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Abstract

This dissertation is broken into two chapters. The first chapter considers the local

circular law for the product TX where T is a deterministic N × M matrix and X

is a random M × N matrix with independent entries having zero mean and variance

(N ∧ M)−1. We prove that if z is away from the unit circle, the empirical spectral

distribution(ESD) of TX converges to χ̃D(z)dA(z), where χ̃D is a rotation-invariant

function determined by the singular values of T and A denotes the Lebesgue measure

on C. The local circular law is valid around z up to scale (N ∧M)−1/4+ε for any ε > 0.

Moreover, if |z| > 1 or the matrix entries of X have vanishing third moments, the local

circular law is valid around z up to scale (N∧M)−1/2+ε for any ε > 0. The second chapter

considers the convergence rate of the eigenvector empirical spectral distribution(VESD)

of sample covariance matrices to the Marchenko-Pastur (MP) distribution. We consider

sample covariance matrices of the form XX∗, where X = (xij) is an M × N random

matrix, whose entries are independent random variables with mean zero and variance

N−1. We show that, under the finite 6th moment condition, the Kolmogorov distance

between the expected VESD and the MP distribution is of order at most N−1+ε for any

fixed ε > 0; under the finite 8th moment condition, the convergence rate of the VESD

is O(N−1/2+ε) almost surely for any fixed ε > 0. Both of the works are joint with Fan

Yang and Jun Yin.
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Chapter 1

Introduction

The study of random matrices dates back to Wishart’s work [67] in the area of multi-

variate statistics in the 1920’s. It became influential in the 1950’s by the work of Wigner

in the area of nuclear physics, where he produced the idea of using large random matri-

ces to model statistical properties of the energy levels [66]. Since then random matrix

problems attracted considerable attention in theoretical physics as well as mathematics

community, and many essential tools helping to analyze properties of random matrices

were developed. Among the interesting random matrix properties, one focus is the study

of the empirical spectral distribution(ESD) of large random matrices. In the remainder

of the introduction, we will briefly overview the types of matrix models people have

studied on this problem. In Chapter 2 and 3, there are more detailed introduction to

the questions considered there.

1.1 Classical matrix models

1.1.1 Wigner semicircle law

For a N ×N Hermitian random matrix XN , the ESD of XN is defined as

µXN :=
1

N

N∑
i=1

δλi
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where λ1, λ2, . . . , λN are the eigenvalues of XN . In other words, µXN (I) counts the

number of eigenvalues of XN in I. If the upper-triangular entries Xij i > j are iid

random variables with mean 0 and variance 1, and the diagonal entries Xii are iid

real random variables that are independent of the upper-triangular entries, and has

bounded mean and variance, then we call XN a Wigner matrix. Some Wigner matrix

ensembles of special interest are Gaussian orthogonal ensembles(GOE), Gaussian unitary

ensembles(GUE). Their names are derived from Dyson’s categorization of random matrix

ensembles by symmetry class [17].

Let XN be an ensemble of Wigner matrices, after scaling by 1/
√
N (so the operator

norm has typical size 1), it is well known that The ESD of 1√
N
XN converges weakly to

the Wigner semicircle distribution

dµsc :=
1

2π

√
(4− |x|2)+dx.

One approach to derive this result is the Stieltjes transform method, which starts

with the identity ∫
R

1

x− z
dµ 1√

N
XN

(x) =
1

N
Tr

(
1√
N
XN − zI

)−1

. (1.1)

The left hand side of the above equation is the Stieltjes transform of µ 1√
N
XN

, and

(XN/
√
N − zI)−1 on the right hand side is called the resolvent of 1√

N
XN . Using the

Schur’s complement, we can get the self-consistent equation

mc(z) = − 1

mc(z) + z
,

where mc is the Stieltjes transform of the semicircle law µsc. One can solve the above

equation explicitly and use inverse Stieltjes transform to obtain the exact form of µsc.
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Moreover, we can get a local version of the semicircle law from the Stieltjes transform

method. Note that the imaginary part of the left side of (1.1) (let z = E + iη) is∫
R

η

(x− E)2 + η2
dµ 1√

N
XN

(x).

If we choose η to be sufficiently small, then the above quantity estimates the density of

eigenvalues in a scale of order η around E. In [24], Erdos, Schlein, and Yau proved such

a local law up to scale N−1+ε for any ε > 0. Later together with Knowles and Yin, they

also produced a series of papers [25, 26, 29, 27, 28, 31, 30, 22] where the local law was

applied to solve various problems.

1.1.2 Marchenko-Pastur (MP) law

The counterpart of the semicircle law for covariance matrix is called Marchenko-Pastur

(MP) law, which is proved by Marchenko and Pastur[48]. Given a M ×N i.i.d. matrix

X and EXij = 0, E|Xij|2 = 1/N. Assume M/N → k, the limiting ESD of XX∗ is the

Marchenko and Pastur law:

dµMP =
1

2π

√
(λ+ − x)(x− λ−)

kx
1[λ−,λ+]dx+ (1− k−1)+δ0dx

where λ− = (1 −
√
k)2, λ+ = (1 +

√
k)2. One can obtain the self consistence equation

for the Stieltjes transform mc of the limiting distribution µMP

mc(d, z) +
1

z − (1− d−1) + zd−1mc(d, z)
= 0.

Then by applying the inverse Stieltjes transform we can get the exact form of the MP

law. The local law for the covariance matrix is also proved in [24] and simultaneously

in [12]. In [44], Knowles and Yin proved the local law for the covariance matrix of the

form TXX†T †, where T is some deterministic matrix.



4

1.1.3 Circular law

The study of the eigenvalue spectral of non-Hermitian random matrices goes back to

the celebrated paper [33] by Ginibre, where he calculated the joint probability density

for the eigenvalues of non-Hermitian random matrix with independent complex Gaus-

sian entries. The joint density distribution is integrable with an explicit kernel (see

[33, 49]), which allowed him to derive the circular law for the eigenvalues. For the

Gaussian random matrix with real entries, the joint distribution of the eigenvalues is

more complicated but still integrable, which leads to a proof of the circular law as well

[8, 18, 32, 61].

For the random matrix with non-Gaussian entries, there is no explicit formula for the

joint distribution of the eigenvalues. However, in many cases the eigenvalue spectrum of

the non-Gaussian random matrices behaves similarly to the Gaussian case as N → ∞,

known as the universality phenomena. More precisely, consider an N×N iid matrix XN

whose entries have mean zero and variance one, the circular law states that the ESD of

1√
N
XN converges to the circular law

dµcirc :=
1

π
1|z|≤1 dA(z),

where A is the Lebesgue measure on C.

A key step in this direction is made by Girko in [34], where he partially proved the

circular law for non-Hermitian matrices with independent entries. The crucial insight of

the paper is the Hermitization technique, which allowed Girko to translate the conver-

gence of complex empirical measures of a non-Hermitian matrix into the convergence of
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logarithmic transforms for a family of Hermitian matrices, or, to be more precise,

Tr log[(X − z)†(X − z)] = log
[
det((X − z)†(X − z))

]
, (1.2)

with X being the random matrix and z ∈ C. Due to the singularity of the log function

at 0, the small eigenvalues of (X − z)†(X − z) play a special role. The estimate on the

smallest singular value of X−z was not obtained in [34], but the gap was remedied later

in a series of paper. Bai [2, 4] analyzed the ESD of (X− z)†(X− z) through its Stieltjes

transform and handled the logarithmic singularity by assuming bounded density and

bounded high moments for the entries of X. Lower bounds on the smallest singular

values were given by Rudelson and Vershynin [55, 56], and subsequently by Tao and Vu

[62], Pan and Zhou [52] and Gőtze and Tikhomirov [36] under weakened moments and

smoothness assumptions. The final result was presented in [65], where the circular law

is proved under the optimal L2 assumption.

1.2 Anisotropic local law

We denote the resolvent of a N ×N Hermitian matrix H by R(w) := (H −w)−1, where

w = E + iη is a spectral parameter with positive imaginary part η. Then the Stieltjes

transform of the ESD ofH is equal toN−1TrR(w), and we have the convergence estimate

N−1TrR(w) ≈ mc(w) (1.3)

with high probability for large N . Here mc is the Stieltjes transform of the asymptotic

eigenvalue distribution. The convergence in (1.3) is referred to as the averaged law. By

taking the imaginary part of (1.3), we have seen that a control of the Stieltjes transform

yields a control of the eigenvalue density on a small scale of order η around E (which
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contains an order ηN eigenvalues). A local law is an estimate of the form (1.3) for all

η � N−1. Such local laws have been a cornerstone of the modern random matrix theory

(see [24] for local semicircle law and [10] for local circular law ).

For the questions in Chapter 2 and 3, it turns out the averaged local law from (1.3) is

not sufficient. We have to control not only the trace of R(w), but also the matrix R(w)

itself by showing that R(w) is close to some deterministic matrix Π(w), provided that

η � N−1. This closeness can be established in the sense of individual matrix entries

Rij(w) ≈ Πij(z) (see e.g. [10, 30]). We call such an estimate an entrywise local law.

More generally, we can establish it for generalized matrix entries (see [6, 43]):

〈v, R(w)u〉 ≈ 〈v,Π(w)u〉, η � N−1, ∀‖v‖2, ‖u‖2 = 1. (1.4)

We call the estimate in (1.4) an anisotropic local law. (If Π is a scalar matrix, (1.4)

is also referred to as an isotropic local law, in the sense that R(w) is approximately

isotropic for large N .) Such an anisotropic local law is the key ingredient in proving the

problems in Chapter 2 and 3.
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Chapter 2

Local circular law for TX

2.1 Introduction

2.1.1 Local circular law

The history of circular law was briefly introduced in the first chapter, those works studied

the circular law in the global regime, i.e. the convergence of ESD on subsets containing

ηN eigenvalues for some small constant η > 0. Later in a series of papers [10, 11, 72],

Bourgade, Yau and Yin proved the local version of the circular law up to the optimal

scale N−1/2+ε under the assumption that the distributions of the matrix entries satisfy

a uniform sub-exponential decay condition. In [64], the local universality was proved

by Tao and Vu under the assumption of first four moments matching the moments of a

Gaussian random variable.

2.1.2 The matrix model in this chapter

In this chapter, we study the ESD of the product of a deterministic N × M matrix

T with a random M × N matrix X, where we assume N ∼ M . In Figure 1, we plot

the eigenvalue distribution of TX when T have two distinct singular values (except the

trivial zero singular values). The goal of this chapter is to prove a local circular law for
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( )a ( )b ( )c

Figure 1: The eigenvalue distribution of the product TX of a deterministic N × M

matrix T with a Gaussian random M ×N matrix X. The entries of X have zero mean

and variance (N ∧M)−1, and TT † has 0.5(N ∧M) eigenvalues as 2/17 and 0.5(N ∧M)

eigenvalues as 32/17. (a) N = M = 1000. (b) N = 1000, M = 2000. (c) N = 1500,

M = 750.

the ESD of TX at any point z away from the unit circle. Following the idea in [10], the

key ingredients for the proof are (a) the upper bound for the largest singular value of

TX − z, (b) the lower bound for the least singular value of TX − z, and (c) rigidity of

the singular values of TX − z. The upper bound for the largest singular value can be

obtained by controlling the norm of TX−z through a standard large deviation estimate

(see e.g. [13, 47, 57] and (2.65)). The lower bound for the least singular value of TX− z

follows from the results in e.g. [56] and [62] (see also Lemma 2.2.23). Thus the bulk of

this work is devoted to establish (c).

2.1.3 Basic ideas

To obtain the rigidity of the singular values of Tx − z, we study the ESD of Q :=

(TX−z)†(TX−z) using Stieltjes transform as in [10]. We normalize X so that its entries
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have variance (N ∧M)−1. Then Q is an N×N Hermitian matrix with eigenvalues being

typically of order 1. We denote its resolvent by R(w) := (Q−w)−1, where w = E+ iη is

a spectral parameter with positive imaginary part η. Then the Stieltjes transform of the

ESD of Q is equal to N−1TrR(w). Let mc be the Stieltjes transform of the asymptotic

eigenvalue distribution. We have seen that the estimate N−1TrR(w) ≈ mc(w) is referred

as the averaged law. In [10], a local law for the resolvent of (X−z)†(X−z) was established

to prove the local circular law.

In generalizing the proof in [10] to our setting, a main difficulty is that the entries of

TX are not independent. We will use a new comparison method proposed in [44], which

roughly states that if the local laws hold for R(w) with Gaussian X, then they also hold

in the case of a general X. For definiteness, we assume N = M for now, and T is a

square matrix with singular decomposition T = UDV . For a Gaussian X ≡ XGauss, we

have V XGaussU
d
= X̃Gauss, where X̃ is another Gaussian random matrix. Then for the

determinant in (1.2),

det(TXGauss − z)= det(DVXGaussU − z)
d
= det(DX̃Gauss − z). (2.1)

The problem is now reduced to the study of the singular values of DX̃Gauss − z, which

has independent entries. Notice the entries of DX̃Gauss are not identically distributed,

which will make our proof much more complicated. However, this issue can be handled,

e.g. as in [22], where a local law was obtained for generalized Wigner matrices with

non-identically distributed entries.

To use the comparison method invented in [44], we will need the anisotropic local

law of the form (1.4). Here we outline the three steps to establish the anisotropic local

law for Q = (TX − z)†(TX − z): (A) the entrywise local law and averaged local law
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when T is diagonal (Theorem 2.2.18); (B) the anisotropic local law when T is diagonal

(Theorem 2.2.18); (C) the anisotropic local law and averaged local law when T is a

general (rectangular) matrix (Theorem 2.2.19).

In performing Step (A), our proof is basically based on the methods in [10]. However,

our multi-variable self-consistent equations and their solutions are much more compli-

cated here. Thus a key part of the proof is to establish some basic properties of the

asymptotic eigenvalue density and prove the stability of the self-consistent equations

under small perturbations. These work need some new ideas and analytic techniques

(see Appendix 2.7). In performing Step (B), we applied and extended the polynomializa-

tion method developed in [6, section 5]. Finally, as remarked around (2.1), (B) implies

the anisotropic local law for a Gaussian X and a general T . Based on this fact we per-

form Step (C) using a self-consistent comparison argument in [44]. With the averaged

local law proved in Step (C), we can prove the local circular law for TX. In general,

the averaged local law we get is up to the non-optimal scale η � (N ∧M)−1/2. As a

result, we can only prove the local circular law for TX up to the scale (N ∧M)−1/4+ε. A

new observation is that the non-optimal averaged local law can lead to the optimal local

circular law for TX outside the unit circle (i.e. |z| > 1) (see Section 2.2.4). To prove

the optimal local circular law inside the unit circle (i.e. |z| < 1), we need the optimal

averaged local law up to the scale η � (N ∧M)−1, which can be obtained under the

extra assumption that the entries of X have vanishing third moments.
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2.1.4 Conventions

The fundamental large parameter is N and we assume that M is comparable to N (see

(2.2)). All quantities that are not explicitly constant may depend on N , and we usually

omit N from our notation. We use C to denote a generic large positive constant, which

may depend on fixed parameters and whose value may change from one line to the next.

Similarly, we use c or ε to denote a generic small positive constant. If a constant depend

on a quantity a, we use C(a) or Ca to indicate this dependence. We use τ > 0 in various

assumptions to denote a small positive constant, and use ζ, τ ′ to denote constants that

depend on τ and may be chosen arbitrarily small. All constants C, c and ε may depend

on τ ; we neither indicate nor track this dependence.

For any (complex) matrix A, we use A† to denote its conjugate transpose, AT the

transpose, ‖A‖ the operator norm and ‖A‖HS the Hilbert-Schmidt norm. We use the

notation v = (vi)
n
i=1 for a vector in Cn, and denote its Euclidean norm by |v| ≡ ‖v‖2.

We usually write the n× n identity matrix In as 1 without causing any confusions.

For two quantities AN and BN > 0 depending on N , we use the notations AN =

O(BN) and AN ∼ BN to mean |AN | ≤ CBN and C−1BN ≤ |AN | ≤ CBN , respectively,

for some positive constant C > 0. We use AN = o(BN) to mean |AN | ≤ cNBN for some

positive constant cN → 0 as N → ∞. If AN is a matrix, we use the notations AN =

O(BN) and AN = o(BN) to mean ‖AN‖ = O(BN) and ‖AN‖ = o(BN), respectively.

2.1.5 Outline of this chapter

The majority of this chapter is devoted to the proof of Theorem 2.2.18 and Theorem

2.2.19. In Section 2.3, we collect the basic tools that we shall use in the proof. In Section
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2.4, we perform step (A) of the proof by proving the entrywise local law and averaged

local law in Theorem 2.2.18 under the assumption that T is diagonal. We first prove

a weak version of the entrywise local law in Sections 2.4.1-2.4.3, and then improve the

weak law to the strong entrywise local law and averaged local law in Sections 2.4.4-2.4.5.

In Section 2.5, we perform step (B) of the proof by proving the anisotropic local law in

Theorem 2.2.18 using the entrywise local law proved in Section 2.4. Finally in Section

2.6 we finish the step (C) of the proof, where using Theorem 2.2.18, we prove Theorem

2.2.19 with a self-consistent comparison method.

2.2 Main results

In this section, we state and prove the main result of this chapter. In Section 2.2.1, we

define our model and list our main assumptions. In Section 2.2.2, we first define the

asymptotic eigenvalue density ρ2c of Q = (TX − z)†(TX − z), and then state the main

theorem—Theorem 2.2.6—of this chapter. Its proof depends crucially on local estimates

of the resolvent of Q, which are presented in Section 2.2.3. In Section 2.2.4, we prove

Theorem 2.2.6 based on the local estimates stated in Section 2.2.3.

2.2.1 Definition of the model

In this chapter, we want to understand the local statistics of the eigenvalues of TX−zI,

where T is a deterministic N ×M matrix, X is a random M ×N matrix, z ∈ C and I

is the N ×N identity matrix. We assume M ∼ N , i.e.

τ ≤ M

N
≤ τ−1 (2.2)
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for some small constant τ > 0. We assume the entries Xiµ of X are independent (not

necessarily identically distributed) random variables satisfying

EXiµ = 0, E |Xiµ|2 =
1

N ∧M
(2.3)

for all 1 ≤ i ≤ M, 1 ≤ µ ≤ N . For definiteness, in this chapter we only focus on the

case where all the X entries are real. However, our results and proofs also hold, after

minor changes, in the complex case if we assume in addition EX2
iµ = 0 for Xiµ ∈ C. We

assume that for all p ∈ N, there is an N -independent constant Cp such that

E |
√
N ∧MXiµ|p ≤ Cp (2.4)

for all 1 ≤ i ≤ M, 1 ≤ µ ≤ N . We define Σ := TT †, and assume the eigenvalues of Σ

satisfy that

τ−1 ≥ σ1 ≥ σ2 ≥ · · · ≥ σN∧M ≥ τ (2.5)

and all other eigenvalues are 0. Furthermore, we can normalize T by multiplying a scalar

such that

1

N ∧M

N∧M∑
i=1

σi = 1. (2.6)

We summarize our basic assumptions here for future reference.

Assumption 2.2.1. We suppose that (2.2), (2.3), (2.4), (2.5) and (2.6) hold.

2.2.2 Main theorem

To state the main theorem, we need to define the asymptotic eigenvalue density function

for Q. We first introduce the self-consistent equations, then the asymptotic eigenvalue

density will be closely related to their solutions. Let

ρΣ :=
1

N ∧M

N∧M∑
i=1

δσi (2.7)
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denote the empirical spectral density of Σ. Let n := |supp ρΣ| be the number of distinct

nonzero eigenvalues of Σ, which are denoted as

τ−1 ≥ s1 > s2 > · · · > sn ≥ τ. (2.8)

Let li be the multiplicity of si. By (2.6), li and si satisfy the normalization conditions

1

N ∧M

n∑
i=1

li = 1,
1

N ∧M

n∑
i=1

lisi = 1. (2.9)

For each w ∈ C+ := {w ∈ C : Imw > 0}, we define the self-consistent equations of

(m1,m2) as

1

m2

= −w(1 +m1) +
|z|2

1 +m1

, (2.10)

m1 =
1

N

n∑
i=1

lisi

[
−w (1 + sim2) +

|z|2

1 +m1

]−1

. (2.11)

If we plug (2.10) into (2.11), we get the self-consistent equation for m1 only:

m1 =
1

N

n∑
i=1

lisi

−w
1 +

si

−w(1 +m1) + |z|2
1+m1

+
|z|2

1 +m1

−1

. (2.12)

The next lemma states that the solution to the functional equation (2.12) in C+ is unique

if z is away from the unit circle. It will be proved in Appendix 2.7.3.

Lemma 2.2.2. Fix z ∈ C such that |z| 6= 1. For w ∈ C+, there exists at most one

analytic function m1c,z,Σ(w) : C+ → C+ such that (2.12) holds and wm1c,z,Σ(w) ∈ C+.

Moreover, m1c,z,Σ,N(w) is the Stieltjes transform of a positive integrable function ρ1c with

compact support in [0,∞).

We shall abbreviate m1c(w) := m1c,z,Σ(w). We also define m2c(w) := m2c,z,Σ(w)

by taking m1 = m1c(w) in (2.10). Obviously, m2c is also an analytic function of w.
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Moreover, for any w ∈ C+ we can verify that m2c(w), wm2c(w) ∈ C+ by using (2.10)

and that m1c, wm1c ∈ C+. We define two functions on R as

ρ1,2c(x) =
1

π
lim
η↘0

Imm1,2c(x+ iη), x ∈ R. (2.13)

It is easy to see that ρ1,2c ≥ 0 and supp(ρ1,2c) ⊆ [0,∞). Moreover, supp ρ2c = supp ρ1c by

(2.10). We shall call ρ2c the asymptotic eigenvalue density of Q = (TX−z)†(TX−z) (for

a reason that will be made clear during the proof in Section 2.4). Since Im(wm2c) ≥ 0,

we have

Im

[
−w (1 + sim2c) +

|z|2

1 +m1c

]
≤ −Imw,

and (2.11) gives |m1c| ≤ 1/Imw → 0 as Imw → ∞. Similarly, |m2c| ≤ 1/Imw → 0 as

Imw →∞. Thus m1,2c(w) is indeed the Stieltjes transform of ρ1,2c:

m1,2c(w) =

∫
R

ρ1,2c(x)

x− w
dx. (2.14)

We now state the basic properties of ρ1c and ρ2c, which can be obtained by studying

the solutions m1,2c(w) to the self-consistent equations (2.10) and (2.12) when w ∈ (0,∞).

Here we extend the definition of m1,2c continuously down to the real axis by setting

m1,2c(x) = lim
η↘0

m1,2c(x+ iη), x ∈ R.

As a convention, for w ∈ C+, we take
√
w to be the branch with positive imaginary

part. Denote m :=
√
w(1 +m1) and mc :=

√
w(1 +m1c). Equation (2.12) then becomes

f(
√
w,m) = 0, (2.15)

where

f(
√
w,m) = −

√
w +m+

1

N

n∑
i=1

lisi
m(m2 − |z|2)√

wm3 − (si + |z|2)m2 −
√
w|z|2m+ |z|4

. (2.16)
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The following lemma gives the basic structure of supp ρ1,2c. Its proof will be given in

Appendix 2.7.1.

Lemma 2.2.3. Fix τ ≤ ||z|2 − 1| ≤ τ−1. The support of ρ1,2c is a union of connected

components:

supp ρ1,2c ∩ (0,+∞) =

( ⋃
1≤k≤L

[e2k, e2k−1]

)
∩ (0,∞), (2.17)

where L ≡ L(n) ∈ N and C1τ
−1 ≥ e1 > e2 > . . . > e2L ≥ 0 for some constant C1 > 0

that does not depend on τ . If |z|2 ≤ 1 − τ , we have e2L = 0; if 1 + τ ≤ |z|2 ≤ 1 + τ−1,

we have e2L ≥ ε(τ) for some constant ε(τ) > 0. Moreover, for every ei > 0, there exists

a unique mc(ei) such that

∂mf(
√
ei,mc(ei)) = 0. (2.18)

We shall call ei the edges of ρ1,2c. For any w ∈ (0,∞) and 1 ≤ i ≤ n, the cubic

polynomial
√
wm3 − (si + |z|2)m2 −

√
w|z|2m + |z|4 in (2.16) has three distinct roots

ai(w) > 0, bi(w) > 0 and −ci(w) < 0 (see Lemma 2.7.1). Our next assumption on ρΣ

and |z| takes the form of the following regularity conditions.

Definition 2.2.4. (Regularity) Fix τ ≤ ||z|2 − 1| ≤ τ−1.

(i) We say that the edge ek 6= 0, k = 1, . . . , 2L, is regular if

min
1≤i≤n

{|mc(ek)− ai(ek)|, |mc(ek)− bi(ek)|, |mc(ek) + ci(ek)|} ≥ ε, (2.19)

and ∣∣∂2
mf(
√
ek,mc(ek))

∣∣ ≥ ε, (2.20)

for some small constant ε > 0. In the case |z|2 ≤ 1− τ , we always call e2L = 0 a regular

edge.
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(ii) We say that the bulk components [e2k, e2k−1] is regular if for any fixed τ ′ > 0

there exists a constant c(τ, τ ′) > 0 such that the density of ρ1c in [e2k + τ ′, e2k−1 − τ ′] is

bounded from below by c.

Remark 1: The edge regularity conditions (i) has previously appeared (may be in slightly

different forms) in several works on sample covariance matrices and Wigner matrices

[5, 19, 38, 44, 45, 50]. The conditions (2.19) and (2.20) guarantees a regular square-root

behavior of ρ1c near ek and ensures that the gap in the spectrum of ρ1c adjacent to ek

does not close for large N (Lemma 2.7.5):

min
l 6=k
|el − ek| ≥ ε (2.21)

for some constant ε > 0. The bulk regularity condition (ii) was introduced in [44]. It

imposes a lower bound on the density of eigenvalues away from the edges. Without it,

one can have points in the interior of supp ρ1c with an arbitrarily small density and our

arguments would fail.

Remark 2: The regularity conditions in Definition 2.2.4 are stable under perturbations

of |z| and ρΣ. In particular, fix ρΣ, suppose the regularity conditions are satisfied at

z = z0 with τ ≤ ||z0|2 − 1| ≤ τ−1. Then for sufficiently small c > 0, the regularity

conditions hold uniformly in z ∈ {z : ||z| − |z0|| ≤ c}. For a detailed discussion, see the

remark at the end of Section 2.7.3.

We will use the following notion of stochastic domination, which was first introduced

in [20] and subsequently used in many works on random matrix theory, such as [6, 7, 10,

21, 22, 44]. It simplifies the presentation of the results and their proofs by systematizing

statements of the form “ξ is bounded by ζ with high probability up to a small power of

N”.
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Definition 2.2.5 (Stochastic domination). (i) Let

ξ =
(
ξ(N)(u) : N ∈ N, u ∈ U (N)

)
, ζ =

(
ζ(N)(u) : N ∈ N, u ∈ U (N)

)
be two families of nonnegative random variables, where U (N) is a possibly N-dependent

parameter set. We say ξ is stochastically dominated by ζ, uniformly in u, if for any

(small) ε > 0 and (large) D > 0,

sup
u∈U(N)

P
[
ξ(N)(u) > N εζ(N)(u)

]
≤ N−D

for large enough N ≥ N0(ε,D), and we use the notation ξ ≺ ζ. Throughout this chapter

the stochastic domination will always be uniform in all parameters that are not explicitly

fixed (such as matrix indices, and w and z that take values in some compact sets). Note

that N0(ε,D) may depend on quantities that are explicitly constant, such as τ and Cp in

(2.2), (2.4) and (2.5).

(ii) If for some complex family ξ we have |ξ| ≺ ζ, we also write ξ ≺ ζ or ξ = O≺(ζ).

We also extend the definition of O≺(·) to matrices in the weak operator sense as follows.

Let A be a family of complex square random matrices and ζ a family of nonnegative

random variables. Then we use A = O≺(ζ) to mean |〈v, Aw〉| ≺ ζ‖v‖2‖w‖2 uniformly

for all deterministic vectors v and w.

(iii) We say that an event Ξ holds with high probability if 1− 1(Ξ) ≺ 0.

In the following, we denote the eigenvalues of TX by µj, 1 ≤ j ≤ N . We are now

ready to state our main theorem, i.e. the generalized local circular law for TX.

Theorem 2.2.6 (Local circular law for TX). Suppose Assumption 2.2.1 holds, and

τ ≤ ||z0|2 − 1| ≤ τ−1 for any N (z0 can depend on N). Suppose ρΣ (defined in (2.7))

and |z0| are such that all the edges and bulk components of ρ1c are regular in the sense of
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Definition 2.2.4. We assume in addition that each entry of X has a density bounded by

NC2 for some C2 > 0. Let F be a smooth non-negative function which may depend on

N , such that ‖F‖∞ ≤ C1, ‖F ′‖∞ ≤ NC1 and F (z) = 0 for |z| ≥ C1, for some constant

C1 > 0 independent of N . Let Fz0,a(z) = K2aF (Ka(z − z0)), where K := N ∧M . Then

TX has (N −K) trivial zero eigenvalues, and for the other eigenvalues µj, 1 ≤ j ≤ K,

we have

1

K

K∑
j=1

Fz0,a(µj)−
1

π

∫
Fz0,a(z)χ̃D(z)dA(z) ≺ K−1/2+2a‖∆F‖L1 , (2.22)

for any a ∈ (0, 1/4]. Here

χ̃D(z) :=
1

4

∫ ∞
0

(log x)∆zρ2c(x, z)dx, (2.23)

where ρ2c ≡ ρ2c,z,Σ is defined in (2.13). If 1 + τ ≤ |z0|2 ≤ 1 + τ−1 or the entries of X

have vanishing third moments,

EX3
iµ = 0, 1 ≤ i ≤M, 1 ≤ µ ≤ N, (2.24)

then we have the improved result

1

K

K∑
j=1

Fz0,a(µj)−
1

π

∫
Fz0,a(z)χ̃D(z)dA(z) ≺ K−1+2a‖∆F‖L1 , (2.25)

for any a ∈ (0, 1/2]. If the entries of X are identically distributed, then the bounded

density condition is not necessary.

Remark 1: Note that Fz0,a(z) = K2aF (Ka(z − z0)) is an approximate delta function

obtained from rescaling F to the size of order K−a around z0. Thus (2.22) gives a

generalized circular law up to scale K−1/4+ε, while (2.25) gives a generalized circular law

up to scale K−1/2+ε. The χ̃D in (2.23) gives the distribution of the eigenvalues of TX. It
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is rotationally symmetric, because ρ2c(x, z) depends only on |z| (see (2.10) and (2.11)).

If TT ∗ = 1 or T ∗T = 1 (i.e. all the nontrivial singular values of T are equal to 1), then

χ̃D becomes the indicator function χD on the unit disk D, and we get the well-known

local circular law for X (see [10] for the T = I case). For a general T , we do not have

much understanding of χ̃D so far. This will be one of the topics of our future study.

Also, we have assumed that z is strictly away from the unit circle. Our proof may be

extended to the |z − 1| = o(1) case if we have a better understanding of the solutions

m1,2c.

Remark 2: As explained in the Introduction, our strategy is first to prove the anisotropic

local law for the resolvent of Q when X is Gaussian, and then to get the anisotropic

local law for a general X through a comparison with the Gaussian case. Without (2.24),

our comparison arguments cannot give the anisotropic local law up to the optimal scale,

so we can only prove the weaker bound (2.22). We will try to remove this assumption

in the future work.

Remark 3: If the entries of X are identically distributed, then it was proved in [71] that

the smallest singular value of TX − z is larger than N−1−ε with high probability for any

ε > 0. Otherwise, we need the extra bounded density condition, which is only used in

Lemma 2.2.23 to get a lower bound for the smallest singular value of TX − z.

We conclude this section with two examples verifying the regularity conditions of

Definition 2.2.4.

Example 2.2.7 (Bounded number of distinct eigenvalues). We suppose that n is fixed,

and that s1, . . . , sn and ρΣ({s1}), . . . , ρΣ({sn}) all converge as N →∞. We suppose that

limN ek > limN ek+1 for all k, and furthermore for all ek we have ∂2
mf(
√
ek,mc(ek)) 6= 0.
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Then it is easy to check that all the edges and bulk components are regular in the sense

of Definition 2.2.4 for small enough ε.

Example 2.2.8 (Continuous limit). We suppose ρΣ is supported in some interval [a, b] ⊂

(0,∞), and that ρΣ converges in distribution to some measure ρ∞ that is absolutely

continuous and whose density satisfies τ ≤ dρ∞(E)/dE ≤ τ−1 for E ∈ [a, b]. Then

there are only a small number (which is independent of n) of connected components for

supp ρ1c, and all the edges and bulk components are regular. See the remark at the end

of Section 2.7.1.

2.2.3 Hermitization and local laws for resolvents

In the following, we use the notation

Y ≡ Yz := TX − zI, (2.26)

where I is the identity matrix. Following Girko’s Hermitization technique [34], the first

step in proving the local circular law is to understand the local statistics of singular

values of Y . In this subsection, we present the main local estimates concerning the

resolvents
(
Y Y † − w

)−1
and

(
Y †Y − w

)−1
. These results will be used later to prove

Theorem 2.2.6.

Our local laws can be formulated in a simple, unified fashion using a 2N × 2N block

matrix, which is a linear function of X.

Definition 2.2.9 (Index sets). We define the index sets

I1 := {1, ..., N}, IM1 := {1, . . . ,M}, I2 := {N+1, ..., 2N}, I := I1 ∪I2, IM := IM1 ∪I2 .



22

We will consistently use the latin letters i, j ∈ I1 or IM1 , greek letters µ, ν ∈ I2, and

s, t ∈ I. We label the indices of the matrices according to

X = (Xiµ : i ∈ IM1 , µ ∈ I2), T = (Tij : i ∈ I1, j ∈ IM1 ).

When M = N , we always identify IM1 with I1. For i ∈ I1 and µ ∈ I2, we introduce the

notations ī := i+N ∈ I2 and µ̄ := µ−N ∈ I1.

Definition 2.2.10 (Groups). For an I ×I matrix A, we define the 2× 2 matrices A[ij]

as

A[ij] =

 Aij Aij̄

Aīj Aīj̄

 . (2.27)

We shall call A[ij] a diagonal group if i = j, and an off-diagonal group otherwise .

Definition 2.2.11 (Linearizing block matrix). For w := E + iη ∈ C+, we define the

I ×I matrix

H(w) ≡ H(T,X, z, w) :=

 −wI w1/2Y

w1/2Y † −wI

 , (2.28)

where we take the branch of
√
w with positive imaginary part. Define the I × I matrix

G(w) ≡ G(T,X, z, w) := H(w)−1, (2.29)

as well as the I1 × I1 and I2 × I2 matrices

GL(w) =
(
Y Y † − w

)−1
, GR(w) =

(
Y †Y − w

)−1
. (2.30)

Throughout the rest of this chapter, we frequently omit the argument w from our nota-

tions.
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By Schur’s complement formula, it is easy to see that

G (w) =

 GL w−1/2GLY

w−1/2Y †GL w−1Y †GLY − w−1I

 =

 w−1Y GRY
† − w−1I w−1/2Y GR

w−1/2GRY
† GR

 .

(2.31)

Therefore a control of G immediately yields controls of the resolvents GL and GR.

In the following, we only consider the N ≤M case. The N > M case, as we will see,

will be built easily upon N ≤ M case. We introduce a deterministic matrix Π, which

will turn out to be close to G with high probability.

Definition 2.2.12 (Deterministic limit of G). Suppose N ≤ M and T has a singular

decomposition

T = UD̄V, D̄ = (D, 0), (2.32)

where D = diag(d1, d2, . . . , dN) is a diagonal matrix. Define π[i]c to be the 2× 2 matrix

such that (
π[i]c

)−1
=

−w(1 + |di|2m2c) −w1/2z

−w1/2z̄ −w(1 +m1c)

 . (2.33)

Let Πd be the 2N×2N matrix with (Πd)[ii] = π[i]c and all other entries being zero. Define

Π ≡ Π(Σ, z, w) :=

 U 0

0 U

Πd

 U † 0

0 U †

 =

−(1 +m1c)A(Σ) w−1/2zA(Σ)

w−1/2z̄A(Σ) −(1 +m2cΣ)A(Σ)

 ,

(2.34)

where Σ = TT † and A(Σ) = [w(1 +m2cΣ)(1 +m1c)− |z|2]
−1
.

Definition 2.2.13 (Averaged variables). Suppose N ≤M . Define the averaged random

variables

m1 :=
1

N

∑
i∈I1

(
Σ̄G
)
ii
, m2 :=

1

N

∑
µ∈I2

(
Σ̄G
)
µµ
, (2.35)
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where

Σ̄ :=

 Σ 0

0 I

 . (2.36)

Define π[i] to be the 2× 2 matrix such that

(
π[i]

)−1
=

 −w(1 + |di|2m2) −w1/2z

−w1/2z̄ −w(1 +m1)

 . (2.37)

Remark: Note that under the above definition we have

m2 =
1

N
TrGR =

1

N
TrGL,

which is the Stieltjes transform of the empirical eigenvalue density of Y Y † and Y †Y .

Moreover, we will see from the proof that m1,2c are the almost sure limits of m1,2 as

N →∞ with

m1c =
1

N

∑
i∈I1

(
Σ̄Π
)
ii
, m2c =

1

N

∑
µ∈I2

(
Σ̄Π
)
µµ
. (2.38)

The following two propositions summarize the properties of ρ1,2c and m1,2c that are

needed to understand the main results in this section. They will be proved in Appendix

2.7. In Fig. 2, we plot ρ2c for the example from Fig. 1 for different values of z.

Proposition 2.2.14 (Basic properties of ρ1,2c). The density ρ1c is compactly supported

in [0,∞) and the following properties regarding ρ1c hold.

(i) The support of ρ1c is
⋃

1≤k≤L(n)[e2k, e2k−1] where e1 > e2 > . . . > e2L ≥ 0. If

1 + τ ≤ |z|2 ≤ 1 + τ−1, then e2L ≥ ε for some constant ε > 0; if |z|2 ≤ 1 − τ , then

e2L = 0.

(ii) Suppose [e2k, e2k−1] is a regular bulk component. For any τ ′ > 0, if x ∈ [e2k +

τ ′, e2k−1 − τ ′], then ρ1c(x) ∼ 1.
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| =0.5z|

| =0.75z|

| =1.2z|

| =1.5z|

Figure 2: The densities ρ2c(x, z) when |z| = 0.5, 0.75, 1.2, 1.5. Here ρΣ = 0.5δ√
2/17

+

0.5δ
4
√

2/17
.

(iii) Suppose ej is a nonzero regular edge. If j is even, then ρ1c(x) ∼ √x− ej as

x→ ej from above. Otherwise if j is odd, then ρ1c(x) ∼ √ej − x as x→ ej from below.

(iv) If |z|2 ≤ 1− τ , then ρ1c(x) ∼ x−1/2 as x↘ e2L = 0.

The same results also hold for ρ2c. In addition, ρ2c is a probability density.

Proposition 2.2.15. The preceding proposition implies that, uniformly in w in any

compact set of C+,

|m1,2c(w)| = O(|w|−1/2). (2.39)

Moreover, if 1 + τ ≤ |z|2 ≤ 1 + τ−1, then |m1,2c(w)| ∼ 1 for w in any compact set of C+;

if |z|2 ≤ 1− τ , then |m1,2c(w)| ∼ |w|−1/2 for w in any compact set of C+.

We will consistently use the notation E + iη for the spectral parameter w. In this
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chapter, we regard the quantities E(w) and η(w) as functions of w and usually omit the

argument w. In the following we would like to define several spectral domains of w that

will be used in the proof.

Definition 2.2.16 (Spectral domains). Fix a small constant ζ > 0 which may depend

on τ . The spectral parameter w is always assumed to be in the fundamental domain

D ≡ D(ζ,N) := {w ∈ C+ : ζe2L ≤ E ≤ ζ−1, N−1+ζ |m2c|−1 ≤ η ≤ ζ−1}, (2.40)

unless otherwise indicated. Given a regular edge ek, we define the subdomain

De
k ≡ De

k(ζ, τ
′, N) := {w ∈ D(ζ,N) : |E − ek| ≤ τ ′, E ≥ 0}. (2.41)

Corresponding to a regular bulk component [e2k, e2k−1], we define the subdomain

Db
k ≡ Db

k(ζ, τ
′, N) := {w ∈ D(ζ,N) : E ∈ [e2k + τ ′, e2k−1 − τ ′]}. (2.42)

For the component outside supp ρ1c, we define the subdomain

Do ≡ Do(ζ, τ ′, N) := {w ∈ D(ζ,N) : dist(E, supp ρ1c) ≥ τ ′}. (2.43)

We also need the following domain with large η,

DL ≡ DL(ζ) := {w ∈ C+ : 0 ≤ E ≤ ζ−1, η ≥ ζ−1}, (2.44)

and the subdomain of D ∪DL,

D̂ ≡ D̂(ζ,N) := {w ∈ D(ζ,N) : η ≥ N−1/2+ζ |m2c|−1} ∪DL(ζ). (2.45)

We call S a regular domain if it is a regular De
k or Db

k domain, a Do domain or a DL

domain.
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Remark: In the definition of D, we have suppressed the explicit w-dependence. Notice

that when |z|2 < 1 − τ , since |m2c| ∼ |w|−1/2 as w → 0, we allow η ∼ |w| ∼ N−2+2ζ in

D. In the definition of De
k, the condition E ≥ 0 is only useful for the edge at 0 when

|z|2 ≤ 1− τ .

Now we are prepared to state the local laws satisfied by G defined in (3.27). Let

Ψ ≡ Ψ(w) :=

√
Im (m1c +m2c)

Nη
+

1

Nη
(2.46)

be the deterministic control parameter.

Definition 2.2.17 (Local laws). Suppose N ≤ M . Recall G ≡ G(T,X, z, w) defined in

(3.27) and Π ≡ Π(Σ, z, w) defined in (2.34). Let S be a regular domain.

(i) We say that the entrywise local law holds with parameters (T,X, z,S) if

[G(T,X, z, w)− Π(Σ, z, w)]st ≺ Ψ(w) (2.47)

uniformly in w ∈ S and s, t ∈ I.

(ii) We say that the anisotropic local law holds with parameters (T,X, z,S) if

G(T,X, z, w)− Π(Σ, z, w) = O≺ (Ψ(w)) (2.48)

uniformly in w ∈ S (recall Definition 3.2.4 (ii)).

(iii) We say that the averaged local law holds with parameters (T,X, z,S) if

|m2(T,X, z, w)−m2c(Σ, z, w)| ≺ 1

Nη
(2.49)

uniformly in w ∈ S.

The local laws for G with a general T will be built upon the following result with a

diagonal T .
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Theorem 2.2.18 (Local laws when T is diagonal). Fix τ ≤ ||z|2 − 1| ≤ τ−1. Suppose

Assumption 2.2.1 holds, N = M , and T ≡ D := diag(d1, ..., dN) is a diagonal matrix.

Let S be a regular domain. Then the entrywise local law, anisotropic local law and

averaged local law hold with parameters (D,X, z,S).

Now suppose that N ≤ M and T is an N ×M matrix such that the eigenvalues of

Σ satisfy (2.5) and (2.6). Consider the singular decomposition T = UD̄V , where U is

an N ×N unitary matrix, V is an M ×M unitary matrix and D̄ = (D, 0) is an N ×M

matrix such that D = diag(d1, d2, . . . , dN). Then we have

TX − z = UDV1X − z, (2.50)

where V1 is an N × M matrix and V2 is an (M − N) × M matrix defined through

V =

 V1

V2

 . If X = XGauss is Gaussian, then V1X
Gauss d

= X̃GaussU †, where X̃Gauss is

another N ×N Gaussian random matrix. Then by the definition of G in (3.27),

G(T,XGauss, z, w)
d
=

 U 0

0 U

G(D, X̃Gauss, z, w)

 U † 0

0 U †

 . (2.51)

Since the anisotropic local law holds for G(D, X̃Gauss, z, w) by Theorem 2.2.18, we get

immediately the anisotropic local law for G(T,XGauss, z, w). The next theorem states

that the anisotropic local law holds for general TX provided that the anisotropic local

law holds for TXGauss.

Theorem 2.2.19 (Anisotropic local law when N ≤ M). Fix τ ≤ ||z|2 − 1| ≤ τ−1.

Suppose Assumption 2.2.1 holds and N ≤M . Let T = UD̄V be a singular decomposition

of T , where D̄ = (D, 0) with D = diag(d1, d2, . . . , dN). Let S be a regular domain. Then
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the anisotropic local law and averaged local law hold with parameters (T,X, z,S∩ D̂). If

in addition (2.24) holds, then the anisotropic local law and averaged local law hold with

parameters (T,X, z,S).

Finally we turn to theN > M case. Suppose T = UD̄V is a singular decomposition of

T , where U is an N×N unitary matrix, V is an M×M unitary matrix and D̄ =

 D

0


is an N ×M matrix such that D = diag(d1, d2, . . . , dM). Let U = (U1, U2), where U1

has size N ×M and U2 has size N × (N −M). Following Girko’s idea of Hermitization

[34], to prove the local circular law in Theorem 2.2.6 when N > M , it suffices to study

det(TX − z) (see (2.53) below), for which we have

det(TX − z) = det

 DVXU1 − z DV XU2

0 −z

 = det(V TDTUT
1 X

T − z)(−z)N−M .

(2.52)

Comparing with (2.50), we see that this case is reduced to the N ≤ M case. The

only difference is that the extra (−z)N−M term now corresponds to the N −M zero

eigenvalues of TX. Thus we make the following claim.

Claim 2.2.20. The N < M case of Theorem 2.2.6 implies the N > M case of Theorem

2.2.6.

2.2.4 Proof of Theorem 2.2.6

By Claim 2.2.20, it suffices to assume N ≤ M . Our main tool will be Theorem 2.2.19.

A major part of the proof follows from [10, Section 5]. The following lemma collects

basic properties of stochastic domination ≺, which will be used tacitly during the proof

and throughout this chapter.
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Lemma 2.2.21 (Lemma 3.2 in [6]). (i) Suppose that ξ(u, v) ≺ ζ(u, v) uniformly in

u ∈ U and v ∈ V . If |V | ≤ NC for some constant C, then

∑
v∈V

ξ(u, v) ≺
∑
v∈V

ζ(u,w)

uniformly in u.

(ii) If ξ1(u) ≺ ζ1(u) uniformly in u ∈ U and ξ2(u) ≺ ζ2(u) uniformly in u ∈ U , then

ξ1(u)ξ2(u) ≺ ζ1(u)ζ2(u)

uniformly in u ∈ U .

(iii) Suppose that Ψ(u) ≥ N−C is deterministic and ξ(u) is a nonnegative random

variable such that Eξ(u)2 ≤ NC for all u. Then if ξ(u) ≺ Ψ(u) uniformly in u, we have

Eξ(u) ≺ Ψ(u)

uniformly in u.

The Girko’s Hermitization technique [34] can be reformulated as the following (see

e.g. [37]): for any smooth function g,

1

N

N∑
i=1

g(µj) =
1

4πN

∫
∆g(z)

N∑
j=1

log(µj − z)(µ̄j − z̄)dA(z)

=
1

4πN

∫
∆g(z) log

∣∣det(Y (z)Y †(z))
∣∣ dA(z) =

1

4πN

∫
∆g(z)

N∑
j=1

log λj(z)dA(z),

(2.53)

where 0 ≤ λ1 ≤ λ2 ≤ . . . ≤ λN are the ordered eigenvalues of Y (z)Y †(z). For g = Fz0,a,

we use the new variable ξ = Na(z − z0) to write the above equation as

1

N

N∑
i=1

Fz0,a(µj) =
N−1+2a

4π

∫
(∆F )(ξ)

N∑
j=1

log λj(z)dA(ξ). (2.54)
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Define the classical location γj(z) of the j-th eigenvalue of Y (z)Y †(z) by

γj(z) := sup
x

{∫ x

0

ρ2c(x)dx ≤ j

N

}
, 1 ≤ j ≤ N. (2.55)

In fact, if γj lies in the bulk, then by the positivity of ρ2c we can simply define γj through∫ γj

0

ρ2c(x)dx =
j

N
.

By Proposition 2.2.14, we have that for any δ > 0,∣∣∣∣∣
N∑
j=1

log γj(z)−N
∫ ∞

0

(log x)ρ2c(x, z)dx

∣∣∣∣∣ ≤
N∑
j=1

∫ γj(z)

γj−1(z)

|log γj(z)− log x| ρ2c(x, z)dx ≤ N δ

(2.56)

for large enough N . Suppose we have the bound∣∣∣∣∣∑
j

log λj −
∑
j

log γj

∣∣∣∣∣ ≺ N b. (2.57)

Plugging (2.56) and (2.57) into (2.54), we get

1

N

N∑
i=1

Fz0(µj) =
N2a

4π

∫
(∆F )(ξ)

∫ ∞
0

(log x)ρ2c(x, z)dxdA(ξ) +O≺(N−1+b+2a‖∆F‖L1)

=
1

4π

∫
F (ξ)

∫ ∞
0

(log x)∆zρ2c(x, z)dxdA(ξ) +O≺(N−1+b+2a‖∆F‖L1).

Thus we obtain (2.22) if we can prove (2.57) for b = 1/2, and we obtain (2.25) if we can

prove (2.57) for b = 0 when 1+τ ≤ |z0|2 ≤ 1+τ−1 or when the assumption (2.24) holds.

We need the following lemma which is a consequence of Theorem 2.2.19. Recall (2.17)

and (2.21), the number L of the connected components is of order 1 and each component

[e2k, e2k−1] contains order N of γj’s. We define the classical number of eigenvalues to the

left of ek, 1 ≤ k ≤ 2L, as

Nk :=

⌈
N

∫ ek

0

ρ2c(x)

⌉
. (2.58)

Note that N2L = 0, N1 = N and N2k+1 = N2k, 1 ≤ k ≤ L− 1.
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Lemma 2.2.22 (Singular value rigidity). Fix a small ε > 0.

(i) If the averaged local law holds with parameters (T,X, z,D(ζ,N) ∩ D̂(ζ,N)) for

arbitrarily small ζ, then the following estimates hold. For any e2k > 0 and N2k+N
1/2+ε ≤

j ≤ N2k−1 −N1/2+ε,

|λj − γj|
γj

≺
(

min

{
j −N2k

N
,
N2k−1 − j

N

})−1/3

N−1/2. (2.59)

In the case |z|2 ≤ 1− τ with e2L = 0, we have for any N1/2+ε ≤ j ≤ N2L−1 −N1/2+ε,

|λj − γj|
γj

≺ j−1

(
N2L−1 − j

N

)−1/3

N1/2. (2.60)

Moreover, if 1 + τ ≤ |z|2 ≤ 1 + τ−1, then for any fixed 0 < c < e2L,

#{j : 0 < λj < c} ≺ 1. (2.61)

(ii) If the averaged local law holds with parameters (T,X, z,D(ζ,N)) for arbitrarily

small ζ, then the following estimates hold. For any e2k > 0 and N2k + N ε ≤ j ≤

N2k−1 −N ε,

|λj − γj|
γj

≺
(

min

{
j −N2k

N
,
N2k−1 − j

N

})−1/3

N−1. (2.62)

In the case |z|2 ≤ 1− τ with e2L = 0, we have for any N ε ≤ j ≤ N2L−1 −N ε,

|λj − γj|
γj

≺ j−1

(
N2L−1 − j

N

)−1/3

. (2.63)

Proof. The proof is similar to the proof of [10, Lemma 5.1]. See also [6, Theorem 2.10]

or [22, Theorem 7.6]

Using (2.59) and (2.60), we get that

∑
N2k+N1/2+ε≤j≤N2k−1−N1/2+ε

|log λj − log γj| ≺
∑

N2k+N1/2+ε≤j≤N2k−1−N1/2+ε

|λj − γj|
γj

≺ N1/2.

(2.64)
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By Theorem 2.10 of [6], there exists a constant C > 0 such that

‖X∗X‖ ≤ C with high probability. (2.65)

Thus we have

λj ≤ ‖Y ‖2 ≤ (‖T‖‖X‖+ |z|)2 ≺ 1, 1 ≤ j ≤ N. (2.66)

Together with Lemma 2.2.23 concerning the smallest singular value of TX − z, we get

2L∑
k=1

∑
|j−ek|<N1/2+ε

|log λj| ≺ N1/2+ε. (2.67)

Since |log γj| ≺ 1 by Proposition 2.2.14, we conclude

2L∑
k=1

∑
|j−ek|<N1/2+ε

|log λj − log γj| ≺ N1/2+ε. (2.68)

Combining (2.64) and (2.68), we get for any ε > 0,∑
1≤j≤N

|log λj − log γj| ≺ N1/2+ε (2.69)

for large enough N . This implies (2.57) for b = 1/2. If in addition the assumption (2.24)

holds, the averaged local law holds with parameters (T,X, z,D(ζ,N)) for arbitrarily

small ζ by Theorem 2.2.19. Then we can prove (2.57) for b = 0 using the better bounds

(2.62) and (2.63).

Finally we show that when |z0|2 ≥ 1 + τ , with the bounds (2.59) we can still prove

the estimate (2.57) for b = 0. By the averaged local law and the definition of γj in

(2.55), we have ∣∣∣∣∣
N∑
j=1

1

λj − iη
−

N∑
j=1

1

γj − iη

∣∣∣∣∣ ≺ 1

η
, (2.70)

uniformly in N−1/2+ε ≤ η ≤ N1/2. Taking integral of (2.70) over η from N−1/2+ε to

N1/2, we get ∣∣∣∣∣
N∑
j=1

log

(
λj − iN−1/2+ε

γj − iN−1/2+ε

)
−

N∑
j=1

log

(
λj − iN1/2

γj − iN1/2

)∣∣∣∣∣ ≺ 1. (2.71)
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Then we use (2.59) and the bound (2.66) to estimate that∣∣∣∣∣
N∑
j=1

log

(
λj − iN1/2

γj − iN1/2

)∣∣∣∣∣ ≺
N∑
j=1

∣∣(λj − γj)N−1/2
∣∣ ≺ N ε.

Thus we conclude ∣∣∣∣∣
N∑
j=1

log

(
λj − iN−1/2+ε

γj − iN−1/2+ε

)∣∣∣∣∣ ≺ N ε. (2.72)

Using γj ∼ 1, (2.61) and (2.74), we get∣∣∣∣∣
N∑
j=1

log

(
λj − iN−1/2+ε

γj − iN−1/2+ε

)
−

N∑
j=1

log
λj
γj

∣∣∣∣∣ ≺ 1 +

∣∣∣∣∣∣
∑
λj≥c

log

(
λj − iN−1/2+ε

γj − iN−1/2+ε

)
−
∑
λj≥c

log
λj
γj

∣∣∣∣∣∣
≺ 1 +

∑
λj≥c

∣∣(λj − γj)N−1/2+ε
∣∣ ≺ N2ε. (2.73)

Combing (2.72) and (2.73), we conclude (2.57) for b = 0.

If the entries of X are identically distributed, then instead of Lemma 2.2.23, we shall

use the results in [71] to get a lower bound for the smallest singular value of TX − z

(see Remark 3 below Theorem 2.2.6). In particular, the bounded density condition for

the entries of X is not needed anymore. This concludes the last statement of Theorem

2.2.6.

Lemma 2.2.23 (Lower bound on the smallest singular value). If N ≤M and the entries

of X have a density bounded by NC3 for some C3 > 0, then

| log λ1(z)| ≺ 1 (2.74)

holds uniformly for z in any fixed compact set.

Proof. We already have an upper bound for λ1; see (2.66). Hence to get (2.74), we still

need to prove that

P
(
λ1(z) ≤ e−N

ε) ≤ N−C (2.75)
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for any ε, C > 0. By (2.50), we have that

TX − z = UD(V1X −D−1U−1z) =: UDỸ (z).

Hence it suffices to control the smallest singular value of Ỹ (z), call it λ̃1(z). Notice the

columns Ỹ1, . . . , ỸN of Ỹ (z) are independent vectors. From the variational characteriza-

tion

λ̃1(z) = min
|u|=1
‖Ỹ (z)u‖2,

we can easily get

λ̃1(z)1/2 ≥ N−1/2 min
1≤k≤N

dist
(
Ỹk, span{Ỹl, l 6= k}

)
= N−1/2 min

1≤k≤N

∣∣∣〈Ỹk, uk〉∣∣∣ , (2.76)

where uk is the unit normal vector of span{Ỹl, l 6= k} and hence is independent of Ỹk.

By conditioning on uk, we get immediately that

P(λ̃1(z) ≤ N−C0) ≤ CN−C0/2+C3+3/2, (2.77)

which is a much stronger result than (2.75). Here we have used Theorem 1.2 of [58] to

conclude that 〈Ȳk, uk〉 for fixed uk has density bounded by CNC3 .

2.3 Basic tools

In this preliminary section, we collect various identities and estimates that we shall use

throughout the following.

Definition 2.3.1 (Minors). For J ⊂ I, we define the minor H(J) := {Hst : s, t ∈ I \J},

and correspondingly G(J) := (H(J))−1. Let [J ] := {s ∈ I : s ∈ J or s̄ ∈ J}. We shall

also denote H [J ] := {Hst : s, t ∈ I\[J ]} and G[J ] := (H [J ])−1. We abbreviate ({s}) ≡ (s),

({s, t}) ≡ (st), [{s}] ≡ [s] and [{s, t}] = [st].
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Notice that by the definition, we have H
(J)
st = 0 and G

(J)
st = 0 if s ∈ J or t ∈ J .

Lemma 2.3.2. (Resolvent identities).

(i) For i ∈ I1 and µ ∈ I2, we have

1

Gii

= −w − w
(
Y G(i)Y †

)
ii
,

1

Gµµ

= −w − w
(
Y †G(µ)Y

)
µµ
. (2.78)

For i 6= j ∈ I1 and µ 6= ν ∈ I2, we have

Gij = wGiiG
(i)
jj

(
Y G(ij)Y †

)
ij
, Gµν = wGµµG

(µ)
νν

(
Y †G(µν)Y

)
µν
. (2.79)

(ii) For i ∈ I1 and µ ∈ I2, we have

Giµ = GiiG
(i)
µµ

(
−w1/2Yiµ + w

(
Y G(iµ)Y

)
iµ

)
, (2.80)

Gµi = GµµG
(µ)
ii

(
−w1/2Y †µi + w

(
Y †G(µi)Y †

)
µi

)
. (2.81)

(iii) For r ∈ I and s, t ∈ I \ {r},

G
(r)
st = Gst −

GsrGrt

Grr

,
1

Gss

=
1

G
(r)
ss

− GsrGrs

GssG
(r)
ss Grr

. (2.82)

(iv) All of the above identities hold for G(J) instead of G for J ⊂ I.

Proof. All these identities can be proved using Schur’s complement formula. They have

been previously derived and summarized e.g. in [22, 23, 30].

Lemma 2.3.3. (Resolvent identities for G[ij] groups).

(i) For i ∈ I1, we have

G−1
[ii] = H[ii] −

∑
k,l 6=i

H[ik]G
[i]
[kl]H[li]. (2.83)
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For i 6= j ∈ I1, we have

G[ij] = −G[ii]

∑
k 6=i

H[ik]G
[i]
[kj] = −

∑
k 6=j

G
[j]
[ik]H[kj]G[jj] (2.84)

= −G[ii]H[ij]G
[i]
[jj] +G[ii]

∑
k,l/∈{i,j}

H[ik]G
[ij]
[kl]H[lj]G

[i]
[jj]. (2.85)

(ii) For k ∈ I1 and i, j ∈ I1 \ {k},

G
[k]
[ij] = G[ij] −G[ik]G

−1
[kk]G[kj], (2.86)

and

G−1
[ii] =

(
G

[k]
[ii]

)−1

−G−1
[ii]G[ik]G

−1
[kk]G[ki]

(
G

[k]
[ii]

)−1

. (2.87)

(iii) All of the above identities hold for G[J ] instead of G for J ⊂ I.

Proof. These identities can be proved using Schur’s complement formula. The details

are left to the reader.

Next we introduce the spectral decomposition of G. Let

Y =
N∑
k=1

√
λkξkζ

†
k̄

be the singular decomposition of Y , where λ1 ≥ λ2 ≥ . . . ≥ λN ≥ 0 and {ξk}Nk=1 and

{ζk̄}Nk=1 are orthonormal bases of CI1 and CI2 respectively. Then by (2.31), we have

G (w) =
N∑
k=1

1

λk − w

 ξkξ
†
k w−1/2

√
λkξkζ

†
k̄

w−1/2
√
λkζk̄ξ

†
k ζk̄ζ

†
k̄

 . (2.88)

Definition 2.3.4 (Generalized entries). For v,w ∈ CI, s ∈ I and an I × I matrix A,

we shall denote

Avw := 〈v, Aw〉, Avs := 〈v, Aes〉, Asw := 〈es, Aw〉, (2.89)

where es is the standard unit vector.
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Given vectors v ∈ CI1 and w ∈ CI2 , we always identify them with their natural

embeddings

 v

0

 and

 0

w

 in CI . The exact meanings will be clear from the

context.

Lemma 2.3.5. Fix τ > 0. The following estimates hold uniformly for any w ∈ D(ζ,N)∪

DL(ζ). We have

‖G‖ ≤ Cη−1, ‖∂wG‖ ≤ Cη−2. (2.90)

Let v ∈ CI1 and w ∈ CI2, we have the bounds∑
µ∈I2

|Gwµ|2 =
∑
µ∈I2

|Gµw|2 =
ImGww

η
, (2.91)

∑
i∈I1

|Gvi|2 =
∑
i∈I1

|Giv|2 =
ImGvv

η
, (2.92)

∑
i∈I1

|Gwi|2 =
∑
i∈I1

|Giw|2 = |w|−1Gww + w̄ |w|−1 ImGww

η
, (2.93)

∑
µ∈I2

|Gvµ|2 =
∑
µ∈I2

|Gµv|2 = |w|−1Gvv + w̄ |w|−1 ImGvv

η
. (2.94)

All of the above estimates remain true for G(J) instead of G for J ⊂ I.

Proof. The estimates in (3.54) follow from (2.88). For any unit vectors x,y ∈ CI1 , we

have

|〈x, Gy〉| ≤
N∑
k=1

|〈x, ξk〉|
∣∣∣〈ξ†k,y〉∣∣∣

|λk − w|
≤ 1

η

[
N∑
k=1

|〈x, ξk〉|2
]1/2 [ N∑

k=1

∣∣∣〈ξ†k,y〉∣∣∣2
]1/2

=
1

η
.

For any unit vectors x ∈ CI1 and y ∈ CI2 , we have

|〈x, Gy〉| ≤ |w|−1/2
N∑
k=1

√
λk |〈x, ξk〉|

∣∣∣〈ζ†k̄,y〉∣∣∣
|λk − w|

≤
N∑
k=1

1

2η

(
|〈x, ξk〉|2 +

∣∣∣〈ζ†k̄,y〉∣∣∣2) =
1

η
,

where we have used that for w = E + iη, |w|−1/2√λk/|λk − w| ≤ η−1. For the other two

blocks of G, we can prove similar estimates. This gives the first bound in (3.54). It is
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trivial to generalize the proof to ∂wG, where η−2 comes from the (λk − w)−2 factor of

∂wG. For (3.57), we observe that

ImGww

η
=

1

η
Im

N∑
k=1

〈w, ζk̄〉 〈ζ
†
k̄
,w〉

λk − w
=

N∑
k=1

|〈w, ζk〉|2

(λk − E)2 + η2
,

and by (2.31),

∑
µ∈I2

|Gwµ|2 =
∑
µ∈I2

〈w, GReµ〉 〈eµ, G†Rw〉 =
〈
w, GRG

†
Rw
〉

=
N∑
k=1

|〈w, ζk〉|2

(λk − E)2 + η2
. (2.95)

Similarly, we can prove the identity for
∑
µ∈I2
|Gµw|2 and (3.55). For (3.56), first we can

prove that
∑
i∈I1
|Gwi|2 =

∑
i∈I1
|Giw|2 using (2.88). Then we use (2.31) and (2.95) to get

that

∑
i∈I1

|Gwi|2 = |w|−1
(
GRY

†Y G†R

)
ww

= |w|−1
[
GR

(
Y †Y − w̄

)
G†R

]
ww

+ w̄ |w|−1
(
GRG

†
R

)
ww

= |w|−1Gww + w̄ |w|−1
(
GRG

†
R

)
ww

= |w|−1Gww + w̄ |w|−1 ImGww

η
. (2.96)

Identity (3.58) can be proved in a similar way.

The following Lemma gives useful large deviation bounds. See Theorem B.1 and

Lemmas B.2-B.4 in [21] for the proof. See also Theorem C.1 of [22].

Lemma 2.3.6. (Large deviation bounds) Let (X
(N)
i ), (Y

(N)
i ) be independent families

of random variables and (a
(N)
ij ), (b

(N)
i ) be deterministic complex numbers. Suppose all

entries X
(N)
i and Y

(N)
i are independent and satisfy (2.3) and (2.4). Then we have the

following bounds:

∑
i

biXi ≺

(∑
i

|bi|
2

)1/2

√
N

,
∑
i,j

aijXiYj ≺

(∑
i,j

|aij|2
)1/2

N
,
∑
i 6=j

aijXiXj ≺

(∑
i 6=j
|aij|2

)1/2

N
,

(2.97)
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where, for simplicity of notation, we omitted the superscript (N) in the above expressions.

If the coefficients (a
(N)
ij ) and (b

(N)
i ) depend on some parameter u, then all of the above

estimates are uniform in u.

We have stated some basic properties of ρ1,2c and m1,2c in Lemma 2.2.3 and Proposi-

tion 2.2.14. Now we collect more estimates for m1,2c that will be used in the proof. The

next lemma is proved in Appendix 2.7.2. For w = E + iη, we define the distance to the

spectral edge through

κ ≡ κ(E) := min
1≤k≤2L,ek>0

|E − ek|. (2.98)

Notice in the |z| < 1 case, we do not take into consideration the edge at e2L = 0.

Lemma 2.3.7. Fix τ > 0 and suppose τ ≤ ||z|2 − 1| ≤ τ−1. We denote w = E + iη.

Case 1 Fix τ ′ > 0. Suppose the bulk component [e2k, e2k−1] is regular in the sense of

Definition 2.2.4. Then for w ∈ Db
k(ζ, τ

′, N), we have

|1 +m1c| ∼ Imm1c ∼ 1, |m2c| ∼ Imm2c ∼ 1. (2.99)

Case 2 Fix τ ′ > 0. Then for w ∈ Do(ζ, τ ′, N), we have

Imm1,2c ∼ η, |1 +m1c| ∼ 1, |m2c| ∼ 1. (2.100)

Case 3 Suppose ek 6= 0 is a regular edge. Then for w ∈ De
k(ζ, τ

′, N), if τ ′ > 0 is small

enough, we have

Imm1,2c ∼


√
κ+ η if E ∈ supp ρ1,2c

η/
√
κ+ η if E /∈ supp ρ1,2c

, |1 +m1c| ∼ 1, |m2c| ∼ 1. (2.101)
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Case 4 Suppose |z|2 ≤ 1 − τ so that e2L = 0. We take τ ′ > 0 to be small enough. Then

for w ∈ De
2L(ζ, τ ′, N), if Imw ≥ τ ′, we have

|1 +m1c| ∼ Imm1c ∼ 1, |m2c| ∼ Imm2c ∼ 1; (2.102)

if |w| ≤ 2τ ′, we have

m1c = i

√
t√
w

+O(1), m2c =
i
√
t√

w(t+ |z|2)
+O(1), (2.103)

for some constant t > 0, and

Imm1,2c ∼ |w|−1/2. (2.104)

Case 5 For w ∈ DL(ζ), we have

|m1c| ∼ Imm1c ∼
1

η
, |m2c| ∼ Imm2c ∼

1

η
. (2.105)

In Cases 1-4, we have

∣∣w (1 + sim2c) (1 +m1c)− |z|2
∣∣ ≥ c, (2.106)

where c > 0 is some constant that may depend on τ , τ ′ and ζ. In Case 5, we have

∣∣w (1 + sim2c) (1 +m1c)− |z|2
∣∣ ≥ η, (2.107)

Note that the uniform bounds (2.106) and (2.107) guarantee that the matrix entries of

Π(w) remain bounded. We have the following Lemma, which will be proved in Appendix

2.7.2.

Lemma 2.3.8. In Cases 1-4 of Lemma 2.3.7, we have

‖π[i]c‖ ≤ C|w|−1/2,
∥∥∥(π[i]c

)−1
∥∥∥ ≤ C|w|1/2, (2.108)
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and in Case 5 of Lemma 2.3.7, we have

‖π[i]c‖ ≤ Cη−1,
∥∥∥(π[i]c

)−1
∥∥∥ ≤ Cη. (2.109)

For all the cases in Lemma 2.3.7,

Im Πvv ≤ CIm(m1c +m2c), (2.110)

uniformly in w and any deterministic unit vector v ∈ CI.

The self-consistent equation (2.12) can be written as

Υ(w,m1) = 0, (2.111)

where

Υ(w,m1) = m1+
1

N

n∑
i=1

lisi(1+m1)

[
w

(
1 + si

1 +m1

−w(1 +m1)2 + |z|2

)
(1 +m1)− |z|2

]−1

.

(2.112)

The stability of (2.111) roughly says that if Υ(w,m1) is small and m1(w′) −m1c(w
′) is

small for w′ := w + iN−10, then m1(w) −m1c(w) is small. For an arbitrary w ∈ D, we

define the discrete set

L(w) := {w} ∪ {w′ ∈ D : Rew′ = Rew, Imw′ ∈ [Imw, 1] ∩ (N−10N)}, (2.113)

Thus, if Imw ≥ 1 then L(w) = {w}, and if Imw < 1 then L(w) is a 1-dimensional

lattice with spacing N−10 plus the point w. Obviously, we have |L(w)| ≤ N10.

Definition 2.3.9 (Stability of (2.111)). We say that (2.111) is stable on D if the fol-

lowing holds. Suppose that N−2|m1c| ≤ δ(w) ≤ (logN)−1|m1c| for w ∈ D and that δ is

Lipschitz continuous with Lipschitz constant ≤ N4. Suppose moreover that for each fixed
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E, the function η 7→ δ(E + iη) is non-increasing for η > 0. Suppose that u1 : D→ C is

the Stieltjes transform of a positive integrable function. Let w ∈ D and suppose that for

all w′ ∈ L(w) we have

|Υ(w, u1)| ≤ δ(w). (2.114)

Then

|u1(w)−m1c(w)| ≤ Cδ√
κ+ η + δ

, (2.115)

for some constant C > 0 independent of w and N .

We say that (2.111) is stable on DL if for 0 ≤ δ(w) ≤ (logN)−1|m1c|, (2.114) implies

|u1(w)−m1c(w)| ≤ Cδ, (2.116)

for some constant C > 0 independent of w and N .

This stability condition has previously appeared in [6, 10, 44]. In [44], for example,

the stability condition was established under various regularity assumptions. In the

following lemma, we establish the stability on each regular domain. The proof is given

in Appendix 2.7.3. This lemma leaves the case |w|1/2 + |z|2 = o(1) alone. We will handle

this case in a different way in Section 2.4.5.

Lemma 2.3.10. Fix τ > 0 and let τ ′ > 0 be sufficiently small depending on τ . Let

τ ≤ ||z|2 − 1| ≤ τ−1.

Case 1 Suppose the bulk component [e2k, e2k−1] is regular in the sense of Definition 2.2.4.

Then (2.111) is stable on Db
k(ζ, τ

′, N) in the sense of Definition 2.3.9.

Case 2 (2.111) is stable on Do(ζ, τ ′, N) in the sense of Definition 2.3.9.
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Case 3 Suppose ek 6= 0 is a regular edge in the sense of Definition 2.2.4. Then (2.111) is

stable on De
k(ζ, τ

′, N) in the sense of Definition 2.3.9.

Case 4 Suppose |z|2 ≤ 1− τ so that e2L = 0. If |w|1/2 + |z|2 ≥ ε for some constant ε > 0,

then (2.111) is stable on De
2L(ζ, τ ′, N) in the sense of Definition 2.3.9.

Case 5 (2.111) is stable on DL(ζ) in the sense of Definition 2.3.9.

2.4 Entrywise local law when T is diagonal

In this section we prove the entrywise local law and averaged local law in Theorem 2.2.18

when T is diagonal. The proof is similar to the previous proofs of the entrywise local law

in e.g. [6, 7, 10, 44]. We basically follow the idea in [10], and we will provide necessary

details for the parts that are different from the previous proofs.

The main novel observation of this section is that the self-consistent equations (2.10)

and (2.11) can be “derived” from the random matrix model by an application of Schur’s

complement formula. It is helpful to give a heuristic argument here. We introduce the

conditional expectation

E[i][·] := E[· | H [i]],

i.e. the partial expectation in the randomness of the i and ī-th rows and columns of H.

For the diagonal G[ii] group, we ignore formally the random fluctuations in (2.83) to get

that

G−1
[ii] ≈ E[i]H[ii] −

∑
k,l 6=i

E[i]

(
H[ik]G

[i]
[kl]H[li]

)
=

 −w −w1/2z

−w1/2z̄ −w

− w

N

∑
k

|di|2G[i]

k̄k̄
0

0 |dk|2G[i]
kk


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=

 −w −w1/2z

−w1/2z̄ −w

− w
|di|2m2 0

0 m1

 , (2.117)

where we used the definitions of m1 and m2 in (2.35). The 11 entry of (2.117) gives the

equation

Gii ≈
−1−m1

w (1 + |di|2m2) (1 +m1)− |z|2
, (2.118)

from which we get that

Gii

[
−w

(
1 + |di|2m2

)
+
|z|2

1 +m1

]
≈ 1.

Summing over i and using that N−1
∑

iGii = N−1
∑

µGµµ = m2, the above equation

becomes

−w (m2 +m1m2) +
|z|2m2

1 +m1

≈ 1,

which gives (2.10). Multiplying (2.118) with |di|2 and summing over i, we get the self-

consistent equation (2.11). In this section we give a justification of these approximations.

Before we start the proof, we make the following remark. In this section we mainly

focus on the domain D. On the domain DL, the proofs are much simpler and we only

describe them briefly. The parameter z can be either inside or outside of the unit circle.

Recall Lemma 2.3.7 and Lemma 2.3.10, the domain D of w can be divided roughly into

four regions: w near a nonzero regular edge, w → 0, w in the bulk, or w outside the

spectrum. In this section we will only consider the case |z|2 ≤ 1 − τ since it covers all

four different behaviors of m1,2c. Note that in this case |m1,2c(w)| ∼ |w|−1/2 for w in any

compact set of C+ by Proposition 2.2.15. Also due to the remark above Lemma 2.3.10,

in Sections 2.4.1-2.4.4, we assume |w|1/2 + |z|2 ≥ c for some c > 0. We will handle the

|w|1/2 + |z|2 = o(1) case in Section 2.4.5.
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2.4.1 The self-consistent equations

To begin with, we prove the following weak version of the entrywise local law.

Proposition 2.4.1 (Weak entrywise law). Fix |z|2 ≤ 1− τ and a small constant c > 0.

Suppose Assumption 2.2.1 holds, N = M and T ≡ D := diag(d1, ..., dN). Then for any

regular domain S ⊂ D,

max
i,j∈I1

∥∥∥(G(w)− Π(w))[ij]

∥∥∥ ≺ 1

|w|1/2

(
|w|1/2

Nη

)1/4

(2.119)

for all w ∈ S such that |w|1/2 + |z|2 ≥ c. For w ∈ DL, we have

max
i,j∈I1

∥∥∥(G(w)− Π(w))[ij]

∥∥∥ ≺ 1

η

√
1

N
. (2.120)

For the purpose of proof, we define the following random control parameters.

Definition 2.4.2 (Control parameters). Suppose N = M and T ≡ D := diag(d1, ..., dN).

We define

Λ := max
i,j∈I1

∥∥∥(G− Π)[ij]

∥∥∥ , Λo := max
i 6=j∈I1

∥∥∥(G− Π)[ij]

∥∥∥ . (2.121)

For J ⊆ I, define the averaged variables m
(J)
1,2 (m

[J ]
1,2) by replacing G in (2.35) with G(J)

(G[J ]), i.e.

m
(J)
1 :=

1

N

∑
i/∈J

|di|2G(J)
ii , m

(J)
2 :=

1

N

∑
µ/∈J

G(J)
µµ . (2.122)

The averaged error and the random control parameter are defined as

θ := |m1 −m1c|+ |m2 −m2c| and Ψθ :=

√
Im (m1c +m2c) + θ

Nη
+

1

Nη
, (2.123)

respectively.
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Remark: By (2.5), we immediately get that

τ Imm
(J)
1 ≤ Imm

(J)
2 ≤ τ−1Imm

(J)
2 , (2.124)

and θ = O(Λ), since |m1 −m1c| ≤ τ−1Λ and |m2 −m2c| ≤ Λ.

We introduce the Z variables:

Z
[J ]
[i] := (1− E[i])

(
G

[J ]
[ii]

)−1

.

By the identity (2.83) we have

G−1
[ii] = E[i]G

−1
[ii] + Z[i] =

 −w − w |di|2m[i]
2 −w1/2z

−w1/2z̄ −w − wm[i]
1

+ Z[i], (2.125)

where

Z[i] = w

 |di|2m[i]
2 − |di|2

(
XG[i]X†

)
ii

w−1/2diXīi −
(
DXG[i]DX

)
īi

w−1/2d̄iX
†
īi
−
(
X†D†G[i]X†D†

)
īi

m
[i]
1 −

(
X†D†G[i]DX

)
ī̄i

 . (2.126)

Lemma 2.4.3. For J ⊆ I1, the following crude bound on the difference between ma and

m
[J ]
a (a = 1, 2) holds: ∣∣ma −m[J ]

a

∣∣ ≤ C |J |
Nη

, a = 1, 2, (2.127)

where C = C(τ) is a constant depending only on τ .

Proof. For i ∈ I1, we have

|m1 −m(i)
1 | =

1

N

∣∣∣∣∣∑
k∈I1

|dk|2
GkiGik

Gii

∣∣∣∣∣ ≤ τ−1

N |Gii|
∑
k∈I1

|Gik|2 =
τ−1

Nη

ImGii

|Gii|
≤ τ−1

Nη
(2.128)

where in the first step we used (3.50), and in the second and third steps the equality

(3.55). Similarly, using (3.50) and (3.56) we get

|m(i)
1 −m

(īi)
1 | =

1

N

∣∣∣∣∣∑
k∈I1

|dk|2
G

(i)

kī
G

(i)

īk

G
(i)

ī̄i

∣∣∣∣∣ ≤ τ−1

N |G(i)

ī̄i
|

(
G

(i)

ī̄i

|w|
+

w̄

|w|
ImG

(i)

ī̄i

η

)
≤ 2τ−1

Nη
.
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By induction on the indices in [J ], we can prove (3.52) for m1. The proof for m2 is

similar.

Lemma 2.4.4. Suppose |z|2 ≤ 1− τ . For i ∈ I1, we have

|
(
Z[i]

)
11
| ≺ |w|

√
Imm

[i]
2

Nη
, |
(
Z[i]

)
22
| ≺ |w|

√
Imm

[i]
1

Nη
, (2.129)

|
(
Z[i]

)
st
| ≺ |w|

 |w|−1/2

√
N

+

√
|m[i]

1 |
N |w|

+

√
Imm

[i]
1

Nη

 for s 6= t ∈ {1, 2}, (2.130)

uniformly in w ∈ D ∪DL. In particular, these imply that

Z[i] ≺ |w|Ψθ, (2.131)

uniformly in w ∈ D, and

Z[i] ≺ |w|(Nη)−1/2, (2.132)

uniformly in w ∈ DL.

Proof. Applying the large deviation Lemma 2.3.6 to Z[i] in (2.126), we get that∣∣∣∣∣
(
Z[i]

)
11

w

∣∣∣∣∣ ≺ 1

N

(∑
µ

∣∣G[i]
µµ

∣∣2)1/2

+

(∑
µ6=ν

∣∣G[i]
µν

∣∣2)1/2
 ≤ C

N

(∑
µ,ν

∣∣G[i]
µν

∣∣2)1/2

=
C

N

(∑
µ

ImG
[i]
µµ

η

)1/2

= C

√
Imm

[i]
2

Nη
.

where in the third step we used the equality (3.57). Similarly we can prove the bound

for
(
Z[i]

)
22

using Lemma 2.3.6 and (3.55). Now we consider
(
Z[i]

)
12

. First, we have

Xīi ≺ N−1/2 by (2.4). For the other part, we use Lemma 2.3.6 and (3.58) to get that

∣∣(DXG[i]DX
)
īi

∣∣ ≺ 1

N

(∑
j,µ

|dj|2
∣∣∣G[i]

µj

∣∣∣2)1/2

=
1

N

[∑
j

|dj|2
(
|w|−1G

[i]
jj +

w̄

|w|
ImG

[i]
jj

η

)]1/2
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≤

[
|m[i]

1 |
N |w|

+
Imm

[i]
1

Nη

]1/2

≤ C

√ |m[i]
1 |

N |w|
+

√
Imm

[i]
1

Nη

 . (2.133)

Similarly we can prove the estimate for
(
Z[i]

)
21

.

Now we prove (2.131). By the definitions (2.123) and using (3.52), we get that

∣∣(Z[i]

)
11

∣∣ ≺ |w|
√

Imm
[i]
2

Nη
= |w|

√√√√Imm2c + Im
(
m

[i]
2 −m2

)
+ Im (m2 −m2c)

Nη
≤ C|w|Ψθ.

(2.134)

We can estimate
(
Z[i]

)
22

and the third term in (2.130) in a similar way. For the Cases

1-4 in Lemma 2.3.7, we have |m1c| ∼ 1 for |w| ∼ 1, Imm1c ∼ |w|−1/2 ∼ |m1c| for |w| → 0,

and η ≤ CImm1c. Thus√
|m1c|
N |w|

≤ C√
N
≤ CΨθ for |w| ∼ 1, and

√
|m1c|
N |w|

≤ C

√
Imm1c

Nη
≤ CΨθ for |w| → 0.

Then for the second term in (2.130), we have that√
|m[i]

1 |
N |w|

≤ C

(
1

Nη
+

√
θ

Nη
+

√
|m1c|
N |w|

)
≤ CΨθ.

This concludes (2.131). Finally, the estimate (2.132) follows directly from (2.129),

(2.130) and (3.54).

Lemma 2.4.5. Suppose |z|2 ≤ 1 − τ . Define the w-dependent event Ξ(w) := {θ ≤

|w|−1/2(logN)−1}. Then we have that for w ∈ D,

1(Ξ)m2 = 1(Ξ)

[
1 +m1

−w (1 +m1)2 + |z|2
+O≺(Ψθ)

]
, 1(Ξ)Υ(w,m1) ≺ 1(Ξ)Ψθ, (2.135)

where Υ is defined in (2.112). For w ∈ DL, we have

m2 =
1 +m1

−w (1 +m1)2 + |z|2
+O≺

(
η−1(Nη)−1/2

)
, Υ(w,m1) ≺ η−1 (Nη)−1/2 . (2.136)
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Proof. First, suppose that w ∈ D. Using (2.125), we get

G−1
[ii] = π−1

[i] + ε[i], (2.137)

where π[i] is defined in (2.37) and

ε[i] = w

 |di|2
(
m2 −m[i]

2

)
0

0 m1 −m[i]
1

+ Z[i].

By (3.52) and (2.131), we have that ε[i] ≺ |w|Ψθ. Let Bi = π−1
[i] −π

−1
[i]c, where π[i]c is defined

in (2.33). By (2.108) and the definition of Ξ, we have 1(Ξ)‖Biπ[i]c‖ ≤ C(logN)−1. Thus

we have the expansion

1(Ξ)π[i] = 1(Ξ)(π−1
[i]c +Bi)

−1 = 1(Ξ)π[i]c

(
1−Biπ[i]c + (Biπ[i]c)

2 + . . .
)

= 1(Ξ)(π[i]c + εa),

(2.138)

where εa can be estimated as 1(Ξ)‖εa‖ ≤ 1(Ξ)C|w|−1/2(logN)−1. This shows that

1(Ξ)‖π[i]‖ = 1(Ξ)O(|w|−1/2), and so 1(Ξ)
∥∥ε[i]π[i]

∥∥ ≺ 1(Ξ)|w|1/2Ψθ ≤ 1 (Ξ)CN−ζ/2 by

the definition of D in (3.31). Again we do the expansion for (2.137):

1(Ξ)G[ii] = 1(Ξ)
(
π−1

[i] + ε[i]

)−1

= 1(Ξ)π[i]

(
1 +

∞∑
l=1

(
−ε[i]π[i]

)l)
= 1(Ξ)

(
π[i] + εb

)
,

(2.139)

where 1(Ξ)‖εb‖ ≺ 1(Ξ)Ψθ. Now the 11 entry of (2.139) gives that

1(Ξ)Gii = 1(Ξ)
−1−m1

w (1 + |di|2m2) (1 +m1)− |z|2
+ 1(Ξ)O≺ (Ψθ) , (2.140)

from which we get that

1(Ξ)Gii

[
−w

(
1 + |di|2m2

)
+
|z|2

1 +m1

]
= 1(Ξ)

[
1 +O≺

(
|w|1/2Ψθ

)]
. (2.141)

Here we used that

1(Ξ)

[
−w

(
1 + |di|2m2

)
+
|z|2

1 +m1

]
= O(|w|1/2),
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which follows from Lemma 2.3.7 and the definition of Ξ. Summing (2.141) over i, we

get

1(Ξ)

[
−w (m2 +m1m2) +

|z|2m2

1 +m1

]
= 1(Ξ)

[
1 +O≺

(
|w|1/2Ψθ

)]
,

which gives

1(Ξ)m2 = 1(Ξ)
1 +m1

−w (1 +m1)2 + |z|2
+ 1(Ξ)O≺ (Ψθ) . (2.142)

Now plugging (2.142) into (2.140), multiplying with |di|2 and summing over i, we obtain

that

1(Ξ)m1 = 1(Ξ)

 1

N

n∑
i=1

lisi
−1−m1

w
(

1 + si
1+m1

−w(1+m1)2+|z|2

)
(1 +m1)− |z|2

+O≺ (Ψθ)

 ,
(2.143)

where we used (2.106) and 1(Ξ)(1 +m1) = 1(Ξ)O(|w|−1/2). This concludes the proof.

Similarly, when w ∈ DL, it is easy to prove (2.136) using the estimates (2.132) and

(3.54). Note that |m1,2| = O(η−1) by (3.54), which implies immediately the bounds

‖π[i]‖ = O(η−1) and ‖
(
π[i]

)−1 ‖ = O(η). Hence without introducing the event Ξ, we can

obtain directly

G[ii] = π[i] +O≺(η−1(Nη)−1/2). (2.144)

The rest of the proof is essentially the same.

Notice that applying Lemma 2.3.10 to (2.136), we obtain that |m1,2 − m1,2c| ≺

η−1(Nη)−1/2. Plugging it into (2.144), we immediately get (2.120) for w ∈ DL. This

proves the entrywise law on DL, since η−1N−1/2 ≤ CΨ by the definition (3.37) and the

estimate (2.105).
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2.4.2 The large η case

It remains to prove Proposition 2.4.1 on domain D. We would like to fix E and then apply

a continuity argument in η by first showing that the rough bound Λ ≤ |w|−1/2(logN)−1

in Lemma 2.4.5 holds for large η. To start the argument, we first need to establish the

estimates on G when η ∼ 1. The next lemma is a trivial consequence of (3.54).

Lemma 2.4.6. For any w ∈ D and η ≥ c for fixed c > 0, we have the bound

max
s,t
|Gst (w)| ≤ C (2.145)

for some C > 0. This estimate also holds if we replace G with G(J) for J ⊂ I.

Lemma 2.4.7. Fix c > 0 and |z|2 ≤ 1− τ . We have the following estimate

max
w∈D,η≥c

Λ (w) ≺ N−1/2. (2.146)

Proof. By the previous lemma, we have |m[i]
1,2| = O(1). So by Lemma 2.4.4, ‖Z[i]‖ ≺

N−1/2 uniformly in η ≥ c. Then as in (2.137), we have

G[ii] =
(
π−1

[i] + ε[i]

)−1

, (2.147)

where ‖π−1
[i] ‖ = O(1) and ‖ε[i]‖ ≺ N−1/2. Notice since G[ii] = O(1), we have the estimate

πi =
(
G−1

[ii] − ε[i]
)−1

= G[ii]

(
1− ε[i]G[ii]

)−1
= O≺(1).

Then we can expand (2.147) to get that

G[ii] = πi +O≺
(
N−1/2

)
. (2.148)

The 11 and 22 entries of (2.148) lead to the equations

m1 =
1

N

N∑
i=1

|di|2
[
−w

(
1 + |di|2m2

)
+
|z|2

1 +m1

]−1

+O≺
(
N−1/2

)
, (2.149)
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m2 =
1

N

N∑
i=1

[
−w (1 +m1) +

|z|2

1 + |di|2m2

]−1

+O≺
(
N−1/2

)
. (2.150)

We claim that Imm1,2 ≥ C(logN)−1 with high probability for some C > 0.

Using the spectral decomposition (2.88), we note that for l > 1,

1

N

∑
|λk−E|≥lη

|E − λk|
(λk − E)2 + η2

≤ 1

lη
,

1

N

∑
|λk−E|≤lη

|E − λk|
(λk − E)2 + η2

≤ 1

N

∑
|λk−E|≤lη

lη

(λk − E)2 + η2
≤ lImm2.

Summing up these two inequalities and optimizing l, we get

|Rem2| ≤ 2

√
Imm2

η
. (2.151)

Assume that Imm2 ≤ C(logN)−1, then by (2.124) we also have Imm1 ≤ Cτ−1(logN)−1.

From (2.151), we get |m2| ≤ C(logN)−1/2. Together with the estimate m1 = O(1), we

get ∣∣∣∣∣−w (1 +m1) +
|z|2

1 + |di|2m2

∣∣∣∣∣ ≤ C with high probability. (2.152)

On the other hand

Im

[
−w (1 +m1) +

|z|2

1 + |di|2m2

]
≤ −Imw = −η, (2.153)

where we used Im[|z|2/(1 + |di|2m2)] < 0 and

Im(wm1) = Im

[
1

N

N∑
k=1

|di|2|ξk(i)|2
(
−1 +

λk
λk − w

)]
≥ 0.

With (2.152) and (2.153), we get from (2.150) that Imm2 ≥ c′ with high probability

for some c′ > 0. This contradicts Imm2 ≤ C(logN)−1. Thus we must have Imm2 ≥

C(logN)−1 with high probability, which also implies Imm1 ≥ C(logN)−1 by (2.124).
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Now we can proceed as in the proof of Lemma 2.4.5 and get that

m2 =
1 +m1

−w (1 +m1)2 + |z|2
+O≺

(
N−1/2

)
, Υ(w,m1) ≺ N1/2. (2.154)

We omit the details. Applying Lemma 2.3.10 to (2.154), we conclude |m1,2 −m1,2c| ≺

N−1/2 uniformly in η ≥ c. By (2.148), we get ‖(G− Π)[ii]‖ ≺ N−1/2 uniformly in η ≥ c

and i ∈ I1. Finally using (2.85), Lemma 3.2.14 and Lemma 2.3.6, we can prove the

off-diagonal estimate; see (2.167) below.

2.4.3 Proof of the weak entrywise local law

In this subsection, we finish the proof of Proposition 2.4.1 on domain D. We shall fix

the real part E of w = E + iη and decrease the imaginary part η. Recall that Lemma

2.4.5 is based on the condition θ ≤ |w|−1/2(logN)−1. So far this is established only for

large η in (2.146). We want to show that this condition also holds for small η by using

a continuity argument.

It is convenient to introduce the random function

v(w) = max
w′∈L(w)

θ(w′)|w′|1/2
(
NImw′

|w′|1/2

)1/4

,

where L(w) is defined in (2.113). Fix a regular domain S, ε < ζ/4 and a large constant

D > 0. Our goal is to prove that with high probability there is a gap in the range of v,

i.e.

P
(
v(w) ≤ N ε, v(w) > N3ε/4

)
≤ N−D+21 (2.155)

for all w ∈ S and large enough N ≥ N(ε,D).

Suppose v(w) ≤ N ε, then it is easy to verify that

θ(w′) ≤ C|w′|−1/2(logN)−1 (2.156)
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for all w′ ∈ L(w). Hence {v(w) ≤ N ε} ⊂ Ξ(w′) for all w′ ∈ S ∩ L(w). Then by (2.135),

for all w′ ∈ S∩L(w), there exists an N0 ≡ N0(ε,D) such that

P

v(w) ≤ N ε,Υ(w′) >
N ε

|w′|1/2

√
|w′|1/2

NImw′

 ≤ N−D, (2.157)

for all N > N0. Taking the union bound we get

P

(
v(w) ≤ N ε, max

w′∈L(w)
Υ(w′)

√
NImw′

|w′|−1/2
> N ε

)
≤ N−D+10. (2.158)

Now consider the event

Ξ1 :=

{
v(w) ≤ N ε, max

w′∈L(w)
Υ(w′)

√
NImw′

|w′|−1/2
≤ N ε

}
. (2.159)

We have 1(Ξ1)Υ(w′) ≤ δ (w′) for all w′ ∈ L(w) with δ (w′) := Nε

|w′|1/2

√
|w′|1/2
NImw′

. We now

apply Lemma 2.3.10. If κ� 1 (recall (2.98)), then |w| ∼ 1 and we have

1(Ξ1)|m1(w′)−m1c(w
′)| ≤ C

√
δ(w′) ≤ CN ε/2

(
1

NImw′

)1/4

for all w′ ∈ L(w); if κ ≥ c > 0 for some constant c > 0, then

1(Ξ1)|m1(w′)−m1c(w
′)| ≤ Cδ(w′) ≤ C

N ε

|w′|1/2

(
|w′|1/2

NImw′

)1/2

for all w′ ∈ L(w). Combining these two cases we get

1(Ξ1)|m1(w′)−m1c(w
′)| ≤ C

N ε/2

|w′|1/2

(
|w′|1/2

NImw′

)1/4

(2.160)

for all w′ ∈ L(w). By (2.135), we have

1(Ξ1)|m2(w′)−m2c(w
′)| ≺ 1(Ξ1)|m1(w′)−m1c(w

′)|+ 1(Ξ1)Ψθ ≺
N ε/2

|w′|1/2

(
|w′|1/2

NImw′

)1/4

,



56

for all w′ ∈ S∩L(w). Together with (2.160), this shows that there exists an N1 ≡

N1(ε,D) such that

P

v(w) ≤ N ε, max
w′∈L(w)

Υ(w′)

√
NImw′

|w′|−1/2
≤ N ε, max

w′∈L(w)
θ(w′)|w′|1/2

(
NImw′

|w′|1/2

)1/4

> N3ε/4

 ≤ N−D

(2.161)

for N ≥ max{N0, N1}. Adding (2.158) and (2.161), we get

P

v(w) ≤ N ε, max
w′∈L(w)

θ(w′)|w′|1/2
(
NImw′

|w′|1/2

)1/4

> N3ε/4

 ≤ N−D+11.

Taking the union bound over L(w) we get (2.155) for all N ≥ max{N0, N1}.

Now we conclude the proof of Proposition 2.4.1 by combining (2.155) with the large

η estimate (2.146). We choose a lattice ∆ ⊂ S such that |∆| ≤ N20 and for any w ∈ S

there is a w′ ∈ ∆ with |w′ − w| ≤ N−9. Taking the union bound we get

P
(
∃w ∈ ∆ : v(w) ∈ (N3ε/4, N ε]

)
≤ N−D+41. (2.162)

Since v has Lipshcitz constant bounded by, say, N6, then we have

P
(
∃w ∈ S : v(w) ∈ (2N3ε/4, N ε/2]

)
≤ N−D+41. (2.163)

Combining with (2.146), we see that there exists N2 ≡ N2(ε,D) such that for all N > N2,

P
(
∀w ∈ S : v(w) ≤ 2N3ε/4

)
≥ 1− 2N−D+41.

Since ε and D are arbitrary, the above inequality shows that v(w) ≺ 1 uniformly in

w ∈ S, or

θ(w) ≺ 1

|w|1/2

(
|w|1/2

Nη

)1/4

. (2.164)

In particular this shows that for all w ∈ S, the event Ξ holds with high-probability.
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Now using (2.139) and (2.164), we get

∥∥G[ii] − π[i]c

∥∥ ≤ ∥∥G[ii] − π[i]

∥∥+
∥∥π[i] − π[i]c

∥∥ ≺ Ψθ + θ ≺ 1

|w|1/2

(
|w|1/2

Nη

)1/4

. (2.165)

To conclude Proposition 2.4.1, it remains to prove the estimate for the off-diagonal G[ij]

groups. Using (3.52), it is not hard to get that

∥∥∥G[J ]
[ii] − π[i]c

∥∥∥ ≺ 1

|w|1/2

(
|w|1/2

Nη

)1/4

(2.166)

for any |J | ≤ l with l ∈ N fixed. Thus we have
∥∥∥G[J ]

[ii]

∥∥∥ = O
(
|w|−1/2

)
and

∥∥∥∥(G[J ]
[ii]

)−1
∥∥∥∥ =

O
(
|w|1/2

)
with high probability. Let i 6= j ∈ I1, using (2.85) and the above diagonal

estimates, we get that

∥∥G[ij]

∥∥ ≺ |w|−1 |w|1/2√
N

+ |w|−1

∥∥∥∥∥∥
∑

k,l/∈{i,j}

H[ik]G
[ij]
[kl]H[lj]

∥∥∥∥∥∥ ≺ Ψθ ≺
1

|w|1/2

(
|w|1/2

Nη

)1/4

,

(2.167)

where we used Lemma 3.2.14 and Lemma 2.3.6 to obtain that

|w|−1

∥∥∥∥∥∥
∑

k,l/∈{i,j}

H[ik]G
[ij]
[kl]H[lj]

∥∥∥∥∥∥ =

∥∥∥∥∥∥∥
∑k,l/∈{i,j}Xik̄G

[ij]

k̄l̄
X†
l̄j

∑
k,l/∈{i,j}Xik̄G

[ij]

k̄l
Xlj̄∑

k,l/∈{i,j}X
†
īk
G

[ij]

kl̄
X†
l̄j

∑
k,l/∈{i,j}X

†
īk
G

[ij]
kl Xlj̄


∥∥∥∥∥∥∥ ≺ Ψθ.

(2.168)

Its proof is very similar to the proof of Lemma 2.4.4, so we omit the details.

2.4.4 Proof of the strong enterywise local law

In this section, we finish the proof of the (strong) entrywise local law and averaged local

law in Theorem 2.2.18 on domain D and under the condition |w|1/2 +|z|2 ≥ c. In Lemma

2.4.5, we have proved an error estimate of the self-consistent equations of m1,2 linearly
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in Ψθ. The core part of the proof is to improve this estimate to quadratic in Ψθ. For

the sequence of random variables Z[i], we define the averaged quantities

[Z] =
1

N

N∑
i=1

π[i]Z[i]π[i], 〈Z〉 =
1

N

N∑
i=1

|di|2π[i]Z[i]π[i].

The following Lemma gives an improvement of Lemma 2.4.5.

Lemma 2.4.8. Fix |z|2 ≤ 1− τ . Then for w ∈ D,

m2 =
1 +m1

−w (1 +m1)2 + |z|2
+O≺

(
|w|1/2Ψ2

θ + ‖[Z]‖+ ‖〈Z〉‖
)
, (2.169)

and

Υ(w,m1) ≺ |w|1/2Ψ2
θ + ‖[Z]‖+ ‖〈Z〉‖. (2.170)

For w ∈ DL,

m2 =
1 +m1

−w (1 +m1)2 + |z|2
+O≺

(
(Nη)−1 + ‖[Z]‖+ ‖〈Z〉‖

)
, (2.171)

and

Υ(w,m1) ≺ (Nη)−1 + ‖[Z]‖+ ‖〈Z〉‖. (2.172)

Proof. The proof is almost the same as the one for Lemma 2.4.5, we only lay out the

difference. We first consider the case w ∈ D. By Proposition 2.4.1, the event Ξ holds with

high probability. Hence without loss of generality, we may assume Ξ holds throughout

the following proof. Using (2.86), we get

1

N

∑
k∈I1

 |dk|2 0

0 1

(G[kk] −G[i]
[kk]

)
=

 |di|2 0

0 1

 G[ii]

N
+

1

N

∑
k 6=i

 |dk|2 0

0 1

G[ki]G
−1
[ii]G[ik].

(2.173)

By Proposition 2.4.1, (2.108) and (2.167), we have∥∥∥G[ki]G
−1
[ii]G[ik]

∥∥∥ ≺ |w|1/2Ψ2
θ.



59

By Lemma 2.3.7, it is easy to verify that
∥∥G[ii]/N

∥∥ ≤ C|w|1/2Ψ2
θ. Plugging it into (2.173),

we get ∣∣∣m[i]
1,2 −m1,2

∣∣∣ ≺ |w|1/2Ψ2
θ. (2.174)

By (2.131) and (2.174), the error εb in (2.139) is

εb = O≺(|w|1/2Ψ2
θ)− π[i]Z[i]π[i]

[
1 +O≺(|w|1/2Ψθ)

]
= O≺(|w|1/2Ψ2

θ)− π[i]Z[i]π[i].

Then following the arguments in Lemma 2.4.5, we can prove the desired result. For

w ∈ DL, the proof is similar by using (2.120).

In the following lemma, we shall prove stronger bounds on [Z] and 〈Z〉 by keeping

track of the cancellation effects due to the average over the index i. Its proof is given in

Appendix 2.7.4.

Lemma 2.4.9. (Fluctuation averaging) Fix |z|2 ≤ 1−τ . Suppose Φ and Φo are positive,

N-dependent deterministic functions satisfying N−1/2 ≤ Φ,Φo ≤ N−c for some constant

c > 0. Suppose moreover that Λ ≺ |w|−1/2Φ and Λo ≺ |w|−1/2Φo. Then for w ∈ D,

‖[Z]‖+ ‖〈Z〉‖ ≺ |w|−1/2 Φ2
o. (2.175)

Now we finish the proof of the entrywise local law and averaged local law on the

domain D. By Proposition 2.4.1, we can take

Φo = |w|1/2
√

Im(m1c +m2c) + |w|−3/8(Nη)−1/4

Nη
, Φ =

(
|w|1/2

Nη

)1/4

,

in Lemma 2.4.9, with Λo ≺ Ψθ ≺ |w|−1/2Φo and Λ ≺ Ψθ + θ ≺ |w|−1/2Φ. Then (2.170)

gives

Υ(w,m1) ≺ |w|
1/2Im(m1c +m2c) + |w|1/4(Nη)−1/4

Nη
.
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Using the stability Lemma 2.3.10, we get

|m1−m1c| ≺
|w|1/2Im(m1c +m2c)

Nη
√
κ+ η

+
|w|1/8

(Nη)5/8
≺ 1

Nη
+
|w|1/8

(Nη)5/8
≺ |w|−1/2

(
|w|1/2

Nη

)1/2+1/8

.

Here if
√
κ+ η ≥ (logN)−1, we use

|w|1/2Im(m1c +m2c)

Nη
√
κ+ η

≤ C logN

Nη
≺ 1

Nη
;

if
√
κ+ η ≤ (logN)−1, we have Im(m1c +m2c) = O(

√
κ+ η), which also gives that

|w|1/2Im(m1c +m2c)

Nη
√
κ+ η

≺ 1

Nη
.

We then use (2.169) to get that

θ ≺ |m1 −m1c|+
|w|1/2Im(m1c +m2c) + |w|1/4(Nη)−1/4

Nη
≺ |w|−1/2

(
|w|1/2

Nη

)1/2+1/8

.

(2.176)

Repeating the previous steps with the new estimate (2.176), we get the bound

θ ≺ |w|−1/2

(
|w|1/2

Nη

)∑l
k=1 1/2k+1/2l+2

after l iterations. This implies the averaged local law θ ≺ (Nη)−1 since l can be arbi-

trarily large. Finally as in (2.165) and (2.167), we have for i 6= j ∈ I1,

∥∥G[ii] − π[i]c

∥∥+
∥∥G[ij]

∥∥ ≺ Ψθ + θ ≺

√
Im(m1c +m2c)

Nη
+

1

Nη
.

This concludes the proof of the entrywise local law and averaged local law on domain

D when |w|1/2 + |z|2 ≥ c.

When w ∈ DL, we have proved the entrywise law (see the remark after (2.144)).

Also we can prove a similar estimate as in Lemma 2.4.9, which implies

m2 =
1 +m1

−w (1 +m1)2 + |z|2
+O≺

(
(Nη)−1

)
, Υ(w,m1) ≺ (Nη)−1. (2.177)

The averaged local law then follows from Lemma 2.3.10. We leave the details to the

reader.
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2.4.5 Proof of Theorem 2.2.18 when |z| and |w| are small

In the previous proof, we did not include the case where |w|1/2 + |z|2 ≤ ε for some

sufficiently small constant ε > 0. The only reason is that Lemma 2.3.10 does not apply

in this case. We deal with this problem in this subsection.

The main idea of this subsection is to use a different set of self-consistent equations,

which has the desired stability when |w| and |z| are small. Multiplying (2.140) with |di|2

and summing over i, we get

1(Ξ)m1 = 1(Ξ)

[
1

N

n∑
i=1

lisi
−1−m1

w (1 + sim2) (1 +m1)− |z|2
+O≺ (Ψθ)

]
. (2.178)

Recall that Σ := DD† = D†D. We introduce a new matrix

H̃(w) :=

 −wΣ−1 w1/2(X −D−1z)

w1/2(X −D−1z)† −wI

 , (2.179)

and define G̃ := H̃−1. By Schur’s complement formula, the upper left block of G̃ is

G̃L =
[
(X −D−1z)(X −D−1z)† − wΣ−1

]−1
,

and the lower right block is

G̃R =
[
(X −D−1z)†Σ(X −D−1z)− w

]−1
=
[
(DX − z)†(DX − z)− w

]−1
= GR.

Now we write m1,2 in another way as

m1 =
1

N
Tr
[
D†
(
Y Y † − w

)−1
D
]

=
1

N
Tr G̃L, (2.180)

m2 =
1

N
Tr G̃R =

1

N
Tr
[
(X −D−1z)†Σ(X −D−1z)− w

]−1

=
1

N
Tr
[
(X −D−1z)(X −D−1z)†Σ− w

]−1
=

1

N
Tr
(

Σ−1G̃L

)
. (2.181)
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We apply the arguments in the proof of Lemma 2.4.5 to H̃, and obtain that

G̃−1
[ii] =

−w|di|−2 − wm2 −w1/2zd−1
i

−w1/2z̄d̄−1
i −w − wm1

+O≺(|w|Ψθ), (2.182)

from which we get that

1(Ξ)G̃ii = 1(Ξ)

[
−1−m1

w(|di|−2 +m2)(1 +m1)− |z|2|di|−2
+O≺(Ψθ)

]
.

Plugging this into (2.181), we get

1(Ξ)m2 = 1(Ξ)

[
1

N

n∑
i=1

li
si

−1−m1

w(s−1
i +m2)(1 +m1)− |z|2s−1

i

+O≺(Ψθ)

]
. (2.183)

We take the equations in (2.178) and (2.183) as our new self-consistent equations, namely,

1(Ξ)f1(m1,m2) = 1(Ξ)O(Ψθ), 1(Ξ)f2(m1,m2) = 1(Ξ)O(Ψθ), (2.184)

where

f1(m1,m2) := m1 +
1

N

∑
i

lisi
1 +m1

w (1 + sim2) (1 +m1)− |z|2
, (2.185)

f2(m1,m2) := m2 +
1

N

∑
i

li
1 +m1

w(1 + sim2)(1 +m1)− |z|2
. (2.186)

According to the following lemma, this system of self-consistent equations are stable

when |w| and |z|2 are small enough .

Lemma 2.4.10. Suppose that N−2|w|−1/2 ≤ δ(w) ≤ (logN)−1|w|−1/2 for w ∈ D. Sup-

pose u1,2 : D→ C are Stieltjes transforms of positive integrable functions such that

max {|f1(u1, u2)(w)| , |f2(u1, u2)(w)|} ≤ δ(w).

Then there exists an ε > 0 such that if |w|1/2 + |z|2 ≤ ε, we have

|u1(w)−m1c(w)|+ |u2(w)−m2c(w)| ≤ Cδ, (2.187)

for some constant C > 0 independent of w, z and N .
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Proof. The proof depends on the estimate of the Jacobian at (m1c,m2c). By (2.103) and

(2.328), we have

m1c =
i
√
t0 +O(|w|1/2 + |z|2)√

w
, m2c =

it
−1/2
0 +O(|w|1/2 + |z|2)√

w
,

where t0 = (N−1
∑n

i=1 li/si)
−1. Then we can calculate that

det

∂1f1 ∂2f1

∂1f2 ∂2f2


u1,2=m1,2c

= det

1 +O(|z|2) t0 +O(|w|1/2 + |z|2)

O(|z|2) 2 +O(|w|1/2 + |z|2)

 = 2+O(|w|1/2+|z|2).

We can conclude the stability by expanding f1,2(u1, u2) around (m1c,m2c) and using a

fixed point argument as in the proof of Lemma 2.3.10 in Section 2.7.3.

With this stability lemma, we can repeat all the arguments in the previous subsec-

tions to conclude the entrywise local law and averaged local law when |w|1/2 + |z|2 ≤ ε.

2.5 Anisotropic local law when T is diagonal

In this section we prove the anisotropic local law in Theorem 2.2.18 when T is diagonal.

The basic idea of the proof follows from [6, section 5], and the core part of our proof is

a novel way to perform the combinatorics. By the Definition 2.2.17 (ii) and Definition

3.2.4 (ii), it suffices to prove the following proposition for generalized entries of G.

Proposition 2.5.1. Fix |z|2 ≤ 1 − τ and suppose that the assumptions of Theorem

2.2.18 hold. Then for any regular domain S ⊆ D,

|〈u, (G(w)− Π(w)) v〉| ≺ Ψ (2.188)

uniformly in w ∈ S and any deterministic unit vectors u,v ∈ CI.
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It is equivalent to prove that

∑
i,j∈I1

u†[i]
(
G[ij] − Π[ij]

)
v[j] ≺ Ψ, u[i] :=

 ui

uī

 , v[j] :=

 vj

vj̄

 . (2.189)

By the entrywise local law,∣∣∣∣∣∑
i,j

u†[i]
(
G[ij] − Π[ij]

)
v[j]

∣∣∣∣∣ ≤∑
i

∥∥G[ii] − Π[ii]

∥∥ ∣∣u[i]

∣∣ ∣∣v[i]

∣∣+

∣∣∣∣∣∑
i 6=j

u†[i]G[ij]v[j]

∣∣∣∣∣ ≺ Ψ +

∣∣∣∣∣∑
i 6=j

u†[i]G[ij]v[j]

∣∣∣∣∣ .
Thus to show (2.189), it suffices to prove∣∣∣∣∣∑

i 6=j

u†[i]G[ij]v[j]

∣∣∣∣∣ ≺ Ψ. (2.190)

Note that with the entrywise local law, one can only get that∣∣∣∣∣∑
i 6=j

u†[i]G[ij]v[j]

∣∣∣∣∣ ≺ Ψ‖u‖1‖v‖1 ≤ NΨ,

using ‖u‖1 ≤ N1/2‖u‖2 and ‖v‖1 ≤ N1/2‖v‖2. In particular, this estimate of the `1

norm is sharp when u,v are delocalized, i.e. their entries have size of order N−1/2.

The estimate (2.190) follows from the Markov’s inequality if we can prove the fol-

lowing lemma.

Lemma 2.5.2. Suppose the assumptions in Proposition 2.5.1 hold. For any p ∈ 2N, we

have

E

∣∣∣∣∣∑
i 6=j

u†[i]G[ij]v[j]

∣∣∣∣∣
p

≺ Ψp.

The proof of Lemma 2.5.2 is based on the polynomialization method developed in

[6, section 5]. For simplicity, we only consider the case with w ∈ D and |z|2 ≤ 1− τ in

this section. If w ∈ DL or 1 + τ ≤ |z|2 ≤ 1 + τ−1, the proof is almost the same.
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2.5.1 Rescaling and partition of indices

For our purpose, it is convenient to define the rescaled matrix

R(J) := w1/2G(J), (2.191)

for any J ⊂ I with |J | ≤ l for some fixed l. Consequently we define the control parameter

Φ

Φ = |w|1/2 Ψ. (2.192)

By the entrywise law, for w ∈ D,

R
(J)
[ii] = O≺(1),

(
R

(J)
[ii]

)−1

= O≺(1), R
(J)
[ij] = O≺(Φ) for i 6= j, (2.193)

under the above scaling. Now to prove Lemma 2.5.2, it is equivalent to prove

E

∣∣∣∣∣∑
i 6=j

u†[i]R[ij]v[j]

∣∣∣∣∣
p

≺ Φp. (2.194)

We expand the product in (2.194) as∣∣∣∣∣∑
i 6=j

u†[i]R[ij]v[j]

∣∣∣∣∣
p

=
∑

ik 6=jk∈I1

p/2∏
k=1

u†[ik]R[ikjk]v[jk] ·
p∏

k=p/2+1

u†[ik]R[ikjk]v[jk].

Formally, we regard {i1, ..., ip, j1, ..., jp} as the set of 2p (index) variables that take values

in I1. Let Bp be the collection of all partitions of {i1, ..., ip, j1, ..., jp} such that ik, jk are

not in the same block for all k = 1, ..., p. For Γ ∈ Bp, let n(Γ) be the number of its

blocks and define a set of I1-valued variables as

L(Γ) := {b1, ..., bn(Γ)}. (2.195)

Now it is convenient to regard Γ as a symbol-to-symbol function,

Γ : {i1, ..., ip, j1, ..., jp} → L(Γ), (2.196)
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such that each Γ−1 (bk) is a block of the partition. Then we can rewrite the sum as∣∣∣∣∣∑
i 6=j

u†[i]R[ij]v[j]

∣∣∣∣∣
p

=
∑
Γ∈Bp

∗∑
bl∈I1,

l=1,...,n(Γ)

p/2∏
k=1

u†[Γ(ik)]R[Γ(ik)Γ(jk)]v[Γ(jk)] ·
p∏

k=p/2+1

u†[Γ(ik)]R[Γ(ik)Γ(jk)]v[Γ(jk)],

(2.197)

where
∑∗ denotes the summation subject to the condition that the values of b1, ...bn are

ordered as b1 < b2 < . . . < bn. We pick one term from the above summation and denote

∆(Γ) :=

p/2∏
k=1

u†[Γ(ik)]R[Γ(ik)Γ(jk)]v[Γ(jk)] ·
p∏

k=p/2+1

u†[Γ(ik)]R[Γ(ik)Γ(jk)]v[Γ(jk)]. (2.198)

Notations: For any bk ∈ L, we can define a corresponding I2-valued variable b̄k in the

obvious way, and we denote

[L] := {b1, ..., bn, b1, ..., bn}. (2.199)

For notational convenience, we will also use letters i, j, k, l to denote the symbols in L.

2.5.2 String and string operators

During the proof we will frequently use the following resolvent identities for rescaled

matrix R. They follow immediately from Lemma 2.3.3.

Lemma 2.5.3 (Resolvent identities for R[ij] groups). For k /∈ J and i, j ∈ I1 \ J ∪ {k},

we have

R
[J ]
[ij] = R

[Jk]
[ij] +R

[J ]
[ik]

(
R

[J ]
[kk]

)−1

R
[J ]
[kj], (2.200)(

R
[J ]
[ii]

)−1

=
(
R

[Jk]
[ii]

)−1

−
(
R

[J ]
[ii]

)−1

R
[J ]
[ik]

(
R

[J ]
[kk]

)−1

R
[J ]
[ki]

(
R

[Jk]
[ii]

)−1

, (2.201)(
R

[J ]
[ii]

)−1

= w−1/2H
[J ]
[ii] − w

−1
∑

l,l′ /∈J∪{i}

H
[J ]
[il]R

[Ji]
[ll′]H

[J ]
[l′i]. (2.202)
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Furthermore, for i 6= j and L defined in (2.195), we have

R
[L\{ij}]
[ij] = R

[L\{ij}]
[ii] S[ij]R

[L\{j}]
[jj] , with S[ij] = −w−1/2H[ij] + w−1

∑
k,l/∈L

H[ik]R
[L]
[kl]H[lj].

(2.203)

In this section, we expand the R variables in ∆(Γ) using the identities in Lemma

2.5.3. During the expansion, we need to distinguish carefully between an algebraic

expression and its value as a random variable.

Definition 2.5.4 (Strings). Let A be an alphabet containing all symbols that may appear

during the expansion, such as R
[J ]
[ij],

(
R

[J ]
[ij]

)−1

, S[ij], u
†
[i] and v[j] for J ⊂ L(Γ). We define

a string s to be a formal expression consisting of the symbols from A, and denote by JsK

the random variable represented by it. Let M be the collection of all possible strings. We

denote an empty string by ∅.

Given a string s, after an expansion of R’s in it, we will get a different string s′.

However, they represent the same random variable JsK = Js′K. During the proof, we will

identify more elements of A (see the symbols in (2.219)).

To perform the expansions in a systematical way, we define the following operators

acting on strings. We call the symbols R
[J ]
[ij],

(
R

[J ]
[ij]

)−1

to be maximally expanded if

J ∪ {i, j} = L. We call a string s to be maximally expanded if all the R symbols in s is

maximally expanded.

Definition 2.5.5 (String operators). (i) Define an operator τ
(k)
0 for Ω ∈ M, in the

following sense. Find the first R
[J ]
[ij] in Ω such that k /∈ J ∪ {i, j}, or the first

(
R

[J ]
[ii]

)−1

such that k /∈ J ∪{i}. If R
[J ]
[ij] is found, replace it with R

[Jk]
[ij] ; if

(
R

[J ]
[ii]

)−1

is found, replace

it with
(
R

[Jk]
[ii]

)−1

; if neither is found, τ
(k)
0 (Ω) = Ω and we say that τ

(k)
0 is trivial for Ω.
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(ii) Define an operator τ
(k)
1 for Ω ∈ M, in the following sense. Find the first

R
[J ]
[ij] in Ω such that k /∈ J ∪ {i, j}, or the first

(
R

[J ]
[ii]

)−1

such that k /∈ T ∪ {i}. If

R
[J ]
[ij] is found, replace it with R

[J ]
[ik]

(
R

[J ]
[kk]

)−1

R
[J ]
[kj]; if

(
R

[J ]
[ii]

)−1

is found, replace it with

−
(
R

[J ]
[ii]

)−1

R
[J ]
[ik]

(
R

[J ]
[kk]

)−1

R
[J ]
[ki]

(
R

[Jk]
[ii]

)−1

; if neither is found, τ
(k)
1 (Ω) = ∅ and we say

that τ
(k)
1 is null for Ω.

(iii) Define an operator ρ for Ω ∈ M, in the following sense. Find each maximally

expanded off-diagonal R
[L\{ij}]
[ij] in Ω and replace it with R

[L\{ij}]
[ii] S[ij]R

[L\{j}]
[jj] . If nothing is

found, ρ(Ω) = Ω.

According to Lemma 2.5.3, for any Ω ∈M we have

r(
τ

(k)
0 + τ

(k)
1

)
(Ω)

z
= JΩK , Jρ(Ω)K = JΩK . (2.204)

Definition 2.5.6. Define the function Fd−max : M → N (where the subscript “d-max”

stands for “distance to being maximally expanded”) through

Fd−max

(
R

[J ]
[ij]

∗)
= |L\ (J ∪ {i, j})| ,

where ∗ could be 1 or −1, and

Fd−max(Ω) =
∑

R variables in Ω

Fd−max(R).

Define another function Foff : M → N with Foff(Ω) being the number of off-diagonal

symbols in Ω.

By off-diagonal symbols, we mean the terms of the form Ast with s /∈ {t, t̄} or A[ij]

with i 6= j, e.g. R
[J ]
[ij] and S[ij] with i 6= j. Later we will define other types of off-diagonal

symbols (see (2.219)). Note that a R symbol is maximally expanded if and only if

Fd−max(R) = 0 and a string Ω is maximally expanded if and only if Fd−max(Ω) = 0. The

next two lemmas are almost trivial by Definition 3.4.6.
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Lemma 2.5.7. Fix k ∈ L. If τ
(k)
0 (Ω) = Ω and τ

(k)
1 (Ω) = ∅,

Fd−max

(
τ

(k)
0 (Ω)

)
= Fd−max(Ω), Fd−max

(
τ

(k)
1 (Ω)

)
= 0; (2.205)

otherwise,

Fd−max

(
τ

(k)
0 (Ω)

)
= Fd−max(Ω)− 1, Fd−max

(
τ

(k)
1 (Ω)

)
≤ Fd−max(Ω) + 4n(Γ). (2.206)

For ρ, we have

Fd−max (ρ(Ω)) = Fd−max(Ω) + a, (2.207)

where a is the number of maximally expanded off-diagonal R’s in Ω.

Lemma 2.5.8. Fix k ∈ L. For any Ω ∈M, we have

Foff

(
τ

(k)
0 (Ω)

)
= Foff(Ω), Foff (ρ(Ω)) = Foff(Ω), (2.208)

and

Foff(Ω) + 1 ≤ Foff

(
τ

(k)
1 (Ω)

)
≤ Foff(Ω) + 2 if τ

(k)
1 (Ω) 6= ∅. (2.209)

2.5.3 Expansion of the strings

For simplicity of notations, throughout the rest of this section we omit the complex

conjugates on the right hand side of (2.198) (if we keep the complex conjugates, the

proof is the same but with slightly heavier notations). Suppose the right hand side

of (2.198) is represented by a string Ω∆. Given a binary word w = a1a2...am with

ai ∈ {0, 1}, we define the operation

(Ω∆)w := ρτ (bm)
am · · · ρτ (b2)

a2
ρτ (b1)

a1
(Ω∆) (2.210)
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where bqn+r := br (recall (2.195)) for any 1 ≤ r ≤ n and q ∈ N. So a binary word

w uniquely determines an operator composition. By (2.204), J(Ω∆)w0K + J(Ω∆)w1K =

J(Ω∆)wK and so we get ∑
|w|=m

J(Ω∆)wK = JΩ∆K

for any m ≥ 1, where |w| denotes the length of w.

Lemma 2.5.9. Given any w such that |w| = (n2 + 1)(p + 6l0) and (Ω∆)w 6= ∅, then

either Foff((Ω∆)w) ≥ l0 := (8/ζ + 2) p, or (Ω∆)w is maximally expanded.

Proof. We use m0 to denote the number of 0’s in w, and m1 to denote the number of

1’s. Furthermore, we use m
(0)
0 to denote the number of 0’s corresponding to the trivial

τ0’s, and m
(1)
0 to denote the number of 0’s corresponding to the non-trivial τ0’s. Assume

Foff((Ω∆)w) < l0 and (Ω∆)w is not maximally expanded. By (2.208) and (2.209), we

have m1 ≤ l0 − p ≤ l0. By (2.205)-(2.207), we have

Fd−max((Ω∆)w) ≤ Fd−max(Ω∆) + l0 + 4nm1 −m(1)
0 .

Then with Fd−max(Ω∆) = np, we get a rough bound m
(1)
0 + m1 < n(p + 6l0). By

pigeonhole principle, there are at least n 0’s in a row in w that correspond to trivial τ0’s.

This indicates that (Ω∆)w is maximally expanded, which gives a contradiction.

Lemma 2.5.10. There exists constants Cp,l0 , Cp,ζ > 0 such that

∑
Γ∈Bp

∗∑
bl∈I1,

l=1,...,n(Γ)

∣∣∣∣∣∣∣∣∣E
∑

|w|=(n2+1)(p+6l0),
Foff((Ω∆(Γ))w)≥l0

q
(Ω∆(Γ))w

y

∣∣∣∣∣∣∣∣∣ ≺ Cp,l0N
2pΦl0 ≤ Cp,ζΦ

p. (2.211)

Proof. The first bound is due to the fact that each summand is of the order O≺(Φl0)

and there are at most N2p of them. For the second bound, we used Φ ≤ CN−ζ/2.
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This lemma shows that all the strings with sufficiently many off-diagonal symbols

contribute at most Φp. It remains to handle the maximally expanded strings. Define a

diagonal symbol as

S[ii] := −

 0 diXīi

d̄iX
†
īi

0

+ w−1
∑
k,l/∈L

H[ik]R
[L]
[kl]H[li], (2.212)

such that (
R

[L\{i}]
[ii]

)−1

=

−w1/2 −z

−z̄ −w1/2

− S[ii]. (2.213)

Notice all the R symbols in a maximally expanded string are diagonal. We taylor expand

R
[L\{i}]
[ii] as

R
[L\{i}]
[ii] =

[
w−1/2π−1

[i]c +
(
S[ii] −Bi

)]−1

=

l0−1∑
k=0

π̃ic
[(
S[ii] −Bi

)
π̃ic
]k

+O≺
(
Φl0
)
, (2.214)

where π̃[i]c := w1/2π[i]c, Bi :=

w1/2|di|2m2c 0

0 w1/2m1c

, and for the error term,

S[ii] −Bi = w−1/2Z
[L\{i}]
[i] + w1/2

|di|2(m2c −m[L]
2 ) 0

0 m1c −m[L]
1

 ≺ Φ

by (2.131) and the averaged local law. Now for all maximally expanded (Ω∆)w with

|w| = (n2 + 1)(p + 6l0), denote by σ J(Ω∆)wK the expression after plugging in (2.213)

and (2.214) without the tail terms. Similar to Lemma 2.5.10, we have

∑
Γ∈Bp

∗∑
bl∈I1,

l=1,...,n(Γ)

∣∣∣∣∣∣∣∣E
∑

|w|=(n2+1)(p+6l0),
(Ω∆)w maximally expanded

(q
(Ω∆(Γ))w

y
− σ

q
(Ω∆(Γ))w

y)∣∣∣∣∣∣∣∣ ≺ Cp,ζΦ
p.
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From the above bound and Lemmas 3.4.7, 2.5.10, we see that to prove (2.194), it suffices

to show

∑
Γ∈Bp

∗∑
bl∈I1,

l=1,...,n(Γ)

∣∣∣∣∣∣∣∣E
∑

|w|=(n2+1)(p+6l0),
(Ω∆)w maximally expanded

σ
q
(Ω∆(Γ))w

y

∣∣∣∣∣∣∣∣ ≺ Cp,ζΦ
p. (2.215)

We write σ J(Ω∆)wK as a sum of monomials in terms of S[ij]:

σ J(Ω∆)wK =
∑
i

M(w,∆(Γ), i), (2.216)

where i is an index to label these monomials. Note that after plugging (2.216) into

(2.215), the number of summands M(w,∆(Γ), i) inside the expectation depends only on

p and ζ. Thus to show (2.215), it suffices to prove the following lemma.

Lemma 2.5.11. Fix any Γ ∈ Bp and binary word w with |w| = (n2+1)(p+6l0). Suppose

(Ω∆)w is maximally expanded. Let M(w,∆(Γ)) be a monomial in σ
q
(Ω∆(Γ))w

y
. Then

we have
∗∑

bl∈I1,l=1,...,n(Γ)

|EM(w,∆(Γ))| ≺ Cp,ζΦ
p (2.217)

for some constant Cp,ζ that only depends on p and ζ.

For the rest of this section, we fix a Γ ∈ Bp and a maximally expanded (Ω∆(Γ))w with

|w| = (n2 + 1)(p+ 6l0). Then we fix a monomial M(w,∆(Γ)) in σ
q
(Ω∆(Γ))w

y
. Let ΩM

be the string form of M(w,∆(Γ)) in terms of S[ij]. It is not hard to see that

Foff (ΩM) = Foff ((Ω∆)w) . (2.218)

Now we decompose S[ij] as

S[ij] = SXij̄ + SXīj + SRij̄ + SRij + SRīj̄ + SRīj , (2.219)
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where we define the following symbols in A:

SXij̄ := diXij̄

0 1

0 0

 , SXīj := d̄iX
†
īj

0 0

1 0

 , (2.220)

SRij̄ :=
∑
k,l/∈L

didlXik̄Xlj̄

0 R
[L]

k̄l

0 0

 , SRij :=
∑
k,l/∈L

did̄lXik̄X
†
l̄j

R[L]

k̄l̄
0

0 0

 , (2.221)

SRīj̄ :=
∑
k,l/∈L

d̄idlX
†
īk
Xlj̄

0 0

0 R
[L]
kl

 , SRīj :=
∑
k,l/∈L

d̄id̄lX
†
īk
X†
l̄j

 0 0

R
[L]

kl̄
0

 . (2.222)

We expand the S[ij]’s in M(w,∆(Γ)) using (2.219), and write M(w,∆(Γ)) as a sum of

monomials in terms of SXst and SRst:

M(w,∆(Γ)) =
∑
i

Q(w,∆(Γ), i), (2.223)

where i is an index to label these monomials. Again it is not hard to see that

Foff (ΩQ) = Foff (ΩM) = Foff ((Ω∆)w) . (2.224)

Since the number of summands in (2.223) is independent of N , to prove (2.217) it suffices

to show
∗∑

bl∈I1,l=1,...,n(Γ)

|EQ(w,∆(Γ))| ≺ Cp,ζΦ
p (2.225)

for any monomial Q(w,∆(Γ)) in (2.223). Throughout the following, we fix a Q(w,∆(Γ))

with nonzero expectation, and denote by ΩQ the string form of Q(w,∆(Γ)) in terms of

SXst and SRst. Notice the R variables in SRst are maximally expanded. As a result, the

SXst variables are independent of SRst variables in Q(w,∆(Γ)). Therefore we make the

following observation: if SXst appears as a symbol in ΩQ, then ΩQ contains at least two

of them.
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Definition 2.5.12. Recall Γ defined in (2.196). Let h be the number of blocks of Γ

whose size is 1, i.e.

h :=

n(Γ)∑
l=1

1
(∣∣Γ−1(bl)

∣∣ = 1
)
. (2.226)

For l = 1, ..., n, define

Il :=
∣∣{i1, . . . , ip} ∩ Γ−1(bl)

∣∣ , Jl :=
∣∣{j1, . . . , jp} ∩ Γ−1(bl)

∣∣ .
Lemma 2.5.13. Suppose for any b1, ..., bn taking distinct values in I1,

|EQ(w,∆(Γ))| ≺ CN−h/2Φp

n∏
l=1

∣∣u[bl]

∣∣Il ∣∣v[bl]

∣∣Jl (2.227)

holds for some constant C independent of N . Then the estimate (2.225) holds.

Proof. By Cauchy-Schwarz inequality,

N∑
k=1

∣∣u[k]

∣∣a ∣∣v[k]

∣∣b ≤

N1/2 if a+ b = 1

1 if a+ b ≥ 2

.

Then using h =
n∑
l=1

1 (Il + Jl = 1) , we get

∗∑
bl∈I1,l=1,...,n(Γ)

|EQ(w,∆(Γ))| ≺ CΦpN−h/2
n∏
l=1

∑
bl∈I1

∣∣u[bl]

∣∣Il ∣∣v[bl]

∣∣Jl ≤ CΦp.

Hence it suffices to prove (2.227). The key is to extract the N−h/2 factor from

EQ(w,∆(Γ)). For this purpose, we need to keep track of the indices in L during the

expansion.

Definition 2.5.14. Define a function Fin : L×M→ N with Fin(l,Ω) giving the number

of times l or l̄ appears as an index of an off-diagonal R or S symbol in Ω.
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The following lemma follows immediately from Definition 3.4.6 and the expansions

we have done to obtain ΩQ from (Ω∆)w.

Lemma 2.5.15. (1) For any string Ω, if τ
(k)
0 is not trivial for Ω, then

Fin

(
l, τ

(k)
0 (Ω)

)
= Fin(l,Ω), Fin

(
l, τ

(k)
1 (Ω)

)
= Fin(l,Ω) + a, a ∈ {0, 2}. (2.228)

(2) For any string Ω,

Fin (l, ρ(Ω)) = Fin(l,Ω). (2.229)

(3) For any maximally expanded (Ω∆)w,

Fin(l,ΩQ) = Fin(l, (Ω∆)w). (2.230)

Let ΩX
Q be the substring of ΩQ containing only SX symbols, and ΩR

Q be the substring

of ΩQ containing only SR symbols. Define

V := {l ∈ L| Fin(l,Ω∆) = 1}, (2.231)

and

V0 := {l ∈ L| Fin(l,Ω∆) = 1 and Fin(l,ΩX
Q ) = 0}, (2.232)

V1 := {l ∈ L| Fin(l,Ω∆) = 1 and Fin(l,ΩX
Q ) ≥ 2}. (2.233)

Recall the observation above Definition 2.5.12, we have V = V0 ∪ V1 and

h = |V| = |V0|+ |V1|.

Let nX be the number of off-diagonal SX symbols in ΩX
Q and nR be the number of off-

diagonal SR symbols in ΩR
Q. Note that no := nX +nR is the total number of off-diagonal

symbols in ΩQ.
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2.5.4 Introduction of graphs and conclusion of the proof

We introduce graphs to conclude the proof of (2.227). We use a connected graph to

represent the string ΩQ, call it by GQ0. The indices in [L] are represented by black

nodes in GQ0. The SXst or SRst symbols in ΩQ are represented by edges connecting the

nodes s and t. We also define colors for the nodes and edges, where the color set for

nodes is {black, white} and the color set for edges is {SX , SR, X,R}. In GQ0, all the

nodes are black, all SX edges are assigned SX color and all SR edges are assigned SR

color. We show a possible graph in Fig. 3. In this subsection, we identify an index with

its node representation, and a symbol with its edge representation.

Definition 2.5.16. Define function deg on the nodes set [L] such that deg(l) gives the

number of SR edges connecting to the node l.

By Lemma 2.5.15, we see that for any l ∈ V0,

Fin(l,ΩQ) ≡ deg(l) + deg(l̄) ≡ 1 (mod 2). (2.234)

Hence

|V0| =
∑
l∈V0

[Fin (l,ΩQ) mod 2] ≤
∑
l∈V0

[
(deg(l) mod 2) +

(
deg(l̄) mod 2

)]
. (2.235)

Now we expand the SR edges. Take the SRij̄ edge as an example (recall (2.221)). We

replace the SRij̄ edge with an R-group, defined as following. We add two white colored

nodes to represent the summation indices k̄, l /∈ [L], two X-colored edges to represent

Xik̄ and Xlj̄, and an R-colored edge connecting k̄ and l to represent

0 R
[L]

k̄l

0 0

 . We call

the subgraph consisting of the three new edges and their nodes an R-group. If i = j,
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we call it a diagonal R-group; otherwise, call it an off-diagonal R-group. We expand

all the SR edges in GQ0 into R-groups and call the resulting graph GQ1. For example,

after expanding the SR edges in Fig. 3, we get the graph in Fig. 8. In the graph GQ1,

the R edges, X edges and SX edges are mutually independent, since the R symbols are

maximally expanded, and the white nodes are different from the black nodes.

b1

b1

b2

b2

b3

b3

SR

SX

Figure 3: An example of the graph GQ0.

b1

b1

b2

b2

b3

b3

R

X

SX

Figure 4: The resulting graph GQ1 after expanding each SR in Fig. 3 into R-groups.

Notice that each white node represents a summation index. As we have done for the
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black nodes, we first partition the white nodes into blocks and then assign values to the

blocks when doing the summation. Let W be the set of all white nodes in GQ1, and let

W be the collection of all partitions of W . Fix a partition γ ∈ W and denote its blocks

by W1, ...,Wm(γ). If two white nodes of some off-diagonal R-group happen to lie in the

same block, then we merge the two nodes into one diamond white node (Fig. 5a). All

the other white nodes are called normal (Fig. 5b). Let n
(d)
R be the number of diamond

nodes (which is ≤ the number of diagonal R-edges in GQ1). Then we trivially have

(recall Definition 2.5.16)

# of white nodes = −n(d)
R +

n∑
k=1

[
deg (bk) + deg(b̄k)

]
. (2.236)

(a) Diamond white

node.

(b) Normal white nodes.

Figure 5: Two types of white nodes

By (2.235), there are at least |V0| black nodes with odd deg in [V0] (where [V0] is

defined in the obvious way). WLOG, we may assume these nodes are b1, ..., b|V0|. To have

nonzero expectation, each white block must contain at least two white nodes. Therefore

for each k = 1, ..., |V0|, there exists a block connecting to bk which contains at least 3

white nodes. Call such a block W (bk), and denote by A(bk) the set of the adjacent white

nodes to bk in W (bk). Be careful that the W (bk)’s or A(bk)’s are not necessarily distinct.



79

WLOG, let W1, ...,Wd be the distinct blocks among all W (bk)’s. Define

V00 := {bk| A(bk) has no normal white nodes, 1 ≤ k ≤ |V0|},

and

V01 := {bk| A(bk) has at least one normal white node, 1 ≤ k ≤ |V0|}.

The following lemma gives the key estimates we need.

Lemma 2.5.17. For any partition γ ∈ W,

m(γ) ≤
−|V00| − |V01|/2− n(d)

R +
∑n

k=1

[
deg (bk) + deg(b̄k)

]
2

, (2.237)

and

nX + nR ≥ p+ |V1|+ |V00|, nX ≥ |V1|, n
(d)
R ≥ |V00|. (2.238)

Proof. The second inequality of (2.238) can be proved easily through

|V1| ≤
∣∣{k ∈ L|Fin(k,ΩX

Q ) ≥ 2}
∣∣ ≤ nX .

Notice for bk ∈ V0, A(bk) contains at least three diamond white nodes, while each of the

white node is shared by another bl. Thus we trivially have |V00| ≤ n
(d)
R .

Now we prove (2.237). A diamond white node is connected to two black nodes and a

normal white node is connected to one black node. Hence a diamond white node belongs

to two sets A(bk1), A(bk2), and a normal white node belongs to exactly one set A(bk).

Therefore for each i = 1, ..., d, if Wi contains exactly one A(bk), then

|Wi| ≥ 3 ≥ 2 + 1V01(bk) +
1V00(bk)

2
.

Otherwise if Wi contains more than one A(bk), then

|Wi| ≥
∑

bk:A(bk)⊆Wi

(
2 · 1V01(bk) +

3

2
· 1V00(bk)

)
≥ 2 +

∑
bk:A(bk)⊆Wi

(
1V01(bk) +

1V00(bk)

2

)
.
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Here the first inequality can be understood as following. For each black node bk with

A(bk) ⊆ Wi, we count the number of white nodes in A(bk) and add them together.

During the counting, we assign weight-1 to a normal white node and weight-1/2 to a

diamond white node (since it is shared by two different black nodes). If bk ∈ V00, there

are at least three diamond white nodes in A(bk) with total weight ≥ 3/2; if bk ∈ V01,

there are at least one normal white node and two other white nodes in A(bk) with total

weight ≥ 2. Thus
∑

bk:A(bk)⊆Wi
(2 · 1V01(bk) + 3/2 · 1V00(bk)) is smaller than the number

of white nodes in Wi. Then summing |Wi| over i, we get

d∑
i=1

|Wi| ≥ 2d+ |V01|+
|V00|

2
.

For the other m− d blocks, each of them contains at least two white nodes. Therefore

2m+ |V01|+
|V00|

2
≤

d∑
i=1

|Wi|+ 2(m− d) ≤ −n(d)
R +

n∑
k=1

[
deg (bk) + deg(b̄k)

]
,

where we used (2.236) in the last step. This proves (2.237).

For bk ∈ V00, A(bk) contains at least three white nodes from off-diagonal R-groups,

V00 ⊆{bk ∈ L| Fin(bk,Ω∆) = 1 and Fin(bk,Ω
R
Q) ≥ 3} =: V2.

Recall Lemma 2.5.15, only τ
(k)
1 can increase Fin. Thus w contains τ

(bk)
1 for each bk ∈

V1∪V2 (recall the definition of V1 in (2.233)). Therefore by (2.209), (2.224) and the fact

that V00 and V1 are disjoint, we have

nX + nR = Foff((Ω∆)w) ≥Foff(Ω∆) + |V1 ∪ V2| ≥ p+ |V1|+ |V00|.

This proves the first inequality of (2.238).

Now we prove (2.227). By (2.4) and (2.193), a diagonal R edge contributes 1, an
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off-diagonal R edge contributes Φ, and an SX or X edge contributes N−1/2. Denote

U =
n∏
l=1

∣∣u[bl]

∣∣Il ∣∣v[bl]

∣∣Jl .
Then using Lemma 3.2.5, we get

|EQ(w,∆(Γ))| ≺ CU
(
N−1/2

)nX ∑
γ∈W

∗∑
γ(W1),...,γ(Wm)∈I \L

ΦnR−n
(d)
R

n∏
k=1

(
N−1/2

)deg(bk)+deg(b̄k)

≤ CUN−nX/2
∑
γ∈W

Nm−

n∑
k=1

deg(bk)+deg(b̄k)

2 ΦnR−n
(d)
R

≤ CUN−nX/2
∑
γ∈W

N
−|V01|−|V00|/2−n

(d)
R

2 ΦnR−n
(d)
R

≤ CUN−h/2
∑
γ∈W

N−(nX−|V1|)/2N−(n
(d)
R −|V00|)/2ΦnR−n

(d)
R

≤ CUN−h/2
∑
γ∈W

ΦnX+nR−|V1|−|V00| ≤ CUN−h/2Φp,

where in the third step we used (2.237), in the fourth step h = |V| = |V1|+ |V00|+ |V01|,

in the fifth step N−1/2 ≤ Φ and (2.238), and in the last step (2.238). Thus we have

proved (2.227), which concludes the proof of Proposition 2.5.1.

2.6 Anisotropic local law: self-consistent compari-

son

In this section we prove Theorem 2.2.19. We first prove the anisotropic and aver-

aged local laws under the vanishing third moment assumption (2.24). When η ≥

N−1/2+ζ |m2c|−1, the anisotropic and averaged local laws can be established without as-

suming (2.24). For convenience, we only consider the case with w ∈ D and |z|2 ≤ 1− τ

in this section. The proof for the other cases is very similar.
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Following the notations in the arguments between Theorems 2.2.18 and 2.2.19, we

have

H(TX − z, w) = T

 −w(D†D)−1 w1/2(V1X − (UD)−1z)

w1/2(V1X − (UD)−1z)† −wI

T
†
, T :=

 UD 0

0 I

 .

(2.239)

Now we define

G(w) := |w|1/2

 −w(D†D)−1 w1/2 (V1X − (UD)−1z)

w1/2 (V1X − (UD)−1z)
† −wI


−1

= |w|1/2T †GT.

(2.240)

Since T is invertible and ‖T‖ + ‖T−1‖ ≤ τ−1 by (2.5), to prove the anisotropic law in

Theorem 2.2.19, it suffices to show that for all deterministic unit vectors u,v ∈ CI ,〈
u,
(
G(w)− Π̃(w)

)
v
〉
≺ Φ(w), (2.241)

where

Π̃(w) := |w|1/2T †Π(w)T , Φ(w) := |w|1/2Ψ(w). (2.242)

Notice we have ‖Π̃‖ = O(1) by (2.108). By the anisotropic local law in Theorem 2.2.18

and the remark around (2.51), if X = XGauss is Gaussian, then (2.241) holds. Hence for

a general X, it suffices to prove that

〈
u,
(
G(X,w)− G(XGauss, w)

)
v
〉
≺ Φ(w). (2.243)

Similar to Lemma 3.2.14, we can prove the following estimates for G.

Lemma 2.6.1. For i ∈ IM1 , we define vi = V1ei ∈ CI1, i.e. vi is the i-th column vector

of V1. Let u ∈ CI1 and w ∈ CI2, then we have for some constant C > 0,∑
µ∈I2

|Gwµ|2 = |w|1/2 ImGww

η
, (2.244)
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∑
i∈IM1

|Guvi |
2 ≤ C|w|1/2 ImGuu

η
, (2.245)

∑
i∈IM1

|Gwvi|
2 ≤ C

(
|w|−1/2 |Gww|+ |w|1/2

ImGww

η

)
, (2.246)

∑
µ∈I2

|Guµ|2 ≤ C

(
|w|−1/2 |Guu|+ |w|1/2

ImGuu
η

)
. (2.247)

2.6.1 Self-consistent comparison

Our proof basically follows the arguments in [44, Section 7] with some minor modifica-

tions. Thus we will omit some details during the proof. By polarization, it suffices to

prove the following proposition. In fact, we can obtain the more general bound (2.241)

by applying (2.248) to the vectors u + v and u + iv, respectively.

Proposition 2.6.2. Fix |z|2 ≤ 1 − τ and suppose that the assumptions of Theorem

2.2.19 hold. If (2.24) holds or η ≥ N−1/2+ζ |m2c|−1, then for any regular domain S ⊆ D,〈
v,
(
G(w)− Π̃(w)

)
v
〉
≺ Φ(w) (2.248)

uniformly in w ∈ S and any deterministic unit vectors v ∈ CI.

We first assume that (2.24) holds. Then we will show how to modify the arguments

to prove the η ≥ N−1/2+ζ |m2c|−1 case. The proof consists of a bootstrap argument from

larger scales to smaller scales in multiplicative increments of N−δ, where

δ ∈
(

0,
ζ

2C0

)
, (2.249)

with C0 > 0 being a universal constant that will be chosen large enough in the proof.

For any η ≥ |m1c|−1N−1+ζ , we define

ηl := ηN δl for l = 0, ..., L− 1, ηL := 1. (2.250)
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where L ≡ L(η) := max
{
l ∈ N| ηN δ(l−1) < 1

}
. Note that L ≤ 2δ−1.

By (3.54), the function w 7→ G(w)− Π̃(w) is Lipschitz continuous in S with Lipschitz

constant bounded by CN3. Thus to prove (2.248) for all w ∈ S, it suffices to show that

(2.248) holds for all w in some discrete but sufficiently dense subset Ŝ ⊂ S. We will use

the following discretized domain Ŝ.

Definition 2.6.3. Let Ŝ be an N−10-net of S such that |Ŝ| ≤ N20 and

E + iη ∈ Ŝ⇒ E + iηl ∈ Ŝ for l = 1, ..., L(η).

The bootstrapping is formulated in terms of two scale-dependent properties (Am)

and (Cm) defined on the subsets

Ŝm :=
{
w ∈ Ŝ | Imw ≥ N−δm

}
.

(Am) For all w ∈ Ŝm, all deterministic unit vector v, and all X satisfying (2.3)-(2.4),

we have

ImGvv(w) ≺ |w|1/2Im [m1c(w) +m2c(w)] +NC0δΦ(w). (2.251)

(Cm) For all w ∈ Ŝm, all deterministic unit vector v, and all X satisfying (2.3)-(2.4),

we have ∣∣∣Gvv(w)− Π̃vv(w)
∣∣∣ ≺ NC0δΦ(w). (2.252)

It is trivial to see that property (A0) holds. Moreover, it is easy to observe the following

result.

Lemma 2.6.4. For any m, property (Cm) implies property (Am).

Proof. This result follows from (2.110).
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The key step is the following induction result.

Lemma 2.6.5. For any 1 ≤ m ≤ 2δ−1, property (Am−1) implies property (Cm).

Combining Lemmas 2.6.4 and 2.6.5, we conclude that (2.252) holds for all w ∈ Ŝ.

Since δ can be chosen arbitrarily small under the condition (2.249), we conclude that

(2.248) holds for all w ∈ Ŝ, and Proposition 2.6.2 follows. What remains now is the

proof of Lemma 2.6.5. Denote

Fv(X,w) =
∣∣∣Gvv(X,w)− Π̃vv(w)

∣∣∣ . (2.253)

By Markov’s inequality, it suffices to prove the following lemma.

Lemma 2.6.6. Fix p ∈ 2N and m ≤ 2δ−1. Suppose that the assumptions of Proposition

2.6.2, (2.24) and property (Am−1) hold. Then we have

EF p
v(X,w) ≤

(
NC0δΦ(w)

)p
(2.254)

for all w ∈ Ŝm and all deterministic unit vectors v.

In the following, we focus on proving Lemma 2.6.6. First, in order to make use of

the assumption (Am−1), which has spectral parameters in Ŝm−1, to get some estimates

for spectral parameters in Ŝm, we shall use the following rough bounds for Gxy.

Lemma 2.6.7. For any w = E + iη ∈ S and x,y ∈ CI, we have∣∣∣Gxy(w)− Π̃xy(w)
∣∣∣ ≺N2δ

L(η)∑
l=1

[ImGx1x1(E + iηl) + ImGx2x2(E + iηl)

+ImGy1y1(E + iηl) + ImGy2y2(E + iηl)] + ‖x‖2‖y‖2,

where x =

 x1

x2

 and y =

 y1

y2

 for x1,y1 ∈ CI1 and x2,y2 ∈ CI2, and ηl is

defined in (2.250).
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Proof. The proof is similar to the one for [44, Lemma 7.12].

Recall that for a given family of complex square random matrices A, we use A =

O≺(ζ) to mean |〈v, Aw〉| ≺ ζ‖v‖2‖w‖2 uniformly for all deterministic vectors v and w

(see Definition 3.2.4 (ii)).

Lemma 2.6.8. Suppose (Am−1) holds, then

G(w)− Π̃(w) = O≺(N2δ) (2.255)

and

ImGvv ≤ N2δ
[
|w|1/2Im (m1c(w) +m2c(w)) +NC0δΦ(w)

]
(2.256)

for all w ∈ Ŝm and all deterministic unit vector v.

Proof. Let w = E + iη ∈ Ŝm. Then E + iηl ∈ Ŝm−1 for l = 1, . . . , L(η), and (2.251)

gives ImGvv(w) ≺ 1. The estimate (2.255) now follows immediately from Lemma 2.6.7.

To prove (2.256), we remark that if s(w) is the Stieltjes transform of any positive in-

tegrable function on R, the map η 7→ ηIm s(E + iη) is nondecreasing and the map

η 7→ η−1Im s(E + iη) is nonincreasing. We apply them to |w|−1/2Im Gvv(E + iη) and

Imm1,2c(E + iη) to get for w1 = E + iη1 ∈ Ŝm−1,

ImGvv(w) ≤ N δ |w|1/2

|w1|1/2
ImGvv(w1) ≺ N δ

[
|w|1/2Im (m1c(w1) +m2c(w1)) +NC0δ

|w|1/2

|w1|1/2
Φ(w1)

]
≤ N2δ

[
|w|1/2Im (m1c(w) +m2c(w)) +NC0δΦ(w)

]
,

where we used Φ(w) := |w|1/2Ψ(w) and the fact that η 7→ Ψ(E + iη) is nonincreasing,

which is clear from the definition (3.37).

Now we apply the self-consistent comparison method introduced in [44, Section 7] to

prove Lemma 2.6.6. To organize the proof, we divide it into two small subsections.
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Interpolation and expansion

Definition 2.6.9 (Interpolating matrices). Introduce the notation X0 := XGauss and

X1 := X. Let ρ0
iµ and ρ1

iµ be the laws of X0
iµ and X1

iµ, respectively, for i ∈ IM1 and

µ ∈ I2. For θ ∈ [0, 1], we define the interpolated law

ρθiµ := (1− θ)ρ0
iµ + θρ1

iµ.

We shall work on the probability space consisting of triples (X0, Xθ, X1) of independent

IM1 × I2 random matrices, where the matrix Xθ = (Xθ
iµ) has law

∏
i∈IM1

∏
µ∈I2

ρθiµ(dXθ
iµ). (2.257)

For λ ∈ R, i ∈ IM1 and µ ∈ I2, we define the matrix Xθ,λ
(iµ) through

(
Xθ,λ

(iµ)

)
jν

:=


Xθ
iµ if (j, ν) 6= (i, µ)

λ if (j, ν) = (i, µ)

.

We also introduce the matrices

Gθ(w) := G
(
Xθ, w

)
, Gθ,λ(iµ)(w) := G

(
Xθ,λ

(iµ), w
)
,

according to (2.240) and the Definition 3.2.1.

We shall prove Lemma 2.6.6 through interpolation matrices Xθ between X0 and X1.

It holds for X0 by the anisotropic law in Theorem 2.2.18 (see the remark above (2.243)).

Lemma 2.6.10. Lemma 2.6.6 holds if X = X0.

Using (2.257) and fundamental calculus, we get the following basic interpolation

formula.
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Lemma 2.6.11. For F : RIM1 ×I2 → C we have

d

dθ
EF (Xθ) =

∑
i∈IM1

∑
µ∈I2

[
EF

(
X
θ,X1

iµ

(iµ)

)
− EF

(
X
θ,X0

iµ

(iµ)

)]
(2.258)

provided all the expectations exist.

We shall apply Lemma 2.6.11 with F (X) = F p
v(X,w) for Fv(X,w) defined in (2.253).

The main work is devoted to proving the following self-consistent estimate for the right-

hand side of (2.258).

Lemma 2.6.12. Fix p ∈ 2N and m ≤ 2δ−1. Suppose (2.24) and (Am−1) holds, then we

have∑
i∈IM1

∑
µ∈I2

[
EF p

v

(
X
θ,X1

iµ

(iµ)

)
− EF p

v

(
X
θ,X0

iµ

(iµ)

)]
= O

(
(NC0δΦ)p + EF p

v(Xθ, w)
)

(2.259)

for all θ ∈ [0, 1], all w ∈ Ŝm, and all deterministic unit vector v.

Combining Lemmas 2.6.10, 2.6.11 and 2.6.12 with a Grönwall argument, we can

conclude the proof of Lemma 2.6.6 and hence Proposition 2.6.2.

In order to prove Lemma 2.6.12, we compare X
θ,X0

iµ

(iµ) and X
θ,X1

iµ

(iµ) via a common Xθ,0
(iµ),

i.e. under the assumptions of Lemma 2.6.12, we will prove∑
i∈IM1

∑
µ∈I2

[
EF p

v

(
X
θ,Xu

iµ

(iµ)

)
− EF p

v

(
Xθ,0

(iµ)

)]
= O

(
(NC0δΦ)p + EF p

v(Xθ, w)
)

(2.260)

for all u ∈ {0, 1}, all θ ∈ [0, 1], all w ∈ Ŝm, and all deterministic unit vector v.

Underlying the proof of (2.260) is an expansion approach which we will describe

below. Throughout the rest of the proof, we suppose that (Am−1) holds. Also the rest

of the proof is performed at a single w ∈ Ŝm. Define the IM × IM (recall Definition

2.2.9) matrix ∆λ
(iµ) through

(
∆λ

(iµ)

)
st

:= λδisδµt + λδitδµs, i ∈ IM1 , µ ∈ I2. (2.261)
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Then we have for any λ, λ′ ∈ R and K ∈ N,

Gθ,λ
′

(iµ) = Gθ,λ(iµ) +
K∑
k=1

αk Gθ,λ(iµ)

(
V∆λ−λ′

(iµ) V
† Gθ,λ(iµ)

)k
+ αK+1 Gθ,λ

′

(iµ)

(
V∆λ−λ′

(iµ) V
† Gθ,λ(iµ)

)K+1

,

(2.262)

where V :=

V1 0

0 I

 and α := w1/2

|w|1/2 . The following result provides a priori bounds for

the entries of Gθ,λ(iµ).

Lemma 2.6.13. Suppose that y is a random variable satisfying |y| ≺ N−1/2. Then

Gθ,y(iµ)−Π̃ = O≺(N2δ) (2.263)

for all i ∈ IM1 and µ ∈ I2.

Proof. See [44, Lemma 7.14].

In the following, for simplicity of notations, we introduce f(iµ)(λ) := F p
v(Xθ,λ

(iµ)). We

use f
(n)
(iµ) to denote the n-th derivative of f(iµ). By Lemma 2.6.13 and expansion (2.262)

we get the following result.

Lemma 2.6.14. Suppose that y is a random variable satisfying |y| ≺ N−1/2. Then for

fixed n ∈ N, ∣∣∣f (n)
(iµ)(y)

∣∣∣ ≺ N2δ(n+p). (2.264)

By this lemma, the Taylor expansion of f(iµ) gives

f(iµ)(y) =

4p∑
n=0

yn

n!
f

(n)
(iµ)(0) +O≺(Φp), (2.265)

provided C0 is chosen large enough in (2.249). Therefore we have for u ∈ {0, 1},

EF p
v

(
X
θ,Xu

iµ

(iµ)

)
− EF p

v

(
Xθ,0

(iµ)

)
=E

[
f(iµ)

(
Xu
iµ

)
− f(iµ)(0)

]
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=E f(iµ)(0) +
1

2N
E f (2)

(iµ)(0) +

4p∑
n=4

1

n!
E f (n)

(iµ)(0)E
(
Xu
iµ

)n
+O≺(Φp),

where we used that Xu
iµ has vanishing first and third moments and its variance is 1/N .

Thus to show (2.260), we only need to prove for n = 4, 5, ..., 4p,

N−n/2
∑
i∈IM1

∑
µ∈I2

∣∣∣E f (n)
(iµ)(0)

∣∣∣ = O
(
(NC0δΦ)p + EF p

v(Xθ, w)
)
, (2.266)

where we used (2.4). In order to get a self-consistent estimate in terms of the matrix

Xθ on the right-hand side of (2.266), we want to replace Xθ,0
(iµ) in f(iµ)(0) := F p

v(Xθ,0
(iµ))

with Xθ = X
θ,Xθ

(iµ)

(iµ) .

Lemma 2.6.15. Suppose that

N−n/2
∑
i∈IM1

∑
µ∈I2

∣∣∣E f (n)
(iµ)(X

θ
iµ)
∣∣∣ = O

(
(NC0δΦ)p + EF p

v(Xθ, w)
)

(2.267)

holds for n = 4, ..., 4p, Then (2.266) holds for n = 4, ..., 4p.

Proof. From (2.265) we can get

f
(l)
(iµ)(0) = f

(l)
(iµ)(y)−

4p−l∑
n=1

yn

n!
f

(l+n)
(iµ) (0) +O≺(N l/2Φp). (2.268)

The result follows by repeatedly applying (2.268). The details can be found in [44,

Lemma 7.16].

Conclusion of the proof with words

What remains now is to prove (2.267). For simplicity, we abbreviate Xθ ≡ X for the

remainder of the proof. In order to exploit the detailed structure of the derivatives on

the left-hand side of (2.267), we introduce the following algebraic objects.
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Definition 2.6.16 (Words). Given i ∈ IM1 and µ ∈ I2. Let W be the set of words

of even length in two letters {i,µ}. We denote the length of a word w ∈ W by 2n(w)

with n(w) ∈ N. We use bold symbols to denote the letters of words. For instance,

w = t1s2t2s3 · · · tnsn+1 denotes a word of length 2n. Define Wn := {w ∈ W : n(w) = n}

to be the set of words of length 2n. We require that each word w ∈ Wn satisfies that

tlsl+1 ∈ {iµ,µi} for all 1 ≤ l ≤ n.

Next we assign each letter ∗ its value [∗] through [i] := vi, [µ] := µ, where vi ∈ CI1 is

defined in Lemma 2.6.1 and is regarded as a summation index. Note that it is important

to distinguish the abstract letter from its value, which is a summation index. Finally, to

each word w we assign a random variable Av,i,µ(w) as follows. If n(w) = 0 we define

Av,i,µ(w) := Gvv−Π̃vv.

If n(w) ≥ 1, say w = t1s2t2s3 · · · tnsn+1, we define

Av,i,µ(w) := Gv[t1] G [s2][t2] · · · G [sn][tn] G [sn+1]v . (2.269)

Notice the words are constructed such that, by (2.262),(
∂

∂Xiµ

)n (
Gvv − Π̃vv

)
= (−α)nn!

∑
w∈Wn

Av,i,µ(w)

for n = 0, 1, 2, . . ., with which we get that(
∂

∂Xiµ

)n
F p
v(X) = (−α)nn!

∑
n1+···+np=n

p/2∏
r=1

1

nr!nr+p/2!

×

 ∑
wr∈Wnr

∑
wr+p/2∈Wnr+p/2

Av,i,µ(wr)Av,i,µ(wr+p/2)

 .

Then to prove (2.267), it suffices to show that

N−n/2
∑
i∈IM1

∑
µ∈I2

∣∣∣∣∣∣E
p/2∏
r=1

Av,i,µ(wr)Av,i,µ(wr+p/2)

∣∣∣∣∣∣ = O
(
(NC0δΦ)p + EF p

v(Xθ, w)
)

(2.270)
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for 4 ≤ n ≤ 4p and all words w1, ..., wp ∈ W satisfying n(w1)+ · · ·+n(wp) = n. To avoid

the unimportant notational complications associated with the complex conjugates, we

in fact prove that

N−n/2
∑
i∈IM1

∑
µ∈I2

∣∣∣∣∣E
p∏
r=1

Av,i,µ(wr)

∣∣∣∣∣ = O
(
(NC0δΦ)p + EF p

v(Xθ, w)
)
. (2.271)

The proof of (2.270) is essentially the same but with slightly heavier notations. Treating

empty words separately, we find it suffices to prove

N−n/2
∑
i∈IM1

∑
µ∈I2

E

∣∣∣∣∣Ap−qv,i,µ(w0)

q∏
r=1

Av,i,µ(wr)

∣∣∣∣∣ = O
(
(NC0δΦ)p + EF p

v(Xθ, w)
)

(2.272)

for 4 ≤ n ≤ 4p, 1 ≤ q ≤ p, and wr such that n(w0) = 0,
∑

r n(wr) = n and n(wr) ≥ 1

for r ≥ 1.

To estimate (2.272) we introduce the quantity

Rs := |Gvvs |+ |Gvsv|. (2.273)

for s ∈ I, where as a convention we let vµ = eµ for µ ∈ I2.

Lemma 2.6.17. For w ∈ W we have the rough bound

|Av,i,µ(w)| ≺ N2δ(n(w)+1). (2.274)

Furthermore, for n(w) ≥ 1 we have

|Av,i,µ(w)| ≺ (R2
i +R2

µ)N2δ(n(w)−1). (2.275)

For n(w) = 1 we have better bound

|Av,i,µ(w)| ≺ RiRµ. (2.276)
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Proof. (2.274) follows immediately from the rough bound (2.255) and definition (2.269).

For (2.275), we breakAv,i,µ(w) into Gv[t1](G [s2][t2] · · · G [sn][tn])
1/2 times (G [s2][t2] · · · G [sn][tn])

1/2 G [sn+1]v

and use Cauchy-Schwarz inequality. (2.276) follows from the constraint t1 6= s2 in the

definition (2.269).

By pigeonhole principle, if n ≤ 2q − 2 there exists at least two words wr with

n(wr) = 1. Therefore by Lemma 2.6.17 we have∣∣∣∣∣Ap−qv,i,µ(w0)

q∏
r=1

Av,i,µ(wr)

∣∣∣∣∣ ≺ N2δ(n+q)F p−q
v (X)

(
1(n ≥ 2q − 1)(R2

i +R2
µ) + 1(n ≤ 2q − 2)R2

iR2
µ

)
.

(2.277)

By Lemma 2.6.1, we have

1

N

∑
i∈IM1

R2
i +

1

N

∑
µ∈I2

R2
µ ≺
|w|1/2ImGvv +η|w|−1/2 |Gvv|

Nη

≺ N2δ |w|Im(m1c +m2c) + |w|1/2NC0δΦ

Nη
≺ N (C0+2)δΦ2,

(2.278)

where in the second step we used the two bounds in Lemma 2.6.8, |w|−1/2η = O(|w|Imm1c)

by Lemma 2.3.7, and in the last step the definition of Φ. Using the same method we

can get

1

N2

∑
i∈IM1

∑
µ∈I2

R2
iR2

µ ≺
(
N (C0+2)δΦ2

)2
. (2.279)

Plugging (2.278) and (2.279) into (2.277), we get that the left-hand side of (2.272) is

bounded by

N−n/2+2N2δ(n+q+2) EF p−q
v (X)

(
1(n ≥ 2q − 1)

(
NC0δ/2Φ

)2
+ 1(n ≤ 2q − 2)

(
NC0δ/2Φ

)4
)
.

Using Φ & N−1/2, we find that the left hand side of (2.272) is bounded by

N2δ(n+q+2) EF p−q
v (X)

(
1(n ≥ 2q − 1)

(
NC0δ/2Φ

)n−2
+ 1(n ≤ 2q − 2)

(
NC0δ/2Φ

)n)
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≤ EF p−q
v (X)

(
1(n ≥ 2q − 1)

(
NC0δ/2+12δΦ

)n−2
+ 1(n ≤ 2q − 2)

(
NC0δ/2+12δΦ

)n)
where we used that q ≤ n and n ≥ 4. Choose C0 ≥ 25, then by (2.249) we have

NC0δ/2+12δ ≤ N ζ/2 and hence NC0δ/2+12δΦ ≤ 1. Moreover, if n ≥ 4 and n ≥ 2q− 1, then

n ≥ q + 2. Therefore we conclude that the left-hand side of (2.272) is bounded by

EF p−q
v (X)

(
NC0δΦ

)q
. (2.280)

Now (2.272) follows from Holder’s inequality. This concludes the proof of (2.267), and

hence of (2.260), and hence of Lemma 2.6.5. This finishes the proof of Proposition 2.6.2

under the assumption (2.24).

In the rest of this section, we prove Proposition 2.6.2 when η ≥ N−1/2+ζ |m2c|−1

without assuming (2.24). In this case, we can verify that

Φ ≤ N−1/4−ζ/2. (2.281)

Following the previous arguments, we see that it suffices to prove the estimate (2.267)

for n = 3. In other words, we need to prove the following lemma.

Lemma 2.6.18. Fix 1 ≤ m ≤ 2δ−1 and p ∈ 2N. Let w ∈ Ŝm ∩ D̂ (recall (2.45)) and

suppose (Am−1) holds. Then we have

N−3/2
∑
i∈IM1

∑
µ∈I2

∣∣∣E f (3)
(iµ)(X

θ
iµ)
∣∣∣ = O

(
(NC0δΦ)p + EF p

v(Xθ, w)
)
. (2.282)

Proof. The main new ingredient of the proof is a further iteration step at a fixed w.

Suppose

G − Π̃ = O≺(N2δφ) (2.283)
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for some φ ≤ 1. By the a priori bound (2.255), (2.283) holds for φ = 1. Assuming

(2.283), we shall prove a self-improving bound of the form

N−3/2
∑
i∈IM1

∑
µ∈I2

∣∣∣E f (3)
(iµ)(X

θ
iµ)
∣∣∣ = O

(
(NC0δΦ)p + (N−ζ/4φ)p + EF p

v(Xθ, w)
)
. (2.284)

Once (2.284) is proved, we can use it iteratively to get an increasingly accurate bound

for the left hand side of (2.252). After each step, we obtain a better a priori bound

(2.283) where φ is reduced by N−ζ/4. Hence after O(ζ−1) iterations we can get (2.282).

As in Section 2.6.1, to prove (2.284) it suffices to show

N−3/2

∣∣∣∣∣∣
∑
i∈IM1

∑
µ∈I2

Ap−qv,i,µ(w0)

q∏
r=1

Av,i,µ(wr)

∣∣∣∣∣∣ ≺ F p−q
v (X)(N (C0−1)δΦ +N−ζ/2φ)q, (2.285)

which follows from the bound

N−3/2

∣∣∣∣∣∣
∑
i∈IM1

∑
µ∈I2

q∏
r=1

Av,i,µ(wr)

∣∣∣∣∣∣ ≺ (N (C0−1)δΦ +N−ζ/2φ)q. (2.286)

Each of the three cases q = 1, 2, 3 can be proved as in [44, Lemma 12.7], and we leave

the details to the reader. This concludes Lemma 2.6.18.

2.6.2 Averaged local law for TX

In this section we prove the averaged local law in Theorem 2.2.19. Again for convenience,

we only consider the case with w ∈ D and |z|2 ≤ 1 − τ . First we assume (2.24) holds.

The anisotropic local law proved in the previous section gives a good a priori bound. In

analogy to (2.253), we define

F̃ (X,w) : = |w|1/2|m2(w)−m2c(w)| =

∣∣∣∣∣ 1

N

∑
ν∈I2

Gνν(w)− |w|1/2m2c(w)

∣∣∣∣∣ .
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Since Φ2 = O(|w|1/2/(Nη)), it suffices to prove that F̃ ≺ Φ2. Following the argument in

Section 2.6.1, analogous to (2.267), we only need to prove that

N−n/2
∑
i∈IM1

∑
µ∈I2

∣∣∣∣E( ∂

∂Xiµ

)n
F̃ p(X)

∣∣∣∣ = O
(

(N δΦ2)p + EF̃ p(X)
)

(2.287)

for all n = 4, ..., 4p. Here δ > 0 is an arbitrary positive constant. Analogously to (2.271),

it suffices to prove that for n = 4, ..., 4p,

N−n/2
∑
i∈IM1

∑
µ∈I2

∣∣∣∣∣E
p∏
r=1

(
1

N

∑
ν∈I2

Aeν ,i,µ(wr)

)∣∣∣∣∣ = O
(

(N δΦ2)p + EF̃ p(X)
)

(2.288)

for
∑

r n(wr) = n. The only difference in the definition of Av,i,µ(w) is that when n(w) =

0, we define

Av,i,µ(w) := Gvv−|w|1/2m2c.

Similar to (2.273) we define

Rν,s := |Gνvs|+ |Gvsν |. (2.289)

By the anisotropic local law, G −Π̃ = O≺(Φ). Hence combining with Lemma 2.6.1 and

(2.110), we get

1

N

∑
ν∈I2

R2
ν,s ≺

|w|1/2ImGvsvs +η|w|−1/2 |Gvsvs|
Nη

≺ |w|Im(m1c +m2c) + |w|1/2Φ

Nη
= O(Φ2).

(2.290)

Since G = O≺(1) by the anisotropic local law, we have∣∣∣∣∣ 1

N

∑
ν∈I2

Aeν ,i,µ(w)

∣∣∣∣∣ ≺ 1

N

∑
ν∈I2

(
R2
ν,i +R2

ν,µ

)
≺ Φ2 for n(w) ≥ 1. (2.291)

Following (2.291), for n ≥ 4, the left-hand side of (2.288) is bounded by

E F̃ p−q(X)(Φ2)q.
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Applying Holder’s inequality, we conclude the proof.

Then we prove the averaged local law when η ≥ N−1/2+ζ |m2c|−1. It suffices to prove

N−3/2

∣∣∣∣∣∣
∑
i∈IM1

∑
µ∈I2

E
(

∂

∂Xiµ

)3

F̃ p(X)

∣∣∣∣∣∣ = O

((
N δΦ2

)p
+

(
N−c0/2

Nη

)p
+ EF̃ p(X)

)
,

(2.292)

for some small constant c0 > 0. Analogous to the above arguments, it reduces to show

that

N−3/2

∣∣∣∣∣∣
∑
i∈IM1

∑
µ∈I2

q∏
r=1

(
1

N

∑
ν∈I2

Aeν ,i,µ(wr)

)∣∣∣∣∣∣ = O≺

(
Φ2q +

(
N−c0

Nη

)q)
, (2.293)

where q is the number of words with nonzero length. Again we can prove the three

cases q = 1, 2, 3 as in [44, Lemma 12.8], and we leave the details to the reader. This

concludes the averaged local law.

2.7 Appendix

2.7.1 Proof of Lemma 2.2.3 and Proposition 2.2.14

We now prove Lemma 2.2.3. First is a technical lemma for f defined in (2.16).

Lemma 2.7.1. For w > 0 and |z| > 0, f can be written as

f(
√
w,m) = −

√
w +m+ w−1/2 +

1

N

n∑
i=1

lisi

(
Ai

m− ai
+

Bi

m− bi
+

Ci
m+ ci

)
, (2.294)

where we have the following estimates for the poles and the coefficients,

max

(
|z|, si + |z|2√

w

)
< ai <

si + |z|2√
w

+ |z|, an < an−1 < . . . < a1, (2.295)

0 < b1 < b2 < . . . < bn < min

(
|z|, |z|

2

√
w

)
, (2.296)
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−(si + |z|2) +
√

(si + |z|2)2 + 4w|z|2
2
√
w

< ci < |z|, c1 < c2 < . . . < cn, (2.297)

and

0 < Ai ≤ 2
si + |z|2 +

√
w|z|

w
, 0 < Bi ≤ 2

si + |z|2 +
√
w|z|

w
, 0 < Ci ≤

si + |z|2 +
√
w|z|

w
.

(2.298)

Proof. The proof is based on basic algebraic arguments. Let

pi =
√
wm3 − (si + |z|2)m2 −

√
w|z|2m+ |z|4.

It is easy to verify that

∆ = 18(si + |z|2)w|z|6 + 4(si + |z|2)3|z|4 + (si + |z|2)2w|z|4 + 4w2|z|6 − 27w|z|8 > 0.

Thus pi has three distinct real roots. By the form of pi, we see that there are two positive

roots and one negative root, call them ai > bi > 0 > −ci. Now we perform the partial

fraction expansion for the rational functions in (2.16):

m2 − |z|2√
wm3 − (si + |z|2)m2 −

√
w|z|2m+ |z|4

=
A′i

m− ai
+

B′i
m− bi

− C ′i
m+ ci

, (2.299)

where

A′i =
a2
i − |z|2√

w(ai − bi)(ai + ci)
, B′i =

b2
i − |z|2√

w(bi − ai)(bi + ci)
, C ′i =

−c2
i + |z|2√

w(ci + ai)(ci + bi)
.

(2.300)

We take si = 0 in pi and call the resulting polynomial as

p0 =
√
wm3 − |z|2m2 −

√
w|z|2m+ |z|4 =

√
w

(
m− |z|

2

√
w

)(
m2 − |z|2

)
,

which has roots m = ±|z|, |z|2/
√
w. By (2.8), we have p1 < p2 < . . . < pn < p0 for all

m 6= 0. Comparing the graphs of pi’s (as cubic functions of m) for 0 ≤ i ≤ n, we get
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that

max

(
|z|, |z|

2

√
w

)
< an < an−1 < . . . < a1, 0 < b1 < b2 < . . . < bn < min

(
|z|, |z|

2

√
w

)
,

(2.301)

and

0 < c1 < c2 < . . . < cn < |z|. (2.302)

Thus we get (2.296). By these bounds, we see that a2
i − |z|2 > 0, b2

i − |z|2 < 0 and

−c2
i + |z|2 > 0, which, by (2.300), give that A′i > 0, B′i > 0 and C ′i > 0. Plugging (2.299)

into f , we get immediately (2.294) with Ai = A′iai, Bi = B′ibi and Ci = C ′ici. The w−1/2

term can be obtained by comparing the coefficients of the m3 terms in (2.16) and using

the normalization condition (2.9).

Now we compare pi with p′i :=
√
wm3 − (si + |z|2)m2 −

√
w|z|2m, which has roots

m = 0,
(si + |z|2)±

√
(si + |z|2)2 + 4w|z|2
2
√
w

.

Since p′i < pi for all m, we get

ai <
(si + |z|2) +

√
(si + |z|2)2 + 4w|z|2
2
√
w

<
si + |z|2√

w
+ |z|, (2.303)

and

ci >
−(si + |z|2) +

√
(si + |z|2)2 + 4w|z|2

2
√
w

. (2.304)

Combining (2.302) and (2.304), we get (2.297). Then we compare pi with p′′i :=
√
wm3−

(si+ |z|2)m2, which has roots w = 0, (si+ |z|2)/
√
w. Note that p′′i > pi for m > |z|2/

√
w,

which gives ai > (si + |z|2)/
√
w since ai > |z|2/

√
w. Combining this bound with (2.301)

and (2.303), we get (2.295).
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Finally we estimate the coefficients Ai, Bi and Ci. Using (2.300) and (2.295)-(2.297),

we first can estimate that

A′i =
(ai − |z|)(ai + |z|)√
w(ai − bi)(ai + ci)

≤ ai + |z|√
w(ai + ci)

≤ 2√
w
,

B′i =
(|z|+ bi)(|z| − bi)√
w(ai − bi)(bi + ci)

≤ |z|+ bi√
w(bi + ci)

≤ 2
si + |z|2 +

√
w|z|

w|z|
,

C ′i =
(|z| − ci)(ci + |z|)√
w(ci + ai)(ci + bi)

≤ |z| − ci√
w(ci + bi)

≤ si + |z|2 +
√
w|z|

w|z|
,

with which we can get that

Ai = A′iai ≤
2√
w

(
si + |z|2√

w
+ |z|

)
= 2

si + |z|2 +
√
w|z|

w
, (2.305)

Bi = B′ibi ≤ 2
si + |z|2 +

√
w|z|

w|z|
|z| = 2

si + |z|2 +
√
w|z|

w
, (2.306)

Ci = C ′ici ≤
si + |z|2 +

√
w|z|

w|z|
|z| = si + |z|2 +

√
w|z|

w
. (2.307)

In (2.294), it is sometimes convenient to reorder the terms and rename the constants

to write f as

f(m) = −
√
w +m+ w−1/2 +

1

N

2n∑
k=1

C+
k

m− xk
+

1

N

n∑
l=1

C−l
m+ yl

. (2.308)

where all the constants C+
k and C−l are positive and chosen such that

0 < x1 < x2 < . . . < x2n, 0 < y1 < y2 < . . . < yn. (2.309)

Clearly, f is smooth on the 3n+ 1 open intervals of R defined by

I−n := (−∞,−yn), I−k := (−yk+1,−yk) (k = 1, . . . , n− 1), I0 := (−y1, x1),

Ik := (xk, xk+1) (k = 1, . . . , 2n− 1), I2n := (x2n,+∞).
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Next, we introduce the multiset C of critical points of f (as a function of m), using the

conventions that a nondegenerate critical point is counted once and a degenerated critical

point twice. First we will prove the following elementary lemma about the structure of

C (see Fig. 6 and Fig. 7).

Lemma 2.7.2. (Critical points) We have |C ∩ I−n| = |C ∩ I2n| = 1 and |C ∩ Ik| ∈ {0, 2}

for k = −n+ 1, . . . , 2n− 1.

Proof. We omit the dependence of f on w for now. By (2.308) we have

f ′(m) = 1− 1

N

2n∑
k=1

C+
k

(m− xk)2 −
1

N

n∑
l=1

C−l
(m+ yl)

2 , f
′′(m) =

1

N

2n∑
k=1

2C+
k

(m− xk)3 +
1

N

n∑
l=1

2C−l
(m+ yl)

3 .

We see that f ′′ is decreasing on all the intervals Ik for k = −n+1, . . . , 2n−1. Thus there

is at most one point m ∈ Ik such that f ′′(m) = 0. We conclude that f has at most two

critical points on Ik. By the boundary conditions of f ′ on ∂Ik, we get |C∩Ik| ∈ {0, 2} for

k = −n+ 1, . . . , 2n− 1. For m < −yn, we have f ′′(m) < 0, while for m > x2n, we have

f ′′(m) > 0. By the boundary conditions of f ′ on ∂I−n and ∂I2n, we see that f ′ decreases

from 1 to −∞ when m increases from −∞ to −yn, while f ′ increases from −∞ to 1 when

m increases from x2n to +∞. Hence we conclude that each of the intervals (−∞,−yn)

and (x2n,+∞) contains a unique critical point in it, i.e. |C ∩ I−n| = |C ∩ I2n| = 1.

From this lemma, we deduce that |C| = 2p is even. We denote by z2p the critical

point in I−n, z1 the critical point in I2n, and z2 ≥ . . . ≥ z2p−1 the 2p− 2 critical points

in I−n+1 ∪ . . . ∪ I2n−1. For k = 1, . . . , 2p, we define the critical values hk := f(zk). The

next lemma is crucial in establishing the basic properties of ρ1c (see e.g. Fig. 6).

Lemma 2.7.3. (Orderings of the critical values) The critical values are ordered as h1 ≥

h2 ≥ . . . ≥ h2p. Furthermore, there is an absolute constant C0 > 0 independent of τ such

that hk ∈ [−C0(τ−1|w|−1/2 + |z|)−
√
w,C0(τ−1|w|−1/2 + |z|)−

√
w] for k = 1, . . . , 2p.
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Proof. Notice for the equation (2.15), if we multiply both sides with the product of all

denominators in f , we get a polynomial equation Pw(m) = 0 with Pw being a polynomial

of degree 3n + 1. An immediate consequence is that for any fixed w > 0 and E ∈ R,

f(
√
w,m) = E can have at most 3n+ 1 roots in m. This fact will be useful in the proof

of this lemma and Lemma 2.2.3.

For i = −n, . . . , 2n, define the subset Ji(w) := {m ∈ Ii : ∂mf(
√
w,m) > 0}. From

Lemma 2.7.2, we deduce that if i = −n + 1, . . . , 2n − 1, then Ji 6= ∅ if and only if Ii

contains two distinct critical points of f , in which case Ji is an interval. Moreover, we

have J−n = (−∞, z2p) and J2n = (z1,+∞). Next, we observe that for any −n ≤ i <

j ≤ 2n, we have f(Ji)∩ f(Jj) = ∅. Otherwise if there were E ∈ f(Ji)∩ f(Jj), we would

have |{x : f(x) = E}| > 3n + 1. We hence conclude that the sets f(Ji), −n ≤ i ≤ 2n

can be strictly ordered. The claim h1 ≥ h2 ≥ . . . ≥ h2p is now reformulated as

f(Ji) < f(Jj) whenever i < j and Ji, Jj 6= ∅. (2.310)

To prove (2.310), we use a continuity argument. Let t ∈ (0, 1] and introduce

f t(m) = −
√
w +m+ w−1/2 +

t

N

2n∑
k=1

C+
k

m− xk
+

t

N

n∑
l=1

C−l
m+ yl

.

It is easy to check (2.310) holds for small enough t > 0. We claim that

Ji 6= ∅ ⇒ J ti 6= ∅ for all t ∈ (0, 1]. (2.311)

This is trivial for i = −n, 2n. Recall that for −n+1 ≤ i ≤ 2n−1, J ti 6= ∅ is equivalent to

Ii containing two distinct critical points. Moreover, ∂t∂mf
t(m) < 0 in I−n+1∪ . . .∪I2n−1,

from which we deduce that the number of distinct critical points in each Ii, i = −n +

1, . . . , 2n− 1, does not decreases as t decreases. This proves (2.311).
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Next, suppose that there exist i < j such that Ji, Jj 6= ∅ and f(Ji) > f(Jj). From

(2.311), we deduce that J ti , J
t
j 6= ∅ for all t ∈ (0, 1]. By a simple continuity argument, we

get that f t(J ti ) > f t(J tj) for all t ∈ (0, 1]. However, this is impossible for small enough t

as explained before (2.311). This concludes the proof of (2.310).

To prove the second statement of Lemma 2.7.3, we only need to show that h1 ≤

C0(τ−1|w|−1/2 + |z|) −
√
w and h2p ≥ −C0(τ−1|w|−1/2 + |z|) −

√
w for some absolute

constant C0. We only give the proof for h1; the proof for h2p is similar. At z1, we have

f(z1)+
√
w ≤ (z1+yn)

[
1 +

1

N

2n∑
k=1

C+
k

(z1 − xk)2 +
1

N

n∑
l=1

C−l
(z1 + yl)

2

]
+w−1/2 = 2(z1+yn)+w−1/2,

where we used

0 = f ′(z1) = 1− 1

N

2n∑
k=1

C+
k

(z1 − xk)2 −
1

N

n∑
l=1

C−l
(z1 + yl)

2 . (2.312)

Now we would like to estimate z1 + yn. Again using (2.312), we have that

1

N

2n∑
k=1

C+
k

(z1 − x2n)2 +
1

N

n∑
l=1

C−l
(z1 − x2n)2 ≥ 1.

Then by (2.298) we get

z1 − x2n ≤

√√√√ 1

N

2n∑
k=1

C+
k +

1

N

n∑
l=1

C−l ≤
√

5
τ−1 + |z|2 +

√
w|z|

w
.

Using the above estimates and (2.295)-(2.297), we obtain that

f(z1) ≤ 2

(√
5
τ−1 + |z|2 +

√
w|z|

w
+
s1 + |z|2√

w
+ 2|z|

)
+ w−1/2 −

√
w ≤ C0(τ−1|w|−1/2 + |z|)−

√
w.

for some constant C0 > 0 that does not depend on τ .

Proof of Lemma 2.2.3. Let J(w) :=
⋃2n
i=−n Ji(w). Given w > 0 such that 0 ∈ f(J(w)),

then the set {m ∈ R : f(
√
w,m) = 0} has 3n + 1 points. Since f(

√
w,m) = 0 has



104

at most 3n + 1 solutions in m, we deduce that mc(w) is real and hence m1c(w) is

also real. Since m1c is the Stieltjes transform of ρ1c, we conclude that w /∈ supp ρ1c.

On the other hand, suppose w > 0 and 0 /∈ f (J(w)). Then the set of preimages

{m ∈ R : f(
√
w,m) = 0} = {m ∈ R : Pw(m) = 0} has 3n− 1 points. Since Pw(m) is a

degree 3n + 1 polynomial with real coefficients, we conclude that Pw has a unique root

with positive imaginary part. By the uniqueness of the solution of Pw+iη in C+ (Lemma

2.2.2) and the continuity of the roots of Pw+iη in η, we conclude that Immc(w) > 0 and

hence Imm1c(w) > 0 by taking η ↘ 0, i.e. w ∈ supp ρ1c. In sum, we get

supp ρ1c = {w > 0 : 0 /∈ f (J(w))}. (2.313)

From Lemma 2.7.3, we see that there exists an absolute constant C1 > 0 such that

if w ≥ C1τ
−1, then h1(ω) ≤ C0(τ−1|w|−1/2 + |z|) −

√
w < 0. Hence fix w ≥ C1τ

−1,

we have 0 ∈ f(J2n(w)) and w /∈ supp ρ1c (see the upper graphs in Fig. 6 and Fig. 7).

This shows that ρ1c is compactly supported in [0, C1τ
−1]. Now we decrease w so that

w < s1 + |z|2 + 1. Then using (2.295), we have

h1(w) > z1 + w−1/2 −
√
w >

s1 + |z|2 + 1− w√
w

> 0.

By continuity, there must be some 0 < w < Cτ−1 such that 0 /∈ f (J(w)). Thus

supp ρ1c 6= ∅. By (2.313), it is not hard to see that supp ρ1c is a disjoint union of

(countably many) closed intervals,

supp ρ1c =
⋃
k

[e2k, e2k−1], (2.314)

where C1τ
−1 ≥ e1 ≥ e2 ≥ . . .. Furthermore, for ei to be a boundary point, we must have

that 0 is a critical value of f(
√
ei,m), i.e. there is a unique critical point m = mc(ei)
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such that

f(
√
ei,mc(ei)) = 0, ∂mf(

√
ei,mc(ei)) = 0. (2.315)

Notice the two equations in (2.315) are equivalent to two polynomial equations in

(
√
w,m) with order 3n + 1 and 6n, respectively. By Bézout’s theorem, there are at

most finitely many solutions to the equations (2.315). Hence there are finitely many

ei’s, call them e1 ≥ . . . ≥ e2L, where L ≡ L(n) ∈ N. The statement about e2L follows

from Lemma 2.7.4 below. This concludes Lemma 2.2.3.

Lemma 2.7.4. If 1+τ ≤ |z|2 ≤ 1+τ−1, there is a constant ε(τ) > 0 so that e2L ≥ ε(τ).

If |z|2 ≤ 1− τ , e2L = 0 and ρ1c(x) ∼ x−1/2 when x↘ 0.

By this lemma, the behavior of the leftmost edge e2L changes essentially when z

crosses the unit circle. From the following proof, we will see that the singularity happens

at |z|2 = N−1
∑n

i=1 lisi. Thus the fact that the singular circle has radius 1 is due to our

normalization (2.6) for T .

Proof of Lemma 2.7.4. We first study the equation (2.15) when w ↘ 0 in the case

1 + τ ≤ |z|2 ≤ 1 + τ−1. We calculate the derivative of f as

∂mf(
√
w,m) = 1 +

1

N

n∑
i=1

lisi
m2 − |z|2√

wm3 − (si + |z|2)m2 −
√
w|z|2m+ |z|4

− m

N

n∑
i=1

lisi

√
w (m2 − |z|2)

2
+ 2si|z|2m

[
√
wm3 − (si + |z|2)m2 −

√
w|z|2m+ |z|4]

2 . (2.316)

Recall the definition of Ji in the proof of Lemma 2.7.3. It is easy to see that J0 6= ∅

for all w > 0, since ∂mf(
√
w, 0) = 1 − |z|−2 > 0 (see the lower graph in Fig. 6). Call

the end points of J0 as zk(w) > 0 and zk+1(w) < 0. By the definition of I0, we have

zk < b1 < |z|. Suppose zk = o(|z|) as w → 0, then (2.316) gives that 0 = 1−|z|−2 +o(1),
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which gives a contradiction. Thus zk ∼ |z| as w → 0. Now using ∂mf(
√
w, zk) = 0, we

can estimate that

f(
√
w, zk) = −

√
w +

z2
k

N

n∑
i=1

lisi

√
w (z2

k − |z|2)
2

+ 2si|z|2zk
[
√
wz3

k − (si + |z|2)z2
k −
√
w|z|2zk + |z|4]

2

≥ −
√
w +

1

N

n∑
i=1

lisi
2si|z|2z3

k

|z|8
≥ c−

√
w (2.317)

for some constant c > 0 independent of w, where in the second step we used that

√
wz3

k − (si + |z|2)z2
k −
√
w|z|2zk + |z|4 > 0, and

√
wz3

k − (si + |z|2)z2
k −
√
w|z|2zk < 0

which come from the fact that 0 < zk < bi < |z| for all 1 ≤ i ≤ n. By (2.317),

we can find ε small enough such that f(
√
w, zk) > 0 for all 0 < w ≤ ε. In this case,

0 ∈ f(J0(w)) and hence w /∈ supp ρ1c. In fact, it is not hard to see that there is a solution

m0 =
√
w|z|2/(|z|2 − 1) + o(

√
w) ∈ I0 such that f(

√
w,m0) = 0 and ∂mf(

√
w,m0) > 0.

This proves the first statement of Lemma 2.7.4.

Now we study equation (2.15) when |z|2 ≤ 1 − τ and w → 0. For later purpose,

we allow w to be complex and prove a more general result than what we need for this

lemma. Let w = 0 in the equation (2.15), we get m = 0 or

0 = 1 +
1

N

n∑
i=1

lisi
m2 − |z|2

−(si + |z|2)m2 + |z|4
. (2.318)

We define

g(x) := 1 +
1

N

n∑
i=1

lisi
x− |z|2

−(si + |z|2)x+ |z|4
=
|z|2

N

n∑
i=1

li
−x+ |z|2 − si

−(si + |z|2)x+ |z|4
. (2.319)

It is easy to see that g is smooth and decreasing on the intervals defined through

K1 :=

(
−∞, |z|4

s1 + |z|2

)
, Ki :=

(
|z|4

si−1 + |z|2
,
|z|4

si + |z|2

)
(i = 2, . . . , n), Kn+1 :=

(
|z|4

sn + |z|2
,∞
)
.
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By the boundary values of g on these intervals, we see that g(x) has exactly one zero on

intervals Ki for i = 1, . . . , n, and has no zero on Kn+1. Since g(x) = 0 is equivalent to a

polynomial equation of order n, it has at most n solutions. We conclude that all of its

solutions are real. Obviously, the zeros on the intervals Ki are positive for i = 2, . . . , n.

Now we study the zero on K1. Observe that g(0) = 1−|z|−2 < 0 (as |z|2 ≤ 1− τ), hence

the zero on K1 is negative, call it −t. Moreover, it is easy to verify that g(−τ−1) > 0

using (2.319), so t < τ−1. If |z|2 ≥ τ/2, then by the concavity of g on the K1, we get

t ≥ g(0)

g′(0)
≥ |z|

4(1− |z|2)

s1

≥ τ 4

4
. (2.320)

In the case |z|2 ≤ τ/2, we have |z|2− sn ≤ −τ/2 and g(|z|2− sn) ≤ 0 by (2.319). Hence

we have

− t ≤ |z|2 − sn ≤ −τ/2. (2.321)

Combining (2.320) and (2.321), we get that cτ 4 ≤ t ≤ τ−1 for some constant c > 0.

Now we return to the self-consistent equation (2.15). The previous discussion shows

that

f(0, i
√
t) = 0, with t ≥ cτ 4.

It is easy to see that there exist constants c1, τ
′ > 0 such that∣∣−(si + |z|2)m2 + |z|4 +

√
w
(
m3 − |z|2m

)∣∣ ≥ c1 for |m− i
√
t| ≤ τ ′. (2.322)

First we consider the case |z| ≥ ε > 0. Expanding f(
√
w,m) around (0, i

√
t) and using

(2.322), we get

0 = ∂√wf(0, i
√
t)
√
w + ∂mf(0, i

√
t)(m− i

√
t) + o(

√
w) + o(m− i

√
t). (2.323)

By (2.316), the partial derivative

∂√wf(
√
w,m) = −1− m2

N

n∑
i=1

lisi
(m2 − |z|2)

2

[−(si + |z|2)m2 + |z|4 +
√
w (m3 − |z|2m)]

2 , (2.324)
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and (2.322), we obtain that
∣∣∂√wf(0, i

√
t)
∣∣ ≤ C and

∂mf(0, i
√
t) =

t

N

n∑
i=1

lisi
2si|z|2

[(si + |z|2)t+ |z|4]2
≥ c2 (2.325)

for some constant c2 > 0. Using (2.325), we get from (2.323) that

m− i
√
t = O(

√
w), if |z| ≥ ε. (2.326)

Then assume that |z|2 < ε for sufficiently small ε. From g(−t) = 0 and (2.319), we

get that

1

N

n∑
i=1

li
t+ |z|2 − si

(si + |z|2)t+ |z|4
= 0. (2.327)

From the leading order term, we get t−1 = t−1
0 + O(|z|2), where t0 := (N−1

∑
i li/si)

−1
.

Expanding (2.327) up to the first order of |z|2, we get

t = t0 +

(
t20
N

∑
i

li
s2
i

− 2

)
|z|2 +O(|z|4). (2.328)

Now we write equation (2.15) as

F (
√
w,m) = 0, (2.329)

where F (
√
w,m) := f(

√
w,m)/m. Expanding F around (0, i

√
t) and using (2.322), we

get

0 =∂√wF (0, i
√
t)
√
w + ∂mF (0, i

√
t)(m− i

√
t) + ∂m∂√wF (0, i

√
t)(m− i

√
t)
√
w

+
1

2
∂2√

wF (0, i
√
t)w +

1

2
∂2
mF (0, i

√
t)(m− i

√
t)2 + o(w, |m− i

√
t|2, |m− i

√
t|
√
w).

(2.330)

We can calculate that (the partial derivatives of F can be obtained using (2.316) and

(2.324))

∂mF (
√
w, i
√
t) = −2i|z|2 + 2

√
wt0

t
3/2
0

+ o(|z|2,
√
w), (2.331)
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∂√wF (
√
w, i
√
t) =

(
i|z|2 + 2

√
wt0
) √t0
N

n∑
j=1

lj
s2
j

+ o(|z|2,
√
w). (2.332)

From (2.331) and (2.332), we get that

∂mF (0, i
√
t) = −2i|z|2

t
3/2
0

+ o(|z|2), ∂√wF (0, i
√
t) =

i|z|2
√
t0

N

n∑
j=1

lj
s2
j

+ o(|z|2),

∂m∂√wF (0, i
√
t) = − 2

t0
+O(|z|2), ∂2√

wF (0, i
√
t) =

2t0
N

n∑
j=1

lj
s2
j

+O(|z|2), ∂2
mF (0, i

√
t) = O(|z|2).

Plugging the above results into (2.330), we get that

0 =

[
i|z|2
√
t0 +
√
wt0

N

n∑
j=1

lj
s2
j

+ o(|z|2)

]
√
w +

[
−2

i|z|2 +
√
wt0

t
3/2
0

+ o(|z|2)

]
(m− i

√
t)

+ o(w, |m− i
√
t|2, |m− i

√
t|
√
w). (2.333)

Observing that
∣∣i|z|2√t0 +

√
wt0
∣∣ ∼ |z|2 +

√
|w|, we get

m− i
√
t =

[
t20

2N

n∑
j=1

lj
s2
j

+O(|w|1/2 + |z|2)

]
√
w, if |z| < ε. (2.334)

Combing (2.326) and (2.334), we get that if |z|2 < 1 − τ , m = i
√
t + O(

√
w) when

w → 0. In particular, this shows that |m| ≈ Imm ∼ 1 when w → 0. Finally, we

conclude the proof of Lemma 2.7.4 by using that m1c(w) = mc(w)w−1/2 − 1.

To prove Proposition 2.2.14, we need the following lemma, which is a consequence

of the edge regularity conditions (2.19) and (2.20).

Lemma 2.7.5. Suppose ek 6= 0 is a regular edge. Then |m1c(w)−m1c(ek)| ∼ |w− ek|1/2

as w → ek and minl 6=k |el − ek| ≥ δ for some constant δ > 0.

Proof. Denote mk := mc(ek) and let w → ek. Note that by Lemma 2.2.3 and Lemma

2.7.4, if ek 6= 0, we have

ε′ ≤ ek ≤ Cτ−1, (2.335)
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for some constant ε′ > 0. Then we expand f around (
√
ek,mk) to get that

0 =∂√wf(
√
ek,mk)(

√
w −
√
ek) +

1

2
∂2
mf(
√
ek,mk)(mc(w)−mk)

2

+O
[
|
√
w −
√
ek|2 + |mc(w)−mk|3 + |

√
w −
√
ek||mc(w)−mk|

]
, (2.336)

where by (2.324),

∂√wf(
√
ek,mk) = −1− m2

k

N

n∑
i=1

lisi
(m2

k − |z|2)
2

ek(mk − ai)2(mk − bi)2(mk + ci)2
, (2.337)

and by (2.294),

∂2
mf(
√
ek,mk) =

2

N

n∑
i=1

lisi

[
Ai

(mk − ai)3
+

Bi

(mk − bi)3
+

Ci
(mk + ci)3

]
. (2.338)

Applying (2.295)-(2.298), (2.335) and the conditions (2.19)-(2.20) to (2.337) and (2.338),

we get that

1 ≤
∣∣∂√wf(

√
ek,mk)

∣∣ ≤ C1, ε ≤
∣∣∂2
mf(
√
ek,mk)

∣∣ ≤ C2 (2.339)

for some C1, C2 > 0. Similarly, if |w−ek| ≤ τ ′ and |mc(w)−mk| ≤ τ ′ for some sufficiently

small τ ′, using the condition (2.19) we can get that

max
{∣∣∂3

mf(
√
w,mc(w))

∣∣ , ∣∣∣∂2√
wf(
√
w,mc(w))

∣∣∣ , ∣∣∂m∂√wf(
√
w,mc(w))

∣∣} ≤ C3. (2.340)

Plugging them into equation (2.336), for |w − ek| ≤ τ ′ and |mc(w) −mk| ≤ τ ′, we get

|mc(w)−mk| ∼ |
√
w −√ek|1/2 and

− ∂√wf(
√
ek,mk)(

√
w −
√
ek) +O(|

√
w −
√
ek|3/2) =

1

2
∂2
mf(
√
ek,mk)(mc(w)−mk)

2.

(2.341)

By (2.335), we immediately get that |
√
w − √ek| ∼ |w − ek| and |mc(w) − mk| ∼

|m1c(w) − m1c(ek)|, which proves the first part of the lemma. By (2.341), if w is real

and |w − ek| ≤ τ ′, we have that

mc(w)−mk =

[−2∂√wf(
√
ek,mk)

∂2
mf(
√
ek,mk)

+O(|
√
w −
√
ek|1/2)

]1/2 (√
w −
√
ek
)1/2

. (2.342)
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Thus in a sufficiently small interval U = [ek − δ, ek + δ], mc(w) has positive imaginary

part for w on one side of ek, while mc(w) is real for w on the other side. Hence U does

not contain another edge. This shows that minl 6=k |el − ek| ≥ δ.

Proof of Proposition 2.2.14. The properties of ρ1c have been proved in Lemmas 2.2.3,

2.7.4 and 2.7.5, and included in Definition 2.2.4. Since supp ρ2c = supp ρ1c by the

discussion after Lemma 2.2.2, we immediately get property (i) for ρ2c. The conclusion

ρ2c being a probability measure is due to the definition of m2 in (2.35) and the fact that

m2c is the almost sure limit of m2.

The properties (ii) and (iv) for ρ2c can be easily obtained by plugging m1c into (2.10).

To prove the property (iii) for ρ2c, we need to know the behavior of Imm2c(w) when

w → ej along the real line. By (2.10), it suffices to prove that if |x − ej| ≤ τ ′ for some

small enough τ ′ > 0, then

∣∣−w(1 +m1c)
2 + |z|2

∣∣ =
∣∣m2

c − |z|2
∣∣ ≥ ε

for some constant ε > 0. Suppose that |m2
c(w)− |z|2| = o(1). Then plugging mc into

∂mf(
√
w,mc) in (2.316), and using condition (2.19) and Lemma 2.7.5, we get that

∂mf(
√
w,mc(w)) = −1 +O(|m2

c − |z|2|). (2.343)

Again using condition (2.19) and Lemma 2.7.5, we can bound ∂√w∂mf(
√
w,mc(w)) and

∂2
mf(
√
w,mc(w)) for w near ej. Thus we shall have that

0 = ∂mf(
√
ej,mc(ej)) = ∂mf(

√
w,mc(w))+O(|w−ej|1/2) = −1+O(|m2

c−|z|2|+|w−ej|1/2).

(2.344)

This gives a contradiction. Thus we must have a lower bound for |m2
c − |z|2|.
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Remark: Here we add a small remark on Example 2.2.8. Given the assumptions in

Example 2.2.8, it is easy to see that f can only take critical values on intervals I−n,

I0, In and I2n, since max{|ai − ai−1|, |bi − bi−1|, |ci − ci−1|} → 0 in this case. Thus the

number of connected components of supp ρ1c is independent of n, and all the edges and

the bulk components are regular as in Example 2.2.7.

2.7.2 Proof of Lemmas 2.3.7 and 2.3.8

We first prove Lemma 2.3.7. We consider the five cases separately.

Case 1: For w = E + iη ∈ Db
k(ζ, τ

′, N), we have

m1c(w) =

∫
R

ρ1c(x)

x− (E + iη)
dx, Imm1c(w) =

∫
R

ρ1c(x, z)η

(x− E)2 + η2
dx. (2.345)

By the regularity condition of Definition 2.2.4 (ii), we get immediately Imm1c ∼ 1. Since

Imm1c ≤ |1 + m1c| ≤ C by Proposition 2.2.15, we get |1 + m1c| ∼ 1. Notice wm1c can

be expressed as

wm1c(w) =

∫
R

wρ1c(x, z)

x− w
dx = −

∫
R
ρ1c(x, z)dx+

∫
R

xρc(x, z)

x− w
dx.

By the same argument as above and using the fact that x ≥ τ ′ for x ∈ [e2k+τ ′, e2k−1−τ ′],

we get

Im(wm1c) = Im

∫
R

xρ1c(x, z)

x− w
dx ∼ 1.

Since the imaginary parts of −w and |z|2/(1 +m1c) are both negative, we get

Im

[
−w(1 +m1c) +

|z|2

1 +m1c

]
≤ −Im(wm1c). (2.346)

Using the bounds for m1c and Imm1c proved above, it is easy to see that∣∣∣∣−w(1 +m1c) +
|z|2

1 +m1c

∣∣∣∣ = O(1). (2.347)
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Equations (2.346) and (2.347) together give that Imm2c ∼ 1 and |m2c| ∼ 1 by (2.10).

Similarly, we can also prove that

wm2c =

[
−(1 +m1c) +

|z|2

w(1 +m1c)

]−1

∈ C+

and Im(wm2c) ∼ 1. Then (2.106) follows from the bound

Im

(
w + siwm2c −

|z|2

1 +m1c

)
≥ siIm(wm2c).

Case 2: For w = E + iη ∈ Do(ζ, τ ′, N), using (2.345) and dist(E, supp ρ1,2c) ≥ τ ′, we

immediately get Imm1,2c ∼ η. Now we prove the other estimates.

We first prove (2.106). If η ∼ 1, the proof is the same as in Case 1. Hence we assume

η ≤ c′, where c′ ≡ c′(τ, τ ′) > 0 is sufficiently small. Recall the definitions of D and Do

in (3.31) and (2.43), we always have E ∼ 1 in this case.

We shall prove that

min
i
{|mc(w)− ai(w)|, |mc(w)− bi(w)|, |mc(w) + ci(w)|} ≥ ε′, (2.348)

for some constant ε′. This leads immediately to (2.106) since∣∣∣∣w(1 + si
1 +m1c

−w(1 +m1c)2 + |z|2

)
(1 +m1c)− |z|2

∣∣∣∣ =

∣∣∣∣√w(mc − ai)(mc − bi)(mc + ci)

−m2
c + |z|2

∣∣∣∣ .
(2.349)

For pi =
√
Em3 − (si + |z|2)m2 −

√
E|z|2m + |z|4, it is not hard to prove that the

roots ai(E), bi(E) and −ci(E) decrease as E increase. Since E /∈ supp ρ1c, we have

m1c(E) ∈ R and

dm1c(E)

dE
=

∫
R

ρ1c(x, z)

(x− E)2
dx ≥ 0.

So m1c(E) (and hence mc(E)) increases as E increases. Suppose ek is the smallest edge

that is bigger than E, then for ai(E) bigger than mc(E), we have that

ai(E)−mc(E) ≥ ai(ek)−mc(ek) + ε′(τ ′) ≥ ε′(τ ′), (2.350)
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by using |E − ek| ≥ τ ′ (see (2.43)). On the other hand, If ek−1 is the largest edge value

that is smaller than E, then for ai(E) smaller than mc(E), we have that

mc(E)− ai(E) ≥ mc(ek−1)− ai(ek−1) + ε′(τ ′) ≥ ε′(τ ′). (2.351)

Applying the same arguments to bi(E) and −ci(E), we get

min
i
{|mc(E)− ai(E)|, |mc(E)− bi(E)|, |mc(E) + ci(E)|} ≥ ε′ (2.352)

for E ∈ (e2k+1, e2k) for some k. Now we are only left with the case E < e2L, the

rightmost edge, when |z|2 ≥ 1 + τ . In this case, we have seen that 0 < mc(E) < bi(E)

for all i in the proof of Lemma 2.7.4. Thus we can use (2.350) to get lower bounds for

|mc(E)− ai(E)| and |mc(E)− bi(E)|. Since ci(E) ∼ 1 in this case (by (2.297) and using

E, |z| ∼ 1), |mc(E) + ci(E)| ≥ ε is trivial. Again we get the estimate (2.352).

Then we consider w = E + iη with η ≤ c′. First, it is easy to check that ai(E + iη),

bi(E + iη) and ci(E + iη) are continuous in η. On the other hand for mc(E + iη), we

have

|∂wm1c(w)| =
∣∣∣∣∫

R

ρ1c(x, z)

(x− w)2
dx

∣∣∣∣ ≤ C (2.353)

by the condition dist(E, supp ρ1c) ≥ τ ′. Thus we immediately get |mc(E+iη)−mc(E)| =

O(η). Hence as long as c′ is small enough, (2.348) still holds true, which further gives

(2.106).

Now we show that |1 + m1c| ∼ 1 for w ∈ Do and η ≤ c′. In fact, if |mc| can be

arbitrarily small, then by (2.106) we get that

f(
√
w,mc) = −

√
w +O(mc) 6= 0,

which gives a contradiction. Finally we have |m2c| ∼ 1 for w ∈ Do and η ≤ c′ by

Proposition 2.2.15.
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Case 3: For a regular edge ek 6= 0, we always have ek ≥ ε for some ε > 0 by Lemma 2.7.4.

Thus we always have |w| ∼ 1 for w = E + iη ∈ De
k(ζ, τ

′, N) as long as τ ′ is sufficiently

small. If η ∼ 1, then
√
κ+ η ∼ η/

√
κ+ η ∼ 1 and the proof is the same as in Case 1.

Now we pick τ ′ small and consider the case η ≤ τ ′. By the regularity assumption (2.19)

and Lemma 2.7.5, we have

min
1≤i≤n

{|mc(w)− ai(w)|, |mc(w)− bi(w)|, |mc(w) + ci(w)|} ≥ ε/2 (2.354)

uniformly in w ∈ {w ∈ De
k(ζ, τ

′, N) : κ(w) + η(w) ≤ 2τ ′}, provided τ ′ is sufficiently

small. The above bound implies (2.106). If mc(w)→ 0, then using (2.106) we get from

f(
√
w,mc) = 0 that −

√
w + O(mc) = 0, which gives a contradiction. Thus we must

have |1 +m1c| ∼ |mc| ∼ 1. To show |m2c| ∼ 1, we can use Proposition 2.2.15.

We still need to prove the estimates for Imm1,2c when η ≤ τ ′. Recall the expansion

(2.341) around ek and equation (2.342), where both ∂√wf(
√
ek,mk) and ∂2

mf(
√
ek,mk)

are real (as ek and mk are real). Suppose k is odd, then Immc(E) = 0 for E ↘ ek (i.e.

E /∈ suppρc) and Immc(E) > 0 for E ↗ ek (i.e. E ∈ suppρc). Thus (2.342) gives

mc(w)−mk = Ck(w)(w − ek)1/2 +Dk(w),

with Ck > 0, Ck ∼ 1, |Dk| = O(|w − ek|) and ImDk = O(η). Then for E ≥ ek, we have

Immc(E + iη) ∼ Im(κ+ iη)1/2 +O(η) ∼ η√
κ+ η

,

and for E ≤ ek, we have

Immc(E + iη) ∼ Im(−κ+ iη)1/2 +O(η) ∼
√
κ+ η.

If k is even, the proof is the same except that in this case, we have

mc(w)−mk = Ck(w)(ek − w)1/2 +Dk(w).
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For m1c(w) and m2c(w), we get the conclusion by noticing w ≈ ek and

Imm1c = Im
(
w−1/2mc

)
∼ Immc(w), Imm2c = Im

[
mc√

w(−m2
c + |z|2)

]
∼ Immc(w),

where we used that |m2
c − |z|2| ∼ 1 as observed in the proof of Proposition 2.2.14 in

Section 2.7.1.

Case 4: Again if η ∼ 1, the proof is the same as in Case 1. If |w| ≤ 2τ ′ for small

enough τ ′, in the proof of Lemma 2.7.4, we have seen that mc = i
√
t + O(

√
w), which

gives the first equation in (2.103). Plugging it into (2.10), we get the second equation

in (2.103). Taking the imaginary part, we obtain (2.104). Finally using (2.103), we can

verify (2.106) easily.

Case 5: For w = E + iη ∈ DL(ζ,N), the bounds for m1,2 and Imm1,2 in (2.105) follows

from (2.345) directly.

Proof of Lemma 2.3.8. The estimates (2.108) and (2.109) follow immediately from (2.33),

(2.106) and (2.107). For (2.110), we can write

Πvv =

〈
v,

 U 0

0 U

Πd

 U † 0

0 U †

v

〉
= (Πd)uu =

N∑
i=1

〈
u[i], π[i]cu[i]

〉
,

where

u :=

 U † 0

0 U †

v, u[i] :=

 ui

uī

 .

To control Im Πvv, it is enough to bound
〈
u[i], π[i]cu[i]

〉
for each i.

We first consider Cases 1-4 of Lemma 2.3.7. By the definition of π[i]c in (2.33), we

get

Im πii,c = Im

[
−w(1 + |di|2m2c) +

|z|2

1 +m1c

]−1

≤ C

|w|
Im

[
w(1 + |di|2m2c)−

|z|2

1 +m1c

]
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=
C

|w|

[
(1 + |di|2Rem2c)Imw + |di|2(Rew)Imm2c +

|z|2

|1 +m1c|2
Imm1c

]
,

where in the second step we used (2.106) and |1+m1c| ∼ |w|−1/2. In the first three cases

of Lemma 2.3.7, we have |w| ∼ 1 and Imw = O(Imm1c), which give that Im πii,c ≤

CIm(m1c +m2c). In case 4 of Lemma 2.3.7, we use |Imw|+|Rew|+|1+m1c|−2 = O(|w|)

and Imm1,2c ∼ |w|−1/2 to get that Im πii,c ≤ CIm(m1c +m2c). Similarly, we can get the

bound Im πī̄i,c ≤ CIm(m1c +m2c). Finally we can estimate the following term using

similar methods,

Im
(
ūīuiπīi,c + ūiuīπīi,c

)
= 2Re (ūiuīz) Im

{
w−1/2

[
w(1 + |di|2m2c)(1 +m1c)− |z|2

]−1
}

≤ CRe (ūiuīz) Im(m1c +m2c) ≤ C
(
|ui|2 + |uī|2

)
Im(m1c +m2c).

Combining the above estimates we get Im
〈
u[i], π[i]cu[i]

〉
≤ C|u[i]|2Im(m1c + m2c), which

implies (2.110). For the Case 5 of Lemma 2.3.7, we use (2.105) and (2.109) to get

Im
〈
u[i], π[i]cu[i]

〉
≤ |u[i]|2‖π[i]c‖ ≤ C|u[i]|2Im(m1c +m2c).

2.7.3 Proof of Lemma 2.3.10 and Lemma 2.2.2

We first prove Lemma 2.3.10. During the proof, we also use the following equivalent

definition of the stability expressed in terms of m =
√
w(1 + m1), u =

√
w(1 + u1) and

f(
√
w,m). Suppose the assumptions in Definition 2.3.9 holds. Let w ∈ D and suppose

that for all w′ ∈ L(w) we have |f(
√
w, u)| ≤ |w|1/2δ(w). Then

|u(w)−mc(w)| ≤ C|w|1/2δ√
κ+ η + δ

. (2.355)
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Case 1: We take over the notations in Definition 2.3.9 and abbreviate R := f(
√
w, u),

so that |R| ≤ |w|1/2δ. Then we write the equation f(
√
w, u)− f(

√
w,mc) = R as

α(u−mc)
2 + β(u−mc) = R, (2.356)

where using (2.294), α and β can be expressed as

α :=
1

N

n∑
i=1

lisi

[
Ai

(u− ai)(mc − ai)2
+

Bi

(u− bi)(mc − bi)2
+

Ci
(u+ ci)(mc + ci)2

]
,

(2.357)

and

β := 1− 1

N

n∑
i=1

lisi

[
Ai

(mc − ai)2
+

Bi

(mc − bi)2
+

Ci
(mc + ci)2

]
= ∂mf(

√
w,mc). (2.358)

We shall prove that

|α|+ |∂uα| ≤ C, |β| ∼ 1, (2.359)

for w ∈ Db
k and u satisfying |u −mc| ≤ (logN)−1/3. If |u −mc| ≤ (logN)−1/3, we also

have Imu ∼ 1. By (2.106), we have

min
i
{|mc − ai|, |mc − bi|, |mc + ci|} ≥ ε (2.360)

for some ε > 0. Replacing the mc in (2.106) with u, we also get that

min
i
{|u− ai|, |u− bi|, |u+ ci|} ≥ ε′ (2.361)

for some ε′ > 0. Using (2.360) and (2.361), we get immediately that |α|+|∂uα|+|β| ≤ C.

What remains is the proof of the lower bound |β| ≥ c. If Imw ≥ ε for some constant

ε > 0, the lower bound follows from Lemma 2.7.6 below. If Imw ≤ ε for a sufficiently

small ε > 0, the lower bound follows from Lemma 2.7.7 below. Now given the estimate

(2.359), it is easy to prove (2.355) with a fixed point argument. This proves the stability

of (2.111).
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Lemma 2.7.6. Suppose that Imw ∼ 1 and |mc| ∼ Immc ∼ 1. Then |∂mf(
√
w,mc)| ≥ c

for some constant c > 0.

Proof. Using (2.14), mc =
√
w(1 + m1c) and the conditions Imw ∼ 1, Immc ∼ 1, we

can get that∣∣∣∣∂√wf(
√
w,mc)

∂mf(
√
w,mc)

∣∣∣∣ =

∣∣∣∣ ∂mc

∂
√
w

∣∣∣∣ ≤ C ⇒
∣∣∂√wf(

√
w,mc)

∣∣ ≤ C
∣∣∂mf(

√
w,mc)

∣∣ , (2.362)

for some constant C > 0. Now we assume that |∂mf(
√
w,mc)| can be arbitrarily small.

Then
∣∣∂√wf(

√
w,mc)

∣∣ can also be arbitrarily small. Denote a := ∂mf(
√
w,mc) and

b := ∂√wf(
√
w,mc). Using (2.316) and (2.324), we get that

a =

√
w

mc

− mc

N

n∑
i=1

lisi

√
w (m2

c − |z|2)
2

+ 2si|z|2mc

[−(si + |z|2)m2
c + |z|4 +

√
w (m3

c − |z|2mc)]
2 (2.363)

and

b = −1− m2
c

N

n∑
i=1

lisi
(m2

c − |z|2)
2

[−(si + |z|2)m2
c + |z|4 +

√
w (m3

c − |z|2m)]
2 . (2.364)

Using (2.363) and (2.364), we can get that

(
√
wmc − |z|2)|z|2

mc

b− 1

2
(m2

c − |z|2)(mca−
√
wb) =

(|z|2 −
√
wmc)(m

2
c + |z|2)

mc

, (2.365)

where we used the equation f(
√
w,mc) = 0 in the derivation. By our assumption, the

left-hand side of (2.365) can be arbitrarily small. For the right-hand side of (2.365), we

have |mc| ∼ 1 and |
√
wmc − |z|2| ∼ 1 (since Im (

√
wmc) = Im (w+wm1c) ∼ 1). Then if

|mc − i|z|| ≥ c′ for some constant c′ > 0, we have |m2 + |z|2| ∼ 1, and hence∣∣∣∣(√wmc − |z|2)|z|2

mc

b− 1

2
(m2

c − |z|2)(mca−
√
wb)

∣∣∣∣ ∼ 1,

which gives a contradiction. Thus we must have a lower bound |∂mf(
√
w,mc)| ≥ c if

|m− i|z|| ≥ c′.
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We still need to deal with the case with |mc− i|z|| ≤ c′ for some sufficiently small c′.

Notice |z| ∼ 1 in this case. It is easy to calculate that

∂f

∂
√
w

(
√
w, i|z|) = −1 +

|z|2

N

n∑
k=1

lksk
4|z|4

[(sk + |z|2)|z|2 + |z|4 − 2i
√
w|z|3]

2 . (2.366)

Denote Lk := (sk + |z|2)|z|2 + |z|4 − 2i
√
w|z|3. Since i

√
w = i(x + iy) = ix − y for

some x, y > 0 and x, y ∼ 1, we have ReLk > 0, ImLk < 0 and |ReLk|, |ImLk| ∼ 1. In

particular, this gives that ImL2
k < 0 and |ImL2

k| ∼ 1. Thus each fraction 4|z|4/L2
k in

(2.366) has positive imaginary part of order 1. Therefore∣∣∣∣ ∂f∂
√
w

(
√
w, i|z|)

∣∣∣∣ ≥ Im

[
∂f

∂
√
w

(
√
w, i|z|)

]
∼ 1.

Then by (2.362), we get that |∂mf(
√
w, i|z|)| ≥ c for some c > 0. Using (2.106), it is

easy to see that

∂mf(
√
w,mc) = ∂mf(

√
w, i|z|) +O(|mc − i|z||).

Thus in the case |mc − i|z|| ≤ c′, we still have |∂mf(
√
w,mc)| ≥ c/2, provided that c′ is

sufficiently small.

Lemma 2.7.7. Suppose that w ∈ Db
k and Imw ≤ ε. Then for sufficiently small ε > 0,

we have |∂mf(
√
w,mc)| ∼ 1.

Proof. By (2.99) and (2.106), we have ∂√w∂mf(w,mc) = O(1) and ∂2
mf(w,mc) = O(1).

Denote w = E + iη. Taking the imaginary part of the following equation

0 = f(
√
E,mc(E)) = −

√
E+mc +E−1/2 +

1

N

n∑
i=1

lisi

(
Ai

mc − ai
+

Bi

mc − bi
+

Ci
mc + ci

)
,

(2.367)

and noticing that Ai, Bi, Ci and ai, bi, ci are all positive real numbers for real E, we get

1

N

n∑
i=1

lisi

(
Ai

|mc − ai|2
+

Bi

|mc − bi|2
+

Ci
|mc + ci|2

)
= 1. (2.368)
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Using the above equation, we get

∂mf(
√
E,mc(E)) = 1− 1

N

n∑
i=1

lisi

[
Ai

(mc − ai)2
+

Bi

(mc − bi)2
+

Ci
(mc + ci)2

]
=

1

N

n∑
i=1

lisi

[
Ai

|mc − ai|2
− Ai

(mc − ai)2
+

Bi

|mc − bi|2
− Bi

(mc − bi)2
+

Ci
|mc + ci|2

− Ci
(mc + ci)2

]
.

(2.369)

We look at, for example, the term

Ai
|mc − ai|2

− Ai
(mc − ai)2

=
Ai

|mc − ai|2
(1− e−2iθi),

where mc− ai := |mc− ai|eiθi . Using Immc ∼ 1, it is easy to see that Re(1− e−2iθi) ≥ c′

for some constant c′ > 0. Applying the same estimates to the B,C terms in (2.369), we

get

∣∣∣∂mf(
√
E,mc(E))

∣∣∣ ≥ Re
[
∂mf(

√
E,mc(E))

]
≥ c (2.370)

for some constant c > 0.

Now for w = E+iη with η ≤ ε, we can expand ∂mf(
√
w,mc(w)) around ∂mf(

√
E,mc(E)):

∂mf(
√
w,mc(w)) = ∂mf(E,mc(E)) +O(η),

where we used (2.106). Combing with (2.370), we get |∂mf(w,mc(w))| ∼ 1 for small

enough ε.

Case 2: We mimic the argument in the proof of Case 1. We see that it suffices to prove

|α| + |∂uα| ≤ C and |β| ∼ 1 for α, β defined in (2.357) and (2.358) and |u − mc| ≤

(logN)−1/3. Using (2.106), it is not hard to prove that |α| + |∂uα| + |β| ≤ C. What

remains is the proof of the lower bound |β| ≥ c. For the Imw ∼ 1 case, the bound follows
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from Lemma 2.7.6. We are left with the case where E = Rew ∼ 1 and η = Imw → 0.

Using (2.14), mc =
√
w(1 +m1c), |w| ∼ 1 and dist(E, supp ρ1c) ≥ τ ′, we can get that∣∣∣∣∂√wf(

√
w,mc)

∂mf(
√
w,mc)

∣∣∣∣ =

∣∣∣∣ ∂mc

∂
√
w

∣∣∣∣ ≤ C

for some constant C > 0. Thus it suffices to prove that
∣∣∂√wf(

√
w,mc)

∣∣ has a lower

bound. Using (2.324) and noticing that mc(E) ∈ R, we get

∂√wf(
√
E,mc(E)) = −1−m

2
c

N

n∑
i=1

lisi
(m2

c − |z|2)
2[

−(si + |z|2)m2
c + |z|4 +

√
E (m3

c − |z|2mc)
]2 ≤ −1.

Expanding ∂√wf(
√
w,mc(w)) around ∂√wf(

√
E,mc(E)), using (2.106) and |mc(E+iη)−

mc(E)| ∼ η, we get for η small

∣∣∂√wf(
√
w,mc)

∣∣ ≥ 1 +O(η) ≥ c.

This concludes the proof for Case 2.

Case 3: The case Imw ≥ τ ′ can be proved with the same method as in the proof of case

1. Hence we only consider the case |w− ek| ≤ 2τ ′ in the following. Note that |w| ∼ 1 in

this case. Suppose

|w − ek| ≤ 2τ ′, |u−mc| ≤ (logN)−1/3. (2.371)

Then we claim that

|α| ∼ 1, |β| ∼
√
κ+ η (2.372)

for small enough τ ′. Using (2.371), (2.106), (2.20) and Lemma 2.7.5, we can get that

α =
1

2
∂2
mf(
√
ek,mc(ek)) +O(|w − ek|1/2 + (logN)−1/3) ∼ 1.

To prove the estimate for β, we use (2.18), (2.106) and Lemma 2.7.5 to get that

β =

∫ w

ek

d

dw′
∂mf(

√
w′,mc(w

′))dw′
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=

∫ w

ek

∂√w′∂mf(
√
w′,mc(w

′))

2
√
w′

dw′ +

∫ w

ek

∂2
mf(
√
w′,mc(w

′))
dmc(w

′)

dw′
dw′

=

∫ w

ek

∂√w∂mf(
√
ek,mc(ek)) +O(|w − ek|1/2)

2
√
w′

dw′ +

∫ mc(w)

mc(ek)

[
∂2
mf(
√
ek,mc(ek)) +O(|w − ek|1/2)

]
dm

= ∂2
mf(
√
ek,mk)(mc(w)−mc(ek)) +O(|w − ek|). (2.373)

Thus we conclude for small enough τ ′ that

|β| ∼ |w − ek|1/2 ∼
√
κ+ η.

With the estimate (2.372), we now proceed as in the proof of [6, Lemma 4.5], by

solving the quadratic equation (2.356) for u − mc explicitly. We select the correct

solution by a continuity argument using that (2.355) holds by assumption at z+ iN−10.

The second assumption of (2.371) is obtained by continuity from the estimate on |u−mc|

at the neighboring point z+ iN−10. We refer to [6, Lemma 4.5] for the full details. This

concludes the proof for Case 3.

Case 4: The case when Imw ≥ τ ′ can be proved using the same method as in the proof

of Case 1. Now we are left with the case |w| ≤ 2τ ′ for some sufficiently small τ ′. First

we assume |z| ≥ c > 0 for some small c > 0. Then mimicking the argument in the

proof of Case 1, we see that it suffices to prove |α| + |∂uα| ≤ C and |β| ∼ 1 when

|u−mc| ≤ (logN)−1/3. Using (2.106), it is not hard to prove that |α|+ |∂uα|+ |β| ≤ C.

The lower bound |β| ≥ c can be obtained easily from (2.325).

Then suppose |z|2 < c, but |w|1/2 + |z|2 ≥ ε. According to (2.331) and using that∣∣i|z|2 +
√
wt0
∣∣ ∼ |w|1/2 + |z|2, we can verify that

β = ∂mf(
√
w,mc(w)) ∼ |w|1/2 + |z|2 ∼ 1.
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With (2.106), it is easy to check that

∂2
mf(
√
w, ξ) = O(1), ∂3

mf(
√
w, ξ) = O(1),

for |ξ − mc| ≤ (logN)−1/3, from which we get that |α| + |∂uα| = O(1). With a fixed

point argument, we conclude (2.355).

Case 5: Again we following the arguments in the proof of Case 1. However, instead

of f(
√
w,m), we shall study Υ(w,m1) in (2.112) directly. We take over the notations

in Definition 2.3.9 and abbreviate R := Υ(w, u1), so that |R| ≤ δ. Then we write the

equation Υ(w, u1)−Υ(w,m1c) = R as

α(u1)(u1 −m1c)
2 + β(u1 −m1c) = R, (2.374)

where we used the same symbols as in (2.356) for notational convenience. As in Case 1,

we have β = ∂m1Υ(w,m1c), and we can estimate that |α|+ |∂u1α| ≤ C for w ∈ DL and

u1 satisfying |u1−m1c| � |m1c|. Now to conclude (2.116), it suffices to prove |β| ∼ 1 for

w ∈ DL. In fact with (2.112), we can obtain that

β = 1 +O
(
η−1
)
∼ 1,

for η ≥ ζ−1. This concludes the proof.

Proof of Lemma 2.2.2. The fact that ρ1c has compact support follows from Lemma 2.2.3;

ρ1c being integrable follows from Lemma 2.7.4. Note that in proving Lemmas 2.2.3 and

2.7.4, we do not make use of the regularity assumptions in Definition 2.2.4. It remains

to show that for fixed w ∈ C+ and |z| 6= 1, there exists a unique m1c(w) ∈ C+ satisfying

equation (2.12). This follows from the proof of Case 1 in this section under the extra

condition η ∼ 1. Again, we do not need the regularity assumptions for the proof, because

η−1 provides a nice bound for the Stieltjes transforms in the global region with η ∼ 1.
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Remark: The estimate (2.106) has been used repeatedly during the proof of Lemma

2.3.10. Here we remark that it also gives the stability of the regularity conditions in

Definition 2.2.4 under perturbations of |z| and ρΣ. For example, we define the shifted

empirical spectral density

ρΣ,t :=
1

N ∧M

N∧M∑
i=1

δσi+t, (2.375)

and the associated mc(w, t) and function f(
√
w,m, t). Given a regular edge ek, we have

that

f(
√
ek,mk, t = 0) = 0, ∂mf(

√
ek,mk, t = 0) = 0,

where we denote mk := mc(ek). We have the Jacobian

J := det

 ∂√wf ∂mf

∂√w∂mf ∂2
mf


(
√
w,m,t)=(

√
ek,mk,0)

= ∂√wf(
√
ek,mk, 0)∂2

mf(
√
ek,mk, 0).

By (2.324), we have
∣∣∂√wf(

√
ek,mk, 0)

∣∣ ≥ 1. Combining with (2.20), we get |J | ≥ ε.

Using (2.106), we can verify that ∂tf(
√
ek,mk, 0) = O(1) and ∂t∂mf(

√
ek,mk, 0) = O(1).

Thus if we regard ek and mk as functions of t, then ∂tmk(t = 0) = O(1) and ∂tek(t =

0) = O(1) by the implicit function theorem. Then it is easy to verify

∂2
mf
(√

ek(t),mc(ek, t)
)

= ∂2
mf (
√
ek,mc(ek)) +O(t),

|mc(ek, t)− ai(ek, t)| = |mc(ek)− ai(ek)|+O(t),

and similar estimates for |mc − bi| and |mc + ci|. Thus if Definition 2.2.4 (i) holds for

some ρΣ, then it holds for all ρΣ,t provided that t is small enough.

Now given a regular bulk component [e2k, e2k−1] and E ∈ [e2k + τ ′, e2k−1 − τ ′]. Dif-

ferentiating the equation f(
√
E,mc(E, t), t) = 0 in t yields

∂tmc(E, t) = − ∂tf(
√
E,mc(E, t), t)

∂mf(
√
E,mc(E, t), t)

.
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By (2.106), we find that ∂tf(
√
E,mc(E), 0) = O(1), while by (2.359), |∂mf(

√
E,mc(E), 0)| =

β ∼ 1. Thus ∂tmc(E, 0) = O(1). A simple extension of this argument shows that

mc(E, t) = mc(E) + O(t) and hence Immc(E, t) is bounded from below by some c′ =

c′(τ, τ ′). Thus we conclude that if Definition 2.2.4 (ii) holds for some ρΣ, then it holds for

all ρΣ,t with t in some fixed small interval around zero. Obviously, the above arguments

also work for |z| perturbation.

2.7.4 Proof of Lemma 2.4.9

Our proof of (2.175) is an extension of [6, Lemma 4.9], [10, Lemma 7.3] and [22, Theorem

4.7]. Here we only prove the bound for ‖[Z]‖. The proof for ‖〈Z〉‖ is exactly the same.

For i ∈ I1, we define Pi := E[i] and Qi := 1 − Pi. Recall that Z[i] = QiG
−1
[ii]. Hence we

need to prove

[Z] =
1

N

N∑
i=1

π[i]

(
QiG

−1
[ii]

)
π[i] ≺ |w|−1/2 Φ2

o,

for w ∈ D. For J ⊂ I, we define π
[J ]
[i] by replacing m1,2 in (2.37) with m

[J ]
1,2 defined in

(2.122). As in (2.174), we can prove that |m[i]
1,2 −m1,2| ≺ |w|−1/2 Φ2

o, which further gives

that

[Z] =
1

N

N∑
i=1

π
[i]
[i]

(
QiG

−1
[ii]

)
π

[i]
[i]+O≺

(
|w|−1/2 Φ2

o

)
=

1

N

N∑
i=1

Qi

(
π

[i]
[i]G

−1
[ii]π

[i]
[i]

)
+O≺

(
|w|−1/2 Φ2

o

)
.

Thus if we abbreviate Bi := |w|1/2Qi

(
π

[i]
[i]G

−1
[ii]π

[i]
[i]

)
, it suffices to prove that B :=

N−1
∑

iBi ≺ Φ2
o. We will estimate B by bounding the p-th moment of its norm by

Φ2p
o for p = 2n ∈ 2N, i.e. E‖B‖p ≺ Φ2p

o . The lemma then follows from the Markov’s

inequality. Using ‖KK†‖ = ‖K‖2, we have that

Tr(BB†)n ≥
∥∥BB†∥∥n = ‖B‖2n .
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Thus it suffices to prove that

ETr(BB†)p/2 ≺ Φ2p
o , for p = 2n. (2.376)

This estimate can be proved with the same method as in [22, Appendix B], with the

only complication being that π[i] is random and depends on i. In principle, this can

be handle by using (2.86) and (2.87) to put any indices j, k, ... ∈ I1 (that we wish to

include) into the superscripts of π[i]. This leads to a minor modification of the proof in

[22, Appendix B]. Here we describe the basic ideas of the proof, without writing down

all the details.

The proof is based on a decomposition of the space of random variables using Ps

and Qs. It is evident that Ps and Qs are projections, Ps + Qs = 1 and all of these

projections commute with each other. For a set J ⊂ I, we denote PJ :=
∏

s∈J Ps and

QJ :=
∏

s∈J Qs. Let p = 2n and introduce the shorthand notation B̃ks := Bks for odd

s ≤ p and B̃ks := B†ks for even s ≤ p. Then we get

ETr(BB†)p/2 =
1

Np

∑
k1,k2,...,kp

ETr

p∏
s=1

B̃ks =
1

Np

∑
k1,k2,...,kp

ETr

p∏
s=1

(
p∏
r=1

(Pkr +Qkr)B̃ks

)
.

(2.377)

Introducing the notations k = (k1, k2, . . . , kp) and {k} = {k1, k2, . . . , kp}, we can write

ETr(BB†)p/2 =
1

Np

∑
k

∑
I1,...,Ip⊂{k}

ETr

p∏
s=1

(
PIcsQIsB̃ks

)
. (2.378)

Following the arguments in [22, Appendix B], one can see that to conclude (2.376) it

suffices to prove that for k ∈ I,

‖QIBk‖ ≺ Φ|I|o . (2.379)

As in [22, Appendix B], it is not hard to prove that for k ∈ I,

|w|−1/2
∥∥∥QIG

−1
[kk]

∥∥∥ ≺ Φ|I|o , and |w|−1/2
∥∥∥QI\{k}G

−1
[kk]

∥∥∥ ≺ Φ|I|o if |I| ≥ 2. (2.380)
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Now we extend the proof to obtain the estimate (2.379). For the case |I| = 1 (i.e.

I = {k}),

‖Bk‖ = |w|1/2‖π[i]
[i]Z[k]π

[i]
[i]‖ ≤ |w|

−1/2‖Z[k]‖ ≺ Φo,

where we used ‖Z[k]‖ ≺ |w|1/2Φo, which can be proved with the same arguments as in

Lemma 2.4.4. For the case |I| ≥ 2, WLOG, we may assume k = 1 and I = {1, . . . , t}

with t ≥ 2. It is enough to prove that

|w|1/2
∥∥∥Qt . . . Q2Q1π

[1]
[1]G

−1
[11]π

[1]
[1]

∥∥∥ ≺ Φt
o. (2.381)

We take t = 3 as an example to describe the ideas for the proof of (2.381). Using (2.86),

we get

π
[1]
[1] = π

[12]
[1] + |w|1/2ε[1]

11π
[12]
[1] A1π

[12]
[1] + |w|1/2ε[1]

1̄1̄
π

[12]
[1] A2π

[12]
[1] + error1,2, (2.382)

where ε
[1]
11 and ε

[1]

1̄1̄
are the upper left and lower right entries of

ε
[1]
[1] := |w|1/2

G[1]
[22]

N
+

1

N

∑
k/∈{1,2}

G
[1]
[k2]

(
G

[1]
[22]

)−1

G
[1]
[2k]

 ≺ Φ2
o,

A1,2 are deterministic matrices with operator norm O(1), and ‖error1,2‖ ≺ |w|−1/2Φ4
o.

Then we get

π
[1]
[1]G

−1
[11]π

[1]
[1] = π

[12]
[1] G

−1
[11]π

[12]
[1] + |w|1/2ε[1]

11π
[12]
[1] A1π

[12]
[1] G

−1
[11]π

[12]
[1] + |w|1/2ε[1]

1̄1̄
π

[12]
[1] A2π

[12]
[1] G

−1
[11]π

[12]
[1]

+ |w|1/2π[12]
[1] G

−1
[11]ε

[1]
11π

[12]
[1] A1π

[12]
[1] + |w|1/2π[12]

[1] G
−1
[11]ε

[1]

1̄1̄
π

[12]
[1] A2π

[12]
[1] +O≺(|w|−1/2Φ4

o).

(2.383)

We first handle the π
[12]
[1] G

−1
[11]π

[12]
[1] term. By (2.380), we have

Q2π
[12]
[1] G

−1
[11]π

[12]
[1] = π

[12]
[1]

(
Q2G

−1
[11]

)
π

[12]
[1] ≺ |w|

−1/2Φ2
o.
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For the remaining term, we first expand π
[12]
[1] = π

[123]
[1] + O≺(|w|−1/2Φ2

o) and use (2.380)

to get

Q3Q2π
[12]
[1] G

−1
[11]π

[12]
[1] = π

[123]
[1]

(
Q3Q2G

−1
[11]

)
π

[123]
[1] +O≺

(
|w|−1/2Φ4

o

)
≺ |w|−1/2Φ3

o.

Then we deal with the second terms in (2.383). We first expand ε
[1]
[1] = e

[3]
[1] + O≺(Φ3

o),

where

e
[3]
[1] := |w|1/2

G[13]
[22]

N
+

1

N

∑
k/∈{1,2,3}

G
[13]
[k2]

(
G

[13]
[22]

)−1

G
[13]
[2k]

 .

Using the similar arguments as above, we get

Q3|w|1/2e[3]
11π

[12]
[1] A1π

[12]
[1] G

−1
[11]π

[12]
[1] = |w|1/2e[3]

11π
[123]
[1] A1π

[123]
[1]

(
Q3G

−1
[11]

)
π

[123]
[1] +O≺(|w|−1/2Φ4

o)

≺ |w|−1/2Φ4
o.

Thus we have

Q2Q3|w|1/2ε[1]
11π

[12]
[1] A1π

[12]
[1] G

−1
[11]π

[12]
[1] ≺ |w|

−1/2Φ3
o.

Obviously this kind of estimate works for the rest of the terms in (2.383). This proves

(2.381) when t = 3.

We can continue in this manner for a general t. At the l-th step, we expand the

leading order terms using (2.86) and (2.87), and after applying Ql . . . Q3Q2 on them, the

number of Φo factors increases by one at each step by (2.380). Trough induction we can

prove (2.381). In fact the expansions can be performed in a systematic way using the

method in [22, Appendix B], and we leave the details to the reader. Also we remark

that similar techniques are used in the proof of anisotropic local law in Section 2.5, and

we choose to present the details there (in fact the proof here is much easier than the one

in Section 2.5).
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Figure 6: The graphs of f(
√
w,m) for the example from Figure 1, i.e. ρΣ = 0.5δ√

2/17
+

0.5δ
4
√

2/17
. We take |z| = 1.5, and w = 10 and 0.01 in the upper and lower graphs,

respectively. In the lower graph, we only plot the five branches near m = 0. The

remaining two branches are far away.
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Figure 7: The graphs of f(
√
w,m) for the example from Figure 1, i.e. ρΣ = 0.5δ√

2/17
+

0.5δ
4
√

2/17
. We take |z| = 0.5, and w = 6 and 0.01 in the upper and lower graphs,

respectively. In the lower graph, we only plot the five branches near m = 0. The

remaining two branches are far away.
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Chapter 3

Convergence of eigenvector

empirical spectral distribution of

sample covariance matrices

3.1 Introduction

Let X = (xij) be an M ×N real or complex data matrix whose entries are independent

(but not necessarily identically distributed) random variables satisfying

Exij = 0, E|xij|2 = N−1, 1 ≤ i ≤M, 1 ≤ j ≤ N, (3.1)

and in addition,

Ex2
ij = 0, if xij is complex. (3.2)

Then XX∗ gives a class of M ×M sample covariance matrices. Its empirical spectral

distribution (ESD) is defined as

F
(M)
XX∗(x) :=

1

M

M∑
i=1

1{λi(XX∗)≤x},
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where λ1(XX∗) ≥ . . . ≥ λM(XX∗) are the eigenvalues of XX∗ and 1{·} denotes the

conventional indicator function. Similarly, one can also consider X∗X and its ESD

F
(N)
X∗X(x) :=

1

N

N∑
i=1

1{λi(X∗X)≤x}.

Sample covariance matrices are fundamental objects in modern multivariate statis-

tics, where the advance of technology has led to high dimensional data such that M is

comparable to or even larger than N . These large dimensional covariance matrices have

many applications in various fields, such as statistics [15, 39, 40, 41], economics [51] and

population genetics [53]. Define the aspect ratio

dN := N/M.

We are interested in the regime where limN→∞ dN = d ∈ (0,∞), i.e. M and N are

proportional to each other. In this case, it is well-known that F
(M)
XX∗ converges weakly

to the Marchenko-Pastur (MP) law Fd(x) [48], which has a (1− d)+ mass at x = 0 and

has a density

ρ1c(x) = (1− d)+δ0 +
d

2π

√
[(λ+ − x)(x− λ−)]+

x
, λ± = (1± d−1/2)2, (3.3)

in the interval [λ−, λ+] (where λ+ and λ− are often referred to as the soft edge and hard

edge, respectively). For z ∈ C+ := {z ∈ C : Im z > 0}, the Stieltjes transform m1c(d, z)

of Fd satisfies the following self-consistent equation

m1c(d, z) +
1

z − (1− d−1) + zd−1m1c(d, z)
= 0, (3.4)

and has the closed form expression

m1c(d, z) =
1− d−1 − z + i

√
(λ+ − z)(z − λ−)

2zd−1
. (3.5)
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Since XX∗ and X∗X share the same nonzero eigenvalues, it is easy to see that F
(N)
X∗X

also converges weakly to a deterministic law, whose Stieltjes transform m2c(z) satisfies

m2c(d, z) =
d−1 − 1

z
+ d−1m1c(d, z). (3.6)

In applications of spectral analysis of large dimensional random matrices, one of the

important problems is the convergence rate of the ESD. Recall that the Kolmogorov

distance between two distributions F1 and F2 is defined as

‖F1 − F2‖ := sup
x
|F1(x)− F2(x)|.

Then we use ‖F (M)
XX∗ − FdN‖ to measure the convergence rate of F

(M)
XX∗ . The convergence

rate of the ESD of sample covariance matrices was first studied in [1] using Berry-

Esseen type inequalities for the difference of two distributions in terms of their Stieltjes

transforms. The Berry-Esseen type inequalities were later improved in [35] to show that

the convergence rate is O(N−1/2) in probability under finite 8th moment condition. A

sharper bound was obtained in [54], where the authors proved that ‖F (M)
XX∗ − FdN‖ =

O(N−1(logN)O(log logN)) in probability under the sub-exponential decay assumption.

The properties of eigenvectors of large dimensional random matrices are much harder

to study. However, great progress has been made in this direction; see [24, 6] for the

delocalization and isotropic delocalization of eigenvectors, [42, 63] for the universality

of eigenvectors, [9] for the local quantum unique ergodicity of eigenvectors, [?] for the

eigenvectors of principal components, [59, 60, 3, 69, 70] for the asymptotical Haar prop-

erty of the eigenmatrix based on the VESD (see (3.8) below), to name a few. Note that

some of these results are proved for Wigner matrices, but their generalizations to sample

covariance matrices usually are straightforward.
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3.1.1 Main results

This chapter is concerned with the eigenvector empirical spectral distribution (VESD) of

sample covariance matrices, which we shall now define. Suppose XX∗ has the spectral

decomposition

XX∗ =
M∑
k=1

λk(XX
∗)ξkξ

∗
k, (3.7)

where ξk are the eigenvectors. We define the VESD of XX∗ as

F
(M)
XX∗(v, x) =

M∑
i=1

|〈ξk,v〉|21{λk(XX∗)≤x}, (3.8)

where v is a deterministic unit vector in CM . It was proved in [3, 6] that for any

fixed v, F
(M)
XX∗(v, x) converges weakly to the MP law as N → ∞. Compared with

ESD, much less has been done on the convergence rate of VESD. To the best of our

knowledge, there is only one paper [70] studying on this topic. In that paper, the

authors proved that if dN > 1 and the entries of X are identically distributed, then

‖EF (M)
XX∗(v, ·) − FdN (·)‖ = O(N−1/2) under the finite 10th moment assumption, and

‖F (M)
XX∗(v, ·)−FdN (·)‖ = O(N−1/4+ε) almost surely under the finite 8th moment assump-

tion. However, we find that both of these bounds are far away from being optimal, and

can be improved using a different method. This is the main purpose of this work. As

demonstrated in [59, 60, 70], the convergence of the VESD for any fixed unit vector

v can be used to characterize the asymptotical Haar property of the eigenmatrix of

XX∗. Thus we expect that a better bound for the convergence rate will lead to a bet-

ter understanding of the Haar properties of the eigenvectors of large sample covariance

matrices.

Now we are ready to state the main result of this chapter. For a reason that will be
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clear later (when we prove Corollary 3.1.2), we consider slightly more general random

matrices X = (xij). More specifically, we define the following conditions: there exist

constants C0, c0 > 0 such that for all 1 ≤ i ≤M and 1 ≤ j ≤ N ,

|Exij| ≤ C0N
−2−c0 , (3.9)∣∣E|xij|2 −N−1

∣∣ ≤ C0N
−2−c0 , (3.10)

E|xij|4 ≤ C0N
−2, (3.11)∣∣Ex2

ij

∣∣ ≤ C0N
−2−c0 , if xij is complex. (3.12)

Theorem 3.1.1. Let X = (xij) be an M×N random matrix whose entries are indepen-

dent random variables satisfying (3.9), (3.10), (3.11) and (3.12). Suppose there exist

constants C1, φ > 0 such that

max
1≤i≤M,1≤j≤N

|xij| ≤ C1N
−φ. (3.13)

Suppose dN → d for some constant d 6= 1. Then for any fixed (small) ε > 0 and (large)

D > 0, we have

‖EF (M)
XX∗(v, ·)− FdN (·)‖ ≤ N−1+ε, (3.14)

and

P
(
‖F (M)

XX∗(v, ·)− FdN (·)‖ ≥ N ε
(
N−2φ +N−1/2

))
≤ N−D, (3.15)

for all deterministic unit vectors v ∈ CM , provided that N is large enough.

As an immediate corollary, we have the following result.

Corollary 3.1.2. Let X = (xij) be an M×N random matrix whose entries are indepen-

dent random variables satisfying (3.1) and (3.2). Suppose there exist constants a,A > 0
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such that

max
1≤i≤M,1≤j≤N

E|
√
Nxij|a ≤ A (3.16)

for all N . Suppose dN → d for some constant d 6= 1. Then if a ≥ 6, we have for any

fixed ε > 0 and deterministic unit vector v ∈ CM ,

‖EF (M)
XX∗(v, ·)− FdN (·)‖ ≤ N−1+ε (3.17)

for sufficiently large N . Moreover, if a ≥ 8, we have

P
(

lim sup
N→∞

N1/2−ε‖F (M)
XX∗(v, ·)− FdN (·)‖ ≤ 1

)
= 1. (3.18)

Proof. In the proof, we fix a > 4 and choose a constant φ > 0 small enough such that(
N1/2−φ)a ≥ N2+ω for some constant ω > 0. Then we introduce the following truncation

X̃ := 1ΩX, Ω :=
{
|xij| ≤ N−φ for all 1 ≤ i ≤M, 1 ≤ j ≤ N

}
.

By the moment condition (3.16), we have

P(X̃ 6= X) = O(N2−a/2+aφ). (3.19)

Moreover, we have

P(X̃ 6= X i.o.) = lim
k→∞

P
(
∪∞N=k ∪Mi=1 ∪Nj=1

{
|xij| ≥ N−φ

})
= lim

k→∞
P
(
∪∞t=k ∪N∈[2t,2t+1) ∪Mi=1 ∪Nj=1

{
|xij| ≥ N−φ

})
≤ C lim

k→∞

∞∑
t=k

(
2t+1

)2 (
2t(1/2−φ)

)−a ≤ C lim
k→∞

∞∑
t=k

2−ωt = 0,

(3.20)

i.e. X̃ = X almost surely as N → ∞. Here in the above derivation, we regard M ≡

N/dN as a function depending on N , which, by the given condition on dN , satisfies

M = O(N) for large enough N .
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Using (3.16) and integration by parts, we can get that

E |xij| 1|xij |>N−φ = O(N−2−ω/2), E |xij|2 1|xij |>N−φ = O(N−2−ω/2),

which imply that

|Ex̃ij| = O(N−2−ω/2), E|x̃ij|2 = N−1 +O(N−2−ω/2),

and ∣∣Ex̃2
ij

∣∣ = O(N−2−ω/2), if xij is complex.

Moreover, we trivially have

E|x̃ij|4 ≤ E|xij|4 = O(N−2).

Hence X̃ is a random matrix satisfying the assumptions in Theorem 3.1.1. Then using

(3.14) and (3.19) with a = 6 and φ = ε/6, we conclude (3.17); using (3.15) and (3.20)

with φ = (1− ε)/4 and a = 8, we conclude (3.18).

Remark 3.1.3. The estimates (3.17) and (3.18) improve the bounds obtained in [70]

(and relax the moment assumptions as well). We believe that the convergence rates in

(3.17) and (3.18) are close to optimal due to the following reasons. It was proved in [3]

that for an analytic function f ,

√
N

∫
f(x)d

(
F

(M)
XX∗(v, x)− FdN (x)

)
→ N (0, σf ), (3.21)

where N (0, σf ) denotes the Gaussian distribution with mean zero and variance σf . This

shows that the fluctuation of F
(M)
XX∗(x) is of order N−1/2 and suggests the bound in (3.18).

Taking expectation of (3.21), one can see that the order of |EF (M)
XX∗(v, x)−FdN (x)| should

be even smaller. On the other hand, the fluctuation of the eigenvalues of XX∗ on the
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microscopic scale N−1 will lead to an error of order at least N−1. This shows that the

bound (3.17) is very close to being optimal.

Remark 3.1.4. In [70], the authors can only handle the M < N (i.e. dN > 1) case,

while our proof will work for both the d > 1 and d < 1 cases. However, in the case with

dN → 1, we will encounter some difficulties near the hard edge λ−, which converges to 0

as N →∞ by (3.3). However, we can still prove weaker versions of (3.14) and (3.15) by

restricting ourself to the region away from 0. For instance, we have for any fixed τ > 0,

sup
x≥τ
|EF (M)

XX∗(v, ·)− FdN (·)| ≤ N−1+ε

under the assumptions in Theorem 3.1.1. Similarly, the bound in (3.15) also holds if we

only take the sup over x ≥ τ .

3.1.2 Main ideas

A basic tool for the proof is the Stieltjes transform. For any z = E+ iη ∈ C+, we define

the resolvent of XX∗ as

G(X, z) := (XX∗ − z)−1.

Then the Stieltjes transform of F
(M)
XX∗(v, ·) is equal to 〈v,G(X, z)v〉, and we have the

asymptotic estimate

〈v,G(X, z)v〉 ≈ m1c(dN , z) (3.22)

for any fixed η > 0, when N is large. By taking the imaginary part, it is easy to see that

a control of the Stieltjes transform 〈v,G(X, z)v〉 yields a control of the VESD on a small

scale of order η around E. An isotropic local law is an estimate of the form (3.22) for

all η � N−1. Such isotropic local law was first established in [6] for sample covariance
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matrices and generalized Wigner matrices, assuming the matrix entries have arbitrarily

high moments.

Now we briefly describe the ideas for the proof of Theorem 3.1.1. Following the

approach in [54] (which is used to prove the convergence rate of ESD), the main idea is

that the estimates (3.14) and (3.15) follow from an appropriate isotropic local law for

G(X, z) up to the optimal scale η � N−1 (see Section 3.3). In fact, a generalization of

the proof in [6] gives roughly the following estimate (see Theorem 3.2.8): for any fixed

ε > 0,

|〈v,G(X, z)v〉 −m1c(dN , z)| ≤ N ε
(
N−2φ + (Nη)−1/2

)
(3.23)

with extremely high probability for all Im z ≥ N−1+ε. Then this estimate will imply

(3.15). However, to conclude (3.14), we need a much stronger bound for the expected

resolvent, i.e., for any fixed ε > 0,

|E〈v,G(X, z)v〉 −m1c(dN , z)| ≤
N ε

Nη
. (3.24)

for all Im z ≥ N−1+ε. The improvement of the weak bound (3.23) to the almost optimal

one in (3.24) constitutes the main novelty of this work.

A key observation is that (see Section 3.4.2), after taking the expectation the lead-

ing order term in ∆m(v, X) := 〈v,G(X, z)v〉 − m1c(dN , z) vanishes, and hence make

E∆m(v, X) to be one order smaller than the bound in (3.23). In other words, we have

|E〈v,G(X, z)v〉 −m1c(dN , z)| ≤ N ε
(
N−4φ + (Nη)−1

)
. (3.25)

This already gives the estimate (3.24) if φ ≥ 1/4. For X satisfying (3.13) for some

φ < 1/4, we shall construct another random matrix X̃ which can well approximate

X but has bounded entries, i.e. maxi,j
√
N |xij| = O(1) (see Lemma 3.5.1). Then the
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resolvent of X̃X̃∗ satisfies (3.24) by taking φ = 1/2 in (3.25). On the other hand, with a

resolvent comparison method developed in [46], we will show that the difference between

E〈v,G(X, z)v〉 and E〈v,G(X̃, z)v〉 is of order (Nη)−1; see Section 3.5. This concludes

(3.24).

Remark 3.1.5. It is possible to generalize our proof to more general random ma-

trix models. For example, one may consider sample covariance matrices of the form

Q := (TX)(TX)∗ (T is a general deterministic rectangular matrix), generalized Wigner

matrices (i.e. Wigner ensembles whose entries have non-identical variances) and de-

formed Wigner matrices of the form H + A (H is a Wigner matrix and A is a deter-

ministic Hermitian matrix). The convergence of VESD of these models will be studied

in future works. In particular, we expect that our proof applied to the Wigner matrices

can improve the results obtained in [69].

Remark 3.1.6. For definiteness, we will focus on real sample covariance matrices during

the proof. However, our proof also applies, after minor changes, to the complex case if

we include the extra assumption (3.2) or (3.12). Also, we will only use dN (instead of

d) in the rest of this chapter. Correspondingly, we will use the quantities ρ
(N)
1c , m

(N)
1,2c and

λ
(N)
± , which are obtained by replacing d with dN in (3.3)-(3.6). For simplicity, we shall

always omit the superscript and still call them ρ1c, m1,2c and λ± in the proof.

The rest of this chapter is organized as follows. In Section 3.2, we introduce the

notations and collect some tools that will be used in proving Theorem 3.1.1. The most

important results in this section are Theorem 3.2.8 and Theorem 3.2.9, which give the

isotropic local law for the resolvent G(X, z). In Section 3.3, we prove Theorem 3.1.1

using Theorem 3.2.8 and Theorem 3.2.9. Finally, the Theorem 3.2.8 and Theorem 3.2.9
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are proved in Section 3.4 and Section 3.5, respectively.

3.1.3 Conventions

The fundamental large parameter is N , and we regard M ≡ MN as depending on N .

All quantities that are not explicitly constant may depend on N , and we usually omit

the argument N from our notations.

We use C to denote a generic large positive constant, which may depend on some

fixed parameters and whose value may change from one line to the next. Similarly, we

use c, ε, φ, τ , etc. to denote generic small positive constants. For two quantities aN

and bN depending on N , the notation aN = O(bN) means that |aN | ≤ C|bN | for some

constant C > 0, and aN = o(bN) means that |aN | ≤ cN |bN | for some positive sequence

{cN} with cN → 0 as N → ∞. We also use the notation aN ∼ bN if aN = O(bN)

and bN = O(aN). For a matrix A, we use ‖A‖ := ‖A‖l2→l2 to denote its operator

norm. For a vector v = (vi)
n
i=1 ∈ Cn, ‖v‖ ≡ ‖v‖2 stands for the Euclidean norm of

v, while |v| ≡ ‖v‖1 stands for the l1-norm. We denote the inner product in Cn by

〈v,w〉 =
∑n

i=1 v̄iwi.

3.2 Main Tools

3.2.1 Resolvents and local Marchenko-Pastur law

Our study of sample covariance matrices can be performed in a simple and unified fashion

using the following (N +M)× (N +M) self-adjoint matrix H, which is a linear function

of X. It was used previously in [16, 44] to prove the local laws of sample covariance
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matrices.

Definition 3.2.1 (Resolvents). We define the (N +M)× (N +M) matrix

H :=

 0 X

X∗ 0

 . (3.26)

For z ∈ C+, we define the resolvent for H:

G(X, z) :=

 −IM×M X

X∗ −zIN×N


−1

, (3.27)

and the resolvents (or the Green functions) for XX∗ and X∗X:

G1(X, z) := (XX∗ − z)−1, G2(X, z) := (X∗X − z)−1. (3.28)

The Stieltjes transform of the ESD of XX∗ is given by

m1(X, z) :=

∫
1

x− z
dF

(M)
XX∗(x) =

1

M
TrG1(X, z).

Similarly, we also define m2(X, z) := N−1TrG2(X, z). During the proof, we often omit

the arguments X, z from our notations.

Remark 3.2.2. Since the nonzero eigenvalues of X∗X and XX∗ are identical and XX∗

has M −N more (or N −M less) zero eigenvalues, we have

F
(M)
XX∗ = dNF

(N)
X∗X + (1− dN)1[0,∞),

which implies that (see also (3.6))

m2(z) =
d−1
N − 1

z
+ d−1

N m1(z). (3.29)
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For simplicity of notations, we define the index sets

I1 := {1, ...,M}, I2 := {M + 1, ...,M +N}, I := I1 ∪ I2.

We will consistently use the latin letters i, j ∈ I1, greek letters µ, ν ∈ I2, and a, b ∈ I.

Then we label the indices of X according to

X = (Xiµ : i ∈ I1, µ ∈ I2).

Using Schur complement formula, it is easy to check that

G =

 zG1 G1X

X∗G1 G2

 =

 zG1 XG2

G2X
∗ G2

 . (3.30)

Thus a control of G yields a control of the resolvents G1 and G2. Moreover, we have

m1 =
1

Mz

∑
i∈I1

Gii, m2 =
1

N

∑
µ∈I2

Gµµ.

We will consistently use the notation E + iη for the spectral parameter z. In the

following proof, we always assume that z lies in the spectral domain

D(ζ,N) := {z ∈ C+ : max(ζ, λ−/2) ≤ E ≤ 2λ+, N
−1+ζ ≤ η ≤ ζ−1}, (3.31)

for some small constant ζ > 0, unless otherwise indicated. Note that if dN → d for some

constant d 6= 1, then by (3.3) we have λ− ∼ 1 when N is sufficiently large. Thus we can

always take ζ to be sufficiently small such that ζ ≤ λ−/2. We define the distance to the

spectral edges as

κ := min{|E − λ+|, |E − λ−|}. (3.32)

The next lemma gives some basic properties of m1,2c, which can be proved through direct

calculations using (3.5) and (3.6).
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Lemma 3.2.3. For z ∈ D, we have

|m1,2c(z)| ∼ 1, Imm1,2c(z) ∼


η/
√
κ+ η, if E /∈ [λ−, λ+]

√
κ+ η, if E ∈ [λ−, λ+]

. (3.33)

We will use the following notion of stochastic domination, which was first introduced

in [20] and subsequently used in many works on random matrix theory, such as [6, ?,

21, 22, 44]. It simplifies the presentation of the results and their proofs by systematizing

statements of the form “ξ is bounded by ζ with high probability up to a small power of

N”.

Definition 3.2.4 (Stochastic domination). (i) Let

ξ =
(
ξ(N)(u) : N ∈ N, u ∈ U (N)

)
, ζ =

(
ζ(N)(u) : N ∈ N, u ∈ U (N)

)
be two families of nonnegative random variables, where U (N) is a possibly N-dependent

parameter set. We say ξ is stochastically dominated by ζ, uniformly in u, if for any

(small) ε > 0 and (large) D > 0,

sup
u∈U(N)

P
[
ξ(N)(u) > N εζ(N)(u)

]
≤ N−D

for large enough N ≥ N0(ε,D). Throughout this chapter the stochastic domination will

always be uniform in all parameters that are not explicitly fixed (such as matrix indices,

deterministic vectors, and spectral parameter z ∈ D). Note that N0(ε,D) may depend

on quantities that are explicitly constant, such as d, C1 and φ in Theorem 3.1.1.

(ii) If ξ is stochastically dominated by ζ, uniformly in u, we use the notation ξ ≺ ζ.

Moreover, if for some complex family ξ we have |ξ| ≺ ζ, we also write ξ ≺ ζ or ξ =

O≺(ζ).

(iii) We say that an event Ξ holds with high probability if 1− 1(Ξ) ≺ 0.
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The following lemma collects basic properties of stochastic domination ≺, which will

be used tacitly throughout the proof .

Lemma 3.2.5 (Lemma 3.2 in [6]). Let ξ and ζ be families of nonnegative random

variables.

(i) Suppose that ξ(u, v) ≺ ζ(u, v) uniformly in u ∈ U and v ∈ V . If |V | ≤ NC for

some constant C, then ∑
v∈V

ξ(u, v) ≺
∑
v∈V

ζ(u, v)

uniformly in u.

(ii) If ξ1(u) ≺ ζ1(u) uniformly in u ∈ U and ξ2(u) ≺ ζ2(u) uniformly in u ∈ U , then

ξ1(u)ξ2(u) ≺ ζ1(u)ζ2(u)

uniformly in u ∈ U .

(iii) Suppose that Ψ(u) ≥ N−C is deterministic and ξ(u) satisfies Eξ(u)2 ≤ NC for

all u. Then if ξ(u) ≺ Ψ(u) uniformly in u, we have

Eξ(u) ≺ Ψ(u)

uniformly in u.

Definition 3.2.6 (Bounded support condition). We say a family of random matrices

X satisfy the bounded support condition with q, if

max
i∈I1,µ∈I2

|Xiµ| ≺ q. (3.34)

Here q ≡ q(N) is deterministic and usually satisfies N−1/2 ≤ q ≤ N−φ for some (small)

constant φ > 0. Whenever (3.34) holds, we say that X has support q.
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Remark 3.2.7. If the entries of X satisfy (3.13), then X trivially satisfies the bounded

support condition with q = N−φ. If we assume that
√
NXiµ has arbitrarily high moments,

i.e. for any p ∈ N there is a constant Cp such that

max
i,µ

E|
√
NXiµ|p ≤ Cp. (3.35)

Then by Markov’s inequality, X has support N−1/2.

We define the deterministic limit

Π(z) :=

 zm1c(z)IM×M 0

0 m2c(z)IN×N

 , (3.36)

and the control parameter

Ψ(z) :=

√
Im (m1c +m2c)

Nη
+

1

Nη
. (3.37)

Note that by (3.33), we always have

Ψ & N−1/2, Ψ2 . (Nη)−1, (3.38)

for z ∈ D. Now we are ready to state the local laws for the resolvent G(X, z).

Theorem 3.2.8 (Local MP law). Let X be an M×N real random matrix whose entries

are independent random variables satisfying (3.9), (3.10), (3.11) and the bounded support

condition (3.34) with q ≤ N−φ for some constant φ > 0. Then the following estimates

hold for all z ∈ D:

(1) the averaged local law:

|m1(X, z)−m1c(z)| ≺ 1

Nη
; (3.39)
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(2) the isotropic local law: for all deterministic unit vectors u,v ∈ CI,

|〈u, G(X, z)v〉 − 〈u,Π(z)v〉| ≺ q + Ψ(z); (3.40)

(3) for all deterministic unit vector v ∈ CI1,

|〈v,G1(X, z)v〉 −m1c〉| ≺ q2 +

√
1

Nη
, (3.41)

and

|E〈v,G1(X, z)v〉 −m1c(z)| ≺ q4 +
1

Nη
. (3.42)

All of the above estimates are uniform in the spectral parameter z and the deterministic

vectors u,v.

The proof for Theorem 3.2.8 will be given in Section 3.4. Here we make some com-

ments on the above estimates.

If we assume (3.1) (instead of (3.9) and (3.10)) and q = N−1/2, then (3.39) and (3.40)

have been proved in [6]. If we have (3.1) and q ≤ N−φ, then it was proved in Lemma

3.11 and Theorem 3.14 of [16] that the averaged local law (3.39) and the entrywise local

law

max
a,b∈I
|Gab(X, z)− Πab(z)| ≺ q + Ψ(z) (3.43)

hold uniformly in z ∈ D. With (3.43) and the moment assumption (3.11), one can

repeat the arguments in [6, Section 5] or [68, Section 5] to get the isotropic local law

(3.40). The main novelties of this Theorem are the bounds (3.41) and (3.42). The bound

(3.41) is relatively easier to prove. In fact, if we only consider the upper left and lower

right blocks of G(X, z), we can get the following version of the entrywise law:

max
r=1,2

max
a,b∈Ir

|Gab(X, z)− Πab(z)| ≺ q2 +

√
1

Nη
, (3.44)
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which can be proved easily with (3.43) (see Appendix 3.6.1). Then with (3.44) and

(3.11), we can apply the arguments in [6, Section 5] to conclude the isotropic local law

(3.41) (see Appendix 3.6.2).

On the other hand, the improvement from (3.41) to (3.42) is more crucial, and is the

main reason why we can improve the bound in [70] to the almost optimal one in (3.14).

In fact, the leading order term of 〈v,G1v〉 −m1c vanishes after taking expectation, and

hence leads to a bound that is one order smaller than the one in (3.41). The proof of

(3.42) will be given in Sections 3.4.2-3.4.4, which constitutes the main novelty of this

work.

Finally, if the variance assumption in (3.1) is relaxed to the one in (3.10), we can

repeat the previous arguments to get the desired estimates (3.39)-(3.42). In fact, it is

easy to check that the O(N−2−c0) term leads to a negligible error at each step, and the

whole proof remains unchanged. The relaxation of the mean zero assumption in (3.1)

to (3.9) is a little more involved, which will be handled with a centralization argument

in Section 3.4.1.

If q = N−1/4+ε for some sufficiently small constant ε > 0, then (3.41) and (3.42)

already give that

|〈v,G1(X, z)v〉 −m1c〉| ≺
√

1

Nη
, |E〈v,G1(X, z)v〉 −m1c(z)| ≺ 1

Nη
,

which is sufficient to conclude Theorem 3.1.1. However, we observe that the above bound

on |E〈v,G1(X, z)v〉 −m1c(z)| is still valid under a much weaker support assumption.

More specifically, we have the following theorem. Its proof will be given in Section 3.5.

The main strategy is a resolvent comparison method that was developed in [46].

Theorem 3.2.9. Let X be an M ×N real random matrix satisfying the assumptions in
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Theorem 3.2.8. Then we have

|E〈v,G1(X, z)v〉 −m1c(z)| ≺ 1

Nη
, (3.45)

uniformly in z ∈ D and any deterministic unit vector v ∈ CI1.

We define the classical location γj of the j-th eigenvalue of XX∗ as∫ +∞

γj

ρ1c(x)dx =
j

M
, 1 ≤ j ≤ K,

where ρ1c is defined in (3.3) and K := min{M,N}. As a corollary of (3.39), we have the

following rigidity of eigenvalues of XX∗. For its proof, one can refer to the arguments

in [31, Section 5], [22, Section 7] and [54, Section 8].

Theorem 3.2.10 (Rigidity of eigenvalues). Suppose (3.39) holds and λ− ≥ c for some

constant c > 0. Then we have

|λj(XX∗)− γj| ≺ (min{j,K + 1− j})−1/3N−2/3, 1 ≤ j ≤ K. (3.46)

3.2.2 Resolvent estimates

In this subsection, we collect some useful identities from linear algebra and some simple

estimates that follow from Theorem 3.2.8.

Definition 3.2.11 (Minors). For T ⊆ I, we define the minor H(T) := (Hab : a, b ∈ I\T)

obtained by removing all rows and columns of H indexed by a ∈ T. Note that we keep

the names of indices when defining H(T), i.e. (H(T))ab = 1{a,b/∈T}Hab. Correspondingly,

we define the Green function

G(T) := (H(T))−1 =

 zG(T)
1 G(T)

1 X

X∗G(T)
1 G(T)

2

 =

 zG(T)
1 XG(T)

2

G(T)
2 X∗ G(T)

2

 ,
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and the partial traces

m
(T)
1 :=

1

M
TrG(T)

1 =
1

Mz

∑
i∈I1

G
(T)
ii , m

(T)
2 :=

1

N
TrG(T)

2 =
1

N

∑
µ∈I2

G(T)
µµ .

We will abbreviate ({a}) ≡ (a) and ({a, b}) ≡ (ab) in the proof.

Lemma 3.2.12 (Resolvent identities). (i) For i ∈ I1 and µ ∈ I2, we have

1

Gii

= −1−
(
XG(i)X∗

)
ii
,

1

Gµµ

= −z −
(
X∗G(µ)X

)
µµ
. (3.47)

(ii) For i 6= j ∈ I1 and µ 6= ν ∈ I2, we have

Gij = GiiG
(i)
jj

(
XG(ij)X∗

)
ij
, (3.48)

and

Gµν = GµµG
(µ)
νν

(
X∗G(µν)X

)
µν
. (3.49)

(iii) For a ∈ I and b, c ∈ I \ {a},

Gbc = G
(a)
bc +

GbaGac

Gaa

,
1

Gbb

=
1

G
(a)
bb

− GbaGab

GbbG
(a)
bb Gaa

. (3.50)

(iv) All of the above identities hold for G(T) instead of G for T ⊂ I.

Proof. The above identities can be proved using Schur complement formula. The reader

can refer to e.g. [6, Lemmas 3.6 and 3.8] or [44, Lemma 4.4].

Lemma 3.2.13. Suppose Φ(z) is a deterministic function on D satisfying N−1/2 ≤

Φ(z) ≤ N−c for some constant c > 0. Suppose |Gab(z)− Πab(z)| ≺ Φ(z) uniformly in

z ∈ D. Fix an l ∈ N. Then for any T ⊆ I with |T| ≤ l, we have

∣∣∣Gab(z)−G(T)
ab (z)

∣∣∣ ≺ Φ2(z), a, b ∈ I \ T, (3.51)
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and ∣∣∣m1(z)−m(T)
1 (z)

∣∣∣+
∣∣∣m2(z)−m(T)

2 (z)
∣∣∣ ≺ Φ2(z), (3.52)

uniformly in z ∈ D.

Proof. The bound (3.51) can be proved by repeatedly applying the first resolvent ex-

pansion in (3.50) with respect to the indices in T and using the entrywise local law. The

bound (3.52) is a trivial consequence of (3.51).

For v,w ∈ CI , a ∈ I and any I × I matrix A, we abbreviate

Avw := 〈v, Aw〉, Ava := 〈v, Aea〉, Aaw := 〈ea, Aw〉, (3.53)

where ea denotes the standard unit vector in the coordinate direction a. We shall call

them the generalized matrix entries. We sometimes identify vectors v ∈ CI1 and w ∈ CI2

with their natural embeddings

 v

0

 and

 0

w

 in CI . The exact meanings will be

clear from the context.

Lemma 3.2.14. For any M×N matrix Y , the following estimates hold for G ≡ G(Y, z)

and any z ∈ D. There exists a constant C > 0 such that

‖G‖ ≤ Cη−1, ‖∂zG‖ ≤ Cη−2. (3.54)

Moreover, for v ∈ CI1 and w ∈ CI2, we have the following identities

∑
i∈I1

|Gvi|2 =
∑
i∈I1

|Giv|2 =
|z|2

η
Im

(
Gvv

z

)
(3.55)

∑
i∈I1

|Gwi|2 =
∑
i∈I1

|Giw|2 = Gww +
z̄

η
ImGww, (3.56)

∑
µ∈I2

|Gwµ|2 =
∑
µ∈I2

|Gµw|2 =
ImGww

η
, (3.57)
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∑
µ∈I2

|Gvµ|2 =
∑
µ∈I2

|Gµv|2 =
Gvv

z
+
z̄

η
Im

(
Gvv

z

)
. (3.58)

These estimates remain true for G(T) instead of G for any T ⊆ I.

Proof. These estimates and identities can be proved through simple calculations using

(3.30) and the spectral decomposition of G. The reader can also refer to, for example,

[44, Lemma 4.6], [68, Lemma 3.5] and [16, Lemma A.3].

Suppose (3.40) holds. Then using (3.55)-(3.58) and (3.51), it is easy to verify that

max
{∑

i

∣∣∣G(T)
vi

∣∣∣2 ,∑
i

∣∣∣G(T)
iv

∣∣∣2 ,∑
µ

∣∣G(T)
vµ

∣∣2 ,∑
µ

∣∣G(T)
µv

∣∣2 } ≺ η−1, (3.59)

for any deterministic unit vector v ∈ CI and T ⊆ I with fixed length.

3.3 Proof of Theorem 3.1.1

In this section, we prove Theorem 3.1.1 using Theorems 3.2.8-3.2.10. The following ar-

guments have been used in previous papers to control the Kolmogorov distance between

the ESD of a random matrix and the limiting law. For example, the reader can refer to

[29, Lemma 6.1] and [54, Lemma 8.1]. By the remark below (3.31), we can choose the

constant ζ > 0 such that λ−/2 > ζ for all sufficiently large N .

Proof of (3.14). The key inputs of the proof are the bounds (3.45) and (3.46). Suppose

〈v,G1(X, z)v〉 is the Stieltjes transform of ρ̂v. Then we define

n̂v(E) :=

∫
1[0,E](x)ρ̂vdx, nc(E) :=

∫
1[0,E](x)ρ1cdx, (3.60)

and ρv := Eρ̂v, nv := En̂v. Hence we would like to bound

‖EF (M)
XX∗(v, ·)− FdN (·)‖ = sup

E
|nv(E)− nc(E)| .
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For simplicity, we denote ∆ρ := ρv − ρ1c and its Stieltjes transform by

∆m(z) := E〈v,G1(X, z)v〉 −m1c(z).

Let χ(y) be a smooth cutoff function with support in [−1, 1], with χ(y) = 1 for |y| ≤

1/2 and with bounded derivatives. Fix η0 = N−1+ζ and 3λ−/4 ≤ E1 < E2 ≤ 3λ+/2. Let

f ≡ fE1,E2,η0 be a smooth function supported in [E1 − η0, E2 + η0] such that f(x) = 1

if x ∈ [E1 + η0, E2 − η0], and |f ′| ≤ Cη−1
0 , |f ′′| ≤ Cη−2

0 if |x − Ei| ≤ η0. Using the

Helffer-Sjöstrand calculus (see e.g. [14]), we have

f(E) =
1

2π

∫
R2

iyf ′′(x)χ(y) + i(f(x) + iyf ′(x))χ′(y)

E − x− iy
dxdy.

Then we obtain that∣∣∣∣∫ f(E)∆ρ(E)dE

∣∣∣∣
≤ C

∫
R2

(|f(x)|+ |y||f ′(x)|) |χ′(y)||∆m(x+ iy)|dxdy (3.61)

+ C
∑
i

∣∣∣∣∫
|y|≤η0

∫
|x−Ei|≤η0

yf ′′(x)χ(y)Im ∆m(x+ iy)dxdy

∣∣∣∣ (3.62)

+ C
∑
i

∣∣∣∣∫
|y|≥η0

∫
|x−Ei|≤η0

yf ′′(x)χ(y)Im ∆m(x+ iy)dxdy

∣∣∣∣ . (3.63)

By (3.45) with η = η0, we have

η0ImE〈v,G1(X,E + iη0)v〉 ≺ N−1+ζ . (3.64)

Since ηImE〈v,G1(X,E + iη)v〉 and ηImm1c(E + iη) are increasing with η, we obtain

that

η |Im ∆m(E + iη)| ≺ N−1+ζ for all 0 ≤ η ≤ η0. (3.65)

Moreover, sinceG(X, z)∗ = G(X, z̄), the estimates (3.45) and (3.65) also hold for z ∈ C−.



155

Now we bound the terms (3.61), (3.62) and (3.63). Using (3.45) and that the support

of χ′ is in 1 ≥ |y| ≥ 1/2, the term (3.61) is estimated by∫
R2

(|f(x)|+ |y||f ′(x)|) |χ′(y)||∆m(x+ iy)|dxdy ≺ N−1. (3.66)

Using |f ′′| ≤ Cη−2
0 and (3.65), we can bound the terms in (3.62) by∣∣∣∣∫
|y|≤η0

∫
|x−Ei|≤η0

yf ′′(x)χ(y)Im ∆m(x+ iy)dxdy

∣∣∣∣ ≺ N−1+ζ . (3.67)

Finally, we integrate the term (3.63) by parts first in x, and then in y (and use the

Cauchy-Riemann equation ∂Im(∆m)/∂x = −∂Re(∆m)/∂y) to get that∫
y≥η0

∫
|x−Ei|≤η0

yf ′′(x)χ(y)Im ∆m(x+ iy)dxdy

=

∫
y≥η0

∫
|x−Ei|≤η0

yf ′(x)χ(y)
∂Re ∆m(x+ iy)

∂y
dxdy

= −
∫
|x−Ei|≤η0

η0χ(η0)f ′(x)Re ∆m(x+ iη0)dx (3.68)

−
∫
y≥η0

∫
|x−Ei|≤η0

(yχ′(y) + χ(y)) f ′(x)Re ∆m(x+ iy)dxdy. (3.69)

We bound the term in (3.68) by O≺(N−1) using (3.45) and |f ′| ≤ Cη−1
0 . The first term

in (3.69) can be estimated by O≺(N−1) as in (3.66). For the second term in (3.69), we

again use (3.45) and |f ′| ≤ Cη−1
0 to get that∣∣∣∣∫

y≥η0

∫
|x−Ei|≤η0

χ(y)f ′(x)Re ∆m(x+ iy)dxdy

∣∣∣∣ ≺ ∫ 1

η0

1

Ny
dy ≺ N−1.

Combining the above estimates, we obtain that∣∣∣∣∫
y≥η0

∫
|x−Ei|≤η0

yf ′′(x)χ(y)Im ∆m(x+ iy)dxdy

∣∣∣∣ ≺ N−1.

Obviously, the same estimate also holds for the y ≤ −η0 part. Together with (3.66) and

(3.67), we conclude that ∣∣∣∣∫ f(E)∆ρ(E)dE

∣∣∣∣ ≺ N−1+ζ . (3.70)
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For any interval I := [E − η0, E + η0] with E ∈ [λ−/2, 2λ+], we have

n̂v(E + η0)− n̂v(E − η0) =
∑

λk∈(E−η0,E+η0]

|〈ξk,v〉|2

≤ 2η0

M∑
k=1

|〈ξk,v〉|2η0

(λk − E)2 + η2
0

= 2η0Im 〈v,G1(X,E + iη0)v〉,
(3.71)

where we used the spectral decomposition

G1(X,E + iη) =
M∑
k=1

ξkξ
∗
k

λk − E − iη
,

which follows from (3.7). Then by (3.64) and Lemma 3.2.5, we get that

nv(E + η0)− nv(E − η0) ≺ N−1+ζ . (3.72)

On the other hand, we trivially have

nc(E + η0)− nc(E − η0) ≤ Cη0 = CN−1+ζ (3.73)

since ρ1c(x) is bounded for x away from 0.

Now we set E2 = 3λ+/2. With (3.70), (3.72) and (3.73), we get that for any E ∈

[3λ−/4, E2],

|(nv(E2)− nv(E))− (nc(E2)− nc(E))| ≺ N−1+ζ . (3.74)

Note that by (3.46), the eigenvalues of XX∗ are inside {0} ∪ [3λ−/4, E2] with high

probability. Hence we have with high probability,

n̂v(E2) = nc(E2) = 1, n̂v(3λ−/4) = n̂v(0). (3.75)

Together with (3.74), we get that

sup
E≥0
|nv(E)− nc(E)| ≺ N−1+ζ . (3.76)

This concludes (3.14) since ζ can be arbitrarily small.
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Proof of (3.15). The proof for (3.15) is similar except that we shall use the estimate

(3.41) instead of (3.45). By (3.41), we have

|〈v,G1(X, z)v〉 −m1c(z)| ≺ N−2φ + (Nη)−1/2 (3.77)

uniformly in z ∈ D. Then we would like to bound (recall (3.60))

‖F (M)
XX∗(v, ·)− FdN (·)‖ = sup

E
|n̂v(E)− nc(E)| ,

where n̂v is defined in (3.60). We denote

∆ρ̂ := ρ̂v − ρ1c, ∆m̂ := 〈v,G1(X, z)v〉 −m1c(z).

Then for fE1,E2,η0 defined in the previous proof, we can repeat the Helffer-Sjöstrand

argument with the estimate (3.77) to get that

sup
E1,E2

∣∣∣∣∫ fE1,E2,η0(E)∆ρ̂(E)dE

∣∣∣∣ ≺ N−2φ +N−1/2, (3.78)

which, together with (3.71) and (3.75), implies

sup
E≥0
|n̂v(E)− nc(E)| ≺ N−2φ +N−1/2.

This concludes (3.15) by the Definition 3.2.4.

3.4 Proof of Theorem 3.2.8

3.4.1 Centralization

For X satisfying the assumptions in Theorem 3.2.8, we write X = X1 + B, where

X1 := X − EX is a random matrix satisfying (3.10), (3.11) and

E(X1)iµ = 0, i ∈ I1, µ ∈ I2, (3.79)
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and B := EX is a deterministic matrix such that

max
i,µ
|Biµ| ≤ C0N

−2−c0 . (3.80)

Claim 3.4.1. If Theorem 3.2.8 holds for X1, then it also holds for X.

Proof. For z ∈ D, we have

G(X, z) :=

 −IM×M X1 +B

X∗1 +B∗ −zIN×N


−1

=
(
G−1

1 + V
)−1

, (3.81)

where we abbreviate G1(z) := G(X1, z) and V :=

 0 B

B∗ 0

. By our assumption,

(3.40) holds for G1. Then we expand G using the resolvent expansion

G = G1 −G1V G1 + (G1V )2G1 − (G1V )3G. (3.82)

For any unit vectors v,u ∈ CI , we have

|〈v, G1V G1u〉| ≤
∑
b∈I

∣∣∣∑
a∈I

(G1)va Vab

∣∣∣| (G1)bu |

≺ max
b

(∑
a∈I

|Vab|2
)1/2∑

b∈I

| (G1)bu |

≺ N−1−c0
(∑
b∈I

| (G1)bu |
2
)1/2

≺ N−1−c0η−1/2,

(3.83)

where in the second step we used (3.40) for G1, in the third step the Cauchy-Schwarz

inequality and (3.80), and in the last step (3.59). With a similar argument, we obtain

that

∣∣〈v, (G1V )2G1u〉
∣∣ ≺ N−2−2c0η−1. (3.84)
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Combining this estimate with the rough bound (3.54) for G, we get that∣∣〈v, (G1V )3Gu〉
∣∣ =

∣∣∣∑
a,b

(
(G1V )2G1

)
va
VabGbu

∣∣∣
≺
(
N−2−2c0η−1

)
η−1

∑
a

(∑
b

|Vab|2
)1/2

≤ CN−3/2−3c0η−1,

(3.85)

where we used η ≥ N−1 for z ∈ D. Plugging the estimates (3.83)-(3.85) into (3.82), we

conclude that

|〈v, Gu〉 − 〈v, G1u〉| ≺ N−1−ω/4η−1/2 ≤ (Nη)−1 (3.86)

for all deterministic unit vectors v,u ∈ CI . We can then easily conclude the claim with

this estimate.

Thus in the following proof, we can assume that the entries of X are centered without

loss of generality. According to the comments below Theorem 3.2.8, we can repeat the

proof in [16] to get (3.39) and the entrywise local law (3.43). Then combining (3.43),

the moment assumption (3.11) and the arguments in [6, Section 5], we can obtain (3.40)

(see also the proof for Lemma 3.4.3 in Appendix 3.6.2). The bound (3.41) follows from

Claim 3.4.1 and the next two lemmas.

Lemma 3.4.2. Let X be an M ×N real random matrix whose entries are independent

random variables satisfying (3.79), (3.10), (3.11) and the bounded support condition

(3.34) with q ≤ N−φ for some constant φ > 0. Then if (3.39) and (3.43) holds, the local

law (3.44) also holds for all z ∈ D.

Lemma 3.4.3. Suppose the assumptions in Lemma 3.4.2 hold for X. Suppose Φ(z) is a

deterministic function on D satisfying c0(N−1/2 + q2) ≤ Φ(z) ≤ N−c0 for some constant

c0 > 0. If we have

max
a,b∈I
|Gab(z)− Πab(z)|2 ≺ Φ, max

r=1,2
max
a,b∈Ir

|Gab(z)− Πab(z)| ≺ Φ (3.87)
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for all z ∈ D, then

|〈v,G1(X, z)v〉 −m1c〉| ≺ Φ(z) (3.88)

uniformly in all z ∈ D and all deterministic unit vector v ∈ CI1.

We will give the proof of Lemma 3.4.2 and Lemma 3.4.3 in appendix. In the rest of

this section, we focus on proving our main estimate (3.42). For simplicity, we denote

Φ := q2 + (Nη)−1/2 in the proof below. Also, by Claim 3.4.1, we can assume that the

entries of X are centered.

3.4.2 Sketch of the proof for (3.42)

We want to estimate |E〈v,G1v〉 −m1c| for any deterministic unit vector v ∈ CI1 . Note

that (3.41) gives the a priori bound

∣∣∣∑
i,j

v̄ivjE (G1)ij −m1c

∣∣∣ ≺ Φ.

We will show that after taking expectation, the leading order term in (G1)ij − m1cδij

vanishes and gives the improved estimate (3.42). We deal with the diagonal and off-

diagonal parts separately:

∑
i

|vi|2 [E(G1)ii −m1c(z)] ,
∑
i 6=j

v̄ivjE (G1)ij .

For any T ⊆ I, we define the Z variables

Z
(T)
i := (1− Ei)(G(T))−1

ii = m
(Ti)
2 − (XG(Ti)X∗)ii, i /∈ T, (3.89)

where Ei[·] := E[·|H(i)], i.e. it is the partial expectation in the randomness of the i-th

row and column of H, and we used (3.47) in the second step. If T = ∅, we abbreviate
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Zi ≡ Z
(∅)
i . By (3.148), we have |Zi| ≺ Φ. Then using (3.47) we get that

EGii − zm1c = E
1

−1−m2c − (m
(i)
2 −m2c) + Zi

− zm1c

=
1

−1−m2c

− zm1c −
1

(1 +m2c)2
EZi +O≺

(
Φ2 +

1

Nη

)
= O≺

(
Φ2
)
,

where in the second step we used the bound for Zi, (3.39) and (3.52), and in the third

step we used (3.4), (3.6) and EZi = 0. Thus we can bound the diagonal part by

∑
i

|vi|2 [E(G1)ii −m1c(z)] =
1

z

∑
i

|vi|2[EGii − zm1c(z)] ≺ q4 +
1

Nη
(3.90)

for z ∈ D (recall that |z| ≥ E ∼ 1 by (3.31)).

For the off-diagonal part, we claim that for all i 6= j ∈ I1,∣∣∣E (G1)ij

∣∣∣ ≺ N−1Φ2. (3.91)

Then using (3.91) and ‖v‖1 ≤
√
M , we obtain that∣∣∣∑

i 6=j

v̄ivjE (G1)ij

∣∣∣ ≺ ‖v‖2
1N
−1Φ2 ≤ C

(
q4 +

1

Nη

)
.

Together with (3.90), this concludes (3.42).

To prove (3.91), we follow the arguments in [6, Section 5] and [68, Section 5]. We

illustrate the basic idea with some simplified calculations. Using the resolvent identities

(3.48) and (3.50), we get

EGij = EGiiG
(i)
jj

(
XG(ij)X∗

)
ij

= EG(j)
ii G

(i)
jj

(
XG(ij)X∗

)
ij

+ E
GijGji

Gjj

G
(i)
jj

(
XG(ij)X∗

)
ij
. (3.92)

We now focus on the first term. Applying (3.47) gives that

EG(j)
ii G

(i)
jj

(
XG(ij)X∗

)
ij

= E

(
XG(ij)X∗

)
ij

[1 + (XG(ij)X∗)ii] [1 + (XG(ij)X∗)jj]
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= E

(
XG(ij)X∗

)
ij

[(1 +m2c)− εi] [(1 +m2c)− εj]
. (3.93)

where we have |(1 +m2c)
−1| = |zm1c| ∼ 1 and

εi := m2c − (XG(ij)X∗)ii = m2c −m(ij)
2 + Z

(j)
i ≺ Φ (3.94)

by (3.41), (3.52) (with Φ = q + Ψ) and (3.148). We now expand the fractions in (3.93)

in order to take the expectation. Note that the G(ij) entries are independent of the X

entries in the i, j-th rows and columns. Thus to attain a nonzero expectation, each X

entry must appear at least twice in the expression. Due to this reason, the leading and

next-to-leading order terms in the expansion vanish. The “real” leading order term is

E
εiεj

(
XG(ij)X∗

)
ij

(1 +m2c)4
=

1

(1 +m2c)4
E(XG(ij)X∗)ii(XG

(ij)X∗)jj(XG
(ij)X∗)ij

=
1

(1 +m2c)4

∑
µ,ν

Cµ,ν
N3

EG(ij)
µµ G

(ij)
νν G

(ij)
µν

=
1

(1 +m2c)4

∑
µ6=ν

Cµ,ν
N3

m2
2cEG(ij)

µν +O≺(N−1Φ2), (3.95)

where the constants Cµ,ν depend on the moments of Xiµ and Xjµ (recall (3.11)). Here in

the last step, we used |G(ij)
µµ −m2c| ≺ Φ (by (3.41) and (3.51)), and bounded the µ = ν

terms by O≺(N−2) = O≺(N−1Φ2). Now applying (3.49) to G
(ij)
µν , we get that

EG(ij)
µν = EG(ij)

µµ G
(ijµ)
νν

(
X∗G(ijµν)X

)
µν

= Em2
2c

(
X∗G(ijµν)X

)
µν

+O≺(Φ2) = O≺(Φ2),

(3.96)

where in the second step we used |G(ij)
µµ −m2c|+ |G(ijµ)

νν −m2c| ≺ Φ and(
X∗G(ijµν)X

)
µν

= G(ij)
µν

(
G(ij)
µµ G

(ijµ)
νν

)−1 ≺ Φ,

which follow easily from (3.41) and (3.51), and in the last step the leading order term

vanishes since the two X entries are independent for µ 6= ν. Then by (3.96), the terms

in (3.95) are bounded by O≺(N−1Φ2).
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In general, after the expansion of the two fractions in (3.93), we get a summation of

terms of the form

Am,n := Eεmi εnj (XG(ij)X∗)ij, i 6= j,

up to some constant coefficients of order 1. Since |εi,j| ≺ Φ . N−ζ/2 for z ∈ D (we

can take ζ small enough such that N−ζ/2 ≥ q2), we only need to include the terms with

m + n ≤ 2 + 2/ζ and the tail will be smaller than N−1Φ2. Note that in Am,n, the

Xi∗ entries, Xj∗ entries and G(ij) entries are mutually independent. Moreover, both the

number of Xi∗ entries and the number of Xj∗ entries are odd. Thus to attain a nonzero

expectation, we must pair the X entries such that there are two products of the forms

Xn1
iµ and Xn2

jν for some n1, n2 ≥ 3. As a result, we lose (n1 − 2)/2 + (n2 − 2)/2 ≥ 1

free indices, which contributes an N−1 factor. On the other hand, for the product of G

entries, we have three cases: (1) if there are at least 2 off-diagonal G entries, then we

bound them with O≺(Φ2); (2) if there is only 1 off-diagonal G entry, then we can use

the trick in (3.95) and the bound (3.96); (3) if there is no off-diagonal G entry, then we

lose one more free index and get an extra N−1 factor. This gives the estimate (3.91) for

the term in (3.93).

For the second term in (3.92), we again use (3.47), (3.48) and (3.50) to expand the

Gij, Gji and G−1
jj entries. Our goal is to expand all the G entries into polynomials of

the terms

Skl := (XG(ij)X∗)kl, k, l ∈ {i, j}, (3.97)

so that the X entries and G(ij) entries are independent in the resulting expression. In

particular, the maximally expanded terms (see (3.98)) can be expanded into Skl variables

directly through (3.47) and (3.48). However, non-maximally expanded terms are also
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created along the expansions in (3.48) and (3.50). Then we need to further expand

these newly appeared terms. In general, this process will not terminate. However, we

will show in Lemma 3.4.7 that after sufficiently many expansions, the resulting expression

either has enough off-diagonal terms, or is maximally expanded. In the former case, it

suffices to bound each off-diagonal term by O≺(Φ). In the latter case, the expression

will only consist of Skl variables. Following the argument in the previous paragraph, the

expectation over the X entries produces an N−1 factor, while the expectation over the

G entries produces a Φ2 factor.

In the rest of this section, we will give a rigorous proof based on the above arguments.

3.4.3 Resolvent expansion

To perform the resolvent expansion in a systematic way, we introduce the following

notions of string and string operator. Recall the definition of Skl in (3.97).

Definition 3.4.4 (Strings). Let A be the alphabet containing all symbols that will appear

during the expansion:

A =
{
Gkl, G

−1
kk , Skl with k, l ∈ {i, j}

}
∪
{
G

(j)
ii , G

(i)
jj , (G

(j)
ii )−1, (G

(i)
jj )−1

}
.

We define a string s to be a concatenation of the symbols from A, and we use JsK to

denote the random variable represented by s. We denote an empty string by ∅ with value

J∅K = 0.

Remark 3.4.5. It is important to distinguish the difference between a string s and its

value JsK. For example, “Gij” and “GiiG
(i)
jj Sij” are different strings, but they represent

the same random variable by (3.48).
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We shall call the following symbols the maximally expanded symbols:

Amax =
{
Gij, Gji, G

(j)
ii , G

(i)
jj , (G

(j)
ii )−1, (G

(i)
jj )−1, Sii, Sjj, Sij, Sji

}
. (3.98)

A string s is said to be maximally expanded if all of its symbols are in Amax. We shall

call Gij, Gji, Sij, Sji the off-diagonal symbols and all the other symbols in A diagonal.

By the local law (3.41) and (3.51), we have JaoK ≺ Φ if ao is an off-diagonal symbol

(note that Sij = Gij/(GiiG
(i)
jj ) ≺ Φ by (3.48)) and JaoK ≺ 1 if ad is a diagonal symbol.

We use Fn-max(s) and Foff(s) to denote the number of non-maximally expanded symbols

and the number of off-diagonal symbols, respectively.

Definition 3.4.6 (String operators). Let k 6= l ∈ {i, j}.

(i) We define an operator τ0 acting on a string s in the following sense. Find the first

Gkk or G−1
kk in s. If Gkk is found, replace it with G

(l)
kk; if G−1

kk is found, replace it

with (G
(l)
kk)
−1; if neither is found, set τ0(s) = s and we say that τ0 is trivial for s.

(ii) We define an operator τ1 acting on a string s in the following sense. Find the first

Gkk or G−1
kk in s. If Gkk is found, replace it with GklGlk(Gll)

−1; if G−1
kk is found,

replace it with −GklGlk(Gkk)
−1(G

(l)
kk)
−1(Gll)

−1; if neither is found, set τ1(s) = ∅

and we say that τ1 is null for s.

(iii) Define an operator ρ acting on a string s in the following sense. Replace each Gkl

in s with GkkG
(k)
ll Skl.

By Lemma 3.2.12, it is clear that for any string s,

Jτ0(s)K + Jτ1(s)K = JsK, Jρ(s)K = JsK. (3.99)
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Moreover, a string s is trivial under τ0 and null under τ1 if and only if s is maximally

expanded. Given a string s, we abbreviate s0 := τ0(s) and s1 := ρ(τ1(s)). For any

sequence w = a1a2 . . . am with ai ∈ {0, 1}, we denote

sw := ρamτam . . . ρ
a2τa2ρ

a1τa1(s), where ρ0 := 1.

Then by (3.99) we have ∑
|w|=m

JswK = JsK, (3.100)

where the summation is over all binary sequences w with length |w| = m.

Lemma 3.4.7. Consider the string s = “GiiG
(i)
jj Sij”. Let w be any binary sequence with

|w| = 4l0 and such that sw 6= ∅. Then either Foff(sw) ≥ 2l0 or sw is maximally expanded.

Proof. It suffices to show that any nonempty string sw with Foff(sw) < 2l0 is maximally

expanded.

By Definition 3.4.6, a nontrivial τ0 reduces the number of non-maximally expanded

symbols by 1, and keeps the number of off-diagonal symbols the same; a ρτ1 increases

the number of non-maximally expanded symbols by 2 or 3, and increases the number of

off-diagonal symbols by 2. Hence Foff(sw) < 2l0 implies that there are at most (l0 − 1)

1’s in w. These ρτ1 operators increase Fn-max at most by 3(l0−1) in total. On the other

hand, there are at least 3l0 0’s in w, which is sufficient to eliminate all the non-maximally

expanded symbols, whose number is at most 3(l0 − 1) + 1 = 3l0 − 2 in total (note that

Fn-max(s) = 1 for the initial string).

Now we choose l0 = 1 + 1/ζ. Then we have

∑
|w|=4l0

JswK · 1(Foff(sw) ≥ 2l0) ≺ 24l0Φ2l0 ≺ N−1Φ2
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using Φ = O(N−ζ/2). By Lemma 3.4.7, we see that to prove (3.91), it suffices to show

that

|EJswK| ≺ N−1Φ2 (3.101)

for any maximally expanded string sw with |w| = 4l0.

Note that the maximally expanded string sw thus obtained consists only of the sym-

bols

G
(l)
kk, (G

(l)
kk)
−1, Skl, with k 6= l ∈ {i, j}.

By (3.47), we can replace (G
(l)
kk)
−1 with

(G
(l)
kk)
−1 = −1− Skk. (3.102)

Note that |Skk −m2c| ≺ Φ by (3.94). Then we can expand G
(l)
kk as

G
(l)
kk =

1

−1−m2c + (m2c − Skk)

=
−1

1 +m2c

2l0∑
k=0

(
m2c − Skk
1 +m2c

)k
+O≺(N−1Φ2). (3.103)

We apply the expansions (3.102) and (3.103) to the G symbols in sw, disregard the

sufficiently small tails, and denote the resulting polynomial (in terms of the symbols

Skl) by Pw. Then Pw can be written as a finite sum of maximally expanded strings (or

monomials) consisting of the Skl symbols. Moreover, the number of such monomials

depends only on l0. Hence it suffices to show that for any such monomial Mw, we have

|EJMwK| ≺ N−1Φ2. (3.104)

Let Ni (Nj) be the number of times that i (j) appears as a (lower) index of the S

symbols in Mw. We have Ni = Nj = 3 for the initial string s = “GiiG
(i)
jj Sij”. From
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Definition 3.4.6, it is easy to see that the operators τ0, τ1 and ρ do not change the parity

of Ni and Nj. The expansions (3.102) and (3.103) also do not change the parity of Ni

and Nj. This leads to the following key observation:

both Ni and Nj are odd in Mw. (3.105)

3.4.4 A graphical proof

In this subsection, we finish the proof of (3.104). SupposeMw = C(z)(Sii)
m1(Sjj)

m2(Sij)
m3(Sji)

m4 ,

where C(z) denotes a deterministic function of order 1 for all z ∈ D. Then we write

JMwK ∼
∑

µ
(∗)
∗ ,ν

(∗)
∗ ∈I2

m1∏
a=1

X
iµ

(1)
a
G

(ij)

µ
(1)
a ν

(1)
a

X∗
ν

(1)
a i

m2∏
b=1

X
jµ

(2)
b
G

(ij)

µ
(2)
b ν

(2)
b

X∗
ν

(2)
b j

m3∏
c=1

X
iµ

(3)
c
G

(ij)

µ
(3)
c ν

(3)
c

X∗
ν

(3)
c j

m4∏
d=1

X
jµ

(4)
d
G

(ij)

µ
(4)
d ν

(4)
d

X∗
ν

(4)
d i
.

(3.106)

To avoid the heavy expressions, we introduce the following graphical notations. We use

a connected graph (V,E) to represent the string Mw, where the vertex set V consists

of the indices in (3.106) and the edge set E consists of the X and G variables. The

indices i, j are represented by the black vertices in the graph, while the µ, ν indices are

represented by the white vertices. The X edges are represented by the zig-zag lines and

the G edges are represented by the straight lines. One can refer to Fig. 8 for an example

of such a graph.

We organize the summation in (3.106) in the following way. We first partition the

white vertices into blocks by requiring that any pair of white vertices take the same

value if they are in the same block, and take different values otherwise. Then we do

the summation over the white blocks which take values in I2. Finally, we sum over all

possible partitions. Note that the number of different partitions depends only on the
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i j G

X

Figure 8: The resulting graph after expanding Sii(Sij)
3(Sjj)

2.

total number of S variables in Mw, which in turn depends only on l0.

Fix a partition Γ of the white vertices. We denote its blocks by b1, ..., bk, where k

gives the number of distinct blocks in Γ. We denote by nil (njl ) the number of white

vertices in bl that are connected to the vertex i (j). Let G(Γ) be the product of all the

G edges in the graph. Then we have

JMwK ∼
∑

Γ

∗∑
b1,...,bk

G(Γ)
k∏
l=1

(Xibl)
nil(Xjbl)

njl , (3.107)

where
∑∗ denotes the summation subject to the condition that b1, ..., bk take distinct

values. Note that k, bl, n
i
l and njl all depend on Γ, and we have omitted the Γ dependence

for simplicity of notations.

From (3.106), it is easy to see that the X edges are independent of G(Γ). Thus

taking expectation of (3.107) gives that

|EJMwK| ≤C
∑

Γ

∗∑
b1,...,bk

|EG(Γ)|
k∏
l=1

|E(Xibl)
nil ||E(Xjbl)

njl |

≤C
∑

Γ

∗∑
b1,...,bk

|EG(Γ)|
k∏
l=1

E|Xibl |n
i
lE|Xjbl |n

j
l1(nil 6= 1, njl 6= 1), (3.108)

Note that we must have nil + njl ≥ 2 for 1 ≤ l ≤ k, because we only consider nonempty

blocks. On the other hand, if all nil are even, then Ni =
∑k

l=1 n
i
l must be even, which
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contradicts (3.105). Hence we can find some 1 ≤ l1 ≤ k such that nil1 is odd and nil1 ≥ 3.

Similarly, we can also find some 1 ≤ l2 ≤ k such that njl2 is odd and njl2 ≥ 3. We

abbreviate n̂il := nil ∧ 3 and n̂jl := njl ∧ 3. From the above discussions, we see that

1

2

k∑
l=1

(
n̂il + n̂jl

)
≥ 1

2

k∑
l 6=l1,l2

(n̂il + n̂jl ) +
3

2
+

3

2
≥ (k − 2) + 3 = k + 1. (3.109)

Now using the moment assumption (3.11), we can bound (3.108) by

|EJMwK| ≤ C
∑

Γ

∗∑
b1,...,bk

|EG(Γ)|N−
∑k
l=1(n̂il+n̂

j
l )/2. (3.110)

Next we deal with |EG(Γ)|. We consider the following 3 cases separately:

(1) there are at least 2 off-diagonal G-edges in G(Γ);

(2) there is only 1 off-diagonal G-edge in G(Γ);

(3) there is no off-diagonal G-edge in G(Γ).

In case (1), we trivially have |EG(Γ)| ≺ Φ2, because the diagonal edges are of order

O≺(1), while the off-diagonal edges are of order O≺(Φ).

In case (2), we use the same trick as in (3.95). Let the off-diagonal G-edge be G
(ij)
µν .

For each diagonal G
(ij)
αα , we replace it with

(G(ij)
αα −m2c) +m2c = m2c +O≺(Φ).

Plugging these expansions into EG(Γ), we obtain that

|EG(Γ)| ≺ Φ2 +
∣∣EG(ij)

µν

∣∣ ≺ Φ2,

where we used (3.96) in the second step.
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Finally, in case (3), we have |EG(Γ)| ≺ 1. Moreover, nil+n
j
l is even for any 1 ≤ l ≤ k.

Take 1 ≤ l1, l2 ≤ k such that nil1 , n
j
l2

are odd and nil1 , n
j
l2
≥ 3. If l1 6= l2, then we must

have n̂il1 + n̂jl1 ≥ 4, n̂il2 + n̂jl2 ≥ 4, and hence

1

2

k∑
l=1

(
n̂il + n̂jl

)
≥ 1

2

k∑
l 6=l1,l2

(n̂il + n̂jl ) + 4 ≥ k + 2.

Otherwise, if l1 = l2, then

1

2

k∑
l=1

(
n̂il + n̂jl

)
≥ 1

2

k∑
l 6=l1

(n̂il + n̂jl ) + 3 ≥ k + 2.

Now applying the above estimates and (3.109) to (3.110), we obtain that

|EJMwK| ≺
∑

Γ in Case (1), (2)

Φ2Nk−
∑k
l=1(n̂il+n̂

j
l )/2 +

∑
Γ in Case (3)

Nk−
∑k
l=1(n̂il+n̂

j
l )/2

≤ C(N−1Φ2 +N−2) ≤ CN−1Φ2.

This concludes the proof of (3.104), and hence finishes the proof of (3.91).

3.5 Proof of Theorem 3.2.9

3.5.1 Basic notations

Without loss of generality, by (3.86), we can assume

EXiµ = 0, i ∈ I1, µ ∈ I2, (3.111)

in the following proof. Then given X satisfying the assumptions in Theorem 3.2.9 and

(3.111), we first construct another random matrix X̃ whose entries have the same first

four moments as those of X but have size of order N−1/2.
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Lemma 3.5.1 (Lemma 5.1 of [46]). Suppose X satisfies the assumptions in Theorem

3.2.8 and (3.111). Then there exists another matrix X̃ = (X̃iµ) such that P(maxi,µ |X̃iµ| ≤

CN−1/2) = 1 for some constant C > 0 and the first four moments of the entries of X

and X̃ match, i.e.

EXk
iµ = EX̃k

iµ, k = 1, 2, 3, 4. (3.112)

Taking q = N−1/2 in (3.42), we see that (3.45) holds for G1(X̃, z). Then due to

(3.112), we expect that G(X, z) has “similar” properties as G(X̃, z), so that (3.45) also

holds for G1(X, z). This will be proved through a resolvent comparison approach that

is developed in [46, Sections 6] and [16, Section 6]. More specifically, we will apply the

Lindeberg replacement strategy, i.e., we change X̃ to X entry by entry and show that

the error (due to the resolvent expansion) appeared at each step is negligible. In this

subsection, we introduce some notations that will simplify the presentation of our proof.

Fix a bijective ordering map Φ on the index set of X,

Φ : {(i, µ) : i ∈ I1, µ ∈ I2} → {1, . . . , γmax = MN}.

For any 1 ≤ γ ≤ γmax, we define the matrix Xγ = (Xγ
iµ) such that Xγ

iµ = Xiµ if

Φ(i, µ) ≤ γ, and Xγ
iµ = X̃iµ otherwise. Note that X0 = X̃, Xγmax = X, and Xγ satisfies

the bounded support condition with q ≤ N−φ for all 0 ≤ γ ≤ γmax. Correspondingly,

we define

Hγ :=

 0 Xγ

(Xγ)∗ 0

 , Gγ :=

 −IM×M Xγ

(Xγ)∗ −zIN×N


−1

. (3.113)

Note that Hγ and Hγ−1 differ only at (i, µ) and (µ, i) elements, where Φ(i, µ) = γ. Then

we define two I × I matrices V and W by

Vab = (δaiδbµ + δaµδbi)Xiµ, Wab = (δaiδbµ + δaµδbi)X̃iµ,
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such that Hγ and Hγ−1 can be written as

Hγ = Q+ V, Hγ−1 = Q+W, (3.114)

for some I × I matrix Q satisfying Qiµ = Qµi = 0.

For simplicity, for any 1 ≤ γ ≤ γmax, we denote the resolvents by

Sγ := Gγ, T γ := Gγ−1, Rγ :=

Q−
 IM×M 0

0 zIN×N



−1

. (3.115)

We often omit the superscript if γ is fixed. By (3.114), we can write

S =

Q−
 IM×M 0

0 zIN×N

+ V


−1

= (1 +RV )−1R. (3.116)

Thus we can expand S using the resolvent expansion

S = R−RV R + (RV )2R + . . .+ (−1)m(RV )mR + (−1)m+1(RV )m+1S. (3.117)

On the other hand, we can also expand R in terms of S:

R = (1− SV )−1S = S + SV S + (SV )2S + . . .+ (SV )mS + (SV )m+1R. (3.118)

We can get similar expansions for T and R by replacing V , S with W , T in (3.117) and

(3.118).

By the bounded support conditions for X and X̃, we have

max
a,b∈I
|Vab| = |Xiµ| ≺ N−φ, max

a,b∈I
|Wab| = |X̃iµ| ≤ CN−1/2. (3.119)

Also, note that S, R, T satisfy the following deterministic bound by (3.54):

sup
z∈D

max
γ

max {‖Sγ‖, ‖T γ‖, ‖Rγ‖} ≤ sup
z∈D

(Cη−1) ≤ N. (3.120)
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Then using expansion (3.118) in terms of T,W with m = 3, the isotropic local law (3.40)

for T , and the bound (3.120) for R, we can get that for any fixed unit vectors u,v ∈ CI ,

|Ruv| = O(1) with high probability. Thus there exists a uniform constant C1 > 0 such

that with high probability,

sup
z∈D

max
γ

sup
deterministic unit u,v

max {|Sγuv|, |T γuv|, |Rγ
uv|} ≤ C1. (3.121)

From the definitions of V and W , one can see that it is helpful to introduce the

following notations to simplify the expressions.

Definition 3.5.2 (Matrix operators ∗γ). For I ×I matrices A and B, we define A∗γB

as

(A ∗γ B)ab = AaiBµb + AaµBib, Φ(i, µ) = γ. (3.122)

We denote the m-th power of A under ∗γ-product by A∗γm, i.e.,

A∗γm := A ∗γ A ∗γ A ∗γ . . . ∗γ A. (3.123)

Definition 3.5.3 (Pγ,k and Pγ,k). For k ∈ N, k = (k1, · · · , ks) ∈ Ns and γ = Φ(i, µ),

we define

Pγ,kGuv := G∗γ(k+1)
uv , Pγ,k

(
s∏
t=1

Gutvt

)
:=

s∏
t=1

Pγ,ktGutvt . (3.124)

If G1 and G2 are products of resolvent entries as above, then we define

Pγ,k(G1 + G2) := Pγ,kG1 + Pγ,kG2. (3.125)

Note that Pγ,k and Pγ,k are not linear operators, but just notations we use for simplifi-

cation.

Using Definition 3.5.3, we may write, for example,

Pγ,k

(
s∏
t=1

Gγ
utvt

)
:=

s∏
t=1

S∗γ(kt+1)
utvt , Pγ,k

(
s∏
t=1

Gγ−1
utvt

)
:=

s∏
t=1

T ∗γ(kt+1)
utvt .
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For k, s ∈ N and k ∈ Ns+1, it is easy to verify that

G∗γs ∗γ G∗γk = G∗γ(s+k), Pγ,k(Pγ,sGuv) = Pγ,s+|k|Guv, (3.126)

where |k| =
∑s

t=1 kt. For the second equality, note that Pγ,sGuv is a sum of the products

of the G entries, where each product contains s+ 1 entries.

3.5.2 Proof of (3.45)

As mentioned in the last subsection, we will prove (3.45) with the resolvent comparison

method. The basic idea is that we expand S and T in terms of R by repeatedly applying

the expansions (3.117) and (3.118), and then compare the resulting expressions. The

main terms will cancel since Xiµ and X̃iµ have the same first four moments, and the

error terms are small since Xiµ and X̃iµ have support bounded by N−φ.

The proof of the following Lemma 3.5.4 is almost the same as the one for [46, Lemma

6.5]. In fact, we can copy their arguments almost verbatim, except for some nota-

tional differences. Hence we omit the details. In the following expressions, for any

k = (k1, . . . , kp) ∈ Np, we use |k| =
∑
ki to denote its l1-norm.

Lemma 3.5.4. Assume z ∈ D and γ = Φ(i, µ). Fix any p ∈ N and r > 0. Then for

S,R in (3.115), we have

E
p∏
t=1

Sutvt =
∑

0≤k≤4

AkE
[
(−Xiµ)k

]
+

∑
5≤|k|≤r/φ,k∈Np

AkEPγ,k
p∏
t=1

Sutvt +O≺(N−r),

(3.127)

where Ak, 0 ≤ k ≤ 4, depend only on R, Ak’s are independent of (ut,vt), 1 ≤ t ≤ s,

and we have the bound

|Ak| ≺ N−|k|φ/10−2. (3.128)
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It is obvious that a result similar to Lemma 3.5.4 also holds for the product of T

entries. As in (3.127), we define the notation Aγ,a, a = 0, 1 as follows:

E
p∏
t=1

Sutvt =
∑

0≤k≤4

AkE
[
(−Xiµ)k

]
+

∑
5≤|k|≤r/φ,k∈Np

Aγ,0k EPγ,k
p∏
t=1

Sutvt +O≺(N−r),

(3.129)

E
p∏
t=1

Tutvt =
∑

0≤k≤4

AkE
[
(−X̃iµ)k

]
+

∑
5≤|k|≤r/φ,k∈Np

Aγ,1k EPγ,k
p∏
t=1

Tutvt +O≺(N−r).

(3.130)

Since Ak, 0 ≤ k ≤ 4, depend only on R and Xiµ, X̃iµ have the same first four moments,

we get from (3.129) and (3.130) that

E
p∏
t=1

Gutvt − E
p∏
t=1

G̃utvt =

γmax∑
γ=1

(
E

p∏
t=1

Gγ
utvt − E

p∏
t=1

Gγ−1
utvt

)

=

γmax∑
γ=1

5≤|k|≤r/φ∑
k∈Np

(
Aγ,0k EPγ,k

p∏
t=1

Gγ
utvt −A

γ,1
k EPγ,k

p∏
t=1

Gγ−1
utvt

)

+O≺(N−r+2).

(3.131)

where we abbreviate G := G(X, z) and G̃ := G(X̃, z).

Applying (3.131) with p = 1, r = 3 and fixed unit vector ut = vt = v ∈ CI1 , we

obtain that

∣∣∣E(G− G̃)vv

∣∣∣ ≤ γmax∑
γ=1

∑
a=0,1

∑
5≤k≤3/φ

|Aγ,ak |
∣∣EPγ,kGγ−a

vv

∣∣+O≺(N−1). (3.132)

Using (3.121), (3.128) and Lemma 3.2.5, we can bound the sum in (3.132) by

γmax∑
γ=1

∑
a=0,1

∑
5≤k≤3/φ

|Aγ,ak |
∣∣EPγ,kGγ−a

vv

∣∣ ≺ ∑
5≤k≤3/φ

N−kφ/10 ≺ N−φ/2. (3.133)



177

To apply Lemma 3.2.5 (iii), we need a second moment bound for |Pγ,kGγ−a
vv |, which

follows easily from (3.120). Recall that Pγ,kGγ−a
vv is also a sum of the products of G

entries. Then applying (3.131) to |EPγ,kGγ−a
vv | and replacing γmax with γ − a, we obtain

that ∣∣EPγ,kGγ−a
vv

∣∣ ≤ ∣∣EPγ,kG0
vv

∣∣
+

γ−a∑
γ′=1

∑
a′=0,1

5≤|k′|≤3/φ∑
k′∈N1+k

∣∣∣Aγ′,a′k′

∣∣∣ ∣∣∣EPγ′,k′Pγ,kGγ′−a′
vv

∣∣∣+O≺(N−1).
(3.134)

Together with (3.132) and (3.128), we get that∣∣∣E(G− G̃)vv

∣∣∣ ≤∑
γ,a

∑
k

|Aγ,ak |
∣∣EPγ,kG0

vv

∣∣
+
∑
γ,γ′

∑
a,a′

∑
k,k′

∣∣∣Aγ,ak Aγ′,a′k′

∣∣∣ ∣∣∣EPγ′,k′Pγ,kGγ′−a′
vv

∣∣∣+O≺(N−1).

Again using (3.121), (3.128) and Lemma 3.2.5, we obtain that∑
γ,γ′

∑
a,a′

∑
k,k′

∣∣∣Aγ,ak Aγ′,a′k′

∣∣∣ ∣∣∣EPγ′,k′Pγ,kGγ′−a′
vv

∣∣∣ ≺ N−φ, (3.135)

where we used that k + |k′| ≥ 10. Repeating this process, we can make the remainder

term smaller and smaller. At the end, we obtain that∣∣∣E(G− G̃)vv

∣∣∣ ≤ 2/φ∑
n=0

∑
γ1,··· ,γn

∑
a1,··· ,an

∑
k1,··· ,kn

∣∣∣∏
j

Aγj ,ajkj

∣∣∣ ∣∣EPγn,kn · · · Pγ1,k1G
0
vv

∣∣
+O≺(N−1),

where

k1 ∈ N1, k2 ∈ N1+|k1|, k3 ∈ N1+|k1|+|k2|, etc., and 5 ≤ |ki| ≤
3

φ
. (3.136)

Using (3.128) and Lemma 3.2.5, we obtain that∣∣∣E(G− G̃)vv

∣∣∣
≺ max

k,n
(N−2)n(N−

φ
10 )

∑
i |ki|

∑
γ1,··· ,γn

∣∣EPγn,kn · · · Pγ1,k1G
0
vv

∣∣+N−1.
(3.137)
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Now we finish the proof of (3.45) using the estimate (3.137) and the bound (3.45)

for G0 = G(X̃, z). We see that it suffices to control the term

Pγn,kn · · · Pγ1,k1G̃vv (3.138)

for k1, . . . ,kn satisfying (3.136). By definition of P , (3.138) is a sum of at most C
∑
|ki|

products of Gvb, Gbv and Gab entries, where the total number of G entries in each

product is at most
∑
|ki|+1 = O(φ−2). Due to the deterministic bound (3.120), (3.138)

is always bounded by NO(φ−2), and hence Lemma 3.2.5 (iii) can be applied.

For each product in (3.138), there are two v’s in the indices of G. These two v’s

appear as GvaGbv in the product, where a, b come from some γk and γl (1 ≤ k, l ≤ n) via

P . Thus after taking the average N−2
∑

γk
and N−2

∑
γl

, the term GvaGbv contributes

a factor O≺((Nη)−1) by (3.59) and Cauchy-Schwarz inequality. For all other G factors

in the product with no v’s, we control them by O≺(1) using (3.121). Thus for any fixed

γ1, . . . , γn, k1, . . . ,kn, we have proved that

N−2n
∑

γ1,··· ,γn

∣∣∣EPγn,kn · · · Pγ1,k1G̃vv

∣∣∣ ≺ 1

Nη
.

Then using (3.137) and (3.45) for G̃, we obtain that

|E(G1)vv −m1c(z)| ≺ |E(G̃1)vv −m1c(z)|+ 1

Nη
≺ 1

Nη
,

where we abbreviated G1 = z−1G and G̃1 = z−1G̃. This concludes (3.45).
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3.6 Appendix

3.6.1 Proof of Lemma 3.4.2

We only prove

max
i,j∈I1

|Gij(X, z)− Πij(z)| ≺ q2 + (Nη)−1/2. (3.139)

The proof for (3.44) with a, b ∈ I2 is exactly the same. First, we recall the following

large deviation bounds proved in [23].

Lemma 3.6.1 (Lemma 3.8 of [23]). Let (xi), (yi) be independent families of centered

and independent random variables, and (Ai), (Bij) be families of deterministic complex

numbers. Suppose the entries xi and yj have variance O(N−1) and satisfy (3.34) with

N−1/2 ≤ q ≤ N−φ for some fixed φ > 0. Then for K = O(N), we have the following

bounds: ∣∣∣ ∑
1≤i,j≤K

xiBijyj

∣∣∣ ≺ q2Bd + qBo +
1

N

(∑
i 6=j

|Bij|2
)1/2

, (3.140)

∣∣∣ ∑
1≤i 6=j≤K

x̄iBijxj

∣∣∣ ≺ qBo +
1

N

(∑
i 6=j

|Bij|2
)1/2

, (3.141)

∣∣∣ ∑
1≤i≤K

(
|xi|2 − E|xi|2

)
Bii

∣∣∣ ≺ qBd, (3.142)

where Bd := maxi |Bii| and Bo := maxi 6=j |Bij|.

In fact, these bounds are stated in slightly stronger forms in [23] with a different

notion for high probability events. Here we choose to present (3.140)-(3.142) in terms of

the stochastic domination, which will be more convenient for our use. Moreover, if we

assume the fourth moment of xi is bounded for all i as in (3.11), then we have a better

bound for the LHS of (3.142).
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Lemma 3.6.2. Suppose the assumptions in Lemma 3.6.1 hold and xi, 1 ≤ i ≤ K,

satisfy (3.11). Then we have∣∣∣∑
i

(
|xi|2 − E|xi|2

)
Bii

∣∣∣ ≺ (q2 +N−1/2
)
Bd. (3.143)

Proof. We abbreviate zi := (|xi|2 − E|xi|2)Bii/Bd. By Markov’s inequality, it suffices to

prove that for any fixed p ∈ N,

E
∣∣∣∑

i

zi

∣∣∣2p ≺ (q2 +N−1/2
)2p

. (3.144)

Note that by the assumption, we have

Ezi = 0, E|zi|n ≺ q2n−4N−2 for fixed n ≥ 2. (3.145)

Now we expand the LHS of (3.144) to get

E
∣∣∣∑

i

zi

∣∣∣2p =
∑

i1,...,i2p

Eyi1 · · · yi2p ,

where we denote yil := zil for 1 ≤ l ≤ p and yil := z̄il for p + 1 ≤ l ≤ 2p. To organize

the summation over the indices i1, . . . , i2p, we look at the partitions Γ of the set of the

labels {1, ..., 2p} according to the equivalence relation that k, l are in the same class if

and only if ik = il. We use bl, 1 ≤ l ≤ k, to denote the equivalence classes of Γ and

nl to denote the size of bl. Obviously, k, bl and nl all depend on Γ, but we will omit

this dependence in the following expressions. Moreover, since the random variables are

centered, we must have nl ≥ 2 for all l to attain a nonzero expectation. Hence we have

E
∣∣∣∑

i

zi

∣∣∣2p ≤∑
Γ

∗∑
b1,...,bk

E|yµb1 |
n1 . . .E|yµbk |

nk , (3.146)

where
∑∗ denotes the summation subject to the conditions that b1, . . . , bk are all distinct,

nl ≥ 2 for all l, and
∑k

l=1 nl = 2p. Note that under these conditions, we trivially have

k ≤ p.
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Using (3.145), we get

∗∑
b1,...,bk

E|yµb1 |
n1 . . .E|yµbk |

nk ≺
∗∑

b1,...,bk

(q2n1−4N−2) . . . (q2nk−4N−2)

=
∗∑

b1,...,bk

N−2kq4p−4k ≤ CN−kq4p−4k.

Since the number of partitions of {1, ..., 2p} is finite and depends only on p, (3.146) can

be bounded by

E
∣∣∣∑

i

zi

∣∣∣2p ≺ max
1≤k≤p

N−kq4p−4k ≤ q4p +N−p,

where in the last step, q4p and N−p can be obtained from the extreme cases k = 0 and

k = p, respectively. This concludes (3.144).

Now using (3.48) and (3.140), we get that

|Gij| ≺

∣∣∣∣∣∑
µ,ν

XiµG
(ij)
µν X

∗
νj

∣∣∣∣∣ ≺ q2 max
µ
|G(ij)

µµ |+ qmax
µ 6=ν
|G(ij)

µν |+
( 1

N2

∑
µ6=ν

|G(ij)
µν |2

)1/2

≺ q2 + q(q + Ψ) +

(
1

Nη

)1/2

≺ q2 + (Nη)−1/2, (3.147)

where we used (3.43), (3.51) and the bound (3.59). For the diagonal estimate, we need

to control the Z variables defined in (3.89). Using (3.141) and (3.143), we get that for

any T ⊂ I with fixed length,

|Z(T)
i | =

∣∣∣∑
µ

G(Ti)
µµ

(
|Xiµ|2 − E|Xiµ|2

)
+
∑
µ6=ν

XiµG
(Ti)
µν X

∗
νi

∣∣∣
≺
(
q2 +N−1/2

)
+ qmax

µ6=ν
|G(Ti)

µν |+
( 1

N2

∑
µ 6=ν

|G(Ti)
µν |2

)1/2

≺ q2 + (Nη)−1/2,

(3.148)

where we used (3.43), (3.51) and (3.59) again. Then using (3.47), we get

Gii − zm1c =
1

−1−m2c − (m
(i)
2 −m2c) + Zi

− zm1c
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=
1

−1−m2c

− zm1c +O≺
(
q2 + (Nη)−1/2

)
= O≺

(
q2 + (Nη)−1/2

)
where we used (3.148), (3.39), (3.52) (with Φ = q + Ψ) in the second step, and (3.4),

(3.6) in the third step. Together with (3.147), this concludes (3.139).

3.6.2 Proof of Lemma 3.4.3

Note that by (3.87), we immediately get
∑

i |vi|2 ((G1)ii −m1c) ≺ Φ. Hence it remains

to show that ∑
i 6=j

v̄ivj (G1)ij ≺ Φ.

By Markov’s inequality and (3.30), it suffices to prove that

E
∣∣∣∑
i 6=j

v̄ivjGij

∣∣∣2p ≺ Φ2p (3.149)

for any fixed p ∈ N. The proof of (3.149) is similar to the ones in [6, Section 5] and [68,

Section 5]. The main difference is that in [6, 68], the matrix entries are assumed to have

arbitrarily high moments, while we assume that the X entries have finite third moment

and support bounded by q in our proof. In particular, for any fixed n ≥ 3, we have

E|Xiµ|n ≺ qn−3N−3/2, i ∈ I1, µ ∈ I2. (3.150)

Note that we have a stronger moment assumption in (3.11). However, the finite fourth

moment condition will not be used in the proof below. We only need the weaker bound

(3.150). Also we remark that some of the basic ideas have been illustrated in the proof

for (3.42) in Section 3.4.
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We first rewrite the product in (3.149) as

∣∣∣∑
i 6=j

v̄iGijvj

∣∣∣2p =
∑

ik 6=jk∈I1

p∏
k=1

v̄ikGikjkvjk ·
2p∏

k=p+1

v̄ikGikjkvjk

=
∑

Γ

∗∑
b1,...,bn

p∏
k=1

v̄Γ(ik)GΓ(ik)Γ(jk)vΓ(jk) ·
2p∏

k=p+1

v̄Γ(ik)GΓ(ik)Γ(jk)vΓ(jk),

where (recall the notations in the proof for Lemma 3.6.2) Γ ranges over all partitions of

the set of the labels {i1, ..., i2p, j1, ..., j2p} with the restriction that ik, jk cannot be in the

same equivalence class for all k, {b1, ..., bn} is the set of equivalence classes for a fixed Γ,

Γ(·) is regarded as a symbolic mapping from the set of labels to the set of equivalence

classes, and
∑∗ denotes the summation subject to the condition that b1, . . . , bn all take

distinct values and Γ(ik) 6= Γ(jk) for all k.

Since the number of such partitions Γ is finite and depends only on p, it suffices to

show that for any fixed Γ,

E
∗∑

b1,...,bn

p∏
k=1

v̄Γ(ik)GΓ(ik)Γ(jk)vΓ(jk) ·
2p∏

k=p+1

v̄Γ(ik)GΓ(ik)Γ(jk)vΓ(jk) ≺ Φ2p. (3.151)

We abbreviate

P (b1, ..., bn) :=

p∏
k=1

GΓ(ik)Γ(jk) ·
2p∏

k=p+1

GΓ(ik)Γ(jk).

For simplicity, we shall omit the overline for complex conjugate in the following proof.

In this way, we can avoid a lot of immaterial notational complexities that do not affect

the proof.

For k = 1, ..., n, we denote by deg(bk, P ) the number of times that bk appears as an

index of the G entries in P , i.e. deg(bk, P ) := |Γ−1(bk)|. We define h := #{1 ≤ k ≤

n : deg(bk, P ) = 1}, i.e. h is the number of bk’s that only appear once in the indices

of P . Without loss of generality, we assume these bk’s are b1, ..., bh. Then we have the
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following properties:

n∑
k=1

deg(bk, P ) = 4p, and deg(bk, P ) = 1, for k = 1, ..., h. (3.152)

Now we claim that

|EP | ≺ N−h/2Φ2p. (3.153)

Note that by ‖v‖2 = 1 and Cauchy-Schwarz inequality, we have
∑

i |vi| ≤
√
M and∑

i |vi|n ≤ 1 for n ≥ 2. Then if (3.153) holds, we can bound the left hand side of (3.151)

by

N−h/2Φ2p

n∏
k=1

∑
bk

|vbk |deg(bk,P ) ≤ N−h/2Φ2p(
√
M)h/2 ≤ CΦ2p.

Hence it suffices to prove (3.153).

We define the S variables as (one can compare them with (3.97))

Sij := (XG(L)X∗)ij, (3.154)

for i, j ∈ I1 and L := {b1, ..., bn}. As in (3.147) and (3.148), we can verify that |Sij −

m2cδij| ≺ Φ for i, j ∈ I1 using (3.87), (3.51) and Lemmas 3.6.1-3.6.2. Then as in Section

3.4.3, we keep expanding the G entries in P using the resolvent expansions in Lemma

3.2.12, until each monomial in the expression either consists of S variables only or has

sufficiently many off-diagonal terms. The following lemma corresponds to the previous

Lemma 3.4.7 and has been proved in [6, Lemma 5.9] and [68, Lemma 5.9].

Lemma 3.6.3. After finitely many expansions, we can write P as

P =
A∑
α=1

cαQα +O≺(N−h/2Φ2p), (3.155)

where A ∈ N depends only on p and c0 (recall that Φ(z) ≤ N−c0 by assumption), cα’s

are constants of order O(1), and Qα are products of S variables only and the number of
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S variables in each product again depends only on p and c0. Moreover, for k = 1, ..., n

and α = 1, ..., A, we have that

dego(bk, Qα) ≥ dego(bk, P ), dego(bk, Qα) = dego(bk, P ) mod 2, (3.156)

and the number of off-diagonal S variables in Q is at least 2p. Here dego(bk, Qα) denotes

the number of times that bk appears as an index of the off-diagonal S variables in Qα

and dego(bk, P ) := deg(bk, P ) (which is consistent with the previous definition since P

only contains off-diagonal entries).

Now given the expansion in (3.155), we see that to conclude (3.153), it suffices to

show that for any Qα,

|EQα| ≺ N−h/2Φ2p. (3.157)

In the following proof, we fixe one such Q ≡ Qα and write

Q =
J∏
j=1

Sbkj blj =
∑

µj ,νj∈I2

J∏
j=1

Xbkjµj
GµjνjX

∗
νjblj

=
∑
W

∗∑
w1,...,wm

J∏
j=1

XbkjW (µj)GW (µj)W (νj)XbljW (νj)

where J is the number of S-variables in Q, W ranges over all partitions of the set of the

labels {µ1, ..., µJ , ν1, ..., νJ}, {w1, ..., wm} denotes the set of distinct equivalence classes

for a particular W , W (·) is regarded as a symbolic mapping from the set of labels to the

set of equivalence classes, and
∑∗ denotes the summation subject to the condition that

w1, . . . , wm all take distinct values. Note that the number of partitions depends only on

J . For a fixed partition W , we denote

R(w1, ..., wm;W ) :=
J∏
j=1

XbkjW (µj)GW (µj)W (νj)XbljW (νj).
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Then to prove (3.157), it suffices to show that

|ER(w1, ..., wm;W )| ≺ N−m−h/2Φ2p. (3.158)

for any partition W .

To facilitate the proof, we introduce the graphical notations as in Section 3.4.4. We

use a connected graph (V,E) to represent R, where the vertex set V consists of black

vertices b1, . . . , bn and white vertices w1, . . . , wm, and the edge set E consists of (k, α)

edges representing Xbkwα and (α, β) edges representing Gwαwβ . We denote

ekα := number of (k, α) edges in R, dα := number of (α, α) edges in R.

Note that to attain a nonzero expectation, we must have

ekα = 0 or ekα ≥ 2 for all k, α. (3.159)

We also define

e
(o)
kα := number of (k, α) edges that are from off-diagonal S in Q.

Then we have ∑
α

e
(o)
kα = dego(bk, Q) (3.160)

By (3.152), (3.159) and the parity conservation due to (3.156), there exist edges

(1, α1), ..., (h, αh) such that ekαk is odd and ekαk ≥ 3, 1 ≤ k ≤ h. LetH := {(1, α1), ..., (h, αh)}

be the set of these edges. Denote by F the set of (k, α) edge such that ekα ≥ 2 and

(k, α) /∈ H. Denote

sα :=
n∑
k=1

ekα, hkα := 1(k,α)∈H , hα :=
n∑
k=1

hkα, fα :=
n∑
k=1

1(k,α)∈F
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for all k = 1, ..., n and α = 1, ...,m. By the above definitions, we have sα ≥ 2 and

hα + fα > 0 (since the classes wα are nontrivial), sα ≥ 2dα, and

∑
α

hkα = 1(1 ≤ k ≤ h),
∑
α

hα = h. (3.161)

Note that there are 1
2

∑
k,α ekα − dα off-diagonal G edges in R. Hence by (3.87) and

(3.150), we have

|ER| ≺
m∏
α=1

(
Φ−dα

n∏
k=1

Φ
1
2
ekαE|Xbkwα|ekα

)
≺

m∏
α=1

Φsα/2−dα
( ∏

(k,α)∈H

qekα−3N−3/2
)( ∏

(k,α)∈F

qekα−2N−1
)

=:
m∏
α=1

Rα.

Now we consider the following four cases for Rα.

(i) dα = 0. In this case we have

Rα ≺ Φsα/2
∏

(k,α)∈H

N−3/2
∏

(k,α)∈F

N−1 = Φsα/2(N−1)hα+fαN−hα/2

≺ Φsα/2N−1N−hα/2 ≺ Φ
∑h
k=1 hkα/2+

∑n
k=h+1 e

(o)
kα/2N−1N−hα/2

where in the third step we used hl + fl > 0, and in the fourth step we used

sα ≥
∑
k

e
(o)
kα ≥

h∑
k=1

hkα +
n∑

k=h+1

e
(o)
kα ,

where we used that e
(o)
kα ≥ hkα for 1 ≤ k ≤ h (recall that if (k, α) ∈ H, then ekαk

is odd and hence one of the edges must come from the off-diagonal S).

(ii) dα 6= 0, hα = 1 and fα = 0. Then there is only one k such that ekα > 0 and

sα = ekα is odd. Hence we have sl/2 ≥ dl + 1/2 and we can bound Rα as

Rα ≺ Φ
1
2
sα−dα(N−1)hα+fαN−hα/2 ≺ Φ1/2N−1N−hα/2
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= Φ
∑h
k=1 hkα/2+

∑n
k=h+1 e

(o)
kα/2N−1N−hα/2,

where in the last step we used

1 =
h∑
k=1

hkα +
n∑

k=h+1

e
(o)
kα ,

since all the summands except one hkα are 0.

(iii) dα 6= 0, hα = 0 and fα = 1. Then there is only one k such that ekα > 0 and sα =

ekα. Thus the (α, α) edges are expanded from the diagonal S variables (otherwise

α must connect to at least two different k’s), which implies 1
2
sα−dα = 1

2
e

(o)
kα . Then

we can bound Rα by

Rα ≺ Φ
1
2
sα−dα(N−1)hα+fαN−hα/2 = Φ

∑
k e

(o)
kα/2N−1N−hα/2

≺ Φ
∑h
k=1 hkα/2+

∑n
k=h+1 e

(o)
kα/2N−1N−hα/2

where, as in Case (i), we used e
(o)
kα ≥ hkα for 1 ≤ k ≤ h.

(iv) dα 6= 0 and hα + fα ≥ 2. Then using sα ≥ 2dα, q ≺ Φ1/2 and N−1/2 ≺ Φ, we get

that

Rα ≺
∏

(k,α)∈H

Φekα/2−3/2N−3/2
∏

(k,α)∈F

Φekα/2−1N−1

≺
∏

(k,α)∈H

Φekα/2−1/2N−1
∏

(k,α)∈F

Φekα/2N−1/2

= Φ(sα−hα)/2N−(hα+fα)/2N−hα/2 ≤ Φ(sα−hα)/2N−1N−hα/2

≤ Φ
∑h
k=1 hkα/2+

∑n
k=h+1 e

(o)
kα/2N−1N−hα/2

where in the last step we used the definitions of sα and hα, ekα ≥ 2hkα for 1 ≤ k ≤ h

(since ekα ≥ 3 whenever hkα = 1), and hkα = 0 for k ≥ h+ 1.
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Combining the above four cases, we obtain that

|ER| =
m∏
α=1

Rα ≺ N−mN−
1
2

∑
α hαΦ

∑
α

(∑h
k=1 hkα/2+

∑n
k=h+1 e

(o)
kα/2

)
.

Recall that
∑

α hα = h. Then to prove (3.158), it remains to show that

∑
α

(
h∑
k=1

hkα +
n∑

k=h+1

e
(o)
kα

)
≥ 4p. (3.162)

For k = 1, ..., h, using (3.161) and (3.152) we get that

m∑
α=1

hkα = 1 = deg(bk, P ).

For k = h+ 1, ..., n, using (3.160) and (3.156) we get that

m∑
α=1

e
(o)
kα = dego(bk, Q) ≥ deg(bk, P ).

With (3.152), we then conclude (3.162), which finishes our proof.
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