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Abstract 

Sensor signal information is essential to accurately monitor the degradation status of a unit and 

predict its failure time. Recent advances in sensor technologies bring unprecedented opportunities 

for new developments in degradation modeling and prognostics of smart and connected systems. 

However, two major challenges need to be addressed to explore novel applications in degradation 

modeling and prognostics. The first challenge is to handle the fundamental complexity of systems, 

such as multiple sensors, multiple failure modes, multiple operational conditions, or heterogeneity 

among units. The second challenge is to provide insights and guidance for further data-driven 

decision-making. Many state-of-the-art approaches have been focusing solely on improving 

modeling and prognostic accuracy. Yet, a lack of practical interpretability limits their wide usage 

in real-world applications. For instance, identifying informative sensors and covariates or 

quantifying the uncertainty of the model prediction results are as important as predicting unit 

failure time for system redesign, subsequent risk analysis, and maintenance decision making. 

This thesis focuses on modeling the degradation processes and conducting failure time 

prediction of complex systems by bridging the gaps between advanced statistics, machine learning, 

and engineering domain knowledge. The proposed methodologies enable (i) the multisensor signal 

fusion to infer the unobserved degradation status, (ii) accurate and reliable prognostics with 

interval estimations of failure time of units involving multiple failure modes and multiple 

operational conditions, (iii) efficient handling of heterogeneous units where each unit has its 

distinct individual-level characteristics, (iv) selecting informative degradation sensors, and (v) 

incorporation of desired general degradation characteristics from engineering domain knowledge. 

The first chapter introduces the background and elaborates on the challenges in degradation 

modeling and prognostics for complex systems. The objective of this thesis is also highlighted. 
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Chapter 2 focuses on cases where multiple sensors monitor a single unit under a single failure 

mode and a single operational condition. This chapter proposes a novel data fusion method that 

constructs a 1-D health index via automatically selecting and combining multiple sensor signals to 

better characterize the degradation process. In particular, this methodology develops a new latent 

linear model that constructs the health index and selects informative sensors in a unified manner. 

Chapter 3 handles the degradation processes of more complex systems that may involve multiple 

sensor signals, multiple failure modes, and multiple operational conditions. It may not be feasible 

to explicitly formulate the mathematical relationships between the collected degradation signals 

and the underlying degradation processes or the remaining useful lifetimes. To address this issue, 

we propose a novel Bayesian deep learning framework that incorporates general characteristics of 

degradation processes and provides interval estimations of remaining useful life. Chapter 4 focuses 

on individualized degradation modeling and prognostics for a heterogeneous group, where each 

individual unit shows a distinct degradation process. Existing degradation modeling 

methodologies usually treat each unit separately and do not fully utilize the distinct characteristics 

of each individual. In this chapter, we propose a generic framework to handle the heterogeneity 

across units by effectively leveraging the intrinsic covariate information, which is closely related 

to the unit’s degradation process. The degradation processes of units can be viewed as functional 

data. In Chapter 5, we will introduce the covariate-dependent sparse functional data analysis. 

Unlike most of the existing methods, the proposed method can handle high-dimensional covariates 

with the informative covariate identification procedure, and sparse and irregularly spaced 

measurements, i.e., does not require complete or dense observations. The main innovation of the 

proposed method is that we model the variation coming from covariates and the variation left 

conditioned on covariates, such that the functional principal component analysis and Gaussian 
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process can be conducted in a unified manner. In Chapter 6, we summarize the main contributions 

of the thesis. 

In summary, this thesis contributes to developing stochastic degradation modeling, diagnostic 

and prognostic analysis methodologies explicitly designed for smart and connected systems. The 

research possesses great potential for applications in manufacturing, health care, and energy 

facilities, which will contribute to optimizing economic performance and minimizing safety risks. 
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Chapter 1 Introduction 

1.1 Motivation and Overview 

In many modern high-reliability applications, the performance of a system degrades gradually 

over time and eventually leads to failure. The failure time of a system is often defined as the time 

when the degradation status reaches a predefined threshold level. Thus, by modeling the 

progression of the degradation status and estimating the time it first hits the failure threshold, we 

will be able to predict the remaining useful lifetime (RUL) of the system. One fundamental 

challenge here is that the underlying degradation status of systems is unobservable. To overcome 

this, we monitor one or multiple sensor signals which are directly or indirectly related to the 

degradation status of a system to infer the underlying degradation status. These signals are also 

called degradation signals or condition monitoring (CM) signals. For example, as a bearing 

degrades, it exhibits larger vibration. By modeling and estimating the amplitude of a bearing’s 

vibration, we can estimate the failure time.  

Existing literature on RUL prediction often assumes that a single degradation signal can fully 

characterize the degradation process, and all systems have the same characteristics (homogeneity) 

and experience a single failure mode under a single operational condition. Under these 

assumptions, several popular methods have been developed, such as the general path models [1], 

[2], stochastic process models [3], and machine learning approaches [4]. We will present a state-

of-the-art review of the existing literature on degradation modeling and prognostics in Section 1.3. 

In recent years, the rapid advancements of the Internet of Things (IoT)-based sensing 

technology, communication networks, and computing power have emerged as powerful tools to 

enhance the modeling, inference, and prognostics of degradation processes. We are now able to 
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collect information about the system from various sources beyond a single degradation signal and 

efficiently transmit or store the data. These trends present major opportunities and challenges to 

develop novel statistical methods for degradation modeling and prognostics of modern complex 

systems. 

First, recent developments in sensor technologies have dramatically accelerated the use of 

multiple sensors to monitor the degradation process of a system. In this way, various aspects of 

the degradation process can be captured [5]. However, different sensor signals usually have 

different levels of relevance to the degradation process. In practice, some sensors may be unrelated 

to the underlying degradation process. Thus, there are two challenges involved in the multisensor 

degradation modeling: (i) how to identify informative sensors, and (ii) how to properly combine 

the information from the selected sensor signals to accurately estimate RULs. 

Second, the degradation processes are stochastic in nature. There are multiple sources of 

uncertainties in degradation modeling and prognostics including the system-to-system variability 

or the sensor measurement errors. Thus, it impossible to provide point estimations of RULs with 

absolute certainty in many applications. It is crucial to obtain interval estimations of RULs or 

estimations of RUL distributions for subsequent risk analysis and maintenance decision making 

[6].  

Third, in many applications, whereas all systems in a group share some similarities, each system 

has its own distinct individual-level characteristics, such as the manufacturing design information 

of engineering systems and the risk factors of patients. These individual-level characteristics can 

provide valuable information about the degradation process in addition to the degradation signals. 

However, many traditional approaches in the literature have assumed homogeneous systems and 

constructed a group-level degradation model that all systems share [7]. Proper modeling of the 
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individual-level characteristics will improve the overall RUL prediction accuracy and enable us to 

address long-standing challenges in the existing literature such as the cold start case where the 

system of interest is newly launched and has not yet been collected any degradation signals. 

1.2 Objectives 

The objectives of this research are:  

(i) developing a novel health index-based method which selects informative sensors and 

combines multiple sensor signals to better understand the degradation process. 

(ii) proposing a novel Bayesian deep learning framework that performs degradation 

modeling and prognostics in complex systems involving multiple sensors, multiple 

failure modes and multiple operational conditions with probabilistic interpretability. 

(iii) developing individualized degradation modeling and prognostics of a heterogeneous 

group which encodes the available information about intrinsic covariates into the 

random-effect coefficients and quantifies the similarities between different units. 

(iv) identifying important intrinsic covariates when each system has a small number of 

longitudinal measurements and there is no physical knowledge available for a 

functional form of the degradation process. 

1.3 State-of-the-art  

 Existing degradation modeling and prognostic approaches can be broadly classified into two 

main categories: model-based approaches and data-driven approaches. In model-based methods, a 

mathematical model is developed to represent the underlying physics of the system degradation. 

For instance, different variants of the Paris-Erdogan law have been used to model the crack growth 

in a gear [8], [9]. Data-driven methods build models based on the historical data, such as 
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degradation signals or covariates, with less required knowledge of the inherent system degradation 

physics.  

Popular data-driven methods include general path models [1], [2], stochastic process models 

[3], [10]–[14], and machine learning approaches [15]–[17]. General path models, first introduced 

in [1], formulate the sensor signal using a random-effect model, where the random-effect 

parameters are used to capture the unit-to-unit variability. Stochastic process models use different 

stochastic processes to represent the evolution of a sensor signal, e.g., Wiener process [3], [10], 

[11], inverse Gaussian process [12], and gamma process [13], [14]. Machine learning approaches 

include support vector machine (SVM) [15], k-nearest neighbors [16], decision trees [17], and 

neural networks [18], [19]. 

Most of the existing general path models and stochastic process models assume that a single 

sensor can fully characterize the underlying degradation status, and thus model the signal as a 

mixed effect model or a stochastic process. However, in practice, multiple sensors are often 

installed on a single system to capture the various aspects of complex degradation mechanisms. 

To address this issue, several recent approaches have been proposed in multisensor degradation 

modeling using data fusion. For instance, there are principal component analysis (PCA)-based 

methods to select the informative sensors and extract features from multiple sensor signals for 

prognostics. Unfortunately, extracted features are quite difficult to interpret in practice. 

Alternatively, health index-based methods provide better interpretability and practicality. The 

health index-based method constructs a one-dimensional index by directly combining multiple 

sensor signals to represent the underlying degradation process. By visualizing one-dimensional 

health index, it is much more straightforward to monitor the current degradation process and 

predict the RUL. Recent health index-based approaches [20]–[22] define the desired properties of 
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a good degradation signal, e.g., monotonic trends, and construct the health index by optimizing 

those properties. However, these methods are heuristic and do not guarantee finding the optimal 

combination of sensor signals. Moreover, a system may consist of multiple and mutually 

interactive subsystems or components, involve multiple failure mechanisms [23], [24] or operate 

under multiple operational conditions to meet certain task requirements [25]. In such cases, there 

may not exist a one-dimensional index that can well represent the underlying degradation process.  

Machine learning approaches tackle such difficulties by taking the most recent multiple sensor 

signals as inputs and RULs as outputs. In other words, the approaches let the model find the 

relations between multiple sensor signals and corresponding RULs based on the historical data. 

The main focus of the existing machine learning prognostic approaches is on how to design the 

model, e.g., what type of neural network to use or how to concatenate operational variables and 

multiple sensor signals as one input. For instance, [26] used a recurrent neural network to estimate 

the degradation percentage of bearings based on the features extracted from the vibration signals. 

[18] recently proposed a neural network for RUL prediction, which is also based on one of the 

variants of the recurrent neural network. While these methods enjoy great flexibility, one major 

drawback is that the model works in a black-box manner which means we cannot interpret why 

the model outputs the certain RUL prediction results or how much uncertainty is involved in the 

results. Moreover, most of the existing machine learning approaches do not consider the general 

degradation characteristics, such as the stochastic nature of degradation processes. 

The incorporation of covariate information is another crucial factor for modern degradation 

modeling and prognostics. It is important to note how degradation signals, extrinsic covariates and 

intrinsic covariates are different. Degradation signals are taken over time reflecting the underlying 

degradation status. Extrinsic covariates are external factors that represent environmental stresses, 
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such as temperature or pressure. It is common to assume that the extrinsic covariates have additive 

effects on the degradation status, i.e., it accelerates or decelerates the degradation process. 

Recently, in [27], the cumulative exposure model describes the effect of extrinsic covariates on 

the parametric failure time distribution assuming the dynamic environmental covariates such as 

temperature and humidity can increase or decrease the degradation rate. Intrinsic covariates 

represent the basic nature of a system and often do not change over time. Examples include the 

genetic information of patients or manufacturing information of engineering systems. Unlike 

extrinsic covariates, the effects of intrinsic covariates on degradation processes cannot be modeled 

additively. Another widely used approach that incorporates covariates for degradation modeling is 

through the Cox proportional hazards model (PHM) [28]. Yet, existing PHM-based prognostic 

methods often directly use observed degradation signals or their features as covariates [29], [30]. 

For instance, in [30], the features extracted from vibration signals of bearings are used as 

covariates. Thus, the concept of covariates used in PHM-based approaches are closer to the 

degradation signals we define in this thesis. Although some efforts have focused on degradation 

modeling and prognostics of a heterogeneous group [31], little research has targeted the 

incorporation of intrinsic covariate information and covariate selection procedure. 

1.4 Outline of the Thesis 

The remainder of the thesis is organized as follows. Chapter 2 proposes a generic health index 

approach which performs degradation modeling, prognostics, and sensor selection in a unified 

manner for applications where multiple sensors monitor a single unit under a single failure mode 

and a single operational condition. A novel latent linear model is constructed to accurately 

characterize the unobservable underlying degradation status of the unit. By applying a variable 
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selection algorithm to this linear model, we identify informative sensors with very high 

computational efficiency. 

Chapter 3 handles more complex systems that have not only multiple sensor signals, but also 

multiple failure modes or multiple operational conditions. To address this issue, we propose a 

novel Bayesian deep learning framework which provides interval estimations of RULs. In 

particular, this method systematically quantifies two types of uncertainties embedded in 

degradation modeling and prognostics: the uncertainties resulting from the unknown model 

parameters and those stemming from the stochastic nature of degradation processes.   

Chapter 4 focuses on individualized degradation modeling and prognostics for a heterogeneous 

group. In this chapter, we handle the heterogeneity across units by effectively leveraging the 

intrinsic covariate information. A multivariate Gaussian process (GP) nonparametrically 

establishes the relation between the covariate information and degradation processes. Through 

modeling the similarities between different systems based on their covariates, efficient information 

transfer among systems is enabled. In other words, new collected degradation signals from one 

system can be shared with the entire heterogeneous group according to their covariate similarities 

for better degradation modeling and prognostics. 

Chapter 5 discusses the covariate-dependent sparse functional data analysis. A degradation 

signal can be viewed as a special kind of functional data. The future work targets applications 

where each unit has multiple intrinsic covariates similar to the method described in Chapter 4, yet 

each unit now has only sparse and irregular signal measurements. The motivational application of 

this study is void swelling. Void swelling is a nuclear-specific material degradation mechanism 

that causes an increase in volume of components exposed to high-energy neutrons at high 

temperatures [32]. Void swelling is affected by many intrinsic covariates such as alloy composition 
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and material structure. It is important to identify crucial covariates affecting the swelling processes 

and model the effects of these covariates to mitigate the effect of swelling and ensure safe operation. 

Existing studies often do not use covariate information or require dense measurements. In practice, 

however, there are only sparse measurements available for void swelling due to the high cost of 

data acquisition. To address this issue, we plan to use the functional PCA to capture the similarities 

across different systems and the GP to model the covariate effects. We will also investigate 

different kernel designs of the GP to identify significant covariates. Finally, Chapter 6 summarizes 

the contributions of the thesis. 
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Chapter 2 A Generic Health Index Approach for 

Multisensor Degradation Modeling and Sensor 

Selection 

2.1 Introduction 

Degradation is quite common in engineering systems and will eventually lead to failures. 

Unexpected failures can cause production downtime, poor customer satisfaction, safety issues, etc. 

To avoid such losses, sensors have been widely used to monitor the degradation process of a unit. 

The collected sensor signals contain useful information about the degradation status of the unit, 

which if properly used, can lead to accurate prediction of the remaining useful life (RUL).  

Most of the existing literature focuses on analyzing a single sensor signal [33], and there are 

two commonly used approaches, including general path models [1], [2] and stochastic process 

models [3], [10]–[14]. General path models formulate the sensor signal using a random-effect 

model, where the random-effect parameters are used to capture the unit-to-unit variability. On the 

other hand, stochastic process models characterize the evolution of a sensor signal as a stochastic 

process, e.g., Wiener process [3], [10], [11], inverse Gaussian process [12], and gamma process 

[13], [14], to account for the temporal variation of sensor signals.  

Unfortunately, these approaches are only effective under the assumptions that the physical 

degradation mechanism of a monitored unit is well understood, and thus a single sensor is 

sufficient to fully characterize the underlying degradation process. However, in reality, it is 

common that a single sensor only contains partial information on the degradation process. 
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In order to overcome this issue, much attention has been recently focused on using multiple 

sensors to monitor a single unit simultaneously. In this way, different aspects of the degradation 

process can be captured [5]. Therefore, there is a growing need to develop efficient multisensor 

degradation modeling approaches. However, different sensor signals usually have different levels 

of relevance to the degradation process. In many real-world applications, it is even possible that 

some sensors are unrelated to the underlying degradation process, which compromises the 

accuracy of RUL prediction by acting as noise. In addition, a collection of these non-informative 

sensor signals may incur unnecessary costs. As a result, there are two key challenging questions 

involved in the multisensor degradation modeling: (i) how to screen out non-informative sensors, 

and (ii) how to properly combine the information from the selected sensor signals to accurately 

estimate the underlying degradation status of a unit. 

To address these challenges, this study presents a novel health index (HI)-based data fusion 

model for multisensor degradation modeling and sensor selection. In particular, we combine the 

observable data, i.e., the failure time and the multiple sensor signals, via a novel latent linear model 

to accurately characterize the unobservable underlying degradation status of the unit. 

Consequently, the contributions of this work are summarized as follows. First, unlike the previous 

HI-based methods which were heuristic in nature, the proposed method ensures to discover the 

optimal combination of sensor signals to better understand the underlying degradation mechanism. 

In fact, by solving the latent linear model, our method is able to derive the best linear unbiased 

estimator (BLUE) of the fusion coefficients. To the best of our knowledge, this is the first work in 

the context of multisensor degradation modeling that has this nice property. Second, the proposed 

method significantly reduces the computational time. This is due to the analytical solution of the 

fusion coefficients that we obtain from the latent linear model. Third, the proposed method is more 
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generic since it does not require restrictive assumptions, such as the specific form of the 

degradation process, which were imposed in the previous HI-based methods. Thus, it can be widely 

applied to a variety of situations. Fourth, the proposed method does not require to know the exact 

value of the failure threshold to predict the RUL, which is usually unknown in practice. As a 

comparison, most of the existing studies need to assume that the failure threshold is known as a 

priori. Last but not least, variable selection methods for linear regression models such as adaptive 

lasso can be directly incorporated in our proposed method to achieve a systematic sensor selection. 

This would lead to more accurate prediction results and reduce unnecessary costs. 

The rest of this study is organized as follows. Section 2.2 provides a literature review of the 

data fusion methods for prognostics. Section 2.3 describes the details of the proposed data fusion 

methods to construct a composite HI of a degraded unit and to predict its RUL. Section 2.4 

conducts a simulation study to illustrate the effectiveness and evaluate the sensitivity of the 

proposed method. Section 2.5 further tests the proposed method using the degradation dataset of 

aircraft gas turbine engines and compares the results with the existing benchmark method. Section 

2.6 provides a conclusion and a discussion of future research directions. 

2.2 Related Works 

In the literature, several efforts have been made to tackle multisensor degradation modeling 

using data fusion. In general, data fusion methods can be classified into two main categories based 

on the implementation level of the fusion operation: decision-level fusion and data-level fusion 

[5], [34].  

Decision-level fusion integrates multiple results derived from different diagnostic/prognostic 

approaches. For example, Hu et al. [35] combined the RUL prediction results from different 

member algorithms by weighted average, where k-fold cross validation was used to determine the 
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weights. One of the main drawbacks of decision-level fusion approaches is that they are post-

processing techniques, and thus the performance highly relies on the quality of the raw data and 

the data pre-processing procedure. In addition, most of these methods only produce a point 

estimate of the RUL. 

In contrast, data-level fusion methods directly combine the sensor signals or the extracted 

features. In the literature, a number of data-level fusion methods have been proposed including 

machine learning approaches [26], [36], [37], state-space models [38], [39], PCA [40], and HI-

based approaches [20]–[22], [41]–[43]. In particular, machine learning approaches such as 

artificial neural network directly take the most recent sensor signals or features as the inputs and 

provide the predicted RUL as the outputs. However, sensor signals are time-series data and 

conventional machine learning approaches fail to effectively capture the autocorrelation of sensor 

signals in the context of the degradation process. To overcome this drawback, Guo et al. [26] 

recently applied a recurrent neural network (RNN) to fuse multiple features of bearings. Though 

RNNs are known to be useful for handling time-series data, the constructed RNNs behave like a 

black box which makes it less explainable and hard to incorporate domain knowledge into the 

models. In addition, RNNs need to be trained by very large amounts of historical data, which is 

costly and often inapplicable in degradation systems. Another commonly used approach is to 

utilize the state-space models and discretize the degradation status into a finite state space. For 

example, in Yu [39], the state-space model was used to model the degradation of lithium-ion 

battery and to predict RUL. However, this approach relies on the memoryless assumption, i.e., the 

future degradation depends only on the current degradation status of a unit rather than the past, 

which does not always hold in real-world applications [33], [44]. The PCA has also been used for 

data-level fusion. Recently, in Fang et al. [40], functional PCA (FPCA) was used to select the 



 
28 

informative sensors, and multivariate functional PCA (MFPCA) was used to extract features from 

multiple sensor signals for prognosis. Unfortunately, the extracted features are quite difficult to 

interpret in practice. 

In this study, we focus on HI-based methods. The key idea of the HI-based method is to 

construct a one-dimensional HI by directly combining multiple sensor signals to characterize the 

underlying degradation process. Compared with the aforementioned data fusion approaches, HI-

based methods are highly desired in practice due to three main reasons. First, the rich literature 

based on a single sensor signal for degradation modeling and prognostics can be directly applied 

based on the constructed HI as the HI can be regarded as another single sensor signal but with 

more information. Second, the constructed HI shows a real-time characterization of the 

degradation process of a unit, which results in better interpretation than most other data fusion 

models that behave like a black box by providing only a final prediction result. Third, the one-

dimensional HI can be easily visualized to help practitioners make better decisions. In fact, most 

of the existing prescriptive models, such as maintenance scheduling and spare parts logistics have 

already assumed such a real-time HI is available when making decisions. 

Despite these advantages, great challenges also exist in HI-based methods. One major challenge 

is that the underlying degradation status is unobservable. To address this issue, Yang et al. [43] 

explicitly expressed the HI of a unit as a deterministic function of time and regressed the multiple 

sensor signals against the function values. However, this approach failed to capture the stochastic 

nature of the degradation process. Alternatively, [20]–[22] identified the desired properties of a 

good degradation signal and constructed the HI in the way such that these desired properties were 

optimized. Although these methods showed a promising prognostic performance, they were 

heuristic and could not guarantee to find the optimal combination of sensor signals.  
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Recently, Song et al. [42] developed a new approach that solved the HI construction by the 

quantile regression technique. While [42] showed that it was theoretically possible to find the best 

combination of sensor signals for HI construction by solving the quantile regression problem, 

restrictive assumptions were made to ensure the theoretical properties. For example, [42] modeled 

the HI by a mixed effect model with the random-effect parameter assumed to be multivariate 

normally distributed, which thus limited its applications. Also, [42] required to solve a large-scale 

quantile regression problem, which was time-consuming and might not be able to numerically find 

the global optimal solution in practice.  

Since some sensors may not be related to the underlying degradation status, a sensor selection 

algorithm is necessary to ensure the effectiveness of the constructed HI and prognostic 

performance. However, there is still a lack of a systematic approach to identify the informative 

sensors signals in the current literature of multisensor degradation modeling. Very few studies 

attempted to provide systematic sensor selection procedures [40]. Nevertheless, these procedures 

are not generic enough, i.e., they are designed for specific data-level fusion models, and still cannot 

guarantee to select out the optimal subsets of sensors to recover the underlying degradation status 

of a unit.  

To fill this literature gap, this study aims at developing a more generic HI-based method that 

allows to derive the optimal combination of sensor signals with greater applicability and also the 

incorporation of a unified sensor selection procedure. 

2.3 Methodology 

In this section, we will introduce the proposed data-level fusion method in details. In Sections 

2.3.1 and 2.3.2, we describe the formulation of our problem and present the parameter estimation 

method. Section 2.3.3 elaborates the latent linear model involving the multiple sensor signals and 
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the failure time. In Section 2.3.4, the adaptive lasso technique is incorporated for sensor selection. 

Section 2.3.4 discusses several considerations in implementing the proposed method in practice. 

Finally, in Section 2.3.6, we discuss RUL prediction using the constructed HI.  

2.3.1 Problem Formulation 

Following most of the existing studies [2], [12], [45], we first provide a definition of failure as 

the result of degradation. Specifically, let 𝜂௜ሺ𝑡ሻ denote the underlying degradation status of unit 𝑖 

at time 𝑡. Then, the failure time 𝑇௜ of unit 𝑖 is defined as the time that the underlying degradation 

status of unit 𝑖 first reaches a predefined failure threshold 𝑙:  

 𝑇௜ ൌ argmin
௧

 𝜂௜ሺ𝑡ሻ ൒ 𝑙 (2.1) 

While the specific form of 𝜂௜ሺ𝑡ሻ  is not required, we consider 𝑝  linearly independent basis 

functions 𝝍ሺ𝑡ሻ ൌ ൣ𝜓ଵሺ𝑡ሻ,⋯ ,𝜓௣ሺ𝑡ሻ൧ ∈ ℝଵൈ௣ and decompose 𝜂௜ሺ𝑡ሻ as 

 𝜂௜ሺ𝑡ሻ ൌ 𝝍ሺ𝑡ሻ𝚪௜, (2.2) 

where 𝚪௜ ൌ ൣΓ௜,ଵ,⋯ , Γ௜,௣൧
୘
∈ ℝ௣ൈଵ  are the coefficients of the basis functions for unit 𝑖 . For 

example, if 𝝍ሺ𝑡ሻ ൌ ሾ1, 𝑡, … , 𝑡௣ିଵሿ , then 𝜂௜ሺ𝑡ሻ  is represented as the ሺ𝑝 െ 1ሻ-order polynomial 

model. The existing literature (e.g., [21], [22], [42]) often restricted 𝜂௜ሺ𝑡ሻ to be a special general 

path model, where 𝚪௜  was assumed to follow a 𝑝-dimensional multivariate normal distribution. 

However, the assumption of multivariate normality can be quite limited. First, the symmetry 

required by the normal distribution may not be satisfied in general. Second, the underlying 

degradation process should be monotonic [46]; however, the normally distributed Γ௜,௝ can have 

either positive or negative values, which may violate the monotonicity property. In this study, we 

do not impose any restriction on the specific form of the degradation process 𝜂௜ሺ𝑡ሻ, nor the 

normality assumption for 𝚪௜. In other words, a wide range of degradation models including the 
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general path models and the stochastic process models can be adopted to describe 𝜂௜ሺ𝑡ሻ. As a 

result, the proposed method is more generic and can be applied to various situations. 

We follow [42] to define the composite HI. In particular, we assume that there exists a fusion 

function 𝓏ሺ⋅ሻ to recover the underlying degradation status of a unit from the multiple sensor signals 

with the contamination of a white noise, i.e.,  

 𝜂௜ሺ𝑡ሻ ൌ 𝓏൫𝑳௜ሺ𝑡ሻ൯ െ 𝜀௜ሺ𝑡ሻ. (2.3) 

Here, 𝑳௜ሺ𝑡ሻ ൌ ൣ𝐿௜,ଵሺ𝑡ሻ, … , 𝐿௜,௦ሺ𝑡ሻ൧ ∈ ℝଵൈ௦ is a vector of the sensor signals collected from 𝑠 sensors 

of unit 𝑖  at time 𝑡 ; 𝐿௜,௝ሺ𝑡ሻ  is the 𝑗 th sensor signal of unit 𝑖  at time 𝑡 ; and 𝜀௜ሺ𝑡ሻ~𝑁ሺ0,𝜎଴
ଶሻ  is 

independent and identically distributed noise. Then the composite HI of unit 𝑖 at time 𝑡, denoted 

by ℎ௜ሺ𝑡ሻ, is defined as 

 ℎ௜ሺ𝑡ሻ ൌ 𝓏൫𝑳௜ሺ𝑡ሻ൯. (2.4) 

Without loss of generality, in this study, we consider the linear fusion function, i.e., 

 𝓏൫𝑳௜ሺ𝑡ሻ൯ ൌ 𝑳௜ሺ𝑡ሻ𝒘଴. (2.5) 

Here, 𝒘଴ ൌ ሾ𝑤ଵ, … ,𝑤௦ሿ் ∈ ℝ௦ൈଵ  is a vector of fusion coefficients to combine multiple sensor 

signals. In fact, the conventional degradation model for a single sensor signal is only a special case 

with 𝓏൫𝑳௜ሺ𝑡ሻ൯ ൌ 𝐿௜,௝ሺ𝑡ሻ, which assumes the 𝑗 th sensor can fully characterize the degradation 

process. In addition, note that nonlinear fusion functions can be approximated in the linear form. 

In particular, with 𝐾 basis functions, denoted by 𝐵௞ሺ⋅ሻ (𝑘 ൌ 1, … ,𝐾ሻ, a nonlinear fusion function 

𝓏ሺ𝑳௜ሺ𝑡ሻሻ can be approximated as 

 
𝓏൫𝑳௜ሺ𝑡ሻ൯ ൎ ෍𝐵௞൫𝑳௜ሺ𝑡ሻ൯𝑤௞

௄

௞ୀଵ

ൌ ෍𝐿௜,௞
ᇱ ሺ𝑡ሻ𝑤௞

௄

௞ୀଵ

, (2.6) 

where 𝐿௜,௞
ᇱ ሺ𝑡ሻ ൌ 𝐵௞൫𝑳௜ሺ𝑡ሻ൯ is an artificial signal (i.e., transformed features from the original sensor 

signals). One of the most commonly used methods for the nonlinear mappings are kernel based 
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methods [47], [48]. However, to limit the scope of this work, we will consider this extension to 

nonlinear fusion functions in the future study. 

To summarize, the HI ℎ௜ሺ𝑡ሻ , the sensor signals 𝑳௜ሺ𝑡ሻ , and the degradation status 𝜂௜ሺ𝑡ሻ ൌ

𝝍ሺ𝑡ሻ𝚪௜ can be expressed as follows: 

 ℎ௜ሺ𝑡ሻ ൌ 𝑳௜ሺ𝑡ሻ𝒘଴ ൌ 𝝍ሺ𝑡ሻ𝚪௜ ൅ 𝜀௜ሺ𝑡ሻ. (2.7) 

Assume there are 𝑚 historical units that have failed, and for historical unit 𝑖, the sensor signals 

𝑳௜ሺ𝑡ሻ are measured at time 𝑡 ൌ 𝑡௜,ଵ, 𝑡௜,ଶ,⋯𝑡௜,௡೔, where 𝑛௜ is the total number of measurements of 

unit 𝑖 . Let 𝒉௜ ൌ ൣℎ௜൫𝑡௜,ଵ൯, … ,ℎ௜൫𝑡௜,௡೔൯൧
୘
∈ ℝ௡೔ൈଵ  denote a vector of HI for unit 𝑖 ; 𝑳௜ ൌ

቎
𝑳௜ሺ𝑡௜,ଵሻ

⋮
𝑳௜ሺ𝑡௜,௡೔ሻ

቏ ∈ ℝ௡೔ൈ௦ denote a matrix containing all the sensor signals of unit 𝑖; 𝚿௜ ൌ  ቎
𝝍ሺ𝑡௜,ଵሻ

⋮
𝝍ሺ𝑡௜,௡೔ሻ

቏ ∈

ℝ௡೔ൈ௣  denote a design matrix; and 𝜺௜ ൌ ൣ𝜀௜൫𝑡௜,ଵ൯, … , 𝜀௜൫𝑡௜,௡೔൯൧
୘
∈ ℝ௡೔ൈଵ  denote a vector 

containing errors. Then, (2.7) can be rewritten in the following matrix form:  

 𝒉௜ ൌ 𝑳௜𝒘଴ ൌ 𝚿௜𝚪௜ ൅ 𝜺௜, (2.8) 

Our goal is to estimate the fusion coefficients 𝒘଴. Eq. (2.8) looks similar to the conventional linear 

regression models at the first glance. However, since the response variable 𝒉௜ is unobservable, we 

cannot directly derive 𝒘଴ using the existing linear regression approaches. Next, we propose a 

novel method to estimate the fusion coefficients 𝒘଴.  

2.3.2 Estimation of Fusion Coefficients 

At first, we regard 𝒘଴ as known and obtain the least squares estimation of 𝚪௜ based on (2.8) as 

 𝚪෠௜ ൌ ൫𝚿௜
୘𝚿௜൯

ିଵ
𝚿௜
୘𝑳௜𝒘଴. (2.9) 
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Since 𝑳௜𝒘଴ is normally distributed given 𝚪௜ according to (2.8), i.e., 𝑳௜𝒘଴|𝚪௜~𝑁௡೔ሺ𝚿௜𝚪௜ ,𝜎଴
ଶ𝑰), the 

conditional distribution of 𝚪෠௜|𝚪௜ also follows a 𝑝-dimensional multivariate normal distribution with 

mean and variance as 

 E൫𝚪෠௜|𝚪௜൯ ൌ ൫𝚿௜
୘𝚿௜൯

ିଵ
𝚿௜
୘Eሺ𝑳௜𝒘଴|𝚪௜ሻ ൌ ൫𝚿௜

୘𝚿௜൯
ିଵ
𝚿௜
୘𝚿௜𝚪௜ ൌ 𝚪௜, and 

Var൫𝚪෠௜|𝚪௜൯ ൌ ൫𝚿௜
୘𝚿௜൯

ିଵ
𝚿௜
୘Varሺ𝑳௜𝒘଴|𝚪௜ሻ𝚿௜൫𝚿௜

୘𝚿௜൯
ିଵ
ൌ 𝜎଴

ଶ൫𝚿௜
୘𝚿௜൯

ିଵ
. (2.10) 

This distribution relies on the unknown variable 𝚪௜ and thus cannot be directly used. To address 

this challenge, our new idea is to utilize the observable failure time 𝑇௜ from historical units to 

characterize the unobservable 𝚪௜ according to (2.1). Specifically, recalls that the degradation status 

is 𝜂௜ሺ𝑡ሻ ൌ 𝝍ሺ𝑡ሻ𝚪௜ , and thus we can write 𝝍ሺ𝑇௜ሻ𝚪௜ ൌ 𝑙 . This motivates us to investigate the 

distribution of 𝝍ሺ𝑇௜ሻ𝚪෠௜|𝚪௜. Since the failure time 𝑇௜ can be regarded as a function of 𝚪௜, 𝑇௜ will be 

a constant given 𝚪௜ (later on we will show that the failure threshold 𝑙 can be set as any positive 

number and thus 𝑙  can be treated as known here already). This indicates that 𝝍ሺ𝑇௜ሻ𝚪෠௜|𝚪௜  also 

follows a multivariate normal distribution with mean and variance as 

𝐸ൣ𝝍ሺ𝑇௜ሻ𝚪෠௜|𝚪௜൧ ൌ 𝝍ሺ𝑇௜ሻ𝚪௜ ൌ 𝑙, and 

Varൣ𝝍ሺ𝑇௜ሻ𝚪෠௜|𝚪௜൧ ൌ 𝜎଴
ଶ𝝍ሺ𝑇௜ሻ൫𝚿௜

୘𝚿௜൯
ିଵ
𝝍ሺ𝑇௜ሻ୘. 

Therefore, 

 𝝍ሺ𝑇௜ሻ𝚪෠௜|𝚪௜~𝑁௣ ቀ𝑙,𝜎଴
ଶ𝝍ሺ𝑇௜ሻ൫𝚿௜

୘𝚿௜൯
ିଵ
𝝍ሺ𝑇௜ሻ୘ቁ . (2.11) 

Interestingly, this distribution does not require 𝚪௜  to be known. Therefore, we can pretend the 

realizations of 𝚪ଵ,⋯ , 𝚪௠ are known and use maximum likelihood estimation (MLE) to estimate 

𝒘଴. Let 𝚪ଵ
∗,⋯ ,𝚪௠∗  denote the realizations of 𝚪ଵ,⋯ ,𝚪௠ for the historical units, and 𝜏௜ denote the 

observed failure time of unit 𝑖. The conditional likelihood is 
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 𝐿௣ ൌ 𝑃൫𝝍ሺ𝜏ଵሻ𝚪෠ଵ,⋯ ,𝝍ሺ𝜏௠ሻ𝚪෠௠ห𝚪ଵ
∗,⋯ ,𝚪௠∗ ൯ ൌෑ𝑃൫𝝍ሺ𝜏௜ሻ𝚪෠௜|𝚪௜

∗൯.

௠

௜ୀଵ

 (2.12) 

It is straightforward to obtain the log-likelihood function as 

 log 𝐿௣ ൌ െ
1

2𝜎଴
ଶ෍

൫𝝍ሺ𝜏௜ሻ𝚪෠௜ െ 𝑙൯
ଶ

𝝍ሺ𝜏௜ሻሺ𝚿௜
୘𝚿௜ሻିଵ𝝍ሺ𝜏௜ሻ்

௠

௜ୀଵ

൅ 𝐶, (2.13) 

where 𝐶 is a constant. Therefore, we can estimate 𝒘଴ by maximizing log 𝐿௣, i.e., 

 

𝒘ෝ ൌ argmin
𝒘

෍
൫𝝍ሺ𝜏௜ሻ𝚪෠୧ െ 𝑙൯

ଶ

𝝍ሺ𝜏௜ሻሺ𝚿௜
୘𝚿௜ሻିଵ𝝍ሺ𝜏௜ሻ்

௠

௜ୀଵ

ൌ argmin
𝒘

෍
ቀ𝝍ሺ𝜏௜ሻ൫𝚿௜

୘𝚿௜൯
ିଵ
𝚿௜
୘𝑳௜𝒘 െ 𝑙ቁ

ଶ

𝝍ሺ𝜏௜ሻሺ𝚿௜
୘𝚿௜ሻିଵ𝝍ሺ𝜏௜ሻ்

௠

௜ୀଵ

. 
(2.14) 

Please note that although the likelihood function is conditioned on 𝚪ଵ
∗,⋯ , 𝚪௠∗ , the true realizations 

of 𝚪ଵ,⋯ ,𝚪௠  are not required in the above optimization problem. As a result, we can get the 

analytical solution of (2.14) as 

 𝒘ෝ ൌ 𝑙 ൭෍𝒂௜𝒂௜
୘

௠

௜ୀଵ

൱

ିଵ

൭෍𝒂௜𝑏௜

௠

௜ୀଵ

൱, (2.15) 

where  

𝒂௜
୘ ൌ

𝝍ሺ𝜏௜ሻ൫𝚿௜
୘𝚿௜൯

ିଵ
𝚿௜
୘𝑳௜

ට𝝍ሺ𝜏௜ሻሺ𝚿௜
୘𝚿௜ሻିଵ𝝍ሺ𝜏௜ሻ୘

∈ ℝଵൈୱ, and 

𝑏௜ ൌ
1

ට𝝍ሺ𝜏௜ሻሺ𝚿௜
୘𝚿௜ሻିଵ𝝍ሺ𝜏௜ሻ୘

. 

Since the failure threshold 𝑙 in (2.15) only acts as a scale factor, we can arbitrarily set 𝑙 to any 

positive number if it is unknown, e.g., 𝑙 ൌ 1. This is a particularly useful result in that the failure 

threshold is often unknown and is hard to obtain its exact value in practice. We will further explain 
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in Section 2.3.6 that setting 𝑙 to any positive number does not affect the RUL prediction result. 

Since the closed-form solution in (2.15) only requires the computation of the inverse of a 𝑠 ൈ 𝑠 

matrix, the proposed approach is very computationally efficient, and thus can be easily applied 

even to massive data, i.e., with many historical units. 

2.3.3 Latent Linear Model 

As we can see, the estimation of fusion coefficients is very similar to the least squares estimation 

of a linear regression model. The following proposition provides more insights on the proposed 

approach and presents the latent linear model for HI construction. 

Proposition 1: The fusion coefficients 𝒘଴ satisfies the weighted linear model as  

 𝝍ሺ𝜏௜ሻ൫𝚿௜
୘𝚿௜൯

ିଵ
𝚿௜
୘𝑳௜ ⋅ 𝒘଴ ൅ 𝜀௜̃ ൌ 𝑙,   ∀𝑖 ൌ 1,⋯ ,𝑚 (2.16) 

where 𝝍ሺ𝜏௜ሻ൫𝚿௜
୘𝚿௜൯

ିଵ
𝚿௜
୘𝑳௜ ∈ ℝଵൈ௦  can be regarded as covariates, and 

𝜀௜̃~𝑁 ቀ0,𝝍ሺ𝜏௜ሻ൫𝚿௜
୘𝚿௜൯

ିଵ
𝝍ሺ𝜏௜ሻ୘𝜎଴

ଶቁ are the mutually independent noises. 

To prove this proposition, we can write 

𝑙 ൌ 𝝍ሺ𝜏௜ሻ𝚪௜ ൌ 𝝍ሺ𝜏௜ሻ൫𝚿௜
୘𝚿௜൯

ିଵ
𝚿௜
୘𝚿௜𝚪௜ ൌ 𝝍ሺ𝜏௜ሻ൫𝚿௜

୘𝚿௜൯
ିଵ
𝚿௜
୘ሺ𝑳௜𝒘଴ െ 𝜺௜ሻ

ൌ 𝝍ሺ𝜏௜ሻ൫𝚿୧
୘𝚿𝒊൯

ିଵ
𝚿௜
୘𝑳௜ ⋅ 𝒘଴ ൅ 𝜀௜̃. 

The first equality is due to the definition of failure time in (2.1), and the third equality results from 

(2.8). Then, it is straightforward to obtain the distribution of 𝜀௜̃  that is 

𝜀௜̃~𝑁 ቀ0,𝝍ሺ𝜏௜ሻ൫𝚿௜
୘𝚿௜൯

ିଵ
𝝍ሺ𝜏௜ሻ୘𝜎଴

ଶቁ.  

This latent linear model provides a meaningful physical interpretation of the HI construction. 

Let 𝑳௜,௝ denote a vector containing the 𝑗th sensor signal of unit 𝑖 for all measurements. We can 

write the 𝑗th entry of the covariates 𝝍ሺ𝜏௜ሻ൫𝚿௜
୘𝚿௜൯

ିଵ
𝚿௜
୘𝑳௜ as 𝝍ሺ𝜏௜ሻ൫𝚿௜

୘𝚿௜൯
ିଵ
𝚿௜
୘𝑳௜,௝. This entry 
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can be interpreted as the fitted 𝑗th sensor signal at the observed failure time 𝜏௜ . Thus, we can 

consider 𝝍ሺ𝜏௜ሻ൫𝚿୧
୘𝚿𝒊൯

ିଵ
𝚿௜
୘𝑳௜ ⋅ 𝒘଴ as the fitted HI of unit 𝑖 at the observed failure time 𝜏௜. This 

implies that the latent linear model connects the HI at the failure time and the failure threshold. 

Compared with the original linear model in (2.8), we can see that the latent linear model does not 

require any unobservable variables to estimate 𝒘଴. 

We can easily transform the weighted linear model in (2.16) to an unweighted linear model by 

multiplying both sides with ቄ𝝍ሺ𝜏௜ሻ൫𝚿௜
୘𝚿௜൯

ିଵ
𝝍ሺ𝜏௜ሻ୘ቅ

ିభ
మ and obtain 

𝒂௜
்𝒘଴ ൅ 𝜀௜

∗ ൌ 𝑏௜𝑙 

with 𝒂௜ and 𝑏௜ as defined in (2.15), and 𝜀௜
∗~𝑁ሺ0,𝜎଴

ଶሻ are mutually independent noises.  

Recall that Gauss Markov theorem says that under certain conditions, the ordinary least squares 

(OLS) estimator of the coefficients of a linear regression model is the best linear unbiased 

estimator (BLUE), that is, the estimator that has the smallest variance among those that are 

unbiased and linear in the observed output variables [49]. In the case that 𝝍ሺ𝜏௜ሻ൫𝚿௜
୘𝚿௜൯

ିଵ
𝚿௜
୘𝑳௜ 

has full rank, all Gauss-Markov assumptions are met in the latent linear model. Thus, this finding 

indicates that 𝒘ෝ  is the BLUE in such cases. To the best of our knowledge, this is the first and only 

study that provides the BLUE of the fusion coefficients for HI-based approaches. 

2.3.4 Practical Considerations 

In practice, it is possible that there is multicollinearity among the entries of 

𝝍ሺ𝜏௜ሻ൫𝚿୧
୘𝚿𝒊൯

ିଵ
𝚿௜
୘𝑳௜; then, the minimizer of (2.14) may not converge to 𝒘଴. Specifically, in such 

a case, there may exist 𝒘෥ ് 𝒘଴ that satisfies 𝝍ሺ𝜏௜ሻ൫𝚿௜
୘𝚿௜൯

ିଵ
𝚿௜
୘𝑳௜𝒘෥ ൅ 𝜀௜̃

ᇱ ൌ 𝑙 for some residuals 

𝜺෤௜
ᇱ with smaller variance than 𝜺෤௜, and thus the estimation will converge to 𝒘෥  rather than 𝒘଴. For 
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example, let us consider the case where the signal of the first sensor is constant, e.g., 𝐿௜,ଵሺ𝑡ሻ ൌ 1 

for ∀𝑡 and ∀𝑖 ൌ 1,⋯ ,𝑚, and all entries of the first column of 𝚿௜ are 1, i.e., 𝚿𝒊 ൌ ൣ𝟏,𝚿෩௜൧. Then 

the fitted sensor signal of the first sensor 𝝍ሺ𝜏௜ሻ൫𝚿௜
୘𝚿௜൯

ିଵ
𝚿௜
୘𝑳௜,ଵ ൌ 1 is also a constant. In this 

case, the minimizer of (2.14) will be 𝒘෥ ൌ ሾ𝑙, 0,⋯ ,0ሿ୘ , which perfectly fits the linear model. 

However, the constructed HI based on 𝒘෥  does not show any trends, and thus fails to provide any 

meaningful information for prognostics. Similarly, if there exists a linear combination of sensor 

signals that is almost flat (i.e., no clear degradation trend), the minimizer of (2.14) may converge 

to the wrong vector 𝒘෥  as well.  

If the constructed HI does not show any clear trend, there are three possible strategies to address 

this issue. First, we can conduct a pre-selection of sensors to make sure that there is no sensor 

signal nor a linear combination of different sensor signals which does not show any clear 

degradation trend. Second, we can pre-select sensors that only show consistent 

increasing/decreasing trend across all units and add sign constraints to 𝒘 according to the trend 

information of each sensor signal. In particular, we constrain that the sensors with increasing 

(decreasing) trends only have positive (negative) fusion coefficients when solving (2.14). In this 

way, we can avoid the situations where an increasing sensor signal and a decreasing sensor signal 

cancel out and result in a constant value. The third strategy is inspired by PCA. In particular, we 

may repeat solving (2.14) as long as the solution constructs a HI without trend, where for the 𝐾th 

iteration (𝐾 ൒ 2ሻ, we add the constraints 𝒘෥௞
்𝒘 ൌ 0,∀𝑘 ൌ 1,2,⋯ ,𝐾 െ 1. Here 𝒘෥௞ is the optimal 

solution in the 𝑘th iteration which results in a constant HI. In other words, we seek the minimizer 

of (2.14) only in the space that is orthogonal to the previous solutions. The idea behind this strategy 

is that 𝒘଴ should be orthogonal to any 𝒘෥  which constructs a HI without a clear trend. This is 

because if they are not orthogonal, then we can decompose 𝒘଴ as 𝒘଴ ൌ 𝛼ଵ𝒘෥ ൅ 𝛼ଶ𝒘ᇱ for some 
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scalars 𝛼ଵ  and 𝛼ଶ , where 𝒘ᇱ  is a vector orthogonal to 𝒘෥ . Thus, the constructed HI, 𝑳௜𝒘଴ ൌ

𝛼ଵ𝑳௜𝒘෥ ൅ 𝛼ଶ𝑳௜𝒘ᇱ contains a component 𝑳௜𝒘෥  that does not show any information, and only the 

component 𝑳௜𝒘ᇱ  is informative. We will consider more systematic investigations to avoid the 

constant HI construction in the future study.  

2.3.5 Sensor Selection 

Note that if a sensor does not relate to the underlying degradation process, it should be assigned 

a fusion coefficient of 0. Thanks to the latent linear model developed in Section 2.3.3, a variety of 

existing variable selection approaches based on a linear model can be directly applied to the 

multisensor degradation modeling problems. In this subsection, we apply the well-known adaptive 

lasso proposed by Zou [50] to this latent linear model for sensor selection.  

Similar to the popular lasso method [51], the adaptive lasso also uses the 𝑙ଵ -norm of the 

coefficient as a penalty. The difference is that the adaptive lasso imposes different penalty weights 

for different regression coefficients. In other words, larger penalty weights are applied to less 

important covariates. In this way, the adaptive lasso enjoys the oracle property, i.e., it performs as 

well as if the true underlying model was given in advance. 

Recall that since the failure threshold 𝑙 only acts as a scale factor, we simply set 𝑙 to 1. After 

introducing the adaptive lasso to the latent linear model, we estimate 𝒘଴ by 

 𝒘ෝ ൌ argmin
𝒘

෍൫𝒂௜
୘𝒘 െ 𝑏௜൯

ଶ
௠

௜ୀଵ

൅ 𝜆෍𝛿௝|𝑤௝|

௦

௝ୀଵ

 (2.17) 

where 𝜆 is a regularization parameter and 𝛿௝ is a penalty parameter for the 𝑗th sensor. Following 

the existing literature [50], the penalty parameter is set to 𝛿௝ ൌ 1/ห𝑤ෝ௝
௅ௌห

ஓ
, where 𝑤ෝ௝

௅ௌ is the OLS 

estimate of 𝒘଴  and 𝛾  is some positive constant . If a sensor is less related to the underlying 
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degradation process (i.e., smaller ห𝑤ෝ௝
௅ௌห), it is assigned a larger penalty weight (i.e., larger 𝛿௝) 

which results in a smaller fusion coefficient (i.e., smaller 𝑤௝). As a result, the fusion coefficients 

of non-informative sensors will be forced to 0.  

2.3.6 Remaining Useful Life Prediction 

Once the estimated fusion coefficients 𝒘ෝ  is derived, we can construct the HI, 𝒉௜ ൌ 𝑳௜𝒘ෝ , for each 

historical unit 𝑖. Similarly, for an in-service unit 𝑟 which is partially degraded with the collected 

signals 𝑳௥ in real time, we can construct its HI as 𝒉௥ ൌ 𝑳௥𝒘ෝ . Then, a degradation model for a 

single sensor signal can be used to analyze the constructed HI and predict the RUL of the in-service 

unit.  

As mentioned before, since we do not make any restrictions on the degradation process 𝜂௜ሺ𝑡ሻ, a 

variety of degradation models including the general path models and stochastic process models 

can be used to analyze the constructed HI. As an example, here we show how to analyze the HI 

based on a popular general path model [1]. Specifically, we consider the general path model as 

ℎ௜ሺ𝑡ሻ ൌ 𝜂௜ሺ𝑡ሻ ൅ 𝜀௜ሺ𝑡ሻ ൌ 𝝍ሺ𝑡ሻ𝚪௜ ൅ 𝜀௜ሺ𝑡ሻ  where 𝚪௜  is a random-effect parameter with prior 

distribution 𝚪௜~𝐺ሺ⋅ሻ, and the prior distribution 𝐺ሺ⋅ሻ can be estimated based on historical units. We 

can then update the posterior distribution of 𝚪௥  for the in-service unit 𝑟  as 𝑃ሺ𝚪௥|𝒉௥ሻ ∝

𝑃ሺ𝒉௥|𝚪௥ሻ𝑃ሺ𝚪௥ሻ. If there is no analytical solution for the posterior distribution, numerical methods 

such as Monte Carlo Markov Chain can be employed. Therefore, the cumulative distribution 

function (CDF) of the failure time 𝑇௥ of unit 𝑟 is 𝐹
ೝ்
ሺ𝑡|𝒉௥ሻ ൌ 𝑃ሺ𝑇௥ ൑ 𝑡|𝒉௥ሻ ൌ 𝑃ሺ𝝍ሺ𝑡ሻ𝚪௥ ൒ 𝑙|𝒉௥ሻ 

according to the definition in (2.1).  

From this CDF and (2.15), we can confirm that the failure threshold 𝑙 only acts as a scale factor 

and does not affect the RUL prediction results. Specifically, if we replace 𝑙 with 𝑙ᇱ ൌ 𝜉𝑙 in (2.15), 
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where 𝜉 is a positive constant, the estimated fusion coefficient will change from 𝒘ෝ  to 𝜉𝒘ෝ . Then, 

the constructed health index is also scaled by a factor 𝜉, i.e., 𝜉𝒉௜. According to the RUL prediction 

procedure described above, it is straightforward to see that the new health index 𝜉𝒉௜ coupled with 

the new failure threshold 𝜉𝑙 will lead to the same CDF of the estimated failure time as the health 

index 𝒉௜ coupled with the failure threshold 𝑙. This verifies that when the true failure threshold is 

unknown, we can arbitrarily set 𝑙 to any positive number. 

Since the in-service unit has not failed yet, the CDF needs to be updated in real time given the 

latest measurement time 𝑡௥,௡ೝ,  

𝐹
ೝ்
൫𝑡|𝒉௥ ,𝑇௥ ൐ 𝑡௥,௡ೝ൯ ൌ

𝑃ሺ𝝍ሺ𝑡ሻ𝚪௥ ൒ 𝑙|𝒉௥ሻ െ 𝑃ሺ𝝍൫𝑡௥,௡ೝ൯𝚪௥ ൒ 𝑙|𝒉௥ሻ

1 െ 𝑃ሺ𝝍൫𝑡௥,௡ೝ൯𝚪௥ ൒ 𝑙|𝒉௥ሻ
. 

Since the truncated CDF is skewed, we estimate the failure time  𝑇෠௥  as the median of 

𝐹
ೝ்
൫𝑡|𝒉௥ ,𝑇௥ ൐ 𝑡௥,௡ೝ൯, i.e., 𝐹

ೝ்
൫𝑇෠௥|𝒉௥ ,𝑇௥ ൐ 𝑡௥,௡ೝ൯ ൌ 0.5. Thus, the estimated RUL is 𝑇෠௥ െ 𝑡௥,௡ೝ.  

As a special case, if 𝐺ሺ⋅ሻ is a multivariate normal distribution, i.e., 𝚪௜~𝑁௣ሺ𝝁଴,𝚺଴ሻ, the posterior 

distribution 𝑃ሺ𝚪௥|𝒉௥ሻ has a close-form expression as  

 𝚪௥|𝒉௥~𝑁ሺ𝝁௥ ,𝚺௥ሻ, (2.18) 

where 𝝁௥ ൌ ቀ𝚿ೝ
౐𝚿ೝ
ఙబ
మ ൅ 𝚺଴

ିଵቁ
ିଵ
ቀ𝚿ೝ

౐𝒉ೝ
ఙబ
మ ൅ 𝚺଴

ିଵ𝝁଴ቁ ,  and 𝚺௥ ൌ ቀ𝚿ೝ
౐𝚿ೝ
ఙబ
మ ൅ 𝚺଴

ିଵቁ
ିଵ

.  It is then 

straightforward to obtain the conditional CDF of the failure time as 

𝐹
ೝ்
൫𝑡|𝒉௥ ,𝑇௥ ൐ 𝑡௥,௡ೝ൯ ൌ

Φ൫𝑔ሺ𝑡ሻ൯ െ Φቀ𝑔൫𝑡௥,௡ೝ൯ቁ

1 െΦቀ𝑔൫𝑡௥,௡ೝ൯ቁ
 

Here Φሺ⋅ሻ  is CDF of the standard normal distribution, and 𝑔ሺ𝑡ሻ ൌ ሺ𝝍ሺ𝑡ሻ𝝁௥ െ 𝑙ሻ/

ඥ𝝍ሺ𝑡ሻ𝚺௥𝝍ሺ𝑡ሻ୘ (the detailed proof can be referred to [20]).  
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2.4 Simulation Studies 

In this section, a series of numerical studies are conducted to demonstrate the effectiveness and 

evaluate the sensitivity of the proposed method using simulated degradation signals. Specifically, 

we investigate the performance of the proposed method in three different scenarios. Section 2.4.1 

introduces how we generate the simulated degradation signals. Section 2.4.2 studies the parameter 

estimation accuracy, sensor selection accuracy and computational time of the proposed method 

under an ideal scenario. In Section 2.4.3, we consider the scenario when the unknown failure 

threshold is a random variable rather than a fixed value. Finally, in Section 2.4.4, the simulation is 

carried out when only sparse data is available to realize the data challenge in practice. 

2.4.1 Data Generation 

Without loss of generality, we generate units with a linear degradation process according to 

 𝜂௜ሺ𝑡ሻ ൌ Γ௜,଴ ൅ Γ௜,ଵ𝑡, (2.19) 

where we draw the random-effect parameter from a bivariate normal distribution: 

𝚪௜ ൌ  ൬
Γ௜,଴
Γ௜,ଵ

൰~𝑁ଶ ቀቀ
െ1
2
ቁ , ቀ100 1

1 0.5
ቁቁ. 

As mentioned before, since Γ௜,ଵ follows a normal distribution, it is possible to generate a sample 

with Γ௜,ଵ ൑ 0 . In such cases, we discard the sample and generate a new one to ensure the 

monotonicity, i.e., the underlying degradation processes of all units are increasing. The true failure 

threshold is set to be 𝑙 ൌ  400. Then, we record the true failure time of unit 𝑖, denoted as 𝜏௜ , 

according to (2.1). True HI is generated by adding a random noise as defined in (2.3) to the 

underlying degradation process in (2.19), i.e., ℎ௜ሺ𝑡ሻ ൌ 𝜂௜ሺ𝑡ሻ ൅ 𝜀௜ሺ𝑡ሻ where 𝜀௜ሺ𝑡ሻ~𝑁ሺ0, 20ଶሻ. 

Each unit has four sensors (i.e., 𝑠 ൌ 4 ) with the true value of fusion coefficients 𝒘଴ ൌ

ሾ𝑤ଵ,𝑤ଶ,𝑤ଷ,𝑤ସሿ୘ ൌ ሾ0.6, 0.2, െ0.5, 0ሿ୘. Four sensor signals are randomly generated as  
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𝐿௜,ଵሺ𝑡ሻ ൌ 𝑈௜,ଵ
ሺଵሻ
√𝑡 െ 𝑈௜,ଵ

ሺଶሻ sinሺ0.05𝑡ሻ ൅ 𝜀௜,ଵሺ𝑡ሻ, 

𝐿௜,ଶሺ𝑡ሻ ൌ 𝑈௜,ଶ
ሺଵሻ𝑡 ൅ 𝑈௜,ଶ

ሺଶሻ sinሺ0.1𝑡ሻ ൅ 𝜀௜,ଶሺ𝑡ሻ, 

𝐿௜,ଷሺ𝑡ሻ ൌ ቀℎ௜ሺ𝑡ሻ െ 𝑤ଵ𝐿௜,ଵሺ𝑡ሻ െ 𝑤ଶ𝐿௜,ଶሺ𝑡ሻቁ /𝑤ଷ, and 

𝐿௜,ସሺ𝑡ሻ ൌ 𝑈௜,ସ
ሺଵሻ𝑡 ൅ 𝑈௜,ସ

ሺଶሻ ൅ 𝜀௜,ସሺ𝑡ሻ. 

(2.20) 

where 𝑈௜,ଵ
ሺଵሻ,𝑈௜,ଵ

ሺଶሻ,𝑈௜,ଶ
ሺଵሻ,𝑈௜,ସ

ሺଶሻ~Uniformሺ0, 30ሻ , 𝑈௜,ଶ
ሺଵሻ,𝑈௜,ସ

ሺଵሻ~Uniformሺ0, 2ሻ , and 

𝜀௜,ଵሺ𝑡ሻ, 𝜀௜,ଶሺ𝑡ሻ, 𝜀௜,ସሺ𝑡ሻ~𝑁ሺ0, 20ଶሻ. Note that the signal of Sensor 3 is calculated according to 𝒘଴ 

using ℎ௜ሺ𝑡ሻ and the first two sensors to satisfy (2.7). Sensor 4 is not related to the underlying 

degradation process, and thus the corresponding fusion coefficient is 0.  

All the signals of unit 𝑖 are recorded at equidistant times 𝑡 ൌ  1, … ,𝑛௜, where 𝑛௜ ൌ ⌊𝜏௜⌋ is the 

largest integer less or equal to the failure time 𝜏௜. Figure 2.1 shows the true HI and four signals of 

three randomly generated units.  

 
Figure 2.1 Degradation signal plots for the constructed HI and four sensor signals of three 

randomly generated units. 
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2.4.2 Ideal Scenario 

The first simulation is conducted to verify the parameter estimation performance of the 

proposed method in the ideal situation. We randomly select 𝑚 units as the historical units. Based 

on the sensor signals and the failure time of the historical units, we estimate the true fusion 

coefficient of each sensor. The procedure is replicated 100 times for each selected value of 𝑚. 

Recall that since 𝑙 only acts as a scale factor which does not affect the RUL prediction, here we 

use 𝑙 ൌ 400 when estimating the fusion coefficients; in this way, we can obtain the correct scale 

of the fusion coefficients and easily compare our estimation with the true values. Figure 2.3 shows 

the mean and variance of the estimation of the fusion coefficients. The x-axis represents the 

number of the sampled historical units 𝑚. The dotted horizontal line represents the true fusion 

coefficient of each sensor. The solid and dashed curves represent the mean and one standard 

deviation of the fusion coefficient estimation, respectively. From Figure 2.2, we can see that the 

estimation is very accurate and improves as the number of the sampled historical units increases. 

 

Figure 2.2 Fusion coefficients estimation results for the ideal scenario. The solid line is the 

mean estimation for each entry of 𝒘଴. The dashed lines show one standard deviation of the 

fusion coefficient estimation. The dotted horizontal line is the true value of each entry of 𝒘଴. 
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To verify the sensor selection performance of our method, we again randomly select 𝑚 

historical units and repeat the sensor selection for 1000 times for each selected value of 𝑚. When 

applying the adaptive lasso, we set 𝛾 to 0.5 and 1, and use five-fold cross validation to search for 

the optimal 𝜆 for a given 𝛾. Figure 2.3 shows the proportion of trials that the proposed method 

selects the right set of sensors, i.e., only Sensors 1, 2 and 3. As can be seen from the figure, the 

accuracy in finding the right set of sensors increases as more historical units are available.  

The computational time of the proposed method for fusion coefficients estimation is also 

measured and compared with the results of the benchmark method: quantile regression data fusion 

method in [42]. We use [42] as the benchmark method since the method also ensures that the 

estimated fusion coefficients converge to the true values under some assumptions. The 

 

Figure 2.3 The proportion of trials that the proposed method selects the right set of sensors in 

the ideal scenario. 

Table 2.1 Average Computational Time In Seconds For Fusion Coefficients Estimation 

𝑚 
The Proposed 
Method (sec) 

Benchmark 
Method (sec) 

20 0.020 197.964 
40 0.022 274.204 
60 0.027 311.350 
80 0.034 430.213 

100 0.041 492.171 
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computational time measurements of the proposed method and the benchmark method are 

replicated 50 times for each selected value of 𝑚. All simulations are implemented in MATLAB 

and executed on an Intel Core i5-6300U 2.40 GHz processor with 16 GB RAM. The average 

computational time of the proposed method and the benchmark method is represented in Table 

2.1. We can see that the proposed method requires much less computational time than the 

benchmark method. This is because the proposed method provides an analytical solution of the 

fusion coefficients, whereas the benchmark method has to solve a large-scale optimization to 

estimate the fusion coefficients. 

As mentioned earlier, in many real-world applications, it is possible that the prior distribution 

of 𝚪௜  does not follow a multivariate normal distribution. Thus, we conduct additional similar 

simulations, except that the prior distribution of 𝚪௜ is non-normal. Specifically, we consider two 

cases where each entry of 𝚪௜ follows a beta distribution and a gamma distribution, respectively. 

The result of fusion coefficients estimation is very similar to that with normally distributed 𝚪௜ and 

 

Figure 2.4 Estimation results under the random failure threshold scenario. The solid line is the 

mean estimation for each entry of 𝒘଴. The dashed lines show one standard deviation of the 

fusion coefficient estimation. The dotted horizontal line is the true value of each entry of 𝒘଴. 
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thus is omitted here. This further verifies that the proposed method is not limited to the prior 

distribution of 𝚪௜, which is different from many existing works (e.g., [20]–[22], [42]).  

2.4.3 Sensitivity to Random Failure Threshold 

In this subsection, a simulation is further carried out to test the proposed method with a 

relaxation of the assumption that the failure threshold 𝑙 is a fixed value. In real-world applications, 

different units indeed may fail at different levels of degradation status [21]. Thus, we generate a 

new dataset following the same procedures as described in Section 2.4.1, except that the failure 

threshold is uniformly distributed in ሾ375,425ሿ rather than fixed. We apply the proposed method 

to the new dataset while still assuming the failure threshold is a fixed value. 

Following the same procedure as in the previous subsection, 𝑚 units are randomly selected as 

historical units. Then, the fusion coefficients estimation is repeated 100 times for each 𝑚, and is 

shown in Figure 2.4 which indicates that the estimations are still very accurate. This is because, as 

described in 2.3.6, the estimation of the fusion coefficients does not require to know the exact 

value of failure threshold. 

2.4.4 Sensitivity to Data Sparsity 

In practice, it is common that the collected sensor signals are sparse or incomplete due to limited 

resources for data collection or data losses during transmission. To evaluate the sensitivity of the 

proposed method to data sparsity, we randomly choose 10 units as the training set. For each unit, 

we randomly sample a number of measurements to estimate the true fusion coefficients. This 

procedure is repeated 500 times and the result of the fusion coefficients estimation is shown in 

Figure 2.5. The x-axis means the number of available measurements for each historical unit. The 

dotted horizontal lines represent the true value for each entry of 𝒘଴, and the solid and dashed 



 
47 

curves are the mean and one standard deviation of the estimation of the fusion coefficients. Figure 

2.5 shows that as the number of available sensor measurements per unit increases, the fusion 

coefficients estimation becomes more accurate. 

2.5 Case Study 

In this section, we employ the proposed method to predict the RUL of aircraft gas turbine 

engines. In addition, the results are compared with the benchmark approach: quantile regression 

data fusion model in [42]. The benchmark model utilizes quantile regression for HI construction 

and has been shown to outperform other existing data-level fusion methods (e.g., [20]–[22], [41]) 

as well as each single sensor signal in RUL prediction for the same dataset.  

 

 

Figure 2.5 Estimation results when only sparse measurements are available. The solid line is 

the mean estimation for each entry of 𝒘଴. The dashed lines show one standard deviation of the 

fusion coefficient estimation. The dotted horizontal line is the true value of each entry of 𝒘଴. 
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2.5.1 Overview of the System and Dataset 

The degradation-based sensor data is generated from C-MAPSS, a software widely used to 

simulate the degradation of turbofan aircraft engines [52]. The degradation in engine performance 

is due to wear and tear according to the usage pattern. To make it more realistic, each unit starts 

with a different degree of initial wear and manufacturing variation. 

At each measurement, a total of 21 sensor signals are collected. The detailed descriptions of 

these 21 sensors are given in Table 2.2. The dataset consists of 100 historical units (i.e., 𝑚 ൌ 100) 

that include a total of 20631 measurements (i.e., ∑ 𝑛𝑖 ൌ 20631𝑚
𝑖ൌ1 ) and 100 in-service units that 

Table 2.2 Detailed description of sensors and environmental settings. 

Type  Symbol Description Units 

Sensor 

T2 Total temperature at fan inlet °R 
T24 Total temperature at LPC outlet °R 
T30 Total temperature at HPC outlet  °R 
T50 T50 Total temperature at LPT outlet °R 
P2 Pressure at fan inlet psia 
P15 Total pressure in bypass-duct psia 
P30 Total pressure at HPC outlet  psia 
Nf Physical fan speed rpm  rpm 
Nc Physical core speed rpm  rpm 
epr Engine pressure ratio (P50/P2) -- 

Ps30 Static pressure at HPC outlet psia 
phi Ratio of fuel flow to Ps30 pps/psi 
NRf Corrected fan speed  rpm 
NRc Corrected core speed  rpm 
BPR Bypass Ratio -- 
farB Burner fuel-air ratio -- 

htBleed Bleed Enthalpy -- 
Nf_dmd Demanded fan speed  rpm 

PCNfR_dmd Demanded corrected fan speed  rpm 
W31 HPT coolant bleed lbm/s 
W32 LPT coolant bleed  lbm/s 

Environmental 
Variable 

-- Altitude ft 
-- Mach number -- 

TRA Throttle resolver angle -- 
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include a total of 13096 measurements. All units have a single failure mode and operates under 

the same environmental condition.  

The sensor signals for each historical unit are collected until failure, whereas the sensor signals 

for each in-service unit are truncated at some random point prior to its failure. The failure time of 

all historical units and the actual RUL of all in-service units are also recorded.  

2.5.2 Data Preprocessing 

We first rule out 10 sensors to avoid the construction of constant HI as discussed in Section 

2.3.4. Specifically, if the sensor does not exhibit consistent increasing or decreasing trend in all 

historical units or if its variance is less than 10െ4, it is excluded. As a result, 11 candidate sensors 

are selected out of 21 sensors; including T24, T50, P30, Nf, Ps30, phi, NRf, BPR, htBleed, W31, 

and W32. To achieve a fair comparison, for these sensors, we then apply a log-transformation and 

standardize all logged sensor signals in the same way as in [42].  

2.5.3 Results and Comparison 

The quadratic degradation model (i.e., 𝝍ሺ𝑡ሻ ൌ ሾ1, 𝑡, 𝑡ଶሿ) is applied since it provides a good 

fitting based on the existing studies [41], [21], [42]. At first, we conduct sensor selection based on 

the historical units. When implementing the adaptive lasso, we consider three choices for 𝛾: 0.5, 1 

and 2. The five-fold cross validation is employed to find the optimal 𝜆 for a given 𝛾. As a result, 

𝛾 ൌ 0.5 and 𝜆 ൌ 0.015 are chosen as an optimal pair and all 11 sensors are selected as informative 

sensors. Our sensor selection result turns out to agree with previous studies [20]–[22], [42], which 

manually selected the 11 sensors. The estimates of the fusion coefficient for each sensor are 

presented in Table 2.3. Note that since the failure threshold 𝑙 does not affect the RUL prediction, 
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here we arbitrarily set 𝑙 ൌ 2 in the fusion coefficient estimation. The HI of each unit is then 

constructed using the estimated fusion coefficients.  

Figure 2.6 compares each individual sensor and the constructed HI of a randomly selected in-

service unit. From the figure, we can see that the constructed HI provides a much better model 

fitting result than original single sensors.  

Based on the constructed HI, we then predict the RUL for each in-service unit. To provide a fair 

comparison, we also adopt the assumption in [42] that the random-effect parameter 𝚪𝑖 follows a 

multivariate normal distribution. In assessing the prediction error, we use the following error 

criteria: 

 error ൌ  
|Estimated RUL െ Actual RUL|

Actual Failure Time
. (2.21) 

Table 2.3 Estimated Fusion Coefficients 𝒘ෝ  for Each Sensor 

Sensor Value Sensor Value 
T24  0.184 NRf -0.058 
T50  0.289 BPR  0.146 
P30 -0.074 htBleed  0.131 
Nf -0.071 W31 -0.115 

Ps30  0.129 W32 -0.245 
phi -0.140   

 

 

 
Figure 2.6 Degradation signals plot and model fittings for 11 selected sensors and the 

constructed HI of a randomly selected in-service unit. 



 
51 

Since the sensor measurements for different in-service units are truncated at different time 

points, we compare the prediction error at different levels of actual RUL, as shown in Figure 2.7. 

For example, the level “80” on the x-axis represents the prediction error of the in-service units 

whose actual RUL is equal to or less than 80. The prognostic results from the proposed method 

and the benchmark method are represented in Figure 2.7. The bars refer to the average of the 

prediction errors and the error bars show one standard deviation. We can see that the proposed 

method yields lower overall RUL prediction errors than the benchmark method. In addition, the 

advantage of the proposed method seems to be more significant when the in-service units approach 

the end of life, which is very important for practical applications. 

2.6  Discussion and Conclusion 

The utilization of multiple sensors in condition monitoring has received much attention in 

recent years. In particular, different sensor signals may have different degrees of relevance to the 

degradation process. Hence, the key challenges in multisensor degradation modeling are twofold. 

 

 
Figure 2.7 Comparison results of the RUL prediction errors for the in-service units by using 

the benchmark method and the proposed method.  
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One is how to select the informative sensors. The other is how to effectively combine the 

information from the selected sensor signals.  

In this study, we propose a generic HI-based data fusion method that constructs a HI by 

automatically selecting and combining the multiple sensor signals to better understand the 

degradation process. Unlike existing HI-based approaches, we propose a latent linear model for 

HI construction and a systematic sensor selection procedure, which resolve these abovementioned 

two challenges in a unified manner. The proposed method has the following contributions. First, 

the estimated fusion coefficients converge to the true value. In fact, by solving the latent linear 

model, our method obtains the BLUE. To the best of our knowledge, this is the only method that 

has this nice property when dealing with multisensor degradation signals. Second, the proposed 

method requires much less computational time since the closed-form solution of the fusion 

coefficients is available. Third, compared to the previous HI-based methods, the proposed method 

is more generic with greatly relaxed assumptions. Specifically, a variety of degradation models 

can be employed to represent the degradation process and the random-effect parameter can have 

any distribution. Fourth, the proposed method can accurately predict RUL without requiring to 

know the exact value of the failure threshold. Finally, variable selection methods for linear 

regression models can be directly adopted to the latent linear model for a systematic sensor 

selection.  

The effectiveness and the sensitivity of the proposed method under different scenarios were 

investigated through simulation studies and the case study. The simulation results showed that the 

proposed method estimated the fusion coefficients accurately even when the failure threshold was 

not fixed or only sparse measurements were available. For the case study, the degradation dataset 
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of aircraft engines was used to evaluate the proposed method, which showed that our method had 

better RUL prediction performance compared to the existing benchmark method. 

There are several important topics for future research. First, an extension of the proposed data 

fusion method to cases with multiple failure modes and multiple operation conditions will be of 

interest in our future research. Second, more systematic and effective approaches are needed to 

tackle the constant HI construction issue as described in Section 2.3.4. Finally, to highlight our 

main idea, a linear fusion function is adopted in this study when constructing the HI. It would be 

interesting to study how to construct the nonlinear mappings between the HI and each individual 

sensor signal.  
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Chapter 3 A Bayesian Deep Learning Framework for 

Interval Estimation of Remaining Useful Life in 

Complex Systems by Incorporating General 

Degradation Characteristics 

3.1 Introduction 

Unexpected system failures may result in severe consequences, including operation downtime, 

significant repair or replacement cost, and catastrophic safety hazards. To prevent these 

consequences, it is important to accurately predict the remaining useful life (RUL) of a partially 

degraded system. Existing literature on RUL prediction has been focusing on inferring the 

unobservable degradation process of a simple system based on the collected sensor signals, in 

which a single degradation signal is often assumed to be able to fully characterize the degradation 

process, and there is only a single failure mode or a single operational condition involved. Under 

these assumptions, several popular methods are developed to characterize the underlying 

degradation process and to predict the failure time, such as the general path models [1], [2], 

stochastic process models [3], and machine learning approaches that apply support vector machine 

(SVM) [15], k-nearest neighbors [16], and decision trees [17]. General path models and stochastic 

process models assume that degradation signals can be modeled as mixed effect models and 

stochastic processes, respectively. Meanwhile, conventional machine learning approaches often 

require extensive feature engineering based on domain-specific knowledge to achieve satisfactory 

prognostic performance. However, these assumptions and requirements are often difficult to justify 
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and satisfy in complex systems which may involve multiple sensor signals, multiple failure modes, 

and multiple operational conditions [53]. 

Recent advances in sensor technologies have dramatically accelerated the use of multiple 

sensors to monitor the degradation process of a complex system simultaneously. As a system 

degrades, different kinds of sensor signals evolve over time reflecting the severity of the 

degradation process in different ways. These sensor signals are often correlated and each sensor 

signal may contain only partial or even no information about the underlying degradation status 

[22], [41], [42]. Moreover, a modern engineering system often consists of multiple and mutually 

interactive subsystems or components and may involve multiple failure mechanisms [23], [24]. 

Although multiple sensors can be installed to fully capture the multiple failure mechanisms of a 

complex system, it is still challenging to understand how each failure mechanism affects the 

changes in sensor signals. Furthermore, modern complex systems commonly operate under 

multiple operational conditions to meet certain task requirements [25]. In such cases, depending 

on different operational conditions such as workload assigned or environmental conditions 

(temperature, pressure, etc.), the degradation processes may be significantly accelerated or 

decelerated, while the exact effects of the operational conditions are difficult to characterize. As a 

result, for modern complex systems, it may not be feasible to explicitly formulate the mathematical 

relationships between the collected degradation signals and the underlying degradation processes 

or the RULs. 

Accordingly, deep learning (DL) approaches have gained increasing attention in prognostics 

due to their outstanding performance in dealing with complex systems [54]. In complex systems, 

it can be very difficult to manually extract high-level, meaningful features capturing the intricate 

relationships between multiple sensor signals, multiple failure modes, and multiple operational 
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conditions. DL avoids this labor-intensive feature engineering by directly learning features from 

data itself. The “deep” in DL stands for the idea of many successive layers (more than one hidden 

layer) to express complex features. DL effectively structures the feature space by expressing 

complex features in terms of other simpler features. For example, one popular DL approach 

developed for RUL estimation is to construct neural networks (NNs) with multiple layers which 

take the most recent degradation signals or operational conditions as inputs and provide the point 

estimations of RULs or the life percentage as outputs [55], [56].  

While DL has been widely applied in various fields and has achieved remarkable performance, 

it can result in significant errors to directly apply existing NNs developed for different purposes 

like image processing or speech recognition to prognostics. This is because there are distinctive 

characteristics (referred to as “General Degradation Characteristics” in this study) that differentiate 

degradation modeling and prognostics from other DL applications, and thus must be considered. 

First, compared to other applications using DL, limited amount of training data is more common 

in degradation applications due to low signal sampling frequency or high cost for data acquisition. 

This issue of limited data availability can easily lead to the incorrect modeling and increase the 

uncertainties in model outputs. Second, degradation processes are stochastic in nature, and thus a 

systematic approach is necessary to account for the randomness caused by various sources such as 

sensor measurement errors and system-to-system variations. The limited data availability and the 

stochastic nature of degradation processes make it impossible to provide point estimations of RULs 

with absolute certainty. Alternatively, interval estimations of RULs should be obtained to better 

interpret and quantify the uncertainties involved in RUL estimations, laying a foundation for 

subsequent risk analysis and maintenance decision making [6]. Based on the uncertainty 

quantification of the estimated RUL, practitioners can then detect abnormal cases and decide 
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whether further analysis or more data is required. Last, there are other general characteristics of 

degradation processes that are desired in practice. For example, it is often desired to make a more 

accurate RUL prediction as a system approaches the end of life to avoid unexpected sudden failure. 

Such characteristics make the analysis of multi-sensor degradation signals for degradation 

modeling and prognostics fundamentally different from the analysis of multiple sensor signals for 

general prediction purposes.  

The objective of this study is to propose a novel Bayesian DL framework explicitly designed 

for degradation modeling and prognostics in complex systems which provides more accurate 

interval estimations of RULs. The major contributions of this work are summarized as follows. 

First, the proposed method does not assume any particular type of degradation processes or 

domain-specific prior knowledge such as a failure threshold, and thus it can be easily adopted to a 

variety of complex systems that may involve multiple sensor signals, multiple failure modes, and 

multiple operational conditions. Second, the proposed DL framework provides interval estimations 

of RULs. As a comparison, most of the existing DL-based prognostic approaches only produce 

point estimations of RULs which limit their use in real-world applications. Third, to the best of 

our knowledge, this is the first paper which systematically quantifies two types of uncertainties 

embedded in degradation modeling and prognostics. In particular, the first part of the proposed 

framework which is a Bayesian deep NN models the uncertainties resulting from the unknown 

model parameters. Meanwhile, the second part of the framework quantifies the uncertainties 

stemming from the stochastic nature of degradation processes. These two parts are trained 

simultaneously in a unified manner. Last, the proposed method provides the end-to-end solutions 

of the RULs, by taking observable degradation data like multiple sensor signals and operational 

variables as inputs and RULs as outputs. In particular, the method is explicitly designed to 
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incorporate general characteristics of degradation processes, whereas the hand-crafted feature 

extraction procedures are avoided which can be inaccurate and time-consuming to be obtained in 

complex systems.  

The rest of this study is organized as follows. Section 3.2 reviews the existing DL-based 

prognostic approaches and the related studies on Bayesian NNs. Section 3.3 describes the details 

of the proposed Bayesian DL framework for prognostic applications. Section 3.4 evaluates the 

proposed method using the degradation dataset of aircraft gas turbine engines and compares the 

results with the existing benchmark methods. Section 3.5 draws a conclusion and discusses future 

research topics.  

3.2 Literature review 

This section contains two parts. In Section 3.2.1, we review existing DL-based prognostic 

approaches. Then, in Section 3.2.2, we briefly introduce the concept and review the recent 

literature on Bayesian NNs. 

3.2.1 DL-based prognostics  

DL has attracted great attention from many researchers and practitioners due to its simplicity, 

flexibility, and general applicability [54]. DL constructs models with multiple levels of layers 

which are composed of nonlinear processing neurons. Each neuron learns to transform the input 

representation into the output representation at a higher, more abstract level. By stacking multiple 

layers, we can build a network that learns a very complex function. Recently, more and more 

studies have been conducted on DL-based prognostics, especially for complex systems where it is 

difficult to build physics-based representations of degradation processes or to justify restrictive 

assumptions made on the processes. 



 
59 

In the past, most of the literature on DL-based prognostics used the standard feed-forward 

neural network (FFNN) structure, i.e., neurons arranged in layers have only forward connections 

to neurons in the subsequent layers. For example, Tian et al. [55] developed a NN with one input 

layer, two hidden layers, and one output layer. The NN takes the cycle time and degradation signals 

at the current and the previous measurements as the inputs, and the normalized life percentage at 

the current time as the outputs. However, the standard FFNNs cannot effectively capture the 

characteristics of degradation signals which are time-series data and often multichannel. 

To overcome this issue, two types of NNs are growing in popularity in DL-based prognostics; 

convolutional neural networks (CNNs) and recurrent neural networks (RNNs). CNN is a 

specialized kind of NNs that uses sequential operations of convolution and pooling to extract 

abstract features [57]. While some CNNs with 1D inputs were applied to model a single 

degradation signal in simple systems, to date, CNNs for prognostics primarily take inputs of 2D 

representations of degradation processes. Zhu et al. [58] first extracted 2D features from vibration 

signals and fed the features to a CNN to predict RULs of bearings. In some multi-sensor scenarios, 

existing CNNs designed 2D inputs where the first dimension specifies the sensor index and the 

second dimension refers to time [56].  

RNN and its variants, e.g., Gated Recurrent Units (GRU) and Long Short-Term Memory 

(LSTM), focus more on processing sequential data like speech, text, or signal by sharing the same 

weights across every time step [59]. Guo et al. [26] applied an RNN to estimate the degradation 

percentage of bearings based on features extracted from the vibration signals. Huang et al. [18] 

recently proposed a Bi-Directional LSTM for RUL prediction, where two Bi-Directional LSTM 

networks extract features from raw sensor signals and environmental variables, respectively, and 

the third network outputs the final RUL estimations based on these features. 



 
60 

Besides standard FFNNs, CNNs, and RNNs, other NNs have also been developed for RUL 

predictions. Zhang et al. [60] integrated a multiobjective evolutionary algorithm with deep belief 

networks to build an ensemble model for RUL predictions. Multiple deep belief networks were 

trained simultaneously to optimize two conflicting objectives: accuracy and diversity. In Liao et 

al. [61], a restricted Boltzmann machine was used to predict RULs, where a new regularization 

term was proposed to automatically extract useful features. 

Despite high accuracy and general applicability, great challenges still exist when applying DL 

to prognostics in practice. First, while interval estimations of RULs are essential in many real-

world degradation modeling and prognostic applications, most of the existing DL-based prognostic 

models provide only point estimations of RULs. A few studies attempted to develop NNs which 

can provide interval estimations of RULs. However, these methods often consist of two separate 

steps rather than one unified procedure, which may introduce additional uncertainties and 

deteriorate the performance. For example, Gebraeel and Lawley [62] first used multiple FFNNs to 

produce point estimations of RULs and combined these results with parametric degradation forms 

to obtain the RUL distributions. Recently, Huang et al., [63] combines deep learning and particle 

filter to provide the interval estimations of RULs of complex systems. Second, most of the existing 

NNs designed for RUL estimations are purely data-driven and very few studies have considered 

the general characteristics of degradation processes. Garga et al., [64] expressed domain-

knowledge related to the degradation process in the form of rules and used it to train a FFNN. Yet, 

the systematic procedure for RUL prediction was not included, and the prediction accuracy was 

not quantified. Peng et al., [65] proposed a Bayesian Deep Learning framework to provide interval 

estimations of RULs. However, this study models only the uncertainties resulting from the 



 
61 

unknown model parameters, but not the uncertainties from the stochastic nature of degradation 

processes. 

To fill this literature gap, this study aims at developing a novel DL-based prognostic approach 

that constructs a Bayesian DL framework with the incorporation of the general characteristics of 

degradation processes, which provides higher accuracy, general applicability, and uncertainty 

quantifications of RUL estimations in complex systems. 

3.2.2 Bayesian Neural Networks 

Unlike most DL methods treating NNs as deterministic functions, Bayesian DL views the NN 

as a probabilistic model and quantifies the uncertainties with Bayesian inference. A Bayesian NN 

places a prior distribution over the network’s weights and yields posterior distributions over the 

weights given the observed data. Although Bayesian NNs offer higher accuracy, robustness to 

over-fitting, and uncertainty quantification, one major challenge is that existing methods are often 

computationally expensive, as exact Bayesian inference is computationally intractable for most of 

the NN structures.  

To overcome this challenge, various approximations have been proposed including Laplace 

approximation [66], variational inference [67], [68], expectation propagation [69], and 

Hamiltonian methods [70]. For example, Graves [67] applied data sampling-based variational 

inference and improved the scalability to a large amount of data. Unfortunately, the method 

showed unsatisfactory performance in practice due to noises from Monte Carlo approximations 

within the stochastic gradient computations. Alternatively, Soudry et al. [69] used expectation 

propagation for modeling networks with binary weights; however, the method did not provide 

posterior variance estimations for continuous weights. In addition, one common drawback is that 

these approaches still come with a significant computational cost.  
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To reduce the computational cost, bootstrapping has been applied by separately training many 

randomly initialized models on the different subsets of training data [71]. Although this approach 

is more computationally efficient than the conventional Bayesian NN approaches, it can easily 

lead to unreliable uncertainty estimations. For instance, it has been shown that the prediction on 

the test data very far from the training data can be still associated with unjustified high confidence 

[72]. 

In order to overcome these drawbacks, Gal and Ghahramani [68] Dropout As a Bayesian 

Approximation: Representing Model Uncertainty in Deep Learning recently developed Monte 

Carlo dropout (MC dropout), which combines approximate Bayesian NN inference with dropout. 

Dropout is a stochastic regularization technique widely used to prevent co-adaptation and 

overfitting in NNs [73]. The key idea of dropout is to randomly remove (drop) some neurons and 

their connections from the NN during each iteration of stochastic gradient descent. At the test time, 

all neurons are present, and the trained weights are multiplied by the probability of the present (not 

dropped). In contrast to conventional dropouts which drop neurons only at training time, MC 

dropout trains a model with dropout and performs dropout at the test time as well. In this way, 

dropout can be interpreted as a variational inference approximation under certain conditions [68]. 

MC dropout has drawn much attention recently due to its simplicity, scalability, and computational 

efficiency compared to the conventional Bayesian NN approaches. In this study, we will employ 

MC dropout to model the uncertainty stemming from unknown model parameters. 
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3.3 Methodology 

In degradation modeling and prognostics, there are two main types of uncertainties: the 

uncertainties arising from the stochastic nature of degradation processes and the uncertainties 

resulting from the unknown model parameters. Unlike most of the existing prognostic approaches 

which capture only the former type of uncertainties or mix the two types of uncertainties together, 

the proposed method separately models both types of uncertainties. Figure 3.1 shows the 

illustration of the proposed framework. The first part (dark grey blocks) is the Bayesian deep NN 

(BDNN) establishing the relationship between the collected degradation data and the RUL. The 

second part (a light grey block) is the FFNN which takes the RUL as inputs to quantify the 

uncertainties resulting from the stochastic nature of degradation processes. The outputs of the first 

and second parts are then combined to obtain the loss. This means that these two parts are jointly 

 

Figure 3.1 Proposed Bayesian DL framework. 
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trained in a systematic manner to maximize the prognostic performance. At the test time, true RUL 

values are unknown, and thus the outputs of the trained BDNN, i.e., the estimated values of RULs, 

serve as the inputs of the FFNN. Section 3.3.1 first discusses the concepts of the two types of 

uncertainties in degradation modeling and prognostics and the differences between them. In 

Section 3.3.2, we provide the details of the proposed Bayesian DL framework described in Figure 

3.1 including the loss function, the quantifications of the two types of uncertainties, and the interval 

estimations of RULs. Section 3.3.3 explains the data augmentation procedure referred to as sliding 

time window, which can alleviate the limited data availability issue and improve the prognostic 

performance. 

3.3.1 Two types of uncertainties in DL-based prognostics 

The proposed Bayesian DL framework provides end-to-end solutions, i.e., the network takes 

the most recent observable degradation data, such as multiple sensor signals, operational variables, 

and cycle time, as an input 𝒙 and the corresponding RUL as a target 𝑦. Given the value of input 𝒙, 

the corresponding target value 𝑦 can be expressed as  

 𝑦 ൌ 𝑓𝑾ሺ𝒙ሻ ൅ 𝜀  (3.1) 

where 𝑓𝑾ሺ𝒙ሻ denotes a network output with weight parameters 𝑾 and 𝜀~𝑁ሺ0,𝜎ଶሻ is the additive 

Gaussian noise term. Under this formulation, the uncertainties in applying DL to prognostics can 

be classified into two types. First, there are uncertainties from the unknown weight parameters 𝑾, 

and we call it ‘weight uncertainty’. The limited data availability discussed in Section 3.1 can cause 

large weight uncertainties. Second, there are uncertainties which account for the stochastic nature 

of degradation processes captured by 𝜎ଶ, and we refer to it as ‘degradation uncertainty’. System-

to-system variability or signal measurement error can be considered as the degradation uncertainty.  
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Existing literature on degradation modeling and prognostics often formulates the RUL 

prediction problem into two steps. First, the observed degradation signals are expressed as a 

function of underlying degradation status plus an error term. Then, the failure time is predicted as 

the time when the projected underlying degradation status exceeds the predefined failure threshold. 

The failure threshold is commonly assumed to be fixed and known as priori; however, different 

systems may actually fail at different threshold values and the exact value of the failure threshold 

is often unknown, difficult to obtain and even does not exist in practice [21], [74]. Alternatively, 

this study directly links the observed degradation data to the corresponding RULs by considering 

the degradation uncertainty as formulated in (1). In this way, the degradation uncertainty possesses 

a unique characteristic in degradation modeling and prognostics: the monotonic relationship with 

RULs. As the system degrades over time (the RUL decreases), the corresponding degradation 

uncertainty is also expected to decrease. This is because, when the system is in the initial phase 

(e.g., the non-defective stage with a large RUL), the degradation signals do not show a significant 

trend and have large system-to-system variations due to different initial wears and manufacturing 

differences, which makes it more challenging to predict the exact RUL [20], [75]. In contrast, as 

the system degrades over time, the observed sensor signals present more significant degradation 

trends or patterns, which makes it possible to conduct more accurate RUL predictions. It should 

be emphasized that the monotonicity here is different from the monotonic trends of degradation 

signals discussed in the existing literature [20], [21], [76]. It is common that a degradation signal 

is noisy and non-monotonic, but shows clearer degradation trends or patterns as a system 

approaches its end of life.  

There are several additional advantages of explicitly modeling the relationship between the 

degradation uncertainty 𝜎ଶ and RUL to be monotonic. First, it drives the model to achieve the 
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desired behavior which allows imposing larger penalties on the RUL prediction errors as the 

systems get closer to failures. This characteristic is critical to prevent sudden breakdown in real-

world applications. Second, the proposed approach is expected to act more consistently for 

prognostics as it assigns similar uncertainties to similar values of estimated RULs, which allows 

practitioners to better interpret and understand the prognostic results. Third, the monotonic 

relationship between 𝜎ଶ and RUL is a general characteristic of degradation processes, which 

ensures the wide applicability in different complex systems. 

3.3.2 Proposed network 

In this section, we will explain how we design the Bayesian DL framework to systematically 

model the two types of uncertainties described in Section 3.3.1 and produce more accurate RUL 

estimations. 

3.3.2.1 Loss function 

Suppose there are 𝑁  training samples. Sample 𝑛 ∈ ሼ1, … ,𝑁ሽ  contains degradation data 

measured over 𝑇௡ equidistant time steps, where 𝒙௡ሺ௧ሻ denotes the degradation data in sample 𝑛 

measured at time step 𝑡, 𝒙௡ ൌ ൛𝒙௡ሺଵሻ,𝒙௡ሺଶሻ, … ,𝒙௡ሺ ೙்ሻൟ contains all degradation data measurements 

in sample 𝑛, and 𝑦௡ denotes the corresponding RUL with respect to the time step 𝑇௡. We can write 

the negative log-likelihood of sample 𝑛 according to (3.1) as 

 
െ log 𝑝ቀ𝑦௡ቚ𝑓𝑾ሺ𝒙௡ሻቁ ∝

1
2𝜎ଶ

ሼ𝑓𝑾ሺ𝒙௡ሻ െ 𝑦௡ሽଶ ൅
1
2

ln𝜎ଶ. (3.2) 

In most of the existing literature on DL, the variance of the error term 𝜎ଶ is often fixed and ignored. 

Thus, minimizing the sum of squared errors, i.e., ሼ𝑓𝑾ሺ𝒙௡ሻ െ 𝑦௡ሽଶ, is a common way to optimize 

the parameter 𝑾. However, as explained in Figure 3.1, in this study, we aim at minimizing the 



 
67 

entire negative log-likelihood, while designing a separate FFNN to represent the monotonic 

relationship between the degradation uncertainty 𝜎ଶ  and the RUL 𝑦 . Let 𝜎௡ଶ  denote the 

degradation uncertainty of sample 𝑛. Considering that the unconstrained 𝜎௡ଶ may explode and 

result in very large degradation uncertainties, we propose to add a 𝑙ଶ regularization term of 𝜎௡ଶ to 

the loss function. As a result, based on the training sets of 𝑿 ൌ ሼ𝒙ଵ, … ,𝒙ேሽ and 𝒀 ൌ ሼ𝑦ଵ, … ,𝑦ேሽ, 

the regularized loss takes the form 

 
𝑙 ൌ ሺ1 െ λሻ൭

1
𝑁
෍൬

1
2𝜎௡ଶ

ሼ𝑓𝑾ሺ𝒙௡ሻ െ 𝑦௡ሽଶ ൅
1
2

ln𝜎௡ଶ൰

ே

௡ୀଵ

൱ ൅ λ൭෍|𝜎௡ଶ|ଶ
ே

௡ୀଵ

൱, (3.3) 

where 𝜆 ∈ ሺ0,1ሻ is a tuning parameter which can be determined by cross validation. From the term 

ଵ

ଶఙ೙
మ ሼ𝑓

𝑾ሺ𝒙௡ሻ െ 𝑦௡ሽଶ in (3.3), we can see that the samples with smaller degradation uncertainties 

would contribute more to the loss function. Since systems with smaller RULs (i.e., closer to 

failures) are modeled to have smaller degradation uncertainties, when minimizing the loss 

function, the proposed model is naturally encouraged to place more weights on those systems, 

which are more crucial for practical applications. At the same time, the model is discouraged from 

reducing 𝑙 by assigning large 𝜎௡ଶ through the term 
ଵ

ଶ
ln𝜎௡ଶ and the regularization term.  

3.3.2.2 Feedforward Neural Network – Quantification of degradation uncertainties 

Recall that the proposed Bayesian DL framework mainly consists of two parts: the BDNN and 

the FFNN. In this subsection, we will first explain the FFNN part which establishes the monotonic 

relationship between the RUL 𝑦 and the degradation uncertainty 𝜎ଶ. Since the true values of the 

RULs of test samples are unknown, at the test time, the outputs of the Bayesian deep LSTM, i.e., 

the estimated RULs, are used as the inputs of the FFNN. We propose to train the FFNN to predict 

the log variance 𝜁 ൌ logሺ𝜎ଶሻ instead of 𝜎ଶ. This is more numerically stable by avoiding a division 
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by zero in the loss function. Also, the exponential transformation expሺ𝜁ሻ would result in a valid 

positive value for the variance 𝜎ଶ. As both the inputs 𝑦 and outputs 𝜁 of the FFNN are scalar 

values, we can use the shallow structure, i.e., one hidden layer with 𝐻ଵ neurons, to model their 

relationships: 

𝜁 ൌ 𝑣଴ ൅෍𝑣௛ ⋅ 𝜑ሺ𝑢௛଴ ൅ 𝑢௛𝑦ሻ

ுభ

௛ୀଵ

, 

where 𝜑ሺ⋅ሻ is a nonlinear activation function, 𝑢௛଴ and 𝑢௛ denote the bias and weight between the 

input layer and hidden layer, and 𝑣଴ and 𝑣௛ denote the bias and weight between the hidden layer 

and output layer, respectively. As a demonstration, here we use a sigmoid activation function 

𝜑ሺ𝑎ሻ ൌ 1/ሺ1 ൅ 𝑒ି௔ሻ. By applying the chain rule, we get the following first order derivatives: 

𝑑𝜁
𝑑𝑦

ൌ ෍
𝑑𝜁
𝑑𝑎௛

𝑑𝑎௛
𝑑𝑦

ுభ

௛ୀଵ

,  

where 𝑎௛ ൌ 𝑢௛଴ ൅ 𝑢௛𝑦 . Since the sigmoid 𝜑ሺ𝑎ሻ  is monotonically increasing ൫𝑑𝜑ሺ𝑎ሻ 𝑑𝑎⁄ ൌ

𝜑ሺ𝑎ሻ൫1 െ 𝜑ሺ𝑎ሻ൯ ൐ 0൯ , we can make 𝑑𝜁 𝑑𝑦⁄ ൐ 0  by forcing 𝑣௛  and 𝑢௛  to be positive. For 

instance, we can use the exponential transform, e.g., 𝑣௛ ൌ 𝑒௩෤೓, and train the network to estimate 

𝑣෤௛. We will use 𝑾ி to denote the parameters in the FFNN part, i.e., 𝑾ி ൌ ൛𝑣଴,∪௛ ሼ𝑢௛଴,𝑢௛, 𝑣௛ሽൟ 

and use 𝑾 to denote the parameter in the BDNN part, which will be described in Section 3.3.2.3. 

3.3.2.3 Bayesian Deep Neural Network – Interval estimation of RUL 

The BDNN connects observable degradation data 𝒙 , such as multiple sensor signals, 

operational variables, and cycle time, with the corresponding RUL 𝑦, which is estimated by 𝑓𝑾ሺ𝒙ሻ 

in (3.1). A variety of RNN designs including LSTM and GRU can be used as the BDNN. One 

major drawback of the standard RNNs is the vanishing gradient problem; the error gradients vanish 
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(become exceedingly close to 0) as they back-propagate through multiple time steps, which makes 

learning long-term relationships nearly impossible [77]. LSTM is designed to handle these long-

term dependencies more efficiently than standard RNNs [78]. LSTM resembles a standard RNN 

except that each neuron in a hidden layer is replaced by a cell. Each cell has the inputs and outputs 

like a standard RNN, but also has gating systems and additional states. Without loss of generality, 

here we focus on the well-known LSTM model suggested in [79]. The extensions to other RNN 

variations are straightforward. In this LSTM design, a cell consists of a cell state, a hidden state, 

an input gate, an output gate, and a forget gate as shown in Figure 3.2.  Henceforth, we drop the 

subscript 𝑛 for notation simplicity and use 𝒙ሺ௧ሻ ∈ ℝௗൈଵ to refer to the degradation data in a sample 

measured at time step 𝑡, where 𝑑 is the dimensionality of degradation data. The equations for the 

forward pass of the LSTM at time step 𝑡 are as follows.  

 𝓕ሺ𝒕ሻ ൌ 𝝋൫𝑾𝓕 ⋅ 𝒙ሺ𝒕ሻ ൅ 𝑼𝓕 ⋅ 𝓗ሺ𝒕ି𝟏ሻ ൅ 𝒃𝓕൯ 

𝓘ሺ𝒕ሻ ൌ 𝝋൫𝑾𝓘 ⋅ 𝒙ሺ𝒕ሻ ൅ 𝑼𝓘 ⋅ 𝓗ሺ𝒕ି𝟏ሻ ൅ 𝒃𝓘൯ 

𝓒෩ሺ𝒕ሻ ൌ 𝐭𝐚𝐧𝐡൫𝑾𝓒 ⋅ 𝒙ሺ𝒕ሻ ൅ 𝑼𝓒 ⋅ 𝓗ሺ𝒕ି𝟏ሻ ൅ 𝒃𝓒൯ 

𝓒ሺ𝒕ሻ ൌ 𝓕ሺ𝒕ሻ ⊙ 𝓒ሺ𝒕ି𝟏ሻ ൅ 𝓘ሺ𝒕ሻ ⊙ 𝓒෩ሺ𝒕ሻ 

𝓞ሺ𝒕ሻ ൌ 𝝋൫𝑾𝓞 ⋅ 𝒙ሺ𝒕ሻ ൅ 𝑼𝓞 ⋅ 𝓗ሺ𝒕ି𝟏ሻ ൅ 𝒃𝓞൯ 

𝓗ሺ𝒕ሻ ൌ 𝓞ሺ𝒕ሻ ⊙ 𝐭𝐚𝐧𝐡൫𝓒ሺ𝒕ሻ൯, (3.4) 

 

Figure 3.2 Diagram of an internal structure of a LSTM cell. 
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where the operator ⊙ denotes element-wise multiplication, 𝓕ሺ௧ሻ denotes a forget gate’s activation 

vector at time step 𝑡, 𝓗ሺ௧ሻ denotes a hidden state vector at time step 𝑡, 𝓘ሺ௧ሻ denotes an input gate’s 

activation vector at time step 𝑡, 𝓞ሺ௧ሻ denotes an output gate’s activation vector at time step 𝑡, 𝓒ሺ௧ሻ 

is a cell state vector at time step 𝑡, and 𝓒෩ሺ௧ሻ is a candidate cell state vector at time step 𝑡. The input 

weight matrices, hidden weight matrices, and biases needed for all the components are denoted as 

𝑾• ∈ ℝுൈௗ ,𝑼• ∈ ℝுൈு , and 𝒃• ∈ ℝுൈଵ, where the subscripts 𝓕, 𝓘,𝓒, and 𝓞 in (3.4) are for the 

forget gates, input gates, cell states, and output gates, respectively, and 𝐻 is the dimensionality of 

the hidden state (i.e., the number of hidden neurons of the hidden layer). For simplicity, all hidden 

layers are considered to have the same number of hidden neurons. The initial values 𝓒ሺ଴ሻ and 𝓗ሺ଴ሻ 

are both set to 0. We can re-parametrized (3.4) as follows. 

⎝

⎜
⎛
𝓕ሺ௧ሻ

𝓘ሺ௧ሻ
𝓞ሺ௧ሻ

𝓒෩ሺ௧ሻ⎠

⎟
⎞
ൌ ቌ

𝜑
𝜑
𝜑

tanh 

ቍ  ൮

𝑾𝓕 𝑼𝓕 𝒃𝓕
𝑾𝓘 𝑼𝓘 𝒃𝓘
𝑾𝓞 𝑼𝓞 𝒃𝓞
𝑾𝓒 𝑼𝓒 𝒃𝓒

൲൭
𝒙ሺ௧ሻ

𝓗ሺ௧ିଵሻ

1
൱ 

In this way, all the weights and biases needed for the forward pass of the LSTM can be expressed 

as a single matrix 𝑾 ൌ ൮

𝑾𝓕 𝑼𝓕 𝒃𝓕
𝑾𝓘 𝑼𝓘 𝒃𝓘
𝑾𝓞 𝑼𝓞 𝒃𝓞
𝑾𝓒 𝑼𝓒 𝒃𝓒

൲ ∈ ℝସுൈሺௗାுାଵሻ as noted in (3.4).  

Intuitively, at time step 𝑡, the input gate controls which new information will be used to update 

the cell state, the output gate controls which parts of the cell state we will output, and the forget 

gate decides which information will be removed from the previous cell state.  Simultaneously, the 

cell state integrates the results from the previous cell state, forget gate, and input gate, and then 

keeps the useful information which will be used to predict the future. As a result, the gating 

mechanism in LSTM systematically regulates the flow of information through time and enables 
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the network to learn to keep, remove, and update the information. LSTMs can also be stacked in 

layers like other kinds of NNs. We will further examine how the number of hidden layers in LSTM 

affects the prognostic performance and training time in Section 3.4.4.1.  

Next, we will explore how we model the weight uncertainty resulting from the unknown weight 

parameters 𝑾. First, we place a prior distribution over 𝑾 to perform Bayesian inference. Under 

the Bayesian framework, we recall the likelihood 𝑦|𝑓𝑾ሺ𝒙ሻ~𝑁ሺ𝑓𝑾ሺ𝒙ሻ,𝜎ଶሻ from (3.1). Given the 

training sets 𝑿 and 𝒀, we then look for the posterior distribution over 𝑾 using Bayes’ theorem: 

𝑝ሺ𝑾|𝑿,𝒀ሻ ∝ 𝑝ሺ𝒀|𝑿,𝑾ሻ𝑝ሺ𝑾ሻ. In BDNNs, the posterior 𝑝ሺ𝑾|𝑿,𝒀ሻ is generally not tractable. 

Variational inference sidesteps this difficulty by defining an approximate variational distribution 

𝑞ሺ𝑾ሻ which is computationally tractable, and minimize the Kullback–Leibler (KL) divergence 

between 𝑞ሺ𝑾ሻ and 𝑝ሺ𝑾|𝑿,𝒀ሻ as: 

 
𝐾𝐿൫𝑞ሺ𝑾ሻ||𝑝ሺ𝑾|𝑿,𝒀ሻ൯ ൌ න𝑞ሺ𝑾ሻ logቆ

𝑞ሺ𝑾ሻ
𝑝ሺ𝑾|𝑿,𝒀ሻ

ቇ𝑑𝑾

∝ െන𝑞ሺ𝑾ሻ log൫𝑝ሺ𝒀|𝑿,𝑾ሻ൯𝑑𝑾൅𝐾𝐿൫𝑞ሺ𝑾ሻ||𝑝ሺ𝑾ሻ൯

ൌ െ෍න𝑞ሺ𝑾ሻ log ൬𝑝ቀ𝑦௡ቚ𝑓𝑾ሺ𝒙௡ሻቁ൰ 𝑑𝑾

ே

௡ୀଵ

൅ 𝐾𝐿൫𝑞ሺ𝑾ሻ||𝑝ሺ𝑾ሻ൯. 

(3.5) 

Various researches have been conducted on BDNNs regarding the minimization of the KL 

divergence in (3.5). Here, we apply MC dropout approach which has shown to be easily 

implemented, highly scalable, and computationally efficient [68]. MC dropout showed that by 

choosing a specific form of an approximate distribution, the variational inference of a BDNN can 

be interpreted as performing one forward pass through the BDNN with dropout (referred to as a 

stochastic forward pass). In particular, the approximate distribution 𝑞ሺ𝑾ሻ is factorized over the 
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columns of the weight matrices, i.e., 𝑞ሺ𝑾ሻ ൌ ∏ 𝑞ሺ𝒘௞ሻ
ሺௗାுାଵሻ
௞ୀଵ  where the 𝑘th column of 𝑾 is 

denoted by 𝒘௞. The approximate distribution for 𝒘௞ is defined as a mixture of two Gaussians with 

small variances where one of the Gaussians has a mean zero:  

𝑞ሺ𝒘௞ሻ ൌ 𝑝𝑁ሺ𝒘௞;𝟎,𝜎௩ଶ𝑰ሻ ൅ ሺ1 െ 𝑝ሻ𝑁ሺ𝒘௞;𝜼௞,𝜎௩ଶ𝑰ሻ.  

Here, 𝜼௞ is the variational parameter for the 𝑘th column of 𝑾, 𝑝 is the dropout probability, and 

𝜎௩ଶ is a small variance. With this specific choice of the approximate distribution, one random 

sampling from the approximate posterior distribution is identical to one random output of the 

network where certain columns of 𝑾 are randomly set to zero (dropped) with the probability 𝑝. 

This means that, at the test time, we can repeat multiple stochastic forward passes (for  𝑅 

repetitions) to obtain 𝑅  empirical (Monte Carlo) samples from the approximate posterior 

distribution and compute the unbiased estimators of the mean and variance.  

Specifically, in the context of our study, let 𝑦∗ be the corresponding RUL of a test sample with 

a new input value 𝒙∗ . The approximate predictive distribution is given by  𝑞ሺ𝑦∗|𝒙∗ሻ ൌ

׬ 𝑝ሺ𝑦∗|𝒙∗,𝑾ሻ𝑞ሺ𝑾ሻd𝑾. The first two moments of 𝑞ሺ𝑦∗|𝒙∗ሻ can be empirically estimated using 

moment-matching. First, the predictive mean of 𝑦∗ can be approximated by the sample mean as 

 
𝔼௤ሺ௬∗|𝒙∗ሻሺ𝑦∗ሻ ൎ

1
𝑅
෍𝑝൫𝑦∗ห𝒙∗,𝑾෢௥൯

ோ

௥ୀଵ

ൌ
1
𝑅
෍𝑓𝑾෢ೝሺ𝒙∗ሻ
ோ

௥ୀଵ

, (3.6) 

with 𝑅 random outputs through stochastic forward passes 𝑓𝑾෢ೝሺ𝒙∗ሻ, where 𝑾෢௥~𝑞ሺ𝑾ሻ. In a similar 

way, we can obtain the unbiased estimator of the variance of the variational predictive distribution 

as:  

 
𝑉𝑎𝑟௤ሺ௬∗|𝒙∗ሻሺ𝑦∗ሻ ൎ 𝜎ොଶ ൅

1
𝑅
෍ቀ𝑓𝑾෢ೝሺ𝒙∗ሻቁ

ଶ
ோ

௥ୀଵ

െ ቆ
∑ 𝑓𝑾෢ೝሺ𝒙∗ሻோ
௥ୀଵ

𝑅
ቇ

ଶ

,  (3.7) 
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which is equal to the degradation uncertainty 𝜎ොଶ as estimated in Section 3.3.2.2 plus the weight 

uncertainty represented as the sample variance of 𝑅 stochastic forward passes. The detailed proof 

and the theoretical justifciations of the above estimations can be found in [68].  

3.3.3 Sliding time window  

As mentioned in Section 3.1, one common challenge in degradation applications is that the 

amount of degradation data is often limited due to low signal sampling frequency or high cost for 

data acquisition. One way to alleviate this issue is by using data augmentation. Data augmentation 

aims at increasing the amount of training data by transforming the existing samples to create new 

samples [80]. In this study, instead of creating one training sample from one training system, we 

can generate multiple training samples from one training system by sliding a time window of fixed 

width 𝑛்ௐ over the whole degradation data. While one key challenge for data augmentation is 

how to assign correct labels for the new samples, in the proposed framework, we can 

straightforwardly obtain the new labels by subtracting the signal measurement time from the 

recorded failure time (also called a linear RUL function) or applying a piece-wise linear RUL 

function [56], [60]. Figure 3.3 illustrates how sliding a time window of width 𝑛்ௐ  generates 

multiple training samples from a system with 𝑑 degradation data and assigns the corresponding 

target values (RULs) based on the linear RUL function. For any system whose lifetime is shorter 

 

Figure 3.3 Sliding time window of width 𝑛்ௐ where there are 𝑑 degradation data collected 

from each system. 
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than 𝑛்ௐ, we can create one sample using its full lifetime. The suitable width of the time window 

𝑛்ௐ strongly depends on the characteristics of degrading systems, e.g., signal sampling frequency 

or the average lifetime. For instance, in applications where each system has a long average lifetime 

and shows a unique pattern appearing throughout the long-term period, large 𝑛்ௐ can be applied 

to learn long-term dependencies. We can either adopt domain knowledge or investigate historical 

degradation signals to decide the appropriate value of 𝑛்ௐ. In general, while a larger 𝑛்ௐ conveys 

more information to the model, it will slow down the model training. The effects of 𝑛்ௐ  to 

prognostic performance and model training time will be further investigated in Section 3.4.4.1.  

3.4 Numerical study 

We applied the proposed method to two degradation datasets: turbofan aircraft engines and Li-

ion batteries. For brevity, in this section, we focus on degradation processes of turbofan aircraft 

engines, but refer readers to Appendix for the results using the Li-ion battery dataset. In Section 

3.4.1, we provide the overview of the system and dataset. Section 3.4.2 demonstrates how we 

preprocess the raw degradation data and design the inputs of the proposed framework. Section 

3.4.3 introduces two evaluation metrics used to assess prognostic performance. In Section 3.4.4, 

the effects of hyper-parameters are investigated, and the prognostic results of the proposed method 

and existing benchmark approaches are compared. Additional numerical results analyzing the 

sensitivity and computational costs of the proposed method are also presented in Appendix. 

3.4.1 Overview of the system and dataset 

The multi-sensor signals are generated from C-MAPSS, a commercial software widely used to 

simulate degradation processes of turbofan aircraft engines [81]. The aircraft engine is a 

representative example of modern complex engineering systems, as various types of sensors 
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monitor the engine simultaneously and each engine may have multiple failure modes and operate 

under different operational conditions over time. The degradation in engine performance is due to 

wear and tear according to the usage pattern. Each system (engine) starts with different degrees of 

initial wear and manufacturing variations that are unknown. The dataset includes four sub-datasets 

denoted as FD001, FD002, FD003, and FD004. Each sub-dataset contains one training set and one 

test set. The overview of four sub-datasets is summarized in Table 3.1. Each system collects 21 

sensor signals and 3 operational variables at each cycle time. Table 2.2 gives detailed descriptions 

of these sensor signals and operational variables. The signals for each training system are collected 

until failure, whereas the signals for each testing system are truncated at some random point prior 

to failure. Figure 3.4 shows normalized signal measurements of representative sensors collected 

from Training system 1 in each sub-dataset. From the figure, we can see that even the same types 

of sensors show significantly different degradation patterns and trends depending on the failure 

modes and operational conditions. Compared to the degradation signals collected from the system 

with a single failure mode and a single operational condition (FD001; the first row of plots in 

Figure 3.4), those from the system with multiple failure modes and multiple operational conditions 

(FD004; the last row of plots in Figure 3.4) show less clear degradation trend with larger noise. 

The failure time of all training systems and the actual RULs of all testing systems are also recorded. 

The goal is to accurately estimate the RUL of each testing system. A comprehensive evaluation of 

Table 3.1 Overview of C-MAPSS dataset. 

 Sub-Dataset 

 FD001 FD002 FD003 FD004 

# of Training Systems 100 260 100 248 

# of Testing Systems 100 259 100 248 

# of Environmental Conditions 1 6 1 6 

# of Failure Modes 1 1 2 2 
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the proposed method is carried out on all four sub-datasets to investigate how the proposed method 

performs for such complex systems.  

3.4.2 Data preprocessing 

To provide end-to-end solutions, we use all sensor signals, operational variables, and cycle time 

as inputs, without any sensor selection or feature extraction procedures. We apply min-max 

normalization such that each degradation data is within the range of ሾ0, 1ሿ. Then, the sliding time 

window procedure is applied to the training systems to augment the training dataset. Following 

the existing studies using the same dataset [56], [60], we use a linear RUL function to label the 

RUL value of each training sample. As a result, one training sample contains all 21 sensor signals, 

3 operational variables, and cycle time measured at the most recent 𝑛்ௐ time steps from a certain 

system. The resulted 25 ൈ 𝑛்ௐ input matrixes are fed into the BDNN as one training sample.  

 

Figure 3.4 Normalized signal measurements of representative sensors collected from 

Training system 1 in each sub-dataset.  
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3.4.3 Evaluation metrics 

In assessing the prediction error, we use two evaluation criteria: scoring function and root-

mean-square error (RMSE). The following scoring function has been widely adopted in many 

studies using the same dataset [56], [60], [61]:  

 
𝑠 ൌ ෍ 𝑠௠

ெ

௠ୀଵ

,   𝑠௠ ൌ ቐ
𝑒ି 

ఋ೘
ଵଷ െ 1,    if 𝛿௠ ൏ 0,

𝑒
ఋ೘
ଵ଴ െ 1,    if 𝛿௠ ൒ 0,

  (3.8) 

where 𝑠 is the computed total score, 𝑠௠ is the score of testing system 𝑚, 𝑀 is the number of testing 

systems, and 𝛿௠ ൌ ሺEstimated RUL of testing system 𝑚െ True RUL of testing system 𝑚ሻ. In 

addition to the score, RMSE ൌ ට∑ ఋ೘
మಾ

೘సభ

ெ
 is also selected for evaluation. Note that a smaller score 

and a smaller RMSE correspond to smaller errors between the true and estimated values of the 

RULs, hence better prognostic performance. The above scoring function is an asymmetrical 

function that penalizes late predictions (𝛿௠ ൐ 0) more than early predictions (𝛿௠ ൏ 0). As a 

comparison, RMSE equally penalizes both early and late predictions, and thus it provides fair 

comparisons especially when there are methods which attempt to reduce the score by 

underestimating RULs and favoring early predictions.  

3.4.4 Results and comparison 

3.4.4.1 Effects of hyper-parameters 

In this subsection, the effects of two main hyper-parameters in the proposed framework are 

investigated based on the sub-dataset FD001: the number of hidden layers of BDNN (Bayesian 

LSTM) and the time window width 𝑛்ௐ. As explained in Section 3.3.2.2, since both the inputs 

and outputs of the FFNN part are one-dimensional real values, a shallow architecture is used to 
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save the computational cost. Furthermore, we observe that the FFNN was generally robust to small 

changes in the number of hidden neurons. Thus, the number of hidden layers and the number of 

hidden neurons of the FFNN part are fixed to 1 and 5, respectively.  

To clearly illustrate the effects of the number of hidden layers of BDNN and 𝑛்ௐ, the value of 

one parameter is fixed while another parameter varies. In particular, the number of hidden layers 

of BDNN is set to 2 when the value of 𝑛்ௐ changes. In contrast, 𝑛்ௐ is set to 40 when the number 

of hidden layers of BDNN varies. Then, the number of hidden neurons per hidden layer of BDNN 

and the tuning parameter 𝜆 are optimized via 10-fold cross validation. We train the model using 

RMS-Prop with a learning rate of 0.001, dropout probability of 0.2, and mini-batch size 200. RMS-

prop is an iterative optimization algorithm in which the learning rate is adaptively scaled for each 

dimension according to the accumulated squared gradient at each iteration [82]. As an aside, it is 

worth noting that different values of the learning rate, dropout probability, and mini-batch size 

were used; however, we found that small changes in these parameters did not have a significant 

effect on the prognostic performance, and thus the above values are used to train the model. For 

each trial, 𝑅 ൌ 100 realizations of stochastic forward passes are conducted at the test time. The 

simulations are repeated 20 times for each value of the number of hidden layers of BDNN or 𝑛்ௐ. 

Every trial was executed with two Intel(R) Xeon(R) CPU E5-4620 0 2.20GHz processors and 192 

GB RAM. Figure 3.5 illustrates the score of the testing dataset and model training time according 

to the different number of hidden layers in the BDNN when 𝑛்ௐ is fixed to 40. The results of the 

RMSE present very similar trends to the results of the score, and thus are omitted. We can see that 

it takes a longer time to train the model with more hidden layers. Two hidden layers of BDNN 

lead to the lowest score and achieve the best prognostic performance. Although deeper networks 

can capture more complex patterns in general, they are more likely to overfit the training set due 
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to involving a large number of parameters. Figure 3.6 describes how 𝑛்ௐ affects the score and 

model training time when the BDNN has two hidden layers. Again, the results of the RMSE show 

very similar patterns to the results of the score, and thus are omitted. We can see that the score 

generally decreases, and the model training time increases as more information is included in one 

training sample, i.e., a larger 𝑛்ௐ. Interestingly, after 𝑛்ௐ exceeds 25, further increases in the 

value of 𝑛்ௐ provide only marginal improvements in the score but suffer increased training time. 

One possible reason is that even when 𝑛்ௐ  is larger than 25, the proposed network still 

automatically focuses on the data collected at the most recent 25 time steps since those signals 

present more clear degradation patterns and provide enough information to make the accurate RUL 

prediction.  

3.4.4.2 Comparison with existing methods 

In this subsection, the prognostic performance of the proposed method is compared with the 

results of the following benchmark methods:  

 

Figure 3.5 Average score (circle-marked line), one standard deviation of the score (shaded 

area), and average training time (X-marked line) for different numbers of hidden layers in the 

Bayesian LSTM where 𝑛்ௐ is fixed to 40. 
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(1) The proposed network without the monotonic constraint for the degradation uncertainty 

(2) Conventional deep LSTM directly taking degradation data as inputs and RULs as 

outputs and using the sum of squared error as a loss 

(3) Deep CNN based regression approach (DCNN) [83] 

(4) Multiobjective deep belief networks ensemble (MODBNE) [60] 

(5) Generic health index (HI) approach [84]  

Comparison with Benchmark (1) will show how the consideration of a unique characteristic of 

degradation uncertainties improves the prognostic performance. Benchmark (2) adopts well-

known deep LSTM structures designed for general sequential data. By comparing the proposed 

method with Benchmark (2), we can highlight the benefit of tailoring the network to address the 

distinctive characteristics of degradation modeling and prognostics. Benchmark (3) DCNN and 

Benchmark (4) MODBNE are used as the benchmark methods since they are advanced deep 

networks in the existing literature explicitly designed for degradation modeling and prognostics. 

These models have been shown to outperform a variety of conventional machine learning 

 

Figure 3.6 Average score (circle-marked line), one standard deviation of the score (shaded 

area), and average training time (X-marked line) for different values of 𝑛்ௐ  where the 

number of hidden layers in the Bayesian LSTM is fixed to 2. 
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approaches including multilayer perceptron (MLP), extreme learning machine (ELM), SVM, extra 

tree regressor, random forest, and gradient boosting regarding RUL prediction. However, these 

methods do not provide interval estimations of RULs, and thus the generic HI approach (5) is used 

as another benchmark. The generic HI approach develops a latent linear model to select 

informative sensors and construct one-dimensional health index based on the selected sensors. The 

constructed health index is used to recover the underlying degradation process and to quantify the 

uncertainties in RUL estimations. The HI approach achieved higher prognostic accuracy over 

several other existing data-driven prognostic approaches using the C-MAPSS dataset.  

The proposed method, Benchmarks (1), and (2) apply the sliding time window preprocessing 

with 𝑛்ௐ ൌ 25. In LSTM-based methods (including the proposed method, Benchmarks (1), and 

(2)), the number of hidden layers of LSTM is set to 2 and the number of hidden neurons per hidden 

layer of LSTM is again optimized via 10-fold cross validation. Other detailed training settings 

follow Section 3.4.4.1. The mean and standard deviation of the prognostic performance of each 

method on each of the four sub-datasets are summarized in Table 3.2. Each of the proposed 

method, Benchmarks (1), (2), and (4) are repeated for 10 times to examine the robustness of the 

methods and to obtain the average performance. Note that the standard deviations of the prognostic 

results of Benchmarks (3) and (4) were not provided in the existing studies. The lowest mean and 

standard deviation of score and RMSE for each sub-dataset are highlighted in boldface. We can 

see that the proposed Bayesian DL framework outperforms the benchmark methods by achieving 

the lowest score and RMSE, including when there are multiple operational conditions or multiple 

failure modes (FD002, FD003, and FD004). By imposing the monotonic constraint on degradation 

uncertainties, the proposed method improves the prognostic performance compared to Benchmark 
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(1). For systems with a single failure mode and a single operational condition (FD001), Benchmark 

(2) (the deep LSTM for general purposes) shows comparable performance with other benchmark 

methods. However, when there are multiple failure modes or multiple operational conditions 

(FD002, FD003, and FD004), Benchmark (2) shows significantly higher RMSE and score with 

larger standard deviations than the other DL-based methods. This indicates that although the 

conventional DL architecture developed for general purposes might be used for prognostics of 

simple systems, consideration of the unique characteristics of degradation processes are crucial to 

achieve satisfactory prognostic performance in complex systems.  

 

Table 3.2 The mean and standard deviation (in parentheses) of prognostic results of all 

methods on each of four sub-dataset (the best performance is highlighted in bold). 

  Proposed 

(1) 
Propose 
without 

monotonic 
constraint 

(2) 
 
 

Deep 
LSTM 

(3) 
 
 
 

DCNN 

(4) 
 
 
 

MODBNE 

(5) 
 
 
 

HI 

FD001 
Score 

267.21 
(14.78) 

301.19 
(14.18) 

356.47 
(21.73) 

1286.7 334.23 473.05 

RMSE 
12.19 
(0.22) 

13.59 
(0.36) 

15.11 
(1.42) 

18.45 15.04 15.18 

FD002 
Score 

2007.81 
(87.83) 

2039.38 
(101.86) 

34937.80 
(3351.41) 

13570 5585.34 5631267 

RMSE 
18.49 
(0.34) 

19.65 
(1.56) 

40.98 
(5.85) 

30.29 25.05 63.86 

FD003 
Score 

409.39 
(14.02) 

534.25 
(21.74) 

2095.45 
(244.64) 

1596.2 421.91 905.93 

RMSE 
12.07 
(0.18) 

14.68 
(1.38) 

21.98 
(3.07) 

19.82 12.51 14.76 

FD004 
Score 

2415.71 
(134.12) 

2950.36 
(162.47) 

20986.27 
(3973.22) 

7886.4 6557.62 12798220 

RMSE 
19.41 
(1.61) 

20.27 
(1.84) 

29.78 
(5.31) 

29.16 28.66 75.78 
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Benchmark (5) (the HI approach) shows the comparatively poor performance, especially when 

there are multiple operational conditions. This is because while Benchmark (5) models degradation 

processes as the mixed effect models with a fixed set of basis functions, it is possible that each 

sensor signal shows considerably different degradation forms depending on the operational 

conditions. Nevertheless, Benchmark (5) offers better interpretability and practicality than the 

 

(a) 

 

(b) 

Figure 3.7 Interval estimations of RULs of testing systems in (a) FD001 and in (b) FD004 

by using the proposed network and Benchmark (5) HI approach. The solid line represents the 

actual RULs of testing systems. The solid line represents the actual RULs of testing systems. 

The X markers show the mean plus/minus one standard deviation of RULs estimated using 

the HI approach. The circle markers show the mean plus/minus one standard deviation of 

RULs estimated using the proposed method. 
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existing DL-based prognostic methods since it provides the distributions of estimated RULs 

instead of the point estimations. Figure 3.7 illustrates the estimated mean and uncertainties on the 

RULs of testing systems in (a) FD001 and in (b) FD004 by using the proposed method and 

Benchmark (5). The X markers show the mean plus/minus one standard deviation of RULs 

estimated using Benchmark (5). The circle markers show the mean plus/minus one standard 

deviation of RULs estimated using the proposed method. The interval estimations using 

 

(a) 

 

(b) 

Figure 3.8 Standard deviations of estimated RULs of testing systems in (a) FD001 and in 

(b) FD004 according to the estimated values of RULs by using the proposed network and 

Benchmark (5) HI approach. 



 
85 

Benchmark (5) are slightly shifted along the x-axis for better visualization. Note that Benchmark 

(5) produces invalid estimations (RUL<0) for some testing systems in FD004 and these estimations 

are excluded from the figure. Figure 3.7 (a) shows that the proposed method provides more 

accurate and tighter interval estimations of RULs when there is a single failure mode and a single 

operational condition (FD001). In Figure 3.7 (b), when there are multiple failure modes and 

multiple operational conditions (FD004), Benchmark (5) greatly underestimates the RULs, 

whereas the proposed method gives RUL estimations closer to the true values.  

 Figure 3.8 shows a closer look at Figure 3.7 by focusing on the standard deviations of estimated 

RULs according to the corresponding mean values. Figure 3.8 (a) shows that for both methods in 

FD001, the prediction uncertainties are similar and overall increase as the estimated values of 

RULs increase for the testing systems. When there are multiple failure modes and multiple 

operational conditions (FD004), Figure 3.8 (b) shows that the proposed method controls similar 

prediction uncertainties to the similar estimated RULs. However, the standard deviations are 

significantly inflated with respect to the similar estimated RULs in Benchmark (5). From Figure 

3.7 (b) and Figure 3.8 (b), we can see that the proposed method handles multiple failure modes 

and multiple operational conditions much better than Benchmark (5) by providing more accurate 

RUL estimations and well-controlled degradation uncertainties.  

Next, we explore how the prognostic performance of the proposed method changes with the 

actual RUL values in Figure 3.9. The figure demonstrates that the proposed method in general 

yields smaller absolute errors (|𝛿௠|) and smaller score (𝑠௠) for the testing systems with smaller 

RULs. This indicates that the proposed method provides more accurate RUL predictions as a 

system approaches the end of life, which is important for practical applications.  
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3.5 Conclusion 

In this study, we proposed a novel Bayesian DL framework that performs degradation modeling 

and prognostics in complex systems from a probabilistic point of view. One major obstacle that 

has prevented the use of DL in many degradation applications is that the existing DL-based 

prognostics remain mostly black boxes providing only point estimations of RULs and are not 

tailored to the distinctive characteristics of degradation modeling and prognostics. To overcome 

these issues, the proposed framework enhances the probabilistic interpretability by providing not 

only the final estimated values of RULs, but also the uncertainty quantifications. In particular, the 

proposed framework systematically models two types of uncertainties embedded in degradation 

modeling and prognostics: weight uncertainty and degradation uncertainty, by incorporating 

general characteristics of degradation processes. Furthermore, the proposed Bayesian DL 

framework does not assume any particular type of degradation processes nor the availability of 

domain-specific prior knowledge such as a failure threshold, and thus it can be widely applied to 

(a) (b) 

Figure 3.9 Prognostic performance of the proposed method on each of four sub-datasets 
according to the actual RULs. 
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various complex systems with multiple sensor signals, multiple failure modes, and multiple 

operational conditions. The extensive numerical studies on the degradation of aircraft engines and 

Li-ion batteries showed that the proposed method outperformed the existing benchmark methods 

by achieving higher accuracy and providing well-controlled uncertainty quantifications in complex 

systems. 

There are several potential topics for future work. First, although we combine sensor signals 

and operational variables as one input data, it would be interesting to explore more systematic 

approaches to model sensor signals and operational variables separately. Second, it is worth 

extending the proposed model to adopt the available domain-specific knowledge related to the 

underlying degradation processes, e.g., spatial locations of sensors, and further improve the 

interpretability. Third, in degradation applications, it is common to have missing or asynchronous 

sensor measurements. Further studies are needed to investigate how to efficiently handle those 

issues in the proposed framework. Lastly, there can be various applications where historical 

training dataset with abnormal health condition is unavailable. It would be interesting to address 

this challenge especially from an unsupervised learning point of view. 
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3.6 Appendix 

3.6.1 Comparison of computational costs 

Table 3.3 shows the average computation time of the proposed method and other benchmark 

methods over 10 trials on FD001 sub-dataset. The proposed method, Benchmarks (2) and (5) are 

tested using Intel Core i5-6300U CPU 2.40-GHz and 16-GP RAM. The Benchmark (4) is tested 

with Intel Core i7-3770 3.40-GHz CPU and 16-GB RAM. The training time of Benchmark (3) is 

excluded as the authors of the paper did not provide detailed settings to reproduce the results and 

calculate the computational costs. The table shows that the proposed method yields much lower 

training time than the existing deep learning approach (MODBNE) and comparable training time 

to Deep LSTM (Benchmark (2)). Although the proposed method takes longer training time than 

the existing parametric approach (HI), please note that this training procedure is carried out offline. 

In online, we can obtain the interval estimations of RUL which take around 0.1s seconds using 

two Intel(R) Xeon(R) CPU E5-4620 0 2.20GHz processors and 192 GB RAM and around 0.5s 

using Intel Core i5-6300U CPU 2.40-GHz and 16-GP RAM. To obtain the interval estimation, we 

repeat multiple stochastic forward passes (for  𝑅 repetitions) to obtain 𝑅 empirical (Monte Carlo) 

samples. Owing to these samples being independent, computation time can be further reduced by 

using parallel computing if needed in practice. 

Table 3.3 Average model training time of the proposed method and other benchmark 

approaches on FD001. 

 The Proposed 
Method 

Deep 
LSTM 

(Benchmark(2)) 
MODBNE 

(Benchmark(4)) 
HI 

(Benchmark(5)) 
Average Model 
Training Time 

(s) 
1014.75 961.47 1153760.67 0.85 
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3.6.2 Numerical study – Li-ion battery 

In this section, we further apply the proposed method to predict the RULs of Li-ion batteries. 

In Section 3.6.2.1, we provide an overview of the system and dataset. Section 3.6.2.2 demonstrates 

how we preprocess the raw degradation data and presents the prognostic results of the proposed 

method. 

3.6.2.1 Overview of the system and dataset 

In this dataset [85], a set of four 18650 Li-ion batteries (RW1, RW2, RW7 and RW8) were 

continuously operated under a randomly generated sequence of charging and discharging profiles 

(also referred to as random walk discharging). Each system (battery) starts from a fully charged 

cell in a stationary condition. At each cycle time, three sensor signals are collected from a battery: 

voltage, current and temperature. Here, we consider the last signal measurement time of each 

battery as its failure time. More detailed experimental settings can be found in [85]. 

3.6.2.2 Data preprocessing and results  

We first conduct similar data preprocessing procedures to 3.4.2. Specifically, min-max 

normalization is applied to all three sensor signals, such that each degradation data is within the 

range of [0, 1]. Then, the sliding time window procedure is applied to the training systems to 

augment the training dataset. The hyper-parameters are optimized via 10-fold cross validation: 

𝑛்ௐ ൌ 10, the number of hidden layers of BDNN is set to 2, the number of hidden neurons per 

hidden layer of BDNN is set to 20. 

Out of four batteries, the first three batteries (RW1, RW2 and RW7) are used to train the model 

while the fourth battery (RW8) is used to test the model. The RUL prediction results of RW8 are 
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illustrated in Figure 3.10. We can see that as the battery approaches the failure, the proposed 

method provides more accurate and tighter interval estimations of RULs.  

  

 
Figure 3.10 Estimated RULs of RW8. The black dashed line represents the actual RULs of 

RW8. The X marker line shows the mean of estimated RULs using the proposed method. The 
shaded areas show the one and two standard deviations of the estimated RULs. 
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Chapter 4 Individualized Degradation Modeling and 

Prognostics in a Heterogeneous Group via 

Incorporating Intrinsic Covariate Information 

4.1 Introduction 

Degradation modeling and prognostics have been widely applied in practice to accurately monitor 

and predict the degradation process of a unit (e.g., a system, equipment, and a patient) based on 

the collected sensor signals. For instance, in many manufacturing applications, it is crucial to 

properly infer the underlying degradation status of a system and predict its RUL to minimize the 

economic losses and safety risks from the unexpected failure. In healthcare, accurate modeling and 

predicting the progression of Alzheimer’s disease, which is a neurodegenerative disorder, can 

assist in early disease diagnosis and efficient treatment strategy, and reduce unnecessary medical 

costs for the patients [31], [86].   

In the past, many approaches have assumed all units in a group are identical and constructed a 

group-level degradation model that all units share [7]. These methods often model the distribution 

of the failure time for the entire group using time-based parametric distributions (e.g., Weibull) 

and ignore the variations among individuals, and thus leads to significant prognostic errors. To 

overcome these shortcomings, recent approaches have applied mixed-effect models for the 

degradation signals, where random-effect parameters are used to characterize unit-to-unit 

variations [84], [87]. In particular, these methods update the posterior distribution of the random-

effect parameters of each unit separately once the new degradation signals are collected from the 

unit. Consequently, when the degradation signals of the units of interest are not sufficient or 
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unavailable, these methods are either inapplicable or can only provide predictions according to the 

group-level behavior, which leads to large prediction uncertainties.  

In many applications, whereas all units in a group share some similarities, each unit has its own 

distinct individual-level characteristics, such as the manufacturing design information of 

engineering systems and the risk factors of patients, which we refer to as covariates hereafter. The 

covariates of a unit can provide valuable information about the degradation process along with the 

degradation signals. A group of units often degrade according to a similar trend, but follow 

different paths depending on these covariates. In this study, we assume the existence of the relation 

between the degradation path and the covariates and thus different units with different covariates 

have different degradation paths. Furthermore, we mainly focus on the cases where the potential 

covariates that may affect the degradation process of a unit are known from experiments or domain 

experts, yet the exact relation is unknown. Below are some specific application examples: 

 Void swelling: Void swelling is a nuclear-specific material degradation mechanism that causes 

an increase in volume of components exposed to high-energy neutrons at higher temperatures 

[32]. Various swelling processes of ferritic-martensitic and ferritic-ODS alloys are shown in 

Figure 4.1 (a) [88]. The general trends in swelling as a function of dose for steels are shown in 

Figure 4.1 (b). Void swelling is affected by many covariates such as alloy composition and 
 

 
(a) 

 
(b) 

 

 
(c) 

Figure 4.1 Practical examples of degradation processes of various heterogeneous groups: (a) 

and (b) Void swelling, and (c) Drug potency.  
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material structure. How to effectively model the complex relations between these covariates 

and degradation process, predict the future evolution and extend the degradation period is the 

key to mitigating the effect of swelling and ensuring safe operation. 

 Drug potency: Development of a new drug involves performing a stability study to determine 

the drug’s shelf life (lifetime). As the potency of a drug degrades over time, its shelf life is 

defined as the time interval that the drug potency (e.g., strength) will remain within the 

approved specifications after manufacture. Figure 4.1 (c) illustrates the drug potency 

degradation processes of 24 batches of a drug product over a 36-month period [89]. It is crucial 

to understand how different characteristics of a drug (e.g., solubility, melting point, 

formulation) affect degradation processes of drug potency to ensure the quality and safety of 

the drug. 

 Progression of the Alzheimer’s disease: The declination of cognitive status of the Alzheimer’s 

disease patients can be also viewed as one example of degradation processes of a 

heterogeneous group. It possesses commonalities resulting from the progression of the same 

disease, while each patient has unique covariates, e.g., the demographic, genetic, and imaging 

information. Figure 4.9 shows examples of how cognitive status of the Alzheimer’s disease 

patients change. We will discuss this dataset in more detail in Section 4.5.1. As mentioned 

earlier, accurate modeling and predicting the progression of the disease is crucial for early 

disease diagnosis and efficient treatment strategy, and reducing unnecessary medical costs. 

In this study, the term “covariates” refers to the static intrinsic characteristics of units (e.g., 

genetic information of patients). Thus, the term “covariates” in this study is distinguished with 

some existing studies especially on accelerated degradation tests, where “covariates” often refers 

to dynamic external factors such as environmental stresses [90]–[92]. Dynamic external covariates 
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are often modeled to accelerate or decelerate the degradation process, while intrinsic covariates in 

the proposed study are modeled to inherently characterize the degradation process itself. For 

instance, Hong et al. [93] used the cumulative exposure model to describe the effect of dynamic 

covariates on the parametric failure time distribution, which assumes the dynamic environmental 

covariates can increase or decrease the degradation rate. The main difference is that intrinsic static 

covariates do not change over time, while external covariates do. For example, in void swelling 

application, the alloy composition of a unit is its basic nature and does not change over time. On 

the other hand, the external conditions such as temperature also affect the degradation process of 

the unit, yet it can change over time.  

Another widely used approach that incorporates covariates for degradation modeling is through 

the Cox proportional hazards model (PHM) [28]. Specifically, the PHM assumes that the hazard 

rate 𝜆ሺ𝑡|𝑥ሻ of a unit at a given time 𝑡 consists of two multiplicative factors, a baseline hazard 

function 𝜆଴ሺ𝑡ሻ and an exponential term expሺ𝛽𝑥ሻ based on covariates 𝑥. Then, the PHM measures 

the impact of covariates on the hazard by 𝜆ሺ𝑡|𝑥ሻ ൌ 𝜆଴ሺ𝑡ሻ expሺ𝛽𝑥ሻ. Unlike the proposed method 

where the covariates are static intrinsic characteristics affecting degradation signals, existing 

PHM-based prognostic methods often directly use observed degradation signals or their features 

as covariates [29], [30]. For instance, in Liao et al. [30], the features extracted from vibration 

signals (e.g., kurtosis) of bearings are used as covariates. This is certainly different from the 

intrinsic covariates defined in this study. In the proposed model, the intrinsic covariates are the 

static characteristics of bearings such as bearing type or boundary dimensions while vibration 

signals are dynamically changing over time. Various extensions of the PHM have been studied in 

the literature [92], [94], [95]; however, such approaches still carry out modeling and prognostics 
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of each in-service unit separately and fail to fully leverage the information from other in-service 

units and historical units. 

To fill this literature gap, this study develops a generic degradation modeling framework to 

effectively characterize relations between the intrinsic covariate information and degradation 

processes. The proposed method is inspired by transfer learning, also known as multi-task learning 

in some context, which refers to transferring knowledge or information from related tasks or 

domains to improve the model accuracy for a target task or domain [96]. In recent years, transfer 

learning has emerged as a powerful technique which can benefit the learning of all tasks via 

appropriate information modeling and transfer between similar tasks [97]. A comprehensive 

review on transfer learning can be found in Pan and Yang [97] and Weiss et al. [96].  

The major contributions of this work are summarized as follows. First, based on the covariates 

of any two units, we use a kernel function to quantify their similarities and adopt the multivariate 

Gaussian process (MGP) to jointly model their degradation processes. Second, the information in 

the degradation signals collected from one unit can be effectively transferred to other units and 

shared with the entire group to improve degradation modeling and prognostics of all individual 

units. This means that even if there are no new signals collected from an in-service unit, the 

uncertainties in its RUL prediction can still be decreased as long as new signals are collected from 

other similar units. As a comparison, most of the existing prognostic approaches based on a 

Bayesian framework only update the modeling and prediction of the in-service units collecting 

new signals. Third, the proposed new approach leads to better individualized degradation modeling 

and prognostics, even when the units of interest have collected only sparse or no degradation 

signals. This is because the model utilizes basis functions to represent group-level commonalities 
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and transfers information from one unit to another to compensate for the data shortage of the units 

of interest.  

The rest of this article is organized as follows. In Section 4.2, we review the existing literature 

on degradation modeling and prognostics of multiple units and those employing the transfer 

learning idea. Section 4.3 describes the details of the proposed generic framework. Section 4.4 

conducts a series of simulation studies to illustrate the effectiveness and to evaluate the sensitivity 

of the proposed method. Section 4.5 further demonstrates the proposed method based on the 

Alzheimer’s Disease Neuroimaging Initiative (ADNI) dataset and compares the results with the 

existing benchmark methods. Section 4.6 provides our concluding remarks and a discussion of 

future research directions.  

4.2 Literature Review 

In this section, we briefly review the relevant literature which considered the degradation 

modeling and prognostics of multiple units. In the past, extensive efforts have been made to offline 

model the distribution of the failure time for the entire group using time-based parametric 

distributions [34], [98]. For instance, Goode et al. [98] used two Weibull distributions to model 

the “installation to potential failure” and the “potential failure to functional failure”, and presented 

a group-level RUL prediction method. One crucial limitation is that pooling the information from 

all units together fails to consider individual variations. This may lead to significant prognostic 

errors, especially when the methods are applied to a heterogeneous group in which each unit shows 

a distinct degradation process.  

To characterize unit-to-unit variations, Lu and Meeker [1] proposed a mixed-effect model to 

describe the degradation processes of multiple units by considering both group-level trends and 

individual variations through fixed and random effects, respectively. As an extension of this work, 
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Gebraeel [2] introduced a Bayesian framework to online update the RUL prediction of an in-

service unit, once the new degradation signals of this unit are collected. Hong et al. [27] further 

extended the model by explicitly incorporating the effects of dynamic environmental conditions 

(e.g., UV spectrum and intensity, temperature, and humidity). In particular, the method proposed 

in [27] assumes the additive effects of dynamic environmental conditions. Note that as discussed 

in Section 4.1, these dynamic environmental conditions are different from the covariates defined 

in this study which are intrinsic characteristics of each unit. Recently, Lin et al. [31] proposed a 

collaborative learning framework for degradation modeling and prognostics of a heterogeneous 

group by using the idea of canonical models and model regularization. One drawback of these 

approaches is that the units can only share knowledge through a common prior distribution. In 

other words, the random-effect parameters of an in-service unit are updated only based on its own 

degradation signal, whereas the information from the historical units is only used to characterize 

the group-level behavior.   

Recently, several approaches to transferring knowledge in degradation modeling and 

prognostics have been proposed. For example, Li et al. [99] proposed a transfer learning method 

based on PHM, called Transfer-Cox, where the 𝐿ଶ,ଵ-norm penalty is used to infer the common 

sparseness of source and target domains, and then learn shared low-dimensional features for 

knowledge transfer. Zou et al. [100] developed a transfer learning method for modeling of 

degenerate biological systems under the Bayesian framework. Specifically, the model first 

constructs a graph to represent the qualitative knowledge about the degeneracy, and then converts 

it into a Laplacian matrix to specify and transfer the model parameters of the source and target 

domains. Recently, Kontar et al. [101] proposed a multi-task learning approach based on Gaussian 

process regression for degradation modeling and prognostics by treating each degradation signal 
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as an individual task. Although Gaussian process regression performs well in interpolating test 

data, its extrapolation performance deteriorates significantly when the test data (in-service units) 

are far different from the training data (historical units) [102]. Further, one common limitation is 

that these studies do not consider the intrinsic covariate information to quantitatively model the 

similarities of units, and thus the models are inapplicable for a newly launched unit.  

In summary, existing methods do not take full advantage of the available information embedded 

in both the collected signals and covariates when performing degradation modeling and 

prognostics. To fill this literature gap, this study develops a generic degradation modeling 

framework to effectively quantify similarities between different units based on their intrinsic 

covariates. In particular, we use basis functions to explicitly model the group-level behaviors while 

employing the MGP to capture individual-level characteristics simultaneously. As a result, the 

information transfer among units arises in a natural and principled way, which thus enhances the 

individualized degradation modeling and prognostics. 

4.3 Methodology 

4.3.1 Proposed Degradation Framework Incorporating Covariate 
Information 

Suppose there are 𝐼 heterogeneous units in a group with a single operation condition and a 

single failure mode. For unit 𝑖 ∈ ሼ1,⋯ , 𝐼ሽ, let 𝐿௜ሺ𝑡ሻ be the signal measurement collected at time 𝑡 

(𝑡 ൌ 0 refers to the time when the unit was newly launched). The covariates of unit 𝑖 are denoted 

by 𝒙௜ ൌ ൣ𝑥௜,ଵ,⋯ , 𝑥௜,௦ ൧
்
∈ ℝ௦ൈଵ , where 𝑠  is the total number of covariates of each unit. The 

specific form of 𝐿௜ሺ𝑡ሻ is not required; however, without loss of generality, here we decompose 

𝐿௜ሺ𝑡ሻ as 
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 𝐿௜ሺ𝑡ሻ ൌ 𝝍ሺ𝑡ሻ𝚪௜ ൅ 𝜀௜ሺ𝑡ሻ,   (4.1) 

where 𝝍ሺ𝑡ሻ ൌ ሾ𝜓ଵሺ𝑡ሻ,⋯ ,𝜓௉ሺ𝑡ሻሿ ∈ ℝଵൈ௉ contains a set of basis functions with respect to time 𝑡 

(e.g., 𝝍ሺ𝑡ሻ ൌ ሾ1, 𝑡, … , 𝑡௉ିଵሿ can be used to represent the ሺ𝑃 െ 1ሻthorder polynomial model), 𝚪௜ ൌ

ൣΓ௜,ଵ,⋯ , Γ௜,௉൧
்
∈ ℝ௉ൈଵ refers to the random-effect coefficients for unit 𝑖, and 𝜀௜ሺ𝑡ሻ~𝑁ሺ0,𝜎௜

ଶሻ is 

the independently distributed noise. Since units in the group exhibit similar degradation 

mechanisms (e.g., the engine wear of a group of forklifts, the progression of a certain disease for 

a group of patients), it is reasonable to consider the same set of basis functions 𝝍ሺ𝑡ሻ among all 

units to capture the commonalities of the group. We may either adopt domain knowledge or 

investigate the historical degradation signals to decide the appropriate form of the basis functions. 

For instance, it is known that the void swelling follows a transient period at low dose until reaching 

a steady-state growth as shown in Figure 4.1 (b). Therefore, piecewise linear or quadratic basis 

functions can be used. As another example, Figure 4.9 shows the progression curve (declination 

of cognitive function) of the Alzheimer’s disease for patients. We can observe that patients show 

similar quadratic degradation (progression) trends. According to the previous studies, 𝝍ሺ𝑡ሻ ൌ

ሾ1, 𝑡, 𝑡ଶሿ is appropriate to be used to represent the group-level commonalities among all units 

(patients) for modeling Alzheimer’s disease [31], [86], [103]. However, the random-effect 

coefficients 𝚪௜  and 𝜎௜
ଶ  are unique to unit 𝑖 , which capture the unique individual-level 

characteristics. As a result, this model allows flexible yet distinct degradation paths for different 

units. In applications where the degradation paths have a complex form, data-driven basis 

functions such as functional principal components analysis (FPCA) or spline functions can be 

used. Similar to the conventional PCA, FPCA finds the set of orthogonal principal component 

functions that maximize the variance along each component [104]. In prognostics literature, FPCA 
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has been used to analyze degradation signals and led good RUL prediction performance [105], 

[106].  

Figure 4.2 illustrates the proposed generic framework, where each node represents a single unit, 

and 𝜂௜ሺ𝑡ሻ ൌ 𝝍ሺ𝑡ሻ𝚪௜  refers to the underlying degradation process of unit 𝑖. The connected line 

between any two nodes (units) in the group characterizes their similarities. In this figure, units 1, 

2, and 3 represent historical units, and unit 𝐼 represents a partially degraded in-service unit. The 

dashed lines represent the similarities between the historical units and the in-service unit, while 

the solid lines represent the similarities within the historical units. The proposed method assumes 

the existence of a relation between random-effect coefficients 𝚪  and covariates 𝒙  of the 

corresponding unit, i.e., a mapping 𝚪 ൌ ℱሺ𝒙ሻ. In this study, we consider a nonparametric method 

using MGP to approximate the mapping ℱ, i.e., 𝚪ሺ𝒙ሻ~ℳ𝒢𝒫൫𝒎ሺ𝒙ሻ,𝑲ሺ𝒙,𝒙ᇱሻ൯, where 𝒎ሺ𝒙ሻ is the 

mean function and 𝑲ሺ𝒙,𝒙ᇱሻ is the covariance function.  

Many studies have shown that the MGP (an extension of the univariate GP) is a very powerful 

tool for modeling the vector-valued outputs 𝚪ሺ𝒙ሻ at any inputs 𝒙 ∈ ℝ௦ൈଵ. Here, we choose the 

MGP due to its great flexibility to establish the non-parametric relation between 𝚪 and 𝒙, the 

interpolation capability at any input 𝒙 , and the ability to quantify prediction uncertainties. 

Specifically, for unit 𝑖 with covariates 𝒙௜, the prior distribution of the random-effect coefficients 

𝚪ሺ𝒙௜ሻ ൌ 𝚪௜ follows a multivariate normal distribution with mean 𝒎ሺ𝒙௜ሻ and variance 𝑲ሺ𝒙௜ ,𝒙௜ሻ, 

i.e., 𝚪௜~MVN൫𝒎ሺ𝒙௜ሻ,𝑲ሺ𝒙௜ ,𝒙௜ሻ൯ . Note that the normal assumption of the random-effect 

coefficients 𝚪 has been widely used in the existing literature [20], [24], [41], and we will consider 

the relaxation of the normal assumption in the future study. For any two units 𝑖, 𝑗 ∈ ሼ1,⋯ , 𝐼ሽ, the 

covariance between the random-effect coefficients 𝚪௜  and 𝚪௝  is quantified by 𝐶𝑜𝑣൫𝚪௜ , 𝚪௝൯ ൌ

𝑲൫𝒙௜ ,𝒙௝൯. Two units with closely related covariates, e.g., Alzheimer’s disease patients with the 
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same ApoE genotypes, would be assigned with a large covariance which eventually leads to similar 

degradation processes.  

This model differs from the existing methods in two fundamental aspects. First, existing 

methods use a common prior distribution of random-effect coefficients for all units. In contrast, in 

our method, the prior distribution of 𝚪௜ is tailored to each unit according to its covariates 𝒙௜, and 

thus it is very flexible and suitable for dealing with the heterogeneous group. Second, whereas 

most existing methods treat each unit separately, in our method, the covariance 𝑲ሺ𝒙௜ ,𝒙௝ሻ enables 

us to quantify the similarities between different units, and thus enables effective information 

transfer. In effect, this means that sensor signals collected from one unit contain not only the 

information about the degradation status of the unit itself, but also the information to be transferred 

to other units. As a result, the proposed framework allows us to well characterize the unique 

degradation path of each unit while taking full advantage of the available information embedded 

in the collected signals and covariates of units for more accurate degradation modeling and 

prognostics. 

Next, we discuss how to specify 𝒎ሺ𝒙ሻ and 𝑲ሺ𝒙,𝒙′ሻ in detail. Regarding the mean function, one 

possible approach is to consider the regression-based techniques. Alternatively, in the numerical 

studies of this study, we focus on the zero mean function 𝒎ሺ𝒙ሻ ൌ 𝟎, which has been widely used 

in the literature due to the flexibility of the MGP model [107]. The central challenge here is how 

to model the covariance function of the vector-valued outputs 𝚪௜ . In the literature, one typical 

approach is to model the outputs with a separable covariance structure, i.e., via the product of two 

correlation functions [108]. Yet, since the separable covariance assumption restricts the model to 

have just one between-outputs correlation function for all the outputs, it may result in poor 

predictions in some cases [109]. Thus, in this study, we adopt the convolution process to construct 
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the nonseparable covariance function [110], [111], which is more flexible. In particular, let 𝚪ሺ𝒙ሻ ൌ

ሾΓଵሺ𝒙ሻ,⋯ , Γ௉ሺ𝒙ሻሿ்  and 𝒎ሺ𝒙ሻ ൌ ሾ𝑚ଵሺ𝒙ሻ,⋯ ,𝑚௉ሺ𝒙ሻሿ் . For each Γ௣଴ሺ𝒙ሻ ൌ Γ௣ሺ𝒙ሻ െ 𝑚௣ሺ𝒙ሻ , 𝑝 ൌ

1, … ,𝑃, we construct the output using a convolution process Γ௣଴ሺ𝒙ሻ ൌ ∑ 𝑘௤,௣ሺ𝒙ሻ ⋆ 𝑍௤ሺ𝒙ሻ௉
௤ୀଵ ൌ

∑ 𝑘௤,௣ሺ𝒖׬ െ 𝒙ሻ𝑍௤ሺ𝒖ሻ𝑑𝒖௉
௤ୀଵ , where ⋆  denotes a kernel convolution, 𝑘௤,௣ሺ𝒙ሻ  is a smoothing 

kernel, and 𝑍௤ሺ𝒙ሻ is a white noise process, i.e., 𝐸ൣ𝑍௤ሺ𝒙ሻ൧ ൌ 0, 𝐶𝑜𝑣 ቀ𝑍௤ሺ𝒙ሻ,𝑍௤ሺ𝒙ᇱሻቁ ൌ 0 for 𝒙 ്

𝒙ᇱ, and 𝑉𝑎𝑟ൣ𝑍௤ሺ𝒙ሻ൧ ൌ 1. The 𝑃 white noise processes 𝑍ଵሺ𝒙ሻ,⋯ ,𝑍௉ሺ𝒙ሻ can be regarded as a set of 

basis functions to construct the MGP. Accordingly,  𝐶𝑜𝑣 ቀ𝚪௣ሺ𝒙ሻ, 𝚪௣ᇲሺ𝒙
ᇱሻቁ ൌ ∑ 𝑘௤,௣ሺ𝒖׬ െ௉

௤ୀଵ

𝒙ሻ𝑘௤,௣ᇲሺ𝒖 െ 𝒙ᇱሻ 𝑑𝒖. In this way, we are able to construct the covariance matrix for 𝚪ሺ𝒙ሻ at any 𝒙 

and 𝒙ᇱ as follows: 

 
𝑲ሺ𝒙,𝒙ᇱሻ ൌ ቎

𝐶𝑜𝑣൫Γଵሺ𝒙ሻ, Γଵሺ𝒙ᇱሻ൯ ⋯ 𝐶𝑜𝑣൫Γଵሺ𝒙ሻ, Γ୔ሺ𝒙ᇱሻ൯
⋮ ⋱ ⋮

𝐶𝑜𝑣൫Γ୔ሺ𝒙ሻ, Γଵሺ𝒙ᇱሻ൯ ⋯ 𝐶𝑜𝑣൫Γ୔ሺ𝒙ሻ, Γ୔ሺ𝒙ᇱሻ൯
቏.  (4.2) 

One potential challenge here is that 𝑲ሺ𝒙,𝒙ᇱሻ may be computationally expensive. To address 

this issue, we may consider the Gaussian kernel function, which provides an analytical expression 

of 𝑲ሺ𝒙,𝒙ᇱሻ. Specifically, let the kernel be a scaled Gaussian kernel as follows: 

   𝑘௤,௣ሺ𝒙ሻ ൌ 𝛼௤,௣MVN൫𝒙ห𝝁௤,௣,𝚲௤,௣
ିଵ ൯

ൌ
𝛼௤,௣ටห𝚲௤,௣ห

ඥሺ2𝜋ሻ௦
𝑒𝑥𝑝 ൜െ

1
2
൫𝒙 െ 𝝁௤,௣൯

୘
𝚲௤,௣൫𝒙 െ 𝝁௤,௣൯ൠ 

(4.3) 

where 𝛼௤,௣ is a constant, 𝝁௤,௣ is the mean vector, and 𝚲௤,௣ is the precision matrix of the Gaussian 

kernel. Since the convolution of two multivariate Gaussians is also a multivariate Gaussian, we 

can write the covariance as  
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𝐶𝑜𝑣 ቀΓ௣ሺ𝒙ሻ, Γ௣ᇲሺ𝒙
ᇱሻቁ ൌ  ෍𝛼௤,௣𝛼௤,௣ᇲMVN൫𝒙 െ 𝒙ᇱห𝝁௤,௣ െ 𝝁௤,௣ᇲ ,𝐂௤,௣,௣ᇲ൯

୔

௤ୀଵ

ൌ ෍
𝛼௤,௣𝛼௤,௣ᇲ

ටሺ2𝜋ሻ௦ห𝐂௤,௣,௣ᇲห
𝑒𝑥𝑝 ൜െ

1
2
ቀሺ𝒙 െ 𝒙ᇱሻ െ ൫𝝁௤,௣ െ 𝝁௤,௣ᇲ൯ቁ

୘
𝐂௤,௣,௣ᇲ

ିଵ ቀሺ𝒙 െ 𝒙ᇱሻ
୔

௤ୀଵ

െ ൫𝝁௤,௣ െ 𝝁௤,௣ᇲ൯ቁൠ 

where 𝐂௤,௣,௣ᇲ
ିଵ ൌ ൫𝚲௤,௣

ିଵ ൅ 𝚲௤,௣ᇱ
ିଵ ൯

ିଵ
ൌ 𝚲௤,௣൫𝚲௤,௣ ൅ 𝚲௤,௣ᇱ൯

ିଵ
𝚲௤,௣ᇱ.  

Note that other kernel functions can be incorporated in MGP as well. For example, we can use 

a separable covariance structure with a linear kernel function to consider the case when the relation 

between 𝚪 and 𝒙 is simple and approximately linear, which may save computational costs and 

avoid overfitting. 

In the cases where units have categorical covariates (e.g., model type), we may apply 

conventional transformations from categorical values to continuous values (e.g., one-hot 

encoding) or use Gaussian processes explicitly designed for both categorical and continuous inputs 

[112]. For instance, consider the general case with 𝐽 categorical covariates 𝒛 ൌ ൣ𝑧ଵ, … , 𝑧௃൧, where 

𝑧௝ has 𝑚௝ levels. Following Qian et al. [112], we can introduce an 𝑚௝ ൈ𝑚௝ positive definite matrix 

with unit diagonal elements 𝒯௝ ൌ ሺ𝜏௝,௭ೕ,௭ೕ
ᇲሻ and extend the covariance function as follows: 

𝐶𝑜𝑣 ቀΓ௣ሺ𝒛,𝒙ሻ, Γ௣ᇲሺ𝒛
ᇱ,𝒙ᇱሻቁ ൌ  ෑ𝜏௝,௭ೕ,௭ೕ

ᇲ

௃

௝ୀଵ

෍න𝑘௤,௣ሺ𝒖 െ 𝒙ሻ𝑘௤,௣ᇲሺ𝒖 െ 𝒙ᇱሻ 𝑑𝒖

୔

௤ୀଵ

. 

This is also a valid covariance function as it is the product of two valid covariance functions. 
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4.3.2 Parameter Estimation 

For the proposed modeling framework in Section 4.3.1, the parameters to be estimated include 

the ones in 𝒎ሺ𝒙ሻ and 𝑲ሺ𝒙,𝒙ᇱሻ, and the variance of the random noise 𝜎௜
ଶ. Let 𝛀𝒎 be the set of 

parameters in 𝒎ሺ𝒙ሻ, 𝛀௞ሺ𝑞,𝑝ሻ ൌ ൛𝛼௤,௣,𝚲௤,௣,𝝁௤,௣ൟ be the set of parameters in the kernel function 

𝑘௤,௣ሺ𝒙ሻ, 𝛀𝑲 ൌ∪௤,௣ 𝛀௞ሺ𝑞, 𝑝ሻ be the set of parameters in 𝑲ሺ𝒙,𝒙ᇱሻ, and 𝛀𝜺 ൌ ሼ𝜎௜
ଶ, 𝑖 ൌ 1, … , 𝐼ሽ. 

Let 𝚪 ൌ ሾ𝚪ଵ;⋯ ;𝚪ூሿ ∈ ℝூ௉ൈଵ be all the random-effect coefficients and 𝑿 ൌ ሾ𝒙ଵ;⋯ ;𝒙ூሿ ∈ ℝூ௦ൈଵ 

be all the covariates of the units. Denote 𝒎ሺ𝑿ሻ ൌ ൭
𝒎ሺ𝒙ଵሻ
⋮

𝒎ሺ𝒙ூሻ
൱ ∈ ℝூ௉ൈଵ  and 𝑲ሺ𝑿,𝑿ሻ ൌ

൥
𝑲ሺ𝒙ଵ,𝒙ଵሻ ⋯ 𝑲ሺ𝒙ଵ,𝒙ூሻ

⋮ ⋱ ⋮
𝑲ሺ𝒙ூ ,𝒙ଵሻ ⋯ 𝑲ሺ𝒙ூ ,𝒙ூሻ

൩ ∈ ℝூ௉ൈூ௉. For unit 𝑖, let the collected degradation signals be 𝑳௜ ൌ

ൣ𝐿௜൫𝑡௜,ଵ൯,⋯𝐿௜൫𝑡௜,௡೔൯൧
்
∈ ℝ௡೔ൈଵ, where 𝑡௜,௝ is the 𝑗th signal measurement time of unit 𝑖, and 𝑛௜ is 

the total number of signal measurements of unit 𝑖 . Note that one advantage of the proposed 

approach is that the signals do not have to be collected at equidistant times. Denote 𝑳 ൌ

ሾ𝑳ଵ; … ;𝑳ூሿ ∈ ℝሺ∑௡೔ሻൈଵ  to be the concatenated degradation signals, 𝚿 ൌ ൥
𝚿ଵ ⋯ 𝟎
⋮ ⋱ ⋮
𝟎 ⋯ 𝚿ூ

൩ ∈

ℝሺ∑௡೔ሻൈூ௉  to be the design matrix, and 𝜺 ൌ ሾ𝜺ଵ;⋯ ; 𝜺ூሿ ∈ ℝሺ∑௡೔ሻൈଵ to be all errors, where 𝚿௜ ൌ

቎
𝝍൫𝑡௜,ଵ൯

⋮
𝝍ሺ𝑡௜,௡೔ሻ

቏ ∈ ℝ௡೔ൈ௉ and 𝜺௜ ൌ ቎
𝜀௜ሺ𝑡௜,ଵሻ

⋮
𝜀௜ሺ𝑡௜,௡೔ሻ

቏ ∈ ℝ௡೔ൈଵ. Then, (4.1) can be rewritten in the matrix form: 

 𝑳 ൌ 𝚿𝚪 ൅ 𝜺.  (4.4) 

Since 𝚪~MVN൫𝒎ሺ𝑿ሻ,𝑲ሺ𝑿,𝑿ሻ൯, 𝑳 also follows the multivariate normal distribution with 

 𝐸ሺ𝑳ሻ ൌ 𝚿𝒎ሺ𝑿ሻ and 𝑉𝑎𝑟ሺ𝑳ሻ ൌ 𝚿𝑲ሺ𝑿,𝑿ሻ𝚿் ൅ 𝚺𝜺.  (4.5) 
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Here, 𝚺𝜺 ൌ diag൫𝜎ଵ
ଶ𝑰௡భൈ௡భ ,⋯ ,𝜎ூ

ଶ𝑰௡಺ൈ௡಺൯ ∈ ℝ
ሺ∑௡೔ሻൈሺ∑௡೔ሻ, where 𝑰௡ൈ௡  is a 𝑛 ൈ 𝑛 identity matrix. 

To estimate the parameters, we can apply the maximum likelihood estimation (MLE) approach:  

൫𝛀෡𝒎,𝛀෡𝑲,𝛀෡𝜺൯ ൌ argmax
𝛀𝒎,𝛀𝑲,𝛀𝜺

log 𝐿௣ሺ𝑳|𝛀𝒎,𝛀𝑲,𝛀𝜺ሻ. 

Here, log 𝐿௣ሺ𝑳|𝛀𝒎,𝛀𝑲,𝛀𝜺ሻ ൌ െ ଵ

ଶ
log|𝚿𝑲ሺ𝑿,𝑿ሻ𝚿் ൅ 𝚺𝜺| െ ଵ

ଶ
൫𝑳 െ 𝚿𝒎ሺ𝑿ሻ൯

்
ሺ𝚿𝑲ሺ𝑿,𝑿ሻ𝚿் ൅

𝚺𝜺ሻିଵ൫𝑳 െ 𝚿𝒎ሺ𝑿ሻ൯ . Solving this optimization problem is computationally expensive as it 

requires the inversion of a large matrix 𝚿𝑲ሺ𝑿,𝑿ሻ𝚿் ൅ 𝚺𝜺 ∈ ℝሺ∑௡೔ሻൈሺ∑௡೔ሻ. To address this issue, 

we can use the matrix inversion lemma which greatly speeds up the computation: 

ሺ𝚿𝑲ሺ𝑿,𝑿ሻ𝚿் ൅ 𝚺𝜺ሻିଵ ൌ 𝚺𝜺ିଵ െ 𝚺𝜺ିଵ𝚿ሺ𝑲ሺ𝑿,𝑿ሻିଵ ൅ 𝚿்𝚺𝜺ିଵ𝚿ሻିଵ𝚿்𝚺𝜺ିଵ . 

Since the dimension of the matrix 𝑲ሺ𝑿,𝑿ሻିଵ ൅ 𝚿்𝚺𝜺ିଵ𝚿 is 𝐼𝑃 ൈ 𝐼𝑃, calculating the inverse of 

this matrix could be much more efficient. 

4.3.3 Posterior Parameter Distribution 

Using the collected degradation signals, we can update the distribution of the random-effect 

coefficients 𝚪௜  for prognostics. Whereas most of the existing methods calculate the posterior 

distribution of each unit separately, the proposed method models the covariance between 𝚪௜s by 

 

 

Figure 4.2 Proposed degradation framework for modeling the interrelations of units. 
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considering all units simultaneously through the concatenation 𝚪 ൌ ሾ𝚪ଵ;⋯ ;𝚪ூሿ as shown in Figure 

4.2. Next, we discuss three scenarios for updating the posterior distribution of 𝚪. In this way, we 

quantitatively evaluate the benefit of the information transfer enabled by the proposed model.  

Scenario 1: batch updating according to all available signals. In the first scenario, we focus on 

updating the distribution 𝚪~MVN൫𝒎ሺ𝑿ሻ,𝑲ሺ𝑿,𝑿ሻ൯  based on all available signals 𝑳 . Since 

𝑳|𝚪~MVNሺ𝚿𝚪,𝚺𝜺ሻ, we can show that the posterior distribution 𝚪|𝑳 also follows the multivariate 

normal distribution:  

 𝚪|𝑳~MVN൫𝝁ሺଵሻ,𝚺ሺଵሻ൯,  (4.6) 

where 𝝁ሺଵሻ ൌ 𝚺ሺଵሻ൫𝚿்𝚺𝜺ିଵ𝑳 ൅ ሾ𝑲ሺ𝑿,𝑿ሻሿିଵ𝒎ሺ𝑿ሻ൯  and 𝚺ሺଵሻ ൌ ሺ𝚿்𝚺𝜺ିଵ𝚿 ൅ ሾ𝑲ሺ𝑿,𝑿ሻሿିଵሻିଵ . 

The proof is given in Section 4.7.1. 

Scenario 2: online updating according to a newly collected measurement. In the second 

scenario, we suppose a new measurement is collected that can be used to further update the 

posterior distribution of 𝚪 . Denote 𝐿௜ሺ𝑡ሻ  to be the new measurement from unit 𝑖 . Then, the 

posterior distribution will be updated by 𝑝ሺ𝚪|𝑳, 𝐿௜ሺ𝑡ሻሻ ∝ 𝑝ሺ𝚪|𝑳ሻ𝑝ሺ𝐿௜ሺ𝑡ሻ|𝚪,𝑳ሻ ൌ

𝑝ሺ𝚪|𝑳ሻ𝑝ሺ𝐿௜ሺ𝑡ሻ|𝚪௜ሻ. According to (4.6), we can further derive that this posterior distribution is 

normally distributed: 

 𝚪|𝑳, 𝐿௜ሺ𝑡ሻ~MVN൫𝝁ሺଶሻ,𝚺ሺଶሻ൯, (4.7) 

where 𝝁ሺଶሻ ൌ 𝚺ሺଶሻ ൬
𝜹ሺ௜,௧ሻ೅௅೔ሺ௧ሻ

ఙ೔
మ ൅ ൫𝚺ሺଵሻ൯

ିଵ
𝝁ሺଵሻ൰  and 𝚺ሺଶሻ ൌ ൬

𝜹ሺ௜,௧ሻ೅𝜹ሺ௜,௧ሻ

ఙ೔
మ ൅ ൫𝚺ሺଵሻ൯

ିଵ
൰
ିଵ

. Here, 

𝜹ሺ𝑖, 𝑡ሻ ൌ ሾ𝜹ଵሺ𝑖, 𝑡ሻ,⋯ ,𝜹ூሺ𝑖, 𝑡ሻሿ ∈ ℝଵൈூ௉ is a vector with entries 𝜹௜ሺ𝑖, 𝑡ሻ ൌ 𝝍ሺ𝑡ሻ for unit 𝑖, and all 

other entries equal to 𝟎 (i.e., ∀𝑗 ് 𝑖, 𝜹௝ሺ𝑖, 𝑡ሻ ൌ 𝟎). The proof of (4.7) is similar to the proof of (4.6) 

in Section 4.7.1 and thus is omitted. 
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Using Scenario 2 as an example, we elaborate on how much benefit the proposed method can 

bring compared to the existing methods that treat each unit separately. If a new measurement is 

collected from unit 𝑖, then the existing methods only update the posterior distribution of 𝚪௜. In 

contrast, for our proposed method, we can show the following proposition: 

Proposition: Once a new measurement is collected from unit 𝑖, not only the variance for the 

posterior distribution of 𝚪௜, but also those for other units can be decreased. (Details of the proof 

can be found in Section 4.7.2.) 

If we consider each unit separately like in the existing methods, only the posterior variance for 

the units with new measurements will be updated, and those for other units remain the same. On 

the contrary, the proposition shows that in our proposed method, the uncertainties for other units 

are also decreased. This proposition further provides a theoretical justification for the advantage 

of our proposed framework.  

Scenario 3: “cold start” case where the unit of interest 𝑗 ∉ ሼ1,⋯ , 𝐼ሽ is newly launched, i.e., 

joins the group with covariates 𝒙௝ and has not yet been collected with any degradation signals. 

This has been a long-standing challenge in the existing literature, especially when 𝒙௝ is different 

from the covariates of historical units. We focus on updating 𝚪௝ and show how we can leverage the 

degradation information from other units to compensate for the data shortage of unit 𝑗 . 

Specifically, the random-effect coefficients of the historical units and those of the newly launched 

unit 𝑗 have a joint Gaussian distribution: 

 
ቀ
𝚪௝
𝚪
ቁ~MVNቌቆ

𝒎൫𝒙௝൯
𝒎ሺ𝑿ሻ

ቇ , ቈ
𝑲൫𝒙௝ ,𝒙௝൯ 𝑲൫𝒙௝ ,𝑿൯

𝑲൫𝑿,𝒙௝൯ 𝑲ሺ𝑿,𝑿ሻ
቉ቍ, (4.8) 
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where 𝑲൫𝒙௝ ,𝑿൯ ൌ ቀ𝑲൫𝒙௝ ,𝒙ଵ൯,⋯ ,𝑲൫𝒙௝ ,𝒙ூ൯ቁ. Since 𝑝൫𝚪௝ห𝚪൯ ൌ 𝑝൫𝚪௝ ,𝚪൯ 𝑝ሺ𝚪ሻ⁄ , we can show that 

𝚪௝|𝚪~MVNቀ𝝁௝
ሺଵሻ,𝚺௝

ሺଵሻቁ , where 𝝁௝
ሺଵሻ ൌ 𝒎൫𝒙௝൯ ൅ 𝑲൫𝒙௝ ,𝑿൯ሾ𝑲ሺ𝑿,𝑿ሻሿିଵ൫𝚪 െ𝒎ሺ𝑿ሻ൯  and 𝚺௝

ሺଵሻ ൌ

𝑲൫𝒙௝ ,𝒙௝൯ െ 𝑲൫𝒙௝ ,𝑿൯ሾ𝑲ሺ𝑿,𝑿ሻሿିଵ𝑲൫𝑿,𝒙௝൯. Since 𝑝൫𝚪௝|𝑳൯ ൌ 𝑝൫𝚪௝ห𝚪൯𝑝ሺ𝚪|𝑳ሻ׬ 𝑑𝚪, we can further 

prove that  

 𝚪௝|𝑳~MVNቀ𝝁௝
ሺଶሻ,𝚺௝

ሺଶሻቁ, (4.9) 

where 𝝁௝
ሺଶሻ ൌ 𝒎൫𝒙௝൯ ൅ 𝑲൫𝒙௝ ,𝑿൯ሾ𝑲ሺ𝑿,𝑿ሻሿିଵ ቀ𝝁ሺଵሻ െ 𝒎ሺ𝑿ሻቁ ∈ ℝ௉ൈଵ , 𝚺௝

ሺଶሻ ൌ

𝑲൫𝒙௝ ,𝑿൯ሾ𝑲ሺ𝑿,𝑿ሻሿିଵ൫𝚺ሺଵሻ൯ሾ𝑲ሺ𝑿,𝑿ሻሿିଵ𝑲൫𝑿,𝒙௝൯ ൅ 𝚺௝
ሺଵሻ ∈ ℝ௉ൈ௉, and 𝝁ሺଵሻ, 𝚺ሺଵሻ are the mean and 

variance of 𝚪|𝑳 as defined in (4.6). The proof of (4.9) is similar to the proof of (4.6) in Section 

4.7.1 and thus is omitted. On the contrary, without information transfer, the variance of 𝚪௝ would 

be 𝑲൫𝒙௝ ,𝒙௝൯. Since 

𝑲൫𝒙௝ ,𝒙௝൯ െ 𝚺௝
ሺଶሻ ൌ 𝑲൫𝒙௝ ,𝑿൯ሾ𝑲ሺ𝑿,𝑿ሻሿିଵൣ𝑲ሺ𝑿,𝑿ሻ െ 𝚺ሺଵሻ൧ሾ𝑲ሺ𝑿,𝑿ሻሿିଵ𝑲൫𝑿,𝒙௝൯ ≽ 𝟎, 

where 𝑴 ≽ 𝟎 means that the matrix 𝑴 is positive semi-definite, the variance of 𝚪௝ is decreased by 

transferring the knowledge from other units to unit 𝑗. Specifically, we can see that the covariance 

function ቀ𝑲൫𝑿,𝒙௝൯,𝑲൫𝒙௝ ,𝑿൯ቁ  enables the information transfer, which makes it possible to 

immediately model the degradation process of a newly launched unit even without any signal 

measurements from this unit. 

4.3.4 Prognostics 

Based on the posterior distribution 𝚪|𝑳 as described in Section 4.3.3, we can obtain the posterior 

distribution of 𝚪௥ of an in-service unit 𝑟 via a Bayesian approach in real time. For instance, under 

Scenario 1, the posterior distribution of 𝚪௥  can be obtained as 𝚪௥|𝑳~MVNሺ𝝁௥ ,𝚺௥ሻ, where 𝝁௥ ∈
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ℝ௉ൈଵ is the 𝑟th sub-vector of 𝝁ሺଵሻ and 𝚺௥ ∈ ℝ௉ൈ௉ is the 𝑟th diagonal sub-matrix of 𝚺ሺଵሻ. Note that 

for notation simplicity, here 𝑳 refers to all available signals from all units including unit 𝑟 up to 

the current observation time. Then, we can derive the distribution estimation of the future 

degradation status 𝜂௥ሺ𝑡ሻ ൌ  𝝍ሺ𝑡ሻ𝚪௥ at time 𝑡 as follows: 

 𝜂௥ሺ𝑡ሻ|𝑳~MVNሺ𝝍ሺ𝑡ሻ𝝁௥ ,𝝍ሺ𝑡ሻ𝚺௥𝝍ሺ𝑡ሻ்ሻ. (4.10) 

We can further predict the RUL of a partially degraded in-service unit based on the posterior 

distribution in (4.10). Specifically, following the existing studies [2], [12], [74], the failure time 𝑇௜ 

of unit 𝑖 is defined as the time when its degradation status 𝜂௜ሺ𝑡ሻ first reaches a predefined failure 

threshold 𝐷:  

 𝑇௜ ൌ argmin
௧

 𝜂௜ሺ𝑡ሻ ൒ 𝐷. (4.11) 

The conditional cumulative distribution function (CDF) of the failure time of unit 𝑟 is 𝐹
ೝ்
ሺ𝑡|𝑳ሻ ൌ

𝑃ሺ𝑇௥ ൑ 𝑡|𝑳ሻ ൌ 𝑃ሺ𝜂௥ሺ𝑡ሻ ൒ 𝐷|𝑳ሻ. Given that unit 𝑟 has not failed yet at 𝑡௥,௡ೝ, i.e., 𝑇௥ ൐ 𝑡௥,௡ೝ, the 

CDF can be updated in real time given the latest measurement time 𝑡௥,௡ೝ: 

 
𝐹

ೝ்
൫𝑡|𝑳,𝑇௥ ൐ 𝑡௥,௡ೝ൯ ൌ

𝑃ሺ𝜂௥ሺ𝑡ሻ ൒ 𝐷|𝑳ሻ െ 𝑃൫𝜂௥൫𝑡௥,௡ೝ൯ ൒ 𝐷ห𝑳൯

1 െ 𝑃൫𝜂௥൫𝑡௥,௡ೝ൯ ൒ 𝐷ห𝑳൯
.  (4.12) 

Since this CDF is skewed, the failure time 𝑇෠௥ can be estimated as the median of the CDF, i.e., 

𝐹
ೝ்
൫𝑇෠௥|𝑳,𝑇௥ ൐ 𝑡௥,௡ೝ൯ ൌ 0.5. As a result, the estimated RUL of unit 𝑟 is 𝑇෠௥ െ 𝑡௥,௡ೝ . Given some 

degradation signals have been collected from unit 𝑟, the CDF of the failure time has a closed-form 

expression: 

𝐹
ೝ்
൫𝑡|𝑳,𝑇௥ ൐ 𝑡௥,௡ೝ൯ ൌ

Φ൫𝑔௥ሺ𝑡ሻ൯ െ Φቀ𝑔௥൫𝑡௥,௡ೝ൯ቁ

1 െΦቀ𝑔௥൫𝑡௥,௡ೝ൯ቁ
 ,  
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where  Φ  denotes the CDF of the standard normal distribution and 𝑔௥ሺ𝑡ሻ ൌ
𝝍ሺ௧ሻ𝝁ೝି஽

ඥ𝝍ሺ௧ሻ𝚺ೝ𝝍ሺ௧ሻ೅
 (the 

detailed derivation can be referred to Liu et al. [20]).  

4.4 Simulation Studies 

In this section, a series of numerical studies are carried out to demonstrate the effectiveness and 

sensitivity of the proposed method. In Section 4.4.1, we first introduce four benchmark methods 

that are used in the numerical studies and compare them with the proposed method. Section 4.4.2 

introduces how we generate the simulated dataset. Sections 4.4.3-4.4.5 study the RUL prediction 

accuracy of the proposed method and the benchmark methods under Scenarios 1-3 described in 

Section 4.3.3, respectively. Finally, in Section 4.4.6, we consider the scenario when there are 

irrelevant covariates present. We note that computational comparisons based on the simulation 

dataset are provided in Section 4.7.3.  

4.4.1 Benchmark Approaches 

In the following, we compare the proposed method with four benchmark methods. The first 

benchmark method is the parametric Bayesian mixed-effect model (BMEM), which is one of the 

most widely used techniques in the literature on degradation modeling [2]. This model first fits a 

mixed-effect model based on the degradation signals of the historical units, and then updates the 

random-effect coefficients of the in-service units under the Bayesian framework by incorporating 

online degradation signals. Yet, this method does not consider the covariates of units and 

separately models the degradation process of each testing unit.  

Another possible approach is to investigate the regression function for 𝚪௜ on 𝒙௜ by locally fitting 

a line, also known as the varying-coefficient model (VCM) [113], [114]. The VCM was proposed 

to analyze the models in the form of 𝑌௜ ൌ 𝒁௜
ᇱ𝜷ሺ𝑿௜ሻ ൅ 𝜀௜, where 𝑌௜ is a response variable, 𝒁௜ is a 
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vector of predictors, 𝑿௜ is a vector of covariates, 𝜷ሺ⋅ሻ is an unknown function, and 𝜀௜ is a random 

error. The VCM is a semi-parametric method which approximates the function 𝜷ሺ⋅ሻ using a kernel 

smoothing based on the observed 𝑌௜ , 𝒁௜ , and 𝑿௜ . By substituting 𝑌௜ , 𝒁௜ ,  𝑿௜ , and 𝜷ሺ⋅ሻ  into 

𝐿௜ሺ𝑡ሻ,𝝍ሺ𝑡ሻ,𝒙௜, and 𝚪ሺ⋅ሻ, respectively, we can use the VCM to estimate the regression function 

𝚪ሺ𝒙ሻ and obtain 𝚪𝒓 of the in-service unit 𝑟 given its covariates 𝒙௥ . One major drawback of the 

VCM is that it only provides a point estimate of 𝚪௜ . Thus, it cannot effectively capture the 

stochastic nature of degradation processes, and more importantly, it does not provide the interval 

estimates of RUL. In this study, following the existing literature [113], [114], we use a Gaussian 

kernel and the leaving-one-out cross-validation to estimate the kernel bandwidth.  

The univariate GP (uGP) is considered as another benchmark method in which the model 

incorporates the covariates, but not the group-level commonalities. Instead of employing a MGP 

which takes the 𝑃 -dimensional random-effect coefficients 𝚪௜ ∈ ℝ௉ൈଵ  as one output, we can 

consider the uGP which takes each degradation signal 𝐿௜൫𝑡௜,௝൯ ∈ ℝଵൈଵ  as one output, and 

covariates and signal measurement time as one input. We can extrapolate the fitted GP model up 

to the point when the estimated signal first reaches the failure threshold 𝐷 to predict the failure 

time. Compared to the proposed method that adopts basis functions 𝝍ሺ𝑡ሻ  to capture the 

commonalities of all units, the uGP is a fully nonparametric model and does not take advantage of 

the group-level characteristics. As a result, although the uGP is flexible, it requires much more 

historical data to make an accurate prediction. 

The last benchmark method is the multivariate Gaussian Convolution Process (MGCP) recently 

proposed in [101]. Unlike the uGP where each degradation signal is treated separately, here all 

degradation signals are represented as individual outputs from one common MGP. As a result, the 
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information in the degradation signals collected from one unit can be shared with other units 

through this MGP. However, the model does not incorporate the covariate information to quantify 

the similarities between different units, and is also inapplicable for a newly launched unit. To 

ensure a fair comparison, here we use a zero mean function and Gaussian kernel when conducting 

the uGP, the MGCP and the proposed method. Also, all methods based on group-level basis 

functions use the same set of basis functions.  

Table 4.1 highlights the difference between the proposed method and the benchmark methods. 

4.4.2 Data Generation 

Without loss of generality, we consider a heterogeneous group where each unit has a one-

dimensional covariate, i.e., 𝑥௜ ∈ ℝଵൈଵ , and the degradation signal follows a second-order 

polynomial degradation process, i.e., 𝑃 ൌ 3, where 𝜀௜ሺ𝑡ሻ~𝑁ሺ0,5ଶሻ: 

 𝐿௜ሺ𝑡ሻ ൌ Γ௜,଴ ൅ Γ௜,ଵ𝑡 ൅ Γ௜,ଶ𝑡ଶ ൅ 𝜀௜ሺ𝑡ሻ.  (4.13) 

Note that the homoscedastic errors 𝜀௜ሺ𝑡ሻ , i.e., 𝜎௜ ൌ 5  for all units 𝑖 , are adopted for ease of 

computation, although the proposed method can handle heteroskedastic errors as explained in 

Section 4.3.1. The random-effect coefficients 𝚪௜ሺ𝑥ሻ ൌ ൣΓ௜,଴ሺ𝑥ሻ, Γ௜,ଵሺ𝑥ሻ, Γ௜,ଶሺ𝑥ሻ൧
்

 are generated 

according to the following non-linear functions: 

 
Γ௜ ଴ሺ𝑥ሻ ൌ 𝑥ଶ ൅ 0.5√𝑥 ൅ 0.2 sinሺ10𝑥ሻ ൅ 𝑈௜ ଴ሺ𝑥ሻ, 

(4.14) 

Table 4.1 Comparison of the Proposed Method and the Benchmark Methods 

 
Incorporation of 

Intrinsic Covariates 
Group-level 

Degradation Form 
Proposed O O 
BMEM  O 
VCM O O 
uGP O  

MGCP  O 
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Γ௜,ଵሺ𝑥ሻ ൌ 0.5𝑥ଶ ൅ √𝑥 ൅ 0.2 sinሺ15𝑥ሻ ൅ 𝑈௜,ଵሺ𝑥ሻ, and 

Γ௜,ଶሺ𝑥ሻ ൌ 1.8 െ ൫1.5𝑥ଶ ൅ 0.2√𝑥 ൅ 0.2 sinሺ5𝑥ሻ൯ ൅ 𝑈௜,ଶሺ𝑥ሻ, 

where 𝑈௜,଴ሺ𝑥ሻ,𝑈௜,ଵሺ𝑥ሻ,𝑈௜,ଶሺ𝑥ሻ~Uniformሺ0,0.2ሻ, and the failure threshold is set as 𝐷 ൌ 500. The 

covariate 𝑥௜ of each unit is sampled from Uniformሺ0,1ሻ. If any 𝚪௜ with Γ௜,ଶሺ𝑥ሻ ൑ 0 or Γ௜,ଵሺ𝑥ሻ ൑ 0 

is generated, we reject the sample and generate a new one to ensure the monotonicity of the 

underlying degradation process. The observed failure time of unit 𝑖  is denoted as 𝜏௜ . The 

degradation signals of unit 𝑖 are collected at times 𝑡 ൌ  1, … ,𝑛௜.  

In Sections 4.4.3-4.4.6, we assume that all units in a group have quadratic degradation forms as 

in (13), which can be known a priori based on domain knowledge or analysis of historical records; 

however, the exact relationships between 𝚪௜ and 𝒙௜ as specified in (14) are unknown. Thus, we use 

the proposed MGP to approximate the relationship functions in (14) throughout Section 4.4, which 

ensures the wide applicability of the proposed approach in practice. Figure 4.3 (a) and (b) show 

the random-effect coefficients and degradation signals of 50 randomly generated units, 

 

 
(a) 

 
(b) 

Figure 4.3 (a) Random-effect coefficients plot and (b) Degradation signals plot for 50 

randomly generated units. The dashed line in (b) represents the failure threshold 𝐷. 
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respectively. We can see that while all units follow a similar quadratic degradation form, 

depending on their covariates, different units fail at different times.   

4.4.3 Scenario 1 - Batch Updating 

In the first simulation, based on the available degradation information of all the units, we predict 

the RUL of all in-service units using the proposed method and the benchmark methods. First, we 

randomly generate 𝑛௧௥ ൌ 30 training units and 𝑛௧௦ ൌ 30 testing units. Here, the training units are 

historical units whose degradation signals are collected until the failure occurs, whereas the testing 

units are in-service units whose degradation signals are available until some random time points 

prior to the failure. We use the term “unobserved percentage” to denote this truncation point. For 

example, “75% unobserved” means that for each testing unit, only the first 25% of degradation 

signals are observed. In assessing the prediction error, we use the mean absolute percentage error 

of failure time for testing units where we calculate the absolute percentage error of failure time of 

unit 𝑗 as follows. 

 
𝑒𝑟𝑟௝ ൌ

ห𝑇௝ െ 𝑇෠௝ห
𝑇௝

. 
(4.15) 

The simulations are carried out for different unobserved percentages. For each selected 

unobserved percentage, the procedure is replicated 100 times. Figure 4.5 illustrates the estimation 

of the random-effect coefficients for the proposed method, the BMEM, and the VCM when the 

unobserved percentage is 45%. We can see that the proposed method provides a more accurate 

and stable 𝚪௜  estimation compared to the BMEM and the VCM. Figure 4.4 shows the RUL 

prediction results of the proposed method and the benchmark methods. The x-axis represents the 

unobserved percentage. The error bars show one standard deviation of the prediction errors. From 
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Figure 4.4, we can see that the proposed method yields much lower RUL prediction errors than 

the benchmark methods. The figure also demonstrates that in all approaches, the estimation 

improves as the unobserved percentage decreases, i.e., as more data are available for each testing 

unit. Interestingly, although the BMEM does not employ any covariate 𝑥, it outperforms the uGP 

and the VCM at 75% unobserved point. This is probably because 1) in the VCM, when only limited 

degradation signals for testing units are available, it easily leads to a poor estimation of the kernel 

 

 

Figure 4.4 The RUL prediction errors for the testing units when 𝑛௧௥=30 and 𝑛௧௦=30 by using 

the benchmark methods and the proposed method. 

 

 

Figure 4.5 The random-effect coefficients estimation for the testing units when 𝑛௧௥=30, 

𝑛௧௦=30, and the unobserved percentage is 45% by using the proposed method, the BMEM, and 

the VCM. 
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bandwidth [115]; and 2) the uGP fails to incorporate the group-level similarities and its high model 

flexibility tends to overfit the data.  

To see how the RUL prediction changes with the number of training units 𝑛௧௥, we repeat the 

simulations while randomly selecting 𝑛௧௥ training units, but fix the number of testing units to 20, 

i.e., 𝑛௧௦ ൌ 20. For each selected number of training units, the procedure is replicated 100 times. 

Table 4.2 shows the RUL prediction results of the proposed method and the benchmark methods 

when the unobserved percentage is (a) 75% and (b) 15%. The smallest mean prediction error for 

each value of 𝑛௧௥ and the unobserved percentage is highlighted in boldface. The results show that 

the accuracy increases as more training units are available for all methods, and the proposed 

method consistently outperforms other benchmarks under both low and high unobserved 

percentages. For similar reasons as in Figure 4.4, the left half of Table 4.2 again shows that when 

the unobserved percentage is high, the BMEM outperforms the VCM and the uGP, although the 

VCM and the uGP employ the covariates 𝑥 and the BMEM does not. Generally speaking, it is 

difficult to accurately estimate the random-effect coefficients of testing units until their 

degradation signals have been collected for a certain period of time and show clear trends. Thus, 

even though the uGP does not consider the quadratic degradation process form, it shows 

comparable performance to other approaches when the unobserved percentage is high. However, 

 

Table 4.2 RUL Prediction Errors and Corresponding Standard Errors (values in parentheses) 

 75% unobserved  15% unobserved 

𝑛௧௥ proposed VCM BMEM uGP MGCP 

 

proposed VCM BMEM uGP MGCP 

10 
0.0642 

(0.0142) 
0.1148 

(0.0168) 
0.0647 

(0.0107) 
0.1049 

(0.0149) 
0.1079 

(0.0182) 
0.0076 

(0.0010) 
0.0087 

(0.0013) 
0.0107 

(0.0014) 
0.0811 

(0.0135) 
0.0246 

(0.0082) 

20 
0.0297 

(0.0043) 
0.1062 

(0.0177) 
0.0623 

(0.0109) 
0.1031 

(0.0131) 
0.0867 

(0.0152) 
0.0071 

(0.0009) 
0.0085 

(0.0014) 
0.0100 

(0.0016) 
0.0808 

(0.0095) 
0.0225 

(0.0034) 

30 
0.0288 

(0.0036) 
0.0951 

(0.0159) 
0.0597 

(0.0097) 
0.1003 

(0.0120) 
0.0810 

(0.0161) 
0.0062 

(0.0009) 
0.0090 

(0.0012) 
0.0097 

(0.0012) 
0.0743 

(0.0087) 
0.0207 

(0.0026) 

40 
0.0270 

(0.0031) 
0.0892 

(0.0115) 
0.0592 

(0.0100) 
0.0941 

(0.0114) 
0.0673 

(0.0132) 
0.0058 

(0.0007) 
0.0080 

(0.0013) 
0.0094 

(0.0011) 
0.0649 

(0.0092) 
0.0172 

(0.0021) 

50 
0.0265 

(0.0027) 
0.0884 

(0.0102) 
0.0576 

(0.0086) 
0.0921 

(0.0109) 
0.0589 

(0.0105) 
0.0052 

(0.0007) 
0.0082 

(0.0010) 
0.0095 

(0.0011) 
0.0642 

(0.0085) 
0.0151 

(0.0023) 
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as the testing units approach the end of life, i.e., low unobserved percentage, the uGP and MGCP 

show worse performance than the other three methods as shown in Figure 4.4 and the right half of 

Table 4.2. The uGP particularly shows much worse performance than the MGCP since it treats 

each degradation signal separately and fails to learn the overall degradation trends shared with the 

entire units. This result shows that using fully nonparametric methods can easily lead to overfitting 

of the data and poor prediction results. 

4.4.4 Scenario 2 - Online Updating 

In this subsection, we will further carry out numerical studies to highlight the benefit of 

establishing similarities among units and compare the online updating results described in Section 

4.3.3 Scenario 2 with the BMEM. In each iteration, we randomly generate 𝑛௧௥ ൌ 30 training units 

and 𝑛௧௦ ൌ 10 testing units, and initially set the unobserved percentage to 75% for all testing units. 

The proposed method and the BMEM are applied to estimate the RUL for all testing units. Next, 

we suppose testing units 1~8 collect new degradation signals, i.e., the unobserved percentage of 

testing units 1~8 decreases, and then we update RUL predictions with new measurements. The 

simulations are repeated 100 times for each selected unobserved percentage of testing units 1~8. 

Figure 4.7 (a) shows the average RUL prediction errors of testing units 1~8 and (b) shows those 

of testing units 9 and 10. The x-axis represents the unobserved percentage of testing units 1~8. 

The error bars show one standard deviation of the prediction errors. From Figure 4.7 (a) and (b), 

we can see that the BMEM only improves the RUL predictions for the testing units that have new 

measurements, whereas the proposed method updates RUL predictions for all testing units. For 

better illustration, we show the failure time estimations of testing unit 1 and testing unit 10 in 

Figure 4.6. The figure demonstrates that the proposed method simultaneously reduces the 
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prediction uncertainty for all testing units, whereas the BMEM only reduces the prediction 

uncertainty for the testing units with the new measurements.   

 

 

Figure 4.6 The estimated failure time’s probability density function (pdf) for testing unit 1 

(the upper plots) and testing unit 10 (the lower plots) when the unobserved percentage of testing 

unit 1 is 75% (the left plots) and 15% (the right plots) with 𝑛௧௥=30 and 𝑛௧௦ ൌ 10 by using the 

proposed method and the BMEM. 

 

 
(a) 

 
(b) 

Figure 4.7 The average RUL prediction errors for (a) testing units 1~8 and (b) testing units 9 and 

10 when 𝑛௧௥=30 and 𝑛௧௦=10 by using the proposed method and the BMEM. 
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4.4.5 Scenario 3 – Cold-Start Scenario 

One long-standing challenge in the literature is how to conduct degradation and prognostic 

analysis when there is a newly launched unit whose degradation signals have not yet been 

measured and no historical units in the group have the same covariates as this new unit. In this 

subsection, we generate the dataset as described in Section 4.4.2, but the unobserved percentage 

of testing units are 100%, i.e., there are no degradation signals available for testing units, and we 

only know their covariates. The number of testing units is set to 𝑛௧௦ ൌ 20. Here, since all testing 

units are newly launched, instead of assessing RUL prediction, we consider the mean absolute 

percentage error where the error of testing unit 𝑗’ 𝚪s are as follows: 

 
𝑒𝑟𝑟௝ ൌ

1
𝑃
ቌ෍

หΓ෠௝,௣ െ Γ௝,௣ห

หΓ௝,௣ห

௉

௣ୀଵ

ቍ. 
(4.16) 

Here, Γ෠௝,௣ is the estimated value of Γ௝,௣. 

We repeat the parameter estimation of testing units 100 times for each selected number of 

training units 𝑛௧௥, and the results for the proposed method and the BMEM are shown in Table 4.3. 

Note that in the cold-start scenario, the covariates of the testing units are not included in the 

bandwidth estimation procedure of the VCM, as there are no corresponding degradation signals 

Table 4.3 Parameter Estimation Errors under Cold-Start Scenario 

 Cold-Start Scenario 

𝑛௧௥ 
proposed 
method 

BMEM 

10 0.1483 (0.0286) 0.4359 (0.0736) 
20 0.1363 (0.0291) 0.4167 (0.0458) 
30 0.1031 (0.0265) 0.4052 (0.0443) 
40 0.0918 (0.0249) 0.3985 (0.0384) 
50 0.0859 (0.0213) 0.3909 (0.0392) 
75 0.0774 (0.0206) 0.3961 (0.0396) 
100 0.0726 (0.0192) 0.3917 (0.0313) 
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available to fit the regression function 𝚪ሺ𝒙ሻ. As a result, the VCM’s estimation results are very 

poor and highly sensitive to the dissimilarities between the testing and the training units, and thus 

it is excluded in this subsection. For the BMEM, since we do not have any degradation signals of 

testing units to derive the posterior distribution, we estimate the random-effect coefficients by the 

mean of the prior distribution. Table 4.3 shows that the proposed method yields much lower errors 

in estimating the random-effect coefficients than the BMEM. The table also demonstrates that 

using the proposed approach, the estimation improves as the number of training units increases. 

However, the BMEM shows a much larger variance than the proposed method and after 𝑛௧௥ 

exceeds 50, further increases in the value of 𝑛௧௥  do not provide clear improvements in the 

parameter estimation. This is because the estimation accuracy of the BMEM depends much on the 

similarities between the training units and the testing units. 

4.4.6 Sensitivity to Irrelevant Covariates 

In practice, it is common that there are some covariates which are irrelevant to the underlying 

degradation process and deteriorate the prediction accuracy by acting as noise. Thus, in this 

subsection, studies are conducted to test the sensitivity of the proposed method to the inclusion of 

irrelevant covariates. We generate a new dataset following the same procedures as described in 

Section 4.4.2, except that each unit has two-dimensional covariates, i.e., 𝒙௜ ∈ ℝଶൈଵ, where 𝒙௜ ൌ

ሾ𝑥௜ , 𝑥෤௜ሿ். For each unit, both 𝑥௜ and 𝑥෤௜ are derived from Uniformሺ0,1ሻ and form the covariates 𝒙௜, 

but only 𝑥௜ is used to calculate 𝚪௜ as described in (4.14) and 𝑥෤௜ is a covariate which is irrelevant to 

the underlying degradation process. We apply the proposed method to the new dataset, while still 

assuming both 𝑥௜ and 𝑥෤௜ are informative covariates.  
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Following the same procedure as in the previous subsection, 𝑛௧௥ units are randomly selected as 

training units. The number of testing units and the unobserved percentage is fixed to 20 and 50%. 

Then, the RUL prediction is repeated 100 times for each 𝑛௧௥, and the results are shown in Figure 

4.8. Although both the BMEM and MGCP do not use covariates, here we compare the proposed 

method with the BMEM since it outperforms MGCP in Section 4.4.3. Note that the results using 

the uGP and the VCM are not shown since they showed much higher errors with the presence of 

irrelevant covariates compared to the BMEM and the proposed method. In particular, we observed 

that the uGP overfitted the data according to the irrelevant covariates and the VCM showed 

unstable performance resulting from wrong estimations of kernel bandwidth. Figure 4.8 indicates 

that the prediction accuracy of the proposed method with the irrelevant covariate gets closer to that 

of the proposed method with only the informative covariate as 𝑛௧௥  increases. This is probably 

because as 𝑛௧௥ increases, the estimated parameters 𝛀𝑲 in the kernel function (4.3) is adjusted to 

put less weights on the covariate 𝑥෤௜  and more weights on the covariate 𝑥௜ . As a result, the 

information transferred between two units depends more on the similarity of 𝑥௜ of the two units 
 

 

Figure 4.8 The RUL prediction errors for the testing units by using the proposed method with 

the inclusion of an irrelevant covariate, the proposed method with only the informative 

covariate, and the BMEM which does not use any covariates. 
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than that of 𝑥෤௜. Furthermore, even with the presence of the irrelevant covariate 𝑥෤௜, the figure shows 

that the proposed method effectively characterizes the similarities between different units based 

on their informative covariates 𝑥௜, and greatly outperforms the BMEM. 

4.5 Case Study 

In this section, we further evaluate the proposed method in a real healthcare case study, where 

we aim to accurately model the progression of a disease (declination of cognitive function) and 

predict the future health status of the patients. This case study is based on the Alzheimer’s Disease 

Neuroimaging Initiative (ADNI) dataset, which is publicly available at http://adni.loni.usc.edu/ 

[116]. We consider the ADNI patients as one example of a heterogeneous group since it possesses 

some commonalities resulting from the progression of the same disease, while each patient has 

unique intrinsic covariates including the demographic, genetic, and imaging information such as 

MRI images. Similar to Section 4.4, the prognostic results are compared with the four benchmark 

approaches: the BMEM, the VCM, the uGP, and the MGCP.  

4.5.1 Description of the Dataset 

The ADNI dataset contains personal information and longitudinal measurements of 

examinations and biomarkers that are related to the Alzheimer’s disease progression for the 

participating patients. In particular, this case study aims to predict the corresponding Mini-Mental 

State Estimation (MMSE) score, which is commonly used to measure the cognitive status of the 

patients [31], [86], [117], [118]. MMSE is a neuropsychological test reflecting the severity of 

Alzheimer’s disease [119]. The MMSE ranges between 0 (worst condition) and 30 (best 

condition), and it is expected to decrease with time for all patients. The MMSE score is collected 

repeatedly over a 6-month or 1-year interval for each patient. Patients may join the program at 
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different AD stages, skip some of their examinations, and drop out from the study for various 

reasons. Thus, analyzing the ADNI dataset is very challenging as the dataset is sparse in nature.  

Following the existing studies [31], [86], [103], [120], we model the degradation of the MMSE 

measurements as a quadratic model with respect to time. In this study, we use a total of 7 covariates 

which are patients’ basic nature or characteristics that do not change over time. These features 

were identified as potential ones influencing the Alzheimer’s disease progression and widely used 

to predict the cognitive status [117], [121], [122]: 1) the ApoE genotypes; 2) the baseline MMSE 

score; and 3) the baseline MRI via FreeSurfer (here the “baseline” refers to time 𝑡 ൌ 0 when the 

patients first join the program). For the baseline MRI, 5 types of MRI features are extracted: 

surface area (Surf. Area), cortical thickness average (CTA), cortical thickness standard deviation 

(CTStd), white matter parcellation volume (Vol.WM.), and cortical parcellation volume (Vol.C.) 

[117]. We exclude the participants with missing covariates. To ensure the stable construction of 

degradation models, we consider 433 participating patients who have 6 or more MMSE scores 

with available measurements at the baseline, 6th month, 12th month, 24th month, etc.    

4.5.2 Results and Comparison 

Among the 433 preselected patients, 81 patients have 8 or more MMSE scores, and we refer to 

this group as “TR subgroup” which includes patients who either show clear disease progression or 

maintain steady cognitive status for a sufficiently long period of time. To ensure a reliable 

degradation model, throughout the case study, patients used for model training are drawn from the 

“TR subgroup” whereas testing patients are drawn from the rest of the 433 preselected patients. 

Unlike Section 4.4 in which RUL prediction of a partially degraded in-service unit is the primary 

goal, here we want to model the declination of cognitive function and memory loss due to the 

Alzheimer’s Disease and predict the future health status of the patients. To evaluate this prognostic 
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performance for testing patients, we predict the last two MMSE scores and calculate the prediction 

errors by following the same settings and procedures of the proposed method and the benchmark 

methods as in Section 4.4. As an illustrative example, Figure 4.9 shows the prediction results for 

16 selected testing patients who have different covariates and show various disease progressions, 

when we randomly select 20 training patients from TR subgroup. From the figure, we can see that 

the proposed method predicts the hidden scores more accurately than the benchmark methods. 

Next, we explore how the prognostic performance changes with the number of patients in the 

training group. Specifically, we randomly draw 𝑛௧௥ patients from the TR subgroup for training and 

draw 20 testing patients from the rest of 433 െ 𝑛𝑡𝑟 patients. For each testing patient, we predict the 

last two MMSE measurements and calculate the mean of the absolute error between the predicted 

and the true MMSE scores, i.e., averaging ห𝐿௝൫𝑡௝,௞൯ െ 𝐿෠௝൫𝑡௝,௞൯ห over 𝑘 ൌ 𝑛௝ െ 1,𝑛௝, where 𝐿௝൫𝑡௝,௞൯ 

 

 

Figure 4.9 True and predicted MMSE scores from a subset of patients by using the proposed 

method, the BMEM, the uGP, the MGCP, and the VCM. 
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is the 𝑘th MMSE score of patient 𝑗, and 𝐿෠௝൫𝑡௝,௞൯ is the estimated value of it. For each value of 𝑛௧௥, 

this procedure is repeated 50 times. The results are shown in Figure 4.10.  

From Figure 4.10, we can see that 1) by effectively characterizing the similarity between 

patients, the proposed method obtains overall more accurate prediction results compared to the 

four benchmark methods, 2) as more training data are available, i.e., as 𝑛௧௥ increases, it results in 

fewer outliers in prediction, and 3) yet there is a weak trend showing the prognostic performance 

improvement with more training data. One possible reason is due to the sparsity and the high noise 

of the ADNI dataset. Also, there may be unobserved potential covariates which influence the 

disease progression and the similarities between patients, but are not measured in the examinations. 

The uGP is a fully nonparametric model and does not take advantage of the group-level basis 

functions. As a result, it shows lower accuracy and higher variance than the proposed method. The 

MGCP yields better prognostic performance than the uGP by sharing information among different 

units through the MGP. However, this model does not employ covariate information, and thus 

shows higher errors than the proposed method. The BMEM and the VCM both show high 

 

 

Figure 4.10 The last two MMSE score prediction errors for the testing patients when 𝑛௧௦ ൌ

20 by using the proposed method, the MGCP, the uGP, the BMEM, and the VCM. 
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prediction errors and more outliers than the proposed method, the MGCP, and the uGP. This may 

be due to the dissimilarities between the training and testing patients when using the BMEM and 

the poor estimations of kernel bandwidths when using the VCM. Interestingly, although the 

BMEM does not utilize covariates, it outperforms the VCM in general. This shows the importance 

of considering the stochastic nature of degradation processes and the risk of assuming a 

deterministic relationship between 𝚪௜ and 𝒙௜ when dealing with a heterogeneous group. 

We note that computational costs based on the ADNI dataset according to the number of training 

patients are provided in Section 4.7.3.  

4.6 Conclusion 

In this study, we developed a generic framework for individualized degradation modeling and 

prognostics of a heterogeneous group. In particular, the degradation processes of units share the 

same basis functions to represent the group-level similarities, whereas the random-effect 

coefficients model the individual characteristics of each unit. In modeling the random-effect 

coefficients, the proposed method uses MGP with a kernel convolution to encode the available 

knowledge about intrinsic covariates into the prior distributions of the random-effect coefficients 

and quantify the similarities between different units. This quantification determines how much 

information to be transferred from one unit to another. As a result, the proposed method enables 

the degradation information from one unit to be shared with the entire group. The theoretical 

justification for the proposed framework was also investigated. The numerical study results 

showed that the proposed method provides a more stable degradation model and more accurate 

prognostic performance compared to the existing methods.  

There are several potential topics for future research. First, this study assumes that covariates 

are static. However, in practice, there may be time-varying covariates which also dynamically 
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affect degradation processes. The extension to the inclusion of time-varying covariates will be of 

great interest in our future research. One possibility is to build an additional GP model to estimate 

the changes in dynamic covariates and formulate the problem into two steps: predicting the 

changes of covariates and then incorporating those effects into degradation modeling and 

prognostics. Second, this study assumes that the random-effect coefficients 𝚪௜  follow a 

multivariate normal distribution. In future work, we will study how to relax the normality 

assumption for 𝚪௜, e.g., using a mapping ℋ such that ℋሺ𝚪௜ሻ has a multivariate normal distribution, 

or using numerical methods such as Monte Carlo Markov Chain. Third, in real-world applications, 

there may be a negative transfer of knowledge where the unit of interest is not well-related to the 

historical units, so the knowledge transfer potentially deteriorates the prognostics. A systematic 

approach to minimize or to detect the negative transfer of knowledge is an area of future research. 

For example, we may reduce the negative transfer via regularizing the covariance matrix 𝑲ሺ𝑿,𝑿ሻ 

by thresholding, and thus the information is transferred between different units only when their 

similarities are significant. Last but not least, this study targets applications where we know 

important covariates and aim to model the relationships between these covariates and degradation 

processes. However, this should be further expanded to the cases where the sparsity of covariates 

is high, i.e., the majority of covariates are irrelevant to degradation processes, and thus the 

proposed method must be preceded by a proper covariate selection procedure. 
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4.7 Appendix 

4.7.1 The proof of the eq. (4.6) 

Since 𝑳|𝚪~MVNሺ𝚿𝚪,𝚺𝜺ሻ  and 𝚪~MVN൫𝒎ሺ𝑿ሻ,𝑲ሺ𝑿,𝑿ሻ൯ , we can see that the posterior 

distribution 𝚪|𝑳 also follows the multivariate normal distribution as illustrated in (4.17). The 

proofs of the equations (4.7) and (4.9) can be derived in a similar way and thus are omitted. 

 𝑝ሺ𝚪|𝑳ሻ ∝ 𝑝ሺ𝑳|𝚪ሻ𝑝ሺ𝚪ሻ

∝ expቆെ
1
2
ሺ𝑳 െ 𝚿𝚪ሻ்𝚺𝜺ିଵሺ𝑳

െ 𝚿𝚪ሻቇ expቆെ
1
2
൫𝚪 െ𝒎ሺ𝑿ሻ൯

்
ሾ𝑲ሺ𝑿,𝑿ሻሿିଵ൫𝚪 െ𝒎ሺ𝑿ሻ൯ቇ

ൌ expቆെ
1
2
൬𝚪்ሺ𝚿்𝚺𝜺ିଵ𝚿 ൅ ሾ𝑲ሺ𝑿,𝑿ሻሿିଵሻ𝚪

െ 𝚪்൫𝚿்𝚺𝜺ିଵ𝑳 ൅ ሾ𝑲ሺ𝑿,𝑿ሻሿିଵ𝒎ሺ𝑿ሻ൯

െ ൫𝚿்𝚺𝜺ିଵ𝑳 ൅ ሾ𝑲ሺ𝑿,𝑿ሻሿିଵ𝒎ሺ𝑿ሻ൯
்
𝚪 ൅ 𝑳்𝚺𝜺ିଵ𝑳

൅𝒎ሺ𝑿ሻ்ሾ𝑲ሺ𝑿,𝑿ሻሿିଵ𝒎ሺ𝑿ሻ൰ቇ

∝ expቆെ
1
2
൫𝚪 െ 𝝁ሺଵሻ൯

்
𝚺ሺଵሻ

ିଵ
൫𝚪 െ 𝝁ሺଵሻ൯ቇ , (4.17) 

 

4.7.2 The proof of the Proposition 

We focus on 𝚺ሺଵሻ െ  𝚺ሺଶሻ in ሺ4.6ሻ and ሺ4.7ሻ to evaluate the variation reduction in 𝚪 when a new 

signal is collected. Without loss of generality, we assume the new measurement is collected from 

unit 1. Then, we can partition 𝚺ሺଵሻ into four blocks: 

𝚺ሺଵሻ ൌ ൥
𝚺ଵ,ଵ
ሺଵሻ 𝚺ଵ,ିଵ

ሺଵሻ

𝚺ିଵ,ଵ
ሺଵሻ 𝚺ିଵ,ିଵ

ሺଵሻ ൩ ,  
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where 𝚺ଵ,ଵ
ሺଵሻ ∈ ℝ௉ൈ௉  denotes the variance matrix of 𝚪ଵ , 𝚺ଵ,ିଵ

ሺଵሻ  and 𝚺ିଵ,ଵ
ሺଵሻ  denote the covariance 

between 𝚪ଵ and other 𝚪௜s ሺ𝑖 ് 1ሻ, and 𝚺ିଵ,ିଵ
ሺଵሻ ∈ ℝሺூିଵሻ௉ൈሺூିଵሻ௉ is the covariance matrix between 

all 𝚪௜s except 𝚪ଵ ሺ𝑖 ് 1ሻ. By matrix inversion lemma, we can prove that 

𝚺ሺଵሻ െ 𝚺ሺଶሻ ൌ ቎
𝚺ଵ,ଵ
ሺଵሻቀ𝑨𝚺ଵ,ଵ

ሺଵሻ ൅ 𝑰ቁ
ିଵ
𝑨𝚺ଵ,ଵ

ሺଵሻ 𝚺ଵ,ଵ
ሺଵሻቀ𝑨𝚺ଵ,ଵ

ሺଵሻ ൅ 𝑰ቁ
ିଵ
𝑨𝚺ଵ,ିଵ

ሺଵሻ

𝚺ିଵ,ଵ
ሺଵሻ ቀ𝑨𝚺ଵ,ଵ

ሺଵሻ ൅ 𝑰ቁ
ିଵ
𝑨𝚺ଵ,ଵ

ሺଵሻ 𝚺ିଵ,ଵ
ሺଵሻ ቀ𝑨𝚺ଵ,ଵ

ሺଵሻ ൅ 𝑰ቁ
ିଵ
𝑨𝚺ଵ,ିଵ

ሺଵሻ
 ቏, 

where 𝑨 ൌ 𝜹భሺଵ,௧ሻ೅𝜹భሺଵ,௧ሻ

ఙభ
మ ∈ ℝ௉ൈ௉. In other words, the posterior variance of 𝚪ଵ is updated to 𝚺ଵ,ଵ

ሺଵሻ െ

𝚺ଵ,ଵ
ሺଵሻቀ𝑨𝚺ଵ,ଵ

ሺଵሻ ൅ 𝑰ቁ
ିଵ
𝑨𝚺ଵ,ଵ

ሺଵሻ , and that of 𝚪 ଵ ൌ ሾ𝚪ଶ;⋯ ;𝚪ூሿ  is updated to 𝚺ିଵ,ିଵ
ሺଵሻ െ 𝚺ିଵ,ଵ

ሺଵሻ ቀ𝑨𝚺ଵ,ଵ
ሺଵሻ ൅

𝑰ቁ
ିଵ
𝑨𝚺ଵ,ିଵ

ሺଵሻ . Recall that 𝚺ሺଶሻ ൌ ൬
𝜹ሺ௜,௧ሻ೅𝜹ሺ௜,௧ሻ

ఙ೔
మ ൅ ൫𝚺ሺଵሻ൯

ିଵ
൰
ିଵ

, which means ൫𝚺ሺଶሻ൯
ିଵ
െ ൫𝚺ሺଵሻ൯

ିଵ
ൌ

𝜹ሺ௜,௧ሻ೅𝜹ሺ௜,௧ሻ

ఙ೔
మ ≽ 𝟎, where 𝑴 ≽ 𝟎 means that the matrix 𝑴 is positive semi-definite. According to 

corollary 7.7.4 of [123], we can conclude that 𝚺ሺଵሻ െ 𝚺ሺଶሻ ≽ 𝟎 , which represents a variance 

reduction for all units. In contrast, if we consider each unit independently, only the posterior 

variance of 𝚪௜ will be updated to 𝚺ଵ,ଵ
ሺଵሻ െ 𝚺ଵ,ଵ

ሺଵሻቀ𝑨𝚺ଵ,ଵ
ሺଵሻ ൅ 𝑰ቁ

ିଵ
𝑨𝚺ଵ,ଵ

ሺଵሻ, and those for other units remain 

the same.  

4.7.3 Computational costs 

We compare the computational costs for offline parameter estimation and online prognostics 

using the proposed method and the benchmark methods. The simulation data is generated 

following Section 4.4.2. The number of training and testing units is fixed to 20 and 10, and the 

unobserved % is set to 75%. All models are tested using Intel Core i5-6300U CPU 2.40-GHz and 

16-GB RAM. The simulations are repeated 10 times. The results are shown in Table 4.4. Although 

the proposed method takes a longer time for parameter estimation than the existing parametric 
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approach (BMEM), please note that this procedure is carried out offline. In online, the RUL 

estimation of each testing unit takes around 0.03 seconds using the proposed method. This result 

shows that once the parameter estimation is finished (Section 4.3.2), the online updating and 

prognosis (Sections 4.3.3 and 4.3.4) can be done much faster with closed-form expressions.  

Table 4.5 shows the computational costs of the proposed method on the ADNI dataset in Section 

4.5 which considers a total of 7 covariates. The simulations are repeated 10 times for each value 

of the number of training units. The number of testing units is fixed to 10. Note that “prognostics” 

here means the prediction of future MMSE scores which takes a much shorter time than the 

prediction of RUL distribution.  

Table 4.5 Average Computational Costs for Offline Parameter Estimation and Online 

Prognostics on ADNI Dataset 

𝑛௧௥ 
Offline 

Parameter 
Estimation (s) 

Online 
Prognostics (s) 

10 59.48 0.00022 
20 119.42 0.00024 
40 310.83 0.00021 

 

Table 4.4 Average Computational Costs for Offline Parameter Estimation and Online 

Prognostics on Simulation Dataset 

 
Offline 

Parameter 
Estimation (s) 

Online 
Prognostics (s) 

Proposed 34.13 0.029 
MGCP 36.56 0.032 

uGP 3.61 0.034 
BMEM 0.16 0.027 
VCM 36.68 0.006 
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Chapter 5 Covariate-dependent functional data 

analysis 

5.1 Introduction 

5.1.1 Motivation 

Void swelling is a nuclear-specific material degradation mechanism that causes an increase in 

the volume of components exposed to high-energy neutrons at high temperatures [124]. To 

mitigate the effect of swelling and ensure the continued functionality and reliability in nuclear 

power plants, it is crucial to (i) identify informative covariates, such as irradiation conditions, that 

significantly affect components’ swelling trajectories and (ii) predict a swelling trajectory of a new 

component of interest based on the given covariates. 

However, to effectively analyze and model swelling processes, several significant challenges 

need to be overcome. First, there are many covariates, such as alloy composition (e.g., a typical 

material has 5∼10 alloying elements in its composition), irradiation type (e.g., neutron, proton), 

and irradiation temperature affecting void swelling. Identifying important covariates and 

characterizing the effects of those covariates on swelling is a critical research challenge that 

existing studies have not well resolved. Second, the swelling data is in the form of a sparse dataset 

that often provides only a few points along the swelling with respect to the damage trajectory of a 

particular subject with specific covariate information as in Figure 5.1 (a) (one curve or one dot 

represents the swelling measurements given specific covariates). This is because the sample 

acquisition is particularly expensive and time-consuming in the void swelling application due to 
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the strict requirements of sample preparation, resource-intensive post-irradiation examination, and 

safety concerns [125]. 

While our research is primarily motivated by the void swelling application, it is common 

nowadays to aim for the modeling and prediction of the functional observations which are coupled 

with covariate information. For instance, the degradation signals (longitudinal measurements) of 

engineering systems are collected in addition to the manufacturing design information or operation 

information (covariates) of the systems [19], [25]. In healthcare applications, it is more common 

to observe sparse functional data than other applications since patients or participants often skip 

some of their examinations and drop out of the study [31], [86]. Figure 5.1 (b) describes an example 

of the spinal bone mineral density (BMD) according to age [126]. The dataset consists of 1~4 

measurements of spinal BMD from each participant and their sex and ethnicity (covariates). We 

will explore the dataset in more detail in Section 5.4.2. 

Note that the proposed method focuses on the static covariates that often relate to the basic 

nature of the subjects and do not change over time [127]. We will consider the expansion to the 

inclusion of dynamic covariates in our future research. It is also important to mention that the  term  

“covariates”  in  this  article is  distinguished  with  some  existing  studies, especially on cox  

proportional hazards model (PHM),  where “covariates” often directly refers to sensor signal 

 

(a) 

 

(b) 

Figure 5.1 Examples of sparse functional data with covariate information: (a) void swelling and (b) 
spinal bone mineral density 
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measurements [9]–[11]. For instance, for the aforementioned void swelling example, PHM-based 

method would consider swelling measurements as covariates instead of alloy composition or 

irradiation temperature. 

5.1.2 Literature Review 

Functional data analysis (FDA) is a powerful tool for sparse and irregularly sampled 

longitudinal or spatial data. It treats measurements as functions and leverages the underlying 

smoothness to model the data [128]. In particular, functional principal component analysis (FPCA) 

is one of the most widely-used FDA methods to reduce the dimensionality of functional data, 

which is intrinsically infinite-dimensional. Similar to conventional PCA, FPCA explores major 

variations of sample curves by finding principal component functions that are orthogonal and 

maximizes the curve variation. 

Consider the random function 𝑋ሺ𝑡ሻ in a compact time interval 𝒯  with mean function 𝜇ሺ𝑡ሻ, 

covariance function Σሺ𝑡, 𝑡ᇱሻ, and covariance operator Σሺ𝑔ሻ ൌ ׬ Σሺ𝑠, 𝑡ሻ𝑔ሺ𝑠ሻ𝑑𝑠𝒯  for any function 

𝑔 satisfying 𝔼ቀ׬ 𝑔ଶሺ𝑠ሻ𝑑𝑠𝒯 ቁ ൏ ∞. Under mild assumptions, Mercer’s theorem [129] implies that 

the covariance operator Σ  has orthonormal eigenfunctions (principal component functions) 

𝜙௞ሺ𝑡ሻ,𝑘 ൌ 1,2, … , with nonincreasing eigenvalues 𝜆௞ , i.e., 𝜆ଵ ൒ 𝜆ଶ ൒ ⋯ , satisfying Σሺ𝜙௞ሻ ൌ

𝜆௞𝜙௞. This leads to the well-known Karhunen–Loève decomposition of the random function 𝑋ሺ𝑡ሻ: 

𝑋ሺ𝑡ሻ ൌ 𝜇ሺ𝑡ሻ ൅෍ 𝐴௞𝜙௞ሺ𝑡ሻ
ஶ

௞ୀଵ
, ሺ5.1ሻ 

where the 𝑘th functional principal component (FPC) score is 𝐴௞ ൌ ׬ ሼ𝑋ሺ𝑡ሻ െ 𝜇ሺ𝑡ሻሽ𝜙௞ሺ𝑡ሻ𝑑𝑡𝒯 . 𝐴௞ 

are random variables uncorrelated across 𝑘, i.e., 𝑐𝑜𝑣ሺ𝐴௞,𝐴௞ᇲሻ ൌ 0 if 𝑘 ് 𝑘′ , with 𝔼ሺ𝐴௞ሻ ൌ 0 and 

𝑣𝑎𝑟ሺ𝐴௞ሻ ൌ 𝜆௞. The top few FPCs explain most of the variability in the random curves, and thus 
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𝑋ሺ𝑡ሻ can be approximated by a linear combination of the top 𝐾 principal component functions 

with the corresponding FPC scores as coefficients:  

𝑋ሺ𝑡ሻ ൎ 𝜇ሺ𝑡ሻ ൅෍ 𝐴௞𝜙௞ሺ𝑡ሻ
௄

௞ୀଵ
.  

The proper value of 𝐾 can be selected based on the fraction of explained variance, AIC (Akaike 

information criterion), or BIC (Bayesian information criterion) [128]. Estimating top principal 

component functions is equivalent to estimating Σሺ𝑡, 𝑡ᇱሻ with low-rank structure. 

There are several FPCA studies incorporating covariates [130]–[134]. In general, these methods 

can be categorized into two classes. The first class of methods assumes that the mean and 

covariance functions are smooth functions of both time and covariates and uses kernel smoothers 

to estimate them. For instance, Jiang and Wang [133], assumed a single covariate per subject and 

applied a three-dimensional kernel smoother to obtain the estimation of the covariance function. 

The second class of methods pools all subjects to conduct a standard FPCA and fits a model 

between the estimated FPC scores and covariates. For instance, Li et al. [132] assumed that FPC 

scores vary linearly with covariates.  

Another widely-studied FDA method is functional linear models (FLMs) [135]. FLMs are an 

extension of classical linear models whose responses or regressors may be functional. Here, we 

will focus on FLMs with functional responses 𝑋ሺ⋅ሻ  and (multiple) scalar regressors 𝒁 ൌ

ሾ𝑍ଵ, … ,𝑍ெሿ, also called the function-on-scalar model: 

𝑋ሺ𝑡ሻ ൌ 𝛽଴ሺ𝑡ሻ ൅ ෍ 𝛽௠ሺ𝑡ሻ𝑍௠

ெ

௠ୀଵ

, 

where 𝛽௠ሺ⋅ሻ for 𝑚 ൌ 0, … ,𝑀 are smooth functions defined on 𝒯. In the context of our problem, 

regressors 𝒁 can represent covariates of a subject. Various estimation methods such as a penalized 

least squares can be applied to estimate functional coefficients 𝛽௠ሺ⋅ሻ  given 𝒁  and (noisy) 
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observations of 𝑋ሺ𝑡ሻ [135]. . Other possible extended models are the functional mixed-effects 

models by including random functions [136] or to the varying coefficient models (VCMs) by 

making the coefficients vary smoothly over covariates [137]. However, most of the existing 

methods based on FPCA or FLMs (i) require complete or dense observations, (ii) handle only 

single or low-dimensional covariates, (iii) assume all covariates are informative, or (iv) cannot 

decide which covariates are informative. To address these issues, this study aims to develop a 

unified model to incorporate the covariate information into the sparse functional data analysis. In 

particular, we model the covariate effects on the FPC score through the between-subject 

correlations and also develop an informative covariate identification algorithm. 

5.2 Methodology 

Figure 5.2 illustrates the proposed covariate dependent spares functional data analysis. The 

proposed method first models the variation within each subject through pooled FPCA (Section 

5.2.1), and then models the variation between different subjects (Section 5.2.2). Through these two 

types of variations, we will be able to make predictions of a new subject (Section 5.2.3) and 

identify important covariates as well (Section 5.2.4).  

  

Figure 5.2 Illustration of the proposed framework 
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5.2.1 Base Model – Pooled FPCA 

In this subsection, we will first review the classic pooled FPCA discussed in Section 5.1.2 in 

more details, which will lay a foundation of the proposed method. Suppose there are 𝐼 subjects and 

𝑛௜ measurements for the 𝑖th subject. Let 𝑌௜௝ be the 𝑗th measurement of the 𝑖th subject at a random 

point 𝑡௜௝: 

𝑌௜௝ ൌ 𝑋௜൫𝑡௜௝൯ ൅ 𝜀௜௝ ൎ 𝜇൫𝑡௜௝൯ ൅෍ 𝐴௜௞𝜙௞൫𝑡௜௝൯
௄

௞ୀଵ
൅ 𝜀௜௝ ൌ 𝜇൫𝑡௜௝൯ ൅ 𝑨ሺ௜ሻ

் 𝝓൫𝑡௜௝൯ ൅ 𝜀௜௝ , ሺ5.2ሻ 

where 𝔼൫𝜀௜௝൯ ൌ 0, 𝑣𝑎𝑟൫𝜀௜௝൯ ൌ 𝜎ఌଶ, 𝝓ሺ𝑡ሻ ൌ ሾ𝜙ଵሺ𝑡ሻ, … ,𝜙௄ሺ𝑡ሻሿ் is a set of vectors derived from the 

eigenfunctions and 𝑨ሺ௜ሻ ൌ ሾ𝐴௜ଵ, … ,𝐴௜௄ሿ் is a vector of the FPC scores unique to the 𝑖th subject.  

As described in Section 5.1.2, the estimation of the eigencomponents (𝜆௞  and 𝜙௞ሺ𝑡ሻ ) is 

straightforward once the mean and covariance of the functional data have been estimated. 

Motivated by Yao et al. [138], we pool data across subjects to overcome the sparse measurement 

issue and apply smoothing methods to estimate the mean function 𝜇̂ሺ𝑡ሻ and covariance surfaces 

Σ෠ሺ𝑡, 𝑡ᇱሻ. In particular, local linear smoothing proposed by [139] is adopted to estimate 𝜇̂ሺ𝑡ሻ; other 

smoothing methods can also be used. Fitting a local linear smoothing means minimizing 

෍෍𝐾௅௅ௌ൫𝑡, 𝑡௜௝൯

௡೔

௝ୀଵ

൛𝑌௜௝ െ 𝒞଴ െ 𝒞ଵ൫𝑡 െ 𝑡௜௝൯ൟ
ଶ

ூ

௜ୀଵ

 

with respect to the coefficients 𝒞଴ and 𝒞ଵ, where 𝐾௅௅ௌ is a kernel function (often a Gaussian kernel 

function). The estimated mean function at 𝑡 is 𝜇̂ሺ𝑡ሻ ൌ 𝒞መ଴. Similarly, two-dimensional weighted 

least squares smoother is adopted to obtain the estimated covariance surfaces Σ෠ሺ𝑡, 𝑡ᇱሻ. In particular, 

consider the covariance within subject 𝑖. Using eq. (5.2), 𝑐𝑜𝑣൫𝑌௜௝ ,𝑌௜௟൯ ൌ 𝑐𝑜𝑣 ቀ𝑋௜൫𝑡௜௝൯,𝑋௜ሺ𝑡௜௟ሻቁ ൅

𝜎ఌଶ𝛿௝௟ , where 𝛿௝௟ ൌ 1  if 𝑗 ൌ 𝑙  and 0 otherwise. The “raw” covariances 𝐺௜൫𝑡௜௝ , 𝑡௜௟൯ ൌ ቀ𝑌௜௝ െ
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𝜇̂൫𝑡௜௝൯ቁ ൫𝑌௜௟ െ 𝜇̂ሺ𝑡௜௟ሻ൯ is smoothed against ൫𝑡௜௝ , 𝑡௜௟൯ using a nonparametric smoother, such as a 

local polynomial estimate [139]. Since 𝔼ቀ𝐺௜൫𝑡௜௝ , 𝑡௜௟൯ቁ ൌ 𝑐𝑜𝑣 ቀ𝑋௜൫𝑡௜௝൯,𝑋௜ሺ𝑡௜௟ሻቁ ൅ 𝜎ఌଶ𝛿௝௟ , the 

diagonal raw covariances where 𝑗 ൌ 𝑙 are excluded in the estimation of the covariance function 

since these include an additional term 𝜎ఌଶ due to the variance of the measurement errors. In fact, 

once Σ෠ሺ𝑡, 𝑡ᇱሻ  is obtained, 𝜎ఌଶ  can be easily calculated by smoothing 𝑌௜௝ െ 𝜇̂൫𝑡௜௝൯
ଶ
െ Σ෠൫𝑡௜௝ , 𝑡௜௝൯ 

against 𝑡௜௝ , for instance, through a widely-used local linear smoother [139]. Estimation of the 

eigencomponents are then obtained using the eigen-equations, 

න Σ෠ሺ𝑡, 𝑡ᇱሻ𝜙෠௞ሺ𝑡ሻ𝑑𝑡
𝒯

ൌ 𝜆መ௞𝜙෠௞ሺ𝑡ሻ, ሺ5.3ሻ 

where 𝜙෠௞  is subject to ׬ 𝜙෠௞ሺ𝑡ሻଶ𝑑𝑡𝒯 ൌ 1  and ׬ 𝜙෠௞ሺ𝑡ሻ ൈ 𝜙෠௞ᇲሺ𝑡ሻ𝑑𝑡𝒯 ൌ 0 for 𝑘 ൏ 𝑘ᇱ . Following 

the existing literature, we solve the eigen-equations by discretizing the smoothed covariance [140]. 

Let 𝛀ி௉஼஺  be the set of components of FPCA, i.e., 𝛀ி௉஼஺ ൌ

ሼ𝜇ሺ𝑡ሻ,𝜙ଵሺ𝑡ሻ, … ,𝜙௄ሺ𝑡ሻ, 𝜆ଵ, … , 𝜆௄,𝜎ఌଶሽ. 

In general, the FPC scores of each subject are estimated by numerical integration based on the 

definition 𝐴௞ ൌ ׬ ሼ𝑋ሺ𝑡ሻ െ 𝜇ሺ𝑡ሻሽ𝜙௞ሺ𝑡ሻ𝑑𝑡𝒯 . Nevertheless, this approach does not work well with 

sparse functional data. One of the most widely-used methods to overcome this is by assuming that 

𝐴௜௞  follows a Gaussian distribution and estimating the FPC scores using the conditional 

expectation given that there is at least one measurement from the subject of interest [138]: 𝐴መ௜௞ ൌ

 𝔼ሾ𝐴௜௞|𝒀௜ሿ ൌ 𝜆መ௞𝝓෡௜௞
் 𝚺෡௒೔

ିଵሺ𝒀௜ െ 𝝁ෝ௜ሻ , where 𝝓෡௜௞ ൌ ൣ𝜙෠௞ሺ𝑡௜ଵሻ, … ,𝜙෠௞൫𝑡௜௡೔൯൧
்

, 𝒀௜ ൌ ൣ𝑌௜ଵ, … ,𝑌௜௡೔൧
்

, 

𝝁ෝ௜ ൌ ൣ𝜇̂ሺ𝑡௜ଵሻ, … , 𝜇̂൫𝑡௜௡೔൯൧
்

, and the ሺ𝑗, 𝑙ሻth entry of 𝚺෡௒೔  is Σ෠൫𝑡௜௝ , 𝑡௜௟൯. However, in this existing 

approach, the covariate information is not leveraged to estimate FPC scores of each subject, and 

the estimation is not accurate enough when the subject of interest does not collect any 



 
138 

measurements. In the next subsection, we propose a novel approach to overcome this limitation by 

incorporating the covariate information into the estimation of FPC scores. 

5.2.2 Encoding Covariate Information into Kernel Design  

The FPC scores 𝐴௜௞  and 𝐴௥௞  for the 𝑖 th and 𝑟 th subjects are commonly assumed to be 

independent for 𝑖 ് 𝑟 . However, in many applications, the variables ሼ𝐴௜௞ሽ௜ୀଵ
ூ  may have an 

underlying relationship related to subjects’ covariate information. For example, if two ferritic steel 

components have similar alloy compositions, they are likely to show similar swelling processes. 

On the contrary, if two ferritic steel components have significantly different alloy compositions, 

their swelling processes are likely to vary. The covariates of the 𝑖th subject are denoted by 𝒁௜ ൌ

ሾ𝑍௜ଵ, … ,𝑍௜ெሿ், where 𝑀 is the total number of covariates of each subject. In such models, it is 

reasonable to assume that 𝑐𝑜𝑣ሺ𝐴௜௞,𝐴௥௞ሻ depends on the covariate difference between the 𝑖th and 

𝑟th subjects, ‖𝒁௜ െ 𝒁௥‖, where ‖𝒖‖ is the magnitude of a vector 𝒖 (given that the covariates have 

been normalized to the same range). Such a priori knowledge is not taken into account in the 

conventional FPC score estimation described in Section 5.2.1. 

The proposed framework encodes such covariate information into the estimation of FPC scores 

by imposing 𝐾 independent zero-mean Gaussian processes (GPs) on 𝐴௞,𝑘 ൌ 1, … ,𝐾: 

𝐴௞ሺ𝒁ሻ~𝒢𝒫൫0,𝐾௞ሺ𝒁,𝒁ᇱሻ൯, ሺ5.4ሻ 

where 𝐾௞ሺ𝒁,𝒁ᇱሻ is the covariance function of the GP on 𝐴௞. Here, we choose the GP due to its 

great flexibility to establish the non-parametric relation, the interpolation capability at any 

covariate 𝒁, and the ability to quantify uncertainties. For a single subject 𝑖 with covariates 𝒁௜, the 

prior distribution of 𝐴௜௞ follows a Gaussian distribution with variance 𝐾௞ሺ𝒁௜ ,𝒁௜ሻ. Note that this 

approach is similar to the existing studies relying on Gaussian assumption except that the prior 
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distribution is tailored to each subject based on its covariates. For any two subjects 𝑖, 𝑟 ∈

 ሼ1,⋯  , 𝐼ሽ, the covariance between 𝐴௜௞ and 𝐴௥௞ is now quantified by their covariate similarities, 

i.e., 𝑐𝑜𝑣ሺ𝐴௜௞ ,𝐴௥௞ሻ ൌ 𝐾௞ሺ𝒁௜ ,𝒁௥ሻ. Similar ideas of using GP to model FPC scores can be found in 

Chung et al. [141] for extrapolating longitudinal data and in Kim et al. [127] for modeling 

heterogeneous degrading subjects. Yet, these existing methods cannot be applied to our case. 

Although Chung et al. [141] can handle multi-sensor signals, it does not incorporate covariate 

information. Kim et al., [8] considers covariate information of heterogeneous subjects, yet cannot 

identify significant covariates. In addition, both methods rely on maximum likelihood estimation, 

which is unreliable in the cases with small number of subjects , highly sparse measurements per 

subject, and high-dimensional covariates. Our framework differs in that an explicit kernel design 

is considered to enable informative covariate identification, a fully Bayesian scheme is established 

to obtain a more robust and stable estimation, and the estimated eigenvalues are incorporated such 

that FPCA and GP are conducted in a unified manner. 

Note that 𝑐𝑜𝑣ሺ𝐴௜௞ ,𝐴௥௞ᇲሻ is always 0 when 𝑘 ് 𝑘ᇱ. In fact, this is the reason why we can use 𝐾 

independent univariate GPs instead of a single multivariate GP to model 𝑨ሺ௜ሻ together, which will 

greatly speed up the computations of the proposed method. It is also worth mentioning that unlike 

typical GPs modeling noisy observations, the additive noise term is not included in eq. (5.4) to 

encourage the variation of covariates 𝒁௜ rather than the noise variance to account for the variation 

of 𝑨ሺ௜ሻ , and further enhance the informative covariate identification procedure which will be 

explained in Section 5.2.4. However, we can add a noise term to eq. (4) in applications where some 

important covariates are not recorded, and the extension is straightforward. 

For the 𝑘th FPC score 𝐴௞, 𝐾௞ሺ𝒁,𝒁ᇱሻ is specified as the squared exponential covariance function 

with a separate scale parameter 𝜌௞௠ for each covariate 𝑍௜௠: 
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𝐾௞ሺ𝒁௜ ,𝒁௥ሻ ൌ 𝜆௞ exp ൬െ
1
2
෍

1
𝜌௞௠

ሺ𝑍௜௠ െ 𝑍௥௠ሻଶ
ெ

௠ୀଵ
൰ . ሺ5.5ሻ 

This kernel design is also well known as the automatic relevance determination (ARD) kernel 

[142], where the characteristic length-scale for the 𝑚th covariate is given by 𝜌௞௠
ଵ/ଶ. Ideally, if the 

𝑚th covariate is irrelevant, the estimation of 𝜌௞௠ should be large enough in order for the model to 

ignore this covariate, i.e., the difference between 𝑍௜௠  and 𝑍௥௠  has negligible effects on the 

covariance between 𝐴௜௞ and 𝐴௥௞. On the other hand, if 𝜌௞௠ is small, 𝐴௜௞ will vary rapidly along 

the corresponding covariate, implying the high “relevance” of the 𝑚th covariate. Section 5.2.3 will 

discuss in detail how the fully Bayesian estimation approach is adopted to obtain the robust 

estimation of the unknown parameters 𝜌௞௠ in eq. (5.5). 

In the cases where subjects also have categorical covariates (e.g., irradiation type), we may 

apply one of the conventional transformations from categorical values to numerical values. 

Without loss of generality, suppose there are 𝑄 categorical covariates 𝑼 ൌ ൣ𝑈ଵ, … ,𝑈ொ൧, where the 

𝑞th categorical covariate 𝑈௤ has 𝑢௤ levels, in addition to the continuous covariates 𝒁. Using the 

one-hot encoding, the 𝑞th categorical covariate of the 𝑖th subject is converted to a one-hot vector 

𝑼෩௜௤ ൌ ቂ𝑈௜௤
ሺଵሻ, … ,𝑈௜௤

൫௨೜ିଵ൯ቃ . If the 𝑖 th subject belongs to the 𝑢௤ th level of the 𝑞 th categorical 

covariate, 𝑼෩௜௤ is set to a zero vector; otherwise, all entries are zeros except the one corresponding 

to the 𝑞th categorical covariate of the 𝑖th subject. As a result, a transformed covariate vector of the 

𝑖 th subject will be ൣ𝒁௜;𝑼෩௜ଵ; … ;𝑼෩௜ொ൧ . In applications where the differences across different 

categorical levels are assumed to be consistent, it is possible to further tie the length scales to be 

the same for different levels for ease of computation and extend the covariance function in eq. 

(5.5) as follows: 



 
141 

𝑐𝑜𝑣൫𝐴௞ሺ𝒁௜ ,𝑼௜ሻ,𝐴௞ሺ𝒁௥ ,𝑼௥ሻ൯

ൌ  𝜆௞ expቌെ
1
2
෍

ሺ𝑍௜௠ െ 𝑍௥௠ሻଶ

𝜌௞௠

ெ

௠ୀଵ
െ

1
2
෍

∑ ቀ𝑈௜௤
ሺ௨ሻ െ 𝑈௥௤

ሺ௨ሻቁ
ଶ௨೜ିଵ

௨ୀଵ

𝜌௞௤
ᇱ

ொ

௤ୀଵ
ቍ. 

Another key part of the kernel design in eq. (5) is that the 𝑘th largest eigenvalues 𝜆௞ derived 

from FPCA acts as a scale factor. For the 𝑖th subject with covariates 𝒁௜, the variance of the prior 

distribution of the 𝑘th FPC score is reduced to 𝜆௞, i.e., 𝑣𝑎𝑟ሺ𝐴௜௞ሻ ൌ 𝐾௞ሺ𝒁௜ ,𝒁௜ሻ ൌ 𝜆௞, and thus the 

proposed design bridges the gap between FPCA in Section 5.2.1 and GP modeling in this 

subsection. This further resolves the unidentifiability issue in the ARD kernel that the length-scale 

parameters 𝝆 ൌ ሼ𝝆௞ሽ௞ୀଵ
௄ , where 𝝆௞ ൌ ሾ𝜌௞ଵ, … ,𝜌௞ெሿ, alone are not well identified, yet only the 

ratios of 𝝆௞ to 𝜆௞ are identifiable [143].  

Please note that, in practice, multiple covariates may be collinear. The collinearity makes the 

kernel matrix of the GP more ill-conditioned and leads to non-identifiability. Thus, we should 

remove the redundant or highly correlated covariates in data preprocessing to avoid the collinearity 

between different covariates.  

To summarize, we first pool the covariance within a subject at the level of 𝑌௜௝ to characterize 

the commonalities shared by all subjects and estimate 𝜇ሺ𝑡ሻ, 𝜙௞ሺ𝑡ሻ, 𝜆௞ and 𝜎ఌଶ. We then consider 

the covariance between subjects at the level of 𝒁௜ to characterize the uniqueness of each subject 

through its FPC scores 𝑨ሺ௜ሻ and model the covariate importance through 𝝆௞. This is illustrated in 

Figure 5.2. It is important to note that while these two procedures are conducted separately, they 

are under the integrated structure where we use the variation of 𝑌௜௝ to derive the variation from 𝒁 

(between subjects) and the variation left conditioned on 𝒁 (within a subject). This is possible 

because each subject’s trajectory is summarized through a set of FPC scores, and the covariate 

information only contributes to the between-subjects covariance of these scores. 
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5.2.3 Fully Bayesian Estimation and Prediction 

In this subsection, we will discuss how to estimate the set of length-scale parameters 𝝆 and 

make predictions of the function trajectories of the subjects of interest, i.e., estimate new subjects’ 

FPC scores based on their covariates and measurements. The classical approach to estimate the 

parameters of the mean and covariance functions in GPs is by maximizing the marginal likelihood 

(also called Type II maximum likelihood) and yielding fixed point estimates [101], [127]. This 

method has several advantages. For example, the marginal likelihood is tractable for Gaussian 

noise models, and once the point estimation has been obtained, the predictions of a new data point 

can be computed analytically. However, this approach also has several major drawbacks when it 

is used in the proposed framework. First, it is unstable, i.e., the resulting point estimates of 𝜌௞௠  

may significantly vary for different parameter initializations, especially in the cases of a small 

number of subjects, a high sparsity, or high-dimensional covariates. It is also well known that the 

non-convexity of the marginal likelihood surface can make Type II maximum likelihood 

estimation tend to overfit [144]. Second, unlike most of the existing studies using the ARD kernel, 

the point estimates of 𝜌௞௠ of irrelevant covariates often do not go to infinity or a significantly 

large value in the proposed framework which makes it much more challenging to identify 

important covariates. This is because we do not have direct realizations of the FPC scores 𝑨ሺ௜ሻ; 

instead we only indirectly observe the linear combination of FPC scores of each subject through 

the sparse and noisy measurements as in eq. (2). 

To address these issues and obtain more robust results, our method proposes the fully Bayesian 

hierarchical scheme as follows: 

Prior over hyperparameters 𝜌௞௠~𝑝ሺ𝜌௞௠ሻ, 𝑘 ൌ 1, … ,𝐾 and 𝑚 ൌ 1, … ,𝑀 

Prior over parameters 𝑨௞|𝒁,𝝆௞~𝑁ሺ0,𝑲௞ሻ, 𝑘 ൌ 1, … ,𝐾 
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Likelihood 𝒀|𝑨,𝛀ி௉஼஺~𝑁ሺ𝝁 ൅𝚽𝑨,𝜎ఌଶ𝕀ሻ 

Specifically, following Neal [142], an inverse Gamma prior 𝑝ሺ𝜌௞௠ሻ whose mean scales with the 

number of covariates 𝑀 is imposed on 𝜌௞௠ with the shape parameter 𝛼ఘ and the scale parameter 

𝛽ఘ𝑀ଶ/ఈഐ. An inverse gamma prior is chosen since it has a sharp left tail that assigns negligible 

mass on very small values and a heavy right tail that allows large values. Also, when the number 

of covariates 𝑀 increases, the proportion of informative covariates are often expected to decrease, 

and thus, inverse Gamma prior whose mean scales with 𝑀 is widely used [142], [145]. Let 𝑨௞ ൌ

ሾ𝐴ଵ௞, … ,𝐴ூ௞ሿ் ∈ ℝூൈଵ be a vector of the 𝑘th FPC scores, 𝑨 ൌ ൣ𝑨ሺଵሻ;⋯ ;𝑨ሺூሻ൧ ∈ ℝூ௄ൈଵ be all the 

FPC scores, and 𝒁 ൌ ሾ𝒁ଵ;⋯ ;𝒁ூሿ ∈ ℝூெൈଵ  be the covariates of all subjects. Denote 𝑲௞ ൌ

൥
𝐾௞ሺ𝒁ଵ,𝒁ଵሻ ⋯ 𝐾௞ሺ𝒁ଵ,𝒁ூሻ

⋮ ⋱ ⋮
𝐾௞ሺ𝒁ூ ,𝒁ଵሻ ⋯ 𝐾௞ሺ𝒁ூ ,𝒁ூሻ

൩ ∈ ℝூൈூ to be the Gram matrix, 𝒀 ൌ ሾ𝒀ଵ; … ;𝒀ூሿ ∈ ℝሺ∑௡೔ሻൈଵ to be 

all measurements, and 𝚽 ൌ ൥
𝝓ଵ ⋯ 𝟎
⋮ ⋱ ⋮
𝟎 ⋯ 𝝓ூ

൩ ∈ ℝሺ∑௡೔ሻൈூ௄  to be the eigenfunction design matrix, 

where 𝝓௜ ൌ ሾ𝝓௜ଵ, … ,𝝓௜௄ሿ ∈ ℝ௡೔ൈ௄.  

Recall that our two main objectives are (i) identify informative covariates and (ii) model and 

predict the trajectory of a new subject. The first step to achieve both goals is the estimation of 

length-scale parameters 𝝆. Under such Bayesian hierarchical scheme, we use a self-tuning variant 

of the Hamiltonian Monte Carlo (HMC) called the No-U-Turn-Sampler (NUTS) to estimate the 

posterior distribution of the unknown parameters 𝝆 [146]. The performance of a standard HMC is 

highly sensitive to two tuning parameters: a step size and a number of steps. Several preliminary 

runs are required to find the proper values of these parameters. Alternatively, the NUTS develops 

a recursive algorithm that adaptively tunes the parameters. Empirically, the NUTS is shown to 
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work at least as good as a well-tuned standard HMC. The implementation of the NUTS in this 

study uses a probabilistic programming language (Stan). 

The xext step is to make the predictions for a new subject with covariate information 𝒁⋆ based 

on the parameter estimation results. To achieve this, we integrate over the joint posterior: 

𝑝ሺ𝑨⋆|𝒀,𝒁,𝒁⋆ሻ ൌ නන𝑝ሺ𝑨⋆|𝒀,𝒁,𝒁⋆,𝑨,𝝆ሻ𝑝ሺ𝑨|𝝆,𝒀,𝒁ሻ𝑝ሺ𝝆|𝒀,𝒁ሻ𝑑𝑨𝑑𝝆 ,  

where we have suppressed the conditioning over 𝛀ி௉஼஺  for brevity. Given that the joint prior 

distribution of 𝑨⋆  and 𝑨  is Gaussian distribution and 𝑝ሺ𝑨⋆|𝒀,𝒁,𝒁⋆,𝑨,𝝆ሻ  and 𝑝ሺ𝑨|𝝆,𝒀,𝒁ሻ  are 

Gaussian distributions as well, the above can be further simplified to 

𝑝ሺ𝑨⋆|𝒀,𝒁,𝒁∗ሻ ൌ න𝑝ሺ𝑨⋆|𝒀,𝒁,𝒁⋆,𝝆ሻ𝑝ሺ𝝆|𝒀,𝒁ሻ𝑑𝝆 , ሺ5.6ሻ 

where 𝑨⋆|𝒀,𝒁,𝒁⋆,𝝆 ~ 𝑁ሺ𝝁⋆,𝚺⋆ሻ with parameters,  

 
𝝁⋆ ൌ 𝑲⋆𝑲ିଵ ൬

1
𝜎ఌଶ

𝚽்𝚽 ൅𝑲ିଵ൰
ିଵ 1
𝜎ఌଶ

𝚽்ሺ𝒀 െ 𝝁ሻ, and  

𝚺⋆ ൌ 𝑲⋆𝑲ିଵ ൬
1
𝜎ఌଶ

𝚽்𝚽 ൅ 𝑲ିଵ൰
ିଵ

𝑲ିଵ𝑲⋆் ൅ 𝑲⋆⋆ െ 𝑲⋆𝑲ିଵ𝑲⋆் . 
ሺ5.7ሻ 

𝑲⋆⋆ ൌ 𝑲ሺ𝒁⋆,𝒁⋆ሻ  denotes the covariance matrix of 𝒁⋆  and 𝑲⋆ ൌ ሾ𝑲ሺ𝒁ଵ,𝒁⋆ሻ, … ,𝑲ሺ𝒁ூ ,𝒁⋆ሻሿ 

denotes that between 𝒁⋆  and 𝒁 , where 𝑲ሺ𝒁,𝒁ᇱሻ  is a diagonal matrix with diagonal entries 

𝐾௞ሺ𝒁,𝒁ᇱሻ,𝑘 ൌ 1, … ,𝐾. The proof of ሺ7ሻ is given in the Appendix. The predictive distribution in 

eq. (6) can be approximated with Monte Carlo integration as follows. 

 𝑝ሺ𝑨⋆|𝒀,𝒁,𝒁⋆ሻ ൌ න𝑝ሺ𝑨⋆|𝒀,𝒁,𝒁⋆,𝝆ሻ𝑝ሺ𝝆|𝒀,𝒁ሻ𝑑𝝆 

ൎ
1
𝐻
෍ 𝑝൫𝑨⋆ห𝒀,𝒁,𝒁⋆,𝝆ሺ௛ሻ൯

ு

௛ୀଵ
, 𝝆ሺ௛ሻ~𝑝ሺ𝝆|𝒀,𝒁ሻ, ሺ5.8ሻ 
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where 𝑨  is integrated out analytically and 𝝆ሺ௛ሻ  is a random draw 𝝆ሺ௛ሻ  from the posterior 

distribution 𝑝ሺ𝝆|𝒀,𝒁ሻ obtained through the NUTS. We can then obtain the approximate posterior 

distribution of 𝑌⋆ using 𝑌⋆ ൌ 𝜇̂ሺ𝑡⋆ሻ ൅ ∑ 𝐴௞
⋆𝜙෠௞ሺ𝑡⋆ሻ

௄
௞ୀଵ .  

When the subjects of interest have collected at least one measurement, i.e., for the estimation 

of 𝑨, a similar procedure can be carried out by using 𝑝ሺ𝑨|𝒀,𝒁ሻ ൌ  ,𝑝ሺ𝑨|𝒀,𝒁,𝝆ሻ𝑝ሺ𝝆|𝒀,𝒁ሻ𝑑𝝆׬

where 𝑝ሺ𝑨|𝒀,𝒁,𝝆ሻ ൌ 𝑁൫𝝁⋆ሺଶሻ,𝚺⋆ሺଶሻ൯ with fixed parameters,  

 
𝝁⋆ሺଶሻ ൌ

1
𝜎ఌଶ

𝚺⋆ሺଶሻ𝚽்ሺ𝒀 െ 𝝁ሻ, and 

𝚺⋆ሺଶሻ ൌ ൬
1
𝜎ఌଶ

𝚽்𝚽 ൅𝑲ିଵ൰
ିଵ

. 
ሺ5.9ሻ 

The details are given in the Appendix. Using the marginalization property of Gaussian distribution, 

the posterior distribution of the 𝑖th subject can be obtained by extracting the 𝑖th subvector of the 

mean vector and the 𝑖th submatrix of the covariance matrix of the posterior distribution of 𝑨. 

5.2.4 Informative Covariate Identification 

The proposed method assumes that there might be non-informative covariates that do not affect 

the functional trajectories. In fact, in many applications, it may be unknown which covariate 

significantly affects a subject’s trajectory. For instance, in void swelling, identifying important 

alloy composition is still an area of active research. Section 5.2.2 introduces how the ARD kernel 

can be used to measure the importance of each covariate. In this section, we will explain the 

limitation of the naïve implementation of the ARD kernel in our context and discuss a more 

systematic approach to identify informative covariates.  

In the existing literature on the ARD kernel, it often sets a threshold value 𝜉 and decides that 

the 𝑚th covariate is informative if 𝜌௞௠ ൏ 𝜉. In other words, we test the null hypothesis 𝐻଴ that a 
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covariate is non-informative and reject 𝐻଴  if 𝜌௞௠  is in the critical region, i.e., 𝜌௞௠ ൏ 𝜉 . 

Nevertheless, as mentioned in Section 5.2.3, the estimation of 𝜌௞௠ of irrelevant covariates in the 

proposed method does not always tend to infinity or very large values due to the sparse and noisy 

measurements. This makes it much more difficult to choose a proper value of 𝜉. In addition, the 

distribution of 𝜌௞௠  under the null hypothesis cannot be analytically derived. To tackle this 

problem, the proposed method first introduces a new inert covariate that has no effect on the 

response. The posterior draws of the inert covariate obtained in Section 5.2.3 are then used to 

estimate the shape of the probability density function (pdf) of a covariate under 𝐻଴ and numerically 

obtain the critical region. Similar idea of adding an inert factor (also called “pseudo-variable”) and 

using its posterior distribution as a reference has been explored in different contexts [147]–[149], 

yet not in the context of FPCA and the explicit kernel design in Section 5.2.2. 

In particular, an additional covariate 𝑍෨௜ሺெାଵሻ that has no impact on the response is appended, 

i.e., 𝒁෩௜ ൌ ൣ𝑍௜ଵ, … ,𝑍௜ெ,𝑍෨௜ሺெାଵሻ൧
்
. To mimic the existing covariates, 𝑍෨௜ሺெାଵሻ also ranges from 0 to 

1 (given that the original covariates have been normalized to this range). An additional binary inert 

covariate can be used to accommodate one-hot encoded categorical covariates. The ideal choice 

of 𝑍෨௜ሺெାଵሻ  is that the added column 𝒁ெାଵ ൌ ൣ𝑍෨ଵሺெାଵሻ, … ,𝑍෨ூሺெାଵሻ൧
்

 is orthogonal to existing 

columns 𝒁௠ ൌ ሾ𝑍ଵ௠, … ,𝑍ூ௠ሿ்,𝑚 ൌ 1, … ,𝑀. Yet, in practice, such a column 𝒁ெାଵ may not exist. 

Instead, we randomly sample 𝒁ெାଵ and perform the following informative covariate identification 

procedure multiple times to obtain robust results. Ideally, 𝒁ெାଵ should be sampled to mimic the 

existing covariates’ behaviors. In cases where the true distributions of existing covariates are 

unknown, an inert covariate can be sampled from 𝑈𝑛𝑖𝑓𝑜𝑟𝑚ሺ0,1ሻ given that each covariate is 

standardized to range between 0 and 1 (or sampled from the Bernoulli distribution for one-hot 

encoded categorical covariates), or by empirically estimating the probability functions of existing 
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covariates (e.g., kernel density estimation) [150]. In each trial, 𝒁ெାଵ is added, and the NUTS is 

implemented to calculate the posterior distributions of the following significance score 𝑠௠ of all 

covariates: 

𝑠௠ ൌ෍ 𝜆௞ exp ൬
1
𝜌௞௠

൰
௄

௞ୀଵ
,     𝑚 ൌ 1, … ,𝑀 ൅ 1. 

In general, the importance of a covariate is measured using the inverse of 𝜌௞௠ as explained in 

Section 5.2.2. In the proposed framework, the covariate is important when the corresponding 

principal component function accounts for a larger variation (larger 𝜆௞) or the function varies more 

rapidly according to the corresponding covariate changes (smaller 𝜌௞௠ ). Thus, the above 

significance score is proposed which is the weighted sum of exp ቀ ଵ

ఘೖ೘
ቁ ,𝑘 ൌ 1, … ,𝐾  with the 

eigenvalue 𝜆௞  as the weight. As a result, a covariate with a high significance score 𝑠௠  is 

considered as an important covariate. In each trial of the augmentation of an inert covariate and 

the NUTS, we record the posterior median of 𝑠ெାଵ and every realization of 𝑠௠,𝑚 ൌ 1, … ,𝑀. As 

a result, posterior medians of 𝑠ெାଵ represent the behaviors of 𝑠௠ under the null hypothesis. The 

posterior median over all realizations of 𝑠௠ can be compared to the reference distribution of the 

posterior median of 𝑠ெାଵ. Note that we can run multiple trials in parallel if needed to reduce 

computational time. One major advantage of adding a new inert covariate as a reference is that it 

allows us to control the false positive rate and removes the need to find a proper value of a threshold 

value 𝜉. For instance, if 𝑠௠ is compared to the 95th percentile of the reference distribution of 𝑠ெାଵ, 

it can be said that there is a 5% chance of falsely identifying a non-informative covariate as 

informative. Alternatively, we can also use the Monte Carlo estimation of significance and 

calculate the p-value as the relative ranking of the posterior median of 𝑠௠ among the samples of 

the posterior median of 𝑠ெାଵ. It is also worth pointing out that a sufficient number of the trials of 
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the augmentation of an inert covariate and the NUTS is crucial, especially in the estimation of the 

high quantile values [151]. In the following numerical studies, we observed that more than 200 

trials are enough.  

In practice, it is possible that we also want to screen out covariates with negligible effects. In 

such case, we set 𝑍෨௜ሺெାଵሻ to have small effects on the response instead of no effects. For instance, 

we can use the adjusted observation as 𝑌෨௜௝ ൌ 𝑌௜௝ ൅ 𝜂 ൈ 𝜆ଵ𝜙ଵ൫𝑡௜௝൯𝑍෨௜ሺெାଵሻ with a small incremental 

positive value 𝜂. 

5.3 Simulation Study 

In this section, a series of numerical studies are performed to demonstrate the effectiveness and 

the sensitivity of the proposed method using simulated covariate-dependent sparse functional data. 

Section 5.3.1 introduces how we generate the simulated dataset. Section 5.3.2 evaluates the 

informative covariate identification and prediction performance of the proposed method. In 

Section 5.3.3, we confirm that the addition of an inert covariate does not significantly change the 

posterior medians of the existing covariates. From Section 5.3.4 to Section 5.3.7, we evaluate how 

the proposed method performs under different scenarios, including a covariate with small effects, 

low heterogeneity between different subjects, a categorical covariate with additive/multiplicative 

effects, and different prior distributions over the hyperparameters. Additional simulation study 

results analyzing the sensitivity of the proposed method to the mis-specification of the inert 

covariate are also presented in the supplemental materials. 
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5.3.1 Data Generation 

The simulated trajectories have mean function 𝜇ሺ𝑡ሻ ൌ 𝑡 ൅ 10 expሺെሺ𝑡 െ 5ሻଶሻ and covariance 

function derived from two eigenfunctions, 𝜙ଵሺ𝑡ሻ ൌ cosሺ𝜋𝑡/5ሻ /√5 and 𝜙ଶሺ𝑡ሻ ൌ െsinሺ𝜋𝑡/5ሻ /

√5 for 0 ൑ 𝑡 ൑ 10. Each subject has a total of 𝑀 ൌ 20 covariates. The covariates of all subjects, 

ሾ𝒁ଵ,⋯ ,𝒁ூሿ , is drawn as a 𝐼 ൈ 𝑀  Latin hypercube sample (LHS) matrix from a set of 

𝑈𝑛𝑖𝑓𝑜𝑟𝑚ሺ0,1ሻ. The FPC scores of the 𝑖th subject are generated using 𝐴௜ଵ ൌ 0.5 ൈ 𝑍௜ଵ
ଶ ൅ 0.5 ൈ 𝑍௜ଶ 

and 𝐴௜ଶ ൌ 0.5 ൈ sinሺ2 ൈ 𝑍௜ଵሻ ൅ 0.5 ൈ 𝑍௜ଶ
ଶ , i.e., only the first two covariates out of a total of 20 are 

informative. The calculated FPC scores are then normalized to have mean 0 and variance 

(eigenvalues) 𝜆ଵ ൌ 5 and 𝜆ଶ ൌ 2. The variance of the measurement error is 𝜎ఌଶ ൌ 0.5ଶ. For an 

equally spaced grid ሼ𝑐଴, … , 𝑐ହ଴ሽ  on ሾ0,10ሿ  with 𝑐଴ ൌ 0  and 𝑐ହ଴ ൌ 10 , let 𝑑௟ ൌ 𝑐௟ ൅ 𝑒௟ , where 

𝑒௟ ~
i.i.d
𝑁ሺ0,1ሻ, 𝑑௟ ൌ 0 if 𝑑௟ ൏ 0 and 𝑑௟ ൌ 10 if 𝑑௟ ൐ 10 to create “jittered” grid. In the 𝑖th subject, 

the number of measurements 𝑛௜  is randomly sampled from a discrete uniform distribution on 

ሼ2, … ,5ሽ, and the locations of measurements are randomly sampled from ሼ𝑑ଵ, … ,𝑑ହ଴ሽ without 

replacement. Figure 5.3 shows an example of the trajectories of 50 randomly generated subjects. 

 

Figure 5.3 Realizations of 50 subjects 
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5.3.2 Baseline scenario 

First, the trajectories of 𝐼 ൌ 50  subjects are generated to verify the informative covariate 

identification performance. Throughout Sections 5.3.2 to 5.3.6, the parameters of the prior 

distribution of 𝝆 are set to 𝛼ఘ ൌ 4 and 𝛽ఘ ൌ 1. The 600 iterations of the NUTS are run to generate 

posterior realizations of 𝝆, with the first 500 discarded as burn-in. The augmentation of an inert 

covariate and the NUTS are repeated 300 times. The resulting 300 posterior medians of 𝑠ெାଵ form 

the reference distribution. Figure 5.4 illustrates the boxplots of the posterior realizations of 𝑠௠ 

from a random simulation where the horizontal solid (dashed) line is the 95th (90th) percentile of 

the reference distribution. The figure shows that the first two covariates are correctly identified as 

informative and clearly have higher significance scores than the other non-informative covariates. 

The above simulation is repeated 100 times, and Table 5.1 summarizes the results. The covariates 

are identified as informative using either the 95th or 90th percentiles of the reference distribution 

as a criterion. The table shows that our method correctly identifies the informative covariates with 

very high probability. Note that although it is possible to approximately control the false positive 

rate through the percentiles of the inert covariate, a limited number of subjects or the high sparsity 

of the measurements per subject can result in a higher false positive rate as illustrated in Table 5.1. 

We further conduct the informative covariate identification with a smaller number of the total 

subjects 𝐼. The simulation is repeated 50 times for each value of 𝐼. Table 5.2 summarizes that with 

more subjects, i.e., as 𝐼 increases, the probability of correctly identifying informative covariates 

 
Table 5.1 Proportion of simulations that each covariate is identified as informative (Truly informative 
covariates are highlighted in bold) 

 Covariate 

Percentile 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
90th 1 1 0.17 0.18 0.20 0.16 0.09 0.16 0.11 0.07 0.13 0.05 0.13 0.13 0.13 0.12 0.14 0.17 0.08 0.15 
95th 0.99 0.98 0.10 0.06 0.13 0.12 0.05 0.11 0.05 0.08 0.07 0.02 0.04 0.05 0.04 0.03 0.10 0.13 0.08 0.09 
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(the power of the hypothesis test) increases. With more than or equal to only 20 subjects, two 

informative covariates are always correctly identified as informative. 

To assess the prediction performance, we generate 𝐼 training subjects and 10 testing subjects. 

For the training subjects, both covariates and sparse measurements are available where 𝑛௜  is 

randomly sampled from a discrete uniform distribution on ሼ5, … ,10ሽ. Our goal is to accurately 

estimate their trajectories. We calculate the mean squared fitting errors (MSFE) of testing subjects: 

∑ ∑ ቀ𝑋௥ሺ𝑐௟ሻ െ 𝑋෠௥ሺ𝑐௟ሻቁ
ଶ

ହ଴
௟ୀଵ /50ଵ଴

௥ୀଵ /10. The following benchmark methods are used: 

(1) Conventional GP with the ARD kernel, which takes 𝑌௜௝ as outputs and ሾ𝑡௜௝;  𝒁௜ሿ as inputs 

(2) Varying-coefficient model (VCM) that semi-parametrically approximates the effects of the 

covariates [152] 

(3) CD-FPCA which is the FPCA with covariate-dependent mean and covariance structure 

(assuming informative covariates are known as a priori) [134] 

  

Figure 5.4 Posterior distributions of 𝑠௠ for a randomly selected simulation. Horizontal solid (dashed) 
line: the 95th (90th) percentile of the reference distribution 

 
Table 5.2 Proportion of simulations that an informative covariate is correctly identified with small 𝐼 

Percentile 

𝐼 
10 20 

Covariate 
1 2 1 2 

90th 0.50 0.42 1 1 
95th 0.48 0.36 0.98 1 
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(4) PCA through conditional expectation (PACE) for sparse longitudinal data [138] 

While the proposed method uses the GP to model the relation between the covariates and the 

FPCA scores, another possible approach is by locally fitting a line to estimate 𝑨ሺ௜ሻ . This 

corresponds to the VCM whose coefficient is the FPC score 𝑨ሺ௜ሻ which varies according to the 

covariates 𝒁௜  [31]. We also consider two FPCA-based methods: the PACE [138] and the CD-

FPCA [134]. As discussed in Section 5.2.1, the PACE is a widely-used pooled FPCA method that 

pools measurements from all subjects to address the sparsity issue and uses smoothing methods to 

estimate the mean and covariance functions. Note that the PACE does not consider the covariates 

of subjects, i.e., all subjects are assumed to be identical. Alternatively, the CD-FPCA can handle 

covariate information and assumes that mean and covariance functions vary according to the 

covariates. It is important to point out that the CD-FPCA cannot identify informative covariates 

and is developed for univariate or low-dimensional covariates scenarios. Thus, the following 

results for the CD-FPCA is the ones assuming informative covariates are known as priori. The 

existing methods requiring complete or dense observations are not included. For instance, 

Supervised Sparse and Functional PCA (SupSFPC) method proposed by Li, Shen, and Huang 

[132] handles the sparsity in a principal component loading vector and cannot handle sparse and 

irregularly spaced measurements, and thus not considered as a benchmark. 

The simulations are repeated 50 times for each value of 𝐼. We first assume only the covariates 

are available for the testing subjects (i.e., no measurements available). Since both the PACE and 

the CD-FPCA require at least one measurement from a testing subject to make estimation of its 

FPC scores, the estimated (covariate-adjusted) mean function is used as the predictions of the 

PACE and the CD-FPCA. The results are shown in Table 5.4 that the proposed method yields 

much lower fitting errors than the benchmark methods. Unsurprisingly, the prediction accuracy 
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improves as more training subjects are available. One interesting result is the fitting errors of the 

CD-FPCA. Although the CD-FPCA considers covariate information unlike the PACE, the CD-

FPCA results in much higher errors than the PACE. This is mainly because the available dataset 

is extremely limited, i.e., only 20~60 subjects with very sparse measurements, and the CD-FPCA 

largely overfitted the data. We further simulate the case where each testing subject has collected 

two measurements and Table 5.4 illustrates the results. Similar to Table 5.3, Table 5.4 shows that 

the proposed method outperforms the benchmark methods.  

5.3.3 Addition of inert covariates 

Recall that the posterior medians are used in identifying informative covariates. Thus, it is 

crucial to assess how the posterior medians of significance scores change as we add an inert 

covariate. To illustrate this, the NUTS is repeated on the same dataset with and without the addition 

of an inert covariate. Figure 5.5 (a) and (b) illustrate the boxplots of the posterior realizations of 

𝑠௠ of existing covariates (a) when an inert covariate is added and (b) when it is not. Two figures 

are very similar, indicating that the addition of an inert covariate does not significantly change the 

 
Table 5.3 Mean and standard deviation (in parentheses) of mean squared fitting errors when no 
observations are available for testing subjects 

𝐼 Proposed GP VCM CD-FPCA  PACE 
20 0.258 (0.158) 0.734 (1.068) 2.018 (0.981) 18.72   (1.570) 3.116 (1.084) 
40 0.213 (0.109) 0.415 (0.398) 0.914 (0.603) 18.76   (1.967) 3.009 (0.998) 
60 0.167 (0.085) 0.391 (0.299) 0.324 (0.315) 18.38   (0.568) 3.054 (1.028) 

 

Table 5.4 Mean and standard deviation (in parentheses) of mean squared fitting errors when two 
observations are available for each testing subject 

𝐼 Proposed GP VCM CD-FPCA PACE 
20 0.241 (0.144) 0.401 (0.198) 1.574 (1.420) 11.94   (2.971) 23.50 (12.67) 
40 0.197 (0.114) 0.321 (0.214) 0.710 (0.813) 9.885   (1.609) 2.257 (4.916) 
60 0.158 (0.089) 0.299 (0.201) 0.229 (0.282) 9.451   (1.567) 1.038 (0.368) 
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posterior medians of 𝑠௠. The average percentage errors of the posterior medians between two 

scenarios are 1.58%, indicating that the addition of an inert covariate has negligible effects on the 

posterior estimations of existing covariates.  

5.3.4 Covariates with small effects 

In this sub subsection, a new informative covariate is added, i.e., the FPC scores of the 𝑖th 

subject are generated using 𝐴௜ଵ ൌ 0.5 ൈ 𝑍௜ଵ
ଶ ൅ 0.5 ൈ 𝑍௜ଶ  and 𝐴௜ଶ ൌ 0.5 ൈ sinሺ2 ൈ 𝑍௜ଵሻ ൅ 0.5 ൈ

𝑍௜ଶ
ଶ ൅ 0.05 ൈ 𝑍௜ଷ, i.e., the first three covariates are informative. Compared to Section 5.3.2, the 

third covariate now has very small effects on the second FPC score, i.e., insignificant effects on 

the measurements. The covariate identification simulation is repeated 50 times, where each 

simulation follows the same procedure as in Section 5.3.2. Table 5.5 summarizes the results. The 

 

(a) 

 

(b) 

Figure 5.5 Posterior distributions of 𝑠௠ (a) when an inert covariate is added and (b) when it is not for a 
randomly selected simulation.  

Table 5.5 Proportion of simulations that each covariate is identified as informative when the third 
informative covariate has much smaller effects than the first and second informative covariates (Truly 
informative covariates are highlighted in bold) 
 Covariate 
Percentile 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
90th   1 1 0.12 0.10 0.08 0.08 0.14 0.08 0.10 0.12 0.12 0.14 0.12 0.12 0.08 0.06 0.12 0.08 0.16 0.08 
95th  1 1 0.06 0.08 0.06 0.08 0.12 0.06 0.08 0.10 0.10 0.10 0.08 0.10 0.06 0.02 0.04 0.02 0.12 0.04 
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table shows that compared to the first and second covariates with much more significant effects, 

the probability of correctly identifying the third covariate as informative is much smaller. In other 

words, when the large variations of a covariate merely result in negligible heterogeneity of the 

trajectories, the probability of identifying this covariate as informative is low. 

5.3.5 Low heterogeneity 

In this subsection, a group of less heterogenous subjects is generated. Specifically, eigenvalues 

are set to 𝜆ଵ ൌ 1ଶ  and 𝜆ଶ ൌ 0.5ଶ . The simulation is repeated 50 times where each simulation 

follows the same procedure as in Section 5.3.2. The informative covariate identification results are 

in  

Table 5.6. The table shows that the probability of correctly identifying informative covariates 

(the power of the hypothesis test) decreases, and that of incorrectly identifying non-informative 

covariates as informative increases as the heterogeneity decreases. This is because as the 

eigenvalue decreases, the trajectories of different subjects become more similar given the same 

covariate differences and make it more difficult to detect the covariate effects. We also observe 

that in more extreme cases where the eigenvalues get similar to or smaller than the noise variance 

𝜎ఌଶ, the probability of correctly identifying an informative covariate rapidly decreases, close to the 

probability of falsely identifying a non-informative covariate as informative, which indicates the 

 
Table 5.6 Proportion of simulations that each covariate is identified as informative when 𝜆ଵ ൌ 1ଶ and 
𝜆ଶ ൌ 0.5ଶ (Truly informative covariates are highlighted in bold) 
 Covariate 
Percentile 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
90th   0.86 0.88 0.18 0.20 0.24 0.16 0.12 0.16 0.14 0.14 0.16 0.18 0.16 0.20 0.22 0.14 0.20 0.16 0.16 0.18 
95th  0.86 0.88 0.14 0.16 0.22 0.16 0.10 0.12 0.10 0.12 0.16 0.12 0.12 0.20 0.20 0.12 0.18 0.14 0.12 0.14 
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application condition of the proposed method. However, due to the page limit, we omit the results 

here.  

5.3.6 Categorical covariates 

In this subsection, a new informative categorical covariate is added. Specifically, two cases are 

designed: a categorical covariate with an additive effect on FPC scores and a categorical covariate 

with a multiplicative effect on FPC scores. We assume there are 19 continuous covariates and one 

categorical covariate with two categories, resulting in 𝑀 ൌ 20  after applying the one-hot 

encoding. First, the categorical covariate has an additive effect on FPC scores, i.e., the FPC scores 

of the 𝑖 th subject are generated using 𝐴௜ଵ ൌ 0.5 ൈ 𝑍௜ଵ
ଶ ൅ 0.5 ൈ 𝑍௜ଶ ൅ 0.5 ൈ 𝕀ሺ𝑈௜ଵሻ  and 𝐴௜ଶ ൌ

0.5 ൈ sinሺ2 ൈ 𝑍௜ଵሻ ൅ 0.5 ൈ 𝑍௜ଶ
ଶ ൅ 0.1 ൈ 𝕀ሺ𝑈௜ଵሻ, where 𝕀ሺ𝑈௜ଵሻ ൌ 1 if the 𝑖th subject belongs to the 

first category and 0 otherwise, resulting 𝔼൫𝕀ሺ𝑈௜ଵሻ൯ ൌ 0.5. The covariate identification simulation 

is repeated 50 times, where each simulation follows the same procedure as in Section 5.3.2, except 

that two inert covariates—continuous (generated from 𝑈𝑛𝑖𝑓𝑜𝑟𝑚ሺ0,1ሻ) and categorical (generated 

from 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖ሺ1/2ሻ )—are augmented. Table 5.7 summarizes that the two informative 

continuous covariates (Covariates 1 and 2) and one binary covariate corresponding to the 

Table 5.7 Proportion of simulations that each covariate is identified as informative when a categorical 
covariate with an additive effect is added (Truly informative covariates are highlighted in bold) 
 Covariate 
Percentile 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
90th   1 1 0.16 0.12 0.12 0.10 0.14 0.12 0.08 0.10 0.12 0.10 0.16 0.12 0.14 0.16 0.16 0.12 0.14 1 
95th  1 1 0.10 0.04 0.06 0.02 0.06 0.08 0.02 0.06 0.08 0.06 0.10 0.06 0.08 0.10 0.10 0.04 0.06 1 

 

Table 5.8 Proportion of simulations that each covariate is identified as informative when a categorical 
covariate with a multiplicative effect is added (Truly informative covariates are highlighted in bold) 
 Covariate 
Percentile 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
90th   1 1 0.14 0.16 0.12 0.14 0.10 0.08 0.12 0.14 0.12 0.12 0.10 0.10 0.14 0.16 0.08 0.14 0.12 1 
95th  1 1 0.06 0.10 0.08 0.10 0.06 0.02 0.06 0.06 0.08 0.06 0.02 0.04 0.06 0.10 0.04 0.06 0.06 1 
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informative categorical covariate (Covariate 20) are correctly identified as informative with very 

high probability. Second, the categorical covariate has a multiplicative effect on FPC scores, i.e., 

the FPC scores of the 𝑖 th subject are 𝐴௜ଵ ൌ ሺ0.5 ൈ 𝑍௜ଵ
ଶ ൅ 0.5 ൈ 𝑍௜ଶሻ ൈ ሺ𝕀ሺ𝑈௜ଵሻ ൅ 1ሻ and 𝐴௜ଶ ൌ

0.5 ൈ sinሺ2 ൈ 𝑍௜ଵሻ ൅ 0.5 ൈ 𝑍௜ଶ
ଶ . The results are shown in Table 5.8 that the proposed method 

successfully identifies all the informative continuous and categorical covariates with high 

probability. 

5.3.7 Sensitivity to prior distribution over 𝝆 

In this subsection, we assess the sensitivity of the proposed method against the choice of a prior 

distribution over 𝝆. In literature, there is no standard approach to choose the parameters 𝛼ఘ and 𝛽ఘ 

of the inverse gamma distribution other than using the plot of the probability density function 

[145]. We conduct similar informative covariate identification procedures as in Section 5.3.2, 

except using different scale and shape parameters of the inverse gamma prior distribution over 𝝆. 

In Section 5.3.2, 𝛼ఘ and 𝛽ఘ are set to 4 and 1, respectively. Table 5.9 and Table 5.10 show the 

covariate identification results when 𝛼ఘ ൌ 2  and 𝛽ఘ ൌ 1 , and when 𝛼ఘ ൌ 4  and 𝛽ఘ ൌ 2 , 

Table 5.9 Proportion of simulations that each covariate is identified as informative when 𝛼ఘ ൌ 2 and 

𝛽ఘ ൌ 1 (Truly informative covariates are highlighted in bold) 

 Covariate 
Percentile 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
90th   1 1 0.18 0.14 0.26 0.10 0.08 0.22 0.10 0.08 0.14 0.02 0.04 0.10 0.14 0.08 0.14 0.16 0.06 0.10 
95th  1 0.98 0.14 0.14 0.20 0.08 0.08 0.16 0.08 0.04 0.10 0.02 0.04 0.08 0.10 0.06 0.12 0.08 0.04 0.06 

 

Table 5.10 Proportion of simulations that each covariate is identified as informative when 𝛼ఘ ൌ 4 and 

𝛽ఘ ൌ 2 (Truly informative covariates are highlighted in bold) 

 Covariate 
Percentile 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
90th   1 1 0.12 0.20 0.14 0.14 0.06 0.18 0.10 0.10 0.12 0.14 0.10 0.10 0.18 0.14 0.06 0.22 0.08 0.16 
95th  1 1 0.10 0.10 0.12 0.12 0.03 0.16 0.08 0.08 0.10 0.12 0.00 0.08 0.20 0.08 0.02 0.18 0.04 0.10 
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respectively. With a different prior distribution over 𝝆, the significance scores of the existing 

covariates are expected to change. Nevertheless, as the significance score of the inert covariate 

also changes accordingly, the results repeating 50 simulations show that the proposed method still 

identifies the important covariates with high probability. Compared to Table 5.1, the results in 

Table 5.9 and Table 5.10 slightly change, indicating the robustness of the proposed method to the 

choice of the parameters of the prior distribution over 𝝆. 

5.4 Case Study 

5.4.1 Void Swelling 

In this subsection, we apply the proposed method to investigate which covariates affect swelling 

processes described in Section 5.1.1, and estimate the trajectory of the swelling process given the 

covariate information. 

We collected the data from a large amount of existing literature on void swelling in austenitic 

stainless steel. The created dataset consists of 238 subjects with a total number of 317 

measurements, as illustrated in Figure 5.1 (a). Note that out of a total of 238 subjects, 219 subjects 

have only one measurement. The full list of covariates is summarized in Table 5.11. As 

demonstrated in Section 5.2.2, we create four dummy variables applying the one-hot encoding to 

“Irradiation Type,” resulting in 𝑀 ൌ 21. Pooling all subjects together, the mean function 𝜇ሺ𝑡ሻ and 

the principal component functions 𝜙ଵሺ𝑡ሻ, … ,𝜙௄ሺ𝑡ሻ are extracted. The value of 𝐾 is set to 3 which 

explains 92.16% of total variations. Figure 5.6 illustrates the mean function and the top 3 principal 

component functions. The 600 iterations of the NUTS are then run to generate posterior 
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realizations of 𝝆 , with the first 500 discarded as burn-in. The augmentation of two inert 

covariates—continuous (generated from 𝑈𝑛𝑖𝑓𝑜𝑟𝑚ሺ0,1ሻ ) and categorical (generated from 

Table 5.11 Summary of all covariates in the void swelling dataset 

Continuous Covariate Unit 
Irradiation Temperature °C 

Alloy 
Composition 

B  

wt. % 

C  
N 
Al 
Si 
P 
S 
Ti 
V 
Cr 
Mn 
Fe 
Cu 
Ni 
Mo 
O 

Categorical Covariate Level 

Irradiation Type 

Ni6+ 
Fe2+ 
Neutron 
Proton 
Electron 

 

 

(a) 
 

(b) 

Figure 5.6 Pooled FPCA results of the void swelling: (a) mean function and (b) top 3 principal 
component functions 
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𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖ሺ1/5ሻ)—and the NUTS are repeated 300 times to construct the reference distribution. 

Figure 5.7 visualizes the boxplots of the posterior realizations of continuous covariates where the 

horizontal solid (dashed) line is the 95th (90th) percentile of the reference distribution. Similarly, 

Figure 5.8 shows the results of categorical covariates. The results show that all covariates are 

identified as informative using the 95th or 90th percentiles of the reference distribution as a 

criterion, i.e., all covariates have some effects on the swelling processes. In fact, the alloy 

 

(a) 

  

(b) 

Figure 5.7 Posterior distributions of 𝑠௠ of the continuous covariates in the void swelling dataset ((a) 
and (b) have different y-axis scales). Horizontal solid (dashed) line: the 95th (90th) percentile of the 
reference distribution 
 

  

(a) 

  

(b) 

Figure 5.8 Posterior distributions of 𝑠௠ of the categorical covariates in the void swelling dataset ((a) 
and (b) have different y-axis scales). Horizontal solid (dashed) line: the 95th (90th) percentile of the 
reference distribution 
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composition affects the duration of the transient regime of alloys’ swelling processes, and different 

irradiation types are also known to cause different morphologies of damage cascades and long-

term microstructure development [153]. The irradiation temperature is another factor that 

significantly affects swelling processes, although the exact cause and relations are not fully 

investigated. Please refer to [124], [153] for more detailed explanations. We further adjust the inert 

Table 5.12 MLE results of length-scale parameters of conventional ARD  

Covariate Value Covariate Value 

Total Damage 0.094 
Irradiation 
Temperature 

0.086 

B ൐ 10ଷ Mn ൐ 10ଷ 

C 0.562 Fe ൐ 10ଷ 

N ൐ 10ଷ Cu 0.120 

Al 0.022 Ni 4.067 

Si 0.642 Mo 34.10 

P 0.152 Ni6 ൐ 10ଷ 

S 558.1 Fe2 0.015 

    

Ti 7.155 Neutron 121.3 

V 0.042 Proton 0.153 

Cr ൐ 10ଷ Electron 0.126 

 

 

 

Figure 5.9 Posterior distributions of 𝑠௠ of the continuous covariates in the void swelling dataset when 
the inert covariate has a small effect. Horizontal solid (dashed) line: the 95th (90th) percentile of the 
reference distribution. The y-axis range is set to [5, 50] for better visualization. 
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covariates to have small effects (𝜂 ൌ 0.2) and repeat the informative covariate identification 

procedure. As a result, three continuous covariates are found to have significant effects on void 

swelling: Irradiation temperature, %wt. Fe, and %wt. Cr, as visualized in Figure 5.9. This also 

agrees with the domain knowledge on void swelling that the first-order major element composition 

(e.g., Fe, Cr, and Ni) has more significant effects than other minor element compositions. The 

average values of the alloy composition of Fe, Cr, and Ni are 62.72%, 16.11%, and 16.65%, 

respectively. The informative covariate identification results can be further used to design an 

experiment to investigate the optimal condition to extend the swelling period to the maximum 

(e.g., informed alloy design). 

In comparison, the point estimation of 𝜌௞௠ using MLE in the conventional GP is also provided 

in Table 5.12. We can see that it is not straightforward to set an appropriate value of 𝜉 and decide 

which covariates to screen out. More importantly, the conventional GP fails to identify the 

important covariates such as %wt. Cr and %wt. Fe, yet concludes other covariates as informative 

whose effects on void swelling are less clear.  

 

Figure 5.10 Comparison results of the absolute errors by using the benchmark methods and the proposed 
method according to the true void swelling values 
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To evaluate the prediction performance of the proposed method, we conduct leave-one-out 

cross validation (i.e., considering each subject as a testing set and the rest of 237 subjects as a 

training set). The absolute errors, i.e., |ሺ𝑇𝑟𝑢𝑒 𝑉𝑎𝑙𝑢𝑒ሻ െ ሺ𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 𝑉𝑎𝑙𝑢𝑒ሻ|, are calculated and 

compared with the benchmarks. The results are shown in Figure 5.10, indicating that the proposed 

method results in fewer outliers and overall outperforms the benchmark methods. Especially, the 

advantage of the proposed method seems to be more significant when the true values of void 

swelling are large, which is important for practical applications. Although the GP shows 

comparable prediction performance with the proposed method, the GP fails to identify informative 

covariates and thus results in more outliers with larger errors than the proposed method. Note that 

the CD-FPCA is not included in the results as it cannot handle high-dimensional covariates and 

even with the pre-selected covariates, it largely overfits the data and results in much higher errors 

than others. 

5.4.2 Spinal Bone Mineral Density 

In this subsection, the proposed method is applied to evaluate whether sex or ethnicity is an 

important factor affecting the spinal BMD. We use the publicly available dataset from the R 

package loon. As illustrated in Figure 5.1 (b), the dataset includes 423 young (aged 9-26 years) 

subjects, where each subject collects 1~4 measurements of the spinal BMD [126]. Here, we focus 

on 280 subjects with more than one measurement. There are two categorical covariates: sex and 

Table 5.13 Covariates in Spinal BMD dataset 

Covariate Level # of Subjects 

Sex 
Female 153 
Male 127 

Ethnicity 

Asian 71 
Black 67 
Hispanic 52 
White 90 
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ethnicity, as summarized in Table 5.13. Using the one-hot encoding, four binary covariates are 

designed. We follow the same detailed setting described in Section 5.4.1. In the pooled FPCA, the 

value of 𝐾 is set to 3 explaining 93.56% of total variations. Figure 5.12 shows the mean function 

and the top 3 principal component functions. 

In terms of the inert covariate, two binary covariates are added: one sampled from 

𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖ሺ1/2ሻ  and another sampled from 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖ሺ1/4ሻ . Each corresponds to sex and 

ethnicity. Figure 5.11 (a) and (b) visualize the boxplots of the posterior realizations of ethnicity 

and sex, respectively, where the horizontal solid (dashed) line is the 95th (90th) percentile of the 

 

(a) 

 

(b) 

Figure 5.12 Pooled FPCA results of the spinal BMD: (a) mean function and (b) top 3 principal 
component functions 

 

Figure 5.11 Posterior distributions of 𝑠௠ of the spinal BMD dataset. Horizontal solid (dashed) line: the 
95th (90th) percentile of the reference distribution 
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reference distribution. The results show that sex has significant effects on spinal BMD, but not 

ethnicity. This agrees with the existing analysis that has consistently reported the sex differences 

in spinal BMD, yet observed discrepant results for the ethnic differences in spinal BMD depending 

on different sample size or experimental design [126], [154]–[156]. 

5.5 Conclusion 

This work aims at cases where each subject has sparse measurements and records subject-level 

covariates. This problem can be found in a wide range of applications such as nuclear engineering, 

manufacturing, and healthcare. To address this, the proposed method models the between-subjects 

variation coming from covariates and the within-subject variation conditioned on covariates in a 

systematic manner. The numerical study results demonstrate that the proposed method 

outperforms existing methods in model fitting, prediction, and informative covariate identification 

accuracy. 

There are several potential topics for future research. First, this paper assumes covariates are 

static. The extension to the inclusion of time-varying covariates will be of great interest in our 

future research, e.g., through function-on-function models. Second, the ARD is known to 

overestimate the relevance of nonlinear variables (covariates) compared to the relevance of linear 

variables of equal relevance [157]. A systematic approach to address this issue is an area of future 

research. Third, it is possible that multiple functional data streams are observed from each subject. 

For instance, bone mineral densities in different locations (spine, hip, and forearm) may be 

simultaneously measured from each patient. It would be interesting to extend the proposed method 

to handle such cases, especially through multivariate FPCA [158]. Last but not least, it is worth 

studying how to extend the proposed method to handle missing covariate values using data 

imputation.  
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5.6 Appendix 

5.6.1 The proof of eq. (5.7) 

In this appendix, we have suppressed the conditioning over 𝝆,𝒁 and 𝒁∗  for brevity. Since 

𝒀|𝑨~𝑁ሺ𝝁 ൅𝚽𝑨,𝜎ఌଶ𝕀ሻ and 𝑨~𝑁൫𝟎,𝑲ሺ𝒁,𝒁ሻ൯, we can show that the posterior distribution 𝑨|𝒀 

also follows the multivariate Gaussian distribution: 

𝑨|𝒀~𝑁൫𝝁⋆ሺଶሻ,𝚺⋆ሺଶሻ൯, ሺ&1ሻ 

where 𝝁⋆ሺଶሻ ൌ 𝚺⋆ሺଶሻ ቆ ଵ

ఙഄ
మ 𝚽

்ሺ𝒀 െ 𝝁ሻቇ and 𝚺⋆ሺଶሻ ൌ ቀ ଵ

ఙഄ
మ 𝚽

்𝚽 ൅𝑲ିଵቁ
ିଵ

. Following the definition 

of a GP, FPC scores of any finite number of subjects have a joint Gaussian distribution. 

Specifically, the FPC scores of the historical subjects 𝑨 and those of the new subject 𝑨⋆ have a 

joint Gaussian distribution: 

ቀ𝑨
⋆

𝑨
ቁ~𝑁 ቀ𝟎, ൤𝑲

⋆⋆ 𝑲⋆

𝑲⋆் 𝑲
൨ቁ , ሺ&2ሻ 

Since 𝑝ሺ𝑨⋆|𝑨ሻ ൌ 𝑝ሺ𝑨⋆,𝑨ሻ/𝑝ሺ𝑨ሻ, we can show that 𝑨⋆|𝑨~𝑁ሺ𝝁ᇱ,𝚺ᇱሻ, where 𝝁ᇱ ൌ 𝑲⋆𝑲ିଵ𝑨 and 

𝚺ᇱ ൌ 𝑲⋆⋆ െ 𝑲⋆𝑲ିଵ𝑲⋆். Marginalizing as 𝑝ሺ𝑨⋆|𝒀ሻ ൌ  𝑝ሺ𝑨⋆|𝑨ሻ𝑝ሺ𝑨|𝒀ሻ𝑑𝑨, we can further prove׬

that  

𝑨⋆|𝒀~𝑁ሺ𝝁⋆,𝚺⋆ሻ, ሺ9ሻ 

with parameters, 𝝁⋆ ൌ 𝑲⋆𝑲ିଵ𝝁⋆ሺଶሻ and 𝚺⋆ ൌ 𝑲⋆𝑲ିଵ𝚺⋆ሺଶሻ𝑲ିଵ𝑲⋆் ൅ 𝚺ᇱ. 

5.6.2 Sensitivity to Mis-specification of Inert Covariate 

In this subsection, we consider the cases, where the distribution of the inert covariate is mis-

specified due to the lack of prior knowledge or limited amount of historical dataset. In such 

scenarios, the proposed method may provide additional errors in terms of informative covariate 
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identification. In this simulation, we follow detailed settings described in Section 5.3.2, except that 

the inert covariate is sampled from the symmetric beta distribution that has been widely used to 

model the behavior of random variables limited to a finite interval. Note that 𝐵𝑒𝑡𝑎ሺ1,1ሻ  is 

equivalent to 𝑈𝑛𝑖𝑓𝑜𝑟𝑚ሺ0,1ሻ . Three distributions are used to sample inert covariates: 

𝐵𝑒𝑡𝑎ሺ0.8, 0.8ሻ , 𝐵𝑒𝑡𝑎ሺ1,1ሻ  and 𝐵𝑒𝑡𝑎ሺ1.2 ,1.2ሻ . Figure 5.13 shows the probability density 

functions of the corresponding beta distributions.  

The simulation is repeated 50 times for each of the Beta distributions. The covariate selection 

results are in Table 5.14.  

The results in Table 5.14 show that the proposed method is quite robust with respect to the mis-

specification of the inert covariate. In particular, the proposed method was able to correctly identify 

 

Figure 5.13 Probability density functions of the beta distributions of mis-specified inert covariates 
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Table 5.14 Average proportion of simulations that a covariate is identified as informative/irrelevant 

when the inert covariate is mis-specified (correct distribution of the inert covariate is 𝐵𝑒𝑡𝑎ሺ1.0, 1.0ሻ) 

Percentile Inert covariate 
Covariate 

Informative Irrelevant 

90th 
Beta(0.8, 0.8) 1 0.132 
Beta(1.0, 1.0) 1 0.123 
Beta(1.2, 1.2) 1 0.128 

95th 
Beta(0.8, 0.8) 1 0.083 
Beta(1.0, 1.0) 1 0.068 
Beta(1.2, 1.2) 1 0.075 
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informative covariates despite of mis-specified inert covariate. Yet, when the distribution of the 

inert covariate is mis-specified (i.e., 𝐵𝑒𝑡𝑎ሺ0.8, 0.8ሻ or  𝐵𝑒𝑡𝑎ሺ1.2, 1.2ሻ), there is slightly higher 

chance of falsely identifying non-informative covariates as informative. Recall that the proposed 

method identifies informative covariates by measuring how rapidly FPC score changes according 

to the covariate change. Roughly speaking, when the distribution of the inert distribution is mis-

specified, the differences of the inert covariates between different subjects will be distorted, while 

the corresponding differences of the FPC score estimations between subjects remain the same. 

This may lead to “less” rapid changes of FPC scores, i.e., the significance of the inert covariate is 

underestimated, and increases the false positive rate (decreases the false negative rate). 
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Chapter 6 Summary 

Degradation modeling and prognostics are crucial to avoid unanticipated system failures, 

associated economic losses, and even safety issues. This thesis aims to address major challenges 

in exploring novel applications of degradation modeling and prognostics. The contributions of this 

thesis can be summarized as follows: (1) established a novel health index-based method which 

selects informative sensors and combines multiple sensor signals to achieve more accurate 

degradation modeling and prognostics and better interpretability; (2) developed a novel Bayesian 

deep learning framework that performs degradation modeling and prognostics in complex systems 

involving multiple sensors, multiple failure modes and multiple operational conditions from a 

probabilistic point of view; (3) established an individualized degradation modeling and prognostics 

of a heterogeneous group which encodes the available information about intrinsic covariates into 

the random-effect coefficients and quantifies the similarities between different units; (4) proposed 

a covariate-dependent functional data analysis method to identify informative covariates when 

each system has sparse and irregular longitudinal measurements and there is no physical 

knowledge available for a functional form of the degradation process.  
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