
The Modeling, Design and Demonstration of

Electrostatic Synchronous Machines

by

Baoyun Ge

A dissertation submitted in partial fulfillment of

the requirements for the degree of

Doctor of Philosophy

(Electrical and Computer Engineering)

at the

UNIVERSITY OF WISCONSIN–MADISON

2018

Date of final oral examination: 05/08/2018

The dissertation is approved by the following members of the Final Oral Committee:

Daniel C. Ludois, Assistant Professor, Electrical and Computer Engineering

Thomas M. Jahns, Professor, Electrical and Computer Engineering

Giri Venkataramanan, Professor, Electrical and Computer Engineering

Daniel Klingenberg, Professor, Chemical and Biological Engineering



© Copyright by Baoyun Ge 2018

All Rights Reserved



i

To my parents and fiancée.



ii

acknowledgments

The hardest arithmetic to master is that which enables us to count our blessings.

— Eric Hoffer

I would like to express the deepest appreciation to my advisor, Professor Daniel C. Ludois, who

has the attitude and the substance of a genius. Without his patient instruction, I cannot finish the

work. I still remember that the first time we met, I just had this electrostatic motor idea from ECE

713 class and he already founded a company on this. With the development of the research project,

I gradually sensed how much effort one needs to devote and how much knowledge one needs to

possess in order to realize an idea. Prof. Ludois not only has endless emerging ideas but also is

diligent and profound knowledgable. Hereby I give him my sincerely respect.

I would like to thank Professor Thomas M. Jahns, Professor Giri Venkataramanan and Professor

Daniel Klingenberg for agreeing to be members of my final defense exam committee and spending

their valuable time on reviewing and making suggestions on this thesis.

I would like to thank Professor Thomas M. Jahns. His invaluable lectures in ECE 411, ECE

711 and ECE 713 are the solid foundations of my research project. I also want to thanks for the

opportunity of working with him as a teaching assistant in ECE 411. His rigorous scholarship truly

impressed me during the lecture and office hour discussion.

I would like to thank Professor Donald W. Novotny. I watched his recorded lecture ECE 511

and I love the way he derived equations, explained physics and made jokes in the lecture. I also had

the opportunity to discuss with him when I started to derive the dq-axis model of the electrostatic

machine. I appreciate his insights contributing to this thesis.

I would like to thank the team from C-Motive: Justin Reed, Graham Reitz and Bill Butrymowicz.

Justin’s meticulousness, Graham’s optimism and Bill’s handful skills helped me a lot on the way of

building the separately excited machine. Moreover, I deeply admire their spirit as great explorers

and adventurers bringing the electrostatic motor technology into the world.

I would like to thank machine specialist Tom Wirth at Engineering Center Building. The over

500 hours machining in the shop is a great experience. Without him, I could not machine those



iii

scary looking electrostatic motors. I will always remember his words: “Everyone is always good at

something!”

I would like to thank friends and colleagues in UW: Yutong Zhu, Adam Shea, Hao Jiang, James

McFarland, Parikshith Channegowda, Mahima Gupta, Jiyao Wang, Yang Xu, Kevin Frankforter,

Kang Wang, Silong Li, Yingjie Li, Ruxiu Zhao, Le Chang, Hang Dai, Hao Ding, Ryan Knippel,

Skyler Hagen, Andy Schroedermeier, Wanjun Zhang and many others. I also would like to thank

my undergraduate advisors: Yunkai Huang, Shuhua Fang and Ying Fan and old friend Ying Pang.

Especially, I would like to thank Jiejian Dai, Aditya Ghule and Peter Killeen for their assistance

in the experimental work. I also would like to thank Seth McElhinney, Aditya Ghule, Wenbo Liu,

Mingda Liu and Jianning Dong who were very kind to do proof reading for some of the chapters in

this thesis. I also would like to thank Helene Demont, who is very thoughtful and offered lots of

help in these years.

Finally, I would like to thank my family: parents, sister, brother in law and my fiancée for being

so much patient and very supportive along my PhD career.



iv

contents

List of Tables vii

List of Figures viii

Nomenclature xiii

Abstract xvii

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Electrostatic Machine Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3 Organization of Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 A Review of the State of the Art 11

2.1 Electrostatic Machine at MEMS Scale . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Electrostatic Machine at Macro Scale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3 Research Opportunities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3 Electromechanical Energy Conversion Principles in Electrostatic Field Systems 23

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.2 Forces and Torques in Electrostatic Field Systems . . . . . . . . . . . . . . . . . . . . . 23

3.3 Charge Linkage, Capacitance and Energy . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.4 Determination of Electrostatic Force and Torque . . . . . . . . . . . . . . . . . . . . . . 28

3.5 Duality of Magnetostatic and Electrostatic . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.6 Duality of Electrostatic and Static Current Field . . . . . . . . . . . . . . . . . . . . . . 30

3.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4 Dielectric Liquids for Enhancing Electrostatic Forces 33

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.2 Maxwell Stress Tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33



v

4.3 Dielectric Liquids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.4 Dielectric Liquids Test Stand . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.5 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5 Three Phase Electrostatic Machine dq-Axis Model 54

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5.2 dq-Axis Modeling of Electrostatic Synchronous Machine . . . . . . . . . . . . . . . . . . 55

5.3 dq-Axis Modeling of Electrostatic Induction Machine . . . . . . . . . . . . . . . . . . . 73

5.4 Steady State Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

6 Separately Excited Three Phase Synchronous Electrostatic Machine Design 82

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

6.2 Proposed Machine Topology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

6.3 Torque Estimation — Asymptotical Approach . . . . . . . . . . . . . . . . . . . . . . . . 84

6.4 Design Considerations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

6.5 Scalability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

7 Analytically Determined Field Solution for Electrostatic Machines 108

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

7.2 State of the Art Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

7.3 Field Solution for Zero Thickness Electrodes . . . . . . . . . . . . . . . . . . . . . . . . 111

7.4 Field Solution for Non-Zero Thickness Electrodes . . . . . . . . . . . . . . . . . . . . . 117

7.5 Comparison Study with FEA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

7.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

8 Experimental Results 126

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126



vi

8.2 Prototype Machine . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

8.3 Short Circuit Back-MMF Test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

8.4 Open Circuit Voltage Test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

8.5 Loss Mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

8.6 Torque Test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

8.7 Equivalent Model Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

9 Contributions and Recommended Future Work 147

9.1 Summary of Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

9.2 Recommended Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

A Mapping Field Model to Circuit Model for Electrostatic Induction Machine 155

A.1 Field Solution of An Ideal Electrostatic Induction Machine . . . . . . . . . . . . . . . . 155

A.2 Mapping Field Solution to Circuit Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

A.3 Net Torque on the Fluid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

B Derivations of Conformal Quantities 158

B.1 Conformal Mapping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

B.2 Electric Potential and Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

B.3 Force and Torque . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

B.4 Charge and Capacitance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

B.5 Energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

C Lookup Table of Force Map Simulated via FEA for Single Phase Electrostatic Machine

Design 162

Bibliography 171



vii

list of tables

1.1 Comparison of Material’s Embodied Energy in Electric Machines. . . . . . . . . . . . . . 9

2.1 Key Metrics of Rotational Electrostatic Machines Built by Prior Researchers. . . . . . . 19

3.1 Duality of Magnetic Reluctance and Electric Elastance. . . . . . . . . . . . . . . . . . . . . 31

4.1 Dielectric Properties of Commercial Dielectric Liquids. . . . . . . . . . . . . . . . . . . . . 38

4.2 Shear Stress Test Stand Dimensions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.3 Measured Dielectric Properties from Both Pressure and Shear Test Stands. . . . . . . . . 52

6.1 Fundamental Components of the Potential Traveling Wave and Torque Estimation with

Different Approximation Methods. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

6.2 Summary of Asymptotes for Torque, Mutual Capacitance, Shear Stress, Pressure to

Shear Ratio and Torque Density. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

6.3 Trend of Machine Parameters when both the radius and thickness of the machine scale

up a factor of k. Speed is kept constant. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

7.1 Summary of Computational Time for Different Torque Evaluation Methods . . . . . . . . 125

8.1 SEM 1 Prototype Machine Dimensions and Parameters. . . . . . . . . . . . . . . . . . . . 130

8.2 Summary of SEM 1 Circuit Parameters Obtained Using Different Models. . . . . . . . . 142

9.1 Key Metrics of Rotational Electrostatic Machines Built by Notable Prior Researchers

and the Author. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

9.2 Comparison of SEM 1 with Selected Machines of Comparable Ratings. . . . . . . . . . . 152



viii

list of figures

1.1 The periodic table with elements highlighted according to their resource criticality [5]. . 2

1.2 Specific torque density of induction machines meeting premium efficiency standards as a

function of base speed [11]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Specific torque density of PM machines with different types of cooling conditions as a

function of base speed [12]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1 Basic types of electrostatic machines in MEMS applications, classified according to

working principles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 Paschen’s curve obtained for argon, helium, krypton, neon and xenon. Parameters A

and B are taken from [49], d is the separation distance between electrodes and γse is the

secondary electron emission coefficient at the cathode and is set to 0.01. . . . . . . . . . . 17

3.1 Diagram of (a) a parallel plate capacitor (b) a simple lossless electrostatic energy

conversion system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4.1 Illustration of the force or torque producing field components of the Maxwell stress

tensor in the air gap of a rotating electric machine. . . . . . . . . . . . . . . . . . . . . . . 35

4.2 Operational space trends based on dielectric media filled in an electrostatic machine. . . 36

4.3 Photograph of normal pressure test stand, (a) lower puck in liquid reservoir surrounded

by load cells, (b) upper puck mounting plate with adjustment screws, (c) upper puck. . 41

4.4 Normal pressure test stand (a) Cross section potential distribution predicted by FE for

vegetable oil dielectric, Red = +Umax = 10 kV, Blue = 0 V, (b) FE and analytical force vs.

applied voltage for vegetable oil dielectric. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.5 Comb-drive style electrode (half inserted, i.e. x = 8.75 mm). . . . . . . . . . . . . . . . . . 44

4.6 Shear stress test stand (a) Force experienced by electrodes vs. inserted length for

vegetable oil dielectric, (b) Potential distribution predicted by FEA for vegetable oil

dielectric with Red = +Umax = 20 kV, Blue = 0 V. . . . . . . . . . . . . . . . . . . . . . . . . 45



ix

4.7 (a) CAD rendered solid model of test stand, (b) photograph of aluminum combs/elec-

trodes, (c) photograph of assembled test stand, (d) photograph of the adjustable high

voltage multiplier. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.8 Measured normal pressure test results: (a) pressure vs. electric field, (b) normalized

relative permittivity vs. electric field, (c) conductivity vs. electric field for vegetable oil

and FR3, (d) conductivity vs. electric field for Vertrel XF. . . . . . . . . . . . . . . . . . . 48

4.9 Shear force vs. applied voltage for vegetable oil dielectric. . . . . . . . . . . . . . . . . . . 50

5.1 (a) The generalized model of three phase electrostatic synchronous machines with field

excitation; (b) the generalized model of three phase electrostatic induction machines.

Subscripts + and − stands for positive and negative electrode respectively. . . . . . . . . 56

5.2 Capacitance/conductance coupling in the three phase separately excited electrostatic

synchronous machine without damping terminals. . . . . . . . . . . . . . . . . . . . . . . . 58

5.3 dq-axis equivalent circuit of the electrostatic synchronous machine with damping terminals. 70

5.4 dq-axis equivalent circuit of the electrostatic synchronous machine without damping

terminals. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.5 Circular layout of the d-axis circuits of the (a) electrostatic and the (b) electromagnetic

[105, p. 98] synchronous machine equipped with dampers. . . . . . . . . . . . . . . . . . . 72

5.6 dq-axis equivalent circuits of the (a) electrostatic and the (b) electromagnetic [105, p. 62]

induction machine. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.7 Steady state complex vector diagram of the salient electrostatic synchronous machine.

The state depicted is in the motoring mode. . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.8 Torque components as functions of the torque angle γ in a salient electrostatic synchronous

machine. They are normalized to the total torque when γ = 0. . . . . . . . . . . . . . . . . 77

5.9 Steady state equivalent circuit of the non-salient electrostatic synchronous machine,

where Cm = Csfm1 for simplicity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.10 Steady state complex vector diagram of the non-salient electrostatic synchronous machine.

The state depicted is in the motoring mode. . . . . . . . . . . . . . . . . . . . . . . . . . . . 79



x

6.1 Electrical schematic layout of the stator (right) and rotor (left) PCB. (a) Axial view

with stator and rotor plates apart from each other (P = 20). The integration element is

also displayed here for calculating the torque next (b) circumferential view to show the

relative relation between the trace radius (N = 3). . . . . . . . . . . . . . . . . . . . . . . . 83

6.2 2D schematic view of a separately excited three phase synchronous electrostatic machine

with key dimensions called out. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

6.3 Potential wave model based electrostatic machine design. (a) ideal sinusoidal traveling

wave (b) linear approximation (dashed line) of the stator and rotor potential distribution

(solid line). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6.4 Extreme approximation of the potential distribution. (a) under estimation (b) over

estimation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

6.5 Integrand value versus unitless radius. Asymptote is a straight line with a slope of 6
√

3/π2. 92

6.6 Sweep analysis of the fluid dielectric constant εg/ε0 for parameters in Table 8.1. . . . . . 96

6.7 Stator and rotor fundamental components estimation as functions of electrode duty ratios. 97

6.8 Sweep analysis of the gap length g for parameters in Table 8.1. . . . . . . . . . . . . . . . 98

6.9 Sweep analysis of the pole number P for parameters in Table 8.1. . . . . . . . . . . . . . . 100

6.10 Potential distribution of different cases simulated for investigating the electrostatic flux

barrier. (a) fully plated, εr,g = 1.0; (b) fully plated, εr,g = 7.1; (c) partially plated,

εr,g = 1.0, εr,s = 3.0; (d) partially plated, εr,g = 7.1, εr,s = 3.0; (e) partially plated,

εr,g = 1.0, εr,s = 1.0; (f) partially plated, εr,g = 7.1, εr,s = 1.0; (g) partially plated, wider

base, εr,g = 1.0, εr,s = 3.0; (h) partially plated, wider base, εr,g = 7.1, εr,s = 3.0; (i) partially

plated, wider base, εr,g = 1.0, εr,s = 1.0; (j) partially plated, wider base, εr,g = 7.1, εr,s = 1.0.101

6.11 Percentage of torque enhancement corresponding to FE simulation of manipulating the

flux barriers in Figure 6.10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.12 Brace part of the pressure versus unitless radius r′. . . . . . . . . . . . . . . . . . . . . . . 104

6.13 Annular plate with a uniformly distributed pressure p over the entire plate [107] (a) rotor

plate: outer edge free, inner edge fixed (b) stator plate: outer edge fixed, inner edge free.105



xi

7.1 Redrawing of Figure 6.2 with zero thickness electrodes in (a) rectangular coordinate (b)

polar coordinate. Dashed lines correspond to y = 0 and r = 1 respectively. . . . . . . . . . 112

7.2 Redrawing of Figure 6.2 with non-zero thickness electrodes in (a) rectangular coordinate

(b) polar coordinate. Dashed lines correspond to y = 0 and r = 1 respectively. . . . . . . . 118

7.3 Potential distribution of the designed machine at mean radius assuming electrodes of

zero thickness. (a) FEA (b) analytical. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

7.4 Potential distribution of the designed machine at mean radius assuming electrodes of

non-zero thickness. (a) FEA (b) analytical. . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

8.1 CAD Gallery of SEM 1. (a) Exploded view (b) section view. . . . . . . . . . . . . . . . . 127

8.2 Photographs of SEM 1. (a) Front view (b) back view (c) without case. . . . . . . . . . . 128

8.3 Photograph of the (a) stator and (b) rotor PCB boards used in SEM 1 machine. . . . . 129

8.4 Schematic of the drive circuit at the (a) stator side and (b) rotor side. . . . . . . . . . . . 131

8.5 Single phase diagram of the short circuit test. rL = 75 Ω. . . . . . . . . . . . . . . . . . . . 132

8.6 Short circuit peak current as a function of the rotor excitation. Fit line Īs,pk = k ⋅ Vfr. . 133
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abstract

This research focuses on fluid filled electrostatic synchronous machines, an emerging family of ma-

chines that hold promising specific and volumetric torque density. The contributions of the research

are three thrusts: dielectric liquid selection, circuit modeling and electrostatic design/optimization.

Effective electromechanical power conversion using electrostatics requires dielectric liquids whose

permittivity and breakdown field strength can facilitate adequate electric shear stress beyond the

capabilities of media such as air or vacuum. This research discusses design points for practical

electrostatic force production and evaluates available off-the-shelf dielectric liquid in terms of electric

pressure and shear capability.

Circuit models of the proposed machines were developed to understand torque production as well

as form a basis for vector control. Unlike magnetic machines where the conduction paths are confined

within windings, the current field in the proposed machine is co-located with the electrostatic field.

This research blends the electrical behavior of the dielectric fluid into the dq-axis model. The

resultant torque equation is parsed into field, saliency and induction torque. Each component of

the torque equation is expressed as functions of few key capacitances for the optimization purpose

and maximum torque per volt is derived.

Effective electromechanical power conversion using electrostatics also requires optimal geometric

design. This research proposes an asymptotical approach incorporating conformal mapping tech-

niques with field analysis to obtain the lower and upper bounds of the torque production, the trend

of which can be correlated with the machine geometric parameters. This could be regarded as the

sizing process in the well established machine design practices. A finer optimization routine is then

implemented by solving electrostatic field analytically.

The theoretical contributions were verified by an axial flux prototype machine constructed

of cascaded printed circuit boards. This construction approach is low cost and scalable, thereby

demonstrating a path for industrial development. Building the machine from composites and

plastics plated with conductor allows it to be lightweight with improved torque density, which is a

big advantage over traditional magnetic magnetic machines in terms of manufacturing costs and

materials sustainability.
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1 introduction

Whether or not there is about the instrument and its history that which would ever give

it a claim to any measure or serious interest, it is at least an electric motor most unique.

A motor without magnetism, wiring, or any iron in its make up. A motor that runs by

the action of the direct push and pull of the pure unconverted electricity itself.

— H. B. Dailey (1880)

1.1 Motivation

Recently, efforts towards more sustainable electric machinery (motors and generators) designs have

received prominent interest [1–3]. Manufacturing traditional electromagnetic machines demands

large quantities of specific natural resources, namely a suitable pathway for magnetic flux, such as

silicon steel and a conductor of electric current, such as copper or aluminum. In the last 20 years

different types of permanent magnets (PM) have been widely incorporated into electric machinery

to enable higher performance, e.g. NdFeB magnets in hybrid vehicles, wind turbines, aerospace,

mining, etc. The sustainability, cost and manufacturing of these materials drives design [4].

The future availability of copper (Cu), neodymium (Nd), dysprosium (Dy), Boron (B), Samarium

(Sm) and Cobalt (Co) is uncertain. Figure 1.1 highlights the threat these elements pose to

manufacturing supply chain [5]. Past markets had a reflecting volatile history. For example, the

price of neodymium rose rapidly in 2011 to nearly 25 times the price in 2009 and is currently

recovering [6]. Parallel to this, the recycling rate of those rare earth materials is less than 10%,

which makes them even scarcer [7]. What is more, those magnets often include dysprosium as well

to achieve higher temperature operation — making their formulation more exotic still [4]. The price

of copper (for windings) has also risen to a new equilibrium of 3 ∼ 4 times higher than a decade

ago [8]. Aside from the cost of raw materials, manufacturing (especially stamping, winding, and

magnet insertion) a machine can be a labor/tooling intense process, especially for PM machines.

Even though major corporations and universities have realized the problem stated above and

started to undertake the task of reducing and even eliminating the usage of rare earth materials [9]
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(and if copper is assumed to be fairly available in the near future), traditional electromagnetic

machines still suffer from another drawback — relatively low specific torque density, i.e. torque

per weight metric (Newton-meter per kilogram, N-m/kg), for some applications like aerospace,

aircraft carrier, electric vehicle, drone, etc., where weight is the enemy of cruise time and some other

applications like wind turbine, cooling tower fan, robot arm, etc., where more weight causes more

mechanical structural design. Those materials mentioned above, i.e. silicon steel (Fe), copper (Cu)

and permanent magnet (Nd, Fe, B, Dy, Sm, Co, etc.), however, are all heavy materials comparing

to others used in the system, which can be observed from Figure 1.1.

Figures 1.2 and 1.3 plot the specific torque density over base operating speed for premium

efficiency induction machines and servo type PM machines respectively. Specific torque density of

electromagnetic machines increases as the base speed decreases, power level increases and cooling

condition becomes better. It is noteworthy that the specific torque density showing in the plots

will be sacrificed if cooling facilities are counted. Specifically for the low speed applications we

are targeting here, electromagnetic machines set out two paths: (1) high speed machines pairing

with gearbox; From the system viewpoint, the existence of gearbox will further burden the weight

crisis and also gearbox is not an option for some critical applications as will be illustrated later. (2)

direct drive low speed machines. This may be suitable for large horsepower applications as scatter

points shown in the upper left corner in Figure 1.3. However, for integer horsepower low speed

applications, high pole count causes crowding issues in electromagnetic machines, which will lower

down the specific torque density even though it is not reflected in the plots.

The third drawback that traditional electromagnetic machine cannot steer clear of is low efficiency

at low speed and especially standstill (position and hold) applications. This can be immediately

understood simply because to provide rated torque at low speed, a traditional electromagnetic

machine (current energizing device) needs to constantly pumping current through the winding,

which however causes “rated losses.” Given the fact that applications like heavy lifting drones, in

wheel motor, cooling tower fan, direct drive wind turbine and industrial robots are rapidly growing,

magnetic machines may not be acceptable economically and environmentally.

Overall, these demand electromagnetic machines be highly optimized, to the point where
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machines are asymptotically approaching theoretical performance limits (flux density has been

pushed against saturation limit Bsat ≈ 2 T and current density has been pushed against whatever

the cooling condition is given [10]). This prompts the question: if electromagnetic machines are

approaching their limit, is there another avenue using different torque mechanisms that should

receive attention?

To manufacture a weight and cost efficient electric machine, the fundamental materials used

for traditional electric machine, including silicon steel, copper and permanent magnet, should be

changed. Plastics, which has a density of ∼ 1.2 × 103 kg/m3 [13], may be considered since they

are not only light weight but also easy to manufacture with low cost thanks to injection mold

and 3D printing technologies, and are readily recycled as well. However, an electric machine still

requires conductors to fulfill electromechanical power conversion. Aluminum, which has a density

of 2.7 × 103 kg/m3, may fit since it is cheaper, lighter and more abundant than copper (refer to

Figure 1.1). The combination of plastics and aluminum seems to lead to ironless electromagnetic

machine with aluminum windings. However, the third deficiency mentioned above, low efficiency

caused by conduction loss, still presents to such machine. Furthermore, ironless electromagnetic

machines are usually used in high speed application due to the low coupling inductance. Comparing

to copper, aluminum is not a good conductor for a current energizing device either. Nevertheless,

it is a good one for a voltage energizing device, like an electrostatic apparatus, where the electric

field resides between the conductors to coordinate surface charge, rather than to drive currents

within the conductors. To further take advantage of this property and embrace the plastic machine

concept, plastic material may be manufactured in such a way to occupy the space where originally

dominated by the flux conductor and to function as the mechanical structure. This seems to suggest

an electrostatic machine with partial metalization on the surface of dielectric (plastic, ceramic,

composite, etc.) substrates. It is also worth to mention that in an electrostatic machine, the amount

of conductors used is almost negligible and hence it is still a significant reduction even if copper is

utilized. Consequently, this research here proposes electrostatics as a ripening path for significant

machine development.
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1.2 Electrostatic Machine Introduction

In general, an electric machine is understood as an electromechanical device converting electrical

power to mechanical power or vice versa. The electromechanical energy conversion, which takes place

through the medium of magnetic or electric field [14], can be classified into two types accordingly.

The first type, widely applied in our daily life and industry as mentioned above, creates force as a

result of magnetic field acting on current carrying conductors. The corresponding machine is well

known as an “electromagnetic machine.” The second type, rarely seen but rapidly developed over the

last half century, creates force as a result of electric field acting on charges residing on conductors or

permanently polarized dielectrics. The corresponding machine is called an “electrostatic machine.”

An intuitive terminology for these two types of machine may be “magnetic machine” and “electric

machine.” However, as you may have already foreseen that “electric machine” confuses with the

general electric machine concept. Another proper terminology for “electromagnetic machine” is

“magnetostatic machine”, which seems to make more sense because of the duality between the two

types of machine. To follow the convention, “electromagnetic machine” will be used throughout this

thesis to describe the conventional machinery. Maybe in the future, “electromagnetic machine” will

be properly named after a hybrid machine producing force through the coupling between electric

and magnetic field.

It is interesting that the first electric machine ever made is actually an electrostatic machine (an

electric carousel) made by Benjamin Franklin [15], given the fact that the electrostatic machine is

not studied throughly compared to its cousin — electromagnetic machine. A rough comparison

will tell the reason. The density of the field energy stored in the isotropic medium (dielectric or

magnetic material) can be expressed by the following two equations:

we = 1
2
ε0εrE

2 (1.1)

wm = 1
2
B2

µ0µr
(1.2)

in which ε0, µ0 are the permittivity and permeability of vacuum, εr and µr are the relative

permittivity and relative permeability of the medium where the field locates, E and B are the
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magnitude of electric and magnetic field intensity respectively. Generally, for medium of air,

Air Dielectric ∶ εr ≈ 1, Ebk ≈ 3 × 106 V/m
Air Magnetic ∶ µr ≈ 1, Bsat,Fe ≈ 2 T

in which Ebk stands for the breakdown strength of the air dielectric and Bsat,Fe for the maximum

magnetic field before the back iron gets saturated. Substitute these into eq. (1.1) and eq. (1.2),

Air Dielectric ∶ we, max ≈ 39.8 J/m3

Air Magnetic ∶ wm, max ≈ 1.59 × 106 J/m3

This five orders of lower magnitude in energy density inhibits the electrostatic machine from being

received too much attention in macro scale application. However, electrostatic machine is indeed

frequently used and dominant in the microelectromechanical system (MEMS) (the reasons are

summarized in Section 2.1). The previous rough calculation does not tell the whole story. In order

to bridge (at least reducing) the gap of five orders of deficiency, this research proposes to fill the

gap space between stator and rotor with dielectric liquids possessing higher dielectric strength and

dielectric constant, a concept to be explored in detail.

To put things into perspective, the three deficiencies facing by electromagnetic

machines can be potentially solved by electrostatic machines:

• High Material Cost: As a rough comparison, Table 1.1 demonstrates that the embodied

energy (the energy used to produce the raw material prior to manufacturing) for manufacturing

an electrostatic machine is much less than an electromagnetic one with similar torque rating,

if torque density (Newton-meter per liter, N-m/L) is assumed to be the same. Furthermore, it

can be observed from Figure 1.1 that all the elements consisting of an electrostatic machine

are abundant.

• Low Specific Torque Density: Table 1.1 also indicates that the specific torque density

of an electrostatic machine has the potential to be much higher than (4 ∼ 5x) that of an

electromagnetic one with similar torque rating, if the volumetric torque density is assumed to

be the same. The goals of this research here is exceeding first integer horsepower induction
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Table 1.1: Comparison of Material’s Embodied Energy in Electric Machines.

Materials Used in

Electromagnetic

Machines

Weight Specific

Embodied Energy,

MJ/kg

Density, kg/m3

Volumetric

Embodied Energy,

GJ/m3

Steel 25 ∼ 40 7650 191 ∼ 306

Copper 42 ∼ 100 8960 376 ∼ 896

NdFeB 250 ∼ 400 † 7500 1875 ∼ 3000

SmCo 250 ∼ 400 † 8400 2100 ∼ 3360

Materials Used in

Electrostatic Machines

Weight Specific

Embodied Energy,

MJ/kg

Density, kg/m3

Volumetric

Embodied Energy,

GJ/m3

Plastic ∼ 90 1200 ∼ 108

Aluminum ∼ 170 2700 ∼ 459

Dielectric Liquid ∼ 29 ‡ 880 ∼ 26

† This is a conservative estimate. ‡ This is an estimate from biodiesel oil fuel, which is made of vegetable

oil — a major source of biodegradable transformer oil [16, 17].

machines’ specific torque density and then PM machines’ respectively with an implying goal

of achieving same volumetric torque density as electromagnetic machines.

• Low Efficiency: This may not be as obvious as the above two aspects since using dielectric

liquids brings in higher viscous drag loss. However, with careful selection of modern dielectric

liquids and design of machine structures, the dielectric leakage and viscous drag losses may

be well controlled under the conduction and core losses level of an electromagnetic machine of

similar ratings respectively for low speed applications.
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1.3 Organization of Thesis

• Chapter 2 provides the background on the current state of electrostatic machines development

in both macro-scale and micro-scale applications as well as identifies the research opportunities

for low speed high torque applications.

• Chapter 3, serving as the cornerstone of the following chapters, presents the energy conversion

principles in electrostatic field system including two-conductor for single phase machine and

multi-conductor for multi-phase machine.

• Chapter 4 explores the opportunity of utilizing dielectric liquid to reduce the magnitude

difference in energy density, which inhibits the electrostatic machine from being widely applied

from the first place.

• Chapter 5 derives the dq-axis theory for three phase electrostatic machine, including both

synchronous and induction machines. From the machine design perspective, the theory

provides the information of which capacitance quantities should be used for optimization.

• Chapter 6 proposes a systematic design approach for three phase synchronous electrostatic

machines with field excitation. The design considerations of the key parameters and the

scalability of the machine are also discussed.

• Chapter 7 presents two methods for analytically determining the capacitance coupling of the

the proposed machine, which is essential for design optimization.

• Chapter 8 documents the experimental results of a prototype three phase synchronous

electrostatic machine with field excitation. They are compared with the predicted ones to

verify the design tools.

• Chapter 9 summarizes the contributions and proposes the future work.
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2 a review of the state of the art

If you want the present to be different from the past, study the past.

— Baruch Spinoza

I believe that the justification of art is the internal combustion it ignites in the hearts

of men and not its shallow, externalized, public manifestations. The purpose of art is

not the release of a momentary ejection of adrenalin but is, rather, the gradual, lifelong

construction of a state of wonder and serenity.

— Glenn Gould (1962)

In order to discover the research opportunities of the electrostatic machine with high torque

density in low speed applications, a literature review of the past and current work is summarized in

two major categories: MEMS and macro scale. Based on the previous work, the state of the art

material and manufacturing development, research opportunities are then identified.

2.1 Electrostatic Machine at MEMS Scale

Electrostatic machines at MEMS scale have a power level of milliwatt and size range of micrometer

to millimeter. They are extensively used due to their relatively simple structure that accommodates

easier manufacturing and greater power density when compared to their electromagnetic counterparts

[18–21]. Electrostatic machines have the following five distinct advantages at the MEMS scale [4]:

1) Voltage across micro scale distances produce extremely large electric fields, thus high force or

torque.

2) No “back-iron,” electric field lines terminate on charge and do not require a core material to

re-direct them.

3) No permeable material or “windings” required, only conducting surfaces supported on insula-

tors.
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4) Force or torque is driven by voltage, not current (nearly zero losses at stall).

5) No magnetic material is presented in the system, which make it compatible for applications

like magnetic resonance imaging [22].

Machine Types

Different types of electrostatic actuators and machines have been developed for MEMS applications,

namely stepping motor, synchronous variable capacitance machine, electrostatic induction machine

and wobble machine. While electrostatic, these MEMS machines are miniature counterparts

exhibiting duality to electromagnetic machines found in macro-scale everyday uses.

Stepping & Synchronous Machine: The design, fabrication and operation of a stepping

motor and a synchronous variable capacitance machine are first introduced by L. S. Fan et al. [23]

in 1988 and Y. C. Tai et al. [24] in 1989 using integrated circuit manufacturing processes. Referring

to Figure 2.1a, if yellow electrodes are energized in the next cycle, the nearest misaligned rotor

electrodes will tend to move into the aligned position. The rotor rotates in a stepping fashion as the

stator electrodes are energized sequentially. As for the synchronous machine in Figure 2.1b, the rotor

rotates in a continuous and smooth fashion since the stator potential wave rotates synchronously

with the rotor as the name suggests. L. S. Fan et al. also applied similar manufacturing processes

to integrated movable micromechanical structures for applications like sensors and actuators [25]. R.

X. Gao et al. extended the former radial flux synchronous machine to an axial flux one, which was

fabricated using modified printed circuit board (PCB) techniques [26, 27]. So far in the micromotor

structures, the rotor or mover has been passively induced and energized by the stator excitation

or vice versa. T. Niino et al. proposed a dual excitation multiphase electrostatic motor which

possessed two potential advantages: (1) it can generate repulsive torque/force reducing frictional

force that hinders the rotor’s or mover’s smooth movement; (2) it is torque denser, lighter and more

compact [28].

Electrostatic Induction Machine: In 1989, S. F. Bart et al. first introduced an axial flux

type electrostatic induction micromotors, which is based on free electric image charge induced in

the rotor plate and lagging behind the traveling potential wave due to charge relaxation [29]. The
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(a) stepping machine (b) synchronous machine

(c) induction machine (d) wobble machine

Figure 2.1: Basic types of electrostatic machines in MEMS applications, classified according to

working principles.
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rotor must be coated with a material (as shown in Figure 2.1c) possessing high dielectric constant

but low electrical conductivity. The manufacturing and control advantages of such machine are

immediately realized giving the fact that neither the saliency nor the rotor position feedback is

required. The fabrication process and testing of this type is well documented in [30].

Wobble Machine: In 1989, S. C. Jacobsen et al. proposed an eccentric-motion electrostatic

micro-actuator — wobble motor (Figure 2.1d) to reduce the large friction force presenting in

the previous types due to the extremely small gap, especially salient ones [31]. An outer rotor

configuration was suggested in [32] to: (1) increase the torque production because it has a significant

larger radius; (2) easily drive passive structures, which are directly, lubricantly, or magnetically

coupled to the rotor. Interestingly, the rotor in a wobble machine can be made of either an electrically

well conductive material (with insulation) or the same dielectric material used in the induction

machine.

Machine Design

Even though electrostatic machines are much simpler in structure compared to their electromagnetic

counterparts, the design and analysis are usually carried out numerically [33,34] for electrostatic

micromotors (except for few special cases) due to the difficulties of calculating capacitance values

even for structures as simple as multiple parallel plates.

W. S. N. Trimmer et al. first published the design considerations for micromachined electric

actuators based on a primitive parallel plate model involving no fringing effect, i.e. the capacitance

is strictly proportional to the facing area and inverse proportional to the gap distance [35]. This

model can be applied to both the stepping and synchronous machines.

A comprehensive modeling of the electrostatic induction machine was documented by J. R.

Melcher in his famous book Continuum Electromechanics [36], where the stator potential wave is

assumed to be ideally sinusoidal. It was implemented by S. F. Bart et al. despite the arrangement

of the stator electrodes is discrete and the resulting stator potential wave is not sinusoidal [29]. S.

F. Nagle et al. made an in depth analysis based on those work with a particular attention paid

to parameters that strongly affect the performance [30]. A lumped parametric model, which is
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similar to the circuit model of the electromagnetic induction machine, was introduced by F. J.

Santana et al. [33]. They also analyzed the spatial harmonics presented in an electrostatic induction

micromotor [37], which is rarely studied in the MEMS research society.

Another major task in the electrostatic machine design is the bearing design due to the extremely

limited space prohibiting the use of conventional bearings. It is documented in but not limited

to [38], [39], [40], [41] and [42].

2.2 Electrostatic Machine at Macro Scale

Even though electrostatic machines are widely used at MEMS scale, those primitive types introduced

above except the wobble machine were prototyped at macro scale quite earlier. Nevertheless, there

are rarely few research at macro scale undertaken by universities and corporations and major thrusts

by past notable researchers are reviewed here.

Electrostatic machine at macro scale was pioneered by J. G. Trump. In his thesis Vacuum

Electrostatic Engineering [43], he reported ten types of axial flux electrostatic machine working

at AC or DC, motor or generator modes utilizing the ultra high vacuum (UHV) as the essential

insulating medium. The two major benefits of the UHV insulation were identified as:

• The electrostatic force acting on electrodes is a quadratic function of the voltage gradient

across them and breakdown strength of tens of millions of volts per millimeter in UHV was

reported at that time, which was hundreds to thousands higher than that in air; (Notice

that this would bridge the gap of energy density between electrostatic and electromagnetic as

mentioned in Section 1.2.)

• A vacuum eliminates the viscous drag, dielectric losses and weight caused by any non-vacuum

media;

and the two major advantages of the electrostatic machine over the electromagnetic machine were

claimed as:
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• Electrostatic force can be maintained with no power loss since it only requires the presence

and not the motion of electricity, while electromagnetic force need to pay continuous power

loss since it requires the continuous movement of electricity;

• Electromagnetic machines require heavy materials such as iron and copper while electrostatic

machines can be made of light conductive material such as aluminum.

One of the types was built and tested in the lab. It is a two pole design with a synchronous speed of

3600 rpm and the maximum power developed by this machine was 55 W at a peak voltage of 73 kV.

Limited by the manufacturing technology, this machine was unable to demonstrate the superior

advantages over the electromagnetic machine. However, the developed theory and the reported

design considerations were invaluable to following researchers. S. F. Philp of the General Electric

company proposed a paper design — a 7 MW, 200 kV machine of the same type [44]. Even though the

theoretical calculation shows superior performance, he was never be able to build one. A Japanese

company Shinsei also successfully developed a radial flux DC type 100 W, 10,000 rpm electrostatic

machine with a specific power density of 500 W/kg [45]. R. O’Donnell et al. demonstrated that using

electrostatic field to generate a HVDC output with a minimum power conditioning is preferred over

the conventional generator-transformer-rectifier system in efficiency and weight perspectives [46].

The second thrust using gases under a high pressure to drive the breakdown strength up and

consequently increase the energy density of an electrostatic machine was lead by N. J. Felici [47].

The supporting theory is Paschen’s Law, which states that the breakdown strength of a gas dielectric

is a function of the gas pressure as shown in Figure 2.2. This approach has resulted an axial flux

type generator with a maximum power of 750 W at 250 kV. It is noteworthy to list the major lessons

he learned from the ten years research on electrostatic machine:

• Comparing to the axial flux type machine, the radial flux type with only one pair of stator

and rotor, i.e. one gap, could not provide sufficient surface area that would be of some use.

• For the axial flux type machine, the difficulties of exceeding powers of more than a few hundred

watts were mainly caused by the mechanical construction.
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Figure 2.2: Paschen’s curve obtained for argon, helium, krypton, neon and xenon. Parameters A

and B are taken from [49], d is the separation distance between electrodes and γse is the secondary

electron emission coefficient at the cathode and is set to 0.01.

• The thickness of the electrodes is of great importance in the torque production. (He determined

the optimum ratio between the gap distance and the electrode thickness as 1 ∶ 1 or 1 ∶ 2 that

assures a uniform dielectric stress on the ambient medium.)

There are actually quite few followers continued on this approach. R. A. Vanslette mentioned the

usage of the high pressure gas (HPG) in his electrostatic hysterisis machine using ferroelectric

materials without any further investigation [48].

The third thrust switched to the electrostatic induction machine was majorly carried out by P.

T. Krein [50]. However, the unsuccessfulness of building a torque meter with resolution less than

0.001N-m left few documented torque characteristics of the machines he built. Nevertheless, he was

able to demonstrate the following valuable contributions:

• The electric field theory including the equivalent circuit model he derived is a useful tool for

studying the electrostatic induction machine excluding the corona machine. Specifically, using

the slip value to characterize the output torque was significant.
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• The effects of harmonics can be easily analyzed by applying superposition on the circuit

model.

• Time harmonics are not necessarily detrimental and thus designing motors for square wave

excitation offers a simple means of increasing the torque. Space harmonics are detrimental,

but even the simple flat electrodes produce very low harmonics above the second.

Parallel to those major strikes, B. Bollée worked on both synchronous and electrostatic induction

machines with air dielectric in Philips Research Laboratories [51]. Without being able to achieve

significant power out of electrostatic machines due to the limited breakdown strength, he realized

that electrostatic machines may compete with electromagnetic ones either in cases where very small

machines are required or operated in UHV. The former was confirmed by the MEMS society and

the latter, however, is still not appreciated by the macro scale applications. In 2011, D. Ludois

of University of Wisconsin-Madison patented an electrostatic machine whose electrode surfaces

are really close together via hydrodynamic fluid bearing [52]. The fluid in the machine serves two

purposes, i.e. hydrodynamic lifting and electric shear stress enhancing. This idea was partially

realized and demonstrated by D. Ludois et al. via building a capacitive power transfer system, which

successfully delivered 100 W through a 125µm gap at a peak voltage of 80 V [53]. In 2016, The

author himself demonstrated a single phase switched type electrostatic machine using 3D printing

and metal plating techniques [54]. The machine has a comparable torque density to NEMA standard

induction machines of similar size. In 2017, a start-up company called C-Motive Technologies

presented a single phase axial flux type electrostatic machine using printed circuit boards (PCBs)

as the main torque producing components, which shows its advantages in terms of manufacturing,

flexbility and scalability [55]. Table 2.1 summarizes the key metrics of the work mentioned above

and the gray highlighted work are ludois group affiliated.

An interested reader can refer to O. Jefimenko’s book Electrostatic Motors: Their History, Types

and Principles of Operation for a more comprehensive historical view of the electrostatic machine

development at macro scale [15].
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2.3 Research Opportunities

Research opportunities are now identified based on previous researchers’ work and are boldfaced

below. Notice that what is bold is not currently presented by other authors in the literature.

Manufacturing

Either the axial flux or the radial flux type electrostatic machine has its own limitations. Wall

thickness and metal plating with galvanic isolation are critical in the radial flux one, i.e. a thin

wall is preferred by torque production but sufficient thickness to assure gap distance integrity is

crucial [53]. Also, the three phase metal plating is currently not avaiable in the market and requires

more engineering effort. Thus,

• a multi-gap axial flux type electrostatic machine may be prototyped to demon-

strate the competitive performance of electrostatic machine in low speed appli-

cations without the mechanical complexities of an radial flux design.

What is more, there is no three phase electrostatic machine has been demonstrated before at macro

scale, while in electromagnetic machine, three phase is preferred over single phase and field excitation

is preferred over without field excitation in terms of torque production, therefore

• a multiphase electrostatic machine with field excitation, taking advantage of the

PCB substrate providing the galvanic insulation, may be built to exploit the

torque capability within certain amount of volume.

Furthermore, the electric flux still penetrates the substrate material, which in turn affects the

design,

• the influence of the substrate’s dielectric properties on the torque production

may be studied.
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Insulation Medium

The electrostatic machine using either UHV or HPG produce relatively low torque per volt and

must spin at considerable speed, often in the range of 10k-500k rpm, to develop power because

of: (1) the breakdown strength can only be enhanced to a practical limit of 20 ∼ 40 kV/mm for

many electrodes [57, 58]; (2) the relative permittivity of the insulating medium in either case is

low (slightly larger than unity), as the space between the molecules dominates. Additionally, it is

difficult to maintain UHV or HPG conditions in a rotating environment with shaft seals, let along

justify the cost for a fractional or integer horsepower machine.

Other than those two medium, dielectric insulating liquids, such as transformer oils, may be

considered and they have been engineered throughout these years for the purpose of heat dissipation

in electrical equipment [59, 60]. Although not fully formed, the concept of filling the gap with

dielectric liquids was first hinted by R. A. Vanslette [48] and N. Felici [61]. To explore such a

concept,

• those liquids may be purchased and directly used for the proof of concept proto-

typing.

As a first step towards high performance electrostatic machine in low speed applications,

• those liquids may be benchmarked in terms of relative permittivity, breakdown

strength, electrical conductivity and viscosity;

• quantitative analysis of those characteristics on the performance of electrostatic

machine may be carried out.

Machine Modeling

From either the design or the control perspective, a circuit model for electrostatic machine is

necessary. P. T. Krein created one for the electrostatic induction machine by solving the electric

field [50]. Even though same routine cannot be applied to other types of electrostatic machine,
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• a general circuit model, which breaks down the torque production mechanism

into three parts: field, elastance (refer to Section 3.5) and induction, for the

synchronous electrostatic machine with field excitation may be derived.

For the purpose of sizing the proposed machine based on the torque requirement,

• a torque model, which relates the torque production as a function of the key

geometric parameters, may be developed.

Machine Optimization

Most of the optimization work done on the electrostatic machine was based on the assumption of the

linear proportionality between capacitance and the facing area. Part of the reason is the calculation

of capacitance is much harder than that of inductance even in simple structures. However, this

assumption is not accurate especially when the electrodes are misaligned. In order to quickly and

accurately predict the machine performance,

• analytically determined capacitance calculation may be developed.

What is more,

• the impact of pole count, electrode thickness, electrode width, etc., may be

investigated thoroughly.
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3 electromechanical energy conversion principles in

electrostatic field systems

If we never experience the chill of a dark winter, it is very unlikely that we will ever

cherish the warmth of a bright summer’s day. Nothing stimulates our appetite for the

simple joys of life more than the starvation caused by sadness or desperation. In order

to complete our amazing life journey successfully, it is vital that we turn each and every

dark tear into a pearl of wisdom, and find the blessing in every curse.

— Anthon St. Maarten (2012)

3.1 Introduction

The energy conversion between electrical and mechanical forms is called electromechanical energy

conversion. It can take place through the medium of magnetic or electric fields. To understand

the nature of electrostatic energy conversion, a simple parallel plate capacitor is used to derive

electrostatic force and torque. Also the duality of magnetic and electric fields is discussed in terms

of force, flux linkage, energy, reluctance and elastance, etc.

This chapter serves as the cornerstone of the following chapters. It is also dedicated to give

the author’s respect to A. E. Fitzgerald and his book Electric Machinery, which enlightened the

author’s electric machine world.

3.2 Forces and Torques in Electrostatic Field Systems

Energy conversion is usually associated with work, which is the result of displacement in the

direction of a force. In an electromagnetic field, the total force experienced by a charge q is called

the Lorentz force:

F = q(E + v ×B), (3.1)
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in which v is velocity of the charge, E and B are the electric and magnetic field experienced by the

charge [14]. Lorentz force can be separated into the force due to the electric field,

Fe = qE, (3.2)

and the force due to the magnetic field,

Fm = qv ×B. (3.3)

In a conventional electric machine, the magnetic or electric field which crosses the air gap is

usually quasi-static since the rotating shaft and electrical frequencies are tied together, meaning

that the magnetic field produced by the “slowly” varying electric field is almost negligible and vice

versa. Thus in a normal electric machine, the Lorentz force is usually reduced to either eq. (3.2) or

eq. (3.3).

In electrostatic field systems, eq. (3.2) indicates that the force experienced by the charge is

proportional to the charge amount q and electric field intensity E, and, the force direction is exactly

the same as the fields. In magnetostatic field systems, eq. (3.3) indicates that the force experienced

by the charge is proportional to the charge magnitude q, magnetic field intensity B, charge velocity

v and also the angle between v and B. The direction is determined by the right hand rule.

Provided that the normal field is much stronger than the tangential field (Section 4.2), it seems

that force can be more easily produced in an magnetostatic field system because the magnetic field

can be perpendicular to the motion (force) direction while the electric field must be in line with the

motion (force) direction in an electrostatic field system. However, eq. (3.3) is not very useful in this

comparison simply because charge usually flows inside wires and magnetic fields tend to detour

through low reluctance paths — back iron, which cannot be co-located with wires. Chapter 4 will

give a more convincing comparison through the Maxwell stress tensor.

For both field force Fe and Fm, the torque experienced by the charge is simply

τ = r ×F,

in which r is the position vector relative to the axis of rotation.
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3.3 Charge Linkage, Capacitance and Energy

Equation (3.2) is not a practical way to calculate the electrostatic force even in a simple electrome-

chanical device: usually the charge and electric field distribution are unknown in the system and

solving them using numerical tools like finite element (FE) analysis is quite time consuming. A

systematic closed-form approach based on energy method [14] is implemented in the subsequent

two sections to determine the resultant electrostatic force and torque.

i

i

+

−

e

+ + + + + + + +

− − − − − − − −
x

Fn

Ft

Fe

(a)

Lossless Electrostatic
Energy Conversion

System

i

i

+

−
e

Fe

+

−
x

Electrical Port Mechanical Port

(b)

Figure 3.1: Diagram of (a) a parallel plate capacitor (b) a simple lossless electrostatic energy

conversion system.

Referring to a simple lossless electrostatic energy conversion system (a parallel plate capacitor)

in Figure 3.1a, an electrostatic energy conversion system usually consists of electrical signal at

one terminal — voltage e across the system terminal and current i flowing through the system. It

also has the mechanically stationary part (stator), translational/rotational part (mover or rotor)
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and mechanical work at another terminal. This is the resultant force Fe on the moving part and

displacement x of the moving part, which is shown in Figure 3.1b. At the electrical port, because of

Kirchhoff’s current law, the current flowing in equals the current flowing out of the lossless system.

However, at the mechanical port, the resultant force Fe does not circulate in a similar way.

Following the polarity convention defined in Figure 3.1a, the power absorbed from the electrical

port is

pe = e ⋅ i,
and the power delivered to the mechanical port is

pm = Fe ⋅ dx
dt
.

The electrostatic system itself functions as an energy bank, which exchanges energy with both the

electrical and mechanical ports. The total stored energy is defined as We. From conservation of

energy in this lossless system,
dWe

dt
= e i −Fe ⋅ dx

dt
. (3.4)

In order to solve Fe in eq. (3.4), the total stored energy We as a function of the state of the

electrostatic system needs to be known. An easy way to explore this is to set dx/dt = 0 for now,

which corresponds to no energy conversion between the mechanical port and the system; all the

power from the electrical port is stored inside the system. Thus the net energy gained in the time

interval [t1, t2] is
∆We = ∫ t2

t1
e i dt.

It is not hard to observe that i dt is the charge accumulating on the parallel plates. Also, there

is a linear relationship between the terminal voltage and the total charge q = Ce, where C is the

capacitance of the system. By changing the integration variable to the charge q residing in the

system, and applying the linearity relation, the above equation turns into:

∆We = ∫ q2

q1

q

C
dq = 1

2C
(q2

2 − q2
1) , (3.5)

in which q1 and q2 are the amount of charge at times t1 and t2. If We is chosen to equal zero when

there is no charge in the system (no electric field), then eq. (3.5) suggests that at any given charge
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state q, the total stored energy is

We = q2

2C
= 1

2
Ce2. (3.6)

Equation (3.6) can be applied to a general electrostatic energy conversion system, even though it is

derived from a parallel plate capacitor. Recall that for a magnetostatic energy conversion system,

the total stored energy is

Wm = λ2

2L
= 1

2
Li2, (3.7)

in which λ is the flux linkage linking through stator and mover/rotor parts, L is the inductance of

the system and i is the current flowing in the flux-generating windings [14]. The duality between

eq. (3.6) and eq. (3.7) reveals some observations about the electrostatic system:

(1) Capacitance is the energy storage element. The larger the capacitance, more powerful the

system;

(2) Charge functions as a linkage, which is established by electrostatic induction, between stator

and mover/rotor parts;

(3) From the control perspective, an electrostatic machine is naturally a voltage regulating device.

In the end of this section, the widely accepted relation q = Ce will be reconsidered. Capacitance

C is usually determined by the geometry of the electrostatic system. For a capacitor with large

aspect ratio (overlapping length over gap distance g), the capacitance can be approximated by

C = εS
g
,

in which ε is the permittivity of the dielectric material between the plates, and S is the facing area

(plate depth times overlapping distance). The facing area is usually a function of the displacement

of mover/rotor in the system, like x in Figure 3.1a. In the above derivation x is set to zero, so

C can be treated as constant. In Section 4.5, the capacitance is shown as a nonlinear function

of the charge (similar to the nonlinear relation between inductance and magnetic flux) and the

nonlinearity is minor, which gives us more confidence on the above derivation.
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3.4 Determination of Electrostatic Force and Torque

Substitute eq. (3.6) into eq. (3.4) and multiply both sides by dt,

1
2
d (Ce2) = ei dt −Fe ⋅ dx.

Even though capacitance C is treated as a constant in the last section while developing an expression

for total stored energy, it can be varying now simply because the displacement x is free to change.

By applying i dt = dq = d (Ce) and using the basic calculus identity d(uv) = udv + v du, the above

equation leads to

Fe ⋅ dx = 1
2
e2 dC,

which further suggests that the force Fe in the direction of movement dx (speed direction) is

Fe = 1
2
e2dC

dx
. (3.8)

Hereby another analytical expression to calculate the electrostatic force is found. Interested readers

might ask: do we still need the capacitance as a function of x to get the force value? Indeed, if the

FE tool is used, eq. (3.8) has no advantages over eq. (3.2) because capacitance is calculated through

charge distribution in such case. As will be seen later in Chapter 7, an analytical approach that

bypasses the need to calculate charge distribution, can calculate the capacitance dramatically faster

than FE approach.

For a rotating device, the resultant torque Te exerting on the rotor can be derived in a similar

way. The end result is given directly as:

Te = 1
2
e2dC

dθ
, (3.9)

in which θ is the rotor mechanical displacement angle.

It is interesting that eq. (3.8) and eq. (3.9) do not include any de term while the energy expression

eq. (3.6) are functions of both C and e. In fact the energy change caused by de is immediately

balanced by the electrical port as can be revealed by the equation simplification process. However,

the terminal voltage e does play a quadratic role in the resultant force. This intuition inspires the

design and control of a single phase electrostatic machine, which is shown in Section 3.5 and [54].
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Furthermore, if voltage e was kept constant and the rotor rotated integer electrical cycles, there

would be no average torque developed at all. That is to say, the voltage excitation has to possess

AC components to obtain net average torque.

3.5 Duality of Magnetostatic and Electrostatic

After getting the complete set of equations for the electrostatic energy conversion system, it is

amazing that a beautiful duality between magnetostatic and electrostatic shows up. Magnetic

field machinery utilizes the magnetic Lorentz force Fm (often parsed into “field” and “reluctance”

components) while electric field machines use the Coulomb force Fe (which can be parsed into a “field”

and an “elastance” component, as will be shown in Chapter 5). The term elastance was coined in the

19th century by Maxwell and Heaviside and is physically defined as the inverse of capacitance [62].

This serves as a dual to magnetic reluctance as reluctance is the inverse of inductance albeit scaled

by the turns N2 (currently there is no established dual for turns in electrostatics). Switched and

synchronous reluctance machines are not named variable inductance machines; therefore the same

convention should be applied to elastance machines (variable capacitance). An elastance force/torque

results from a system acting to minimize energy stored in the gap between the stator and rotor of a

machine, i.e. the capacitance between the stator and rotor is a function of angular position. An

alternative statement is that the electrostatic force/torque will act to minimize elastance.

As explained in Chapter 1, however, it is often overlooked in electromechanical energy conversion

that electric fields may also create substantial force/torque to perform work. To explore the

opportunities for designing a competitive electrostatic machine, Table 3.1 is provided to summarize

the similarities, dualities and differences between magnetostatics and electrostatics. The relationship

between the flux and the energizing source (current or voltage) is identified as the energy storage

capability, inductance L and capacitance C respectively. Drawing from the table, the amount of flux

attainable for a given source is limited by the capabilities of the materials and geometry involved,

i.e. parameters that constitute L and C or Rm and Ee. The lower the reluctance/elastance, the

easier flux penetrates the space for a given source, resulting in higher energy storage capability.

The reluctance/elastance perspective within the table demonstrates that both the reluctance and



30

elastance are only a function of geometry and the properties of the material occupying the space

(gap). Assuming a switched or variable machine model, the formulae indicate torque depends on

three factors:

(1) the difference between the maximum and minimum inductance/capacitance, i.e. the saliency;

(2) the angular distance over which these maxima and minima occur, i.e. the number of poles;

(3) the magnitude of the driving sources, i.e. current or voltage.

The duality introduced here is provided with the intent to inspire intuitive design techniques based

on historical reluctance machine knowhow and extend it to elastance machinery. The differences

between the two, however, suggest new paths to further push the performance of electrostatic

machines. Based on Table 3.1, the following design concepts may be adopted:

(1) The relative permittivity εr of gap material can be larger than 1, to lower elastance. An

electromagnetic machine has two main flux barriers — back iron and air gap. Machine

designers almost always choose back iron with relative permeability µr as large as possible

and gap material as air for shear stress consideration (see Chapter 4). However, increasing

shear stress and lowering the elastance are consistent in an electrostatic machine;

(2) The pole count may be as high as dozens before leakage effects begin to dominant. Slots,

windings and fill factor in an electromagnetic machine prevent it from using high pole count

(this explains why usually the base speed of an electromagnetic machine is above 500 rpm for

50 Hz or 60 Hz designs.).

3.6 Duality of Electrostatic and Static Current Field

Before ending this chapter, the duality between the electrostatic and the static current field is

reviewed. Without the present of the magnetic field, the current density J in a lossy material relates

to the electrostatic field E through the well known Ohm’s law

J = σE, (3.10)
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Table 3.1: Duality of Magnetic Reluctance and Electric Elastance.
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where σ is the conductivity of the material in consideration. Due to eq. (3.10), like the electrostatic

field, the static current field is also governed by the Laplace’s equation

∇2φ = 0 (3.11)

in which φ represents field potential. Thus in a homogeneous medium, the conductance G between

electrodes is simply obtained by swapping the permittivity ε out of the capacitance C with the

conductivity σ

G = σ
ε
C. (3.12)

When it comes to an inhomogeneous environment consisting of several different dielectric

materials like the synchronous machine proposed in Chapter 6, eq. (3.12) cannot be applied directly

because the ratio σ/ε is not necessarily the same across these materials, which results in unparalleled

discontinuities between the J and D fields. However, an effective ratio (σ/ε)eff can be assumed

from the terminal perspective if necessary, since G and C are essentially lumped parameters. This

ratio may differ between different pairs of electrodes or in different temperatures, frequencies, etc.

Therefore in Section 5.2, the capacitance profile and the conductance profile are kept apart except

for the basic trigonometric shapes, which are determined by the electrode layout directly.

3.7 Summary

An electrostatic energy conversion system is explored as a dual of electromagnetic one from the

perspectives of flux linkage, energizing source, reluctance/elastance, energy, force/torque and then

the principle is extended to the multi-conductor system. We can seek the common ground based on

the duality between magnetostatics and electrostatics and at the same time take advantage of the

differences between the two to design a competitive electrostatic machine.
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4 dielectric liquids for enhancing electrostatic forces

Let us change our traditional attitude to the construction of programs. Instead of

imagining that our main task is to instruct a computer what to do, let us concentrate

rather on explaining to human beings what we want a computer to do.

— Donald Knuth (1984)

4.1 Introduction

Electrostatic forces enhanced by dielectric liquids are investigated in depth in this chapter and are

summarized in [4]. Starting from the Maxwell stress tensor, magnetic and electric shear stresses

are compared to demonstrate the general gap medium requirement of an electrostatic machine.

Effective electromechanical power conversion using electrostatics requires dielectric liquids whose

permittivity and breakdown field strength can facilitate adequate electric shear and pressure beyond

the capabilities of media such as air or vacuum.

Key dielectric properties including pressure, breakdown field strength, relative permittivity and

conducitivity are measured for selected dielectric liquids with custom pressure and shear stress

test stand. The best liquid candidate is demonstrated to be capable of mitigating the shear stress

deficiency to only one order difference compared to the magnetic machine.

4.2 Maxwell Stress Tensor

The electrostatic force and torque determined in Section 3.4 are represented as functions of the

capacitance, which is a high level lumped element. At the most fundamental level, electric and

magnetic forces are described by the Maxwell stress tensor T and the Poynting vector S [36, 63,64].

Physically, T is the force per unit area (or stress) acting on a surface due to local electric and

magnetic fields. The Poynting vector S represents the directional energy flux density, i.e. power

per unit area, of an electromagnetic field. Substituting Maxwell’s equations into the Lorentz force

equation (refer to eq. (3.1)) will eliminate any charge or current densities, allowing forces to be
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written purely as field quantities. The total force acting on a surface in free space due to T and S

then may be calculated by eq. (4.1). The surface integral term contributes to the Lorentz force and

the volume integral term contributes to the radiation pressure.

F = ∫
x2

T ⋅ dx2 − ε0µ0
d

dt
∫
x3

S ⋅ dx3. (4.1)

Usually electric machines operate at quasi-static frequencies, thus the S term is omitted, leaving T

as the primary contributor. An element of T, Tij shown in eq. (4.2), is the force (per unit area) in

the ith direction acting on an element of surface oriented in the jth direction. This implies that

diagonal elements (Txx, Tyy, Tzz) represent pressures, and off diagonal elements (Txy, Tyz, etc.)
are shears.

Tij ≡ ε0εr (EiEj − 1
2
δijE

2) + 1
µ0µr

(BiBj − 1
2
δijB

2) . (4.2)

In a rotary machine, the torque τ on a rotor of constant radius r is simply given by the cross

product shown in equation eq. (4.3).

τ = r ×F. (4.3)

In this case, the pressure terms cause eccentric rotor forces and shear terms produce torque about

an axis (shaft).

The terms of eq. (4.2) may be parsed into electric and magnetic components as in eq. (4.4) and

eq. (4.5) [36]:

Pressure(i = j) ∶ pe = ε0εr
2
EiEj pm = 1

2µ0µr
BiBj , (4.4)

Shear(i ≠ j) ∶ σe = ε0εrEiEj σm = 1
µ0µr

BiBj . (4.5)

In the generic stator-gap-rotor machine as shown in Figure 4.1, either electric or magnetic fields are

composed of normal (“i”) and tangential (“j”) components, and the reaction between them produces

torque/force. Note that any electrical machine essentially facilitates normal and tangential field

components regardless of magnetic/electric operation and specific configurations, e.g. induction,

permanent magnet, electret, separately excited, variable capacitance (elastance), switched reluctance,

DC commutated, etc. [36].
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Figure 4.1: Illustration of the force or torque producing field components of the Maxwell stress

tensor in the air gap of a rotating electric machine.

Magnetic Shear

Equation (4.5) indicates that for a given field Bi and Bj , the relative permeability of the gap should

be as low as possible for greatest shear. Air gap in magnetic machineary naturally facilitate this as

they possess unity relative permeability (if they are indeed a gas or vacuum). However, to create

a large field inside the rotor-stator gap, the gap must be small and surrounded by “back-iron” of

high permeability, i.e., the reluctance of the overall magnetic circuit (closed field path) must be

as low as possible. This iron is a limiting factor as most electric machine steels saturate in the 1

to 2 Tesla range [10]. Additionally the amp turns to drive flux through the magnetic circuit are

thermally limited, i.e. i2R losses. Given present materials, a magnetic machine designer’s role is to

extract as much performance out of the 1 ∼ 2 T limit as possible while keeping losses low. At 1.5 T,

the theorectical shear limit is 1.79 MPa or 260 psi. Actual values in use today are σe ≈ 48 ∼ 123 kPa

or 7 ∼ 18 psi for large magnetic machines (e.g., utility turbo-generators) to σe ≈ 3.4 ∼ 13.8 kPa or

0.5 ∼ 2 psi for small machines (e.g. integer hp induction motors) [65]. This constitutes “rule of

thumb” pressure to shear ratio of 10 ∶ 1 to 100 ∶ 1 spanning from large to small machines [66].
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Electric Shear

Contrary to magnetic shear, eq. (4.5) shows that electric shear is limited by the available dielectric

material inside the gap. In air under ideal circumstances (εr ≈ 1, Ebk ≈ 3 MV/m) theoretical

maximum electric shear σe ≈ 79.65 Pa or 0.012 psi, a 3 to 4 order of magnitude deficiency for

electrostatics compared to magnetics. Electrostatic shear stress can be enhanced by increasing the

displacement field in the gap between stator and rotor surfaces. Specifically, raising the electric

field strength and/or the relative permittivity of gap space can facilitate the necessary increase.

This may be achieved by voiding the gap with ultra-high vacuum (UHV), or filling it with dielectric

gases or liquids. Figure 4.2 shows the operational space trends based on these approaches. An

additional approach to mitigate the shear stress deficiency would be to increase the stator/rotor

surface area for σe to act on. Emerging work on increasing the surface area per unit volume of

electrostatic machinery, actuators and power transfer is documented in [40,53].

liquid
vacuum

gas

Speed

To
rq

ue
D

en
sit

y

Figure 4.2: Operational space trends based on dielectric media filled in an electrostatic machine.

UHV/Dielectric Gases

Under UHV conditions, the breakdown strength is enhanced (Ebk = 20 ∼ 40 MV/m is the practical

limit for many electrodes [57, 58]), typically an order of magnitude better than air or slightly more.

This increase only reduces the difference between electric and magnetic shear approximately 2

orders in magnitude (given the square of the field) since the relative permittivity remains unity.

The vacuum approach has been demonstrated in [43, 45, 46, 67] resulting in motors in the fractional
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horsepower regime yet requiring input voltage of 10 ∼ 300 kV. Another approach is to use gases

under high pressure, to drive the breakdown strength up the Paschen’s curve as in [47]. This

approach has resulted in kilowatt-scale machines which utilize 200 ∼ 600 kV. The permittivity of

gases are low (near free space), as the space between the molecules dominates. In either case, the

machines using these approaches produce relatively low torque, and must spin at considerable speed

to develop power, often in the range of 10k ∼ 500k rpm [30, 43, 45]. Additionally, it is difficult to

maintain UHV or high pressure gas conditions in a rotating environment with shaft seals, let alone

justify the cost for a fractional or integer horsepower machine [57].

These challenges make evident the need for greater than unity relative permittivity to increase

torque for a given voltage. Dielectric liquids may facilitate this, but will hamper high speed operation

due to viscous drag losses. This implies low-speed-direct-drive machines may benefit from dielectric

liquids at atmospheric pressure. Low speed (< 500 rpm) direct drive has always been a challenge for

magnetic machinery, thus this space serves as an entry point for electrostatic technology. The study

and synthesis of dielectric liquids to facilitate this machine functionality is in its infancy.

4.3 Dielectric Liquids

The analysis above indicates that competitive low speed direct drive electrostatic machinery must

be designed to be filled with a dielectric liquid that possess substantially higher dielectric strength

and relative permittivity compared to air/vacuum. Although not fully formed, this concept was first

hinted as early as [48, 61], but safe, high performance, off-the-shelf (OTS) liquids were not available

to pursue the concept. Fifty years later, there are myriad dielectric liquids available today, with

vastly different chemical properties. Table 4.1 lists OTS liquids with attractive dielectric properties

and theoretical limits. Dielectrics checked (�) in Table 4.1 are investigated experimentally for their

relatively balanced properties. The unselected dielectric liquids are grouped as follows: group I is

excluded mainly for their potential hazard to humans and equipment. Dielectrics in group II meet the

high breakdown strength and permittivity requirement; however they are relatively more conductive

causing higher losses. Unfortunately, most naturally occurring liquids with high permittivity exhibit

higher conductivity or are easily susceptible to electrochemical reactions/ionization due to their
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polar nature. In group III, air possesses not only a near unity permittivity but also much lower

breakdown strength and UHV is difficult to maintain and not cost effective.

To gain greater numerical insight on the liquids’ physical properties, an electromechanical

“loss metric” column in Table 4.1 provides comparison. For a given electric field strength and

mechanical speed, conduction losses are proportional to liquid conductivity σ while viscous drag

loss is proportional to the viscosity µ. Viscosity temperature dependence was not investigated here,

but can be significant for oils, especially at low temperatures. Electrostatic torque (and thus power)

will be proportional to the relative permittivity εr. The ratio σµ/εr represents the ratio of loss to

torque properties of a liquid. The investigated dielectrics represent either oils or solvents as they

have the lowest electromechanical loss metric in Table 4.1 (ranging from 9.44 × 10−15 to 3.43 × 10−14)

while being safe for humans to use.

Dielectric oils have made large strides over the last several decades thanks in large part to

the HVAC and HVDC transmission industries [59]. Modern oils have dielectric strength up to

30 ∼ 50 MV/m (or exceed, depending on the degree of chemical passivation of electrode surface),

relative permittivity of εr ≈ 3.2 and a volume resistivity of 30 TΩ-cm. Substitution of these values

into eq. (4.5) yields a theoretical maximum value for σe = 25.49 kPa or 3.7 psi. Vertrel XF, a

fluorinated hydrocarbon commercial solvent, achieves similar maximum shear of 25.2 kPa or 3.66 psi

at a lower field strength of 20 MV/m given its relative permittivity of εr ≈ 7.1. Additionaly Vertrel

XF is 100 times less visoucs than the oils, albeit with increased conduction loss. To achieve

comparable performance a UHV system would need to operate at a voltage √
εr greater than any

liquid. Although liquid performance is impressive, it is important to remember that the achievable

shear in a machine is a fraction of the pressure normal to the surface as mentioned earlier. This is

due to the field component tangential to the surface typically being much smaller than the normal

component. Measuring the field force capabilities of candidate liquids in a physical system is the

subject of the following section.
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4.4 Dielectric Liquids Test Stand

For liquid evaluation purposes, a common test fixture for all liquids is desirable. According to the

Laplace’s equation

∇2φ = 0,

and electric field equation

Ei = − ∂φ
∂xi

,

the potential φ and electric field distribution for electrostatic (at least quasi-static) conditions is

independent of the gap medium provided constant boundary conditions. Further, the ratio between

the shear stress and pressure,
σe
pe

= 2Ej
Ei
,

is also independent of the medium. Thus the achievable shear stress a liquid can facilitate can be

compared through the achievable pressure, an easier experiment to design. This section details

the electric pressure test stand construction for intent for benchmarking dielectric liquids. A shear

stress test stand is also built up to correlate the achievable shear and pressure.

Normal Pressure Test Stand

A test stand to measure electric pressure between two parallel aluminum electrodes separated by

a controllable gap was assembled as shown in Figure 4.3. Circular electrodes, or “pucks,” are

submerged in a dielectric liquid reservoir where voltage is applied to the fully submerged lower puck

while the upper puck and reservoir are at ground potential. The pucks are 76.2 mm in diameter with

5 mm radius rounded edges at the facing side to minimize the severity of fringing and breakdown.

The lower puck is fixed while the upper puck is attached to a mounting plate suspended on three

load cells to measure the force (pressure) pulling the pucks together. The load cells are equally

spaced 120 deg apart. The mounting plate rests freely upon the load cells and its height may be

adjusted by three 6-80 (i.e., 0.0125 inches/turn or 0.3175 mm/turn) fine adjustment screws as shown

in Figure 4.3b. The gap may be set for any width but a 0.3175 mm gap, paired with a 0 ∼ 10 kV

power supply, is used to demonstrate pressures > 1 psi (6.9 kPa), thus pushing dielectrics to their
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(a)

(b) (c)

Figure 4.3: Photograph of normal pressure test stand, (a) lower puck in liquid reservoir surrounded

by load cells, (b) upper puck mounting plate with adjustment screws, (c) upper puck.

limit. Referring to Figure 4.3b, the circumference of the adjustment knobs is divided into 5 main

scales and each main scale is divided into 5 minor scales. Thus, the adjustment accuracy is within

6µm, about 2% nomial gap length. The benefit of this structure is that the gap length, parallelism,

and concentricity of the pucks are tunable via the incremental feedback from the three load cells.

The capacitance between the electrodes (pucks) is described in eq. (4.6) as a function of facing

area A, air gap distance g, and the permittivity ε:

C = εA
g

= ε0εr ⋅ πr2

g
. (4.6)
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Figure 4.4: Normal pressure test stand (a) Cross section potential distribution predicted by FE for

vegetable oil dielectric, Red = +Umax = 10 kV, Blue = 0 V, (b) FE and analytical force vs. applied

voltage for vegetable oil dielectric.
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The force experienced by the electrodes with an applied DC voltage U is derived by taking the

spatial derivative of the stored energy with respect to the air gap length:

F = 1
2
U2∂C

∂g
= ε0εr ⋅ πr2 ⋅U2

2g2 = ε0εr ⋅ πr2 ⋅E2

2
. (4.7)

It indicates that the compressing force is proportional to the square of the electric field between the

pucks. This is in agreement with eq. (4.4) as the displacement field is defined as the product of

permittivity and electric field, which leads to eq. (4.8) (consistent with eq. (4.4)):

F = πr2 ⋅D ⋅E
2

or F

πr2 = D ⋅E
2

= pe. (4.8)

With measured force and known electric field, this equation provides an indirect way of obtaining

displacement field and enables the extraction of dielectric saturation phenomenon in the D-E

plane, which is analogous to the B-H curve. Even though the electric field between the pucks is

almost uniform due to the large radius to gap length ratio, field fringing still exists at the outer

circumference. A finite element simulation of the potential distribution between the pucks is plotted

in Figure 4.4a. This fringing is unaccounted for in the analytical derived equations eqs. (4.6)–(4.8).

The difference between the analytical and FE simulation may be observed in the force vs. voltage

plot in Figure 4.4b. The two correlate well, but the fringing is accounted for in the FE simulation

resulting in higher force. Using the FE simulation, the effective area used in the analytical equation

may be corrected by taking the ratio of the forces, i.e. the equivalent facing area is larger due to

fringing.

Shear Stress Test Stand

To confirm the relationship between the achievable shear and pressure associated with dielectric

liquids, a test stand to measure shear force was also built. An interleaved “comb” actuator design

was selected for ease of construction and analysis. A cross section of the interleaved combs is

illustrated in Figure 4.5. The capacitance between the electrodes (combs) is calculated in eq. (4.9)

as a function of plate surface area A, air gap length g and the permittivity ε:

C = εA
g

= 2ε0εr ⋅ d ⋅ (n − 1) ⋅ x
δ − δ′ , (4.9)
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x

l

δ′δ

Figure 4.5: Comb-drive style electrode (half inserted, i.e. x = 8.75 mm).

Table 4.2: Shear Stress Test Stand Dimensions.

Dimensions d δ δ′ l n

Value 60 mm 6 mm 2 mm 17.5 mm 27

in which, d is the depth into the paper, x is the inserted length, δ is the fin facing distance, δ′ is the
fin thickness and n is the total fin number. The force experienced by the electrodes with an applied

DC voltage U is derived by taking the spatial derivative of the stored energy with respect to the

inserted length:

F = 1
2
U2∂C

∂x
= U2 ε0εr ⋅ d ⋅ (n − 1)

δ − δ′ . (4.10)

The force acts to draw the combs together. Notice that eq. (4.9) only accounts the capacitance

of the facing (overlapped) area. Since the aspect ratio (fin length over gap length) is large enough

with respect to the partial differentiation when the electrode is half inserted, the force evaluated

by eq. (4.10) is reliable for that respective position. The accuracy of eq. (4.10) as a function of

overlap and the physical dimensions listed in Table 4.2 may be observed. Figure 4.6a plots the force

calculated by FE simulation and analytically by eq. (4.5). When the two electrodes are inserted

deeply with respect to each other, the field strength becomes saturated and so does the capacitance.

When the two electrodes are apart from each other, the partial differentiation with respect to the

facing area is invalid. The divergence defines a range where the experiment can be expected to

correlate well with eq. (4.10). The potential distribution used for accuracy correlation is plotted in

Figure 4.6b for a 2D cross section of combs filled with a vegetable base dielectric oil.
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Figure 4.6: Shear stress test stand (a) Force experienced by electrodes vs. inserted length for

vegetable oil dielectric, (b) Potential distribution predicted by FEA for vegetable oil dielectric with

Red = +Umax = 20 kV, Blue = 0 V.
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(a) (b)

(c) (d)

Figure 4.7: (a) CAD rendered solid model of test stand, (b) photograph of aluminum combs/-

electrodes, (c) photograph of assembled test stand, (d) photograph of the adjustable high voltage

multiplier.
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Aspects of the completed test stand are documented in Figure 4.7. To gain perspective of the

construction, Figure 4.7a illustrates a CAD rendered solid model with a cutaway of the tank. The

aluminum combs reside in a tank made of Teflon that can be filled with a dielectric fluid. The

bottom comb is fixed to the tank while the upper comb is suspended by a load cell beam to measure

the force. With safety in mind, voltage is applied to the fully submerged lower comb while the

upper comb is at ground potential. An adjustable high voltage DC supply utilizing a 3-stage half

wave voltage multiplier design drives the test stand and is photographed in Figure 4.7d.

4.5 Experimental Results

Normal Pressure Measurement

Dielectric liquids vegetable oil, FR3 and Vertrel XF were poured into the pressure test stand. The

electrode gap length was set to g = 0.3175 mm and DC voltage was applied across the electrodes

in series with 500 MΩ current limiting resistor bank (in the event of dielectric breakdown). Force,

applied voltage, and current are measured directly. The recorded data, in conjunction with the FE

corrected analytical models, estimates the permittivity and conductivity of the liquid. Even though

the gap can be maintained at this specified value with U = 0, the gap will be slightly smaller as

the load cells deflect under the developed pressure when a non-zero voltage is applied. This was

corrected for prior to dielectric testing by placing reference weights on the mounting plate to mimic

electrostatic pressure experienced by the pucks under voltage. Then a small signal voltage was

injected across the puck via an impedance analyzer to measure capacitance (and thus gap) between

the pucks yielding a correction curve. This method can sense 1% change in gap distance ensuring

that the corrected curve is highly accurate.

Normal force pressure is plotted as a function of electric field in Figure 4.8a for all three dielectric

liquids with a UHV base line for reference. Of the three liquids, Vertrel XF is the clear choice for

electrostatic machinery. Vertrel XF achieved a pressure of ∼ 2 psi, which is 4 ∼ 5x greater than

the oils, 7x greater than vacuum for the same voltage and > 300 x greater than the capability of

“ideal” air. Vegetable oil and FR3 demonstrate that even modest amounts of permittivity can have
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Figure 4.8: Measured normal pressure test results: (a) pressure vs. electric field, (b) normalized

relative permittivity vs. electric field, (c) conductivity vs. electric field for vegetable oil and FR3,

(d) conductivity vs. electric field for Vertrel XF.
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a significant impact in pressure. Here the oils are able to facilitate 200% more force than vacuum

for a given voltage. FR3 and vegetable oil provide nearly identical amounts of pressure but FR3

possesses greater breakdown strength, thus it is slightly better but still lags Vertrel XF significantly.

Using the measured data, the permittivity is normalized and plotted as a function of electric

field in Figure 4.8b. As expected, the permittivity tends to decrease as the electric field increases,

i.e. the dielectrics exhibit some degree of saturation. Machine design concepts developed for B-H

curves may directly apply to D-E curves although not as pronounced; (especially for Vertrel XF)

the saturation phenomenon found in material here is subtle. Actually this is good for implementing

dielectrics in electrostatic actuators or machines because the dielectrics can be pushed to breakdown

conditions while maintaining force capability. Contrarily, saturation in magnetic systems also cause

serious loss problems, which are inherently diminished in electrostatic systems.

Figures 4.8c and 4.8d plot the calculated equivalent conductivity (with g = 0.3175 mm gap and

A = 0.00342 m2 facing area) as a function of the electric field. This conductance determines leakage

current in the dielectric, i.e. system conduction loss. Vegetable oil and FR3 have the same level of

conductivity which is ∼ 30x lower than Vertrel XF although all three are good insulators. Ultimately

it will be a combination of factors that determine a liquid’s merit in a particular application. The

segmentation of losses (e.g. conduction loss, dielectric loss, viscous drag loss) should be studied

in detail to further facilitate the ground work of competitive design of electrostatic actuators and

machines.

Shear Stress Measurement

The objective of this test stand is to solidify a general relationship between the relative magnitudes

of electric pressure and shear stress. The measured shear force using a vegetable oil dielectric is

plotted along the FE and analytical modeled forces in Figure 4.9. All three force curves correlate

with few deviations. Small deviations in the measured data are suspected to be the result of

vibration interference caused by a mechanically noisy laboratory environment. For the vegetable

oil, the measured relative permittivity of εr = 3.0 is well within measurement error. The highest

force measured in this test stand was 4.1 N. Dividing this force by the total fin surface area of the
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Figure 4.9: Shear force vs. applied voltage for vegetable oil dielectric.

top comb, the average achieved shear stress on the surface of the fins is 151 Pa or 0.021 psi. The

average field normal to and between fin faces, i.e. away from their leading edge, is E = 10 kV/mm.

This calculated field strength is in line with the field predicted by the FE plot in Figure 4.6b. The

resulting pressure (normal force) is 1328 Pa or 0.193 psi. The ratio of pressure to shear is 9.2 ∶ 1,
which correlates with the design “rule of thumb” discussed earlier. This generally suggests that

electric field forces for common electrode shapes such as a combs, exhibit similar pressure to shear

ratios as magnetic machines. Although this inference is made on an isolated experimental result

with a specific geometry, it establishes an initial bridge between well known design practices in

magnetic machinery and emerging electrostatics.

Measurement Discussion

Table 4.3 documents the test results from both test stands. The following observation may be made:

• Significant electric pressure/shear may be generated with dielectric fluids. Vertrel XF is a

promising dielectric that possesses both high breakdown strength and high permittivity at

the same time. Vertrel XF achieved a pressure of ∼ 2 psi, which is 7x greater than vacuum for

the same voltage and 300x greater than the capability of air.

• While the tested dielectric fluids exhibit saturation, the degree is relatively small compared to
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the behavior of ferromagnetic materials. Saturation effects will likely increase for dielectric

fluids with increasing relative permittivity.

• The shear stress stand experimentally demonstrates (at a general level) that the normal

vs tangential field design challenges magnetic machine designers face directly applies to

electrostatics as well. To generate shear, there must be nomal and tangential field components

and the normal component tends to dominate by an order of magnitude.

• The breakdown field strengths of the fluids do not match the values referenced in Table 4.1,

they are lower. The breakdown of a fluid is highly dependent on electrode material, shape,

size, surface finish, time, atomospheric conditions, etc.; thus results vary among experimental

test stands.

4.6 Summary

This chapter discusses the fundamental of electric and magnetic forces and highlights their char-

acteristics with the Maxwell stress tensor. Dielectric liquids are suggested for use in electrostatic

actuators and machinery to alleviate the implementation issues associated with vacuum while

simultaneously increasing force per volt via greater permittivity. This suggestion is based on an

application where the incurred viscous drag of the liquid is acceptable. The increase in permittivity

combined with high stator/rotor surface afforded by electrostatic machines suggests competitive

macro-scale electrostatic machines may be possible in niche applications. Two test stands were

constructed to evaluate electric pressure and shear between electrodes immersed in a dielectric

liquid. Two dielectric oils and a commercial solvent were tested, vegetable oil, FR3, and Vertrel

XF respectively. Vertrel XF achieved a pressure of ∼ 2 psi, which is 7x greater than vacuum for the

same voltage and 300x greater than the capability of air. The relative permittivity and saturation

properties were extracted from the measured data to serve as a future machine design reference.

The shear stress test stand experimentally demonstrates (at a general level) that the normal vs.

tangential field design challenges magnetic machine designers face directly applies to electrostatics

as well. To generate shear, there must be normal and tangential field components but the normal
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component tends to dominate by 1 ∼ 2 orders of magnitude. The ratio of pressure to shear was

measured to be 9.2 ∶ 1 for the specific electrode geometry herein. This work constitutes a first step

towards modern materials capable of higher electric shear stress for the purpose of competitive

macro-scale electrostatic actuators and machinery.
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5 three phase electrostatic machine dq-axis model

Perhaps the lateness in recognition by “the establishment” was due to the nature of his

contribution. It was not a new machine, not yet a new method of analysis. It was a new

structure particularly well suited to facilitate analysis and application to new problems.

It has been said that it was a ladder that others could climb and that it was the opening

of a gate so that others could enter and cultivate the garden. Thus, it was appreciated

immediately by the young engineers at the bottom of the ladder long before those at the

top realized what was going on. “Park” was a household word among the young engineers

and students long before any awards came.

— Charles Concordia (1996)

5.1 Introduction

Ever since Robert H. Park proposed the two reaction theory for synchronous machine [102,103],

electric machine, power electronics and power system has staged into a new era. Specifically for

electric machine design, dq-axis model guides the machine designer to segregate the torque into field

torque, saliency torque and induction torque, even though physically all of these three components

are part of the general Lorentz force.

Specifically for the electrostatic machines, dq-axis models have been derived from field models

of traveling potential wave [30] in the stationary reference frame for the induction type [50] and

as equivalences of power electronic inverters or synchronous condensers in power systems for the

synchronous type [104]. However, they are not developed from the physical capacitance of actual

machines or with the dielectric fluid considered, both of which are crucial for machine designs and

controls.

It is the intent of the author to apply the dq-axis equivalent circuit model of the electrostatic

synchronous machine to the design process, i.e. to be ultimately connected with the dielectric

liquid, the machine structure and the optimization routine. In this chapter, a generalized dq-axis

model will be developed for both electrostatic synchronous and induction machines starting from
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basic terminal equations of a three phase electrostatic synchronous machine equipped with field

excitation and dampers. The dualities between three phase magnetic and electrostatic machines are

then revealed by comparing the equivalent circuits and the key capacitance quantities are identified

for optimization work. Furthermore, one more layer of complexity in the dq-axis model due to the

non-ideal liquid insulation is explored. The model and torque equations are validated with FEA

models of the two types of machines respectively.

5.2 dq-Axis Modeling of Electrostatic Synchronous Machine

Similar to a traditional electromagnetic synchronous machine, a three phase electrostatic synchronous

machine equipped with field excitation and dampers can be abstracted as a set of three phase stator

electrodes, two out of phase rotor electrodes and dielectric damping insulations, the latter two of

which are shown separately in Figure 5.1a and Figure 5.1b. There are three reasons that they are

not combined together:

• neither previous researchers nor the author has built one combining all three torque mechanisms

together;

• the modern drive technologies, i.e. field oriented control and direct torque and flux control,

would not require a synchronous machine physically equipped with dampers;

• the dampers are included for a more general derivation, the result of which can also be reduced

to the dq-axis model of the electrostatic induction machine.

It is interesting that in an electromagnetic machine, a return winding is necessary for the stator

phase but not for the rotor phase, while it is reversed in an electrostatic machine (return electrodes

in this case) referring to Figure 5.1a. Specifically for the electrostatic induction machine, the little

resistors connecting the insulation and grounded shaft surfaces in Figure 5.1b are intended to

represent the equivalent lagging or leading induction effect.



56

a
s-

ax
is

bs
-a

xi
s

cs
-a

xi
s

qr
-a

xi
s

d
r-

ax
is

θ r

i a
s

i b
s

i c
s

Stator Phase A

Sta
tor

Ph
as

e
B StatorPhaseC

Rotor Positive

RotorNega

tiv
e

Sh
af

t

i +f

i −f

v a
s

v b
s

v c
s

v +f

v −f

(a
)

a
s-

ax
is

bs
-a

xi
s

cs
-a

xi
s

qr
-a

xi
s

d
r-

ax
is

θ r

i a
s

i b
s

i c
s

Stator Phase A

Sta
tor

Ph
as

e
B StatorPhaseC

Sh
af

t
v a

s
v a

s

v b
s

v b
s

v c
s

v c
s

(b
)

Fi
gu

re
5.
1:

(a
)
T
he

ge
ne
ra
liz

ed
m
od

el
of

th
re
e
ph

as
e
el
ec
tr
os
ta
tic

sy
nc
hr
on

ou
s
m
ac
hi
ne
s
w
ith

fie
ld

ex
ci
ta
tio

n;
(b
)
th
e
ge
ne
ra
liz

ed

m
od

el
of

th
re
e
ph

as
e
el
ec
tr
os
ta
tic

in
du

ct
io
n
m
ac
hi
ne

s.
Su

bs
cr
ip
ts
+an

d
−st

an
ds

fo
r
po

sit
iv
e
an

d
ne

ga
tiv

e
el
ec
tr
od

e
re
sp
ec
tiv

el
y.



57

Terminal Equations

Contrary to an electromagnetic machine, an electrostatic machine is voltage driven, the current is

the quantity used to regulate the relevant voltages, and the charge residing in the electrode vary

continuously, all of which lead to the following nine terminal equations (three stator terminals, two

field terminals, four damping terminals)

stator

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ias = ilk,as + pQas
ibs = ilk,bs + pQbs
ics = ilk,cs + pQcs

field
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
i+f = ilk,+f + pQ+f
i−f = ilk,−f + pQ−f

(5.1)

d-axis damper
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
i+d = ilk,+d + pQ+d
i−d = ilk,−d + pQ−d

q-axis damper
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
i+q = ilk,+q + pQ+q
i−q = ilk,−q + pQ−q

, (5.2)

where p is the derivative operator respect to time and subscript lk denotes the leakage current.

Unlike a magnetic machine where the current is confined in the wire, the electrostatic machine does

have slightly complex distributive current paths due to the nonzero conductivity of the dielectric

liquid residing between the electrodes. Fortunately, due to the duality between the electrostatic

field and the static current field (see Section 3.6), the complexity of the dynamics added by the

leakage current is manageable as will be seen later. Also notice that the damping terminals are not

physically presented in Figure 5.1b. Nevertheless, the potential traveling wave generated by the

polarized (induced) charges can be equivalently represented by two phase damping terminals.

The derivation process presented next follows the course notes of ECE 711 lectured in University

of Wisconsin-Madison for a general electromagnetic machine. There the derivation starts from

calculating the inductance value through winding functions. Correspondingly, the derivation here

starts from capacitance and besides, conductance for the leakage terms in eqs. (5.1) and (5.2).

Figure 5.2 shows the capacitance/conductance coupling between the terminals and the dampers are

not included for simplicity (it would be combinatorial (9
2) + 9 = 45 coupling components as will be

seen next). The relationship between charges/leakage current residing in/flowing into each terminal

and the terminal voltages can be expressed as the following matrix form through those coupling
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as

bs

cs

+f

−f

m

n

Mutual capacitance/conductance:

GmnCmn or

Self capacitance/conductance:

Cm = − ∑
i≠m Cmi

Gm = − ∑
i≠m Gmi

Figure 5.2: Capacitance/conductance coupling in the three phase separately excited electrostatic

synchronous machine without damping terminals.

capacitance/conductance:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

κas

κbs

κcs

κ+f
κ+d
κ+q
κ−f
κ−d
κ−q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Aas Aasbs Aascs Aas+f Aas+d Aas+q Aas−f Aas−d Aas−q
Absas Abs Abscs Abs+f Abs+d Abs+q Abs−f Abs−d Abs−q
Acsas Acsbs Acs Acs+f Acs+d Acs+q Acs−f Acs−d Acs−q
A+fas A+fbs A+fcs A+f A+f+d A+f+q A+f−f A+f−d A+f−q
A+das A+dbs A+dcs A+d+f A+d A+d+q A+d−f A+d−d A+d−q
A+qas A+qbs A+qcs A+q+f A+q+d A+q A+q−f A+q−d A+q−q
A−fas A−fbs A−fcs A−f+f A−f+d A−f+q A−f A−f−d A−f−q
A−das A−dbs A−dcs A−d+f A−d+d A−d+q A−d−f A−d A−d−q
A−qas A−qbs A−qcs A−q+f A−q+d A−q+q A−q−f A−q−d A−q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⋅

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vas

vbs

vcs

v+f
v+d
v+q
v−f
v−d
v−q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (5.3)

where A may represent C for capacitance or G for conductance and correspondingly κ may represent

Q for charge or ilk for leakage current.



59

Capacitance/Conductance Profile Definition

As mentioned in several places, the analytical calculation of the capacitance/conductance is almost

impossible even for slightly complicated systems. To circumvent this, their profiles are fabricated

according to waveforms obtained from FEA. Due to the symmetrical structure, the capacitance/con-

ductance in eq. (5.3) can be defined with a handful parameters (ignoring harmonics not contributing

any steady state average torque except for the 3rd harmonics of the rotor side capacitance, which is

used as an example to show how higher harmonics may disappear in the derivation) as follows.

stator self: Aas = Ass0 −Ass2 cos(2θr), −2π/3ÔÔ⇒ Abs,
+2π/3ÔÔ⇒ Acs

rotor field self: A+f = Afs0 −Afs3 sin(3θr), +πÔ⇒ A−f
d-axis damper self: A+d = Ads0 −Ads3 sin(3θr), +πÔ⇒ A−d
q-axis damper self: A+q = Aqs0 +Aqs3 sin(3θr), +πÔ⇒ A−q

stator mutual: Abscs = −(Asm0 +Asm2 cos(2θr)), −2π/3ÔÔ⇒ Acsas,
+2π/3ÔÔ⇒ Aasbs

stator-rotor field mutual: Aas+f = −(Asfm0 +Asfm1 sin(θr)), +2π/3ÔÔ⇒ Abs+f , −2π/3ÔÔ⇒ Acs+f
+πÔ⇒ Aas−f , −π/3ÔÔ⇒ Abs−f , +π/3ÔÔ⇒ Acs−f

stator-d-axis damper mutual: Aas+d = −(Asdm0 +Asdm1 sin(θr)), +2π/3ÔÔ⇒ Abs+d, −2π/3ÔÔ⇒ Acs+d
+πÔ⇒ Aas−d, −π/3ÔÔ⇒ Abs−d, +π/3ÔÔ⇒ Acs−d

stator-q-axis damper mutual: Aas+q = −(Asqm0 +Asqm1 cos(θr)), +2π/3ÔÔ⇒ Abs+q, −2π/3ÔÔ⇒ Acs+q
+πÔ⇒ Aas−q, −π/3ÔÔ⇒ Abs−q, +π/3ÔÔ⇒ Acs−q

rotor field-d-axis damper mutual: A+f+d = A−f−d = −Afdm+0, A+f−d = A−f+d = −Afdm−0

rotor field-q-axis damper mutual: A+f+q = A−f−q = −Afqm+0, A+f−q = A−f+q = −Afqm−0

d-q-axis damper mutual: A+d+q = A−d−q = −Adqm+0, A+d−q = A−d+q = −Adqm−0

rotor field/damper mutual: A+f−f = −Afm0, A+d−d = −Adm0, A+q−q = −Aqm0

Among these definitions,

• A may represent C for capacitance or G for conductance;
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•
ϕÔ⇒ Axy means Axy is obtained by shifting the leftmost capacitance/conductance waveform

a phase angle of ϕ. For example, Abs = Ass0 − Ass2 cos(2θr + 2π/3) and Abs+f = −(Asfm0 +
Asfm1 sin(θr − 2π/3));

• Ayx = Axy is omitted since capacitance/conductance matrix is symmetrical;

• Signs and phases are manipulated that the newly introduced variables on the right hand side

are positive, except for the 3rd harmonics of the rotor side self capacitance (i.e., Afs3, Ads3

and Aqs3), which may be negative depending on the design. All the others can be quickly

verified on mind;

• Subscripts in these newly introduced variables are self-clear and ordered that

– s, f , d and q are used to identify stator, rotor field and dampers respectively;

– s and m are used to distinguish self- and mutual-capacitance/conductance respectively;

– + and − are used to differentiate pairs between rotor electrodes including dampers;

– 0,1,2,3 represent the spatial harmonic order of the given capacitance/conductance.

Vector Form of the Stator Terminal Equations

The stator terminal equations in eq. (5.1) can be written in a compact vector form

iabcs = ilk,abcs + pQabcs, where fabcs =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

fas

fbs

fcs

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
and f may stands for i, v, κ, ilk, Q. (5.4)

Substituting the first three rows in eq. (5.3) and the corresponding capacitance/conductance

expressions defined in the last section into the charge vector,

κabcs =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

κas

κbs

κcs

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ass0 −Asm0 −Asm0

−Asm0 Ass0 −Asm0

−Asm0 −Asm0 Ass0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vas

vbs

vcs

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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−Ass2
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cos(2θr) 0 0

0 cos(2θr + 2π
3 ) 0

0 0 cos(2θr − 2π
3 )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vas

vbs

vcs

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−Asm2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 cos(2θr − 2π
3 ) cos(2θr + 2π

3 )
cos(2θr − 2π

3 ) 0 cos(2θr)
cos(2θr + 2π

3 ) cos(2θr) 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vas

vbs

vcs

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Asfm1 0 0

0 Asdm1 0

0 0 Asqm1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

sin(θr) sin(θr) cos(θr)
sin(θr − 2π

3 ) sin(θr − 2π
3 ) cos(θr − 2π

3 )
sin(θr + 2π

3 ) sin(θr + 2π
3 ) cos(θr + 2π

3 )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vfr

vdr

vqr

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Asfm0 Asfm0 Asdm0 Asdm0 Asqm0 Asqm0

Asfm0 Asfm0 Asdm0 Asdm0 Asqm0 Asqm0

Asfm0 Asfm0 Asdm0 Asdm0 Asqm0 Asqm0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v+f
v−f
v+d
v−d
v+q
v−q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (5.5)

where vfr = v+f − v−f ,vdr = v+d − v−d and vqr = v+q − v−q. The significance of eq. (5.5) is that the

balanced and the symmetrical voltages are grouped together by separating constant capacitance

matrices and position dependent matrices.

Complex Vector Form of the Stator Terminal Equation

Define complex vectors

a = ej 2π
3 (5.6)

and

f
abcs

= 2
3
(fas + afbs + a2fcs). (5.7)

The definition of eq. (5.7) has a particular meaning in the machine analysis. In an electromagnetic

machine, iabcs is a traveling wave which stimulates and persists the mechanical motion. Correspond-

ingly in an electrostatic machine, vabcs is the one playing the role. Applying eq. (5.7) on the vector
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form terminal eq. (5.4),

iabcs = 2
3
(ias + aibs + a2ics) = 2

3
(ilk,as + a ilk,bs + a2ilk,cs) + p2

3
(Qas + aQbs + a2Qcs)

= ilk,abcs + pQabcs. (5.8)

Equation (5.8) implies that iabcs and Q
abcs

are also traveling waves since the above differential

equation is linear and the source vabcs (from eq. (5.3) [ilk,k1] = [Gk1k2] ⋅ [vk2] where k1 ∈ {as, bs, cs}
and k2 ∈ {as, bs, cs,+f,+d,+q,−f,−d,−q}) is trigonometric. Furthermore, when the source vabcs in

the stationary reference frame is traveling with a constant speed in time and a constant amplitude

in space, vabcs, ilk,abcs, iabcs and Qabcs are all constant observing from the rotor reference frame. The

analysis seems to naturally falls into the rotor reference frame. Multiplying both sides of eq. (5.8)

by the rotating vector e−jθr ,

e−jθr iabcs = e−jθr ilk,abcs + e−jθrpQabcs = e−jθr ilk,abcs + p(e−jθrQabcs) + jωr(e−jθrQabcs), (5.9)

and defining

f r
qds

= f rqs − jf rds = fabcse−jθr , (5.10)

the stator terminal eq. (5.8) turns into

irqds = irlk,qds + pQrqds + jωrQrqds, (5.11)

where ωr = pθr. The third term in eq. (5.11) is unexpected but reasonable because the second

term picks up whatever the dynamics happening in the rotor reference frame and the third term

captures the remaining dynamics which is relatively stationary to the rotor reference frame due to

the transformation.

To turn κabcs in eq. (5.5) into κabcs and then κrqds, each trigonometrical function in eq. (5.5) is

decomposed into a sum of two complex vectors using a defined in eq. (5.6),

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

κas

κbs

κcs

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ass0 −Asm0 −Asm0

−Asm0 Ass0 −Asm0

−Asm0 −Asm0 Ass0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vas

vbs

vcs

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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− Ass2
2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ej2θr 0 0

0 aej2θr 0

0 0 a2ej2θr

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

e−j2θr 0 0

0 a2e−j2θr 0

0 0 ae−j2θr

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vas

vbs

vcs

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
− Asm2

2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 a2ej2θr aej2θr

a2ej2θr 0 ej2θr

aej2θr ej2θr 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 ae−j2θr a2e−j2θr
ae−j2θr 0 e−j2θr
a2e−j2θr e−j2θr 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vas

vbs

vcs

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
− Asfm1

2j

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ejθr

a2ejθr

aejθr

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

e−jθr
ae−jθr
a2e−jθr

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
⋅ vfr

− Asdm1
2j

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ejθr

a2ejθr

aejθr

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

e−jθr
ae−jθr
a2e−jθr

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
⋅ vdr

− Asqm1
2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ejθr

a2ejθr

aejθr

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

e−jθr
ae−jθr
a2e−jθr

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
⋅ vqr

−
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Asfm0 Asfm0 Asdm0 Asdm0 Asqm0 Asqm0

Asfm0 Asfm0 Asdm0 Asdm0 Asqm0 Asqm0

Asfm0 Asfm0 Asdm0 Asdm0 Asqm0 Asqm0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v+f
v−f
v+d
v−d
v+q
v−q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5.12)

Multiplying the second row of eq. (5.12) by a and the third row by a2 and adding the result to the

first row, the following complex vector is obtained:

κas + aκbs + a2κcs = (Ass0 +Asm0)(vas + avbs + a2vcs) − (Ass2
2

+Asm2)ej2θr(vas + a2vbs + avcs)
− 3Asfm1

2j
ejθrvfr − 3Asdm1

2j
ejθrvdr − 3Asqm1

2
ejθrvqr. (5.13)

Last line in eq. (5.12) vanishes in the resultant eq. (5.13) due to the identity 1+a+a2 = 0. Applying
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the definition of eq. (5.7) on eq. (5.13),

κabcs = (Ass0 +Asm0)vabcs − (Ass2
2

+Asm2)ej2θrv∗abcs
+ jAsfm1e

jθrvfr + jAsdm1e
jθrvdr −Asqm1e

jθrvqr. (5.14)

Rotating the complex vector clockwise by θr degree (eq. (5.10)),

κrqds = e−jθrκabcs = (Ass0 +Asm0)vrqds − (Ass2
2

+Asm2)(vrqds)∗
+ jAsfm1vfr + jAsdm1vdr −Asqm1vqr. (5.15)

Complex Vector Form of the Rotor Terminal Equation

Since the positive and negative rotor electrodes are just π radians out of phase, rotor terminal

equations in eqs. (5.1) and (5.2) can be slimmed down to

rotor

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ifr = ilk,fr + pQfr
idr = ilk,dr + pQdr
iqr = ilk,qr + pQqr

,

where κfr = κ+f −κ−f , κdr = κ+d −κ−d, κqr = κ+q −κ−q and again κ may represent Q for charge or ilk

for leakage current. Substituting eq. (5.3) and previously defined capacitance/conductance profiles

into the new condensed rotor variable κ’s,

κfr = κ+f − κ−f = + (A+fas −A−fas)vas + (A+fbs −A−fbs)vbs + (A+fcs −A−fcs)vcs
+ (A+f+d −A−f+d)v+d + (A+f−d −A−f−d)v−d + (A+f+q −A−f+q)v+q
+ (A+f−q −A−f−q)v−q + (A+f−fv−f −A−f+fv+f) + (A+fv+f −A−fv−f)

= − 2Asfm1 (sin(θr)vas + sin(θr − 2π
3

)vbs + sin(θr + 2π
3

)vcs)
− (Afdm+0 −Afdm−0)vdr − (Afqm+0 −Afqm−0)vqr
+ (Afm0 +Afs0)vfr −Afs3 sin(3θr)(v+f + v−f),

κdr = κ+d − κ−d = + (A+das −A−das)vas + (A+dbs −A−dbs)vbs + (A+dcs −A−dcs)vcs
+ (A+d+f −A−d+f)v+f + (A+d−f −A−d−f)v−f + (A+d+q −A−d+q)v+q
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+ (A+d−q −A−d−q)v−q + (A+d−dv−d −A−d+dv+d) + (A+dv+d −A−dv−d)
= − 2Asdm1 (sin(θr)vas + sin(θr − 2π

3
)vbs + sin(θr + 2π

3
)vcs)

− (Afdm+0 −Afdm−0)vfr − (Adqm+0 −Adqm−0)vqr
+ (Adm0 +Ads0)vdr −Ads3 sin(3θr)(v+d + v−d),

κqr = κ+q − κ−q = + (A+qas −A−qas)vas + (A+qbs −A−qbs)vbs + (A+qcs −A−qcs)vcs
+ (A+q+f −A−q+f)v+f + (A+q−f −A−q−f)v−f + (A+q+d −A−q+d)v+d
+ (A+q−d −A−q−d)v−d + (A+q−qv−q −A−q+qv+q) + (A+qv+q −A−qv−q)

= − 2Asqm1 (cos(θr)vas + cos(θr − 2π
3

)vbs + cos(θr + 2π
3

)vcs)
− (Afqm+0 −Afqm−0)vfr − (Adqm+0 −Adqm−0)vdr
+ (Aqm0 +Aqs0)vqr +Aqs3 sin(3θr)(v+q + v−q).

If the negative and positive damping terminals are designed to be the same except the phase

difference, which is generally true in an electrostatic induction machine, then Afqm+0 = Afqm−0 and

Adqm+0 = Adqm−0. Applying the same decomposition process done for the stator charge/leakage

current vector eq. (5.12), the above three charge/leakage current equations turn into

κfr = −2Asfm1 (sin(θr)vas + sin(θr − 2π
3

)vbs + sin(θr + 2π
3

)vcs)
− (Afdm+0 −Afdm−0)vdr − (Afqm+0 −Afqm−0)vqr + (Afm0 +Afs0)vfr −Afs3 sin(3θr)(v+f + v−f)

= −2Asfm1
2j

((ejθr − e−jθr)vas + (a2ejθr − ae−jθr)vbs + (aejθr − a2e−jθr)vcs)
− (Afdm+0 −Afdm−0)vdr + (Afm0 +Afs0)vfr

= −3Asfm1
2j

((vrqds)∗ − vrqds) − (Afdm+0 −Afdm−0)vdr + (Afm0 +Afs0)vfr,

κdr = −2Asdm1 (sin(θr)vas + sin(θr − 2π
3

)vbs + sin(θr + 2π
3

)vcs)
− (Afdm+0 −Afdm−0)vfr − (Adqm+0 −Adqm−0)vqr + (Adm0 +Ads0)vdr −Ads3 sin(3θr)(v+d + v−d)

= −2Asdm1
2j

((ejθr − e−jθr)vas + (a2ejθr − ae−jθr)vbs + (aejθr − a2e−jθr)vcs)
− (Afdm+0 −Afdm−0)vfr + (Adm0 +Ads0)vdr
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= −3Asdm1
2j

((vrqds)∗ − vrqds) − (Afdm+0 −Afdm−0)vfr + (Adm0 +Ads0)vdr,

κqr = −2Asqm1 (cos(θr)vas + cos(θr − 2π
3

)vbs + cos(θr + 2π
3

)vcs)
− (Afqm+0 −Afqm−0)vfr − (Adqm+0 −Adqm−0)vdr + (Aqm0 +Aqs0)vqr −Aqs3 cos(3θr)(v+q + v−q)

= −2Asqm1
2

((ejθr + e−jθr)vas + (a2ejθr + ae−jθr)vbs + (aejθr + a2e−jθr)vcs)
+ (Aqm0 +Aqs0)vqr

= −3Asqm1
2

((vrqds)∗ + vrqds) + (Aqm0 +Aqs0)vqr.
The third harmonic terms are discarded in the above for the following reasons:

• these terms will not contribute any steady state torque due to orthogonality relations between

harmonics;

• furthermore, total torque production is optimized when voltage on the positive and the

negative electrodes are equally opposite maintained, i.e. v+∗ = −v−∗;
• Cfs3, Cds3 and Cqs3 are small comparing to the main torque contributing capacitance even if

there is any transient torque could be leveraged.

Dynamic Equations

By breaking the vector form into d- and q-axis components, the intermediate dynamic equations for

the electrostatic synchronous machine now become

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

irqs = irlk,qs + pQrqs + ωrQrds
irds = irlk,ds + pQrds − ωrQrqs
ifr = ilk,fr + pQfr
idr = ilk,dr + pQdr
iqr = ilk,qr + pQqr

,
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where
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

κrqs = (Ass0 +Asm0 − Ass22
−Asm2)vrqs −Asqm1vqr

κrds = (Ass0 +Asm0 + Ass22
+Asm2)vrds −Asdm1vdr −Asfm1vfr

κfr = −3Asfm1v
r
ds − (Afdm+0 −Afdm−0)vdr + (Afm0 +Afs0)vfr

κdr = −3Asdm1v
r
ds − (Afdm+0 −Afdm−0)vfr + (Adm0 +Ads0)vdr

κqr = −3Asqm1v
r
qs + (Aqm0 +Aqs0)vqr

,

and again A may represent C for capacitance or G for conductance and correspondingly κ may

represent Q for charge or ilk for leakage current.

Further Simplification of Dynamic Equations

Even though the intermediate dynamic equations look quite close to the ones of the electromagnetic

synchronous machine, the capacitance/conductance coefficients are cumbersome and may be more

elegantly stated. To obtain a more compact and inviting form factor, capacitance/conductance and

fractions are condensed together into the following definitions.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Amqs = Asqm1

Amds = Asdm1

Amfs = Asfm1

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Aqs = Ass0 +Asm0 − Ass22
−Asm2

Ads = Ass0 +Asm0 + Ass22
+Asm2

Alqs = Aqs −Amqs
Alds = Ads −Amds −Amfs

(5.16)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Afr = 1
3
(Afm0 +Afs0)

Adr = 1
3
(Adm0 +Ads0)

Aqr = 1
3
(Aqm0 +Aqs0)

Amfd = 1
3
(Afdm+0 −Afdm−0)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Alfr = Afr −Amfd −Amfs
Aldr = Adr −Amfd −Amds
Alqr = Aqr −Amqs

, (5.17)

and current variables

i′fr = 1
3
ifr, i′dr = 1

3
idr, i′qr = 1

3
iqr,

i′lk,fr = 1
3
ilk,fr, i′lk,dr = 1

3
ilk,dr, i′lk,qr = 1

3
ilk,qr,
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and charge variables

Q′
fr = 1

3
Qfr, Q′

dr = 1
3
Qdr, Q′

qr = 1
3
Qqr,

In the course notes of ECE 711, primes mean stator winding turns referred and the fraction being

absorbed. Although there is no direct turns ratio in an electrostatic machine, the convention of

using primes remains as a general notation for condensed quantities. Finally, substituting the above

defined parameters and variables into the intermediate results, the terminal equations are finally

simplified as

stator referred

dynamic equations in

the rotor reference frame

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

irqs = irlk,qs + pQrqs + ωrQrds
irds = irlk,ds + pQrds − ωrQrqs
i′fr = i′lk,fr + pQ′

fr

i′dr = i′lk,dr + pQ′
dr

i′qr = i′lk,qr + pQ′
qr

, (5.18)

where

stator referred charge or

leakage current equations in

the rotor reference frame

A← C, κ← Q or A← G, κ← ilk

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

κrqs = Alqsvrqs +Amqs(vrqs − vqr)
κrds = Aldsvrds +Amds(vrds − vdr) +Amfs(vrds − vfr)
κ′fr = Alfrvfr +Amfs(vfr − vrds) +Amfd(vfr − vdr)
κ′dr = Aldrvdr +Amds(vdr − vrds) +Amfd(vdr − vfr)
κ′qr = Alqrvqr +Amqs(vqr − vrqs)

. (5.19)

Equivalent Circuit

According to the terminal equations and charge equations, the dq-axis equivalent circuit can be

drawn as Figure 5.3. Conductance G∗ is represented by resistance r∗ and unsurprisingly each

capacitor is parallel paired with a resistor, which is consistent with the three phase model as in

eq. (5.3). When there is no damping terminals, the corresponding equivalent circuit is simplified to

Figure 5.4. Comparing these to the equivalent circuit of the electromagnetic synchronous machine,

beautiful dualities are established. Namely, the parallel and series connection, the voltage source and

current source are interchanged respectively. Referring to Figure 5.5, even the d-axis “Y” circuit in

the electromagnetic synchronous machine (reduce to the “π” circuit if no damping windings present)
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becomes a d-axis “∆” circuit in the electrostatic synchronous machine. This is not unexpected since

the electrostatic field is a potential referenced field. In the electromagnetic synchronous machine,

Lm is the shunt where the stator and the rotor current meet and merge, meaning the total sum

of the stator and rotor current contribute to the magnetizing flux. However, in an electrostatic

synchronous machine, Cmds, Cmqs and Cmfs are the components where the stator and rotor voltage

meet and “fight,” meaning the total difference of the stator and rotor voltage contribute to the

“electrifying” flux. This can also be observed from the minus sign before vrds, vdr and vfr in eq. (5.19).

Power & Torque

Using a similar procedure as for the electromagnetic machine, it is not difficult to show that the

power input and the torque output equations for the electrostatic synchronous machine are:

Pe = 3
2
(vrdsirds + vrqsirqs) + 3vfri′fr, (5.20)

Te = 3P
2

I{Q∗
qds
vqds} = 3P

2
(Qrdsvrqs −Qrqsvrds) , (5.21)

where P is the pole number. With the charge defined in eq. (5.19), the torque eq. (5.21) can be

expanded as

Te = 3P
2

[(Cds −Cqs)vrqsvrds´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
elastance torque

−Cmfsvrqsvfr´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
field torque

−Cmdsvrqsvdr +Cmqsvrdsvqr´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
induction torque

]. (5.22)

Substituting the capacitance definitions back into eq. (5.22), the three torque components become

Tels = 3P
2

(Css2 + 2Csm2)vrqsvrds, Tfld = −3P
2
Csfm1v

r
qsvfr, Tind = 3P

2
(Csqm1v

r
dsvqr −Csdm1v

r
qsvdr).

These equations provide great insight to the machine designer since they reveal which capacitance

is important for a particular type of machines. Specifically, for the salient synchronous machine

(without damping terminals) presented in Chapter 6, Css2, Csm2 and Csfm1 determine the total

torque production:

Te = 3P
2

[(Css2 + 2Csm2)vrqsvrds −Csfm1v
r
qsvfr]. (5.23)
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5.3 dq-Axis Modeling of Electrostatic Induction Machine

The dq-axis model of the electrostatic induction machine can be deduced from the previously

derived one for the synchronous machine, which intentionally has the induction effect included. The

reduction starts with two facts/assumptions: (1) field excitation is dismissed to allow damping

terminals to come on stage for the net torque production; (2) no saliency is exhibited on the rotor,

i.e. the dielectric on the rotor surface (see Figure 5.1b) is evenly coated without any discontinuities

or irregular dents and cavities. The first one eliminates the dynamics from the field terminals and

the second one results in the following simplification in notation because d- and q-axis are not

distinguishable other than analysis necessity:

As = Aqs = Ads, Ar = Aqr = Adr, Am = Amqs = Amds,
Als = As −Am, Alr = Ar −Am.

The stator referred dynamic equations in the rotor reference frame for the electrostatic induction

machine is then put together as

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
irqds = irlk,qds + pQrqds + jωrQrqds
irqdr = irlk,qdr + pQrqdr

,

where

A← C, κ← Q or A← G, κ← ilk, and

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
κrqds = Asvrqds −Amvrqdr
κrqdr = Arvrqdr −Amvrqds .

Notice that the fusion of the d- and q-axis easily frames the above complex vector form due to

the symmetric rotor structure. It is, however, tricky and usually not necessary to do so for the

synchronous machine [106]. Given the fact that the field oriented control (FOC) is typically done

in the synchronous reference frame for the electromagnetic induction machine, another rotation

e−j(θe−θr) is applied to obtain the final form of the dq-axis model of the electrostatic induction

machine: ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ieqds = ielk,qds + (p + jωe)Qeqds
ieqdr = ielk,qdr + [p + j(ωe − ωr)]Qeqdr

, (5.24)
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where

A← C, κ← Q or A← G, κ← ilk, and

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
κeqds = Asveqds −Amveqdr
κeqdr = Arveqdr −Amveqds . (5.25)

Pondering that the superscript and subscript e is nothing but a conceptual notation and by dropping

it, the above model is instantly transformed into the arbitrary reference frame if necessary.

Equivalent Circuit

Just like previously, the dq-axis equivalent circuit can be drawn as Figure 5.6a except that the d-

and q-axis are combined together this time. Again conductance G∗ is represented by resistance

r∗. Figure 5.6b, depicting its electromagnetic counterpart, is also placed side by side for a close

comparison. All the dualities discussed before show up here even more apparently because the

circuit is symmetrical other than the reference frame dependent speed current/voltage (the jωQ,

jωλ terms).

Other than the dualities, an interesting mismatch is that in the electromagnetic machines there

is no corresponding loss component for the magnetizing branch coming from the derivation process.

The reason being, the majorities of the current and the electrostatic field paths are sharing together

for the electrostatic machines, while they are not for the current and the magnetic field paths of

the electromagnetic ones. This indicates that the benchmark of the electrostatic machines may be

easier than the electromagnetic counterparts in terms of backing out circuit components.

Power and Torque

Similarly, the power input and the torque out equations can be deduced from eqs. (5.20)–(5.22),

Pe = 3
2
(vedsieds + veqsieqs) , (5.26)

Te = 3P
2

I{Q∗
qds
vqds} = 3P

2
Cm (vedsveqr − veqsvedr) . (5.27)

Equation (5.27) intuitively shows that the net torque is directly proportional to the pole number P

and the stator-rotor mutual capacitance Cm.
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5.4 Steady State Analysis

Steady state analysis is carried out next for both the synchronous and the induction machines to

find out the characteristic torque profiles. Dualities are further discovered.

Synchronous Machine

For the synchronous machine, steady state current, voltage and charge are DC in the rotor (i.e.

synchronous) reference frame. Therefore, the p terms in the dynamic equations varnish to zero.

There still should be leakage current flowing in/out the dampers, however the corresponding dynamic

equations are discarded here because (1) they contribute zero net torque and (2) the machine

presented in the next Chapter is not equipped with dampers. All of these lead to the following

steady state equations

stator referred

steady state equation in

the rotor reference frame

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Iqs = Vqs
rqs

+ Vds
Xds

− Vfr

Xmfs

Ids = Vds
rds

− Vfr

rmfs
− Vqs

Xqs

Ifr = Vfr
rfr

− Vds
rmfs

, (5.28)

where X∗ = 1/(ωrC∗), the superscript r’s and primes are dropped and lower case dynamic variables

are changed to upper case steady state variables for simplicity and elucidation. The corresponding

vector diagram is plotted in Figure 5.7. For the purpose of keeping the meaning of the torque angle

γ, it is defined as the angle between q-axis and the vector V qds, while it is the angle between q-axis

and the vector Iqds in the electromagnetic synchronous machine. Substituting the relationship

vrds = −Vs sin γ, vrqs = Vs cosγ,

into eq. (5.23), the torque equation in the steady state becomes

Te = −3P
2

[(Css2 + 2Csm2)V 2
s sin γ cosγ +Csfm1VsVfr cosγ], (5.29)

where Vs is the amplitude of the stator voltage vector. The meaning of the torque angle γ is self

explained. The two torque components in eq. (5.29) are plotted as functions of the torque angle γ
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q-axis

d-axis

Vds

Vfr

Vqs

V qds

− Vfr

Xmfs

Vds

Xds

Vqs

rqs

− Vqs

Xqs

− Vfr

rmfs

Vds

rds

I qds

γ

Figure 5.7: Steady state complex vector diagram of the salient electrostatic synchronous machine.

The state depicted is in the motoring mode.

γmax(−)

γmax(+)
IIV

IIIII

−π −π/2 ππ/2

−1

0

1

γ

Te

total torque field torque elastance torque

Figure 5.8: Torque components as functions of the torque angle γ in a salient electrostatic synchronous

machine. They are normalized to the total torque when γ = 0.
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in Figure 5.8. By differentiating eq. (5.29) with respect to γ and setting the differential to zero, the

maximum torque angle is solved as

γmax = −arcsin
⎡⎢⎢⎢⎢⎢⎣
Csfm1Vfr ±√

C2
sfm1V

2
fr + 8(Css2 + 2Csm2)2V 2

s

4(Css2 + 2Csm2)Vs
⎤⎥⎥⎥⎥⎥⎦
. (5.30)

The maximum torque is then calculated by substituting eq. (5.30) into eq. (5.29). The two values

showing up in eq. (5.30) correspond to the generating torque (take minus sign) and motoring torque

(take plus sign) respectively.

Another duality emerging in Figure 5.8 is that the generating mode occurs in the first and the

fourth quadrants and the motoring mode occurs in the second and the third quadrants, while they

are switched for the electromagnetic synchronous machine.

In the case of a non-salient synchronous machine (without damping terminals), Ass2 and Asm2

vanish to zero (i.e. Ads = Aqs = As). Assuming rmfs >> rs, an equivalent steady state circuit and the

corresponding vector diagram may be obtained as Figure 5.9 and Figure 5.10. Furthermore, Tfld is

the only torque component. The maximum torque occurs when γ = 0 or π and the corresponding

torque is

Te = ∓3P
2
Csfm1VsVfr. (5.31)

ωrCmVfrrs

I lk,qds

Cs

ICs,qds

+

−
V qds

Iqds Ifr

Cm Clfr rfr

+

−
Vfr

Figure 5.9: Steady state equivalent circuit of the non-salient electrostatic synchronous machine,

where Cm = Csfm1 for simplicity.
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q-axis

d-axis

Vfr

ωrCmVfr

V qds

I lk,qds

ICs,qds

Iqds

γ

Figure 5.10: Steady state complex vector diagram of the non-salient electrostatic synchronous

machine. The state depicted is in the motoring mode.

Induction Machine

For the induction machine, two ways are possible to get the steady state equations, i.e. by dropping

the p terms as before or setting ωe to zero in eq. (5.24). The latter one is more intuitive since it

is essentially transforming the equations back to the stationary reference frame. All the complex

vectors can then be replaced by the steady state phasors with the tilde notation
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Ĩs = ( Ṽs
rs

− Ṽr
rm

) + ( Ṽs−jXs
− Ṽr−jXm

)
Ĩr = ( Ṽr

rr
− Ṽs
rm

) + ( sṼr−jXr
− sṼs−jXm

)
, (5.32)

where s = (ωe − ωr)/ωe is the well known slip and X∗ = 1/(ωeC∗).
Unfortunately, it may be impossible to draw a steady state per phase equivalent circuit as the

traditional induction machine because the existence of the leakage component rm. (Even though it

may be large enough to be ignored, but the story will be more complete to live with it.) That being

said, the steady state torque equation can still be derived and will be shown next. Reorganizing

and factoring out Ṽs and Ṽr, eq. (5.32) turns into⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(Gs + jωeCs) Ṽs − (Gm + jωeCm) Ṽr = Ĩs
(Gm + jsωeCm) Ṽs − (Gr + jsωeCr) Ṽr = 0

,
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where the conductance and the capacitance are recycled for purpose will be seen later. Also notice

that Ĩr is set to zero, which is generally true for the coating type induction machine. The stator

and the rotor voltage can be solved as

Ṽs = Gr + jsωeCr(Gs + jωeCs)(Gr + jsωeCr) − (Gm + jωeCm)(Gm + jsωeCm) Ĩs (5.33)

and

Ṽr = Gm + jsωeCm(Gs + jωeCs)(Gr + jsωeCr) − (Gm + jωeCm)(Gm + jsωeCm) Ĩs. (5.34)

Substituting these back to the torque eq. (5.27),

Te = − 3P
2
CmI{v∗qdrvqds} = −3P

2
CmI{Ṽ ∗

r Ṽs}
= − 3P

2
Cm∣Ĩs∣2 I{[(Gm − jsωeCm)(Gr + jsωeCr)]}∣(Gs + jωeCs)(Gr + jsωeCr) − (Gm + jωeCm)(Gm + jsωeCm)∣2

= − 3P
2
Cm∣Ĩs∣2 sωe(CrGm −CmGr)∣(Gs + jωeCs)(Gr + jsωeCr) − (Gm + jωeCm)(Gm + jsωeCm)∣2 ,

and finally replacing Ĩs with Ṽs,

Te = 3P
2

∣Ṽs∣2 sωeCm(CmGr −CrGm)
G2
r + s2ω2

eC
2
r

. (5.35)

As a function of the slip s, eq. (5.35) has the same form as the traditional induction machine torque

formula except for swapping the current source family with the voltage source family. Therefore,

the shape of the torque-speed curve is identical to the well known one.

Notice that it is equivalent to set Gm = 0 in eq. (5.35), had rm been ignored previously. The

physical significance of rm is now unveiled: the electrostatic induction torque may contradict with

the excitation in direction depending on the selected material properties. Furthermore, comparing

eq. (5.35) to eq. (A.1), an underlying connection between the circuit model and the field model is

revealed. More details can be found in Appendix A.

5.5 Summary

A dq-axis model of the synchronous electrostatic machine with field excitation and dampers is

derived. From the machine design perspective, three coupling capacitance are identified as crucial
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for optimizing the torque production, i.e. the fundamental component of the stator-rotor field

mutual capacitance Csfm1, the second order harmonic of the stator self capacitance Css2 and the

second order harmonic of the stator mutual capacitance Csm2. The first one is directly proportional

to the field torque and the last two are directly proportional to the elastance torque.
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6 separately excited three phase synchronous electrostatic

machine design

The designer of electrical machinery usually endeavours, in his primary calculations, to

follow a rational scheme, based on sound physical assumptions; but in many secondary

matters he is compelled to resort to methods of an empirical or imperfectly reasoned

nature, which in some instances have little relation to facts. In reality he relies on his

experience to bring the performance of the machine sufficiently near to his purpose to be

within the limits of toleration permitted to him.

— Frederick Carter (1926)

6.1 Introduction

As pointed out in [54], a three phase electrostatic synchronous machine with field excitation may be

comparable with PM machines in terms of the volumetric and the specific torque densities. However,

the previous manufacturing approach (3D printing plus metal plating) is not fully applicable to a

three phase electrostatic machine because the nickel plating process, though claimed as selective,

does not allow galvanic insulation between pegs (phases). Furthermore, limited by the state of

the art technology, the plating thickness is not controllable, resulting in unevenly distributed gap

distance.

To circumvent these manufacturing difficulties and uncertainties, a new viable machine structure

based on the mature PCB manufacturing is proposed and its electrical design, including design

consideration and scalability, are elaborated in this chapter.

6.2 Proposed Machine Topology

The machine topology is finalized as a result of design consideration even though it is presented

here first. An axial flux style three phase synchronous electrostatic machine is proposed here using

printed circuit boards (PCB) as the main torque producing components, whose schematic is shown
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Figure 6.1: Electrical schematic layout of the stator (right) and rotor (left) PCB. (a) Axial view with

stator and rotor plates apart from each other (P = 20). The integration element is also displayed

here for calculating the torque next (b) circumferential view to show the relative relation between

the trace radius (N = 3).
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in Figure 6.1. Three sets of traces are consecutively and symmetrically laid out on the stator

and two on the rotor. They are fed with three phase and a bipolar DC voltages respectively. To

maximize the space usage, the clearance between the traces next to each other, determined by the

breakdown strength of the gap medium, are constant as highlighted in the spied area in Figure 6.1a.

Depending on the torque requirement, more plates may be added and cascaded in the axial direction

as in Figure 6.1b. These plates are double sided and two layered except for the end ones (in axial

direction). Notice that the traces are staggered so that no two edges are against each other directly

and therefore the likelihood of breakdown events is reduced.

Now, if walking circumferentially along the plates at a constant radius or axially along the

shaft at a constant angle, one may see a repeating structure like Figure 6.2. In the axial direction,

the thickness of the stator and rotor substrates are tbs and tbr respectively, where subscript “b”

emulates the meaning of “back-iron,” the thickness of the copper traces are tcs and tcr respectively,

where subscript “c” simply stands for “copper,” and the minimum gap distance between the stator

and rotor traces is denoted as g. In the circumferential direction, the duty ratios ds and dr are

defined as the angular span of the traces over the period. Due to the aforementioned constant

clearance between traces, ds and dr relate to the radius r through the following if balanced excitation

conditions are assumed

1 − 3ds
3

⋅ 2πr
P

= √
3Vsp
Emax

,
1 − 2dr

2
⋅ 2πr
P

= 2Vrp
Emax

, (6.1)

where Vsp and Vrp are the peak stator and rotor voltages on the traces and Emax is the maximum

allowable field strength in the fluid and is only a fraction of the breakdown strength. Clearly, the

gap distance has to meet the following condition

g ≥ Vsp + Vrp
Emax

. (6.2)

For the detailed prototype structure, one may jump to Chapter 8.

6.3 Torque Estimation — Asymptotical Approach

Traditionally, the design of either electromagnetic machines or electrostatic machines has been

done by calculating the torque producing inductance or capacitance. However, as will be explained
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θe

z

Stator Substrate (εs, σs)

Rotor Substrate (εr, σr)

Fluid Gap (εg, σg)

2π

tcr

tcs

tbr

2

tbs

2

g

2πds

2πdr

Figure 6.2: 2D schematic view of a separately excited three phase synchronous electrostatic machine

with key dimensions called out.

in Section 7.2, the solution of an electrostatic field governed by the Laplace’s equation is usually

complicated and often analytically unavailable. Chapter 7 gives a general analytical solution to the

PCB based design through capacitances, but it does not guide the design process intuitively from

the torque perspective.

A generic and easy to implement design approach is proposed here to circumvent such difficulty.

The torque is first estimated in this section, then the design procedure and scalability are discussed

in the next two sections.

Ideal Case with Sinusoidal Traveling Wave

It starts with the ideal model assuming the stator and rotor surface are excited with pure sinusoidal

traveling waves Ṽs and Ṽr (peak) as in Figure 6.3a. J. R. Melcher showed that the average shear

stress (i.e., force per unit area) at radius r is simply

σ̄e(r) = − εgP
2

2r2 sinh(Pg/r) ∣Ṽs∣ ∣Ṽr∣ cos(γ) (6.3)

for a gap with thickness of g and permittivity of εg [36, p. 4.4]. The angle γ, known as the torque

angle, is already introduced in Section 5.4. To find the maximum achievable torque, the cosine term

is dropped out by simply setting γ to π . Now referring to Figure 6.1a, the total torque generated in
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v−f

2πdr ωr

(b)

Figure 6.3: Potential wave model based electrostatic machine design. (a) ideal sinusoidal traveling

wave (b) linear approximation (dashed line) of the stator and rotor potential distribution (solid

line).
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N cascaded rotor plates (2N fluid gaps) may be obtained by integrating over the active overlapping

area,

Te,max = 2N ∫ dτz = 2N ∫ rro

rsi
∫ 2π

0
r σ̄e(r) ∣γ=π ⋅ rdθm ⋅ dr (6.4)

where rsi and rro are the inner radius of the stator traces and the outer radius of the rotor traces.

The above integration can be evaluated directly since ∣Ṽs∣ and ∣Ṽr∣ are constant in the ideal case,

Te,max = 2N ⋅ πεgP 2 ⋅ ∣Ṽs∣ ∣Ṽr∣ ⋅ ∫ rro

rsi

1
sinh(Pg/r)dr.

Practical Case with Discrete Traces

In reality Ṽs and Ṽr, achieved by those symmetrically arranged discrete traces, are functions of the

radius for two reasons:

• as mentioned above, a constant clearance (distance, not angle) between the stator or rotor

traces is necessary for optimal space usage;

• the potential over the circumferential span of the traces are constant as the solid line shown in

Figure 6.3b. This is analog to the concentrated winding in the traditional magnetic machines.

However, there is no distributed plates here to at least emulate the sinusoidal electromotive

force (EMF).

Naturally, it leads to evaluating the fundamental component of the stator and rotor potential

distribution. To avoid finding the exact solution of the potential distribution between the traces, a

linear distribution is assumed as the dashed line in Figure 6.3b. It will be shown later that this

approximation is accurate enough for the preliminary design.

The potential distribution is a function of each single variables defined in Figure 6.2. The linear

approximation not only decouples the gap region from the substrate but also separates the stator

and rotor field distribution, therefore the relative angle between them does not affect the final result.

Torque angle γ = 0 is depicted here. From the plot, it is not hard to derive the field distribution in
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piece-wise functions from left to right via ds for the stator field

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

vcs(t) − vbs(t)
2π(1/3 − ds) θe + vcs(t) + 1/3 + ds/2

1/3 − ds [vcs(t) − vbs(t)] θe ∈ [−π,−2π
3
− πds)

vcs(t) θe ∈ [−2π
3
− πds,−2π

3
+ πds)

vas(t) − vcs(t)
2π(1/3 − ds) θe + vas(t) + ds/2

1/3 − ds [vas(t) − vcs(t)] θe ∈ [−2π
3
+ πds,−πds)

vas(t) θe ∈ [−πds, πds)
vbs(t) − vas(t)
2π(1/3 − ds) θe + vbs(t) − 1/3 − ds/2

1/3 − ds [vbs(t) − vas(t)] θe ∈ [πds, 2π
3
− πds)

vbs(t) θe ∈ [2π
3
− πds, 2π

3
+ πds)

vcs(t) − vbs(t)
2π(1/3 − ds) θe + vcs(t) − 2/3 − ds/2

1/3 − ds [vcs(t) − vbs(t)] θe ∈ [2π
3
+ πds, π)

and via dr for the rotor field

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v+f − v−f
2π(1/2 − dr)θe + v+f + 1/4 + dr/2

1/2 − dr [v+f − v−f ] θe ∈ [−π,−π
2
− πdr)

v+f θe ∈ [−π
2
− πdr,−π2 + πdr)

v−f − v+f
2π(1/2 − dr)θe + v−f − 1/4 − dr/2

1/2 − dr [v−f − v+f ] θe ∈ [−π
2
+ πdr, π2 − πdr)

v−f θe ∈ [π
2
− πdr, π2 + πdr)

v+f − v−f
2π(1/2 − dr)θe + v+f − 3/4 − dr/2

1/2 − dr [v+f − v−f ] θe ∈ [π
2
+ πdr, π)

.

By applying Fourier decomposition on these waveforms, the fundamental components of the stator

and rotor excitation are obtained as

∣Ṽs∣ = 9
√

3
2π2 ⋅ cos (πds + π/6)

1 − 3ds
⋅ Vsp, ∣Ṽr∣ = 8

π2 ⋅ cos(πdr)
1 − 2dr

⋅ Vrp. (6.5)

Eventually, substituting eqs. (6.1), (6.3) and (6.5) into eq. (6.4), the maximum torque may be

estimated if Vsp, Vrp,Emax, rsi, rro, P, g and εg are known.

As might be expected, there are two other extreme approximations that may be profitable to the

designers. Referring to Figure 6.4, the first one fills the gap region with zero potential and results

in a lower bound of the torque production TLe,max. The second one keeps up the trace potential to

the gap region and gives an upper bound TUe,max. Following the above procedure, the fundamental
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Figure 6.4: Extreme approximation of the potential distribution. (a) under estimation (b) over

estimation.
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∣ Ṽ s∣
R
ot
or

Fu
nd

.
4 π

sin
(πd

r
)⋅V

r
p

8 π
2
⋅co

s(πd
r
)

1−2
d
r
⋅V rp

4 π
⋅V rp

C
om

po
ne
nt

∣ Ṽ r∣
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components of the stator and rotor traveling wave may also be derived. They are summarized and

documented in Table 6.1 together with the linear approximation.

Observing that the potential falls off the trace edge dramatically and tends to stay in the lowest

energy state, the linear distribution approximation is believed to result in an over estimation of the

fundamental components. It is likely that the linear approximation proposed here is a tighter upper

bound. Correspondingly, it is denoted as T 1
e,max.

Asymptotical Analysis

Rewrite the torque upper bound here

TUe,max = 12
√

3
π

⋅NεgP 2 ⋅ VspVrp ⋅ ∫ rro

rsi

1
sinh(Pg/r)dr,

It would be much more convenient to get rid of the integral. Using the Taylor series expansion of

the hyperbolic sine function sinh(x) = x + x3/3! + x5/5! +⋯, it is not hard to prove that

1
sinh(Pg/r) ∼ r

Pg

as r →∞, where “∼” means asymptotically approaching. Therefore we have

TUe,max ∼ 6
√

3
π

⋅ NεgP
g

⋅ VspVrp ⋅ (r2
ro − r2

si) (6.6)

as rro →∞. This is for the upper bound, what about the lower bound and the linear approximation?

Without loss of generality, lower bound case will be derived as an example. First, rewrite ds and dr

as explicit functions of r from eq. (6.1),

ds = 1
3
− √

3Vsp
Emax

⋅ P
2πr

= 1
3
− √

3
4π

Pg

r
, dr = 1

2
− 2Vrp
Emax

⋅ P
2πr

= 1
2
− 1

2π
Pg

r
, (6.7)

where Emax is replaced by g based on the conclusion from Section 6.4. Since ds ∈ (0,1/3) and

dr ∈ (0,1/2), the following condition has to be met

3
√

3
4π

< r

Pg
< ∞.

Substitute eq. (6.7) into the lower bound torque equation and do a change of variable r′ = r/Pg
TLe,max = 2N ⋅ πεgP 2 ⋅ VspVrp ⋅ ∫ rro

rsi

12
π2 ⋅ sin [π (1

3 − √3
4π

Pg
r )] sin [π (1

2 − 1
2π

Pg
r )]

sinh (Pgr ) dr
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Figure 6.5: Integrand value versus unitless radius. Asymptote is a straight line with a slope of

6
√

3/π2.

= 2N ⋅ πεgP 3g ⋅ VspVrp ⋅ ∫ r′ro

r′si

12
π2 ⋅ sin [π (1

3 − √3
4π

1
r′ )] sin [π (1

2 − 1
2π

1
r′
)]

sinh ( 1
r′
) dr′,

where r′si = rsi/Pg and r′ro = rro/Pg. The other two torque estimations look similar to the above

equation except for the integrand part (see Table 6.1). Figure 6.5 plots all three integrands for

r′ ≥ 3
√

3/4π. Obviously, no matter which method is used, they are all asymptotically the same as

6
√

3r′/π2 as r′ →∞. (They can be proved, but it will not look too much different from the one for

TUe,max.) Therefore,

Te,max ∼ TAe,max = 6
√

3
π

⋅ NεgP
g

⋅ VspVrp ⋅ (r2
ro − r2

si) (6.8)

as rro →∞, where superscript “A” simply means asymptote.

As a side note, when r′ goes higher, the difference between the upper bound and the lower

bound is gradually decreasing, thus the torque estimation method proposed here has very high

accuracy when it comes to big size machines with small fluid gaps. However, mechanically, it is

hard to maintain a small gap with a big diameter plate. Therefore, the proposed method could only

be used for preliminary design.

It is worth mentioning that the torque derived in this section only corresponds to the field torque

in Section 5.4. Unlike the large permeability contrast in the magnetic machines between the back

iron and air, the permittivity contrast is quite small in the proposed machine between FR-4 and
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the fluid, which results in a saliency ratio close to one. Therefore, it is reasonable to leave out the

elastance torque. If correlating eq. (6.8) with eq. (5.31), we would obtain the asymptote for the

maximum of the mutual capacitance as

CAm,max =
√

3
π

⋅ 2Nεg(r2
ro − r2

si)
g

≈ 0.551 2Nεg(r2
ro − r2

si)
g

, (6.9)

which indicates the mutual capacitance is almost determined by the total facing area, gap length

and fluid permittivity and about 55.1% of facing area is effective.

Another aspect in the interest of machine designers is the developed shear stress. It has been

discussed in Chapter 4 from the dielectric standpoint. Here, we will give another look from the

geometric point of view. Equation (6.3) gives the average shear stress at radius r, therefore, the

maximum average shear stress over the whole facing area is

σ̄e,max = 1
rro − rsi ∫

rro

rsi
σe(r)∣γ=π dr = εgP

2

2(rro − rsi) ∫
rro

rsi

∣Ṽs∣ ∣Ṽr∣
r2 sinh(Pg/r)dr.

Going through the same derivation for TAe,max, one would reach the following asymptote for the

maximum average shear stress

σ̄Ae,max = 3
√

3
π2 ⋅ εgPVspVrp

g
⋅ ln(rro/rsi)
rro − rsi . (6.10)

Again, this may be correlated with eq. (4.5). Perhaps a more interesting thing to check is the

“pressure to shear stress ratio.” Before that, we have to derive the pressure equation. According to

J. R. Melcher’s work, the pressure (i.e. normal force per unit area) for the rotor surface at radius r

may be derived as

p̄e,r(r) = εgP 2

4r2 ∣coth(Pg/r)Ṽr − 1
sinh(Pg/r) Ṽs∣

2

= εgP 2

4r2

⎧⎪⎪⎨⎪⎪⎩[coth(Pg/r) ∣Ṽr∣]2 + [ 1
sinh(Pg/r) ∣Ṽs∣]2 + 2 coth(Pg/r)

sinh(Pg/r) ∣Ṽr∣ ∣Ṽs∣ sin(γ)⎫⎪⎪⎬⎪⎪⎭ (6.11)

and for the stator as

p̄e,s(r) = εgP 2

4r2 ∣coth(Pg/r)Ṽs − 1
sinh(Pg/r) Ṽr∣

2

= εgP 2

4r2

⎧⎪⎪⎨⎪⎪⎩[coth(Pg/r) ∣Ṽs∣]2 + [ 1
sinh(Pg/r) ∣Ṽr∣]2 + 2 coth(Pg/r)

sinh(Pg/r) ∣Ṽr∣ ∣Ṽs∣ sin(γ)⎫⎪⎪⎬⎪⎪⎭ . (6.12)
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Table 6.2: Summary of Asymptotes for Torque, Mutual Capacitance, Shear Stress, Pressure to

Shear Ratio and Torque Density.

Asymptote for Derived Equation Proportionality

Te,max
6
√

3
π

⋅ NεgP
g

⋅ VspVrp ⋅ (r2
ro − r2

si) ∝ N,εg, P, Vsp, Vrp, r
2, g−1

Cm,max

√
3
π

⋅ 2Nεg(r2
ro − r2

si)
g

∝ N,εg, r
2, g−1

σ̄e,max
3
√

3
π2 ⋅ εgPVspVrp

g
⋅ ln(rro/rsi)
rro − rsi

∝ εg, P, Vsp, Vrp, g
−1

∝∼ r−1

(pe
σe

)
min

r

Pg
∝ r,P −1, g−1

( Te
Vactive

)
max

6
√

3
π2 ⋅ εgP ⋅ VspVrp

g(tbs + tbr + 2tcs + 2tcr + 2g) ⋅ [1 − ( rsi
rro

)2] ∝ εg, P, Vsp, Vrp, g
−1l−1

g

∝ [1 − (rsi/rro)2]
These indicate that the pressure on the stator or the rotor has a non-zero average content and an

AC content which is a function of the torque angle γ. Obviously, when γ = 0 or π, this machine

arrives at the minimum pressure to shear stress ratio

( p̄e,r
σ̄e

)
min

= 1
2

⎡⎢⎢⎢⎢⎣
cosh2(Pg/r)
sinh(Pg/r) ∣Ṽr∣∣Ṽs∣ +

1
sinh(Pg/r) ∣Ṽs∣∣Ṽr∣

⎤⎥⎥⎥⎥⎦ ≥ coth(Pg/r) ∼ r

Pg
(6.13)

for the rotor side and

( p̄e,s
σ̄e

)
min

= 1
2

⎡⎢⎢⎢⎢⎣
cosh2(Pg/r)
sinh(Pg/r) ∣Ṽs∣∣Ṽr∣ +

1
sinh(Pg/r) ∣Ṽr∣∣Ṽs∣

⎤⎥⎥⎥⎥⎦ ≥ coth(Pg/r) ∼ r

Pg
(6.14)

for the stator side. The equal sign in eqs. (6.13) and (6.14) happens when ∣Ṽs∣ = ∣Ṽr∣ cosh(Pg/r) and

∣Ṽr∣ = ∣Ṽs∣ cosh(Pg/r) respectively. Since they have the same minimum value, we will denote it as

(pe
σe

)A
min

= r

Pg
. (6.15)
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Eventually, for a machine to be competitive, probably the most important factor is the torque

density. Referring to Figures 6.1 and 6.2, the active volume of this machine is

Vactive = πr2
ro ⋅ 2Nlg,

where lg = (tbs + tbr)/2+ tcs + tcr + g is the stacking length for one fluid gap. Therefore the asymptote

for the maximum active torque density is

( Te
Vactive

)A
max

= 6
√

3
π2 ⋅ εgP ⋅ VspVrp

g(tbs + tbr + 2tcs + 2tcr + 2g) ⋅ [1 − ( rsi
rro

)2] . (6.16)

Lastly, Table 6.2 documents the derived asymptote and the corresponding proportionality for

ease of referencing.

6.4 Design Considerations

All of the design variables will be explored in this section based on the derived torque equations.

Power electronics and mechanical design considerations are also incorporated here. Sweep analysis

is also done for most of the design variables on the prototype machine presented in Chapter 8.

Other than the swept parameter, all the others are kept the same as in Table 8.1. Both of the

models presented in this chapter (upper bound, linear approximation and lower bound) and the next

chapter (analytical methods assuming zero thickness and non-zero thickness electrode) are included

for the purpose of demonstrating the capabilities and limitations of each model. The computational

time for each model is documented in the next chapter since it is more relevant there.

Plate Number N and Liquid Permittivity εg

These are quite straightforward, i.e. more plates and higher permittivity liquid could produce more

torque. Figure 6.6 also shows that the torque production of the machine is linearly proportional to

the the dielectric constant of the liquid.
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Figure 6.6: Sweep analysis of the fluid dielectric constant εg/ε0 for parameters in Table 8.1.

Electrode Duty Ratio ds, dr

It seems reasonable to substitute eq. (6.1) into eq. (6.5) to obtain even simpler relations

∣Ṽs∣ = 3r
π
⋅ cos(πds + π6 ) ⋅Emax, ∣Ṽr∣ = 4r

π
⋅ cos(πdr) ⋅Emax,

both of which imply to minimize the duty ratio or trace width to maximize their fundamental

components. However, the peak voltage Vsp and Vrp in this case may be way beyond the capability

of the drive circuitry. Usually, this works in the opposite way, i.e. first determine Vsp and Vrp

based on the power electronics capability especially for such high voltage and then find the optimal

duty ratios according to eq. (6.5). Figure 6.7 plots ∣Ṽs∣ /Vsp and ∣Ṽr∣ /Vrp as functions of ds and dr

respectively. It shows the fundamental components actually increase as the traces become wider

when the peak voltage is fixed. Therefore at a specific radius r, the torque per unit area requires ds

and dr to be as large as possible based on eq. (6.3). This essentially explains eq. (6.1) presented at

the beginning (since eq. (6.1) is not used in the torque derivation, this is not a circular reasoning).

Additionally, the plot also suggests that when ds ≥ 1/6 and dr ≥ 1/4, which is generally true due

to mechanical limitation on the PCB manufacturing, the lower and upper bound could result less

than 42% and 73% relative error respectively. This indicates these bounds could be used as part of

a first pass design tool.

Lastly, it is interesting to see when ds = 0 and dr = 0, the linear approximation still gives non-zero
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∣ Ṽ s∣
/V sp

upper bound
lower bound

linear approx.

(a)

0 1/8 1/4 3/8 1/20.00

0.40

0.80

1.20

1.60

dr

∣ Ṽ r∣
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Figure 6.7: Stator and rotor fundamental components estimation as functions of electrode duty

ratios.

fundamental components. Indeed, zero width electrode is valid and exists in the mathematical realm

even though not true in the physical world, where it should vanish to the lower bound directly.
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Gap Length g and Voltages Vsp, Vrp

Either observing from eq. (6.8), eq. (6.10) or Figure 6.8, one would find that more torque desire less

gap length g. Due to the breakdown limitation, it would take the lowest possible value

g = Vsp + Vrp
Emax

. (6.17)

If viewing this problem from another angle, a natural question to ask is how to divide the

voltage between Vsp and Vrp. With the inequality of arithmetic and geometric means, all the torque

equations in Table 6.1 and eq. (5.29) suggest that Vsp = Vrp to get the maximum torque output.

Interestingly, this is also consistent with eq. (6.11) where extract the tangential field out of the total

electric field as much as possible would require Vsp = Vrp. Even for the power electronics design, one

would like to use the same voltage output level on the stator and rotor to split the design difficulty.

Pole Number P and Active Area [rsi, rro]

There is no doubt that increasing rro would increase the torque. Although eq. (6.10) indicates that

the shear stress will be reduced when rro goes up, the rate of area expanding is faster. It is the inner

radius rsi that needs to be carefully selected simply because it relates to the pole number P . As P

goes higher, rsi also needs to be raised high enough so that the minimum trace width meets the

PCB manufacturing requirement, which is assumed as δ here. The optimal P will be derived next.

0.5 0.6 0.7 0.8 0.9 1.00

5

10

15

20

Gap Length g, mm

To
rq

ue
T

e,
m

ax
,N

-m

Upper Bound Linear Approx. Lower Bound
Analytical 1 Analytical 2 FEA

Figure 6.8: Sweep analysis of the gap length g for parameters in Table 8.1.
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First, the stator board has more non-plated area than the rotor boards due to

3 ⋅ √3Vsp
Emax

> 2 ⋅ 2Vrp
Emax

assuming Vsp = Vrp, therefore the narrowest active trace is on the stator. Second, To meet the PCB

design requirement, we have
2πrsi
3P

− √
3Vsp
Emax

≥ δ.
To maximize the torque production, the equal sign should be taken and substitute eq. (6.7) for

Emax,

rsi = 3P
2π

(δ + √
3Vspg

Vsp + Vrp) = 3P
2π

(δ + √
3

2
g) .

Substituting the above equation into eq. (6.8),

TAe,max = 6
√

3
π

⋅ NεgP
g

⋅ VspVrp ⋅ ⎧⎪⎪⎨⎪⎪⎩r
2
ro − P 2 [ 3

2π
(δ + √

3
2
g)]2⎫⎪⎪⎬⎪⎪⎭ . (6.18)

With N,εg, g, Vsp, Vrp, rro and δ fixed, it is not hard to obtain the optimal P as

Popt = arg max
P

TAe,max = ⌊ 2πrro
3
√

3(δ +√
3g/2)⌋ or ⌈ 2πrro

3
√

3(δ +√
3g/2)⌉ . (6.19)

If δ = 0, i.e. no restriction from the manufacturing side, then

Popt = arg max
P

TAe,max∣δ=0 = ⌊4πrro
9g

⌋ or ⌈4πrro
9g

⌉ . (6.20)

Notice that eq. (6.19) are derived using the torque asymptote and so does eq. (6.20). In reality, ds

and dr are also affected negatively when P goes up, therefore eqs. (6.19) and (6.20) may be viewed as

the upper bound of the optimal P and could be used as a starting point in the optimization routine.

For the sweep analysis in Figure 6.9, it also shows that the maximum torque of the prototype

machine peaks at P ≈ 120 instead of 196 or 197 based on eq. (6.20).

All the Rest tbs, tbr, tcs, tcr, εs, εr

These variables are isolated out in the torque estimation using potential wave model. It is rational

to do so without considering these variables in the first place because torque production simply

desires 1) thinner electrode 2) lower substrate permittivity. The former one is due to less side area
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Figure 6.9: Sweep analysis of the pole number P for parameters in Table 8.1.

coupling with the other side of the gap, which reduces the capacitance at the misalignment position

and thus increases the stator-rotor coupling capacitance. It is also an observation from the previous

work in [54]. The latter one was investigated through a series of FE simulations, the results of

which are shown in Figure 6.10. The left column was conducted with air dielectric and the right

one was with Vertrel XF. The first row, which studied the same rectangular structure fully plated

with metal as in [54], is used as the control group. The rest are treatment group and only plate the

surface of the substrate partially. Specifically, the width of the electrode is the same as that of the

substrate in the second and the third rows, while the fourth and the fifth rows have wider substrates.

Furthermore, The relative permittivity of the substrate were manipulated as 1.0 and 3.0 among the

two rows. Figure 6.11 plotted the corresponding percentage of torque increment/decrement. From

the torque production perspective, the following two observations may be made:

• a higher permittivity ratio between the dielectric liquid and the substrate material is preferred;

• a wider substrate extended beyond the edge of the metal plating is preferred.

These two can be understood if a close attention is paid to the magnified areas in Figure 6.10.

First of all, either elastance, field or induction torque mechanism, which is directly proportional

to the AC component of the coupling capacitance (refer to eq. (5.22)), prefers a large capacitance

variation, i.e. a large difference between the maximum capacitance and the minimum capacitance.
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Figure 6.10: Potential distribution of different cases simulated for investigating the electrostatic

flux barrier. (a) fully plated, εr,g = 1.0; (b) fully plated, εr,g = 7.1; (c) partially plated, εr,g = 1.0,

εr,s = 3.0; (d) partially plated, εr,g = 7.1, εr,s = 3.0; (e) partially plated, εr,g = 1.0, εr,s = 1.0; (f)

partially plated, εr,g = 7.1, εr,s = 1.0; (g) partially plated, wider base, εr,g = 1.0, εr,s = 3.0; (h)

partially plated, wider base, εr,g = 7.1, εr,s = 3.0; (i) partially plated, wider base, εr,g = 1.0, εr,s = 1.0;

(j) partially plated, wider base, εr,g = 7.1, εr,s = 1.0.
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Figure 6.11: Percentage of torque enhancement corresponding to FE simulation of manipulating

the flux barriers in Figure 6.10.

Since the electrostatic induction is well accepted as a near field effect, the maximum capacitance

is substantially determined by the facing area and the distance of the electrodes and is vaguely

influenced by the back substrate material. However, the minimum capacitance, though being small in

magnitude, can be considerably regulated by the facing dielectric material in the misaligned position.

The key is to increase the equivalent elastance, which is similar to manipulating the reluctance in an

electromagnetic machine. Based on the elastance equation Ee = d/ε0εrwh introduced in Chapter 3,

two approaches are possible: (1) increasing the flux path length; (2) lowering the permittivity of

the material in the flux path. Turning the substrates being fully plated into partially plated is a

direct application of (1), where the flux has to go further penetrating through the substrate instead

of terminating on the side of the substrate. (2) is realized by making the substrate wider, which

takes places where originally are occupied by the dielectric liquid. The PCB design proposed here is

an extreme application of (2), which is also consistent with (1).

As for the thickness of the substrate tbs and tbr, it is almost independent of the torque production

since the trace layout at the two sides of the PCB boards are symmetrical. It is more relevant to

the mechanical integrity, which will be discussed later.
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6.5 Scalability

Scalability is an indicator of whether the candidate machine keeps up its performance or not when

the size changes. Based on the previous asymptotical analysis result eq. (6.16), we know that the

electrostatic machine in the proposed form factor can maintain its torque density simply by scaling

up the voltage and dimensions at the same rate and using the same pole number and dielectric liquid.

Actually, when all the dimensions in Figure 6.2 are augmented with the same ratio, the capacitance

coupling per fluid gap per unit depth will not change (this concept is illustrated in [54] and also see

Appendix B.). Therefore the torque scales up cubicly because of the increased applied voltage and

radius. We have to be careful here though. The above analysis is based on the assumption that the

thickness of the plates are mechanically sufficient to shoulder the pressure and it is scalable, which

will be discussed below.

Mechanical Scalability

Of course the plates are double sided and the pressure are balanced out in a perfect world. In order

to see how the machine is constrained mechanically, we will assume the worst scenario, i.e. only one

side of the plate is experiencing the load. The pressure eqs. (6.11) and (6.12) are re-organized using

the unitless radius r′ = r/Pg as

p̄e,r(r) ≤ εgP 2

4r2 [coth(Pg/r) ∣Ṽr∣ + 1
sinh(Pg/r) ∣Ṽs∣]2

since sin(γ) ≤ 1

< εgP 2

4r2 [coth(Pg/r) 4
π
Vrp + 1

sinh(Pg/r) 3
√

3
2π

Vsp]2

use upper bound for Vsp, Vrp

= εgV 2
sp

4g2 { 1
r′ [ 4

π
coth(1/r′) + 3

√
3

2π
1

sinh(1/r′)]}
2

r′ = r

Pg
and Vsp = Vrp

for the rotor and similarly

p̄e,s(r) < εgV 2
sp

4g2 { 1
r′ [3

√
3

2π
coth(1/r′) + 4

π

1
sinh(1/r′)]}

2

for the stator. The brace parts (including the square) are only functions of r′ and are unitless. They

are plotted in Figure 6.12. Of course the pressure at lower r′ is not as high as shown in the plot

since dr and ds in this case would be very small and so do ∣Ṽr∣ and ∣Ṽs∣. The key point here is the
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Figure 6.12: Brace part of the pressure versus unitless radius r′.

pressure will not go higher as the radius goes up, at most staying up to a constant. Therefore, the

worst situation of the mechanical constraint would be the entire rotor or stator plate is getting an

uniformly distributed pressure, which is documented in [107] and also shown in Figure 6.13. The

maximum deflection of the plate under the given pressure p is

(∆z)max = α p ⋅ r4
o

E ⋅ t3b ,
where α is a variable coefficient depending on the ratio of ro/ri, E is the Young’s modulus of

elasticity, ro is the outer radius of the plate and tb is the thickness of the plate. This deflection

would decrease the effective gap length and thus increase the possibility of breakdown events, which

is one of the reasons why Emax is set at a small fraction of the dielectric strength of the liquid.

Since the redundancy is already built in, as long as the ratio of the maximum deflection to the

designed gap length (∆z)max
g

= α p ⋅ r4
o

E ⋅ t3g (6.21)

is kept within an acceptable limit, the machine is in its comfortable work region. From the standpoint

of the scalability, eq. (6.21) implies that, when ro, t and g scale up synchronously, the ratio will stay

bounded if the pressure p is kept the same or less. The pressure equations above tell us exactly that

it meets the requirement if Vsp/g is kept constant, which is consistent with the torque scalability

analysis. Therefore, the proposed machine is as good as traditional magnetic machines in terms of
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Figure 6.13: Annular plate with a uniformly distributed pressure p over the entire plate [107] (a)

rotor plate: outer edge free, inner edge fixed (b) stator plate: outer edge fixed, inner edge free.

the torque scaling, i.e. they are both proportional to the active volume.

Another way to increase the torque is to add more plates, i.e. increase N , when the dielectric

liquid εg and Emax, peak voltages Vsp and Vrp are constrained. Based on the prototype machine

presented in Chapter 8, the number of plates in one stack may be limited mechanically, however we

may build more than one stack on the same shaft to accommodate the increasing N .

Electrical Scalability

The active part of this machine itself is not very much constrained from the electrical point of view.

Since the pole number is high, the current on each trace sector is actually very small, which is much

lower than the capability of the trace width. It is the bus trace that has to be carefully designed to

carry the total current. Ignoring stray losses, we have the following power conservation equation

3Vs,rmsIs,rms cos θ = Te ⋅ ωrm + 3V 2
s,rms

rs
, (6.22)

where cos θ is the input power factor and the rest variables are self clear. The current Is,rms is the

one actually flowing in the bus trace. As mentioned at the beginning of this section, the capacitance

will increase linearly as the diameter and the thickness per fluid gap scale up the same ratio. Because

of the duality between the electrostatic field and the static current field, the same applies to the

conductance 1/rs. Therefore, for the same operating speed and torque angle, the equivalent circuit

model show in Figure 5.9 is unchanged and so does the power factor. In addition, both terms

in the right hand side of eq. (6.22) scale up cubicly. Consequently, the stator current scales up

quadratically for the same speed, which may also be confirmed from Figure 5.9. On the other hand,
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Table 6.3: Trend of Machine Parameters when both the radius and thickness of the

machine scale up a factor of k. Speed is kept constant.

Parameters Proportionality
Constant Emax,N, εg

Ref. Equation
and ωrm, Scale Up Trend

Capacitance C ∝ N ⋅ εg ⋅ r2 ⋅ g−1 k eq. (6.9)

Conductance G∝ N ⋅ σg ⋅ r2 ⋅ g−1 k eq. (6.9)

Voltage V ∝ Emax ⋅ g k eq. (6.17)

Torque T ∝ N ⋅ εg ⋅ V 2 ⋅ r2 ⋅ g−1 k3 eq. (6.8)

Current I ∝ V ⋅Z−1 k2 eq. (6.22)

Power V I k3 eq. (6.22)

since both the thickness and the width of the trace scale up, the area of the cross section of the

current path is also quadratically increasing. In the end, the current density is kept the same, which

indicates that no special trace routing or extra cooling is needed when the machine scales up.

Similar analysis could be carried out for the rotor side. Therein the current is leakage and

the torque and speed are out of the loop, the conclusion is the same as the stator side. Table 6.3

summarizes the scaling law discussed above.

Chemical Scalability

Lastly, what really makes this machine attractive is the torque density is directly proportional to

the permittivity of the dielectric liquid. Although the performance of state of the art dielectric

liquid only matches air cooled PM machines as will be shown in Chapter 8, there has never had any

demand for such high permittivity and high breakdown strength in the market. The research on

developing these special liquids is promising.
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6.6 Summary

A torque estimation model for the three phase electrostatic synchronous machine based on the

traveling wave analysis is presented. The upper and lower bound of the torque production are

also derived and they are asymptotically the same, which further verify the effectiveness of the

proposed model. Then the design considerations are investigated for the key design parameters and

the scalability of the machine is discussed in terms of mechanical strength, voltage, current, torque

and power. It turns out that the torque density of the proposed machine has the same scaling law

as the traditional magnetic machine, which enlightens that it may extends its advantages to large

size applications.
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7 analytically determined field solution for electrostatic

machines

Simple can be harder than complex: You have to work hard to get your thinking clean to

make it simple. But it’s worth it in the end because once you get there, you can move

mountains.

— Steve Jobs (1998)

7.1 Introduction

The optimization of the electrical performance of electric machines requires solving the governing

field. Historically, researchers have been pursuing analytical solutions for two reasons

• the design becomes much easier with an analytical expression. However, most of the time the

exact expression does not exist;

• the design duration may be cut down significantly comparing to a numerical approach. Usually,

the solution is a trade off between accuracy and time.

The first part has been achieved indirectly by the asymptotical design approach presented in

Chapter 6. This chapter tries to deal with the second part. The solution shown here is not in a

close form, but it is determined analytically. Its performance is benchmarked against FEA.

7.2 State of the Art Review

Solving electrostatic field analytically is not as easy as solving magnetostatic field. It could be

boiled down to

• magnetostatic field is determined by the current, which is usually confined within wires.

Biot-Savart law may be used to calculate the field distribution when the current is given;

• electrostatic field is determined by the voltage. However, there is no physical law so far to

calculate the field distribution based on the given voltage;
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• what about charge? Coulomb’s law does work in this case, however the charge distribution is

still unknown until we solve it.

Even so, numerous brilliant methods have been proposed in the literature, although most of them

are not generic or systematic and usually only apply to their own special structures/cases. They

are reviewed and categorized next based on the fundamental concepts.

Conformal Mapping

Conformal mapping is the most popular technique when it comes to solving electrostatic field, due

to its ability of transforming complex geometries into regular ones. However, when the structure

has more than a few vertices, a non-close form Schwarz-Christoffel mapping needs to be carried out.

The process is documented in [108] for a magnetic machine and the author also tried to use it to

solve the field in a single phase electrostatic machine. Typically, electric machines tend to have

small gap length, which results in a large aspect ratio (periodic length over gap length). The direct

implementation of the Schwarz-Christoffel mapping on a small aspect ratio structure is numerically

unstable. T. A. Driscoll proposed to triangulate such structure into small pieces so that each single

of them has an accepted aspect ratio [109–111]. However this approach is discarded in the three

phase machine case due to the following three reasons:

• For the three phase machine proposed here in this work, it contains five electrodes, the

mapping of which could be cumbersome. In addition, after the conformal mapping process,

one still needs to solve the field distribution in the transformed coordinates. Several typical

situations with three electrodes are considered in [112], but it is not a generic solution or at

least not be able to be carried over to our case.

• Boundary conditions, including periodic and symmetric, are not well taken into account in

T. A. Driscoll’s algorithm. The former one is indirectly solved in [108] by having few more

repeating structures in the computation loop, which however would increase the time cost,

and the latter one has not been considered yet.
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• Conformal mapping usually works for one uniform material. When it comes to multiple

materials, the common approach for the two electrode case is to average out the permittivity

in the capacitance calculation [113] or empirically approximate the material boundary [114],

both of which are not intuitive and accurate.

For more technical details on this approach, one may refer to R. Schinzinger’s book Conformal

Mapping: Methods and Applications [115] and T. A. Driscoll’s book Schwarz-Christoffel Mapping

[116].

Separation of Variables

Separation of variables is a commonly used method in the magnetostatic field calculation. Therein

the magnetic structure with non-zero thickness in the gap direction could be treated mathematically

as a zero thickness one [117]. However it does not apply to the electrostatic field if one tries to

match the excitation boundary and the slot region at the same time. X. Ma proposed a branch and

cut type of strategy called rectangular boundary division method to circumvent the difficulties of

matching boundaries [118]. The implementation, which is well documented in [119], requires solving

the boundary conditions using variational method. It is therefore essentially like a FE approach

although it starts with close form expressions.

D. Homentcovschi reconsidered the boundary conditions [120]. Instead of unilaterally matching

the potential distribution, he also developed the boundary conditions for the charge distribution.

Solving both of them together turns out to be a known mathematical problem. He then extended

his work to non-periodic structures in [121] for microstrip transmission lines, which may be of

interest to the design of linear type of electrostatic machines in the future.

Given the fact that D. Homentcovschi’s method is relatively generic and numerically robust

comparing to the other methods, we will use it to solve for the three phase machine proposed in

Chapter 6 with constraints specifically imposed by electrostatic machines. It is also the first time

applied to any kind of electrical machines.

Since D. Homentcovschi’s method only applies to zero thickness electrodes, Section 7.3 will first

derive the solution for the same zero thickness assumption, then Section 7.4 will derive the solution
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for the non-zero thickness situation by approximating the physical electrode with multiple zero

thickness electrodes.

7.3 Field Solution for Zero Thickness Electrodes

Conformal Mapping

By assuming the electrode thickness is zero, the model depicted in Figure 6.2 may be simplified as

Figure 7.1a and it is further conformally mapped into polar coordinate as shown in Figure 7.1b

using the analytical function (in order to be consistent with Chapter 5 after mapping, phase B

and C, rotor positive and negative are swapped respectively in Figure 7.1a. From the capacitance

perspective, it does not make any difference)

ζ = e−j 2π
L
z, (7.1)

where z = x + jy and ζ = rejθ are the rectangular and polar coordinates in the complex plane

respectively. It is straightforward to get the following relations

r1 = exp(−π(g + tbr)
L

) , r2 = exp(−πg
L

) , r3 = exp(πg
L

) , r4 = exp(π(g + tbs)
L

)
and

αs,i = −2π
L
xas,i , βs,i = −2π

L
xbs,i , αr,i = −2π

L
xar,i , βr,i = −2π

L
xbr,i .

Notice that eq. (7.1) maps y = 0 into the unit circle in the polar coordinate system (see Figure 7.1).

However, for this analytical method to work, it is not necessary to do so. See Appendix B for

the justfication. Furthermore, as explained above, the minus sign in eq. (7.1) is selected so that

Figure 7.1b is consistent with Figure 5.1a.

Now that the problem is transformed into the polar coordinate system, conformal mapping

ensures that the capacitance matrix is conformal along the mapping process. Indeed the method

proposed by D. Homentcovschi can be used under the rectangular coordinate (exponential function

to hyperbolic function), however, for the ease of sanity check and most importantly solving eqs. (7.5)–

(7.8) naturally falls into the polar coordinate, it is still conducted in the original form presented

in [120].
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Figure 7.1: Redrawing of Figure 6.2 with zero thickness electrodes in (a) rectangular coordinate (b)

polar coordinate. Dashed lines correspond to y = 0 and r = 1 respectively.
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General Solution

Using the method of separation of variables, the general solution of the 2D Laplace’s equation in

the polar coordinate is obtained as

φ(r, θ) = τ ln(r) + λ + ∞∑
n=1 [An cos(nθ) +Bn sin(nθ)] ⋅ (Cnrn +Dnr

−n) ,

where τ, λ,An,Bn,Cn,Dn are constants to be determined. The Fourier series automatically ensures

the periodic condition at x = ±L/2 in the x − y coordinate, which is also another natural reason to

use the r − θ coordinate. What is left to be determined are these coefficients to satisfy the boundary

conditions at r = r1, r2, r3, r4.

The nice thing about the method of separation of variables is that different solutions, each

of which satisfies a small set of the boundary conditions that are complement together, can be

superimposed together. Here, the field solution in the rotor substrate, fluid gap and stator substrate

are denoted as φbr, φg and φbs corresponding to the call-out dimensions respectively. Based on the

Neumann boundary conditions at r = r1 and r4, and the continuous boundary conditions at r = r2

and r3, the intermediate general field solution for each region can be obtained as

φbr(r, θ) = Γbr + ∞∑
n=1S

+
n(r, r1, r2) [A′

br,n cos(nθ) +B′
br,n sin(nθ)] , (7.2)

φbs(r, θ) = Γbs + ∞∑
n=1S

+
n(r, r4, r3) [A′

bs,n cos(nθ) +B′
bs,n sin(nθ)] , (7.3)

and

φg(r, θ) = (Γbs − Γbr)R−
0(r, r2, r3) + Γbr + ∞∑

n=1R
−
n(r, r3, r2) [A′

br,n cos(nθ) +B′
br,n sin(nθ)]

+ ∞∑
n=1R

−
n(r, r2, r3) [A′

bs,n cos(nθ) +B′
bs,n sin(nθ)] (7.4)

where

R−
0(r, ra, rb) = ln ( r

ra
)

ln ( rbra ) , R
±
n(r, ra, rb) = ( r

ra
)n ± ( ra

r
)n

( rbra )n − ( rarb )n , S
±
n(r, ra, rb) = ( r

ra
)n ± ( ra

r
)n

( rbra )n + ( rarb )n .
The prime notation is used in eqs. (7.2)–(7.4) to follow D. Homentcovschi’s convention [120].
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Notice that

R−
0(ra, ra, rb) = 0, R−

n(ra, ra, rb) = 0, S−n(ra, ra, rb) = 0,

R−
0(rb, ra, rb) = 1, R−

n(rb, ra, rb) = 1, S+n(rb, ra, rb) = 1,

and
∂

∂r
R±
n(r, ra, rb) = nr R∓

n(r, ra, rb), ∂

∂r
S±n(r, ra, rb) = nr S∓n(r, ra, rb).

Boundary Conditions

Now the coefficients are narrowed down to Γ’s, An’s and Bn’s, which are up to the voltage level and

location of the electrodes at the interface r2 and r3. The traditional method of separation of variables

usually fails here since it assumes the boundary conditions at r2 and r3 are homogeneous. However,

these electrodes are not at the same potential and most importantly are discretely distributed. This

is where D. Homentcovschi’s method stands out.

Following D. Homentcovschi’s approach, these coefficients should satisfy

Γbr + ∞∑
n=1 [Abr,n cos(nθ) +Bbr,n sin(nθ)] = φbr−g,i − ∞∑

n=1ηbr(n) [Abr,n cos(nθ) +Bbr,n sin(nθ)] ,
for θ ∈ (αr,i, βr,i), i ∈ (1,Nr) (7.5)

− γbr + ∞∑
n=1 [Abr,n sin(nθ) −Bbr,n cos(nθ)] = (ε1 + ε2)−1 ( i∑

l=1 qbr−g,l −
θ

2π
Nr∑
l=1 qbr−g,l)+∞∑

n=1
ε2

ε1 + ε2
⋅ 2rn2 rn3
r2n

3 − r2n
2

[1 + ηbs(n)] [Abs,n sin(nθ) −Bbs,n cos(nθ)] ,
for θ ∈ (βr,i, αr,i+1), i ∈ (1,Nr) (7.6)

Γbs + ∞∑
n=1 [Abs,n cos(nθ) +Bbs,n sin(nθ)] = φbs−g,i − ∞∑

n=1ηbs(n) [Abs,n cos(nθ) +Bbs,n sin(nθ)] ,
for θ ∈ (αs,i, βs,i), i ∈ (1,Ns) (7.7)

− γbs + ∞∑
n=1 [Abs,n sin(nθ) −Bbs,n cos(nθ)] = (ε2 + ε3)−1 ( i∑

l=1 qbs−g,l −
θ

2π
Ns∑
l=1 qbs−g,l)+∞∑

n=1
ε2

ε2 + ε3
⋅ 2rn2 rn3
r2n

3 − r2n
2

[1 + ηbr(n)] [Abr,n sin(nθ) −Bbr,n cos(nθ)] ,
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for θ ∈ (βs,i, αs,i+1), i ∈ (1,Ns) (7.8)

Among these conditions,

• Coefficients An’s and Bn’s relate to the primed ones through

(A′
br,n − jB′

br,n) = (Abr,n − jBbr,n)[1 + ηbr(n)],
and

(A′
bs,n − jB′

bs,n) = (Abs,n − jBbs,n)[1 + ηbs(n)].
• Variables ηbr(n), ηbs(n) are defined as

ηbr(n) = δbr(n)
1 − δbr(n) , δbr(n) = 2ε1

ε1 + ε2
⋅ r2n

1
r2n

1 + r2n
2

+ 2ε2
ε1 + ε2

⋅ r2n
2

r2n
2 − r2n

3
,

and

ηbs(n) = δbs(n)
1 − δbs(n) , δbs(n) = 2ε2

ε2 + ε3
⋅ r2n

2
r2n

2 − r2n
3

+ 2ε3
ε2 + ε3

⋅ r2n
3

r2n
3 + r2n

4
.

• Charge qbr−g,l, qbs−g,l are the total amount on the l-th electrodes at the br-g and bs-g interface

respectively, which relate to Γbr,Γbs through

Nr∑
l=1 qbr−g,l = −

Ns∑
l=1 qbs−g,l = −2πε2 ⋅ Γbr − Γbs

ln(r2/r3) . (7.9)

• Constants γbr, γbs define the starting points of charge counting.

• Voltages φbr−g,i, φbs−g,i are from the i-th rotor and stator electrodes.

• Integers Nr,Ns are the number of the rotor and stator electrodes.

Analytical Solution

D. Homentcovschi indicated that the left hand side of eqs. (7.5) and (7.6) or eqs. (7.7) and (7.8)

may be viewed as the expansion of the following complex variable function on the unit circle

F (ζ) = Γ − jγ + ∞∑
n=1(An − jBn)ζn, ∣ζ ∣ ≤ 1.
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Therefore, eq. (7.5) or eq. (7.7) defines the real part of F (ζ) and eq. (7.6) or eq. (7.8) the imaginary

part. The problem of determining the function F (ζ) based on these real and imaginary parts is

known as the Volterra problem [120,122]. By applying Schwartz’s formula,

F (ζ) = H(ζ)
2π

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
− N∑
i=1 ∫>
aibi

ζ ′ + ζ
ζ ′ − ζ ⋅ fi(θ

′)∣H(ζ ′)∣ ⋅ dζ
′
ζ

+ N∑
i=1 ∫>
biai+1

ζ ′ + ζ
ζ ′ − ζ ⋅ gi(θ

′)∣H(ζ ′)∣ ⋅ dζ
′
ζ

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
− I [Γ − jγ

jH(0)] ⋅H(ζ),
(7.10)

where θ′ is the angle of ζ ′, fi(θ′) and gi(θ′) are defined as the right hand side of eqs. (7.5) and (7.6)

or eqs. (7.7) and (7.8) respectively.

D. Homentcovschi further indicated that the unknown coefficientsAn’s andBn’s and the constants

Γ’s and γ’s are in fact the Maclaurin expansion coefficients of the function F (ζ). Matching the

coefficient of ζn on the two sides of the eq. (7.10), one would obtain an infinite linear system for the

determination of these unknowns [120].

Numerical Implementation

Obviously, one can not solve an infinite linear system with nowadays computers. Thanks to the

quickly decaying property of η’s defined previously as n→∞, the numerical solutions (especially

for the resultant capacitances) converges quickly without considering too many higher harmonics.

In fact, η’s could be used as an index for selecting maximum harmonic order for a trade off between

the accuracy and time.

The implementation detail is almost the same as what D. Homentcovschi documented in [120]

and thus it is omitted here except for few things the author modified or added:

• Γ and γ are added in the x vector. Originally, these two constants may be substituted into

the obtained linear system directly, however it is not obvious and not easy to implement in

the computer program.

• Correspondingly, the Maclaurin expansion of ζ0 is added into the linear system. However, the

coefficients of the real part of this added equation are all zeros, which results in the matrix R

not being full rank. This is where eq. (7.9) comes in to fill the gap.
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• There are two linear systems in our case since it is three layered and has two F (ζ)’s to match.

Notice that qbr−g,l and qbs−g,l are linearly dependent according to eq. (7.9). After adding

eq. (7.9) into the two linear systems, the R matrix of the full system is not full rank. The trick

is to swap one of the linear equation from eq. (7.9) with any equation in the compatibility

conditions to make R invertible.

7.4 Field Solution for Non-Zero Thickness Electrodes

When it comes to non-zero thickness electrodes, D. Homentcovschi’s method collapses at the side

boundaries. However, this may be circumvented via approximating the real electrodes with volume

by two or more zero thickness electrode lines because of

• the electrode thickness is much smaller than its width, which is also in favor of the torque

production as discussed in Chapter 6;

• it is relatively easy to adapt D. Homentcovschi’s method to a multi-layer structure.

Conformal Mapping

With the electrode thickness considered, the model depicted in Figure 6.2 may be conformally

mapped into polar coordinate as shown in Figure 7.2b using the same analytical function as

in eq. (7.1). Notice that the side boundaries are omitted and only two lines are used here for

approximating each of the non-zero thickness electrodes. Figure 7.2a, same as Figure 6.2 except for

the phasing part, is added here for the ease of reading.

It is straightforward to get the following relations

r1 = exp(−π(g + 2tcr + tbr)
L

) , r2 = exp(−π(g + 2tcr)
L

) , r3 = exp(−πg
L

) ,
r4 = exp(πg

L
) , r5 = exp(π(g + 2tcs)

L
) , r6 = exp(π(g + 2tcs + tbs)

L
) .

The angle α’s and β’s are still the same as before.
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Figure 7.2: Redrawing of Figure 6.2 with non-zero thickness electrodes in (a) rectangular coordinate

(b) polar coordinate. Dashed lines correspond to y = 0 and r = 1 respectively.
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General Solution

There are five layers now in the formulated structure. Their field solution are denoted as

φbr, φcr, φg, φcs and φbs corresponding to the call-out dimensions respectively. Based on the Neumann

boundary conditions at r = r1 and r6, and the continuous boundary conditions at r = r2, r3, r4 and

r5, the intermediate general field solution may be obtained as

φbr(r, θ) = Γbr + ∞∑
n=1S

+
n(r, r1, r2) [A′

br,n cos(nθ) +B′
br,n sin(nθ)] , (7.11)

φbs(r, θ) = Γbs + ∞∑
n=1S

+
n(r, r6, r5) [A′

bs,n cos(nθ) +B′
bs,n sin(nθ)] , (7.12)

φcr(r, θ) = (Γbr − Γcr)R−
0(r, r3, r2) + Γcr + ∞∑

n=1R
−
n(r, r3, r2) [A′

br,n cos(nθ) +B′
br,n sin(nθ)]

+ ∞∑
n=1R

−
n(r, r2, r3) [A′

cr,n cos(nθ) +B′
cr,n sin(nθ)] , (7.13)

φcs(r, θ) = (Γbs − Γcs)R−
0(r, r4, r5) + Γcs + ∞∑

n=1R
−
n(r, r5, r4) [A′

cs,n cos(nθ) +B′
cs,n sin(nθ)]

+ ∞∑
n=1R

−
n(r, r4, r5) [A′

bs,n cos(nθ) +B′
bs,n sin(nθ)] , (7.14)

and

φg(r, θ) = (Γcs − Γcr)R−
0(r, r3, r4) + Γcr + ∞∑

n=1R
−
n(r, r4, r3) [A′

cr,n cos(nθ) +B′
cr,n sin(nθ)]

+ ∞∑
n=1R

−
n(r, r3, r4) [A′

cs,n cos(nθ) +B′
cs,n sin(nθ)] . (7.15)

Boundary Conditions

Now the coefficients are narrowed down to Γ’s, An’s and Bn’s, which are up to the voltage level

and location of the electrodes at the interface r2, r3, r4 and r5. Again, following D. Homentcovschi’s

approach, these coefficients should satisfy

Γbr + ∞∑
n=1 [Abr,n cos(nθ) +Bbr,n sin(nθ)] = φbr−cr,i − ∞∑

n=1ηbr(n) [Abr,n cos(nθ) +Bbr,n sin(nθ)] ,
for θ ∈ (αr,i, βr,i), i ∈ (1,Nr) (7.16)
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− γbr + ∞∑
n=1 [Abr,n sin(nθ) −Bbr,n cos(nθ)] = (ε1 + ε2)−1 ( i∑

l=1 qbr−cr,l −
θ

2π
Nr∑
l=1 qbr−cr,l)+∞∑

n=1
ε2

ε1 + ε2
⋅ 2rn2 rn3
r2n

3 − r2n
2

[1 − ηcr(n)] [Acr,n sin(nθ) −Bcr,n cos(nθ)] ,
for θ ∈ (βr,i, αr,i+1), i ∈ (1,Nr) (7.17)

Γbs + ∞∑
n=1 [Abs,n cos(nθ) +Bbs,n sin(nθ)] = φbs−cs,i − ∞∑

n=1ηbs(n) [Abs,n cos(nθ) +Bbs,n sin(nθ)] ,
for θ ∈ (αs,i, βs,i), i ∈ (1,Ns) (7.18)

− γbs + ∞∑
n=1 [Abs,n sin(nθ) −Bbs,n cos(nθ)] = (ε4 + ε5)−1 ( i∑

l=1 qbs−cs,l −
θ

2π
Ns∑
l=1 qbs−cs,l)+∞∑

n=1
ε4

ε4 + ε5
⋅ 2rn4 rn5
r2n

5 − r2n
4

[1 − ηcs(n)] [Acs,n sin(nθ) −Bcs,n cos(nθ)] ,
for θ ∈ (βs,i, αs,i+1), i ∈ (1,Ns) (7.19)

Γcr + ∞∑
n=1 [Acr,n cos(nθ) +Bcr,n sin(nθ)] = φcr−g,i + ∞∑

n=1ηcr(n) [Acr,n cos(nθ) +Bcr,n sin(nθ)] ,
for θ ∈ (αr,i, βr,i), i ∈ (1,Nr) (7.20)

− γcr + ∞∑
n=1 [Acr,n sin(nθ) −Bcr,n cos(nθ)] = (ε2 + ε3)−1 ( i∑

l=1 qcr−g,l −
θ

2π
Nr∑
l=1 qcr−g,l)+∞∑

n=1
ε2

ε2 + ε3
⋅ 2rn2 rn3
r2n

3 − r2n
2

[1 + ηbr(n)] [Abr,n sin(nθ) −Bbr,n cos(nθ)]+
∞∑
n=1

ε3
ε2 + ε3

⋅ 2rn3 rn4
r2n

4 − r2n
3

[1 − ηcs(n)] [Acs,n sin(nθ) −Bcs,n cos(nθ)] ,
for θ ∈ (βr,i, αr,i+1), i ∈ (1,Nr) (7.21)

Γcs + ∞∑
n=1 [Acs,n cos(nθ) +Bcs,n sin(nθ)] = φcs−g,i + ∞∑

n=1ηcs(n) [Acs,n cos(nθ) +Bcs,n sin(nθ)] ,
for θ ∈ (αs,i, βs,i), i ∈ (1,Ns) (7.22)

− γcs + ∞∑
n=1 [Acs,n sin(nθ) −Bcs,n cos(nθ)] = (ε3 + ε4)−1 ( i∑

l=1 qcs−g,l −
θ

2π
Ns∑
l=1 qcs−g,l)+
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∞∑
n=1

ε4
ε3 + ε4

⋅ 2rn4 rn5
r2n

5 − r2n
4

[1 + ηbs(n)] [Abs,n sin(nθ) −Bbs,n cos(nθ)]+
∞∑
n=1

ε4
ε3 + ε4

⋅ 2rn3 rn4
r2n

4 − r2n
3

[1 − ηcr(n)] [Acr,n sin(nθ) −Bcr,n cos(nθ)] ,
for θ ∈ (βs,i, αs,i+1), i ∈ (1,Ns) (7.23)

Among these conditions,

• Coefficients An’s and Bn’s relate to the primed ones through

(A′
br,n − jB′

br,n) = (Abr,n − jBbr,n)[1 + ηbr(n)],
(A′

bs,n − jB′
bs,n) = (Abs,n − jBbs,n)[1 + ηbs(n)],

(A′
cr,n − jB′

cr,n) = (Acr,n − jBcr,n)[1 − ηcr(n)],
(A′

cs,n − jB′
cs,n) = (Acs,n − jBcs,n)[1 − ηcs(n)].

• Variables ηbr(n), ηbs(n), ηcr(n) and ηcs(n) are defined as

ηbr(n) = δbr(n)
1 − δbr(n) , δbr(n) = 2ε1

ε1 + ε2
⋅ r2n

1
r2n

1 + r2n
2

+ 2ε2
ε1 + ε2

⋅ r2n
2

r2n
2 − r2n

3
,

ηbs(n) = δbs(n)
1 − δbs(n) , δbs(n) = 2ε4

ε4 + ε5
⋅ r2n

4
r2n

4 − r2n
5

+ 2ε5
ε4 + ε5

⋅ r2n
5

r2n
5 + r2n

6
,

ηcr(n) = δcr(n)
1 + δcr(n) , δcr(n) = 2ε2

ε2 + ε3
⋅ r2n

2
r2n

3 − r2n
2

+ 2ε3
ε2 + ε3

⋅ r2n
3

r2n
4 − r2n

3
,

ηcs(n) = δcs(n)
1 − δcs(n) , δcs(n) = 2ε3

ε3 + ε4
⋅ r2n

3
r2n

4 − r2n
3

+ 2ε4
ε3 + ε4

⋅ r2n
4

r2n
5 − r2n

4
.

• Charge qbr−cr,l, qbs−cs,l, qcr−g,l and qbs−g,l are the total amout on the l-th electrodes at the br-cr,

bs-cs, cr-g and cs-g interface respectively, which relate to Γbr,Γbs,Γcr and Γcs through
Nr∑
l=1 qbr−cr,l = −2πε2 ⋅ Γbr − Γcr

ln(r2/r3) ,
Nr∑
l=1 qcr−g,l = 2πε2 ⋅ Γbr − Γcr

ln(r2/r3) − 2πε3 ⋅ Γcr − Γcs
ln(r3/r4) , (7.24)

Ns∑
l=1 qbs−cs,l = −2πε4 ⋅ Γbs − Γcs

ln(r4/r5) ,
Ns∑
l=1 qcs−g,l = 2πε3 ⋅ Γcr − Γcs

ln(r3/r4) + 2πε4 ⋅ Γbs − Γcs
ln(r4/r5) . (7.25)

• Constants γbr, γbs, γcr and γcs define the starting points of charge counting.

• Voltages φbr−g,i, φbs−g,i, φcr−g,i and φcs−g,i are from the corresponding i-th rotor and stator

electrodes.

• Integers Nr,Ns are the number of the rotor and stator electrodes.
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Analytical Solution

The derivation for the analytical solution is similar to zero thickness case except for having two

more linear systems in the computation loop. It is therefore dropped here.

Numerical Implementation

The numerical implementation is also similar except for the following changes:

• One more equation has to be swapped out from the full matrix R to keep it invertible due to

eqs. (7.24) and (7.25).

• The condition number of the full matrix R in this case may be relatively high because the

field coupling every other row(s) is weak, however this is not destructive. It would lower the

accuracy of the capacitance evaluation, but only to a not noticeable amount. For the data

shown in this thesis using this proposed analytical approach, the relative accuracy of the

capacitance evaluation drops from 10−15 to 10−12.

7.5 Comparison Study with FEA

The correctness of these two analytical methods assuming zero and non-zero thickness are verified

with the FE results. Figures 7.3 and 7.4 document an example case, where phase A is aligned with

the q-axis and the potential on the traces are set to

vas = 1.0 V, vbs = −0.5 V, vcs = −0.5 V, v+f = 1.0 V, v−f = −1.0 V.

These two analytical approach are also implemented in the sweep analysis in the last Chapter with

harmonic order counted to 10. They are labelled as “Analytical 1” and “Analytical 2” respectively.

The corresponding computational time, including the approximation method proposed in Chapter 6

and FEA, are documented in Table 7.1. Several observations may be made

• With the thickness of the electrode considered, it is definitely more accurate than without.

However the computational time is more than two times higher;
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(a)

(b)

Figure 7.3: Potential distribution of the designed machine at mean radius assuming electrodes of

zero thickness. (a) FEA (b) analytical.
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(a)

(b)

Figure 7.4: Potential distribution of the designed machine at mean radius assuming electrodes of

non-zero thickness. (a) FEA (b) analytical.
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Table 7.1: Summary of Computational Time for Different Torque Evaluation Methods

Sweep Result in Linear Approx. Analytical 1 Analytical 2 FEA

for Plot Time/Case, hrs Time/Case, hrs Time/Case, hrs Time/Case, hrs

εg/ε0 Figure 6.6 3.3E-7 0.1 0.24 9.1

g Figure 6.8 1.1E-7 0.1 0.24 9.2

P Figure 6.9 3.6E-7 0.1 0.24 11.7

• For the FEA, the computational time depends on the size of the model, which is why the time

consumption is higher for pole number sweeping;

• To take advantages of each method, they may be implemented at different design optimization

stage of the proposed machine, i.e. use the linear approximation at the early phase to instantly

size the machine, the analytical method to quickly determine the circuit parameters and the

FEA to tune the details especially for the inactive region.

It is also worth to mention that these analytical methods are implemented in the Matlab environment.

The computational time could be significantly reduced by using Fortran.

7.6 Summary

An analytical capacitance evaluation model is derived. It is further refined by visioning the physical

geometry as mathematically solvable geometry. The model could also be modified to solve the static

current field at the same time by simply swapping dielectric permittivity with electrical conductivity.

Furthermore, thanks to the simplicity and scalability of the applied fundamental method, it may be

extended to other electrostatic machine topologies, i.e. single/multi-phase, axial/radial flux, etc.
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8 experimental results

Ours is a life of constant reruns. We’re always circling back to where we’d started, then

starting all over again. Even if we don’t run extra laps that day, we surely will come

back for more of the same another day soon.

— Joe Henderson

8.1 Introduction

This chapter presents a prototype machine and the corresponding experimental results. The

experiment consists of two main parts: 1) identifing the equivalent circuit parameters via short and

open circuit tests and 2) benchmarking its torque performance by sweeping the excitation. The

results are also compared to the designed and simulated ones to validate the models in Chapters 5–7,

i.e. dq-axis, machine design and analytical capacitance calculation models.

8.2 Prototype Machine

An axial flux style three phase synchronous electrostatic machine (SEM) using printed circuit boards

(PCB) as the main torque producing components is built here and shown in Figures 8.1 and 8.2. It

is designated as SEM 1 throughout this chapter and its design details will be presented below.

Mechanical Design

SEM 1 consists of 7 stator boards and 6 rotor boards (i.e., N = 6), all of which are double

sided and two layered except for the stator end ones. Three sets of traces are consecutively and

symmetrically laid out on the stator and two on the rotor as shown in Figure 8.3. Balanced three

phase stator voltages are fed from the back side of SEM 1. A bipolar DC voltage is applied on

the rotor through a slip ring and a hollow shaft. The spacers shown in Figure 8.1a serve two

purposes: 1) maintaining mechanical space between the stator and rotor boards and 2) transmitting

voltage and current through the whole stack. The stator-rotor gap is filled with a dielectric liquid
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(a)

(b)

Figure 8.3: Photograph of the (a) stator and (b) rotor PCB boards used in SEM 1 machine.
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Table 8.1: SEM 1 Prototype Machine Dimensions and Parameters.

Parameters Notation Value Unit Parameters Notation Value Unit

substrate thickness tcs, tcr 90 mil machine effective length 2Nlg 37.41 mm

electrode thickness ccs, ccr 1 oz number of rotor plates N 6 —

minimum gap g 30 mil number of stator plates N + 1 7 —

stack length per gap lg 3.12 mm pole number P 96 —

stator inner radius rsi 47.46 mm total weight — 12.20 kg

stator outer radius rso 110.00 mm total volume — 5.20 L

rotor inner radius rri 44.92 mm machine outer diameter — 10.25 in

rotor outer radius rro 107.46 mm machine axial length — 6.50 in

stator trace clearance 2πrds/P 0.69 mm stator peak voltage Vs 4 kV

rotor trace clearance 2πrdr/P 0.80 mm rotor peak voltage Vfr 8 kV

called HT101 possessing a dielectric constant of 3.8 and a breakdown strength of 20 kV/mm. The

mechanical enclosure of SEM 1 and the liquid HT101 are provided by the start-up company C-Motive

Technologies. The concept of using PCBs has been demonstrated in a single phase switched elastance

(variable capacitance) machine by this company in [55], therefore the peripheral mechanical details

are skipped here.

The design parameters of SEM 1 are listed in Table 8.1. Notice that the pole number P and

stator inner radius rsi are not designed according to the optimal value shown in eq. (6.19). The

thought was: 1) presented in Chapter 6, the clearance between the active traces are constant,

which leads to the trace width at the inner radius very small. The minimum trace width (≈ 10 mil)

used in SEM 1 is bigger than the manufacturing capability δ ≈ 5 mil for cost reduction and 2) the

misalignment issue would be severe at higher pole count considering first time trying.

Drive Circuit

The drive circuit of SEM 1 is temporarily implemented using relatively mature and easy to implement

techniques given its requirement for high voltage (HV) at a moderate power level. The stator side is

excited with a voltage source inverter (VSI) and a step up transformer with a three phase LC filter
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Figure 8.4: Schematic of the drive circuit at the (a) stator side and (b) rotor side.

in between as shown in Figure 8.4a. The transformer is in ∆-Y connection for a balanced output.

Aside from the 30○ difference between the secondary and primary of the transformer, the voltage is

modulated with a standard space vector pulse width modulation. The rotor side is fed with two

linear HV supplies, whose output can be manipulated by the commands with a transformation

ratio k = 1000. To protect the PCB boards from potential damage caused by arcing, HV resistors

(500 kΩ) are added in series at the supply output for limiting the transient current. Furthermore,

the voltages at the rotor terminals are sensed and compared to preset thresholds, the result of which

are used to disable the linear supplies if breakdown happens.
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8.3 Short Circuit Back-MMF Test

Circuit Setup

Just like the open circuit back-EMF test in the magnetic machines, here we do the short circuit

back-MMF test to identify the coupling capacitance between the stator and the rotor, i.e. Cm.

Given the fact that the to be measured current is very small and at mA level, the back-MMF

measurement is indirectly done by voltage measurement using regular 10X probes. Therein SEM

1 is connected with three phase Y connected 75 Ω load resistance. Referring to Figure 8.5, the

leakage resistance rs and stator reactance 1/ωrCs is much larger than 75 Ω. Hence it is almost like

a short circuit to the machine and almost all of the current still flow into the load resistance, i.e.

Is ≈ ωrCmVfr.
Experimental Results

Figure 8.6 plots the measured average (over three phase) fundamental peak current Īs,pk as a

function of the rotor excitation Vfr = V+f − V−f for different mechanical speed nr. Theoretically, the

slope of each line should be ωrCm, where ωr = 2πnrP /60. By averaging the curve fitting results,

one may back out the mutual capacitance Cm = 2.028 nF. Notice that the fitted slope for each line

is proportional to the speed, i.e. almost no current flows in the rs//Cs branch as the frequency goes

up, which validates the above short circuit proof.

Figure 8.7 shows the waveform quality of the back-MMF at Vfr = 4.2 kV and nr = 300 rpm. The

spikes in the time domain is due to the radiation noise from the dynamometer switching at 10 kHz.

ωrCmVfrrs

I lk,s ICs,s

CsrL

Is

Figure 8.5: Single phase diagram of the short circuit test. rL = 75 Ω.
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Figure 8.7: Measured back-MMF in the (a) time domain (10 kHz spikes/noise is from the dynamome-

ter) and (b) frequency domain for Vfr = 4.2 kV and nr = 300 rpm.
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Other than that, the harmonic content of the waveform is almost zero as shown in Figure 8.7b. The

total harmonic distortion (THD) is 0.88% up to 51st harmonic for the presented waveform and

less than 3% for all the data points shown in Figure 8.6. This indicates that this machine may be

suitable for potential servo applications.

8.4 Open Circuit Voltage Test

Circuit Setup

Just like the short circuit test in the magnetic machines to measure the characteristic current, here

we do the open circuit test to measure the characteristic voltage and identify the synchronous

capacitance, i.e. Cs.

Experimental Resutls

Figure 8.8 plots the measured stator fundamental peak voltage Vs,pk as a function of the rotor

excitation Vfr for different mechanical speed nr. Notice that the voltages are different between

phases and the difference becomes larger as the speed goes up. However the average of them for

different speeds are almost the same. It is due to the leakage path in the inactive area, where

the routing of the traces could not be done symmetrically with two layer PCB boards. Different

excitation frequency would change the proximity effect among these routing traces and redistribution

only happens among the phases, therefore the average voltage is not a function of the speed.

Since the mutual capacitance Cm is known, we may use it to calculate the internal current

ωrCmVfr. By Ohm’s law, the division of the open circuit voltage and the corresponding internal

current should be the equivalent impedance of the rs and Cs parallel branch. Figure 8.9 plots this

impedance as a function of the electrical frequency fe = nrP /60, the curve fitting of which could

be used to back out rs and Cs. However, as will be seen later, the leakage resistance rs is about

1 ∼ 2 orders higher than rs//Cs. From the mathematical point of view, it is not accurate or not

even feasible to back out rs from here. Therefore the curve fitting in the plot only counts for Cs.

The result is Cs = 13.8 nF. It is much larger than Cm, which causes the power factor of SEM 1 is
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Figure 8.8: Open circuit voltage as a function of the rotor excitation. Fit line V̄s,pk = k ⋅ Vfr, where
k = ∣ωrrsCm/(1 + jωrrsCs)∣ theorectically.
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Xs = k/2πfe, where k = 1/Cs theorectically.
relatively low as will be seen later. Being a high pole count machine for the most torque production,

SEM 1 also possesses a significantly large amount of leakage. This should be taken into account in

the future design.

8.5 Loss Mechanism

The loss of this machine is mainly from the stator leakage resistance rs, the rotor leakage resistance

rfr and the mechanical friction. These loss mechanisms will be benchmarked next.

Stator Leakage Loss

The stator leakage loss could be measured by exciting the stator with three phase voltages at

standstill with the rotor held at zero voltage at the same time and measuring the current of each

phase. The total power going into the machine should be consumed by the stator leakage in this

condition. Figure 8.10 plots the measured three phase power as a function of the stator excitation

voltage V̄s with fe = 480 Hz, the slope of which should be 3/rs based on the above analysis. The

curve fitting result gives rs = 1.70 MΩ.
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Rotor Leakage Loss

The rotor leakage loss could be measured in a similar way, i.e. by exciting the rotor with symmetrical

voltages at standstill with the stator terminals held at zero voltage at the same time and measuring

the rotor current. The total power going into the machine should be consumed by the rotor leakage

in this condition. Figure 8.11 plots the measured DC power as a function of the rotor excitation

voltage V̄fr, the slope of which should be 1/rfr based on the above analysis. The curve fitting

result gives rfr = 52.6 MΩ. (The probes for measuring the rotor terminal voltages have an internal

resistance of 100 MΩ, which is also included in the current calculating.) Notice that this value is

more than one order higher than rs, which may be because the DC conductivity is significantly

lower than the AC one for the dielectric materials used here, i.e. FR4 and HT101.

Friction Loss

The friction loss includes bearing friction, seal friction, slip ring friction and viscosity drag due to

the dielectric liquid. The corresponding torque is measured through the torque transducer coupled

with the dynamometer. Figure 8.12 documents the test results for a speed sweep. The curve fitting

result gives Tdrag = 2.47×10−4ω2
rm +0.5698 [N-m]. Clearly SEM 1 has a relatively big friction torque

at nearly zero speed, which is about 6% of the full torque. It should be improved in the future for

a better efficiency. Furthermore, the drag torque ramps up quickly as the speed goes up, which

indicates that it is more realistic to run SEM 1 below 300 rpm or under for the liquid currently used

in SEM 1. Therefore the speed of the machine in the tests presented here are no more than 300 rpm.

8.6 Torque Test

The torque test is conducted in two paths: 1) keep the torque angle γ = π and sweep the excitation

Vs and Vfr and 2) keep the excitation Vs and Vfr constant and sweep the torque angle γ, which

verify Te is proportional to VsVfr and cos(γ) respectively.

At the time of testing, the VSI drive circuit faced noise issue and could not output more than

2 kV without tripping the protection circuit. The theoretical torque value at this voltage level is
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close to the torque transducer’s resolution. In order to have a better comparison, the torque value

presented next are calculated through power, i.e. dividing the total gap power (measured stator

input power subtract the stator leakage loss) by the rotor mechanical speed (this is exactly how

torque is derived in the dq-axis model).

Torque vs. Voltage

Figure 8.13 shows the measured torque as a function of the excitation V̄sVfr at nr = 300 rpm. It is

overlaid with the calculated torque using eq. (5.31) and the mutual capacitance Cm measured from

the short circuit test. It also includes three measured data points from the torque transducer after

the drive circuitry has been modified and improved. (However the stator PCB boards are broken

when we tried to get more torque data at even higher voltages. Therefore the stator side should also

paired with an arc protection like Figure 8.4b for the rotor in the future.) Although these points

are still around the resolution range of the torque transducer, they are very close to the trend.

Figure 8.14 presents the corresponding efficiency data at each work point excluding the friction

loss. Regardless the excitation level, the efficiency is alwasy around 95%, which is consistent with

the circuit model since both the torque and the leakage loss are proportional to squared voltage.

(For this test, the stator peak to peak voltage is maintained roughly the same as the rotor excitation

Vfr, therefore V̄sVfr ≈ 2V̄ 2
s .)

Figure 8.15 extends the torque line to the designed full excitation, i.e. Vs = 4 kV and Vfr = 8 kV.

It shows the obtained torque value either calculated by power method or measured through the

torque transducer are right on the trend. At full excitation, the predicted torque is 9.35 N-m.

Torque vs. γ

Figure 8.16 plots the torque as a function of the torque angle γ under different excitation level.

The angle γ was commanded at −260,−240,−210,−180,−150,−120 and −100 electrical degrees

respectively. This plot shows that the torque production of the proposed machine is proportional to

cos(γ), as derived in Chapter 5.
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Figure 8.16: Measured electrostatic torque as a function of the torque angle γ at nr = 300 rpm.

8.7 Equivalent Model Summary

Equivalent Circuit

The equivalent circuit, including the rotor side, is presented in Figure 8.17 and the corresponding

circuit parameters are documented in Table 8.2. The resistance rs and rfr could be predicted

by the capacitance/conductance model and the field model, however it is omitted here since the

conductivity of the dielectric materials seems varies a lot between AC and DC excitation as seen

from the measured data. The behavior of these materials should be studied further in the future.

ωrCmVfrrs Cs

Ĩs

+

−
Ṽs

Ifr

Cm Clfr rfr

+

−
Vfr

Figure 8.17: The equivalent circuit model of SEM 1.
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Table 8.2: Summary of SEM 1 Circuit Parameters Obtained Using Different Models.

Parameters rs, MΩ Cs, nF Cm, nF Clfr, nF rfr, MΩ

Predicted via Chapter 6, Torque Model — — 2.17 — —

Predicted via Chapter 7, Capacitance Model — 11.1 2.01 3.02 —

Predicted via 2D FEA, Field Model — 11.0 2.00 3.01 —

Measured, Circuit Model 1.70 13.8 2.03 3.41 52.6

Other than that, the models proposed in Chapters 6 and 7 are reliable to predict the mutual

capacitance Cm. For the synchronous capacitance Cs, the proposed models could estimate for the

active region, which is about ∼ 80% of the total. The rest may be simulated using 3D FEA given

the complexity of the routing. Furthermore, it may be reduced in the future design if multi-layer

boards are used.

Weight and Volume

The distribution of the weight and volume of SEM 1 are displayed as pie charts in Figure 8.18. The

total weight and volume of this machine is 12.2 kg and 5.2 L. The corresponding designed torque

densities are 0.76 N-m/kg and 1.79 N-m/L. It can be seen that the active parts (everything but case

and hardware) of SEM 1 is only ∼ 50% of the total weight and volume, which indicates that there is

room for future mechanical optimization in SEM 1 to further pushing the torque density limit. If

only the active parts are counted, the torque densities would be 1.68 N-m/kg and 3.37 N-m/L.
Model Based Efficiency and Power Factor Map

Assuming the drive of this machine could output its full capacity, the efficiency map of SEM 1 in the

T -ω plane may be predicted using the measured circuit parameters. Figures 8.19 and 8.20 display

the efficiency map of SEM 1 under maximum torque per volt control (i.e. γ = 0) and Vfr = 8 kV.

Notice that the first one excludes the friction losses and therefore it shows the electrical efficiency

of SEM 1. The efficiency is at its highest around 300 rpm rotor speed and 3 N-m torque output. It
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Figure 8.18: The weight and volume distribution of SEM1 (a) weight, 100% = 12.2 kg (b) volume,

100% = 5.2 L.
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Figure 8.20: Predicted efficiency map for SEM 1 under maximum torque per volt control with

friction losses counted.
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Figure 8.21: Predicted power factor map for SEM 1 under maximum torque per volt control.

does not peak at higher torque output because the leakage losses tends to dominant. The second

map includes all losses and the efficiency generally drops more than 10% comparing to the first one,

which indicates the need for further improvement on the mechanical design. The peak efficiency

now shifts to the high torque output corner since friction losses dominant.

The corresponding power factor is also calculated and displayed in Figure 8.21. When either the

speed or the torque output is low, the power factor of SEM 1 is relatively high due to the relatively

low leakage reactive current through the Cs branch. As also stated previously, a trade off between

Cs and Cm should be done in the future design to have a better power factor looking into the

machine.

A major application this machine is targeting at is position and hold due to its low power

consumption at the stall condition. Based on the model, the standstill loss is ploted as a function of

the output torque in Figure 8.22. Notice that the solid line is assuming the stator leakage resistance

is still 1.70 MΩ as under AC excitations. However, based on the measured rotor leakage resistance,

it may be one order of magnitude lower. The dashed line predicts the loss with rs = 17 MΩ, which

is significantly smaller.



146

0 2 4 6 8 100

4

8

12

16

Torque Te, N-m

St
al

lL
os

s
P

lo
ss

,W

rs = 1.7 MΩ
rs = 17 MΩ

Figure 8.22: Predicted stall loss as a function of the torque output under maximum torque per volt

control and Vfr = 8 kV.
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9 contributions and recommended future work

While it is impossible to tell when this industrial revolution will be consummated, there

can be no doubt that the future belongs to aluminium, and that in times to come it will

be the chief means of increasing human performance.

— Nikola Tesla (1900)

The research work has been done so far demonstrated the benefit of utilizing the dielectric liquid

as the essential insulating medium for enhancing electrostatic shear stresses and the research goal

of approaching the volumetric and the specific torque densities of traditional magnetic machines

of similar ratings have been achieved. Along the way the design tools including both FE and the

analytical analysis have been validated experimentally. A detailed summary of contributions is

presented in Section 9.1, in light of which the suggested future work are presented in Section 9.2.

9.1 Summary of Contributions

The contributions are summarized as bullet points in the following and a comparison with prior

electrostatic machines is made at the end.

Contributions

1. Utilizing Dielectric Liquid As Essential Insulating and Force Enhancing Medium (work presented

in Chapter 4 and [4]):

• A pressure and a shear stress test stands were constructed to evaluate maximum dielectric

pressure and shear stress a liquid can achieve prior to use in a machine;

• Commercialized off the shelf dielectric insulating liquids were benchmarked in terms of the

relative permittivity, breakdown strength and electrical conductivity;

• Vertrel XF exhibiting 2 psi of pressure and withstanding 20 kV/mm, was identified as a promis-

ing insulating medium for high performance electrostatic machine in low speed applications.
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2. Theoretical Framework for Single Phase Electrostatic Machines (work presented in [4, 54,123]):

• The duality of the magnetic reluctance and the electric elastance was established;

• An ad-hoc analytical capacitance calculation method for cylindrical peg style machine was

developed;

• The capacitance profile was proved to be configurable via different peg layout techniques;

• A semi-analytical method incorporating conformal mapping techniques with FE analysis to

optimize single phase electrostatic machine was developed. The optimum ratios between the

key geometric parameters are documented as look up tables in Appendix C.

3. Radial Flux Machine Prototyping and Experimental Demonstration (work presented in [4, 54,

123]):

• Both a single phase and a three phase elastance machine were prototyped in the lab and were

in well agreement with the analytical and FE analysis;

• The additive manufacturing approach was proved to be able to prototype a single phase

electrostatic machine in one week;

• Both specific torque density and volumetric torque density were increased over prior work

by 2 orders of magnitude to be competitive with the level of an electromagnetic induction

machine of similar ratings.

4. Theoretical dq-Axis Framework for Three Phase Electrostatic Machines (work presented in Chap-

ter 5 and [124]):

• A generalized dq-axis model was developed for the three phase electrostatic machine, which

embraces all three torque production mechanisms, i.e. field, elastance and induction torque;

• The resistive saliency of the machine is also incorporated into the dq-axis model;

• Key capacitances are identified for the purpose of optimizing the electrostatic machine with

field excitation;
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• The duality between the dq-axis model of the electromagnetic and the electrostatic synchronous

machine was established.

5. Field Torque Model of Three Phase Electrostatic Machines (work presented in Chapter 6):

• A generalized field torque model was developed for the three phase electrostatic machine,

which relates the torque production to several key geometric parameters;

• The upper and lower bounds of the torque production are derived for quickly sizing of the

machine;

• The scalability of the machine is discussed in terms of capacitance, conductance, voltage,

current, torque and power;

• The design guidelines are presented for maximizing the torque production.

6. Generalized Capacitance/Conductance Evaluation for Electrostatic Machines (work presented in

Chapter 7):

• A generalized analytical method based on separation of variables is developed for evaluating

the capacitance coupling of electrostatic machines;

• The method is extended to cover 2D structures;

• The model may be applied to various types of electrostatic machines, i.e. radial flux, axial

flux, single phase, multi-phase etc.;

• The model may be modified to evaluate the conductance coupling by simply swapping the

permittivities with conductivities.

7. Axial Flux Machine Prototyping and Experimental Demonstration (work presented in Chapter 8):

• An axial flux three phase electrostatic machine with field excitation using PCB boards as the

main torque producing components is prototyped in the lab and were in well agreement with

the analytical and FE analysis;
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• The PCB manufacturing approach was proved to be reliable in terms of mechanical integrity

and accuracy;

• Both specific torque density and volumetric torque density were increased over prior work

by 1 order of magnitude to be competitive with the level of air cooled permanent magnet

machines of similar ratings.

Benchmark of Contributions with Previous Electrostatic Machines

To put this work into perspective, Table 2.1 is remade here with the inclusion of SEM 1 and

presented in Table 9.1. Again, gray highlighted work are ludois group affiliated. With a particular

attention on the metric column of torque per volt squared, being relatively low in this metric

is the major reason that prohibited the previous researchers from making further efforts on the

electrostatic machines. The usage of the dielectric liquid improves this metric at least two orders of

magnitude, which is as predicted in Chapter 4. The transition from single phase to three phase

structure adds another one order of magnitude.

Benchmark of Contributions with Magnetic Machines

Table 9.2 compares this work with OTS magnetic machines with comparable ratings. The at least

three magnitudes superiority over the previous electrostatic machines built by others helped the

prototyped machine SEM 1 in this research to outnumber the specific torque density of air cooled

permanent magnet machines of similar ratings. Even the volumetric torque density is close to the

selected BLDC machine. As for the stall loss, SEM 1 improves about one order over previous work

and is superior than any magnetic machines in the table.

9.2 Recommended Future Work

Even though SEM 1 shows great potential in terms of torque density and stall loss, the electrostatic

machine still need significant engineering efforts for it to become mature. These efforts are suggested

as and not limited to the following:
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1. Development of the Drive:

• The most urgent and relevant further development may be the drive, especially for applications

in kilowatt scale, where there is a mismatch between the requirement and the OTS drive in

terms of the voltage and current level. The emerging of HV silicon carbide devices may fill

the gap.

• By duality, this machine pairs with a current source inverter (CSI) ideally. Given the fact

that CSI is relatively immature at low power level comparing to its widely used cousin VSI,

the development of CSI is compelling.

2. Improving on the Dielectric Liquid:

• As mentioned in Chapter 6, what really makes the electrostatic machine attractive is the torque

density is directly proportional to the permittivity of the dielectric liquid. The maximum

dielectric constant of common liquids is more than 100. Although dielectric constant is not the

only metric that matter, there has never had any demand for this application in the market.

The research on developing these special liquids is promising.

• The performance of the liquid may be enhanced by suspending ferroelectric nano-particles

like barium titanate within them. The resultant colloidal suspension increases the dielectric

constant of the liquid according to the Maxwell-Wagner polarization model [126].

• Chapter 4 investigated the dielectric liquid mainly from the electrical perspective, more

benchmark work should be done on the mechanical and chemical properties, including viscosity,

thermal conductivity, reactivity, etc.

3. Improving on the Electrical Performance:

• Based on the leakage resistance measured in Chapter 8, the DC and AC properties of the

dielectric materials should be studied thoroughly in order to model the machine and predict

the performance more accurately.
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• As mentioned in several places, a trade off between the power factor and torque or Cs and

Cm may be carried out in the future design depending on the application requirement and

drive capabiliy.

• Multi-layer PCB boards may be implemented in the future design to optimize the trace routing

for reducing the coupling between phases in the inactive region and eventually balancing the

three phase leakage paths.

• In order to improve the reliability of the machine, arc protection should be added at both

stator and rotor sides. The breakdown behavior in the machine should be studied in order to

improve the protection circuit.

4. Improving on the Mechanical Performance:

• Currently in SEM 1, there are lots of mechanical redundancies (PCB board thickness, shaft

diameter, etc.) built in, which are more than needed. By taking these off or even developing

new structures, the weight and volume may be further reduced.

• Aside from the liquid viscous drag, the friction torque from the seals and bearings is high in

SEM 1 comparing to magnetic machines of similar shaft sizes. This at least may be reduced

by new designs given the fact that it is the first time trying.

• The slip ring, which serves for field excitation, may be replaced through inductive or capacitive

power transfer. They have been demonstrated to provide field power for magnetic synchronous

machines in [127–129].

5. Hydrodynamic Analysis:

• The hydrodynamic performance of this machine directly determines the viscous drag. The

corresponding research may help to find the pathway to reduce the loss and thus push the

speed limit.
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a mapping field model to circuit model for electrostatic

induction machine

The purpose of this appendix is twofold:

• validate the correctness of the steady state dq-axis model of the electrostatic induction machine

in Section 5.4 through the field solution of an ideal induction machine;

• prove that the dielectric liquid as the gap medium will not experience any electrostatic force

to flow in both induction and synchronous machines.

The second one, an important conjecture from the first one, may be usually taken for granted, but it

is a life-saver in terms of segregating fluid dynamics and electrodynamics although one may selfishly

desire any positive electrostatic force to counteract the viscous drag.

A.1 Field Solution of An Ideal Electrostatic Induction Machine

The derivation starts from the torque equation of an ideal electrostatic induction machine, as shown

in Figure A.1. It has P poles, a depth into the paper of d, and consists a gap material (εg, σg) and

a rotor material (εr, σr). The outermost peripheral (stator side) is energized with a pure traveling

(εr, σr)(εr, σr)
(εg, σg)(εg, σg)

r1r1 r2r2

r3r3

Ṽse
j(ωet−Pθ)Ṽse
j(ωet−Pθ)

φ̃re
j(ωet−Pθ)φ̃re
j(ωet−Pθ)

ωrmωrm

Figure A.1: An ideal electrostatic induction machine modeled with the stator traveling wave.
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wave R[Ṽsej(ωet−Pθ)] with an electrical angular speed of ωe. The innermost peripheral is connected

to ground. The rotor itself is rotating at a mechanical speed of ωrm, which together with the slip

frequency of the induced traveling wave (rotor reference frame) results in electrical speed of ωe in

the stator reference frame.

The result is documented by J. R. Melcher in his grand work Continuum Electromechanics [36,

p. 5.49] for the translational version of Figure A.1. Following the same procedure, the total torque

for the rotary type of interest here is

T = πP 2 ⋅ d ⋅ εgh2
P (r2, r3)fP (r1, r2) ∣Ṽs∣2 sωe(εgσr − εrσg)[σrfP (r1, r2) − σgfP (r3, r2)]2 + s2ω2

e[εrfP (r1, r2) − εgfP (r3, r2)]2 , (A.1)

where

fn(x, y) = −(xy )n + ( yx)n
(xy )n − ( yx)n , hn(x, y) = − 2

(xy )n − ( yx)n ,
and s is the slip defined in Section 5.4. Functions f and h are tweaked to be unit-less to make the

result more explicit. As an intermediate result, the induced rotor surface potential is a function of

the excitation voltage Ṽs:

φ̃r = hP (r2, r3)(σg + jsωeεg)[σrfP (r1, r2) − σgfP (r3, r2)] + jsωe[εrfP (r1, r2) − εgfP (r3, r2)] Ṽs. (A.2)

This potential φ̃r is actually identical to Ṽr defined in Section 5.4 by careful examinations:

• Once Ṽs and φ̃r (or Ṽr) are determined, the resultant torque is fixed according to

T = −πP 2 ⋅ d ⋅ εghP (r2, r3) ⋅R[j(Ṽ ∗
s )φ̃r]

from J. R. Melcher’s derivation and

T = −3P
2
Cm ⋅R[j(Ṽ ∗

s )Ṽr]
from eq. (5.27).

• Had the rotor been wound type, r2 would be the ideal peripheral for the rotor excitation φ̃r

and Ṽr by symmetry based on Figure A.1 and Figure 5.6a respectively.
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A.2 Mapping Field Solution to Circuit Model

Notice that eq. (A.1) contains a variable s and eq. (A.2) is a complex one. Comparing eqs. (A.1)

and (A.2) to eqs. (5.33)–(5.35), four circuit parameters defined in Section 5.3 may be backed out as

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Cm = 2πPd

3
εghP (r2, r3)

Gm = 2πPd
3

σghP (r2, r3)
and

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Cr = 2πPd

3
[εgfP (r3, r2) − εrfP (r1, r2)]

Gr = 2πPd
3

[σgfP (r3, r2) − σrfP (r1, r2)]
. (A.3)

These equations may be used for the initial sizing of an electrostatic induction machine. One may

use eqs. (A.1) and (A.3) to find the rough optimum pole number for maximum torque production

as we did in Chapter 6. The stator side leakage information is still unknown due to the forced

boundary condition at r = r3 and the field distribution outside r3 is up to the outer structure.

A.3 Net Torque on the Fluid

A natural question to ask whether or not there is any net torque on the fluid. If there is a positive

torque, then it would help to counteract the viscous drag. Unfortunately, it turns out the torque

only happens at the material interface. The proof is simple. Consider the fluid gap interface at

any radius r23 ∈ (r2, r3). The displacement field in the radial direction D̃r should be continuous at

this interface (i.e. D̃r−23
r = D̃r+23

r ) because the fluid is uniform. Then, according to J. R. Melcher, the

torque developed at the interface should be

Te = 2πr23 ⋅ d ⋅ r23 ⋅ 1
2
R [jP φ̃23 (D̃r−23

r − D̃r+23
r )] = 0,

where φ̃23 is the potential at the interface. This conclusion also applies to the synchronous machines

since the topology look the same from the gap perspective.
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b derivations of conformal quantities

This appendix serves for proving the electric potential, charge, capacitance and energy are conformal

for the mapping used in Chapter 7 (eq. (7.1)):

ζ = r0 exp(−j 2π
L
z)

where L is the periodic length, r0 is the radius of the circle that y = 0 is mapped into, z = x + jy
and ζ = rejθ are the rectangular and polar coordinates respectively.

B.1 Conformal Mapping

The x and y coordinates relate to r and θ coordinates through the following equations:

r = r0 exp(2π
L
y) (B.1)

θ = −2π
L
x, (B.2)

which then lead to the following first order derivatives:

∂r

∂x
= 0, ∂r

∂y
= r0

2π
L

exp(2π
L
y) , (B.3)

and
∂θ

∂x
= −2π

L
,

∂θ

∂y
= 0. (B.4)

It is not hard to check that ζ(z) is analytical (harmonic) using eq. (B.3) and eq. (B.4), which is a

basic requirement for conformal mapping [115].

B.2 Electric Potential and Field

The electric potential φ is conformal, i.e.,

φ(r(x, y), θ(x, y)) = φ(x, y), (B.5)

since Laplace’s equation governs the field distribution. The electric field is simply the spatial

derivative of the electric potential:

Ex = −∂φ
∂x

= −∂φ
∂r

∂r

∂x
− ∂φ
∂θ

∂θ

∂x
= Er ∂r

∂x
+ rEθ ∂θ

∂x
= −r0

2π
L

exp(2π
L
y)Eθ, (B.6)
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and

Ey = −∂φ
∂y

= −∂φ
∂r

∂r

∂y
− ∂φ
∂θ

∂θ

∂y
= Er ∂r

∂y
+ rEθ ∂θ

∂y
= r0

2π
L

exp(2π
L
y)Er. (B.7)

Equations (B.6) and (B.7) establish the electric field link between the two coordinate systems.

B.3 Force and Torque

To establish the torque relationship, the Maxwell stress tensor T is used to compute the total force

experienced by the rotor at both coordinate systems,

Fz = ∮ Txy ⋅ da = d ⋅ ∫ L
2

−L2 ε0εr ⋅ExEy ⋅ dx, at y = y′, (B.8)

Fζ = ∮ Tθr ⋅ da = d ⋅ ∫ π

−π ε0εr ⋅EθEr ⋅ r′ ⋅ dθ, at r = r′ = r0 exp(2πy′/L), (B.9)

where d is the depth into the paper. Substituting the electric field relationship from the above, we

have

Fz = d ⋅ ∫ π

−π ε0εr ⋅ [r0
2π
L

exp(2π
L
y′)]2 ⋅EθEr ⋅ ( L2π) ⋅ dθ = 2πr′

L
Fζ . (B.10)

Therefore, Fζ ∣r=r′ is not necessarily equaling to Fz ∣y=y′ . Only when 2πr′ = L and r′ is in the domain

under consideration, the total force is conformal. Another way to understand this is that both the

electric field Eθ and Er are shrunk by a factor of r′ according to eqs. (B.6) and (B.7), however, the

integration length is only elongated by a factor of r′. Actually, the torque in the r − θ coordinate

relates to the force in the x − y coordinate through

Tζ = r′ ⋅ Fζ = L

2π
Fz. (B.11)

The above derivation also accommodates a multi-row machine, as presented in Chapter 6 and [54].

Without loss of generality, two radii r′1 and r′2 are assumed to be the torque producing surfaces.

Returning to eq. (B.8), the force for a multi-row machine can be re-derived as

Fz = d ⋅ ∮Γz,1
ε0εr ⋅ExEy ⋅ dlz + d ⋅ ∮Γz,2

ε0εr ⋅ExEy ⋅ dlz
= d ⋅ ∮Γζ,1

ε0εr ⋅ (2πr′1
L

)ErEθ ⋅ dlζ + d ⋅ ∮Γζ,2
ε0εr ⋅ (2πr′2

L
)ErEθ ⋅ dlζ

= 2πr′1
L

Fζ,1 + 2πr′2
L

Fζ,2,

(B.12)
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where Γ1 and Γ2 are the integration paths defined by the two force producing surfaces. In general,

the total force equals the summation of the force in the converted model scaled by 2πr′i/L
Fz = ∑

i

2πr′i
L

Fζi, (B.13)

and torque is simply the summation over all the rows

L

2π
Fz = ∑

i

r′iFζ,i = Tζ . (B.14)

If L/2π is taken as the moment arm in the rectangular coordinate, then the above shows that torque

is conformal along the mapping process.

B.4 Charge and Capacitance

For a two electrode system, capacitance is usually defined as charge held by the electrode per unit

voltage. In a multi-conductor system, which is much more complex, capacitance is defined as a

matrix link between charge and voltage

Qi = ∑
i

CikVk, (B.15)

where Qi is the charge on the i-th conductor, Vk is the charge on the k-th conductor and Cik is the

capacitance between the i- and k-th conductors.

As we already claimed in the above, electric potential of the electrode, i.e. V , does not change

after conformal mapping. If the charge Q on each electrode also does not change, then the

capacitance matrix will hold along the mapping process.

Since capacitance is independent of the charge and voltage associated with the electrodes, an

electrostatic condition is assumed in the remaining of this section. Free surface charge density σf is

S
n

σ da

εi,Ei

εo,Eo

Figure B.1: Electric field boundary conditions at the material interface.
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defined on a surface S with a unit normal vector n directed from inside to outside of the surface and

electric field Ei and Eo, permittivity εi and εo are associated at each side as shown in Figure B.1.

Recall the boundary condition derived from Gauss’s Law,

(εoEo − εiEi) ⋅ n = σf . (B.16)

In an electrostatic condition, the electric field inside the electrode is zero and the free charge density

is exactly the charge density σ on the electrode (no bound charges). Thus, the above equation

becomes

εoEo ⋅ n = εo∣Eo∣ = σ. (B.17)

The simplification above is based on the electric field is perpendicular to the surface of an equal

potential conductor. Then the total charge residing on the surface of an electrode equals to the

surface integral of the charge density,

Q = ∮
S
σ ⋅ da = ∮

S
εoEo ⋅ n ⋅ da = εo∮

S
∣Eo∣ ⋅ da = d ⋅ εo∮Γ

∣Eo∣ ⋅ dl. (B.18)

In the r − θ coordinate, the above equation is expanded as

Qζ = d ⋅ εo∮Γζ
∣Eoζ ∣ ⋅ dlζ

= d ⋅ εo∮Γz
( L

2πr
) ∣Eoz ∣ ⋅ (2πr

L
)dlz

= d ⋅ εo∮Γz
∣Eoz ∣ ⋅ dlz

= Qz.

(B.19)

The above shows that the total charge resides on the surface of the electrode does not change

after applying conformal mapping. Furthermore, from the derivation, even the local total charge

residing on the surface of part of the electrode does not change. In addition, the above derivation is

independent of the applied voltage, thus the capacitance matrix should hold along the conformal

mapping process.

B.5 Energy

Since the capacitance and potential associated with the electrode do not change after mapping, the

total energy of the system shall not change.
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c lookup table of force map simulated via fea for single

phase electrostatic machine design

Figures C.2–C.9 are the lookup tables generated from the simulation via FEA. The simulation

was carried out with a fixed periodic length l = 10 mm and a vacuum dielectric. The geometric

definitions in Figure C.1 are given here for convenient referencing.

u

v

+V +V

0 0 U

l

2a

g

(a)

u

v

+V +V

0 0 U

l

2a

g

2b

(b)

u

v

+V +V

0 0 U

l

2a

g

2b

(c)

u

v

+V +V

0 0 U

l

2a

g

(d)

Figure C.1: Translational machine geometric definitions with 2-norm electrodes: (a) circular pole;

(b) elliptical pole and ∞-norm electrodes: (a) rectangular pole; (b) square pole. (Red represents

stator and green represents rotor.)
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Figure C.2: Force map for circular shape electrode.
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Figure C.3: Force map for rectangular shape electrode with 2b/g = 0.1.
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Figure C.4: Force map for rectangular shape electrode with 2b/g = 1.0.
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Figure C.5: Force map for rectangular shape electrode with 2b/g = 10.0.
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Figure C.6: Force map for elliptical shape electrode with 2b/g = 0.1.
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Figure C.7: Force map for elliptical shape electrode with 2b/g = 1.0.
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Figure C.8: Force map for elliptical shape electrode with 2b/g = 10.0.
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Figure C.9: Force map for square shape electrode.
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