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ABSTRACT

Sensor detection systems with a fusion center are being considered to detect a low-power signal emitter in an
unknown location within a region of interest. For example, multiple radiation sensors can be distributed in a re-
gion to detect the presence of an unauthorized radioactive material. When designing such a system, the designer
faces the problem that the measurements are conditionally dependent in general. Designs for conditionally dependent
measurements are significantly more difficult to achieve than designs for conditionally independent measurements.
Furthermore, the distribution of measurements depends on variables with unknown distributions, such as the emitter
location, which means that the alternative hypothesis is composite. Although it is possible to use the theory of least
favorable distributions to deal with a composite hypothesis, many of the results in this theory require conditionally
independent measurements. If the designer assumes that measurements are conditionally independent, then any per-
formance analysis may be invalid because such an assumption is generally considered unrealistic and only justified by
convenience.

How can the designer deal with the difficulties associated with conditionally dependent measurements and the
composite hypothesis? It is shown in this dissertation that there are conditions that allow a designer to deal with
these problems by assuming a least favorable distribution for the emitter location that not only makes the hypothesis
simple and ensures detection performance, but also causes the measurements to become conditionally independent and
identically distributed. It is shown that under certain conditions, any distribution that places the emitter on a subset of
the boundary of the region of interest with probability one is least favorable for various systems of interest. This result
may be considered intuitive; however, it does not hold in general.

Since a design based on a least favorable distribution may be considered too conservative, this dissertation proposes
the use of a most favorable distribution for the emitter location and uses the theory of asymptotic relative efficiency
(ARE) to evaluate how conservative the design based on a least favorable distribution is. The ARE theory is further

used to, under a least favorable distribution, compare different systems and different sensor deployment strategies.



Chapter 1

Introduction

1.1 Motivation

Consider the problem of designing a sensor detection system with a fusion center to detect a low-power signal
emitter in an unknown location within a region of interest. As illustrated in Figure 1.1, a sensor detection system with
a fusion center is a system in which multiple sensors at different locations collect measurements from the region of
interest, process them, and transmit the processed outputs to the fusion center [117, 122]. Based on the information
received from the sensors, the fusion center decides between the null hypothesis Hy (signal absent) and the alternative

hypothesis H; (signal being emitted by an emitter at some point of the region of interest.).

region of interest Fusion Center

H{H[]v Hl}

Figure 1.1. Sensor detection system with a fusion center in which each sensor i collects the measurements Z; from a
possible signal from an emitter at a random location, processes it with a sensor function ¢;, and transmits the sensor
output U; to the fusion center, which applies a fusion function ¢ to decide between Hy (signal absent) or H; (signal
present).

A sensor detection system with a fusion center may be used in many applications:

e Detection of low-level point radiation sources: It is desirable to detect as soon as possible a terrorism scenario
in which an ionizing radioactive material such as Cesium-137 is released in a metropolitan area [20, 58, 87,98].

The solution of placing individual portal-style detectors is not viable given the many possible entry points [87].



A sensor detection system in which sensors are radiation counters offers a solution to monitor and detect the

presence of such point radiation sources in the whole region of interest [20, 58, 87,98].

e Detection of unused radio frequency communication channels: A possible regulatory measure to increase
the utilization of a radio frequency spectrum is to allow unlicensed radio devices to use a frequency band that
is temporarily unused by its licensed users. Cooperative spectrum-sensing procedures are being proposed to
determine whether a licensed user is transmitting in the frequency band and avoid excessive interference to
licensed receivers [94, 111, 126]. Such schemes can be modeled by a sensor detection system in which sensors

are radio frequency receivers.

e Detection of forest fires: It is desirable to detect forest fires as soon as possible in order to expedite the deploy-
ment of fire fighters to contain the spread of the fire. Satellite technology suffers from long scanning cycles, low
resolution, and possible cloud cover [57, 103,104, 140]. Sensor detection systems equipped with air temperature

and humidity sensors are being considered as an option to detect the beginnings of a forest fire [57,103,104,140].

e Detection of intruders in a restricted area: The movement of vehicles and persons causes vibrations in the
ground that can be measured by seismic sensors [2,93]. A sensor detection system with seismic sensors can

detect intruders in an area and activate further systems such as an alarm or a video camera system [93].

e Detection of unauthorized submarines in a region of the ocean: Sonar systems for detecting submarines
have been in use for many years [33, 66]; however, recent advances in submarine technology to avoid detection
require new technologies to improve detection capabilities [6]. A sensor detection system with acoustic sensors

can detect underwater sound waves generated or reflected by a submarine or a diver [6,66, 105].

e Detection of an aircraft in an air space: Typical radar systems determine whether a region of air space
contains an aircraft by using one or more stations to transmit a radio wave and one or more stations to receive the
reflections that occur when an aircraft is present in the air space [7]. Modern radar systems are being considered
in which information from multiple radar receivers is combined before reaching a decision [7,76, 122,134]. A
sensor detection system in which sensors are radars and the signal emitted is the aircraft radio wave reflection

can be used to model such modern radar systems [7,67,122,134].

The sensor detection system in these applications may be a subsystem of a larger system that performs additional tasks
such as emitter classification, localization, or tracking. In some larger systems, the task of detection is usually the first
step in a sequence of tasks to deal with the emitter [24,93, 125, 134]; for instance, in an intruder detection application,
the video camera system is activated only after a seismic sensor detects the intruder [93]. In spite of the importance of

the subsequent tasks, this dissertation deals exclusively with the design of the detection subsystem.



Sensor detection systems are being considered for the above mentioned applications because they enable mea-
surements to be taken at closer distances from the potential emitter [43,93]. In all of the applications mentioned, the
measurements are corrupted by background noise and the amplitude of the signal to be detected decays as the distance
from the emitter increases, and since the possible emitter is at an unknown location within the region of interest, col-
lecting measurements from a single location can potentially produce measurements with very low signal-to-noise ratios
(SNR). By distributing sensors at various locations, detection performance is improved in many situations [43,93].!
A further motivation for distributing the sensors is to allow the measurement of a possible emitter to be taken from
different directions, reducing the impact of obstructions [43,93].

Furthermore, sensor detection systems allow multiple measurements to be collected simultaneously, reducing the
time required for detection. All of the above mentioned applications share the common goal of detecting the presence
of the emitter with the smallest delay possible. Therefore, instead of having a single sensor sequentially collect
multiple measurements to increase the SNR for decision, multiple sensors can each collect a single measurement and
transmit it to the fusion center for a final decision in a fraction of the time.

From a practical point of view, there is an interest in using sensor detection systems because the communication of
measurements from the sensors to the fusion center has been facilitated by the recent advances in wireless communi-
cation networks and protocols [2,33,93]. If communication cables were used to provide connectivity between sensors
and fusion center, the system could not be economically viable due to the deployment costs; furthermore, deployment
could be prevented altogether if sensors have to be deployed in a restricted or hard to reach region. By using wireless
communication channels, deployment costs can be significantly reduced, making the system viable, and sensors can be
deployed in a remote location; for instance, sensors can be dropped from an aircraft or contained within projectiles that
scatter the sensors in the region [2,57,58,125]. Advances in wireless ad hoc networking allow the self-organization of
sensors in wireless ad hoc networks, which have been made possible by recent radio communication regulations and
standards that use low-power radios in unlicensed radio frequency bands [2,33]. The small cost of radios operating in
such bands makes sensor systems with hundreds or thousands of sensors economically viable.

Lastly, sensor detection systems are more robust to failures and less prone to spoofing [2,33]. The performance of
a sensor detection system suffers slight degradation if a single sensor fails or is destroyed.

It is possible to classify the various types of sensor detection systems in two classes: systems that allow sensors to
communicate with each other, and systems in which sensors communicate only with a fusion center or with a node at a
higher level in a hierarchy than the sensors. Sensor systems that allow sensors to communicate with each other not only
enable the formation of multihop communication paths towards the fusion center, but also enable the use of collabora-

tive signal processing techniques in which a sensor uses both its own measurement and another sensor’s measurement

IDistributing sensors at various locations will not always improve detection performance. There are contrived situations in which a better
detection performance is obtained by placing all sensors at the center of the region of interest.



in the generation of its output [2,33,43]. On the other hand, such systems require more elaborate communication
protocols and mechanisms for message routing, data aggregation, energy conservation, and self-configuration [2,33].

In this dissertation, the focus is on sensor detection systems in which sensors communicate only with the fusion
center, as illustrated in Figure 1.1. This is not limiting because such a sensor detection system can be considered one
out of many fusion regions of a large hierarchical sensor detection system [44, 64,136, 140]. In a hierarchical sensor
detection system, a larger geographical area is partitioned in multiple fusion regions and the sensors in each region
communicate with a single fusion node, which is supposed to decide between Hy and H; within its fusion region.? This
focus also does not preclude the case in which sensors communicate with the fusion center through data connections
that use reliable transport protocols in a wired or wireless data network [71].

The design of sensor detection systems in which sensors communicate only with the fusion center is significantly
less complicated because of fewer issues associated with the communication between sensors and fusion center and
fewer issues associated with the control of sensor energy since sensors no longer relay transmissions from other
sensors; however, the design of the sensor detection system is still complicated due to issues associated with the

statistical treatment of measurements, as explained next.

1.2 Issues Associated with the Analytical Treatment of Sensor Detection Systems

The process of designing a sensor detection system with a fusion center involves the determination of how the
sensors will process their measurements, how the sensors will transmit their measurements to the fusion center, how
the fusion center will process the sensors’ outputs, and how many sensors are needed in order to satisfy a prescribed
performance requirement.

To produce such a design and evaluate its performance, the designer generally builds a mathematical model of
the system and uses analytical treatment, numerical evaluations, simulation tools, and field tests to evaluate its per-
formance. The analytical treatment allows the designer to better understand the underlying physical phenomena and
provides guidance for the design; numerical evaluations and simulation tools are then used to refine the analysis; and
field tests are used to verify the correct system operation in certain test conditions. This is a general procedure when
designing any system and, ideally, the system designer should be equipped with good numerical and simulation tools,
should have resources to perform field tests, and should have mathematical models that are amenable to analytical
treatment.

This dissertation focuses on the analytical treatment of sensor detection systems, and the problem that this dis-
sertation addresses is that the current mathematical models for sensor detection systems are not amenable to
analytical treatment unless the system designer adopts assumptions that are generally considered unrealistic by

many researchers in the field.

2In the literature, these fusion regions may be called ‘clusters’ and the fusion node may be called a ‘clusterhead’ or a cluster node [2,44,64,136].



In detection problems, analytical treatment is facilitated when the data is assumed conditionally independent given
the hypotheses [65]; in fact, under this assumption, models amenable to analytical treatment of sensor detection
systems are available and much progress have been made, as described in Chapter 3; however, the assumption of
conditional independence is generally considered unrealistic and only justified by convenience [15,39, 106,111, 124,
134,137, 138]. As shown in Chapter 4, sensor measurements are indeed conditionally dependent in general when the
distribution of the measurements depends on the distances between the sensors and the emitter locations [11,39, 106].
With conditionally dependent measurements, the design becomes significantly more difficult even in simple sensor
detection systems, as discussed in Chapter 3.

Furthermore, analytical treatment is generally difficult when the sensor measurements depend on variables with
unknown distributions, which means that the hypothesis H; is composite [65]. As discussed in Chapter 4, even if the
distributions of some of the dependent variables can be accurately estimated or imposed, there are other variables that
cannot be estimated or controlled in important situations. One such variable is the emitter location, whose distribution
is generally unknown.

A valuable approach to deal with unknown distributions is to assume a worst case or least favorable distribution
for the unknown distribution [73]. As explained in Chapter 7, a design that satisfies a certain detection requirement
under the least favorable distribution for a system will also satisfy the detection requirement under any other distri-
bution. However, as discussed in Chapter 3, many of the results in the theory of least favorable distributions require
conditionally independent or i.i.d. measurements.

If the assumptions used in the analytical treatment are considered unrealistic, then the value of the analytical
treatment for the design process is questionable.

The issues associated with the analytical treatment of sensor detection systems have been recognized by the re-
search community. As put in [56], “The reality is that for many practical applications, the mathematical assumptions
upon which many of these methods are formulated are rarely satisfied. Sophisticated algorithms are easily corrupted
and produce very poor results when the input data do not meet the requisite conditions (e.g., conditionally dependent
observations, incorrect a priori probabilities, etc.)”.

The difficulties in applying analytical treatment may discourage its use, and the system designer loses its potential
benefits: overall guidance for the design, determination of optimal designs, determination of performance bounds, and

comparison of candidate designs.

1.3 Thesis Statement

This dissertation is motivated by the following question: How can the system designer deal with the difficulties

associated with conditionally dependent measurements and the composite hypothesis H;? If practical and realistic



ways to handle such difficulties can be found, then the analytical treatment becomes more amenable and appealing,
and the system designer can defend its use.

This dissertation contains original evidence to support the following thesis statement:

When detecting the presence of an emitted signal that decays with the distance between randomly dis-
tributed emitter and sensors, there are certain non-artificial conditions that allow a system designer to deal
with the problems associated with the conditional dependence of measurements and the composite hypothesis
by assuming a least favorable distribution for the emitter location that not only makes the hypothesis simple
and ensures a detection performance, but also causes the measurements to become conditionally i.i.d., making
models more amenable, allowing performance evaluations, and facilitating the use of large sample methods for

the comparison of candidate designs.

1.4 Overview of the Main Results

The results in this dissertation identify several sets of conditions that allow a system designer to avoid the compli-
cations associated with conditionally dependent measurements and a composite hypothesis. All of the results assume
that both the emitter location is a random variable within a region of interest, and the sensors’ locations are random
variables in a deployment region that contains the region of interest.

A first set of results shows that, under certain scenarios and conditions on the distributions of emitter’s and sensors’
locations, the complications of conditionally dependent measurements are not present, and the measurements are
actually conditionally i.i.d. This set of results indicates that, in the identified scenarios and conditions, the assumption
of conditionally i.i.d. measurements is not unreasonable as argued by many authors.

A second set of results addresses the complications associated with a composite hypothesis through the theory
of least favorable distributions. Although the theory of least favorable distributions is not new, its application to the
distribution of the emitter location is new to the best of the author’s knowledge.

Among these results, the main result is the identification of a least favorable emitter location distribution for a class
of detection systems, and the conclusion that such a distribution is one of the distributions that cause the measurements
to become conditionally i.i.d. This result indicates that, if the conditions are satisfied and a system designer adopts
the identified least favorable emitter location distribution, then the designer will be able to not only operate with a
simple hypothesis and ensure a detection performance, but also avoid the problem of conditional dependence among
the measurements. The identified least favorable emitter location distribution places the emitter on a subset of the
boundary of the region of interest with probability one. This result may appear intuitive and trivial; however, it is
shown that such a distribution is not least favorable in all cases.

A third set of results illustrates how the theory of asymptotic relative efficiency (ARE) can be used to compare

designs under a least favorable emitter location distribution.



Among these results, the asymptotic detection performance of a design under a least favorable emitter location
distribution is compared against the asymptotic performance of a design under a most favorable emitter location
distribution. These results allow a system designer to evaluate how conservative the design based on a least favorable
emitter location distribution can be as the number of sensors grows.

The theory of ARE is also used to, under a least favorable emitter location distribution, compare different sensor
detection systems. More specifically, centralized sensor detection systems; i.e., systems in which the fusion center has
access to all the measurements, are compared against distributed sensor detection systems in which each sensor maps
its measurement into a finite set.

The theory of ARE is further used to, under a least favorable emitter location distribution, compare sensor de-
ployment strategies. It is shown that there are conditions under which it is better to deploy sensors in an enlarged
region.

A detailed list of contributions is given in Chapter 10.

1.5 Dissertation Outline

Chapter 2 presents the model of the sensor detection systems considered in this dissertation. The goals of this
section are: to present the key variables that define the sensor detection system, to precisely define the scope of this
dissertation, and to provide a common model to describe the results achieved by other authors.

Chapter 3 presents a summary of the relevant results previously obtained by other authors, and illustrates that,
although many results can be achieved under conditionally independent measurements and simple hypotheses, the
design and analysis of sensor detection systems become significantly more complicated under conditional dependence
and composite hypothesis; and fewer results are available under these conditions.

Chapter 4 contains this dissertation’s problem statement and research questions.

Chapter 5 contains the main assumptions used in many of the results present in this dissertation.

Chapter 6 presents the first set of results, which cover the scenarios and conditions under which measurements are
conditionally i.i.d. given either hypothesis.

Chapter 7 defines the concepts of least and most favorable distributions and applies them to the distribution of the
emitter location. A least and a most favorable emitter location distributions for two classes of detection systems are
identified in this chapter.

Chapter 8 compares the performance of several sensor detection systems designed under either a least or a most
favorable emitter location distribution. The comparisons are performed using the ARE metric, which is explained in
detail in Section 8.2.

Chapter 9 presents the conditions under which the deployment of sensors in an enlarged region can provide better

detection performance.



Chapter 10 contains a detailed list of contributions and the conclusions achieved from such contributions are in

Chapter 11, which also contains a list of possible future research topics.



Chapter 2

The Sensor Detection System Model

Figure 2.1 illustrates the main components of the sensor detection system being considered in this dissertation: the

measurement process, K sensors, the communication subsystem, and the fusion center.

Z s
0 —» _ 4l Sensor 1 Uy
. R O X Fusi ;
{Li}i=1 —| Measurement | : f : Communication |~ Cuslto n Ho: signal absent
L. —p Process P : Subsystem Yo—p (9;;10';%1 — H;: signal present
K g | Sensor K Uk
(Wi, —» Y (oK)

Figure 2.1. Model for the sensor detection system being considered in this dissertation.

The measurement process determines the distribution of Z := (Z;,...,Zk), where Z; represents the measurement
obtained by the ith sensor. It is assumed that Z; takes values on a set 2 C IR. Throughout this dissertation, the
following additive model is assumed:

Z=1{6 > 0}-A; + W, @2.1)

where 1{statement} equals 1 if the statement is true and 0 otherwise, 8 € {0,0;} is a random variable that equals
6; > 0 when the emitter generates the signal, W; represents the noise in the measurement process, and A; is a random
variable that reflects how the signal is received by the sensor. The distribution of A; depends on 0, and on the distance
between the sensor location L; and the emitter location L, through an amplitude function &. The sensors are located
in the sensor deployment region S; i.e., L; € Sy; and, when present, the emitter is located in the region of interest S,;
ie., L, €S,.

The measurements Z; from each sensor i are transformed by the sensor function ¢;. In order to allow randomization,
the sensor function ¢; also accepts as input a discrete random variable ¥; that takes values in %/. In its most general
form, ¢; : IR x % — 7/ for some output space % , and the sensor output is denoted by U; := ¢;(Z;,Y;). It is assumed
that a sensor i does not communicate with any other sensor or the fusion center to generate its output Uj.

The output U; is subsequently transmitted to the fusion center through a communication subsystem, which outputs

a random vector X. Note that the model allows the possibility of a multiple access communication channel. If
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the communication subsystem offers K individual and noninterfering communications channels, each of them used
exclusively by one sensor, which means that X := (Xj,...,Xk), then it is called a communication subsystem with
dedicated channels.

The output X of the communication subsystem serves as input to the fusion function ¢y. Based on X and a possible
randomization random variable ¥, the fusion center makes the final decision between the hypotheses Hy : 6 = 0 and
Hi : 0 = 6,. In some portions of this dissertation, a sequence of hypotheses {Hl,n}le in which H; , : 0 =6, >0
with 6, — 0 is considered.

Certain types of sensor and fusion functions define the class of the detection system:
e If the sensor functions are such that ¢;(z,y) = z, then the system is a centralized detection system.

e If the sensor functions are such that ¢; : 2° x % — % for any finite set %, and the cardinality of 7% is lower
than the cardinality of 2, then the system is a distributed detection system. If %/ contains only two elements,

then the system is a binary distributed detection system.

e If the sensor and fusion functions are such that, for any i € {0,1,...,K}, ¢;(z,y) remains constant as y varies,

then the system is a deterministic detection system; otherwise, the system is a randomized detection system.

The acquisition and processing of each measurement Z; determine the decision time interval of the detection
system. Throughout the dissertation, it is assumed that 0, {L;}X |, and L. do not change during the decision time
interval. Furthermore, motivated by the need to detect the presence of the emitter as soon as possible, this dissertation
focuses on procedures in which the fusion center reaches the decision based on only the sensor measurements taken
during a single decision interval; i.e., sequential decision procedures are not considered here.

The task of designing the sensor detection system can then be described as: given the characterization of the mea-

surement process and the constraints on the communication subsystem, determine the number of sensors K and choose

K
=1

the sensor functions {¢;}X ,, the fusion function ¢y, and the distributions of {¥;}X  in order to attain a prescribed de-
tection performance.

This dissertation adopts the Neymann—Pearson framework, in which the detection performance requirement is
specified as a minimum probability of detection under a maximum probability of false alarm [65]. The Bayesian
framework, in which the system is designed to minimize the expected risk of a decision given a cost function and an a

priori distribution for 6, is not considered here.
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Chapter 3

Relevant Prior Research in Sensor Detection Systems

This section begins with the description of previous results that confirm that the mathematical models for sensor
detection systems are amenable when deciding between two simple hypothesis and the measurements are either condi-
tionally independent or conditionally i.i.d. Under these conditions, much progress have been made in both centralized
and distributed sensor detection systems under both the Neyman—Pearson or Bayesian frameworks.

Relevant results that attempt to deal with conditionally dependent measurements and composite hypotheses are

described next. It will become clear to the reader that designs under such conditions are significantly more complicated.

3.1 Conditionally Independent Measurements and Simple Hypotheses

Assuming that measurements are conditionally independent or conditionally i.i.d. given 6, and assuming that both
Hy and H| are simple hypotheses,! many researchers have successfully modeled and analyzed sensor detection systems

from various points of view:

e Unconstrained communication subsystems: The sensor measurements {Z;}X , are transmitted directly to the

fusion center, forming a centralized detection system;

¢ Sensors making local decisions or quantizing the measurement: The sensor outputs {Ui}{(zl are constrained

to belong to a set %/ with finite cardinality, forming a distributed detection system;

e Impairments in the communication subsystem: The communication subsystem introduces noise or fading in
the received signal at the fusion center and sensors have a maximum transmit power constraint such that sensor

transmissions may be received with errors;

e Energy Constraints: Sensors are battery-powered, which motivates techniques to minimize unnecessary sensor

operation and conserve energy;

A hypothesis is simple if the measurements under the hypothesis can be characterized by a single distribution; otherwise, the hypothesis is
composite [65].
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e Multiple Access Communication Channels: Sensors no longer have dedicated communication channels to

transmit to the fusion center.

3.1.1 Unconstrained Communication Subsystems

When the communication subsystem does not impose any constraints, the sensors can simply collect their mea-
surements and forward them to the fusion center, forming a centralized detection system. In this case, the design task
becomes the determination of the fusion function ¢y, its randomization random variable ¥y, and the number of sensors
K to achieve a prescribed detection performance.

If the conditional distribution of the measurements {Z;}X | under Hy and the conditional distribution of {Z;}X |
under H; are completely characterized, it is possible to find the optimum design using classical detection theory [65].
The pair (¢o,Yy) that maximizes the probability of detection for a prescribed probability of false alarm is given by
the Neyman—Pearson Lemma [65], and the minimum number of sensors K required to attain a given performance
specification can be determined, particularly if the sensor measurements are conditionally independent or conditionally
i.i.d. given the hypothesis.

The design and analysis of the centralized detection system under simple hypotheses Hy and H{, and under condi-
tional independence of measurements can therefore be accomplished without many challenges. Some specific exam-
ples can be found in [94,111, 138]. The authors in [94, 111] studied the centralized detection system in a collaborative
spectrum-sensing system in which the sensor measurements form a multivariate Gaussian vector under either hypoth-
esis with independent components. A similar model was developed by the authors in [138], which considered the
centralized detection system as a benchmark for other detection systems.

When measurements {Zi}{i | are conditionally i.i.d. and both Hy and H; are simple hypotheses, it is also possible
to analyze centralized detection systems using traditional large sample methods.

A large sample method used by many authors is the asymptotic decay exponent. In this method, the performance
metric is given by the asymptotic decay exponent of the probability of miss under a constraint on the probability
of false alarm. The asymptotic decay exponent for a centralized detection system when both Hy and H; are simple
hypotheses and the measurements {Z,-},K=1 are conditionally i.i.d. can be obtained from Stein’s Lemma [70], which
says that

(K)

o1
Jim —1ogP[o5") (Z,¥]")) = 016 = 61] = ~D(P0-0|Psj0-0,); 3.1

where { (j)éK)};:l and {YO(K)};:1 are respectively the Neyman—Pearson detectors and associated randomization vari-
ables that satisfy a common constraint in the probability of false alarm for each K, D(Py,9—o||Pz|6—s, ) is the Kullback—

Leibler divergence between the distribution of Z; conditioned on 8 = 0 and the distribution of Z; conditioned on 6 = 0.
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One of the motivations for focusing on the asymptotic decay exponent is that it allows the estimation of an approxi-
mate number of sensors required to achieve a given detection performance. Some authors [81,82] used the asymptotic
decay rate of the centralized detection system as a bound for other detection systems.

Another possible large sample method considers the Asymptotic Relative Efficiency (ARE) metric between two
candidate detection systems [73]. As explained in Section 8.2, these methods consider how fast the number of sensors
in each candidate system must grow as the signal amplitude decays to zero in order to ensure that the probabilities of
detection and false alarm converge to a desired performance in each candidate detection system. As will be seen in the

next section, this approach has been used to compare centralized and distributed detection systems.

3.1.2 Sensors Making Local Decisions or Quantizing the Measurement

If the sensor outputs {U;}X | are constrained to belong to a set % with finite cardinality, then the system becomes
a distributed detection system. In such a system, the design task becomes the determination of the set of fusion and
sensor functions {¢;}X ,, their randomization random variables {Y;}X . and the number of sensors K to achieve a
prescribed detection performance.

This section describes relevant prior results to enable the design of the distributed detection system when sensor
functions are given and just the fusion function needs to be designed, when both sensor and fusion functions must be
designed, and when the number of sensors is asymptotically large. All of these results assume simple hypotheses and

conditionally independent measurements.

3.1.2.1 Optimal Fusion Function Design for Distributed Detection Systems

Consider the task of determining the optimal fusion function for a distributed detection system that uses given bi-
nary sensor functions; i.e., = {0, 1}. Assume a communication system that offers dedicated and error-free channels
such that the fusion center receives {U; }X ;.

In this case, classical detection theory can be used to determine the optimal fusion function in either the Neyman—
Pearson or Bayesian frameworks. In either framework, the optimal fusion function uses the weighted sum of sensor
outputs U; as decision statistic, in which the weight for each U; is determined by its distribution [21]. The case in

which the system uses identical sensor functions is highlighted:

Theorem 3.1. In a distributed detection system with given binary sensor functions in which the sensor outputs { Ui}lK: |
are conditionally i.i.d. with known distributions under Hy : 0 = 0 and under H, : 0 = 0, and the communication system
that offers dedicated and error-free channels, the fusion function ¢o that maximizes the probability of detection for a
given probability of false alarm is given by

K

do(u,y0) =14 Y ui € oy, ¢, (3.2)
i=1



14

where Iy = (k,), Iy = [k,), yo is the realization of the randomization random variable Yy € {1,2}, which has
Bernoulli distribution and is independent of 0. Both k and the parameter of the Bernoulli distribution are chosen to

satisfy the constraint on the probability of false alarm.

Theorem 3.1 is the Chair and Varshney rule for identical sensors [21], also known as the k-out-of-K rule, in the

Neyman—Pearson context with a randomized threshold.

3.1.2.2 Optimal Sensor and Fusion Function Design for Distributed Detection Systems

K
i=1

If the sensor functions {¢; and their respective randomization random variables {Y;} are to be defined together
with the fusion function, then the design of an optimal set of sensor and fusion functions is significantly more compli-
cated, even if the measurements {Z;}X | are conditionally i.i.d. with known distributions under 6 = 0 and 6 = 6;.
Regarding the optimization of sensor functions {q)i}{(: |» it was shown by many [13,21, 112,117, 131] in different
degrees of generality that: if the sensor measurements {Z,-}lK: | are conditionally independent, if Hy and H, are simple
hypotheses, and if each sensor has a dedicated error-free communication channel with the fusion center, then, under

either the Bayesian or Neyman—Pearson decision frameworks,
e The optimal sensor function ¢; of each sensor is a likelihood ratio quantizer [112,117];

e The optimal decision regions used by a sensor function ¢; depend on the decision regions used by the fusion

function and other sensor functions [112];

e The optimal sensor function of a sensor i may be different from the optimal sensor function of a sensor j, even

when the observations {Z,-},K=l are conditionally i.i.d. [112].

The form of the optimal sensor and fusion functions that maximize the probability of detection for a given con-

straint on the probability of false alarm is given by the following theorem:

Theorem 3.2. [114,117] Consider a distributed detection system with a communication subsystem offering dedicated
and error-free communication channels. Let y be the realization of a random variable Y € {1,...,M} with given
distribution Py independent of Z and 6. Assume that Pz, 9_g, is absolutely continuous with respect to Pz, 9—o, which
is absolutely continuous with respect to a common measure [L. Let f7,9—¢, (z) and fz,-\ezo(z) be the corresponding

density functions. If the measurements {Zi},K:1 are conditionally independent, then

o The optimal fusion function is given by

Po(u,y) := 1{

ey

L5y 1) € oy }, (3.3)

=
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and

where {Io,y}g’lzl are intervals defined by (1o, 0| for certain values {t()-,y}y:l;

Pulo=6y y=y ()
Pyo—oy—y(ui)’ U;16=0y=y\Mi )
XUI-,SQJ(M") = bilo=ox={) (3.4)
~+oo, PUi‘QZO,Y:y(ui) =0.

e The optimal sensor functions ¢;(z;,y) satisfy
P(0i(Z;,Y) = u,ZL7(Z) ¢ i yu|0 = 0"]=0 (3.5)

for either 8° =0 or 6" = 6y, where

Tz10-0, (2)
70— Jzje=0zi) >0,

Ly(z) = Taoola)  AIE ola) (3.6)
o0, fZ,"9=0(Zl‘) = 07

and, for each i, y, and u € {0,... U™} Iy is an interval defined by thresholds t;y, and t;y .1, and such
thresholds must satisfy

0= iy0 < Liy1 <. < 1j y ymax < tjyymax | = o0 3.7

for a given integer U™ > 0 imposed by the communication subsystem.

Theorem 3.2 summarizes results from [114] and [117]. In more details, it was proven in [114] that the sensor and
fusion functions that maximize the probability of detection given the constraint that the probability of false alarm be
equal or below o« are such that the sensor functions satisfy condition (3.5) with y being realizations of independent
random variables {Y;}X ; and the fusion function uses the likelihood ratio of the sensor outputs as its decision statistic.
Such a distributed detection system is said to have independent randomization. It was proven in [117] that a distributed
detection system that maximizes the probability of detection and has probability of false alarm equal to Oy eXists
and randomizes between two sets of fusion and sensor functions that have independent randomization. It is also
proven in [117] that the performance of the optimal distributed detection system with independent randomization can
be achieved by a distributed detection system with fusion and sensor functions as defined in Theorem 3.2 with random
variables Y| = --- =Yg =Y almost surely. Such a distributed detection system is said to have dependent randomization.

Optimal sensor and fusion functions for the Bayesian framework also follow the form of (3.3) and satisfy (3.5);
however, they do not require the randomization of sensor and fusion functions. This indicates that the optimal design
under the Neyman—Pearson framework are somewhat more difficult to find than the optimal design under the Bayesian
framework.

Although it is possible to write the form of the optimal sensor and fusion functions, it is difficult to analytically

Umax

determine the various intervals {/o, y: vand {{{Ziyu}t,—o ;VI: 11X, because such intervals need to be jointly optimized.

The joint optimization is required because the definition of the intervals {{Z; , , 3;“8)( ;"’: , used in sensor i depends on

the definition of the intervals used in other sensors and on the fusion function intervals {Io’y }g”zl [112]; furthermore,
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the intervals {{Ii,y,u}i]:(‘;x Iy"’: 1 used in sensor i may be different from the intervals used by any other sensor, even under
conditionally i.i.d. measurements [112].

The search for the optimal decision intervals can be significantly simplified under conditions identified by the au-
thors in [133]. Under a general setting that includes both the conditionally dependent and conditionally independent
cases, the authors in [133] showed that, under conditions that include binary sensor functions and positive finite like-
lihood ratios with no point masses under either hypothesis, the optimum sensor functions for a given fusion function
under the Neyman—Pearson framework would all use a common test threshold.

Numerical procedures to optimize sensor and fusion functions were proposed [122, 132]; however, they do not

guarantee that the optimal set of sensor and fusion functions will be found [122, p. 75] [24, 124].

3.1.2.3 Large Sample Methods to Simplify the Design of Distributed Detection Systems

Given the difficulty in reaching optimal designs, many researchers have used large sample methods to reach designs
that are asymptotically optimal as the number of sensors increase. Large sample methods are approximate; however,
they are widely accepted when properly used [73,121].

Many of the authors that considered large sample methods focused on the asymptotic decay exponent of the
probability of miss under a constraint in the probability of false alarm [25, 116].

Using asymptotic decay exponents, the author in [116] showed that, under simple hypotheses Hy and H; and
considering a dedicated and error-free communication subsystem, if sensor measurements {Z;}X | are conditionally
i.i.d. under either Hy or Hy, then the distributed detection system with the highest asympotic decay exponent has all
sensors using a common sensor function that quantizes the likelihood ratio of Z; and maximizes D(Py,|g—g, || Pv;j9=0, )
thus, when considering a system with a large number of sensors, a system designer may consider a common sensor
function and the design would be significantly simplified.

Also considering the asymptotic decay exponent as the performance metric, the authors in [22] compared systems
with binary sensors and systems with sensors quantizing at a higher number of bits. For this comparison, the authors
in [22] considered a constraint in the total number of bits that can be reliably transmitted over the communication
subsystem and considered how to best allocate the bits to the sensors. Under this setting and considering conditionally
i.i.d. observations, simple hypotheses, and the Bayesian framework, the authors in [22] showed that there are condi-
tions under which the highest decay exponent is achieved when using binary sensors; i.e., it is better to have more
sensors providing observations quantized into a single bit than having less sensors providing observations quantized
into multiple bits. The rationale for this result is that there are conditions under which the first bit of an observation
provides more than half of the Chernoff information in the unquantized observation [109]. The authors showed that

the conditions are met when the noise random variables {W;}X | are Gaussian or exponential distributions.
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Other authors considered large sample methods based on the Asymptotic Relative Efficiency (ARE) metric or
similar metrics [37, 128, 129] to study certain types of distributed detection system.

The authors in [37] claimed an analytic expression for the ARE of a centralized detection system with respect to
a binary distributed detection system in which all sensors compare the likelihood ratio against a common threshold.
The obtained expression for the ARE depends on the probability density function (p.d.f.) of the additive noise W. For
the Gaussian p.d.f. with zero mean and finite variance, the authors claimed that the ARE metric equals 7 /2 and, for
the Laplacian density p.d.f. with finite variance, the authors claimed that the ARE metric equals 1, claiming that the
distributed and centralized detection systems are asymptotically equivalent in this case.

Focusing on the distributed detection system that uses binary sensor functions of the form ¢;(z;,y;) = 1{z; > t},
the authors in [128, 129] computed the efficacy of such a class of detection systems. Considering that the additive
noise has a p.d.f. fiy(w), the authors in [128, 129] showed that the efficacy is proportional to fi(0)> when ¢t = 0; and
concluded that, if fiy(0) = 0, such a distributed detection system would become ‘useless’ because the resulting ARE
of any other detection system (with a non-zero efficacy) with respect to this distributed detection system would be

Z€ro.

3.1.3 Impairments of the Communication Subsystem

When focusing on the possible impairments of the communication subsystem, several authors considered that ded-
icated, interference-free, but error-prone communication channels would be available for each of the sensors. More
precisely, using the model of Chapter 2, each sensor transmits its sensor output U; € % over a dedicated communi-
cation channel (%, fx|y—u(x), 2°), whose output defines the random variable X; € 2, and the outputs {X;}X | of the
various communication channels are used by the fusion center for decision.

Many authors [31, 45, 99, 113] considered simplified models for the communication channel, adopting binary
symmetric channels to represent the possible communication errors in a distributed detection system. Other authors
[26,27,62,79, 80, 84, 89] considered more elaborate models to study the effect of wireless communication channels.

The relevant results under both types of models are described in the next subsections.

3.1.3.1 Binary Symmetric Channels

When the communication subsystem offers K dedicated and non-interfering binary symmetric channels, it is pos-
sible to extend the Theorem 3.1 and determine the optimal fusion function for a binary distributed detection system
with given sensor functions. Considering the Bayesian framework with conditionally independent measurements, the
authors of [31] investigated the form of the optimal fusion function for given identical binary sensor functions trans-

mitting over binary symmetric channels with identical crossover probabilities. The authors concluded that the optimal



18

fusion function is still in the form of the k-out-of-K sensors and it is possible to extend the authors’ result to the
Neymann—Pearson framework.

Regarding optimal fusion and sensor functions in the Neyman—Pearson framework, the authors in [99] and [113]
showed that the optimal sensor functions for a given fusion function are still based upon the likelihood ratio of the
measurements. They further showed that the optimal decision threshold of a sensor is not only a function of the thresh-
olds used in other sensors, but also a function of the crossover probabilities of other sensors’ channel. The authors
in [99] also provided some examples that suggest that significant performance loss may occur when the communication
channel introduces errors but the sensor functions are designed assuming perfect communication channels.

The authors in [45] have considered the case when a subset of the K binary symmetric channels are error-free while
the remaining channels have non-zero crossover probabilities, and evaluated two design options to fuse conditionally
independent measurements: use all observations {X;}X | or use just the subset of observations that arrive in error-free
communication channels. Numerical results suggest that the later option is preferred when the measurement SNR is

high or the crossover probability is high.

3.1.3.2 General Communication Subsystems with Dedicated Channels

The authors in [27,79] have shown the optimality of likelihood ratio quantizers under the Bayesian framework
when measurements {Z;}X | are conditionally independent, the communication channel is modeled as K dedicated
and interference-free communication channels, and the communication subsystem output space 2 is an arbitrary
vector space. In the same setting, the authors in [79] showed that optimum quantization levels may use less than the
total number of bits available for quantization depending on the communication channel reliability. More reliable
channels would quantize Z; into more quantization levels than less reliable channels. When using less than the allowed
number of bits for quantization, the remaining bits could be used to reduce the probability of reception error at the
fusion center.

Focusing on wireless communication channels, the authors in [26,62,80,84,89] considered that each one of K ded-
icated channels would be impaired by additive white Gaussian noise (AWGN) and flat fading and, considering given
sensor functions, investigated various candidate designs for the fusion function, each candidate applying strategies
from the field of wireless communications to improve the reception of the sensor outputs under various assumptions
of knowledge of the fading statistics.

There are also various studies that considered transmission power control algorithms for wireless sensor networks;
see for instance [69,91] and the references within. Such algorithms can reduce the energy consumption in sensors;
however, the transmitter is not the sole consumer of energy in a sensor and other energy conserving techniques are

required.
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3.1.4 Sensor Detection Systems Under Energy Constraints

Given that many envisioned sensor detection systems would contain battery-powered sensors, many authors con-
sidered techniques to conserve sensor energy [91,96, 102]. Many of them focused on the design of communication
protocols and operation schemes to reduce the expected energy consumption of sensors [3,32,91,96]; however, these
studies did not consider the impact in the detection performance.

Among the studies that focused on the impact of energy constraints in the detection performance, the authors
in [25] showed that sensor detection systems under power constraints can be evaluated through the augmentation of
the commonly used Chernoff information (CI) or Kullback—Leibler (KL) divergence. Considering conditionally i.i.d.
observations and simple hypotheses Hy and Hy, the authors proposed that the CI or KL divergence be normalized by the
expected power consumed by each sensor. The authors further proposed that this metric be used to compare candidate
sensor detection systems, and provided examples in which the metric was used to compare the performance of binary
and analog sensors. Considering the Bayesian framework, their numerical examples suggest that the normalized CI is
higher when using analog sensors and the measurement SNR is small; however, as the measurement SNR increases,
the normalized CI of binary sensors becomes higher.

Other studies considered detection systems in which sensors do not always transmit to the fusion center in order

to reduce the energy consumption. These systems are usually classified as systems having censoring mechanisms.

3.1.4.1 Sensor Detection Systems with Censoring

In a sensor detection system with censoring, sensors are exempt to transmit when their observation falls within a
region considered to be ‘less informative’; i.e., the sensor output space % contains a ‘no-send’ element E that satisfies
PlU; =E|6 =0] >0 and P[U; = E|0 = 1] > 0 for at least some i € {1,...,K}. This scheme was originally proposed
and studied by [97] in order to reduce the expected energy consumed in each of the sensors.
A censoring distributed detection system can be seen as an ON-OFF signaling scheme in which sensors would
not transmit to the fusion center when U; = 0. With this point of view and considering faded wireless communication
channels between binary sensors and the fusion center, the authors in [62] have considered the design of the fusion
function based on the energy detected in each sensor transmission.
When designing a sensor detection system with censoring, it is usual to consider a constraint on the transmission
rate of sensors [5,97]. Such a constraint is equivalent to a set of constraints on the conditional distributions of the
sensor output U;. While considering the constraint
K
Y PlU#E[6=0] <Y (3.8)
i=1

for some constant ¥ € (0, 1), the authors of [97] and [5] focused on the design of optimal sensor functions and on the

form of the region {Z; : ¢;(Z;) = E} that defines the set of observations in which each sensor i would not transmit.
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The authors in [97] concluded that, under simple hypotheses Hy and H; and either the Bayesian or the Neyman—
Pearson frameworks, if the sensor measurements {Zi}ll-i | are conditionally independent, each sensor has a dedicated
error-free communication channel to the fusion center, and each sensor adopts a deterministic decision function that
either transmits the likelihood ratio of Z; or does not transmit, then the optimal sensor decision function that satisfies
(3.8) is such that U; = ¢;(Z;) = E if the likelihood of Z; falls within a closed interval of the real line, where the bounds
of the closed interval may vary from sensor to sensor.

The authors in [5] have extended this result by claiming that the optimal sensor function under the Neyman—
Pearson framework would be a randomized function between three of the deterministic functions defined in [97].
Under the same assumptions, the authors in [5] have also shown that, if the sensor output space % are restricted to be
a finite set and under the constraint (3.8), then the optimal fusion and sensor functions uses dependent randomization,
as defined in Section 3.1.2.2.

The authors in [17,18] have proposed a procedure that indirectly produces a censoring centralized detection system
through the medium access method. In such a method, each sensor obtains the likelihood ratio of its measurement
and starts a timer that is inversely proportional to the magnitude of the log-likelihood ratio. When the timer expires,
the sensor transmits the log-likelihood to the fusion center. Thus, sensors with more relevant measurements would
transmit earlier to the fusion center. By imposing a maximum time duration for the transmissions in a given decision
interval or a feedback mechanism, sensors with low values of log-likelihood ratio would be prevented to transmit and

their energy would be conserved with little impact to the final decision.

3.1.5 Sensor Detection Systems Over Multiple Access Communication Channels

While all of the works mentioned so far assumes that the communication subsystem offers a dedicated communi-
cation channel for each of the K sensors, some authors considered that the K sensors are accessing a single multiple
access communication channel with the fusion center. More precisely, the communication subsystem offers a sin-
gle communication channel defined by (%%, fyjy—u(x), Z'*), in which L-|.2"| < K -|%|, where | </| represents the
cardinality of a set 7.

The main motivation for considering multiple access communication channels is the observation that offering
K dedicated and non-interfering communication channels, as considered in all the works mentioned in the previous
subsections, would require the number of communication channels to grow at the same rate as the number of sensors,
which could be difficult to satisfy if the number of sensors is large.

Since the fusion center does not necessarily require the individual sensor measurements to reach its decision; i.e., a
fusion center may decide based upon a statistic of the sensor measurements and a correct decision may be reached even
if no individual sensor measurement is received, it is not necessary to equip the communication subsystem with one

dedicated communication channel for each sensor. By considering that all K sensors access a single multiple access
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communication channel, it is possible to the design a system in which L - |%2"| remains bounded while the number of
sensors K grows.

In this setting, the authors in [41] have provided the following general result regarding the optimum sensor func-
tions when considering | 27| < e and |% | < oo: in either the Bayesian or the Neyman—Pearson frameworks, if the
sensor measurements {Z;}X | are conditionally independent, then communication channel errors can be modeled as

probability mass functions (p.m.f.s) P[X; = x1,...,X;, = x.|U; = uy,...,Ux = ug] and
e The optimal sensor function ¢; of each sensor is a likelihood ratio quantizer;

e The definition of the likelihood ratio quantizer used in sensor i depends on the p.m.f.s P[X| = x1,...,X;, =
xp|Ui = uy,...,Ux = ug], the definition of the likelihood ratio quantizer used in other sensors, and the definition

of the fusion function.

Many authors have considered multiple access communication subsystems specifically designed for wireless sen-
sor systems [52,78,81,82,135].

A simple but important example is the communication subsystem in which sensors modulate a common waveform
to transmit to the fusion center, which receives the sum of the received signals [52, 74,78, 81]. The authors in [81]
showed that a sensor detection system under conditionally independent measurements using such a communication
subsystem would have an exponential decay in the error probability. The authors in [78] derived the form of the optimal
fusion and sensor functions under the Bayesian framework when using this communication subsystem with Rayleigh
fading, showing that sensors that decide based upon the likelihood ratio of conditionally independent measurements
are still optimal.

Receiving the sum of all transmissions not only is efficient in the usage of communication channels, but may also
provide a better detection performance than the communication subsystem that offers K communication channels. For
instance, in a Gaussian channel and under conditionally independent measurements, better detection performance is
achieved because the fusion center operates with a statistic that has K times less variance in the noise introduced by
the communication subsystem [81].

Motivated by this communication SNR gain, many authors have considered the performance of different sensor
functions under the single-channel communication subsystem. A sensor function usually considered is the amplify-
and-forward, in which U; = Z; and pulse amplitude modulation (PAM) is used to generate a common waveform with
U; as its amplitude. Another common sensor function is the decode-and-forward, in which the space of measurements
is partitioned in two subsets, U; € {—1,1}, and the sensor would use a binary phase shift keying (BPSK) modulator
to transmit over the communication subsystem. Modified amplify-and-forward, modified decode-and-forward, and
sensor functions that combine both strategies were studied by [74] and [52].

Another important multiple access scheme proposed for sensor detection systems is the type-based multiple access

(TBMA) procedure. In this scheme, sensors cooperate to transmit the histogram of the measurements {Z,-}l.K: | to the
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fusion center [81]. The authors in [81] showed that a sensor detection system with such a communication subsystem
and under conditionally independent measurements would have an exponential decay in the error probability. The
authors of [82] reached similar results and also considered the impact of fading in the communication channel.

It is important to mention that the communication subsystems mentioned in this subsection require that sensors’
transmissions be synchronized in order to be added coherently in the fusion center. Such a requirement has motivated

research to enable the synchronization of sensors’ transmissions [85, 86].

3.2 Conditionally Dependent Measurements

When the measurements {Z,-}lK: , are no longer conditionally independent, the system designer faces two major

challenges to design and evaluate a sensor detection system:
e In general, it is difficult to characterize the joint distribution of the measurements {Z,-}lK: 1> and
e It is difficult to determine optimal designs when designing distributed detection systems;

The characterization of the joint distribution of several random variables that are not independent is difficult in
general. To illustrate this point, consider the case in which the K measurements are Bernoulli random variables.
Under independence, one only needs to know K parameters to characterize the joint distribution of the K random
variables. Under dependence, one needs to know P[Z; = 1|Z;_ = zj_1,...,Z; = z1] for all 2/=1 possible values of
Zj1,...,Zy and forall j € {1,...,K}, which results in a total of 2X — 1 parameters.

In order to allow analytical treatment, many authors, particularly in the area of cooperative spectrum-sensing,
assume that the measurements are distributed according to the multivariate Gaussian distribution [1, 23, 35, 36, 72,
75,94,111,120, 126, 138]. In this case, the designer has the expression for the joint distribution of the measurements.
Furthermore, the use of the multivariate Gaussian distribution allows the use of large sample theory results to determine
the exponential decay rate of the probability of errors as the number of sensors grow to infinity [8,23,75]. In either type
of analysis, it is necessary, however, to determine the vector of expected values and the covariance matrix. Usually,
authors assume that the correlation between any two measurements is equal to a common correlation parameter [1,
111]; or assume that the correlation is a function of the distance between the two sensors [23, 75,120, 126].

When considering the multivariate Gaussian distribution to design a centralized detection system, the optimal
fusion function in either the Neyman—Pearson or Bayesian frameworks can be defined and the resulting performance
can be evaluated since the likelihood ratio of the measurements can be treated analytically using classical detection
theory [23,75,94,111, 126, 138].

Considering the multivariate Gaussian distribution does not, however, necessarily allow the optimal design of dis-

tributed detection systems. In such systems, difficulties arise in the design of both the fusion and the sensor functions.
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Regarding the fusion function, the optimal function is not as simple as in Theorem 3.1 [39,63]. Under the Bayesian
framework and conditionally dependent measurements, the authors in [63] showed that the form of the optimal fusion
function for a given set of binary sensor functions involves the multiplication of two terms: the first term is the
likelihood ratio that would be obtained if the measurements were conditionally independent, and the second term
is a function of the various correlation coefficients among the sensor outputs. The optimal fusion function design
would require knowledge or estimation of 2(2X — K — 1) correlation coefficients [63]. Although one could obtain the
correlation coefficients of the binary sensor outputs when sensors observe measurements distributed according to the
multivariate Gaussian distribution and use local likelihood ratio detectors to define their binary output, this task is not
trivial, as exemplified by [63] for a three-sensor system.

Regarding the sensor functions, one of the most important available results is that optimal sensor functions for
either the Neyman—Pearson or the Bayesian frameworks may or may not be likelihood ratio quantizers; i.e., the region
in which a binary sensor i decides for U; = 1 may not be a single interval in the range of the measurements’ likelihood
ratio as in the conditionally independent case [30, 88, 115, 117, 130]. To illustrate that this applies even in simple
settings, consider a sensor detection system with two binary sensors under conditionally dependent measurements
following a multivariate Gaussian distribution. Under the Bayesian framework, the authors in [30] and [130] have
shown that there are sufficient conditions on the distribution parameters under which the likelihood ratio quantizer is
optimal; however, there are other sufficient conditions on the distribution parameters under which the likelihood ratio
quantizer is not optimal.

Since the region in which a sensor i decides for U; = 1 may contain multiple intervals in the range of the mea-
surements’ likelihood ratio, the numerical procedures to determine the optimal sensor functions need to search over a
larger space of candidate sensor functions [115].

In some special cases, it is possible to reduce the region in which a sensor i decides for U; = 1 into a single
interval under a different decision statistic [13, 133]. Under the Neyman—Pearson framework and certain conditions
that include binary sensor functions and measurements with distributions that do not contain point masses, the author
of [13] has shown that the optimum sensor function for a given fusion function decides U; = 1 when the ratio of a
function that depends on both the likelihood of the measurement Z; and the correlation between Z; and Z; for j # i is
above a threshold. In a subsequent paper, the authors of [133] showed that, for a given fusion function, the optimal
sensor thresholds would be common for all sensors.

Although the results in [13] and [133] simplify the search for the optimal sensor functions, having to know the
correlation among measurements may still be difficult, particularly if the sensors’ relative locations are not known
during the design phase.

Large sample theory can be used to derive the form of the asymptotically optimal sensor function in some particular
cases [23]; however, numerical procedures would still be required to determine the different coefficients that define

the sensor function. The authors in [14] derived the form of the asymptotically optimal sensor function that maximizes
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the efficacy of a locally optimum fusion function when the measurements are conditionally dependent following a
dependency model in which Z; and Z; are independent if ||i — j|| exceeds an imposed integer value. Given that the
resulting asymptotically optimal sensor function depends on scalar coefficients for which there are no closed form
solutions, the authors in [14] provide an iterative algorithm to determine the final form of the sensor functions.

Given the difficulty in determining optimal sensor functions in either a finite or an asymptotic setting, several au-
thors considered suboptimal distributed detection designs [1,72,77,120]. Under the Bayesian framework, the authors
in [72] found the best binary sensor function in the class of likelihood ratio tests when considering sensors observing
conditionally dependent measurements that follow the multivariate Gaussian distribution, concluding that the deter-
mination of the optimal sensor thresholds for a two-sensor system would require the solution of coupled nonlinear
equations. The authors in [1, 120] also considered binary sensors that decide based on the likelihood ratio of their
observations and performed numerical experiments. In [1], it is shown that negative correlation in the measurements
may increase detection performance while positive correlation may decrease detection performance when compared
to the conditionally independent case.

A special case of conditionally dependent measurements occurs when the measurements {Z,-}{(: 1 are conditionally
dependent given 0 but are conditionally independent given 0 and additional random variables. The authors in [28] and
[29] have studied the design of optimum sensor functions in this scenario. The authors assume that the measurements
are conditionally dependent given 6 but conditionally independent given a hidden random variable that depends on 6.
The introduction of the hidden random variable allows the designer to optimize the sensor function of a sensor i for a
given set of sensor functions used by other sensors and a given fusion function. This result may facilitate the design
of numerical procedures to search for optimal sensor functions under conditionally dependent measurements.

A further special case of conditionally dependent measurements, which is an instance of the special case in which
{Zi},K: | are conditionally dependent given 6 but conditionally independent given 6 and additional random variables,

is described in the next section.

3.2.1 Conditional Dependency Caused by Signal Randomness

An important special case is the one in which the measurements follow the additive model of (2.1); i.e., each
measurement Z; is the sum of a signal random variable A; and a noise random variable W;, and the noise random
variables {W;}X | are conditionally i.i.d. and independent of {A;}X | and 6. The randomness of the random variable A;
can cause the measurements {Z;}X | to be conditionally dependent given 6; however, {Z;}X | are conditionally i.i.d.
given 6 and {A;}X |; i.e., the dependency of {Z;}X | given 6 is induced by the dependency among {A;}X |. Many
authors provided results under this assumption [35,38,46,90, 106,119, 127, 134].

As previously mentioned, the multivariate Gaussian distribution can be used to model the distribution of the mea-

surements {Zi},K:p where the dependency among A; is considered in the nondiagonal covariance matrix that defines the
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alternative hypothesis Hj. This approach is commonly used in cooperative spectrum-sensing applications [111,126];
however, it cannot be used in other important applications, such as detection of low-power radiation sources, in which
the measurements are radiation counts.

In order to model the dependency of {A ,},K: , When detecting a low-power radiation source, the authors in [106] used
an approximation in which the joint distribution of the measurements is decomposed as the product of the marginal
distributions and a particular function of the marginal distributions. With this approximation, the authors study a fusion
function for a binary distributed detection system.

Another approach to model the dependency of {Ai}lK: | is to assume that they form a Markov Random Field
[38,127]. In this model, for any sensor i, the conditional distribution of A; given the realization of all other Aj,
for j # i, is equal to the conditional distribution of A; given the realizations of only the A; from sensors near sensor
i. The authors in [38] proposed an iterative method to estimate the realizations of each A; € {0,1} and determine
whether a sensor is within an ‘event-region’; i.e., a region in which a particular condition is present. The authors
in [127] also considered the event-region detection problem and proposed a sensor function that decides based upon
its current measurement, its past decisions, and past decisions from sensors in its neighborhood. In both [38, 127],
sensors exchange information with each other.

The authors in [35,36] have proposed dealing with the dependency among the random variables {4;}X | through a
piecewise approximation. In this approximation, the random variables {Ai}fil are partitioned in groups. Within each
group, the realizations of A; are set equal to each other; and A; and A ; from different groups are treated as independent.
This approximation is motivated when the dependency among {A,-}lK: | 1s caused by the proximity of sensors: sensors
located close to each other have similar realizations of A;; i.e., the values of A; would be strongly correlated; and
sensors far from each other have approximately independent values of A;. The authors use this model to analyze a
hierarchical sensor classification system in which the region of interest is partitioned into many subregions and, for
each subregion, an intermediary node would collect measurements of sensors located within the subregion and send an
average of the measurements to the fusion center. The sizes of the subregions are designed such that the measurements
from sensors within the subregion can all be part of a single group in their measurement model. By assuming that
all random variables A; are fully correlated within a group and independent across groups, the design and analysis of
sensor detection systems become significantly simpler, as shown in [35,36] when considering measurements following
the multivariate Gaussian distribution. Even when the multivariate Gaussian distribution is not a suitable model,
this approximation simplifies the design and analysis of detection systems because the conditional distribution of
measurements given @ = 6; within a given group can be obtained through the integration of the conditional distribution

of measurements given 6 and given all A; of the group over the realizations of a single random variable A; of the group.
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3.2.1.1 Special Case: Signal with a Distribution that is a Function of & (||L; — L.||)

An important case is when the signal A; has a distribution that depends on the distance between the sensor location
L; and an emitter location L, through a nonincreasing function &. This case is being considered in this dissertation and
has been considered by authors working in applications such as radar detection [134], detection of low-power radiation
sources [98, 106], cooperative spectrum-sensing [94, 111, 126], and others [90, 119].

When the emitter or sensor locations are random variables, the analysis is difficult because, as shown in detail
in Chapter 4, the random variables {A;}X |, and therefore the measurements {Z;}X |, are conditionally dependent in
general, even when the distributions of the emitter and sensor locations are known.

In this case, one approach to avoid the complications of conditionally dependent measurements is to assume that
the locations of the sensors and the emitter are given. In this case, {4;}X ; are no longer random and the measurements
become conditionally independent. This approach can be justified in cooperative spectrum-sensing applications when
the sensors are at fixed and known locations and the emitter is at a stationary and known location; e.g., a television
broadcast station [94]; however, when the primary user of a spectrum is mobile, this assumption is harder to justify.

Still in cooperative spectrum-sensing applications, it is common to assume that the sensors are all located at
approximately the same distance from the emitter [111, 120, 126]. In other words, the dependency among {Ai}{(: | 1s
avoided by assuming that {A;}X | are deterministic variables and equal to each other. The authors in [120] treated
{Ai}lel as equal to each other by assuming that all the sensors would be located at the edge of the guard band of the
primary user of the spectrum; i.e., the primary user would be located at the center of a disk and all sensors locations
{L;}X | are on the boundary of the disk.

When the emitter location is not available, some authors have assumed it to be an unknown but deterministic quan-
tity [98, 119]. In [98], the authors propose that sensors at fixed and known locations initially estimate the emitter’s
location; then, using the estimated location as the actual emitter location, decide whether the emitter is present or not.
With sensor and emitter locations given, the measurements become conditionally independent with known distribu-
tions. Considering that the emitter location is in fact a nuissanse parameter, this approach can be viewed as an instance
of the Generalized Likelihood Ratio Test (GLRT) [65]. The authors in [119] considered a binary distributed detection
system to detect the presence of an emitter at an unknown but deterministic location /, and proposed the use of the

following performance metric:

Bmin := min B(1,), (3.9)

1,€Se
where f(I,) is the probability of detection when the emitter is at location /.. The authors argued that the lack of knowl-
edge regarding the emitter location motivates the use of the k-out-of-K fusion function and claimed that, with such a
fusion function and under a conditionally i.i.d. noise process, sensor functions that use likelihood ratio detectors maxi-

mize the minimum probability of detection when one varies the emitter location. Considering the ‘OR’ fusion function
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and assuming that all binary sensor functions use the same threshold, the authors studied sensor deployment strategies
in a line segment and argued that placing sensors in regular intervals performs better than random deployment.

A related approach is to consider separate detection problems for each possible location for the emitter. In this
case, the sensor detection system would perform multiple measurements and tests and the fusion center would reach
a decision regarding the presence of an emitter in each of the possible locations of the emitter. This approach was
taken by the authors in [134], which considered a centralized detection system in which sensors at deterministic
locations are radars to detect the presence of a target within a region of interest. The region of interest is partitioned in
several subregions and sensors probe each subregion one at a time, according to a schedule. Since the probing of each
subregion is attempting to decide between the null hypothesis and the alternative hypothesis that there is a target at
the location corresponding to the subregion, the random variable corresponding to the location of the target becomes
deterministic for the decision problem and the signal random variables are no longer conditionally dependent.

The authors in [90] recognized the difficulty of designing a detection system when the emitter location is randomly
distributed and, like [119], argued that the lack of knowledge regarding the emitter location motivates the use of the k-
out-of-K fusion function. They further imposed that the fusion center treat all sensor outputs {U; }X ; as conditionally
independent. Assuming that the sensor locations {L,},KZ | and the emitter location L, are all uniformly distributed in
the region of interest, they computed approximations for the detection performance of the system under the imposed

conditional independence.

3.3 Composite Hypothesis

When the conditional distributions of the measurements {Z;}X_| are not completely characterized; i.e., if either Hy

or H is a composite hypothesis, then the design becomes significantly more challenging for the following reasons:

e The Uniformly Most Powerful (UMP) detector; i.e., the fusion function that maximizes the probability of de-
tection for a given probability of false alarm for any possible pair of distributions from Hy and Hj, may not

exist [73, p. 83].

e Even if the system designer adopts a suboptimum fusion function and applies numerical methods to determine
whether a design satisfies a prescribed performance, the designer would have to ensure that the prescribed
performance is achieved for each possible pair of distributions from Hy and H; and uncountable possible pairs

may exist.

One way to deal with the composite hypothesis problem is to use the Generalized Likelihood Ratio Test (GLRT)
and estimate the one or more parameters that cause H; to be composite [65]. The GLRT approach was also explored
in [107], in which the authors considered a practical binary distributed detection system and proposed the estimation of

each of the unknown Bernoulli parameters that characterize the distribution of each sensor’s output to build the fusion
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function. The GLRT approach was also used by the authors in [98] while proposing the estimation of the emitter’s
location and using the estimate to build the decision test, as detailed in Section 3.2.1.1.

Two additional ways to deal with the composite hypothesis problem are described in the next subsections.

3.3.1 Locally Optimum Approaches

A type of composite hypothesis explored by many authors is the situation in which various distributions within the
hypothesis H; are parameterized by a scalar parameter 0; i.e., Hyp : 6 = 0 and H; : 8 > 0, and the typical approach
in this case is to consider locally optimum detectors [9-12, 14—16, 95, 108, 128, 129]. In all these studies, the authors
used a measurement model given by Z; = 0 - A; + W; in which A; may be a deterministic variable or a random variable
with known distribution that does not depend on 6 such that the distribution of Z; is completely characterized for each
possible value of 6.

Among the various results obtained in this setting, the authors in [15] derived the form of the locally optimal sensor
and fusion functions for a binary distributed detection system with either conditionally independent or conditionally
dependent measurements. When the measurements are conditionally independent, the optimum sensor function has the
same form as if the sensor were the single sensor in the system. When the measurements are conditionally dependent,
the optimum sensor function has an additional term that depends on various joint conditional distributions among the
fusion center output and other sensors’ outputs [15, 16]. These results were extended to the non-binary distributed
detection case in [14].

The authors in [108] proposed a locally optimum approach that uses randomly deployed binary sensors to detect a
known spatial signal and approached the detection problem through the detection of a nonhomogeneous point process.
Sensors are randomly deployed according to a homogeneous spatial Poisson process. Under Hy, sensors with U; = 1
form a homogeneous Poisson process; however, under H;, they form a nonhomogeneous Poisson process because the
spatial signal makes the intensity of the process location-dependent. The authors claim the asymptotically locally most
powerful detector in the fusion center when sensor functions produce U; = 1{Z; > t}.

The authors in [139] applied the locally optimum approach to a cooperative spectrum-sensing application, treating
the distributions of the received signals at the fusion center as Gaussian-distributed with known variances and treating
the mean of such Gaussians as the unknown parameter that causes H; to be composite.

It is important to observe that the locally optimum approach is actually a large sample method since its optimality,
when the decision is based on conditionally i.i.d. measurements, is asymptotic as 8; — 0 in an appropriate manner as
the number of sensors grows to infinity [73, p. 546]. Such a large sample method is based on the concept of efficacy
and the Asymptotic Relative Efficiency (ARE) metric between two candidate detection systems, which are described

in detail in Section 8.2.
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3.3.2 Approaches Based on a Least Favorable Distribution

A different approach to deal with the problem of composite hypothesis H; is to build a simple hypothesis using
the least favorable distribution within H;. Assuming the least favorable distribution and the distribution under Hp,
the system is designed using the techniques for the simple hypotheses case. The motivation for such an approach is
to build a detection system under a worst-case condition such that the resulting design have a guaranteed detection
performance under any of the other distributions within H;.

Approaches based on least favorable distributions are also considered in this dissertation and the concept of a least
favorable distribution is described in detail in Chapter 7; however, in order to present the results from other authors

[4,50,59,73,123] in a precise manner, the following definitions are adopted for this section: let Pz, nZi|0=) denote

respectively denote the probability of detection obtained by the detection system ¢ under the distribution Py, . 7,6=1

and the probability of false alarm obtained by ¢ under the distribution Pz 7 ¢—o. For any pair of distributions

Pz, ..zxlo=1and Pz, 7,90 and a given desired maximum probability of false alarm Qmax , let

argmax B(Py,....z¢16=1:9); (3.10)

..... ZK|9:O:¢)Samax

When the detector has access to all conditionally i.i.d. measurements; i.e., when the sensor detection system is

centralized, Lehmann [73] defines that P;l form a pair of least favorable distributions if

/ /

Zl,...‘ZK‘QZO’PZI ..... ZK‘GZI’

*
Zy,...Zx|0=1

/

3(le,.4.,z,(\e:179{,,él ): 3.11)

/
..... zxlo=07, ..z 101}

) > ﬁ(Pz*l,...,zK\G:nQ{p;l
i.e., an optimal system for the pair of least favorable distributions has the lowest probability of detection for a given
maximum probability of false alarm than the optimal system for any other pair of distributions. In Chapter 7, the
limitations of such a definition are explored.

Also considering the case in which the detector has access to all conditionally i.i.d. measurements, Huber [59]

assumes that the hypotheses Hy and H| are each given by a nominal distribution, with distributions in its vicinity

following an €-contaminated model, and shows that there is a pair of distributions PEI o Zklo=1 and le,...,z,(\ezo such
. / /
that, for any other pair PZ1 k|01 and PZl o ZK|0=0°
/
P. _ . . > B(P, _ . . (3.12)
ﬁ( 21 Zi |61 ’Q{leﬁ....zK\ezo*le ..... zK|9:1} B( 21, 2| 0=1 ’?{leﬁ....z,(w:ole ..... ZK\B:I})
and Pz e Zk|0=1 and PZ s Zk]0=0 satisfies (3.11); i.e., itis a least favorable pair of distributions in the sense of Lehmann

[73]. In [60], Huber and Strassen extended this conclusion to the case in which the distributions of each composite

hypothesis are upper bounded by a common set function termed 2-alternating capacities.
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Assuming composite hypotheses Hy and H; with conditionally i.i.d. measurements that satisfy (3.12), the authors

in [50] concluded that Pi would also satisfy (3.12) if the Neyman—Pearson centralized

detection system is replaced by a distributed detection system with an asymptotically large number of sensors using
identical binary sensor functions that decide based on the likelihood ratio of the observations. The authors in [50]
further concluded that the asymptotic exponential decay rate of the considered distributed detection system designed
under the least favorable pair of distributions is a bound for the decay rates of the distribution detection system under
any other distribution.

The authors in [123] extended the results of [50] for general distributed detection systems with a finite number
that satisfies

of sensors, reaching the important conclusion that the pair of distributions Pgl and Pgl

o Zk|6=1

(3.12), which considers a centralized detection system, is the same pair of distributions that satisfies (3.12) when
considering an optimal distributed detection system under conditionally independent measurements.

Other authors also considered least favorable distribution approaches but in less related settings: the authors in [4]
extended results of [123] to censored detection systems; and the authors in [53] adopted the Bayesian framework and

considered least favorable distributions for the distribution of 6.

3.4 Summary

When measurements are conditionally independent and the hypotheses Hy and H; are simple, there is a large body
of research that describes the form of optimal centralized and distributed sensor detection systems and analyzes their
performance under various conditions, under energy constraints, and under various types of communication subsys-
tems. When designing under conditionally independent measurements, a system designer can rely on the following

key results:

e The forms of the optimal centralized and distributed detection systems are known for either the Bayesian and
Neyman—Pearson frameworks. Optimal fusion and sensor functions use the likelihood ratio as decision statistic

[21,112,117];

e Optimal distributed detection designs contain many peculiarities: the optimal decision regions used by a sensor
function depend on the decision regions used by the fusion function and other sensor functions; and the optimal
decision regions of a sensor may be different from the optimal decision regions of other sensors, even when the
observations are conditionally i.i.d. [112]. Furthermore, optimal designs under the Neyman—Pearson framework
generally require dependent randomization of sets of fusion and sensor functions [117]. Nevertheless, numerical

local optimization procedures exist [122, 132];

e Large sample methods can be used to provide guidance for the design of systems with a large number of sensors.

Asymptotic decay rates for distributed detection systems were obtained under various conditions and constraints
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[22,25,116] and the Asymptotic Relative Efficiency (ARE) metric can be used to compare candidate design
approaches [37, 128, 129];

e Most of the optimality results can be extended to the case in which the communication channels between sensors
and fusion center are error-prone [27,41,79,99, 113]. Performance results of various types of sensor detection

systems that use specific wireless communication channels are available [26,52, 62,78, 80-82, 84, 89, 135]; and
e Censoring schemes are available to reduce the energy consumption in sensors [5,17,18,62,97].

When measurements are no longer conditionally independent, it is difficult to determine designs of optimal dis-
tributed detection systems [13,30,39,63,88,115,130,133]. The difficulty stems not only from the complicated form of
the optimal fusion and sensor functions, but also, and more importantly, from the lack of information about the correla-
tion parameters. Although some special cases allow simplifications, approximations, and analytical treatment [35, 38,
46,90,106,119,127,134], particularly if the distances between sensor and emitter locations are given [94,111,120,126],
system designers often have to settle for suboptimal designs [1, 35,36, 38,46,72,77,90,106, 119,120, 127].

Furthermore, in general, it is difficult to characterize the joint distribution of the measurements {Z,},K=1 when
they are conditionally dependent. The most common approach to characterize the joint distribution and model the
dependency among measurements is to assume the multivariate Gaussian distribution [1, 23, 35, 36, 72, 75,94, 111,
120, 126, 138]. Although the adoption of the multivariate Gaussian distribution allows analytical treatment, it is still
difficult to characterize the correlation among {Z;}X |. In order to proceed, simple correlation models have to be
assumed [1,23,75,111,120, 126].

In the special case in which the dependency among measurements is caused by randomness in the emitter’s loca-
tion, some authors proposed approaches that circumvent the conditional dependency by either requiring that sensors
execute estimation procedures to initially estimate the emitter’s location [98] or requiring that the sensors and fusion
center perform multiple measurements and tests for each of the possible locations of the emitter [134].

When either of the hypotheses Hy or H; is composite, there are at least three approaches to deal with the composite

hypothesis problem:

e The generalized likelihood ratio test (GLRT), which involves the estimation of unknown quantities to build the

likelihood test [98, 107];

e Locally optimum approaches, which assume that Hy : 0 = 0 and H; : 0 > 0 with 6 being a scalar that defines
the signal amplitude; i.e., the H; is composite because of lack of knowledge on the signal amplitude [9-12, 14—

16,95, 108, 128, 129]; and

e The least favorable distribution approach, in which the system designer solves the composite hypothesis issue

by choosing the least favorable distribution within Hj, building a simple hypothesis with just the least favorable
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distribution, and using the known system design techniques for the simple hypotheses case [50, 59, 73, 123].
The resulting design is conservative in the sense that a system that satisfies a given detection performance
when designed under the least favorable distribution, also satisfies the detection performance under any other

distribution within Hj.

To the author’s knowledge, when the measurements are conditionally dependent and the hypothesis H; is com-
posite, few results are available and such results are related to locally optimum approaches [12, 14, 15]. No results

involving conditionally dependent hypotheses and least favorable distributions are known.
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Chapter 4

Problem Statement and Research Questions

This dissertation focuses on the analytical treatment of sensor detection systems and addresses the problem that the
current mathematical models are not amenable to analytical treatment unless the system designer adopts assumptions
that are generally considered unrealistic. More specifically, this dissertation addresses the problem that the sensor
measurements are generally conditionally dependent when the sensor measurement depends on the distance
between sensors and emitter, and the hypothesis /H; is composite because the distribution of the emitter location

is unknown.

4.1 Problem 1: Conditionally Dependent Measurements

As described in Section 3.1, many results are available when measurements are conditionally i.i.d. and the hypothe-
ses are simple. Under these conditions, a system designer can use the available results to design optimal centralized or
distributed detection systems, apply large sample methods to evaluate systems with an asymptotically large number of
sensors, evaluate the effect of communication channel errors, use censoring schemes to reduce energy consumption,
and consider multiple access communication channels.

However, the assumption of conditionally i.i.d. measurements is considered by many authors to be unrealistic and
only justified by convenience or by the lack of information about the correlation parameters [15,39,46,90, 106, 111,
124,134,137,138].

Indeed, although the measurements {Z,-}lK=1 can be considered conditionally i.i.d. under Hp in many applications
[94,106, 111, 134], when the distribution of the measurements depends on the distances between the sensors and the
emitter at random locations, the measurements {Zi},K: , are generally conditionally dependent under Hj, even if the
measurement noise random variables {W,}IK: p areiid. [11,106].

To illustrate the conditional dependence of {Z,-}f(zl, recall the model of Chapter 2 in which Z; = A; + W; when
0 = 6. Let A; = &(||L; — Le||), where L, is the random variable corresponding to the emitter location, {L;}X | are
independent random variables corresponding to the sensor locations, and & is a given function. Let {Li}{i | be inde-

pendent of L,. Let {W;}X | be i.i.d. random variables that are independent of {L;}X | and L, and have the cumulative
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distribution function (c.d.f.) Fy (w). Consider K = 2; i.e., just two sensors. In this case, the joint c.d.f. of Z; and Z; is

given by
PlZ1 <21,20 < 25|06 = 6] = ./_;KP[ZI <z21,Z <2|Le=1,,0 = 6,]dP,, (L)
= / / /,P[Zl <z, <nlli=hL,Ly=0b,L =1,0=6dPy, (I)dP, (L) dPy,(l,)
= [ ([ PECin —1)+ Wi <21l = .2 = 1.0 = O1lap, 1)
/ PE(I L)+ Ws < z1|Ly = b, Lo = 1,0 = 6] dPy, (12)) aps (1)

Ss
= [ (f Avter &0 —tape @) [ B &~ 1) by (1) dP ()

s

:./S E[Fy(z1 — E(|ILy — L|))] - E[Fw (22 — E(|La — L|)))] dPL, (1), @.1)

which is different from E[Fy (z1 —& (||IL1—Le]))] - E[Fw (z2—& (||La—Le )] = P[Z1 < 7110 = 61] - P[Zy < 25|60 = 6] in
general.

Furthermore, the distribution of the measurement Z; under H; is a mixture of the measurement noise distribution
Fy, preventing the use of common tools to model conditional dependence. This can be seen from the example in the

previous paragraph, in which

PlZi<z|0 =6/ = //Fw 21— E(| —L])))dPy, (1) dPy, (L.): 42)

therefore, even if Z; conditioned on {L; = I;,L, = l,,0 = 6, } is Gaussian distributed, the mixture will not be Gaussian
distributed. Therefore, it is not possible to capture the dependence among {Z; }K | through the multivariate Gaussian
distribution, which is a common tool to handle conditionally dependent situations as discussed in Section 3.2.

When sensors are in known deterministic locations, there are approaches to circumvent the conditional dependence
problem [98, 134]; however, these approaches require more complicated sensor operating schemes. As described in
Section 3.2.1.1, the authors in [98] propose that sensors initially estimate the emitter’s location; and the approach
proposed in [134] requires the region of interest to be partitioned in several subregions and sensors need to follow a
schedule to periodically reconfigure themselves to collect measurements from each subregion at a time.

When the measurements {Z; } -, are conditionally dependent, it is more difficult to determine optimal designs, as
discussed in detail in Section 3.2, and many of the available results reached under the conditionally i.i.d. assumption

may no longer hold.

4.2 Problem 2: Composite Hypothesis

As discussed in detail in Section 3.3, when the hypothesis H; is composite, the analytical treatment is further
complicated because a Uniformly Most Powerful (UMP) detector may not exist [73] and because the designer has to

ensure that a prescribed performance is achieved for each of the uncountably many distributions within Hj.
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In the detection problem being considered in this dissertation, the amplitude of the signal depends on the distance
between sensors and emitter; therefore, the hypothesis H; is composite when the distribution of the emitter location
is unknown. More precisely, consider the model of Chapter 2 and assume that the distributions for sensor locations
{Li}lK: 1> the measurement noise distribution Fy, and the amplitude function & are known or given. The measurement
Z; under H; depends on the random variable A; that has a distribution that depends on the distance between the
sensor location L; and the emitter location L.. It is reasonable to assume that the distribution of L; is given since
the sensor deployment strategy is imposed by the system designer; however, it may not be reasonable to assume that
the distribution of L, is given. For instance, when detecting a low-level point radiation source [20, 58, 87, 98], the
distribution of where the source will be released is unavailable. Since each of the possible distributions for L, induces
a distribution for the measurements {Zi},K:p the hypothesis H; is composite.

As described in Section 3.3, three general approaches were considered in the literature to design a sensor detection
system: the generalized likelihood ratio test (GLRT), locally optimum approaches, and least favorable distributions.

The GLRT approach is not applicable when sensors are not equipped with procedures to estimate the emitter
location L,.! It is also difficult to estimate the distribution for L, when the presence of the signal emitter is rare, as is
the case in many of the applications described in Section 1.1.

The locally optimum approach is not suitable for the setting being considered here because it requires that the
hypothesis H; be composite due to one and only one scalar parameter 6 that defines the signal amplitude, which means
that all sensors would be sensing the emitter with the same amplitude. In the setting considered in this dissertation,
a minimum known level for the signal amplitude is assumed and H; is composite because of the lack of knowledge
about the emitter location.

The approach of a least favorable distribution is appealing because it reduces H; to a simple hypothesis, and if
the design under this distribution meets the prescribed detection performance requirement, then it also satisfies the
detection performance under any other distribution within H;. There are, however, three issues associated with this

approach:

e the theory of least favorable distributions cannot be readily applied because, as discussed in Section 3.3.2, most
of the existing theory relies on the assumption of conditionally independent or conditionally i.i.d. measure-
ments and most of the results discuss least favorable distributions for the measurements and not for a particular

unknown parameter such as the emitter location L;
e the approach of least favorable distributions may lead to overly conservative designs.

A system designer may be tempted to assume an arbitrary distribution for the emitter location L,; for instance,

given the lack of knowledge, it is natural to assume that L, is uniformly distributed within the region of interest. Such

Note that in order to estimate the location of the emitter, sensors must also know their own location, which may require additional equipment
in the sensors.
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an assumption would make the hypothesis H; simple; however, the resulting system could fail to meet the prescribed

detection performance under the actual distribution for L,.

4.3 Research Questions

Motivated by the difficulties imposed by conditionally dependent measurements, the following question is con-
sidered in this dissertation: Are there situations in which the system designer is justified in assuming that the
measurements {Z;}X | are conditionally i.i.d.? If such situations exist, then a system designer is able to benefit from
much of the research available for conditionally i.i.d. measurements. This question is answered in Chapter 6.

In order to address the composite hypothesis issue, the approach of least favorable distributions is applied to the
distribution of the emitter location L, and the following question is considered: What are the conditions for finding
a least favorable distribution for the emitter location L,? Being able to find such a distribution will avoid the
problems associated with the composite hypothesis H;. This question is answered in Chapter 7, where it is shown
that the distribution that places the emitter on the boundary of certain regions of interest is least favorable for several
systems of interest.

Given the concern that least favorable distributions may lead to too conservative designs, the following question is
considered in this dissertation: If a system designer builds a sensor detection system using a least favorable emitter
location distribution for a system, how conservative is such a design? This question is answered in Chapter 8.

Given the form of the least favorable distribution for the emitter location identified in Chapter 7, which places the
emitter on the boundary of certain regions of interest, a system designer may wonder whether to deploy sensors in
a larger region in order to surround the boundary of the region of interest with more sensors. Given this option, the
following question is considered: Would the deployment of sensors in a region larger than the region of interest
improve the detection performance under the least favorable distribution? The answer to this question is provided

in Chapter 9.
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Chapter 5

Main Assumptions and Considerations

Most of the propositions in this dissertation focus on the sensor detection system model presented in Chapter 2

and rely on the following additional assumptions.

Assumption I: The measurement noise random variables {W;}X | are i.i.d. random variables with a common c.d.f.
Fy. The random variables {W;}X | and 6 are independent. These assumptions can be considered a good
approximation when detecting point radiation sources [20, 106] or transmissions in a cooperative spectrum-

sensing system [120, 139], and were also adopted in [14, 90, 108, 118].

Assumption II: The region of interest S, is a subset of IR®, for some integer 8 > 1, and contains at most a sin-
gle emitter, which is the worst case for the detection problem for many scenarios of interest, as shown in

Appendix A.

Assumption III: The emitter location L, is a random variable within the region of interest S,. No prior knowledge

of L, or its distribution is assumed. The random variables L., {W,}lK: 1» and 6 are independent.

Assumption I'V: The sensor locations {L,-}lK: | are independent random variables within the deployment region S,
and {L;}X |, L., {W;}X,, and 6 are independent. The case in which {L;}X  are random variables is of

interest in certain scenarios and was considered by many previous authors, as discussed in Appendix B.

Assumption V: For each i, A; and {Vl/'i}lK:1 are independent, and, for any i # j, A; and L; are independent. The

realizations of {Ai}{(: | are nonnegative and, for any i and any measurable set .27,
PlA; € /10, Li, L] := v(</|6 - & (dist(Li, L)), (5.1

where v (-|x) is a deterministic function that takes a measurable set and a real value as input, defines a measur-
able function of x for any measurable set, and defines a probability measure for any value x € IR; dist(L;, L)
is a function that represents the distance between L; and L,; and & is a deterministic known amplitude function

that models the decay in signal amplitude as the distance between sensor and emitter increases. In most of
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the developments in this dissertation, dist(L;,L,) = ||L; — L,

, where || - || represents the Euclidean norm; i.e.,

letting [ € IR® be a column-vector and I’ be its transpose, ||/|| := v/I'l. In other developments, when consid-

ering that S, is a sphere in R3, dist(L;,L,) is defined as the minimum length of all curves that are contained

in the sphere and connect L; and L.

These assumptions allow the possibility that A; = 6 - £(dist(L;,L,)), or that A; has a conditional Poisson
distribution with parameter 6 - & (dist(L;,L,))."

Definition (5.1) implies that, for any i and j, whenever & (dist(L;,L.)) = & (dist(L;,L.)), A; and A; are condi-

tionally identically distributed.

Assumption VI: Forany1:= (I;,...,Ilx) such that /; € S; for all i and any [, € Se.2

K K
P[ﬂAi <ai|0 =6, L=1L =1l |:=]]PlAi <al6=61,Li=1l;,L. = L]; (5.2)

i=1 i=1
It is important to observe that, even with Assumption VI, A := (Aj,...,Ak) is a vector of dependent random

variables in general. Note further that Assumption VI is readily justified when A; = 6 - & (dist(L;,L,)).> Even
when A; conditioned on 8 = 0y, L; = [;, and L, = [, is not a constant random variable, Assumption VI is

justified in certain detection problems, such as detection of low-level point radiation sources [20, 106].
Assumption VII: The amplitude function & is a bounded, nonnegative, nonincreasing, and right-continuous function.

Assumption VIII: Let u be either Lebesgue measure on IR or counting measure on Z. The random variable W has
probability measure that is absolutely continuous with respect to . Let fiy (w) represent the density function

of W with respect to ut. The conditional distribution Pz, g—g, is absolutely continuous with respect to Pz, g—o.

From Assumption VIIL, it follows that Z; also has a density function f7,9—(z) with respect to 4t when condi-
tioned on 6 = 0 and a density function f, o o ; ¢ (z) when conditioned on {6 = 6y, L, € S,} for any S, in

which P[L, € S,] > 0 or any S, = {I,} for [, € S,, as shown in Appendix E.

Both centralized and distributed detection systems will be considered.

Centralized detection systems are of interest because they can approximate many envisioned sensor detection
systems. Although the sensing device or the communication subsystem may include a quantization phase in which the
measurement is represented by a finite number of bits, the approximation can be considered good when the number of

bits is large enough. Many of the wireless network nodes and protocols envisioned to build a network of sensors offer

More precisely, this means that P[A; = n|0,L;,L.] = (0 (dist(L;,L,)))" exp {—0& (dist(L;,L.))} /n!.

2Note that the definition of (5.2) ensures that the function defined by P[ﬂ{il {Ai <a;}|0 =6,,L=1,L, =1,] is a joint distribution for any 6; > 0,
any 1, and any /,.

3To see this, observe that, when A; = 0 - & (dist(L;, L)), A; given 8 = 0y, L; = I;, and L, = [, is a constant random variable and constant random
variables are independent.
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mechanisms for the reliable transfer of data packets offering several bytes to represent the measurement [68, 98, 104,
110, 140].

The many bytes offered by wireless networks and protocols may suggest that the tight quantization constraints
normally considered in a distributed detection system are artificial; however, there are still reasons to reduce the amount
of information generated by sensors. One reason is that the sensor detection system may share the communication
subsystem with other systems that occupy most of the available capacity; for instance, the authors in [64] describe
the deployment of a sensor network in which the various bits available in a data packet are allocated for various
different information systems and a single bit is reserved for the detection system. Another reason for considering
tight quantization constraints is that it may be more suitable for multiple access channels; for instance, as described in
Section 3.1.5, some authors have considered a communication subsystem in which sensors produce a binary output to
decide whether to transmit a common waveform to the fusion center, which receives the sum of the received signals.
The use of a binary output enables the expected value of the received signal to have an amplitude proportional to the
number of sensors that transmit the waveform [78]. Lastly, tight quantization constraints are still being considered by

recent papers targeting specific applications [105-107].
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Chapter 6

Scenarios for Conditionally Independent and Conditionally LI.D.

Measurements

Motivated by the difficulty of designing sensor detection systems under conditionally dependent measurements,
this section presents several propositions that identify conditions under which a system designer is justified in assuming
that the measurements Z are either conditionally independent or conditionally i.i.d. More specifically, three settings
are considered: when the distribution of the emitter location L, is supported within a suitable S} C S.; when the
amplitude function &(-) vanishes; and when S, is a sphere. The first setting may seem artificial at first; however, as

shown in subsequent chapters, it will be useful for the design of a sensor detection system.

6.1 Emitter Location Distributed on a Specific Subset of the Region of Interest

The propositions in this subsection show that, if the emitter location is distributed on a specific subset S} of S,,
then the conditional dependence in the measurements disappears.

A simple scenario in which the measurements {Z,-}IK: | become conditionally independent given 6 is the one in
which the sensor positions {L,-}{(: | are deterministic and S} contains a single element; i.e., when L, is a constant ran-
dom variable. This scenario has been considered by other researchers [118] and the conclusion that the measurements
become conditionally independent given 6 can be obtained as a special case of Lemma C.1 in Appendix C.

Even when the sensor positions {L;}X | are i.i.d. random variables, it follows from (4.1) in Chapter 4 that the
measurements {Zi},K: | are conditionally i.i.d. given 6 when S has a single element.

However, as shown in Chapter 4, the measurements {Z; }X_| will not be conditionally i.i.d. given 0 in general when
the range of the random variable L, has more than one possible emitter location; i.e., when S has more than one
element.

Nevertheless, there are sufficient conditions under which {Z;}X | become conditionally i.i.d. given 6 when S; has

more than one element. As shown in the next lemma, an important sufficient condition is to have the conditional
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distribution given L, = I, of the parameter & (dist(L;,L.)) that defines the distribution of A; be invariant to changes in
l.€S}.

Lemma 6.1. Adopt the additive model of (2.1) and Assumptions I, II, III, 1V, V, and VI of Chapter 5. Let X; :=
E(dist(L;, L,)), where E(dist(L;,L,)) defines the distribution of A; as per Assumption V. If

o the distribution of L, satisfies P[L, € S;] = 1 for some S} C S,;
e the sensor locations {L;}X_| are independent random variables;

o the conditional distribution of X; given L, = l, is invariant to changes in l, € S} for any x; i.e.,
Vi,V ,le, € S;,x,P[X; <x|L, =1l,,] = P[X; < x|L, =L, 6.1)

then {Z; } - | are conditionally independent given 0 and are independent of L,. Additionally, if {L; } | are i.i.d., then
{Z:}K | are conditionally i.i.d. given 6.

Proof: To show that {Zi}{i , and L, are independent, it is first shown that {Zi},K: , and L, are conditionally

independent given either 6 = 0 or 6 = 6;. Once this is proven, pick any {zi}{(zl and any measurable set Z C IR®, and

®

write

K K
P|({Z <z} L€ ,@] = ) prlo=jp lﬂ{z,- <z} L €A

=1 Jje{0,61} i=1

K
Y rlo=jp [ﬂ{z,» <7}|0=j|P[L. € B|0 = j]
j€{0,61} i=1
K
PlL.e# Y P[6 Plﬂ{Zigzi}G:j PIL, € A [ﬂ{qu]? 6.2)
j€{0,6,} i=1

where (6.2) follows because L, is independent of 6.

The conclusion that {Z; } - ; and L, are conditionally independent given 68 = 0 follows from the additive model
(2.1) and Assumptions I and III.

For 0 = 0y, {Z;}X | and L, will be conditionally independent given 6 = 6; if and only if {4;}X | and L. are
conditionally independent given 6 = 0;. For the same reasons, {Z,-},K: | will be conditionally i.i.d. given 8 = 6 if and
only if {A;}X , are conditionally i.i.d. given 6 = 6.

The conclusion that {4;}X | and L, are conditionally independent given 6 = 6, follow once two statements are
proven: (1) {A,-}lK=1 are conditionally independent given {6 = 0;,L, = I, }; and (2) for any i, P[A; < a;|0 = 0;,L, =
l,] :=vi(a;) is invariant to changes in [, € S;. If these two conditions are satisfied, then, as shown in details in
Lemma C.1 in the appendix, for any {a;}X | and any measurable set Z C IR, v;(a;) = P[A; < 4;|0 = 6], and

K
P ﬂ{Az < ai},Lg c B
i=1

K

06=20 :/ P Ai<a;
l] s lﬂ i>a

i=1

0=0,L =1|dP, (L) (6.3)
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K
/ [17[4i <afo =612 =1]ar. (i) (6.4)
PBNS;

i=1

>

K
,,dP(,l iiPL€E%ﬂSZ
= [, [t 1) =TT ta) |

—

K
= [IPlA: < ail6 = 61]-P[L. € 2|6 = 6] (6.5)
=1

and {A;}X | are conditionally i.i.d. given 6 = 6, if {L;}X , are identically distributed.

The condition that {A;}X | be conditionally independent given {6 = 6;,L, = I, } follows from Assumption VI and
because {L;}X | are conditionally independent. For a detailed derivation, refer to Lemma C.2 in the appendix.

The condition that P[A; < ;|0 = 0y, L, = [,] is invariant to changes in [, € S}, for any a; follows from Assumption V
in that the distribution of A; depends on L, through the parameter X;; and, as shown in details in Lemma C.3, the
condition follows if P[X; < x|L, = [,] is invariant to changes in /, € S} for any x, which is assumed in this lemma. ®

Lemma 6.1 is now used to establish various sufficient conditions under which {Z;}¥ | become conditionally i.i.d.

given 6 when S; has more than one element.

Proposition 6.2. Adopt the additive model of (2.1) and Assumptions I, II, III, IV, V, and VI of Chapter 5. Let
dist(L;,L,) = ||L; — L|| in Assumption V, and let B,(0) denote the closed ball centered at the origin and having
radius r. Let dB,(0) denote the boundary of B,(0). If

the region of interest S, = By,,(0) for some ry > 0;

the distribution of L, satisfies P[L, € Si] = 1 for Si = dB,(0) for some r € [0,ry];

the sensor locations {L;}X_, are independent random variables distributed in Sy = Be.p,,(0) for some ¢ > 0;

For any i, L; has a distribution invariant to orthogonal transformations (e.g. rotations); i.e., for any measurable

set % C IR® and for any orthogonal 8-by-8 matrix H, P|L; € %) = P|L; € H%);

then {Z; } * , are conditionally independent given 6 and are independent of L,. Additionally, if {L; } -, areii.d., then
{Z:}K.| are conditionally i.i.d. given 6.

Proof: To prove the conclusions of this propositions, it is enough to prove that the conditions of this proposition
imply the conditions of Lemma 6.1. The conditions on L, and on {L;}X | of Lemma 6.1 are also conditions of this
proposition; thus, it remains to prove that P[X; < x|L, = ] is invariant to changes in [, € S} for any x; i.e., condition
(6.1) for X; = E(||L; — Le||), for the specified distribution of L; and the specified sets S,, S5, and S;.

Since X; is a function of L, through D; := ||L; — L. ||, (6.1) for dist(L;,L,) = ||L; — L.|| follows if P[D; < d|L, = [,

is invariant to changes in /, € S} for any d; i.e.,

Vi, Yl ,le, € S,,Vd,PID; <d|L, = l,,] = P[D; < d|L, = I,,], (6.6)
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as shown in details in Lemma C.4 in the appendix.

In order to prove (6.6), observe that P[D; < d|L, =1,] = P[||L; — .|| < d| = P[L; € B4(l,) N Ss], and (6.6) follows if
Vi, Ve, L, € St,¥d, P[L; € By(le,)NSs] = P[L; € By(l,) N S). (6.7)

To see that (6.7) follows, observe that for any /., ,l., € S}, there is a rotation that transforms /,, into /.,, and since
both the set S; and the distribution of L; are invariant to orthogonal transformations, which include rotations, (6.7)
follows. This argument is made precise in Lemma C.5 in the appendix. To use Lemma C.5, let 7 be the set of all
orthogonal transformations. The first condition of Lemma C.5 is satisfied because, for any /., /., € S}, there exists an
orthogonal matrix H; » for which Hy »le, = l,,. To see this, for either j = 1 or j =2, let H; := [lo; /|/l;[[[v)2] .- [V; 5],
where {v;;}?_, are vectors such that le;/||le; |l and {v;x}2_, form a basis for IR?, and let Hy 5 = HaH!. Observe that
H)H' i is also orthogonal since both H; and H; are orthogonal. The invariance to orthogonal transformations of S}, S;,
and S, is proven in Lemma C.6 in the appendix, which means that the second condition of Lemma C.5 is satisfied.
The third condition of Lemma C.5 is satisfied by assumption. u

Observe that the uniform distribution of L; is a distribution invariant to orthogonal transformations. To see this, let

H be any orthogonal §-by-& matrix, pick any measurable 2, let m be Lebesgue measure on IR%, and write

m(BNSs) m(H(BNSy))

PIL; € B) = m(Sy) - m(Sy) o
_ m(H#ZNHS,) mHANS,)
ST aE) o mey eHZ] )

where (6.8) follows because, for any linear transformation T, m(T (#)) = |det(T)|m(%B) [47, p. 74] and |det(H)| =1
[51, p. 208], the first equality of (6.9) follows because any matrix H € 7 is invertible, which means that H forms a
bijective transformation and, therefore, H(S| NS,) = H(S1) NH(S3), and the second equality of (6.9) follows because
HS; =S;.

Considering the special case in which the region of interest S, is in the plane, the next proposition provides

sufficient conditions for {Zi},K: | to be conditionally i.i.d. given 8 in non-circular regions of interest.

Proposition 6.3. Adopt the additive model of (2.1), Assumptions I, I, I, IV, V, and VI of Chapter 5. Let dist(L;,L,) =
|L; — Le|| in Assumption V and let S, C IR%. If

e the region of interest S, is a regular convex polygon with n vertices' and with a circumscribing circle dB,,,(0)

centered at the origin and with radius ry;

LA polygon with n vertices is defined as the union of the set of n points {v; :':_0] in IR?, which are called the vertices of the polygon, the set of line
segments ¥ := {vov,viva,...,vy—1vo } between these points, which are called the sides of the polygon, and the interior of the set formed by such
line segments. Note that the set of line segments ¥ decomposes IR? in two sets: one set with infinite area, and another set with finite area, which is
called the interior set. A convex polygon is a polygon whose interior set is convex. A regular convex polygon is a polygon that is equiangular and
equilateral; i.e., the angle formed by the two sides that contain a vertex is equal to a constant for all vertices, and all sides have the same length [34].
Examples of regular convex polygons are the equilateral triangle and the square.
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e the distribution of L, satisfies P[L, € S| =1 for S} = ¢1(S. N 9B;,,(0)) for any c| € [0,1]; i.e, S is the set

formed by all the vertices of S, multiplied by a scaling factor cy;

e the deployment region satisfies Sy = B,(0) for any r > 0 or S, = ¢3 - S,, for any ¢y > 0; i.e., Sy is either a disk or

Ss is a scaled version of S,;

o {L;}X | arei.id. random variables with the uniform distribution on Sy;

then {Zi}lel are conditionally i.i.d. given 0 and are independent of L,.

Proof: As in the proof of Proposition 6.2, it is enough to prove that the conditions of this proposition imply the
conditions of Lemma 6.1. The conditions on L, and on {L;}X | of Lemma 6.1 are also conditions of this proposition;
thus, it remains to prove that P[X; < x|L, = [,] is invariant to changes in I, € S} for any x; i.e., condition (6.1) for
X; = E(||L; — L.||), for the specified distribution of L; and the specified sets S, S%, and Ss. Also as in the proof of
Proposition 6.2, since X; is a function of L, through D; := ||L; — L.||, the conclusions are reached once the condition
that P[D; < d|L, = I,] be invariant to changes in [, € S} for any d; i.e., (6.6) for D; = |L; — L.||, is proven.

Recalling that D; conditioned on L, = I, equals ||L; — I, || and P[||L; — || < d] = P[L; € B4(l.) N Ss], (6.6) follows
because the distribution of L; and the set S, are invariant to orthogonal transformations that preserve S;. More precisely,
(6.6) for the S, S,, and S} of this proposition follows from Lemma C.5 in the appendix. To use Lemma C.5, let n be
the number of vertices of the polygon that define S, and let 7¢* := {H; : j € {0,1,...,n—1}}, with H; given by

Hy cos(2mj/n) sin(2mj/n) . 6.10)

—sin(2xj/n) cos(27j/n)
The first and second conditions of Lemma C.5 are satisfied because, as shown in Lemma C.7 in the appendix, for
any I, ,l., € S}, there exists an orthogonal matrix H;, € J* for which H;l,, = I.,; and because S, S}, and S
are invariant to the transformation of any H;. The third condition of Lemma C.5 is satisfied because the uniform
distribution of L; is invariant to any orthogonal transformation, as shown by relations (6.8) and (6.9), and each H; is
an orthogonal transformation. |

The conditions of Propositions 6.2 or 6.3 that the emitter be located on a circle or at the vertices of a regular
polygon seem difficult to satisfy; however, as will become clear in Chapter 7, there are conditions under which having
L, be in such subsets with probability 1 is the least favorable distribution for a design.

Before further conditions that cause the measurements {Zi},K: , become conditionally i.i.d. are explored, an example
is presented to show that the conclusions of Proposition 6.3 do not hold for arbitrary polygonal regions of interest and

to illustrate an important concept behind Propositions 6.2 and 6.3.
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o (r11,0) = 01

Figure 6.1. Non-regular convex hexagonal region of interest S, in which the distribution for the emitter location that
places the emitter in each of the vertices of the polygon with probability 1/6 does not cause the measurements {Zi},K: 1
to become conditionally i.i.d.

6.1.1 Example 6.1:

This example illustrates that placing the emitter location at the vertices of a non-regular convex polygon with
probability one does not always cause the measurements to become conditionally i.i.d. This example also highlights
an important concept behind Propositions 6.2 and 6.3.

Adopt the additive model of (2.1) and Assumptions I, II, III, IV, V, VI, and VII of Chapter 5. Let dist(L;,L,) =

|IL; — L. || in Assumption V. Let S, be the non-regular convex hexagon whose vertices are at

vi = (ry,0), v2:=(rycos(m/4),rysin(n/4)), v3 = (—rycos(m/4), rysin(mw/4)), 6.11)
va :=(—rm,0), vs:= (—rycos(mw/4),—rysin(n/4)), and ve := (rycos(m/4), —rysin(m/4))
for any rps > 0. It is possible to see that these vertices are on the circle dB,,, (0). Let @, be the internal angle of vertices
v1 and v4 and o, be the internal angle of the remaining vertices, as illustrated in Figure 6.1. Let S} = S.NdB,,,(0); i.e.,
Sy ={v1,...,ve}, and assume that P[L, =v;] = 1/6 for j=1,...,6;i.e., the distribution for the emitter location places
the emitter at each of the vertices of the polygon with equal probability. Let A; = 6, & (||L; — L. ||) with & (r) = 1{r <ro},
where rp € (0,rysin(mw/4)) and 6; = 1. Let Fy(w) be increasing. Assume that Sy = S,, consider two sensors, and
assume that the sensor locations L and L, are uniformly distributed in S;.
With the above assumptions, the only condition of Proposition 6.3 that is not satisfied is the regularity of the
polygonal region of interest. It is now shown that excluding this condition is enough to cause the measurements Z;

and Z; to be conditionally dependent.

As shown in equation (4.1) of Section 4.1,

6
PZi < 21,2, < [0 =1] = ) E[Fy(z1 — &(||L1 — v, I))IE[Fw (z2 — E (L2 —v;|)]PLe = v). (6.12)
=1

Since &(r) = 1{r < ro}, foreitheri =1 ori =2,

E[Fy(zi — E(ILi — ;)] =/ Fy(zi—1)dP, + Fw (zi) dPy,
SSQB?O(VJ*) SxﬂB?O(Vj)C
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PIL; € SsN By (vj)Fw (zi — 1) + (1 = P[L; € SsN By (v;)]) Fw (zi)
= W-[Fw(z;— 1) — Fw (zi)] + Fw (zi) (6.13)
where BS (1) represents the open ball of radius r and centered at [; m(.7) gives the area of </ C IR?; and (6.13) follows
from the uniform distribution assumption for L;.

From (6.13), it is possible to see that E[Fw (z; — §(||L; — v;|))] depends on v; through the area of S;N By, (v;);
i.e., m(SsN By (v;)). Since m(S;N By (v;)) is the same for the vertices v, v3, vs, and v, and since m(Ss N By, (v1)) =

m(S;s N By (v4)), equality (6.12) can be rewritten as

2 m(J; ° v
P2, <z1,Z, <p|6=1] = ;[H((S’:gm)(l))

i=1
2 m(Ss fV
+§HH“;Z¥MWW@—U—MQWMMmﬂ. (6.14)

(B — 1)~ Fir ()] + F () )]

Using similar steps, it is possible to reach that

P[Z) <2110 =1]-P[Zy < 2,|6 = 1]

L mS0By() e |
_E[S( sy vt — 1) = Frla)] + Fr(z)
i(wﬁgymmm@—wJﬂm+m@m. (6.15)

After expanding and grouping the terms in (6.14) and (6.15), one reaches that

PlZ) <721,20 < 2|0 = 1] = P[Z; < 71|60 = 1]- P[Z2 < 220 = 1]

. —m(S;NB° (v 2
=2 <m(Sx ﬂBro (VI;’)/”(S )(S\ nBV()( 2))) ﬁ[FW(Zi — 1) *FW(Zi)]~ (616)

i=1

Since Fy (w) is increasing, Z; and Z, will be conditionally independent if and only if m(Ss N B (v1)) —m(SsN
By (v2)) = 0, which is not satisfied in this example because @, # @p.

Note however that, if all internal angles were equal, which is a property of regular convex polygons, or if the
distribution of L, placed the emitter only on the vertices that have the same internal angle, then Z; and Z, would be
conditionally i.i.d. given 6.

This example highlights an important concept behind Propositions 6.2 and 6.3. As seen in the proofs of both
propositions, the conditional independence among {Z;}X | could be established because of the invariance of P[A; <
a;|@ = 6y,L, = I,] with respect to changes in I, € S for any a;. When A; = 1{||L; — L,|| < ro}, as in this example,
the required invariance can be seen with little effort because A; < a; < L; ¢ By, (L) for any a; € [0,1); and P[A; <
ail0 = 01,L, = ;] = 1 —m(SsN B} (lc)) /m(Ss). Thus, when P[L, € S;] = 1, conditionally i.i.d. given 6 follows when
the area of S; N By, (I.) remains constant as one varies [, within S;. While the area of S;N By, (I,) remains constant as

one varies [, within the boundary of a circular region of interest or within the vertices of a region of interest that is a
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regular convex polygon, it may not remain constant in several other regions of interest, such as the polygonal region
of this example.
In the next subsections, further conditions that ensure that {Z;}X | are conditionally independent or conditionally

i.i.d. given O are explored.

6.2 Vanishing Amplitude Functions

Assume for this section that the system designer is required to design the detection system for a given distribution
of the emitter location L,. Even if the distribution of L, does not satisfy the conditions of Propositions 6.2, or 6.3, there
are still conditions under which the sensor measurements {Zl-}{(: , become conditionally i.i.d. given 0 if the amplitude

function vanishes at some point; i.e., if £(r) = 0 for r > ry for some rg > 0.

Proposition 6.4. Adopt the additive model of (2.1) and Assumptions I, II, III, IV, V, VI, and VII of Chapter 5. Let
dist(L;,L.) = ||L; — L.|| in Assumption V. For any S, and any distribution for L,, if

e there is a ro > 0 such that E(r) = 0 for r > ry;

e the region of deployment S satisfies

Ss 2 | By (0): (6.17)
1€S,

o the sensor locations {L;}X | are i.i.d. random variables with the uniform distribution on Ss;
then {Zi},K: | are conditionally i.i.d. given 0 and are independent of L.

Proof: To prove the conclusions of this propositions, it is enough to prove that the conditions of this proposition
imply the conditions of Lemma 6.1. The condition on the distribution of L, is satisfied with S} = S,.. The condition on
the distributions of {L;}X | is also a condition of this proposition. It remains to prove that P[X; < x|L, = [,] is invariant
to changes in [, € S} for any x; i.e., condition (6.1) for X; = £ (||L; — L||). Since & > 0, it is enough to consider x > 0
because, for x < 0, P[&(||L; — L||) <x] =0forall [, € S,.

To prove (6.1), let m(%) represent Lebesgue measure of the set B C IR®, assume without loss of generality that
8 =2, and recall that X; conditioned on L, =/, is equal to & (||L; — I, ||). Observe that, because & (d) is right-continuous
and nonincreasing,

((d)<xed>d, (6.18)

for any x > 0 and some d, < ry. Using this equivalence, write

Va2 0, PIS(ILi —Le|l) < x] = Pl|Li— L[| = dy]

I
>
5
R
=
;‘1&_0
S
D
i
L
\

(6.19)

_ M) T (6.20)
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where Bj(I) represents the open ball of radius d and centered at [, (6.19) follows from the assumption that L; is
uniformly distributed in Sy, and (6.20) follows from condition (6.17) and d, < rg for all x. Since the area (or volume
for 6 > 2) of a ball centered in [, with radius d does not depend on /., the distribution of X; conditioned on L, = [, is
invariant to changes in [, € S,. |

Proposition 6.4 is of significance because it means that, when the amplitude function & (r) vanishes for r > rg and
if sensors are deployed in a deployment region S enlarged by ro, {Zi}fil become conditionally i.i.d. given 8 for any

distribution for the emitter location.

6.3 Sensors Deployed on a Sphere

Assume for this section that the region of interest is a sphere. An example in which such a setting may be useful
is when the sensor detection system is used to collect measurements from the surface of a spherical object, such as a

planet or a biological spherical organ [40, 61, 83].

Proposition 6.5. Adopt the additive model of (2.1) and Assumptions I, 11, III, 1V, V, and VI of Chapter 5. Let the
region of interest be S, = dB,,,(0) CR%; i.e., S, is a sphere, and, in Assumption V, let dist(L;,L,) be defined as the
minimum length among all the curves in S, that connect L; and L,. If the sensor locations {Li}lK: | are i.i.d. random

variables with the uniform distribution on Sy = S, then {Z,-}lK: | are conditionally i.i.d. given 8 and are independent

of L.

Proof: As in the proofs of previous propositions, it is enough to prove that the conditions of this proposition
imply the conditions of Lemma 6.1. The condition on the distribution of L, is satisfied with S} = S.. The condition
on the distributions of {L;}X | is also a condition of this proposition. It remains to prove that P[X; < x|L, = [,] is
invariant to changes in /, € S, for any x. From Lemma C.4 in the appendix, this condition follows from the condition
that P[D; < d|L, = [,] is invariant to changes in /, € S, for any d; i.e., (6.6) for D; = dist(L;, L,).

To see that P[D; < d|L, =[] is invariant to changes in , € S, for all d, observe that D; conditioned on L, = [, is
equal to dist(L;,[,), let m(Z) represent the spherical measure; i.e., m(%) is the surface area of NS, for a measurable

set in IR3, and write

Vd,Pldist(L;,l,) < d)] = P[L; € {l €S, : dist(l,1,) < d}]
_ m({l €S, dist(l,l,) <d})

S 6.21)

where (6.21) follows from the assumption that L; is uniformly distributed in S;. Since the surface area of {/ € S; :
dist(/,1.) < d} does not change as one varies [, € S, because S; = S, = dB,,,(0), the distribution of D; conditioned on

L, =, is invariant to changes in [, € S. |
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Proposition 6.5 is significant because it means that, when the region of interest is a sphere and the signal amplitude
decays with the length of curves in the sphere boundary, {Z;}X | become conditionally i.i.d. given 6 for any distribution

for the emitter location.
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Chapter 7

Least and Most Favorable Distributions for Emitter Location

As mentioned in Chapter 4, one of the reasons why the optimal set of sensor and fusion functions is difficult to
determine is the lack of a priori information about the sensor measurements’ distribution. When a priori information is
lacking, the hypothesis H; (signal present in the region of interest) is composite in general, making the design difficult
because a UMP detector may not exist [73] [65] and, even if suboptimal designs are adopted, numerical procedures
may be required to ensure that a prescribed detection performance is achieved under any distribution within Hj.

Lack of a priori information is inherently present in the design of sensor detection systems to detect a signal
generated by an emitter in a random location L.. To illustrate this problem, recall the sensor measurement additive
model of (2.1), in which the random variable A; depends on the distance between the sensor position L; and the emitter
location L,. If the distribution of L, and all other random components were known, then the system designer could,
at least in theory, use the Bayesian approach [65, p. 198] in order to reduce the composite hypothesis H; to a simple
hypothesis. However, in many of the applications mentioned in Chapter 1.1, the distribution of the emitter location L,
is unknown.

One of the approaches to deal with the lack of a priori information is to assume a least favorable distribution
for the random variable whose distribution is unknown [73, p. 84]. The adoption of a least favorable distribution is
a conservative and reasonable approach because, if a detector is designed using the least favorable distribution for
the random variable whose distribution is unknown, then the detection performance cannot be worse under any other
distribution for such a random variable.

In this section, the theory of least favorable distributions is applied to the emitter location distribution. Although
the use of least favorable distributions is not new, to the best of the author’s knowledge, this is the first time that the
theory of least favorable distributions is applied to the emitter location distribution.

Since designs based on a least favorable distribution can be considered too conservative, this section also defines
and proposes the use of a most favorable distribution for the emitter location to determine an upper bound for how

conservative the design based on a least favorable emitter location distribution is.
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7.1 The Least Favorable Distribution for the Emitter Location

Assuming that the distribution of the sensor locations {L,-}le, the measurement noise distribution Fy, and the
amplitude function & are known or given, the only component of the signal model that is unknown is the distribution
Py, of the emitter location.

For each possible Py, there is a corresponding distribution Pz, .. 7z, for the sensor measurements, which means
that there is a correspondence between the distributions within the composite hypothesis H; and the space of possible
distributions Pr,. Thus, it is possible to address the issue of composite hypothesis by adopting a least favorable
distribution for the emitter location L.

In order to precisely define the concept of least favorable distributions for the emitter location, let ¢ := {¢;, P YK,
denote the detection system that uses the fusion function ¢y, the sensor functions { ¢ iK=1’ and possible randomization
variables {¥;}X ; and let (P, ¢) and a(¢) respectively denote the probability of detection and probability of false
alarm obtained by ¢ when L, is distributed according to P,. Note that the probability of detection depends on other
quantities, such as the noise distribution and the distribution of the sensor locations {Li}{il;l and observe that the
probability of false alarm does not depend on the distribution of L,.

For any distribution Py, of the emitter location, let

QPL = argmax  B(P,,9), (7.1
¢ {¢:a(¢)<omax}
where 0tpmax > 0 is a given desired maximum probability of false alarm;? i.e., ¢ p, is the Neyman—Pearson detection
system when Py, is the distribution of L,.

Using the definition of Lehmann [73], a distribution P _ is called least favorable if

VPLe’ﬁ(PL(nQPi )Zﬁ(PL:’QPL*) (72)
The definition of Lehmann [73], however, is not enough for design purposes for two reasons:

e [ehmann’s definition does not allow one to impose constraints on the detection system. The definition is based
on the Neyman—Pearson system, which is a centralized detection system. It is necessary to extend the definition

to allow the consideration of distributed detection systems;

e Lehmann’s definition does not ensure that ¢ P will satisfy a minimum performance requirement for all possible
Zr
distributions. More precisely, if a designer adopts ¢ p- 85 the detection system, (7.2) may be satisfied while
Zr,

B (Pie 0 P[,) <B(P,.¢ P[,) for some PLE. See Appendix D for an example.

'Note that B(PL,,9) is not the probability of detection for a given realization of the sensor locations. More precisely, for a system ¢ and a
distribution Py, let B(P,,9|Li =1i,...,Lx = Ix) denote the probability of detection given the realization {L; = [1,...,Lx = I}, B(P.,,9) =
BP9l =1,... . Ly = lx)dPy, 1 (... 1K) -

2Although Q ’, depends on Omax, Omax 1S omitted from the notation since a common Oyyax is considered whenever comparing two or more

detection systems.



52
These two limitations are addressed below:

7.1.1 The Least Favorable Distribution for a Class of Detection Systems

In order to address the first limitation of Lehmann’s definition for a least favorable distribution, it is proposed here
that the definition of Lehmann be extended as follows: let % be a set of detection systems (i.e., a set of possible sensor
and fusion functions) satisfying the following condition.

Condition 7.1: The set
{B(PL,.0): 9 €C,0() < Omax } (7.3)

contains its least upper bound.
For any class ¢ satisfying Condition 7.1, define

[0 oy = argmax B(PLe’(p)' 7
—{PLg |6} {Qe%):a(g)ﬁamax} a

) is defined just for classes of detection systems % satisfying Condition 7.1, this definition is

enough for the classes % that are considered in this dissertation:

Although ¢ (n|

e Let %, denote the class containing all possible sensor and fusion functions. Since %, contains all possible cen-
tralized detection systems, it satisfies Condition 7.1 because, for any P, the centralized detection system with
the Neymann—Pearson fusion function provides the maximum probability of detection for a given probability of

false alarm.

e Let G, denote the class containing all possible fusion functions and all sensor functions that map into a finite
space; i.e., 6, forms the class that contains all possible distributed detection systems. As described in Sec-
tion 3.1.2.2, there exists an optimum distributed detection system [114, 117]; thus, % also satisfies Condition

7.1.

e Let ¢ denote any class containing a finite number of fusion and sensor functions. The class ¢ satisfies

Condition 7.1 because the set defined in (7.3) is finite and therefore contains its least upper bound.

e Let %, denote any class containing a finite number of sensor functions. The class % satisfies Condition 7.1
because, each possible sensor function and P;, induces a unique distribution for the decision random variables
at the fusion center, and, for each possible sensor function, the Neyman—Pearson fusion function reaches the
maximum possible probability of detection. Since % contains a finite number of sensor functions, there is a
finite number of possible maximum probabilities of detection, and the set defined in (7.3) contains its upper

bound.
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Given definition (7.4), a distribution P} is defined to be a least favorable distribution for the class of systems ¢ if

/ / —
VPLﬂﬁ(PLwQ{PLe‘%/})Zﬁ(PL ag{PEJ%)})' (75)
The extension of the least favorable distribution definition to a class of systems allows the system designer to
impose constraints on the set of possible detection systems; however, it does not necessarily address the second

}

limitation of Lehmann’s definition; i.e., a least favorable distribution for ¢ (P~ |7 does not ensure that ¢ | will
UL 1Y —ULe

(bﬂ}
satisfy a minimum performance requirement for all possible distributions.
In order to address the second limitation of Lehmann’s definition, a further specialization of the definition is

needed, which will be done in the next subsection.

7.1.2 The Least Favorable Distribution for a Detection System

Given that the system designer is interested in adopting a design that ensures the minimum performance require-
ment for all possible distributions for L., a further specialized definition is proposed here: let ¢ be a system that
satisfies &t(@) < Omax for some Otmax > 0; a distribution Py is defined to be a least favorable distribution for the

detection system ¢ if
/ / —
VPLeaﬁ(PL(,79)2ﬁ(PLeag>7 (76)
where it is important to note that the definition is tied to the detection system ¢ considered. It is further noted that

there might be multiple least favorable distributions for a given detection system ¢.

There are two reasons for adopting this more specialized definition:

e Contrary to the definition of (7.2) or the extension (7.5) to a class of systems, if the detection system ¢ satisfies
(7.6) and achieves the required detection performance when designed under a least favorable distribution for ¢,
then it is ensured that the required detection performance will be achieved under any other distribution of L,. A

system designer is more interested in ensuring (7.6) than ensuring (7.2) or (7.5).

e The definition of (7.6) is necessary when the system designer is constrained to use a given detection system.

Although the definition of the least favorable distribution for ¢ is a special case of the least favorable distribution
for class of systems % if one considers € = { [ }, a separate definition is useful because it highlights the performance

comparison under a single system.

7.1.3 Maximin Detection Systems

Since it is proposed that the system designer ensure the detection performance through (7.6), it is of interest to
maximize the right-hand side of (7.6), which motivates the following definition.

A detection system ¢ is defined to be maximin for the class € if it satisfies two conditions:
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e for a given Otmax >0, () < Olmax;

o let the distribution Py, be a least favorable distribution for ¢; for any other detection system ¢* € % that satisfies

a(g *) < Otmax s if PZE is a least favorable distribution for ¢ *. then it satisfies
B(Pr.,9) > B(Pr,,9"); (1.7)

which means that 9 and the least favorable distribution Py, for 9 maximize the right-hand side of (7.6).

If € is the class of all detection systems; i.e., ¥ = %, then 9 is said to be maximin; or, when it is important to
highlight the type of the system, ¢ is said to be the maximin centralized detection system. Likewise, if ¢’ is the class of
all distributed detection systems; i.e., ¢ = ¢, then ¢ is said to be maximin for €y; or that ¢ is the maximin distributed
detection system.

The next lemma provides sufficient conditions for a system to be maximin for .3

Lemma 7.1. Let € satisfy Condition 7.1 for a given maximum probability of false alarm Oumax. For a given Py, let

Q{PL_ %) be defined by (7.4). If P satisfies

VL BFL 0 ) = BPLLO o)) (78)

ie, P is aleast favorable distribution for ¢ | then the detection system ¢ (P ) is maximin for €.
] UL UL ?

¢y
Proof: The first condition for being maximin for % is satisfied because a system defined by (7.4) satisfies the

probability of false alarm requirement by definition.
To see that the second condition for being maximin for ¢ is satisfied, consider any other ¢* € ¢ that satisfies

a(9*) < Omax and a distribution PL such that

VP, B(PL,9%) > B(PL,¢"); (7.9)

i.e., Pge is a least favorable distribution for Q *, and write

BPLD o)) = BPL07) = B(PL.97), (7.10)

%) when PL_e is the distribution of L, and the second

inequality follows from (7.9).4 ]

where the first inequality follows from the optimality of ¢ (P
i,

3The definition of maximin and Lemma 7.1 are similar to and were significantly influenced by [73, p. 320]. The modifications adopted in this
dissertation facilitate the understanding and are sufficient for the setting being considered.

Tt is interesting to observe that, in this case, PI; is not only a least favorable distribution for the detection system ¢ P[5} but also a least
4P, 16

favorable distribution that satisfies (7.5) because [73]
! / / —
VPLgﬁﬁ(PLe7Q{p£e|%7}) > B(PLU’Q{PL;\‘@”}) > B(Pchg{poe ‘(g}) (7.11)

where the first inequality is justified because ¢ 7 ) is the optimal detection system when considering L, distributed with PL’e‘
24p, 16
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It is important to mention that, instead of considering that H; corresponds to 8 = 0; for a given 6; > 0 and is
therefore a simple hypothesis, Lehmann defines the concept of a least favorable distribution and the maximin detection
system when H; is composite due to randomness in 8 [73]. The results presented in this dissertation illustrate that the
definition of a least favorable distribution and maximin detection systems can be generalized to any random variable
that causes H; to be composite.

Before concluding this section, note that a least favorable distribution P, for a detection system ¢ depends not
only on ¢, but also on any other distribution that influences the measurements. For instance, consider a system ¢ in

which sensors’ locations are distributed according to a first distribution PL(I_U, and assume that Pé:)

is a least favorable
distribution for 9 . If the sensors’ locations are instead distributed according to a second distribution PL(I,Z), a different

distribution P,f) may be a least favorable distribution for ¢.

7.2 The Most Favorable Distribution for a Detection System

In spite of simplifying the design and ensuring a detection performance, the use of least favorable distributions
may be criticized because it may lead to a design that is too conservative.

In order to investigate how conservative the approach of least favorable distributions is, its performance will be
compared against the performance achieved by the most favorable distribution.

Using the notation introduced in Section 7.1, when ¥ satisfies Condition 7.1, a distribution 9 P is a most

.16}
Sfavorable distribution for the class of systems € if

VPLL,7B(PLQ>9{P£ ‘%})Sﬁ(PZ;ﬂQ{PLJng})’ (712)

and, for any system 9 that satisfies o (9) < Omax for some O > 0, a distribution PZZ is a most favorable distribution

Jor the detection system ¢ if
VL. B(PL,.8) < B(PL,9), (7.13)

where, as in the definition of a least favorable distribution for a detection system, it is noted that the definition is tied
to the detection system ¢ considered, and there might be multiple most favorable distributions for a given detection
system.

The definition of a most favorable distribution for a detection system is of interest when a system designer considers
a particular detection system ¢ and adopts a least favorable distribution for ¢ because a most favorable distribution for
¢ provides an upper bound for the detection performance of a system under any distribution; thus, when using both a
least and a most favorable distributions, a system designer can determine a range for the detection performance of a
system as the emitter location distribution changes.

More precisely, if the system designer chooses a detection system ¢ that satisfies &(¢) < @tmax and is able to de-

termine a least favorable distribution P, and a most favorable distribution PLt for such a system, then the performance
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of the detection system ¢ under any distribution P, is guaranteed to satisfy

B(P.¢) > B(Pr..9) > B(P,,9). (7.14)

7.2.1 Maximax Detection Systems

It is also of interest to find the highest upper bound for the detection performance as one varies the detection
system. In order to find such upper bound, a detection system ¢ is defined to be maximax for the class ¢ if it satisfies

two conditions:
o fora given Omax >0, () < Olmax:

e let the distribution Py, be a most favorable distribution for 9 ; for any other detection system 9 * € € that satisfies

a(¢*) < amax and any other distribution P’g,
B(PL..) > B(PL,,0"); (7.15)

which means that ¢ and the most favorable distribution P, for ¢ maximize the right-hand side of (7.13). If ¢ is the
class of all detection systems, 9 is said to be maximax.

The next lemma provides sufficient conditions for a system to be maximax for a class %

Lemma 7.2. Let € satisfy Condition 7.1 for a given maximum probability of false alarm Opax. For a given PLt , let

Q{Pj %) be defined by (7.4). IfPLt satisfies

VP BPL9 ) S BP0 e ) (7.16)

then the detection system ¢ (P |4} is maximax for €.
Zipf |

@) satisfies the first condition for being maximax for %

Before showing that the second condition for being maximax for % is satisfied, it will first be shown that PLJ; isa

Proof: By definition, the system ¢ 7|
i

most favorable distribution for ¢ (P To see this, observe that
i

1€}
vp]‘f’ﬁ(PLf’Q{PLtFé)}) S ﬁ(PLe’Q{PI;\%’}) S ﬁ<PLt,9{PLt|<5/})’ (717)

where (7.4) is used to justify the first inequality, and (7.16) is used to justify the second inequality. This means that

PL+ satisfies (7.13) for ¢ P ey i.e., P, is a most favorable distribution for the system ¢ (P
¢ UL ¢ UL

(é)} (é)}‘
It is now shown that (7.15) is satisfied. For this, pick any Q* € ¥ that satisfies o (Q*) < Omax and any distribution

PI; and use the same rationale used to reach (7.17) in order to write
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7.3 Sufficient Conditions for Least and Most Favorable Distributions when Sensors Loca-

tions are Random Variables

In this section, it will be shown that there are sufficient conditions under which the distribution PL:, that satisfies
P[L, € S;] = 1, where S, satisfies the conditions of the set S} in either one of the Propositions 6.2 or 6.3, and the
distribution Py that satisfies P[L, € Sj] = 1 for S} = {0} are respectively a least and a most favorable distributions
for certain detection systems of interest.

More precisely, sufficient conditions are presented for detection systems that belong to either the class 2, of
centralized detection systems or the class %, of distributed detection systems.

Definition of Z,: A centralized detection system ¢ := (¢, Py,) belongs to Z, if the communication subsystem

offers K parallel and error-free communication channels, and the fusion function ¢y(z,y) is given by

K
o0(z.3) = 1{ []Tou(z) € oy }. (7.19)

i=1
where z := (z1,...,2x), y is the realization of the randomization random variable Yy € {1,2}, Io 1 := (t9,°0] and Iy :=

[to, o] for a given fo, and Tp ;(z) is a nonnegative and nondecreasing function on 2 i.e.,
Vie{l,.... K}V, € X 01 <= T(),,'(Zl) < T(),,'(Zl), (7.20)

where % is the space in which any Z; assumes its values.
The class 2, of detection systems is general enough to include many centralized detection systems of interest,

including practical and optimal systems, as highlighted by the following propositions:

Proposition 7.3. The deterministic centralized detection system with K parallel and error-free communication chan-

nels that uses the fusion function

K
¢(§D(z,yo)=1{2z,~>to} (7.21)
i=1

is an element of D..

Proof: Just observe that (7.21) is of the form specified by (7.19) if Ty ;(z;) = exp{z;} and such a Tp;(z;) is a

nonnegative and nondecreasing real function. |

Proposition 7.4. Assume that the measurement Z; follows the additive model of (2.1); i.e., Z; =1{0 > 0}-A; + W; and
adopt Assumptions I, II, 111, V, and VIII of Chapter 5. Let Z; assume values in some 2 C R and let %, := Z NIR,.
Let A; assume values in % and W; assume values in %. Assume fiy(w) > 0 for any w € 2 and consider that

fw(wi —a)
fw(wr)

fw(wa—a)

Ywy <wp € X Vae %y, T (m2)
w (w2

< (7.22)
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ie, fw(w—a)/fw(w) is nondecreasing inw € % for all a € %.. Pick any subset S; of the region of interest S, for
which P[L, € S,] > 0.
The centralized detection system with K parallel and error-free communication channels and fusion function given

by

K
00(2.) = Y[, ¢ (@) € loy . (7.23)
i=1
where {107),}511 are intervals defined by (ty y,0] or [to y, 0| for a certain {tO,y}%:p and
1, 7 (zi)
116=6] Le<S,
Zlozotesse T g (250,
Z, o (zi) = Tz16=0(0) Sz10-0(zi) (7.24)
+oo, fzi6=0(zi) =0.

is an element of D,.

Proof: To see that the fusion function (7.23) is on the form specified by (7.19), let Ty ;(zi,y) = XZ. s (zi). Such
Tp,; is nonnegative and to see that it also satisfies (7.20); i.e., it is a nondecreasing function of z; on %, observe that,
from Lemma E.1 in Appendix E, f, o g ; o (i) = [ fw(zi—a)dP, q_p ; ¢ (a)and f7jo—o(zi) = fiw (i), which
means that £, ¢ (z) = [y, fw(z—a)/fw(2) dPy 19— 1 cg (a) for any z € 2 since it is assumed that f (w) > 0 for
all w € 2. Since Assumption V gives that A; > 0 and since (7.22) is satisfied for all a € 2, forany z; <z € &,
Z, ()=

fw(zi —a)d fw(z2—a)
Z;,S,

7 fw(z) Tz fw(z2) Py to—6y.,e5, (@) = 27,5, (22)- (7.25)

Ail0=01.L.€S, (a)

|
While 2, is general enough for centralized detection systems, a more elaborate class is required for distributed
detection systems; not only because they use non-trivial sensor functions, but also because multiple sensor functions
can be considered. As described in Section 3.1.2.2, distributed detection systems may involve the dependent ran-
domization among different sets of fusion and sensor functions. More precisely, a distributed detection system may
operate as follows: before a decision, a realization y is drawn from a discrete random variable Y that assumes values
in {1,...,M}; and the value of y dictates that each sensor is to use a particular sensor function ¢;(z;,y) to treat its
particular measurement z;, and the fusion function is to use a particular fusion function ¢y (u,y) to treat the vector of
sensor outputs u. The need to model such types of distributed detection systems motivate the following definition:
Definition of 7,: A distributed detection system ¢ := ({¢;, Py; }K ) belongs to ), if the communication subsystem

offers K parallel and error-free communication channels, and

(i) the various random variables ¥; are equal almost surely to a common random variable Y € {1,...,M}; and Y is
independent of Z and independent of any other random variable to which Z is dependent;

(i) the sensor functions are given by

0i(zi,y) = i(Ti(z:),y), (7.26)
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where g;(x,y) is a nondecreasing real function of x for any y, and T; : 2° — IR is a nondecreasing function on
Zie.,
Vi\Vz1,20 € 2,21 <20 = Ti(z1) < Ti(z2), (7.27)

where 2 is is the space in which any Z; assumes its values;

(iii) the fusion function ¢y (u,y) is given by

K
oo(u.y) = 1 [T Tosury) € I, }. (7.28)
i=1
where y is the realization of the randomization random variable Y, w:= (uy, ... ,ux) with u; = ¢;(z;,y), {Io,y}y: !

are intervals defined by (7o, o] for given {IO,y}yzﬁs and forany i€ {l,...,K} andanyy € {1,...,M}, T ;(u,y)

is a nonnegative and nondecreasing function on u € %, :={0,..., U™} for given {{U/}™ ;"’: e

Vie {1,...,K},Vy S {1,. .. ,M},Vul,uz € %,y,ul <up=0< To,,-(ul,y) < To),‘(uz,y). (7.29)

The following propositions illustrate that several of the distributed detection systems of interest fit into the defini-

tion of the class Z,.

Proposition 7.5. The deterministic distributed detection system with K parallel and error-free communication chan-

nels that uses the following fusion and sensor functions

K
o (u.y0) = 1{Zui>t0}a (7.30)
i=1

Umax
wi= 0" (zy) = Y u- Uty <z < tignt ), (7.31)
u=0
for some —oo =t;g < - < tjymax < tjymaxyq = oo, is an element of Dy. Note that, when U™ = 1, the usual fusion

functions ‘OR’, ‘AND’, and ‘MAJORITY’ can be obtained at different values of ty.

Proof: Condition (i) for being in 9 is satisfied because being deterministic is equivalent to assuming random-
ization random variables {Y;}X | that are degenerative and independent of {Z;}X |, {L:}X |, L., {W;}£ |, and 6. To see
why condition (i) for being in 7 is satisfied, note that ¢i(2) (zi,y:) has the form of (7.26) if g;(x,y) = XU u-1{;, <
x <t;,+1} and T;(z) = z and g;(x,y) is a nondecreasing step function because —oo =t; < -+ <#; ymax < fj ymax 4] = oo,

Condition (iii) for being in % is satisfied for the same reason as in Proposition 7.3. ]

Proposition 7.6. Assume that the measurement Z; follows the additive model of (2.1); i.e., Z; =1{0 > 0} -A; + W; and
adopt Assumptions I, II, I1l, V, and VIII of Chapter 5.

SConsidering Ipy = (t0,y,°°] is enough for the fusion function of a distributed detection system because there is a finite number of possible
realizations of {Ui},K: 1» Which imply a finite number of possible values for the product Hszl To,i(ui,y). Therefore, it is possible to use intervals of
the form (fg,y, 0] to build the decision regions.
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Let Z; assume values in some 2 C R and let % := Z NIR . Let A; assume values in % and W; assume values

in Z. Assume fy(w) > 0 for any w € & and assume that

fw(wi —a) < fw(wa—a)

fwwi) 7 fw(w2)

Yw) <wp € X Vae %, (7.32)

i.e, fw(w—a)/fw(w) is nondecreasing in w € & for all a € Z,. Pick any subset S; of the region of interest S,
Sor which P[L, € S;] > 0. Consider the distributed detection system ¢ with K parallel and error-free communication
channels, with dependent randomization; i.e., Yo=Y, =--- =Yg =Y € {1,...,M} almost surely, where P[Y =m] >0
forallme{l,... . M}.

Assume that § has sensor functions given by

max
Ui,y

wi= gy = Y, u1{ 2, o (@) €la ), (7:33)

u=0

where ‘ZZ;, g (zi) is defined as in (7.24); and each Ii v is an interval defined by thresholds t;y, and t;y, 1. Assume

J
e

that, for any i and y,
Ul_max .
e The thresholds {t; .}, satisfy

0=tiyo <tiy1 < Stiyyme <tiyymcg) = (7.34)
ymax
o The intervals {1;y,},”, are disjoint and their union equals IR U {0}, and

max

. Ui,y 6
e The intervals {I; .}, are such that

Vue{0,1,....UN™ ), P[U; = ul6 = 0,Y =] > 0. (7.35)

Suppose that ¢ has a fusion function given by

K

o(u,y) := 1{ [14,s ) e Io,y}, (7.36)
I

i=
where {Igy}ﬁ‘il are intervals defined by (19 y,°| for a certain {tO,y}y:p' and

(uz)

P /
U;|0=0) Le €Sy Y=y P ) 0
. Pro—ov_(u; ) U-\GZO,Y:y(ul)> )
A ,Si,,y(ui) = U;10=0.y =y (1) i

3 (1.37)
o0, Py,jo=0y=y(ui) =0.

Then the distributed detection system ¢ is an element of 9.

6This assumption is not restrictive because, as argued in [123] and shown in details in Lemma F.1 in the appendix, if the thresholds were such
that Ju~ € {0, 1,..., U™} with P[U; = u~[0 = 0,Y = y] = 0; then it follows that P[U; = u~[0 = 6;,Y = y] = 0 as well and it is possible to change
the sensor function ¢; by excluding this sensor output; i.e., by reducing Ui‘g,ax by 1, changing the labels of the sensor outputs, and making the
appropriate changes in the fusion function, such that condition (7.35) is satisfied without changing the probability of detection or the probability of
false alarm at the fusion center.
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Proof: Condition (i) for being in &, is satisfied by definition. To show that condition (if) for being in Z,
is satisfied, let g;(x,y) = ZLL@SX u-H{xely,} and Ti(z) = ‘ngISQ (z). Because of (7.34), gi(x,y) is a nondecreasing
function for any y and T;(z) is a nondecreasing function on 2 as shown in Proposition 7.4.

To show that condition (iii) for begin in &, is satisfied, observe that the fusion function (7.36) is on the form
specified by condition (iii) with Tp;(u;,y) = fUi7S;7y(u,-). Such a Tp;(u;,y) is nonnegative. To see that Tp ;(u;,y)
satisfies (7.29), observe that for either ¥~ or u™,

PU,-\G:61 ,Lees;,y:y(”)

To,i(u,y) = (7.38)
! Py,j0—0,y—y (1)
and recall that, for either j =0 or j = 0,
. /
Pin:j_’Y:y’Leesz(u) = P[¢i(Zi,y) =u|0 = j,Y =y,L, €S,]
= PIT{(Z) € liyu|0 = j,Y = y,L. €5,). (7.39)
Since the thresholds thatdefine /; , - and [; , .+ satisfy #; ;- <t; -1 <t;y,+ <1, ,+41,itis possible to use Lemma 3
of [123] to reach that
Toi(u,y) = PITi(Zi) € Iy, |0 = 61, Le €]

P[Ti(Z) € 1y, 16 = 0]
P[Ti(zi) € Ii,y,u+ ‘9 =0,L. € S,e]
- P[Ti(Zi) S Ii,y,u* ‘6 = 0]

= T()’l'(u+,y). (740)

For completeness, the steps taken in Lemma 3 of [123] are presented in the context of this proposition: note that
PTi(Z;) € Iy, 16 = 61,L. € S = f{Ti(Z)GIi‘y_uf}fZ,"9=91 Lecs, (z)du(z). Since I, is bounded for the u~ being con-
sidered, T;(z) is finite, which implies f7,9—g,(z) > 0. Multiplying and dividing the integrand by f7,9—g,(z) and rec-
ognizing 7;(z), the integrand becomes [i7,,)c I} Ti(2) fz10—6,(2)d1(z). Bounding this integral by upper and lower
bounds on 7;(z), one reaches that the 1.h.s. must be in between ¢; ,, ,~ and #; ., . Similarly, the r.h.s. of the inequality
in (7.40) must be in between f; ,, .+ and ¢; , .+ and the inequality follows because f; ,,,— | <#; -+ |

It is now shown that least and most favorable distributions for detection systems that belong to either &, or 7, can
be found when the region of interest S,, the emitter location L., and the sensor locations {L,-}l-'(=1 satisfy the conditions
of Propositions 6.2 or 6.3; i.e.,when S, is a ball and the emitter location L, is distributed on the boundary of this ball, or

when S, is a regular convex polygon and L, is distributed on the set of the polygon’s vertices, and the sensor locations

{L,-}ZK=1 are i.i.d. random variables with the uniform distribution on the deployment region S;.

Proposition 7.7. Adopt the additive model of (2.1) and Assumptions I, II, III, 1V, V, VI, and VII of Chapter 5. Let
dist(L;,L,) = ||L; — L.|| in Assumption V. For each i, let Z; assume values in %, with & =R, Z =R, ¥ =2Z, or
=2, Let Z = ZNIRy. Let the region of interest S, be the closed ball B,,,(0) or a regular convex polygon with
circumscribing circle dB,,,(0), and define S, := S, N dB,,,(0) and S} := {0}. If
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1. the sensor detection system belongs to either the class 9, or 9 of detection systems;

2. the sensor locations {Li}{(z | are i.i.d. random variables with the uniform distribution in Sy = c- S, or in S; =

c-By,,(0) for some ¢ > 0;

3. forany aj, P|A; > a;|0 = 61, (dist(L;,L,)) = x] is a nondecreasing function of x;
then

o the measurements {Zi}lK: | are conditionally i.i.d. given 6 when the distribution of L, satisfies either P[L, €
S;]=1orP[L.€SS]|=1;
e q distribution for L, such that P|L, € S| = 1 is a least favorable distribution for the detection system; and

e the distribution for L, that satisfies P[L, € S} = 1 is a most favorable distribution for the detection system.

Proof: The first conclusion follows from Propositions 6.2 and 6.3. To see this, observe that, when S, = B,M(O),
both S, = 9B,,,(0) and S} = {0} satisfy the condition on S% of Proposition 6.2 when r = ry; and r = 0 respec-
tively. When S, is a regular convex polygon, both S, = S, NdB,,,(0) and S = {0} satisfy the condition on S} of
Proposition 6.3 when ¢; = 1 and ¢; = 0 respectively.

Suppose that the detection system belongs to ;. To establish the second conclusion, it is necessary to show that
Pl¢o(U,Y) = 1|6 = 6] under any P, is bounded below by P[¢y(U,Y) = 1|6 = 6] under P, . Since Propositions 6.2
and 6.3 show that {Z;}X | and L, are independent under any Py satistying P[L, € S| = 1, it is enough to consider
that P;_ satisfies P[L, = [, | =1 forany [, € S, . Thus, it sufﬁces to show that

[ Ploo(U.¥) =116 = 61,L. = )P, (1) > Ploo(U.Y) = 116 = 61, L. =1 . (7.41)

Observe that the probability of false alarm is constant for any Fy,.

To prove (7.41), it is enough to show that, for all /,,
P[(PO(UaY) = 1‘9 =01,L.= le] > P[¢0(U7Y) = 1|9 =0y,L.= le_] (7.42)

Since any detection system in %, has a common randomization random variable Y independent of {Zi},K: | and

independent of any random variable on which {Z; }K | depends, which includes L, VI,
M
Plgo(U,Y) =16 = 6y,L, = L] Z [00(U,m) = 1|0 = 61,L, =1,,Y = m]P[Y = m]. (7.43)
From the form of the fusion function, (7.42) follows if, Vm,

K K
P[HTOJ-(U,-,m) €lom|0=61,Lc=1,Y = m} > P{HTOJ(U,-,m) Clom|0=61,L,=1,Y = m} (7.44)
i=1 i=1
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Since {Tp;}X , are nonnegative for any y and Iy, = (f0,n,0], (7.44) follows if
vt,P[Toi(Uj,m) > |0 = 0y,L, =1.,Y =m] > P[T;(U;,m) > |0 = 0,,L, =1, ,Y =m], (7.45)

as proven in Lemma F.2 in the appendix. Note that, once (7.45) is proven, (7.44) also follows for intervals Iy, =
[tom,°°], as shown in Lemma F.3 in the appendix.

To show (7.45), observe that, for any /, and any ¢,

ypmax
P[To;(Ui,m) > 1|0 = 61,Le = Lo,Y =m] = Y 1{To;(u,m) >1}-PlU;=u|6 = 6;,L, =,,Y =m] (7.46)
u=0
U;j};j‘
=Y PlUi=ul6=06y,L.=1.Y =m|=P[U; > |0 = 6,,L, = L,,Y = m], (7.47)
u=u;

where u, is such that Ty ;(u;,m) > t and, if such a u; > 0, Ty ;(u; — 1,m) < t; and (7.47) follows because any detection
system that belongs to 9, satisfies (7.29); i.e., Yu > u;, Tp i (u,m) > Tp ;(uy,m) > t.

Since U; = ¢;(Z;,m), which is assumed to be a nondecreasing function of 7;(z),

P[Toﬁ,'(U,-,m) > t|6 =6,,L.=1.,Y :m] = P[(Pi(Z,-,m) > u,|9 =60,,L, = le}

P[Ti(Z) € J,|6 = 6y,L, = 1], (7.48)

where J, = [t,,0] or J, = (t,,°0| for some #,; and the conditioning on ¥ = m can be dropped since Z; and Y are

independent. Thus, (7.45) will follow if, V¢,
P|T,(Z;) > t,|0 = 6,,L, = l,] > P[T;{(Z;) > 1,|]0 = 6,,L. =1, ], (7.49)

and the condition for J,, = [f,,, ] follows from Proposition F.3 in the appendix.

To prove (7.49), observe that P[T;(Z;) > 1,|0 = 6,,A; = a,L, = [,] as a function of /, remains constant and equal
to P[T;(Z;) > t,|60 = 61,A; = a for any I, € S, because T;(Z;) depends on L, through A;. For details, see the proof
of Lemma E.1 in the appendix. Observe further that, since it is assumed in Assumption V that A; > 0, and since any
realization of Z; belongs to 27, any realization of A; must belong to % .

It then follows that (7.49) is equivalent to

2, P[Ti(Z;) > 1,0 = 01,A; = a]dPy,j6—¢, 1,—1,(a)

> . PT(Zi) > 1|0 = 61,A; = a]dPy 1g_g, 1, (@) (7.50)
+

To prove (7.50) for any 1, let h(a) := P[T;(Z;) > t,|6 = 01,A; = a]. Since h(a) is nonnegative, (7.50) is equivalent

to

/0 Pyjo=6, L=l ({a:h(a) > y})dy > /0 Pyjo—o,.1,—ir ({a:h(a) > y})dy, (7.51)
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which follows if,

Vy = 0, Py 0=0, 1=, ({a:h(a) >y}) = Py o_g 1, ({a:h(a) >}). (7.52)

It is now claimed that h(a) is a nondecreasing function of a on Z5; i.e., Va ,at € 2, that satisfy a~ < a™,

h(a~) < h(a™). To see this, write

h(a™) =P[T(Ai+W) > 1|0 = 61,Ai=a"| = P[Ti(a™ +W;) >1]

IN

P[Ti(a* +W;) > 1] (7.53)

P[Ti(Ai+Wi) > 1|6 = 01,4i=a"| =h(a"),  (1.59)

where (7.53) follows from condition (7.27) because both a~ + W;,at +W; € 2 and a= + W; < a* + W; for any
realization of W;.
Since h(a) is nondecreasing, for any y, h(a) >y < a € J,, for either J, = (ay,) or J, = [ay,o0) and some a,.
Thus, (7.52) follows if
Va,Pyo=6, 1,=1, Ja) = Py o—, 1,—1- (a), (7.55)

and it is enough to prove (7.55) for J, = (a, o) since the case J, = [a,0) follows from Proposition F.3.

In order to prove (7.55), let X := &(||L; — L.||) and write

P[A; €,|6,L,] = E[E[1{A; €J,}|6,L,L;]|0,Le] (7.56)

= E[v(Ja|6-X)|0,L,], (7.57)

where (7.56) follows from the Smoothing Property [54] and (7.57) follows from Assumption V of Chapter 5. Thus,

for any [, € S, and any 0y, write
PlA; € 1,0 = 61, = 1,] = / V(Jal81 - x) dPy 1, (x) (7.58)

and observe that P[X < x|L, = [,] forms a probability measure for all [, € S,.

Therefore, (7.55) follows once it is proven that
Va, / V(JalOr -x) dPyp, 1, (x) > / V(a6 -x) APy, (), (7.59)
and since v(J,|01x) > 0, (7.59) follows once it is proven that
Va, /0 P, ({x: V(a0 %) > 1} dr > /0 Py (V61 -2) > 1)) dr. (7.60)

To prove (7.60), recall that it is enough to consider J, = (ay,%0) and observe that v(J,|0x) := P[A; > a,|0 =
01,X = x], which is assumed to be a nondecreasing function of x in this proposition. Thus, v(J,|6; -x) >t < x € J,,

where J, = [x;,00) or Jy = (x;,0) for some x; that depends on ¢ and ay, and it is enough to prove the case Jy = (x;,0)
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because the other case follows from Proposition E3. Let B2 (/) represent the open ball of radius r centered at / and

write

Pyr,—i,({x: V(4|01 -x) > t}) = PX >x|L, =1,]

= PIS(ILi = Lell) > xi|Le = L] (7.61)
= PIE(ILi— 1) > x], (7.62)
= P[||Li—L| <di] = PIL; GBZ,\-(le)is]v (7.63)

where the first equality of (7.63) follows because & is assumed to be nondecreasing and right-continuous from As-
sumption VII of Chapter 5, which means that & (||L; — l.||) > x; < ||L; — || < d for some d.
Given (7.63), (7.60) follows if

m(B31)NS) _ mBi()NS,)

Vd, PIL; € B5(1,) N1 S,] = m(’SS) > AL

= P[L; € B3(I, ) NSy, (7.64)

which follows because the area of the intersection of a convex region and a closed disk centered at /, decreases as /,
moves away from the center, as proven in details in Lemma F.4 in the appendix.

To reach the third conclusion, replace I, with I and reverse the order of the various inequalities between proba-
bilities in all the steps except (7.53) in between (7.41) and (7.64).

To reach the second and third conclusions for a detection system belongs to the class Z, replace {U;}X | with
{Z,-}l.’(=1 in all steps up to (7.43) and replace Tp ;(U;,m) with Tp;(Z;) in the steps in between (7.44) and (7.45). The
modified (7.45) is equivalent to (7.49), which was proven above. |

Note that P[A; > a;|0 = 01, & (dist(L;,L,)) = x] is a nondecreasing function of x when A; = 6& (dist(L;,L,)), as
in cooperative spectrum-sensing applications [94, 111, 120, 139], and when A; is Poisson distributed with parameter
given by 6& (dist(L;,L,)), as in radiation detection applications [20,58,87,98,106], as shown in Proposition F.6 in the
appendix.

Proposition 7.7 is one of the key results of this chapter. If a system designer adopts a detection system ¢ that
belongs to the class of systems Z, or 9, satisfies a (g ) < Qmax » and if the conditions of the proposition are met, then
the system designer can determine a least favorable distribution P; and a most favorable distribution PLt for ¢ and the

performance under any distribution Py, is guaranteed to satisfy

B(PL.¢) > B(Pr..9) > B(F,9). (7.65)

Thus, if the system designer designs the detection system (i.e., determines the number of sensors K) to achieve the
prescribed detection performance while assuming that the emitter location has distribution P;_, then it can be ensured
that the prescribed detection performance will be achieved under any distribution for the emitter location. Further-
more, the system designer can also determine how many sensors would be required to meet the prescribed detection

performance while assuming L, = (0,0) in order to evaluate how conservative the resulting design is.
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Proposition 7.7 contains as special cases the maximin and the maximax detection systems. Given its importance,

this conclusion is presented using the following separate propositions.

Proposition 7.8. Adopt the additive model of (2.1) and Assumptions I, 11, III, 1V, V, VI, VII, and VIII of Chapter 5.
Let dist(L;,L,) = |L; — L.|| in Assumption V. Let Z; assume valuesin & =R, ¥ =Ry, ¥ =Z, or ¥ =Z; and
let Z, .= ZNIR..7 Assume fy(w) >0 for any w € 2 and consider that
fwwi—a) _ fw(w2—a)
fwwi) = fw(w2)

ie, fw(w—a)/fw(w) is nondecreasing in w € % for all a € %,. Let the region of interest S, be the closed ball

VYwi <wp € X Nae %y,

(7.66)

B,,,(0) or a regular convex polygon with circumscribing circle dB,,,(0), and define S, := S, N dB,,,(0). Assume a
distribution P, that satisfies P[L. € S, | = 1.
Let (]) be the centralized detection system that maximizes the probability of detection for a given probability of

false alarm when L, is distributed according to P, -; i.e., ¢ . is given by (7.1).
Let ¢ LIPS be the distributed detection system that maxelmizes the probability of detection for a given probability

of false alarm when L, is distributed according to P, - Le, ¢{P % is given by (7.4) with €, being the class of all

}

distributed detection systems.

If

1. the sensor locations {Li},K: | are i.i.d. random variables with the uniform distribution in Sy = c- S, for some

c>0;

2. for any a;, P[A; > a;|0 = 0;,&(dist(L;,L,)) = x] is a nondecreasing function of x,
then

o the measurements {Z;}X | are conditionally i.i.d. given 6;

e a distribution for L, such that P|L, € S, | = 1 is a least favorable distribution for either ¢ and

or ;
PL; Q{PL; |<(9ﬂzl'}
e the detection system ¢ p LS maximin centralized and ¢ LI is maximin for 6€y; i.e., is maximin distributed.

- 1%}

Proof: 1t will be shown that ¢ p and ¢ T elements of &, and &, respectively, and Proposition 7.7 can
hd TP, (6

be used to reach the first and second conclusions. To see that ¢ € 9., observe that the optimum centralized detec-
L
tion system is a Neyman—Pearson detector, which has the likelihood ratio as the decision statistic, and ¢,  satisfies
Le
Proposition 7.4 with S =S, , which gives that ¢ € 9.. To see that ¢ LI € 9,, observe that the distributed

detection system ¢ L is the optimum dlstrlbuted detection system under P - and, as shown in [114, 117, 123],

|4}

7 As shown in the proof of Proposition 7.7, it follows that any realization of A; belongs to 2, and any realization of W; belongs to 2 for any of
the specified sets 2.
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the optimal distributed detection system under the Neyman—Pearson framework when {Zi},K: | are conditionally i.i.d.
is a distributed detection system with dependent randomization with fusion and sensor functions as defined in the

Proposition 7.6 with S, = S8 which gives that ¢ w 1ey € Za-
UL

1%,

e

Now that the second conclusion is proven, it is possible to use the fact that the distribution that satisfies P[L, €
S, ] = 1is aleast favorable distribution for either ¢ h or ¢ (71 Since ¢ . and ¢ (716} are optimal systems for
%, and 6, respectively, use Lemma 7.1 to prove the third conclusion. ]

An implicit conclusion of Proposition 7.8 is that, under the specified conditions, a least favorable distribution
for the optimal centralized detection system is also a least favorable distribution for the optimal distributed detection
system. The authors in [123] have also reached the same conclusion (in greater generality) when the measurements are
conditionally independent. For the subset of cases that satisfy the specified conditions of Proposition 7.8, the results
presented here extend the results of [123] to the case in which the composite hypothesis is formed by conditionally
dependent distributions given by a mixture of i.i.d. distributions.

This conclusion is further extended in the next theorem, which has sufficient conditions to find the maximax
detector and to conclude that a most favorable distribution for the optimal centralized detection system is also a most

favorable distribution for the optimal distributed detection system.

Proposition 7.9. Adopt the additive model of (2.1) and Assumptions I, II, III, 1V, V, VI, VII, and VIII of Chapter 5.
Let dist(L;,L,) = |L; — L.|| in Assumption V. Let Z; assume valuesin & =R, ¥ =Ry, ¥ =Z, or ¥ =Z; and
let Z, == ZNIR..° Assume fy (w) > 0 for any w € 2 and consider that

fwwi—a) _ fw(w2—a)
fwwi) = fw(w2)

i.e, fw(w—a)/fw(w) is nondecreasing in w € % for all a € %,. Let the region of interest S, be the closed ball

VYwi <wp € X Nae %y, (7.68)

B,,,(0) or a regular convex polygon with circumscribing circle dB,,,(0), and define S} := {0}. Assume a distribution
P, + that satisfies P[L, € Sf] = 1.

Let ¢ P be the centralized detection system that maximizes the probability of detection for a given probability of

false alarm when L, is distributed according to Pisiie, ¢ P, is given by (7.1).
L

e

8More precisely, the fusion and sensor functions defined in the Proposition 7.6 with S; =S, satisfy Theorem 3.2 in Chapter 3. Although
Theorem 3.2 gives the conditions for the optimal distributed detection system when Vi,y, U}** = U™, the system defined in Proposition 7.6
is equivalent to a system that satisfies Vi,y, U}™ = U™*. To see this, keep the fusion function and the dependent randomization as defined in
Proposition 7.6 and change the sensor function as follows: pick U™ as being the maximum among all U;}™, augment the existing intervals with
intervals that satisfy Vu > U;";“",I;W, = {0}, change the sensor functions so that )

(]),’(Z,‘,y) = mln{u S {O, cey Umax} : gziug; (Z,‘) S Ii,y,u}v (767)

and observe that P[U; = u|@ = 6*,Y =y] = 0 for any u > U™ and 6* € {0, 6; } because the existing intervals are kept unchanged and their union
equals IR U {eo}; thus, the introduction of the intervals to satisfy Vi, y, U™ = U™ does not change the system performance.

9 As shown in the proof of Proposition 7.7, it follows that any realization of A; belongs to 2%, and any realization of W; belongs to 2 for any of
the specified sets 2.
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Let ¢ ® 1% be the distributed detection system that maximizes the probability of detection for a given probability
{1 1%,

of false alarm when L, is distributed according to Ppsiie, [ >

is given by (7.4) with €, being the class of all
>+ |Cut

distributed detection systems.

If

1. the sensor locations {L,-}iK: | are i.i.d. random variables with the uniform distribution in S¢ = c - S, for some

c>0;

2. for any a;, P|A; > a;|0 = 01, & (dist(L;,L,)) = x] is a nondecreasing function of x,
then

o the measurements {Z;}X | are conditionally i.i.d. given 6;

e adistribution for L, such that P[L, € S}] = 1 is a most favorable distribution for either ¢ and

or N
B ey
e (4

® the detection system (j) is maximax centralized and ¢ »

.+ Is maximax for €y, i.e., is maximax distributed.
Py 1 1Cal

Proof: Using similar arguments as in the proof of Proposition 7.8,' one reaches that (]) and ¢ Qp,, 1) re
+ d
e

spectively satisfy the conditions of Propositions 7.4 and 7.6 with S = S7. Such propositions indicate that ¢ and

() T elements of 7, and Z, respectively, which allows one to use Proposition 7.7 to reach the first and second
P,y |

conclusions.

To reach the third conclusion, Lemma 7.2 is used. The conditions on ¢ and ¢ LT in Lemma 7.2 are satisfied by

'}
construction for either €’ = %, or ¥ = %,. It remains to show that, for both €, and %d, condition (7.16) of Lemma 7.2

is satisfied. To show this, pick any distribution PLe and the detection system ¢ # 1%) that satisfies (7.4) for either
Z{p |
C=%C.or6 =%y ie., Q{P/ |

) is either the optimum centralized detection system or optimum distributed detection

system under PL Let ¢ denote the system that satisfies (7.4) when L, has the distribution PIZ"> that satisfies

PlL.=1]=1

il ey

It is claimed that P, + is a most favorable distribution for both ¢ and (1) . To see this, recall that

Z{pfe) ) 64}
optimum centralized or distributed detection systems follow the form of detection systems in Propositions 7.4 or 7.6,

which means that ¢ € 2, and use Proposition 7.7.

Lipl) 5y
With these definitions, one can write

/ le /
ﬁ(PLeﬂg{Péerg}) = /ﬁ L, ’¢{P |</} dPL /ﬁ {PI‘ ‘cp})dPLe(le) (769)

< /ﬁ Lev(P P(le ‘%})dPL /B Lev¢{P+‘(/})dPLe( ) B(PI:’Q{PLH%})’ (7.70)

10Just replace Py, with PLt and replace S, with S
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(Le)

where the inequality in (7.69) follows because ¢ () is the optimal detector in 4" under PLie , the first inequality in

e 1€}

(7.70) follows because PLt is a most favorable distribution for ¢ ( and the second inequality in (7.70) follows

"y

because ¢ ( is the optimal detector in %" under PLJ; . |

A

The following observations can be made:

e Comparing the conditions of Propositions 7.8 and 7.9, it is possible to note a common set of conditions that
make P[L, € S,’] = 1 define a least favorable distribution for maximin systems and make P[L, € S]] = 1 define

a most favorable distribution for maximax systems;

e Propositions 7.7, and 7.8 allow one to find the detection systems that are either maximin or maximin for the
class of distributed detection systems when the family of distributions is different from the family generally

considered in literature, which is composed of a nominal distribution and distributions in its neighborhood [59].

o fw(w—a)/fw(w) is monotonically nondecreasing in w € 2 for all a € 2 if W is a Poisson distribution, a
Laplace distribution, a Gaussian distribution, or any other Generalized Gaussian distribution with parameter at

least 1.

Some may consider that the conclusions of Proposition 7.8 are trivial since the distribution that places the emitter
location in the boundary of S, with probability one; i.e., P[L, € S, ] = 1; maximizes the expected distance between
any sensor and the emitter.

Furthermore, some may consider that the distribution of the noise random variables should not influence a least or
a most favorable distribution and question the need of the assumption on fy (w) in Propositions 7.8 and 7.9.

The next two subsections contain two examples that illustrate that the conclusions of Proposition 7.7 are not trivial

and the condition of fiy (w) is not superfluous.

7.3.1 Example 7.1:

This subsection contains an example that illustrates that the distribution for the emitter location that maximizes
the expected distance between any sensor and the emitter is not always a least favorable distribution for a detection
system.

Adopt the additive model of (2.1) and Assumptions I, II, IIT, IV, V, VI, and VII of Chapter 5. Let dist(L;,L.) =
|IL; — L. in Assumption V. Let A; = 6, & (||L; — L.||) with & (r) = 1{r < ro}, where rp =0.1 — & for any € € (0,0.1), and
let 6; = 1. Let Fy be increasing. Assume that S is the union of a square S, and two triangles isosceles S! and S?. Let
S, be centered at the origin and have sides of length 2. Let S! and S? have the line y = 0 as their line of symmetry. Let
S! have its base located at the line x = —1 and have a vertex at I} = (—1.1,0) with an angle @, = 7/100. Let S? have
its base located at the line x = 1 and have a vertex at 2 = (1++/8,0) with an angle @, = 2, . Figure 7.1 illustrates the

shape of S,. Observe that such a region of interest does not satisfy the conditions of Propositions 7.7 or 7.8. Assume
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Figure 7.1. Region of interest S, given by the union of a square and two triangles in which the distribution for the
emitter location that places the emitter at lf is not always a least favorable distribution for a detection system.

that S; = S,, consider a single sensor (K = 1), and assume that the sensor location L; is uniformly distributed in S;.
Consider a centralized detection system in which the fusion function is given by @o(z1,y0) = 1{z1 >t }. Let fp be such
that P[Z; > 9|0 = 0] = Qiax for some Omax € (0,1).

Consider that the emitter location L, has a distribution PL(?) that satisfies P[L, = [2] = 1. It may be considered
intuitive that such a distribution would provide a least favorable distribution for a given detection system because 2 is

(&)

2
the most distant point from the origin in S,. It will be shown that, under the conditions of this example, PLff is not a

least favorable distribution for ¢.

)

2
From the definition of a least favorable distribution for a detection system, (7.6), PIZ‘? is a least favorable distribu-

tion for ¢p if and only if
2
WPL,, B(PL,,00) > B(PL), o), (7.71)

which follows if

2
Wl € Se, BPL) 90) > B(PL) 0v), (7.72)

since B(PL,. ¢o) = [ B(PL, o) dPy, (o).
It is possible to show that

BRI, 90) = PILi € (S;BE, (L)) - [Fiw (t0) — F (1o — 1)] + 1 — Fiy (10)

m(S;N B3, (I.))

- ) [Fw (to) — Fw (to — 1)] + 1 — Fy (to), (7.73)

where B?(]) represents the open ball with radius r and centered at /, as shown in details in Appendix G.

Since Fy (to) — Fw (1o — 1) > 0,
Vi1 € e, BPY) 00) = B(PY) 90) & m(Ssn B3 (L)) > m(S,NBS (1)), (7.74)

and (7.72) is equivalent to
Vi, € Se,m(SsNB; (Ie)) > m(S; N By (17)). (7.75)
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The distribution PL(?) is not a least favorable distribution for ¢y because m(Ss N By, (1)) < m(SyN B;’O(lf)). To
see this, recall that ro = 0.1 — € for some € € (0,0.1), which means that the intersection between By (1) and the
square S, is empty. For the same reason, the intersection between Bﬁo(lf) and the square S, is also empty. This
means that S ﬂBj’O(lel) and S ﬂBﬁO(lf) are sectors of radius ry and angles @; and @, respectively. Since @ < @y,
(S, NB (11)) < m(S, N B, (12)).1

This example highlights that a distribution for the emitter location that is a least favorable distribution for a detec-

tion system cannot be guessed by simply observing the shape of the region of interest.

7.3.2 Example 7.2:

Adopt the additive model of (2.1) and Assumptions I, II, III, IV, V, VI, VII, and VIII of Chapter 5. Let
dist(L;,L,) = ||L; — L.|| in Assumption V. Consider a single sensor, let 6; = 1, and take A} = &(||L, — L]|), with
E(r)=4forre[0,rs), E(r) =2 for r € [ra,2ry) and E(r) = 0 for r > 2ry. Let W be distributed according to the
Cauchy distribution; i.e., fiy(w) = (1/7) /(A% +w?), and assume A = 0.5. Let the region of interest S, = B,,,(0) and
assume that L; is uniformly distributed on S; = S,. Suppose that a system designer adopts the distribution P} that
satisfies P[L, = (0,rp)] = 1 and builds a centralized detection system with fusion function ¢;(z,y) given by (7.23),
in which S/e = {(0,7m)}. Note that ¢ is the optimum detection system under the distribution P; ; i.e., the resulting
sensor detection system equals the system ¢ P given by (7.1). The threshold 79| of ¢ is chosen so that the resulting
probability of false alarm equals 0.01, where it is noted that no randomization is necessary to achieve this probability
of false alarm.

With such assumptions, the only condition of Proposition 7.8 that is not satisfied is relation (7.66); i.e., fiy(w —
a)/ fw(w) is not nondecreasing in w € Z for all a € %, because W has the Cauchy distribution.

It will be shown that, although P}, satisfies P[L, € S, ] = 1, it is not a least favorable distribution for ¢ in some
cases. To show this, the probability of detection achieved by ¢ will be obtained under other distributions for L.

Using numerical integration, it is possible to obtain Figure 7.2, which shows the probability of detection achieved
by ¢; when L, is distributed according to PIE:) for various r < ry under several ratios of r4 /ry, where PL(:) is the dis-
tribution that satisfies P[L, = (0,7)] = 1. The ratio r4 /ry defines the form of the function & and, therefore, influences

the conditional distribution Pz, jg—1 z,(o,) for any r. Note also that the ratio r4 /ru influences the form of ¢.

'Note that PL(?) may be a least favorable distribution for ¢ under other conditions. For instance, if rp = 2 and @, = /50, then Péi‘z ) isa
least favorable distribution for ¢y since Vi, € S,,m(Ss N By, (I.)) > m(Sy N By, (12)) = @13 /2 2 0.1257. To prove this claim, first observe that
m(SsN By, (l,)) >« for all I, € S,. For the [, € S, — S, observe that, for all [, € S}, m(S; N By, (L)) = m(Ss N By, (1})). To see this, note that the
sector with radius rp and angle formed from —m; /2 and +®; /2 is always contained in S, as one varies the center of the sector within S,]. When
centered at I}, such a sector is equal to S; N8By, (11); and, when centered at any other I, € S}, such a sector is a subset of S NBy, (Ie). Likewise,

the sector with radius ry and angle formed from 7 — @, /2 and 7 + @, /2 is always contained in S, as one varies the center of the sector within S,z,
which means that, for all [, € 7, m(S NB; (l)) > m(Ss N By, (12)). Thus, it suffices to show that m(S; NB;, (1)) > m(S, nBy, (12)). Observe that

A\ ﬁB‘;O(lj) contains the triangle formed by the points (—1,+ r(z) —0.12), (=1, — /r(z) —0.12), and (—1.1+1rp,0), and the area of such a triangle
equals (rg —0.1)4/rg —0.12. Thus, since ro = 2, m(S; N By, (1)) > (rg—0.1)4/r —0.12 = 3.8 > m(S; N By, (I2)).



72

0.6
0.55¢
B o e
+ ..
L ++ i
045 t, . —ra/rm = 0.00
. - — 095
= 047 t, - ra/Tm = 0.25
< +, ---ra/rp =0.50
£.2035¢ *, 11 ra/ra =075
SE(/ + + rA/erl.OO
o 0.3r +++ 1 . TA/T]\/[:1.50
+ —*—TA/T]\,j = 2.00
0.25F . *
+
0.2r ]
045 T T

0.1 ‘ ‘ ‘ ‘

Figure 7.2. Probability of detection under 0.01 probability of false alarm achieved by the centralized detection system

¢ under the distribution P(:), where PL(:) satisfies P[L, = (0,7)] = 1, for various values r < rys and for various ratios
ra /¥y, where ry defines the function & in in Example 7.2.

From Figure 7.2, it is possible to see that, if r4/ryy = 0.5 or r4/ry = 0.25, then PL*e is not a least favorable
distribution for ¢; because its probability of detection under F;,, which corresponds to the case r/ry = 1 is greater
than the probability of detection under P<:), for any r/ry < 1. In other words, Py, does not satisfy (7.6).

Figure 7.3 helps to explain why P is not a least favorable distribution for ¢j for some of the cases. This figure
presents the conditional p.d.f:s f7,16-0(2), fZ,16=1,.=(0,r4s) (2)> and fZ,19=1.1,—(0,0)(2); and the shaded regions indicate
the H; decision intervals of ¢; for three cases of r4/ry. Focusing on the middle graph, which corresponds to the
case r4/ry = 0.5, it is possible to observe that, when f7, |9—1 1,—(0,0)(z) is integrated over the decision interval Hj, the
resulting probability will be lower than the probability that results when integrating fz, 19—1.2,=(0,r,) (z) over the same
interval. This rationale also helps to explain the interesting phenomenon in that the probability of detection for the case
ra/rm = 0.5 is lower than the probability of detection for the r4 /r) = O case even though the case r4 /ryy = 0.5 offers
higher values for £. By comparing the curves corresponding to the r4/ry = 0.5 case and the curves corresponding to
the r4/ry = 0 case, it is possible to observe that the density function under H; for the r4 /ry = 0 case is higher than
the density functions under H; for the r4 /ry; = 0.5 case when z belongs to the H; decision interval.

In other words, P/, is not a least favorable distribution for ¢ because the H; decision region obtained under FP;,
does not cover the region around 4, which has increased probability mass under PL(:) as r decreases. This phenomenon
disappears as r4 /ry increases because the Hj decision region eventually becomes the union of two disjoint intervals,

one close to 2 and another around 4, as shown in the right graph of Figure 7.3 for the case r4 /ryy = 0.75; and, as ra /ry

approaches 1, it eventually becomes a single interval around 4.
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Figure 7.3. Conditional probability density functions fz, j9—o (z) (dashed and dotted line), f7, 10=1.R=ry (z) (full line),
fz, ‘9:17R:0(Z) (dashed line), and H; decision interval (shaded region) for 0.01 probability of false alarm when r4 /ry =
0 (left), ra /ryy = 0.5 (center), and r4 /ry; = 0.75 (right) in Example 7.2.

Similar observations can be reached when considering most favorable distributions. Consider now that a system
designer adopts the distribution P, that satisfies P[L, = (0,0)] =1 to obtain an upper bound for the performance of
any system. Let ¢;* be given by (7.23), in which S; = {(0,0)}, with 7y ; configured such that the resulting probability
of false alarm equals 0.01. The only condition of Proposition 7.9 that is not satisfied is relation (7.68). Although P/’

satisfies P[L, € S| = 1, it is not a most favorable distribution for ¢;* when r /ry; = 0.25, as shown in Figure 7.4.

7.4 Summary

In this section, the concept of a least favorable distribution was applied to the emitter location distribution.

It was shown that the concept of a least favorable distribution usually considered in the literature was not sufficient
for the design of sensor detection systems for two reasons: it does not allow the consideration of distributed detection
systems; and it does not reflect the design objective of adopting a conservative design. The concepts of a least favor-
able distribution for a class of systems was proposed to address the first issue, and the concept of a least favorable
distribution for a system was proposed to address both issues.

The concept of a most favorable distribution for the emitter location was defined. A most favorable distribution
for a detection system can be used to find an upper bound for the detection performance of a system under any
distribution; thus, when using both a least and a most favorable distribution, a system designer can determine a range
for the detection performance of a system under any emitter location distribution.

Sufficient conditions were identified under which a least and a most favorable distributions for a detection system
have simple forms in both practical and optimal detection systems. Under these conditions, a least favorable distribu-
tion for a detection system places the emitter on a subset of the boundary of the region of interest; and a most favorable
distribution for a detection system places the emitter at the center of the region of interest. Intuition might suggest that

these results are obvious since a distribution that places the emitter on the boundary of the region of interest maximizes
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Figure 7.4. Probability of detection under 0.01 probability of false alarm achieved by the optimum centralized detec-

tion system ¢;* under the distribution PL<:), where PL(:> satisfies P[L, = (0,r)] = 1, for various values r < ry; and for
various ratios r4 /ry, where ry defines the function & in Example 7.2.

the expected distance between sensors and emitter, suggesting that such a distribution is least favorable; and the dis-
tribution that places the emitter at the center of the region of interest minimizes the expected distance between sensors
and emitter, suggesting that such a distribution is most favorable; however, as shown by examples, these distributional
forms may not be least or most favorable for the detection system.

The results of this section also uncover an important additional benefit of adopting least or most favorable distri-
butions for the emitter location: the measurements become conditionally i.i.d. under either a least or a most favorable
distribution. This is perhaps the most important contribution of this chapter given that conditional dependence is a

common obstacle for the design of a detection system.
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Chapter 8

Using a Most Favorable Emitter Location Distribution to Evaluate How Con-

servative the Design Based on a Least Favorable Emitter Location Distribution

1S

As mentioned in Section 7.2, a most favorable distribution for a detection system ¢ can be used along with a least
favorable distribution for ¢ to determine a range for the detection performance of a system as the emitter location

distribution changes because
VP, B(PL.9) > B(PL.9) = B(PL,.0), @.1)

where the reader should recall that B(Py,, [ ) represents the probability of detection obtained by the detection system [
under the assumption that the emitter location L, is distributed according to £, ; and P, — and P+ respectively represent
a least and a most favorable distributions for the detection system ¢ being considered.

While relation (8.1) provides lower and upper bounds for the detection performance when considering a fixed
number of sensors K, it is possible to consider a fixed detection performance and use least and most favorable dis-
tributions to determine lower and upper bounds for the required number of sensors to achieve the specified detection
performance.

Since each possible value for K defines a different detection system, it will be useful to think of the system designer
as considering a sequence of detection systems ® := {9*}3_, = {({0ik, Prig } o) Yot

Suppose that the system designer can determine a pair of distributions P, and PLJ; that are a least and a most
favorable distribution for each detection system of the sequence ®; i.e., for any K, a common pair of P and PZ;
forms a least and a most favorable distribution for the detection system QK . At least for the models considered in
this dissertation, this assumption is not strong because the conditions of Proposition 7.7 are satisfied for all K if each
detection system in the sequence ® belongs to either the class &, or the class &, of detection systems defined in
Section 7.3. More precisely, for any K, if QK is a centralized detection system and each of the K functions {7p;(z) }X
that define the fusion function through (7.19) is a nonnegative and nondecreasing function, then each detection system

in @ will belong to Z,. Likewise, for any K, if ¢ K'is a distributed detection system with dependent randomization and
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the K sensor functions ¢; (z;,y) are nondecreasing real functions of z;, and the functions Ty ;(u;,y) that define each
fusion function ¢p x (u,y) are nonnegative and nondecreasing, then each detection system in @ will belong to ;. To
illustrate, suppose that ® is a sequence of centralized detection systems in which, for each K, the detection system QK
is of the form defined in Proposition 7.3 with different decision thresholds; i.e., ¢ x (z,y0) = H{XX |z > tox }. If the
conditions of Proposition 7.7 are met, then the distributions P, and PLt identified in Proposition 7.7 are a least and a
most favorable distributions for QK for all K.

Given a sequence of detection systems @, any distribution P;,, a minimum probability of detection B, € (0,1)

requirement, and a maximum probability of false alarm Qax € (0, 1) requirement, define
K(®Pe) = inf (K : B(Pr,,0%) > Brin, 2(9%) < Chnax }, 8.2)

where the convention that inf() = o is adopted here.

(®.7,)

If a sequence of detection systems P satisfies K < oo, then

(@F,)  gl@P)

vP, 1< (8.3)

< — < Ea
K(qD’PLe) K(q)7PLg )
which follows from (8.1) as shown in Appendix I.1.
Similarly, it is possible to write relations that involve a sequence of maximin and maximax detection systems for a
particular class of systems % that satisfies Condition 7.1. For that, define Gp, g = {Qg Xt 5};:1 , where Qg 1% is the
detection system with K sensors that satisfies (7.4).

If P/ is a least favorable distribution for ¢ g, v

L
and PL: satisfies the conditions of Lemma 7.1; and, for every K, if 9

K
tr e

and PLJZ satisfy the conditions of Lemma 7.2;

for every K; i.e., the pair formed by each detection system

K
+ g
A

L)

. .. . . o (P
is maximin for ¢ and ¢X is maximax for ¢; and if K e < oo, then

: K
ie., 0%
L L

, Bt @ hi)
VPLLn ] S 7 S RN (84)
(CDP/ L) (q)PLt, |<5"'PL..»)

K ‘Lele K

as shown in Appendix I.1.

Whether the system designer considers a particular sequence of detectors @ or a sequence of detectors @, @ that
Lol ©

is optimal for a given P, , it is difficult to determine K (®FL) g (P F L) or K ®r e Fie) /K @, e for all possible
PLE, particularly because the measurements may not be conditionally i.i.d. under Pig; therefore, the evaluation of how
conservative the least favorable distribution is will be done through the looser upper bounds of (8.3) and (8.4). The
benefit of focusing on the looser upper bounds of (8.3) and (8.4) is that the measurements may be conditionally i.i.d.
under either P;_ or Py’ .

If the system designer is able to determine the ratio K (®.F,) /K (®F L+e), then the system designer can be assured

that a design based on a least favorable distribution for the @ will not require more than K®z.) /K (®F7) times the
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number of sensors that would be deployed if the actual distribution for L, were known. A similar statement can be

N @ P
P 1 Le)/K( phe Le)

(@
made regarding the ratio K

s @ o), (@p L)
It is difficult to analytically determine the ratios K(®%) /K(®FL) and K /""" /g "1./*"""; and numerical

— +
techniques are usually required. In the next section, an example is presented in which the ratio K (®.Fr,) /K (®FL) i

obtained numerically.

8.1 Example

Adopt the additive model of (2.1) and Assumptions I, II, III, IV, V, VI, and VII of Chapter 5. Let dist(L;,L.) =
|IL; — Le|| in Assumption V. Let the region of interest S, be a disk centered at the origin with radius ry; i.e., S, =
B, (0). Let S; = ¢S, for ¢ = 1, and let {Li}lK=1 be i.i.d. with the uniform distribution in S;. For any /; and [, let A;
conditioned on L; = [; and L, = [, be Poisson-distributed with parameter ;& (||l; — L ||) with & (r) = Apax /(1 +7)? and
0; = 1. Let W; be Poisson-distributed with parameter Ay > 0. For each K, let QK be the binary distributed detection

system with given binary sensor functions

ik (zi,y) = Hzi > 15}, (8.5)

assume that K dedicated and error-free communication channels are available; and let the fusion function be

K
dox(u,y0) =1 { u; € Io,yo} ; (8.6)
i—1

i=

where Ipo = (k, 0], Ip1 = [k, o], and yy is the realization of the randomization random variable ¥y € {0,1}. From
Theorem 3.1, (8.6) defines the optimal fusion function for the set of sensor functions (8.5) when U; are conditionally
i.i.d. given 6.

Consider any distribution P;_ that satisfies P[L, € S;] = 1 for S; = dB,,,(0); i.e., P places the emitter in the
boundary of the disk with probability 1. From Proposition 7.7, F;_ is a least favorable emitter location distribution for
9’( for any K. From the same proposition, it also follows that the distribution PZ: that satisfies P[L, = (0,0)] =1l isa
most favorable emitter location distribution for QK for any K.

As shown in Appendix H, it is possible to use numerical integration to evaluate the probabilities of detection under
Py, under PLt , and under the uniform distribution Py, for various values of K. Taking Qmax = 0.05, Aw =1t = Ay,
ry = 15, and Apax = 40, the resulting probabilities of detection are shown in Figure 8.1.

From Figure 8.1, it is possible to see that, if a system designer imposes a minimum probability of detection
Bmin = 0.95, then K (@F,) /K (®F,) 280/80 = 3.5, which means that the system QK designed to achieve B, under
the least favorable emitter location distribution for QK has at most 3.5 times as many sensors as the system QK designed

to achieve B, under any other distribution.
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Figure 8.1. Probability of detection of the distributed detection system defined by (8.5) and (8.6) with the distribution
of Yy and k defined such that the probability of false alarm equals Omax = 0.05 when L, is distributed according to
Py that places the emitter in the boundary of a circular region of interest with probability 1, PLJZ that satisfies P[L, =
(0,0)] = 1, and the uniform distribution Py for various values for the number of sensors K. In all the evaluations,
AW =1,t, = )yw, ry = 15, and Apax = 40.

Figure 8.1 also shows the probability of detection when L, is uniformly distributed in S,, illustrating that the prob-
ability of detection curve is always between the curves corresponding to the least and the most favorable distributions.
For this example, Figure 8.1 shows that K<<I>’PL_E)/I((CD’PEE> ~280/160 = 1.75.

It is important to emphasize that the above mentioned ratios can change significantly with the shape of the region
of interest. If S, is instead a square circumscribed by dB,,,(0) and all the other parameters remain constant, then it is

possible to obtain through numerical integration that K (®F,) /K (®F,) 6 and K ¥ 7z /K (®FL,) 3,

8.2 Large Sample Methods to Evaluate How Conservative the Least Favorable Distribution
is
Although it is possible to obtain the ratios K (®F,) /K (®F) and K (q)Pﬁz'%TP;) /K @P;e‘%upg") numerically, it is also
possible to obtain an asymptotic value for these ratios through the use of large sample methods.
The large sample method that will be used for this analysis is based on the Asymptotic Relative Efficiency (ARE).
In this analysis, instead of considering the test of a simple hypothesis Hy : 0 = 0 against another simple hypothesis
H, : 6 = 6y, one considers a sequence of detection systems ® = {¢"}>_| = {({9in, Py, }/_o) };r_i> €ach one with n

sensors for testing the simple hypothesis Hy, : 6 = 0 against another simple hypothesis H; , : 0 = 0, ,, := ¢/+/n, for

any positive constant c. In general, such analysis can be accomplished when measurements have conditional density
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functions with respect to a common measure that belong to a family of densities that is quadratic mean differentiable
at 6 =0[73].!

In the ARE analysis, one evaluates a sequence of detection systems & through its efficacy. The efficacy of a se-
quence of detection systems determines the asymptotic probability of detection for a maximum asymptotic probability
of false alarm as 0y, — 0. This notion is made precise by the following theorem, extracted from [73] in a simplified

form:

Theorem 8.1. (Based on [73, Theorem 13.2.1])
Assume {U;}}_ are conditionally i.i.d. with conditional densities fy,9—o(u) and fy, 10—, ,(u) with respect to a
common measure,* and assume that such densities belong to a family of densities that is quadratic mean differentiable

at 8 = 0 for large enough n. If there exists a function g : IR — IR and a number 6 > 0 such that

1. The detection system {®; o, Py,, }"_ rejects Hy, when \/n[T,(u) — g(0)] > 1,, where T, (u) is some given statis-
tic, Ty — Q' (Otmax) - O as n — o0, Umax > 0 is a desired asymptotic probability of false alarm, and Q(-) is the

complementary c.d.f. of a Gaussian random variable with zero mean and unit variance;

2. /n[T,(U) — g(8)] converges in distribution to a Gaussian distribution with zero mean and variance c* as

n — oo under either 6 =0 or 0 = c/\/ﬁ, where c is a given positive constant;

3. The function g has positive right-hand derivative gl at 0;

then the probability of false alarm converges to Omax and the probability of detection converges to

‘(0
0 Qil(ocmax)_c'M ) (8.8)

o

and the efficacy §(®) of the sequence of detectors ® is given by g (0)/o.

From (8.8), if two sequences of detectors have two different efficacies, then they have different asymptotic proba-
bilities of detection.
In order to compare two sequences of detectors at the same asymptotic detection performance, one considers

appropriate subsequences of such sequences to find the ARE metric. Instead of considering the two whole sequences

LA family of densities { fz10=6+(-) : 87 € (—¢,€)} with respect to a common measure y is quadratic mean differentiable at 6" = 0 if the Fréchet
derivative of the map 8% — , / fzj9—g+(-) from IR to the function space Lp(it) exists at 8 = 0 [73]; i.e., if there exists a function 77(-,0) such that

lim H \/fz“’:”(') 7 \/fzh”(') —nG.0) 'th —0, (8.7)

|h|—0

where || - ||2 represents the norm in the function space L, (1t).
2This theorem applies to both centralized and distributed detection systems. In the case of centralized detection systems, let U; = Z;.
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oo

{Q’(’l) ~_; and {9?2) ~_, in which the number of sensors K = n for each n; one considers two subsequences of such

sequences:

KD (n) oo
q’(l) = {9(1) <n)}n:17
K@ (n)y oo
cI)(2) = {9(2) ( )}n:h
where K()(n) := dV) . n and K®) (n) := d® - n for appropriate values of d!) and d(® such that both subsequences
have the same asymptotic detection performance, as explained in Appendix 1.2.

The Asymptotic Relative Efficiency (ARE) metric of the sequence of detectors @) with respect to the sequence

of detectors Py [73, p. 536] is then given by

. KWm)  [(§(®w) ?
m K®(n) ( > (8.9)

and provides the asymptotic ratio of the number of sensors required by each design to achieve a prescribed detection
performance. Details of the derivation of this known result can be found in Appendix I.2.

The ARE metric has the following product property: if the system designer knows the ARE metric of ® ;) with
respect to @y and the ARE metric of ®3) with respect to ®(,), then the ARE metric of ®3) with respect to @y can
be found by the product of the two ARE metrics; i.e.,

KD(@n) _ [§(2p) E(Ps) ’
E(@m) §(@pny) ) -

Using the product property of the ARE metric, the ARE metric for several types of detection systems will be

I KB ()

(8.10)

derived in the next subsections. For these derivations, the additive model (2.1) described in Chapter 2 and the following

two cases of interest will be considered:

1. Gaussian case: For any i, A; = 0&(||L; — L.||), and W; is Gaussian distributed with zero mean and known

variance var[W] > 0.

2. Poisson case: For any i, A; conditioned on {6 = 6, ,,L; = I;,L. = I} is Poisson distributed with parameter

01 ,&(]|li — I||) and W; is Poisson distributed with a known parameter Ay > 0.

Under the assumptions of Propositions 6.2 or 6.3, Propositions 1.4 and 1.5 in the appendix indicate that, when consid-
ering a centralized detection system, the resulting conditional densities f7,9—o(z) and fzi0=6,, (z) from the Gaussian
case or the resulting conditional p.m.f.s Pz 9—o(z) and Pzi0-0,, (z) from the Poisson case, both under L, € S or
under L, = (0,0), belong to families that are quadratic mean differentiable at & = 0. When considering a distributed
detection system that uses the practical sensor function ¢;(z;,y) = 1{z; > t,}, Propositions 1.6 and .7 in the appendix
indicate that the resulting conditional p.m.f.s Py, j9—o(z) and Py,j9—g, , (z) from both the Gaussian or the Poisson cases

under L, € S, or under L, = (0,0) belong to a family that is quadratic mean differentiable at 6 = 0.
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8.2.1 The ARE of the Maximax Centralized Detection System with Respect to the Maximin

Centralized Detection System

Proposition 8.2. Adopt the additive model of (2.1) and Assumptions I, II, 111, 1V, V, VI, VII, and VIII of Chapter 5.
Let dist(L;,L.) = ||L; — L.|| in Assumption VIL.

Let the region of interest S, be the closed ball B, (0) or a regular convex polygon with circumscribing circle
9B,,(0), define S, := S.NdB,,,(0) and S} = {0}. Let the sensor locations {L;}X | be i.i.d. random variables with
the uniform distribution in Sy = c- S, for some ¢ > 0;

Let Py be a distribution that satisfies P[L, € S,] = 1 and assume a first sequence of centralized detection systems
CIDPL; = {QZL; w_ in which, for each n, ﬂ;[e is the centralized detection system with n sensors defined in Proposi-
tion 7.4 with L, distributed according to Py .

Let PLt be a distribution that satisfies P[L, € S;] = 1 and assume a second sequence of centralized detection
systems (I)PZ; = {9;2; }*_, in which, for each n, QZZ is the centralized detection system with n sensors defined in
Proposition 7.4 with L, distributed according to PLt .

Under either the Poisson or the Gaussian case,

e the sequence CIDP[ is a sequence of maximin detection systems and reaches the maximum efficacy when the
4

distribution of L, satisfies P[L, € S;] = 1;

o the sequence CIDPL+ is a sequence of maximax detection systems and reaches the maximum efficacy when the
14

distribution of L, satisfies P[L, € S| = 1; and

e the ARE of <I>PL+ with respect to CIDP[ is given by

lim
n—roo (‘I>P+ 7P;})
K 'L

K ) ( ELE(ILi— (0,0)])] )2 8.11)
o VEE(IL=0r]) '

Proof: The conclusions that & P is a sequence of maximin detection systems and & P is a sequence of maximax
detection systems follows from Propositions 7.8 and 7.9. Observe that the same additive model, the same set of
assumptions from Chapter 5, and the uniform distribution for sensor locations {L;}X ; required by these propositions
are also assumed here. The conditions on £ and f required by these propositions are satisfied for the Gaussian case
because the measurements {Z;}X | take values in 2° = IR, fiy(w) is the Gaussian p.d.f. and fiy(w) > 0 for all w € IR,
and fi(w—a)/ fw(w) is nondecreasing in w € IR for all @ > 0. The conditions on 2 and fiy are also satisfied for the
Poisson case because the measurements {Z;}X | take values in 2 = Z., fiy(w) is the Poisson p.m.f., which satisfies
Sw(w) >0forallwe Z,, and fiy(w—a)/fw(w) is nondecreasing in w € Z for all a € Z .. Lastly, the condition
that Va;, P[A; > a|0 = 0} », & (||Li — L.||) = x] be a nondecreasing function of x is satisfied in the Gaussian case because

A; = 01 ,x; and is satisfied in the Poisson case as shown in Proposition F.6 in the appendix.
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The conclusions that P and @ o reach the maximum efficacy follow directly from [73, Lemma 13.3.1], which
shows that a sequence of Neyman—Pearson detectors in which the detector used for each n is the optimal fusion function
to decide between H , and Hj , has the maximum possible efficacy, given by the square root of the Fisher Information
associated with the family {f7,g—¢+(2)|6" € (—€,€)} at @ = 0. It is now possible to apply [73, Lemma 13.3.1] because,
for either the case in which the distribution of L, satisfies P[L, € S, | = 1 or P[L, € S}] = 1, the measurements {Z; }X |
are conditionally i.i.d. given 6, as shown in Propositions 7.8 and 7.9, and the conditional densities f7,9—(z) and
fzl6-6,,(z) under L, € S, and under L, = (0,0) belong to a family that is quadratic mean differentiable at = 0 for
either the Gaussian or Poisson cases, as shown in Propositions 1.4 and 1.5 in the appendix.

Since both dDPL; and (DPLJ; achieve the maximum possible efficacy under their respective distribution for L., the
ARE of (I)Pﬁ with respect to CI>PL; is given by I7(0)/I(0), where I~ (0) is the Fisher information associated with
the family {fz9—¢-(2)|0* € (—¢€,€)} under P[L, € S,] = 1 and I'*(0) is the Fisher information associated with the
family {f7,9—g+(2)|0" € (—¢&,€)} under P[L, € S]] = 1.

For either the Gaussian or the Poisson cases, as shown in Propositions 1.4 and 1.5 in the appendix, it is possible to
determine that 7~ (0) is proportional to E[& (||L; — L||)]? for some [, € S;” and I (0) is proportional to E[& (||L; — L. |))]?
for [, =0, and (8.11) follows. |

Proposition 8.2 gives conditions under which the asymptotic value for the looser bound of (8.4) can be simply
obtained from the expected value of the amplitude function &.

In the next subsection, it is shown that the asymptotic value for the looser bound of (8.3) can be obtained from the

expected value of the amplitude function & as well for an important practical centralized detection system.

8.2.2 The ARE of Practical Centralized Detection Systems

Although the ARE metric is usually used to compare two candidate designs, it is also possible to use the ARE
metric to compare a given design under two different measurement distributions. Consider a given sequence of de-
tectors ®. The efficacy of @ depends on the distribution of the measurements. Thus, if two different measurement
distributions are being considered, it is possible to determine the ARE metric of @ under the first distribution with
respect to @ under the second distribution.

This is precisely what is needed to compute the asymptotic value for the looser bound of (8.3); i.e., given a
sequence of detectors @, the goal is to compute the ARE metric of ® under a distribution PLt that is most favorable
for each detection system in ®, with respect to the same P, but now under a distribution PL: that is least favorable for

each detection system in &.

Proposition 8.3. Adopt the additive model of (2.1) and Assumptions I, 11, 111, IV, V, VI, VII, and VIII of Chapter 5.
Let dist(L;,L,) = ||L; — L.|| in Assumption V.
For each i, let Z; assume values in &, with =R, Z =R, ¥ =Z, or & =2Z,. Let Z, = Z NIR,.



83

Let the region of interest S, be the closed ball B,,,(0) or a regular convex polygon with circumscribing circle
0B, (0), define S, := S, N IB,(0) and S} = {0}. Let P, denote a distribution that satisfies P[L, € S;'] = 1 and let
P+ denote the distribution that satisfies P[L, € S7] = 1.

Consider the sequence of centralized detection systems ®X) in which, for each n, the centralized detection system

with n sensors uses the fusion function
n
95:4(2) :ZI{sz>tn} (8.12)
i=1

with t, :=\/n-/varW - Q™ (Otmax ) +n- E[W] for a given Omax € (0,1).
If the conditional densities fz9—o(z) and fz,6—9, , (2) under either Py orP belong to a family that is quadratic

mean differentiable at 6 = 0, and if

e the sensor locations {Li}lK: | are i.i.d. random variables with the uniform distribution in S; = c - S, for some

c>0;
e forany a;, P|A; > a;|0 = 61, & (dist(L;,L.)) = x| is a nondecreasing function of x;

));

o E[W] < oo, varW < oo, E[A;|0 = 0*,L, = ,] < oo, and var[A;|0 = 0%, L, = [,] < oo;

e E[Aj|0=0*L,=1]=0*E[E(||L;i—L|

e var[A;|0 = 0% L, =1,] = 0as 0* = 0; and

e E[E(||ILi— L] > 0;

Sforany 6* € (0,1) and any I, € {S, U(0,0)}, then the efficacies of{d)(%n};":1 under P[L, € S;|=1and P[L, € S}]=1

are respectively given by

E[S(ILi = (0,rm)[)] / vvarW, (8.13)
E[S(ILi = (0,0)[)] / VvarW, (8.14)

and the ARE of ®X) under PLt with respect to &) under Py is given by

,}g{}o K(¢<Z)’PIZ)(n)

K(<1><E),PL;)(H)_ E[E(|ILi— (0,0)])] \*
_( ]> - (8.15)

E[S(ILi = (0,ra)l])

Proof: This proposition follows from the application of Theorem 8.1 to find the efficacy of the ®X) under
P[L, € S;] =1 and under P[L, € S}] = 1. When applying this theorem, note that the random variables {U;}X | of
Theorem 8.1 are representing {Z;}X | since centralized detection systems are being considered.

The condition that {Zi},K: | are conditionally i.i.d. given 6 follows from Proposition 7.7, which also gives that P
and P, + are respectively a least and a most favorable distributions for each of the detection systems in the sequence of

detection systems ®X), Note that the conditions of Proposition 7.7 are satisfied because each detector in ®X) is in
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2., as shown in Proposition 7.3, and all the other conditions of Proposition 7.7 are assumed here. The condition that
the conditional densities f79—o(z) and fz, 9, , (z) under either Py~ or P+ belong to a family that is quadratic mean
differentiable at 6 = 0 is also assumed here.

Since {Z;}X | does not depend on L, when P[L, € S, ] =1, let P, be the distribution that satisfies P[L, = (0,7y)] =
1 and note that it is possible to assume that (0,ry) € S, when S, is a regular convex polygon without loss of generality.

Define g(0) = E[Z;|0,L. = I,] and observe that it satisfies condition 1 of Theorem 8.1. To see this, consider
T,(z) = (1/n) Y\, z. Since E[A;|0,L, = I,] = OE[& (||Li — L]|)], g(0) = E[W]. Thus, the sequence of detectors given
by (8.12) is equivalent to the sequence of detectors specified in the theorem because Y} ;z; >, < /n[(1/n) Y1 zi —
EW]) > v/al(ta/n) — EW]].

Condition 2 follows from the Central Limit Theorem for the case 8 = 0 and from the Lindeberg—Feller triangular
array theorem [42] for the case 0 = c¢/+/n. The specified assumptions on the function £(-) and on the distributions of
A;, W;, and L; are sufficient to satisfy the conditions of both theorems.

Condition 3 follows from the assumption E[A;|0,L, = [,] = 6 - E[E(||L; — L.||)], which implies that g(6) = 6 -
E[E(||L; — L|))] + E[W], and from the assumption E[E (||L; —I,]|)] > 0, which implies that g’(0) > 0.

Therefore, the efficacy of ®X) under P[L, € S, ] = 1 is given by E[E(||L; — (0,rp)]|)]/+/varW and the efficacy
of ®X) under P[L, € S}] = 1 is given by E[E(||L; — (0,0)||)]/+/varW. By taking the square of the ratio of these
efficacies, (8.15) is reached. [ |

It is possible to show that the conditions on the distribution of A; and W; are satisfied for both the Gaussian and
Poisson cases.

From Proposition 7.7, the distributions PL; and PZ; defined are a least and a most favorable distribution for each
detection system in <I>(Z); thus, the ARE metric obtained in (8.15) provides an upper bound for the number of additional
sensors required by the centralized detection system given by (8.12) designed under ;| when compared to the number
of sensors required by the centralized detection system given by (8.12) designed under the actual distribution for L,.

Observing that the ARE metrics obtained in (8.11) and (8.15) are equal, it is possible to conclude that, when the
conditions of the propositions are met, the same upper bound for the number of additional sensors required when
considering Py is achieved for both the case when the designer uses the optimum (maximin) centralized detection
system and when the designer uses the practical centralized detection system that decides based on the sum of the

measurements.

8.2.3 Bounds for the ARE Metric

The ARE metrics given by (8.11) and (8.15) can be determined numerically. Expressions for both E[&(||L; —
(0,0)|)] and E[&(]|L; — (0,7p)]|) in various cases of interest can be found in Appendix J. It is possible, however, to

obtain simple lower and upper bounds for the ARE metric.
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Proposition 8.4. If L; is uniformly distributed in a regular convex polygon with n vertices and circumscribed by

B, (0), then for any nonnegative &,

-rycos (m/n) 2 2
n_Jo S(r)rdr E[S(|ILi = (0,0)|D)]
4(n—2 JEM E(r)rdr ) = <E[§(||Li o, rM)II)])

2
< 4( n oM E(r)rdr > (8.16)
n—2 f2rM§m ”/n)é(r)rdr

2
4( n ) ifn<4. (8.17)
n—2

Proof: The bounds of this proposition follows from bounds on E[£(||L; — (0,0)|)] and E[E (]|L; — (0,rm)]|)]-
For the bounds on E[£(||L; — (0,0)

)], use polar coordinates to write

B (L - 0.0 = s [ [ 80 rdrdo .19

where g,(®) defines the maximum r that satisfies (rcos @, rsin @) € S,. Since the regular convex polygon is circum-

scribed by By, (0) and inscribed by B,.,, cos (z/n) (0) [34], rascos (m/n) < gn(®) < ry, and it follows that

27T g cos (m/n) 271'
m(S.) /0 E(r)-rdr <E[E(||IL; — (0,0)]])] / E(r)-rdr. (8.19)
For the bounds on E[& (||L; — (0,ru)]])],
n—n/n phy(@
E[E(|[Li — (0,ram)]])] / )-rdrdo, (8.20)

where &, (®) defines the maximum r that satisfies (rcos @, rsin®) in the set S, translated by (0, —ry) and rotated by
7 as described in Appendix J. Since the translated and rotated S, is circumscribed by B, ((0,741)), hy(®) < 2ry;
and since the side of the regular convex polygon has length equal to 27y sin (7 /n) [34] and the translated and rotated
polygon contains the triangle formed by the two sides with the origin as common vertex and a line that connects the
two non-common vertices of such sides, h,(®) is always greater than the height of such triangle. Since the angle of
the regular convex polygon is given by 7t — 27 /n, h,(®) > 2rysin (1 /n)cos (/2 — m/n) = 2ry sin®(x/n), and one

can write

_ 2ryy sin? (7 /n)
r—<x/n 27r/n/ " E(r)-rdr
0

m(Se) < E[E(|ILi— (0,ran)])]
T—2m/n [FM
< W/O E(r)-rdr. (8.21)

The upper and lower bounds of (8.16) follows from the bounds in (8.19) and (8.21).

2
When n < 4, sin?(x/n) > 1/2 and [ E(r)-rdr < [ " &(r) . rdr and (8.17) follows. m
It should be mentioned that the upper bound of (8.16) becomes loose as n increases; however, it may be considered

satisfactory for n < 4.
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Proposition 8.5. If L; is uniformly distributed in B,,,(0) C IR?, then for any nonnegative &,

0" §(r)rdr E[E(|ILi = (0,0)[)]
4<f02’M§(r)rdr) S( E[E(|[Li — (0, rM)II)}>

d 2
= ( T J” &) L ) <9. (8.22)
LIs™ME(r)r- (% —sin (m))dr
Proof: For the equality in (8.22), use polar coordinates to write
EE(L— 0.0 = 5 ["&0)-rar (8.23)
ﬂ'rM
ZrMsmw
EE(L— ) = — [ [ rdrdo, (8.24)
ﬂ:rM
as explained in Appendix J, and rewrite E[ (||L —(0,r) D] as
2}’M
EE(L— 0] = — [ [ 60714 < 2sine) ardo
nrM
2rM 71'/2
- / - 1{r < 2rysino} dodr (8.25)
7rrM
2 2ry 71'/2
= 7 E(r)-r-{o >sin"' (r/2ry) }dodr
nrM o Jo
2rM 71'/2
= / E(r)-rdodr (8.26)
TEVM i r/ZrM

where (8.25) follows from Fubini’s theorem and the symmetry of the integrand, and the equality in (8.22) follows from
(8.23) and (8.26).
For the lower bound of (8.22), recall that & (r) > 0 and, from (8.24), write

1 2ry
ElE (L= Onoll) < 5 [ €0)-rar 827

and the lower bound follows from (8.23) and from (8.24).
For the upper bound, a slightly different approach is taken. Let .% = {(x,y) : ||[(x,y)|| < rar,y < 0,—7/3 <
arctanx/|y| < /3} and note that the closure of .Z is the sector with central angle 27 /3, symmetric in x, and with

y <0. It is now claimed that

E[E(ILi - (0,0)|)] = 3'.[¢§(Hh— (0,0)[1) dPr, ()- (8.28)

To reach (8.28), let .Z°27/3 be .Z rotated by 2m/3 and Fo4/3 be F rotated by 47 /3. Note that .7, F°2/3 and
F47/3 are disjoint and B,,, (0) = .Z U.F°>*/3U.Z°4%/3_ Since the uniform distribution in B,,,(0) is invariant to
rotations, the integral of & (||/;||) over .% is equal to the integral over any rotation of .%#

To reach the upper bound of (8.22), let #* = .% + (0,r)) and note that
E[E(ILi = (0,n) )] = /gﬁ%(”li—(OJM)II)dPL,-(li)
| &= .0y (1), 829
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where (8.29) follows because the uniform distribution in B,,,(0) is invariant to translations when the translated set
remains within B,,, (0). [ |

In both Propositions 8.4 and 8.5, if £ is additionally nonincreasing, then it is possible to impose that the lower
bound be always equal or greater than 1 because E[E(||L; — (0,0)|))] > E[E(]|IL; — (0,ra)]|)] in this case.

Proposition 8.5 gives an absolute upper bound that does not depend on & or ry, and shows a system designer
that, as the SNR decreases to zero, a sensor detection system designed considering {Li}ﬁl uniformly distributed in
Se = By,,(0) and considering the least favorable distribution for L, would have at most 9 times the number of sensors
that would be required if the actual distribution of L, were known.

If the region of interest S, is instead a regular convex polygon, the upper bound of Proposition 8.4 requires integra-
tion of &. The next section presents numerical evaluations of the ARE metric for both the circular and regular convex

polygon regions.

8.2.4 Numerical Evaluations

Figure 8.2 presents the numerical evaluations of the resulting ARE of (8.11) for two types of amplitude functions
with varying parameters for the cases in which the region of interest is a circular or a regular convex polygon. These

figures were obtained through the numerical integration of formulas in Appendix J.
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Figure 8.2. ARE of designs based on the most favorable distribution with respect to designs based on the least
favorable distribution when &(r) = 1/(1+r)* and S, = B,,,(0) (top left), S, is an equilateral triangle (top center), and
S. is a square (top right); and when §(r) = exp(—«-r) and S, = B;,,(0) (bottom left), S, is an equilateral triangle
(bottom center), and S, is a square (bottom right) for various values of x.
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The displays in this figure illustrate that, if the system is designed with rj; small enough such that the variation
of the signal attenuation at any point of the region of interest is not significant, then the ARE of (8.11) is close to
1, showing that not much is lost when assuming a least favorable distribution. This is intuitive if one considers the
extreme case in which the amplitude function does not decay with the distance; for example, when the value Kk in the
displays of the figure is close to 0. In the extreme case of k¥ = 0, the signal would be measured with the same amplitude
at any sensor location, regardless of the emitter location and assuming the emitter located within the boundary of the
region would not cause any impact.

However, if the variation of the signal attenuation is significant as the distance vary from O to ry, then the ARE
of (8.11) can be as high as 5 for the circular region of interest, as high as 36 for the triangular region of interest, or as
high as 16 for the square region of interest.

Figure 8.2 suggests that the ARE metric converges to some value as ry; — oo. This observation is confirmed in the

next subsection.

8.2.5 Asymptotic Bounds for the ARE Metric

Proposition 8.6. If L; is uniformly distributed in a regular convex polygon with n vertices and circumscribed by

B, (0), then for any nonnegative § that satisfies [,” & (r)rdr < oo,

im ELE(IILi — (0,0)[)] 27 n \?
(o) —4(2) .30

and if L; is uniformly distributed in B,,,(0), then

o ESUL—(0,0)])] 2
rflw%w<E[€(||L,-—(o,rM))]) =4 (8.31)

Proof: The limit of (8.30) follows because both the lower and the upper bounds of Proposition 8.4 converge to the

same limit. To see this, use the Monotone Convergence Theorem [47] to conclude that [§ (ra1) E(r)yrdr — [ & (r)rdr
for any increasing g(r)s) that converges to infinity as rjy — oo. Thus, the ratio of the integrals in both the lower and the
upper bounds of Proposition 8.4 converge to 1.

To reach the limit of (8.31), recall (8.22) of Proposition 8.5 and write

E[E(ILi = (0,0)D] _ 0" &(r)rdr . (8.32)

ERG(IL=0.m) D] 3 7 E(ryrdr— L [§™ E(ryrsin™! (55 dr

From the Dominated Convergence Theorem [47], reach that foer E(r)rsin~! (35,;)dr — 0 and (8.32) converges to 2.
|

Although the value of ry, that defines the region of interest is always finite, the asymptotic bounds of Proposi-
tion 8.6 can be used as an approximation if the amplitude function is fast decaying, such that a sensor located at a

distance on the order of rj; from the emitter senses the emitter with a signal level that can be approximated by 0.
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8.2.6 The ARE Metric of a Maximin Centralized Detection System and a Practical Central-

ized Detection System Under a Least Favorable Distribution

While Section 8.2.1 presents the ARE of the maximax centralized detection system under a most favorable distri-
bution with respect to the maximin centralized detection system under a least favorable distribution, and Section 8.2.2
presents the ARE of a practical centralized detection system under a most favorable distribution with respect to the
same practical centralized detection system under a least favorable distribution, this subsection presents the ARE met-
ric of the maximin centralized detection system with respect to a practical centralized detection system, both under a
common distribution for the emitter location L, that is least favorable for both the maximin and the practical centralized
detection systems.

The results of this subsection can be used in two ways:

e From the product property of the ARE metric, the results of this subsection and subsection 8.2.1 allow a system
designer to determine the ARE metric of the maximax centralized detection system under a most favorable

distribution with respect to a practical centralized detection system under a least favorable distribution; and,

e The results of this subsection can answer the following design question: How many more sensors will a system
designer need to deploy when assuming the least favorable distribution for a practical design instead of assuming

a maximin design?

The next proposition shows that, under either the Gaussian or the Poisson cases, the ARE of a maximin design
with respect to the practical centralized detection system that decides based on the sum of the measurements, both
under a common distribution P, that is least favorable for both of them, is equal to 1, which shows that the number of
additional sensors required by the adoption of a simple practical design instead of the maximin design decreases to 0

as 01, — 0 and the number of sensors increases to infinity.

Proposition 8.7. Adopt the additive model of (2.1) and Assumptions I, 11, I1I, 1V, V, VI, VII, and VIII of Chapter 5.
Let dist(L;,L,) = ||L; — L.|| in Assumption V.

Let the region of interest S, be the closed ball By, (0) or a regular convex polygon with circumscribing circle
9B,,(0), define S;” ;= S.NIB,,,(0) and S; = {0}. Let the sensor locations {L;}X | be i.i.d. random variables with
the uniform distribution in Sy = c - S, for some ¢ > 0;

Let Py be a distribution that satisfies P[L, €S, ]=1and let q)P[g = {QZL_E w_ denote the sequence of centralized
detection systems in which, for each n, ¢", is the centralized detection system with n sensors defined in Proposition 7.4
with L, distributed according to Py . -

Let ®X) denote the sequence of practical detection systems in which, for each n, the centralized detection system

uses the fusion function ¢(§”(z) of (8.12); i.e., the fusion function decides based upon the sum of the measurements.
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Under the Gaussian or the Poisson cases, the ARE metric OfCI)PL_ with respect to ®X) under PL: is equalto 1; ie.,
- Y7 _1. (8.33)

Proof: First, observe that the conditions for Propositions 7.8 and 7.7 are satisfied, and it follows that the distri-
bution F;_ is a least favorable distribution for each detection system in either P P OF ®X). To see that the conditions
for Propositions 7.8 and 7.7 are satisfied, observe that the same additive model, the same set of assumptions from
Chapter 5, and the same conditions on S,, on Sy, and on the distribution of {Li}f(: | are assumed here. The detection
systems in CDPL; and ®X) are in Z,. The conditions on %, fi, and P[A; > a|6 = 6y ,,&(||L; — L,||) = x| required by
these propositions are satisfied for either the Gaussian or the Poisson cases, as explained in Proposition 8.2.

To establish the conclusion, observe that, since the Gaussian and the Poisson cases satisfy the conditions of Propo-
sition 8.3, the efficacy of the sequence of detectors o) is given by (8.13), which is equal to the square root of the
Fisher Information at 8 = 0 for both the Gaussian and Poisson cases, as shown in Propositions 1.4 and L.5. Since the
conditions of Proposition 8.2 are also satisfied, @ P is a sequence of maximin detection systems with an efficacy also
given by the square root of the Fisher Information at 6 = 0. Thus, the ARE metric of & P with respect to ®X) under
the least favorable distribution equals 1. 4 |

The significance of Proposition 8.7 is that the penalty for using a least favorable distribution does not increase if the
system designer adopts the practical centralized detection system that decides based upon the sum of the measurements
in either the Gaussian or Poisson cases. In other words, although the ARE of the maximax centralized detection system
with respect to the maximin centralized detection system can be as high as 9 for circular deployment regions and as
high as 36 for triangular deployment regions, Proposition 8.7 shows that the ARE of the maximin centralized detection
system with respect to such a practical detection system is 1; i.e., no additional sensors are required if the maximin
centralized detection system is replaced by such a practical detection system. More generally, this means that, in either
the Gaussian or Poisson cases, the system designer may adopt this simple practical detection system and be assured
that it is asymptotically optimal under a least favorable distribution.

The conclusion of Proposition 8.7 may seem trivial because the sum of the measurements is a sufficient statistic
for decision when deciding between Hy , : Z; = W; and H ,, : Z; = a0, , +W; when W; are either Poisson or Gaussian
distributed and «a is a deterministic known value [65]; however, the sum of the measurements is not a sufficient statistic
for decision when Z; is distributed according to a mixture of Poisson or Gaussian distributions, which is the case
considered here.

The next section contains the computation of the ARE metric of the practical centralized detection system con-
sidered in this section with respect to a practical distributed detection system under a common distribution that is
least favorable for both of them. Note that, although it would be interesting to derive the ARE metric of the maximin

centralized detection system with respect to the maximin distributed detection system, such a derivation is difficult
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because maximin distributed detection systems may require sensor functions with different thresholds for any finite
number of sensors, meaning that the {U,-}f: | received at the fusion center will not be conditionally i.i.d., which is a

necessary condition to apply Theorem 8.1.

8.2.7 The ARE Metric of a Practical Centralized Detection System and a Practical Dis-

tributed Detection System Under a Least Favorable Distribution

This section contains the computation of the ARE metric of the practical centralized detection system that decides
based on the sum of measurements with respect to the practical distributed detection system that decides based on
the sum of the binary outputs of sensor functions, both under a common distribution that is least favorable for both
of them. Once this ARE metric is obtained, it is possible to use the product property of the ARE metric in order to
obtain the ARE metric of the maximax or the maximin centralized detection system with respect to such a practical

distributed detection system.

Proposition 8.8. Adopt the additive model of (2.1) and Assumptions I, 11, I1I, 1V, V, VI, VII, and VIII of Chapter 5.
Let dist(L;,L,) = ||L; — L.|| in Assumption V.

Let the region of interest S, be the closed ball B,,,(0) or a regular convex polygon with circumscribing circle
9B,,(0), define S;” ;= S. N dB,,,(0) and S; = {0}. Let the sensor locations {L;}X | be i.i.d. random variables with
the uniform distribution in Sy = c - S, for some ¢ > 0;

Let ®X-4945) denote the sequence of practical distributed detection systems in which, for each n, the distributed

detection system with n sensors uses the following fusion and sensor functions:

o (n) = I{Zn:uf>to,n}, (8.34)
' i=1
ui =05 (z) = Yz > 15}, (8.35)

in

for a given t; such that U is not degenerate for any 0 > 0, and

to0:=/n-/PIW > t,](1 = P[W > ,]) - Q" (Otmax ) +1- P[W > 1], (8.36)
for some given Oimax € (0,1).
If
e Z; is such that the conditional p.m.f.s Py, g—o(u) and Py, g—, ,(u) under L, € S, and under L, = (0,0) belong
to a family that is quadratic mean differentiable at 8 = 0;

o A; — 0 in distribution as n — oo;

o P[Ai+W;> 1,0 =01 ,,L; =l;,L, = l,] is a differentiable function of the parameter x := 0 ,, - & (||l; — L.||) for

any l; € Sy, I, €S, USS, and 6, ,, € [0,¢€) for some € > 0. Let h(ts,x) be a such function; and
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e the derivative of h(ts,x) with respect to x at x = 0 is positive; and there is a constant C that satisfies

<C: (8.37)

Vx>0, ‘8h(ts,x)
ox

then the efficacy of ®X4%) under P|L, € S, ] = 1 is given by

Fhits 0| -ELE(IL—O.na) )]

= ; (8.38)
VPIW > t](1—P[W > t])
and the efficacy of ®X4%) ynder P[L, € S| =1 is given by
Fh(t, )| EIE(IL - (0,0)])
z=0 . (8.39)

VPIW > t](1 —P[W > t])

Proof: This proposition follows from the application of Theorem 8.1 to find the efficacy of ®(X4ds) ypder PIL, €
S, ]=1and under P[L, € S;] = 1. The case P[L, € S, | = 1 is proven below and the case P[L, € S;] = 1 follows from
the same reasoning.
Recall that {Z;}X | are conditionally i.i.d. under P[L, € S,] = 1; therefore, so are {U;}X . Furthermore, since
{Z:}X | and {U;}X | do not depend on L, when P[L, € S, ] = 1, pick [, = (0,ry) and, when S, is a regular convex
polygon, assume without loss of generality that such /, is a vertex of the polygon.

Define g(6*) = E[U;|0 = 0*,L, =] and 6 = \/P[W; > t,](1 — P[W; > t,]). It will be shown that such function

and number satisfy the conditions of Theorem 8.1.

To see why condition 1 of Theorem 8.1 is satisfied, let T,(u) = (1/n) ¥, u;, note that
4 1 ¢ fo.n
Y ui>t0, s Vn - Y ui—PlUi=1/6 =0,L,=L]| >+/n — —PlU; =116 =0,L, =1,]| =:1,;  (8.40)
i=1 i=1

and, using #o, specified in (8.36), reach that the fusion function is on the form specified by Theorem 8.1 and 7, —
0 Ya)o.

Condition 2 follows from the Central Limit Theorem for the case 8; , = 0 and from the Lindeberg—Feller triangular
array theorem [42] for the case 6, , = ¢ /+/n. The conditions of both the Central Limit Theorem and the Lindeberg—
Feller triangular array theorem are met since U; € {0, 1} and U; is not degenerate.

To verify condition 3, observe that, for any 6* > 0, dg(0*)/d0* = IP[A; +W; > t,|6 = 6*,L, = ,]/d6*, and

write

d
——P[A;+W; > 1|0 =0% L, =1,]

96"
_ ae*/P[A,-—l—W,->ts|9:9*,Le:le,Ll~:l,~]dPL[(l,~)
9
:/WP[Ai—i—Wi>ts\9:6*,Le:le,Li:li}dPL,.(li) (8.41)

0
= [ =—h(t, li—1L|)dP.. (). 8.42
[ Sehasn) . S tap () (842)
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where (8.41) follows from Theorem I.1 and the assumptions on the derivative of A(t,,x); and (8.42) follows from the

chain rule. When 6 = 0, it follows that x = 0; and since dh(t,0)/dx is constant for all I;, it follows that

d d
C8(0)= 2 h(ee0)|_ELEIL— )], (843)
and, since it is assumed that dh(¢,0)/dx > 0, condition 3 of Theorem 8.1 is satisfied. [ |

Using the efficacies derived in Propositions 8.3 and 8.8, one obtains that the ARE of the practical centralized
detection system that decides based on the sum of measurements (and satisfies the conditions of Proposition 8.3) with
respect to the practical distributed detection system that decides based on the sum of the binary outputs of sensor
functions (and satisfies conditions of Proposition 8.8), both under P, that satisfies P[L, € S| = 1 and is a least

favorable distribution for both systems, is given by

lim KO () PW > 4](1 - PW > 1,])
N—yoo K(¢(Z)7PL;) n 9 ’ 2 . I
(n) (axh(ts,x) x:()) varW

(8.44)

The conditions of Proposition 8.8 are satisfied in either the Gaussian or the Poisson cases defined in Section 8.2,

as shown in the next proposition.

Proposition 8.9. Consider the same assumptions and distributed detection system defined in Proposition 8.8.
Under the Gaussian case defined in Section 8.2, the ARE of ®X) of Proposition 8.3 with respect to ®X-445) of
Proposition 8.8, both under P|L, € S, | =1, is given by

. KB () PW > 1](1— PW > 1)) (8.45)
n—eo K(‘1>(D7PL;)(”) B fw (t5)? -varw ’ ’

where fy (t;) is the Gaussian p.d.f. with zero mean and variance varW.
Under the Poisson case defined in Section 8.2, the resulting ARE of ®X) with respect to ®XA495)  poth under
PIL, € S,] =1, is also given by (8.45) with fw (t;) representing the Poisson p.m.f. of parameter Ay applied at the

highest integer equal or lower than t.

Proof: The result follows once it is shown that both the Gaussian and Poisson cases satisfy the conditions of
Proposition 8.8 and compute the value of dh(ts,x)/dx at x = 0.
For both Gaussian and Poisson cases, it is shown in Propositions 1.6 and 1.7 that the resulting conditional p.m.f.s
Py, jo—0(u) and Py g—, , (1) under L, € S, and under L, = (0,0) belong to a family that is quadratic mean differentiable
at 6 =0.
Considering the Gaussian case, given {6 = 6y ,,L; = l;,L. = [}, A; = x := 01 ,& (||l — L]|). It is possible to see
that A; — O pointwise as 0y , — 0; P[A; +W; > £,|0 = 0, ,,L; = I;,L, = l.] = Q((t; —x) /0w ), which is a differentiable
function of x; its derivative with respect to x equals fiy (t; — x), which is bounded for all x; and its derivative at x =0

equals fiy (¢;), which is always positive.
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Considering the Poisson case, given {6 = 0y ,,L; = I;,L, = I}, A; has a Poisson distribution with parameter
x:= 01 ,&(||li — L||), which converges in distribution to 0 as 6; , — 0. Also, given {6 = 6y ,,L; =l;,L, = L.}, Ai +W;

has a Poisson distribution with parameter Ay -+ x. Thus,

2] Jexp (= My —
P[Ai+uli>fs|9:91,n»Li:li7Le:le] _ I_Z (A«W‘i'X) CXP( )LW X)

=0 J!

=: h(ts,x);

its derivative with respect to x is given by

a leJ (A’W_A'_X)Jexp(—),w—x) .]

which is a differentiable function of x for any 0, ,,/;, /., and

]ahas,x) < exp(— )+ 1+ (18] /)

ox

and the derivative at x = 0 equals the Poisson p.m.f. of parameter Ay > 0 applied at the highest integer equal or lower
than z;; i.e., fw (|#5]), which is always positive. [ |

The efficacy of the practical distributed detection system defined in Proposition 8.8 also allows one to derive the
ARE of the practical distributed detection system under PLt with respect to itself under P;_. More precisely, under the
conditions of Proposition 8.8,

lim
n—soo K(CI)()de“),PZ‘;)(n)

K(dz‘dd‘y)»PI;)(n) _ < E[E(||Li — (0,0)|)]])2, (8.46)

E[E(ILi = (0,ra)l])
which is equal to the ARE of the practical centralized detection system of Proposition 8.3 under a most favorable
distribution with respect to itself under a least favorable distribution. It should be mentioned however that this obser-
vation is not enough to conclude that the number of additional sensors incurred by the adoption of a least favorable
distribution is independent of the type of detection system adopted; i.e., for some other detection system, the ARE of
such a system under a most favorable distribution with respect to itself under a least favorable distribution may not
equal (8.46).

Observe in (8.44) that the ARE of the practical centralized detection system ®(X) with respect to the practical
distributed detection system ®X)445 both under Py, does not depend on E[&(||L; — L||)] for either the Gaussian or
Poisson cases since F;_ affects both efficacies in the same manner.

Instead, the ARE of ®X) with respect to ®X)445 both under P, depends on the threshold 7; used in the sensor
functions. Therefore, a system designer who wishes to use the practical distributed detection system of (8.34) and
(8.35) may be interested in determining the threshold #; that minimizes the ARE of ®X) with respect to @(X)-dds

The numerical determination of the threshold 7* that minimizes the ARE of ®X) with respect to ®X)445 should

not impose difficulties; however, it is possible to determine #; analytically in some cases.
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In Appendix L8, it is shown that #; = 0 for the Gaussian case, which means that, for this case,

o(Ldds) p~
fim K& )

V3
fi—boo K<q><2),PL—g>(n) 27 1.57 8.47)

when sensor functions use 7, = 0.

8.2.8 Relationship to Prior Research

The results of Propositions 8.8 and 8.9 extend previous results that show that the efficacy of the practical dis-
tributed detection system defined in Proposition 8.8 to decide between Hy , : Z; = W; and Hy, : Z; = a6, , +W;, for a
known deterministic value a and {W;} i.i.d. with a Gaussian distribution of zero mean and variance var W, is given by

fw (tx)/\/P[W > 15](1 — P[W > t,]) [37,129]. Propositions 8.8 and 8.9 extend this result to the case Hy ,, : Z; = A; +W;

when A; is a random variable that depends on the distribution of L,.

Regarding (8.47), a similar result was obtained in a simpler setting by the authors in [129] and [37], which consid-
ered deciding between Hy : Z; = W; and H, : Z; = a0, ,, + W;, where the {W,},K: | are Gaussian random variables and a
is a known deterministic value. The factor of 7/2 can also be found when evaluating the practical distributed detection
system in the Bayesian setting: In [128], the authors claimed that #; = 0 is the threshold that minimizes the probability
of error when deciding between Hy : Z; = W; —a and H, : Z; = W; + a, where W; are Gaussian random variables and a
is a known deterministic value. The authors of [128] mentioned that the asymptotic probability of error converges to
0(y/2a%/(mvarW)) for the practical distributed detection system and converges to Q(1/a2/varW) for the practical
centralized detection system as K — oo; and they highlighted the presence of the 7 /2 factor causing degradation in
the probability of error of the practical distributed detection system. The authors in [37] provided sufficient conditions
for having ¢/ = 0 minimize P[W > t,](1 — P[W > t;])/ fw (t;)%; however, the conditions are not easily verifiable and
the authors did not prove that such conditions are satisfied by the Gaussian distribution. It should also be mentioned
that having #; = 0 in the practical distributed detection system of Proposition 8.8 forms the sign test in nonparametric

settings, which is UMP when testing Hy : P[Z; > 0] = 1/2 against H, : P[Z; > 0] > 1/2 [92].

8.2.9 Summary of Analysis

The results of this section allow a system designer to determine an approximate bound on the additional number of
sensors necessary to attain a prescribed detection performance as the signal-to-noise ratio goes to zero when adopting
a particular design under a least favorable distribution for the system in either the Gaussian or the Poisson cases. The

results should be considered approximate because large sample methods are asymptotic.
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Using the product property of the ARE metric and assuming the conditions of Propositions 8.2, 8.7, and 8.9, which

include having either the Gaussian or the Poisson cases, one obtains the following:

_ ([ EE(IL—(0,0)]D] |
- (E[é(llLi—(O,rM)II)O (8.48)

(n
(m
K i) (Eﬁuurwaomn>2 5.49)
} .
(n)
(w

o R ELE(1L— )]}

n—oo (q?‘PIt P
(Eﬁﬂb—@ﬁWﬂ)?mw>mu—Hw>m>
E[E([|Li — (0,ra) )] fw(ts)?-varw ’

e

K@) P

lim =
n—yoo (‘:IDPJr ,PZr )
K ‘L ™

(8.50)

where the reader should recall that CIDPL; represents the maximin centralized detection system, q)”fe represents the
maximax centralized detection system, oX) represents the practical centralized detection system that decides based
on the sum of the measurements (as defined in Proposition 8.3), (X .dds) represents the practical distributed detection
system that decides based on the sum of binary sensor outputs that equal 1 if the measurement is above a threshold
ts and O otherwise (as defined in Proposition 8.8), and P, and PZ; respectively represent least and most favorable
distributions for the detection systems.

The expressions (8.48), (8.49), and (8.50) show that, at least for the Gaussian and Poisson cases, the number
of additional sensors required when adopting a least favorable distribution for either the practical centralized or dis-
tributed detection system can be separated in two factors: the first one depends on the amplitude function &(-) and the
dimensions and shape of the region of interest and the deployment region; and the second one depends on the noise
distribution and the threshold ¢, used in the sensor functions.

The first factor is imposed by the least favorable distribution assumption, as shown by Proposition 8.3 and by
expression (8.46). It was shown that this factor can be as high as 9 for regions of interest that form a disk, as high as
16 for square regions of interest, and as high as 36 for regions of interest that form a equilateral triangle; and it was
shown that, as the sizes of the region of interest grow to infinity, this term converges to 4 for regions of interest that
form a disk, 16 for square regions of interest, and 36 for regions of interest that form a equilateral triangle for any
amplitude function that satisfies the conditions indicated in Proposition 8.6.

The second factor is imposed by the type of system: centralized or distributed. If centralized, it was shown in
Proposition 8.7 that an additional number of sensors is not required when replacing the maximin centralized detection
system with the practical centralized detection system that decides based on the sum of the measurements. If dis-
tributed, it was shown that, when the noise distribution is Gaussian with zero mean, the additional number of sensors
incurred by the distributed detection system can be minimized by choosing 7, = 0, and the second factor becomes

equal to /2.
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Chapter 9

Larger Deployment Regions

In order to improve the performance of a sensor detection system that is designed according to its least favorable
distribution, this section explores the idea of larger sensor deployment regions; more precisely, this section compares

the performance of two sensor deployment options:

e Option 1: Sensors randomly deployed in a deployment region Sél) = S., and

e Option 2: Sensors randomly deployed in an enlarged deployment region S§2) = cS, for some ¢ > 1;

in which, for both options, sensors are uniformly distributed in the deployment region and the system designer adopts
a least favorable distribution for the system. The focus will be on systems and cases that satisfy the conditions of the
various propositions in Chapters 6 and 7 such that a least favorable distribution for the system is such that the emitter
location L, is distributed on S, N dB;,, (0) and the measurements under such a distribution are conditionally i.i.d. given
0. Since such propositions include the case ¢ > 1, meaning that a least favorable distribution for a system when S; = S,
is also a least favorable distribution for the system when S5 = ¢S, with ¢ > 1, both deployment options are evaluated
under a common least favorable distribution.!

Deploying sensors in regions larger than the region of interest may seem counterintuitive since it proposes the
deployment of sensors in areas that are known to not contain the emitter; however, the next example illustrates that
such a strategy may indeed improve the detection performance when the emitter location is distributed according to a

least favorable distribution for a system.

9.1 Motivation for Larger Sensor Deployment Regions

Adopt the additive model of (2.1) and Assumptions I, II, IIT, IV, V, VI, and VII of Chapter 5. Let dist(L;,L.) =
IL; — L.|| in Assumption V. Let the signal A; = 6,& (||L; — L.||) with &(r) = 1{r < ro} for some ry € (0,2ry) and

0, = 1. Let the noise distribution Fy be increasing.

I'Throughout this chapter, the superscripts or subscripts (1) and (2) refer to the deployment options. Whenever the superscript or subscript is not
used, the expression is intended for both options.
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Figure 9.1. Two options for the sensor deployment region: Sgl) =S, (left) and ng) = ¢S, with ¢ = 1 4 ry/ry (right).

The shaded region represents the region in which A| = 1 when the emitter is located at (0, —ry).

Assume that S, = B,,,(0) and, as illustrated in Figure 9.1, consider two options for the sensor deployment region:
S§1) =S,, and S§2) =cS, withc=1+ry/ry.

In either one of the options, consider a single sensor (K = 1) and assume that its location L; is uniformly distributed
in ng ) for Jj € {1,2}. Consider a centralized detection system in which the fusion function is given by @o(z1,y0) =
1{z; > 1p}. Let 1y be such that P[Z; > 1|0 = 0] < Qmax for some tmax € (0, 1). Note that the probability of false alarm
does not depend on the sensor deployment option.

Under these conditions and under either of the deployment options, if the emitter location L, has a distribution
Pé?> that satisfies P[L, = [, ] = 1 for I, = (0, —ry), then the conditions of Proposition 7.7 are satisfied and PL<?> isa
least favorable distribution for @ for either deployment option.

As shown in Appendix G, the resulting probability of detection 3 (PL(i; ) , @o) for either deployment option j € {1,2}

satisfies

PlLy € (5 NB, (1)) [Fw(to) — Fw (to — 1)] + (1 — Fw (o))

m(sy” NB;, (1))
= ————5 o) = Fy(to = D]+ (1 = Fi (10))- .1
m(Ss")

B, gy)

Since Fwy (tp) — Fw (o — 1) > 0, a larger sensor deployment region (option 2) provides a higher probability of
detection than Sy = S, (option 1) if
(S 0B, (1)) (s N B (1)
m(ss”) m(si")

9.2)

and vice-versa.
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Since SV N By, (I, contains the sector [sin =1 (ro/(2rm)), w—sin~ ! (ro/(2rur))] of By, (I7),? and (SASI) NB; (1)) C
By (L) N{(x,y) 1y > —ru}sie, stV N By (I, ) is a subset of the half-ball B} (I,"), one obtains

1 o /11—
Bo[a_ (o \] omSU 0B 0) 03
o 127\ )] ST sy T2 ©-
Ty ™ m(Ss ') "m

Since S\ N By, (1) = B2, (1;),
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m(S7 OBy (1) wnd < 0 )2.

ms®)  aler)®  \ro+ru

Using (9.2) and the bounds of (9.3) and (9.4), if (ro -+ ry)(7t/2 —sin " (ro/(2rs1))) > 72, then deploying in S."
offers the higher probability of detection; however, if ry < (v/2 — 1)ry, then deploying in the enlarged region ng)
offers the higher probability of detection.

This example illustrates that, although a larger sensor deployment region reduces the sensor density within the
region of interest S., which is reflected by the larger area of S§2) in Figure 9.1, it increases the number of sensors that
can potentially sense the emitter at a close range, which is reflected by the larger area of the shaded region in the right
graph of Figure 9.1.

Although this example considers a single-sensor detection system in simple conditions, it illustrates that determin-
ing which deployment option provides better performance is not a trivial task; i.e., deploying in enlarged regions may
or may not improve the detection performance of a system.

In the next section, the analysis is extended to more general systems and conditions while considering a low SNR

regime and a minimum detection requirement. Since these considerations imply a large number of sensors, the large

sample method based on the asymptotic relative efficiency (ARE) metric is adopted.

9.2 Comparing Deployment Options using the ARE Metric

Similarly as in Section 8.2, the ARE metric will be used to compare the performance of a given detection system
under either of the deployment options. More precisely, consider a sequence of detection systems @ that satisfies the
conditions of Theorem 8.1. The performance of each detection system in @ depends on the distribution of {L;}X .
For j € {1,2}, let P ;) denote the sequence ¢ when the sensors are distributed according to the deployment option ;.

The two deployment options will be compared using the ARE metric of ®(,) with respect to @), which is given by

OB EICE) ’
nl%w K(z)(n) - (C(q)(1))> ’ ©-5)

2To see this, translate 5! and By (I;7) by (0,7a) and note that the translated stV s given in polar coordinates by {(r,®) : r < 2rysin®,® €

[0,7]}, as shown in Appendix J. Pick any location [* within the sector [sin~! (ro/(2ry)), % — sin~' (ro/(2rsr))] of the translated By (I7); ie., its
polar coordinates satisfy r* < ry and @* € [sin~!(ro/(2ry)), ™ — sin~' (ro/(2rsr))]. This implies having sin(®*) > ry/(2ry), which means that
2ry sin(@*) > ry > r* and one concludes that /* belongs to le .
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where K(1) (n)and K 2 (n) represent the number of sensors required in each deployment option such that they have the
same asymptotic detection performance, and {(®;)) and (®,y)) represent the efficacies of each deployment option.

In order to compute the ARE metric of ®3) with respect to @y), the results of Propositions 8.2, 8.3, and 8.8 of
Chapter 8 will be used. For that, throughout this section, it is assumed that the conditions for either one of these
propositions are satisfied, which means that either the Gaussian or Poisson cases defined in Chapter 8 is assumed; the

sequence of sensor detection systems P is considered to be either
e the maximin centralized detection system, as in Proposition 8.2;

o the practical centralized detection system that decides based on the sum of measurements, as in Proposition 8.3;

or

e the practical distributed detection system that decides based on the sum of binary sensor outputs, as in Proposi-

tion 8.8;

and it is assumed that the emitter location is distributed according to P, that satisfies P[L, € S| =1 for S, :=
S.N 83,M (0). Recall that, from Propositions 8.2, 8.3, and 8.8, PL: is a least favorable distribution for any detection
system in any of the sequences of detection systems & identified above. Further observe that the conditions of such
propositions include having L; being uniformly distributed in S; = ¢S, for any ¢ > 0, which means that the conclusions
of such propositions are applicable to either the deployment options 1 or 2, which considers ¢ > 1.

From the conclusions of Propositions 8.2, 8.3, and 8.8, the efficacies of either one of the identified sequences of
detection systems @ under P, depend on the distribution of Z; only through the factor E[& (||L; — (0,7u)||)]. Therefore,

for either of these detection sequences, the ARE of the deployment option 2 with respect to the deployment option 1

is given by
K@) (EEQLY - 0]
ARE>| := lim DI '(1) . , (9.6)
e KB ) \EE(ILY = (0,rm)])]
where Ll(j ) represents the location of sensors when deployed according to option j.

9.3 Sufficient Conditions to Adopt Deployment Option 2

Determining whether ARE>; > 1 for a given amplitude function & (-) would likely require the numerical evaluation
of E[E (HLI(U —(0,7y)||)] and E[§(||Ll(2) —(0,ry)|)] for various c. Expressions for these quantities can be found in
Appendix J. Although the numerical evaluation of such expressions should not impose significant challenges, it is

possible to find sufficient conditions to have ARE,; > 1 in some cases.’

3 A note about the notation: from here to the end of this chapter, n denotes the number of vertices of a polygon, as opposed to the use in (9.5)
and (9.6).
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Proposition 9.1. Suppose that S, = B,,(0) or S, is a regular convex polygon with n vertices circumscribed by B, (0).
Let LEI) be uniformly distributed in Sy = S, and let Ll@ be uniformly distributed in Sy = ¢S, for some ¢ € (1, \@) If

E(r) > 0 is a decreasing function and

P2E(r)
Iim ————— =0, 9.7
roee [ xE (x) dx
then 3ry; such that, Vry > ry;,
EIE(ILY ~ 1)) > EIE(ILY — L])], VL. € 3By, (0)NS.. ©.8)

Proof: Without loss of generality, suppose that [, = (0,ry). This choice can be made because the uniform
distribution imposed on L; is invariant to rotations, which causes E[£(||L; — L||)] to also be invariant to changes in
lo € 9B, (0)NS,, as shown in detail in Lemmas C.5 and C.4.

Consider first the case in which S, is a regular polygon. As shown in the Appendix J,
(1) T—7m/n
ELE(IL — 0rn) )] = / / )-rdrdo, ©.9)
71'

LT~ Onll] = o | - / )-rdrdo, ©.10)

(1

where m(S,) is the area of S,; hg,l)(a)) determines the maximum r that satisfies (rcos @, rsin®) € Ss ); and h,(,z)(a))

determines the maximum r that satisfies (rcos @, rsin®) € s, where {7

represents the deployment region when
using option j translated by (0, —rys) and rotated by 7.
Decompose and bound E[& (||L§2) —(0,71)|)] as follows

(ﬂ

= ﬂ/” n
/ / -rdrdw
ﬂ'

E[E(ILY — (0,rar)])]

3mw/2
/ / )-rdrdm .11
w/nJ0
n—7/n n
2 / / )-rdrdm 9.12)
3mw/2
/ / )-rdrdo
w/nJ0
> E[i(llLi = (0,ra)[)] (9.13)
T (c=1)rprcos(m/n)
- 2= -rdr, 9.14
to (720) [ () rar .14

where (9.11) is reached from hflz)((u) = hflz)(ﬂ — ) because of the symmetry of 54 over the line x = 0; (9.12)

follows from the fact that h,(,z)(a)) > i) (o) for all € [w/n,w — 7 /n] since st ¢ st (9.13) follows from (9.9)
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and the scaling property of the Lebesgue measure on IR?; and (9.14) follows because h£,2)(a)) > (c—1)rycos(m/n)

*2
because B(_ 1)y, cos (z/n) (0) C Sg ),

Decompose and bound E[& (||L —(0,7u)]])] as follows

1 T—m/n h,,
EE(ILY =] = oo [0 [T 800114 < (e= rgcos (a/m) drdo
n—7/n
/ / r-1{r>(c—1)rycos(n/n)}drdw
1 n—n/n  p(c—1)rpycos(m/n)
< s Jon / E(r)-rdrdo (9.15)
T—7m/n ,1
13)/ / ((c = Drycos (z/n)) - rdrde 9.16)
1 T (c—1)rpcos(m/n)
= s (2 ) ) rar
T—m/n
+&((c—1)rycos(m/n)) rdrd® (9.17)
1 T (c— l)rMcos(ﬂ:/n)
S (n+2;)/0 E(r)-rdr 9.18)
+&((c—1)rycos(m/n)), 9.19)

where (9.16) follows because & (r) is decreasing; (9.18) follows because & (r) > 0; and (9.19) follows because the term
multiplying 1/m(S,) in (9.17) is just the area of stV in polar coordinates, which equals m(S,).
Use the bounds of (9.14) and (9.19) as follows: from (9.14), E[E(||IL® — (0,7a0)[)] = E[E(JIL” = (0,70)])] > 0

T (c—1)rpcos(m/n)
— (v +22) | :
m(S§*2)) <n+ n) 0 é(r)

follows if

E[E(ILY — (0. ra)])] > O. (9.20)

Since ¢ > 1, 1 —¢? < 0, and use the upper bound of (9.19) to conclude that (9.20) follows if

1 T (e—=1)rprcos(m/n)
EREY ;
m(SS*Z)) ( I’l) o é(r)r r

1—¢2 1 T (c—=1)rpgcos(m/n
+[(@) (”22)/0 E(r)rdr+&((c— V)rycos (n/n)) | > 0. 9.21)

2 |m(S
Using m(S$™) = ¢2m(S,), rearrange (9.21) and obtain that (9.20) follows if
5 T (c—1)rpcos(m/n) )
2-c?)- (n—l—Z;) : / E(ryrdr+(1—c) -m(Se) - E((c— Drycos (n/n)) > 0. (9.22)
0

The area of a polygon with n vertices and circumscribed by ry; i.e., m(S,), equals r3,nsin (7 /n) cos (7 /n) [34, p. 3]

and (9.22) is equivalent to

(c—1)rprcos(m/n)
(2-c?)- (ﬂ—i—Z%) -/0 E(r)yrdr
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nsin(m/n) - (c —1)%r3 cos® (x/n)
‘ (c—1)2cos (m/n) '
_ntan(zw/n) (c— 1)2r2,cos? (/n)E ((c — 1)rprcos (1r/n))
(c— ])2 fo(cfl)rMcos(n/n)é(r)rdr

+(1 —cz)

E((c=1)rycos(m/n)) >0 (9.23)

2 T 2
. (276)o<7r+2;)+(1—c) >0. (9.24)

In order to see that (9.24) is satisfied by the conditions of this theorem, observe that the first term of is a positive
constant since ¢ < \@, and the second term is negative since ¢ > 1; however, the assumption (9.7) causes the second
term to converge to 0 as ry; — oo.

The same steps are used to prove the S, = B,,,(0) case. In details, all steps in between the expressions (9.9) and
(9.22) are valid once the terms (7/n) are replaced with 0. Using m(S,) = 7r3,, it is possible to reach that the modified
(9.22) is equivalent to

Q-+ (1-) " e DPryS((e= D) _ (9.25)

(c=1)2 =l g pyrar

and the conclusion follow since the second term converges to 0 as rj; — oo. |

It is possible to verify that the conditions of Proposition 9.1 are met when
o £(r) = Apaxexp{—r*} for any k > 0;

o &(r) =Amax/(14r)¥ for any k¥ >2; 4 or

e &(r) vanishes at some r = ry.

The case &(r) = Amax/ (14 r)* for k € [1,2) does not meet condition (9.7); however, Propositions K.1 and K.2 in
the appendix conclude that there is a ¢ and a large enough rys such that the conclusion (9.8) is achieved for x € [1,2)

as well when S, = B,,,(0).

9.4 Numerical Evaluations

Figure 9.2 presents numerical evaluations of ARE»; when S, = B,,,(0), S is an equilateral triangle circumscribed
by B,,,(0), and S, is a square circumscribed by B,,,(0). Formulas in Appendix J were used to generate this figure.

These figures confirm that, for large enough ryy, option 2 offers a performance gain over option 1 when é(r) =
1/(147), E(r) =1/(1+7)% or E(r) =exp{—r}.

“To see why it satisfies for k = 2, observe that [ r&(r)dr = log (r+ 1)+ 1/(r+ 1) and the ratio of (9.7) equals

2/(14x)
log(x+1)+1/(x+1)—1

(9.26)
which converges to 0 as x — <. To see why it satisfies for k > 2, observe that [ r& (r)dr = (1 + r)“"“)/(ic— 1)— (1+r)? % /(k —2) and the ratio
of (9.7) equals

X270 /(1/x+1)
KR (1 x4+ 1) /(6= 1) +x@ 8 (1/x+ 1)/ (k= 2) = (1/(k— 1) = 1/(k —2))

which converges to 0 as x — oo.
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Figure 9.2. ARE;; when & (r) = 1/(1+7) (top), & (r) = 1/(1+r)? (middle), and & (r) = exp (—r) (bottom) for various
values of rps when S, = B,,,(0) (left), S, is a triangular region (middle), and S, is a square region (right).

By comparing the potential performance gains offered by option 2 in Figure 9.2, one can infer that the potential
performance gain increases significantly when S, is a convex polygon. To understand this phenomenon, suppose for
this paragraph that £(r) = 1{r < ro} for some ry € [0,ry) and let s = {(x,y) : |1(x,y) = L|| < ro,(x,y) € S@};
ie., S is the set of points in s for which E(]|(x,y) = L||) > 0, where the subscript n < oo is used to denote the
number of the vertices on S, and n = oo is used to denote the case in which S, = B,,,(0). When using deployment

option 1 and assuming I, located at one of its vertices, m(Sgl)) < m(Sil)) < m( S,l)) < m( ((ml)), where m(S) represents

Lebesgue measure and, therefore, the area of S. When using deployment option 2 with ¢ = 1+ ry/ru, S,(,z) equals an
open ball of radius ry, which is contained in . Thus, m(ng)) - m(Sgl)) > m(Sf)) - m(Sgl)) > m(S,(f)) - m(SSll)) >
m(Sg ) ) —m( { )). Thus, when comparing the triangle, square, and ball cases, the performance gain offered by option
2 when S; is an equilateral triangle is higher than the performance gain when S; is a square, which is higher than the

performance gain when S; is a ball.
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9.5 Upper Bound for the Performance Gain of Deployment Option 2

From the various situations presented in Figure 9.2, one may wonder if the performance gain of option 2 over
option 1 always increases, for an appropriate c, as ry; increases towards infinity; however, as shown in this section, the

performance gain of the deployment option 2 is bounded.

(1)

Proposition 9.2. Let § be a nonincreasing and nonnegative function, L;

¥

be uniformly distributed in Sy = S,, and
be uniformly distributed in Sy = ¢S, for any ¢ > 1.
When S, = By,,(0),

AREy < 9. [ 14 Ja S)rdr 2 9.27
=\ e o2
which converges to 9 as ry — oo.
When S, is a regular convex polygon with n vertices circumscribed by By, (0),
2 Jim E(ryrdr
ARE21 S 2n . 1 + 2ry SIAII2 (ﬂ/l’l) (9.28)
n—2 fOZrMsmz Ur/n)g(r)rdr ’

which converges to (2n/(n—2))? as ry — oo.

Proof: To reach the result, an upper bound for E[& (||L,<2> —(0,rm)]))] and a lower bound for E[€ (||L§1) —(0,ra0)]])]
are derived.
For the upper bound, observe that E[& (||L1(2) —(0,rm)|N] < E[E (||Lf2) —(0,0)|)], which follows if A; = é(Hng)

L.||) and h(a) = a in the steps between (7.51) and (7.64) in the proof of Proposition 7.7, and, using polar coordinates,

write
EE(LY ~ O) D] < oo [ Erar < 25 [™E(rra ©.29)
; T ryrdr. .
i M = (s Jo
For the lower bound, consider first that S, = B,,, (O) and, as shown in the proof of Proposition 8.5, relation (8.29),
1 2w
EENLY — )] 2 5 s [ Erar 930

and, using (9.29) and (9.30), reach that

E[é(HLEZ)_(O’rM)H)] jché(r)rdV
= (1 T Ewrar ) O30

and the bound (9.27) follows.
The bound (9.28) follows similarly. As shown in Proposition 8.4, relation (8.21),

-2 2rysin? (1/n)
ELE(ILY - D] = 2 | E(rrdr. ©0.32)
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and it follows that
"Chym
EEULY @l _ 20 (| s agm 57
2
EE(IL" — (0, mp))] ~ 72 G & () rdr

IN

(9.33)

|
Since the upper bound for the ARE>; converges to 36 when n = 3 and to 16 when n = 4, it is possible to see that

the numerical evaluations present in Figure 9.2 are in agreement with the bounds of Proposition 9.2.

9.6 The Impact of the Deployment Option 2 in the Performance Under other Distributions

for the Emitter Location

In the previous sections, it was shown that there are conditions under which the deployment option 2 improves
the detection performance when the emitter location L, is distributed according to a least favorable distribution for
the system; however, it does not necessarily improve, and may in fact degrade, the detection performance when L, is
distributed according to other distributions.

For instance, assuming the conditions of any one of the Propositions 8.2, 8.3, and 8.8 and letting S, = B,,,(0), if L,
is distributed according to the most favorable distribution for the system; i.e., P[L, = (0,0)] = 1, then the deployment
option 2 always degrades the performance of the system. To see this, use the formulas of Appendix J to see that the
ARE of the system using option 2 with respect to option 1 is given by

2) cry ™M E(¥) . rdr
mammmn_lk%%w_lp+mﬂfﬂgh

EE(L) -0 ¢ kMEE) rdr GVE(r)rdr

(9.34)

where the assumption that £ (r) is nonincreasing was used to reach the inequality in (9.34). This conclusion can also
be reached in the example of Section 9.1, since m(ng) NB; (0)) = m(Sgl) NB; (0))if ro < ry and m(ng)) > m(5§1>),
which means that (9.2) is never satisfied for this case.

This means that, although the deployment option 2 may provide a better detection performance than option 1 when
L, is distributed according to the least favorable distribution for a system, it may cause worse detection performance
than option 1 for the actual, unknown, distribution for L,.

In spite of this drawback, it is argued here that, when the deployment option 2 offers a better detection performance
than option 1 for the least favorable distribution, the deployment option 2 should be preferred over option 1 for the

following reasons:

e The deployment option 2 provides a higher minimum detection performance over all possible distributions for

L., which corresponds to a lower number of sensors to satisfy a detection requirement; and,

e Even though the detection performance when using deployment option 2 may be worse than option 1 when L,

has a different distribution, it is guaranteed that such a performance will still be above the minimum performance
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requirement if option 2 satisfies the minimum performance requirement under the least favorable distribution.
In other words, if the goal is to satisfy a prescribed performance, then the degradation in performance under a

particular distribution for L, is not a problem as long as it stays above the minimum performance requirement.

The above arguments are illustrated in the next example.

9.6.1 Example

In the example of Section 8.1, it was assumed that the deployment region S; = ¢S, with ¢ = 1; i.e., deployment op-
tion 1 was considered. In this section, this example will be changed to evaluate the performance under the deployment
option 2. Thus, assume that Sy = ¢S, for ¢ = 1.1 and assume all other conditions of the example.

Using numerical integration of the equations given in Appendix H, it is possible to evaluate the probabilities of
detection under a least favorable distribution PL; for 9 , under the most favorable distribution PLt for Q , and under the
uniform distribution Pf@ for various values of K. Taking Qmax = 0.05, Aw = 1, 1, = Aw, ryr = 15, and Apax = 40, the
resulting probabilities of detection under the deployment option 1 ([3<1>(PLL, ,¢)) and under the deployment option 2
(B?(Py,,9)) are shown in Figure 9.3.

From Figure 9.3, it is possible to see that B(l)(PLt,Q) > ﬁ(z)(PLt,Q) and ﬁ(l)(P,’je,Q) > ﬁ(z)(Pi‘e,Q); i.e., the
probability of detection when L, is distributed according to either the most favorable distribution for ¢ or the uniform

distribution decreases when deployment option 2 is used instead of deployment option 1 for every K; however, the

-~ - o -
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Figure 9.3. Probability of detection of the distributed detection system defined by (8.5) and (8.6) with the distribution
of Yp and k defined such that the probability of false alarm equals O4nax = 0.05 when L, is distributed according
to Py that places the emitter in the boundary of a circular region of interest with probability 1, PZ; that satisfies
P[L, = (0,0)] = 1, and the uniform distribution P}’ ; and when {L;}X | is uniformly distributed in Sy = cS, for either
¢ =1 (deployment option 1) or ¢ = 1.1 (deployment option 2) for various values for the number of sensors K.
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probability of detection when L, is distributed according to the least favorable distribution for ¢ increases when
deployment option 2 is used instead of deployment option 1.
If a system designer imposes a minimum probability of detection B, = 0.95, then the resulting design under

(@)

deployment option 2 requires K ~ 260 to satisfy the requirement, which is less than the approximately 280

sensors required under the deployment option 1, and the requirement is still satisfied for any other distribution for L,.

9.7 Summary

In this section, the ARE metric was used to compare the deployment option in which the sensor deployment region
is equal to the region of interest (option 1) against the deployment option in which sensors are deployed in an enlarged
deployment region (option 2). Assuming the Poisson and Gaussian cases, and assuming the same conditions used in
various propositions of Chapter 8, the efficacy of many sensor detection systems of interest depends on the distribution
of sensor locations L; through the factor E[& (||L; — (0, r)||)]. With such a result, the ARE metric is the ratio between
the efficacies of the two deployment options under the least favorable distribution for the detection system, as displayed
in (9.6).

Proposition 9.1 showed that there are conditions under which option 2 provides a better asymptotic detection
performance than option 1. Such conditions are met for many cases of interest, and the propositions in the Appendix K
cover additional cases of interest. Numerical evaluations illustrate that the performance gains of option 2 over option
1 can be significant, particularly when S, is an equilateral triangle or a square. Such evaluations illustrate that the
performance gain increases with rys; however, Proposition 9.2 shows that there is an upper bound for the performance
gain of option 2 over option 1.

It was observed that the deployment option 2 has a drawback in that it may cause a better detection performance
than option 1 for the least favorable distribution while causing a worse detection performance than option 1 for the
actual, unknown, distribution for L,. Nevertheless, it is argued that the deployment option 2 should be preferred over
option 1 because it provides a higher guaranteed minimum detection performance for all possible distributions for L,.

In conclusion, when the conditions of Proposition 9.1 are satisfied, a system designer can adopt the deployment
option 2 to reduce the number of additional sensors required by the adoption of the least favorable distribution for the

emitter location.



109

Chapter 10

Summary of Contributions

1. Propositions 6.2, 6.3, 6.4, and 6.5 identify sufficient conditions under which the measurements are condition-
ally i.i.d. given O in several scenarios. Such sufficient conditions include having: sensor locations uniformly
distributed in the deployment region, and regions of interest that are in the form of a circle, sphere, or regular

convex polygon.

2. The theory of least favorable distributions is applied to the distribution of the emitter location. Although the use
of least favorable distributions is not new, to the best of the author’s knowledge, this is the first time that the

theory of least favorable distributions is applied to the emitter location distribution.

3. Inadequacies in the concept of the least favorable distribution are indicated and the concept is augmented with
the definition of the concepts of a least favorable distribution for a class of systems and a least favorable distri-

bution for a system.

4. A least favorable emitter location distribution for detection systems of interest, including the maximin system,
is identified. Under conditions that include having sensor locations uniformly distributed and regions of interest
in the form of a circle or a regular convex polygon, a least favorable emitter location distribution for several
systems of interest places the emitter on the boundary of the circular region of interest or at the vertices of the

polygonal region of interest. It is shown that this distribution is not always least favorable.

5. It is shown that the least favorable emitter location distribution for detection systems of interest, including the
maximin system, is one of the distributions that cause the measurements to become conditionally i.i.d. This
result indicates that, if the conditions of Propositions 7.7 or 7.8 are satisfied and a system designer adopts the
identified least favorable emitter location distribution, then the designer will not only have a simple hypothesis
and ensure a detection performance, but also avoid the problem of conditional dependence among measure-

ments.
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6. The concept of a most favorable emitter location distribution for a detection system and the concept of a max-
imax system are defined. A most favorable emitter location distribution for detection systems of interest, in-
cluding the maximax system, is identified. Under conditions that include having sensor locations uniformly
distributed and regions of interest in the form of a circle or a regular convex polygon, a most favorable emitter

location distribution for several systems of interest places the emitter at the center of the region of interest.

7. Tt is shown that a most favorable emitter location distribution for a system can be used to determine how con-
servative a design under a least favorable emitter location distribution is in the asymptotic regime. For such a
determination, it is proposed that the system designer use the ARE metric of the design under a most favorable

emitter location distribution with respect to the design under a least favorable emitter location distribution.

When the measurement noise is Gaussian or Poisson distributed, formulas are provided to allow the computation
of the ARE metric among various combinations of systems, including the maximin, the maximax, a practical
centralized detection system ®(X) in which the fusion function decides based upon the sum of the measurements,

Y. .dds)

and a practical distributed detection system ! in which the fusion function decides based upon the sum

of binary sensor functions that compare the measurement against a threshold.

It is shown that the ARE of the maximax centralized system with respect to the maximin centralized system, the
ARE of ®X) under a most favorable emitter location distribution with respect to ®X) under a least favorable
emitter location distribution, and the ARE of ®(X.4ds) ynder a most favorable emitter location distribution with
respect to ®(X-44%) ynder a least favorable emitter location distribution are all given by the same expression:

ELE(ILi— (0,0))] )’
<E[&(||Li—<o,rM>|>]> ’ (10.1)

which is amenable for numerical computation. Analytical bounds are provided for guidance. Using these

bounds, it is shown that a design under a least favorable emitter location distribution in the asymptotic regime
would need at most 9 times more sensors than a design under the most favorable emitter location distribution
when the region of interest is circular. When the region of interest is an equilateral triangle or a square, this
number increases to 36 or 16 respectively. If the region of interest is large enough, it is shown that the upper

bound for the circular region of interest reduces to 4.
These results indicate to the system designer how many more sensors need to be deployed to compensate for the

lack of knowledge about the emitter location distribution.

8. Formulas for the ARE metric among various systems of interest under a common least favorable emitter location

distribution and under Gaussian or Poisson measurement noise are provided:
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e It is shown that the ARE of the maximin centralized detection system with respect to ®X), both under
a least favorable emitter location distribution, equals 1. This result shows that there is no loss in perfor-
mance when the system designer replaces the maximin centralized detection system with such a practical

centralized detection system.!

Z*d‘“), both under a least favorable

e A formula is provided to compute the ARE of ®X) with respect to ®!
emitter location distribution. It is shown that the ARE metric is a function of the statistics of the measure-
ment noise distribution. When the measurement noise is Gaussian distributed, it is shown that the ARE is
minimized when common sensor thresholds equal 0 and, in such a case, the ARE metric equals 7/2. Such
a value for an ARE metric was reported by previous authors in the simpler case of deterministic known
signals. This result extends the previous result to the case in which the signal is randomly distributed with

a distribution that depends on the distance between sensors and emitter. This result helps a system designer

evaluate how many more sensors are required when adopting a distributed design.

e It is shown that the ARE of the maximax detection system with respect to O(Ldds) g given by the product
of two factors, the first one related to a least favorable emitter location distribution and given by (10.1),
and the second one related to the type of detection system: centralized or distributed. This result helps a
system designer evaluate the contribution of each factor in the final number of additional sensors required

to compensate for the use of a practical system and a least favorable emitter location distribution.

9. A method to compare sensor deployment options under a least favorable emitter location distribution is provided,
and it is shown that there are sufficient conditions under which deploying sensors in a larger region than the
region of interest provides improved asymptotic detection performance. This result is counterintuitive because
it proposes that sensors be deployed in locations known to not contain the signal emitter. Numerical evaluations
and analysis are provided, showing that the performance gain can be significant, particularly when the region
of interest is a regular convex polygon with a small number of vertices. This result indicates that the adoption
of larger sensor deployment regions can be used to reduce the additional number of sensors required by the

adoption of a least favorable emitter location distribution.

The conclusions that can be inferred from the above contributions are presented in the next chapter.

I This result would be trivial if the measurements were distributed according to the Gaussian or the Poisson distributions; however, because of
the random locations of emitter and sensors, the measurements are distributed according to a mixture of Gaussian or Poisson distributions and the
sum of measurements is not a sufficient statistic for decision.
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Chapter 11

Conclusions and Future Research

The first conclusion of this dissertation is that there are certain sets of conditions under which the problem of condi-
tionally dependent measurements disappears and the measurements become conditionally i.i.d. given the hypotheses.
One such set of conditions includes having the distribution of the emitter location place the emitter in a subset of a
circular or polygonal region of interest with probability one. Another set of conditions includes having the amplitude
of the emitted signal eventually decay to zero; and another set of conditions includes having the region of interest be a
sphere. These sets of conditions contradict the commonly held belief that, if sensors measure a signal that decays with
the distance, then measurements are conditionally dependent. This dissertation shows that a system designer does not
need to worry about intractable models caused by conditional dependence if any of the identified sets of conditions
holds.

The second and perhaps most important conclusion of this dissertation is that there are conditions under which
a least favorable emitter location distribution for several systems of interest is one of the distributions that causes
the measurements to become conditionally i.i.d. This result indicates that, if the conditions are satisfied and the
system designer adopts the identified least favorable emitter location distribution, then the designer will not only
ensure a detection performance and avoid the difficulties of a composite hypothesis, but will also avoid the difficulties
associated with conditionally dependent measurements. This conclusion offers a better justification for assuming
conditionally i.i.d. measurements than the commonly used justifications. As described in Chapter 4, many authors
argued that the assumption of conditionally i.i.d. measurements is justified by convenience or by lack of information
about the correlation parameters.

The third conclusion of this dissertation is that it is possible to evaluate how conservative a design under a least
favorable emitter location distribution for a system is by using the concept of a most favorable emitter location distri-
bution. When the number of sensors is large and the measurement noise is either Gaussian or Poisson distributed, such
an evaluation can be performed for many of the systems of interest through the computation of a simple expression
involving the amplitude function & and the dimensions of the region of interest. Upper and lower bounds for this
expression were provided for the circular and regular convex polygonal regions of interest. If the region of interest is

circular and large enough, then it is shown that such an expression is close to 4, meaning that a system designed under
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the least favorable emitter location distribution would require at most 4 times as many sensors than the system designed
under the actual emitter location distribution to reach the same asymptotic detection performance. This multiplication
factor increases to 16 and 36 respectively when the region of interest is square or triangular.

The fourth conclusion of this dissertation is that, once a single distribution for the emitter location is found and
the measurements are conditionally i.i.d., then a system designer can use the tools available for the conditionally-
independent and simple-hypothesis setting. This conclusion was illustrated in the computation of the ARE metric
among several systems of interest under a common least favorable emitter location distribution.

The fifth conclusion of this dissertation is that there are situations in which deploying sensors in a region larger
than the region of interest can improve the asymptotic detection performance. When the conditions are satisfied,
larger deployment regions can be used by a system designer to reduce the number of sensors required to ensure a given
detection performance under the least favorable emitter location distribution.

All of the above conclusions support this dissertation thesis: if the conditions of Propositions 7.7 or 7.8 are satisfied,
then the system designer can assume the emitter location to be distributed according to a least favorable distribution
for the system, which will not only ensure a detection performance and avoid dealing with composite hypotheses, but
also make the measurements conditionally i.i.d. Tools available for conditionally i.i.d. measurements can be used; for
instance, the large sample method of ARE can be used to compare candidate designs and evaluate how conservative

the design based on a least favorable emitter location distribution is.

11.1 Future Research

A first avenue for future research involves the extension of the main results to cases not considered in this disser-
tation.

Most of the results presented in this dissertation assume that the communication subsystem can offer a dedicated
and error-free channel to each of the sensors. Since many sensor detection systems being envisioned by other authors
consider non-dedicated or error-prone communication channels, as described in Chapter 3, it would be useful to ex-
tend the results of Chapter 7 to show that the least favorable emitter location distribution identified for the dedicated
and error-free communication subsystem is still least favorable when considering either a communication subsystem
offering dedicated but error-prone channels, or a communication subsystem offering multiple access channels as de-
scribed in Section 3.1.5. The author expects that the results obtained in this dissertation will still hold even under such
communication subsystems.

The results presented in this dissertation may also be extended to cover sensor detection systems using censoring.
As described in Section 3.1.4.1, censoring of sensor transmissions is an effective technique for reducing energy con-

sumption in sensors. It would be useful to extend the propositions of Chapter 7 to show that the least favorable emitter
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location distribution identified for the dedicated and error-free communication subsystem is still least favorable when
considering sensor detection systems with censoring.

The asymptotic results presented in Chapters 8 and 9 considered either the Gaussian or the Poisson cases, as
defined in Section 8.2. Other signal and noise models may satisfy the conditions of Proposition 1.3 and the conclusions
of Chapters 8 and 9 would hold for such models as well.

All the results of this dissertation assumed a single emitter within the region of interest. As mentioned in Ap-
pendix A, considering a single emitter is a worst case assumption in applications such as radiation detection; however,
the single emitter assumption is not necessarily a worst case assumption in other applications, such as when detecting
radio transmissions.

The results presented in this dissertation may also be extended to cover multiple types of sensor measurements. In
this dissertation, it was assumed that sensors collect measurements following a single signal model. Some applications
involve sensors collecting different measurements, each one following a different signal model; for instance, in the
application of detecting forest fires, it is common to use sensors collecting air temperature and humidity [57, 103,104,
140].

This dissertation assumed that the hypothesis H; was composite only because of the lack of knowledge about the
emitter location distribution and H; became simple with the adoption of the least favorable emitter location distribu-
tion. However, even when a distribution for the emitter location is adopted, H; may still be composite if the signal
level is considered unknown as well. In this case, it would be useful to extend the results of this dissertation to the
locally optimum case.

This dissertation also assumed that the fusion center decides upon a single set of measurements from the sensors.
Sequential or change-point detection methods can also be used and it would be helpful to determine whether the least
favorable emitter location distribution identified in this dissertation would still be least favorable when using these
methods.

A second avenue for future research involves the use of ARE theory and the results of Chapters 8 and 9 to compare
further sensor deployment options.

Assuming that a system designer partitions a large region into several regions of interest, each one being monitored
by a single sensor detection system, it would be useful to determine the best shapes to use in partitioning the large
region. The theory and methods presented in Chapters 8 and 9 could be used to compare two candidate shapes for the
region of interest.

This dissertation showed that it is possible to improve detection performance by using a sensor deployment region
that is different from the region of interest; however, this result requires that the deployment region be a scaled version
of the region of interest; i.e., both have the same shape. Could the performance improve if the sensor deployment
region had a different shape from the region of interest?

A third avenue for future research involves the consideration of different distributions for the sensor locations.
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The emitter location distribution identified in Chapter 7 is a least favorable distribution for a system assuming
that the sensor locations are uniformly distributed in the deployment region. If a different distribution for the sensor
locations were assumed, such a distribution for the emitter location might no longer be least favorable. From this
observation, a system designer may wonder: which sensor location distribution would provide the highest detection

performance when adopting its corresponding least favorable emitter location distribution?
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Appendix A: Conditions under which Considering a Single Emitter is the

Worst Case Scenario

Proposition A.1. Suppose a detection system ({;}K.,,Py) from either the class 9. or the class 9, of detection
systems defined in Section 7.3. Assume that the number of sensors K, the fusion function @y, the various sensor
Sunctions {@;}, and the distribution Py of the randomization random variable Y were designed to satisfy a required
probability of detection for a maximum probability of false alarm while assuming that each sensor measurement is
given by

Z,=1{6 >0} -A;+W; (A.1)

where 0 € {0, 0}, W; represents the measurement noise, and A; represents the signal received from a single emitter in
the region of interest.
If J > 1 emitters exist in the region of interest when 0 = 01 and the measurement Z; at each sensor is instead given
by
L . (1) ) g
Zi=1{60>0}-h(A;,... A7)+ W, (A.2)

1

where AEj ) is the signal random variable received at sensor i from emitter j; and h: IR’ — IR satisfies |
val,....aV e R Vje {1,...,.0},aP <h(aV,... a"); (A3)

then the detection system ({(P,}IK: o, Pr) still satisfies the required probability of detection for a maximum probability of

false alarm.

Proof: Observe that the probability of false alarm is the same in both cases since the number of emitters does
not affect the measurements at 6 = 0; thus, it is enough to prove that the probability of detection increases under the

measurement model of (A.2).

Suppose any detection system in 7, and write, Va'"), ...,a!"), Vw;, and Vy,
al +wi < h(a,...,a") +w;
g(Ti(a” +wi)y) < g(T(n(@,....a") +w),y) (Ad4)
Toi(2(Ti(al +wi),y)) < Toi(g(Ti(h(a,....a") +wy),y)) (A.5)
[Tocle(ila” +9.9)) < TTosle(Ta.c.rca”) +).3). (A6)

where (A.4) follows because 7; and g are nondecreasing, (A.5) follows because 7 ; is also nondecreasing, and (A.6)

follows because Tp; is nonnegative. Thus, for any set of realizations {{a.’ T My of {{aV” I_1HE ), any set of

! An important case is h(a(l), av )) = Z‘}Zl a, which occurs when sensors count the emissions from multiple ionizing radioactive materials
[20,98,106].
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realizations {w;}X | of {W;}X |, and any realization y of ¥,

K K
[T7%0. (T (@ +wi).¥) € foy = [[Toi(e(Ti(h(aV),....a") +wi) ) € Lo, (A7)
i=1 =1

i
since o,y is either (fo,y, 0] or [fg y,o°|; and (A.7) means that the probability of detection increases when J > 1 emitters
are present.

If the detection system is in Z,, replace g(7; (al{1> +w;),y) with al(l) +w; and replace g (7 (h(a'V),....,a")) +w;),y)
with 71(aV),...,a")) +w; in all the above steps. [
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Appendix B: Scenarios in which Sensor Locations can be Considered Random
Variables

1. Sensors may be mobile, which is the case when considering systems to detect transmissions of a primary user
in a cooperative spectrum-sensing system [120, 126, 139] or when the sensors are carried by a person, animal,

or vehicle [100].

2. Deployment of sensors in predetermined locations may not be possible [2]. For instance, the sensors may be
released from an aircraft or contained within projectiles that scatter the sensors in a region [6,40,57,58, 61,83,

125].

3. While certain sensor detection systems are designed to operate for long periods of time, which justify careful
consideration for the sensor placement, other sensor detection systems are designed to operate for a short period
of time and to be deployed immediately before its operation [33, 125]; for instance, fire fighters may deploy
a sensor detection system within a building in flames as they start fighting the fire [125]. In such situations,

sensors are more likely to be randomly deployed.

4. It may be necessary to design the detection system before the sensor locations are defined or the deployment of
sensors may not be under the control of the system designer [108]. In these cases, there is uncertainty about the

sensor locations.

5. Even if the sensor locations are deterministic quantities, the set of sensors that transmit measurements to the

fusion center in the decision interval may be random due to, for instance, censoring algorithms [17, 18].

Although sensors could be equipped with global positioning system (GPS) units and transmit its location to the
fusion center during initialization or together with its measurement, equipping all sensors with GPS units may not
be viable, particularly when sensors have a small form factor, when deploying a large number of sensors, or when
sensors cannot receive the GPS signals [2,43]. Furthermore, the transmission of locations to the fusion center is not
possible if such locations need to be transmitted along with every measurement, which would be necessary if sensors
are mobile; and the communication subsystem does not offer K dedicated communication channels, as envisioned by
some authors [52,74,78,81].

Moreover, even if the sensors’ locations were readily available at the fusion center, they are not enough to determine

the precise correlation among measurements and build a better performing fusion function.



Appendix C: Supporting Lemmas for Chapter 6

Lemma C.1. Adopt Assumptions II, I1l, IV, V, and VI of Chapter 5. If the distribution of L. satisfies

PlL €S =1

for some S} C S, that satisfies

Vi, ¥l ,le, € S;,Ya,P[A; <al® =6;,L, =1, | =

PlA; <al6 =6y,L, =1,]) =:vi(a);

i.e.; P[A; < a|l0 = 0y,L, = l,] does not change as 1, varies over S; for all i and all a; then

1. {A}E | and L, are conditionally independent given 6 = 6;;

2. If {L:}X | are i.i.d. random variables, then {A;}X | are conditionally i.i.d. given 6 = 6.
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(C.1)

(C.2)

Proof: Observe first that, under the conditions of this proposition, P[A; < 4;|6 = 6;] = v;(a;). To see this, let Py,

be the probability measure of L, and write

P[Ai S Cli|9 = 91}

= / P[A,-Sa,-|9:
Se

01,L, =l)dP,(I.) +

= /s vi(a;)dPr,(l.) = vi(a;) - P[L € S;] = vi(a;),

e

(C.3)

(C.4)

and note that the second term in the addition of (C.3) equals zero because of (C.1), and (C.4) follows from (C.2) and

(C.1).

To reach the first conclusion, pick any {a;}X | and any measurable set  C IR® and write

K
P m{A,‘ < Cl,’},Le c B

i=1

. K
Pi[1Ai<a
./,%m(s;f)" lm

i=1
/ﬂS*

ﬂA <aq;
Jors]

i=1
/m.

K
=[[PlAi <ail6 = 61]-P[L. € ZNS]]
i=1

6 — 91] :/ P
BN

0=0,L =1

K

:]w II::]>:

Q

Il
—_

i=1

i=1

0=06\,L =1|dpP,(l.)+

K
NAi <a

0=6,,L = zel dP,,(I.)
dP,, (1)
A <al’6 61,L, —l}dPLe(l)

vi(a;)dP,(l,) = Hvi(ai)P[Le € ANS;

(C.5)

(C.6)

(C.7)

(C.8)
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K

=[]PlAi <al6 = 6] (P[L. € BNS;]+P[L, € BN (S})]) (C.9)
i=1
K K

=[]PlAi <ail6 =61]-PlL. € B] =[] PlAi < ail6 = 61]- P[L. € 2|6 = 6] (C.10)

Il
-

i=1
where (C.5) follows from (C.1) because the integral of any measurable function over a set of measure zero is zero,
(C.6) follows from Lemma C.2, (C.7) follows from (C.2), (C.8) follows from (C.4), (C.9) follows because P[L, €
PBN(SE)] =0, and (C.10) follows because L, and 0 are independent.

Since the first conclusion established that {Ai}lK: | are conditionally independent given 6 = 6y, the second conclu-
K

sion follows once it is proven that {A;}X | are identically distributed given 6 = 0, if {L;}X , are identically distributed.

For this, pick any measurable set <7 and write

PlA; € 710 = 6)] = //P[Ai € /10 = 61,L, = I, L; = ]| dPy, (1;)dPy, (1)

- / / V(< |6,& (dist(l;.1,)))dPy, (1)dPr, (1) (C.11)
— //v(;z%|91§(dist(lj,le)))dPLj(lj)dPLg(le) —PlA; € /10 = 6], (C.12)
where (C.11) follows from (5.1) in Assumption V; and (C.12) follows because {L,-}lK: | are assumed i.i.d. [ |

Lemma C.2. Under the Assumptions II, 11, 1V, V, and VI of Chapter 5, {Ai},K: | are conditionally independent given
{60 =6,,L.=1};ie, foranyl, €8S,

=

K
P[ﬂ{Ai <a}|6=6L = ze} — 1P <alo=61,L.=1). (C.13)
-1 i1

If {L;}X | arei.i.d. random variables, then {A;}X | are conditionally i.i.d. given {0 = 6;,L. =1, }.

Proof: Let B, be the probability measure of the random vector L := (Ly,...,Lk) and write

K K

[1PAi <ail6 =61,L.=1] = H/P[Ai <ai|6 =6,L; =1;,L, = 1,)dP.,(L;) (C.14)
i=1 i=1
K
— [T]PiAi <ailo =1L =L = LJaPL() (C.15)
i=1
. K
= /P[ﬂ{AiSai} 9291,L=l,Le:le}dPL(l) (C.16)
i=1
K
= P{H{Aiéai} 9:91,Le:le}, (C.17)

i=1
where (C.15) follows because {Li},K: | are assumed independent and (C.16) follows from Assumption VI.
To reach the conclusion that {A;}X | are conditionally i.i.d. given {6 = 6y,L, = I} if {L;}X | are i.i.d., it remains

to prove that, for all [, {Ai}f: , are identically distributed given {6 = 6;,L, = L. } if {L,-},K: , are identically distributed.
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For this, write

PAi<al6=61,L,=1) = /P[Ai <al0=6y,Lo =1L = I;]dP,, (I}

- / V((—o0,a) |61 E (dist(le. 1;)))dP, (1) (C.18)
= / V((—oo,d]|6:1& (dist(l,,1;)))dPr;(l;) = PIA; < a|6 = 61,L. = L], (C.19)
where (C.18) follows from (5.1) in Assumption V; and (C.19) follows because {L;}X | are assumed i.i.d. [ ]

Lemma C.3. Adopt Assumptions II, 11, IV, and V of Chapter 5. Let X; := & (dist(L;, L)), and let Px,|;,—;, be the prob-
ability measure given by, for any x, P[X; < x|L, = l,] := P& (dist(L;,l,)) < x|, which exists and defines a probability
measure for all I, € S,. If

VXVl Loy € S5 PIX; < x|Le = L) = P[X; < xX|Le = L,]: (C.20)

i.e., the distribution of X; conditioned on L, = l, does not change as l, varies over S}, then
Vlel 7l€2 E S:?va?P[Ai S a|6 - Gl,Le = lel] = P[Al S a|9 - elaLe = lez]; (C21)
i.e.; P[A; <a|l0 = 60y,L, = l.] does not change as l, varies over S% for all a.

Proof: Use Assumption V to define the function v* as

PIA; < il = 01, Li = i, Lo = 1] = v((—o0,a]|61 - E(Qist(Ir, 1)) =: v*(ai, & (dist(,1.)),  (C.22)
and write
PlA < ail0 =61, =1,,] /PA < a0 =61, Lo = L, X = x]dPy o, 1,1, (%)
/ v (@) Py, (%) (C.23)
OmPX € {x:v*(aj,x) > t}|Le =l ] dt (C.24)
_ Ompx € [r: V¥ (aix) > 1}|Le =1, dt (C.25)
= P[A; < 4|0 = 0),L. = L, (C.26)

where (C.23) follows from Assumption V and because X; does not depend on 6, and (C.25) follows because (C.20)

implies that Py,|;,—;, (%] = P, Lo=l,, [#)] for any measurable set 4. ]

e:lel

Lemma C.4. Adopt Assumptions II, Ill, 1V, and V of Chapter 5. Let D; := dist(L;,L.), and let Pp,,—;, be the
probability measure given by, for any d, P|D; < d|L, =1,] := P[dist(L;,l,) < d], which exists and defines a probability
measure for all l, € S,. Let X; := E(dist(L;, L)), and let Px,;,—;, be the probability measure given by, for any x,
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P[X; <x|L, =) := PlE(dist(L;,l,)) < x], which exists and defines a probability measure for all I, € S,. For any given
S: g Se; lf‘
Vd e, €S,,PID; <d|L, =l,,) = P[D; < d|L, = l,,); (C.27)

i.e., the distribution of D; conditioned on L, = I, does not change as l, varies over S, then
Vx, Ve, 1o, € Sy, PIX; <x|L, =l,,] = P[X; < x|L, = I,,]; (C.28)
i.e., the distribution of X; conditioned on L, = l, does not change as l, varies over S;.

Proof: Note that X; is a function of D;; thus, for any measurable set %, Py,[%)] := Pp,[X; ' [#]], where X, '[#] :=
{d : &(d) € #}. In particular, & (dist(L;, L)) is a function of dist(L;, L ); thus, Py,;,—;,[#] := Pp,|,—i, (X '[4]).

Since (C.27) means that Pp,, (] = Pp, L=l [«7] for any measurable set <7, it implies that, Vx,VI,,,l., €

ezlel
S PIX; <x|L,=1l,] =P[X; <x|L, =1,]. |

Lemma C.5. Let 7 be the set of all orthogonal & — by — & matrices. Let S, and S be two given sets. For any given
S5 C S, choose any
H*C{He HHS, =S}, (C.29)

where HS: := {HI|l € S*}. If
o foranyl,, ,l., €S}, there exists H| o € J€* for which Hy 2l =l.,;
e forany H € %, HS; = Sy,

e For any i, L; is distributed on Ss and has a distribution invariant to any H € 5%, i.e., for any measurable set

% CR® VH € #* P|L; € #) = P|L; € HA);
then the distribution of D; := ||L; — L,|| conditioned on L, = I, is invariant to changes in I, € Si; i.e.,
Vi Vd Vi, 1, € St PD; < d|Le = ., = P[D; < d|Le = I,,). (C.30)

Proof: To show that the distribution of D; conditioned on L, = [, is invariant to changes in /, € S}, pick any two

elements /. ,l,, € S;, observe that D; conditioned on L, = [, is equal to ||L; — I, ||, and write

Vd,P[|Li —1,,|| <d] = P[L; € By(l,)NS,] (C.31)
= P|L; € H12(Ba(le,)NS,)] (C.32)
= P|L; € Hy 2By(le,) N H, 5S,] (C.33)
= P|L; € By(Hi 2le,) NH, 5Sy] (C.34)
= P|L; € B4(l,,) NS, (C.35)

= P[|Li—l,|| < d] (C.36)
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where (C.32) is reached because it is assumed that there exists H » € " for which Hsl,, = I, and that L; has
a distribution invariant to any H € J#*, (C.33) follows because any matrix H € ¢ is invertible, which means that
H forms a bijective transformation and, therefore, H(S; NS2) = H(S;) NH(S2), (C.34) follows because any matrix
H € 2 preserves distances since || - || is invariant to orthogonal transformations [51], and (C.35) follows from the

assumptions on J#*. ]

Lemma C.6. Ler S C R® and let S be the set of all orthogonal 8§ — by — 8 matrices. If S = B,(0) for any r > 0,
where B,(0) represent the closed ball centered at the origin and with radius r, or S = dB,(0), where dB,(0) represents
the boundary of B,(0), then HS = S for all H € .

Proof: Assume first S = dB,(0). To show that HS = S, pick [ € HS <> H 'l € S <> |[H'l|| = r. Recalling
that the norm operator ||{|| := /Il is invariant to orthogonal transformations [51] and that H~! is itself an orthogonal
transformation, it follows that |[H~'l|| = r < ||I|| = r < [ € S. The case S = B,(0) follows from the same rationale,

replacing || - || = rwith || - || < r. [ |

Lemma C.7. Let S, C IR? and assume
o S, is a regular convex polygon with n vertices and a circumscribing circle B, (0) centered at the origin and
with radius ry;

o S =ci(S.NIB,,(0)) for any c; € [0,1]; i.e, S is the set formed by all the vertices of the regular polygon

multiplied by a scaling factor cy.

e Sy =B,(0) forany r > 0or Sy =c; - S, for any c; > 0; i.e., Sy is either a disk or S is a regular convex polygon

with a circumscribing circle centered at the origin and with radius c; - rys;
then the set of transformations 7¢* :={H; : j € {0,1,...,n— 1}}, with H; given by

H e cos(2mj/n) sin(2mj/n) 7 (©37)
—sin(2wj/n) cos(2mj/n)

satisfies
1. forany H; € 5%, H;S; =S}, H;S. = S., and H;S; = Sy ;
2. foranyl, ,l., €S;, there exists Hy » € JC* for which H 31, = le,.
Proof: A polygon with n vertices is defined as the set of line segments

V= {vov1,viva,...,Va_1V0} (C.38)
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between vertices {v; ;’;01 and can therefore be represented by the ordered list of vertices ¥, := [vo,...,v,—1] [34] and
note that the same regular polygon would result if one applies a circular shift operation in the ordered list of vertices
since they result in the same set of line segments #". Assume without loss of generality that the vertices of the regular
polygon are located at v; = (rycos(2mi/n), rysin(27i/n)) [34].

In order to show that VH; € ¢, H; satisfies H;S, = S, and H;S, = S., it is enough to show that H; applied to the
ordered list of vertices in ¥, corresponds to a circular shift in the ordered list of vertices, which defines the same set
of line segments ¥ and, therefore, the same regular polygon that defines both S} and S.. To show that H;¥, results
in a circular shift in #;, pick any v; and observe that, H;v; = (ry cos(2x(i — j)/n),rysin(2z(i — j)/n)). This means
that, for all i > j, Hjvi =v;_j and, for all i < j, Hjv; = (rucos(2rn(n—+i— j)/n),rusinQe(n+i— j)/n)) = vapti—j.
Thus, H; 7, results in the circularly shifted ordered list [V, j,Vpi1—j,---,V0,V1,-..,Va—1—;]. Note that H;S} = S} for
any value of ¢; € [0, 1] since ¢ (S. N dB,,, (0)) are the vertices of a regular polygon with n vertices as well.

For the same reasons, H;S; = S, if S; = ¢3 - S,. For the case Sy = B, (0), observe that every H; is an orthogonal
matrix; i.e., H; € ¢ of Lemma C.6. Thus, VH € 5 ,HS; = S;.

To show the second conclusion, pick any two vertices v;, and v;, of the regular polygon. If iy > i, let Hy» = H|
for ji =iy —ip. Since Hjv; =v;—j when i > j, and iy > ji, Hj,vi; = vi—j, = vi,. If iy <ip, let Hj» = H}, for

Jo =n+iy —ir. Since Hjv; = vy, j when i < j, and iy < jo, Hj, Vi, = Vutij—jp = Vi, ]
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Appendix D: Example that Illustrates the Need for an Augmented Definition
for a Least Favorable Distribution

Consider that under a simple hypothesis Hp, a random variable X has a symmetric p.d.f. given by

0.05, 0 < |x| <2,
folx) =14 02, 2<|x| <4, (D.1)
0, 4<|x

and consider that under a composite hypothesis Hj, the p.d.f. fi(x) € F3, where

F3 = {fl.c(x)

ce{1/3, 1/2,2/3}} (D.2)

and fi .(x) :=c- fo(x=2)+ (L —c)- fo(x—4).
Assuming that X is available for the decision maker, a least favorable distribution using the definition of [73] will
be computed. For this, one finds the distribution in %3 for which the optimum Neyman—Pearson detector provides the

lowest probability of detection for a given probability of false alarm; i.e., one finds the value of ¢ that satisfies:

ve' €{1/3,1/2,2/3},B(c . ¢) > B(c™.9.-), (D.3)

where ¢, denotes the Neyman—Pearson detector

1, Z.(x)>t,,
Oc(x) =< 1., Zo(x) =1, (D.4)
0, Z.(x)<t,,

where Z.(x) = fi.c(x)/fo(x) if fo(x) > 0, and Z.(x) = e if fy(x) =0.
For each possible c, the values of 7, and 7, were chosen to achieve a probability of false alarm given by Otyax = 0.05,

and the resulting (maximum) probability of detection 8(c,¢.) was computed. Table D.1 shows the results of these

computations:
¢ Ye Ie ﬁ(cv(PC) B(Cv ¢2/3)
1/3 105 | 3 |37/60~0.6167 | 8/15~0.5333
/2105 | 25 0.575 0.55
2/3 105 |8/3 | 17/30~0.5667 | 17/30 ~ 0.5667

Table D.1. Randomization parameter and decision threshold for the Neyman—Pearson detectors to satisfy a probability
of false alarm equal to 0.05, probability of detection of the Neyman—Pearson detectors, and probability of detection
when using the detector ¢, /3 for each c.

As the designer examines the results in the column (¢, ¢.) in the Table D.1, it concludes that the least favorable

distribution using the definition of [73] is f; 5/3 (x).
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Table D.1 also shows in its last column the resulting probability of detection for each possible distribution fj .(x)
if the designer chooses the detector ¢, 3(x). It is possible to see that the probability of detection decreases if the actual
distribution fj .(x) is different from the least favorable distribution under the definition of [73].

This example illustrates that designs under the least favorable distribution according to the definition of [73] may

not ensure a minimum probability of detection for a given probability of false alarm.
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Appendix E: Considerations About the Conditional Distribution of the Mea-

surements

Lemma E.1. Adopt the additive model of (2.1) and Assumptions V and VIII of Chapter 5. Let S’e C S, be either
a subset that satisfies P[L, € S, > 0 or S, = {l,} for any l, € S,. Let Z; assume values in some % C R and let

Z = ZNIR.. Let A; assume values in % and W; assume values in Z. Then

e For any measurable set B, P[Z; € B|0 = 0,,L, € S.,] is a probability measure;

e The conditional distribution Pz g_q has a c.d.f. Fz9—0(z) = Fw(z) and a density function fz,9—o(z) = fw(z)

with respect to the measure L;

e The conditional distribution PZ.| 0—6, L,cS. has a c.d.f. and a density function with respect to the measure U
1 - e e

respectively given by

Fz,-|e:61,Leesﬁ,(Z) = /FW(Z*“)dPA,-\ezel,Lges;(“) (E.D
fz,-|9:61,LeesL(Z) = /fW(Z—a)dPAi|6:91,Lg€Sé(a)' (E2)

Proof: For either case of S;, PA,-| 0—6,.L.c5. is a probability measure. To see this, recall that, when S/e is such that
P[L, € S,] > 0, the conditioning on {6 = 6;,L, € S,} becomes an elementary conditional probability, which always
defines a probability measure [42]. For the case S/e ={L}, PAi| 00, L.cS. is a probability measure for all 6, and all /,
because of Assumption V.

LetY =1{L, € S;}, observe that PA,-| 0—6,.L.cS, and Py, g—p, y—1 define the same probability measure for either

/ .
case of S,, and write 2

P[Zic B0 =0,,L. €8S, = P|Zic B|0=0,Y =1]

/ PlZie B|O=6,Y = LA =ddP, , o, o(a). (E.3)

From the additive model of (2.1), Z; given A; = a does not depend on L, and P[Z; € B|0 = 0,,Y = 1,4, =a] =
P[Z; € B|6 = 6,,A; = d] for either case of S,. Using this in (E.3), it is possible to write

PlZic Bl0=6,,L €5, = /P[Zi € #16 =61,Ai =aldP, ,_o , ¢ (a) (E4)
- //P[Zi € #16 = 61,41 =a,Wi=wldPy(w)dP, 1o_ | 5 (a) (E.5)
_ / / wtae BYdPy(w)dP, 4 o o (a) E6)
N /{w+a63€} 4By () dPAi‘eze‘ Le€S, (), (E.7)

For S, = {l,}, recall that P|Z; € |6 = 6y,L, = I,] always exists as a measurable function of 8 and I,; however, it does not always form a
probability measure [42].

2The introduction of the random variable Y is to make the integrand of (E.3) well defined.
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and, observing that the set {W 4+ A; € 98} is measurable in the smallest sigma-algebra that makes W and A; measurable,
(E.7) defines the probability measure of P[Z; € %|6 = 6}, L, € S,] for either case of S,.

The conditional distribution and density of Z; given 68 = 0 follow because Z; = W; when 6 = 0.

To show (E.1), just take # = 2N (—oo,7], recall that 6; > 0, and (E.1) follows from (E.6).

To show (E.2) for either case of S,, use (E.1) with 2 = 2 N (—oo,z] and write

PlZi <76 =61l €S = /J ) /{XG%Q AR 1 g (@
T PasSa

= /@f;/o p{xe Z:H{x<z—a}fw(x) >t})dthAi\9:91,LeeS;

_ /21 /0 Wy e Z My <Y ful-a) > NdtdPy g o, g (ES)
N /9‘+ /{)'6;2":y§z} fwly=a)dp(y) dPAi\(?:Bl L.cS, (E.9)
- /{ye Fy<z) / 2 WO WPy o, 1, cs, AR D), (E.10)

where (E.8) follows because, for any set %, 1(#) = u(#+ a) for any a when u is Lebesgue measure and for any

a € Z when U is counting measure on Z, and (E.10) follows from the Fubini—Tonelli theorem [47]. [ |



129

Appendix F: Supporting Propositions for Chapter 7

Lemma F.1. Consider the conditions and the distributed detection system specified in Proposition 7.6. Let U™ =

max{Uir’r;axZiE{1,...,K}7y6{1,...,M}},
e Foranyi,anyme {1,...,M},and anyu € {0,..., U™},
PlUi=ul6 =0,Y =m]=0= P[U; =ul6 = 6,,Y =m] =0. (F1)

o [fthe thresholds that define the sensor decision intervals were such that 3u~ € {0,..., U} with PlU;=u" |0 =
0,Y = m] = 0 for some i and some m; then it is possible to change the sensor function so that it uses one less
sensor output and P[U; = u|0 = 0,Y = m| > 0 for all u € {0,..., U™ — 1} without changing the probability of

detection or the probability of false alarm at the fusion center.

Proof: To reach (F.1), recall that it is assumed that Pz, g—g, is absolutely continuous with respect to Pz, 9—o; thus,
since P[U; = u|0 = 0,Y = m] = 0 implies Pz g—o{z: -Z, ¢ (2) € limu} =0, it follows that 0 = Py 9_g,{2: £, ¢ (z) €
Ii,m,u} = P[Ui = u|9 = 91,Y = m]

To prove the second result, assume that there exists a sensor i~ for which the sensor function ¢;- follows the form
UT&AX _

of (7.33) but condition (7.35) is not satisfied for a single m~ and a single u™; i.e., the intervals {;- ,,- ,},_¢" are

such that there exists a value u~ such that P[U;- = u~|60 =0,Y = m~] = 0. The strategy to prove the second result is

max

to show that it is possible to build a new set of intervals with one less interval; i.e., {I;,.m,.u}u;_o"”_ , in which the

interval [;- -, is either excluded or made part of another interval without changing the system performance.
Consider the alternative sensor function (])l./, (zj-,y) that satisfies: Vm # m’,(f);, (z;-,m) = ¢;-(z;-,m), and for
m=m ,
Um

i m

o @)= Y wt{Z, gGel, ) (F2)
u=0 e

where Vi < u’,I{ =1 ifu” <UT  —1, then I

i—mu rmeu i~ mu

=l Uiy 13 and if u™ < Uir?f‘r"‘l, -2,

thenVu € {u= +1,... U™ — l},[l.,,_m,.u =L ut1-

i—,m-

To see that the alternative sensor function (Pl./, (z;-,y) satisfies condition (7.35), consider first the case u~ = v

in this case, condition (7.35) is satisfied because the sensor (1);, (z;-,m~) has U™ _ —1 as maximum output and it
is assumed that P[Ul.', =ul6 =0,Y =m~] >0 for all u <u". For the case u~ < U™ _ let Ul.', = ¢i[, (zi-,y) and

note that P[Ui’, =u|60=0,Y =m~] >0 because /_ e 2 -1 and PL.L, (i) € Ly 1116 = 0] >0

/
L, **Se

by assumption on @-. Since Yu € {u~ + L...,.Uu™ - — 1},[;, m—u = Li- m—us1 and the only value of u in which
condition (7.35) was not respected is u~, the alternative sensor function (]);_ (z;-,y) satisfies condition (7.35).
The goal is to show that P[¢y(U,Y) = 1|6 = 6;] = P[(f)(l)(U,Y) = 1|6 = 0] for either 6; =0 or 6; = 6, where (b(;

is the fusion function given by (7.36) with £ (u;) given by (7.37).
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Since P[¢o(U,Y) =10 = 6;] = YM™_, P[p(U,Y) = 1|6 = 6;,Y = m]P[Y = m] and the two sensor functions are
identical for m # m™, it is enough to show that P[¢o(U,Y) =16 = 0;,Y =m™ | = P[d)(;(U,Y) =10=0;,Y =m~|.

To show this, write

Umax
Plgo(U,Y)=1|0=0;,Y =m | = Z Plgo(U,m™) =110 =0;,Y =m™,U- =u]P[U- =ul0 =0;,Y =m"|
u=0
u_—1
=Y Ploo(Um )=10=6,Y =m U =ulP[U- =u|0 =6,,Y =m"| (F.3)
u=0
U
+ Y Ploo(Um )=10=6;Y =m U =ulP[U;- =ul6 =6;,Y =m] (E4)
u=u—+1
where the term corresponding to ™~ is not needed in (F.4) when 6; = 0 because P[U- =u~|0 =0,Y =m~| =0. To

see that it is also not needed for 6; = 1, recall that (F.1) gives that P[U;- =u" |0 = 6;,Y =m~ | =0 as well.

Similarly, write

UT&X7_1
Plgo(U,Y) =110 =0, Y =m = Y Plgy(Um ) =10 =6,¥ =m" U = ulP[U;- =ul6 = 6,,¥ =m"]
u7_1 / ! !
=Y Plgp(Um )=10=6,Y =m U =ulP[U; =ul6=6,Y =m"| (F.5)
U1
+ Y Ploy(Um)=1/0=6;,Y =m U, =ulP[U_ =ulf=0,Y =m"]. (F.6)

u=u-
In order to show that the term in (F.5) equals the term in (F.3), and the term in (F.6) equals the term in (F.4), rewrite
¢o(U,m™) as ¢o(U,m™) = 1{g(U'" ) m™).%, o (u-) € Iy}, where Ul is the vector of U without Uj- and
g(U) m™) :=[liy- £, ¢ ,,- (U;). With this notation,

Ploo(U,Y) =110 = 0,,Y =m™ .U =]

= P[1{e(U" ),m™ )L, o, (W) €Ly, } =10 =6;,Y =m], (E7)

and note that .,E,”U S

To show that the term in (F.5) equals the term in (F.3), it is shown that Vu < 1™,

() is no longer random.

Plgpo(U,m™) =16 =0;,Y =m U =ulP[U- =ul0 =06,y =m"|

= Ploo(U,m ) =1|60 = 6;,Y =m~,U,_ = ulP[U,- =ul6 = 6,,)Y =m], (E8)

which will be shown by proving that Yu < u~, gu., I W) =2y o (u)and PlU- =ul6 =6;,Y =m~| =

.~ (1) is just a constant multiplying g(U) mm), if & (u)

P[Ul./_ =u|6 = 0;,Y =m~]. Note that, since .Z, U_ Som-

U_.S.,
equals £, o _(u), then both ¢o(U,m™) and ([)0 (U, m~ ) will have the same distribution.

i— e
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To show that P[U;- = u|@ = 60;,Y =m™| = P[Ul.,, =u|@ =0;,Y =m~|, write

P[Ul’— = u\@ = GJ,Y = mf] = P[EZ s (Zl") e[i—,nl—7u|6 = Qj]

i— e

1

=PLY, ¢(Zi) €l |0 = 6] =P =ul0=0,Y =m], (F.9)

which follows because L = lim i forallu <u~.

u

To show that 2, S

i

(u)=%, ¢ (u),recall thatit is assumed that both P[U;- =u|6 =0,Y =m~] > 0 and
P[Ui/, =ul0=0,Y =m~| >0 foru < u~, which means that, from (7.37),

PlUr =ul6=61,L €5, Y =m]
@ . _ i ’ e’
U .S,m (u) PlU- =ul0=0,Y =m~]

P[gzihs’e(zi*) € Ii*,m*,uw =01,L € ‘SJe]

PLZ, (Zi) €1 4|0 = 0]

Pl (7)€ I ,|60=061,L €S, 1o
P2, g(Z)e I, .60=6] '

_ PlU. =ul6=6,,L.€S,Y=m]
PU_ =ul®=0,Y =m"]

= Ly som (W), (E.11)

where (F.10) follows because I i - forall u <u™. With (F.9) and (F.11), it is proven that the term in (E.5)

i~ m—u - 1

equals the term in (F.3).
To show that the term in (F.6) equals the term in (F.4), consider first the case u~ = UIT'f‘r’r‘l,. In this case, both term
in (F.6) and the term in (F.4) equal O since there are no terms under the summation. For the case u™ < Ul.r?_a,"‘l _, it will

be shown that Vu € {u~,..., U —1},
Plpo(Um™) =160 =0;,Y =m ,U- =u+1]P[U;- =u+1/6 =6;,Y =m™ | =

Plog(U,m™) =116 = 0,,Y =m~,U = ulP[U,- =ul® =6;,Y =m"], (F.12)

1

which, as before, will be shown by proving that .},

/
i Sem

,(u—i—l) :.,?U/ g m,(u) and P[Ul-— :u+1|9 = 9j,Y =

i— e

m-] = P[Ui/, =u|0 = 0;,Y = m™| for all the specified u.
To show thatVu € {u~,..., U™ — 1}, P[U- =u+1|6 =6,,Y =m"| =P[Ul.l, =u|0 = 0;,Y =m~|, write

PUi- =u+116 = 6;,Y =m"| = PLZ; ¢(Z) €l - 10 = 6]
=P, ¢(Z)el, |0=0]=PU-=ul6=0;Y=m], (F.13)

1
i~

which follows because I = Ly gy forallue {u=+1,..., ur- - 1}. To see that (F.13) also follows for

i~ mu
_ /
u=u",recall that Ii,)m,f =li- m— u~ YL~ 441 and

P["gzﬁ 752 (Zi‘) € I"7m’7u’ |6 = Gj] = P[gzl_ ,S:, (Zi—) € Ii—,m—,u— ‘9 = Gj]

1

+PZ,

Z_.S, (Zi-) € Lie w11 6 = ej]' (F.14)
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The first term in the sum of (F.14) equals 0 because, by assumption, P[U;- =u~ |0 =0,Y =m~] =0 and (F.1) gives that
PlUi- =u~ |60 =6;,Y =m~| =0 as well. Therefore, P[Uil, =u|0=0;,Y=m"|=PlU-=u +1|6=06;Y =m|.

To show that Vu € {u,...,.UT_—1}, &, ~(u+1)=2, ¢ (u), observe that it is only required to

i— ,Sé,m
consider the case ZUF Som- (u+ 1) < oo, because, by assumption, P[U;- = u|6 =0,Y = m~] = 0 only for u~, and
write
PlU-=u+1|6=06y,L, €S, Y=m]
D‘Z . 1) = i ) e
U~ \Sp.m (u+ ) P[Ui7=u+l|9=07Y:m_]
PLZ, ¢(Zi-) €l us1|0 =01,Lc €5,]

= T (F.15)
P[gzi7 7s2 (Zi‘) € Ii‘,m—,u+l ‘9 = O]

PLZ, ¢(Z)el, |0=0LcS,]

- b 7 (F.16)
P, ¢(Z-)el,  16=0]

_ PU_=ul0=6,,L €S, Y=m]
PU_ =ul6=0,Y =m"]

= Ly s (0 (F.17)

where (F.16) follows because I;, e = lie m— uy1 forallu > u™. To see that (F.16) also follows for u = u™, recall that

u
(F.1) indicates that the assumption P[U;- =u~ |60 =0,Y =m~ ] =0 implies P[U;- =u~ |60 = 6;,Y =m~ | =0. From the
definition of Uj, this implies P[ZZF s, (Z-) €l 10=101,Lc € S = P[‘iﬂz’., s, (Zi-) €l -, 16 =0]=0. Thus,
P[L”ZF s (Zi-) €l -, 10=061,L, € S, can be added to the numerator of (F.15) and P[gz[, s, (Zi-) €Ly 0=
0] can be added to the denominator of (F.15). The term in (F.15) for u = u~ then becomes equal to

7. s (Zi*) € Ii*,m*,u*Jrl UIi*.,m*,u* ‘6 =0,L. € Se}

L (F.18)

P[gzl_ 75; (Zi*) € Ii*,m*,u’+1 UIi*,m*,u* |6 = O]

and (F.16) follows because I;_ = =L == V- = - 41
With (F.13) and (F.17), it is proven that the term in (F.6) equals the term in (F.4) and the second conclusion of this

proposition is reached. |

Lemma F.2. Under the conditions of in Proposition 7.7, if
vt,P[Ty,i(Uj,m) > 1|0 = 0,L, = l,,Y =m] > P[T ;(Uj,m) > 1|6 = 61,L. =1, ,Y =m, (F.19)
then

K K
Vt,P[HTO,,-(Ui,m) > 10 =61,Le=1,,Y = m} > P[HTOJ(U,-,m) S10=0,,L, =1 Y = m} (F.20)
i=1 i=1

Proof: This Lemma is essentially Lemma 2 of [123]. It is included here in the notation of Proposition 7.7 to

facilitate the understanding and for completeness.
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Because of Assumption V, P[Ty;(U;,m) > t|6 = 0;,L, = l,,Y = m] forms a probability measure for all /, and all

m. Thus, for all i, one can build two random variables R} and S} such that

Vx, PR} <x]:=P[Tp;(Uj,m)<x|0 =6y,L,=1,,Y =m] (F.21)

P[S; <x]:=P[T;(Uj,m) <x|0 = 61,L, = ,,Y =m] (F.22)

and it is possible to impose R} > 0 and S} > 0 because Ty ;(U;,m) > 0 as well.

Let R; :==logR} and S; :=logS}; let Fy;(x) := P[R; < x] and F) ;(x) := P[S; < x]; and note that Condition (F.19)
indicates that Vx, Fi ;j(x) < Fyi(x).

Lemma 3.4.1 of [73] gives that, if Vx, Fly,'(x) < Fp i(x), then there exists one random variable V; and 2 real functions
fo,i(v) and fi ;(v) such that Vv, fo ;(v) < f1.;(v); and fp;(V;) is a random variable with Fp;(v) as c.d.f. and f ;(Vi) is a
random variable with Fj ;(v) as c.d.f.

Since the above is true for all i, for any vector (vi,...,vk), ):,Kzlfo,i(vi) < Z,K:1f1,i(vi); and YX | fo:(V)) <

Y& | f1.:(Vi) pointwise; i.e., this inequality is valid for any realization of {V;}X ; and it follows that

K
Vx, P lZ foilV)) <x
i=1

K
>p [Z frilvy) < x] . (F23)
i=1

Since fp;(V;) and R; have the same distribution for all i, ):zK=1 fo0,i(Vi) and ):lK:lR,- have the same distribution.

Similarly, Y5 | f1:(V;) and YX | S; have the same distribution, and (F.23) is equivalent to

Rigx

K
>P

Vx, P [

K
ZS,- <x| & Vx,P
i=1

K
logR! <x| >P
i—1

=

K
logS; <x
i—1

=

i=1

oV, P >P

K
% i
R <x
i=1

=

K !
[Isi<x|. (F.24)
=1

Since the distribution of R} is equal to the distribution of Tp ;(U;,m) conditioned on {6 = 6;,L, = I, ,Y = m}
for every i, it follows that Vx', P[[TX | Rf < x| = P[[1X,, To.(U;,m) <x'|6 = 6,,L, = I, ,Y = m]; and using the same

reasoning for the product of {S;}X |, (F.24) implies (F.20). |

i=1°
Lemma F.3. For any two random variables Vi and V;:

Vv, P[V) >v] > P[Va > v] < YW, P[V] >v] > P[V, > V).

Proof: (=): W, let v, be a decreasing sequence with v, — v and v, > v,Vn. Thus, since measures are con-
tinuous from below [47], Py {[vn,0)} — Py, {Uy_i[va,%)}, as n — oo for j € {1,2}. Since Uy_[vy,o0) = (v,0),
1imy,—seo Py, {[Vn,20) } — Py {[Vn,20) } = Py, {(v,00) } — Py, {(v,00) }. From the left-hand side, Py, {[vy, )} — Py, {[vn,0) } >
0 for all n; thus, the limit is also nonnegative and the right-hand side follows. (<): Vv, let v, be an increasing sequence
with v, — v and v, < v,Vn. From the right-hand side, Py, {(—e°,v,]} — Py,{(—o0,v,4]} < 0 and proceed as before to
reach 1im, .. Ay, { (=0, ]} — Ry { (=, 2]} = By {(—o0,9)} = By {(—o0,0)} <. "
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LemmaF4. Let S, C IR?> and Sy =c¢-S, or Sy = ¢~ B, (0), for any ¢ > 0. Assume that either S, = B,,,(0) or S,
is a regular convex polygon with n vertices and a circumscribing circle dB,,,(0) for some ryy > 0. Let By(l) :=
B,(1) — dB,(1); i.e., By (1) is the open ball of radius r and centered at . If I; € dB,,,(0) NS, and I} = 0, then, for any

lo € Se.andany r >0,
m(B; (I, )N Ss) <m(B; (L) NSs) <m(BY (1)) NSy), (F.25)
where m(2) represents Lebesgue measure of B on IR

Proof: Observe that m(B?(l,) N Ss) = m(B,(I,) NSs) and it suffices to prove (F.25) with closed balls instead of
open balls.

Consider first the case S, = B;,,(0). Since S,, Sy, and Lebesgue measure are invariant to orthogonal transforma-

tions, as shown during the proof of Proposition 6.2, it follows that, for any /., € S, and any orthogonal matrix H, the

point /., := HI,, is also an element of S, and
m(By(le,) NSs) =m(HB,(l,,) NHSy) = m(B,(Hle, ) N Sy) = m(B,(le,) N Ss). (F.26)

For any r > 0, pick any /., € S, and let l,, = Hyl,,, where Hy is the matrix that rotates /., by 7; i.e., using the
definition for H; in (C.37) with n =2, Hy = H;.
Since (F.26) is valid for H; as well, applying Lemma E.5 for the chosen /., and [,,, and observing that /;” = 0 is

contained in the line segment that connects /,, and /.,, conclude that
m(B,(le,)NSs) < m(B,(L7)NSy), (F27)

and since (F.27) is valid for all » > 0 and all /,, € S,, the upper bound of (F.25) is proven.
To prove the lower bound of (F.25), pick any r > 0 and any /., € S, and observe that (F.26) is valid when ., , /., €
9B,,,(0) are such that the line segment ¢ that connects /,, and [,, contains both the origin and /,,. Thus, apply

Lemma F.5 once again to conclude that,
m(B,(l,,) N Ss) <m(B,(le;) NSy), (F.28)

and since the same argument is valid for any /., € S,, the lower bound of (F.25) is proven for any /,” € dB,,,(0).
Consider now the case in which S, is a regular convex polygon with n vertices and a circumscribing circle dB,,, (0).

In order to prove the upper bound of (F.25), pick any r > 0 and define
Sy :={l€S.:m(B.(I)NSg) >m(B,(l.) NSy),VI, € Se}; (F29)

and the goal is to prove that [- =0 € Sy.
Observe that Sy, is nonempty because S, is closed and bounded, and therefore compact, and because the function

g(1) := m(B,(I) NS) is continuous on S,, there exists a point [ € S, such that g(I*) = sup,cg,{g(/)}. To see why
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g is continuous at any [, € S,, pick a sequence [, — I, and define h,(I) := 1{/ € B,(I,) N Ss}. Observe that h,(I) —
h(l) :=1{l € B,(l,) NS5} for all I ¢ J(B,(l.) NSy); i.e., for all [ not on the boundary of B,(l,) NSs. This means
that h,(I) — h(l) almost-everywhere in Lebesgue measure in IR? since m(d(B,(l,) N Ss)) = 0. Observe also that
hn(I) < 1{l € S;} € Li(m) because m(S;) < . Thus, one can use the Lebesgue Dominated Convergence Theorem to
conclude that g(1,) := [h,(I)dm(l) — [h(l)dm(]) =: g(L.).

Since ) is nonempty, pick an [, € Sy. If such [, = [}, the conclusion is reached. If [, # 0, then it is claimed here
that there exists n points lp = lo, 11, ...,l,—1 within S, such that m(B,(l.) N S;) = m(B,(I;) NS,) for j=1,...,n—1,
and because I, € Sy, I; € Sy for j=1,...,n— 1. To see this, note that S, and S; satisfy the conditions of Lemma C.7,

define /; := H;l, with H; given by (C.37), and write

m(B(1.)NSy) = m(H;(B.(I)NSy)) = m(H;B,(I) N H;Sy) (F30)

m(B,(H;l,) "H;Ss) = m(B,(1;) N Sy) (F31)

where the first equality of (F.30) follows because Lebesgue measure is invariant to orthogonal transformations, the
second equality (F.30) follows because any orthogonal matrix is invertible, which means that H; forms a bijective
transformation and, therefore, for any two sets Sy and S, H;(S1 N S2) = H;(S1) NH;(S>); the first equality of (F.31)
follows because any orthogonal matrix preserves distances, and the second equality of (F.31) follows from the defini-
tion of /; and Lemma C.7.

From the set of n points lp = I, 1y, ..,l,—1, form the set of line segments ¥ := {lpl,11,l2,...,li—1lo}.

Since m(B,(l;) N Ss) = m(B,(l;) N Sy) for any line /;/; € #7, Lemma E.5 can be applied to obtain that m(B,(I) N
> m(B,(1;) N Ss) for any [ within the line /;/;; and, since both /; and /; are elements of Sy, obtain that m(B,(I) N
=m(B,(I;) N Ss) and I € Sy for any [ within the line /;/;. Since J; is also part of another line segment in 71,
m(B,(I)NSs) = m(B,(l;) N S) for any / in such a line segment as well. Repeating this rationale, it follows that
m(B,(I)NSy) = m(B,(l.) NSy) for any point I € {I* € [;l; : [;l; € ¥} and all of such points belong to S.

The convex hull of the set {ly = l,,11,...,l,_1} contains [J- = 0 because these points were obtained through the
rotation operations H .

Pick any [ and [" that belong to {/* € ;l; : [;l; € ¥} such that the line segment I'l" contains I7 = 0. Since
m(B,(I')NS;) = m(B.(I")NSy), Lemma E.5 gives that m(B,(I;) N Ss) > m(B,(I') N Sy). Since ¥ C Sy, I € Sy and
I" € Sy, and it follows that I} € Sy as well.

In order to prove the lower bound of (F.25), pick any [, € S, and obtain the line segment that contains /, and
connects /- = 0 and the point /" on the boundary of S,. Since m(B,(I}')NS,) > m(B,(I') N S,), the second result of
Lemma E.5 gives that

m(B(1.) N Sy) > m(B,(I')NS,). (F.32)

Observe now that belongs to a line that connects two vertices of the regular polygon. Let [ and l}f denote these

vertices and note that both [ and [} belong to dB,,,(0) NS,. Since m(B,(I;') NS;s) = m(B,(I;) NSy), the first result of
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Lemma E.5 yields
m(By(I')NSs) > m(By(I) N Sy) = m(B(1;) NSy), (F.33)

and the lower bound of (F.25) follows from (F.32) and (F.33). [ |

Lemma F.5. Let S; C IR? be a closed, bounded, nonempty, convex set. For any measurable set 8 C R?, let m(A)

represents Lebesgue measure of % on IR?. Pick any r > 0 and any le)sle, € Ss. If either

m(By(le,) NSs) = m(Br(le,) NS) (F.34)
or
Vi, € Ss,m(Br(le,) NSs) > m(B,(l,) N Sy), (F.35)
then
VA €10,1],m(B,((1 = A)le, + Ale,) NSs) > m(By(le,) N Ss). (F.36)

Proof: In order to prove (F.36), the Brunn—Minkowski theorem [49] shall be used.! For that, define

My, := By((1=A)ly, + Aly,) NS, (F.37)
M; = {11 = (1=A) + Al ,where I € B,(I,,)NS;,1" € B,(Io,) NS, }; (F.38)

observe that
Mo =B,(l,,)NSy and M; =B, (l,)NS.

My =My and M} = Mi;

(F.39)

and observe that

M; = (1= )M & AM;, (F.40)

where the operator @ denotes the vector sum; i.e., for any two sets Sy and > in ]R‘s, S1®S:={si+s2:51 €81, €
S2}.

It is now claimed that M; C M;,. To see this, pick any [* € M; and it is first shown that [* € B,((1 — A4 )l,, + Al,).
Since I* € M}, there are I € B, (I, ) NSy, and I € B, (le,) NSy, such that I* = (1 — ) +Al". Since I' € B,(I,,) NSy,

the vector A; := [ —I,, must satisfy ||A(|| < r; and, similarly, A, := /- lo, must satisfy [|As|| < r. Thus, it follows

1

that

l*

(A=) 2L = (1=2) (Lo, + A1) + A (Lo, +A2)

(l—l)lel +llez+(1—l)A1+lA2, (F41)

I'This proof was inspired by [48].
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and since ||(1 —A)A; +AA|| <r, it follows that ||I* — (1 — A)l,, — Al, || < r; thus, I* € B,((1 —A)l,, +Al,). To see
that [* € S;, observe that both l/,l” € S, and S; is convex; thus, since [* belongs to the line segment formed by /' and
I",1* € S, as well. It then follows that [* € M;,.

Further observe that both M and M7 are closed, bounded, nonempty convex sets. To see this, note that both B, (L)
and S are convex sets and recall that the intersection of convex sets results in a convex set [19]. Since B,(l,) and S
are closed, bounded, and nonempty sets, and since [, € Ss, then M and M} are also closed, bounded, and nonempty
sets.

Since M} and M are closed, bounded, nonempty convex sets, one can apply the Brunn—-Minkowski theorem [49,

p- 361], which gives that

\/m((l—/l)M()‘@le) > (1—1),/m(M3)+7L m(M?) (F42)
() (M) + A/ (M) (F43)
= (1=2)\/m(B,(le,)NS,) + 2\ /m(B, (1e;) NS,) (F44)

where m denotes Lebesgue measure in IR?, (F43) and (F.44) follow from (F.39); and, using (F.40) in (F.44), one

JmM) > (1= 2)/m(B, (1) NSy) + Ay /m(B,(L,) N S,). (F.45)

If m(B:(le,) NSs) = m(B,(l,,) NSy); i.e., if condition (F.34) is satisfied, then (F.45) becomes

\/ \/m (le,)NSy) (F.46)

and it follows that m(Mj ) > m(B,(le,) NSs). Thus, since M; C M, it follows that m(Mj ) > m(M3 ) > m(B,(le,) NS;),
and the conclusion (F.36) follows from (F.37).
Consider now the case: Vi, € Ss,m(B,(l,) NSs) > m(B:(l,) NS;); i.e., condition (F.35) is satisfied. Let /=

obtains

(1— l)le1 + Al,, and note that [ e S, since Sy is convex. Thus, condition (F.35) means that

m(B,(L,)NSs) > m(B(I')NSy)

m(By (1= )lo, + Aley) NSs) = m(My,). (F47)

Using (F.47) in (F.45), one obtains

JmOM3) > (1= )y m(B(1e,) NS,) + A\ /m(B, (1) NS,)

> (1= A)y/m(Mz) + Ay (B, (ley) OS,) (F48)
> (1= 2)\/m(M5) + Ay /m(By(le;) NS,) (F49)

where (F.49) follows because M;{ C M, . Rearranging the terms in (F.49), the conclusion (F.36) follows. |
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Proposition F.6. If A~ is a Poisson random variable with parameter x~ > 0 and A™ is a Poisson random variable
with parameter x* > x~, then, for all a,

P[A~ >a] < P[AT > q] (F.50)

Proof: For a < 0, conclusion (F.50) is reached since both sides equal 1. For a > 0, let a* := |a| and observe that,
for any Poisson random variable A with parameter x, P[A > a] = 1 — Y9_ x"exp{—x}/n!, which is a differentiable
function of x and its derivative equals

& xexp{—x & pxlexp {—x x"exp{—x
ji(lzxn p }>exp{x}g( p{-x} xexp{ })

= n! n! n!

 exp{x}— “i x’”exp{ x} z:x exp{ —x}

m=0

azl ymexp{—x x"exp{—x X exp{—x
Lyl Z o) el

a*! ’

m=1

and the conclusion (F.50) follows. |
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Appendix G: Supporting Example

In this appendix, the performance of a simple sensor detection system is evaluated in order to illustrate some of
the concepts discussed in this dissertation.

Assume the additive model (2.1) of Chapter 2 with A; = 6;&(||L; — L.||) with &(r) = 1{r < ry} for some ry > 0
and 0; = 1. Let Fyy be the distribution of the noise random variable W;, which is assumed independent of 6, L;, and L,.
Assume that a single sensor (K = 1) is deployed in the sensor deployment region S5 = ¢S, for some ¢ > 0. Assume that
the sensor location L, is independent of 0 and L, and is uniformly distributed in Ss. Let this simple sensor detection
system be centralized with fusion function given by ¢o(z1,y0) = 1{z1 > 9 }. Let to be such that P[Z] > #9|0 = 0] < Olmax
for some Ofnax € (0,1).

(

Consider that the emitter location L, has a distribution PLff) that satisfies P[L, = [,] = 1 for some [, € S,.

Under the distribution PL(iE), the probability of detection 3 (PL(ff) , o) is given by

BRI, 00) = PZ1 > 1|6 = 1,L; € (S;0B, (I))] - PIL1 € (S; MBS, ()6 = 1]+
PIZ1 > 1010 = 1,1y € (S, 1B (10))]- PIL1 € (Sy01 B (1)9)]0 = 11, G.1)
where B; (le) represents the open ball of radius ry centered at /.
Because §(r) = 1{r <ro}, A1 = 1 only when L; € (S; N By, (I,)), which means that Z; conditioned on the event

{0=1,L1 € (S;NB; (L))} satisfies Z; = 1+ W), and Z; conditioned on the event {0 = 1,L; € (S;NB; (L))} satisfies
Z1 = Wj. Since Wy, 0, Ly, and L, are independent,

BRI, 90)

P1+Wi > 1o]- P[Ly € (Sy1 B, (1)) + PWh > 10] - (1 — P[Ly € (S,n B2, (L))

P[Ly € (SsN By (Le))] - [Fiw (to) — Fw (to — 1)] + (1 — Fiw (t0))
m(SsN By (L))

= TS:‘;~[Fw(to)wa(rofl)H(lfFW(ro)), (G.2)

where (G.2) follows from the uniform distribution of L;.
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Appendix H: Detailed Calculations for the Example in Section 8.1

In order to facilitate the reading of this appendix, the conditions of the example in Section 8.1 are repeated.

Adopt the additive model of (2.1) and Assumptions I, II, IIT, IV, V, VI, and VII of Chapter 5. Let dist(L;,L,) =
|IL; — L.|| in Assumption V. Let the region of interest S, be a disk centered at the origin with radius ry; i.e., S, =
B,,,(0). Let Sy = ¢S, for some ¢ > 1, and let {L,-}IKZ1 be i.i.d. with the uniform distribution in S;. For any /; and [, let A;
conditioned on L; = [; and L, = I, be Poisson-distributed with parameter 8;& (||l; — I, ||) with & (r) = Apax /(1 +7)? and
0; = 1. Let W; be Poisson-distributed with parameter Ay > 0. For each K, let Q’( be the binary distributed detection
system with given binary sensor functions

0ik(zi,y) = Hzi > 15}, (H.)
where t; = Ay for this example. Assume that K dedicated and error-free communication channels are available; and
let the fusion function be

K
(PO,K(Ua)’O) =1 { ui € IO.yo} ; (H2)
=1

i
where Ipo = (k,oo|, Ip,; = [k,oo], and yj is the realization of the randomization random variable ¥y € {0,1}. From
Theorem 3.1, (H.2) defines the optimal fusion function for the set of sensor functions (H.1) when U; are conditionally
ii.d. given 6.

To compute the probability of false alarm, observe that, under 8 = 0, the measurements {Z,}{(: 1» and therefore
{ Ui}lK: 1» are 1.i.d. under any distribution for L.; the decision statistic is a Binomial random variable; and the probability
of false alarm is given by

K /K\ . ) K g\ . )
Ploos(Us) =116 =0 =Pty =0] ¥ (%) erm= Y (T)pla- )
j=k+1 j=k \J

where
L] Ay exp{—Aw}

po:=PlU;=1/0 =0]=P[W; >1] =1~}
n=0

(H.4)
n!

Using (H.3) and (H.4), it is possible to design a system that has a probability of false alarm equal to Qmax as
follows: for each K, find k that satisfies
K K
K\ . K\ .
O RSP NES o (R (15)
j=kt+1 \J j=k \J
and use the resulting k to define the parameter of the Bernoulli random variable Y as
Ky j —j
Olmax — Zg‘ilﬁq <J)p(])(l 7PO)K /
K _
(e)p6(1 = po)s—*

PlYy=1] = (H.6)

To compute the probability of detection, write

Plgox(U,Yo) = 1[0 = 1] = /S Plgox(U,Yo) = 1[0 =1, L, = L.]dPL,(L); (H.7)

e
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and, because {L;}X | are i.i.d., {U;}X | are conditionally i.i.d. given 8 = 1 and L, = [,, as shown in Lemma C.2, one

finds that

K
K . .
Plook(UYo) =110 = 1L = 1] = Pfo=0]- ¥ (.)p{,l,_,um,,e)K iy
j=k+1 \J
K K . .
PlYy=1]-Y ( .)p{.h,(l —p12)*, (H.8)
= NS
where
1 2w pery
Pii. = PIUS110=1, Le=L] = PIAW; > 101, L=l = e /0 /0 L (r@)rdrdo;  (H9)

Lts) : n .
s (ro)=1-Y" (& (|lte—(rcos @, rsin®)||)+Aw)" exp{—(E([|le—(rcos @, rsinw)||)+Aw )}

|
=0 n.

. (H.10)

m(Sy) represents the area of Sy; and polar coordinates were used in (H.9), which follows from the uniform distribution
of L;.

From Proposition 7.7, a least favorable emitter location distribution for QK is the distribution PL_e that satisfies
PIL, € S;] = 1 with S = dB,,,(0); i.e., P;_ places the emitter in the boundary of the disk with probability 1.

To compute the probability of detection under P} , observe that, because the distribution P, satisfies the conditions
of Proposition 6.2, {Ui}lel are conditionally i.i.d. given 0 = 1 and are invariant to changes in /,; thus, the probability
of detection is given by (H.8) with /, equal to any of the points in dB,, (0).

From Proposition 7.7, a most favorable emitter location distribution for QK is the distribution PLJZ that satisfies
P[L. = (0,0)] = 1; and the probability of detection is given by (H.8) with [, = (0,0).

Under either Py or PZ; , it is not necessary to compute the integral in (H.7) because the integrand is constant over
the support of either P, or PZ; ; however, this is not the case when L, is distributed according to other distributions,
such as the uniform distribution P;je onS,.

To compute the probability of detection under P} , use polar coordinates to rewrite (H.7) as

Plgok(U,Yo) = 1|0 = 1] =
1
m(S,)

21 ™
/ / Ploox (U, Yo) = 1]6 = 1, L, = (recos @, re sin @,)]re dre da., (H.11)
0 0

where m(S, ) is the area of S,; and P[¢o x (U,Yy) = 1|6 = 1,L, = (r,cos @, r.sin®,)] is given by (H.8) with p; ;, given
by (H.9) with [, = (r,cos @, r.sin®,).

The result of the computations is shown in Section 8.1.
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Appendix I: Supporting Material for Chapter 8

I.1 Comparing Required Number of Sensors for Prescribed Performance

Assume that P, and PLJ: are a least and a most favorable distributions for each detection system of the sequence P
and let P, be any other distribution for L,.
Assume that @ satisfies K®*%e) < oo In this section, it will be explained why
k@) k(@)
— < -
K(¢,’PL9) K(d)’PLg)

VP, 1< (LD

o)

From the definition of K(® (¢K ) < Otmax , and since Py is aleast favorable distribution for ¢K for every

K, one can write B
Boin < B (B0 ) < p (05 "™); (12)

which implies that K®t.) € {K : ﬁ(PL ,0%) > Brin, @(9%) < Otmax } and, from (8.2), K®Pe) < kP The same
rationale is used to show that K(®7z.) < K(q)’PLe) < K@),
Consider now that 4 is any class that satisfies Condition 7.1, assume that Py, is a least favorable distribution for

for every K; and assume that ¢X,  and PL+ satisfy the conditions of Lemma 7.2 for every K; i.e., ¢&

P e PL |€ P \Cf
. (@4 oL, .
maximin for ¢ and ¢X Ppi e is maximax for . Further assume that K "%'“" ™" < oo It is now shown that
, (CD”LZ L) K(‘DP— ffre)
< . .
VPl s Py = (@4 P (@1.3)
K PLE‘CIQM Le K PLelhﬂ e

First, observe that o(¢X ) < Ghmax, (0% ) < Ghmax» and a(¢X, ) < Ohnax for any K, which follow from
s P, |% P |C
(7.1).

Regarding the probabilities of detection, observe that

VK VP BPL 07, o) S BPLL 9 ) < B(PLOY ) < BRL. 07 ): (L4)

where the first inequality follows because F;_ is a least favorable distribution for ¢ ; the second inequality follows

PLIE

because 9 / and PLt satisfy the conditions of

P (% is optimum under P, ,» and the last inequality follows because ok
Le -

P IE

7))
¢ L .
7 and it is

(@,
Lemma 7.2. Thus, since (I.4) is valid for every K, the second inequality of (I.4) can be used with K Fre
possible to reach that
P et

o <8 (1 (0 ) < (s (07

Since (7.1) defines that or(¢%,

9, ‘(g) < Ofmax for any K, it follows that
Le

(@
K L te” L) G{K B(PL ’¢P ‘(5)>ﬁmima(91§ \%/)SamaX} 10
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(@, /’P,e) (P,
and, from (8.2), K ' Y e
K(q)P[e 1o Fre)

/
P (q)Pli ‘cgvpLe)
{4

Pr) . . (@t P
" te” The same rationale is used to show that K 't/*" " <K

<

I.2 Details Regarding the ARE Metric

To see why the ARE metric can be given by the squared ratio of the efficacies; i.e., by (8.9), let Bpi, be the
prescribed minimum asymptotic probability of detection for a maximum asymptotic probability of false alarm given
by Olmax.

Consider a first sequence of detection systems ®;) with a certain efficacy 4 (dD(l)). The asymptotic probability
of detection of such a sequence of detectors depends on both the value ¢ and on the efficacy § (<I>(1>), as defined in
Theorem 8.1. In order to have the asymptotic probability of detection (8.8) be equal to By, it is necessary to adjust
the constant ¢. Let ¢(!) be such a constant.

Similarly, for a second sequence of detection systems @), let ¢® be the constant required to have its asymptotic

probability of detection be equal to By, and it follows that
(D) = V(@) A7)

If §(®(y)) # C(P(y)), then ¢V = ¢(2) and the two sequences of tests would have different hypotheses pairs for

each n; i.e., the sequence of hypothesis given by 91(1,3 = c(l)/ v/n would be different from the sequence given by

612 =@/ .

In order to compare the two candidate sequence of systems under the same sequence of hypotheses pairs, pick a
subsequence of hypotheses Hl(lrg = c(l)/\/ dMn and a subsequence D1y 1= {Q?l(;)"}ff:l for some integer d); i.e.,
<I>(1*) is a sequence of detection systems in which, for each n, each detection system has K = dWn sensors. Similarly,
)

I,n

pick a subsequence of the hypotheses H;", and a subsequence @5, for the second system in which, for each n, each
detection system has d®n sensors for some d?) integer.
Note that both subsequences will still have their probability of detection converge to B, since a subsequence of
a convergent sequence has the same limit. In other words, the subsequences of probabilities of detection for ®(;) and
D) will also converge to (8.8) with their respective efficacies and values for c.
If the values of d!) and d? that define the subsequences are such that
) )

VdU-n  VdD

(1.8)

then Hl(ln) = Hfzn); i.e., the comparison will be under the same subsequence of hypothesis as desired.
Thus, if values for ¢(!), ¢, d(l), and d@ that satisfy both (I.7) and (I.8) are chosen, then the comparison will
be done at the same subsequence of hypothesis and both subsequences of detectors will have the same asymptotic

probabilities of detection and false alarm.
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The requirement that the comparison be done at the same subsequence of hypothesis and that both subsequences
have the same asymptotic detection performance causes the number of sensors used in each subsequence of systems
being compared to be different. More precisely, when comparing ® (1) and ®,), instead of considering that the number
of sensors K(!) (n) used in each system of @j) is equal to the number of sensors K @ (n) used in each system of @,

for each n, one considers that K(!) (n) = d(") . n and K®) (n) = d® - n; and from (1.7) and (I.8), one obtains'

1.9)

ol
Py
S
=
=
-~
o
—~
o
S
v
N———
[\e)

which justifies the definition of the ARE metric as the ratio of the square of the efficacies.

I.3 Conditions for Quadratic Mean Differentiability and Results for Mixtures of Gaussian

and Mixtures of Poisson distributions

This section presents sufficient conditions to ensure that a mixture of distributions is quadratic mean differentiable
and further conditions that cause the Fisher information to be proportional to the square of the mean of the mixing
random variable. This section also contains propositions that show that these conditions are satisfied by both a mixture
of Gaussian and a mixture of Poisson distributions.

Sufficient conditions to ensure that a family of distributions is quadratic mean differentiable at any given 0 are
given in Theorem 12.2.1 of [73]; however, they may be difficult to apply when the distributions in the family are
given by a mixture of other distributions. This section presents a proposition that allows one to assert quadratic mean
differentiability based only on conditions on the distribution that is being mixed. For such a proposition, Theorem 2.27

of [47] will be used in various instances. To facilitate the understanding, the theorem is stated below.

Theorem I.1. [47] For any € > 0 and any space Z', let L be a measure on X with its Borel sigma-algebra. Let
J(0%,x) be a real function that satisfies: V0* € [—€,€], [, |j(0%,x)|du(x) < co. Let J(0*) := [ j(0*,x)du(x).

o IfVO* € [—¢,€],Vxe Z,]j(0%,x)| < c(x) for some c(x) € Li(1); and if j(0*,x) is a continuous function of 0*
forall x € Z, then J is also continuous;

o [fdj/00* exists and VO* € [—¢,€],Vx € Z,|0j(0%,x)/d0%| < c(x) for some c¢(x) € L1 (1), then J is differen-
tiable and dJ(0*)/d0* = [dj(0*,x)/d0* du(x).

Proposition 1.2. Suppose that Z is a random variable with realizations in some space % and suppose that Z depends

on a random variable X with realizations in 2 and on a random variable 0 with realizations in [—¢€, €] for some

'Integers d!) and d® that satisfy (1.9) can be found if the ratio of squared efficacies is rational. If irrational, the ratio provides a lower bound
for the number of sensors required in the first sequence of detectors in order to equalize its performance with the second sequence of detectors under
alow SNR regime and this lower bound can be as tight as one desires since one can choose a rational number higher than but as close as one desires
to the ratio of squared efficacies.
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€ > 0. For any realization x of X and any realization 0* of 0, let P[Z < z|0 = 0*,X =x]| be a c.d.f.; i.e., foranyx € X
and any 0* € [—¢,¢|, Pzj0—0+ x=x s a probability measure. Assume that each Pzjg—g+ x— has a density function
fz‘ezg*y}(:x(z) with respect to a common measure L and assume that Pzjg_g+ has a density function with respect to |
given by

Frio=o(2) = [ Fripmo xe(2) APY(). (L10)

Let g(Z76*7)C) ::fZ|G:9*,X:x(Z)- If
o Foranyz€ %, anyx € 2, g(z,0%,x) is a continuous function of 0* on [—€, €|, and
VO* € [~¢,e],0 < g(z,0",x) < C1(2) (L11)

for some function Cy(z) < oo;

e Foranyz€ % andanyx € 2, dg(z,0%,x)/0 0" exists and is a continuous function of 0* for all 6* € [—¢€, €|,
and
Vo* € [—¢,¢],

(z,0",%)| < C2(z) (1.12)

9
26+8

for some function Cy(z) < oo;
o There exists a function h(z) € Ly (1) that satisfies,
5 2
(J 7os(.0" ) aPc()
4fg(za 6*,X)dpx()€)

then the family of densities { fz19—¢+(2)|0* € (—€,€)} is quadratic mean differentiable at 6* = 0.

Vze V0" € [—¢€,e],0<

< h(z); (1.13)

Proof: From Theorem 12.2.1 of [73], quadratic mean differentiability at 6* = O will follow if three conditions
are satisfied: (i) le‘/ezze* (z) (or Jz/0—6* (z)) is an absolutely continuous function of 8* in some neighborhood of 0 for
p-almost all z, (i) d f71g—g+(z) /O™ exists at 0 = 0 for u-almost all z, and (iii) the Fisher information 7(6*) is finite
and continuous in 6* at 6* = 0.

To prove these conditions, it will first be proven that, for any z € 2, f7)9—¢- (z) is differentiable as a function of
0* and its derivative is a continuous function of 8* € [—¢, €].

To prove that f7)9—g+(z) is differentiable, pick any z and apply Theorem L1 with j(6*,x) := g(z,0",x), U = Py,
and J(6) = fz]9—p- (), which follows from (I.10). Assumption (I.11) gives that V6" € [—¢, €], [[j(6,x)[dPx(x) <
JCi(z)dPx(x) = C1(z) < o because Py is a probability measure. Since it is assumed that dg(z, 0*,x)/d60* exists and
assumption (I.12) gives that its absolute value is bounded by C»(z), let ¢(x) = C»(z) for all x and ¢(x) € L1 (Px) because
Px is a probability measure. Thus, for any z € 2, the conditions for the second conclusion of Theorem I.1 are satisfied,

giving that f719_g+(z) as a function of 6" is differentiable and

: :
oo (@) = [ 55-e(z.6"x) dPx (). (L14)
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To prove that f7)9_g-(z) as a function of 8" has a continuous derivative for all 0* € [—¢,¢] and all z € 2, pick
any z and apply Theorem L.1 with j(6*,x) := dg(z,0%,x)/d0" and J(0*) = 0 f79—¢+(2)/d0*. Note that assumption
(L.12) gives that VO* € [—¢,¢€],Vx € 27, |j(6%,x)| < c(x) = C2(z) and both j(6*,x) and ¢(x) are in L; (Py) because Py
is a probability measure. Since it is assumed that dg(z, 0*,x)/d6* is a continuous function of 6* for any x € 2" and
any z € 2, the first conclusion of Theorem 1.1 indicates that f7g—g+(z) has continuous derivative with respect to 6*.

These results are now used to prove the condition that f7j9_g-(z) is absolutely continuous in a neighborhood of 0
(that is a subset of [—&, €]) for any z € 2, which is equivalent to the condition that, Vz € 2, there exists a function
a;(t) that satisfies

6*
V" € (e8], fro—0-(2)~ fro—e(2) = [ ac(0)dr 115)

and [*¢|a,(t)|dt < e [47, p. 106]. To show that such a function a,(t) exists, use the already proven result that
fzj0—6+(2) is differentiable and has continuous derivative to conclude that d fzj9—g-(z)/d0* is Riemann integrable
and use the second Fundamental Theorem of Calculus [101], which gives that (I.15) is satisfied when a,() equals
9 fz16—6+(2)/ 0" applied at 6" =¢. Note that [ 78 a ()| dt < o because d fzj6—6+(z)/ 8™ was shown to be continuous
on a compact interval, which means that [d fz/g—¢+(z)/d07| is bounded and therefore its integral over [—¢, €] with
respect to Lebesgue measure is finite. Since such a function a(t) exists, fzg—g-(2) is absolutely continuous on [—¢, €]
forany z € 2.

The second condition to apply Theorem 12.2.1 of [73] also follows from the already proven result that, for any
7€ Z, f719—0+(2) has a continuous derivative for all 6 € [—¢, €] because this means that d fg_g+(z)/d 0" exists at
0* =0forall z € Z.

To prove the third condition to apply Theorem 12.2.1 of [73]; i.e., to prove that the Fisher information 7(6*) is

finite and continuous in 0* at 6* = 0, observe that 1(6*) is given by [73]:

16%) =4 [ 12(6") du(a), (L16)

where
5 2
(szwze* (Z)>
4- fz10—6+(2)
which is well defined since (I.11) implies fzjg—g+ (z) > 0. The proof follows from the use of Theorem I.1 with

n*(z,0%) == (L.17)

j(6*,2) = nz(z, 0%), 2 =%, x =z, U being the measure that dominates the conditional distributions of Z, and
1(6%) =4J(0*). Note that the condition [, |j(6*,z)|du(z) < e is satisfied because (I.14) gives that (I.17) equals the
term being bounded in (I.13), which is assumed to be bounded by a function A(z) € L;(i). For the same reason, the
condition for the first result of Theorem 1.1 is also satisfied. Observe now that the j(6*,z) is a continuous function of
6* for any z because 12(z,0*) is a continuous function of 8* for any z € 2 since, as proven above, for any z € %,

_o*(2) is differentiable and therefore continuous at all 8* € [—¢, €]; and _g+(z) has a continuous derivative for
Z|o=6 Z|6=0
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all 0* € [—¢, €]. Thus, the first result of Theorem I.1 gives that /(6*) is continuous for all 8* € [—¢, €], which implies
that 7(0) < oo. |

Proposition 1.3. Under the same definitions and conditions of Proposition 1.2, if g(z, 0*,x) satisfy the following addi-

tional conditions:

o The function g(z,0*,x) does not depend on x when 6* = 0; i.e., g(z,0,x) = g(z,0,0), and
o There exists a function h*(z) such that
Vze & Vxe %,ig(z,e*,x) =x-h*(z), (1.18)
d20* 0*=0
then, for a constant C < oo that does not depend on the distribution of X, the Fisher Information at 0* = 0 satisfies

1(0) =C-E[X)°. (1.19)

Proof: The conditions imply that n7(z,0) can be written as

( 2 1] ¢(z, 6% x)dPx (x)]]o- )2 (f 9 ¢(z,0%,x)|,._, dP (x))2
2e0) - T 8,05 1dtxWlle=0) () 9678158 X g: o 4fX (1.20)
e 4 [ g(z,0,x) dPx (x) 4- [ g(z,0,x) dPx (x) '

(Jx-m@dPe(x)* (@7 oo
4 [g(z,0,x)dPy(x)  4-g(z,0,0) EXT, (L.21)

where the first equality of (1.20) follows from the definition (1.17) of % and (I.10), and the second equality of (1.20)
follows from (I1.14).
Thus, the Fisher Information at @ = 0 can be written as

o * 2
1(0) = < /0 mdu(z)> -E[X]?, (1.22)

and the conclusion follows. |

The conditions of Propositions 1.2 and 1.3 are met for two cases of interest, as shown by the following Propositions.

Proposition 1.4. Consider the assumptions of Propositions 6.2 or 6.3 and consider the additional Assumption VII of
Chapter 5. Consider a sequence {0, ,,}7_, that converges to 0. IfA; = 6y ,,- & (||Li — L. ||) and W; is Gaussian distributed
with mean 0 and variance 62 for all i, then the conditional densities fz16=0(2) and fz)6-e, ,(z) with respect to the
Lebesgue measure belong to a family of densities that is quadratic mean differentiable at 68 = 0 for large enough n;
and the Fisher information satisfies

_ER(ILi - DI

IGaussian (O) - T (123)

for any I} € S} as defined in Propositions 6.2 or 6.3.
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Proof: Observe that Propositions 6.2 or 6.3 indicate that {Zi},K: , are conditionally i.i.d.; thus, it is enough to show
that the conditional densities f7,9—o(z) and fz,6—, , (z) for any chosen i belong to a family of densities that is quadratic
mean differentiable at 6 = 0. Furthermore, the conditions of Propositions 6.2 or 6.3 imply that the distribution of A;
is invariant to changes in L, € S} for any chosen i. More precisely, the conditions of Propositions 6.2 or 6.3 imply the
conditions of Lemma 6.1, which in turn implies the conditions of Lemma C.3, which gives that the distribution of A;
is invariant to changes in L, € S;. Therefore, it is possible to pick any [} € S5 and let P[L, = [J] = 1.

To prove that the conditional densities f79—0(z) and fz|e—g, ,(2) belong to a family of densities that is quadratic
mean differentiable at 8 = 0 for large enough n, Proposition 1.2 is used to build a family that satisfies this requirement.
In order to use this proposition, let the random variables Z and 8 of Proposition 1.2 refer to Z; and 6 of the measurement
model. Let 2° =1R. Let X refer to X; := &(||L; — I}]|) with 2" = [0,£(0)]. Because of the assumptions on A; and
Wi, Z; conditioned on {6 = 0*,X; = x} is distributed according to a Gaussian distribution with variance 02 and with
expected value 0*x; thus, letting i be Lebesgue measure, the density function fz,-|9:e*,x,—:x(z) with respect to U exists
for all 6 and all x. Lemma E.1 also gives that Pz, g_g- also has a density function with respect to i given by (I.10).

Pick € = 1 and build the family of densities {fz,9—g(2)|0" € (—¢€,€)} with fz9_e+(z) given by (I.10). Note
that the conditional densities fZ[w:()(Z) and [z -9, , (z) belong to such a family for large enough n. To show that
this family is quadratic mean differentiable at 6* = 0, it is shown next that g(z, 0", x) := fz9—g« x—.(2) satisfies the
conditions of Proposition I.2.

The first condition of Proposition 1.2 is satisfied because g(z,0*,x) is the Gaussian probability density with ex-
pected value 8* - x, which is a positive function, is a continuous function of 8*, and is bounded by Ci (z) := 1/(v/27-0)
for all z, all x, and all 6*.

The second condition of Proposition 1.2 is satisfied because dg(z,0*,x)/00* = g(z,0*,x)- (x/5?) - (z— 8*x) exists
for all 8%, is a continuous function of * for all 8%, and |dg(z,0*,x)/d0*| < Ca(z) := £(0) - (|z] +£(0))/(vV2x - 63),
where it is noted that & (0) < e because of Assumption VIL

To show that the third condition is satisfied, let

m(z) = min z,0%,x), 1.24)
gn(2) {6*€[-1, ],x€[07§(0)]}g( )

gm(z) = }g(z, 0",x), (1.25)

max
{6*€[-1,1],x€[0,£(0)]

and write

(7 580 0dr ) (F a0 0 dB(x)

4 [ g(z,0%,x)dPx(x) = 4¢m(z)
_ (J8(z,0",%)- (¥/0%) - (2= 6"x)dPx ()’
4gm(z)

(/8(z.6%,x) - (x/0) - (|z] +|6"x]) dPx ()
4gm(z)

<
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() (5(0)/0>- (2 +£(0) _ gh(2) B
<= P = S (el +E ) -C =1 h(a), (1.26)

where C is a positive finite value that does not depend on z.

It is now claimed that /(z) € L;(u). To see this, it will be shown that 4(z) < h1(2)1(z > £(0)) + h2(2)1(z <
—&(0)) +h3(2)1(z € [-£(0),£(0)]), in which each term belongs to L; (1t).

Consider first that z > £(0). In this case, g(z) = g(z,—1,&(0)) and gup(z) = g(z,1,£(0)). Note also that |z| +
£(0) <2|z| and

§%(z,1,€(0))

Vz>£(0),h(z) < 2z —1,£(0)) 4z)*-C
= exp{22§(0)/0%}g(z,1,£(0)) -4lz*-C
= 8(2,1,3§(0)) exp{4£(0)*/0%} -4[z*-C =: I (2), (1.27)

and hy(z) € L;(u) because | |h;|du equals to a constant multiplied by the second absolute moment of a Gaussian

random variable, which is finite.
Similarly, for z < —&(0), gm(z) = g(z,1,5(0)), gm(z) = g(z. —1,8(0)), |z] +&(0) < 2[z[, and

g%(z,—1,£(0))

g(z,+1,£(0))

= exp{—22§(0)/0°}g(z,—1,£(0))-4[z]*-C
)

8z, —1.36(0)) exp {4£(0)*/6%} - 4|z -C = n(2), (1.28)

Vz<=£(0),h(z) < 4lz*-C

and hy(z) € Li(u).
For z € [-6(0),5(0)], gm(2) = 2(25(0),0,0), gm(z) = £(0,0,0), 2]+ 6 (0) < 2£(0), and
£*(0,0,0)
Vz € [-8(0),8(0)],h(z) < m
which is a constant finite value and h3(z)1{z € [-&£(0),£(0)]} € L1 (1).

4E(0)2-C=:3(2), (1.29)

Since all the conditions for Proposition 1.2 are satisfied, it follows that the family of densities {fz,9—p+(2)|0" €
(—¢€,€)} is quadratic mean differentiable at 6* = 0.

To show that the Fisher information satisfies (I.23), Proposition 1.3 is used. The first condition for this proposition
is satisfied because g(z,0*,x) is the Gaussian density function with mean 6*x and, therefore, does not depend on x

when 6* = 0; i.e., g(z,0,x) = g(z,0,0). The second condition is also satisfied because

* X *
= g(Zae ,x)-?(Z*e x)

= x-8(z,0,0)-z/c%.

d
ﬁg(zv 9*,)6)

6*=0 0*=0

Thus, 7*(z) = g(z,0,0) - z/02, and using (1.22), (1.23) follows. [ ]
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Proposition 1.5. Consider the assumptions of Propositions 6.2 or 6.3 and consider the additional Assumption VII
of Chapter 5. Consider a sequence {0 ,}_, that converges to 0. If A; conditioned on {L; =l;,L, = I} is Poisson
distributed with parameter given by 0 ,& (||l; — l.||) and W; is Poisson distributed with parameter Aw > 0, then the con-
ditional probability mass functions (p.m.f.s) Pzi‘gzo(z) and Pz0=0,, (2) belong to a family of p.m.f.s that is quadratic

mean differentiable at 0 = 0 for large enough n; and the Fisher information satisfies

_ E[E(ILi - £

IPoisson (0) AW

(1.30)

for any I} € S} as defined in Propositions 6.2 or 6.3.

Proof: As in the proof of Proposition 1.4, it is enough to show that the conditional p.m.f.s Py 9_o(z) and
Pri0=6,, (z) for any chosen i belong to a family of p.m.f.s that is quadratic mean differentiable at & = 0 and it is
possible to pick any I} € S and let P[L, =[}] = 1.

To prove that the conditional p.m.f.s Pzi‘gz()(Z) and Pz 9—g, , (z) belong to a family of p.m.f.s that is quadratic mean
differentiable at O = 0 for large enough n, Proposition 1.2 is used to build a family that satisfies this requirement. In
order to use this proposition, let the random variables Z and 6 of Proposition 1.2 refer to Z; and 6 of the measurement
model. Let 2° =Z and u be counting measure. Let X refer to X; := & (||L; — []|) with 2~ =[0,&(0)]. Because of the
assumptions on A; and W;, Z; conditioned on {6 = 6*,X; = x} is distributed according to a Poisson distribution with
parameter Ay + 6%x; thus, the p.m.f. Py g_g- x,—.(z) exists for all 6* and all x that satisfy 6*x > —Ay. Lemma E.1

also gives that Pz,g_g+ has p.m.f. given by

P9+ (2) = /Pzw:e*,x:x(z)dpx(x)’ (L31)

which is (I.10) for the present setting.

Pick € = Ay /(2£(0)) and build the family of p.m.f.s {Pz9—¢+(2)|0" € (—€,€)} with Py g9_g-(z) given by (1.31).
Note that the conditional p.m.f.s Py,g_o(z) and Pzi0-0,, (z) belong to such a family for large enough n. To show that
this family is quadratic mean differentiable at 6" = 0, it is shown next that g(z,0",x) := Pzjg—g+ x—.(z) satisfies the
conditions of Proposition I.2.

The first condition of Proposition 1.2 is satisfied because g(z,0*,x) is the Poisson p.m.f. with parameter Ay + 6*x,
which is a positive function for all z € 2, is a continuous function of 8* for all 6* € [—¢,¢] and all x € [0,&(0)], and
is bounded by Ci(z) := 1 forall z € Z.

The second condition of Proposition 1.2 is satisfied because

dg(z,0%,x) z
Zo\m 7 07 o* e —=— 1 1.32
86* g(Z7 7x) X lw—|—9*x Y ( )
which exists and is a continuous function of 8* for all 8* € [—¢, €]. Since g(z,0%,x) <1,
dg(z,0%,x) Z
— < x| —— 41 1.33
20+ | =¥\ rex (1:33)
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< £(0). (j;+ 1) — C(2), (1.34)

where Ay + 0*x > Ay — €5(0) = Aw /2 was used to reach (I.34). Since &(0) < e because of Assumption VII, the
second condition of Proposition 1.2 is satisfied.

To show that the third condition is satisfied, let

(Aw /2)*-exp{—3Aw/2}

gm(2) = . (1.35)
am(s) = (SAW/Z)Z.jp{_xW/ = (136)

and since 6* € [—¢€, €] with € = Ay /(2£(0)), it follows that Ay /2 < Aw + 0*x < 3Ay /2 and it is possible to reach
that

VzeZ, ,Vx€[0,E(0)],V0" € [—¢,¢€],gm(z) < g(z,0",x) < gm(2). (1.37)

With these bounding functions, write

(f (e 0" ) dPe () < (f (e 0" 0)dPe ()
4[g(z,0%,x)dPx(x) ~ 4gm(z)
(/8(z,0%,%) - x- (z/(Aw + 07x) — 1) dPx (x))*

4gm(Z)
(J8(z,0",x) -x- (z/ (Aw +67x) + 1) dPx (x))?

4gm(z)
gu(z) £072 (22 \?

e

It is now claimed that h(z) € Ly (). To see this, observe that gy(z)/gm(z) = 3°exp {Aw } and write

£(0)?
4

<

— h(2). (1.38)

2
h(z) gM(Z)-3Zexp{)LW}-<fvzv+1> .

z 2
_ (92w /2) i?p{lw/Z}(jszH) ,5(2)2 139)
2 2
— (e A/ (2£(0)),7E(0)) - exp{Shw}- ( y +1) 0 (1L40)
= (2, Aw/(2£(0)),7€(0)) - (C2 +C"z+C") (L41)

for some positive constants C, C’, and C'. When computing [ |h(z)|dp(z), recall that g(z, Ay /(2£ (0)),7£(0)) is a
Poisson p.m.f. with parameter 7Ay /2, which means that [ |2(z)|du(z) = C E[2%] +C"E[Z] +C" < oo because the first
and second moments of a Poisson random variable with parameter 74y /2 are finite.

Since all the conditions for Proposition 1.2 are satisfied, it follows that the family of p.m.f.s {Pz 9 (2)|0" €
(—¢,€)} is quadratic mean differentiable at 6* = 0.

To show that the Fisher information satisfies (I.30), Proposition 1.3 is used. The first condition for this proposition

is satisfied because g(z, 0*,x) is the Poisson p.m.f. with parameter Ay + 6*x and, therefore, does not depend on x when
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0* =0;1i.e., g(z,0,x) = g(z,0,0). The second condition is also satisfied because the derivative of g(z, 0*,x), given by

(1.32), applied at 6* = 0 equals

0 . B z
568070, = x-8(00)- (aw‘l)'
| |

Proposition 1.6. Consider the assumptions of Propositions 6.2 or 6.3 and consider the additional Assumption VII of

Chapter 5. Consider a sequence {0 ,}:_, that converges to 0. If A; = 0y ,- & (||L; — L

n=1

), W; is Gaussian distributed
with mean 0 and variance o for all i, and

U, = I{Zl > l‘s} (142)

for some t; such that Py, 9—0(0) € (0,1) and Py,g—¢,,(0) € (0,1); then the conditional probability mass functions
(p-m.f.s) Pyjo—o(u) and Py, g—e, ,(u) belong to a family of p.m.f.s that is quadratic mean differentiable at 6 = 0 for

large enough n.

Proof: As in the proof of Proposition L4, it is enough to show that the conditional p.m.f.s Py, g—(u) and
PUI.‘QZOI,"(M) for any chosen i belong to a family of p.m.f.s that is quadratic mean differentiable at 6 = 0 and it is
possible to pick any I € S} and let P[L, = [J] = 1.

To prove that the conditional p.m.f.s Py,jg—o(u) and Py,g—g, ,(u) belong to a family of p.m.f.s that is quadratic
mean differentiable at O = O for large enough n, Proposition 1.2 is used to build a family that satisfies this requirement.
In order to use this proposition, let the random variables Z and 6 of Proposition .2 refer to U; and 6. Let 2 = {0, 1}
and U be counting measure. Let X refer to X; := & (||L; — IJ||) with 2" = [0,&(0)]. Because of the assumptions on A;
and W, as argued in Proposition 1.4, the conditional distribution PZi\eze*,Xl-:x exists for all * and all x; and, therefore,

so does the conditional p.m.f. Py, jg—g+ x,—, since U; is a function of Z;. It also follows that Py, g+ satisfies (1.10); i.e.,

Pujo=sr () = [ Pujo—r imelu) 4P (). (143)

Pick £ = 1 and build the family of p.m.f.s {Py,j9_g: (1)|0" € (—¢€,€)} with Py, 9_g-(u) given by (1.43). Note that
the conditional p.m.f.s Py, 9—o(u) and Py, g—g, , (1) belong to such a family for large enough n. To show that this family
is quadratic mean differentiable at 0* = 0, it is shown next that g(u, 8*,x) := Py,j9—g- x—.(u) satisfies the conditions

of Proposition 1.2. For that, observe that u € {0,1} and

g(u,0",x) = u-PlZi >0 =0"X=x]+(1—u)- (1-P[Z > 1|6 =0",X =x]) (L44)

s _:*x> Qu—1)+(1—u), (1.45)

PlO*x+W; >1] - Qu—1)+ (1 —u) :Q<

where Q(y) is the complementary c.d.f. of a Gaussian random variable with zero mean and unit variance.
To see that the first condition of Proposition 1.2 is satisfied, observe in (1.45) that g(u, 8*,x) is continuous as a

function of 6* because Q is a continuous function of its argument, which is a continuous function of 6*. Note also
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that 0 < g(u, 8*,x) < 1 =: Cy(u) for any u € {0,1} because, when u = 0, g(u,8*,x) =1 —Q((¢t;, — 6*x)/0) > 0; and
when u =1, g(u,0*,x) = Q((t, — 6*x) /o) > 0.
To see that the second condition of Proposition 1.2 is satisfied, obtain that
J ]

879*8(”7 0%,x) = fzj0=0* x=x(ts) - x- (2u—1), (L.46)
where f79—gxx—x(z) is the p.d.f. of a Gaussian random variable with expected value 6*x and variance o2. Ob-
serve that, for any u € {0,1} and any x, the derivative (1.46) exists and is continuous in 6* for all 6*. Furthermore,
|0g(u,0%,x)/96%| < f19—0x-0(0) - &(0) =: C2(z) < oo because the function & that defines X is bounded as per As-
sumption VIIL

To see that the third condition of Proposition 1.2 is satisfied, observe that

2
(f 52-8(u,0%,x)dPy (X)) ([ fzje=0r x=xlts) - x- (2u— 1)dPX(x))2
) (1.47)

4 [ g(u,0%,x)dPx(x) N 4 [ g(u,0%,x)dPx(x

([ fajome xei(ty) - xdPx(x))?
B 4fg(u,9*,x)dPX(x)

(1.48)

where the term (2u — 1) of the numerator of (1.47) can be taken out of the integral and, when squared, equals 1. Since
fz16—0%, x—x(ts) > 0 for any x, and Py does not put all the mass in X = 0 because L; is uniformly distributed in S;, (1.48)
is greater than 0. To show that there exists a h(u) € L; (1) that satisfies the third condition of Proposition 1.2, recall that
it was already shown that Vu € {0,1},V0* € [—1,1],x € [0,£(0)], g(u, 0*,x) > 0, which means that the denominator
of (1.48) is greater than 0, and write

2

(f Fzjo-0 x=x(ts) -xdPx ()" _ (Fzi0-0x-0(0)-§(0))" .
4[5, 67 x)dPy(x)  — 4[g(u.0"x)dPc(x)

(1.49)

and let 2(u) = 0 for any other u. Since  is nonzero and finite in only a finite number of values for u and u is counting
measure, h € L ().
Since all the conditions for Proposition 1.2 are satisfied, it follows that the family of p.m.f.s {Py; g (1)|0" €

(—¢,€)} is quadratic mean differentiable at 6* = 0. [ |

Proposition 1.7. Consider the assumptions of Propositions 6.2 or 6.3 and consider the additional Assumption VII of
Chapter 5. Consider a sequence {01 ,}_, that converges to 0. If A; conditioned on {L; = I;,L, = l.} is Poisson

distributed with parameter given by 0y ,& (||l; — I,

), W; is Poisson distributed with parameter Ay > 0, and
U, = I{Zi > ts} (1.50)

for some t; such that Py, 9—0(0) € (0,1) and Py, g9—¢, ,(0) € (0,1); then the conditional probability mass functions
(p-m.fs) Py,o—o(u) and Py, g—p, ,(u) belong to a family of p.m.f.s that is quadratic mean differentiable at 6 = 0 for

large enough n.
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Proof: As in the proof of Proposition 1.6, it is enough to show that the conditional p.m.f.s PU[.‘Q:O(I/[) and
PUi\9:9|,n(”) for any chosen i belong to a family of p.m.f.s that is quadratic mean differentiable at 6 = 0 and it is
possible to pick any [ € S} and let P[L, = [}] = 1.

To prove that the conditional p.m.f.s Py,jg—o(u) and Py, g—g, ,(u) belong to a family of p.m.f.s that is quadratic
mean differentiable at 8 = O for large enough n, Proposition 1.2 is used to build a family that satisfies this requirement.
In order to use this proposition, let the random variables Z and 6 of Proposition 1.2 refer to U; and 6. Let 2 = {0,1}
and u be counting measure. Let X refer to X; := & (||L; — I}]]) with 2" = [0,£(0)]. Because of the assumptions on A;
and W;, as argued in Proposition 1.5, the conditional distribution Py, g_g+ x,— exists for all 8" and all x that satisfies
6"x > —Aw; and, therefore, so does the conditional p.m.f. Py, jg_g« x,—. since U; is a function of Z;. It also follows that
Py, 9=¢+ satisfies (1.10); i.e., it can be written as in (1.43).

Pick &€ = Ay /(2&(0)) and build the family of p.m.f.s {Py,jg—g- (u)|0" € (—¢€,€)} with Py g_g+(u) given by (1.43).
Note that the conditional p.m.f.s Py, j9—(u) and Py, g, , (1) belong to such a family for large enough n. To show that
this family is quadratic mean differentiable at 6* = 0, it is shown next that g(u, 6*,x) := Py, |9—g- x—x(u) satisfies the

conditions of Proposition I.2. For that, observe first that u € {0,1} and

8(u,0",x) = u-PlZi>t]0 =0" X =x]+(1—u)- (1-P[Z >1]0 = 0", X =x]) (L51)
= PlZi >0 =0"X=x]-Qu—1)+ (1 —u)

W (A +67x) exp{—(Aw + 0"x)}
1 _];) i

)-(2u—1)+(1—u). (1.52)

To see that the first condition of Proposition 1.2 is satisfied, observe in (1.52) that g(u, 8*,x) is continuous as a
function of 6*. Note also that 0 < g(u,0*,x) < 1 =: C;(u) for any u € {0,1}. To see this, recall that , is assumed to
be such that Py, 19—0(0) € (0,1) and Py, 9—g, ,(0) € (0,1), which means that t, > 0 and (0, 0", x) = 1 — P[Z; > 1,|6 =
0*,X =x] € (0,1) and g(1,6*,x) = 1—g(0,6*,x) > 0.

To see that the second condition of Proposition 1.2 is satisfied, obtain that

5 . L5 (Aw +0*x)/ exp{—(Aw + 6%x)} J
wg(u’e ,X) = <—J§0 ]' X <}LW+9*X—1) (21/1—1)7

B (JLW+6*x)VSJeXp{*(AW+9*x)}.x. u—
_ oot (Qu—1) (1.53)

and observe that, for any u € {0,1} and any x € [0,&(0)], the derivative (I.53) exists and is continuous in 6* for all

0* € [—¢, €] since € = A /(2&(0)). Furthermore,

(2/'Lw)mJ )
= )

where (I1.54) follows because |[2u— 1| = 1 and Ay + 0*x < 2Ay.

g(u, 0% x) £(0) =: Co(u) < oo, (1.54)

’39*
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To see that the third condition of Proposition 1.2 is satisfied, observe that

2
(f -9-8(u, 6% x) dPx(x)) (S Aw +0mx) s exp {—(Aw + 07x)} /([£))! - x(2u — l)dPX(x))2 155
4[g(u, 6% x)dPy(x) 4 [ g(u,0%,x)dPx (x) '

— (f (AW + G*X)U.VJ GXP{*()LW + G*X)}/(LI‘J)y 'XdPX()C))Z w56
4 [ g(u,6*,x)dPx(x) ; :

where the term (2u — 1) of the numerator of (I.55) can be taken out of the integral and, when squared, equals to 1. Since
the Poisson p.m.f. is greater than zero for any nonnegative integer, including |z, ], and Py does not put all the mass at
X = 0 because L; is uniformly distributed in Sy, (1.56) is greater than 0. To show that there exists an &(u) € L () that

satisfies the third condition of Proposition 1.2, proceed from (1.56) and write

(f Chw +6°0) 1) exp{—(hay +67x)} /(11! -xdP(x)” _ (@A) /(11,))!-E(0))° )
4 [ g(u, 6*,x)dPx(x) — 4/ g(u,0%,x)dPx(x) '
To see that h(u) € L;(u), recall that it was shown that g(u, 0*,x) > 0 for any u € {0,1}, any 6* € [—¢, €], and any
x € [0,£(0)], thus, h(0) < e and (1) < . Since h(u) = 0 for any other u and p is counting measure, 1 € L; ().
Since all the conditions for Proposition 1.2 are satisfied, it follows that the family of p.m.f.s {Py; g (1)|0" €

(—¢,€)} is quadratic mean differentiable at 6* = 0. [ |

Proposition L8. If f(t) is the p.d.f. of a Gaussian random variable with zero mean and variance 6> > 0, and if F(t)

is the corresponding c.d.f., then
f(2)?

F()(1-F(1))

Proof: It will first be proven that ¢+ = 0 is a point of local maximum and then it will be proven that no other point

argmax =0. (1.57)

of local maximum exists.
To prove that t = 0 is a point of local maximum, define g(¢) := f(¢)?/(F(t)(1 — F(t))) and observe that g(t) is
continuous, differentiable, its derivative equals

, [f(t)(ZF(t)— ) 2t:| ’

g (t)=g(r) FOO—F@) o (1.58)

and g (0) = 0. Let h(r) := f(1)(2F (t) — 1) /[F (t)(1 — F(1))] — 2t /2. Since h(t) is also differentiable, it is possible to

reach

¢'0) = £ @n0)+20) | 505 (10 + o3) @FO - 1)+2 (30 33 )| 1.59)

and since g (0) = 2(4 —2m)/(0272) < 0,1 = 0 is a point of local maximum.
It is now proven that no other point of local maximum exists through contradiction.
Assume that there exists a point of local maximum for some #; > 0 and note that it is enough to consider #; > 0

since g(¢) = g(—t). If #; is a point of local maximum, then there exist 0 <, < #; < t3 in which g(t2) = g(3), g/ () >0
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and g (13) < 0, which implies A(t2) > 0 and h(13) < 0 because g (1) = g(¢)h(t) and g(z) > 0 always. Using the definition
of h(t), it is possible to reach that h(t2) > 0 is equivalent to g(t,)6> > 2t2f(t2)/(2F (t2) — 1) and, similarly, A(t3) < 0
is equivalent to g(t3)02 < 2t3f(t3)/(2F (t3) — 1). Since g(t2) = g(t3), it must follow that

nf(t) 3 (13)
() —1 " 2F(n) -1 (1.60)

It is now shown that (I.60) cannot happen when #, < t3 because the function 7£(t)/(2F (¢t) — 1) is nonincreasing.

To see this, simply compute

o _tf(t) _ tf(e) (1-1*/o*  2f()
9t2F(I)—12F(t)—1< t 2F(t)—1>’ (L61)
observe that
aatthégt_l <0em(t):=(1—1/c?)(2F(t) — 1) — 2t f(t) <O, (1.62)

and note that 7m(0) = 0 and m' (t) = —2t(2F (1) — 1) /6> < 0, which means that m(z) < 0 for all # > 0. |
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Appendix J: Computing the ARE Metric

In this appendix, formulas for E[&(||L; — (0,0)|)] and E[&(||L; — (0,7x)]||) are provided when either S; = S, or
Ss = c-Se and L; is uniformly distributed in Sy for some cases of interest. Formulas are provided only for the case
¢ > 1. These formulas are used as the starting point for some of the propositions and to obtain the numerical examples
of Sections 8.2 and 9.4.

The superscripts (1) and (2) are used to differentiate between the deployment options 1 and 2 described in Sec-
tion 9.2. For the developments of Section 8.2, E[§(||Lf]) —(0,0)]|) and E[‘g’(HLf]) —(0,rp)]|) are used since the
developments of Section 8.2 consider the comparison of systems under the same deployment option 1.

For the computations of E[§ (||Ll(1) —(0,0)

)], consider the original S, and S;, which are centered in the origin;
however, in order to facilitate the computation of E[§(||Ll(’ ) - (0,7pm)]])] for either j =1 or j = 2, translate S; by
(0,—rp) and rotate it by . These operations cause the point (0,ry) to be translated to the origin and S, C {(x,y) :
y > 0}. Apply the same operations in the distribution of ng ). Note that these transformations do not change the result
of E[€ (HLl(j )~ (0,7m)]))] because L; is uniformly distributed and Lebesgue measure is invariant to translations and
rotations. Let S\*) refer to the translated and rotated S; i.e.; St ={(x,—(y—rm)) : (x,y) € Ss}, and let s and st

denote the deployment regions for options 1 and 2 respectively.

J.1 When the Region of Interest is a Disk

When S, = B, (0),

B - 0.0 = =5 ["E0)-rar .
M
EleL 0] = — [* [ 80 rarao, a2)
M
2w pry(sino+y/c2—cos? @)
EE(ILY 0] = s [ [ §(r)-rdrdo. a3

(x1)

In order to understand the range of integration for r in (J.2), note that S’ is a ball with radius ry; and centered

at (0,ry) in the Cartesian coordinates and the circle that forms the boundary of S.g*l)

{(2rysinw, ) : o € [0,7]} [55].!

is given in polar coordinates by

In order to understand (J.3), observe that s s equal to the set {(x,y) : x> + (y — ry)?> < (cry)?} in Cartesian
coordinates, which is equal to the set {(r, @) : r? — - (2ry sin®) +r3, < (crp)} in polar coordinates. Thus, the range
of integration for r is found by solving the equation 12 — r- (2ry sin @) + r3;(1 — c?) = 0. The only positive root of this
equation is ry(sin + \/m) the other root is negative because ¢ > 1 in deployment option 2. Note that the

range of integration for @ is from O to 27 because the area of S 2 {(x,y) : y < 0} is positive.

ITo see this, write any (r, ) € {(2rysin®, ®) : ® € [0, 7]} in Cartesian coordinates and find that its distance from (0, /) equals ry.
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J.2  When the Region of Interest is a Convex Regular Polygon

Polar coordinates can also be used to obtain E[£ (||LEI) —(0,0)|))] and E[& (||L§j) —(0,rpm)||) when S, is a convex

regular polygon of n vertices circumscribed by B, (0) with one of the vertices at (0, ry):

EE(ILY - (0,0)])] = = O drdo 04
EE(LY — 0. )] = / o / rdrdo, as)
LY~ Onll] = o | - / )-rdrdo, a6

where m(S,) is the area of S,, g,(ll)(a)) determines the maximum r that satisfies (rcos,rsin®) € S,, h,(ll)(a)) de-

. . . . 1 2 . . .
termines the maximum r that satisfies (rcos @,rsin®) € s, and Al )(a)) determines the maximum r that satisfies

(rcos@,rsinw) € st

. To understand the range of integration over @ in (J.5), recall that it is assumed that one of the
vertices of the polygon that defines S, is located at (0,ry,). The translation and rotation operations cause this vertice
to be at the origin and the two sides that contain the origin are symmetrical with respect to the line x = 0. The angle
formed by the sides that contain the origin is given by #(1 —2/n), which is the internal angle of a regular convex

polygon of n vertices [34], and the range of integration follows. To understand the range of integration over @ in (J.6),

observe that the area of S\ N {(x,y) : y < 0} is positive.

J.2.1 Special Case: Triangular Region of Interest

Assume S, is a regular triangle circumscribed by B, (0) with a vertice at (0,74).

It is possible to show that m(S,) = 3rM\f/4 and

() /6 rray/( 29m(1)
EE(ILY - 0.01)] = / / rdrdo @)
5m/6.J0
21/3  3ry/( 2sma)
L —(0 = / drdw 1.8
L~ 0] = = [ rar i
L 0 8 tan~ ! ((24+¢)/(V3¢)) ple—1)ry/(v/3cos w—sin ) drd
= - . (0]
B - @l = 5[ [ /0 E(r)-rdrdo+
/2 (14¢/2)rp/ sinw
/ / é(r)~rdrda)]. J.9)
tan~1((24+¢)/(v3¢)) Jo

To understand (J.7), partition the triangle in three smaller triangles, each one formed by two vertices and the origin.
Observe that ||L§l) —(0,0)]| is invariant to rotations by /3, which means that it is enough to consider the integral of
§(||L§1) —(0,0)]|) as Lfl) varies in the sector (—57/6,—m/6) of S, and multiply the final result by 3. Within this
sector, any point in S, must satisfy rsin @ > —ry /2, which is equivalent as r < ry /(—2sin(w)).

To understand (J.8), observe that, in polar coordinates, s = {(now): e (n/3,2n/3),rsinw < 3ry/2}.
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To understand (J.9), observe that the side of the triangle s that is contained {(x,y) : x > 0} is given by
the line segment {(x,v/3x — (c — 1)ry) : x € [0,¢v/3rar/2]}, which connects the vertices at (0,—(c — 1)ry) and
(crmv/3/2,r(14+¢/2)). The other side of the triangle that contains the vertice (cryv/3/2,r(1 +¢/2)) is given
by a line segment at y = ry(1 + ¢/2). This means that any point in S 2N {(x,y) : x > 0} must satisfy, in polar
coordinates, v/3(rcos®) — (¢ — 1)ry < rsin® < ry (1 +¢/2) for any @ € [—m/2,7/2], which is equivalent as hav-
ing r < (c— 1)ry/(v/3cos® — sinw) when @ € [~r/2,tan"!((2+¢)/(v/3¢))] and r < (14 ¢/2)ry/sin@ when
o € [tan~' ((2+¢)/(v/3¢)), /2.

J.2.2 Special Case: Square Region of Interest

Assume S, is a square circumscribed by B,,,(0) with a vertice at (0, ).

It is possible to show that m(S,) = 2r3, and

1) 2 /2 rry/(cos+sin®)
Elg(iL - o) = = [77 [ §(r)-rdrdo 010
ry o Jo
(1) 1 /2 2ry/(cosw+sinm)
EE(L -0l = = [ ] §(r) rdrdo. @11
rM 717/4 0
1 tan~1(1/¢) pry(c—1)/(cos w—sin ®)
EE(ILY 0l = o[ [~ ] E(r)-rdrdo+
rM —71'/2 0

/~TE/2 /~rM(c+ 1)/(cos w+sin o)
t

E(r)-rdrdo|. J.12)
Jtan—1(1/c) JO

To understand (J.10), observe that E[&(HLEI) —(0,0)]])] is four times the integral of é(HLfl) —(0,0)]) over the
quadrant {(x,y) : x > 0,y > 0} and, because the square has a vertice at (0,r)s) and another vertice at (rj,0), for any
(x,y) € S., y must satisfy y < ryy — x; which is equivalent to rsin® < ry — rcos @ in polar coordinates.

To understand (J.11), observe that E[&(HLEl> —(0,ry)|)] is two times the integral of é(HLl(l) —(0,0)||) over the
(+1)

quadrant {(x,y) : x>0,y > 0}. After the translation and rotation operations, Sy ' has a vertice at (0,2ry) and a vertice

at (rar, ryr) and the line segment that has these 2 vertices as end points define the maximum range of r when ® varies

from 7/4 to 7/2; thus, any (x,y) € S

must satisfy 7sin @ < 2ry; — rcos @ in polar coordinates.

To understand (J.12), observe that the side of the square S§*2) that connects the vertices at (0,—(c — 1)ry) and
(cryr,ry) is given by the line segment {(x,x — (¢ — 1)ry) : x € [0,cry]}. The other side of the square that contains
the vertice (cryr,ry) is given by the line segment {(x, —x+ (¢ + 1)ry) : x € [0,cru]}. This means that any point in

N {(x,y) : x > 0} must satisfy, in polar coordinates, rcos @ — (¢ — 1)ryy < rsin® < —rcos @ + ry(c+ 1) for any
o € [-7/2,7/2], which is equivalent as having r < (¢ — 1)ry/(cos ® — sin®) when ® € [~m/2,tan"!(1/c)] and

r < (c+ 1)ry/(cos@+sinw) when o € [tan~'(1/c), /2).
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Appendix K: Supporting Propositions for Chapter 9

Proposition K.1. Ler Lgl) be uniformly distributed in Sy = B,,,(0) and let L§2> be uniformly distributed in Sy =
¢By,, (0) for ¢ > 1. Assume 0 < &(r) < oo is continuous, &(r) has continuous derivatives of at least the third order,

lim, 4 §'(r) =0, §"(r) > 0, and lim,_,. E" (r) = 0. If

: 4 gm _
rlggr E"(r)=0 (K.1)
then there exists ry, such that, for all ryy > ry;,
2 1
E[E(IL = L|)] > E[E(IL = L||)], Vie € 9By, (0), (K.2)

for some ¢ > 1.

Proof: Given the circular region and given that L; is uniformly distributed in both options, E[E(||L; — L||)] is
invariant to changes in /, € dB,,,(0) and pick I, = (0,74).
As in Appendix J, in order to facilitate the computation of ||L; — I.||, translate the center of S, = B,,,(0) and S
from the origin to (0, —ry,), which causes /, to be translated to the origin, and rotate by 7.

Using (J.2) and (J.3) from Appendix J, define

ryr (sin @414/ c2—cos? @)
G(w,c) ::/ E(r)-rdr. (K.3)
0
and it follows that
TG(w,1
e ] = [ 92 a0 )
0 Ty
EEQL —Onl] = [ 299 4 ®3)
i sI'M - 0 ﬂ,'(c-rM>2 . .
Observe that
T G(w,c)
F(c):= —=d K.6
©)= [ e mgzd® (K.6)
is a differentiable function of ¢, and
’ L d o T 9 G((D,C)

for any ¢ € [1,C] with 1 < C < . These claims follow from Theorem 1.1 when one considers j : (0,7) x [1,2] = R
given by j(w,c) := G(w,c)/(mc*r3;). The assumptions that & (r) is a continuous function and & (0) < o are sufficient

to satisfy the conditions of this theorem.
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The strategy of this proof is to show that there exists rj, such that, if rpy > r},, then F /(1) > 0, which implies the

existence of small enough values of ¢ > 1 for which

T G(w,c)
7I'<C . FM)2

EE(LY = (0.n))] = F(1) < /0

2 G ,C
</0 deE[é<||L§”<o,rM>||n- (K.8)

Compute the derivative in (K.7), and find that F'(1) > 0 is equivalent to
v /4
/ G(o,1)dw < / EQ2rysinw)-rydo (K.9)
0 0
Use integration by parts in the left-hand side , observe that G(7, 1) = 0, obtain that

/ﬂl-G(a),l)da) = n-G(n,1)—0-G(0,1)—/ﬂwiG(w71)d(o
0 o dw

3
— / @ -2riysin (20) - € (2ry sinw)do, (K.10)
J0
and note that (K.9) is equivalent to
T
/ E2rysinw)(2wsin (2w) + 1)dw > 0. (K.11)
0
Use integration by parts and reach that (K.11) is equivalent to
T 1
/ &' (2rysin®) - cos @ - <2a)sin2 o+ 3 sin2w> do <0, (K.12)
0

where &’(2r)ssin @) indicates the derivative of & (r) with respect to r applied at r = 2ry; sin @.
Observe that &' (2ry sin®) = &'(2ry sin(7 — @)) and decompose (K.12) as
/2 1
&' (2rysinw) - cos @ - (20) sin @ + 3 sin2w) do
0
T 5 1
+/ E'(2rysin(w— w)) -cos @ - <2a)sin o+ 3 sin2a)> do <0. (K.13)
/2
Change the integration variable to = & — w in the second term of the left-hand side of (K.13), and reach
T 5 1
/ &' (2rysin (r — @)) - cos @ - (Zw sin” @ + 3 sinZw) do
/2
2, . a1
:/ E'(2rysinv) - (—cosv) - [2(w— v)sin v—Estv dv. (K.14)
0

Use (K.14) in (K.13), observe that the two terms of the left-hand side become under the same integration interval,

and reach that (K.12) is equivalent to
/2
/ E'(2rysin) - h(®)do < 0, (K.15)
0

where h(®) :=sin(20) - (20 — &) sin® + cos ®).
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It is possible to show that (@) > 0 for @ € [0, ;) and ~(®) < 0 for @ € (w;, /2], where @, < 7 /4. To see this,
let h,(w) := (20 — 7) sin @+ cos w and observe that h;,(a)) =0 if and only if tan @ = 7 — 2®, which can only happen
at a single value of @ € (0,7/2). Since h,(0) > 0, h,(7/4) <0, h,(7w/2) =0, and h,, is continuous, there is only one
point in which h/p(a)) = 0; thus, there cannot be any point with /2,(®) > 0 when @ > /4.

Since " (r) > 0, &' (2ry sinw; ) < &' (2ry sinw) for Yo € (@;, /2], and reach that

10} w/2
e rysin)h(e)do+ [ E'(2rysino )h(o)do <0 (K.16)

0 [}
implies (K.15).
The goal now is to show that there exists a large enough rj; such that (K.16) is true for all rps > ry;. For this, let
H(w) :=cos(w)/2—5cos(3w)/18 — wsin(3w)/3 — wsin(w) /2 + wsin(®) + wsin(3®) /6, which is the primitive of

h(w). Since " (r) > 0,if 1/ry < oy, it is possible to reach that

/(; & 2y sin @)h(@)dw = /O VI 1 2 sin (@) deo + 1;”' E' (2ryy sin @)h(@)d
< & @rysin(1/m))[H(1 /rag) — H(0)] + &' (2rysinoon ) [H (@) — H(1 /rag)]. (K.17)

Use the bound of (K.17) in (K.16), combine terms, observe that H(7/2) = 0, and rearrange terms to obtain that, if

él(er sin 601) éI(ZI’M sin(l/rM))

H(1/rm) = H(0) H(1/rg) (K.18)

then (K.16) follows.
As ry; — oo, the right-hand side of (K.18) converges to the finite value £’(2)/H(0) < 0, and the left-hand side of
(K.18) converges to 0 because of (K.1). To see this, use the L’Hospital’s rule [101, p. 109] and reach that

im o Crusin®) ’3‘45///(21’1‘451““’1)433“2“’1 =o0. (K.19)
oo H(po) —H(0)  mioe W (o) +2rmh(5-)

Therefore, there exists an rj, large enough such that (K.18) is true for all s > rj; and the conclusion of the theorem

follows. =

K.1 Special Case: £(r) = Apax/(1+7)

Proposition K.2. Let Lgl) be uniformly distributed in Sy = By,,(0) and let L?

i

be uniformly distributed in Sy = cB;,,(0)

Jorc> 1 If&E(r) = Amax /(1 + 1), for any Amax > O, then there exists ry; such that, for all ry > ryy,
2 1
ELE(ILE = 1el)] > ETE(IL" — )], VL. € 9B, (0), (K.20)
for some ¢ > 1.

Proof: Let Apax = 1 without loss of genelarity. Follow the same steps of the proof of Proposition K.1 to reach

(K.11), which is equivalent to

T ho(o)
. K.21
/0 1+2rMsina)dw>O’ ( )
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in which ho(®) :=2@sin (20) + 1.

The strategy for this proof is to find an analytically treatable lower bound for the left-hand side of (K.21) and show
that the lower bound goes to infinity as ry — o, which implies that (K.21) is true for all rys large enough.

It is possible to verify that there exists @, and @, such that hy(®) > 0 for 0 < ® < @, and for @, < ® < 7; and
ho(®) < 0 for m, < @ < wp. Further observe that, since sin2® > 0 for @ < w/2 and ho(7/2) =1, /2 < ®,.

For @, < @ < @y, use the bound Ap(®) /(1 + 2ry sin®) > ho(®)/(2ry sin ).

For 0 < o < @y, consider ry large enough such that 1 /ry < @ — @,. For0 < o < 1/ry, ho(®)/(142rysinw) > 0.

For 1/ry < ® < @,, it is claimed that

ho(®) S ho(®)

. —, (K.22)
14+ 2rysin® = 2g(ry)rysin

where g(ry) := 1+ 1/(2rysin(1/ry)). To see this, observe that /2 < @, implies that T — @, < ©/2 and, for any

o*, 0™ that satisfy 0 < 0™ < 7 — @, < ©* < @,, it follows that sin ©** < sin ®*; therefore, 1/ry < © — @, implies

. . 1 sin @ . .
sinw>sin| — | & ————+2rysin®w > 1+ 2ry sinw

rm sin (1/rM)
1 1 1
142 inw > sin @ : = . 1 ’ (K.23)
PSIO G ny T2MSIN®  2ry sine (1 + T (7m0 /rm)
Therefore, if
Wa hy(w D hy(w
/ L)y L IC) R (K.24)
1/ry 28(rp)ryrsin® 0, 2rysin®
then (K.21) follows and the proof is complete.
The primitive of hy(®)/sin @ is given by
0] .
H(®) :=1log (tan (E)) +4cos®+4wsin o, (K.25)
and (K.24) is equivalent to
1
o) [Hi (@) — Hi(1/ra)] + Hi(@p) — Hy (0q) > 0. (K.26)

To show that the left-hand side of (K.26) grows to infinity, observe that, while both H; (@,) and H; (@) have finite

values that do not vary as ry; — oo and g(ry) = 1+ 1/2; —H;(1/rpy) — oo. [ |
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