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0.1. Introduction

The most important assumption made in the ordinary least squares regression model
(OLS) is the orthogonality between the random disturbance term and the regressors.
This assumption is not fulfilled in many relevant economic scenarios in which a set
of explanatory variables, referred to as endogenous regressors, are correlated with the
random disturbance. The earliest example, as documented by Stock and Trebbi (2003),
arose with the estimation of demand equations and price elasticities. Researchers that
explored this problem in the early twentieth century found that the result of regressing
quantities demanded on prices was an upward sloping demand curve. The reason for
this occurrence is that the equilibrium prices and quantities are affected by movements in
the supply curve, something that yields a violation of the assumption that the error term
and the regressors are independent. This problem is also present in the regression that
relates individual wages to schooling choices and other individual characteristics. In this
case there exist components of the random disturbance, for instance unobserved ability,

that are correlated with schooling choices.

The instrumental variable procedure addresses this problem by introducing a set
of regressors that are uncorrelated to the random disturbance and are related to the
explanatory variable of interest only through the endogenous regressors. In the case
of the demand equation, a valid instrument would be a variable that shifts the supply

affecting the quantity demanded only through its effect on the equilibrium prices. In
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the case of the wage equation, a valid instrument would be one that affects the years of

schooling of an individual but has no direct effect on the wages.

In this dissertation, I provide solutions to problems sometimes encountered by
researchers when employing an instrumental variable methodology. I explore the in-
strumental variable problem in a nonparametric framework and in a situation where
there exists a large set of instruments that are weakly correlated with the endogenous
variable of interest. The latter case is referred to as the many weak instrument problem
and is characterized by the fact that it yields inconsistent estimators with nonstandard
asymptotic distributions. I also explore the model selection advantages of the least
absolute shrinkage and selection operator (LASSO) as an instrument selection procedure

in this context.

In the first chapter of this dissertation, I analyze a many weak instrument setting that
extends the Chao and Swanson (2005a) framework to consider a potentially large number
of irrelevant instruments. In this setting I propose a new 2SLS estimator that addresses
two concerns: first, the selection of the relevant instruments; and second, inconsistent
estimates that arise in a 2SLS context with many weak and irrelevant instruments. The
methodology put forth addresses the first concern by disregarding with high probability
those instruments that should not be included in the model using an adaptive absolute

shrinkage and selection operator (LASSO). The second concern comes from the fact that
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in the environment described, the traditional 2SLS estimator is not consistent. I prove

that the proposed estimator is simultaneously consistent and asymptotically normal in

the presence of many weak and irrelevant instruments.

The first stage can also be constructed using a mean independent instrument assump-
tion to provide the possibility of a nonparametric version of the adaptive LASSO. The
methodology allows for heteroskedasticity, which has been shown to affect the consis-
tency of the structural parameter in a setting with many weak instruments (Chao et al.
(2010); Hausman et al. (2010)). However, using the adaptive LASSO yields first stage
estimates with considerable bias. To address this concern and exploit the instrument
selection properties of the adaptive LASSO, I run an OLS regression with the selected

instruments in the first stage as suggested by Belloni and Chernozhukov (2010).

The second chapter is an empirical application of the findings and method of the first
chapter to the data set used in Angrist and Krueger (1991). This paper is the most com-
monly cited study when referring to the many weak instrument problem and provides
a clear illustration of how the estimator introduced in chapter 1 can help select a set of
instruments and alleviate the weak instrument problem. Moreover, the results found in
this chapter can be readily compared to others presented in the literature. In particular I

will contrast my estimation results with those presented in Belloni et al. (2010a).
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In the third chapter, I explore a solution to the nonparametric instrumental variable
problem within the context of reproducing kernel Hilbert Spaces (RKHs) by recognizing
that the object of interest is the solution to a Fredholm integral equation of the first kind.
RKHs are characterized by the fact that linear functionals in the space are bounded.
Therefore, the results of the previous literature, which assume the function of interest lies

in a bounded Hilbert space, can be mapped into a RKH.

Solutions to Fredholm integral equations of the first kind are called regularized solu-
tions. The methodology proposed in this chapter is, as was typified by Nychka et al.
(1984), a cross-validated spline solution. Within this framework the solution can be
thought of as a penalized least squares estimate. The penalty over the roughness of the
function, characteristic of these setups, is controlled by a regularization parameter that is
chosen by Generalized Cross Validation (GCV). Except for Gagliardini and Scaillet (2006),
the previous papers have no explicit mechanism for choosing the regularization param-
eter and some, like Newey and Powell (2003), recognize their estimator is very sensitive
to the choice of parameters. One advantage of GCV over the methodology of Gagliardini
and Scaillet (2006) is that its optimality has been established by Wahba (1977) within the
context of integral equations which are the object of interest in the literature of nonpara-

metric endogeneity.
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Chapter 1

Instrumental Variable Estimation and
Selection with Many Weak and

Irrelevant Instruments

1.1. Introduction

In this paper, I extend the many weak instruments framework of Chao and Swanson
(2005) to allow for a potentially large number of irrelevant instruments. In a setting
with many weak, possibly irrelevant instruments, traditional 2SLS leads to inconsistent
estimates when all potential instruments are used, but it is unclear how to select the
right instruments to include. I introduce a new 2SLS estimator that selects the correct

instruments with high probability and is simultaneously consistent and asymptotically



normal in the presence of heteroskedasticity.

Bound et al. (1995) show that even when instruments are plausible the resulting esti-
mator can be inconsistent and have a significant finite sample bias if their correlation with
the endogenous variable is small. They make the striking argument that results derived
under weak instruments can be equivalent to those obtained with a set of randomly
generated instruments. The work of Staiger and Stock (1997) proves that under weak
instruments the traditional simultaneous equation estimators have a non-standard lim-
iting distribution. When many instruments are available the conclusions are not as dire.
Chao and Swanson (2003b, 2005b, 2003a) prove that when this is the case the traditional
simultaneous equation estimators can be consistent and asymptotically normal even if
the instrument set is weak. Their work suggests that using all available instruments can

alleviate the weak instrument problem.

In the presence of many weak instruments, heteroskedasticity presents an additional
challenge. Chao et al. (2010), Hausman et al. (2010), and Chao and Swanson (2003a),
prove that simultaneous equations estimators that would be consistent in the presence
of many weak instruments are rendered inconsistent. To solve this problem Chao et al.
(2010) and Hausman et al. (2010) propose jackknife versions of the traditional simultane-

ous equations estimators.



Two asymptotic frameworks can be used to analyze the 2SLS estimator I propose in
this paper. In both cases the inconsistency of the conventional 2SLS estimator can be
characterized by the convergence of the estimator to an expression that depends on the
ratio of the concentration parameter to the number of instruments. The concentration
parameter is the canonical measure of instrument weakness and can be understood as
capturing the signal to noise ratio of the reduced form equation in a linear instrumental

variable estimation.

The first asymptotic framework, proposed by Staiger and Stock (1997), studies a
sequence of models where the number of instruments is fixed and the concentration
parameter remains constant in expectation. Under these conditions, if the concentration
parameter is small, 2SLS is inconsistent. In the Chao and Swanson (2003b, 2005b) frame-
work, a sequence of models that allows the concentration parameter and the number of
instruments to grow with the sample size is considered. Here, the conventional 2SLS
estimator is consistent if the rate at which the number of instruments grows is slower
than the growth rate of the concentration parameter. Intuitively, this means that the
signal to noise ratio per instrument is growing which implies additional instruments

provide information asymptotically.

I contribute to the weak instrument literature by providing an estimator that is consis-

tent and asymptotically normal in the presence of many weak and irrelevant instruments



and heteroskedasticity. To do so, I employ the asymptotic framework of Chao and Swan-
son (2003b, 2005b) because it incorporates the many instruments framework of Bekker
(1994) and Morimune (1983) and the fixed number of instruments framework of Staiger
and Stock (1997). As was shown by Chao and Swanson (2003b), the selected asymptotic
framework also characterizes the conditions under which a wide class of estimators is

consistent in the presence of many weak instruments.

In contrast with Chao and Swanson (2003b, 2005b), I consider a framework were some
of the instruments are irrelevant. These irrelevant instruments, ideally, should not be
introduced. They are included because researchers are uncertain which regressors should
be in the model, but the solution to the endogeneity problem demands the inclusion of
all possible sources of exogenous variation.! Additionally, including many instruments,
as was shown by Chao and Swanson (2003b, 2005b, 2003a), can result in the traditional
simultaneous equation estimators? being consistent and asymptotically normal, even if
the instruments set is weak. I argue that when a large instrument set is generated some
of the instruments available may be potentially irrelevant. The results I present suggest
that having an instrument selection procedure to exclude irrelevant instruments yields a

more reliable estimator of the structural parameter of interest.

Traditional solutions to the endogeneity problem assume the endogenous variable is composed of an
endogenous and an exogenous component. The solution to the problem comes from subtracting an estimate
of the endogenous component from the endogenous variable. Therefore, including all possible sources of
exogenous variation is fundamental to solve the endogeneity problem.

2Here reference is being made to two stage least squares, 2SLS, limited information maximum likelihood,
LIML, and the modified LIML estimator proposed by Fuller (1977).



The instrument selection procedure I employ in this paper to identify the relevant
instruments is the adaptive LASSO. The adaptive LASSO selects the set of first stage
regressors with non-zero coefficients and excludes the irrelevant ones with probability
approaching one. However, the adaptive LASSO comes at the price of post selection
bias. The procedure I introduce in this paper runs an OLS regression using the selected
instruments, reducing the bias inherent to the adaptive LASSO as is proposed by Belloni

and Chernozhukov (2010), Belloni et al. (2010a), and Belloni et al. (2010b).

Introducing an instrument selection procedure is important because it exploits the
relationship between the number of instruments and their signal to noise ratio. Chao
and Swanson (2003b), define instrument weakness employing this relationship. The
definition is directly related to the first stage F statistic, the most common measure of in-
strument weakness. Specifically, the F statistic is an estimator of the ratio of the signal to
noise ratio and the number of instruments. The adaptive LASSO excludes the irrelevant
instruments, increasing the signal to noise ratio and reducing the number of instruments.
Therefore, the signal to noise ratio per instrument, and hence the associated F statistic,
will be higher than if irrelevant instruments are included. This feature is essential for
obtaining consistency and asymptotic normality for the 2SLS estimator I propose, in
a scenario where many of the instruments are potentially irrelevant. In contrast, the

conventional 2SLS that does not use an instrument selection procedure to exclude the



irrelevant instruments will never achieve consistency and normality in the presence of

instrument weakness.

With regard to the instrument selection literature, my paper can be compared to the
work of Belloni et al. (2010a), Belloni et al. (2010b), Caner and Fan (2010), and Kuersteiner
and Okui (2010). Belloni et al. (2010a) propose the use of the variables selected by the
LASSO to run an OLS regression instead of using the LASSO estimates and prove an
improvement in the bias properties of the estimators for this procedure. They refer to
this methodology as a post-/1-penalized estimator. Similarly, I use the adaptive LASSO
as an instrument selection procedure and not as a first stage estimator directly. Caner
and Fan (2010) use the adaptive LASSO to provide instrument selection and use the
selected instruments to compute a GMM estimator. They conjecture that the estima-
tor thus constructed will behave like a GMM estimator computed with the true set of
instruments. Kuersteiner and Okui (2010) provide a model averaging version of the
traditional simultaneous equations estimators. Their methodology is a combination of
the instrument selection procedure proposed by Donald and Newey (2001) and the least
squares model averaging introduced by Hansen (2007). Finally, Belloni et al. (2010b)

extends the work of Belloni et al. (2010a) to include heteroskedasticity.

My work differs from these papers in two important ways: first, the post-selection

bias inherent to the adaptive LASSO and the model averaging estimators proposed in



Kuersteiner and Okui (2010) is tackled using a post-/;-penalized estimator; and second,
I use a different data generating process and adopt a different asymptotic theory. In
the work of Belloni et al. (2010a), Belloni et al. (2010b), and Caner and Fan (2010) the
model consists of a set of strong instruments and a set of irrelevant instruments. In both
cases the solution of the problem is to select enough strong instruments in the first stage.
In contrast, in this paper the data generating process yields instruments that are weak
or irrelevant and the solution to the problem is to exclude the irrelevant instruments
and select enough of the weak instruments in the first stage. Therefore, the asymptotic
behavior of the estimator I propose has a different limiting distribution than the one
proposed by Belloni et al. (2010a) and Belloni et al. (2010b) that attain /7 consistency.
As in Chao and Swanson (2003a) my estimator has a slower convergence rate that is
associated to the degree of instrument weakness. Also, the Chao and Swanson (2005b)
asymptotic framework allows the analysis of a fixed or a growing number of instruments
and provides an insight to the effects of instrument selection using a LASSO type estimate
when many of the instruments are weak or irrelevant. These effects can be understood

using conventional weak instrument asymptotics.

I also allow for mean independence between the instruments and the structural
random disturbance. The idea is for the researcher to be able to use the instruments in a
flexible way. The traditional assumption of random disturbances being uncorrelated with

the instruments only allows the instruments to enter linearly into the specification. The



form of the first stage considered is one in which the conditional mean function consists
of a large number of additive components. These additive components are approximated
using truncated series expansions with B-splines. The problem is that many of the
additive components are zero and some of the terms in the expansion are weakly related
to the endogenous variable. The adaptive LASSO will act to identify which coefficients
to include in the expansion. The Chao and Swanson (2003b, 2005b) definition of instru-
ment weakness and their necessary and sufficient condition to establish consistency is
extended to account for the possibility of terms in the expansion being weakly correlated

to the endogenous variable.

The estimator in this study is therefore unique in the sense that it combines into
one theoretical framework the model selection advantages of the adaptive LASSO, in
its linear and nonparametric version, and the many instruments and adaptive LASSO
asymptotics. At the same time it reduces the post-selection bias inherent to the adaptive
LASSO using a post-/1-penalized estimator. Moreover, it avoids the problems inherent
to the estimators proposed by Chao et al. (2010), Hausman et al. (2010), and Chao and
Swanson (2003b) in the presence of weak instruments and heteroskedasticity which do
not possess high order moments and thus may lead to unreliable conclusions.> With
regard to the instrument selection literature, the simulation studies I present below, un-

der different degrees of instrument weakness and endogeneity, show that the estimators

3This is the case of LIML, which is amply documented in the literature and, in the simulations presented
below, of the jackknife instrumental variable estimator in Chao et al. (2010) and Hausman et al. (2010).



put forth by Kuersteiner and Okui (2010) generate estimates with non-trivial bias. The
estimator I propose reduces this bias significantly. Simulation results indicate that my
procedure has better performance than the existent estimators for high levels of endo-
geneity and instrument weakness. However, the simulation results I present do not yield
an estimator that dominates all other in terms of mean square error and median absolute
deviation. For instance, under homoskedastic designs the Fuller estimator tends to be the
most reliable alternative in terms of median absolute deviation. When endogeneity and
instrument weakness are low 2SLS is a viable alternative. Finally, the Kuersteiner and
Okui (2010) estimators reduce variance significantly, sometimes yielding a smaller mean

square error than all other estimators.

The paper is structured as follows. Section 1.2 presents the model and its fundamen-
tal assumptions. Section 1.3 establishes the conditions under which the 2SLS estimator
attains consistency. Section 1.4 presents the asymptotic normality results and suggests an
inference procedure. Section 1.5 compares the performance of the estimator proposed in
this study via simulation to those in Chao and Swanson (2003b), Chao et al. (2010), Caner
and Fan (2010), and Kuersteiner and Okui (2010). Section 1.6 presents the concluding

remarks and suggests possible extensions while all proofs are gathered in Section 1.7.
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1.2. Framework

The framework is a simultaneous equations model where some of the regressors are irrel-
evant. The presentation of the model is divided into two subsections. The first subsection
discusses instruments that are uncorrelated with the random disturbances, which is the
traditional instrumental variable assumption. The second subsection introduces the pos-
sibility of having mean independence between the instruments and the random distur-
bance. The assumptions, regularity conditions, and a definition of instrument weakness

are also presented and discussed.

1.2.1 Instruments Uncorrelated with the Random Disturbances

The model of interest is given by:

Yin = YZn,B + uy (1-1)
You = Znlly + Vi (1.2)
IT, = (Hnl HnZ) = (Hnl 0) (13)
E (ul'YZm') 75 0, E (U;Zm') =0 and E (uiZm) =0 (14)

In (1.1) and (1.2) y1,, has dimensions n x 1, Yo, isn x 1, and Z, is n X p,. (IL;1 Il,p)
in (1.3) with I'l,;; # 0, of dimensions p,,;; x 1, and I, = 0, of dimensions p,, X 1, denotes

the fact that some of the potential instruments have no explanatory power. In (1.4) Z,,; is
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the i'" column of Z, and Ys,;, u; and v; are the i" elements of Y5, 1, and V,,.# Without
loss of generality all components of Y3, are considered to be endogenous and the data is

assumed to be centered so intercepts are not included in the regression function.

The estimator I propose for the model described in (1.1) and (1.2) uses the adaptive
LASSO to select a set of instruments, denoted by Z.1. The selected instruments are then
used in the first stage to run an OLS regression as is suggested by Belloni et al. (2010a)

and Belloni et al. (2010b).> This yields a first stage estimator given by:

A ~ ~ ~ _1 ~
You =Zn (Z1qZm1)  ZjiYou

Y,, is then used to obtain an estimator of the structural parameter of interest 8 given

by:

B= (V3 Y20) " (Vhuyrn) (15)

The first stage regression (1.2) starts with an adaptive LASSO which is a modified ver-

4In this paper, I will focus on the case of one endogenous variable. I do this for ease of notation. Notice
that the analysis could be generalized by allowing Y, to be of dimensions n x K for K > 1. As is proposed
by Caner and Fan (2010) to handle this case Y3, can be vectorized and the analysis follows in similar fashion
to the case where K = 1.

°It is important to emphasize that the adaptive LASSO selects instruments and produces a first stage
estimator. In this paper the adaptive LASSO is only used as an instrument selection procedure and the first
stage estimates are not utilized.
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sion of the LASSO suggested by Tibshirani (1996). The adaptive LASSO was introduced

by Zou (2006), and its estimates are defined by:

2

A

II,, = argmin
I1,

p
Yon =} ZnIly
i

p
+ Ay 2 Wy ‘Hn]‘ (1.6)
2 =1

2
The expression above has two components. The first one Han — Zle ZyilLy; ) is

the loss function of a least squares problem, where for a vector a its norm is defined by
2\1/2 o . -
l|all, = <2j:1 ]a]-| ) . The second expression is a penalty that arises from the restriction
Z]r-;l Whj ‘Hn]-‘ < ¢, where c is a constant. In this context A, is the Lagrange multiplier
associated with the previously mentioned constraint that regulates the amount of shrink-
age that is occurring. Notice that if A, = 0 the problem would simplify to a least squares

estimation.

The main difference between the standard LASSO and the adaptive LASSO in (1.6)
are the weights, w,;, which are not present in the original Tibshirani (1996) formulation.
Zou (2006) proposes that these weights be a function of the ordinary least squares esti-

mate of I, which I will denote by ﬁn(OLS). In his framework the weights are given by
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Wyj = ﬁ, where v > 0. The addition of the weights addresses the fact that the
nj(OLS)

LASSO generates biased estimates of the larger coefficients and, under certain situations,

is inconsistent for variable selection. By adding these weights, the adaptive LASSO solves

these two difficulties and attains what the model selection literature refers to as the oracle

property. Specifically, if we define A = {j : I1L,; # 0}:

Definition 1 (Oracle Property). An estimation procedure has the oracle property if it

asymptotically:
o Identifies the correct subset model P ({j : I,;; #0} = A) — 1
e Has the optimal estimation rate, \/n (I,;;, — IT,j,) —a4 N (0,V)

Proposition 3 guarantees that the first component of the oracle property is attained by
the adaptive LASSO. © This result is important because it allows researchers to argue for
the validity of the selected instruments and eliminates with high probability instruments

that provide no signal.

The adaptive LASSO introduced by Zou (2006) obtains the oracle property for a
fixed number of regressors p. However, I exploit the properties of the adaptive LASSO
when the number of regressors, p,, grows with the sample size. Huang et al. (2007) has

established the oracle properties under this scenario.”

®The second condition of the oracle property is not relevant here since the main interest is in the coeffi-
cients of the second stage.

"Following Huang et al. (2007), this study suggests using Wyj = m with v = 1 when p,;, < n.

When p;,, > n a different set of weights is suggested. I will define these weights in section 1.2.2.
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Using the adaptive LASSO first stage estimates, however, leaves unattended its conse-
quent post-model-selection bias. This will be addressed using the estimator proposed by
Belloni and Chernozhukov (2010). They suggest an /1-penalized method, like the adap-
tive LASSO, to select the instruments and then run OLS with the selected regressors. They
prove this yields a smaller bias than the LASSO. The simulations presented below, under
different degrees of endogeneity and instrument weakness, confirm this fact. It is impor-
tant to highlight that the method suggested by Belloni and Chernozhukov (2010) is used
as a bias reducing mechanism only. Specifically, the assumptions that the errors are ho-
moskedastic and Gaussian, as presented in Belloni and Chernozhukov (2010) and Belloni
et al. (2010a), are not present here. The results in this paper follow in the presence of het-
eroskedasticity and may allow for errors with tail behavior that ranges from subgaussian

to exponential and therefore is in line with Belloni et al. (2010b).

1.2.2 Mean Independence Between the Instruments and the Random
Disturbances

The mean independence assumption modifies equation (1.4) which is now given by:

E (ui|Ys) #0, E(vj|Z,;) =0 and E (u;|Z,;) =0 (1.7)
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Equation (1.7) is stronger than the uncorrelated instruments and random disturbances
in (1.4). The main reason for this new assumption is that the framework in this section

will allow for arbitrary functions of Z,, and not only a linear combination of its elements.

Under (1.7) and assuming an additive form for the first stage®:

Pn
Youi = Y fi (Znij) + vi (1.8)
=

The f; functions in (1.8) are approximated using truncated series expansions with
B-splines. I assume that many of the additive components are zero and some of the
terms in the expansion are weakly related to the endogenous variable. As in section 1.2.1
a set of coefficients is going to be selected. These coefficients are going to be used to

approximate each nonparametric component.

For completeness, I present the spline framework as introduced in Huang et al. (2010).
Let Z,;; take values in [a, b] where a < b are finite numbers. Let [a, b] be partitioned into
T subintervals, Ity = [Ck,Ck+1),k =0,...,T—1,and It = [{1,{r4+1), for T =T, = n"

where 0 < v < 0.5 satisfies maxj<x<74+1 |k — Ck—1| = O (n"). Defining S, as the space of

8In Huang et al. (2010) the model is given by:

Pn
Yoi = p+ ) fi (Znj) +vi
=1

For notational simplicity 4 = 0. In an earlier version of the paper results are derived with y # 0.
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polynomial splines of degree | > 1 consisting of functions s that satisfy: (i) the restriction
of s to Iy is a polynomial of degree I for 1 < k < T; (ii) for/ > 2and 0 <" <1 —-2,sis!’

times continuously differentiable on [a, b].

Under smoothness conditions stated in section 1.2.3, the f]-’s can be arbitrarily well
approximated by a function f,; € Sy. The f,; € Sy, are defined by the existence of a
normalized B-spline basis {¢,1 < t <s,} for S,, with s, = T, + | which yields the

expression:

fi(2) = Sz"lnjtwt (2) 1.9)
=

Although ITj; has different dimensions than I1,; in section 1.2.1, I will refer to them
both as I1,; throughout the document. It will be clear from the context if reference is
made to random disturbances that are uncorrelated or mean independent of the instru-
ments. The principal reason for this notational simplification is that the assumptions and

properties regarding I1, will be analogous in both cases.

Furthermore, as in Huang et al. (2010) it is assumed that Ef; (Z,;j) = 0. This gives rise

to the sample analog:
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n Sy

;tzlnjt% (Znij) =0, 1<j<pu (1.10)
j=1t=

To simplify the notation let ¢; (z) = ¢j (z) and Xpij = (1 (Zuij) /- -, Vs, (ij))/.
Also define X,;; = (Xj, .- .,Xnnj)/, the n x s, design matrix associated with the jth

covariate. Finally, let the design matrix be given by X;,.

Under this framework, denoting the basis functions selected by the nonparametric

adaptive LASSO by X,,1, the estimator of the parameter of interest, 8, is described by:

.B = (?ényZH)_l (?Zn]/ln)

A ~ ~ ~ _1 ~
Y2n - an (X;lﬂan) X;/ﬂYZn

Once again, the adaptive LASSO is only used for instrument selection. Its estimates

are not used to construct Y>,,.

The framework described above provides a version of (1.6) that incorporates the mean

independence assumption and the additive form in (1.8) that is given by:

Pn 2
Yon = ) XujILy
=1

I1, = argmin
I, -

Pn
+ A Y waj || T (1.11)
2 j=1
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The form of (1.11), which comes from the additivity structure assumed for (1.8), is
important because the concepts of instrument weakness and instrument selection present
themselves in a form that resembles the case of uncorrelated instruments and random
disturbances of section 1.2.1. In particular, we can think of I, as being zero or nearly

zero as in section 1.2.1.

The main distinctions between equations (1.11) and (1.6) are that Z,; has been re-
placed by a set of basis functions X,;, another regularization parameter, A, is used and
the weights, defined in (1.12) below, will have a different form. As in section 1.2.1, the
adaptive LASSO is selecting instruments. Through (1.11), a group of coefficients is being
selected to approximate each nonparametric component f;. This is clear by inspection of
Xuj = (Y1 (Znj) ,-- -, ¥s, (Znj)) given that when IT,; is zero so is Zy;. It follows that weak
instruments, in the model described by (1.4) and the model described by (1.7), will refer
to the Z,’s that do not provide a strong signal. The addition of another regularization
parameter, A,;, implies that the amount of shrinkage is going to be different when the

random disturbances are uncorrelated with the instruments.

Instead of obtaining the weights in (1.11) from a least squares optimization problem,
I find them using LASSO to select a group of coefficients to approximate each additive
component f;. This incorporates the possibility that p, > n that [ allow in the model with

the mean independent random disturbances.” Defining the LASSO estimates as I1,; the

9In section 1.2, pn < n. Here I relax that assumption to illustrate the possibility that, when p, > n, a
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weights are given by:

(

. -1 . -
ITTilly ™ if ([T, >,

Wyj = (1.12)

o i [y, =0

\

1.2.3 Assumptions, Definitions, and Regularity Conditions

This subsection lists and interprets the main assumptions, definitions, and regularity con-

ditions used in the paper and discusses their relevance.

Assumption 1. 11, = %—: for some sequence of positive real numbers {b, }, nondecreasing
in n. In the parametric model of section 1.2.1 {C,} is a sequence of nonrandom, p, x 1
parameter vectors. In the nonparametric model of section 1.2.2 {C,} is a sequence of

nonrandom, ( pnsn) x 1 parameter vectors.

Assumption 2. Let {Z, } be a triangular array of R”"-valued random variables with finite
tirst and second moments, T denote a generic eigenvalue, lim the limit inferior, and lim
the limit superior. Also, let {X,,} be a set of RP»**-valued basis functions depending on

Z,, and:
(a) For the model of section 1.2.1, p, — o0 as n — oo such that £ — « where a € [0,1)

(b) There exists a sequence of positive real numbers {m, }, nondecreasing in n, and con-

different set of weight functions and a different amount of regularization are needed.
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stants D and D;, with 0 < D; < D, < oo, such that

) z'7Z
Dl < h_mn—onmin (1’1—7’1) a.s
Myl
and
— 7'7
hmn—>oonax< - n) <D, a.s
n2

(c) There exists a sequence of positive real numbers {m,, }, nondecreasing in 1, and con-

stants D1, and D, with 0 < D7, < Dy, < oo, such that

) X'X
D1y < lim,, o Tiin ( - n) a.s
nlx
and
— X'X
hmn—)oonax< K n) < Doy a.s
Mp2x

(d) There exists a sequence of positive real numbers {h, }, nondecreasing in n and con-

stants D3 and Dy, with 0 < D3 < D4 < oo, such that

!/
D3 S h_mn—>oonin (Cncn)

hy
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and

_— C/C
limy; s 00 Tmax < Z n) < D4
n

Assumption 3. Let z; and x; be the it" rows of Z, and X, respectively. Then for constants

0 < Dy <ocoand 0 < Dy, < o0:

I (! , Pn
1r2ia§xn‘zi (ZnZn) zi| < D7mn1

(ot .
giag)ja‘xi (X Xa) xi| - < D7xmnlx

Assumption 4. Let us define S = w'sign (I1,) where w is the vector of weights defined in
equation (1.6). It is assumed that there exist constants 0 < Dg < Dg < oo and a sequence
of positive real numbers {l,,} such that:

S'S

—) < Dy a.s
In

limy, 00 Tmax (

and

S’S
Dg < h_mnﬁoonin (l_> a.s
n

Assumption 5. Define vj; as an element of the matrix V;, and #; = (u;, vg)/ where 7 are

identically distributed, v; is a row V};, and:

(@) n;LZ,, E(n;) = 0, and Var (1;) = %;, where L; is positive definite and defined to be
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/
Ouu Oy,
Ovy vy

(b) Eu?L < o0 and Ev?k < o0
(c) E(#}) = E(v3) = E (ufou) = E (vjui) =0

(d) The tail probabilities of the individual components of the random vector V,,, v;, satisfy
for certain constants D5 > 0, Dg,and 1 < d <2, P (|| > t) < Dgexp (—D5td) for all

t >0withi=1,2,...n.

Assumption 6. For a constant ¢ such that 0 < ¢ < cc:

Muhy

(a) Define the ratior, = 2

! !
%ﬂznnn — ® almost surely for a

.Asn — 00,2 — ¢ and

nonrandom positive constant ®.

! !/
(b) Define the ratio ryy = 23" Agn — oo HuXuXulln

3 A== — Py almost surely for a positive
2 ,

constant ©,.

Assumption 7. Let 7, = min {|1—In]-| 1jE A}. Then the variables {p,1, Pn2, A, Aty In, M2, Mz, Sn }

satisfy the following conditions:

(a)

>
=
=

3

My

1/d 1/d
, log (n)"*=1 (%) and  log (n)14=1) (%)%0
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(b)

1/d
log ()41 (log(pn.;)n \/_> Lo

(©)

L AT L B
m m

qnlog(pusn) nq {534_ S_”r

nx2 nx2

Assumption 8. Let x be a nonnegative integer, and ¢ € (0,1] in such a way that 0 =
K + 0 > 0.5. Also, let F be a class of functions on [0, 1] whose oth derivative f() exists

and satisfies for a constant C > 0:
’f(") (s) — f© (t)‘ <Cls—t fors,t€ [a,b]

Assumption 9. Let f;(z) # 0,1 < j < gq,but fj(z) =0,9+1 < j < py. Also define
1/2

Ifll, = [ f;’ 2 (2) dz] for any function when the integral exists. Then the number of

nonzero components 4 is fixed and there exists a constant c; such that min; <<, || f; H2 >

Cf.

Assumption 10. Efj (Z,;) =0and fj€ F,j=1,...q.

Assumption 11. For the model described in (1.7) and (1.8) the covariate vectors Z,,; have
continuous densities and there exist constants C and C such that the density function g;

of Z,,; satisfies 0 < C < g; < C < coon [a,b] for every 1 < j < py.
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Proposition 1. Under assumptions 1 to 11 for A,;; > C+/nlog (pns,) and a constant C > 0.

The ﬁnj of the nonparametric model described in (1.11) satisfy:
i) AllTI,; # 0 are selected with probability converging to one.

ii)

& nglo nSn n . Sy - )\211
8 1 1 = 0 ("800 0 (o0 [oo S o ()
]:

m o Myx2

Proposition 1 refers to the behavior of the weights used by the adaptive LASSO in the
nonparametric case. The initial weights should, in the linear and nonparametric cases, be
consistent estimators for the first stage parameter. In the case of the linear model the OLS
estimator clearly attains this goal. In the case of the nonparametric model Proposition 1

shows this.

Proposition 1 is grouped with the assumptions because it constitutes a condition that
precedes the estimation stage and should be satisfied for the proposed methodology to
be selection consistent, for the first stage estimator, and consistent and asymptotically

normal, in the case of the second stage. A proof of Propositions 1 is provided in section

1.7.

Discussion of Assumptions and Regularity Conditions

Chao and Swanson (2003b, 2005b) show that the concentration parameter, given assump-
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tions 1 to 6 above, is of the order O(r,) almost surely whereas in Staiger and Stock (1997) it
is fixed. It is via the characterization of the behavior of r,, that Chao and Swanson (2003b,
2005b) bring together the local to zero Staiger and Stock (1997) framework with the many
instrument ideas of Bekker (1994) and Morimune (1983). Allowing the concentration
parameter to grow with the sample size guarantees consistency of LIML and Fuller by

modeling the additional instruments as a source of increasing information asymptotically.

A useful way to interpret r,,, as discussed in Chao and Swanson (2003b), is to think of

it as divided into two components. The first one is Z—g

. This component explicitly defines
the local to zero part via b2, but accounts for the possibility of the instruments having a
signal asymptotically, C;,C, = O(h,). The second component, 1, is the rate at which

the information in the instruments accumulates.

For instance, in the Staiger and Stock (1997) framework b, = /n, m,; = n, and the
number of instruments is fixed for all n, making C,,C, = O (1) and h, = 1. This implies
that the concentration parameter is constant: r, = 1. Under this setup, no conventional
simultaneous equations estimator is consistent if the instruments set is weak. If, how-
ever, the instruments provide some information asymptotically (h, — oo as n grows
and r, = hy), the concentration parameter growth can yield consistency even under

instrument weakness as proved by Chao and Swanson (2003b).
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In this paper these ideas are extended to the nonparametric case via r,y which has
the same interpretation as r,. In the case of the nonparametric model the concentration
parameter is given by Z‘j‘l/ ZH;X;XanZ;%/ 2. Here it is important to highlight that the
concentration parameter is defined with respect to the spline functions, f,;, and not to f;.

Also, by definition X}, is a set of basis functions that depend on Z,, and, therefore, a weak

signal is inherently related to Z,.

Assumption 2 allows for different growth rates of the sequences I1,, Z,, X,. In the
case of Z,, and analogously for X,,, assumption 2(b) implies that Ty (Z,Z,) = O(my;3)
almost surely and i, (Z},Z,) = O(my) almost surely and is in line with Portnoy (1984),
a seminal work for linear regression when the regressors grow with the sample size, and
Koenker and Machado (1999). Portnoy (1984) argues that for a fixed number of regressors
my1 = my2 = n but when the regressors grow with the sample size this is not necessarily
true. He constructs results for the case where m,;; = m,» = n and then discusses under
which circumstances the condition is satisfied. For example he shows that the setup with
my1 = myy = n addresses situations where the regressors are normal or a scale mixture of
normals. On the other hand, Koenker and Machado (1999) make explicit use of rates of
growth of the eigenvalues of the information matrix that are different than n. They allow
Tmin and Tyax to have different growth rates. In the case of the nonparametric model a
similar analysis follows for m,1, and m,, in the place of m,; and m,;,. The conditions in

assumption 2 can be understood as equivalent to strong laws of large numbers.
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In the context of this paper allowing for different rates of growth for Tyux (Z,,Z,)
and T, (Z,,Zy) is going to be important because it denotes the fact that there are some
instruments that provide different information than others. This is important because I
am considering instruments that are weak along side with instruments that are useless.
Chao and Swanson (2003b, 2005b) impose the condition that Tyax (Z,,Z,) = O(m,) and
Tin (Z3,Zn) = O(my) almost surely which is tantamount to all the instruments consid-

ered being informationally equivalent.

Assumption 3 is assumption X2 of Koenker and Machado (1999). In their paper it is
important to establish their inference results. In the case of this paper assumption 3 is
going to be important to characterize the asymptotic behavior of the first stage estimators

once they are plugged into the second stage.

Assumption 5(a) explicitly allows for heteroskedasticity of the variance-covariance
matrix. The only requirement for the proposed estimator to be robust to heteroskedastic-
ity is that the elements of the variance-covariance matrix are bounded. This requirement

is given by Assumption 5(b).

Assumption 5(c) comes from Chao and Swanson (2003a). It imposes symmetry on

the distribution of the disturbances and allows the results to hold for the family of
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elliptical distributions. It is similar to assumption U1 of Koenker and Machado (1999).

The assumption is important to establish the asymptotic normality of the estimator.

Assumption 5(d) imposes restrictions on the tails of the distribution of the random
disturbance Vj,. For instance if d = 2 in the expression P (|V,;| > t) < Dgexp (—Dst")
the tail behavior is subgaussian and if 4 = 1 the tail behavior is exponential. This tail
behavior assumption defines exponential Orlicz norms that allow the use of the maximal
inequalities defined by van der Vaart and Wellner (1996). This restriction is also used in
Huang et al. (2007) to obtain the variable selection consistency of the adaptive LASSO.
Moreover, it provides a sense of the number of variables that will be selected by the
adaptive LASSO. If the tails are exponential the number of variables selected will be
fewer than if the tails are subgaussian. This distinction is not present in Belloni et al.
(2010a) where the error terms are required to be Gaussian or in Huang et al. (2010) where
the tail behavior of the errors is assumed to be subgaussian. I modify the proofs of Huang

et al. (2010) to allow for the possibility that d € [1,2].

11,7 Z,11,
I'n

With regards to assumption 6, the statement that — @ is not unique to this

paper. Chao and Swanson (2005b) require this condition. It is also invoked for certain
proofs in Chao and Swanson (2003a). However, the condition is not restrictive if one

11,7 7,11,
T'n

notes that by assumption 2, = O(1) almost surely. The same assumption is

extended to the nonparametric case.
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Assumption 7(a) restricts the asymptotic behavior of A, and the number of zero and
nonzero coefficients. It is a restatement of assumption A4 of Huang et al. (2007) that

incorporates the behavior of the information matrix of the instruments accounted for in

2
nij

assumption 2 instead of the assumption 1 Y |, Z2. = 1forj=1...p,.

Assumption 7(b) is needed for the proof of consistency and asymptotic normality of
the proposed estimator. In the literature it is common to obtain results depending on the
amount of regularization and the growth rate of p,; and p,».1° Additionally, the growth
rate of the concentration parameter and of the information matrix enter the expressions
in assumption 7(b). This is a consequence of the conjunction of the two asymptotic

frameworks in this paper. Assumption 7(c) is a restatement of (b) for the nonparametric

case.

The terms in assumption 7(d) come from the assumptions of Huang et al. (2010) in-
corporating the notation of assumption 2. The elements of the assumption are necessary
to guarantee consistency of the nonparametric estimator once the results of Proposition
2 are incorporated to the analysis. One important consequence of assumption 7(d) is
that the approximating spline functions are of order O (% [s; ¢+ 57"}2) To pro-

vide some intuition, assumption 7(d) would follow if g were taken to be constant and

10 An excellent example of a wide class of solutions that arise in the LASSO literature, embedding a wide
class of loss functions and regularization schemes, is Zhang et al. (2010).
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s, =0 <n1/ (23+1)), when ”1;%) — 0. This condition would be satisfied immediately if

myuxo = n and is likely to be satisfied if f; is sufficiently smooth.

Assumptions 8, 10, and 11 come from Huang et al. (2010). These assumption are used
in the literature of nonparametric spline models to estimate the nonzero f; components.
Assumption 9, that artificially bounds the f;’s away from zero, is not present in the
traditional nonparametric spline model literature. This is related to the fact that Huang
et al. (2010) are considering zero and nonzero f; components. I will be able to establish

this bound for the approximating spline functions f,;.

Proposition 1 is satisfied if, as discussed in Huang et al. (2010), for an increasing se-
quence e, — oo, that is defined by the convergence rates in part ii) of Proposition 1, the

initial estimators fIn]- satisfy two conditions:

enmax [Ty, = O, (1)
And for a constantc > 0

P (5%51”11”].”2 > cnn) S
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These two relationships imply that the zero an non-zero components are estimated

consistently by the weights.

Definition of Instrument Weakness

The notion of instrument weakness from Chao and Swanson (2003b) that will be used

here is given by:

Definition 2 (Instrument Weakness). The following classification will be used to denote

instrument weakness:
o The set of available instruments is not weak if f—: —0asn — o
e The set of available instruments is weak if f—: -0

The definition highlights the importance of the growth rate of the concentration pa-
rameter relative to the number of instruments. For instance, if 7, grows at a faster rate
than p,, it implies that the signal is growing for every additional instrument. In this case,
the instruments are not weak. In a similar fashion if f—: — 01 bor 0 < 61 < co the signal for
every additional instrument is vanishing asymptotically and instruments are weak. Def-
inition 2 can be extended to the nonparametric case by replacing r,, with r,, and p, with
pnsn. These two differences come from the fact that each instrument is associated with a
number s, of basis function and the fact that the asymptotic behavior of the concentration

parameter in the nonparametric framework is given by 7.
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1.2.4 Smallest Nonzero Coefficient and Oracle Property

The objective in what follows is to understand how the proposed estimator behaves
under the taxonomy of definition 2. The first component needed for the analysis is the
threshold between the coefficients that are chosen to be zero and those that are not. The
second component is the first part of the oracle property in definition 1, which establishes

that the adaptive LASSO selects the correct model asymptotically.

Various studies derive theoretical results by imposing such a threshold. In this paper
the approach of Zhang and Huang (2008) is used to determine it endogenously. Their
proofs are modified to arrive at the conclusion for error terms that have subgaussian
tails and for a behavior of the regularization parameter consistent with assumption 7(a).
The idea is to obtain a conservative lower bound away from zero for the coefficients
of the selected instruments. This is important because the conclusions of this paper
depend on the fact that after instrument selection the term ﬁr_T — 0, where p,, is the
number of selected instruments, while f—: — o0. The conditions f—: — oo and %1 — 0
imply that before introducing the adaptive LASSO instruments are weak but that after
selection a condition that is equivalent to having strong instruments might be attained.
Including a reduced number of instruments will make this conclusion artificially strong.
Allowing subgaussian tails the maximum possible number of instruments and the most
conservative lower bound possible for the selected coefficients is allowed. If i—’f — 01is

valid for subgaussian tails it will necessarily be true for heavier tails.
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Zhang and Huang (2008) do not attempt for the LASSO to be selection consistent

but try to analyze LASSO under weaker conditions. The idea in their work is that the

coefficients outside an ideal model are assumed to be small, but not necessarily zero. By

relaxing the assumption that the excluded coefficients are exactly zero, their approach is
g P y pp

ideal for constructing a conservative lower bound.

To see how this works, define:

o = (2 I, 1 {11, = 0}

jeA

B(A) = || ZuIly — Z,IT, |,

12 = max

Zyilly;
AICAC L, Zojtly

jeA

2

1/0(1
) ap € [0, 0]

(1.13)

(1.14)

(1.15)

Above (1.13) is a measure of the number of coefficients excluded by the model that

should have been included, B (A) in (1.14) is a measure of the model’s bias, and (1.15) is
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an upper bound on the contribution of a given set of the excluded regressors. Under this
framework Zhang and Huang (2008) prove that the LASSO selects a model of the correct
order of dimensionality p,;, controls the bias of the selected model at a level determined
by the contributions of small regression coefficients, and selects all coefficients of greater

order than the bias of the selected model. This is equivalent to:

P{ACA, B(A\)<m and (=0} —1 (1.16)

The arguments of Zhang and Huang (2008) imply that the threshold between the
selected and excluded coefficients is related to the fact that the adaptive LASSO may
include some variables that are not relevant and exclude some coefficients that are rele-
vant. Specifically, under what they refer to as a sparse Riesz condition, the LASSO selects

all coefficients of greater order than the bias of the selected model, B (A). The size of

. . . . /\H\/pnl . .
this error, under the assumptions of this paper, is O ( Jiing > This also constitutes the

threshold between the included and excluded instruments as stated in Proposition 2.

Belloni and Chernozhukov (2010) also acknowledge the existence of this bias and
try to quantify it for Gaussian errors within their framework. In this paper the post-
l1-penalized methodology they propose is used to reduce this bias. Simulation results,
however, show that bias reduction is also effective when the errors are not Gaussian and

suggests that the post-/;-penalized methodology is ideally endowed to reduce the bias of
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the estimators produced by the adaptive LASSO.

To allow for subgaussian tails the following regularity condition needs to be im-

posed!!:

Regularity Condition 1. The constant ¢y which will determine the amount of shrinkage

in (1.6) is such that ¢g > 0 and ¢y > D%; —1.

The result that defines the threshold between the included and excluded coefficients

is given by:

Proposition 2 (Minimum I1;;;). Under assumptions 2 to 7, and regularity condition 1 the

set A° C {1,..., pn} satisfies:

#{] < Pn ] ¢ AC} = Pnil, Z }Hn]‘ <m (1.17)
jeAc

Under these conditions the smallest of the coefficients in I1,; is of order greater than

An v/ Pnl

N

A proof of Proposition 2 is available in the appendix (Section 7.1.2). Proposition 2

gives us an approximation of the coefficients that are deemed to be non-zero by the

a0 regularity condition 1 the constant D5, which is presented in assumption 5, comes from the Orlicz
norm used in Huang et al. (2007). The Orlicz norm as is introduced in van der Vaart and Wellner (1996)

is defined by HX||¢ =inf {D5 >0:Eyp (‘D—XJ) < 1}. On the other hand, ¢y is a constant defined in Zhang

and Huang (2008) that affects the level of the minimum A,. A bigger ¢( increases the possibility that the
adaptive LASSO selects variables to be zero which are not.
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adaptive LASSO. It is an asymptotic approximation of the order of II,, = g—: for the
coefficients that are included. In particular, a consequence of Proposition 2 is that the
coefficients of the disregarded instruments are of the order O (%) :

In Proposition 2 expression (1.17) is the sparsity condition of Zhang and Huang (2008).
It tells us that there are a maximum of p,; large coefficients and that the sum of the /;
norms of the small coefficients is no greater than 77;. Another way of thinking about it is
that the excluded instruments are either zero or very small. Assumption 2 gives us the
Riesz condition of Zhang and Huang (2008). It is necessary for Proposition 2 and states
that the smallest eigenvalue of (Zmi’—nzz”) is bounded away from zero and the largest one is
tinite. These two conditions imply the fulfillment of the sparse Riesz condition in Zhang

and Huang (2008) and allow the use of their theoretical framework in the context of this
paper.

Corollary 1. If the conditions of Proposition 2 are satisfied, for the nonparametric model

the smallest of the coefficients in I1,,; is of order greater than A"m— Vp”;sn.

The distinctions between the instruments selection in the parametric and nonpara-
metric case, given that the same assumptions are made about the II, coefficients, are
the dimensions of I, and that the weights are based on the LASSO. Thus, the p;,1s,
term instead of p,; and the additional m,,; in the statement of the Corollary. The last
distinction is a consequence of the fact that the estimator of the weights, LASSO, is

already excluding some of the coefficients. In particular Corollary 1 can be interpreted as
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a restatement of Corollary 2.1 of Wei and Huang (2008).

Proposition 2 and Corollary 1 establish the mechanics of how the adaptive LASSO
selects instruments. The following propositions determine the accuracy of the procedure

to exclude the irrelevant instruments:

Proposition 3. Under assumptions 1 to 7 the adaptive LASSO identifies the correct subset

model and is sign consistent. In other words:

P (ﬁnj — Hnj> =1

Proposition 4. Under assumptions 1 to 11 and Proposition 1 the nonparametric adaptive

LASSO identifies the correct subset model and is sign consistent. In other words:

P (M = Tj) — 1

Proposition 3 states that, asymptotically, the adaptive LASSO will exclude the coeffi-
cients that are exactly zero and will provide the correct sign for the included coefficients.
This feature is beneficial when the set of instruments at hand is numerous and many are
potentially irrelevant, which is the framework studied in this paper. As I will show in

section 1.3, being able to exclude the irrelevant coefficients is important to achieve the
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properties of the estimator I propose.

The proof of Proposition 3 follows directly from Huang et al. (2007) once it is shown
that the assumptions in this paper are equivalent to the assumptions in their paper, as was
discussed in section 1.2.3. Similarly, for the nonparametric estimator the result follows
by virtue of Proposition 1 and noting that the assumptions in Huang et al. (2010) are
satisfied in the context of the assumptions of this paper. The modifications to their proof

are essentially the same as those presented in the proof of Proposition 1.

1.3. Consistency of 2SLS Using Adaptive LASSO

In this section, the conditions under which the procedure proposed is consistent are
determined. The taxonomy of Chao and Swanson (2003b) is used to express the result for

different degrees of instrument weakness.

Chao and Swanson (2003b) define consistency in terms of the growth of the concen-

tration parameter. Specifically, consistency can be achieved in their framework if:

Vi
Y5, Un

—0 (1.18)
n

This definition of consistency is a consequence of the fact that under weak instru-
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~ v/
ments E (Yz’nun> # 0. This implies that a stronger condition than % — 0 is required
V!
to achieve consistency, i.e, Y%u” — 0. This is a stronger statement because r,, grows at a

slower rate than n under weak instruments.

In Chao and Swanson (2003b) 2SLS does not satisfy (1.18) and is inconsistent because

f—: — oco. However, even if f—: — oo, the 2SLS estimator proposed in this paper can

achieve consistency. Intuitively, by disregarding the useless instruments the remaining

ones can achieve the condition @ = P 4 9,(1) — 0. This generates the possibility that
n n

even when the estimator is inconsistent using all of the instruments available, it will be

consistent when using the reduced instrument set.

Eliminating the irrelevant instruments is important to achieve a greater signal per
instrument. More importantly, it conveys the message that even though the solution
to the endogeneity problem suggests including all sources of exogenous variation and
the work of Chao and Swanson (2003b, 2005b) calls for the introduction of all available
instruments, having irrelevant instruments affects the precision of the estimator of the

structural parameter of interest.

Using Propositions 2 and 3 the conditions under which relationship (1.18) is satisfied

can be found. The proof of the result is presented in the appendix. It states that:



40

Theorem 1. If assumptions 1 to 7 and regularity condition 1 are satisfied then:

Y. u
n

The same is true for consistency in the case of the nonparametric model described in

section 1.2.2. In particular:

Theorem 2. Let fy = (Z]@l fi (Z4j), .. .,Z}@l fi (an)> and define the collection of esti-
mators of each f; (Z;;), i.e 1", ﬁjﬂl’t(zzj)/ by fn If assumptions 1 to 11 and regularity
condition 1 are satisfied, for A,; > Cy/nlog (pns,) with C > 0:

iy

1.4. Asymptotic Distribution

One of the advantages of the proposed estimator is that under the assumptions in the
text it is asymptotically normal. This allows for reliable inference under many weak

instruments.

Before the results are presented I define the following two matrices. For € = V;, +

BV, + uy:
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A = & "Var <M> o1
NG

/ IT.X e
Ay = ;' Var (—”l 1l )cb;l
VTn

The following theorem provides the asymptotic result:

Theorem 3. If assumptions 1 to 7 and regularity condition 1 are satisfied, then:

Vi (B=B) —a N (0,A)
It is important to mention that r,, could be asymptotically equivalent to n or slower de-

pending on the growth rate of the concentration parameter. However, r;, is not available

to the researcher. The following result addresses this fact.

Theorem 4. Under the conditions of Theorem 3:

AV (B—B) =4 N(0,1)

In the appendix I establish that 7, A — p A\

From the previous discussion it follows that:
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ATV2(B—PB) = A2 /1 (B—B) —a N (0,1)

In the case of the nonparametric estimator:

Theorem 5. If assumptions 1 to 11 and regularity condition 1 are satisfied, for A >

Cy/nlog (pnsn) with C > 0:

Ve (B—PB) =4 N(0,Ax)

Theorem 6. Under the conditions of Theorem 5:

A2 (B—B) =a N (0,1)

In the appendix I establish that Frx Ny —p A

1.5. Simulation Analysis

The simulation analysis below compares eight different estimators and the post-I;-
penalized procedure I introduce. Three of these estimators are more traditional simul-

taneous equation estimators in the presence of endogeneity: 2SLS, limited information
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maximum likelihood (LIML), and a mean unbiased Fuller estimator. I selected the three
estimators because they are the most commonly used and discussed in the literature.
The fourth estimator is the adaptive LASSO without the post selection component. This
estimator serves to highlight the importance of introducing a post-selection correction to
the adaptive LASSO. The next three estimators are the model averaging versions of the
25LS, LIML, and mean unbiased Fuller estimators as presented in Kuersteiner and Okui
(2010) with unrestricted weight matrices.'> These estimators can be thought of as includ-
ing Donald and Newey (2001) as a subset when all the weights are the same. The last
estimator is the jackknife instrumental variable estimator (JIVE) proposed by Chao et al.
(2010). The authors of Chao et al. (2010) have also suggested other JIVE estimators based
on LIML and Fuller. I select the 2SLS JIVE to see the performance of the post-/;-penalized
procedure when compared to an estimator that is robust to heteroskedasticity. Also,
Chao et al. (2010) claim that under heteroskedasticity the 25LS JIVE performs similarly to

the other jackknife estimators.

The comparison of the estimators is based on three data generating processes. The
tirst data generating process uses random disturbances and instruments that come from
a normal distribution. In this setup I allow for the presence of heteroskedasticity. The

second data generating process is analogous except for the fact that the design is ho-

12Kuersteiner and Okui (2010) suggest the possibility of using different weight matrices for the con-
struction of their model averaging estimators. An unrestricted weight matrix is used because it allows for
negative weights, something that Kuersteiner and Okui (2010) suggest is advisable for a situation in which
many of the instruments are zero.
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moskedastic. In the third data generating process I want to capture the behavior of the
estimator when the tails of the random disturbance are thick. I use a homoskedastic
design were the instruments and random disturbances come from a t-distribution with 5
degrees of freedom. All the designs incorporate the performance of the estimators under
different degrees of endogeneity and instrument weakness. At the same time I test a
scenario with a growing instrument set. The specifications yield six different scenarios
for each data generating process and sample size. These scenarios are the result of the

two levels of endogeneity and three measures of instrument weakness.

I use six criteria to compare the estimators. The first three criteria are the traditional
mean square error and the associated bias and variance. This deviates from what is
reported in Donald and Newey (2001) and Kuersteiner and Okui (2010) in which the
concern for the existence of the moments of the estimators restricts the analysis to mea-
sures of central tendency and dispersion. However, considering the mean square error
is important for researchers to analyze the potential benefits and caveats of employing
the different estimators analyzed under the scenarios presented. The remaining three
criteria, the median bias, median absolute deviation, with respect to the true B, and
the interquartile range, are consistent with the work of Donald and Newey (2001) and

Kuersteiner and Okui (2010).
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1.5.1 Simulation Design

The simulation results presented below rely on the construction of a variance-covariance

matrix given by:

Y, = Var (uy, Vy, Zy) = 0 0 (1.19)

In the matrix above, 0;,, measures the level of endogeneity. In the simulations, two
levels of endogeneity will be tested, 0.15 (low endogeneity) and 0.95 (high endogeneity),
for sample sizes n = 100 and 500. The number of instruments associated with each

sample size is 20 and 50 respectively. The results presented are for 1000 replications.

Il in equation (1.2) will be constructed in two ways. The first one is a modification of

Kuersteiner and Okui (2010) and is given by:

n/2—7\? .
= ) (1= 220t j<pur2 (1.20)

i = 0 for j>pn/2
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In Kuersteiner and Okui (2010), the first j < p,,/2 are zero and not the lastj > p, /2 as
presented above. The reason for this change is that the signal of the instruments will be
unnecessarily small otherwise. In the expression above the coefficients are constructed

> ), 71,,]

for two different pseudo R-squared values, defined by R § = = 0.1, and 0.01. The

pseudo R-squared is the way in which Kuersteiner and Okui (2010) introduce instrument
2

weakness into their simulation exercise. The term c (p,) guarantees that R y keeps its

predetermined values.

The second way in which the matrix I1, in equation (1.2) will be constructed follows
the criteria of definition 2 for a set of moderately weak instruments. The vector of param-

eters I'l,; in this case is given by:

1 -1 —1 1 1 -1 1 —1
1L, = , , , 1.21
! ( pns /" log (n) log (n )" \/log(n) \/log(n)" nt/3 ”1/3> 121

Three data generating process are analyzed. The first one is devised so that both the
random components V,, and u, and the instruments come from a normal distribution
with heteroskedastic variance. The second design is analogous except for the fact that the
variance is homoskedastic. The final design is one in which the variance is homoskedastic
but the draws come from a distribution with a thick tail, a t-distribution with 5 degrees of

freedom. Formally, the data generating processes are given by:
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Data Generating Process 1 (DGP 1: £; Normal).

Y2n - Zan + Vn

Yin = 0-5Y2n + Zan + i,

Data Generating Process 2 (DGP 2: £; Normal).

Y2n = Zan+Vn

Yin = 0-5Y2n + Zan —+ uy,

Data Generating Process 3 (DGP 3: ¥; t-distribution with 5 d.f.).

YZn - Zan+Vn

Yin = 0.5Y,, +2Z,1 + uy,

1.5.2 DGP 1: Normal with Heteroskedastic Variance Covariance Matrix

In this section I analyze the performance of the post-/;-penalized estimator I construct

with respect to the traditional estimators, 25LS, LIML, and Fuller, the model averaging
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versions of these estimators, and with respect to the JIVE estimator of Chao et al. (2010)
for DGP 1. The full results of the simulations can be found at the end of the document
in tables 1.10, 1.11, and 1.12. Tables 1.1, 1.2, and 1.3 summarize the results in a way that

facilitates the understanding of how the estimators are behaving.

In tables 1.1, 1.2, and 1.3, if the post-/1-penalized estimator is ranked as 1 it is the best
along the dimension analyzed, for instance bias. If the value that appears on the table is
2a it means its performance is the second best after 2SLS, 2b denotes it comes after LIML
and 2c, after Fuller, 2d after the adaptive LASSO, and 2j after JIVE. The other numbers
follow a similar logic. The magnitudes that generate these rankings can be found in

tables 1.10 to 1.12.

Table 1.1 shows the performance of the post-/;-penalized estimator with respect to the
traditional estimators. The results suggest that in general the post-/;-penalized estimator
has a lower variance than LIML and Fuller which under most the scenarios leads to
a smaller means squared error (MSE). This is also the case for the robust measure of
dispersion, the interquartile range (IQR), which is lower than that of LIML and Fuller.
However, LIML and Fuller tend to have a smaller bias with the notable exception of
the scenario in which the instruments are the weakest. When endogeneity is low the
post-I1-penalized estimator tends to be better centered around the true value according

to the mean absolute deviation (MAD) criterion. When the endogeneity is high the LIML
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and Fuller are better centered around the true value in terms of MAD except for the
case when instrument weakness is high. Therefore, when the instrument weakness is
high, regardless of the level of endogeneity, the post-/1-penalized estimator has a smaller
MAD. With regard to 2SLS, the proposed estimator tends to exhibit a lower MSE and
always has a smaller bias, median bias, and MAD. Nonetheless, the variance and IQR are

higher than that of 2SLS.

Table 1.2 compares the post-/;-penalized estimator to the model averaging estimators
proposed by Kuersteiner and Okui (2010). The results suggest that the proposed estima-
tor tends to have a smaller bias, median bias, MAD, and MSE, than the model averaging
estimators. However, these estimators have a smaller variance than the post-/;-penalized

estimator.

The comparison with the JIVE estimator and the adaptive LASSO appears in Table 1.3.
The conclusion is that when instrument weakness is the greatest the post-/;-penalized
estimator is superior in every respect. Also, the proposed estimator always has a smaller
variance and IQR. When instruments are not as weak the JIVE estimator tends to exhibit
a smaller bias, and median bias. When the instruments have low endogeneity the post-/;-
penalized estimator tends to have a smaller MAD, something that does not occur when

endogeneity is high.



50

From the previous discussion one can conclude that the post-/;-penalized estimator is
more efficient than LIML, Fuller and JIVE. In the case of LIML and JIVE, as is presented
in tables 1.10 to 1.12, the estimators do not seem to have a second moment. In terms
of the bias these three estimators tend to perform better than the post-I;-penalized esti-
mator. With regard to the MAD the post-/;-penalized estimator is a good option when
instrument weakness is severe. When this is not the case LIML, Fuller, and JIVE tend to
do better. Furthermore, the post-/;-penalized estimator is better centered around the true
value than 2SLS but has a greater variability. With respect to the model averaging esti-
mators the post-I;-penalized estimator has a lower bias and is better centered around the
true value but has greater variability. Finally, the post-I;-penalized estimator performs

unambiguously better than the adaptive LASSO.

1.5.3 DGP 2: Normal with Homoskedastic Variance Covariance Matrix

In this section I analyze the performance of the post-/;-penalized estimator I construct
with respect to the traditional estimators, 25LS, LIML, and Fuller, the model averaging
versions of these estimators, and with respect to the JIVE estimator of Chao et al. (2010)
for DGP 2. The full results of the simulations can be found at the end of the document
in tables 1.13, 1.14, and 1.15. Tables 1.4, 1.5, and 1.6 summarize the results in a way that

facilitates the understanding of how the estimators are behaving.

In tables 1.4, 1.5, and 1.6, if the post-/;-penalized estimator is ranked as 1 it is the best
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along the dimension analyzed, for instance bias. If the value that appears on the table is
2a it means its performance is the second best after 2SLS, 2b denotes it comes after LIML
and 2c, after Fuller, 2d after the adaptive LASSO, and 2j after JIVE. The other numbers
follow a similar logic. The magnitudes that generate these rankings can be found in

tables 1.13 to 1.15.

Table 1.4 suggests that the LIML and Fuller estimators tend to be less biased and better
centered than the post-/;-penalized estimator. This conclusion does not hold when instru-
ments are the weakest and endogeneity is low, in which case only LIML is superior. Once
again, LIML and Fuller tend to have a higher variance and IQR than the post-/;-penalized
estimator. This is not true, however, when endogeneity is high and instruments are com-
pletely weak, when the Fuller estimator tends to have a smaller variance yet still has a
higher IQR. With regard to 2SLS the post-/;-penalized estimator has a smaller bias, me-

dian bias, and MAD and has an inferior performance with respect to its variance and IQR.

The results of Table 1.5 show that the post-/1-penalized estimator has a lower bias and
median bias, than the modeling average estimators proposed by Kuersteiner and Okui
(2010) when endogeneity is low. This is the same when endogeneity is high except in
one of the six cases analyzed. Also, the post-I;-penalized estimator tends to have a lower
MAD and MSE. With respect to the variance and IQR the modeling average estimators

always outperforms the post-/1-penalized estimator.
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The comparison with the JIVE estimator and the adaptive LASSO appears in Table
1.6. When the instruments are the weakest, the post-/1-penalized estimator has a smaller
bias, median bias, MAD, and variance. However, when instruments are not as weak JIVE

tends to be have smaller bias, median bias, and MAD but a larger variance and IQR.

From the previous discussion one can conclude that the post-/;-penalized estimator is
more efficient than LIML, Fuller and JIVE. The LIML and JIVE estimators, as is presented
in tables 1.13 to 1.15, do not seem to have a second moment. In terms of the bias these
three estimators tend to perform better than the post-/;-penalized estimator and, LIML
and Fuller outperform JIVE. With regard to the MAD the post-/;-penalized estimator is
a good option when instrument weakness is severe. When this is not the case LIML,
Fuller, and JIVE tend to do better. With respect to the model averaging estimators the
post-l;-penalized estimator has a lower bias and is better centered around the true value
but has greater variability. Furthermore, the post-I;-penalized estimator is better centered
around the true value than 25LS but has a greater variability. Finally, the post-/;-penalized

estimator is unambiguously better than the adaptive LASSO.
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1.5.4 DGP 3: t-distribution with Homoskedastic Variance Covariance

Matrix

In this section I analyze the performance of the post-/1-penalized estimator I construct
with respect to the traditional estimators, 2SLS, LIML, and Fuller, the model averaging
versions of these estimators, and with respect to the JIVE estimator of Chao et al. (2010)
for DGP 3. The full results of the simulations can be found at the end of the document
in tables 1.16, 1.17, and 1.18. Tables 1.7, 1.8, and 1.9 summarize the results in a way that

permits the understanding of how the estimators are behaving.

In tables 1.7, 1.8, and 1.9, if the post-I/1-penalized estimator is ranked as 1 it is the best
along the dimension analyzed, for instance bias. If the value that appears on the table is
2a it means its performance is the second best after 2SLS, 2b denotes it comes after LIML
and 2c, after Fuller, 2d after the adaptive LASSO, and 2j after JIVE. The other numbers
follow a similar logic. The magnitudes that generate these rankings can be found in

tables 1.16 to 1.18.

Table 1.7 suggests that 2S5LS tends to have a higher bias than LIML, Fuller, and the
post-I1-penalized estimator when endogeneity is high but has a smaller MAD and MSE
when instruments have low endogeneity. Once again, 25LS has the smallest variance and
IQR with respect to the traditional estimators and the post-/;-penalized estimator. Table

1.7 also suggests that the LIML and Fuller estimators tend to be less biased and better
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centered than the post-/1-penalized estimator according to MAD and both measures of
bias. As in the previous DGPs LIML and Fuller have a higher variance and IQR than the

post-I1-penalized estimator.

The results of Table 1.7 show that the post-/;-penalized estimator has a lower bias
and median bias, unambiguously, than the modeling average estimators proposed by
Kuersteiner and Okui (2010) when endogeneity is low. This is the same when endogene-
ity is high except in one of the six cases analyzed. Also, the post-/;-penalized estimator
tends to have a lower MAD except when instruments are moderately weak. The MSE
that in the previous two DGPs had been lower for the post-/;-penalized estimator is now
unambiguously inferior when instruments have low endogeneity. When endogeneity is
high MSE still tends to be lower for the proposed estimator. With respect to the variance

and IQR the modeling average estimators always outperforms the proposed estimator.

The comparison with the JIVE estimator and the adaptive LASSO appears in Table
1.9. When the instruments are the weakest the post-/;-penalized estimator has a smaller
bias, median bias, MAD, and variance. However, when instruments are not as weak JIVE

tends to be have smaller bias, median bias, and MAD but a larger variance and IQR.

From the previous discussion the conclusion is that the post-/1-penalized estimator is

more efficient than LIML, Fuller and JIVE. In the case of LIML and JIVE, tables 1.16 to 1.18
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suggest the estimators do not have a second moment. In terms of the bias these three esti-
mators tend to perform better than the post-/;-penalized estimator and, LIML and Fuller
outperform JIVE. With regards to the MAD this also holds except when endogeneity of
the instruments is low in which case 2SLS is better.With respect to the model averaging
estimators the post-/;-penalized estimator has a lower bias and is better centered around
the true value but has greater variability. Finally, the post-I;-penalized estimator is unam-

biguously better than the adaptive LASSO.

1.6. Conclusion

In this paper, I consider a setting with many weak, possibly irrelevant instruments, where
traditional 2SLS leads to inconsistent estimates when all potential instruments are used,
but it is unclear how to select the right instruments to include. I introduce a new 2SLS
estimator that selects the correct instruments with high probability, and is simultaneously

consistent and asymptotically normal.

I exploit the idea that signal per instrument is what determines the quality of the
instrument set and provide a methodology to attain a higher signal per instrument. I
achieve this objective using the adaptive LASSO, a selection procedure that excludes the
irrelevant instruments with probability approaching one. The result is the possibility that
even though the initial signal per instrument stays constant as the sample size increases,

after instrument selection the signal per instrument diverges asymptotically. This implies
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that estimators that were inconsistent before instrument selection, because the signal
per instrument remained constant asymptotically, become consistent and asymptotically
normal. I derive these results bringing together the many weak instrument asymptotic
framework of Chao and Swanson (2003b, 2005b) and the adaptive LASSO asymptotics of

Huang et al. (2007).

The results I obtain are robust to heteroskedasticity which, as Chao et al. (2010) and
Hausman et al. (2010) prove, is an important consideration because it affects not only the
properties of confidence intervals but the consistency of the estimator of the structural
parameter. In addition, by allowing for the assumption that the instruments are mean
independent of the structural random disturbance, I allow the possibility of a nonpara-

metric adaptive LASSO in the first stage.

Finally, simulation results show that the proposed estimator performs better than the
estimators discussed in section 1.5 under heteroskedasticity, when the instruments are
the weakest and endogeneity is high. This suggests that the estimator is fulfilling the
description of the theoretical results and that it is an important alternative for researchers
that suspect high levels of endogeneity, a set of considerably weak instruments, and the

possibility of the presence of irrelevant instruments in their specification.
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1.7. Appendix

All proofs of the results in the text are presented in this section. Below C will be used

generically to refer to a constant.

1.7.1 Proof of Propositions

In this subsection I present a proof of Propositions 1 and 2. Both results are important
to establish the existence of the asymptotic order of the minimum non-zero coefficient

selected by the adaptive LASSO.

Proposition 2

Proof. (Proposition 2) First notice that from the Kuhn-Tucker conditions, II, =

~ ~ /
(Hnl e Hnn> is the unique solution to the adaptive LASSO if:

z} (Yz — Znﬁn> = Anwyjsgn (ﬁnj) , fInj 40 (1.22)

< )annj, ﬁn] =0

Z} <Y2 — Znﬁn>

The proof below follows from verifying that the assumptions in Theorem 1 and Theo-
rem 2 of Zhang and Huang (2008) are satisfied using Ax = A,w,;. The reason for this is
that they use the LASSO, i.e w;,; = 1], instead of the adaptive LASSO. Also, they assume
Vy is normally distributed. Here instead of having normal residuals, assumption 5 is
used to attain the results for subgaussian tails. As was explained in the text this allows

us to obtain a conservative lower bound for the minimum of the excluded coefficients.
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Let us define:

1/0(1
Coy = (Z |11, 1 {11, = 0}) a1 € [0, 00] (1.23)
jeA
B(A) = ||ZuI1, — Z,I1,|| (1.24)
N = }{pcai(c ]-;4/ ZyiLLy; (1.25)

Also, for m < py,, I denoting an identity matrix, Z,,y denoting a matrix of instruments

of dimensions n x Y, and Py = Z,y (Z]Z,y) ! VARG

Zua (Z!  Zwa) " sAs — (I = P4) Z,I1,
Zua (Z!  Zwa) " sAs — (I = Pa)Z,T1,

X;, = max max |V, (1.26)

[Al=m se {+1}" ‘

Finally for ¢y > 0 and a,, > 0 satisfying p,./ (pn V an)HCO —0:
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O = {(Zn, Vi) i x < \/2(1 +co) (mV1)log (pn \/an)} (1.27)

Above (1.23) is a measure of the number of coefficients excluded by the model that
should have been included, B (A) in (1.24) is a measure of the model’s bias, and (1.25) is

an upper bound on the contribution of a given set of the excluded regressors.

If (Zn, Vi) € Qg and the sparse Riesz condition of Zhang and Huang (2008) is fulfilled
the result of Proposition 2 follows. Expression (1.17) is the definition of sparsity in
Zhang and Huang (2008). It tells us that there are a maximum of p,; large coefficients
and that the sum of the /; norms of the small coefficients is no greater than 7;. The
estimator of the weights guarantees that this condition is satisfied. Also, assumption
2 gives us the Riesz condition of Zhang and Huang (2008). It states that the smallest
eigenvalue of (%2—5;’) is bounded away from zero and the largest one is finite. These two

conditions imply the fulfillment of the sparse Riesz condition in Zhang and Huang (2008).

What remains to be shown is that (Z,, V};) € (). This in turn implies, denoting the set

of selected instruments by A4, that:

P{ACA BA) <y and {4 =0} —1
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For V,, in assumption 5 with d = 2, (Z,,, V) € Q) is given by:

1—-P{(Zy,Vu) €Qo} < Y 2mV (’:}:) Deexp{—Ds5(m V1) (1+co)log(pVan)}
m=0
2Dg 2pn
< =Y an)(”CO)DS + Deexp ((Pn v an)(1+c0)D5) — Dg
— 0

Regularity condition 1 guarantees that the final expression goes to zero.

By Theorem 1 and 2 of Zhang and Huang (2008) it follows that (Z,, V) € (). This
implies that the excluded instruments are of the order O (%) . Also, given that w;,; =

O (y/My2), the excluded instruments are of the order O <M> translates to the excludes

My

instruments being of the order:

0 (A” v p’“) (1.28)
My
0

Proposition 1

Proof. Proposition 1 is a restatement of Theorem 1 of Huang et al. (2010) with two differ-

ences. The first difference is that the tail behavior of the errors in the first stage are not
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assumed to be subgaussian. The second one is that the eigenvalues of the information
matrix of the selected basis functions X',X,; is determined by 1y, in assumption 2.
This fact is equivalent to Lemma 3 in their paper being fulfilled. The proof below will

first address part ii) of Proposition 1 and then part 7).

Below the Lemmas used to prove Theorem 1 in Huang et al. (2010) will be modified
to incorporate these differences. As was mentioned previously, Lemma 3 in their paper
follows from assumption 2. Also, Lemma 1m which comes directly from the theory of

regression splines, is not modified.

The first component is to modify Lemma 2 of Huang et al. (2010) to allow for

the tail behavior of V, to range from exponential to subgaussian. Let us define

Ty = ‘/\/532?21 Pr (Zij)vifor1 < j < pp,1 <k <s,and T, = Maxi<j<p, 1<k<s, T]k|
Also, define i = L1 9E (Zij) and £ = maxj<j<p, 1<k<s, b5 i The first detail to notice

is that conditional on the Z;;’s the Tj;’s behave according to the exponential Orlicz norm

given assumption 5. This implies that by van der Vaart and Wellner (1996):

E (1gjg§,},a1§kgsn |T]-k| y {Zi]-,l <i<n1<j< pn}) < CTJtn (Iog (pnsn)) for de[1,2]

By the law of iterated expectations the expression above becomes:



62

ﬂ

Sn

Ji

E( max |Tjk|)gc (log (pusn))/?E (t,) for de[1,2]

1§]'Spn/1§k§5n

The remaining arguments in Huang et al. (2010) remain unmodified. The conclusion

of Lemma 2 in their text then becomes:

Sn

Q’

E(T,) <C

1/2
(log (pnsn))l/d (\/2C§log(pnsn) +4log(2pnsn) + CSE) for de[1,2]
n n

S

n

It remains now to restate the elements of the proof of Theorem 1 in Huang et al. (2010)

that have been modified by the changes introduced to the Lemmas in their text.

Lets first define ¢ = Y5, — Z]Pil XpjlTyjand g = X (X,’ﬂan)_1 X/ ;6. The expression

n

for ¢ can be rewritten to incorporate the fact that ijl Xnill,j is an approximation to

2}21 fi (an) by noting that:

P P L
Gi = Yai— ) Xullyj =} fi (Zuj) + ) fi (Zuy)
j=1 j=1

j=1

Pn Pn
= v+ ) fi (Zuj) = ) Xnjllyj
j=1 j=1

By the fact that | 1", f; (Zaj) — K%y XiyTLy

= O (s;a + \/%), which comes from
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results of Lemma 1 of Huang et al. (2010), where 0 is defined in assumption 8, it follows

that:

2
_ S
lgxl3 < 2 o+ +0 (nq 502 )

Where v;x = X1 (X,/ﬂan)_l X! ,vi. Furthermore, by assumption 2 it follows that
ncy*, which is the equivalent to the growth rate of the information matrix in Huang et al.

(2010), can be replaced by 11,52, and:

1 2
loelly = || X (X Xan) ™ o

C
= || X5
x2

It follows from the arguments above and those of Theorem 1 in Huang et al. (2010)

that:

)Op(q)nlog (Pnsn)

2
vik|l5 = O,(1
o5 = 0p(1) =L

Again using assumption 2 paired with Theorem 1 of Huang et al. (2010):
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Cligxll3 , CA%0,(0)

Mnx m%xZ

~n1_ nl >
[TT = T |5 <

It follows from the arguments above that:

2 2
~ 2 qnlog (pnsn) ng [ s A
[TLn =T ||; < Oy (m—%xnn>+o<@ Sp- + ;n +0 ’”32
nx

By virtue of assumption 7:

qnlog(pnsn) ng [ o, [su] A2q
—— =0, — |5, + . —0 and — 0

m%x2 Mpx2

The above relationships and the arguments found in Huang et al. (2010) guarantee

that part (i) of Proposition 1 is satisfied. This completes the proof of the Proposition.

1.7.2 Theorem 1

Lemmas

The first lemma presented below allows the use of the true set of instruments in the

proofs, as opposed to those selected by the adaptive LASSO. This is going to simplify
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the notation and it also facilitates the analysis of the implications of incorporating the

adaptive LASSO into a two stage procedure.

Lemma 1. Defining p,; as the number of selected instrument, if the conditions of Propo-
sition 2 are satisfied by assumption 7(b) and Proposition 3:
ﬁnl

— =, 0
n P

Proof. By Proposition 3, Fi—’;’ql = pr’—lf + 0,(1). Replacing r, in the expression pr_T by its defi-
nition and using Proposition 2:

2 2
P _ Pmby C—Z”ln;’lz — ci2 —0 (1.29)
T'n Mu2hy mnz)\npnl As

]

It is important to highlight that division by %, the asymptotic order of the first stage
coefficient vector, is bounded above by Proposition 2. In other words dividing by %
necessarily yields a smaller number than dividing by the asymptotic order of the smallest
of the non-zero coefficients. This yields the first inequality and is the key argument to

prove lemma 1. The conclusion follows by Assumption 7(b).

The first lemma presented below allows the use of the true set of instruments in the

proofs, as opposed to those selected by the adaptive LASSO. This is going to simplify
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the notation and it also facilitates the analysis of the implications of incorporating the

adaptive LASSO into a two stage procedure.

Let us define j as the estimator proposed in this paper using the instruments selected
by the adaptive LASSO, Z,, and Borade as the unfeasible estimator that could be com-

puted if the true set of relevant instruments, Z,;;, were known. It follows that:

Vin (B=B) = Vru(B=B)I1{Zn=Zn}+ra(B=B) {Zn # Zn}
= \/E(Boracle - ,B) + \/E(ﬁ _,B) I{an 7é an}

From Theorem 1 of Huang et al. (2007) and assumptions 5 and 7, for A =

{j : I1,,; # 0}, the sign consistency of the adaptive LASSO implies that:

1-P({j:11,;#0} =A) = O, (log (n)4=1 (log(’i—”z)l/d» (1.30)

= 0p(1)

The second equality is a consequence of assumption 7. In the expression above 4

represents the tail behavior of the random disturbances as described in assumption 5.
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Assumption 7(b) and equation (1.30) guarantee that:

Vil{Zn # Zn} = Oy (log (n)I{dzl} (log(pni\):/d\/ﬁ>>

= 0p(1)

If T can show that for any random set of instruments (,B —B) = O, (1) then it will

follow that:

Vn (B —B) =+ (Bomcle —B) +op(1)

This is what is proved in Lemma 2.

Lemma 2. For any random set of instruments Z,:

(/2_/3) =0p (1)

Proof. Let us define P, = Z, (z,gzn)*l Zy, as the projection matrix using all the in-
struments, P,y = Z,1 (Z:ﬂan)_1 Z,1 as the projection matrix using the correct set of
instruments, and Py = Zyx (Z), Zyi) - Z! . as the projection matrix associated with a

random set of k instruments.
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The analysis will focus on the estimator that would arise for any random set of instru-

ments:

B—B = (YsPiYan) ' (Y Pekitn)

I will first focus on the denominator. The first step is to rewrite the denominator as:

Yy, PYoy = (ZuIL, + Vi) Py (ZuI1, + Vi)

= II,Z, Py Z, 11, + V, Py Z,I1, + 11, Z PV, + V. PV,

To analyze the first term above, let z; be the it" row of Z, and z; be the i*" rows of Z,,.

Also, I define w; = (Z!, Z,) 2

E ||TT, Z}, Py Z, 11, |

2
n
-1
Z H;ziz;{i (Z;ank) Zk]'Z;-Hn>

[\1:

= E
i=1i=1
n n 2
= E()Y.) wgw]-z;»HnH;zi>
i=1i=1
n n n
= E| YY) ) wiwjwiwz 1,11,z 1,1 zk>
i=1li=1k=1I=1

i—1

n
= E( Y (ww)? (Z11,1T,z) +422 wlw;) (211 H’z]))

i=1 i=2j=1

+ E zgf(zgnnn;zi) (11,2 | (wfor) (w;wj)H(w;wjﬂ)

+ E|4 Z Y (wiw;) (wiw;) (zI1,11,,z;) (zéHnH;zj))
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i—1
< E( ) (wfw)? (&0Tz)* + 4 Y Y (whoy) (/) (zgnnn;zjf)
i=1 i=2j=1
n i—1
/ / / / I
+ E 22]2 (z{I1,IT,z; ( 11,11 z]> [ wiw; (w w]> + 2 (wjw;) (w]w]>]>
n i—1
+ E(4))) (wjw) \/ (wlw; < ) (z/T1,IT),z; ’HnH;,z]-)>
i=2j=1

< £ (s o ) "5 )* | £ Gt o2 £ s
n i—1 "
+ E 3(@% 2 (Z Z)” ) [21222]; (Z/TL,IT, z; (;HnH;zj>]>
2 n i—1
+ E <1n<1[a<>§1 Zp,; (anan Zki ) [2 lg]; (zi11,11,,z;) (ZIL,1T;, z])]>

IN
™

P n n i—1
c ik [Z (ZIL0L,z)° +4Y Y (2T1,1T,2)) D

=1 122]:1

—_

i—

+ E(Cp”k _2f (11T, ()11 H'z-)])
2 y . [l Gty [ jrAntin<g

N
—_
-
Il
N
~ ~
[l
_ =

(2,11, z;) (zgnnn;zj)] )

S
=
Il
N
~.
I
—_

+

™
VR

@)

N S
N§N

-
N 1
[-1=

N

@
gy
<

=
T

nl

E (p%,)
C— it
nl

IA

In the expression above the first inequality uses the Cauchy-Schwarz inequality. The
second and third inequalities exploit assumption 3. The third inequality follows from

assumptions 1, 2, and 6.
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For the second term:

E HVrltpszanHz

= E

IN
™

IN
™

+ E <maxE (vﬂz) max
i 1<i<n

2
n n
Z Y vizki (ZgeZonk) ! ijZ§Hn>

n n n
IS Uika;-HnH;Zzwﬁij,;wl)
i=1j =1

i=1j=1k=11
n n i—1 2
Y 22T,z (wiw;) —1—22 Zv Zi1, 11, z; <w}wi> )
i=1 i=2j=1
r o 2,/ / n 2,/ / I Iy
2 Z Zv Zi 11,01,z (wiw;) (wiw;) + 2 Z Z vz L 1T,z; (wiw;) (wiw;)
i=2j=1 i=2j=1
n i—1
Z v 211,10, z; (wiw;) 2402 ) Z vz I, 10, z; (wiw;) <w;w]>>
i=2j=1
n i—1 n i—1
23 Y 20T (who) \/ (wiw,) (o)) +2 3. ¥ o221 (o) \/ () (w]w]>>
i=2j=1 i=2j=1
n i—1
max E (vﬂz) max 2 (204 Zi) " 2k [le IT,IT,z; + 2 22 Y ZiIT,IT,, 21] )
i= i=2j=

/ ,1
Zkz (anznk Zki

[4 Y. Zz’n I1; z]] )

i=2j=1

CrnE (pnk)z
2
mnl

The first inequality above follows from the Cauchy-Schwarz inequality. The second

and third inequalities use assumptions 5 and 3.

For the last term, let p;; denote the (i, j)th element of P,; and v; the i" element of V,
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and let C; be a positive constant:

M:
M:
M:
M:

E||ViPaVu| = E (pijprvivjoxor)

~
Il
—_
~
Il
—_
)
—_
—
I
—_

I
1=
=
MS
1=

-~
I
=
—
I
—_
i
iy
—
Il
—_

E (pijpu) E (vivjoco;)

) (o) <25, £ ()£ ()£ o+ )

i=2j=1

o} ﬂE(P%)+mng(U?>E<U?)2é. 1E<2’”lzf+piipff>
i=2j=

I
1=
™
A~
=
=N

~
I
—_

i—

IA
=
o]
x
™
I

n i—1

)

) ELE Gk () () 25 5 (2 )
)
)

I

B
joV]
oS
™

vi ) E ( ) [ (trace (Px) > + 2trace (E (Pl Pux)) —SiE (p%)]

i=1
= C1+Op (E Prk) +E pnk))

The second equality comes from the independence of V), and Z,,. The third equality comes
by virtue of two facts. The first is that the v;s are independent and the second that only
when i = j = k = [ or when two equalities of the elements in {i, j, k, I} hold, do the terms
in the summation become different than zero. The first inequality is a consequence of the
boundedness of the second and fourth moments of V},. The second inequality comes from

the fact that 0 < p;; < 1. The first argument of the fourth equality is the definition of the
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trace. For the second term in the fourth equality two relationships are used. The first:

E (trace (Px)?) = E (im)z
- £(Er 2L T )

i=2j=1

The second argument used to derive the fourth inequality of E ||V, PV, 1 is given by the

fact that:
n ) n i—1 )
trace (E (P, Px)) = Y E (pii) +2) ) E (pi]'>
i=1 i=2j=1

Combining these two expression I obtain that:
E (trace (sz)2> + 2trace (E (P,Px)) — 3 Z E <p”>
n n n
= E(lel-l_zz 1p ]])+2(ZE<pzz)+2ZZE<pz]>> Z (121>
i= i=2j= i=2j=1 i=1

= 2 i E <2P12j + Piinj)

i—1

The conclusion from the analysis of the first three terms is that, for a positive constant

Cli
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From a similar analysis it follows that:

Yy Potty = (ZnIL, + Vi) Poty

= H;Z;szun + V,’ZPZkun

= 0, () EHYTE 4 (¢t 1) (B put) +\/E (o)

My

It follows that:

p—B

-1

— (0 28y o, ) EPHN (o, 1) (E (o) + E 0 ) )

(00 () E LY iy 0, (1)) (E )+ E ) ) )

-1

_ (o,, (1) ﬂ:l +0,(1) ;{T +(C1+0, (1)) (1 + —%))

In the expression above the first three equalities follow from algebraic manipulations
and the definitions of r, and m,;. The last equality results from the fact that C; is a
positive constant.

]

For the nonparametric case a similar analysis follows. In particular by assumption

7(c):
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- Ani\/T
Vnxl {an # an} = Op <%)

It then remains to be established that:

Lemma 3. For any random set of instruments and basis functions defined by X:

(B—ﬁ) =0, (1)

Proof. Defining 0 = fo — X,;111,1, the selected X;;s by X,;1, the true nonzero ones by X1,

-1

Py =X (X1 Xm1) X1, P = X (X,’ﬂan)_1 X1, and the number of random X,;;s by

pnkSn:

A

(ﬁ o ‘B) - (YénPXYZn)_l Yz/nPXun

As in Lemma 2 the analysis starts with:

Y5, PxYan = (0" +11,, X3y + Vy) Py (0 + XinITu1 + Vi)

= QIP)ZQ + H;ﬂX;lPX{) + V,;P)ZQ + H;ﬂX;ﬂP)”(anHnl
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In the expression above AE refers to terms that are asymptotically equivalent to those

already accounted for.

From Lemma 2 it follows that for a positive constant C;:

My1x

+ Op (V) E (pukSn) y/Tinx + (C140p (1)) { E(puksn) + 1/ E (puksn) | + AE
(C1+0p (1))

Mylx

Y}, PgYoy = 0'Pgb+11,X);Pg6 + V,Psg+

Also, by the theory of regression splines, assumption 5, assumption 6, and assumption

E|0'Pgo|* < E|lo'8]* | Pxl?

= Op (1) E (pnksn)

E |11, X5, PgOl* < E |10, X || || Px | (1611

2
ng [ _, s
= E(pnksn) rnxmnxz {Sn + gn}

= E (puksn) Op (1)

E||ViPgo|® < E6)2E (Pl E ||V,
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= 0Op (1) E (prksn)

Using similar arguments it can be shown that:

Yy, Pguy = 0 Pguy + VyPguy + 11,1 X Psiiy
— 0, (1) E (puisn) + (C1 40, (1)) (E (puisn) +1/E <pnksn>)

From the arguments used in the proof of Lemma 2 it is immediate that:

]

Below Lemma 2 and Lemma 3 are used. The aforementioned Lemmas imply that in

the proofs below the true p,; and Z,;; can be used instead of their estimated counterparts.

Theorem 1

Proof.

~ -1
I = (Zizlzﬂl) Z;ZIYZTZ
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Thus, 1?2,1 satisfies:

-1

You = Zit (ZinZi) ™~ ZhyYan (1.32)

. Y u
I analyze the expression —2—*
n

> -1
Yénu” _ Yénznl (Z:ﬂZﬂl) Zfilu”
n n
Y3, tn _ (Z XL + Vi)' Zt (Z)1Zn) ™ le”n
'n n
Y -1
Youltn _ 11 Zpg I ViZm (ZynZm) ~ Zygtn (1.33)
T'n n n

For the first term above:

IT, Z’lun _E (trace (uy Z I,n 1T, Z) juy))
< CE (trace (ZnIT,nI11Z! 1))
< ¢
n
= 0Op (1)

The first equality comes from the definition of the matrix norm. The first inequality
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uses assumption 5 and the law of iterated expectations. The second inequality and the

conclusion are a consequence of assumption 6.

For the second term:

ViZ (2 Z0) " 70 | E (trace <u;1z,11 (2!, Z)) " 2LV Vi Zy (2 Zy) Z;ﬂun»

E _
n }’%
CE (trace (Z,11 (2!, Z) " Z,gl))
<
=~ 7‘2
n
— Cpnl
ra
= 0Op (1)

The first inequality uses the law of iterated expectations and assumption 5. The second
inequality follows by the properties of the trace operator. The conclusion comes from

Lemma 1.

1.7.3 Theorem 2
Lemmas for Theorem 2

Lemma 4. If the conditions of Proposition 2 are satisfied by assumption 7(c):

Pn1Sn -0

Ynx

as n — oo
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Proof. Replacing r,y in the expression % by its definition and using the corollary of

Proposition 2:

PniSn _ pnlsnb,zl <C pnlzm%x 0 (1.34)
Tnx Myxhy m%x/\nlpnlsn

O
Theorem 2
Proof. As in Theorem 1 the starting point is:
~ —1
I = (X;/fllxnl) X;/ﬂYZn (1.35)
-1 -1
= (XnXm) XV + (X Xm) X510+ 1Ly
(1.36)
From (1.35) and defining Py = X, (X;Zanl)fl X7, it follows that:
fn = PV, +Px6+Xn1Hn1 (1-37)

It needs to be shown that:
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Bn o, 1)

T'nx
Relationship (1.37) implies that:
fluy V) Peuy + 0'Peuty + 11, X 1y

= (1.38)

Ynx Ynx

For the first term of (1.38):

E||ViPauy|*  E(trace (u},PcVy V) Pyity))
nx nx
< CE (trace (Py))
nx
Pn1Sn
< €3
nx
— 0

The first equality is the definition of the matrix norm. The second inequality is a
consequence of the law of iterated expectations and assumption 5. The third inequality
comes from the definition of Py and manipulations inside the trace operator. The conclu-

sion follows from Lemma 4.
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For the second term:

E |6/ Peuty |2 _ E(trace (u;, P00’ Pyuy))
2 - 2
nx nx
CE (trace (6'6)? trace (Px)2>
<
N Tix
2 4
< C”(qunésn) {S;aJr S_”]
rnxmnx n
— 0

The first inequality is a result of the law of iterated expectations and the fact that
IIAB|| < ||A|l ||B||- The second inequality is a consequence of Lemma 1 of Huang et al.

(2010). The conclusion follows by assumption 7.

For the third term:
2
E |10, X}qunl|” _ E (trace (i, Xpn T I X5y tin))
T 1
< CE (trace (X;nITaIT 1 X))
- Ty
< <
Ynx
— 0

The first inequality is a consequence of the law of iterated expectations. The second

inequality follows from assumption 6. The conclusion is a result of the fact that r,,;y grows
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to infinity as n grows to infinity.

The above statements imply that:

1.7.4 Theorem 3

Proof. Let us first define the proposed estimator of 8, 8, and rewrite the latter in a way

that is more malleable to construct the argument:

~ o~ \—1 <
(Yén YZ”) Yényln

e~
Il

~ ~ -1
= (H;qu;lanHnO qulz;/ﬂyln
. o1
= (H;ﬂZ;ﬂanl—Im) 151 Z01 (ZnX1B + VP + uy)

(1.39)

To construct the proof equation 1.39 above is multiplied on both sides by +/7,;. This yields

Y 7! & 1
for the right hand side, (H’“Z"}nz”ln”l) H:'/lé"l (Z11B + VP + uy) The analysis starts
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: I, 2}, Zn 1l . =
with the term %”1”1 = By + By. The expression below comes from replacing I,,.

B, = (H:ﬂz;luznlnnl)JthZ;an
1 =
n n
Ir.z.v,
nl“nl'n +0p(1)
n

= ®+0, <\/g) +0,(1)

= ®+o0,(1)

- O+

(1.40)

In equation 1.40 above the first equality uses the fact that (%ﬂz”ln’“) — ®. The
second equality follows from similar arguments to those employed in the proof of Theo-

rem 1. The last equality follows by assumption 7 and by the definition of .

1
Vi Zy Iy N VaZmt (Z31Zn1) " Z; Vi

B = n T'n
_ Op( l) 10, <\/Pn1)
n n
= Op(l)

The first equality follows from similar arguments to those employed in the proof of

Theorem 1 and the arguments used for B;. The last equality follows by assumption 7.
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The summary of the three statements above is that:

.,z 710,
nl "; T = D4 0,(1) (1.41)
n
The second term under analysis is HZlZ;l(Z”%JFV”ﬁ i) B3. Defining € = 2V, + uy,

and € = V,,8 + u,, B3 can be rewritten as:

20T, Z! VB + T, Z! sty + Ve Zt (201 Z1) " Z0 Vi + ViZon (201 Z01) ™" Z) 10

By =
VT
\ TZuZ,Tap
VTn

1
1'Z},e I ViZm (ZynZm) ~ Zn€

= SVt NG
N \/Z£€+Op<«/% +0p(1)

I /

= PByrn+ \/Zil +0p(1)

+0p(1)

The second equality is a consequence of the assumption that M — ® and the
third equality follows by arguments analogous to the ones used in the proof of Theorem

1. The fourth equality equality is the result of some algebraic manipulation of the last

term in the third equality, the definition of r,,. The result follows by assumption 7.

Combining the previous arguments:
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! !
) rIannl€

Vi (B p) = 07! (T2 o, (1)

! /
It now suffices to show that % satisfies Liupanov’s condition to render the ex-

n

pression asymptotically normal. First, note that by the law of iterated expectations and

assumption 5, E (%) = 0. Also:
Var (H;lz,’ﬂe> _E (Z) I €€’ ZinTTy)
\/E T'n

Q

By assumptions 5 and 6 this term is finite. What remains to be determined is that for a

1ol 1240
0>0,lim, . E ‘% = 0. For = 1 and by the symmetry imposed by assumption
5(c):
E ‘H:ﬂZ;ﬂe ° 2E (Z,y11},€€' Zn 11,0 Z;4 1T 1 €)
Vrn e
_2E (Z! 11 E (e€'|Z) Zu11,n Z] 1T 1 E (€] Z))

e

The conclusions above follow by assumption 5. In particular the symmetry assump-
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tion 5(c) is crucial.

The previous results imply that:

Vin (B—B) = N(0,A) (1.42)

In the expression above o V'0d ! = A

1.7.5 Theorem 4

In this subsection a proof of Theorem 4 is provided. The first step is to prove the consis-
tency of the variance-covariance estimator of A. To do so a set of Lemmas is established

that are applications of the Law of Large Numbers.

Proofs of Lemmas

Lemma 5.

62 = Var (V,,8) — 02 = Var (V,,B)

Proof. Let Z, (Z;ﬂan)_1 7!, = P.. Then from the proof of Theorem 3 and V, = Yz, — Y2,



it follows that:

Vi = (Vi —PVy) (B+o0p (1))

= VB —P.VuB+0, (1)

The previous development allows the estimated variance to be written as:

n A D 2
52 — Yi—1 (Umﬁ)
n— Pnl
Z?:l (vni,B (1 — pzi))2
n— Pnl
BV (Inxn — Pz) VB
n— Pnl

= C

The analysis below will follow for E ((&5))

_ E(E(trace (B'V;; (Inxn — P2) Vi) | Z))
n — Pnl
= Var(Vn,B)n_—pn1

n— Pnl

87
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= Var (V,B)

The conclusion follows by the law of iterated expectations and the properties of the

trace operator.The conclusion of the Lemma follows directly by the Law of Large Num-

bers.
O
Lemma 6.
A/V/ ~
Gopu = PVl _ 52 _, Gupu — COV (Vi 1)
n—Pn

Proof. Noting that y1,, — 71, = fln:

Uy = ZnlLnp+ VP + un — (annnl + PZVn) (,B +0p (1))

It follows immediately from Lemma 5 and the expression above that:

uiz (Inxn — pz) Vn,B
n— Pnl n—Pn

+0p(1)

The first term on the right hand side above was analyzed in the previous lemma. It
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ufq(lnxn_Pz)Vnﬁ

remains to explore the term =
n

. (u; L (u; )

n— Pnl n—=Pnl
= Cov (V,,B,u)
= UyBu

The conclusion follows by the law of iterated expectations and similar algebra to the

one used in Lemma 5. The conclusion of the Lemma follows directly by the Law of Large

Numbers.
L]
Lemma 7.
> il
N _ n“n
uu f— - 200[3“ UU % Uuu = Val‘ (un)
n—Pn

Proof. From Lemma 6 the following holds:

Uy = ZnlLnp+ Vup + un — (ZnITy1 + P V) (ﬁ +0p (1))
= Znllnp + Vup + un + Pouy — Pouy — (annnl + Pan) (,B +0p (1))

= (Inxn - Pz) Vnﬁ + (Inxn - Pz) uy + Puy

Using the expression above:
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= PpPnm n— Pnl
_ &5 + 26—0‘31/[ + u; (Inxn - Pz) Uy + u;PZun + R

n—Pm

In the equation above R contains terms that have a conditional mean zero or are di-

rectly zero because they have terms of the form (I,,x, — P-) P.. The second equality above

comes from Lemma 6. Also:

E (u,Pu,) E(trace (u;,P:uy))
n— Pnl n— Pnl
_ OuupPnl
n—Pn
— 0

In the expression above the fact that 222 — 0, assumption 5, and the law of iterated

expectations yield the conclusion.

Finally by arguments similar to the ones presented in the lemmas above:

E (uiz (Inxn - Pz) un) = o
n— pnl
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The lemma follows by the arguments above and the Law of Large Numbers.

]

The first important fact to realize about Lemmas 5 to 7 is that they imply the
consistency of Y. Yee = Var (2V,B+uy) is equivalent to 4Var (V,8) + Var (u,) +
4Cov (V.8 uy). Therefore, by Lemmas 5 to 7 Yo = 4?75 + (ATZ%M + 40y, is a consistent

estimator of X... Moreover, this estimator simplifies to a terse expression:

A UnU A
45’5 + @.LZW + 46—0[%[ = 40’5 —+ " _n p” 1 — 20}]’3” 0'5 + 40’U‘Bu

n
1y,

= 305 +———+20

v T n— pPn + vBu
g2 i o (B Vil g
n = Pnl n = Pnl

BVIV,.B N 1,18, +2B’V,;an
n — Pnil n— Pnl n— Pnl

Lemma 8.
A — A +op(1)

Proof. By Lemmas 5 to 7, equation (1.41) and assumption 6:
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A = r,dYOd1 (1.43)
~ ~ -1 ~ ~ ~ o~ -1
_ H;ﬂZ;/ﬂanHnl H;ﬂz,/qli annnl annnlniﬂz,,ﬂ
Tn \/ﬁ “ \/E T'n

= A+o0,(1)

The third equality is a consequence of assumption 6 and Lemma 1 noting that:

0,2 TEaZn + VaP
VT VT
— q>+op( /M)
T'n

O
Proof of Theorem 4
Proof. Lemma 8 yields that:
AT2(B-p) = AP
—4; N(0,1) (1.44)
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1.7.6 Theorem 5

Proof. Let us first define the proposed estimator of 8, B, and rewrite the latter in a way

that is more malleable to construct the argument:

o~
I

1
!
2n> Y5, Y1n

-1
= ( an 1Xn1Hn1> Hnlxnlyln
-1
( n1Xn1Xn1Hn1> H:ﬂX;zl (YonB + uy)

-1
0 X X T ) 0 XG0 (You + fo = fo + Xon Tl = Xon Tl ) B+ 1hy)

Hnlxnlxnlﬁnl B ﬁ:ﬂX;ﬂ
= V, 0 X, 111
( Fo Fie ( n,B+ ,B+ nl nlﬁ"‘un)
First it is established that:
1T, X0 X I L o, (1.45)
Tnx

As in Theorem 3 the first order conditions give us:

-1

=)

nl = (X;/ﬂan) X1 Yon

-1

= (X,1XH1> X1/11 (YZH +f0 - fO + Xinlln — annnl)

= (X Xum) B X1 Vi + (X0 Xm) B X104 T
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In the expression above 0 = fy — X;;111,,;. It is important to notice that the expres-
sion is similar to the one derived in Theorem 3 above with the exception of one term:
(X,’ﬂan)_1 X7 ,0. Therefore, the results of Theorem 3 follow by assumption 7(c) and fo-

cus can be centered on expressions that involve (X, X1) - X! .0 to get a final result.

H:ﬂX;lanlHnl _ H;ﬂX;lanlHnl + L1 —|—L2
Ynx Ynx
= D, +0y(1)

In the expression above L is given by:

} ! X;lenl

T'nx

-1
Ly = [HnlJF(X;/ﬂan) X Vi

[Hnl + (X X)Xy Vn}

The terms in the equation above are analogous to those in Theorem 3 and are of order
05(1) by assumption 7(c) and the arguments of Theorem 3. On the other hand, defining

Py = X1 (X1 Xu1) ' X!

nl’

L, is given by:

T, X0 + ViPeb + 0'Pef

T'nx

L, + AE

In the equation above AE is a collection of terms that are asymptotically equivalent to



the other terms in the equation.

For the first term:

E |[11,, X6

2
Tnx

IN

E (trace (6'X,;1IT,,1IT/,6))
Tix
@ E (trace (6'6))

X

Ynx

2
C( nq [S;a n S_n] )
TnxMyx2 n

0
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In the expression above the first equality comes from the matrix norm. The first

inequality comes from assumption 6(b). The second inequality follows from Lemma 1 of

Huang et al. (2010). The conclusion comes from assumptions 7(c) and 7(d).

For the second term:

E ||V, P,

2
Thx

IN

IN

E (trace (6P, V,,V,P:0))

2
Tax

CE (trace (6" Py Px0))

2
Tax

E <trace (6/6)? trace (Px)2>
C

2
Thx

c (ppisn)*E (trace (9’9)2>

2
Thx
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o 1A\ 2 (Pnlsn)z
= CE (trace (6'0) ) —”%x

— 0

Above the first equality is the matrix norm. The first inequality comes from assump-
tion 5 that bounds the moments of V,,. The second inequality comes from the fact that
trace (AB)" < trace(A’A)"trace(B'B)" for n > 0. The second equality arises from the

properties of the trace operator and the dimension of P,. The conclusion follows by the

properties of the spline approximation and by % — 0 which shall be proved in Lemma
4 below.
For the third term:
E||0'P8|>  E(trace (6'P,86'Py8))
72 - 2
nx nx
E (trace (6'0)* trace (Px)2>
<
N Tix
Pn1Sn 19\4
= E ( trace (0'0
— 0

The first inequality is due to trace (AB)" < trace(A’A)"trace(B'B)" for n > 0. The

conclusion follows by assumption 7, Lemma 1 of Huang et al. (2010), and Lemma 4.
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To complete the proof the second part of (1.45) has to be shown to be asymptotically

normal. Defining this term as F and Py = X1 (X;lanl)il D%

. x'
F — %(Vnﬁ—i—()ﬁ—l—XmHmﬁJrun)
nx

_ <V’4Px 0P A 1T, X

Ynx

) (VH.B + 615 + annnl,B + ”n)

= h+E+FE+AE

In the expression above AE refers to terms that are asymptotically equivalent to F; to

Fy4. Starting the analysis with F;

V! PV + Vi PeBB + V! Pety

Yux

_ [pmsn\ | VaP:OB

B Op ( Ynx ) + vV I'nx

. PniSn [Pn1Sn | 4N -3 [Sn

B Op < Ynx ) + Op ( iy Myx2 |:Sn * n :|>

— 0

The first equality follows by assumption 5 and the law of iterated expectations using
arguments similar to those employed in the proof of Theorem 2. The conclusion follows

by assumption 7. The second equality is a consequence of:
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E||ViPOB|> E(trace (B'6'PV, V,P,0B))

Yy Ynx
2
Cpuisnng [ 5 /sn}
-t - Sn _|_ -
TnxMyx2 n
Ynx Myx2 V n

Above the first inequality is a consequence of assumption 5 and Lemma 1 of Huang

et al. (2010). The second equality is a result of assumption 6 and Proposition 2.

For F:
. 0'P0B + 0/ X,q 1L B + AE
2 Tnx
n S Sy n S 2
Mpx V n V. Tnx Mnx n
— 0

For the first term in F:

E||0'P6B|> E(trace (B'6'P,06'P,0p))

Tnx T'nx

CE (trace (6'6)* trace (Px)2>

<
iy
4. 4 8
Cpu1Sn Pn1Sn 1°q [S—a + S_”}
< 5 5 n
Tnx M2 Mx2 n
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The second inequality comes from Lemma 1 of Huang et al. (2010). The conclusion

follows from assumption 7.

For the second term in F:

E |6/ X1 11,1 B E (trace (BT X! 06’ X, 11,1 B))

Tnx Ynx

< CE (trace (6'9))

— 0

Let € = 2V, + uy,. Then F; is given by:

I, X, € 4 1T X, X I B
V 'nx Ynx
T, X €

T’; + VTux®xB 4 0p(1)

Combining the previous arguments:
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! /
It now suffices to show that % satisfies Liupanov’s condition to render the ex-

pression asymptotically normal. First, note that by the law of iterated expectations and

! !
Hnlxnle

T'nx

assumption 5, E ( ) = 0. By virtue of this argument:

Var (H:ﬂX;le) _ E (X ,IT je€’ X1 11,1)
\/F; T'nx

Q

From assumptions 5 and 6 it follows that the term above is constant. What remains

246
1T, Xn€E
vV nx

to be determined is that fora § > 0, lim,_, E ‘ = 0. For 6 = 1 and by the

symmetry imposed by assumption 5(c):

3
Tnx 1’%,/(2
_ 2E(XuIT4E (e€'|X) XL X, IT 1 E (€] X))
N ok

The conclusions above follow by assumption 5. In particular the symmetry assump-

tion 5(c) is crucial.

The previous results imply that:
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Vinx (B—B) = N (0,Ay) (1.46)

In the expression above <I>;1/Q©;1 = Ay

O
Lemma 9.
raly = Ax +0p(1)
Proof. By Lemmas 5 to 7 and arguments similar to those used in Theorem 3:
ruxAy = rnxcb;ll/ﬂci);ll (1.47)
_ H;ﬂX;/qurllHnl H:ﬂX;ll iee X111y XH1HH1H;Z]X;Z]
T'nx T'nx Tnx Tnx
O

Proof of Theorem 6

Proof. Lemma 9 yields that:



102

AV2(B-B) = AV (B—B)

—4 N(0,1) (1.48)

1.8. Tables
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Table 1.1: Ranking of Post-/1-Penalized against Traditional Estimators for DGP 1

Low Endogeneity
Instrument Weakness Sample Size  MSE BIAS VAR M.BIAS MAD IQR
Moderately Weak 100 1 3bc  2a 3bc 1 2a
500 1 3bc  2a 3bc 3bc  2a
Completely Weak (RJZ( =.1) 100 2a 2c 2a 3bc 1 2a
500 1 3bc  2a 3bc 3bc  2a
Completely Weak (R} = .01) 100 1 1 2a 1 1 2a
500 2a 2c 2a 3bc 1 2a
High Endogeneity
Moderately Weak 100 2c 3bc 2a 3bc 3bc  2a
500 3bc 3bc 2a 3bc 3bc  2a
Completely Weak (R} = .1) 100 1 3bc 2a 3bc 2b  2a
500 2c 3bc 2a 3bc 3bc  2a
Completely Weak (R} = .01) 100 1 1 2a 1 1 2a
500 1 1 2a 3bc 1 2a

Note 1: 1 means that the Post-/;-Penalized estimator had the lowest value with regards to the measure
of the respective column. 2a means it ranks second to 2SLS, 2b to LIML, and 2c to the Fuller estimator.
The same logic follows for the other rankings.

Note 2: DGP 1 is defined by by a normal distribution with the variance covariance matrix (1.19), with
heteroskedasticity introduced via @, = u, + Z,’ﬂan. oou = .95 defines a high level of endogeneity,

opy = .15 defines a low level of endogeneity, and RJ% is the pseudo R-squared of Kuersteiner and Okui

(2010).

Note 3: The terms Moderately Weak and Completely Weak follow definition 2. For both values of R2,
with regards to the criteria of definition 2 the instruments are completely weak.

Note 4: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute De-
viation); IQR(Interquartile Range).
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Table 1.2: Ranking of Post-/1-Penalized against Model Averaging Estimators for DGP 1

Low Endogeneity
Instrument Weakness Sample Size  MSE BIAS VAR M.BIAS MAD IQR
Moderately Weak 100 1 1 1 1 1 3bc
500 1 1 1 1 1 4
Completely Weak (RJ% =.1 100 3bc 1 4 1 2a 4
500 1 1 4 1 2a 4
Completely Weak (Rjz, =.01) 100 3bc 1 4 1 1 4
500 3bc 1 4 1 1 4
High Endogeneity
Moderately Weak 100 1 2a 1 1 1 4
500 1 1 1 1 1 4
Completely Weak (RJ% =.1) 100 1 1 4 1 1 4
500 1 1 4 1 1 4
Completely Weak (RJ% =.01) 100 1 1 4 1 1 4
500 1 1 4 1 1 4

Note 1: 1 means that the Post-/;-Penalized estimator had the lowest value with regards to the measure of
the respective column. 2a means it ranks second to the model averaging 2SLS, 2b to the model averaging
LIML, 2c¢ to the the model averaging Fuller estimator. The same logic follows for the other rankings.

Note 2:DGP 1 is defined by by a normal distribution with the variance covariance matrix (1.19), with

heteroskedasticity introduced via @, = u, + Z,’ﬂan. ooy = .95 defines a high level of endogeneity,
opy = .15 defines a low level of endogeneity, and R]% is the pseudo R-squared of Kuersteiner and Okui
(2010).

Note 3: The terms Moderately Weak and Completely Weak follow definition 2. For both values of Rjz,,

with regards to the criteria of definition 2 the instruments are completely weak.
Note 4: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Devia-
tion); IQR(Interquartile Range).
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Table 1.3: Ranking of Post-/-Penalized against JIVE and Adaptive LASSO for DGP 1

Low Endogeneity
Instrument Weakness Sample Size  MSE BIAS VAR M.BIAS MAD IQR
Moderately Weak 100 1 2j 1 2j 1 1
500 1 2 1 2i 2i 1
Completely Weak (R2 ¢ = 1) 100 1 1 1 1 1 1
500 1 2j 1 2j 1 1
Completely Weak (R2 = =.01) 100 1 1 1 1 1 1
500 1 1 1 1 1 1
High Endogeneity
Moderately Weak 100 1 2j 1 2j 2j 1
500 1 2j 1 2j 2j 1
Completely Weak (R% =1 100 1 1 1 1 1 1
500 1 2 1 2j 2i 1
Completely Weak (R2 = .01) 100 1 1 1 1 1 1
500 1 1 1 1 1 1

Note 1: 1 means that the Post-I;-Penalized estimator had the lowest value with regards to the measure of
the respective column. 2d means it ranks second to the adaptive LASSO and 2j to the JIVE.
Note 2:DGP 1 is defined by by a normal distribution with the variance covariance matrix (1.19), with

heteroskedasticity introduced via @, = u, + Z,’ﬂZ,ﬂ. ooy = .95 defines a high level of endogeneity,
ooy = .15 defines a low level of endogeneity, and RJ% is the pseudo R-squared of Kuersteiner and Okui
(2010).

Note 3: The terms Moderately Weak and Completely Weak follow definition 2. For both values of R2,

with regards to the criteria of definition 2 the instruments are completely weak.
Note 4: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Devia-
tion); IQR(Interquartile Range).
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Table 1.4: Ranking of Post-/-Penalized against Traditional Estimators for DGP 2

Low Endogeneity
Instrument Weakness Sample Size MSE BIAS VAR M.BIAS MAD IQR
Moderately Weak 100 3bc 3bc 2a 3bc 3bc  2a
500 3bc  3bc 2a 3bc 3bc  2a
Completely Weak (RJZ, =.1) 100 1 3bc  2a 3bc 3bc  2a
500 3bc  3bc 2a 3bc 3bc  2a
Completely Weak (RJ% =.01) 100 1 2b 2a 1 1 3ac
500 1 2b 2a 3bc 2b 2a
High Endogeneity
Moderately Weak 100 3bc 3bc 2a 3bc 3bc  2a
500 3bc  3bc 2a 3bc 3bc  2a
Completely Weak (RJ% =.1) 100 2b  3bc 3ab 3bc 3bc  2a
500 3bc  3bc 2a 3bc 3bc  2a
Completely Weak (R2 = .01) 100 1 2b  3ac 3bc 3bc 4
500 2b  3bc  3ac 3bc 3bc  2a

Note 1: 1 means that the Post-I;-Penalized estimator had the lowest value with regards to the measure of
the respective column. 2a means it ranks second to 2SLS, 2b to LIML, 2c to the Fuller estimator. The same
logic follows for the other rankings.

Note 2: DGP 2 is defined by by a normal distribution with the variance covariance matrix (1.19) and mean

Zero. oy, = .15 defines a high level of endogeneity, 0, = .95 defines a high level of endogeneity, and RJ%

is the pseudo R-squared of Kuersteiner and Okui (2010).

Note 3: The terms Moderately Weak and Completely Weak follow definition 2. For both values of RJ%,
with regards to the criteria of definition 2 the instruments are completely weak.

Note 4: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Devia-
tion); IQR(Interquartile Range).
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Table 1.5: Ranking of Post-/;-Penalized against Model Averaging Estimators for DGP 2

Low Endogeneity
Instrument Weakness Sample Size MSE BIAS VAR M.BIAS MAD IQR
Moderately Weak 100 1 1 4 1 1 4
500 1 1 4 1 1 4
Completely Weak (R} = .1) 100 2a 1 4 1 2a 4
500 1 1 4 1 2a 4
Completely Weak (R} = .01) 100 1 1 4 1 4
500 1 1 4 1 4
High Endogeneity
Moderately Weak 100 1 1 4 1 1 4
500 1 1 4 1 1 4
Completely Weak (RJ% =.1) 100 1 1 4 1 1 4
500 2a 1 4 2a 2a 4
Completely Weak (R} = .01) 100 1 1 4 1 1 4
500 1 1 4 1 1 4

Note 1: 1 means that the Post-I;-Penalized estimator had the lowest value with regards to the measure of
the respective column. 2a means it ranks second to the model averaging 2SLS, 2b to the model averaging
LIML, 2c¢ to the the model averaging Fuller estimator. The same logic follows for the other rankings.
Note 2: DGP 2 is defined by by a normal distribution with the variance covariance matrix (1.19) and mean
Zero. 0y, = .15 defines a low level of endogeneity, 0, = .95 defines a high level of endogeneity, and RJZf is
the pseudo R-squared of Kuersteiner and Okui (2010).

Note 3: The terms Moderately Weak and Completely Weak follow definition 2. For both values of RJ%,
with regards to the criteria of definition 2 the instruments are completely weak.

Note 4: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Devia-
tion); IQR(Interquartile Range).
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Table 1.6: Ranking of Post-/;-Penalized against JIVE and Adaptive LASSO for DGP 2

Low Endogeneity
Instrument Weakness Sample Size  MSE BIAS VAR M.BIAS MAD IQR
Moderately Weak 100 1 2j 1 2j 2j 1
500 2j 2j 1 2j 2j 1
Completely Weak (R} = .1) 100 1 1 1 2j 1 1
500 1 2j 1 2j 2j 1
Completely Weak (RJZr =.01) 100 1 1 1 1 1 2j
500 1 1 1 1 1 1
High Endogeneity
Moderately Weak 100 1 2j 1 2j 2j 1
500 1 2j 1 2j 2j 1
Completely Weak (R} = .1) 100 1 2j 1 2j 1 1
500 1 2j 1 2j 2j 1
Completely Weak (R} = .01) 100 1 1 1 1 1 2j
500 1 1 1 1 1 1

Note 1: 1 means that the Post-/1-Penalized estimator had the lowest value with regards to the measure of
the respective column. 2d means it ranks second to the adaptive LASSO and 2j to the JIVE.

Note 2: DGP 2 is defined by by a normal distribution with the variance covariance matrix (1.19) and mean
zero. 0y, = .15 defines a low level of endogeneity, 0, = .95 defines a high level of endogeneity, and Rjzc is
the pseudo R-squared of Kuersteiner and Okui (2010).

Note 3: The terms Moderately Weak and Completely Weak follow definition 2. For both values of RZ,
with regards to the criteria of definition 2 the instruments are completely weak.

Note 4: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Devia-
tion); IQR(Interquartile Range).



109

Table 1.7: Ranking of Post-/1-Penalized against Traditional Estimators for DGP 3

Low Endogeneity
Instrument Weakness Sample Size  MSE BIAS VAR M.BIAS MAD IQR
Moderately Weak 100 2a 2c 2a 3bc 2a 2a
500 2. 3bc  2a 3bc 1 2a
Completely Weak (RJ% =.1) 100 2a 1 2a 1 2a 2a
500 2. 3bc  2a 3bc 2a 2a
Completely Weak (R2 = .01) 100 2a 1 2a 1 2a 2a
500 2a 2b 2a 3bc 2a 2a
High Endogeneity
Moderately Weak 100 2c 3bc 2a 3bc 3bc  2a
500 3bc 3bc 2a 3bc 3bc  2a
Completely Weak (RJ% =.1) 100 2c 3bc  2a 3bc 3bc  2a
500 3bc  3bc 2a 3bc 3bc  2a
Completely Weak (RJZ, =.01) 100 1 1 3ac 2b 1 2a
500 1 3bc  2a 3bc 3bc  2a

Note 1: 1 means that the Post-/1-Penalized estimator had the lowest value with regards to the measure of
the respective column. 2a means it ranks second to 2SLS, 2b to LIML, 2c to the Fuller estimator and 2d to
the Adaptive LASSO. The same logic follows for the other rankings.

Note 2: DGP 3 is defined by a zero mean t-distribution with 5 degrees of freedom using the variance
covariance matrix (1.19). 0, = .95 defines a high level of endogeneity while 0y, = .15 defines a low level
of endogeneity and Rj% is the pseudo R-squared of Kuersteiner and Okui (2010).

Note 3: The terms Moderately Weak and Completely Weak follow definition 2. For both values of Rj%,

with regards to the criteria of definition 2 the instruments are completely weak.
Note 4: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Devia-
tion); IQR(Interquartile Range).
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Table 1.8: Ranking of Post-/;-Penalized against Model Averaging Estimators for DGP 3

Low Endogeneity
Instrument Weakness Sample Size  MSE BIAS VAR M.BIAS MAD IQR
Moderately Weak 100 4 1 4 1 4 4
500 2a 1 4 1 2a 4
Completely Weak (RJ% =.1) 100 4 1 4 1 4 4
500 4 1 4 1 4 4
Completely Weak (R} = .01) 100 4 1 4 1 4 4
500 4 1 4 1 4 4
High Endogeneity
Moderately Weak 100 1 1 4 1 1 4
500 1 1 4 1 1 4
Completely Weak (RJ% =.1) 100 1 1 4 1 1 4
500 2a 1 4 2a 2a 4
Completely Weak (R} = .01) 100 1 1 4 1 1 4
500 1 1 4 1 1 4

Note 1: 1 means that the Post-/1-Penalized estimator had the lowest value with regards to the measure of
the respective column. 2a means it ranks second to the model averaging 2SLS, 2b to the model averaging
LIML, 2c¢ to the the model averaging Fuller estimator. The same logic follows for the other rankings.
Note 2: DGP 3 is defined by a zero mean t-distribution with 5 degrees of freedom using the variance
covariance matrix (1.19). 0, = .95 defines a high level of endogeneity while 0y, = .15 defines a low level
of endogeneity and Rj% is the pseudo R-squared of Kuersteiner and Okui (2010).

Note 3: The terms Moderately Weak and Completely Weak follow definition 2. For both values of Rj%,

with regards to the criteria of definition 2 the instruments are completely weak.
Note 4: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Devia-
tion); IQR(Interquartile Range).
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Table 1.9: Ranking of Post-/1-Penalized against JIVE and Adaptive LASSO for DGP 3

Low Endogeneity
Instrument Weakness Sample Size  MSE BIAS VAR M.BIAS MAD IQR
Moderately Weak 100 1 1 1 2j 1 1
500 1 2j 1 2j 1 1
Completely Weak (R2 ¢ = 1) 100 1 1 1 1 1 1
500 1 1 1 2j 1 1
Completely Weak (R2 = =.01) 100 1 1 1 1 1 1
500 1 1 1 2j 1 1
High Endogeneity
Moderately Weak 100 1 2j 1 3 3 1
500 1 2j 1 2j 3 1
Completely Weak (R2 §= =.1) 100 1 1 1 1 2j 1
500 1 2j 1 2j 2j 1
Completely Weak (R2 = =.01) 100 1 2j 1 1 1 2j
500 1 1 1 1 1 1

Note 1: 1 means that the Post-I;-Penalized estimator had the lowest value with regards to the measure of
the respective column. 2d means it ranks second to the adaptive LASSO and 2j to the JIVE.

Note 2: DGP 3 is defined by a zero mean t-distribution with 5 degrees of freedom using the variance
covariance matrix (1.19). 0y, = .95 defines a high level of endogeneity while 0y, = .15 defines a low level

of endogeneity and Rjzt is the pseudo R-squared of Kuersteiner and Okui (2010).

Note 3: The terms Moderately Weak and Completely Weak follow definition 2. For both values of R2,

with regards to the criteria of definition 2 the instruments are completely weak.
Note 4: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Devia-
tion); IQR(Interquartile Range).



Table 1.10: DGP 1: Low Endogeneity Level Using I, of equation (1.20)

RJ% = 0.1, n=100 MSE BIAS VAR M.BIAS MAD IQR
2SLS 0.92 1.36 0.44 1.11 1.02 0.68
Liml 1053.75 2.46 1579.73 0.71 1.77  2.62
Fuller 3.77 0.67 5.45 0.77 148 2.16
Lasso 3.71 1.98 3.62 1.28 1.37 1.48
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 0.92 1.30 0.53 1.21 1.20 0.34
MakFuller 0.91 1.30 0.53 1.21 1.19 0.34
Ma2SLS 1.22 1.57 0.59 1.07 0.97 0.85
JIVE 707.76 3.15 1058.09 1.09 220 3.02
R}% = 0.1; n=500

2SLS 1.03 1.07 0.74 1.03 1.06 0.90
Liml 3.66 0.21 12.37 0.60 090 214
Fuller 2.04 0.11 6.91 0.62 0.86 2.06
Lasso 2.43 1.61 2.08 1.23 156 1.34
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.99 1.60 0.59 1.27 1.65 0.34
MaFuller 1.99 1.60 0.59 1.27 1.65 0.34
Ma2SLS 1.00 1.08 0.61 1.00 0.99 0.99
JIVE 11.71 0.51 39.28 0.55 1.01 245
RJ% = 0.01; n=100

2SLS 1.01 2.20 0.33 1.35 1.33 0.38
Liml 124701.06 16.33 146837.88 1.30 341 230
Fuller 4.68 2.11 4.72 1.30 231  1.60
Lasso 3.82 2.53 3.36 1.39 149 146
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 0.79 1.90 0.29 1.34 1.33 0.17
MaFuller 0.80 191 0.29 1.35 1.33 0.16
Ma2SLS 1.24 2.54 0.31 1.32 1.32 045
JIVE 235.50 2.10 276.62 1.38 266 1.78
Rj% = 0.01; n=500

2SLS 0.88 1.19 0.25 1.05 1.10 0.63
Liml 1505.77 1.34 3298.76 0.85 240 5.17
Fuller 6.63 0.82 13.74 0.86 191 4.20
Lasso 5.52 2.40 5.24 1.57 206 1.82
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 0.86 1.22 0.12 1.08 1.15 0.19
MakFuller 0.86 1.22 0.12 1.08 1.15 0.20
Ma2SLS 1.00 1.31 0.12 1.05 1.09 0.74
JIVE 5247696 1494 114772.56 1.12 236 4.39

. i Estimato:
Note 1: The values in the table are computed as 55723

Penalized estimator.

Note 2: DGP 1 is defined by by a normal distribution with the variance covariance matrix (1.19), with heteroskedasticity introduced via
iy = Uy + Z’n1 Zy1- ooy = .15 defines a low level of endogeneity and R% is the pseudo R-squared of Kuersteiner and Okui (2010). The IT,

was constructed following Ttpj = € (pn) (

r Measur
0 Measu

1-— j=pn/2
pn/2+1

4
) for j < pu/2and 1yj = 0 for j > p /2.

"% to capture the estimators’ relative performance with respect to the Post-/-

Note 3: MSE(Mean Square Error); VAR (Variance); M.BIAS(Median Bias); MAD(Median Absolute Deviation); IQR(Interquartile Range).
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Table 1.11: DGP 1: High Endogeneity Level Using I, of equation (1.20)

RJ% = 0.1, n=100 MSE BIAS VAR M.BIAS MAD IQR
2SLS 1.13 1.41 0.21 1.10 1.18 0.57
Liml 422.02 0.64 864.89 0.73 122 2.64
Fuller 1.90 0.99 2.87 0.81 091 193
Lasso 3.45 1.87 3.39 1.33 1.56 1.64
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.28 1.45 0.42 1.18 1.30 0.24
MakFuller 1.27 1.44 0.42 1.18 1.30 0.25
Ma2SLS 1.12 1.33 0.45 1.08 1.14 0.67
JIVE 2885.49 297  5907.18 1.06 1.72 3.01
R}% = 0.1; n=500

2SLS 1.07 1.07 0.45 1.03 1.05 0.83
Liml 136.38 0.32 1147.24 0.45 053 277
Fuller 0.96 0.08 8.01 0.48 0.50 254
Lasso 2.98 1.68 4.09 1.32 156 1.71
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.86 1.43 0.52 1.23 141 0.28
MaFuller 1.86 1.43 0.52 1.23 141 0.27
Ma2SLS 1.00 1.03 0.54 1.00 1.00 0.91
JIVE 183.33 0.42 1541.85 0.43 0.78 4.29
RJ% = 0.01; n=100

2SLS 1.23 1.84 0.14 1.18 1.28 0.23
Liml 652.61 1.42 981.63 1.12 1.83 1.36
Fuller 2.50 1.87 2.00 1.14 1.34 0.89
Lasso 3.57 2.11 3.13 1.39 1.63 1.53
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.17 1.73 0.25 1.19 1.30 0.09
MaFuller 1.17 1.73 0.25 1.18 1.30 0.10
Ma2SLS 1.27 1.81 0.26 1.18 1.29 0.27
JIVE 214848.36 24.27 323205.09 1.14 1.66 1.04
Rj% = 0.01; n=500

2SLS 1.06 1.25 0.10 1.03 1.05 057
Liml 1802.37 1.32 5257.55 0.83 145 5.83
Fuller 2.69 1.01 5.90 0.86 1.11 445
Lasso 4.86 2.23 4.68 1.58 190 245
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.10 1.28 0.09 1.06 1.09 0.17
MakFuller 1.10 1.27 0.09 1.06 1.09 0.16
Ma2SLS 1.08 1.26 0.09 1.03 1.05 0.68
JIVE 8844.86 6.32  25740.39 1.09 146 4.60

. i Estimato:
Note 1: The values in the table are computed as 55723

Penalized estimator.

Note 2: DGP 1 is defined by by a normal distribution with the variance covariance matrix (1.19), with heteroskedasticity introduced via
dy = uy + Z;l Zy1- opy = .95 defines a high level of endogeneity and R

timat

IT,; was constructed following 71,,; = c (px) (1 — izpn/2

pn/2+1

r Measur
0 Measu

2

4
) for j < pu/2and 71,; = 0 for j > p /2.
Note 3: MSE(Mean Square Error); VAR (Variance); M.BIAS(Median Bias); MAD(Median Absolute Deviation); IQR(Interquartile Range).

"% to capture the estimators’ relative performance with respect to the Post-/-

i is the pseudo R-squared of Kuersteiner and Okui (2010). The

113



Table 1.12: DGP 1: High and Low Endogeneity Levels Using I, of equation (1.21)

0w = 0.15,n=100 MSE BIAS VAR M.BIAS MAD IQR
2SLS 1.03 1.19 0.87 1.03 1.06 0.98
Liml 1.70 0.09 2.37 0.75 1.09 1.45
Fuller 147  0.02 2.06 0.78 1.05 1.40
Lasso 1.41 1.22 1.37 1.03 1.13 1.11
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 2.36 1.40 2.52 1.38 2.08 0.63
MaFuller 2.35 1.39 2.52 1.38 209 0.62
Ma2SLS 1.08 1.60 2.53 1.02 1.06 1.01
JIVE 6.19 0.54 8.54 0.71 1.18 1.64
oy = 0.95; n=100

2SLS 1.16 1.19 0.70 1.07 1.14 091
Liml 507 009 13.79 0.61 0.71 1.65
Fuller 0.97 0.01 2.65 0.64 0.68 1.55
Lasso 1.66 1.29 1.63 1.07 1.17  1.19
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 3.37 1.99 2.37 1.47 211 0.51
MaFuller 3.36 1.98 2.37 1.47 211 0.51
Ma2SLS 1.13 0.61 2.44 1.04 1.08 0.95
JIVE 121.25 0.71 329.24 0.54 0.87 213
0y = 0.15; n=500

2SLS 1.34 1.44 0.82 1.09 1.26 0.93
Liml 1.05 0.03 1.80 0.81 0.86 1.29
Fuller 1.03 0.01 1.76 0.81 0.84 1.28
Lasso 1.28 1.13 1.27 1.02 1.10 1.12
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 7.01 3.89 1.21 1.63 3.59 045
MaFuller 6.99 3.89 1.21 1.63 3.57 0.46
Ma2SLS 1.18 1.04 1.25 1.05 1.16 0.99
JIVE 1.24 0.16 2.10 0.78 093 1.48
oup = 0.95; n=500

2SLS 1.53 1.34 0.63 1.12 1.32 0.77
Liml 0.51 0.06 2.21 0.63 048 1.34
Fuller 0.48 0.01 2.08 0.65 047 1.34
Lasso 1.30 1.13 1.34 1.04 1.12  1.12
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 6.71 2.90 1.08 1.70 2.88 0.32
MaFuller 6.67 2.89 1.08 1.70 2.87 0.33
Ma2SLS 1.12 1.05 1.16 1.03 1.10 0.87
JIVE 2.16 0.27 9.14 0.60 0.61 1.70

the Post-I1-Penalized estimator.

Note 2: DGP 1 is defined by by a normal distribution with the variance covariance matrix (1.19), with heteroskedasticity in-
troduced via iy, = uy + Z:ﬂZ,ﬂ‘ opy = .95 defines a high level of endogeneity, oy

2

dogeneity, and R g is the pseudo R-squared of Kuersteiner and Okui (2010). The II, was constructed following II, =

-1 -1 1 1 —1

1
("P”*S’ Vi Vi Togn) T80 iogn)” iog()” m173” w173 )
Note 3: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Deviation); IQR(Interquartile

Range).

Note 1: The values in the table are computed as %

1 -1

a;

s to capture the estimators’ relative performance with respect to

.15 defines a low level of en-
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Table 1.13: DGP 2: Low Endogeneity Level Using I1,, of equation (1.20)
RZ =0.1;n=100 MSE BIAS VAR MBIAS MAD IQR

2£LS 1.00 1.33 0.20 1.06 1.02 0.67
Liml 260.13 0.75 532.74 0.67 097 284
Fuller 1.38 0.62 242 0.73 075 217
Lasso 4.08 1.97 4.30 1.29 147 1.75
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.28 1.57 0.06 1.16 1.21 0.35
MakFuller 1.28 1.56 0.06 1.15 1.21 034
Ma2SLS 0.99 1.36 0.07 1.03 096 0.78
JIVE 44681 2.02 911.78 0.95 1.39 3.51
R} = 0.1; n=500

2SLS 1.13 1.08 0.66 1.03 1.07 0.86
Liml 0.55 0.15 5.96 0.58 042 222
Fuller 0.45 0.07 497 0.60 041 2.09
Lasso 2.62 1.61 2.93 1.22 1.53 1.56
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 2.64 1.70 0.12 1.27 1.66 0.38
MakFuller 2.64 1.70 0.12 1.27 1.66 0.37
Ma2SLS 1.00 1.04 0.16 1.00 0.99 0.96
JIVE 7.67 0.45 84.06 0.53 0.56 3.16
RJ% = 0.01; n=100

2SLS 1.11 2.19 0.09 1.12 1.23 0.18
Liml 343154 0.63 4379.85 1.03 1.83 1.15
Fuller 2.00 2.05 1.39 1.06 1.18 0.75
Lasso 3.76 2.48 3.09 1.39 1.76 151
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.08 2.22 0.02 1.13 1.25 0.09
MaFuller 1.08 2.22 0.02 1.13 1.25 0.09
Ma2SLS 1.26 2.39 0.02 1.12 1.24 0.21
JIVE 24482 289 310.17 1.15 1.63 0.79
RJ% = 0.01; n=500

2SLS 1.00 1.21 0.08 1.01 1.02 0.66
Liml 178.02 1.05 539.08 0.80 1.17 5.58
Fuller 2.20 091 4.99 0.83 092 449
Lasso 5.59 2.41 5.20 1.57 203 2.83
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.09 1.27 0.01 1.04 1.08 0.22
MakFuller 1.09 1.27 0.01 1.04 1.08 0.22
Ma2SLS 1.01 1.23 0.01 1.01 1.02 0.76
JIVE 289445 3.66 8774.63 1.00 1.34 5.06

. i Estimator Measure : g : .
Note 1: The values in the table are computed as 55 Tace; Moasure 0 capture the estimators’ relative performance with respect to the

Post-1;-Penalized estimator.
Note 2: DGP 2 is defined by by a normal distribution with the variance covariance matrix (1.19) and mean zero. oy, = .15 defines
a high level of endogeneity and R? is the pseudo R-squared of Kuersteiner and Okui (2010). The IT, was constructed following

i—pn/2\% . .
ﬂ,,jzc(p;,)(l—mig“) for j < pn/2and 7,; = 0 for j > pu/2.

Note 3: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Deviation); IQR(Interquartile Range).
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Table 1.14: DGP 2: High Endogeneity Level Using I, of equation (1.20)
RZ=0.1;n=100 MSE BIAS VAR M.BIAS MAD IQR

2§LS 1.17 1.40 0.02 1.04 1.06 042
Liml 201.12 0.29 487.11 0.45 043 321
Fuller 0.31 0.54 0.34 0.61 037 1.14
Lasso 3.42 1.85 3.40 1.31 1.51 2.87
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.48 1.59 0.00 1.12 1.20 0.14
MaFuller 1.48 1.59 0.00 1.12 1.20 0.14
Ma2SLS 1.08 1.35 0.01 1.01 1.01 0.58
JIVE 71756 0.99 1736.92 0.92 1.12 494
R} = 0.1; n=500
2SLS 1.10 1.08 0.12 1.03 1.05 0.67
Liml 0.18 0.10 2.94 0.42 022 279
Fuller 0.11 0.01 1.88 0.46 0.20 243
Lasso 3.02 1.68 6.09 1.31 155 3.06
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 2.09 1.49 0.01 1.25 145 0.15
MaFuller 2.09 1.49 0.01 1.25 1.45 0.15
Ma2SLS 0.96 1.01 0.03 0.99 098 0.95
JIVE 20142 0.61 3480.60 041 050 748
RJ% = 0.01; n=100
2SLS 1.30 1.84 0.00 1.02 1.03  0.03
Liml 724.68 0.02 1173.33 0.82 0.82 0.71
Fuller 1.16 1.70 0.10 0.91 0.86 0.23
Lasso 3.57 2.10 3.05 1.33 1.50 1.60
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.33 1.86 0.00 1.03 1.05 0.01
MaFuller 1.33 1.87 0.00 1.03 1.05 0.01
Ma2SLS 1.28 1.83 0.00 1.02 1.02 0.04
JIVE 91.28 242 144.17 1.03 1.06 0.15
R% = 0.01; n=500
2SLS 1.11 1.24 0.00 1.01 1.01 0.52
Liml 29698 0.86 1055.97 0.42 045 1195
Fuller 0.43 0.66 0.44 0.63 043 299
Lasso 498 2.23 497 1.55 1.84 10.52
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.19 1.28 0.00 1.03 1.05 0.07
MakFuller 1.19 1.29 0.00 1.03 1.05 0.08
Ma2SLS 1.09 1.23 0.00 1.00 1.00 0.69
JIVE 3200 1.27 109.86 1.01 1.07 7.25

Note 1: The values in the table are computed as fstimatorMeasure 4, captyre the estimators’ relative performance with respect to the

Post-I; -Penalized estimator.

Note 2: DGP 2 is defined by by a normal distribution with the variance covariance matrix (1.19). oy, = .95 defines a high

level of endogeneity and R% is the pseudo R-squared of Kuersteiner and Okui (2010). The II, was constructed following 7,; =

i— 4 . .
¢ (pn) (1 - %) for j < pu/2and 71, = 0 for j > pu /2.
Note 3: MSE(Mean Square Error); VAR (Variance); M.BIAS(Median Bias); MAD(Median Absolute Deviation); IQR(Interquartile Range).



Table 1.15: DGP 2: High and Low Endogeneity Levels Using I, of equation (1.21)

0w = 0.15,n=100 MSE BIAS VAR M.BIAS MAD IQR
2SLS 1.19 1.20 0.80 1.04 1.16 0.93
Liml 0.86 0.13 2.14 0.75 0.65 1.38
Fuller 0.75 0.02 1.89 0.78 0.64 1.32
Lasso 1.59 1.23 1.69 1.03 1.11  1.30
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 4.81 2.75 0.60 1.39 256 0.64
MaFuller 4.79 2.75 0.60 1.39 255  0.64
Ma2SLS 1.12 1.19 0.70 1.02 1.09 0.98
JIVE 1426 057 35.41 0.74 0.76  1.65
oy = 0.95; n=100

2SLS 1.24 1.18 0.49 1.06 1.14 0.78
Liml 0.40 0.14 2.46 0.58 0.36 1.64
Fuller 0.28 0.00 1.81 0.63 0.36  1.50
Lasso 1.76 1.30 2.21 1.08 1.19 146
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 4.45 2.29 0.25 1.48 218 043
MakFuller 4.44 2.28 0.24 1.48 218 042
Ma2SLS 1.16 1.14 0.47 1.03 1.08 0.84
JIVE 120.79 0.61 775.89 0.54 0.57 298
0y = 0.15; n=500

2SLS 1.69 1.44 0.68 1.09 142 0.88
Liml 0.46 0.03 1.66 0.79 0.51 1.30
Fuller 0.45 0.01 1.60 0.80 0.51 1.28
Lasso 1.29 1.13 1.30 1.02 1.11 1.14
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 12.10 4.08 0.23 1.63 3.99 042
MaFuller 12.08 4.08 0.23 1.62 3.98 043
Ma2SLS 1.23 1.26 0.31 1.03 1.16 0.96
JIVE 0.68 0.15 2.39 0.78 0.59 1.50
oup = 0.95; n=500

2SLS 1.64 1.34 0.29 1.12 1.32 057
Liml 0.16 0.04 1.57 0.63 0.26 1.28
Fuller 0.15 0.01 1.43 0.65 026 1.23
Lasso 1.28 1.13 1.24 1.04 1.11  1.13
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 7.81 2.95 0.05 1.70 2.86 0.19
MaFuller 7.78 2.94 0.05 1.70 2.86 0.20
Ma2SLS 1.14 1.12 0.19 1.03 1.09 0.80
JIVE 2.36 0.27 22.04 0.61 0.38 2.08

Estimator Me:
e

Note 1: The values in the table are computed as 5o 722 r

the Post-I1-Penalized estimator.

Note 2: DGP 2 is defined by by a normal distribution with the variance covariance matrix (1.19). oy, = .95 defines a high level of
endogeneity while 3, = .15 defines a low level of endogeneity and Rf is the pseudo R-squared of Kuersteiner and Okui (2010).

Range).

-1

5 . 5 — 1
The ITy, was constructed following IT;,, = (Op,,,g, Vi i’ Tog(n)* Tog(m) " Jlog(n)” /log(m)’ n1/3" w173 )
Note 3: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Deviation); IQR(Interquartile

e to capture the estimators’ relative performance with respect to

a;

—1

2

1

—1 1

—1
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Table 1.16: DGP 3: Low Endogeneity Level Using I1,, of equation (1.20)

R; = 0.1, n=100 MSE BIAS VAR M.BIAS MAD IQR
2SLS 0.57 8.68 0.48 1.14 0.74 0.69
Liml 1025.09 57.02 1022.44 1.00 229 233
Fuller 6.43 5.10 6.41 1.02 198 2.02
Lasso 3.31 13.62 3.09 1.13 154 1.39
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 0.32 12.79 0.13 1.16 0.57 043
MakFuller 0.32 12.77 0.13 1.17 0.58 0.43
Ma2SLS 0.71 21.57 0.15 1.15 0.79 0.75
JIVE 3373.93 5258 3374.65 1.14 261 256
R} = 0.1; n=500

2SLS 0.68 1.19 0.57 1.01 0.89 0.80
Liml 53.87 0.56 61.86 0.83 2.08 2.35
Fuller 11.47 0.01 13.18 0.83 2.04 230
Lasso 3.83 2.96 3.09 1.20 1.72  1.37
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 0.48 1.70 0.12 1.06 093 043
MakFuller 0.48 1.70 0.12 1.06 093 043
Ma2SLS 0.77 2.25 0.13 1.00 091 0.87
JIVE 2388.55 257 2743.80 0.82 220 245
RJ% = 0.01; n=100

2SLS 0.54 1.92 0.45 1.66 0.50 0.53
Liml 44832.31 14.37 45983.47 1.63 216 261
Fuller 6.30 1.87 6.38 1.66 1.70 1.99
Lasso 3.82 1.77 3.83 1.26 1.14 1.35
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 0.26 2.65 0.09 1.69 0.38 0.29
MaFuller 0.27 2.70 0.09 1.69 0.37 0.29
Ma2SLS 0.64 4.69 0.09 1.66 0.52 0.59
JIVE 6079.38 291 6235.98 1.79 1.79 2.08
R} = 0.01; n=500

2SLS 0.46 2.59 0.31 1.06 0.69 0.58
Liml 1674.74 059 1714.69 0.87 3.73 4.25
Fuller 17.55 1.54 17.91 0.89 345 3.84
Lasso 14.91 8.39 13.59 1.43 220 1.83
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 0.25 2.98 0.04 1.08 0.65 0.26
MakFuller 0.24 2.96 0.04 1.08 0.65 0.25
Ma2SLS 0.51 4.49 0.04 1.07 0.75 0.63
JIVE 2652.64 592 2715.08 0.96 3.33 3.88

t

imator Measur
asu

. ; Estimator
Note 1: The values in the table are computed as p T30 Ve

Post-1-Penalized estimator.

Note 2: DGP 3 is defined by a zero mean t-distribution with 5 degrees of freedom using the variance covariance matrix (1.19). ooy = .15
defines a low level of endogeneity and Rf and is the pseudo R-squared of Kuersteiner and Okui (2010). The IT;, was constructed following

1 I=pn/2

2

4
n,lj:c(p,,)( W) for j < pn/2and m,; = 0 forj > pu/2.
Note 3: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Deviation); IQR(Interquartile Range).

"5 to capture the estimators’ relative performance with respect to the
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Table 1.17: DGP 3: High Endogeneity Level Using I, of equation (1.20)

RJ% = 0.1, n=100 MSE  BIAS VAR M.BIAS MAD IQR
2SLS 1.15 1.46 0.06 1.05 1.09 044
Liml 481.76  0.20 1020.12 0.51 0.56 2.37
Fuller 0.75 0.48 1.32 0.60 046 1.53
Lasso 3.83 1.71 4.82 1.16 1.27 246
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.41 1.63 0.01 1.13 1.22 0.25
MaFuller 1.41 1.63 0.01 1.13 1.22 0.24
Ma2SLS 1.07 1.42 0.02 1.02 1.04 0.52
JIVE 444835 5.72  9383.19 0.93 1.17 3.56
R} = 0.1; n=500

2SLS 1.07 1.05 0.32 1.03 1.05 0.73
Liml 0.52 0.14 8.83 0.46 0.28 2.46
Fuller 0.33 0.08 5.61 0.48 027 232
Lasso 2.39 1.44 7.67 1.18 1.34 2.38
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.81 1.38 0.04 1.20 1.38 0.29
MakFuller 1.81 1.39 0.04 1.20 1.38 0.29
Ma2SLS 0.96 1.00 0.06 0.99 0.99 0.87
JIVE 211746 0.18 36896.15 0.44 049 4.84
Rf, = 0.01; n=100

2SLS 1.29 1.98 0.02 1.06 1.09 0.08
Liml 334.77 2.08 492.90 0.99 1.11  0.59
Fuller 1.47 1.89 0.46 1.00 1.01 042
Lasso 3.45 1.98 3.21 1.19 1.30 1.46
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.44 2.10 0.02 1.07 1.10 0.05
MaFuller 1.32 2.02 0.01 1.07 1.10 0.05
Ma2SLS 1.28 1.99 0.01 1.06 1.09 0.10
JIVE 21192 0.82 313.01 1.07 1.15 0.35
RJZ, = 0.01; n=500

2SLS 1.09 1.23 0.02 1.02 1.03 0.59
Liml 235.60 0.32 829.45 0.70 0.78 7.26
Fuller 1.18 0.87 2.23 0.75 0.63 5.17
Lasso 70.17  2.28 234.02 1.42 1.66 5.25
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.16 1.27 0.00 1.04 1.06 0.24
MaFuller 1.16 1.27 0.00 1.04 1.06 0.24
Ma2SLS 1.08 1.23 0.00 1.01 1.02 0.64
JIVE 1753.49 263 6157.66 1.01 1.09 4.50

Post-I1-Penalized estimator.

Note 2: DGP 3 is defined by a zero mean t-distribution with 5 degrees of freedom using the variance covariance matrix (1.19). oy = .95
defines a high level of endogeneity and Rf and is the pseudo R-squared of Kuersteiner and Okui (2010). The IT,, was constructed

following 77,,; = ¢ (pn) (l - %

2

t]

. i Estimator Measur
Note 1: The values in the table are computed as 55723 =

0 Mea

4
) for j < pn/2and 7,; = 0 for j > pu/2.
Note 3: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Deviation); IQR(Interquartile Range).

"% to capture the estimators’ relative performance with respect to the
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Table 1.18: DGP 3: High and Low Endogeneity Levels Using I, of equation (1.21)
0w = 0.15;n=100 MSE BIAS VAR M.BIAS MAD IQR

2SLS 0.73 1.26 0.70 1.01 0.95 0.87
Liml 3237.05 9.17 3343.69 0.90 1.39 1.38
Fuller 2.57 0.23 2.66 0.90 1.38 1.35
Lasso 2.48 2.11 241 1.02 1.31 1.30
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 0.70 2.65 0.48 1.08 094 0.71
MaFuller 0.69 2.60 0.48 1.09 0.95 0.70
Ma2SLS 0.77 2.99 0.49 1.01 0.94 0.88
JIVE 271.04 393 279.69 0.92 145 142
oy = 0.95; n=100
2SLS 1.16 1.19 0.55 1.04 1.11  0.78
Liml 1.00 0.17 3.27 0.64 045 1.24
Fuller 0.57 0.08 1.90 0.66 044 1.18
Lasso 9.46 1.23 28.14 0.98 097 1.35
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 3.56 2.22 0.31 1.39 2.09 0.56
MakFuller 3.54 2.22 0.31 1.39 2.09 0.58
Ma2SLS 1.13 1.20 0.39 1.03 1.07 0.82
JIVE 510.93 0.69 1710.91 0.61 0.64 212
oy = 0.15; n=500
2SLS 0.84 1.37 0.74 1.03 1.01 0.91
Liml 2.55 0.10 2.80 0.93 1.34 150
Fuller 2.47 0.07 2.71 0.93 1.33 149
Lasso 1.76 1.72 1.65 1.05 128 1.23
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 1.11 3.06 0.31 1.13 141 0.61
MaFuller 1.10 3.04 0.31 1.13 1.39 0.61
Ma2SLS 0.83 2.48 0.32 1.02 098 0.95
JIVE 4.63 0.33 5.06 0.92 1.34 147
oy = 0.95; n=500
2SLS 1.64 1.37 0.45 1.12 1.34 0.72
Liml 0.25 0.07 1.44 0.67 032 1.22
Fuller 0.23 0.04 1.39 0.68 0.32  1.20
Lasso 1.09 1.01 1.37 1.00 099 124
Post Lasso 1.00 1.00 1.00 1.00 1.00 1.00
MaLiml 6.69 2.83 0.11 1.61 279 0.36
MaFuller 6.68 2.83 0.11 1.61 279 0.36
Ma2SLS 1.32 1.25 0.19 1.06 1.18 0.81
JIVE 8.20 0.35 48.22 0.64 042 1.69
Il:l(;;gt:el: Pl;};‘ea lxlr;il:le:sgl n-tllz:teo;able are computed as fstimatorMeasure o, capture the estimators’ relative performance with respect to the
Note 2: DGP 3 is defined by a zero mean t-distribution with 5 degrees of freedom using the variance covariance matrix (1.19). oy, = .95
defines a high level of endogencity while ooy = .15 defines a low level of endogeneity and R is the pseudo R-squared of Kuersteiner

Note 3: MSE(Mean Square Error); VAR(Variance); M.BIAS(Median Bias); MAD(Median Absolute Deviation); IQR(Interquartile Range).
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Chapter 2

Angrist and Krueger (1991) Using a Post

Adaptive LASSO

2.1. Introduction

The most commonly cited example of an instrumental variables specification in the
presence of many weak instruments is Angrist and Krueger (1991). It is therefore impor-
tant to be able to determine the performance of any procedure that addresses the many
weak instruments problem with respect to the Angrist and Krueger (1991) paper. In this
chapter of my dissertation I show the performance of the estimator I introduced in the
first chapter and compare the results of my estimation with those encountered by Belloni
et al. (2010a), which is the paper that most closely resembles mine. I also include the

results that would arise if the traditional simultaneous equations estimators were used.
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The problem faced by Angrist and Krueger (1991) is to determine the impact of school-
ing on wages. As is usually the case when considering a wage equation, the endogeneity
of schooling is a motive for concern. Specifically, unobserved factors may influence both
educational attainment and earnings, resulting in a biased coefficient in an Ordinary Least
Squares regression of schooling on wages. Angrist and Krueger (1991) argue that an in-
dividual’s quarter of birth is a valid instrument in this scenario. Their claim is that the
quarter of birth affects the years of schooling of an individual due to specific state reg-
ulations. For instance, if state legislation determines that anybody that is four years of
age by June 30 of a particular year can enroll in school, those born in June 31 will have
one less year of compulsory schooling than those born on June 30. The fundamental in-
tuition behind the quarter of birth as an instrument is that it affects the years of schooling
of an individual but should not be a direct determinant of wage. Thus, it satisfies the

exogeneity condition that is demanded from a valid instrument.

2.2. Background

2.2.1 Returns to Education

The economic literature on the returns to schooling arises from the work of Becker (1964)
and Mincer (1958). The building block of the original theory is that individuals maximize

lifetime earnings by selecting how much education to attain. The early empirical litera-
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ture, however, starts with the work of Mincer (1974) who devise a production function
representation of the relationship between accumulated skills, viewed as an output, and
education, experience and abilities, viewed as inputs. This idea is summarized in what is

known in the literature as the Mincer wage regression, proposed by Mincer (1974):

lOg (Wf) =¢o + 471(St) + qbz(Expt) + & (2.1)

$1(St) represents the effects of schooling, ¢,(Exp;) represents the effects of post-
schooling decisions, usually approximated by experience, and ¢; can be understood as an

idiosyncratic productivity shock.

The estimation of the returns to schooling using the Mincerian wage regression (2.1)
became one of the most widely analyzed topics in applied econometrics. Griliches (1977)
discusses numerous econometric problems in estimating the returns to schooling. In
particular, problems arise related to the measurement of both schooling and ability. More
importantly, he suggests that the endogeneity of schooling decisions is a serious problem
that constitutes an obstacle in establishing the causal effect of education on earnings. The
main concern is the correlation between unobserved individual characteristics (predomi-

nantly the ability of individuals) and schooling choices.

The work of Angrist and Krueger (1991) can then be viewed as instrumental vari-

able approach to estimating the Mincer equation that tries to address this endogeneity
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problem. The instruments in this framework originate from natural experiments in
the compulsory education and enrollment legislation in each state. Also, Angrist and
Krueger (1991) can be understood as a static model, in the spirit of Becker (1964), in
which once education decisions are taken individuals start working and there are no
dynamics that allow for individuals to transition between the labor force and educational
institutions. The previous consideration is one of the reasons for an additional literature

on the structural modeling of schooling decisions pioneered by Keane and Wolpin (1997).

There thus exist a structural dynamic approach and a static reduced form approach
that yields two different sets of estimates of the returns to schooling. As Belzil (2006)
mentions, instrumental variable estimators of the returns to education fall in a range of a
10 to 15 percent increase the in weekly wage for an additional year of schooling. On the
other hand, structural dynamic models, as discussed by Belzil (2006), find a range of 4
to 7 percent increases in the weekly wage resulting from an additional year of schooling.
In this chapter, I present results of an instrumental variable estimation but do not take a
stance on which is the preferred way of modeling the problem as the literature has not

settled this debate.

2.2.2 Angrist and Krueger (1991)

The data for the computations in the Angrist and Krueger (1991) paper comes from the

1970 and 1980 census. For the 1970 census a 1 percent sample of white and black men
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born between 1920 and 1929 is used. For the 1980 census a 5 percent sample of white and
black men born between 1930 and 1939 is used. In both cases only data for individuals
that have positive earnings are used. Furthermore, observations that were imputed by
the Census Bureau were dropped.!® For my estimations I use the data as is provided by

Angrist on his website.!*

The model estimated by Angrist and Krueger (1991) is a cross sectional simultaneous

equations model given by:

wage; = ﬁo + ﬁlEducatiOni + ‘BZXZ' + &

education; = TIlg+ Iljquarterofbirth; +11,X; +113Z; + n; (2.2)

In the expression above the subscript i refers to the individual i, wage; is the natural
logarithm of weekly wage, education; are the years of education, X; are other determi-
nants of wage, Z; are the excluded instruments, and quartero fbirth; is the quarter of birth

instrument proposed by Angrist and Krueger (1991).

The authors obtain this instrument set by interacting the quarter of birth instrument

with the state of birth and year of birth of the individual. Also, they use the state of

13 A more thorough description of the data set used can be found at the end of Angrist and Krueger (1991)
4http:/ /economics.mit.edu/faculty/angrist/datal/data/angkru1991
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birth, the region of birth, age, age squared, and a dummy variable for marital status as
part of the included instrument set. This gives rise to 180 excluded instruments plus the
62 included instruments coming from state and region of birth dummy variables. As is
argued by Bound et al. (1995), and more widely by the many weak instrument literature,
these instrument are weak. In the first chapter of my dissertation I demonstrate that
in this scenario and under the possibility that some of the instruments are irrelevant,
disregarding the irrelevant instruments is fundamental to obtain a consistent estimator in
a 2SLS framework. Therefore, my purpose is to disregard the irrelevant instruments and

to illustrate the consequences of using a large set of weak and irrelevant instruments.

In table 2.1 I present the result of the traditional simultaneous equations models,
two stage least squares (2SLS), limited information maximum likelihood (LIML), and
Fuller, and, of ordinary least squares (OLS) for the model in (2.2). Under endogeneity
we expect largest biases in estimation to arise under OLS. In the presence of many weak
instruments, the weaker the instruments are the closer they are to the OLS estimates. As
the results of table 2.1 illustrate, 2SLS, LIML, and Fuller are all close to OLS when the
entire instrument set is used. Another important consideration that arises from table 2.1
is that the first stage F-statistic is low, below the rule of thumb value of 10 suggested by
Stock et al. (2002) an often cited in applied work as an indication of a weak instrument
problem. As I mentioned in the first chapter, the F-statistic is an estimator of the concen-

tration parameter and as such is a measure of the instrument weakness. The results of
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table 2.1, therefore, suggest the presence of weak instruments and estimates of the return

to education that are inconsistent.

Another important reflection comes from the solution of the many weak instrument
problem that is proposed by Chao and Swanson (2005a). They recommend that when
there is evidence of weak instruments a plausible solution is to include more instruments
in the specification. Their results suggest that, even though the set of instruments is weak,
the information provided by the additional instruments can help the LIML and Fuller
estimators to achieve consistency. The basic intuition that arises from their asymptotic
theory is that additional instruments provide a signal asymptotically, that even if small it
helps to attain consistency. The practitioner that encounters instrument weakness might
then be advised to include extra instruments to address the difficulty at hand. In the first

chapter I argue that this is not the case if additional instruments are irrelevant.

Table 2.2 shows a situation a researcher that uses the Angrist and Krueger (1991) data
might face. In the case illustrated the researcher uses 153 excluded instruments,coming
from quarter of birth interactions with state and quarter of birth, and 62 included instru-
ments, the state dummies and other determinants of wage, and finds that the first stage
F-statistic is below 10. The suggestion of Chao and Swanson (2005a) would be to include
a larger set of instruments. Table 2.1 illustrates what occurs in the case you include 27

additional excluded instruments that come from interacting quarter of birth with year of
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birth. The F-statistic decreases from 5.63 to 2.36 and the coefficients move closer to the
OLS estimate. The conclusion from this simple example is that by including additional
instruments the weak instrument problem can become worse. In the language of chapter
1, including instruments that are irrelevant or are providing more noise than information
compounds the difficulties of the researcher. As I demonstrated in chapter 1, the key is
the ability to be able to exclude the irrelevant instruments and to include instruments that
provide enough information in order to guarantee the possibility that 2SLS, after instru-

ment selection, will be consistent.

2.3. Results

In this section I present the results that arise from using the post-adaptive LASSO method
proposed in Chapter 1. I also try to ascertain the robustness of the results by revisit-

ing the criticism of Bound et al. (1995). Finally, I describe the computation of the estimator.

Table 2.3 shows that when using the adaptive LASSO on the first stage to select the
instruments and then running a 2SLS estimate with the selected regressors as I proposed
in Chapter 1. It is important to highlight that there is a reduction from 242 to 166 in-
struments and that the F-statistic increases to 17.88, which is outside the danger zone for
weak instruments stipulated in the literature. As is to be expected, the quarter of birth
instruments are included. Angrist and Krueger (1991) do include specifications with

only the quarter of birth instruments; it is only when they depart from this specification
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that the weak instrument problem arises. This suggests that the set of instruments
selected by any procedure should be somewhere in between 3 (with only quarter of birth
instruments) and 242 (with the entire instrument set discussed above). The uncertainty
inherent in deciding exactly which instruments actually belong in the estimation, paired
with the weak instrument problem, that makes the estimator in Chapter 1 appealing.
The estimate of the return to education in table 2.3 which has a value of 14 percent falls

within the range found in similar studies summarized by Belzil (2006).

Belloni et al. (2010a) also study instrument selection in Angrist and Krueger (1991).
In Table 5 of Belloni et al. (2010a), the authors show two instrument sets selected by
the procedure they propose. The first one, advocated by them as the preferred method,
only selects 1 instrument. The second method, a then fold cross-validation procedure
which is not presented in the paper, selects 12 instruments including the quarter of birth
instruments. Their method to select the regularization parameter appears to impose
heavy shrinkage. This also suggests a deeper discussion about the selection of the regu-

larization parameter is needed.

In graph 1 I show the cross-validation function that I use to select the regularization
parameter. In this context, I find that cross-validation performed better in simulations

than generalized cross-validation which was the proposed method in Fu (1998).
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2.3.1 Revisiting Bound et al. (1995)

Bound et al. (1995) are skeptical about the results presented in Angrist and Krueger
(1991). Their main concern is the fact that education is weakly correlated with quarter
of birth. However, they also highlight the possibility that quarter of birth and education
might be correlated for reasons other than compulsory education rules and that there
might be some correlation between quarter of birth and wages. Therefore, they are not
only preoccupied by instrument weakness but by the validity, i.e. exogeneity, of the

instrument itself.

Angrist and Krueger (1991) present many specifications, some of which are clearly
weaker than others. Bound et al. (1995) focus on the case in which instruments are the
weakest in order to illustrate the potential problems that arise in this situation. They
generate a simulated quarter of birth variable and estimate the specifications presented
in Angrist and Krueger (1991). These instruments, by construction, are uncorrelated with
education and are therefore ultimately weak, i.e. irrelevant. Bound et al. (1995) show that
under these conditions their results are the same as those in Angrist and Krueger (1991)

in the specification in which instrument weakness is highest.

In table 2.4, I repeat the Bound et al. (1995) exercise. I also include the LIML and Fuller
estimators. As in Bound et al. (1995) I find that the 2SLS result is extremely close to the

OLS result which suggests an extreme level of instrument weakness, as established by
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Stock et al. (2002). The same occurs with LIML. In the three cases mentioned previously
the coefficient associated with education is positive and statistically significant yet given
the weakness of the instruments coefficient is unreliable. For the Fuller estimator, the
standard errors are large, suggesting that the instruments, as expected, do not have

identifying power.

As with the Fuller estimator, my estimator exhibits a large standard error, see table
2.4. Furthermore, my estimator only selects 10 instruments, in contrast to the case with
actual instruments where my estimator selects 166. That is, my estimator method treats
the cases with many instruments and with many simulated irrelevant instruments quite
differently, suggesting that there is information content in the original instruments, that
was not captured by the standard estimators considered in Bound et al. (1995). Yet, at
the same time, the F-statistic is smaller than that of the other three estimators, suggesting
that the model is ultimately weak. From these results I conclude that in the case where
instruments are by construction uncorrelated with the endogenous regressor, my estima-
tor eliminates most of the instruments but, given the small value of the F-statistic, even

after instrument selection the instruments do not have much identifying power.

2.3.2 Computation of the Adaptive LASSO

In this section, I present the algorithm I use to compute the adaptive LASSO. The adap-

tive LASSO is computed using the procedure proposed by Fu (1998). This methodology
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is selected for its ease of implementation.!®> The optimization procedure and results will
be illustrated for a single endogenous variable, given that the main concern is to demon-
strate the behavior of the estimator in the presence of many instruments. Further, this
aids discussion given that many of the finite sample distribution results in the literature

are derived under this framework.

Let us define Z, = (Z;, X;, quartero fbirth) where Z; and X; and quarter of birth are

the first stage instruments presented in (2.2) and II, = (ITp, ITy,ITp). The first order

conditions of the problem defined in equation (1.6) yield, for the jfh column of Z,,, Z,Sj ):

22 2+ 2 2 210, — 220 Yo = —Aywyjsign (11,,)
=

To simplify the exposition the right hand side (RHS), left hand side (LHS), and the

regularization parameter in the expression above are redefined to be:

LHS = 8; (0,11, Zy, Yo )
RHS = d(IL,j, Apx)

An * — An wn]

15Much has been written about the computation of the LASSO and its variants. A good source for
computational aspects concerning the LASSO is http://www-stat.stanford.edu/tibs/lasso.html and the
references cited there.
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where IT,, I refers to the coefficients that are different from [Ty;.

The algorithm used to compute the proposed adaptive LASSO estimator is:
(1) Start with Hno = HOLS = (ﬁl, ce ,ﬁp”)/
(ii)) Atstepm, foreachj=1,...,p,let Sy = S]- (0, H,Zj, Zn,Y2n> and set

(

A,,*fSO :
hyj = § 2220 i S5 < — Ay
2Z," Zji
0 if |So| < Apx

Form a new estimator [1,, = (ITy,...,T1,,)" after updating IT,;
(iii) Repeat (ii) until I, converges.

This procedure selects instruments and at the same time generates an estimator. Here,

the selected instruments are used as an input to perform a 2SLS regression as proposed

by Belloni and Chernozhukov (2010).

2.4. Conclusion

The results in this section highlight the benefits of using the estimator proposed in Chap-
ter 1. As is explicit in table 2.3 the F-statistic increases significantly with respect to the

result where all instruments are included, suggesting that some of the instruments pro-
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vide more noise than signal or are altogether insignificant. In this regard both Belloni
et al. (2010a) and this study agree. The estimator thus derived is more reliable as it ad-
dresses the many weak instrument problem. However, with respect to the instrument
selection procedure my results and those of Belloni et al. (2010a) are inconclusive. This is
due to the fact that there exist a considerable difference with the results presented in Bel-
loni et al. (2010a) and there is no definitive optimality criteria to select the regularization
parameter. In my case this was determined using cross-validation given my experience
with the simulation experiments. Finally, as was mentioned in Belzil (2006) the value of
the coefficients in my study falls within the range of values found by similar studies in

the literature.

2.5. Tables and Graphs
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Table 2.1: Return to Education for Men Born 1930-1939: 1980 Census
OLS 2SLS LIML Fuller

Education 0.06 0.07 0.08 0.08
Standard Error (0.00) (0.01) (0.02) (0.02)
First Stage F-Statistic — 2.36 2.36 2.36
Number of Instruments — 242 242 242

Number of Observations 329,509 329,509 329,509 329,509

The dependent variable is the log of weekly earnings. The excluded regressors are age, age squared, dummies for race, marital status,
state of birth, and quarter of birth, and interactions of quarter of birth with year of birth and state of birth.

Table 2.2: Return to Education for Men Born 1930-1939: 1980 Census. Without Year of
Birth time Quarter of Birth Interactions

OLS 25LS LIML  Fuller

Education 0.06 0.08 0.09 0.09
Standard Error (0.00) (0.02) (0.02) (0.02)
First Stage F-Statistic — 5.63 5.63 5.63
Number of Instruments — 215 215 215

Number of Observations 329,509 329,509 329,509 329,509

The dependent variable is the log of weekly earnings. The excluded regressors are age, age squared, dummies for race, marital status,
state of birth, and quarter of birth, and interactions of quarter of birth with state of birth.

Graph 1:

Cross-Validation Function Values for 100 grid points
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Table 2.3: Return to Education for Men Born 1930-1939: 1980 Census. Using a Post-

Adaptive LASSO
OLS 2SLS LIML  Fuller Post-A LASSO
Education 0.06 0.08 0.08 0.08 0.14
Standard Error (0.00) (0.01) (0.02) (0.02) (0.04)
First Stage F-Statistic — 2.36 2.36 2.36 17.88
Instruments — 242 242 242 166
Observations 329,509 329,509 329,509 329,509 329,509

The dependent variable is the log of weekly earnings. The excluded regressors are age, age squared, dummies for race, marital status,
state of birth, and quarter of birth, and interactions of quarter of birth with state of birth.

Table 2.4: Return to Education for Men Born 1930-1939: 1980 Census. Revisiting Bound

et al. (1995)

OLS 25LS LIML  Fuller Post-A LASSO

Education 0.062 0.064 0.056 0.416 0.055
Standard Error (0.000) (0.015) (0.005) (4.879) (0.135)
First Stage F-Statistic — 1.001 1.008 1.008 0.210
Instruments — 242 242 242 10
Observations 329,509 329,509 329,509 329,509 329,509

The dependent variable is the log of weekly earnings. The excluded regressors are age, age squared, dummies for race, marital status,
state of birth, and quarter of birth, and interactions of quarter of birth with state of birth.
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Chapter 3

A Cross-Validated Spline Method for
Nonparametric Instrumental Variable

Estimation

3.1. Introduction

Empirical studies in economics often deal with the challenges posed by potential en-
dogeneity in their estimations. A common solution to this difficulty is based on an
instrumental variable procedure. The instrumental variable methodology was extended
to the nonparametric framework by the work of Brown and Matzkin (1998), Newey et al.
(1999), Altonji and Matzkin (2005), Darolles et al. (2003), Ai and Chen (2003), Newey and

Powell (2003), Hall and Horowitz (2005), and Gagliardini and Scaillet (2006).
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This paper solves the nonparametric instrumental variable problem within the con-
text of reproducing kernel Hilbert Spaces (RKHs) recognizing that the object of interest
is the solution to a Fredholm integral equation of the first kind. RKHs are characterized
by the fact that linear functionals in the space are bounded. Therefore, the results of the
previous literature, which assume the function of interest lies in a bounded Hilbert space,

can be mapped into a RKH.

Solutions to Fredholm integral equations of the first kind are called regularized so-
lutions. The methodology proposed in this paper is, as was typified by Nychka et al.
(1984), a cross-validated spline solution. Within this framework the solution can be
thought of as a penalized least squares estimate. The penalty over the roughness of the
function, characteristic of these setups, is controlled by a regularization parameter that
is chosen by Generalized Cross Validation (GCV). Except for Gagliardini and Scaillet
(2006), the previous papers have no explicit mechanism to choose the regularization
parameter and some, like Newey and Powell (2003), recognize their estimator is very
sensitive to the choice of parameters. One advantage of GCV over the methodology of
Gagliardini and Scaillet (2006) is that its optimality has been established by Wahba (1977)
within the context of integral equations which are the object of interest in the literature of

nonparametric endogeneity.



140

The solution proposed follows the strategy of Wahba (1969, 1973) and Kress (1989) to
solve ill-posed inverse problems. However, many of the objects that are observed in the
context of integral equations are unknown in the economic framework modeled in this
study. These unknown objects will be replaced by nonparametric estimates. In this sense
the solution in this paper is a modified version of the traditional cross-validated spline

solutions to integral equations.

3.2. Background

The model of interest, which is a variation of the one presented by Newey and Powell

(2003), is of the form
y = 8o(x)+x
E[xl]z] = 0 (3.1)

In the expression above y is an observable scalar random variable, go represents the
true structural function, x is an explanatory variable vector of dimension dy X 1, z is a

vector of instruments of dimension d, x 1, and « is a disturbance.

Taking the conditional expectation of equation (3.1) one obtains the expression:
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E [y|z] = E[golz] /go f(x|z)d (32)

The relationship described in (3.2) is a Fredholm integral equation of the first kind,
which in this case leads to an ill-posed inverse problem.!® Fredholm integral equations of

the first kind are usually written as:

= [TE2e@

For the expression above, in the integral equation literature, all the components are
known except for ¢ (x). It follows that (3.2) fits into the theory of integral equations with
the function T (.) being f(x|z), the function that only depends on the constant term z on

the left hand side being E(y|z) and the unknown function being g (x).

The ill-posed inverse problem, as is stated in Kress (1989), is a consequence of go (x)
being an element of a space of functions, an infinite dimensional space. Specifically

Theorem 15.4 of Kress (1989)ascertains:

16Chapter 15 of Kress (1989)provides a discussion of the ill-posed inverse problems and gives some
examples. Chapter 8 of Wahba (1990) briefly discusses the problem in a framework that is closer to how I
present it here.
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Let X and Y be normed spaces and let A : X — Y be a compact linear operator. Then for
the unknown function ¢ the equation of the first kind A =Y is improperly posed if X is not of

finite dimension.

The theorem is trying to convey that, given the infinite dimension of &, the operator
A does not have a bounded inverse. This is exactly what happens in equation (3.2) where
Qo0 (x) is an element of a space of functions. The solution to this difficulty in theory

consists in finding a bounded approximation to the unbounded inverse operator.

The ill-posed inverse problem also has a computational manifestation. To recover
Q0 (x) from equation (3.2) the components of the solution must be computed discretely.
As is pointed out by Wahba (1990), these discrete approximations are often numerically

unstable. The situation deteriorates as the degree of discretization increases.

In summary, any solution to the ill-posed inverse problem needs to impose some
bounds to the inverse integral operator that recovers go. As was discussed above the
solution is sensitive to the bounds imposed. Therefore, a careful choice of the parameters

of the problem is fundamental.

In what follows the methodology proposed to solve the problem is described. Then

the convergence rates of the solution are derived.
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3.3. Framework

Wahba (1969, 1973) propose a solution to Fredholm integral equations of the first kind
within the context of RKHs. A fundamental difference arises, however, between the
nonparametric instrumental variable problem and hers. In Wahba’s approach a noisy
version of E(y|z), E(y|z;)*, is observed for some values of z and f(x|z) is known. Her
methodology cannot be applied directly to equation (3.2) because f(x|z) and E(y|z;)* are
unknown. Instead the solution she proposes is taken as a starting point and f(x|z) and

E(y|z;)* are replaced by nonparametric estimates.

The underlying model in Wahba (1969, 1973), fori =1, ...,n,is:
E(ylzi)® = E(ylzi) +e&

Within her framework the solution to the problem becomes to find a function in a

RKHS, Hg, which satisfies the following expression:

2
min 37 ([ 0(6) £ () s~ E(01z0)" )+ o g, 53)
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In the expression above [y g(x)f(x|z)dy is what is referred to as an approximate

solution for (3.2) which becomes exactly E(y|z;) at go (x).

Before commenting on the solution of equation (3.3) some basic concepts of RKHs that

are related to the solution of (3.3) using Wahba’s methodology are introduced.

Definition 1 (Reproducing Kernel Hilbert Space). A RKHS is a Hilbert space of real-
valued functions on an index set 7, for instance 7 = [0, 1], with the property that for
t € T, the evaluation functional L;, which associates ¢ with g(t), is a bounded linear

functional in the sense that, M such that:

Lih = |g(t)] < M ||g|| for all / in the RKH,

where ||.|| is the norm in the Hilbert space.

It is a well known result in the literature of RKHs!” that to every RKH there corre-
sponds a unique positive definite function on 7 x7 that is referred to as its reproducing
kernel. By definition the reproducing kernel is an object which has the property that its
inner product with any function in the RKH space yields the function. It will be denoted

by R(t,t') and assumed that:

Assumption 1. The reproducing Kernel R(t, ') is continuous and [ [~ R*(t,t')d;d} < oo

17 A more detailed description can be found in Aronszajn (1950).
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For every space of functions that satisfies definition 1 and assumption 1 the following

properties of RKHs can be defined.

Property of RKHS 1. By the theorems of Hilbert, Schmidt, and Mercer '® the reproducing

kernel can be written as:

R(t ) = ilm/cpv OraG

where {¢, } ., is a complete orthonormal system of eigenfunctions on the space with

corresponding eigenvalues {A, }or 1, Ay >0, Y00 1 Ay < oo,and Ay > A > ... > 0.

v=1/

Property of RKHS 2. Definition 1 of the RKHS Hy above can be stated explicitly in terms

of the inner product of the RKHS, (.), ., by the following relationships:

00 2
Hr = {g:gEﬁz(T), Z%<oo}

@8 = L <g,4>v)A (8" ¢v)

v

In the expression above (.) is the inner product in the £, (7") space.
Property of RKHS 3. As a consequence of properties 1 and 2 we have that:
a. For a fixed value t, R(t,t') = Ry(t') € Hg

b. <Rt,g>HR 7 t E T

18The theorems can be found in Riesz (1955) in pages 242-246
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Property of RKHS 4. For any bounded linear functional one can find its representer #;

which is defined by:

Le = (1, 8) 3, and 1¢(t') = (e, Ry )y,

The intuition behind properties 3 and 4 is that by knowing the reproducing kernel
and the representer of a space one can characterize any function and linear functional
in the RKH. Furthermore, as will be seen when we study the convergence proper-
ties of the solution to equation (3.3), the characterization of the reproducing kernel as
Yoo Avpy (£) ¢y (') and of the inner product in property 2 allows an analysis of conver-
gence rate of elements in the space by imposing conditions on the decreasing sequence
{Av},o of property 1. More importantly, these properties allow the main problem to be
written as a finite dimensional problem using the methodology proposed by Kimeldorf

and Wahba (1971).

In assumption 2 below conditions on the function gy are imposed to explicitly obtain
its reproducing kernel. A different assumption on the function gy will yield a different
reproducing kernel and different representers. The properties imposed on gp in assump-
tion 2 are restrictive. However, they are in accordance with the proposed solutions in the

literature to nonparametric instrumental variables.

Assumption 2. The function gy defined in equation (3.2) belongs to the Hilbert space W™

defined by:
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W™ [X] = {g : g1 is absolutely continuous and g™ € £, [X]}

In the expression above ¢(™) is the m!" derivative of g. By virtue of assumption 2 and

following Wahba (1990), the reproducing kernel of the space is defined to be!®:

R(x,x") =

d, (3.4)

m xv—lxlv—l (x _ u) (x/ _ u)
Vg(v—m(v—m*/x § 3

where (x)+ = x for x > 0 and otherwise (x); = 0.

An explicit expression for the representers of property 4 can be found. To find it note
that L; of property 4 is the integral defined in equation (3.3) and that R; is defined by

equation (3.4). The representers are defined by:

72(x) = /Xf (x'|z) R (x,x") dx" x,x" € X (3.5)

Now that the properties of RKHS have been stated and that exact expressions for the

representers and the reproducing kernel have been rendered, I can describe the solution

19Wahba (1990) has a detailed discussion of the construction of this reproducing kernel which is based
on the Taylor approximation to an m times continuously differentiable function.
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to the problem in (3.3) using RKHs can be described.

A starting point for the solution of (3.3) in Wahba (1969, 1973) is the knowledge of
E(y|z;)* for certain values of z € {z1,2z5...,2,} where z; < zp < ... < z,. Also, by
property 4 of RKHS the approximate solution to E(y|z;) can be written in terms of the

representers. Specifically,

[ 8G)f () i = (12,8), 6)

Using (3.6) expression (3.3) can be rewritten as:

2
2
7
min 32 (E =" — (8, ) sl 37

The problem in (3.7) consists of two parts. The first component )} ; (E (y|zi)" — (nz, g)HR> ’
can be thought of as the fidelity of the data, while the second component is controlling the
amount of smoothing. The parameter alpha controls this trade-off and imposes a bound
on the variability of the function of interest. This is another reason why constructing a

data driven mechanism to choose & is important.

Within this framework Kimeldorf and Wahba (1971) have established the following
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result:

Proposition 1. The solution to problem (3.3) using (3.7) is given by:

& (%) = (1 () -+, 11z, (%)) (Qu+&D) ™" (E (y|z1)", -, E (y]20)") (38)

In equation (3.8) Q,, is an # x n matrix whose ij*" element is <172i, ;72].>HR.

The solution ¢* (x) in (3.8) can be thought of as lying in a space spanned by the
representers. Therefore, the representers can be viewed as a basis of the space where
the solution exists. This is the intuition that underlies the latter computation of the
solution and is another way of stating the main conclusion of the representer theorem of
Kimeldorf and Wahba (1971) . This way of understanding and writing the solution relies

critically on the use of the RKHS machinery.

Another important consideration is that the regularized solution given in (3.8) is not
the solution to the problem in (3.3) but an approximation that tries to control for the
ill-posedness of the problem via a. The true solution to the problem, which is infeasible
by the ill-posedness embedded in the matrix Q;, occurs when & = 0. The convergence
rates of the solution then depend on the rate at which a sequence of regularization
parameters tends to zero as n increases. This will be discussed later with respect to the

convergence rates.
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The estimator in (3.8) is, however, infeasible. The first reason for this is that f(x|z) is
unknown. Also the zero mean perturbed version of E(y|zi) is not observed. What will be
observed is a nonparametric estimate of E(y/|zi) that will be used to approximate E(y|z)*.
This biased estimator is defined as Y (z;) and will be computed using a series estimator
to be described below. The estimate of f(x|z), on the other hand, will be done using the

methodology of Fan et al. (1996). The estimator under this framework becomes:

§(x) = (fz (%) oo e iz (3)) (Qu +&D) " (Y (21) -, Y (20)) (39)

In equation (3.9) Q, is an 1 x n matrix whose ij* element is < Nz ﬁzj>% and:
R

ﬁz(x):/xf(x’]z)R(x,x’)dx’ x,x' € X

3.4. Estimation of E (y|z), f (x|z), and selection of «

For the estimation of f (x|z) we will adopt the estimator of Fan et al. (1996) that can be

written as:
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A 1 Z P — i—
Fole) = o Low (B ) v () 310

In the above equation N(.) is a kernel weight, 11 and h, are bandwidths, and W['(.),
which can be thought of as a local quadratic approximation to obtain the conditional

density, is determined by the following expressions:

T
Wi =1l (1,h1t,h1t2> X W (1) (3.11)
51,0 Sn1 Sn2
Sn = Sul Sn2 Sunj3
Sn2 Sn3 Sn4
1 & ; Z:—z
Sn/]' = h—lzl(zl—Z)]W( lhl ) (312)
1=

In equation (3.12) W(.) is another kernel weight and 19 is the unit vector with the first
element equal to one. For the estimation an Epanechnikov kernel is used. The choice
of kernel obeys to the fact that it satisfies the assumptions of Newey (1994), which are

important for the convergence rate results, and because the integral that defines the
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representers has a closed form solution?’.

To determine how to select the regularization parameter in (3.9) and the bandwidths
hy and hy Generalized Cross Validation as proposed by Wahba (1977) and Golub et al.
(1979) will be used. For the purpose of writing the cross-validation criterion function

(3.9) can be expressed in terms of the parameters as:

§(x,a,l, h2) = A(x,a,h,h2) Y () (3.13)
Alx,a ) = (g2 (G hu ), 1 (51, 110)) (O (hy,ho) +al) T (3.14)

Y(z) = (Y(z1),...,Y (zn)) (3.15)

One can obtain the optimal regularization parameter, , and the bandwidths that min-

imize the generalized cross-validation function given by:

i — 3 (x,a,hq,h 2
V(D‘/hlth):Z (y g( 1 2))

5 (3.16)
— [1
i=1 [E [race (I — A (x, Dé,hlth))]

This choice of the regularization parameter as well as the solution to the ill-posed
problem was suggested by Wahba in the context of RKHS. This study adds the choice

of bandwidths to this procedure thus providing a data driven mechanism to choose the

20The Gaussian kernel which is the other conventional choice does not satisfy these two conditions
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parameters of the estimation. The fact that the choice of the regularization parameter and
the bandwidths comes from the minimization of the criterion function V («, h1,h2) and

is not to be arbitrarily chosen by the researcher is a contribution of this paper.

The computation of E(y|z) will use a power series estimator. Let us define a vector of

L approximating functions p’(.) of dimension L x 1 by:

pr(z)=(p(2),...,p(2) (3.17)

h

Also, let us define P to be an 1 x L matrix whose i row is given by p’ (Z;)". Under

this framework the estimate of E(y|z) is given by:

Y (z) = pt (z) (P'P)” Py (3.18)

In (3.18) the term (.)~ denotes the generalized inverse of (.).

The number of series terms of this estimator is once more chosen using Generalized
Cross Validation. In this specific case the generalized cross-validation function to be min-

imized has the form:
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S|

1

; (vi — & (x,,h1, h2)) (1 - _> )

3.5. Properties of the Proposed Solution

The results established in this section come from three sources. The first is the paper of
Lukas (1988) , who studies the properties of the convergence rates for regularized solu-
tions like the one in (3.8) for a wide class of RKHs. The second source is Newey (1994)
, who studies the convergence rates of kernel estimators under a Sobolev supremum
norm. The third is the paper of Newey (1997) , which studies the properties of power

series.

The convergence rates of the estimator proposed in (3.9) are determined in two
stages. In the first stage the convergence properties of g* as an estimate of gy are es-
tablished. This result comes directly from the literature on ill-posed inverse problems
as is presented in Lukas (1988). In the second stage § as an approximation of g* is
studied. This is achieved using the conclusions in Newey (1994, 1997) and Lemma 1
of the Appendix. As noted in the Appendix, Lemma 1 provides a link between the
work of Lukas (1988) and the results of Newey (1994, 1997). The inputs from the two

stages will be united to determine the convergence rates that arise from the relationship

180 = 8llw, = llgo—&+g*—g*llw, < 8o —8&"llw, +Il8" —&llw,- The norm |||,



155

comes from Lukas (1988) and will be defined below.

Some notation is introduced to simplify the exposition. For an arbitrary function g,
define the operators: Kg = [ f (x|z) h(.)dx and Kg = [ f (x|z) h(.)dx. Also by property

4 of the RKHs and equation (3.5):

’Cg (x) = (Q (erz)/"'/Q(anz)> (Qn +D€I)71 (Y (Zl)l"'/Y(Zn))

Following Kimeldorf and Wahba (1971) and Lukas (1988) it can be established that
Q is continuous on Z x Z and, for an arbitrary function g, the following operator Q :

L2[Z] — £2]Z] can be defined by:

0s(z) = [ Q(z)g (). 3.19)

Lukas (1988) shows that Q is bounded and positive definite. Assumption 1 and Defi-
nition 1 are satisfied and so Q(z,z') is a reproducing kernel for the RKH. I shall refer to it
as H rQ- Letus define its non-increasing sequence of eigenvalues by Mg 2Apg=>...20
and the corresponding orthonormal eigenfunctions by {‘PUQ}ZO:T Therefore, Hrg is de-
fined in a similar way as Hy in property 2 with A, in place of A; and ¢,( in place of ¢».

The following assumption on the A;j is imposed.
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Assumption 3. 0 < ali_zb < Ajg < azi_Zb,i = 1,2,...and b > 1/2 for non negative

constants a; and a,.

Lukas (1988) studies a class of RKHS defined by:

Hu:{g€£2[z i g"l’lQ oo}

i=1

and inner product given by,

i 8 ¢ig) (8 9ig)

(g’ u
Ao

i=1

The expressions above are analogous to those put forth in property 2. The difference
arises in the Aj, term that imposes faster convergence rates on the Fourier coefficients
for higher u 2!. An important fact is that for u= 1 we obtain Hy defined in property 2
of RKHs and that for v < u we have that #,, C H, ?2. By allowing different values of u

Lukas (1988) studies the convergence rate for a wide class of RKHs.

Lukas (1988) defines,

2lIn each of these cases the reproducing kernel changes for each u. Specifically, for each u the reproducing
kernel will be written, using property 1 of RKHS, by Y71 Ajo¢iq () dig ().

(8:9i0)°

; )\u v
22The previous result comes from the fact that || g||%_lv = Y i = Y2 (‘?(’L

IQ

2
maz |15 815,

AL
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Wy ={g€Hro:Kg € Hu}

and shows the existence of an isometric isomorphism between W,, and H,, defined by

the relationship:

(88w, = (Kg,Kg')y. (3.20)

These elements of Lukas (1988) are used to define the distance between the true
function, go, and the regularized solution, g*. Under regularity conditions presented in

the Appendix, it can be established that for E(y|z)" that belongs to Hs, where s > maxu, v:
foru<s<u-+2,
lgo =", = O ( (B Gl2)" |+ Famer) )
and fors > u +2,

. — 1/2
1§80 — &*llw, = Op ((“2“1?(]/\2) P+ G 1/2b) )
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The above statement gives the first component of the convergence result of this paper.
The outcome depends on the rate of decay of the Fourier coefficients. This occurs via
b that establishes bounds on the eigenvalues, the constant s that governs the rate of
decay of the eigenvalues on H;, and u which, similarly, controls the rate of decay of the

eigenvalues in H,.

The second component of the convergence rates is established in Theorem 1, stated

precisely and proved in the Appendix. Theorem 1 concludes that:

. - L3/2 _ ~1/2
18" — &llw, = Op (W + LY+ In(n)? <nhk+2’") + hcu)

In the expression above, L refers to the number of series terms; T is rate at which the
approximation error of the power series estimator to E(y|z) shrinks under the Sobolev
Supremum norm, which is exactly O (L™7); @ is the order of the kernel W['(.); I is a
bandwidth that is asymptotically equivalent to /; and hy; m is the order of the deriva-
tives of the Sobolev space defined in Assumption 2; and k denotes the existence of an
extension of f (x|z) to all of R¥ that is continuously differentiable to order  on R¥. {is a

non-negative integer.

Using the results given for ||g — g«|l,y, and [|g* — &l|}y, and the triangle inequality

the conclusion of Theorem 2, presented rigorously in the Appendix, can be ascertained.
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Specifically:

foru<s<u+2,

1/2
—u—1/2b L3/2 —-1/2 _
30— §llw. = O, (lxs—“ L > + = — 4+ LY T+ In(n)? (nhk+2m> + K%
u n

" Vi

fors >u-+2:

1/2
—u—1/2b L3/2 12 )
! n

From Theorem 2 it is clear that the convergence rates of the solution are neatly sep-
arated between the effect of the series estimate of E (y|z), the regularized solution, and
the kernel estimate of the conditional density. The convergence rate of § to g is then
dominated by the convergence of the slowest of these terms. From this analysis and as a

consequence of Theorem 2 the following result holds:



4
Corollary 1. Let 6, = (In (n))2@+m+k Then the optimal «, 1, and L are given by:

h* — C)P (5n,1%aw30+k)
=1
l;* — C)p (:71”2T+1:>

foru <s<u+2,

* < A:E,>
I :Op 71 2bs+1

and fors > u + 2:

__=b
wt = Op <n4b+2bu+1>

Moreover,

foru <s<wu+2,

. “bew)  =2emw-1\ /2
||go—gHWu:Op min (n Bst1 -y 225+ )

fors > u+ 2:

—T1-2
. — . 2
; N2t 1’5n

2(w+m)+k—1

@

1 2(@+m)+k

160

)
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—2b —2b(4b+u)—1 172 —r_n  2(@tm)+k—1 @
llgo — g”Wu — Op min NEF2buFT - g7 AbF2but inTi8, 2 @k

3.6. Results

This section illustrates how the methodology proposed works. It is tested on the function:

y = g(x)+x= —sin(8x)+ 0.025« (3.21)
x = z+v0 (3.22)
K 1 05 0
v | ~N|lo 05 1 0 (3.23)
X 0 0 1

The x and z are normalized to lie between zero and one and given this modification «
is rescaled by c;. The estimations are performed for 50 and 100 grid points of the vector

z. This is equivalent to the number of representers used to span the space of functions.

As the number of grid points augments, the ill-posedness of the problem increases, so
having too many grid points is not advisable. One can test the degree of ill-posedness by

plotting the log of the eigenvalues of the matrix Q. The plot should be decreasing until
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at some point it starts to show an oscillating behavior. If the plot for a number of grid
points starts to fluctuate before another, the matrix is more ill-conditioned. A higher level
of oscillation also indicates a more ill-conditioned matrix. If the plots are similar, the one
with the least number of grid points should be selected. Although not a formal theory of

how to determine the number of grid points, this method can serve as a guideline.

Graph 1 below shows the plot for 20, 50, and 100 grid points. The solid line represents
the eigenvalues of Q, for 100 grid points, the dashed line for 50, and the dash-dot line is
for 20 grid points. According to the suggested criteria a choice of 50 grid points seems to

be the most adequate. However, results are presented both for 50 and 100 grid points.

Graph 1:

Eigenvalues of the matrix O, for three different grids for equation (3.21).

200

25

B0k

G35

-40

The dashed line corresponds to the grid with 50 points, the dotted line is for 20, and the solid for 100
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Table 3.1: Values of the Parameters Using Generalized Cross-Validation
Regularization Parameter & 1.235
Bandwidth for Z’s 3.335
Bandwidth for the X’s 0.009

Results correspond to grid size of 50 for equation (3.21).

In Table 1 below the values of the parameters are presented for the function in equa-
tion (3.21), for the two sets of grid sizes selected. As was explained above they were
chosen by minimizing the function in equation (3.16). The minimization was done by
a grid search. The optimization was implemented in this way because the generalized
cross validation function is very flat in some regions and built-in minimization routines

in software can be very sensitive to starting values.

In Graphs 2 and Graph 3 the estimation results are presented for equation (3.21) for

the two grid sizes selected. The graphs correspond to the mean after 500 realizations of

the estimation. The confidence intervals are constructed +1.96y/mean standard error to
this estimate. In the graphs the confidence intervals are the dashed lines, the estimator is

solid line, and the true function is the dotted line.

Graph 2:

Estimation Results for § in (3.21).
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0 o 10 15 20 25 30 35 40 45 a0

Estimates with 50 grid points and parameters of Table 1

Dashed line for confidence intervals, dotted for true g, and solid for &

The results indicate that the methodology proposed does a good job in recovering the
shape of the function of interest for the grid points selected. Also, it performs well in the
regions of the curve that are less flat. Graphs 1a and 1b, moreover, show that for the exper-
iment presented the matrices are very ill-conditioned. Careful choice of the parameters is

therefore crucial and in this sense this paper makes an important contribution.
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Graph 3:

Estimation Results for § in (3.21).

Estimates with 50 grid points and parameters of Table 1

Dashed line for confidence intervals, dotted for true g, and solid for §

3.7. Appendix

Here, the results of the section where the properties of the solution were described is
presented in detail. The assumptions used to derive the conclusions are stated explicitly
and all proofs are provided. First, results of ¢* as an approximation of gy are given,

followed by those of § as an estimator of g*.

Using the result in (3.20), and following Lukas (1988), the mean squared error for g*

as an estimate of gg can be determined by the following relationship:
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Ellgo—g I, = ElIKg — K¢ |17, (3.24)

Assumptions 4 and 5, needed to derive the convergence rates of the relation expressed

in equation (3.24), are stated as follows:

Assumption 4. There exists v, 0 < v < 1 — 1/4b, and a sequence ¢, — 0 such that for all

9,8 € H:
o 1 Vol (2} < /
88 =5 2.8 (=) 8 ()| < eulgll, 18],
i=1
Assumption 5. The random disturbances ¢; in equation (3.3) satisfies, Ee; = 0,

sup; Var (¢;) = 04 and the ¢’s are independent.

Assumption 5 is a slight modification of the assumptions of Lukas (1988) . Specifi-
cally, Lukas (1988) assumes a homoskedastic variance. Here it is assumed instead that
the variance is bounded above. The results of Lukas (1988) are not modified by this and

proceed in the same way with ¢2 in place of the homoskedastic variance.

A restatement of Lukas (1988) Theorem 2.1 using the notation of this study is:

Under assumptions 3 to 5, let E (y|z)" belongs to Hs, where s > maxu,vand u < 2 —v —

1/2b. Suppose that & = a(n) — 0as n — oo in such a way that c,a =4 — 0 and, ifu > v
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—v_—u_ 1
ands > v+ 2, cnucTU’Tu’@ — 0. Then foru <s <u+42,

* * - * U'LZL ——
Ellgo — gl = E 1Ko~ E(y[=)" |5, = O ( “NE@) )7+ St W)

and fors > u+2,

* % . 0-2 o
Ellgo 5" I, = E g0~ E(v12)" [, = O (2 [E(wla)’ [+ Teat172)

Assumptions 6-a2ch8 below come from Newey (1997) and Assumptions 9-11 from
Newey (1994) . They are used by him to derive the convergence rate of series estimators
and of kernel estimators respectively. They will be used here to construct the second

element necessary to arrive at the convergence rate of the solution in (3.9), that is:

18" — &llw, (3.25)

Assumption 6. (y1,21),...,(Yn, zn) are i.i.d and Var (y|z) is bounded.

Assumption 7. For every L, as defined in (3.17), there is a nonsingular matrix B such
that for PX(z) = B} (z); (i) the smallest eigenvalue of E [P (z;) PX(z;)'] is bounded
away from zero uniformly in L and; (ii) there is a sequence of constants o(L) satisfy-

ing sup,., ||P* (z)|| < & (L) and L = L(n) such that &y(L) follows &(L)*L/n — 0 as
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n — 00,

Assumption 8. For an integer m > 0 there are T and 1 such that E H E (y|z) — PLB; H =
m

O(L ") as L — oo.

In assumption 8 for an arbitrary function h, ||h[|,, = max|g|<,, sup,. Ha‘mh (2) H where
6 = (6y,...,6;) is a vector of nonnegative integers with the same dimension as z, |0| =

ji—16; and 0/l1 (2) is a vector of partial derivatives. This is a Sobolev supremum norm.

Lemma 1. Using Assumption 1, if ¢ € W™ converges in the Sobolev supremum norm
g, = maxpg<,sup,cy Half’\g (Z)H it converges in the norm for H,, where W™ is as

defined in Assumption 2.

Proof. Assume that a sequence of functions g, (x) in W” converges in the Sobolev supre-
mum norm to g. Define the reproducing kernel by R,. Then the following relationship

holds:

gn(x) — ()| = |(g0 & Rap,

< llgn = gllm, IR«

m—1

_ J Y % (50— ) OF + [ 7 (g0 ) ()P d IRe]

v=0

- W max [0" (g, — g) (0)] + max sup [" (g — g) ()2 [ Rs

0] <m 0]<m xex

< (m+1)[lgn — gl R«

The first equality comes from property 3 of RKHs. The first three relationships use
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the fact that norm convergence in a RKHS implies pointwise convergence (Wahba (1990),
pg-2). The second equality is the definition of the norm of the space in assumption 2.
Assumption 1 bounds ||Ry|| and the fact that ||k, converges in the norm guarantees the
convergence of ||, — h|y .

]

Lemma 1 allows the use of the results of Newey (1994) and Newey (1997) in conjunc-
tion with the results of Lukas (1988) . Specifically, Lemma 1 facilitates the analysis of the
convergence rate of equation (3.24) under the norm of H, or W, regardless of the fact that

the convergence of some of its elements was studied under different norms.
Before stating assumptions 9-11 a connection between Newey (1994) and the object of
study of this paper will be established. To simplify notation let (7, (x),..., 7z, (x)) =17

and (Qn + ocI) gl Ou, similarly (175, (x),...,1z, (x)) =y and (Q, + M)—l = Q..

Expression (3.25) using the previous simplifications can be rewritten as:

g =&llw, = [1QuE (ylz) * —7QuY (2)||,y,

= |[7QuE (y|z) ¥ —7QaY (2) + 7QuE (y|z) — 7Q«E (ylz) + HQuE (y|2) — 1QuE (y|2)|

= ||7Quei + 71Qu (E (ylz) = Y (2)) + E (y]2) (71Qu — aQu)|

Wy

Wi,

(3.26)
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The distance between E(y|z) — Y(z) is studied by Newey (1997) and assumptions 6-8
can be used to ascertain its properties. On the other hand, Newey (1994) can help in the
analysis 1Qy — 7Q,. In particular given that the matrices #Q, and 7Q, are functions of 7
and 7 and are invertible and bounded, to examine 7Q, — 7Q, it suffices to look at # and

1. Specifically, the following relationship will be used:

|efa — 7| W, = H/X [f (x'|2) —f(x’|z)} R (x,x") d, "
< A fr ]
- CHf—me (3.27)

The inequality in (3.27) applies the Sobolev supremum norm. This norm will be noted
as ||.||,,,, where m denotes the number of derivatives assumed. It is important to notice
that the reproducing kernel as an element of the RKH is bounded and so can be replaced
by the constant C. From now on C will be used to denote an arbitrary constant in different
contexts. Therefore, the object to analyze becomes H f—f Hm This is where the work of
Newey (1994) becomes relevant for the purpose of this study, as he derives convergence

rates under the Sobolev supremum norm for derivatives of kernel estimators.

Newey (1994) studies the nonparametric estimation of functions of the form Ag(z) =

E (p|z) * ¢ (z) where the approximation is represented by:
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Ao(z) = nl—h ) piK (Z ;Z") (3.28)

In the expression above K is a kernel weight. The object of interest as is presented
by Fan et al. (1996) originates in a similar framework. Fan et al. (1996) construct the

conditional density using the following idea:

flx|r) ~E (N (th; x) 7 = r)

A Taylor expansion around z € Z gives:

x|z 2 x|z
F(aln) ~ f ol + L (-2 + SLEE (a2

9222

Combining the previous two statements results in:

f(xl2)
f(xl2)

2
t
7 N
z
/N
<
|
=
~
N
I
<
~_
|
QO
-
X
<
|
o
|
QO
N
N
=
o
|
e

Q
tr
A/~

N (Xih; x) 1Z = r) ¥ (2) (3.29)
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In the expression above:

= (o (52 ) (A -0

Within this framework Fan et al. (1996) build their estimator. In analogy to Newey
(1994) and using the Appendix of Fan et al. (1996), the following estimator can be con-

structed:

n . 1 ! n Zi—Z Xi—x
1 (x,z) = nh1h2§W0< A )N( i

1

o 1 LC n Zi—Z
= =i L Wy ( ) 7T (3.30)

Above N (X;;x) = ;.
From the previous arguments a correspondence between the conditional density
estimation in this paper and the work of Newey (1994) can be established. Explic-

itly, W/'(.) is equivalent to K(.) and 7; to p;. Likewise, equation (3.29) is analogous

to Ag(z) = E(p|z) ¢ (z) where E (N (X;;x) |Z = r) ~ E(p|z), o (z) ~ ¥ (z), and

Ao (2) ~ f (x[z).

The assumptions and arguments of Newey (1994) can be rephrased in terms of equa-
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tion (3.29) and equation (3.30). As will be seen below two sets of assumptions are being
made. The first set restricts the behavior of Wj. The second set imposes conditions on

the moments of N(.).

Using the remark after Theorem 1 in Fan et al. (1996) it can be noted that /1; and h; are
asymptotically equivalent. Therefore, without loss of generality for the convergence rate

results we can write equation (3.30) as:

R 1 & Z,—z
m(x,z):WZW61< lh )ni (3.31)

Assumptions 9-11, which come from Newey (1994), in this framework become:

Assumption 9. There are positive integers A and @ such that W (u) is differentiable of
order A, the derivatives of order A are Lipschitz, W} () is zero outside a bounded set, for

allm < @, [ W§ (u) [®",]d, =0and [ W} (u)d, = 1.

Assumption 10. There is a non-negative integer ¢ and an extension of f (x|z) to all of R¥

that is continuously differentiable to order { on R.
Assumption 11. For u > 4, E [||7;||"] < coand E [||7;||" |z] ¥ (z) is bounded.
Assumption 12. The perturbation varepsilon; is independent of E (y|z) — Y (z).

Assumption 12 is trying to impose that for E (y|z;)" = E (y|z;) + ¢; the perturbations

are independent of E(y|z;) and via this channel independent from the error in the esti-
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mation of E(y|z;). In other words, the source of randomness of the observed E(y|z;)* is

unrelated to the error of the nonparametric estimation of E(y|z).
Using the notation of this paper Lemma B.1 of Newey (1994) can be written as:

Suppose E [||7t]|'] < oo for u > 2, E [||7|| |z¥ (z)] is bounded, Z is compact, assump-

_2
tion 9 is satisfied for m < A, and h = h (n) such that & (n) is bounded and 71”1(_;) — o0,
Then:

Op (ln (n)2 <nhk+2m> 1/2)

Likewise Lemma B.2 of ? can be reworded as:

If Assumptions 9-11 are satisfied for { > m + @ then:

£ () =], = 00)

Proposition 2. If the conditions of Lemma B.1 and B.2 in Newey (1994) are satisfied and
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assumption 10 is fulfilled for { > m + @ then:

F- me =0, (ln (n)? (nhk+2m>1/2 + h@)

Proof. The proof follows from Lemma B.1 and Lemma B.2 in Newey (1994) using the

triangle inequality O

Proposition 3.
A -1/2 N
170 = 1Qxll,, = Oy (ln (m? (mh+2) 2 hw)

Proof. The outline of the proof was given in the discussion after equation (3.27). It follows
by applying Proposition 2 to equation (3.28), by the fact that Q, and Q, are invertible and
bounded, and by the result that convergence in the Sobolev supremum norm implies

convergence in the Sobolev norm (Lemma 1). O]

The elements constructed so far can now be used to analyze equation (3.27). In partic-

ular the following result is true:

Theorem 1. If Assumptions 5-12 are satisfied, the conditions of Proposition 3 are fulfilled,

and %3 — 0 then:

3/2

L -1/2 N
18" — &llw, = Op <_\/E + LT+ In (n)? (nh"+2m> + hw)

Proof. Let us assume that Assumptions 5-12 are satisfied, the conditions of Proposition 3
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are fulfilled, and %3 — 0. Then:

[7Quei +71Qu (E (yl2) = Y (2)) + E (y]2) (71Qu — 7Qa) ||,

< |17Quei +1Qa (E (y]2) = Y (2)]|,, + Oy (ln (n)? <nhk+2m>_1/ g hw)

In this first inequality the Sobolev supremum norm and the result of Proposition 3
are imposed. Since 77 and Q, are elements of a RKH they are bounded. This allows the

inequality above to be written as:

ICei + C (E (y]2) = Y (2))]|,0 + Oy <ln () (421 | h@)

< [Ceil + ENC(E () = Y ()] + Oy (1m0 (ni27) ™ 412

Here Assumption 12 and the triangle inequality are used. Now merging the results of

Newey (1997) for series estimators when %3 — 0 and Assumption 5 it follows that:

el + EIIC (E v1z) = Y (@)l + O (1 (n)? (s2m) ™)

IA

NG

L3/2 -1/2 _
0, (W + LT 4 0n (n)? (nhk+2m) + h“’)

3/2 —1/2
Oy (L— + Ll_T> + 0, (ln (n)? <nhk+2m> + h“’) + C202
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With the above results the distance from the true function the estimator proposed
in this paper can be ascertained. Before that, it is important to notice that from the

restatement of Lukas (1988) Theorem 2.1 using the notation of this study it follows that:

foru<s<u+2,

* 2 1/2
lso =", = O (o E ()" [+ a2 )

and fors > u + 2,

* 2 1/2
||g0_g*||wu = Op ((“ZHE(:V‘Z) H§+%“ u 1/2b) )

Also, by Assumption 5, which bounds the conditional variance E(y|z), and Assump-
tion 6, that does the same for E(y|z;)* — E(y|z;), E(y|z)* ¢? above can be taken to be

constants.

Combining these results the convergence rates of the proposed estimator are obtained.

Theorem 2. If the conditions of Theorem 1 are fulfilled and u <s < u + 2,

1/2

—u—1/2b 1372 ~1/2 ~

g0 — &llw. = O, (as—” 4+ > + v + LY +1n(n)? (nhk+2m) + K@
u n

n
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fors >u-+2:

1/2
—u—1/2b L3/2 —-1/2 _
10 — &llw. = O, <a2 L > + = — 4+ LY T+ In(n)? (nhk+2m> + K%
u n

" Vi
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