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Abstract

High-dimensional statistics has attracted considerable attention in recent years. To
achieve reliable estimation and uncertainty quantification, some low-dimensional
structures, including sparsity and low-rankness, are usually assumed. In this thesis,
we introduce some recent advances in high-dimensional statistics with these two
structures.

In Chapter 2, we study the sparse group Lasso for high-dimensional double
sparse linear regression, where the parameter of interest is simultaneously element-
wise and group-wise sparse. This problem is an important instance of the simul-
taneously structured model – an actively studied topic in statistics and machine
learning. In the noiseless case, we establish matching upper and lower bounds
on the sample complexity for the exact recovery of sparse vectors and for stable
estimation of approximately sparse vectors, respectively. In the noisy case, upper
and matching minimax lower bounds for the estimation error are obtained. We also
consider the debiased sparse group Lasso and investigate its asymptotic property
for the purpose of statistical inference. Numerical studies are provided to support
the theoretical results.

In Chapter 3, we consider the statistical inference for several low-rank tensor
models. Specifically, in the Tucker low-rank tensor PCA or regression model, pro-
vided with any estimates achieving some attainable error rate, we develop the
data-driven confidence regions for the singular subspace of the parameter tensor
based on the asymptotic distribution of an updated estimate by two-iteration al-
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ternating minimization. The asymptotic distributions are established under some
essential conditions on the signal-to-noise ratio (in the PCA model) or sample size
(in the regression model). If the parameter tensor is further orthogonally decompos-
able, we develop the methods and theory for inference on each individual singular
vector. For the rank-one tensor PCA model, we establish the asymptotic distribution
for general linear forms of principal components and confidence interval for each
entry of the parameter tensor. Numerical simulations are presented to corroborate
our theoretical discoveries.

Finally, Chapter 4 studies a general framework for high-order tensor SVD. We
propose a new computationally efficient algorithm, tensor-train orthogonal iteration
(TTOI), that aims to estimate the low tensor-train rank structure from the noisy
high-order tensor observation. We develop the general upper bound on estimation
error for TTOI with the support of several new representation lemmas on tensor
matricizations. By developing a matching information-theoretic lower bound, we
also prove that TTOI achieves the minimax optimality under the spiked tensor
model. The merits of the proposed TTOI are illustrated through applications to
estimation and dimension reduction of high-order Markov processes, numerical
studies, and a real data example on New York City taxi travel records.
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Chapter 1

Introduction

The past few decades have witnessed the astonishing development of high-dimensional
statistics, which enables us to cope with large-scale data arising from contemporary
applications in many areas, including biology, engineering, finance, etc. In litera-
ture, some hidden low-dimensional structures are usually assumed to break the
curse of dimensionality. Sparsity and low rankness are two such low-dimensional
assumptions and play important roles in high-dimensional settings. These two
assumptions make models not only easier to estimate but also more interpretable.
While extensive research has been devoted to studying high-dimensional statistical
inference under these two structures, there remain many important problems that
are less understood. In this thesis, we tackle some of these problems, including
estimation and uncertainty quantification for double sparse vectors and low-rank
tensors.

1.1 High-Dimensional Double Sparse Regression

In literature, the Lasso (Tibshirani, 1996) and group Lasso (Yuan and Lin, 2006) are
widely used to estimate entry-wise sparse and group-wise sparse vectors under
high-dimensional regression models, respectively, and their theoretical properties
have been thoroughly investigated. However, in some applications including gene
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expression data analysis, cancer biology, climate prediction amongst others, the
coefficient vector β∗ may be double sparse – that is to say, it satisfies both element-
wise and group-wise sparsity. To estimate β∗ more accurately, Friedman et al.
(2010); Simon et al. (2013) proposed the sparse group Lasso that linearly combines
the `1 and group `1 penalties. Although the sparse group Lasso enjoys huge success
in practice, there is still a lack of theoretical understandings, e.g., if it can achieve a
smaller statistical error rate than the Lasso and group Lasso and if we can make
inference based on the sparse group Lasso estimator.

In Chapter 2 (based on Cai et al., 2019b), we provide theoretical results for the
sparse group Lasso under the double sparse linear regression model. Specifically,
in the noiseless case, by proving matching upper and lower bounds, we show that
the `1 + `1,2 minimization achieves optimal sample complexity to exactly recover the
double sparse vector and to stably estimate approximately double sparse vector β∗,
respectively. In the noisy case, we confirm that the error rate of the sparse group
Lasso is optimal by establishing matching upper and minimax lower bounds. The
proofs of upper bounds are based on a novel construction of an approximate dual
certificate. Furthermore, inspired by Javanmard and Montanari (2014), we propose
the debiased sparse group Lasso and derive its asymptotic distribution, which
could be used to construct a confidence interval for β∗. Interestingly, different
from other simultaneously structured models studied in the literature, our results
show that the multi-objective optimization with norms associated with entry-
wise and group-wise sparsity (the sparse group Lasso or `1 + `1,2 minimization)
indeed help us achieve better statistical performance in double sparse linear
regression than exploiting just one structure.

1.2 Tensor Data Analysis

Tensors have attracted a flurry of interest in machine learning, computational
mathematics, and statistics. Different from the matrix setting, tensors have more
sophisticated structures and are more challenging to handle: even the best low-rank
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tensor approximation and tensor operator/nuclear norms are computationally in-
tractable. The challenge is further compounded by the explosion of dimensionality
of tensors. These facts call for the development of novel theoretical analysis as well
as new methods.

1.2.1 Inference for Low-rank Tensors

The estimation of low-rank tensors and their associated subspaces has been exten-
sively studied in the literature. However, the statistical inference or uncertainty
quantification of low-rank tensors, i.e., deriving asymptotic distributions and con-
structing the confidence intervals/regions of tensors/subspaces, have been much
less investigated. In Chapter 3 (based on Xia et al., 2020), we consider this prob-
lem under the Tucker low-rank tensor PCA and regression models. Our main
contributions are summarized as follows:

1. For the target low Tucker-rank tensor T with subspaces Uj and any estimates
Û

(0)
j achieving some attainable error rate, we propose a two-step alternating

minimization algorithm with output Ûj and derive data-driven confidence
regions forUj based on the asymptotic distributions of ‖ sinΘ(Uj, Ûj)‖ under
some essential conditions on the signal-to-noise ratio (under the PCA model)
and sample size (under the regression model).

2. Specifically, under the PCA model, if T =
∑r
i=1 λi ·ui⊗ vi⊗wi is orthogonal

decomposable, we make inference for single principle components ui, vi,wi.

3. Furthermore, under the rank-1 PCA model (i.e., r = 1), we prove the asymp-
totic distributions of linear forms of principle components u1, v1,w1 and con-
struct confidence intervals for each entry of T.

Surprisingly, different from the matrix/vector cases considered in the literature,
making inference for low-rank tensors does not rely on any debiasing proce-
dure. In the literature of low-rank tensor estimation, it is widely investigated that
achieving an accurate and computationally feasible estimation usually requires
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much stronger conditions than the one needed in the information-theoretic limit
(also known as statistical-computational gap). Such essential conditions allow us
to make inference without debiasing.

1.2.2 High-order Tensor SVD

In modern applications, it is increasingly more common to encounter high-order
tensors, i.e., tensors with large values of order number. Compared to low-order ten-
sors, high-order tensors contain much more parameters, which leads to enormous
challenges in storage and processing.

To address this issue, (Oseledets, 2009; Oseledets and Tyrtyshnikov, 2010; Os-
eledets, 2011) introduced an elegant sequential low-rank structure, the tensor-train
(TT) decomposition. For an order-d dimensional-p tensor, the TT-decomposition
only involves O((d − 2)pr2 + 2pr) parameters, which is much less than the one
for the Tucker decomposition (O(rd + dpr)) and the total number of the tensor
entries (pd) if d is large and thus significantly reduces the storage burden. While
the low-rank tensor-train approximation under the deterministic setting is consid-
ered in the literature (Oseledets, 2011; Oseledets and Tyrtyshnikov, 2010; Bigoni
et al., 2016), estimating the true low TT-rank structure from a noisy observation is
more crucial in some cases (e.g., the transition probability estimation in high-order
Markov chains/decision processes) and is much less studied.

In Chapter 4 (based on Zhou et al., 2020), we consider the high-order tensor
SVD model. To accurately estimate the true tensor, we propose a new algorithm,
Tensor-Train Orthogonal Iteration (TTOI), which consists of the initialization via
TT-SVD (Oseledets, 2011) and new iterative back/forward updates. We establish
lemmas that help us better understand the TT-structure and provide upper bounds
for the estimation error. In addition, under the probabilistic spiked tensor model,
we also prove matching minimax lower bound indicating that the TTOI can achieve
the sharp error rate. As a by-product, we show that the proposed TTOI can be used
to further improve the approximation result obtained by TT-SVD. As an example,
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we study the application of TTOI on estimating transition probabilities of high-
order Markov processes and performing state aggregation. Finally, synthetic and
real data analysis is provided to validate the performance of TTOI.
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Chapter 2

High-Dimensional Double Sparse
Regression ∗

2.1 Introduction

Consider the high-dimensional double sparse regression with simultaneously group-
wise and element-wise sparsity structures

y = Xβ∗ + ε, or equivalently yi = X
>
i β
∗ + εi, i = 1, . . . ,n. (2.1)

Here, the covariates X ∈ Rn×p and parameter β∗ are divided into d known groups,
where the jth group contains bj variables,

X = [X(1) · · · X(d)], β∗ =
(
(β∗(1))

>, · · · (β∗(d))>
)>

, X(j) ∈ Rn×bj ,β∗(j) ∈ Rbj ;
(2.2)

β∗ is a (s, sg)-sparse vector in the sense that

‖β∗‖0,2 :=

d∑
j=1

1{β∗
(j)
6=0} 6 sg and ‖β∗‖0 :=

p∑
i=1

1{β∗i 6=0} 6 s. (2.3)

∗This work is based on Cai et al. (2019b) (https://arxiv.org/abs/1909.09851).

https://arxiv.org/abs/1909.09851
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The focus of this chapter is on the estimation of and inference for β∗ based on
(y,X). This problem has great importance in a variety of applications. For example
in genome-wide association studies (GWAS) Silver et al. (2013), the genes can be
grouped into pathways and it is believed that only a small portion of the pathways
contain causal single nucleotide polymorphisms (SNPs), and the number of causal
SNPs is much less than the one of non-causal SNPs in a causal pathway. The sparse
group Lasso has been applied to identify causal genes or SNPs associated with
a certain trait Silver et al. (2013). Other examples include cancer diagnosis and
therapy Vidyasagar (2014); Allahyar and De Ridder (2015), classification Rao et al.
(2015), and climate prediction Chatterjee et al. (2012) among many others. The
problem can also be viewed as a prototype of various problems in statistics and
machine learning, such as the sparse multiple response regression Wang et al. (2013)
and multiple task learning Lounici et al. (2009); Lozano and Swirszcz (2012); Zhou
et al. (2017).

The sparse group Lasso Friedman et al. (2010); Simon et al. (2013); Li et al. (2015)
provides a classic and straightforward estimator for β∗:

β̂ = arg min
β

‖y− Xβ‖2
2 + λ‖β‖1 + λg‖β‖1,2. (2.4)

Here, ‖β‖1 =
∑p
i=1 |βi| and ‖β‖1,2 =

∑
j ‖β(j)‖2 are `1 and `1,2 convex regularizers to

account for element-wise and group-wise sparsity structures, respectively. λ, λg > 0
are tuning parameters. In the noiseless setting that ε = 0, one can apply the
constrained `1 + `1,2 minimization instead to estimate β∗:

β̂ = arg min λ‖β‖1 + λg‖β‖1,2

subject to y = Xβ.
(2.5)

In fact, when λ, λg tend to zero while λ/λg is fixed as a constant, the sparse group
Lasso (2.4) tends to the `1 + `1,2 minimization (2.5).
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When β∗ is only element-wise sparse, the regular Lasso Tibshirani (1996)

β̂L = arg min
β

‖y− Xβ‖2
2 + λ‖β‖1 (2.6)

can be applied and its theoretical properties have been well studied. See, for
example, Bickel et al. (2009); Verzelen (2012). When β∗ is only group-wise sparse,
the group Lasso

β̂GL = arg min
β

‖y− Xβ‖2
2 + λg‖β‖1,2 (2.7)

and its variations have been widely investigated Yuan and Lin (2006); Lounici et al.
(2011); Bunea et al. (2013). However, to estimate the simultaneously element-wise
and group-wise sparse vector β∗, despite many empirical successes of sparse group
Lasso in practice, the theoretical properties, including optimal rate of convergence
and sample complexity, are still unclear so far to the best of our knowledge.

2.1.1 Simultaneously Structured Models

More broadly speaking, the simultaneously structured models, i.e., the parameter of
interest has multiple structures at the same time, have attracted enormous attention
in many fields including statistics, applied mathematics, and machine learning. In
addition to the high-dimensional double sparse regression, other simultaneously
structured models include sparse principal component analysis Johnstone and
Lu (2009); Ma (2013), tensor singular value decomposition Zhang and Xia (2018);
Wang and Li (2018), simultaneously sparse and low-rank matrix/tensor recovery
Oymak et al. (2015); Hao et al. (2018), sparse matrix/tensor SVD Zhang and Han
(2018), and sparse phase retrieval Jaganathan et al. (2013); Shechtman et al. (2014);
Cai et al. (2016a). As shown in Oymak et al. (2013, 2015), by minimizing multi-
objective regularizers with norms associated with these structures (such as `1 norm
for element-wise sparsity, nuclear norm for low-rankness, and total variation norm
for piecewise constant structures), one usually cannot do better than applying
an algorithm that only exploits one structure. They particularly illustrated that
simultaneously sparse and low-rank structured matrix cannot be well estimated by
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penalizing `1 and nuclear norm regularizers. Instead, non-convex methods were
proposed and shown to achieve better performance.

However based on their results, it remains an open question whether the convex
regularization, such as sparse group Lasso or `1 + `1,2 minimization, can achieve
good performance in estimation of parameter with two types of sparsity structures,
such as the aforementioned high-dimensional double sparse regression. Specifically,
as illustrated in Section 2.2.2, a direct application of Oymak et al. (2015) does not
provide a sample complexity lower bound for exact recovery that matches our
upper bound.

2.1.2 Optimality and Related Literature

This chapter fills the void of statistical limits of sparse group Lasso and provides an
affirmative answer to the aforementioned question: by exploiting both element-wise
and group-wise sparsity structures, the `1 + `1,2 regularization does provide better
performance in high-dimensional double sparse regression. Particularly in the
noiseless case, it is shown that (s, sg)-sparse vectors can be exactly recovered and
approximately (s, sg)-sparse vectors can be stably estimated with high probability
whenever the sample size satisfies n & sg log(d/sg) + s log(esgb), where b =

max16i6d bi. On the other hand, we prove that exact recovery cannot be achieved
by `1 + `1,2 regularization and stable estimation of approximately (s, sg)-sparse
vectors is impossible in general unless n & sg log(d/sg) + s log(esgb/s). We then
consider the noisy case and develop the matching upper and lower bounds on the
convergence rate for the estimation error. Simulation studies are carried out and
the results support our theoretical findings. In addition, statistical inference for the
individual coordinates of β∗ is studied. A confidence interval is constructed based
on the debiased sparse group Lasso estimator and its asymptotic property. The
results show that by exploring the simultaneously element-wise and group-wise
sparsity structures, the debiased sparse group Lasso requires less sample size than
the debiased Lasso and debiased group Lasso in the literature Zhang and Zhang
(2014); Javanmard and Montanari (2014); Mitra and Zhang (2016); Cai and Guo



10

(2017).

The theoretical analysis of sparse group Lasso and `1+`1,2 minimization is highly
non-trivial. First, the regularizer λ‖ · ‖1 +λg‖ · ‖1,2 is not decomposable with respect
to the support of β∗ so that the classic techniques of decomposable regularizers
Negahban et al. (2012) and null space property Stojnic et al. (2008) may not be
suitable here. Despite a substantial body of literature on high-dimensional element-
wise sparse vector estimation based on restricted isometry property (RIP) Candes
et al. (2006); Candes and Tao (2007); Cai and Zhang (2013a,b, 2014) and restricted
eigenvalue Bickel et al. (2009), these techniques cannot provide nearly optimal
results for sparse group Lasso here as it is technically difficult to partition general
vectors into simultaneously element-wise and group-wise ones that preserves some
ordering structures. Departing from the previous literature, our theoretical analysis
relies on a novel construction of approximate dual certificate. See Section 2.2.3 for
further details. Although our results mostly focus on the performance of sparse
group Lasso and `1 + `1,2 estimators, the techniques of approximate dual certificate
on multi-norm structures here can also be of independent interest.

The statistical properties of sparse group Lasso and related estimators have been
studied previously. For example, Chatterjee et al. (2012) developed consistency
results for estimators with a general tree-structured norm regularizers, of which
the sparse group Lasso is a special case. Poignard (2018) analyzed the asymptotic
behaviors of the adaptive sparse group Lasso estimator. Rao et al. (2015, 2013) stud-
ied the multi-task learning and classification problems based on a variant of sparse
group Lasso estimator. Li et al. (2015) studied multivariate linear regression via
sparse group Lasso. Ahsen and Vidyasagar (2017) provided a theoretical framework
for developing error bounds of the group Lasso, sparse group Lasso, and group
Lasso with tree structured overlapping groups. Specifically, their results imply that
the group-wise sparse signal can be exactly recovered with high probability by
solving (2.5) if the sample size satisfies n & sg (b+ log d). Different from previous
results, this chapter focused on both the required sample size and convergence rate
of estimation error of sparse group Lasso. To the best of our knowledge, this is
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the first result that provides optimal theoretical guarantees for both the sample
complexity and estimation error of sparse group Lasso.

2.1.3 Organization of the Chapter

The rest of the article is organized as follows. After a brief introduction to notation
and preliminaries in Section 2.2.1, the main theoretical results on constrained `1+`1,2

minimization in the noiseless setting is presented in Section 2.2.2 and the key proof
ideas are explained in Section 2.2.3. Results for sparse group Lasso in the noisy
setting are discussed in Section 2.3. In particular, the optimal rate of estimation
error and statistical inference are studied in Sections 2.3.1 and 2.3.2, respectively.
In Section 2.4.1, we introduce a practical scheme to select tuning parameters. In
Section 2.4.2, we provide simulation results in both noiseless and noisy cases to
justify our theoretical findings. The proofs of technical results are given in Section
5.1. All technical lemmas and their proofs can be found in Appendix 5.1.9.

2.2 `1 + `1,2 Minimization in Noiseless Case

2.2.1 Notation and Preliminaries

The following notation will be used throughout the chapter. We denote a∧ b =

min{a,b},a∨ b = max{a,b}. Let sgn(·) be the sign function, i.e., sgn(x) = 1, 0, or
−1, if x > 0, x = 0, or x < 0, respectively. Hα(·) is the soft-thresholding function
such that Hα(x) = sgn(x) · {(|x|− α)∨ 0} for any x ∈ R. We say a . b and a & b
if a 6 Cb and b 6 Ca for some uniform constant C > 0, respectively. a � b

means a . b and a & b both hold. Let the uppercase C,C1,C0, . . . and lowercase
c, c1, c0, . . . denote large and small positive constants respectively, whose actual
values vary from time to time. Throughout the chapter, we focus on the parameter
index set {1, . . . ,p} partitioned into d groups. Denote (1), . . . , (d) ⊆ {1, . . . ,p} as
the index sets belonging to each group. Additionally, for any group index subset
G ⊆ {1, . . . ,d}, define (G) = ∪j∈G(j), (Gc) = ∪j/∈G(j). For any vector γ and index
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subset T , γT ∈ R|T | represents the sub-vector of γ with index set T . In particular,
γ(G) represents the sub-vector of γ in the union of Groups j ∈ G. Define the `q
norm of any vector γ as ‖γ‖q = (

∑
i |γi|

q)1/q. For any vector β ∈ Rp with group
structures, we also define the `q1,q2 norm for any 0 6 q1,q2 6∞ as

‖γ‖q1,q2 =

(
d∑
j=1

‖γ(j)‖q1
q2

)1/q1

=


d∑
j=1

∑
i∈(j)

|γi|
q2

q1/q2


1/q1

.

In particular, ‖γ‖0,2 =
∑d
j=1 1{γ(j) 6=0} is the number of non-zero groups of γ, ‖γ‖∞,2 =

maxj ‖γ(j)‖2 is the maximum `2 norm among all groups ofγ, and ‖γ‖1,2 =
∑d
j=1 ‖γ(j)‖2

is the group-wise `1 penalty. With a slight abuse of notation, we simply denote
‖γT‖q1,q2 = ‖u‖q1,q2 if u ∈ Rp, u restricted on subset T is γT and u restricted on Tc

is 0.

The focus of this chapter is on simultaneously element-wise and group-wise
sparse vectors defined as follows.

Definition 2.2.1 (Simultaneous element-wise and group-wise sparsity). Assume
β∗ ∈ Rp is associated with group partition (1), . . . , (d). For positive integers s, sg satisfying
sg 6 d and sg 6 s 6 maxΩ⊆{1,...,d},|Ω|=sg

∑
i∈Ω bi, we say β∗ is (s, sg)-sparse if

‖β∗‖0,2 =

d∑
j=1

1{β∗
(j)
6=0} 6 sg, ‖β∗‖0 =

∑
i

1{β∗i 6=0} 6 s.

2.2.2 Noiseless Case and Sample Complexity

To analyze the performance of sparse group Lasso and `1 + `1,2 minimization, we
first introduce the following assumption on the design matrix X.

Assumption 2.2.1 (Sub-Gaussian assumption). Suppose all rows of X are i.i.d. centered
sub-Gaussian distributed. Specifically, EXi· = 0, Var(X>i·) = Σ, and for any α ∈ Rp, we
have E exp

(
α>Σ−1/2X>i·

)
6 exp

(
κ2‖α‖2

2/2
)

for constant κ > 0. We also assume there
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exist two constants Cmax > cmin > 0 such that cmin 6 σmin(Σ) 6 σmax(Σ) 6 Cmax, where
σmax(Σ) and σmin(Σ) are the largest and smallest eigenvalues of Σ, respectively.

Clear, a random matrix X with i.i.d. standard normal entries satisfies this
assumption – this design is referred to as the Gaussian ensemble and has been
considered as a benchmark setting in compressed sensing and high-dimensional
regression literature Candes and Plan (2011); Javanmard and Montanari (2018).

The following theorem shows that the `1 + `1,2 minimization achieves the exact
recovery with high probability when β∗ is simultaneously element-wise and group-
wise sparse, X is weakly dependent, and Assumption 2.2.1 holds. The theorem also
provides a more general upper bound on estimation error if β∗ is approximately
element-wise and group-wise sparse.

Theorem 2.2.1 (`1+`1,2 minimization in noiseless case). Suppose one observes y = Xβ∗,
where X has the group structure (2.2) and satisfies Assumption 2.2.1, β∗ is (s, sg)-sparse,
and b = max16i6d bi. Let T be the support of β∗. Suppose there exist uniform constants
C, c > 0 such that

n > C (sg log(d/sg) + s log(esgb)) , (2.8)

max
i∈Tc

∥∥Σi,TΣ−1
T ,T
∥∥

2 6 c/
√
s, (2.9)

then the constrained `1 + `1,2 minimization (2.5) with λg =
√
s/sgλ achieves the exact

recovery with probability at least 1 − C exp(−cn/s).

Moreover, if β∗ ∈ Rp is a general vector and β̂ is the solution to the constrained `1 + `1,2

minimization (2.5) with λg =
√
s/sgλ, then

‖β̂− β∗‖2 . min
S:

‖β∗S‖06s,‖β∗S‖0,26sg,
maxi∈Sc ‖Σi,SΣ−1

S,S‖26c/
√
s

(
1√
s
‖β∗Sc‖1 +

1
√
sg
‖β∗Sc‖1,2

)
. (2.10)

with probability at least 1 − C exp(−cn/s).

Remark 2.2.1 (Interpretation and comparison). In Theorem 2.2.1, the required sample
size for achieving exact recovery contains two terms: sg log(d/sg) and s log(esgb). In-
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tuitively speaking, sg log(d/sg) corresponds to the complexity of identifying sg non-zero
groups and s log(esgb) corresponds to the complexity of estimating s non-zero elements of
β in sg known groups.

When β∗ is only element-wise or group-wise sparse, one can apply respectively the
classic `1 or `1,2 minimization to recover β∗,

β̂`1 = arg min
β

‖β‖1 subject to y = Xβ, (2.11)

β̂`1,2 = arg min
β

‖β‖1,2 subject to y = Xβ. (2.12)

The `1 minimization and `1,2 minimization here are respectively the special form of the
regular Lasso and group Lasso (if λ, λg = 0+ in (2.6) and (2.7)), respectively. Especially
if the group size b1 � · · · � bd � b, to ensure exact recovery in the noiseless setting
with high probability, (2.11) requires n & Cs log(ebd/s) Foucart and Rauhut (2013)
and group Lasso requires n & sg(b+ log(ed/sg)). The `1 + `1,2 minimization (2.5) has
provable advantages over both regular and group Lasso when b� log(d)� log(esgb)
and sgb/ log(esgb)� s� sg. In particular, when sg = s, the double sparse regression
reduces to the vanilla sparse linear regression, and the upper bound (2.10) matches the
classic upper bound for `1 minimization Candes and Plan (2011).

In addition, Condition (2.9) is an important technical condition we used in our theoretical
analysis.

Next, we consider the sample complexity lower bound. Suppose b1 = b2 =

· · · = bd and d > 2sg. Recall that one observes y = Xβ∗ without noise and aims
to estimate the (s, sg)-sparse vector β∗ based on y and X. As indicated by classic
results in compressed sensing Candes and Tao (2005), with sufficient computing
power, the `0 minimization below achieves exact recovery of β∗

β̂`0 = arg min ‖β‖0 subject to Xβ = y (2.13)

as along as X is non-degenerate and n > 2s. This bound is actually sharp: when
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n < 2s, for any set T ⊆ {1, . . . ,db} with cardinality 2s, one can find a vector γ such
that supp(γ) ⊆ T and Xγ = 0. By choosing an appropriate T , we can split the
support γ to obtain two (s, sg)-sparse vectors β1,β2 satisfying β1 + β2 = γ. Then,
Xβ1 = X(−β2) but there is no way to distinguish β1 and β2 merely based on X and
y = Xβ1 = X(−β2).

However, the `0 minimization (2.13) is computational infeasible in practice while
a larger sample size is required for applying more practical methods. The following
theorem shows that by performing the convex `1 regularization, `1,2 regulariza-
tion, or any weighted combination of them, one requires at leastΩ(sg log(d/sg) +
s log(esgb/s)) observations to ensure exact recovery of (s, sg)-sparse vectors.

Theorem 2.2.2 (Sample complexity lower bound for exact recovery). Suppose b1 =

· · · = bd = b, d,b > 3. Suppose X is an n-by-(db) matrix. If every (2s, 2sg)-sparse
vector β ∈ Rdb is a minimizer of the following programming for some (λ, λg) ∈ {(λ, λg) :
λ, λg > 0, λ+ λg > 0}:

min
z
λ‖z‖1 + λg‖z‖1,2 subject to Xz = y = Xβ.

In other words, if the `1 + `1,2 minimization exactly recover all (2s, 2sg)-sparse vector β,
then we must have n & sg log(d/sg) + s log(esgb/s).

The following sample complexity lower bound shows that for arbitrary methods,
to ensure stable estimation of all approximately sparse vectors, one requires at least
Ω(sg log(d/sg) + s log(esgb/s)) observations.

Theorem 2.2.3 (Sample complexity lower bound for stable estimation). Suppose
b1 = · · · = bd = b, b,d > 3. Assume there exists a matrix X ∈ Rn×(bd), a map
∆ : Rn → Rbd (∆ may depend on X), and a constant C > 0 satisfying

‖β− ∆(Xβ)‖2 6 C

(
‖β‖1√
s

+
‖β‖1,2√
sg

)
(2.14)

for all β ∈ Rp and some s, sg satisfying d > sg, sgb > s > sg. There exists constants C0
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and c0 that depend only on C such that whenever sg > C0, we must have

n > c0(sg log(d/sg) + s log(esgb/s)).

Remark 2.2.2 (Optimality and comparison with previous results). Theorems 2.2.2
and 2.2.3 show that the sample complexity upper bound in Theorem 2.2.1 is rate-optimal
under a weak condition: log(esgb) � log(esgb) − log(s) or log(d) > 2s log(s)/sg.
Oymak, et al. Oymak et al. (2015) provided a general analysis for convex regularization
of simultaneously structured parameter estimation. Specifically for the high-dimensional
double sparse regression, a direct application of their Theorem 3.2 and Corollary 3.1 implies
that if `1 + `1,2 minimization can exactly recover (s, sg)-sparse vector β∗ with a constant
probability, one must have n & s. We can see that Theorem 2.2.2 provides a sharper lower
bound on sample complexity.

In addition, by setting sg = s, the lower bound in Theorems 2.2.2 and 2.2.3 reduces
to n & s log(p/s), which matches the optimal sample complexity lower bound for exact
recovery of s-sparse vectors (Foucart and Rauhut, 2013, Theorem10.11, Proposition 10.7).
By setting s = sgb, we obtain a sample complexity lower bound n & sg(b+ log(d/sg))
for (approximate) sg-group-wise sparse vector recovery and stable estimation. To the best of
our knowledge, this is the first sample complexity lower bound for group Lasso.

2.2.3 Proof Sketches

We briefly discuss the proof sketches of the main technical results in this section.
The detailed proofs are postponed to Section 5.1.

The proof of Theorem 2.2.1 is based on a novel dual certificate scheme. The dual
certificate Bertsekas and Nedic (2003) has been used in the theoretical analysis for
various convex optimization methods in high-dimensional problems, such as matrix
completion Candès and Recht (2009); Gross (2011), compressed sensing Candes and
Plan (2011), robust PCA Candès et al. (2011), tensor completion Yuan and Zhang
(2016), etc. The high-dimensional double sparse linear regression exhibits different
aspects from these previous works due to the simultaneous sparsity structure. In
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particular, we can show that if the uet defined below is in the row space of X, it can
be used as an exact dual certificate for recovery of (s, sg)-sparse vector β∗:

uet = vet+wet ∈ Rp,
{

(vet)(j) =
√
s/sgβ

∗
(j)/‖β∗(j)‖2, j ∈ G;

‖(vet)(j)‖2 <
√
s/sg, j ∈ Gc;

{
(wet)T = sgn(β∗T )
‖(wet)Tc‖∞ < 1.

(2.15)
Here, T and G are the element-wise and group-wise supports of β∗:

T = {i : βi 6= 0} ⊆ {1, . . . ,p}, G = {j : β(j) 6= 0} ⊆ {1, . . . ,d}.

Roughly speaking, uet is the sub-gradient of objective function (2.5) evaluated at
β = β∗. If uet is in the row space of X, the sub-gradient will be perpendicular to
the feasible set of (2.5), which implies that β∗ is the unique minimizer of `1 + `1,2

minimization (2.5).

For more general vector β∗ that does not necessarily have a sparse support T or
G, we consider the following (s, sg)-sparse approximation:

βap = arg min
S

1√
s
‖β∗Sc‖1 +

1
√
sg
‖β∗Sc‖1,2

subject to ‖β∗S‖0 6 s. ‖β∗S‖0,2 6 sg, max
i∈Sc
‖Σi,SΣ−1

S,S‖2 6 c/
√
s.

(2.16)

Let T = {i : βapi 6= 0} andG = {j : (βap)(j) 6= 0} be the element-wise and group-wise
supports of βap. Define

ũ0 = ṽ0+w̃0 ∈ Rp,
{

(ṽ0)(j) =
√
s/sgβ

∗
T ,(j)/‖β∗T ,(j)‖2, j ∈ G;

‖(ṽ0)(j)‖2 <
√
s/sg, j ∈ Gc;

{
(w̃0)T = sgn(β∗T )
‖(w̃0)Tc‖∞ < 1.

(2.17)
Here β∗T ,(j) ∈ Rbj is the subvector β∗ restricted on the j-th group with all entries in
Tc set to zero. Similarly to the exactly sparse case, if ũ0 is in the row space of X and
the true β∗ is approximately (s, sg)-sparse, the minimizer of (2.5) will be close to
β∗.

However, it is often difficult to find an exact dual certificate that lies in the row
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space ofX and satisfies stringent conditions in (2.15) or (2.17). We instead propose to
analyze via the approximate dual certificate defined as (2.18) in the following lemma.

Lemma 2.2.1 (Approximate dual certificate for sparse group Lasso). Suppose T ,G
are element-wise and group-wise support defined in (2.16). ũ0 is defined in (2.17). Assume
X satisfies σmin

(
X>T XT/n

)
> cmin/2. If there exists u ∈ Rp in the row span of X satisfying

‖uT − (ũ0)T‖2 ·max
i∈Tc

∥∥X>T Xi/n∥∥2 6 cmin/8,

‖H1/2(u(Gc))‖∞,2 6
√
s0/2, ‖u(G)\T‖∞ 6 1/2,

(2.18)

Then the conclusion of Theorem 2.2.1 (2.10) holds with probability at least 1− 2e−cn. Here,
H1/2(·) is the soft-thresholding operator defined at the beginning of Section 2.2.

If we additionally assume β∗ is (s, sg)-sparse, then β∗ is the unique solution to the
sparse group `1 + `1,2 minimization (2.5) with probability at least 1 − 2e−cn.

Lemma 2.2.1 shows that the conclusion of Theorem 2.2.1 holds if there exists
an approximate dual certificate u satisfying the condition (2.18). The following
lemma shows that, under the assumptions in Theorem 2.2.1, one can find such an
approximate dual certificate with high probability.

Lemma 2.2.2. Suppose X has group structure (2.2) and satisfies Assumption 2.2.1. Recall
σmin(X

>
T XT/n) is the least eigenvalue of X>T XT/n. Then σmin

(
X>T XT/n

)
> 1/2 and

(2.18) holds with probability at least 1 − Ce−cn/s, where T is defined in (2.16).

Another key technical tool to the proof of Theorem 2.2.1 is the following Lemma,
which shows that X satisfies the restricted isometry property for all simultaneously
element-wise and group-wise sparse vectors with high probability when there are
enough samples.

Lemma 2.2.3. If n > C(sg log(d/sg) + s log(esgb)),

cmin

2 ‖γ‖
2
2 6

1
n
‖Xγ‖2

2 6 (Cmax+
cmin

2 )‖γ‖2
2, ∀γ ∈ {γ ∈ Rp : ‖γ‖0 6 2s, ‖γ‖0,2 6 2sg}

(2.19)
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with probability at least 1 − 2e−cn.

Next we briefly discuss the proof of Theorem 2.2.2. Consider the quotient
space Rdb/ker(X) = {[γ] := x+ ker(X),γ ∈ Rdb} and define an associated norm as
‖[γ]‖ = infv∈ker(X){λ‖γ− v‖1 + λg‖γ− v‖1,2}. We show that there exist N different
(s, sg)-sparse vectors β(1), . . . ,β(N) such that log(N) � s log(esgb/s)+sg log(d/sg)
and ‖[β(i)]‖ = 1, ‖[β(i)] − [β(j)]‖ > 2/9 for all 1 6 i 6= j 6 N. By a property of the
packing number and the fact that dim(Rdb/ker(X)) 6 n, we must have N 6 10n.
Thus n & log(N) � s log(esgb/s) + sg log(d/sg).

We prove Theorem 2.2.3 by contradiction. Assume that

n < c0 (s log(esgb/s) + sg log(d/sg)) (2.20)

for a sufficiently small constant c0. Let ‖ · ‖ = ‖ · ‖1 +
√
s/sg‖ · ‖1,2 and B = {x ∈

Rdb : ‖x‖ 6 1} be the unit ball associated with ‖ · ‖. Define

dn(B,Rp) = inf
Ln is a subspace of Rp
with dim(Rp/Ln)6n

{
sup

β∈B∩Ln
‖β‖2

}
,

We have dn(B,Rp) 6 C√
s

by the assumption of this theorem. We can also show that
there exists a uniform constant c > 0 such that

dn(B,Rp) > cmin

 1
√
s0

,
[(
sg

s
log
(
c s
sg
d log(esgb/s)

n

)
+ log(esgb/s)

)
/n

]1/2
 .

The previous two inequalities and (2.20) together imply that

n > c

(
sg log

(
c s
sg
d log(esgb/s)

n

)
+ s log(esgb/s)

)
> c0 (s log(esgb/s) + sg log(d/sg)) > n.

This contradiction shows that n > c0 (s log(esgb/s) + sg log(d/sg)).
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2.3 Sparse Group Lasso in Noisy Case

We now turn to the noisy case.

2.3.1 Optimal Rate of Estimation Error of Sparse Group Lasso

When observations are noisy, we have the following theoretical guarantee for the
sparse group Lasso.

Theorem 2.3.1 (Upper bound of estimation error). Suppose y = Xβ∗ + ε, X satisfies
Assumption 2.2.1, n > C (sg log(d/sg) + s log(esgb)) for some uniform constantC > 0,
ε
iid
∼ N(0,σ2), and b = max16i6d bi. Then the sparse group Lasso estimator (2.4) with

λ = Cσ
√

(s log(esgb) + sg log(ed/sg))n/s and λg =
√
s/sgλ

satisfies

‖β̂− β∗‖2

. min
S:

‖β∗S‖06s,‖β∗S‖0,26sg,
maxi∈Sc ‖Σi,SΣ−1

S,S‖26c/
√
s

{√
σ2(sg log(d/sg) + s log(esgb))

n
+
‖β∗Sc‖1√

s
+
‖β∗Sc‖1,2√

sg

}

with probability at least 1 − C exp
(
−C

s log(esgb)+sg log(d/sg)
s

)
.

Especially, if β∗ is exactly (s, sg)-sparse and maxi∈Tc ‖Σi,TΣ−1
T ,T‖2 6 c/

√
s holds, then

‖β̂− β∗‖2
2 .

σ2(sg log(d/sg) + s log(esgb))
n

(2.21)

with probability at least 1 − C exp
(
−C

s log(esgb)+sg log(d/sg)
s

)
.

In addition, we focus on the following class of simultaneously element-wise
and group-wise sparse vectors,

Fs,sg = {β : ‖β‖0 6 s, ‖β‖0,2 6 sg}.
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The following minimax lower bound of estimation error holds.

Theorem 2.3.2 (Lower bound of estimation error). Suppose X satisfies Assumption
2.2.1, b1 = · · · = bd = b, and d,b > 3. Then we have

inf
β̂

sup
β∈Fs,sg

E‖β̂− β‖2
2 &

σ2(sg log(ed/sg) + s log(esgb/s))
n

.

Remark 2.3.1. Theorems 2.3.1 and 2.3.2 together show that the sparse group Lasso yields the
minimax optimal rate of convergence as long as the following condition holds: log(esgb) �
log(esgb) − log(s) or log(d) & s log(s)/sg.

Remark 2.3.2. We briefly discuss the main proof ideas of Theorem 2.3.2 here. First, we ran-
domly generate a series of subsetsΩ(i) ⊆ {1, . . . ,p} as feasible supports of (s, sg)-sparse vec-
tors. Then, we prove by a probabilistic argument that there existN & (sg log(d/sg) + s log(esgb/s))
subsets {Ω(i)}Ni=1 such that |Ω(i) ∩Ω(j)| < 8sgbs/sgc/9 for any i < j. Next, we construct
a series of candidate (s, sg)-sparse vectors β(i) such that β(i)

k = τ1{k∈Ω(i)}. Intuitively
speaking, {β(i)}Ni=1 are non-distinguishable based only on observations (y,X) by such a
construction. Theorem 2.3.2 then follows by choosing an appropriate τ and the generalized
Fano’s lemma.

2.3.2 Statistical Inference via Debiased Sparse Group Lasso

We further consider the statistical inference for β∗ under the double sparse linear
regression model. First, let β̂ be the sparse group Lasso estimator given by (2.4).
Inspired by the recent advances in inference for high-dimensional linear regression
Zhang and Zhang (2014); Van de Geer et al. (2014); Javanmard and Montanari
(2014); Cai and Guo (2017), we propose the following debiased sparse group Lasso
estimator,

β̂u = β̂+
1
n
M̂X>

(
Y − Xβ̂

)
. (2.22)

Here, Σ̂ = 1
n

∑n
k=1 XkX

>
k is the sample covariance matrix and M̂ = [m̂1 · · · m̂p]> is

an approximation of the inverse covariance matrix Σ−1, where m̂i is the solution to



22

the following convex optimization,

minimize m>Σ̂m

subject to ‖Hα(Σ̂m− ei)‖∞,2 6 γ.
(2.23)

Here, Hα is the soft-thresholding operator with thresholding level α defined at
the beginning of Section 2.2 and ei is the i-th vector in the canonical basis of Rp.
The following theorem establishes an asymptotic result for debiased sparse group
Lasso.

Theorem 2.3.3 (Asymptotic distribution of debiased sparse group Lasso). Suppose
β∗ ∈ Rp is (s, sg)-sparse,X ∈ Rn×p satisfies Assumption 2.2.1, and maxi∈Tc ‖Σi,TΣ−1

T ,T‖2 6

c/
√
s. Set λ = Cσ

√
(s log(esgb)+sg log(d/sg))n

s
and λg =

√
s
sg
λ in (2.4), α = λ

nσ
,γ =√

s
sg

λ
nσ

in (2.23). Then with probability at least 1−C exp
(
−C

s log(esgb)+sg log(d/sg)
s

)
, the

debiased sparse group Lasso estimator β̂u can be decomposed as
√
n
(
β̂u − β∗

)
= ∆+w,

where

‖∆‖∞ 6 C (s log(esgb) + sg log(ed/sg))√
n

σ, w|X ∼ N
(
0,σ2M̂Σ̂M̂>

)
. (2.24)

In particular, if
√
n� s log(esgb) + sg log(ed/sg), for any 1 6 i 6 p,

√
n
(
β̂ui − β∗i

)√
m̂>i Σ̂m̂i

→ N
(
0,σ2) . (2.25)

Remark 2.3.3. (2.25) provides a method to construct confidence intervals for β∗. Specifi-
cally if σ̂ is a consistent estimator of σ, such as the scaled sparse group Lasso to be discussed
in Section 2.5,β̂ui −Φ−1(1 − α/2)σ̂

√
m̂>i Σ̂m̂i

n
, β̂ui +Φ−1(1 − α/2)σ̂

√
m̂>i Σ̂m̂i

n


would be an asymptotic (1 − α)-confidence interval for β∗i . We can see that the debiased
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sparse group Lasso estimator has the provably advantage on sample complexity (n �
(s log(esgb)+ sg log(ed/sg))2) over the ones via debiased Lasso (n� s log p, see Zhang
and Zhang (2014); Javanmard and Montanari (2014); Cai and Guo (2017)) or debiased
group Lasso (n � (sgb + sg log p)2, see Mitra and Zhang (2016)) for constructing
asymptotic confidence intervals of β∗.

2.4 Simulation Studies

In this section, we investigate the numerical performance of the sparse group Lasso
and `1 + `1,2 minimization for double sparse regression. The results support our
theoretical findings in Sections 2.2 and 2.3. We first discuss the practical choice for
the tuning parameters used in the proposed algorithms.

2.4.1 Practical Selection of Tuning Parameters

By introducing τ as a surrogate for (λg/λ)2, we can rewrite the `1+`1,2 minimization
and the sparse group Lasso as

β̂ = arg min ‖β‖1 +
√
τ‖β‖1,2 subject to y = Xβ, (2.26)

β̂ = arg min
β

‖y− Xβ‖2
2 + λ‖β‖1 + λ

√
τ‖β‖1,2. (2.27)

As suggested by Theorems 2.2.1 and 2.3.1, the theoretical choice of the tuning
parameters (λ, τ) relies on σ, s, and sg in sparse group Lasso and `1 + `1,2 minimiza-
tion for double sparse regression. These values, however, are usually unknown in
practice. In addition, those theoretical values of tuning parameters may not achieve
the best finite-sample numerical performance. We thus introduce in this section a
data-driven approach to tuning parameter selection using K-fold cross-validation.

We first discuss how to select τ in the `1 + `1,2 minimization (2.26). Recall n is
the sample size, p is the total number of covariates, d is the number of groups,
b1, . . . ,bd are the number of covariates in each group, and b = maxj bj. Since the
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theoretical value τ = s/sg and s/sg must satisfy 1 6 s/sg 6 b, for a given integer
L > 1, we introduce a grid

S0 = {b(l−1)/(L−1) : 1 6 l 6 L} (2.28)

as a set of candidate values for τ. Here, the grid size L can be set to a typical value
of 10, or a larger value if more computing power is available. We split the data
{Xi,yi}ni=1 into K groups. For 1 6 k 6 K, let Jk ⊂ {1, . . . ,n} be the index set of the
kth group and Jck = {1, . . . ,n}\Jk. For each τ ∈ S0, we solve

β̂(k)(τ) = arg min ‖β‖1 +
√
τ‖β‖1,2 subject to yJck = X[Jck,:]β

and calculate the prediction error

R̂(τ) =

K∑
k=1

∑
j∈Jk

(
yj − X[j,:]β̂

(k)(τ)
)2 .

Let τ∗ be the minimizer of the prediction error: τ∗ = arg minτ∈S0
R̂(τ). Then, the

final estimator β̂ is calculated using (2.26) with τ∗.

Then we consider the sparse group Lasso (2.27), which includes two tuning pa-
rameters (τ, λ). We still define S0 in (2.28) as a grid of candidate values of τ. Follow-
ing the idea in (Simon et al., 2013, Section 3.3), for each τ ∈ S0, we begin with a large
value of λmax(τ) so that β̂, the outcome of sparse group Lasso (2.27) with tuning pa-
rameters (τ, λmax(τ)), is zero (this can be achieved by the SGL package†). Let λmin(τ)

be a small fraction of λmax(τ) (e.g., λmin = 0.1λmax as suggested in (Simon et al., 2013,
Section 5)). Then we defineΛ(τ) =

{
{λmin(τ)}

(L−l)/(L−1) · {λmax(τ)}
(l−1)/(L−1) : l = 1, . . . ,L

}
.

Next, we split the data {Xi,yi}ni=1 into K groups. For 1 6 k 6 K, let Jk ⊂ {1, . . . ,n}
be the index set of the kth group and Jck = {1, . . . ,n}\Jk. For each τ ∈ S0, λ ∈ Λ(τ),

†https://cran.r-project.org/web/packages/SGL/index.html

https://cran.r-project.org/web/packages/SGL/index.html
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and k ∈ {1, . . . ,K}, we solve

β̂(k)(τ, λ) = arg min
β

∥∥yJck − X[Jck,:]β
∥∥2

2 + λ‖β‖1 + λ
√
τ‖β‖1,2

and calculate the prediction error

R̂(τ, λ) =
K∑
k=1

∑
j∈Jk

(
yj − X[j,:]β̂

(k)(τ, λ)
)2 .

Let (τ∗, λ∗) be the minimizer of the prediction error: (τ∗, λ∗) = arg minτ∈S0,λ∈Λ(τ) R̂(τ, λ).
The final estimator β̂ is calculated using (2.27) with (τ∗, λ∗).

In our simulation studies next, we will examine the performance of this cross-
validation scheme with K = L = 10, λmin = 0.1λmax.

2.4.2 Numerical Results

We begin by considering the sample complexity for the exact recovery in the noise-
less case. Suppose all group sizes are equal (b1 = · · · = bd = b) and the number
of observations n varies from 5 to 200. We consider four simulation designs with
(1) d = 60,b = 20, sg = 1; (2) d = 100,b = 30, sg = 2; (3) d = b = 20, sg = 1; and
(4) d = b = 40, sg = 1. For each setting, we randomly draw X ∈ Rn×db with i.i.d.
standard normal entries, construct the fixed vector β∗ ∈ Rdb satisfying

β∗(j) =

{
(1, 2, 3, 4, 5, 0, . . . , 0) ∈ Rb j = 1, . . . , sg;
0 j = sg + 1, . . . ,d,

and generate y = Xβ∗ =
∑sg
j=1 X(j)β

∗
(j). We implement the `1 + `1,2 minimization

(2.5) with λg =
√
s/sgλ (SGL), `1 minimization (2.11) (Lasso), and `1,2 minimization

(2.12) (Group Lasso), and `1 + `1,2 minimization (2.5) with the tuning parameter
λg/λ selected using cross validation discussed in Section 2.4.1 (SGL_CV). An exact
recovery of β∗ is considered to be successful if ‖β̂ − β∗‖2 6 10−4. The successful
recovery rate based on 100 replicates is shown in Figure 2.1. It can be seen that SGL
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and SGL_CV have comparable performance and both methods have significantly
better performance than Lasso and Group Lasso. This is in line with our theoretical
results.

(a) d = 60,b = 20, sg = 1 (b) d = 100,b = 30, sg = 2

(c) d = 20,b = 20, sg = 1 (d) d = 40,b = 40, sg = 1

Figure 2.1: Exact recovery rate in the noiseless case

Then we consider the noisy case and focus on average estimation errors of
different methods. We generate

y = Xβ∗ + ε =

sg∑
j=1

X(j)β
∗
(j) + ε,
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where X,β∗ are drawn in the same way as the previous setting and ε iid∼ N(0, 0.12).
We consider four designs: i. d = 60,b = 20, sg = 1; ii. d = 100,b = 30, sg = 2;
iii. d = b = 20, sg = 1; and iv. d = b = 40, sg = 2. For each case, the number of
observations n is chosen from an equally spaced sequence from 5 to 200 and the
simulation is replicated for 500 times. We compare the average estimation error of (a)
SGL_CV1: sparse group Lasso with theoretical value λg =

√
s/sgλ and λ selected via

cross validation; (b) SGL_package: sparse group Lasso via SGL package‡ in R with
the option of automatic tuning parameter selection; (c) Lasso: regular Lasso with
tuning parameter selected via cross validation; (d) group Lasso: group Lasso with
tuning parameter selected via cross validation; (e) SGL_CV2: sparse group Lasso
with both λ and λg selected using the proposed cross validation scheme. We can
see the proposed method SGL_CV2 achieves smaller estimation error than all other
methods, including SGL_CV1, the focus of our theory. These experimental results
demonstrate our theory and the applicability of the proposed cross-validation
scheme.

2.5 Discussions

In this chapter, we study the high-dimensional double sparse regression and inves-
tigate the theoretical properties of the sparse group Lasso and `1+`1,2 minimization.
Particularly, we develop the matching upper and lower bounds on the sample com-
plexity for `1 + `1,2 minimization in the noiseless case. We also prove that the sparse
group Lasso achieves minimax optimal rate of convergence in a range of settings
in the noisy case. Our results give an affirmative answer to the open question for
high-dimensional statistical inference for simultaneously structured model: by
introducing both `1 and `1,2 penalties, one can achieve better performance on esti-
mation and statistical inference for simultaneously element-wise and group-wise
sparse vectors.

In addition to β∗, the estimation and inference for noise level σ is another
‡https://cran.r-project.org/web/packages/SGL/index.html

https://cran.r-project.org/web/packages/SGL/index.html
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(a) d = 60,b = 20, sg = 1 (b) d = 100,b = 30, sg = 2

(c) d = 20,b = 20, sg = 1 (d) d = 40,b = 40, sg = 2

Figure 2.2: Average estimation error in the noisy case

importance task in high-dimensional double sparse regression. Motivated by the
recent development of scaled Lasso Sun and Zhang (2012), one may consider the
following scaled sparse group Lasso estimator:

{β̂s, σ̂} = arg min
β∈Rp,σ>0

{
‖y− Xβ‖2

2
σ

+ nσ+ λ̃‖β‖1 + λ̃g‖β‖2

}
,
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where λ̃ and λ̃g are tuning parameters that do not rely on σ. The consistency of
σ̂ can be established based on similar ideas of scaled Lasso in the literature Sun
and Zhang (2012); Javanmard and Montanari (2014) and the approximate dual
certificate in this work.

Moreover, our technical results can be useful in a variety of other problems with
simultaneous sparsity structures. For example, Tibshirani et al. (2005); Rinaldo
(2009) considered the estimation of piece-wise constant sparse signals, i.e., both
the signal vector and the difference between successive entries of the signal vec-
tor are sparse. Jalali and Fazel (2013); Jalali et al. (2019) discussed the estimation
of structured parameters where both the number of non-zero elements and the
number of distinct values of the parameter vectors are small. Sprechmann et al.
(2010) considered the estimation of matrices with simultaneous sparsity structures
within each block and among different blocks. It is interesting to further study
the statistical limits, including the sample complexity and minimax optimal rate
of convergence for these problems. In particular, based on the specific sparsity
structures of each problem, we can introduce corresponding multi-objective regu-
larizers and the convex regularization methods. The corresponding approximate
dual certificates can be proposed, constructed, and analyzed to provide strong
theoretical guarantees.
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Chapter 3

Inference for Low-rank Tensors ∗

3.1 Introduction

An mth order tensor is a multiway array along m directions. Recent years have
witnessed a fast growing demand for the collection, processing, and analysis of
data in the form of tensors. These tensor data commonly arise, to name a few, when
features are collected from different domains, or when multiple data copies are
provided by various agents or sources. For instances, the worldwide food trading
flows (De Domenico et al., 2015; Jing et al., 2020) produce a fourth order tensor
(countries × countries × food × years); the online click-through data (Han et al.,
2020; Sun et al., 2017) in e-commerce form a third order tensor (users × categories
× periods); Berkeley human mortality data (Wilmoth and Shkolnikov, 2006; Zhang
and Han, 2019) yield a third order tensor (ages× years× countries). In addition, the
applications of tensor also include collaborative filtering (Karatzoglou et al., 2010;
Shah and Yu, 2019), recommender system design (Bi et al., 2018), computational
imaging (Zhang et al., 2020b), and neuroimaging (Zhou et al., 2013). Researchers
have made tremendous efforts to innovate effective methods for the analysis of
tensor data.

∗This work is based on Xia et al. (2020) (https://arxiv.org/abs/2012.14844).

https://arxiv.org/abs/2012.14844
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Low-rank models have rendered fundamental toolkits to analyze tensor data. A
tensor T ∈ Rp1×···×pm has low Tucker rank (or multilinear rank) if all fibers† of T
along different ways lie in rank-reduced subspaces of high-dimension, say {Uj}

m
j=1,

respectively (Tucker, 1966). The core assumption of low-rank tensor models is that
the observed data is driven by an unknown low-rank tensor T, while the Tucker
low-rank conditions can significantly reduce the model complexity. Consequently,
the analysis of tensor data often boils down to the estimation and inference of the
low-rank tensor T or its principal components based on the given datasets.

In the literature, a rich list of methods have been developed for the estimation of
low-rank tensor T and the associated subspaceUj, such as alternating minimization
(Anandkumar et al., 2014a), convex regularization (Tomioka and Suzuki, 2013; Yuan
and Zhang, 2016), power iterations (Anandkumar et al., 2014a), orthogonal iteration
(De Lathauwer et al., 2000b; Zhang and Xia, 2018), vanilla gradient descent with
spectral initialization (Cai et al., 2019a), projected gradient descent (Chen et al.,
2019a), simultaneous gradient descent (Han et al., 2020), etc. However, in many
practical scenarios, to enable more reliable decision making and prediction, it is
important to quantify the estimation error in addition to point estimations. This task,
referred to as uncertainty quantification or statistical inference, usually involves the
construction of confidence intervals/regions for the unknown parameters through
the development of the (approximate) distributions of the estimators. The statistical
inference or uncertainty quantification for low-rank tensor models remains largely
unexplored. In this chapter, we aim to make an attempt to this fundamental and
challenging problem. Our focus is on two basic yet important settings: low-rank
tensor PCA and tensor regression, which we briefly summarize as follows.

Tensor principal component analysis (PCA) is among the most basic problem of
unsupervised inference for low-rank tensors. We consider the tensor PCA model
(Anandkumar et al., 2014a; Richard and Montanari, 2014; Liu et al., 2017; Zhang

†Here, the tensor fibers are the counterpart of matrix columns and rows for tensors. See Kolda
and Bader (2009) for a review.



32

and Xia, 2018; Chen, 2019; Perry et al., 2020), which assumes

A = T + Z, (3.1)

where the signal T admits a low-rank decomposition (3.6) and the noise Z contains
i.i.d. entries with mean zero and variance σ2. A central goal of tensor PCA is on
the estimation and inference of T and/or {Uj}j, i.e. the low-rank structure from A.
Tensor PCA has been proven effective for learning hidden components in Gaussian
mixture models (Anandkumar et al. (2014a)), where {Uj}j represent the hidden
components. By constructing confidence regions of {Uj}j, we are able to make
uncertainty quantifications for the hidden components of Gaussian mixture models.
In addition, confidence regions of {Uj}j can be useful for the inference of spatial and
temporal patterns of gene regulation during brain development (Liu et al. (2017)).

Low-rank tensor regression can be seen as one of the most basic setting of supervised
inference for low-rank tensors. Specifically, suppose we observe a set of random
pairs {Xi, Yi}ni=1 associated as

Yi = 〈T,Xi〉+ ξi. (3.2)

Here, the main point of interest is T, a low-rank tensor that characterizes the
association between response Y and covariate X, and ξi is the noise term. When the
tensor order is m = 2, this problem is reduced to the widely studied trace matrix
regression model in the literature (Candes and Plan, 2010; Koltchinskii et al., 2011;
Tomioka and Suzuki, 2013; Cai et al., 2013; Chen et al., 2019a; Koltchinskii and Xia,
2015; Rauhut et al., 2017; Raskutti et al., 2019; Fan et al., 2019). This model can also be
used as the prototype of many problems in high-dimensional statistics and machine
learning, including phase retrieval (Candes et al., 2013b) and blind deconvolution
(Li et al., 2019b). Whenm > 3, this problem has been studied under the scenario
of high-order interaction pursuit (Hao et al., 2020) and large-scale linear system
from partial differential equations (Lynch et al., 1964). In applications of tensor
regression to neuroimaging analysis, the principal components of T are useful in
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the understanding of the association between disease outcomes and brain image
patterns (Zhou et al. (2013)). In addition, the principal components determine the
cluster memberships of neuroimaging data (Sun and Li, 2019). Confidence regions
of {Uj}j in the aforementioned applications allow us to make significance test for the
detected regions of interest, and to make uncertainty quantifications for clustering
outcomes, respectively.

In addition to tensor PCA and regression, there is a broad range of low-rank
tensor models, such as tensor completion (Yuan and Zhang, 2016; Montanari and
Sun, 2018; Xia and Yuan, 2019; Zhang, 2019), generalized tensor estimation (Han
et al., 2020), and tensor high-order clustering (Wu et al., 2016; Feizi et al., 2017; Chi
et al., 2018; Sun and Li, 2019; Wang and Zeng, 2019; Luo and Zhang, 2020c). A
common goal of these problems is to accurately estimate and make inference on
some type of low-rank structures.

3.1.1 Summary of the Main Results

In this chapter, we aim to develop the methods and theory for statistical inference
under the low-rank tensor PCA and regression models. First, suppose the target
tensor T is Tucker low-rank with singular subspace Uj as point of interest. Given
any estimator Û(0)

j that achieves some reasonable estimation error, we introduce a
straightforward two-iteration alternating minimization scheme (Algorithms 1 and
2 in Section 3.3.1) and obtain Ûj. Surprisingly, we are able to derive an asymptotic
distribution of ‖ sinΘ(Ûj,Uj)‖2

F (definition of sin-theta distance is postponed to
Section 3.2) even though Ûj is from non-convex iterations. Under the tensor PCA
model with some essential conditions on SNR, we prove that

‖ sinΘ(Ûj,Uj)‖2
F − pjσ

2‖Λ−1
j ‖2

F√
2pjσ2‖Λ−2

j ‖F

d.−→ N(0, 1) as pj →∞. (3.3)

Here, Λj is the diagonal matrix containing all non-zero singular values of the jth
matricization of G (see definition of matricization in Section 3.2). Under the tensor
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regression model with some essential conditions on sample size and SNR, we prove
that

‖ sinΘ(Ûj,Uj)‖2
F − pjn

−1σ2‖Λ−1
j ‖2

F√
2pjn−1σ2‖Λ−2

j ‖F

d.−→ N(0, 1) as pj →∞. (3.4)

Then, we consider a special class of orthogonally decomposable tensors T in the
sense that T =

∑r
j=1 λj ·uj⊗vj⊗wj ∈ Rp1×p2×p3 for orthonormal vectors {uj}j, {vj}j,

and {wj}j. The orthogonally decomposable tensor has been widely studied as a
benchmark setting for tensor decomposition in the literature (Kolda, 2001; Chen and
Saad, 2009; Robeva, 2016; Belkin et al., 2018; Auddy and Yuan, 2020). In addition, the
(near-)orthogonally decomposable tensors have been used in various applications
of statistics and machine learning, such as latent variable model (Anandkumar
et al., 2014a), hidden Markov models (Anandkumar et al., 2012), etc. Under the
tensor PCA model, we prove that

〈ûj,uj〉2 − (1 − pjσ
2λ−2
j )√

2pjσ2λ−2
j

d.−→ N(0, 1) as p1 →∞ (3.5)

for j = 1, · · · , rwhen some essential SNR condition holds. Here, {ûj, v̂j, ŵj}j are the
estimates of {uj, vj,wj}j (up to some permutation of index j) based on a two-step
power iteration (Algorithm 3). Similar results can also be obtained for 〈v̂j, vj〉2 and
〈ŵj,wj〉2.

Next, we propose the estimates of Λj, λj,σ2 that are involved in the asymptotic
distributions of ‖ sinΘ(Ûj,Uj)‖2

F in (3.3)(3.4) and 〈ûj,uj〉2 in (3.5). We prove that
the asymptotic normality in (3.3)(3.4)(3.5) still hold after plugging in these estimates.
These results immediately yield the data-driven confidence regions for Uj (Tucker
low-rank settings) or {uj}j (orthogonally decomposable settings).

If A is a rank-1 tensor, the low-rank tensor PCA model reduces to the widely
studied rank-1 tensor PCA (see a literature survey in Section 3.1.2). Under this
model, we establish the asymptotic normality of any linear functionals for the
power iteration estimators û, v̂, ŵ: for all unit vectors qi ∈ Rpi , under regularity
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conditions, we have

( 〈q1, û− u〉+ p1〈q1,u〉
2(λ/σ)2√

p1〈q1,u〉2
2(λ/σ)4 + 1−〈q1,u〉2

(λ/σ)2

,
〈q2, v̂− v〉+ p2〈q2,v〉

2(λ/σ)2√
p2〈q2,v〉2
2(λ/σ)4 + 1−〈q2,v〉2

(λ/σ)2

,
〈q3, ŵ−w〉+ p3〈q3,w〉

2(λ/σ)2√
p3〈q3,w〉2
2(λ/σ)4 + 1−〈q3,w〉2

(λ/σ)2

)>
d.→ N(0, I3)

as p1,p2,p3 →∞. We further derive the entrywise asymptotic distribution for each
entry of the estimator T̂, and propose a thresholding procedure to construct the
asymptotic 1−α entrywise confidence interval for T, which is the first of such work
to our best knowledge.

Our theoretical results reveal a key message: under the tensor PCA and re-
gression model, the inference of principal components can be efficiently done when a
computationally feasible optimal estimate is achievable. In recent literature, it is widely
observed in many low-rank tensor models (See 3.1.2 for a review of literature) that
in order to achieve an accurate estimation in polynomial time, one often requires
a more stringent condition than what is needed in the statistical (or information-
theoretic) limit. Such a statistical and computational gap becomes a “blessing"
to the statistical inference of low-rank tensor models, as debiasing can become
unnecessary if those strong but essential conditions for computational feasibility
are met!

3.1.2 Related Prior Work

This chapter is related to a broad range of literature in high-dimensional statistics
and matrix/tensor analysis. First, a variety of methods have been proposed for
tensor PCA in the literature. A non-exhaustive list include high-order orthogonal
iteration (De Lathauwer et al., 2000b); sequential-HOSVD (Vannieuwenhoven et al.,
2012), inference for low-rank matrix completion (Foucart et al., 2017; Chen et al.,
2019b), (truncated) power iteration (Anandkumar et al., 2014b; Sun et al., 2017; Liu
et al., 2017), STAT-SVD (Zhang and Han, 2019). In addition, the computational
hardness was widely considered for tensor PCA. Particularly in the worse case
scenario, the best low-rank approximation of tensors can be NP hard (De Silva and
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Lim, 2008; Hillar and Lim, 2013). The average-case computational complexity for
tensor PCA model has also been widely studied under various computational mod-
els, including the Sum-of-Squares (Hopkins et al., 2015), optimization landscape
(Arous et al., 2019), average-case reduction (Zhang and Xia, 2018; Luo and Zhang,
2020c; Brennan and Bresler, 2020; Luo and Zhang, 2020a), and statistical query
(Dudeja and Hsu, 2020). It has now been widely justified that the SNR condition
λmin/σ > Cp3/4 is essential to ensure tensor PCA is solvable in polynomial time.

Regression of low-rank tensor has attracted enormous attention recently. Various
methods, such as the (regularized) alternating minimization (Zhou et al., 2013; Sun
and Li, 2017; Li et al., 2018), convex regularization (Tomioka and Suzuki, 2013;
Raskutti et al., 2019), projected gradient descent (Chen et al., 2019a; Rauhut et al.,
2017), importance sketching (Zhang et al., 2020a) were studied. Recently, Han et al.
(2020) proved that a gradient descent algorithm can recover a low-rank third order
tensor T with statistically optimal convergence rate when the sample size n is much
greater than the tensor dimension p3/2. It was widely conjectured that n > Cp3/2 is
essential for the problem being solvable in polynomial time (see Barak and Moitra
(2016) for the evidence).

While the statistical inference for low-rank tensor models remain largely unex-
plored, there have been several recent results demystifying the statistical inference
for low-rank matrix models. For matrix PCA, Xia (2019b) introduced an explicit rep-
resentation formula for ÛjÛ>j . A more precise characterization of the distribution
of ‖ sinΘ(Ûj,Uj)‖2

F was established in Bao et al. (2018) by random matrix theory.
On the other hand, the estimators of tensor PCA are often calculated from iterative
optimization algorithms (e.g., power iterations or gradient descent) in existing liter-
ature, while the estimator of matrix PCA is based on non-iterative schemes. Due to
the complex statistical dependence involved in iterative optimization algorithms, it
is significantly more challenging to analyze the asymptotic distribution of the esti-
mator in tensor PCA than the one in matrix PCA. We also note that, when studying
the asymptotic distributions of individual eigenvectors, an eigengap condition is
often crucial for matrix PCA but not required for tensor PCA.
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The inference and uncertainty quantification were also considered for low-rank
matrix regression. For example, Carpentier et al. (2019) introduced a debiased
estimator based on the nuclear norm penalized low-rank estimator. Cai et al.
(2016b) introduced another debiasing technique and characterize the entrywise
distribution of the debiased estimator under the restricted isometry property. Xia
(2019a) studied a debiased estimator for matrix regression under the isotropic
Gaussian design and established the distribution of ‖ sinΘ(Ûj,Uj)‖2

F under nearly
optimal sample size conditions. All these approaches rely on suitable debiasing of
certain initial estimates. In addition to low-rank estimation, an appropriate debias
was found crucial for high-dimensional sparse regression (Zhang and Huang, 2008),
and various debiasing schemes were introduced (Zhang and Zhang, 2014; Van de
Geer et al., 2014; Javanmard and Montanari, 2014). Interestingly, as will be shown in
Section 3.3, our estimating and inference procedure for low-rank tensor regression
does not involve debiasing.

Statistical inference for low-rank models are particularly challenging for tensor
problems. In a concurrent work, Huang et al. (2020) studied the statistical inference
for tensor spiked model. Recently, Cai et al. (2020) studied the entrywise statistical
inference for noisy low-rank tensor completion based on an incoherence condition
on Ujs, i.e., all the rows of Uj have comparable magnitudes. In comparison, our
results do not require further conditions on Ujs or debiasing.

3.1.3 Organizations

The rest of the chapter is organized as follows. After an introduction on notation
and preliminaries in Section 3.2, we discuss the inference for principal components
under the Tucker low-rank models in Section 3.3. Specifically, a general two-iteration
alternating minimization procedure, inference for tensor PCA, inference for tensor
regression, and a proof sketch are given in Sections 3.3.1, 3.3.2, 3.3.3, and 3.3.4,
respectively. In Section 3.4, we focus on the inference for individual singular vectors
of orthogonally decomposable tensors. The asymptotic distribution and entrywise
confidence interval are discussed for rank-1 tensor PCA model in Section 3.5. Section
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5.2 includes some algorithms for tensor PCA and regression in the literature and
all proofs of the main technical results.

3.2 Notation and Preliminaries

We use calligraphic letters T,G to denote tensors, upper-case letters U,W to denote
matrices, and lower-case letters u,w to denote vectors or scalars. For a random
variable X and α > 0, the Orlicz ψα-norm of X is defined as

‖X‖ψα = inf{K > 0 : E{exp(|X|/K)α} 6 2}.

Specifically, a random variable with finite ψ2-norm or ψ1-norm is called the sub-
Gaussian or sub-exponential random variable, respectively. Let ej denote the jth
canonical basis vector whose dimension varies at different places. Let rank(T) be
the Tucker rank of T and write (a1, . . . ,am) 6 (b1, . . . ,bm) if aj 6 bj for all j ∈ [m].
We use ‖ · ‖F for Frobenius norm, ‖ · ‖ for matrix spectral norm and ‖ · ‖2 for vector
`2-norm. Denote Sp−1 = {v ∈ Rp : ‖v‖2 6 1} as the set of p-dimensional unit
vectors. Define Op,r = {U ∈ Rp×r : U>U = Ir} as the set of all p-by-rmatrices with
orthonormal columns. In particular, Or is the set of all r× r orthogonal matrices.

We denote ×j the jth multi-linear product between a tensor and matrix. For
instance, if G ∈ Rr1×r2×r3 and V1 ∈ Rp1×r1 , then

G×1 V1 =
( r1∑
j1=1

G(j1, i2, i3)V(i1, j1)
)
i1∈[p1],i2∈[r2],i3∈[r3]

.

We write (U1, · · · ,Um) ·G in short for G×1U1×2 · · ·×mUm. Let Mj be the jth tensor
matricization that rearranges each mode-j fiber of T ∈ Rp1×···×pd to a column of
Mj(T) ∈ Rpj×(p1···pd/pj).

We say T has Tucker rank (r1, · · · , rm) if it admits a Tucker decomposition

T = (U1, · · · ,Um) · G, (3.6)
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where G ∈ Rr1×···×rm and Ui ∈ Opi,ri for i ∈ [m]. The Tucker decomposition (3.6)
can be roughly seen as a generalization of matrix singular value decomposition
(SVD) to higher-order tensors, where Uj can be viewed as principal components
of the jth matricization of T, and G contains the singular values. In the case that
r1 = · · · = rm = r and G is diagonalizable, we say T is orthogonally decomposable. If T
satisfies Tucker decomposition (3.6), one has

Mj(T) = UjMj(G)
(
U1 ⊗ · · · ⊗Uj−1 ⊗Uj+1 ⊗ · · · ⊗Um

)> ∈ Rpj×(p1···pm/pj).

Here⊗ stands for Kronecker product so thatU⊗W ∈ R(p1p2)×(r1r2) ifU ∈ Rp1×r1 and
W ∈ Rp2×r2 . The readers are referred to Kolda and Bader (2009) for a comprehensive
survey on tensor algebra.

Let σr(·) be the rth largest singular value of a matrix. If T has Tucker ranks
(r1, · · · , rm), the signal strength of T is defined by

λmin := λmin(T) = min
{
σr1

(
M1(T)

)
,σr2

(
M2(T)

)
, · · · ,σrm

(
Mm(T)

)}
,

i.e., the smallest positive singular value of all matricizations. Similarly, define
λmax := λmax(T) = maxj σ1

(
Mj(T)

)
. The condition number of T is defined by κ(T) :=

λmax(T)λ
−1
min (T). We let Λj be the rj × rj diagonal matrix containing the singular

values of Mj(G) (or equivalently the singular values of Mj(T)). Note that Λjs are
not necessarily equal for different j, although ‖Λ1‖F = · · · = ‖Λm‖F = ‖T‖F.

We define the principle angles betweenU, Û ∈ Op,r as an r-by-r diagonal matrix:
Θ(U, Û) = diag(arccos(σ1), . . . , arccos(σr)), where σ1 > · · · > σr > 0 are the
singular values of U>Û. Then the sinΘ distances between Û and U are defined as

‖ sinΘ(U, Û)‖ = ‖diag (sin(arccos(σ1)), . . . , sin(arccos(σr))) ‖ =
√

1 − σ2
r,

‖ sinΘ(U, Û)‖F =

(
r∑
i=1

sin2(arccos(σi))
)1/2

=

(
r−

r∑
i=1

σ2
i

)1/2

.



40

3.3 Inference for Principal Components of Tucker
Low-rank Tensor

For notational simplicity, we focus on the inference for third-order tensors, i.e.,
m = 3, while the results for generalmth order tensor essentially follows and will
be briefly discussed in Section 3.7.

3.3.1 Estimating Procedure

An accurate estimation is often the starting point for statistical inference and uncer-
tainty quantification. In this section, we briefly discuss the estimation procedure
for both tensor regression and PCA models. First, we summarize both models as
follows:

Yi = 〈Xi,T〉+ ξi, i = 1, . . . ,n.

Here, Xi can be the covariate in tensor regression; n = p1p2p3, Yi = A(j1, j2, j3), and
Xi = (ej1 , ej2 , ej3) ·1 with i = (j1 −1)p2p3 +(j2 −1)p3 + j3, j1 ∈ [p1], j2 ∈ [p2], j3 ∈ [p3]

in tensor PCA. Let ln(T) =
∑n
i=1(Yi − 〈Xi,T〉)2 be the loss function in both settings.

Then a straightforward solution to both problems is via the following Tucker rank
constrained least squares estimator:

min
rank(T)6(r1,r2,r3)

`n(T) :=
1
n

n∑
i=1

(
Yi − 〈Xi,T〉

)2,

or equivalently (Ĝ, Û1, Û2, Û3) := arg min
G∈Rr1×r2×r3 , Uj∈Opj ,rj

`n
(
(U1,U2,U3) · G

)
.

(3.7)

Since the objective function (3.7) is highly non-convex, an efficient algorithm with
provable guarantees is crucial for both tensor PCA and regression. As discussed
earlier, various computationally feasible procedures have been proposed in the lit-
erature. For tensor regression, Han et al. (2020) recently introduced a simultaneous
gradient descent algorithm and proved their proposed procedure achieves the min-
imax optimal estimation error; for tensor PCA, a simpler and more direct approach,
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higher-order orthogonal iteration (HOOI), was introduced by De Lathauwer et al.
(2000b). The implementation details of both algorithms are provided in Section
5.2.1 in the supplementary materials.

Moreover, the primary interest of this chapter is on the statistical inference for
T or Uj, far beyond deriving estimators achieving optimal estimation error. In
general, even estimators achieving minimax optimal estimation error rate may not
enjoy a proper asymptotic distribution. For example, the true parameter T or Uj
plus a small enough perturbation can achieve optimal estimation error but does
not satisfy any tractable distribution.

To this end, we introduce a two-iteration alternating minimization algorithm for
both Tucker low-rank tensor PCA and tensor regression in Algorithms 1 and 2,
respectively. Our theory in later this section reveals a surprising fact: if any estimator
T̃ = (Û

(0)
1 , Û(0)

2 , Û(0)
3 ) · Ĝ(0) achieving some attainable estimation error is provided

as the input, the two-iteration alternating minimization in Algorithms 1 and 2 will
provide an estimator enjoying asymptotic normality and being ready to use for
confidence region construction.

Algorithm 1 Power Iteration for Tensor PCA
Input: `n(·): Objective function (3.7); Initializations (Û(0)

1 , Û(0)
2 , Û(0)

3 );
1: for t = 0, 1 do
2: Û

(t+1)
1 = leading r1 left singular vectors of M1(A×2 Û

(t)>
2 ×3 Û

(t)>
3 );

3: Û
(t+1)
2 = leading r2 left singular vectors of M2(A×1 Û

(t)>
1 ×3 Û

(t)>
3 );

4: Û
(t+1)
3 = leading r3 left singular vectors of M3(A×1 Û

(t)>
1 ×2 Û

(t)>
2 );

5: end for
Output: Test statistic Û1 := Û

(2)
1 , Û2 := Û

(2)
2 , Û3 := Û

(2)
3 , and Ĝ =

(Û
(2)>
1 , Û(2)>

2 , Û(2)>
3 ) ·A.

Remark 3.3.1 (Interpretation of Alternating Minimization Update in Tensor PCA).
A key observation by (De Lathauwer et al., 2000b, Theorems 4.1, 4.2) shows minimizing
minrank(T)6(r1,r2,r3) ‖T −A‖2

F is equivalent to maximizing maxUj∈Opj ,rj ‖(U
>
1 ,U>2 ,U>3 ) ·
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Algorithm 2 Alternating Minimization for Tensor Regression
Input: `n(·): Objective function (3.7); Initializations (Û(0)

1 , Û(0)
2 , Û(0)

3 ), and Ĝ(0)

is the solution of arg min
G
`n
(
(Û

(0)
1 , Û(0)

2 , Û(0)
3 ) · G

)
for tensor regression model;

1: for t = 0, 1 do
2: Solve ∇U1`n

(
(Û

(t+0.5)
1 , Û(t)

2 , Û(t)
3 ) · Ĝ(t)

)
= 0 to obtain Û(t+0.5)

1 ;
3: Update by Û(t+1)

1 = SVDr1

(
Û

(t+0.5)
1

)
;

4: Solve ∇U2`n
(
(Û

(t)
1 , Û(t+0.5)

2 , Û(t)
3 ) · Ĝ(t)

)
= 0 to obtain Û(t+0.5)

2 ;
5: Update by Û(t+1)

2 = SVDr2

(
Û

(t+0.5)
2

)
;

6: Solve ∇U3`n
(
(Û

(t)
1 , Û(t)

2 , Û(t+0.5)
3 ) · Ĝ(t)

)
= 0 to obtain Û(t+0.5)

3 ;
7: Update by Û(t+1)

3 = SVDr3

(
Û

(t+0.5)
3

)
;

8: Solve ∇G`n
(
(Û

(t+1)
1 , Û(t+1)

2 , Û(t+1)
3 ) · Ĝ(t+1)) = 0 to obtain Ĝ(t+1);

9: end for
Output: Test statistic Û1 := Û

(2)
1 , Û2 := Û

(2)
2 , Û3 := Û

(2)
3 , and Ĝ := Ĝ(2).

A‖2
F. Therefore, the optimization in tensor PCA is equivalent to

(Û1, Û2, Û3) :=arg min
Uj∈Opj ,rj

`n((U1,U2,U3) · G) := arg max
Uj∈Opj ,rj

‖(U>1 ,U>2 ,U>3 ) ·A‖2
F

=arg max
Uj∈Opj ,rj

‖UjMj(A×j+1 Uj+1 ×j+2 Uj+2)‖2
F .

Here, for convenience of notation, U4 = U1,U5 = U2, r4 = r1, r5 = r2. Note that, given
fixed Û(t)

j+1 and Û(t)
j+2, Eckart-Young-Mirsky Theorem (Eckart and Young, 1936) implies

the optimal solution to maxUj∈Opj ,rj ‖(U
>
j , Û(t)>

j+1 , Û(t)>
j+2 ) ·A‖2

F is attainable via singular
value decomposition:

Û
(t+1)
j = leading rj left singular vectors of Mj

(
A×j+1 Û

(t)>
j+1 ×j+2 Û

(t)>
j+2

)
.

This explains the alternating minimization update steps for tensor PCA in Algorithm 1.

Hereinafter, we denote Ûj the output of Algorithms 1 and 2, p = max{p1,p2,p3}

and rmax = max{r1, r2, r3}. Next, we establish the asymptotic distribution and develop
the inference procedure for ‖ sinΘ(Ûj,Uj)‖2

F in tensor PCA and tensor regression



43

models when T admits the Tucker decomposition (3.6).

3.3.2 Inference for Tucker Low-rank Tensor PCA

We assume the following condition on initialization (Û
(0)
1 , Û(0)

2 , Û(0)
3 ) of Algorithm 1

holds.

Assumption 3.3.1. Under tensor PCA model (3.1) with Zi1,i2,i3

i.i.d.
∼ N(0,σ2), there is an

event E0 with P(E0) > 1−C1e
−c1p for some absolute constants c1,C1 > 0 so that, under E0,

the initialization (Û
(0)
1 , Û(0)

2 , Û(0)
3 ) satisfy maxj=1,2,3 ‖ sinΘ(Û(0)

j ,Uj)‖ 6 C2
√
pσ/λmin

for some absolute constant C2 > 0.

The claimed error rates in Assumption 3.3.1 are attainable by the algorithm
HOOI under the SNR condition λmin/σ > Cp3/4 (Zhang and Xia, 2018, Theorem 1).
Such the SNR condition is essential to ensure a consistent estimator is achievable
in polynomial time as illustrated by the literature reviewed in Section 3.1.2. Note
that (Zhang and Xia, 2018, Theorem 1) presented an expectation error bound
E‖ sinΘ(Û(0)

j ,Uj)‖, while its proof indeed involved a desired probabilistic bound
as claimed by Assumption 3.3.1. If a given initialization estimation error upper
bound is in a metric other than the sinΘ distance described in Assumption 3.3.1,
we may apply Lemma 5.2.4 in the supplementary materials to “translate" the upper
bound in another metric to the desired sinΘ distance.

Suppose Ûj is the output of Algorithm 1. Built on Assumption 3.3.1, we charac-
terize the distribution of ‖ sinΘ(Ûj,Uj)‖2

F by the following theorem.

Theorem 3.3.1 (Asymptotic normality of principal components in tensor PCA).
Suppose Assumption 3.3.1 holds for tensor PCA model (3.1), Z(i1, i2, i3)

i.i.d.
∼ N(0,σ2),

pj � p for j = 1, 2, 3, and κ(T) 6 κ0. Let Ûjs be the output of Algorithm 1 for tensor
PCA model. There exist absolute constants c1,C0,C1,C2,C3 > 0 such that if λmin/σ >
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C0(p
3/4 + κ2

0p
1/2), then

sup
x∈R

∣∣∣∣∣P
(
‖ sinΘ(Ûj,Uj)‖2

F − pjσ
2‖Λ−1

j ‖2
F√

2pjσ2‖Λ−2
j ‖F

6 x

)
−Φ(x)

∣∣∣∣∣
6 C1e

−c1p + C2

(
κ6

0(prmax)
3/2

(λmin/σ)2 +
κ2

0(p log p)1/2

λmin/σ

)
+ C3

r3/2
max√
p

,

where Λj = diag(λ(j)1 , . . . , λ(j)rj ) is the diagonal matrix containing the singular values of
Mj(G), and Φ(x) is the cumulative distribution function of N(0, 1).

If the condition number κ0 = O(1), (prmax)
3/4(λmin/σ)

−1 → 0 and r3
max/p → 0 as

p→∞, Theorem 3.3.1 yields

‖ sinΘ(Ûj,Uj)‖2
F − pjσ

2‖Λ−1
j ‖2

F√
2pjσ2‖Λ−2

j ‖F

d.−→ N(0, 1) as p→∞.

By the proof of Theorem 3.3.1, we can further establish the following joint distribu-
tion of all Ujs:

‖ sinΘ(Û1,U1)‖2
F−p1σ

2‖Λ−1
1 ‖

2
F√

2p1σ2‖Λ−2
1 ‖F

‖ sinΘ(Û2,U2)‖2
F−p2σ

2‖Λ−1
2 ‖

2
F√

2p2σ2‖Λ−2
2 ‖F

‖ sinΘ(Û3,U3)‖2
F−p3σ

2‖Λ−1
3 ‖

2
F√

2p3σ2‖Λ−2
3 ‖F

 d.−→ N(0, I3) as p→∞.

Remark 3.3.2. We briefly compare Theorem 3.3.1 with the existing results in the literature.
The asymptotic normality of ‖ sinΘ(Ûj,Uj)‖2

F in Theorem 3.3.1 requires SNR condition
λmin � (rmaxp)

3/4, which is slightly stronger than the optimal SNR condition λmin > C0p
3/4

for achieving the consistent estimation in (Zhang and Xia, 2018, Theorem 1) (if r > 1),
matches the condition in (Zheng and Tomioka, 2015, Theorem 1) (if r = 1), and weaker than
the condition in (Richard and Montanari, 2014, Theorem 4) (if r = 1). Second, note that
Theorem 3.3.1 implies E‖ sinΘ(Ûj,Uj)‖2

F =
(
1 + o(1)

)
pjσ

2‖Λ−1
j ‖2

F. To the best of our
knowledge, this is the first result with a precise constant characterization of the estimation
error in tensor PCA.
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While Theorem 3.3.1 characterizes the asymptotic distribution of ‖ sinΘ(Ûj,Uj)‖2
F

for tensor PCA model, the result is not immediately applicable to uncertainty quan-
tification of Ûj since ‖Λ−1

j ‖2
F, ‖Λ−2

j ‖F, and σ2 are often unknown in practice. We
thus propose an estimate for Λj, σ:

Λ̂j is the diagonal matrix containing the top rj singular values of Mj

(
A×j+1 Û

>
j+1 ×j+2 Û

>
j+2
)
,

σ̂ =
∥∥A−A×1 Û1Û

>
1 ×2 Û2Û

>
2 ×3 Û3Û

>
3
∥∥

F/
√
p1p2p3.

(3.8)

We can prove a deviation bound for σ̂ and the normal approximation for ‖ sinΘ(Ûj,Uj)‖2
F

with the proposed plug-in estimators.

Lemma 3.3.1. Under conditions of Theorem 3.3.1, there exist two constants C1,C2 > 0
such that

P
{
|σ̂2/σ2 − 1| 6 C2(κ0

√
rmaxp

−1 + p−3/4
√

log(p))
}
> 1 − C1p

−3.

Theorem 3.3.2 (Inference for Tucker Low-rank Tensor PCA). Suppose the conditions
in Theorem 3.3.1 hold. Let Λ̂1 ∈ Rr1×r1 and σ̂ be defined as (3.8). There exist absolute
constants c1,C0,C1,C2,C3 > 0 such that if λmin/σ > C0(p

3/4+κ2
0p

1/2), then for j = 1, 2, 3,

sup
x∈R

∣∣∣∣∣P
(
‖ sinΘ(Ûj,Uj)‖2

F − pjσ̂
2‖Λ̂−1

j ‖2
F√

2pjσ̂2‖Λ̂−2
j ‖F

6 x

)
−Φ(x)

∣∣∣∣∣
6 C1e

−c1p + C2

(
r3/2

max κ
6
0p

3/2

(λmin/σ)2 +
κ3

0
√
prmax(r2

max + log p)
λmin/σ

+

√
log(p)
p1/4 +

κ0
√
rmax√
p

)
+ C3

r3/2
max√
p

.

When the condition number κ0 = O(1), (prmax)
3/4(λmin/σ)

−1 → 0, and r3
max/p→ 0

as p→∞, Theorem 3.3.2 implies

‖ sinΘ(Ûj,Uj)‖2
F − pjσ̂

2‖Λ̂−1
j ‖2

F√
2pjσ̂2‖Λ̂−2

j ‖F

d.−→ N(0, 1) as p→∞. (3.9)
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Equation (3.9) is readily applicable to statistical inference for Uj. After getting Ûj
by Algorithm 1, we propose a (1 − α)-level confidence region for Uj as

CRα(Ûj) :=
{
V ∈ Opj,rj : ‖ sinΘ(Ûj,V)‖2

F 6 pjσ̂
2‖Λ̂−1

j ‖2
F + zα

√
2pjσ̂2‖Λ̂−2

j ‖F

}
,

(3.10)

where zα = Φ−1(1 − α) is the (1 − α) quantile of the standard normal distribution.
The following corollary is an immediate result of Theorem 3.3.2, which confirms
that the confidence region CRα(Û1) is indeed asymptotically accurate.

Corollary 3.3.1 (Confidence region for tensor PCA). Suppose the conditions of Theo-
rem 3.3.2 hold and the confidence region CRα(Ûj) is defined in (3.10). If κ6

0(r
3/2
max p

3/2 +

rmaxp log p)(λmin/σ)
−2 → 0 and r3

max/p→ 0 as p→∞, then

lim
p→∞P

(
Uj ∈ CRα(Ûj)

)
= 1 − α.

3.3.3 Inference for Tucker Low-rank Tensor Regression

This section is devoted to the asymptotic distribution and inference in low-rank
tensor regression. We first introduce the following assumption on the initialization
for Algorithm 2.

Assumption 3.3.2. Under tensor regression model (3.2) with X(i1, i2, i3)
i.i.d.
∼ N(0, 1),

Var(ξi) = σ2 and ‖ξi‖ψ2 6 Cσ for some constantC > 0, there is an event E0 with P(E0) >

1 − C1e
−c1p for some absolute constants c1,C1 > 0 so that, under E0, the initialization

T̃ = (Û
(0)
1 , Û(0)

2 , Û(0)
3 )·Ĝ(0) satisfy ‖T̃−T‖2

F 6 C2prmaxσ
2/n or maxj ‖ sinΘ(Û(0)

j ,Uj)‖ 6
C2
√
p/nσ/λmin for some absolute constant C2 > 0.

The claimed bound of ‖T̃−T‖2
F in Assumption 3.3.2 is attainable, for instance, by

the gradient descent algorithm developed in Han et al. (2020) and the importance
sketching algorithm developed in Zhang et al. (2020a) under the SNR condition
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n(λmin/σ)
2 > Cp3/2 and the sample size condition n > Cp3/2rmax. The theoretical

guarantees for this claim can be found in (Han et al., 2020, Theorem 4.2) and (Zhang
et al., 2020a, Theorem 4).

Based on Assumption 3.3.2, we establish the following asymptotic results for
tensor regression.

Theorem 3.3.3. Suppose Assumption 3.3.2 holds for tensor regression model (3.2),X(i1, i2, i3)
i.i.d.
∼

N(0, 1), Var(ξi) = σ2, and ‖ξi‖ψ2 6 Cσ for some constant C > 0, pj � p for
j = 1, 2, 3, and κ(T) 6 κ0. Let Ûjs be the output of two-iteration alternating mini-
mization (Algorithm 2). There exist absolute constants c1,C0,C1,C2,C3,C4 > 0 such that
if n(λmin/σ)

2 > C0(p
3/2 ∨ κ4

0pr
2
max) and n > C2(p

3/2 ∨ κ2
0pr

3
max), then

sup
x∈R

∣∣∣∣∣P
(
‖ sinΘ(Ûj,Uj)‖2

F − pjn
−1σ2‖Λ−1

j ‖2
F√

2pjn−1σ2‖Λ−2
j ‖F

6 x

)
−Φ(x)

∣∣∣∣∣
6 C3

(
κ4

0r
5/2
max p

3/2

n
+ κ3

0

(r5
maxp log2 n

n

)1/2
+
p3/2

n

( κ5
0r

2
max

λmin/σ
+

κ5
0r

3/2
max

(λmin/σ)2

)
+ κ4

0

(pr3
max + rmaxp log p
n(λmin/σ)2

)1/2
)

+ C1e
−c1p + C4

r3/2
max√
p

,

where Λj is the rj × rj diagonal matrix containing the singular values of Mj(T).

If the condition number κ0 = O(1), (r5/2
max p

3/2+r5
maxp log2 n)/n→ 0, r3/2

max p
3/2/(n(λmin/σ)

2)→
0 and r3

max/p→ 0 as p→∞, Theorem 3.3.3 implies

‖ sinΘ(Ûj,Uj)‖2
F − pjn

−1σ2‖Λ−1
j ‖2

F√
2pjn−1σ2‖Λ−2

j ‖F

d.−→ N(0, 1) as p→∞.

To make inference for tensor regression, we develop the following asymptotic
normal distribution for ‖ sinΘ(Ûj,Uj)‖F with the plug-in estimates of Λj.

Theorem 3.3.4 (Tensor regression). Suppose the conditions in Theorem 3.3.3 hold. Let
Λ̂j = diag(λ̂1, . . . , λ̂rj) be a diagonal matrix containing the singular values ofM1(Ĝ), where
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Ĝ is the output of Algorithm 2. There exist absolute constants c1,C0,C1,C2,C3,C4 > 0 such
that if n(λmin/σ)

2 > C0(p
3/2 ∨ κ6

0pr
2
max) and n > C2(p

3/2 ∨ κ8
0pr

3
max), then for j = 1, 2, 3,

sup
x∈R

∣∣∣∣∣P
(
‖ sinΘ(Ûj,Uj)‖2

F − pjn
−1σ2‖Λ̂−1

j ‖2
F√

2pjn−1σ2‖Λ̂−2
j ‖F

6 x

)
−Φ(x)

∣∣∣∣∣
6 C3

(
κ4

0r
5/2
max p

3/2

n
+ κ3

0

(r5
maxp log2 n

n

)1/2
+
p3/2

n

( κ5
0r

2
max

λmin/σ
+

κ5
0r

3/2
max

(λmin/σ)2

)
+ κ4

0

(pr3
max + rmaxp log p
n(λmin/σ)2

)1/2
)

+ C1e
−c1p + C4

r3/2
max√
p

.

We propose the following (1 − α)-level confidence region for Uj:

C̃Rα(Ûj) :=
{
V ∈ Opj,rj : ‖ sinΘ(Ûj,V)‖2

F 6
pjσ

2‖Λ̂−1
j ‖2

F

n
+ zα

√
2pjσ2‖Λ̂−2

j ‖F

n

}
.

(3.11)

The following corollary establishes the coverage probability of the proposed confi-
dence region.

Corollary 3.3.2 (Confidence region for tensor regression). Suppose the conditions of
Theorem 3.3.4 hold and the confidence region C̃Rα(Ûj) is defined by (3.11). If (κ5

0r
5/2
max p

3/2+

κ6
0r

5
maxp log2 n)/n→ 0, κ5

0r
3/2
max p

3/2/(n(λmin/σ)
2)→ 0 and r3

max/p→ 0 as p→∞, then

lim
p→∞P

(
Uj ∈ C̃Rα(Ûj)

)
= 1 − α.

Remark 3.3.3 (Selection of σ). When σ is unknown, we can estimate it by a sample
splitting scheme as follows. First, we retain a part of sample {(Xk, Yk)}dp

3/2e
k=1 and use the

other samples to compute the estimator T̃. Define

σ̂2 :=
∑dp3/2e

k=1

(
Yk − 〈T̃,Xk〉

)2
/dp3/2e.
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Under Assumption 3.3.2 and conditions of Theorem 3.3.3, we can show with probability at
least 1 − p−3,

∣∣σ̂2/σ2 − 1
∣∣ = O

(
p−3/4

√
log p + rmaxpn

−1). By plugging in σ̂ to (3.11),
we obtain a data-driven (1 − α) asymptotic confidence region for Uj.

3.3.4 Proof Sketch

In this section, we briefly explain the proof strategy for tensor PCA model, i.e.,
Theorem 3.3.1. The proof for tensor regression model is more complicated but
shares similar spirits. Without loss of generality, we assume σ = 1. First,

2‖ sinΘ(Û1,U1)‖2
F = ‖Û1Û

>
1 −U1U

>
1 ‖2

F = 2r1−2
〈
Û1Û

>
1 ,U1U

>
1
〉
= −2

〈
U1U

>
1 , Û1Û

>
1 −U1U

>
1
〉
.

It thus suffices to investigate the distribution of
〈
U1U

>
1 , Û1Û

>
1 −U1U

>
1
〉
. By Algo-

rithm 1, Û1 are the top-r1 left singular vectors of M1
(
A ×2 Û

(1)>
2 ×3 Û

(1)>
3

)
. As a

result, Û1Û
>
1 is the spectral projector and can be decomposed as

M1(A)
(
Û

(1)
2 Û

(1)>
2 ⊗ Û(1)

3 Û
(1)>
3

)
M>1 (A) =: M1(T)M

>
1 (T) +D

(1)
1 .

The high-level ideas of the proof include the following steps.

Step 1: We apply the spectral representation formula (Xia (2019b); also see the
statement in Lemma 5.2.2 from the supplementary materials) and expand

Û1Û
>
1 = U1U

>
1 + S1(D

(1)
1 ) + S2(D

(1)
1 ) + S3(D

(1)
1 ) +

∑
k>4

Sk(D
(1)
1 ),

where Sk(·) denotes the kth order perturbation term:

Sk(D
(1)
1 ) =

∑
s1+···+sk+1=k

(−1)1+τ(s) · B−s1
1 D

(1)
1 B−s2

1 D
(1)
1 B−s3

1 · · ·B−sk
1 D

(1)
1 B

−sk+1
1 ,

where B−k
1 = U1Λ

−2k
1 U>1 for each positive integer k, B0

1 := Ip1 −U1U
>
1 , s1, · · · , sk+1

are non-negative integers, and τ(s) =
∑k+1
j=1 I(sj > 0).

Step 2: Since
〈
U1U

>
1 ,S1(D

(1)
1 )
〉
= 0 and ‖Sk(D(1)

1 )‖ 6 (C1κ
2
0
√
p/λmin)

k with high
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probability, we can write

〈
Û1Û

>
1 −U1U

>
1 ,U1U

>
1
〉
=
〈
S2(D

(1)
1 ),U1U

>
1
〉
+
〈
S3(D

(1)
1 ),U1U

>
1
〉
+O

(rmaxκ
8
0p

2

λ4
min

)
.

In other words, the higher order terms (k > 4) can be bounded with high probability,
which becomes small order terms.

Step 3: We show, with high probability, the third order term can be bounded by

∣∣〈S3(D
(1)
1 ),U1U

>
1
〉∣∣ = O(κ3

0p
√
rmax log p
λ3

min

+
κ3

0p
2r3/2

max

λ4
min

)
and becomes small order term. Now, it suffices to only investigate the second order
term carefully.

Step 4: We decompose the second order term
〈
S2(D

(1)
1 ),U1U

>
1
〉

into a leading
term and remainder terms. Similarly to Step 2 and Step 3, we show that the remainder
terms are, with high probability, bounded by O(κ3

0p
√
rmax log pλ−3

min + κ
3
0p

2r3/2
max λ

−4
min ).

Step 5: We prove that the leading term of
〈
S2(D

(1)
1 ),U1U

>
1
〉

can be written as
a sum of independent random variables, which yields a normal approximation
by Berry-Essen Theorem. Finally, combining all these steps, we get the normal
approximation for ‖Û1Û

>
1 −U1U

>
1 ‖2

F.

Among these steps, Steps 4 and 5 are the most technically involved. Throughout
the proof, we apply the spectral representation formula at multiple stages to prove
sharp upper bounds for higher-order terms, and establish central limit theorem for
the second-order term.

The following lemmas are used in our proof and could be of independent
interest. First, Lemma 3.3.2 is used to establish the concentration inequalities for
the sum of random variables that have heavier tails than Gaussian.

Lemma 3.3.2 (Orliczψα-norm for product of random variables). Suppose X1, . . . ,Xn
are n random variables (not necessarily independent) satisfying ‖Xi‖ψαi 6 Ki. Define
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ᾱ =
(∑n

i=1 α
−1
i

)−1. Then ∥∥∥∥∥
n∏
i=1

Xi

∥∥∥∥∥
ψᾱ

6
n∏
i=1

Ki.

Next, Lemma 3.3.3 provides a tight probabilistic upper bound for sum of third
moments of Gaussian random matrices.

Lemma 3.3.3. Suppose Z1, . . . ,Zn ∈ Rp×r are independent random matrices satisfying
Zi(j,k)

i.i.d.
∼ N(0, 1). Then there exist two universal constants C,C1 > 0 such that for

fixedM1, . . . ,Mn ∈ Rp×r,

P

∣∣∣∣∣
n∑
i=1

‖Zi‖2
F〈Zi,Mi〉

∣∣∣∣∣ > Cpr
(

n∑
i=1

‖Mi‖2
F

)1/2√
log(p)

 6 p−C1 .

3.4 PCA for Orthogonally Decomposable Tensors

In this section, we specifically focus on the tensor PCA model (3.1) with orthogonally
decomposable signal tensor T:

T =

r∑
i=1

λi · ui ⊗ vi ⊗wi, (3.12)

where U = (u1, · · · ,ur) ∈ Op1,r, V = (v1, · · · , vr) ∈ Op2,r, and W = (w1, · · · ,wr) ∈
Op3,r all have orthonormal columns; the singular values satisfy λmin = min{λ1, . . . , λr} >
0. Here, for any u ∈ Rp1 , v ∈ Rp2 ,w ∈ Rp3 , u⊗ v⊗w is a p1× p2× p3 tensor whose
(i, j,k)th entry is u(i)v(j)w(k).

Our goal is to make inference on the principal components based on a noisy
observation A = T + Z. Different from the inference for Tucker low-rank tensor
discussed in Section 3.3, where an accurate estimation is hopeful only for the
joint column space of Uj due to the non-identifiability of Tucker decomposition,
we can make inference for each individual vector {uj, vj,wj} if T is orthogonally
decomposable as (3.12). Given some estimates {û

(0)
j , v̂(0)

j , ŵ(0)
j }rj=1, we propose to
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pass them to a post-processing step by two-iteration procedure in Algorithm 3 to
obtain the test statistics {ûj, v̂j, ŵj}rj=1.

Algorithm 3 Power Iterations for Orthogonally decomposable T

Input: A, initialization {û
(0)
j , v̂(0)

j , ŵ(0)
j }rj=1;

1: for t = 0, 1 do
2: for j = 1, 2, · · · , r do
3: Compute û

(t+0.5)
j = A ×2 v̂

(t)>
j ×3 ŵ

(t)>
j ; Update û

(t+1)
j =

û
(t+0.5)
j ‖û(t+0.5)

j ‖−1
2 ;

4: Compute v̂
(t+0.5)
j = A ×1 û

(t)>
j ×3 ŵ

(t)>
j ; Update v̂

(t+1)
j =

v̂
(t+0.5)
j ‖v̂(t+0.5)

j ‖−1
2 ;

5: Compute ŵ
(t+0.5)
j = A ×1 û

(t)>
j ×2 v̂

(t)>
j ; Update ŵ

(t+1)
j =

ŵ
(t+0.5)
j ‖ŵ(t+0.5)

j ‖−1
2 ;

6: end for
7: end for

Output: ûj = û(2)
j , v̂j = v̂(2)

j and ŵj = ŵ(2)
j for all j = 1, · · · , r.

Since our primary interest is about the statistical inference for {uj, vj,wj}, we
assume that the initializations of Algorithm 3 satisfies the following Assumption
3.4.1. Such an assumption is achievable by the power iteration method with k-means
initialization introduced in Anandkumar et al. (2014a) along with the theoretical
guarantees developed in Liu et al. (2017) when λ/σ > Cp3/4.

Assumption 3.4.1. Under the tensor PCA model (3.1) with T being orthogonally de-
composable as (3.12), there is an event E0 with P(E0) > 1 − C1e

−c1p for some absolute
constants c1,C1 > 0 such that, under E0, the initializations {û

(0)
j , v̂(0)

j , ŵ(0)
j }j satisfy

max
{
‖û(0)
π(j) − uj‖2, ‖v̂(0)

π(j) − vj‖2, ‖ŵ(0)
π(j) −wj‖2

}
6 C2σ

√
p/λj for some permutation

π : [r]→ [r], all 1 6 j 6 r, and some absolute constant C2 > 0.

We establish the asymptotic normality for the outcome of Algorithm 3 as follows.

Theorem 3.4.1 (PCA for orthogonally decomposable tensors). Suppose Assump-
tion 3.4.1 holds for tensor PCA model (3.1) with an orthogonally decomposable T as (3.12),
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Z(i1, i2, i3)
i.i.d.
∼ N(0,σ2), pj � p for j = 1, 2, 3, and κ(T) 6 κ0. Let {ûj, v̂j, ŵj}rj=1 be the

output of Algorithm 3. There exist absolute constants c1,C0,C1,C2,C3 > 0 such that if
λmin/σ > C0(p

3/4 + κ2
0p

1/2), then

sup
x∈R

∣∣∣∣P(〈ûπ(j),uj〉2 − (1 − pjσ
2λ−2
j )√

2pjσ2λ−2
j

6 x

)
−Φ(x)

∣∣∣∣
6 C1e

−c1p + C2

(
κ6

0σ
2(pr)3/2

λ2
min

+
κ2

0σ(p log p)1/2

λmin

)
+ C3

r3/2
√
p

(3.13)

for all j = 1, · · · , r. Here, π(·) is the permutation introduced in Assumption 3.4.1. More-
over, let λ̂j = ‖A ×2 v̂

>
j ×3 ŵ

>
j ‖2. Then, (3.13) also holds if λj is replaced by λ̂j and

κ2
0σ(p log p)1/2λ−1

min is replaced by κ3
0σ
√
pr(r2 + log p)λ−1

min . Similar results also hold for
〈v̂π(j), vj〉2 and 〈ŵπ(j),wj〉2.

By Theorem 3.4.1, if λmin/σ � κ3
0(pr)

3/4 + κ2
0(p log p)1/2 and r � p1/3, then for

each j = 1, · · · , r,

〈ûπ(j),uj〉2 − (1 − pjσ
2λ−2
j )√

2pjσ2λ−2
j

d.−→ N(0, 1) as p→∞.

Similarly to Section 3.3.2, we plug in data-driven estimates of λj andσ2 and construct
a (1 − α) confidence region for uj as

CRα(ûπ(j)) :=
{
v ∈ Rpj : ‖v‖2 = 1 and 〈ûπ(j), v〉2 > (1−pjσ̂2λ̂−2

π(j))−zα
√

2pjσ̂2λ̂−2
π(j)

}
.

(3.14)
The confidence region for vj,wj can be constructed similarly.

3.5 Entry-wise Inference for Rank-1 Tensors

In this section, we consider the statistical inference for tensor PCA model with a
rank-1 signal tensor:

A = T + Z, T = λ · u⊗ v⊗w. (3.15)
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Here, u ∈ Sp1−1, v ∈ Sp2−1,w ∈ Sp3−1, the singular value λ > 0, and Z
i.i.d.
∼

N(0,σ2). We specifically aim to study the inference for any linear form of u, v,w,
i.e., 〈q1,u〉, 〈q2, v〉, and 〈q3,w〉, with arbitrary deterministic unit vectors {q1,q2,q3}.
We also aim to study the inference for each entry Tijk, i ∈ [p1], j ∈ [p2],k ∈ [p3]. To
this end, we first apply the rank-1 power iteration in Algorithm 4 (Zhang and Golub,
2001; Richard and Montanari, 2014). Algorithm 4 can be roughly seen as a rank-1
special case of Algorithm 3 for the Tucker low-rank tensor PCA and Algorithm 9
for the orthogonally decomposable tensor PCA.

Algorithm 4 Power iterations for rank-1 tensor T
Input: A

1: Initialize û(0) = SVD1(M1(A)), v̂(0) = SVD1(M2(A)), ŵ(0) = SVD1(M3(A)),
t = 1;

2: while t < tmax do
3: Compute û(t+0.5) = A×2 v̂

(t)>×3ŵ
(t)>; Update û(t+1) = û(t+0.5)‖û(t+0.5)‖−1

2 ;
4: Compute v̂(t+0.5) = A×1 û

(t)>×3 ŵ
(t)>; Update v̂(t+1) = v̂(t+0.5)‖v̂(t+0.5)‖−1

2 ;
5: Compute ŵ(t+0.5) = A ×1 û(t)> ×2 v̂(t)>; Update ŵ(t+1) =
ŵ(t+0.5)‖ŵ(t+0.5)‖−1

2 ;
6: t = t+ 1;
7: end while

Output: û = û(tmax), v̂ = v̂(tmax) ŵ = ŵ(tmax), λ̂ and T̂.

Next, we establish the asymptotic normality for the output of Algorithm 4,
û, v̂, ŵ, under the essential SNR condition that ensures tensor PCA is solvable in
polynomial time. Without loss of generality, we assume that the signs of û, v̂, ŵ
satisfy 〈û,u〉 > 0, 〈v̂, v〉 > 0 and 〈ŵ,w〉 > 0 (otherwise one can flip the sign of
û, v̂, ŵ without changing the problem essentially). With a slight abuse of notation,
let ui, vj, and wk be the ith entry of u, the jth entry of v, and the kth entry of w,
respectively.

Theorem 3.5.1. Consider the tensor PCA model (3.1) with Gaussian noise Z(i1, i2, i3)
i.i.d.
∼

N(0,σ2) and rank(T) = 1, pj � p for j = 1, 2, 3. Let λ̂, û, v̂, ŵ, T̂ be the outputs of
Algorithm 4 with iteration number tmax > C1 log(p) for constant C1 > 0. Suppose
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λ/σ � p3/4. For any deterministic array {q
(k)
1 ,q(k)

2 ,q(k)
3 }∞k=1 satisfying q(k)

i ∈ Sk−1,
denote

T
q
(p1)
1 ,q(p2)

2 ,q(p3)
3

=

〈q(p1)
1 , û− u〉+ p1〈q

(p1)
1 ,u〉

2(λ/σ)2√
p1〈q

(p1)
1 ,u〉2

2(λ/σ)4 +
1−〈q(p1)

1 ,u〉2
(λ/σ)2

,
〈q(p2)

2 , v̂− v〉+ p2〈q
(p2)
2 ,v〉

2(λ/σ)2√
p2〈q

(p2)
2 ,v〉2

2(λ/σ)4 +
1−〈q(p2)

2 ,v〉2
(λ/σ)2

,
〈q(p3)

3 , ŵ−w〉+ p3〈q
(p3)
3 ,w〉

2(λ/σ)2√
p3〈q

(p3)
3 ,w〉2

2(λ/σ)4 +
1−〈q(p3)

3 ,w〉2
(λ/σ)2


>

.

Then
T
q
(p1)
1 ,q(p2)

2 ,q(p3)
3

d.→ N(0, I3) as p→∞. (3.16)

Specifically, if |ui|, |vj|, |wk|� min{λ/(σp), 1} for some i ∈ [p1], j ∈ [p2],k ∈ [p3], then(
λ
σ
(ûi − ui), λσ(v̂j − vj),

λ
σ
(ŵk −wk)

)> d.→ N(0, I3) as p→∞. (3.17)

If, furthermore, σ/λ� |ui|, |vj|, |wk|� min{λ/(σp), 1/
√

log(p)}, then

T̂ijk − Tijk

σ
√
û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i

d.→ N(0, 1) as p→∞. (3.18)

Theorem 3.5.1 establishes the asymptotic distribution for any linear functional
q>1 û,q>2 v̂,q>3 ŵ. Theorem 3.5.1 also implies that [T̂ijk−zα/2σ

√
û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i, T̂ijk+

zα/2σ
√
û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i] is an asymptotic (1 − α) confidence interval for Tijk

under some boundedness conditions of |ui|, |vj|, |wk|. Here, the upper bound
|ui|, |vj|, |wk| � min{λ/(σp), 1/

√
log(p)} is significantly weaker than the incoher-

ence condition commonly used in the matrix/tensor estimation/inference literature.
On the other hand, the lower bound condition, |ui|, |vj|, |wk| � σ/λ, is essential
to ensure the asymptotic normality of T̂. To see this, consider a special case that
ui = vj = wk = 0, then (3.17) implies

λ2T̂ijk

σ3
d.→ G1G2G3 as p→∞, (G1,G2,G3)

> ∼ N(0, I3).
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In other words, T̂ijk satisfies a third moment Gaussian, not a Gaussian distribution.

To cover the broader scenarios that the lower bound conditions are absent, we
consider the following lower-thresholding procedure. Let s(t) = max{t, log(p)σ2λ̂−2}‡

for t > 0 and define the confidence interval for Tijk as

C̃Iα(T̂ijk) :=
[
T̂ijk − zα/2σ

√
s(û2

i)s(v̂
2
j) + s(v̂

2
j)s(ŵ

2
k) + s(ŵ

2
k)s(û

2
i),

T̂ijk + zα/2σ
√
s(û2

i)s(v̂
2
j) + s(v̂

2
j)s(ŵ

2
k) + s(ŵ

2
k)s(û

2
i)
]
. (3.19)

We can prove C̃Iα(T̂ijk) is a valid (1 − α)-level asymptotic confidence interval.

Theorem 3.5.2. Suppose the conditions in Theorem 3.5.1 hold. If λ/σ � p3/4 and
|ui|, |vj|, |wk|� min{λ/(σp), 1/

√
log(p)} for i ∈ [p1], j ∈ [p2],k ∈ [p3], then

lim inf
p→∞ P

(
Tijk ∈ C̃Iα(T̂ijk)

)
> 1 − α. (3.20)

Remark 3.5.1 (Proof sketch of Theorem 3.5.1). The proof scheme for Theorem 3.5.1 is
essentially different from many recent literature on the entrywise inference (Chen et al.,
2019b; Xia and Yuan, 2020; Cai et al., 2020) and we provide a proof sketch here. Without
loss generality, we assume σ = 1 and 〈u, û〉, 〈v, v̂〉, 〈w, ŵ〉 > 0. First, we can decompose
〈û,q1〉 into two terms:

〈q1, û〉 = 〈û,uu>q1〉+ 〈û, (I− uu>)q1〉 = (q>1 u)û
>u+ (U>⊥q1)

>U>⊥û. (3.21)

Similar decompositions hold for 〈v̂,q2〉 and 〈ŵ,q3〉. For any Oi ∈ Opi−1, we construct
three rotation matrices as

Õ1 = uu
>+U⊥O1U

>
⊥ ∈ Op1 , Õ2 = vv

>+V⊥O2V
>
⊥ ∈ Op2 , Õ3 = ww

>+W⊥O3W
>
⊥ ∈ Op3 ,

where U⊥ ∈ Op1,p1−1,V⊥ ∈ Op2,p2−1,W⊥ ∈ Op3,p3−1 are the orthogonal complement
of u, v,w, respectively. A key observation is that Ã = A ×1 Õ

>
1 ×2 Õ

>
2 ×3 Õ

>
3 and A

‡Here, log(p) can be replaced by any value that grows to infinity as p grows.
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share the same distribution. Suppose ũ, ṽ, w̃ are the outputs of Algorithm 4. Then we
have ũ = Õ>1 û, ṽ = Õ>2 v̂, w̃ = Õ>3 ŵ and can further prove that given 〈u, û〉, 〈v, v̂〉

and 〈w, ŵ〉,
(
û>U⊥
‖U>⊥û‖2

, v̂>V⊥
‖V>⊥ v̂‖2

, ŵ>W⊥
‖W>⊥ŵ‖2

)
and

(
û>U⊥
‖U>⊥û‖2

O1, v̂>V⊥
‖V>⊥ v̂‖2

O2, ŵ>W⊥
‖W>⊥ŵ‖2

O3

)
have

the same distribution. By the uniqueness of the Haar measure (Neumann, 1936; Weil, 1940)
and Theorem 3.3.1, we can further prove for any fixed vectors f1 ∈ Sp1−2, f2 ∈ Sp2−2, f3 ∈
Sp3−2, we have(
λû>U⊥f1, λv̂>V⊥f2, λŵ>W⊥f3,

û>u− (1 − p1λ
−2/2)√

p1/2λ−2
, v̂
>v− (1 − p2λ

−2/2)√
p2/2λ−2

, ŵ
>w− (1 − p3λ

−2/2)√
p3/2λ−2

)>
d.→ N(0, I6).

This inequality and (3.21) result in (3.16)(3.17)(3.18).

Remark 3.5.2. The entrywise inference for Tucker low-rank or orthogonal decomposable
tensor PCA can be significantly more challenging due to the dependence among different
factors. We leave it as future research.

3.6 Numerical Simulations

We now conduct numerical studies to support our theoretical findings in previous
sections. Each experiment is repeated for 2000 times, from which we obtain 2000
realizations of the respective statistics. Then we draw histograms or boxplots, and
compare with the corresponding baselines. In each histogram, the red line is the
density of the standard normal distribution.

We begin with the inference for principal components of Tucker low-rank tensors.
Specifically, we randomly draw Ǔj ∈ Rpj×rj with i.i.d. standard normal entries
and normalize to Uj = QR(Ǔj). We then draw core tensor Ǧ ∈ Rr×r×r with i.i.d.
standard normal entries and rescale to G = Ǧ · pγ/(λmin(Ǧ)). Consequently, Uj is
uniform randomly selected from Opj,rj and λmin(G) = λ = pγ. For p1 = p2 = p3 =

200, r = 3, and σ = 1, each value of γ ∈ {0.80, 0.85, 0.90, 0.95}, we observe A under
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tensor PCA model (3.1) and apply Algorithm 1 to obtain a realization of

T =
‖ sinΘ(Û1,U1)‖2

F − p‖Λ−1
1 ‖2

F√
2p1‖Λ−2

1 ‖F
.

We repeat this procedure for 2000 times, from which we obtain 2000 realizations of
the respective statistics and plot the density histograms in Figure 3.1. We can see T
achieves good normal approximation in these settings.

Figure 3.1: Normal approximation of ‖ sinΘ(Û1,U1)‖2
F−p‖Λ

−1
1 ‖

2
F√

2p‖Λ−2
1 ‖F

for order-3 Tucker low-
rank tensor PCA model (3.1). Here, p1 = p2 = p3 = p = 200, r = 3, σ = 1.

We then consider the asymptotic normality in orthogonally decomposable ten-
sors under the tensor PCA model. Similarly, we fix p = 200, r = 3, and construct the
orthogonally decomposable tensor as T =

∑r
i=1(r+ 1 − i)λ · (ui ⊗ vi ⊗wi), where

[u1, . . . ,ur], [v1, . . . , vr], [w1, . . . ,wr] are drawn uniform randomly from Op,r simi-
larly to the previous setting and λ = pγ with γ = 0.80, 0.85, 0.90, 0.95. For each γ,
we obtain 2000 replicates of T = 〈û3,u3〉2−(1−pλ−2)√

2pλ−2 , draw the density histogram, and
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plot the results in Figure 3.2. We can see the normal approximation of T becomes
more accurate as the signal strength λ grows.

Figure 3.2: Normal approximation of 〈û3,u3〉2−(1−pλ−2)√
2pλ−2 for tensor PCA model (3.1)

when T is a third-order orthogonally decomposable tensor and σ = 1. Here,
p1 = p2 = p3 = p = 200, r = 3, λmin = λ.

Though the focus of this chapter is on third-order tensors, we will explain later
in Section 3.7 that the results can be generalized to higher-order ones. Next, we
conduct simulation study on tensor PCA model for fourth-order orthogonally
decomposable tensors when p = 100 and r = 1. With a few modifications on the
proof, we can show

(
〈û1,u1〉2 − (1 − pλ−2)

)
(
√

2pλ−2)−1 is asymptotically normal
under the required SNR assumption for efficient computation: SNR > Cp. The
simulation results in Figure 3.3 show that equipped with a warm initialization, the
two-iteration alternating minimization yields an estimator achieving good normal
approximation even if SNR ≈ p0.9, which is strictly weaker than the required SNR
assumption for efficient computation. See more discussions in Section 3.7.
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Figure 3.3: Normal approximation of 〈û1,u1〉2−(1−pλ−2)√
2pλ−2 for tensor PCA model (3.1)

when T = λ · (u1 ⊗ v1 ⊗ w1 ⊗ q1) is a fourth-order tensor and σ = 1. Here,
p1 = p2 = p3 = p4 = p = 100, r = 1 and λmin = λ.

Then, we consider the entrywise inference under the rank-1 tensor PCA model.
We construct T = λ · u⊗ v⊗w ∈ Rp×p×p, where u = v = w = (1/√p, . . . , 1/√p)>

and λ = pγ with γ ∈ {0.80, 0.85, 0.90, 0.95}. For each value of γ, we draw a random
observation A under the tensor PCA model (3.1) and apply Algorithm 4 with
tmax = 10. We present the histogram in Figure 3.4 based on 2000 replicate values
of T̂1,1,1−T1,1,1√

û2
1v̂

2
1+v̂

2
1ŵ

2
1+ŵ

2
1û

2
1
. The simulation results validate the asymptotic normality of

T̂ijk−Tijk√
û2
iv̂

2
j+v̂

2
jŵ

2
k+ŵ

2
kû

2
i

when u, v,w have balanced entry values, which are in line with
the theory in Theorem 3.5.1.

Finally, we consider the accuracy of the asymptotic entrywise confidence interval
proposed in (3.19) under the tensor PCA model. Let T = λ · u⊗ v⊗w be a rank-1
tensor, where u, v,w are uniform randomly drawn from Sp−1 for p ∈ {100, 200} and
λ = pγ for γ ∈ {0.80, 0.85, 0.90, 0.95}. For each combination of (p,γ), we report the
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Figure 3.4: Normal approximation of T̂1,1,1−T1,1,1√
û2

1v̂
2
1+v̂

2
1ŵ

2
1+ŵ

2
1û

2
1

for tensor PCA model (3.1)
when T is a rank-1 tensor and σ = 1. The parameters are p1 = p2 = p3 = p = 200
with signal strength λ.

empirical coverage rates for the 0.95-confidence interval ĈRijk by boxplots in Figure
3.5. The results show the empirical coverage rates are close to 0.95 in all settings
and larger values of (γ,p) lead to more accurate coverage.

3.7 Discussion

In this chapter, we investigate the inference for low-rank tensors under two basic
and fundamentally important tensor models: tensor PCA and regression. Based on
an initial estimator achieving a reasonable estimation error, we propose to update
by a two-iteration alternating minimization algorithm then establish the asymptotic
distribution for the singular subspace outcomes. Distributions of general linear
forms of the singular vectors are also established for rank-one tensor PCA model,
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Figure 3.5: Boxplots for empirical coverage of entrywise confidence interval ĈRijk

which further enables the entrywise inference on the parameter tensor.

Although our main focus is on third-order tensors, the results in this chapter
can be extended to higher-order tensors. For example, suppose m > 4 and T =∑r
j=1 λj · u

(1)
j ⊗ · · · ⊗ u

(m)
j is orthogonally decomposable. Given A from the tensor

PCA model (3.1) and Assumption 3.4.1 holds, we can refine by two power iterations
similarly to Algorithm 3, then obtain {û

(1)
j , û(2)

j , · · · , û(m)
j }rj=1. Similarly to Theorem

3.4.1, we can prove

〈u(k)
j , û(k)

j 〉2 − (1 − pkλ
−2
j )

√
2pkλ−2

j

d.→ N(0, 1), k = 1, . . . ,m,

if λmin/σ� p3/4 and other regularity conditions holds. If m > 4, the SNR condition
λmin � p3/4 is weaker than the condition that ensure a computationally feasible
estimator exists, i.e., λmin/σ � pm/4 (Zhang and Xia, 2018). In other words, if
an sufficiently good initial estimate is already available, a weaker SNR condition
λmin � p3/4 is sufficient to guarantee the asymptotic normality of our final estimates.
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This phenomenon is further justified by the simulation results in Figure 3.3.
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Chapter 4

High-order Tensor SVD ∗

4.1 Introduction

Tensors, or high-order arrays, have attracted increasing attention in modern ma-
chine learning, computational mathematics, statistics, and data science. Some
specific examples include recommender systems (Nasiri et al., 2014; Bi et al., 2018),
neuroimaging analysis (Zhou et al., 2013; Wozniak et al., 2007), latent variable
learning (Anandkumar et al., 2014a), multidimensional convolution (Oseledets
and Tyrtyshnikov, 2009b), signal processing (Cichocki et al., 2015), neural network
(Zhong et al., 2017; Mondelli and Montanari, 2019), computational imaging (Li
and Li, 2010; Zhang et al., 2020b), contingency table (Dunson and Xing, 2009; Bhat-
tacharya and Dunson, 2012). In addition to low-order tensors (e.g., tensor with a
relatively small value of order number), the high-order tensors also commonly arise
in applications in statistics and machine learning. For example, in convolutional
neural networks, parameters in fully connected layers can be represented as high-
order tensors (Novikov et al., 2015; Calvi et al., 2019). In an order-dMarkov process,
where the future states depend on jointly the current and (d− 1) previous states,
the transition probabilities form an order-(d + 1) tensor. For an order-d Markov
decision process, the transition probabilities can be represented by an order-(2d+1)

∗This work is based on Zhou et al. (2020) (https://arxiv.org/abs/2010.02482).

https://arxiv.org/abs/2010.02482
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tensor, with additional d directions representing past d actions. High-order tensors
are also used to represent the joint probability in Markov random fields (Novikov
et al., 2014).

Compared to the low-order tensors, high-order tensors encompass much more
parameters and sophisticated structure, while leading to inhibitive cost in storage,
processing, and analysis: an order-d dimension-p tensor contains pd parameters. To
address this issue, some low-dimensional parametrization is usually considered to
capture the most informative subspaces in the tensor. In particular, the tensor-train
(TT) decomposition (Oseledets, 2009; Oseledets and Tyrtyshnikov, 2009a; Oseledets,
2011; Fannes et al., 1992; Orús, 2019) introduced a classic low-dimensional parame-
terization to model the subspaces and latent cores in high-order tensor structures.
TT decomposition has been used in a wide range of applications in physics and
quantum computation (Bravyi et al., 2019; Fannes et al., 1992; Orús, 2019; Scholl-
wöck, 2011; Rakhuba and Oseledets, 2016), signal processing (Cichocki et al., 2015),
and supervised learning (Stoudenmire and Schwab, 2016) among many others.
For example, the TT decomposition framework is utilized in quantum information
science for modeling complex quantum states and handling the quantum mean
value problem (Bravyi et al., 2019; Fannes et al., 1992; Orús, 2019; Rakhuba and
Oseledets, 2016). The TT-decomposition of a tensor X ∈ Rp1×···×pd is defined as
below:

Xi1,··· ,id =G1,[i1,:]G2,[:,i2,:] · · ·Gd−1,[:,id−1,:]G
>
d,[id,:]

=

r1∑
α1=1

· · ·
rd−1∑
αd−1=1

G1,[i1,α1]G2,[α1,i2,α2] · · ·Gd−1,[αd−2,id−1,αd−1]Gd,[id,αd−1].
(4.1)

Here, the smallest values of r1, . . . , rd−1 that enable the decomposition (4.1) are
called the TT-rank of X. Oseledets (2011) shows that the TT-rank rk = rank([X]k),
i.e., the rank of the kth sequential unfolding of X (see formal definition of sequential
unfolding in Section 4.2.1). G1 ∈ Rp1×r1 , Gk ∈ Rrk−1×pk×rk ,Gd ∈ Rpd×rd−1 are the
TT-cores that multiply sequentially like a “train": Xi1,··· ,id equals the product of i1th
vector in G1, i2th matrix in G2, …, id−1th matrix in Gd−1, and idth vector in Gd. For
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convenience of presentation, we simplify (4.1) to

X = JG1,G2, . . . ,Gd−1,GdK

and denote r0 = rd = 1 throughout the chapter. In particular, the TT rank and
TT decomposition reduce to the regular matrix rank and decomposition when
d = 2. If all dimensions p and ranks r are the same, the TT-parametrization involves
O(2pr + (d − 2)pr2) values, which can be significantly smaller than the ones for
Tucker-decomposition O(rd + dpr) and the regular parameterization O(pd).

In most of the existing literature, the TT-decomposition was considered un-
der the deterministic settings, and the central goal was often to approximate the
nonrandom high-order tensors by low-dimensional structures (Oseledets, 2011;
Oseledets and Tyrtyshnikov, 2010; Bigoni et al., 2016). However, in modern ap-
plications in data science such as Markov processes, Markov decision processes,
and Markov random fields, the (transition) probability tensor computed based on
data is often a random realization of the underlying true tensor. In these cases,
the estimation of the underlying low-dimensional parameters hidden in the noisy
observations can be more important: an accurate estimation of the transition tensor
renders reliable prediction for future states in high-order Markov chains and better
decision-making in high-order Markov decision processes; an accurate estimation
of probability tensor sheds light to the underlying relationship among different vari-
ables in a random system (Novikov et al., 2014). To achieve such a goal, it is crucial
to develop dimension reduction methods that can incorporate TT-decomposition
into probabilistic models. Since singular value decomposition (SVD) is one of the
most important dimension reduction methods involving probabilistic models for
matrices, and there is no counterpart of it for high-order tensors, we aim to fill this
void by developing a statistical framework and a computationally feasible method
for high-order tensor SVD in this chapter.
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4.1.1 Problem Formulation

This chapter focuses on the following high-order tensor SVD model. Suppose we
observe an order-d tensor Y that contains a hidden tensor-train (TT) low-rank
structure:

Y = X+Z, Y,X,Z ∈ R⊗dk=1pk . (4.2)

Here, X is TT-decomposable as (4.1) and Z is a noise tensor. Our goal is to estimate
X and the TT cores of X based on Y. To this end, a straightforward idea is to
minimize the approximation error as follows,

X̂ = arg min
A is decomposable as (4.1)

‖Y−A‖2
F . (4.3)

However, the approximation error minimization (4.3) is highly non-convex and
finding the global optimal solution, even if the rank r1 = · · · = rd−1 = 1, is
NP-hard in general (Hillar and Lim, 2013). Instead, a variety of computationally
feasible methods have been proposed to approximate the best tensor-train low-rank
decomposition in the literature. TT-SVD, a sequential singular value thresholding
scheme, was introduced by Oseledets (2011) to be discussed in detail later. Oseledets
(2011) also proposed TT-rounding via sequential QR decompositions, which reduces
the TT-rank while ensures approximation accuracy. Dolgov and Savostyanov (2014)
introduced the alternating minimal energy algorithm to reconstruct a TT-low-rank
tensor approximately based on only a small proportion of revealed entries of the
target tensor. (Song et al., 2017, Section L.2) proposed a sketching-based algorithm
for fast low TT rank approximation of arbitrary tensors. Bigoni et al. (2016) studied
the tensor-train decomposition for functional tensors. Li et al. (2019a) proposed
the FastTT algorithm for fast sparse tensor decomposition based on parallel vector
rounding and TT-rounding. Lubich et al. (2013) studied dynamical approximation
with TT format for time-dependent tensors. Grasedyck et al. (2015) proposed the
alternating least squares for tensor completion in the TT format. Bengua et al.
(2017) studied the completion of low TT rank tensor and the applications to color
image and video recovery. Steinlechner (2016) studied the Riemannian optimization
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methods for TT decomposition and completion. Also see Novikov et al. (2020) for a
TT decomposition library in TensorFlow. To our best knowledge, the estimation
performance of most procedures here remains unclear. Departing from these
existing work, in this chapter, we make a first attempt to minimize the estimation
error of X in addition to achieving the minimal approximation error under possibly
random settings.

4.1.2 Our Contributions

Under Model (4.2), we make the following contributions to high-order tensor SVD
in this chapter.

First, we propose a new algorithm, Tensor-Train Orthogonal Iteration (TTOI), that
provides a computationally efficient estimation of the low-rank TT structure from
the noisy observation. The proposed algorithm includes two major steps. First, we
obtain initial estimates Ĝ(0)

1 , Ĝ
(0)
2 , . . . , Ĝ

(0)
d−1, Ĝd by performing forward sequential

SVD based on matricizations and projections. This step was known as TT-SVD in
the literature (Oseledets, 2011). Next, we utilize the initialization and perform the
newly developed backward updates and forward updates alternatively and iteratively.
The TTOI procedure will be discussed in detail in Section 4.2.

To see why the TTOI iterations yield better estimation than the classic TT-SVD
method, recall that TT-SVD first performs singular value thresholding on [Y]1, i.e.,
the unfolding of Y, without any additional updates (see detailed procedure of
TT-SVD and formal definition of [Y]1 in Section 4.2.1), which can be inaccurate since
[Y]1, a p1-by-

∏d
k=2 pk matrix, has a great number of columns. In contrast, TTOI

iteration utilizes the intermediate outcome of the previous iteration to substantially
reduce the dimension of [Y]1 while performing singular value thresholding. In
Figure 4.1, we provide a simple simulation example to show that even one TTOI
iteration can significantly improve the estimation of the left singular subspace of
G1 (left panel) and the overall tensor X (right panel). Therefore, a one-step TTOI,
i.e., the initialization with one TTOI iteration, can be used in practice when the
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computational cost is a concern.

Figure 4.1: Average estimation error (dots) and standard deviation (bars) of
‖ sinΘ(Û1,U1)‖ and ‖X̂−X‖F by TT-SVD and one-step TTOI. Both algorithms are
performed based on the observation Y generated from (4.2), where Z

iid
∼ N(0,σ2),

X is a randomly generated order-5 tensor based on (4.1) with p = 20, r = 1,
G1,G2, . . . ,Gd−1,Gd

iid
∼ N(0, 1).

We develop theoretical guarantees for TTOI. In particular, we introduce a series
of representation lemmas for tensor matricizations with TT format. Based on them,
we develop a deterministic upper bound of estimation error for both forward and
backward updates in TTOI iterations. Under the benchmark setting of spiked tensor
model, we develop matching upper/lower bounds and prove that the proposed
TTOI algorithm achieves the minimax optimal rate of estimation error. To the
best of our knowledge, this is the first statistical optimality result for high-order
tensors with TT format. We also prove for any high-order tensor, TTOI iteration
has monotone decreasing approximation error with respect to the iteration index.

Moreover, to break the curse of dimensionality in high-order Markov processes,
we study the state aggregatable high-order Markov processes and establish a key
connection to TT decomposable tensors. We propose a TTOI estimator for the
transition probability tensor in high-order state-aggregatable Markov processes
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and establish the theoretical guarantee. We conduct simulation experiments to
demonstrate the performance of TTOI and validate our theoretical findings. We
also apply our method to analyze a New York taxi dataset. By modeling taxi trips
as trajectories realized from a citywide Markov chain, we found that the Manhattan
traffic zone exhibits high-order Markovian dependence and the proposed TTOI
reveals latent traffic patterns and meaningful partition of Manhattan traffic zones.
Finally, we discuss several applications that our proposed algorithm is applicable
to, including transition probability tensor estimation in high-order Markov decision
processes and joint probability tensor estimation in Markov random fields.

4.1.3 Related Literature

In addition to the aforementioned literature on TT decomposition, our work is also
related to a substantial body of work on matrix/tensor decomposition and SVD,
spiked tensor model, etc. These literature are from a range of communities including
applied mathematics, information theory, machine learning, scientific computing,
signal processing, and statistics. Here we try to review existing literature in these
communities without claiming this literature survey is exhaustive.

First, the matrix singular value thresholding was commonly used and exten-
sively studied in various problems in data science, including matrix denoising
(Candes et al., 2013a; Donoho and Gavish, 2014; Cai and Zhang, 2018), matrix com-
pletion (Cai et al., 2010; Zhang et al., 2011; Klopp, 2015; Chatterjee, 2015), principal
component analysis (PCA) (Nadler, 2008), Markov chain state aggregation (Zhang
and Wang, 2020). Such the task was also widely considered for tensors of order-3
or higher. In particular, to perform SVD and decomposition for tensors with Tucker
low-rank structures, De Lathauwer et al. (2000a,b) introduced the higher-order SVD
(HOSVD) and higher-order orthogonal iteration (HOOI). Zhang and Xia (2018)
established the statistical and computational limits of tensor SVD, compared the
theoretical properties of HOSVD and HOOI, and proved that HOOI achieves both
statistical and computational optimality. Vannieuwenhoven et al. (2012) introduced
the sequentially truncated higher-order singular value decomposition (ST-HOSVD).
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Zhang and Han (2019) introduced a thresholding & projection based algorithm for
sparse tensor SVD. A non-exhaustive list of methods for SVD and decomposition
for tensors with CP low-rank structures include alternating least squares (Kolda
and Bader, 2009; Sharan and Valiant, 2017), eigendecomposition-based approach
(Leurgans et al., 1993), enhanced line search (Rajih et al., 2008), power iteration with
SVD-based initialization (Anandkumar et al., 2014a), simultaneous diagonalization
and higher-order SVD (Colombo and Vlassis, 2016).

In addition, the spiked tensor model and tensor principal component analysis
(tensor PCA) are widely discussed in the literature. Richard and Montanari (2014);
Hopkins et al. (2015); Anandkumar et al. (2016); Perry et al. (2020); Luo and Zhang
(2020c); Arous et al. (2019) considered the statistical and computational limits
of rank-1 spiked tensor model. Lesieur et al. (2017) studied the statistical and
computational phase transitions and theoretical properties of the approximate
message passing algorithm (AMP) under a Bayesian spiked tensor model. Allen
(2012a,b) developed the regularization-based methods for tensor PCA. Lu et al.
(2016); Zhou and Feng (2017); Liu et al. (2018); Lu et al. (2019) studied the robust
tensor PCA to handle the possible outliers from the tensor observation.

Different from Tucker and CP decompositions, which have been a pinpoint in
the enormous existing literature on tensors, we focus on the TT-structure associated
with high-order tensors for the following reasons: (1) Tucker and CP decompo-
sitions do not involve the sequential structure of different modes, i.e., the Tucker
and CP decompositions still hold if the dmodes are arbitrarily permuted. While
in applications such as high-order Markov process, high-order Markov decision
process, and fully connected layers of deep neural networks, the order of different
modes can be crucial; (2) the number of entries involved in the low-Tucker-rank
parameterization grows exponentially with respect to the order d (rd); (3) methods
that explore CP low-rank structure can be numerically unstable for high-order
tensors in computation as pointed out by Oseledets and Tyrtyshnikov (2010). In
comparison, the TT-structure incorporates the order of different modes sequentially
and involves much fewer parameters for high-order tensors, which renders it more
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suitable in many scenarios.

In Section 4.5, we will further discuss the application of TTOI on high-order
Markov processes and state aggregation. This problem is related to a body of
literature on dimension reduction and state aggregation for Markov processes that
we will discuss in Section 4.5.

4.1.4 Organization

The rest of the article is organized as follows. In Section 4.2, after a brief introduction
of the notation and preliminaries, we introduce the procedure of the tensor-train
orthogonal iteration. The theoretical results, including three representation lemmas,
a general estimation error bound, and the minimax optimal upper and lower bounds
under the spiked tensor model, are provided in Sections 4.3 and 4.4. The application
to high-order Markov chains is discussed in Section 4.5. The simulation and real
data analysis are provided in Sections 4.6.1 and 4.6.2, respectively. Discussions
and further applications to Markov random fields and high-order Markov decision
processes are briefly discussed in Section 4.7. All technical proofs are provided in
Section 5.3.

4.2 Procedure of Tensor-Train Orthogonal Iteration

4.2.1 Notation and Preliminaries

We first introduce the notation and preliminaries to be used throughout the chap-
ter. We use the lowercase letters, e.g., x,y, z, to denote scalars or vectors. We
use C, c,C0, c0, . . . to denote generic constants, whose actual values may change
from line to line. A random variable z is σ-sub-Gaussian if Eet(z−Ez) 6 eσ

2t2/2

for any t ∈ R. We say a . b or a = O(b) if a 6 Cb for some uniform constant
C > 0. We write a = Õ(b) if a = O(b logC

′
(b)) for constant C ′ > 0. The cap-

ital letters, e.g., X, Y,Z, are used to denote matrices. Specifically, Op,r := {U ∈
Rp×r : U>U = Ir} is the set of all p-by-r matrices with orthogonal columns.
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For U ∈ Op,r, let U⊥ ∈ Op,p−r be the orthonormal complement of U, and let
PU = UU> denote the projection matrix onto the column space of U. For any
matrix A ∈ Rp1×p2 , let A =

∑p1∧p2
i=1 siuiv

>
i be the singular value decomposi-

tion, where s1(A) > · · · > sp1∧p2(A) > 0 are the singular values of A in non-
increasing order. Define smin(A) = sp1∧p2(A), SVDLr (A) = [u1 . . .ur] ∈ Op1,r, and
SVDRr (A) = [v1 . . . vr] ∈ Op2,r be the smallest non-trivial singular value, leading r
left singular vectors, and leading r right singular vectors of A, respectively. We
also write SVDL(A) = SVDLp1∧p2

(A) and SVDR(A) = SVDLp1∧p2
(A) as the collec-

tion of all left and right singular vectors of A, respectively. Define the Frobe-
nius and spectral norms of A as ‖A‖F =

√∑p1
i=1
∑p2
j=1A

2
ij =

√∑p1∧p2
i=1 s2

i(A) and
‖A‖ = s1(A) = maxx∈Rp2 ‖Ax‖2/‖x‖2. For any two matrices U ∈ Rm1×n1 and
V ∈ Rm2×n2 , let

U⊗ V =


U11 · V . . . U1n1 · V

... ...
Um11 · V . . . Um1n1 · V

 ∈ R(m1m2)×(n1n2)

be their Kronecker product. To quantify the distance among subspaces, we define
the principle angles between U, Û ∈ Op,r as an r-by-r diagonal matrix: Θ(U, Û) =
diag(arccos(s1), . . . , arccos(sr)), where s1 > · · · > sr > 0 are the singular values of
U>Û. Define the sinΘ norm as

‖ sinΘ(U, Û)‖ = ‖diag (sin(arccos(s1)), . . . , sin(arccos(sr))) ‖ =
√

1 − s2
r.

The boldface calligraphic letters, e.g., X,Y,Z, are used to denote tensors. For an
order-d tensorX ∈ R⊗di=1pi and 1 6 k 6 d−1, we define [X]k ∈ R(p1×···×pk)×(pk+1···pd)

as the sequential unfolding of X with rows enumerating all indices in Modes 1, . . . ,k
and columns enumerating all indices in Modes (k+ 1), · · · ,d, respectively. That is,
for any 1 6 k 6 d and 1 6 ik 6 pk,

([X]k)(ik−1)p1···pk−1+(ik−1−1)p1···pk−2+···+i1,(id−1)pk+1···pd−1+(id−1−1)pk+1···pd−2+···+ik+1 = Xi1...id .
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We also define the tensor Frobenius norm of X as ‖X‖2
F =
∑p1
i1=1 · · ·

∑pd
id=1 X

2
i1,...,id .

For any matrix A ∈ Rp1×p2 and any tensor B ∈ Rp1×···×pd , let vec(A) and vec(B)

be the vectorization of A and B, respectively. Formally,

(vec(B))(id−1)p1···pd−1+(id−1−1)p1···pd−2+···+i1
= Bi1,...,id , 1 6 ik 6 pk, k = 1, . . . ,d.

4.2.2 Procedure of Tensor-Train Orthogonal Iteration

We are now in position to introduce the procedure of Tensor-Train Orthogonal
Iteration (TTOI). The pseudocode of the overall procedure is given in Algorithm 1.
TTOI includes three main parts: we first run initialization, then perform backward
update and forward update alternatively and iteratively.

Algorithm 1 Tensor-Train Orthogonal Iteration (TTOI)
Input: Y, {pk}dk=1, {rk}d−1

k=1 , increment tolerance ε > 0, maximum number of
iterations tmax

1: Obtain Initialization R̃(0)
1 , . . . , R̃(0)

d−1, X̂
(0)

by Algorithm 1(a)
2: for t = 1, . . . , tmax do
3: if t is odd then
4: Apply Algorithm 1(b) with input R̃

(t−1)
1 , . . . , R̃(t−1)

d−1 to obtain
V̂

(t)
1 , . . . , V̂(t)

d , X̂
(t)

5: else
6: Apply Algorithm 1(c) with input V̂

(t−1)
1 , . . . , V̂(t−1)

d to obtain
R̃
(t)
1 , . . . , R̃(t)

d−1, X̂
(t)

7: end if
8: If ‖X̂

(t)
‖2

F − ‖X̂
(t−1)
‖2

F 6 ε then break from the for loop
9: end for

Output: X̂ = X̂
(t)

• Part 1: Initialization. First, we obtain an initial estimate of TT-coresG1,G2, . . . ,
Gd−1,Gd. This step is the tensor-train-singular value decomposition (TT-SVD)
originally introduced by Oseledets (2011).
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(i) Let R(0)
1 be the unfolding of Y along Mode 1. We compute the top-r1

SVD of R(0)
1 . Let Û(0)

1 ∈ Op1,r1 be the first r1 left singular vectors of
R
(0)
1 and calculate R̃(0)

1 = (Û
(0)
1 )>R

(0)
1 ∈ Rr1×(p2...pd). Then, Û(0)

1 is an
initial estimate of the subspace that G1 lies in and R̃(0)

1 can be seen as the
projection residual.

(ii) Next, we realign the entries of R̃(0)
1 ∈ Rr1×(p2...pd) to R(0)

2 R(r1p2)×(p3...pd),
where the rows and columns of R(0)

2 correspond to indices of Modes-1,
2 and Modes-3, . . . ,d, respectively. Then, we evaluate the top-r2 SVD
of R(0)

2 . Let Û(0)
2 be the first r2 left singular vectors of R(0)

2 and evaluate
R̃
(0)
2 = (Û

(0)
2 )>R

(0)
2 ∈ Rr2×p3...pd . Again, Û(0)

2 is an estimate of the singular
subspace that G2 lies on and R̃(0)

2 is the projection residual for the next
calculation.

(iii) We apply Step (ii) on R̃(0)
2 to obtain Û(0)

3 ∈ Or2p3,r3 and R̃(0)
3 ∈ Rr3×(p4···pd);

. . .; apply Step (ii) on R̃(0)
d−2 to obtain Û(0)

d−1 ∈ Ord−2pd−1,rd−1 and R̃(0)
d−1 ∈

Rrd−1×pd . Then we reshape matrix Û(0)
k ∈ R(pkrk−1)×rk to tensor Û

(0)
k ∈

Rrk−1×pk×rk for k = 2, . . . ,d− 1. Now,
(
Û

(0)
1 , Û

(0)
2 , . . . , Û

(0)
d−1, R̃(0)>

d−1

)
yield

the initial estimates of TT-cores of X and we expect that

X ≈ X(0) = JÛ(0)
1 , Û

(0)
2 , · · · , Û

(0)
d−1R̃

(0)
d−1K.

The initialization step is summarized to Algorithm 1(a) and illustrated in
Figure 4.2. In summary, we perform SVD on some “residual" R(0)

k sequentially
for k = 1, . . . ,d− 1. As will be shown in Lemma 4.3.3, R(0)

k satisfies

R
(0)
k = (Ipk ⊗ Û

(0)>
k−1 ) · · · (Ip2···pk ⊗ Û

(0)>
1 )[Y]k,

where [Y]k ∈ R(p1···pk)×(pk+1···pd) is the kth sequential unfolding of Y (see
definition in Section 4.2.1). This quantity plays a key role in the backward
update next.

• Part 2: Backward update. For iterations t = 1, 3, 5, . . ., we perform backward
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Algorithm 1(a) Initialization (TT-SVD (Oseledets, 2011))
Input: Y, {rk}d−1

k=1 , {pk}dk=1

1: Calculate R(0)
1 = [Y]1

2: for k = 1, . . . ,d− 1 do
3: Û

(0)
k = SVDLrk(R

(0)
k )

4: If k = 1 then U
(0)
prod = Û

(0)
k else U

(0)
prod = (Ipk ⊗U

(0)
prod)Û

(0)
k

5: R̃
(0)
k = Û

(0)>
k R

(0)
k

6: If k < d− 1 then R
(0)
k+1 = reshape(R̃(0)

k , rkpk+1,pk+2 · · ·pd)
7: end for
8: [X̂(0)]d−1 = U

(0)
prodR̃

(0)
d−1

9: Reshape [X̂(0)]d−1 ∈ R(p1···pd−1)×pd to X̂
(0)
∈ Rp1×···×pd

Output: R̃(0)
1 , . . . , R̃(0)

d−1, X̂
(0)

Algorithm 1(b) TT-Backward Update
Input: Y, {rk}d−1

k=1 , {pk}dk=1, R̃(t−1)
1 , . . . , R̃(t−1)

d−1 for odd iteration number t
1: for k = 1, . . . ,d− 1 do
2: if k = 1 then
3: V̂

(t)
d−k+1 = SVDRrd−k

(
R̃
(t−1)
d−k

)
, V

(t)
prod = V̂

(t)
d−k+1

4: else
5: V̂

(t)
d−k+1 = SVDRrd−k

(
R̃
(t−1)
d−k (V

(t)
prod ⊗ Ipd−k+1)

)
, V

(t)
prod = (V

(t)
prod ⊗

Ipd−k+1)V̂
(t)
d−k+1

6: end if
7: end for
8: V̂(t)

1 = [Y]1V
(t)
prod, [X̂(t)]1 = V̂

(t)
1 V

(t)>
prod , reshape [X̂(t)]1 ∈ Rp1×(p2···pd) to

X̂
(t)
∈ Rp1×···×pd

Output: V̂(t)
1 , . . . , V̂(t)

d , X̂
(t)
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Figure 4.2: A Pictorial Illustration of Initialization (Algorithm 1(a), d = 3)

update, i.e., to sequentially obtain V̂(t)
d , . . . , V̂(t)

2 based on the intermediate
results from the (t−1)st iteration (0th iteration is the initialization). The pseu-
docode of backward update is provided in Algorithm 1(b). The calculation in
Algorithm 1(c) is equivalent to

V̂
(t)
d = SVDR

(
R̃
(t−1)
d−1

)
,

V̂
(t)
k = SVDR

(
R̃
(t−1)
k−1 (V̂

(t)
d ⊗ Ipk...pd−1) · · · (V̂

(t)
k+1 ⊗ Ipk)

)
, k = d− 1, . . . , 2,

and
V̂

(t)
1 = [Y]1(V̂

(t)
d ⊗ Ip2...pd−1) · · · (V̂

(t)
3 ⊗ Ip2)V̂

(t)
2 ∈ Rp1×r1 .
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Algorithm 1(c) TT-Forward Update
Input: Y, {rk}d−1

k=1 , {pk}dk=1, V̂(t−1)
1 , . . . , V̂(t−1)

d for even iteration number t
1: R(t)

1 = [Y]1
2: for k = 1, . . . ,d− 1 do
3: if k = 1 then
4: Û

(t)
1 = SVDLr1

(
V̂

(t)
1

)
, U

(t)
prod = Û

(t)
1

5: else
6: Û

(t)
k = SVDRrk

(
R
(t)
k (V̂

(t−1)
d ⊗ Ipk+1...pd−1) · · · (V̂

(t−1)
k+2 ⊗ Ipk+1)V̂

(t−1)
k+1

)
7: U

(t)
prod = (Ipk ⊗U

(t)
prod)Û

(t)
k

8: end if
9: R̃

(t)
k = Û

(t)>
k R

(t)
k

10: If k < d− 1 then R
(t)
k+1 = reshape

(
R̃
(t)
k , rkpk+1,pk+2 · · ·pd

)
11: end for
12: [X̂(t)]d−1 = U

(t)
prodR̃

(0)
d−1, reshape [X̂(t)]d−1 ∈ R(p1···pd−1)×pd to X̂

(t)
∈ Rp1×···×pd

Output: R̃(t)
1 , . . . , R̃(t)

d−1, X̂
(t)

Here,

R̃
(t−1)
k = (Û

(t−1)
k )>(Ipk ⊗ Û

(t−1)>
k−1 ) · · · (Ip2···pk ⊗ Û

(t−1)>
1 )[Y]k

are the projection residual term in the intermediate outcome of the (t− 1)st
iteration. Then, we reshape V̂(t)>

k ∈ Rrk−1×(pkrk) to V
(t)
k ∈ Rrk−1×pk×rk . The

backward updated estimate is

X̂
(t)

= JV̂(t)
1 , V̂

(t)

2 , . . . , V̂
(t)

d−1, V̂(t)
d K.

Remark 4.2.1 (Interpretation of backward update). The backward updates utilize
and extract the right singular vectors of the intermediate products of the (t − 1)st
iteration,

R̃
(t−1)
k = (Û

(t−1)
k )>(Ipk ⊗ Û

(t−1)>
k−1 ) · · · (Ip2···pk ⊗ Û

(t−1)>
1 )[Y]k,
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Figure 4.3: A pictorial illustration of TT-Backward update (Algorithm 1(b), d = 3)

as opposed to the entire data [Y]k. Such a dimension reduction scheme is the key to
the backward update: it can simultaneously reduce the dimension of the matrix of
interest, [Y]k, and the noise therein, while preserving the signal strength. Different
from the initialization in Step 1, the backward update utilizes the information from
both the forward and backward singular subspaces of the tensor-train structure of X.
See Section 4.3 for more illustration.

• Part 3: Forward Update. For iteration t = 2, 4, 6, . . ., we perform forward
update, i.e., to sequentially obtain Û(t)

1 , . . . , Û(t)
d based on the intermediate

results from the (t − 1)st iteration. Essentially, the forward update can be
seen as a reversion of the backward update by flipping all modes of tensor
Y. The pseudocode of this procedure is collected in Algorithm 1(c). Recall
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[Y]1(V̂
(t−1)
d ⊗Ip2...pd−1) · · · (V̂

(t−1)
3 ⊗Ip2)V̂

(t−1)
2 is the intermediate product from

the (t− 1)st update. We sequentially compute

Û
(t)
1 = SVDL

(
[Y]1(V̂

(t−1)
d ⊗ Ip2...pd−1) · · · (V̂

(t−1)
3 ⊗ Ip2)V̂

(t−1)
2

)
;

Û
(t)
k = SVDL

(
(Ipk ⊗ Û

(t)>
k−1 ) · · · (Ip2···pk ⊗ Û

(t)>
1 )[Y]k

· (V̂(t−1)
d ⊗ Ipk+1...pd−1) · · · (V̂

(t−1)
k+2 ⊗ Ipk+1)V̂

(t−1)
k+1

)
for k = 2, . . . ,d− 1, and

Û
(t)
d = [(Û

(t)
d−1)

>(Ipd−1 ⊗ (Û
(t)
d−2)

>) · · · (Ipd−1...p2 ⊗ (Û
(t)
1 )>)[Y]d−1]

> ∈ Rpd×rd−1 .

Reshape Û(t)
k ∈ R(pkrk−1)×rk to Û

(t)

k ∈ Rrk−1×pk×rk for k = 2, . . . ,d − 1. Then,
compute

X̂
(t)

= JĜ(t)
1 , Ĝ

(t)

2 , . . . , Ĝ
(t)

d−1, Ĝ(t)
d K.

We will explain the algebraic schemes in the TTOI procedure through several
representation lemmas in Section 4.3.1. We will also show in Theorem 4.2 that the
objective function ‖Y− X̂

(t)
‖2

F is monotone decreasing with respect to the iteration
index t. In the large-scale scenarios that performing iterations is beyond the capacity
of computing, we can reduce the number of iterations, and even to tmax = 1, i.e.,
the one-step iteration, which have often yielded sufficiently accurate estimation as
we will illustrate in both theory and simulation studies. Such the phenomenon has
been recently discovered for HOOI in the Tucker low-rank tensor decomposition
(Luo et al., 2020).

Remark 4.2.2 (Computational and storage costs of TTOI). We consider the computa-
tional and storage costs of TTOI on the p-dimensional, rank-r, order-d, and dense tensor.
Since computing the first r singular vectors of anm× n matrix via block power method
requires Õ(mnr) operations, initialization costs Õ(pdr) operations, each iteration of TTOI,
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including forward and backward updates, costs O(pdr). Therefore, the total number of
operations of TTOI with T iterations is Õ(pdr)+O(Tpdr), which is not significantly more
than the number of elements of the target tensor. Moreover, TTOI requires O(pd) storage
cost, which is not significantly more than the storage cost of the original tensor.

4.3 Theoretical Analysis

This section is devoted to the theoretical analysis of the proposed procedure. For
convenience, we introduce the following two abbreviations for matrix sequential
products: for Mi ∈ R(piri−1)×ri , 1 6 i 6 d − 1 and Bj ∈ R(rjpj)×rj−1 , 2 6 j 6 d, we
denote

M
(L)
prod,k = (Ip2···pk ⊗M1) · · · (Ipk ⊗Mk−1)Mk ∈ R(p1···pk)×rk , ∀1 6 k 6 d− 1,

B
(R)
prod,k = (Bd ⊗ Ipk···pd−1) · · · (Bk+1 ⊗ Ipk)Bk ∈ R(pk···pd)×rk−1 , ∀2 6 k 6 d.

Equivalently,M(L)
prod,k and B(R)

prod,k can be defined sequentially as

M
(L)
prod,1 =M1, M

(L)
prod,k+1 = (Ipk+1 ⊗M

(L)
prod,k)Mk+1, 1 6 k 6 d− 2,

B
(R)
prod,d = Bd, B

(R)
prod,k = (B

(R)
prod,k+1 ⊗ Ipk)Bk, 2 6 k 6 d− 1.

4.3.1 Representation Lemmas for high-order tensors

Since the computation of high-order tensors with tensor-train structures involves
extensive tensor algebra, we introduce the following three lemmas on the matrix
representation of high-order tensors. These lemmas play a fundamental role in the
later theoretical analysis.

Lemma 4.3.1 (Representation for sequential matricization of TT-decomposable
tensor). Suppose X = JG1,G2, . . . ,Gd−1,GdK. Then the sequential matricization of X
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can be written as

[X]k =(Ip2···pk ⊗G1)(Ip3···pk ⊗ [G2]2) · · · (Ipk ⊗ [Gk−1]2) [Gk]2 [Gk+1]1

·
(
[Gk+2]1 ⊗ Ipk+1

)
· · ·
(
[Gd−1]1 ⊗ Ipk+1···pd−2

) (
G>d ⊗ Ipk+1···pd−1

)
.

(4.4)

Lemma 4.3.2 (Representation of tensor reshaping). For any tensor T ∈ R⊗dk=1pk and
1 6 i < j 6 d− 1, we have

[T]j = (Ipi+1···pj⊗ [T]i)A
(pi+1···pj,pj+1···pd), [T]i = A

(pi+1···pj,p1···pi)>([T]j⊗ Ipi+1···pj).

Here, we define e(ij)k as the kth canonical basis of Rij and

A(i,j) =


e
(ij)
1 e

(ij)
i+1 · · · e

(ij)
i(j−1)+1

e
(ij)
2 e

(ij)
i+2 · · · e

(ij)
i(j−1)+2

... ... . . . ...
e
(ij)
i e

(ij)
2i · · · e

(ij)
ij

 ∈ R(i2j)×j. (4.5)

Lemmas 4.3.1 and 4.3.2 can be proved by checking each entry of the correspond-
ing matricizations. In addition, the following lemma provides a representation of
sequential reshaping tensor, in particular for R(t)

k and R̃(t)
k , the key intermediate

outcomes in TTOI procedure.

Lemma 4.3.3 (Representation of sequential reshaping tensor). SupposeT ∈ R⊗dk=1pk ,Mi ∈
R(ri−1pi)×ri for 1 6 i 6 d − 1, Bi ∈ R(piri)×ri−1 for 2 6 i 6 d, where r0 = rd = 1.
Consider the following sequential multiplication:

Forward sequential multiplication: Let S1 = [T]1. For k = 1, . . . ,d− 1, calculate

S̃k =M>k Sk ∈ Rrk×(pk+1···pd),

Sk+1 = Reshape(S̃k, rkpk+1,pk+2 · · ·pd) if k < d− 1.
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Then for any 1 6 k 6 d− 1,

Sk = (Ipk ⊗M
(L)>
prod,k−1)[T]k, S̃k =M

(L)>
prod,k[T]k. (4.6)

Here, Ipk ⊗M
(L)>
prod,k−1 = Ip1 if k = 1.

Backward sequential multiplication: Let Wd−1 = [T]d−1. For k = d − 1, . . . , 1,
calculate

W̃k =WkBk+1 ∈ R(p1···pk)×rk ,

Wk−1 = Reshape(W̃k,p1 · · ·pk−1,pkrk) if k > 1.

Then for any 1 6 k 6 d− 1,

Wk = [T]k(B
(R)
prod,k+2 ⊗ Ipk+1), W̃k = [T]kB

(R)
prod,k+1.

Here, B(R)
prod,k+2 ⊗ Ipk+1 = Ipd if k = d− 1.

In particular, R(0)
k , R̃(0)

k in Algorithm 1(a) and R(t)
k , R̃(t)

k (t ∈ {2, 4, 6, . . .}) in Algorithm
1(c) satisfy

R
(t)
k =

(
Ipk ⊗ (Û(t))

(L)>
prod,k−1

)
[Y]k, R̃

(t)
k = (Û(t))

(L)>
prod,k[Y]k, ∀1 6 k 6 d− 1. (4.7)

The proof of Lemma 4.3.3 is provided in Section 5.3.8.

4.3.2 Deterministic Upper Bounds for Estimation Error of TTOI

Now we are in position to analyze the performance of TTOI. The following Theorem
4.1 introduces an upper bound on estimation error of X̂

(2t+1)
(backward update)

and X̂
(2t+2)

(forward update).

Theorem 4.1. Suppose we observe Y = X + Z, where X admits a TT decomposition as
(4.1).
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(A deterministic estimation error bound for backward updates) Let Ũ(2t)
1 = U1 ∈

Rp1×r1 be the left singular space of [X]1. For 2 6 k 6 d− 1, define Ũ(2t)
k ∈ Rpkrk−1×rk as

the left singular subspace of
(
Ipk ⊗ (Û(2t))

(L)>
prod,k−1

)
[X]k. If for some constant c0 ∈ (0, 1),

∥∥∥sinΘ
(
Û

(2t)
k , Ũ(2t)

k

)∥∥∥ 6 c0, ∀1 6 k 6 d− 1, (4.8)

then there exists a constant C > 0 such that the outcome of Algorithm 1(b) satisfies

∥∥∥X̂(2t+1)
−X

∥∥∥2

F
6 C

(
d−1∑
k=1

A
(2t+1)
k + B(2t+1)

)
, (4.9)

where
A

(2t+1)
k =

∥∥∥(Û(2t))
(L)>
prod,k[Z]k

(
(V̂(2t+1))

(R)
prod,k+2 ⊗ Ipk+1

)∥∥∥2

F
,

B(2t+1) =
∥∥∥[Z]1(V̂(2t+1))

(R)
prod,2

∥∥∥2

F
.

Here, (V̂(2t+1))
(R)
prod,k+2 ⊗ Ipk+1 = Ipd if k = d− 1.

(A deterministic estimation error bound for forward updates) For 2 6 k 6 d − 1,
let Ṽ(2t+1)

k ∈ R(pkrk)×rk−1 be the right singular space of [X]k−1

(
(V̂(2t+1))

(R)
prod,k+1 ⊗ Ipk

)
and let Ṽ(2t+1)

d = Vd ∈ Rpd×rd−1 be the right singular space of [X]d−1. If for some constant
c0 ∈ (0, 1), ∥∥∥sinΘ

(
V̂

(2t+1)
k , Ṽ(2t+1)

k

)∥∥∥ 6 c0, ∀2 6 k 6 d,

then there exists a constant C > 0 such that the outcome of Algorithm 1(c) satisfies

∥∥∥X̂(2t+2)
−X

∥∥∥2

F
6 C

(
d−1∑
k=1

A
(2t+2)
k + B(2t+2)

)
, (4.10)

where
A

(2t+2)
k =

∥∥∥(Ipk ⊗ (Û(2t+2))
(L)>
prod,k−1

)
[Z]k(V̂

(2t+1))
(R)
prod,k+1

∥∥∥2

F
,
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B(2t+2) =
∥∥∥(Û(2t+2))

(L)>
prod,d−1[Z]d−1

∥∥∥2

F
.

Here, Ipk ⊗ (Û(2t+2))
(L)>
prod,k−1 = Ip1 if k = 1.

The proof of Theorem 4.1 is provided in Section 5.3.1. Theorem 4.1 shows the
estimation error ‖X̂

(t+1)
−X‖2

F can be bounded by the projected noise Z, i.e.,A(t+1)
k

and B(t+1), if the estimates in initialization (t = 0) or the previous iteration (t > 1),
{Û

(t)
k }d−1

k=1 or {V̂(t)
k }dk=2, are within constant distance to the true underlying subspaces.

The developed upper bound can be significantly smaller than C ‖Z‖2
F, the classic

upper bound induced from the approximation error (e.g., Theorem 2.2 in Oseledets
(2011)), especially in the high-dimensional setting (p� r).

Remark 4.3.1 (Interpretation of error bounds in Theorem 4.1). Here, we provide some
explanation for A(2t+1)

k and B(2t+1) in the error bound (4.9). By algebraic calculation, the
TT-core estimation via backward update can be written as

V̂
(2t+1)
k+1 =SVDR

{
(Û(2t))

(L)>
prod,k([X]k + [Z]k)

(
(V̂(2t+1))

(R)
prod,k+2 ⊗ Ipk+1

)}
, ∀1 6 k 6 d− 1

and
V̂

(2t+1)
1 = ([X]1 + [Z]1)(V̂

(2t+1))
(R)
prod,2.

From the definition of A(2t+1)
k , we have see A(2t+1)

k quantifies the error of the singular
subspace estimate V̂(2t+1)

k+1 and B(2t+1) quantifies the error of the projected residual V̂(2t+1)
1 .

By symmetry, similar interpretation also applies to A(2t+2)
k and B(2t+2) for the error bound

of forward update (4.10).

Remark 4.3.2 (Proof Sketch of Theorem 4.1). While the complete proof of Theorem 4.1
is provided in Section 5.3.1, we provide a brief proof sketch here.

Without loss of generality, we focus on (4.9) for t = 0 while other cases follows similarly.
For convenience, we simply let Ûi, V̂i denote Û(0)

i , V̂(1)
i , respectively. First, by Lemma 4.3.1,

we can transform [X̂(1)]1, the outcome of backward update, to

[X̂(1)]1 = [Y]1P(V̂d⊗Ip2...pd−1)···(V̂3⊗Ip2)V̂2
.
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Then we can further bound the estimation error of X̂
(1)

as

‖X̂
(1)

−X‖2
F 6C

∥∥∥[Z]1(V̂d ⊗ Ip2...pd−1) · · · (V̂3 ⊗ Ip2)V̂2

∥∥∥2

F

+ C

d∑
k=2

∥∥∥[X]1(V̂d ⊗ Ip2...pd−1) · · · (V̂k+1 ⊗ Ip2···pk)(V̂k⊥ ⊗ Ip2···pk−1)
∥∥∥2

F
.

Next, based on Lemma 4.3.2 and (4.8), we can prove∥∥∥[X]1(V̂d ⊗ Ip2...pd−1) · · · (V̂k+1 ⊗ Ip2···pk)(V̂k⊥ ⊗ Ip2···pk−1)
∥∥∥

F

=
∥∥∥[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F

6C
∥∥∥Û>k−1(Ipk−1 ⊗ Û

>
k−2) · · · (Ip2···pk−1 ⊗ Û

>
1 )[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F

.

Finally, we apply the perturbation projection error bound (Lemma 5.3.3) to prove that

C
∥∥∥Û>k−1(Ipk−1 ⊗ Û

>
k−2) · · · (Ip2···pk−1 ⊗ Û

>
1 )[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F

6C
∥∥∥Û>k−1(Ipk−1 ⊗ Û

>
k−2) · · · (Ip2···pk−1 ⊗ Û

>
1 )[Z]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)

∥∥∥
F

.

Theorem (4.4.1) is proved by combing all inequalities above.

Next, we establish a decomposition formula for the approximation error, i.e.,

the objective function in (4.3)
∥∥∥Y−X(t)

∥∥∥2

F
, and show that the approximation error

is monotone decreasing through TTOI iterations.

Theorem 4.2 (Approximation error decays through iterations). We implement TTOI
on Y. Let X̂

(t)
be the outcome after the tth iteration. For any k > 1, we have

(Approximation error decay) ‖Y‖2
F − ‖X̂

(t+1)
‖2

F 6 ‖Y‖2
F − ‖X̂

(t)
‖2

F, (4.11)

(Approximation error decomposition) ‖Y− X̂
(k+1)

‖2
F = ‖Y‖2

F − ‖X̂
(k+1)

‖2
F. (4.12)

See Section 5.3.2 for the proof of Theorem 4.2.
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4.4 TTOI for Tensor-Train Spiked Tensor Model

In this section, we further focus on a probabilistic setting, spiked tensor model, where
the noise tensor Z has independent, mean zero, and σ-sub-Gaussian entries (see
definition in Section 4.2.1). The spiked tensor model has been widely studied
as a benchmark setting for tensor PCA/SVD and dimension reduction in recent
literature in machine learning, information theory, statistics, and data science
(Richard and Montanari, 2014; Lesieur et al., 2017; Zhang and Xia, 2018; Wein et al.,
2019; Perry et al., 2020). The central goal therein is to discover the underlying
low-rank tensor X. Most of the existing works focused on tensors with Tucker or
CP decomposition.

Under the spiked tensor model, we can verify that the initialization step of TTOI
gives sufficiently good initial estimations with high probability that matches the
required condition in Theorem 4.1.

Theorem 4.3 (Probabilistic bound for initial estimates and projected noise). Suppose
X is TT-decomposable as (4.1) and Z have independent zero mean and σ-sub-Gaussian
random variables. Denote p = min{p1, · · · ,pd}. If there exists a constant Cgap such that
λk = srk([X]k) > Cgap

(
(
∑d
i=1 piri−1ri)

1/2 + (pk+1 · · ·pd)1/2
)
σ for 1 6 k 6 d − 1,

then there exist some constants C, c > 0, with probability at least 1 − C exp(−cp),

max
k=1,...,d−1

∥∥∥sinΘ
(
Û

(0)
k , Ũ(0)

k

)∥∥∥ 6 1
2, (4.13)

max
k=1,...,d−1
t=2,4,6,...

∥∥∥sinΘ
(
Û

(t)
k , Ũ(t)

k

)∥∥∥ , max
k=2,...,d
t=1,3,5,...

∥∥∥sinΘ
(
V̂

(t)
k , Ṽ(t)

k

)∥∥∥ 6 1
2, (4.14)

and for all t > 1,

max{A(t)
k ,B(t)} 6 Cσ2

d∑
i=1

pirirr−1. (4.15)

Here, Ũ(t)
k , Ṽ(t)

k , A(t)
k and B(t) are defined in Theorem 4.1.
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The proof of Theorem 4.3 is provided in Section 5.3.3. Based on Theorems 4.1
and 4.3, we can further prove:

Corollary 4.4.1 (Upper bound for estimation error). Suppose X can be decomposed
as (4.1), Zi1,...,id are independent zero mean and σ-sub-Gaussian random variables, p =

min{p1, · · · ,pd}. Suppose there exists a constant Cgap such that λk = srk([X]k) >

Cgap

(
(
∑d
i=1 piri−1ri)

1/2 + (pk+1 · · ·pd)1/2
)
σ for 1 6 k 6 d−1. Then with probability

at least 1 − Ce−cp, for all t > 1,

‖X̂
(t)

−X‖2
F 6 Cσ

2
d∑
i=1

piriri−1. (4.16)

The proof of Corollary 4.4.1 is provided in Section 5.3.4.

Remark 4.4.1 (Interpretation of Corollary 4.4.1). Note that the TT-cores G1,Gi,Gd
respectively have p1r1,piriri−1,pdrd−1 free parameters, the upper bound (4.16) can be
seen as the noise level σ2 times the degrees of freedom of the low TT rank tensors.

Next, we develop a minimax lower bound for the low TT rank structure es-
timation. Consider the following general class of tensors with dimension p =

(p1, . . . ,pd) and TT rank r = (r1, . . . , rd−1).

Fp,r(λ) =
{
X ∈ Rp1×···×pd ,X can be decomposed as (4.1), srk ([X]k) > λk, 1 6 k 6 d− 1

}
.

(4.17)
Here, the constraint on the least singular value of [X]k corresponds to the condition
required for upper bound in Theorem 4.3.

Theorem 4.4 (Lower bound). Consider the order-d TT spiked tensor model (4.2), where
Z
iid
∼ N(0,σ2). Assume p = min{p1, . . . ,pd} > C0 for some large constant C0, r1 6

p1/2, ri 6 piri−1/2, ri−1 6 piri/2 for 2 6 i 6 d − 1, rd−1 6 pd, and λi > 0. Also
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assume r1r2 6 p1 if d = 3. Then there exists a universal constant c > 0 such that

inf
X̂

sup
X∈Fp,r(λ)

E
∥∥∥X̂−X

∥∥∥2

F
> cσ2

d∑
i=1

piriri−1. (4.18)

See Section 5.3.5 for the proof of Theorem 4.4.

Remark 4.4.2. Corollary 4.4.1 and Theorem 4.4 together show TTOI achieves the minimax
optimal rate of estimation error in the low TT-rank class Fp,r(λ).

4.5 TTOI for Dimension Reduction and State
Aggregation in High-order Markov Chain

Since the introduction at the beginning of the 20th century, the Markov process has
been ubiquitous in a variety of disciplines. In the literature, the first order Markov
process, i.e., the future observation at (t+ 1) is conditionally independent of those
at times 1, . . . , (t − 1) given the immediate past observation at time t, has been
commonly used and extensively studied. Moreover, the high-order Markov process
often appear in many scenarios, where the future observation is affected by a longer
history. For example, in the taxi travel trajectory, the future stop of a taxi not only
depends on the current location but also the past path that reveals the direction this
taxi is heading to (Benson et al., 2017). The high-order Markov processes have also
been applied to inter-personal relationship (Raftery, 1985), financial econometrics
(Tsay, 2005), traffic flow (Zhao and Sun, 2016), among many other applications.

We specifically consider an ergodic, time-invariant, and (d− 1)st order Markov
process on a finite state space {1, . . . ,p}. That is, the future state Xt+d depends on
the current state Xt+d−1 and the previous (d− 2) states (Xt+d−2, . . . ,Xt+1) jointly:

P (Xt+d|X1, . . . ,Xt+d−1) = P (Xt+d|Xt+1, . . . ,Xt+d−1) = P[Xt+1,...,Xt+d]. (4.19)

Our goal is to achieve a reliable estimation of the transition tensor P and to predict
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the future state Xt+d based on an observable trajectory. Since the total number of
free parameters in a (d− 1)st order Markov transition tensor P is O(pd) without
further assumptions, it may be prohibitively difficult to infer P in both statistics
and computation even if p and d are only of moderate scale. Instead, a sufficient
dimension reduction for high-order Markov processes is in demand.

To enable the statistical inference and dimension reduction for high-order
Markov processes, a powerful tool, mixed transition distribution model (MTD), was
introduced (Raftery, 1985). The MTD model assumes that the distribution of future
state is a linear combination of the distributions associated with the (d− 1) imme-
diate past states. The readers are also referred to Berchtold and Raftery (2002) for a
survey on mixed transition distribution model. The linear assumption, however,
does not take into account the potential interactions of past states that commonly
appear in practice. For example in the New York taxi trip data, the interaction
among past locations of a taxi indicates its potential future direction.

On the other hand, there is a recent surge of development in dimension reduction
and state aggregation for first order Markov chains. For example, Ganguly et al.
(2014) considered the Markov chain aggregation and the application to biology;
Du et al. (2019) considered the rank-reduced Markov model and mode clustering;
Zhang and Wang (2020) considered Markov rank, aggregagability, and lumpability
of Markov processes and proposed the dimension reduction and state aggregation
methods through spectral decomposition with theoretical guarantees; Sanders et al.
(2020) proposed clustering block model and proposed efficient algorithm to solve
it; Zhu et al. (2019) introduced a convex and non-convex methods to estimate the
rank-reduced low-rank Markov transition matrix.

Inspired by these work, we propose and study the state aggregation model for the
discrete-time high-order Markov processes as follows.

Definition 4.5.1 ((d− 1)st order state aggregatable Markov process). Suppose there
exist maps G1 : [p] → Rr1 , Gk : [p] × Rrk−1 → Rrk , Gd : [p] × Rrd−1 → R such that
G2, . . . ,Gd are linear: Gk(X, λ1u + λ2v) = λ1Gk(X,u) + λ2Gk(X, v) for any vectors
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u, v, scalars λ1, λ2 ∈ R. We say a Markov process {X1,X2, . . .} is (d − 1)st order state
aggregatable if for all t > 0, the transition can be sequentially generated as follows,

P̃1(Xt+1) = G1(Xt+1) ∈ Rr1 ,

P̃k(Xt+1, . . . ,Xt+k) = Gk(Xt+k, P̃k−1(Xt+1, . . . ,Xt+k−1)) ∈ Rrk , k = 2, . . . ,d− 1,

P (Xt+d|X1, . . . ,Xt+d−1) = P (Xt+d|Xt+1, . . . ,Xt+d−1) = Gd(Xt+d, P̃d−1(Xt+1, . . . ,Xt+d−1)).

In a (d−1)st order state aggregatable Markov process, the future stateXt+d relies
on a sequential aggregation of the previous d− 1 states Xt+1, . . . ,Xt+d−1 as follows:
we first projectXt+1 to a r1-dimensional vector P̃1(Xt+1) viaG1, then project P̃1(Xt+1)

jointly with Xt+2 to a r2-dimensional vector P̃1(Xt+1,Xt+2) via G2. We repeat such
the projection sequentially for Xt+3, . . . ,Xt+d and yield the transition probability
P (Xt+d|Xt+1, . . . ,Xt+d−1). Also, see Figure 4.4 for a pictorial illustration.

Based on the definition of the state aggregatable Markov chain, we can prove
the corresponding probability transition tensor P will have low TT rank.

Proposition 4.5.1. The transition tensor P of the rank reduced high-order Markov model
in Definition 4.5.1 has TT-rank no more than (r1, . . . , rd−1). In other words, P satisfies
rank([P]k) 6 rk.

The proof of Proposition 4.5.1 is provided in Section 5.3.6.

Figure 4.4: A pictorial illustration of a (d− 1)st order state aggregatable Markov chain

Next, we focus on a synchronous or generative setting, which can be seen as a high-
order generalization of the classic observation model for the analysis of Markov
(decision/reward) processes (see Kearns and Singh (1999) for an introduction),
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for the high-order Markov process. To be specific, for each sample index k =

1, . . . ,n and previous states (i1, . . . , id−1) ∈ [p]d−1, suppose we observe the next
state X(i1, . . . , id−1;k) drawn from the Markov transition tensor P. It is natural to
estimate P via the empirical transition tensor:

P̂
emp
i1,...,id =

n∑
k=1

1{X(i1,...,id−1;k)=id}

/
n, i1, . . . , id ∈ {1, . . . ,p}d.

Then, P̂
emp

is an unbiased estimator of P. However, if the entries of P are approxi-
mately balanced, the mean squared error of P̂

emp
satisfies

E
∥∥∥P̂emp

−P
∥∥∥2

F
=
∑
i1,...,id

Var
(
P̂

emp
i1,...,id

)
=
∑

i1,...,id−1

∑
id

P (id|i1, . . . , id−1) (1 − P (id|i1, . . . , id−1))

n
� p

d−1

n
,

(4.20)

To obtain a more accurate estimator, we propose to first perform TTOI on P̂
emp

to
obtain P̂

(1)
, then project each row of [P̂

(1)
]d−1, or equivalently, each mode-d fiber

of P̂
(1)

, onto the simplex Sp−1 = {x ∈ Rp :
∑p
i=1 xi = 1, xi > 0 for all 1 6 i 6 p} via

probability simplex projection (see an implementation in Duchi et al. (2008)) and
obtain P̂.

We establish an upper bound on estimation error for the TTOI estimator P̂.

Proposition 4.5.2. Consider the synchronous or generative model for a (d − 1)st order
state aggregatable Markov process described above. Suppose the initialization condition
(4.8) in Theorem 4.1 holds. Then with probability at least 1−Ce−cp, the output of one-step
TTOI followed by the probability simplex projection satisfies

∥∥∥P̂−P
∥∥∥2

F
6 C

(
max

16i6d−1
ri

) d∑
i=1

piriri−1

/
n.

The proof of Proposition 4.5.2 is provided in Section 5.3.7. Compared to the
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estimation error rate of P̂
emp

in (4.20), Proposition 4.5.2 shows TTOI achieves sig-
nificantly reduced estimation error by exploiting the low TT rank structure of the
high-order Markov process.

Remark 4.5.1. If the observations form one transition trajectory {X0, . . . ,XN}, we can work
on the following empirical transition tensor

P̂
emp
i1,...,id =


∑N−d+1
t=0 1{Xt=i1,...,Xt+d−1=id}∑N−d+1
t=0 1{Xt=i1,...,Xt+d−2=id−1}

,
∑N−d+1
t=1 1{Xt=i1,...,Xt+d−2=id−1} > 0;

1/p,
∑N−d+1
t=1 1{Xt=i1,...,Xt+d−2=id−1} = 0.

(4.21)

Then P̂
emp

can be a nearly unbiased and strongly consistent estimator for P. When the
Markov process is (d− 1)st order state aggregatable, we can apply TTOI to obtain a better
estimate. As will be explored by numerical studies in Section 4.6.1, the TTOI estimator
achieves favorable performance on the estimation of P.

4.6 Numerical Studies

In this section, we investigate the numerical performance of TTOI.

4.6.1 Simulation

In each simulation setting, we present the numerical results in both average estima-
tion error (denoted by dots) and standard deviation (denoted by bars) based on 100
repetitions.

We first consider the tensor-train spiked tensor model (4.2) discussed in Section
4.4. Specifically, we randomly generate G1,G2, . . . ,Gd−1,Gd with i.i.d. standard
normal entries, and generate Z with i.i.d. N(0,σ2) or Unif(−b,b) entries. Let
p1 = · · · = pd = p, r1 = · · · = rd−1 = r, and consider four settings: (1) p = 100,d =

3, r = 1; (2) p = 50,d = 4, r = 1; (3) p = 20,d = 5, r = 1; (4) p = 20,d = 5, r = 2.
For varying values of σ ∈ [1, 19] and b ∈ [3, 30], we evaluate the estimation error∥∥∥X̂(t)

−X
∥∥∥

F
of the TT-SVD and TTOI estimators with 1 or 2 iterations, i.e., tmax =
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0, 1, 2. From the results summarized in Figure 4.5 (normal noise) and Figure 4.6
(uniform noise), we can see TTOI, even with one iteration, performs significantly
better than TT-SVD, and the advantage becomes more significant as the noise
level σ,b grows. This suggests that the proposed TTOI is effective for high-order
tensor SVD compared to the classic TT-SVD, especially when the observations are
corrupted by substantial noise.

Next, we demonstrate the performance of TTOI on transition tensor estimation
for the high-order state-aggregatable Markov chains studied in Section 4.5. We
consider the (d− 1)st order Markov chain on p states. To generate the transition
tensor P, we first draw G̃1 ∈ Rp×r, G̃2 ∈ Rr×p×r, . . . , G̃d ∈ Rr×p with i.i.d. standard
normal entries, then normalize the rows of G̃1, G̃2, . . . , G̃d in absolute values as

G1,[i,j] =
|G̃1,[i,j]|∑
j ′ |G̃1,[i,j ′]|

, Gk,[i1,i2,j] =
|G̃k,[i1,i2,j]|∑
j ′ |G̃k,[i1,i2,j ′]|

, Gd,[i,j] =
|G̃d,[i,j]|∑
j ′ |G̃d,[i,j ′]|

.

By this means, P = JG1,G2, . . . ,Gd−1,GdK satisfies Pi1,...,id > 0,
∑p
id=1 Pi1,...,id = 1 for

any (i1, . . . , id−1), so P forms a Markov transition tensor. To generate the trajectory
{X1, . . . ,XN}, we generate the initial d− 1 states X1, . . . ,Xd−1 i.i.d. uniformly from
[p], then generate Xd, . . . ,XN sequentially according to (4.19). To estimate P, we
construct the empirical probability tensor P̂

emp
by (4.21), then apply TT-SVD and

TTOI with input P̂
emp

as detailed in Section 4.5 to obtain P̂. We consider two
numerical settings: (1) p = 100,d = 3, r = 1; (2) p = 50,d = 4, r = 1. We evaluate
the estimation error ‖P̂

(i)
− P‖F for each setting and summarize the results to

Figure 4.7. Again, TTOI exhibits clear advantage over the existing methods in all
simulation settings.

4.6.2 Real Data Experiments

We apply the proposed method to investigate the Manhattan taxi data†. This dataset
contains the New York City taxi trip records from 14,144 drivers in 2013. We treat

†2013 Trip Data, available at https://chriswhong.com/open-data/foil_nyc_taxi/

https://chriswhong.com/open-data/foil_nyc_taxi/
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each travel record as a transition among different locations at New York City, then
the overall dataset can be organized as a collection of fragmented sample trajectories
of a Markov chain on New York City traffic. Some recent analysis on such data can
be seen at, e.g., Liu et al. (2012); Benson et al. (2017); Zhang and Wang (2020).

Due to the high-dimensional spatiotemporal nature of the dataset, a sufficient
dimension reduction or state aggregation is often a crucial first step to study a
metropolitan-wide traffic pattern. To this end, we apply the high-order Markov
model as described in Section 4.5. Specifically, we discretize the Manhattan region
into a grid of p = 119 states that forms a state space. Then, we collect all travel
records in Manhattan of each driver from the dataset, sort them by time, and form
into Markovian transition trajectories. In particular, each travel record is treated
as a transition from the pickup to the drop-off location. If the drop-off location i
of the previous trip is different from the pickup location j of the next trip by the
same driver, we also form a transition from states i to j. Based on the trajectories,
we can construct a high-order Markov chain with an order d empirical transition
probability tensor P̂

emp
∈ R⊗dk=1p as described in Section 4.5. Assuming the true

probability tensor is state aggregatable (Definition 4.5.1), we apply one-step TTOI
proposed in Section 4.5 and obtain P̂. It is noteworthy if d = 2, the described
procedure of P̂ is equivalent to the classic matrix spectral decomposition in the
literature. Figure 4.8 plots the singular values of the sequential unfolding matrices
of P̂

emp
for d = 3, which clearly demonstrates the low-TT-rankness of the probability

transition tensor P. In the following experiments, we focus on the order-2 Markov
model and analyze all consecutive two transitions: i → j → k, corresponding to
the d = 3 case.

Inspired by the classic methods of matrix spectral decomposition, we aggregate
all location states in Manhattan into a few clusters via both P̂ and P̂

emp
. Specifically,

we calculate Ĝ>d , i.e., the last TT-core of P̂, and [P̂
emp

]d−1, i.e., the matricization of
P̂

emp
whose columns correspond to the last mode. Then we perform k-means on

all columns of Ĝ>d and [P̂
emp

]d−1, record the cluster index, associate the index to
each location state, and plot the results in Figure 4.9 (Panels (a)(b) are for TTOI
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and Panels (c)(d) are for empirical estimate). From Figure 4.9 (a)(b), we can clearly
identify four regions: (i) lower Manhattan (orange), (ii) midtown (dark blue), (iii)
upper west side (green), and (iv) upper east side (brown or black). In contrast,
direct clustering on Pemp yields less interpretable results as the majority points go
to one cluster. It is also worth noting even the location information is not provided
to this experiment, the resulting clusters in Figures 4.9 (a)(b) show good spatial
proximity between locations. This illustrates the effectiveness of TTOI in dimension
reduction and state-aggregation for high-order Markov processes.

Next, we illustrate the high-order nature of the city-wide taxi trip through the
following experiment. For each initial state i ∈ [p], we apply k-means to cluster
the column span of P̂[i,:,:], where P̂ is the outcome of TTOI. We present the results
in Figure 4.10, where the red triangles denote the given first state i and r = k = 7.
If the city-wide taxi trips do not have significant high-order effects, P̂ should be
reducible to a first order Markov process and P̂[i,:,:] should have similar values for
different i. However, as we can see from Figure 4.10 that the clustering results
highly depends on the first state i, the high-order effects exist in the city-wide taxi
trip Markov process. In addition, the states in different directions of i are often
clustered to different regions, which shows that the taxi drivers may tend to move
to the same direction in consecutive trips, which yields the high-order effects in the
driving trajectories.

4.7 Discussions and Additional Applications

In this chapter, we propose a general framework for high-order SVD. We introduce a
novel procedure, tensor-train orthogonal iteration (TTOI), that efficiently estimates
the low tensor train rank structure from the high-order tensor observation. TTOI has
significant advantages over the classic ones in the literature. We establish a general
deterministic error bound for TTOI with the support of several new representation
lemmas for tensor matricizations. Under the commonly studied spiked tensor
model, we establish an upper bound for TTOI and a matching information-theoretic
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lower bound. We also illustrate the merits of TTOI through simulation studies and
a real data example in New York City taxi trips.

In addition to the high-order Markov processes, the proposed TTOI can also be
applied to the Markov random field (MRF) estimation. We give a brief description of
MRF below. Consider an undirected graph G = (V ,E), where V = {1, . . . ,d} is a set
of vertices and E ⊆ V × V is a collection of edges. Each vertex i ∈ V is associated
with a random variable Xi, taking values in {s1, . . . , sp}. In an MRF model, the
distribution of {X1, . . . ,Xd} can be factorized as

P(X1, . . . ,Xd) =
1
Z

∏
C∈C

ψC(XC),

where C is a collection of subgraphs of G and XC = (Xv, v ∈ C) denotes the random
vector corresponding to vertices in C. The joint probability function P(·) can be
written as a tensor P ∈ R⊗dk=1p, where Pi1,...,id = P(X1 = si1 , . . . ,Xd = sid). The
MRFs have a wide range of applications, including image analysis (Li, 2009; Zhang
et al., 2001), genomic study (Wei and Li, 2007), and natural language processing
(Chaplot et al., 2015). The readers are referred to, e.g., Wainwright and Jordan
(2008) for an introduction to MRFs.

A central problem of MRF is how to estimate the population density P based
on a limited number of samples {X(i)

1 , . . . ,X(i)
d }ni=1. It is straightforward to estimate

P via the empirical probability tensor P̂
emp

:

P̂
emp
i1,...,id =

n∑
i=1

d∏
k=1

1(X(i)
k = sik)

/
n.

We can show that P̂
emp

is unbiased for P. Recently, Novikov et al. (2014) pointed out
that P is often approximately low tensor-train rank in practice. To further exploit
such the structure, we can conduct TTOI on P̂

emp
. Under regularity conditions,

it can be shown that the entries of Z are bounded and weakly independent, then
Corollary 4.4.1 suggests the following estimation error rate of the TTOI estimator:
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‖P̂ − P‖2
F 6 C

∑d
i=1 riri−1/(np

2d−1), which can be significantly smaller than the
estimation error of original empirical estimator P̂

emp
.

Moreover, the proposed framework can be also applied to high-order Markov
decision process (high-order MDP). MDP has been commonly used as a baseline in
control theory and reinforcement learning (Singh et al., 1995; Sutton et al., 1998;
Puterman, 2014; Duan et al., 2020). Despite the wide applications of MDPs, most of
the existing work focus on the first-order Markov processes. However, the high-
order effects often appear, i.e., the transition probability at the current time depends
not only on current, but also the past (d − 1) states and actions. See Figure 4.11
for an example. Since the number of free parameters in such MDPs can be huge, a
sufficient dimension reduction for the state and action space can be a crucial first
step. Similarly to the example of high-order Markov process in Section 4.5, the
TTOI can be applied to achieve better dimension reduction and state aggregation
for the high-order Markov decision processes.
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Figure 4.5: Estimation error of TT-SVD and TTOI for high-order spiked tensor
model. Here, Z iid

∼ N(0,σ2).

Figure 4.6: Estimation error of TT-SVD and TTOI for high-order spiked tensor
model. Here, Z iid

∼ Unif(−b,b).
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Figure 4.7: Estimation error of the transition tensor versus length of the observable
trajectory in high order state-aggregatable Markov chain estimation.

Figure 4.8: Singular values of sequential unfolding matrices [P̂
emp

]1 (left panel) and
[P̂

emp
]2 (right panel)
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(a) Ĝd, r = 6,k = 6 (b) Ĝd, r = 7,k = 7 (c) [P̂
emp

]d−1, k = 6 (d) [P̂
emp

]d−1, k = 7

Figure 4.9: State aggregation based on TTOI and empirical estimate

Figure 4.10: Based on second order Markov model, state aggregation results are
different with different initial state (the red triangle denotes the initial state i in
each subfigure)
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Figure 4.11: Illustration of a high-order state aggregatable Markov decision process
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Chapter 5

Appendices

5.1 Appendix to Chapter 2

We collect the proofs of technical results in this section.

5.1.1 Proof of Lemma 2.2.1

Let T satisfy (2.16). For convenience, we denote s0 = s/sg and decompose u as

u = v+w, vi =


ui −

√
s0β
∗
i/‖β∗T ,(j)‖2, i ∈ T , i ∈ (j);

ui, i ∈ (G)\T ;
ui −H1/2(ui), i ∈ (Gc).

w(j) =

{ √
s0β
∗
T ,(j)/‖β∗T ,(j)‖2, j ∈ G;

H1/2(u(j)), j /∈ G.

(5.1)

Note that |H1/2(x) − x| 6 1/2 for any x ∈ R. Based on the property of (2.18),
‖u(G)\T‖∞ 6 1/2, then

max
i∈Tc

|vi| 6 1/2, ‖vT − sgn(β∗T )‖2 = ‖uT − (ũ0)T‖2 6
cmin

8 maxi∈Tc ‖X>T Xi/n‖2
;

(5.2)
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w(j) =
√
s0β
∗
T ,(j)/‖β∗T ,(j)‖2, if j ∈ G; ‖w(j)‖2 6

√
s0/2, if j /∈ G. (5.3)

Suppose β̂ is the minimizer to (2.5), h = β̂− β∗, then based on the sub-differential
of ‖β‖1 and ‖β‖1,2, we have

P(β̂) =‖β̂‖1 +
√
s0‖β̂‖1,2 = ‖β∗ + h‖1 +

√
s0‖β∗ + h‖1,2

>‖β∗T‖1 + sgn(β∗T )>hT + ‖hTc‖1 +
√
s0

‖β∗T‖1,2 +
∑
j∈G

β∗>T ,(j)h(j)

‖β∗T ,(j)‖2
+
∑
j/∈G

‖h(j)‖2


− ‖β∗Tc‖1 −

√
s0‖β∗Tc‖1,2

>P(β∗) + ‖hTc‖1 +
√
s0‖h(Gc)‖1,2 + sgn(β∗T )>hT +

∑
j∈G

√
s0β
∗>
T ,(j)h(j)

‖β∗T ,(j)‖2

− 2‖β∗Tc‖1 − 2
√
s0‖β∗Tc‖1,2. (5.4)

The last inequality comes from ‖β∗‖1 = ‖β∗T‖1 + ‖β∗Tc‖1 and ‖β∗‖1,2 6 ‖β∗T‖1,2 +

‖β∗Tc‖1,2.

In particular, given Xh = 0 and that u lies in the row span of X, we have
v>h+w>h = u>h = 0. Therefore,

sgn(β∗T )>hT +
∑
j∈G

√
s0β
∗>
T ,(j)h(j)

‖β∗T ,(j)‖2
= sgn(β∗T )>hT − v>h+

∑
j∈G

√
s0β
∗>
T ,(j)h(j)

‖β∗T ,(j)‖2
−w>h

=− (vT − sgn(β∗T ))>hT − v>TchTc −
∑
j∈G

(
w(j) −

√
s0β
∗
T ,(j)/‖β∗T ,(j)‖2

)>
h(j) − (w(Gc))

>h(Gc)

>− ‖vT − sgn(β∗T )‖2‖hT‖2 − ‖vTc‖∞ · ‖hTc‖1

− max
j∈G

∥∥∥w(j) −
√
s0β
∗
T ,(j)/‖β∗T ,(j)‖2

∥∥∥
2
· ‖h(G)‖1,2 − ‖w(Gc)‖∞,2‖h(Gc)‖1,2

(5.2)(5.3)
> − ‖vT − sgn(β∗T )‖2 · ‖hT‖2 − ‖hTc‖1/2 −

√
s0‖h(Gc)‖1,2/2.

(5.5)
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Next note that h = hT + hTc , we must have XThT = −XTchTc , then

‖hT‖2 =‖(X>T XT/n)−1X>T XThT/n‖2 6 σ
−1
min(X

>
T XT/n)‖XTXTchTc/n‖2

6
2
cmin

·max
i∈Tc
‖X>T Xi/n‖2 · ‖hTc‖1.

(5.6)

Combining (5.2), (5.5), and (5.6), one obtains

sgn(β∗T )>hT +
∑
j∈G

√
s0β
∗>
T ,(j)h(j)

‖β∗T ,(j)‖2
> −3/4 · ‖hTc‖1 −

√
s0‖h(Gc)‖1,2/2.

Plug this inequality to (5.4), we finally have

P(β̂) > P(β∗) + ‖hTc‖1/4 +
√
s0‖h(Gc)‖1,2/2 − 2‖β∗Tc‖1 − 2

√
s0‖β∗Tc‖1,2.

Since β̂ is the minimizer to (2.5), we must have P(β̂) 6 P(β∗), then

‖hTc‖1/4 +
√
s0‖h(Gc)‖1,2/2 6 2‖β∗Tc‖1 + 2

√
s0‖β∗Tc‖1,2. (5.7)

If β∗ is (s, sg)-sparse, immediately we have hTc = 0. Then 0 = X>T Xh = (X>T XT )hT .
By σmin(X

>
T XT/n) > cmin/2, we know X>T XT/n is non-singular, then hT = 0.

Now, we consider the general case. Without loss of generality, suppose G =

{1, . . . ,g}, where g 6 sg. Denote T1 as the indices of the s largest entries of h(G)\T ,
T2 as the indices of the s largest entries of h(G)\[T∪T1], and so on. For sg + 1 6 i 6 d,
denote Si,1 as the indices of the bs/sgc largest entries of h(i), Si,2 as the indices
of the bs/sgc largest entries of h(i)\Si,1 , and so on. Let S̃1, . . . , S̃∑d

i=g+1dbi/bs/sgce
be

an arrangement of Si,j(1 6 j 6 dbi/bs/sgce,g + 1 6 i 6 d) such that ‖hS̃1
‖2

2 >

· · · > ‖hS̃∑d
i=g+1dbi/bs/sgce

‖2
2. Let R1 = ∪sgi=1S̃i, R2 = ∪2sg

i=sg+1S̃i, and so on. Then

(T1, T2, . . . ,R1,R2, . . . ) is a partition of Tc, and |Ti|, |Rj| 6 s, |g(Ti)|, |g(Rj)| 6 sg, where
g(S) = {i1, . . . , ik} if S ⊆ ∪kj=1(ij) and S ∩ (ij) are not empty for all 1 6 j 6 k. Let
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T̃ = T ∪ T1 ∪ R1. If (2.19) holds, then

cmin

2 ‖hT̃‖
2
2 6

1
n
‖XT̃hT̃‖

2
2 =

1
n
〈XT̃hT̃ ,Xh〉− 1

n
〈XT̃hT̃ ,XT̃chT̃c〉. (5.8)

Since Xh = 0, we have
〈XT̃hT̃ ,Xh〉 = 0. (5.9)

Now, we consider
∣∣〈XT̃hT̃ ,XT̃chT̃c〉

∣∣. By triangle inequality,

∣∣〈XT̃hT̃ ,XT̃chT̃c〉
∣∣ 6 ∣∣〈XThT ,XT̃chT̃c〉

∣∣+ ∣∣〈XT1hT1 ,XT̃chT̃c〉
∣∣+ ∣∣〈XR1hR1 ,XT̃chT̃c〉

∣∣ .
The triangle inequality shows that

∣∣〈XThT ,XT̃chT̃c〉
∣∣ 6∑

i>2

|〈XThT ,XTihTi〉|+
∑
j>2

∣∣〈XThT ,XRjhRj〉
∣∣ .

Combine the parallelogram identity and (2.19) together, we have

|〈XThT ,XTihTi〉| 6 Cmaxn‖hT‖2‖hTi‖2,
∣∣〈XThT ,XRjhRj〉

∣∣ 6 Cmaxn‖hT‖2‖hRj‖2.

Thus, ∣∣〈XThT ,XT̃chT̃c〉
∣∣ 6 Cmaxn‖hT‖2(

∑
i>2

‖hTi‖2 +
∑
j>2

‖hRj‖2). (5.10)

By (3.10) in Candes and Tao (2007), we have∑
i>2

‖hTi‖2 6 s
−1/2‖h(G)\T‖1, (5.11)

and

∑
j>2

‖hRj‖2 =
∑
j>2

 jsg∑
i=(j−1)sg+1

‖hS̃i‖
2
2

1/2

6
∑
j>2

√
sg‖hS̃(j−1)sg

‖2 6
∑
j>2

√
sg

(j−1)sg∑
i=(j−2)sg+1

‖hS̃i‖2/sg

=s−1/2
g

∑
k

‖hS̃k‖2 = s
−1/2
g

d∑
i=g+1

∑
j

‖hSi,j‖2.
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For all g+ 1 6 i 6 d, apply (3.10) in Candes and Tao (2007) again,∑
j>2

‖hSi,j‖2 6 (bs/sgc)−1/2‖h(i)‖1 6
√

2(s/sg)−1/2‖h(i)‖1.

Moreover, by the definition of Si,1,

d∑
i=g+1

‖hSi,1‖2 6
d∑

i=g+1

‖h(i)‖2 = ‖h(Gc)‖1,2.

Therefore,

∑
j>2

‖hRj‖2 6s
−1/2
g

(
d∑

i=g+1

√
2(s/sg)−1/2‖h(i)‖1

)
+ s−1/2

g ‖h(Gc)‖1,2

=
√

2s−1/2‖h(Gc)‖1 + s
−1/2
g ‖h(Gc)‖1,2.

(5.12)

Combine (5.10), (5.11) and (5.12) together, if (2.19) holds, we have∣∣〈XThT ,XT̃chT̃c〉
∣∣ 6Cmaxn‖hT‖2(s

−1/2‖h(G)\T‖1 +
√

2s−1/2‖h(Gc)‖1 + s
−1/2
g ‖h(Gc)‖1,2)

6Cmaxn‖hT‖2(
√

2s−1/2‖hTc‖1 + s
−1/2
g ‖h(Gc)‖1,2).

Similarly, if (2.19) holds, then
∣∣〈XT1hT1 ,XT̃chT̃c〉

∣∣ 6 Cmaxn‖hT1‖2(
√

2s−1/2‖hTc‖1 +

s
−1/2
g ‖h(Gc)‖1,2) and

∣∣〈XR1hR1 ,XT̃chT̃c〉
∣∣ 6 Cmaxn‖hR1‖2(

√
2s−1/2‖hTc‖1+s

−1/2
g ‖h(Gc)‖1,2).

Thus, with probability at least 1 − 2e−cn,∣∣〈XT̃hT̃ ,XT̃chT̃c〉
∣∣ 6Cmaxn (‖hT‖2 + ‖hT1‖2 + ‖hR1‖2) (

√
2s−1/2‖hTc‖1 + s

−1/2
g ‖h(Gc)‖1,2)

6
√

3Cmaxn‖hT̃‖2(
√

2s−1/2‖hTc‖1 + s
−1/2
g ‖h(Gc)‖1,2).

(5.13)

The last inequality holds due to Cauchy-Schwarz inequality. Combine (5.8), (5.9),
(5.13) and Lemma 2.2.3 together, we know that with probability at least 1 − 2e−cn,

cmin

2 ‖hT̃‖
2
2 6
√

3Cmax‖hT̃‖2(
√

2s−1/2‖hTc‖1 + s
−1/2
g ‖h(Gc)‖1,2),
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i.e., with probability at least 1 − 2e−cn,

‖hT̃‖2 6 2
√

3Cmax

cmin
(
√

2s−1/2‖hTc‖1 + s
−1/2
g ‖h(Gc)‖1,2).

Finally, by (5.7), (5.11), (5.12) and the previous inequality, with probability at least
1 − 2e−cn,

‖h‖2 6‖hT̃‖2 +
∑
i>2

‖hTi‖2 +
∑
j>2

‖hRj‖2

62
√

3Cmax

cmin
(
√

2s−1/2‖hTc‖1 + s
−1/2
g ‖h(Gc)‖1,2) +

√
2s−1/2‖hTc‖2 + s

−1/2
g ‖h(Gc)‖1,2

6C

(
1√
s
‖β∗Tc‖1 +

1
√
sg
‖β∗Tc‖1,2

)
.

In summary, we have finished the proof of this lemma. �

5.1.2 Proof of Lemma 2.2.2

Let T satisfy (2.16). Given ‖β∗T‖0,2 6 sg, without loss of generally we assume that

β∗T ,(sg+1), · · · ,β∗T ,(d) = 0.

We also denote T(j) as the support of β∗T ,(j). First by Lemma 5.1.3 Part 3 with

v ∈ Rp, vk =

{
1, k = i;
0, k 6= i;

U ∈ Rp×|T | = R(
∑d
i=1 bi)×|T |,U[T ,:] = I;U[Tc,:] = 0,

and notice that x log(eu/x) > log(eu) for all 1 6 x 6 u, we have

P
(

max
i∈Tc

∥∥X>T Xi/n∥∥2 > 1/2
)
6
∑
i∈Tc

P
(∥∥X>T Xi/n∥∥2 > 1/2

)
6
∑
i∈Tc

P
(∥∥X>T Xi/n− EX>T Xi/n

∥∥
2 + ‖EX

>
T Xi/n‖2 > 1/2

)
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6
∑
i∈Tc

P
(∥∥X>T Xi/n− EX>T Xi/n

∥∥
2 > 1/2 − ‖ΣT ,T‖‖Σi,TΣ−1

T ,T‖2
)

6
∑
i∈Tc

P
(∥∥X>T Xi/n− EX>T Xi/n

∥∥
2 > 1/4

)
6db · C exp (Cs− n) 6 C exp (log(d) + log(b) + Cs− n)

6C exp (sg log(ed/sg) + s log(esgb/s) + Cs− n) 6 C exp(−cn) (5.14)

provided that n > C (s log(esgb/s) + sg log(d/sg)) for some large constant C > 0.
Note that the fourth inequality comes from the facts that ‖ΣT ,T‖ 6 ‖Σ‖ 6 Cmax and
‖Σi,TΣ−1

T ,T‖2 6 c/
√
s 6 1/(4Cmax). By Lemma 5.1.4 Part 1, we also know

P
(
σmin(X

>
T XT/n) 6 cmin/2

)
6P
(
‖X>T XT/n− ΣT ,T‖ > cmin/2

)
6P
(
‖X>T XTΣ−1

T ,T/n− I|T |‖‖ΣT ,T‖ > cmin/2
)

6P
(
‖X>T XTΣ−1

T ,T/n− I|T |‖ > cmin/(2Cmax)
)

6C exp (Cs− cn) 6 C exp(−cn).

Next, we apply the well-regarded golfing scheme Gross (2011); Candes and Plan
(2011) to find an approximate dual certificate u that satisfies (2.18). Let

u0 ∈ Rp, (u0)(j) =

{ √
s/sgβ

∗
T ,(j)/‖β∗T ,(j)‖2 + sgn(β∗T ,(j)), j ∈ G;

0, j ∈ Gc.
(5.15)

Immediately we have (u0)T = (ũ0)T . We divide n rows of X into non-overlapping
batches, say X[I1,:],X[I2,:], . . . , with |Il| = nl. Here, n1,n2, . . . will be specified a little
while later. Consider the following sequences

α0 = u0,

γl = X
>
[Il,:]X[Il,T ]Σ

−1
T ,T/nl · (αl−1)T , αl = αl−1 − γl, l = 1, 2, . . . , lmax.

(5.16)
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Finally the approximate dual certificate is defined as

u =

lmax∑
l=1

γl =

lmax∑
l=1

X>[Il,:]X[Il,T ]Σ
−1
T ,T/nl · (αl−1)T . (5.17)

From the inductive definition we can see

(αl)T = (I−X>[Il,T ]X[Il,T ]Σ
−1
T ,T/nl)(αl−1)T , (γl)Tc = X

>
[Il,Tc]X[Il,T ]Σ

−1
T ,T/nl·(αl−1)T , l = 1, 2, . . . .

Next, we apply the random matrix results (Lemmas 5.1.4 and 5.1.3) and obtain the
following tail probabilities.

• if nl > Cstl for large constant C > 0 and tl > C, by Part 1 of Lemma 5.1.4,

P
(
‖X>[Il,T ]X[Il,T ]Σ

−1
T ,T/nl − I|T |‖ > C

√
stl/nl

)
6C exp

(
Cs− nlmin

{
stl

nl
,
(
stl

nl

)1/2
})
6 C exp (−cstl) ;

(5.18)

• Supposeql−1 = (αl−1)T ∈ R|T | is independent ofX[Il,:]. Ifnl > C(s0 log(esgb/s)+logd)
min{s0δ

2
l ,
√
s0δl}

for δl > Cmaxi∈Tc ‖Σi,TΣ−1
T ,T‖2 > C(maxi∈Tc ‖Σi,TΣ−1

T ,T‖2)‖Σ−1
T ,Tql−1‖2/‖ql−1‖2,
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by Lemma 5.1.4 Part 2,

P
(

max
j∈Gc

∥∥∥H‖ql−1‖2δl

(
X>[Il,(j)]X[Il,T ]Σ

−1
T ,T/nl · ql−1

)∥∥∥
2
>
√
s0‖ql−1‖2δl

)
6
∑
j∈Gc

P
(∥∥∥H‖ql−1‖2δl

(
X>[Il,(j)]X[Il,T ](Σ

−1
T ,Tql−1)/nl

)∥∥∥
2
>
√
s0‖ql−1‖2δl

)
6d ·

(
b

ds0e

)
exp

(
Cs0 − cnlmin

{
s0‖ql−1‖2

2δ
2
l

κ4‖Σ−1
T ,Tql−1‖2

2
,
√
s0‖ql−1‖2δl

κ2‖Σ−1
T ,Tql−1‖2

})

+ d ·
(
b

bs0c

)
exp

(
Cs0 − cnlmin

{
s0‖ql−1‖2

2δ
2
l

κ4‖Σ−1
T ,Tql−1‖2

2
,
√
s0‖ql−1‖2δl

κ2‖Σ−1
T ,Tql−1‖2

})

62d ·
(
eb

bs0c

)ds0e

exp
(
Cs0 − cnlmin{s0δ

2
l,
√
s0δl}

)
6C exp

(
log(d) + Cs0 log(2esgb/s) + Cs0 − cnlmin{s0δ

2
l,
√
s0δl}

)
6C exp(−cnlmin{s0δ

2
l,
√
s0δl});

(5.19)

The third inequality comes from ‖Σ−1
T ,T‖ 6 1

cmin
.

• Suppose ql−1 = (αl−1)T ∈ R|T | is fixed. If nlmin{θ2
l, θl} > C log(esgb), θl >
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2 maxi∈Tc ‖Σi,TΣ−1
T ,T‖2, by Lemma 5.1.3 Part 2,

P
(
‖X>[Il,(G)\T ]X[Il,T ]Σ

−1
T ,T/nl · ql−1‖∞ > θl‖ql−1‖2

)
6
∑

i∈(G)\T

P
(
|X>[Il,i]X[Il,T ]/nl · (Σ

−1
T ,Tql−1)| > θl‖ql−1‖2

)
6
∑

i∈(G)\T

P
(
|X>[Il,i]X[Il,T ]/nl · (Σ

−1
T ,Tql−1) − Σi,TΣ

−1
T ,Tql−1| > θl‖ql−1‖2 − |Σi,TΣ

−1
T ,Tql−1|

)
6
∑

i∈(G)\T

P
(
|X>[Il,i]X[Il,T ]/nl · (Σ

−1
T ,Tql−1) − Σi,TΣ

−1
T ,Tql−1| > θl‖ql−1‖2 − ‖Σi,TΣ−1

T ,T‖2‖ql−1‖2

)
6
∑

i∈(G)\T

P
(
|X>[Il,i]X[Il,T ]/nl · (Σ

−1
T ,Tql−1) − Σi,TΣ

−1
T ,Tql−1| >

1
2θl‖ql−1‖2

)
6
∑

i∈(G)\T

P
(
|X>[Il,i]X[Il,T ]/nl · (Σ

−1
T ,Tql−1) − Σi,TΣ

−1
T ,Tql−1| >

cmin

2 θl‖Σ−1
T ,Tql−1‖2

)
6sgb · C exp

(
−cnlmin{θ2

l, θl}
)
= C exp(log(sgb) − cnlmin{θ2

l, θl})

6C exp
(
−cnlmin{θ2

l, θl}
)

.
(5.20)

Then we specify {nl, tl, δl, θl}l>1 as follows,

• n1 = n2 > C(s log(esgb) + sg log(d/sg)), t1 = t2 = cn1/(s log(es)) > C,
δ1 = δ2 = 1/(16

√
s), θ1 = θ2 = 1/(16

√
s);

• n3 = · · · = nlmax �
n1

lmax−2 > C(s log(esgb) + sg log(d/sg))/ log(es),
t3 = · · · = tlmax = cn3/s > C,
δ3 = · · · = δlmax = log(es)/(16

√
s) > max{(log(es)/s)1/2/16, log(es)√s0/(16s)},

θ3 = · · · = θlmax = (log(es)/s)1/2/16, with lmax = dC log(es)e+ 2.

We can see the following events happen

‖X>[Il,T ]X[Il,T ]Σ
−1
T ,T/nl − I|T |‖ 6 C

√
stl/nl 6

√
1/ log(es), l = 1, 2;

‖X>[Il,T ]X[Il,T ]Σ
−1
T ,T/nl − I|T |‖ 6 C

√
stl/nl 6 1/2, l = 3, . . . , lmax;

(5.21)
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max
j∈Gc

∥∥∥H‖ql−1‖2/(16
√
s)

(
X>[Il,(j)]X[Il,T ]Σ

−1
T ,T/nl · ql−1

)∥∥∥
2
6
√
s0‖ql−1‖2/(16

√
s), l = 1, 2;

max
j∈Gc

∥∥∥H‖ql−1‖2·log(es)/(16
√
s)

(
X>[Il,(j)]X[Il,T ]Σ

−1
T ,T/nl · ql−1

)∥∥∥
2

6
√
s0‖ql−1‖2 log(es)/(16

√
s), l = 3, . . . , lmax;

(5.22)∥∥∥X>[Il,(G)\T ]X[Il,T ]Σ
−1
T ,T/nl · ql−1

∥∥∥∞ 6 ‖ql−1‖2/(16
√
s), l = 1, 2∥∥∥X>[Il,(G)\T ]X[Il,T ]Σ

−1
T ,T/nl · ql−1

∥∥∥∞ 6 ‖ql−1‖2 · (log(es)/s)1/2/16, l = 3, . . . , lmax.

(5.23)

with probability at least 1 − C log(es) exp(−c n
log(es)) − C log(es) exp

(
−c n

sg

)
−

C log(es) exp
(
−cn

s

)
. By triangle inequality, u0 satisfies

‖u0‖2 6
√
s/sg

∑
j∈G

∥∥∥∥∥ β∗T ,(j)

‖β∗T ,(j)‖2

∥∥∥∥∥
2

2

1/2

+ ‖ sgn(β∗T )‖2 6 2
√
s. (5.24)

When maxi∈Tc ‖X>T Xi/n‖2 6 1
2 and (5.21)-(5.24) hold, we have

‖q0‖2 6 2
√
s,

‖q1‖2 =
∥∥(I|T | − X>I1,TXI1,TΣ

−1
T ,T/n1)q0

∥∥ 6 ‖I|T | − X>I1,TXI1,TΣ
−1
T ,T/n1‖ · ‖q0‖2

6 2
√
s/ log(es);

similarly, ‖q2‖2 6 ‖q1‖2/
√

log(es) 6 2
√
s/(log(es));

‖ql‖2 6 ‖ql−1‖2/2 6 · · · 6 ‖q2‖/2l−2 6 23−l√s/(log(es)), l > 3.
(5.25)

For large constant C > 0,‖qlmax‖2 6 23−C log(es)√s/ log(es) 6 cmin/8. Notice that

uT = (

lmax∑
l=1

γl)T = (

lmax∑
l=1

(αl−1 − αl))T = (α0 − αlmax)T = (ũ0)T − (qlmax)T ,



114

we know that

‖uT − (ũ0)T‖2 ·max
i∈Tc
‖X>T Xi/n‖2 = ‖qlmax‖2 ·max

i∈Tc
‖X>T Xi/n‖2 6

cmin

8 · 1
2 <

cmin

8 .

In addition,

‖u(G)\T‖∞ 6
lmax∑
l=1

∥∥∥X>[Il,(G)\T ]X[Il,T ]Σ
−1
T ,T/nl · (αl−1)T

∥∥∥∞
6‖q0‖2/(16

√
s) + ‖q1‖2/(16

√
s) +

lmax∑
l=3

‖ql−1‖2 · (log(es)/s)1/2/16

61/8 + 1/8 +

∞∑
l=3

24−l/16 6 1/2.

Since

‖q0‖2/(16
√
s) + ‖q1‖2/(16

√
s) +

lmax∑
l=3

‖ql−1‖2 · log(es)/(16
√
s)

6
1
8 +

1
8 +

lmax∑
l=3

24−l√s/(log(es)) · log(es)/(16
√
s) 6

1
2,

∥∥H1/2(u(Gc))
∥∥∞,2 6‖H‖q0‖2/(16

√
s)+‖q1‖2/(16

√
s)+
∑lmax
l=3 ‖ql−1‖2·log(es)/(16

√
s)(u(Gc))‖∞,2

6
2∑
l=1

∥∥∥H‖ql−1‖2/(16
√
s)

(
X>[Il,(Gc)]X[Il,Tc]ql−1

)∥∥∥∞,2

+

lmax∑
l=3

∥∥∥H‖ql−1‖2·log(es)/(16
√
s)

(
X>[Il,(Gc)]X[Il,Tc]ql−1

)∥∥∥∞,2

6
2∑
l=1

√
s0‖ql−1‖2/(16

√
s) +

lmax∑
l=3

√
s0‖ql−1‖2 · log(es)/(16

√
s)

6
√
s0/2.

Thus, the construction of u satisfies all required condition in Lemma 2.2.1 with
probability at least 1−C exp

(
−cn

s

)
. This has finished the proof of this lemma. �
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5.1.3 Proof of Lemma 2.2.3

Let g(S) be the group support of set S, that is, g(S) = {i1, . . . , ik} if S ⊂ ∪kj=1(ij) and
S ∩ (ij) are not empty for all 1 6 j 6 k. Lemma 5.1.4 Part 1 and the union bound
show that

P
(
∃γ ∈ Rp, ‖γ‖0 6 2s, ‖γ‖0,2 6 2sg, 1

n
‖Xγ‖2

2 /∈
[cmin

2 ‖γ‖
2
2, (Cmin +

cmin

2 )‖γ‖2
2

])
=P
(
∃x ∈ R2s∧p,S ⊆ 1, · · · ,p, |S| = 2s∧ p, |g(S)| 6 2sg, 1

n
‖XSx‖2

2 /∈
[cmin

2 ‖γ‖
2
2, (Cmin +

cmin

2 )‖γ‖2
2

])
6

∑
S⊆{1,...,p},|S|=2s∧p,|g(S)|62sg

P
(
∀x ∈ R2s∧p, 1

n
‖XSx‖2

2 /∈
[cmin

2 ‖γ‖
2
2, (Cmin +

cmin

2 )‖γ‖2
2

])

6
∑

S⊆{1,...,p},|S|=2s∧p,|g(S)|62sg

P
(
‖ 1
n
X>SXS − ΣS,S‖ >

cmin

2

)

6
∑

S⊆{1,...,p},|S|=2s∧p,|g(S)|62sg

P
(
‖ 1
n
X>SXSΣ

−1
S,S − I|S|‖ >

cmin

2Cmax

)

6

[(
d

2sg

)
∨ 1
](

2sgb
2s

)
· 2 exp (Cs− cn)

6

(
ed

2sg

)2sg (e · 2sgb
2s

)2s

· 2 exp (Cs− cn)

62 exp (2s log(esgb/s) + 2sg log(ed/sg) + Cs− cn)

62e−cn.

�

5.1.4 Proof of Theorem 2.2.2

If d > 3sg and b > 3s/sg, by (5.52), we can find Ω(1), . . . ,Ω(N) ⊂ {1, . . . ,db} such
that |Ω(i)| = sgbs/sgc, |Ω(i)

(k)| = bs/sgc1{Ω
(i)
(k)

is not empty} for all 1 6 i 6 N, 1 6 k 6 d,
and ∣∣Ω(i) ∩Ω(j)

∣∣ 6 8sgbs/sgc/9, 1 6 i 6= j 6 N, (5.26)∣∣∣{k| ∣∣∣Ω(i)
(k) ∩Ω

(j)
(k)

∣∣∣ > 2bs/sgc/3
}∣∣∣ 6 2sg/3, 1 6 i 6= j 6 N, (5.27)
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where N =

⌊(
d

2
√

2sg

)sg/3 (
b

2
√

2bs/sgc

)s/9
⌋

. For any 1 6 j 6 db, 1 6 i 6 N, define

β
(i)
j =


1

λsgbs/sgc+λgsg
√
bs/sgc

, j ∈ Ω(i)

0 j /∈ Ω(i),

then ‖β(i)‖0 6 s, ‖β(i)‖0,2 6 sg. We consider the quotient space

Rdb/ker(X) =
{
[x] := x+ ker(X), x ∈ Rdb

}
.

Then the dimension of Rdb/ker(X) is rank(X) 6 n. Define the norm ‖[x]‖ =

infv∈ker(X){λ‖x − v‖1 + λg‖x − v‖1,2}. For any vector x ∈ Rdb satisfying ‖x‖0 6

2s, ‖x‖0,2 6 2sg, note that x − v with v ∈ ker(X) satisfies X(x − v) = Xx, by our
assumption, we have ‖[x]‖ = λ‖x‖1 + λg‖x‖1,2. Thus ‖[β(1)]‖ = · · · = ‖[β(N)]‖ = 1.
Moreover, by (5.26) and (5.27),

‖β(i) − β(j)‖1 =
1

λsgbs/sgc+ λgsg
√
bs/sgc

(
|Ω(i)|+ |Ω(j)|− 2|Ω(i) ∩Ω(j)|

)
>

2sgbs/sgc
9(λsgbs/sgc+ λgsg

√
bs/sgc)

,

and

‖β(i) − β(j)‖1,2 =

d∑
k=1

‖β(i)
(k) − β

(j)
(k)‖2

>
∑
k∈Si,j

‖β(i)
(k) − β

(j)
(k)‖2

>
1

λsgbs/sgc+ λgsg
√
bs/sgc

√
2bs/sgc

3 · |Si,j|

>
1

λsgbs/sgc+ λgsg
√
bs/sgc

√
2bs/sgc

3 · sg3 ,
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where Si,j =
{
k|Ω

(i)
(k),Ω

(j)
(k) are not empty sets,

∣∣∣Ω(i)
(k) ∩Ω

(j)
(k)

∣∣∣ < 2bs/sgc/3
}

.
Since β(i) − β(j) is (2s, 2sg)-sparse,

∥∥[β(i)] − [β(j)]
∥∥ =

∥∥[β(i) − β(j)]
∥∥ = λ

∥∥β(i) − β(j)
∥∥

1 + λg
∥∥β(i) − β(j)

∥∥
1,2 > 2/9.

By (Foucart and Rauhut, 2013, Proposition C.3), we have N 6 10rank(X) 6 10n.
Therefore we have ( d

2
√

2sg

)sg/3(
b

2
√

2bs/sgc

)s/9
 6 10n,

which means that n > c(sg log(d/sg) + s log(esgb/s)).

If d < 3sg or b < 3s/sg, let s ′g = [sg/3]∨1 > sg/5, s ′ = [s/15]∨ s ′g, then d > 3s ′g
and b > 3s ′/s ′g. Since all (2s, 2sg)-sparse vectors can be exactly recovered by the
`1 + `1,2 minimization and s ′ 6 s, s ′g 6 sg, we know that the `1 + `1,2 minimization
exactly recover all (2s ′, 2s ′g)-sparse vectors. Therefore, we have

n >c(s ′g log(d/s ′g) + s ′ log(es ′gb/s ′)) > c
(
sg

5 · log
(
d

sg

)
+
s

15 · log
(
eb(sg/5)
s/15 ∨ eb

))
>c ′(sg log(d/sg) + s log(esgb/s)).

(5.28)

�

5.1.5 Proof of Theorem 2.2.3

We would like prove Theorem 2.2.3 by contradiction. Let

c = min
{

1
8, c ′,

√
c ′

256

}
, c0 = min

{
c

2e , c
2

2C2 , 16c2
}

, C0 = max
{
C2

c2 , 1
32c2

}
,
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where c ′ is a uniform constant such that n > c ′(s log(esgb/s) + sg log(d/sg)) if the
conditions in Theorem 2.2.2 are satisfied. Assume for contradiction that

n < c0(s log(esgb/s) + sg log(d/sg)). (5.29)

Let s0 = s/sg, define the norm ‖ · ‖ = ‖ · ‖1 +
√
s0‖ · ‖1,2. Let B = {x ∈ Rp|‖x‖ 6 1},

dn(B,Rp) = inf
Ln is a subspace of Rp
with dim(Rp/Ln)6n

{
sup

β∈B∩Ln
‖β‖2

}
.

By (Foucart and Rauhut, 2013, Theorem 10.4), we have

dn(B,Rp) 6 sup
β∈B
‖β− ∆(Xβ)‖2 6

C√
s

sup
β∈B

(‖β‖1 +
√
s0‖β‖1,2) =

C√
s

. (5.30)

If

dn(B,Rp) > cmin

 1
√
s0

,
[(
sg

s
log
(
c s
sg
d log(esgb/s)

n

)
+ log(esgb/s)

)
/n

]1/2
 ,

(5.31)
since

C√
s
6
c
√
C0√
s
6
c
√
sg√
s

=
c
√
s0

,

(5.30) and (5.31) together imply that

n >
c2

C2

(
sg log

(
c s
sg
d log(esgb/s)

n

)
+ s log(esgb/s)

)
. (5.32)

By (5.29),

c s
sg
d log(esgb/s)

n
>

c s
sg
d log(esgb/s)

c0(s log(esgb/s) + sg log(d/sg))

>2e
s
sg
d log(esgb/s)

s log(esgb/s) + sg log(d/sg)
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>min
{
e

s
sg
d log(esgb/s)
s log(esgb/s)

,
e s
sg
d log(esgb/s)
sg log(ed/sg)

}

>min
{
ed

sg
,

ed
sg

log(ed
sg
)

}
>

(
ed

sg

)1/2

. (5.33)

In the last inequality, we used x1/2 > log(x)/2 for all x > 1.
Combine (5.32) and (5.33) together, we have

n >
c2

2C2 (s log(esgb/s) + sg log(d/sg)) > c0 (s log(esgb/s) + sg log(d/sg)) > n,

contradiction!

Thus, we only need to prove (5.31) based on (5.29). We still use the proof of
contradiction. If

dn(B,Rp) < cmin

 1
√
s0

,
[(
sg

s
log
(
c s
sg
d log(esgb/s)

n

)
+ log(esgb/s)

)
/n

]1/2
 := µ,

then there exists a subspace Ln of Rp with dim(Rp/Ln) 6 n such that for all
v ∈ Ln\{0},

‖v‖2 < µ (‖v‖1 +
√
s0‖v‖1,2) .

Let B ∈ Rn×p satisfying ker(B) = Ln. Let s ′ = b 1
32µ2 c, s ′g = bs ′/s0c, by (5.29) and

(5.33),

1
8s

−1/2
0 > cs−1/2

0 > µ > cmin
{√

C0

s
,
( sg

2s log(d/sg) + log(esgb/s)
c0(sg log(d/sg) + s log(esgb/s))

)1/2}
>

1
4
√

2
s−1/2,

which means that
1 6 s ′ 6 s, 1 6 s ′g 6 sg.

Moreover, we have 1
64µ2 < s

′ 6 1
32µ2 . For any (2s ′, 2s ′g)-sparse β with support set T
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and group support set G, and v ∈ ker(A), by Cauchy-Schwarz inequality,

‖vT‖1 +
√
s0‖v(G)‖1,2 6

√
2s ′‖vT‖2 +

√
s0

√
2s ′g‖vT‖2 6 2

√
2s ′‖vT‖2

<2
√

2 1
4
√

2µ
µ (‖v‖1 +

√
s0‖v‖1,2) =

1
2
(‖v‖1 +

√
s0‖v‖1,2) ,

i.e.,
‖vT‖1 +

√
s0‖v(G)‖1,2 < ‖vTc‖1 +

√
s0‖v(Gc)‖1,2.

Based on Cauchy-Schwarz inequality and the sub-differential of ‖β‖1 and ‖β‖1,2,
we have

‖β+ v‖1 +
√
s0‖β+ v‖1,2

>‖β‖1 + sgn(β)>vT + ‖vTc‖1 +
√
s0

(
‖β‖1,2 +

∑
j∈G

β>(j)v(j)

‖β(j)‖2
+
∑
j∈Gc
‖vj‖2

)
>‖β‖1 − ‖vT‖1 + ‖vTc‖1 +

√
s0
(
‖β‖1,2 − ‖v(G)‖2 + ‖v(Gc)‖2

)
>‖β‖1 +

√
s0‖β‖1,2.

By Theorem 2.2.2,

n > c ′(s ′ log(es ′gb/s ′)+s ′g log(d/s ′g)) > c ′s ′
{

log
(
esgb

2s

)
+

1
2s0

log(s0d/s
′)

}
> c ′s ′ log

(
esgb

2s

)
.

Thus

n >c ′s ′
(

log
(
esgb

2s

)
+
sg

s
log
(
c ′ s
sg
d log(esgb/s)

n

))

>
c ′

64µ2

(
1
4 log(esgb/s) +

sg

s
log
(
c s
sg
d log(esgb/s)

n

))
>n

provided that c = min
{

1
8 , c ′,

√
c ′

256

}
, contradiction! This means that (5.31) holds if

(5.29) is true.
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Therefore, we have finished the proof of Theorem 2.2.3. �

5.1.6 Proof of Theorem 2.3.1

Let λ = Cσ

√
s log(esgb)+sg log(d/sg)

s
n, λg =

√
s/sgλ. By (5.58) in Lemma 5.1.2 and

(5.73), one has

P
(∥∥∥H 1

10λ
(X>ε)

∥∥∥∞,2
>

1
10λg

)
6P
(
∃1 6 j 6 d,

∥∥∥H 1
10λ

(X>(j)ε)
∥∥∥

2
>

1
10λg, ‖ε‖2 > 5

√
nσ2

)
+ P

(
‖ε‖2 > 5

√
nσ2

)
6P
(
∃1 6 j 6 d,

∥∥∥H 1
10λ

(X>(j)ε)
∥∥∥

2
>

1
10λg

∣∣∣∣‖ε‖2 > 5
√
nσ2

)
+ P

(
‖ε‖2 > 5

√
nσ2

)
6d exp

(
−C

s log(esgb) + sg log(d/sg)
sg

)
+ e−n

= exp
(

log(sg) + log(d/sg) − C
s log(esgb) + sg log(d/sg)

sg

)
+ e−n

6 exp
(
−C

s log(esgb) + sg log(d/sg)
sg

)
+ e−n.

(5.34)

By the definition of β̂ and KKT condition, we have

X>(y− Xβ̂) + λz1 + λgz2 = 0,

where {
(z1)i = sgn(β̂i), β̂i 6= 0;
|(z1)i| 6 1, β̂i = 0;

 (z2)(j) =
β̂(j)

‖β̂(j)‖2
, β̂(j) 6= 0;

‖(z2)(j)‖2 6 1, β̂(j) = 0.

Therefore,
‖Hλ(X>(Xβ̂− y))‖∞,2 6 λg.
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(5.34), Lemma 5.1.5 Part 1 and the previous inequality together imply that

P
(∥∥∥H(1+ 1

10 )λ
(X>Xh)

∥∥∥∞,2
6 (1 +

1
10)λg

)
> 1−exp

(
−C

s log(esgb) + sg log(d/sg)
sg

)
−e−n,

(5.35)
where h = β̂− β∗. By the definition of β̂, we have

‖y− Xβ̂‖2
2 + λ‖β̂‖1 + λg‖β̂‖1,2 6 ‖y− Xβ∗‖2

2 + λ‖β∗‖1 + λg‖β∗‖1,2.

(5.4) and the previous inequality show that

‖Xh‖2
2 + λ‖hTc‖1 + λg‖h(Gc)‖1,2

62〈Xh, ε〉− λ · sgn(β∗T )>hT − λg
∑
j∈G

β∗>T ,(j)h(j)

‖β∗T ,(j)‖2
+ 2λ‖β∗Tc‖1 + 2λg‖β∗Tc‖1,2.

(5.36)

First, we consider 〈Xh, ε〉. Denote P = XT (X
>
T XT )

−1X>T , since Xh = XThT +

XTchTc and (In − P)XT = 0,

|〈Xh, ε〉| 6 |〈PXh, ε〉|+ |〈(In − P)Xh, ε〉|

=
∣∣〈X>T Xh, (X>T XT )−1X>T ε〉

∣∣+ |〈(In − P)XTchTc , ε〉|

=
∣∣〈X>T Xh, (X>T XT )−1X>T ε〉

∣∣+ |〈XTchTc , (In − P)ε〉| .

(5.37)

Therefore, to give an upper bound of |〈Xh, ε〉|, we only need to bound
∣∣〈X>T Xh, (X>T XT )−1X>T ε〉

∣∣
and |〈XTchTc , (In − P)ε〉|, respectively. By Part 1 of Lemma 5.1.4 and also notice
that cmin 6 σmin(Σ) 6 σmax(Σ) 6 Cmax,

P

(∥∥∥∥∥
(

1
n
X>T XT

)−1
∥∥∥∥∥ > 2

cmin

)
6P
(
‖ 1
n
X>T XT − ΣT ,T‖ >

cmin

2

)
6P
(
‖ 1
n
X>T XTΣ

−1
T ,T − Is‖ >

cmin

2Cmax

)
62 exp (Cs− cn) 6 2 exp (−cn) .

(5.38)
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(5.38), Lemma 5.1.6 and Cauchy-Schwarz inequality together imply that with prob-
ability at least 1 − exp

(
−C

s log(esgb)+sg log(d/sg)
s

)
− 2 exp(−cn),

‖(X>T XT )−1X>T ε‖1 6
2
cmin

√
s

n
‖X>T ε‖2 6

2
cmin

s

n
‖X>T ε‖∞

6C
s

n

√
n
s log(esgb) + sg log(d/sg)

s
σ2 6 C

s

n
λ,

‖(X>T XT )−1X>T ε‖1,2 6
√
sg‖(X>T XT )−1X>T ε‖2 6

2
cmin

√
sg

n
‖X>T ε‖2 6 C

√
s · sg
n

λ.

Combine Lemma 5.1.5 Part 2, (5.35) and the previous two inequalities together,
with probability at least 1 − 2 exp

(
−C

s log(esgb)+sg log(d/sg)
s

)
− 3e−cn,

∣∣〈X>T Xh, (X>T XT )−1X>T ε〉
∣∣ 611

10λ‖(X
>
T XT )

−1X>T ε‖1 +
11
10λg‖(X

>
T XT )

−1X>T ε‖1,2

6C
s

n
λ2.

(5.39)

Similarly to the proof of (5.34), also notice that ‖(In − P)ε‖2 6 ‖ε‖2 and X(Gc) is
independent of In − P, we have

P
(∥∥∥H 1

10λ

(
X>(Gc)(In − P)ε

)∥∥∥∞,2
>

1
10λg

)
6P
(
∃j ∈ Gc,

∥∥∥H 1
10λ

(
X>(j)(In − P)ε

)∥∥∥
2
>

1
10λg

∣∣∣∣‖(In − P)ε‖2 > 5
√
nσ2

)
+ P

(
‖ε‖2 > 5

√
nσ2

)
6 exp

(
−C

s log(esgb) + sg log(d/sg)
sg

)
+ e−n.

By Lemma 5.1.5 Part 2 and (5.34), with probability at least 1−exp
(
−C

s log(esgb)+sg log(d/sg)
sg

)
−

e−n,

∣∣〈X(Gc)h(Gc), (In − P)ε〉
∣∣ = ∣∣∣〈h(Gc),X>(Gc)(In − P)ε〉

∣∣∣ 6 1
10λ‖h(Gc)‖1+

1
10λg‖h(Gc)‖1,2.



124

Notice that XTc\(Gc) and In − P are independent and |Tc\(Gc)| 6 |G| 6 sgb, by
Lemma 5.1.6, with probability at least 1 − exp(−Cs log(esgb)+sg log(d/sg)

s
) − e−n,∣∣〈XTc\(Gc)hTc\(Gc), (In − P)ε〉

∣∣ 6 ‖hTc\(Gc)‖1‖X>Tc\(Gc)(In − P)ε‖∞
6 C

√
n
s log(esgb) + sg log(d/sg)

s
σ2‖hTc\(Gc)‖1

6
1

10λ‖hT
c\(Gc)‖1.

Combine the previous two inequalities together, we have

|〈XTchTc , (In − P)ε〉| 6
∣∣〈X(Gc)h(Gc), (In − P)ε〉

∣∣+ ∣∣〈XTc\(Gc)hTc\(Gc), (In − P)ε〉
∣∣

6
1

10λ‖hT
c‖1 +

1
10λg‖h(Gc)‖1,2

(5.40)

with probability 1−C exp
(
−C

s log(esgb)+sg log(d/sg)
s

)
−Ce−cn. Combine (5.37), (5.39)

and (5.40) together, we know that with probability at least 1−C exp
(
−C

s log(esgb)+sg log(d/sg)
s

)
−

Ce−cn,
|〈Xh, ε〉| 6 C s

n
λ2 +

1
10λ‖hT

c‖1 +
1
10λg‖h(Gc)‖1,2. (5.41)

Moreover, by the proof of Theorem 2.2.1, with probability at least 1−C exp(−cn/s),
there exists an approximate dual certificate u ∈ Rp in the row span of X satisfying
(2.18), and ‖vT − sgn(β∗T )‖2 6 1

8 , where v is defined in (5.1). Similarly to (5.5), we
have

sgn(β∗T )>hT +
∑
j∈G

√
s0β
∗>
T ,(j)h(j)

‖β∗T ,(j)‖2

>− ‖vT − sgn(β∗T )‖2 · ‖hT‖2 − ‖hTc‖1/2 −
√
s0‖h(Gc)‖1,2/2 + 〈h,u〉

>−
cmin

8 · ‖hT‖2 − ‖hTc‖1/2 −
√
s0‖h(Gc)‖1,2/2 + 〈h,u〉.

By Lemma 5.1.7, with probability at least 1 − Ce−cn/s, u = X>w with ‖w‖2 6
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C
√
s/n. Therefore, with probability at least 1 − Ce−cn/s,

|〈h,u〉| = |〈Xh,w〉| 6 ‖Xh‖2‖w‖2 6 C
√
s/n‖Xh‖2.

The two previous inequalities together imply that

sgn(β∗T )>hT+
∑
j∈G

√
s0β
∗>
T ,(j)h(j)

‖β∗T ,(j)‖2
> −

cmin

8 ·‖hT‖2−‖hTc‖1/2−
√
s0‖h(Gc)‖1,2/2−C

√
s/n‖Xh‖2

(5.42)
with probability at least 1 − Ce−cn/s.

Combine (5.36), (5.41) and (5.42) together, with probability at least 1−Ce−C
s log(esgb)+sg log(d/sg)

s −

Ce−cn/s,

‖Xh‖2
2 +

3
10λ‖hT

c‖1 +
3

10λg‖h(Gc)‖1,2

6C
s

n
λ2 +

cmin

8 λ‖hT‖2 + C
√
s/nλ‖Xh‖2 + 2λ‖β∗Tc‖1 + 2λg‖β∗Tc‖1,2.

(5.43)

By (5.14), (5.35) and (5.38), with probability at least 1−exp
(
−C

s log(esgb)+sg log(d/sg)
sg

)
−

Ce−cn,

‖hT‖2 6‖(X>T XT )−1‖‖X>T XThT‖2

6
2

cminn
‖X>T Xh− X>T XTchTc‖2

6
2

cminn

(
‖X>T Xh‖2 + ‖X>T XTchTc‖2

)
6

2
cminn

(
‖H 11

10λ
(X>T Xh)‖2 +

11
10
√
sλ+ n

∑
i∈Tc
‖X>T Xi/n‖2|hi|

)

6
2

cminn

(
√
sg‖H 11

10λ
(X>T Xh)‖∞,2 +

11
10
√
sλ+ nmax

i∈Tc
‖X>T Xi/n‖2‖hTc‖1

)
6

2
cminn

(
√
sg

11
10λg +

11
10
√
sλ+

n

2 ‖hT
c‖1

)
6

5
cmin

√
s

n
λ+

1
cmin
‖hTc‖1. (5.44)
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The fourth inequality comes from ‖x‖2 6 ‖Hα(x)‖2 +
√
sα for x ∈ Rs; the fifth

inequality holds since ‖X>T Xh‖0,2 6 sg.
(5.43) and (5.44) together imply that

‖Xh‖2
2 +

7
40λ‖hT

c‖1 +
3
10λg‖h(Gc)‖1,2 6C

s

n
λ2 + C

√
s/nλ‖Xh‖2 + 2λ‖β∗Tc‖1 + 2λg‖β∗Tc‖1,2

with probability at least 1 − C exp(−Cs log(esgb)+sg log(d/sg)
s

) − Ce−cn/s. Also notice
that

C
√
s/nλ‖Xh‖2 6 ‖Xh‖2

2 + C
s

n
λ2,

with probability at least 1 − C exp(−Cs log(esgb)+sg log(d/sg)
s

) − Ce−cn/s,

‖hTc‖1 +
√
s0‖h(Gc)‖1,2 6 C

( s
n
λ+ ‖β∗Tc‖1 +

√
s0‖β∗Tc‖1,2

)
. (5.45)

From the proof of Lemma 2.2.1, we know that (5.8) and (5.13) hold with proba-
bility at least 1 − 2e−cn. By Lemma 5.1.5 Part 2 and (5.35), with probability at least
1 − exp

(
−C

s log(esgb)+sg log(d/sg)
sg

)
− e−n,

∣∣〈XT̃hT̃ ,Xh〉
∣∣ = ∣∣〈hT̃ ,X>

T̃
Xh〉

∣∣ 6 11
10
(
λ‖hT̃‖1 + λg‖hT̃‖1,2

)
6

11
10

(
λ ·
√

3s‖hT̃‖2 + λg
√

2sg‖hT̃‖2

)
6 4λ

√
s‖hT̃‖2.

(5.46)

The second inequality is due to ‖hT̃‖0 6 3s, ‖hT̃‖0,2 6 2sg and Cauchy-Schwarz
inequality.

Combine (5.8), (5.13), (5.45) and (5.46) together, with probability at least 1 −

C exp(−Cs log(esgb)+sg log(d/sg)
s

) − Ce−cn/s, we have

cmin

2 ‖hT̃‖
2
2 6

1
n

4λ
√
s‖hT̃‖2 +

√
3Cmax‖hT̃‖2(

√
2s−1/2‖hTc‖1 + s

−1/2
g ‖h(Gc)‖1,2)

6
1
n

4λ
√
s‖hT̃‖2 +

√
3Cmax‖hT̃‖2 ·

C√
s

( s
n
λ+ ‖β∗Tc‖1 +

√
s0‖β∗Tc‖1,2

)
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6C

(√
s

n
λ+

1√
s
‖β∗Tc‖1 +

1
√
sg
‖β∗Tc‖1,2

)
‖hT̃‖2.

Therefore, with probability at least 1 − C exp(−Cs log(esgb)+sg log(d/sg)
s

) − Ce−cn/s,

‖hT̃‖2 6 C

(√
s

n
λ+

1√
s
‖β∗Tc‖1 +

1
√
sg
‖β∗Tc‖1,2

)
. (5.47)

By (5.11), (5.12), (5.45) and the previous inequality, also notice that e−cn/s 6
e−C

s log(esgb)+sg log(d/sg)
s , with probability at least 1 − C exp(−Cs log(esgb)+sg log(d/sg)

s
),

‖h‖2 6‖hT̃‖2 +
∑
i>2

‖hTi‖2 +
∑
j>2

‖hRj‖2 6 ‖hT̃‖2 +
√

2s−1/2‖hTc‖2 + s
−1/2
g ‖h(Gc)‖1,2

6C

(√
s

n
λ+

1√
s
‖β∗Tc‖1 +

1
√
sg
‖β∗Tc‖1,2

)
,

(5.48)

i.e., with probability at least 1 − C exp(−Cs log(esgb)+sg log(d/sg)
s

),

‖h‖2 6 C

(√
σ2(sg log(d/sg) + s log(esgb))

n
+

1√
s
‖β∗Tc‖1 +

1
√
sg
‖β∗Tc‖1,2

)
.

Moreover, if β∗ is (s, sg)-sparse, then ‖β∗Tc‖1 = ‖β∗Tc‖1,2 = 0. Therefore, with
probability at least 1 − C exp(−Cs log(esgb)+sg log(d/sg)

s
),

‖h‖2
2 6

Cσ2(sg log(d/sg) + s log(esgb))
n

.

�
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5.1.7 Proof of Theorem 2.3.2

First, we consider the case that d > 3sg and b > 3s/sg. Let ω(1), . . . ,ω(N) be
uniformly randomly vectors from

A = {ω ∈ {0, 1}db|
∑
j

1{ω(j) 6=0} = sg, ‖ω(j)‖0 = bs/sgc ifω(j) 6= 0}.

Denote Ω(i) = {j|ω
(i)
j 6= 0}, Ω(i)

(k) = {j|j ∈ (k),ω(i)
j 6= 0} and β(i) = τω(i), for all

1 6 i 6 N, 1 6 k 6 d, where τ is a parameter that will be specified later. Obviously,
‖β(i)‖0 = sgbs/sgc 6 s, therefore ‖β(i) − β(j)‖2

2 6 2sgbs/sgcτ2 6 2sτ2.

Moreover, if |Ω(i) ∩Ω(j)| > 8sgbs/sgc/9, then we must have∣∣∣{k|ω(i)
(k),ω

(j)
(k) 6= 0,

∣∣∣Ω(i)
(k) ∩Ω

(j)
(k)

∣∣∣ > 2bs/sgc/3
}∣∣∣ > 2sg/3,

otherwise |Ω(i) ∩Ω(j)| 6 2sg
3 bs/sgc +

sg
3 2bs/sgc/3 6 8sgbs/sgc/9, which is a con-

tradiction.

Therefore,

P
(
‖β(i) − β(j)‖2

2 6 2sgbs/sgcτ2/9
)

=P
(
|Ω(i) ∩Ω(j)| > 8sgbs/sgc/9

)
6P
(∣∣∣{k|ω(i)

(k),ω
(j)
(k) 6= 0,

∣∣∣Ω(i)
(k) ∩Ω

(j)
(k)

∣∣∣ > 2bs/sgc/3
}∣∣∣ > 2sg/3

)
6

∑sg
l=d2sg/3e

(
sg
l

) [∑bs/sgc
t=d2bs/sgc/3e

(bs/sgc
t

)(
b−bs/sgc
bs/sgc−t

)]l (
b

bs/sgc

)sg−l(d−l
sg−l

)
(
d
sg

)(
b

bs/sgc

)sg
=

sg∑
l=d2sg/3e

(
sg

l

)(d−l
sg−l

)(
d
sg

) ·
 bs/sgc∑
t=d2bs/sgc/3e

(
bs/sgc
t

)(b−bs/sgc
bs/sgc−t

)(
b

bs/sgc

)
l .

(5.49)
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Note that(
d−l
sg−l

)(
d
sg

) =

(d−l)···(d−sg+1)
(sg−l)!

d(d−1)···(d−sg+1)
sg!

=
sg(sg − 1) · · · (sg − l+ 1)
d(d− 1) · · · (d− l+ 1) 6

(sg
d

)l
,

The inequality holds since sg−i

d−i
6 sg

d
for all 1 6 i 6 sg.

Similarly, for 1 6 t 6 bs/sgc,(
b−bs/sgc
bs/sgc−t

)(
b

bs/sgc

) 6 ( b−t
bs/sgc−t

)(
b

bs/sgc

) 6 (bs/sgc
b

)t
.

Combine (5.49) and the previous two inequalities together, we have

P
(
‖β(i) − β(j)‖2

2 6 2sgbs/sgcτ2/9
)

6
sg∑

l=d2sg/3e

(
sg

l

)(sg
d

)l
·

 bs/sgc∑
t=d2bs/sgc/3e

(
bs/sgc
t

)(
bs/sgc
b

)tl

6
sg∑

l=d2sg/3e

(
sg

l

)(sg
d

)l
·

 bs/sgc∑
t=d2bs/sgc/3e

(
bs/sgc
t

)(
bs/sgc
b

)2bs/sgc/3
l

6
sg∑

l=d2sg/3e

(
sg

l

)(sg
d

)l
·

[
2bs/sgc

(
bs/sgc
b

)2bs/sgc/3
]l

6
sg∑

l=d2sg/3e

(
sg

l

)(sg
d

)2sg/3
·

(2
√

2bs/sgc
b

)2bs/sgc/3
2sg/3

6

(
2
√

2sg
d

)2sg/3

·

(
2
√

2bs/sgc
b

)2s/9

.

(5.50)

Set N =

⌊(
d

2
√

2sg

)sg/3 (
b

2
√

2bs/sgc

)s/9
⌋

, then

P
(
∀1 6 i 6= j 6 N, ‖β(i) − β(j)‖2

2 > 2sgbs/sgcτ2/9
)
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>1 −
N(N− 1)

2

(
2
√

2sg
d

)2sg/3

·

(
2
√

2bs/sgc
b

)2s/9

>0.

i.e., the probability that β(1), . . . ,β(N);Ω(1), · · · ,Ω(N) satisfy

s

9τ
2 < 2sgbs/sgcτ2/9 < min

i 6=j
‖β(i) − β(j)‖2

2 6 2sτ2, (5.51)

|Ω(i) ∩Ω(j)| < 8sgbs/sgc/9, ∀1 6 i < j 6 N (5.52)

is positive. For convenience, we fix β(1), . . . ,β(N) to be the vectors satisfying (5.51).

Denote y(i) = Xβ(i) + ε for all 1 6 i 6 N. We consider the Kullback-Leibler
divergence between different distribution pairs:

DKL
(
(y(i),X), (y(j),X)

)
= E(y(j),X)

[
log
(
p(y(i),X)
p(y(j),X)

)]
,

where p(y(i),X) is the probability density of (y(i),X). Conditioning on X, we have

E(y(j),X)

[
log
(
p(y(i),X)
p(y(j),X)

)
|X

]
=
‖X(β(i) − β(j))‖2

2
2σ2 .

Thus for 1 6 i 6= j 6 N,

DKL
(
(y(i),X), (y(j),X)

)
=EX

‖X(β(i) − β(j))‖2
2

2σ2 =
n(β(i) − β(j))>Σ(β(i) − β(j))

2σ2

6
3n‖β(i) − β(j)‖2

2
4σ2 6

3nsτ2

2σ2 .

(5.53)

In the first inequality, we used σmax(Σ) 6 3
2 .
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By generalized Fano’s Lemma,

inf
β̂

sup
β∈Fs,sg

E‖β̂− β‖2 >

√
sτ2/9
2

(
1 −

3nsτ2

2σ2 + log 2
logN

)
.

Since logN � sg log( d
sg
) + s log

(
esgb

s

)
, by setting τ = c

√
σ2
(
sg log( dsg )+s log

(
esgb

s

))
ns

,
we have

inf
β̂

sup
β∈Fs,sg

E‖β̂−β‖2
2 >

(
inf
β̂

sup
β∈Fs,sg

E‖β̂− β‖2

)2

> c
σ2 (sg log(d/sg) + s log(esgb/s))

n
.

If d < 3sg or b < 3s/sg, let s ′g = [sg/3]∨1 > sg/5, s ′ = [s/15]∨ s ′g, then d > 3s ′g
and b > 3s ′/s ′g. Similarly to (5.28), we have

inf
β̂

sup
β∈Fs,sg

E‖β̂− β‖2
2 > inf

β̂
sup

β∈Fs ′ ,s ′g

E‖β̂− β‖2
2 > c

σ2 (s ′g log(d/s ′g) + s ′ log(es ′gb/s ′)
)

n

>c ′
σ2 (sg log(d/sg) + s log(esgb/s))

n
.

�

5.1.8 Proof of Theorem 2.3.3

The proof of Theorem 2.3.3 relies on the following key lemma, which shows that
Σ−1 is in the feasible set of the optimization problem (2.23) with high probability
by choosing appropriate α and γ.

Lemma 5.1.1. By setting α = C
√
s log(esgb)+sg log(d/sg)

sn
,γ =

√
s
sg
α in (2.23), we have

P
(

max
16i6p

‖Hα(ei −
1
n
X>XΣ−1ei)‖∞,2 6 γ

)
> 1−4 exp

(
−C

s log(esgb) + sg log(d/sg)
sg

)
.
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Note that Y = Xβ∗ + ε, we have

√
n(β̂u−β∗) =

√
n

(
β̂− β∗ +

1
n
M̂X>

(
Y − Xβ̂

))
=
√
n

(
I−

1
n
M̂X>X

)
(β̂−β∗)+

1√
n
M̂X>ε.

Since εi
i.i.d.
∼ N(0,σ2), we know that

1√
n
M̂X>ε|X ∼ N

(
0, M̂Σ̂M̂>

)
.

Denote h = β̂− β∗. Since β∗ is (s, sg)-sparse, by (5.45), (5.48) and Cauchy-Schwarz
inequality, with probability at least 1 − C exp(−Cs log(esgb)+sg log(d/sg)

s
),

‖h‖1 6 ‖hT‖1 + ‖hTc‖1 6
√
s‖hT‖2 + ‖hTc‖1 6

√
s‖h‖2 + ‖hTc‖1 6 C

s

n
λ.

‖h‖1,2 6 ‖h(G)‖1,2+‖h(Gc)‖1,2 6
√
sg‖h(G)‖2+‖h(Gc)‖1,2 6

√
sg‖h‖2+‖h(Gc)‖1,2 6 C

√
s · sg
n

λ.

In addition, Lemma 5.1.1 shows that Σ−1 is in the feasible set of (2.23) with proba-
bility at least 1 − C exp(−Cs log(esgb)+sg log(d/sg)

s
). By the definition of M̂,

max
i
‖Hα(ei − Σ̂M̂>ei)‖∞,2 = max

i
‖Hα(ei − Σ̂m̂i)‖∞,2 6 γ. (5.54)

Combining these facts, by Lemma 5.1.5 Part 2, we must have∥∥∥∥(I− 1
n
M̂XX>)(β̂− β∗)

∥∥∥∥∞ =max
i

∣∣〈ei − Σ̂M̂>ei,h〉∣∣
6α‖h‖1 + γ‖h‖1,2

6C
s

n
αλ+ C

√
s · sg
n

γλ

=
C(s log(esgb) + sg log(d/sg))

n
σ

with probability at least 1 − C exp(−Cs log(esgb)+sg log(d/sg)
s

). This has finished the
proof of (2.24).
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Next, we consider m̂>i Σ̂m̂i. By (5.54) and Lemma 5.1.5 Part 2, we have

1 − 〈ei, Σ̂m̂i〉 = 〈ei, ei − Σ̂m̂i〉 6 α‖ei‖1 + γ‖ei‖1,2 = α+ γ.

Therefore, for any c > 0,

m̂>i Σ̂m̂i > m̂
>
i Σ̂m̂i+c(1−α−γ)−c〈ei, Σ̂m̂i〉 > min

m

{
m>Σ̂m+ c(1 − α− γ) − c〈ei, Σ̂m〉

}
.

Sincem = cei/2 achieves the minimum of the right hand side, we have

m̂>i Σ̂m̂i > c(1 − α− γ) −
c2

4 Σ̂i,i.

If Σ̂ii > 0 for all 1 6 i 6 p, by setting c = 2(1 − α− γ)/Σ̂i,i, we have

m̂>i Σ̂m̂i >
(1 − α− γ)2

Σ̂i,i
, ∀1 6 i 6 p. (5.55)

Moreover, by Lemma 5.1.3 Part 2 with u = v = ei, we have

P
(∣∣Σ̂i,i − Σi,i∣∣ > cmin

2

)
6 2 exp (−cn) .

By the union bound,

P
(
∃1 6 i 6 p,

∣∣Σ̂i,i − Σi,i∣∣ > cmin

2

)
6

p∑
i=1

P
(∣∣Σ̂i,i − Σi,i∣∣ > cmin

2

)
6db · 2 exp (−cn)

62 exp (−cn) .

Therefore, with probability at least 1 − 2 exp (−cn),

cmin

2 6 Σ̂i,i 6 Cmax +
cmin

2 , ∀1 6 i 6 p.
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(5.55) and the previous inequality together imply that with probability at least
1 − 2 exp (−cn),

m̂>i Σ̂m̂i >
1

2Cmax
, ∀1 6 i 6 p.

(2.24) and the previous inequality together imply (2.25). �

5.1.9 Technical Lemmas

We collect all additional technical lemmas and their proofs in this section.

Lemma 5.1.2 (Bernstein-type Inequality for Soft-thresholded Sub-Gaussian Vectors).

Suppose the rows ofX ∈ Rn×p are independent sub-Gaussian vectors satisfying Assumption
2.2.1. w ∈ Rn is a fixed vector,Ω is a subset of {1, . . . ,p} with |Ω| = r. Then

P

(∥∥∥∥∥
n∑
k=1

wkXk,Ω

∥∥∥∥∥
2

>
√
Cmaxκ‖w‖2 ·

(√
r+
√

2t
))
6 exp(−t). (5.56)

For any fixed vector w ∈ Rn and fixed index subsetΩ ⊆ {1, . . . ,p} with |Ω| = r,

P
(∥∥H(δ‖w‖2)(w

>XΩ)
∥∥

2 > t‖w‖2
)
6

(
r

b(t/δ)2c∧ r

)
· exp

(
−(t/(κ

√
Cmax) − (t/δ)∧

√
r)2

+/2
)

+

(
r

d(t/δ)2e

)
· exp

(
−(t/(κ

√
Cmax) −

√
d(t/δ)2e)2

+/2
)

.

(5.57)

In particular, for any b > r, if λ̄ = C‖w‖2

√
s log(esgb)+sg log(d/sg)

s
, λ̄g =

√
s/sgλ̄, we

have

P
(∥∥Hλ̄(w>XΩ)∥∥2 > λ̄g

)
6 exp

(
−C

s log(esgb) + sg log(d/sg)
sg

)
. (5.58)

Proof of Lemma 5.1.2. We only need to focus on the case where ‖w‖2 = 1.
LetWΩ = XΩΣ

−1/2
Ω,Ω , immediately we know thatW1,Ω, . . . ,Wn,Ω are isotropic sub-
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Gaussian distributed. Then for any fixedw,w>WΩ is also an isotropic sub-Gaussian
vector such that for any α ∈ Rr,

E exp
(
w>WΩα

)
=E exp

(
w>XΩΣ

−1/2
Ω,Ωα

)
= E exp

(
w>XΣ−1/2(Σ1/2)·,ΩΣ

−1/2
Ω,Ωα

)
6 exp

(
κ2‖(Σ1/2)·,ΩΣ

−1/2
Ω,Ωα‖

2
2/2
)
= exp

(
κ2‖α‖2

2/2
)

.

The last equation holds since (Σ1/2)Ω,·(Σ
1/2)·,Ω = (Σ1/2Σ1/2)Ω,Ω = ΣΩ,Ω.

By the tail inequality of sub-Gaussian quadratic form ((Hsu et al., 2012, Theorem
2.1)),

P
(∥∥w>WΩ

∥∥2
2 > κ

2
(
r+ 2

√
rt+ 2t

))
6 exp(−t).

By taking square-root of the previous inequality, we have

P
(∥∥w>WΩ

∥∥
2 > κ‖w‖2 ·

(√
r+
√

2t
))
6 exp(−t).

Also note that

∥∥w>XΩ∥∥2 =
∥∥∥w>WΩΣ

1/2
Ω,Ω

∥∥∥
2
6
∥∥∥Σ1/2
Ω,Ω

∥∥∥ ∥∥w>WΩ

∥∥
2 6 ‖Σ‖

1/2 ∥∥w>WΩ

∥∥
2 6

√
Cmax

∥∥w>WΩ

∥∥
2 ,

we obtain (5.56).

For the second part of proof, note that

P
(∥∥Hδ(w>XΩ)∥∥ > t)

6P
(
∃Λ ⊆ Ω, such that all entries of |w>XΛ| > δ and ‖w>XΛ‖2 > t

)
6P
(
∃Λ ⊆ Ω,

√
|Λ|δ 6 t, ‖w>XΛ‖2 > t

)
+ P

(
∃Λ ⊆ Ω,

√
|Λ|δ > t, all entries of |w>XΛ| > δ

)
6

∑
Λ⊆Ω

|Λ|=b(t/δ)2c∧r

P
(
‖w>XΛ‖2 > t

)
+

∑
Λ⊆Ω

|Λ|=d(t/δ)2e

P
(
‖w>XΛ‖2 > t

)
.
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By the first part of this lemma,

P
(
‖w>XΛ‖2 >

√
Cmaxκ‖w‖2t

)
6 exp

(
−
(
t−

√
|Λ|
)2

+
/2
)

.

Plug in this to the previous inequality, one has

P
(∥∥Hδ(w>XΩ)∥∥ > t) 6( r

b(t/δ)2c∧ r

)
· exp

(
−(t/(κ

√
Cmax) − (t/δ)∧

√
r)2

+/2
)

+

(
r

d(t/δ)2e

)
· exp

(
−(t/(κ

√
Cmax) −

√
d(t/δ)2e)2

+/2
)

.

Specifically, if δ = C
√
s log(esgb)+sg log(d/sg)

s
, t =

√
s/sgδ,

t/(κ
√
Cmax) −

√
d(t/δ)2e >C

√
s log(esgb) + sg log(d/sg)

sg
−

√
2 s
sg

>C

√
s log(esgb) + sg log(d/sg)

sg
.

Therefore, (5.57) shows that

P
(∥∥Hλ̄(w>XΩ)∥∥2 > λ̄g

)
6rb(t/δ)

2c exp
(
−C

s log(esgb) + sg log(d/sg)
sg

)
+ rd(t/δ)

2e exp
(
−C

s log(esgb) + sg log(d/sg)
sg

)
62r2s/sg exp

(
−C

s log(esgb) + sg log(d/sg)
sg

)
6 exp

(
log 2 +

2s log(eb)
sg

− C
s log(esgb) + sg log(d/sg)

sg

)
6 exp

(
−C

s log(esgb) + sg log(d/sg)
sg

)
.

�
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Lemma 5.1.3 (sub-Gaussian quadratic form concentrations). Suppose Z ∈ Rp is a
sub-Gaussian vector satisfying Assumption 2.2.1.

1. For any fixed u, v ∈ Rp,u, v 6= 0, u>ZZ>v is sub-exponential such that for every
t > 0,

P
(∣∣u>ZZ>v− Eu>ZZ>v

∣∣ > t‖u‖2‖v‖2
)
6 C exp(−ct/κ2). (5.59)

2. In addition, suppose X = [X>1 , . . . ,X>n ]> ∈ Rn×p is a random matrix with indepen-
dent random sub-Gaussian rows satisfying Assumption 2.2.1,

P

(∣∣∣∣∣ 1
n

n∑
k=1

u>XkX
>
k v− u

>Σv

∣∣∣∣∣ > t‖u‖2‖v‖2

)
6 2 exp

(
−cnmin

{
t2

κ4 , t
κ2

})
.

(5.60)

3. More generally, for any fixed matrixU ∈ Rp×r, the following concentration inequality
in spectral norm holds,

P

(∥∥∥∥∥ 1
n

n∑
k=1

U>XkX
>
k v−U

>Σv

∥∥∥∥∥
2

> t‖U‖‖v‖2

)
6 2 exp

(
Cr− cnmin

{
t2

κ4 , t
κ2

})
.

(5.61)

Proof of Lemma 5.1.3. Since we can rescale u and vwithout essentially changing
the problem, without loss of generality we assume ‖u‖2 = ‖v‖2 = 1. Let A = uv>,
then u>ZZ>v = Z>uv>Z = Z>AZ. By Assumption 2.2.1, EZ = 0 and ‖〈Z, ei〉‖ψ2 6

Cκ. By Hanson-Wright inequality ((Rudelson and Vershynin, 2013, Theorem 1.1)),

P
(∣∣u>ZZ>v− Eu>ZZ>v

∣∣ > t) =P
(
|Z>AZ− EZ>AZ| > t

)
62 exp

[
−cmin

(
t2

κ4‖A‖2
HS

, t

κ2‖A‖

)]
62 exp

[
−cmin

(
t2

κ4 , t
κ2

)]
,
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where

‖A‖HS =

(∑
i,j

|ai,j|
2

)1/2

=

(∑
i,j

|uivj|
2

)1/2

= ‖u‖2‖v‖2 = 1,

‖A‖ = max
‖x‖261

‖Ax‖2 = max
‖x‖261

‖uv>x‖2 = ‖u‖2 max
‖x‖261

|v>x| = ‖u‖2‖v‖2 = 1.

Therefore, for every t > κ2,

P
(∣∣u>ZZ>v− Eu>ZZ>v

∣∣ > t) 6 2 exp
(
−ct/κ2) .

Thus, there exists a constant c < log 2, for every t > 0,

P
(∣∣u>ZZ>v− Eu>ZZ>v

∣∣ > t) 6 2 exp
(
−ct/κ2) .

Notice that Eu>XkX>k v = u>Σv for all 1 6 k 6 n, by Bernstein-type concentration
inequality (c.f., (Vershynin, 2010, Proposition 5.16)),

P

(∣∣∣∣∣ 1
n

n∑
k=1

u>XkX
>
k v− u

>Σv

∣∣∣∣∣ > t
)
6 2 exp

(
−cnmin

{
t2

κ4 , t
κ2

})
.

This has finished the proof of (5.60).

Finally, we consider (5.61), which can be done by an ε-net argument and the
result in (5.60). For any w ∈ Rr, ‖w‖2 = 1, set u = Uw in (5.60), we have

P

(∣∣∣∣∣ 1
n

n∑
k=1

w>U>XkX
>
k v−w

>U>Σv

∣∣∣∣∣ > t

2‖Uw‖2‖v‖2

)
6 2 exp

(
−cnmin

{
t2

κ4 , t
κ2

})
.

By (Vershynin, 2010, Lemma 5.3), we can find a 1
2 -net N 1

2
of Sr−1 = {x|x ∈ Rr, ‖x‖2 =

1} with |N 1
2
| 6 5r. By the union bound,

P

(
∀w ∈ N 1

2
,

∣∣∣∣∣ 1
n

n∑
k=1

w>U>XkX
>
k v−w

>U>Σv

∣∣∣∣∣ > t

2‖Uw‖2‖v‖2

)
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65r · 2 exp
(
−cnmin

{
t2

κ4 , t
κ2

})
. (5.62)

For any g ∈ Rr,g 6= 0, set x = g
‖g‖2
∈ arg maxw∈Rr,‖w‖2=1 |w

>g|, we can find y ∈ N 1
2

such that ‖x− y‖2 6 1
2 . By triangle inequality,

‖g‖2 − |y>g| = |x>g|− |y>g| 6 |x>g− y>g| 6 ‖x− y‖2‖g‖2 6
1
2‖g‖2.

Therefore,

sup
w∈Rr,‖w‖2=1

∣∣∣∣∣ 1
n

n∑
k=1

w>U>XkX
>
k v−w

>U>Σv

∣∣∣∣∣ 6 2 sup
w∈N 1

2

∣∣∣∣∣ 1
n

n∑
k=1

w>U>XkX
>
k v−w

>U>Σv

∣∣∣∣∣ .
The (5.62) and the previous inequality together, also notice that ‖U‖ = supw∈Rr,‖w‖2=1 ‖Uw‖2,
we have

P

(
sup

w∈Rr,‖w‖2=1

∣∣∣∣∣ 1
n

n∑
k=1

w>U>XkX
>
k v−w

>U>Σv

∣∣∣∣∣ > t‖U‖‖v‖2

)

6P

 sup
w∈N 1

2

∣∣∣∣∣ 1
n

n∑
k=1

w>U>XkX
>
k v−w

>U>Σv

∣∣∣∣∣ > t

2‖U‖‖v‖2


6P

(
∀w ∈ N 1

2
,

∣∣∣∣∣ 1
n

n∑
k=1

w>U>XkX
>
k v−w

>U>Σv

∣∣∣∣∣ > t

2‖Uw‖2‖v‖2

)

65r · 2 exp
(
−cnmin

{
t2

κ4 , t
κ2

})
.

(5.63)

Finally, note that∥∥∥∥∥ 1
n

n∑
k=1

U>XkX
>
k v−U

>Σv

∥∥∥∥∥
2

= sup
w∈Rr,‖w‖2=1

∣∣∣∣∣ 1
n

n∑
k=1

w>U>XkX
>
k v−w

>U>Σv

∣∣∣∣∣ ,
we have proved (5.61). �

We collect the random matrix properties of X in the following lemma. These
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properties will be extensively used in the main content of the paper.

Lemma 5.1.4. Suppose X = [X>1 , . . . ,X>n ]> ∈ Rn×p is a random matrix with independent
random sub-Gaussian rows satisfying Assumption 2.2.1.

1. Suppose T ⊆ {1, . . . ,p} is with cardinality s. Then,

P
(∥∥∥∥ 1
n
X>T XTΣ

−1
T ,T − Is

∥∥∥∥ > t) 6 2 exp
(
Cs− cnmin

{
t2

κ4 , t
κ2

})
; (5.64)

2. For any fixed vector α ∈ Rs, δ > 0, and fixed index subset Ω ⊆ Tc satisfying
|Ω| = r, t > δ > C(maxi∈Tc ‖Σi,TΣ−1

T ,T‖2)‖α‖2,

P
(∥∥Hδ(α>X>T XΩ/n)∥∥2 > t

)
6

(
r

b(t/δ)2c∧ r

)
exp

(
Cb(t/δ)2c∧ r− cnmin

{
t2

κ4‖α‖2
2
, t

κ2‖α‖2

})
+

(
r

d(t/δ)2e

)
+

exp
(
Cd(t/δ)2e− cnmin

{
t2

κ4‖α‖2
2
, t

κ2‖α‖2

})
.;

(5.65)

Here, Hλ(·) is the soft-thresholding estimator at level λ.

Proof of Lemma 5.1.4.

1. The first statement is via ε-net. DenoteWT = XTΣ
−1/2
T ,T , then the rows ofWT

are independent isotropic sub-Gaussian distributed. For any fixed vector
x ∈ Ss−1 = {x : x ∈ Rs, ‖x‖2 = 1}, by (Vershynin, 2010, Lemma 5.5), Zi =
〈(WT )

>
i· , x〉 are independent sub-Gaussian random variables with EZ2

i = 1
and ‖Zi‖ψ2 6 Cκ. Therefore, by Remark 5.18 and Lemma 5.14 in Vershynin
(2010),‖Z2

i − 1‖ψ1 6 2‖Z2
i‖ψ1 6 4‖Zi‖2

ψ2
6 Cκ2. Bernstein-type inequality

shows that

P
(∣∣∣∣ 1
n
‖WTx‖2

2 − 1
∣∣∣∣ > t

2

)
= P

(∣∣∣∣∣ 1
n

n∑
i=1

(Z2
i − 1)

∣∣∣∣∣ > t

2

)
6 2 exp

(
−cnmin

{
t2

κ4 , t
κ2

})
.



141

By (Vershynin, 2010, Lemma 5.2), we can find a 1
4-net N 1

4
of Ss−1 = {x : x ∈

Rs, ‖x‖2 = 1} with |N 1
4
| 6 9s. The union bound tells us

P

(
max
x∈N 1

4

∣∣∣∣ 1
n
‖WTx‖2

2 − 1
∣∣∣∣ > t

2

)
6 9s · 2 exp

(
−cnmin

{
t2

κ4 , t
κ2

})
. (5.66)

By (Vershynin, 2010, Lemma 5.4),

‖ 1
n
W>TWT − Is‖ 6 2 max

x∈N 1
4

∣∣∣∣〈( 1
n
W>TWT − Is)x, x〉

∣∣∣∣ = 2 max
x∈N 1

4

∣∣∣∣ 1
n
‖WTx‖2

2 − 1
∣∣∣∣ .

(5.67)
Since cmin 6 σmin(Σ) 6 σmax(Σ) 6 Cmax, we have ‖Σ1/2

T ,T‖ 6
√
Cmax and

‖Σ−1/2
T ,T ‖ 6 1/√cmin. Therefore,

‖ 1
n
X>T XTΣ

−1
T ,T − Is‖ =‖Σ

1/2
T ,T (

1
n
W>TWT − Is)Σ

−1/2
T ,T ‖

6‖Σ1/2
T ,T‖‖

1
n
W>TWT − Is‖‖Σ−1/2

T ,T ‖

6

√
Cmax

cmin
‖ 1
n
W>TWT − Is‖.

(5.68)

Combine (5.66), (5.67) and (5.68) together, we have arrived at the conclusion.

2. Now we consider the proof for (5.65). Note that ‖Hδ(α>X>T XΩ)‖2 > t implies
that there exists Λ ⊂ Ω such that all entry of |α>X>T XΛ| are greater than δ,
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and
∥∥|α>X>T XΛ|− δ∥∥2 > t. Thus,

P
(∥∥Hδ(α>X>T XΩ/n)∥∥2 > t

)
6P
(
∃Λ ⊆ Ω, such that all entries of

∣∣α>X>T XΛ/n∣∣ > δ, and ‖α>X>T XΛ/n‖2 > t
)

6P
(
∃Λ ⊆ Ω,

√
|Λ|δ 6 t, ‖α>X>T XΛ/n‖2 > t

)
+ P

(
∃Λ ⊆ Ω,

√
|Λ|δ > t, all entries of

∣∣α>X>T XΛ/n∣∣ > δ)
6

∑
Λ⊆Ω

|Λ|=b(t/δ)2c∧r

P
(
‖α>X>T XΛ/n‖2 > t

)
+

∑
Λ⊆Ω

|Λ|=d(t/δ)2e

P
(
all entries of

∣∣α>X>T XΛ/n∣∣ > δ)
6

∑
Λ⊆Ω

|Λ|=b(t/δ)2c∧r

P
(
‖α>X>T XΛ/n‖2 > t

)
+

∑
Λ⊆Ω

|Λ|=d(t/δ)2e

P
(∥∥α>X>T XΛ/n∥∥2 > t

)
.

(5.69)

Since t > δ > Cmaxi∈Tc ‖Σi,TΣ−1
T ,T‖2‖α‖2, we know that no matter |Λ| =

b(t/δ)2c∧ r or d(t/δ)2e,

2Cmax
√
d(t/δ)2e(max

i∈Tc
‖Σi,TΣ−1

T ,T‖2)‖α‖2 6 2Cmax
√

2(t/δ)(max
i∈Tc
‖Σi,TΣ−1

T ,T‖2)‖α‖2 6 t.

By Part 3 of Lemma 5.1.3, for anyΛ ⊆ Ω, t > 2Cmax
√
|Λ|maxi∈Tc ‖Σi,TΣ−1

T ,T‖2‖α‖2,
we have

P
(∥∥α>X>T XΛ/n∥∥2 > t

)
6P
(∥∥α>X>T XΛ/n− Eα>X>T XΛ/n

∥∥
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)
6P
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2 > t− ‖ΣΛ,Tα‖2

)
=P
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∥∥

2 > t−

(∑
i∈Λ

(Σi,Tα)
2

)1/2


6P
(∥∥α>X>T XΛ/n− Eα>X>T XΛ/n

∥∥
2 > t−

√
|Λ|max

i∈Tc
|Σi,Tα|

)
6P
(∥∥α>X>T XΛ/n− Eα>X>T XΛ/n

∥∥
2 > t−

√
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i∈Tc
‖Σi,TΣ−1

T ,T‖2‖ΣT ,T‖‖α‖2

)
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6P
(∥∥α>X>T XΛ/n− Eα>X>T XΛ/n

∥∥
2 > t/2

)
62 exp

(
C|Λ|− cnmin

{
t2

κ4‖α‖2
2
, t

κ2‖α‖2

})
.

Combine (5.69) and the previous inequality, one obtains

P
(∥∥Hδ(α>X>T XΩ/n)∥∥2 > t

)
6

(
r

b(t/δ)2c∧ r

)
exp

(
Cb(t/δ)2c∧ r− cnmin

{
t2

κ4‖α‖2
2
, t

κ2‖α‖2

})
+

(
r

d(t/δ)2e

)
+

exp
(
Cd(t/δ)2e− cnmin

{
t2

κ4‖α‖2
2
, t

κ2‖α‖2

})
.

�

Lemma 5.1.5 (Properties of Soft-thresholding). 1. Suppose a,b > 0, x,y ∈ R,
H·(·) is the soft-thresholding operator satisfying Ha(x) = sgn(x) · (|x|− a)+. Then
the following triangular inequality holds,

|Ha+b(x+ y)| 6 |Ha(x)|+ |Hb(y)|. (5.70)

2. Suppose a,b > 0, x,y ∈ Rp, if ‖Ha(x)‖∞,2 6 b, then

|〈x,y〉| 6 a‖y‖1 + b‖y‖1,2. (5.71)

Proof of Lemma 5.1.5.

1.

|Ha+b(x+ y)| =(|x+ y|− a− b)+ 6 (|x|− a+ |y|− b)+ 6 (|x|− a)+ + (|y|− b)+

=|Ha(x)|+ |Hb(y)|.
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2.

|〈x,y〉| 6|〈Ha(x),y〉|+ |〈x−Ha(x),y〉| = |

d∑
j=1

〈[Ha(x)](j),y(j)〉|+ |〈x−Ha(x),y〉|

6
d∑
j=1

‖[Ha(x)](j)‖2‖y(j)‖2 + ‖x−Ha(x)‖∞‖y‖1 6 ‖Ha(x)‖∞,2‖y‖1,2 + ‖x− a‖y‖1

6b‖y‖1,2 + a‖y‖1.

�

Lemma 5.1.6. Suppose X = [X>1 , . . . ,X>n ]> ∈ Rn×p is a random matrix with independent
random sub-Gaussian rows satisfying Assumption 2.2.1, εi

i.i.d.
∼ N(0,σ2). Suppose T ⊆

{1, . . . ,p} is with cardinality s, P ∈ Rn×n is a projection matrix and independent of XT .
Then, for any t > log(es),

P
(
‖X>T Pε‖∞ > Cκ√ntσ2

)
6 e−n + e−Ct.

Proof of Lemma 5.1.6. For fixed vector w ∈ Rn, since Assumption 2 is satisfied,
for i ∈ T , X1i, . . . ,Xni are independent sub-Gaussian distributed such that

E exp (tXji) =E exp
(
te>i Σ

1/2Σ−1/2X>j·
)
6 exp

(
κ2‖Σ1/2ei‖2

2t
2

2

)
6 exp

(
κ2Σi,it

2

2

)
6 exp

(
Cmaxκ

2t2

2

)
.

By Hoeffding-type inequality,

P
(
|X>·iw| > t‖w‖2

)
6 2 exp

(
−c
t2

κ2

)
. (5.72)
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Moreover, by (Laurent and Massart, 2000, Lemma 1), for any x > 0,

P

(
n∑
i=1

ε2
i > (n+ 2

√
nx+ 2x)σ2

)
6 e−x.

Set x = n in the last inequality, we have

P
(
‖ε‖2 >

√
5nσ2

)
6 e−n. (5.73)

Combine (5.72) and (5.73) together and notice that ‖Pε‖2 6 ‖ε‖2, we have

P
(
‖X>T Pε‖∞ > Cκ√ntσ2

)
6
∑
i∈T

P
(
|X>·iPε| > Cκ

√
ntσ2

)
6P
(
‖Pε‖2 >

√
5nσ2

)
+
∑
i∈T

P
(
|X>·iPε| > Cκ

√
ntσ2, ‖Pε‖2 6

√
5nσ2

)
6P
(
‖ε‖2 >

√
5nσ2

)
+
∑
i∈T

P
(
|X>·iPε| > Cκ

√
ntσ2

∣∣∣∣‖Pε‖2 6
√

5nσ2
)

6e−n + s · 2 exp (−Ct) 6 e−n + e−Ct.

�

Lemma 5.1.7. With probability at least 1 − Ce−cn/s, the approximate dual certificate
defined in (5.17) can be written as u = X>w, where ‖w‖2 6 C

√
s/n.

Proof of Lemma 5.1.7. By (5.17), we have u = X>w, wherew = (w>1 , . . . ,w>lmax
)>

and wl = 1
nl
XIl,TΣ

−1
T ,Tql−1. Thus ‖w‖2

2 =
∑lmax
l=1 ‖wl‖2

2. Also note that

1
nl
‖XIl,TΣ−1

T ,Tql−1‖2
2 =〈

1
nl
X>Il,TXIl,TΣ

−1
T ,Tql−1,Σ−1

T ,Tql−1〉

=〈( 1
nl
X>Il,TXIl,TΣ

−1
T ,T − I|T |)ql−1,Σ−1

T ,Tql−1〉+ ‖Σ−1/2
T ,T ql−1‖2

2

=〈−ql,Σ−1
T ,Tql−1〉+ ‖Σ−1/2

T ,T ql−1‖2
2

6‖ql‖2‖Σ−1
T ,Tql−1‖2 + ‖Σ−1/2

T ,T ql−1‖2
2
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6
1
cmin
‖ql‖2‖ql−1‖2 +

1
cmin
‖ql−1‖2

2 6
2
cmin
‖ql−1‖2

2.

By (5.25), with probability at least 1 − C exp (−cn/s),

‖w‖2
2 6

lmax∑
l=1

C

nl
‖ql−1‖2

2

6
C

n
(2
√
s)2 +

C

n

(
2
√
s/ log(es)

)2

+
C log(es)

n

lmax∑
l=3

(
24−l√s/ log(es)

)2

6C
s

n
.

�

Proof of Lemma 5.1.1. For any 1 6 i 6 p, 1 6 j 6 d, ,Λ ⊆ (j), |Λ| = k, by Lemma
5.1.3 with

v = Σ−1ei, U ∈ Rp×k,U[Λ,:] = I,U[Λc,:] = 0,

we have

P
(∥∥∥∥(ei)Λ −

1
n
X>ΛXΣ

−1ei

∥∥∥∥
2
> t

)
6 2 exp

(
Ck− cnmin

{
t2

κ4 , t
κ2

})
. (5.74)

By the same method in Lemma 5.1.2 Part 2,

P
(∥∥∥∥Hα((ei)(j) − 1

n
X>(j)XΣ

−1ei

)∥∥∥∥
2
> γ

)
6P
(
∃Λ ⊆ (j), all entries of | (ei)Λ −

1
n
X>ΛXΣ

−1ei| > α and ‖ (ei)Λ −
1
n
X>ΛXΣ

−1ei‖2 > γ

)
6P
(
∃Λ ⊆ (j),

√
|Λ|α 6 γ, ‖ (ei)Λ −

1
n
X>ΛXΣ

−1ei‖2 > γ

)
+ P

(
∃Λ ⊆ (j),

√
|Λ|α > γ, all entries of | (ei)Λ −

1
n
X>ΛXΣ

−1ei| > α

)
6

∑
Λ⊆(j)

|Λ|=bs/sgc

P
(
‖ (ei)Λ −

1
n
X>ΛXΣ

−1ei‖2 > γ

)
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+
∑
Λ⊆(j)

|Λ|=ds/sge

P
(

all entries of | (ei)Λ −
1
n
X>ΛXΣ

−1ei| > α

)

6
∑
Λ⊆(j)

|Λ|=bs/sgc

P
(
‖ (ei)Λ −

1
n
X>ΛXΣ

−1ei‖2 > γ

)
+

∑
Λ⊆(j)

|Λ|=ds/sge

P
(
‖ (ei)Λ −

1
n
X>ΛXΣ

−1ei‖2 > γ

)
.

Combine (5.74) and the previous inequality together, we have

P
(∥∥∥∥Hα((ei)(j) − 1

n
X>(j)XΣ

−1ei

)∥∥∥∥
2
> γ

)
6

(
bj

bs/sgc

)
· 2 exp

(
Cbs/sgc− cn · C

s log(esgb) + sg log(d/sg)
sgn

)
+

(
bj

ds/sge

)
· 2 exp

(
Cds/sge− cn · C

s log(esgb) + sg log(d/sg)
sgn

)
64
(

2esgb
s

)2s/sg
exp

(
Cs/sg − C

s log(esgb) + sg log(d/sg)
sg

)
64 exp

(
2s
sg

log
(

2esgb
s

)
+ Cs/sg − C

s log(esgb) + sg log(d/sg)
sg

)
.

(5.75)

By (5.75) and the union bound, we have

P
(

max
16i6p

‖Hα(ei −
1
n
X>XΣ−1ei)‖∞,2 6 γ

)
6

p∑
i=1

d∑
j=1

P
(∥∥∥∥Hα((ei)(j) − 1

n
X>(j)XΣ

−1ei

)∥∥∥∥
2
> γ

)
6d2b · 4 exp

(
2s
sg

log
(

2esgb
s

)
+ Cs/sg − C

s log(esgb) + sg log(d/sg)
sg

)
64 exp

(
2 log(sg) + 2 log(d/sg) +

3s
sg

log (2eb) + Cs/sg − C
s log(esgb) + sg log(d/sg)

sg

)
64 exp

(
−C

s log(esgb) + sg log(d/sg)
sg

)
.

�
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5.2 Appendix to Chapter 3

In this section, we provide the optimal estimation procedures for Tucker low-rank
tensor PCA and tensor regression, and proofs of technical results in Chapter 3.
Without loss of generality, we assume that rj � rmax � r for j ∈ [3] throughout the
proofs.

5.2.1 Optimal Estimation Procedure of Tucker Low-rank Tensor
PCA and Tensor Regression

We collect the estimation procedures for Tucker low-rank tensor PCA and tensor
regression in this section. Consider the Tucker low-rank tensor PCA: A = X +

Z, where X = (U1,U2,U3)G. As proved by Zhang and Xia (2018), the following
Algorithm 9 achieves the optimal rate in estimation error.

Algorithm 9 Higher Order Orthogonal Iteration (HOOI) (De Lathauwer et al.,
2000b; Zhang and Golub, 2001; Richard and Montanari, 2014)

Input: A, r1, r2, r3, iteration tmax;
1: Initialize Û(0)

1 = SVDr1(M1(A)), Û(0)
2 = SVDr2(M2(A)), Û(0)

3 = SVDr3(M3(A)),
t = 1;

2: while t 6 tmax do
3: Û

(t)
1 = leading r1 left singular vectors of M1(A)×2 Û

(t−1)>
2 ×3 Û

(t−1)>
3 ;

4: Û
(t)
2 = leading r2 left singular vectors of M2(A)×1 Û

(t−1)>
1 ×3 Û

(t−1)>
3 ;

5: Û
(t)
3 = leading r3 left singular vectors of M3(A)×1 Û

(t−1)>
1 ×2 Û

(t−1)>
2 ;

6: t = t+ 1;
7: end while

Output: Û1 = Û
(tmax)
1 , Û2 = Û

(tmax)
2 , Û3 = Û

(tmax)
3 , Ĝ.

Next, we introduce the simultaneous gradient descent in Algorithm 10 for
Tucker low-rank regression. (Han et al., 2020, Theorem 4.2) proved that Algorithm
10 achieves the optimal rate of estimation error for T.
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Algorithm 10 Simultaneous Gradient Descent (Han et al., 2020)
Input: `n(·): the objective function (3.7) for tensor regression, {(Xi, Yi)}ni=1,

r1, r2, r3, tuning parameters a,b > 0, step size η;
1: Ũ1, Ũ2, Ũ3, G̃ = HOOI(

∑n
i=1 YiXi); Initialize Û(0)

j = bŨj for j ∈ [3], Ĝ(0) = G̃/b3;
2: for t = 0, . . . , tmax − 1 do
3: for j = 1, 2, 3 do
4: Û

(t+1)
j = U(t) − η

(
∇Uj`n

(
(Û

(t)
1 , Û(t)

2 , Û(t)
3 ) · Ĝ(t)

)
+ aÛ

(t)
j (Û

(t)>
j Û

(t)
j −

b2Irj)
)
;

5: end for
6: Ĝ(t+1) = Ĝ(t) − η∇G`n

(
(Û

(t)
1 , Û(t)

2 , Û(t)
3 ) · Ĝ(t)

)
;

7: t = t+ 1;
8: end for
9: T̂ = (Û

(tmax)
1 , Û(tmax)

2 , Û(tmax)
3 ) · Ĝ(tmax);

10: Ûj = SVDrj(Mj(T̂)) for j ∈ [3];
11: Ĝ = T̂ ×1 Û

>
1 ×2 Û

>
2 ×3 Û

>
3 ;

Output: Û1, Û2, Û3, Ĝ

5.2.2 Proof of Theorem 3.3.1

Note that A/σ = T/σ + Z/σ. We can replace A,T,Z by A/σ,T/σ,Z/σ without
essentially changing the problem. Thus, we assume that σ = 1 without loss of
generality. To simplify the notations, we write PU = UU> as the spectral projector
for any orthonormal columns U, i.e., U>U being an identity matrix. Then, write
P⊥U = I − PU. Denote Aj = Mj(A), Tj = Mj(T), Gj = Mj(G), and Zj = Mj(Z) the
corresponding matricizations for all j = 1, 2, 3.

Without loss of generality, we only consider j = 1 and prove the theorem for
‖Û1Û

>
1 − U1U

>
1 ‖2

F. Notice that Theorem 3.3.1 automatically holds if p 6 r1/3, we
only need to consider the case p > r1/3. By Algorithm 1, Û1 = Û

(2)
1 contains the

top-r1 eigenvectors of A1(PÛ(1)
2
⊗ P

Û
(1)
3
)A>1 . As a result, Û(2)

1 Û
(2)>
1 is the spectral

projector for the top-r1 eigenvectors of

A1(PÛ(1)
2
⊗ P

Û
(1)
3
)A>1 = T1(PU2 ⊗ PU3)T

>
1 + J1 + J2 + J3 + J4
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where J1 = T1(PÛ(1)
2
⊗P

Û
(1)
3
)Z>1 , J2 = Z1(PÛ(1)

2
⊗P

Û
(1)
3
)T>1 , J3 = Z1(PÛ(1)

2
⊗P

Û
(1)
3
)Z>1 ,

and J4 = T1((PÛ(1)
2

− PU2)⊗ P
Û

(1)
3
)T>1 + T1(PU2 ⊗ (P

Û
(1)
3

− PU3)T
>
1 .

To this end, we write

A1(PÛ(1)
2
⊗ P

Û
(1)
3
)A>1 =U1G1G

>
1 U
>
1 + J1 + J2 + J3 + J4

=:U1G1G
>
1 U
>
1 + E1.

Lemma 5.2.1. Under Assumption 3.3.1 and conditions of Theorem 3.3.1, there exist
absolute constants c1,C1,C2 > 0 so that with probability at least 1 − C1e

−c1p,

‖J1‖ = ‖J2‖ 6 C2κ0λmin
√
p, ‖J3‖ 6 C2p, ‖J4‖ 6 C2κ

2
0p, ‖E1‖ 6 C2κ0λmin

√
p.

Moreover, by (Zhang and Xia, 2018, Theorem 1), the following bounds hold:

max{‖Û(0)
k Û

(0)>
k −UkU

>
k ‖, ‖Û

(1)
k Û

(1)>
k −UkU

>
k ‖, ‖Û

(2)
k Û

(2)>
k −UkU

>
k ‖} 6 C2

√
pλ−1

min

(5.76)
for all k ∈ [3]. Denote E0 the event of Lemma 5.2.1 and (5.76) so that P(E0) >

1 − C1e
−c1p. By definition, Λ2

j is a diagonal matrix containing the eigenvalues of
GjG

>
j . Without loss of generality, we assume that GjG>j = Λ2

j is a diagonal matrix.
Then immediately we have

‖Λ−1
j Gj‖ = 1,∀j ∈ [3]. (5.77)

Step 1: representation of spectral projector Û1Û
>
1 . We write

‖Û1Û
>
1 −U1U

>
1 ‖2

F = 2r1 − 2
〈
Û1Û

>
1 ,U1U

>
1
〉
= −2

〈
Û1Û

>
1 −U1U

>
1 ,U1U

>
1
〉
.

Define, for a positive integer k, P−k
j = UjΛ

−2k
j U>j . With a little abuse of notations,

denote P0
j := P⊥j := P⊥Uj . Note that, under the event E0 of Lemma 5.2.1

‖E1‖ 6 C2κ0λmin
√
p <

λ2
min

2 .
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implying that the condition of (Xia, 2019b, Theorem 1) is satisfied.

Lemma 5.2.2. (Xia, 2019b, Theorem 1) If ‖E1‖ 6 λ2
min
2 , the following equation holds

Û1Û
>
1 −U1U

>
1 =
∑

k>1
SG1,k(E1) (5.78)

where for each positive integer k

SG1,k(E1) =
∑

s1+···+sk+1=k

(−1)1+τ(s) ·P−s1
1 E1P

−s2
1 E1P

−s3
1 · · ·P−sk

1 E1P
−sk+1
1

where s1, · · · , sk+1 are non-negative integers and τ(s) =
∑k+1
j=1 I(sj > 0).

By Lemma 5.2.1 and 5.2.2, eq.(5.78) holds under event E0 of Lemma 5.2.1. Since
P0
jUjU

>
j = UjU

>
j P

0
j = 0, we have

〈
SG1,1(E1),U1U

>
1
〉
=
〈
P−1

1 E1P
⊥
1 +P⊥1 E1P

−1
1 ,U1U

>
1
〉
= 0.

Similarly,
〈
SG1,2(E1),U1U

>
1
〉
= −

〈
P−1

1 E1P
⊥
1 E1P

−1
1 ,U1U

>
1
〉

and

〈
SG1,3(E1),U1U

>
1
〉
= −2 tr

(
P−1

1 E1P
⊥
1 E1P

⊥
1 E1P

−2
1
)
+ 2 tr

(
P−1

1 E1P
⊥
1 E1P

−1
1 E1P

−1
1
)
.

Note that

‖SG1,k(E1)‖ 6
∑

s1+···+sk+1=k

∥∥(−1)1+τ(s) ·P−s1
1 E1P

−s2
1 E1P

−s3
1 · · ·P−sk

1 E1P
−sk+1
1

∥∥
6

(
2k
k

)
‖E1‖k

λ2k
min

6

(
4‖E1‖
λ2

min

)k
,

(5.79)

implying that

∣∣∣∑
k>4

〈
SG1,k(E1),U1U

>
1
〉∣∣∣ 6 r1

∑
k>4

(4‖E1‖
λ2

min

)k
6 C2r1

κ4
0p

2

λ4
min
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where the last inequality holds under event E0 by Lemma 5.2.1.

Therefore, under event E0, we write

‖Û1Û
>
1 −U1U

>
1 ‖2

F = −2
〈
SG1,2(E1),U1U

>
1
〉
− 2
〈
SG1,3(E1),U1U

>
1
〉
+O

(r1κ
4
0p

2

λ4
min

)
.

Now, it suffices to investigate the first two terms on RHS of above equation.

Step 2: bounding
〈
SG1,3(E1),U1U

>
1
〉
. Since T>1 P⊥1 = 0 and P⊥1 T1 = 0,

〈
SG1,3(E1),U1U

>
1
〉
=− 2 tr

(
P−1

1 E1P
⊥
1 E1P

⊥
1 E1P

−2
1
)
+ 2 tr

(
P−1

1 E1P
⊥
1 E1P

−1
1 E1P

−1
1
)

=− 2 tr
(
P−1

1 (J1 + J3)P
⊥
1 J3P

⊥
1 (J2 + J3)P

−2
1
)

+ 2 tr
(
P−1

1 (J1 + J3)P
⊥
1 (J2 + J3)P

−1
1 (J1 + J2 + J3 + J4)P

−1
1
)

=− 2 tr
(
P−1

1 (J1 + J3)P
⊥
1 J3P

⊥
1 (J2 + J3)P

−2
1
)

(5.80)

+ 2 tr
(
P−1

1 J1P
⊥
1 J2P

−1
1 (J1 + J2)P

−1
1
)
+ 2 tr

(
P−1

1 J1P
⊥
1 J2P

−1
1 (J3 + J4)P

−1
1
)

+ 2 tr
(
P−1

1 J3P
⊥
1 (J2 + J3)P

−1
1 (J1 + J2 + J3 + J4)P

−1
1
)

+ 2 tr
(
P−1

1 J1P
⊥
1 J3P

−1
1 (J1 + J2 + J3 + J4)P

−1
1
)

Define the term

M =
〈
SG1,3(E1),U1U

>
1
〉
− 2 tr

(
P−1

1 J1P
⊥
1 J2P

−1
1 (J1 + J2)P

−1
1
)

=− 2 tr
(
P−1

1 (J1 + J3)P
⊥
1 J3P

⊥
1 (J2 + J3)P

−2
1
)
+ 2 tr

(
P−1

1 J1P
⊥
1 J2P

−1
1 (J3 + J4)P

−1
1
)

+ 2 tr
(
P−1

1 J3P
⊥
1 (J2 + J3)P

−1
1 (J1 + J2 + J3 + J4)P

−1
1
)

+ 2 tr
(
P−1

1 J1P
⊥
1 J3P

−1
1 (J1 + J2 + J3 + J4)P

−1
1
)
.

By Lemma 5.2.1, under event E0,

M 6 C2r1
κ2

0p · (κ0
√
pλmin)(κ0

√
pλmin)

λ6
min

6 C2r1
κ4

0p
2

λ4
min

. (5.81)
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Therefore, we conclude on event E0 that∣∣∣‖Û1Û
>
1 −U1U

>
1 ‖2

F−2 tr
(
P−1

1 E1P
⊥
1 E1P

−1
1
)
+4 tr

(
P−1

1 J1P
⊥
1 J2P

−1
1 (J1+J2)P

−1
1
)∣∣∣ 6 C2

r1κ
4
0p

2

λ4
min

.

(5.82)
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(Û

(1)
2 ⊗ Û
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By Lemma 5.2.1 and (5.84), on event E0,

∣∣tr (P−1
1 J1P

⊥
1 J2P

−1
1 J1P

−1
1
)∣∣

6
∣∣tr (P−1

1 T1(PU2 ⊗ PU3)Z
>
1 P
⊥
1 Z1(PU2 ⊗ PU3)T

>
1 P−1

1 T1(PU2 ⊗ PU3)Z
>
1 P

−1
1
)∣∣

+
∣∣tr (P−1

1 (J1 − T1(PU2 ⊗ PU3)Z
>
1 )P

⊥
1 Z1(PU2 ⊗ PU3)T

>
1 P−1

1 T1(PU2 ⊗ PU3)Z
>
1 P

−1
1
)∣∣

+
∣∣tr (P−1

1 J1P
⊥
1 (J1 − T1(PU2 ⊗ PU3)Z

>
1 )
>P−1

1 T1(PU2 ⊗ PU3)Z
>
1 P

−1
1
)∣∣

+
∣∣tr (P−1

1 J1P
⊥
1 J2P

−1
1 (J1 − T1(PU2 ⊗ PU3)Z

>
1 )P

−1
1
)∣∣

6
∣∣tr (P−1

1 T1(PU2 ⊗ PU3)Z
>
1 P
⊥
1 Z1(PU2 ⊗ PU3)T

>
1 P−1

1 T1(PU2 ⊗ PU3)Z
>
1 P

−1
1
)∣∣

+ C2r1
κ0p
√
r · κ0

√
pλmin · κ0

√
pλmin

λ6
min

=
∣∣tr (U1Λ

−2
1 U

>
1 T1(PU2 ⊗ PU3)Z

>
1 U1⊥U

>
1⊥Z1(PU2 ⊗ PU3)T

>
1 U1Λ

−2
1 U

>
1 T1(PU2 ⊗ PU3)Z

>
1 U1Λ

−2
1 U

>
1
)∣∣

+ C2κ
3
0r

3/2p2λ−4
min

=
∣∣tr (U1Λ

−2
1 G1W

>
2 W2G

>
1 Λ

−2
1 G1W

>
1 Λ

−2
1 U

>
1
)∣∣+ C2κ

3
0r

3/2p2λ−4
min (5.85)

where we denote
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for some absolute constantC2 > 0. Denote the above eventE1 so thatP(E1) > 1−p−3.

In addition, by (5.77), on event E0,
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By combining eq. (5.85) and the above inequality, we conclude on event E0∩E1 that

∣∣tr (P−1
1 J1P

⊥
1 J2P

−1
1 J1P

−1
1
)∣∣ 6 C2

(
r1/2p

√
log(p)λ−3

min + r
3/2κ3

0p
2λ−4

min

)
.
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Combining e.q. (5.83) and the above two inequalities, with probability at least
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Step 3: bounding smaller terms of 〈SG1,2(E1),U1U
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By Lemma 5.2.1, on event E0,
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whereW1 andW2 are defined in (5.86).
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Recall that λmin � p3/4, eq. (5.92) and (5.94) together imply that
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with probability 1 − C1p
−3.

Step 4: treating the leading term of 〈SG1,2(E1),U1U
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For k > 2, similarly to (5.79), we have
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PUjSGj,1(Êj) = PUj
(
P−1
j ÊjP
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3
))Z>1 U1⊥U

>
1⊥Z1((PÛ(1)
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Û
(1)
3
U3))G

>
1
)

− tr
(
Λ−4

1 G1(U
>
2 ⊗U>3 )Z>1 U1⊥U

>
1⊥Z1(U2 ⊗U3)G

>
1
)∣∣

62
∣∣tr (Λ−4

1 G1((Λ
−2
2 U

>
2 Ê2P
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By the definition of Ê2 and recall that T>2 P⊥U2
= 0, eq. (5.77) and (5.212) and Lemma

5.2.1 imply that with probability at least 1 − C1e
−cp ,
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1
⊗ P

Û
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where W3 = Z2(U1 ⊗ U3) ∈ Rp2×(r1r3), W4 = U>1⊥Z1 ∈ R(p1−r1)×(p2p3),W5 =

U>2⊥W3 ∈ R(p2−r2)×(r1r3),W6 =W4(U2⊥ ⊗U3) ∈ R(p1−r1)×((p2−r2)r3),W7 =W4(U2 ⊗
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U3) ∈ R(p1−r1)×(r2r3).

By definition,W3
i.i.d.
∼ N(0, 1),W4
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are independent. Furthermore, since W4([U2 U2⊥] ⊗ U3)
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By the Gaussian concentration inequality, we have
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In addition, with probability at least 1 − C1e
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Therefore, with probability at least 1 − C1p
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Combining (5.99) and the above inequality, we get with probability at least 1−C1p
−3
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Combining (5.88), (5.89), (5.95) and the above inequality, we get with probability at
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By (5.82), (5.87) and the above inequality, with probability at least 1 − C1p
−3,∣∣∣‖Û1Û
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Final step: characterizing the distribution. By eq. (5.101), it suffices to prove the
distribution of tr
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where {uj}
p1
j=r1+1 are the columns of U1⊥. For any r1 + 1 6 j 6 p1, Z>1 uj ∈
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Similarly, we can show that
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Combining two inequalities above, we know that
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>
1 −U1U

>
1 ‖2

F − 2(p1 − r1)
∥∥Λ−1

1
∥∥2

F√
8(p1 − r1)

∥∥Λ−2
1
∥∥

F

6

√
p1

p1 − r1
x+

r1
∥∥Λ−1

1
∥∥2

F√
2(p1 − r1)

∥∥Λ−2
1
∥∥

F

)
−Φ (x)

∣∣∣∣∣
6C2

(r3/2κ6
0p

3/2

λ2
min

+
κ2

0
√
p log p
λmin

)
+ C3

r3/2
√
p
+

∣∣∣∣∣Φ
(√

p1

p1 − r1
x+

r1
∥∥Λ−1

1
∥∥2

F√
2(p1 − r1)

∥∥Λ−2
1
∥∥

F

)
−Φ(x)

∣∣∣∣∣
6C2

(r3/2κ6
0p

3/2

λ2
min

+
κ2

0
√
p log p
λmin

)
+ C3

r3/2
√
p
+

∣∣∣∣Φ(√ p1

p1 − r1
x

)
−Φ(x)

∣∣∣∣+ C3
r1
∥∥Λ−1

1
∥∥2

F√
2(p1 − r1)

∥∥Λ−2
1
∥∥

F

6C2

(r3/2κ6
0p

3/2

λ2
min

+
κ2

0
√
p log p
λmin

)
+ C3

r3/2
√
p
+

(√
p1

p1 − r1
− 1
)
|x|e−x

2/2

6C2

(r3/2κ6
0p

3/2

λ2
min

+
κ2

0
√
p log p
λmin

)
+ C3

r3/2
√
p

.

Therefore, we conclude the proof of Theorem 3.3.1.

5.2.3 Proof of Theorem 3.3.2

First, we show that
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Without loss of generality, we assume σ = 1 and only prove the result for ‖Û1Û
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Moreover, with probability at least 1 − C1e
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U2)⊗ (U>3 PÛ3
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To deal with infR∈Or1

∥∥Ũ>1 U1Λ
2
1U
>
1 Ũ1 − RΛ

2
1R
>
∥∥, we need the following lemma.



167

Lemma 5.2.3. For U, Û ∈ Op,r,
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Combining together the inequalities above, we get with probability at least 1−C1p
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Therefore, with probability at least 1 − C1p
−3,
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Note that
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which has proved (5.104).

Then, by Lemma 3.3.1 and the similar argument for proving (5.104), we further
have
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Similarly, we have
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Therefore, we conclude the proof of Theorem 3.3.2.

5.2.4 Proof of Theorem 3.3.3

Note that
Yi/σ = 〈(T/σ),Xi〉+ (ξi/σ).

We can replace Yi,T, ξi by Yi/σ, T/σ, and ξi/σ without changing this problem
essentially. Therefore, we assume that σ = 1 without loss of generality. We only
need to focus on the non-trivial casep > r1/3. Since the proof is technical challenging
and long, we divide the proof into several steps. Consider the SVD decomposition
Û

(t)>
j Uj = L

(t)
j S

(t)
j D

(t)>
j for t = 0, 1 and j = 1, 2, 3, where L(t)j ,D(t)

j ∈ Orj , and
S
(t)
j is the diagonal matrix with all singular values of Û(t)>

j Uj in decreasing order.
Denote R(t)

j = L
(t)
j D

(t)>
j ∈ Orj .
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For t = 0, 1, denote

∆T
(t+0.5)
1 = Ĝ(t) ×1 Û

(t+0.5)
1 ×2 Û

(t)
2 ×3 Û

(t)
3 − T (5.107)

and denote Ĝ(t)
j = Mj(Ĝ

(t)).

Step 0: preliminary bounds on Ĝ(t) and Û(t+0.5)
j . Before dealing with ‖Û(2)

1 Û
(2)>
1 −

U1U
>
1 ‖2

F, we first prove some preliminary results on Ĝ(t) and Û(t+0.5)
j which shall

be used later.

Step 0.1: the error of Ĝ(t). Without loss of generality, we only prove the bound
for t = 0 and we write Ĝ = Ĝ(0) for brevity. Consider the SVD decomposition
Û
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>
i , where Li,Di ∈ Ori , and Si is the diagonal matrix with all sin-
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where Ĝ1 = M1(Ĝ).

Since ∂
∂G
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(0)
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(5.109)
Denote

∆G = Ĝ− G×1 R1 ×2 R2 ×3 R3, ∆G1 = M1(∆G) = Ĝ1 − R1G1(R
>
2 ⊗ R>3 )
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(Û
(0)
2 ⊗ Û
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Notice that rank(Mi(∆G)) 6 2ri and rank(Mi(A
(0)
T )) 6 2ri for i ∈ [3], by Lemma
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(0)
1 ×2 Û
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By the definition of Ri and Lemma 5.2.3, with probability at least 1 − C1e
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Thus with probability at least 1 − C1e
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(0)
2 R2 −U2)×3 (Û
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Û

(0)
2 −U2R

>
2
)
⊗ Û(0)

3

)∥∥∥
+
∥∥∥ 1
n

n∑
i=1

ξiÛ
(0)>
1 M1(Xi)

(
Û
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In addition, by (5.113), with probability at least 1 − C1e
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1 U1

)
G1

((
R2 − Û
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Putting (5.110), (5.111), (5.115), (5.116) and (5.117) and Lemma 5.2.9 together, we
get with probability 1 − p−3 − C1e

−c1p that
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Therefore, with probability at least 1 − p−3 − C1e
−c1p,
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which proves (5.108).

Step 0.2: the error of Û(t+0.5)
j . Without loss of generality, we only prove the

bound for t = 0 and j = 1. Again, we denote Ĝ = Ĝ(0) and Ĝ1 = M1(Ĝ) for brevity.
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Û
(0.5)
1 = U1R

>
1 +

1
n
P⊥U1

( n∑
j=1

ξjM1(Xj)
)
(U2 ⊗U3)G

>
1 (G1G

>
1 )

−1R>1 + E, (5.119)

where ‖E‖ 6 C2

(
κ0

pr
nλmin

+ κ2
0
p
√
r

nλ2
min

)
.

Since ∂
∂U1
`n(Ĝ×1 Û

(0.5)
1 ×2 Û
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(0)
2 ×3 Û
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(0)
2 ⊗ Û
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3 )Ĝ>1 ,



175

which is equivalent to
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Ĝ1Ĝ
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By (5.108) and Lemma 5.2.9, with probability at least 1 − C1p
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∥∥∥Ĝ×1 Û1 ×2 Û
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The two previous inequalities together imply that with probability at least 1 −
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)> ∥∥∥)
6C2κ

2
0λ

−2
min

(√
r2 + log(p)

n
+ κ0

pr

n
+ κ0

p
√
r

nλmin

)
, (5.123)
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(Û

(0)>
2 U2)

> ⊗ (Û
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(0)>
3 U3)

>)∥∥∥+ ∥∥∥G1
(
R>2 ⊗ (Û
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By the two previous inequality and (5.108), with probability at least 1 − C1p
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For term III, by (5.123) and Lemma 5.2.10 Part 3, with probability 1−C1p
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(0)
3 )
(
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∥∥Û(0)
2 R2 −U2

∥∥λ−1
min + C2

√
pr

n

∥∥Û(0)
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Putting (5.120), (5.122), (5.124) and (5.125) and Lemma 5.2.10 Part 3 together, we
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Now, we continue from eq. (5.107) and prove the distribution of ‖Û(2)
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(Û

(t)>
2 U2)

> ⊗ (Û
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Denote E
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are µ(t)
1 = · · · = µ

(t)
r1 = 1 and µ(t)

r1+1 = · · · = µ
(t)
2r1

= −1, and for 1 6 i 6 r1, the
corresponding eigenvectors of µ(t)

i and µ(t)
r1+i

are

θ
(t)
i =

1√
2

(
ū
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By Lemma 5.2.10 and together with (5.119), with probability at least 1 − C1p
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Û

(1)
1 Û
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By (5.128), (5.129) and (5.130), with probability at least 1 − C1p
−3 − C1e

−c1p,

∥∥Û(1)
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Step 2: representation of ‖Û(2)
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We now bound the third order term. Notice that
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By simple calculation, we have
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Combining (5.135) and the above two inequalities together, we get with probability
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Therefore, we conclude that with probability at least 1 − C1p
−3 − C1e

−c1p,∣∣∣∣∣∥∥∥Û(2)
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Step 3: representing the leading term of ‖Û(2)
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In Step 3, we aim to approximate this leading term by a sum of independent random
variables. By definition of S
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The last equation holds since J
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Therefore, with probability at least 1 − C1p
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Step 3.2: bounding tr
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(5.139), (5.140), (5.141), (5.142) and the previous inequality together imply with
probability at least 1 − C1p
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Therefore, it suffices to bound
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1
∣∣, ∣∣S(1)
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∣∣, respectively.
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(1)>
1

)−1
∥∥∥

F

6C2λ
−1
min

∥∥∥G1

(
(Û
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Therefore, (5.141), Lemma 5.2.9 and the previous inequality together imply that
with probability at least 1 − C1p
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Let
J1 = L1G

>
1 (G1G

>
1 )

−1G1(U
>
2 ⊗U>3 ).

Consider the SVD decomposition G1 = UG1Λ1V
>
G1

, where UG1 ∈ Or1 ,VG1 ∈ Or2r3,r1

and Λ1 ∈ Rr1×r1 is a diagonal matrix containing all singular values of G1. Then
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>
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.
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For i ∈ [n], let
Zi = M1(Xi)(U2 ⊗U3)VG1 ∈ Rp1×r1 ,

and

Zξ = L1VG1 =

n∑
i=1

ξiM1(Xi)(U2 ⊗U3)VG1 ∈ Rp1×r1 .

Then

Zi
i.i.d.
∼ N(0, 1) and Zξ =

n∑
j=1

ξjZj.

Thus∣∣∣∣ tr(G>1 (G1G
>
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1
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By (Vershynin, 2010, Corollary 5.35), for any i ∈ [n], with probability at least
1 − e−c1(p+log(n)),

‖Zi‖ 6 C2

√
p+ log(n) and ‖Zi‖F 6 C2

√
r(p+ log(n)) (5.152)

and
‖ZiΛ−1

1 ‖F 6 ‖Zi‖F‖Λ−1
1 ‖ 6 C2

√
r(p+ log(n))

λmin
. (5.153)

By the union bound and Bernstein-type inequality, with probability at least 1 −

e−C1(pr+log(n)),

1
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Therefore, with probability at least 1 − e−c1pr,∣∣∣∣ 1
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Since Zi and Zj are independent for all 1 6 i 6= j 6 n, we have 〈Zi,Zj〉
∣∣Zi ∼

N(0, ‖Zi‖2
F) and 〈Zi,ZjΛ2

1〉
∣∣Zi ∼ N(0, ‖ZiΛ−2
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F), which imply that
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By Bernstein-type inequality, we have
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(∣∣∣∣∑

j6=i

ξ2
j

(
〈Zi,Zj〉〈Zi,ZjΛ−2

1 〉− 〈Zj,ZjΛ−2
1 〉
) ∣∣∣∣

> C2‖Zi‖F‖ZiΛ−2
1 ‖F

(∑
j6=i

ξ4
j

)1/2 log(n)
∣∣Zi, ξ1, . . . , ξn

)
6 n−3.

The union bound and (5.152) together imply that
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By combining the above two inequalities together, we know that with probability
at least 1 − C1p
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Note that
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By (De la Pena and Giné, 2012, Theorem 3.4.1), there exists a constant C > 0, for
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where {Z
(1)
1 , . . . ,Z(1)

n } and {Z
(2)
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n } are two independent copies of {Z1, . . . ,Zn}.
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The previous two inequalities and (5.238) together imply that
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By Cauchy-Schwarz inequality,
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Similarly to (5.157),
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By combining the previous four inequalities together, we have
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By (5.159), (5.160) and the previous inequality,
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Similarly, we have
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By Lemma 5.2.10, with probability at least 1 − e−C1pr,∣∣∣∣ n∑
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The previous inequality and (5.154) together show that∣∣∣∣ 1
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Note that
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By Bernstein-type inequality, for any t > 0,
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By Lemma 5.2.10, for any i ∈ [n], with probability at least 1 − e−C1(pr+log(n)),

max
{
‖
∑
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∑
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√
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The union bound shows that with probability at least 1 − e−C1(pr+log(n)),
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‖
∑
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(5.165)

Similarly to (5.156), for any i ∈ [n], we have
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By Bernstein-type inequality,
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By (5.152), (5.157), the previous inequality and the union bound together show that

P
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∑
j6=i
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j

[
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By (5.164), (5.165) and the previous inequality, we have

P
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(5.166)

By combining (5.151), (5.155), (5.158), (5.161), (5.162), (5.163) and the previous
inequality, we conclude that with probability at least 1 − C1p

−3,∣∣∣∣ tr(G>1 (G1G
>
1 )
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1
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)
. (5.167)

By Lemma 5.2.10, with probability at least 1 − p−3,

‖U>1 L1‖ =
∥∥∥∥ 1
n
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( n∑
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>
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1
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)
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By (5.150), (5.167) and (5.168), with probability at least 1 − C1p
−3 + C2e

−c0p,∣∣∣∣ tr(G>1 (G1G
>
1 )

−2G1

{[
E
(1)
U1,3 −

1
n

n∑
i=1

〈E(1)
U1,3,M1(Xi)〉M1(Xi)

]
(U2 ⊗U3)

}>
P⊥U1

L1

)∣∣∣∣
6C2

(
κ3

0
p2r5/2

n2λ3
min

+
p2r2

n2λ2
min

+
r5/2p log(n)
n3/2λ2

min

+
r log2(n)

n3/2λ2
min

)
. (5.169)

Combining (5.147), (5.148), (5.149) and (5.169) together, we have
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0
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-Step 3.2.2: bounding |S
(1)
2 | and |S

(1)
3 |. Let E(0)

2 = Û
(0.5)
2 − U2R
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2 . For k > 1,
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.
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E
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.

Similarly to (5.128), with probability at least 1 − C1p
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2
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By Lemma 5.2.2, with probability at least 1 − C1p
−3 − C1e
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P
Û

(1)
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=
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where
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Note that
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By (5.120), we have
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Let
G2 = UG2Λ2V

>
G2
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be the SVD decomposition of G2. LetWi = U
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〈Ẽ(0)
U2,3,M1(Xi)〉M1(Xi)

]
(U2 ⊗U3)

}>
P⊥U1

L1

)∣∣∣∣
6C2

(
p2r2

n2λ2
min

+
rp log(n)
n3/2λ2

min

+
r log2(n)

n3/2λ2
min

)
.
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Putting (5.143), (5.146), (5.170), (5.181) and (5.182) together, we get with probability
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Final step: characterizing the distribution of
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(1)
2 ⊗ Û

(1)
3 )
∥∥∥

6C2κ
2
0λ

−2
min

(√
r2 + log(p)

n
+ κ0

pr

n
+ κ0

p
√
r

nλmin

)

·

(√
p

n
+

√
pr2

n

∥∥∥Û(1)
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Note that P⊥U2
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Similarly, with probability at least 1 − C1p
−3 − C1e

−c1p,

∥∥∥P⊥U3
E
(0)
3 R

(0)
3 −

1
n

n∑
i=1

ξiP
⊥
U3
M3(Xi)(U1⊗U2)G

>
3 (G3G

>
3 )

−1
∥∥∥ 6 C2

(
κ0

pr

nλmin
+ κ2

0
p
√
r

nλ2
min

)
.

(5.186)
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Combining the previous six inequalities together, with probability at least 1 −
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Let
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By (5.133), (5.137) and (5.190), with probability at least 1 − C1p
−3 − C1e

−c1p,∣∣∣∣ ∥∥∥Û(2)
1 Û

(2)>
1 −U1U

>
1

∥∥∥2

F
−

2
n2

∥∥∥ n∑
i=1

ξiZ̃iΛ
−1
1

∥∥∥2

F

∣∣∣∣
6C2

(
κ2

0
pr2 + pr

√
log(p)

n3/2λ3
min

+ κ3
0
p2r5/2

n2λ3
min

+ κ3
0
p2r2

n2λ4
min

+ κ2
0
p2r3

n2λ2
min

+ κ0
r3p log(n)
n3/2λ2

min

+
r log2(n)

n3/2λ2
min

)
.

(5.191)

Recall that Z̃i = U>1⊥M1(Xi)(U2 ⊗ U3)VG1 ∈ R(p1−r1)×r1 so that Z̃i
i.i.d.
∼ N(0, 1).

For fixed a = (a1, . . . ,an) ∈ Rn, the rows of (
∑n
i=1 aiZ̃i)Λ

−1
1

i.i.d.
∼ N

(
0, ‖a‖2

2Λ
−2
1
)
.

Therefore, for any a ∈ Rn,
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By Berry-Esseen theorem, we have

sup
x∈R

∣∣∣∣P( 2
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(5.192)
By Lemma 5.2.10, with probability 1 − e−C1p,

∥∥ n∑
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√
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Therefore, with probability 1 − e−C1p,
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By Bernstein-type inequality ((Vershynin, 2010, Proposition 5.16)),

P
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Therefore, with probability at least 1 − C1p
−3,∣∣∣∣∣ 2
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2
−

2
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√
n log(p)
n3 . (5.194)

By (5.192), (5.194) and the previous inequality and the similar proof in Theorem
3.3.1, we have
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+ C3
r3/2
√
p
+ C1e

−c1p

where we use the fact that C2
κ2

0
√
r log2(n)√
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6 C3
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√
p

.

5.2.5 Proof of Theorem 3.3.4

Without loss of generality, we assume σ = 1. By (5.108) and Lemma 5.2.10, with
probability at least 1 − C1p

−3 − C1e
−c1p,

max
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Therefore, with probability at least 1 − C1p
−3 − C1e
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The rest of the proof is essentially the same as the proof of Theorem 3.3.2.

5.2.6 Proof of Theorem 3.4.1

Without loss of generality, we assume σ = 1, π(j) = j and only prove the nor-
mal approximation for 〈û1,u1〉2. We denote Ũ1 = (u2, · · · ,ur) ∈ Op1,r−1, Ṽ1 =

(v2, · · · , vr) ∈ Op2,r−1 and W̃1 = (w2, · · · ,wr) ∈ Op3,r−1. Denote the (r − 1) ×
(r − 1) × (r − 1) diagonal tensor Λ̃ = diag(λ2, · · · , λr), and Λ̃1 = M1(Λ̃), Λ̃2 =

M2(Λ̃), Λ̃3 = M3(Λ̃).

By definition, û1 is the left singular vector of A×2 v̂
(1)>
1 ×3 ŵ

(1)>
1 , for which we
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write

A×2 v̂
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1 ,w1〉 and Ê(1)
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Similarly to the proof of Theorem 3.3.1, the following bounds hold with proba-
bility at least 1 − C1e

−c1p,
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We now apply Lemma 5.2.2 and represent 〈u1u
>
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>
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>
1 〉. Similarly to the

proof of Theorem 3.3.1, the 1st-order term does not matter, and the 4-th and higher-
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Similarly to the proof of Theorem 3.3.1, we have |Ê
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1 u1Ê
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conclude with probability at least 1 − 3p−3 that∣∣∣∣〈u1u
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Similarly to the proof of Theorem 3.3.1, we have |λ̃2
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0pwith probability
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Ê
(1)>
1 U1⊥U

>
1⊥Ê
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It then suffices to prove the normal approximation of tr(Ê(1)>
1 U1⊥U

>
1⊥Ê
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(1)
1 )
)>
U1⊥U

>
1⊥
(
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Now, we consider the cross term (recall z1 = Z ×2 v
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>(v̂
(1)
1 ⊗ ŵ
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where the first term is due to ‖z>1 Ũ1‖ = O(
√
r log p) with probability at least

1 − p−3/2, and the second term is similar as the proof of Lemma 2.
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To this end, we obtain with probability at least 1 − 5p−3 that∣∣∣∣〈u1u
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(5.195)

Now, we investigate the main term tr
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for which we write
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where we denote Z1 = M1(Z), and the last term can be simply bounded byC4p
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with probability at least 1 − C1e
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The idea of bounding the term tr
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is the same as the Step 4 in the proof of Theorem 3.3.1. Indeed, we shall recall that
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(0)
1 ×3 ŵ
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Similarly to the proof of Theorem 3.3.1, it suffices to consider the 1st-order term in
v̂
(1)
1 v̂

(1)>
1 − v1v

>
1 . It is then easy to show that
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Together with (5.195), we conclude with probability at least 1 − 6p−3 that∣∣∣∣〈u1u
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The rest of the proof is identical to the final step in the proof of Theorem 3.3.1.
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5.2.7 Proof of Theorem 3.5.1

Without loss of generality, we assume σ = 1. For random variables (or vectors)
A and B, we use A d.→ (resp. p.→, a.s.→)B as a shorthand for A d.→ (resp. p.→, a.s.→)B as
p→∞. By (Zhang and Xia, 2018, Theorem 1), with probability at least 1−C1e

−c1p,

‖û− u‖2, ‖v̂− v‖2, ‖ŵ−w‖2 6 C2

√
p

λ
.

Let U⊥ ∈ Op1,p1−1,V⊥ ∈ Op2,p2−1,W⊥ ∈ Op3,p3−1 be orthogonal complements of
u, v and w, respectively. For any Oi ∈ Opi−1, i ∈ [3], let

Õ1 = uu
>+U⊥O1U

>
⊥ ∈ Op1 , Õ2 = vv

>+V⊥O2V
>
⊥ ∈ Op2 , Õ3 = ww

>+W⊥O3W
>
⊥ ∈ Op3 .

Let Ã = A×1 Õ
>
1 ×2 Õ

>
2 ×3 Õ

>
3 . Notice that Õ1u = u, Õ2v = v, Õ3w = w, we have
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>
1 ×2 Õ
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Since Oi ∈ Opi−1 , the entries of Z×1 Õ
>
1 ×2 Õ

>
2 ×3 Õ

>
3
i.i.d.
∼ N(0, 1). Consequently,

Ã
d.
= A. (5.196)

Let ũ, ṽ, w̃ be the outputs of Algorithm 4 after tmax iterations. Then we have

ũ = Õ>1 û, ṽ = Õ>2 v̂, w̃ = Õ>3 ŵ.

In addition, we have

〈u, û〉 = 〈Õ1u, û〉 = 〈u, Õ>1 û〉 = 〈u, ũ〉.
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Similarly, we have 〈v, v̂〉 = 〈v, ṽ〉 and 〈w, ŵ〉 = 〈w, w̃〉. By (5.196), for any Oi ∈
Opi−1, i ∈ [3],

(û>U⊥, v̂>V⊥, ŵ>W⊥)
∣∣∣∣(〈u, û〉, 〈v, v̂〉, 〈w, ŵ〉) d.
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∣∣∣∣(〈u, ũ〉, 〈v, ṽ〉, 〈w, w̃〉)
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Set O1 = Ip1−1, for any v1, v2 ∈ Sp2−2 = {x ∈ Rp2−1 : ‖x‖2 = 1} and w1,w2 ∈ Sp3−2,
we know that there exists O2 ∈ Op2−1 and O3 ∈ Op3−1 such that v2 = O2v1,w2 =

O3v2. Then for any Borel set A ⊆ Sp1−2,

P
(

U>⊥û

‖U>⊥û‖2
∈ A

∣∣∣∣ V>⊥ v̂‖V>⊥ v̂‖2
= v1, W>⊥ŵ

‖W>⊥ŵ‖2
= w1

)
=P
(

U>⊥û

‖U>⊥û‖2
∈ A

∣∣∣∣O>2 V>⊥ v̂

‖V>⊥ v̂‖2
= v1,O>3

W>⊥ŵ

‖W>⊥ŵ‖2
= w1

)
=P
(

U>⊥û

‖U>⊥û‖2
∈ A

∣∣∣∣ V>⊥ v̂‖V>⊥ v̂‖2
= v2, W>⊥ŵ

‖W>⊥ŵ‖2
= w2

)
.

Therefore, U>⊥û

‖U>⊥û‖2
and

( V>⊥ v̂

‖V>⊥ v̂‖2
, W>⊥ŵ

‖W>⊥ŵ‖2

)
are independent. Similarly, we know that

U>⊥û

‖U>⊥û‖2
, V>⊥ v̂

‖V>⊥ v̂‖2
and W>⊥ŵ

‖W>⊥ŵ‖2
are independent. In addition, by using the property of

Haar measure, we know that
(
û>U⊥
‖U>⊥û‖2

, v̂>V⊥
‖V>⊥ v̂‖2

, ŵ>W⊥
‖W>⊥ŵ‖2

)> and (〈u, û〉, 〈v, v̂〉, 〈w, ŵ〉)>
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are independent, and

U>⊥û

‖U>⊥û‖2

d.
=

(
g
(1)
1√∑p1−1

i=1 g
(1)2
i

, . . . ,
g
(1)
p1−1√∑p1−1
i=1 g

(1)2
i

)>
,

V>⊥ v̂

‖V>⊥ v̂‖2

d.
=

(
g
(2)
1√∑p2−1

i=1 g
(2)2
i

, . . . ,
g
(2)
p2−1√∑p2−1
i=1 g

(2)2
i

)>
,

W>⊥ŵ

‖W>⊥ŵ‖2

d.
=

(
g
(3)
1√∑p3−1

i=1 g
(3)2
i

, . . . ,
g
(3)
p3−1√∑p3−1
i=1 g

(3)2
i

)>

where g(1) = (g
(1)
1 , . . . ,g(1)

p1−1)
>,g(2) = (g

(2)
1 , . . . ,g(2)

p2−1)
>,g(3) = (g

(3)
1 , . . . ,g(3)

p3−1)
>

are independent standard Gaussian random vectors. Moreover, by SLLN,

1
p1

p1−1∑
i=1

g
(1)2
i

a.s.→ 1, 1
p2

p2−1∑
i=1

g
(2)2
i

a.s.→ 1, 1
p3

p3−1∑
i=1

g
(3)2
i

a.s.→ 1.

For any fixed f1 ∈ Sp1−2, f2 ∈ Sp2−2, f3 ∈ Sp3−2, notice that (f>1 g1, f>2 g2, f>3 g3)
> ∼

N(0, I3), we have(
√
p1
û>U⊥

‖U>⊥û‖2
f1,√p2

v̂>V⊥

‖V>⊥ v̂‖2
f2,√p3

ŵ>W⊥

‖W>⊥ŵ‖2
f3

)>
d.
=diag

(√
p1∑p1−1

i=1 g
(1)2
i

,
√

p2∑p2−1
i=1 g

(2)2
i

,
√

p3∑p3−1
i=1 g

(3)2
i

)
· (f>1 g1, f>2 g2, f>3 g3)

>

d.→N(0, I3). (5.197)

By Theorem 3.3.1,(
〈u, û〉2 − (1 − p1λ

−2)√
2p1λ−2 , 〈v, v̂〉

2 − (1 − p2λ
−2)√

2p2λ−2 , 〈w, ŵ〉2 − (1 − p3λ
−2)√

2p3λ−2

)>
d.→ N(0, I3).

(5.198)
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The delta method and the fact that 1 − piλ
−2 a.s.→ 1 for i ∈ [3] together show that(

〈u, û〉−
√

1 − p1λ−2√
p1/2λ−2

, 〈v, v̂〉−
√

1 − p2λ−2√
p2/2λ−2

, 〈w, ŵ〉−
√

1 − p3λ−2√
p3/2λ−2

)>
d.→ N(0, I3).

(5.199)
Also note that

1 − piλ
−2/2 −

√
1 − piλ−2 =

p2
iλ

−4

4(
√

1 − piλ−2 + 1 − piλ−2/2)
� p

2
i

λ4 �
√
pi

λ2

and
(
û>U⊥
‖U>⊥û‖2

, v̂>V⊥
‖V>⊥ v̂‖2

, ŵ>W⊥
‖W>⊥ŵ‖2

)> is independent of (〈u, û〉, 〈v, v̂〉, 〈w, ŵ〉)>, by (5.197)
and (5.199), for any fixed f1 ∈ Sp1−2, f2 ∈ Sp2−2, f3 ∈ Sp3−2,

√
p1

û>U⊥
‖U>⊥û‖2

f1
√
p2

v̂>V⊥
‖V>⊥ v̂‖2

f2
√
p3

ŵ>W⊥
‖W>⊥ŵ‖2

f3
〈u,û〉−(1−p1λ

−2/2)√
p1/2λ−2

〈v,v̂〉−(1−p2λ
−2/2)√

p2/2λ−2

〈w,ŵ〉−(1−p3λ
−2/2)√

p3/2λ−2


d.→ N(0, I6). (5.200)

By (5.198),
‖U>⊥û‖2

2
p1/λ2 =

1 − 〈û,u〉2
p1/λ2

p.→ 1.

By (5.200), for any fixed f1 ∈ Sp1−2, f2 ∈ Sp2−2, f3 ∈ Sp3−2,(
λû>U⊥f1, λv̂>V⊥f2, λŵ>W⊥f3, (5.201)

〈u, û〉− (1 − p1λ
−2/2)√

p1/2λ−2
, 〈v, v̂〉− (1 − p2λ

−2/2)√
p2/2λ−2

, 〈w, ŵ〉− (1 − p3λ
−2/2)√

p3/2λ−2

)>
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=diag
(
‖U>⊥û‖2√
p1/λ

, ‖V
>
⊥ v̂‖2√
p2/λ

, ‖W
>
⊥ŵ‖2√
p3/λ

, 1, 1, 1
)


√
p1

û>U⊥
‖U>⊥û‖2

f1
√
p2

v̂>V⊥
‖V>⊥ v̂‖2

f2
√
p3

ŵ>W⊥
‖W>⊥ŵ‖2

f3
〈u,û〉−(1−p1λ

−2/2)√
p1/2λ−2

〈v,v̂〉−(1−p2λ
−2/2)√

p2/2λ−2

〈w,ŵ〉2−(1−p3λ
−2/2)√

p3/2λ−2


d.→N(0, I6). (5.202)

For simplicity, let qi = q(pi)
i for i ∈ [3]. Note that

〈û,q1〉 = 〈û,Puq1〉+ 〈û,P⊥uq1〉 = (q>1 u)û
>u+ (U>⊥q1)

>U>⊥û. (5.203)

If q1 6= ±u,q2 6= ±v,q3 6= ±w for i ∈ [3], since U>⊥q1,V>⊥q2,W>⊥q3 are fixed vectors,
by (5.201), we have

(
λ
(U>⊥q1)

>

‖U>⊥q1‖2
U>⊥û, 〈u,û〉−(1−p1λ

−2/2)√
p1/2λ−2

, λ (V>⊥q2)
>

‖V>⊥q2‖2
V>⊥ v̂,

〈v,v̂〉−(1−p2λ
−2/2)√

p2/2λ−2
, λ (W>⊥q3)

>

‖W>⊥q3‖2
W>⊥ŵ, 〈w,ŵ〉−(1−p3λ

−2/2)√
p3/2λ−2

)>
d.→ N(0, I6). (5.204)

Since

〈q1, û− u〉+ p1〈q1,u〉
2λ2√

p1〈q1,u〉2
2λ4 + 1−〈q1,u〉2

λ2

=

( √
1−〈u,q1〉2
λ√

1−〈u,q1〉2
λ2 + p1〈u,q1〉2

2λ2

,

√
p1/2〈u,q1〉
λ2√

1−〈u,q1〉2
λ2 + p1〈u,q1〉2

2λ2

)

·
(
λ
(U>⊥q1)

>

‖U>⊥q1‖2
U>⊥û, 〈u, û〉− (1 − p1λ

−2/2)√
p1/2λ−2

)>
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where
( √

1−〈u,q1〉2

λ√
1−〈u,q1〉2

λ2 +
p1〈u,q1〉2

2λ2

,
√
p1/2〈u,q1〉
λ2√

1−〈u,q1〉2

λ2 +
p1〈u,q1〉2

2λ2

)>
is a fixed unit vector, by Lemma 5.2.11,

we have( 〈q1, û− u〉+ p1〈q1,u〉
2λ2√

p1〈q1,u〉2
2λ4 + 1−〈q1,u〉2

λ2

,
〈q2, v̂− v〉+ p2〈q2,v〉

2λ2√
p2〈q2,v〉2

2λ4 + 1−〈q2,v〉2
λ2

,
〈q3, ŵ−w〉+ p3〈q3,w〉

2λ2√
p3〈q3,w〉2

2λ4 + 1−〈q3,w〉2
λ2

)>
d.→ N(0, I3).

(5.205)

If q1 = ±u, q2 = ±v or q3 = ±w, by (5.198), we still have (5.205).

Specifically, if if |ui|, |vj|, |wk| � min{λ/p, 1} for some i ∈ [p1], j ∈ [p2],k ∈ [p3],
by setting q1 = ei,q2 = ej,q3 = ek and noticing that p1u

2
i

λ4 �
p2

1u
2
i

λ4 � 1
λ2 and ui

a.s.→ 0,
we know that (3.17) holds.

Given λ−1 � |ui|, |vj|, |wk|� min{λ/p, 1/
√

log(p)}, immediately we have ûi
ui

p.→
1, v̂j
vj

p.→ 1, ŵk
wk

p.→ 1. Then


λ
ûiv̂jŵk−uiv̂jŵk

vjwk

λ
uiv̂jŵk−uivjŵk

uiwk

λ
uivjŵk−uivjwk

uivj

 =


v̂jŵk
vjwk

0 0
0 ŵk

wk
0

0 0 1


 λ(ûi − ui)

λ(v̂j − vj)

λ(ŵk −wk)

 d.→ N(0, I3).

By Lemma 5.2.11, we have

λ
ûiv̂jŵk − uivjwk√
u2
iv

2
j + v

2
jw

2
k +w

2
ku

2
i

=


vjwk√

u2
iv

2
j+v

2
jw

2
k+w

2
ku

2
i

wkui√
u2
iv

2
j+v

2
jw

2
k+w

2
ku

2
i

uivj√
u2
iv

2
j+v

2
jw

2
k+w

2
ku

2
i


>

λ
ûiv̂jŵk−uiv̂jŵk

vjwk

λ
uiv̂jŵk−uivjŵk

uiwk

λ
uivjŵk−uivjwk

uivj

 d.→ N(0, 1).

(5.206)

Notice that (û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i)/(u

2
iv

2
j + v

2
jw

2
k +w

2
ku

2
i)

p.→ 1, we have

λ
ûiv̂jŵk − uivjwk√
û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i

d.→ N(0, 1).
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Finally, by (5.105), with probability at least 1 − Cp−3,

∣∣(λ̂− λ) ûiv̂jŵk√
û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i

∣∣ 6 C2(
p

λ
+
√

log(p))|wk|� C2, (5.207)

i.e., ∣∣∣∣(λ̂− λ) ûiv̂jŵk√
û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i

∣∣∣∣ p.→ 0.

Therefore, we conclude that

T̂ijk − Tijk√
û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i

d.→ N(0, 1).

5.2.8 Proof of Theorem 3.5.2

Without loss of generality, we assume σ = 1. We discuss in four scenarios:

(1). |ui|, |vj|, |wk| > (log(p))1/8λ−1. By Theorem 3.5.1,

lim
p→∞P

(
|Tijk − Tijk| 6 zα/2

√
û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i

)
= 1 − α.

Therefore (3.20) holds.

(2). Exactly two of |ui|, |vj|, |wk| > (log(p))1/8λ−1. Without loss of generality, we
assume |vj|, |wk| > (log(p))1/8λ−1. By the essentially same proof of (5.206),
we have

λ
ûiv̂jŵk − uivjwk√
u2
iv

2
j + v

2
jw

2
k +w

2
ku

2
i

d.→ N(0, 1).

(If ui = 0, then immediately we have λ ûiv̂jŵk−uivjwk√
u2
iv

2
j+v

2
jw

2
k+w

2
ku

2
i

=
v̂jŵk
vjwk

· λûi
d.→

N(0, 1).)
If |ui| > (log(p))1/16λ−1, then by (3.17), ûi/ui, v̂j/vj, ŵk/vk

p.→ 1. Therefore,
(û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i)/(u

2
iv

2
j + v

2
jw

2
k + w

2
ku

2
i)

p.→ 1. If |ui| < (log(p))1/16λ−1,
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then (3.17) shows that ûi/((log(p))1/16λ−1)
p.→ 0. Thus

û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i

u2
iv

2
j + v

2
jw

2
k +w

2
ku

2
i

=
û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i

v̂2
jŵ

2
k

·
v2
jw

2
k

u2
iv

2
j + v

2
jw

2
k +w

2
ku

2
i

·
v̂2
jŵ

2
k

v2
jw

2
k

p.→ 1.

As a consequence,

λ
ûiv̂jŵk − uivjwk√
û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i

d.→ N(0, 1). (5.208)

By combining (5.207) and (5.208) together, we have

T̂ijk − Tijk√
û2
iv̂

2
j + v̂

2
jŵ

2
k + ŵ

2
kû

2
i

d.→ N(0, 1),

which indicates that (3.20) holds.

(3). At least two of |ui|, |vj|, |wk| < (log(p))1/8λ−1. Without loss of generality, we
assume |vj|, |wk| < (log(p))1/8λ−1. By (3.17),

|v̂j|

(log(p))1/6λ−1
p.→ 0, |ŵk|

(log(p))1/6λ−1
p.→ 0.

By (5.105), we have λ̂/λ p.→ 1. Then∣∣∣∣ T̂ijk√
s(û2

i)s(v̂
2
j) + s(v̂

2
j)s(ŵ

2
k) + s(ŵ

2
k)s(û

2
i)

∣∣∣∣
=

|λ̂ûiv̂jŵk|√
s(û2

i)s(v̂
2
j) + s(v̂

2
j)s(ŵ

2
k) + s(ŵ

2
k)s(û

2
i)

6λ̂|ŵk|
|v̂k|√
s(v̂2

k)
6 (log(p))−1/6 λ̂

λ
· |v̂k|

(log(p))1/6λ−1
|ŵk|

(log(p))1/6λ−1
p.→ 0,
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and ∣∣∣∣ Tijk√
s(û2

i)s(v̂
2
j) + s(v̂

2
j)s(ŵ

2
k) + s(ŵ

2
k)s(û

2
i)

∣∣∣∣
=

|λuivjwk|√
s(û2

i)s(v̂
2
j) + s(v̂

2
j)s(ŵ

2
k) + s(ŵ

2
k)s(û

2
i)

6λ|wk|
|vk|√
s(v̂2

k)
6 λ

((log(p))1/8λ−1)2√
log(p)λ̂−1

p.→ 0.

Therefore,

lim
p→∞P(Tijk ∈ C̃Iα(T̂ijk)) = lim

p→∞P
(

|T̂ijk − Tijk|√
s(û2

i)s(v̂
2
j) + s(v̂

2
j)s(ŵ

2
k) + s(ŵ

2
k)s(û

2
i)
6 zα/2

)
= 1.

In conclusion, we have proved (3.20).
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5.2.9 Proof of supporting lemmas

Lemma 5.2.4. For any 0 6 δ 6 1, if either of the following inequality holds, (1) ‖Mj(T̂
(0)−

T)‖ 6 δλmin/2; (2) ‖Û(0)>
j Û

(0)>
j −UjU

>
j ‖ 6 δ; (3) ‖Û(0)>

j Û
(0)>
j −UjU

>
j ‖F 6

√
2δ; (4)

‖Û(0)>
j Uj‖ >

√
1 − δ2; (5) ‖Û(0)>

j Uj‖F >
√
rj − δ2, we have ‖ sinΘ(Û(0)

j ,Uj)‖ 6 δ.

Proof of Lemma 5.2.4. For simplicity, let Tj and T̂ (0)
j denote Mj(T) and Mj(T̂

(0)), re-
spectively. Suppose ‖T̂ (0)

j − Tj‖ 6 δλmin/2. By (Zhang and Xia, 2018, Lemma 6), we
have

‖Û(0)
j⊥Tj‖ 6 2‖T̂ (0)

j − Tj‖ 6 δλmin

and consequently,

∥∥ sinΘ(Û(0)
j ,Uj)

∥∥ = ‖Û(0)>
j⊥ Uj‖ 6

‖Û(0)>
j⊥ UjU

>
j Tj‖

σmin(U>j Tj)
=
‖Û(0)>

j⊥ Tj‖
λmin

6 δ.

In addition, by (Cai and Zhang, 2018, Lemma 1), we have

∥∥ sinΘ(Û(0)
j ,Uj)

∥∥ =

√
1 − ‖Û(0)>

j Uj‖2 6 ‖Û(0)
j Û

(0)>
j −UjU

>
j ‖

and

∥∥ sinΘ(Û(0)
j ,Uj)

∥∥ 6 ∥∥ sinΘ(Û(0)
j ,Uj)

∥∥
F =

√
rj − ‖Û(0)>

j Uj‖2
F = ‖Û(0)

j Û
(0)>
j −UjU

>
j ‖F/

√
2,

which have finished the proof of Lemma 5.2.4.

Proof of Lemma 3.3.1. Notice that

‖A−A×1PÛ1
×2PÛ2

×3PÛ3
‖F = ‖Z−Z×1PÛ1

×2PÛ2
×3PÛ3

+T−T×1PÛ1
×2PÛ2

×3PÛ3
‖F,

we have

∣∣‖A−A×1 PÛ1
×2 PÛ2

×3 PÛ3
‖F − ‖Z‖F

∣∣
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6‖Z×1 PÛ1
×2 PÛ2

×3 PÛ3
‖F + ‖T − T ×1 PÛ1

×2 PÛ2
×3 PÛ3

‖F.

By (5.214) and (5.215), with probability at least 1 − C1e
−c1p,

‖Z×1 PÛ1
×2 PÛ2

×3 PÛ3
‖F = ‖Û>1 Z1(Û2 ⊗ Û3)‖F 6

√
r1‖Z1(Û2 ⊗ Û3)‖ 6 C2σ

√
pr.

In addition, we have

‖T − T ×1 PÛ1
×2 PÛ2

×3 PÛ3
‖F

=‖T ×1 PU1 ×2 PU2 ×3 PU3 − T ×1 PÛ1
×2 PÛ2

×3 PÛ3
‖F

6‖(PU1 − PÛ1
)T1(PU2 ⊗ PU3)‖F + ‖(PU2 − PÛ2

)T2(PÛ1
⊗ PU3)‖F + ‖(PU3 − PÛ3

)T3(PÛ1
⊗ PU2)‖F

6
(
‖PU1 − PÛ1

‖+ ‖PU2 − PÛ2
‖+ ‖PU2 − PÛ2

‖
)
‖T‖F

6C2

√
pσ

λmin
·
√
rκ0λmin = C2κ0σ

√
pr

with probability at least 1−C1e
−c1p. Therefore, with probability at least 1−C1e

−c1p,
we have ∣∣‖A−A×1 PÛ1

×2 PÛ2
×3 PÛ3

‖F − ‖Z‖F
∣∣ 6 C2κ0σ

√
pr. (5.209)

By (Laurent and Massart, 2000, Lemma 1),

P
(∣∣∣∣‖Z‖2

F
σ2 − p1p2p3

∣∣∣∣ > C2(
√
p1p2p3

√
log(p) + log(p))

)
6 p−3.

As a consequence, with probability at least 1 − p−3,

∣∣‖Z‖F −
√
p1p2p3σ

∣∣ 6 C2

√
log(p)σ.

Combing (5.209) and the previous inequality together, we know that with probabil-
ity at least 1 − C1p

−3,

|σ̂/σ− 1| 6 C2(κ0
√
rp−1 + p−3/4

√
log(p))
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and

|σ̂2/σ2−1| = |σ̂/σ−1||σ̂/σ+1| 6 2|σ̂/σ−1|+|σ̂/σ−1|2 6 C2(κ0
√
rp−1+p−3/4

√
log(p)).

Proof of Lemma 5.2.1. By definition, ‖E1‖ 6 ‖J1‖+ ‖J2‖+ ‖J3‖+ ‖J4‖.

‖E1‖ 6 ‖J1‖+ ‖J2‖+ ‖J3‖+ ‖J4‖. (5.210)

We first proved the upper bound for ‖J1‖. By the definition of ‖J1‖,

‖J1‖ 6
∥∥∥T1(PÛ(1)

2
⊗ P

Û
(1)
3
)Z>1

∥∥∥ 6 ∥∥∥T1‖‖(PÛ(1)
2
⊗ P

Û
(1)
3
)Z>1

∥∥∥ 6 κ0λmin

∥∥∥Z1(Û
(1)
2 ⊗ Û

(1)
3 )
∥∥∥ .

(5.211)
For any fixed matrices X ∈ Rp2×r2 , Y ∈ Rp3×r3 satisfying ‖X‖, ‖Y‖ 6 1,

P (‖Z1(X⊗ Y)‖ > C2
√
pr) 6 C1e

−c1pr. (5.212)

Let Xpk,rk = {X ∈ Rpk×rk : ‖X‖ 6 1}. By (Zhang and Xia, 2018, Lemma 7), there
exists an 1/4-net X̄pk,rk with cardinality at most 9pkrk for Xpk,rk . That is, for any
X ∈ Xpk,rk , there exists X ′ ∈ Xpk,rk such that ‖X ′−X‖ 6 1/4. For any X ∈ Xp2,r2 and
Y ∈ Xp3,r3 , let X ′ ∈ X̄p2,r2 and Y ′ ∈ X̄p3,r3 satisfying ‖X− X ′‖ 6 1/4, ‖Y − Y ′‖ 6 1/4.
Then

‖Z1(X⊗ Y)‖

6‖Z1(X
′ ⊗ Y ′)‖+ ‖Z1((X− X ′)⊗ Y)‖+ ‖Z1(X⊗ (Y − Y ′))‖+ ‖Z1((X− X ′)⊗ (Y − Y ′))‖

6‖Z1(X
′ ⊗ Y ′)‖+ 3

4 sup
X∈Rp2×r2 ,Y∈Rp3×r3
‖X‖,‖Y‖61

‖Z1(X⊗ Y)‖.
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By taking the supremum over any X ∈ Xp2,r2 and Y ∈ Xp3,r3 , we have

sup
X∈Rp2×r2 ,Y∈Rp3×r3
‖X‖,‖Y‖61

‖Z1(X⊗ Y)‖ 6 4 sup
X ′∈X̄p2,r2 ,Y ′∈X̄p3,r3

‖Z1(X
′ ⊗ Y ′)‖.

The union bound shows that

P

 sup
X∈Rp2×r2 ,Y∈Rp3×r3
‖X‖,‖Y‖61

‖Z1(X⊗ Y)‖ > C2
√
pr


6P

(
sup

X ′∈X̄p2,r2 ,Y ′∈X̄p3,r3

‖Z1(X
′ ⊗ Y ′)‖ > C2

√
pr

)
6

∑
X ′∈X̄p2,r2 ,Y ′∈X̄p3,r3

P (‖Z1(X
′ ⊗ Y ′)‖ > C2

√
pr)

6C1e
−c1pr.

By (Cai and Zhang, 2018, Lemma 1), with probability at least 1 − C1e
−c1p,

‖P⊥UkÛ
(1)
k ‖ = ‖U

>
k⊥Û

(1)
k ‖ 6 ‖Û

(1)
k Û

(1)>
k −UkU

>
k ‖ 6 C2

√
p/λmin, 1 6 k 6 3.

(5.213)
Therefore, with probability at least 1 − C1e

−c1p,∥∥∥Z1(Û
(1)
2 ⊗ Û

(1)
3 )
∥∥∥

=
∥∥∥Z1(PU2⊗U3 + PU2⊥⊗U3 + PU2⊗U3⊥ + PU2⊥⊗U3⊥)(Û

(1)
2 ⊗ Û

(1)
3 )
∥∥∥

6
∥∥∥Z1PU2⊗U3(Û

(1)
2 ⊗ Û

(1)
3 )
∥∥∥+ ∥∥∥Z1PU2⊥⊗U3(Û

(1)
2 ⊗ Û

(1)
3 )
∥∥∥

+
∥∥∥Z1PU2⊗U3⊥(Û

(1)
2 ⊗ Û

(1)
3 )
∥∥∥+ ∥∥∥Z1PU2⊥⊗U3⊥(Û

(1)
2 ⊗ Û

(1)
3 )
∥∥∥

=
∥∥∥Z1(U2 ⊗U3)(U2 ⊗U3)

>(Û
(1)
2 ⊗ Û

(1)
3 )
∥∥∥+ ∥∥∥Z1

(
(P⊥U2

Û
(1)
2 )⊗ (PU3Û

(1)
3 )
)∥∥∥

+
∥∥∥Z1

(
(PU2Û

(1)
2 )⊗ (P⊥U3

Û
(1)
3 )
)∥∥∥+ ∥∥∥Z1

(
(P⊥U2

Û
(1)
2 )⊗ (P⊥U3

Û
(1)
3 )
)∥∥∥

6 ‖Z1(U2 ⊗U3)‖+ C2
√
pr
∥∥∥P⊥U2

Û
(1)
2

∥∥∥ ∥∥∥PU3Û
(1)
3

∥∥∥
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+ C2
√
pr
∥∥∥PU2Û

(1)
2

∥∥∥ ∥∥∥P⊥U3
Û

(1)
3

∥∥∥+ C2
√
pr
∥∥∥P⊥U2

Û
(1)
2

∥∥∥ ∥∥∥P⊥U3
Û

(1)
3

∥∥∥
6 ‖Z1(U2 ⊗U3)‖+ C2

√
pr
√
pλ−1

min + C2
√
pr
√
pλ−1

min + C2
√
prpλ−2

min

6 ‖Z1(U2 ⊗U3)‖+ C2
√
pr
√
pλ−1

min

6 ‖Z1(U2 ⊗U3)‖+ C2
√
p. (5.214)

By the Gaussian concentration inequality,

P (‖Z1(U2 ⊗U3)‖ > C3
√
p) 6 C1e

−c1p. (5.215)

(5.211), (5.214) and (5.215) together imply that

P (‖J1‖ > C2κ0λmin
√
p) 6 C1e

−c1p. (5.216)

Since J2 = J>1 , we also have

P (‖J2‖ > C2κ0λmin
√
p) 6 C1e

−c1p. (5.217)

For J3, by definition,

‖J3‖ = ‖Z1(Û
(1)
2 ⊗ Û

(1)
3 )‖2. (5.218)

Combining (5.218), (5.214) and (5.215) together, we have

P (‖J3‖ > C2p) 6 C1e
−c1p. (5.219)

Then, we consider J4. By (5.213), with probability at least 1 − C1e
−c1p,

‖J4 6
∥∥∥T1((PÛ(1)

2
− PU2)⊗ P

Û
(1)
3
)T>1

∥∥∥+ ∥∥∥T1(PU2 ⊗ (P
Û

(1)
3

− PU3)T
>
1

∥∥∥
=
∥∥∥U1G1((U

>
2 (PÛ(1)

2
− PU2)U2)⊗ (U>3 PÛ(1)

3
U3))G

>
1 U
>
1

∥∥∥
+
∥∥∥U1G1(PU2 ⊗ (U>3 (PÛ(1)

3
− PU3)U3))G

>
1 U
>
1

∥∥∥
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=
∥∥∥U1G1((U

>
2 P
⊥
Û

(1)
2
U2)⊗ (U>3 PÛ(1)

3
U3))G

>
1 U
>
1

∥∥∥
+
∥∥∥U1G1(PU2 ⊗ (U>3 P

⊥
Û

(1)
3
U3))G

>
1 U
>
1

∥∥∥
6‖G1‖2

∥∥∥U>2 Û(1)
2⊥

∥∥∥2
+ ‖G1‖2

∥∥∥U>3 Û(1)
3⊥

∥∥∥2

6C2κ
2
0λ

2
min(
√
p/λmin)

2

=C2κ
2
0p.

Therefore, by (5.210), (5.216), (5.217) and (5.219) and notice that λmin > C2κ0
√
p,

we conclude with
P
(
‖E1‖ > C2κ0λmin

√
p
)
6 C1e

−c1p.

Proof of Lemma 5.2.3. Consider the SVD decomposition Û>U = LSW>, whereL,W ∈
Or, and S ∈ Rr×r = diag(s1, . . . , sr) is a diagonal matrix with diagonal entries
1 > s1 > · · · > sr > 0. By setting R = LW>, we have Û>U − R = L(S − Ir)W

>.
Therefore,

∥∥Û>U− R
∥∥ = ‖S− Ir‖. Since |x− 1| 6 |x2 − 1| for all x > 0, we have

∥∥Û>U− R
∥∥ 6 ∥∥S2 − Ir

∥∥ =
∥∥Û>UU>Û− Ir

∥∥ =
∥∥Û>U⊥U>⊥Û∥∥ =

∥∥U>⊥Û∥∥2 .
(5.220)

For
∥∥Û>U− R

∥∥
F, we have

∥∥Û>U− R
∥∥

F 6
√
r
∥∥Û>U− R

∥∥ 6 √r∥∥U>⊥Û∥∥2 (5.221)

and

∥∥Û>U− R
∥∥

F 6
∥∥S2 − Ir

∥∥
F =

∥∥Û>UU>Û− Ir
∥∥

F =
∥∥Û>U⊥U>⊥Û∥∥F 6

∥∥U>⊥Û∥∥2
F ,

(5.222)
which have finish the proof of Lemma 5.2.3.

Lemma 5.2.5. Under tensor regression model (3.2) withX(i1, i2, i3)
i.i.d.
∼ N(0, 1), Var(ξi) =

σ2 and ‖ξi‖ψ2 6 Cσ for some constant C > 0, if ‖T̃ − T‖2
F 6 C2prmaxσ

2/n, n(λmin/σ)
2 >
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C0(p
3/2 ∨ κ4

0pr
2
max) and n > C0(p

3/2 ∨ κ2
0pr

3
max) for some constants C0,C2 > 0, then there

exists some constants C1, c1,C3 > 0 such that with probability at least 1 − C1e
−c1p,∥∥∥sinΘ(Û(1)

j ,Uj)
∥∥∥ 6 C3

√
p/nσ/λmin, ∀j = 1, 2, 3,

where U(1)
j is the one-step alternating minimization defined in Algorithm 2.

Proof of Lemma 5.2.5. Without loss of generality, we assume σ = 1. By Assump-
tion 3.3.2 and (Zhang and Xia, 2018, Lemma 6), with probability 1 − C1e

−c1p,

∥∥Û(0)>
1⊥ T1

∥∥
F 6 2

∥∥T1 − T̂
(0)
1
∥∥

F 6 C
pr

n
.

By (Cai and Zhang, 2018, Lemma 1), we get with probability 1 − C1e
−c1p that

inf
O∈Or1

∥∥Û(0)
1 −U1O

∥∥
F 6
∥∥Û(0)

1 Û
(0)>
1 −U1U

>
1
∥∥

F =
√

2
∥∥ sinΘ(Û(0)

1 ,U1)
∥∥

F =
√

2
∥∥Û(0)>

1⊥ U1
∥∥

F

6
√

2 ‖Û(0)>
1⊥ T1‖F

‖G1(U>2 ⊗U>3 )‖
6 C

√
pr/n

‖G1‖
6 C

√
pr/n

λmin
.

Similarly, with the same probability, we get

∥∥Û(0)
2 Û

(0)>
2 −U2U

>
2
∥∥

F,
∥∥Û(0)

3 Û
(0)>
3 −U3U

>
3
∥∥

F 6 C

√
pr/n

λmin
.

Based on the two equations above, we can prove Lemma 5.2.5 by similar proof of
(5.119).

Lemma 5.2.6. There exists an ε-net Ōp,r = {U(j) ∈ Op,r, 1 6 j 6 N} in ‖ · ‖ norm with
cardinality N 6 ((4 + ε)/ε)

pr for Op,r. That is, for any U ∈ Op,r, there exists j ∈ [N]

such that ‖U−U(j)‖ 6 ε.

Proof of Lemma 5.2.6. By (Zhang and Xia, 2018, Lemma 7), forUp,r = {U ∈ Rp×r, ‖U‖ 6
1}, there exists an ε/2-net Ūp,r = {Ū(j) ∈ Rp×r, ‖Ū(j)‖ 6 1, 1 6 j 6 N} in ‖ · ‖
norm with N 6 ((4 + ε)/ε)pr for Up,r. Let U(j) ∈ arg minU∈Op,r

‖Ū(j) − U‖,
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1 6 j 6 N. For any U ∈ Op,r, there exists Ū(j) such that ‖Ū(j) − U‖ 6 ε/2.
Then ‖U(j) −U‖ 6 ‖Ū(j) −U‖+ ‖Ū(j) −U(j)‖ 6 2‖Ū(j) −U‖ 6 ε.

Lemma 5.2.7. SupposeZ ∈ Rp×q is a matrix with independent zero-meanσ-sub-Gaussian
entries. A ∈ Rm×p,B ∈ Rq×n satisfy ‖A‖, ‖B‖ 6 1,m 6 p,n 6 q. Then

P
(
‖AZB‖ > 2σ

√
m+ t

)
6 2 · 5n exp

[
−cmin

(
t2

m
, t
)]

. (5.223)

P
(
‖AZB‖F > σ

√
mn+ t

)
6 2 exp

[
−cmin

(
t2

mn
, t
)]

. (5.224)

Proof of Lemma 5.2.7. Without loss of generality, assume σ = 1. For fixed x ∈ Rn

satisfying ‖x‖2 = 1, we have AZBx = vec(AZBx) = (x>B>⊗A)vec(Z). Since Zij is
1-sub-Gaussian, we know that Var(Zij) 6 1. In addition,

E‖(x>B> ⊗A)vec(Z)‖2
2 =E

[
trace

(
vec(Z)>(x>B> ⊗A)>(x>B> ⊗A)vec(Z)

)]
=trace

[
E
(
(x>B> ⊗A)>(x>B> ⊗A)vec(Z)vec(Z)>

)]
=trace

[
(x>B> ⊗A)>(x>B> ⊗A)E

(
vec(Z)vec(Z)>

)]
6trace

(
(x>B> ⊗A)>(x>B> ⊗A)

)
=
∥∥x>B> ⊗A∥∥2

F = ‖Bx‖2
2‖A‖2

F 6 ‖x‖2
2‖A‖2

F

6m.
(5.225)

The first inequality holds since E
(
vec(Z)vec(Z)>

)
is a diagonal matrix with diago-

nal entries Var(Zij) 6 1; the last inequality is due to ‖A‖F 6 min{m,p}‖A‖2 6 m.
By Hanson-Wright inequality, we have

P
(
‖AZBx‖2

2 −m > t
)
6 2 exp

[
−cmin

(
t2

‖(Bxx>B>)⊗ (A>A)‖2
F

, t

‖(Bxx>B>)⊗ (A>A)‖

)]
.
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Since ‖x‖2 = 1 and ‖A‖, ‖B‖ 6 1,

‖(Bxx>B>)⊗ (A>A)‖2
F =‖Bxx>B>‖2

F‖A>A‖2
F = (x>B>Bx)2‖A>A‖2

F

6(x>x)2‖A>A‖2
F =

min{m,p}∑
i=1

σ4
i(A) 6 m,

‖(Bxx>B>)⊗ (A>A)‖ 6 ‖Bxx>B>‖‖A>A‖ 6 ‖xx>‖‖A>A‖ 6 1.

Thus, for fixed x satisfying ‖x‖2 = 1, we have

P
(
‖AZBx‖2

2 > m+ t
)
6 2 exp

[
−cmin

(
t2

m
, t
)]

. (5.226)

By Vershynin (2010)[Lemma 5.2], there exists N1/2, a 1/2-net of {x ∈ Rn : ‖x‖2 = 1},
such that

∣∣N1/2
∣∣ 6 5n. The union bound, Vershynin (2010)[Lemma 5.2] and (5.226)

together imply that

P
(
‖AZB‖ > 2

√
m+ t

)
6 P

(
max
x∈N1/2

‖AZBx‖2 >
√
m+ t

)
6 2 · 5n exp

[
−cmin

(
t2

m
, t
)]

.

For ‖AZB‖F, note that AZB = (B> ⊗A)vec(Z), Similarly to (5.225), we have

E‖(B> ⊗A)vec(Z)‖2
2 =E

[
vec(Z)>(B> ⊗A)>(B> ⊗A)vec(Z)

]
=Etrace

[
vec(Z)>(B> ⊗A)>(B> ⊗A)vec(Z)

]
=traceE

[
(B> ⊗A)>(B> ⊗A)vec(Z)vec(Z)>

]
=trace

[
(B> ⊗A)>(B> ⊗A)E

(
vec(Z)vec(Z)>

)]
6trace

[
(B> ⊗A)>(B> ⊗A)

]
=‖B> ⊗A‖2

F = ‖B‖2
F‖A‖2

F

6mn.
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By Hanson-Wright inequality, we have

P
(
‖AZB‖2

F −mn > t
)
6 2 exp

[
−cmin

(
t2

‖(BB>)⊗ (A>A)‖2
F

, t

‖(BB>)⊗ (A>A)‖

)]
.

Since ‖A‖, ‖B‖ 6 1, we have

‖(BB>)⊗ (A>A)‖F =
√
‖A>A‖2

F‖BB>‖2
F =

√√√√min{m,p}∑
i=1

σ4
i(A)

min{q,n}∑
i=1

σ4
i(B) 6

√
mn,

‖(BB>)⊗ (A>A)‖ 6 1.

Therefore,

P
(
‖AZB‖2

F > mn+ t
)
6 2 exp

[
−cmin

(
t2

mn
, t
)]

.

Lemma 5.2.8. For the class of low-rank tensors under the Frobenius norm Xp,r = {A ∈
Rp1×p2×p3 : rank(Mi(A)) 6 ri, i ∈ [3], ‖A‖F 6 1}, there exists

X̄p,r = {A(1), . . . ,A(N)} (5.227)

with N 6 ((8 + ε)/ε)r1r2r3+
∑3
i=1 piri satisfying A(i) ∈ Rp1×p2×p3 : ‖A(i)‖F 6 1, such

that for all A ∈ Xp,r, there exists i ∈ [N] satisfying ‖A(i) −A‖F 6 ε.

Proof of Lemma 5.2.8. By (Zhang and Xia, 2018, Lemma 7), there exist ε/4-nets X̄pi,ri
for Xpi,ri = {U ∈ Rpi×ri : ‖U‖ 6 1} under the spectral norm with cardinality at
most ((8 + ε)/ε)piri , i ∈ [3], and X̄r1,r2r3 for Xr1,r2r3 = {B ∈ Rr1×(r2r3) : ‖B‖F 6 1}
under the Frobenius norm with cardinality at most ((8 + ε)/ε)r1r2r3 . Let

X̄p,r = {B×1 U1 ×2 U2 ×3 U3 : Ui ∈ X̄pi,ri ,M1(B) ∈ X̄r1,r2r3}.

For any A ∈ Xp,r, there exist Ui ∈ Xpi,ri and D1 ∈ Xr1,r2r3 such that M1(A) =

V1D1(V
>
2 ⊗ V>3 ). Then we can find U∗i ∈ X̄pi,ri and B∗ ∈ Rr1×r2×r3 ,B∗1 = M1(B

∗) ∈



238

X̄r1,r2r3 , and B∗ ×1 U
∗
1 ×2 U

∗
2 ×3 U

∗
3 ∈ X̄p,r satisfying

‖A−B∗ ×1 U
∗
1 ×2 U

∗
2 ×3 U

∗
3‖F

=‖V1D1(V
>
2 ⊗ V>3 ) −U∗1B

∗
1(U

∗>
2 ⊗U∗>3 )‖F

6‖(V1 −U
∗
1)D1(V

>
2 ⊗ V>3 )‖F + ‖U∗1(D1 − B

∗
1)(V

>
2 ⊗ V>3 )‖F + ‖U∗1B∗1((V2 −U

∗
2)
> ⊗ V>3 )‖F

+ ‖U∗1B∗1(U∗>2 ⊗ (V3 −U
∗
3)
>)‖F

6‖V1 −U
∗
1‖‖V2‖‖V3‖‖D1‖F + ‖U∗1‖‖V2‖‖V3‖‖D1 − B

∗
1‖F + ‖U∗1‖‖V2 −U

∗
2‖‖V3‖‖B∗1‖F

+ ‖U∗1‖‖U∗2‖‖V3 −U
∗
3‖‖B∗1‖F

6
ε

4 +
ε

4 +
ε

4 +
ε

4 = ε.

Notice that |X̄p,r| 6 |X̄p1,r1 ||X̄p2,r2 ||X̄p3,r3 ||X̄r1,r2r3 | 6 ((8+ε)/ε)r1r2r3+
∑3
i=1 piri , we have

finished the proof of Lemma 5.2.8.

Lemma 5.2.9. (1) Suppose X ∈ Rp1×p2 ,X(i1, i2)
i.i.d.
∼ N(0, 1) and X1, . . . ,Xn are i.i.d.

copies of X. Then there exist two universal constants C,C1 > 0 such that for any
fixed U ∈ Op1,r1 ,V ∈ Op2,r2 and ∆ ∈ Rp1×p2 ,

P

(∥∥∥∥∥ 1
n

n∑
i=1

〈Xi,∆〉U>XiV −U>∆V

∥∥∥∥∥ > C‖∆‖Ft

)
6 2 · 7r1+r2e−C1 min{nt2,nt}.

(5.228)

(2) Suppose X ∈ Rp1×p2×p3 ,X(i1, i2, i3)
i.i.d.
∼ N(0, 1) and X1, . . . ,Xn are i.i.d. copies of

X. Then

P

 sup
Ui∈Rpi×ri ,‖Ui‖61

A∈Rp1×p2×p3 ,‖A‖F61
rank(A)6(r̄1,r̄2,r̄3)

∥∥∥∥∥ 1
n

n∑
i=1

〈Xi,A〉M1(Xi)(U2 ⊗U3) −M1(A)(U2 ⊗U3)

∥∥∥∥∥ > Ct


62 · 7p1+r2r39p2r2+p3r333r̄1r̄2r̄3+
∑3
i=1 pir̄ie−C1 min{nt2,nt}.

Proof of Lemma (5.2.9). (1) We only need to show that (5.228) holds for any fixed
U ∈ Op1,r1 ,V ∈ Op2,r2 . For any fixed a ∈ Rr1 ,b ∈ Rr2 satisfying ‖a‖2 =
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1, ‖b‖2 = 1, notice that E[〈Xi,∆〉Xi] = ∆ for i ∈ [n], we have

E[〈Xi,∆〉a>U>XiVb] = a>U>∆Vb, ∀i ∈ [n].

For any random variable Y1 and Y2, by Cauchy-Schwarz inequality, we have

‖Y1Y2‖ψ1 6C sup
q>1

1
q
(E|Y1Y2|

q)1/q 6 C

[
sup
q>1

1√
2q
(
E|Y1|

2q) 1
2q

][
sup
q>1

1√
2q
(
E|Y1|

2q) 1
2q

]
6C‖Y1‖ψ2‖Y2‖ψ2 .

(5.229)

Since 〈Xi,∆〉 ∼ N(0, ‖∆‖2
F) and a>U>XiVb ∼ N(0, 1), by (Vershynin, 2010,

Remark 5.18) and the above inequality, we have∥∥〈Xi,∆〉a>U>XiVb− a>U>∆Vb∥∥ψ1

6C
∥∥〈Xi,∆〉a>U>XiVb∥∥ψ1

6C‖〈Xi,∆〉‖ψ2‖a
>U>XiVb‖ψ2

6C‖∆‖F.

By Bernstein-type inequality, we have

P

(∣∣∣∣∣
n∑
i=1

1
n

(
〈Xi,∆〉a>U>XiVb− a>U>∆Vb

)∣∣∣∣∣ > C‖∆‖Ft

)
6 2 exp

[
−C1 min{nt2,nt}

]
.

By (Vershynin, 2010, Lemma 5.2), there exist a 1/3-net N1 for Sr1−1 = {x : x ∈
Rr1 , ‖x‖2 = 1} with cardinality at most 7r1 and a 1/3-net N2 for Sr2−1 = {x :

x ∈ Rr2 , ‖x‖2 = 1} with cardinality at most 7r2 . By the union bound, we have

P

(
sup

a∈N1,b∈N2

∣∣∣∣∣a>
[
n∑
i=1

1
n

(
〈Xi,∆〉U>XiV −U>∆V

)]
b

∣∣∣∣∣ > C‖∆‖Ft

)
6 2·7r1+r2e−C1 min{nt2,nt}.

(5.230)
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Let a∗ ∈ Sr1−1 and b∗ ∈ Sr2−1 satisfy∣∣∣∣∣a∗>
[
n∑
i=1

1
n

(
〈Xi,∆〉U>XiV −U>∆V

)]
b∗

∣∣∣∣∣
= sup
a∈Sr1−1,b∈Sr2−1

∣∣∣∣∣a>
[
n∑
i=1

1
n

(
〈Xi,∆〉U>XiV −U>∆V

)]
b

∣∣∣∣∣ .
Then there exist ã ∈ N1 and b̃ ∈ N2 such that ‖ã− a∗‖ 6 1

3 and
∥∥b̃− b∗∥∥ 6 1

3 .
Therefore,∥∥∥∥∥

n∑
i=1

1
n

(
〈Xi,∆〉U>XiV −U>∆V

)∥∥∥∥∥
=

∣∣∣∣∣a∗>
[
n∑
i=1

1
n

(
〈Xi,∆〉U>XiV −U>∆V

)]
b∗

∣∣∣∣∣
6

∣∣∣∣∣ã>
[
n∑
i=1

1
n

(
〈Xi,∆〉U>XiV −U>∆V

)]
b̃

∣∣∣∣∣+
∣∣∣∣∣(a∗ − ã)>

[
n∑
i=1

1
n

(
〈Xi,∆〉U>XiV −U>∆V

)]
b̃∗

∣∣∣∣∣
+

∣∣∣∣∣a∗>
[
n∑
i=1

1
n

(
〈Xi,∆〉U>XiV −U>∆V

)] (
b∗ − b̃

)∣∣∣∣∣
6 sup
a∈N1,b∈N2

∣∣∣∣∣a>
[
n∑
i=1

1
n

(
〈Xi,∆〉U>XiV −U>∆V

)]
b

∣∣∣∣∣+ 2
3

∥∥∥∥∥
n∑
i=1

1
n

(
〈Xi,∆〉U>XiV −U>∆V

)∥∥∥∥∥ ,

which means that∥∥∥∥∥
n∑
i=1

1
n

(
〈Xi,∆〉U>XiV −U>∆V

)∥∥∥∥∥ 6 3 sup
a∈N1,b∈N2

∣∣∣∣∣a>
[
n∑
i=1

1
n

(
〈Xi,∆〉U>XiV −U>∆V

)]
b

∣∣∣∣∣ .
(5.231)

Combining the previous inequality and (5.230), we have proved the first part.

(2) For fixed Ui ∈ Rpiri and A ∈ Rp1×p2×p3 satisfying ‖Ui‖ 6 1 and ‖A‖F 6 1, by
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(5.228), we have

P

(∥∥∥∥∥ 1
n

n∑
i=1

〈Xi,A〉M1(Xi)(U2 ⊗U3) −M1(A)(U2 ⊗U3)

∥∥∥∥∥ > Ct
)
6 2·7p1+r2r3e−C1 min{nt2,nt}.

By (Zhang and Xia, 2018, Lemma 7), there exist 1/4-nets X̄pi,ri for Xpi,ri =

{U ∈ Rpi×ri : ‖U‖ 6 1} with cardinality at most 9piri . Therefore, by the union
bound, we have

P

 sup
Ui∈X̄pi ,ri
A∈X̄p,r̄

∥∥∥∥∥ 1
n

n∑
i=1

〈Xi,A〉U>1 M1(Xi)(U2 ⊗U3) −U
>
1 M1(A)(U2 ⊗U3)

∥∥∥∥∥ > Ct


62 · 7p1+r2r39p2r2+p3r333r̄1r̄2r̄3+
∑3
i=1 pir̄ie−C1 min{nt2,nt},

where X̄p,r̄ is defined in (5.227) with ε = 1/5.
Similarly to (5.231), we have

sup
Ui∈Rpi×ri ,‖Ui‖61

A∈Rp1×p2×p3 ,‖A‖F61
rank(A)6(r̄1,r̄2,r̄3)

∥∥∥∥∥ 1
n

n∑
i=1

〈Xi,A〉U>1 M1(Xi)(U2 ⊗U3) −U
>
1 M1(A)(U2 ⊗U3)

∥∥∥∥∥
64 sup

Ui∈X̄pi ,ri
A∈X̄p,r

∥∥∥∥∥ 1
n

n∑
i=1

〈Xi,A〉U>1 M1(Xi)(U2 ⊗U3) −U
>
1 M1(A)(U2 ⊗U3)

∥∥∥∥∥ .

By combining the two previous inequalities together, we have finished the
proof of the second part.

Lemma 5.2.10. (1) SupposeX ∈ Rp1×p2 is a matrix with independent entries satisfying
EXij = 0, Var(Xij) = 1, ‖Xij‖ψ2 6 C, andX1, . . . ,Xn are i.i.d. copies ofX. Suppose
ξ1, . . . , ξn are independent zero-mean Cσ-sub-Gaussian random variables. For any
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fixed U ∈ Op1,r1 and V ∈ Op2,r2 , we have

P

(∥∥∥∥∥
n∑
i=1

ξiU
>XiV

∥∥∥∥∥ > C2
√
n
√
r1 + r2 + xσ

)
6 e−C1x + e−c1n.

P

(∥∥∥∥∥
n∑
i=1

ξiU
>XiV

∥∥∥∥∥
F

> C2
√
n
√
r1r2 + xσ

)
6 e−C1x + e−c1n.

(2) Suppose X ∈ Rp1×p2×p3 is a tensor with independent entries satisfying EXijk =

0, Var(Xijk) = 1, ‖Xijk‖ψ2 6 C, and X1, . . . ,Xn are i.i.d. copies of X. Suppose
ξ1, . . . , ξn are independent zero-mean Cσ-sub-Gaussian random variables. Let p =

maxj=1,2,3 pj and r = max{r1, r2, r3}. Suppose r 6 √p. Then for fixed Vi ∈ Opi,ri ,

P

(∥∥∥∥∥
n∑
i=1

ξiV
>
1 M1(Xi)(V2 ⊗ V3)

∥∥∥∥∥ > C2
√
n
√
r1 + r2r3 + log(p)σ

)
6 p−C1+e−c1n.

(5.232)

P

(∥∥∥∥∥
n∑
i=1

ξiV
>
1 M1(Xi)(V2 ⊗ V3)

∥∥∥∥∥
F

> C2
√
n
√
r1r2r3 + log(p)σ

)
6 p−C1 + e−c1n.

(5.233)

Moreover,

P

(
sup

Vi∈Opi ,ri

∥∥∥∥∥
n∑
i=1

ξiV
>
1 M1(Xi)(V2 ⊗ V3)

∥∥∥∥∥ > C2
√
nprσ

)
6 e−C1pr + e−C1n.

(5.234)

P

(
sup

Vi∈Opi ,ri

∥∥∥∥∥
n∑
i=1

ξiV
>
1 M1(Xi)(V2 ⊗ V3)

∥∥∥∥∥
F

> C2
√
nprσ

)
6 e−C1pr + e−C1n.

(5.235)

(3) Suppose the conditions in (2) holds and p1 > r2r3 > r1. Then for fixed V2 ∈ Op2,r2
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and V3 ∈ Op3,r3 and V4 ∈ Or2r3,r1 ,

P

(
sup

Vi∈Opi ,ri

∥∥∥∥∥
n∑
i=1

ξiM1(Xi)(V2 ⊗ V3)V4

∥∥∥∥∥ > C2
√
npσ

)
6 e−C1p + e−C1n.

P

(
sup

Vi∈Opi ,ri

∥∥∥∥∥
n∑
i=1

ξiM1(Xi)(V2 ⊗ V3)V4

∥∥∥∥∥
F

> C2
√
nprσ

)
6 e−C1pr + e−C1n.

In addition,

P

 sup
Vi∈Opi ,ri ,i=2,3
V4∈Or2r3,r1

∥∥∥∥∥
n∑
i=1

M1(Xi)(V2 ⊗ V3)V4

∥∥∥∥∥ > C2
√
nprσ

 6 e−C1pr + e−C1n.

P

 sup
Vi∈Opi ,ri ,i=2,3
V4∈Or2r3,r1

∥∥∥∥∥
n∑
i=1

M1(Xi)(V2 ⊗ V3)V4

∥∥∥∥∥
F

> C2
√
nprσ

 6 e−C1pr + e−C1n.

Proof of Lemma 5.2.10. Without loss of generality, we assume σ = 1. For any fixed
a = (a1, . . . ,an) ∈ Rn, noting that the entries of

∑n
i=1 aiXi are independent C‖a‖2-

sub-Gaussian random variables with mean 0 and variance ‖a‖2
2. By Lemma 5.2.7,

for any x > 0,

P

(∥∥∥∥∥
n∑
i=1

aiU
>XiV

∥∥∥∥∥ > C‖a‖2
√
r1 + r2 + x

)
6 e−C1x.

P

(∥∥∥∥∥
n∑
i=1

aiU
>XiV

∥∥∥∥∥
F

> C‖a‖2
√
r1r2 + x

)
6 e−C1x.

Therefore,

P

(∥∥∥∥∥
n∑
i=1

ξiU
>XiV

∥∥∥∥∥ > C‖ξ‖2
√
r1 + r2 + x

∣∣∣∣ξ1, . . . , ξn

)
6 e−C1x. (5.236)
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P

(∥∥∥∥∥
n∑
i=1

ξiU
>XiV

∥∥∥∥∥
F

> C‖ξ‖2
√
r1r2 + x

∣∣∣∣ξ1, . . . , ξn

)
6 e−C1x. (5.237)

By Bernstein-type inequality ((Vershynin, 2010, Proposition 5.16)),

P
(
‖ξ‖2 > C

√
n
)
6 e−C1n. (5.238)

Thus we have

P

(∥∥∥∥∥
n∑
i=1

ξiU
>XiV

∥∥∥∥∥ > C√n√r1 + r2 + x

)
6 e−C1x + e−C1n.

P

(∥∥∥∥∥
n∑
i=1

ξiU
>XiV

∥∥∥∥∥
F

> C
√
n
√
r1r2r3 + x

)
6 e−C1x + e−C1n.

By setting x = log(p),U = U1,Xi = M(Xi) and V = U2 ⊗ U3 in the previous two
inequalities, we have proved (5.232) and (5.233), respectively.

By setting t = C√pr in (5.236) and (5.237) and using Lemma 5.2.6, (5.238) and
the ε-net argument, we have (5.234) and (5.235).

Similarly, we can prove the inequalities in Part 3.

Proof of Lemma 3.3.2. By the definition of ψα-norm,

E
[

exp
(∣∣∣∣XiKi

∣∣∣∣αi)] 6 2, ∀i ∈ [n].

By the weighted AM-GM inequality, we have

∣∣∣∣∏n
i=1 Xi∏n
i=1 Ki

∣∣∣∣ 1∑n
i=1

1
αi 6

n∑
i=1

1
αi∑n
i=1

1
αi

∣∣∣∣XiKi
∣∣∣∣αi ,
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and

exp
(∣∣∣∣∏n

i=1 Xi∏n
i=1 Ki

∣∣∣∣ 1∑n
i=1

1
αi

)
6 exp

(
n∑
i=1

1
αi∑n
i=1

1
αi

∣∣∣∣XiKi
∣∣∣∣αi
)

=

n∏
i=1

exp
(

1
αi∑n
j=1

1
αj

∣∣∣∣XiKi
∣∣∣∣αi
)

6
n∑
i=1

1
αi∑n
j=1

1
αj

exp
(∣∣∣∣XiKi

∣∣∣∣αi) .

By taking expectations on both sides, we have

E

[
exp

(∣∣∣∣∏n
i=1 Xi∏n
i=1 Ki

∣∣∣∣ 1∑n
i=1

1
αi

)]
6

n∑
i=1

1
αi∑n
j=1

1
αj

E
[

exp
(∣∣∣∣XiKi

∣∣∣∣αi)] 6 2,

which has finished the proof of Lemma (3.3.2)

Proof of Lemma 3.3.3. Since 〈Zi,Mi〉
‖Mi‖F

∼ N(0, 1), ‖ 1
‖Mi‖F

〈Zi,Mi〉‖ψ2 6 C. Notice that
‖Zi‖2

F ∼ χ2
pr by (Wainwright, 2019, Example 2.8), we have

E
(
et(‖Zi‖

2
F−pr)

)
6 e2prt2 , ∀|t| < 1

4.

Set t =
√

log(2)
2pr 6 1/4, we have

E

(
e
‖Zi‖

2
F−pr√

2pr/ log(2)

)
6 2.

Therefore,
∥∥‖Zi‖2

F − pr
∥∥
ψ1
6 C
√
pr. By Lemma 3.3.2,∥∥∥∥(‖Zi‖2

F − pr)
〈Zi,Mi〉
‖Mi‖F

∥∥∥∥
ψ2/3

6

∥∥∥∥ 1
‖Mi‖F

〈Zi,Mi〉
∥∥∥∥
ψ2

∥∥‖Zi‖2
F − pr

∥∥
ψ1
6 C
√
pr.
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Since

E

(
n∑
i=1

(‖Zi‖2
F − pr)〈Zi,Mi〉

)
= 0,

by (Hao et al., 2020, Lemma 8), with probability at least 1 − p−C1 ,

∣∣∣∣∣
n∑
i=1

(‖Zi‖2
F − pr)〈Zi,Mi〉

∣∣∣∣∣ 6 C√pr
( n∑

i=1

‖Mi‖2
F

)1/2√
log(p) +

(
max

16i6n
‖Mi‖F

)
(log(p))3/2

 .

In addition, since
∑n
i=1〈Zi,Mi〉 ∼ N(0,

∑n
i=1 ‖Mi‖2

F),

P

∣∣∣∣∣pr
n∑
i=1

〈Zi,Mi〉

∣∣∣∣∣ > Cpr
(

n∑
i=1

‖Mi‖2
F

)1/2√
log(p)

 6 p−C1 .

By combining the previous two inequalities, we have finished the proof of Lemma
3.3.3.

Lemma 5.2.11. Suppose k and d are fixed numbers satisfying 1 6 k 6 d. Yp
d.→ N(0, Id)

as p → ∞. Then for any deterministic matrix array {Ap}
∞
p=1 satisfying Ap ∈ Od,k, we

have
A>pYp

d.→ N(0, Ik) as p→∞.

Proof of Lemma 5.2.11. By Skorohod’s theorem (Shao, 2003, Theorem 1.8), there
exist random vectors {Zp},Z defined on a common probability space such that
Z ∼ N(0, I3), Yp

d.
= Zp and Zp

a.s.→ Z as p→∞. Notice that

A>pZ ∼ N(0, 1)

and

‖A>p (Zp − Z)‖2 6 ‖Ap‖‖Zp − Z‖2 = ‖Zp − Z‖2
a.s.→ 0 as p→∞,
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we have

A>pYp
d.→ A>pZp = A>pZ+A>p (Zp − Z)

d.→ N(0, Ik) as p→∞.

5.3 Appendix to Chapter 4

We collect all technical proofs of Chapter 4 in this section.

5.3.1 Proof of Theorem 4.1

For convenience, let Ûi, V̂i, Ri and R̃i denote Û(0)
i , V̂(1)

i , R(0)
i and R̃(0)

i , respectively.
By Lemma 4.3.1 and

Ip2···pd − P(V̂d⊗Ip2...pd−1)···(V̂3⊗Ip2)V̂2

=P(V̂d⊗Ip2...pd−1)···(V̂3⊗Ip2)V̂2⊥
+ P(V̂d⊗Ip2...pd−1)···(V̂4⊗Ip2p3)(V̂3⊥⊗Ip2)

+ · · ·+ PV̂d⊥⊗Ip2...pd−1
,

we have∥∥∥X̂(1)
−X

∥∥∥2

F

=
∥∥∥[[Y]1(V̂d ⊗ Ip2...pd−1) · · · (V̂3 ⊗ Ip2)V̂2

]
V̂>2 (V̂>3 ⊗ Ip2) · · · (V̂

>
d ⊗ Ip2...pd−1) − [X]1

∥∥∥2

F

=
∥∥∥[Z]1P(V̂d⊗Ip2...pd−1)···(V̂3⊗Ip2)V̂2

+ [X]1P(V̂d⊗Ip2...pd−1)···(V̂3⊗Ip2)V̂2
− [X]1

∥∥∥2

F

6C

(∥∥∥[Z]1P(V̂d⊗Ip2...pd−1)···(V̂3⊗Ip2)V̂2

∥∥∥2

F
+
∥∥∥[X]1P(V̂d⊗Ip2...pd−1)···(V̂3⊗Ip2)V̂2⊥

∥∥∥2

F

+
∥∥∥[X]1P(V̂d⊗Ip2...pd−1)···(V̂4⊗Ip2p3)(V̂3⊥⊗Ip2)

∥∥∥2

F
+ · · ·+

∥∥∥[X]1PV̂d⊥⊗Ip2...pd−1

∥∥∥2

F

)
6C

(∥∥∥[Z]1(V̂d ⊗ Ip2...pd−1) · · · (V̂3 ⊗ Ip2)V̂2

∥∥∥2

F
+
∥∥∥[X]1(V̂d ⊗ Ip2...pd−1) · · · (V̂3 ⊗ Ip2)V̂2⊥

∥∥∥2

F
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+
∥∥∥[X]1(V̂d ⊗ Ip2...pd−1) · · · (V̂4 ⊗ Ip2p3)(V̂3⊥ ⊗ Ip2)

∥∥∥2

F
+ · · ·+

∥∥∥[X]1(V̂d⊥ ⊗ Ip2...pd−1)
∥∥∥2

F

)
.

(5.239)

To prove (4.9), we only need to show that for all 2 6 k 6 d,∥∥∥[X]1(V̂d ⊗ Ip2...pd−1) · · · (V̂k+1 ⊗ Ip2···pk)(V̂k⊥ ⊗ Ip2···pk−1)
∥∥∥

F

6C
∥∥∥Û>k−1(Ipk−1 ⊗ Û

>
k−2) · · · (Ip2···pk−1 ⊗ Û

>
1 )[Z]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)

∥∥∥
F

,

(5.240)

where

[X]1(V̂d⊗Ip2...pd−1) · · · (V̂k+1⊗Ip2···pk)(V̂k⊥⊗Ip2···pk−1) = [X]1(V̂d⊗Ip2...pd−1) · · · (V̂3⊗Ip2)V̂2⊥

if k = 2 and

[X]1(V̂d ⊗ Ip2...pd−1) · · · (V̂k+1 ⊗ Ip2···pk)(V̂k⊥ ⊗ Ip2···pk−1) = [X]1(V̂d⊥ ⊗ Ip2...pd−1)

if k = d.
By Lemma 4.3.2, we have∥∥∥[X]1(V̂d ⊗ Ip2...pd−1) · · · (V̂k+1 ⊗ Ip2···pk)(V̂k⊥ ⊗ Ip2···pk−1)

∥∥∥
F

=
∥∥∥[A(p2···pk−1,p1)]>([X]k−1 ⊗ Ip2···pk−1)(V̂d ⊗ Ip2...pd−1) · · · (V̂k+1 ⊗ Ip2···pk)(V̂k⊥ ⊗ Ip2···pk−1)

∥∥∥
F

=
∥∥∥[A(p2···pk−1,p1)]>

((
[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

)
⊗ Ip2···pk−1

)∥∥∥
F

=
∥∥∥[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F

.

(5.241)

The third equation holds since the realignment doesn’t change the Frobenious
norm.
Moreover, recall that U1 ∈ Rp1×r1 is the left singular space of [X]1, and Ũj ∈
Rpjrj−1×rj is the left singular space of (Ipj⊗Û>j−1)(Ipj−1pj⊗Û>j−2) · · · (Ip2···pj⊗Û>1 )[X]j
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for 2 6 j 6 d− 1, by Lemma 4.3.2, for any 2 6 k 6 d− 1,

[X]k =(Ip2···pk ⊗ [X]1)A
(p2···pk,pk+1···pd)

=(Ip2···pk ⊗ PU1 [X]1)A
(p2···pk,pk+1···pd)

=(Ip2···pk ⊗ PU1)(Ip2···pk ⊗ [X]1)A
(p2···pk,pk+1···pd)

=(Ip2···pk ⊗ PU1)[X]k,

(5.242)

and for any 2 6 j < k,

(Ipj···pk ⊗ Û>j−1)(Ipj−1···pk ⊗ Û
>
j−2) · · · (Ip2···pk ⊗ Û

>
1 )[X]k

=(Ipj···pk ⊗ Û>j−1)(Ipj−1···pk ⊗ Û
>
j−2) · · · (Ip2···pk ⊗ Û

>
1 )(Ipj+1···pk ⊗ [X]j)A

(pj+1···pk,pk+1···pd)

=
(
Ipj+1···pk ⊗

[
(Ipj ⊗ Û>j−1)(Ipj−1pj ⊗ Û

>
j−2) · · · (Ip2···pj ⊗ Û

>
1 )[X]j

])
A(pj+1···pk,pk+1···pd)

=
(
Ipj+1···pk ⊗

[
PŨj(Ipj ⊗ Û

>
j−1)(Ipj−1pj ⊗ Û

>
j−2) · · · (Ip2···pj ⊗ Û

>
1 )[X]j

])
A(pj+1···pk,pk+1···pd)

=(Ipj+1···pk ⊗ PŨj)(Ipj···pk ⊗ Û
>
j−1)(Ipj−1···pk ⊗ Û

>
j−2) · · · (Ip2···pk ⊗ Û

>
1 )(Ipj+1···pk ⊗ [X]j)

·A(pj+1···pk,pk+1···pd)

=(Ipj+1···pk ⊗ PŨj)(Ipj···pk ⊗ Û
>
j−1)(Ipj−1···pk ⊗ Û

>
j−2) · · · (Ip2···pk ⊗ Û

>
1 )[X]k,

(5.243)

where A(i,j) is defined in (4.5) for any i, j > 0.
Therefore, by (5.242),∥∥∥[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F

=
∥∥∥(Ip2···pk−1 ⊗ PU1)[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F

=
∥∥∥(Ip2···pk−1 ⊗U

>
1 )[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F

6
∥∥∥(Ip2···pk−1 ⊗ Û

>
1 )(Ip2···pk−1 ⊗U1)(Ip2···pk−1 ⊗U

>
1 )[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F

· s−1
min

(
(Ip2···pk−1 ⊗ Û

>
1 )(Ip2···pk−1 ⊗U1)

)
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=
∥∥∥(Ip2···pk−1 ⊗ Û

>
1 )[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F
· s−1

min(Û
>
1 U1).

(5.244)

The inequality holds since ‖B‖F 6 ‖AB‖F · s−1
min(A) for any invertible matrix A ∈

Rm1×m1 and B ∈ Rm1×m2 ; in the last step, we used (Ip2···pk−1 ⊗ U1)(Ip2···pk−1 ⊗
U>1 )[X]k−1 = (Ip2···pk−1 ⊗ PU1)[X]k−1 = [X]k−1. Similarly to (5.244), by (5.243), for
1 6 j 6 k− 2,∥∥∥(Ipj+1···pk−1 ⊗ Û

>
j ) · · · (Ip2···pk−1 ⊗ Û

>
1 )[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F

=

∥∥∥∥(Ipj+2···pk−1 ⊗ PŨj+1
)(Ipj+1···pk−1 ⊗ Û

>
j ) · · · (Ip2···pk−1 ⊗ Û

>
1 )[X]k−1

· (V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥
∥∥∥∥

F

=

∥∥∥∥(Ipj+2···pk−1 ⊗ Ũ
>
j+1)(Ipj+1···pk−1 ⊗ Û

>
j ) · · · (Ip2···pk−1 ⊗ Û

>
1 )[X]k−1

· (V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥
∥∥∥∥

F

6

∥∥∥∥(Ipj+2···pk−1 ⊗ Û
>
j+1)(Ipj+1···pk−1 ⊗ Û

>
j ) · · · (Ip2···pk−1 ⊗ Û

>
1 )[X]k−1

· (V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥
∥∥∥∥

F
· s−1

min(Û
>
j+1Ũj+1). (5.245)

By (5.244) and (5.245),∥∥∥[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥
∥∥∥

F

6
∥∥∥(Ip2···pk−1 ⊗ Û

>
1 )[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F
s−1

min(Û
>
1 U1)

6
∥∥∥(Ip3···pk−1 ⊗ Û

>
2 )(Ip2···pk−1 ⊗ Û

>
1 )[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F

· s−1
min(U

>
1 Û1)s

−1
min(Ũ

>
2 Û2)

6 . . .

6
∥∥∥Û>k−1(Ipk−1 ⊗ Û

>
k−2) · · · (Ip2···pk−1 ⊗ Û

>
1 )[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F
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· s−1
min(U

>
1 Û1)s

−1
min(Ũ

>
2 Û2) · · · s−1

min(Ũ
>
k−1Ûk−1)

6
∥∥∥Û>k−1(Ipk−1 ⊗ Û

>
k−2) · · · (Ip2···pk−1 ⊗ Û

>
1 )[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F

·

(
1√

1 − c2
0

)k−1

6C
∥∥∥Û>k−1(Ipk−1 ⊗ Û

>
k−2) · · · (Ip2···pk−1 ⊗ Û

>
1 )[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F

.

(5.246)

By the definition of V̂k ∈ R(pkrk)×rk−1 and Lemma 4.3.3, we know that V̂k is the
right singular space of

Û>k−1(Ipk−1 ⊗ Û
>
k−2) · · · (Ip2···pk−1 ⊗ Û

>
1 )[Y]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)

=Û>k−1(Ipk−1 ⊗ Û
>
k−2) · · · (Ip2···pk−1 ⊗ Û

>
1 )[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)

+ Û>k−1(Ipk−1 ⊗ Û
>
k−2) · · · (Ip2···pk−1 ⊗ Û

>
1 )[Z]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk),

Lemma 5.3.3 shows that∥∥∥Û>k−1(Ipk−1 ⊗ Û
>
k−2) · · · (Ip2···pk−1 ⊗ Û

>
1 )[X]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)V̂k⊥

∥∥∥
F

62
∥∥∥Û>k−1(Ipk−1 ⊗ Û

>
k−2) · · · (Ip2···pk−1 ⊗ Û

>
1 )[Z]k−1(V̂d ⊗ Ipk...pd−1) · · · (V̂k+1 ⊗ Ipk)

∥∥∥
F

.

(5.247)

Combine (5.241), (5.246) and (5.247) together, we know that (5.240) holds for all
2 6 k 6 d, which has finished the proof of Theorem 4.1.

5.3.2 Proof of Theorem 4.2

For i > 1, by the definition of X(2i) and Lemma 4.3.1, we have

∥∥∥Y− X̂
(2i)∥∥∥2

F
=
∥∥∥(Ip1···pd−1 − P(Ip2···pd−1⊗Û

(2i)
1 )···(Ipd−1⊗Û

(2i)
d−2)Û

(2i)
d−1

)
[Y]d−1

∥∥∥2

F

= ‖[Y]d−1‖2
F −

∥∥∥P
(Ip2···pd−1⊗Û

(2i)
1 )···(Ipd−1⊗Û

(2i)
d−2)Û

(2i)
d−1

[Y]d−1

∥∥∥2

F



252

= ‖Y‖2
F −

∥∥∥X̂(2i)∥∥∥2

F
.

Similarly, we have

∥∥∥Y− X̂
(2i−1)∥∥∥2

F
= ‖Y‖2

F −
∥∥∥X̂(2i−1)∥∥∥2

F
.

In addition, we have∥∥∥Y− X̂
(2i)∥∥∥2

F
= ‖[Y]d−1‖2

F −
∥∥∥P

(Ip2···pd−1⊗Û
(2i)
1 )···(Ipd−1⊗Û

(2i)
d−2)Û

(2i)
d−1

[Y]d−1

∥∥∥2

F

= ‖[Y]d−1‖2
F −

∥∥∥Û(2i)>
d−1 (Ipd−1 ⊗ Û

(2i)>
d−2 ) · · · (Ip2···pd−1 ⊗ Û

(2i)>
1 )[Y]d−1

∥∥∥2

F

= ‖[Y]1‖2
F −

∥∥∥Û(2i)>
d−1 (Ipd−1 ⊗ Û

(2i)>
d−2 ) · · · (Ip2···pd−1 ⊗ Û

(2i)>
1 )[Y]d−1V̂

(2i−1)
d

∥∥∥2

F

−
∥∥∥Û(2i)>

d−1 (Ipd−1 ⊗ Û
(2i)>
d−2 ) · · · (Ip2···pd−1 ⊗ Û

(2i)>
1 )[Y]d−1V̂

(2i−1)
d⊥

∥∥∥2

F

6 ‖[Y]1‖2
F −

∥∥∥Û(2i)>
d−1 (Ipd−1 ⊗ Û

(2i)>
d−2 ) · · · (Ip2···pd−1 ⊗ Û

(2i)>
1 )[Y]d−1V̂

(2i−1)
d

∥∥∥2

F

= ‖[Y]1‖2
F −

∥∥∥(Ipd−1 ⊗ Û
(2i)>
d−2 )(Ipd−2pd−1 ⊗ Û

(2i)>
d−3 ) · · · (Ip2···pd−1 ⊗ Û

(2i)>
1 )[Y]d−1V̂

(2i−1)
d

∥∥∥2

F
.

The last equation holds since Û(2i)
d−1 is the left singular space of (Ipd−1⊗Û

(2i)>
d−2 )(Ipd−2pd−1⊗

Û
(2i)>
d−3 ) · · · (Ip2···pd−1 ⊗ Û

(2i)>
1 )[Y]d−1V̂

(2i−1)
d .

For any B ∈ Rn×r and 1 6 l 6 r, we can check that the l-th columns of A(m,n)B

and (Im ⊗ B⊗ Im)A(m,r) are equal:

(A(m,n)B)[:,l] =

n∑
j=1

Bj,l

m∑
k=1

e
(m2n)
(k−1)mn+(j−1)m+k = ((Im ⊗ B⊗ Im)A(m,r))[:,l]

where e(m
2n)

(k−1)mn+(j−1)m+k is the ((k − 1)mn + (j − 1)m + k)-th canonical basis of
Rm2n and A(i,j) is defined in (4.5). Therefore,

A(m,n)B = (Im ⊗ B⊗ Im)A(m,r).
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By the last equation and Lemma 4.3.2, we have

(Ipd−1 ⊗ Û
(2i)>
d−2 )(Ipd−2pd−1 ⊗ Û

(2i)>
d−3 ) · · · (Ip2···pd−1 ⊗ Û

(2i)>
1 )[Y]d−1V̂

(2i−1)
d

=(Ipd−1 ⊗ Û
(2i)>
d−2 )(Ipd−2pd−1 ⊗ Û

(2i)>
d−3 ) · · · (Ip2···pd−1 ⊗ Û

(2i)>
1 )(Ipd−1 ⊗ [Y]d−2)A

(pd−1,pd)V̂
(2i−1)
d

=
(
Ipd−1 ⊗

(
Û

(2i)>
d−2 (Ipd−2 ⊗ Û

(2i)>
d−3 ) · · · (Ip2···pd−2 ⊗ Û

(2i)>
1 )[Y]d−2

))(
Ipd−1 ⊗ (V̂

(2i−1)
d ⊗ Ipd−1)

)
·A(pd−1,rd−1)

=
(
Ipd−1 ⊗

(
Û

(2i)>
d−2 (Ipd−2 ⊗ Û

(2i)>
d−3 ) · · · (Ip2···pd−2 ⊗ Û

(2i)>
1 )[Y]d−2(V̂

(2i−1)
d ⊗ Ipd−1)

))
A(pd−1,rd−1)

=Reshape
(
Û

(2i)>
d−2 (Ipd−2 ⊗ Û

(2i)>
d−3 ) · · · (Ip2···pd−2 ⊗ Û

(2i)>
1 )[Y]d−2(V̂

(2i−1)
d ⊗ Ipd−1), rd−2pd−1, rd−1

)
.

Since the realignment does not change the Frobenius norm, we have

∥∥∥Y− X̂
(2i)∥∥∥2

F
6 ‖[Y]1‖2

F−
∥∥∥Û(2i)>

d−2 (Ipd−2 ⊗ Û
(2i)>
d−3 ) · · · (Ip2···pd−2 ⊗ Û

(2i)>
1 )[Y]d−2(V̂

(2i−1)
d ⊗ Ipd−1)

∥∥∥2

F
.

(5.248)

By similar proof of (5.248), we have

∥∥∥Y− X̂
(2i)∥∥∥2

F

6 ‖[Y]1‖2
F −

∥∥∥Û(2i)>
d−2 (Ipd−2 ⊗ Û

(2i)>
d−3 ) · · · (Ip2···pd−2 ⊗ Û

(2i)>
1 )[Y]d−2(V̂

(2i−1)
d ⊗ Ipd−1)

∥∥∥2

F

= ‖[Y]1‖2
F −

∥∥∥Û(2i)>
d−2 (Ipd−2 ⊗ Û

(2i)>
d−3 ) · · · (Ip2···pd−2 ⊗ Û

(2i)>
1 )[Y]d−2(V̂

(2i−1)
d ⊗ Ipd−1)V̂

(2i−1)
d−1

∥∥∥2

F

−
∥∥∥Û(2i)>

d−2 (Ipd−2 ⊗ Û
(2i)>
d−3 ) · · · (Ip2···pd−2 ⊗ Û

(2i)>
1 )[Y]d−2(V̂

(2i−1)
d ⊗ Ipd−1)V̂

(2i−1)
d−1⊥

∥∥∥2

F

6 ‖[Y]1‖2
F −

∥∥∥Û(2i)>
d−2 (Ipd−2 ⊗ Û

(2i)>
d−3 ) · · · (Ip2···pd−2 ⊗ Û

(2i)>
1 )[Y]d−2(V̂

(2i−1)
d ⊗ Ipd−1)V̂

(2i−1)
d−1

∥∥∥2

F

= ‖[Y]1‖2
F −

∥∥∥(Ipd−2 ⊗ Û
(2i)>
d−3 ) · · · (Ip2···pd−2 ⊗ Û

(2i)>
1 )[Y]d−2(V̂

(2i−1)
d ⊗ Ipd−1)V̂

(2i−1)
d−1

∥∥∥2

F

6 · · ·

6 ‖[Y]1‖2
F −

∥∥∥[Y]1(V̂(2i−1)
d ⊗ Ip2...pd−1) · · · (V̂

(2i−1)
3 ⊗ Ip2)V̂

(2i−1)
2

∥∥∥2

F

=
∥∥∥[Y]1 (Ip2···pd − P(V̂(2i−1)

d ⊗Ip2...pd−1)···(V̂
(2i−1)
3 ⊗Ip2)V̂

(2i−1)
2

)∥∥∥2

F
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=
∥∥∥Y− X̂

(2i−1)∥∥∥2

F
.

Similarly, we can prove (4.11) holds for k = 2i, i > 0.

5.3.3 Proof of Theorem 4.3

Without loss of generality, we assume σ2 = 1. We still let Ûi, V̂i, Ri and R̃i denote
Û

(0)
i , V̂(1)

i , R(0)
i and R̃(0)

i , respectively.
Lemma 5.3.2 Part 4 immediately shows that (4.15) holds with probability at least
1 − Ce−cp. Next, we show that with probability at least 1 − Ce−cp,

∥∥∥sinΘ(Ûk, Ũk)
∥∥∥ 6 C

√∑k−1
i=1 piri−1ri +

√
pkrk−1 +

√
pk+1 · · ·pd

λk
6

1
2, ∀1 6 k 6 d− 1.

(5.249)

Recall that
Û1 = SVDLr1

([Y]1), [Y]1 = [X]1 + [Z]1,

where [X]1 ∈ Rp1×p−1 satisfying rank([X]1) = r1, [Z]1 ∈ Rp1×p−1 , by Lemmas 5.3.3
and 5.3.2, with probability 1 − Ce−cp, we have

‖Û>1⊥[X]1‖ 6 2‖[Z]1‖ 6 C(p1/2
1 + (p2 · · ·pd)1/2).

Therefore, with probability at least 1 − Ce−cp,

∥∥∥sinΘ(Û1,U1)
∥∥∥ 6

∥∥∥Û>1⊥U1U
>
1 [X]1

∥∥∥
sr1(U

>
1 [X]1)

=

∥∥∥Û>1⊥[X]1

∥∥∥
sr1([X]1)

6 C
√
p1 +

√
p2 · · ·pd
λ1

.

For 2 6 i 6 j 6 d− 1, by the definition of Ũi and Lemma 4.3.2, we have

[X]j =(Ip2···pj ⊗ [X]1)A
(p2···pj,pj+1···pd) = (Ip2···pj ⊗ (PU1 [X]1))A

(p2···pj,pj+1···pd)

=(Ip2···pj ⊗ PU1)(Ip2···pj ⊗ [X]1)A
(p2···pj,pj+1···pd) = (Ip2···pj ⊗U1)(Ip2···pj ⊗U

>
1 )[X]j

(5.250)



255

and(
Ipi···pj ⊗ Û>i−1

)
· · ·
(
Ip2···pj ⊗ Û

>
1

)
[X]j

=
(
Ipi+1···pj ⊗ (Ipi ⊗ Û>i−1)

)
· · ·
(
Ipi+1···pj ⊗ (Ip2···pi ⊗ Û

>
1 )
)
(Ipi+1···pj ⊗ [X]i)A

(pi+1···pj,pj+1···pd)

=
(
Ipi+1···pj ⊗

(
(Ipi ⊗ Û>i−1) · · · (Ip2···pi ⊗ Û

>
1 )[X]i

))
A(pi+1···pj,pj+1···pd)

=
(
Ipi+1···pj ⊗

(
PŨi(Ipi ⊗ Û

>
i−1) · · · (Ip2···pi ⊗ Û

>
1 )[X]i

))
A(pi+1···pj,pj+1···pd)

=
(
Ipi+1···pj ⊗ PŨi

)(
Ipi+1···pj ⊗

(
(Ipi ⊗ Û>i−1) · · · (Ip2···pi ⊗ Û

>
1 )[X]i

))
A(pi+1···pj,pj+1···pd)

=
(
Ipi+1···pj ⊗ Ũi

)(
Ipi+1···pj ⊗ Ũ

>
i

)(
Ipi···pj ⊗ Û>i−1

)
· · ·
(
Ip2···pj ⊗ Û

>
1

)
[X]j,

(5.251)

where Ipi+1···pj = 1 if i = j. Let

Lk =
∥∥∥sinΘ

(
Ũk, Ûk

)∥∥∥ , 2 6 k 6 d− 1.

For k = 2, by (5.250) and Lemma 5.3.1, with probability at least 1 − Ce−cp,

sr2

(
(Ip2 ⊗ Û

>
1 )[X]2

)
>smin

(
(Ip2 ⊗ Û

>
1 )(Ip2 ⊗U1)

)
sr2([X]2)

=smin(Û
>
1 U1)λ2

=

√
1 − ‖ sinΘ(Û1,U1)‖2λ2

>

√
3
4λ2.

Since Û2 = SVDLr2
((Ip2 ⊗ Û>1 )[Y]2), and (Ip2 ⊗ Û>1 )[Y]2 = (Ip2 ⊗ Û>1 )[X]2 + (Ip2 ⊗

Û>1 )[Z]2, by Lemma 5.3.3 and Lemma 5.3.1, we know that with probability at least
1 − Ce−cpr,

‖Û>2⊥(Ip2 ⊗ Û
>
1 )[X]2‖ 62‖(Ip2 ⊗ Û

>
1 )[Z]2‖ 6 C(

√
p2r1 + (p3 · · ·pd)1/2 +

√
p1r1).
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Combine the two previous inequalities together and recall that Ũ2 is the left singular
space of (Ip2 ⊗ Û>1 )[X]2, we have

∥∥∥sinΘ
(
Û2, Ũ2

)∥∥∥ 6‖Û>2⊥Ũ2Ũ
>
2 (Ip2 ⊗ Û>1 )[X]2‖

sr2

(
Ũ>2 (Ip2 ⊗ Û>1 )[X]2

)
=
‖Û>2⊥(Ip2 ⊗ Û>1 )[X]2‖

sr2

(
(Ip2 ⊗ Û>1 )[X]2

)
6C
√
p1r1 +

√
p2r1 + (p3 · · ·pd)1/2

λ2

with probability at least 1 − Ce−cp.
Assume that (5.249) holds for k 6 j− 1 with probability 1 − Ce−cp. For k = j, by
Lemma 5.3.1 and (5.251), with probability at 1 − Ce−cp, we have

srj

(
(Ipj ⊗ Û>j−1)(Ipj−1pj ⊗ Û

>
j−2) · · · (Ip2···pj−1pj ⊗ Û

>
1 )[X]j

)
>smin

(
(Ipj ⊗ Û>j−1)(Ipj ⊗ Ũj−1)

)
srj

(
(Ipj−1pj ⊗ Û

>
j−2) · · · (Ip2···pj−1pj ⊗ Û

>
1 )[X]j

)
=smin

(
Û>j−1Ũj−1

)
srj

(
(Ipj−1pj ⊗ Û

>
j−2) · · · (Ip2···pj−1pj ⊗ Û

>
1 )[X]j

)
>smin

(
Û>j−1Ũj−1

)
smin

(
(Ipj−1pj ⊗ Û

>
j−2)(Ipj−1pj ⊗ Ũj−2)

)
· srj

(
(Ipj−2pj−1pj ⊗ Û

>
j−3) · · · (Ip2···pj−1pj ⊗ Û

>
1 )[X]j

)
> · · ·

>smin

(
Û>j−1Ũj−1

)
· · · smin

(
Û>1 Ũ1

)
srj([X]j)

=
√

1 − L2
j−1 · · ·

√
1 − L2

1λj

>(
√

3/4)j−1λj > cλj.
(5.252)

In the last inequality, we used the fact that d is a fixed number and (
√

3/4)j−1 >

(
√

3/4)d−1 > c.
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By the definition of Ûj and Lemma 4.3.3, we have

Ûj = SVDLrj
(
(Ipj ⊗ Û>j−1)(Ipj−1pj ⊗ Û

>
j−2) · · · (Ip2···pj−1pj ⊗ Û

>
1 )[Y]j

)
.

Note that

(Ipj ⊗ Û>j−1)(Ipj−1pj ⊗ Û
>
j−2) · · · (Ip2···pj−1pj ⊗ Û

>
1 )[Y]j

=(Ipj ⊗ Û>j−1)(Ipj−1pj ⊗ Û
>
j−2) · · · (Ip2···pj−1pj ⊗ Û

>
1 )[X]j

+ (Ipj ⊗ Û>j−1)(Ipj−1pj ⊗ Û
>
j−2) · · · (Ip2···pj−1pj ⊗ Û

>
1 )[Z]j,

by Lemma 5.3.3, with probability at least 1 − e−cpr
2 ,∥∥∥Û>j⊥(Ipj ⊗ Û>j−1)(Ipj−1pj ⊗ Û

>
j−2) · · · (Ip2···pj−1pj ⊗ Û

>
1 )[X]j

∥∥∥
62
∥∥∥(Ipj ⊗ Û>j−1)(Ipj−1pj ⊗ Û

>
j−2) · · · (Ip2···pj−1pj ⊗ Û

>
1 )[Z]j

∥∥∥
6C

( j−1∑
i=1

piri−1ri

)1/2

+ (pjrj−1)
1/2 + (pj+1 · · ·pd)1/2

 .

Therefore, with probability at least 1 − Ce−cp,

∥∥∥sinΘ
(
Ûj, Ũj

)∥∥∥ 6
∥∥∥Û>j⊥ŨjŨ>j (Ipj ⊗ Û>j−1)(Ipj−1pj ⊗ Û>j−2) · · · (Ip2···pj−1pj ⊗ Û>1 )[X]j

∥∥∥
srj

(
Ũ>j (Ipj ⊗ Û>j−1)(Ipj−1pj ⊗ Û>j−2) · · · (Ip2···pj−1pj ⊗ Û>1 )[X]j

)
=

∥∥∥Û>j⊥(Ipj ⊗ Û>j−1)(Ipj−1pj ⊗ Û>j−2) · · · (Ip2···pj−1pj ⊗ Û>1 )[X]j

∥∥∥
srj

(
(Ipj ⊗ Û>j−1)(Ipj−1pj ⊗ Û>j−2) · · · (Ip2···pj−1pj ⊗ Û>1 )[X]j

)
6C

(∑j−1
i=1 piri−1ri

)1/2
+ (pjrj−1)

1/2 + (pj+1 · · ·pd)1/2

λj
.

Therefore, (4.13) holds with probability 1 − Ce−cp.

Finally, we consider (4.14). Let E0 = {(4.13) and (4.15) hold}. Without loss of
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generality, we only show that under E0,

∥∥∥sinΘ
(
V̂k, Ṽk

)∥∥∥ 6 C
√∑d

i=1 piri−1ri

λk−1
6

1
2, ∀2 6 k 6 d. (5.253)

In fact, (5.253) can be proved by induction. Let Vd ∈ Rpd×rd−1 be the right singular
space of [X]d−1. Then there exists an orthogonal matrix Q̃d−1 ∈ Ord−1 such that

VdQ̃d−1 = SVDR
(
Û>d−1(Ipd−1 ⊗ Û

>
d−2) · · · (Ipd−1...p2 ⊗ Û

>
1 )[X]d−1

)
.

Similarly to (5.252), under E0,

srd−1

(
Û>d−1(Ipd−1 ⊗ Û

>
d−2) · · · (Ipd−1...p2 ⊗ Û

>
1 )[X]d−1

)
>
(√

3/4
)d−1

λd−1 > cλd−1.

Therefore, by Lemma 5.3.3, under E0,∥∥∥sinΘ
(
V̂d,Vd

)∥∥∥ =
∥∥∥sinΘ

(
V̂d,VdQ̃d−1

)∥∥∥
6

∥∥∥Û>d−1(Ipd−1 ⊗ Û>d−2) · · · (Ipd−1...p2 ⊗ Û>1 )[X]d−1V̂
>
d⊥

∥∥∥
srd−1

(
Û>d−1(Ipd−1 ⊗ Û>d−2) · · · (Ipd−1...p2 ⊗ Û>1 )[X]d−1

)
6

2
∥∥∥Û>d−1(Ipd−1 ⊗ Û>d−2) · · · (Ipd−1...p2 ⊗ Û>1 )[Z]d−1

∥∥∥
srd−1

(
Û>d−1(Ipd−1 ⊗ Û>d−2) · · · (Ipd−1...p2 ⊗ Û>1 )[X]d−1

)
6C

√∑d
i=1 piri−1ri

λd−1
.

Suppose (5.253) holds for j + 1 6 k 6 d. For k = j, since Ṽj is the right singular
space of [X]j−1(V̂d ⊗ Ipj...pd−1) · · · (V̂j+1 ⊗ Ipj), there exists Q̃j−1 ∈ Orj−1 such that

ṼjQ̃j−1 = SVD
R
(
Û>j−1(Ipj−1⊗Û

>
j−2) · · · (Ip2···pj−1⊗Û

>
1 )[X]j−1(V̂d⊗Ipj...pd−1) · · · (V̂j+1⊗Ipj)

)
.
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By Lemma 5.3.1, (5.250), (5.251) and (5.252), under E0,

srj−1

(
Û>j−1(Ipj−1 ⊗ Û

>
j−2) · · · (Ip2···pj−1 ⊗ Û

>
1 )[X]j−1(V̂d ⊗ Ipj...pd−1) · · · (V̂j+1 ⊗ Ipj)

)
>srj−1

(
Û>j−1(Ipj−1 ⊗ Û

>
j−2) · · · (Ip2···pj−1 ⊗ Û

>
1 )[X]j−1(V̂d ⊗ Ipj...pd−1) · · · (V̂j+2 ⊗ Ipjpj+1)(Ṽj+1 ⊗ Ipj)

)
· smin

(
(Ṽ>j+1 ⊗ Ipj)(V̂j+1 ⊗ Ipj)

)
=srj−1

(
Û>j−1(Ipj−1 ⊗ Û

>
j−2) · · · (Ip2···pj−1 ⊗ Û

>
1 )[X]j−1(V̂d ⊗ Ipj...pd−1) · · · (V̂j+2 ⊗ Ipjpj+1)

)
· smin(Ṽ

>
j+1V̂j+1)

> · · ·

>srj−1

(
Û>j−1(Ipj−1 ⊗ Û

>
j−2) · · · (Ip2···pj−1 ⊗ Û

>
1 )[X]j−1

)
smin(Ṽ

>
d V̂d) · · · smin(Ṽ

>
j+1V̂j+1)

>smin(Û
>
j−1Ũj−1)srj−1

(
(Ipj−1 ⊗ Û

>
j−2) · · · (Ip2···pj−1 ⊗ Û

>
1 )[X]j−1

)
smin(Ṽ

>
d V̂d) · · · smin(Ṽ

>
j+1V̂j+1)

>

(√
3
4

)j−1

λj−1 ·

(√
3
4

)d−j
> cλj−1.

Note that V̂j ∈ Opjrj,rj−1 is the right singular space of Û>j−1(Ipj−1⊗Û>j−2) · · · (Ip2···pj−1⊗
Û>1 )[Y]j−1(V̂d ⊗ Ipj...pd−1) · · · (V̂j+1 ⊗ Ipj) and

Û>j−1(Ipj−1 ⊗ Û
>
j−2) · · · (Ip2···pj−1 ⊗ Û

>
1 )[Y]j−1(V̂d ⊗ Ipj...pd−1) · · · (V̂j+1 ⊗ Ipj)

=Û>j−1(Ipj−1 ⊗ Û
>
j−2) · · · (Ip2···pj−1 ⊗ Û

>
1 )[X]j−1(V̂d ⊗ Ipj...pd−1) · · · (V̂j+1 ⊗ Ipj)

+ Û>j−1(Ipj−1 ⊗ Û
>
j−2) · · · (Ip2···pj−1 ⊗ Û

>
1 )[Z]j−1(V̂d ⊗ Ipj...pd−1) · · · (V̂j+1 ⊗ Ipj),

By Lemma 5.3.3, under E0,∥∥∥sinΘ
(
V̂j, Ṽj

)∥∥∥ =
∥∥∥sinΘ

(
V̂j, ṼjQ̃j−1

)∥∥∥
6

∥∥∥Û>j−1(Ipj−1 ⊗ Û>j−2) · · · (Ip2···pj−1 ⊗ Û>1 )[X]j−1(V̂d ⊗ Ipj...pd−1) · · · (V̂j+1 ⊗ Ipj)V̂j⊥
∥∥∥

srj−1

(
Û>j−1(Ipj−1 ⊗ Û>j−2) · · · (Ip2···pj−1 ⊗ Û>1 )[X]j−1(V̂d ⊗ Ipj...pd−1) · · · (V̂j+1 ⊗ Ipj)

)
6

2
∥∥∥Û>j−1(Ipj−1 ⊗ Û>j−2) · · · (Ip2···pj−1 ⊗ Û>1 )[Z]j−1(V̂d ⊗ Ipj...pd−1) · · · (V̂j+1 ⊗ Ipj)

∥∥∥
srj−1

(
Û>j−1(Ipj−1 ⊗ Û>j−2) · · · (Ip2···pj−1 ⊗ Û>1 )[X]j−1(V̂d ⊗ Ipj...pd−1) · · · (V̂j+1 ⊗ Ipj)

)
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6C

(∑d
i=1 piriri−1

)1/2

λj−1
.

Therefore, under E0, (5.253) holds.

Thus, we have finished the proof of Theorem 4.3.

5.3.4 Proof of Corollary 4.4.1

Let Q = {(4.15), (5.249) hold}, then P(Qc) 6 C exp(−cp) and

‖X̂
(t)

−X‖2
F 6 C

d∑
i=1

piriri−1 under Q.

Under Qc, due to the property of projection matrices, we know that∥∥∥X̂(t)
∥∥∥

F
6 ‖Y‖F 6 ‖X‖F + ‖Z‖F.

Moreover,

E
∥∥∥X̂(t)

−X
∥∥∥4

F
6 C

(
E
∥∥∥X̂(t)

∥∥∥4

F
+ ‖X‖4

F

)
6 C‖X‖4

F + CE‖Z‖4
F

6C exp(4c0p) + CE
(
χ2
p1···pd

)2
6 C exp(4c0p) + C(p1 · · ·pd)2

6C exp(4c0p) + C exp (2c0p) 6 C exp(4c0p).

Therefore, we have the following upper bound for the Frobenius norm risk of X̂:

E
∥∥∥X̂(t)

−X
∥∥∥2

F
= E

∥∥∥X̂(t)
−X

∥∥∥2

F
1Q + E

∥∥∥X̂(t)
−X

∥∥∥2

F
1Qc

6C
d∑
i=1

piriri−1 +

√
E
∥∥∥X̂(t)

−X
∥∥∥4

F
· P(Qc)

6C
d∑
i=1

piriri−1 + C exp ((4c0 − c)p/2) .
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By selecting c0 < c/4, we have

E
∥∥∥X̂(t)

−X
∥∥∥2

F
6 C

d∑
i=1

piriri−1.

Therefore, we have finished the proof of Corollary 4.4.1.

5.3.5 Proof of Theorem 4.4

Without loss of generality, assume σ2 = 1. Since d is a fixed number, we only need
to show that for any 1 6 i 6 d,

inf
X̂

sup
X∈Fp,r(λ)

E
∥∥∥X̂−X

∥∥∥2

F
> cpiriri−1. (5.254)

Suppose X can be written as (4.1), Uj ∈ R(pjrj−1)×rj and Vj ∈ R(pjrj)×rj−1 are re-
shaped from Gj ∈ Rrj−1×pj×rj , G1 = U1, Gd = Vd. For any 1 6 i 6 d− 1, by Lemma
4.3.1, we have

[X]i = (Ip2···pi ⊗U1) · · · (Ipi ⊗Ui−1)UiV
>
i+1
(
V>i+2 ⊗ Ipi+1

)
· · ·
(
V>d ⊗ Ipi+1···pd−1

)
.

(5.255)
For all j 6= i, 1 6 j 6 d−1, letUj

iid
∼ N(0, 1),Vd

iid
∼ N(0, 1) andU1, . . . ,Ui−1,Ui+1, . . . ,Ud−1,Vd

are all independent. By Lemma 5.3.1, for any 1 6 j 6 d− 1, we have

srj
((
Ip2···pj ⊗U1

)
· · · (Ipj ⊗Uj−1)Uj

)
> smin

(
Ip2···pj ⊗U1

)
· · · smin(Uj) = sr1(U1) · · · srj(Uj),

Similarly,

srj
(
V>j+1

(
V>j+2 ⊗ Ipj+1

)
· · ·
(
V>d ⊗ Ipj+1···pd−1

))
> srj(Vj+1) · · · srd−1(Vd).

Moreover, Lemma 5.3.1 Part 1 tells us

srj
((
Ip2···pj ⊗U1

)
· · · (Ipj ⊗Uj−1)UjV

>
j+1
(
V>j+2 ⊗ Ipj+1

)
· · ·
(
V>d ⊗ Ipj+1···pd−1

))
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>srj
((
Ip2···pj ⊗U1

)
· · · (Ipj ⊗Uj−1)Uj

)
srj
(
V>j+1

(
V>j+2 ⊗ Ipj+1

)
· · ·
(
V>d ⊗ Ipj+1···pd−1

))
>sr1(U1) · · · srj(Uj)srj(Vj+1) · · · srd−1(Vd). (5.256)

Recall thatVj is reshaped fromUj for all 1 6 j 6 d−1, by Vershynin (2010)[Corollary
5.35], we know that with probability at least 1 − Ce−cp, for all 1 6 j 6 d− 1, j 6= i,
√
pjrj−1

4 6
√
pjrj−1 −

√
rj −

√
pjrj−1

25 6 srj(Uj) 6 s1(Uj)

6
√
pjrj−1 +

√
rj +

√
pjrj−1

25 6 2√pjrj−1,
√
pjrj

4 6 srj−1(Vj) 6 s1(Vj) 6 2√pjrj, and
√
pd

4 6 srd−1(Vd) 6 sr1(Vd) 6 2√pd.

(5.257)

For a fixed U0 ∈ Opiri−1,ri , define the following ball with radius ε > 0,

B(U0, ε) =
{
U ′ ∈ Opiri−1,ri : ‖ sinΘ(U ′,U0)‖F 6 ε

}
.

By Lemma 1 in Cai et al. (2013), for 0 < α < 1 and 0 < ε 6 1, there exist
Ũ

(1) ′
i , . . . , Ũ(m) ′

i ⊆ B(U0, ε) such that

m >
(c0

α

)ri(piri−1−ri)

, min
16j6=k6m

∥∥∥sinΘ
(
Ũ

(j) ′

i , Ũ(k) ′

i

)∥∥∥
F
> αε.

By Lemma 1 in Cai and Zhang (2018), one can find a rotation matrix Ok ∈ Ori such
that

‖U0 − Ũ
(k) ′

i Ok‖F 6
√

2
∥∥∥sinΘ

(
U0, Ũ(k) ′

i

)∥∥∥
F
6
√

2ε.

Let Ũ(k)
i = Ũ

(k) ′

i Ok, we have∥∥∥Ũ(k)
i −U0

∥∥∥
F
6
√

2ε,
∥∥∥sinΘ

(
Ũ

(j)
i , Ũ(k)

i

)∥∥∥
F
> αε, 1 6 j < k 6 m.
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LetU(k)
i = S+Ũ

(k)
i , where S iid∼ N(0, τ2). Set τ > 8/√pi, Vershynin (2010)[Corollary

5.35] shows that with probability at least 1 − Ce−cp,

τ
√
piri−1

8 6 τ

(
√
piri−1 −

√
ri −

√
piri−1

25

)
− 1 6 sri (S) − s1

(
Ũ

(k)
i

)
6 sri

(
U

(k)
i

)
6s1

(
U

(k)
i

)
6 s1 (S) + s1

(
Ũ

(k)
i

)
6 τ

(
√
piri−1 +

√
ri +

√
piri−1

25

)
+ 1 6 2τ√piri−1.

(5.258)

If 2 6 i 6 d − 1, since V(k)
i is reshaped from U

(k)
i , we know that V(k)

i = T + Ṽ
(k)
i ,

where T iid∼ N(0, τ2), and Ṽ(k)
i is realigned from Ũ

(k)
i . Notice that

s1(Ṽ
(k)
i ) = ‖Ṽ(k)

i ‖ 6 ‖Ṽ
(k)
i ‖F = ‖Ũ(k)

i ‖F = ri,

Since τ > 8/√pi, by Vershynin (2010)[Corollary 5.35], with probability at least
1 − Ce−cpiri ,

τ
√
piri

8 6 τ

(
√
piri −

√
ri−1 −

√
piri

25

)
−
√
ri 6 sri (T) − s1

(
Ṽ

(k)
i

)
6 sri

(
V

(k)
i

)
6s1

(
V

(k)
i

)
6 s1 (T) + s1

(
Ṽ

(k)
i

)
6 τ

(
√
piri +

√
ri−1 +

√
piri

25

)
+
√
ri 6 2τ√piri.

(5.259)

Choose fixedU1, · · · ,Ui−1,Vi+1, · · · ,Vd,S such that (5.257), (5.258) and (5.259) hold.
Let

[X(k)]i = (Ip2···pi ⊗U1) · · · (Ipi ⊗Ui−1)U
(k)
i V>i+1

(
V>i+2 ⊗ Ipi+1

)
· · ·
(
V>d ⊗ Ipi+1···pd−1

)
(5.260)

and X(k) ∈ Rp1×···×pd is the corresponding tensor. (5.256), (5.257), (5.258) and
(5.259) together show that

σrj([X
(k)]j) > τ

j∏
k=1

√
pkrk−1

8

d∏
k=j+1

√
pkrk

8 = τ

√
p1 · · ·pdr1 · · · rd−1

C
√
rj

. (5.261)
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By setting τ = Cmax16i6d−1 λimax16j6d−1
√
rj√

p1···pdr1···rd−1
∨ 8 max16i6d−1

√
1/pi, we have

σrj
(
[X(k)]j

)
> λj, ∀1 6 j 6 d− 1.

For 1 6 k < j 6 m,

‖X(k) −X(j)‖2
F

=
∥∥∥(Ip2···pi ⊗U1) · · · (Ipi ⊗Ui−1)

(
U

(k)
i −U

(j)
i

)
V>i+1

(
V>i+2 ⊗ Ipi+1

)
· · ·
(
V>d ⊗ Ipi+1···pd−1

)∥∥∥2

F

>s2
min ((Ip2···pi ⊗U1) · · · (Ipi ⊗Ui−1))

∥∥∥(U(k)
i −U

(j)
i

)
V>i+1

(
V>i+2 ⊗ Ipi+1

)
· · ·
(
V>d ⊗ Ipi+1···pd−1

)∥∥∥2

F

=s2
ri−1

((
Ip2···pi−1 ⊗U1

)
· · ·Ui−1

)
s2
ri

(
V>i+1

(
V>i+2 ⊗ Ipi+1

)
· · ·
(
V>d ⊗ Ipi+1···pd−1

)) ∥∥∥U(k)
i −U

(j)
i

∥∥∥2

F

=s2
ri−1

((
Ip2···pi−1 ⊗U1

)
· · ·Ui−1

)
s2
ri

(
V>i+1

(
V>i+2 ⊗ Ipi+1

)
· · ·
(
V>d ⊗ Ipi+1···pd−1

)) ∥∥∥Ũ(k)
i − Ũ

(j)
i

∥∥∥2

F

>s2
r1
(U1) · · · s2

ri−1
(Ui−1)s

2
ri
(Vi+1) · · · s2

rd−1
(Vd) min

O∈Ori

∥∥∥Ũ(k)
i − Ũ

(j)
i O

∥∥∥2

F

>
i−1∏
h=1

phrh−1

16

d∏
l=i+1

plrl

16 min
O∈Ori

∥∥∥Ũ(k)
i − Ũ

(j)
i O

∥∥∥2

F

>
i−1∏
h=1

phrh−1

16

d∏
l=i+1

plrl

16

∥∥∥sinΘ
(
Ũ

(k)
i , Ũ(j)

i

)∥∥∥2

F

>c

(
i−1∏
h=1

phrh−1

d∏
l=i+1

plrl

)
α2ε2. (5.262)

In addition, let Y(k) = X(k)+Z(k) and Z(k) iid∼ N(0, 1). The KL-divergence between
distributions Y(k) and Y(j) is

DKL

(
Y(k)||Y(j)

)
=

1
2‖X

(k) −X(j)‖2
F

=
1
2

∥∥∥(Ip2···pi ⊗U1) · · · (Ipi ⊗Ui−1)
(
U

(k)
i −U

(j)
i

)
V>i+1

(
V>i+2 ⊗ Ipi+1

)
· · ·
(
V>d ⊗ Ipi+1···pd−1

)∥∥∥2

F

6
1
2
‖(Ip2···pi ⊗U1) · · · (Ipi ⊗Ui−1)‖2 ∥∥V>i+1

(
V>i+2 ⊗ Ipi+1

)
· · ·
(
V>d ⊗ Ipi+1···pd−1

)∥∥2
∥∥∥U(k)

i −U
(j)
i

∥∥∥2

F
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6
1
2s

2
1(U1) · · · s2

1(Ui−1)s
2
1(Vi+1) · · · s2

1(Vd)
∥∥∥U(k)

i −U
(j)
i

∥∥∥2

F

6
1
2

i−1∏
h=1

(4phrh−1)

d∏
l=i+1

(4plrl)
(∥∥∥U(k)

i −U0

∥∥∥
F
+
∥∥∥U(k)

i −U0

∥∥∥
F

)2

6C

(
i−1∏
h=1

(phrh−1)

d∏
l=i+1

(plrl)

)
ε2. (5.263)

By generalized Fano’s Lemma,

inf
X̂

sup
X∈{X(k)}mk=1

E
∥∥∥X̂−X

∥∥∥
F

>c

√√√√ i−1∏
h=1

phrh−1

d∏
l=i+1

plrlαε

1 −
C
(∏i−1

h=1(phrh−1)
∏d
l=i+1(plrl)

)
ε2 + log 2

ri(piri−1 − ri) log(c0/α)


By setting ε = c ′

√
ri(piri−1−ri)

C
∏i−1
h=1(phrh−1)

∏d
l=i+1(plrl)

6 1
2 ,α = (c0 ∧ 1)/8, we know that for

any 1 6 i 6 d− 1,

inf
X̂

sup
X∈Fp,r(λ)

E
∥∥∥X̂−X

∥∥∥2

F
>

inf
X̂

sup
X∈{X(k)}mk=1

E
∥∥∥X̂−X

∥∥∥
F

2

> c1ripiri−1.

For i = d, similarly to the case i = 1, we have

inf
X̂

sup
X∈Fp,r(λ)

E
∥∥∥X̂−X

∥∥∥2

F
> c1pdrd−1.

Therefore, we have proved Theorem 4.4.
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5.3.6 Proof of Proposition 4.5.1

Define G̃1 ∈ Rp×r1 , G̃k ∈ Rrk−1×p×rk , G̃d ∈ Rp×rd−1 such that

G̃1,[i,l] = (G1(i))l, ∀i ∈ [p], l ∈ [r1],

G̃k,[j,i,l] =
(
Gk(i, e(rk−1)

j )
)
l

, ∀i ∈ [p], j ∈ [rk−1], l ∈ [rk], 2 6 k 6 d− 1,

G̃d,[i,l] = Gd(i, e(rd−1)
l ), ∀i ∈ [p], l ∈ [rd−1]

where e(k)i is the i-th canonical basis of Rk. Then

P̃1(Xt+1) = G̃
>
1,[Xt+1,:] ∈ Rr1 ,

P̃2(Xt+1,Xt+2) =G2
(
Xt+2, P̃1(Xt+1)

)
linear map

=

r1∑
j=1

G2(Xt+2, e(r1)
j )

(
P̃1(Xt+1)

)
j
=
(
G̃1,[Xt+1,:]G̃2,[:,Xt+2,:]

)> ,

By induction, for any 2 6 k 6 d− 1,

P̃k(Xt+1, . . . ,Xt+k) = Gk(Xt+k, P̃k−1(Xt+1, . . . ,Xt+k−1))

linear map
=

rk−1∑
j=1

Gk(Xt+k, e(rk−1)
j )

(
P̃k−1(Xt+1, . . . ,Xt+k−1)

)
j

= G̃
>
k,[:,Xt+k,:]P̃k−1(Xt+1, . . . ,Xt+k−1)

=
(
G̃1,[Xt+1,:]G̃2,[:,Xt+2,:] · · · G̃k,[:,Xt+k,:]

)>
and

P (Xt+d|Xt+1, . . . ,Xt+d−1) =Gd(Xt+d, P̃d−1(Xt+1, . . . ,Xt+d−1))

=P̃>d−1(Xt+1, . . . ,Xt+d−1)G̃
>
d,[Xt+d,:]

=G̃1,[Xt+1,:]G̃2,[:,Xt+2,:] · · · G̃d−1,[:,Xt+d−1,:]G̃
>
d,[Xt+d,:]

.

Therefore,
P = JG̃1, G̃2, . . . , G̃d−1, G̃dK
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and has TT-rank (r1, . . . , rd−1).

5.3.7 Proof of Proposition 4.5.2

Let Z = P̂
emp

−P, then EZ = 0. Let

T
(k)
i1,...,id = 1{X(i1,...,id−1;k)=id}, ∀1 6 k 6 n; 1 6 i1, . . . , id 6 p

and

Z
(k)
i1,...,id = T

(k)
i1,...,id − P (id|i1, . . . , id−1) , ∀1 6 k 6 n; 1 6 i1, . . . , id 6 p.

Then EZ(k) = 0. Moreover, by definition, for any 1 6 j 6 d − 1, the rows of[
Z(k)

]
j
∈ Rpj×pd−j are independent, and there exists a partition {Ω

(j)
1 , . . . ,Ω(j)

pd−j−1} of

{1, . . . ,pd−j} satisfying
∣∣∣Ω(j)

1

∣∣∣ = · · · = ∣∣∣Ω(j)

pd−j−1

∣∣∣ = p, such that
([

Z(k)
]
j

)
[:,Ω(j)

1 ]

, . . . ,([
Z(k)

]
j

)
[:,Ω(j)

pd−j−1 ]

are independent and

∑
l∈Ω(j)

i

([
T(k)

]
j

)
m,l

= 1, ∀1 6 m 6 pj, 1 6 k 6 n.

Therefore,

∑
l∈Ω(j)

i

∣∣∣∣∣
([

Z(k)
]
j

)
m,l

∣∣∣∣∣ 6 ∑
l∈Ω(j)

i

([
T(k)

]
j

)
m,l

+E
∑
l∈Ω(j)

i

([
T(k)

]
j

)
m,l

= 2, ∀1 6 m 6 pj, 1 6 k 6 n.

For any fixed x1 ∈ Rpj and x2 ∈ Rpd−j satisfying ‖x1‖2 = 1 and ‖x‖2 = 1, we have∣∣∣∣∣∣∣
∑
l∈Ω(j)

i

([
Z(k)

]
j

)
m,l

(x2)l

∣∣∣∣∣∣∣ 6 max
l∈Ω(j)

i

(x2)l
∑
l∈Ω(j)

i

∣∣∣∣∣
([

Z(k)
]
j

)
m,l

∣∣∣∣∣ 6 2 max
l∈Ω(j)

i

(x2)l 6 2
∥∥∥(x2)Ω(j)

i

∥∥∥
2

.
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By (Wainwright, 2019, Exercise 2.4),
∑
l∈Ω(j)

i

([
Z(k)

]
j

)
m,l

(x2)l is 2
∥∥∥(x2)Ω(j)

i

∥∥∥
2
-sub-

Gaussian. Therefore,

x>1

[
Z(k)

]
j
x2 =

pj∑
m=1

(x1)m

pd−j−1∑
i=1

∑
l∈Ω(j)

i

([
Z(k)

]
j

)
m,l

(x2)l



is
(∑pj

m=1(x1)
2
m

∑pd−j−1

i=1 4
∥∥∥(x2)Ω(j)

i

∥∥∥2

2

)1/2

= 2‖x1‖2‖x2‖2 = 2-sub-Gaussian. Notice

that Z = 1
n

∑n
k=1 Z

(k), the Hoeffding bound (Wainwright, 2019, Proposition 2.5)
shows that

P
(∣∣x>1 [Z]jx2

∣∣ > t) 6 2 exp
(
−
nt2

8

)
, ∀t > 0.

Therefore, for any fixedU ∈ Opj,rj ,V ∈ Opd−j,prj+1 , x ∈ Rrj ,y ∈ Rprj+1 with ‖x‖2 = 1
and ‖y‖2 = 1,

P
(∣∣x>U>[Z]jV>y∣∣ > t) 6 2 exp

(
−
nt2

8

)
, ∀t > 0.

Similarly to the proof of (5.267), with probability at least 1 − Ce−cp, for all 1 6 k 6
d− 1,

∥∥∥Û(0)>
k (Ip ⊗ Û(0)>

k−1 ) · · · (Ipk−1 ⊗ Û(0)>
1 )[Z]k(V̂

(1)
d ⊗ Ipd−k−1) · · · (V̂(1)

k+2 ⊗ Ip)
∥∥∥ 6 C

√∑d
i=1 piriri−1

n
.

Similarly, with probability at least 1 − Ce−cp,

∥∥∥[Z]1(V̂(1)
d ⊗ Ipd−2) · · · (V̂(1)

3 ⊗ Ip)V̂(1)
2

∥∥∥ 6 C
√∑d

i=1 piriri−1

n
.
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Notice that ‖X‖F 6
√
r‖X‖ if rank(X) = r, by the previous two inequalities and

Theorem 4.1, we know that with probability at least 1 − Ce−cp,

∥∥∥P̂(1)
−P

∥∥∥2

F
6 C

(
max

16i6d−1
ri

)∑d
i=1 piriri−1

n
.

Finally, by the definition of P̂, we have∥∥∥P̂−P
∥∥∥

F
6
∥∥∥P̂(1)

−P
∥∥∥

F
+
∥∥∥P̂(1)

− P̂
∥∥∥

F
6 2

∥∥∥P̂(1)
−P

∥∥∥
F

,

which has finished the proof of Theorem 4.5.2.

5.3.8 Proof of Lemma 4.3.3

By symmetry, we only need to prove (4.6). By definition, (4.6) holds for k = 1.
Suppose it holds for k = j. For k = j+1, since Sj+1 ∈ R(rjpj+1)×(pj+2···pd) is realigned
from S̃j =M

>
j Sj ∈ Rrj×(pj+1···pd), Lemma 4.3.2 that Sj+1 = (Ipj+1⊗ S̃j)A(pj+1,pj+2···pd),

where the realignment matrix A(i,j) is defined in (4.5). Therefore,

Sj+1 =
(
Ipj+1 ⊗ S̃j

)
A(pj+1,pj+2···pd)

=
(
Ipj+1 ⊗M

>
j Sj
)
A(pj+1,pj+2···pd)

=
(
Ipj+1 ⊗M

>
j

) (
Ipj+1 ⊗ Sj

)
A(pj+1,pj+2···pd)

=
(
Ipj+1 ⊗M

>
j

) (
Ipj+1 ⊗

(
(Ipj ⊗M>j−1) · · · (Ip2···pj ⊗M

>
1 )[T]j

))
A(pj+1,pj+2···pd)

=
(
Ipj+1 ⊗M

>
j

) (
Ipj+1 ⊗ (Ipj ⊗M>j−1)

)
· · ·
(
Ipj+1 ⊗ (Ip2···pj ⊗M

>
1 )
) (
Ipj+1 ⊗ [T]j

)
A(pj+1,pj+2···pd)

=
(
Ipj+1 ⊗M

>
j

) (
Ipjpj+1 ⊗M

>
j−1
)
· · ·
(
Ip2···pj+1 ⊗M

>
1
)
[T]j+1.

The third equation and the fifth equation hold since (A⊗B)(C⊗D) = (AC)⊗ (BD);
the last equation holds since Yj+1 =

(
Ipj+1 ⊗ Yj

)
A(pj+1,pj+2···pd) and A⊗ (B⊗ C) =

(A⊗ B)⊗ C.

Also notice that S̃k =M>k Sk, we have finished the proof of (4.6).
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5.3.9 Technical Lemmas

We collect the additional technical lemmas in this section.

Lemma 5.3.1.

(1) Suppose A ∈ Rm1×m2 ,B ∈ Rm2×m3 , wherem1 > m2. Then

smin{m2,m3}(AB) > sm2(A)smin{m2,m3}(B).

(2) Suppose A ∈ Rm×p1 ,B ∈ Rn×p2 ,X ∈ Rp1×p2 , rank(X) = r,p1 > m,p2 > n. If
X = U1MV

>
1 , where U1 ∈ Op1,m and V1 ∈ Op2,n, then

σr(AXB) > smin(AU1)σr(X)smin(V
>
1 B).

Proof of Lemma 5.3.1. (1) Consider the SVD decomposition A = UAΣAV
>
A ,B =

UBΣBV
>
B , where UA ∈ Om1,m2 ,VA ∈ Om2 ,UB ∈ Om2,min{m2,m3},VB ∈ Omin{m2,m3},m3 ,

ΣA = diag(σ1(A), . . . , sm2(A)) and ΣB = diag(s1(B), . . . , smin{m2,m3}(B)) are diago-
nal matrices with nonnegative diagonal entries. Then

smin{m2,m3}(AB) = smin{m2,m3}(UAΣAV
>
AUBΣBV

>
B ) = smin{m2,m3}(ΣAV

>
AUBΣB).

(5.264)
For any x ∈ Rmin{m2,m3} satisfying ‖x‖2 = 1, we have

‖ΣAV>AUBΣBx‖2 > sm2(A)‖V
>
AUBΣBx‖2 = sm2(A)‖ΣBx‖2 > sm2(A)smin{m2,m3}(B).

Therefore

smin{m2,m3}(AB) = smin{m2,m3}(ΣAV
>
AUBΣB) > sm2(A)smin{m2,m3}(B).

(2) Consider the SVD decomposition X = UΣV>, where U ∈ Op1,r,V ∈ Op2,r and Σ
is a diagonal matrix. Then we know that there exist two matrices L ∈ Rm×r and
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R ∈ Rn×r satisfying U = U1L and V = V1R. Moreover,

L>L = L>U>1 U1L = U>U = Ir, R>R = R>V>1 V1R = V>V = Ir.

Therefore,

σr(AXB) = σr(AU1LΣR
>V>1 B) > smin(AU1)σr(LΣR

>)smin(V
>
1 B) = smin(AU1)σr(X)smin(V

>
1 B).

Lemma 5.3.2. Suppose Z is a matrix with independent zero-mean σ-sub-Gaussian entries,
d is a fixed number, r0 = rd = 1.
(1) Suppose Z ∈ Rp×q, A ∈ Rm×p,B ∈ Rq×n satisfy ‖A‖, ‖B‖ 6 1, m 6 p,n 6 q.
Then

P
(
‖AZB‖ > 2σ

√
m+ t

)
6 2 · 5n exp

[
−cmin

(
t2

m
, t
)]

. (5.265)

P
(
‖AZB‖F > σ

√
mn+ t

)
6 2 exp

[
−cmin

(
t2

mn
, t
)]

. (5.266)

(2) Suppose Z ∈ R(p1···pk)×m, 2 6 k 6 d− 1. Then

max
Ui∈R

(piri−1)×ri
‖Ui‖61

∥∥(Ipk ⊗U>k−1) · · · (Ip2···pk ⊗U
>
1 )Z

∥∥ > Cσ
√√√√k−1∑
i=1

piri−1ri + pkrk−1 +m.

(5.267)

with probability at least 1 − C exp(−c(
∑k−1
i=1 piri−1ri + pkrk−1 +m)).

(3) Suppose Z ∈ R(p1···pk)×(pk+1···pd), 2 6 k 6 d− 2. Then

max
(U1,...,Vd)∈A

∥∥U>k (Ipk ⊗U>k−1) · · · (Ip2···pk ⊗U
>
1 )Z(Vd ⊗ Ipk+1...pd−1) · · · (Vk+2 ⊗ Ipk+1)

∥∥
>Cσ

√√√√ d∑
i=1

piri−1ri

(5.268)
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with probability at least 1 − C exp(−c
∑d
i=1 piri−1ri). Here,

A = {(U1, . . . ,Uk,Vk+2, . . . ,Vd) : Ui ∈ R(piri−1)×ri , ‖Ui‖ 6 1,Vj ∈ R(piri)×ri−1 , ‖Vj‖ 6 1}.
(5.269)

(4) SupposeZ ∈ R(p1···pd−1)×pd . Then with probability at least 1−C exp(−c
∑d
i=1 piri−1ri),

max
Ui∈R(piri−1)×ri ,‖Ui‖61

∥∥U>d−1(Ipd−1 ⊗U
>
d−2) · · · (Ip2···pd−1 ⊗U

>
1 )Z

∥∥
F > Cσ

√√√√ d∑
i=1

piri−1ri.

(5.270)

(5) Suppose Z ∈ R(p1···pk)×(pk+1···pd), 2 6 k 6 d− 2. Then

max
(U1,...,Vd)∈A

∥∥U>k (Ipk ⊗U>k−1) · · · (Ip2···pk ⊗U
>
1 )Z(Vd ⊗ Ipk+1...pd−1) · · · (Vk+2 ⊗ Ipk+1)

∥∥
F

>Cσ

√√√√ d∑
i=1

piri−1ri

(5.271)

with probability at least 1 − C exp(−c
∑d
i=1 piri−1ri). Here, A is defined in (5.269).

Proof of Lemma 5.3.2. W.O.L.G., assume σ = 1.
(1) For fixed x ∈ Rn satisfying ‖x‖2 = 1, we have AZBx = (x>B>⊗A)vec(Z). Since
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Zij is 1-sub-Gaussian, we know that Var(Zij) 6 1. In addition,

E‖(x>B> ⊗A)vec(Z)‖2
2 =E

[
trace

(
vec(Z)>(x>B> ⊗A)>(x>B> ⊗A)vec(Z)

)]
=trace

[
E
(
(x>B> ⊗A)>(x>B> ⊗A)vec(Z)vec(Z)>

)]
=trace

[
(x>B> ⊗A)>(x>B> ⊗A)E

(
vec(Z)vec(Z)>

)]
6trace

(
(x>B> ⊗A)>(x>B> ⊗A)

)
=
∥∥x>B> ⊗A∥∥2

F = ‖Bx‖2
2‖A‖2

F 6 ‖x‖2
2‖A‖2

F

6m.
(5.272)

The first inequality holds since E
(
vec(Z)vec(Z)>

)
is a diagonal matrix with diago-

nal entries Var(Zij) 6 1; the last inequality is due to ‖A‖F 6 min{m,p}‖A‖2 6 m.
By Hanson-Wright inequality, we have

P
(
‖AZBx‖2

2 −m > t
)
6 2 exp

[
−cmin

(
t2

‖(Bxx>B>)⊗ (A>A)‖2
F

, t

‖(Bxx>B>)⊗ (A>A)‖

)]
.

Since ‖x‖2 = 1 and ‖A‖, ‖B‖ 6 1,

‖(Bxx>B>)⊗ (A>A)‖2
F =‖Bxx>B>‖2

F‖A>A‖2
F = (x>B>Bx)2‖A>A‖2

F

6(x>x)2‖A>A‖2
F =

min{m,p}∑
i=1

σ4
i(A) 6 m,

‖(Bxx>B>)⊗ (A>A)‖ 6 ‖Bxx>B>‖‖A>A‖ 6 ‖xx>‖‖A>A‖ 6 1.

Thus, for fixed x satisfying ‖x‖2 = 1, we have

P
(
‖AZBx‖2

2 > m+ t
)
6 2 exp

[
−cmin

(
t2

m
, t
)]

. (5.273)

By Vershynin (2010)[Lemma 5.2], there exists N1/2, a 1/2-net of {x ∈ Rn : ‖x‖2 = 1},
such that

∣∣N1/2
∣∣ 6 5n. The union bound, Vershynin (2010)[Lemma 5.2] and (5.273)
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together imply that

P
(
‖AZB‖ > 2

√
m+ t

)
6 P

(
max
x∈N1/2

‖AZBx‖2 >
√
m+ t

)
6 2 · 5n exp

[
−cmin

(
t2

m
, t
)]

.

For ‖AZB‖F, note that AZB = (B> ⊗A)vec(Z), Similarly to (5.272), we have

E‖(B> ⊗A)vec(Z)‖2
2 =E

[
vec(Z)>(B> ⊗A)>(B> ⊗A)vec(Z)

]
=Etrace

[
vec(Z)>(B> ⊗A)>(B> ⊗A)vec(Z)

]
=traceE

[
(B> ⊗A)>(B> ⊗A)vec(Z)vec(Z)>

]
=trace

[
(B> ⊗A)>(B> ⊗A)E

(
vec(Z)vec(Z)>

)]
6trace

[
(B> ⊗A)>(B> ⊗A)

]
=‖B> ⊗A‖2

F = ‖B‖2
F‖A‖2

F

6mn.

By Hanson-Wright inequality, we have

P
(
‖AZB‖2

F −mn > t
)
6 2 exp

[
−cmin

(
t2

‖(BB>)⊗ (A>A)‖2
F

, t

‖(BB>)⊗ (A>A)‖

)]
.

Since ‖A‖, ‖B‖ 6 1, we have

‖(BB>)⊗ (A>A)‖F =
√
‖A>A‖2

F‖BB>‖2
F =

√√√√min{m,p}∑
i=1

σ4
i(A)

min{q,n}∑
i=1

σ4
i(B) 6

√
mn,

‖(BB>)⊗ (A>A)‖ 6 1.

Therefore,

P
(
‖AZB‖2

F > mn+ t
)
6 2 exp

[
−cmin

(
t2

mn
, t
)]

.

(2) For fixed x ∈ Rm and A ∈ R(pkrk−1)×(p1···pk) satisfying ‖x‖2 = 1 and ‖A‖ 6 1,
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by (5.265) with B = Im, we have

P
(
‖AZ‖ > 2

√
pkrk−1 + t

)
6 2 · 5m exp

[
−cmin

(
t2

pkrk−1
, t
)]

. (5.274)

By Zhang and Xia (2018)[Lemma 7], for 1 6 i 6 k−1, there exist ε-nets: U(1)
i , . . . ,U(Ni)

i ∈
R(piri−1)×ri (here r0 = 1), Ni 6 ((2 + ε)/ε)(piri−1)×ri , such that

∀U ∈ R(piri−1)×ri satisfying ‖U‖ 6 1,∃1 6 j 6 Ni such that ‖U(j)
i −U‖ 6 ε.

Therefore,

P
(

max
i1,...,ik−1

∥∥∥(Ipk ⊗U(ik−1)>
k−1 ) · · · (Ip2···pk ⊗U

(i1)>
1 )Z

∥∥∥ > 2
√
pkrk−1 + t

)
62((2 + ε)/ε)

∑k−1
i=1 piri−1ri5m exp

[
−cmin

(
t2

pkrk−1
, t
)]

.
(5.275)

Let

U∗1 , . . . ,U∗k−1 ∈ arg max
Ui∈R

(piri−1)×ri ,16i6k−1
‖Ui‖61, 16i6k−1

∥∥(Ipk ⊗U>k−1) · · · (Ip2···pk ⊗U
>
1 )Z

∥∥ ,

M = max
Ui∈R

(piri−1)×ri ,16i6k−1
‖Ui‖61, 16i6k−1

∥∥(Ipk ⊗U>k−1) · · · (Ip2···pk ⊗U
>
1 )Z

∥∥ .

Then for any 1 6 i 6 k − 1, there exists 1 6 ji 6 Ni, such that ‖U(ji)
i − U∗i‖ 6 ε.
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Then

M =
∥∥(Ipk ⊗U∗>k−1) · · · (Ip2···pk ⊗U

∗>
1 )Z

∥∥
6
∥∥∥(Ipk ⊗U(jk−1)>

k−1 ) · · · (Ip2···pk ⊗U
(j1)>
1 )Z

∥∥∥
+

∥∥∥∥(Ipk ⊗ (U∗k−1 −U
(jk−1)
k−1 )

)>
(Ipk−1pk ⊗U

(jk−2)>
k−2 ) · · · (Ip2···pk ⊗U

(j1)>
1 )Z

∥∥∥∥
+ · · ·+

∥∥∥(Ipk ⊗U∗>k−1) · · · (Ip3···pk ⊗U
∗>
2 )
(
Ip2···pk ⊗ (U∗1 −U

(j1)
1 )>

)
Z
∥∥∥

6
∥∥∥(Ipk ⊗U(jk−1)>

k−1 ) · · · (Ip2···pk ⊗U
(j1)>
1 )Z

∥∥∥+ ε(k− 1)M.

(5.276)

Combine (5.275) and the previous inequality together, we have

P
(
M >

2
√
pkrk−1 + t

1 − (k− 1)ε

)
62((2 + ε)/ε)

∑k−1
i=1 piri−1ri5m exp

[
−cmin

(
t2

pkrk−1
, t
)]

.
(5.277)

By setting ε = 1
2(k−1) and t = C

√∑k−1
i=1 piri−1ri + pkrk−1 +m, we have proved

(5.267).
(3) For fixed A ∈ Rrk×(p1···pk),B ∈ R(pk+1···pd)×(pk+1rk+1) satisfying ‖A‖ 6 1, ‖B‖ 6 1,
by (5.265), we have

P
(
‖AZB‖ > 2

√
rk + t

)
6 2 · 5pk+1rk+1 exp

[
−cmin

(
t2

rk
, t
)]

.

Let

M

= max
Ui∈R

(piri−1)×ri ,‖Ui‖61,16i6k

Vi∈R
(piri)×ri−1 ,‖Vi‖61,k+26i6d

∥∥U>k (Ipk ⊗U>k−1) · · · (Ip2···pk ⊗U
>
1 )Z(Vd ⊗ Ipk+1...pd−1) · · · (Vk+2 ⊗ Ipk+1)

∥∥ ,
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By similar arguments as (5.277), one has

P
(
M >

2
√
rk + t

1 − (d− 1)ε

)
6 2((2+ε)/ε)

∑
16i6d,i 6=k+1 piri−1ri5pk+1rk+1 exp

[
−cmin

(
t2

rk
, t
)]

for any 0 < ε < 1
d

. By setting ε = 1
2(d−1) and t = C

∑d
i=1 piri−1ri, we have proved

the third part of Lemma 5.3.2.

(4) For fixedU1, . . . ,Ud−1 satisfying ‖Ui‖ 6 1, letA = U>d−1(Ipd−1⊗U>d−2) · · · (Ip2···pd−1⊗
U>1 ) ∈ Rrd−1×(p1···pd−1), then ‖A‖ 6 1. By (5.266) with B = Ipd , we have

P
(
‖AZ‖2

F > pdrd−1 + t
)
6 2 exp

[
−cmin

(
t2

pdrd−1
, t
)]

.

Let

M = max
Ui∈R(piri−1)×ri ,‖Ui‖61

‖U>d−1(Ipd−1 ⊗U
>
d−2) · · · (Ip2···pd−1 ⊗U

>
1 )Z‖F.

The similar proof of (5.277) leads us to

P
(
M2 >

rd−1pd + t

(1 − ε(d− 1))2

)
6 2 ((2 + ε)/ε)

∑d−1
k=1 pkrk−1rk exp

[
−cmin

(
t2

pdrd−1
, t
)]

.

(5.278)

for 0 < ε < 1
d−1 . By setting ε = 1

2(d−1) and t = C
∑d
k=1 pkrk−1rk, we have arrived at

(5.270).

(5) For fixed A ∈ Rrk×(p1···pk), B ∈ R(pk+1···pd)×(pk+1rk+1), ‖A‖ 6 1, ‖B‖ 6 1, by
(5.266), we have

P
(
‖AZB‖2

F > pk+1rk+1rk + t
)
6 2 exp

[
−cmin

(
t2

pk+1rk+1rk
, t
)]

.
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Let

M = max
Ui∈R

(piri−1)×ri ,‖Ui‖61

Vi∈R
(piri)×ri−1 ,‖Vi‖61

∥∥U>k (Ipk ⊗U>k−1) · · · (Ip2···pk ⊗U
>
1 )Z(Vd ⊗ Ipk+1...pd−1) · · · (Vk+2 ⊗ Ipk+1)

∥∥
F ,

Similarly to (5.277), for any 0 < ε < 1
d−1 , we have

P
(
M >

√
pk+1rk+1rk + t

1 − (d− 1)ε

)
6 2((2 + ε)/ε)

∑
16i6d,i 6=k+1 piri−1ri exp

[
−cmin

(
t2

pk+1rk+1rk
, t
)]

.

(5.279)

By setting ε = 1
2(d−1) and t = C

∑d
i=1 piri−1ri, we have proved (5.271).

Lemma 5.3.3. Suppose X,Z ∈ Rp1×p2 , rank(X) = r. Let Y = X + Z, Û = SVDLr (Y),
V̂ = SVDRr (Y). Then we have

max{‖Û>⊥X‖, ‖XV̂⊥‖} 6 2‖Z‖, max{‖Û>⊥X‖F, ‖XV̂⊥‖F} 6 2 min{‖Z‖F,
√
r‖Z‖}.

Proof of Lemma 5.3.3. See (Zhang and Xia, 2018, Lemma 6) and (Luo and Zhang,
2020b, Theorem 1).
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