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abstract

Abstract
Low-rank matrix is a very reasonable assumption to make in many of real-world

applications. Recently, as technology advances and various data types appear,
researchers actively study its theoretical properties and empirical applicability.
This work particularly investigates statistical properties and finds an application of
a low-rank matrix in matrix completion and network analysis literature.

Matrix completion algorithms recover a low rank matrix from a small fraction of
noisy entries. In practice, the singular vectors and singular values of the low rank
matrix play a pivotal role for statistical analyses and inferences. Chapter 1 proposes
estimators of those quantities and studies their convergence rate and asymptotic
distribution. Then, the proposed estimators for the singular vectors and singular
values combine to form a consistent estimator of the full low rank matrix which
is computed with a non-iterative algorithm. In the cases studied in this chapter,
this estimator achieves the minimax lower bound. The numerical experiments
corroborate our theoretical results.

Various matrix completion algorithms have been developed in the past decade.
Thresholded singular value decomposition (SVD) was a popular technique in im-
plementing many of them. A sizable number of studies have shown its theoretical
and empirical excellence, but choosing the right threshold level still remains as a
key empirical difficulty. Chapter 2 proposes a novel matrix completion algorithm
which iterates thresholded SVD with theoretically-justified and data-dependent
values of thresholding parameters. The estimate of the proposed algorithm en-
joys the minimax error rate and shows outstanding empirical performances. The
thresholding scheme that the proposed algorithm uses can be viewed as a solution
to a non-convex optimization problem, understanding of whose theoretical con-
vergence guarantee is known to be limited. Chapter 2 investigates this problem by
introducing a simpler algorithm, generalized-softImpute, analyzing its convergence
behavior, and connecting it to the proposed algorithm.

Network is a vibrant area in statistics, biology, and computer science. Recently,
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an emerging type of data in these fields is samples of labeled networks. The
“labels" of networks imply that the nodes are labeled and that the same set of nodes
reappears in all of the networks. Also, they mean that values (e.g. age, gender, or
healthy v.s. sick) or vectors of values characterizing the associated network are also
observed. Chapter 3 develops methods to estimate an induced subgraph which
varies across the networks as the associated characteristics vary. Then, it applies
the method and analyzes transcriptional regulatory network data observed from
41 diverse human cell types.
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1

1 asymptotic theory for estimating the singular
vectors and values of a partially-observed low rank
matrix with noise

1.1 Introduction

The matrix completion problem arises in several different machine learning and
engineering applications, ranging from collaborative filtering (Rennie and Srebro
(2005)), to computer vision (Weinberger and Saul (2006)), to positioning (Montanari
and Oh (2010)), and to recommender systems (Bennett and Lanning (2007)). The
literature has established a sizable body of algorithmic research (Rennie and Srebro
(2005); Keshavan et al. (2009); Cai et al. (2010); Mazumder et al. (2010); Hastie
et al. (2014); Cho et al. (2015b)) and theoretical results (Fazel (2002); Srebro et al.
(2004); Candès and Recht (2009); Candès and Plan (2010); Keshavan et al. (2010);
Recht (2011); Gross (2011); Negahban et al. (2011); Koltchinskii et al. (2011a); Rohde
et al. (2011); Koltchinskii et al. (2011b); Candès and Plan (2011); Negahban and
Wainwright (2012); Cai and Zhou (2013); Davenport et al. (2014); Chatterjee (2014)).
This extant literature is primarily focused on estimating the unobserved entries
of the matrix. In several of these previous estimation techniques, the algorithms
first estimate the singular vectors and singular values of the low rank matrix. Also,
based upon classical multivariate statistics, these singular vectors and singular
values can serve various types of statistical analyses and inferences. For example,
the overarching aim in the Netflix problem was to predict the unobserved film
ratings and the previous algorithms and theories served this purpose. However, if
one wishes to interpret the resulting model predictions, then the estimated singular
vectors and singular values can provide insights on (i) the main latent factors of film
preferences and (ii) their relative strengths, respectively. In the Netflix example,

“The first factor has on one side lowbrow comedies and horror movies,
aimed at a male or adolescent audience (Half Baked, Freddy vs. Jason),
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while the other side contains drama or comedy with serious undertones
and strong female leads (Sophie’s Choice, Moonstruck). The second
factor has independent, critically acclaimed, quirky films (Punch-Drunk
Love, I Heart Huckabees) on one side, and mainstream formulaic films
(Armageddon, Runaway Bride) on the other side.” (Koren et al. (2009))

This inference is based upon the leading singular vectors of the estimated matrix. To
the best of our knowledge, no previous research has studied the statistical properties
of the estimated singular vectors and singular values.

This paper proposes estimators of the singular vectors and singular values of the
low rank matrix as well as an estimator of the low rank matrix itself. First, Lemma
1.3.1 studies the singular vectors and singular values of a partially observed matrix
that simply substitutes zeros for the unobserved entries; the resulting estimators
are biased. The proposed estimators adjust for this bias. Theorem 1.4.1 finds the
convergence rate for the bias-adjusted singular vector estimators and Theorem
1.4.3 gives a multivariate central limit theorem for the bias-adjusted singular value
estimators. Despite the fact that the proposed estimators are built upon a partially
observed matrix, they converge at the same rate as the standard estimators built from
a fully observed matrix up to a constant factor which depends on the probability of
observing each entry. Combining the proposed singular vector and value estimators,
Section 1.4 gives a one-step consistent estimator of the low rank matrix which does
not iterate over several singular value decompositions or eigenvalue decompositions.
The mean squared error of this estimator achieves the minimax lower bound in
Theorems 5-7 (Koltchinskii et al. (2011a)).

The rest of this paper is organized as follows. Section 3.5 describes the model
setup. Section 1.3 shows that the singular vectors and singular values of a partially
observed matrix are biased and suggests a bias-adjusted alternative. Section 1.4
finds (1) the convergence rates of the estimated singular vectors and (2) the asymp-
totic distribution of the estimated singular values. Section 1.4 proposes and studies
a one-step consistent estimator of the full matrix. Section 1.5 corroborates the
theoretical findings with numerical experiments. Finally, Section 1.6 provides the
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proofs of our main theoretical results. The proofs of the other results are collected
in the Appendix.

1.2 Model setup

The underlying matrix that we wish to estimate is an n× dmatrixM0 with rank r.
By singular value decomposition (SVD),

M0 = UΛV
T , (1.1)

for orthonormal matrices U = (U1, . . . ,Ur) ∈ Rn×r and V = (V1, . . . ,Vr) ∈
Rd×r containing the left and right singular vectors, and a diagonal matrix Λ =

diag(λ1, . . . , λr) ∈ Rr×r containing the singular values. M0 is corrupted by noise
ε ∈ Rn×d, where the entries of ε are i.i.d. sub-Gaussian random variables with
mean zero and variance σ2. Let y ∈ {0, 1}n×d be such that ykh = 1 if the (k,h)-th
entry of M0 + ε is observed and ykh = 0 otherwise. The entries of y are i.i.d.
Bernoulli(p) and independent of the entries of ε. Thus, the total number of ob-
served entries inM0 + ε is a Binomial(nd,p) random variable. We observe y and
the partially observed matrixM ∈ Rn×d, where

Mkh =
[
y · (M0 + ε)

]
kh

=

{
M0kh + εkh if observed (ykh = 1)

0 otherwise (ykh = 0)

for 1 6 k 6 n and 1 6 h 6 d. Throughout the paper, it is presumed that r� d 6 n.
Moreover, the entries ofM0 are bounded in absolute value by a constant L > 0.

Remark 1. Depending on the case, the noise ε can be related to the measurement system
so that assuming that there exist errors for unobserved entries does not make sense. Hence,
assume a hierarchical model as follows;

εij|yij = 0 = 0 a.s.,
εij|yij = 1 ∼ subgaussian, and



4

yij ∼ i.i.d. Bernoulli(p).

In this setting, the results obtained in this paper would still hold although it may require
more techniques or minor changes in the proof. For simplicity of the paper, we only focus on
the original setting.

1.3 Estimation of singular values and vectors ofM0

The vast majority of previous estimators of M0 have been initialized with M, in
effect imputing the missing values with zero. In this section, we study the properties
of singular vectors and values of M. This suggests alternative estimators of the
singular vectors and values ofM0.

Properties of singular values and vectors ofM

Define
Σ̂ :=MTM and Σ̂t :=MM

T .

Then, the eigenvectors of Σ̂ and Σ̂t are the same as the right and left singular
vectors ofM, respectively, and the squared root of eigenvalues of Σ̂ are the same
as the singular values ofM. The following lemma shows that Σ̂ and Σ̂t are biased
estimators ofMT

0M0 andM0M
T
0 , respectively.

Lemma 1.3.1. Under the model setup in Section 3.5, we have

E Σ̂ = p2MT
0M0 + p(1 − p) diag(MT

0M0) + npσ
2Id, (1.2)

and similarly,

E Σ̂t = p2M0M
T
0 + p(1 − p) diag(M0M

T
0 ) + dpσ

2In, (1.3)

where Id and In are d× d and n× n identity matrices, respectively.
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The proof of this lemma is in Appendix A. The right-hand side of (1.2) contains
terms beyond p2MT

0M0 and they make the singular vectors and singular values
of M biased estimators of the singular vectors and values of M0. While the bias
coming from npσ2Id is manageable1, the bias coming from p(1 − p)diag(MT

0M0)

is not. The same applies to Σ̂t in (1.3).
To get rid of the terms producing unmanageable biases, we define Σ̂p and Σ̂pt

and their eigenvectors and eigenvalues as follows,

Σ̂p :=Σ̂− (1 − p)diag(Σ̂)

=(Vp,Vpc)diag(λ2
p1, . . . , λ2

pd
)(Vp,Vpc)T , and

Σ̂pt :=Σ̂t − (1 − p)diag(Σ̂t)

=(Up,Upc)diag(λ2
pt1, . . . , λ2

ptn
)(Up,Upc)T ,

(1.4)

where

Vp = (Vp1, . . . ,Vpr) ∈ Rd×r, Vpc = (Vpr+1, . . . ,Vpd) ∈ Rd×(d−r),

Up = (Up1, . . . ,Upr) ∈ Rn×r, Upc = (Upr+1, . . . ,Upn) ∈ Rn×(n−r).

The following proposition shows that Σ̂p and Σ̂pt adjust the bias.

Proposition 1.3.1. Under the model setup in Section 3.5, we have by eigendecomposition,

E Σ̂p = p2MT
0M0 + np

2σ2Id = (V ,Vc)Λ̈2
p(V ,Vc)T and

E Σ̂pt = p2M0M
T
0 + dp2σ2In = (U,Uc)Λ̈2

pt(U,Uc)T ,

where V and U are as defined in (2.1), Vc ∈ Rd×(d−r), Uc ∈ Rn×(n−r),

Λ̈2
p = diag(λ̈p

2
1, . . . , λ̈p

2
d)

= diag(p2[λ2
1 + nσ

2], . . . , p2[λ2
r + nσ

2], p2nσ2, . . . , p2nσ2) ∈ Rd×d, and

Λ̈2
pt = diag(p2[λ2

1 + dσ
2], . . . ,p2[λ2

r + dσ
2], p2dσ2, . . . , p2dσ2) ∈ Rn×n.

1This term does not change the singular vectors of E Σ̂; it merely increases each singular value
by npσ2.
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The proof of this proposition easily follows from Lemma 1.3.1 and (1.4).
Proposition 1.3.1 shows that the top r eigenvectors ofE Σ̂p andE Σ̂pt are the same

as the right and left singular vectors ofM0, respectively. Also, the top r eigenvalues
of E Σ̂p are easily adjusted to match the singular values ofM0 as follows,

λ2
i =

1
p2 λ̈p

2
i − nσ

2, for i = 1, . . . , r.

Estimators of singular values and vectors ofM0

The results in Proposition 1.3.1 suggest plug-in estimators using the leading eigen-
vectors and eigenvalues of Σ̂p and the leading eigenvectors of Σ̂pt as estimators of
V , Λ, and U, respectively. However, since p is an unknown parameter in practice,
the proposed estimators use instead of p the proportion of observed entries in M,
p̂, which is defined as

p̂ =

∑n
k=1
∑d
h=1 ykh

nd
. (1.5)

Using p̂, define Σ̂p̂ and Σ̂p̂t as

Σ̂p̂ := Σ̂− (1 − p̂)diag(Σ̂) and Σ̂p̂t := Σ̂t − (1 − p̂)diag(Σ̂t). (1.6)

By eigendecomposition,

Σ̂p̂ = (V̂ , V̂c)Λ2
p̂ (V̂ , V̂c)T and Σ̂p̂t = (Û, Ûc)Λ2

p̂t (Û, Ûc)T , (1.7)

where V̂ ∈ Rd×r, V̂c ∈ Rd×(d−r), Λ2
p̂ = diag(λ2

p̂1, . . . , λ2
p̂d) ∈ Rd×d, Û ∈ Rn×r,

Ûc ∈ Rn×(n−r), and Λ2
p̂t = diag(λ2

p̂t1, . . . , λ2
p̂tn) ∈ Rn×n. Then, estimate the left

and right singular vectors, U and V , ofM0 by Û and V̂ , respectively. Also, estimate
the singular values, λi, i = 1, . . . , r, ofM0 by

λ̂i =

√
1
p̂2

(
λ2
p̂i

− τ̂p̂
)

for i = 1, . . . , r, (1.8)
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where τ̂p̂ = 1
d−r

tr
(
V̂Tc Σ̂p̂V̂c

)
.

For any A ∈ Rn×d, let the i-th left singular vector of A be denoted by ui(A),
the i-th right singular vector of A by vi(A), and the top i-th singular value of A
by λi(A) for i = 1, . . . ,d. Then, Algorithm 1 summarizes the steps to compute the
proposed estimators of the singular values and vectors ofM0.

Algorithm 1 Estimators of Ui, Vi, and λi for i = 1, . . . , r
Require: M, y, and r
p̂← 1

nd

∑n
k=1
∑d
h=1 ykh

Σ̂p̂ ←MTM− (1 − p̂)diag(MTM)
Σ̂tp̂ ←MMT − (1 − p̂)diag(MMT )
V̂i ← vi(Σ̂p̂), ∀i ∈ {1, . . . , r}
Ûi ← ui(Σ̂p̂t), ∀i ∈ {1, . . . , r}
τ̂p̂ ← 1

d−r

∑d
i=r+1 λi(Σ̂p̂)

λ̂i ← 1
p̂

√
λi(Σ̂p̂) − τ̂p̂, ∀i ∈ {1, . . . , r}

return V̂i, Ûi, and λ̂i for i = 1, . . . , r

1.4 Asymptotic theory

This section investigates the statistical properties of the estimators proposed in (1.7)
and (1.8).

Convergence rate of the estimated singular vectors and
asymptotic distribution of the estimated singular values

Let x = (x1, . . . , xn)T be a n-dimensional vector and A = (Akh) a n × d matrix.
Then, the `p-norm is defined as follows,

‖x‖p =

(
p∑
i=1

|xi|
p

)1/p

, and ‖A‖p = sup{‖Ax‖p , ‖x‖p = 1}, p = 1, 2,∞.
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The spectral norm ‖A‖2 is a square root of the largest eigenvalue of AAT ,

‖A‖1 = max
16h6d

n∑
k=1

|Akh|, and ‖A‖∞ = max
16k6n

d∑
h=1

|Akh|.

The squared Frobenius norm is defined by ‖A‖2
F = tr

(
ATA

)
, the trace of ATA.

We denote by c > 0 and C > 0 generic constants that are free of n, d, and p, and
different from appearance to appearance.

To measure how close the proposed estimator V̂ is to V (or, Û toU), we introduce
a classical notion of distance between subspaces. Let R(Z1) denote a column space
spanned by Z1 ∈ Rd×r and R(Z2) by Z2 ∈ Rd×r. Then, to measure the dissimilarity
between R(Z1) and R(Z2), consider the following loss function

‖ sin(Z1,Z2)‖2
F = ‖ sinΘ(R(Z1),R(Z2))‖2

F,

where sinΘ(R(Z1),R(Z2)) is a diagonal matrix of singular values (canonical angles)
of P1P

⊥
2 with orthogonal projections P1 and P2 of Z1 and Z2, respectively. Here

P⊥ = I − P. The canonical angles generalize the notion of angles between lines
and are often used to define the distance between subspaces. If the columns of
Z1 and Z2 are singular vectors, R(Z1) and R(Z2) have projections P1 = Z1Z

T
1 and

P2 = Z2Z
T
2 , respectively, and ‖ sin(Z1, Ẑ2)‖2

F = ‖Z1Z
T
1 (Z2Z

T
2 )
⊥‖2
F =

1
2‖Z1Z

T
1 −Z2Z

T
2 ‖2
F.

Proposition 2.2 in Vu and Lei (2013) relates this subspace distance to the Frobenius
distance

1
2

inf
O∈Vr,r

‖Z1 − Z2O‖2
F 6 ‖sin(Z1,Z2)‖2

F 6 inf
O∈Vr,r

‖Z1 − Z2O‖2
F, (1.9)

where Vr,r = {O ∈ Rr×r : OTO = Ir and OOT = Ir} denotes the Stiefel manifold of
r× r orthonormal matrices. In other words, the distance between two subspaces
corresponds to the minimal distance between their orthonormal bases.

Assumption 1.

(1) λi = bi
√
nd, i = 1, . . . , r, where 1

c
6 bi 6 c for a constant c > 0;
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(2) there exists a constantm ∈ {1, . . . , r} such that bm > bm+1, where br+1 = 0;

(3) d 6 n 6 ed
α for a constant α < 1 free of n, d, and p.

Remark 2. To motivate Assumption 3 (1), suppose that a non-vanishing proportion of
entries ofM0 contains non-vanishing signals (i.e. M0

2
kh > c0 for some constant c0 > 0)

and that the rank ofM0 is fixed. Then,

n∑
k=1

d∑
h=1

M0
2
kh = ‖M0‖2

F > cnd

for some constant c > 0. Because the squared Frobenius norm is also the sum of the squared
singular values ofM0, the order of the singular values ofM0 should be

√
nd (see also Fan

et al. (2013)). Assumption 3(1) may seem uncommon in the matrix completion literature,
but consider the widely-used assumption (II.2) in Candès and Plan (2010),

max
16k6n

|Uik| 6
√
C/n and max

16h6d
|Vih| 6

√
C/d

for i = 1, . . . , r and a constant C > 1, which prevents spiky singular vectors. Under the
model setup in Section 3.5 where the entries of M0 are bounded in absolute value by a
constant L > 0, this implies Assumption 3(1).

The following theorem shows the convergence of V̂ to V and Û to U.

Theorem 1.4.1. Under the model setup in Section 3.5 and Assumption 3, let V̂(m) and
Û(m) be the first m columns of V̂ and Û defined in (1.7), respectively, and let V(m) and
U(m) be the first m columns of V and U defined in (2.1), respectively. Then, for large n
and d,

E
∥∥sin

(
V̂(m),V(m)

)∥∥2
F
6

C1 n
−1

p (b2
m − b2

m+1)
2 (1.10)

and

E
∥∥sin

(
Û(m),U(m)

)∥∥2
F
6

C2 d
−1

p (b2
m − b2

m+1)
2 , (1.11)
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where C1 and C2 are generic constants free of n,d, and p.

The proof of this theorem is in Section 1.6.

Remark 3. As long as pd
logn →∞, the convergence rates in Theorem 1.4.1 will hold. Hence,

under the setting where p goes to zero, if d/ logn diverges fast enough that pd
logn →∞, we

can still obtain the results in Theorem 1.4.1.

Remark 4. Despite the fact that V̂(m) is built on a partially observed matrixM, Theorem
1.4.1 gives the convergence rate n−1/2

(b2
m−b2

m+1)
which is the standard convergence rate for

eigenvectors (Anderson et al. (1958)). The effect of the partial observations appears in the
denominator of the right-hand side of (1.10) as p. A similar discussion applies to Û(m) in
(1.11).

The next theorem shows the asymptotic distribution of λ̂2
i centered around λ2

i.

Theorem 1.4.2. Suppose nd−1 → ∞. Then, under the model setup in Section 3.5 and
Assumption 3, we have∑m

i=1 λ̂
2
i −
∑m
i=1 λ

2
i√

ndσλ
→ N(0, 1) in distribution, as n and d→∞.

where

σ2
λ =

4(1 − p)

p

{
n∑
k=1

d∑
h=1

M0
2
kh

( m∑
i=1

biUikVih

)2

−

( m∑
i=1

b2
i

)2
}

+
4σ2

p

m∑
i=1

b2
i,

Uik is the k-th entry of Ui, and Vih is the h-th entry of Vi.

The proof of this theorem is in Section 1.6.

Remark 5. As long as pd
logn →∞ and pnd−1 →∞, the asymptotic normality result in

Theorem 1.4.2 will hold. Hence, under the setting where p goes to zero, if d/ logn and
n/d diverge fast enough that pd

logn →∞ and pn/d→∞, we can still obtain the results in
Theorem 1.4.2.
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Remark 6. Theorem 1.4.2 shows that the convergence rate of
∑m
i=1 λ̂

2
i is
√
nd. Considering

Assumption 3(1), it is an optimal rate. However, since the results are based on partially
observed entries, the asymptotic variance, σ2

λ, increases with the rate p−1. For example,
when we have a fully-observed matrix, σ2

λ simply becomes 4σ2∑m
i=1 b

2
i which is a lower

bound for σ2
λ.

One of the main purposes of this paper is to investigate asymptotic behaviors
of the estimators of the singular values of M0. An application of the proof of
Theorem 1.4.2 and the delta method provides a multivariate central limit theorem
for λ̂1, . . . , λ̂r.

Theorem 1.4.3. Suppose that

bi > bi+1 for all i ∈ {1, . . . , r} and nd−1 →∞.

Then, under the model setup in Section 3.5 and Assumption 3, we have

Υ−1/2


λ̂1 − λ1

...
λ̂r − λr

 → N (0, Ir) in distribution, as n and d→∞,

where Υ = ΥT ∈ Rr×r consists of

Υij =


(1−p)
p

(∑n
k=1
∑d
h=1M0

2
khU

2
ikV

2
ih − b

2
i

)
+ σ2

p
if i = j

(1−p)
p

(∑n
k=1
∑d
h=1M0

2
khUikVihUjkVjh − bibj

)
if i 6= j.

(1.12)

Thus, |λ̂i − λi| = Op
(

1√
p

)
.

Remark 7. As in case of Theorem 1.4.2 (see Remark 5), as long as pd
logn → ∞ and

pnd−1 → ∞, the asymptotic normality result in Theorem 1.4.3 will hold. Note that
Theorems 1.4.2 and 1.4.3 require an additional condition, pnd−1 →∞, to the condition
required for Theorem 1.4.1, pd

logn → ∞. Under the setting where p is a constant, this
additional condition implies that d/n has to go to zero. The rationale behind this is as
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follows. In Theorems 1.4.2 and 1.4.3, we find the limiting distribution on the singular
values ofM0 from a d× d matrix Σ̂p̂, while the total number of observations is nd. That
is, the size of our parameter space is d2 and the total amount of information we can use to
find asymptotic properties on the parameters is nd. Since our observations are even noisy,
we need an enough number of observations to achieve our goal. When d/n→ 0, we can
make the approximation errors in the singular values of Σ̂p̂ negligible and find the limiting
distribution on the singular values ofM0.

Remark 8. The results of Theorems 1.4.2 and 1.4.3 help us to make statistical inference on
the singular values ofM0. For example, they open up possibilities for us to evaluate how
many factors are significant or how influential each factor is, by providing the distribution
of the singular values.

Theorems 1.4.1-1.4.3 show that the proposed estimators for U,V , and λi’s are
asymptotically unbiased and have optimal convergence rates. With these well-
developed estimators for the singular values and vectors of M0, the following
section proposes a consistent estimator ofM0.

A consistent estimator ofM0

Suppose that bi > bi+1 for all i = 1, . . . , r. Theorem 1.4.1 and (1.9) imply that V̂i and
Ûi can estimate Vi and Ui up to constant factors sign(〈V̂i,Vi〉) and sign(〈Ûi,Ui〉),
respectively. Let s0 = (s01, . . . , s0r) ∈ {−1, 1}r be

s0i = sign(〈V̂i,Vi〉) sign(〈Ûi,Ui〉) for i ∈ {1, . . . , r}. (1.13)

Then, M̂(s0) =
∑r
i=1 s0i λ̂iÛiV̂

T
i becomes a consistent estimator of M0. However,

since s0 is an unknown parameter in practice, we employ ŝ = (ŝ1, . . . , ŝr) ∈ {−1, 1}r

as an estimator of s0;

ŝ = arg min
s∈{−1,1}r

‖PΩ
(
M̂(s)

)
− PΩ

(
M
)
‖2
F, (1.14)
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where Ω contains indices of the observed entries, ykh = 1 ⇔ (k,h) ∈ Ω, and
PΩ(A) for any A ∈ Rn×d denotes the projection of A ontoΩ,

PΩ(A)kh =

{
Akh if (k,h) ∈ Ω

0 if (k,h) /∈ Ω
for 1 6 k 6 n and 1 6 h 6 d.

Hence, the proposed estimator ofM0 is

M̂(ŝ) =

r∑
i=1

ŝi λ̂iÛiV̂
T
i . (1.15)

Remark 9. Finding ŝ as in (1.14) requires 2r computations. Hence, it can be a computa-
tional bottleneck or even impossible for a large r. In such cases, we suggest an alternate way
to find ŝ as follows;

ŝ alternatei = sign(〈V̂i, vi(M)〉) sign(〈Ûi, ui(M)〉) for i = 1, . . . , r.

Note that if we use Vi and Ui instead of vi(M) and ui(M), this gives us the true sign s0

in (1.13).

In the following we show that M̂(ŝ) is a consistent estimator ofM0 under certain
conditions. The steps to compute M̂(ŝ) using {V̂i, Ûi, λ̂i}ri=1 from Algorithm 1 are
summarized in Algorithm 2.

Algorithm 2 Estimator ofM0

Require: V̂i, Ûi, and λ̂i for i = 1, . . . , r
ŝ← arg mins∈{−1,1}r

∥∥PΩ(∑r
i=1 siλ̂iÛiV̂

T
i

)
− PΩ

(
M
)∥∥2
F

M̂(ŝ)←
∑r
i=1 ŝiλ̂iÛiV̂

T
i

return M̂(ŝ)

Assumption 2.

(1) limn→∞,d→∞ P
(

mins∈{−1,1}r ‖PΩ
(
M̂(s)

)
− PΩ

(
M
)
‖2
F

< ‖PΩ
(
M̂(s0)

)
− PΩ

(
M
)
‖2
F

)
= 0;
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(2) bi > bi+1 for all i = 1, . . . , r.

Remark 10. When the rank r is 1, it is more straightforward to understand Assumption
5(1). Assuming that s0 = 1, it means that

lim
n→∞,d→∞P

(
‖PΩ

(
− λ̂ÛV̂T

)
− PΩ

(
M
)
‖2
F

< ‖PΩ
(
λ̂ÛV̂T

)
− PΩ

(
M
)
‖2
F

)
= 0.

That is, the probability that ŝ picks a different sign than the true sign s0 = 1 goes to zero
with the dimensionality. Given the asymptotic properties of our estimators λ̂, Û, and V̂ , this
is not an unreasonable assumption to make.

Theorem 1.4.4. Under the model setup in Section 3.5 and Assumptions 3-5, for any given
η > 0, there exists a constant Cη > 0 such that for sufficiently large n,

P
(
pb4

r

n

∥∥M̂(ŝ) −M0
∥∥2
F
> Cη

)
6 η.

Or alternatively,

‖M̂(ŝ) −M0‖2
F =

1
pb4

r

op (hnn) ,

where hn can be anything that diverges very slowly with the dimensionality, for example,
log(log d).

The proof of this theorem is in Section 1.6.

Remark 11. As in case of Theorem 1.4.1 (see Remark 3), as long as pd
logn → ∞, the

convergence rates in Theorem 1.4.4 will hold. If we let p = N
nd

so that N represents the
number of observed entries in the population sense, this condition implies that N

n logn →∞.
Therefore, for M̂(ŝ) to be consistent, the number of observed entries should increase at a
faster rate than n logn. This is a comparable result to Theorem 1 in Candès and Plan
(2010).
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Remark 12. The additional condition, pnd−1 → ∞, required for Theorems 1.4.2 and
1.4.3 (see Remarks 5 and 7), is not needed for Theorems 1.4.1 and 1.4.4. It means that if p
is a constant, even though d/n→ c for some 0 < c 6 1 or d 6 n, the results in Theorems
1.4.1 and 1.4.4 will still hold, but the results in Theorems 1.4.2 and 1.4.3 will not.

Remark 13. Theorem 1.4.4 shows that 1
nd
‖M̂(ŝ) −M0‖2

F is bounded by Cp−1d−1 for
some constant C > 0. Under the setting where the rank of M0 is fixed as in this paper, this
is matched to the minimax lower bound in Theorems 5-7 (Koltchinskii et al. (2011a)). The
previous estimators that obtain the minimax rate are computed via semidefinite programs
that require iterating over several SVDs. However, the proposed estimator is a non-iterative
algorithm.

Remark 14. Chatterjee (2014) established the minimax error rate for estimators of a general
class of noisy incomplete matrices which extend beyond low rank matrix completion. In
the regime studied herein, the convergence rate of our estimator of M0 is faster than the
convergence rate in Theorem 2.1 (Chatterjee (2014)). This is likely because we consider a
smaller class of matrices, where the singular values of a low rank matrix have the divergence
rate
√
nd (Assumption 3(1)). Remark 2 justifies this assumption in the setting of low rank

matrix completion.

Throughout this paper, we have assumed that the rank, r, of M0 is known.
However, it is an unknown parameter and needs to be estimated. The following
lemma proposes an estimator of r and shows its consistency.

Lemma 1.4.1. Let Cd > 0 such that Cd/d→ 0 and Cd →∞, for example, Cd = c log d
for any c > 0. Also, let r̂ =

∣∣{i ∈ {1, . . . ,d} | λ2
p̂i > p2nCd}

∣∣ where λ2
p̂i is defined in

(1.7). Then, for any given δ > 0, we have

P(r̂ = r) = 1 −O(n−δ).

The proof of this lemma is in Appendix A.

Remark 15. Empirically to find Cd and r̂ in Lemma 1.4.1, we suggest using a scree plot of
the singular values of Σ̂p̂ in (1.6).
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Remark 16. As long as Cd satisfies σ2p2n < p2nCd 6 (σ2 + b2
rd)p

2n, consistency of
r̂ in Lemma 1.4.1 will hold. However, in the finite sample case, if the noise level σ2 is larger
than b2

rd, it can be difficult to observe a singular-value gap and determine r̂ using the scree
plot of the singular values of Σ̂p̂.

1.5 Numerical experiments

Simulations

This section studies the performance of the proposed estimators using several
values of the dimension n and the probability p.

To simulateM0, generateA ∈ [−5, 5]n×2,B ∈ [−5, 5]d×2 to contain i.i.d. Uniform[−5, 5]
random variables and define

M0 = AB
T ∈ Rn×d.

Each entry ofM0 is observed with probability p and unobserved with probability
1− p. The observed entries ofM0 are corrupted by noise ε as defined in Section 3.5,
where εkh are i.i.d. N(0, 1). The dimension n varies from 100 to 1000 and p from
0.1 to 1, while d = 2

√
n. Each simulation was repeated 500 times and the errors

were averaged.
Figures 1.1 and 1.2 summarize the resulting mean squared errors calculated

by 1
nd
‖M̂(ŝ) −M0‖2

F, ‖diag(λ̂1, λ̂2) −Λ‖2
F, ‖V̂ − V‖2

F, and ‖Û−U‖2
F, when n and p

increase along the x-axis, respectively. The MSE for V̂ decreases more rapidly than
the MSE for Û and both MSEs decrease when p increases; this is consistent with
the results in Theorem 1.4.1. The MSE of M̂ decreases with the increase of n and p.
The MSE of λ̂ stays stable over the changes of n since it is measured on λ̂i instead
of λ̂2

i (see Theorem 1.4.3), but decreases with the increase of p.
We further studied the asymptotic normality of

∑2
i=1 λ̂i in Theorem 1.4.3. Figure

1.3 graphs the QQ plot of
∑2
i=1 λ̂i−

∑2
i=1 λi, where the dimension n is fixed at 1000

and p varies from 0.1 to 1. This shows that the asymptotic normality holds across
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various values of p.

A data example

To illustrate the proposed estimation methods, this section analyzes the MovieLens
100k data (GroupLens (2015)). The data set consists of 100,000 ratings from 943
users and 1682 movies and each user has rated at least 20 movies. Taking this
partially observed data matrix as M, we computed Σ̂p̂ as in (1.6) and plotted the
scree plot of the singular values of Σ̂p̂ to determine r̂. Figure 1.4 shows the result.
Since there exists a singular value gap between the 3rd and 4th singular values, we
chose r̂ = 3. Then, we computed the estimators of the singular vectors and values
and the estimator of the full low rank matrix as illustrated in Algorithms 1 and 2.

The estimated singular vectors help us understand what the main factors of
movie preferences are. Table 1.1 shows lists of movies that characterize the top 3
singular vectors (factors of movie preferences). Particularly, it presents 5 movies
that correspond to the largest values in each singular vector and 5 movies that
correspond to the smallest values. The 1st factor has well-known and top-rated

Table 1.1: Lists of movies that characterize each of the top 3 singular vectors

1st
singular
vector

One side
(well-known, top-rated)

Silence of the Lambs, Fargo, Star Wars,
Return of the Jedi, Raiders of the Lost Ark

The other side
(unknown, pooly-rated)

A Further Gesture, Mat i syn,
A Very Natural Thing, Hush, Office Killer

2nd
singular
vector

One side
(box-office hit in 90’s)

Scream, Air Force One, The Rock,
Contact, Liar Liar

The other side
(classic in 40’s-60’s)

Citizen Kane, The Graduate, Casablanca,
The African Queen, Dr. Strangelove

3rd
singular
vector

One side
(action, thriller)

Jurassic Park, Top Gun, Speed, True Lies,
Batman

The other side
(drama)

Il Postino, Secrets & Lies, English Patient,
Full Monty, L.A. Confidential

movies on one side and unknown and poorly-rated movies on the other side. The
2nd factor has box-office hit movies in 1990’s on one side and memorable classic
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movies in 1940’s-1960’s on the other side. The 3rd factor has action and thriller
movies on one side and quieter and drama movies on the other side.

The estimated singular values help us see how influential the main factors
of movie preferences are. Particularly, Figure 1.5 shows the estimated singular
values and their 95% confidence intervals. For the standard deviation used in the
confidence intervals, we used Υ−1/2

ii from (1.12) in Theorem 1.4.4. Computing Υ−1/2
ii

requires information on the values of the parameters M0,U,V , λi,p, and σ2, but
we replaced these with the estimated values M̂(ŝ), Û, V̂ , λ̂i, p̂, and τ̂p̂/np̂2. From
Figure 1.5, we observe that all 3 factors of movie preferences are significant.

To find the RMSE of our estimator of the full low rank matrix, M̂(ŝ), we used 5
training and 5 test data sets from 5-fold cross validation which is publicly provided
in GroupLens (2015). The RMSE was computed by√

‖PΩtest(M̂(ŝ)) − PΩtest(M)‖2
F

|Ωtest|
,

whereΩtest contains indices of observed entries that belong to the test set, PΩtest
for a matrix A ∈ Rn×d denotes the projection of A ontoΩtest, and |Ωtest| denotes
the cardinality ofΩtest. The average of the resulting RMSEs was 1.656.



19

1.6 Proofs

Proofs for Theorem 1.4.1

The proof of the following proposition and lemmas are in Appendix A.

Proposition 1.6.1. Under the model setup in Section 3.5 and Assumption 3, we have for
large n and d,

E
∥∥sin

(
V(m)
p ,V(m)

)∥∥2
F

6
C1 n

−1

p (b2
m − b2

m+1)
2 , and (1.16)

E
∥∥sin

(
U(m)
p ,U(m)

)∥∥2
F

6
C2 d

−1

p (b2
m − b2

m+1)
2 ,

where Vp and Up are defined in (1.4) and C1 and C2 are generic constants free of n,d, and
p.

Lemma 1.6.1. Under the model setup in Section 3.5 and Assumption 3, for any given
µ1 > 0, there exists a large constant Cµ1 > 0 such that

1
nd

∥∥Σ̂p − EΣ̂p
∥∥

2 6 Cµ1 max

{
p

logn
d

, p3/2

√
logn
n

}
(1.17)

with probability at least 1−O (n−µ1), where Σ̂p is defined in (1.4). Similarly, for any given
µ2 > 0, there exists a large constant Cµ2 > 0 such that

1
nd

∥∥Σ̂pt − E
(
Σ̂pt
)∥∥

2 6 Cµ2 max

{
p

logn
d

, p3/2

√
logn
d

}

with probability at least 1 −O (n−µ2), where Σ̂pt is defined in (1.4).
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Lemma 1.6.2. Under the model setup in Section 3.5 and Assumption 3, for any given
ν1 > 0, there exists a large constant Cν1 > 0 such that

1
nd

∥∥Σ̂p̂ − Σ̂p∥∥2 6 Cν1 p
3/2

√
logn
nd

1
d

(1.18)

with probability at least 1 − O (n−ν1), where Σ̂p̂ and Σ̂p are defined in (1.6) and (1.4),
respectively. Similarly, for any given ν2 > 0, there exists a large constant Cν2 > 0 such that

1
nd

∥∥Σ̂p̂t − Σ̂pt∥∥2 6 Cν2 p
3/2

√
logn
nd

1
n

with probability at least 1 −O (n−ν2), where Σ̂p̂t and Σ̂pt are defined in (1.6) and (1.4),
respectively.

Lemma 1.6.3. Under the model setup in Section 3.5 and Assumption 3, we have for large
n and d,

E
∥∥∥∥ 1
nd

(
Σ̂p̂ − Σ̂p

)
V(m)
p

∥∥∥∥2

F

6 C1 max

{
p3(1 − p)

nd3 , p
2(1 − p)

n2d5/2

}
(1.19)

and

E
∥∥∥∥ 1
nd

(
Σ̂p̂t − Σ̂pt

)
U(m)
p

∥∥∥∥2

F

6 C2 max

{
p3(1 − p)

dn3 , p
2(1 − p)

d2n5/2

}
,

where Σ̂p̂ and Σ̂p̂t are defined in (1.6), Σ̂p, Σ̂pt, Vp, and Up are defined in (1.4), and C1

and C2 are generic constants free of n,d, and p.

Proof of Theorem 1.4.1. We only prove (1.10) because (1.11) can be proved similarly.
By triangle inequality and Proposition 1.6.1, we have

E‖sin
(
V̂(m),V(m)

)
‖2
F

6 4E‖sin
(
V̂(m),V(m)

p

)
‖2
F + 4E‖sin

(
V(m)
p ,V(m)

)
‖2
F
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6 4E‖sin
(
V̂(m),V(m)

p

)
‖2
F +

Cn−1

p (b2
m − b2

m+1)
2 . (1.20)

Now, consider E‖sin
(
V̂(m),V(m)

p

)
‖2
F. Let

E1 =

{
max

16i6d

1
nd

∣∣λ2
pi

− λ̈p
2
i

∣∣ < t1

}
,

where t1 = C
′
1 p

logn
d

+ C ′′1 p
3/2
√

logn
n

, and

E2 =

{
1
nd

|λ2
pm+1 − λ

2
p̂m+1| < t2

}
.

where t2 = C2 p
3/2
√

logn
nd

1
d

. Then, by Weyl’s theorem (Li (1998a)), Lemma 1.6.1, and
Lemma 1.6.2, we have for large constants C ′1,C ′′1 , and C2,

P(Ec1) 6 P
(

1
nd

∥∥Σ̂p − EΣ̂p
∥∥

2 > t1

)
= O

(
n−4) and

P(Ec2) 6 P
(

1
nd

∥∥Σ̂p̂ − Σ̂p∥∥2 > t2

)
= O

(
n−4) .

Thus, for large n and d,

E‖sin
(
V̂(m),V(m)

p

)
‖2
F

= E
{
‖sin

(
V̂(m),V(m)

p

)
‖2
F 1(E1∩E2)c

}
+E
{
‖sin

(
V̂(m),V(m)

p

)
‖2
F 1E1∩E2

}

6 m
{
E
(
1Ec2

)
+ E

(
1Ec1

)}
+ E

{∥∥∥ 1
nd

(
Σ̂p̂ − Σ̂p

)
V

(m)
p

∥∥∥2

F(
1
nd

|λ2
pm

− λ2
p̂m+1|

)2 1E1∩E2

}

6 cn−4 + E

{ ∥∥∥ 1
nd

(
Σ̂p̂ − Σ̂p

)
V

(m)
p

∥∥∥2

F
1E1∩E2(

1
nd

|λ̈p
2
m − λ̈p

2
m+1|− t2 − 2t1

)2

}
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6 cn−4 + E

{∥∥∥ 1
nd

(
Σ̂p̂ − Σ̂p

)
V

(m)
p

∥∥∥2

F(
1

2nd |λ̈p
2
m − λ̈p

2
m+1|

)2

}

6 cn−4 +
C(1 − p)

(b2
m − b2

m+1)
2 max

{
1

pnd3 , 1
p2n2d5/2

}
, (1.21)

where 1E is an indicator function of an event E, the first inequality holds by the fact
that ‖ sin(V̂(m),V(m)

p )‖2
F 6 m and Davis-Kahan sin θ theorem (Theorem 3.1 in Li

(1998b)), and the last inequality is due to Lemma 1.6.3.
By (1.20) and (1.21), the result (1.10) follows.

Proofs for Theorem 1.4.2

The proof of the following propositions are in Appendix A.

Proposition 1.6.2. Under the assumptions in Theorem 1.4.2, we have

√
nd Γ

−1/2
nd

[(
1

ndp2

∑m
i=1 λ

2
pi

p2

nd

∑m
i=1(λ

2
i + nσ

2) p̂

)
−

(
1
nd

∑m
i=1
[
λ2
i + nσ

2]
p3

nd

∑m
i=1(λ

2
i + nσ

2)

)]

→ N (0, I2) in distribution, as n,d→∞,

where λpi, λi, and p̂ are defined in (1.4), (2.1), and (1.5), respectively, and Γnd = ΓTnd ∈
R2×2 consists of

(Γnd)11 =
4(1 − p)

p

n∑
k=1

d∑
h=1

M0
2
kh

{
m∑
i=1

biUikVih

}2

+
4σ2

p

m∑
i=1

b2
i,

(Γnd)12 = 2p2(1 − p)

(
m∑
i=1

b2
i

)2

, and (Γnd)22 = p
5(1 − p)

(
m∑
i=1

b2
i

)2

.

Proposition 1.6.3. Under the model setup in Section 3.5 and Assumption 3, let

τ̂p =
1

d− r
tr
(
VTpcΣ̂pVpc

)
,
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where Σ̂p and Vpc are defined in (1.4). Then, we have τ̂p − np2σ2 = Op
(
p
√
n
)
.

Proof of Theorem 1.4.2. We have

1√
nd

{
m∑
i=1

λ̂2
i −

m∑
i=1

λ2
i

}

=
1√
nd

{(
p̂−2

m∑
i=1

λ2
p̂i

−

m∑
i=1

[
λ2
i + nσ

2])+m

(
nσ2 −

1
p̂2 τ̂p̂

)}
=

1√
nd

{(a) +m (b)} .

First, consider the term (a). We have

(a) =
1
p̂2 tr

(
V̂(m)T Σ̂p̂V̂

(m)
)
−

m∑
i=1

[
λ2
i + nσ

2]
=

{
1
p2 tr

(
V̂(m)T Σ̂pV̂

(m)
)
−

m∑
i=1

[
λ2
i + nσ

2]}
+

{
1
p2 tr

(
V̂(m)T Σ̂p̂V̂

(m)
)
−

1
p2 tr

(
V̂(m)T Σ̂pV̂

(m)
)}

+

{
1
p̂2 tr

(
V̂(m)T Σ̂p̂V̂

(m)
)
−

1
p2 tr

(
V̂(m)T Σ̂p̂V̂

(m)
)}

= (i) + (ii) + (iii). (1.22)

By (1.9), there is O ∈ Vm,m such that

‖V̂(m) − V(m)
p O‖2

F 6 2‖sin(V̂(m),V(m)
p )‖2

F and OTi V
(m)T
p Σ̂pV

(m)
p Oi = λ

2
pi,

where Oi is the i-th column of O. Then, the term (i) is

(i) =
1
p2 tr

(
OTV(m)T

p Σ̂pV
(m)
p O

)
−

m∑
i=1

[
λ2
i + nσ

2]
+

1
p2 tr

(
V̂(m)T Σ̂pV̂

(m) − OTV(m)T
p Σ̂pV

(m)
p O

)
=

1
p2 tr

(
V(m)T
p Σ̂pV

(m)
p

)
−

m∑
i=1

[
λ2
i + nσ

2]
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+
1
p2

m∑
i=1

(
V̂Ti Σ̂pV̂i − OTi Vp

T Σ̂pVpOi
)

=
1
p2

m∑
i=1

λ2
pi

−

m∑
i=1

[
λ2
i + nσ

2]+Op( 1
pd2

)
, (1.23)

where the last equality holds by the fact that∣∣∣∣∣
m∑
i=1

(
V̂Ti Σ̂pV̂i − OTi V

(m)T
p Σ̂pV

(m)
p Oi

)∣∣∣∣∣
=

∣∣∣∣∣
m∑
i=1

[
(V̂i − V

(m)
p Oi)

T Σ̂p(V̂i − V
(m)
p Oi) + 2λ2

piO
T
i V

(m)T
p V̂i − 2λ2

pi

]∣∣∣∣∣
=

∣∣∣∣∣
m∑
i=1

[
(V̂i − V

(m)
p Oi)

T Σ̂p(V̂i − V
(m)
p Oi) − λ

2
pi

∥∥V̂i − V(m)
p Oi

∥∥2
2

]∣∣∣∣∣
6 2λ2

p1

m∑
i=1

∥∥V̂i − V(m)
p Oi

∥∥2
2

= 2λ2
p1
∥∥V̂(m) − V(m)

p O
∥∥2
F

= Op

( p
d2

)
, (1.24)

where the last equality is due to (1.9), (1.21), and (1.25) below; by the application of
Weyl’s theorem (Li (1998a)) and Lemma 1.6.1, we can show

λ2
p1 = Op(p

2nd). (1.25)

The term (ii) is

E |(ii)| = E
∣∣∣∣ 1
p2 (p̂− p) tr

(
V̂(m)Tdiag(Σ̂)V̂(m)

)∣∣∣∣
6

m

p2 E
∣∣∣∣(p̂− p) max

16i6m
V̂Ti diag(Σ̂)V̂i

∣∣∣∣
6

m

p2

{
E(p̂− p)2

}1/2{
E
[

max
16i6m

V̂Ti diag(Σ̂)V̂i
]2
}1/2

6
m

p2

{
E(p̂− p)2

}1/2{
E
[ ∥∥diag(Σ̂)

∥∥2
2

]}1/2
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=
m

p2

√
p(1 − p)

nd

{
E
[ ∥∥diag(Σ̂)

∥∥2
2

]}1/2

= O

(
max

{
1
p

,
√
n

pd

})
, (1.26)

where the second inequality is due to Hölder’s inequality and the last equality
holds by the fact that

E
[
‖diag(Σ̂)‖2

2

]
6 4E

[
‖diag(Σ̂) − pdiag(MT

0M0) − npσ
2Id‖2

2

+‖pdiag(MT
0M0) + npσ

2Id‖2
2

]
= 4E

[
max

16h6d

∣∣∣ n∑
k=1

(
M2
kh − pM0

2
kh − pσ

2)∣∣∣2]

+4
{

max
16h6d

p

n∑
k=1

M0
2
kh + npσ

2
}2

6 4
d∑
h=1

E

{∣∣∣∣ n∑
k=1

[
M2
kh − p(M0

2
kh + σ

2)
]∣∣∣∣2
}

+ 4
{
np(L2 + σ2)

}2

= 4
d∑
h=1

n∑
k=1

E
[
M2
kh − p(M0

2
kh + σ

2)
]2

+ 4
{
np(L2 + σ2)

}2

= O
(
max{pnd,p2n2}

)
.

The term (iii) in (1.22) is

(iii) =

(
1
p̂2 −

1
p2

)[
tr
(
V̂(m)T Σ̂p̂V̂

(m)
)
− p2

m∑
i=1

(
λ2
i + nσ

2)]

+

(
1
p̂2 −

1
p2

)
p2

m∑
i=1

(
λ2
i + nσ

2)
=

(
1
p̂2 −

1
p2

)[
tr
(
V̂(m)T Σ̂p̂V̂

(m)
)
− tr

(
V̂(m)T Σ̂pV̂

(m)
)

+tr
(
V̂(m)T Σ̂pV̂

(m)
)
− tr

(
OTV(m)T

p Σ̂pV
(m)
p O

)
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+tr
(
OTV(m)T

p Σ̂pV
(m)
p O

)
− p2

m∑
i=1

(
λ2
i + nσ

2) ]

+

(
1
p̂2 −

1
p2

)
p2

m∑
i=1

(
λ2
i + nσ

2)
= Op

(
1√
p5nd

) [
Op

(
max

{
p,
√
p3n

d

})
+Op

( p
d2

)
+Op

(√
p3nd

)]

+

(
1
p̂2 −

1
p2

)
p2

m∑
i=1

(
λ2
i + nσ

2)
= Op

(
1
p

)
+

(
1
p̂2 −

1
p2

)
p2

m∑
i=1

(
λ2
i + nσ

2) , (1.27)

where the third equality is due to (1.26), (1.24), Proposition 1.6.2, and the fact that

√
nd

(
1
p̂2 −

1
p2

)
→ N

(
0, 4(1 − p)

p5

)
in distribution, as n,d→∞, (1.28)

by CLT and Delta method. From (1.23), (1.26), and (1.27), we have

(a) =
1
p2

m∑
i=1

λ2
pi

−

m∑
i=1

[
λ2
i + nσ

2]
+

(
1
p̂2 −

1
p2

)
p2

m∑
i=1

(
λ2
i + nσ

2)+ op
(√

nd

p

)
. (1.29)

Second, the term (b) is

(b) = nσ2 −
1
p̂2 τ̂p̂

=

(
nσ2 −

1
p2 τ̂p

)
+

(
1
p2 −

1
p̂2

)
τ̂p̂ +

1
p2 (τ̂p − τ̂p̂)

= Op

(√
n

p

)
+Op

(√
n

pd

)
+

1
p2 (τ̂p − τ̂p̂)

= op

(√
nd

p

)
, (1.30)
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where the third equality is due to Proposition 1.6.3 and (1.28), and the last equality
holds by the fact that there is Õ ∈ Vd−r,d−r by (1.9) such that

‖V̂(m)
c − V(m)

pc Õ‖2
F 6 2‖sin(V̂(m)

c ,V(m)
pc )‖2

F and ÕTi V
T
pcΣ̂pVpcÕi = λ

2
pr+i,

where Õi is the i-th column of Õ, and that

|τ̂p − τ̂p̂|

=
1

(d− r)

∣∣∣tr (ÕTVTpcΣ̂pVpcÕ)− tr
(
V̂Tc Σ̂pV̂c

)
+tr

(
V̂Tc Σ̂pV̂c

)
− tr

(
V̂Tc Σ̂p̂V̂c

) ∣∣∣
6

1
(d− r)

∣∣tr (ÕTVTpcΣ̂pVpcÕ)− tr
(
V̂Tc Σ̂pV̂c

)∣∣
+

1
(d− r)

∣∣tr (V̂Tc Σ̂pV̂c)− tr
(
V̂Tc Σ̂p̂V̂c

)∣∣
6

1
(d− r)

4λ2
p1

∥∥sin(Vpc, V̂c)
∥∥2
F
+

1
(d− r)

∣∣(p̂− p)tr (V̂Tc diag(Σ̂)V̂c
)∣∣

=
1

(d− r)
4λ2
p1

∥∥sin(Vp, V̂)
∥∥2
F
+Op

(
max

{
p, p3/2

√
n

d

})
= Op

( p
d3

)
+Op

(
max

{
p, p3/2

√
n

d

})
,

where the second inequality can be derived similarly to (1.24), the second equality
holds similarly to (1.26), and the last equality is due to (1.21) and (1.25).

Combining the results in (1.29) and (1.30), we have

1√
nd

{
m∑
i=1

λ̂2
i −

m∑
i=1

λ2
i

}
=

1√
nd

{(a) +m (b)}

=
1√
nd

{
1
p2

m∑
i=1

λ2
pi

−

m∑
i=1

[
λ2
i + nσ

2]+ ( 1
p̂2 −

1
p2

)
p2

m∑
i=1

(
λ2
i + nσ

2)}

+op(1).
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Thus, by Proposition 1.6.2, Delta method and Slutsky’s theorem, we have

1√
ndσλ

{
m∑
i=1

λ̂2
i −

m∑
i=1

λ2
i

}
→ N (0, 1) in distribution, as n,d→∞,

where σ2
λ =

(
1 − 2p−3) Γnd

(
1

−2p−3

)
.

Proofs for Theorem 1.4.4

The proof of the following Proposition is in Appendix A.

Proposition 1.6.4. Under the model setup in Section 3.5, Assumption 3, and Assumption
5(2), we have ∥∥M̂(s0) −M0

∥∥2
F
=

1
pb4

r

Op (n) ,

where M̂(s0) are defined in (1.13) and (1.15) andM0 is defined in (2.1).

Proof of Theorem 1.4.4. For any given η > 0, we have for a large n,

P
(

min
s∈{−1,1}r

‖PΩ(M̂(s)) − PΩ(M)‖2
F < ‖PΩ(M̂(s0)) − PΩ(M)‖2

F

)
6 η/2

by Assumption 5(1). Also, for any given η > 0, we can find Cη > 0, free of n, d, and
p, such that for large n,

P
(
pb4

r

n

∥∥M̂(s0) −M0
∥∥2
F
> Cη

)
6 η/2

by Proposition 1.6.4. Therefore, for any given η > 0, we can find Cη > 0 such that

P
(
pb4

r

n

∥∥M̂(ŝ) −M0
∥∥2
F
> Cη

)
= P

(
pb4

r

n

∥∥M̂(s0) −M0
∥∥2
F
> Cη, s0 = ŝ

)
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+P
(
pb4

r

n

∥∥M̂(ŝ) −M0
∥∥2
F
> Cη, s0 6= ŝ

)
6 P

(
pb4

r

n

∥∥M̂(s0) −M0
∥∥2
F
> Cη

)
+P
(

min
s∈{−1,1}r

‖PΩ(M̂(s)) − PΩ(M)‖2
F < ‖PΩ(M̂(s0)) − PΩ(M)‖2

F

)
6 η/2 + η/2
= η.

Or, for any given η > 0 and ζ > 0, there exists Nζ > 0 such that for all n > Nζ,

P
(
pb4

r

hnn

∥∥M̂(ŝ) −M0
∥∥2
F
> η

)
= P

(
pb4

r

hnn

∥∥M̂(s0) −M0
∥∥2
F
> η, s0 = ŝ

)
+P
(
pb4

r

hnn

∥∥M̂(ŝ) −M0
∥∥2
F
> η, s0 6= ŝ

)
6 P

(
pb4

r

hnn

∥∥M̂(s0) −M0
∥∥2
F
> η

)
+P
(

min
s∈{−1,1}r

‖PΩ(M̂(s)) − PΩ(M)‖2
F < ‖PΩ(M̂(s0)) − PΩ(M)‖2

F

)
6 ζ/2 + ζ/2
= ζ,

where the second inequality holds due to Assumption 5(1) and Proposition 1.6.4.



30

●

●

●

●

200 400 600 800 1000

0
50

10
0

15
0

20
0

MSE of M

n

M
S

E
/ n

d 

● p=0.1
p=0.2
p=0.5
p=0.7
p=0.9
p=1

●

●
●

●

200 400 600 800 1000

0
20

00
40

00
60

00
80

00
10

00
0

12
00

0

MSE of λ

n

M
S

E

●

●

●

●

200 400 600 800 1000

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

MSE of V

n

M
S

E

●

●

●

●

200 400 600 800 1000

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

MSE of U

n

M
S

E

Figure 1.1: The mean squared errors for six different values of p when n increases.
Each point on the plots correspond to an average over 500 replicates.
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Figure 1.2: The same mean squared errors as the ones in Figure 1 plotted for four
different values of nwhen p increases. Each point on the plots correspond to an
average over 500 replicates.
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Figure 1.3: Asymptotic normality of
∑2
i=1 λ̂i −

∑2
i=1 λi as p varies from 0.1 to 1.

Across the plots, we fixed n to be 1000.
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Figure 1.4: The singular values of Σ̂p̂ computed by taking the MovieLens 100k data
matrix asM. From this scree plot, we choose r̂ to be 3.
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2 intelligent initialization and adaptive
thresholding for iterative matrix completion; some
statistical and algorithmic theory for adaptive-impute

2.1 Introduction

Matrix completion appears in a variety of areas where it recovers a low-rank or
approximately low-rank matrix from a small fraction of observed entries such as
collaborative filtering (Rennie and Srebro (2005)), computer vision (Weinberger and
Saul (2006)), positioning (Montanari and Oh (2010)), and recommender systems
(Bennett and Lanning (2007)). Early work in this field was done by Achlioptas and
McSherry (2001), Azar et al. (2001), Fazel (2002), Srebro et al. (2004), and Rennie
and Srebro (2005). Later, Candès and Recht (2009) introduced the technique of
matrix completion by minimizing the nuclear norm under convex constraints. This
opened up a significant overlap with compressed sensing (Candès et al. (2006),
Donoho (2006)) and led to accelerated research in matrix completion. They and
others (Candès and Recht (2009), Candès and Tao (2010), Keshavan et al. (2010),
Gross (2011), Recht (2011)) showed that the technique can exactly recover a low-rank
matrix in the noiseless case. Many of the following works showed the approximate
recovery of the low-rank matrix with the presence of noise (Candès and Plan (2010),
Negahban et al. (2011), Koltchinskii et al. (2011a), Rohde et al. (2011)). Several other
papers studied matrix completion in various settings (e.g. Davenport et al. (2014),
Negahban and Wainwright (2012)) and proposed different estimation procedures
of matrix completion (Srebro et al. (2004), Keshavan et al. (2009), Koltchinskii et al.
(2011b), Cai and Zhou (2013), Chatterjee (2014)) than the ones by Candès and Recht
(2009). In addition to the theoretical advances, a large number of algorithms have
emerged (e.g. Rennie and Srebro (2005), Cai et al. (2010), Keshavan et al. (2009),
Mazumder et al. (2010), Hastie et al. (2014)). An overview is well summarized in
Mazumder et al. (2010) and Hastie et al. (2014).
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Many of matrix completion algorithms employ thresholded singular value
decomposition (SVD) which soft- or hard- thresholds the singular values. The
statistical literature has responded by investigating its theoretical optimality and
strong empirical performances. However, a key empirical difficulty of employing
thresholded SVD for matrix completion is to find the right way and level of thresh-
old. Depending on the choice of the thresholding scheme, the rank of the estimated
low-rank matrix and predicted values for unobserved entries can widely change.
Despite its importance, we lack understanding on how to choose the threshold
level and what bias or error we eliminate by thresholding.

We propose a novel iterative matrix completion algorithm, Adaptive-Impute,
which recovers the underlying low-rank matrix from a few noisy entries via differ-
entially and adaptively thresholded SVD. Specifically, the proposed Adaptive-Impute
algorithm differentially thresholds the singular values and adaptively updates the
threshold levels on every iteration. As was the case with adaptive Lasso (Zou
(2006)) and adaptive thresholding for sparse covariance matrix estimation (Cai
and Liu (2011)), the proposed thresholding scheme gives Adaptive-Impute stronger
empirical performances than the thresholding scheme that uses a single thresh-
olding parameter for all singular values throughout the iterations (e.g. softImpute
(Mazumder et al. (2010))). Although Adaptive-Impute employs multiple thresh-
olding parameters changing over iterations, we suggest specified values for the
thresholding parameters that are theoretically-justified and data-dependent. Hence,
Adaptive-Impute is free of the tuning problems associated with the choice of thresh-
old levels. Its single tuning parameter is the rank of the resulting estimator. We
suggest a way to choose the rank based on singular value gaps (for details, see
Section 2.5). This novel threshold scheme of Adaptive-Impute makes it estimation
via non-convex optimization, understanding of whose theoretical guarantees is
known to be limited. However, to solve this problem and help understand the
convergence behavior of Adaptive-Impute, we introduce a simpler algorithm than
Adaptive-Impute, generalized-softImpute, and derive a sufficient condition under
which it converges. Then, we prove that Adaptive-Impute behaves almost the same as
generalized-softImpute. Numerical experiments and a real data analysis in Section
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2.5 suggest superior performances of Adaptive-Impute over the existing softImpute-
type algorithms.

The rest of this paper is organized as follows. Section 3.5 describes the model
setup. Section 2.3 introduces the proposed algorithm Adaptive-Impute. Section
2.4 introduces a generalized-softImpute, a simpler algorithm than Adaptive-Impute.
Section 2.5 presents numerical experiment results. Section 2.6 concludes the paper
with discussion. All proofs are collected in Section B.

2.2 The model setup

Suppose that we have an n× dmatrix of rank r,

M0 = UΛV
T , (2.1)

where by SVD,U = (U1, . . . ,Ur) ∈ Rn×r,V = (V1, . . . ,Vr) ∈ Rd×r,Λ = diag(λ1, . . . , λr)
∈ Rr×r, and λ1 > . . . > λr > 0. The entries ofM0 are corrupted by noise ε ∈ Rn×d

whose entries are i.i.d. sub-Gaussian random variables with mean zero and vari-
ance σ2. Hence, we can only observe MF =M0 + ε. However, oftentimes in real
world applications, not all entries ofMF are observable. So, define y ∈ Rn×d such
that yij = 1 if the (i, j)-th entry ofMF is observed and yij = 0 if it is not observed.
The entries of y are assumed to be i.i.d. Bernoulli(p) and independent of the entries
of ε. Then, the partially-observed noisy low-rank matrixM ∈ Rn×d is written as

Mij = yijMFij =

{
M0ij + εij if observed (yij = 1)

0 otherwise (yij = 0).

Throughout the paper, we assume that r � d 6 n and the entries of M0 are
bounded by a positive constant L in absolute value. In this paper, we develop an
iterative algorithm to recover M0 fromM and investigate its theoretical properties
and empirical performances.



38

2.3 Adaptive-Impute algorithm

Initialization

We first introduce some notation. Let a set Ω contain indices of the observed
entries, yij = 1⇔ (i, j) ∈ Ω. Then, for any matrix A ∈ Rn×d, denote by PΩ(A) the
projection of A ontoΩ and by P⊥Ω(A) the projection of A onto the complement of
Ω;

[PΩ(A)]ij =

{
Aij if (i, j) ∈ Ω
0 if (i, j) /∈ Ω

and
[
P⊥Ω(A)

]
ij
=

{
0 if (i, j) ∈ Ω
Aij if (i, j) /∈ Ω.

That is, PΩ(A) + P⊥Ω(A) = A. We let ui(A) denote the i-th left singular vector of
A, vi(A) the i-th right singular vector of A, and λi(A) the i-th singular value of A
such that λ1(A) > . . . > λd(A). The squared Frobenius norm is defined by ‖A‖2

F =

tr
(
ATA

)
, the trace of ATA, and the nuclear norm by ‖A‖∗ =

∑d
i=1 λi(A), the sum

of the singular values of A. For a symmetric matrix A ∈ Rn×n, diag(A) represents
a matrix with diagonal elements of A on the diagonal and zeros elsewhere.

Many of the iterative matrix completion algorithms (e.g. Cai et al. (2010),
Mazumder et al. (2010), Keshavan et al. (2009), Chatterjee (2014)) in the current
literature initialize withM, where the unobserved entries begin at zero. This ini-
tialization works well with algorithms that are based on convex optimization or
that are robust to the initial. However, for algorithms that are based on non-convex
optimization or that are sensitive to the initial, filling the unobserved entries with
zeros may not be a good choice. Cho et al. (2015a) proposed a one-step consistent
estimator, M̂, that attains the minimax error rate (Koltchinskii et al. (2011a)), r/pd,
and requires only two eigendecompositions. Adaptive-Impute employs the entries of
this one-step consistent estimator instead of zeros as initial values of the unobserved
entries. Algorithm 3 describes how to compute the initial M̂ of Adaptive-Impute.
The following theorem shows that M̂ achieves the minimax error rate.

Assumption 3.



39

Algorithm 3 Initialization (Cho et al. (2015a))
Require: M, y, and r
p̂← 1

nd

∑n
i=1
∑d
j=1 yij

Σp̂ ←MTM− (1 − p̂)diag(MTM)
Σtp̂ ←MMT − (1 − p̂)diag(MMT )
V̂i ← vi(Σp̂), ∀i ∈ {1, . . . , r}
Ûi ← ui(Σtp̂), ∀i ∈ {1, . . . , r}
α̃← 1

d−r

∑d
i=r+1 λi(Σp̂)

τ̂i ← λi(Σp̂) −
1
p̂

√
λi(Σp̂) − α̃, ∀i ∈ {1, . . . , r}

λ̂i ← λi(Σp̂) − τ̂i, ∀i ∈ {1, . . . , r}
ŝ = (ŝ1, . . . , ŝr)← arg mins∈{−1,1}r

∥∥PΩ (∑r
i=1 siλ̂iÛiV̂

T
i −M

)∥∥2
F

M̂←
∑r
i=1 ŝiλ̂iÛiV̂

T
i

return M̂

(1) pd/ logn→∞ and n,d→∞ with d 6 n 6 ed
β , where β < 1 free of n, d, and

p;

(2) λi = bi
√
nd for all i = 1, . . . , r, where {bi}i=1,...,r are positive bounded values;

(3) bi > bi+1 for all i = 1, . . . , r, where br+1 = 0;

(4) limn,d→∞ P
(

mins∈{−1,1}r
∥∥PΩ(∑r

i=1 siλ̂iÛiV̂
T
i −M

)∥∥2
F

<
∥∥PΩ(∑r

i=1 s0iλ̂iÛiV̂
T
i −M

)∥∥2
F

)
=

0,
where s = (s1, . . . , sr) and s0i = sign(〈V̂i,Vi〉) sign(〈Ûi,Ui〉) for i = 1, . . . , r.

Remark 17. Under the setting where the rank r is fixed as in this paper, Assumption 3(2)
implies that the underlying low-rank matrixM0 is dense. More specifically, note that the
squared Frobenius norm indicates both the sum of all squared entries of a matrix and the
sum of its singular values squared. Also, note that ‖M0‖2

F =
∑r
i=1 λ

2
i(M0) = cnd for

some constant c > 0 by Assumption 3(2). Thus, the sum of all squared entries of M0

has an order nd. This means that a non-vanishing proportion of entries of M0 contains
non-vanishing signals with dimensionality (see Fan et al. (2013)). For more discussion, see
Remark 2 in Cho et al. (2015a).
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Remark 18. The singular vectors, {Ûi}ri=1 and {V̂i}
r
i=1, that compose M̂ are consistent

estimators of U and V up to signs (for details, see Cho et al. (2015a)). Hence, when
combining them with {λ̂i}

r
i=1 to reconstruct M̂, a sign problem happens. Assumption 3(4)

assures that as n and d increase, the probability of choosing different signs than the true
signs, {s0i}

r
i=1, goes to zero. Given the asymptotic consistency of {Ûi}ri=1, {V̂i}ri=1, and

{λ̂i}
r
i=1, this is not an unreasonable assumption to make.

Proposition 2.3.1. (Theorem 4.4 in Cho et al. (2015a)) Under Assumption 3 and the model
setup in Section 3.5, M̂ is a consistent estimator ofM0. In particular,

1
nd
‖M̂−M0‖2

F = op

(
hn

pd

)
,

where hn diverges very slowly with the dimensionality, for example, log(log d).

Remark 19. Since hn in Proposition 2.3.1 can be any quantity that diverges slowly with
the dimensionality, the convergence rate of M̂ can be thought of as 1/pd. Under the setting
where the rank ofM0 is fixed as in this paper, it is matched to the minimax error rate, r/pd,
found in Koltchinskii et al. (2011a).

Using M̂ to initialize Adaptive-Impute has two major advantages. First, since
M̂ is already a consistent estimator of M0 achieving the minimax error rate, it
allows a series of the iterates of Adaptive-Impute coming after M̂ to be also consistent
estimators of M0 achieving the minimax error rate (see Theorem 2.3.1). Second,
because Adaptive-Impute is based on a non-convex optimization problem (see Section
2.4), its convergence may depend on initial values. M̂ provides Adaptive-Impute a
suitable initializer.

Adaptive thresholds

To motivate the novel thresholding scheme of Adaptive-Impute, we first consider
the case where a fully-observed noisy low-rank matrix is available. Specifically,
suppose that the probability of observing each entry, p, is 1 and thusMF =M0 + ε
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is observed. Under the model setup in Section 3.5 we can easily show that

E(MT
FMF) =M

T
0M0 + nσ

2Id and E(MFM
T
F ) =M0M

T
0 + dσ2In, (2.2)

where Id and In are identity matrices of size d and n, respectively. This shows
that the eigenvectors of E(MT

FMF) and E(MFM
T
F ) are the same as the right and

left singular vectors ofM0. Also, the top r eigenvalues of E(MT
FMF) consist of the

squared singular values ofM0 and a noise, nσ2, the latter of which is the same as
the average of the bottom d− r eigenvalues of E(MT

FMF). In light of this, we want
the estimator ofM0 based onMF to keep the first r singular vectors ofMF as they
are, but adjust the bias occuring in the singular values ofMF. Thus, the resulting
estimator is

M̂F =

r∑
i=1

√
λ2
i(MF) − α ui(MF)vi(MF)

T , where α =
1

d− r

d∑
i=r+1

λ2
i(MF). (2.3)

A simple extension of Proposition 2.3.1 shows that M̂F achieves the best possible
minimax error rate of convergence, 1/d, since p = 1.

Now consider the cases where a partially-observed noisy low-rank matrixM
is available. For each iteration t > 1, we fill out the unobserved entries ofMwith
the corresponding entries of the previous iterate Zt, treat the completed matrix
M̃t = PΩ(M) + P⊥Ω(Zt) as if it is a fully-observed matrix MF, and find the next
iterate Zt+1 in the same way that we found M̂F fromMF in (2.3);

Zt+1 =

r∑
i=1

√
λ2
i(M̃t) − α̃t ui(M̃t)vi(M̃t)

T , where α̃t =
1

d− r

d∑
i=r+1

λ2
i(M̃t).

(2.4)
Note that the difference in (2.4) from (2.3) is in the usage of M̃t instead of MF.
Hence, the performance of Adaptive-Impute may depend on how close PΩ(Zt) is
to PΩ(M0). Algorithm 4 summarizes these computing steps of Adaptive-Impute
continued from Algorithm 3.

The following theorem illustrates that the iterates of Adaptive-Impute retain the
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Algorithm 4 Adaptive-Impute
Require: M, y, r, and ε > 0
Z1 ← M̂ # from Algorithm 3
repeat for t = 1, 2, . . .
M̃t ← PΩ(M) + P⊥Ω(Zt)

V
(t)
i ← vi(M̃t), ∀i ∈ {1, . . . , r}
U

(t)
i ← ui(M̃t), ∀i ∈ {1, . . . , r}

α̃t ← 1
d−r

∑d
i=r+1 λ

2
i(M̃t)

τt,i ← λi(M̃t) −

√
λ2
i(M̃t) − α̃t, ∀i ∈ {1, . . . , r} #

Adaptive thresholds

λ
(t)
i ← λi(M̃t) − τt,i

(
=

√
λ2
i(M̃t) − α̃t

)
, ∀i ∈ {1, . . . , r}

Zt+1 ←
∑r
i=1 λ

(t)
i U

(t)
i V

(t)T
i

t← t+ 1
until ‖Zt+1 − Zt‖2

F / ‖Zt‖
2
F 6 ε

return Zt+1

statistical performance of the initializer M̂.

Assumption 4. For all i = 1, . . . , r, sign(〈ui(M̃t),Ui〉) = sign(〈vi(M̃t),Vi〉).

Theorem 2.3.1. Under Assumptions 3-4 and the model setup in Section 3.5, we have for
any fixed value of t,

1
nd
‖Zt −M0‖2

F = op

(
hn

pd

)
, as n,d→∞ with any hn →∞

where hn diverges very slowly with the dimensionality, for example, log(log d).

Remark 20. Similarly as in Remark 19, since hn is a quantity diverging very slowly, the
convergence rate of Zt can be thought of as 1/pd which is matched to the minimax error
rate, r/pd (Koltchinskii et al. (2011a)).

Non-convexity of Adaptive-Impute

We can view Adaptive-Impute as an estimation method via non-convex optimization.
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For t > 1, define

τt,i =

 λi(M̃t) −

√
λ2
i(M̃t) − α̃t, i 6 r

λr+1(M̃t), i > r
, (2.5)

where α̃t =
1
d−r

∑d
i=r+1 λ

2
i(M̃t) and M̃t = PΩ (M) + P⊥Ω (Zt). Then, in each itera-

tion Adaptive-Impute provides a solution to the problem

min
Z∈Rn×d

1
2nd

‖M̃t − Z‖2
F +

d∑
i=1

τt,i√
nd

λi(Z)√
nd

. (2.6)

Note that the threshold parameters, τt,i, have dependence on both the i-th singular
value and the t-th iteration. The following theorem provides an explicit solution to
(2.6).

Theorem 2.3.2. Let X be an n× d matrix and let n > d. The optimization problem

min
Z

1
2nd

‖X− Z‖2
F +

d∑
i=1

τi√
nd

λi(Z)√
nd

(2.7)

has a solution which is given by

Ẑ = Φ(∆− τ)+Ψ
T , (2.8)

whereΦ∆ΨT is the SVD of X, τ = diag(τ1, . . . , τd) ∈ Rd×d, (∆− τ)+ = diag
(
(λ1(X) −

τ1)+, . . . , (λd(X) − τd)+
)
∈ Rd×d, and c+ = max(c, 0) for any c ∈ R.

Remark 21. To see how Theorem 2.3.2 provides a solution to (2.6), let X = M̃t and
τi = τt,i as specified in (2.5). Then, (2.6) and (2.7) become the same and Ẑ in (2.8) gives
the explicit form of the (t+ 1)-th iterate, Zt+1, in Algorithm 4.

If all of the thresholding parameters in (2.6) are equal such that τ = τt,1 =

. . . = τt,d for all 1 6 i 6 d and t > 1, the optimization problem (2.6) becomes
equivalent to that of softImpute (Mazumder et al. (2010)) and Theorem 2.3.2 provides
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an iterative solution to it. While softImpute requires finding the right value of a
thresholding parameter τ by using a cross validation (CV) technique which is time-
consuming and often does not have a straightforward validation criteria, Adaptive-
Impute suggests specific values of the thresholding levels as in (2.5). The novel
thresholding scheme of Adaptive-Impute together with the rank constraint results in
superior empirical performances over the existing softImpute-type algorithms (see
Section 2.5).

The thresholding scheme of Adaptive-Impute can be viewed as a solution to
a non-convex optimization problem since at every iteration it differentially and
adaptively thresholds the singular values. As Hastie and others alluded to a similar
issue for matrix completion methods via non-convex optimization in Hastie et al.
(2014), it is hard to provide a direct convergence guarantee of Adaptive-Impute. So, in
the following section we introduce a generalized-softImpute algorithm, simpler than
Adaptive-Impute and yet still non-convex, and investigate its asymptotic convergence.
It hints at the convergent behavior of Adaptive-Impute in the asymptotic sense.

2.4 Generalized softImpute

Generalized-softImpute is an algorithm which iteratively solves the problem,

min
Z∈Rn×d

Qτ(Z|Z
g
t ) :=

1
2nd

∥∥PΩ (M) + P⊥Ω (Zgt ) − Z
∥∥2
F
+

d∑
i=1

τi√
nd

λi(Z)√
nd

, (2.9)

to ultimately solve the optimization problem,

min
Z∈Rn×d

fτ(Z) :=
1

2nd
‖PΩ(M) − PΩ(Z)‖2

F +

d∑
i=1

τi√
nd

λi(Z)√
nd

. (2.10)

Note that generalized-softImpute differentially penalizes the singular values, but
the thresholding parameters do not change over iterations. The iterative solutions
of generalized-softImpute are denoted by Zgt+1 := arg minZ∈Rn×d Qτ(Z|Z

g
t ) for t > 1

and Theorem 2.3.2 provides a closed form of Zgt+1. If τi = τ for all 1 6 i 6 d,
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generalized-softImpute will be equivalent to softImpute and both (2.9) and (2.10)
become convex problems. However, by differentially penalizing the singular values,
generalized-softImpute ends up solving a non-convex optimization problem. Theo-
rem 2.4.1 below shows that despite the non-convexity of generalized-softImpute, the
iterates of generalized-softImpute, {Zgt }t>1, converge to a solution of problem (2.10)
under certain conditions.

Assumption 5. Let M̃g
t = PΩ(M) + P⊥Ω(Z

g
t ) and Dgt := M̃g

t − Z
g
t+1. Then,

1
nd

∥∥Dgt −Dgt+1

∥∥2
F
+

2
nd
〈Dgt −D

g
t+1,Zgt+1 − Z

g
t+2〉 > 0 for all t > 1.

Theorem 2.4.1. Let Z∞ be a limit point of the sequence Zgt . Under Assumption 5, if the
minimizer Zs of (2.10) satisfies

Zs ∈
{
Z ∈ Rn×d :

d∑
i=1

τiλi(Z) >
d∑
i=1

τiλi(Z∞) + 〈(Z− Z∞),D∞〉
}

, (2.11)

we have fτ(Z∞) = fτ(Zs) and limt→∞ fτ(Zgt ) = f(Zs).
Remark 22. If τi = τ for all i as in case of softImpute, Assumption 5 and (2.11) are
always satisfied because 1

τ
Dgt belongs to the sub-gradient of

∥∥Zgt+1

∥∥
∗ .

Remark 23. If Zs is unique, then generalized-softImpute finds the global minimum point
of (2.10) by Theorem 2.4.1.

Generalized-softImpute resembles Adaptive-Impute in a sense that both of them
employ different thresholding parameters on λi(Z)’s. However, Adaptive-Impute up-
dates these tuning parameters every iteration while generalized-softImpute does not.
The following lemmas show that despite this difference, the convergent behavior
of Adaptive-Impute is asymptotically close to that of generalized-softImpute.

Lemma 2.4.1. Under Assumptions 3-4 and the model setup in Section 3.5, we have

∣∣∣∣ τt,i√nd −
τt+1,i√
nd

∣∣∣∣ = op
(√

hn

pd

)
for i = 1, . . . ,d,
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where τt,i is defined in (2.5).

Lemma 2.4.2. Let Dt := M̃t − Zt+1, where M̃t and Zt are as defined in Algorithm 4.
Then, under Assumptions 3-4 and the model setup in Section 3.5, we have

1
nd
‖Dt −Dt+1‖2

F +
2
nd
〈Dt −Dt+1,Zt+1 − Zt+2〉+ op

(
hn

pd

)
> 0.

Lemma 2.4.1 shows that for large n and d, thresholding parameters of Adaptive-
Impute are stable between iterations so that Adaptive-Impute behaves similarly to
generalized-softImpute. Lemma 2.4.2 shows how Assumption 5 is adapted in
Adaptive-Impute. It implies a possibility of Adaptive-Impute satisfying Assumption 5
asymptotically. Although this still does not provide a guarantee of convergence of
Adaptive-Impute, numerical results below support this possibility.

2.5 Numerical results

In this section, we conducted simulations and a real-data analysis to compare
Adaptive-Impute for estimatingM0 with the four different versions of softImpute:

1. Adaptive-Impute: the proposed algorithm, as summarized in Algorithm 4;

2. softImpute: the original softImpute algorithm (Mazumder et al. (2010));

3. softImpute-Rank: softImpute with rank restriction (Hastie et al. (2014));

4. softImpute-ALS: Maximum-Margin Matrix Factorization (Hastie et al. (2014));

5. softImpute-ALS-Rank: rank-restricted Maximum-Margin Matrix Factorization in
Algorithm 3.1 (Hastie et al. (2014)).

SoftImpute algorithms were implemented with the R package, softImpute (Hastie
and Mazumder (2015)). The R code for Adaptive-Impute is available at https://
github.com/chojuhee/hello-world/blob/master/adaptiveImpute_Rfunction. In

https://github.com/chojuhee/hello-world/blob/master/adaptiveImpute_Rfunction
https://github.com/chojuhee/hello-world/blob/master/adaptiveImpute_Rfunction
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this R code, we made two adjustments from Algorithms 3 and 4 for technical rea-
sons. First, in almost all real world applications that needed matrix completion, the
entries ofM0 are bounded below and above by constants L1 and L2 such that

L1 6M0ij 6 L2

and smaller or larger values than the constants do not make sense. So, after
each iteration of Adaptive-Impute, t > 1, we replace the values of Zt that are
smaller than L1 with L1 and the values of Zt that are greater than L2 with L2.
Second, the cardinality of the set, {−1, 1}r, that we search over to find ŝ in Al-
gorithm 3 increases exponentially. Hence, finding ŝ easily becomes a computa-
tional bottleneck of Adaptive-Impute or is even impossible for large r. We suggest
two possible solutions to this problem. One solution is to find ŝ by computing
ŝi = sign(〈V̂i, vi(M)〉) sign(〈Ûi, ui(M)〉) for i = 1, . . . , r. Note that if we use Vi and
Ui instead of vi(M) and ui(M), this gives us the true sign s0 under Assumption
3. The other solution is to use a linear regression. Let a vector of the observed
entries ofM be the dependent variable and let a vector of the corresponding entries
of λ̂iÛiV̂Ti be the i-th column of the design matrix for i = 1, . . . , r. Then, we set ŝ
to be the coefficients of the regression line whose intercept is forced to be 0. The
difference in the results of these two methods are negligible. In the following exper-
iment, we only reported the results of the former solution for simplicity, while the
R code provided in https://github.com/chojuhee/hello-world/blob/master/
adaptiveImpute_Rfunction are written for both solutions.

Simulation study

To create M0 = ABT ∈ Rn×d, we sampled A ∈ Rn×r and B ∈ Rd×r to contain
i.i.d. uniform[−5, 5] random variables and a noise matrix ε ∈ Rn×d to contain i.i.d.
N(0,σ2). Then, each entry of M0 + ε was observed independently with probability
p. Across simulations, n = 1700, d = 1000, r ∈ {5, 10, 20, 50}, σ varies from 0.1 to 50,
and p varies from 0.1 to 0.9. For each simulation setting, the data was sampled 100
times and the errors were averaged.

https://github.com/chojuhee/hello-world/blob/master/adaptiveImpute_Rfunction
https://github.com/chojuhee/hello-world/blob/master/adaptiveImpute_Rfunction
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To evaluate performance of the algorithms, we measured three different types
of errors; test, training, and total errors; the test error, Test(M̂) = ‖P⊥Ω(M̂ −

M0)‖2
F/‖P⊥Ω(M0)‖2

F, represents the distance between the estimate M̂ and the param-
eter M0 measured on the unobserved entries, the training error, Training(M̂) =

‖PΩ(M̂−M0)‖2
F/‖PΩ(M0)‖2

F, the distance measured on the observed entries, and
the total error, Total(M̂) = ‖M̂−M0‖2

F/‖M0‖2
F, the distance measured on all entries.

For ease of comparison, Figure 2.1 and 2.3 plot the relative efficiencies with respect
to softImpute-Rank. For example, the relative test efficiency of Adaptive-Impute
with respect to softImpute-Rank is defined as Test(M̂rank)/Test(M̂adapt), where
M̂adapt is an estimate of Adaptive-Impute and M̂rank is an estimate of softImpute-
Rank. The relative total and training efficiencies with respect to softImpute-Rank are
defined similarly.

We used the best tuning parameter for the algorithms in comparison. Specifically,
for algorithms with rank restriction (including Adaptive-Impute), we provided the
true rank (i.e. 5, 10, 20, or 50). For softImpute-type algorithms, an oracle tuning
parameter was chosen to minimize the total error.

Figure 2.1 shows the change of the relative efficiencies as the probability of
observing each entry, p, increases with σ = 1. Three columns of plots in Figure 2.1
correspond to three different types of errors and four rows of plots to four different
values of the rank. In all cases, Adaptive-Impute outperforms the competitors and
works especially better when p is small. Among softImpute-type algorithms, the
algorithms with rank constraint (i.e. softImpute-Rank and softImpute-ALS-Rank)
perform better than the ones without (i.e. softImpute and softImpute-ALS). Figure 2.2
shows the change of the absolute errors that are used to compute relative efficiencies
in Figure 2.1 as the probability of observing each entry, p, increases.

Figure 2.3 shows the change of the log relative efficiencies as the standard
deviation (SD) of each entry of ε, σ, increases with p = 0.1. When the noise level is
under 15, Adaptive-Impute outperforms the competitors, but when the noise level
is over 15, softImpute-type algorithms start to outperform Adaptive-Impute. Hence,
softImpute-type algorithms are more robust to large noises than Adaptive-Impute. It
may be because when there exist large noises dominating the signals, the conditions
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Figure 2.1: The relative efficiency plotted against the probability of observing each
entry, p, when σ = 1. Training errors are measured over the observed entries, test
errors over the unobserved entries, and total errors over all entries.
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Figure 2.2: Change of the absolute errors when the probability of observing each
entry, p increases and σ = 1.
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for convergence presented in Section 2.4 are not satisfied. In real life applications,
however, it is not common to observe such large noises that dominate the signals.
Figure 2.4 shows the change of the absolute errors that are used to compute relative
efficiencies in Figure 2.3.

Figure 2.5 shows convergence of the iterates of Adaptive-Impute to the underlying
low-rank matrix over iterations; that is, the change of log Total(Zt), Training(Zt),
and Test(Zt) errors as t increases. Across all plots, n = 1700, d = 1000, p = 0.1,
and the errors were averaged over 100 replicates. In all cases, we observe that
Adaptive-Impute converges well. Particularly, the smaller value of noise and/or rank
is, the faster Adaptive-Impute converges.

A real data example

We applied Adaptive-Impute and the competing methods to a real data, MovieLens
100k (GroupLens (2015)). We used 5 training and 5 test data sets from 5-fold CV
which are publicly available in GroupLens (2015). For the rank used in Adaptive-
Impute and softImpute-type algorithms with rank constraint, we chose 3 based on a
scree plot (Figure 2.6). Lemma 2 in Cho et al. (2015a) provides justification of using
the scree plot and the singular value gap to choose the rank. For the thresholding
parameters for softImpute-type algorithms, we chose the optimal values which result
in the smallest test errors. The test errors were measured by normalized mean
absolute error (NMAE) (Herlocker et al. (2004)),

1
(Mmax −Mmin)|Ωtest|

∑
(i,j)∈Ωtest

|M̂ij −Mij|,

where the set Ωtest contains indices of the entries in test data, |Ωtest| is the car-
dinality of Ωtest, Mmax = max{{Mi,j} \ 0} is the largest entry of M, and Mmin =

min{{Mi,j} \ 0} is the smallest entry ofM.
Figure 2.7 summarizes the resulting NMAEs. Five points in the x-axis corre-

spond to the 5-fold CV test data, the y-axis represents the values of NMAE, and
the five different lines on the plane correspond to the 5 different algorithms in
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Figure 2.3: The log relative efficiency plotted against the SD of each entry of εwhen
p = 0.1. Training errors are measured over the observed entries, test errors over
the unobserved entries, and total errors over all entries.



53

0 10 20 30 40 50

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Total (Rank=5)

Noise Level

E
rr

or

●● ●
●

●

●

●● ●
●

●

●

0 10 20 30 40 50

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Training (Rank=5)

Noise Level

E
rr

or

●● ●
●

●

●

●● ●
●

●

●

0 10 20 30 40 50

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Test (Rank=5)

Noise Level

E
rr

or

●● ●
●

●

●

●● ●
●

●

●

●

●

Adaptive−Impute
SoftImpute
SoftImpute−Rank
SoftImpute−ALS
SoftImpute−ALS−Rank

0 10 20 30 40 50

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

1.
2

Total (Rank=10)

Noise Level

E
rr

or

●● ●
●

●

●

●● ●
●

●

●

0 10 20 30 40 50

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

1.
2

Training (Rank=10)

Noise Level

E
rr

or

●● ● ●

●

●

●● ● ●

●

●

0 10 20 30 40 50

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

1.
2

Test (Rank=10)

Noise Level

E
rr

or

●● ●
●

●

●

●● ●
●

●

●

0 10 20 30 40 50

0.
0

0.
5

1.
0

1.
5

Total (Rank=20)

Noise Level

E
rr

or

●● ● ●

●

●

●● ● ●

●

●

0 10 20 30 40 50

0.
0

0.
5

1.
0

1.
5

Training (Rank=20)

Noise Level

E
rr

or

●● ● ●

●

●

●● ● ●

●

●

0 10 20 30 40 50

0.
0

0.
5

1.
0

1.
5

Test (Rank=20)

Noise Level

E
rr

or

●● ● ●

●

●

●● ● ●

●

●

0 10 20 30 40 50

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

Total (Rank=50)

Noise Level

E
rr

or

●● ●
●

●

●

●● ● ●
●

●

0 10 20 30 40 50

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

Training (Rank=50)

Noise Level

E
rr

or

●● ● ●
●

●

●● ● ● ●

●

0 10 20 30 40 50

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

Test (Rank=50)

Noise Level

E
rr

or

●● ●
●

●

●

●● ● ●
●

●

Figure 2.4: Change of the absolute errors when the SD of each entry of ε increases
and p = 0.1.
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Figure 2.5: Convergence of the iterates of Adaptive-Impute to the underlying low-
rank matrix. In all plots, n = 1700, d = 1000, p = 0.1, and all points were averaged
over 100 replicates.
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Figure 2.6: Log of the top 50 singular values of the MovieLens 100k data matrix
(GroupLens (2015)).

comparison. We observe that Adaptive-Impute outperforms all of the other algo-
rithms. Specifically, the test errors of Adaptive-Impute reduce those of softImpute-type
algorithms by 6%-16%. Among softImpute-type algorithms, the ones with rank con-
straint (i.e. softImpute-Rank and softImpute-ALS-Rank) performs better than the ones
without (i.e. softImputeand softImpute-ALS). This is the same result to the simulation
results.

2.6 Discussion

Choosing the right thresholding parameter for matrix completion algorithms using
thresholded SVD often poses empirical challenges. This paper proposed a novel
thresholded SVD algorithm for matrix completion, Adaptive-Impute, which employs
a theoretically-justified and data-dependent set of thresholding parameters. We
established its theoretical guarantees on statistical performance and showed its
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Figure 2.7: The NMAEs of Adaptive-Impute and its competitors measured in 5-fold
CV test data from MovieLens 100k (GroupLens (2015)).

strong performances in both simulated and real data. It provides understanding on
the effects of thresholding and the right threshold level. Yet, there is a newly open
problem. Although we proposed a reasonable remedy in the paper, the choice of
the rank of the underlying low-rank matrix is of another great practical interest. To
estimate the rank and completely automate the entire procedure of Adaptive-Impute
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would be a potential direction for future research.
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3 estimating induced subgraphs in samples of labeled
graphs

3.1 Introduction

Network is a vibrant area in statistics, biology, and computer science. Networks
describe connections among nodes, such as people’s friendships (represented online
by Facebook, Twitter, etc.) or functional relationships between proteins in a living
cell. Recently, an emerging type of data in these fields is samples of labeled networks
(or graphs) and the associated characteristics. The “labels" of networks imply that
the nodes are labeled and that the same set of nodes reappear in all of the networks.
Also, “labels" have a dual meaning that there are values (e.g. age, gender, or healthy
v.s. sick) or vectors of values associated with each network.

The statistical literature has produced a number of relevant new models, method-
ologies, and theoretical results for network data (e.g. Hoff et al. (2002), Airoldi
et al. (2009), Bickel and Chen (2009)). These results have focused on studying a
network in isolation. However, in many cases, we encounter multiple networks.
In this chapter, we suggest statistical methods to simultaneously analyze multiple
networks or multiple networks together with the associated characteristics. Par-
ticularly, we propose estimation methods for induced subgraphs from sampled
networks which vary with the associated characteristics. The proposed methods
deploy three basic statistical tools to this novel data regime; principal component
analysis (PCA), linear regression, and canonical correlation analysis (CCA). In case
where only multiple networks are observed, PCA can find us induced subgraphs
that have the most variability across all of the sampled networks If in addition to
multiple networks, a characterizing value (e.g. age, gender, or healthy v.s. sick)
to each network is also observed, we can study more direct relationship between
networks and the associated characteristics using linear(trace) regression. If several
different values are observed as an associated characteristic to each network, CCA
can be a good way to analyze them. The most similar to our work is a series of
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methods developed for graph classification (Vogelstein et al. (2013)). We can make
use of the results from our suggested method for graph classification, but our
interest is rather to understand the general variability across the networks and find
induced subgraphs that are closely related to it than to focus on classification of
graphs.

In the following sections, we introduce an interesting data that motivated our
research (section 3.2), give a definition of induced subgraphs (section 3.3), develop
PCA, linear(trace) regression, and CCA penalized by sparsity and low-rank con-
straints using the Alternating Direction Method of Multipliers (ADMM) in Boyd
et al. (2011) (section 3.4), show the results of data analysis (section 3.5), and conclude
with discussion (section 3.6).

Preliminaries The following notations will be used throughout the chapter. || · ||1
denotes the `1 norm, || · ||1,1 denotes a matrix version of the `1 norm, || · ||2 denotes the
`2 norm, || · ||∗ denotes the nuclear norm, and || · ||F denotes the Frobenius norm. For
two matrices A and B of the same size, 〈A,B〉 = tr(ATB) denotes a matrix version
of the inner product where tr(Z) for a square matrix Z is the sum of diagonals on
Z. Let z be a vector in Rp2 and Z be a matrix in Rp×p. Then, V(Z) ∈ Rp2 denotes
a stack of columns of Z and M(z) denotes a matrix in Rp×p whose first column is
the first m elements of z, second column is the next m elements of z, and so on.
The i-th row of a matrix Z is denoted by Zi·, the j-th column of Z is by Z·j, and the
element in i-th row and j-th column of Z is by Zij.

Throughout, we study n number of samples of labeled graphs (or networks)
and the associated characteristics. Define the k-th sampled graph as G(k)(V ,E(k))
and the associated characteristic y(k) ∈ Rq, where k ∈ {1, . . . ,n}, q > 1, V =

{v1, v2, . . . , vp} is the node set that is common in all G(k), and E(k) is the edge set
that contains a pair (i, j) if there is an edge from node vi to node vj in G(k). E(k) can
be represented by the adjacency matrix A(k) ∈ Rp×p. A(k)

ij > 0 if (i, j) is in the edge
set E(k) and A(k)

ij = 0 otherwise. E = ∪kE(k) is a collection of all edge sets. Define
the diagonal matrices R(k) ∈ Rp×p and O(k) ∈ Rp×p and the normalized Graph
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Laplacian L(k) ∈ Rp×p in the following way:

R
(k)
ii =

∑
j

A
(k)
ij , O

(k)
jj =

∑
i

A
(k)
ij , and L(k) = (R(k))−1/2A(k)(O(k))−1/2.

The design matrices X(A) and X(L) in Rn×p2 denote
(
V(A(1)), . . . ,V(A(n))

)T and(
V(L(1)), . . . ,V(L(n))

)T , respectively, so that the k-th row of X(A) is a vectorized
adjacency matrix A(k) and the k-th row of X(L) is a vectorized normalized Graph
Laplacian L(k). Sometimes, we simply use X to indicate a design matrix and in
such cases, X can be interpreted as either X(A) or X(L). Regarding the associated
characteristic y(k) ∈ Rq, if it is a scalar so that q = 1, y = (y(1), . . . ,y(n) )T denotes
a vector in Rn, and if it is a vector so that q > 1, Y = (y(1), . . . ,y(n) )T denotes a
matrix in Rn×q.

3.2 Human transcriptional regulatory network data

The data used in this analysis consist of 41 human regulatory networks and their
associated group labels. Specifically, Neph et al. (2012) assembled 41 human regu-
latory networks, each of which represent interactions between 475 transcription
factors (TFs) in a human cell type, using genome-wide maps of in vivo DNaseI
footprints. Then, they classified the 41 human cell types into 8 groups based on the
developmental and functional properties. One of their goals was to understand
variability between networks of different functional types and similarity within the
same type and to find the TFs which play an pivotal role in it. So, they applied Ward
clustering to 41 cell-type networks, each of which represented by the NND vector, a
vector that encapsulates the relative number of interactions observed in a cell type
for each of the 475 TFs (Alon (2006)). The resulting clusters strikingly parallel the
functional groups (Figure 3.1) and the functionally-related cell types share similar
core transcriptional regulatory networks. However, their analysis resulted from
summarizing the networks in isolation and comparing the summaries rather than
simultaneously analyzing all networks, the latter of which is a goal of this research.
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Figure 3.1: Figure 4 in Neph et al. (2012). Part A is obtained by taking an NND vector
as a location of each cell type in R475 and performing Ward clustering. We can see that
functionally related groups are almost perfectly clustered together. Part B shows how the
master regulatory TFs contribute to the clustering of functionally related cell-type networks

In the following sections, we develop methods to estimate node-induced sub-
graphs whose interaction patterns differ depending on the associated characteristics
of the regulatory networks. As a first step, we provide the exact definition of induced
subgraphs
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3.3 Induced subgraphs

Among all possible subgraphs, we are particularly interested in induced subgraphs
of two types: A node-induced subgraph is a subset of the nodes in sampled graphs
together with all edges whose endpoints are both in the subset. A formal definition
of this is

G ′(V ′,E ′) where V ′ ⊂ V and E ′ = {(i, j) ∈ E |∀i ∈ V ′,∀j ∈ V ′} .

When the nodes (or TFs), edge density or graph pattern within which changes
between the networks, are main interests, we would look for a node-induced sub-
graph.

An edge-induced subgraph is a subset of the edges in sampled graphs together
with all nodes that are the edges’ endpoints. A formal definition of this is

G ′′(V ′′,E ′′) where E ′′ ⊂ E and V ′′ = {vi, vj ∈ V |∀(i, j) ∈ E ′′} .

When specific edges (or signals between brain spots) driving different characteristics
between subjects are main interests, we would look for an edge-induced subgraph.

Since our interest is in finding master TFs, interaction patterns among which are
different between networks of different functional types and similar within the same
type, we focus on developing methods for estimating node-induced subgraphs.
Hereafter, we simply call a node-induced subgraph as an induced subgraph.

3.4 Methods

Motivation

Suppose that we have paired samples (A(k),y(k)),k = 1, . . . ,n where A(k) ∈ Rp×p,
y(k) ∈ R, and

y(k) = 〈A(k),B〉+ εk, k ∈ {1, . . . ,n}, (3.1)



63

for B ∈ Rp×p and i.i.d. εk ∈ R with mean zero and variance σ2. Note that 〈A(k),B〉
is the sum of element-by-element multiplications between A(k) and B. So, B picks
up all edges in A(k) that correspond to nonzero elements of B and drops off all
edges in A(k) that correspond to zeros of B. In light of this, to find a node-induced
subgraph which associates with the change of y(k), the coefficient matrix B should
be blockmized. To estimate a blockmized B, we will apply sparsity and low-rank
constraints, ‖·‖1,1 and ‖·‖∗ , on B.

Estimation

In this section, we introduce estimation methods to find induced subgraphs based
on the adjacency matrices, A(k),k = 1, . . . ,n, and the design matrix X(A) abbre-
viated to X for ease of notation. However, the same discussion can be applied to
the normalized Graph Laplacians, L(k),k = 1, . . . ,n, and the corresponding design
matrix X(L). We also assume that y, Y, and X are centered throughout this section.

To find a blockmized B in (3.1), we solve the following problem

min
B∈Rp×p

1
2

n∑
k=1

(
y(k) − 〈A(k),B〉

)2
+ λ ‖B‖1,1 s.t. ‖B‖∗ 6 c (3.2)

where B = M(β). Note that the latter equation of (3.2) is in fact a Trace regression
with sparse and low-rank constraints.

The explicit form of solution to (3.2) does not exist, but using the ADMM, the
problem can be solved. Let Nc = {M ∈ Rp×p : ‖M‖∗ 6 c} and INc be the convex
indicator function which takes the values 0 and +∞ on and off Nc. Then, the
problem (3.2) can be written into the ADMM problem

min
B,F∈Rp×p

INc(B) +
1
2

n∑
k=1

(
y(k) − 〈A(k),B〉

)2
+ λ ‖F‖1,1 s.t. B− F = 0 (3.3)
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and its solution given by Boyd et al. (2011) is

B(new) = arg min
B

INc(B) +
1
2

n∑
k=1

(
y(k) − 〈A(k),B〉

)2
+
ρ

2
‖B− F+U‖2

= arg min
B∈Nc

1
2

n∑
k=1

(
y(k) − 〈A(k),B〉

)2
+
ρ

2
‖B− F+U‖2

= arg min
M(β)∈Nc

1
2
‖y− Xβ‖2

+
ρ

2
‖β− f+ u‖2

=: PNc

{
M

[(
I+

1
ρ
XTX

)−1(1
ρ
XTy+ f− u

)]}
F(new) = arg min

F

λ ‖F‖1,1 +
ρ

2
∥∥F− B(new) −U

∥∥2

=: Sλ/ρ(B
(new) +U)

U(new) = U+ B(new) − F(new)

where β = V(B), f = V(F),u = V(U), and PNc is the Euclidean projection onto Nc.
The entire steps are summarized in the algorithm 5.

Algorithm 5 Trace regression with sparsity and low-rank constraints
Require: A, X, y, λ > 0, c > 0, ρ > 0, ε > 0
F(0) ← 0,U(0) ← 0 # Initialization
repeat t = 1, 2, . . .

B(t) ← PNc

{
M

[(
I+ 1

ρ
XTX

)−1 (
1
ρ
XTy+ f(t−1) − u(t−1)

)]}
#

Projection
F(t) ← Sλ/ρ

(
B(t) +U(t−1)) # Elementwise soft thresholding

U(t) ← U(t−1) + B(t) − F(t) # Dual variable update
until ‖B(t) − F(t)‖2

2 ∨ ρ
2‖F(t) − F(t−1)‖2

2 6 ε
2 # Stopping criterion

return F(t)
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Extension

We can extend the idea of estimating induced subgraphs to the case where only
sampled networks are available and the case where both sampled networks and
associated vector-valued characteristics are available.

PCA with sparse and low-rank constraints

Suppose that we have multiple networks. To find induced subgraphs that vary
across the networks, we propose the following sparse and low-rank PCA problem

min
u∈Rn,‖u‖=1,v∈Rp2

1
2
∥∥X− uvT

∥∥2
F
+ γ ‖v‖1 + τ ‖M(v)‖∗ (3.4)

for a design matrix X ∈ Rn×p2 . Note that without the low-rank penalization term,
τ ‖M(v)‖∗, this problem setting is the same as sPCA-rSVD in Shen and Huang
(2008). The solution for (3.4) is given by an iterative update as in Shen and Huang
(2008);

v(new) = arg min
v∈Rp2

1
2
∥∥X− uvT

∥∥2
F
+ γ ‖v‖1 + τ ‖M(v)‖∗ (3.5)

u(new) = arg min
u:‖u‖=1

1
2

∥∥∥X− uv(new)T
∥∥∥2

F

= Xv(new)/
∥∥Xv(new)

∥∥
2 .

Unlike the update u(new) where an explicit form of solution exists, the update
v(new) does not have an explicit form, so we use the Alternating Direction Method
of Multipliers (ADMM) from Boyd et al. (2011) to solve (3.5). The ADMM problem
we solve is

min
q,w∈Rp2

1
2
∥∥X− uqT

∥∥2
F
+ γ ‖w‖1 + τ ‖M(q)‖∗ s.t. q−w = 0 .



66

The solution for this is (Boyd et al. (2011))

q(new) = arg min
q

1
2
∥∥X− uqT

∥∥2
F
+ τ ‖M(q)‖∗ +

ρ

2
‖q−w+ s‖2

2

=
∑
j

(
σj(Z) −

τ

1 + ρ

)
+

uj(Z)vj(Z)
T , where Z = M

(
XTu+ ρ(w− s)

1 + ρ

)
w(new) = arg min

w

γ ‖w‖1 +
ρ

2
∥∥w− q(new) − s

∥∥2
2

=: Sγ/ρ(q
(new) + s)

s(new) = s+ q(new) −w(new) .

where (z)+ := max(z, 0) for a z ∈ R, σj(Z) denotes the j-th singular value ofZ, uj(Z)
and vj(Z) denote the j-th left and right singular vectors of Z, respectively, and Sγ/ρ

is the elementwise soft thresholding operator. The entire steps are summarized in
the algorithm 6.

CCA with sparse and low-rank constraints

Suppose that data contain paired samples (y(k),A(k)),k = 1, . . . ,n, where y(k) ∈
Rq,q > 1 is a vector. This creates two design matrices X =

(
V(A(1)), . . . ,V(A(n))

)T
∈ Rn×p2 and Y = (y(1), . . . ,y(n))T ∈ Rn×q and to find induced subgraphs, we
propose sparse and low-rank CCA method.

Canonical correlation analysis (CCA) is a multivariate statistical model that
facilitates the study of interrelationship among sets of multiple dependent variables
and multiple independent variables (Lattin et al. (2003), Green (2014)). Whereas
multiple regression predicts a single dependent variable from a set of multiple
independent variables, canonical correlation simultaneously predicts multiple
dependent variables from multiple independent variables. The CCA problem is
defined as

max
g∈Rq1 ,h∈Rq2

gTXTYh s.t. gTXTXg 6 1 and hTYTYh 6 1 (3.6)
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Algorithm 6 PCA with sparsity and low-rank constraints
Require: X, γ > 0, τ > 0, ρ > 0, ε1 > 0, ε2 > 0

Let σu∗v∗T be the best rank-one approximation of X. Then,
u(0) ← u∗, v(0) ← σv∗ # Initialization
repeat t = 1, 2, . . .

repeat ` = 1, 2, . . .
q(`) ←

∑
j

(
σj(Z

(`−1)) − τ
1+ρ

)
+
uj(Z

(`−1))vj(Z
(`−1))T

where Z(`−1) = M
(
XTu(`−1)+ρ(w(`−1)−s(`−1))

1+ρ

)
w(`) ← Sλ/ρ(q

(`) + s(`−1))

s(`) ← s(`−1) + q(`) −w(`)

until
∥∥q(`) −w(`)

∥∥2
2 ∨ ρ

2
∥∥w(`) −w(`−1)

∥∥2
2 6 ε

2
1

v(t) ← w(`) # Update v
u(t) ← Xv(t)/

∥∥Xv(t)∥∥2 # Update u
until

∥∥v(t) − v(t−1)
∥∥2

2 ∨
∥∥u(t) − u(t−1)

∥∥2
2 6 ε

2
2 # Stopping criterion

return u(t), v(t)

where the two design matrices X ∈ Rn×q1 and Y ∈ Rn×q2 are centered and q1 and
q2 are at least two. It finds a set of weights g and h, for X and Y, respectively, so
that the correlation between the linear combinations of Xg and Yh is maximized.
Now, to find induced subgraphs, we impose sparsity and low-rank constrains to g
so that the proposed sparse and low-rank CCA problem becomes

max
g∈Rp2 ,h∈Rq

gTXTYh−ω ‖g‖1 − µ ‖M(g)‖∗ s.t. gTg 6 1 and hTh 6 1 . (3.7)

Note that this is a special case of the penalized CCA suggested in Witten et al. (2009).
The solution to (3.7) is given by

g(new) = arg max
g∈Rp2

gTXTYh−ω ‖g‖1 − µ ‖M(g)‖∗ s.t. gTg 6 1 (3.8)
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h(new) = arg max
h∈Rq

gTXTYh s.t. hTh 6 1

= YTXg(new)/
∥∥YTXg(new)

∥∥
2 .

Since there is no explicit form of solution for the update g(new), we solve the
problem (3.8) using ADMM. The ADMM problem to solve (3.8) is

min
a,r∈Rp2

−aTXTYh+ω ‖r‖1 + µ ‖M(a)‖∗ s.t. aTa 6 1

and the solution to this is given by Boyd et al. (2011) as follows;

a(new) = arg min
a:‖a‖261

−aTXTYh+ µ ‖M(a)‖∗ +
ρ

2
‖a− r+ e‖2

=
1
κ

∑
j

(
σj(M) −

µ

ρ

)
+

uj(M)vj(M)T , whereM = M

(
XTYh+ ρ(r− e)

ρ

)
r(new) = arg min

r

ω ‖r‖1 +
ρ

2
∥∥r− a(new) − e

∥∥2

=: Sω/ρ(a
(new) + e)

e(new) = e+ a(new) − r(new) .

where κ =
∥∥∥∑j

(
σj(M) − µ

ρ

)
+
uj(M)vj(M)T

∥∥∥
2
. The entire steps are summarized

in the algorithm 7.

3.5 Results

Setup

Let A(k) ∈ {0, 1}475×475,k = 1, . . . , 41 be the adjacency matrices representing the
regulatory networks of 475 TFs from 41 tissue cells so that A(k)

i,j = 1, if the i-
th TF regulates the j-th TF in the k-th cell, and = 0, otherwise. In the analysis,
to rule out the worries about the degree imbalance between the TFs, we used
the normalized Graph Laplacians, L(k) ∈ {0, 1}475×475,k = 1, . . . , 41, derived from
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Algorithm 7 CCA with sparsity and low-rank constraints
Require: X, Y,ω > 0, µ > 0, ρ > 0, ε1 > 0, ε2 > 0

Let g∗ and h∗ be the solutions to the CCA problem (3.6). Then,
g(0) ← g∗ ∈ Rp2 , h(0) ← h∗ ∈ Rq # Initialization
repeat t = 1, 2, . . .

repeat ` = 1, 2, . . .
a(`) ← 1

κ(`)

∑
j

(
σj(M

(`−1)) − µ
1+ρ

)
+
uj(M

(`−1))vj(M
(`−1))T

whereM(`−1) = M
(
XTYh(`−1)+ρ(r(`−1)−e(`−1))

ρ

)
r(`) ← Sω/ρ(a

(`) + e(`−1))

e(`) ← a(`−1) + r(`) − e(`)

until
∥∥a(`) − r(`)

∥∥2
2 ∨ ρ

2
∥∥r(`) − r(`−1)

∥∥2
2 6 ε

2
1

g(t) ← r(`) # Update g
h(t) ← YTXg(t)/

∥∥YTXg(t)∥∥2 # Update h
until

∥∥g(t) − g(t−1)
∥∥2

2 ∨
∥∥h(t) − h(t−1)

∥∥2
2 6 ε

2
2 # Stopping criterion

return g(t),h(t)

A(k) ∈ {0, 1}475×475,k = 1, . . . , 41.
For the associated characteristic y(k) to the adjacency matrix A(k), we could

employ 8 functional group labels given by Neph et al. (2012), but instead of using
them, we found and used real-valued associated characteristics that remarkably
parallel the funcional grouping. Specifically, we first computed the similarities
between L(k),k = 1, . . . , 41 by computing Sij = 〈L(i),L(j)〉 and created a similarity
matrix S = {〈L(i),L(j)〉}41

i,j=1 ∈ R41×41. If we had computed the similarity Sij with
〈A(i),A(j)〉 instead of 〈L(i),L(j)〉, Sij would have indicated the number of common
ones (edges) between A(i) and A(j), that is, the number of the same TF interaction
patterns observed in both i-th and j-th cell types. Since L(k) are the normalized
version of A(k), the similarities Sij = 〈L(i),L(j)〉 can be considered as a normalized
version of 〈A(i),A(j)〉. Now, Eigen-decompose S and let

S = ΓDΓT = (ΓD1/2) (ΓD1/2)T = ΛΛT where Λ = ΓD1/2, (3.9)
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where Γ ∈ R41×41 contains the eigenvectors of S and D ∈ R41×41 contains the
eigenvalues of S. Take and plot the 1st column of Λ, and we obtain Figure 3.2.
It shows that the 8 functional groups of cell types are well-clustered, and they

Figure 3.2: Plotting the first column of Λ.

can be more divided into two larger groups than 8 functional groups, Epithelia,
Endothelia, Stromal, and Visceral cells under the dotted line versus the rest cell
types above the dotted line. We set the 1st column of Λ as a response variable y
and found the induced subgraph which drives such patterns of y using (3.2).

Under this setup, the estimation problem (3.2) can be written similarly as a
sparse and low-rank PCA. Specifically, let X(L) =

(
V(L(1)), . . . ,V(L(n))

)T
= UΣVT

by singular value decomposition. Then, by construction,

S = {〈L(i),L(j)〉}41
i,j=1 = X

(L)X(L)T = (UΣ)(UΣ)T = (X(L)V)(X(L)V)T .

Since S = ΛΛT from (3.9), by taking y as the 1st column of Λ, the model (3.1) can
be viewed as

y = X(L)β+ ε = X(L)V·1 + ε =


〈L(1),B〉
〈L(2),B〉

...
〈L(n),B〉

+ ε



71

and estimation problem (3.2) as a procedure of approximating V·1 with a sparse
and low-rank B = M(β). Note that the sparse and low-rank PCA in eqrefeqn:sl-pca
finds loading vectors that maximize the variance of the corresponding principal
component and that is sparse and has low-rank when transformed into a matrix.
In this case, we do not know in advance what the resulting principal component
would be. Contrarily, in the case above where y = Λ·1 and X = X(L), we first find
the principal component by the ordinary PCA method and then make use of it to
estimate the sparse and low-rank loading vector. That is, in the latter case, we try
to recover the loading vector that gives the given principal component and that
satisfies the sparse and low-rank assumptions.

Below, we show the analysis results.

Results

To choose the best tuning parameters, we performed 5-fold cross validation with
the loss function, ‖y(test)−X(test)β̂(train)‖2 and chose the values which minimized
the loss. The resulting estimate, B̂ = M(β̂), had 69 nonzero elements and was
nearly of rank 4, meaning that the singular values except for the first 4 were much
smaller than 10−6. Figure 3.3 shows the selected 69 TF interactions across 41 cell
types that correspond to the nonzero elements of B̂ so that the i-th column of Figure
3.3 shows which edges among 69 are active and which edges are not active in each
cell type. We can observe that Epithelia, Endothelia, Stromal, and Visceral cells
share similar graph pattern around part B, and so do the rest of cell types. Edges
around part A are only active in Blood cells.

In particular, we choose two subgraphs from Figure 3.3; the first subgraph,
denoted by A, distinguishes blood cells from the rest and the second subgraph,
denoted by B, distinguishes a group of Epithelia, Stromal, and Visceral cells from
the rest. These two subgraphs are depicted across 41 cells in Figure 3.4 and 3.5.



72

Figure 3.3: (sparse and low-rank linear regression) The graph presents how the 69 edges
selected by the estimate B̂ behave in each of 41 cell types. From the left, Epithelia, Blood,
Endothelia, Fetal, Stromal, Visceral, Cancer, Embryonic Stem cells are presented. The edges
belonging to A and B distinguish Blood cells from the rest and a group of Epithelia, Stromal,
and Visceral cells from the rest, respectively.

3.6 Discussion

We proposed and implemented methods to estimate induced subgraphs from sam-
ples of labeled graphs. Specifically, we developed sparse and low-rank Linear(trace)
Regression, PCA, and CCA using the ADMM. Applying these methods to a real
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Figure 3.4: A signature subgraph A which distinguish blood cells from the rest.
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Figure 3.5: A signature subgraph B which distinguish Epithelia, Stromal, Visceral cells
from the rest.
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data, 41 human transcriptional factor regulatory networks, gave us interesting re-
sults. Still, for theoretical guarantees of the proposed estimation methods, a further
investigation should follow. We leave this as a future research.
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a appendix for chapter 1

Proofs for Lemma 1.3.1

Proof of Lemma 1.3.1. Let

My = [(ykh − p)M0kh]16k6n,16h6d and εy = [ykhεkh]16k6n,16h6d ,

both in Rn×d. Then,M = pM0 +My + εy and

Σ̂ = p2MT
0M0 +M

T
yMy + ε

T
yεy

+pMT
0My + pM

T
yM0 + pM

T
0 εy + pε

T
yM0 +M

T
yεy + ε

T
yMy. (A.1)

The result (1.2) follows since under the model setup in Section 3.5,

EMy = 0, Eεy = 0, E(MT
yMy) = p(1 − p)diag(MT

0M0), E(εTyεy) = npσ2Id,

E(MT
0My) = 0, E(MT

0 εy) = 0, and E(MT
yεy) = 0.

We can similarly show the result (1.3).

Proofs for Section 1.6

Proof of Proposition 1.6.1. We only show the result (1.16), since the other result can
be shown similarly.

Let
E =

{
1
nd

|λ̈p
2
m+1 − λ

2
pm+1| < t

}
,

where t = C1p
logn
d

+C2p
3/2
√

logn
n

. Note that t
p2 → 0. By Weyl’s theorem (Li (1998a))

and Lemma 1.6.1, we have for large constants C1,C2 > 0,

P(Ec) 6 P
(

1
nd

∥∥Σ̂p − EΣ̂p
∥∥

2 > t

)
= O(n−2).
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Thus, for large n,
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where 1E is an indicator function of an event E, the first inequality is due to the fact
that ‖ sin(V̂(m),V(m)

p )‖2
F 6 m and Davis-Kahan sin θ theorem (Theorem 3.1 in Li

(1998b)), and the last inequality holds by Lemma A.0.1 below.

Lemma A.0.1. Under the model setup in Section 3.5 and Assumption 3, we have for large
n and d,

E
∥∥∥∥ 1
nd

1
p2

(
Σ̂p − EΣ̂p

)
V(m)

∥∥∥∥2

F

6
C1
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(A.3)

and

E
∥∥∥∥ 1
nd

1
p2

(
Σ̂pt − EΣ̂pt

)
U(m)

∥∥∥∥2

F

6
C2

pd
,

where Σ̂p and Σ̂pt are defined in (1.4) and C1 and C2 are generic constants free of n,d, and
p.

Proof of Lemma A.0.1. We only show the result (A.3) because the other result holds
similarly.
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From (A.1), (1.4), Proposition 1.3.1, and triangle inequality, we have
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We examine the convergence rates of the above terms, (A)-(H).
First, consider the term (A) in (A.4). Then, we have
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= p2(1 − p)L4
d∑
i=1

m∑
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n∑
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1

6 Cp2(1 − p)nd. (A.5)

Similarly to (A.5), we can show that the expected values of the terms (B), (D), (F), (G),
and (H) squared are bounded by Cp2nd.

Second, consider the term (C) in (A.4). Then, we have
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where the last inequality holds due to Cauchy-Schwarz inequality.
Lastly, for the term (E) in (A.4),
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where last inequality holds due to Cauchy-Schwarz inequality.
The result follows from (A.5)-(A.7).

Lemma A.0.2. Under the model setup in Section 3.5 and Assumption 3, we have for any
given ξ1 > 0,
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Thus, by Proposition 1 in Koltchinskii et al. (2011a), we have
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In a similar way together with Proposition 2 in Koltchinskii et al. (2011a), we
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√
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Proof of Lemma 1.6.1. We only show the result (1.17) because the other result holds
similarly.

From (A.1), Proposition 1.3.1 and triangle inequality, we have
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Because of similarity, we provide arguments only for (I) and (IV).
Consider the term (I) in (A.9). First, we have by Lemma A.0.2
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with probability at least 1 − O(n−µ1). Also, we have with probability at least
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where the second inequality holds by (A.12) below. Take t2 = c
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By (A.10) and (A.11), we have
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with probability at least 1 −O(n−µ1). Similarly, we can show that (II) and (V) are
bounded by Cp logn
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with probability at least 1 −O(n−µ1).
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Consider the term (IV) in (A.9). We have
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Similarly,
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By (A.14) and (A.15), with probability at least 1 −O (n−µ1),
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Similarly, we can show that (III) is bounded by Cp3/2
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with probability at
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The statement is showed by (A.13) and (A.16).

Proof of Lemma 1.6.2. We only show the result (1.18) because the other result holds
similarly.

By triangle inequality, we have
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We will look at the terms in (A.17) one by one.
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Take t2 = c
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nd2 for some large constant c > 0. Then, since y2
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2
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variables, we have by Proposition 5.16 in Vershynin (2010),
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Combining the results in (A.17)-(A.20), we have
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with probability at least 1 −O (n−ν1).

Proof of Lemma 1.6.3. We only show the result (1.19) because the other result holds
similarly.
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where the fourth inequality holds by Hölder’s inequality and the fifth inequality is
due to the fact that
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Proofs for Section 1.6

Lemma A.0.3. Under the model setup in Section 3.5 and Assumption 3, we have
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√
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p3nd

)
, where λpi and λi are defined in (1.4) and (2.1), respectively.

Proof of Lemma A.0.3. We have
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= (a) + (b) + (c) + (d) + (e) + (f), (A.24)

where O ∈ Vm,m is a solution to infQ∈Vm,m‖V
(m)
p −V(m)Q‖2

F and the fourth equality
holds by (1.4) and (A.1). Below, we examine the six terms (a)-(f) one by one.

The term (a) in (A.24) is
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Note that the two terms in (A.25) are centered and uncorrelated with each other.
So, the variance is

var(a) =

{
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6 Cp2(1 − p)n, (A.26)

where the first inequality is due to Jensen’s inequality. This shows that the term
(a) is Op(p

√
n). Similarly, we can show that the terms (b) and (e) are Op(p

√
n).

The term (c) in (A.24) is
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where the last inequality is due to Assumption 3(1) and the fact that
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The term (d) in (A.24) is
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Then, its variance is
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where the last inequality is due to Assumption 3(1) and the fact that
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The term (f) in (A.24) is

|(f)| =
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where Oi is the i-th column of O and the last equality holds by Proposition 1.6.1,
(1.9), and (1.25).

Therefore, the result follows from (A.24)-(A.29).

Proof of Proposition 1.6.2. By Cramèr-Wold device, it is enough to show that for any
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where the second equality holds by Lemma A.0.3. Since the terms (a) and (b) are
centered and not correlated with each other under the model setup in Section 3.5,
we have
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where the third equality is due to (A.27), (A.28) and Assumption 3(1). Note that
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Thus, Liapunov’s condition is satisfied with (a) + (b) because we have
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where the first inequality holds by Assumption 3(1), and the last two lines are due
to Cauchy-Schwarz inequality.

By (A.30)-(A.33), Liapunov CLT and Slutsky theorem, we have
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→ N (0, 1) in distribution, as n,d→∞.

Proof of Proposition 1.6.3. Similarly to the proof of (A.24), we have
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Since the first five terms, (A)-(E), are centered, we only need to check their
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where the inequality is due to Jensen’s inequality. Similarly, the variance of the
term (D) is O(pn).
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Now, consider the term (F). Similarly to the proof of (A.29),

|(F)| 6
1

d− r

∣∣tr (VTpcΣ̂pVpc − OTVTc Σ̂pVcO
)∣∣

6
1

d− r

d−r∑
i=1

∣∣VpcTi Σ̂pVpci − OTi V
T
c Σ̂pVcOi

∣∣
6

1
d− r

· 2λ2
p1 ‖Vpc − VcO‖

2
F

6
1

d− r
· 4λ2

p1 ‖sin (Vpc,Vc)‖2
F

=
1

d− r
· 2λ2

p1

∥∥VpcVTpc − VcVTc ∥∥2
F

=
1

d− r
· 2λ2

p1

∥∥(Id − VpVTp ) − (Id − VV
T )
∥∥2
F

=
1

d− r
· 2λ2

p1

∥∥VpVTp − VVT
∥∥2
F

=
1

d− r
· 4λ2

p1 ‖sin(Vp,V)‖2
F

= Op(p),

where Oi is the i-th column of O, the third inequality can be derived similarly to
the proof of (1.24), and the last equality holds by Proposition 1.6.1 and (1.25).

Proofs for Section 1.6

Proof of Proposition 1.6.4. Let∆λi = λ̂i−λi, ∆Ui = sign(〈Ûi,Ui〉)Ûi−Ui, and∆Vi =
sign(〈V̂i,Vi〉)V̂i − Vi for all i ∈ {1, . . . , r}. Similarly to the proof of Theorem 1.4.2,
we can show that for all i = 1, . . . , r,

|∆λi | = Op

(
1
√
p
+

1
p

√
d

n

)
. (A.34)

Then,

∥∥M̂(s0) −M0
∥∥2
F



98

=

∥∥∥∥∥
r∑
i=1

s0i λ̂iÛiV̂
T
i −

r∑
i=1

λiUiV
T
i

∥∥∥∥∥
2

F

6 r2
r∑
i=1

∥∥s0i λ̂iÛiV̂
T
i − λiUiV

T
i

∥∥2
F

= r2
r∑
i=1

∥∥∥(λi + ∆λi) (Ui + ∆Ui) (Vi + ∆Vi)T − λiUiVTi ∥∥∥2

F

6 Cr2
r∑
i=1

{∥∥∥∆λiUiVTi ∥∥∥2

F
+
∥∥∥λi∆UiVTi ∥∥∥2

F
+
∥∥∥λiUi∆TVi∥∥∥2

F

}
= Cr2

r∑
i=1

{
Op

(
1
√
p
+

1
p

√
d

n

)
+O (nd)

1
pb4

r

Op

(
1
d

)
+O (nd)

1
pb4

r

Op

(
1
n

)}
=

1
pb4

r

Op(n),

where the third equality holds due to (A.34) and Theorem 1.4.1.

Proofs for Lemma 1.4.1

Proof of Lemma 1.4.1. By Weyl’s theorem (Li (1998a)), Lemma 1.6.1, and Lemma
1.6.2, for any given δ > 0, there exists a large constant Cδ > 0 such that

max
{∣∣λ2

p̂r − p
2(λ2

r + nσ
2)
∣∣, ∣∣λ2

p̂ r+1 − p
2nσ2∣∣} 6

∥∥Σ̂p̂ − E(Σ̂p)
∥∥

2
6

∥∥Σ̂p̂ − Σ̂p∥∥2 +
∥∥Σ̂p − E(Σ̂p)

∥∥
2

6 Cδ p
3/2

√
n logn
d

(A.35)

with probability at least 1 −O(n−δ). Also, by definition of r̂, we have

{
r̂ = r

}
=
{
λ2
p̂r > p

2nCd, λ2
p̂ r+1 < p

2nCd
}

=
{[
λ2
p̂r − p

2(λ2
r + nσ

2)
]
+ p2(λ2

r + nσ
2) > p2nCd,[

λ2
p̂ r+1 − p

2nσ2]+ p2nσ2 < p2nCd

}
, (A.36)

where λ2
r = b

2
r nd by Assumption 3(1). The result follows by (A.35) and (A.36).
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b appendix for chapter 2

Denote by C and C1 generic constants whose values are free of n and p and may
change from appearance to appearance. Also, denote by ‖v‖2 the `2-norm for any
vector v ∈ Rd and by ‖A‖2 the spectral norm, the largest singular value of A, for
any matrix A ∈ Rn×d.

Proof of Theorem 2.3.1

Proof of Theorem 2.3.1. We have

M̃t = PΩ(M) + P⊥Ω(Zt)

= y · (M0 + ε) + (1n1Td − y) · Zt
= M0 + y · ε+ (1n1Td − y) · ηt,

where 1n and 1d are vectors of length n and d, respectively, filled with ones and
ηt = Zt −M0, and, A · B = (AijBij)16i6n,16j6d for any A and B ∈ Rn×d. Assume
that

1√
nd
‖ηt‖F = op

(√
hn

pd

)
. (B.1)

Then, simple algebraic manipulations show for large n

1√
nd
‖ηt+1‖F =

1√
nd
‖Zt+1 −M0‖F

=
1√
nd

∥∥∥∥∥
r∑
i=1

√
λ2
i(M̃t) − α̃t ui(M̃t)vi(M̃t)

T −

r∑
i=1

λiUiV
T
i

∥∥∥∥∥
F

6
C√
nd

r∑
i=1

{ ∣∣∣∣√λ2
i(M̃t) − α̃t − λi

∣∣∣∣ ∥∥UiVTi ∥∥F
+λi

∥∥∥(ui(M̃t) −UiOi

)
VTi

∥∥∥
F
+ λi

∥∥∥∥Ui (vi(M̃t) − ViQi

)T∥∥∥∥
F

}
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6 C

r∑
i=1

{
1√
nd

∣∣∣∣√λ2
i(M̃t) − α̃t − λi

∣∣∣∣
+
λi√
nd

∥∥∥ui(M̃t) −UiOi

∥∥∥
F
+

λi√
nd

∥∥∥vi(M̃t) − ViQi

∥∥∥
F

}
, (B.2)

whereOi andQi are in {−1, 1} and minimize
∥∥∥ui(M̃t) −UiOi

∥∥∥
F

and
∥∥∥vi(M̃t) − ViQi

∥∥∥
F
,

respectively.
To find the order of (B.2), first consider the term

∥∥∥vi(M̃t) − ViOi

∥∥∥
F
. By Davis-

Kahan Theorem (Theorem 3.1 in Li (1998b)) and Proposition 2.2 in Vu and Lei
(2013),

∥∥∥vi(M̃t) − ViOi

∥∥∥
F
6

1
nd

∥∥∥(M̃T
t M̃t −

[
MT

0M0 + npσ
2I
])
Vi

∥∥∥
F∣∣∣ 1

nd

(
λ2
i + npσ

2 − λ2
i+1(M̃t)

)∣∣∣ . (B.3)

Consider the numerator of (B.3). We have

1
nd

∥∥∥(M̃T
t M̃t −

[
MT

0M0 + npσI
])
Vi

∥∥∥
F

6
1
nd

{∥∥∥(y · ε)T (y · ε)Vi − npσ2Vi

∥∥∥
F
+
∥∥∥[(1n1Td − y) · ηt

]T [
(1n1Td − y) · ηt

]
Vi

∥∥∥
F

+
∥∥MT

0 (y · ε)Vi
∥∥
F
+
∥∥∥(y · ε)TM0Vi

∥∥∥
F

+
∥∥MT

0
[
(1n1Td − y) · ηt

]
Vi
∥∥
F
+
∥∥∥[(1n1Td − y) · ηt

]T
M0Vi

∥∥∥
F

+
∥∥∥[(1n1Td − y) · ηt

]T
(y · ε)Vi

∥∥∥
F
+
∥∥∥(y · ε)T [(1n1Td − y) · ηt

]
Vi

∥∥∥
F

}
=

1
nd

{
Op

(
p
√
nd
)
+ op

(
nhn

p

)
+Op

(√
pdn2

)
+Op

(√
pd2n

)
+op

(√
hndn2

p

)
+ op

(√
hndn2

p

)
+ op

(√
hnn2

)
+ op

(√
hndn2

)}
= op

(√
hn

pd

)
, (B.4)

where the first equality holds due to (2.1), Assumption 3(2), (B.1), and (B.5) and
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(B.6) below. We have

E
∥∥∥(y · ε)T (y · ε)Vi − npσ2Vi

∥∥∥2

F

= E


d∑
h=1

[
n∑
k=1

d∑
j=1

(
ykhykjεkhεkjVij − pσ

2Vih1(j=h)

)]2


=

d∑
h=1

n∑
k=1

d∑
j=1

E
(
ykhykjεkhεkjVij − pσ

2Vih1(j=h)

)2

=

n∑
k=1

d∑
j6=h

V2
ij E

(
y2
khy

2
kjε

2
khε

2
kj

)
+

n∑
k=1

d∑
j=h

V2
ij E

(
y2
kjε

2
kj − pσ

2)2

= O
(
p2nd

)
, (B.5)

where Vij is the j-th element of Vi. Similarly, we have

E‖(y · ε)Vi‖2
F = O (pn) ,E‖UTi (y · ε)‖

2
F = O (pd) , and E‖y · ε‖2

F = O (pnd) .(B.6)

Consider the denominator of (B.3). By Weyl’s theorem (Theorem 4.3 in ?), we
have

max
16i6d

1
nd

|λ2
i + npσ

2 − λ2
i(M̃t)|

6
1
nd

∥∥∥M̃T
t M̃t −

[
MT

0M0 + npσ
2I
]∥∥∥

2

6
1
nd

{∥∥∥(y · ε)T (y · ε) − npσ2I
∥∥∥

2
+
∥∥∥[(1n1Td − y) · ηt

]T [
(1n1Td − y) · ηt

]∥∥∥
2

+2
∥∥MT

0 (y · ε)
∥∥

2 + 2
∥∥MT

0 [(1 − y) · ηt]
∥∥

2 + 2
∥∥∥(y · ε)T [(1n1Td − y) · ηt

]∥∥∥
2

}
=

1
nd

{
Op

(
p
√
nd2

)
+ op

(
nhn

p

)
+Op

(√
pdn2

)
+ op

(√
dn2hn

p

)
+ op

(√
dn2hn

)}
= op(1), (B.7)

where the last two lines holds similarly to (B.4).
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Thus, by (B.7) and (B.4),

‖vi(M̃t) − ViOi‖F = op

(√
hn

pd

)
. (B.8)

Secondly, similar to the proof of (B.8), we can show ‖ui(M̃t) − UiOi‖F =

op

(√
hn/pd

)
.

Lastly, consider the term 1√
nd

∣∣∣∣√λ2
i(M̃t) − α̃t − λi

∣∣∣∣. By Taylor’s expansion, there

is λ2
∗ between λ2

i(M̃t) − α̃t and λ2
i such that

1√
nd

∣∣∣∣√λ2
i(M̃t) − α̃t − λi

∣∣∣∣
=

1√
nd

∣∣∣∣ 1
2λ∗

(
λ2
i(M̃t) − α̃t − λ

2
i

)∣∣∣∣
6

1
2λ∗
√
nd

∣∣∣λ2
i(M̃t) − (λ2

i + npσ
2)
∣∣∣+ 1

2λ∗
√
nd

∣∣α̃t − npσ2∣∣ . (B.9)

We need to find the convergence rates of 1
nd

∣∣∣λ2
i(M̃t) − (λ2

i + npσ
2)
∣∣∣ and 1

nd

∣∣α̃t − npσ2
∣∣.

Let Vc = (Vr+1, . . . ,Vd) ∈ Rd×(d−r) be a matrix such that VTc Vc = Id−r and VTVc =
0r×(d−r) and let Ṽt =

(
v1(M̃t), . . . , vd(M̃t)

)
∈ Rd×r and Ṽtc =

(
vr+1(M̃t), . . . , vd(M̃t)

)
∈

Rd×(d−r) so that ṼTt Ṽtc = 0r×(d−r). Also, let O = diag(O1, . . . ,Or) and Oc =

diag(Or+1, . . . ,Od), where

Oi := arg min
o∈{−1,1}

∥∥∥Vi o− vi(M̃t)
∥∥∥2

2
for i = 1, . . . ,d.

Then, we have

1
nd

∣∣∣λ2
i(M̃t) − (λ2

i + npσ
2)
∣∣∣

=
1
nd

∣∣∣∣vi(M̃t)
TM̃T

t M̃tvi(M̃t) − V
T
i

(
M0

TM0 + npσ
2I
)
Vi

∣∣∣∣
6

1
nd

∣∣∣∣VTi [M̃T
t M̃t −

(
M0

TM0 + npσ
2I
)]
Vi

∣∣∣∣+ 1
nd

∣∣∣∣vi(M̃t)
TM̃T

t M̃tvi(M̃t) − V
T
i M̃

T
t M̃tVi

∣∣∣∣
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6 op

(√
hn

pd

)
+

1
nd

∣∣∣∣vi(M̃t)
TM̃T

t M̃tvi(M̃t) − V
T
i M̃

T
t M̃tVi

∣∣∣∣
= op

(√
hn

pd

)
, (B.10)

where the second inequality can be derived by the similar way to the proof of (B.4),
and the last equality is due to (B.11) below. Simple algebraic manipulations show

1
nd

∣∣∣∣vi(M̃t)
TM̃T

t M̃tvi(M̃t) − V
T
i M̃

T
t M̃tVi

∣∣∣∣
=

1
nd

∣∣∣∣ [ViOi − vi(M̃t)
]T
M̃T
t M̃t

[
ViOi − vi(M̃t)

]
+ 2λ2

i(M̃t)
[
ViOi − vi(M̃t)

]T
vi(M̃t)

∣∣∣∣
6

2λ2
1(M̃t)

nd

∥∥∥ViOi − vi(M̃t)
∥∥∥2

2

= op

(
hn

pd

)
, (B.11)

where the last equality is due to (B.7) and (B.8). Also,

1
nd

∣∣α̃t − npσ2∣∣
=

1
nd

∣∣∣∣ 1
d− r

d∑
j=r+1

vj(M̃t)
TM̃T

t M̃tvj(M̃t) − npσ
2
∣∣∣∣

6
1
nd

∣∣∣∣ 1
d− r

d∑
j=r+1

VTj

[
M̃T
t M̃t −

(
MT

0M0 + npσ
2I
)]
Vj

∣∣∣∣
+

1
nd

∣∣∣∣ 1
d− r

d∑
j=r+1

[
vj(M̃t)

TM̃T
t M̃tvj(M̃t) − V

T
j M̃

T
t M̃tVj

] ∣∣∣∣
= op

(√
hn

pd

)
+

1
nd

∣∣∣∣ 1
d− r

d∑
j=r+1

[
vj(M̃t)

TM̃T
t M̃tvj(M̃t) − V

T
j M̃

T
t M̃tVj

] ∣∣∣∣
= op

(√
hn

pd

)
, (B.12)

where the second equality can be derived by the similar way to the proof of (B.4),
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and the last equality is due to (B.13) below. Similar to the proof of (B.11), we have

1
nd(d− r)

d∑
j=r+1

∣∣∣∣vj(M̃t)
TM̃T

t M̃tvj(M̃t) − V
T
j M̃

T
t M̃tVj

∣∣∣∣
6

1
nd(d− r)

d∑
j=r+1

2λ2
1(M̃t)

∥∥∥VjOj − vj(M̃t)
∥∥∥2

2

6
2λ2

1(M̃t)

nd(d− r)

∥∥∥VcOc − Ṽtc∥∥∥2

F

6
4λ2

1(M̃t)

nd(d− r)

∥∥∥VcVTc − ṼtcṼ
T
tc

∥∥∥2

F

=
4λ2

1(M̃t)

nd(d− r)

∥∥∥VVT − ṼtṼTt ∥∥∥2

F

6
4λ2

1(M̃t)

nd(d− r)

∥∥∥VO− Ṽt

∥∥∥2

F

=
4λ2

1(M̃t)

nd(d− r)

r∑
i=1

∥∥∥ViOi − vi(M̃t)
∥∥∥2

2

= op

(
hn

pd2

)
, (B.13)

where the fourth and sixth lines are due to Proposition 2.2 in Vu and Lei (2013),
and the last line holds from (B.8).

The three results above (B.9), (B.10), and (B.12) give 1√
nd

∣∣∣∣√λ2
i(M̃t) − α̃t − λi

∣∣∣∣ =
op

(√
hn
pd

)
.

Therefore, combining the results above, we have that 1√
nd
‖ηt+1‖F in (B.2) is

op

(√
hn
pd

)
. Since 1√

nd
‖η1‖F = op

(√
hn
pd

)
by Proposition 2.3.1, we have 1√

nd
‖ηt‖F =

op

(√
hn
pd

)
for any fixed t by mathematical induction.
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Proof of Theorem 2.3.2

Proof of Theorem 2.3.2. We have

min
Z

1
2nd

‖X− Z‖2
F +

d∑
i=1

τi√
nd

λi(Z)√
nd

= min
Z

1
2nd

{
‖X‖2

F − 2
d∑
i=1

λ̃i · ũTi Xṽi +
d∑
i=1

λ̃2
i

}
+

1
nd

d∑
i=1

τiλ̃i, (B.14)

where λ̃i = λi(Z), ũi = ui(Z), and ṽi = vi(Z). Minimizing (B.14) is equivalent to
minimizing

−2
d∑
i=1

λ̃i · ũTi Xṽi +
d∑
i=1

λ̃2
i +

d∑
i=1

2τiλ̃i,

with respect to λ̃i, ũi, and ṽi, i = 1, . . . ,d, under the conditions that (ũ1, . . . , ũd)T (ũ1, . . . , ũd) =
Id, (ṽ1, . . . , ṽd)T (ṽ1, . . . , ṽd) = Id, and λ̃1 > λ̃2 > . . . > λ̃d > 0. Thus, we have

min
λ̃i>0,ũi,ṽi, i=1,...,d

−2
d∑
i=1

λ̃i · ũTi Xṽi +
d∑
i=1

λ̃2
i +

d∑
i=1

2τiλ̃i

= min
λ̃i>0, i=1,...,d

−2
d∑
i=1

λ̃i · λi(X) +
d∑
i=1

λ̃2
i +

d∑
i=1

2τiλ̃i

= min
λ̃i>0, i=1,...,d

d∑
i=1

{
λ̃2
i − 2λ̃i [λi(X) − τi]

}
, (B.15)

where the first equality is due to the facts that λ̃1 > . . . > λ̃d > 0, and for every i,
the problem

max
‖ui‖2

261,‖vi‖2
261
uTi Xvi such that ui ⊥ {ũ∗1 , . . . , ũ∗i−1}, vi ⊥ {ṽ∗1 , . . . , ṽ∗i−1}

is solved by ũ∗i , ṽ∗i , the left and right singular vectors of X corresponding to the i-th
largest singular value of X. Note that ũi = ũ∗i . Since (B.15) is a quadratic function
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of λ̃i, the solution to the problem (B.15) is then λ̃i = (λi(X) − τi)+.

Proof of Theorem 2.4.1

To ease the notation, we drop the superscript ‘g’ in Zgt , M̃g
t , and Dgt in this section.

Lemma B.0.1. Let Zt+1 := arg minZ∈Rn×d Qτ(Z|Zt) in (2.9). Then, under Assumption
5, we have

‖Zt+1 − Zt‖2
F → 0 as t→∞.

Proof of Lemma B.0.1. By the construction of Dt,

(M̃t−1 − M̃t) − (Zt − Zt+1) − (Dt−1 −Dt) = 0.

Thus, we have

〈M̃t−1 − M̃t,Zt − Zt+1〉− 〈Zt − Zt+1,Zt − Zt+1〉− 〈Dt−1 −Dt,Zt − Zt+1〉 = 0
(B.16)

and

〈M̃t−1 − M̃t, M̃t−1 − M̃t〉− 〈Zt − Zt+1, M̃t−1 − M̃t〉− 〈Dt−1 −Dt, M̃t−1 − M̃t〉 = 0.
(B.17)

Add (B.17) and (B.16), and

0 = ‖M̃t−1 − M̃t‖2
F − ‖Zt − Zt+1‖2

F − 〈Dt−1 −Dt,Zt + M̃t−1 − (Zt+1 + M̃t)〉
= ‖M̃t−1 − M̃t‖2

F − ‖Zt − Zt+1‖2
F − ‖Dt−1 −Dt‖2

F − 2〈Dt−1 −Dt,Zt − Zt+1〉.
(B.18)

Under Assumption 5, (B.18) gives

‖Zt − Zt+1‖2
F 6

∥∥∥M̃t−1 − M̃t

∥∥∥2

F
,
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and thus

‖Zt+1 − Zt‖2
F 6

∥∥∥M̃t−1 − M̃t

∥∥∥2

F

6
∥∥P⊥Ω (Zt−1 − Zt)

∥∥2
F

6 ‖Zt − Zt−1‖2
F (B.19)

for all t > 1. This proves that the sequence {‖Zt+1 − Zt‖2
F} converges (since it is

decreasing and bounded below).
The convergence of {‖Zt+1 − Zt‖2

F} gives

‖Zt+1 − Zt‖2
F − ‖Zt − Zt−1‖2

F → 0 as t→∞.

Then, by (B.19),

0 >
∥∥P⊥Ω (Zt − Zt−1)

∥∥2
F
− ‖Zt − Zt−1‖2

F

> ‖Zt+1 − Zt‖2
F − ‖Zt − Zt−1‖2

F

→ 0 as t→∞,

which implies

∥∥P⊥Ω (Zt − Zt−1)
∥∥2
F
− ‖Zt − Zt−1‖2

F → 0⇒ ‖PΩ (Zt − Zt−1)‖2
F → 0. (B.20)

Furthermore, similarly to the proof of Lemma 2 in Mazumder et al. (2010), we
can show

fτ(Zt) > Qτ(Zt+1|Zt) > Qτ(Zt+1|Zt+1) = fτ(Zt+1) > 0 (B.21)

for every fixed τ1, . . . , τd > 0 and t > 1. Thus, we have

Qτ(Zt+1|Zt) −Qτ(Zt+1|Zt+1)→ 0 as t→∞,

which implies ∥∥P⊥Ω (Zt − Zt+1)
∥∥2
F
→ 0 as t→∞.
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The above along with (B.20) gives

‖Zt+1 − Zt‖2
F → 0 as t→∞.

Proof of Theorem 2.4.1. By the construction of Dt, we have

0 =
(
M̃t − Zt+1

)
−Dt for all t > 1.

Since Z∞ is a limit point of the sequence Zt, there exists a subsequence {nt} ⊂
{1, 2, . . .} such that Znt → Z∞ as t → ∞. By Lemma B.0.1, this subsequence Znt
satisfies

Znt − Znt+1 → 0

which implies

P⊥Ω(Znt) − Znt+1 → P⊥Ω(Z∞) − Z∞ = −PΩ(Z∞).
Hence,

Dnt =
(
PΩ(M) + P⊥Ω(Znt)

)
− Znt+1 → PΩ(M) − PΩ(Z∞) = D∞. (B.22)

Due to (2.11) and (B.22), we have

fτ(Z
s) > fτ(Z∞) − 1

nd
〈Zs − Z∞,PΩ(M) − PΩ(Z∞) −D∞〉

= fτ(Z∞).
Since fτ(Zs) 6 fτ(Z∞) by definition of Zs, we have fτ(Zs) = fτ(Z∞). Lastly, by
(B.21), we have limt→∞ fτ(Zt) = f(Zs).
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Proofs of Lemmas 2.4.1-2.4.2

Proof of Lemma 2.4.1. For i = 1, . . . , r, we have∣∣∣∣ τt,i√nd −
τt+1,i√
nd

∣∣∣∣
=

1√
nd

∣∣∣∣λi(M̃t) −

√
λ2
i(M̃t) − α̃t − λi(M̃t+1) +

√
λ2
i(M̃t+1) − α̃t+1

∣∣∣∣
6

1√
nd

∣∣∣∣λi(M̃t) −

(√
λ2
i − npσ

2
)∣∣∣∣+ 1√

nd

∣∣∣∣√λ2
i(M̃t) − α̃t − λ

2
i

∣∣∣∣
+

1√
nd

∣∣∣∣λi(M̃t+1) −

(√
λ2
i − npσ

2
)∣∣∣∣+ 1√

nd

∣∣∣∣√λ2
i(M̃t+1) − α̃t+1 − λ

2
i

∣∣∣∣
= (I) + (II) + (III) + (IV).

Then, by (B.10) and (B.12), we have

(I) =
1√
nd

∣∣∣∣λi(M̃t) −

(√
λ2
i − npσ

2
)∣∣∣∣

=
1

2λ∗
√
nd

∣∣∣λ2
i(M̃t) −

(
λ2
i − npσ

2)∣∣∣
6

1
2λ∗
√
nd

∣∣∣λ2
i(M̃t) − α̃t − λ

2
i

∣∣∣+ 1
2λ∗
√
nd

∣∣α̃t − npσ2∣∣
= op

(√
hn

pd

)
,

where the second equality holds for some λ∗ between λi(M̃t) and
√
λ2
i − npσ

2 by
Taylor’s expansion. We can similarly show that (III) = op

(√
hn/pd

)
. Both of (II)

and (IV) are also op
(√

hn/pd
)

by (B.9) and (B.10).

Proof of Lemma 2.4.2. From Theorem 2.3.1 and the construction ofDt in Assumption
5, we have ∣∣∣∣ 1

nd
〈Dt −Dt+1,Zt+1 − Zt+2〉

∣∣∣∣
6

1
nd
‖Dt −Dt+1‖F ‖Zt+1 − Zt+2‖F
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6
1
nd

∥∥∥M̃t − Zt+1 −
(
M̃t+1 − Zt+2

)∥∥∥
F
‖Zt+1 − Zt+2‖F

6
1
nd

{ ∥∥∥M̃t − M̃t+1

∥∥∥
F
+ ‖Zt+1 − Zt+2‖F

}
‖Zt+1 − Zt+2‖F

=
1
nd

{ ∥∥P⊥Ω (Zt − Zt+1)
∥∥
F
+ ‖Zt+1 − Zt+2‖F

}
‖Zt+1 − Zt+2‖F

6
1
nd

{
‖Zt − Zt+1‖F + ‖Zt+1 − Zt+2‖F

}
‖Zt+1 − Zt+2‖F

6
1
nd

{
‖Zt −M0‖F + 2 ‖Zt+1 −M0‖F + ‖Zt+2 −M0‖F

}
×
{
‖Zt+1 −M0‖F + ‖Zt+2 −M0‖F

}
= op

(
hn

pd

)
.
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