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Abstract

We study the drift caused by time-dependent microswimmers, such as the microscopic

algae Chlamydomonas reinhardtii, which swims by rapidly beating two frontal flagella.

Previous studies of drift and transport by microswimmers have neglected the time-

dependence of their swimming. We explore three different modeling choices including

one that yields a persistent atmosphere in a time-dependent flow. We analyze individual

particle paths and their displacements in a region around the swimmer. In our final

model, the propulsion mechanism brings particles close to the swimmer’s body while

also reducing the resonance time near a no-slip surface. Comparing our results to a

steady swimmer helps determine the importance of time-dependence. Later we switch

topics to optimize the heat transfer in a microchannel. The geometry of a channel as

well as the flow play crucial roles. We solve for the flow that minimizes the heat flux

out of the channel, one way to measure the heat transfer.
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Chapter 1

Introduction and Background

Most microorganisms depend on a well-mixed environment for their supply of nutrients.

The nutrients typically have very slow rates of diffusion, so some amount of mechanical

stirring is needed to enhance mixing. This stirring is often caused by external factors

such as winds, tides, or gravity waves in the ocean, or circulation in blood vessels.

However, the motion of the organisms themselves can assist this process. The stirring

and mixing of an environment caused by swimming organisms is called biogenic mixing,

or biomixing for short.

Biomixing has been investigated for several years with the aid of experimental ob-

servations [31, 36, 37, 39, 40, 42, 47, 55] as well as theoretical models and numer-

ical simulations [30, 38, 43, 46, 67, 78, 83]. The importance of biomixing remains

unclear in relation to mixing caused by winds, waves, molecular diffusion, and other

factors [10, 13, 23, 28, 66, 72, 76, 79]. It is thus important to understand the detailed

manner in which biomixing arises in order to gauge its possible impact.

At higher Reynolds numbers (when inertial effects are comparably larger than viscous

dampening), mixing can be assisted by turbulence [47] or the ability to transport mo-

mentum. Microscopic swimmers (or microswimmers) normally have very small Reynolds

numbers. In this regime (known as Stokes flow), viscous dissipation dominates over in-

ertial effects. Additionally, the Scallop theorem [60] applies at small Reynolds numbers;
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Figure 1: Diagram of C. reinhardtii, with a pair of oscillating, anterior flagella.

thus locomotion requires a more tailored approach in the Stokes regime. In this regime,

microswimmers produce long-range velocity fields as they move, which allows tracers or

nutrients to diffuse more rapidly. This is amplified by the abundance of microorganisms

in bodies of water.

Microswimmers are generally grouped into two categories — pushers and pullers —

based on the positioning of their propulsion mechanism. Escherichia coli (a pusher) has

a rotating helical filament located on its posterior end, while Chlamydomonas reinhardtii

(or C. reinhardtii for short, a puller) has a pair of anterior flagella that move similar

to that of a breast-stroke (see Fig. 1). At high volume fractions of swimmers, pushers

align with each other creating mixing effects at larger scales [6, 14, 26, 50, 68, 69, 70,

71, 77]. Additionally, the same dynamics that cause the alignment of pushers, also lead

to attractions with surfaces as seen in [4, 9, 15, 41, 65, 81]. Pullers, on the other hand,

do not align side-by-side and thus high densities of pullers are less interesting.

Recent experiments have shown enhanced tracer diffusion at low volume fractions



3

for pushers, pullers, and self-propelled particles [31, 40, 42, 51, 52, 71, 82]. Both simu-

lations and theoretical arguments [30, 46, 63, 67, 78, 83] support this finding. Particles

often trace out loop-like trajectories when a swimmer moves by (resulting in reduced

net-displacements). These trajectories can be broken by stagnation points near the

swimmer [46] and finite swimming paths [63, 76]. Some microorganisms exhibit run-

and-tumble behavior to break up infinite paths; for example, E. coli does this to tra-

verse biochemical gradients. Other swimmers experience rotational diffusion or other

environmental effects.

In order to explain enhanced tracer diffusion, the drift caused by a swimmer must

be analyzed [11, 17, 45, 49, 63]. Katija and Dabiri [37] and Thiffeault and Childress

[76] proposed that the enhanced diffusivity is the result of each fluid particle interacting

with many swimmers, and thus experiencing multiple drifts. Leptos et al. [42] highlight

that the unsteadiness of the flow contributes to the complex dynamics.

The vast majority of papers on swimmer suspensions use flows that are steady in

the frame of the swimmers to simplify the problem. This paper explores the effect

of time-dependence on the displacement of tracer particles. We use the probabilistic

model formulated by Thiffeault and Childress [76] and Lin et al. [46] to analyze the fluid

transport of an unsteady swimmer. This model has been recently tested in numerical

simulations [35, 53] and shown to hold in more complex setups [61, 62].

Thesis Overview

In the remainder of Chapter 1, we define some terminology and describe previous results

and models used to study biomixing.

Chapter 2 focuses on some of our earlier swimmer modeling choices and preliminary

results. One of our goals is to determine how important time-dependence is to biomixing.
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We make sure to include time-dependence as a constant facet throughout our model

variations. One model in particular creates a fictitious atmosphere, a volume of fluid

that follows the swimmer around. The main benefit of an atmosphere is it transports

particles, within it, much further than particles outside of it; thus, not only increasing

fluid transport, but also separating regions of particles, increasing mixing.

In Chapter 3 we discuss our ultimate model choice and share our main results. Our

final model accurately represents the boundary conditions of the swimmer’s body (no-

slip surface) while simplifying the propulsion mechanism to make our model axially

symmetric. We analyze the results of numerical simulations, including: particle paths

and displacements.

Then we enlist some asymptotic techniques to address the dynamical limits near

and far from the swimmer in Chapter 4. Nearby we analyze the interactions between

particles, the swimmer’s body, and the flagella. While far away, the time-dependence

becomes much less important.

Chapter 5 combines the results from the first few chapters in order to address the

distribution of particle displacements and other measurements of mixing.

We switch gears for Chapter 6 to talk about some separate work done as an intern

at Mitsubishi Electric Research Laboratories with Dr. Grover. The focus of this work

is to optimize the heat transfer within curved microchannels. One application of this

research could be to cool off computer processors by pumping liquid coolant through

microchannels near areas of intense heat.

Lastly, in Chapter 7 we discuss some of our results and mention some possible options

for future work.
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1.1 Terminology

Here we explain some of the more frequently used terms and definitions throughout this

document, beginning with the chapters on biomixing and ending with heat transfer.

1.1.1 Stokes Flow

The classic Navier-Stokes equations are derived from conservation of mass and momen-

tum arguments. These equations are often non-dimensionalized in the following manner:

Re
(
St−1ut + u · ∇u

)
= −∇p+ µ∇2u,

where the Reynolds and Strouhal numbers are

Re =
ρRU

µ
, St =

TU

R
,

respectively. Here R is the radius of the swimmer (a length scale), U is the swimmer’s

mean swimming speed (a velocity scale), and T is the period of swimming oscillations

(a time scale). For small Reynolds numbers and moderate Strouhal numbers, the Stokes

equations

−∇p+ µ∇2u = 0

serve as a good approximation to the fluid dynamics.

Scallop Theorem

The Stokes equations are invariant under time-reversibility. This yields many interesting

results such as: a pair of sedimenting particles will not drift apart or come together, and

a scallop in Stokes flow will not make forward progress. The latter is referred to as the
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Scallop Theorem, [60]. When a scallop closes its mouth, it is propelled in the opposite

direction; during the opening of its mouth, it reverts back to its original position due to

this reversibility condition (a key reason that scallops are not found swimming at low

Reynolds numbers).

This reversibility poses a challenge for microscopic swimmers (microswimmers) which

is overcome either by a swimming stroke, consisting of a non-symmetric power and

recovery portion (such as C. reinhardtii, which we study in this paper), or some other

symmetry breaking behavior (such as the rotational chirality in E. coli ’s flagella). The

power stroke refers to the period when the swimmer makes the most forward progress and

the recovery stroke is necessary to reset the swimmer’s propulsion mechanism, sometimes

causing backtracking. This “inefficiency” of forward movement followed by backward

movement is often necessary to overcome the Scallop Theorem.

Singularities of Stokes Flow

Lots of swimmer models are created using singular solutions to the Stokes equations.

The two main building blocks are the Stokeslet and the source dipole, where the Stokeslet

is derived from a delta forcing term,

−∇p+ µ∇2u = −f δ(r), ∇ · u = 0,

and the source dipole is the limit of a source and sink term approaching each other with

the source/sink being derived from

−∇p+ µ∇2u = 0, ∇ · u = M δ(r).

For example, the flow field of a translating rigid sphere consists of an ambient flow, a

source dipole, and a Stokeslet, with the two singularities being located at the center of
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the sphere.

Faxén’s Law

Faxén’s Law [19] allows one to compute the velocity of a sphere due to external forces

and velocity fields or to compute the force on the sphere due to its velocity and external

velocity fields:

F = 6πµR
[(

1 + 1
6
R2∇2

)
u(r)

∣∣
r=r0
− (U − u∞)

]
,

where F is the force on the sphere, µ is the dynamic viscosity of the fluid, R is the

radius of the sphere, u is the external velocity field, r0 is the center of the sphere, U

is the velocity of the sphere, and u∞ is the ambient background flow. We use this in

Chapter 3 when we model the swimmer’s body by a rigid sphere.

1.1.2 Fluid Transport

Here we brush up on some common terms used to quantify fluid transport or mixing.

Forms of Drift

Stokes drift is the act of fluid particles being displaced by wave motion. Darwin drift,

which we focus on in our research, deals with fluid particles being advected by a passing

swimmer [11, 45, 49]. Within each of these categories, some people study Lagrangian

drift, which computes particle displacements by following individual particles in the fluid

(this requires integration of particle paths which we do for the bulk of the fluid). Others

study the Eulerian drift which computes displacements by integrating the velocity field

at a fixed point. The former is often more complicated while the latter fails to capture
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spatial dependence, but can still capture time-dependence of the flow. We use Eulerian

drift for particles very far from the swimmer where the velocity field remains fairly

constant in space.

Atmosphere

The term “atmosphere” in fluid dynamics refers to a volume of fluid that follows a

swimmer around and seems to have gotten its name from the atmosphere that follows

Earth around as we orbit the sun. Atmospheres are most easily found in steady flows,

but can persist through varying levels of time-dependence [64]. They can be detected

by use of Poincaré maps or lobe dynamics. Lobe dynamics involve complex interactions

between stable and unstable manifolds of the fluid. These manifolds serve as boundaries

of the fluid and thus can isolate regions of particles from other regions, sometimes

referred to as lobes. These lobes can often stretch, fold, and intersect with each other

over time, enhancing mixing. Additionally, fluid particles trapped within atmospheres

can be transported large distances.

Effective Diffusivity

As particles are displaced by a swimmer, they can be thought of as diffusing out into

the fluid. An effective diffusivity can be computed in a similar manner to the thermal

diffusion caused by Brownian motion, using the second moment of particle displacements:

2dκt = 〈∆2〉,

where d is the dimension of the system, κ is the diffusivity of the particles (referred

to as an enhanced diffusivity when purely looking at particle advection or as effective
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diffusivity when incorporating thermal noise), and 〈·〉 is an ensemble averaging.

1.2 Microchannel Flows

Depending on the channel geometry or the flow rate, fluid can behave and develop

differently down the channel. The following terms vary slightly throughout the literature,

but for the most part are defined as follows. In the simplest case, the flow is called steady

if there is only spatial dependence of the velocity field and no time-dependence. Nearly

identical is the condition referred to as “fully-developed” flow in which there is usually

no time-dependence, but the only constraint is that the velocity field has matured from

the initial conditions (either a flow starting at rest or differential geometry near the

channel’s inlet). To clarify, most simulations neglect the first portion of the channel as

they are usually manufactured with a section of straight pipe to allow different inlet

conditions, and then the more complex geometries enter in. This initial region is often

called the “transition region” and afterwards we have fully-developed flow. Other terms

such as “transient” or “turbulent” flows refer to increasing levels of complexity or time-

dependence, which we will not deal with as we focus on laminar flows in Chapter 6.
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Chapter 2

Unsteady Stokeslet Models of a

Microswimmer

C. reinhardtii has a near-spherical body and a pair of anterior flagella that it uses

for locomotion (see Fig. 1). C. reinhardtii ’s size (4 µm radius) and speed (100 µm/s)

give a Reynolds number of about 4 × 10−4 in water. The asymmetric motion of its

flagella enables it to swim in the Stokes regime. Even with a large swimming stroke

frequency of 50 Hz, the steady Stokes equations serve as a good approximation to the

fluid dynamics.

In this chapter we walk through some of our preliminary swimming model choices

and the results they produced. We begin with a three-Stokeslet model, similar to the

three sphere model used in Friedrich and Jülicher [21]. Later we reduce this model down

to two Stokeslets in order to make our swimmer axially symmetric. Axial symmetry

allows us to reduce the dimensionality of our swimmer, and thus also its surroundings,

down from three to two. This makes gathering results, such as displacements of particles

located anywhere in space, much easier.
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2.1 The Three-Stokeslet Swimmer

In the work of Friedrich and Jülicher [21], C. reinhardtii ’s flagella are modeled by a pair

of spheres that move in counter-rotating circular paths; the body of the organism is

represented by a third sphere. The authors find that spheres of constant size, moving

at a constant angular velocity, produce a net forward movement due to the difference

in hydrodynamic interactions during the power and recovery strokes. Additionally, they

find that the spheres will synchronize if out of phase purely based on hydrodynamic

effects (before this paper, it was unclear if this was only possible due to some inner

workings of the organism). Our first model borrows from this three sphere idea.

2.1.1 Model Formulation

The experimental results of Leptos et al. [42] were the original motivation for our re-

search as well as many others. Their results show enhanced diffusivity of tracer particles

and suggest that this may be caused the unsteadiness of the swimming behavior. Addi-

tionally, Drescher et al. [16] reveals the similarity between the actual flow model of C.

reinhardtii and a three-Stokeslet representation of the swimmer (one for each flagellum

and one for the swimmer’s body). We combined these ideas, along with [21], to create a

time-dependent model involving three Stokeslets with the two representing the flagella

moving in counter-rotating elliptical paths (these Stokeslets are represented as spheres

in Fig. 2 for visual clarity).

The first consequence of using Stokeslets instead of spheres (as in [21]) is that our

swimmer no longer makes natural forward progress, since the hydrodynamic interactions

between spheres does not translate well (if at all) to singularities. We overcome this by
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(a, b, 0)

(a,−b, 0)

(A, 0, 0)

U

Figure 2: The three-Stokeslet swimmer model representative of C. reinhardtii. The
smaller, counter-rotating spheres take the place of the anterior flagella.

adding time-dependence to the strengths of the Stokeslets. This is also representative of

the changing shape of the actual flagella during C. reinhardtii ’s swimming stroke. The

strength of the flagellar Stokeslets are largest during the power stroke (when the flagella

are most outstretched) and smallest during the recovery stroke (when the flagella are

brought closer to the body). Up next we see that these power/recovery stroke dynamics

completely determine the swimming speed of our swimmer model.

We orient the swimmer along the x-axis and place a Stokeslet (with strength F =

‖F ‖) representing the body of the swimmer at (A, 0, 0) and two symmetric flagellar

Stokeslets (with strength f = ‖f±‖) off the x axis with centers at (a,±b, 0). The

resultant velocity field of our three-Stokeslet model is

u(r) = F ·G(r − A x̂) + f+ ·G(r − a x̂− b ŷ) + f− ·G(r − a x̂+ b ŷ). (2.1)

Recall G(r) is the Oseen tensor,

G(r) =
1

8πµ‖r‖

(
I +

r r

‖r‖2

)
,
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with u0 = f0 ·G(r) satisfying the modified Stokes equation:

−∇p+ µ∇2u0 = −f0δ(r), ∇ · u0 = 0.

C. reinhardtii is (practically) neutrally buoyant so we impose force balance on our swim-

mer:

F + 2fx = 0, (2.2)

where f± := fxx̂± fyŷ and the y-component is satisfied by symmetry.

Now consider our three-Stokeslet swimmer in a frame moving at constant velocity U x̂,

so there is an apparent flow −U x̂, where U is the mean swimming speed. While we

choose not to use spheres, as in [21], it may be helpful to relate the strengths of the

Stokeslets to the drag coefficient of a sphere in Stokes flow [3]. We define R as the radius

of the swimmer’s body and r(t) as the effective radius of the flagellar Stokeslets, this

yields

F (t) = 6πµR(U + Ȧ(t))x̂, f±(t) = 6πµ r(t)((U + ȧ(t))x̂± ḃ(t)ŷ), (2.3)

where the dot represents a derivative with respect to time. The swimmer should not

drift out of the comoving frame which results in the following constraints:

〈Ȧ〉 = 〈ȧ〉 = 0, 〈ḃ〉 = 0, (2.4)

where 〈·〉 denotes the average over a time period τ = 2π/Ω. From (2.2) and (2.3), we

have

R(U + Ȧ(t)) = −2r(t)(U + ȧ(t)), (2.5)

which upon time-averaging and using (2.4) gives

RU = −2U〈r〉 − 2〈rȧ〉.
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Thus the mean swimming velocity is

U = −2〈rȧ〉/(R + 2〈r〉). (2.6)

The prescribed functions are ȧ(t) and r(t); U is then obtained from (2.6) and Ȧ(t)

from (2.5). Correlations between ȧ(t) and r(t) are entirely responsible for the swimmer

moving forward.

The simplest time-dependence we can put is to have the flagella move harmonically

along elliptical paths:

a(t) = a0 + a1 cos Ωt, b(t) = b0 + b1 sin Ωt, r(t) = r0 + r1 sin(Ωt+ φ),

which gives the mean swimming velocity

U =
Ω a1r1 cosφ

R + 2r0

.

The phase φ = 0 yields the fastest mean swimming velocity: it corresponds to the

flagellar Stokeslet being strongest during the power stroke, and weakest in the recovery

stroke. We thus set φ = 0 for simplicity and obtain

Ȧ(t) = −U − 2r(t)(U + ȧ(t))/R

=
Ω a1r1

R

{
2

(
r0

r1

− r1

R + 2r0

)
sin Ωt− cos 2Ωt

}
from (2.5), which can be integrated to find A(t) =

∫ t
Ȧ dt. We choose the integration

constant such that 〈A〉 = 0, so that the swimmer’s body oscillates about the origin in

the comoving frame:

A(t) = −a1r1

2R

{
4

(
r0

r1

− r1

R + 2r0

)
cos Ωt+ sin 2Ωt

}
.

The flow field of our model is then fully determined by picking a set of parameters

for: a0, a1, b0, b1, r0, r1,Ω. Before running any numerics we derive a far-field approxima-

tion of our flow field.
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2.1.2 Far-Field Velocity

Zooming out from our swimmer has the same behavior as taking the limit of three

Stokeslets approaching each other (which is what a far away particle sees). Because

of (2.2), the far-field form of (2.1) is

u(r, t) ∼ ((a− A)F x̂x̂− 2bfy ŷŷ) : S(r), ‖r‖ → ∞, (2.7)

where S(r) is the stresslet

S :=
1

8πµ

(
I− 3

rr

‖r‖2

)
r

‖r‖3
.

From (2.7) and (2.3), we define the normalized stresslet coefficients

βxx(t) = 4
3

(a− A)F

8πµU
= (a− A)R(1 + Ȧ/U)

and

βyy(t) = −4
3

2bfy
8πµU

= −2rbḃ/U,

which have units of squared length. With these, the far-field velocity is

u(r, t) ≈ 3
4
U (βxx(t) x̂x̂+ βyy(t) ŷŷ) :

(
I− 3

rr

‖r‖2

)
r

‖r‖3
.

The Fourier series for these stresslet coefficients involve harmonics up to sin 4Ωt:

βxx(t) = a0R

+
2a0

r1

(
r0 (R + 2r0)− r2

1

)
sin Ωt+

a1 (R3 + 3R2r0 − 3Rr2
1 − 4r3

0 + 2r0r
2
1)

2R(R + 2r0)
cos Ωt

+
a1

2Rr1

(
2r0(R + 2r0)2 − r2

1(R + 8r0) +
4r4

1

R + 2r0

)
sin 2Ωt− a0(R + 2r0) cos 2Ωt

− a1

2R

(
(R + 2r0)(R + 3r0)− 3r2

1

)
cos 3Ωt− a1r1

4R
(R + 2r0) sin 4Ωt.
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and

2U

b1Ω
βyy(t) = −(4b0r0 + b1r1) cos Ωt− 2(b1r0 + b0r1) sin 2Ωt+ b1r1 cos 3Ωt.

These Fourier series will allow us to well approximate particle paths far from the swimmer

without needing to integrate

ẋ = u(x, t),

where x represents the position of a particle.

We will save the remainder of this far-field derivation for Chapter 4 after exploring

some modeling choices. We decide to first combine the two flagellar Stokeslets into

a single flagellar Stokeslet whose position stays along the swimming axis (the x-axis

in Fig. 2). While this new two-Stokeslet model looks even less like C. reinhardtii, our

original model was not too accurate to begin with. Our main goal is to study the effect of

time-dependence on particle displacements and thus also mixing, which this new model

will still do. The huge benefit is that the two-Stokeslet swimmer has axial symmetry

which makes collecting data, such as particle paths and displacements, much easier.

2.2 Two-Stokeslet Swimmer

Our model (pictured in Fig. 3) is further simplified from our three-Stokeslet model. It

only contains two Stokeslets, one for the drag due to the body and a second representing

the combined propulsion of the two flagella. To achieve locomotion we again allow the

strength of the flagellar Stokeslet to vary, to represent the asymmetric drag in the power

and recovery strokes.
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(a, 0, 0)

(A, 0, 0) U

Figure 3: The two-Stokeslet swimmer model, swimming to the right. The oscillating
sphere replaces the anterior flagella of C. reinhardtii.

notation description

R swimmer body radius
r(t) swimmer flagellum radius

(a(t), 0, 0) position of flagellar Stokeslet
(A(t), 0, 0) position of body Stokeslet

Ω flagellar angular frequency
τ = 2π/Ω period of flagellar cycle
U = (U, 0, 0) swimmer mean velocity

f(t) force on fluid due to flagellar Stokeslet
F (t) force on fluid due to body Stokeslet

r = (x, y, z) spatial coordinates; particle position vector

Table 1: Notation for two-Stokeslet swimmer model.

2.2.1 Swimming Dynamics and Force Balance

The swimmer moves at a mean swimming speed U along the x-axis. In the comoving

frame the body Stokeslet is located at (A(t), 0, 0) and the flagellar Stokeslet is located

at (a(t), 0, 0). The forces on the fluid are

F (t)x̂ = 6πµR (U + Ȧ(t))x̂, f(t)x̂ = 6πµ r(t)(U + ȧ(t))x̂, (2.8)

for the body and flagellar Stokeslets, respectively, where µ is the dynamic viscosity of

the fluid. We again assign R to the radius of C. reinhardtii and r as an effective radius

of the flagella. See Table 1 for a collection of these variables and what they mean.

A neutrally buoyant swimmer in the Stokes flow regime leads to no net force on the
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fluid:

F (t) + f(t) = 0. (2.9)

In a comoving frame traveling at the mean swimming velocity U , the positions of the

Stokeslets must be periodic:

〈Ȧ〉 = 〈ȧ〉 = 0. (2.10)

From (2.8) and (2.9), we have

R(U + Ȧ(t)) = −r(t)(U + ȧ(t)), (2.11)

which upon time-averaging and using (2.10) gives

RU = −U〈r〉 − 〈rȧ〉,

and so the mean swimming velocity is

U = −〈rȧ〉/(R + 〈r〉). (2.12)

Similar to the previous model, correlations between ȧ(t) and r(t) are entirely responsible

for the swimmer moving forward.

The simplest time-dependence we can put is

a(t) = a0 + a1 cos Ωt, r(t) = r0 + r1 sin Ωt. (2.13)

These being out of phase optimizes the swimmer’s power and recovery strokes, thus

maximizing the swimming speed. These prescribed functions, along with (2.12), give

the mean swimming speed

U =
Ω a1r1

2(R + r0)
. (2.14)
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From (2.11) we obtain

Ȧ(t) = −U − r(t)(U + ȧ(t))/R

=
Ω a1r1

2R

{(
2r0

r1

− r1

R + r0

)
sin Ωt− cos 2Ωt

}
which again can be integrated to find A(t).

2.2.2 Parameters for C. reinhardtii

We select the parameters of our model according to [21, 24, 42]. We take an average

swimming velocity of U = 100 µm/s, an effective spherical body radius of R = 4 µm.

The number of flagellar beats/strokes per second, fb = 50 Hz (or Ω = 100π rad/s).

The two flagella are represented by a single Stokeslet with effective radius r(t), with

time-dependence as in Eq. (2.13). This radius takes on a sinusoidal relationship with

average value r0 = 2 µm and amplitude given by r1 = 0.4 µm (derived by adopting the

drag coefficients on a slender rod and converting to the drag coefficient on a sphere).

The above quantities were averaged out from the following sets of data. From Leptos

et al. [42]: body radius, R ≈ 5 µm; flagellar length, 10-12 µm; beat frequency, fb = 1/τ ≈

50 Hz; swimming speed U = 100 µm/s. From Guasto et al. [24]: body radius, R ≈ 3.5

µm; mean frequency, fb = 53 ± 5 Hz (period T = 18.9 ms); mean swimming speed,

U = 134 µm/s. From Friedrich and Jülicher [21]: period, τ ≈ 15 ms; flagellar length,

L = 12 µm; body semiaxes 3.7 µm and 5 µm; flagellar radius (circular cross section)

r = 0.1 µm; resistive force coefficients of a slender rod, ζ‖ = 2πη/[ln(2L/r) − 3/2],

ζ⊥ = 4πη/[ln(2L/r)−3/2]; ηL3/κ = 100. We used videos and other experimental results

from the above references to estimate what portions of the flagella are perpendicular or

parallel to the flow. Then we combine this with the slender rod coefficients to make a
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notation value range dimensionless description

U 100 µm/s 1 swimming speed
R 4 µm 1 body radius
fb 50 Hz 2 flagellar beat frequency
Ω 100π rad/s 4π flagellar frequency
r0 2 µm 0.5 average effective flagellar radius
r1 0.4 µm 0.1 flagellum’s radial oscillation
a0 6.5 µm 1.625 average position of flagellar Stokeslet
a1 9.549 µm 2.387 oscillation amplitude of flagellar position

Table 2: Physical parameters of Chlamydomonas reinhardtii. In dimensionless form;
length scale is 4 µm and the time scale is 1/25 s.

guess for r(t).

The average position of the flagellar Stokeslet (a0) is a free parameter, since it does

not affect the speed of the swimmer (2.14). However, it does impact the entrainment of

particles. The oscillation strength of the flagellar Stokeslet’s position (a1) is quite the

opposite of a free parameter. Due to the force balance imposed by the swimmer and

all of the other parameters already chosen, a1 is explicitly determined by (2.14); it is

approximately 9.5 µm. This seems reasonable but is difficult to justify as portions of the

flagella move at different speeds. Along these same lines, a0 is difficult to determine, but

we will start with assuming a0 = 6.5 µm. We experiment with these parameters to study

how each of them affect the flow field and entrainment, and to determine appropriate

parameter sets for C. reinhardtii and other swimmers.

We introduce scalings to non-dimensionalize our system, yielding a swimmer with

unit body radius and unit swimming speed. This results in a length scale of L = 4 µm

and a time scale of T = 1/25 s. A collection of these parameters, and their non-

dimensionalized values, can be found in Table 2.
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Alternative Parameter Set

While analyzing our initial choice of parameters, we thought the distance between the

Stokeslets fluctuated too much. We investigate this by creating an additional parameter

set with a smaller a1 (previously a1 ≈ 2.4), now we tried halving that. Keeping all other

parameters fixed forces r1 to double.

2.2.3 Numerical Integration for a Single Swimmer

With our parameter sets determined and the swimming dynamics set, we are ready to

gather some results. We assume idealized fluid particles whose position r(t) obeys

ṙ = u(r, t)

where u(r, t) is the velocity of the fluid. We begin by numerically finding some particle

paths by integrating the flow field along trajectories.

Regularized Stokeslets

We speed up the numerics by regularizing the Stokeslets in order to remove singularities

from the flow. The idea of regularized Stokeslets was first introduced by Cortez (see [7,

8]). We pick the regularization from the analytic model in Hernandez-Ortiz et al. [27].

The linearity of the Stokes equation allows us to fully determine the velocity field of the

swimmer in the comoving frame by a sum of the two regularized Stokeslets (ambient

flow not included)

u(r) = F x̂ ·Gξ(r − A x̂) + f x̂ ·Gξ(r − a x̂),
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where ξ is a measurement of the regularization. Here Gξ(r) is the regularized Oseen

tensor,

Gξ(r) =
1

8πµ‖r‖

(
I +

r r

‖r‖2

)
erf (ξ‖r‖) +

1

8πµ

(
I− r r

‖r‖2

)
2ξ√
π

e−ξ
2‖r‖2 , (2.15)

where the coefficient of the error function above is the standard Oseen tensor. Then the

velocity field of a regularized Stokeslet, u0 = f0 · Gξ, satisfies Stokes equation with a

regularized delta function

−∇p+ µ∇2u0 = −f0δ
ξ(r), ∇ · u0 = 0.

where

δξ(r) =
ξ3

π3/2

(
5
2
− ξ2‖r‖2

)
e−ξ

2‖r‖2

is the suitably chosen regularized delta function [27].

In the limit ξ →∞, we recover the non-regularized Stokeslet. We can think of 1/ξ as

the characteristic width of the regularized delta function. We choose the characteristic

width to be one-fifth of the effective radius for each Stokeslet (1/ξ = 1
5
R and 1/ξ = 1

5
r(t)

for the body and flagellar Stokeslets, respectively).

With the regularization, the singularity is now removable. We can thus Taylor expand

near the removable singularity

Gξ(r) =
1

2πµ

ξ√
π
I− 1

6πµ

ξ3

√
π

(
2I‖r‖2 − r r

)
+O

(
‖r‖4

)
and apply this approximation for small values of ‖r‖. The parameter sets determine

everything else about the velocity field. We now analyze particles in this flow field.
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Figure 4: Each plot shows a pair of particle paths starting from the same location; pullers
have a0 = 13/8, pushers have a0 = −13/8. Marker added at initial particle position:
(λ/2, 2, 0), where λ = 40Uτ . Note that the particle paths are continuous, the cusp-like
appearance is purely caused by the fast flagellar oscillations. Left: Main parameter set.
Right: Alternative parameter set.

Particle Paths

We notice loop-like trajectories for particles that see the swimmer pass by them, a result

commonly found with steady swimmers [46, 63, 76]. The loop-like trajectories cause

the net displacement to be much smaller than the distance traveled by the particle, as

seen in Fig. 4 by the distance between where the trajectories end and where they begin

(marker added at start of each path).

The loop-like behavior is broken for particles that are located near the start or end

of the swimmer’s path, resulting in larger displacements; see Fig. 5 for a few examples.

This applies to swimmers with finite path lengths, a trait expressed by E. coli ’s run-and-

tumble dynamics; as well as organisms with curved trajectories [61] or ones in bounded

domains [62].
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Figure 5: Main parameter set, pullers only. Left: Particle path starting at (0, 2, 0), near
where the swimmer starts (the origin). Right: Particle path starting at (40Uτ, 2, 0),
near the swimmer’s stopping point after 40 periods.

2.2.4 Near-Field Displacements and Atmospheres

Our goal is to quantify particle displacements caused by the swimmer’s motion and an-

alyze the different ways that particles get displaced. The swimmer can entrain particles

inside what is called an atmosphere: a region of fluid that follows the swimmer around,

a term coined in relation to the atmosphere of the Earth that remains around it as we

move around the sun. The particles can also be pushed aside by the swimmer, or they

can come close to the swimmer and follow it for a finite amount of time but not be

infinitely entrained.

Particle Displacement

Using the C. reinhardtii parameters derived earlier and the chosen regularization of the

Stokeslet, we study displacements of particles near the swimmer by integrating an initial

mesh of particles (again we assume the particles follow the fluid flow). After integrating

the mesh of particles, we can then calculate and plot the net displacement of all particles;



25

x

y

 

 

−5 0 5 10 15
−2

0

2

0

10

x

y

 

 

−5 0 5 10 15
−2

0

2

0

10

x

y

 

 

−5 0 5 10 15
−2

0

2

0

10

x

y

 

 

−5 0 5 10 15
−2

0

2

0

10

Figure 6: Particle displacement as a function of initial particle position for the main
parameter set. Swimmer has traveled for 20 periods (approximately 18 units). Moderate
example of a puller (top-left, a0 = 4) and a pusher (top-right, a0 = −4). Extreme
example of a puller (bottom-left, a0 = 25) and a pusher (bottom-right, a0 = −25).

see Fig. 6 for a few examples.

These figures show a clear atmospheric region in the left-half side of each image.

The shape and dynamics of the atmosphere change with varying parameters. The only

difference in the images is the parameter a0 (the time-averaged separation between

the Stokeslets). With larger separations we see little to no interactions between the

Stokeslets; all that matters is the flow field near the main Stokeslet (atmosphere) as well

as the stresslet strength determined by the Stokeslet pair (this is supported by nearly

identical images for a0 = 25 and a0 = −25).

The other thing to note is the faint stripes appearing on the right-half side the first

image (a0 = 4). They first appear around the initial location of the flagellar Stokeslet

and repeat after every full period (spacing is equal to U · τ , the distance traveled by

the swimmer in one period). The stripes seem to be created due to a combined effort

of both Stokeslets. This shows up for other positive values of a0, but is not captured

for a0 = 25, due to being out of the field of view. We also plot some similar results for

the alternative parameter set, see Fig. 7.

These “faint stripes” can be explained as follows. As the flagellar Stokeslet oscillates,
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Figure 7: Secondary parameter set particle displacement as a function of initial particle
position. Swimmer has traveled for 20 periods (approximately 18 units). Moderate
example of a puller (top-left, a0 = 4) and a pusher (top-right, a0 = −4). Extreme
example of a puller (bottom-left, a0 = 25) and a pusher (bottom-right, a0 = −25).
Circle indicates initial location of flagellar Stokeslet.

it isolates a small region of particles into a temporary, secondary atmosphere. This

small region of particles remains closer to the swimming axis which allows them to be

displaced larger distances by the primary atmosphere (either by entrainment or due to

being pushed by the primary atmosphere). The remaining particles that do not stay

close to the axis, and instead pass around the swimmer, do not receive such a large

displacement from the body Stokeslet; these exhibit loop-like trajectories.

There are a few things to take note from Fig. 7. First of all, the shape of the

atmospheres is different from those in Fig. 6. This means the parameters a1 and r1 have

some impact on the atmosphere. However, varying a0 for the alternative parameter set

(Fig. 7) has little effect on the shape of the atmosphere. This is most likely a result

of the Stokeslets staying more separated over time as a1 is smaller in the alternative

parameter set.

A not so surprising feature is that the particles are displaced differently around the

swimmer depending on if the propulsion mechanism (flagellar Stokeslet) is in front of

the swimmer like C. reinhardtii (a puller), or behind the swimmer (a pusher). Granted,
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Figure 8: Volume of atmosphere as a function of parameter a0 for the main parameter set
(left) and the alternative parameter set (right). The top row is the unsteady case, while
the bottom row is the steady case (note the steady case is identical for both parameter
sets; this is the result of time-averaging).

we are focusing on the case a0 > 0 (pullers, like C. reinhardtii) in this paper, but it is

worth seeing the comparison within Figs. 6 and 7.

Atmospheric Volume

In Fig. 8 we vary the free parameter a0, the average separation between the two Stokeslets

(see Section 2.2). As a0 increases in magnitude, the atmospheric volume levels off and

approaches the volume of the closed streamline around a single steady Stokeslet in an

ambient flow. We validate this by analyzing the atmospheric volume for a steady version

of our two-Stokeslet swimmer (by averaging the dynamics). The flagellar Stokeslet

provides a negligible volume in either case due to the wild fluctuations of its dynamics.

2.2.5 Far-Field Asymptotics

At moderate to large distances from the swimmer, our two-Stokeslet model can be well

approximated by a stresslet (similar to the pair of differently orientated stresslets for
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the three-Stokeslet model). The velocity in the comoving frame is given by

ucomov(r) = −U x̂+ 3
4
Uβ

(
1− 3

xx

‖r‖2

)
r

‖r‖3
, (2.16)

where

β =
(a− A)F

6πµU
,

so that the stresslet is moving at the mean swimming speed U in the x̂ direction, with a

resulting apparent flow in the −x̂ direction. The streamfunction in the comoving frame

is

ψcomov(ρ, x) = −1
2
Uρ2 − 3

4
Uβ

xρ2

‖r‖3
,

with

uρ = −ρ−1∂xψ, ux = ρ−1 ∂ρψ.

Figure 9 shows the streamline pattern in the comoving frame (for 3
4
β = 1), which suggests

the presence of an atmosphere: a closed streamline in the comoving frame. We can find

the equation for the atmosphere by solving ψcomov = 0,

−1
2
− 3

4
β

x

(ρ2 + x2)3/2
= 0,

so that

ρ2
atm(x) = −x

(
x+ (3

2
β)2/3(−1/x)1/3

)
.

Note that ρatm(0) = ρatm(− sign(β)
√

3
2
|β|) = 0, which means the atmosphere extends

from x = 0 to x = − sign(β)
√

3
2
|β|. The atmosphere is plotted as a thick line in Fig. 9.

We also have an explicit expression for the volume of the atmosphere, for instance

for β > 0:

Vatm =

∫ 0

−
√

2β

πρ2
atm(x) dx = 1

5

√
6π|β |3/2,
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Figure 9: The streamlines in the comoving frame for the moving stresslet (Eq. (2.16)).
The thick line shows the ‘atmosphere’ (closed streamline in the comoving frame).

where the final expression is also valid for β < 0. The volume is useful for computing

the transport due to particles trapped in the atmosphere.

2.2.6 Modeling Remarks

We originally wanted to explore the relationship between the swimming parameters

and the volume of the atmosphere. But after looking at some of the results above, we

realized these atmospheres did not represent any realistic atmosphere that may exist

for C. reinhardtii. This is due to the near-field of the swimmer not being accurately

represented by our current model, for both the two-Stokeslet case and the stresslet

approximation. In the next chapter we develop a model that is still simple and has axial

symmetry, but whose flow field accurately resembles a swimmer with a no-slip surface

on its body.
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Chapter 3

Unsteady Microswimmer with a

No-Slip Body

We begin this chapter by deriving a flow field for C. reinhardtii that represents its body

by a rigid sphere. This requires the use of Faxén’s Law [19] to accurately derive the

drag force. We additionally need higher order singular solutions of Stokes flow to create

an accurate image system within the sphere (this is required to cancel the flagellar

Stokeslet’s velocity at the surface of the sphere). Complex interactions between the

flagellar Stokeslet and the sphere increase the difficulty in analyzing the large and rare

displacements of particles that come near the swimmer.

3.1 Dumbbell Model Derivation

A dumbbell model usually refers to any two-body system. This definition would normally

include our two-Stokeslet model, however, we will only be referring to the following model

as the dumbbell model for clarity. The following derivation will seem very similar to the

previous two models. The body of the swimmer is now represented by a rigid sphere,

while the net propulsion of the flagella is still modeled by a single Stokeslet; this system

has an analytic solution which we will discuss later. To achieve locomotion we again
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(a) (b) (c) (d)

Figure 10: Time-averaged velocity fields of our three-Stokeslet model, similar to that
of [16] for: (a) the in-plane cross section (xy-plane containing the flagella; compare
to [24, Fig. 2(a)]), (b) out of plane cross section (xz-plane), and (c) the azimuthally
averaged flow. (d) Time-averaged velocity field of our dumbbell model.

allow the strength of the flagellar Stokeslet to vary.

Figure 10 compares the streamlines of our axially-symmetric model to our early three-

Stokeslet model that matches experimental results [16, 24] for C. reinhardtii, which lacks

this symmetry. We note that the azimuthally averaged flow looks most like the flow in

the plane containing the flagella (in-plane), but it is likely that particle advection is

not dominated by one cross section of a 3-dimensional flow. Regardless, from the point

of view of drift, our main interest is seeing the interplay of a solid no-slip surface and

moving flagella, so it is crucial to get the surface right, but less important to represent the

flagella accurately. The actual flagella separate and partially wrap around the swimmer,

which cannot occur in a dumbbell model; but we do match the swimmer’s size, velocity,

and physical oscillations.

3.1.1 Swimming Dynamics

The swimmer moves at a mean swimming speed U along the x-axis. In the comoving

frame the body sphere is located at (A(t), 0, 0), with fixed radius R (Fig. 11). The
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(a, 0, 0)

(A, 0, 0) U

Figure 11: The dumbbell model (the body is now represented by a solid sphere, instead
of a Stokeslet as in Section 2.2), swimming to the right.

notation description

R swimmer body radius
r(t) effective flagellar Stokeslet radius

(a(t), 0, 0) position of flagellar Stokeslet in comoving frame
(A(t), 0, 0) position of swimmer’s body in comoving frame

Ω flagellar angular frequency
τ = 2π/Ω period of flagellar cycle
U = (U, 0, 0) swimmer mean velocity

f(t) force on fluid due to flagellar Stokeslet
F (t) force on swimmer’s body due to flow
β(t) stresslet coefficient; see Section 4.2
λ(t) swimming path length (= Ut)

r = (x, y, z) spatial coordinates; particle position vector

Table 3: Notation for dumbbell swimmer model.

flagellar Stokeslet is located at (a(t), 0, 0), with effective radius r(t). By axial symmetry,

the drag on the sphere has the form F = (F, 0, 0). Faxén’s Law for the drag on the body

sphere [25] gives

F = 6πµR
(
1 + 1

6
R2∇2

)
uflag(r)|r=(A,0,0) − 6πµR

(
U + Ȧ

)
, (3.1)

where µ is the dynamic viscosity of the fluid and uflag(r) = uflag(r)·x̂ is the x-component

of the velocity due to the flagellar Stokeslet. Table 3 lists the variables and their meaning.

A neutrally buoyant swimmer in the Stokes regime leads to no net force on the fluid;
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hence, F = f , where F is the force on the sphere and

f = 6πµr (U + ȧ) (3.2)

is the force due to the flagellar Stokeslet. Combining (3.1) and (3.2) gives us a differ-

ential equation relating the position of the swimmer’s body A(t) and of the flagellar

Stokeslet a(t):

Ȧ = −U +
[(

1 + 1
6
R2∇2

)
uflag(r)

]
r=(A,0,0)

− (U + ȧ) r/R. (3.3)

In order to solve (3.3) for A(t), given a(t), we must impose some additional con-

straints. In a comoving frame traveling at the mean swimming speed U , the time-

averaged velocities of the spheres must vanish:

〈Ȧ〉 = 〈ȧ〉 = 0, (3.4)

where 〈·〉 denotes the average over a time period τ = 2π/Ω. The simplest time-

dependence we can put on the flagellar Stokeslet is

a(t) = A(0) + a0 + a1 cos Ωt, r(t) = r0 + r1 sin Ωt. (3.5)

These are out of phase to mimic the swimmer’s power and recovery strokes. Note

that 〈ȧ〉 = 0 since it is assumed periodic. We’ve also defined a(t) relative to A(0),

since (3.3) is invariant under a shift of a(t) and A(t) by the same constant.

A few observations on the strategy for solving for A(t) are in order. Equation (3.3)

with the constraints (3.4) form a nonlinear eigenvalue problem for A(t) and the mean

swimming speed U (the eigenvalue). Only in very special cases will an analytic solution

emerge, so we proceed numerically. We use a shooting method: we start with a guess

for U , then integrate (3.3) until time τ , with initial condition A(0) = 0. We then
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Figure 12: The position of the body sphere center A(t) and the flagellar Stokeslet a(t),
also showing the extent of the body. These are in the comoving frame during one
full period (τ = 0.5T ), plotted along the non-dimensionalized axes using the scales in
Table 4.

iterate by varying U until A(0) = A(τ) (using Matlab’s fzero). The choice A(0) = 0 is

arbitrary, and it proves more convenient to subtract the average of A from a(t) and A(t)

to make 〈A〉 = 0. See Fig. 12 for a plot of A(t) and a(t) over one full period in the

comoving frame, using the physical parameters listed in Table 4 and described below.

Parameters for C. reinhardtii

We select the parameters of our model according to [21, 24, 42] (and references therein).

We take an effective spherical body radius of R = 4 µm, and the number of flagellar

beats/strokes per second, fb = 50 Hz (or Ω = 100π rad/s). The flagella are represented

by a single Stokeslet located at a(t) with effective radius r(t), with time-dependence

as in (3.5). We pick the free variables a0, a1, r0, r1 in order to yield a mean swimming

velocity close to 100 µm/s, while also trying to match the oscillating drag due to the

beating flagella. We introduce a length scale L = 4 µm and a time scale T = 1/25 s to
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notation value dimensionless description

U 98 µm/s 0.98 swimming speed
R 4 µm 1 body radius
fb 50 Hz 2 flagellar beat frequency
τ 1/fb 1/2 period of flagellar cycle
Ω 2πfb 4π flagellar angular frequency
r0 3.2 µm 0.8 average effective flagellar radius
r1 2 µm 0.5 flagellum’s radial oscillation
a0 12 µm 3 relative position of flagellar Stokeslet
a1 4 µm 1 oscillation amplitude of flagellar position

Table 4: Physical parameters of C. reinhardtii, non-dimensionalized using a length
scale, R = 4 µm, and time scale, T = 1/25 s.

non-dimensionalize our system, yielding a swimmer with unit body radius and with a

stroke period of one-half. These parameters and and their non-dimensionalized values

are collected in Table 4.

3.1.2 Flow Field and Image System

The velocity field due to a translating sphere involves a Stokeslet and a source dipole:

usphere(r) = 6πµR
(
U + Ȧ

)
x̂ ·
(
1 + 1

6
R2∇2

)
G(r∗),

where r∗ = r − Ax̂ and G(r) is the Oseen tensor

G(r) =
1

8πµ‖r‖

(
I +

rr

‖r‖2

)
.

The velocity due to the flagellar Stokeslet is

uflag(r) = f x̂ ·G(r − a x̂).

If we add the flagellar Stokeslet, we need to include images inside the sphere to preserve

the no-slip boundary condition, as described by Oseen [56]. Here we use the simplified
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form for a sphere and Stokeslet that are axisymmetrically aligned along the direction of

motion [22, 48]:

uimage(r) = −1
2

(
3cα − c3

α

)
f x̂ ·G(r −α∗) +R

(
c2
α − c4

α

)
(f x̂x̂ · ∇) ·G(r −α∗)

− 1
4
R2cα

(
1− c2

α

)2
f x̂ · ∇2G(r −α∗),

where cα = R/α, α = a − A is the separation between the flagellar Stokeslet and the

center of the swimmer’s body, and α∗ = (R2/α + A) x̂ is the location of the image

singularities in the comoving frame.

Lastly we add an ambient flow in the comoving frame to get the full velocity field of

our model:

ucomov(r) = −U x̂+ uflag(r) + usphere(r) + uimage(r). (3.6)

This is related to the velocity field in the lab (fixed) frame by

ulab(r) = ucomov(r − Ut x̂) + U x̂. (3.7)

Recall that many of the parameters, such as those defined in (3.5), will have a time-

dependence that we did not indicate explicitly in the velocity fields above.

3.1.3 Regularization of the Flagellar Stokeslet

One of the main motivations of using our final dumbbell model is to account for the

rigid no-slip surface of the body, since it can lead to stickiness of fluid particles [76]. To

simplify the model as much as possible, we used a point-singularity representation for

the flagellum. Since we want to simulate the advection of particles by our swimmer, it is

wise to regularize the flagellum in order to avoid infinite velocities inside the fluid. We

again use the regularization from the analytic model in Hernandez-Ortiz et al. [27].
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The flow field of the regularized flagellar Stokeslet in the comoving frame is

uflag(r) = f x̂ ·Gξ(r − a x̂).

Recall the regularized Oseen tensor used in our earlier model, (2.15). This time we

choose the regularization scale to be ξ−1 = 1
4
r0, a value smaller than the minimum

effective flagellar radius, r(t). This is small enough to ensure that the solution for A(t)

is essentially unaffected by the regularization.

3.2 Numerical Integration for a Single Swimmer

As the swimmer moves, it displaces fluid particles. The net nonzero displacement of fluid

particles after the swimmer has passed is often referred to as Darwin drift [11, 45, 49],

to distinguish it from Stokes drift due to wave motion. Here we will use the more precise

word ‘displacement’ when referring to particle drift. The particle displacements are

obtained by computing the fluid particle trajectories, and in this section we do so using

numerical integration. In Sections 4.1 and 4.2 we will derive features of the particle

displacements using asymptotic analysis.

We assume idealized fluid particles whose position r obeys

ṙ = u(r, t), r0 = (x0, y0, 0), (3.8)

where we set z0 = 0 without loss of generality by exploiting the axial symmetry. In

the lab (fixed) frame we use (3.7) on the right-hand side of (3.8) and include the time-

dependence of all the parameters. In the following sections we examine particle paths,

as given by r(t), and particle displacements,

∆λ(x0, y0) = ‖r − r0‖, λ = Ut,
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x0/λ = 0.05

(a)

x0/λ = 0.5

(b)

x0/λ = 1

(c)

Figure 13: Particle trajectories in the lab frame starting at (x0, y0, 0) with the swim-
mer’s body centered at (A(0), 0, 0), which travels a net distance of λ = 40Uτ . From
top to bottom, log(y0/R) = 1, 0,−1,−2,−3. The trajectories are offset vertically for
clarity. The initial position of the particles is marked by solid dots and the final position
by hollow dots. The apparent ‘roughness’ of the paths is due to the time-dependent
swimming motion.

where λ is the swimmer’s path length. It is well-known that particles can have paths

that undergo large excursions, and yet have relatively small displacements [11, 49]. At

moderate and far distances from the swimmer, this near-closure is generic for potential

and viscous flows [17]. We integrate (3.8) numerically with Matlab’s ode45, using the

non-dimensionalized values in Table 4.

3.2.1 Particle paths

We first discuss the particle paths in detail, before turning to the net displacements in

Section 3.2.2. Figure 13(b) shows the classic loop-like trajectories for distant particles

as the swimmer passes by them, a result commonly found with steady swimmers [11,

17, 46, 49, 63, 76]. The loop-like behavior is broken for particles close to the start or

end of the swimmer’s path (Fig. 13(a,c)), as pointed out in [46].
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Figure 14: Plot of particle displacements, ∆λ(x0, y0)/R, as a function of initial particle
position (x0, y0, 0) for a swimmer starting at (A(0), 0, 0) and swimming for 20 periods
(or a net distance of λ ≈ 9.8R). The white disk is the initial position of the swimmer’s
body.

3.2.2 Particle displacements

An immediate next step is to study the net displacement of each particle path. We

begin by integrating an initial mesh of particles (again we assume idealized particles

that follow the fluid flow). After integrating the particles, we can then calculate and

plot their net displacement (Fig. 14). We recover the open trajectories (and thus larger

displacements) of particles located near the start and end of the finite swimming path as

mentioned in the previous section. We also see large displacements for particles that are

in the path of the no-slip surface of the swimmer’s body; this can be seen by the streak

of large displacements along the swimming axis, immediately ahead of the sphere.

A sequence of faint stripes can also be seen in the right half of Fig. 14. They first

appear near the initial location of the flagellar Stokeslet and repeat almost periodically.

The spacing between stripes is roughly equal to Uτ , the distance traveled by the swimmer

in one period. The leftmost stripe occurs at the first maximum excursion of the flagellar



40

10 10.5 11 11.5 12 12.5
0.4

0.6

0.8

1

1.2

1.4

1.6

x/R

y/
R

Figure 15: The swimmer starts centered at the origin and swims for 100 periods (a
distance of about 49R), passing through the an initial square of fluid particles (dashed)
and deforming it (solid). The time dependence creates characteristic lobe structures.

Stokeslet from the the swimmer’s body (see Fig. 12).

It is also instructive to examine how material lines of fluid particles are displaced by

the swimmer. In Fig. 15 we take an initial square of fluid particles (dashed), located

ahead of the swimmer. The solid lines then show the eventual fate of that square as its

constituent particles are displaced. Notice the large amount of stretching and folding

that creates ‘lobes,’ typically associated with mixing [2, 57, 80]. Here we have a transient

process, which is more appropriately analyzed using methods from transient chaos in

open flows [59, 74]. We do not carry out such analysis here; instead we will discuss

mixing in terms of the statistics of particle displacements (Chapter 5).
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Chapter 4

Velocity Field Asymptotics

For the remaining chapters on biomixing we focus on our dumbbell model with a no-

slip, rigid spherical body. At the present moment we will analyze some of the limiting

behaviors of our velocity field. The time-dependence near the swimmer leads to some

interesting results, whereas the far-field barely notices the unsteady nature of our model.

4.1 Near-Field Asymptotics

The trajectories with the largest displacements commonly occur near the swimmer.

In particular, particles directly in the path of the swimmer (small y0) are displaced

the most. In an inviscid fluid, or for squirmers, the largest displacements typically

scale as log y0, since the largest displacements arise from particles that remain in the

vicinity of stagnation points at the leading and trailing edges of the body. For no-slip

spheres, the largest displacements scale as 1/y0 [18], this time due to particles that

remain near the no-slip rigid surface. For our time-dependent swimmer, the situation is

more complicated, since particles near the no-slip body of the swimmer are still affected

by the time-dependent flagellar Stokeslet. We now model these particles in order to find

the largest particle displacements.
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4.1.1 Flow Near the Swimmer’s Body

In a frame moving with the swimmer’s body, the velocity field is very small near the no-

slip surface. A particle near that surface in the upper-half x–y plane has a coordinate

vector of the form r = (A(t) + (R + δr) cos θ)x̂ + (R + δr) sin θ ŷ, where δr is small

and 0 ≤ θ ≤ π. The ‘leading edge’ has θ = 0, and the ‘trailing edge’ has θ = π. We

Taylor expand for small δr and find the tangential velocity

uθ(δr, θ, t) = 3
2

δr

R
sin θ

{
(U + Ȧ)− 3

2

r (R2 − α2)2(U + ȧ)

(R2 + α2 − 2Rα cos θ)5/2

}
+O((δr)2) (4.1)

where α(t) = a(t) − A(t). The term proportional to U + Ȧ is the same as for a no-slip

sphere in a flow with that speed. Using the force balance condition (3.3) to eliminate ȧ

in (4.1), we find after some work

uθ(δr, θ, t) = 3
2
(U + Ȧ)

δr

R
sin θ {1 +W (α, θ)} . (4.2)

where we dropped terms of order (δr)2 and defined

W (α, θ) :=
3R(R + α)2α3

(R + 2α)(R2 + α2 − 2Rα cos θ)5/2
.

At leading order, the corresponding radial velocity component is second-order in δr:

ur(δr, θ, t) ≈ −3
2

(U + Ȧ)
(δr)2

R2
cos θ

{
1 +W (α, θ) + 1

2
tan θ ∂θW (α, θ)

}
. (4.3)

Given the velocity components (4.2) and (4.3), is it possible for the flow near the

boundary to exhibit a ‘bubble’ or recirculation region, that is, a separating streamline

(in a frame oscillating with the body) other than at θ = 0 or π? No, since this would

require the two terms in the braces in (4.2) to cancel for some θ = θsep, but W (α, θ) > 0

since α = a − A > R > 0 to avoid collision between the flagellar Stokeslet and body.
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Hence, there is no such ‘bubble.’ It is notable that the nonexistence of the recirculation

region is tied to the force-free condition. The lack of a recirculation region means that

a particle initially very close to the x axis (small y0) in the swimmer’s path will crawl

along the entire length of the swimmer’s body.

4.1.2 Two-Time Expansion

The polar coordinates of a fluid particle near the swimmer’s body satisfy

˙δr = ur(δr, θ, t), θ̇ = uθ(δr, θ, t)/R, (4.4)

where uθ is given by (4.2) and ur by (4.3). Because both ur and uθ vanish at δr = 0,

a particle near the boundary moves very little at each period τ with respect to the

swimmer’s body. This slow motion is captured by a slow time T and the expansions

∂t → ∂t + ε ∂T , θ = θ0 + ε θ1 + . . . , δr = ε (δr1 + ε δr2 + . . .), (4.5)

where ε is a small parameter proportional to how close the particle is to the body.

All the quantities now a priori depend on the two times t and T . We now insert the

expansions (4.5) into (4.4), use the leading-order dependence of ur and uθ with δr, and

equate powers of ε. At leading order in ε this gives

∂tδr1 = 0, ∂tθ0 = 0,

so that δr1(t, T ) = δr1(T ) and θ0(t, T ) = θ0(T ). At the next order, we obtain

∂T δr1 + ∂tδr2 = ur(δr1, θ0, t), ∂T θ0 + ∂tθ1 = uθ(δr1, θ0, t)/R. (4.6)

We average (4.6) over one period in t and impose periodicity of δr2 and θ1, so that 〈∂tδr2〉 =

〈∂tθ1〉 = 0:

∂T δr1(T ) = 〈ur(δr1(T ), θ0(T ), ·)〉, ∂T θ0(T ) = 〈uθ(δr1(T ), θ0(T ), ·)〉/R. (4.7)
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The ‘·’ argument indicates that we are averaging only with respect to the last slot,

holding δr and θ fixed (see (4.9) below). These are ‘slow’ equations that capture a

particle’s drift near the boundary, using a period-averaged velocity. To simplify the

notation, we now drop the subscripts and use t for T in (4.7):

˙δr = 〈ur(δr, θ, ·)〉, θ̇ = 〈uθ(δr, θ, ·)〉/R, (4.8)

with

〈ur(δr, θ, ·)〉 =
1

τ

∫ τ

0

ur(δr, θ, s) ds, 〈uθ(δr, θ, ·)〉 =
1

τ

∫ τ

0

uθ(δr, θ, s) ds. (4.9)

The particle displacement equations (4.8) are time-averaged in the sense that they now

only depend on t through the change in δr(t) and θ(t).

Let’s evaluate 〈uθ〉. From (4.2), we have

〈uθ(δr, θ, ·)〉 = 3
2

U

R
δr sin θ {1 +W(θ)} , (4.10)

where

W(θ) :=
1

τ

∫ τ

0

(1 + Ȧ(s)/U)W (α(s), θ) ds. (4.11)

The integral (4.11) is straightforward to evaluate numerically. In Fig. 16 we compare the

averaged velocity (4.10) (solid line) to an isolated no-slip sphere (W ≡ 0, dashed line) for

our reference parameter values. The averaged velocity is much larger on the front side

of the swimmer (right) due to the effect of the flagellar Stokeslet. As we shall see below,

this implies, paradoxically, that fluid particles are displaced less in the fixed lab frame,

since their residence time in the boundary region is shorter than for an isolated no-slip

sphere (see Section 4.1.4). Put another way, the swimmer’s body is less ‘sticky’ than an

isolated no-slip sphere. (This difference is partially mitigated by particles coming closer

to the swimmer’s body than for a no-slip sphere, see (4.12).)
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Figure 16: The averaged tangential speed (4.10), after dropping the lead coefficient. The
dashed line is for an isolated rigid sphere (W ≡ 0) moving at the same speed. The front
of the swimmer is to the right.

4.1.3 Averaged Streamline

For an axisymmetric flow, we can define a streamfunction ψ(r, θ) such that

ur(r, θ) =
1

r2 sin θ

∂ψ

∂θ
, uθ(r, θ) = − 1

r sin θ

∂ψ

∂r
.

Using this with r = R + δr we can find a streamfunction for the averaged flow (4.10):

ψ(R + δr, θ) = −3
4
U (δr)2 sin2 θ {1 +W(θ)}+O(δr3),

valid in the vicinity of the swimmer’s body to leading order in δr. The streamfunction

far from the swimmer is

ψ∞(r, θ) = −1
2
Ur2 sin2 θ = −1

2
Uy2, r � R,

which corresponds to the steady flow from the right. The equation for the ‘average

streamline’ where a particle ends up at y1 after the swimmer has passed is then obtained



46

-2 -1 0 1 2
x=R

0

0.5

1

y
=
R

Figure 17: The averaged streamline (4.12) (solid line) is closer to the swimmer’s body
than for an isolated no-slip sphere (W ≡ 0, dashed) moving at the same speed. The
streamline is closest to the body at the front of the swimmer (right side).

by setting ψ(R + δr, θ) = ψ∞(y1) = −1
2
Uy2

1, which gives

3
2

(δr)2 sin2 θ {1 +W(θ)} = y2
1.

We then solve this for δr(θ):

δr(θ) =
√

2
3

y1

sin θ
{1 +W(θ)}−1/2 . (4.12)

With W ≡ 0 we recover the streamline for an isolated no-slip sphere in a constant flow

(see Fig. 17). The termW(θ) is positive, so the swimmer’s averaged streamline is always

closer to the body than for the equivalent isolated no-slip sphere. The difference between

a streamline for the isolated no-slip sphere and for the swimmer is most pronounced

at θ = 0, as expected since this is the side of the flagellar Stokeslet.

In a steady flow, a particle that starts at y0 far ahead of the swimmer returns to y0

after the swimmer has passed. Because of the time dependence, the streamfunction can

change value. We can estimate this change from (4.12):

y1

y0

≈ [(R + δr(θ)) sin θ]θ=π
[(R + δr(θ)) sin θ]θ=0

=

√
1 +W(0)

1 +W(π)
≈ 5.33. (4.13)
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Figure 18: Ratio of final to initial y value, representing the jump in streamline due to
the time dependence. The phase is expressed as a fraction of the period τ . The dashed
line is the time-averaged expression (4.13).

However, this is at best a rough approximation, since it involves taking δr to infinity

when it should be small, as well as being based on the time-averaged velocity. Figure 18

shows that the ratio of the final to initial y depends on the phase of the flagellar Stokeslet.

The value 5.33 from (4.13) (dashed line) does sit roughly in the middle. The jump is due

to streamlines being stretched, folded, and then compressed against the body due to the

flagellar Stokeslet (the cause of the folds in Fig. 15). This is followed by varying degrees

of shear based on how far different portions of the streamlines end up being from the

swimmer’s body. This effect can be seen by either varying the initial particle position

or by changing the initial flagellar phase while keeping everything else constant.
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4.1.4 Net Displacement

For large λ, the largest displacement values will involve particles that travel with the

swimmer for a long distance, i.e., particles that stay near the swimmer’s body. The

displacement in the y direction is then negligible. The residence time near the swimmer’s

body is

Tres =

∫ T

0

dt = R

∫ π

0

dθ

〈uθ(δr(θ), θ, ·)〉
.

We insert into this the velocity (4.10) to get

Tres = R

∫ π

0

(
3
2

U

R
δr(θ) sin θ {1 +W(θ)}

)−1

dθ

and then use the streamline (4.12) to find the net displacement

∆λ(y1) = UTres =
√

2
3

R2

y1

∫ π

0

{1 +W(θ)}−1/2 dθ. (4.14)

This is independent of x since we assume the swimmer moves a long enough distance so

that the particle crawls along the full length of the body.

We can evaluate the integral (4.14) numerically to find

∆λ(y1) = CR2/y1, C ≈ 1.72919. (4.15)

The corresponding coefficient for an isolated no-slip sphere is
√

2/3π ≈ 2.56510, so

the swimmer’s net displacement is about 67% of an equivalent sphere. This asymptotic

expression is compared to numerical simulations for a particular initial flagellar phase in

Fig. 19, showing excellent agreement in the y1 match (which remains practically constant

over different swimming phases). The y0 data is more sensitive to the swimming phase

due to the interaction that occurs with the flagellar Stokeslet on this side of the swimmer.

These results provide an additional dichotomy between a puller and a pusher. A pusher
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Figure 19: Net particle displacement ∆λ as a function of the the initial (y0, dotted) and
final (y1, solid) distances from the swimming axis. The particle starts far ahead of the
swimmer and ends far behind. The dashed line is the asymptotic form (4.15), which
agrees with the displacement as a function of the final position y1. It is worth noting
that the dotted line is very sensitive to the initial swimming phase, whereas the solid
line is not.

can be created by reversing time, and thus also the swimming direction, of our present

model. The time-dependence of particle displacements is nearly negligible for a pusher

due to the majority of the residence time occuring at the edge of the pusher’s body

that is furthest from the flagellar Stokeslet. Lastly, note that Fig. 19 predicts very large

displacements for small y, but in practice these will be capped by the swimming path

length λ.
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4.2 Far-Field Asymptotics

As we zoom out from our swimmer and look in the far-field, the effect of the singularities

in the flow field of Section 3.1.2 cancel out, as we required for our neutrally buoyant

swimmer. The net velocity field due to the Stokeslet singularities in (3.6) is then well

approximated by a stresslet singularity (with a source term for mass conservation),

ustress(r) = 3
4
Uβ

(
1− 3x2

‖r‖2

)
r

‖r‖3
+O(‖r‖−3), ‖r‖/α� 1, (4.16)

where

β =
[(

5
2
− 3

2
c2
α

)
c2
αR− α

]
(1 + ȧ/U) r (4.17)

is the normalized stresslet strength. Recall that α = a − A is the separation between

the flagellar Stokeslet and the center of the swimmer’s body, and cα = R/α.

In the lab frame, particles obey ṙ = ustress(r − Ut x̂). Any time-dependence on the

oscillatory positions and strengths of the original Stokeslets is absorbed by the stresslet

strength β in (4.16). The normalized stresslet strength β has a Fourier series derived

from (4.17) which we analyze in the following two subsections.

4.2.1 Displacement Due to Mean Flow

In the lab frame, the stresslet starts at the origin and proceeds to move in the positive x-

direction with speed U . The mean flow from the swimmer is

u(r) = 3
4
Uβ0

(
1− 3X2

‖R‖2

)
R

‖R‖3
, (4.18)

where β0 = 〈β〉 ≈ 5.2R2, X = x− Ut, and

R = r − Ut x̂ = (x− Ut, y, z) (4.19)
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is the position of the particle relative to the swimmer. The mean flow above remains

axially symmetric and thus we set z = 0 for convenience. We track a fluid particle that

starts at r0 = (x0, y0, 0), and its motion then takes place in the x–y plane.

Let δr be the particle’s displacement from r0. If the particle is moderately far from

the swimmer, then δr remains small throughout the trajectory, and we can expand to

leading order in δr:

ux x̂+ uy ŷ = β0u0(x0 − Ut, y0) +O(‖δr‖), (4.20)

where

u0(x0, y0) = 3
4
U

(y2
0 − 2x2

0)

H5(x0, y0)
(x0 x̂+ y0 ŷ).

Here the hypotenuse function is

H(x, y) :=
√
x2 + y2.

At this order the particle feels a velocity field that depends solely on its initial position.

We can then solve for the particle motion by integrating ˙δx = ux and δ̇y = uy:

δx(t) = 3
4
β0
H2(
√

2x0, y0)

H3(x0, y0)
− 3

4
β0
H2(
√

2(x0 − Ut), y0)

H3(x0 − Ut, y0)
,

δy(t) = 3
4
β0

x0y0

H3(x0, y0)
− 3

4
β0

(x0 − Ut)y0

H3(x0 − Ut, y0)
,

valid to leading order in δr = r−r0. Both coordinates achieve extrema at Ut = x0± 1√
2
y0,

and δx(t) has an additional extremum at Ut = x0. The fact that both coordinates

achieve extrema at the same time is reflected by the two ‘cusps’ visible in Fig. 20b. The

coordinates of the two cusps are

δxcusp = −
√

2
3

β0

|y0|
+ 3

4
β0
H2(
√

2x0, y0)

H3(x0, y0)
, δycusp = ± 1

2
√

3

β0

|y0|
+ 3

4

β0 x0 y0

H3(x0, y0)
.
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Figure 20: Particle paths (a) near the swimmer and (b) far from the swimmer. Paths
caused by the full model from Section 3.1.2, and the far-field approximation of the mean
flow from Section 4.2.1. Better agreement is seen for particle paths further from the
swimmer.

Examining Fig. 20b and using the location of the cusps, we find that the maximum

displacements are bounded as

|δx(t)| ≤
√

2
3
β0/|y0|, |δy(t)| ≤ 1√

3
β0/|y0|.

The total net displacement after a time t = λ/U is

∆λ(x0, y0) =
√
δx2(λ/U) + δy2(λ/U) ≤ β0/|y0|. (4.22)

4.2.2 Displacement Due to Time-Dependent Flow

In Section 4.2.1 we ignored the time-dependence of β and focused on the mean flow. For

small particle displacement the expansion (4.20) holds, and the velocity field measured

at the particle only depends in the initial position of the particle relative to the swimmer

at leading order. This means we can consider the Fourier terms of β separately. The
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Fourier series expansion of β(t) is

β(t) =
∞∑

m=−∞

βmeimΩt.

Recall β0 = 〈β〉 is the mean-flow portion described in Section 4.2.1. From (4.20), the

contribution to the displacement for a given frequency mΩ will lead to the integral

δrm(t) = βm

∫ t

0

u0(x0 − Us, y0) eimΩs ds. (4.23)

At high frequencies we expect little contribution from the oscillating part. Indeed,

integrating (4.23) by parts gives∫ t

0

u0(x0 − Us, y0) eimΩs ds =
1

(imΩ)

[
u0(x0 − Us, y0) eimΩs

]t
0

+O(Ω−2)

for m ≥ 1. From (4.23), the ratio of the contribution of the βm term to the averaged

flow is roughly

‖δrm(t)‖
‖δr(t)‖

∼ U

Ω

βm
β0

1

H(x0 − Ut, y0)
. (4.24)

We see that the ratio of displacements becomes smaller not only as Ω becomes larger,

but also as H(x0 − Ut, y0) is made larger. This means that the time dependence has a

smaller relative impact on faraway particles than on nearby ones. Hence, in the far-field,

where the stresslet approximation is valid, the time dependence of the swimmer can be

safely neglected.
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Chapter 5

Statistics of Particle Displacements

In the following sections we combine our results and determine the importance of time-

dependence on mixing and fluid transport. We find the usual ballistic regime for short

swimming times and diffusive scalings for long times. Later we see that the largest and

rarest displacements are slightly suppressed by the time-dependence. However, these

displacements, which arise from close interaction with the swimmer’s body, are still

larger than that of the common squirmer model.

5.1 Effective Diffusivity

At low swimmer volume fractions, the effective diffusivity (Deff) separates into a thermal

diffusivity (D0) and an enhanced diffusivity (Dh) [31, 51, 61, 78]. The enhanced diffu-

sivity measures how the swimmers diffuse their environment in the absence of thermal

noise (which our numerics and asymptotics also neglect), and is related to the second

moment of particle displacements via

Dh =
nU

6λ

∫
R3

∆2
λ(r) dr,

where n is the number density of the swimmers [46, 61, 76]. We frequently convert

between the number density n and the volume fraction φ of swimmers via φ = 4
3
πR3n.

Here the integral is over all possible initial positions of a fluid particle with respect to
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the swimmer, assuming an infinite domain (and convergence of the integral — see [75]).

The axial symmetry of our swimmer simplifies the enhanced diffusivity computation

via

Dh =
Un

6λ

∫ ∞
−∞

∫ ∞
0

∫ 2π

0

∆2
λ(x0, y0) · y0 dθ dy0 dx0 =

Uπn

3λ

∫ ∞
−∞

∫ ∞
0

y0∆2
λ(x0, y0) dy0 dx0

=
Uπn

3λ

∫ ∞
−∞

∫ ∞
−∞

y2
0∆2

λ(x0, y0) d log y0 dx0 = 1
3
Uπn

∫
R2

y2
0∆2

λ(x0, y0) d log(y0/R) d(x0/λ),

(5.1)

where we use log(y0/R) as the integration variable to emphasize small-y0 values, for

which the largest displacements occur. A sample integrand for λ ≈ 9.8R is plotted

in Fig. 21. This is closely related to the particle displacement plot Fig. 14, with the

addition of the log scaling and the axial symmetry weight y0. The inset in Fig. 21

shows the far-field stresslet form, which is not valid near the swimmer. The largest

displacements have been smeared by the time-dependence, and are now asymmetric

with respect to the start and end of the swimming path. The largest displacements

are associated with particles dragged along the swimmer’s no-slip body. However, these

are not the dominant contribution to the integral (5.1), because of the y0 weight. The

largest displacements are too rare to significantly affect the enhanced diffusivity.

Values of the integral (5.1) are plotted for varying path length in Fig. 22(a), with t =

λ/U . We observe a roughly ‘ballistic’ scaling (λ2) for short swimming times, and

a diffusive scaling (λ) for longer times. This is consistent with the observations in

[82, 78, 42, 75]: for short times particles move linearly in time, and so the squared dis-

placement is quadratic with λ. (In some of these publications the exponent seems smaller

than ballistic, which could be because the data is already turning over to the diffusive

regime, or because of molecular diffusion.) For longer times particles are left behind
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Figure 21: Non-dimensionalized integrand of final expression in (5.1) (inset uses the
steady far-field approximation involving ∆λ) with λ ≈ 9.8R and β0 ≈ 5.2R2.

and undergo a finite displacement, but the number of particles displaced grows linearly

with λ [75]. In the far-field the displacements due to a stresslet singularity also leads to

linear dependence on λ, as described by Pushkin and Yeomans [61] and Thiffeault [75].

In Fig. 22(b) we see that the enhanced diffusivity eventually saturates with path

length λ, reaching an asymptotic value of about 70 in dimensionless units. For compar-

ison, if we use only the far-field averaged stresslet value, we find a value of about 60.

The increase in the enhanced diffusivity due to time dependence and modeling of the

near-field is thus significant but not large. This is consistent with the observation that

the integral in (5.1) is dominated by particles that are a few radii away from the swim-

mer [46], where the stresslet approximation will start to apply, and the heavy suppression

of the time dependence at those distances as reflected by (4.24).
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Figure 22: Dimensionless values of the second moment of particle displacements (left)
and enhanced diffusivity (right) for varying path lengths of swimmers.

5.2 Distribution of Particle Displacements

In Thiffeault [75], the experimental results of Leptos et al. [42] were well-explained by

examining the drift function due to a model organism, called a squirmer. Squirmers

were introduced by Lighthill [44] and Blake [5]; they consist of a sphere in Stokes flow

with an imposed tangential velocity. The force-free condition is imposed to determine

the swimming velocity. The far-field form of the velocity field is thus a stresslet, as

required for a neutrally-buoyant microswimmer. The imposed velocity at the surface

of the squirmer leads to lessened largest particle displacements compared to the model

presented here, since particles are not dragged along by the squirmer.

The experimental distributions of Leptos et al. [42] were well-fitted at different vol-

ume fractions by steady squirmers with a stresslet strength β = 0.5R2. However, it

was observed that the fit was worst in the tails of the distribution, corresponding to the

largest particle displacements. The hypothesis in modeling a more realistic swimmer
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with a no-slip body was that this would lead to fatter tails while leaving the center of the

distribution mostly unchanged, since the center depends mostly on far-field (stresslet)

effects.

The following result for the probability of a particle being displaced a distance x is

borrowed from [75]:

pXλ(x) =
1

2π

∫ ∞
−∞

exp(−νλΓλ(k)) e−ikx dk, (5.2)

where νλ = nλσ, σ = πR2 is the the cross-section of the swimmer in the direction of

motion, and

Γλ(k) :=
1

λσ

∫
V

γ (k∆λ(η)) dVη,

with γ(x) := 1− sin(x)/x.

We simplify the above equation and combine it with νλ for simplicity (as they only

show up in tandem in (5.2)):

νλ Γλ(k) = n

∫
V

γ (k∆λ(η)) dVη =
φ

4
3
πR3

∫
R3

γ (k∆λ(x, y, z)) dx dy dz

=
2πφ

4
3
πR3

∫ y0=∞

y0=0

∫ x0=∞

x0=−∞
γ (k∆λ(x0, y0)) y0 dx0 dy0

=
3φ

2R3

∫
R2

γ (k∆λ(x0, y0)) y2
0 dx0 d(log y0),

where we truncate our integration (and also our numerics) such that min[log y0/R] = −3

to avoid the singularity. We also note Γλ(k) need only be computed out to |k| ≤ kmax

such that

νλΓλ(kmax) ∼ O(1),

due to the exponential decay in (5.2) and since Γλ ends up being a convex function of k.

Lastly, for small arguments, γ(ξ) ∼ 1
6
ξ2 +O(ξ4).
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We use the above small argument approximation in conjunction with a Legendre-

Gauss quadrature to handle the x0 → ±∞ and y0 →∞ limits. The Legendre transform

uses a substitution of r0 = r(θ)/u in the following derivation:

∫ 2π

0

∫ ∞
r(θ)

[γ (k∆λ(r0 cos θ, r0 sin θ)) r0 sin θ] r0 dr0 dθ

≈
∫ 2π

0

∫ ∞
r(θ)

[
k2∆2

λ(r0 cos θ, r0 sin θ) r0 sin θ
]
r0 dr0 dθ

=

∫ 2π

0

∫ 0

1

k2∆2
λ

(
r(θ) cos θ

u
,
r(θ) sin θ

u

)
r2(θ) sin(θ)

u2
· −r(θ)

u2
du dθ

=

∫ 2π

0

∫ 1

0

k2∆2
λ

(
r(θ) cos θ

u
,
r(θ) sin θ

u

)
r3(θ) sin(θ)

u4
du dθ,

where our lower, finite bound for r0 depended on θ because our high-resolution data 21

spans a rectangular region: (x0, y0) ∈ [−4λ ≤ x0 ≤ 5λ] × [e−3R ≤ y0 ≤ e7λ/100]. There

is no issue for the u → 0 limit in the above integral due to ∆2
λ ∼ 1/r4

0 = u4/r4(θ) for

large r0, which is why we used the above Legendre transformation.

We can now compare our dumbbell model to the squirmer from [5, 29, 44, 46]. In

Fig. 23 we plot the probability distribution functions for a few volume fractions and

compare to the steady squirmer with β = 〈β〉 = 5.2R2, the mean stresslet strength for

our time-dependent swimmer. As expected, the tails of the distribution are somewhat

fatter in our time-dependent model with a no-slip sphere. This improves the match to

the data of Leptos et al. [42], though we did not directly compare to their data since

their value of β leads to somewhat unrealistic parameters in our model, such as the

flagellum entering the body. This can be explained by the fact that C. reinhardtii has

two flagella that can move to the sides of the body, whereas our model exploits axial

symmetry to maintain its simplicity. Note also that in computing the distributions for

the squirmer in Fig. 23 we omitted particles in the ‘atmosphere’ (trapped recirculation
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Figure 23: The probability distribution function for varying swimmer volume fractions
for steady squirmers (dashed) and the time-dependent model in this paper (solid). The
average stresslet strength β is the same in both models. The swimmers move a net
distance of λ/R ≈ 3, which is comparable to the experiments of Leptos et al. [42].

region) present at β = 5.2R2, as described in [46], since such an atmosphere is absent

from the time-dependent model. Figure 23 also highlights the convergence to a more

Gaussian form as the volume fraction is increased, though the distribution is still far

from Gaussian [75].
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Chapter 6

Optimal Heat Transfer in

Microchannels

The field of fluid dynamics involving channels has a broad range of applications includ-

ing: liquid cooling systems, filtration systems, heating and cooling of buildings, fuel

injection systems, and many more. Heat transfer often occurs in these systems along

the boundaries of the channels. In this chapter we focus on laminar, incompressible

flows in microchannels. Turbulent flows can increase mixing, which assists heat transfer,

but causes too much resistance to the flow. First we review velocity fields that arise in

curved microchannels and attempt to use COMSOL to run simulations on channels with

varying geometries. We run in to some complications and work around them by solving

for flows that optimize the heat transfer, invoking a discrete formulation to handle the

complex interplay of heat transfer and the steady Navier-Stokes equations.1

1This research began at an internship in the summer of 2015 at Mitsubishi Electric Research Labo-
ratories in Cambridge, MA. Supervised by Dr. Grover.
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6.1 Background

The main work done on 3-dimensional channels began with Jones et al. [34]. Their

research was based off of the discovery by Dean [12] who found that a pair of counter-

rotating vortices form in the cross-section of a curved channel, henceforth known as Dean

vortices. Dean found an analytical solution to the flow in a slightly curved channel with

circular cross section by perturbing the Poiseuille flow down a straight channel to first

order in the curvature. While these vortices result from leading order approximations,

they have been found both numerically and experimentally to exist for both moderate

values of the curvature and fluid velocity.

Jones et al. [34] proposed and explored the idea of combining two sections of planar

curved channels with an angular offset, referred to as a “pitch angle” by the authors.

This leads to the crossing of streamlines when traveling from one planar channel to the

other, due to the differently oriented Dean vortices in each section. This invention is

now referred to as the blinking vortices (blinking refers to the alternating orientations

of the vortex pair). Chaotic mixing is found to occur at different levels based on the

pitch angle.

6.1.1 Planar Channels

The work done by Jones et al. [34] has inspired lots of research to try and reproduce this

blinking vortex effect in planar channels (channels whose center of each cross-section lies

on the same plane). Planar channels are often easier to manufacture and implement,

especially for microscopic channels (referred to as microchannels in the literature). To

understand how to achieve chaotic mixing, researchers have looked into the effect of
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curvature and flow velocity on the location and strength of the Dean vortex pair. In

doing so, a non-dimensional quantity, known as the Dean number, was created:

K = Re
√
Dh/R,

where Dh := 4A/p is the hydraulic diameter (a ratio between the cross-sectional area

and the perimeter), R is the radius of curvature, and Re := ρUDh/µ is the Reynolds

number which incorporates the velocity,.

When the Dean number is increased, the location of the vortex pair begins to drift

towards the outer bend. To take advantage of this, research on the so called wavy

channels was explored, [1, 33, 54, 73, 84], to name some of the more recent publications.

Some enhanced mixing was found for moderate Dean numbers. The slightly off-center

Dean vortices would cross with the streamlines of another set of vortices when switching

from one signed curvature to the next.

To achieve chaotic mixing, larger Dean numbers are needed. By increasing the

Dean number even more, the vortex pair becomes unstable and begins moving around

within one bend of the wavy microchannel (constant signed curvature). This instability

combined with alternating signed curvature leads to chaotic mixing. Even larger Dean

numbers will create a second set of vortices which will enhance mixing even further. We

interchange the terms “heat transfer” and “mixing” often because the fluid is usually

hotter or colder than the channel’s surroundings and thus mixing of the fluid yields more

heat transfer at the wall.
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6.1.2 Mixing Efficiency

We can easily enhance mixing by putting more energy into the system, but the goal is

to optimize the mixing, limited by an energy or enstrophy constraint (where enstrophy

measures gradients of the flow). Wavy channels certainly enhance mixing, but at a cost.

The standard cost analyzed is the pressure drop along the channel caused by viscous

friction. The no-slip condition on the surfaces of the channel as well as the bends take

away from the inertia of the flow and thus require more pressure at the input to achieve

the same flow rate.

To quantify mixing, papers such as Zheng et al. [84] and Sui et al. [73] look at the

the averaged unit-based Nusselt number:

Nu :=
1

τ2 − τ1

∫ τ2

τ1

hunit(τ)Dh

k
,

where hunit is the unit-averaged heat transfer coefficient (which depends on the boundary

conditions) and k is the thermal conductivity of the walls. They also look at the time-

averaged unit-based Fanning friction factor (pressure drop, essentially):

funit :=
1

τ2 − τ1

∫ τ2

τ1

2

ρu2
m

Dh

4

∆punit(τ)

s0

,

where um is the mean flow velocity magnitude, ∆punit is the pressure drop across the unit,

and s0 is the channel axial path length in one unit. They compare each of these values

to that of a straight channel, yielding the ratios eNu = Nuunit/Nust and ef = funit/fst.

Then eNu/ef becomes a reasonable measurement to optimize the heat transfer of the

system.
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6.2 Optimization Formulation

In our research, coolant is being pushed through a microchannel and we aim to optimize

the amount of heat transfer occurring at the walls (outside of the channels is a heat

source we are trying to keep cool). Our original plan was to fix a pressure drop across

the channel as well as a flow rate and then tweak the geometry and length of the channel

so as to maximize the heat transferred along the walls of the channel. The longer or more

curved the channel is, the more pressure that is required to obtain the same flow rate.

This ended up being a little too ambitious and we propose the following idea instead.

We fix the energy, ‖u‖L2 , or enstrophy, ‖∇u‖L2 , the flow in the channel is allowed to

have (this can be related to the pressure drop and flow rate of the channel). Next, instead

of the geometry of the channel determining the fluid flow, we allow any incompressible

velocity field and pick the one that locally optimizes a given heat flux norm. The heat

flux norm is a way to measure the amount of heat that escapes a given cross-section.

Therefore, minimizing the heat flux maximizes the heat transfer at the walls. While the

above problem formulation is not entirely realistic, it gives some insight into optimal

heat transfer in microchannels.

6.2.1 Assumptions and Constraints

We begin by assuming the flow is fully-developed. The term “fully-developed” refers

to a flow that does not retain any of the velocity signature at the channel inlet. This

normally applies to fluid far enough down the channel. In a channel with periodic

geometries, a fully-developed flow is usually periodic in space as well. In our case, this

means our flow is independent of time (any time it took to start the fluid moving down
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the channel has passed and we have now reached a steady state). We take advantage

of this by replacing the axial position with time from here on out; this is allowed since

the axial component of the velocity is not allowed to recirculate in our case (u3 ≥ 0).

Additionally, we assume u3 = u3(x, y), i.e. the axial velocity does not change as we move

down the channel (∂u3/∂t = 0 in this new coordinate system). We prescribe the axial

velocity field and, in doing so, fix the flow rate.

We also assume the flow is incompressible and zero on the walls of the channel (no-

slip and no-penetration). The heat transfer along the walls is simplified via Dirichlet

conditions on the temperature, θ|∂Ω = 0. Doing so also makes it reasonable to assume

the temperature is never hotter than it is along the walls: θ(x, y, t) ≤ 0. We will use the

above assumptions in some of the following sections.

Lastly, we need to set the constraint on the cross-sectional velocity field. The most

obvious ones are a fixed enstrophy or a fixed energy. Fixing the energy is simpler, but it

does not prevent very fine scales from forming in the channel, which seems nonphysical

and not ideal for attempting to find a more globally optimal solution. Additionally, there

is a more direct relationship between the enstrophy, flow rate, and pressure drop (derived

next, culminating in (6.2)), which more accurately resembles our original research idea.

Relating Pressure Drop and Enstrophy

The following derivation follows similar steps as a comparable result in Jia et al. [32]

and is valid for a channel with constant curvature, but can be a decent approximation

for channels with more complex geometry. We begin with the steady flow assumption

above, we multiply both sides of the steady Navier-Stokes equation by the velocity field:

−u · ∇p = u ·
[
ρ(u · ∇)u− µ∇2u

]
.
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This expression can be rewritten as

−∇ · (uρ) = 1
2
ρ∇ ·

[
u‖u‖2

]
− µ

{
∇ · [u · ∇u]− ‖∇u‖2

}
, (6.1)

with use of the divergence-free assumption above and some chain rules, where

‖∇u‖2 :=
∑
i

∑
j

(∂jui)
2.

We integrate (6.1) over a section of volume, V , bounded by two cross-sections of the

channel, Ω1 and Ω2, with Ω2 being further down the channel.

After applying some divergence theorems and using the fact that u is no-slip and

no-penetration along the walls of the channel, we obtain

−
∫

Ω1

pu · n̂1 dσ −
∫

Ω2

pu · n̂2 dσ =
ρ

2

{∫
Ω1

‖u‖2u · n̂1 dσ +

∫
Ω2

‖u‖2u · n̂2 dσ

}
− µ

{∫
Ω1

[u · (∇u)] · n̂1 dσ +

∫
Ω2

[u · (∇u)] · n̂2 dσ

}
+ µ

∫
V

‖∇u‖2 dx,

where n̂i is the outward pointing normal vector to Ωi. If we also use the assumption

that the axial flow is fully-developed, then u · n̂ is independent of the axial position. In

this case, the above expression simplifies to

δp

∫
Ω2

u · n̂2 dσ = µ

∫
V

‖∇u‖2 dx,

where δp := p1 − p2 is the pressure drop between the two cross-sections, which is a

constant since the pressure profiles are identical at each cross-section for a fully-developed

flow down a channel with constant curvature. Note that the integral on the left is equal

to the flow rate, F .

The fully-developed assumption also tells us that the cross-sectional average of ‖∇u‖2

is independent of the axial position of the channel. Therefore, we can rewrite the previous
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equation as

∆p

L
=
µ

F

∫
Ω

‖∇u‖2(1 + κx) dx dy, (6.2)

where ∆p is the pressure lost throughout the entire channel (usually defined this way, as

in the literature, to be positive), L is the length of the channel, and κ is the curvature

of the channel. The (1 + κx) is a weighting that accounts for more fluid being near the

outer wall of a curved channel, with x = 0 being the center of a cross-section and positive

values correspond to the outer half of the channel. This “weighting” term arises from

the shape of a infinitesimal volume element: the standard dx dy from the cross-section

and a (1/κ + x) dθ from the arc length down the channel. The length of the channel is

related to the angular span, θs, via Rθs = L, where R = 1/κ is the radius of curvature.

Thus the angular integral adds in a κL.

6.2.2 Heat Flux Norms

Throughout our research we consider two norms to measure the heat flux, ‖u3θ‖L1

and ‖u3θ‖L2 . These are two different ways to measure the rate at which temperature

flows out of a given cross-section of the channel. Minimizing the L2-norm will prevent

focused peaks of extreme temperature, while the L1-norm will do a better job at reducing

the overall flux. Certain applications may benefit more from one norm or the other, so

we derive solutions from both. Our results focus more on the L1 norm.

The heat transfer process can be measured by how much the heat flux norm changes

as we traverse down the channel. Recall, for simplicity, we replaced the axial coordi-

nate (z) with time. Thus one way to reduce the amount of coolant that escapes a channel

is to make d
dt
‖u3θ‖nLn as negative as possible at each cross-section. This method of local
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optimization may not recover the globally optimal solution, but it is a good starting

point.

Using some of the assumptions in the previous section (u3 = u3(x, y) ≥ 0 and θ =

θ(x, y, t) ≤ 0), we obtain the following:

d

dt
‖u3θ‖L1

:=
d

dt

∫
Ω

|u3θ| dx = −
∫

Ω

u3
∂θ

∂t
dx (6.3)

and

d

dt
‖u3θ‖2

L2
:=

d

dt

∫
Ω

(u3θ)
2 dx = 2

∫
Ω

u2
3 θ

∂θ

∂t
dx, (6.4)

where Ω represents the channel’s cross-section. Next, we combine these expressions with

the Advection-Diffusion Equation.

6.2.3 Optimal Flow Derivation

With our conversion from axial position to time, the usual three-dimensional Advection-

Diffusion Equation (ADE) can be approximated by the two-dimensional version:

θt + u∗ · ∇θ = κ∆θ,

where u∗ := (u1, u2) is the cross-sectional velocity. Using this in conjunction with (6.3)

yields

d

dt
‖u3θ‖L1 = −κ

∫
Ω

u3∆θ dx+

∫
Ω

u3 u
∗ · ∇θ dx. (6.5)

We now need to minimize this result, in order to decrease ‖u3θ‖L1 as much as possible

in time. This requires variational calculus.
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Variational Calculus

We assume a fixed enstrophy constraint which we write as

‖∇u‖2
L2

:= ‖∇u1‖2
L2

+ ‖∇u2‖2
L2

+ ‖∇u3‖2
L2

= ρ2,

and define the following functional which imposes this constraint using a Lagrange mul-

tiplier λ:

J [u∗] = −κ
∫

Ω

u3∆θ dx+

∫
Ω

u3 u
∗ ·∇θ dx+ λ

{∫
Ω

∇u∗ :∇u∗ dx−
(
ρ2 − ‖∇u3‖2

L2

)}
,

where A : B := AijBij, using the conventional Einstein summation notation. Then the

first variational derivative is

∂J [u∗ + εw∗]

∂ε

∣∣∣∣
ε=0

=

∫
Ω

u3w
∗ · ∇θ dx− 2λ

∫
Ω

∆u∗ ·w∗ dx,

after doing some integration-by-parts and extending the no-slip assumption of u∗ to w∗

as well.

We also impose the incompressibility on w∗ by use of the Leray projection ([20]):

∂J [u∗ + εw∗]

∂ε

∣∣∣∣
ε=0

=

∫
Ω

P (u3∇θ) ·w∗ dx− 2λ

∫
Ω

∆u∗ ·w∗ dx,

where

P (v) := v −∇∆−1(∇ · v).

Therefore, optimality is satisfied when u∗ = ∆−1P (u3∇θ)/(2λ). Our enstrophy con-

straint can be written as

‖∇u∗‖2
L2

= ρ2 − ‖∇u3‖2
L2
,

and thus

4λ2 =
‖∇∆−1P (u3∇θ)‖2

L2

‖∇u∗‖2
L2

=
‖∇∆−1P (u3∇θ)‖2

L2

ρ2 − ‖∇u3‖2
L2

.
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The second variation ends up being

∂2J [u∗ + εw∗]

∂ε2

∣∣∣∣
ε=0

= λ

∫
Ω

‖∇w∗‖2 dx,

and this integral is always positive so we need a positive λ in order to minimize d
dt
‖u3θ‖L1 ;

i.e.

u∗ =
√
ρ2 − ‖∇u3‖2

L2

∆−1P (u3∇θ)
‖∇∆−1P (u3∇θ)‖L2

. (6.6)

Repeating the above steps, but now using (6.4), to get an optimal flow that mini-

mizes d
dt
‖u3θ‖2

L2
results in

u∗ =
√
ρ2 − ‖∇u3‖2

L2

∆−1P (u2
3θ∇θ)

‖∇∆−1P (u2
3θ∇θ)‖L2

.

Focusing on the result in (6.6), we need to do the following to compute the optimal

flow. First let

û∗ := ∆−1P (u3∇θ) and C(t) :=

√
ρ2 − ‖∇u3‖2

L2

‖∇û∗‖L2

, (6.7)

for convenience so that u∗ = C(t) û∗. Then if we also let v = u3∇θ, f = ∇ · v,

and h = ∆−1f , we see that

u∗ = C(t) ∆−1 [v −∇h] . (6.8)

Both u3 and θ0 = θ(x, y, 0) are prescribed (and future values of θ are determined by the

ADE), so we have full knowledge of v and thus also f. Determining the optimal flow, u∗,

is therefore a matter of solving three Poisson problems (one for each component of u∗

and a third for h):

∆u∗ = C(t)P (v), ∆h = f = ∇ · (u3∇θ).
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To solve these we need boundary conditions on u∗ and h, respectively. The first pair

of boundary conditions (one for each component of u∗) are easy since the optimal flow

is set to be no-slip and no-penetration on the walls, which yields Dirichlet boundary

conditions. Determining the boundary conditions of h for the third Poisson problem is

a little trickier, this was the main issue we had with running simulations in COMSOL.

COMSOL Issues

An expression like (6.8) does not hint at what boundary conditions we should impose

on h. We tried the following steps in COMSOL: prescribe u3 and θ0 following the

conditions listed in Section 6.2.1, compute f = ∇ · (u3∇θ), solve ∆h = f for h by

imposing boundary conditions on h, compute P (v) = v−∇h, solve ∆û∗ = P (v) for û∗,

calculate C(t) from (6.7), and then compute u∗ = C(t) û∗. Solving for û∗ involves two

Poisson problems, but the boundary conditions for both components are simple Dirichlet

conditions to impose no-slip and no-penetration. We tried multiple different boundary

condition combinations when solving the Poisson problem involving h, but no matter

what, we ended up breaking incompressibility of u∗.

To shed some light on this issue, let’s temporarily replace the fixed enstrophy con-

straint with a fixed energy constraint: ‖u‖L2 = ρ†. To derive the optimal flow in this

case, we minimize (6.5) using variational calculus. The result ends up being:

(u∗)† = C†(t) (v −∇h),

where v and h haven’t changed, but the dagger versions of the other variables correspond

to some minor tweaks from the fixed enstrophy case. Now note that since

(u∗)†|∂Ω = 0 and v|∂Ω = 0,
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we obtain

∇h · n̂|∂Ω = 0 and ∇h · t̂|∂Ω = 0.

The former case gives Neumann boundary conditions, whereas the latter case translates

to h being constant along the boundaries (Dirichlet). This yields an overdetermined

Poisson problem.

It is unlikely that the fixed energy case being overdetermined and the fixed enstrophy

case having uncertainty in the boundary conditions for h is a mere coincidence. We

attempt to resolve this issue by solving a discrete version of this problem in the following

section. Our hope is that a discrete basis can shed light on these issues or avoid them

entirely.

6.3 Discrete Version

Throughout this section, Fourier series represent quantities such as velocity fields or the

temperature field. We truncate these series in order to solve the above optimization

equations for the various Fourier coefficients. We proceed in chronological order with

our two significant methods: an incomplete basis (which we show later to have some

unwanted symmetries) chosen to match several conditions of our flow, and a complete

basis (which ended up having its own issues). The following discrete derivations use a

domain of (x, y) ∈ [0, 1]× [0, 1].

6.3.1 Symmetric Fourier Basis

Our first attempt naively uses the following partial Fourier series for the x- and y-

components of the optimal cross-sectional flow field, corresponding to û∗ = (û1, û2)
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above:

û1(x, y, t) =
M∑

k,l=0

αkl(t) sin(kπx) sin(lπy), û2(x, y, t) =
M∑

k,l=0

βkl(t) sin(kπx) sin(lπy),

(6.9)

where M is the number of cross-sectional velocity modes we keep in our truncated se-

ries. This series representation automatically satisfies no-slip and no-penetration on ∂Ω,

where Ω = [0, 1]× [0, 1]. Incompressibility then requires

M∑
k,l=0

αkl(t) kπ cos(kπx) sin(lπy)− βkl(t) lπ sin(kπx) cos(lπy) = 0.

We felt that this condition would be too cumbersome to continue through the many

optimization steps.

Additionally, we made the following incorrect assumption when choosing the partial

basis in (6.9). Take, for example, another Fourier series portion that could have been

added to either û1 or û2 above:

M∑
k,l=0

ckl(t) cos(kπx) sin(lπy).

This clearly is zero along y = 0 and y = 1, but let’s examine x = 0 for a moment. If we

wanted either component of the velocity to be zero along x = 0, we would need

M∑
k,l=0

ckl(t) sin(lπy) = 0.

Our original oversight was assuming this would only be satisfied if all ckl(t) were zero,

but the second summation actually saves us here. The standard next step is to integrate

both sides against basis functions in order to isolate the Fourier coefficients. Doing so

yields
M∑
k=0

ckl(t) = 0 ∀ l,
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which clearly has several valid solutions. This result was missed at first and we instead

thought a more restrictive basis was needed (due to too many conditions needing to be

met at once: no-slip, no-penetration, and incompressible).

New Basis Derivation

This time we begin with a more general basis formulation for the cross-sectional velocity:

û1(x, y, t) =
M∑

k,l=0

αkl(t)fk(x)gl(y), û2(x, y, t) =
M∑

k,l=0

βkl(t)pk(x)ql(y).

No-penetration and no-slip conditions yield fk(0) = fk(1) = 0 = ql(0) = ql(1) and pk(0) =

pk(1) = 0 = gl(0) = gl(1), respectively. In this case, incompressibility yields

−αkl(t)
βkl(t)

f ′k(x)

pk(x)
=
q′l(y)

gl(y)

for all k, l = 0, 1, ...,M . Note that the left-hand-side is independent of y and thus both

sides are equal to a constant, let this constant be γkl,1. Additionally,

−αkl(t)
βkl(t)

= γkl,1
pk(x)

f ′k(x)

has its variables separated, so both sides are equal to yet another constant, let this one

be denoted γkl,2. So far we have the following equations from incompressibility:

q′l(y) = γkl,1gl(y), αkl(t) = −γkl,2βkl(t), f ′k(x) = γkl,3pk(x),

where γkl,3 := γkl,1/γkl,2.

Imposing the boundary conditions ql(0) = 0 and ql(1) = 0 results in

ql(y) = γkl,1

∫ y

0

gl(y
′) dy′ and

∫ 1

0

gl(y) dy = 0,



76

respectively. Thus in g’s Fourier series, the constant value is zero and we can assume we

now sum from l = 1, 2, ...,M with

gl(y) = Gl sin(2lπy)

chosen to satisfy the boundary conditions g(0) = 0 = g(1), where we set each gl to be

one of the terms of a Fourier series representation (since if each gl had its own Fourier

series, we could just combine them and have a similar result). Combining the previous

two equations gives us

ql(y) =
γkl,1
lπ

Gl sin
2(lπy),

In a similar fashion we obtain

pk(x) = Pk sin(2kπx) and fk(x) =
γkl,3
kπ

Pk sin2(kπx).

After combining the above equations and introducing ξkl(t) := βkl(t)γkl,1PkGl, we end

up with

û1(x, y, t) =
M∑

k,l=1

ξkl(t)

kπ
sin2(kπx) sin(2lπy), û2(x, y, t) =

M∑
k,l=1

−ξkl(t)
lπ

sin(2kπx) sin2(lπy).

(6.10)

Before we start with deriving the flow that maximizes heat transfer, we point out

something we didn’t notice until much later. Note the following symmetries of the basis

functions above:

û1(1− x, y, t) = û1(x, y, t), û1(x, 1− y, t) = −û1(x, y, t),

û2(x, 1− y, t) = û2(x, y, t), û2(1− x, y, t) = −û2(x, y, t).

These symmetries are not a direct consequence of the no-slip, no-penetration, and in-

compressibility conditions, they arise from our basis functions not forming a complete
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basis. We still present our findings because this symmetry may exist for actual flows in

microchannels, similar to the symmetric pair of Dean vortices that exist for moderate

Dean numbers.

Optimal Flow

Recall the main issue in Section 6.2.3 was determining h in

∆û∗ = u3∇θ −∇h,

where ∆h = ∇ · (u3∇θ). Now if we try putting the series representation of û∗, (6.10),

into the above equation we obtain

2π
M∑

k,l=1

k ξkl(t) sin(2lπy) = ∆û1|x=0,1 = −hx|x=0,1

0 = ∆û2|x=0,1 = −hy|x=0,1

0 = ∆û1|y=0,1 = −hx|y=0,1

−2π
M∑

k,l=1

l ξkl(t) sin(2kπx) = ∆û2|y=0,1 = −hy|y=0,1,

after using the fact that u3|∂Ω = 0. The second and third conditions imply h is constant

along ∂Ω. The arbitrary constant of Poisson’s solution can be chosen so that

h|∂Ω = 0,

for simplicity. This suggests the following Fourier series for h:

h =
∑
i,j∈N

γij(t) sin(iπx) sin(jπy),
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where N = {1, 2, 3, ...}. We prescribe the following Fourier series for the axial flow and

temperature field:

u3 =

N0∑
i,j=1

µij sin(iπx) sin(jπy) and θ =
N∑

i,j=1

νij(t) sin(iπx) sin(jπy),

respectively, where N0 and M will be varied throughout the numerical results.

We obtain the Fourier coefficients for û∗ in a similar manner to the COMSOL ap-

proach. We prescribe u3 and an initial temperature profile θ0 = θ(x, y, 0), compute h

via ∆h = ∇·(u3∇θ), solve ∆û∗ = P (u3∇θ), find C(t) which ensures the fixed enstrophy

constraint, and lastly obtain u∗ = C(t) û∗. Any future temperature profiles are assumed

to be known by using the previous temperature profile and advancing the ADE with the

derived optimal flow from the previous time step. Determining u∗ from u3 and θ on the

discrete side uses the following steps.

The Poisson equation used for determining h first becomes

− π2
∑
i,j

γij(t)[i
2 + j2] sin(iπx) sin(jπy)

=
∑
i,j

∑
k,l

µijνkl(t) ·
π2

4
{k [cos((j − l)πy)− cos((j + l)πy)]

· (i [cos((i+ k)πx) + cos((i− k)πx)]− k [cos((i− k)πx)− cos((i+ k)πx)])

+ l [cos((i− k)πx)− cos((i+ k)πx)]

· (j [cos((j + l)πy) + cos((j − l)πy)]− l [cos((j − l)πy)− cos((j + l)πy)])} ,

after plugging in the proper series representations. Integrating against sin(mπx) sin(nπy)
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isolates the Fourier coefficients for h:

γmn(t) =
−1

m2 + n2

∑
i,j

∑
k,l

µijνkl(t) · {k [F (j − l, n)− F (j + l, n)]

· (i [F (i+ k,m) + F (i− k,m)]− k [F (i− k,m)− F (i+ k,m)])

+ l [F (i− k,m)− F (i+ k,m)]

· (j [F (j + l, n) + F (j − l, n)]− l [F (j − l, n)− F (j + l, n)])} , (6.11)

where

F (i,m) =

∫ 1

0

cos(iπs) sin(mπs) ds =
2m[(i+m)mod 2]

(m2 − i2 + δi2,m2)π
,

where the Kronecker delta is there to ensure the fraction is zero when m = ±i (otherwise

we get a 0/0).

The first component of the two-dimensional Poisson equation involving û∗ can be

expressed as

− 2π
∑
k,l

ξkl(t) sin(2lπy)

[
l2

k
−
(
l2

k
+ k

)
cos(2kπx)

]
=
π

4

∑
i,j

∑
k,l

k µijνkl(t) · [sin((i+ k)πx) + sin((i− k)πx)] · [cos((j− l)πy)− cos((j+ l)πy)]

− π
∑
i,j

i γij(t) cos(iπx) sin(jπy).

Using (6.11), integrating against cos(2mπx) sin(2nπy), and simplifying, ultimately grants

us the Fourier coefficients for û∗:

ξmn(t) =
32mn

m2 + n2

∑
i,j

∑
k,l

µijνkl(t) ijkl [m
2(j2 − l2)− n2(i2 − k2)]

[(4n2 − j2 − l2)2 − 4j2l2] [(4m2 − i2 − k2)2 − 4i2k2]
. (6.12)

This was verified to match the results obtained by starting with ∆û2 = u3θx−hy, instead

of the first component.
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Lastly, recall

C(t) =
ρ0

‖∇û∗‖L2

:=

√
ρ2 − ‖∇u3‖2

L2√
‖∇û1‖2

L2
+ ‖∇û2‖2

L2

,

where we introduce ρ0 since we are allowed to pick u3 and thus it may be more convenient

to impose fixed enstrophy via a two-dimensional constraint, ρ0, in place of the three-

dimensional constraint. In the event that we do want to relate ρ0 and ρ, we need

‖∇u3‖2
L2

=

∫
Ω

∇u3 · ∇u3 dx =
π2

4

N0∑
i,j

(i2 + j2)µ2
ij.

After deriving ‖∇û1‖2
L2

and ‖∇û2‖2
L2

in a similar fashion, we obtain

C(t) = 2ρ0

[
M∑
i,j=1

ξij(t)

{(
2 +

j2

i2
+
i2

j2

)
ξij(t) +

M∑
k=1

[
2j2

ik
ξkj(t) +

2i2

jk
ξik(t)

]}]−1/2

.

Advection-Diffusion Equation

Following similar steps as above, but now for the ADE rewritten as

θt = −u∗ · ∇θ + κ∆θ, (6.13)

yields a discrete version of the ADE:

dνmn(t)

dt
= −4C(t)

[∑
i,j

(∑
k,l

ξkl(t)A
mn
ijkl

)
νij(t)

]
− κπ2(m2 + n2)νmn(t),

where

Amnijkl =
32ijklmn

π2

{
m2 + 3i2 − 4k2

m2 − i2
− n2 + 3j2 − 4l2

n2 − j2

}
× 1

(n2 − j2)2 + 8l2(2l2 − j2 − n2)

1

(m2 − i2)2 + 8k2(2k2 − i2 −m2)

is, actually, fairly simplified.
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6.3.2 Complex Fourier Series

After realizing that the cross-sectional velocity components can be zero on the boundaries

while having more than just the sine-sine portion of the standard two-dimensional Fourier

series, we attempted a new discrete solution using a full basis. In this section we express

quantities such as the axial velocity and temperature in a complex basis:

u3(x, y) =
∞∑

k,l=−∞

µkl e
2πikxe2πily, θ(x, y, t) =

∞∑
k,l=−∞

νkl(t) e2πikxe2πily. (6.14)

The derivation of the optimal flow and the discrete form of the ADE follows in a similar

manner as before, which we outline in the following sections.

Optimal Flow

Recall the (non-enstrophy-constrained) optimal cross-sectional flow:

û∗ = ∆−1P (u3∇θ) = ∆−1
[
u3∇θ −∇∆−1 (∇ · [u3∇θ])

]
. (6.15)

We use a streamfunction to impose incompressibility on û∗ (and thus also u∗), with

Fourier series

ψ(x, y, t) =
∞∑

k,l=−∞

ξkl(t) e2πikxe2πily, (6.16)

and if we use the following Fourier series for the cross-sectional velocities:

u1 =
∞∑

k,l=−∞

αkl(t) e2πikxe2πily, u2 =
∞∑

k,l=−∞

βkl(t) e2πikxe2πily,

then

αkl(t) = 2πil ξkl(t) for l 6= 0, and βkl(t) = −2πik ξkl(t) for k 6= 0.

The list of Fourier coefficients above that are not yet defined (αk,0 and β0,l) are consis-

tent with the need to prescribe boundary conditions on the Poisson problems for the
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components of û∗. The no-penetration conditions on u1 and u2 end up being

∞∑
k=−∞

αkl(t) = 0, ∀ l, and
∞∑

l=−∞

βkl(t) = 0, ∀ k,

respectively. The no-slip conditions on u1 and u2 are

∞∑
l=−∞

αkl(t) = 0, ∀ k, and
∞∑

k=−∞

βkl(t) = 0, ∀ l,

respectively. The no-slip conditions allow us to determine the unknown Fourier coeffi-

cients:

αk,0(t) = −
∑
l 6=0

αkl(t), ∀ k, and β0,l(t) = −
∑
k 6=0

βkl(t), ∀ l. (6.17)

We resume the original derivation by inputting (6.14) and (6.16) into (6.15) to obtain:

ξmn(t) =
1

4π2(m2 + n2)2

∞∑
k,l=−∞

[kn− lm]µkl νm−k,n−l(t). (6.18)

Note that ξ0,0(t) is not well defined above, this corresponds to the arbitrary streamfunc-

tion constant. We recover the Fourier coefficients for û∗ as detailed above. And lastly

we compute C(t) in order to constrain the enstrophy; the derivation of which results in

C(t) = ρ0

{
4π2

∑
kl

(k2 + l2)
[
|αkl(t)|2 + |βkl(t)|2

]}−1/2

,

where |·| is the complex modulus.

The complex modulus falls out of the derivation due to the following reasons. We

begin with u3 and θ being real, so their Fourier coefficients satisfy µ−k,−l = µkl and

similarly for νkl(t). Therefore, one can show ξkl(t) has the same property, and it follows

that αkl(t) and βkl(t) do as well. Lastly, the expression for C(t) above originally involved

an αkl(t) · α−k,−l(t), and similarly for β. This is a nice verification that shows C(t), and

thus also u∗, is real.
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Advection-Diffusion Equation

The derivation of the discrete ADE for our new basis is not nearly as bad as our old

incomplete basis with unusual symmetries, and so we choose to omit the details. Plug-

ging in our Fourier series into (6.13) yields an ODE for the Fourier coefficients of the

temperature field.

dνmn(t)

dt
= −4π2κ(m2 + n2)νmn(t)

− 2πiC(t)
∞∑

k,l=−∞

[(m− k)αkl(t) + (n− l)βkl(t)] νm−k,n−l(t).

6.3.3 Discrete Solver and Results

With all of the equations derived for the two discrete versions, the following is an outline

of how we solve for the velocity and temperature of the fluid throughout the channel.

We begin by choosing an axial velocity, u3(x.y), an initial temperature profile, θ(x, y, t)

(usually t = 0), and an enstrophy allowance, ρ0 or ρ. Next we compute the Fourier

coefficients of these functions via

µkl = 4

∫
Ω

u3(x, y) sin(kπx) sin(lπy) dx dy

for the symmetric basis, and

µkl =

∫
Ω

u3(x, y) e−2πikxe−2πily dx dy

for the complex basis. We do the same for the Fourier coefficients of θ. Then we compute

the Fourier coefficients of û∗ using (6.12) or (6.18) in conjunction with the enstrophy

allowance, to compute C(t). This gives us all the tools necessary to advance the discrete

ADE, and we do so to obtain new Fourier coefficients for θ(x, y, t + δt). With the new
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Fourier coefficients, we can repeat the above steps with θ(x, y, t + δt) in place of the

previous θ(x, y, t). We pre-compute some matrices to represent Amnijkl as well as some

portions of (6.12) and other equations for speed.

Symmetric Fourier Basis

We begin by showing sample cross-sections from the same channel (at different axial po-

sitions). The temperature field and resultant optimal flow to mix it is plotted in Fig. 24.

Note the flow field is symmetric even though the temperature is not. Additionally, the

flow seems to waste some of its enstrophy allowance in regions of nearly constant tem-

perature. This is a demonstration of the unnatural symmetries for the first basis we

worked with.

In order to present the evolution of the temperature field down the channel in a

concise way, we compute the heat flux at each cross-section (this was also the quantity

we optimized via reducing it locally in time). The heat flux can be computed using the

Fourier coefficients:

‖u3θ‖L1 = −
∫

Ω

∑
k,l,m,n

µklνmn(t) sin(kπx) sin(lπy) sin(mπx) sin(nπy) = −1
4

∑
k,l

µklνkl(t),

which saves some computational time. Otherwise we would need to compute u3 and θ

from their respective Fourier coefficients, and then also integrate |u3θ| over a cross-

section.

In Fig. 25 we show the evolution of the heat flux as we move through the channel

with N = 16 (the number of temperature modes in each direction). Recall M is the

number of cross-sectional velocity modes in each direction and note that larger M does
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Figure 24: Temperature profile (left column) and resultant optimal flow (right column)
of a given cross-section of the channel. Top: Initial cross-section with prescribed tem-
perature. Bottom: Cross-section further down the channel (temperature has evolved
according to optimal flow at each cross-section).
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Figure 25: Cross-sectional heat flux as a function of axial position. Each curve represents
a different number of Fourier modes (M) for the cross-sectional velocity fields.

not necessarily lead to a globally optimal solution. This is due to fewer modes corre-

sponding to less fine scales which is better in our situation. This case might actually be

more representative of physical flows, such as the Dean vortices which operate on larger

scales.

We verify that our solution converges as we increase the number of terms in each

component of the temperature (N) and cross-sectional velocity (M) series, see Fig. 26.

Larger N represents more valid solutions, while larger M just expands the space of

available optimal flows. However we still find convergence in M since higher modes

correspond to larger enstrophies.

Complex Fourier Series

After running a few simulations with the new complex basis, things appeared to be

working. However, gathering some more results with varied initial temperature profiles,

we observed our optimal velocity field did not satisfy our conditions and the temperature
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Figure 26: Absolute error in cross-sectional heat flux, averaged over the length of the
channel. Left: Discrete series truncated after 16 temperature modes and M cross-
sectional velocity modes. Right: 16 cross-sectional velocity modes and N temperature
modes. Convergence is slower in N .

field did not retain its Dirichlet conditions. We address some of these issues here instead

of presenting findings; we use the following chapter to suggest alternative methods that

may overcome these problems.

Recall the constraints on the Fourier coefficients of the optimal flow that impose

no-slip on ∂Ω, (6.17). Similar equations can be derived to satisfy no-penetration on the

walls of the channel. We originally thought no-penetration was automatically satisfied

by use of the Leray projection, [20], but simulations suggested otherwise. Imposing no-

penetration on the Fourier coefficients caused our system to be overdetermined and our

cross-sectional flow was no longer incompressible. Further investigation actually proved

that the no-slip condition on its own was enough to break incompressibility. On the

bright side, this suggests the original issues we had with COMSOL were more valid than

we thought.
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Our simulations also revealed that our temperature field did not retain its Dirichlet

boundary conditions as we evolved our Advection-Diffusion equation. We ensured this

was not just a consequence of an invalid optimal flow as mentioned above by running a

simulation without the advective term (pure diffusion). Obviously we needed some con-

ditions on the Fourier coefficients of θ in order to impose Dirichlet boundary conditions

since our new basis is not automatically zero on the boundaries.

Trying to prescribed an initial temperature profile, computing the Fourier coeffi-

cients, and then imposing the resultant Dirichlet boundary conditions on the Fourier

coefficients, causes an error when reformulating the temperature field. This error is

caused by truncating our Fourier series and often turns the temperature field positive

in portions of the interior, and our earlier derivations required θ ≤ 0. It is unclear

how negative of an effect this would have, but we would additionally need to figure out

how to alter the discrete form of the ADE to keep θ fixed at zero along the boundaries

without invalidating the ADE. Regardless, the issue with the optimal flow not satisfying

incompressibility, no-slip, and no-penetration, is a bigger issue.
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Chapter 7

Discussion

Here we collect our thoughts, analyze our findings a little more, and propose some

possible solutions to our issues as well as ideas for future works.

7.1 Dumbbell Model

In our biomixing research we modeled a microswimmer as a no-slip sphere for the swim-

mer’s body and a time-dependent point force (Stokeslet) for its flagella. The model is

closer in its dynamical appearance to realistic organisms, such as C. reinhardtii. We then

compute the time-dependent drift of particles advected by the swimmer. Near the swim-

mer, we see the stretching and folding action typical of chaotic systems (Fig. 15). We

did not investigate this fully, though it would be interesting to examine the small-scale

mixing due to microswimmers using the tools from transient chaos in open flows [74, 59].

The drift function, which describes the displacements of fluid particles as the swim-

mer moves a finite distance, is an interesting object of study in its own right. However,

for a time-dependent swimmer we must rely mostly on numerical simulations, as we have

done here. The asymptotics of the drift function for the largest displacements (near the

swimmer) and the smallest (far away from the swimmer) are also important to under-

stand when examining particle statistics, since these depend on integrals of the drift
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function over all space. We found that for the largest displacements the drift function

exhibits the 1/y0 singularity typical of a no-slip sphere, which corresponds to particles

hugging the swimmer’s body. However, the drift distance is reduced when compared to

an isolated sphere, since the flagellar Stokeslet pushes particles along the body. We were

able to obtain a rough estimate for the drift near the body by a suitable averaging over

the fast swimming stroke period.

Far from the swimmer, we expect the time dependence to be damped. We showed this

explicitly by using the standard method of repeated integration by parts for developing

an asymptotic expansion in a fast variable. An important outcome is that the time

dependence is damped in two ways: it is damped because it is fast, but also it decreases

inversely with distance. Thus, the time dependence is unimportant in many applications

that only depend on particle displacements a few radii away from the swimmer.

One application in which the large time-dependent displacements are important is

to the statistics of particle displacements. In previous work [75] the experimental dis-

tributions of particle displacements of Leptos et al. [42] were well-matched by a steady

squirmer model. However, the non-Gaussian tails, which are associated with large dis-

placements, were found to be somewhat below the experiments, indicating that the

steady model underestimated the probability of large displacements. We find here that

the combination of time dependence and the presence of a no-slip boundary raise these

tails while leaving the center of the distribution relatively unchanged. We were not able

to match to the experimental distributions themselves: even though our model used pa-

rameters close to C. reinhardtii, the axial symmetry we used makes matching the mean

stresslet strength of that organism very difficult (it would require the flagellar singular-

ity to enter the body, which is unrealistic). Obviously, a better model would be to use
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two flagella such as in [21], but breaking axial symmetry makes the necessary volume

integrals much harder to evaluate. Alternatively, a ring of Stokeslets could be imple-

mented to preserve axial symmetry. Regardless, there are enough additional parameters

that simply matching the experimental distribution with this new model would not be

very convincing. (The fit in [75] required the adjustment of only one parameter, the

mean stresslet strength.) It may be possible in future experiments to measure the drift

function directly, which would help discriminate between models.

Another topic of interest involves recent work done by Kasyap et al. [35] and Patteson

et al. [58]. Here they study the effect of tracer/particle size in transport and mixing.

This clearly affects the resonance time of particles as particles with more inertia do not

change streamlines as easily. Another possible consequence of larger particles is that

they would experience gradients in the velocity field differently. Even more complex

dynamics may evolve and could give some interesting insight into the “optimal” particle

size and how it relates to actual nutrients within the fluid.

7.2 Heat Transfer in Microchannels

Recall our two key results: our first basis that was incomplete and gave us some “valid”

solutions (in the sense that they were valid for an incomplete basis), and a full basis that

had issues satisfying conditions. We have since explored a new avenue and the ongoing

work seems promising. The process is as follows: first solve

∆h = ∇ · v with ∇h · n̂|∂Ω = 0

for h, where v = u3∇θ is given (recall our issue with determining the boundary con-

ditions for h). Since v is prescribed to be zero on the boundaries, the above choice of
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Neumann conditions for h ensures that

w := P (v) = v −∇h

has no-penetration conditions on ∂Ω. Next we need to solve ∆û∗ = w for û∗. Using a

streamfunction, ψ, we instead want to solve the BiLaplacian equation,

∆2ψ = −∇×w,

for ψ. This higher order equation seems to have enough freedoms to satisfy all three of

our constraints: incompressibility automatically (since we are using a streamfunction),

no-slip becomes ∇ψ · n̂|∂Ω = 0, and no-penetration requires that ψ is constant along ∂Ω

(which we can set to zero due to the arbitrary streamfunction constant).
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und lehrbüchern. Akad. Verl.-Ges., Akademische, Leipzig, 1927.

[57] J. M. Ottino. Mixing, chaotic advection, and turbulence. Annu. Rev. Fluid Mech.,

22:207–253, 1990.



100

[58] A. E. Patteson, A. Gopinath, P. K. Purohit, and P. E. Arratia. Particle diffusion in

active fluids is non-monotonic in size. Soft Matter, 12(8):2365–2372, January 2016.

doi: 10.1039/C5SM02800K.
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