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Abstract

Accelerated Acquisition of Quantitative MRI Using Parametric

Redundancy

Karthik Rao Aroor

Under the Supervision of Dr. John Gubner and Dr. Andrew Alexander

Additional guidance provided by Dr. Steven Kecskemeti

At the University of Wisconsin-Madison

Magnetic Resonance Imaging (MRI) is a non-invasive technique that can be utilized to ob-

tain Quantitative T1 images of the brain. Unfortunately, the acquisition of Quantitative MRI

(Q-MRI) is an extremely slow process, and this has prevented applications of Q-MRI in many

clinical situations where low scan times are critical. Current approaches to speed up the acqui-

sition of Q-MRI are inadequate and result in images that have artifacts. This thesis develops

and validates novel compressed sensing algorithms that exploit information in spatial and para-

metric dimensions for improved MRI T1 mapping.

In the first project, two different sampling patterns are used to acquire MRI data at multiple

Flip Angles (FAs). The two sampling patterns are the traditional stack-of-stars (SOS) and the

recently introduced vastly undersampled isotropic projection (VIPR). It is shown that when

used in parametric dimension regularized compressed sensing algorithms, at high accelera-

tions, VIPR outperforms SOS when estimating T1 maps.

The second project considers the Inversion Recovery acquisition, in which data is acquired

at multiple inversion time points. Here, a novel parametric dimension compressed sensing
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regularizer, Total Generalized Variation (TGV) is developed, and for this data, it is shown

that using TGV as a regularizer yields better T1 estimates than the current approach, which

uses no regularization. TGV also outperforms the classical Total Variation (TV) regularizer by

eliminating its well known staircase artifacts. In addition to continuous signals, it is also shown

that TGV works well on discontinuous signals, since it does not oversmooth the discontinuities.

In the third project, we develop and validate a novel technique to estimate the T1 values of all

voxels in the brain simultaneously using a Total Variation (TV) regularizer, and show that this

outperforms the current approach of estimating T1 values of all voxels independently. Three

different approaches to perform TV based T1 estimation are proposed, and simulations are

performed to determine the best one.
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Chapter 1

Introduction

Quantitative Magnetic Resonance Imaging (Q-MRI) methods are promising for characterizing

brain development, aging, and pathology [1] [2] [3] [4]. However, they are limited by the

accuracy and variation of the measurements. Reductions in measurement variation would

greatly improve the confidence, sensitivity, and specificity of Q-MRI for clinical and research

applications.

Acquisition of Q-MRI data is a time consuming process because it involves the acquisition of

multiple MRI images and thereby limits its application because subject compliance is difficult

at large scan times [5] [6]. In this thesis, novel approaches to accelerate the acquisition of

Q-MRI of the brain are introduced and validated.

In MRI the spatial Fourier transform of the signal of interest is measured, and we call this

Fourier domain k-space, and the signal domain image-space [5] [6]. The length of a scan is a

function of the number of k-space measurements, and so to lower the scan time, the number
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of k-space samples acquired should be minimized. Our goal is to reconstruct the image-space

signal accurately from a subsampled set of k-space measurements. To do this, the redundancies

of the signal in image-space are exploited. Traditional methods to accelerate the acquisition of

MRI, SENSE [7], Margosian [8], Homodyne [9], POCS [10], provide low acceleration. This

is because these methods either do not completely exploit the inherent structure of the data [7]

or the models used in the algorithms are not best suited for the actual data. The objective

of this work is to achieve significantly higher acceleration using more sophisticated methods,

namely compressed sensing algorithms. These algorithms exploit the underlying structure of

the data and have a sound theoretical foundation [11]. The image-space data is composed of

voxels (3D pixels), and adjacent voxels in image-space have a similar value, and this spatial

redundancy is exploited in our algorithms. In addition to the three spatial dimensions, in Q-

MRI there is an additional parametric dimension, which could be flip angle (FA) or time, and

the redundancy in this parametric dimension is exploited as well in our algorithms. In this

study we investigated two Q-MRI methods for T1 estimation: Variable flip angle and Inversion

recovery, whose parametric dimensions are flip angle and time respectively.

In all our projects, fully-sampled (FS) data in which all points of k-space are acquired are used

as a reference against the results from compressed sensing algorithms.

T

1

All the projects in this thesis involve estimation of quantitative T1 values at all brain voxels.

This T1 is the relaxation time constant when the magnetic moment of a voxel returns to its

baseline value following a perturbation. An MR signal is produced by placing a subject in

a strong magnetic field and then applying an additional radio frequency (RF) pulse that is



3

orthogonal to this main magnetic field. Each voxel behaves as a magnetic moment and is

affected by this pulse. This magnetic moment has a transverse component in the XY plane

and a longitudinal component in the Z plane. Once the RF pulse is applied, the longitudinal

component grows exponentially as a function of time with a time constant T1. An accurate T1

estimate is highly desirable since this is a useful biomarker of the brain.

1.1 Variable Flip Angle (VFA) T1 Imaging

Spoiled gradient echo (SPGR) variable flip angle (VFA) T1 imaging refers to an acquisition

method in which k-space data are acquired at multiple flip angles (FA). Each image-space

voxel in the brain has a T1 value, and our goal is to estimate the T1 of all voxels using k-space

data acquired at multiple FAs. The signal at a particular voxel in image-space is a function

of both the T1 of that voxel and the FAs, and this signal changes slowly across FAs, and so

the norm of its derivative across FAs is small. To reconstruct image-space from subsampled

k-space, a compressed sensing algorithm in which the penalty term is the l1 norm of the deriva-

tive across FAs is used [12]. Once the signal in image-space is reconstructed from subsampled

k-space, T1 at all voxels can be estimated and validated that this is indeed close to the fully-

sampled T1. Since the performance of compressed sensing algorithms depends on the k-space

sampling pattern, we compare the performance of different k-space sampling patterns. We

show that a Vastly Undersampled Isotropic Projection (VIPR) k-space sampling pattern out-

performs a stack-of-stars (SOS) k-space sampling pattern at large accelerations, when used in

spatio-parametric compressed sensing algorithms with parametric dimension regularizers.
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1.2 Inversion Recovery T1 Imaging

Inversion Recovery T1 imaging refers to an acquisition method in which k-space data are ac-

quired at different inversion time points t. Each image-space voxel in the brain has a T1 value

associated with it, and our goal is to estimate T1 of all voxels using the k-space data acquired

at multiple t. The signal at a voxel in image-space is a function of both t and the T1 of that

voxel, and this signal varies slowly across t. To reconstruct image-space from subsampled k-

space, a compressed sensing algorithm is used in which the penalty term exploits this temporal

redundancy. Typically in these kinds of problems, a Total Variation (TV) penalty term is used.

However, this produces staircase/blocky artifacts, especially at high accelerations. It was re-

cently shown that a new regularizer called Total Generalized Variation (TGV) eliminates these

staircase artifacts and thus outperforms the TV when used as a spatial regularizer [13]. We

develop TGV as a temporal/parametric regularizer, and test the hypothesis that TGV can out-

perform TV when used as a temporal regularizer. We show that TGV eliminates the staircase

artifacts of TV and thus leads to better T1 estimates, which in turn enables us to acquire data

much faster than is currently possible.

We also show that the application of TGV is not just limited to the Inversion Recovery model,

but it can be used on generic spatio-temporal datasets. We test and verify the hypothesis

that TGV can be used to speed up the acquisition of a spatio-temporal dataset with temporal

discontinuities, by showing that it outperforms both the current approach used for this dataset,

and also the TV approach.
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1.3 Total Variation T1 Estimation

T1 estimation in Variable Flip Angle (VFA) is currently done on a voxelwise basis, wherein T1

of each voxel is estimated independently of the T1 of other voxels. This approach however does

not take into account the spatial similarity of the T1 of adjacent voxels. A novel T1 estimation

procedure is developed, that exploits this spatial redundancy using Total Variation (TV) regu-

larization. TV enforces the constraint that adjacent voxels in the estimated T1 map will have

similar T1 values. We show that estimating T1 values of all voxels simultaneously using a TV

regularizer outperforms the current method of estimating T1 values of each voxel separately,

thus enabling higher quality T1 maps and faster MRI acquisitions. This TV approach is shown

to work when different noise models are used, thus enabling its application in different kinds

of k-space sampling techniques. TV regularized T1 estimation in VFA can be done in different

ways. We discuss the three possible approaches, pre, mid, and post, and show that mid is the

best.

The TV regularized T1 estimation that is developed here is not just limited to VFA T1 estima-

tion, but can be applied to other quantitative imaging techniques, thus enabling us to obtain

higher quality quantitative MRI maps.
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Chapter 2

Notation

In this section, the terminology used in this thesis is discussed.

2.1 Voxel

In MRI, we are interested in obtaining a 3D image of the brain. The pixels in this 3D image are

called voxels. While it is desirable to have voxels that are isotropic, i.e., all sides of the “cube”

have the same length, it is possible that one side of this “cube” can be longer or shorter than

the other two. While shorter sides are less common, longer sides are sometimes used, both

because the SNR of each voxel improves and also because the scan time to acquire the MRI

image is lower. Typical voxel sizes used in this thesis and in the MRI community are, 1mm3

and 2mm3. Voxel sizes larger than 4mm3 are not acquired because the gray matter tissue will

not be discernible.
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2.2 k-space

In MRI, we are interested in obtaining a 3D image of the brain. This image is represented

as a scalar function defined on 3D space x(r),r 2 Z3. Due to the physics underlying signal

generation in MRI, x is not measured directly but instead its 3D spatial Fourier transform y is

measured. The desired signal x and the measured signal y are related by

y(k) = Â
r2Z3

x(r)e� jk0
r, k 2 W ⇢ R3, (2.1)

where 0 is the transpose operator, and j =
p
�1.

The space in which x lies is called image-space and the space in which y lies is called k-space.

2.3 Multiple Coils

The discussion in Section 2.2 is applicable in a single coil acquisition scheme. Nowadays

multiple coils are used to acquire the data. Originally introduced to increase the SNR, in

recent years these have shown the ability to speed up acquisition by requiring fewer k-space

samples to reconstruct image-space accurately. The signal x is multiplied by a known coil

sensitivity on a voxel-wise basis prior to taking the Fourier transform. In our work, 32 coils

are used and the k-space sample of the ith coil is,

y(k, i) = Â
r2Z3

x(r)c(r, i)e� jk0
r, k 2 W ⇢ R3, i = 1, . . . ,32. (2.2)
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The coils are placed all over the brain and each coil is sensitive to a localized region of the

brain around the coil, i.e., its coil sensitivity has a large amplitude near the coil and a low

amplitude elsewhere. In Figures 2.1, 2.2, 2.3, a 2D slice of x is shown along with the coil

sensitivity c of 2 different coils of the same slice.

Figure 2.1: A 2D slice of image-space signal x. Coil sensitivities overlay perfectly on x and
are multiplied with x prior to taking the Fourier transform to get the k-space signal y.
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Figure 2.2: Coil Sensitivity of a coil placed near the bottom-left of the brain.

2.4 Parametric Dimension

We are interested in obtaining images of the brain at multiple user defined parameters q . The

q dimension is called the parametric dimension. At each q , k-space samples for all coils are

acquired. Adding an additional index q to (2.2), and using the fact that the coil sensitivity is

the same for all q , we get

y(k, i,q) = Â
r2Z3

x(r,q)c(r, i)e� jk0
r, k 2 W(q)⇢ R3, i = 1, . . . ,32. (2.3)

Collecting all the samples from the multiple coils and from the parametric dimension, we form

y = {y(k, i,q)}
k,i,q , x = {x(r,q)}

r,q , and represent the relation between k-space and image-
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Figure 2.3: Coil Sensitivity of a coil placed near the top-left of the brain.

space more compactly by the notation y = E(x). Since Fourier transform and multiplication

by the coil sensitivity are linear operations, E is a linear operator acting on x.

2.5 Reconstruction

If all samples in k-space were acquired, an inverse Fourier transform could be used to obtain

x from y. However, as described in the Introduction, since the goal is to reconstruct the signal

in image-space from a subset of k-space samples, just taking an inverse Fourier transform on

a subset of k-space will result in the output having artifacts. Compressed sensing methods

that exploit redundancy in the signal help suppress these artifacts. These methods solve an
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optimization problem of the form,

min
x

||E(x)� y||2 +P(x), (2.4)

where P(x) is the penalty term that exploits the redundancy of x in both the parametric and

spatial dimensions, and is different in different applications. The exact nature of P(x) will be

discussed per the application.

|| · || is used to indicate the l2 norm, and || · ||1 the l1 norm of the vectorized form of the

argument.

We are interested in estimating T1 which is a function of x. T1 is estimated from x using a

non-linear least squares approach.

2.6 k-space Sampling Pattern

As was mentioned earlier, our objective is to estimate image-space from a subset of k-space

samples. Choosing this subset, called the k-space sampling pattern, is critical in determining

the performance of the reconstruction algorithm (2.4). Since the signal in image-space varies

slowly across space, i.e., it is spatially smooth, its Fourier transform has most of its energy

concentrated in the low frequency region. This low frequency region is called the center of k-

space. Since the center of k-space contains most of the information of the image-space signal,

the center of k-space needs to be heavily sampled to accurately reconstruct the signal. The

high frequency region in k-space also contains useful information about edges and fine spatial

details in image-space. This high frequency region is called the edge of k-space. Even though

the edges of k-space contain a much smaller portion of the overall energy compared to the
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center, if the edges of k-space are not sampled, the reconstructed images will lose information

about fine details and will appear blurry. So for a given number of k-space samples, a good

sampling pattern will be one that places most of the samples at the center, while a few samples

will be placed at the edges of k-space. This ensures that most of the energy, and the fine details

like edges of the signal are acquired.

The k-space sampling pattern we choose will be either points along a Cartesian grid or points

along radial lines through the origin. In radial sampling we have 2D and 3D sampling patterns.

We refer to 2D as stack-of-stars (SOS) and 3D as Vastly Undersampled Isotropic Projection

(VIPR). In SOS, the brain is divided into 2D slices. For each slice encode, the k-space sampling

pattern is radial lines in a 2D plane passing through the origin. To subsample k-space, a subset

of these radial lines is taken, and the same radial sampling pattern is used for all slices. The

fully-sampled (FS) SOS data has pn
2 radial lines in each 2D plane, where n is the size of

the volume in image-space. For example, if the object of interest is a cube of size 2563, then

n = 256. To obtain an acceleration of a, we take pn
2a radial lines. In VIPR, the k-space sampling

pattern is radial lines in 3D passing through the origin. To subsample k-space, we take a subset

of these radial lines. The FS VIPR data has pn2

2 radial lines. To obtain an acceleration of a, we

take pn2

2a radial lines.

SOS and VIPR k-space sampling patterns are illustrated in Figure 2.4.

The output obtained using all samples of k-space, setting P(x) = 0, and solving (2.4) is called

the fully-sampled (FS) output, the output obtained using a subset of k-space and solving (2.4)

with appropriate (non-zero) choice of P(x) is called the compressed sensing (CS) output. The

output obtained using a subset of k-space and solving (2.4) by setting P(x) = 0 is called Sen-

sitivity Encoding (SENSE). Zero-Filled (ZF) output is obtained by using a subset of k-space,
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Figure 2.4: Radial k-space sampling patterns, (a) Stack-of-Stars (SOS), (b) Vastly Undersam-
pled Isotropic Projection (VIPR). Each of these radial lines is called a projection.

setting all the samples to zero and taking the inverse Fourier transform. Conceptually ZF and

SENSE solve the same problem and therefore should give the same solution. The FS output is

used as a benchmark to compare the CS, SE, ZF results to.
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Chapter 3

Variable Flip Angle (VFA) T1 Imaging

Variable Flip Angle (VFA) T1 imaging refers to a spoiled gradient echo (SPGR) acquisition

in which k-space data are acquired at multiple flip angles (FA) [5]. Our goal in this project

is to estimate the T1 of each voxel in the brain using subsampled k-space data acquired at

multiple FAs. The signal at a particular voxel in image-space is a function of both the T1 of

that voxel and the FA. This signal changes slowly across FA, and so its derivative across FA

is bounded [12]. To reconstruct image-space from subsampled k-space, a compressed sensing

algorithm is used in which the penalty term is the l1 norm of the derivative across FAs. Once

the signal in image-space is reconstructed from subsampled k-space, T1 at all voxels can be

estimated and validated that this is indeed close to the true T1, which we take to be fully-

sampled T1.

There are other approaches to do regularization in compressed sensing MRI reconstructions,

but all of these suffer from artifacts because of the mismatch between the assumptions of

the regularization term and what is present in the actual data. Spatial regularization using
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Total Variation produce staircase or blocky artifacts, while quadratic Tikhonov regularization

produce blurry artifacts, and some parametric dimension regularization techniques make strict

assumptions and only work well on certain kinds of datasets. Even though compressed sensing

with spatial regularization is not necessarily the best approach to speed up the acquisition of

MRI, the theory for this approach is well developed and it provides a number of guarantees like

the number of samples needed to achieve a certain accuracy, the kinds of regularizers that can

be used etc. [11]. Our approach of using a regularizer in the parametric dimension (i.e., across

FA) has no theoretical guarantees whatsoever. It is unclear if this approach will even converge

to a reasonable solution. Nevertheless, in our case, this approach worked well in practice.

Despite the well developed compressed sensing theory, a major shortcoming that hinders its

wide spread practical applicability is that there is no optimal approach to choose the regular-

ization parameter l given in (3.2). Only heuristic approaches to choosing l exist and we use

the approach described in [14].

The setup described above of using the l1 norm of the derivative across FAs as a regularizer was

shown to achieve accelerated acquisition when a stack-of-stars (SOS) radial k-space sampling

pattern was used [12]. It is known that in CS algorithms, the performance depends upon

the k-space sampling pattern [11], although no analytical expressions exist that describe the

exact nature of this dependence. We test the hypothesis that for a given scan duration, the

Vastly Undersampled Isotropic Projection (VIPR) k-space sampling pattern achieves lower T1

estimation error than SOS. VIPR has the advantage of larger incoherence because it spreads the

undersampling artifacts in three dimensions compared to two dimensions for SOS, and larger

incoherence is known to typically give better CS performance [11]. However, the anisotropic

field of view (FOV) of the brain (the shape of the brain is not a perfect sphere) means that

SOS has an initial advantage since unlike VIPR, it can be easily tailored to acquire data more
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consistent with the shape of the brain, and therefore needs to acquire less data than VIPR,

i.e., in VIPR, the same number of voxels need to be acquired in the x,y,z dimensions whereas

in SOS, fewer voxels can be acquired in z dimension thus requiring a lower scan time. We

investigate this dynamic of these two competing forces, namely incoherent artifacts versus

anisotropic FOV. VIPR also has an advantage of increased robustness to motion compared to

SOS. But since this benefit is hard to quantify, we do not compare these two techniques based

on their robustness to motion.

3.1 Methods

3.1.1 Signal Model

In VFA, spoiled gradient echo (SPGR) data are acquired at several FAs. The relation between

the signal in image-space and the various quantities of interest is now described. The image-

space signal at a voxel r is given by,

x(r,a) =
M0(r)(1�E1(r))sin(a)

1�E1(r)cos(a)
, (3.1)

where a is the flip angle (FA), E1(r) = exp(� TR
T1(r)

), TR is the repetition time which is known

to the user and is constant for all FAs, M0(r) is the proton density. In Figure 3.1 the plot of

x(r,a) vs. a for different T1(r) is shown. For the range of possible T1(r) in the brain, x(r,a)

varies slowly with respect to a , and this redundancy in the parametric dimension will be used

later to construct regularizers in the parametric dimension.

k-space data is acquired as described in Section 2.4 with the parametric dimension q being the

flip angle (FA) a . Here the acquisition time can be lowered by subsampling k-space at each
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FA, or by acquiring fewer FAs or both. FA is a user defined parameter, and both the number

and the values of the FAs are chosen to minimize scan time, while estimating T1 accurately.
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Figure 3.1: For a particular r, a plot of x(r,a) (3.1) vs. a for the range of possible T1(r) in the
brain. In all the curves, x(r,a) varies slowly w.r.t. a and hence its derivative w.r.t. a is small.
For visualization, the different curves are normalized so that the peaks of x for all T1 are the
same.

3.1.2 Dataset

In-vivo data of a healthy male adult subject is acquired in a GE scanner whose magnetic field

strength is 3T. This is a multiple coil acquisition in which 32 coils uniformly distributed across

the brain were used. The voxel size in image-space is 2mm3. The repetition time used is

TR = 6.1ms.
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3.1.3 Estimating x

A goal of this project is to estimate image-space from a subset of k-space. For the VIPR (SOS)

case, the k-space at each FA is a subsampled VIPR (SOS) sampling pattern as described in

Section 2.6. To estimate image-space x from the subsampled k-space y, we solve the following

optimization problem,

min
x

||E(x)� y||2 +l ||T (x)||1, (3.2)

where E,x,y are described in Section 2.4, T (x) = {(T (x))(r,a)}
r,a is a function defined on

4D grid (3 spatial dimensions and 1 FA dimension), and for a particular voxel r, (T (x))(r,a)

is the discrete derivative of x(r,a) with respect to a , and l is a regularization parameter. As

discussed earlier, the slowly varying nature of x with respect to a means that T (x) has a small

norm and so compressed sensing [15] suggests that a near perfect reconstruction of x can be

obtained as the solution to the optimization problem (3.2).

3.1.4 Estimating T1,M0

Once x is estimated, M0(r) and T1(r) are estimated using x(r,a) as follows. Rearranging the

terms in (3.1) we get,

x(r,a)

sin(a)
=

x(r,a)

tan(a)
E1(r)+M0(r)(1�E1(r)). (3.3)

This can be solved for E1(r) and M0(r) by acquiring data at multiple a , and using least squares.

T1(r) can then be estimated from E1(r) using the relation E1(r) = exp(� TR
T1(r)

).

In the noise free FS case, just two FAs are needed to accurately estimate T1 and M0. In the pres-
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ence of noise, more FAs result in better estimates of T1 and M0. Even though M0 is estimated

using the above approach, only the accuracy of T1 is validated because this is the quantity of

interest to most researchers.

In the Appendix, we show that in the presence of noise, the expected value of the T1 estimate

in the presence of noise is larger than than the true T1 for all choices of acquisition parameters

like flip angles (a), repetition time (TR), noise standard deviation (s ). This means that the

estimate of T1 should be divided by a correction factor so that an unbiased estimate is obtained.

This has the additional advantage of reducing the variance of the estimate, and therefore the

overall mean square error of the estimate is reduced when this correction factor is used. This

correction factor can be estimated using Monte-Carlo simulations if the standard deviation of

the noise s is known, and this s can be estimated using data outside the brain where only

noise is present.

3.1.5 Choosing the Flip Angles

The flip angles (FA) are a user defined parameter, and we have control on both the number

and the values of the FAs. Our goal is to choose FAs so as to accurately estimate T1 while

minimizing the scan time. Acquiring a large number of FAs leads to very accurate T1 estimates

while at the same time increasing the scan time. Even though in theory any positive FA can

be used, in practice the maximum FA is limited to 20 degrees since the SNR is low above this

value. For a given number of k-space samples, the acquisition time for any FA in the range

[1,2, . . . ,20] is the same. For the CS algorithm to work well, the derivative needs to be sparse,

and so the FAs will be chosen relatively closely spaced. In Figure 3.1, notice that the signal

for different T1 varies rapidly for FA in the range 3 to 10. So to get a good approximation of
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the derivative, more FAs need to be chosen in this range while FAs outside this range can be

coarsely sampled since the signal is approximately linear. To avoid acquiring a large number

of FA in the range of 3 to 10, we avoid taking any FA in this range. This is justified because

for all T1, the signal value at FA = 3 is close to that at FA = 10 for all T1, and hence the signal

change between these two FA is small for all T1. In our experiments, FA = [2,3,10,12,13,15]0

are acquired. For simplicity, the same number of k-space samples are chosen at each FA, even

though we have the flexibility of choosing them to be different.

3.1.6 Validation

The accuracy of the T1 estimate is validated by comparing T1 obtained using a reconstruction

technique (R) (T (R)
1 ) with that obtained using fully sampled (FS) (T (FS)

1 ) data. R could be

either the VIPR or SOS case. The error is measured by,

e = 100⇥Â
r

����
T (R)

1 (r)�T (FS)
1 (r)

T (FS)
1 (r)

����, (3.4)

where the summation is over all voxels in the white and gray matter in the brain. Voxels in

the CSF tissue are not included in this computation since these voxels are not of interest in

most clinical applications. CSF voxels are identified as those for which T (FS)
1 is greater than

3000ms. Acquisition parameters like FA, number of k-space samples, etc. are chosen such that

this error is less than 10%.
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3.2 Results

The image-space is reconstructed from subsampled k-space and then T1 maps are estimated

from this reconstructed image-space signal. This procedure is done for both VIPR and SOS

k-space sampling patterns for different acceleration factors. Here acceleration refers to the

amount of k-space undersampling w.r.t. the fully sampled radial (VIPR or SOS) dataset. For

example in VIPR if acceleration = 4, then the number of k-space samples used is 1
4 th of the

fully sampled VIPR dataset. In Figure 3.2 the error is plotted as a function of the acceleration

for the VIPR and SOS cases. For moderate to large accelerations, the error in VIPR is lower

than SOS while for low accelerations the reverse is true. The error measure used is the relative

percentage error given by (3.4). In Figure 3.3 the error is plotted as a function of the scan

time (in seconds) in VIPR and SOS cases. For most scan times, the error in SOS is lower than

VIPR, while for very short scan times, the reverse is true. In Figure 3.4 - 3.6, the T1 maps of

VIPR and SOS k-space sampling patterns at a number of different scan times, and the FS T1

map are shown. The difference between the T1 maps of different k-space sampling patterns

at a number of different scan times, and the FS T1 map are shown in Figures 3.7 - 3.9. From

Figure 3.3, for most scan times, SOS has a lower error than VIPR. This is also evident in the

T1 maps of Figure 3.4 - 3.6 and 3.7 - 3.9.

3.3 Discussion

Here a compressed sensing (CS) approach to speed up the acquisition of VFA data is discussed

and the T1 estimated in this accelerated acquisition is verified to be close to the fully-sampled

(FS) T1. In [12], the CS reconstruction approach discussed above was tested only for the SOS
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Figure 3.2: Error in T1 estimates using VIPR and SOS radial k-space sampling strategies vs.
acceleration i.e. k-space undersampling factor. Error measure used is the relative percentage
error w.r.t. the ground truth and is computed using (3.4).
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Figure 3.3: Error in T1 estimates using VIPR and SOS radial k-space sampling strategies vs.
scan time (in seconds). Error measure used is the relative percentage error w.r.t. the ground
truth and is computed using (3.4).

k-space sampling case. Here we investigated if results can be improved by introducing under-

sampling in the third dimension using VIPR. In CS algorithms, k-space sampling patterns that
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Figure 3.4: T1 maps of different k-space sampling patterns (a) FS (b) VIPR (c) SOS. The scan
time for both the subsampled VIPR and SOS datasets was identical. The three rows correspond
to scan times of 156, 134, 117 seconds respectively.

are more incoherent give better performance [11]. As discussed earlier, we expected VIPR to

be more incoherent than SOS. This incoherence explains why in Figure 3.3, VIPR outperforms

SOS at low scan times. Despite the lower incoherence of SOS, in Figure 3.3 SOS outperforms

VIPR at high scan times because the anisotropic field of view (FOV) of the brain means that

fewer axial slices can be acquired in SOS while still achieving whole brain coverage, whereas
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Figure 3.5: T1 maps of different k-space sampling patterns (a) FS (b) VIPR (c) SOS. The scan
time for both the subsampled VIPR and SOS datasets was identical. The three rows correspond
to scan times of 104, 94, 78 seconds respectively.

in VIPR it is difficult to achieve asymmetrical FOV acquisition. However, at low scan times

wherein very few k-space samples are acquired, the extra incoherence of the 3D sampling pat-

tern of VIPR is more advantageous. If the object of interest is more spherical, then it is likely

that VIPR will have lower error than SOS for all scan times since performance difference be-

tween the two cases will be based just on the incoherence of the sampling pattern and not on
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Figure 3.6: T1 maps of different k-space sampling patterns (a) FS (b) VIPR (c) SOS. The scan
time for both the subsampled VIPR and SOS datasets was identical. The three rows correspond
to scan times of 58, 47, 39 seconds respectively.

FOV. Even though SOS outperforms VIPR at high scan times, its SNR is lower than VIPR

since fewer k-space samples are acquired, and so the “quality” of the fully-sampled T1 in SOS

is worse than that of the fully-sampled T1 of VIPR, and the same holds for the subsampled

cases. So the earlier result that SOS sometimes outperforms VIPR needs to be interpreted

judiciously. Sub-sampling in SOS was achieved by choosing fewer radial projections in each
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Figure 3.7: Difference between the T1 maps of subsampled and fully-sampled cases for (a)
VIPR (b) SOS. The scan time for both the subsampled VIPR and SOS datasets was identical.
The three rows correspond to scan times of 156, 134, 117 seconds respectively.

plane while fully sampling the slice direction z. Also for each slice, the projections were ex-

actly the same. Future work for improving SOS will involve subsampling the slice direction

and also dithering the k-space projections for different slices to achieve larger incoherence.
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Figure 3.8: Difference between the T1 maps of subsampled and fully-sampled cases for (a)
VIPR (b) SOS. The scan time for both the subsampled VIPR and SOS datasets was identical.
The three rows correspond to scan times of 104, 94, 78 seconds respectively.
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Figure 3.9: Difference between the T1 maps of subsampled and fully-sampled cases for (a)
VIPR (b) SOS. The scan time for both the subsampled VIPR and SOS datasets was identical.
The three rows correspond to scan times of 58, 47, 39 seconds respectively.
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Chapter 4

Inversion Recovery T1 Imaging

Inversion Recovery (IR) T1 imaging is an acquisition technique to perform quantitative T1 es-

timation of all voxels in the brain. In this setup, k-space data are acquired at multiple inversion

time points t, and our goal is to estimate T1 of all voxels in image-space. At each of these

inversion time points in image-space, the contrast between various brain tissues is different.

In addition to estimating T1, one other advantage of this acquisition method is that images of

the brain can be obtained with the signals from specific tissues being equal to zero (“nulled”),

and this can help in clinical diagnosis. Our primary goal in this project is to estimate T1 of all

voxels using the k-space data acquired at multiple inversion times t.

There are many approaches to acquire Inversion Recovery data, and we use the MPnRAGE

model [16] that is also robust to head motion. The robustness is due to the fact that here sep-

arable “navigator” measurements are made every two seconds which can be used to measure

and correct motion, and so the subject needs to remain still for just two seconds [16], whereas

in other Inversion Recovery techniques (for example MP-RAGE), the subject needs to remain
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still for the entire duration of the scan, which is several minutes. This makes MPnRAGE

extremely attractive for applications involving a lot of motion like imaging small children.

Inversion Recovery is very time consuming due to the acquisition of multiple MRI images at

different inversion time points t. Compressed sensing (CS) algorithms with spatial regularizers

help to accelerate this acquisition but have limited benefit due to lack of spatial redundancy.

However, in the MPnRAGE model, there is a large amount of redundancy in temporal di-

mension, offering the possibility of exploiting this redundancy using a regularizer along the

temporal dimension. Other studies involving spatio-temporal MRI datasets have shown that

temporal regularization outperforms spatial regularization [12] because of larger temporal re-

dundancy.

One approach to exploit the temporal redundancy would be to use a temporal total variation

(TV) regularizer. However, its utility is limited because TV produces staircase artifacts [13],

i.e., it produces an output that is piecewise constant. Total generalized variation (TGV) has

been used successfully as a spatial regularizer to eliminate the staircase artifacts typically ob-

served with TV [13]. Spatial TGV has all of the advantages of TV in terms of enforcing spatial

consistency of the signal, preserving edges, while eliminating drawbacks of TV like staircase

artifacts [13]. This work attempts to extend many of these results in the temporal dimension.

Here TGV is developed as a temporal regularizer that can be used in CS algorithms to speed

up the acquisition of spatio-temporal MRI, and produce signals that do not have the staircase

artifacts of a temporal TV regularizer. More specifically we hypothesize that TGV can be

used as a temporal regularizer to speed up the acquisition of T1 maps of the brain using the

MPnRAGE protocol, and that TGV outperforms TV by eliminating the staircase artifacts.

Two kinds of datasets are used to validate the performance of the algorithm. Numerical phan-
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toms and an in-vivo dataset of a healthy adult subject are used to compare the proposed TGV

method to TV and Zero-Filled (ZF) reconstruction. All these different reconstruction proce-

dures reconstruct the image-space signal from subsampled k-space, and once the image-space

signal is reconstructed, T1 at all voxels can be estimated from this and validated that this is

indeed close to the true T1 which we take to be the fully-sampled (FS) T1.

TGV, in addition to performing well on the MPnRAGE model in which the signal is a continu-

ous function that slowly varies across time, performs well on signals that have discontinuities.

To test this hypothesis, a synthetic dataset that has discontinuities in its time series is used, and

the performance of TGV is compared to the other reconstruction techniques described above.

4.1 Methods

To test the performance of the TGV algorithm, three kinds of simulation setups are used viz;

phantom, in-vivo MPnRAGE models to test the performance on quantitative T1 estimation, and

a phantom discontinuous model to test the ability of TGV to preserve discontinuities.

Phantom MPnRAGE

A numerical phantom was used whose T1 and proton density values are obtained by scanning

the same subject 8 times using the MPnRAGE sequence [16] and averaging the T1 and proton

density values respectively. This gives T1 and proton density maps that have a high SNR. Using

these T1 and proton density values, synthetic relaxometry data of a brain scan were generated

using a 2D radial Look-Locker sequence, a.k.a. MPnRAGE model with 386 inversion time

frames, and the image-space signal at each voxel is given by (4.1). At each time point, the
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Fourier transform of the image-space signal is computed at the radial k-space locations shown

in Figure 2.4 to get the k-space data. The k-space locations are different at all time points.

The radial lines in k-space are interleaved both within a single inversion recovery acquisition

and also across multiple inversion recovery acquisitions [16]. This means that both at a par-

ticular inversion time point t, and across neighboring inversion time points, the radial k-space

projections are maximally separated from one another, similar to that shown in Figure 4.2.

The voxel size of this phantom is 1mm3. The TR used is 7ms and this determines the time du-

ration between successive inversion times as described later. A flip angle of 4 was used. This

is a single coil simulation setup in which the coil sensitivity is equal to one for all voxels. The

T1 maps used to create the phantom were acquired in a scanner whose magnetic field strength

was 3T.

In-Vivo MPnRAGE

In-vivo data of a healthy male subject was acquired using a 2D radial Look-Locker sequence,

a.k.a. MPnRAGE [16] that produces 331 inversion time points. At each inversion time point,

202 radial k-space projections were acquired, and this is our fully-sampled (FS) dataset. The

radial k-space projections are interleaved similar to the phantom case described earlier. Sub-

sampled data was chosen by selecting a subset of these radial projections.

The in-plane resolutions of the voxel is 1mm3 and the slice thickness is 3mm3. The TR used is

5.2ms and this determines the time duration between successive inversion times as described

later. This is a multiple coil acquisition in which 8 coils are used. The scanner magnetic field

strength is 3T.
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Temporally Discontinuous Phantom

To illustrate the ability of TGV to preserve discontinuities, a synthetic phantom with an image-

space time course having occasional sudden jumps was used. This was generated as follows.

First data was generated using the phantom MPnRAGE model as before. Then the signal

amplitudes for time points between 100 to 200 are doubled. This produces the sharp discon-

tinuities as shown in Figure 4.16. The radial k-space projections are interleaved as described

earlier.

4.1.1 MPnRAGE Signal Model

In both the phantom and in-vivo MPnRAGE cases, as described in [16], the signal at a voxel r

in image-space is given by,

x(r, t) = A(r)�B(r)exp(� t
T1(r)

), (4.1)

where A(r), B(r), T1(r) are unknown and need to be estimated for all r in the brain. This

estimation is done using the nonlinear least-squares approach described in [16]. Inversion

time t is a discrete valued, uniformly spaced parameter, and the spacing between adjacent t is

the repetition time TR which is 7ms for the phantom dataset and 5.2ms for the in-vivo dataset.

In the phantom case, 386 such time points are used and in the in-vivo case, 331 such time

points are used. Typically the ratio A(r)
B(r) ⇡

1
2 . In Figure 4.1 the plot of x(r, t) vs. t for the range

of possible T1(r) in the brain is shown. For all T1 of interest, x varies slowly w.r.t. t since the

sampling period is a few ms, and this means that x has a lot of temporal redundancy which is

exploited in our algorithm.

k-space data is acquired as described in Section 2.4 with the parametric dimension q being
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time t, i.e. at each time point t, k-space radial projections as shown in Figure 4.2 are acquired,

with the number of radial projections at each time point being identical. In the subsampled

dataset, the same number of time points are acquired but at each time point, fewer k-space

radial projections are acquired.
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Figure 4.1: For A(r),B(r) fixed, using the MPnRAGE model equation (4.1), a plot of x(r, t)
vs. t (seconds) for the range of possible T1(r) in the brain. Clearly x(r, t) varies slowly w.r.t. t
for all T1(r) since the spacing between two adjacent time points is approximately 5ms.

4.1.2 Estimating x

The TGV algorithm to estimate the image-space signal x from subsampled k-space data y

enforces smoothness of x across time t and is given by the following optimization problem,

min
x

||E(x)� y||2 +min
z

l1 Â
r

||∂x(r, t)
∂ t

� z(r, t)||1 +l0 Â
r

||∂ z(r, t)
∂ t

||1, (4.2)

where E,x,y are described in the Section 2.4, z is a dummy variable in image-space and has

the same dimensions as x, and l1,l0 are regularization parameters. The penalty term in (4.2)
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Figure 4.2: Interleaved k-space sampling pattern used in MPnRAGE T1 acquisition for two
adjacent time points. The k-space sampling pattern for the first time point is in blue and for
the second time point is in red. The k-space sampling pattern for each time point has five
radial projections. The interleaved sampling pattern results in the projections being maximally
separated both within a time point and also across time points.

is TGV(x), and as described in [13], TGV enforces a smoothness of x(r, t) across time t for

all voxels r, and does not have staircase artifacts because of the following. For a particular r,

in smooth regions of x(r, t), the second derivative ∂ 2x(r,t)
∂ t2 is locally small. It is therefore likely

that the minimizer of TGV(x) will be z(r, t) = ∂x(r,t)
∂ t in these regions, resulting in TGV(x) =

||∂ 2x(r,t)
∂ t2 ||1 in smooth regions and hence does not produce staircase artifacts. On the other

hand, in the neighborhood of edges, ∂ 2x(r,t)
∂ t2 will be much larger than ∂x(r,t)

∂ t , so it is beneficial

for the minimization of TGV(x) to choose z = 0, resulting in TGV(x) = ||∂x(r,t)
∂ t ||1 = TV(x)

near edges. Since TV is known to preserve edges [17], it is expected that TGV preserves edges

as well.
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Like TGV, the TV approach enforces the constraint that the image-space signal at any two ad-

jacent time points are similar. Here, for each voxel r, we compute the derivative of x(r, t) w.r.t.

t, then compute the l1 norm of this derivative, and use this as a regularizer in an optimization

problem. This enforces the constraint that the derivative of the image-space signal at each

voxel is sparse, thereby enforcing the constraint that the image-space signal at any two adja-

cent time points are similar. To estimate the TV solution, we solve the following optimization

problem,

min
x

||E(x)� y||2 +l Â
r

||∂x(r, t)
∂ t

||1, (4.3)

To reconstruct image-space x from subsampled k-space y, (4.2) and (4.3) are solved using the

primal-dual algorithm described in [13] to obtain the TGV and TV solutions respectively.

4.1.3 Validation

For the different reconstruction approaches, even though image-space signal x is estimated,

the performance of the algorithm is not measured in terms of the accuracy of the image-space

signal x but in terms of accuracy of T1 which is a function of x. Once x is reconstructed,

using the model equation, parameters A(r), B(r), and T1(r) are estimated for all r voxel-wise

using the non-linear least squares approach described in [16]. The FS dataset was used as

a ground truth to compare the TGV, TV and ZF results to. The error is measured as (3.4),

where the summation is over all voxels in the brain, and T (FS)
1 and T (R)

1 are the T1 values of

FS and of different reconstruction techniques (i.e., TGV, TV, and ZF) respectively. The largest

acceleration that gives an error that is less than 10% is an optimal acceleration factor. This

validation approach is used for both the phantom and in-vivo MPnRAGE datasets.
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For the discontinuous phantom case, the procedure discussed earlier for the reconstruction of

image-space from k-space is carried out and validation is done visually, by looking at the time

series of different voxels. A good reconstruction procedure would perform well in both smooth

regions of the signal and at discontinuities as well.

4.2 Results

The performance of different reconstruction techniques is compared by numerically evaluat-

ing the accuracy of the T1 maps, visually inspecting the accuracy of the reconstructed source

images x and the T1 maps, and visually inspecting the voxel time series. Three different sim-

ulation setups are discussed, namely, a phantom MPnRAGE model, an in-vivo MPnRAGE

model, and a phantom discontinuous model.

Phantom MPnRAGE

In the phantom MPnRAGE model, image-space is reconstructed from subsampled k-space and

then T1 maps are estimated from this image-space signal. The T1 maps estimated are compared

with the ground truth T1 maps and the error is computed. In Figure 4.3 the error of the different

reconstruction techniques is plotted as a function of the scan time. TGV has the lowest error

at all accelerations followed by ZF and then TV. The separation between the curves reduces

as the scan time increases because we move closer to a FS acquisition and so all cases have a

near perfect reconstruction. The time series at an arbitrarily chosen white matter voxel for the

different reconstruction techniques namely FS, TGV, TV, ZF is shown in Figure 4.4. The y-

axis in this figure is in arbitrary units (AU) and the x-axis is the time point / frame number. For

the subsampled cases, an acceleration, i.e., the k-space undersampling factor of 133 is used to
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generate the curves in Figure 4.4. This acceleration corresponds to a scan time of 8 seconds for

each 2D slice. Here ZF looks like the FS with Gaussian noise added, TV has staircase artifacts

and TGV eliminates these staircase artifacts. The same voxel time series curves with the FS

time series curve overlaid are plotted in Figure 4.5. This helps to better examine the similarity

between the true time series and the time series of different subsampled reconstructions. In

this figure TGV is closest to the FS followed by TV and ZF. Despite the fact that the time

series of TV is closer to FS than ZF, Figures 4.3 and 4.7 indicate that for the T1 maps estimated

from these time series, ZF is closer to FS than TV. This is due to the fact that T1 fitting is not

robust to non-Gaussian noise artifacts, and since TV has staircase artifacts, the T1 estimated

will be extremely erroneous. The T1 maps of different reconstruction techniques are shown in

Figure 4.6. The same acceleration factor as earlier is used to generate this figure. The T1 map

of TGV is closest to FS and also preserves information about fine structures in the T1 map.

Even though the ZF source images have more streak artifacts than TV, the T1 map of ZF is

still closer to the ground truth (i.e., FS) T1 than TV. This is also evident in the difference map

shown in Figure 4.7. The difference of the T1 maps of the different reconstruction techniques

and the ground truth, i.e., FS is shown in Figure 4.7. The same acceleration factor as earlier is

used to generate this figure. In this figure, TGV is closest to the FS followed by TV and ZF.

This follows from the error plot shown in Figure 4.3. The estimated source images x are shown

in Figure 4.8. These are the solutions to (4.2), (4.3) for TGV and TV respectively, and the ZF

and FS are computed as described earlier. This x is a time series of volumes and in Figure 4.8

the 180th time point is chosen because it produces the best contrast between different tissues,

and potential artifacts like blurring of edges between different tissue boundaries can be easily

observed. In this figure (and in unpublished figures of other time points), the TGV and TV

images look very similar to the FS while the ZF is extremely noisy and looks nothing like the

original. Despite the extremely poor quality of ZF relative to TV, the T1 map of ZF is better



40

than TV as discussed previously.

Thus, Figures 4.4-4.8 indicate that the temporal TGV regularizer performs the best among

all reconstruction techniques since it outperforms other reconstructions on all fronts, T1 map,

voxel time series, and source images x.
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Figure 4.3: For the phantom MPnRAGE dataset, for a single 2D slice, T1 error as a function
of scan time (in seconds) for TGV, TV and ZF reconstruction techniques. TGV is obtained by
solving (4.2) with l1,l0 6= 0 and ZF is obtained using the approach described in Section 2.6
The error measure used is the relative error and is computed using (3.4).

In-vivo

In the in-vivo MPnRAGE model, image-space is reconstructed from subsampled k-space and

then T1 maps are estimated from this image-space signal. The T1 maps estimated are compared

with the ground truth T1 maps and the error is computed. In Figure 4.9 the error of the different
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Figure 4.4: For the phantom MPnRAGE dataset, time series at a white matter voxel for differ-
ent reconstruction techniques, (a) FS, (b) TGV, (c) TV, (d) ZF. An acceleration factor of 133 is
used for the subsampled cases.
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Figure 4.5: For the phantom MPnRAGE dataset, time series at a white matter voxel for differ-
ent reconstruction techniques, (a) TGV, (b) TV, (c) ZF, overlaid with FS (in red). An accelera-
tion factor of 133 is used for the subsampled cases.
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(a) (b)

(c) (d)

Figure 4.6: For the phantom MPnRAGE dataset, T1 maps (in ms) for different reconstruction
techniques, (a) FS, (b) TGV, (c) TV, (d) ZF. An acceleration factor of 133 is used for the
subsampled cases.

reconstruction techniques is plotted as a function of the scan time. TGV has a lower error at

all accelerations compared to ZF. The time series at an arbitrarily chosen white matter voxel

for the different reconstruction techniques namely FS, TGV, ZF is shown in Figure 4.10. The

y-axis in this figure is in arbitrary units (AU) and the x-axis is the time point / frame number.

For the subsampled cases, an acceleration, i.e., the k-space undersampling factor of 33 is used

to generate the curves in Figure 4.10. Here ZF looks like the FS with Gaussian noise added
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(a) (b) (c)

Figure 4.7: For the phantom MPnRAGE dataset, difference (in ms) between the T1 of different
reconstruction techniques, and the ground truth T1. (a) TGV – FS, (b) TV – FS, (c) ZF – FS.
An acceleration factor of 133 is used for the subsampled cases.

because of the interleaved radial k-space sampling, and TGV has no staircase artifacts. The

same voxel time series curves with the FS time series curve overlaid are plotted in Figure 4.11.

The T1 maps of different reconstruction techniques is shown in Figure 4.12. The difference of

the T1 maps of the different reconstruction techniques and the ground truth, i.e., FS is shown in

Figure 4.13. The same acceleration factor as earlier is used to generate these figures. Despite

the fact that the error plot in Figure 4.9 indicates that TGV outperforms ZF, visual inspection

of the T1 maps, does not clearly indicate if TGV outperforms ZF. This is possibly due to the

fact that low SNR of the FS image results in small differences being buried in noise. The

denoised source images are shown in Figure 4.14 and are obtained as follows. First (4.2) is

solved for x. Using this solution x, (4.1) is solved for A,B,T1. Using these estimates, the

source images x are regenerated using (4.1). Because the source images are generated using

this denoising procedure, these are called denoised source images. This denoised x is a time

series of volumes and in Figure 4.14 the 150th time point is chosen because it produces the

best contrast between different tissues and potential artifacts like blurring of edges between

different tissue boundaries can be easily observed. In this figure (and in unpublished figures

of other time points), the TGV looks very similar to the FS while the ZF is extremely noisy
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(a) (b)

(c) (d)

Figure 4.8: For the phantom MPnRAGE dataset, source images x (in AU) of different recon-
struction techniques, (a) FS, (b) TGV, (c) TV, (d) ZF. An acceleration factor of 133 is used for
the subsampled cases.

and looks nothing like the original. Despite the extremely poor quality of the source images of

ZF relative to TGV, the T1 map of ZF is much closer to TGV than the source images suggest.

The difference between the source images and the ground truth source images in Figure 4.15.

Here clearly TGV outperforms ZF since the difference image in case of TGV is approximately

Gaussian noise while in the ZF case, the difference image has a lot of brain structure. So in

applications in which just the source images are desired, TGV is still preferable to ZF.
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Thus, Figures 4.9-4.15 indicate that for in-vivo data, temporal TGV regularizer outperforms

ZF on all fronts, T1 map, voxel time series, and source images x.
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Figure 4.9: For the in-vivo MPnRAGE dataset, plot of the percentage error in the T1 values
using different reconstruction techniques, TGV and ZF, versus scan time. The error measure
used is the absolute relative error averaged across the brain and is given by (3.4).
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Figure 4.10: For the in-vivo MPnRAGE dataset, the time series at a white matter voxel for
different reconstruction methods in the MPnRAGE case. (a) FS (b) TGV (c) ZF. The y-axis
for all (a) - (c) is signal intensity (AU) and the x-axis is frame number (time). An acceleration
factor of 33 is used for the subsampled cases.

Temporally Discontinuous Phantom

For the phantom with discontinuities, voxel time series of FS, TGV, TV, ZF are shown in Fig-
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Figure 4.11: For the in-vivo MPnRAGE dataset, the time series at a white matter voxel for
different reconstruction methods in the MPnRAGE case. (a) TGV (b) ZF, overlaid with FS (in
red). The y-axis for all (a) - (c) is signal intensity (AU) and the x-axis is frame number (time).
An acceleration factor of 33 is used for the subsampled cases.

(a) (b) (c)

Figure 4.12: For the in-vivo MPnRAGE dataset, T1 maps (ms) of different reconstruction
techniques, (a) FS (b) TGV (c) ZF. An acceleration factor of 33 is used for the subsampled
cases.

ure 4.16. The true signal (FS) has 3 smooth regions where the signal values change slowly

with time, and 2 sudden jumps (edges) where the signal value at adjacent time points are sig-

nificantly different. Typically, since temporal regularizers enforce the constraint that signal

values at adjacent time points are close to one another, sharp edges tend to get smoothed out.

TV regularizers however do not smooth out the edges [18], and since TGV behaves like TV

near the edges [13], TGV also does not smooth out the edges. However, in the smooth regions,
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(a) (b)

Figure 4.13: For the in-vivo MPnRAGE dataset, difference (in ms) between the T1 maps of
different reconstruction techniques, and the ground truth (i.e., FS) T1 maps (a) TGV - FS (b)
ZF - FS. An acceleration factor of 33 is used for the subsampled cases.

(a) (b) (c)

Figure 4.14: For the in-vivo MPnRAGE dataset, “denoised” source images x (in AU) of differ-
ent reconstruction techniques, (a) FS (b) TGV (c) ZF. An acceleration factor of 33 is used for
the subsampled cases.

TGV and TV behave differently [13]. In the smooth regions, the TV result has staircase arti-

facts while the TGV result looks very similar to the FS. The estimated source images x at the

180th inversion time point are shown in Figure 4.18. These are the solutions to (4.2), (4.3)

for TGV and TV and the ZF and FS computed as described earlier. This x is a time series of

volumes and in Figure 4.18 the 180th time point is chosen because it produces the best contrast

between different tissues and potential artifacts like blurring of edges between different tissue

boundaries can be easily observed. In this figure (and in unpublished figures of other time
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(a) (b)

Figure 4.15: For the in-vivo MPnRAGE dataset, difference (in AU) between the source images
x of different reconstruction techniques and the ground truth, (a) TGV – FS, (b) ZF – FS. An
acceleration factor of 33 is used for the subsampled cases.

points), the TGV and TV images look very similar to the FS while the ZF is extremely noisy

and looks nothing like the original. Unlike the previous cases estimation, here a T1 estimation

is not performed and so the ZF cannot be improved by computing a function that is robust to

Gaussian noise, and so in this case both TGV and TV outperform ZF, while TGV is still better

than TV.

4.3 Discussion

MPnRAGE is a recently introduced technique to do quantitative T1 estimation [16]. There,

a ZF reconstruction technique was used, which did not exploit the redundancy in the tempo-

ral dimension. Here an even higher acceleration is achieved using a TGV regularizer in the

compressed sensing framework. The fine temporal sampling of MPnRAGE means that the

signal at each voxel is slowly varying in time, and this temporal redundancy is exploited by

TGV to give a smooth output shown in Figure 4.4 and 4.10. Even though the ZF time series

looks noisy, as shown in Figure 4.4 and 4.10, ZF gives a relatively small T1 error even at high
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Figure 4.16: For the phantom discontinuous case, time series at a white matter voxel using
different reconstruction techniques, (a) FS (b) TGV (c) TV (d) ZF. The y-axis for all (a) - (d)
is signal intensity (AU) and the x-axis is frame number (time). An acceleration factor of 133
is used for the subsampled cases.

accelerations because the interleaved radial undersampling artifacts approximate zero-mean

additive noise that is generally tolerated well in the T1 fitting procedure, whereas if a different

k-space sampling pattern is used in which the undersampling artifacts are not zero-mean, then

T1 fitting of ZF gives much worse results. The results of these suboptimal sampling patterns are

not reported here. TGV reduces the variance of this noise producing better T1 estimates than

ZF. While TV also exploits the temporal redundancy and reduces the variance of the noise, its

output is piecewise constant, which is not the underlying true signal, and hence gives worse T1
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Figure 4.17: For the phantom discontinuous case, time series at a white matter voxel using
different reconstruction techniques, (a) TGV (b) TV (c) ZF. The y-axis for all (a) - (c) is signal
intensity (AU) and the x-axis is frame number (time). An acceleration factor of 133 is used for
the subsampled cases.

estimates than TGV.

As shown in Figure 4.3, the phantom simulations gave low errors for reasonably small scan

times. This is despite the fact that the phantom simulations were performed with a single coil.

In practice, 32 coils are used and so we can potentially get an 8 fold reduction in scan time [7].

In addition we use a stack-of-stars k-space sampling pattern. Further reductions in scan time

can be obtained using a 3D radial sampling pattern based on the discussion in Section 3.

The individual source images x shown in Figures 4.8, 4.14, 4.15 indicate that, TGV is better

than ZF since the difference between TGV and FS is Gaussian noise while the difference

between ZF and FS shows a lot of the brain structure. Even though we are primarily interested

in estimating T1, good reconstruction of source images x is also important. This is because

if for example the datasets of different subjects need to be registered together, then using T1

images for this purpose might not necessarily be optimal, and it is possible that the source

images x give better results. Another potential application is that sometimes it is desirable

to look at the image of the brain with certain tissues nulled out i.e. the signal intensity at a

particular tissue is zero and the other tissues are non-zero, and the source images x enable us to
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(a) (b)

(c) (d)

Figure 4.18: For the phantom discontinuous case, source images x (in AU) of different recon-
struction techniques, (a) FS, (b) TGV, (c) TV, (d) ZF. An acceleration factor of 133 is used for
the subsampled cases.

obtain these kinds of images. There might be numerous other applications in which the source

images x might be more useful than T1 and therefore accurate reconstruction of these images

is a desirable feature.

For the in-vivo MPnRAGE case, even though the individual source images x shown in Figures

4.14, 4.15 and the T1 error plots shown in Figure 4.3 show that TGV is better than ZF, the T1

maps shown in Figures 4.6, 4.7 do not clearly show that TGV is better than ZF. This could be
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because the T1 maps are so noisy that the difference is buried in noise. Here the T1 maps are

noisy even for the FS case because the FS dataset was acquired in 10 minutes. A longer FS

scan would potentially show that even visually, T1 of TGV is better than ZF. Nevertheless, the

parameters A, B estimated as part of the T1 estimation process indicate that TGV is closer to

the FS than ZF. These A, B figures were not presented for brevity.

For a given acceleration, in-vivo gave higher error than the phantom as shown in Figures 4.3

and 4.9. This is because the SNR for in-vivo was much lower than that of the phantom. This is

evident in the FS voxel time series shown in Figure 4.10 as opposed to the exponential signal

given by (4.1) and shown in Figure 4.4. We performed phantom simulations (unpublished

results) in which the SNR was comparable to that of in-vivo, and in this case phantom and

in-vivo gave similar errors. To increase the SNR of in-vivo, a longer scan is needed. In this

case, while the subsampled data can be acquired in a realistic scan time, the fully-sampled scan

would be about an hour long which is impractical, and so we cannot compare the subsampled

T1 maps to any ground truth.

For the discontinuous signal of Figure 4.16, TGV outperforms TV in the smooth regions of

the time series, and is comparable to TV at the discontinuities because of reasons given in the

description of TGV in the Methods section.
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Chapter 5

Total Variation T1 Estimation

In the Variable Flip Angle (VFA) setup described in Section 3, the goal is to estimate the T1 at

all voxels using the images collected at multiple flip angles. T1 estimation is currently done on a

voxelwise basis, wherein T1 of each voxel is estimated independently of the T1 of other voxels.

In the noise-free setting, this approach is adequate as the T1 estimation is perfect. However,

MRI data is acquired in a noisy setting and this is due to the following: In MRI, the signal

is generated by polarizing magnetic moments of hydrogen protons in the water molecules of

a voxel using a strong magnetic field. Increased magnetic moments in a voxel aligned with

the field will increase the SNR. Two factors that influence this signal strength are the voxel

size and scanner field strength. Smaller voxel sizes and lower magnetic field strengths lead

to lower SNR, and in these cases the current approaches to T1 estimation may be inadequate.

One shortcoming of the current T1 estimation approach is that it does not take into account

the spatial similarity of the T1 of adjacent voxels. Here, a novel T1 estimation procedure is

developed that exploits this spatial redundancy using Total Variation (TV) regularization. TV

enforces the constraint that adjacent voxels in the estimated T1 map will have similar T1 values.
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While there are many approaches to enforce the spatial similarity constraint, approaches like

Tikhonov regularization suffer from the drawback of oversmoothing and thus blurring edges,

which means that contrast between different tissues is reduced. However, TV regularization

has the ability to denoise images while retaining edges and thus maintain the same resolution

as the original [17] [18]. In addition to TV, there are other spatial regularizers like Total

Generalized Variation (TGV) and Wavelet that also preserve edges, but here just the TV based

regularization is discussed.

Traditionally TV denoising is done on a single image. Pioneering work on denoising a 2D

image while retaining sharp edges was done using TV in [17]. This was followed by a number

of different studies that minimized the same objective function as [17] using different opti-

mization procedures. A major improvement in TV denoising came when the Split-Bregman

algorithm [19] was introduced. Here the objective function was a slightly relaxed version of

the original objective function used in [17], and a different optimization procedure was used.

These changes resulted in more accurate solutions, and in much faster convergence. All these

studies assumed that the observed signal is a noisy version of a single 2D image, and small

variants of this basic model. However, in VFA, we have multiple images at different flip angles,

and the quantity of interest, T1 is a complicated non-linear function of these images. Despite

the complicated nature of this dependence, a novel approach is developed here to combine

these images and apply a regularization on the T1.

The spatial redundancy of MRI is not very high [11], and therefore using a spatial regularizer

to do T1 denoising is not necessarily the best approach, and using a regularizer along the FA

dimension as described in Section 3 and [12] might give better results. However, applying a

regularization along FA needs a non-trivial number of FAs and so if say just two or three FAs

are acquired, this regularization along the FA dimension will fail and here spatial regularization
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will be a better approach. Acquiring just two or three FAs will typically be done when a

high resolution dataset is acquired since here acquiring more FAs will make the scan time

probihitively large.

Phantom simulations are performed in which noise free T1 and M0 maps are taken, and using

these, VFA source images at different flip angles are generated using the VFA signal model.

Noise is then added to these source images and T1 estimation is performed on these noisy

source images using either the new TV regularization procedure or the usual non-linear least

squares (NLLS). We show that TV can reduce artifacts in two different noise generation mod-

els, one in which the noise is independent additive Gaussian noise at all voxels, and the other

in which noise is due to k-space undersampling artifacts.

For T1 estimation in VFA, TV regularization can be performed in three different ways, pre,

mid, and post. In pre, TV denoising is done on the VFA source images followed by the

usual NLLS voxelwise T1 fitting; in mid, TV denoising is performed both on T1 and M0 while

simultaneously estimating T1,M0; and in post, T1 fitting is done on the raw VFA source images

and then TV denoising is done on this T1 map. We hypothesize and later show that mid is the

best modelling procedure, since it performs well both in smooth regions and is also able to

recover small lesions, while pre does not perform well in smooth regions and post is unable to

recover lesions.

For most simulations, an actual brain phantom is used. In a few simulations in which the

different TV regularization methods, pre, mid, post, are compared, a Shepp-Logan phantom

is used. This Shepp-Logan phantom enables us to see the contrast between different methods

better than the brain phantom.



57

5.1 Methods

For most of the simulations, a high SNR brain phantom is used. This was obtained by taking

8 different 1mm3 in-vivo fully-sampled VFA scans of the same subject, estimating T1 of each,

registering the T1 images together, and then averaging the registered T1 maps. This gives a T1

map with a very high SNR and hence is a good model for the ground truth signal. The same

process is repeated for M0. In a few simulations, a Shepp-Logan phantom is used since subtle

artifacts can be better observed than the earlier brain phantom. The Shepp-Logan phantom

obtained in MATLAB is rescaled such that the values in the phantom are within the domain

bounds (700 to 3000 ms) of actual brain T1 values. The same process is repeated for M0. In

both phantoms, once the T1 and M0 maps are obtained, these are used to generate the source

images x using the VFA equation,

x(r,a) =
M0(r)(1�E1(r))sin(a)

1�E1(r)cos(a)
,

where r is a voxel location, a is the flip angle (FA), E1(r) = exp(� TR
T1(r)

), and TR is a user

defined parameter which is constant for all FAs.

Noise is then added to these source images and TV based T1 estimation is performed on these

noisy source images. Two noise generation models are considered. In the first model, i.i.d.

Gaussian noise is added to the source images x at each voxel at all flip angles. In the second

model, the source images are transformed into k-space, 2D radial undersampling is performed

in k-space, and the source images are reconstructed using zero-filling. These reconstructed

source images are noisy versions of the original noise-free source images. In both cases, the

same optimization procedures discussed below are used to estimate T1 from the noisy source

images.
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TV regularization is used to eliminate noise and can be performed in three different ways, pre,

mid, and post.

In pre, first the TV denoising is performed on the individual source images to obtain a set of

denoised images. This is achieved by solving the following optimization problem. For each

FA a , if x(·,a) represents the noisy source image (x(·,a) is a signal defined on a 3d Cartesian

grid), the optimization problem

min
u(·,a)

||u(·,a)� x(·,a)||2 +l TV(u(·,a)),

is solved to get the denoised image u(·,a). Once this is solved for different FA a , T1 is

estimated from the solution u using the standard approach, i.e., on a voxelwise basis using

NLLS.

In mid, T1 fitting is performed using the VFA signal model equation as data fidelity while

simultaneously performing a TV regularization on T1 and M0 as follows.

min
T1,M0

Â
r,a

����x(r,a)� M0(r)(1�E1(r))sin(a)

1�E1(r)cos(a)

����
2
+l TV(T1)+l TV(M0),

This optimization problem can be solved using gradient descent. In the above optimization

problem, different l could have been used for regularizing T1, M0, but we found that using

the same l gave good results. This is possibly because in our simulation setup, both T1, M0

have the same domain bounds. In general, the T1, M0 will not have the same domain bounds.

In this case, first T1, M0 can be estimated voxelwise using NLLS. From these estimates for all

voxels, regularization parameter l2 can be estimated such that l1 mean(T1) = l2 mean(M0),

and l1 is estimated using the approach described below to estimate l . These are used in the

regularization term in the above optimization problem as l1 TV(T1)+l2 TV(M0).

In post, the T1 fitting is performed on the noisy source images x on a voxel-wise basis using
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NLLS to get the estimate T NLLS
1 . Then TV denoising is performed on these noisy T NLLS

1 images

by solving the following optimization problem,

min
T1

||T1 �T NLLS
1 ||2 +l TV(T1).

For most simulations, for simplicity, the same flip angle is used for all voxels within a source

image. However, in practice, the flip angle experienced by each voxel will be slightly different

since it is modulated by the B1 map. To compare pre and mid, we do not use the same flip

angle for all voxels but each voxel experiences its own flip angle based on the B1 map shown

in Figure 5.7. B1 maps of this nature resemble B1 maps observed in practice. Typically, near

the center of the brain, B1 map has its highest value of about 1.2, and it decays towards the

edges of the brain where it has its lowest value of about 0.7.

To show that TV regularized T1 estimation outperforms NLLS, the brain phantom is used,

and mid TV approach is used since it is the best. To compare pre, mid, post, a Shepp-Logan

phantom was used. To solve all the above optimization problems, the regularization parameter

lambda is chosen using the approach described in [14].

5.2 Results

Despite the ROIs being really small, the standard deviation is not zero because in actual brains,

T1 is not perfectly homogenous.

Noise is added to the phantom VFA images, and T1 is estimated using the TV regularization

approach. These TV regularized T1 estimates are compared to the noise free T1 and also to the
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state-of-the-art T1 estimation procedure, NLLS. For the brain phantom, the mean and standard

deviation of the T1 values in 8 ROI are computed. The ROI shown in Figure 5.8 were used

in [16], and the performance in these ROI are representative of the performance in the entire

brain. For all simulations, the mean of the T1 estimates in these ROI were almost identical

for the 3 cases, noise free, TV, NLLS, and therefore it is not plotted. However, the standard

deviation of the the different T1 estimates vary and are given in Tables 1-5 for the 8 ROI in the

Gaussian noise case and the radial undersampled k-space case. The standard deviation of T1

using TV is closer than NLLS to the noise free case. In addition, the standard deviation of TV

is typically not lower than the noise free case which indicates that there is no loss of resolution.

T1 maps for the Gaussian noise case for different SNR levels are shown in Figure 5.1 - 5.2.

These figures show that the NLLS is noisy, while TV reduces this noise without blurring the

image and is closer to the noise free case than NLLS. T1 maps for the radial undersampling

case for different accelerations are shown in Figure 5.3 - 5.4. These figures show that the

NLLS is noisy and affected by streak artifacts, while TV reduces this noise without blurring

the image and is closer to the noise free case than NLLS.

To compare the different TV estimation procedures, viz pre, mid, and post, a Shepp-Logan

Phantom with a small lesion is used. This lesion is a small area in the brain in which the T1

value is slightly different from its neighborhood. We use a lesion whose T1 is 1100ms while

the T1 of the neighborhood is 1000ms. T1 maps of mid and post are shown in Figure 5.5. This

shows that mid recovers the lesion while post does not. T1 maps of mid and pre are shown in

Figure 5.6. Here the FA at different voxels are modulated by the B1 map shown in Figure 5.7.

This shows that the mid is better than pre both in the smooth regions and also in the lesion

when there is an influence of B1 on the FA.
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ROI 1 2 3 4 5 6 7 8
23 33 23 20 23 31 85 81

Table 5.1: Standard Deviation of T1 in the ROIs of Figure 5.8 in the noise free case.

PPPPPPPPPSNR
ROI 1 2 3 4 5 6 7 8

1200 32 33 27 26 29 31 83 81
1000 30 34 24 27 23 31 97 67
800 28 33 25 31 25 29 92 62
600 32 35 36 41 34 35 82 73

Table 5.2: Standard Deviation of T1 in the ROIs of Figure 5.8 when an additive Gaussian noise
model and a TV based T1 estimation is used.

PPPPPPPPPSNR
ROI 1 2 3 4 5 6 7 8

1200 52 49 41 49 52 47 103 102
1000 56 51 48 59 60 55 123 99
800 65 66 49 77 69 71 143 116
600 88 87 81 103 95 78 131 134

Table 5.3: Standard Deviation of T1 in the ROIs of Figure 5.8 when an additive Gaussian noise
model and a NLLS based T1 estimation is used.
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PPPPPPPPPACC
ROI 1 2 3 4 5 6 7 8

2.5 23 30 21 26 36 26 81 76
3.0 29 34 21 30 31 28 96 81
3.5 26 41 41 41 27 28 99 92
4.0 38 37 21 34 21 33 86 102

Table 5.4: Standard Deviation of T1 in the ROIs of Figure 5.8 when the source of noise is
radially undersampled k-space and a TV based T1 estimation is used.

PPPPPPPPPACC
ROI 1 2 3 4 5 6 7 8

2.5 35 37 31 39 51 34 88 84
3.0 46 48 36 50 48 44 110 98
3.5 53 67 72 70 53 57 122 119
4.0 75 68 57 69 59 75 116 142

Table 5.5: Standard Deviation of T1 in the ROIs of Figure 5.8 when the source of noise is
radially undersampled k-space and a NLLS based T1 estimation is used.
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(a) (b) (c)

(a) (b) (c)

(a) (b) (c)

Figure 5.1: T1 maps for the additive Gaussian noise case, (a) Noise free, (b) TV based T1
estimation, (c) NLLS T1 estimation. The 3 rows correspond to SNR of 1200, 1000, and 800
respectively.
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(a) (b) (c)

(a) (b) (c)

(a) (b) (c)

Figure 5.2: T1 maps for the additive Gaussian noise case, (a) Noise free, (b) TV based T1
estimation, (c) NLLS T1 estimation. The 3 rows correspond to SNR of 600, 400, and 200
respectively.
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(a) (b) (c)

(a) (b) (c)

(a) (b) (c)

Figure 5.3: T1 maps for the radial k-space undersampling case, (a) Noise free, (b) TV based T1
estimation, (c) NLLS T1 estimation. The 3 rows correspond to undersampling factors of 2.5,
3, and 3.5 respectively.
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(a) (b) (c)

(a) (b) (c)

(a) (b) (c)

Figure 5.4: T1 maps for the radial k-space undersampling case, (a) Noise free, (b) TV based
T1 estimation, (c) NLLS T1 estimation. The 3 rows correspond to undersampling factors of 4,
4.5, and 5 respectively.
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(a) (b)

(c) (d)

Figure 5.5: T1 maps when the TV regularization used (a) Noise Free (b) NLLS (c) mid (d)
post. The noise used is additive Gaussian noise. mid recovers the lesion while post does not.
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(a) (b)

(c) (d)

Figure 5.6: T1 maps when the TV regularization used (a) Noise Free (b) NLLS (c) mid (d) pre.
The noise used is additive Gaussian noise, and the FA at all voxels are modulated by the B1
map shown in Figure 5.7.
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Figure 5.7: B1 map used to modulate the flip angles at different voxels for the mid vs. pre
results in Figure 5.6.

Figure 5.8: The different ROIs used for estimating the mean and standard deviation of the T1.
8 ROIs are used and are the black patches. These ROIs are chosen in both white matter and
gray matter tissues.

5.3 Discussion and Conclusions

A total variation (TV) denoising procedure was used to reduce the amount of noise in VFA T1

estimation. The results indicate that in all simulations, TV based T1 estimation outperforms
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the usual NLLS T1 estimation since TV uses the additional hypothesis that the T1 of adjacent

voxels are similar. Since the ROI chosen were small in size, T1 values of all voxels in these

ROI are similar and so the standard deviation of T1 is a reasonable measure of estimation

performance. Mean of the TV based T1 estimate in different ROI was similar to the ground

truth which implies that TV does not give a biased estimate, while the standard deviation of

TV was lower than NLLS but not dropping significantly below the standard deviation of the

ground truth which means that TV was improving the T1 estimate without over smoothing the

T1 map, and thereby retaining the same resolution as the ground truth T1 image. Nevertheless,

poor T1 estimates can be obtained if the regularization parameter l is not chosen optimally.

The amount of spatial smoothing of the T1 maps is controlled by l . If l is too large, the

estimated T1 maps become blurry while if l is small, the noise does not get eliminated. The

approach described in [14] to choose l maintains a good balance between eliminating the

noise while at the same time maintaining spatial resolution. This balance was not achieved

using the L-curve [20] approach to choosing l , possibly because L-curve was designed for

Tikhonov regularization [20] and not for TV.

It is not surprising that TV denoising works in the Gaussian noise case since TV has previ-

ously successfully denoised images corrupted by Gaussian noise [17], albeit in those cases,

the objective was a linear function of the quantity to be estimated, whereas in our case, the

objective is a nonlinear function of T1. However, for the undersampled k-space case, it was

unclear apriori if TV could actually reduce these undersampling artifacts. Here, TV regular-

ization only works for those cases in which k-space sampling patterns result in undersampling

artifacts that are like Gaussian noise. A radial sampling scheme was chosen since it results in

undersampling artifacts that are approximately Gaussian noise. We also tried a Cartesian sam-

pling scheme in which the center of k-space was heavily sampled and the edges were sparsely

sampled. This did not result in undersampling artifacts that were like Gaussian noise and so
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the TV based T1 estimation did not result in any improvement over the NLLS T1 estimation

procedure. While TV did perform well for radial by reducing the undersampling streak ar-

tifacts, small amounts of streak artifacts still remain. Increasing l does eliminate these but

it oversmoothes the T1 maps and the resulting standard deviation of T1 in the different ROIs

become smaller than noise free T1 and this indicates a loss of resolution. Removing the streak

artifacts while retaining the resolution will be a topic of future work. Other k-space sampling

procedures like spiral and Poisson also result in artifacts that are like Gaussian noise. Future

work will involve using these patterns to potentially get better results. Additionally this TV

based quantitative T1 estimation can be used in other approaches like inversion recovery which

is described in Section 4. At higher resolutions, this TV based T1 estimation will have an even

higher impact both because the noise is higher at higher resolutions and so will require denois-

ing of the T1 maps, and because the spatial redundancy of T1 increases at higher resolutions

and so TV will be better suited to eliminate artifacts.

For most cases, TV done using pre, mid, and post gives similar results. However, there are a

few cases in which mid outperforms both pre and post.

If there is a small lesion in the T1 map that has a different T1 compared to its neighboring T1

values, mid outperforms post by retaining this lesion while post eliminates this lesion. The

reason why post does not perform well in this case is because when the noise is large enough

as shown in Figure 5.6, the lesion after the NLLS-T1 fitting gets buried in surrounding noise,

and becomes indistinguishable from its neighborhood. Since in post, TV denoising is done on

this NLLS-T1 map, it cannot recover this lesion. Mid on the other hand can recover this lesion

because of the better modelling procedure.

For the case in which the flip angles are modulated by the B1 map, pre does not perform as

well as mid because the B1 map modulates the source images and makes them less spatially

redundant, and so a TV on the source images (as done in pre) does not perform as well as
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the case in which B1 was constant across the brain. However, the mid performs well because

the underlying T1, M0 maps are unaffected by the B1 modulation, and since mid performs a

regularization on just T1 and M0, it gives results that are comparable to the case in which B1 is

constant across the brain.
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Chapter 6

Summary and Future Directions

In this thesis, techniques to speed up the acquisition of Quantitative MRI (Q-MRI) are dis-

cussed. The acquisition speed of Q-MRI is determined by the number of k-space (i.e. the

space of spatial-frequencies) samples that are acquired. We reduced the acquisition time of

Q-MRI by acquiring fewer k-space samples, followed by using more sophisticated algorithms

like compressed sensing (CS) to reconstruct the desired quantitative T1 maps.

In the first project, we compared the performance of two different k-space sampling techniques,

Vastly Undersampled Isotropic Projection (VIPR) and Stack-of-Stars (SOS), in CS algorithms

to estimate T1 using the Variable Flip Angle (VFA) acquisition paradigm. For most scan times,

SOS outperformed VIPR. This is despite the fact that VIPR sampling is more incoherent than

SOS, and thereby more likely to give improved results in CS algorithms. SOS outperformed

VIPR because our current k-space sampling techniques enables us to acquire samples in SOS

tailored to the shape of the brain whereas in VIPR, we are currently unable to tailor the sam-

pling pattern to the shape of the brain. In the future it might be possible to modify the VIPR
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k-space sampling pattern such that it can take advantage of the shape of the brain like was done

in SOS and this might result in VIPR outperforming SOS at all scan times.

In the second project, we developed a new temporal CS regularizer, Total Generalized Varia-

tion (TGV) and used this to speed up the acquisition of quantitative T1 using the MPnRAGE

inversion recovery paradigm. TGV outperformed the Zero Filled (ZF) approach currently

used for MPnRAGE, and it also outperformed the classical Total Variation (TV) regularizer by

eliminating its staircase artifacts. These different approaches were tested on both phantom and

in-vivo data, and TGV always performed the best. However, a shortcoming of our simulation

approach was that the data used was a single 2D slice of the brain. This was due to the diffi-

culty in acquiring a fully sampled in-vivo 3D brain data in realistic scan time, and also due to

the computational complexity associated with reconstructing 3D volumes using our algorithm

on our currently available hardware. A compliant subject who can remain still for an extremely

long period of time in the MRI scanner can help acquire 3D data, and improved computational

hardware units like Graphics Processing Unit (GPU) can help in reconstructing image-space

from k-space data in a reasonable amount of time.

In the third project, we developed a new T1 estimation approach for Variable Flip Angle (VFA)

using spatial Total Variation (TV) regularization. In noisy datasets, this approach outperformed

the nonlinear least-squares (NLLS) based T1 estimation that is currently used. TV based T1

estimation could be performed in three different ways, and among these mid outperformed

both pre and post. All these different approaches estimated T1 from image-space data. We

hypothesize that estimating T1 directly from k-space using a spatial TV regularizer without

going through the intermediate step of estimating the source images can potentially give better

results.
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Chapter 7

Appendix

We show that the expected value of the T1 estimate in the presence of noise is larger than than

the true T1 for all choices of acquisition parameters like flip angles (a), repetition time (TR),

noise standard deviation (s ).

The VFA signal model in the noise free case is

x(a) =
M0(1�E1)sina

1�E1 cosa
,

where E1 = exp(�TR
T1
). Rearranging the terms in the above equation, we get

x(a)

sina
= M0(1�E1)+

x(a)

tana
E1.

Since data are acquired at multiple flip angles a , we can write the above equation for multiple



76

a as, 2

6666666666664

x(a1)

sin(a1)

x(a2)

sin(a2)

x(a3)

sin(a3)

...

3

7777777777775

=

2

6666666666664

1
x(a1)

tan(a1)

1
x(a2)

tan(a2)

1
x(a3)

tan(a3)

...
...

3

7777777777775

2

64
M0(1�E1)

E1

3

75

We use the notation s(a) := sin(a) and t(a) := tan(a).

In the noisy case, x(a) above is replaced by x(a)+n(a), where n(ai)
i.i.d.⇠ N(0,s2).

In noisy case, we write the above equation as y =
⇥
a1 a2

⇤
q = Aq ,

where y =


x(ai)

sin(ai)

�
, a1 =

⇥
1
⇤
, a2 =


x(ai)

tan(ai)

�
.

The least-square estimate of q , q̂ is given by,

q̂ = (AT A)�1AT y
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We are interested only in q̂2 = Ê1

q̂2 =
�< a2, a1 > < a1, y >+< a1, a1 > < a2, y >

det(AT A)

q̂2 =
�< a2, a1 > < a1, y >+< a1, a1 > < a2, y >

< a2, a2 >< a1, a1 >�(< a2, a1 >)2 :=
D̂
N̂

Let F̂1 =
1

Ê1
=

1
q̂2

=
N̂
D̂

.

To compute E
⇥
F̂1
⇤
, we need to compute E

⇥
N̂
⇤
, E
⇥
D̂
⇤
. To do this we need to compute E of the

following four terms,
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Now f(x) = ex is convex in x and so by Jensen’s inequality,
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