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Abstract

This dissertation is broken into two chapters. The first chapter considers the local
circular law for the product T'X where T is a deterministic N x M matrix and X
is a random M x N matrix with independent entries having zero mean and variance
(N A M)~'. We prove that if z is away from the unit circle, the empirical spectral
distribution(ESD) of T'X converges to xp(z)dA(z), where xp is a rotation-invariant
function determined by the singular values of T" and A denotes the Lebesgue measure
on C. The local circular law is valid around z up to scale (N A M)~Y/4+¢ for any € > 0.
Moreover, if |z| > 1 or the matrix entries of X have vanishing third moments, the local
circular law is valid around z up to scale (N AM)~Y/2%¢ for any € > 0. The second chapter
considers the convergence rate of the eigenvector empirical spectral distribution(VESD)
of sample covariance matrices to the Marchenko-Pastur (MP) distribution. We consider
sample covariance matrices of the form X X*, where X = (z;;) is an M x N random
matrix, whose entries are independent random variables with mean zero and variance
N~!. We show that, under the finite 6th moment condition, the Kolmogorov distance
between the expected VESD and the MP distribution is of order at most N~'*¢ for any
fixed € > 0; under the finite 8th moment condition, the convergence rate of the VESD
is O(N~1/2%¢) almost surely for any fixed ¢ > 0. Both of the works are joint with Fan

Yang and Jun Yin.
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Chapter 1

Introduction

The study of random matrices dates back to Wishart’s work [67] in the area of multi-
variate statistics in the 1920’s. It became influential in the 1950’s by the work of Wigner
in the area of nuclear physics, where he produced the idea of using large random matri-
ces to model statistical properties of the energy levels [66]. Since then random matrix
problems attracted considerable attention in theoretical physics as well as mathematics
community, and many essential tools helping to analyze properties of random matrices
were developed. Among the interesting random matrix properties, one focus is the study
of the empirical spectral distribution(ESD) of large random matrices. In the remainder
of the introduction, we will briefly overview the types of matrix models people have
studied on this problem. In Chapter 2 and 3, there are more detailed introduction to

the questions considered there.

1.1 Classical matrix models

1.1.1 Wigner semicircle law

For a N x N Hermitian random matrix Xy, the ESD of X is defined as

1
Hxy = Nzé)‘i
i=1



where A1, A2, ..., Ay are the eigenvalues of Xy. In other words, ux, (I) counts the
number of eigenvalues of Xy in I. If the upper-triangular entries X;; ¢« > j are iid
random variables with mean 0 and variance 1, and the diagonal entries X;; are iid
real random variables that are independent of the upper-triangular entries, and has
bounded mean and variance, then we call Xy a Wigner matrix. Some Wigner matrix
ensembles of special interest are Gaussian orthogonal ensembles(GOE), Gaussian unitary
ensembles(GUE). Their names are derived from Dyson’s categorization of random matrix
ensembles by symmetry class [17].

Let Xy be an ensemble of Wigner matrices, after scaling by 1/ VN (so the operator
norm has typical size 1), it is well known that The ESD of \/—INX N converges weakly to

the Wigner semicircle distribution

1
d,usc = % \% (4 - |Z’|2)+dﬂf

One approach to derive this result is the Stieltjes transform method, which starts

with the identity

1 1 1 -
The left hand side of the above equation is the Stieltjes transform of u Xy and
N

(Xn/V/N — 2I)~" on the right hand side is called the resolvent of \/LNX ~. Using the

Schur’s complement, we can get the self-consistent equation

where m, is the Stieltjes transform of the semicircle law pg.. One can solve the above

equation explicitly and use inverse Stieltjes transform to obtain the exact form of p..



Moreover, we can get a local version of the semicircle law from the Stieltjes transform

method. Note that the imaginary part of the left side of (1.1)) (let z = E + in) is

| s g (@)

R (z—EP?+n? "N

If we choose 7 to be sufficiently small, then the above quantity estimates the density of
eigenvalues in a scale of order n around E. In [24], Erdos, Schlein, and Yau proved such
a local law up to scale N~ for any € > 0. Later together with Knowles and Yin, they
also produced a series of papers [25] 26, 29] 27, 28] B1], 30, 22] where the local law was

applied to solve various problems.

1.1.2 Marchenko-Pastur (MP) law

The counterpart of the semicircle law for covariance matrix is called Marchenko-Pastur
(MP) law, which is proved by Marchenko and Pastur[48]. Given a M x N i.i.d. matrix
X and EX;; = 0, E|X;;|* = 1/N. Assume M/N — k, the limiting ESD of X X* is the
Marchenko and Pastur law:

1 VO —2)(x— )

d = —
HMmPp 2 kx

1[)\77/\+]d33' + (1 - k71)+§odx

where A_ = (1 — v/k)%, Ay = (14 vk)%. One can obtain the self consistence equation
for the Stieltjes transform m, of the limiting distribution p/p

(d, z) + ! =0
el =) (1 —d)+ zd'm.(d,z)

Then by applying the inverse Stieltjes transform we can get the exact form of the MP
law. The local law for the covariance matrix is also proved in [24] and simultaneously
in [12]. In [44], Knowles and Yin proved the local law for the covariance matrix of the

form TX XTT?, where T is some deterministic matrix.



1.1.3 Circular law

The study of the eigenvalue spectral of non-Hermitian random matrices goes back to
the celebrated paper [33] by Ginibre, where he calculated the joint probability density
for the eigenvalues of non-Hermitian random matrix with independent complex Gaus-
sian entries. The joint density distribution is integrable with an explicit kernel (see
[33, [49]), which allowed him to derive the circular law for the eigenvalues. For the
Gaussian random matrix with real entries, the joint distribution of the eigenvalues is
more complicated but still integrable, which leads to a proof of the circular law as well
18, 18, 32, [61].

For the random matrix with non-Gaussian entries, there is no explicit formula for the
joint distribution of the eigenvalues. However, in many cases the eigenvalue spectrum of
the non-Gaussian random matrices behaves similarly to the Gaussian case as N — oo,
known as the universality phenomena. More precisely, consider an N x N iid matrix Xy
whose entries have mean zero and variance one, the circular law states that the ESD of

\/LNX N converges to the circular law

1
d,ulcirc = ; 1|Z\§1 dA(Z)’

where A is the Lebesgue measure on C.

A key step in this direction is made by Girko in [34], where he partially proved the
circular law for non-Hermitian matrices with independent entries. The crucial insight of
the paper is the Hermitization technique, which allowed Girko to translate the conver-

gence of complex empirical measures of a non-Hermitian matrix into the convergence of



logarithmic transforms for a family of Hermitian matrices, or, to be more precise,
Trlog[(X — 2)"(X — 2)] = log [det((X — 2)T(X — 2))], (1.2)

with X being the random matrix and z € C. Due to the singularity of the log function
at 0, the small eigenvalues of (X — 2)T(X — 2) play a special role. The estimate on the
smallest singular value of X — 2z was not obtained in [34], but the gap was remedied later
in a series of paper. Bai [2, 4] analyzed the ESD of (X — 2)7(X — z) through its Stieltjes
transform and handled the logarithmic singularity by assuming bounded density and
bounded high moments for the entries of X. Lower bounds on the smallest singular
values were given by Rudelson and Vershynin [55], 56], and subsequently by Tao and Vu
[62], Pan and Zhou [52] and G6tze and Tikhomirov [36] under weakened moments and
smoothness assumptions. The final result was presented in [65], where the circular law

is proved under the optimal L? assumption.

1.2 Anisotropic local law

We denote the resolvent of a N x N Hermitian matrix H by R(w) := (H —w)~!, where
w = E + 11 is a spectral parameter with positive imaginary part . Then the Stieltjes

transform of the ESD of H is equal to N~!Tr R(w), and we have the convergence estimate
N~'Tr R(w) =~ me(w) (1.3)

with high probability for large N. Here m, is the Stieltjes transform of the asymptotic
eigenvalue distribution. The convergence in (1.3) is referred to as the averaged law. By
taking the imaginary part of ([1.3), we have seen that a control of the Stieltjes transform

yields a control of the eigenvalue density on a small scale of order n around E (which



contains an order nNN eigenvalues). A local law is an estimate of the form for all
n > N~!. Such local laws have been a cornerstone of the modern random matrix theory
(see [24] for local semicircle law and [I0] for local circular law ).

For the questions in Chapter 2 and 3, it turns out the averaged local law from is
not sufficient. We have to control not only the trace of R(w), but also the matrix R(w)
itself by showing that R(w) is close to some deterministic matrix II(w), provided that
n > N~'. This closeness can be established in the sense of individual matrix entries
R;j(w) ~ 1I;;(2) (see e.g. [10} [30]). We call such an estimate an entrywise local law.

More generally, we can establish it for generalized matriz entries (see [6l 43]):
(v, R(w)u) = (v,II(w)u), n> N1 V|vs,||ulz= 1. (1.4)

We call the estimate in (1.4) an anisotropic local law. (If II is a scalar matrix, ([1.4))
is also referred to as an isotropic local law, in the sense that R(w) is approximately
isotropic for large N.) Such an anisotropic local law is the key ingredient in proving the

problems in Chapter 2 and 3.



Chapter 2

Local circular law for T'X

2.1 Introduction

2.1.1 Local circular law

The history of circular law was briefly introduced in the first chapter, those works studied
the circular law in the global regime, i.e. the convergence of ESD on subsets containing
nN eigenvalues for some small constant 7 > 0. Later in a series of papers [10, 11} [72],
Bourgade, Yau and Yin proved the local version of the circular law up to the optimal
scale N~1/2t¢ under the assumption that the distributions of the matrix entries satisfy
a uniform sub-exponential decay condition. In [64], the local universality was proved
by Tao and Vu under the assumption of first four moments matching the moments of a

Gaussian random variable.

2.1.2 The matrix model in this chapter

In this chapter, we study the ESD of the product of a deterministic N x M matrix
T with a random M x N matrix X, where we assume N ~ M. In Figure [I} we plot
the eigenvalue distribution of T'X when 7" have two distinct singular values (except the

trivial zero singular values). The goal of this chapter is to prove a local circular law for
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Figure 1: The eigenvalue distribution of the product T X of a deterministic N x M
matrix 7" with a Gaussian random M x N matrix X. The entries of X have zero mean
and variance (N A M)~ and TT" has 0.5(N A M) eigenvalues as 2/17 and 0.5(N A M)
eigenvalues as 32/17. (a) N = M = 1000. (b) N = 1000, M = 2000. (c¢) N = 1500,

M = 750.

the ESD of T'X at any point z away from the unit circle. Following the idea in [10], the
key ingredients for the proof are (a) the upper bound for the largest singular value of
TX — z, (b) the lower bound for the least singular value of TX — z, and (c) rigidity of
the singular values of T X — z. The upper bound for the largest singular value can be
obtained by controlling the norm of T'X — 2z through a standard large deviation estimate
(see e.g. [13] 147, 57] and ) The lower bound for the least singular value of TX — z
follows from the results in e.g. [56] and [62] (see also Lemma [2.2.23). Thus the bulk of

this work is devoted to establish (c).

2.1.3 Basic ideas

To obtain the rigidity of the singular values of Tz — 2z, we study the ESD of @ :=

(TX —2)1(TX —2) using Stieltjes transform as in [10]. We normalize X so that its entries



have variance (N AM)~!. Then Q is an N x N Hermitian matrix with eigenvalues being
typically of order 1. We denote its resolvent by R(w) := (Q —w)~!, where w = E +in is
a spectral parameter with positive imaginary part 7. Then the Stieltjes transform of the
ESD of Q is equal to N~'Tr R(w). Let m. be the Stieltjes transform of the asymptotic
eigenvalue distribution. We have seen that the estimate N 7' Tr R(w) & m.(w) is referred
as the averaged law. In [10], a local law for the resolvent of (X —z)T(X —z) was established
to prove the local circular law.

In generalizing the proof in [10] to our setting, a main difficulty is that the entries of
TX are not independent. We will use a new comparison method proposed in [44], which
roughly states that if the local laws hold for R(w) with Gaussian X, then they also hold
in the case of a general X. For definiteness, we assume N = M for now, and T is a
square matrix with singular decomposition T'= UDV. For a Gaussian X = X% we
have V X Gaussr £ X Gauss where X is another Gaussian random matrix. Then for the

determinant in ((1.2)),
det(TXC% — 2)=det(DV XU — z) £ det(DX G — 7). (2.1)

The problem is now reduced to the study of the singular values of DX — > which
has independent entries. Notice the entries of DX are not identically distributed,
which will make our proof much more complicated. However, this issue can be handled,
e.g. as in [22], where a local law was obtained for generalized Wigner matrices with
non-identically distributed entries.

To use the comparison method invented in [44], we will need the anisotropic local
law of the form . Here we outline the three steps to establish the anisotropic local

law for Q = (TX — 2)/(TX — 2): (A) the entrywise local law and averaged local law
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when 7 is diagonal (Theorem [2.2.18)); (B) the anisotropic local law when 7' is diagonal
(Theorem [2.2.18)); (C) the anisotropic local law and averaged local law when T is a
general (rectangular) matrix (Theorem [2.2.19)).

In performing Step (A), our proof is basically based on the methods in [I0]. However,
our multi-variable self-consistent equations and their solutions are much more compli-
cated here. Thus a key part of the proof is to establish some basic properties of the
asymptotic eigenvalue density and prove the stability of the self-consistent equations
under small perturbations. These work need some new ideas and analytic techniques
(see Appendix. In performing Step (B), we applied and extended the polynomializa-
tion method developed in [6] section 5]. Finally, as remarked around (2.1)), (B) implies
the anisotropic local law for a Gaussian X and a general T'. Based on this fact we per-
form Step (C) using a self-consistent comparison argument in [44]. With the averaged
local law proved in Step (C), we can prove the local circular law for TX. In general,
the averaged local law we get is up to the non-optimal scale n > (N A M)~'/2. As a
result, we can only prove the local circular law for TX up to the scale (N A M )_1/ dre A
new observation is that the non-optimal averaged local law can lead to the optimal local
circular law for T'X outside the unit circle (i.e. |z| > 1) (see Section [2.2.4). To prove
the optimal local circular law inside the unit circle (i.e. |z| < 1), we need the optimal
averaged local law up to the scale n > (N A M)~!, which can be obtained under the

extra assumption that the entries of X have vanishing third moments.
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2.1.4 Conventions

The fundamental large parameter is N and we assume that M is comparable to N (see
(2.2))). All quantities that are not explicitly constant may depend on N, and we usually
omit N from our notation. We use C' to denote a generic large positive constant, which
may depend on fixed parameters and whose value may change from one line to the next.
Similarly, we use c or € to denote a generic small positive constant. If a constant depend
on a quantity a, we use C'(a) or C, to indicate this dependence. We use 7 > 0 in various
assumptions to denote a small positive constant, and use (, 7" to denote constants that
depend on 7 and may be chosen arbitrarily small. All constants C', ¢ and € may depend
on 7; we neither indicate nor track this dependence.

For any (complex) matrix A, we use At to denote its conjugate transpose, A7 the
transpose, ||A|| the operator norm and ||A||gs the Hilbert-Schmidt norm. We use the
notation v = (v;)I, for a vector in C", and denote its Euclidean norm by |v| = ||v||.
We usually write the n x n identity matrix I, as 1 without causing any confusions.

For two quantities Ay and By > 0 depending on N, we use the notations Ay =
O(By) and Ay ~ By to mean |Ay| < CBy and C~ !By < |Ay| < CBy, respectively,
for some positive constant C' > 0. We use Ay = o(By) to mean |Ay| < c¢yBy for some
positive constant ¢y — 0 as N — oo. If Ay is a matrix, we use the notations Ay =

O(By) and Ay = o(By) to mean ||Ay|| = O(By) and ||Ax|| = o(By), respectively.

2.1.5 Outline of this chapter

The majority of this chapter is devoted to the proof of Theorem [2.2.18 and Theorem

2.2.19 In Section 2.3 we collect the basic tools that we shall use in the proof. In Section
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2.4 we perform step (A) of the proof by proving the entrywise local law and averaged
local law in Theorem [2.2.18) under the assumption that 7" is diagonal. We first prove
a weak version of the entrywise local law in Sections [2.4.152.4.3] and then improve the
weak law to the strong entrywise local law and averaged local law in Sections [2.4.412.4.5]
In Section we perform step (B) of the proof by proving the anisotropic local law in
Theorem [2.2.18| using the entrywise local law proved in Section [2.4. Finally in Section
2.6 we finish the step (C) of the proof, where using Theorem [2.2.18] we prove Theorem

2.2.19 with a self-consistent comparison method.

2.2 Main results

In this section, we state and prove the main result of this chapter. In Section [2.2.1] we
define our model and list our main assumptions. In Section [2.2.2] we first define the
asymptotic eigenvalue density py. of Q = (T'X — 2)"(TX — z), and then state the main
theorem—Theorem [2.2.61—of this chapter. Its proof depends crucially on local estimates
of the resolvent of @, which are presented in Section [2.2.3] In Section we prove

Theorem [2.2.6] based on the local estimates stated in Section 2.2.3]

2.2.1 Definition of the model

In this chapter, we want to understand the local statistics of the eigenvalues of T X — 21,
where T is a deterministic N x M matrix, X is a random M x N matrix, z € C and [

is the N x N identity matrix. We assume M ~ N, i.e.

T <

==

<7t (2.2)
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for some small constant 7 > 0. We assume the entries X;, of X are independent (not

necessarily identically distributed) random variables satisfying

1

for all 1 <¢ < M,1 < pu < N. For definiteness, in this chapter we only focus on the
case where all the X entries are real. However, our results and proofs also hold, after
minor changes, in the complex case if we assume in addition EXZ?H =0 for X;, € C. We

assume that for all p € N, there is an N-independent constant C), such that
E|VNAMX;,|P <C, (2.4)

forall 1 << M, 1 < pu < N. We define X := TT?, and assume the eigenvalues of ¥
satisfy that

TI>01>00> > oNm ST (2.5)

and all other eigenvalues are 0. Furthermore, we can normalize T" by multiplying a scalar

such that
NAM

1
N d oi=1 (2.6)
=1

We summarize our basic assumptions here for future reference.

Assumption 2.2.1. We suppose that , , , and @ hold.

2.2.2 Main theorem

To state the main theorem, we need to define the asymptotic eigenvalue density function
for (). We first introduce the self-consistent equations, then the asymptotic eigenvalue

density will be closely related to their solutions. Let
NAM

1
P = ; S, (2.7)
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denote the empirical spectral density of 3. Let n := |supp px| be the number of distinct

nonzero eigenvalues of ¥, which are denoted as
Th > >8> >8, > T (2.8)

Let [; be the multiplicity of s;. By (2.6]), I; and s; satisfy the normalization conditions

1< I
I =1, l;s; = 1. 2.9
NAM ; NAM ; § (2:9)
For each w € C; := {w € C : Imw > 0}, we define the self-consistent equations of
(mq, msy) as
! (14m1)+ £ (2.10)
— =—w m )
meo ! 1 + my ’
! zn:l (1+ ) + A | (2.11)
my = — isi —Ww Sim .
N i=1 i 1+my
If we plug (2.10) into (2.11]), we get the self-consistent equation for m; only:
-1
1 2”:[ 1+ i oI (2.12)
m, = — iSi | —W 3 .
N i=1 —’(U(].‘f“ml)‘i‘% 1+m1

The next lemma states that the solution to the functional equation (2.12)) in C, is unique

if 2z is away from the unit circle. It will be proved in Appendix [2.7.3

Lemma 2.2.2. Fiz z € C such that |z| # 1. For w € C, there exists at most one
analytic function my. . x(w) : C; — C, such that holds and wmy, . x(w) € C,.
Moreover, mi..x n(w) is the Stieltjes transform of a positive integrable function p;. with

compact support in [0,00).

We shall abbreviate my.(w) = mi.,x(w). We also define mao.(w) := ma . n(w)

by taking m; = mi.(w) in (2.10). Obviously, my. is also an analytic function of w.
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Moreover, for any w € C; we can verify that mo.(w), wms.(w) € Cy by using ([2.10)

and that my., wmq. € C,. We define two functions on R as

1
c = —liml ¢ n), € R. 2.13
p1,2¢() - n{‘% mmy oc(x + 1), ( )

It is easy to see that p; 2. > 0 and supp(p12.) C [0, 00). Moreover, supp pa. = supp pi. by
(2.10)). We shall call py,. the asymptotic eigenvalue density of Q = (T X —2)1(T X —z) (for
a reason that will be made clear during the proof in Section [2.4)). Since Im(wma.) > 0,

we have
El

— | < —Imw,
1+mlc

Im [—w (1 + s;mae) +

and (2.11)) gives |mi.] < 1/Imw — 0 as Imw — oo. Similarly, |ma.| < 1/Imw — 0 as

Imw — oco. Thus my o.(w) is indeed the Stieltjes transform of p; 5.

mmc(w):/Rpl’Q—c(x)dx. (2.14)

T —w
We now state the basic properties of p;. and py., which can be obtained by studying
the solutions my o.(w) to the self-consistent equations (2.10)) and (2.12)) when w € (0, 00).

Here we extend the definition of m; 5. continuously down to the real axis by setting
myoc(x) = lim my o.(z +in), x € R.
7™\0

As a convention, for w € C,, we take \/w to be the branch with positive imaginary

part. Denote m := \/w(1+my) and m, := y/w(1 + my.). Equation (2.12)) then becomes

f(Ww,m) =0, (2.15)

where

m(m? — |z|*)
Vwm3 — (s; + |z[2)m2 — Jw|z|*m + |2|*

f(\/aam):_\/w_l'm‘{'%zlisi (2.16)
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The following lemma gives the basic structure of supp p12.. Its proof will be given in

Appendix 2.7.1]

Lemma 2.2.3. Fiz 7 < ||2|> = 1| < 77'. The support of p1a. is a union of connected

components:

supp p1,2¢ N (0, +00) = ( U [e%,ezkl]> N (0, 00), (2.17)

1<k<L

where L = L(n) € N and Ci77! > e > ey > ... > ey > 0 for some constant C; > 0
that does not depend on 7. If |2|* <1 — 17, we have ear, = 0; if 1 +7 < |22 < 14771,
we have ey, > €(T) for some constant €(1) > 0. Moreover, for every e; > 0, there exists

a unique me(e;) such that

Om f(Vei, me(e;)) = 0. (2.18)

We shall call e; the edges of pya.. For any w € (0,00) and 1 < ¢ < n, the cubic
polynomial /wm? — (s; + |2|*)m? — yJw|z[*m + |z|* in (2.16)) has three distinct roots
a;(w) > 0, bj(w) > 0 and —¢;(w) < 0 (see Lemma [2.7.1). Our next assumption on pyx,

and |z| takes the form of the following regularity conditions.

Definition 2.2.4. (Regularity) Fiz 7 < ||z|> — 1| < 771

(i) We say that the edge er, # 0, k= 1,...,2L, is reqular if

min {[me(ex) — ai(er)], [me(er) = bilex)]; Ime(er) + ci(er)[} = ¢, (2.19)

1<i<n
and
|02, f (Ver, me(ex))] > e, (2.20)

for some small constant ¢ > 0. In the case |z|* < 1—7, we always call ear, = 0 a reqular

edge.
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(i) We say that the bulk components [esy, eap_1] is regqular if for any fized 7/ > 0
there exists a constant c(1,7") > 0 such that the density of p1. in [ear + 7'5 €951 — 7'] is

bounded from below by c.

Remark 1: The edge regularity conditions (i) has previously appeared (may be in slightly
different forms) in several works on sample covariance matrices and Wigner matrices
[, 19], 38|, 44], [45], [50]. The conditions and guarantees a regular square-root
behavior of pi. near e, and ensures that the gap in the spectrum of p;. adjacent to ey

does not close for large N (Lemma [2.7.5):

: o> ‘
min le; —ex| > € (2.21)

for some constant ¢ > 0. The bulk regularity condition (ii) was introduced in [44]. It
imposes a lower bound on the density of eigenvalues away from the edges. Without it,
one can have points in the interior of supp p;. with an arbitrarily small density and our

arguments would fail.

Remark 2: The regularity conditions in Definition [2.2.4] are stable under perturbations
of |z|] and px. In particular, fix px, suppose the regularity conditions are satisfied at
z = z with 7 < ||z|* = 1] < 77'. Then for sufficiently small ¢ > 0, the regularity
conditions hold uniformly in z € {2z : ||z| — |20]| < ¢}. For a detailed discussion, see the

remark at the end of Section B.7.3

We will use the following notion of stochastic domination, which was first introduced
in [20] and subsequently used in many works on random matrix theory, such as [6} [7, [10,
211, 22], [44]. Tt simplifies the presentation of the results and their proofs by systematizing
statements of the form “¢ is bounded by ¢ with high probability up to a small power of

N,
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Definition 2.2.5 (Stochastic domination). (i) Let
E=(EMw):NeNueUM), (= (("™(u):NeNueUM)

be two families of nonnegative random variables, where UN) is a possibly N -dependent
parameter set. We say & is stochastically dominated by ¢, uniformly in w, if for any

(small) € > 0 and (large) D > 0,

sup P [¢M(u) > N¢(M ()] < NP

ueUW)
for large enough N > Ny(€, D), and we use the notation & < (. Throughout this chapter
the stochastic domination will always be uniform in all parameters that are not explicitly
fized (such as matriz indices, and w and z that take values in some compact sets). Note
that No(e, D) may depend on quantities that are explicitly constant, such as T and C, in
2.9), and (2.5).

(i) If for some complex family & we have |§| < (, we also write £ < ¢ or & = O<(().
We also extend the definition of O(-) to matrices in the weak operator sense as follows.
Let A be a family of complex square random matrices and ¢ a family of nonnegative
random variables. Then we use A = O-(() to mean |(v, Aw)| < (||v]|2||w]]2 uniformly
for all deterministic vectors v and w.

(iii) We say that an event Z holds with high probability if 1 — 1(Z) < 0.

In the following, we denote the eigenvalues of TX by p;, 1 < 7 < N. We are now

ready to state our main theorem, i.e. the generalized local circular law for T'X.

Theorem 2.2.6 (Local circular law for T'X). Suppose Assumption holds, and
7 < |l2)* = 1] < 77! for any N (z can depend on N). Suppose ps (defined in )

and |zo| are such that all the edges and bulk components of p1. are reqular in the sense of
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Definition [2.2.], We assume in addition that each entry of X has a density bounded by
N for some Cy > 0. Let F be a smooth non-negative function which may depend on
N, such that ||F|lee < C1, [[F|lse < N and F(z) =0 for |z| > Cy, for some constant
Cy > 0 independent of N. Let F,, .(z) = K**F(K*(z — 2y)), where K := N AN M. Then

TX has (N — K) trivial zero eigenvalues, and for the other eigenvalues p;, 1 < j < K,

we have
1 - 1 > —1/242a
e > Fpaly) — = Flpa(2)Xn(2)dA(2) < K [AF| 11, (2.22)
j=1
for any a € (0,1/4]. Here
. L[~
Xp(2) = Z_l/ (log ) A, poc(z, 2)dz, (2.23)
0

where poe = pac.x is defined in . If14+71< |Zo|2 < 14771 or the entries of X

have vanishing third moments,
3 .
EX;, =0, 1<i<M,1<pu<N, (2.24)
then we have the improved result
1 & 1 - ~142a
ie Z Faalpy) — p Fiya(2)Xn(2)dA(z) < K [AF| L, (2.25)
j=1

for any a € (0,1/2]. If the entries of X are identically distributed, then the bounded

density condition is not necessary.

Remark 1: Note that F, ,(z) = K**F(K“(z — zp)) is an approximate delta function
obtained from rescaling F' to the size of order K% around z5. Thus (2.22)) gives a
generalized circular law up to scale K~/4%¢ while (2.25)) gives a generalized circular law

up to scale K~1/2*¢. The xp in (2.23) gives the distribution of the eigenvalues of TX. It
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is rotationally symmetric, because pa.(z, z) depends only on |z| (see (2.10]) and (2.11])).

If TT*=1or T*T =1 (i.e. all the nontrivial singular values of T" are equal to 1), then
Xp becomes the indicator function yp on the unit disk D, and we get the well-known
local circular law for X (see [10] for the T' = I case). For a general T', we do not have
much understanding of xp so far. This will be one of the topics of our future study.
Also, we have assumed that z is strictly away from the unit circle. Our proof may be
extended to the |z — 1| = o(1) case if we have a better understanding of the solutions

mi ¢

Remark 2: As explained in the Introduction, our strategy is first to prove the anisotropic
local law for the resolvent of () when X is Gaussian, and then to get the anisotropic
local law for a general X through a comparison with the Gaussian case. Without ,
our comparison arguments cannot give the anisotropic local law up to the optimal scale,
so we can only prove the weaker bound . We will try to remove this assumption

in the future work.

Remark 3: If the entries of X are identically distributed, then it was proved in [71] that
the smallest singular value of TX — z is larger than N~17¢ with high probability for any
€ > 0. Otherwise, we need the extra bounded density condition, which is only used in

Lemma [2.2.23| to get a lower bound for the smallest singular value of T'X — z.

We conclude this section with two examples verifying the regularity conditions of

Definition 2.2.41

Example 2.2.7 (Bounded number of distinct eigenvalues). We suppose that n is fized,
and that si,. .., s, and ps({s1}),...,ps({sn}) all converge as N — co. We suppose that

limy e, > limy extq for all k, and furthermore for all ey, we have 97, f(\/ex, me(ex)) # 0.
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Then it is easy to check that all the edges and bulk components are reqular in the sense

of Definition for small enough .

Example 2.2.8 (Continuous limit). We suppose px, is supported in some interval [a,b] C
(0,00), and that ps, converges in distribution to some measure ps, that is absolutely
continuous and whose density satisfies T < dpso(E)/dE < 77! for E € la,b]. Then
there are only a small number (which is independent of n) of connected components for
supp p1e, and all the edges and bulk components are reqular. See the remark at the end

of Section |2.7.1].

2.2.3 Hermitization and local laws for resolvents

In the following, we use the notation
Y=Y, =TX —zI, (2.26)

where I is the identity matrix. Following Girko’s Hermitization technique [34], the first
step in proving the local circular law is to understand the local statistics of singular
values of Y. In this subsection, we present the main local estimates concerning the
resolvents (Y'Y — w)_l and (YTY — w)_l. These results will be used later to prove
Theorem 2.2.6]

Our local laws can be formulated in a simple, unified fashion using a 2N x 2N block

matrix, which is a linear function of X.

Definition 2.2.9 (Index sets). We define the indez sets

T,:={1,.,N}, M .={1,... M}, Z,:={N+1,...2N}, ZT:=T,UI,, IM .=1MUZ,.



22

We will consistently use the latin letters i,j € T, or I, greek letters p,v € Iy, and

s,t € Z. We label the indices of the matrices according to
X=X, i€ pel), T=(T;:i€,jeI).

When M = N, we always identify M with T,. Fori € T, and u € I, we introduce the

notations i :=i+ N € Iy and i := p— N € I.

Definition 2.2.10 (Groups). For an I x I matriz A, we define the 2 x 2 matrices Ay
as
Agj Agj

We shall call Ay a diagonal group if i = j, and an off-diagonal group otherwise .
Definition 2.2.11 (Linearizing block matrix). For w := E +in € C,, we define the
I x T matriz
—wl  wY?Y
H(w)=H(T, X, z,w) := : (2.28)
w2yt —wl

where we take the branch of \/w with positive imaginary part. Define the T x T matriz
G(w)=G(T, X, z,w) := H(w) ™, (2.29)

as well as the I, x I and Iy X Ty matrices

1

Go(w) = (YYT—w)™", Grlw)= (YTY —w) ™. (2.30)

Throughout the rest of this chapter, we frequently omit the argument w from our nota-

tions.
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By Schur’s complement formula, it is easy to see that

& w) G wY2GY wYGRYT —w™ T w Y2YGp
w == —
wYtG, wlYTGLY — w1 wV2GRYT Gr
(2.31)

Therefore a control of G immediately yields controls of the resolvents G and Gg.
In the following, we only consider the N < M case. The N > M case, as we will see,
will be built easily upon N < M case. We introduce a deterministic matrix II, which

will turn out to be close to G with high probability.

Definition 2.2.12 (Deterministic limit of G). Suppose N < M and T has a singular

decomposition
T=UDV, D= (D,0), (2.32)
where D = diag(dy,ds, ..., dy) is a diagonal matriz. Define . to be the 2 x 2 matriz
such that
. —w(1 + |d;]*ma.) —w'/?z
(mee) = . (2.33)
—wl/?z —w(1+my,.)

Let 114 be the 2N x 2N matriz with (I1g)pg = e and all other entries being zero. Define

U 0 U 0 —(1 + mye)A(X) w2z A(Y)
=103, z,w) = I, =
0 U 0 Uf w2ZA(E) — (14 meX)A(E)
(2.34)

where ¥ = TTT and A(X) = [w(1 4+ meX) (1 + my.) — ‘Z|2]_1 .

Definition 2.2.13 (Averaged variables). Suppose N < M. Define the averaged random

variables

mo= 3 (56),, me= 1 3 (50),,, (2.35)

1€1y peLs
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where

Y= : (2.36)
Define ;) to be the 2 X 2 matrixz such that

_ 12 _an1/2
(m) ' = o) e (2.37)
—w'/?z —w(1+my)

Remark: Note that under the above definition we have

1 1
Mo = NTTGR = NTIGL’

which is the Stieltjes transform of the empirical eigenvalue density of YYT and YTY.
Moreover, we will see from the proof that m, 9. are the almost sure limits of m; o as

N — oo with

M= 30 (ST, e = 37 (S, (2.38)

i€y nELy

The following two propositions summarize the properties of p; 2. and m; 9. that are
needed to understand the main results in this section. They will be proved in Appendix

2.7 In Fig.[2, we plot py. for the example from Fig.[] for different values of z.

Proposition 2.2.14 (Basic properties of p19.). The density pi. is compactly supported
in [0,00) and the following properties regarding p1. hold.

(i) The support of pi. is UlSkSL(n)[egk,egk,l] where e; > ey > ... > ey, > 0. If
1+7 < |22 <1+ 717Y then ear > € for some constant € > 0; if |2|> < 1 — 7, then
eor, = 0.

(ii) Suppose [ear, €ar—1] is a reqular bulk component. For any 7" > 0, if x € [egy +

T/ eap_1 — 7], then pr(z) ~ 1.
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|z|=1.2

Figure 2: The densities po.(z,2z) when |z| = 0.5, 0.75, 1.2, 1.5. Here py = 0.55\/% +

(111) Suppose e; is a nonzero regular edge. If j is even, then pi.(z) ~ /T —e; as
x — e; from above. Otherwise if j is odd, then pi.(x) ~ \/e; —x as x — e; from below.
(iv) If |2)> < 1 — 7, then pio(x) ~ 7% as x \ esp = 0.

The same results also hold for pa.. In addition, ps. is a probability density.

Proposition 2.2.15. The preceding proposition implies that, uniformly in w in any

compact set of C,

[ 2e(w)| = O(fw|~V2). (2.39)

Moreover, if 1+7 < |2|> < 14771, then |mya.(w)| ~ 1 for w in any compact set of C;

if |22 <1 — 17, then |mya.(w)| ~ |w|™Y? for w in any compact set of C.

We will consistently use the notation E + in for the spectral parameter w. In this
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chapter, we regard the quantities F(w) and n(w) as functions of w and usually omit the
argument w. In the following we would like to define several spectral domains of w that

will be used in the proof.

Definition 2.2.16 (Spectral domains). Fiz a small constant ( > 0 which may depend

on 1. The spectral parameter w is always assumed to be in the fundamental domain
D=D(,N):={weCy:leyy <ES N o my |7 < <71, (2.40)
unless otherwise indicated. Given a regular edge ey, we define the subdomain
D; =D (¢, 7,N):={w e D((,N): |[E—e| <7, E >0} (2.41)
Corresponding to a reqular bulk component [eag, €a—1], we define the subdomain
D) =DV, 7,N):={w € D((,N): E € [eg + 7', €11 — 7'} (2.42)
For the component outside supp p1., we define the subdomain
D°=D°(¢,7',N) :={w € D((,N) : dist(E,supp p1.) > 7'} (2.43)
We also need the following domain with large n,
D, =D.(():={weC,: 0<E<( L n>(¢1Y, (2.44)
and the subdomain of D U Dy,
D =D((,N) == {weD(,N) i > NV my |1y UDL Q). (2.45)

We call S a reqular domain if it is a reqular D§ or DY domain, a D° domain or a Dy,

domain.
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Remark: In the definition of D, we have suppressed the explicit w-dependence. Notice

|72 as w — 0, we allow 1 ~ |w| ~ N72¥% in

that when |2]? < 1 — 7, since |ma.| ~ |w
D. In the definition of Df, the condition £ > 0 is only useful for the edge at 0 when

|22 <1 —7.

Now we are prepared to state the local laws satisfied by G defined in (3.27)). Let

Im (mye + mae) 1
U= U(w) = \/ m<m]1\[; M) | N (2.46)

be the deterministic control parameter.

Definition 2.2.17 (Local laws). Suppose N < M. Recall G = G(T, X, z,w) defined in
and I = 1I(X, z,w) defined in . Let S be a regular domain.

(i) We say that the entrywise local law holds with parameters (T, X, z,S) if
[G(T7 X,z,w) - H(Zazaw)]st = \Ij(w) (247)

uniformly in w € S and s,t € T.

(i) We say that the anisotropic local law holds with parameters (T, X, z,S) if
G(T, X,Z,U)) —H(E7Z,’UJ) = O< (\I/(UJ)) (248>

uniformly in w € S (recall Definition (ii)).
(iii) We say that the averaged local law holds with parameters (T, X, z,S) if

1
|mo(T, X, z,w) — mae(3, 2,w)| < No (2.49)

uniformly in w € S.

The local laws for G with a general T" will be built upon the following result with a

diagonal T
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Theorem 2.2.18 (Local laws when T is diagonal). Fiz 7 < ||z|*> — 1| < 7. Suppose
Assumption holds, N = M, and T = D := diag(dy, ...,dy) is a diagonal matriz.
Let S be a regular domain. Then the entrywise local law, anisotropic local law and

averaged local law hold with parameters (D, X, z,S).

Now suppose that N < M and T is an N x M matrix such that the eigenvalues of
Y satisfy (2.5)) and (2.6). Consider the singular decomposition 7' = UDV, where U is
an N x N unitary matrix, V is an M x M unitary matrix and D = (D,0) is an N x M

matrix such that D = diag(dy,ds, . ..,dy). Then we have
TX — 2=UDViX — 2, (2.50)

where V; is an N x M matrix and V5 is an (M — N) x M matrix defined through

Vi - .
V = CIf X = XGuss is Gaussian, then 1, X Gauss 2L X Gaussyy . where X@uss jg

Va
another N x N Gaussian random matrix. Then by the definition of G in (3.27)),

Gauss d v o v Gauss UT 0
G(T, X L2, W) = G(D, X L Z, W) . (2.51)

0 U 0o Ut

Since the anisotropic local law holds for G(D, X@4s5, z w) by Theorem [2.2.18 we get
immediately the anisotropic local law for G(T, X455 > w). The next theorem states
that the anisotropic local law holds for general T'X provided that the anisotropic local

law holds for T X Gauss

Theorem 2.2.19 (Anisotropic local law when N < M). Fiz 7 < ||z]° = 1] < 7.
Suppose Assumption holds and N < M. LetT = UDV be a singular decomposition

of T, where D = (D, 0) with D = diag(dy,ds, ...,dy). Let S be a regqular domain. Then
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the anisotropic local law and averaged local law hold with parameters (T, X, z,SN f)) If
in addition holds, then the anisotropic local law and averaged local law hold with
parameters (T, X, z,S).

Finally we turn to the N > M case. Suppose T' = UDV is a singular decomposition of

_ D
T, where U is an N x N unitary matrix, V' is an M x M unitary matrix and D =

0
is an N x M matrix such that D = diag(dy,ds,...,dy). Let U = (Uy, Us), where Uy

has size N x M and U, has size N x (N — M). Following Girko’s idea of Hermitization
[34], to prove the local circular law in Theorem when N > M, it suffices to study

det(TX — 2) (see (2.53)) below), for which we have

DVXU, —z DVXU
det(TX — z) = det ' Y| = det(VIDTUTXT — o) (=) VM,
0 —2
(2.52)
Comparing with (2.50)), we see that this case is reduced to the N < M case. The

only difference is that the extra (—z)" =™ term now corresponds to the N — M zero

eigenvalues of T'X. Thus we make the following claim.

Claim 2.2.20. The N < M case of Theorem[2.2.6 implies the N > M case of Theorem

2.2.4.

2.2.4 Proof of Theorem [2.2.6

By Claim [2.2.20} it suffices to assume N < M. Our main tool will be Theorem [2.2.19,
A major part of the proof follows from [10, Section 5|. The following lemma collects
basic properties of stochastic domination <, which will be used tacitly during the proof

and throughout this chapter.
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Lemma 2.2.21 (Lemma 3.2 in [6]). (i) Suppose that £(u,v) < ((u,v) uniformly in
ueU andv € V. If [V| < N© for some constant C, then

> &) <y ((u,w)

veV veV

uniformly in u.

(i) If & (u) < Ci(u) uniformly inuw € U and & (u) < Co(u) uniformly in u € U, then

&1 (u)€a(u) < G(u)Ga(u)

uniformly inu € U.
(iii) Suppose that W(u) > N~C is deterministic and &(u) is a nonnegative random

variable such that EE(u)? < N€ for all u. Then if £(u) < U (u) uniformly in u, we have
E&(u) < W(u)
uniformly in u.

The Girko’s Hermitization technique [34] can be reformulated as the following (see

e.g. [37]): for any smooth function g,

N

N 2 alm) = [ 20 > log(; = )(5; = AC)

= v [ e e @ty (v ] aa) = 1 [ B0t D log (2)4AC),

(2.53)

where 0 < \; < Ay < ... < Ay are the ordered eigenvalues of Y (2)Y(z). For g = F,, 4,

we use the new variable £ = N°%(z — zy) to write the above equation as

%;onﬂa(ﬂj) = N47: : /(AF)(é)leogAj(z)dA(g). (2.54)
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Define the classical location v;(z) of the j-th eigenvalue of Y (2)YT(z) by

T

OEETY ) WAETTEE A N ETES (255)

In fact, if y; lies in the bulk, then by the positivity of ps. we can simply define «y; through

e j
/0 pac(T)dr = N

By Proposition [2.2.14] we have that for any ¢ > 0,

< Z/ log ;(2) — log x| pac(x, 2)dx < N°

(2.56)

N
Zlog'yj N/ (log @) pac(w, 2)dx

for large enough N. Suppose we have the bound

Zlog Aj — Zlog”yj
J J

Plugging ([2.56)) and (| into , we get

1 N 2a
N Z on (MJ)
i=1

~< NP, (2.57)

- JL / (AF)(E) / m(log 2ol 2)drdA(E) + O (N2 AF 1)

1
 4r

Thus we obtain (2.22)) if we can prove (2.57)) for b = 1/2, and we obtain (2.25)) if we can
prove (2.57) for b = 0 when 147 < |z|> < 147! or when the assumption (2.24) holds.

F(e) / " (log 2)A pac(w, 2)ded A(E) + OL(N~2 | AFY,).

We need the following lemma which is a consequence of Theorem [2.2.19] Recall ([2.17)
and (12.21)), the number L of the connected components is of order 1 and each component
[eak, ear—1] contains order N of v;’s. We define the classical number of eigenvalues to the

left of ey, 1 < k < 2L, as
ek
N = [N/ pgc(m)—‘ . (2.58)
0

Note that NQL = 0, N1 = N and N2k+1 = Ngk, 1 S k S L—1.
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Lemma 2.2.22 (Singular value rigidity). Fiz a small e > 0.
(i) If the averaged local law holds with parameters (T, X, z,D({,N) N f)(C, N)) for
arbitrarily small C, then the following estimates hold. For any es, > 0 and Nop+ NV2te <

.j S N2k—1 - N1/2+67

A — i — Noj Nojq — 51\ *
A =l ]7.%| < (min{] ~ 2 2"“]\1[ ]}> N2, (2.59)
J

In the case |z|> < 1 — 7 with ear, = 0, we have for any NY/?*T¢ < j < Nyp_ — NV2+e,

i — s Noi o — i\ "L/3
J

Moreover, if 1 + 7 < |2|> <1+ 771, then for any fized 0 < ¢ < ey,
#{j:0< N\ <c} <1 (2.61)

(ii) If the averaged local law holds with parameters (T, X, z,D((, N)) for arbitrarily

small C, then the following estimates hold. For any es, > 0 and Nop + N© < 7 <

N1 — N°,
A — i — Nop Nopy — 51\ ?
A =% 37'%‘ —<<min{‘7 L ‘7}) N-L (2.62)
J
In the case |z|*> <1 — 7 with ear, = 0, we have for any N¢ < j < Ny — N€,
I Noo U3
A =l (—QLA} j) . (2.63)
i

Proof. The proof is similar to the proof of [10, Lemma 5.1]. See also [6], Theorem 2.10]

or [22, Theorem 7.6] O
Using ([2.59) and ([2.60]), we get that

A — s
> llog \; — log ;| < > i =%l e,

Noj+N1/2He<j<Nyj_ —N1/2+e Noj+N1/2+e<G<Noj,_y —N1/2He K

(2.64)
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By Theorem 2.10 of [6], there exists a constant C' > 0 such that
| X*X|| < C with high probability. (2.65)

Thus we have

N < IYIE < ATIX+ =) <1, 1<j <N (2.66)

Together with Lemma, [2.2.23| concerning the smallest singular value of TX — z, we get

2L
S floga] < NV (2.67)

k=1 |j—ex|<N1/2te

Since |log~;| < 1 by Proposition [2.2.14] we conclude

oL
Z Z llog \; — log ;| < N/, (2.68)

k=1 \j—ek\<N1/2+€

Combining ([2.64) and ([2.68]), we get for any € > 0,

> flogAj — log | < N2+ (2.69)

1<j<N

for large enough N. This implies for b = 1/2. If in addition the assumption (2.24))
holds, the averaged local law holds with parameters (T, X, z,D((, N)) for arbitrarily
small ¢ by Theorem Then we can prove for b = 0 using the better bounds
and .

Finally we show that when |29|*> > 1 + 7, with the bounds we can still prove
the estimate for b = 0. By the averaged local law and the definition of 7; in

(2.55)), we have
N

ZA —m_;%—m

uniformly in N=Y/2t¢ < n < N2 Taking integral of ( over n from N~Y/2+ to

\j — iNTY/2e N A, — N2
(7 — N~ 1/“6) Z (7 —zNW)

(2.70)

N2 we get

< 1. (2.71)
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Then we use (2.59) and the bound ({2.66]) to estimate that
N — iNY2
~ _iNL2

)\ —iN— 1/2+€
> o (2
Using 7; ~ 1, (2.61)) and (2.74)), we get

A — 4N~ 1/2+€
Soioe (M) zlog—

7=1

N
=< Z|(/\] —"}/j)N_l/2‘ =< NE.
j=1

Thus we conclude

< N°. (2.72)

)\ —iN~— 1/2+e€
<t [Ctog (M) - e

Aj>c Aj>c

<14 > (=) N7 < N* (2.73)

)\J‘ ZC

Combing (2.72)) and ( - we conclude ( - ) for b = 0.

If the entries of X are identically distributed, then instead of Lemma [2.2.23] we shall
use the results in [71] to get a lower bound for the smallest singular value of TX — z
(see Remark 3 below Theorem [2.2.6)). In particular, the bounded density condition for

the entries of X is not needed anymore. This concludes the last statement of Theorem

2.2.0l

Lemma 2.2.23 (Lower bound on the smallest singular value). If N < M and the entries

of X have a density bounded by N for some Cs5 > 0, then
|log \(2)| <1 (2.74)
holds uniformly for z in any fixed compact set.

Proof. We already have an upper bound for \;; see (2.66|). Hence to get (2.74)), we still
need to prove that

P(M(2) <e ™)< N© (2.75)
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for any €, C' > 0. By ([2.50]), we have that
TX —2=UDV,X — D 'U'2) = UDY (2).

Hence it suffices to control the smallest singular value of Y'(2), call it A;(z). Notice the
columns Y;, ..., Yy of }7(2) are independent vectors. From the variational characteriza-
tion

A (2) = min ||V (2)ul)?,

lul=1

we can easily get

A(2)V2 > N712 1glgi<nN dist (ffk,span{fﬁ,l + k;}) = N~1/2 lg}giglN ‘(Yfk, W)

. (2.76)

where uy, is the unit normal vector of span{Y;,l # k} and hence is independent of Y}.

By conditioning on ug, we get immediately that

P(A\y(2) < N-%0) < ON—Co/2HCs+3/2 (2.77)

which is a much stronger result than (2.75)). Here we have used Theorem 1.2 of [58] to

conclude that (Y, uy) for fixed uy, has density bounded by CN®. O

2.3 Basic tools

In this preliminary section, we collect various identities and estimates that we shall use

throughout the following.

Definition 2.3.1 (Minors). For J C Z, we define the minor HY) .= {H,; : s,t € T\ J},
and correspondingly G = (HY)™'. Let [J]:={s €T :s¢c Jorsc J}y. We shall
also denote HV! .= {H,; : s,t € T\[J]} and GV .= (HV)~1. We abbreviate ({s}) = (s),
({s,t}) = (st), [{s}] = [s] and [{s,t}] = [st].
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Notice that by the definition, we have HS(,;]) =0 and Gg‘t]) =0ifseJortel.

Lemma 2.3.2. (Resolvent identities).

(i) Fori € I, and p € Iy, we have

1 4 1
= _q — @yt T = T ()
a. w—w(YGUYT) G~ w—w(Y'G Y)uu' (2.78)
Fori# j €Iy and u # v € Iy, we have
Giy = wGiGS) (YGUYY) G = w6, G (VIG™Y) (2.79)
(ii) Fori € Iy and u € Iy, we have
Gy = GuGl) (~0'2Y, + w(YGY), )., (2.80)
_ (w) t i
G = GGV (—wl/ZYm. +w (YiG® )YT)W) . (2.81)
(i1i) Forr e€Z and s,t € T\ {r},
r G5 G 1 1 GorGrs
th) = Gst - t, — = ) — 0 . (282)
G”" Gss Gss GssGss Grr

(iv) All of the above identities hold for G\Y) instead of G for J C T.

Proof. All these identities can be proved using Schur’s complement formula. They have

been previously derived and summarized e.g. in [22] 23], 30]. ]
Lemma 2.3.3. (Resolvent identities for Gp;) groups).

(i) Fori € I,, we have

Gy = Huy = Y HiGlyy Hyg. (2.83)
k4
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Fori # j € I,, we have

Gl = =Gy Hin Gyl = = > Gl Hiy Gl (2.84)
Kt poy
_ i ] i
= —Gp HyipGpyy + Grp Y HanGiH Gy (2.85)
kiE{ig)

(ii) For k € I; and i,j € I, \ {k},

G[k]

(7]

= Gij) — Gin Gy Gl (2.86)
and
Gt = (M) Z GGGl G (G (2.87)
[44] [44] [i4] " [Pk] ™ (koK) K] [44] : :

(iii) All of the above identities hold for GV instead of G for J C T.

Proof. These identities can be proved using Schur’s complement formula. The details

are left to the reader. O
Next we introduce the spectral decomposition of G. Let
N
Y=Y V&
k=1

be the singular decomposition of Y, where A\; > Ay > ... > Ay > 0 and {&}, and

{¢z 1Y, are orthonormal bases of C** and C?2 respectively. Then by (2.31)), we have
il w2\ Nl

N
1
G(w) =
2 wANGE Gl

Definition 2.3.4 (Generalized entries). For v,w € C%, s € T and an T x T matriz A,

(2.88)

we shall denote
Avw = (V, Aw), Ay = (v, Aey), Asw = (€5, AW), (2.89)

where eg 1s the standard unit vector.
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Given vectors v € CI and w € C*2, we always identify them with their natural

v 0
embeddings and in CZ. The exact meanings will be clear from the

0 w
context.

Lemma 2.3.5. FizT > 0. The following estimates hold uniformly for any w € D({, N)U
D.(¢). We have
1G] < ™", 110.Gll < Cn 2. (2.90)

Let v € Ch and w € C%2, we have the bounds

S Gl = 3 Gl = (2.91)

HeLs pnels
ImGW

i€y 1€y

_ 1 Im Gyw
S 1Gwil? = 3 G = 1] Gy + 0 0] T (2.93)
€T el n

_ 1 ImGyy
S 1GlP = 3 Gl = ol Gy + @ o] T (2.94
nELs BEI> n

All of the above estimates remain true for G\ instead of G for J C T.

Proof. The estimates in (3.54)) follow from (2.88)). For any unit vectors x,y € C%, we

have

N (%, &) (G y
xny<Z ’:k_)u’j‘ ‘<l[

For any unit vectors x € CT' and y € C’2, we have

N 1 N )
.Gl = o3 VA M’f‘f'l(f’“’”‘ <> o (e +[ilw] ) =1

k=1

N 12 r N 21/2
Z!<x,5k>|2] [;\m\] =%.

k=1

where we have used that for w = E +in, |w|™"? v/Ar/|\x — w| < 7. For the other two

blocks of G, we can prove similar estimates. This gives the first bound in (3.54)). It is
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trivial to generalize the proof to 9, G, where ™2 comes from the (A, — w)™? factor of

O0wG. For (3.57)), we observe that

N 2

n )\k_ 1 )\k—E)2+T]2’

and by (Z:31),

Z |Grop]® = Z (w,Gre,) (e, Ghw) = <W, GRG}%W> Z )\k - . (2.95)

peIs HELs 77

Similarly, we can prove the identity for »_ ]G“W\2 and (3.55)). For (3.56), first we can
neELs

prove that 3 |Gwil® = 3 |Giwl|® using (2.88). Then we use (2.31) and (2.95) to get

i€y 1€T

that

S 1Guil? = Jwl (GRWYGg) = |w|™ [GR (VY — o) G;] o fw| (GRGE)WW

Zez_l WWwW WwW
_ _ _ _1 Im Gyw
— ] G + @ |10] (GRG;) — ] G + @ |w] T W (2.96)
Identity (3.58) can be proved in a similar way. O]

The following Lemma gives useful large deviation bounds. See Theorem B.1 and

Lemmas B.2-B.4 in [21] for the proof. See also Theorem C.1 of [22].

Lemma 2.3.6. (Large deviation bounds) Let (Xi(N)), (Y;(N)) be independent families
of random variables and (a%v)), (bl(-N)) be deterministic complex numbers. Suppose all

entries X ) and Y are independent and satisfy and (M Then we have the

following bounds:

s 1/2 1/2
ZleZ < lT, Z(I”Xzy; = ’]—7 Zainin = .

, — N — N ’
{ i,J i#]
(2.97)
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where, for simplicity of notation, we omitted the superscript (N) in the above expressions.
If the coefficients (al(-jj-v)) and (bEN)) depend on some parameter u, then all of the above

estimates are uniform in u.

We have stated some basic properties of p; 9. and m 9. in Lemma and Proposi-
tion Now we collect more estimates for m, o that will be used in the proof. The
next lemma is proved in Appendix 2.7.2] For w = E + in, we define the distance to the
spectral edge through

k= k(E) = G |E — ey (2.98)

Notice in the |z| < 1 case, we do not take into consideration the edge at ey, = 0.

Lemma 2.3.7. Fiz 7 > 0 and suppose 7 < ||z|> — 1| < 771, We denote w = E + in.

Case 1 Fiz 7" > 0. Suppose the bulk component [esx, ear_1] is reqular in the sense of

Definition m Then for w € DY(¢, 7/, N), we have

14+ mye| ~ Immy, ~ 1, |mac| ~ Immg. ~ 1. (2.99)

Case 2 Fiz 7" > 0. Then for w € D°((,7',N), we have

Immyge ~ 10, |1+ mi| ~1, |ma|~ 1. (2.100)

Case 3 Suppose ey, # 0 is a regular edge. Then for w € DY(C, 7', N), if 7/ > 0 is small

enough, we have

VE+T if £ € supp pi1 2
Immy g0 ~ T+ ma ~ 1, |mae| ~ 1. (2.101)

n/veE+n if E ¢ supppiac
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Case 4 Suppose |z|> < 1 — 1 so that esr, = 0. We take 7' > 0 to be small enough. Then

forw e DS, (¢, 7', N), if Imw > 7', we have
|1+ mi| ~ Immi. ~ 1, |mae| ~ Immag. ~ 1; (2.102)

if lw] < 27, we have

Vi i
mlc—z\/@—l—O(l), 2C_ﬁ(t+|z|2)+0<1)7 (2.103)

for some constant t > 0, and

Tm my 9. ~ |w| Y2 (2.104)
Case 5 For w € Dp((), we have
[mic] ~ Immye ~ =, |mae| ~ Immge ~ —. (2.105)
Ui n
In Cases 1-4, we have
|w (1 + simac) (1 +mae) — |2°| > ¢, (2.106)

where ¢ > 0 is some constant that may depend on T, 7" and (. In Case 5, we have
}w (14 s;mae) (1 4+ mye) — |z|2‘ >, (2.107)

Note that the uniform bounds (2.106)) and (2.107]) guarantee that the matrix entries of
IT(w) remain bounded. We have the following Lemma, which will be proved in Appendix

272

Lemma 2.3.8. In Cases 1-4 of Lemma |2.53.7, we have

el < Cluw| ™2, H(ﬂ-[i]c)_IH < Clw|?, (2.108)
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and in Case 5 of Lemma |2.5.7], we have

_ —1
||7Tmc|| S Cn 1, H(?T[i]c) S C’I]. (2.109)
For all the cases in Lemmal2.5.
Im I,y < Clm(my. + ma.), (2.110)

uniformly in w and any deterministic unit vector v € CZ.

The self-consistent equation (2.12)) can be written as
T(w,my) =0, (2.111)

where

1 & 14+ my > 2}‘1
T(w,my) = mi+— Lisi(1+my) [w | 1+ s; 14+my) — |z )
) =ty b 1){ ( ultrm ) T

(2.112)
The stability of (2.111)) roughly says that if Y(w,m;) is small and m(w’) — my.(w') is
small for w’ := w + iN 1%, then m;(w) — my.(w) is small. For an arbitrary w € D, we

define the discrete set
L(w) == {w}U{w € D:Rew = Rew,Imw’ € [Imw, 1] N (NN)}, (2.113)

Thus, if Imw > 1 then L(w) = {w}, and if Imw < 1 then L(w) is a 1-dimensional

lattice with spacing N~ plus the point w. Obviously, we have |L(w)| < N1°.
g

Definition 2.3.9 (Stability of (2.111))). We say that (2.111) is stable on D if the fol-

lowing holds. Suppose that N=2|my.| < 6(w) < (log N)~my.| for w € D and that 6 is

Lipschitz continuous with Lipschitz constant < N*. Suppose moreover that for each fized
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E, the function n — 6(E +in) is non-increasing for n > 0. Suppose that u; : D — C is
the Stieltjes transform of a positive integrable function. Let w € D and suppose that for
all w" € L(w) we have

1T (w, up)| < §(w). (2.114)
Then

&)
_ < - -7
o) = )] <€ e

for some constant C > 0 independent of w and N.

We say that (2.111)) is stable on Dy, if for 0 < §(w) < (log N) =Y my.|, (2.114)) implies

(2.115)

i (w) —mye(w)] < C6, (2.116)
for some constant C' > 0 independent of w and N.

This stability condition has previously appeared in [0, 10, [44]. In [44], for example,
the stability condition was established under various regularity assumptions. In the

following lemma, we establish the stability on each regular domain. The proof is given
in Appendix This lemma leaves the case |w|'/2+|z|?> = o(1) alone. We will handle

this case in a different way in Section [2.4.5

Lemma 2.3.10. Fiz 7 > 0 and let 7" > 0 be sufficiently small depending on 7. Let

T< |22 =1 <77

Case 1 Suppose the bulk component [ear, €a_1] is reqular in the sense of Definition m

Then (2.111) is stable on D8((, 7', N) in the sense of Definition .

Case 2 (2.111) is stable on D°((, 7', N) in the sense of Definition [2.5.9
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Case 3 Suppose e, # 0 is a reqular edge in the sense of Definition m Then (2.111]) is
stable on D(C, 7', N) in the sense of Definition .

Case 4 Suppose |z|*> <1 — 17 so that eyp, = 0. If |w|'/? + |2|? > € for some constant € > 0,

then (2.111)) is stable on DS, (¢, 7', N) in the sense of Definition .

Case 5 (2.111) is stable on Dy(C) in the sense of Definition [2.5.9

2.4 Entrywise local law when 7' is diagonal

In this section we prove the entrywise local law and averaged local law in Theorem [2.2.18
when T is diagonal. The proof is similar to the previous proofs of the entrywise local law
in e.g. [6, [7, 10), [44]. We basically follow the idea in [I0], and we will provide necessary
details for the parts that are different from the previous proofs.

The main novel observation of this section is that the self-consistent equations
and can be “derived” from the random matrix model by an application of Schur’s
complement formula. It is helpful to give a heuristic argument here. We introduce the

conditional expectation

Eql] =E[ | H],
i.e. the partial expectation in the randomness of the 7 and i-th rows and columns of H.
For the diagonal G;; group, we ignore formally the random fluctuations in to get
that

PG 0

B /2
o [1] — v v
G[iﬁ ~ By Hpwg) — Z B <H[ik]G[k” HW) B ) g
ki —w'?z —w K 0 Gk

=] s
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—w  —wl/?z |di[?ms 0
= —w

—w'?z —w 0 mq

, (2.117)

where we used the definitions of m; and my in (2.35). The 11 entry of (2.117) gives the

equation

]
Gii ~ m 29 (2118)
w (1 + |d;]*my) (1 4+my) — |2]

from which we get that

[2I*

~ 1.

Gy |—w (1 + |di*m2) + T

Summing over i and using that N1 > G = N1 Zu G = ma, the above equation

becomes
|2[*m
1+my

which gives (2.10). Multiplying ([2.118)) with |d;|* and summing over i, we get the self-

consistent equation (2.11]). In this section we give a justification of these approximations.

—w (mg + myms) + ~

9

Before we start the proof, we make the following remark. In this section we mainly
focus on the domain D. On the domain Dy, the proofs are much simpler and we only
describe them briefly. The parameter z can be either inside or outside of the unit circle.
Recall Lemma and Lemma [2.3.10] the domain D of w can be divided roughly into
four regions: w near a nonzero regular edge, w — 0, w in the bulk, or w outside the
spectrum. In this section we will only consider the case |z|?> < 1 — 7 since it covers all
four different behaviors of my 5.. Note that in this case |my o.(w)] ~ |w|~Y/? for w in any
compact set of C by Proposition [2.2.15] Also due to the remark above Lemma [2.3.10]
in Sections we assume |w|/2 + |z|? > ¢ for some ¢ > 0. We will handle the

lw|'? + |2|? = o(1) case in Sectionm
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2.4.1 The self-consistent equations

To begin with, we prove the following weak version of the entrywise local law.

Proposition 2.4.1 (Weak entrywise law). Fiz |2|> < 1—7 and a small constant ¢ > 0.
Suppose Assumption holds, N = M and T = D := diag(dy, ...,dy). Then for any

reqular domain S C D,

(G(w) = Tl(w))

max
,5€11

/4

1 |u4U2 1
L (e 2.119
|w|1/2< Ny (2.119)

for all w € S such that |w|"? + |z|> > c¢. For w € Dy, we have

[¢4]

1 /1
<=y =. (2.120)

max 1 N

i,J€I1

(G(w) = T(w))

[44]
For the purpose of proof, we define the following random control parameters.

Definition 2.4.2 (Control parameters). Suppose N = M andT = D := diag(dy, ...,dN).
We define

A := max
imjel-l

. (2.121)

(G =1

(G —10)

, A, := max

i#ieT, [¢4]

For J C I, define the averaged variables m(l‘]2) (m[l‘]%) by replacing G in (2.35) with GJ)

(GV1) ie.

J 1 J J 1
m{" = NZW?G;), m’ = NZG};{). (2.122)
i¢J ugJ

The averaged error and the random control parameter are defined as

IIH (mlc + m26> -+ Q
Nn

1
0 = |mi —mic| +[m2 —ma| and Vg := \/ + N (2.123)
U

respectively.
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Remark: By (2.5)), we immediately get that
TIm mg‘]) < Im mg‘]) <7 'Im mg‘]), (2.124)

and 0 = O(A), since |m; — my.| < 771A and |my — my.| < A.

we inerduce the Z \/ariables:
-1
J J

By the identity (2.83]) we have

. —w—w|di|2m[2ﬂ —wl/?
EyGpy + 2 = + 2, (2.125)

—w'/?z —w — wmy

Gy =

[dif*my’ — |di* (XG¥XT), w '2d X — (DXGUDX)
Zy = w ) " | s 2126
w24 x5 — (xtptalixtph) il - (XtDIGHDX)

Lemma 2.4.3. For J C I, the following crude bound on the difference between m, and

m (a =1,2) holds:
ml)| < clJ|

=12 2.127
a N’I7 a r= ( )

[ma
where C'= C(71) is a constant depending only on .

Proof. For v € 7, we have

1 QGkiGz’k
N > Jdy .

kel

7~ Im Gy 1

| zk|2 = 7
N|Gn’ Z N77 ‘Gu’ Nn

kel

mi?| =

Imy — (2.128)

where in the first step we used (3.50)), and in the second and third steps the equality

- Similarly, using and - we get

ZG(l G(l 71 el @ Tm GY 271
Z | k| z(l o i i < .
2 < e Wl ) <

m{? —
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By induction on the indices in [J], we can prove (3.52) for m;. The proof for my is

similar. O

Lemma 2.4.4. Suppose |z|> <1 — 7. Fori € I;, we have

Im m[;}

Nn

Im m[f]

| (Za) | < Jwl Ny

o 1 (Z1) gy | = |0l

(2.129)

~1/2 0 i
w m Imm
| (Zii)) . | = [wl | \|/N + ]|V|LJ|| +\/ an fors £t e {1,2}, (2.130)

uniformly in w € DUDy. In particular, these imply that
Z[i] < ‘w‘\Ifg, (2.131)

uniformly in w € D, and

Ziy < |w|(Nn) ™72, (2.132)

uniformly in w € Dy.

Proof. Applying the large deviation Lemma to Zj; in (2.126), we get that

(Z[i]) 1 | 02 v 102 s C 112 s
Ol (Siel) +(Slenr) | < (Sear)
|\ © g v
¢ ZImGﬁL)UZC Imm[;}
N\< Nn

where in the third step we used the equality (3.57). Similarly we can prove the bound

for (Zm)22 using Lemma |2.3.6| and (]3.55[). Now we consider (Z[i})m' First, we have
Xz < N1/2 by . For the other part, we use Lemma and (3.58)) to get that

1/2 _ [i]
2 1 SO1d 2 (ol 6l 2 Im G

1/2

. 1 .
(oxa0x) | < (Siaf e
Jok
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[ 71/ [ ]
< [\ml\ +Imm ] <C |m;y’| +\/Imm1 . (2.133)

N |w| Nn

Similarly we can prove the estimate for (Z[Z»])21

Now we prove (2.131)). By the definitions (2.123]) and using (3.52)), we get that

Im m[Zﬂ Im moe. + Im (mg} — m2> + Im (mg — ma,)

|(Z[i])11‘ =< Jw] N7 = |w] N < Clw|¥y.

(2.134)

We can estimate (Zm)22 and the third term in (2.130]) in a similar way. For the Cases
1-4 in Lemma we have [my.| ~ 1 for |[w| ~ 1, Immy, ~ |w|™/% ~ |my.| for |w| — 0,

and n < CImmy.. Thus

C c I c
X;T || § o for w| ~ 1, and 4/ |Nm\1w < Cy mm1 < C¥y for |w| — 0.
Then for the second term in (2.130]), we have that
il (L [0 ) oy
Nlwl =7 \Np "\ Ng T\ Nl ) =7

This concludes (2.131)). Finally, the estimate (2.132]) follows directly from ([2.129)),
(2.130)) and ({3.54). O

Lemma 2.4.5. Suppose |z|> < 1 — 7. Define the w-dependent event Z(w) = {0 <

<ﬂ

lw|~%(log N)™'}. Then we have that for w € D,

- - L +my - -
1(Z)me = 1(= +O0<(Yg)|, 1(=E)T(w,my) < 1L(E)Wy, (2.135
(Ema = 1(E) |~ s 0| LS T m) < 1@, (2139

where Y is defined in . For w € Dy, we have

1+m 1 ~1/2 -1 -1/2
= +0 N C Y(w,my) <7 (N (2,136
(e o < (Nn) T2, T(w,ma) <7 (Np) (2.136)
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Proof. First, suppose that w € D. Using (2.125]), we get

Gy = ™' + €ns (2.137)
where 77 is defined in ([2.37) and
dif* (ma =m0
€6 =W | 2w
0 my — m[f]

By (]3.52[) and (]2.131[) we have that e < |w|Wy. Let B; = ’/TH [z] , where 7;) is defined

in (2.33)). By (2.108) and the definition of Z, we have 1(Z)|| B/ < C(log N)~*. Thus

we have the expansion

1(Z)my = 1(E) (my + Bi) ™ = 1E) e (1 — Bimge + (Bimpge)® + - -) = 1(E) (mpge + €a),

(2.138)
where €, can be estimated as 1(Z)|e.|| < 1(2)C|w| *?(log N)~'. This shows that
1E)||myll = 1(E)O(|w|f1/2), and so 1(Z ||osl]7r[Z H <1 )|w|1/2\119 < 1(E)CN- /2 by
the definition of D in . Again we do the expansion for ([2.137):

-1

L(E)Gpy = 1(Z) (W[Zf + Gm) = 1(E)my <1 + Z — €0 T ) = 1(Z) (7 + &) ,

(2.139)
where 1(Z)||ey]] < 1(Z)Py. Now the 11 entry of (2.139)) gives that
-1 - mq
1(3)Gy = 1(= 1(2)0. (Uy), 2.140
B = 1(E) o e +1E)0- (W) (2:140)
from which we get that
2
1(2)Gy {—w (14 |di*ms) + 1|+Lm] =1(Z) [+ O (Jw|"*Ty)] . (2.141)
1

Here we used that

2]

1(2) {—w (1+ |di|*m2) + T

+ ma

| = ot
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which follows from Lemma and the definition of Z. Summing (2.141)) over i, we

get
_ z|*m .
1E) |~ (ma  muma) + 22— 1) (14 02 (ju] 205)]
-+ my
which gives
1+ ma

1(Z)ms = 1(2) +1()0< (Ty) . (2.142)

—w (1 +my)* + |2]?
Now plugging (2.142)) into ([2.140), multiplying with |d;|* and summing over i, we obtain

that

—1—m1

m 2
L i) (1) = |

|1
1(E)m; = 1(2) NZlisi ( + 02 ()|,
i=1 w

(2.143)

where we used (2.106) and 1(Z)(1 +m;) = 1(Z2)O(Jw|~*/?). This concludes the proof.

Similarly, when w € Dy, it is easy to prove using the estimates and
(3.54). Note that |mis| = O(n~') by , which implies immediately the bounds
7]l = O(n~t) and || (W[i])_l || = O(n). Hence without introducing the event =, we can
obtain directly

Gl = ) + O<(n~ 1 (Nn)~1/3). (2.144)

The rest of the proof is essentially the same. m

Notice that applying Lemma [2.3.10 to (2.136]), we obtain that |mjs — mya.| <

n~ (Nn)~Y2. Plugging it into (2.144)), we immediately get (2.120)) for w € Dy. This
proves the entrywise law on Dy, since n ! N~%/2 < O by the definition (3.37) and the
estimate ([2.105]).
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2.4.2 The large n case

It remains to prove Proposition on domain D. We would like to fix £ and then apply
a continuity argument in 1 by first showing that the rough bound A < |w|~'/?(log N)~!
in Lemma [2.4.5] holds for large n. To start the argument, we first need to establish the

estimates on G when 1 ~ 1. The next lemma is a trivial consequence of .
Lemma 2.4.6. For any w € D and n > c for fived ¢ > 0, we have the bound

max |Gt (w)] < C (2.145)
for some C > 0. This estimate also holds if we replace G with GY) for J C T.
Lemma 2.4.7. Fiz ¢ > 0 and |z|> <1 — 7. We have the following estimate

max A (w) < N~V2, (2.146)

weDn>c

Proof. By the previous lemma, we have |Tn[f]2 = O(1). So by Lemma [2.4.4, || Zy]| <

N~1/2 yniformly in n > ¢. Then as in , we have
Gy = (gt + em>_1 : (2.147)
where Hﬂ'[:]lH = O(1) and ||ey|| < N~Y/2. Notice since Gj;;; = O(1), we have the estimate
e (Gﬁﬁ - Em)_l = Gl (1 - yGr) ' = 0<(1).
Then we can expand to get that
Gy = m + O (N712). (2.148)
The 11 and 22 entries of lead to the equations

2
||

1 N
mi = 5 2 |4l [_w (1 [dif"ms) + 5 jm + 0 (N712), (2.149)
=1
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1
|Z|2 —1/2
NZ 1+my) —l—m + Oy (N / ) (2.150)

We claim that Tmm;, > C(log N)~! with high probability for some C' > 0.

Using the spectral decomposition (2.88]), we note that for [ > 1,

S ET R
_ 2 2 — ’
gy A = BY A® Tl

1 1B — N 1 In
— < — <II .
N Z v —ER+m@2 =N Z ()\k_E)ernz—lmm?

|\ —E|<Iln |\, —E|<Iln

Summing up these two inequalities and optimizing [, we get

1
IRems| < 24/ ——2, (2.151)
n

Assume that Immy < C(log N)™!, then by (2.124]) we also have Imm; < C77(log N)~*

From (2.151)), we get |ms| < C(log N)~'/2. Together with the estimate m; = O(1), we

get
2
—w (1 +mq) + % < C' with high probability. (2.152)
On the other hand
I (1+m) + I P (2.153)
m |—w m _ —Imw = — :
! 1+ |di\2m2 - 777

where we used Im[|z|?/(1 + |d;|*ms)] < 0 and

Tm (wm;) —Im[ Z|d| €4 (1) (— A}ffﬂ})]zo.

With (2.152) and (2.153), we get from (2.150) that Imms > ¢ with high probability

for some ¢ > 0. This contradicts Immy < C(log N)~t. Thus we must have Immy >

C(log N)~! with high probability, which also implies Imm; > C(log N)~! by (2.124)).
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Now we can proceed as in the proof of Lemma [2.4.5/ and get that

1+m1

+ O (N7V3) | T(w,my) < NV2. 2.154
—w (1 +my)” + |22 < ) ( 1) ( )

mo =

We omit the details. Applying Lemma [2.3.10[ to (2.154), we conclude |mq o — mq 2. <

N~/2 uniformly in n > c. By (2.148), we get ||(G — M| < N~1/2 uniformly in n > ¢

and ¢ € Z;. Finally using (2.85]), Lemma [3.2.14] and Lemma we can prove the
off-diagonal estimate; see (2.167|) below. O]

2.4.3 Proof of the weak entrywise local law

In this subsection, we finish the proof of Proposition on domain D. We shall fix
the real part F of w = E + in and decrease the imaginary part 7. Recall that Lemma
is based on the condition § < |w|~/2(log N)~!. So far this is established only for
large n in . We want to show that this condition also holds for small n by using
a continuity argument.

It is convenient to introduce the random function

o(w) = max O(w)|w["/2 (

w’eL(w)

Nlmw’)1/4

W

where L(w) is defined in (2.113)). Fix a regular domain S, € < (/4 and a large constant
D > 0. Our goal is to prove that with high probability there is a gap in the range of v,
ie.

P (v(w) < N v(w) > N3*/*) < N~PF2 (2.155)

for all w € S and large enough N > N(e, D).

Suppose v(w) < N€, then it is easy to verify that

O(w') < Clw'|"V*(log N)~! (2.156)
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for all w" € L(w). Hence {v(w) < N} C E(w’) for all w’ € SN L(w). Then by (2.135)),

for all w’ € SNL(w), there exists an Ny = Ny(e€, D) such that

Ne /11/2
P [ v(w) < N¢, T(w') > [w]

-D
= w2\ N | SV (2.157)

for all N > Ny. Taking the union bound we get

NImw'
== {v(w) < N6 max T(w') S NG} : (2.159)

1/2

We have 1(Z1)Y (') < 6 (w') for all w' € L(w) with § (w') = X1/ 4

NIm w’

apply Lemma [2.3.10, If k < 1 (recall (2.98))), then |w| ~ 1 and we have

. We now

1 1/4
= N Np < N < €/2
L(E1)[mi(w') — ma(w')| < C/o(w') < CN (NImw’)

for all w’ € L(w); if kK > ¢ > 0 for some constant ¢ > 0, then

Ne [ 1/2
—_ / / /
1(Z1)|ma(w") — my(w')| < Co(w') < C|w’|1/2 <N1mw’>

for all w" € L(w). Combining these two cases we get

1/4
= N2 |
L(Z1)|mi(w') = mye(w')] < C|w’|1/2 (Nhnw’ (2.160)

for all w’ € L(w). By (2.135), we have

N2 (V2 v
— / !/ — / / -
L@l —ma ()] < AElmw) —muc ()] + G < o s )
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for all w' € SNL(w). Together with (2.160]), this shows that there exists an N; =

Ni(e, D) such that

1/4
NImw' NImw'
P | v(w) < N max Y(w') % < N¢, max O(w')|w'|"/? mll;} > N3/
w'eL(w) w!| / w' €L (w) |w'| /

(2.161)

for N > max{Ny, N1}. Adding (2.158) and (2.161]), we get

1/4

NI !

P ’U(’Uj) S N€, max Q(wl)’w/‘l/z Hlle} > N3€/4 S N_D+11_
w'eL(w) |w/| /

Taking the union bound over L(w) we get (2.155) for all N > max{ Ny, N;}.
Now we conclude the proof of Proposition by combining (2.155)) with the large
n estimate ([2.146)). We choose a lattice A C S such that |A| < N?° and for any w € S

there is a w' € A with |w’ —w| < N7%. Taking the union bound we get
P(Jwe A :v(w) € (N36/4,N5]) < NPT (2.162)
Since v has Lipshcitz constant bounded by, say, N°, then we have
P (3w € S :v(w) € (2N*/* N</2]) < N~PHL (2.163)
Combining with , we see that there exists Ny = N (€, D) such that for all N > N,
P (Vw € S : v(w) < 2N3/*) > 1 — 2N~ PHL

Since € and D are arbitrary, the above inequality shows that v(w) < 1 uniformly in

w € S, or

1 |w|1/2 1/4
. 2.164
O(w) < Iw\1/2< Ny (2.164)

In particular this shows that for all w € S, the event = holds with high-probability.
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Now using (2.139) and (2.164), we get

1w\
|G = maell < |G = mall + [} = migel] < o +6 < s < N ) - (2165)

To conclude Proposition it remains to prove the estimate for the off-diagonal G|

groups. Using (3.52)), it is not hard to get that

/4
1 |w|1/2 1
y 2.166
w72 ( N (2.166)

LI [CON

O (|w[/?) with high probability. Let ¢ # j € Z;, using (2.85) and the above diagonal

for any |J| <[ with [ € N fixed. Thus we have HG

estimates, we get that

/4
1 |w|1/2
G| =< 1wl ! HinG Hyll < g < —— (52— |
H JH lw|™ \/N + |w|” Z [ik] < (k1] 1 11d] 6 \w\lﬂ N
ki¢{i.j}
(2.167)
where we used Lemma [3.2.14] and Lemma [2.3.6] to obtain that
[ig] 5t ]y
™| Y Huy Gl Hyy|| = Zukagtia) Xk Xy Lsgrigy XaCu X < Wy,
ki {ij} Zk,zg{m} XJkGZlJ]XT Zk,lg{z‘,j} ngGZlJ]le
(2.168)

Its proof is very similar to the proof of Lemma [2.4.4] so we omit the details.

2.4.4 Proof of the strong enterywise local law

In this section, we finish the proof of the (strong) entrywise local law and averaged local
law in Theorem [2.2.18{on domain D and under the condition |w|*/?+|z|?> > ¢. In Lemma

2.4.5, we have proved an error estimate of the self-consistent equations of my» linearly
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in Wy. The core part of the proof is to improve this estimate to quadratic in ¥y. For

the sequence of random variables Z};, we define the averaged quantities
1 1 &
2] =« > T Zuma, (2) = N > |difPmg Zg .
i=1 i=1
The following Lemma gives an improvement of Lemma [2.4.5

Lemma 2.4.8. Fiz |z|* <1—7. Then for w € D,

1+my

T T A O< (lwV2¥5 + I[2)] + IK2)1)) , (2.169)
and
T (w,ma) < w295+ [|[Z]] + [(2)]] (2.170)
Forw € Dy,
™= ifnm) S O () N2+ ). (2.171)
and

T(w,ma) < (Nn)~" + [[[Z]] + {2)I. (2.172)

Proof. The proof is almost the same as the one for Lemma [2.4.5] we only lay out the
difference. We first consider the case w € D. By Proposition the event = holds with

high probability. Hence without loss of generality, we may assume = holds throughout

the following proof. Using ([2.86)), we get

N PR (14l 0\ G 1 [ o ]
¥ 2 (G[kk] - G[kk]) - ~ N Gk Gy Gring -
e\ 01 0 1 =\ 01
(2.173)
By Proposition [2.4.1} (2.108)) and (2.167]), we have
HG[MG[Z&GM ) =< |w] /203,




29

By Lemma, it is easy to verify that |G} /N|| < Clw|/?¥3. Plugging it into (2.173),
we get

< |w|?w2, (2.174)

)m[f}z — M2
By (2.131]) and (2.174]), the error ¢, in (2.139) is
ey = O=(Jw|"?¥5) — mp Zgy [+ O<(lw]*W)] = O<(|w]'* W) — 7y Zgy .

Then following the arguments in Lemma [2.4.5] we can prove the desired result. For

w € Dy, the proof is similar by using ([2.120). O]

In the following lemma, we shall prove stronger bounds on [Z] and (Z) by keeping
track of the cancellation effects due to the average over the index i. Its proof is given in

Appendix [2.7.4]

Lemma 2.4.9. (Fluctuation averaging) Fiz |z|*> < 1—7. Suppose ® and ®, are positive,
N-dependent deterministic functions satisfying N~Y/2 < &, &, < N for some constant

c > 0. Suppose moreover that A < |w|='/2® and A, < |w|~/2®,. Then for w € D,
12+ 142)]) < fuw| 72 @3, (2.175)

Now we finish the proof of the entrywise local law and averaged local law on the

domain D. By Proposition [2.4.1] we can take

_ _ 1/4

Nn

in Lemma [2.4.9, with A, < ¥y < |w|~/2®, and A < Uy + 60 < |w|~/2®. Then (2.170)

gives
Jw|"2Im (mic + mae) + Jw] /4 (Ny) =

T(w,my) < N
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Using the stability Lemma [2.3.10] we get

|m —-m |_< |w|1/21m(m1c+m20) |’u}|1/8 L_FM . |w|_1/2 |U}|1/2 1/2+1/8

Here if \/k + 1 > (log N)™!, we use

[w|Y Tm(my, + ma.) < C'log N . I
Nnk+1 ~— Nng Nn’
if \/k+ 1< (logN)™', we have Im(my. + ma.) = O(\/k + 1), which also gives that

w[12Tm (. + ma.)

1
< —.
Nnyk+n Nn

We then use (2.169)) to get that

_ 1/241/8
|w|1/21m(m1c + mae) + |7~U|1/4(N77) 1 < ]w|*1/2 |w|1/2
Nn Nn '

0 < |my —my| +
(2.176)

Repeating the previous steps with the new estimate (2.176f), we get the bound

S 1/2k41/2042
1/ ‘w‘1/2 k=1
0 < |w —_
N

after [ iterations. This implies the averaged local law # < (Nn)~! since [ can be arbi-

trarily large. Finally as in (2.165]) and (2.167]), we have for ¢ # j € 73,

Im(mq. + ma.) N 1
N7 Nn’

ot~ + ol < -0 <

This concludes the proof of the entrywise local law and averaged local law on domain
D when |w|'/? + |z]? > c.

When w € Dy, we have proved the entrywise law (see the remark after )

Also we can prove a similar estimate as in Lemma [2.4.9] which implies
1 + mq

—w (1 +my)” + |22

The averaged local law then follows from Lemma [2.3.10f We leave the details to the

mo =

+O< ((Ng)™"), Y(w,mq) < (Nn)~". (2.177)

reader.
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2.4.5 Proof of Theorem [2.2.18 when |z| and |w| are small

In the previous proof, we did not include the case where |w|'/? + |2|?> < € for some
sufficiently small constant € > 0. The only reason is that Lemma [2.3.10] does not apply
in this case. We deal with this problem in this subsection.

The main idea of this subsection is to use a different set of self-consistent equations,
which has the desired stability when |w| and |z| are small. Multiplying with |d;|?

and summing over i, we get

]l — —1-—my
( ) ! ( ) szl w(1+szm2)(1—|—m1)—|z|2 _<( 0) ( )
Recall that ¥ := DD = DTD. We introduce a new matrix
. —wy ! w'?(X — D712)
H(w) = : (2.179)

w'?(X — D712t —wl
and define G := H~'. By Schur’s complement formula, the upper left block of G is
GrL=[(X=D"2)(X -D ') —wx'] 7,

and the lower right block is

Gr=[(X=D2)S(X =D '2)—w] " = [(DX - 2)!(DX —2) —w] " = Ga

Now we write m; o in another way as

1 1 1 ~

mi = T [DF Yyt —w) 7 D] = TG (2.180)
1 ~ 1 _ _ -1

my = < TrGr = Tr (X =D '2)IS(X — D '2) — w]

- %Tr (X —D'2)(X - D2)fx —w] ' = %Tr (z—léL) . (2.181)
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We apply the arguments in the proof of Lemma m to H, and obtain that

. —w|dg| 72 —wmy  —w'?2d;?
Gl - _ + O (Julwy), (2.12)
—w/2zd; ! —w — wmy

from which we get that

~ —1—-—my
=) =) {w(’di“ +ma)(1+my) — [2]?|di| 2

+o-(m)].

Plugging this into (2.181)), we get

(2.183)

1 u lz —1—m1
1(E)me = 1) | =S & +O-(0
(E)mz =1 )[N;siw(si_l—l—mg)(l—i-ml)—\zPs;l <o)

We take the equations in (2.178]) and (2.183)) as our new self-consistent equations, namely,

L(Z) fi(my,ma) = L(E)O(W¥y), 1(E)f2(m1, ma) = 1(E)O(¥y), (2.184)
where
— L i 1+m
filmy, mg) = + Z lzs,w T o) s~ (2.185)
. l A 1+ mq
falmy, mg) = ma + — Z llw(1 e TR —l (2.186)

According to the following lemma, this system of self-consistent equations are stable

when |w| and |z|? are small enough .
Lemma 2.4.10. Suppose that N~2|w|~/? < §(w) < (log N)"Hw|™Y/? for w € D. Sup-

pose ui o : D — C are Stieltjes transforms of positive integrable functions such that

max {[ f1(u, ug)(w)|, | fa(ur, ug)(w)]} < d(w).

Y2 1122 <€, we have

Then there ezists an € > 0 such that if |w|
[ur(w) — myc(w)] + |ug(w) — mae(w)| < C9, (2.187)

for some constant C' > 0 independent of w, z and N.
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Proof. The proof depends on the estimate of the Jacobian at (my., ms.). By (2.103) and

(2.328]), we have

_ iVl O(u 4 7)) ity 4 Ow]? + |]?)

Mic \/@ ) 2c \/E )

where to = (N71 3" 1;/s;)~!. Then we can calculate that

0 0 L+0(z2) to+ O(|lw|Y/? 4 |2|?
qet | O — det (=1 fo Ol 1=T) — 240 (Jw|Y2+|2[2).

O fa Oafs O(|z?) 24 O(|w]*? + |2]?)

u1,2=m1,2¢
We can conclude the stability by expanding f; o(uq, uz) around (ms., ma.) and using a

fixed point argument as in the proof of Lemma [2.3.10] in Section [2.7.3] O]

With this stability lemma, we can repeat all the arguments in the previous subsec-

tions to conclude the entrywise local law and averaged local law when |w|"? + |22 < e.

2.5 Anisotropic local law when T is diagonal

In this section we prove the anisotropic local law in Theorem [2.2.18 when 7' is diagonal.
The basic idea of the proof follows from [0l section 5], and the core part of our proof is
a novel way to perform the combinatorics. By the Definition [2.2.17| (ii) and Definition

3.2.4] (ii), it suffices to prove the following proposition for generalized entries of G.

Proposition 2.5.1. Fiz |,z|2 < 1 — 7 and suppose that the assumptions of Theorem

hold. Then for any regular domain S C D,
[(u, (G(w) — (w)) v)| < ¥ (2.188)

uniformly in w € S and any deterministic unit vectors u,v € CZ.
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It is equivalent to prove that

t i vj
> uly (G = Tgp) vy < W, gy = , vy = : (2.189)
iJEIl 'u,z Uz

By the entrywise local law,

> uly (G = M) v | < D [1Graa — W | [uga | o] + | D ey Grpo| < ¥+ | ulyGrgon |-
2 ( 1#] 1#j
Thus to show , it suffices to prove
ZUL]GW}UU] < . (2.190)
i#j

Note that with the entrywise local law, one can only get that

i
> uly Gy

i#]

< Ul flvly < N,

using [|ull; < NY2||u|ly and [|v|; < N'Y2?||v||;. In particular, this estimate of the ¢!

norm is sharp when u, v are delocalized, i.e. their entries have size of order N~1/2.

The estimate (2.190)) follows from the Markov’s inequality if we can prove the fol-

lowing lemma.

Lemma 2.5.2. Suppose the assumptions in Proposition hold. For any p € 2N, we

have
P

E < UP

.I.
> b, Gy

i#]

The proof of Lemma [2.5.2] is based on the polynomialization method developed in
[6 section 5]. For simplicity, we only consider the case with w € D and |2]* <1 -7 in

this section. If w € Dy or 1 +7 < |2]> <1+ 771, the proof is almost the same.
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2.5.1 Rescaling and partition of indices
For our purpose, it is convenient to define the rescaled matrix
RY) = 2GY), (2.191)

for any J C Z with |J| < [ for some fixed [. Consequently we define the control parameter
)

® = |w|? v (2.192)

By the entrywise law, for w € D,

—1
R = 0_(1), (Rf;jf) — 0.(1), RY)=0.(®) fori+j, (2.193)

under the above scaling. Now to prove Lemma [2.5.2] it is equivalent to prove

p
E|Y  ulyRioy| < @7, (2.194)
i#j
We expand the product in (2.194)) as
p p/2 P
t _ t i
> ubiRgog| = Y TTubBoavea - 11w, Riwiv
i#j ik#jk€T1 k=1 k=p/2+1

Formally, we regard {1, ..., %, j1, .., jp} as the set of 2p (index) variables that take values
in Z;. Let B, be the collection of all partitions of {iy, ..., ip, j1, ..., jp} such that iy, ji are
not in the same block for all £ = 1,...,p. For I' € B,, let n(I') be the number of its

blocks and define a set of Z;-valued variables as
L(T') := {by, ..., bu }- (2.195)
Now it is convenient to regard I" as a symbol-to-symbol function,

T : {iy,.oyip g1, oons ot — L), (2.196)
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such that each I'™! (b) is a block of the partition. Then we can rewrite the sum as

* p/2
Zu (i V1] Z Z Hu zk)]R[F (i6)T ()] VI (k)] H u T(ig)] R[F (ix)L () VI Gr)]s
i#£] res, blefl( | k=1 k=p/2+1
=1,....n(I

(2.197)
where >_" denotes the summation subject to the condition that the values of by, ...b, are

ordered as by < by < ... < b,. We pick one term from the above summation and denote

p/2 P
. T i
AT) = [ ufpgyRraoroorvrao - 1Tl Rraoraovro (2.198)
k=1 k=p/2+1

Notations: For any b, € L, we can define a corresponding Z,-valued variable by, in the

obvious way, and we denote
[L] := {b1, ..., by, by, ..., Dy }. (2.199)

For notational convenience, we will also use letters i, 7, k, [ to denote the symbols in L.

2.5.2 String and string operators

During the proof we will frequently use the following resolvent identities for rescaled

matrix R. They follow immediately from Lemma [2.3.3|

Lemma 2.5.3 (Resolvent identities for Ry;) groups). For k ¢ J andi,j € I, \ J U {k},

we have
[Vl _ plJkl (7] [J]
Rigy =Ry + Ry, (R[kk}> Ry, (2:200)
U\t (e U\ Y ol (pl) (k) !
<}%ﬁﬂ> - <}%Uﬂ ) - (f%ﬁﬂ> Ry (fﬂkﬂ> R (1%pq ) ; (2.201)
A _ J 7] pl 7]
(RLZD =w PH —w Y HRGH (2.202)

g JU{i}
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Furthermore, for i # j and L defined in , we have

A _ gV g RGN Y o 1)
R = Ry ™S BT, with Sy = —w V2 Hygy +w™t ) Hyg Ry Hy.
kI¢L

(2.203)
In this section, we expand the R variables in A(I") using the identities in Lemma

2.5.3 During the expansion, we need to distinguish carefully between an algebraic

expression and its value as a random variable.

Definition 2.5.4 (Strings). Let 2L be an alphabet containing all symbols that may appear

—1
during the expansion, such as Rw}, (Rm) » Slij)» uErZ.] and vy for J C L(I'). We define

[i]
a string s to be a formal expression consisting of the symbols from A, and denote by [s]
the random variable represented by it. Let 9N be the collection of all possible strings. We

denote an empty string by (.

Given a string s, after an expansion of R’s in it, we will get a different string s’.
However, they represent the same random variable [s] = [s']. During the proof, we will
identify more elements of 2 (see the symbols in (2.219))).

To perform the expansions in a systematical way, we define the following operators

~1
acting on strings. We call the symbols R (R[J]> to be maximally expanded if

lis] [i7]
JU{i,j} = L. We call a string s to be mazimally expanded if all the R symbols in s is

maximally expanded.

Definition 2.5.5 (String operators). (i) Define an operator Ték) for Q@ € M, in the

-1
following sense. Find the first Rﬁ” in Q0 such that k ¢ JU{i,j}, or the first (Rm)

J

-1
such that k ¢ JU{i}. If RE]}] is found, replace it with R&]j]}f] af (RE?]) is found, replace

-1
it with (Rif}) ;if neither is found, To(k)(Q) = Q and we say that Ték) 18 trivial for €.
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(ii) Define an operator 7'1 f07“ Q € M, in the following sense. Find the first

-1
RYY in Q such that k ¢ JU{i,j}, or the first ( { D such that k ¢ T U {i}. If

(i3]
~1
Rl.j s found, replace it with R{Hi] (R{%) [g]; if <R[ ) 1s found, replace it with
-1 -1
(R{i) R{l‘lk] (R[k;ﬂ> R{ﬁ] <Rm€]> ;if neither is found, Tl(k)(Q) = 0 and we say

that 7'1 ) is null for €.

(iii) Define an operator p for Q € M, in the following sense. Find each maximally

RILY

A RGN g, R,

expanded off-diagonal [i] [74]

i  and replace it with If nothing is

found, p(2) = Q.

According to Lemma [2.5.3] for any €2 € 91 we have

[(++ ) @] =190, Tl = 9. (2.200

Definition 2.5.6. Define the function Fq_max : M — N (where the subscript “d-mazx”

stands for “distance to being mazximally expanded”) through

Facmex (R ) = N (TU L1
where x could be 1 or —1, and

‘Fdfmax(Q) = Z -Fdfmax(R)‘

R wvariables in €

Define another function Fog : M — N with Fog(Q) being the number of off-diagonal

symbols in 2.

By off-diagonal symbols, we mean the terms of the form Ay with s ¢ {t,t} or Ay
with i # j, e.g. RE]].]} and Sj;; with ¢ # j. Later we will define other types of off-diagonal
symbols (see (2.219))). Note that a R symbol is maximally expanded if and only if
Fa—max(R) = 0 and a string €2 is maximally expanded if and only if Fyq_pax(2) = 0. The

next two lemmas are almost trivial by Definition [3.4.6]



Lemma 2.5.7. Fiz k € L. If i7(Q) = Q and 77 (Q) =0,
-/T_‘dfmax <7—(§k>(Q)) = J—-'dfmax(Q)a fdfmax (Tl(k) (Q>> = 07

otherwise,

Famo (1) = Famon@) = 1. Fitcma (7)) < Fit @) + 4(D).

For p, we have

Fd—max (p(Q)) = fd—max(Q) + a,

where a is the number of mazimally expanded off-diagonal R’s in €.

Lemma 2.5.8. Fix k € L. For any 2 € 9, we have
Forr (87()) = Forr(Q), Fort (0(Q)) = Forr (2
ot (70 (€2) ot (€2), Forr (p(2)) = For (),

and

For(Q) +1< Fop (71“”(9)) < Fr() +2 if 7P(Q) £0.

2.5.3 Expansion of the strings
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(2.205)

(2.206)

(2.207)

(2.208)

(2.209)

For simplicity of notations, throughout the rest of this section we omit the complex

conjugates on the right hand side of (2.198) (if we keep the complex conjugates, the

proof is the same but with slightly heavier notations). Suppose the right hand side

of (2.198) is represented by a string 2o. Given a binary word w = ajas...a,, with

a; € {0,1}, we define the operation

(Qa)w = priv) T prit) (Qa)

(2.210)
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where by, = b, (recall (2.195))) for any 1 < r < n and ¢ € N. So a binary word
w uniquely determines an operator composition. By (2.204)), [(Qa)wo] + [(2a)w1] =

[(2a)w] and so we get

> 1(Qa)w] = [24]

|[w|=m
for any m > 1, where |w| denotes the length of w.
Lemma 2.5.9. Given any w such that |w| = (n? + 1)(p + 6ly) and (Qa)w # 0, then

either Fog((2a)w) = lo := (8/C + 2) p, or (Qa)w is mazimally expanded.

Proof. We use mg to denote the number of 0’s in w, and m; to denote the number of
1’s. Furthermore, we use m(()o) to denote the number of 0’s corresponding to the trivial

To's, and mél) to denote the number of 0’s corresponding to the non-trivial 7y’s. Assume
Forr((2a)w) < lp and (Qa)w is not maximally expanded. By (2.208) and ([2.209), we
have my < ly — p < ly. By (2.205))-(2.207)), we have

fd—max((QA)w) S fd—max(QA) + l() + 4nm1 — m(()l)

Then with Fy_nmax(24) = np, we get a rough bound m(()l) +my < n(p + 6ly). By
pigeonhole principle, there are at least n 0’s in a row in w that correspond to trivial 7y’s.

This indicates that (2a)w is maximally expanded, which gives a contradiction. ]

Lemma 2.5.10. There exists constants Cp,,, Cpc > 0 such that

SO E Y Q]| < CuNTee <c . (2211
Les,  beh, [wl=(n2+1) (p+6lo),
=1,...,n(T) Fort (Qa(ry)w)>lo

Proof. The first bound is due to the fact that each summand is of the order O ()

and there are at most N of them. For the second bound, we used ® < CN~¢/2. O
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This lemma shows that all the strings with sufficiently many off-diagonal symbols
contribute at most ®P. It remains to handle the maximally expanded strings. Define a

diagonal symbol as

0 dX-
(2 7 _ L

S[ii] =1 +w? Z H[ik]R%kl]]H[li]y (2.212)

diX}Z. 0 kl¢L

such that
N =1 —w'?2 —z

(R{g]\{’”) - — S (2.213)

—z  —w'/?

Notice all the R symbols in a maximally expanded string are diagonal. We taylor expand

RO g
. L ol
RO = lw it 4 (S — B)| = D fie [(Si — Bi) 7]+ O« (@°), (2:219)
k=0
w1/2|di|2m20 0
where 7. := w'/?mye, B = , and for the error term,
0 wl/lec
, d:|2(mo, — L 0
S[“] —_ Bz — w_l/QZ[[Z[]’\{ZH + w1/2 | | ( 2 ) ~ @
0 mic — m[lL]

by (2.131) and the averaged local law. Now for all maximally expanded (2a)w with
lw| = (n* + 1)(p + 6ly), denote by o [(2a)w] the expression after plugging in (2.213)
and (2.214)) without the tail terms. Similar to Lemma [2.5.10, we have

Z 2*: E Z ([(Qam)w] — o [(Qam)w])| < Cpc®?.

reB, b€l |w|=(n2+1)(p+6lo),
I=1,..,n(T") (Qa)w maximally expanded
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From the above bound and Lemmas|3.4.7] [2.5.10] we see that to prove (2.194)), it suffices

to show

> Y |E > o [(Qam)w]| < Cpe®”. (2.215)

reB, bel, |w|=(n241)(p+6lo),
I=1,..,n(I) (2a)w maximally expanded

We write o [(2a)w] as a sum of monomials in terms of Sp;i:

o [(Qa)w] = Z M(w, A(T), ), (2.216)

where ¢ is an index to label these monomials. Note that after plugging (2.216) into
(2.215)), the number of summands M (w, A(T"), 7) inside the expectation depends only on

p and (. Thus to show (2.215)), it suffices to prove the following lemma.

Lemma 2.5.11. Fiz any I’ € B, and binary word w with |w| = (n*+1)(p+6ly). Suppose
(Qa)w is mazimally expanded. Let M(w, A(T')) be a monomial in o [(Qa(r))w]. Then
we have

> EM(w,A(D))| < Cpc®” (2.217)
for some constant C), ¢ that only depends on p and C.

For the rest of this section, we fix a I' € B, and a maximally expanded (Q2ar))w With
lw| = (n* +1)(p + 6lp). Then we fix a monomial M (w, A(T)) in o [(Qar))w]. Let Qu

be the string form of M(w,A(T)) in terms of Spj;. It is not hard to see that
Fott () = Forr ((2a)w) - (2.218)
Now we decompose Sj;;) as

_ QX X R R R R

(2.219)
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where we define the following symbols in 2:

01 0 0

S5 = d:iX;5 , S = diX] , (2.220)
0 0 10
0 RY ) rY 0
SH=>" did X5 X;5 L sE =S ddixgx] [ o (2:221)
kgL 0 O kl¢L 0 0
- 0 0 o 0 0
S5 =) didiX)X;5 Sf= Y did X X L (2.222)
klgL 0 R,[CLI] kgL R%i] 0

We expand the Sp;j;1’s in M(w, A(I')) using (2.219)), and write M (w,A(I")) as a sum of

monomials in terms of S3 and SZ:
M(w,A()) = ZQ(W,A@),Z'), (2.223)
where 7 is an index to label these monomials. Again it is not hard to see that
Fort (20) = Forr () = Forr ((Qa)w) - (2.224)

Since the number of summands in ([2.223) is independent of N, to prove ([2.217)) it suffices

to show

*

> IEQ(w, A(T))| < C,  ®P (2.225)

bieZy,l=1,..., ’rL(F)

for any monomial Q(w, A(T')) in (2:223). Throughout the following, we fix a Q(w, A(T))
with nonzero expectation, and denote by €2 the string form of Q(w, A(I')) in terms of
SX and SZ. Notice the R variables in S are maximally expanded. As a result, the
SX variables are independent of S variables in Q(w, A(I")). Therefore we make the
following observation: if Si appears as a symbol in Qg, then g contains at least two

of them.
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Definition 2.5.12. Recall I' defined in . Let h be the number of blocks of I’

whose size is 1, i.e.
he=> 1(|I ') =1). (2.226)

Forl=1,...,n, define

Il = ‘{il, oo ,ip} N F_l(bl)

s Jl = ’{jl, ce ,jp} N F_l(bl)‘ .
Lemma 2.5.13. Suppose for any by, ..., b, taking distinct values in Iy,

[EQ(w, A)| < N7 TT Jugp " [vien|” (2.227)

=1

holds for some constant C independent of N. Then the estimate holds.

Proof. By Cauchy-Schwarz inequality,

=z

N2 ifa+b=1
E:WMVWMVS

k=1 1 ifa+b>2

Then using h = > 1 ([, + J; =1), we get
i=1

*

ST EQw. AM) < CONTTT S Jugp|" o] < €7,

bieZy,l=1,..., n(F) =1 beZy

]

Hence it suffices to prove (2.227). The key is to extract the N~"/2 factor from
EQ(w,A(T')). For this purpose, we need to keep track of the indices in L during the

expansion.

Definition 2.5.14. Define a function Fi, : L x O — N with F;, (1, Q) giving the number

of times | or | appears as an index of an off-diagonal R or S symbol in €.
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The following lemma follows immediately from Definition |3.4.6| and the expansions

we have done to obtain Qg from (2 )w-.
Lemma 2.5.15. (1) For any string Q, if TO(k) 1s not trivial for 2, then
Fin (z,#%m) = Ful(l,Q), Fu (1,71("0(9)) = Full,Q) +a, ac{0,2}. (2.228)

(2) For any string §2,

Fin (1, p(R2)) = Fin(l, Q). (2.229)
(3) For any mazimally expanded (a)w,
Fin(l, Q) = Fin(l, (Qa)w)- (2.230)

Let Qg be the substring of g containing only S¥ symbols, and QS be the substring

of Qg containing only S¥ symbols. Define

Vi={le L Full,Qa) =1}, (2.231)

and
Vo :={l € L| Fin(1.Q4) = 1 and Fi, (1, Q5) = 0}, (2.232)
Vi = {1 € L] Fin(l, Q) = 1 and Fin(1,Q3) > 2}. (2.233)

Recall the observation above Definition [2.5.12, we have V = 1, UV and
h=|V| = [Vo| + V.

Let nx be the number of off-diagonal S* symbols in Qg and ngi be the number of off-
diagonal S® symbols in Qg. Note that n, := nx + ng is the total number of off-diagonal

symbols in Q.
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2.5.4 Introduction of graphs and conclusion of the proof

We introduce graphs to conclude the proof of . We use a connected graph to
represent the string g, call it by Bgo. The indices in [L] are represented by black
nodes in Bgg. The S& or S& symbols in Qg are represented by edges connecting the
nodes s and t. We also define colors for the nodes and edges, where the color set for
nodes is {black,white} and the color set for edges is {S¥,S% X, R}. In Bg, all the
nodes are black, all S¥ edges are assigned S¥ color and all S edges are assigned S%
color. We show a possible graph in Fig. [3] In this subsection, we identify an index with

its node representation, and a symbol with its edge representation.

Definition 2.5.16. Define function deg on the nodes set [L] such that deg(l) gives the

number of ST edges connecting to the node .

By Lemma [2.5.15] we see that for any [ € V),

Fin(l,Qq) = deg(l) +deg(l) =1 (mod 2). (2.234)

Hence

Vol =Y [Fin(1.9g) mod 2] <> [(deg(l) mod 2)+ (deg(l) mod 2)]. (2.235)

Now we expand the ST edges. Take the Sg edge as an example (recall (2.221))). We
replace the Sg edge with an R-group, defined as following. We add two white colored

nodes to represent the summation indices k,l ¢ [L], two X-colored edges to represent

(L]
0 R,—cl
. We call

X, and X3, and an R-colored edge connecting k and [ to represent

0 O
the subgraph consisting of the three new edges and their nodes an R-group. If ¢ = j,
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we call it a diagonal R-group; otherwise, call it an off-diagonal R-group. We expand
all the ST edges in B¢y into R-groups and call the resulting graph ®g;. For example,
after expanding the S* edges in Fig., we get the graph in Fig.. In the graph &g,
the R edges, X edges and S¥ edges are mutually independent, since the R symbols are

maximally expanded, and the white nodes are different from the black nodes.

o —— 0O S~
@@ SX
L
by by bs

Figure 3: An example of the graph &,.

O———OR
@O X

@@ 5X

Figure 4: The resulting graph &¢; after expanding each S in Fig. into R-groups.

Notice that each white node represents a summation index. As we have done for the
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black nodes, we first partition the white nodes into blocks and then assign values to the
blocks when doing the summation. Let W be the set of all white nodes in &, and let
W be the collection of all partitions of W. Fix a partition v € VW and denote its blocks
by Wi, ..., Wi(y). If two white nodes of some off-diagonal R-group happen to lie in the
same block, then we merge the two nodes into one diamond white node (Fig.. All
the other white nodes are called normal (Fig.. Let ng) be the number of diamond
nodes (which is < the number of diagonal R-edges in &g;). Then we trivially have

(recall Definition [2.5.16)

# of white nodes = —ng) + Z [deg (bi) + deg(by)] - (2.236)
k=1
(a) Diamond  white (b) Normal white nodes.

node.

Figure 5: Two types of white nodes

By (2.235), there are at least [V| black nodes with odd deg in [Vy] (where [Vy] is
defined in the obvious way). WLOG, we may assume these nodes are by, ..., bp,|. To have
nonzero expectation, each white block must contain at least two white nodes. Therefore
for each k = 1,...,|V|, there exists a block connecting to by which contains at least 3
white nodes. Call such a block W (by), and denote by A(by) the set of the adjacent white

nodes to by in W (by). Be careful that the W (by)’s or A(bg)’s are not necessarily distinct.
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WLOG, let W1, ..., W, be the distinct blocks among all W (b)’s. Define
Voo := {bx| A(bx) has no normal white nodes, 1 < k < [V},

and

Voi .= {bx| A(bx) has at least one normal white node, 1 < k < |Vyl}.

The following lemma gives the key estimates we need.

Lemma 2.5.17. For any partition v € W,

m(’7> < _|VOO| - |V01|/2 - nsg) + ZZ:1 [deg (bk) + deg(Bk)]
> 5 7

(2.237)

and

nx +nNg Z p+ ’Vﬂ + ’Voo‘, nx 2 ‘Vl‘, ng) Z |V00’. (2.238)
Proof. The second inequality of (2.238)) can be proved easily through
V1| < |{k € LIFu(k, QF) > 2}| < nx.

Notice for b, € Vy, A(by) contains at least three diamond white nodes, while each of the
white node is shared by another b;. Thus we trivially have [Vy| < n%).

Now we prove . A diamond white node is connected to two black nodes and a
normal white node is connected to one black node. Hence a diamond white node belongs

to two sets A(bg,), A(bk,), and a normal white node belongs to exactly one set A(by).

Therefore for each ¢ = 1, ..., d, if W; contains exactly one A(by), then

1
Wil 2322+1V01<bk>+w-

Otherwise if W; contains more than one A(by), then

|VVZ| > Z (2 ’ 1Vo1 (bk) + g ' 1V00(bk)) > 2+ Z (1V01 (bk) + —1V00 (bk)> .

2
by: A(by)CW; bi: A(by)CW;
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Here the first inequality can be understood as following. For each black node b, with
A(b) € W;, we count the number of white nodes in A(b;) and add them together.
During the counting, we assign weight-1 to a normal white node and weight-1/2 to a
diamond white node (since it is shared by two different black nodes). If by € Vyo, there
are at least three diamond white nodes in A(by) with total weight > 3/2; if by € Vo,
there are at least one normal white node and two other white nodes in A(b;) with total
weight > 2. Thus >, 4, cw; (2 Ly, (0k) +3/2 - 1y, (by)) is smaller than the number

of white nodes in W;. Then summing |W;| over 7, we get

Zywy > 2d + |Vou| + %0'

=1

For the other m — d blocks, each of them contains at least two white nodes. Therefore

v
2m+ |V01| -+ | 00'

ZWH—Qm d) < —nl —l—Z[deg(bk)—i-deg(l_)k)},

where we used ([2.236)) in the last step. This proves (2.237)).

For by € Vyo, A(by) contains at least three white nodes from off-diagonal R-groups,
Voo S{bi € L| Fin(be,Qa) = 1 and Fin(be, Q5) > 3} = V.

Recall Lemma [2.5.15] only 71( ) can increase Fin. Thus w contains 71 ) for each b, €

V; UV, (recall the definition of V; in (2.233])). Therefore by (2.209)), (2.224)) and the fact

that Vyo and V; are disjoint, we have
nx +ngr = For((Qa)w) 2For(Qa) + V1 UVa| = p+ [Vi| + Vool
This proves the first inequality of (2.238]). m

Now we prove (2.227). By (2.4) and (2.193), a diagonal R edge contributes 1, an
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1/2

off-diagonal R edge contributes ®, and an SX or X edge contributes N~/2. Denote

U =TT lupal" [ve|”-
=1

Then using Lemma [3.2.5] we get

EQw. AM)| < CUy 1™ S0 g (v ey
YEW (W1),ooy (Wi )ET\L k=1
f) deg(by, )+deg(by,)
< CUN2 N N e
yYEW

fIVoﬂ*IVoo\/?*"g) (d)

< CUN"x/2 Z N 2 Prr "R
yEW

(d)
R

< CUNTMEY Nz N5 —Vool)/2gnr—n
YEW

< CUNI? Z Prx+nr=Vil=|Vool < CUN*h/QQp’
YEW

where in the third step we used (2.237)), in the fourth step h = |V| = [V1| + |Voo| + [Voul,
in the fifth step N=/2 < & and (2.238)), and in the last step (2.238). Thus we have

proved ([2.227)), which concludes the proof of Proposition m

2.6 Anisotropic local law: self-consistent compari-
son

In this section we prove Theorem We first prove the anisotropic and aver-
aged local laws under the vanishing third moment assumption (2.24). When n >
N/ 27¢|my.| 71, the anisotropic and averaged local laws can be established without as-
suming . For convenience, we only consider the case with w € D and |2]? <1 —171

in this section. The proof for the other cases is very similar.
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Following the notations in the arguments between Theorems [2.2.18| and [2.2.19] we

have
_ —w(DtD)1 w2V X —(UD)'2) |\ . _
H(TX — z,w) =T (D'D) X = {UD)™2) T T.—
w'?(ViX — (UD) ')t —wl
(2.239)
Now we define
-1
—w(DID)™! w2 (Vi X —(UD) 2 L
g(w) — |w‘1/2 ( ) ( 1 ( ) ) _ |w|1/2TTGT.
w2 (VX — (UD)12)! —wl
(2.240)

Since T is invertible and ||T|| + ||T7}|| < 77! by (2.5), to prove the anisotropic law in
Theorem [2.2.19| it suffices to show that for all deterministic unit vectors u, v € CZ,
<u, (g(w) - ﬁ(w)) v> < B(w), (2.241)
where
(w) := |w|1/2TTH(w)T, d(w) = |w|V* ¥ (w). (2.242)

Notice we have ||TI[| = O(1) by (2.108). By the anisotropic local law in Theorem [2.2.18
and the remark around (2.51)), if X = X “2s* {5 Gaussian, then (2.241]) holds. Hence for

a general X, it suffices to prove that
(u, (G(X,w) — G(X™* w))v) < &(w). (2.243)
Similar to Lemma [3.2.14] we can prove the following estimates for G.

Lemma 2.6.1. Fori e I{Vl, we define v; = Vie; € CI, i.e. v; is the i-th column vector

of Vi. Letu € C1 and w € C*2, then we have for some constant C' > 0,

Im Gww
> Gwl* = |w|1/2—77 7 (2.244)

neLs
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I uu
D Gunl* < O t/2 125w (2.245)
ieTM "

_ ImGww
> 1GwnlP<C <\w\ Y2 \G | 4 ] T) , (2.246)
iezM

- Im Gy

Y IGul < C (|w| Y21G ] + ]2 T) . (2.247)
HEL2

2.6.1 Self-consistent comparison

Our proof basically follows the arguments in [44, Section 7] with some minor modifica-
tions. Thus we will omit some details during the proof. By polarization, it suffices to
prove the following proposition. In fact, we can obtain the more general bound ([2.241))

by applying ([2.248]) to the vectors u + v and u + ¢v, respectively.

Proposition 2.6.2. Fix ]2\2 < 1 — 7 and suppose that the assumptions of Theorem

hold. If holds or n > N=Y2+¢my.| 71, then for any regular domain S C D,
<v, (g(w) - ﬁ(w)) v> < ®(w) (2.248)

uniformly in w € S and any deterministic unit vectors v € CT.

We first assume that (2.24)) holds. Then we will show how to modify the arguments
to prove the > N~Y/2+¢|my. |~ case. The proof consists of a bootstrap argument from

larger scales to smaller scales in multiplicative increments of N, where

¢
§e (0, 2—00> : (2.249)

with Cy > 0 being a universal constant that will be chosen large enough in the proof.

For any 1 > |mqc| ™ N71*¢, we define

m = nNal for I = 07 EES) L — ]-7 nL = L. (2250)
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where L = L(n) := max {{ € N| pN°(~) < 1} . Note that L < 25"

By , the function w — G(w) —II(w) is Lipschitz continuous in S with Lipschitz
constant bounded by CN3. Thus to prove for all w € S, it suffices to show that
holds for all w in some discrete but sufficiently dense subset S C'S. We will use

the following discretized domain S.

Definition 2.6.3. Let S be an N~'%-net of S such that |S| < N2 and
E +1n €§:>E+im €S forl= 1,...,L(n).

The bootstrapping is formulated in terms of two scale-dependent properties (A,,)

and (C,,) defined on the subsets
§m = {w cS | Imw > N_‘;m}.

(A,,) For all w € §m, all deterministic unit vector v, and all X satisfying 1)1)

we have

Im G (w) < [w]Y2Im [my(w) + mae(w)] + N2d(w). (2.251)

(Cpn) For all w € §m, all deterministic unit vector v, and all X satisfying 1)1)

we have

Gy (W) — Iy (w)| < NO°®(w). (2.252)

It is trivial to see that property (Ag) holds. Moreover, it is easy to observe the following

result.
Lemma 2.6.4. For any m, property (C,,) implies property (A,,).

Proof. This result follows from ([2.110)). [



85

The key step is the following induction result.

Lemma 2.6.5. For any 1 <m <257, property (A,,_1) implies property (C,,).

Combining Lemmas and , we conclude that (2.252) holds for all w € S.

Since ¢ can be chosen arbitrarily small under the condition (2.249)), we conclude that
(2.248]) holds for all w € g, and Proposition follows. What remains now is the

proof of Lemma [2.6.5 Denote

Fo(X,w) =

Guel X, ) = T (). (2.253)
By Markov’s inequality, it suffices to prove the following lemma.

Lemma 2.6.6. Fizp € 2N and m < 261, Suppose that the assumptions of Proposition

and property (A,,_1) hold. Then we have
EF?(X,w) < (N°®(w))” (2.254)
for all w € §m and all deterministic unit vectors v.

In the following, we focus on proving Lemma [2.6.6] First, in order to make use of
the assumption (A,,_;), which has spectral parameters in §m,1, to get some estimates

for spectral parameters in §m, we shall use the following rough bounds for Gyy,.

Lemma 2.6.7. For any w = E +in € S and x,y € C%, we have

L(n)

Oy (W) — ﬁxy@”)‘ <N Z [Im Gy, (B + i) + Im Gy, (B + i1
=1

Hm Gy, y, (B +im) + Im Gy,y, (B +am)] + [[xl2[ly 2,

X1 Y1
where X = and 'y = for x1,y1 € CB and x2,y, € C2, and n; is

X2 Yo

defined in .
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Proof. The proof is similar to the one for [44, Lemma 7.12]. O

Recall that for a given family of complex square random matrices A, we use A =

0(¢) to mean |(v, Aw)| < ¢||v||2||w||2 uniformly for all deterministic vectors v and w

(see Definition [3.2.4] (ii)).
Lemma 2.6.8. Suppose (A,,_1) holds, then
G(w) —T(w) = OL(N*) (2.255)

and

Im Gy < N [Jw]”*Im (mae(w) + mae(w)) + N©°®(w)] (2.256)
for all w € §m and all deterministic unit vector v.

Proof. Let w = E +in € S,,. Then E +in € Sy for I = 1,...,L(n), and (2.251)
gives Im Gy (w) < 1. The estimate now follows immediately from Lemma [2.6.7]
To prove , we remark that if s(w) is the Stieltjes transform of any positive in-
tegrable function on R, the map n — nlms(E + in) is nondecreasing and the map
n +— n~ms(E + 4n) is nonincreasing. We apply them to |w|™Y/2Im G (E + in) and
Immy o.(E +in) to get for wy = E +iny € §m_1,

1/2 |w|1/2

Im Gy (w) < N‘S%Im Guov(wr) < N° ||w]2Im (mye(wy) + mae(w:)) + N2 |1/2<I>(w1)
1

|w1

< N [Juf2m (mae(w) + mse () + N B(uw)]

where we used ®(w) := |w|"/?¥(w) and the fact that n — W(E + in) is nonincreasing,

which is clear from the definition (3.37)). O

Now we apply the self-consistent comparison method introduced in [44], Section 7] to

prove Lemma [2.6.6] To organize the proof, we divide it into two small subsections.
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Interpolation and expansion

Definition 2.6.9 (Interpolating matrices). Introduce the notation X° := X% gnd

X':= X. Let p}), and p}, be the laws of X}, and X, respectively, for i € I} and

€ Ly Forf € l0,1], we define the interpolated law

pl = (1=0)p), +0pl,.

We shall work on the probability space consisting of triples (X°, X?, X') of independent

IM x T, random matrices, where the matriz X% = (X9 ) has law

II 11 Al.taxy,). (2.257)

ieZM pels

For \e R, i € IM and pu € Iy, we define the matriz X through

(i)

. X i () # )
(122), - |
A i G) = (ip)

We also introduce the matrices

G'(w) =G (X'w), Gl\(w):=g (X“ w),

(i (ip)’

according to (2.240) and the Definition m

We shall prove Lemma through interpolation matrices X? between X° and X!,

It holds for X by the anisotropic law in Theorem [2.2.18| (see the remark above ([2.243))).
Lemma 2.6.10. Lemma holds if X = X°.

Using (2.257) and fundamental calculus, we get the following basic interpolation

formula.
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Lemma 2.6.11. For F : R%" > 3 C we have

—]EF (X =3 3 [Br (X, ) _EF (ijoﬂ (2.258)

i€IM nelz

provided all the expectations exist.

We shall apply Lemma[2.6.11|with F(X) = FP(X,w) for Fy,(X,w) defined in (2.253)).

The main work is devoted to proving the following self-consistent estimate for the right-

hand side of ([2.258)).

Lemma 2.6.12. Fiz p € 2N and m < 25!, Suppose and (Am—1) holds, then we

have

S [em (ijj) _EFP (ijj)] = O (NCODY + BFP(X? w))  (2.259)

ieZM pelz

for all 6 € 10,1], all w € §m, and all deterministic unit vector v.

Combining Lemmas [2.6.10} [2.6.11] and [2.6.12] with a Gronwall argument, we can

conclude the proof of Lemma [2.6.6{ and hence Proposition 2.6.2

1
In order to prove Lemma [2.6.12| we compare X and X * via a common X (92.’3),

i.e. under the assumptions of Lemma [2.6.12] we will prove
>3 [EFP( 95) EFP (XZE))] = O (NP + EF?(X% w))  (2.260)
i€IM nelz
for all uw € {0,1}, all 0 € [0,1], all w € §m, and all deterministic unit vector v.
Underlying the proof of is an expansion approach which we will describe
below. Throughout the rest of the proof, we suppose that (A,, ;1) holds. Also the rest
of the proof is performed at a single w € S,,. Define the T x ZM (recall Definition

2.2.9) matrix Az\m) through

(Ai\i“))st = Aéiséut + Aéitéus; (NS Ifw, 1% S IQ- (2261)
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Then we have for any \, N € R and K € N,

)+Za gm (VAA 7l g(w) TLa K—HQW) (VA’\ vl g(“)KH’

w) (in)

(2.262)

— Vi 0
where V' := and o := |w|11//22 The following result provides a priori bounds for

0 I
the entries of Q?Z?;‘)

Lemma 2.6.13. Suppose that y is a random variable satisfying |y| < N~'/2. Then

Gok —T1 = O-(N*) (2.263)
for alli € M and p € .

Proof. See [44, Lemma 7.14]. O

In the following, for simplicity of notations, we introduce f(;.)(A) := FP (X 6, ’\) We

use f((iz)) to denote the n-th derivative of f;,). By Lemma [2.6.13| and expansion ([2.262

we get the following result.

Lemma 2.6.14. Suppose that y is a random variable satisfying |y| < N-Y2. Then for
firted n € N,

’ f((;))(y)‘ < N2p), (2.264)

By this lemma, the Taylor expansion of f,) gives

4p
Zi— )(0) + O(@7), (2.265)

n=0

provided Cj is chosen large enough in (2.249)). Therefore we have for u € {0, 1},

0,X4 .
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where we used that X}, has vanishing first and third moments and its variance is 1/V.

Thus to show ([2.260)), we only need to prove for n = 4,5, ..., 4p,

N YD ST LR A0 = O (NWap + ERIX" W), (2.266)

i€ pelz

where we used (2.4). In order to get a self-consistent estimate in terms of the matrix

X" on the right-hand side of (2.266)), we want to replace X((’;’S) in fi)(0) := Fp(XZS))

0,x9
with X = X, 7.
(ip)

Lemma 2.6.15. Suppose that

N2 Z Z ‘Ef(n) XG

i€IM pely

O ((N“°®)? + EF? (X’ w)) (2.267)
holds for n =4, ...,4p, Then holds for n =4, ..., 4p.

Proof. From (2.265]) we can get
4p—I

Finy (0) Z v e fin” (0) + O(N"20?). (2.268)

The result follows by repeatedly applying (2.268). The details can be found in [44]

Lemma 7.16]. O

Conclusion of the proof with words

What remains now is to prove (2.267). For simplicity, we abbreviate X = X for the
remainder of the proof. In order to exploit the detailed structure of the derivatives on

the left-hand side of ([2.267]), we introduce the following algebraic objects.
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Definition 2.6.16 (Words). Given i € ZM and p € I,. Let W be the set of words
of even length in two letters {i,u}. We denote the length of a word w € W by 2n(w)
with n(w) € N. We use bold symbols to denote the letters of words. For instance,
w = t18atess - - t,8,41 denotes a word of length 2n. Define W,, := {w € W : n(w) = n}
to be the set of words of length 2n. We require that each word w € W, satisfies that
tisi11 € {ip, pi} for all1 <1 <n.

Next we assign each letter * its value [¥] through [i] := vy, [u] := p, where v; € CH s
defined in Lemma and is regarded as a summation index. Note that it is important
to distinguish the abstract letter from its value, which is a summation index. Finally, to

each word w we assign a random variable Ay ; ,(w) as follows. If n(w) = 0 we define

Av,i,p(w) = gvv _va-
If n(w) > 1, say w = tysatass - - t,S8,11, we define
Avin(W) = Gyt Gisalita] * ** Gisnlltn] Gisnsa] v - (2.269)

Notice the words are constructed such that, by (2.262)),

(5t (60 =) = ot = st

’LUEWn

forn=0,1,2,..., with which we get that

(aiu)nFﬂX)‘( ol Y ﬁn

ni+---+np=nr=1

'nr+p/2

X Z Z Av,i,u (wr)AV,i# (wr+p/2)

wTEWnr wr+p/2 GWn

Then to prove (2.267)), it suffices to show that

p/2

N_n/2 Z Z E H Av,i,u(wr)Av,i,u(errp/?) =0 ((NCOéq))p + EF\IB(XGa w)) (2270)

ieIM p€lz | r=l

r+p/2
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for 4 < n < 4p and all words wy, ..., w, € W satistying n(w;)+- - - +n(w,) = n. To avoid
the unimportant notational complications associated with the complex conjugates, we
in fact prove that

Ny D

ieZM pels

= O ((N®)? + EFP(X°, w)) . (2.271)

BT Avin(wr)

r=1

The proof of (2.270)) is essentially the same but with slightly heavier notations. Treating

empty words separately, we find it suffices to prove

VY SR

i€TM pelz

= O ((N®°®)? + EFP(X% w))  (2.272)

q
7‘:1

for 4 <n <4p, 1 < ¢ < p, and w, such that n(wy) =0, > n(w,) =n and n(w,) > 1
for r > 1.

To estimate ([2.272)) we introduce the quantity
Rs = |gVVs| + |QVSV|' (2'273)
for s € Z, where as a convention we let v, = ¢, for u € Zs.

Lemma 2.6.17. For w € W we have the rough bound
| Ay i (w)] < N2, (2.274)
Furthermore, for n(w) > 1 we have
| Avip(w)] = (R} + RN =), (2.275)
For n(w) =1 we have better bound

|Avip(w)| < RiR,. (2.276)
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Proof. (2.274) follows immediately from the rough bound ([2.255)) and definition ([2.269)).
For 2.275, we break Av,z‘,u(w) into gv[tl](g[SQ][tQ] tee Q[Sn“tn])l/Q times (g[SQ}[tQ] s Q[Sn“tn])l/Q g[san
and use Cauchy-Schwarz inequality. (2.276|) follows from the constraint t; # s, in the

definition ([2.269)). O

By pigeonhole principle, if n < 2q — 2 there exists at least two words w, with

n(w,) = 1. Therefore by Lemma [2.6.17| we have

q
AP (wy) H Avip(w,)| = NPUFOEP=(X) (1(n > 2¢ — 1)(R} + R2) + 1(n < 2 — 2)RIR?) .
r=1

(2.277)

By Lemma [2.6.1 we have

1 o, 1 o |wY?Im Gyy +n|w| 72 |Gy |
T RIS D R

Nn
iezM nEL

_ yeslwlmmie + mao) + [w] 2N

) N(CO+2)5(I)2,
Nn

(2.278)

where in the second step we used the two bounds in Lemma2.6.8}, |w|~'/?n = O(|w|Im m;,)
by Lemma [2.3.7] and in the last step the definition of ®. Using the same method we

can get

% > Y RIRE < (N(Co2ip2)? (2.279)

ieTM pely
Plugging ([2.278) and ([2.279)) into (2.277]), we get that the left-hand side of ([2.272)) is
bounded by

N2 N2(ntet2) g fpea( ) (1(n > 2g — 1) (N920)? 4+ 1(n < 2 — 2) (NCO5/2<1>)4> .
Using ® > N~Y2, we find that the left hand side of (2.272) is bounded by
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< EF‘I;—Q(X) <1(n > 2q _ 1) (N006/2+126(I))n—2 + ].(TL < 2q B 2) (N006/2+126(I))n)

where we used that ¢ < n and n > 4. Choose Cy > 25, then by (2.249) we have

NC03/24126 < NC/2 and hence N09/2+120% < 1. Moreover, if n > 4 and n > 2¢ — 1, then

n > q + 2. Therefore we conclude that the left-hand side of (2.272) is bounded by
E FP9(X) (N“°9)*. (2.280)

Now ([2.272)) follows from Holder’s inequality. This concludes the proof of (2.267), and
hence of ([2.260)), and hence of Lemma This finishes the proof of Proposition [2.6.2]

under the assumption ([2.24)).

In the rest of this section, we prove Proposition when 1 > N=Y2+H¢|my |

without assuming (2.24). In this case, we can verify that
o < NTVAC/2, (2.281)

Following the previous arguments, we see that it suffices to prove the estimate (2.267)

for n = 3. In other words, we need to prove the following lemma.

Lemma 2.6.18. Fiz 1 <m < 25! and p € 2N. Let w € §m NnD (recall ) and

suppose (A,,_1) holds. Then we have

NN Y ‘Ef((i))(Xfu)

ieIM pelz

= O (N°®)? + EFP(X?, w)) . (2.282)

Proof. The main new ingredient of the proof is a further iteration step at a fixed w.

Suppose
G — 11 =0, (N%¢) (2.283)
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for some ¢ < 1. By the a priori bound (2.255), (2.283)) holds for ¢ = 1. Assuming

, we shall prove a self-improving bound of the form
NT2STY )E f((f;f)(XfM)‘ = O (N 4+ (N~/*¢) + EFP(X?, w)).  (2.284)
ieZM pelz
Once is proved, we can use it iteratively to get an increasingly accurate bound
for the left hand side of . After each step, we obtain a better a priori bound
(2.283) where ¢ is reduced by N~¢/4. Hence after O(¢™!) iterations we can get (2.282)).

As in Section to prove (2.284)) it suffices to show

q

N—3/2 Z Z AP—4 (wo)HAV’W(wT) < F\};_q(X>(N(CO_1)5®—|—N_C/2¢>q, (2.285)

V5,0
i€IM pels r=1

which follows from the bound
q
NS TS T Avilinn)| < (V@070 4 N2, (2.286)
ieTM pels r=1
Each of the three cases ¢ = 1, 2, 3 can be proved as in [44, Lemma 12.7], and we leave

the details to the reader. This concludes Lemma P.6.18| m

2.6.2 Averaged local law for T'X

In this section we prove the averaged local law in Theorem[2.2.19] Again for convenience,
we only consider the case with w € D and |z|*> < 1 — 7. First we assume holds.
The anisotropic local law proved in the previous section gives a good a priori bound. In
analogy to ([2.253]), we define

F(X,w) : = |w|"?lmy(w) — moe(w)] = % > Gu(w) = [w]Pmac(w)] .

vELls
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Since ®2 = O(|w|"/2/(Nn)), it suffices to prove that F < ®2. Following the argument in

Section analogous to ([2.267), we only need to prove that

NPy DB

i€ZM pelz

(an)nﬁp(X)‘ =0 ((N%ﬂ)p i Eﬁp(X)> (2.287)

for alln =4, ...,4p. Here § > 0 is an arbitrary positive constant. Analogously to (2.271)),

it suffices to prove that for n =4, ..., 4p,

NT23Y Eﬁ (% 3 Ae,,i,#(wr)> | ~0 ((N5<1>2)P +Eﬁp(x)> (2.288)

iEZ{” BELo r=1 vELo

for > n(w,) = n. The only difference in the definition of A, ; ,(w) is that when n(w) =

0, we define

Av,i,,u(w) = gvv _’w|1/2m20'
Similar to (2.273) we define
Rus = |Gov,| + |Gyl (2.289)

By the anisotropic local law, G —II = O<(®). Hence combining with Lemma and
(2.110), we get

i Z RQ =< |w|1/21m gvsvs;n|w|l/2 IngVs| =< |w|1m(mlc +]\Tfn20) + |w|1/2CI) O((I)Q)
vELy 77 77
(2.290)
Since G = O(1) by the anisotropic local law, we have
1
~ > Aeyip(w Z (R2; +R2,) < ®* for n(w) > L. (2.291)
vELs I/GIQ

Following ([2.291]), for n > 4, the left-hand side of (2.288)) is bounded by

E FP~9(X)(®?)".



97

Applying Holder’s inequality, we conclude the proof.

Then we prove the averaged local law when 1 > N~1/2+¢|m,. |1, Tt suffices to prove

NN MR (aiﬂ)gﬁp()() =0 ((N5<I>2)p + (

i€} pelz

N—C()/Q

)p + Eﬁp(X)) :
(2.292)

for some small constant ¢y > 0. Analogous to the above arguments, it reduces to show

that

NS f[ (% > Aewi,u(wr)> = O, (cp?q + (j\]fv_n)q) . (2293)

ieIM pely r=1 veLy
where ¢ is the number of words with nonzero length. Again we can prove the three
cases ¢ = 1, 2, 3 as in [44] Lemma 12.8], and we leave the details to the reader. This

concludes the averaged local law.

2.7 Appendix

2.7.1 Proof of Lemma [2.2.3| and Proposition 2.2.14

We now prove Lemma [2.2.3] First is a technical lemma for f defined in (2.16)).

Lemma 2.7.1. For w >0 and |z| > 0, f can be written as

+ +
— Q; m — bl m + ¢

where we have the following estimates for the poles and the coefficients,

) 2 ) 2
max <|z|, i j\;lwﬂ ) <q <2 j\;g + 2], an < ap1 <...<ay, (2.295)
: |2
O<b<by<...<b, < ,— |, 2.296
1 < by min (|z[ Jo ( )
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—(si +12%) + /(51 + |2]?)2 + 4w|2[?

NG <o <lzl, a<e<...<cp, (2.297)
and
0<Ai§2si+|z|2+ﬂlz|7 O<Bi§25i+|z|2+\/alz|’ 0<C < si+ 12" + vulz|
w w w

(2.298)
Proof. The proof is based on basic algebraic arguments. Let
pi = Vam® — (s;+ [2P)m’ — iz Pm + 2]
It is easy to verify that
A = 18(s; + 2| )w|z|® +4(si + [2)*)?|2]* + (55 + |2]*)2w]z|* + 4w?|2|® — 27w|z|® > 0.

Thus p; has three distinct real roots. By the form of p;, we see that there are two positive
roots and one negative root, call them a; > b; > 0 > —¢;. Now we perform the partial

fraction expansion for the rational functions in ([2.16)):

m? — |z Aj B; Ci
3_ (o N2 2 1=t K (2.299)
Vumd — (s; + |z]2)m? — Jw|z|?’m + |z|*  m—a, m-—0b m+g
where
A/_ a?_|z|2 r b?—|z|2 ’r _sz+|z|2
V(e —b)(ai+a) T Vwlb—a)(bi+ ) T Vw(e + ai) (e + b))

(2.300)

We take s; = 0 in p; and call the resulting polynomial as
o = Vs = |sfm = alafn+ el = v (m— EL) o - 1)

which has roots m = +|z|, |2|?/v/w. By (2.8), we have p; < py < ... < p, < pp for all

m # 0. Comparing the graphs of p;’s (as cubic functions of m) for 0 < i < n, we get
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that
||’Z‘2 <a, < <. < 0<b <by<...<b, <mi |||Z|2
max | [z|, — Ay < Ap_ ..o <aq, , < min | |z, — |,
7\/@ 1 1 1 2 \/@
(2.301)
and
O0<a<c<...<c, <]zl (2.302)

Thus we get (2.296). By these bounds, we see that a? — |2|? > 0, b2 — |2|?> < 0 and
—c?+ 2| > 0, which, by (2.300), give that A] > 0, B; > 0 and C/ > 0. Plugging
into f, we get immediately with A; = Ala;, B; = B/b; and C; = Clc;. The w™1/2
term can be obtained by comparing the coefficients of the m? terms in and using
the normalization condition .

Now we compare p; with p} := \/wm?® — (s; + |2[*)m? — y/w|z|?*m, which has roots

(i + [2*) £ v/(si + [2[)* + dw]z]?

—0
= 2 /W

Since p} < p; for all m, we get

_ (si + |2]?) + \/(81 + [2]2)? 4 4w|z|? _ s; + |22

2w N

and

—(si +12*) + V/(si + [2*)* + dw|2]?
2y/w '
Combining (2.302)) and (2.304)), we get (2.297). Then we compare p; with p/ := \/wm? —

¢ > (2.304)

(s;+|2]?)m?, which has roots w = 0, (s;+|z|?)/+/w. Note that p! > p; for m > |z|>/\/w,

which gives a; > (s; + |2]?)/+/w since a; > |z|>/y/w. Combining this bound with (2.301)
and (2.303]), we get ([2.295)).
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Finally we estimate the coefficients A;, B; and C;. Using ([2.300|) and (2.295))-(2.297)),

we first can estimate that

woo tai—le)aitlel) o aitld] 2
CoVw(a —b) (e +a) T Vwlaita) T Jw
. s . )
g GLA0Ab) A th st o Ve

Vw(a; —b)(bi +c) — Vwlbi +¢) ~ w)z]
(2] —e)lei+|z]) 2] — ¢ 3z+12\2+\/_’2’|
CA N \/E(CZ—FCLJ(C@—F(%) S \/E(Cz+bz) < w\z|

with which we can get that

2 1 2 (2 2
A= A < (S \J;lz’ +z |> RSt 12l w+ Vulzl (2.305)
2 . 2
Sl e VAT PR el e VAT (2.306)
w|z| w
) 2 ) 2
Cy=Cley < 2 * 12+ Vil 2| = 5F [#° + Vwle| (2.307)
w|z| w
O

In (2.294)), it is sometimes convenient to reorder the terms and rename the constants
to write f as

n

1

fm) = =vw+m+w 2+ = an

— . 2.308
— T N m + Ui ( )

where all the constants C} and C; are positive and chosen such that
O<z1 <2< ...<ZToy, 0<y; <o <...<Yp. (2.309)

Clearly, f is smooth on the 3n + 1 open intervals of R defined by
[—n = <_007 _yn)a [—k = <_yk+17 _yk) (k = 17 s, = 1)7 IO = (_ylaxl)a

Ik = (xkvxk-‘rl) (k = 17 ceey 2n — 1)7 ]271 = (J]Qn,—f—OO).
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Next, we introduce the multiset C of critical points of f (as a function of m), using the
conventions that a nondegenerate critical point is counted once and a degenerated critical

point twice. First we will prove the following elementary lemma about the structure of

C (see Fig.[6] and Fig.[7).

Lemma 2.7.2. (Critical points) We have |CNI_,| =|CN Iy, =1 and |CN 1| € {0,2}

fork=-n+1,...2n—1.

Proof. We omit the dependence of f on w for now. By (2.308 m we have

2n n
1 Cyf 1 Cr
f'im)=1-— —k = —l, E E
(m) N~ (m—-m) N%(m+uy) N N

We see that f” is decreasing on all the intervals I, for k = —n+ 17 ...,2n—1. Thus there

—SCk m—l—yl

is at most one point m € I such that f”(m) = 0. We conclude that f has at most two
critical points on I;. By the boundary conditions of f* on 91}, we get |CN 1| € {0,2} for
k=-n+1,...,2n— 1. For m < —y,, we have f”(m) < 0, while for m > xs,, we have
f"(m) > 0. By the boundary conditions of f" on 91_,, and 01s,, we see that f’ decreases
from 1 to —oo when m increases from —oo to —y,,, while f’ increases from —oo to 1 when
m increases from xg, to +00. Hence we conclude that each of the intervals (—oo, —y,,)

and (zs,, +00) contains a unique critical point in it, i.e. [CNI_,|=|CN I, =1. O

From this lemma, we deduce that |C| = 2p is even. We denote by zy, the critical
point in I_,,, z; the critical point in [,, and 25 > ... > 29, 1 the 2p — 2 critical points
inl ,,1U...Uly, 4. For k=1,...,2p, we define the critical values hy := f(zx). The

next lemma is crucial in establishing the basic properties of pi. (see e.g. Fig.@.

Lemma 2.7.3. (Orderings of the critical values) The critical values are ordered as hy >

hy > ... > hgy. Furthermore, there is an absolute constant Cy > 0 independent of T such

that hy € [—Co(T7Hw|™Y2 + |2]) — Vw, Co(7Hw|™Y2 + |2|) — Vw] fork =1,...,2p.
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Proof. Notice for the equation , if we multiply both sides with the product of all
denominators in f, we get a polynomial equation P,(m) = 0 with P, being a polynomial
of degree 3n + 1. An immediate consequence is that for any fixed w > 0 and F € R,
f(y/w,m) = E can have at most 3n + 1 roots in m. This fact will be useful in the proof
of this lemma and Lemma 2.2.3]

For i = —n,...,2n, define the subset J;(w) := {m € I, : O f(y/w,m) > 0}. From
Lemma 2.7.2] we deduce that if i = —n + 1,...,2n — 1, then J; # ) if and only if I,
contains two distinct critical points of f, in which case J; is an interval. Moreover, we
have J_,, = (—00, 29,) and Ja, = (21,+00). Next, we observe that for any —n < i <
J < 2n, we have f(J;) N f(J;) = 0. Otherwise if there were E € f(J;) N f(.J;), we would
have [{z : f(z) = E}| > 3n+ 1. We hence conclude that the sets f(J;), —n < i < 2n

can be strictly ordered. The claim hy > hy > ... > hgy, is now reformulated as
f(Ji) < f(J;) whenever ¢ < j and J;, J; # 0. (2.310)

To prove ([2.310]), we use a continuity argument. Let ¢ € (0, 1] and introduce

t 12, t y cr t~ O
It is easy to check ([2.310]) holds for small enough ¢ > 0. We claim that
Ji A0 = J #0 for all t € (0,1]. (2.311)

This is trivial for i = —n, 2n. Recall that for —n+1 <i < 2n—1, J! # () is equivalent to
I; containing two distinct critical points. Moreover, 0;0,,f*(m) < 0in I_,,1U... Uy, 1,

from which we deduce that the number of distinct critical points in each [;, i = —n +

1,...,2n — 1, does not decreases as t decreases. This proves (2.311]).
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Next, suppose that there exist i < j such that J;,.JJ; # 0 and f(J;) > f(J;). From
(2.311)), we deduce that Jf, J; # () for all ¢ € (0, 1]. By a simple continuity argument, we
get that f*(Jf) > f*(J}) for all t € (0,1]. However, this is impossible for small enough ¢
as explained before . This concludes the proof of .

To prove the second statement of Lemma we only need to show that h; <
Co(77Hw|™Y2 4 |2|) — Vw and hy, > —Co(7Hw|™2 + |z|) — y/w for some absolute

constant Cy. We only give the proof for hy; the proof for hy, is similar. At z;, we have

2n n
1 cF
./ — § § -1/2 _ -1/2
f(Zl)"— w S (21+yn) 1 + N N - 2<Zl+yn)+w ?

kl(Zl—Ik 21+yl

where we used

B —— En: . (2.312)

2’1+yl

Now we would like to estimate z; + y,. Again using ([2.312]), we have that

N Z N Z (=1 —$2n =1
Then by we get

21—56'2

2n n
1 1 71+ |22 + Vw|z|
— X < =Y CF+—=) C < \/5 .

Using the above estimates and ([2.295))-(2.297)), we obtain that

-1 2 2
f<z1>§2<\/57 12+ Vaolz] | st 2] +2|z|> w2 i < Cor o 4 o))

w Vw

for some constant Cy > 0 that does not depend on 7. O]

Proof of Lemma[2.2.3 Let J(w) := \J"_, Ji(w). Given w > 0 such that 0 € f(J(w)),

1=—nN

then the set {m € R : f(y/w,m) = 0} has 3n + 1 points. Since f(y/w,m) = 0 has

Vw.
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at most 3n + 1 solutions in m, we deduce that m.(w) is real and hence m;.(w) is
also real. Since my,. is the Stieltjes transform of p;., we conclude that w & supp piec.
On the other hand, suppose w > 0 and 0 ¢ f(J(w)). Then the set of preimages
{meR: f(y/w,m) =0} ={m e R: P,(m) =0} has 3n — 1 points. Since P,(m) is a
degree 3n + 1 polynomial with real coefficients, we conclude that P, has a unique root
with positive imaginary part. By the uniqueness of the solution of P,;, in C, (Lemma
and the continuity of the roots of P, in 7, we conclude that Im m.(w) > 0 and

hence Im m;.(w) > 0 by taking n \ 0, i.e. w € supp pi.. In sum, we get

supp pre ={w >0:0¢ f(J(w))}. (2.313)

From Lemma [2.7.3] we see that there exists an absolute constant C; > 0 such that
if w > Cy771, then hy(w) < Co(77Hw|™Y2 + |2]) — vw < 0. Hence fix w > C1771,
we have 0 € f(Jon(w)) and w ¢ supp pi. (see the upper graphs in Fig.[f| and Fig.[7).
This shows that p;. is compactly supported in [0,C;77']. Now we decrease w so that

w < 81+ |z|> + 1. Then using (2.295)), we have

2
1—
hi(w) >z +w ' = Vw > 81+|Z|\/%L -

By continuity, there must be some 0 < w < C77! such that 0 ¢ f(J(w)). Thus

> 0.

supp p1c # 0. By (2.313), it is not hard to see that supp pi. is a disjoint union of

(countably many) closed intervals,

Supp pPic = U[€2k, ek—1, (2.314)
k
where C;771 > e; > ey > .. .. Furthermore, for e; to be a boundary point, we must have

that 0 is a critical value of f(,/e;,m), i.e. there is a unique critical point m = m.(e;)
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such that
f(\/e_za mc(ei)) =0, amf(\/e_lv mc<6i)) = 0. (2'315)

Notice the two equations in are equivalent to two polynomial equations in
(v/w,m) with order 3n + 1 and 6n, respectively. By Bézout’s theorem, there are at
most finitely many solutions to the equations . Hence there are finitely many
e;’s, call them e; > ... > ey, where L = L(n) € N. The statement about ey, follows

from Lemma 2.7.4] below. This concludes Lemma 2.2.3] O

Lemma 2.7.4. If 1+7 < |2|> < 1+771, there is a constant €(7) > 0 so that ear, > €(7).

If |22 <1 -7, ear, = 0 and pie(x) ~ 7Y when v\, 0.

By this lemma, the behavior of the leftmost edge es; changes essentially when z
crosses the unit circle. From the following proof, we will see that the singularity happens
at |z|2 = N=' 3" | I;s;. Thus the fact that the singular circle has radius 1 is due to our

normalization (2.6 for T

Proof of Lemma[2.74. We first study the equation (2.15) when w \, 0 in the case

1+7 <22 <1+ 7' We calculate the derivative of f as

I & m? — |z|?
O sm)=1+—=>» 1Is;
f(w,m) =1+ 5 Z S Jwomd — (s 4 [2[P)m2 — JwlzPm + |2

Zl VO (m® = |2)? + 25i)2m
I om® — (si + [22)m? — JalelPm + |1

(2.316)

Recall the definition of J; in the proof of Lemma [2.7.3] It is easy to see that Jy # ()
for all w > 0, since 9, f(y/w,0) =1 — |2|7% > 0 (see the lower graph in Fig.@. Call
the end points of Jy as zx(w) > 0 and zx1(w) < 0. By the definition of Iy, we have

2k < by < |2|. Suppose z; = o(|z|) as w — 0, then (2.316)) gives that 0 = 1—|z| 2+ 0(1),
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which gives a contradiction. Thus z;, ~ |z| as w — 0. Now using 9,, f(v/w, z;) = 0, we

can estimate that

w,z,) = — Vi (2 = [2*)” + 25|22
f(\/_a ) \/_+Nzll\/_zk (Sz—|—|z| )Zk \/_l |2Zk;+|Z|]

2s;|z|° =
> Vit Dt 2 - va (2.317)

for some constant ¢ > 0 independent of w, where in the second step we used that

Vwzy — (si + 2%z — vw|zzr + |2[* > 0, and vwz} — (s; + |2]*) 2} — Vw|z*z, < 0

which come from the fact that 0 < 2z, < b; < |z] for all 1 < ¢ < n. By (2.317),
we can find e small enough such that f(y/w,z;) > 0 for all 0 < w < e. In this case,
0 € f(Jo(w)) and hence w ¢ supp pi.. In fact, it is not hard to see that there is a solution
mo = w|z*/(|z|> = 1) + o(y/w) € Iy such that f(y/w,my) =0 and 9, f(v/w,mg) > 0.
This proves the first statement of Lemma

Now we study equation when |2|> < 1 —7 and w — 0. For later purpose,
we allow w to be complex and prove a more general result than what we need for this

lemma. Let w = 0 in the equation ([2.15)), we get m = 0 or

0=1+— Zl m” — |2 (2.318)
B - (si+ |z|2)m? + |z|* '
We define
I & T — |2]? 122 & —z+ 2> — s
9(z) N ; —(si+ [Pz + 2t N & —(si+ [2)z + 2] ( )

It is easy to see that g is smooth and decreasing on the intervals defined through

|2|* |2|* |2|* : |2|*
K =|—-00,——— ), K; = , i=2,...,n), Kny1 = ————=,00|.
! ( s1+ |z|? Sic1+ |22 s+ |2)? ( ) 1 Sn + |2)?
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By the boundary values of g on these intervals, we see that g(x) has exactly one zero on
intervals K; for i = 1,...,n, and has no zero on K, ;. Since g(x) = 0 is equivalent to a
polynomial equation of order n, it has at most n solutions. We conclude that all of its
solutions are real. Obviously, the zeros on the intervals K; are positive for ¢ = 2,... n.
Now we study the zero on K;. Observe that g(0) =1— 2|72 < 0 (as |2|> < 1—7), hence
the zero on K is negative, call it —t. Moreover, it is easy to verify that g(—771) > 0
using ([2.319), so t < 771 If |2|* > 7/2, then by the concavity of g on the Ky, we get

90) _ Q=211 (7
g(0) — $1 ~ 4

In the case |z|? < 7/2, we have |z|* — s, < —7/2 and ¢(|2]* — s,) < 0 by (2.319)). Hence

t> (2.320)

we have

—t < |z* — s, < —7/2. (2.321)

Combining (2.320) and (2.321)), we get that c7* <t < 77! for some constant ¢ > 0.

Now we return to the self-consistent equation (2.15)). The previous discussion shows
that

£(0,3vt) =0, with t > crt.
It is easy to see that there exist constants ¢;, 7" > 0 such that
|=(si + |2[H)m? + 2" + Vw (m® — |2]*m) | = ¢; for |m — it < 7. (2.322)

First we consider the case |z| > € > 0. Expanding f(y/w,m) around (0,4+/¢) and using

(2.322)), we get
0 =0z f(0,iVt)Vw + 0, f(0,iVt)(m — iVt) + o(v/w) + o(m — iV1). (2.323)
By (2.316)), the partial derivative

(m? — |2
N w,m)=—-1—— l; sl 5, (2.324
vl (Vwm) = =1 Z BN PO B Ty P Ty ey pr v A
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and (2.322), we obtain that |9z f(0,iv)| < C and

28:2?
O (0, iV/1) = Zzz s ulkd > ¢y (2.325)

(56 + |212)t + |24
for some constant ¢y > 0. Using (2.325]), we get from ([2.323)) that

m—ivt = O(Vw), if |z| > e (2.326)
Then assume that |z|> < € for sufficiently small €. From g(—t) = 0 and (2.319)), we
get that
I & t+z]* — s
— l; =0. 2.327
N L G B (2320

From the leading order term, we get t=! = tg' + O(|z|?), where to := (N1 Y, l; i/si) "

Expanding ([2.327) up to the first order of |z|?, we get

t ~— i
t=to+ (st—i )|z|2+0(|z| ). (2.328)
Now we write equation (2.15)) as

F(v/w,m) =0, (2.329)

where F'(y/w,m) := f(v/w,m)/m. Expanding F around (0,iy/%) and using , we
get
0 =0z F(0,iVt)Vw + 0, F(0,ivVE) (m — iVt) + 8,0 5 F(0,iVt) (m — i) Vw
+ %aQﬁF(o, ivt)w + %aan(o, iVt)(m — ivVt)? + o(w, [m — iVt m — ivVt]Vw).
(2.330)

We can calculate that (the partial derivatives of F' can be obtained using ([2.316]) and

@-324))

F(Vw,ivt) = _2ilP+ 2Vt +o(|2%, Vw), (2.331)

£/




0P (it VD) = (il + 2/5) Y0 S b 4 e, i) (2,332

From (2.331)) and (2.332)), we get that

FO,ivE) = =2 o2, 0,mp0,ive) = EEVIOS~ L )

tg/z N j=1 S?
, 2 o oo , 2ty x— I
00 F (0, V1) = —%+0(IZ| ), PF(0,iVt) = N g+0<|2| ), 05, F(0,iVt) = O(|z).
j=1"J

Plugging the above results into (2.330)), we get that

0= Z"Wﬁﬂoz o7 ]f+[—zM+o<|z\2>] (m— iv)

+ o(w, |m — iV, |m — ivVt|vw). (2.333)

Observing that |i|z[*\/fo + vwto| ~ |2]* + y/|w|, we get

n

L
v 2 3+ Olul £ 1)

= J

Combing (2.326) and (2.334), we get that if |z|> < 1 — 7, m = iv/t + O(/w) when

w — 0. In particular, this shows that |m| ~ Imm ~ 1 when w — 0. Finally, we

t2

— iVt = Vw, if |z] <e. (2.334)

conclude the proof of Lemma by using that mi.(w) = me(w)w/2 — 1. O

To prove Proposition we need the following lemma, which is a consequence

of the edge regularity conditions and (| -

Lemma 2.7.5. Suppose e;, # 0 is a regular edge. Then |mi.(w) —mic(ex)| ~ |w — ex|'/?

as w — ey and min; |e; — ex| > 6 for some constant § > 0.

Proof. Denote my, := mc(ex) and let w — €. Note that by Lemma and Lemma
2.7.4, if e, # 0, we have

€ <ep <Cr 1 (2.335)
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for some constant ¢ > 0. Then we expand f around (/ex, ms) to get that
0 =0,/ f(ver, mi)(Vw — Ver) + %fﬁf(\/@ my) (me(w) — my,)?
+ O [[Vw = v/er]? + [me(w) — my’ + [Vw — y/eg|[me(w) —mel], (2.336)
where by ,
0wl (ver,my) = —1 — 1k Zz - mi W)Z <. (2.337)

and by (12.294]),
B; C
82 l . z ? ¢ . 2.338
mf( k’mk Z i |: mk - az) " (mk‘ - bl)S " (mk + Ci)g ( )

Applying ([2.295)-(2.298)), (2.335]) and the conditions (2.19)-(2.20) to (2.337]) and (2.338)),

we get that
1< |0ywf(Vermi)| < Ci, e < |02 f(Ver,mi)| < Cy (2.339)
for some C4, Cy > 0. Similarly, if jw—ex| < 7" and |m.(w)—my| < 7’ for some sufficiently

small 7/, using the condition (2.19) we can get that

max{\a;f(@,mc(w)) o2 (\/a,mcm))(,|amaﬂf(\/a,mc<w))|} < Cy. (2.340)

Plugging them into equation (2.336)), for |w — ex| < 7" and |m.(w) — my| < 7/, we get
[me(w) —my| ~ |vw — /e]"/* and
1
— Oyt (Ver, mi) (Vw — Ver) + O(Vw — Ve [?) = 583nf(\/e_k, my) (me(w) —my)*.
(2.341)

By (2.335), we immediately get that |yw — \/ex| ~ |w — ex| and |m.(w) — mg| ~
|mic(w) — myc(ex)|, which proves the first part of the lemma. By (2.341)), if w is real

and |w — egx| < 7/, we have that

me(w) —my = _Qaﬁf(\/a’mk) W — Jer1/2 12 O — /e 1/2
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Thus in a sufficiently small interval U = [e, — d, ex + J], m.(w) has positive imaginary
part for w on one side of e, while m.(w) is real for w on the other side. Hence U does

not contain another edge. This shows that min;; [e; — ex| > 6. O

Proof of Proposition |2.2.14. The properties of p;. have been proved in Lemmas [2.2.3]

2.7.4 and [2.7.5] and included in Definition [2.2.4] Since supp ps. = supp pi. by the

discussion after Lemma we immediately get property (i) for ps.. The conclusion
poc being a probability measure is due to the definition of ms in and the fact that
Mo, 1s the almost sure limit of ms.

The properties (ii) and (iv) for pa. can be easily obtained by plugging m, into (2.10)).
To prove the property (iii) for ps., we need to know the behavior of Imms.(w) when
w — e; along the real line. By (2.10), it suffices to prove that if |z — e;| < 7/ for some

small enough 7" > 0, then
|—w(l 4+ mi)® + |27 = |m2 = [2]*| > €

for some constant ¢ > 0. Suppose that |m?(w) — |z]?| = o(1). Then plugging m, into

Om f(v/w,m.) in (2.316]), and using condition (2.19) and Lemma [2.7.5 we get that
O f (Vw, me(w)) = =1+ O(Im? — |2[*]). (2.343)

Again using condition (2.19) and Lemma [2.7.5, we can bound 0 0, f (v/w, m.(w)) and
02 f(v/w, m.(w)) for w near e;. Thus we shall have that

0 = 9 f (v/E5,me(5)) = O f (V0 me(w))+O(lw—e;]?) = =140 (|mi—|2[*|+]w—e;|?).
(2.344)

This gives a contradiction. Thus we must have a lower bound for |m? — |z|?|. O
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Remark: Here we add a small remark on Example 2.2.8f Given the assumptions in
Example [2.2.8] it is easy to see that f can only take critical values on intervals I_,,
Iy, I, and Iy, since max{|a; — a;_1|, |b; — b;i_1|, |¢c; — ¢;_1]} — 0 in this case. Thus the
number of connected components of supp py. is independent of n, and all the edges and

the bulk components are regular as in Example 2.2.7

2.7.2 Proof of Lemmas |2.3.7| and 2.3.8

We first prove Lemma [2.3.7 We consider the five cases separately.

Case 1. For w = E +in € DY((, 7', N), we have

. P1e(7) e T (w) — p1e(T, 2)n "
mw) = [ e o) = [ 2 s s

x — (E +1in)
By the regularity condition of Definition m (ii), we get immediately Im my, ~ 1. Since
Immi. < |1+ my.| < C by Proposition [2.2.15] we get |1 + my.| ~ 1. Notice wm;. can

be expressed as

wmlc(w)—/wdx——/plc(x,z)dx—i—/de.
R R R

T —w T —w
By the same argument as above and using the fact that x > 7/ for « € [egr+ 7', €91 —7'],
we get

Im(wmy.) = Im/ wdm ~ 1.
R XL —wW

Since the imaginary parts of —w and |z|?/(1 + my.) are both negative, we get

|2I*

Im {—w(l +my.) + } < —Im(wmy,). (2.346)

1—|—m16

Using the bounds for m;. and Im m;. proved above, it is easy to see that

|2

‘—w(l +mae) + = O(1). (2.347)

1—|—mlc
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Equations ([2.346) and (2.347)) together give that Immsg. ~ 1 and |mg.| ~ 1 by (2.10)).

Similarly, we can also prove that
~1

eC,

2

z
WMo = —(1+m10)+w 12

(]_ —|— mlc)
and Im(wms.) ~ 1. Then (2.106) follows from the bound

2
||

Im (w + S;WMo. —
1 + my.

) > s;Im(wma,).

Case 2: For w = E +in € D°(¢, 7', N), using (2.345)) and dist(E,supp p12.) > 7/, we
immediately get Imm; 9. ~ 7. Now we prove the other estimates.
We first prove (2.106|). If n ~ 1, the proof is the same as in Case 1. Hence we assume

n < ¢, where ¢ = ¢(7,7") > 0 is sufficiently small. Recall the definitions of D and D?°

in (3.31)) and (2.43), we always have F ~ 1 in this case.

We shall prove that
min{|me(w) — a;(w)|, [me(w) = bi(w)], [me(w) + c;(w)[} = €, (2.348)

for some constant ¢’. This leads immediately to (2.106|) since
o \/E(mc - ai)<mc - bz)(mc + Ci)

—m? + |z|*

‘ ( 1 +mlc
wll+s; 5
—w(l+my.)? + |2|

) 1+ i) - o

(2.349)
For p; = VEm?® — (s; + |2[2)m? — VE|z|*m + |2|*, it is not hard to prove that the
roots a;(E), bi(E) and —c¢;(F) decrease as E increase. Since E ¢ supp pi., we have
mi.(E) € R and

dr > 0.

dmic(E) [ pie(z,2)
dE /R (x — E)?

So my.(E) (and hence m.(F)) increases as F increases. Suppose ¢ is the smallest edge

that is bigger than F, then for a;(F) bigger than m.(E), we have that

a;(E) —mq(E) > a;(ey) — me(ex) + € (7") > (1), (2.350)
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by using |E — ex| > 7' (see (2.43)). On the other hand, If e;_; is the largest edge value

that is smaller than E, then for a;(E) smaller than m.(E), we have that
me(E) — ai(E) 2 me(er—1) — ai(ex—1) + €(7) = €(7). (2.351)
Applying the same arguments to b;(E) and —c¢;(E), we get
min{|me(E) — ai(E)|, [m(E) — bi(E)|, [m(E) + c:(E)|} = ¢ (2.352)

for E € (egy1,e9;) for some k. Now we are only left with the case F < esp, the
rightmost edge, when |z|*> > 1+ 7. In this case, we have seen that 0 < m.(E) < b;(E)
for all 7 in the proof of Lemma m Thus we can use to get lower bounds for
|me(E) —a;(E)| and |m.(E) —b;(E)|. Since ¢;(E) ~ 1 in this case (by and using
E,|z| ~ 1), Imc(E) + ¢;(E)| > € is trivial. Again we get the estimate (2.352)).

Then we consider w = E + in with n < /. First, it is easy to check that a;(E + in),
b;(E + in) and ¢;(F + in) are continuous in 7. On the other hand for m.(E + in), we
have

|Owmic(w)| =

/Rmdx' <c (2.353)

( —w)?

by the condition dist(E, supp p1.) > 7'. Thus we immediately get |m.(E+in) —m.(E)| =
O(n). Hence as long as ¢ is small enough, still holds true, which further gives
2109).

Now we show that |1 + mi.| ~ 1 for w € D° and n < . In fact, if |m.| can be

arbitrarily small, then by (2.106) we get that

fWw,me) = —vw+ O(me) # 0,

which gives a contradiction. Finally we have |mg.| ~ 1 for w € D° and n < ¢ by

Proposition [2.2.15
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Case 3: For a regular edge e;, # 0, we always have e, > € for some € > 0 by Lemma[2.7.4]
Thus we always have |w| ~ 1 for w = E +in € D§(¢, 7', N) as long as 7' is sufficiently
small. If n ~ 1, then /& + 1 ~ n/y/k+n ~ 1 and the proof is the same as in Case 1.
Now we pick 7" small and consider the case n < 7. By the regularity assumption ([2.19))

and Lemma [2.7.5] we have

min {[me(w) — a;i(w)|, [me(w) = bi(w)], [me(w) + c;(w)[} > €/2 (2.354)

1<i<n
uniformly in w € {w € D§((, 7', N) : x(w) + n(w) < 27}, provided 7’ is sufficiently

small. The above bound implies (2.106)). If m.(w) — 0, then using (2.106)) we get from

f(yw,m.) = 0 that —y/w + O(m,.) = 0, which gives a contradiction. Thus we must
have |1 + my.| ~ |m| ~ 1. To show |my.| ~ 1, we can use Proposition [2.2.15]

We still need to prove the estimates for Immy o, when 1 < 7/. Recall the expansion

(2.341) around e and equation (2.342)), where both 9 s f(y/€x, my) and 92, f(\/ex, )

are real (as e, and my are real). Suppose k is odd, then Imm.(E) = 0 for £\ e, (i.e.

E ¢ suppp.) and Imm.(E) > 0 for E " e; (i.e. E € suppp.). Thus (2.342) gives
me(w) — my = Cr(w)(w — ex)"/? + Dy(w),
with C, > 0, Cy ~ 1, |Di| = O(Jw — ex|) and Im Dy = O(n). Then for E > e, we have

Imm.(E +in) ~ Im(k + in)/> + O(n) ~

VE+1

and for £ < e, we have

Imme(E +in) ~ Im(—k +in)/2 + O(n) ~ /& + 1.

If k is even, the proof is the same except that in this case, we have

me(w) —my = Cr(w) (e, — w)? + Dy(w).
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For my.(w) and ma.(w), we get the conclusion by noticing w ~ e, and

Me
Vw(=mg +|z[?)
where we used that |m? — |z|?| ~ 1 as observed in the proof of Proposition [2.2.14] in

Section 2.7.11

Imm,, = Im (w_l/ch) ~ Imm.(w), Imms. =Im { } ~ Imm.(w),

Case 4: Again if n ~ 1, the proof is the same as in Case 1. If |w| < 27/ for small
enough 7/, in the proof of Lemma [2.7.4) we have seen that m. = iv/t + O(y/w), which

gives the first equation in (2.103]). Plugging it into (2.10]), we get the second equation

in (2.103). Taking the imaginary part, we obtain (2.104). Finally using (2.103|), we can
verify ([2.106)) easily.

Case 5: For w = E +in € D.(¢, N), the bounds for m; > and Imm, 5 in (2.105) follows
from ([2.345)) directly.

Proof of Lemma[2.3.8. The estimates (2.108)) and (2.109) follow immediately from (2.33)),
(2.106|) and (2.107)). For (2.110]), we can write

U 0 Ut o al
IIyy = ( v, I, V)= (Hd)uu = Z <u[i]7 7T[i}cu[i]> )
0 U 0 Ut i=1

where
u = Vv, U =
0 Ut U3
To control Im Iy, it is enough to bound <u[,~], W[i]cu[i]> for each i.

We first consider Cases 1-4 of Lemma By the definition of 7. in ([2.33)), we

get
|2
1+ mie

22 17" C )
Im 7. = Im | —w(1 + |d;]*ma.) + < —Im |w(l + |d;|"ma.) —
, (L fPmas) + 7| < ot (L P
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_C (1 + |d;|*Re mae)Imw + |d;)* (Re w)Im my, +

|w]

where in the second step we used (2.106)) and |1 +m.| ~ [w|~Y/2. In the first three cases

|2

I
1T+ ma2 e

of Lemma , we have |w| ~ 1 and Imw = O(Imm,.), which give that Imm; . <
CTIm(my, + ma.). In case 4 of Lemma|2.3.7, we use |Im w|+|Re w|+ [14+m1.|72 = O(|w])
and Imm; 5. ~ |w|7Y/? to get that Im 7. < CIm(my. + mg.). Similarly, we can get the
bound Im 75, < CIm(my. + mg.). Finally we can estimate the following term using

similar methods,

Im (ﬂ;umm + ﬂiugﬂ'ﬁ,c) = 2Re (w;u;z) Im {w’l/z [w(l 4+ |d;|*mae) (1 + mye) — |z|2] _1}

< CRe (wjuiz) Im(mye + mo.) < C (|ul\2 + ]u;|2) Im(my. + mae).

Combining the above estimates we get Im <u[i], ﬂ[i]cu[i]> < Clugg|*Im(ma + mo.), which

implies (2.110)). For the Case 5 of Lemma [2.3.7, we use ([2.105]) and (2.109)) to get

Im (ugy, Tpeu) < Jup Prpell < CluggPIm(mye + mae).

2.7.3 Proof of Lemma [2.3.10| and Lemma [2.2.2

We first prove Lemma [2.3.10, During the proof, we also use the following equivalent
definition of the stability expressed in terms of m = \/w(1 + m1), u = y/w(l + u;) and
f(y/w,m). Suppose the assumptions in Definition holds. Let w € D and suppose
that for all w’ € L(w) we have |f(y/w,u)| < |w|'25(w). Then

Clw|'26
“VEtn+d

u(w) = me(w)] (2.355)
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Case 1: We take over the notations in Definition and abbreviate R := f(y/w,u),

so that |R| < |w|'/25. Then we write the equation f(y/w,u) — f(y/w,m.) = R as
a(u —me)? + B(u—m,) = R, (2.356)

where using (2.294)), a and 8 can be expressed as

— 1L il < A + e - G
TN ET wa)me—a)? T (w—b)(me — b (ute)(mete)?]’
(2.357)

and

Bi=l— < lis, {(m A B G g f(am). (2358)

— ;) (me—b;)2 (Mo +¢;)?

We shall prove that
o] + 0ual < C, |B] ~ 1, (2.359)
for w € DY and w satisfying |u — m.| < (log N)~¥/3. If |u — m.| < (log N)~'/3, we also
have Imu ~ 1. By (2.106|), we have
min{|m. — a;|, |m. — bi|, |me + ¢;|} > € (2.360)
for some € > 0. Replacing the m, in (2.106)) with u, we also get that
min{|u — ail, [u = bi[, [u+¢;[} = € (2.361)

for some ¢ > 0. Using and ([2.361)), we get immediately that |a|+|0,a|+|8] < C.
What remains is the proof of the lower bound || > ¢. If Imw > e for some constant
€ > 0, the lower bound follows from Lemma below. If Imw < € for a sufficiently
small € > 0, the lower bound follows from Lemma below. Now given the estimate
, it is easy to prove with a fixed point argument. This proves the stability
of .
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Lemma 2.7.6. Suppose that Imw ~ 1 and |m.| ~Imm. ~ 1. Then |0n f(v/w,m.)| > ¢

for some constant ¢ > 0.

Proof. Using (2.14), m. = v/w(1 + my.) and the conditions Imw ~ 1, Imm, ~ 1, we

can get that

‘aﬁﬂﬁ, me)| _ ‘ om.
Onf (Viw.mo) | |0y

for some constant C' > 0. Now we assume that |0,,f(y/w, m.)| can be arbitrarily small.

< C = |0mf(Vwm)| < Clonf(Vwm)|,  (2.362)

Then |0 5 f(v/w,m)| can also be arbitrarily small. Denote a := 0, f(y/w, m.) and

b:= 0 mf(vw,m). Using (2.316)) and (2.324), we get that
\/_ mCZz” Vi (m — [2)” + 2silm.

(5i + |2[2)m2 + [2]* + v (m — |2[2m,))”

a= (2.363)

and

(m2 —|=)°
lsl - 2.364
Z —(si + [2)mZ + |2|* + Vw (md — |2*m)] (2300

Using (2.363)) and ([2.364]), we can get that

(Vime YRy Lo (2 me)m )

Me 2 Me

, (2.365)

where we used the equation f(y/w,m.) = 0 in the derivation. By our assumption, the
left-hand side of (2.365)) can be arbitrarily small. For the right-hand side of ([2.365)), we
have |m.| ~ 1 and |\/wm,. — |z|*| ~ 1 (since Im (y/wm,.) = Im (w +wmy.) ~ 1). Then if

|m. —i|z|| > ¢ for some constant ¢’ > 0, we have |m? + |z|?| ~ 1, and hence

(Vwme —[zP)|=[*, 1

Me 2

(mg — |2*)(mea — Vwb)| ~ 1

which gives a contradiction. Thus we must have a lower bound |0,,f(v/w,m.)| > c if

lm —i|z|| > .
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We still need to deal with the case with |m. —i|z|| < ¢ for some sufficiently small ¢’.

Notice |z| ~ 1 in this case. It is easy to calculate that
n

OF (Jwils) = -1+ 2" 3 ls 42 (2.366)
y = - AT kok K . .
Ov/w N = (s A+ L2212 + 2]t = 2i w2

Denote Ly = (s + |2[})|z|* + |2]* — 2iy/w|z]?. Since iv/w = i(z + iy) = iz — y for

some z,y > 0 and =,y ~ 1, we have Re Ly > 0, Im L;; < 0 and |Re L/, [Im Ly| ~ 1. In
particular, this gives that Im L? < 0 and |Im L?| ~ 1. Thus each fraction 4|z|*/L? in

(2.366|) has positive imaginary part of order 1. Therefore

o (aileh| 2 I [ P (i) ~ 1

Then by (2.362), we get that [0y, f(v/w,i|z|)] > ¢ for some ¢ > 0. Using (2.106), it is

easy to see that

Onf (Vw,me) = O f (Vw, ilz]) + O(Ime — il ]]).

Thus in the case |m. —i|z|| < ¢, we still have |0, f(y/w, m.)| > ¢/2, provided that ¢ is

sufficiently small. O]

Lemma 2.7.7. Suppose that w € D% and Imw < €. Then for sufficiently small ¢ > 0,

we have |Op, f(v/w, m.)| ~ 1.

Proof. By and , we have 0 /0 f(w,m.) = O(1) and 97, f(w, m.) = O(1).

Denote w = E + in. Taking the imaginary part of the following equation
A; B; Ci
- -

Me—a; Me—0b; m.+¢

(2.367)

0=f(VE,m(E)) = ~VE+m.+E "+ % Zlisi (

and noticing that A;, B;, C; and a;, b;, ¢; are all positive real numbers for real F, we get

15y = 1. 2.368
P (rmc—az-\z T b T rmc+cir2) (2.368)
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Using the above equation, we get

1 ¢ A, B, Ci
am E, (B))=1-—= lz i ' - -
FVBm(B) =1 5 3l { e
l — A, A, B; B; C; C;
_Nzlisi{ 2 7 T bz bz 2 2
i=1 |mc - ai| (mc - ai) |mc - z| (mc - z) |mc + ci| (mc + Ci)
(2.369)
We look at, for example, the term
A A Ai _2ib;
- — (1 —e 2191>7
Ime —ai[* (me—a;)*  [me—a[?
where m. — a; := |m. — a;|e’%. Using Imm,. ~ 1, it is easy to see that Re(1 —e~%%) > ¢/

for some constant ¢ > 0. Applying the same estimates to the B, C terms in (2.369)), we

get
O f(VE, mC(E))‘ > Re [am FWVE, mJ(E))] > ¢ (2.370)

for some constant ¢ > 0.

Now for w = E-+in with 7 < ¢, we can expand 9, f (v/w, m.(w)) around 0,, f (VE, m.(E)):
O f(Vw, me(w)) = O f(E, m(E)) + O(n),

where we used ([2.106)). Combing with (2.370), we get |0 f(w, m.(w))| ~ 1 for small
enough e. n

Case 2: We mimic the argument in the proof of Case 1. We see that it suffices to prove
la| + |0ua] < C and |5] ~ 1 for a, 8 defined in (2.357)) and (2.358) and |u — m.| <
(log N)~%/3. Using (2.106)), it is not hard to prove that |a| + |9,a| + |3] < C. What

remains is the proof of the lower bound |3| > ¢. For the Imw ~ 1 case, the bound follows
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from Lemma [2.7.6f We are left with the case where ¥ = Rew ~ 1 and n = Imw — 0.
Using (2.14), m. = vw(1 + my.), |w| ~ 1 and dist(E, supp p1.) > 7/, we can get that

et | ome
0uf (Vme) |~ [0V

for some constant C' > 0. Thus it suffices to prove that |0z f(v/w, m.)| has a lower

<C

bound. Using ([2.324)) and noticing that m.(E) € R, we get
2 M 2 1.12)2
0l (VE,m(B)) = ~1-52 3 i, e — 12D
S s [Pym e+ VE (md = [2Pm)|

Expanding 0,z f (v/w, m(w)) around 0, f (VE, m.(E)), using 1} and |m.(E+in)—

me(E)| ~n, we get for n small

< -1

0w f(Vw,me)| > 1+ 0(n) > c.

This concludes the proof for Case 2.

Case 3: The case Imw > 7' can be proved with the same method as in the proof of case
1. Hence we only consider the case |w — ex| < 27’ in the following. Note that |w| ~ 1 in
this case. Suppose

lw —ex| <27, Ju—m| < (logN)~3, (2.371)

Then we claim that
laf ~1, Bl ~VE+7 (2.372)

for small enough 7’. Using ([2.371)), (2.106), (2.20) and Lemma [2.7.5, we can get that

1
2

To prove the estimate for 8, we use (2.18)), (2.106)) and Lemma to get that

O f (Ver, me(ex)) + O(Jw — ex|' + (log N)~1/%) ~ 1.

(0%

p= | G Vi e i
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[ Oy On f (VW me(w')) , dm(w')
_/(;k 2@ dw —|—/€k 8mf(\/a,mc(w ))de

/w aﬂamf(\/aa mc(ek)) + O(|U) - 6k|1/2) / /mC(w)
= dw" +
o 2v/w'

= O f (Vew, mu) (me(w) — me(ex)) + O(|w — ex). (2.373)

(07, f (Ver,me(er)) + O(jw — ex]/?)] dm

me(eg)

Thus we conclude for small enough 7/ that

18] ~ |w — ek|1/2 ~ VK +.

With the estimate , we now proceed as in the proof of [6, Lemma 4.5], by
solving the quadratic equation for u — m,. explicitly. We select the correct
solution by a continuity argument using that holds by assumption at z +iN 10,
The second assumption of is obtained by continuity from the estimate on |u—m,|
at the neighboring point z +iN~1°. We refer to [6, Lemma 4.5] for the full details. This

concludes the proof for Case 3.

Case 4: The case when Imw > 7’ can be proved using the same method as in the proof
of Case 1. Now we are left with the case |w| < 27’ for some sufficiently small 7/. First
we assume |z| > ¢ > 0 for some small ¢ > 0. Then mimicking the argument in the
proof of Case 1, we see that it suffices to prove |a| + |0,a| < C and |5| ~ 1 when
lu—m.| < (log N)~'/3. Using (2.106)), it is not hard to prove that |a| + |9, +|8] < C.
The lower bound |5| > ¢ can be obtained easily from ([2.325)).

Then suppose |z|> < ¢, but |w|'/? + |2|?> > €. According to and using that

|i|2|? + Vwlo| ~ |w['/? + |z|?, we can verify that

B = O f(VW, me(w)) ~ [w]'/2 4 |22 ~ 1.
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With (2.106)), it is easy to check that
Onf(Vw,§) =0(1), 9, f(Vw,€) =0(1),

for |€ — m.| < (log N)~/3, from which we get that |a| + |0,a| = O(1). With a fixed

point argument, we conclude ([2.355)).

Case 5: Again we following the arguments in the proof of Case 1. However, instead
of f(y/w,m), we shall study Y(w,m) in (2.112) directly. We take over the notations
in Definition and abbreviate R := T(w, u;), so that |R| < 0. Then we write the

equation Y(w,u;) — Y(w,my.) = R as
a(uy)(uy —ma)® + Bluy —my.) = R, (2.374)

where we used the same symbols as in (2.356|) for notational convenience. As in Case 1,
we have 8 = 0,,, T(w,my.), and we can estimate that |a| + |0,,a| < C for w € Dy, and
uy satisfying |u; —mq.| < |my.|. Now to conclude (2.116]), it suffices to prove || ~ 1 for

w € Dy. In fact with (2.112)), we can obtain that
F=140() ~1
for n > ¢~!. This concludes the proof.

Proof of Lemma[2.2.3. The fact that p;. has compact support follows from Lemma[2.2.3}
p1c being integrable follows from Lemma [2.7.4] Note that in proving Lemmas [2.2.3 and
[2.7.4] we do not make use of the regularity assumptions in Definition [2.2.4] It remains
to show that for fixed w € C, and |z| # 1, there exists a unique my.(w) € C; satisfying
equation (2.12]). This follows from the proof of Case 1 in this section under the extra
condition n ~ 1. Again, we do not need the regularity assumptions for the proof, because

n~! provides a nice bound for the Stieltjes transforms in the global region withn ~ 1. [
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Remark: The estimate (2.106) has been used repeatedly during the proof of Lemma
2.3.10l Here we remark that it also gives the stability of the regularity conditions in
Definition under perturbations of |z| and py. For example, we define the shifted

empirical spectral density
NAM

1
Put = NN M Zi:l Ooctt: (2.375)

and the associated m.(w, t) and function f(\/w, m,t). Given a regular edge ey, we have

that
f(\/@amkat:()) :Oa amf(\/aamkat = 0) = 07

where we denote my := m.(ex). We have the Jacobian

0 Om
J = det \/Ef f = 8ﬂf(\/e_k, mg, 0)(972,1]‘(\/@, mg, 0)

O uomf O
f f f (\/Evmvt):(\/aﬂnho)

By (2.324)), we have lﬁﬁf(\/a, mk,0)| > 1. Combining with (2.20), we get |J| > .
Using (2.106]), we can verify that 0, f(\/ex, mk,0) = O(1) and 0,0, f (\/ex, mx, 0) = O(1).
Thus if we regard e, and my, as functions of ¢, then 9;my(t = 0) = O(1) and Osex(t =

0) = O(1) by the implicit function theorem. Then it is easy to verify

O5f (Verlt)me(ent)) = 04 (Ver,me(er) +O(@),

me(ex, ) — ailex, t)] = [me(er) — ailer)| + O(),

and similar estimates for |m. — b;| and |m. + ¢;|. Thus if Definition [2.2.4] (i) holds for
some ps;, then it holds for all ps;; provided that ¢ is small enough.

Now given a regular bulk component [eg, eax_1] and E € [egr + 7/, e9p_1 — 7']. Dif-
ferentiating the equation f(v/E,m.(E,t),t) =0 in t yields

8tf(\/Ea mc(E7 t)’ t)
Omf(WE, mo(E,t),t)

atmc(E, t) = —
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By (2.106)), we find that 8, f (VE, m.(E),0) = O(1), while by (2.359), |8, f (VE, mc(E), 0)| =
f ~ 1. Thus dm.(E,0) = O(1). A simple extension of this argument shows that
me(E,t) = m.(E) + O(t) and hence Imm.(E,t) is bounded from below by some ¢ =
d(7,7'). Thus we conclude that if Definition [2.2.4] (ii) holds for some py,, then it holds for
all px;; with ¢ in some fixed small interval around zero. Obviously, the above arguments

also work for |z| perturbation.

2.7.4 Proof of Lemma 2.4.9

Our proof of (2.175)) is an extension of [0, Lemma 4.9], [10, Lemma 7.3] and [22], Theorem
4.7]. Here we only prove the bound for ||[Z]||. The proof for ||(Z)]| is exactly the same.
For i € Z;, we define P; := Ep; and Q); := 1 — ;. Recall that Zj; = QZG[;ﬁ Hence we

need to prove

N
1 _ _
— N Z’ﬂ'[z] (QZG[zj) T =< ‘U}‘ 1/2 (I)?),
i=1
(7]

for w € D. For J C Z, we define W[[;{] by replacing my o in (2.37) with my, defined in

2.122). Asin (2.174)), we can prove that |m[f}2 — myo| < w| /2 @2, which further gives

that

:%i [[ <Qz [“) 1]—|—O< (’w’_1/2 O) NZQ1< i [M] [1>+O< <]w]_1/2 )

Thus if we abbreviate B; := |7~U|1/2Qz< i [_“] [[ZD, it suffices to prove that B :=
N=13".B; < ®2. We will estimate B by bounding the p-th moment of its norm by
d% for p = 2n € 2N, i.e. E||B|P < ®?. The lemma then follows from the Markov’s

inequality. Using |KKT|| = || K]|?, we have that

Te(BBY" > || BB'||" = |B|*".
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Thus it suffices to prove that
ETr(BB'*/? < %, for p = 2n. (2.376)

This estimate can be proved with the same method as in [22, Appendix B|, with the
only complication being that m}; is random and depends on 4. In principle, this can
be handle by using and to put any indices j, k,... € Z; (that we wish to
include) into the superscripts of 7). This leads to a minor modification of the proof in
[22, Appendix B|. Here we describe the basic ideas of the proof, without writing down
all the details.

The proof is based on a decomposition of the space of random variables using P,
and (Qs. It is evident that P, and Qs are projections, Py + @), = 1 and all of these

projections commute with each other. For a set J C Z, we denote P; := []..; Ps and

seJ
Q= Hsej Qs. Let p = 2n and introduce the shorthand notation Bks := By, for odd
s < pand Bks = B,L for even s < p. Then we get

p p p
ETr(BB)?/? = % > ETx][B. = % > ETr]] (H (P, + ri)éks)
s=1

Kk, kp k1 ke kip s=1 \r=1
(2.377)
Introducing the notations k = (ky, ks, ..., k,) and {k} = {k1, ko, ..., k,}, we can write

p
ETv(BBH? = % S Y En]] (PIgQISBkS). (2.378)

K Ih,..,I,C{k} s=1

Following the arguments in |22, Appendix B], one can see that to conclude it
suffices to prove that for k € I,

Q1 Bl < @1, (2.379)
As in 22, Appendix B], it is not hard to prove that for k € I,

|w| /2 < @i 1) > 2. (2.380)

QG

< (I)‘OH, and |’LU|71/2 HQI\{k}G[;}c]
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Now we extend the proof to obtain the estimate (2.379)). For the case |I| = 1 (i.e.
I={k}),

1Bxl = [w[2||m ] Zygm | < Jwl =72 Zp |l < @o,

where we used || Zpy|| < |w|'/?®,, which can be proved with the same arguments as in
Lemma [2.4.4, For the case |I| > 2, WLOG, we may assume k = 1 and [ = {1,...,t}

with ¢ > 2. It is enough to prove that

]/ < . (2.381)

Q- QuQim |Gy

We take ¢t = 3 as an example to describe the ideas for the proof of (2.381]). Using (2.86)),

we get

H]] [12] + |w| /2 ] [12]A1 [[12] + |w|1/26——7r A27r I+ error, 2 (2.382)

where 6[111 and et i are the upper left and lower right entries of

aio .
[1] [22] (1] (1 (1]
€] = = |w]"/? N TN § : G lrg <G[22]) Glopy | =< o7,
k¢{1,2}

Ay are deterministic matrices with operator norm O(1), and |Jerror; || < |w|~1/2®%.

Then we get

G Gt
G T Gy

[11] [1] = [12]G 1 [12]—|—| |1/2 (1] [12]A1 [[12]G 1 [12]+| |1/2 1] [12]A2

+ wl PP Gy e%w{%m” + w2l Guhetng damly” + O (ju] @)

(2.383)

We first handle the W[lz]G 17 HQ] term. By ([2.380)), we have

[12] ~—1 [12] (12] 1/252
Qomy Giryymyy’ = myf <Q2 ) < |w[7297,
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For the remaining term, we first expand W[[i]Q] = %123} + O (|Jw|7*/2®?%) and use (2.380

to get

Q3Q27T[[12]G_11 = [123 <Q3Q2 ) [[1123] + O (|w|_1/2<1>‘01) < |w|V2®3,

Then we deal with the second terms in (2.383]). We first expand em = em + O (9?),

where
(13]

G 1
3. 1/2 [22] Z [13] [13]
6[1} = |’LU| / T + _N Gk:2] (G[22]>
k¢{1,2,3}

Using the similar arguments as above, we get

—1
13
Giaxg

3 12 12 3 123 123 123
Q3|w|1/2e[11] s Al [ ]Glh [[1]]_’w|1/2 [11]71_[[1 [ ]<Q3 [11]) [ ]+O<(]w| 1/2<I)4>

=< |w|’1/2<I>ﬁ.

Thus we have

1 12 12 _
QaQs|w[" e} ) Al | ]G[li] [[1]] =< |w| 20,

Obviously this kind of estimate works for the rest of the terms in (2.383]). This proves

[©-381)) when ¢ = 3.

We can continue in this manner for a general . At the [-th step, we expand the
leading order terms using and , and after applying Q); ... Q3(Q)> on them, the
number of ®, factors increases by one at each step by . Trough induction we can
prove . In fact the expansions can be performed in a systematic way using the
method in [22] Appendix B], and we leave the details to the reader. Also we remark
that similar techniques are used in the proof of anisotropic local law in Section [2.5] and

we choose to present the details there (in fact the proof here is much easier than the one

in Section .



130

f(WI/Z’ m)

o' m)

5 I I I I I I
-4 -2 0 2 4 6 8
m

Figure 6: The graphs of f(y/w, m) for the example from Figure le. py = 0.55\/2/—17 +
0.554\/%. We take |z| = 1.5, and w = 10 and 0.01 in the upper and lower graphs,
respectively. In the lower graph, we only plot the five branches near m = 0. The

remaining two branches are far away.
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f(w1/2 m)
=)

o' m)

5 I I I I I I I I I I
-5 -4 -3 -2 -1 0 1 2 3 4 5 6
m

Figure 7: The graphs of f(y/w, m) for the example from Figure le. py = 0.55\/2/—17 +
0.554\/%. We take |z| = 0.5, and w = 6 and 0.01 in the upper and lower graphs,
respectively. In the lower graph, we only plot the five branches near m = 0. The

remaining two branches are far away.
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Chapter 3

Convergence of eigenvector
empirical spectral distribution of

sample covariance matrices

3.1 Introduction

Let X = (z;;) be an M x N real or complex data matrix whose entries are independent

(but not necessarily identically distributed) random variables satisfying
Ex; =0, Elzy*=N" 1<i<M, 1<j<N, (3.1)

and in addition,

Em?j =0, if z;; is complex. (3.2)

Then X X* gives a class of M x M sample covariance matrices. Its empirical spectral

distribution (ESD) is defined as

M
1
M
FYY(z) = i D Lpuxx)<a),
i=1
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where A\ (XX*) > ... > A\ (XX*) are the eigenvalues of X X* and 1} denotes the

conventional indicator function. Similarly, one can also consider X*X and its ESD

FUO (x Z 1o oex)<ay

Sample covariance matrices are fundamental objects in modern multivariate statis-
tics, where the advance of technology has led to high dimensional data such that M is
comparable to or even larger than N. These large dimensional covariance matrices have
many applications in various fields, such as statistics [15], 39, 40}, 4], economics [51] and

population genetics [53]. Define the aspect ratio
dN = N/M

We are interested in the regime where limy_,ody = d € (0,00), i.e. M and N are
proportional to each other. In this case, it is well-known that F' )(g() converges weakly
to the Marchenko-Pastur (MP) law Fj(z) [48], which has a (1 — d); mass at x = 0 and

has a density

A
prelw) = (1= d)4do+ o d \/ ”*, Ae = (1£d V22, (3.3)

in the interval [A_, A\;] (where Ay and A_ are often referred to as the soft edge and hard
edge, respectively). For z € C; := {z € C: Imz > 0}, the Stieltjes transform m;.(d, z)

of Fy satisfies the following self-consistent equation

1
—(1—=d™ )+ zd~'ms.(d, 2)

mae(d, z) + =0, (3.4)

and has the closed form expression

1—d'—z+iyV(Ar—2)(z— )
2zd 1 '

mi(d, z) =
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Since X X* and X*X share the same nonzero eigenvalues, it is easy to see that F )((N;(

also converges weakly to a deterministic law, whose Stieltjes transform mo.(z) satisfies

dt—1
z

+d t'my(d, 2). (3.6)

mae(d, z) =

In applications of spectral analysis of large dimensional random matrices, one of the
important problems is the convergence rate of the ESD. Recall that the Kolmogorov

distance between two distributions F} and F, is defined as

|Fi — F|| :=sup | Fi(x) — Fy(x)|.

FOD)

Then we use ||F )((AQ — Fy, || to measure the convergence rate of Fyy.. The convergence
rate of the ESD of sample covariance matrices was first studied in [I] using Berry-
Esseen type inequalities for the difference of two distributions in terms of their Stieltjes
transforms. The Berry-Esseen type inequalities were later improved in [35] to show that
the convergence rate is O(N~V/ %) in probability under finite 8th moment condition. A
sharper bound was obtained in [54], where the authors proved that ||F' )((A)@ — Full =
O(N~!(log N)©Uegloe N)) in probability under the sub-exponential decay assumption.
The properties of eigenvectors of large dimensional random matrices are much harder
to study. However, great progress has been made in this direction; see [24 [6] for the
delocalization and isotropic delocalization of eigenvectors, [42], [63] for the universality
of eigenvectors, [9] for the local quantum unique ergodicity of eigenvectors, [?] for the
eigenvectors of principal components, [59, 60, 3, 69, [70] for the asymptotical Haar prop-
erty of the eigenmatrix based on the VESD (see below), to name a few. Note that
some of these results are proved for Wigner matrices, but their generalizations to sample

covariance matrices usually are straightforward.
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3.1.1 Main results

This chapter is concerned with the eigenvector empirical spectral distribution (VESD) of
sample covariance matrices, which we shall now define. Suppose X X* has the spectral

decomposition
M

XX =" M(XX")G& (3.7)

k=1
where &, are the eigenvectors. We define the VESD of X X* as

M
F)((A)? (v,z) = Z |<£kav>’21{)\k(XX*)§m}, (3.8)
i=1
where v is a deterministic unit vector in CM. Tt was proved in [3| 6] that for any
fixed v, F )((A)@ (v,z) converges weakly to the MP law as N — oo. Compared with
ESD, much less has been done on the convergence rate of VESD. To the best of our
knowledge, there is only one paper [70] studying on this topic. In that paper, the
authors proved that if dy > 1 and the entries of X are identically distributed, then
IEFMY. (v,) = Fy, ()| = O(N-2) under the finite 10th moment assumption, and
IFSD. (v, ) = Fu ()] = O(N-1/4*¢) almost surely under the finite 8th moment assump-
tion. However, we find that both of these bounds are far away from being optimal, and
can be improved using a different method. This is the main purpose of this work. As
demonstrated in [59, [60, [70], the convergence of the VESD for any fixed unit vector
v can be used to characterize the asymptotical Haar property of the eigenmatrix of
X X*. Thus we expect that a better bound for the convergence rate will lead to a bet-
ter understanding of the Haar properties of the eigenvectors of large sample covariance
matrices.

Now we are ready to state the main result of this chapter. For a reason that will be
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clear later (when we prove Corollary [3.1.2)), we consider slightly more general random
matrices X = (x;;). More specifically, we define the following conditions: there exist

constants Cy, cg > 0 such that forall 1 <¢:< M and 1 <j <N,

|Ez;;| < CoN 27, (3.9)

|Elzy* = N7' < CoN 7, (3.10)
E|zi;|* < CoN72, (3.11)

}]Exfj‘ < CoN~27% if 2;; is complex. (3.12)

Theorem 3.1.1. Let X = (z;;) be an M x N random matriz whose entries are indepen-

dent random wvariables satisfying (3.9), (5.10), (3.11) and . Suppose there exist

constants C1, ¢ > 0 such that

max |x,] < CLN7. (3.13)

Suppose dy — d for some constant d # 1. Then for any fized (small) € > 0 and (large)

D > 0, we have

IEFCY. (v, ) = Fay ()] < N7, (3.14)
and
P (IIFER (v, ) = Fag ()l = N (N2 4 N712) ) < NP, (3.15)

for all deterministic unit vectors v.€ CM, provided that N is large enough.
As an immediate corollary, we have the following result.

Corollary 3.1.2. Let X = (x;;) be an M x N random matriz whose entries are indepen-

dent random variables satisfying and . Suppose there exist constants a, A > 0
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such that

max  E[VNz;|* < A (3.16)

St L) >

for all N. Suppose dy — d for some constant d # 1. Then if a > 6, we have for any

fived € > 0 and deterministic unit vector v.€ CM,
IEFR-(v,) = Fa () < N7 (3.17)
for sufficiently large N. Moreover, if a > 8, we have

P (limsup N2\ FX) (v, ) = Fu ()] < 1) =1. (3.18)

N—o0

Proof. In the proof, we fix a > 4 and choose a constant ¢ > 0 small enough such that

(N 2_¢)a > N2* for some constant w > 0. Then we introduce the following truncation
Xi=1oX, Q:={|z;| <N “forall1<i<M,1<j<N}.
By the moment condition (3.16[), we have

P(X # X) = O(N?~%/2tad), (3.19)

Moreover, we have

P(X # X io0.) = Jlim P Uz Uy UL {|ag] = N72})

= khjgop (U2 Unepar 2041y Ui,y U;\/:1 {lay] > N79}) (3.20)
< Clim Y (27 (210220 < 0 lim Y27 =0,
k—o0 p—y k—o0 p—

ie. X = X almost surely as N — oo. Here in the above derivation, we regard M =
N/dy as a function depending on N, which, by the given condition on dy, satisfies

M = O(N) for large enough N.
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Using and integration by parts, we can get that
E || Loy sn-0 = O(NT272), E |2y 1y 55— = O(NT27/2),
which imply that
[EZy| = O(N"2“2), Ely|? = Nt + O(N"27%/?),

and
‘Ei’fg‘ = O(N~27%/%)if ;; is complex.

Moreover, we trivially have
E|zy|* < Elzyl|* = O(N7?).

Hence X is a random matrix satisfying the assumptions in Theorem 3.1.1l Then using

(3.14) and (3.19) with a = 6 and ¢ = ¢/6, we conclude (3.17)); using (3.15]) and (3.20))
with ¢ = (1 —€)/4 and a = 8, we conclude (3.18]). ]

Remark 3.1.3. The estimates and improve the bounds obtained in [70)]
(and relax the moment assumptions as well). We believe that the convergence rates in

and are close to optimal due to the following reasons. It was proved in [3]

that for an analytic function f,
VN / fla)d (F)(}Q*(v,x) - FdN(x)> — N(0,0), (3.21)

where N'(0,0¢) denotes the Gaussian distribution with mean zero and variance o¢. This
shows that the fluctuation of F)((]\Q (z) is of order N=Y/% and suggests the bound in .
Taking expectation of , one can see that the order of \EF)(?;? (v,z)—Fyy (x)| should

be even smaller. On the other hand, the fluctuation of the eigenvalues of X X* on the
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microscopic scale N=% will lead to an error of order at least N=t. This shows that the

bound 1s very close to being optimal.

Remark 3.1.4. In [70], the authors can only handle the M < N (i.e. dy > 1) case,
while our proof will work for both the d > 1 and d < 1 cases. However, in the case with
dy — 1, we will encounter some difficulties near the hard edge A_, which converges to 0

as N — oo by . However, we can still prove weaker versions of and by

restricting ourself to the region away from 0. For instance, we have for any fixed T > 0,

sup [EFUYL (v, ) — Fu ()] < N7

T>T

under the assumptions in Theorem|(3.1.1. Similarly, the bound in also holds if we

only take the sup over x > T.

3.1.2 Main ideas

A basic tool for the proof is the Stieltjes transform. For any z = E 4 € C,, we define
the resolvent of X X* as

G(X,2) = (XX*—2)"L.

Then the Stieltjes transform of F)(g() (v,-) is equal to (v,G(X,z)v), and we have the
asymptotic estimate

(v,G(X, 2)v) = mi.(dy, 2) (3.22)

for any fixed n > 0, when N is large. By taking the imaginary part, it is easy to see that
a control of the Stieltjes transform (v, G(X, z)v) yields a control of the VESD on a small
scale of order n around E. An isotropic local law is an estimate of the form (3.22) for

all n > N~1. Such isotropic local law was first established in [6] for sample covariance
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matrices and generalized Wigner matrices, assuming the matrix entries have arbitrarily
high moments.

Now we briefly describe the ideas for the proof of Theorem [3.1.1 Following the
approach in [54] (which is used to prove the convergence rate of ESD), the main idea is
that the estimates and follow from an appropriate isotropic local law for
G(X, z) up to the optimal scale n > N~! (see Section . In fact, a generalization of
the proof in [6] gives roughly the following estimate (see Theorem [3.2.8)): for any fixed
€ >0,

[(v,G(X, z2)v) — mic(dn, 2)| < N° (N’qu5 + (Nn)’l/Q) (3.23)

with extremely high probability for all Imz > N~1T<,

Then this estimate will imply
(3.15). However, to conclude ([3.14), we need a much stronger bound for the expected

resolvent, i.e., for any fixed € > 0,

€

N
IE(v,G(X, z)v) — mic(dy, 2)| < N

(3.24)
for all Im z > N~'*¢. The improvement of the weak bound ([3.23)) to the almost optimal
one in (|3.24) constitutes the main novelty of this work.

A key observation is that (see Section [3.4.2)), after taking the expectation the lead-

ing order term in Am(v,X) = (v,G(X, 2)v) — my.(dy, z) vanishes, and hence make

EAm(v, X) to be one order smaller than the bound in (3.23)). In other words, we have
E(v, G(X, 2)v) — mac(da, 2)| < N° (N~ 1 (N ). (3.25)

This already gives the estimate (3.24]) if ¢ > 1/4. For X satisfying (3.13) for some
¢ < 1/4, we shall construct another random matrix X which can well approximate

X but has bounded entries, i.e. max;; v N|z;| = O(1) (see Lemma [3.5.1). Then the
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resolvent of X X* satisfies (3.24)) by taking ¢ = 1/2 in (3.25). On the other hand, with a
resolvent comparison method developed in [46], we will show that the difference between
E(v,G(X,2)v) and E(v,G(X, 2)v) is of order (Nn)~'; see Section [3.5, This concludes

3.24).

Remark 3.1.5. It is possible to generalize our proof to more general random ma-
triz models. For example, one may consider sample covariance matrices of the form
Q:= (TX)(TX)* (T is a general deterministic rectangular matriz), generalized Wigner
matrices (i.e. Wigner ensembles whose entries have non-identical variances) and de-
formed Wigner matrices of the form H + A (H is a Wigner matriz and A is a deter-
ministic Hermitian matriz). The convergence of VESD of these models will be studied
n future works. In particular, we expect that our proof applied to the Wigner matrices

can improve the results obtained in [69].

Remark 3.1.6. For definiteness, we will focus on real sample covariance matrices during
the proof. However, our proof also applies, after minor changes, to the complex case if

we nclude the extra assumption or . Also, we will only use dy (instead of

d) in the rest of this chapter. Correspondingly, we will use the quantities pﬁf), mgl and

/\(iN), which are obtained by replacing d with dy in —. For simplicity, we shall

always omit the superscript and still call them pic, mi 2. and Ay in the proof.

The rest of this chapter is organized as follows. In Section |3.2] we introduce the
notations and collect some tools that will be used in proving Theorem The most
important results in this section are Theorem |3.2.8 and Theorem [3.2.9, which give the
isotropic local law for the resolvent G(X,z). In Section , we prove Theorem m

using Theorem [3.2.8 and Theorem [3.2.9] Finally, the Theorem [3.2.8 and Theorem [3.2.9



142

are proved in Section [3.4) and Section [3.5] respectively.

3.1.3 Conventions

The fundamental large parameter is NV, and we regard M = My as depending on V.
All quantities that are not explicitly constant may depend on N, and we usually omit
the argument N from our notations.

We use C' to denote a generic large positive constant, which may depend on some
fixed parameters and whose value may change from one line to the next. Similarly, we
use ¢, €, ¢, T, etc. to denote generic small positive constants. For two quantities ay
and by depending on N, the notation ay = O(by) means that |ay| < Clby| for some
constant C' > 0, and ay = o(by) means that |ay| < cy|by| for some positive sequence

{en} with ¢y — 0 as N — oo. We also use the notation ay ~ by if ay = O(by)

and by = Of(ay). For a matrix A, we use |A|| := ||A||z_2 to denote its operator
norm. For a vector v = (v;)l, € C", ||v|| = ||v]|2 stands for the Euclidean norm of
v, while |v| = ||v||; stands for the I!-norm. We denote the inner product in C" by

<V, W> = Z?:l Q_lel

3.2 Main Tools

3.2.1 Resolvents and local Marchenko-Pastur law

Our study of sample covariance matrices can be performed in a simple and unified fashion
using the following (N + M) x (N + M) self-adjoint matrix H, which is a linear function

of X. It was used previously in [I6] [44] to prove the local laws of sample covariance
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matrices.

Definition 3.2.1 (Resolvents). We define the (N + M) x (N + M) matriz

0 X
H := . (3.26)

X* 0

For z € C,, we define the resolvent for H:
-1
—Inrxr X
G(X,z) = s , (3.27)
X* _Z[NXN

and the resolvents (or the Green functions) for X X* and X*X:
Gi(X,2) = (XX*—2)"", Go(X,2) = (X*X —2)"". (3.28)
The Stieltjes transform of the ESD of X X* is given by
'Z‘ —

1 1
my (X, z) = / —ZdF)((A;[()*(@ = MTrgl(X, ).

Similarly, we also define my(X, z) := N7'TrGy(X, ). During the proof, we often omit

the arguments X, z from our notations.

Remark 3.2.2. Since the nonzero eigenvalues of X*X and X X* are identical and X X*

has M — N more (or N — M less) zero eigenvalues, we have
FYY. = dyFE0 + (1 — dy) 1o,

which implies that (see also (3.6])

+dy'mi(2). (3.29)
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For simplicity of notations, we define the index sets
Il = {1, ...,M}, IQ = {M+ 1, ,M + N}, 7:= Il UIQ

We will consistently use the latin letters i, j € Zy, greek letters u,v € 7y, and a,b € Z.

Then we label the indices of X according to
X = (XZ‘MZZ.GIhMGIQ).

Using Schur complement formula, it is easy to check that

le ng Zgl ng
G= — . (3.30)

X*G1 Go G X* Gy

Thus a control of GG yields a control of the resolvents G; and Gy. Moreover, we have

1 1
my = M—ZZG“, mo = NZG““'

1€1y HELs

We will consistently use the notation £ + i for the spectral parameter z. In the

following proof, we always assume that z lies in the spectral domain
D((,N):={z€Cy :max((,\_/2) < E <2\, N " <<} (3.31)

for some small constant ¢ > 0, unless otherwise indicated. Note that if dy — d for some
constant d # 1, then by we have A_ ~ 1 when N is sufficiently large. Thus we can
always take ¢ to be sufficiently small such that ¢ < A_/2. We define the distance to the
spectral edges as

k:=min{|E — A |,|E — A\_|}. (3.32)

The next lemma gives some basic properties of m; 5., which can be proved through direct

calculations using (3.5 and (3.6]).
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Lemma 3.2.3. For z € D, we have

n/VE+n,  if B¢ A, A

My 2c(2)] ~ 1, Immyge(2) ~ . (3.33)

VEFT, i EE o]
We will use the following notion of stochastic domination, which was first introduced
in [20] and subsequently used in many works on random matrix theory, such as [0, ?,
211, 22], [44]. Tt simplifies the presentation of the results and their proofs by systematizing

statements of the form “¢ is bounded by ¢ with high probability up to a small power of

N”.
Definition 3.2.4 (Stochastic domination). (i) Let
£= (MW NeNueU™), (=("():NeNueU™)

be two families of nonnegative random variables, where UN) is a possibly N -dependent
parameter set. We say & is stochastically dominated by C, uniformly in u, if for any

(small) € > 0 and (large) D > 0,

sup P [S(N)(u) > N€C(N)(u)] < NP

ueU W)

for large enough N > Ny(e, D). Throughout this chapter the stochastic domination will
always be uniform in all parameters that are not explicitly fized (such as matriz indices,
deterministic vectors, and spectral parameter z € D). Note that Ny(e, D) may depend
on quantities that are explicitly constant, such as d, Cy and ¢ in Theorem|5.1.1.

(ii) If € is stochastically dominated by C, uniformly in u, we use the notation £ < (.
Moreover, if for some complex family & we have |£| < ¢, we also write & < ¢ or £ =

0<(Q).
(iii) We say that an event = holds with high probability if 1 — 1(Z) < 0.
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The following lemma collects basic properties of stochastic domination <, which will

be used tacitly throughout the proof .

Lemma 3.2.5 (Lemma 3.2 in [0]). Let & and { be families of nonnegative random
variables.
(i) Suppose that &(u,v) < ((u,v) uniformly in v € U and v € V. If |V| < N© for

some constant C, then

S Eww) < Y ¢u,v)

veV veV

uniformly in u.

(1) If & (u) < Ci(u) uniformly inuw € U and & (u) < Co(u) uniformly in u € U, then

&1 (u)a(u) < Ci(u)Ga(u)

uniformly inu € U.
(iii) Suppose that W(u) > N~C is deterministic and &(u) satisfies E€(u)? < N© for

all w. Then if £(u) < Y (u) uniformly in u, we have
E&(u) < ¥ (u)
uniformly in u.

Definition 3.2.6 (Bounded support condition). We say a family of random matrices

X satisfy the bounded support condition with q, if

max_ | X;,| < ¢. (3.34)

1€11,uEL2

Here ¢ = q(N) is deterministic and usually satisfies N~/ < q¢ < N~? for some (small)

constant ¢ > 0. Whenever holds, we say that X has support q.
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Remark 3.2.7. If the entries of X satisfy , then X trivially satisfies the bounded
support condition with g = N~?. If we assume that \/NXW has arbitrarily high moments,

i.e. for any p € N there is a constant C,, such that

max E|VNX;,[P < C,. (3.35)
1
1/2

Then by Markov’s inequality, X has support N~

We define the deterministic limit

zmae(z)1 0
1(z) = o2} ancar , (3.36)
0 Mac(2)Inxn
and the control parameter
Im (my. + ma) 1
U(z) = — 3.37
© \/ et ) (3.37)

Note that by (3.33]), we always have
U NTVE WS (N (3.38)
for z € D. Now we are ready to state the local laws for the resolvent G(X, z).

Theorem 3.2.8 (Local MP law). Let X be an M x N real random matriz whose entries

are independent random variables satisfying (3.9), (3.10), (3.11) and the bounded support

condition with ¢ < N=? for some constant ¢ > 0. Then the following estimates
hold for all z € D:

(1) the averaged local law:

Ima (X, 2) — mac(z)] < Nin; (3.39)
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(2) the isotropic local law: for all deterministic unit vectors u,v € CT,
[(u, G(X, 2)v) — (u,TI(2)V)| < ¢+ ¥(z); (3.40)

(3) for all deterministic unit vector v.€ C*,

(v, Gi(X, 2)v) —mae)| < ¢° + \/NIU (3.41)

and

E(v, Gy (X, 2)v) — mao(2)] < ¢* + Nin (3.42)

All of the above estimates are uniform in the spectral parameter z and the deterministic

vectors u, v.

The proof for Theorem [3.2.8] will be given in Section [3.4 Here we make some com-
ments on the above estimates.

If we assume (instead of and ) and ¢ = N~'/2 then and
have been proved in [6]. If we have and ¢ < N~%, then it was proved in Lemma
3.11 and Theorem 3.14 of [16] that the averaged local law and the entrywise local
law

max |Gop(X, 2) — o (2)| < g+ ¥(2) (3.43)

abel

hold uniformly in z € D. With and the moment assumption , one can
repeat the arguments in [6, Section 5] or [68, Section 5] to get the isotropic local law
. The main novelties of this Theorem are the bounds and . The bound
(3.41)) is relatively easier to prove. In fact, if we only consider the upper left and lower

right blocks of G(X, z), we can get the following version of the entrywise law:

1
_ 2
max max |Gan(X, 2) — Hup(2)] < ¢~ + No’ (3.44)
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which can be proved easily with (3.43]) (see Appendix [3.6.1). Then with (3.44) and

(3.11]), we can apply the arguments in [6, Section 5] to conclude the isotropic local law
(3.41) (see Appendix [3.6.2)).

On the other hand, the improvement from to is more crucial, and is the
main reason why we can improve the bound in [70] to the almost optimal one in (3.14).
In fact, the leading order term of (v, G;v) — my. vanishes after taking expectation, and
hence leads to a bound that is one order smaller than the one in (3.41)). The proof of
(3.42) will be given in Sections |3.4.2 which constitutes the main novelty of this
work.

Finally, if the variance assumption in is relaxed to the one in (3.10)), we can
repeat the previous arguments to get the desired estimates —. In fact, it is
easy to check that the O(N—27%) term leads to a negligible error at each step, and the
whole proof remains unchanged. The relaxation of the mean zero assumption in
to is a little more involved, which will be handled with a centralization argument
in Section [3.4.11

If ¢ = N~/ for some sufficiently small constant ¢ > 0, then and

already give that

(v, G1(X, 2)v) —my.)| < ”Nin’ IE(v,G1(X, 2)v) — mi(2)] < Nin’

which is sufficient to conclude Theorem3.1.1L However, we observe that the above bound
on |E(v,Gi (X, 2)v) — my.(2)] is still valid under a much weaker support assumption.
More specifically, we have the following theorem. Its proof will be given in Section [3.5]

The main strategy is a resolvent comparison method that was developed in [46].

Theorem 3.2.9. Let X be an M x N real random matrixz satisfying the assumptions in
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Theorem [3.2.8. Then we have

1
[E(v, Gi(X, 2)v) — mie(z)] < N (3.45)

uniformly in z € D and any deterministic unit vector v.€ CT1.

We define the classical location v; of the j-th eigenvalue of X X* as

400 ]
c d - T 1§ SKa
/W pre(z)dr = - j

where py, is defined in (3.3) and K := min{M, N}. As a corollary of (3.39)), we have the
following rigidity of eigenvalues of X X*. For its proof, one can refer to the arguments

in [31, Section 5], [22, Section 7] and [54, Section §].

Theorem 3.2.10 (Rigidity of eigenvalues). Suppose holds and A_ > ¢ for some

constant ¢ > 0. Then we have

NXX) =yl < (min{j, K +1— )7 AN 1<j< K (3.46)

3.2.2 Resolvent estimates

In this subsection, we collect some useful identities from linear algebra and some simple

estimates that follow from Theorem [3.2.8]

Definition 3.2.11 (Minors). For T C Z, we define the minor H™ := (H,, : a,b € T\T)
obtained by removing all rows and columns of H indexed by a € T. Note that we keep
the names of indices when defining H™, i.e. (H™),, = LiapgryHap. Correspondingly,

we define the Green function

T T T T
G .— (H(T))—l _ ng : i )X B ZQ% ) Xgé )

w (T T T) v T
x+¢® g ¢Px+ g



and the partial traces

N

i€y pEL

T 1 T 1 T T 1 T 1
mg)::MTrgf)zszgi), mé)i_ Trgé):NZGgﬂl?

We will abbreviate ({a}) = (a) and ({a,b}) = (ab) in the proof.

Lemma 3.2.12 (Resolvent identities). (i) Fori € 7y and p € Iy, we have

=-1— (XGYX*)

1
Gii i Guu

= —z — (X*GWX)

pp

(ii) Fori+# j €Iy and u # v € I, we have

J i7"’

and

G = G,,GW (X*GMX)

pv
(i1i)) Fora €T andb,c € T\ {a},

Gbc _ G(a) + GbaGac L _ 1 o GbaGab
© Cu Ou G GuGyG

(iv) All of the above identities hold for G™ instead of G for T C T.
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(3.47)

(3.48)

(3.49)

(3.50)

Proof. The above identities can be proved using Schur complement formula. The reader

can refer to e.g. [0, Lemmas 3.6 and 3.8] or [44, Lemma 4.4].

Lemma 3.2.13. Suppose ®(z) is a deterministic function on D satisfying N

]

-1/2 <

®(z) < N=¢ for some constant ¢ > 0. Suppose |Gap(2) — Hap(2)| < ®(2) uniformly in

z€D. Fizanl € N. Then for any T C T with |T| <, we have

Gu(2) = Gy (2)| < @°(2), a,b e T\T,

(3.51)
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and

() = " 2) + fmaz) — 0?2 < 92(:), (352
uniformly in z € D.

Proof. The bound (3.51)) can be proved by repeatedly applying the first resolvent ex-

pansion in (3.50)) with respect to the indices in T and using the entrywise local law. The

bound ([3.52) is a trivial consequence of (3.51]). O

For v,w € C, a € 7 and any Z x Z matrix A, we abbreviate
Avw = (v, Aw), Ay, = (v, Ae,), Aiw = (€4, AW), (3.53)

where e, denotes the standard unit vector in the coordinate direction a. We shall call

them the generalized matrix entries. We sometimes identify vectors v.€ CH and w € C*2

v
with their natural embeddings and in CZ. The exact meanings will be

0 w
clear from the context.

Lemma 3.2.14. For any M x N matrizY, the following estimates hold for G = G(Y, z)

and any z € D. There exists a constant C' > 0 such that
Gl <Cn™, [0.Gl < Cn~2. (3.54)

Moreover, for v.e CI* and w € C¥2, we have the following identities

2
S Gl = 3 [Gf2 = o (G—) (3.55)
n z

i€y €Ty
1€Ty i€l 77
Im Gyw
N 1Gwl = Y 1G] = T, (3.57)

n

nELs HEL
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DGl =) Gl ==+ —Im( . ) . (3.58)

HET W€D U

These estimates remain true for G instead of G for any T C T.

Proof. These estimates and identities can be proved through simple calculations using
(3.30) and the spectral decomposition of GG. The reader can also refer to, for example,

[44] Lemma 4.6], [68, Lemma 3.5] and [16, Lemma A.3]. O
Suppose (3.40) holds. Then using (3.55))-(3.58) and (3.51)), it is easy to verify that
Wik (| T) |2 T |2 -
max{z ’Gw. 5 )Giv SO1EDE S 6w } <, (3.59)
i ( M H

for any deterministic unit vector v € C* and T C Z with fixed length.

3.3 Proof of Theorem [3.1.1

In this section, we prove Theorem [3.1.1] using Theorems |3.2.843.2.10] The following ar-
guments have been used in previous papers to control the Kolmogorov distance between
the ESD of a random matrix and the limiting law. For example, the reader can refer to
[29, Lemma 6.1] and [54, Lemma 8.1]. By the remark below (3.31), we can choose the

constant ¢ > 0 such that A\_/2 > ( for all sufficiently large N.

Proof of . The key inputs of the proof are the bounds (3.45)) and (3.46]). Suppose

(v,G1(X, z)v) is the Stieltjes transform of p,. Then we define

ny(E) := /1[O,E](x)ﬁvd.’p, n.(F) = /1[0,E]($)plcdz, (3.60)

and p, = Epy, ny := En,. Hence we would like to bound

IEFY (V) = Fag (] = sup |y (B) = ne(B)]
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For simplicity, we denote Ap := py, — p1. and its Stieltjes transform by
Am(z) = E(v,Gi(X, 2)v) — m.(2).

Let x(y) be a smooth cutoff function with support in [—1, 1], with x(y) = 1 for |y| <
1/2 and with bounded derivatives. Fixng = N~'"¢ and 3\_/4 < B} < Ey < 3)\, /2. Let
f = fBi.p2n be a smooth function supported in [Ey — 1o, Es + no| such that f(z) =1
if € [B1 + 1m0, By — o), and [f'] < Cig, [f"] < Cng? if |o — B < mo. Using the

Helffer-Sjostrand calculus (see e.g. [14]), we have

H(E) = 2 /R2 wfM(@)xty) + il f (@) + @)XW g

T o E—x—ay

Then we obtain that

‘/f(E)AP(E)dE'

= 0/R2 (1f@)] + [yl @) X )| Am(z + iy)|dady (3.61)
+ (Jzi: ’/|y|<770 /95Ei<?70 yf"(x)x(y)Im Am(z + iy)dxdy' (3.62)
He Z ’/|y|>no /x_El.% yf"(@)x(y)Im Am(z + iy)dxdy' : (3.63)

By (3.45) with n = o, we have
noIm E(v, Gy (X, E + iny)v) < N~1H¢, (3.64)

Since nImE(v, G, (X, F + in)v) and nlmm,.(E + in) are increasing with 7, we obtain
that

n|Im Am(E +in)| < N7 for all 0 < n < n. (3.65)

Moreover, since G(X, 2)* = G(X, z), the estimates (3.45]) and (3.65)) also hold for z € C_.
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Now we bound the terms (3.61)), (3.62) and (3.63]). Using (3.45) and that the support

of X isin 1 > |y| > 1/2, the term (3.61]) is estimated by
/ (Lf @)+ 1yl f @)D X @) Am(z + iy)|dedy < N7 (3.66)
RQ
Using | f”| < Cny? and (3.65), we can bound the terms in (3.62)) by

‘/ / yf" (2)x(y)Im Am(z + iy)dzdy| < N~ (3.67)
lyl<no J lz—Ei|<no

Finally, we integrate the term (3.63) by parts first in z, and then in y (and use the

Cauchy-Riemann equation dlm(Am)/0xz = —0Re(Am)/dy) to get that

/ / " (2)x(y)Im Am(z + iy)dxdy
y>no J|z— E|<770
ORe Am(x + iy)
dzd
/y>770/|56 E|<770 ) dy i
_ /| o) (R A+ i) (3.68)
z—FE;|<no
[ [ W ) F@ReAme + ip)dady. (369
y>no J|lz—E;|<no

We bound the term in (3.68) by OL(N~!) using (3.45) and |f’| < Cng'. The first term
in (3.69) can be estimated by O(N™1) as in (3.66). For the second term in (3.69)), we

again use (3.45) and |f'] < Ony! to get that

/ / (x)Re Am(z + zy)dqzdy‘ / —dy <N7%
y=no J [z—E; |<770

Combining the above estimates, we obtain that

/ / f"(z)x(y)Im Am(z + 1y)dxdy‘ <N
y>no \x FE; ‘<n0

Obviously, the same estimate also holds for the y < —ny part. Together with (3.66|) and

(3.67]), we conclude that

‘ / f(E)Ap(E)dE’ < N7, (3.70)
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For any interval I := [E — 1o, E + 1] with E € [A_/2,2)\,], we have

(B +1m0) — iy (B —1o) = Yoo &P

A €(E—n0,E4+mn0]

M (3.71)
[{€ks V) P10 Sl (v, Ga (X, E + ino)v)
< 2n = 2ljolm v, ) o)V,
D v T A ’
where we used the spectral decomposition
M
. il
X, FE = —_—r
which follows from (3.7)). Then by (3.64]) and Lemma [3.2.5, we get that
ny(E + 1) — ny(E —ng) < N7 (3.72)
On the other hand, we trivially have
ne(E +m9) — ne(E —n9) < Cno = CN~'¢ (3.73)

since p1.(x) is bounded for z away from 0.

Now we set Fy = 3\, /2. With (3.70)), (3.72) and (3.73]), we get that for any E €
[3A_/4, Ey),

(0 (B2) = ny(E)) = (ne(Ez) — ne(E))| < N7 (3.74)

Note that by (3.46]), the eigenvalues of XX* are inside {0} U [3A_/4, E5] with high

probability. Hence we have with high probability,
Ny (Eq) = n(F2) =1, ny(3A_/4) = ny(0). (3.75)
Together with , we get that
sup |ny(E) — ne(E)| < N7, (3.76)

E>0

This concludes (3.14)) since ¢ can be arbitrarily small. ]
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Proof of (3.15). The proof for (3.17) is similar except that we shall use the estimate

(3.41) instead of (3.45). By (3.41]), we have

[V, Gu (X, 2)V) = mye(2)] < N~2 4 (W) 2 (3.77)
uniformly in z € D. Then we would like to bound (recall (3.60))
|FXX-(:) = Fay ()] = sup [ig (B) = ne(B)],
where 7, is defined in (3.60). We denote
Ap = py — pre, A= (v, G (X, 2)v) — my.(2).

Then for fg, g, defined in the previous proof, we can repeat the Helffer-Sjostrand

argument with the estimate (3.77)) to get that

sup
Eq,E

[ e (BYANEIE| < N2 4 N, (3.78)

which, together with (3.71)) and (3.75]), implies

sup |y (E) — ne(E)| < N7 4 N~71/2,
E>0

This concludes (3.15)) by the Definition [3.2.4] O

3.4 Proof of Theorem |3.2.8

3.4.1 Centralization

For X satisfying the assumptions in Theorem [3.2.8] we write X = X; + B, where

X; := X — EX is a random matrix satisfying (3.10)), (3.11]) and

E(Xl)zp =0, €1, n e 1o, (379)
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and B := EX is a deterministic matrix such that

max |Byu| < CoN 27, (3.80)
Claim 3.4.1. If Theorem[3.2.8 holds for Xi, then it also holds for X .
Proof. For z € D, we have

—Inrx X1+ B _
G(X, 2) = Mo ' = (G{'+V) g (3.81)

X{+B* —zly«n

0 B
where we abbreviate G1(z) := G(X1,2) and V = . By our assumption,

B* 0
(3.40) holds for GG;. Then we expand G using the resolvent expansion

G =G, —GiVG + (G1V)2G — (G1V)3G. (3.82)

For any unit vectors v,u € CZ, we have

(VGG YD (G, Vol (G

beZl a€l

< max (Z \Vab\Z)W D (G (3.83)

acl bel

1/2
<N (Y (G P) < N,

beT

where in the second step we used (3.40) for GGy, in the third step the Cauchy-Schwarz
inequality and (3.80)), and in the last step (3.59). With a similar argument, we obtain

that

(v, (G1V)?Gyu)| < N2 20p~1, (3.84)
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Combining this estimate with the rough bound (3.54) for G, we get that

}<V7 (le)BGu>| = ‘ Z ((le)QGl)va Vabiu
o0 o (3.85)
< (N2 Ry ST (S V) T < Oy,
a b

where we used n > N~! for 2 € D. Plugging the estimates (3.83)-(3.85) into (3.82), we

conclude that
|(v,Gu) — (v,Giu)| < N~1=/4p=12 < (Np)~! (3.86)
for all deterministic unit vectors v,u € CZ. We can then easily conclude the claim with

this estimate. [l

Thus in the following proof, we can assume that the entries of X are centered without
loss of generality. According to the comments below Theorem [3.2.8] we can repeat the
proof in [16] to get and the entrywise local law . Then combining ,
the moment assumption and the arguments in [6, Section 5], we can obtain ({3.40))
(see also the proof for Lemma in Appendix . The bound follows from

Claim [3.4.1] and the next two lemmas.

Lemma 3.4.2. Let X be an M x N real random matrix whose entries are independent

random wvariables satisfying (3.79), (3.10), (3.11) and the bounded support condition

with ¢ < N~ for some constant ¢ > 0. Then if (3.39) and (3.43) holds, the local

law also holds for all z € D.

Lemma 3.4.3. Suppose the assumptions in Lemma hold for X. Suppose ®(z) is a
deterministic function on D satisfying co(N~Y2 4 ¢*) < ®(2) < N™% for some constant

co > 0. If we have

max |Gap(2) — gp(2)]? < @, max max |Gop(2) — Igp(2)] < @ (3.87)

a,beT r=1,2 a,b€Z,
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for all z € D, then
[(v,G1 (X, 2)v) — my.)| < D(2) (3.88)
uniformly in all z € D and all deterministic unit vector v € CH.
We will give the proof of Lemma and Lemma [3.4.3]in appendix. In the rest of
this section, we focus on proving our main estimate (3.42)). For simplicity, we denote

® := ¢*> + (Nn)~Y/2 in the proof below. Also, by Claim we can assume that the

entries of X are centered.

3.4.2 Sketch of the proof for (3.42)

We want to estimate |E(v,G;v) — my.| for any deterministic unit vector v.€ C*'. Note

that (3.41]) gives the a priori bound

< .

‘ Z ;0 (91)@- — My
1,J

We will show that after taking expectation, the leading order term in (gl)ij — M5
vanishes and gives the improved estimate (3.42)). We deal with the diagonal and off-

diagonal parts separately:

Z |vi|* [E(G1)ss — mac(2)], Z ;0B (G1),;

i#j
For any T C Z, we define the Z variables
ZM = (1 —E)GC™);' =mi — (XG™X*);, i¢T, (3.89)
where E;[-] := E[|H®], i.e. it is the partial expectation in the randomness of the i-th

row and column of H, and we used (3.47) in the second step. If T = (), we abbreviate
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Z; = Zi(m. By (3.148]), we have |Z;| < ®. Then using 1) we get that

1
]EG” — ZMie = E 6) — ZMe
=1 —mye — (my’ —mac) + Z;
1 1 1
- - ——EZ+ O [ 3+ — ) = O (9?),
—1- moe = (1 + mzc)z + = ( * NT]) B ( )

where in the second step we used the bound for Z;, (3.39) and (3.52)), and in the third

step we used (3.4)), (3.6) and EZ; = 0. Thus we can bound the diagonal part by

1 1
Zi: [vi[* [E(Gr)it = mac(2)] = ~ Z ol "B — zmue(2)] < ¢* + (3.90)
for z € D (recall that |z| > E' ~ 1 by (3.31])).
For the off-diagonal part, we claim that for all ¢ # j € 75,
‘E(gl)” < N71o?, (3.91)

Then using (3.91) and [|v|; < v/M, we obtain that

1

’Z@%’E (G1)y; | < IVI[iNT'e* < C (q4 + —) :

i#]
Together with (3.90)), this concludes ((3.42)).
To prove (3.91)), we follow the arguments in [0, Section 5] and [68, Section 5]. We

Nn

illustrate the basic idea with some simplified calculations. Using the resolvent identities

BAS) and (B50), we get

EG;; = EG:GY) (XGX™)

=EG/GJ) (XGWX"), + B
JJ

G (XGWx¥) . (3.92)

v

We now focus on the first term. Applying (3.47)) gives that

EG(j)G(i) (XG(z'j)X*) —F (XG(M)X*)U
26 57 U (XGOX ] [+ (XGTX) ]
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(XGWX™). :
=E : . 3.93
(4 ma) — el [+ ma) — &) )
where we have |(1 + ma.)"!| = |zmy.| ~ 1 and
€ = My — (XG(Z])X*)” = M9 — mg]) + Zz(j) < (394)

by (3.41), (3.52) (with & = ¢ + ¥) and (3.148). We now expand the fractions in (3.93)

in order to take the expectation. Note that the G() entries are independent of the X
entries in the i, j-th rows and columns. Thus to attain a nonzero expectation, each X
entry must appear at least twice in the expression. Due to this reason, the leading and

next-to-leading order terms in the expansion vanish. The “real” leading order term is
1

(1+moe)t (1 +ma)t ( Jil Jis K

_ 1 Cliw o (i) i) (4(i)
T

= Tyt 2 e aBG + OL(NTIe), (395)
“ ptv

where the constants C), , depend on the moments of X;, and Xj,, (recall (3.11)). Here in
the last step, we used |G%) — mg.| < ® (by 1} and ), and bounded the p = v
terms by O-(N~2) = OL(N~1®2). Now applying (3.49) to G\, we get that
]EG(i,Z) — ]EG(U)G%“) (X*G(ij“”)X)
H K j12% (396)
=Emj. (X*GUX) | +04(9%) = 0<(?),

where in the second step we used ]G,(fﬁ) — Mae| + |Gl(,i3“ ) mac| < & and

(X*GUmIX) = QW (GG T < @,

v
which follow easily from (3.41) and (3.51f), and in the last step the leading order term

vanishes since the two X entries are independent for p # v. Then by (3.96)), the terms

in ([3.95)) are bounded by O (N~1®?).
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In general, after the expansion of the two fractions in (3.93)), we get a summation of

terms of the form

A =Bl e (XGDX"),;, i # j,

up to some constant coefficients of order 1. Since |e;;| < ® < N~%/2 for = € D (we
can take ¢ small enough such that N~¢/2 > ¢?), we only need to include the terms with
m+n < 2+ 2/¢ and the tail will be smaller than N~'®?. Note that in A,,,, the
X, entries, X, entries and G entries are mutually independent. Moreover, both the
number of X, entries and the number of X, entries are odd. Thus to attain a nonzero
expectation, we must pair the X entries such that there are two products of the forms
Xj, and X732 for some ny,ny > 3. As a result, we lose (ng —2)/2 + (n2 — 2)/2 > 1
free indices, which contributes an N~! factor. On the other hand, for the product of G
entries, we have three cases: (1) if there are at least 2 off-diagonal G entries, then we
bound them with O (®?); (2) if there is only 1 off-diagonal G entry, then we can use
the trick in and the bound (3.96)); (3) if there is no off-diagonal G entry, then we
lose one more free index and get an extra N~! factor. This gives the estimate for
the term in (3.93)).

For the second term in ([3.92), we again use (3.47)), (3.48]) and (3.50|) to expand the

ij» Gji and G;jl entries. Our goal is to expand all the GG entries into polynomials of

G
the terms

Su = (XGD X", k,l€{i,j}, (3.97)

so that the X entries and G entries are independent in the resulting expression. In

particular, the mazimally ezpanded terms (see (3.98))) can be expanded into Sy, variables

directly through (3.47) and (3.48). However, non-mazimally expanded terms are also
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created along the expansions in and . Then we need to further expand
these newly appeared terms. In general, this process will not terminate. However, we
will show in Lemma[3.4.7)that after sufficiently many expansions, the resulting expression
either has enough off-diagonal terms, or is maximally expanded. In the former case, it
suffices to bound each off-diagonal term by O (®). In the latter case, the expression
will only consist of Si; variables. Following the argument in the previous paragraph, the
expectation over the X entries produces an N~! factor, while the expectation over the
G entries produces a ®? factor.

In the rest of this section, we will give a rigorous proof based on the above arguments.

3.4.3 Resolvent expansion

To perform the resolvent expansion in a systematic way, we introduce the following

notions of string and string operator. Recall the definition of Si; in (3.97)).

Definition 3.4.4 (Strings). Let 2 be the alphabet containing all symbols that will appear

during the expansion:
A = {Gu, Gl S with k.1 € (i j}} U {6, G, (G (68}

We define a string s to be a concatenation of the symbols from A, and we use [s] to

denote the random variable represented by s. We denote an empty string by () with value

[0] =o0.

Remark 3.4.5. [t is important to distinguish the difference between a string s and its
value [s]. For example, “G;;” and “GiiGg-?Sij” are different strings, but they represent

the same random variable by .
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We shall call the following symbols the maximally expanded symbols:
i G, (G

Apax = {Gija Gy, G, G (G, (Gﬁ?)‘l, Siis Sjjs Sijy sz}- (3.98)

A string s is said to be maximally expanded if all of its symbols are in 2A,.,. We shall
call Gi;,Gji, Sij, Sji the off-diagonal symbols and all the other symbols in 2 diagonal.
By the local law (3.41) and (3.51)), we have [a,] < @ if a, is an off-diagonal symbol

(note that S;; = Gij/(GiiG%-)) < ® by (3.48)) and [a,] < 1 if a, is a diagonal symbol.

We use Fpmaz(s) and Fo(s) to denote the number of non-maximally expanded symbols

and the number of off-diagonal symbols, respectively.

Definition 3.4.6 (String operators). Let k #1 € {i,j}.

(i) We define an operator Ty acting on a string s in the following sense. Find the first
G or G,;kl in s. If Gy is found, replace it with G,(cl;; if G,;kl s found, replace it

with (G,gl;)_l; if neither is found, set 1o(s) = s and we say that 1y is trivial for s.

(i) We define an operator T acting on a string s in the following sense. Find the first
G or G,;kl ins. If Gy is found, replace it with GuGu(Gy)™'; if G,;kl is found,
replace it with —lele(Gkk)*l(G;Z,Z)*l(Gll)*l,' if neither is found, set T1(s) = ()

and we say that 71 is null for s.

(iii) Define an operator p acting on a string s in the following sense. Replace each Gy

in s with GkkGl(lk)Skl.
By Lemma|3.2.12] it is clear that for any string s,

[7o(s)] + [ (s)] = [s, [p(s)] = [s].- (3.99)
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Moreover, a string s is trivial under 7y and null under 7; if and only if s is maximally
expanded. Given a string s, we abbreviate sy := 79(s) and s; := p(71(s)). For any

sequence w = aias . .. a,, with a; € {0,1}, we denote
Sw 1= P Tay, oo P2 T oy P 7oy (), where p° = 1.

Then by (3.99) we have
> [su] = [s]. (3.100)

[w|=m
where the summation is over all binary sequences w with length |w| = m.

Lemma 3.4.7. Consider the string s = “GZ»Z»G%-) Si;” . Let w be any binary sequence with

|w| = 4ly and such that s, # 0. Then either Fog(s,) > 2ly or s, is mazimally expanded.

Proof. 1t suffices to show that any nonempty string s,, with Fog(s,) < 2l is maximally
expanded.

By Definition [3.4.6] a nontrivial 7y reduces the number of non-maximally expanded
symbols by 1, and keeps the number of off-diagonal symbols the same; a pm increases
the number of non-maximally expanded symbols by 2 or 3, and increases the number of
off-diagonal symbols by 2. Hence Fog(s,) < 2lp implies that there are at most (lp — 1)
I’s in w. These p1 operators increase JF,,_mq, at most by 3(lp — 1) in total. On the other
hand, there are at least 3ly 0’s in w, which is sufficient to eliminate all the non-maximally
expanded symbols, whose number is at most 3(lp — 1) + 1 = 3lp — 2 in total (note that

Frmaz(s) = 1 for the initial string). O

Now we choose Iy = 1+ 1/¢. Then we have

Z [Sw] - 1(Forr(sw) > 20p) < 240020 < N~1@2

|w|=4lo
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using ® = O(N~%/2). By Lemma [3.4.7, we see that to prove (3.91)), it suffices to show
that
IE[s.]| < N~'o? (3.101)
for any maximally expanded string s,, with |w| = 4.
Note that the maximally expanded string s,, thus obtained consists only of the sym-

bols

GO (G Sy, with k #£1 € {4, 5}
By 1} we can replace (G,(Cl]z)*1 with
(Ga) ™' = =1 — Sk (3.102)

Note that |Sgx — ma.| < ® by 1) Then we can expand G,(f,z as

1
-1 - maoc + (m2c - Skk)

-1 al <m2c — Sk
1 + Mo k 1 + Mo

O _
Gre =

)k + OL(N7'9?). (3.103)

We apply the expansions and to the G symbols in s,,, disregard the
sufficiently small tails, and denote the resulting polynomial (in terms of the symbols
Sk1) by P,. Then P, can be written as a finite sum of maximally expanded strings (or
monomials) consisting of the Sy, symbols. Moreover, the number of such monomials

depends only on ly. Hence it suffices to show that for any such monomial M,,, we have
|E[M,]]| < Nt (3.104)

Let N; (IN;) be the number of times that ¢ (j) appears as a (lower) index of the S

symbols in M,,. We have N; = N; = 3 for the initial string s = “GiiG%)Sij”. From
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Definition |3.4.6] it is easy to see that the operators 7y, 7, and p do not change the parity

of N; and N;. The expansions (3.102)) and (3.103) also do not change the parity of V;

and N;. This leads to the following key observation:

both N; and N; are odd in M,,. (3.105)

3.4.4 A graphical proof

In this subsection, we finish the proof of (3.104)). Suppose M,, = C(z)(S:)™ (S};)™2(Si;)™ (S;i)™,

where C'(z) denotes a deterministic function of order 1 for all z € D. Then we write

mi m2
(i) . (i5) *
P~ >, ] l1 XWE”GMV;UXV&%IIXjuéz)Gu?)uf)Xvé”j
() () g, a= b=1
s Wy €L , (3106)

ms3 My

X, 0GY% X [[X, 0G%) X0
H wés)G#gS)Vég) uﬁ?’)j w((;x)G#g;)ygx) ué‘“i
c=1 d=1

To avoid the heavy expressions, we introduce the following graphical notations. We use
a connected graph (V) F) to represent the string M,,, where the vertex set V' consists
of the indices in and the edge set E consists of the X and G variables. The
indices 1, j are represented by the black vertices in the graph, while the p, v indices are
represented by the white vertices. The X edges are represented by the zig-zag lines and
the G edges are represented by the straight lines. One can refer to Fig. |8 for an example
of such a graph.

We organize the summation in in the following way. We first partition the
white vertices into blocks by requiring that any pair of white vertices take the same
value if they are in the same block, and take different values otherwise. Then we do
the summation over the white blocks which take values in Z,. Finally, we sum over all

possible partitions. Note that the number of different partitions depends only on the
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O——0G

@O X

Figure 8: The resulting graph after expanding S;;(S;;)*(5;;)*.

total number of S variables in M,,, which in turn depends only on /.

Fix a partition I' of the white vertices. We denote its blocks by by, ..., by, where k
gives the number of distinct blocks in I'. We denote by ni (n?) the number of white
vertices in b; that are connected to the vertex i (7). Let G(I') be the product of all the
G edges in the graph. Then we have

[MI~2. 2, G)

T br,.., =1

n’

’Lbl l ]bl l 9 (3107)

E?r

where > " denotes the summation subject to the condition that by, ..., by take distinct
values. Note that &, by, n} and n{ all depend on I', and we have omitted the I' dependence
for simplicity of notations.

From , it is easy to see that the X edges are independent of G(I'). Thus

taking expectation of (3.107)) gives that

|E[[Mwm<czz [EG(T \HIE X )" [E(X o)™ |

T bi,.bs
<C). D, |EG<F>\HE!X- MBI X M1 £ Ll 1), (3.108)
T b1,..bs =1

Note that we must have n} + n > 2 for 1 <1 <k, because we only consider nonempty

blocks. On the other hand, if all n! are even, then N; = Zle ni must be even, which



170

contradicts (3.105)). Hence we can find some 1 < ; < k such that nj is odd and nj > 3.
Similarly, we can also find some 1 < [ < k such that n{z is odd and n{2 > 3. We

abbreviate nj := n{ A 3 and 7] := n] A 3. From the above discussions, we see that

k k
1 1 - ; 3 3
A ~J —
5;1 ij + 7] ) 2513l(nz+”z)+§+52(/€—2)+3—k+1- (3.109)
= 1,62

Now using the moment assumption (3.11)), we can bound (3.108)) by

E[M,] < C Z IEG/(T")| N~ iz (i+)/2, (3.110)

Next we deal with [EG(I")|. We consider the following 3 cases separately:
(1) there are at least 2 off-diagonal G-edges in G(I');
(2) there is only 1 off-diagonal G-edge in G(T');
(3) there is no off-diagonal G-edge in G(I').

In case (1), we trivially have |[EG(T)| < ®2, because the diagonal edges are of order
O<(1), while the off-diagonal edges are of order O(®P).
In case (2), we use the same trick as in (3.95). Let the off-diagonal G-edge be G(” :

For each diagonal Ggi), we replace it with
(G((;(]X) - mQC) + Moc = Moe + O~<((I))
Plugging these expansions into EG(I"), we obtain that

IEG(I)| < @ + [EG')| < @2,

where we used ([3.96]) in the second step.
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Finally, in case (3), we have [EG(T)| < 1. Moreover, ni+n] is even for any 1 <1 < k.
Take 1 < l;,1l5 < k such that n?l,né are odd and nfl,ngz > 3. If Iy # Iy, then we must

have ﬁél + 0] >4, ﬁfQ + 7y, > 4, and hence

k
%Z(ﬁﬂﬁ?)zé ST +af) 4> k+2
I=1 111,
Otherwise, if [; = I3, then
R AU
§;(ﬁ?+ﬁ?)Zgg(ﬁHﬁ{)mzmz
= 1

Now applying the above estimates and (3.109) to (3.110]), we obtain that

[E[M,]| < Z PENFTia (hi+a])/2 Z NE-S (i) /2
['in Case (1), (2) T in Case (3)

<C(N'®*+ N ) <CN'92%

This concludes the proof of (3.104)), and hence finishes the proof of (3.91)).

3.5 Proof of Theorem [3.2.9

3.5.1 Basic notations

Without loss of generality, by (3.86)), we can assume
EXW =0, 1€y, uel, (3111)

in the following proof. Then given X satisfying the assumptions in Theorem and

(3.111), we first construct another random matrix X whose entries have the same first

four moments as those of X but have size of order N~1/2,
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Lemma 3.5.1 (Lemma 5.1 of [46]). Suppose X satisfies the assumptions in Theorem

13.2.8 and (3.111)). Then there exists another matriz X = (X;,) such that P(max; , | X;,| <

CN=Y2) =1 for some constant C' > 0 and the first four moments of the entries of X
and X match, i.e.

EX!, =EX}, k=1,23,4. (3.112)

i

Taking ¢ = N~'/? in , we see that holds for Gi(X,z). Then due to
(3.112), we expect that G(X, z) has “similar” properties as G(f(, z), so that also
holds for G; (X, z). This will be proved through a resolvent comparison approach that
is developed in [46], Sections 6] and [16], Section 6]. More specifically, we will apply the
Lindeberg replacement strategy, i.e., we change X to X entry by entry and show that
the error (due to the resolvent expansion) appeared at each step is negligible. In this
subsection, we introduce some notations that will simplify the presentation of our proof.

Fix a bijective ordering map ® on the index set of X,
O {(t,u): i€y, uelo = {1, .., Ymax = MN}.

For any 1 < 9 < Ymax, we define the matrix X7 = (X;L) such that XZM = X, if
O (i, 1) <, and X]H = Xiu otherwise. Note that X0 = X, X" = X and X" satisfies
the bounded support condition with ¢ < N=¢ for all 0 < v < pac. Correspondingly,
we define

-1
0 X7 — Iy X7
HY = G = . (3.113)
(X7 0 (X7)* —z2Inxn
Note that H” and H7~! differ only at (i, 1) and (p, %) elements, where ® (i, 1) = 7. Then

we define two Z x Z matrices V and W by

‘/(lb = (50”61)/1 + 5au6bi)Xiu7 Wab - (5ai5bu + 5au5bi)Xi/u
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such that HY and H"~! can be written as
H =Q+V, H"'=Q+W, (3.114)

for some Z x Z matrix @) satisfying @, = Qi = 0.

For simplicity, for any 1 < v < Ymax, We denote the resolvents by
-1

. Inpsnr 0
ST=G", T":=G"", RN:=|Q— : (3.115)

0 Z[NXN

We often omit the superscript if v is fixed. By (3.114)), we can write

-1

Tnx 0
s=|o-| " +V | =@0+RV)'R (3.116)

0 ZINXN

Thus we can expand S using the resolvent expansion
S=R—RVR+ (RV)’R+ ...+ (=1)™(RV)"R + (=1)™*Y(RV)™*S.  (3.117)
On the other hand, we can also expand R in terms of S:
R=(1-8SV)'S=85+SVS+(SV)2S+...+(SV)™S + (SV)™"'R.  (3.118)

We can get similar expansions for 7" and R by replacing V', S with W, T in (3.117)) and
(3.118]).

By the bounded support conditions for X and X, we have
%%}I(’Vad = |Xiu‘ = N_¢’ %%%'Wab‘ = ’Xm\ < CN™'2, (3~119)
Also, note that S, R, T satisfy the following deterministic bound by (3.54)):

sup max max { || S7[|, |77, | R"[|} < sup(Cn~') < N. (3.120)
zeD 7 z€D
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Then using expansion (3.118)) in terms of T', W with m = 3, the isotropic local law (|3.40))
for T', and the bound (3.120]) for R, we can get that for any fixed unit vectors u,v € CZ,
|Ruv| = O(1) with high probability. Thus there exists a uniform constant C; > 0 such

that with high probability,

} <Oy (3.121)

vl

SUp max sup max {|S, [, [Ty, [ R
zeD 7 deterministic unit u,v

From the definitions of V' and W, one can see that it is helpful to introduce the

following notations to simplify the expressions.

Definition 3.5.2 (Matrix operators *,). For Z x T matrices A and B, we define A%, B
as

(A *’y B)ab = AaiBub + Aa,uBiby q)(l, u) =7. (3122)
We denote the m-th power of A under *.,-product by A*™, i.e.,

A= Ak, Awy Ay ook A (3.123)

o

Definition 3.5.3 (P, x and P,;). For k € N, k = (ky,--- ,k;) € N* and v = ®(i, p),
we define

PoiGuy = G P (H Gum> =[] Pk G (3.124)
t=1 t=1

If &1 and G, are products of resolvent entries as above, then we define
P%k(QSI + &y) = Pyx®1 + P,k Bo. (3.125)

Note that P, and P, are not linear operators, but just notations we use for simplifi-

cation.

Using Definition [3.5.3, we may write, for example,

Prx <H Glm> = H Saw ™. Pk (H G;Lvt> = H T ket
t=1

t=1 t=1 t=1
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For k,s € N and k € N*™1 it is easy to verify that
G*s oy G*vk — G*7(5+k)’ 'P%k(’P%SGuV) = 'P%s+|k|Guv, (3.126)

where k| = >7_, k. For the second equality, note that P, ;G is a sum of the products

of the GG entries, where each product contains s + 1 entries.

3.5.2 Proof of (3.45)

As mentioned in the last subsection, we will prove with the resolvent comparison
method. The basic idea is that we expand S and 7" in terms of R by repeatedly applying
the expansions and , and then compare the resulting expressions. The
main terms will cancel since X;, and Xw have the same first four moments, and the
error terms are small since X, and Xiu have support bounded by N~%.

The proof of the following Lemma is almost the same as the one for [46, Lemma
6.5]. In fact, we can copy their arguments almost verbatim, except for some nota-
tional differences. Hence we omit the details. In the following expressions, for any

k = (ki,...,k,) € NP, we use |k| = k; to denote its [*-norm.

Lemma 3.5.4. Assume z € D and v = ®(i, ). Fiz any p € N and r > 0. Then for

S, R in , we have

p

E]] Suwe = Y AE [(—Xi)"]
t=1 0<k<4

, (3.127)
+ Z AkE P’y,k H Sutvt + O—< (N_T)a

5<|k|<r /¢ keNP t=1

where Ag, 0 < k < 4, depend only on R, Ayx’s are independent of (u,vy), 1 <t <'s,
and we have the bound

| Ay| < N—Hlo/10-2, (3.128)
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It is obvious that a result similar to Lemma [3.5.4] also holds for the product of T

entries. As in (3.127]), we define the notation A%, a = 0,1 as follows:

p
EJ] Suve = > AE [(—-X)"]
= Pkt ) (3.129)
+ Z A’I?OE P%k H SUtVt + O<<N7T>7
5<|k|<r/¢,keNP t=1
p
E]]Tuv. = > AE (_Xw)k]
= ok (3.130)

p
+ Z ‘Al’lE ,P%k H Tutw + O< (Nir)-

5<|k|<r/¢,kENP t=1

Since Ag, 0 < k <4, depend only on R and X; X have the same first four moments,

Ty
we get from and that
ﬁ utvt - ﬁ éutw ’f‘f (E H Gutvt —E H GutVt)
= t=1 :1 t=1
G}

Ymax 5<|k‘<7’/¢

— Z (A’YOEP kH T v _A’y 1Ezp kHGutvt> (3131)
y=1 keNp

t=1

+ O< 7"+2

where we abbreviate G := G(X, z) and G := G(X, 2).
Applying (3.131]) with p = 1, »r = 3 and fixed unit vector u, = v, = v € Ch, we
obtain that

Ymax

<Y D D A EPLGR + O«(NTY. (3.132)

7=1 a=0,15<k<3/¢

‘E(G

Using (3.121)), (3.128) and Lemma [3.2.5] we can bound the sum in (3.132]) by

Ymax

oD D IAEPLGR < Y N0 N2 (3.133)

v=1 a=0,15<k<3/¢ 5<k<3/¢
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To apply Lemma [3.2.F] (iii), we need a second moment bound for [P, ,Gy,%|, which
follows easily from ([3.120]). Recall that P, ;GJ,* is also a sum of the products of G
entries. Then applying (3.131)) to |[EP, ,GI,°| and replacing ymax with v — a, we obtain
that

[EP, .GL°| < |EP, 4G,
5<IK[<3/6 (3.134)

35 S L oo 0900
Y=1a/=0,1 K'eN'+k
Together with (| and (| m, we get that
’E G — G ZZ A7 [EP, ,GY, |
—+§:§:§:L4”A. ’EP/W,MG (N7H).
vy a,a kK’
Again using (3.121]), and Lemma [3.2.5] we obtain that
SN A AL [EP PG < N, (3.135)

¥,y a,a’ kK’

where we used that k + |k’| > 10. Repeating this process, we can make the remainder

term smaller and smaller. At the end, we obtain that

E(G ~ G Sy 2 2 !HA” | [EP,, ke Prrsa G|
n=0 71, ,Yn a1, ,0n K1,
+ O< (Nil)a
where
3

k; € N, k, € N'Hal g e NUHkaltikel ot and 5 < |k;| < e (3.136)

Using (3.128)) and Lemma [3.2.5, we obtain that
[E(G - C)w
(3.137)

<mkax(N—2)"(N—%)2Hkil S EP ke Praa Gl + N7
" Y1 In
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Now we finish the proof of (3.45]) using the estimate (3.137)) and the bound ([3.45)
for G° = G(X, z). We see that it suffices to control the term

Py G (3.138)

for kq, ..., k, satisfying (3.136). By definition of P, (3.138) is a sum of at most C= Ikl

products of Gy, Gy and G, entries, where the total number of GG entries in each
product is at most 3 |k;|+1 = O(¢~2). Due to the deterministic bound (3.120),
is always bounded by N°® ) and hence Lemma m (iii) can be applied.

For each product in , there are two v’s in the indices of G. These two v’s
appear as Gy,Gpy in the product, where a, b come from some 7, and vy, (1 < k,l < n) via
P. Thus after taking the average N2 >, and N =Y .+ the term Gy, Gy contributes
a factor OZ((Nn)™!) by and Cauchy-Schwarz inequality. For all other G factors
in the product with no v’s, we control them by O(1) using . Thus for any fixed

Y1y« -+sVn, K1, ..., Kk, we have proved that

—on ~ 1
N 2 Z ‘E'P%hkn .. 'Pyl,levv =< N_n
Y1y Yn
Then using (3.137)) and 1) for G, we obtain that
E(G) ()| < [E(Gy) () + = <
1)vv micl 2 1)vv micl2 NT] N777

where we abbreviated G; = 27'G and G; = 2~ 'G. This concludes (3.45)).
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3.6 Appendix

3.6.1 Proof of Lemma (3.4.2

We only prove
max |Gy (X, 2) = Ty ()| < ¢ + (Nn) 2, (3.139)
1,] 1

The proof for (3.44) with a,b € Z, is exactly the same. First, we recall the following

large deviation bounds proved in [23].

Lemma 3.6.1 (Lemma 3.8 of [23]). Let (x;), (y;) be independent families of centered
and independent random variables, and (A;), (Bij) be families of deterministic complex
numbers. Suppose the entries x; and y; have variance O(N™') and satisfy with
N~12 < q < N=¢ for some fired ¢ > 0. Then for K = O(N), we have the following

bounds:

1/2
)

1
Z xiBijyj =< qQBd + C]BO + N < Z |BZ]|2> (3140)
1<i,j<K i#]
1 1/2
Z EiBijiCj =< QBO + N ( Z |B,L]|2) s (3141)
1<i#j<K i#]
> (J@il® = Elal?) Ba| < qBa, (3.142)

1<i<K

where By := max; |B;;| and B, := max;.; | B;;|.

In fact, these bounds are stated in slightly stronger forms in [23] with a different
notion for high probability events. Here we choose to present (3.140))-(3.142) in terms of
the stochastic domination, which will be more convenient for our use. Moreover, if we

assume the fourth moment of x; is bounded for all 7 as in (3.11]), then we have a better

bound for the LHS of (3.142]).
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Lemma 3.6.2. Suppose the assumptions in Lemma hold and xz;, 1 < i < K,

satisfy . Then we have
‘ Z (’zz‘Z - E’%’Q) B;;

Proof. We abbreviate z; := (|z;|> — E|z;|?) B;i/ Ba. By Markov’s inequality, it suffices to

< (¢*+N7'?) B, (3.143)

prove that for any fixed p € N,

2p

B[ a] < (@+ N (3.144)
Note that by the assumption, we have
Ez =0, E|z|" < ¢ N2 for fixed n > 2. (3.145)

Now we expand the LHS of (3.144]) to get

]E‘ Zzz 2p _ Z ]Ey“ "'yi2p7

i1 yeeesiop
where we denote y;, 1= z;, for 1 <! <pand vy, := %z, for p+1 <[ < 2p. To organize

the summation over the indices iy, ..., %3,, we look at the partitions I' of the set of the
labels {1, ...,2p} according to the equivalence relation that k,[ are in the same class if
and only if 7, = 7;. We use b, 1 < [ < k, to denote the equivalence classes of I' and
n; to denote the size of b;. Obviously, k, b, and n; all depend on I', but we will omit
this dependence in the following expressions. Moreover, since the random variables are

centered, we must have n; > 2 for all [ to attain a nonzero expectation. Hence we have

2p *
E’Zzi <3S Ely, .. Ely,, ™, (3.146)
i T by,..by
where Y " denotes the summation subject to the conditions that by, . . ., by are all distinct,

n; > 2 for all [, and Zle n; = 2p. Note that under these conditions, we trivially have

kE<p.
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Using ((3.145)), we get

D Elyp, ™ By, ™ < > (PTINT) (¢ INT)

b1,...,bk b1,...,bk
§:N2k4p4k<CNk4p4k
b1,...,bk

Since the number of partitions of {1, ..., 2p} is finite and depends only on p, (3.146) can
be bounded by

< max N K¢ < g% 4 NP,
1<k<p

where in the last step, ¢*” and NP can be obtained from the extreme cases k = 0 and

k = p, respectively. This concludes ([3.144)). O
Now using and ( m, we get that
* 7 7 7 /2
|G| < ;XWG“X —<q2m3X|G(])|+qmax|G ])|+<N2%:|G (i) )
v HFEV

1\ /2
<@ +qlg+ V) + (N_U> < >+ (Nn)~/2, (3.147)

where we used (3.43)), (3.51)) and the bound (3.59)). For the diagonal estimate, we need

to control the Z variables defined in (3.89). Using (3.141]) and (3.143]), we get that for
any T C Z with fixed length,
71 =] S 60 (6l BIX) + 3 XG0
wFEY

< (¢ + N7V?) + gmax| G ]+<N22|GT’) ) (3.148)
pFEV

< q*+ (Nn)~'/2,

where we used (3.43)), (3.51) and (3.59)) again. Then using (3.47)), we get

1

—1 — Mg, — (mg) — Mae) + Z;

Gii — z2my. = — ZM1c
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1 _
R zmye + O (¢° + (Nn) 1/2)

=0« (¢ + (Nn)™?)

where we used (3.148), (3.39), (3.52) (with ® = ¢ + ¥) in the second step, and (3.4)),
(3.6)) in the third step. Together with (3.147)), this concludes (3.139)).

3.6.2 Proof of Lemma (3.4.3

Note that by (3.87), we immediately get >, |v;|* ((G1)i — mi.) < ®. Hence it remains

to show that
ZQ_Jﬂ)j (gl)ij < o,
i#]
By Markov’s inequality and ([3.30)), it suffices to prove that

E‘ Z T_JZ'UjGZ‘j i

i#]

"o (3.149)

for any fixed p € N. The proof of (3.149) is similar to the ones in [6, Section 5] and [68]
Section 5]. The main difference is that in [0, 68], the matrix entries are assumed to have
arbitrarily high moments, while we assume that the X entries have finite third moment

and support bounded by ¢ in our proof. In particular, for any fixed n > 3, we have
E| X" <" N2 ieT, pe. (3.150)

Note that we have a stronger moment assumption in (3.11]). However, the finite fourth
moment condition will not be used in the proof below. We only need the weaker bound

(3.150)). Also we remark that some of the basic ideas have been illustrated in the proof
for (3.42)) in Section [3.4]
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We first rewrite the product in (3.149) as

2p L 2p _
‘ E UiGij?}j E Hvz‘kGikijjk' H UikGikjkvjk
i#£] i A€l k=1 k=p+1
2p
= E E H Ur lk)GF (ik)T (G) UT (k) H U (i) GF(% L) VT (jik) »
T by,...bn k=1 k=p+1

where (recall the notations in the proof for Lemma I' ranges over all partitions of
the set of the labels {1, ..., 92, J1, ..., jop } With the restriction that iy, j, cannot be in the
same equivalence class for all k, {by, ..., b,} is the set of equivalence classes for a fixed T,
['(+) is regarded as a symbolic mapping from the set of labels to the set of equivalence
classes, and Y_* denotes the summation subject to the condition that by, ..., b, all take
distinct values and I'(ig) # I'(jx) for all k.

Since the number of such partitions I' is finite and depends only on p, it suffices to

show that for any fixed T,

2p
E Z HU[‘ (ix) GF (i) (%) UF (jx) H UF (i) GF (i) (k) Ur(jk) @2}7' (3151)
b1,...,bn k=1 k=p+1

We abbreviate
p

2p
Pbla"'7 H lk)F(Jk H GF(Zk)F(]k)

k=1 k:p—‘,—l

For simplicity, we shall omit the overline for complex conjugate in the following proof.
In this way, we can avoid a lot of immaterial notational complexities that do not affect
the proof.

For k = 1,...,n, we denote by deg(by, P) the number of times that b, appears as an
index of the G entries in P, i.e. deg(by, P) := [T~ (by)|. We define h := #{1 < k <
n : deg(by, P) = 1}, i.e. h is the number of b;’s that only appear once in the indices

of P. Without loss of generality, we assume these by’s are by, ...,b,. Then we have the
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following properties:
> deg(by, P) =4p, and deg(by, P) =1, fork=1,..,h. (3.152)
k=1

Now we claim that

|[EP| < N~"2p%, (3.153)

Note that by ||v||2 = 1 and Cauchy-Schwarz inequality, we have ). |v;| < VM and
> lvi|™ < 1forn > 2. Then if (3.153)) holds, we can bound the left hand side of (3.151])
by

N2 TT 5 J50e) < N2 VAT < O,
k=1 by

Hence it suffices to prove (3.153)).
We define the S variables as (one can compare them with (3.97)

for 7,5 € 7y and L := {by,...,b,}. Asin (3.147) and ([3.148)), we can verify that |S;; —
macdi;| < @ for i, 7 € Z; using (3.87)), (3.51)) and Lemmas|[3.6.1 Then as in Section

3.4.3 we keep expanding the G entries in P using the resolvent expansions in Lemma
3.2.12 until each monomial in the expression either consists of S variables only or has

sufficiently many off-diagonal terms. The following lemma corresponds to the previous

Lemma and has been proved in [6, Lemma 5.9] and [68, Lemma 5.9].
Lemma 3.6.3. After finitely many expansions, we can write P as
A
P =Y cuQa+ OL(N"?0), (3.155)
a=1

where A € N depends only on p and ¢y (recall that ®(z) < N~ by assumption), c,’s

are constants of order O(1), and Q. are products of S variables only and the number of
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S wariables in each product again depends only on p and cy. Moreover, for k =1,...n

and o =1, ..., A, we have that
deg, (bg, Qn) > deg,(bx, P), deg,(bx,Qs) = deg, (b, P) mod 2, (3.156)

and the number of off-diagonal S variables in Q) is at least 2p. Here deg,(by, Q,) denotes
the number of times that by appears as an index of the off-diagonal S variables in Q,
and deg,(by, P) := deg(bg, P) (which is consistent with the previous definition since P

only contains off-diagonal entries).

Now given the expansion in (3.155)), we see that to conclude (3.153), it suffices to
show that for any Q.,,

IEQ,| < N~"2o%. (3.157)

In the following proof, we fixe one such @ = ), and write

J J
_ _ *
Q = HSbkjsz - E : HkajujGujVjXijlj
Jj=1

wj,vi€Ls j=1

* J
:Z Z HkajW(Nj)GW(#j)W(Vj)XbljW(Vj)

W Wiyt j=1
where J is the number of S-variables in (), W ranges over all partitions of the set of the
labels {p1, ..., oy, 1, .., v}, {w1, ..., w, } denotes the set of distinct equivalence classes
for a particular W, W (-) is regarded as a symbolic mapping from the set of labels to the
set of equivalence classes, and Y_" denotes the summation subject to the condition that
wy, . .., Wy, all take distinct values. Note that the number of partitions depends only on

J. For a fixed partition W, we denote

J
R(wy, ..., wn; W) =[] X, w () GW (1) W (1) Xy, W ()

j=1
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Then to prove (3.157)), it suffices to show that
IER(wy, ..., W W)| < N~m"h202%P, (3.158)

for any partition W.

To facilitate the proof, we introduce the graphical notations as in Section We
use a connected graph (V) E) to represent R, where the vertex set V' consists of black
vertices by, ...,b, and white vertices wy, ..., w,,, and the edge set E consists of (k,«)

edges representing Xj, ,,, and (o, 3) edges representing Gu,w,. We denote
€ro := number of (k,«) edges in R, d, := number of (o, ) edges in R.
Note that to attain a nonzero expectation, we must have
era =0 or ep, >2 forall k,a. (3.159)

We also define

(0)

e, = number of (k, ) edges that are from off-diagonal S in Q.

Then we have

>, efe) = deg, (b, Q) (3.160)

By (3.152)), (3.159) and the parity conservation due to (3.156)), there exist edges

(1,001), ..., (h, ) such that e, isodd and ey, > 3,1 <k < h. Let H := {(1, 1), ..., (h, )}

be the set of these edges. Denote by F' the set of (k,«) edge such that ey, > 2 and

(k,«) ¢ H. Denote

Sa 1= Zek‘aa hkoz = ]-(k,a)GHa ha = Z hkom fa = Z 1(k,a)€F
k=1 k=1 k=1
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for all £k = 1,...,n and o = 1,...,m. By the above definitions, we have s, > 2 and

ha + fo > 0 (since the classes w,, are nontrivial), s, > 2d,, and

Moo =11<k<h), Y ha=h (3.161)
2 2

Note that there are %Zka exa — d, off-diagonal G edges in R. Hence by 1} and
(3.150)), we have

[ER| < ﬁ <CI>_da ﬁ q)%ekaE|kawa|em)
a=1 k=1
< g®5a/2da< H qeka73N73/2)( H g2 N ) _. HRw

(k,0)eH (k,a)eF a=1

Now we consider the following four cases for R,,.

(i) do = 0. In this case we have

Ra = q)sa/Q H N—3/2 H N—l _ (DSQ/Z(N—I)ha-i-faN—ha/Q

(k,0)eH (k,0)€EF

< P2 NI N—ha/2 o PEhomt ke /247 i 6;&‘2/2N*1N*ha/2

where in the third step we used h; + f; > 0, and in the fourth step we used

h
02 S it 3 )
k k=1 k=h+1

where we used that e,(g > hgo for 1 < k < h (recall that if (k,a) € H, then ey,

is odd and hence one of the edges must come from the off-diagonal 5).

(ii) do # 0, hy = 1 and f, = 0. Then there is only one k such that ey, > 0 and

S = €gq is odd. Hence we have s;/2 > d; + 1/2 and we can bound R, as

Ra = @%Sa—da (N_l)ha+fo‘N_ha/2 ) @1/2N—1N—ho¢/2
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— cI)Z}klzl hka/2+ZZ=h+1 BI(JL)/?N—lN—ha/{

where in the last step we used

h n
1= Z hka + Z 61(:2,
k=1

k=h+1

since all the summands except one hy, are 0.

(i) do # 0, hq = 0 and f, = 1. Then there is only one k such that ey, > 0 and s, =
€ka- Thus the (o, ) edges are expanded from the diagonal S variables (otherwise

a must connect to at least two different £’s), which implies %sa —d, = %eéo) Then

a*

we can bound R, by

Ry < O350 da (N=1Yhatfa N=ha/2 — X 2/2 N =1 N ~ha/2

< P hha /24 e /2 N1 N —ha /2

where, as in Case (i), we used 61(;2 > Ry for 1 < k < h.

(iv) dy # 0 and hq + fo > 2. Then using s, > 2d,, ¢ < ®Y/2 and N~/ < &, we get

that

Ra< H q)e;m/273/2N73/2 H (I)eka/Zlefl

(k,a)eH (k,@)eF
= H (I)eka/Zfl/QNfl H (I)e;m/QNfl/2
(k,a)eH (k,0)eF

— @(Sa—ha)/2N—(ha+fa)/2N—ha/2 S @(Sa—ha)/QN—lN—ha/Q

< PTher hea /24 i1 een /2 N —1 N —ha/2

where in the last step we used the definitions of s, and h,, €ro > 2hs for 1 < k < h

(since eg, > 3 whenever hy, = 1), and hg, = 0 for & > h + 1.



Combining the above four cases, we obtain that

BR] = T R < N8 S g (S 24 i)

a=1

Recall that ) hq = h. Then to prove (3.158)), it remains to show that

Z(Zh’m+ > e ) > 4p.

« k=h+1

For k =1,..., h, using (3.161)) and (3.152) we get that

> hka =1 = deg(by, P).

a=1

For k=h+1,...,n, using (3.160) and (3.156]) we get that

Ze - dego bk)Q) Z deg(bk,P)

a=1

With (3.152), we then conclude (3.162)), which finishes our proof.

189

(3.162)
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