < y as the two parameters are symmetric. With
a slight abuse of notation, we call (B,v,A) anti-ferromagnetic if 0 < p <vy,y >0, fy < 1, and
A > 0. Due to the symmetry of $ and vy, and the triviality of § =y = 0, it in fact captures all

nontrivial anti-ferromagnetic two-state spin systems.

7.2 The Self-Avoiding Walk Tree

We briefly describe Weitz’s algorithm [Wei06] in bounded degree graphs. Our algorithms pre-
sented later will follow roughly the same paradigm.

The Gibbs measure defines a marginal distribution of spins for each vertex. Let p,, denote
the probability of a vertex v colored blue. Since the system is self-reducible, #2SPIN(f3,v,A) is
equivalent to computing p,, [JVV86] (for details, see for example Lemma 7.15).

Let op € {0,1}" be a configuration of A C V. We call vertices in A fixed and other vertices
free. We use py” to denote the marginal probability of v being assigned “0” conditional on the
configuration o of A.

Suppose the instance is a tree T with root v. Let R{" := py*/(1 —py”) be the ratio between
the two probabilities that the root v is 0 and 1, while imposing some condition o (with the
convention that RY* = oo when py* = 1). Suppose that v has d children v;,...vq. Let T; be
the subtree with root v;. Due to the independence of subtrees, it is straightforward to get the

following recursion for calculating R7":

RPN = Fa (RYM - R (7.3)
where the function F4(x1,...,xq) is defined as
d
xi+1
Fd(Xl,...,Xd) =A [317
i Ty

We allow x;’s to take the value co as in that case the function F4 is clearly well defined. In

general we use capital letters like F, G, A, ... to denote multivariate functions, and small letters
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f,g,«,... to denote their symmetric versions. Here we define f4(x) := A (E’fg})d to be the
symmetric version of F4(x).

Let G(V,E) be a graph. Similarly define that R\, := py"/(1 —py*). In contrast to the
case of trees, there is no easy recursion to calculate RE,AV for a general graph G. The reason
is dependencies caused by cycles. Weitz [Wei06] reduced computing the marginal distribution
of v in a general graph G to that in a tree, called the self-avoiding walk (SAW) tree, denoted
by Tsaw(G,v). To be specific, given a graph G = (V,E) and a vertex v € V, Tsaw(G, V) is a tree
with root v that enumerates all self-avoiding walks originating from v in G, with additional
vertices closing cycles as leaves of the tree. Each vertex in the new vertex set Vsaw of Tsaw (G, v)
corresponds to a vertex in G, but a vertex in G may be mapped to more than one vertices
in Vsaw. A boundary condition is imposed on leaves in Vsaw that close cycles. The imposed
color of such leaves depends on whether the cycle is formed from a small vertex to a large
vertex or conversely, where the ordering is arbitrarily chosen in G. Vertex sets S C A C V are
mapped to respectively Ssaw C Asaw C Vsaw, and any configuration o € {0, 1}" is mapped to
OAgyy € 10,1}, With abuse of notations we may write S = Sgaw and op = oag,, When no

ambiguity is caused.

Theorem 7.1 (Theorem 3.1 of Weitz [Wei0O6]). Let G = (V, E) be a graph,v € V, op € {0, 1} be

a configurationon A C V,and S C V. Let T = Tsaw(G, v) be constructed as above. It holds that
RE, = RS

Moreover, the maximum degree of T is at most the maximum degree of G, distg (v, S) = disty (v,
Ssaw), and any neighborhood of v in T can be constructed in time proportional to the size of the

neighborhood.

The SAW tree construction does not solve a #P-hard problem, since Tsaw (G, v) is potentially
exponential in size of G. For a polynomial time approximation algorithm, we may run the tree
recursion within some polynomial size, or equivalently a logarithmic depth. At the boundary
where we stop, we may plug in some randomly guessed values. The question is then how large

is the error of our random guess. To guarantee the performance of the algorithm, we need the
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following notion of strong spatial mixing.
For a subset of vertices A C V, a configuration o is feasible if there exists a o € {0, 1}F with
Gibbs measure p(o) > 0 such that o is consistent with 0, on A. Notice that if 3,y > 0 then all

configurations are feasible.

Definition 7.2. A spin system on a family G of graphs is said to exhibit strong spatial mixing

(SSM) if for any graph G = (V,E) € G, anyv € V,A C V and any feasible o, tx € {0,1}\,
[Py — py2l < exp(—Q(dist(v, S))),

where S C A is the subset on which o, and Tt differ, and dist(v, S) is the shortest distance from

v to any vertex in S.

The weak spatial mixing can be defined by measuring the decay with respect to dist(v, A)
instead of dist(v,S). The spatial mixing property is also called correlation decay in Statistical
Physics.

If SSM holds, then the error caused by early termination in Tsaw (G, v) and random boundary
values is only exponentially small in the depth. Hence our algorithm is an FPTAS. In a lot of

cases, the existence of FPTASes then boils down to showing SSM holds.

The Uniqueness Condition

Recall that the Gibbs distribution is the distribution in which a configuration o is drawn with

probability

w(0o)

= . 7.4
Zpon(G) (7:4)

Prg.g,yA(0)

Let T denote the infinite A-regular tree, also known as the Bethe lattice or the Cayley tree.
A Gibbs measure on Ta is a measure such that for any finite subtree T C T, the induced
distribution on T conditioned on the outer boundary is the same as that given by (7.4). There
may be one or more Gibbs measures (see, e.g., [Geoll] for more details). A Gibbs measure
is called translation-invariant if it is invariant under all automorphisms of T, and is semi-

translation-invariant if it is invariant under all parity-preserving automorphisms of To. In
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our context, the Gibbs measures that will be of interest are the two extremal semi-translation-
invariant Gibbs measures corresponding to the all 1’s and all 0’s boundary conditions. These
two measures are different in the non-uniqueness region of Tx.

If we pick an arbitrary vertex as the root of T4, then the root has d children and every other
vertex has d — 1 children. Notice that the difference between T4 and an infinite (d — 1)-ary
tree, denoted by TATd,l, is only the degree of the root. We consider the uniqueness of Gibbs

measures on T4. Due to the symmetric structure of Tq4, the standard recursion (7.3) thus

Px+1
xX+v

d
becomes R, = f4_1(R,,) for any child v; of v, where f4(x) = )\( ) is the symmetrized
version of F4q(x).

Notice that f](x) < 0 for any v < 1 and x > 0. It implies that there exists a unique positive

fixed point X4 such that X4 = f(X4). Denote Ctr(f,v,A, d) := [f](Xq)l. It is straightforward to

calculate that

M(1— By)(BRa+ 1)1 _  d(1—By)Ra
(Xq +v)d+! (BXa+1)(Xa +7v)

Ctr(B,v,A,d) =

It is known [Kel85, Geol1l, MSWO07] that the Gibbs measure of anti-ferromagnetic two-state spin

systems in T4 is unique if and only if

Ctr(ﬁﬂ/,?\, d— 1) - |f¢/171(/7€d71)| < 1. (75)

Roughly speaking this is because |[f],_;(Xq—1)| < 1if and only if the dynamical system defined by
fa—1(x) converges to its unique fixed point Xq_1. If [f}_;(Xq—1)| > 1 then the dynamical system
will eventually be oscillating between x; # xp such that x; = fq_1(x2) and xp = fg_1(x1). This

motivates the following definition.

Definition 7.3. Let (B,v,\) be anti-ferromagnetic and d > 1 be an integer. Then (B,v,A, d)

satisfies the strict uniqueness condition, or StrUnique(f,v, A, d) holds, if and only if

Ctr(B,v,Ad) <1

In particular, (,v,\) is called universally strictly unique if StrUnique(f,v,A, d) holds for any
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integer d > 1.

See Figure 7.1 for the universally strictly uniqueness region of the A = 1 plane.

2.5¢

uniqueness threshold

~By=1
— —— threshold achieved by
heatbath random walk

> 1.5¢

0.5F 0< ,3, <1 \

Figure 7.1: The universally strictly uniqueness region of the A = 1 plane. In gen-
eral graphs, our FPTAS works for the region between the red critical curve of the
uniqueness threshold and the black curve 3y = 1. The heat-bath random walk in
[GJPO3] works for the region between the blue dashed line and fy = 1.

Proposition 7.4. For any integer d > 2, if |f;_,(Xq—1)| > 1, then weak spatial mixing fails in T 4,

and therefore so does strong spatial mixing.

We will discuss various thresholds of the uniqueness condition in Section 7.7.

At the end of this section we observe two properties of the universal strict uniqueness.

Lemma 7.5. Let (3,v,A) be anti-ferromagnetic. If (B,v,\) is universally strictly unique then

v > 1.

Proof. Suppose vy < 1. Suppose for the sake of contradiction that X4 goes to 0 as d goes to

Bxq+1
xXa+y

d
infinity. It is easy to see that this violates xg = A ( ) . Hence there exists a increasing

subsequence d; such that X4, is bounded away from 0 as i goes to co. Then

4, (%a,)| > 1 for

sufficiently large i, which violates universally strictly uniqueness. O
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~

The uniqueness condition is defined by [f](Xq)l < 1. The following lemma shows that if
(B,v,A) is universally strictly unique |f/;(X4)| is bounded away from 1. The same statement is

obviously true if StrUnique(p,vy, A, d) holds for finitely many d.

Lemma 7.6. Let (3,v,A) be anti-ferromagnetic. If (B,v,\) is universally strictly unique, then

o :=maxq>1{Ctr(B,v,A, d)} < 1.

Proof. If (B,v,A) is universally strictly unique, by Lemma 7.5, y > 1. For anti-ferromagnetic
- d
(B,v,A), B < %, thus the fixed point xg = A(%) < % Therefore Ctr(B,vy,A,d) =

Sy — _ dA-By)x —d
Ifa(Xa)l = pgrtee iy < v °

Clearly there exists d such that for any d > dg, d\y—9 is decreasing. Let d; > d be the first
such d so that djAy~ 91 < 1. Forany d > d;, we have that Ctr(B, v, A, d) < dAy 4 < djdy 4 < 1.

d

Let c be the larger of maxj¢q<q,{Ctr(f3,v,A,d)} and djAy~ . Clearly « < c and ¢ < 1 due to

universally strict uniqueness. O

7.3 The Potential Method

We would like prove the strong spatial mixing in arbitrary trees, sometimes with bounded
degree A, under certain conditions. This is sufficient for approximation algorithms due to
the self-avoiding walk tree construction. Our main technique in the analysis is the potential
method.

To study correlation decay on trees, we use the standard recursion given in (7.3). Recall
that T is a tree with root v. Vertices vq,...,v4 are d children of v, and T; is the subtree rooted
by vi. A configuration o is on a subset A of vertices, and R{ denote the ratio of marginal
probabilities at v given a partial configuration o on T.

We want to study the influence of another set of vertices, say S, upon v. In particular, we
want to study the range of ratios at v over all possible configurations on S. To this end, we
define the lower and upper bounds as follows. Notice that as S will be fixed, we may assume

that it is a subset of A.

Definition 7.7. Let T,v, A, 0, S,RY be as above. Define R, := min., R7* and RY := max., R}",

where T, can only differ from o on S. Define 6, := R¥ —R,,.
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Our goal is thus to prove that 8, < exp(—Q(dist(v,S))). We can recursively calculate R,, and

RY as follows. The base cases are:
1. v € S, in which case R, = 0 and RY = oo and &, = o0;

2. ve A\ S, i.e. vis fixed to be the same value in all T4, in which case R, = RY = 0 (or oo) if

v is fixed to be blue (or green), and &,, = 0;
3. v & A and v is the only node of T, in which case R,, =RY = A and 6,, = 0.

Forv ¢ A, since F4 is monotonically decreasing with respect to any x; for any anti-ferromagnetic

(B,v,A),
Ry = F4(R¥1,..,RV) and RY = F4(Ry,, ..., Ry,),

where R, and Rt are recursively defined lower and upper bounds of R%A for1l <i<d.

Our goal is to show that §,, decays exponentially in the depth of the recursion when the
uniqueness holds. A straightforward approach would be to prove that 6, contracts by a con-
stant ratio at each recursion step. This is a sufficient, but not necessary condition for the
exponential decay. Indeed there are circumstances that 6, does not necessarily decay in every
step but does decay in the long run. To amortize this behaviour, we use a potential function
®(x) and show that the correlation of a new recursion decays by a constant ratio.

To be more precise, the potential function ® : R* — R* is a differentiable and mono-
tonically increasing function. It maps the domain of the original recursion to a new one. Let
yi = @(xi). We want to consider the recursion for y;’s. The new recursion function, which is

the pullback of F4, is defined as

Galy1,.-- ya) == @(Fa(® 1 (x1),..., @ (xa))).

The relationship between F4(x) and G4(y) is illustrated in Figure 7.2.

Morally we can choose whatever function as the potential function. However, we would like
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X o1 Y
Fa i Ggq
o <
Fa(x) Galy)
@71

Figure 7.2: Commutative diagram between F4 and Gg4.

to pick “good” ones so as to help the analysis of the contraction Define ¢(x) := ®’(x) > 0 and

d

Cy,a(X) = @(Fa(x Z

i=1

1

‘L

aFd
0Xi

Definition 7.8. Let ® : R™ — R™ be a differentiable and monotonically increasing function. Let
@(x) and Cy, q(x) be defined as above. Then ®(x) is a good potential function for degree d if it

satisfies the following conditions:

1. there exists a constant C1,Cp > 0 such that C; < ¢(x) < Cp for any x € MBI, Ay~ 9] if

By <1lorxe ANy 4 AR if By > 1;

2. there exists a constant o < 1 such that C, 4(x) < « for all x; € A3 Xy~ 4 if By < 1 or

€ MWy 4LABY if By > 1.

In Definition 7.8, Condition 1 is rather easy to satisfy. The crux is in fact Condition 2. We

call « in Condition 2 the contraction ratio of ®(x).
Lemma 7.9. Let ®(x) be a good potential function with contraction ratio «. Then o > Ctr(B,v, A, d).

Proof. Recall that Ctr(p,v,A,d) = ]ffi(ﬁd) , where x4 is unique fixed point of the symmetrized

recursion such that f4(Xq) = X4q. By Definition 7.8, « > Cq.a(x) for all x; € B9, Ay~ 4.
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Plugging in x; = X4 for all 1 <1 < d, we have that

x> CgpalXa, -+ ,Xa)
d
- - OFq4 .~ - 1
= @(Fa(xg,...,X . yeees X —
@ (Falxa a)) ; axi( a a) ER
d
N OF4 - N 1
= falx . Xds.-y X —
o(fa(%a)) ; ax, Ko Ra)| o
4 19F, 1
— ;Z : A’ 1/72 =
®(xq) ; axi( a a) EN
4 1oF, R
=3 [z
£ Xi
i=1
(1 —By)falXa) o
=d-— — = |fi(x = Ctr(B,v, A, d). O

Recall Definition 7.3. We then have the following corollary.
Corollary 7.10. A good potential function for degree d exists only if StrUnique(p,v, A, d) holds.
We also define the upper and lower bounds of y. Define y, = ®(R,) and accordingly y,, =

®(R,,), for 1 <i< d,aswell as y¥ = ®(RY) and y¥i = ®(RVi), for 1 < i < d. We have that

Yy = Ga(y"!,...,y") and v = Ga(Yu,,- .-, Yv,)- (7.6)
Let &, = y¥ —y,. For a good potential function, exponential decay of ¢, is sufficient to imply
that of §,,.

Lemma 7.11. Let ®(x) be a good potential function. Then there exists a constant C such that

by < Ce,, for any dist(v, S) > 2.

Proof. By (7.6) and the Mean Value Theorem, there exists an Re [Ry, RV] such that

gy = O(RY) — D(R,) :(D/(R)'év = @(R) - 5. (7.7)

Since dist(v,S) > 2, we have that R, > Ap% and R¥ < Ay~ <. Hence R € [AB%, Ay—4], and

by Condition 1 of Definition 7.8, there exists a constant C; such that ¢(R) > C;. Therefore
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5\, < 1 / Cl Ev. I
The next lemma explains Condition 2 of Definition 7.8.

Lemma 7.12. Let ®(x) be a good potential function with contraction ratio x. Then,
gy < & max {&y, }.

1<i<d

Proof. First we use (7.6):

g\) :UV _yv — Gd(yvl,---syvd) - Gd(y‘)1!---’y\)d)'

Letyo = (y¥1,...,yv¢) and y1 = (Yv,,---,Yv,)- Let Z(t) = ty; + (1 —1)yo be a linear combination

of yg and y; where t € [0, 1]. Then we have that

ev = Ga(z(1)) — Ga(z(0)).

By the Mean Value Theorem, there exist t such that ¢, = W‘ . Lety; = tyy, +(1—t)y™
t=t
for all 1 <1< d. Then we have that
sv:‘VGd({ﬂ,...,Qﬁ)-(evl,...,evd)‘. (7.8)

It is straightforward to calculate that

0Galy) _ @(Fa(R)) 9F4(R) (7.9)

0y @ (Ry) OR;{

where R; = ®!(y;) and y and R are vectors composed by y;’s and R;’s. Plugging (7.9) into
(7.8) we get that

d
~ OFa| 1
ev=¢(Fa(R))- — e,
; ORi | (Ry)
< CpalR,...,Ra) - max {ey} < o max {ey},
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where R; = @1 (Y1), R is the vector composed by Ri’s, and in the last line we use Condition 2

of Definition 7.8. n

Note that the two conditions of a good potential function does not necessarily deal with all
cases in the tree recursion. At the root we have one more child than other vertices in a SAW
tree. Also, if v has a child u € S, then ¢,, = oo and the range in both conditions of Definition
7.8 does not apply. To bound the recursion at the root, we have the following straightforward

bound of the original recursion.

Lemma 7.13. Letv be a vertex and v; be its children for 1 < i < d. Suppose b,, < Cq for some

Co>0andalll <i<d. Then,
8y < dAy~4+1C,.
Proof. By the same argument as in Lemma 7.12 and (7.3), there exists x;’s such that

oy = }VFd(Xl’---axd) : (6\/1’---,6\)‘1)’

d
<COZ

i=1

aFd (X)
axi

where x is the vector composed by x;’s. Then, we have that

‘ OFa(x)| _ d(1 —By)Fa(x) < dhy—9+1,
04 (xi +v)(Bxi + 1)
where we use the fact that F4(x) < Ay~ 4 for any x; € [0, ). O

Lemma 7.14. For a set of anti-ferromagnetic parameters (3,v,A) , if a good potential function
@(x) exists for all integers d € [1,A — 1], then strong special mixing holds for any graphs with

degree bound A.

Proof. Let G be the graph with degree bound A and v be a vertex. We construct the SAW tree
T = Tsaw(G,v). Due to Theorem 7.1, we only need to show strong special mixing in T with

respect to v and an arbitrary vertex set S. Let o, be a configuration on A where S C A. Let
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5, be defined as in Definition 7.7 with respect to T, v, A, o, and S. We want to show that
o, = exp(—Q(dist(v, S))).

The maximum degree of T is at most A. Thus the root v has at most A children in T, and any
other vertex in T has at most A — 1 children. Assume v has k > 1 children as otherwise we are
done. We may also assume that v ¢ S and let t = dist(v,S) — 1 > 1. We recursively construct a
path ug = v, uy,...,u; of length 1 < t as follows. Given u, if there is no child of u;, then we stop
and let 1 = i. Otherwise u; has at least one child. If 1 = t then we stop and let 1 = t. Otherwise
l < tand let ui; be the child of u; such that ¢, ,, takes the maximum e among all children of

u;. In other words, by Lemma 7.12, we have that
€uy S XEuy, g (7.10)

forall 1 < i < 1— 1. Notice that (7.10) may not hold for i = 0 since v = ug has possibly A
children.

First we note that for all 1 <1 < 1, dist(v,u;) =1 < 1 < t, and therefore u; ¢ S. If we met
any vertex u; with no child, then we claim that ¢,,, = 0. This is because u, is either a free vertex
with no child or u; € A butu; ¢ S. However since ¢,,, takes the maximum ¢ among all children
of u;_1, we have that for all children of u;_;, ¢ = 0, which implies that ¢,,, , = 0. Recursively
we get that ¢, = ¢y, = 0 and clearly the theorem holds by (7.7).

Hence we may assume that 1 = t. Since u; ¢ S, we have that &,, < Ay~ (A~D ify < 1,
or 6,, < Aif y > 1. Hence by (7.7), we have that ¢, < Cp for some constant Cy. Moreover

applying (7.10) inductively we have that
€y < oclaul < «tCo.

Hence by Lemma 7.11, we there exists another constant C; such that 5, < «'C;. To get a

bound on §,,,, we use Lemma 7.13, which states that
Bug < dohy™ %0718y, <dody Y0t Cy,

where dg < A is the degree of v = uy. Hence we have that §, = exp(—Q(t)) and the lemma
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holds. O
It has the following algorithmic implication.

Lemma 7.15. Let (B,v,A) be a set of anti-ferrvomagnetic parameters. If there exists a good

potential function for all d € [1, A— 1] with contraction ratio « < 1, then #A-2SPIN(f,vy,A) can be
log(A—1)
approximated within ¢ in deterministic time O <n (%) —loga ) where n is the number of vertices

of the instance.

Proof. Let G be a graph with degree bound A and v be a vertex in G. A self-avoiding walk tree
T = Tsaw(G,Vv) can be constructed so that Rg/,\v = R‘T”‘ by Theorem 7.1. We use the recursive
procedure described above to compute upper and lower bounds of R?A, with the base case that
for any vertex u at level t that is not fixed, trivial bounds R, = 0 and R* = co are used. In other
words, we let S be the set of vertices whose distance to v is larger than t. Since a good potential
function exists for all d € [1, A — 1], by Lemma 7.14 the recursive procedure returns R,, and RY
such that R, < R7* < RY, and R — R, = O(«') where « < 1 is the contraction ratio. Note that

o o oA R, RY o
RTA = RG/,\V = lgip%' Let Po = Ro+1 and P1 = RVr1- Then Po < p\)/\ < P1 and

RY Ry -
RV+1 Ry,+1

P1—Po = RY — R, = O(at). (7.11)

The recursive procedure runs in time O(A!) since it only needs to construct the first t levels

of the self-avoiding walk tree. For any ¢ > 0, let t = O(log, ¢). As A is bounded, this gives an

algorithm which approximates py” within an additive error ¢ in time O (sloglégal) > .

Then we use self-reducibility to reduce computing Zg , A(G) to computing marginal proba-
bilities with certain boudary conditions. To be specific, let o be a configuration on a subset of V
and t be sampled according to the Gibbs measure. Let py := Pr (t(v) = 1 | o) be the conditional
marginal probability. We can compute Zg A (G) from pJ by the following standard procedure.
Let vq,...,v, enumerate vertices in G. For 0 < i < n, let o; be the configuration fixing the first
ivertices vy,...,v; as follows: oi(vj) = o_1(vj) for 1 <j <i—1 and oj(v;) is fixed to the spin

s so that p; :=Pr(t(vi) =s| oy_1) > 1/3. This is always possible because clearly

Pr(t(vi)=0]o0y_1)+Pr(t(vi)=1]0i1)=1.
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In particular, o, € {0,1}V is a configuration of V. The Gibbs measure of o, is p(on) = %
)Y

On the other hand, we can rewrite p(o,,) = p1p2---pn by conditional probabilities. Thus

Ly (G) = %. The weightw(on) = [Ty v)ee Aon(w),on(v) [ [vev Po, (v) canbe computed

exactly in time polynomial in n. Note that p; equals to either pSiH orl— pgjfl. Since we can

. . - . - - - IOg(A_lj . -
approximate py” within an additive error ¢ in time O <€ Tog « ), the configurations o; can

be efficiently constructed, which guarantees that all p;’s are bounded away from 0. Thus the

log(A—1)
product pp2 - - - pn can be approximated within a factor of (1 + ne’) in time O (ns’ log o )

Now let ¢/ = =. We get the claimed FPTAS for Zg , A (G). O

When the degree is unbounded, there is a slight problem since the SAW tree may grow super
polynomially even if the depth is of order logn. We use a refined metric replacing the naive
graph distance used in Definition 7.2. Strong spatial mixing under this metric is also called

computationally efficient correlation decay.

Definition 7.16. Let T be a rooted tree and M > 1 be a constant. For any vertexv in T, define
the M-based depth of v, denoted {n(v), such that iy, (v) = 0 if v is the root, and Iy (v) =

v (u) + [logm(d + 1)) if v is a child of w and u has degree d.
We then define a slightly stronger notion of potential functions.

Definition 7.17. Let ® : R™ — R be a differentiable and monotonically increasing function. Let
@(x) and C q(X) defined in the same way as in Definition 7.8. Let 3,y > 0 be two parameters
such that py <1 andp > 1 ory > 1. Then ®(x) is a universal potential function for (B,v,A) if

it satisfies the following conditions:
1. there exists a constant C; > 0 such that ¢(x) > Cy for any x € (0,A);

2. @(x) is decreasing and there exists a constant Co> > 0 such that ¢(x) < Cox~1 for any

x € (0,A);

3. there exists a constant o < 1 and M > 1 such that for all d, C 4(x) < «/1°8m(d+D1 for gil

xi € (0,00);

We also call « the contraction ratio and M the base.
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Then we have the following analogue of Lemma 7.14. Note that the condition y > 1 is

necessary due to Lemma 7.5.

Lemma 7.18. For a set of anti-ferromagnetic parameters (3,v,A) wherey > 1, if a good potential
function @ (x) exists for all integers d € [1, A— 1], then strong spatial mixing holds for any graphs

with degree bound A.

Proof. The proof goes almost the same as in Lemma 7.14. Let G be a graph and v be a vertex.
We construct the SAW tree T = Tgaw (G, v). Let t > 0 be an integer which denotes the boundary
distance. Let S be the set of vertices whose distance to v is larger than t. Since vy > 1, for any
vertex v that is not in S, RY < A and R,, > 0. Construct the path v = ug,u, -+ ,u; as in Lemma
7.14.

For the base case of u, we use Condition 2 of Definition 7.17. Sinceu; ¢ S, then 5,,, < Ay~ 4,

where d; is the degree of u. Moreover, Ry, > AB4t, By (7.7) and Condition 2, we have that

Eu, = 01, @(R) < Ay~ o(AB%) < Ca(By) ™% < Co,

where R € [Ry,, R"].
By Condition 3 and Lemma 7.12, we get stepwise decay until the last level, such that e, <
«'Cy. By Condition 1 of Definition 7.17 and (7.7), we have that &, = sul/(p(ﬁ’) < otCy/Cy,

for some R’ € [Ry,, R*1] C (0,A). Then by Lemma 7.13, we have that
Suy < dohy™ P& Co/C,

where dg is the degree of v = ug. Clearly there is a constant bound on doAy—90—! when y > 1,

and hence &, = exp(Q(—t)) holds. O

Lemma 7.19. Let (3,v,A) be a set of anti-ferromagnetic parameters wherey > 1. If there exists
a universal potential function ®(x) with contraction ratio o« and base M, then #2SPIN(f,v,\)
logM

can be approximated within ¢ in deterministic time O <n3 () 1°g“>, where n is the number of

vertices of the instance.
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Proof. By the same proof of Lemma 7.15, we only need to approximate the marginal probability
at the root v of a tree T. By Condition 3 of Definition 7.17, there exists a constant M > 1 such
that for all d > M, Cyp,a(x1,- - ,xa) < alloem(d+D1 Denote by B(¢) the set of all vertices
whose M-based depths is at most £. It can be verified by induction that [B(£)] < MY Let
S = {u | dist(u, B(£)) > 1}, which is essentially the same S as in Lemma 7.14 and Lemma 7.18.
We can recursively compute upper and lower bounds R and R,, of R} such that R, < R7* < RY,
with the base case that for any vertex u € S trivial bounds R,, = 0 and R" = oo are used.

We proceed as in the proof of Lemma 7.18. Without loss of generality, we construct a path
upug - - - u in T from the root uy = v to a uy with €y (u—1) < € and €y (uk) > €. Asin the proof
of Lemma 7.12, IS Cg)_ (%5,15 - - - ,xj,d].) . eumfor all 0 <j < k— 1, where dj is the number of

children of u; and x;; € [0,00), 1 <1i < dj. Hence we have that

k—1
k-1
ey < €y H OJIOgM(derlﬂ < ey O(ijo [lognm (dj+1)]
j=0

= gy, - oMl e ol

Note that dist(uy, B(¢)) = 1 and hence uy ¢ S. So &, < Cp as in Lemma 7.18. The rest of the
proof is the same as that of Lemma 7.15. The running time has an extra n? factor since we

need to go down two more levels (in the worst case) outside of B(¢). O

7.4 A Degree Dependent Potential Function

In this section, we show that there exists a good potential function for any degree d with
contraction ratio Ctr(f3,v, A, d). However, the potential function does depend on d, and hence
it does not always satisfy the condition of Lemma 7.15, which requires a good potential function
for all d < A — 1. As aresult, this potential function implies FPTASes only when vy < 1.

To find a good potential function, it all boils down to satisfying Condition 2 of Definition
7.8. Essentially, we want the function C,, 4(x) to take its maximum at X = X4 := (Xq," - ,X4d),
since Cy,q(Xq) = Ctr(B,v,A, d). We break it down into two promises. First, C, q4(x) should be

a concave function so that its maximum is achieved when all x;’s are equal. Second, ¢, q(x)

should take its maximum when x = X4, where cg q4(x) = Cgp,a(x,%,---,x) is the symmetrized
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version.
To satisfy the second condition, we would like X4 to be the unique root to cfp, q(x) =0. We
will derive a potential function using this condition, and then go back to verify the rest. We

will pick @ (x) to be monotonically increasing, It is straightforward to calculate that

@(fa(x))(—f5(x))
P(x)

Ccp,d(x) =

and

Co,a¥) _ @'(fa(x))f§(x) (00 B ) (7.12)

Co,a(x) @(fa(x)) fax)  @(x)

Moreover, by direct calculation,

falx) _ d(1-BY)

falx)  (Bx+1)(x+v) (7.13)
and
filx)  fi(x) B 1
fh(x)  falx) Px+1 x+7v (7.14)
Plugging (7.13) and (7.14) into (7.12), we get
Co.ald) _ ¢/ (Fa(x))fa(x)
(P eI = a1 ) (0 1)
<2[3x+1+w3+¢’ (x)(Bx + 1)(X+v)>_ (7.15)
@ (x)

Note that in the right hand side of (7.15), we have separated terms involving f4(x) from those

involving x. Now letp(y) := —d(1—pY) ( o )y + 1) and q(x) == 2[3x+1+v[5+‘P/(X)(B(;‘&)(X“’).

Hence we want p(fq(x)) = q(x) if and only if x = X4, or in other words, x = f4(x). We rewrite

p(y) and q(x) as

e+ e Yy (=d1 = By)ey)y)’
ply) = —d(1—By) o) = o)
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and

(2Bx+14+vB) @(x) + @' (x)(Bx + 1) (x +7)
(x

(@) (Bx+ D (x+v))

B @(x) '

q(x) =

An obvious pick is to let p(y) and q(x) to be the same function in each own variables, so that
p(y) = q(x) when x =y. To ensure that, we would like to let d(1 — By)e(x)x+ @(x)(Bx+1)(x +
v) = C for some constant C > 0. The value of C does not matter here, and we pick C = 1. This

leads to our choice of potential functions:

1
P = AT By ek (Bx ) 710
Let @q(x) == [§ @4 (t)dt. In fact, 4(x) takes the form
Dq(x) b Xtk (7.17)

:Kz—Kl OgX-i-KZ’

where K> > K; > 0 are the two roots of

d(1—pBy)+1+ By

Ki +Kp = B

KKy = %

It is easy to verify that K;,K> € R and ®4(x) is well defined. Note that ¢4(x) is a rational
function. Therefore we can factor out fq(x) —x from p(f4(x)) — q(x). We still need to verify the

factor leftover is positive.

Lemma 7.20. Let (B,v,A) be anti-ferromagnetic and d be an integer such that StrUnique(, v, A, d)
holds. Then C,, a(x) < Ctr(B,v,A,d) for any x; > 0, where @ 4(x) is defined by (7.17).

Proof. We first claim that C,,q4(X) < cg,,a(X), Where x = (x1,--- ,xq) and X is the unique solu-
tion such that f4(X) = F4(x). To show this, we do a change of variables. Let h(x) := log Bx’ff;l,
zi = h(xq) for all 1 < i< d, and z = h(x). Moreover, let D(z) := Cy,.a(h"1(z1), -+ ,h71(zq))

where z = (z1,---,2z4). Since Zid:l zi = dz, we only need to show D(z) is a concave function
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to prove the claim. Indeed, this can be directly verified since the Hessian matrix of D(z) is
negative semidefinite.
Next we show that cy,,q4(x) takes its maximum at X4 where Xq = fq(Xq). Lety = fq(x).

Recall (7.12) and (7.15). The derivative is

Coaa® _@§(fax)fi(x)  fix)  @g(x)

Copg,al(x) @alfalx)) fi(x)  @alx)

_ 1 T 0a(yly )
‘(rsx+1)(x+v)< a1 =) (G 1

Pa(x)
_ 1 d1-BY)(BY’ —y) A1 —BYI(Bx° —Y)
(Bx+Dx+vy)\ dl =By)y+ (By+1)(y+v) d(l—py)x+ (Bx+1)(x+7v)
_ A1 —py)ly—x) 2By(x+y)+ (Bxy+y)(d+1—Py(d—1))

(Bx+1)(x+v) (1 —py)y+ (By + Dy +v)(d(l —By)x+ (Bx+ 1)(x+7v))’

Note that By < 1 and hence d +1 > Bvy(d — 1). Moreover, f4(x) is monotonically decreasing

in x. If x < Xq, we have that fq(x) > x and ¢/ ,(x) > 0. Similarly, if x > Xq, fqa(x) < x

@aq,d

and cfpd’d(x) < 0. Hence ¢/, .(x) > 0 takes its maximum at x = Xq4. It is easy to verify that

®aq,d
Coq,d(Xa) = Ctr(B,v,A, d). This finishes the proof. O

The potential function ® 4 achieves the optimal contraction ratio. However, to apply Lemma
7.15, we need a good potential function for all degrees d < A—1, where A is the degree bound.
We may pick ®_1, but it only works when y < 1. This is because Ctr(p,v, A, d) is monotone if

and only if v < 1. We will see this in Section 7.6.

Lemma 7.21. Let (B,v,A) be anti-ferromagnetic and A an integer such that StrUnique(f3,v, A, A)
holds and v < 1. Then ®a(x) defined by (7.17) is a good potential function for all degrees

d € [1, A] with contraction ratio Ctr(p,v, A, A).

Proof. We verify the two conditions in Definition 7.8. Condition 1 for any d < A is straightfor-
ward. Lemma 7.20 implies Condition 2 for A. We are left to show that C,,,4(x) < Ctr(B3,v,A,A)
for all integers 1 < d < A.

Fix such a d. We will show that C,, 4(x) < Ctr(p,v,A,A) where x = {x,---,xq} and

xi = 0. Let p = % > 0. Then Bppjll = 1. By Lemma 7.20, we have that C,, A(X,p, -+ ,p) <
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Ctr(B,v,A, A), where we append x by A—d many p’s. On the other hand, we see that Fo (X, p,---,p) =
Fq(x) and hence
A
OFA ‘ 1
C X’ y Ty == F X’ y T Ty : y My “
oan(X 0, p) =(Fa(X, 0, ,p)) ; o, PP s
4 19FA 1
- F X N N y My Ty
@(Fa(x)) ; I %P p)‘ o
A
oF 1
+oFa)- ) |20, ,p)‘ .
i—arl Xi QX{
OFA ‘ 1
> F X * ~_ s My ’
o(Fa(x)) ; o, 00 oo
4 1oF, 1
=@ (Fgq(x)) - X )
o(Fa(x)) ; | )} o0
where we use the fact that for 1 <1 < 4,
0Fa By —1
X, 0, , — F X, 0, ¢,
o 0P T T ) AP
By —1 oFq
= F = . O
Bt Dt ) 40 = o ™

Combining Lemma 7.21 with Lemma 7.15, we have the following Theorem.

Theorem 7.22. Let (B,v,A) be anti-ferromagnetic and A an integer such that StrUnique(f,y, A,
A — 1) holds and v < 1. Then #A-2SPIN(f3,v,A) can be approximated within additive ervor
log(Aa-1)

in deterministic time O ((2) —loga >, where n is the number of vertices of the instance and

o = Ctr(B, v, A\, A —1).

7.5 An Improved Potential Function

We will derive another potential function using a different approach. This potential function
has the advantage to work for all By < 1, not restricted to vy < 1. In particular, it gives the

approximation algorithm when (3,v,A) is universally strictly unique. On the other hand, the

contraction ratio achieved is not optimal. If v < 1, the contraction ratio is \/ Ctr(B,v,A\,A—1),

worse than Ctr(f,vy,A, A — 1) achieved by ®4 introduced in Section 7.4, (7.17).
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Choosing the Potential Function

We assume that the system is at the critical threshold of the uniqueness condition for a certain
degree d, thatis Ctr(B,v, A, d) = 1, or equivalently f/ (xq) = —1, where X4 = fq(Xq4) is the unique

positive fixed point of the recursion f4(x). We then have the following two equations:

o~ d ~
Rd=A <Bxd+1> dl—By)xa (7.18)

Xa +Y (BXa + 1)(Xa +7v)

We want to find a potential function to satisfy Condition 2 of Definition 7.8, which states that

Cy,a(x) < afor some o« < 1. We might as well consider the symmetrized version, which is easier

@ (fa(x))[fi(x)]

to analyze. Hence we want c q(x) := oTx)

< a. Again, we have that ¢ q4(Xq) = 1.
Similar to the analysis in Section 7.4, ¢, q4(x) should achieve its maximum at x = X4. We

therefore want that ¢ ép, q(xa) =0, that is

(fg(XJcp(fd(X))>'
@(x)

We can rewrite the above equation as:

(fg(X)cp(fa(X))>’
P(x)

/

= [fax)e(fa(x)] o)

e [fiXa)e(fa(Xa)) + fi(Xa) @' (fa(Xa))f§(Xa)] @(Xa) = f(Xa)@(fa(Xa)) @' (Xa)

efiXa)eXa) + ¢'(Xa) = —¢'(Xa)
fixa) _ @'(Xa)

< = ——= = (log(e(xa)))’,
5 ER g(e(xa)
where in the fourth line we use facts that Xq = fq(Xq) and f};(Xq) = —1. It all amounts to solve

an equation

(log(e(xa))) = ——4=-. (7.19)
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To solve (7.19), we need to calculate the second derivative of f4(x), which is,

(Bpx +1)4-2

fa(x) =Ad(By — DW

((d=1)Bx+v) —(d+1)(Bx+1)).

Using this expression, we are already able to solve the equation (7.19). However the solution
is too complicated, and more importantly, it depends on the degree d. We want the potential
function to work for various degrees, and it is better to be independent from d. Keeping this

in mind, we use (7.18) to simplify the expression of fJ(x) at x = Xq4:

> a2
fi(Ra) =My — 1)L (@ 1BRa+y) — (d+ (BRa + 1)

(d+1)(Bxq +1)—(d—1)B(Xa +7v)
(BXa +1)(Xa +7v)

_d+1 (d-1)p _  dl-py) L
Xa+y PBxa+1l (Bxa+D(xa+v) Xa+y Pxa+l1
i .t B (7.20)

:&\d Xa+vy PBxa+1 '
Plugging (7.20) into (7.19), we have that

11 1 B
(log (@(x))) __§(ﬁ+?d+v+f3§d+1)' (7.21)

Now we make our guess and impose that (7.21) holds for all x. This gives us a differential

equation, to which the solution is

log((x)) = — log(x(x-+ ) (Bx -+ 1)) + Cr,

where C; is some arbitrary constant. Hence we get

Co
o(x) = T
(x(Bx+1)(x +v))2

where C, # 0 is some arbitrary constants. We set C, = 1 and define

Qs (x) = . (7.22)
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Let @, ( j @« (t)dt where s > 0 such that @/ (x) = @.(x). Clearly @, (x) is well defined for
any x € [s, 00). Since after at least one step of recursion, there is a lower bound on the range of
R,, we will set s to be the lower bound. There is no elementary expression for @, (x) in general.
However, in Definition 7.8 and Definition 7.17, all it matters is ¢, (x). This will be the potential

function we choose in this section.

Verifying the Potential Function

We will verify that @, given by (7.22) is a good potential function for all degrees d < A if for all
d < A, StrUnique(p,v, A, d) holds. We will also verify that @, is a universal potential function
if (B,v,A) is universally strictly unique.

We first do some calculation:

o

C(p*,d( ) = —Qx Fd

(1—By) (Fa(x)) i

CBFax) + 1) (Fam) 4y)E S BXHFU%(XHFY)%

Nl
f" Nl

where we used that aFd = —% It is easy to see that C, 4(x) > O unless x; = 0 for
alll <i<d
Similar to the proof of Lemma 7.20, we will bound C,,, 4(x) in two steps. The first step is

to show that the symmetrized version dominates C,, 4(X), which is

o=

_ ( fa(x) )2
(Bfa(x)+ 1) (falx)+v) /) °

Conalx) = d(l = py)- ((ﬁx+ 1§(x+v)>

We will then show that c,, q(x) takes its maximum at X4.

Lemma 7.23. Let (3,v,A) be anti-ferromagnetic. For any integer d and any x; € [0,+c0), 1 <

i< d, there exists X € [0,+o00) such that C, 4(X) < cg,,a(X).

Proof. Let z; = % Then z; € (B, %] asxi > 0,and x; = 1;1’[7;". Express C, q(x) in terms of



245

Nj—

Co..alx) = <AH - Zl) T i(zi_l —Y)%(zi — B)2. (7.23)
(ﬁ)\ [Tz + 1) : ()\ [Tz "‘Y) ’

By the Cauchy-Schwarz inequality, we have

=

d
= (1 + By — % D (zv+ B?{U) : (7.24)

i=1

The inequality of arithmetic and geometric means implies that

N|—

a : a
Zzwrﬁz ) <d 1+BY—Y<HZi

i=1

sm \
~
al—
|
=
0
& o
N
N~
|
A=

d<1+f3y

N—=

—d(1+py—vz—pz )", (7.25)

al=

where z = (]_[{121 zi) . Plugging (7.24) and (7.25) into (7.23) we have

(z9): - d(1+By—yz—p21)?
([57\2‘1—1—1) (7\2‘1+Y)

1

4 (Azd(i—l—v)(z—rs)>2
- (PAzd + 1)(Azd +v) )

Co,,a(x) <

LetX = L VBZ, and therefore ﬁx*yl = z. It is easy to see that z € (B, %] as z; € (B, %] for any

1 <i<d. ThenX € [0, +o0). By substituting ﬁ"“ with z, we have

% 2 fa(%) :
Cona) <201 =8%) (i) (Emmrs @ )

~

= Cep,,d(X).

This finishes the proof.
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Lemma 7.24. Let (B,v,\) be anti-ferromagnetic and A > 2 be an integer or A = oo. If StrUnique
(B,v,A,d) holds for any integer 1 < d < A, then « := maxj<a<a{Ctr(p,v,A,d)} < 1 and

Co..a(x) < a? forallx > 0.
Proof. We first characterize the maximum of ¢, q(x). Let ¢, a(x) = d(1 — By)hd(x)%, where

ha(x) = x - fa(x) .
(Bx+1)(x+7v) (Bfalx)+1)(falx)+v)

d
Recall that fg(x) = A (i’:g}) . Then take the derivative of ¢, 4(x) with respect to x,

Chpnialx) = d(1 = By) - (I,

The derivative of hq(x) is

W () = fa(x) - d(1 — By)x ( Y — B Y — Bfa(x)’ )

(Bfa(x) + D(fa() +V)(Bx+ 1)2(x+7)2 \d(1—By)x  (Bfalx) + 1)(fa(x) +7v)
As x ranges over [0, co), the function (1("17% is strictly decreasing in x and ranges from +co

iﬁv
_ i Y—Bfa(x)?
to —oo. On the other hand, the function (SFICIESERCIESY

is decreasing in x, and it has a bounded range since f4(x) is bounded. Thus, the equation

3 is strictly increasing in x as fq(x)

YR Y — Bfa(x)? (7.26)
d(I—pRy)x  (Bfalx)+1) (falx) +v)
has a unique solution in (0, c0), denoted by x4. In addition, it holds that
>0 if 0 <x<xq,
hg(X) 4 =0 ifx =xq, (7.27)

<0 ifx > xq.

Since hg(x) > 0 and 1 — By > 0, the sign of cép*'d(x) is the same as that of h/;(x). Thus, for any

integer d, cy,,q(x) achieves its maximum when x = x4.
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We define a new function o4 (x) that

yope  fal) >i
(Bx+ D0x+7) v Bfale)?

xa(x) = <d(1 By

Therefore, for all x > 0,

Co.,d(x) < Cp,,alxa)

o x . fa(xa) :
=d(1 BY)((BXdJrl)(XdJrY) (de(xd)+l)(fd(xd)+Y)>

= O(d(Xd), (728)

d(1—By)xa(v—Bfa(xa)?)
Y—Bxg

where in the last equation we substituted (Bfaq(xq) + 1) (fa(xq) +v) with
by (7.26).

We claim that for any integer 1 < d < A,

og(xa) < xalXa), (7.29)

where x4 is the unique positive fixed point of f4(x), that is, Xxq = fq(Xq). We will use the
assumption that StrUnique(f,v, A, d) holds for any integer 1 < d < A.

To prove the claim, there are two cases depending on the ordering of X4 and x4. Observe

y—Bx? fa(x) , : R
that both T ) and y_ﬁdfd(x)z are decreasing for any x > 0 as f4q(x) is decreasing in x.

- Case 1: Xq < xq. We would like to show that «q(x) is decreasing in the range x € [Xq,x4]-

Due to the observation above, it suffices to show that both 0 fsxyﬁ g‘z’(’;: 7 and y_f;f(: ()x)Z are
positive for x € [Xq, x4].
By (7.27), we have h;(X4q) > 0. Note that
w2y - A= BY)(y — BRE)R < L 1 )
d (BXa + 1)3(Xa +v)3 d(1—-pBy)xa (Bxa+1)(Xa+v)
Because StrUnique(f3,y,A, d) holds, we have that |f](Xq)| = #% < 1, which

implies that 4 7 > 0. Therefore h;(X4) > 0 implies that y — pX3 >

1 1
T=BY)xa (BXa+1D)(Xatv
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0. Since f4(x) is monotonically decreasing in x and X4 is its fixed point, we have that

Y —Bfalxa)® = v — Bfa(Xa)?

Since x4 satisfies (7.26), vy — Bxf—i and y — Bfaq(xq)? must be simultaneously positive or

fa(x)
vY—Bfa(x)?

are positive and monotonically decreasing in the range x € [xq,xq], and so is «gq(x). We

negative. Thus it also holds that v — fx3 > 0. Then both (Bxl_lf(’iy) and

conclude that ocg(xq) < og(Xq) as Xq < xq and (7.29) holds.

- Case 2: Xq > xq. By a similar argument to the one above, it holds that
y—BfaRa)? =v— PR3 < 0,y — Bfa(xa)® <0, and y — px4 < 0.

y—Bx’ fa(x) - ; ino i
Thus both T ) and STBr,(x)? are negative and monotonically decreasing in x €
[xq,Xq]. It implies that their product is positive and increasing in x € [x4,Xq4], and so is

agq(x). We conclude that og(xq) < aq(Xq) as Xq > xq and (7.29) holds.

Combining (7.28) and (7.29), we have that for any x > 0,

Co.,d(x) < cop.,alxa) = aa(xa) < oq(Xq)

_ d(1 —By)xa
_\/(Bidﬂmdw) ~ (A 4

No|—=

If A is finite, then o« = max;<q<a{Ctr(f,v,A, d)} < 1 since StrUnique(3,v, A, d) holds for any
integer d € [1,A), and c,,a(x) < «? for any integer d € [1,A) and all x > 0.
Otherwise A = oo, and (f,7v,A) is universally strict unique. By Lemma 7.6, we have that

oo = maxq>1{Ctr(B,v,A,d)} < 1. Also, c,,a(x) < «? for any integer d € [1,0c0) and allx > 0. O

Lemma 7.23 and Lemma 7.24 together imply that @, is a good potential function for all
d € [1,A) if StrUnique(,vy, A, d) holds for all d € [1,A). Hence, we have the following theorem,
which applies to a wider range of parameters than Theorem 7.22. Note that the running time

is quadratic in that of Theorem 7.22.
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Theorem 7.25. Let (B,v,A) be anti-ferromagnetic and A an integer such that StrUnique(, v, A, d)

holds for all integers d € [1,A). Then #A-2SPIN(B,v,\) can be approximated within additive er-
2log(A—1)
ror ¢ in deterministic time O ((2) ~loga ), where n is the number of vertices of the instance

and o« = maxj<a<a—1 Ctr(B,v,A, d).
In addition, the strength of @, is that it also applies to cases without degree bound.

Theorem 7.26. Let (B,v,A) be anti-ferromagnetic and universally strictly unique. Then #2Spin
2log M
(B,v,A) can be approximated within additive error ¢ in deterministic time O <(1;) ~Tog >, where

n is the number of vertices of the instance, « = max4>1 Ctr(f3,v, A, d), and M is a constant.

Proof. We only need to verify that @, is a universal potential function with contraction ratio «.
Condition 1 of Definition 7.17 is straghtforward. Condition 2 clearly holds with C, = 1.

For Condition 3, by Lemma 7.23 and Lemma 7.24, C,_ 4(X) < .. Moreover, note thaty > 1 by
Lemma 7.5 since (f,7y,A) is universally strictly unique. Hence F4(x) < Ay~ 4 for any x; € [0, o)

1
2 . .
and (mzﬂz)(“y)) < 1+F < 1 for any z € [0, 00). It implies that,

e
ST (1 2411 NS N
(BFa(x)+1)2 (Fa(x)+v)2 i1 (Bxi+1)2(xi+v)2
<M gy
'y?

Hence there exists an integer M > 1 such that for any integer d < M, Cq, q(X) < a <
aflogm(a+1)1 “and for any d > M, Cg,.a(x) < Ay~ < aflogm(d+11 - Condition 3 holds

as well. 0

7.6 Monotonicity of the Uniqueness

In this section, we study the monotonicity of the uniqueness with respect to the degree d. There

are two cases, summarized as follows. Proofs are given in the two subsections following.

Theorem 7.27. For an anti-ferromagnetic 2-spin system with parameters (,v,\), if p < 1 and
v < 1, then there exists a unique integer Ac = Ac(B,v,A) such that StrUnique(f3,v, A, d) holds

for all integers 1 < d < A, and StrUnique(,v, A, d) fails for all integers d > A..
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Theorem 7.28. For an anti-ferromagnetic 2-spin system with parameters (,v,\) , if p > 1
orvy > 1, then either (3,v,A) is universally strictly unique, or there exists two critical integers
Ac < A¢ such that StrUnique(B,v, A, d) holds for any integer d € [1,A.) or d € (A, ), and

StrUnique(B,v, A, d) fails for any integer d € [A¢, Acl.

Due to Theorem 7.28, if y > 1, the uniqueness condition for some large A does not necessar-
ily imply uniqueness for smaller d < A. In fact, for a fixed set of anti-ferromagnetic parameters
(B,v,\) withy > 1, there always exists a large enough integer A, such that StrUnique(f3,v, A, A)
holds for any integer A > Ag, but apparently not all such parameters are universally strictly
unique.

Recall Definition 7.3. Our proofs of Theorem 7.27 and Theorem 7.28 relies heavily on the

analysis of Ctr(3,vy,A, d) as d varies. To simplify the notation, let

c(d) = Ctr(B,y,\, d) = Iy (Ra)| = 2= PYIXa
p(xa)

where p(x) = (Bx + 1)(x +v) and X4 is the unique fixed point of f4(x). Notice that c(1) < 1 as
(Bx+1)(x+7v)—(1—py)x > 0 for any x > 0. Hence StrUnique(f3,v, A, 1) always holds. In most
analysis of the following two sections we will treat d as a real positive parameter. Also notice
that c¢(d) actually depends on (3,v,A) as well but we will focus on its dependence on d in this
section.

We always assume that 0 < 3 < v,y >0, By < 1,and A > 0. It turns out that if 0 < p <
v < 1, then c(d) is monotone increasing in d; otherwise c¢(d) is a single-peaked function in d,
and there exists a unique maximum point. Moreover, c(d) is increasing before its maxima and
decreasing afterwards. Figure 7.3 illustrates two examples.

Take the derivative of ¢(d) against d, we get

/@) = (1= py) (S . Sa PRl “RapTR))

— 7.30
G0 Y ed pPRa) (7.30)

However, x4 satisfies that X4 = f(Xq), that is:

~ B?d%—l d
Xd:)\ I ea— .
Xqa +7vY



c(d)
1.5
. ')/:1
1.0 - y=1.001
c(d)=1
0.5

d
500 1000 1500 2000

Figure 7.3: The function c(d) = [f}(Xq)l with argument d. The green line is the
threshold c(d) = 1. For the other two curves, we fix 3 = 0 and A = 150. The red
curve above is for v = 1 and the blue one below is for y = 1.001. The red curve is
monotone whereas the blue one has a unique maximum. Moreover, (0,1.001,150)
is universally strictly unique, while StrUnique(0, 1,150, d) holds only for integer
d € [1,4009].

Let q(x) := fi’fyl As X4 > 0, we take logarithm on both sides,

logxq =logA + dlog q(x4),

and then take the partial derivative with respect to d,

a?d ~ aid BY —1
— =1 d—m- —:—.
%, 0a _losalxa)+da T
Hence, we have:
0Xa ~ p(Xa)Xa
— =logq(xXq) —= —
aa — B RO+ d(1 - ByIRa

Using (7.31) we substitute %i(f in (7.30) and get

Xa ~ p(Xa)Xa p(xa) —del(ﬁd)>
- 5 1 * PN PN * —~
pRy Tlogdd) e A R PR

_(l—Bde( _ dlogal%a . BXa —v )
T pra) OB R i pyiRa )
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(7.31)
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Since % > 0 for any X4 > 0, we will focus on the sign inside the parentheses. We define the

following function:

BX3 — Y

= dloeaba R T ByRa

Hence the sign of ¢’(d) will be the same as that of s(d). We will show that if v < 1, then
s(d) > 0 for all d > 0; otherwise y > 1, then there exists a unique d. = d(f,7v,A) such that the
sign of s(d) is the same as that of (d. — d).

The proof of Theorem 7.27

In this section we will establish the monotonicity of the case 0 < B < v < 1. We have the

following lemma.

Lemma 7.29. Let (B,v,A) be anti-ferromagnetic. If vy < 1, then c(d) is strictly increasing in d for

all d > 0.

Proof. As discussed above it is enough to show that if v < 1, then s(d) > 0 and therefore

c’(d) > 0 for all d > 0. We discuss cases based on the sign of [5??1 —.
1. Bx3 —v =0, then s(d) = 1 and the lemma holds.

2. (Sifi —y > 0. This implies that x4 > % because the function px? — vy is increasing in

1-v)? (B—y)(1—vB) - - -
x and B (ﬁ) Y= e < 0. Also notice that q(x) is decreasing in x, and
q (%:—E) = 1. It implies that in this case q(xq) < 1. So we have
=2
dlog q(Xa) Pxq — <0

p(xa) +d(1 —By)xa
and hence s(d) > 1 > 0.

3. [3??1 —v < 0. To show s(d) > 0 we only need to show that

p(Xa) +d(1 —vyB)Xa

fﬁa—v > dlog q(xq)-
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Note that B <y < 1, and thus dlog q(Xq) < dlog %. We apply the inequality log x <

x—1 on log%ﬁd) and get

q(xa)
&
<d<1.f3%+1_1> _d(1—py) _ d(1—By)Ra
TO\B Xaty B(Xa+7v)  PBXE+7V¥Xa
c dd—ByIxa _p(Xa) +d(1 —vB)Xa
BXg —y B3 —v

dlog q(xq) < dlog

It implies that s(d) > 0.
To sum up, we always have that s(d) > 0 and hence c¢’(d) > 0. O
Moreover, we show that c¢(d) has no upper bound if v < 1 as d goes to infinity.
Lemma 7.30. Let (B,v,A) be anti-ferromagnetic. If y < 1, then c(d) goes to oo as d goes to oco.

Proof. First we claim that as d goes to infinity, X4 is bounded away from oo and 0. Note that

- d
Xqa=A (%) . Assume otherwise there is a subsequence of x4 that goes to infinity, then the

left hand side goes to infinity, while the right goes to AB¢ — 0 or A. Contradiction. Similarly if
there is a subsequence of x4 goes to 0, then the left hand side goes to 0, while the right goes
to % — oo or A > 0. Also contradiction.

_ d(1-PBy)Xa _ d(1—Bv)Xa . ~ . o
Recall that ¢(d) = plra)  — P+ BYIRaY Since x4 is bounded away from infinity

Xd
2+ (1+BV)Xa+vXa

is bounded away from 0. Then c(d) must go to infinity

and 0, it follows that E:

as d goes. O
Now we are ready to prove Theorem 7.27.

Proof of Theorem 7.27. Recall that ¢(1) < 1. By Lemma 7.29 and Lemma 7.30, there must exist
a unique integer A. > 2 such that ¢c(A.) > 1 and c(A. — 1) < 1. Again by Lemma 7.29, for any
integer 1 < d < A, ¢(d) < 1 and for any integer d > A, c(d) > 1. Since StrUnique(f,v,A, d)

holds if and only if ¢(d) < 1, the theorem follows. O
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The proof of Theorem 7.28

In this section we deal with the case that (3,7v) is not in the unit square, that is, y > 1. We
will show that there exists a unique dy such that c(d) takes its maximum at d = dg, and c(d) is

increasing if d < dp and decreasing if d > do.

Bxq+1
Xa+Y

First, we claim that X4 is decreasing in d under our assumption. Recall that q(X4) = <

1 under our assumption. Therefore, by (7.31),

a?d —~ p(szd)?d

— =logq(xXq) - —= — < 0.

oa — BAY SRy A1 - By)Ra

N N Bra+1\Y _ A
Moreover, as d goes to oo, X4 goes to 0 since xqg = A ( idu—lw ) < Ja

Define a new function

r(x) :=1og q(x)(Bx* —v) — (1 — By)x.

We will see the use of r(x) in the proof of Lemma 7.32 and need the following technical lemma.

Lemma 7.31. For x € [0,0), ify > 1 > B > 0, then there exists a unique x. such that r(x.) = 0.

Moreover r(x) > 0 when x < x. and r(x) < 0 when x > xc.

Proof. Clearly r(x) is continuous for x > 0. It is easy to calculate that

x(2Bx + (1 + By))
p(x)

r'(x) = 2pxlog q(x) — (1 — By)

Since log q(x) < —logy < 0, r/(x) < 0 for all x > 0. Moreover, r(0) = rlogr > 0 and r(x) — —co

as x — oo. There must exist x. such that r(x.) =0, r(x) > 0if x < xc,and r(x) < 0if x > x,. O
Now we are ready to show the key lemma of this section.

Lemma 7.32. Let (B,v,\) be anti-ferromagnetic. If v > 1, then there exists a unique d. =
d¢(B,v,A) < oo such that c¢(d) reaches its maximum at d. for all positive d. Moreover, c(d) is

increasing for d < d., and decreasing for d > d..

Proof. By the argument before, it is enough to show that there exists a unique d. = d¢(B,v,A)

such that s(d.) =0, s(d) >0if d < d., and s(d) < 0if d > d..
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We rewrite s(d) as follows,

BxG —Y
p(xa) +d(1 —By)xa
- e (PR — d (logaRa) (8% —v) — (1 - BY)%a))
p(xa) — dr(xq)

- ~

p(Xa) +d(1—Py)xa

s(d) =1 —dlogq(xq)

where r(x) = log q(x)(Bx?> —v) — (1 — By)x is defined above.
pix)
T(x)’

x > 0. On the continuous intervals [0, x.) and (x¢, co) of t(x), we have

Now consider the function t(x) = By Lemma 7.31 there is a unique pole x. for t(x) on

i) = - s dlx) ((1+ BY)BX? + 4Byx + (1 + By)Y)

(log q(x)(Bx2 —v) — (1 — By)x)°

Notice that log q(x) < log(1/y) < 0 fory > 1. We have t(x) is increasing in x on each continuous

_ 1
— logvy-

interval for x > 0. Moreover t(0)

Depending on whether the discontinuous point x. is achievable for X4, there are two cases.

1. If xc > Xp, then X4 < x. for all d > 0 as X4 is decreasing in d. Furthermore r(x4q) > 0
for all d > 0 by Lemma 7.31 and t(xq) > O for all d > 0 as well. On the other hand,

t(Xq) is strictly increasing in X4 and hence strictly decreasing in d. Moreover t(xq) goes

to loé 5 < 00 as d goes to co. Therefore d as a function intersects with t(xq) at a unique
point d. = d¢(B,v,A) > 0 such that d. = t(xq,). Moreover d < t(xq) if d < d. and
d > t(xq) if d > d¢. Since r(xq) > 0, it implies that s(d.) = 0, s(d) > 0if d < d., and

s(d) < 0if d > d..

2. Otherwise x. < Xo. There exists do such that Xq, = x. as Xq goes to 0 as d goes to oo.

Then

p(Xa,)

= — >0
P(Xa,) + do(1 — By)Xa,

s(do) =

For d € (0, doJ, we have that Xq > Xq, = Xxc and r(Xq) < 0 by Lemma 7.31. Hence s(d) > 0

for d € (0, dg].
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On the interval (dg, o), it reduces to case (1). By a similar analysis, there exists a unique
point d. = d¢(B,v,A) € (dg,00) such that s(d.) =0, s(d) >0if dg < d < d.,and s(d) <O
if d > d..

This completes our proof. O

The condition of y > 1 in the above proof is crucial in order to show that t(x4) is decreasing
in d. If vy < 1, such t(Xq) may not decrease for all d, and the analysis would fail. In fact, since

we have shown s(d) > 0 forall d > 0if y < 1, d and t(X4q) do not intersect for any positive d.

Proof of Theorem 7.28. Recall that c(d) = ‘1(1;(723/])%. If v > 1, as d goes to oo, Xq < 1/v¢ goes
to 0, and therefore c(d) goes to O.

By Lemma 7.32, ¢(d) achieve its unique maximum at d. > 0. If d. < 1, then as ¢(1) < 1,
for all integer d > 1, ¢(d) < 1, and (f3,v,A) is universally strictly unique. Otherwise d. > 1,
let dg = |d¢| > 1 and d; = dp + 1. Then ¢(d) is increasing in [1, dg] and decreasing in [d;, co).
If ¢c(dg) < 1 and ¢(dy) < 1, then again (f,7vy,A) is universally strictly unique as for any integer
d>1,c(d) <1.

Otherwise, c(dg) > 1 or ¢(d;) > 1 or both. Assume c(dg) > 1 but c(d;) < 1 first. Since
c(1) < 1, c(dg) > 1 and ¢(d) is increasing in [1, dg], there exists a unique A, € [1, dg] such that
c(Ac) > 1 and c(A: — 1) < 1. Moreover, let A. = dg. Then StrUnique($,7v, A, d) holds for any
integer d € [1,A.) or d € (A¢, 00), and StrUnique(pB,vy, A, d) fails for any integer d € [A¢, Al

The case of ¢(dg) < 1 but c(d;) > 1 is similar. We pick A. = d;. Since ¢(d) — 0 as d — oo,
there exists a A, € [dj,00) such that ¢(A:) > 1 and c(A. + 1) < 1 as required.

The last case is that ¢(dg) > 1 and c(d;) > 1. In this case, there exists A, € [1, dg] such that
c(Ac) >1and c(Ac —1) < 1 and A € [dy,00) such that ¢(A:) > 1 and c(Ac. +1) < 1. As c(d)

is increasing in [1, dg] and decreasing in [d;, co), the theorem follows. O

7.7 Uniqueness Thresholds

In this section, we recast the uniqueness condition into various threshold forms. We have four
parameters, (f,v,A) and the degree d. We may fix any three and discuss the threshold of the

last one. Thresholds about d while fixing ({3, vy, A) has been shown in Section 7.6. In this section
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we fix any set of other three parameters. Due to the symmetry between 3 and y, we only need
to consider fixing either (,A) and d, or (3,v) and d.
Thresholds of v

The threshold of y while fixing (,A) and d is summarized in the following theorem. For the

hardness, we use results from [SS14].

Theorem 7.33. For any 3 € [0,1),A > 0, and an integer A > 2, exactly one of the following two

cases is true:
- foranyvy € [0,1/B), there exists an FPTAS for #A-2SPIN(f3,v,A);
- there exists a critical threshold v. = v.(B, A, A) such that

1. ify € (ve,1/B), then there exists an FPTAS for #A-2SPIN(f3,v,A);

2. ify € 1[0,v.), then there is no FPRAS for #A-2SPIN(f3,y,A) unless NP=RP.
Moreover, yX =limg 0 Yc (B, A, d) > 1 exists and vy < 1/. It holds that
1. ify € (y&, %) , then there is an FPTAS for #2SPIN(B, v, \);

2. ify € 10,v2), then there is no FPRAS for #A.-2SPIN(f3,v,A) unless NP=RP, where

A = argmax Ctr(3,v, A, d).
d>1

We first show a lemma.

Lemma 7.34. Let 0 < 3 < 1 and A > 0. For any integer A > 2, either StrUnique(p,v, A, d) holds
foralll < d < Aandvy € [0,1/B), or there exists a critical threshold v. = y.(p,\, A) such that

StrUnique(B, v, A, d) holds for all 1 < d < A if and only ify € (ye, %).

d
Proof. Let f,(x) := A (%) . Notice that the definition is the same as that of f4(x), but we

want to make clear the dependence on v, instead of that on d. Let X, be the unique positive

- d
fixed point of f,(x) such that X, = A <fi’?’¥#> .
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We first claim that |f, (X, )| is decreasing in y. For any y’ > v, let X, be the unique fixed

. DN px,+1\4d . ~ ~ .
point of f,/(x), that is, X, = A (ﬁ) . We claim that X,/ < X,,. Assume for contradiction
that X,» > X,. Since for any anti-ferromagnetic (§3,v, ), the function f, (x) is monotonically

decreasing in x, we have that

d
Xy + 1 ~
>)\ [3 Y + :XY/
Xy +y’

Contradiction.

Therefore X,/ < X, which implies that

ny d d
V(5 0BV (5 0B

Xy + v’ Xy +v
So we have that (%;EZ,I/) < (}?;EX) For X,/ < Xy, it also holds that MXJ/,H < Bgyyﬂ' Multiplying

above two inequalities together, we have that

£ 7o) = 3= BY )Ry a(l — py)%,
Y Y (Bs(\y/‘i‘l)(&\,y/ +'Y/) (B&\y_'_l)(szy—i_v)

= I} (Ry )l

Next we show that for any 0 < < 1, A > 0, and integer d > 1, I[f}(x,)| goes to 0 as y

dQY < d
By Xy +y) S AT

goes to 1/B. Notice that X, > AB<. It implies that (

d(1-=Bv)xy d(1-By
(Bxy+D(Xy+y) ~  Apdatl

Hence [f], (Xy)| =

) goes to 0 as y goes to 1/p3.

Since [f7, (X, )| is decreasing in v, if [fy(xo)| < 1, then for all y € [0, 1/B), |f},(Xy) < 1. In this
case let yq = —1. Otherwise [fj(Xo)| > 1. Since |f},(Xy)| goes to 0 as y goes to 1/, there exists
aunique yq such that [f},_ (Xy,)l =1, and [} (xy)| < 1 for all y € (va,1/B).

If y4 = —1forall < d < A, then StrUnique(p,v,A,d) holds for all 1 < d < A and
v € [0,1/B). Otherwise let y. = yc(B,A\A) = maxjcg<aya = 0. Then StrUnique(f,v,A, d)

holds forall 1 < d < Aif and only if y € (yc,%). O

Now we are ready to prove Theorem 7.33.

Proof of Theorem 7.33. All claims regarding hardness are due to Sly and Sun [SS14].
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The first part of Theorem 7.33 follows from Lemma 7.34 and Theorem 7.25.

For the second part, the existence of A, is guaranteed by Lemma 7.32. We want to apply
Theorem 7.26. We only need to show that y° = limg_, v (B, A, d) exists, and y° € [1,1/3).
It is easy to see that y.(f3, A, d) is non-decreasing in d and y.(f3,A,d) < 1/ by the definition
of v.(B,A,d). Hence y& exists. Assume for contradiction that vy < 1. Then there exists
vy € (v, 1] such that (f3,y,A) is universally strictly unique, contradicting to Lemma 7.5.

We still need to show that y& < 1/f. Itis sufficient to show that there existsal <y <1/
such that (B,vy, A) is universally strictly unique. First pick an arbitraryyg € (1,1/). By Theorem

7.28, there exists a A. such that for any integer d > A, StrUnique(p,yo, A, d) holds. Let y; =

_ 2 o
max {[13 <KA:L2) ,yo}. Clearly y; < 1/pB. For any d > A, as y1 > Yo, StrUnique(B,vy1,A, d)

holds due to the monotonicity of |f},(Xy)| showed in the proof of Lemma 7.34. Moreover, by

e 1I=VBYL 1 A
our choice TrvEYy, < o Forany 1 < d < A,

d(1 —By1)Xa . d(1—+vBn) d

<

— — < — < 1.
(Bxa +1) (xa +v1) 1++Bv1 Ac+1

Ifq(Xa)l =

Hence for any 1 < d < A, StrUnique(f,v1,A, d) holds as well. To sum up, (f3,v1,A) is univer-

sally strictly unique. The theorem follows. O

Thresholds of A

Here we discuss thresholds about A while fixing (,v) and A. This setup is closer to studies
about the hardcore gas model. Cases are more complicated than those of Theorem 7.33. We

need to distinguish between hard constraints ( = 0) and soft constraints ( > 0).

Hard constraints

We deal with hard constraints first. Let A (0,y,A) := minj<qg<a %. In particular, for any

v > 0, A:(0,7v,2) = co. Then we have the following lemma.

Lemma 7.35. Let p = 0,y > 0, and A > 2 be an integer. There exists a critical threshold

Ac = Ac(0,7v,A) such that StrUnique(B,v, A, d) holds for all1 < d < A if and only if A € (0,A.).
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Proof. For A = 2, it is easy to verify that ¢(1) < 1 for any anti-ferromagnetic (f3,v,A) . Hence
StrUnique(0,vy, A, 1) always holds and A, = oo. In the following we assume that A > 3 and

2<d<A

As B =0, [fj(xa)l = (ngﬁl?&fjw = ;iidy, and StrUnique(0,vy, A, d) holds if and only if

d
Xa < g- Recall that Xq = A ﬁ) . Then X4 < ;X5 if and only if

’Yd+ldd

_ T (T d
)\ —Xd(Xd +'Y) < W

Hence StrUnique(0,v,A,d) holds for all 1 < d < Aif and only if A < A, = A.(0,v,A) =

. .yd+ldd
MmNy <d<aA fg-pyart- -

Now we are ready to state and prove our theorem.

Theorem 7.36. Let p = 0,y > 0, and A > 2 be an integer. There exists a critical threshold

Ac = Ac(0,7v,A) such that

1. if A € (0,A), then there exists an FPTAS for #A-2SPIN(0, v, A);

2. if N € (Ac,00), then there is no FPRAS for #A-2SPIN(0,v,A) unless NP=RP.
Moreover,

1. ify < 1, then for any A > O then there is no FPRAS for #A., \-2SPIN(0,y,A) unless NP=RP

where A, , is a sufficiently large integer depending ony and A;
2. ify > 1, then there exists a critical A° such that

a) if A € (0,A%), then there exists an FPTAS for #2SPIN(0,v,\);

b) if A € (AX, o), then there is no FPRAS for #A.-2SPIN(0, vy, A) unless NP=RP where

Ac = argmax Ctr(0,v, A, d).
d>1

Proof. Again, all hardness statements are due to Sly and Sun [SS14].

The first part of Theorem 7.36 follows from Lemma 7.35 and Theorem 7.25.
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is strictly decreasing in d and goes to 0. Hence

For the second part, if y < 1, then dfl)dﬂ

there is no A such that (0,v,A) is universally strictly unique. By Lemma 7.30, if v < 1, then
there is a sufficiently large integer A, ) such that StrUnique(0,v, A, A, ) fails.

Otherwise assume y > 1. The existence of A, is guaranteed by Lemma 7.32. To get tractabil-

d+1 ad

ity results, we want to apply Lemma 7.35 and Theorem 7.26. Let I(d) = X for d > 1.

(d—1)a+ L
Then

U(d) =1(d) (logy+log(dil> — dil>'

The function —log (3%5) + 427 is decreasing for all d > 1. If logy > —log (3%7) + 527 =
—log?2 + 2, that is, vy > e2/2 ~ 3.69453, then 1/(d) > O for all d > 2. Recall that (1) = oo, we
have that A =ming> l(d) =1(2) = 43 where the minimum is taken with respect to integers

d.

Otherwise, y < e2/2 and there exists a unique dy > 2 such that logy = —log (do 1) + do
The function 1(d) takes its minimum at this point 1’(dg) = 0 in d > 1. Let Dy = |dg] and
Dj = Do + 1. Then A = ming> l(d) = min{l(Dy), (D;)}, where the first minimum is taken
with respect to integers d. O

Soft constraints

Next we deal with soft constraints. The main result is summarized as follows.

Theorem 7.37. Let0 < B < v, By < 1, and A > 2 be an integer. We have the following cases:

. if /By > 852, then for any A > 0, then there exists an FPTAS for #A-2SPIN(B, v, A);
2. if VBY < 252, then there exist two critical thresholds A = Ac(B,v,A) and A. = Ac(B,7Y, A)
such that

a) if A € (0,Ac) U (A¢, 00), there exists an FPTAS for #A-2SPIN(B, v, A);

b) if A € (Ac,Ac), there is no FPRAS for #A-2SPIN(B,v, A) unless NP=RP.

Moreover,
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1. ify < 1, then for any A > O then there is no FPRAS for #A., x\-2SPIN(0,y,A) unless NP=RP

where A, is a sufficiently large integer depending ony and A;
2. if vy > 1, then there exists a critical \¥ such that

a) if A € (0,A), then there exists an FPTAS for #2SPIN(f3,v,A);

b) if A € (AX, 00), then there is no FPRAS for #A.-2SPIN(0, vy, A) unless NP=RP where

Ac = argmax Ctr(B,v, A, d).

d>1
We first observe that if /By > 252, then the uniqueness holds for any A > 0.
Lemma 7.38. Let0 < p <7, By < 1, and A > 2 be an integer. If /By > 252, then for any A > 0

and any integer 1 < d < A, StrUnique(p, v, A, d) holds.

Proof. We note that |f};(Xq)| = W%’ as a rational function in X4, is not monotone. It
achieves its maximum value at X4 — /y/p. Therefore, if forany1 < d < A, — <C—BY)Vy/b

(BA/vY/B+1)(v/v/B+Y)
< 1, then StrUnique(p,v,A,d) holds for any A > 1. In fact, the condition is equivalent to

VBRY > g—j. If VBy > AT*Z, then for all integers 1 < d < A, VvBy > 3—;%, and hence
StrUnique(, v, A, d) holds for any A > 0. O

Otherwise /By < g—ﬁ (denoted =A—1)and d > i*‘/\/@ We have two thresholds, instead

of just one as in Lemma 7.35. We need to do some technical preparation first. If /By < 4=

S arn

then the equation d(1 — By)x = (Bx+ 1)(x+y) has two real roots x; (d) < x»(d). To be specific,

X1(d)=21[3(—I—Bv+d(1—6v)—\/(—I—Bv+d(1—[3v 4Bv>
x2(d) = 21[3< 1—By+d(1—By) +\/ (—1 — By +d(1—By))? 4[3y> (7.32)

Moreover, x;(d) + x2(d) = du*m}(;(prm) > HF —U48Y) + 0 and x1(d)x2(d) = v/B.

Hence both x1(d) and x»(d) are positive. It is easy to see that x»(d) is monotonically increasing

in d and goes to oo as d grows. As xq(d)x»>(d) = v/B, x1(d) is monotonically decreasing in d
d

and goes to 0 as d grows.. Let A;(d) = xi(d) (%) , for 1 = 1,2. We need the following

technical lemma.
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Lemma 7.39. If v < 1, then A (d) is decreasing in d and goes to 0 as d grows. If y > 1, then
there exists a unique integer dg such that A;(d) takes its minimum at d = d. among integers

d > YBY. The function A, (d) is increasing in d and goes to oo as d grows.

Proof. It is easy to calculate that

Alld) _ x(d) og xi(d) +v d(1 —By)x{(d)
Ai(d)  xq(d) Bxi(d)+1 = (xi(d) +v)(Bxi(d) +1)
B 2x{(d) xi(d) +vy
= (@ T @

(7.33)

as d(1 — By)xi(d) = (xi(d) +v)(Bxi(d) + 1). Since x»(d) > x;(d) and vy > B, we have that
) > 1. Together with x5(d) > 0, from (7.33) we have that
Aj(d) > 0.

Moreover we can calculate that

xi(d) _ 1—By
i py)d -1 py)? — 4By
and
AY(d) (1-By)(d2—1) <2xi(d) xi(d) + )2
M(d) (o T @) 7O

3/2
a(((1=py)d—1-pv)° —4py)

Hence A{(d) is increasing goes from —oo to logy as d goes from 1EVBY 10 .

1-vVBy
If y <1, thenA{(d) <Oforalld > }f% Hence A;(d) is decreasing in d.
If v > 1, then there exists a unique dy such that A{(do) = 0, A{(d) < O if }*\/@ d < do,
and A;(d)’ > 0if d > dg. Hence A;(d) takes its minimum at d = dg in the range [“\/@ )
. . 1
Notice that we only care about integers. Let Dy = max { {J%W , Ldoj} and D; = Dy + 1.
Then d. = D; where i € {0,1} such that A;(D;) < A;(D1—y). O

Next we analyze the uniqueness condition for a single integer d.

; d—1
Lemma 7.40. Let 0 < B < v, By < 1, and d > 1 be an integer. If /By < T then

StrUnique(B,vy, A, d) holds if and only if A € (0,A1(d)) U (A2(d), c0).
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Proof. Recall that under our assumption the equation % = 1 has two positive roots
x1(d) and x2(d) as in (7.32). It then holds that [f/(Xq)| = (B%S:l—% < 1if and only if

d
Xa < x1(d) or xq > x2(d). Note that x (é‘;j&) is monotonically increasing in x for any fixed d.

Thus x4 < x1(d) if and only if

o [ Raty )\ xa(d)+y \*
)\_xd(ﬁ?d-i-l) <x1(d) <[3x1(d)+1> =A1(d),

and X4 > xp(d) if and only if

~ d d
A=3%g < Xaty ) > xo(d) (W) — Ao(d).

Therefore, |f;(Xq)| < 1 if and only if A < A1(d) or A > Az (d). O
Then we have the following two lemmas.

Lemma 7.41. LetO < 3 < v, Py < 1,and A > 2 be an integer. If \/By < AT*Z, then there exist two
critical thresholdsA. = A.(B,v,A) andA. = Ac(B,Y,A) = A2(A—1) such that StrUnique(B,v, A, d)
holds for all integers 1 < d < A if and only if A € (0,A¢) U (A, 00).

>

Proof. Let A be the largest integer such that A < }f% and therefore /By > Z—;}. Since

VBY < 832, A—1 > A. Moreover, we have that /By > 9 forall 1 < d < A and By < 35
for all A < d < A. By Lemma 7.38, for all A > 0, StrUnique(f3,v, A, d) holds for all d € [1, A].
For any integer d € (A, A), we have that /By < g—;%. Hence by Lemma 7.40, StrUnique

(B,v,A, d) holds if and only if A € (0,A;1(d)) U (A2(d), 00). Let

)\C = }\C(B!YIA) :7mln )\l(d)’
A<d<A

XC :XC(B!Y’A) :ZT(?EA)\Z(d) :)\Z(A_ 1)’

where min and max are taken over integers, and we get the second line since A5(d) > 0 by
Lemma 7.39. It holds that StrUnique(p,vy, A, d) holds for any integer d € [1,A) if and only if
A€ (0,A¢) U (A¢, 00). O
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We remark that if p = y < 1, that is, the system is an Ising model, then A;(d)A>(d) = 1.
Moreover, by Lemma 7.39, A;(d) is decreasing, and hence A, = A;(A — 1). We then get that
Ac - A¢ = 1. In this case, StrUnique(f3,v, A, d) holds for all integers 1 < d < A if and only if
|log A| > logA.. In particular, we have the following lemma for the Ising model, which will be

useful in Section 9.6.

Lemma 7.42. Let0< B <1 and A = LHBJ + 1 be an integer. Then for any C > 1, there exists
Ac > 0 such that A¢c > 1,1/C < Ac < C, and Ctr(B, B,Ac,A) > 1.

Proof. We claim that for any integer d such that < g—;}, Ctr(B,p,1,d) > 1. The lemma follows

1+[3
B

To show the claim, notice that if A = 1, then the fixed point x4 = 1 for any d > 0. Hence

from continuity and the fact that A >

cr(p,B,1,d) = 1+[36) L= AR > it d > 5B, O

At last we discuss universally strictly uniqueness.

Lemma 7.43. If p > 0 and y > 1, there exists a constant A* = A.(f,y) such that (f,v,A) is

universally strictly unique if and only if A € (0,A2).

Proof. Let A be the largest integer such that A < i*\/@ Then by Lemma 7.38, for any integer
1 < d < AandA > 0, StrUnique(B,v,A,d) holds. By Lemma 7.40, for any integer d > A,
StrUnique(B,v, A, d) holds if and only if A € (0,A1(d)) U (A2(d), co). By Lemma 7.39, A»(d) goes
to infinity as d grows. Since y > 1, then again by Lemma 7.39, A = min,_x A1(d) = Ar(dc).

Therefore, (3,7v,A) is universally strictly unique if and only if A € (0,A%). O
Now we are ready to show Theorem 7.37.

Proof of Theorem 7.37. Once again, all hardness statements are due to Sly and Sun [SS14].
Statements about FPTAS in the first part of Theorem 7.37 follows from Lemma 7.41 and
Lemma 7.25. Statements about FPTAS in the second part follows from Lemma 7.5, Lemma

7.43, and Theorem 7.26. O
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7.8 Correlation Decay at the Threshold

In this section, we show that correlation decays at the rate of O(¢~!/2) when (B,vy,A) and A are
right at the uniqueness threshold. That is,

d(By —1)Xq

BRat DR+ -

fq(Xa) =

where X4 is the unique solution such that X4 = f4(Xq). Here we are still working under the

assumption thaty > 0, f € [0,v], By < 1, A > 0, and d is an integer. Derivatives of f4(x) are

Ay —1fal)
fal¥) = B D+ )"

fi =ty (=R - 401,

" _en (d-1)p d+1 , (d—l)ﬁz d+1
fq (x) =fq(x) ( Bx 1 — X+Y> —fq(x) - <(Bx+l)2 _ (X+y)2>
_ falx)’ £ ( ).<(d—1)[32 d+1 >

(Bx+1)%  (x+7v)?

£l (v 'd

1 (x)

Hence we have that

~ 1 B 1
fiXa) = =—+ == + = : 734
a(xa) Xa Pxa+1l Xa+vy o
R ~ 1 B’ 1
£ — 2 _ _ ,\B S —_— — — , 7.35
a (Xa) a(Xa) Xa(Bxa+1) Xa(Xa+vy) (BXa+1)* (Xa+7v)? 7

where in the last equation we use the fact that

1 1
d AB — = =—=, (7.36)
Pxa+1 Xg+7v X4
since f/(Xq) = —1. We will use @, (x) as our potential function, that is
, 1
Px(x) = @, (x)
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Recall that we pick this potential function such that

¢’ (Xq) f(Xa)
Xa) _ . 7.37
oRa) 2 (7:37)

We consider the recursion with this potential function, thatis gq(y) :== @ (fq(®!(y))). We see

that 4 = @1 (Xq) is the unique fixed point of g4(y). Derivatives of gq4(y) of the first three

orders are
_o(falx)),,
gd(y) - (p(X) fd(x)!
I(y) = 94(y) ((p’(fd(X))fé(X) N fax) (P'(X))
d P(x) o(falx)) fix)  ex) /)’
oy = 947 @0 galy) (FE) (fg(x)>2 9" (cp’(x))z
d g4(y) o) T e(x) \ f4(x) fh(x) o(x) P(x)
N @ (fa(x))fy(x)? N @ (fa(x))fi(x) ((P’(fd(X))fé(X)>2
o(fa(x)) o(falx)) o(falx)) ’
where x = ®~1(y). Plugging in {4 we get that
and hence
0(Gg) = —— (f”’(% )~ (R )2+“W) (by (7.38)
9gaq \Ya) = 0 (Xa) d Xa a\Xd o (Xa) .
_ 1 "> 3f21/(/72d)2
- (—fd (%a) - 24 > (by (7.37)

_ 1 ( B2 P S 2B __:1)
 20(xa) \(BXa+ 1) (Xa+7v)? (Bxa+DEa+7v) x5
(by (7.34) and (7.35))

_1)_ (by (7.36))
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It is easy to see that —-— is decreasing in x. Let C :=

@ (x)x?

l—é) > 0and C’ :=

1
2¢(AR4)AZp2d (
24

W (1 - é) > 0 be two constants. Since X4 € (AB4,A/y4), we have that

C' < g4 (xq) <C. (7.39)

The Taylor expansion gq4(y) at y = y4 with the Peano reminder is

galy) = 9a(Ga) + g (Ga)ly ~Fa) + 2408 1y g2 1 By g5 i)y — gy
=2ﬁay+gdéw(yﬁd)3+h(y)(yﬁd)“, (7.40)

where h(y) is a continuous function such that lim,,_,g, h(y) = 0.

We will now consider an infinite d-ary tree fd with arbitrary but uniform boundary condi-
tion. That is to say, we have yg > 0 as the starting point of our recursion and yyx+1 = gq(yx). If
Yk > Yq, then yx 11 < yq. Similarly for the case y, < §yq4. Moreover, if for some integer ko > 0,

lyk, —Yal < 6, then for all k > ko, [yx —yal < 9.
Theorem 7.44. [y, —yq| = Q(1/y/n).

Proof. Let ¢, = [yn —Ygq|- Notice that lim;, ., ¢, = 0. We first show that ¢,, = O(1/y/n). By

(7.40), it is easy to see that

Entl = [Yny1 _{J\d| =1[ga(yn) _gd|
"

94 (Ya)

= ng —Yn + T(Un _gd)B + h(yn)(yn _gd)4 _gd
"y
—en |12 <9d (Gyd) + h(yn)en> ‘ . (7.41)

As limy, o h(yn) = 0 and lim,, , € = 0, there exists a constant N such that for all n > Ny,

C’ 12
[R(yn)enl < -5 and 2 < STl
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Hence for any n > Ny, we can use (7.39) to simplify (7.41) and get

"3
€n+l = €n <1 —en (gd éyd) + h(yn)en>>

< En(l - C1£12'1)l

, and for any n > Ng, A,41 = An(1 — C;A2). Notice

o} — 1
where C; = 3. Let Ay, Jec
that A2NO = & > szNO. This will be our induction bases. It is easy to see by induction
that ¢, < A, for all n > Ng. Moreover, by induction, we can verify that for any n > Ny,

A

1 _
n < NI Therefore ¢, = O(1/y/n).

Next we lower bound ¢,,. Again we use (7.39) and (7.41). It holds that, for all n > Ny,

" ;Z
Enil = €n (1 — s;z1 <gdéd) + h(xn)£n>>

> eTL(]- - CZS%,))
where C, = C/6 + C;. We now pick another constant N; > N such that for all n > Ny,

€n<7

V2GCy

We define By, = en, and for all n > Ny, By, 41 = B (1 — C2By,). By induction we can show
—1/2
that ¢, > B,. Moreover, we can verify by induction that B,, > <4C2(n —Np)+ 521> . This
Ny

finishes our proof. O

7.9 Concluding and Bibliographic Remarks

Restrepo et al. [RST"13] showed a broader region beyond the uniqueness threshold for which
the hardcore model exhibits strong spatial mixing in the grid lattice Z?. Their starting point
is a special case of the potential function introduced in Section 7.4, and then they made some
“educated guess” and solve certain optimization problems by intensive computer search. In the
end, their potential function depends on specific structures of grid lattices. Under the name of

message-passing, essentially the same potential method was also used by Sinclair et al. [SST12]
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to give an FPTAS for anti-ferromagnetic Ising models in bounded degree graphs below the
uniqueness threshold. Their potential function is also a special case of the one introduced in
Section 7.4.

The potential function introduced in Section 7.5 is from [LLY13, GLLY15]. The same po-
tential function has been employed quite a few times in other situations. Notable examples
include showing strong spatial mixing of 2-spin systems for graphs with bounded connective
constant [SSY13, SSSY15]. Moreover, its special case of fp = 0 and vy = 1 was used to design
approximate counting algorithms for monotone CNFs [LL15b].

When we choose the potential function in Section 7.5, the simplification of f/{(X4) in (7.20) is
not unique. Our particular choice is guided by the hope of eliminating the degree d. Different
choices of simplifications resulted in different potential functions. For example, we can use

(7.18) to rewrite f/j(Xq) as

~ 1 1 d+1 2
() JN T : SR .,
X4 Xa+vy Pxag+l dxq Bxq +1

Plugging this into (7.19) gives us that

~ , d+1
(log(@(%a))) :2;&(1 _ m‘l .

If we impose the equation above to hold for all x, we can solve that

91(x) = —r——,
x2d (Bx+1)
for some arbitrary constant C. This is the potential function used in [LLY12].

Weitz [Wei06] showed that for the hardcore model strong spatial mixing on an infinite A-
regular tree implies the strong spatial mixing on graphs of maximum degree at most A (Theorem
2.3 in [WeiO6]). Sinclair et al. [SST12] showed similar results for the anti-ferromagnetic Ising
model (Theorem 2.8 in [SST12]). For the hardcore model, we have that 3 = 0, y < 1. For the
anti-ferromagnetic Ising mode, we have that 3 =y < 1. Hence both cases satisfy the condition

of Theorem 7.27. They can be seen as special cases of Theorem 7.27 combined with Theorem

7.25. In fact, they are consequences of the following fact.
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Proposition 7.45. For 0 < B,y < 1, strong spatial mixing on infinite A-regular tree implies

strong spatial mixing and FPTAS of Zg ,, \(G) in graphs of maximum degree at most A.
We may use some of our results to prove it, but it can be shown straightforwardly.

Proof. As noted before the FPTAS follows from strong spatial mixing. Given a graph G and
vertex v, we construct the SAW tree T = Tsaw(G,v). In T, for each vertex of k children with
k < A—1,we can attach A — 1 — k dummy vertices as its children. Instead of fixing their spins,
we fix marginal probabilities or distributions that will be used in the recursion of these dummy

vertices. We want to fix it so that it has no effect on its parent in the recursion. Therefore for

each dummy vertex v, we set R, = % = 1 ﬁ so that %Rf;l =1. As 0 < B,y < 1, we have
that R, > 0, and therefore p, = =% +R satisfies 0 < p, < 1 and is a valid probability. Suppose
that dummy vertices are k + 1-th to A — 1-th children of the parent. Then this choice satisfy

our needs as

A-1
BRi + 1 BRi+1

FA(R1,...,RA) =A =A

a(Ry A) |:| Rty || Ri+v

= Fi(Ry,...,Rx)

where R; is the ratio at the i-th child. Then we have appended T into a tree where the recursion
of each step is with respect to A — 1 children. Strong spatial mixing in A-regular trees implies

the required correlation decay of such recursions. O

This appending method is used in both [Wei06] and [SST12]. Essentially the same idea has
also appeared in the proof of Theorem 7.22. For the hardcore model dummy children are fixed
to be unoccupied and for the anti-ferromagnetic Ising model dummy children are fixed with
uniform distributions over the two spins. In both cases, the dummy children have no effect
on their parent. However, it is easy to see that if v > 1 > f3, in order to have no effect on
the parent, R, = }:—?5’ < 0 and therefore R, does not induce a valid distribution. In fact, when

v > 1, by Theorem 7.28 the claim of Proposition 7.45 is no longer true.
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Chapter 8

Phase Transitions and Computational

Hardness

In this chapter, we give some complementing hardness results about anti-ferromagnetic 2-spin
systems. Beyond the uniqueness threshold, #2SPIN(f3,v,A) has no FPRAS unless NP = RP. We

will then study anti-ferromagnetic 2-spin systems in bipartite graphs.

8.1 Phase Transitions in Anti-Ferromagnetic Systems

Recall that if Ctr(B,vy,A,A) > 1, then the Gibbs measure in infinite (A + 1)-regular tree T
or infinite A-ary tree TATA is not unique. There is a long line of research [DFJ02, MWWQ09, Sly10,
GGS*t14, GSV12, SS14] studying the relationship between the phase transition of the uniqueness
of Gibbs measures in TATA and the approximation complexity of #A-2SPIN(f3,v,A). The upshot
[SS14, GSV12]is that if Ctr(B,y,A, A) > 1, then #A-2SPIN(B, v, A) has no FPRAS unless NP = RP.

The core of the hardness reduction in all papers above except [SS14] is the analysis of
gadgets based on random regular graphs. Most notably is the construction by Sly [Sly10]. For

integers r,n, let 9, be the following graph distribution:

1. G;, is supported on bipartite graphs. The two parts of the bipartite graph are labelled by
+, — and each is partitioned as V™ := U™ U W™ where |U™| =n, (W™ =r for m ={+,—}. U

denotes the set U™ U U~ and similarly W denotes the set W™ UW .
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2. To sample G ~ GJ,, sample uniformly and independently A matchings: (i) (A — 1) random
perfect matchings between UTUW™ and U~ UW , (ii) a random perfect matching between
U™ and U~. The edge set of G is the union of the A matchings. Thus, vertices in U have

degree A, while vertices in W have degree A — 1.

The case r = 0 will also be important, in which case we denote the distribution as G,,. Note
that 9, is supported on bipartite A-regular graphs. Strictly speaking, 9;,, 9n are supported on
multi-graphs, but it is well known that every statement that holds asymptotically almost surely
on these spaces continues to hold asymptotically almost surely conditioned on the event that
the graph is simple [JLROO].

For positive integers A, t and n where n is even and is at least 2t, let T~ and T* be disjoint
vertex sets of size t and let V— be a size-n/2 superset of T~ and V* be a size-n/2 superset
of T* which is disjoint from V—. Let T =T UT" and V(t,n) = V- UV™. Let §(t,n, A) be the set
of bipartite graphs with vertex partition (V—, V™) in which every vertex has degree at most A
and every vertex in T has degree at most A — 1. We refer to the vertices in T as “terminals”.
Vertices in T+ are “positive terminals” and vertices in T~ are “negative terminals”.

The construction goes as follows. For constants 0 < 6,{ < 1/8, let

m = (A—1) |01oga 1 n+2[ ¥ loga nj

Note that m’ = o(n!/4). First, sample G from the distribution §™  conditioning on G being
simple. Next, for m € {+,—}, attach t disjoint (A — 1)-ary trees of even depth ¢ (with t =
(A—1)l0108sa-1m) and ¢ = 2| ¥ log,_; n|) to W7, so that every vertex in W7 is a leaf of exactly
one tree (this is possible since m’ = [W| = t(A — 1)%). Denote by T™ the roots of the trees, so
that [T™| = t. The trees do not share common vertices with the graph G, apart from the vertices
in W. The final graph G is the desired gadget, where the terminals T are the roots of the trees.
We denote the family of graphs that can be constructed this way by §(t, n(t), A). Note that the
size of the construction is (2 + o(1))n which is bounded above by a polynomial in t when A is
a fixed constant. Moreover, any G drawn from §(t, n(t),A) is bipartite. The terminals of G are
T(G)=T"UT ,and T" and T~ are on distinct partitions of the bipartite graph.

The key property of Sly’s gadget is what we call nearly-independent phase-correlated spins.
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When the gadget G is drawn from G(t,n,A), we use the notation T(G) to refer to the set of
terminals. Each configuration o: V(t,n) — {0,1} is assigned a unique phase Y(o) € {—,+}.
Roughly in our applications of the definitions below the phase of a configuration o is 7t if V™
contains more vertices with spin 1 than does V™™,

Consider the two extremal semi-translation-invariant Gibbs measures corresponding to the
all 1’s and all 0’s boundary conditions. Let 0 < q— < q* < 1 be the two marginal probabilities of
the root having spin 0 in these two measures. More precisely, one can define q*, g~ as follows.
For s € {0, 1}, let q¢ s denote the probability that the root is assigned spin 0 in the A-ary tree of
depth ¢ in the Gibbs distribution where the leaves are fixed to spin s. In standard terminology,
fixing the configuration on the leaves to all 0’s or all 1’s is most commonly referred to as the
+, — boundary conditions, respectively (and hence the indices +, — in our notation of q*, q7). It
is not hard to show that g is decreasing in ¢, while gy is increasing. Let g™ := limy_, q2¢,0

and let q= := limy_, g2¢,1- The two quantities q* and q— satisfy the standard tree recursion

- A
in the following sense. Let 1™ = % for me {—,+}, and fao(x) = A ([i’f;:,l) . Then ™ =fA(r7)
and r— =fa(r")

We define measures Q* and Q. Fix 0 < g~ < q* < 1. For any positive integer t,

- Q™ is the distribution on configurations t: T — {0, 1} such that, for everyv € T, t(v) =0
independently with probability q* and, for every v € V—, t(v) = 0 independently with

probability q—;

- Q7 is the distribution on configurations t: T — {0, 1} such that, for everyv € T—, t(v) =0
independently with probability q* and, for every v € T, 1(v) = 0 independently with

probability q—.

To prove the hardness we need a gadget where the spins of the terminals are drawn from

distributions close to Q" or Q~ conditioned on the phase + or —.

Definition 8.1. A tuple of parameters (3,v, A, A) supports nearly-independent phase-correlated
spins if there are efficiently-approximable values 0 < q~ < q* < 1 such that the following is
true. There are functions n(t, ), m(t, ), and f(t, ¢), each of which is bounded from above by a

polynomial int and ¢ 1, and for every t and ¢ there is a distribution on graphs in S(t,n(t, ¢), A)
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such that a gadget G = (V, E) with terminals T can be drawn from the distribution within m(t, ¢)

time, and the probability that the following inequalities hold is at least 3/4:

1. The phases are roughly balanced, i.e.,

1 1

Prg;ﬁ,y,)\(Y(O') = —i—) > ﬁ and Prg;ﬁ,y’)\(Y(U) = —) > f(t E). (8.1)
2. For a configuration o: V — {0,1} and any t: T — {0, 1},
Prggya(olr =t[Y(o)=+) Prggyalolr =t[Y(o)=—)
Q" (1) 1| <eand (9 1| <e (82)

In fact, given a gadget with the above property, one can construct a gadget where the phases

are (nearly) uniformly distributed as detailed in the following definition.

Definition 8.2. We say that the tuple of parameters (3,v, A, A) supports balanced nearly-indepen-

dent phase-correlated spins if Definition 8.1 holds with (8.1) replaced by:

1—c¢ 1—¢

and PI'(;;B,V’)\(Y(O') = —) = 5 (83)

Prggya(Y(o) =+) >

where ¢ is quantified as in Definition 8.1.

Balanced phases are very important in later AP-reductions. Later in Lemma 8.7 we will need
to assume the existence of a gadget with balanced phases. The following lemma shows that

for essentially all 2-spin systems, Definition 8.1 implies Definition 8.2.

Lemma 8.3. If the parameter tuple (,v,\, A) with By += 1 supports nearly-independent phase-

correlated spins, then it supports balanced nearly-independent phase-correlated spins.

Sly [Sly10, Theorem 2.1] showed that for every A > 3, there exists ¢4 such that the hard-
core model (1,0, A, A) supports nearly-independent phase-correlated spins for any A satisfying
7\C(TTA) <AL ?\C(TTA) + ea. This region is a small interval just above the uniqueness threshold.
In the same paper Sly also showed that (1,0, 1, 6) supports nearly-independent phase-correlated
spins. The quantities defining measures Q¥ in Definition 8.1 are exactly the marginal proba-

bilities q* on Tx.
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Galanis et al. [GGS™14] extended the applicable region of Sly’s gadget for the hard-core
model to all A > A.(TA) for A =3 and A > 6. The gap of A = 4 and A = 5 is later closed

[GSV12]. In the later paper Galanis et al. [GSV12] also verified Sly’s gadget for parameters

(B,v,A,A) such that By < 1, vBy > Fvﬁj:, and (f3,v,A) is in the non-uniqueness region of
infinite tree T 5. Using techniques from [GSV14] the applicable region of Sly’s gadget is extended

to the entire non-uniqueness region for all 2-spin anti-ferromagnetic models [CGG™ 14].

Lemma 8.4. For all A > 3, all B,v,\ > 0 where py < 1, if Ctr(B,v,\,A) > 1 then the tuple of

parameters (B,v, A, A) supports nearly-independent phase-correlated spins.

Roughly speaking, if a set of parameters (3,v,A, A) supports balanced nearly-independent

phase-correlated spins, then #SAT <ap #A-2SPIN(f3,v,A).

8.2 Spin Systems in Bipartite Graphs

As we have seen, for example in Theorem 6.17, counting problems can usually be classified
into tractable and hard classes. Interestingly, in approximate counting, there has emerged a
third distinct class of natural problems, which seems to be of intermediate complexity. It is
conjectured [DGGJO3] that the problems in this class do not have an FPRAS but that they are
not as hard as #SAT to approximate. A canonical problem in this class has been identified,
which is to count the number of independent sets in a bipartite graph (#BIS). Despite many
attempts, nobody has found an FPRAS for #BIS nor an AP-reduction from #SAT to #BIS. The
conjecture is that neither exists. Mossel et al. [MWWO09] showed that the Gibbs sampler for
sampling independent sets in bipartite graphs mixes slowly even if degrees are at most 6.
Another interesting attempted Markov Chain for #BIS by Ge and Stefankovic [GS12] was also

shown later to be slowly mixing by Goldberg and Jerrum [G]12b].

Name #BIS
Instance A bipartite graph B.

Output The number of independent sets in B.
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#BIS plays an important role in classifying counting problems with respect to approxima-
tion. A trichotomy theorem is shown for the complexity of approximately solving unweighted
Boolean counting CSPs, where in addition to problems that are solvable by FPRASes and those
that are AP-reducible from #SAT, there is the intermediate class of problems which are equiv-
alent to #BIS [DGJ10]. Many counting problems are shown to be #BIS-hard and hence are con-
jectured to have no FPRAS [BDG 13, CDG'15], including estimating the partition function of
the ferromagnetic Potts model [G]J12a]. Moreover, under AP-reductions #BIS is complete in a
logically defined class of problems, called #RHIT;, to which an increasing variety of problems
have been shown to belong. Other typical complete problems in #RHIT; include counting the
number of downsets in a partially ordered set [DGGJ03] and computing the partition function
of the ferromagnetic Ising model with local external fields [GJO7].

Motivated by #BIS, in the rest of this chapter, we will focus on 2-spin systems over bounded
or unbounded degree bipartite graphs parametrized by a tuple (p,v,A). For efficiently approx-
imable non-negative real numbers 3,v,A and a positive integer A, we define the problem of
computing the partition function of the 2-spin system (f3,v) with external field A on bipartite

graphs of bounded degree A, as follows.

Name #(A-)BI-(M-)2SPIN(f3,v,A)

Instance A bipartite (multi)graph B = (V, E) (with degree bound A).
Output The quantity Zg A (B).

Notice that we in fact introduced four problems, depending on whether there is a degree
bound and whether the graph is simple.

We found the notion of non-uniform external field useful in the reductions. The following
problems are introduced as intermediate problems. We also introduce its multigraph version,
but as intermediate problems we do not need the bounded degree variant.

Name #BI-(M-)NONUNIFORM-2SPIN(f3,7v,A)

Instance A bipartite (multi)graph B = (V,E) and a subset U C V.
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Output The quantity

ZB,V’)\(B;U): Z Alveu 1—o(v) H B(I*U(V))(I*U(u))yU(V)U(U)_
o:V—{0,1}1VI (vyu)eE

It turns out that the notion of nearly-independent phase-correlated spins (Definitions 8.1
and 8.2) is not sufficient to imply #BIS-hardness. In order to study spin systems in bipartite

graphs, we want the gadget to satisfy another property, which we call symmetry breaking.

Definition 8.5. We say that a tuple of parameters (B,v,\, A) supports symmetry-breaking if
there is a bipartite graph H whose vertices have degree at most A which has a distinguished

degree-1 vertex vy such that Pry;g .y (0y,, =0) € {0,A/(1 +A), 1}

We will prove in Section 8.4 that symmetry breaking holds for all 2-spin models except for

two cases.

Lemma 8.6. Assume A > 3. The parameters (f,v,\,A) support symmetry breaking unless

W) Ppy=1,0or(il) p=v and A = 1.

Lemma 8.7. Suppose a set of parameters (3,v,\, A) with By + 1 and A > 3 supports balanced
nearly-independent phase-correlated spins and symmetry-breaking. Then #A-B1-2SPIN(f,7v,A)

is #BIS-hard to approximate.

Let Ctr(f3,v, A, 00) := maxg>1 Ctr(B,v,A, d). By Lemma 7.30, if 3,y < 1, then Ctr(f3,v,A, 00) =

co. Combining Lemma 8.7 with Lemmas 8.4, 8.3, and 8.6, we get the following theorem.

Theorem 8.8. Let (B,v,\) be a set of parameters such that By < 1 and A > 3 be an integer or
A = oo. Then #A-B1-2SPIN(B,v,A) is #BIS-hard to approximate unless Ctr(p,v,A,d) < 1 for all

integersd € [1,A) or =y and A = 1.

We note that if Ctr(p,v,A, d) < 1 for all integers d € [1,A), then #A-2SPIN(f3,y,A) has an
FPTAS by Theorem 7.25 or Theorem 7.26 and so does #A-BI-2SPIN(f3,v,A). If f =y < 1 and
A = 1, then we can reduce #B1-2SPIN((3, 3, 1) to ferromagnetic Ising models without external
fields, which has an FPTAS by Jerrum and Sinclair [JS93]. Hence #B1-2SPIN({3, 3, 1) also has an
FPTAS. Details can be found in Corollary 8.10.
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8.3 Balancing Nearly-Independent Phase-Correlated Spins

In this section we prove Lemma 8.3 that a gadget with nearly-independent phases can be used
to construct a gadget with balanced phases.

Before proving the lemma, we introduce some notations. Let q* and q— be the quantities
from Definition 8.1. Let

M = b1 and M* := @ 1-a
I vy q l—q~
The two columns of M correspond to spin 0 and spin 1. The first row corresponds to the
distribution induced on a positive terminal from Q; and the second to the distribution induced
from Q. Similarly the first row also corresponds to the distribution induced on a negative
terminal from Q; and the second to the distribution induced from Q. Notice that det(M™*) =
gt —q >0.

When the parameters 3, v and A are clear from the context, we make the notation more
concise, by referring to the partition function as Zg rather than as Zg, A(G). Also, given a
configuration o: V(G) — {0,1} and a subset S of V(G), we often use the notation og to denote
the restriction ofs. For a gadget G drawn from §(t,n(t, ), A), let ZF be the contribution of phase
7 € {—, +} to the partition function Zg. Moreover, for a subset S C T(G), suppose ts: T(G) —
{0, 1}is a configuration on terminals in S. Let Z (ts) be the contribution of configurations that

are consistent with ts and belong to phase 7, that is,

ZE(ts)= Y wlo),

o:Y(o)=m
O0s=Ts

where w(o) is the weight of configuration o defined in (7.1). It is easy to see that for 7w € {—, +},

Zg
Prg;(gyy’)\(Y(G) = 7'[) = 7 y
G
and
ZZ(T1(6))

Praipyalore) =trie) [ Y(o) =m) = ——=
G
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We are now prepared to prove the lemma which is the focus of this section.

Proof of Lemma 8.3. Let ¢ satisfy 0 < ¢ < 1. By assumption we may draw a gadget G from
S(t+t/,n(t+1t’,¢’),A) such that it satisfies (8.1) and (8.2) with probability at least 3/4, where
t’ and ¢’ will be specified later. Assume G does. Otherwise the construction fails.

We consider first the anti-ferromagnetic case By < 1. We construct a gadget K such that K
satisfies (8.3) and (8.2). We make two copies of G, say G; and G»,. Let the terminals of G; be
T(G;y) = TT(Gi) UT(G;) for i = 1,2. For each 7 € {—, +}, we add a set of edges that form a
perfect matching between t’ terminals in T™(G;) and t’ terminals in T™(G>). Denote by P the
edges of the two perfect matchings.K is the resulting graph. Denote by C; the vertices of G;
that are endpoints of P. The terminals of K are those 2t terminal nodes in T(G;) that are still
unmatched, that is T™(K) = T™(G;)\C; for 7 € {—, +}, and T(K) = T"(K) U T~ (K). Denote by I
the terminals of G, that are unmatched.

We define the phase of K to be the phase of G, that is, K is said to have phase + or —
if and only if G; has the same + or — phase regardless of the phase of G,. Let (77, m) be
a vector denoting the phases of G; and G, where 7;, 7 € {—,+}. Then the + phase of K
corresponds to the vector {(+, +), (+,—)} and the — phase corresponds to {(—, +), (—,—)}. For
two configurations 1y and Ty with VNu = §, let (tv,ty) be the joint configuration on V U U.

Then we have the following:

ZEor) = Y 28, (trixey) (ZE, (tey mwle, te,) + Zg, (e, wlte, e, )
TCI TCZ T1
= Z Z5, (trx Tcl)W(Tcl,Tcz)(Zéz(TczHZgz(Tcz)), (8.4)
TC2

where w(tc,,Tc,) denote the contribution from edges of P given configurations tc, and tc,,

and Z% =} Z”(TT y). Moreover by (8.2), for i = 1,2 and any subset S C T(Gj;), we have

TT[
(1 —¢")Q™(ts)ZG, < ZG,(ts) < (1 +¢')Q™(ts)ZG

where we have used Q™(ts) to denote the probability that the configuration on terminals in S
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is s in the distribution Q™. Therefore by (8.4),

+
Z{ (tr k) < (1 +€¢)°Q  (tr(x))Z¢, Zg, Z Q*t(te, ) w(te,, T )(ZG e, +Q (T >
KWUT(K)) =X T(K C1 Cpy tCo Co Co .

TCZ ZGZ

(8.5)

We need to calculate the quantity

(7, 7o) Z Q™ (tc,)Q™ (tc, w(Tc,,Tc,)- (8.6)
TCZ
Recall our definitions of M and M*. Let N = MTM(M™)T where the superscript T means
transposition. Then det(N) = (q* — q7)?(By — 1) < 0. We write

N — Nit Ny

N N__

and let ¢ = % < 1. Here N, , is the edge contribution when one end point is chosen

with probability ™ and the other g™. Also notice that each edge is independent under Q* so

we can count them separately. Then the quantity in (8.6) is

(4, 4) = (= —) = (N; N )Y

w(—) = w(—+) = (NG _N_)Y, (8.7)
Plug (8.7) in (8.5),
ZE / !
Z (trky) < (1 + E')Zzglzéz (ZZ (N4 N_ ) + (Np N ) QM (tr(ky)
G»
! ZE /
= (1+¢"°Z5 Zg, Ny N_)" (Z_th +1> QT (tr(k))- (8.8)
G»

Summing over T ) in (8.8) we get

+
Z{ < (1428 Zg, (N N_)" (Ezct’ - 1) . (8.9)
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Similarly we get an estimate for Z:

— N2 7— 7+ t/ Zaz t/
Zy > (1= €ZG,28, (N. N_ )" | S22et + 1) (8.10)

-
Letr = Z—fz Notice that Zgl = Zgz as G; and G» are identical copies. Combine (8.9) and (8.10),
G

i 1—e'\% 1+ct'r
K> : . 8.11
Z; <l—|—£/> 1+ct'/r ®.11)

y (8.1) there is f(t + t/,¢’) such that

1
— < < f(t t/
frven ST flerthe,

and f(t +t/,¢’) is bounded above by a polynornial int+t’and 1/¢’. To show (8.3) it suffices
l—e

1 +
and >

to show =K 2 1+s Z,

i Clearly >

I _ &
1+£ —3and

= O(log(t+ ¢ 1)) in (8.11). To show i—t > 115 is similar and therefore omitted.
K

Establishing (8.2) is easy. We will show

Z{ (tr(x))

Zr > (1—¢)Q™ (tr(x))s

and the other bounds are similar. By an argument similar to (8.5), we have

Z+
Z{ (triy) = (1—e")2Q T (tr(x)) Z& L, Z Q" (te,)w TCpTCz)( 2Q*(tc,) + Q (tc,) )

TCZ ZGZ

Moreover, summing over Ty k) in (8.5) we get:

Z§
Zy <(1+e1°28,2g, ) Q'(te)wlte,,7c,) ( S22 Q (te,) + Q‘(r@) .
T(jl ,TC2 Gy

The desired bound follows as ¢’ = £.
The other case is ferromagnetic, that is, fy > 1. We construct K in the same way as in the
previous case, but with the following change. To form the perfect matching P, we match +/—

terminals of G; to —/+ terminals of G». The proof goes similarly but det(N) = (q* —q~)?(By—
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1) > 0. However since we made a twist in connecting G; and G, it follows that

)t’.

H(+’+) = H(—,_) = (N+—N——|—
}‘L(+!_) — H(—,-i—) == (N__N++)t/ .

N, N_,

NoN T < 1 and the rest of the proof is the

Therefore we continue with the new constant ¢’ =

same. O

8.4 Symmetry Breaking

In this section we prove Lemma 8.6 that almost all 2-spin models support symmetry breaking.

Proof of Lemma 8.6. Consider the sequence of gadgets (Hy : k € N), defined as follows. The
vertex set of Hy is V(Hy) = {u,u’,u”,v1,vo,..., v}, and u is considered the attachment vertex.

The edge set of Hy is
E(Hi) = {{u/,vi}: 1 <i< kU {fvy,u”}: 1T <i<k}u{{u”,u}}.

We shall argue that if the first three graphs in the sequence, namely Hy, H; and H,, all fail to be
symmetry breakers then one of conditions (i) or (ii) holds. The graph Hg has an isolated vertex
that could clearly be removed; we leave it in to make the calculations uniform. Note that the
maximum degree of any vertex in these graphs is 3.

Leta = B2+ A, b =p + Ay and ¢ = 1 + Ay?. Then the effective weight of vertex u is given

by the column vector,

A Ol [B 1| |A Of [a¥ bX| |A T?\ak+bk
0 1| |1 vy| |0 1| |b* ck| |1 Abk + ck

where
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For hy to be a symmetry breaker we require the vector p* not to be a multiple of
1

Suppose p?, p! and p? all fail to be symmetry breakers. Then they must all lie in a one-

dimensional subspace of R?. One way this can happen is if the matrix T is rank 1, i.e., if py = 1.

o _ _ 1+A Aa+b Aa® +b%| _ _
This is case (i). Otherwise, and and lie in a one-dimensional

1+A Ab + ¢ Ab2 + 2

1
subspace, namely the one generated by . This implies a+Ab = b-+Ac and a?+Ab? = b%+Ac?,
1

or recasting,

a—b=A(c—Db)

(a—b)(a+b)=A(c—Db)(c+Db).

So either a = b = ¢, or (dividing the second equation by the first) a = c and A = 1. In either
case, substituting for a, b and c in terms of 3, y, A, we obtain either f =y = 1 (which belongs

to case (i)) or f =y and A = 1 (which is case(ii)). O

There are two exceptional cases. The firstis py = 1. It is well-known that in this case the
2-spin system can be decomposed and hence tractable. The other case of f = yand A = 1
is perfectly symmetric and this symmetry cannot be broken. This system is the Ising model
without external fields. For this system, the marginal probability of any vertex in any graph is
exactly 1/2.

Regarding the ferromagnetic case, Jerrum and Sinclair [JS93] presented an FPRAS for the fer-
romagnetic Ising model with consistent external fields. On the other hand, anti-ferromagnetic
Ising models without external field on bipartite graphs are actually equivalent to ferromagnetic
Ising models. The trick is to flip the assignment on only one part of the bipartition, which has

been used before by Goldberg and Jerrum [GJO7].
Lemma 8.9. For 0 < o < 1, #BI-2SPIN(, &, 1) =7 #BI-2SPIN(1 /¢, 1/, 1).

Proof. Let B = (V1, Vo, E) be a bipartite graph where V; and V,» are two partitions of vertices.
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Let |E| = m. Then we have

Zp (o, 0, 1) = Z Z H a1=ovy (V) (1=ov, (W) y ov, (V)ov, (w)

ov, :Vi—{0,1}V1l oy, : V>, —{0,1}V2! (vw)€E

— Z Z H all—ovy (V))ov, (W) yov, (v)(1—ov, (W)

ov, :Vi—{0,1}V1l oy, : V>, —{0,1}V2! (v,w)€E

= Z Z H 0OV (W)=ov, (V)ov, (w)+oy, (v)—oy, (v)ov, (w))

ov, :Vi—{0,1}V1l oy, :V,—{0,1}V2! (vw)€E

— ™ Z Z H o 1=ov; W) (A—ov, (W))—ov, (V]ov, (w)

cvlzvl—>{o,1}“’1‘ ov, Vo —{0,1}1V2l (viw)€E

=a"Zp <O(71, 0671, 1) )

where in the second line we flip the assignment of ov,. O

Combining Lemma 8.9 with the FPRAS by Jerrum and Sinclair [JS93] for the ferromagnetic

Ising model yields the following corollary.
Corollary 8.10. For any « > 0, #BI-2SPIN(«, &, 1) has an FPRAS.

This corollary explains why the notion of symmetry breaking is necessary to achieve #BIS-

hardness.

8.5 The Reduction from #BIS

In this section we show our main reduction, Lemma 8.7, namely that the two properties of
“nearly-independent phase-correlated spins” and “symmetry-breaking” lead to #BIS-hardness.
Lemma 8.7 follows directly from Lemma 8.11 and Lemma 8.12, which will be proved in the

following two subsections.

An Intermediate Problem

The goal of this section is to show that it is #BIS-hard to approximate the partition function
of anti-ferromagnetic Ising models with non-uniform non-trivial external fields on bipartite

graphs.
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Lemma 8.11. ForanyO < x < 1,A>0and A + 1,
#BIS <ap #BI-M-NONUNIFORM-2SPIN(c, o, A).

Proof. By flipping 0 to 1 and 1 to O for each configuration o, we see that #B1-M-NONUNIFORM-
2SPIN(«, o, A) is in fact the same as #BI-M-NONUNIFORM-2SPIN(«, &, 1 /A). Hence we may assume
that A > 1.

Let M:=[§ L], and [89] :=M[}] = [*}4]]. Since a < 1 and A > 1, p; > po.

Let B = (V,E) be an input to #BIS with n = |V| and m = |E|. Let Ig be the number of
independent sets of B. Let ¢ be the desired accuracy of the reduction. We will construct
an instance B’ = (V’,E’) with a specified vertex subset U C V' for #B1-M-NONUNIFORM-
2SPIN (o, &, A) such that

Zoc,oc,}\(B/;u)

o ()10 < 2

<exp<£>1
X E Bs

where C is a quantity that is easy to approximate. Therefore it suffices to call oracle #BI1-M-
NONUNIFORM-2SPIN(e, o, A) on B’ with the specified subset U with accuracy § and approximate
C within §.

The construction of B’ involves two positive integers t; and tp. Let t; be the least positive

integer such that

2t & 8.12
NS Tom (8.12)

Note that t; depends onn and ¢ and there is a polynomial p inn and e ! such thatt; < p(n,e1).
Let t» be the least positive integer depending on n, ¢ and t; such that

to tim |
<%> oo atMe (8.13)

P1 = 6 - 22t1m+n'

Once again, t» is bounded from above by a polynomial in n and e~ 1.
Given the integers t; and t, the graph B’ is constructed as follows. Let W, = {w,; | 1 <

j <ty deg(v)} for each v € V where deg(v) is the degree of vin B. Let U, ; = {u,jx | 1 <k < to}
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foranyv e Vand 1 <j < t; deg(v). Let

w=Jw, and Uu=|[/J U u

vev veV 1g<j<t; deg(v)

The vertex set of B’ is V/ = VU U U W. Note that |[W| = 2t;m and |U| = 2t;tom.
We add t; parallel edges in B’ between u and v for each (u,v) € E and add edges between v
and every vertex in W,,, and between w, ; and every vertex in U, ; for eachv € Vand 1 <j <

t; deg(v). Formally the edge set of B’ is

= 4 eEJuJeu {J Eu

1<igy; vev vev
1<ty deg(v)

where [+ denotes a disjoint union as a multiset of t; copies of E, E, = {(v,w)lw € W,} and
Ey; ={(wy,;,uw)u € U, ;} for each v and j.

Let C = ps'12™Mgtim and N = “ 20 }

For each 0 : VUW — {0, 1}, let w(o) be the contribution to Z, «(B’;U) of configurations
that are consistent with o. First consider configurations o such that o(w) =1 forallw € W.

Denote by X the set of all such configurations on VU W. Then for o € Z,

tr|W
W(G) = p12| | | | (Ml,()'(u)MO‘(LL),O‘(V)MO'(V),I)tl
(u,v)EE

=C J] Now.om-
(u,v)EE

Let "4 C £ be the subset of configurations which induce an independent set on the vertices V
and Z'4 be its contribution to Z, o (B’; U). Let £t@d = £\5ind and zb24 pe its contribution.
If o € £ind then w(o) = C. Otherwise, w(o) < «?t1C. It implies

£

Znd —15.C  and zbed 2nattic <= - C, (8.14)

@]

since t; satisfies (8.12).

Next consider configurations o on VUW such that o(w) = O for at least one w € W. Denote
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this set by £’ and its contribution by Zs™a!, Then for o € ¥,

to to
wi—1) 2 Po w Po C
w(o) < (pop‘l | ) < (> oy = () o

P1 P1
It implies
Po t2 C £
zsmall < o2tym+n (PO < - -C, (8.15)
pr/) o™ "6

since |Z’| < 22t1m+1 gnd t, satisfies (8.13).

By (8.14) and (8.15) we have

Za‘“’A(B/;u) — Zind + Zbad + Zsmall

£ 3
<Ip- . b
B C+6 C+6 C

<ew(5)1s-C,

and clearly Z, 4 A(B’;U) > Ip - C. It is also clear that C can be approximated accurate enough

given FPRASes for A and «. This finishes our proof. O

Simulating the Anti-Ferromagnetic Ising Model

In this section we show Lemma 8.12.

Lemma 8.12. Suppose 3, v and A are efficiently approximable reals satisfying p,y > 0, A > 0
and By = 1. Suppose that A is either an integer that is at least 3 or A = oo (indicating that we do
not have a degree bound). If (B,v, A, A) supports balanced nearly-independent phase-correlated
spins and symmetry breaking, then there exist efficiently approximable 0 < « < 1 and A" > 0

such that \' = 1 and
#BI-M-NONUNIFORM-2SPIN(«x, &, A) <ap #A-BI-2SPIN(B, v, A).

Proof. We prove the anti-ferromagnetic case first, that is, By < 1. « and A’ are chosen as
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B 1 q© 1-q*
follows. Let M := and M+t = .Let N =MtMMH)T = .
1 v qg 1—q Ni— N__

Then det(N) = (By—1)(q" —q)? < 0. Therefore N__N_, . < N__N,_ and let o« = % <

Noo Nog

1. Moreover, suppose H is the symmetry breaking gadget with distinguished vertex vi. Let

Po P
p= where p; denote Pryy.g y,a(0y,, =1) for spini € {0,1}and pp+p; = 1. Let p’ = 0 =
P1 Py
Po /
M+ ,and A/ = %. It is easy to verify that A’ = 1 as pp # A/(1 + A) by the symmetry
P1/A '

breaking assumption.

Given 0 < ¢ < 1 and a bipartite multigraph B = (V, E) with a subset U C V where [V| = n,
|[E| = m, and |U| = n’/, our reduction first constructs a bipartite graph B’ with degree at most
A. The construction of B’ involves a gadget G. Since (f3,v,\, A) supports nearly-independent
phase-correlated spins, by Lemma 8.3 (,v,A,A) also supports balanced nearly-independent
phase-correlated spins. Therefore we draw G ~ G(t,n(t,¢’),A) such that (8.3) and (8.2) hold
with probability at least 3/4, where t = m + 1 and ¢’ = ¢ . Assume G satisfies them and

otherwise the reduction fails. We will construct B’ such that

€ VA Y €
exp <_E) Zoc,oc,?x’(B;u) < m B n [z n < exp (5) Zoc,oc,)\/(B;u)a
(N4 -N_4) (PiZH) (TG)
where we use the abbreviated expressions Zg: = Zg,A(B’), Zn = Zgya(H), and Zg =

Zg v (G). The lemma follows by one oracle call for Zg, with accuracy g, one oracle call for Zg
with accuracy g, and an approximation of other terms in the denominator with accuracy &
using FPRASes for q—, g, 8, y and A.

The graph B’ is constructed as follows. For each vertex v € V we introduce a copy of
G, denoted by G, with vertex set V(G,). Moreover, for each vertex u € U we introduce a
copy of H, denoted by H,,. Whenever a terminal vertex is used in the construction once, we
say it is occupied. For each (u,v) € E, we connect one currently unoccupied positive (and
respectively negative) terminal of G,, to one currently unoccupied positive (and respectively
negative) terminal of G,. Denote by E’ all these edges between terminals. For each u € U, we

identify an unoccupied positive terminal of G, with the distinguished vertex vy, of H,.. We
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denote this terminal by t,,. The resulting graph is B’. It is clear that B’ is bipartite and has
bounded degree A.

Let 6: V — {—, +} be a configuration of the phases of the G,,’s. Let Zg. (&) be the contribution
to Zg from the configurations ¢ that are consistent with & in the sense that, for each v € V,
Y(oy(g,)) = 6(v). Then Zg, = } 5 Zg/(5). Let T be the set of all terminals T = U,evT(G,)
and t: T — {0, 1} be a configuration on T. Let ty(g,) be the configuration T restricted to T(G,).
Recall that for 7w € {—, +}, L3, (T1(G,)) is the contribution to Zg, from configurations that have

phase 7t and are consistent with t1 (¢, ). Also,

Prapyal(tre, [ Ylove,)) =m = ——
Gy

Moreover, for each u € U and each spin i € {0, 1}, let Zy (i) be the contribution to Zy, from
configurations o with o(t,) = i. Hence,

. ya i
01 = Pripyn(ofte) = i) = 2l

We express Zg/(G) as

- 5 Zy, (T(tu))
Zg(@ =Y  welo[[z8 (e I] VT
T: T—{0,1} veVv uel
where we/ (7) is the contribution of edges in E’ given configuration t. Notice that we divide the
last factor by A when t(t,,) = 0 because we counted the vertex weight twice in that case. Define
Z; (6) to be an approximation version of the partition function where on each T(G,,) the spins

are chosen exactly according to Q%(™). That is,

Ze(@) = Y  welo ]2V e, [] w

T: T—{0,1} vev uel

- (H zg(Vw) . Z we (1) H Q™ (tr(g.)) H W ) (8.16)

vev T: T—{0,1} vev uel
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Let Z; =) ZB/ . Then (8.2) implies that Zg/(&) and ZB,( ) are close, that is,

(1—e)™ < ZAB,'((f) <(1+ehHm™ (8.17)
Zp/(6)
Moreover, (8.3) implies that
& (v)
1-e/\" _TlevZg L+e\"
- ) < v L . )
(27) < ot =) 519

Notice that here Z¢, is the same for any v € V as the G,’s are identical copies of G.

Then we calculate the following quantity given &

Z we(7) H Q%™ (11 (g,)) H W
: T—{0,1} vev uel
As the measure Q%) is i.i.d., we may count the weight of each edge in E’ independently. Notice
that N, -, is the edge contribution when one end point is chosen with probability g™ and the
other g™. For an edge (u,v) € V, if u and v are assigned the same phase +, then an edge in E’
connecting one + terminal of G,, and one + terminal of G, gives a weight of N, , and an edge
connecting two — terminals gives N__. The total weight is u; = N, N__. Similarly if u and
v are assigned the same phase —, the total weight is p; as well. On the other hand if u and v
are assigned distinct phases + and —, the total weight is o = N, _N_ . Recall that « = t;
Moreover, for each u € U, if 6(u) = +, then the contribution of H, is pyZy, and otherwise
p1Zn,. Notice that here Zy,  is the same for any u € U as the H,,’s are identical copies of H.

Recall that A’ = 20

Plug these calculation into (8.16), we have

ZB’ (H Z ) (p’l &)u;l my(6) (p(/)ZH)n+(0') (p{ZH)nlian(&))

vev

= " (plZn) (Hz ) (o (& ()19 (8.19)

vev

where m, (G) denotes the number of edges of which the two endpoints are of the same phase

given G, and n (6) denotes the number of vertices in U that are assigned + given 6. Apply
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(8.18) to (8.19),

(1—e)m ((xm+(fr) (A/)m(fﬂ)

N
=
+
m\
/N
3
=
Qv

")) 8.20)

Then we sum over & in (8.20),

. - 7w . -
(1—¢’ (Z o™+ (0 n+(g)> < o ( Bn/ ZG) (1+¢") (Z o+ (9) n*“”)
2

5 (p1Zn) (T

(8.21)

However notice that Zy o 1/(B;U) = 5 oM+ (O (AN n+(6) by just mapping + to 0 and — to 1 in

each configuration 6. Combine (8.17) and (8.21),

VA%Y,
hE (o1zr)™ (%)

(1—¢)*"Zgan (B;W < m < (142" Zgan (B W)
Recall that ¢’ = & and we get the desired bounds.

The other case is ferromagnetic, that is, By > 1. Notice that in this case det(N) = (By —
1)(qT—q7)% > 0, So we choose & = % < 1 and A’ to be the same as the antiferromagnetic
case. The construction of B’ is similar to the previous case, with the following change. For
each (u,v) € E, we connect one unoccupied positive terminal of G,, to one unoccupied negative
terminal of G,, and vice versa. The rest of the construction is the same. With this change, given
a configuration 6: V — {—, +}, if two endpoints are assigned the same spin, the contribution
is Ny _N_, and otherwise N, N__. Therefore the effective edge weight is « < 1 when the

spins are the same, after normalizing the weight to 1 when the spins are distinct. The rest of

the proof is the same. O
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Chapter 9

Ferromagnetic 2-Spin Systems

In this chapter we study ferromagnetic 2-spin systems. We will consider a slightly more general
problem, where we allow non-uniform fields, specified by a mapping t: V — R*. When a vertex
is assigned “0”, we give it a weight 7t(v). Similar as before, we assume the edge interaction

function is [ [f H For a particular configuration o, its weight w(o) now becomes,

w(o) = pmolelym@ TT n(v), (9.1)
vlo(v)=1
where mg(0o) is the number of (0, 0) edges given by the configuration ¢ and m; (o) is the number
of (1,1) edges.

We also write A,, := 7t(v). If 7t is a constant function such that A, = A > 0 forallv € V, we
also denote it by A and this is consistent with our previous notations. We say 7t has a lower
bound A > 0 (or an upper bound A > 0), if 7t satisfies the guarantee that A, > A (or A, < A).

The partition function Zp y =(G) = }_;.\/_,0,13 W(0) is defined in the same way as before.

We consider the following computation problem, where fields are taken from an interval.

Name #2SPIN(B,7v, A1, A2])
Instance A graph G = (V,E) and a mapping 7: V — R™, such that nt(v) € [A1,Ap] for any v € V.
Output Zg . ~(G).

When the field is uniform, that is, A; = A» = A, we simply write #2SPIN({3,vy,A), which is

consistent with our notations.
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9.1 The Uniqueness Condition on Regular Trees

Recall that T4 denote the infinite d-regular tree, also known as the Bethe lattice or the Cayley
tree. If we pick an arbitrary vertex as the root of T4, then the root has d children and every
other vertex has d — 1 children. The difference between T4 and an infinite (d — 1)-ary tree is
only the degree of the root. We consider the uniqueness of Gibbs measures on T4, where the

field is uniformly A > 0. Due to the symmetric structure of T4, the standard recursion (7.3)

Px+1
X+Yy

thus becomes R, = f4_;(R,,) for any child v; of v, where f4(x) = A ( )d is the symmetrized
version of F4(x).

If By > 1, then f/;(x) > 0 for any x > 0. There may be 1 or 3 positive fixed points such that
x = fq(x). It is known [Kel85, Geol1] that the Gibbs measure of two-state spin systems in Tg4

is unique if and only if there is only one fixed point for x = fq_1(x).

We do some calculation here. Take the derivative of f4(x):

_ d(By —1Dfalx)

f’ = . 9.2
= B ) 02
Then take the second derivative:
1 B 1
f(x) = fh4(x) - — —
{09 =Te0) £ " Bea T ray
_dBy—1) - By —1—-2px
(Bx+1)(x+7v)
Therefore, at x* := d(ﬁy_lz)g(mﬂ), f(x*) = 0. It's easy to see when d < Ezf}, f/(x) < 0 for

all x > 0. So f4(x) is concave and therefore has only one fixed point.
Since f4(x) has only one inflection point, there are at most three fixed points. Moreover, the
uniqueness condition is equivalent to say that for all fixed points X4 of f4(x), f(Xq) < 1. For

a fixed point x4, we plug it in (9.2):

d(By —1)xa
(BXa+1)(Xa +7v)

fa(Xa) =
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Let A, = Fvgzj If d < A, we have that for any x,

(Bx+1)(x+v) —d(By — Lx = px* + ((By +1) —d(By — 1))x +y
>Bx+ By +1—(VBYy+ 1) x+vy

= (vBx—¥)* > 0.

Hence (fx + 1)(x +v) > d(py — 1)x. In particular, f/(xq) < 1 for any fixed point X4 and the

uniqueness condition holds.

Proposition 9.1. Ifd < A. = Fvng}, then the uniqueness condition holds regardless the field.

The condition d < A. matches the exact threshold of fast mixing for Gibbs samplers in the
Ising model [MS13].
Next we assume d > A.. We may also assume that vy > 3. The equation (fx + 1)(y +x) =

d(By — 1)x has two solutions, which are

*_\/((Bv+1)—d2([r33v—1))2—4[3v and Xl:x*+\/((Bv+1)—d2([f33v—l))2—4ﬁv_

X0 =X

Notice that both of them are positive since xg + x; = 2x* > 0 and xox; = /Y.

We show that fq(xg) > xo or fq(x1) < x7 is equivalent to the uniqueness condition. First
we assume this condition doesn’t hold, that is f4(xg) < xg and fg(x1) > x;. If any of the
equation holds, then x( or x; is a fixed point and the derivative is 1. So we have non-uniqueness.
Otherwise, we have f4(xg) < x¢ and f4q(x1) > x1. Since xy < x1, there is some fixed point x
satisfying fq(x) = X and xg < X < x1. The second inequality implies that (X + 1)(x +7v) <
d(By — 1)x. Therefore f/(x) > 1 and non-uniqueness holds.

To show the other direction, if f4(xg) > xg, then

d(By — 1)f(xo) d(By —1)xo

Bxo+ Dixo+7v) ~ (Bxo+ Dixo+v)

fqlxo) =

Assume for contradiction that f4(x) has three fixed points, denoted by Xy < X1 < Xx». Then the
middle fixed point X; satisfies f/(x;) > 1. Therefore X; > x( and there are two fixed points

larger than xo. However, for xo < x < x*, f{(x) > 1 and fq(xo) > xo. Hence there is no fixed
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point in this interval. For x > x*, the function is concave and has exactly one fixed point. So
there is only 1 fixed point larger than xy. Contradiction. The case that fq(x;) < x1 is similar.

These two conditions could be rewritten as

Xo(xo +v)¢
Y o1 o
and
x1(x1 +7v)¢
G oy

Notice that the right hand side has nothing to do with A in both (9.3) and (9.4).
We want to study conditions (9.3) and (9.4) as d changes. In particular, we are interested in

the case when 3 < 1. Treat d as a continuous variable. Define

~oxilxg+y)e

5= v T

where i = 0,1 and x; is defined above depending on 3, v and d. Take the derivative:

(d)  Oxy

?Ed% = a); <i+x-iy — B;”il> +log(xi +7v) —log(Pxi + 1)
_oxi (1 d(1 —By) Xi +Y
- ad <x (xi+v)(fsxi+1)> Tt

oxi [ 1 1 X +Y Xi+7v
= —_— — — 1 :1 0'
od <xi xi> +log Bxi+1 08 Bx; +1 =

Therefore, these two functions are increasing in d.

Recall that A, = % Let At .= g1 ([Ac]) = (v/B) % . Thus if A < Ai™, (9.4) holds

for all integers d. On the other hand,

—a_ B ga_ B
(Bxo +1)a ~ 0P =P > o
y(d(By—1)—(By+1))

— 00 as d goes to oo.

d
go(d) = xo(x0 +v)

B—d
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Hence there is no A such that (9.3) holds for all integers d.

Proposition 9.2. Let (B,v) be two parameters such that By > 1 and § < 1 <. The uniqueness

condition holds in T4 for all degrees d > 2 if and only if A < AI"t,

In Section 9.3, we will show that, there exist an FPTAS for the partition function, given the
same assumption as in Proposition 9.1. This is Theorem 9.8. Moreover, let A, := g1(A.) =
(v/ B)ACT“. In Section 9.4 we show thatif f < 1 <y and A < A, there also exists an FPTAS. This
is Theorem 9.9. Note that this is the same condition as in Proposition 9.2, with Ai" replaced

by Ae < Aint,

9.2 The Potential Method for Ferromagnetic Systems

To show strong spatial mixing in arbitrary trees, we will use the same potential analysis as in
Section 7.3. Here we just outline some necessary tweaks we made for ferromagnetic systems
We use the same notations as in Section 7.3. The definition of a good potential function is
exactly the same as that of Definition 7.8. Note that now the range of our variables is Ay~ 4, A 4]
instead of A\p4, Ay~ 4]. We say ®(x) is a good potential function for d and a field =, if ®(x) is a
good potential function for d and any A in the codomain of 7t, The next lemma is a counterpart

of Lemma 7.11. The proof is slightly different.

Lemma 9.3. Let ®(x) be a good potential function for the field A atv. Then there exists a constant

C such that 6, < Ce,, for any dist(v,S) > 2.

Proof. By (7.6) and the Mean Value Theorem, there exists an Re [Ry, RV] such that
gy = O(RY) — D(R,) = ®'(R) - 8, = @(R) - . (9.5)

Since dist(v,S) > 2, we have that R, > Ay—¢ and R” < AB4. Hence R € \y~4,AB4], and

by Condition 1 of Definition 7.8, there exists a constant C; such that ¢(R) > C;. Therefore

5V<1/C1£v. I

Lemma 7.12 holds without modification. The next one is the analogue of Lemma 7.13.
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Lemma 9.4. Let (B,v) be two parameters such that py > 1 and <. Letv be a vertex and v;

be its children for 1 <1i < d. Suppose 6, < C for some C >0 and all 1 < i< d. Then,

5y < dA(By — 1)y BAC.

Proof. 1t is easy to see that vy > 1. By the same argument as in Lemma 7.12 and (7.3), there

exists x;’s such that

8y = |VFa(x1s.esXa) - (Byjsennn8y,)| S C Y

where x is the vector composed by x;’s. Then, we have that

< dMW(BY — 1)y B9,

'aFd(X)’ _d(py — DF4(x)
oxi | (xi+v)(Bxi+1)

where we use the fact that F4(x) < A,f49 for any x; € [0,0) and fy > 1. The lemma follows. O

The algorithmic implication is also the same as Lemma 7.15. Note that we make the depen-

dence of A explicit here, as we are considering non-uniform fields.

Lemma 9.5. Let (B,v) be two parameters such that 3y > 1. LetG = (V, E) be a graph with a max-
imum degree A and n many vertices and 7t be a field on G. Let A = max, cv{m(v)}. If there exists

a good potential function for 7w and all d € [1, A — 1] with contraction ratio x < 1, then Zg -, (G)

log(A—1)
can be approximated deterministically within a relative error ¢ in time O (n (“T") —log >

When the degree is unbounded, we also need to use the M-based depth from Definition
7.16. We make some tweaks in the definition of a universal potential function. We assume that

B <1 < v in the definition 9.6, as it will be the range where our potential function works.

Definition 9.6. Let ® : Rt — R™ be a differentiable and monotonically increasing function. Let
@(x) and C, q(X) defined in the same way as in Definition 7.8. Let 3,y > 0 be two parameters
such that By > 1 and p < 1 <+y. Then ®(x) is a universal potential function for (pB,v,A) if it

satisfies the following conditions:

1. there exists two constants C1,Cy > 0 such that C; < ¢(x) < Cp for any x € (0,A);
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2. there exists a constant o« < 1 such that for all d, C 4(x) < al198m(d+DT for all x; € (0,A);

Basically Conditions 1 and 2 in Definition 7.17 are replaced by the stronger Condition 1 in
Definition 9.6.

We say @ (x) is a universal potential function for a field 7, if ®(x) is a universal potential
function for any A in the codomain of 7t, We also call « the contraction ratio and call M the

base.

Lemma 9.7. Let (B,v) be two parameters such that By > 1 andp <1 <vy. Let G = (V,E) be
a graph with n many vertices and  be a field on G. Let A = max,cv{m(v)}. If there exists a
universal potential function ®(x) for m with contraction ratio x < 1 and base M, then Zg -, ~(G)

logM
can be approximated deterministically within a relative error ¢ in time O <n3 (22) 1°g°‘>.

Proof. By the same proof of Lemma 7.15, we only need to approximate the marginal probability
at the root v of a tree T. By Condition 2 of Definition 9.6, C (X1, ,xq) < oll08m(d+1T,
Denote by B({) the set of all vertices whose M-based depths of v is at most £ in T. Hence
IB(¢)] < MY Let S = {u | dist(u, B(¢)) > 1}, which is essentially the same S as in Lemma 9.5,
but under a different metric. We can recursively compute upper and lower bounds RY and R,,
of R?A such that R, < R(TyA < RV, with the base case that for any vertex u € S trivial bounds
R, = 0 and R" = oo are used.

We proceed as in the proof of Lemma 9.5. Without loss of generality, we construct a path
uguy - - - uy in T from the root uy = v to a uy with €y (ur—_1) < £ and €y (uy) > €. Asin the proof
of Lemma 7.12, u; < ng (X5,15 00+ ,x]-,d].) . sumfor all 0 <j < k— 1, where d; is the number of

children of u; and x;; € [0,00), 1 <1 < d;. Hence we have that

k—1
k—1 X
EV < E'LLk . H (X’—lOgM(dj"‘lﬂ < Euk . aZj:O flOgM(d)Jrlﬂ

j=0

=€y, - otm () €y ol

Note that dist(uy,B(£)) = 1 and hence ui € S. So 8., < Ay, < A. By (9.5), we have that &, <

©(R)dy,, for some R € Ay, v~ 9%,y p9%]. Hence ¢,, < C»A by Condition 1 of Definition 9.6,

and ¢, < A«*C». By (9.5) and Condition 1 of Definition 9.6 again, we have that &, < Ax‘C»/C;.
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The rest of the proof goes the same as that of Lemma 7.15. The running time has an extra

n? factor since we need to go down two more levels (in the worst case) outside of B({). O

9.3 Bounded Degree Graphs

2v/By

Our first result is an FPTAS for any graphs with degree bound A < A +1 = Ty T

Theorem 9.8. Let (B,v) be two parameters such that By > 1. Let G = (V,E) be a graph
with a maximum degree A < A. + 1 and n many vertices, and let = be a field on G. Let
A = maxycv{n(v)}. Then Zg. ~(G) can be approximated deterministically within a relative

log(A—1)
error ¢ in time O (n (BA) e ) where o = 21
C

Proof. We choose our potential function to be @1 (x) = log x such that @ (x) := ®](x) = % We
verify the conditions of Definition 7.8. Condition 1 is trivial. Then we verify Condition 2, for

any integer 1 <d < A—1,

i S\ S
— (xi +B)(yxi +1)

Fa(x
i By — 1)xi il JA-1
i1 (yxi + 1) (xi + B) i Ac Ac -

where we used the fact that for any x > 0,

(By —1)x 1
(yx+1)(x+pB) A

Hence @ (x) is a good potential function for all degrees d € [1, A — 1] with contraction ratio «.

The theorem follows by Lemma 9.5. O

Note that Theorem 9.8 matches the fast mixing bound of Gibbs samplers for the Ising model

n [MS13].
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9.4 General Graphs

1 =
Now we assume that § < 1 <<y and By > 1. Recall that A, = (%) = (%)

Theorem 9.9. Let (B,v) be two parameters such that py > 1 and p < 1 < vy. Let G =
(V,E) be a graph with n many vertices, and let 7t be a field on G. Let A\ = max,cv{n(v)}. If
A < Ac, then Zg ., «(G) can be approximated deterministically within a relative error ¢ in time

logM
0 (n (“T") “’g“), where M > 1 and «x < 1 are two constants depending on (p3,v,\).
We will apply Lemma 9.7. We first prove a technical lemma:

Lemma 9.10. Let 3,y be two parameters such that fy > 1 and 3 <1 <vy. Forany 0 < x < A,

it holds that

Xty

A1 (9.6)

(By — 1)xlog " < (Bx +1)(x +v)log

Proof. Let g(x) := (By — 1)xlog % — (Bx 4+ 1)(x +v)log [;‘:j’l Hence it is equivalent to show

that g(x) < 0 for all 0 < x < A.. Take the derivative of g(x) and we have that

, B _ )‘i_ B x+y 1 B B
6'(x) = (B~ 1)llog " — 1) — (2x + By + 1log 5% = (Br+ Dix+7) (1~ 5y )
_ Ae Xty
_([Sy—l)logX (2[3x+[5y+1)logﬁx+1.

By direct calculation, g ( %) = 0 and ¢’ ( %) = 0. Then we prove (9.6) for the case of

0<x< \/% and \/% < x < A¢ separately.

Ifo<x< %, it is sufficient to verify that g’(x) > 0. We only need to show that g’(x) is

decreasing since g’ (ﬁ) = 0. It is easily verified by taking the derivative again:

By —1 x+y

Bx+1

9" (x) =— —2plog

— (2Bx+ By +1) (lery_ Bxil)

B X4y 1 2Bpx+py+1
__Zﬁlogfsxﬂ_(m_”(x (X+v)((5x+1)>
B x4y T—sz

= —2plog ﬁx+1_(m_1)x(x+y)(ﬁx+ 1) ="

where the last inequality uses the fact that [;:2/1 > 1(since  <1<vy)and x < \/% )
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If \/% < x < A¢, then we show (9.6) directly. First notice that as x # \/%

X _ 1 ,
(BX+1)(X+’Y)_ﬁx+%+ﬁy+1<(\/ﬁ+l) ,

Given this, in order to get (9.6), it is sufficient to show that h(x) < 0 where

VBy—1 Ac x+vy
h(x) = Y~~~ log =< —1 )
) vVRy+1 08 X 08 Px+1

In fact, h(x) is a decreasing function as

o VBY-1 1 B
x(vVBy+1) x+v PBx+1
(VBY —1) (VBx— )
x(vVBY +1)(x+v)(Bx+1)

h'(x) =

Notice that h ( %) = 0. It implies that h(x) < O for all x > \/% This completes the proof. O

We then want to show that if A < A, ga(x) < « for some « < 1, where

(By —1)xlog
(Bx+1)(x +7v)log é‘;j’l

ga(x) =

By Lemma 9.10, g, (x) < 1. Note that lim,_,0 gx(x) = 0. Hence there exists 0 < ¢ < A and

0 < &6 < 1 such thatif 0 < x < ¢, ga(x) < §. Moreover, if ¢ < x < A, then 5’;((’;)] = ILOggQC:l{’Oggi <

c

logA—log ¢
logA.—log e Let

logA —1
o = max{é 08 0B € } < 1.

"logA. —loge
Then we have the following lemma.

Lemma 9.11. Let 3,y be two parameters such that By > 1 and p < 1 < vy. If A < A, then

ga(x) < ap for any 0 < x < A, where o, < 1 is defined above.
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Let t := F2¥7 log é‘;}’l so that for any 0 < x < A,

aMBw+UW+vHO X +y

t < .
By—1 Bx+1

Note that xlog 2 < 2 forany 0 < x <A. If t > 2, then 1 - xlog 2 < 1 for any 0 < x < A. In this

case, we let

1
P2(x) = . 9.7)

Otherwise t < %, and there are two roots to xlog % =tin (0,A). Denote them by x¢ and x;.

We define
% 0 < x < xp;
(p2(x) = @ X0 < X < X1, (98)
% X1 < x <A

By our choice of ¢»(x), it always holds that for any 0 < x < A,

@ﬂﬂxbggél, (9.9)
and by Lemma 9.11,
(By —1) 1 x+vy
. < oy lo . (9.10)
Bx+ Dx+7) 920x) = P pxr1

Now, we are ready to prove Theorem 9.9.

Proof of Theorem 9.9. We claim that @, is a universal potential function for any field 7t with an
upper bound A, with contraction ratio «, and base M, which will be determined shortly. We

verify the two conditions in Definition 9.6

For Condition 1, it is easy to see that in case (9.7), @2(x) = % for any x € (0,A), and in case

9.8), € < @2(x) < L for any x € (0,2).
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For Condition 2, we have that

oFa 1
oxi  @2(xi)
d
B By —1 1
= (pz(Fd(X))Fd(x) Z (ﬁXi 4 1)(Xi _|_y) (pz(Xi)

i=1

d
CopalX) = @2(Fa(x) )
i=1

Xit+7vy
Bx; +1

d
< @2(Fa(x))Fa(x) ) oxlog (by (9.10))
i=1

A
Fa(x)
< oy (by (9.9))

= on@2(Fa(x))Fa(x) log

d
Moreover, Fq(x) < A (%\ﬁ}) for any x; € (0,A), and B)\ﬁ/l < 1. Then there exists dy > 1 such

d
that (%f;) ® < e~1. Hence, for any d > do,

(29N

. < —
d
< oA ((5}\+1> dlog BA + 1.
t Aty A+y

Therefore, there exists an integer M > do such that for any 1 < d < M, Cg, q4(X) < o <

d
o814 and for any 4 > M, Cax) < =5 (3251 dlog (251 < el Condt

tion 2 holds. O

9.5 Correlation Decay Beyond A,

Let 3,y be two parameters such that § < 1 <<y and vy > 1. In this section we give an example
to show that if A, is not an integer, then correlation decay still holds for a small interval beyond
Ac. To simplify the presentation, we assume that 7t is a uniform field such that 7t(v) = A.

< 1002761. Let

Let p = 0.6 and y = 2. Then A = YEX*! ~ 21.95 and Ac = (v/B) 7

A =1002762 > A.. We will show that #2SPIN({3,y, A) is still approximable.
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Define a constant t as

\/ +1 log \Y/B
= —1 1 ~ 4.24032. 11
t By 1 \/17+1 og( + B/y) 03 (9.11)

We consider the potential function ®3(x) so that @3(x) := . With this choice,

1
x(log(1+1/x)+t)

d 1
C (F
@3,d(X) = @3(Fa(x b 0300
By —1 i xi (log(1 + 1/xi) +t)
~log (1+1/Fa(x)) +t = (Bxi+Dxi+v)
We do a change of variables. Let r; = ff:::} Then x; = ”’” , Bxi +1 = i(ﬁﬁj’; U and

Xi+y= %" . Hence,

d
Xi lOg 1+1/X1 +t le_l ) B_Ti
2 "t Dty — 2 va—l) (log(“vn—l Tt

Furthermore, let s; =logr;. Asr; € (%, [5), si € (—logvy,logB). Let

p(x) = (14 By — e ™ —ve?) (log <1 " yﬁex_ ex1> +t> .

Then p(x) is concave for any x € (—1logvy,log ). It can be easily verified, as the second derivative

is

B+DBy—-1)  v(By—1) BBy—1)

A Y/ ) IS Ry g
(B—1)(By — 1) x X x % vex —1
_(y—l)(ﬁ—l—i—ex(y—l))z_ﬁte —vyte* —e ([3—1—6 y)Log <1+ [S—ex>'
<y(6+1)+W—Bv—[3:1—2t<—5.68<0, (9.12)

where in the last line we used (9.11) and the fact that 1/y < e* < . Hence, by concavity, we
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have that for any x; € (0,A),

By —1 4 (log(1+1/xq) + 1)
CoyalX) = log (1 + 1/Fq(x +tIZ (Bxi +1)(xi +7v)
By —1 dx (log(1 +x71) +1t)

Slog(I+1/fa@)+t (B +1E+7v) = Co3,a(x), (9.13)

where X > 0 is the unique solution such that f4(x) = F4(x).

Next we show that there exists an « < 1 such that for any integer d and x > 0, c¢,,a(x) < «.
In fact, by (9.11), our choice of t, it is not hard to show that the maximum of ¢, q(x) is achieved
atx = \/W and d = A., which is 1 if A = A and is larger than 1 if A > A.. However, since the
degree d has to be an integer, we can verify that for any integer 1 < d < 100, the maximum of

Cps,d(X) IS €y 22(x22) = 0.999983 where x» ~ 1.83066. If d > 100, then

Cona(x) = d(py—1) x (log(1+x"1) +1)
e T og (T 1/fal) +t (px+ D(x+7)
<Co-Cr <1,
x(log(14+x~1)+t)
where Cy < 1.07191 is the maximum of for any x > 0, and C; < 0.481875 is

Bx+1Nx+v

d(By—1)
log(1-a 1p )1t for any d > 100. Then, due to (9.13), we have that for any

€ (0,A), Cy,,a(xX) < o = 0.999983 < 1. This is the counterpart of Cgy, a(X) < o, in the

the maximum of

proof of Theorem 9.9. To make ¢3(x) satisfy Condition 1 and Condition 2 in Definition 9.6, it

is sufficient to do a simple “chop-off” trick to ¢3(x) as in (9.8).
Proposition 9.12. For = 0.6,y = 2, and A = 1002762 > A., #2SPIN(3,v,\A) has an FPTAS.

It is easy to see that the above proof works for any § < 1 <y and By > 1, except (9.12), the
concavity of p(x). Indeed, the concavity does not hold if, say, = 1 and y = 2. Nevertheless,
the key point here is that A; is not the tight bound for FPTAS. Short of an conjectured optimal
bound, we did not try to optimize the potential function nor the applicable range of the proof

above.
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9.6 Complementary Hardness Results

In this final section, we discuss limitations of approximation algorithms for ferromagnetic 2-
spin models based on correlation decay analysis.

The problem of counting independent sets in bipartite graphs (#BIS) plays an important
role in classifying approximate counting complexity. #BIS is not known to have any efficient
approximation algorithm, despite many attempts. However there is no known approximation
preserving reduction (AP-reduction) to reduce #BIS to #SAT either. It is conjectured to have
intermediate approximation complexity, and in particular, to have no FPRAS [DGGJO03].

Goldberg and Jerrum [G]J07] showed that for any fy > 1, approximating #2SPIN(j3,7, (0, co0))
can be reduced to approximating #BIS. This is the (approximation) complexity upper bound of
all ferromagnetic 2-spin models. In contrast, by Theorem 9.8, #A-2SPIN(f3,v, (0,00)) has an
FPTAS if A < A + 1 and the field is at most polynomial in size of n, the number of vertices.

We then consider fields with some constant bound. Recall that Ai"t = (y/ B)MCZ;N. Let
At — (v/B) L9 Then Aint” — \int ynless A is an integer. By reducing to anti-ferromagnetic

2-spin models in bipartite graphs, one can show the following, which is first observed in

[LLZ14a, Theorem 3].

Y H /
Proposition 9.13. Let (f,v,A) be a set of parameters such that B <y, py > 1, and A > A\I"t".

Then #2SPIN(f3,v, (0,A]) is #BIS-hard.

Proof. We apply Lemma 7.42 and Theorem 8.8. Let « = /fy > 1. Let A = [A.+ 1]+ 1 =

| 2% +1= L_i,lJ +1. Then A > (y/B)?/%. By Lemma 7.42, there exists A. such that A¢ > 1,
Ae < Av/B) 2% and Ctr(a!, "1, A¢, A — 1) > 1. By Theorem 8.8, #A-BI-2SPIN(ac 1, a1, A¢ )
is #BIS-hard.

Recall that the instance of #A-BI1-2SPIN(a~ !, 1, A.) is a bipartite graph. We first do a flip
of the truth table on one side, say the left, of the instance, that is, to renaming “0” to “1” and
“1” to “0”. Effectively, after the flip, the edge interaction becomes [‘f gc] (after normalization).
Moreover, the vertices on the left have external fields Ao 1 < A and those on the right still have

Ac. This is a ferromagnetic Ising model with inconsistent fields on two sides.

The next step is a standard diagonal transformation from the Ising model to a general 2-
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spin model. More precisely, we do T = [(1) \/%] The edge interaction becomes T [ 1] T =

VY/BVBYY/B
vertex v of degree d, < A. Since A, < A, we have that A/, € (0,A (y/B)A/Z] C (0,A]l. Hence

[ VBY  VY/B ] = /v/B “3 H, whereas the external field becomes A, = A, (y/B)d“/2 for a

we obtain a reduction from #A-BI-2SPIN(« !, a1, A.) to #2SPIN(B,7v, (0,A]). The proposition

follows. [

The hardness bound in Proposition 9.13 matches the failure of uniqueness due to Proposi-

tion 9.2, unless A. is an integer. In contrast to Proposition 9.13, Theorem 9.9 implies that if

B<l<yand A< A, = (y/B)Aczﬂ, then #2SPIN(f3,v, (0,A]) has an FPTAS. Hence Theorem 9.9
is almost optimal, up to an integrality gap.

We note that A, is not the tight bound for FPTAS, as observed in Proposition 9.12. Since
the degree d has to be an integer, with an appropriate choice of the potential function, there
is a small interval beyond A. such that strong spatial mixing still holds. Interestingly, it seems
that ALt is not the right bound either. Let us make a concrete example. Let § = 1 and y = 2.

6+1

Then A, = %j = gﬂ ~ 5.8. Hence A, ~ 10.6606 and A"t = (2)"2 ~ 11.3137. However,

even if A < A", the system may not exhibit strong spatial mixing. To see that, we take any

A € [10.9759,10.9965] so that A < A < Al™t. Consider an infinite tree where at even layers,
each vertex has 5 children, and at odd layers, each vertex has 7 children. The uniqueness
condition fails in this tree. This can be easily verified from the fact that the two layer recursion
function f5(f7(x)) has three fixed points such that x = f5(f7(x)). This example shows that one
cannot expect correlation decay algorithms to work all the way up to Ai"t,

At last, if we consider the uniform field case #2SPIN(p,v,A), then our tractability results
still holds. However, to extend the hardness results as in Proposition 9.13 from an interval
of fields to a uniform one, there seems to be some technical difficulty. Suppose we want to
construct a combinatorial gadget to effectively realize another field. There is a gap between
A and the next largest possible field to realize. This is why in [LLZ14a], there are some extra
conditions transiting from an interval of fields to the uniform case. The observation above
about the failure of SSM in irregular trees may suggest a random bipartite construction of

uneven degrees. However, to analyze such a gadget is beyond the scope of the current work.
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Chapter 10

Complex Weighted Ising Models

In this last chapter, we extend our classification of 2-spin systems to complex weights. As we

shall see, it has connections to the classical simulation of quantum computation.

10.1 Approximating Complex Numbers

With complex weights, the first issue is what do we mean by approximating a complex number.
We are usually interested in the norm or the argument of a complex number. It makes sense
that we approximate the norm of a complex number relatively, whereas we approximate the ar-
gument additively. This is natural because multiplying complex numbers multiplies norms and
adds arguments, so it preserves the usual property that if you can approximate two numbers,
you can approximate the product.

Other notions of approximation have been proposed. Most notably, Ziv [Ziv82] has proposed

that the distance between two complex numbers y and y’ should be measured as

ly' —yl
d ,, =
oY) = iyl ol

where d(0,0) := 0.

We will use the following technical lemma concerning Ziv’s distance measure.

Lemma 10.1. If z and z' are two non-zero complex numbers and if d(z’,z) < ¢, then |Z'|/|z] <

1/(1 —¢) and |argz —argz’| < 4/36¢/11.
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Proof. Suppose d(z’,z) < ¢ and |2']| > |z|.

First, by the triangle inequality, |z| + |z’ — z| > |z/| so

|z d

lz| 12|

T 2| — |z lz/ —z| |z — 2] |2’ |z

£
= 12| /| 2l T |z|’

as required.

Second, letting z = rexp(i0) and z’ = r’ exp(i®’) we have
(" cos(0’) —rcos(0))* + ((+/ sin(6”) — rsin(0))® < er

The left-hand-side is equal to 12 + 1’ 2 _2pr! cos(6 — 0’). But we already proved

SO
21— e)? + 7% = 2r'* cos(0 — 07) < %',
and
3¢ ¢?
0—0")>1——+4 —.
cos( ) >+ 3
But cos(x) =1 —x2/21 +x*/41—x%/6! + -, s0
(6—0) (0—08)* (8—07° 3¢ ¢
2! 4 6! S22

Provided that ¢ is sufficiently small (so 0 — 0’ < 1) the left-hand-side is at least 11(0 — 0’ )2 /24,

so [0 —0'] < /36¢/11. O

10.2 Problem Definitions and Results

The main subject that we study in this chapter is the partition function of the Ising model, that
is, Zp g, (G). However, in this chapter we will require use of the Tutte polynomial as well. To
uniform the notation, and to differentiate Ising partition functions from Tutte ones, we will use

the following definition. Given an edge interaction y and an external field A, the Ising partition
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function is defined for a (multi)graph G = (V, E) as

Zising(G; Y, A) = Z ymlelzmilo) (10.1)
0:V—{0,1}
where m(o) is the number of monochromatic edges under o (that is, the number of edges (u,v)
with o(u) = o(v)) and ny (o) is the number of vertices v with o(v) = 1. We write Zing(G;y) to
denote Zing(G;y, 1). It is easy to see that the definition (10.1) is consistent with (7.2).

To avoid unnecessary technical issues with complex numbers, we will restrict complex pa-
rameters y and A to the set Q of algebraic numbers. Thus, the real and imaginary parts of y
and A will be algebraic. For fixed y and A, we study several computational problems. We will
define them in terms of constant approximation. It is well known that for partition functions,
a constant approximation is as good as an inverse polynomial approximation, by a standard
amplification trick. The first of them is approximating the norm of Zjing(G;y, A) within a factor

K> 1.

Name FACTOR-K-NORMISING(y,A).

Instance A (multi)graph G.

Output A rational number N such that N/K < | Zising (G5 y,A)| < KN.

We also consider the problem of approximating the argument of the partition function
within an additive distance of p € (0,27). Here we have to treat the zero case exceptionally
since the argument is undefined.

Name DISTANCE-p-ARGISING(y, A).
Instance A (multi)graph G.

Output If Zing(G;y,A) = 0, then the algorithm should output 0. Otherwise, it should output

a rational number A such that

A— arg(zlsing(G;y’ A))| <p.
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We drop the argument A when it is equal to 1, so FACTOR-K-NORMISING(y) denotes the prob-
lem FACTOR-K-NORMISING(y, 1) and DISTANCE-p-ARGISING(y) is DISTANCE-p-ARGISING(y, 1).
As discussed in Section 10.1, it makes sense to approximate complex numbers under Ziv’s

measure. We also study the following approximation problem.

Name COMPLEXAPX-ISING(y,A)
Instance A (multi)graph G and a positive integer R, in unary.

Output If |Zising(G;y,A)| = O then the algorithm should output 0. Otherwise, it should output

a complex number y such that d(y, Zsing(G;y,A)) < %.

As with the other problems, we use the notation COMPLEXAPX-ISING(y) for COMPLEXAPX-
ISING(y, 1). We have specified the error R as an input of the problem, rather than as a parameter,
in order to emphasise the suitability of COMPLEXAPX-ISING(y,A) as an appropriate notion of
approximation for the Ising partition function when y is complex. The number R is expressed
in unary, so a polynomial time algorithm for COMPLEXAPX-ISING(y,A) would give an FPTAS or
FPRAS for the norm of the partition function. Again, for partition functions, it is well-known
that approximating the norm within a factor that is an inverse polynomial in a unary input R
is equivalent in difficultly to approximating the norm with any specific factor K > 1. We will

return to this point later in Lemma 10.8.

Main results for the Ising model

The following theorem gives our main complexity results about the Ising model. These results

are illustrated in Figure 10.1.
Theorem 10.2. Lety = re'® be an algebraic complex number with 0 € [0, 27). Suppose K > 1.

1. Ify=0orifr=1and® c {0,7,m, 37}, then FACTOR-K-NORMISING(y), DISTANCE-(7t/3)-

ARGISING(y) and COMPLEXAPX-ISING(y) are in FP.

2. If y > 1 is a real number then FACTOR-K-NORMISING(y) is in RP and DISTANCE-(7t/3)-

ARGISING(y) is in FP.
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Figure 10.1: An illustration of Theorem 10.2. The five white points correspond to
the easy evaluations described in Item 1. The green line segment corresponds to
a region where approximation is in RP— See Item 2. The blue line segment corre-
sponds to a region where approximation is equivalent to approximately counting
perfect matchings. See Item 4. The red points on the axes and on the unit cir-
cle correspond to regions where approximation is #P-hard. See Items 5, 6, and 7.
Elsewhere the points are coloured grey, and approximation is known to be NP-hard
(Items 3, 9 and 10) and sometimes to be #P-hard (Item 8, not pictured).

. If y is a real number in (0,1) then FACTOR-K-NORMISING(y) is NP-hard and DISTANCE-

(7t/3)-ARGISING (y) is in FP.

. Ify < —1 is a real number then FACTOR-K-NORMISING(y) is equivalent in complexity to the
problem of approximately counting perfect matchings in a graph and DISTANCE-(7t/3)-

ARGISING(y) is in FP.

. If'y is a real number in (—1,0) then FACTOR-K-NORMISING(y) is #P-hard, and so is Dis-

TANCE-(7t/3)-ARGISING(y).

.Ifr=1and6 ¢{0,5,m, 371 then FACTOR-K-NORMISING (y), DISTANCE-(7t/3)-ARGISING(y)

and COMPLEXAPX-ISING(y) are #P-hard.

L Ifr ¢ {~1,0,1}, and © = T or 0 = 3F, then FACTOR-K-NORMISING(y), DISTANCE-(t/3)-

ARGISING(y) and COMPLEXAPX-ISING(y) are #P-hard.

.Ifr > 0 and ® = 377, where a and b are two co-prime positive integers and a is odd,
then FACTOR-K-NORMISING(y), DISTANCE-(7t/3)-ARGISING(y) and COMPLEXAPX-ISING(y)

are #P-hard.

. Ifr <1 andy # 0, then FACTOR-K-NORMISING(y) and COMPLEXAPX-ISING(y) are NP-hard.
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10. If r > 1 and © ¢ {0, 7t} then FACTOR-K-NORMISING(y) and COMPLEXAPX-ISING(y) are NP-

hard.

Relaxed versions of the problems

A polynomial-time algorithm for any of the problems that we have defined is required to output
0 if it is given an input G such that Zing(G;y,A) = 0. Theorem 10.2 gives hardness results
for these problems. The hardness is not due to special difficulties which arise when the value
of the partition function is zero. In order to demonstrate this point, (and in order to make
certain reductions easier later on), we also consider the following, more relaxed versions of the
problems, where the output is unconstrained if the value of the partition function is zero. As

before, there parameter K is greater than 1 and the parameter p is in (0, 27r).
Name FACTOR-K-NONZERO-NORMISING(y,A)

Instance A (multi)graph G.

Output If |lemg(G;y, 7\)\ = 0 then the algorithm may output any rational number. Otherwise,

it should output a rational number N such that N/K < | Zising (G5 y,A)| < KN.

Name DISTANCE-p-NONZERO-ARGISING(y, A)
Instance A (multi)graph G.

Output If Zsing(G;y,A) = 0, then the algorithm may output any rational number. Otherwise,

it should output a rational number A such that |A — arg(Zising(G;y,A))| < p.

Name COMPLEXAPX-NONZERO-ISING(y, )
Instance A (multi)graph G and a positive integer R, in unary.

Output If }lemg(G; Y, 7\)\ = 0 then the algorithm may output any complex number. Otherwise,

it should output a complex number z such that d(z, Zising(G;y,A)) < %.

As in the un-relaxed versions of the problems, we drop the parameter “A” from the problem

name when it is 1. We give the following generalisation of Theorem 10.2.
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Theorem 10.3. All of the results in Theorem 10.2 extend to the relaxed case. That is, the re-
sults still hold even if FACTOR-K-NORMISING(y), DISTANCE-(7t/3)-ARGISING(y) and COMPLEXAPX-
ISING(y) are replaced by FACTOR-K-NONZERO-NORMISING(y), DISTANCE-(7t/3)-NONZERO-ARG-

ISING(y), and COMPLEXAPX-NONZERO-ISING(y), respectively.

We note that due to Lemma 10.1, the problem of COMPLEXAPX-ISING(y, A) is always harder

than FACTOR-K-NORMISING(y, A) or DISTANCE-p-ARGISING(y, A), even if they are both relaxed.

Lemma 10.4. Suppose K > 1 and 0 < p < 2m. Then the following polynomial-time Turing

reductions exist.

FACTOR-K-NORMISING(y,A) <1 COMPLEXAPX-ISING(y, A),
FACTOR-K-NONZERO-NORMISING(y,A) <1 COMPLEXAPX-NONZERO-ISING(y, A),
DISTANCE-p-ARGISING(y, A) <1 COMPLEXAPX-ISING(y, A),

DISTANCE-p-NONZERO-ARGISING(y,A) <1 COMPLEXAPX-NONZERO-ISING(y, A).

Proof. Let R be any (sufficiently large) integer so that 1 —1/R > 1/K and 1/36/11R < p.

Consider a multigraph G where |Zing(G;y,A)| # 0. Given input G and R, an oracle for
COMPLEXAPX-ISING(y, A)or COMPLEXAPX-NONZERO-ISING(y, A) returns a complex number z such
that d(z, Zising(G;y,A)) < %. On the other hand, if |Ziing(G;y,A)| = 0, then the oracle for
COMPLEXAPX-ISING(y, A) returns the complex number z = 0 and the oracle for COMPLEXAPX-
NONZERO-ISING(y, A) returns any complex number z.

For the first two reductions, suppose first that [ Zising (G;y, A)| # 0. Then d(z, Zising(G;y,A)) <

+ and Lemma 10.1 imply that

|z|

1
1—%

|z|

1
e (1 _ R) 2] < | Zisimg (Gi Y )| < <Kz,

SO |z| is a suitable output to FACTOR-K-NORMISING(y, A) or FACTOR-K-NONZERO-NORMISING(y, A)
with input G. On the other hand, if [Zing(G;y, A)| = 0, then |z] is still suitable in both cases.

For the last two reductions, suppose first that | Zising(G; y,A)| # 0. Then d(z, Zising(G;y,A)) <
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+ and Lemma 10.1 imply that

|arg z — arg Zising (G;y, A)| < 1/36¢/11 < p,

SO argz is a suitable output to either DISTANCE-p-ARGISING(y,A) or DISTANCE-p-NONZERO-
ARGISING(y,A) with input G. On the other hand, if |Zing(G;y,A)| = 0 and z = 0, then 0O is
a suitable output in both cases. If [Zising(G;y,A)| = 0 and z # 0, then argz is suitable (as an

output for DISTANCE-p-NONZERO-ARGISING(y, A)). O

Ising models with fields

Our Theorems 10.2 and 10.3 are about the complexity of evaluating the Ising partition function
in the absence of an external field (that is, A = 1). This is appropriate for the application to
IQP, a complexity subclass of BQP. However, Ising models with external fields are important
for their own sake. Moreover, De las Cuevas et al. [DDVM11, Result 2] showed that with edge
interaction i and external field /4 an additive approximation of the partition function is
BQP-hard. Motivated by the Ising model itself and such quantum connections, we focus on the
problem of (multiplicatively) approximating the norm of the partition function when both the
interaction parameter and the external field are roots of unity. We extend our hardness results
to show that, for most such parameters, including the one studied by De las Cuevas et al., the
approximation problem is #P-hard. For the remaining parameters, the partition function can
be evaluated exactly in polynomial time, and thus we get a complete dichotomy. This extension

relies on some lower bounds from transcendental number theory, which allow us to convert

additive distances into multiplicative ones. Details are in Section 10.7.
Theorem 10.5. Let K > 1. Lety and z be two roots of unity. Then the following holds:

1. Ify = +iand z € {1,-1,i,—i}, ory = £1, Zging(—y,z) can be computed exactly in

polynomial time.

2. Otherwise FACTOR-K-NONZERO-NORMISING (y, z) is #P-hard.
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10.3 The Tutte polynomial

The partition function Zising (G; y) is equivalent to a specialisation of the Tutte polynomial, which

is a graph polynomial with two parameters, x and y, defined as follows,

T(Gxy) = Y (x—1)A=EGC)y _1)lalmte(A), (10.2)
ACE(G)

wheren = |V(G)|and «k(A) is the number of connected components in the subgraph (V(G), A). If
the quantity q = (x—1)(y—1) is a positive integer, then the Tutte polynomial with parameters x
and y is closely-related to the partition function of the Potts model, which includes the Ising

model as the special case q = 2. In particular, when q = 2,
T(Gxy) = (y— 1) M(x— 1) ) 210 (Gsy). (10.3)

We will encounter the following two problems, where x,y are two real numbers.

Name SIGN-REALTUTTE(x,Yy)
Instance A (multi)graph G.

Output Determine whether the sign of the real part of T(G;x,y) is positive, negative, or 0.

Name SIGN-REAL-NONZEROTUTTE(x,y)
Instance A (multi)graph G.
Output A correct statement of the form “T(G;x,y) > 0” or “T(G;x,y) < 0”.

We will require the random cluster formulation of the multivariate Tutte polynomial. Given

a (multi) graph G with edge weights v : E(G) — Q and q € Q, this is defined as

Zrure(q,Y) = ) q"M [ ve- (10.4)

ACE ecA

Suppose x and y satisfy q = (x — 1)(y — 1). For a graph G = (V,E), let y : E — Q be the

constant function which maps every edge to the value y — 1. Then (see, for example [SokO5,
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(2.26)))
T(Gxy) = (y—1) M x—1)*FED z21000(q, ) (10.5)

Obviously from (10.3), this implies that if q = 2, then Ziing(G;y) = Ztute(q, V).
To apply a technique from [GJ14] we will require a multivariate version of the problem
FACTOR-K-NONZERO-NORMISING(y,A). We could do this for general g, but we will only use the

following version, which is restricted to q = 2 and has two complex parameters, y; and .

Name FACTOR-K-NONZERO-NORM2TUTTE(y1,7Y?2)
Instance A (multi)graph G = (V,E) and edge weights y : E — {y1,v2}

Output If |Z1yuie(2,7v)| = O then the algorithm may output any rational number. Otherwise, it

should output a rational number N such that N /K < | Z1ute (2, V)] < KN.

Suppose that s and t are two distinguished vertices of G. Let Zs¢(G; q,y) be the contribution

t0 ZTute(q,y) from subgraphs where s and t are in the same component, that is,

Z(Ga,v) =) q* M ] ve

ACE: ecA
) s and t are
in the same component

Similarly, let Z|, denote the contribution to Zryte(q,y) from configurations A in which s and

t are in different components.

10.4 Series and Parallel Compositions

In later reductions, we will want to implement new edge weights. The construction that will be
used repeatedly is series and parallel compositions. Our treatment is completely standard and
is taken from [GJM15, Section 2.1]. We include it here for completeness.

Fix W C Q and q € Q. Let w* € Q be a weight (which may not be in W) which we want to

“implement”. Suppose that there is a graph 7, with distinguished vertices s and t and a weight
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function y : E(Y) — W such that

W =qZs(V;9,Y)/Z (Y5 0, 7). (10.6)

In this case, we say that Y and y implement w* (or even that W implements w*).

The purpose of “implementing” edge weights is this. Let G be a graph with weight function
v. Let f be some edge of G with weight vy = w*. Suppose that W implements w*. Let Y be a
graph with distinguished vertices s and t with a weight functiony : E(Y) — W satisfying (10.6).
Construct the weighted graph G’ by replacing edge f with a copy of Y (identify s with either
endpoint of f (it doesn’t matter which one) and identify t with the other endpoint of f and
remove edge f). Let the weight function 'y’ of G’ inherit weights from y and ¥y (so y. = V.
if e € E(Y) and vy, = y. otherwise). Then the definition of the multivariate Tutte polynomial
gives

Z5(¥;9,7)
Z1ute(q,v') = ItTZTutte(q,Y)- (10.7)

So, as long as q # 0 and Z(Y;q,Y) is easy to evaluate, evaluating the multivariate Tutte
polynomial of G’ with weight function y’ is essentially the same as evaluating the multivariate
Tutte polynomial of G with weight function vy.

Since the norm of the product of two complex numbers is the product of the norms, this re-
duces computing (or relatively approximating) the norm with weight function vy to the problem
of computing (or relatively approximating) the norm with weight function y’. Also, since the
argument of the product of two complex numbers is the sum of the arguments of the numbers,
this reduces computing (or additively approximating) the argument with weight function y to
the problem of computing (or additively approximating) the argument with weight function y’.

Two especially useful implementations are series and parallel compositions. Parallel com-
position is the case in which Y consists of two parallel edges e; and e, with endpoints s and t
and Y., = wy and Y., = wp. It is easily checked from (10.6) that w* = (1 +wq)(1 +wy) — 1.
Also, the extra factor in (10.7) cancels, so in this case Zrytte(q,Y’) = Ztutte(q,Y)-

Series composition is the case in which Y is a length-2 path from s to t consisting of edges
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e; and ep with Y., = w; and V., = wp. It is easily checked from (10.6) that w* = w;w>/(q +
w1 +wy). Also, the extra factor in (10.7) is g +w; +wp, so in this case Zyyue(q,Y') = (@ +wi +

w2)Ztutte(q, v)- It is helpful to note that w* satisfies

(1+V3*):<1+V\()]1> <1+V32>.

We say that there is a “shift” from (q,«) to (q,«’) if there is an implementation of «'
consisting of some Y and w : E(Y) — W where W is the singleton set W = {«}. Takingy = o+ 1
and y’ = o/ + 1 and defining x and x’ by g = (x — 1)(y — 1) = (x’ — 1)(y’ — 1), we equivalently
refer to this as a shift from (x,y) to (x’,y’). It is an easy, but important observation that shifts
may be composed to obtain new shifts. So, if we have shifts from (x,y) to (x’,y’) and from
(x",y’) to (x",y"), then we also have a shift from (x,y) to (x”,y”).

The k-thickening of [JVW90] is the parallel composition of k edges of weight «. Itimplements
«/ = (1 4+ «)* — 1 and is a shift from (x,y) to (x/,y’) where y’ = y* (and x’ is given by
(x" —1)(y’ — 1) = q). Similarly, the k-stretch is the series composition of k edges of weight «.
It implements an «’ satisfying

1+ % = (1+ g) *
Itis a shift from (x,y) to (x’,y’) where x’ = x¥. (In the classical bivariate (x,y) parameterisation,
there is effectively one edge weight, so the stretching or thickening is applied uniformly to every
edge of the graph.)

Thus, we have the following observation.

Proposition 10.6. The k-thickening operation gives the following polynomial-time reductions.
- FACTOR-K-NORMISING(y*) < FACTOR-K-NORMISING(y),
. DISTANCE-p-ARGISING(y*) < DISTANCE-p-ARGISING(y),

- SIGN-REALTUTTE(1 + (x — 1)(y — 1)/(y* — 1),y*) < SIGN-REALTUTTE(x, y), where y* # 1,

and

- COMPLEXAPX-ISING(y*) < COMPLEXAPX-ISING(y).
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Similarly, k-stretching gives the following polynomial-time reductions fory + 1.
- FACTOR-K-NORMISING(1 + 2/((1 + 2/(y — 1))* — 1)) < FACTOR-K-NORMISING(y),
- DISTANCE-p-ARGISING(1 + 2/((1 +2/(y — 1))* — 1)) < DISTANCE-p-ARGISING(y),

- SIGN-REALTUTTE(x¥,1 + (x — 1)(y — 1)/(x¥ — 1)) < SIGN-REALTUTTE(x,y), where x* # 1,

and
- COMPLEXAPX-ISING(1 + 2/((1 +2/(y — 1))* — 1)) < COMPLEXAPX-ISING(y).

Similar statements hold for the relaxed versions of the problems.

10.5 Hardness Results for the Ising Model

In this section we prove Theorems 10.2 and 10.3. We will start with real weights and then

extend the results to the whole complex plane.

Real Weights

First we gather some known results regarding approximating the partition function Zysing(G;y)
of the Ising model when y is an algebraic real number.

If y € {—1,0, 1}, then computing Zising(G;y) is trivial from the definition (10.1). A classical
result by Jerrum and Sinclair [JS93] settles the complexity of approximating Zising(G;y) when
y > 0. They show that there is an FPRAS when y > 1 and that it is NP-hard to approximate
the partition function when 0 < y < 1. The negative case appears to be more complicated.
Goldberg and Jerrum [GJO8] showed that if —1 < y < 0, it is also NP-hard to approximate
Zising(G;y), but if y < —1, the problem is equivalent to approximating the number of perfect
matchings in a graph and it is not known whether there is an FPRAS. Technically, neither Jer-
rum and Sinclair nor Goldberg and Jerrum worked over the algebraic numbers. In order to
avoid issues of real arithmetic, Jerrum and Sinclair used a computational model in which real
arithmetic is performed with perfect accuracy, and Goldberg and Jerrum restricted attention to
rationals. However, the operations in those papers are easily implemented over the algebraic

real numbers. Using our notation, these results are summarised as follows.
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Lemma 10.7 ([JS93, GJO8]). Supposey € Q and K > 1. Then FACTOR-K-NORMISING(y)
. isinFP ify € {—1,0,1};
- isinRP ify > 1;
- isNP-hard if 0 <y <1 or—1 <y <0;and
- is equivalent in difficulty to approximately counting perfect matchings ify < —1.

Technically, the results in [JS93, GJ08] were not about the problem FACTOR-K-NORMISING (y)
with fixed K. Instead, the accuracy parameter was viewed as part of the input as in the following

problem.

Name FPRAS-NORMISING(y, A)
Instance A (multi)graph G and a positive integer R, in unary.

Output A rational number N such that
(1= &) N < |Zising(G;y, M)l < (1 + &) N.

Nevertheless, the hardness results in Lemma 10.7 follow easily from those papers using the

following standard powering lemma.

Lemma 10.8. For any K > 1, there are polynomial-time Turing reductions between FACTOR-K-

NORMISING(y,A) and FPRAS-NORMISING(y, A).

Proof. The reduction from FACTOR-K-NORMISING(y, A) to FPRAS-NORMISING(y, A) is straightfor-
ward. Given an input G to FACTOR-K-NORMISING(y, A), choose R so that K > R/(R— 1) and run
an algorithm for FPRAS-NORMISING(y, A) with inputs G and R, returning the result.

The other direction is almost as easy. Given an input (G, R) to FPRAS-NORMISING(y, A),
choose an integer k sufficiently large so that (1 — 1/R)* < 1/K and (1 + 1/R)¥ > K. Then
form Gy by taking k disjoint copies of G. Run an algorithm for FACTOR-K-NORMISING(y, A)

with input Gy, obtaining a number N such that N /K < | Zsing (Gi; Y, A)| < KN. Then note that



323

ZIsing(Gk;U’A) = ZIsing(G;U,}\)ky SO
(1= &) NYE < NVR /KR < Ziging (Giy, A)| < KY/ENLR < NVR (14 1),

so N1/ ig a suitable output. O

Note that the NP-hardness result for 0 < y < 1 in Lemma 10.7 is essentially best possible
in the sense that the problem is not much harder than NP. As [GJ08] observed, the problem
can be solved in randomised polynomial time using an oracle for an NP predicate by using
the bisection technique of Valiant and Vazirani [VV86]. The situation is different for y < 0.
Goldberg and Jerrum [GJ14, Theorem 1, Region G] showed that it is #P-hard to determine the
sign of Ziing(G;y) if —1 <y < 0. Again, they stated their theorem for the case in which y is
rational, but the proof applies equally well when y is an algebraic real number. In terms of our

notation, they proved the following lemma.

Lemma 10.9 ([G]14]). For any algebraic real number y € (—1,0), SIGN-REALTUTTE(x, y) is #P-

hard, wherex =1+ 2/(y —1).

If y is real then Zing(G;y) is real so, either Ziing(G;y) = 0, or arg(Zising(G;y)) € {0, mh
Hence, approximating the argument within +7/3 enables one to determine the sign of the real
part. Using the connection (10.3) between the Tutte polynomial and the partition function of

the Ising model and Lemma 10.4, Lemma 10.9 implies the following corollary.

Corollary 10.10. Suppose y is an algebraic real number in the rangey € (—1,0). Then the

problem DISTANCE-(7t/3)-ARGISING(y) is #P-hard and so is COMPLEXAPX-ISING(y).

In fact, we can extend Goldberg and Jerrum’s #P-hardness interval-shrinking technique from
[GJ14] to also obtain #P-hardness for the relaxed version of the problems. We start with a
general discussion of interval shrinking. Suppose that we have a linear function f(¢) = —¢A+B
for positive A and B and that we wish to find a value ¢ that is very close to the root ¢* = B/A.
Suppose that we also have an interval [¢/, ¢”] such that f(¢’) > 0 and f(¢”) < 0. Suppose that

¢/’ — ¢’ = { (so the interval has length {). Roughly, Goldberg and Jerrum had to hand an oracle
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for computing the sign of f(¢) (using an oracle for SIGN-REALTUTTE(x, y)) and, using this, it is
easy to bisect the interval, getting very close to ¢* by binary search.

Using an oracle for the relaxed problem SIGN-REAL-NONZEROTUTTE(x,y) we can compute
the sign whenever it is positive or negative, but we receive an unreliable answer for the sign
of f(e) if f(e¢) = 0. Nevertheless, we observe that having a reliable answer in this case is not
important for the progress of the binary search. If the binary search queries the value of f(¢)
and f(¢) = 0, then the reply from the oracle is correct. Otherwise, it is still possible to recurse
into a sub-interval that contains a zero of the function, as required. Thus, we have the following

lemma.

Lemma 10.11. For any algebraic real number y € (—1,0), SIGN-REAL-NONZEROTUTTE(x, y) is
#P-hard, where x = 1+ 2/(y — 1). Also, the problems DISTANCE-(7t/3)-NONZERO-ARGISING(y)

and COMPLEXAPX-NONZERO-ISING(y) are #P-hard.

We next show how to further extend the #P-hardness interval-shrinking technique to obtain
#P-hardness for the problem FACTOR-K-NONZERO-NORMISING(y). This requires new ideas, so
we will provide more details. Let us return to the discussion of interval shrinking. Letn = 1/21
and p = 22/21. Instead of having an oracle for the sign of f(¢) = —¢A + B, we only will be able

to assume that we have an oracle that, on input ¢, returns a value f(¢) satisfying

(1 —n)lf(e)l < If(e)l/p < fe) < plf(e)l < (1+m)If(e)l,

except that again the value f(¢) is completely unreliable if f(¢) = 0. Our strategy will be to
divide the interval into 10 equal-length sub-intervals [ei, ;1] for i € {0,...,9} with ¢g = ¢’
and e19 = ¢”. (The number 10 is not chosen to be optimal — however, it is easy to see that
it suffices.) We then let s; be the sign (positive, negative, or zero) of f(e;) — f(ei;1), for each
i€ {0,...,9}. The s; values can be computed by the oracle. Now consider what happens if

€1 < €141 < € (so f(eq) > f(eiy1) > 0). In this case,

fley) — fleir1) = (1 —m)f(ey) — (1 +n)f(ei41)

= Aleiy1 — & —n(2e" — e —€iq1))
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Now ¢i,1 —¢ei = £/10. Also ¢* — ¢; and ¢* — ¢ are both at most {. So sincen < 1/20, s; is

positive. Similarly, if ¢* < e; < €441 (s0 f(ei41) < f(e1) < 0), then

fled) = fleirr) = (1 —m)(—fle)) — (1 +n)(—Fleis1))

=—Aleir1 — & —n(2e" — &g —€i41))s

so s; is negative. If ¢; < ¢* and ¢, > ¢*, then we don’t know what the value of s; will be.
However, this is true for at most two values of i. So either sg, s1, s» and s3 are all positive
(in which case ¢» < ¢* and we can recurse on the interval [ep, £1¢g]) Or sg, S7, sg and sq are all
negative (in which case ¢g > ¢* and we can recurse on the interval [¢g, eg]). Either way, the
interval shrinks to 4/5 of its original length.

Applying this idea in the proof of [G]J14, Lemma 1] yields the following.

Lemma 10.12. Suppose thaty, and vy, are algebraic reals withy, € (—2,—1) and vy, ¢ [-2,0].

Then FACTOR-(5%)-NONZERO-NORM2TUTTE(Y1,Y2) is #P-hard.

Proof. Apart from the interval shrinking idea discussed above, the proof is similar in structure
to the proof of [GJ14, Lemma 1]. We defer some calculations (which are unchanged) to [G]14]
but we provide the rest of the proof to show how to get the stronger result. We use the fact

that the following problem is #P-complete. This was shown by Provan and Ball [PB83].

Name #MINIMUM CARDINALITY (s,t)-CUT.
Instance A graph G = (V, E) and distinguished vertices s,t € V.

Output [{S C E: S is a minimum cardinality (s, t)-cut in G}|.

We will give a Turing reduction from #MINIMUM CARDINALITY (s,t)-CUT to the problem
FACTOR-( % )-NONZERO-NORM2TUTTE(Y1,Y2)-

Let G,s,t be an instance of #MINIMUM CARDINALITY (s,t)-CUT. Assume without loss of
generality that G has no edge from s to t. Let n = [V(G)| and m = |[E(G)|. Assume without loss
of generality that G is connected and that m > n is sufficiently large. Let k be the size of a

minimum cardinality (s, t)-cut in G and let C be the number of size-k (s, t)-cuts.
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Let ¢ = 2 and M* = 2™, Let h be the smallest integer such that (y, + 1) — 1 > M* and
let M = (y» + 1) — 1. Note that we can implement M from vy, via an h-thickening, and h is at
most a polynomial in m.

Let 5 = 4™ /M. Let M be the constant weight function which gives every edge weight M.

We will use the following facts:
qM™(1 —8) < Zs(G; q, M) < qM™(1 + 6) (10.8)
and
CM™ *q%(1 —8) < Ze(G; q, M) < CM™ *q%(1 +5). (10.9)

Fact (10.8) follows from the fact that each of the (at most 2™) terms in Z¢(G; q, M), other than
the term with all edges in A, has size at most M™~1q™ and 2mM™~1q™ < §M™q. Fact (10.9)
follows from the fact that all terms in Z(G; q, M) are complements of (s, t)-cuts. If more than

k edges are cut, then the term is at most M™~%~1q™ and
ZmMm—k—lqn < SCMm_qu.

For a parameter ¢ in the open interval (0,1) which we will tune later, let y/ = —1 — ¢ €
(—2,—1). We will discuss the implementation of y’ later. Let G’ be the graph formed from G
by adding an edge from s to t. Let 'y be the edge-weight function for G’ that assigns weight M
to every edge of G and assigns weight v’ to the new edge. Using the definition of the (random

cluster) Tutte polynomial, Goldberg and Jerrum noted that

!/
Zrunel2,¥) = Za(G2 ML+ + Zgp(G:2M) (14 )

1
= —¢Z(G;2,M) + Z,1(G; 2, M) (1 — JZFE> (10.10)

It is easily checked that Ztyue(2,v) is positive if ¢ is sufficiently small (¢ = M 2™ will do) and
it is negative at ¢ = 1. Thus, viewing Zruwe(2,Y) as a function of ¢, we can perform interval

shrinking (as discussed before the statement of the lemma) to find a value of ¢ for which
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Zrutte(2,7y) is very close to 0. The interval shrinking uses an oracle for FACTOR-(%)-NONZERO-
NORM2TUTTE(y1,V2).

If we find an ¢ where Zrye(q,y) = 0, then for this value of ¢, we have ¢Z4(G;q,M) =
Zst(G;q,M) (1 — hg—e) Thus, using ¢, we can calculate the fraction Z((G; q, M)/Zs¢(G; q, M).
Plugging this (known) value into (10.8) and (10.9), we obtain

Cq(1—-8) _ Zs(Gia,M) _ Cq(1+3)
MK(1+8) = Zst(G;q,M) — MK(1—35)’

Now, we don’t know k, but C is an integer between 1 and 2™, whereas M > 24™ so there is only
one value of k that gives a solution C in the right range. Using the value of k, we can calculate C
exactly.

Technical issues arise both because we are somewhat constrained in what values ¢ we can
implement and because we won't be able to discover the exact value of ¢ that we need (but we
will be able to approximate it closely). These technical issues provide no more difficulty than
they did in [GJ14]. Suppose first that we are able, for any given ¢ € (M—2™, 1) to implement
v’ = —1—¢. Then our basic strategy is to do the interval shrinking, repeatedly sub-dividing the
current interval @(log(MmZ)) times, so eventually we’ll get an interval of width at most M-’
which contains an ¢ where Zrue(2,v) = 0. Goldberg and Jerrum [GJ14] have already shown
that knowing such an interval enables the exact calculation of C (so having a small interval is
OK — it is not necessary to know ¢ exactly).

The only issue, then, is implementing the weights vy’ = —1 — ¢ during the interval shrinking.
As in [GJ14] we cannot expect to implement any particular desired y’ precisely. However,
using stretching and thickening, we can implement a value that is within an additive error
of M—™° /20 of any desired ¢, and this suffices. The fact that we have algebraic, rather than
rational, numbers is irrelevant since stretchings and thickenings can be computed on algebraic

numbers. [
Using stretching and thickening, we get the following corollary.

Corollary 10.13. Suppose K > 1 and thaty € (—1, 0) is an algebraic real number. Then FACTOR-

K-NONZERO-NORMISING (y) is #P-hard.
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Proof. We first show that FACTOR-(22/21)-NONZERO-NORMISING(y) is #P-hard. Consider the
edge interactiony € (—1,0). Using the correspondence from (10.3) and (10.5), this corresponds
directly to the quantity y; € (—2,—1) in Lemma 10.12. We now consider how to use y to
implement the quantity y,. A 2-thickening from (x,y) gives an effective weight (x’,y’) with
y' =y? € (0,1)and x’ =2/(y’ — 1) + 1 < —1. Then a 2-stretch from (x/,y’) gives an effective
weight (x”,y”) with x” = (x’)?> > 1 and y” = 2/(x" — 1) + 1 > 1, corresponding vy, > 0, as
required.

We apply Lemma 10.8 to reduce from FACTOR-(22/21)-NONZERO-NORMISING(y) to FACTOR-

K-NONZERO-NORMISING(y). O

Using Lemma 10.4 and the trivial reduction from FACTOR-K-NONZERO-NORMISING(y) to FAC-
TOR-K-NORMISING(y) and from COMPLEXAPX-NONZERO-ISING(y) to COMPLEXAPX-ISING(y) we

get the following.

Corollary 10.14. Lety € (—1,0) be an algebraic real number. Then for any K > 1, FACTOR-K-

NORMISING(y) and COMPLEXAPX-NONZERO-ISING(y) and COMPLEXAPX-ISING(y) are #P-hard.

Complex Weights

Next we study complex weights.

Lemma 10.15. Let © € [0,27) and 6 ¢ {0, 5,m, 37 There exists a positive integer k such that

k6 € (5, m) U (m, 37”) modulo 2.

Proof. Clearly if 0 € (5, m) U (m, 37”) then we are done by letting k = 1. Otherwise 6 € (0, T) U
(37”, 2m). If O is a irrational fraction of 27t then we can go through the whole unit circle by
taking multiple of 0. So assume 0 = 27‘Ta where a and b are co-prime and b =3 orb > 5 as
0 ¢ {0, Z, 7, 37}. Moreover b = 3 contradicts to 0 € (0, 53)U(3F, 2r). Hence b > 5 and there exists
an integer t += b/2 such that b < 4t < 3b. As a and b are relatively prime, there exist integers
11,1 such that l;a + bbb =1 and ; > 0. It is easy to see that t1;0 = 27“% = —2mtly + %. As

t/b € (1/4,1/2) U (1/2,3/4) we have that 22t € (F,71) U (m, 3F). O

The following lemma enables us to determine the complexity of evaluating the Ising partition

function when the complex edge interaction y € Q is on the unit circle.
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Lemma 10.16. Lety = ¢'® € C be an algebraic complex number such that 8 € [0,2mn) and
0 ¢ {0, %, m, 371 There exists an algebraic real numbery’ € (—1,0) that can be implemented by

a sequence of stretchings and thickenings fromy.

Proof. By Lemma 10.15, there exists a positive integer k that k@ < (7%,m) U (, 37"). As a k-
thickening realizes y* = e**®, we may assume 0 € (3, 7) U (m, 3).

Since 0 ¢ {0, 7, m, 37} we have cos0 # 1 and sin8 cos 0 = 0. The latter implies that sin 0 +

cos® = 1. Let x = i‘% Note that x = 388 i Moreover 0 € (%,m) U (m, 3F), implies that
cos 0 < 0 and hence x| < 1. We do a 2-stretch and the effective weightis y’ =1 — MZ% €
(—1,0). O

Combining Lemma 10.16 with Proposition 10.6, Corollary 10.13, Lemma 10.11, and Corol-

lary 10.14 we get the following corollary.

Corollary 10.17. Lety = ¢'® € C be an algebraic complex number such that 6 < [0,27) and
0 & {0,7,m, 37}, Then for any K > 1, FACTOR-K-NONZERO-NORMISING(y), DISTANCE-(7t/3)-
NONZERO-ARGISING(y) and COMPLEXAPX-NONZERO-ISING(y) are #P-hard. Hence, so are the

un-relaxed versions of all three problems.
The hardness on the unit circle extends directly to the whole imaginary axis.

Lemma 10.18. For anyy = ri and r # 0,+1 where r is algebraic. There exists an algebraic
real numbery’ € (—1,0) that can be implemented by a sequence of stretchings and thickenings

fromy.

Proof. If 0 < |y| < 1, then a 2-thickening yields effective weight y> = —1? € (—1,0). Lety’ = —1

and the claim holds.

Otherwise suppose [y| > 1. We know that a k-stretch yields the weight z;, = 1 +2/(x* — 1)
wherex =1+2/(y—1) =(y+1)/(y— 1). Re-arranging, we find that z, = % We
will now argue that z, is purely imaginary. To see this, note that monomials in the numerator
all have degrees of the same parity as k, whereas those in the denominator have degrees of

the same parity as k — 1. Therefore, it must be the case that the numerator is real and the

denominator is purely imaginary, or vice versa. In either case, zy is purely imaginary. Therefore,
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if we can find a positive integer k such that 0 < |zx| < 1 then we have reduced our problem to
the previous case.

Since y is purely imaginary, we have that [y + 1| = [y — 1|. Since x = (y + 1)/(y — 1), this
implies that x| = 1. It is easy to see that 0 < |zi| < 1 if and only if [x* + 1] < |x* — 1| and
x¥ % —1. This in turn is equivalent to arg (x*) € (%,n) U (m, 3fF). By Lemma 10.15, such a k

always exists unless arg(x) = %T where t =0, 1, 2, 3, in which case y = £+1, +1i and contradicts

our assumption. O

Combining Lemma 10.18 with Proposition 10.6, Corollary 10.13, Lemma 10.11, and Corol-

lary 10.14, we get the following corollary.

Corollary 10.19. Lety = ri where r = 0,+1 and r is algebraic. Let K > 1. Then FACTOR-K-
NONZERO-NORMISING(y), DISTANCE-(7t/3)-NONZERO-ARGISING(y) and COMPLEXAPX-NONZERO-

ISING(y) are #P-hard. Hence, so are the un-relaxed versions of all three problems.

Finally, this hardness can be extended to some algebraic complex numbers off of the unit

circle.

Lemma 10.20. Lety = re'® be an algebraic complex number such thatr > 0 and 6 = 55, Where
a and b are two co-prime positive integers and a is odd. There exists an algebraic real number

y’ € (—1,0) that can be implemented by a sequence of stretchings and thickenings from y.

Proof. If r = 1 then we are done by Lemma 10.16. Otherwise r = 1 and by a b-thickening it

reduces to the case of Lemma 10.18. O

Corollary 10.21. Lety = re'® be an algebraic complex number such thatr > 0 and 0 = 50
where a and b are two co-prime positive integers and a is odd. Then for any K > 1, FACTOR-K-
NONZERO-NORMISING(y), DISTANCE-(7t/3)-NONZERO-ARGISING(y) and COMPLEXAPX-NONZERO-

ISING(y) are #P-hard. Hence, so are the un-relaxed versions of all three problems.

To obtain obtain NP-hardness results for other values of y, we start with the well-known

NP-hard problem MAX-CUT.
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Name MAX-CUT
Instance A (multi)graph G and a positive integer b.
Output Is there a cut of size at least b.

Lemma 10.22. Suppose K > 1. Lety be an algebraic complex number such that|y| < 1 andy # 0.

Then FACTOR-K-NONZERO-NORMISING(y) is NP-hard and so is COMPLEXAPX-NONZERO-ISING(y).

Proof. We will reduce MAX-CUT to FACTOR-K-NONZERO-NORMISING(y). Given a graph G and a
constant b, we want to decide whether G has a cut of size at least b. We do a k-thickening on
G, where k is the least positive integer such that 2™[y|* < 1/4. Then the effective edge weight
is yx = y*. Clearly ly| = [yl* < 1.

Suppose the maximum cut of G has size ¢c. Now rewrite (10.1) as

lemg (G; Uk Z Cﬂjglii,

where m is the number of edges in G and C; is the number of configurations under which there
are exactly i bichromatic edges. Since the maximum cut of G has size ¢ and G has m edges,
> Mo Ci = 2™, Also, since 2™Jyy| < 1, the i = ¢ term dominates the sum, so Zising(G; yi) is
not equal to 0.

If ¢ > b, then our choice of k together with the triangle inequality implies that

Zising(Gs i)l = ICcyp 4+ ) Cayp ' > Celyul™ ¢ — 2 yu™ <!
> [yr™ O = 2™ yl* > Fhy™ .

Otherwise we have c < b—1 and

c
|ZIsmg (G; Uk |ZC11J1]2171‘ < ZCWLh;JkPni1

< 2Myy ™ < Lyt

again by the triangle inequality and 2™[yy| < 1/4. Therefore we could solve MAX-CUT in poly-

nomial time using an oracle for FACTOR-1.1-NONZERO-NORMISING(yy ). By Proposition 10.6
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it suffices to use an oracle for FACTOR-1.1-NONZERO-NORMISING(y). By Lemma 10.8, an or-
acle for FACTOR-K-NONZERO-NORMISING(y) will do. Finally, Lemma 10.4 gives the result for

COMPLEXAPX-NONZERO-ISING(y). O

The other case, when the norm of y is larger than 1, can be shown to be NP-hard by reduction

from the previous case, unless the edge weight is real.

Lemma 10.23. SupposeK > 1. Lety be an algebraic complex number such thatly| > 1 andy ¢ R.

Then FACTOR-K-NONZERO-NORMISING(y) is NP-hard and so is COMPLEXAPX-NONZERO-ISING(y).

Proof. We will prove that there exists a positive integer k such that the effective weight yy of a

k-stretch satisfies [yyx| < 1. Then we are done by Lemma 10.22.

Recall that yx = ztf} where x = % Clearly lyy| < 1 if and only if x* + 1] < |x* — 1]

The latter is equivalent to arg(x*) = karg(x) € (n/2,3n/2) (plus some multiple of 27). Let
0 = arg(x) € [0,2m). The fact that |y| > 1 implies that 6 € [0,7/2) U (37/2,2m). If 6 = 0, then
y € R, which is a contradiction. Therefore 6 € (0,7/2) U (37t/2,27n). By Lemma 10.15, there
exists a positive integer k such that k6 € (7t/2,37t/2) modulo 27. This is exactly what we need.

Moreover, k does not depend on the input G. This finishes our proof. O

Proof of Theorems 10.2 and 10.3

Theorems 10.2 and 10.3 follow from the following combined theorem. The hardness result
in Item 3 of Theorem 10.2 (and its counterpart in Theorem 10.3) follows from Item 9 of the

combined theorem.
Theorem 10.24. Lety = re'® be an algebraic complex number with 0 € [0, 27t). Suppose K > 1.

1. Ify=0orifr=1and® € {0,3,n 31}, then FACTOR-K-NORMISING(y), DISTANCE-(7t/3)-

ARGISING(y) and COMPLEXAPX-ISING(y) are in FP.

2. If y > 1 is a real number then FACTOR-K-NORMISING(y) is in RP and DISTANCE-(7t/3)-

ARGISING(y) is in FP.

3. Ify is a real number in (0, 1), then DISTANCE-(7t/3)-ARGISING(y) is in FP.
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If y < —1 is a real number, then FACTOR-K-NONZERO-NORMISING(y) is equivalent in com-
plexity to the problem of approximately counting perfect matchings in graphs and D1is-

TANCE-(7t/3)-ARGISING(y) is in FP.

If y is a real number in (—1,0), then FACTOR-K-NONZERO-NORMISING(y) and DISTANCE-

(7t1/3)-NONZERO-ARGISING(y) are #P-hard.

Ifr =1and© ¢ {0,7,m, 371 then FACTOR-K-NONZERO-NORMISING(y), DISTANCE-(71/3)-

NONZERO-ARGISING(y), and COMPLEXAPX-NONZERO-ISING(y) are #P-hard.

Ifo ¢ {g, 37”} andr ¢ {—1,0, 1}, then FACTOR-K-NONZERO-NORMISING(y), DISTANCE-(7t/3)-

NONZERO-ARGISING(y), and COMPLEXAPX-NONZERO-ISING(y) are #P-hard.

Ifr > 0 and 6 = 5, where a and b are two positive integers that are co-prime and a
is odd, then FACTOR-K-NONZERO-NORMISING(y), DISTANCE-(7t/3)-NONZERO-ARGISING(y),

and COMPLEXAPX-NONZERO-ISING(y) are #P-hard.

Ifr <1 andy # 0, then FACTOR-K-NONZERO-NORMISING(y) and COMPLEXAPX-NONZERO-

ISING(y) are NP-hard.

Ifr > 1 and 6 ¢ {0,n}, then FACTOR-K-NONZERO-NORMISING(y) is NP-hard, and so is

COMPLEXAPX-NONZERO-ISING(y).

Proof. Ttem 1 is from [JVW90]. The randomised algorithm referred to in Item 2 is from [JS93].

See also Lemma 10.7 and the surrounding text for a discussion of algebraic numbers and ac-

curacy parameters. The deterministic algorithm referred to in Items 2 and 3 is trivial because

the argument of a positive real number is 0. The approximation equivalence in Item 4 is from

[GJO8], since one can decide in polynomial time the existence of perfect matchings to lift the

non-zero restriction. The deterministic sign algorithm in Item 4 is from [G]J14]. Item 5 is

from Lemma 10.11 and Corollary 10.13. Item 6 is from Corollary 10.17. Item 7 is from Corol-

lary 10.19. Item 8 is from Corollary 10.21. Item 9 is from Lemma 10.22. Finally,item 10 is from

Lemma 10.23. O
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10.6 Quantum Circuits and Counting Complexity

In this section we explain the connection between quantum computation and complex weighted
Ising models. We begin with some basic notions about quantum circuits. We view qubits |0)
and |1) as column vectors [} ] and [{]. Similarly (0] and (1| are row vectors (1,0) and (0, 1).
For x € {0, 1}™, let [x) denote the tensor product ®JT‘:1 \xj> and similarly (x|.

Suppose C is a quantum circuit on n qubits and consists of m quantum gate Uy,..., U,
sequentially. A quantum gate is a function taking k input and k output variables and returning
a value in C. Such a gate is called k-local and has a natural 2% by 2¥ square unitary matrix
representation. In a circuit we also need to specify on which qubits the gate acts upon. To
make the notation uniform we view unaffected qubits as simply copied and associate each
quantum gate with the following 2™ by 2™ square unitary matrix. Let U be a quantum gate and
x,y € {0, 1}™ two vectors specifying the input and output on all n qubits. Define the 2™ by 2™

matrix My corresponding to gate U as My.xy = U(X,y).

For example, let H be the Hadamard gate - H _11] acting on the first qubit and suppose
V2
there are two qubits in total, illustrated as in Figure 10.2. Then the matrix My is - [} 4] ®

V2

101 0

[1 0] _ 1 [0 10 1 ]

01 10-1 0 |-
V2 01 0 —1

Using this notation, given an input x € {0, 1}™, the output of the quantum circuit C is a

random variable Y subject to the distribution

2

m
Pre(Y =y) = |(yI] [Mu,.. ;%] . (10.11)
j=1

where y € {0, 1}™. It is not necessary that we measure all qubits in the output. We may measure
a subset I of all n qubits. Let y’ € {0, 1}® where |I| = s. Then the output is a random variable Y’

subject to the distribution

ze{0,1}™ such that z|;=y’

Alternatively, we may treat such marginal probability in the counting perspective, as a par-
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Figure 10.2: Gate H L ____ J
applying only on the
first qubit.

Figure 10.3: Two quantum gates U; and U
composed together.

tition function in the “sum of product” fashion. First let us consider composing two quantum
gates, say U; and U,. Let input variables of U; be {x;}, intermediate variables between U; and

Uy be {z;}, and outputs of U, be {y;}. Then the composition U of U, followed by U5 is given by

Uxy)= Y  UWl(xo(z)Uo(z),y), (10.13)
o:{z;}—{0,1}
where the summation is over all possible assignment of z to {0, 1}. Figure 10.3 illustrates the
composition of gate U; acting upon qubits 2, 3, 4 followed by U, acting upon 1, 2. In the matrix
notation, it is easy to see that My = My, My,

We associate an intermediate variable z; ) to each edge on qubit k between gate U; and
U forall 2 <j <m—1and 1 < k < n. Denote by z; the vector {z; | 1 < k < n} and
zZ = U}‘l}lzj. As the initial input and output of a quantum circuit are column vectors and
row vectors respectively, they may be treated as function/gates with no output variables or
no input variables. In particular, on the product input state [x) input variables are set to {xy}

where x € {0, 1}™. Using (10.13) recursively we can rewrite (10.11) as follows:

m—1
Pre(Y=y)=| Y WX 0(z)Un(o(Zm-1),y) || Uj(o(zj_1),0(z))] . (10.14)
0:2—{0,1} j=2

To simulate classically a quantum circuit, one can either (approximately) compute the prob-
ability Prc (Y = y) — this is called “strong simulation” — or one can sample from a distribution

that is sufficiently close to the one given by (10.11) or (10.14). This is called “weak simulation”
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IQP and the Ising partition function

IQP, which stands for “instantaneous quantum polynomial time”, is characterised by a re-
stricted class of quantum circuits introduced by Shepherd and Bremner [SBO9]. Bremner et
al. [BJS11] showed that if IQP can be simulated classically in the sense of “weak simulation”
with multiplicative error, then the polynomial hierarchy collapses to the third level. Fujii and
Morimae [FM13] showed that the marginal probabilities of possible outcomes of IQP circuits
correspond to partition functions of Ising models with complex edge weights.

The key property of IQP is that all gates are diagonal in the |0) + |1) basis. Therefore all
gates are commutable. In other words, there is no temporal structure and hence it is called
“instantaneous”. Let H be the Hadamard gate % H _11 ] If a gate U is diagonal in the [0) & [1)
basis, there exists a diagonal matrix D such that My = H®*DH®™. Moreover H is its own
inverse; That is, HH = I,. Any two H’s between each pair of gates cancel. This leads to an

alternative view of IQP circuit in which each qubit line starts and ends with an H gate and all

gates in between are diagonal.

Definition 10.25. AnIQP circuit onn qubit lines is a quantum circuit with the following structure:

each qubit line starts and ends with an H gate, and all other gates are diagonal.

We will focus particularly on 1, 2-local IQP, which means that every intermediate gate acts
on 1 or 2 qubits. It was shown that a classical weak simulation of IQP with multiplicative
error implies the polynomial hierarchy collapse to the third level [BJS11]. Let Z = [§ % ]. The

hardness of simulation holds even if we restrict gates to the phase gate el("/8)Z = [eig/ ’ o /8]
100 0

and controlled Z-gate CZ = [8 (1) ? 8 } other than H gates on two ends of each line. We will show

000—1
that these circuits correspond to Ising models with complex edge interactions. Therefore the

strong simulation of these circuits, which is to compute the marginal probabilities, is #P-hard,
even allowing an error of any factor K > 1.

To show the relationship between these circuits and Ising partition functions, it is conve-
e® 0 0 0
nient to use another set of gates. Let Pg = 9% = [e(‘)e ef’ie} and Re = '9%®% = | 0 ez;e R ]
0 0 0 ei°
Note from (10.11) that we may multiply a gate by any norm 1 constant without affecting the



337

—imt/4

outcome of the gate. By multiplying by e , we may decompose CZ as:

100 0 ein/8 0 0 1% [em8 o o o 14
e~ 1m/41010 0 | _ 0 e /8 0 % 0 e /8 0
0oL o] 0o 0 etE o0 0 0 &8 0
- 0 0 0 ein/8 0 0 0 e /8
/8 o 0 o 14
<« | 0 e 0 0
0 0 e /8 ¢
0 0 0 e i7/8
2 14 14
=(Rr8)” (Prys®12)  (Io®@Pryg) . (10.15)

Hence we can replace every CZ gate on qubits j, k by 2 copies of R, /g on j, k, 14 copies of P g
on qubit j, and 14 P, /g on qubit k. It is easy to see that R /g can be replaced by CZ and P, g as
well. We may therefore assume every gate is either P, ;g on 1 qubit or R, /g on 2 qubits without

changing the power of the circuit. In general we give the following definition.

Definition 10.26. An IQP; »(0) circuit on n qubit lines is a quantum circuit with the following
structure: each qubit line starts and ends with an H gate, and every other gate is either Pg on 1

qubit or Rg on 2 qubits. We assume the input state is always |0™).

An example IQP; »(0) circuit is given in Figure 10.4.

We consider the following strong simulation problem where K > 1 is an error parameter.
Name FACTOR-K-STRONGSIMIQP; »(0).
Instance An IQP; »(0) circuit C, a subset I C [n] of lines, and a string y < {0, 1}'Il.
Output A rational number p such that Prc.1(Y =y)/K <p < KPrc1(Y =vy).

We will show that IQP; 2(0) circuits correspond to Ising models with complex edge inter-

actions. Therefore their strong simulation is #P-hard, even allowing an error of any factor

K>1.

Theorem 10.27. Suppose K > 1 and 6 € (0,2n). If e® is an algebraic complex number and

89 = 1, then FACTOR-K-STRONGSIMIQP; »(0) is #P-hard.

The relationship between IQP; >(0) circuits and Ising models was first observed by Fujii
and Morimae [FM13]. These connections will be shown next. For completeness we include

our own proofs, which have a more combinatorial flavour than the original ones by Fujii and
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Figure 10.4: An IQP;»(0) cir- U3 r(vy) = _e—i20

cuit. We use two solid dots to

denote Rg gate as it is diagonal Figure 10.5: The equivalent

and symmetric. Ising instance to the circuit in
Figure 10.4.

Morimae [FM13]. We introduce the following non-uniform Ising model which has been studied
previously. See, for example [Sok05]. Let G = (V, E) be a (multi)graph. The edge interaction is
specified by a function ¢ : E — C and the external field is specified by a functiont: V — C.

The partition function is defined as

Ziing (G0, 0) = ) [ etePtoem) TTaw)o), (10.16)
0:V—{0,1} e=(vj,vi)€E vev
where 8(x,y) = 1if x = y and 6(x,y) = 0 if x # y. We write Zing(G;y,T) when @(e) =y
is a constant function and similarly Ziing(G; @,A) when t(v) = A. Notice that this notation is
consistent with (10.1).
We will show that the following problem is related to FACTOR-K-STRONGSIMIQP; »(6) when

e'? is a root of unity.

Name FACTOR-K-NORMIQPISING(0)

Instance A (multi)graph G with an edge interaction function ¢ (—) taking value e' or e=*9, and

an external field function t so that for each vertex v there are non-negative integers a.,

and b, so that t(v) = (—1)% (eie)bv or T(v) = (—1)% (efie)bv-

Output A rational number p such that |Ziing(G; @, T)I/K < p < K| Zsing (G; @, T)I.

We will first consider inputs to IQP; »(0) where I = [n] so all qubits are measured. Given an

IQP; »(0) circuit C on n qubits and a string y € {0, 1}", we can construct a non-uniform Ising
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instance G¢ with edge interaction e*2® and external field Tc,y such that

. 2
Prc(Y=y) = 272 Zising(Gc; elze,TC;y) . (10.17)

The construction is as follows. The vertex set {v;} contains n vertices and each vertex corre-
sponds to a qubit. For each gate Ry on two qubits j, k, add an edge (j, k) in G¢. For qubit j, let
p; be the number of gates Py acting on qubit j in C. Let Tc.y(vj) = e *(?P1®)(—1)Yi. An example

of the construction is given in Figure 10.5.

Lemma 10.28. Let C be an IQP; 2(0) circuit on n qubits andy € {0,1}™ be the output. Let G¢

and tc.y be constructed as above. Then (10.17) holds.

Proof. Suppose C is composed sequentially by U; = H®™, Uy, ..., U1, Uy = H®™, where U

is either Pg on 1 qubit or Rg on 2 qubits for 2 <j < m — 1. Notice that U, (x,x’) = U, (x,X’) =

272 TR, (—1)*, As the input [x) = [0™), we can rewrite (10.14):
m—1 2
Pre(Y=y)=| )  U(0,0(21)Um(0(Zm_1) U;(0(zj_1), o(z))
o:z—{0,1} ]:2
2
n n m—1
= 27T‘L Z H(_ 0 o Z’lk H ka Zm— lk H u] ZJ 1 (ZJ))
0:z—{0,1} k=1 k=1 j=2
2
n m—1
—o—2n Z H(_ ka Zm-1k) H U;(0(zj_1), 0(z)) (10.18)
0:z—{0,1} k=1 j=2

Let Q denote the quantity inside the norm, that is,

n m—1
Q:= Z H(_ Yo (Zm-1.) Hu) o(zj_1), o(z))-
j=2

0:z—{0,1} k=1

Since Uj’s are diagonal for 2 < j < m — 1, any configuration o with a non-zero contribution to
Q must satisfy that for any k, o(z1x) = o(z2x) = --- = 0(zm—1,x). Therefore we may replace

z;x by a single variable vy for all 1 <j < m —1 so that

m—1
Uj(a(V), o(V)).

Q= ¥ H ykowﬁ

0:V—{0,1} k=1 j=2
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Moreover, if U; is the gate Py on qubit k, then U;(o(V), o(V)) = e'® (e_ize)c(vk). If Uj is the
gate R on qubits k; and kp, then U;(o(V), o(V)) = e~ %0 (eize)é(d(v"l)’g(vkz)), where 5(x,y) = 1
if x =y and 6(x,y) = 0 if x # y. Recall that py is the number of Py gates on qubit k and

Tey(vi) = e H2PkO)(—1)Yx, Collecting all the contributions, we have

n

Q= etlmi—mz)e Z (eiZG)m(‘T) H(fl)ykc("k) (e_i26>pk0'(\)k)
o:V—{0,1} k=1
: ) m(o) &
= el(mlfmz)e Z <6129) H TC;y(Vk)G(Vk) (10.19)
o:V—{0,1} k=1

i — 0 . ,120
= etlmi—mz) ZIsing(GOe1 ,TC;y)y

where m; is the number of j qubit(s) gates for j = 1, 2, and, from (10.1), m(o) is the number of

monochromatic edges under o. We get (10.17) by substituting (10.19) in (10.18). O

Similar results hold when some qubits are not measured. To show it, we need the follow-
ing fact. It can be viewed as an application of Parsevals’s identity on the length-2™ vector
{Cz} indexed by z € {0,1}™ over an orthonormal basis {e;} where basis element e, has value
2~ %(—1)%7 in position z’. We include a proof for completeness.

Claim 10.29. Let{C} be 2™ complex numbers where z runs over {0, 1}". Then we have

2

I D MR e 5 Dl I A Y (e¥ L

z'€{0,1}n |ze{0,1}" ze{0,1}m

Proof. Notice that for two complex numbers A and B,

IA+B]>+|A—B]? = (|A|2 + B2 — 2|A||B| cos e) n (|A|2 + (B2 + 2|Al|B| cos e)

— 2 (|A|2 + |B|2) (10.20)
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where 0 is the angle from A to B. Hence we have

2 2 2
> | X Gl = 3 ) G e Y | ) Gt
z'€{0,1}" |z€{0,1}n z'€{0,1}™ |z€{0,1)n z'€{0,1}™ |ze{0,1)n
s.t. z/,=0 s.t.z/ =1
2
= ) > G+ ) Cu(DYY| o+
y'€{0,1) ! |ye{0,1)n ! ye{0,1)n!
2
> Y Gl Y G-
y'€{0,1)"1 |ye{0,1)nL ye{0,1jn—!
2 2
2 ¥ S G | Y Cu-Y |,
y’e{0,131 \ |ye{0,1}n1 ye{0,1) 1
where in the last line we apply (10.20). The claim holds by induction. O

We then have the following reduction.

Lemma 10.30. Let K > 1 and 6 € [0,27). Then
FACTOR-K-STRONGSIMIQP; »(0) <7 FACTOR-K?-NORMIQPISING(26).

Proof. If all qubits in the input to FACTOR-K-STRONGSIMIQP; »(6) are measured, then the result
follows from Lemma 10.28. Otherwise, without loss of generality we assume the first n—s qubits
are measured. Let C,I = [n—s]andy’ € {0, 1} * be the input to FACTOR-K-STRONGSIMIQP; »(0).

We use (10.12), (10.18), and the first line of (10.19):

Pre (Y =y')= ) Prc(Y=y'z)

z'e{0,1}*
_om Y )3 <6126>m(6J( ﬁ (—1)-(n-s) O V0) (eize>p“’(“)>
z'€{0,1}s | 0:V—{0,1} l=n—s+1
j / . Pro(vk) ’
H(_l)ykc(vk) <67129>
k=1
2
=27 3 LY Qu-1FH (10.21)

z'€{0,1}s |z€{0,1}s
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. /
¢ O
e129 6—129
. /
V4 6120 ’1)3(’1)3)
{ O @
—i26 —i26 /
T(vg) = —e € ()
e—i29
/
ov
4 .
T('U:l) — _i20

Figure 10.6: The equivalent Ising instance to the circuit in Figure 10.4, if qubits 2
and 3 are unmeasured.

where for z € {0, 1}°, Q is the contribution of assigning z;_,, ;s to v without the possible —1

external field, that is,

n

. _ . (o)
QZ _ (67129>Zl n+sPtl (6126>m
l—}_[erl G:V%{O,%HC}I that
for n—s+1<1<n,0(v)=21_nis
i / . Pro(vi)
. H(_l)ykc(vk) (6—129> )
k=1

Apply Claim 10.29 on (10.21):

PrealY'=y) =272 3 1Qd". (10.22)
ze{0,1}s
Moreover we have
2
n—s
Q" = Z <6129>m(c) H(—l)y{m(w) (e—ize>p‘<‘f("k)
0:V—{0,1} such that k=1

for n—s+1<1<n,0(vi)=2z1_n+s

We construct the following instance of FACTOR-K?-NORMIQPISING(260). We first construct
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Gc = (V,E) with edge interaction e?® as before. The vertex set {v;} contains one vertex for
each of the n qubits. For each gate Rg on two qubits j, k we add edge (j, k) with edge interaction
e'29 to Gc. Now make a copy G/~ = (V/,E’) such that the edge interaction is ei2® = e~120, Let
@c;1 be this edge interaction function. Then we identify vertices vi with v{ for alln —s+ 1 <
1 < n. Let U be the set of these identified vertices and let Vi = V—Uand V| = V' — U.
The external field T = tc;1,y is defined as follows: for any v € U, t(v) = 1; for any v; € Vi,
T(vj) = e H2Pi®)(—1)Yj; and for any vi € Vi, t(v]) = T(vj) = €l(2Pi®)(—1)Yi. Iformally, this
instance was formed by putting G¢ and its complement together and identifying vertices that
correspond to unmeasured qubits. Note that if two vertices in U are connected by an edge,
then they are actually connected by two edges, and the product of the two edge interactions
is 1. We therefore remove all edges with both endpoints in U. Call the resulting graph Hc.
One can verify that (Hc, @c:1,Tc:1,y7) is a valid instance of FACTOR-K2-NORMIQPISING(20). An
example of the construction is given in Figure 10.6.

Fix an assignment z € {0,1}° on U. The contribution Z; to Zing(Hc; @c;1,Tc;1,y7) can be

counted in two independent parts, V and V’. Hence we have

. my(01,Z) n—-s . m/.(o/,z) n-—s ’
Z, = Z (6129) 1 H T(Vj)o(vj) . Z (e—129> 1 H T(V])G(VJJ
01:V1—{0,1} j=1 ol:v]—{0,1} j=1
2
. m.(01,Z) n-—s
oI G R LT
()'1:V1—>{0,1} ):1

where given the configurations o; (or o}), m.(o1,z) (or m/ (o7, z)) is the number of monochro-
matic edges with at least one endpoint in V (or V’). Recall that t(v;) = e~ 1(2Pi®) (—1)Yi, Compar-
ing Z, to IQZIZ, the only difference is that in IQZ\z, e'29 is raised to the number of monochromatic
edges in the whole V instead of V;. However for any monochromatic edge in U, its contribution
is independent from the configuration o, and hence can be moved outside of the sum. All such

terms are cancelled after taking the norm. This implies Z, = IQZIZ. Therefore (10.22) can be
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rewritten as

Prea(Y =y/) =27 ) 7,

ze{0,1}s
=278 Ziing(Hes @ity Teiyr) = 272" 8| Ziging (Hes @ity Teiys)l. - (10.23)
The lemma follows from the above equation. O

Remark In fact, the construction of Hc can be further simplified. If v € V and v/ € V'’ connect
to some u € U, we can replace edges (u,v) and (u,v’) by a new edge (v,v’) with an Ising
interaction ﬁ (In case e'4? 4+ ¢~149 — ( this interaction is equality and we identify v
with v’.) Therefore we can reduce an instance of FACTOR-K-STRONGSIMIQP; »(6) to an Ising
model of size linear in |I|, the number of measured qubits. If |I| = O(logn), then the reduced
Ising instance is tractable and so is the simulation. This matches known strong simulation

results (see [BJS11, Theorem 3.4], the remark following that theorem and also [Shel0].)

The reduction also works in the other direction when e'® is a root of unity.

Theorem 10.31. Let e'® be a root of unity and let K > 1. Then
FACTOR-K-NORMIQPISING(20) =1 FACTOR-K!/2-STRONGSIMIQP »(8).

Proof. Lemma 10.30 implies a reduction from the right hand side to the left hand side. In the
rest of the proof we show the other direction. As et is a root of unity, there exists a positive
integer t such that e 129 = ¢¥2t®  Given an instance (G, ¢, t) of FACTOR-K-NORMIQPISING(20),
we may replace each edge of interaction e 29 by t parallel edges of weight e*?9. Moreover, we
may assume the external field is of the form t(v;) = (—1)% (e*ize)bj for the same reason.

We construct an IQP; »(0) circuit C on n = [V| qubits. For each edge (vj,vx) € E, we add
a quantum gate Rg on qubits j and k. For each 1 < j < n, we add b; many quantum gate Pg
on qubits j and let the output y; = 1 on qubit j if a; is odd. By Lemma 10.28 we see that
i

22m Prc(Y=y) = }leing(G; 6126’ T) O
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Suppose the Ising instance in the proof of Theorem 10.31 has no external field and has a
constant edge interaction e*?®. Then it is not hard to see that above construction does not rely

on e'® being a root of unity and works for general 8. Hence we have the following lemma.

Lemma 10.32. Lete'® € C and K > 1. Then

FACTOR-K-NORMISING(e'®) <7 FACTOR-K!/2-STRONGSIMIQP; »(6/2).

It is easy to see that Theorem 10.27 follows from Lemma 10.32 and Corollary 10.17.

In a related result, Bremner et al. [BJS11, Corollary 3.3] showed that weakly simulating IQP
with multiplicative error implies that the polynomial hierarchy collapses to the third level. More
precisely, their result is the following. Suppose C is an IQP; >(7t/8) circuit on n qubits. If there
exists a classical randomized polynomial time procedure to sample a binary string Z of length

n, such that for every string y € {0,1}" and any constant 1 < K < v/2,

Prc(Y =y)/K<Pr(Z=y) <KPrc(Y =Yy),

then the polynomial hierarchy collapses to the third level. The usual measure for determining
the quality of a sampling procedure is total variation distance, which is weaker than “multi-
plicative error”. So the result in [BJS11] does not rule out weak simulation with small variation
distance. To see this, note that, if the multiplicative error is K, then obviously the total vari-
ation distance is at most K — 1. On the other hand, consider two distributions supported by
two n-bit Boolean strings. A sample from the first distribution is obtained uniformly choosing
each of the n bits. A sample from the second distribution is obtained by uniformly choosing
each of the first n — 1 bits. The last bit is 1 if all other bits are 0, and is chosen uniformly
otherwise. The total variation distance is 2™, but the multiplicative error is infinity at the all 0
string. Note that the complexity implication “polynomial hierarchy collapses to the third level”
is apparently weaker than the consequence of strong simulation from Theorem 10.27, which
is FP = #P.

Strong simulation is also studied with respect to other classes of quantum circuits, see for

example [JV14]. The allowable error is usually taken to be additive and exponentially small,
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instead of the constant factors that we have studied here. For example, [JV14] requires that the
output be computed with k bits of precision in an amount of time that is polynomial in both k
and the size of the input. Additive error is quite different from multiplicative error. Also, the
amount of accuracy is important. Lemma 10.8 shows that there is no difference between a
constant factor and an FPRAS scenario, in which the error is allowed to be a factor of 1 =1/R
for a unary input R. On the other hand, achieving a multiplicative error of 1 4+ 1/exp(R) is an

entirely different matter.

10.7 Complex Ising with External Fields

At last, we turn our attention to Ising models with an external field A = 1. To obtain our hard-
ness results, we need an (exponential) lower bound on the relevant partition functions, which
will be developed in the next section. We will use some standard techniques from Diophantine

approximation. After that, we will extend our hardness results.

Lower Bounds on Partition Functions

Suppose we have two edge weights y and y’ that are close. It is easy to bound the distance
between Zising (G;y) and Zising(G;y’) additively, but not multiplicatively. To convert an absolute
error into a relative error, one needs some lower bound on the partition function. However,
when the edge interaction y is negative or complex, it is possible that the partition function
vanishes. Assuming that it doesn’t vanish, we would like to know how close to zero could it
get. When y is rational, an exponential lower bound is easy to obtain by a simple granularity
argument, but the argument is more difficult when y is not rational. In this section we give an
exponential lower bound which is valid when y is an algebraic number. The techniques that we
use are standard in transcendental number theory, see e.g. [Bug04].

We begin with some basic definitions from [Bug04]. For a polynomial with complex coeffi-

cients

P(x) =) ax'=an]J(x—a),
i=0 i=1
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the (naive) height of P(x) is defined as H(P) := max;{|a;|}. A more advanced tool, its Mahler

measure, is defined as

M(P) := |an| ] [ max{1, |o]}.
i=1

There is a standard inequality relating these two measures. It is proved for complex poly-
nomials in [Bug04, Lemma A.2]. For completeness, we include the proof (following [Bug04]) for

the case in which P(x) is a real polynomial, which is all that we require.
Lemma 10.33. Let P(x) be a non-zero real polynomial of degree n. Then M(P) < vn + 1 H(P).

Proof. First apply Jensen’s formula on P(x) and on the unit circle in the complex plane,

1
M(P) = exp {JO log IP(eZ”‘t)Idt} .

The convexity of exponential functions implies

1 1 1/2
M(P) <J IP(e?'™)]dt < <L P(eZim)lzd’t> ,

0

where the second inequality follows by the Cauchy-Schwarz inequality writing P(x) as f(x)g(x)

where g(x) = 1. The inner integral yields

2 2
1 1 n n
J |P(e2i"t)|2dt=J D ajcos(j-2mt) | + | ) ajsin(j-2mt) dt
0 0\ \i=o j=0
n 1
= Z a% + ZJ Z ajai(cos(j - 27mt) cos(k - 27rt) + sin(j - 27rt) sin(k - 27tt))dt
i=0 0

0<j<k<n
n

n 1
=) aG+2 ) ajakj cos((j —k) - 2mt)dt = ) af.
i=0 0

0<j<k<n i=0
The claim holds as M(P) < (X 1*, aiz)l/2 <vn+1 H(P). O

Let y € C be an algebraic number and its minimal polynomial over Z is Py(x). The degree
of Py (x) is called the degree of y and H(Py) is called the height of y, also denoted H(y).

We also need the following notion of resultants.
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Definition 10.34. Let P(x) = an [[iL; (x — i) and Q(x) = by [ [{%, (x —yi) be two non-constant

polynomials. The resultant of P(x) and Q(x) is defined as

Res(P,Q) = an'byy, H H (o — ;).

1<ign 1<i<m

It is a standard result that Res(P, Q) is an integer polynomial in the coefficients of P(x) and
Q(x). The resultant is also the determinant of the so-called Sylvester matrix. In particular,
when P(x) and Q(x) are integer polynomials, Res(P, Q) is always an integer, as the Sylvester

matrix is an integer matrix in this case. Moreover, we can rewrite the resultant as follows:

Res(P,Q) =al ] Qle)=(=1)""b% ] Plw)-

1<ign 1<j<m

Now we are ready to give a lower bound for any integer polynomial evaluated at an algebraic
number. Itis a standard result in algebraic number theory. For completeness we provide a proof

here and the treatment is from [Bug04, Theorem A.1].
Lemma 10.35. Let P(x) be an integer polynomial of degree n, andy € C be an algebraic number
of degree d. Then either P(y) = 0 or

Pl > Cy™ ((n+ 1) H(P)) 4T,

where Cy > 1 is an effectively computable constant that only depends on y.

Proof. Assume P(y) # 0. Let Q(x) = bqg H{izl(x — yi) be the minimal polynomial of y over Z
withy; =v.

Suppose there is an j # 1 such that P(y;) = 0. As Q(x) is the minimal polynomial of y, none
of y; could be a rational number. Hence there is an automorphism of the splitting field of Q(x)
that maps y; to y. Applying this automorphism on both sides of P(y;) = 0, we get P(y) = 0.
Contradiction!

Hence we have P(y;) # O for all 1 and the resultant of P(x) and Q(x) is non-zero. Since
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Res(P, Q) is an integer, we have

1<|Res(P,Q)l=[ba™ J] IPys)l.

1<igd

Clearly, by triangle inequality we have |P(yi)| < (n+ 1) H(P)(max{1, [y;|[})™. It implies,

1< Plba™ (n+ HPN T (max{1, )™
2<i<d

B a1 M(@Q) \"
= [P(y)l ((n + 1) H(P)) (max{llyl}>

n
<IP)l(n+ DHEPY (Va+THy))
where the last inequality follows from Lemma 10.33. Therefore we have

Pl > ((n+ DHE) ™! (VAT THY))

Let Cy = vd + 1H(y) and the lemma holds. O

Lemma 10.36. Let G be a graph andy € C a non-zero algebraic number of degree d. There exists
a positive constant C > 1 depending only ony such that if Zing(G;y) # 0, then |Zing(G;y)l >

C™™, where m is the number of edges in G.

Proof. Given a graph G, first suppose that G is not connected, G;’s are the components of G.
Then Ziging(G;y)= [ [; Zising(Gi;y). It is easy to see that if the claim holds for all components it
hold for G as well. Therefore in the following we may assume G is connected. Then m >n—1
where n is the number of vertices.

We can rewrite Zising(G;y) as a polynomial in y as follows,

P(y) = lemg (Gsy) Z C]U )

where Cj is the number of configurations such that there are exactly j many monochromatic

edges. Notice that Z}‘;O Cj = 2™, we have H(P) < 2™. Assume P(y) # 0. Apply Lemma 10.35
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and we obtain

Py)l = Cg™ ((m+ 1)H(P)) 4*!

Yy

> (TTL+ 1)7d+lcgm27(dfl)n’

where Cy > 1 is a constant depending only on y. As m > n — 1, the right hand side decays

exponentially in m and the lemma follows. O

Lemma 10.37. Let G be a graph and y,z € C two roots of unity. Let n be the number of vertices
in G and m the number of edges. There exists a positive constant C > 1 depending only on y

and z such that if Zising(G;y,z) # 0, then |Zising(G;y,z)| > C™™,

Proof. As in the previous lemma we may assume G is connected and m > n — 1. Suppose y is
of order d; and z order d,. Let d be the least common multiple of d; and d». Then there exists
a root of unity w of order d such that y = w' and z = w2,

Given a graph G, we can rewrite Zising(G;y, z) as a polynomial in y and z as follows,

ZIsmgGyZ ZZC kUZ,

k=0j=0
where C; ;. is the number of configurations such that there are exactly j many monochromatic
edges and k many 1 vertices. Let
tim+ton

P(w) = lemg (G;y,2) Z ZC WtUHZk Z Céwe,
=0

k=0j=0
where Cy =3~ i (,x—¢ Cjx. Notice that I /A S 2% Cjx = 2™, we have H(P) <

2™, Assume P(w) # 0. Apply Lemma 10.35 and we obtain

P(w) > Cult™ 2™ ((tym + ton + 1) H(P)) 4+

> (tm+tyn + 1)~ 4t im-tenp—(d=1)n

where C,, > 1 is a constant depending only on w. As m > n — 1, the right hand side decays

exponentially in m and the lemma follows. O
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Hardness Results

In this section we will show hardness results when both the edge interaction and external field

are roots of unity. We first consider the external field —1.

Lemma 10.38. Let K > 1 and y € C be an algebraic complex number such thaty + +1. Then

we have FACTOR-K-NONZERO-NORMISING(y) <7 FACTOR-K-NONZERO-NORMISING(y, —1).

Proof. We first argue that a binary equality can be implemented. Consider a 2-stretch with
the edge interaction y and external field —1. It is easy to calculate that the interaction matrix

is [920_1 1fy2]. Then do a 2-thickening. The resulting matrix is [(9281)2 (17(;2)2 . Uptoa
constant of (y® — 1)? this is equality.

Suppose G = (V, E) is an input to FACTOR-K-NONZERO-NORMISING(y). We introduce a new
vertex v’ for every vertex v € V. Connectv and v’ via this equality gadget, that is, first a 2-stretch
and then a 2-thickening. Hence the external field on v is cancelled with this construction. The

reduction follows. 0

Next we consider the case when an real edge interaction can be implemented. If the norm

of the interaction is less than 1, then we can cancel out the external field.

Lemma 10.39. Let K > 1 and K’ > 1. Lety and z be two roots of unity and z + +1. Suppose
some real number w € (—1, 1) as an edge interaction is implementable for the Ising model with
edge interaction y and external field z. Then we have FACTOR-K-NONZERO-NORMISING(y) <7

FACTOR-(KK’)-NONZERO-NORMISING(y, z).

Proof. Let G = (V, E) be an input to FACTOR-K-NONZERO-NORMISING(y). Assume Zsing(G;y) #
0 as otherwise we are done. Suppose |V|=n, [E|=m,and V = {v;|]1 <i < n}

Suppose w = 0, which means we can implement inequality. For each vertex v;, we introduce
a new vertex v/ and connect v; and v{ by the inequality. It is easy to verify that if v; is assigned
0, the weight from v; and v] together is z; when v; is assigned 1, the weight is also z. Hence the
external field is effectively cancelled and the reduction follows.

Otherwise assume w = 0, thatisw € (—1,0) U (0, 1). For each vertex v;, we introduce a new

vertex v{, and add 2t many new edges between v; and v{, where t is a positive integer which we
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will choose later. By assumption we can implement the edge interaction w and we put it on all
new edges. Let V' = {v/|1 <1< n}and we get a new graph G’ = (VU V', E’).

For each vertex v;, the contribution of v; and v combined is w2t 4 z when v; is assigned 0

z(14w?tz

and z(14+w?'z) when v; is assigned 1. Let A = pvv T ). Notice that w?t +z = 0 as lwl < 1=z

We have

leing(G/;y,Z) = (WZt +z)" Z ym(ﬁ)}\ﬂl (o),
0:V—{0,1}

where m(o) is the number of monochromatic edges in E under ¢ and n; (o) is the number of

vertices in V that are assigned 1.

Let Z .= e ) _ Zising(G;y) ‘ We want to show that Z is exponentially small. Apply

the triangle inequality:

zZi=| Y yrepme o< Y ‘ym(ﬁ)(y\m(d) 1)
o:V—{0,1} o0:V—{0,1}
- Y o=y (“) N1, (10.24)
0:V—{0,1} j—o \)
where we used the fact thatJy| = 1. Leta = A—1 = zliw?z) g _ w21 Ag,2 1 4 (0and
wat4z wat4z

w2t 4z # 0, |« is decreasing exponentially in t. We may pick a positive integer t = O(logn)

such that ne|«| < 1. Applying the triangle inequality again for each 0 < j < n, we get

N1 = é({)oﬂ <y ({)M

1=1
= (la/+1)Y =1 < (Jed+ 1) =1

-y (*f)w <y (“‘i'“')1

1=1 1=1

< nefal, (10.25)
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1
as (%W) is decreasing in 1. Plugging (10.25) into (10.24) we have

n

zZ1< Y <T,L>nze|oc| — e2™n2|l. (10.26)

=0 )
Since Zising(G;y) # 0, by Lemma 10.36, there exists a constant Cy > 1 such that |Zsing(G;y)| >
Cy Bl Since || is decreasing exponentially in t, by (10.26), we may pick an integer t that is

polynomial in n (and sufficiently large with respect to K’) such that

_ K'—1
c," < ~ | Zising(Gry)l. (10.27)

/

K'—1
K/

1Z] <

By the definition of |Z| and again the triangle inequality we get

. . /. I
i:l—K 1 < 2|le1ng(G Y, 2)] <1+K 1 <K'
K’ K’ W=t + z[" Ziging (G; y)| K’
This finishes the proof. O

A similar proof works when the implementable real field has a larger than 1 norm. Basically
when this is the case we may power the external field z. If z is a root of unity then we could

power it to 1.

Lemma 10.40. LetK > 1 and K’ > 1. Lety and z be two roots of unity and z + +1. Suppose some
real number w € (—oo,—1) U (1, 00) as an edge interaction is implementable for the Ising model
with edge interactiony and external field z. Then we have FACTOR-K-NONZERO-NORMISING(y, z")

<7 FACTOR-(KK’)-NONZERO-NORMISING(y, z) for any positive integer .

Proof. Let G = (V, E) be an input to FACTOR-K-NONZERO-NORMISING(y, z"). Assume that Ziging
(G;y,z") # 0 as otherwise we are done. Suppose [V|=n, [E| =m, and V ={v;|1 <i< n}

For each vertex v;, we introduce v — 1 many new vertices v; j, and add 2t many new edges
between v; and each v; j, where j € [r—1] and t is a positive integer which we will choose later.
By assumption we can implement the edge interaction w and we put it on all new edges. Let

V' ={vijl1 <i<n,1<j<r—1}and we get anew graph G’ = (VU V', E’).
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o . . -1
For each vertex vi, the contribution of v; and all v;; combined is (w2t + z)T when v;
z(1+w2tz)r_l

——. Notice that
(w2tyz)"

is assigned 0 and z (1 erth)T_1 when v; is assigned 1. Let A =

w2t 47z % 0as |w| > 1 =|z]. We have

n(r—1)
ZIsing(Gl;y,Z) _ (WZt —|—Z) Z ym(O"))\Tl-l(O"),
0:V—{0,1}
where m(o) is the number of monochromatic edges in E under ¢ and n; (o) is the number of
vertices in V that are assigned 1.
Let Z .= M — Z15ing(G; v, z‘”)‘. As the previous proof we show that Z is exponen-

(W2t+z)n(r71

tially small. Apply the triangle inequality:

— m(o)(yni(o) _ (o) m(o)Ani(o) _ tny(0o)
|Z| y (A z )| < y (A z )
oV —{0,1} o:V—{0,1}
= Y ‘Am(‘f) —zmlel =% (“) IN -z, (10.28)
o V—{0,1} i—o \J
Z(1+W2tZ)T71 1 -1
where we used the fact that [y| = 1. Let a =A —z" = —————— —z" =z ((z+p)" ' —z" 1),
(w2t4z)
where p© = 1Vj2vt"jt; —z = Vi%i # 0. Asz2 —1 # 0 and |w| > 1, |y decreases exponen-

tially in t. Pick a large enough integer t so that |u| < 1. Hence |a| = |z|/(z + )™ ' —z" 1| =
|Zj:11 (Tzl)ujzr_l_jl < Z;;ll (r)fl)lujl < |ul27~! by the triangle inequality. As |u| decreases
exponentially in t, so does |«.

Notice that |A| = [z" + «f < |z]” + |&] = 1 + |«|. Pick t large so that || < 1. Applying the

triangle inequality again for each 0 < j < n, we get

j—1

j—1
Z Al G-1-U| < | (Z ‘}\lzr(jflfl) D
1=0 1=0

o (i w‘) < lof (Emw)

1=0 1=0

IN =27 = ]A—Z|

j—1

)
< |of (Z 21> < 2ol < 2™, (10.29)
1

=0
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as |z| = 1. Plugging (10.29) into (10.28) we have

n
z1< Y (?) 2™ o] = 4™od. (10.30)
j=0

Since Zising(G;y,z") # 0, by Lemma 10.37, there exists a constant Cy .- > 1 such that

—IE|
y,z" "

|ZIsing(G;y: z")|>C

Since |« is decreasing exponentially in t, by (10.30), we may pick an integer t that is polynomial

in n (and sufficiently large with respect to K’) such that

K'—1 _ K'—1
o < Ziging (G y, 27). (10.31)

1Z| < o Cuz o

By the definition of |Z| and again the triangle inequality we get

. . ’. ’r
i —1_ K 1 < |lemg(G JJ,Z” <1+ K 1 < K’
K’ K’ w2t 4 2| (1| Z g6 (G y, 27)| K’
This finishes the proof. O

We will show how to implement a real edge interaction in the next lemma. Unless the norm
of the new interaction is 1, the hardness holds due to the previous two lemmas. The failure

cases are indeed tractable.

Lemma 10.41. Let K > 1. Lety and z be two roots of unity such thaty ¢ {1,—1,1,—i} and

z ¢{1,—1}. Then FACTOR-K-NONZERO-NORMISING(y, z) is #P-hard.

Proof. Lety =e'® and z = e'® and 0, ¢ € [0,27). Then 0 ¢ {0,71/2, 7, 37/2} and ¢ & {0, 7).
Since y is a root of unity, there exists an integer power of y that equals y‘l. Hence we can
implement y~! by thickenings. Then we implement a real interaction w(8, ¢) by the following
gadget. We replace every edge by two parallel edges: one is a 2-stretch with interaction y and
the other is also a 2-stretch but with y~!. Then we calculate the effective edge interaction. When
both endpoints are assigned 0, the contribution is (y?+z)(1/y?+z) = 1+z°+z(y>+1/y?). When

both endpoints are assigned 1, the contribution is (y2z+1)(z/y?+1) = 14+22+z(y2 +1/y?) as
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well. When one endpoint is assigned 0 and the other 1, the contributionis y(1+z)-(1+2z)/y =

(1 + z)°. Hence effectively on this edge the interaction is of the Ising type and its weight is

1 2 241 /y?
w(O, ) = HELFEAS,

We claim w(6, @) € R. This is because

_ 1422 +z(y> + 1/y%) z(y? + 1/y% —2)

w(0, @) =1+

(1+2)2 (1+2)?
(y—1/y)? 1 —4sin® 0
z+1/z+2 2cos@+2
sin® 0

= _@.

Notice that cos & # 0 as ¢ # 0,7 If [w| < 1, then we are done by combining Lemma 10.39 and
Corollary 10.17. Otherwise if j[w| > 1, the lemma follows from Lemma 10.40 by powering z to
1, and Corollary 10.17.

The failure case is [w(8, ¢)| = 1 and hence sin® 8 = 2 cos® % orsin® = 0. Notice thatsin® = 0
implies y = +1 which contradicts to our assumption. It is easy to implement y?, which has
argument 20. We then repeat the construction. If jw(20, ¢)| # 1, then it is reduced to previous
cases. Otherwise [w(26, ¢)| = 1, implying that sin® 26 = 2 cos? % = sin 0 or sin20 = 0. The
latter case is impossible as 6 ¢ {0,7/2, 7, 37t/2}. Hence sin® 20 = sin®0. It is easy to solve
that © € {n/3,2mn/3,4n/3,5n/3} as © = 0,7. Therefore 2 cos? 2 = sin’® = 3/4. However
cos? % = 3/8 has no solution of ¢ that is a rational fraction of 7, which is contradicting to z

being a root of unity. This finishes the proof. O

Lemma 10.42. Let K > 1. Lety = +i and z be a root of unity that is not one of {1,—1,1,—i}.

Then FACTOR-K-NONZERO-NORMISING(y, z) is #P-hard.

Proof. Let y = e'® and z = e'® where 0,9 € [0,2n1). Asy = =i, we have 0 € {n/2,37/2}
and z ¢ {1,—1,1,—1} implies ¢ ¢ {0,7t/2, 7, 37t/2}. We use the same w(6, @) € R construction
as in the proof of Lemma 10.41. If jw(6, ¢)| = O then cos? % = 1. This implies ¢/2 € {0, 7t}
contradicting to ¢ ¢ {0,7/2,m, 3m/2}. If [w(6, ¢)| = 1 then cos? % = 1/2. This implies ¢/2 €
{m/4,3m/4,5m/4, 7mt/4} also contradicting to ¢ ¢ {0,7/2, 7, 37/2}. Hence we can implement a

real edge interaction w(6, ¢) such that (w(6, ¢)| # 0, 1.
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Notice that w(0, @) =1— % =1—1/cos? £ < 0. Ifw(0, @) € (—1,0), then we adopt the
construction in the proof of Lemma 10.39 to cancel the external field of z. Hence we can reduce
FACTOR-K-NONZERO-NORMISING(w(6, ¢)) to FACTOR-(KK’)-NONZERO-NORMISING(y, z) for any
constant K’ > 1. The #P-hardness follows from Corollary 10.14.

Otherwise w(0, @) € (—oo, —1), then we use Lemma 10.40 to power up the external field of z.
Instead of powering z to 1, we would like to pick a positive integer r such that w(6,r¢@) € (—1,0),
which reduces to the previous case. This is equivalent to % < cos? ¥ < 1, which, in turn, is
equivalent to r¢ € (0,7/2) U (3/2m, 2t) modulo 27t. Suppose ¢ = 2‘17” where a,b are two co-
prime positive integers and b =3 or b > 5 since z ¢ {1,—1,1,—1}. Assume b > 5 first. As a,b
are co-prime, there exist two integers 1; and 1, such thatl;a+1lyb=1andl; > 0. Letr =1; and
we have /2 = 221™ — 27 _ 21,71 This choice of r meets the requirement since 2% € (0,7/2).

The case left is when b = 3, in which case ¢ € {27/3,47/3}. We reduce FACTOR-K-NONZERO-
NORMISING(y, —z) to FACTOR-K-NONZERO-NORMISING (y, z). This suffices due to arg(—z) = o+,
which is one of the previous cases.

Suppose G = (V, E) is an input to FACTOR-K-NONZERO-NORMISING(y, —z). Introduce a new

vertex v’ for each vertex v € V. Since y = +i, there exists a positive integer t such that y* = —1.

Connect v and v’ by t many new edges. We can calculate that the effective field of v in the new

graph (with respect to interaction y and field z) is Z;_f = —z. This finishes our proof. O

We can now prove Theorem 10.5.

Proof of Theorem 10.5. If y = +1, then we can replace every edge interaction by two unary
constraints. Hence the problem is tractable for any external field. Consider next the case where
y = +i. If z € {1,—1,1,—1i}, the algorithm is from [CLX14]. Otherwise, the hardness is from
Lemma 10.42. Finally, for the rest of the proof, we consider the case where y ¢ {1,—1,1, —i}.
For z = 1, the hardness follows from Corollary 10.17. For z = —1, the hardness is obtained by
combining Lemma 10.38 and Corollary 10.17. Otherwise z ¢ {1, —1}, and the hardness follows

from Lemma 10.41. O
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