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ABSTRACT

Abstract

Low-rank matrix is a very reasonable assumption to make in many of real-world
applications. Recently, as technology advances and various data types appear,
researchers actively study its theoretical properties and empirical applicability.
This work particularly investigates statistical properties and finds an application of
a low-rank matrix in matrix completion and network analysis literature.

Matrix completion algorithms recover a low rank matrix from a small fraction of
noisy entries. In practice, the singular vectors and singular values of the low rank
matrix play a pivotal role for statistical analyses and inferences. Chapter 1 proposes
estimators of those quantities and studies their convergence rate and asymptotic
distribution. Then, the proposed estimators for the singular vectors and singular
values combine to form a consistent estimator of the full low rank matrix which
is computed with a non-iterative algorithm. In the cases studied in this chapter,
this estimator achieves the minimax lower bound. The numerical experiments
corroborate our theoretical results.

Various matrix completion algorithms have been developed in the past decade.
Thresholded singular value decomposition (SVD) was a popular technique in im-
plementing many of them. A sizable number of studies have shown its theoretical
and empirical excellence, but choosing the right threshold level still remains as a
key empirical difficulty. Chapter 2 proposes a novel matrix completion algorithm
which iterates thresholded SVD with theoretically-justified and data-dependent
values of thresholding parameters. The estimate of the proposed algorithm en-
joys the minimax error rate and shows outstanding empirical performances. The
thresholding scheme that the proposed algorithm uses can be viewed as a solution
to a non-convex optimization problem, understanding of whose theoretical con-
vergence guarantee is known to be limited. Chapter 2 investigates this problem by
introducing a simpler algorithm, generalized-softImpute, analyzing its convergence
behavior, and connecting it to the proposed algorithm.

Network is a vibrant area in statistics, biology, and computer science. Recently,
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an emerging type of data in these fields is samples of labeled networks. The
“labels" of networks imply that the nodes are labeled and that the same set of nodes
reappears in all of the networks. Also, they mean that values (e.g. age, gender, or
healthy v.s. sick) or vectors of values characterizing the associated network are also
observed. Chapter 3 develops methods to estimate an induced subgraph which
varies across the networks as the associated characteristics vary. Then, it applies

the method and analyzes transcriptional regulatory network data observed from
41 diverse human cell types.
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1 ASYMPTOTIC THEORY FOR ESTIMATING THE SINGULAR

VECTORS AND VALUES OF A PARTIALLY-OBSERVED LOW RANK

MATRIX WITH NOISE

1.1 Introduction

The matrix completion problem arises in several different machine learning and
engineering applications, ranging from collaborative filtering (Rennie and Srebro
(2005)), to computer vision (Weinberger and Saul (2006)), to positioning (Montanari
and Oh (2010)), and to recommender systems (Bennett and Lanning (2007)). The
literature has established a sizable body of algorithmic research (Rennie and Srebro
(2005); Keshavan et al. (2009); Cai et al. (2010); Mazumder et al. (2010); Hastie
et al. (2014); Cho et al. (2015b)) and theoretical results (Fazel (2002); Srebro et al.
(2004); Candes and Recht (2009); Candes and Plan (2010); Keshavan et al. (2010);
Recht (2011); Gross (2011); Negahban et al. (2011); Koltchinskii et al. (2011a); Rohde
et al. (2011); Koltchinskii et al. (2011b); Candés and Plan (2011); Negahban and
Wainwright (2012); Cai and Zhou (2013); Davenport et al. (2014); Chatterjee (2014)).
This extant literature is primarily focused on estimating the unobserved entries
of the matrix. In several of these previous estimation techniques, the algorithms
first estimate the singular vectors and singular values of the low rank matrix. Also,
based upon classical multivariate statistics, these singular vectors and singular
values can serve various types of statistical analyses and inferences. For example,
the overarching aim in the Netflix problem was to predict the unobserved film
ratings and the previous algorithms and theories served this purpose. However, if
one wishes to interpret the resulting model predictions, then the estimated singular
vectors and singular values can provide insights on (i) the main latent factors of film
preferences and (ii) their relative strengths, respectively. In the Netflix example,

“The first factor has on one side lowbrow comedies and horror movies,

aimed at a male or adolescent audience (Half Baked, Freddy vs. Jason),



while the other side contains drama or comedy with serious undertones
and strong female leads (Sophie’s Choice, Moonstruck). The second
factor has independent, critically acclaimed, quirky films (Punch-Drunk
Love, I Heart Huckabees) on one side, and mainstream formulaic films
(Armageddon, Runaway Bride) on the other side.” (Koren et al. (2009))

This inference is based upon the leading singular vectors of the estimated matrix. To
the best of our knowledge, no previous research has studied the statistical properties
of the estimated singular vectors and singular values.

This paper proposes estimators of the singular vectors and singular values of the
low rank matrix as well as an estimator of the low rank matrix itself. First, Lemma
1.3.1 studies the singular vectors and singular values of a partially observed matrix
that simply substitutes zeros for the unobserved entries; the resulting estimators
are biased. The proposed estimators adjust for this bias. Theorem 1.4.1 finds the
convergence rate for the bias-adjusted singular vector estimators and Theorem
1.4.3 gives a multivariate central limit theorem for the bias-adjusted singular value
estimators. Despite the fact that the proposed estimators are built upon a partially
observed matrix, they converge at the same rate as the standard estimators built from
a fully observed matrix up to a constant factor which depends on the probability of
observing each entry. Combining the proposed singular vector and value estimators,
Section 1.4 gives a one-step consistent estimator of the low rank matrix which does
not iterate over several singular value decompositions or eigenvalue decompositions.
The mean squared error of this estimator achieves the minimax lower bound in
Theorems 5-7 (Koltchinskii et al. (2011a)).

The rest of this paper is organized as follows. Section 3.5 describes the model
setup. Section 1.3 shows that the singular vectors and singular values of a partially
observed matrix are biased and suggests a bias-adjusted alternative. Section 1.4
finds (1) the convergence rates of the estimated singular vectors and (2) the asymp-
totic distribution of the estimated singular values. Section 1.4 proposes and studies
a one-step consistent estimator of the full matrix. Section 1.5 corroborates the

theoretical findings with numerical experiments. Finally, Section 1.6 provides the



proofs of our main theoretical results. The proofs of the other results are collected
in the Appendix.

1.2 Model setup

The underlying matrix that we wish to estimate is an n x d matrix M with rank r.
By singular value decomposition (SVD),

My = UAVT, (1.1)

for orthonormal matrices U = (Uy,...,U,) € R"™*" and V = (V4,...,V,) €
RY*" containing the left and right singular vectors, and a diagonal matrix A =
diag(Ay,...,A;) € R™" containing the singular values. My is corrupted by noise
e € R4 where the entries of € are i.i.d. sub-Gaussian random variables with
mean zero and variance o?. Lety € {0,1}"*¢ be such that y;, = 1 if the (k, h)-th
entry of My + € is observed and yi, = 0 otherwise. The entries of y are i.i.d.
Bernoulli(p) and independent of the entries of €. Thus, the total number of ob-
served entries in M, + € is a Binomial(nd, p) random variable. We observe y and
the partially observed matrix M € R™*¢, where

Moxn + €xn  if observed =1
My, = [y (Mo + e)]kh _ Okh T €kh V (Ykh )
0 otherwise (yxn = 0)

for1 <k <mnand1 < h < d. Throughout the paper, it is presumed that r < d < n.

Moreover, the entries of M, are bounded in absolute value by a constant L > 0.

Remark 1. Depending on the case, the noise € can be related to the measurement system
so that assuming that there exist errors for unobserved entries does not make sense. Hence,
assume a hierarchical model as follows;

€ijlyyy =0=0 as.,
eijlyi; = 1 ~ subgaussian, and



Yij ~ i.i.d. Bernoulli(p).

In this setting, the results obtained in this paper would still hold although it may require
more techniques or minor changes in the proof. For simplicity of the paper, we only focus on
the original setting.

1.3 Estimation of singular values and vectors of M,

The vast majority of previous estimators of M have been initialized with M, in
effect imputing the missing values with zero. In this section, we study the properties
of singular vectors and values of M. This suggests alternative estimators of the
singular vectors and values of M,.

Properties of singular values and vectors of M

Define
$:=M™ and &£,:=MM".

Then, the eigenvectors of £ and £, are the same as the right and left singular
vectors of M, respectively, and the squared root of eigenvalues of £ are the same
as the singular values of M. The following lemma shows that £ and £, are biased
estimators of M My and MyM{, respectively.

Lemma 1.3.1. Under the model setup in Section 3.5, we have

EL =p>MI Mg +p(1 —p) diag(Mg My) + npo?1g, (1.2)
and similarly,

EL, = p*MoM{ +p(1 —p) diag(MgM]) + dpo?l,,, (1.3)

where 14 and 1,, are d x d and n x n identity matrices, respectively.



The proof of this lemma is in Appendix A. The right-hand side of (1.2) contains
terms beyond p?MJ] M, and they make the singular vectors and singular values
of M biased estimators of the singular vectors and values of M. While the bias
coming from npo?l, is manageable!, the bias coming from p(1 — p) diag(MJ My)
is not. The same applies to £ in (1.3).

To get rid of the terms producing unmanageable biases, we define £, and £,

and their eigenvectors and eigenvalues as follows,

ip =3 —(1—p) diag(f:)
(Vp, Vpe) diag(A,..., A% )V, Vpe)', and
i‘pt ::it — (1 — p) dlag(it)

=(U,, Uy ) diag(A

(1.4)

}\2 )(uplupC)T/

2
pt1/c s ptn
where

'IV‘pd) c Rdx(d—r),
S Up,) € RV
’ n .

Pre1s--

Vo = Vpp,ooo, Vp,) ERYT, Voo = (V.
Up = (Upy, .o, Up ) € R™T, Uy = (U

Pr1s e
The following proposition shows that £, and £, adjust the bias.

Proposition 1.3.1. Under the model setup in Section 3.5, we have by eigendecomposition,

EL, =p*M{Mo + npc’la = (V, V)AL (V, V,)" and
EL, =p*MoM] + dp®e’l, = (U, UJAZ (U, U)T,

where V and U are as defined in (2.1), V. € R*(d=1) 1, € Rnx(n=7),

. )

. )
/\% =diag(Apy, .-, Apg)

= diag(p* (A} + no?l,..., p? A2 +no?l, p*no?,..., p'no?) € R4, and
/"\it = diag(p*(A\f + do?], ..., p*[A2 + do?], p*do?,..., p*do?) € R™ ™,

IThis term does not change the singular vectors of E £; it merely increases each singular value
by npo?.



The proof of this proposition easily follows from Lemma 1.3.1 and (1.4).

Proposition 1.3.1 shows that the top r eigenvectors of E £, and E £, are the same
as the right and left singular vectors of My, respectively. Also, the top r eigenvalues
of E £, are easily adjusted to match the singular values of M, as follows,

)\2:1

s E?\},f—naz, fori=1,...,r.

Estimators of singular values and vectors of M,

The results in Proposition 1.3.1 suggest plug-in estimators using the leading eigen-
vectors and eigenvalues of £, and the leading eigenvectors of £, as estimators of
V, A, and U, respectively. However, since p is an unknown parameter in practice,
the proposed estimators use instead of p the proportion of observed entries in M,
P, which is defined as

ZE:I Zﬁ:l ykh—' (15)
nd

f):

Using p, define }if, and )if,t as

(Q,u)’, (1.7)

where V € R¥", V, € R4 AZ = diag(A2,,...,\3,) € R4, U € R™,
Ue € R and A3, = diag(M3,y,...,A3,,) € R™". Then, estimate the left

and right singular vectors, U and V, of My by U and V, respectively. Also, estimate
the singular values, A;,i =1, ..., 1, of M by

Ai=4/5(W, —1p) fori=1,...,7, (1.8)

-d),._\



where £, = Ltr (VIL,V,).

For any A € R™*4, let the i-th left singular vector of A be denoted by u;(A),
the i-th right singular vector of A by v;(A), and the top i-th singular value of A
by Ai(A) fori=1,...,d. Then, Algorithm 1 summarizes the steps to compute the
proposed estimators of the singular values and vectors of M.

Algorithm 1 Estimators of U;, V;, and A; fori=1,...,r
Require: M, y,and r

]? — ﬁ P Zﬁ:1 Ykh
Lp M™™ — (1 —p)diag(M™™)
Lip ¢ MMT — (1 —p)diag(MMT)

A

Yi%vi(z’\f,), V‘i.E{l,...,T}
Ui<—ui(}:ﬁt), \V/'.Le{l,...,T'}

1 i M(Ep)

5\1(—% Al(if))—’f'ﬁ, \V/ie{l,...,'l'}

return Vi, U;, and A; fori=1,...,r

1.4 Asymptotic theory
This section investigates the statistical properties of the estimators proposed in (1.7)

and (1.8).

Convergence rate of the estimated singular vectors and

asymptotic distribution of the estimated singular values

Let x = (x1,...,%Xn)" be a n-dimensional vector and A = (Axn) a n x d matrix.
Then, the {,-norm is defined as follows,

P 1/p
x|, = (Z Ixi!") , and |A[l, =sup{[|Ax|[,, x|, =1}, p=1,200.
i=1



The spectral norm ||A|] is a square root of the largest eigenvalue of AAT,

n

d
|A[l; = max !Akhl, and ||A],, = max Z |Axnl
1<h<d 4 1<k<n 4=

The squared Frobenius norm is defined by ||A||]2: = tr (ATA), the trace of ATA.
We denote by ¢ > 0 and C > 0 generic constants that are free of n, d, and p, and
different from appearance to appearance.

To measure how close the proposed estimator V is to V (or, U to U), we introduce
a classical notion of distance between subspaces. Let R(Z;) denote a column space
spanned by Z; € RY*" and R(Z,) by Z, € R4*". Then, to measure the dissimilarity
between R(Z;) and R(Z,), consider the following loss function

|sin(Zs, Zy) |7 = || sin®(R(Z1), R(Z2))||,

where sin ©(R(Z;), R(Z,)) is a diagonal matrix of singular values (canonical angles)
of P1Ps- with orthogonal projections P; and P, of Z; and Z,, respectively. Here
P+ = I — P. The canonical angles generalize the notion of angles between lines
and are often used to define the distance between subspaces. If the columns of
Z; and Z, are singular vectors, R(Z;) and R(Z,) have projections P; = Z;Z{ and
P, = Z,Z], respectively, and || sin(Zy, 2o) |2 = (| Z:1Z{ (Z,Z])*|? = 3|1 Z1Z] - Z,Z] | 2.
Proposition 2.2 in Vu and Lei (2013) relates this subspace distance to the Frobenius
distance

1 . . 2
2 onf 12— Z,0|7 < [sin(Zy, Z,)I} < ol 1141 = 20k, (1.9)

where V, . ={0 € R"™": 0TO =1, and OO = I,} denotes the Stiefel manifold of
T x 1 orthonormal matrices. In other words, the distance between two subspaces

corresponds to the minimal distance between their orthonormal bases.
Assumption 1.

(1) Ay =bivnd, i = ,T, where L < by < c for a constant ¢ > 0;

C



(2) there exists a constant m € {1,...,7} such that b, > b1, where b, 1 =0;
(3) d<n<e? foraconstant « < 1 free of n, d, and p.

Remark 2. To motivate Assumption 3 (1), suppose that a non-vanishing proportion of
entries of M contains non-vanishing signals (i.e. Moy, = co for some constant cg > 0)
and that the rank of M is fixed. Then,

n d
Y Mok, = Mo > end

k=1 h=1

for some constant ¢ > 0. Because the squared Frobenius norm is also the sum of the squared
singular values of My, the order of the singular values of Mg should be v/nd (see also Fan
et al. (2013)). Assumption 3(1) may seem uncommon in the matrix completion literature,
but consider the widely-used assumption (I1.2) in Candés and Plan (2010),

12}2(“ U] < vC/n and 1f<nha<><d Vinl < v/C/d
fori=1,...,rand a constant C > 1, which prevents spiky singular vectors. Under the
model setup in Section 3.5 where the entries of M are bounded in absolute value by a
constant L > 0, this implies Assumption 3(1).

The following theorem shows the convergence of V to V and U to UL.

Theorem 1.4.1. Under the model setup in Section 3.5 and Assumption 3, let V'™ and
U™ be the first m columns of V and U defined in (1.7), respectively, and let V'™ and
U™ pe the first m columns of V and U defined in (2.1), respectively. Then, for large n
and d,

i) ol 12 Cin!
E[Jsin (VO VM) lp < S (1.10)
and
o) e [P Crd”
E ||sin (U™, ut™)||0 < (oL — b (1.11)



10

where Cq and C, are generic constants free of n, d, and p.
The proof of this theorem is in Section 1.6.

Remark 3. As long as l—pg—dn — 00, the convergence rates in Theorem 1.4.1 will hold Hence,

under the setting where p goes to zero, if d/logn diverges fast enough that £-=- logn — 00, we
can still obtain the results in Theorem 1.4.1.

Remark 4. Despite the fact that V™ is built on a partially observed matrix M, Theorem

2 . .
W which is the standard convergence rate for
m+1

eigenvectors (Anderson et al. (1958)). The effect of the partial observations appears in the

1.4.1 gives the convergence rate
denominator of the right-hand side of (1.10) as p. A similar discussion applies to U™ in
(1.11).

The next theorem shows the asymptotic distribution of A? centered around A2.

Theorem 1.4.2. Suppose nd~' — oco. Then, under the model setup in Section 3.5 and

Assumption 3, we have

SN -YN

— N(0,1) in distribution, asnand d — oo.

vndoy
where
n d m 2 m 2 m
4(1 — 402
o2 = Q{ >y Moih(ZbiuikVih) — (Zb%) } +—> bl
p k=1 h=1 i=1 i=1 | —

U,y is the k-th entry of Uy, and Viy, is the h-th entry of V;.
The proof of this theorem is in Section 1.6.

Remark 5. As long as 1—(% — oo and pnd~! — oo, the asymptotic normality result in
Theorem 1.4.2 will hold. Hence under the setting where p goes to zero, if d/logn and
n/d diverge fast enough that > gn — oo and pn/d — oo, we can still obtain the results in

Theorem 1.4.2.
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Remark 6. Theorem 1.4.2 shows that the convergence rate of 3™, A2 is v/nd. Considering
Assumption 3(1), it is an optimal rate. However, since the results are based on partially
observed entries, the asymptotic variance, G%, increases with the rate p~'. For example,
when we have a fully-observed matrix, o35 simply becomes 40> Y™, b? which is a lower
bound for o3.

One of the main purposes of this paper is to investigate asymptotic behaviors
of the estimators of the singular values of M. An application of the proof of
Theorem 1.4.2 and the delta method provides a multivariate central limit theorem
for Ay, ..., Ay

Theorem 1.4.3. Suppose that
bi >biyy forallie{l,...,v} and nd ' — oco.
Then, under the model setup in Section 3.5 and Assumption 3, we have

A — M
Y-1/2 : — N(0,1,) in distribution, asmand d — oo,
A — A

where Y =YT € R™T consists of

1— n d 0‘2 e .
% (Zkzl > et Mo U Vi, — b%) +5 ifi=]

Tij -
(1;19) (ZL Zﬁ:l MOlzchU-ikvihU-jkvjh — bibj) ifi#j.

(1.12)

Thus, A — Al = O, (%ﬁ)

Remark 7. As in case of Theorem 1.4.2 (see Remark 5), as long as B"g—dn — oo and
pnd~! — oo, the asymptotic normality result in Theorem 1.4.3 will hold. Note that
Theorems 1.4.2 and 1.4.3 require an additional condition, pnd—! — oo, to the condition
required for Theorem 1.4.1, I—(T:g—dn — oo. Under the setting where p is a constant, this

additional condition implies that d/m has to go to zero. The rationale behind this is as
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follows. In Theorems 1.4.2 and 1.4.3, we find the limiting distribution on the singular
values of My from a d x d matrix £, while the total number of observations is nd. That
is, the size of our parameter space is d* and the total amount of information we can use to
find asymptotic properties on the parameters is nd. Since our observations are even noisy,
we need an enough number of observations to achieve our goal. When d/n — 0, we can
make the approximation errors in the singular values of £, negligible and find the limiting
distribution on the singular values of M.

Remark 8. The results of Theorems 1.4.2 and 1.4.3 help us to make statistical inference on
the singular values of My. For example, they open up possibilities for us to evaluate how
many factors are significant or how influential each factor is, by providing the distribution
of the singular values.

Theorems 1.4.1-1.4.3 show that the proposed estimators for U, V, and A;’s are
asymptotically unbiased and have optimal convergence rates. With these well-
developed estimators for the singular values and vectors of My, the following
section proposes a consistent estimator of M.

A consistent estimator of M,

Suppose that b; > by foralli =1,...,r. Theorem 1.4.1 and (1.9) imply that V; and
U; can estimate V; and U; up to constant factors sign((\A/i, Vi)) and sign((ﬂi, U;)),
respectively. Let sp = (sg1,...,Sor) € {—1,1}" be

A

soi. = sign((Vi, Vi)) sign((fli, U;)) for ie{l,...,rh. (1.13)

Then, M(so) = Y _i_; Soi AiU; V] becomes a consistent estimator of M. However,
since s( is an unknown parameter in practice, we employ § = (8;,...,8,) € {—1,1}"

as an estimator of sg;

§ = argmin ||Pq (M(s)) — Pa(M)]3, (1.14)

se{—1,1}"
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where Q contains indices of the observed entries, yyn = 1 < (k,h) € Q, and
Pa(A) for any A € R™*4 denotes the projection of A onto Q,

forl<k<nand1l<h<d.

Hence, the proposed estimator of M, is
M(3) =) &ALV (1.15)
i=1

Remark 9. Finding § as in (1.14) requires 2" computations. Hence, it can be a computa-
tional bottleneck or even impossible for a large . In such cases, we suggest an alternate way
to find § as follows;

A

gatternate — sign((Vi, vi(M))) sign((Uy, u (M) for i=1,...,m.

1

Note that if we use Vi and U, instead of vi(M) and u;(M), this gives us the true sign s,
in (1.13).

In the following we show that M (8) is a consistent estimator of My under certain
conditions. The steps to compute M(8) using {V;, U;, A;}]_, from Algorithm 1 are

summarized in Algorithm 2.

Algorithm 2 Estimator of M,

Require: \A/i, ﬂi, and 5\1 fori=1,...,r
§ < argmin . [|Pa (>, sia Uy ALT) —Pa (M) Hi
I\A/l(§) <_AZI:1 §15\1ﬂ1\7lT
return M(§)

Assumption 2.

(1) hmn—>oo,d—>oop<mins€{fl,l}f 1Pa (M(S)) _(PQ(M)”]Z:
< [P0 (M(s0) = Pa (M)[}) =0;
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(2) by > by foralli=1,...,m

Remark 10. When the rank v is 1, it is more straightforward to understand Assumption

5(1). Assuming that sy = 1, it means that

im _P([170(~A0VT) - 2o (M)

n—o0,d—00

< [20 (AVT) = 0 (M)} ) =0

That is, the probability that § picks a different sign than the true sign sy = 1 goes to zero
with the dimensionality. Given the asymptotic properties of our estimators A, U, and V, this

is not an unreasonable assumption to make.

Theorem 1.4.4. Under the model setup in Section 3.5 and Assumptions 3-5, for any given
n > 0, there exists a constant C,, > 0 such that for sufficiently large n,

b? |~
P (22 s - Mofl > ¢, ) <

Or alternatively,

IML(8) — M2 = 5617 (hnn),

where h,, can be anything that diverges very slowly with the dimensionality, for example,
log(log d).

The proof of this theorem is in Section 1.6.

Remark 11. As in case of Theorem 1.4.1 (see Remark 3), as long as l—(;g"—dn — 00, the

convergence rates in Theorem 1.4.4 will hold. If we let p = T= so that N represents the

N
nlogn

number of observed entries in the population sense, this condition implies that — 00.
Therefore, for M(3) to be consistent, the number of observed entries should increase at a
faster rate than nlogn. This is a comparable result to Theorem 1 in Candés and Plan

(2010).



15

Remark 12. The additional condition, pnd~' — oo, required for Theorems 1.4.2 and
1.4.3 (see Remarks 5 and 7), is not needed for Theorems 1.4.1 and 1.4.4. It means that if p
is a constant, even though d/n — c for some 0 < ¢ < 1or d < n, the results in Theorems
1.4.1 and 1.4.4 will still hold, but the results in Theorems 1.4.2 and 1.4.3 will not.

Remark 13. Theorem 1.4.4 shows that - |[M(8) — M|} is bounded by Cp—'d~" for
some constant C > 0. Under the setting where the rank of My is fixed as in this paper, this
is matched to the minimax lower bound in Theorems 5-7 (Koltchinskii et al. (2011a)). The
previous estimators that obtain the minimax rate are computed via semidefinite programs
that require iterating over several SV Ds. However, the proposed estimator is a non-iterative
algorithm.

Remark 14. Chatterjee (2014) established the minimax error rate for estimators of a general
class of noisy incomplete matrices which extend beyond low rank matrix completion. In
the regime studied herein, the convergence rate of our estimator of My is faster than the
convergence rate in Theorem 2.1 (Chatterjee (2014)). This is likely because we consider a
smaller class of matrices, where the singular values of a low rank matrix have the divergence
rate v/nd (Assumption 3(1)). Remark 2 justifies this assumption in the setting of low rank
matrix completion.

Throughout this paper, we have assumed that the rank, v, of M, is known.
However, it is an unknown parameter and needs to be estimated. The following

lemma proposes an estimator of r and shows its consistency.

Lemma 1.4.1. Let C4 > 0 such that Cq/d — 0and Cq — oo, for example, C4 = clog d
forany ¢ > 0. Also, let # = |[{i € {1,...,d} | A3, > p®nCa}| where N3, is defined in
(1.7). Then, for any given & > 0, we have

PF=1)=1—0(n"7?).

The proof of this lemma is in Appendix A.

Remark 15. Empirically to find C4 and ¥ in Lemma 1.4.1, we suggest using a scree plot of
the singular values of iﬁ in (1.6).
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Remark 16. As long as Cq satisfies 0*p*n < p>n Cq < (02 + b2d) p*n, consistency of
#in Lemma 1.4.1 will hold. However, in the finite sample case, if the noise level o2 is larger
than b2d, it can be difficult to observe a singular-value gap and determine ¥ using the scree
plot of the singular values of L.

1.5 Numerical experiments

Simulations

This section studies the performance of the proposed estimators using several
values of the dimension n and the probability p.

To simulate My, generate A € [—5,5]"*2, B € [—5,5]9%? to containi.i.d. Uniform[—5, 5]
random variables and define

M, = ABT € R™*¢4,

Each entry of M, is observed with probability p and unobserved with probability
1 —p. The observed entries of M, are corrupted by noise € as defined in Section 3.5,
where €y, arei.i.d. N(0,1). The dimension n varies from 100 to 1000 and p from
0.1 to 1, while d = 2y/n. Each simulation was repeated 500 times and the errors
were averaged.

Figures 1.1 and 1.2 summarize the resulting mean squared errors calculated
by lI¥1(8) — Mo, [[diag(As, A2) — AJ, [V — V|2, and [|Cl — UJ]2, when n and p
increase along the x-axis, respectively. The MSE for V decreases more rapidly than
the MSE for U and both MSEs decrease when p increases; this is consistent with
the results in Theorem 1.4.1. The MSE of M decreases with the increase of n and p.
The MSE of A stays stable over the changes of n since it is measured on A; instead
of 3\% (see Theorem 1.4.3), but decreases with the increase of p.

We further studied the asymptotic normality of 5 >_, A; in Theorem 1.4.3. Figure
1.3 graphs the QQ plot of 3 >, A; — 5 >_, A, where the dimension n is fixed at 1000

and p varies from 0.1 to 1. This shows that the asymptotic normality holds across
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various values of p.

A data example

To illustrate the proposed estimation methods, this section analyzes the MovieLens
100k data (GroupLens (2015)). The data set consists of 100,000 ratings from 943
users and 1682 movies and each user has rated at least 20 movies. Taking this
partially observed data matrix as M, we computed £, as in (1.6) and plotted the
scree plot of the singular values of £, to determine . Figure 1.4 shows the result.
Since there exists a singular value gap between the 3rd and 4th singular values, we
chose * = 3. Then, we computed the estimators of the singular vectors and values
and the estimator of the full low rank matrix as illustrated in Algorithms 1 and 2.
The estimated singular vectors help us understand what the main factors of
movie preferences are. Table 1.1 shows lists of movies that characterize the top 3
singular vectors (factors of movie preferences). Particularly, it presents 5 movies
that correspond to the largest values in each singular vector and 5 movies that
correspond to the smallest values. The 1st factor has well-known and top-rated

Table 1.1: Lists of movies that characterize each of the top 3 singular vectors

Lst One side Silence of the Lambs, Fargo, Star Wars,
singular (well-known, top-rated) | Return of the Jedi, Raiders of the Lost Ark
veetor The other side A Further Gesture, Mat i syn,
(unknown, pooly-rated) | A Very Natural Thing, Hush, Office Killer
ond One side Scream, Air Force One, The Rock,
singular (box-office hit in 90’s) Contact, Liar Liar
veotor The other side Citizen Kane, The Graduate, Casablanca,
(classic in 40’s-60’s) The African Queen, Dr. Strangelove
ard One side Jurassic Park, Top Gun, Speed, True Lies,
singular (action, thriller) Batman
The other side I Postino, Secrets & Lies, English Patient,
vector (drama) Full Monty, L.A. Confidential

movies on one side and unknown and poorly-rated movies on the other side. The

2nd factor has box-office hit movies in 1990’s on one side and memorable classic
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movies in 1940’s-1960’s on the other side. The 3rd factor has action and thriller
movies on one side and quieter and drama movies on the other side.

The estimated singular values help us see how influential the main factors
of movie preferences are. Particularly, Figure 1.5 shows the estimated singular
values and their 95% confidence intervals. For the standard deviation used in the
confidence intervals, we used T;l/ ? from (1.12) in Theorem 1.4.4. Computing T;l/ 2
requires information on the values of the parameters My, U, V, A, p, and o2, but
we replaced these with the estimated values M(@), U, V, A, p,and 15/ np2. From
Figure 1.5, we observe that all 3 factors of movie preferences are significant.

To find the RMSE of our estimator of the full low rank matrix, M(3), we used 5
training and 5 test data sets from 5-fold cross validation which is publicly provided
in GroupLens (2015). The RMSE was computed by

||?Qtest(m(§)) _ TQtest (M) HzF
|Qtest| ’

where Q.. contains indices of observed entries that belong to the test set, Pq,..,
for a matrix A € R™*4 denotes the projection of A onto Qcs¢, and [Q (| denotes
the cardinality of Q.si. The average of the resulting RMSEs was 1.656.



19

1.6 Proofs

Proofs for Theorem 1.4.1

The proof of the following proposition and lemmas are in Appendix A.

Proposition 1.6.1. Under the model setup in Section 3.5 and Assumption 3, we have for
largenand d,

L (ym) ym)y |12 Cin’
E|[sin (V{™, V™) [0 < (oL — b2 ) and (1.16)
a2 Cd!
EHSIR (up ’u )HF < p(b%n_b%n—kl)z,

where V,, and U, are defined in (1.4) and Cy and C, are generic constants free of n, d, and

P

Lemma 1.6.1. Under the model setup in Section 3.5 and Assumption 3, for any given
W > 0, there exists a large constant C,,, > 0 such that

1 ¢ o logn /logn
nd o= _EZPHZ < €y, max {PT, p*/? n } (1.17)

with probability at least 1 — O (n~*1), where £, is defined in (1.4). Similarly, for any given

W > 0, there exists a large constant C,, > 0 such that

£ B (Ep) < max {18, 7 R0

with probability at least 1 — O (n~"2), where £, is defined in (1.4).

1
nd



20

Lemma 1.6.2. Under the model setup in Section 3.5 and Assumption 3, for any given
v1 > 0, there exists a large constant C, > 0 such that

1 - A 1 1
—|£p — Epll, < 2 B S (1.18)

with probability at least 1 — O (n™1), where )Alf, and )ip are defined in (1.6) and (1.4),
respectively. Similarly, for any given v, > 0, there exists a large constant C.,, > 0 such that

1 .- A logn 1
A A

with probability at least 1 — O (n~>2), where L, and L, are defined in (1.6) and (1.4),

respectively.

Lemma 1.6.3. Under the model setup in Section 3.5 and Assumption 3, we have for large

nand d,
2 3 2
& e\ vm) p’l—p) p(1—p)
H— DI Z Vp i < G max{ T 2 (1.19)
and
2 3 2
(m) p’(1—p) p*(1—p)
H )up . < G max{ dnd ’ dns/2 [’

where 5 and ¥, are defined in (1.6), £, £+, V,,, and U,, are defined in (1.4), and C,

and C, are generic constants free of n, d, and p.

Proof of Theorem 1.4.1. We only prove (1.10) because (1.11) can be proved similarly.
By triangle inequality and Proposition 1.6.1, we have

E|lsin (V( )HF
< 4E|sin (V! ,v NIIF +4E||sin (Vi™, Vi) |17
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~ Cn!
< 4E|sin (V™, vim)Y|2 4 (1.20)
( P ) r P (b?m — b%n+1)2

Now, consider E||sin (V(™), Vi™) |2, Let

)
b= {1122((1 ndp\ — il < tl} ’

where t; = C{ p*%E™ + C// p>/?\/1%E™ and

_ 2
E2 - {_|)\Pm+1 - Apm+1| < tz} .

where t, = C, p%/ IOg" 1. Then, by Weyl’s theorem (Li (1998a)), Lemma 1.6.1, and
Lemma 1.6.2, we have for large constants C;, C{’, and C,,

P(ES) <P (% |£, —EL,][, > t1) =0(n*) and

c 1 < < —
(e < P (g 15 - 2ol > 0) =0 (nY),
Thus, for large n and d,

E||sin (\A/(m),Vém))H%
_ ]E{Hsin (V™) VE) 2 1 e

—HE{ Jsin (VI™), V(m)) I3 ﬂElmEz}

Vi
cnft s} {”< e
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1 o (m)
< Cn74 1 E Hnd (ZP ZP) VP HF
= 1 "2 ] 2
<m|)‘pm_7\pm+1|>
_ C(1—p) 1 1
4
<cen t 4+ e max {pndy RCRCREE }, (1.21)

where 1 is an indicator function of an event E, the first inequality holds by the fact
that || sin(V(™), V{™)|]2 < m and Davis-Kahan sin  theorem (Theorem 3.1 in Li
(1998b)), and the last inequality is due to Lemma 1.6.3.

By (1.20) and (1.21), the result (1.10) follows. O

Proofs for Theorem 1.4.2

The proof of the following propositions are in Appendix A.

Proposition 1.6.2. Under the assumptions in Theorem 1.4.2, we have

g |(, H TR, ) (HER b))
nd

2 . 3
Yyt (AM+ne?)p 2y (A +no?)

— N (0, 1,) in distribution, asm,d — oo,

where Npi, i, and p are defined in (1.4), (2.1), and (1.5), respectively, and Thqg = T4 €

R?*2 consists of

(Tha)i2 = 2p*(1 —p) (Zb%) , and (Tha)n =p°(1—p) (Z b%) .

i=1
Proposition 1.6.3. Under the model setup in Section 3.5 and Assumption 3, let

. 1 o
T =1 rtr (VieLpVpe),
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where £, and V. are defined in (1.4). Then, we have %, —np?c? = O, (py/n).

Proof of Theorem 1.4.2. We have

1 m R m
Ll oy
bR
1 . - 1
== { (ﬁ_ZZAéi—Z [7\%+noﬂ> +m (TLGZ—E’%};,>}
i=1 i=1
1

= m{(a) +m(b)}.

First, consider the term (a). We have

(a) = ﬁltr (VimITE vim)) — Z [A? 4+ no?

P
= (i) 4 (i1) + (iii). (1.22)
By (1.9), there is O € V,,, ., such that
[V —vim ot < 2)lsin(V™, VM)t and O VIWTE ViMoo, = A2,
where 0 is the i-th column of O. Then, the term (i) is
. 1 mTe —
W = St (OTVIMTEVIMO) = [N+ no?
i=1

+— tr (VT VM — Ty imTE vim o)



24

T Z £, Vi— 01V, "E,V,04)
i=1
éZ?\ 2= M4’ +0, (pfp) (1.23)
i=1 i=1

where the last equality holds by the fact that

A

> (VIEVi—0fvymTE, vimoy)

(Vi = VI™ 0L, (Vi — VMO 4+ 202,0f VIMTV; — 22 ]

pivi

(078, (V= Vim0 — N [V — Vim0 ]

Il
0
?

|

<

2A%ZHV — Vo,

=2A% HV —vimol;
-0, (§2> (1.24)

where the last equality is due to (1.9), (1.21), and (1.25) below; by the application of
Weyl’s theorem (Li (1998a)) and Lemma 1.6.1, we can show

Ao =0, (p°nd). (1.25)

The term (ii) is

) 1, e
Eli)) = E|= (p—p)tr (V™ diag(L)V! ))'
< ;%E’(fg—p) 1r<r}zi)1<nVTd1ag(>AZ)\A/i
m 1/2 12
< ;{E(ﬁ—p)z} {E[lg}gﬁlwdlag( )Vi] }
1/2
m n . Ao 112
< ;{E(P—P)"} {E[Ildlag(ZJM}
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1/2

m
P { B g o]
@)

(max {—, —}) , (1.26)
p’Vopd

where the second inequality is due to Holder’s inequality and the last equality

holds by the fact that

E || diag(£) }

< 4E||diag(L) — p diag(Mg My) —anZIdH%
+lp diag(M{ M) + npola 2]

n 2
=4E| max ‘Z(Mih—pl\/{oih—poz)’

I<h<d | &=

ke 2
+4 { max p Y Moy, + npcz}
k=1

1I<hgd

Z M, — p(Moyy, + 07)]

2 2
} +4 {np(L2 + 0'2)}

d n
=4 Z ZE[M]Z{]’L _p(MOih + 0'2)]2 +4 {np([_z 4 0—2)}2
O}Erria]:x{lpnd p°n }) )

The term (iii) in (1.22) is

1 1

+(l—l)p2i(7\%+n62)

p> p?

11
S\ P
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+r (0TVIMTE VIMO) —p? 3 (AT +no?) ]
i=1
1 1 2 - 2 2
+(———> p Z(?\i-i-nc)

P P =

- 0, (ﬁ) 0, <max {p,@}) +0, (5)+0, p3nd)]
Gyt

_ o, (1) N (l _ l) 2i (R + no?), (1.27)

p P> p? —

where the third equality is due to (1.26), (1.24), Proposition 1.6.2, and the fact that

Vnd (f% _ é) s N (0, 4(11; P)) in distribution, as n, d — oo, (1.28)

by CLT and Delta method. From (1.23), (1.26), and (1.27), we have

(W= 2 -Y N+no?)
P i=1 i=1
+ (lz — 12) p*) (A +n0®) +o, ( n—d> . (1.29)
2 = 2

Second, the term (b) is

(b) = noz—lff,

n —
P
- op< %), (1.30)
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where the third equality is due to Proposition 1.6.3 and (1.28), and the last equality
holds by the fact that thereis O € V4_, 4, by (1.9) such that

Vi — vim O < 2)lsin(VI™, Vi) and O V] £,V 0 = A2

pr+is

where O; is the i-th column of O, and that

1T, — Tpl

— | OTVEE VB e (V£ )

- +r (VIEVe) —tr (VIE, V)
< (dir) [t (BTV] £, Ve 0) — tr (VIE,Ve) |
tao tr (VIE,Ve) —tr (VIE:V0))|
< (di 4%, [lsin(Voe, Ve )2+ (dlﬁ |(p —p)tr (V diag(2) V)|

1 ) =
— a8, sV, [+ 0 (max {p, v [ 1)

=0, <§3> + Oy (max {p, p/? g}) ,

where the second inequality can be derived similarly to (1.24), the second equality
holds similarly to (1.26), and the last equality is due to (1.21) and (1.25).
Combining the results in (1.29) and (1.30), we have

L mAz_ m 2

— L (@) +m)

~ Vnd
:L li?\ i Af +no?] + (1 —i) pzi(ﬁ—l—noz)
vnd | p® i1 " i1 p? P2 i1 '

+o,(1).
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Thus, by Proposition 1.6.2, Delta method and Slutsky’s theorem, we have

{Z 7\2 Z 7\2} — N (0,1) in distribution, asn,d — oo,

d(T)\ ie1

1
where 0% = (1 —2p %) Tha (—ZP?’)' O

Proofs for Theorem 1.4.4

The proof of the following Proposition is in Appendix A.

Proposition 1.6.4. Under the model setup in Section 3.5, Assumption 3, and Assumption
5(2), we have

A 2
IM(s0) = Molf;: = pbl

T

Op (n),

where M (sg) are defined in (1.13) and (1.15) and M, is defined in (2.1).

Proof of Theorem 1.4.4. For any givenn > 0, we have for a large n,

P( min_ [|Pa(M(s)) — Pa(M)|[ < [|Pa(M(sy)) — Pal )Hf:)én/Z

se{—1,1}"

by Assumption 5(1). Also, for any givenn > 0, we can find C,, > 0, free of n, d, and
p, such that for large n,

bt .
P (22 [¥t(s0) — Ml > €, ) <2

by Proposition 1.6.4. Therefore, for any givenn > 0, we can find C,, > 0 such that

bt .
P (22 s - mof}; > ¢, )

bt 2 .
:P(pnr (30)—M0HF = Cn,5023>
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bt
+P (pT INA(3) — My |2 > Cp, 50 # s)

bt .
<P (pnr (o) — M|} > Cn)

+IP’( min _||Po(M(s)) — Po(M)|5 < ||9>Q(M(so))—ﬂ>a(M)lli)

se{—1,1}"
<n/2+n/2
:T"_
Or, for any givenn > 0 and ¢ > 0, there exists N > 0 such that for alln > N,
pbt . 2
P (22 ¥1(6) - Malf; > )
pbt 2 .
=P (m HM(SO) — MOHF >1,S0 = s)
pbY |~ 2 .
+P (hn_n HM(S) — MOHF >1,S0 # s)
pbt 2
<P (22 ¥t(so) — M} > )

+P( min ||[Pa(M(s)) —Pa(M)|; < [|[Pa(M(sy)) — ?Q(M)Hi)

se{—1,1}"

< 0/2+¢)/2
- C/

where the second inequality holds due to Assumption 5(1) and Proposition 1.6.4.
O
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Figure 1.1: The mean squared errors for six different values of p when n increases.
Each point on the plots correspond to an average over 500 replicates.
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Figure 1.2: The same mean squared errors as the ones in Figure 1 plotted for four
different values of n when p increases. Each point on the plots correspond to an
average over 500 replicates.
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Figure 1.3: Asymptotic normality of Zle Ay — Zle A; as p varies from 0.1 to 1.
Across the plots, we fixed n to be 1000.
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Figure 1.4: The singular values of £, computed by taking the MovieLens 100k data
matrix as M. From this scree plot, we choose t to be 3.
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Figure 1.5: The 3 estimated singular values and their 95% confidence intervals.



35

2 INTELLIGENT INITIALIZATION AND ADAPTIVE
THRESHOLDING FOR ITERATIVE MATRIX COMPLETION, SOME

STATISTICAL AND ALGORITHMIC THEORY FOR adaptive-impute

2.1 Introduction

Matrix completion appears in a variety of areas where it recovers a low-rank or
approximately low-rank matrix from a small fraction of observed entries such as
collaborative filtering (Rennie and Srebro (2005)), computer vision (Weinberger and
Saul (2006)), positioning (Montanari and Oh (2010)), and recommender systems
(Bennett and Lanning (2007)). Early work in this field was done by Achlioptas and
McSherry (2001), Azar et al. (2001), Fazel (2002), Srebro et al. (2004), and Rennie
and Srebro (2005). Later, Candes and Recht (2009) introduced the technique of
matrix completion by minimizing the nuclear norm under convex constraints. This
opened up a significant overlap with compressed sensing (Candes et al. (2006),
Donoho (2006)) and led to accelerated research in matrix completion. They and
others (Candées and Recht (2009), Candés and Tao (2010), Keshavan et al. (2010),
Gross (2011), Recht (2011)) showed that the technique can exactly recover a low-rank
matrix in the noiseless case. Many of the following works showed the approximate
recovery of the low-rank matrix with the presence of noise (Candés and Plan (2010),
Negahban et al. (2011), Koltchinskii et al. (2011a), Rohde et al. (2011)). Several other
papers studied matrix completion in various settings (e.g. Davenport et al. (2014),
Negahban and Wainwright (2012)) and proposed different estimation procedures
of matrix completion (Srebro et al. (2004), Keshavan et al. (2009), Koltchinskii et al.
(2011b), Cai and Zhou (2013), Chatterjee (2014)) than the ones by Candés and Recht
(2009). In addition to the theoretical advances, a large number of algorithms have
emerged (e.g. Rennie and Srebro (2005), Cai et al. (2010), Keshavan et al. (2009),
Mazumder et al. (2010), Hastie et al. (2014)). An overview is well summarized in
Mazumder et al. (2010) and Hastie et al. (2014).
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Many of matrix completion algorithms employ thresholded singular value
decomposition (SVD) which soft- or hard- thresholds the singular values. The
statistical literature has responded by investigating its theoretical optimality and
strong empirical performances. However, a key empirical difficulty of employing
thresholded SVD for matrix completion is to find the right way and level of thresh-
old. Depending on the choice of the thresholding scheme, the rank of the estimated
low-rank matrix and predicted values for unobserved entries can widely change.
Despite its importance, we lack understanding on how to choose the threshold
level and what bias or error we eliminate by thresholding.

We propose a novel iterative matrix completion algorithm, Adaptive-Impute,
which recovers the underlying low-rank matrix from a few noisy entries via differ-
entially and adaptively thresholded SVD. Specifically, the proposed Adaptive-Impute
algorithm differentially thresholds the singular values and adaptively updates the
threshold levels on every iteration. As was the case with adaptive Lasso (Zou
(2006)) and adaptive thresholding for sparse covariance matrix estimation (Cai
and Liu (2011)), the proposed thresholding scheme gives Adaptive-Impute stronger
empirical performances than the thresholding scheme that uses a single thresh-
olding parameter for all singular values throughout the iterations (e.g. softImpute
(Mazumder et al. (2010))). Although Adaptive-Impute employs multiple thresh-
olding parameters changing over iterations, we suggest specified values for the
thresholding parameters that are theoretically-justified and data-dependent. Hence,
Adaptive-Impute is free of the tuning problems associated with the choice of thresh-
old levels. Its single tuning parameter is the rank of the resulting estimator. We
suggest a way to choose the rank based on singular value gaps (for details, see
Section 2.5). This novel threshold scheme of Adaptive-Impute makes it estimation
via non-convex optimization, understanding of whose theoretical guarantees is
known to be limited. However, to solve this problem and help understand the
convergence behavior of Adaptive-Impute, we introduce a simpler algorithm than
Adaptive-Impute, generalized-softImpute, and derive a sufficient condition under
which it converges. Then, we prove that Adaptive-Impute behaves almost the same as

generalized-softImpute. Numerical experiments and a real data analysis in Section
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2.5 suggest superior performances of Adaptive-Impute over the existing softImpute-
type algorithms.

The rest of this paper is organized as follows. Section 3.5 describes the model
setup. Section 2.3 introduces the proposed algorithm Adaptive-Impute. Section
2.4 introduces a generalized-softImpute, a simpler algorithm than Adaptive-Impute.
Section 2.5 presents numerical experiment results. Section 2.6 concludes the paper

with discussion. All proofs are collected in Section B.

2.2 The model setup

Suppose that we have an n x d matrix of rank ,
My = UAVT, (2.1)

whereby SVD, U = (U, ..., U,) € R,V = (Vq,...,V;) € R, A =diag(\y, ..., A)
€ R™",and A; > ... > A, > 0. The entries of M, are corrupted by noise € € R™*4
whose entries are i.i.d. sub-Gaussian random variables with mean zero and vari-
ance 0°. Hence, we can only observe My = M, + €. However, oftentimes in real
world applications, not all entries of My are observable. So, define y € R™"*4 such
that y;; = 1 if the (i,j)-th entry of My is observed and y;; = 0 if it is not observed.
The entries of y are assumed to be i.i.d. Bernoulli(p) and independent of the entries

of e. Then, the partially-observed noisy low-rank matrix M. € R™*4 is written as

Myi; + €y if observed (yi; = 1)

My = yiyMpy; =
i = YijIVlFyj { 0 otherwise (yi; = 0).

Throughout the paper, we assume that r < d < n and the entries of M, are
bounded by a positive constant L in absolute value. In this paper, we develop an
iterative algorithm to recover M, from M and investigate its theoretical properties

and empirical performances.
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2.3 Adaptive-Impute algorithm

Initialization

We first introduce some notation. Let a set O contain indices of the observed
entries, yi; = 1 < (i,j) € Q. Then, for any matrix A € R™*¢, denote by P (A) the
projection of A onto Q and by P (A) the projection of A onto the complement of
Q;

and [PG(A)]. =

Pa(A)l = { o
That is, Po(A) + P5(A) = A. We let u;(A) denote the i-th left singular vector of
A, vi(A) the i-th right singular vector of A, and A;(A) the i-th singular value of A
such that A;(A) > ... > Aq(A). The squared Frobenius norm is defined by ||A||> =
tr (ATA), the trace of ATA, and the nuclear norm by [|A[|, = ¥ | Ai(A), the sum
of the singular values of A. For a symmetric matrix A € R™*™, diag(A) represents
a matrix with diagonal elements of A on the diagonal and zeros elsewhere.

Many of the iterative matrix completion algorithms (e.g. Cai et al. (2010),
Mazumder et al. (2010), Keshavan et al. (2009), Chatterjee (2014)) in the current
literature initialize with M, where the unobserved entries begin at zero. This ini-
tialization works well with algorithms that are based on convex optimization or
that are robust to the initial. However, for algorithms that are based on non-convex
optimization or that are sensitive to the initial, filling the unobserved entries with
zeros may not be a good choice. Cho et al. (2015a) proposed a one-step consistent
estimator, M, that attains the minimax error rate (Koltchinskii et al. (2011a)), r/ rd,
and requires only two eigendecompositions. Adaptive-Impute employs the entries of
this one-step consistent estimator instead of zeros as initial values of the unobserved
entries. Algorithm 3 describes how to compute the initial M of Adaptive-Impute.

The following theorem shows that M achieves the minimax error rate.

Assumption 3.
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Algorithm 3 Initialization (Cho et al. (2015a))
Require: M, y,and r

p ﬁ i Zjdzlyii

Ly +— M™™M — (1 —p)diag(M™™M)

ZAtf’ +— MMT — (1 —p)diag(MMT)

Yi<—Vi(z]5), V:LE{l,...,T}

U; <~ ul(th,), vie{l,...,r}

(X<— T‘Z? 1‘+1A (Zf))

T1<—7\ )—}—)\/ (Xp) —a, Vie{l,..., 1}

A AZp) — 1, VIE{l 7}

§=(51,...,8) «argmin_ . ||Pa (Zl sin HF
M — Z;:l §1§\iﬂi A;r

return M

(1) pd/logn — coandn,d — co with d < n < edB, where 3 <1 freeofn, d, and
P,
(2) Ay =byvnd foralli=1,...,r, where {bi}i_, r are positive bounded values;

-----

(3) by > by foralli=1,...,r, where b1 =0;

[Pa( T shlVT = M) |7
< [Pa( Ll sohlVT-M) 1) =

(4) liInn,dﬁoo P < MiNge( 1)

0,
where's = (s1,...,8:) and sg; = sign((\A/i,Vi)) Sigﬂ((ﬂi,ui>)for i=1,...,7

Remark 17. Under the setting where the rank v is fixed as in this paper, Assumption 3(2)
implies that the underlying low-rank matrix My is dense. More specifically, note that the
squared Frobenius norm indicates both the sum of all squared entries of a matrix and the
sum of its singular values squared. Also, note that ||My||7 = Y_1_, A*(M,) = cnd for
some constant ¢ > 0 by Assumption 3(2). Thus, the sum of all squared entries of M,
has an order nd. This means that a non-vanishing proportion of entries of My contains
non-vanishing signals with dimensionality (see Fan et al. (2013)). For more discussion, see
Remark 2 in Cho et al. (2015a).
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Remark 18. The singular vectors, {ﬂi}{zl and {\A/i}{:l, that compose M are consistent
estimators of U and V up to signs (for details, see Cho et al. (2015a)). Hence, when
combining them with {A;}I_, to reconstruct M, a sign problem happens. Assumption 3(4)
assures that as n and d increase, the probability of choosing different signs than the true
signs, {spi}I_, goes to zero. Given the asymptotic consistency of {U;}I_,, {Vi}i_,, and

{Ai}{_,, this is not an unreasonable assumption to make.

Proposition 2.3.1. (Theorem 4.4 in Cho et al. (2015a)) Under Assumption 3 and the model
setup in Section 3.5, M is a consistent estimator of Mo. In particular,

1 . ) hn
—IM = My|2 =0, [ =
—l ol[f = op (pd> :

where h,, diverges very slowly with the dimensionality, for example, log(log d).

Remark 19. Since h,, in Proposition 2.3.1 can be any quantity that diverges slowly with
the dimensionality, the convergence rate of M can be thought of as 1/pd. Under the setting
where the rank of My is fixed as in this paper, it is matched to the minimax error rate, v/pd,
found in Koltchinskii et al. (2011a).

Using M to initialize Adaptive-Impute has two major advantages. First, since
M is already a consistent estimator of M, achieving the minimax error rate, it
allows a series of the iterates of Adaptive-Impute coming after M to be also consistent
estimators of M, achieving the minimax error rate (see Theorem 2.3.1). Second,
because Adaptive-Impute is based on a non-convex optimization problem (see Section
2.4), its convergence may depend on initial values. M provides Adaptive-Impute a

suitable initializer.

Adaptive thresholds

To motivate the novel thresholding scheme of Adaptive-Impute, we first consider
the case where a fully-observed noisy low-rank matrix is available. Specifically,

suppose that the probability of observing each entry, p, is 1 and thus My = M + €
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is observed. Under the model setup in Section 3.5 we can easily show that
E(MiMp) = Mg Mgy +no?ly and E(MgM{) = MgM, + do’l,, (2.2)

where I4 and I, are identity matrices of size d and n, respectively. This shows
that the eigenvectors of E(MIMg¢) and E(MfM]) are the same as the right and
left singular vectors of M. Also, the top r eigenvalues of E(M]Mg) consist of the
squared singular values of M, and a noise, no?, the latter of which is the same as
the average of the bottom d — r eigenvalues of E(M{Mg). In light of this, we want
the estimator of M based on M to keep the first r singular vectors of My as they
are, but adjust the bias occuring in the singular values of M. Thus, the resulting
estimator is

M= 3 YAMr) — awi(Me)vi(Mp)T, where o= —— 5~ A}(Mr). (23)
i=1

i=r+1

A simple extension of Proposition 2.3.1 shows that M" achieves the best possible
minimax error rate of convergence, 1/d, since p = 1.

Now consider the cases where a partially-observed noisy low-rank matrix M
is available. For each iteration t > 1, we fill out the unobserved entries of M with
the corresponding entries of the previous iterate Z,, treat the completed matrix
M, = Po (M) + P4 (Zy) as if it is a fully-observed matrix Mg, and find the next
iterate Z,; in the same way that we found MF from Mg in (2.3);

T d
— — — — B 1 N
Zia =) JA(M)—a& w(MJvi(M,)", where & = T > AH(My).
i=1 i=r+1

(2.4)

Note that the difference in (2.4) from (2.3) is in the usage of Mt instead of Mg.

Hence, the performance of Adaptive-Impute may depend on how close P (Z;) is

to Pa(My). Algorithm 4 summarizes these computing steps of Adaptive-Impute
continued from Algorithm 3.

The following theorem illustrates that the iterates of Adaptive-Impute retain the
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Algorithm 4 Adaptive-Impute
Require:AM, y,T,and ¢ >0
Z; M # from Algorithm 3
repeat fort=1,2,...
M, < Po(M) +P5(Z,)
ViV viMy), Vie{l,...r}
ulY —w(My), Vie{l,...r}
oy ﬁ Z?:rJrl Af(ﬁt)
Toi < A(My) — \/A2(My) — &, Vie{l,...,1} #
Adaptive thresholds

A =AM — T (z YAIML) — &t) , Yie{l,..., 1)

Liiq + ZLl }‘Et)ui(t)vi(tﬁ
t—t+1
until [|Ze — ZeJl} /1|1 Ze)l} < e
return Z; .,

statistical performance of the initializer M.
Assumption 4. Foralli=1,...,r, sign((ui(ﬁt),ui>) = sign((vi(/l\zt),vm.

Theorem 2.3.1. Under Assumptions 3-4 and the model setup in Section 3.5, we have for
any fixed value of t,

1 n
—a 1Ze — Molf? = Op (%) , asm,d — oo with any h,, — oo

where h,, diverges very slowly with the dimensionality, for example, log(log d).

Remark 20. Similarly as in Remark 19, since h,, is a quantity diverging very slowly, the
convergence rate of Z, can be thought of as 1/pd which is matched to the minimax error
rate, v/pd (Koltchinskii et al. (2011a)).

Non-convexity of Adaptive-Impute

We can view Adaptive-Impute as an estimation method via non-convex optimization.
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For t > 1, define

— y —~ — .
Tt,i — AI(M/’E\)—/_ Al(Mt) — Oy, 1 < T , (25)
Arr1(My), i>r

where &, = 7 S A2(M,) and M, = P, (M) + P& (Zy). Then, in each itera-
tion Adaptive-Impute provides a solution to the problem

Tii i Z)
vnd vnd

min M, — ZHF—FZ

2.6
ZcRnxd Zn (2.6)

Note that the threshold parameters, Ty i, have dependence on both the i-th singular

value and the t-th iteration. The following theorem provides an explicit solution to
(2.6).

Theorem 2.3.2. Let X be an n x d matrix and let n > d. The optimization problem

\/_\/_

min —||x Z||F+Z 2.7)

has a solution which is given by
Z=0(A—1), ¥, (2.8)

where ®AYT is the SVD of X, T = diag(ty,...,Ta) € R, (A— 7). = diag((M(X) —
T)p, oo, (Aa(X) = Ta)1) € R4 and ¢, = max(c,0) for any ¢ € R.

Remark 21. To see how Theorem 2.3.2 provides a solution to (2.6), let X = Mt and
Ty = Ty, as specified in (2.5). Then, (2.6) and (2.7) become the same and Zin (2.8) gives
the explicit form of the (t 4 1)-th iterate, Z, 1, in Algorithm 4.

If all of the thresholding parameters in (2.6) are equal such that T = 11 =
.=Tyaforalll <i < dandt > 1, the optimization problem (2.6) becomes
equivalent to that of softImpute (Mazumder et al. (2010)) and Theorem 2.3.2 provides
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an iterative solution to it. While softImpute requires finding the right value of a
thresholding parameter T by using a cross validation (CV) technique which is time-
consuming and often does not have a straightforward validation criteria, Adaptive-
Impute suggests specific values of the thresholding levels as in (2.5). The novel
thresholding scheme of Adaptive-Impute together with the rank constraint results in
superior empirical performances over the existing softImpute-type algorithms (see
Section 2.5).

The thresholding scheme of Adaptive-Impute can be viewed as a solution to
a non-convex optimization problem since at every iteration it differentially and
adaptively thresholds the singular values. As Hastie and others alluded to a similar
issue for matrix completion methods via non-convex optimization in Hastie et al.
(2014), it is hard to provide a direct convergence guarantee of Adaptive-Impute. So, in
the following section we introduce a generalized-softImpute algorithm, simpler than
Adaptive-Impute and yet still non-convex, and investigate its asymptotic convergence.
It hints at the convergent behavior of Adaptive-Impute in the asymptotic sense.

2.4 Generalized softImpute

Generalized-softImpute is an algorithm which iteratively solves the problem,

min QT(Z!Z§)::ﬁH?Q(M)—F?E(Zf)—ZHi—i—Z T AL o)

ZcRnxd

to ultimately solve the optimization problem,

a

. 1 2 Ty Ai(Z)
foZ)i= —||Pa(M) —Pa(Z . 2.10
Zre%lr{ld (Z) md |Pa(M) al )”F‘i‘; md /nd ( )

Note that generalized-softImpute differentially penalizes the singular values, but
the thresholding parameters do not change over iterations. The iterative solutions
of generalized-softImpute are denoted by Z{ | := argmin, _p..a Q-(Z|Z7) for t > 1

and Theorem 2.3.2 provides a closed form of Z{ ;. If 1y = tforall1 < i < d,
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generalized-softImpute will be equivalent to softlmpute and both (2.9) and (2.10)
become convex problems. However, by differentially penalizing the singular values,
generalized-softImpute ends up solving a non-convex optimization problem. Theo-
rem 2.4.1 below shows that despite the non-convexity of generalized-softImpute, the
iterates of generalized-softImpute, {Z{};>1, converge to a solution of problem (2.10)

under certain conditions.
Assumption 5. Let M? = Po(M) + P5(Z7) and DY = MY — Z? .. Then,

1 2
a0 = DLy + 5 (D7 —D?

79
nd t+17

t+2

Zg

b ) =0 forall t>1.

Theorem 2.4.1. Let Z, be a limit point of the sequence Z¢. Under Assumption 5, if the
minimizer Z° of (2.10) satisfies

d
VANS {z ER™: Y TA(Z) > ) TiAi(Zo) +((Z— Zoo),Doo)}, (2.11)
i=1 i

we have f(Zy,) = f-(Z%) and lim_, o, T(Z7) = f(Z°).

Remark 22. If t; = T for all i as in case of softImpute, Assumption 5 and (2.11) are

always satisfied because 1D belongs to the sub-gradient of |Z7, ||, .

Remark 23. If Z° is unique, then generalized-softImpute finds the global minimum point
of (2.10) by Theorem 2.4.1.

Generalized-softImpute resembles Adaptive-Impute in a sense that both of them
employ different thresholding parameters on A;(Z)’s. However, Adaptive-Impute up-
dates these tuning parameters every iteration while generalized-softImpute does not.
The following lemmas show that despite this difference, the convergent behavior
of Adaptive-Impute is asymptotically close to that of generalized-softImpute.

Lemma 2.4.1. Under Assumptions 3-4 and the model setup in Section 3.5, we have

hn
= — i=1,...,d,
op< pd) for i

Tei Tt

vnd  vnd
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where T ; is defined in (2.5).

Lemma 2.4.2. Let D, := /I\Zt — Zi 1, where /I\7lt and Z are as defined in Algorithm 4.
Then, under Assumptions 3-4 and the model setup in Section 3.5, we have

1 2 hn
nd |D¢ — Dt+1H% + n_d<Dt — D1, Zey1 — Ziyo) +0p (p_d) > 0.

Lemma 2.4.1 shows that for large n and d, thresholding parameters of Adaptive-
Impute are stable between iterations so that Adaptive-Impute behaves similarly to
generalized-softImpute. Lemma 2.4.2 shows how Assumption 5 is adapted in
Adaptive-Impute. It implies a possibility of Adaptive-Impute satisfying Assumption 5
asymptotically. Although this still does not provide a guarantee of convergence of
Adaptive-Impute, numerical results below support this possibility.

2.5 Numerical results

In this section, we conducted simulations and a real-data analysis to compare
Adaptive-Impute for estimating M, with the four different versions of softImpute:

1. Adaptive-Impute: the proposed algorithm, as summarized in Algorithm 4;
2. softImpute: the original softImpute algorithm (Mazumder et al. (2010));

3. softImpute-Rank: softImpute with rank restriction (Hastie et al. (2014));

4. softImpute-ALS: Maximum-Margin Matrix Factorization (Hastie et al. (2014));

5. softImpute-ALS-Rank: rank-restricted Maximum-Margin Matrix Factorization in
Algorithm 3.1 (Hastie et al. (2014)).

SoftImpute algorithms were implemented with the R package, softImpute (Hastie
and Mazumder (2015)). The R code for Adaptive-Impute is available at https://
github.com/chojuhee/hello-world/blob/master/adaptiveImpute_Rfunction. In


https://github.com/chojuhee/hello-world/blob/master/adaptiveImpute_Rfunction
https://github.com/chojuhee/hello-world/blob/master/adaptiveImpute_Rfunction
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this R code, we made two adjustments from Algorithms 3 and 4 for technical rea-
sons. First, in almost all real world applications that needed matrix completion, the

entries of M, are bounded below and above by constants L; and L, such that
L < Moy <Lh

and smaller or larger values than the constants do not make sense. So, after
each iteration of Adaptive-Impute, t > 1, we replace the values of Z, that are
smaller than [; with L; and the values of Z; that are greater than L, with L,.
Second, the cardinality of the set, {—1,1}", that we search over to find § in Al-
gorithm 3 increases exponentially. Hence, finding $ easily becomes a computa-
tional bottleneck of Adaptive-Impute or is even impossible for large r. We suggest
two possible solutions to this problem. One solution is to find § by computing
$; = sign((\A/i, vi(M))) sign((ﬂi,ui(l\/lm fori=1,...,r. Note that if we use V; and
U; instead of vi(M) and u;(M), this gives us the true sign sp under Assumption
3. The other solution is to use a linear regression. Let a vector of the observed
entries of M be the dependent variable and let a vector of the corresponding entries
of 5\1111\73 be the i-th column of the design matrix fori =1,...,r. Then, we set §
to be the coefficients of the regression line whose intercept is forced to be 0. The
difference in the results of these two methods are negligible. In the following exper-
iment, we only reported the results of the former solution for simplicity, while the
R code provided in https://github.com/chojuhee/hello-world/blob/master/

adaptiveImpute_Rfunction are written for both solutions.

Simulation study

To create My = ABT € R™*¢, we sampled A € R™*" and B € R4*" to contain
ii.d. uniform[—5, 5] random variables and a noise matrix € € R™*4 to contain i.i.d.
N(0, 6?). Then, each entry of M, + € was observed independently with probability
p. Across simulations, n = 1700, d = 1000, r € {5, 10, 20, 50}, o varies from 0.1 to 50,
and p varies from 0.1 to 0.9. For each simulation setting, the data was sampled 100

times and the errors were averaged.


https://github.com/chojuhee/hello-world/blob/master/adaptiveImpute_Rfunction
https://github.com/chojuhee/hello-world/blob/master/adaptiveImpute_Rfunction
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To evaluate performance of the algorithms, we measured three different types
of errors; test, training, and total errors; the test error, Test(M) = [|P5(M —
Mo)|I3/1IP5 (Mo) ||}, represents the distance between the estimate M and the param-
eter My measured on the unobserved entries, the training error, Training(M) =
1Pa (M — Mo)|I3/]|Pa (M) ||, the distance measured on the observed entries, and
the total error, Total(M) = |[M—My||?/|[Mo||?, the distance measured on all entries.
For ease of comparison, Figure 2.1 and 2.3 plot the relative efficiencies with respect
to softImpute-Rank. For example, the relative test efficiency of Adaptive-Impute
with respect to softImpute-Rank is defined as Test(M;ank)/Te st(Madapt) where
Madapt is an estimate of Adaptive-Impute and M, qny is an estimate of softImpute-
Rank. The relative total and training efficiencies with respect to softImpute-Rank are
defined similarly.

We used the best tuning parameter for the algorithms in comparison. Specifically,
for algorithms with rank restriction (including Adaptive-Impute), we provided the
true rank (i.e. 5, 10, 20, or 50). For softImpute-type algorithms, an oracle tuning
parameter was chosen to minimize the total error.

Figure 2.1 shows the change of the relative efficiencies as the probability of
observing each entry, p, increases with o = 1. Three columns of plots in Figure 2.1
correspond to three different types of errors and four rows of plots to four different
values of the rank. In all cases, Adaptive-Impute outperforms the competitors and
works especially better when p is small. Among softImpute-type algorithms, the
algorithms with rank constraint (i.e. softImpute-Rank and softImpute-ALS-Rank)
perform better than the ones without (i.e. softImpute and softImpute-ALS). Figure 2.2
shows the change of the absolute errors that are used to compute relative efficiencies
in Figure 2.1 as the probability of observing each entry, p, increases.

Figure 2.3 shows the change of the log relative efficiencies as the standard
deviation (SD) of each entry of €, o, increases with p = 0.1. When the noise level is
under 15, Adaptive-Impute outperforms the competitors, but when the noise level
is over 15, softImpute-type algorithms start to outperform Adaptive-Impute. Hence,
softImpute-type algorithms are more robust to large noises than Adaptive-Impute. It
may be because when there exist large noises dominating the signals, the conditions
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Figure 2.1: The relative efficiency plotted against the probability of observing each
entry, p, when o = 1. Training errors are measured over the observed entries, test
errors over the unobserved entries, and total errors over all entries.
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Figure 2.2: Change of the absolute errors when the probability of observing each

entry, p increases and o = 1.
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for convergence presented in Section 2.4 are not satisfied. In real life applications,
however, it is not common to observe such large noises that dominate the signals.
Figure 2.4 shows the change of the absolute errors that are used to compute relative
efficiencies in Figure 2.3.

Figure 2.5 shows convergence of the iterates of Adaptive-Impute to the underlying
low-rank matrix over iterations; that is, the change of log Total(Z,), Training(Z,),
and Test(Z.) errors as t increases. Across all plots, n = 1700, d = 1000, p = 0.1,
and the errors were averaged over 100 replicates. In all cases, we observe that
Adaptive-Impute converges well. Particularly, the smaller value of noise and /or rank

is, the faster Adaptive-Impute converges.

A real data example

We applied Adaptive-Impute and the competing methods to a real data, MovieLens
100k (GroupLens (2015)). We used 5 training and 5 test data sets from 5-fold CV
which are publicly available in GroupLens (2015). For the rank used in Adaptive-
Impute and softImpute-type algorithms with rank constraint, we chose 3 based on a
scree plot (Figure 2.6). Lemma 2 in Cho et al. (2015a) provides justification of using
the scree plot and the singular value gap to choose the rank. For the thresholding
parameters for softImpute-type algorithms, we chose the optimal values which result
in the smallest test errors. The test errors were measured by normalized mean
absolute error (NMAE) (Herlocker et al. (2004)),

1 A
Y My — My,
(Mmax - Mmin)’Qtest‘ .. Y Y
(lr])EQtest

where the set Q(.; contains indices of the entries in test data, |Q..¢| is the car-
dinality of Q¢est, Mimmax = max{{M;} \ 0} is the largest entry of M, and M in, =
min{{My;} \ 0} is the smallest entry of M.

Figure 2.7 summarizes the resulting NMAESs. Five points in the x-axis corre-
spond to the 5-fold CV test data, the y-axis represents the values of NMAE, and
the five different lines on the plane correspond to the 5 different algorithms in
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Figure 2.3: The log relative efficiency plotted against the SD of each entry of € when
p = 0.1. Training errors are measured over the observed entries, test errors over
the unobserved entries, and total errors over all entries.
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and p =0.1.
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Figure 2.5: Convergence of the iterates of Adaptive-Impute to the underlying low-
rank matrix. In all plots, n = 1700, d = 1000, p = 0.1, and all points were averaged

over 100 replicates.
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Log of top 50 singular values of MovieLens 100k data matrix
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Figure 2.6: Log of the top 50 singular values of the MovieLens 100k data matrix
(GroupLens (2015)).

comparison. We observe that Adaptive-Impute outperforms all of the other algo-
rithms. Specifically, the test errors of Adaptive-Impute reduce those of softImpute-type
algorithms by 6%-16%. Among softImpute-type algorithms, the ones with rank con-
straint (i.e. softImpute-Rank and softImpute-ALS-Rank) performs better than the ones
without (i.e. softImputeand softImpute-ALS). This is the same result to the simulation

results.

2.6 Discussion

Choosing the right thresholding parameter for matrix completion algorithms using
thresholded SVD often poses empirical challenges. This paper proposed a novel
thresholded SVD algorithm for matrix completion, Adaptive-Impute, which employs
a theoretically-justified and data-dependent set of thresholding parameters. We

established its theoretical guarantees on statistical performance and showed its
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Figure 2.7: The NMAESs of Adaptive-Impute and its competitors measured in 5-fold
CV test data from MovieLens 100k (GroupLens (2015)).

strong performances in both simulated and real data. It provides understanding on
the effects of thresholding and the right threshold level. Yet, there is a newly open
problem. Although we proposed a reasonable remedy in the paper, the choice of
the rank of the underlying low-rank matrix is of another great practical interest. To
estimate the rank and completely automate the entire procedure of Adaptive-Impute



would be a potential direction for future research.
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3  ESTIMATING INDUCED SUBGRAPHS IN SAMPLES OF LABELED

GRAPHS

3.1 Introduction

Network is a vibrant area in statistics, biology, and computer science. Networks
describe connections among nodes, such as people’s friendships (represented online
by Facebook, Twitter, etc.) or functional relationships between proteins in a living
cell. Recently, an emerging type of data in these fields is samples of labeled networks
(or graphs) and the associated characteristics. The “labels" of networks imply that
the nodes are labeled and that the same set of nodes reappear in all of the networks.
Also, “labels" have a dual meaning that there are values (e.g. age, gender, or healthy
v.s. sick) or vectors of values associated with each network.

The statistical literature has produced a number of relevant new models, method-
ologies, and theoretical results for network data (e.g. Hoff et al. (2002), Airoldi
et al. (2009), Bickel and Chen (2009)). These results have focused on studying a
network in isolation. However, in many cases, we encounter multiple networks.
In this chapter, we suggest statistical methods to simultaneously analyze multiple
networks or multiple networks together with the associated characteristics. Par-
ticularly, we propose estimation methods for induced subgraphs from sampled
networks which vary with the associated characteristics. The proposed methods
deploy three basic statistical tools to this novel data regime; principal component
analysis (PCA), linear regression, and canonical correlation analysis (CCA). In case
where only multiple networks are observed, PCA can find us induced subgraphs
that have the most variability across all of the sampled networks If in addition to
multiple networks, a characterizing value (e.g. age, gender, or healthy v.s. sick)
to each network is also observed, we can study more direct relationship between
networks and the associated characteristics using linear(trace) regression. If several
different values are observed as an associated characteristic to each network, CCA

can be a good way to analyze them. The most similar to our work is a series of
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methods developed for graph classification (Vogelstein et al. (2013)). We can make
use of the results from our suggested method for graph classification, but our
interest is rather to understand the general variability across the networks and find
induced subgraphs that are closely related to it than to focus on classification of
graphs.

In the following sections, we introduce an interesting data that motivated our
research (section 3.2), give a definition of induced subgraphs (section 3.3), develop
PCA, linear(trace) regression, and CCA penalized by sparsity and low-rank con-
straints using the Alternating Direction Method of Multipliers (ADMM) in Boyd
etal. (2011) (section 3.4), show the results of data analysis (section 3.5), and conclude
with discussion (section 3.6).

Preliminaries The following notations will be used throughout the chapter. |-/,
denotes the {; norm, || -|; 1 denotes a matrix version of the ¢; norm, || - ||, denotes the
¢, norm, || - ||« denotes the nuclear norm, and || - ||f denotes the Frobenius norm. For
two matrices A and B of the same size, (A, B) = tr(ATB) denotes a matrix version
of the inner product where tr(Z) for a square matrix Z is the sum of diagonals on
Z. Let z be a vector in RP* and Z be a matrix in RP*P. Then, V(Z) € RP’ denotes
a stack of columns of Z and M(z) denotes a matrix in RP*P whose first column is
the first m elements of z, second column is the next m elements of z, and so on.
The i-th row of a matrix Z is denoted by Z;., the j-th column of Z is by Z,;, and the
element in i-th row and j-th column of Z is by Z;;.

Throughout, we study n number of samples of labeled graphs (or networks)
and the associated characteristics. Define the k-th sampled graph as G (V, E(®))
and the associated characteristic y (k) ¢ R9, where k € {1,...,n}, q=>1V =
{v1,Vva,...,Vvp} is the node set that is common in all G*), and E¥) is the edge set

that contains a pair (1,j) if there is an edge from node v; to node v; in G, E(®)

can
be represented by the adjacency matrix A*) € RP*P. AS‘ )'> 0if (1,j) is in the edge
set E(®) and Agd = 0 otherwise. E = UyE(® is a collection of all edge sets. Define

the diagonal matrices R € RP*P and O®) € RP*P and the normalized Graph
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Laplacian L(¥) € RP*P in the following way:

REE) _ ZAS{)/ O](;q _ ZAET)’ and L(k) — (R(k))fl/ZA(k)(O(k))fl/Z.
j i

The design matrices X(A) and X(1) in R™*?” denote (V(AWM), ..., V(AM) )T and
(VL™ .., v(LM™) )T, respectively, so that the k-th row of XA is a vectorized
adjacency matrix A®) and the k-th row of X! is a vectorized normalized Graph
Laplacian L®). Sometimes, we simply use X to indicate a design matrix and in
such cases, X can be interpreted as either X*) or X(I). Regarding the associated
characteristic y®) € R9, if it is a scalar so that g = 1,y = (y,...,y™ )T denotes
a vector in R™, and if it is a vector so that ¢ > 1, Y = (y,...,y™ )T denotes a

matrix in R™*4,

3.2 Human transcriptional regulatory network data

The data used in this analysis consist of 41 human regulatory networks and their
associated group labels. Specifically, Neph et al. (2012) assembled 41 human regu-
latory networks, each of which represent interactions between 475 transcription
factors (TFs) in a human cell type, using genome-wide maps of in vivo DNasel
footprints. Then, they classified the 41 human cell types into 8 groups based on the
developmental and functional properties. One of their goals was to understand
variability between networks of different functional types and similarity within the
same type and to find the TFs which play an pivotal role in it. So, they applied Ward
clustering to 41 cell-type networks, each of which represented by the NND vector, a
vector that encapsulates the relative number of interactions observed in a cell type
for each of the 475 TFs (Alon (2006)). The resulting clusters strikingly parallel the
functional groups (Figure 3.1) and the functionally-related cell types share similar
core transcriptional regulatory networks. However, their analysis resulted from
summarizing the networks in isolation and comparing the summaries rather than

simultaneously analyzing all networks, the latter of which is a goal of this research.
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Figure 3.1: Figure 4 in Neph et al. (2012). Part A is obtained by taking an NND vector
as a location of each cell type in R*”® and performing Ward clustering. We can see that
functionally related groups are almost perfectly clustered together. Part B shows how the
master regulatory TFs contribute to the clustering of functionally related cell-type networks

In the following sections, we develop methods to estimate node-induced sub-
graphs whose interaction patterns differ depending on the associated characteristics
of the regulatory networks. As a first step, we provide the exact definition of induced

subgraphs



62

3.3 Induced subgraphs

Among all possible subgraphs, we are particularly interested in induced subgraphs
of two types: A node-induced subgraph is a subset of the nodes in sampled graphs
together with all edges whose endpoints are both in the subset. A formal definition
of this is

G'(V,E') where V'CcV and E'={(i,j) eE|Vie V' Vje V']

When the nodes (or TFs), edge density or graph pattern within which changes
between the networks, are main interests, we would look for a node-induced sub-
graph.

An edge-induced subgraph is a subset of the edges in sampled graphs together
with all nodes that are the edges” endpoints. A formal definition of this is

G"(V",E") where E”"CE and V" ={v,v; e V|V(i,j)et"}.

When specific edges (or signals between brain spots) driving different characteristics
between subjects are main interests, we would look for an edge-induced subgraph.
Since our interest is in finding master TFs, interaction patterns among which are
different between networks of different functional types and similar within the same
type, we focus on developing methods for estimating node-induced subgraphs.
Hereafter, we simply call a node-induced subgraph as an induced subgraph.

3.4 Methods

Motivation

Suppose that we have paired samples (A%, y¥), k =1,...,n where A(¥) € RP*P,
y™® € R, and
y = (AN B) 4 e, kefl,...,n}, (3.1)
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for B € RP*P and i.i.d. €x € R with mean zero and variance o2. Note that (A(¥), B)
is the sum of element-by-element multiplications between A*) and B. So, B picks
up all edges in A¥) that correspond to nonzero elements of B and drops off all
edges in A(¥) that correspond to zeros of B. In light of this, to find a node-induced
subgraph which associates with the change of y*), the coefficient matrix B should
be blockmized. To estimate a blockmized B, we will apply sparsity and low-rank

constraints, [-||; ; and [-][, , on B.

Estimation

In this section, we introduce estimation methods to find induced subgraphs based

on the adjacency matrices, A,k = 1,...,n, and the design matrix X*) abbre-

viated to X for ease of notation. However, the same discussion can be applied to

the normalized Graph Laplacians, L k=1,...,n, and the corresponding design

matrix X(I). We also assume that y, Y, and X are centered throughout this section.
To find a blockmized B in (3.1), we solve the following problem

BERPXP

1 n
min =Y (" — (A%, B) +A Bl st [B]. <c (3.2)
k=1

where B = M(3). Note that the latter equation of (3.2) is in fact a Trace regression
with sparse and low-rank constraints.

The explicit form of solution to (3.2) does not exist, but using the ADMM, the
problem can be solved. Let N. = {M € RP*? : ||[M||, < c}and Iy, be the convex
indicator function which takes the values 0 and +o0o on and off N.. Then, the
problem (3.2) can be written into the ADMM problem

N —

min Iy, (B) +
B,FERP*P

3 W™ —(AM,B) +A[Fl,, st B-F=0  (33)
k=1
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and its solution given by Boyd et al. (2011) is

1 n
B = argmin Ly (B)+5 ) (y" — (A%, B))” + g IB—F+ Ul
B k=1
_ - 1¢ (k) (k) 2. P 2
= arg min EZ(Q — (A, B)) +§HB—F+UH
BeN, k=1
1 2, P 2
=argmin [y — XB[I"+ S | —f+u
M(B)eN

e {M (I T %XTX) i (%XT‘J e u)] }

FIne) < argmin. A[[Fly; + 5 [[F— B — Ul
=: 8 /(B + 1)

u(new) —Uu + B(new) o F(new)

where 3 =V(B),f = V(F),u ="V(U), and Py, is the Euclidean projection onto N..
The entire steps are summarized in the algorithm 5.

Algorithm 5 Trace regression with sparsity and low-rank constraints
Require: A, X,y,A>0,c>0,p>0,e >0

FO «0,u” «0 # Initialization

repeat t=1,2,...
W”eTM{M[O+%WX)1@X@+ﬂ“”—u““ﬂ} "

Projection
F(Y 8y /0 (B +UMD) # Elementwise soft thresholding
u® ¢« ut=t 4 g —f # Dual variable update

until |[BMY) — FW|2\V/ p?||FV — Ft=1 |2 < €2 # Stopping criterion
return F(V)
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Extension

We can extend the idea of estimating induced subgraphs to the case where only
sampled networks are available and the case where both sampled networks and

associated vector-valued characteristics are available.

PCA with sparse and low-rank constraints

Suppose that we have multiple networks. To find induced subgraphs that vary
across the networks, we propose the following sparse and low-rank PCA problem

1
min X = w2+ vl + T ), (3.4)

UWER™,||u|| =1,veRP?

for a design matrix X € R™*P”. Note that without the low-rank penalization term,
T||M(v)]],, this problem setting is the same as sSPCA-rSVD in Shen and Huang
(2008). The solution for (3.4) is given by an iterative update as in Shen and Huang
(2008);

1
ynew) — arg min 5 HX —uvTH]ZE +v vy + T MO, (3:5)
vERP?
1 2
ulmew) — argmin — HX - uv(“eW)TH
wiuf=1 2 F

_ Xv(new)/ ||Xv(new) Hz )

Unlike the update u(™®") where an explicit form of solution exists, the update
v{re) does not have an explicit form, so we use the Alternating Direction Method
of Multipliers (ADMM) from Boyd et al. (2011) to solve (3.5). The ADMM problem

we solve is

1
min = [|X —uq"|[Z +v |wll, + T |M(q)]]

q,weRP2

st.q—w=0.

*
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The solution for this is (Boyd et al. (2011))

new)

1 2 P
=argmin 5 X —uq"[|e + TV, + 5 lla —w+ sl

q(
XTu+ p(w—s)
—Z( 1+p) uj(Z)v]-(Z)T, where ZzM( T+ o )
. new 2
wm) = arg min Y||WH1+§HW—CI( s
= ‘Sv/p(q(new) +s)
S(new =5+ q (new) _W(new) .

where (z); := max(z,0) foraz € R, 05(Z) denotes the j-th singular value of Z, u;(Z)
and v;(Z) denote the j-th left and right singular vectors of Z, respectively, and 8/,
is the elementwise soft thresholding operator. The entire steps are summarized in
the algorithm 6.

CCA with sparse and low-rank constraints

Suppose that data contain paired samples (y'*),A)), k = 1,...,n, where y®
R, q > 1is a vector. This creates two design matrices X = (V(A!1),..., V(AM))
e R™P and Y = (y,...,y™)T € R™ 9 and to find induced subgraphs, we
propose sparse and low-rank CCA method.

T

Canonical correlation analysis (CCA) is a multivariate statistical model that
facilitates the study of interrelationship among sets of multiple dependent variables
and multiple independent variables (Lattin et al. (2003), Green (2014)). Whereas
multiple regression predicts a single dependent variable from a set of multiple
independent variables, canonical correlation simultaneously predicts multiple
dependent variables from multiple independent variables. The CCA problem is
defined as

max ¢'X'Yh st g'X'Xg<1 and h'Y'Yh 1 (3.6)

geRI1, heR 92
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Algorithm 6 PCA with sparsity and low-rank constraints
Require: X,y >0,7>0,p>0,€1>0,e2>0

Let ou*v* " be the best rank-one approximation of X. Then,
u®  ur, vl0 o gy # Initialization
repeat t=1,2,...
repeat (=1,2,...
q® 5, (Gj(Z“_”) _x >+uj(Z“_1))v]-(Z“_”)T

1+p
where Z(:"1) =\ (XTu(lilmp(w(H)_s(H)))

1+p
w8y, (ql0 + s(t-1)
£)

a0 — w2V 2wl <
v(t) w0 # Update v
u® e Xyt /|| xvi ]|, # Update u
until vt —v(t_””i Vult) — (=D H; < €2 #Stopping criterion

return u(t), y(t)

where the two design matrices X € R™*9 and Y € R™"*9 are centered and q1 and
q are at least two. It finds a set of weights g and h, for X and Y, respectively, so
that the correlation between the linear combinations of Xg and Yh is maximized.
Now, to find induced subgraphs, we impose sparsity and low-rank constrains to g

so that the proposed sparse and low-rank CCA problem becomes

max  g'X"Yh—wllgll; — n[M(g)]|

g€RP? heRd

s.t. ng <1land h"Th 1. (3.7)

*

Note that this is a special case of the penalized CCA suggested in Witten et al. (2009).
The solution to (3.7) is given by

mew) —argmax ¢g'X'Yh—w|g|, —pn|M(g)ll, st g'g<1 (38)
geRrP?

g
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h("ew) —argmax g'X"Yh st hTh <1
heRd

— YTXg(new)/ HYTXg('rLew)H2 )

Since there is no explicit form of solution for the update g'™*"), we solve the
problem (3.8) using ADMM. The ADMM problem to solve (3.8) is

min  —a'X"Yh+w v, + 1 [|M(a)]|, st a'a<1

a,rERP2

and the solution to this is given by Boyd et al. (2011) as follows;

a™") —argmin —a'X"Yh+ | M(a)|], + g la—r+e|?

a:flal,<1

XTYh +p(r — e))

p

= %Z (O‘j(M) — %) u;(M)v;(M)T, where M = M (
j +

He) —argmin @ [rf, +  [r - ") |
T
= 8w/plal™™) +e)
e(new) — e+ a(new) _T(new) )

where k = HZJ (G]-(M) -k

S ) . w(M)v;(M)T H . The entire steps are summarized

in the algorithm 7. 2

3.5 Results

Setup

Let Al € {0,1}5*475 k = 1,...,41 be the adjacency matrices representing the
regulatory networks of 475 TFs from 41 tissue cells so that AE};) = 1, if the i-
th TF regulates the j-th TF in the k-th cell, and = 0, otherwise. In the analysis,
to rule out the worries about the degree imbalance between the TFs, we used
the normalized Graph Laplacians, L®) € {0, 1}*°*4 k = 1,...,41, derived from
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Algorithm 7 CCA with sparsity and low-rank constraints
Require: X, Y, w >0, n>0,p>0,€1>0,€, >0
Let g* and h* be the solutions to the CCA problem (3.6). Then,
9 + g* € R”, h(® + h* € R # Initialization

repeat t=1,2,...
repeat (=1,2,...
I <G]~(M“—”) _ 1L>+uj(M(€—1))vj(M(€—1))T

where M(¢-1) = ;/[D<XTYh(‘1)+P‘()T("’”—e““))
0 8y, 0(alt) 4+ elt-)
e q(t=1) 4 (0 _ o(0)
until ||al¥ —r“)Hi v op?|r® —r“‘”“i < €?
gt « ¥ # Update g
h(W « YTXgMt /|[YTXg™M|], # Update h
until [|gt) — g V|2V [|[h(Y —h(D|2 < €2 # Stopping criterion

return g(*), h(t)

AN e {0, 1745,k =1,...,41.

For the associated characteristic y'®) to the adjacency matrix A®), we could
employ 8 functional group labels given by Neph et al. (2012), but instead of using
them, we found and used real-valued associated characteristics that remarkably
parallel the funcional grouping. Specifically, we first computed the similarities
between L®), k =1,...,41 by computing Si; = (L, L)) and created a similarity
matrix S = {(L1V, LONL_, € R**4 If we had computed the similarity Si; with
(AW, Al)) instead of (L, LU)), S;; would have indicated the number of common
ones (edges) between A(Y) and AU/, that is, the number of the same TF interaction
patterns observed in both i-th and j-th cell types. Since L(¥) are the normalized
version of A", the similarities S;; = (LY, LU)) can be considered as a normalized

version of (A}, AU)). Now, Eigen-decompose S and let

S=rDr" = (rp?) (ro)" = AAT where A =TDY?, (3.9)
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where I' € R**# contains the eigenvectors of S and D € R*** contains the
eigenvalues of S. Take and plot the 1st column of A, and we obtain Figure 3.2.
It shows that the 8 functional groups of cell types are well-clustered, and they

J ‘ o Epithelia * Blood e Endothelia ¢ Fetal Stromal * Visceral Cancer Embryo Stem‘

0.1 02 03 04
Il Il L

L]

°

[ ]

0.0
I
[ )
[ ]

-0.2
|

Figure 3.2: Plotting the first column of A.

can be more divided into two larger groups than 8 functional groups, Epithelia,
Endothelia, Stromal, and Visceral cells under the dotted line versus the rest cell
types above the dotted line. We set the 1st column of A as a response variable y
and found the induced subgraph which drives such patterns of y using (3.2).

Under this setup, the estimation problem (3.2) can be written similarly as a
sparse and low-rank PCA. Specifically, let X(1) = (V(L™M),..., V(L))" = ugvT
by singular value decomposition. Then, by construction,

S = (LY, L4 = xOXOT = (ug)ur)” = (XOV) XDV

Since S = AAT from (3.9), by taking y as the 1st column of A, the model (3.1) can
be viewed as
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and estimation problem (3.2) as a procedure of approximating V.,; with a sparse
and low-rank B = M(f3). Note that the sparse and low-rank PCA in eqrefeqn:sl-pca
finds loading vectors that maximize the variance of the corresponding principal
component and that is sparse and has low-rank when transformed into a matrix.
In this case, we do not know in advance what the resulting principal component
would be. Contrarily, in the case above where y = A and X = X1, we first find
the principal component by the ordinary PCA method and then make use of it to
estimate the sparse and low-rank loading vector. That is, in the latter case, we try
to recover the loading vector that gives the given principal component and that
satisfies the sparse and low-rank assumptions.
Below, we show the analysis results.

Results

To choose the best tuning parameters, we performed 5-fold cross validation with
the loss function, [[y(test) — X (test) 3 (train) |2 and chose the values which minimized
the loss. The resulting estimate, B = M(B), had 69 nonzero elements and was
nearly of rank 4, meaning that the singular values except for the first 4 were much
smaller than 10~°. Figure 3.3 shows the selected 69 TF interactions across 41 cell
types that correspond to the nonzero elements of B so that the i-th column of Figure
3.3 shows which edges among 69 are active and which edges are not active in each
cell type. We can observe that Epithelia, Endothelia, Stromal, and Visceral cells
share similar graph pattern around part B, and so do the rest of cell types. Edges
around part A are only active in Blood cells.

In particular, we choose two subgraphs from Figure 3.3; the first subgraph,
denoted by A, distinguishes blood cells from the rest and the second subgraph,
denoted by B, distinguishes a group of Epithelia, Stromal, and Visceral cells from
the rest. These two subgraphs are depicted across 41 cells in Figure 3.4 and 3.5.
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i

Selected edges

Cell types

Figure 3.3: (sparse and low-rank linear regression) The graph presents how the 69 edges
selected by the estimate B behave in each of 41 cell types. From the left, Epithelia, Blood,
Endothelia, Fetal, Stromal, Visceral, Cancer, Embryonic Stem cells are presented. The edges
belonging to A and B distinguish Blood cells from the rest and a group of Epithelia, Stromal,
and Visceral cells from the rest, respectively.

3.6 Discussion

We proposed and implemented methods to estimate induced subgraphs from sam-
ples of labeled graphs. Specifically, we developed sparse and low-rank Linear(trace)
Regression, PCA, and CCA using the ADMM. Applying these methods to a real
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data, 41 human transcriptional factor regulatory networks, gave us interesting re-
sults. Still, for theoretical guarantees of the proposed estimation methods, a further
investigation should follow. We leave this as a future research.
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A APPENDIX FOR CHAPTER 1

Proofs for Lemma 1.3.1

Proof of Lemma 1.3.1. Let

My = [(Ykn = P)Moknlickenicnca and €y = [Yxnexnlicianicnga
both in R™*4. Then, M = pM, + M, + €, and

S = p™M{Mg + MEMH + egey
+pMg My + pM Mo + pMg ey +peyMo + M ey + egMy. (A1)

The result (1.2) follows since under the model setup in Section 3.5,

EM, =0, Eey, =0, E(M M) =p(1—p)diag(MgM,), E(eje,)=npa’ly,

E(MgMy) =0, E(Mgey) =0, and E(Mje,)=0.

We can similarly show the result (1.3). O

Proofs for Section 1.6

Proof of Proposition 1.6.1. We only show the result (1.16), since the other result can
be shown similarly.
Let

1 -2 2
E— {n—dp\pml R < t},

wheret = C;p loin +C,p3/? k’%. Note that > — 0. By Weyl’s theorem (Li (1998a))
and Lemma 1.6.1, we have for large constants C;, C, > 0,

1 . . _
P(EC) < P (n—d |2, —EL, |, > t) =0(n2).
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Thus, for large n,

E |[sin (V{™), V™)

:]E{ Jsin (Vi™, Vo) | ILEC} —HE{ Jsin (Vi™, Vo) | ILE}
E

<mP(ES) +E

<MP(ES) +E

2 2 2
<$1% Apm }\Pm+l‘ r%)
N N 2
L (5, —BE) Vi e
<mMP(ES)+E 5 ; =
<ﬁ# }\Pm APerlD
Cn!
<en 24 , (A2)
p (b2, —b3 )2

where 1¢ is an indicator function of an event E, the first inequality is due to the fact

that || sin(V(™), V{™)||2 < m and Davis-Kahan sin 8 theorem (Theorem 3.1 in Li

(1998b)), and the last inequality holds by Lemma A.0.1 below. O
Lemma A.0.1. Under the model setup in Section 3.5 and Assumption 3, we have for large
nand d, )
1 1 . -
E||— = (&, —EL,) v(™ <& (A3)
nd p? Fopn
and ,
1 1 4 o C,
— — EL  )um| <=,
‘ndp2<pt pt) Fopd

where ip and )Aipt are defined in (1.4) and Cy and C, are generic constants free of n, d, and
P

Proof of Lemma A.0.1. We only show the result (A.3) because the other result holds
similarly.
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From (A.1), (1.4), Proposition 1.3.1, and triangle inequality, we have

[(Xp —EZ,) Vi
—p)diag(M;My) —p*(1—p) diag(MgMo)}V( )
p)diag(ee,) —np*c®lq] V™|
—p)diag(MEMo)]V(m)HF

< [[[MIMm, —
+ H [egey —(1-
P [ [MyMo — (1

+pH[MgMy —(1-

I

I

p)diag(MOTMy)}v( )

le

+p || [e4Mo — (1 — p)diag(e] Mg)] V' HF
+p |[[Mg ey — (1— )diag(Mg e,)] V™|,
+|[[Mey — (1 —p)diag(Mye,) | V™|,
+|[[egM —( — p)diag(e, My)] V™|,
= (A) + (B)+P(C)+P(D)+P(E)+P(F)+(G)+(H)- (A4)

We examine the convergence rates of the above terms, (A)-(H).
First, consider the term (A) in (A.4). Then, we have

E||[M{M, — (1 - p)diag(MIM,) — p(1 - p) diag(MJ Mo) ] V(™

Iy

2
+(Yri — P)(Yxn — PIMoxiMoxn Vin ]l(h;éi)] }
2 2 42
{P E<(Uk1_P) —p(l —P)) Mo Vii Tin=)
+]E<(Uki — Pl (Yun — P)Z) Mok Moy Vin ﬂ(h#)] }
{p3(1 —p)(2p — 1)*Moyi Vi Lin—iy

+P2(1 - p)ZMUiiMOihvjzh ﬂ(h#i)] }
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=p'l-pL') > > 1
i=1 j=1 k=1

< Cp?(1 —p)nd. (A.5)

Similarly to (A.5), we can show that the expected values of the terms (B), (D), (F), (G),
and (H) squared are bounded by Cp*nd.
Second, consider the term (C) in (A.4). Then, we have

E [|[M§Mo — (1 — p)diag(MMo) V™ |7
d m n d
ZZE{ Fony oM
i=1 j=1 k=1 h=1

2
+MokiMokn Vi ﬂ(h#i)} }

d m n d 2
:ZZZE(UM—P)Z ZMOkiMOth]h[l (1—]3)]1(11_1)}}

=1 j—1 k=1 h—1
d m n d 2
=p(1—p) Z Z Z { Z MoriMokn Vin [1 —(1=p)In 1)] }
i—1 j—1 k=1 \ h=1
d m n d 2
<pll-piLty » > { > !Vm!}
i1 j—1 k=1 \ h=1
< Cp(1—p)nd?, (A.6)

where the last inequality holds due to Cauchy-Schwarz inequality.
Lastly, for the term (E) in (A.4),

~ pidiag(eyMo) VI,

N 2
E{ Zyk1€k1 Z MOth]h[ —(1 —P)ﬂ(h:i)] }
d m n d 2
=> > > E(yhel) {ZMOthjh[l— (1—P)1(hi)}}
h=1

i=1 j=1 k=1
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d m n d 2
<Y 3 S { 5 w}
i=1 j=1 k=1 h=1
< Cpnd?, (A7)

where last inequality holds due to Cauchy-Schwarz inequality.
The result follows from (A.5)-(A.7). [

Lemma A.0.2. Under the model setup in Section 3.5 and Assumption 3, we have for any

IMy [, < Ce,/prilogn

with probability 1 — O(n~%1). Similarly, we have for any given &, > 0,

leyll; < Ce,v/pmlogn

given & > 0,

with probability 1 — O(n~%2).
Proof of Lemma A.0.2. Let Mg’j) € R™*4 be such that

foril<k<nand1<h<d.

M. (1) (Yxh —P)Moxn, (k,h) = (1,j)
v 0, (k,h) # (i)

Then,
L 85 Fup
na™ = na P

E(MS’”) =0, and HMS’”H2 <Lforalll<k<nand1 < h < d. Also, we have

1 .. . LZ
H—d]E (Mg"J)MS'”T) = Hp( p)d1ag (MoMg) || < PL and
n ) ’ n2
1 . 1 L
H—d]E (M{ATMED) || = Hp( )dlag (MgMy)|| < "T. (A.8)
n 2 2
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Thus, by Proposition 1 in Koltchinskii et al. (2011a), we have

/pL2 [logn _logn p logn
< <
Z\Cmax< aVnatha ) SO e

with probability at least 1 — n=%1.

1
—M
Hnd Y

In a similar way together with Proposition 2 in Koltchinskii et al. (2011a), we

can show that || -Lre, ||, < Cy/ 8™ with probability at least 1 — n=%.

]

Proof of Lemma 1.6.1. We only show the result (1.17) because the other result holds
similarly.
From (A.1), Proposition 1.3.1 and triangle inequality, we have
1 e ~
L g, Bt
1 , .
< 3 IM{M, — (1 —p)diag(M{M,) —p*(1 — p) diag(M M) ||,
1 .
+n—d Hezey —(1 —p)dlag(eljey) — np2021d||2
1 .
+2 —d HpMZMO —(1— p)pdlag(l\/l;I\/lg)||2
1 .
+2 3 HpegMo —(1— p)pdlag(eEMg) H2
1 .
+2 3 HMJ(—:U —(1— p)dlag(l\/l;ey)H2
=(I)+ (1) + 2 (III) + 2 (IV) + 2 (V). (A9)

Because of similarity, we provide arguments only for (I) and (IV).
Consider the term (I) in (A.9). First, we have by Lemma A.0.2

logn
d

1 1P
ag IMIM, = na | S, | < o (A10)

with probability at least 1 — O(n""1). Also, we have with probability at least
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1-— O(n*“l),

1—
— ||diag(MIM,,) + p? diag(MI M),

1 —
< =P |[diag(MIM,) — p(1 — p) diag(MI M),

p(1—p) ..
+T Hdlag(l\/lgi\/lo)H2

= [(yxn —P)?> = p(1 —p)] Mopn
=(1-7) 1r<nha<xd k; nd
p(l —

PP max Z Mo

/plognl p(l —p)L
<C —=

n d + d

< Cpd™}, (A.11)

where the second inequality holds by (A.12) below. Take t* = ck’g“p (1—p)(3p?—
3p + 1) for some large constant ¢ > 0. Then, by Bernstein’s inequality,

> )
> ndt)

[(yxn —P)*> = p(1 —p)] Mon
nd

hE

P | max
1<h<d

d
<ZP(
h=1

~
[N

M=

[(Yyxn —P)* — (1 —p)] Mopp,

=t 242
nd-t
s eXp{ 2l%p(1—p)(3p? —3p + 1)}
=Cn ™. (A.12)
By (A.10) and (A.11), we have
(1) < cpB™ (A13)

with probability at least 1 — O(n™*1). Similarly, we can show that (II) and (V) are
bounded by Cp™5™ with probability at least 1 — O(n"1).
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Consider the term (IV) in (A.9). We have

d
vy {mZ

i=1

Z Xkl)

k=1

Z Xkll

k=1

HES )

1Y% v
where nd X](d]. ) = P Yki€kiMo Lz + pzykiekiMij]l(i:j) and hence X](d)- ) are
centered sub-Gaussian random variables under the model setup in Section 3.5.

Then, we have forany p e Rand forall1 <k <n,1<i<d,and1<j<d,

02 28
Eexp {pX]((Ii\j/)} < exp % for some constant 3 > 0.

tjai . Then, by Markov’s

n242

2 _ p3logn —
Take t* = cp”—>— for some large constant ¢ > 0 and p =

inequality,

d n
(1<J< Z Z Xk”

1 |k=1

N
/AN
I\/]m
™
==

=H —

.I\'j]a
M=

P exp {p(t/d)}
t  p’p’p
< 242 —p— 4+ =
< 2d exp{ pd+ > nd?
ma2 nt?
e 5]
= Cn " (A.14)
Similarly,
d n
(Iv) —H1
P <1rga<xdzl ;Xku > t) < Cn (A.15)
j= =
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By (A.14) and (A.15), with probability at least 1 — O (n™*1),

(V)] < cpr2y BT (A16)

Similarly, we can show that (I1I) is bounded by Cp®/2 IOg“ with probability at
least1 — O(n ™).
The statement is showed by (A.13) and (A.16). O

Proof of Lemma 1.6.2. We only show the result (1.18) because the other result holds
similarly.

By triangle inequality, we have

>

’pn p|{||d1ag — diag(pM Mg +npo?ly)|l,
+|diag(pMIMy +npoly)l, b (A17)

1
— Soll, = || p —p) diag(£)
<

We will look at the terms in (A.17) one by one.
By Bernstein’s inequality, we have for large constant C > 0,

L p(1—p)logn
P (Ip pl > C\/ -

n d
=P ( > ) [wn—p)| > C\/p(l —p)ndlogn>

k=1 h=1
< 2 exp{—vilogn}

—on . (A.18)

Take t* = cp:f’% for some large constant ¢ > 0. Then, since y%;(Moy; + €xi)* —
p(Mo%d +0%),k =1,...,n, are independent centered sub-exponential random
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variables, we have by Proposition 5.16 in Vershynin (2010),

P (nid ||diag(5:) — diag(pMy M, + np(yzld)H2 = t)

Z [ylzd(MOki + €ei)? — p(Mog; + GZ)]

1
= — max
nd 1<i<d

Cn., (A.19)

Also, note that

1.
Hn—ddlag(ngMo +npoily)

1 =
= n—dlrgiagxdpél\/lowtnmz

p(L2 + 0?)

< - (A.20)

Combining the results in (A.17)-(A.20), we have

1 e o 1 1
og 55 = pllo < cp2 /2B 5 (a2

with probability at least 1 — O (n™1). O
Proof of Lemma 1.6.3. We only show the result (1.19) because the other result holds
similarly.
We have
1 . R 2
— (L, —%,)vim
H nd ( P P) .
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)

1 . - 1 .
adlag(Z) — ﬁdlag(pMJMo +npo?ly)

1 ~
< A 2 .
<mE {(p p) —nddlag(Z)

<4mE{(ﬁ—P)2

)

1 .. . 1 .
‘n—ddmg(Z) — n—dd1ag(ngMo + npo?ly)

2

E(p—p)

1
+4m H—diag(ngMo +npo?ly)
nd ’

4
< 4m \/E(ﬁ—p)4 E

p*(L*+0°)*p(1—p)

2

4
R
pl—p pl-p
SOeEn TO T (A.22)

where the fourth inequality holds by Holder’s inequality and the fifth inequality is
due to the fact that

3 1o e 1 !
Ep—p)E Hn—dd1ag(2) — n—dd1ag(ngMo +npoily)

< E{ Y Yn (v —p) }4

2

ntd*
E {max1<i<d 1> w1 [UEi (Mo + €11)? — p(Mgi; + 02)] }4}
n4d4
n 4
< E{ 2 k-1 Zﬁﬂ (Yxn —P) }
= n4ds
dE [Y 11 (Y% (Moyi + €1i)? — p(Mops + 02))}4
n4d4
O (p?(1—p)*n2d?) O (p*nd)
- n8ds : (A.23)
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Proofs for Section 1.6

Lemma A.0.3. Under the model setup in Section 3.5 and Assumption 3, we have
> K% r [ZA§+MZ

n d = m
=2p Z Z Yxh — P)Moxn Zvih

d
( Z MOkh’vih/) —(1- p)MOKhVih

—1h=l i=1 h=1
d
+2p Z Zykhekh Z Vin < Z MOkh/Vih/) — (1= p)Moxn Vin
k=1 h=1 h=1

+0p (\/TE)
= (i) + (i) + Op (pvn + pd)

and (i)+(ii) = O, (\/ p3nd> , where Ay and A; are defined in (1.4) and (2.1), respectively.

Proof of Lemma A.0.3. We have

Z?\%i —p? [Z A7 + no”
i=1 i=1
= tr(V, ™TE,V, M) — e (VIVT (p2M Mg + np?®lq) V™)
=tr(OTVMTE vim()
+tr(V, ™TE v, M) oTyimTE vimg)
—tr (VI™T(p*M§ M, + np*o’lq) V™)
= tr(VMTE Vvim) 4gr(V, T v, M) Ty MITE vim)9)
—tr (VI™T(p2MJ M, + np?o?lq) V™)
= tr(VI™T(MIM, — (1 — p)diag(M]M,)
—p2(1—p) diag(MgMO))v(m)
+tr (V™ T (el ey — (1 —p)diag(e)ey) —np?c’lq) V™)
e (VT (M My, + pM M
—(1 - p)pdiag(MIM,, + M;MO))v(m))
+tr (V(m)T(ngey +pe; Mg
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—(1—p)pdiag(MT e, + e;MO))v(mJ)
+tr<V(m)T(M$€y +esMy
—(1—p)diag(M/e, + e;My))vm))
+tr(V, ™TE v, M) Ty mITs yim)9)
= (a)+ (b) + (c)+ (d) + (e) + (f), (A.24)

where O € V,, . is a solution to infocy,, , [VA™ — V™ Q| and the fourth equality
holds by (1.4) and (A.1). Below, we examine the six terms (a)-(f) one by one.
The term (a) in (A.24) is

(@) = ) V{ (MM, — (1 —p)diag(M M,) —p*(1 —p) diag(MgMy)) V;

1

{i (i Ykn — )MOth1h>2

k=1 \h=1
n d
Z Z Yxh — Moihvizh

k=1 h=1
n d
DB Moihvsh}
—1 h=1
n d m
= ZZP[ yin — PP = p(1—p) | Mok, 3 V2,
k=1 h=1 o i=1 -
+2 Z Z (Ykn — P)(Ukn' — P)Moxn Mok Z VinViyA.25)
k=1 h<h’ i=1

Note that the two terms in (A.25) are centered and uncorrelated with each other.

So, the variance is

n d m 2
var(a) = {ZZp3(1—p)(Zp—l)zMoih<ZV§h>}

k=1 h=1 i=1

n 1~d m 2
+{4Z Z p2(1 _p)ZMO]{hMOih/ (Zvihvih/> }

k=1 h<h’ i=1
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m n d
< mZ Z ZP3(1 —Pp)(2p — 1)*Moy, Vin

+4m Y > 3 p*(1—p)*MopMopn Vi Vi

m n d
< mU*p’(1-p)2p-17> > > Vi,
1: k=1 h=1
m n ~d
+4mLip?(1—p ZZZZV
i=1 k=1 h,h/
< CpP(l—p)n, (A.26)

where the first inequality is due to Jensen’s inequality. This shows that the term
(a) is Op (py/1). Similarly, we can show that the terms (b) and (e) are O, (py/n).
The term (c) in (A.24) is

5| =
e

Vi (MgM,y — (1 —p)diag(MgMy)) Vs

n d d
{ Z (Z MOthih) (Z (Y — p)MOkh’Vih’)

k=1 \h=l1 h/=1

n d
—P) Z Z Yxh — MOihV{Zh}

k=1h 1

HH;

,4
l
KR

™

1

i

n d

Z Z Yxh — MOkhZ Vin

k=1 h=1

( Z MOkh/Vm') —(1 _p)MOkhvih .

Then, its variance is

()

— | wvar(c)
2

Y

— Z (1-p Mokh{va

k=1
< Cp( —pind,

}2

( Z MOkh’Vlh/> —(1— p)MOthih

h/=1
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where the last inequality is due to Assumption 3(1) and the fact that

d 2
( Z MOkh/Vih’> — (1 —p)Mokn Vin }

n d m
Ty M{ e
h= i=1

n d m m
—2(1-p) Z Z MOkh{ Z Aiuikvih}{ Z MOlzchVizh}

k=1 h=1 i=1 i=1
n d m 2

= Z Z Moih{ Z }\iuikvih} +0O(n)

= 0(nd). (A.27)

The term (d) in (A.24) is

(@) = Y VT (MIe, — (1 —p)diag(MTe, ) Vi

2p
m
= Z { Z MOthih) ( Z ykh’ekh’vlh’)
=1 =1

h/

n d
—(1— ZUthkhMOthizh}

=1 h=1
n d m
= Z Zykhekh{ Z Vin
i=1

=~

}.

d
( Z kh'Vih/> —(1— P)MOthih
1 h=1

~
I
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}2

Then, its variance is

1 2 n d , m
(E) var(d) = 2 Zpa { ; Vin

d
( > MOkh’Vih/> — (I =p)MoknVin

h/=1

a 2
( Z MOkh’Vih’) — (1= p)Moxn Vin }

h'=1

n d m
5y { 5 Vi
m 2
AlUncVin—(1—p) ) Momvizh}
i=1 i=1

m n d m 2
= Z A+ (1—p) Z Z (Z MOkhvizh>
‘ o ‘

[

igE

-
M=

i=l1 1h=1 \i=1
m d m
“20-p) Y N Vi) Vin
i=1 h=1 i/'=1
= Z A2+ 0(n). (A.28)
i=1
The term (f) in (A.24) is
()] = ‘tr(vp(m)Tipvp(m) _ OTv(m)TipV(m)o)‘

S Z ‘OiTVTiPVOi - VviTime|

i=1

= ) {J(VOi = Vu)TEL (VO — Vp ) + 202 V, T (VO = V,, )|}
i=1

/A

m
> A (VO = Vol +2 Vo T (VO = V)|
i=1

- Z 7‘%1( HVOi - VPi“;
i—1
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+OIVIVOL = 07 VIV, =V, TVO + V[V, )| )

- ZZ}\ 1HVO PiHi
e
— 0,(pa), (A29)

where O; is the i-th column of O and the last equality holds by Proposition 1.6.1,
(1.9), and (1.25).
Therefore, the result follows from (A.24)-(A.29). [

Proof of Proposition 1.6.2. By Cramer-Wold device, it is enough to show that for any
given (Cll CZ)T € RZ \ (OIO)T/

T m
1 C1 PN, _ > M+ no?]
VItdYe, e, \¢2 p? 2 LA +no?)p P’ X s (AF +no?)
— N (0,1) in distribution, asn,d — oo,

c
wherey2 . = (c1¢2)Tha ( 1) . When ¢; = 0, this can be directly showed by CLT.
C2

Thus, we only consider the case where c; # 0.
We have

( ) K PEY A, )_(Z{Z [\ +no?] )]
P2y M (A2 +no?)p P’y (A2 +no?)

B Clé A =P (N mo?)] +e2p” )_(N+no”) (p—p)
20; — a m T

= —1 Z Z ykh - p)MOkh Z Vih |:( Z MOkh/Vih’)
p k=1 h=1 i=1 h'/=1

—(1— p)MOkhvih}
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n d m d
+% Z Zykhekh Z Vin [( Z MOkh/Vih’) —(1— p)MOthih}

n=1 i-1 n—1
n d m
+0p (H%d> sz ZZ Ykh — P Z (A? + no?)
=lh 1 i= 1
n d
— Z Z(Ukh —P){Zgl Morn ZVlh {( Z MOkh'Vm/)
h=1
Z (Af + no?) }

n d m
+201 Z Z Yxkh€kh Z Vin {( Z Moxn' Vin MOthlh}

—(1— P)MOthih]

L i=1 h'=1
+0p ( n_d)
P
= (a) + (b) +op < %d) , (A.30)

where the second equality holds by Lemma A.0.3. Since the terms (a) and (b) are
centered and not correlated with each other under the model setup in Section 3.5,

we have

var [(a) + (b)] = var[(a)] + var [(b)]

n d
= Z Z E(Yyxn —Pp) {2;1 Mokn Z Vin

( Z MOkh/Vm/)

h/=1

2
czp 2
A’ o>
+ d ;( T+n )}
a
( Z MOkh'Vih’>

h/=1

—(1 —=p)MoynVin

—(1 —p)MonVin

n d
33 (el {zvm
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p i=1
42(1—-p) & & ks 4022 &
S D WITR PR FEp
k=1 h=1 i=1 i=1

" 2 " 2
+4cicond p?(1—p) (Z bf) +cindp’(1—p) (Z bf)
+0 (3)
P
=nd (c1¢2)Tna (Cl> 10 (3) ) (A31)
Co P

where the third equality is due to (A.27), (A.28) and Assumption 3(1). Note that

C 4 2.2
nd (c1¢2)Tha ( 1) > G ZA% > Cii (A.32)
C2

Thus, Liapunov’s condition is satisfied with (a) + (b) because we have

n d m d
Z Z E‘ (Ykn — P){&Mokh Z Vin [( Z MOkh’Vih’)
k=1 P ) !

=1 h=1
—(1— [))M V; + 2 i E (7\2—|—T10'2)
Okh Yih ] — i

2 m d
+ykh€kh{?l Z Vih [( Z MOkh’Vih’) - (1 - p)MOKhvih} }

i=1 h/=1

n d
<8 Zl Z {E|ykh —pP 2;1 Mown Z Vin [( Z MOkh/Vm')

h=1 h/=1

3

3
—(1 _p)MOkhvih:| + 0 (1)

m d
3 zp% Z Vih |:( Z MOkh’Vih/)

i=1 h/=1

+E[Yxnexnl
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—(1— P)MOthih]

ih |:< Z MOkh’vlh’)

)

k=1 h=1 — =1
3
—(1— p)MOth«th + 0 (1) }

C n d m d 3
S Z Z { Z Vil < Z Mown/ Vi | + |Vih’3> +0 (1) }

P Ui h/—1

C m n d 3
S Z Z Z Mokn Vin| + O (nd)

P v

3/2
=0 <ndz > (A.33)
P

where the first inequality holds by Assumption 3(1), and the last two lines are due
to Cauchy-Schwarz inequality.
By (A.30)-(A.33), Liapunov CLT and Slutsky theorem, we have

T

1 C1 Py p1 B > P\% + nO_Z}
Vndve,e, \c p? Y " (A2 +no?) P P> " (A +no?)

— N (0, 1) in distribution, asn,d — co.

Proof of Proposition 1.6.3. Similarly to the proof of (A.24), we have

Tp —npzcr2
= dirtr (VLo Vie) 1_rtr (VIEZ,V,)
= o (VIE,Ve)
+d1rtr (VaeLpVpe —OTVIE,VOT) — 1_rtr (VIEL,V,)
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tr(VE (MIM, — (1 — p)diag(M[M,)

—p*(1— p) diag(MJ Mo)) Ve )

-

+ 1 Ttr(VcT (efey — (1 —p)diag(efey)) Ve — anGZId,r>
—2p(1 —p)dirtr(VcT (diag(M] M,)) vc>

~2p(1— p) - tr( VT (diag(e]Mo) Ve

—|—2d1_Ttr<VCT (Mey — (1—p)diag(Me,)) Ve )

+5 1_ —tr (VaeLpVpe —O0TVIE,V.0)

=(A)+(B)=2p(1—p)- (C)=2p(1—p)- (D) +2-(E) + (F),

where O € V4_, 4_risasolution toinfoev, ., [[Vpe—VcQ ||]2:, and the third equality
is due to the fact that MV, = UAVTV. = 0. We will show that (A)-(F) are
Op (pvn).

Since the first five terms, (A)-(E), are centered, we only need to check their
variances to find their rates. The variances of the terms (A), (B), and (E) are O (pzn) ,

which can be shown similarly to the proof of (A.26). The variance of the term (C) is

d—r
3 E[Ve! (diag(MIMy)) Vei]®
i=1

d
Z Z(Ukh - p)MOihVC%h

1
d—r

var(C) <

where the inequality is due to Jensen’s inequality. Similarly, the variance of the
term (D) is O(pn).
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Now, consider the term (F). Similarly to the proof of (A.29),

1
d—

d—r Z [Voei £pVper — O VIE, V04

(Al <

. ltr (V3 Lp Ve —OTVIE,V0)]

VAN

N

2
’ 27\%1 vac - VCOHF

N

. 2
. 4}\%1 ||Sll’1 (Vpc/VC)HF

- d_r'ZA%nl

= 2N |(Ta — Vp V) — (1o — VT2

[VoeVie = VeV{ |

R AV

. 2
= 4N [Isin(Vp, V)|

where O; is the i-th column of O, the third inequality can be derived similarly to
the proof of (1.24), and the last equality holds by Proposition 1.6.1 and (1.25). [

Proofs for Section 1.6

Proof of Proposition 1.6.4. Let Ay, = A=A, Ay, = sign((ﬂi, ;) )U; —U;, and Ay, =
sign((Vi, Vi>)\A/i —Viforallie{l,...,r}. Similarly to the proof of Theorem 1.4.2,

we can show that foralli=1,...,r,

|Ax| = Oy (% + %\/9 : (A.34)

Then,

IMs0) = Moy
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Z?\UVT

< T’Z Z HSOi ?\iUiVi — Alul\/jHF

: 2

= rZZ H(M + Ay (U +Ay,) (Vi + Avi)T — AUV )
2

<%2“Wuw du

= CrZZ { < %\/g) + O (nd) pr%Op (%) + O (nd) pibiop (Tll) }

1
= W Op(n)/

T

where the third equality holds due to (A.34) and Theorem 1.4.1. O

Proofs for Lemma 1.4.1

Proof of Lemma 1.4.1. By Weyl’s theorem (Li (1998a)), Lemma 1.6.1, and Lemma
1.6.2, for any given & > 0, there exists a large constant Cs > 0 such that

max {23, — P20 + 7] 8 v} < 5 —E(E),
< |5 —-£ HﬁHZ —E(%)|,
< Cyp2y/Dlosn (A.35)

d

with probability at least 1 — O(n~?). Also, by definition of #, we have

{t=r} = {A, >p"nCq A}, <pnCq}
= {3, =02 +10%)] + (A2 +no?) > pPn Cy,
A3, 1 —P°no’| +p°no’ < p'n Cd}, (A.36)

where A2 = b2 nd by Assumption 3(1). The result follows by (A.35) and (A.36).
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B APPENDIX FOR CHAPTER 2

Denote by C and C; generic constants whose values are free of n and p and may
change from appearance to appearance. Also, denote by ||v|, the {,-norm for any
vector v € R and by ||A[|, the spectral norm, the largest singular value of A, for

any matrix A € R™*4,

Proof of Theorem 2.3.1

Proof of Theorem 2.3.1. We have

M, = Po(M)+P5(Z,)
= y-Mp+e)+ (1,15 —y) - Z¢
= Mo+y-e+ (1.1] —y) -y,

where 1,, and 14 are vectors of length n and d, respectively, filled with ones and
Mt = Zy — My, and, A - B = (Ay;Bij)1<i<ni<i<a for any A and B € R™*%. Assume
that

J% Inelly = o, ( ]%) - (B.1)

Then, simple algebraic manipulations show for large n

1 1
ﬁHﬂtHHF = \/ﬁ”zt+l_MOHF

A2(My) — & uy (My)vi (My)T ZA U, vy

nd ||
C . 2371 ~
\/ﬁz VAL (M) — oy —
im1

(ui(mt) — uioi> A .

‘F

N

1 iHF

+Ai

i ||Us (Vi(ﬂt) - ViQi>

1.
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< CZ{ ‘\/7\2 M) — &t_ki‘

2 sV - WOy

F+—H (M) VQH} (B2)

where O; and Q; arein{—1, 1} and minimize Hui(ﬁt) — UiOiHF and Hvi(/l\zt) —V;9; HF,
respectively.

To find the order of (B.2), first consider the term Hvi(ﬂt) —V; (‘)iHF. By Davis-
Kahan Theorem (Theorem 3.1 in Li (1998b)) and Proposition 2.2 in Vu and Lei
(2013),

L [ (MIM = [MIMo + mpe1] ) v

HVi(Mt) _VioiHF < L, (B.3)

& (W +npor— a2, (M)

Consider the numerator of (B.3). We have

— H(MTT\Zt MOM0+anI> H
<i{Hy &) (y-e) Vi —npa?V; H +H (118 —y) ome]” [(1“1£_y)'nt}viHF
+ M3 e vl +
M [0 =) m Vil + 0025 =)0 "o
s -y nd Tt |+ - [(1n1£—y)-nt}ViHF}
1

00 () 0 (752 0 (V) + 00 (Vo)
o (15522 o, (([229) o, (V) o (vViwi)

=0p ( %) , (B.4)

where the first equality holds due to (2.1), Assumption 3(2), (B.1), and (B.5) and

oo wvl
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(B.6) below. We have

Ely-ey-ev
d

Y-
2
{ Z (YxknYxj€xner; V —po*Vin 1= )] }

k=1 j=1

ﬁ

M=1M= IM-= «

<

Z E (Ukhykj€kh€kjvij — PGzVihﬂ(j:h))z

j=1

n d
12) E (Ulzdxyij 612<h€12<j) + Z Z ij E (y]zq- eij — sz)z
k=1j=h

d), (B.5)

M= I[™1=

1j
(p

I
of
Tt

where Vjj is the j-th element of V;. Similarly, we have
El|(y - €) Vil[f = O (pn), E|U{ (y - €)|f = O (pd), and E|ly - e[|t = O (pnd) (B.6)

Consider the denominator of (B.3). By Weyl’s theorem (Theorem 4.3 in ?), we

have

Y
1Illla<>fi Tld|7\ +npo? — A2 (Mt)I

< ’MI/I\Zt— [MgMoJranzI}Hz

|
< nid{ H(y €)' (y-e) —anZIHZ + H [(1a15 —y) ne" [(Leld—y) - |

2[|M] (y - €|, +2 M 11 =y) -nidl, +2 (- )T (11 —y) -]

y
:nd{ <p\/?)+op< 2 )+O (W)Jrop (W)+op<\/dn72hn>}

=o0p(1), (B.7)

where the last two lines holds similarly to (B.4).
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Thus, by (B.7) and (B.4),

— hn
Hvi(Mt) — viOiHF = Op ( p—d) . (B8)

Secondly, similar to the proof of (B.8), we can show ||ui(/l\7[t) — W04l =
Op <\/hn/pd>.

Lastly, consider the term —— 7\2(Mt) — & — A¢|. By Taylor’s expansion, there

is A2 between }\i(Mt) — o and 7\% such that

! ' A(M,) — & — A
\/ﬁ 1 t t 1
1 1 21 = 2
1 1
2(M 7\%+n62‘+ & —npo?l. (B9

We need to find the convergence rates of -

2(My) — (A2 + anz)’ and -1 |&; —npo?|.
Let Vo = (Vii1,...,Vq) € R&X(d=T be a matrlx suchthat VIV, =14 ;and VTV, =

Opx (a_r) and let V, = <v1(’1\Zt),...,vd(’z\Zt)) € RO and V,, = (VT+1(’mt),...,vd(mt)) e
R4*(4-7) g0 that VIV, = Orx(da_r)- Also, let O = diag(0y,...,0,) and O, =
diag(Oy41,...,04), where

2
O; := arg min ’ Vio—vi(My) ,

oe{—1,1}

fori=1,...,d.

Then, we have

1 —
— A2 (M) — (A2 o2 ‘
nd 1( t) ( 1+T1p )
= Vi(mt)TmImtVi(Mt) —ViT (MOTMo-l-TlpGZI) V;
1 — e o
< |V [MTMt (MOTMo+anZI)] Vil + — [vi(M)TMIMovi (M) = VIMIT MLV,
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L WS B
< 0p ( P_d> + nd Vi(Mt)TMIMtVi(Mt) _viTM:[thvi

hn
= o, ( ﬁ> , (B.10)

where the second inequality can be derived by the similar way to the proof of (B.4),

and the last equality is due to (B.11) below. Simple algebraic manipulations show

1

Vi(ﬂt)TMIMtVi(Mt) - Vgﬂzﬂt%

1 ~ T~ ~ —~ — 4T
=3 [Vioi_vi(Mt):| M{M, [ViOi_Vi(Mt)} + 2A3(My) ViOi—vi(Mt)} vi(My)
2A2(M 2
< M Vi(‘)i —Vi(Mt)
nd 2

= o, (E) ) (B.11)

where the last equality is due to (B.7) and (B.8). Also,

L ‘& —np02‘
nd!""
1 1 i M ATAATAA V1 >
~— 4 Vj(Mt) MtMth(Mt)—TlPO'
nd d—rj:r+1
1] 1 & S
Shdld—r >V [MIMt_ (MgMoJrnpchI)} V
j=r+1
L1y M) TMTM.v: (M TNAITN
mdla=r Z [v]—(Mt) M Mvi(My) =V, MtMth}
j=r+1
a
h 1 1 ~ d—m~ o~ _—
=0 _n 4+ — V(M )TMTM V(M )_VTMTM V2
p( pd> nd d—rj;l[) ¢ t VR ViUV i Ve tl]
hn
— o ( ﬁ)’ (B.12)

where the second equality can be derived by the similar way to the proof of (B.4),
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and the last equality is due to (B.13) below. Similar to the proof of (B.11), we have

d

1
nd(d —r) Z

j= r+1

1 2
< Y 2A3(My)
nd(d— ,ZH t)

273 (M)
g T EERY Vcoc_vc
nd(d —r) el

AN (M,)
_ AM(MY)

nd(d; T)

ANT (M)
= nd(d — )
_ 4?\1 Mt

o, (%) , (B.13)

where the fourth and sixth lines are due to Proposition 2.2 in Vu and Lei (2013),
and the last line holds from (B.8).

The three results above (B.9), (B.10), and (B.12) give —= ‘ Af(ﬁt) — & —

o (v/5i)

Therefore, Combining the results above, we have that \/+Td INt41]lg in (B.2) is

hn . 1 .
Op <,/ ) Since —— F Il = (, /ﬁ> by Proposition2.3.1, we have —— mellr =
Op <1 / p—d> for any fixed t by mathematical induction. O

V0, v (M)
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Proof of Theorem 2.3.2

Proof of Theorem 2.3.2. We have

d

: 1 2 Ty Ai(Z)
min — || X —Z||T + —_—
z 2nd ” e ; vnd vnd

a a a
. 1 2 3 Tye 32 1 3
= min m{ 1X]|F —2 ;—1 Ay -y X9y + ;_1 7\1} + -3 ;—1 TiA, (B.14)

where A\; = Ai(Z), iy = ui(Z), and ¥; = vi(Z). Minimizing (B.14) is equivalent to
minimizing

d d d
i=1 i=1 i=1

with respect to A, T, and Vi, i =1,...,d, under the conditions that (i, ..., tq) " (i1, ...

Lo, ¥1,...,9%) " (¥1,...,9q) =Ig,and Ay = Ay, > ... > Aq > 0. Thus, we have

. -2 Xl i, X i XZ 2 IAI
5u>0,ﬁ?g},r§:1 ..... d ; Uy AV +; 1+; T
d d a

= . —2 ~1 Al ~2 2 AL

i Y RN+ Y N Y 2w

d

. . 2_ ~. o
T R0 a1, ; {Af = 2A AX) =]}, (B.15)

where the first equality is due to the facts that A >...>MAq >0, and for every i,
the problem

max uiTXvi such that w; L {dj,..

~ % ~ %
i , LU v LV
luilla<L[Ivill3<1

Vil

is solved by i}, ¥}, the left and right singular vectors of X corresponding to the i-th
largest singular value of X. Note that ti; = 1i}. Since (B.15) is a quadratic function
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of A;, the solution to the problem (B.15) is then A= (MX) — 1) .- m

Proof of Theorem 2.4.1

To ease the notation, we drop the superscript ‘g’ in Z¢, M, and DY in this section.

Lemma B.0.1. Let Zi, 1 := argmin, _pn.a Q<(Z|Z¢) in (2.9). Then, under Assumption
5, we have
1Zes1 — Z¢||F =0 ast — oo.

Proof of Lemma B.0.1. By the construction of Dy,
(/M/tfl - Mt) - (Zt - Zt+1) - (Dt—l - Dt) =0.
Thus, we have

</7\7lt—1 — mt/ Ly — Zt+1> — <Zt — 21, L — Zt+1> — <Dt—1 — Dy, Z¢ — Zt+1> =0
(B.16)

and

<ﬁt—1 - Mt/ ﬁt—l - mt) - <Zt - Zt+1/ Mt—l - mt> - <Dt—1 - Dt/ mt—l - Mt> =0.
(B.17)

Add (B.17) and (B.16), and

0=|M1—M|2=1Zi — Zesa|> — (D1 — Dy, Ze + Mg — (Zis1 + My))
= [[M¢o1 — Mt||i —|Z¢ — Zt+1||12: — |ID¢1 — Dt||i —2(Dy—1 — Dy, Zt — Zy11).
(B.18)

Under Assumption 5, (B.18) gives

—~ —~ |12
1Ze = Zesall} < [Mea =M,
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and thus

—~ —~ 12
1Zen =2l < Mo —My|

< |[Ps (Zea =27
< NZe— 2zl (B.19)

for all t > 1. This proves that the sequence {||Z,,1 — Z.||}} converges (since it is
decreasing and bounded below).

The convergence of {[|Z.1 — Z||>} gives
1Zes1 — Zi)|F — ||Ze — Ze 4|z — Oas t — oco.
Then, by (B.19),
2
0 > [[P5(Z—Ze s — 12— Zoal

> ||Zt+1 - Zt”i - ||Zt - Zt%”i

— 0 ast— oo,
which implies

1P5 (Zi = Ze )|t = 1Ze — ZealE = 0= |Pa (Zo— Ze )2 = 0. (B20)

Furthermore, similarly to the proof of Lemma 2 in Mazumder et al. (2010), we
can show

fr(Z) = Q<(Ze1lZe) 2 Q(ZesalZiy1) = f2(Zi1) 20 (B.21)
for every fixed 11,...,74 > 0 and t > 1. Thus, we have
Q(ZilZe) — Qu(ZialZey1) =+ 0 ast — oo,

which implies
|P5 (Zi— Zea)||t = 0 ast — oo
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The above along with (B.20) gives

1Zes1 —Z¢||F = 0 ast — oo.

Proof of Theorem 2.4.1. By the construction of D, we have
0= (’1\7lt _ zm) D, forallt>1.

Since Z is a limit point of the sequence Z, there exists a subsequence {n.} C
{1,2,...}such that Z,, - Z,, ast — oco. By Lemma B.0.1, this subsequence Z,,,
satisfies

Ly, —Zn+1—0

t

which implies
P5(Zn) = Znii1 = P5(Ze) = Zoo = —Po(Zeo)-
Hence,
Dn, = (Pa(M) +P5(Zn,) — Zns1 = Pa(M) — Pa(Zs) = Do (B.22)

Due to (2.11) and (B.22), we have

f(Z9) > falZe) ~ —(Z° — ZoPa(M) ~ Pa(Ze) - Da)
fo

(Zs).

Since f.(Z°) < f(Z) by definition of Z°, we have f(Z°) = f(Z). Lastly, by
(B.21), we have lim_ ., f-(Z;) = f(Z%). [l
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Proofs of Lemmas 2.4.1-2.4.2

Proof of Lemma 2.4.1. Fori=1,...,r, we have

vnd vnd
1 —~ - —~ —~ -
= Ti Ai(My) — }\%(Mt) — oty — Ai(Mygq1) + \/}\%(Mtﬂ) — Xtt1
1 —~ 1 —~ ~
<—— AMi(My) — (/A2 —n 0'2> —— [V A(My) — &y — A2
TLd ( t) ( i p \/TL_d ( t) t
1 —~ 1
+—— | AMi(Mg1) — [ /A2 —n 02) +—‘ A(Miiq) — 0y — A2
o~ (Me41) p /nd \/ (Me+1) t+1

Then, by (B.10) and (B.12), we have

1 —
[) = — |Ai(My) — A2 —n 0‘2)’
(0 i (M) (\/1 ,
= A?M — (A2 —n 0'2‘
27\*i/rﬁ i(My) — (X —npo’) )
< MM — & — N+ ——— | & — npo?
2A.v/nd (M) = = ZA*\/nd‘ ¢ npo|

R
= oy,

where the second equality holds for some A, between Ai(M,) and +/ A2 —npo? by
Taylor’s expansion. We can similarly show that (III) = o,, <\ /hn /pd). Both of (II)

and (IV) are also o, (\/hn/pd> by (B.9) and (B.10). O

Proof of Lemma 2.4.2. From Theorem 2.3.1 and the construction of D in Assumption
5, we have

1

n_d<Dt —Dii1, Zev1 — Ziso)

< ﬁ ||Dt - DtH”F ||Zt+1 - Zt+2||p
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N

N

1 11— N
M= Zeo = (Mo = 2e) | 1Zes = Zealle
nld F
M= M|+ 1Ze1 = Zealle F1Zeis - Zesale
nld F
{178 2~ 2ol + 1Zen = Zealle J1Zin = Zeall
1
{120 = Zealle +1Zeis = Zeaalle F1Zewr = Zusals
1
—{1Ze = Molls +21Zecs = Molly + Ze2 = Mol }
1 1Ze = Mall +11Zus2 = Mal |

111



112

REFERENCES

Achlioptas, Dimitris, and Frank McSherry. 2001. Fast computation of low rank
matrix approximations. In Proceedings of the thirty-third annual acm symposium on
theory of computing, 611-618. ACM.

Airoldi, Edo M, David M Blei, Stephen E Fienberg, and Eric P Xing. 2009. Mixed
membership stochastic blockmodels. In Advances in neural information processing
systems, 33—-40.

Alon, Uri. 2006. An introduction to systems biology: design principles of biological
circuits. CRC press.

Anderson, Theodore Wilbur, Theodore Wilbur Anderson, Theodore Wilbur An-
derson, and Theodore Wilbur Anderson. 1958. An introduction to multivariate
statistical analysis, vol. 2. Wiley New York.

Azar, Yossi, Amos Fiat, Anna Karlin, Frank McSherry, and Jared Saia. 2001. Spectral
analysis of data. In Proceedings of the thirty-third annual acm symposium on theory of
computing, 619-626. ACM.

Bennett, James, and Stan Lanning. 2007. The netflix prize. In Proceedings of kdd cup
and workshop, vol. 2007, 35.

Bickel, Peter ], and Aiyou Chen. 2009. A nonparametric view of network models
and newman-girvan and other modularities. Proceedings of the National Academy of
Sciences 106(50):21068-21073.

Boyd, Stephen, Neal Parikh, Eric Chu, Borja Peleato, and Jonathan Eckstein. 2011.
Distributed optimization and statistical learning via the alternating direction
method of multipliers. Foundations and Trends® in Machine Learning 3(1):1-122.

Cai, Jian-Feng, Emmanuel ] Candés, and Zuowei Shen. 2010. A singular value
thresholding algorithm for matrix completion. SIAM Journal on Optimization 20(4):
1956-1982.



113
Cai, T Tony, and Wen-Xin Zhou. 2013. Matrix completion via max-norm con-
strained optimization. arXiv preprint arXiv:1303.0341.

Cai, Tony, and Weidong Liu. 2011. Adaptive thresholding for sparse covariance
matrix estimation. Journal of the American Statistical Association 106(494):672-684.

Candés, Emmanuel J, and Yaniv Plan. 2010. Matrix completion with noise. Pro-
ceedings of the IEEE 98(6):925-936.

.2011. Tight oracle inequalities for low-rank matrix recovery from a minimal
number of noisy random measurements. Information Theory, IEEE Transactions on
57(4):2342-2359.

Candés, Emmanuel ], and Benjamin Recht. 2009. Exact matrix completion via
convex optimization. Foundations of Computational mathematics 9(6):717-772.

Candes, Emmanuel J, Justin Romberg, and Terence Tao. 2006. Robust uncertainty
principles: Exact signal reconstruction from highly incomplete frequency informa-
tion. Information Theory, IEEE Transactions on 52(2):489-509.

Candés, Emmanuel J, and Terence Tao. 2010. The power of convex relaxation:
Near-optimal matrix completion. Information Theory, IEEE Transactions on 56(5):
2053-2080.

Chatterjee, Sourav. 2014. Matrix estimation by universal singular value threshold-
ing. The Annals of Statistics 43(1):177-214.

Cho, Juhee, Donggyu Kim, and Karl Rohe. 2015a. Asymptotic theory for estimating

the singular vectors and values of a partially-observed low rank matrix with noise.

. 2015b. Intelligent initialization and adaptive thresholding for iterative
matrix completion; some statistical and algorithmic theory for adaptive-impute.

Davenport, Mark A, Yaniv Plan, Ewout van den Berg, and Mary Wootters. 2014.
1-bit matrix completion. Information and Inference 3(3):189-223.



114

Donoho, David L. 2006. Compressed sensing. Information Theory, IEEE Transactions
on 52(4):1289-1306.

Fan, Jianging, Yuan Liao, and Martina Mincheva. 2013. Large covariance estimation
by thresholding principal orthogonal complements. Journal of the Royal Statistical
Society: Series B (Statistical Methodology) 75(4):603-680.

Fazel, Maryam. 2002. Matrix rank minimization with applications. Ph.D. thesis,
PhD thesis, Stanford University.

Green, Paul E. 2014. Mathematical tools for applied multivariate analysis. Academic
Press.

Gross, David. 2011. Recovering low-rank matrices from few coefficients in any
basis. Information Theory, IEEE Transactions on 57(3):1548-1566.

GroupLens. 2015. Movielens100k @MISC. http://grouplens.org/datasets/

movielens/.

Hastie, Trevor, and Rahul Mazumder. 2015. softimpute @MISC. https://cran.
r-project.org/web/packages/softImpute/index.html.

Hastie, Trevor, Rahul Mazumder, Jason Lee, and Reza Zadeh. 2014. Matrix
completion and low-rank svd via fast alternating least squares. arXiv preprint
arXiv:1410.2596.

Herlocker, Jonathan L, Joseph A Konstan, Loren G Terveen, and John T Riedl. 2004.
Evaluating collaborative filtering recommender systems. ACM Transactions on
Information Systems (TOIS) 22(1):5-53.

Hoff, Peter D, Adrian E Raftery, and Mark S Handcock. 2002. Latent space ap-
proaches to social network analysis. Journal of the american Statistical association
97(460):1090-1098.


http://grouplens.org/datasets/movielens/
http://grouplens.org/datasets/movielens/
https://cran.r-project.org/web/packages/softImpute/index.html
https://cran.r-project.org/web/packages/softImpute/index.html

115

Keshavan, Raghunandan, Andrea Montanari, and Sewoong Oh. 2009. Matrix
completion from noisy entries. In Advances in neural information processing systems,
952-960.

Keshavan, Raghunandan H, Andrea Montanari, and Sewoong Oh. 2010. Matrix
completion from a few entries. Information Theory, IEEE Transactions on 56(6):
2980-2998.

Koltchinskii, Vladimir, Karim Lounici, Alexandre B Tsybakov, et al. 2011a. Nuclear-
norm penalization and optimal rates for noisy low-rank matrix completion. The
Annals of Statistics 39(5):2302-2329.

Koltchinskii, Vladimir, et al. 2011b. Von neumann entropy penalization and
low-rank matrix estimation. The Annals of Statistics 39(6):2936-2973.

Koren, Yehuda, Robert Bell, and Chris Volinsky. 2009. Matrix factorization tech-
niques for recommender systems. Computer 42(8):30-37.

Lattin, James M, ] Douglas Carroll, and Paul E Green. 2003. Analyzing multivariate
data. Thomson Brooks/Cole Pacific Grove, CA.

Li, Ren-Cang. 1998a. Relative perturbation theory: I. eigenvalue and singular
value variations. SIAM Journal on Matrix Analysis and Applications 19(4):956-982.

. 1998b. Relative perturbation theory: Ii. eigenspace and singular subspace
variations. SIAM Journal on Matrix Analysis and Applications 20(2):471-492.

Mazumder, Rahul, Trevor Hastie, and Robert Tibshirani. 2010. Spectral regular-
ization algorithms for learning large incomplete matrices. The Journal of Machine
Learning Research 11:2287-2322.

Montanari, Andrea, and Sewoong Oh. 2010. On positioning via distributed matrix
completion. In Sensor array and multichannel signal processing workshop (sam), 2010
ieee, 197-200. IEEE.



116

Negahban, Sahand, and Martin ] Wainwright. 2012. Restricted strong convexity
and weighted matrix completion: Optimal bounds with noise. The Journal of
Machine Learning Research 13(1):1665-1697.

Negahban, Sahand, Martin ] Wainwright, et al. 2011. Estimation of (near) low-rank
matrices with noise and high-dimensional scaling. The Annals of Statistics 39(2):
1069-1097.

Neph, Shane, Andrew B Stergachis, Alex Reynolds, Richard Sandstrom, Elhanan
Borenstein, and John A Stamatoyannopoulos. 2012. Circuitry and dynamics of

human transcription factor regulatory networks. Cell 150(6):1274-1286.

Recht, Benjamin. 2011. A simpler approach to matrix completion. The Journal of
Machine Learning Research 12:3413-3430.

Rennie, Jasson DM, and Nathan Srebro. 2005. Fast maximum margin matrix
factorization for collaborative prediction. In Proceedings of the 22nd international
conference on machine learning, 713-719. ACM.

Rohde, Angelika, Alexandre B Tsybakov, et al. 2011. Estimation of high-
dimensional low-rank matrices. The Annals of Statistics 39(2):887-930.

Shen, Haipeng, and Jianhua Z Huang. 2008. Sparse principal component analysis
via regularized low rank matrix approximation. Journal of multivariate analysis
99(6):1015-1034.

Srebro, Nathan, Jason Rennie, and Tommi S Jaakkola. 2004. Maximum-margin

matrix factorization. In Advances in neural information processing systems, 1329-1336.

Vershynin, Roman. 2010. Introduction to the non-asymptotic analysis of random
matrices. arXiv preprint arXiv:1011.3027.

Vogelstein, Joshua T, William Gray Roncal, R Jacob Vogelstein, and Carey E Priebe.
2013. Graph classification using signal-subgraphs: Applications in statistical
connectomics. Pattern Analysis and Machine Intelligence, IEEE Transactions on 35(7):
1539-1551.



117

Vu, Vincent Q, and Jing Lei. 2013. Minimax sparse principal subspace estimation
in high dimensions. The Annals of Statistics 41(6):2905-2947.

Weinberger, Kilian Q, and Lawrence K Saul. 2006. Unsupervised learning of image
manifolds by semidefinite programming. International Journal of Computer Vision
70(1):77-90.

Witten, Daniela M, Robert Tibshirani, and Trevor Hastie. 2009. A penalized matrix
decomposition, with applications to sparse principal components and canonical

correlation analysis. Biostatistics kxp008.

Zou, Hui. 2006. The adaptive lasso and its oracle properties. Journal of the American
statistical association 101(476):1418-1429.



	Abstract
	Contents
	List of Tables
	List of Figures
	Asymptotic Theory for Estimating the Singular Vectors and Values of a Partially-observed Low Rank Matrix with Noise
	Introduction
	Model setup
	Estimation of singular values and vectors of M0
	Asymptotic theory
	Numerical experiments
	Proofs

	Intelligent Initialization and Adaptive Thresholding for Iterative Matrix Completion; Some Statistical and Algorithmic Theory for Adaptive-Impute
	Introduction
	The model setup
	Adaptive-Impute algorithm
	Generalized softImpute
	Numerical results
	Discussion

	Estimating Induced Subgraphs in Samples of Labeled Graphs
	Introduction
	Human transcriptional regulatory network data
	Induced subgraphs
	Methods
	Results
	Discussion

	Appendix for Chapter 1
	Appendix for Chapter 2
	References

