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Abstract

In recent decades, healthcare has become increasingly expensive, creating pressure on

care providers to deliver quality care while reducing costs. Consuming almost 20% of the

gross domestic products (GDP), healthcare is one of the largest industry sectors in the

United States (US). However, such high expenses may not always result in an adequate

healthcare service quality where long waits, limited access and resource overloads are

commonly observed.

Now more than ever, efforts to deliver care more efficiently and effectively are being

pursued throughout the US. Moreover, the US healthcare system is facing incredible

challenges as healthcare is shifting from the traditional, volume-driven, fee-for-service

model towards value-based payment and care delivery model. Such value initiatives are

becoming increasingly prevalent and important as patient costs continue to rise and

access to affordable care is threatened.

Given such widespread movements toward value-based care models, all provider seg-

ments have a more growing role to play in quality improvement and enhancing their

care delivery at all points along the patient care continuum. That said, the healthcare

industry can no longer focus on acute care providers and hospitals only; post-acute, sub-

acute, and non-acute providers play an increasingly important role as patient outcomes

are being tied to readmissions and value-based payments, increasing the importance of

all provider roles across the care delivery cycle.

This dissertation is dedicated to improving the efficiency and quality of the healthcare

system across the care delivery cycle: from prevention to diagnosis to treatment and to
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home care. Specifically, analytical tools and models to support systematic and evidence-

based decision making are introduced for each stage within the cycle.

Starting from the prevention stage, we introduce a Markov chain based modeling

framework to assess the impact of implementing a new service model in primary care

clinics. An application study at Dean East Clinic of SSM Health is presented and

managerial insights from the model regarding the impact of various workload allocation

policies are discussed as well. In the following chapter, focusing on the diagnosis stage,

a system-theoretic method is introduced to analyze the diagnosis-to-treatment process

for lung cancer patients. As the process commonly involves frequent and potentially

harmful delays, speeding up the timeliness without sacrificing the care quality is crit-

ical to improve patient outcome as well as satisfaction. To do so, we decompose the

complex care delivery process to evaluate the system performance and derive indica-

tor measures that can be used to identify the bottleneck waiting steps. Moreover, the

complete distribution of the total waiting time is formulated to estimate the probability

to receive the surgery within a desired or given time period. Finally, the applicability

of the proposed method is illustrated via a case study at Baptist Memorial Hospital.

For the treatment stage, the next chapter investigates the delays or blockings that oc-

cur during the intra hospital patient flow between different departments. Specifically, a

finite capacity queueing network model based iterative procedure is formulated to eval-

uate the transition delay times, average bed occupancy rates, and probabilities of full

occupancy. Finally, we investigate system properties to provide managerial guidance to

improve patient transitions and reduce delays. To complete the patient care cycle anal-

ysis, the subsequent chapter focuses on the last stage of the care cycle: postdischarge or

home care phase. As there are considerable variations in the postdischarge care process
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for total joint replacement (TJR) patients, we formulate the TJR postdischarge inter-

vention process as a finite-horizon discrete-time Markov decision process. Specifically,

we dynamically model the post-TJR intervention process by directly incorporating the

readmission risk and penalty, and considering the varying effectiveness of interventions

depending on where the patient is located at. The applicability of the model is illustrated

through a case study at St. Mary’s Hospital where the derived optimal policy provides

guidance to healthcare professionals in determining the optimal timing and target group

of interventions.

In summary, the work developed in this dissertation provides quantitative tools to

support operational decision making across the patient care cycle, and ultimately con-

tributes to delivering safe and patient-centered care in a coordinated and seamless sys-

tem.
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Chapter 1

Introduction

1.1 Challenges in Healthcare Delivery

In recent decades, healthcare expenditures in the United States (US) have been growing

rapidly, creating pressure on healthcare providers to cut costs while maintaining or

improving care quality [1]. As one of the largest industry sectors, healthcare consumes

almost 20% of the gross domestic products (GDP). However, such high expenses may not

always result in an adequate healthcare service quality. Although the quality of medical

care is improving for most types of illness, the attention to the processes that transform

resources into healthcare services has not kept pace [2], resulting in long waiting times

and delays, difficulty in care access, and healthcare provider burnout [3]. As such, US

healthcare costs remain high at $3.2 trillion spent annually, of which an estimated 30%

is related to waste, inefficiencies, and excessive prices [4].

Moreover, the healthcare industry is facing incredible challenges as healthcare is

shifting from traditional, volume-driven, fee-for-service to value-based payment and care

delivery model. One major driver is the Medicare Quality Payment Program (QPP), au-

thorized under the 2015 MACRA legislation, which adjusts how doctors are reimbursed

for services based on quality and cost [5]. The QPP program went into effect in 2017

and since then, has been encouraging providers for better care delivery. Throughout the

US, value initiatives are becoming increasingly prevalent and important as patient costs
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continue to rise and access to affordable care is threatened. Now more than ever, efforts

to deliver care more efficiently and effectively are being pursued.

Due to such widespread movements toward value-based care models, all provider

segments have a growing role to play in quality improvement and enhancing their care

delivery at all points along the care continuum. The healthcare industry can no longer

focus on acute care providers and hospitals only; providers across the care delivery cycle

will be playing more equal roles in patient outcomes and value strategies. For instance,

post-acute, sub-acute, and non-acute providers are becoming increasingly important as

patient outcomes are being tied to readmissions and value-based payments, increasing

the importance of all provider roles across care settings.

1.2 Care Delivery Cycle Across the Continuum

From a macro perspective, a patient’s care life cycle refers to care provided from birth

to end of life since an individual constantly makes decisions and engages in activities

that affect his or her health [6]. A patient care cycle consists of multiple activities

(from screening to diagnosis to treatment and to postdischarge care), phases (from pre-

operative, operative and to post-operative), and facilities (from primary care clinic to

specialty clinic to hospital and to home care). In this disseration, the care delivery cycle

is defined in terms of the activities or stages patients go through: starting from a healthy

state, a patient has regular preventive visits to primary care clinics to maintain good

health status (and also treat minor illness that is curable through such visits). Once the

patient develops an illness that requires more medical attention, he/she goes through

multiple diagnosis procedures to confirm the disease stage, then receives appropriate

treatment either in hospital or outpatient clinic settings. After discharge, home care
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visits are conducted to ensure a safe and fast recovery back to healthy state. This

complete cycle of activities encompassing the healthcare delivery system is depicted in

Figure 1.1.

Figure 1.1: Care Delivery Cycle

Broadly speaking, the goal of such care delivery cycle is simple: maximizing the pro-

portion of time a patient spends in “healthy living” stage, which in turn is equivalent

to minimizing the proportions in all other stages. Hence, there exist scopes for opera-

tional improvements by reducing the inefficiencies or delays experienced by patients at

each stage (prevention, diagnosis, treatment, home care) through effective capacity plan-

ning, resource allocation and care management. Improving every stage of the care cycle

contributes to delivering safe and patient-centered care in a coordinated and seamless

system.

This disseration is dedicated to improving the efficiency and quality of the healthcare

system across the care delivery cycle. Specifically, analytical tools and models to support

systematic and evidence-based decision making are introduced througout the chapters.

Such tools would ideally improve health system by: (1) improving access to care; (2)

reducing unnecessary waiting time; and (3) reducing cost by optimizing resource alloca-

tion. Each chapter is devoted to each stage within the care delivery cycle where a set of

techniques and strategies that can be used by clinicians and administrators to improve

efficiency will be introduced. The corresponding stage within the patient care cycle,
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scope, and approach for each chapter are presented in Table 1.1.

Table 1.1: Chapter scopes, approaches, and corresponding stages in care cycle

Chapter Stage Scope Approach

3 Prevention Access to primary care Markov chain

4 Diagnosis Timeliness in diagnosis-to-treatment Systems modeling

5 Treatment Delays in inpatient transitions Queueing theory

6 Home Care Postoperative care management Markov decision process

1.3 Prevention: Improving Access to Primary Care

Primary care is the backbone of the US healthcare system. However, it is facing tremen-

dous challenges due to difficulties in providing timely access to patients and balancing

insurmountable workloads of physicians. The demand for primary care services has

increased substantially due to population growth and aging as well as the expanded

healthcare insurance coverage. Recent studies show that 62 million people nationwide

have no or inadequate access to primary care [7], and a significant part of physicians’

tasks are focused on non-direct care activities such as clerical and administrative work

[8]. As such, improving patient access and/or reducing physician workload in primary

care clinics are in critical need.

To achieve this, substantial amount of efforts have been devoted to redesigning the

primary care systems mainly through remodeling the provider work flow and patient

flow in primary care clinics [9, 10]. Specifically, as one of such efforts, joint visit has

been introduced to improve operational efficiency and reduce provider workload. Joint
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visit refers to the process where the support staff assists the provider to document

notes into the electronic medical record (EMR) system in real-time while the provider

focuses on the patient. Hence, by shifting some portion of non-direct care workload

from the provider to the support staff, joint visit system is expected to reduce provider’s

burden and improve care efficiency and quality as well. However, except for some pilot

studies, there is no method available to rigorously investigate the impact of such service

models. It is still not clear how to implement the joint visit system in practice and

how to redistribute the workload among care providers, and what impact it might have

on patient flow as well as provider and staff utilizations. Therefore, there is a need to

develop quantitative models of joint visits in primary care clinics to evaluate the system

performance and investigate the impact of various workload allocation policies.

1.4 Diagnosis: Timeliness in Lung Cancer Diagnosis-

to-treatment

Lung cancer is the number one cause of cancer deaths in both men and women in the US.

In 2016, there have been approximately 224,390 new cases in the US, representing about

13% of all cancer diagnoses, and 158,080 estimated deaths, accounting for approximately

27% of all cancer deaths [11]. About 402,326 Americans living today have been diagnosed

with lung cancer at some point in their lives. Lung cancer is also the most common cancer

worldwide, with 1.6 million new cases and accounting for approximately 1.4 million

deaths annually [12]. In addition, lung cancer has a much lower five-year survival rate

(17.8%) than many other leading cancer sites such as colon (65.4%), breast (90.5%) and

prostate (99.6%) cancers. In fact, it is identified that more than half of the people with

lung cancer die within one year of diagnosis. Part of the problem is that only 16 percent
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of lung cancer cases are diagnosed at an early stage. As the lung cancer detection,

diagnosis, and selection of the most appropriate treatment can be difficult, it is common

to observe frequent and potentially harmful delays, as well as well-documented quality

of care heterogeneity.

The diagnosis-to-treatment process for lung cancer patients is a complex, long, and

stage dependent process involving multiple diagnoses, staging, treatment selections,

tests, procedures, as well as different types of specialists. A lung cancer patient’s jour-

ney typically starts with an abnormal chest X-ray and/or a CT-scan which is typically

followed by a diagnostic biopsy and noninvasive or invasive staging tests. Treatment is

stage-dependent with options including surgery, chemotherapy, radiation therapy, or a

combination of these modalities. However, even though there exists a standard diag-

nosis procedure, its execution depends on a number of issues and has a high variation.

For instance, some diagnostic tests may be skipped, some may be taken in a reversed

sequence, and some tests may need to be taken multiple times.

Although most tests and procedures can be done within minutes or hours, inevitable

but substantial waiting times can occur between the tests and procedures. In fact,

days or even months of delays are not uncommon. Such delays for a potentially life-

threatening illness not only lead to unpleasant experience to both the patients and

care providers, but also may be linked to adverse survival rate. Therefore, without

sacrificing the care quality, speeding up the diagnosis-to-treatment process is critically

important to improve patient outcome as well as satisfaction. Specifically, identifying

the most impeding waiting times (i.e., bottlenecks) can facilitate quality improvement by

directing attention to specific opportunities to improve care delivery in the most efficient

manner. To identify such bottlenecks, a rigorously quantitative approach is needed since

the numerous alternative pathways to care implies that neither the waiting time with
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the longest duration nor the waiting time that most patients experience may necessarily

be the most impeding one. Hence, developing a rigorous quantitative model of the lung

cancer diagnosis-to-treatment process is critically needed to identify the constraints to

facilitate quality improvement.

1.5 Treatment: Reducing Delays in Inpatient Tran-

sitions

Healthcare systems in general, and hospitals in particular, require an extensive amount

of resources and at the same time, suffer from a significant number of inefficiencies such

as long waits, delays, cancellations, and resource overloads. The traditional approach to

dealing with such inefficiencies has simply been adding more resources: building more

beds, adding more staffs, etc. [13]. However, this approach has become increasingly

impractical as hospitals are facing significant expenditure constraints while at the same

time trying to improve care quality [14]. Due to the lack of space or the funds to expand

or add resources, more and more hospitals are being forced to look at improving their

patient flow or workflow by studying constraints and limitations in their process that

artificially add to the problem.

Patient flow in hospitals is of particular interest to both researchers and practitioners

since improving it can have a significant impact on quality of care as well as on patient

satisfaction. Within a hospital, patient flow refers to the movement of patients through

different units (i.e., patient transitions) such as transferring between emergency depart-

ment (ED), intensive care unit (ICU), general wards, surgery suites, testing laboratories,

etc. Such transitions are an important aspect of patient care which plays a critical role in

providing the continuity of medical care and thus is directly linked to patient outcomes.
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However, modeling patient transitions is considered to be very complex because of the

different pathways patients may take and the inherent uncertainty and variability of

healthcare processes. Moreover, due to limited resource, queues may be formed during

such transitions.

In fact, significant delays could happen during the transitions which can lead to neg-

ative patient outcomes. For example, during the transitions from ED to ICU, barriers

due to overcrowding and communication issues have led to three to five hours long wait-

ing time that could result in delayed treatment, poor outcomes and increased mortality

[15]. It is identified that only 31.2% of patients can be immediately transferred to ICU

where survival rates can be decreased by 30% due to such delays [16]. Similarly, in ED

boarding process, up to 25% of patients admitted to the wards are delayed for more than

four hours at ED, which posts high risks in compromised patient care and safety [17].

The ICU bumping (discharging ICU patients earlier than they should to accommodate

the arrivals of new critical patients) could sacrifice the bumped patients and increase

their readmission probability back to ICU [18]. Therefore, studying patient transitions to

reduce delays is essential in improving hospital operations and patient outcomes. Specif-

ically, to understand the complex interactions among different units, development of a

quantitative model to systematically study transitions across all interconnected units is

needed.

1.6 Home Care: Optimal TJR Postoperative Care

Management

In 2011, 3.3 million hospital readmissions (when a patient is admitted to a hospital within

a specified time period after being discharged from an earlier hospitalization) occurred
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with an associated cost of $41.3 billion. To address the problem, the Centers for Medicare

and Medicaid (CMS) launched the Hospital Readmission Reduction Program in 2012 to

penalize hospitals for high readmission rates and incentivize providers to improve care

quality. Specifically, CMS tracks readmissions for Medicare patients admitted initially

for six targeted conditions: heart attack, heart failure, pneumonia, chronic obstructive

pulmonary disease (COPD), elective hip or knee replacement (total joint replacement

(TJR)), and coronary artery bypass graft (CABG). Among the six conditions, TJR

comprises the largest procedural expenditure in the Medicare budget [19], hence is an

appropriate target for quality improvement and cost containment

TJR refers to a surgical procedure in which parts of an arthritic or damaged joint are

replaced with a prosthesis to increase mobility and decrease discomfort for individuals

whose pain prior to surgery could not be managed with medications or physical therapy

[20]. TJR procedures are performed for more than a million cases each year where the

numbers are expected to continue to increase dramatically as the US population ages;

TJR has been projected to increase to 572,000 total hip arthroplasty (THA) cases and

3,480,000 total knee arthroplasty (TKA) cases by 2030 [21]. Successful outcomes from

TJR surgery depend not only on the surgery quality, but also on the patient’s post-

operative behaviors such as leg exercises, ambulation, position change, deep breathing

and coughing [22]. Inadequate performance of such postoperative behaviors can lead to

complications such as deep vein thrombosis, pulmonary embolus, and pneumonia [23],

which may result in unplanned hospital readmissions. In fact, up to 11% of patients are

readmitted to the hospital soon after the procedure [24] and the cost of such readmis-

sions is estimated to be $17.4 billion. Of those, CMS estimates 20% of readmissions are

preventable, representing an estimated annual savings greater than $2 billion [25].

The key aspects in the postoperative care of TJR patients are functional mobility
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restoration and adequate pain management [26]. To do so, most patients receive postop-

erative physical therapy (PT) and/or some form of rehabilitative services ranging from

inpatient stays to home care services and outpatient rehabilitation, or a combination of

both [27, 28]. However, there are considerable variations in postoperative care program

delivery and duration; that is, there exists a wide variation in the setting, timing, amount

and approaches of intervention [29]. Due to such variation, there is no agreement on

which interventions given in which timeframes lead to optimal patient outcomes. As

concluded by a National Institutes of Health (NIH) conference, rehabilitation services

are still the most understudied aspect of the peri-operative management of TKA patients

[30].

Given the continued increase in the number of joint replacement surgeries, further

investigation is needed to justify the postoperative processes pertaining to TJR surg-

eries [28]. The costs of providing postsurgical interventions can be significant but are

frequently undiscussed when considering the expenses related to TJR surgery [31]. It is

estimated that the national average total postdischarge expenditures exceed $3.4 billion

[28], thus attention should be directed at defining more appropriate interventions to

minimize postdischarge costs while maximizing functional outcomes. As postdischarge

costs (including the cost of readmissions) are one of the largest contributors of the total

cost of care for TJR patients, optimized strategies to minimize postoperative care costs

without compromising patient clinical outcomes are in need [32].

1.7 Organization of the Document

The rest of this document is organized as follows. Chapter 2 reviews the related literature

for each stage within the patient care cycle: prevention, diagnosis, treatment and home
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care. Chapter 3 proposes a Markov chain based modeling framework to assess the impact

of implementing a new service model in primary care clinics and provides guidelines

in adopting the appropriate form of service model. In Chapter 4, to accelerate the

diagnosis-to-treatment process for lung cancer patients, a systems modeling approach

is introduced to evaluate the performance and identify the bottlenecks, i.e., the most

impeding waiting steps. Moreover, the complete distribution of the total waiting time

is derived to capture the variability of the process. Chapter 5 focuses on the delays or

blockings that can occur during the inpatient transitions for hospitalized patients. A

finite capacity queuing network-based iterative procedure is developed to model the intra

hospital patient flow between different units in a hospital. Such a model can serve as

a quantitative decision making tool for managing bed capacity and identifying optimal

allocation of hospital resources. In Chapter 6, the TJR postoperative intervention care

process is formulated as a finite-horizon discrete-time Markov decision process. Utilizing

the model, we investigate the decision problem faced by healthcare professionals: when

should we provide interventions to which group of patients to minimize the total expense.

Optimal policies derived from the model can inform the development of evidence-based

clinical practice guidelines. Finally, the summary and possible extensions are presented

in Chapter 7. All proofs and derivations can be found in the Appendices.
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Chapter 2

Literature Review

The goal of this disseration is to develop analytical models to improve efficiencies and

support decision making in healthcare delivery systems across the patient care cycle.

Specifically, the focus is in seeking operational improvements at each stage of the cycle:

prevention, diagnosis, treatment and home care. In this chapter, each section provides

literature review for each care stage: Section 2.1 highlights the research efforts on re-

designing primary care. Section 2.2 reviews the studies on delays and waiting times

during the diagnosis-to-treatment process for lung cancer patients. Prevailing literature

on inpatient transitions is summarized in Section 2.3. Finally, Section 2.4 reviews the

existing research on postoperative care processes for joint replacement patients.

2.1 Improving Access to Primary Care

Primary care redesign has been a center topic in healthcare operations improvement

movement, hence attracting a substantial amount of research efforts (see reviews in [9]

and [10]). A vast majority of prevailing literature are qualitative or empirical studies that

encompass team work, staffing, EMR, information systems, medical homes, payment

systems, and scheduling where examples of these studies can be found in [33, 34, 35, 36,

37, 38, 39, 40, 41].

Quantitative models focusing on primary care clinics can be roughly divided into
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two categories: simulation and analytical methods. Discrete-event simulations have

been extensively used in studying primary care clinics where appointment scheduling,

staff allocation, patient arrivals, etc., have been the major issues addressed. Examples

of these studies can be found in [10, 42, 43, 44, 45].

As alternatives to simulations, analytical methods such as queueing and Markov chain

models can provide rigorous analysis based on mathematical modeling. An example

of queueing models application for patient cycle time evaluation and capacity design

in urgent care setting is described in [46]. Additional reviews of queueing models in

healthcare delivery systems are presented in [47] and [48]. Markov chain has also been

extensively used to model the work flow in healthcare systems where some common

areas of interest are specialty and testing clinics such as gastroenterology [49], computed

tomography [50] and mammography testing [51]. However, the use of analytical models

has been much more limited in studying primary care operations. Of the limited studies,

the impact of implementing the electronic visit system (i.e., communication of physician

and patient through a secure portal) in primary care clinics is studied in [52] and the

care delivery activities within a patient room in primary care clinics are analyzed in [53].

As a way to improve primary care operation efficiency and reduce burdens of physi-

cians, joint visit systems have been utilized in many clinics [54]. However, no quantita-

tive study has been carried out to evaluate the different joint visit service models and

compare their performances. It can be expected that analytical models of such service

models can assist in the overall understanding of the joint visit system and provide

guidelines in adopting the appropriate form for implementation.
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2.2 Timeliness in Lung Cancer Diagnosis-to-treatment

Process

Numerous studies on delays and waiting times during the lung cancer diagnosis-to-

treatment process have been carried out from a clinical point of view. For example, a

literature review of 1121 papers is presented in [55] to investigate whether waiting times

and delays have any bearing on prognosis and treatment. It shows that evidence is

needed for the prognostic impact of delays when evaluating the efforts of early detection

and reducing waiting times. Through systematically reviewing the studies describing

timeliness of care, and examining the associations between timeliness and clinical out-

comes in patients with lung cancer, paper [56] concludes that the times to diagnosis

and treatment of lung cancer are often longer than recommended. The waiting times

of 29 lung cancer patients are analyzed in [57], and it discovers that limited access to

specialists is the most frequent reason for the poor performance in treating lung cancer.

It is shown that the delay between diagnostic and planning CT scans could result in

an increase in the cross-sectional tumor size up to 373%. Paper [58] measures delays

in diagnosis process for 132 patients with lung cancer at Turku University Hospital in

Finland during 2001, and analyzes the causes of delays and the relationship between de-

lay times and survivals. It suggests a multidisciplinary team approach and rapid access

to carefully planned investigations to shorten the diagnostic and treatment delay times.

The Time to Treat Program, which is designed for patients with clinical or radiographic

suspicion of lung cancer, is introduced in [59]. The results show that the program is

effective in shortening the time from suspicion of lung cancer to diagnosis and it reduces
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time intervals at each step in the process. Moreover, it concludes that earlier diagno-

sis of lung cancer may allow increased treatment options for patients and may improve

outcomes.

While there exists abundant clinical studies, quantitative modeling approach has

been less adopted in studying the diagnosis-to-treatment procedure. Paper [60] intro-

duces the process stages in lung cancer diagnosis and presents a conceptual framework to

model the process. However, explanation of the detailed analysis, in particular, the eval-

uation of variability is not discussed. Hence, despite the importance of reducing delays

in the lung cancer diagnosis-to-treatment process, there exists a huge gap in prevailing

literature on generalizing how this timeliness can be achieved. As quantitative modeling

allows generalization of the process, sources of delays could be rigorously investigated by

disseminating the model, which in turn could facilitate quality improvement by directing

attention to specific opportunities.

2.3 Reducing Delays in Inpatient Transitions

Extensive research efforts have been devoted to studying patient transitions from clinical

or pilot study perspectives. For example, 43 transition studies are examined in [61] by

reviewing the literature from 1982 to 2003. It is argued that theoretical framework,

reliable instruments, and adequate controls are needed for transition research. A review

of 21 clinical trials on transitional care for chronically ill adults is presented in [62] and

quality measures to assess care transitions for hospitalized children are investigated in

[63].

For transitions between ED and ICU within hospitals, the potential impact of ED

overcrowding on the critically ill ED patient is reviewed in [64], which suggests that
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insufficient beds is one of the main reasons for ED crowding. Similarly, the relationship

between ED boarding to ICU for critically ill patients and the associated outcomes are

investigated in [65], and boarding to neuro-ICU for severe stroke patients is studied in

[66]. As ICU delays have substantial impact on patient safety, an ICU admission study

is presented in [16] which shows that among 401 patients, 276 have been delayed which

contributes to 30% of mortality risk. In addition, the ICU death rate increases 1.5% for

each additional waiting hour.

For transitions to hospital ward, the vulnerabilities in ED to ward transfers for

internal medicine patients are investigated in [67] by surveying the ED house staff, ED

physician assistants, internal medicine house staff and hospitalists at an urban academic

medical center. In [68], the effect of ICU capacity on the process and care outcome for

sudden clinical deteriorating patients in the hospital wards is evaluated.

While there exist numerous qualitative studies on patient transitions, mathematical

models addressing care transitions are limited. According to a survey on healthcare sys-

tem models [69], although long waiting times in highly congested hospitals have received

substantial attention, of the 88 literatures, only 30 explicitly modeled the interaction

with upstream units. For instance, multivariate regression analysis is carried out in [70]

to study delays on transfers from ICU to general care units. Simple queueing models are

presented in [71] to study delays in ICU admissions and readmissions. However, most of

such studies only focus on one specific transition without characterizing the interactions

with other departments explicitly. In paper [72], separate queueing models are used

for different units to study obstetric patient flow. Similarly, the patient flow within an

obstetrics hospital is analyzed through a queueing model in [73] for bed balancing study

without direct consideration of blocking.

However, analyzing a complex system without considering interdependencies can lead
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to inaccurate and misleading results. Moreover, such errors can be amplified in highly

congested hospital settings. Within a few studies encompassing multiple departments,

queueing models are presented in reference [74] for patient flow between ED, ICU and

medical units. In paper [75], each subnetwork is treated as an M/M/c queue and arrival

and service rates are modified to consider blocking in allocating mental health resources.

The patient’s length of stay is estimated by decomposing the flow into simple tandem

queues. Similarly, a tandem queue is used in [76] to study the blocking effect in a series

of care in multiple departments. A closed queueing network to model patient flow in

geriatric department is introduced in [77] by assuming that the system is always full

and no feedback flow occurs. Paper [78] uses a finite capacity open queueing network

to model patient flow in operative and post-operative units at a university hospital.

Reference [46] analyzes the patient length of visit in an urgent care center using multi-

class open queueing network model and incorporates fork/join queues. However, most

prevailing studies either focus on single server stations or analyze multi-server stations

under simple tandem networks (without feedback flow) or assuming that the first stage

is never empty. In [79], Markov chain models are used to study transitions between ED,

ICU and wards but is mostly applicable to small sized hospitals due to computational

issues.

In summary, modeling and analysis of patient transitions encompassing multiple

departments within hospitals are still largely unexplored. In addition, most existing

literatures only focus on mean performance measures and hardly address variability issue.

However, in healthcare delivery systems, addressing variability is necessary to solve

many of the existing problems. As stated by the Institute of Medicine, hospitals need

to understand the underlying variabilities in order to improve patient safety and quality

while simultaneously reducing hospital waste and cost. To the best of our knowledge,
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no study explicitly derived variability of the patient waiting times.

2.4 Optimal TJR Postoperative Care Management

As health systems are currently under strong economic pressure, there is an increas-

ing emphasis on achieving cost-effectiveness in care throughout the medical community

[80]. Regarding TJR, there is a sizable body of literature that investigates the cost-

effectiveness of the joint replacement surgical procedure: according to a systematic re-

view of cost-effectiveness analyses of THA and TKA [81], the cost-effectiveness of TJR

compared to no surgery is estimated to be $10,402 per quality-adjusted life year (QALY)

gained for THA and $12,000 to $20,000 per QALY for TKA, thus both procedures are

considered highly cost-effective.

However, studies that address the postoperative intervention programs are rather

scarce [82] where there exists a limited number of papers examining the efficacy of

intervention before and after joint arthroplasty surgery [28]. Regarding the detailed

intervention practices, as the intervention protocols vary widely in both the specific

interventions used and the timeframes for their delivery, there exist two streams of liter-

ature of interest. The first stream is regarding the types of interventions, i.e., comparing

intervention programs provided in different venues (e.g., physical therapy provided at

home or in rehab facility). Several studies have compared intervention programs in hos-

pital and at home after a total knee replacement and have found no group differences

in the functional outcomes [83, 84]. Paper [85] shows a significant reduction in the cost

of care by using home-based rehabilitation programs without compromising its quality.

On the other hand, it is asserted in [82] that evidence of effects of different intervention

programs following TKA is limited. Most of the existing studies examine selected PT
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activities and investigate their effects on patient outcomes which are typically based on

a treatment-control group design or controlled trials with small sample size [86].

The second stream of literature is related to investigating the intervention time-

frames. Over the past decade, there has been a push towards implementing progressively

earlier PT regimens (e.g., begin PT on postoperative day zero (POD 0)). Various stud-

ies have conducted systematic reviews and meta-analyses and concluded that intensive

functional rehabilitation during the subacute recovery period after TKA is associated

with improved functional capacity, pain intensity, and quality of life [87]. Paper [88]

also shows that the initiation of early PT has improved short-term outcomes where PT

intervention during the immediate postoperative period after THA is directly associated

with less cost of care. However, the results from these studies are difficult to compare

and interpret given variable methods for timing of PT initiation, duration, and frequency

[89]. Moreover, with most literatures focusing on the immediate postoperative period,

the effect of interventions during the more far end of the recovery progress is mainly un-

known. As the timeframe of the CMS readmission reduction program for TJR is up to

90 days since discharge from the hospital, current literature lacks evidence in supporting

decision making across the entire timeframe.

One of the analytical tools that have been utilized as an effective tool in such med-

ical decision making problems is Markov decision process. MDP has been applied to

various healthcare areas to develop tools that can guide healthcare professionals in mak-

ing evidence-based decisions. Paper [90] investigates the problem of optimally timing a

living-donor liver transplant by using an MDP model, and derives the structural prop-

erties of the optimal policy. Similarly, paper [91] formulates the optimal breast cancer

biopsy decision model as an MDP to investigate the structural properties of the model

to gain insights on how decisions are made, and paper [92] uses a partially observable
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Markov decision processes (POMDP) to obtain an age and belief dependent optimal

biopsy referral policy for prostate cancer. As such, the use of MDP models has been

gaining increasing popularity in medical decision making problems.

Ideally, health professionals’ decisions about appropriate postoperative care process

should be aided by evidence-based clinical practice guidelines [82]. However, in TJR

rehabilitation, the evidence is limited and inconsistent [87, 89]. Therefore, there is a

need to establish optimal practice guidelines based on health professional expertise,

data and evidence [27].
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Chapter 3

Improving Access to Primary Care

3.1 Introduction

In this chapter, we introduce a Markov chain based modeling framework to assess the

impact of implementing a new service model in primary care clinics. The systems under

study (both current and the proposed new service model) are described in Section 3.2.

Markov chain models for the current and future systems are introduced in Sections

3.3 and 3.4, respectively. Furthermore, to illustrate the applicability of the model, an

application study of patient flow modeling at Dean East Clinic is introduced. Dean East

Clinic, a primary and comprehensive care clinic, is part of Dean Health Systems which is

one of the largest integrated healthcare delivery systems in the US. Finally, conclusions

and managerial insights from the model are formulated in Section 3.5.

3.2 System Description

In many primary care clinics, the care services are divided into pods. Each pod consists

of multiple exam rooms, and is handled by a provider group consisting of a number of

physicians (MD) (or in some cases may include physician assistants (PA), nurse prac-

titioners (NP), etc.) and medical assistants (MA). Typically, an MA is dedicated to

support one provider. The patient flow in each exam room includes:
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• MA escort and rooming: Once the patient is escorted to the exam room by the

MA, the patient’s weight, pulse, blood pressure, syndrome, medication and basic

information are measured or recorded.

• Provider visit: The provider checks the patient’s syndrome, diagnoses, and pro-

vides necessary prescription.

• MA visit: MA wraps up the visit, provides necessary medication such as wound

care and/or immunization, and finally, discharges the patient.

In Dean East Clinic, each pod consists of four exam rooms and two providers (an

MD and a PA). Each provider is in charge of two rooms and has a dedicated MA to

support. We denote these two groups as MD team and PA team. In Figure 3.2, an

illustration of patient flow in two exam rooms for a team of one provider and one MA is

presented, where the circles refer to the services carried out by the provider or MA, and

the rectangles represent the waiting states (i.e., buffer) in which patients are waiting for

the next service due to unavailable resource.

MA Escort & Rooming Provider Visit MA Visit

Figure 3.2: Current system patient flow

In addition to the direct face-to-face work with patients, once a patient’s visit is

over, providers need to input all relevant details of the visit into the EMR system.

The ideal case is to input the information right after a patient’s visit. However, due
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to tight schedules, such inputs may not be finished promptly. Providers may need to

work extra time on a daily basis and even on weekends to finish patient charting. These

long gaps between the visits and data entry would affect the data quality and may

lead to loss of necessary details. Even worse, such burdens may impact the provider-

patient relationship and eventually the overall care quality. Thus, current work flow

model lacks in ensuring timely access to care for the patients and better utilization of

the providers’ time. Moreover, relatively low utilization of MAs compared to that of

providers implies that the workloads between providers and MAs are not balanced for

the optimal efficiency and cost-effectiveness.

To improve system performance, a joint visit service model is proposed to redesign

the work flow of both the provider and MA. In such practices, some portion of non-

direct care workload is shifted from the provider to the MA. Instead of provider visiting

the patient alone during the current provider visit phase, the MA will accompany the

provider which is referred to as the joint visit phase. During this joint visit phase,

while the provider focuses on the patient, the MA assists the provider by documenting

necessary notes into the EMR system and thus conducting some portion of provider’s

non-direct care work. Upon finishing, the MA leaves for other patients or indirect care

work, and the provider wraps up the visit. Afterwards, the MA provides necessary

medication if needed, and finally discharges the patient. The patient flow of such a

model is illustrated in Figure 3.3 for two exam rooms with one provider. Note that

there is no waiting between the joint visit and the provider wrap-up as the provider

conducts the two tasks consecutively.

Moreover, to further reduce provider’s workload, MA wrap-up system has been pro-

posed as well. As shown in Figure 3.4, once joint visit is done, provider leaves for other
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MA Escort & Rooming Joint Visit MA VisitProvider Wrap-Up

Figure 3.3: Joint visit model of one provider: Provider wrap-up

patients or indirect care work, and MA wraps up the service, performs additional medi-

cation and discharges the patient. As the MA conducts all these activities continuously,

there is no waiting between joint visit and MA wrap-up, and MA wrap-up and MA visit

can be grouped as a single activity.

MA Escort & Rooming Joint Visit MA Wrap-Up and Visit

Figure 3.4: Joint visit model of one provider: MA wrap-up

The above systems represent one of the service models prevalent in many primary care

clinics and the promising redesigns that are expected to improve the patient flow. Thus,

studying these models could bring insights to the clinical managers who are planning to

adopt such joint visit systems. In this chapter, we develop analytical methods to evaluate

and compare the performance of these service models and provide recommendations for

system redesign.
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3.3 Current System

To study the patient flow, we first analyze the current dedicated visit system. Based

on the current service setting at Dean East Clinic, a Markov Chain model is introduced

and is further extended to a general distribution case. Then, the proposed joint visit

systems with provider and MA wrap-ups are explored, and compared with the current

system performance.

3.3.1 Dedicated Visit System

Markov Chain Model

As the two providers serve the patients independently, and the two MAs support the

providers exclusively, we can analyze the provider teams separately. In other words, a

model can be developed for each provider. We assume:

• Service times follow exponential distribution.

• There are always patients available for rooming, i.e., unlimited arrivals.

• Patient occupies an exam room during the entire visit. Thus, there can be only

one patient per each exam room.

• All demands competing for the same resource (provider or MA) follow a non-

preemptive priority rule, and MA visit has a higher priority than escort and room-

ing.

Now, using the MD team as an example, we can define the system states as S =

{sroom, bdiag, sdiag, bmed, smed}, where si represents the number of patients receiving service
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by a resource (MD or MA), and bj represents the number of patients who have finished

service but are waiting for the next service due to unavailable resource at the next

stage. In these waiting states, the current stage resource is released. Thus, si’s and bj’s

are represented by circles and rectangles in Figure 3.2, respectively. Note that ‘room’,

‘diag’, ‘med’ are used to denote rooming, provider visit (for diagnosis) and MA visit (for

medication), respectively. Since a team consists of only one MA and one provider, the

scenarios of two patients receiving the same service simultaneously or even though not

the same service, being served by the same resource (e.g., MA rooming and MA visit

are both served by MA) are infeasible. In addition, both patients cannot be in waiting

states at the same time. Thus, the feasible states of the current system include:

S1 = (1, 0, 0, 0, 0), S2 = (1, 0, 1, 0, 0), S3 = (1, 0, 0, 1, 0), S4 = (0, 1, 1, 0, 0),

S5 = (0, 0, 1, 0, 1), S6 = (0, 0, 0, 1, 1), S7 = (0, 0, 0, 0, 1).

The state transitions and the corresponding balance equations can be derived (see

Appendix A) and the system performance can be evaluated by solving them. Let Pi,

i = 1, . . . , 7, be the steady state probability of state Si, and ck be the service rate of care

activity k ∈ {room, diag,med}. Denote TP exp and LOV exp as the throughput (number

of patients leaving the system per hour) and average length of visit (total time spent in

the exam room, i.e., in-room cycle time) of the Markov chain model, respectively, where

subscript ‘exp’ indicates the Markovian assumption. In addition, let N be the average

number of patients in the system, and ρj, j =MD, MA, be the utilization of the care

giver (i.e., percentage of direct face-to-face encounter time with patients). We obtain:
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Proposition 3.1 In the current systems with exponential service times, the system per-

formance can be calculated as:

TP exp = cmed(P5 + P6 + P7),

N = P1 + P7 + 2
6∑
i=2

Pi,

LOV exp =
N

TP
=
P1 + P7 + 2

∑6
i=2 Pi

cmed

∑7
i=5 Pi

, (3.1)

ρj =

 P2 + P4 + P5, j = MD,∑7
i=1,i 6=4 Pi, j = MA.

Non-Marovian Case

The above mentioned model assumes exponential service times. However, as this as-

sumption may not be valid in practice, non-exponential service times are investigated

to relax this assumption. To do so, we first verify that the system performance is prac-

tically independent of the distribution type, but mainly depends on the mean and CV

of the service times. If that is the case, then an empirical formula can be proposed to

approximate the performance under non-exponential distributions.

First, we investigate whether the distribution type affects system performance sig-

nificantly or not. In other words, is the model practically independent of distribution

type? To identify the dependency, extensive simulation experiments are conducted using

various distribution types including Gamma (G), Lognormal (L), Weibull (W), and Mix

(M), which refers to a mixed distribution where service time is randomly chosen from

the three distributions (G, L, and W). In simulation experiments, the model is setup

to follow the patient flow depicted in Figure 3.2, and the same assumptions introduced

in Markov chain model (except exponential service time distributions). The parameters
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are selected based on the data collected at the clinic. 1000 time units of warm up period

is assumed and the remaining 100,000 time units are used as data collection period.

Such a setting is used for all simulation studies throughout the chapter. To quantify the

differences in LOV among different distributions, we introduce

δ =
maxj LOVi −minj LOVj

1
4

∑
j LOVj

, j ∈ {W,G,L,M},

where LOVj is the LOV using distribution j. In addition, to investigate the impact

of variability on the differences among various distributions, we vary the coefficient of

variation(CV) from 0.2 to 1 in increments of 0.2. Note that only CVs smaller or equal to

1 are considered, since in most healthcare systems, CV tends to be less than 1, implying

that the longer the service has been carried out, the higher the probability the service

will be finished [93]. Among all the experiments we carried out, the δ’s for both the

MD and PA under all CVs are usually within 1%, and the maximum is less than 2%.

Thus, this result indicates that the LOV is practically independent of distribution type.

Indeed, such independence is also observed in other healthcare system studies (e.g.,

[50, 53, 94, 51, 49]) and manufacturing systems as well [93].

Due to this independence, an empirical formula can be pursued to analyze the gen-

eral distribution case. By varying the CV from 0.2 to 1, it is identified that LOV is

monotonically increasing with respect to CV where a quadratic relationship is observed

between CV and LOV. Thus, the following empirical formula is proposed:

LOV non−exp = (LOV exp − LOV 0) · (CV eff)2 + LOV 0, (3.2)

where LOV non−exp represents the length of visit under CV between 0 and 1, and LOV exp

refers to the result obtained from the Markov chain model (i.e., exponential case when

CV = 1). In addition, LOV 0 implies there is no variability (CV = 0) in the service

time, so that the length of visit can be determined by either the total time for a resource
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type (MD or MA) to serve all exam rooms or the total time it takes a patient to go

through all the services, whichever is larger, i.e.,

LOV 0 = max
{ 2

croom

+
2

cmed

,
2

cdiag

,
∑

k∈{room,diag,med}

1

ck

}
. (3.3)

Moreover, (CV eff)2 is defined as the overall weighted CV squares,

(CV eff)2 =

∑
k∈{room,diag,med}

1
ck
· (cvk)2∑

k∈{room,diag,med}
1
ck

, (3.4)

where cvk represents the CV of service sk, k ∈ {room, diag,med}.

Accuracy

To investigate the accuracy of the proposed models, validations by both simulations and

the data collected in Dean East Clinic are carried out. Through multiple observations,

interviews and analysis of EMR data, the average service times (i.e., inverse of service

rates) are estimated as shown in Table 3.2.

Table 3.2: Service times of current system

MA escort & rooming Provider visit MA visit

1/ck(min) 8.78 31.204 2.892

cvk 0.389 0.401 0.45

First, using Proposition 3.1 and empirical formulas (3.2)-(3.4), we obtain the patient

average length of visit as 63.2 minutes while the collected data is 58 minutes, thus

resulting in a difference of 8.97%. As no-show of patients or open appointment slots are

not considered in the analytical model, and considering the discrepancy in the observed

data, such a model provides an acceptable accuracy.
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Secondly, we investigate the impact of variability on LOV by changing the CVs and

comparing the results obtained from our analytical models with simulations. For each

service, CV is randomly chosen between [0,1]. Define

εnon−exp =
|LOV non−exp − LOV sim|

LOV sim
· 100%, (3.5)

where LOV non−exp and LOV sim denote the results from the analytical model and simu-

lations, respectively. Here, simulation service time distributions are randomly selected

among Gamma, Lognormal, Weibull, and Mix where the parameters for each distribu-

tion is calculated using the average service time shown in Table 3.2 and random CV. As

shown in Table 3.3, the differences between LOVs from the empirical formula and sim-

ulations are small (well below 1.67%), which implies that empirical formulas (3.2)-(3.4)

provide close estimates.

Thirdly, to see whether the aforementioned models work under different settings,

dozens of experiments are conducted with randomly selected service rates and random

CVs in the range of [0,1]. Using the minimum and maximum values of the collected

data as the lower and upper bounds of sets following uniform distributions, the service

rates are defined as:

MA rooming:
1

croom

∈ U(4, 14),

Provider visit:
1

cdiag

∈ U(8, 47),

MA visit:
1

cmed

∈ U(3.2, 9.4).

Simulation experiments are conducted in a similar fashion as before, except now the

average service times are randomly chosen from the uniform distributions. Results of

20 random experiments are shown in Table 3.4, where the relative differences (defined

similarly as (3.5)) in throughput, LOV, and provider utilizations are listed. Again, the
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Table 3.3: Accuracy of current system model: general case

(CV eff)2 LOV non−exp LOV sim εnon−exp

0.074 62.794 62.511 0.453%

0.124 63.054 62.612 0.707%

0.259 63.757 63.567 0.299%

0.344 64.200 64.078 0.189%

0.466 64.834 63.853 1.536%

0.607 65.567 64.652 1.415%

0.627 65.673 65.040 0.974%

0.645 65.766 65.448 0.485%

0.722 66.165 65.079 1.669%

0.938 67.291 66.299 1.496%
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average differences between simulation and analytical model under random parameters

are minimal. Therefore, we claim that Proposition 3.1 and empirical formulas (3.2)-(3.4)

provide a close estimate of the system performance.

Table 3.4: Accuracy of the current system model with randomized data

Throughput Length of visit Utilization

εnon−exp 0.555% 0.554% 0.063%

3.3.2 Joint Visit System with Two MAs

Using a similar approach, we study the proposed joint visit system with two MAs (in

both scenarios of provider wrap-up and MA wrap-up). Same assumptions are used as

the current dedicated system except one additional assumption regarding the joint visit

priority. As the purpose of implementing a joint visit system is to make more efficient use

of the providers, we need to minimize the time provider spends waiting for an available

MA in order to start the joint visit service. This in turn implies that the highest priority

should be assigned to joint visit among all the care activities. Thus for MA, priority is

the highest for joint visit and lowest for escort and rooming. The detailed state space

definition, balance equations, and calculation formulas are presented in Appendix A.

The results are shown in Table 3.5 where Throughput is presented in (1/hr) and LOV

in (min).

As one can see, the utilization of providers has been reduced while the utilization

of MAs has been increased substantially. Thus, by shifting workloads from providers to

MAs, providers’ workload burden has been relieved. However, as patient needs to be

seen by both the provider and MA, either resource being too highly utilized results in an
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unbalanced system, hence decreasing patient throughput. Implementation of joint visit

only shifts the bottleneck of the system from the provider to the MA without improving

the patient flow. Therefore, to fully benefit from implementing the joint visit system,

balanced workload among the resources needs to be achieved. One way to achieve this

is to recruit an additional MA, and analysis of such a scenario is presented in Section

3.4.

Table 3.5: Comparison between current system and joint visit system with two MAs

Throughput LOV Provider utilization MA utilization

Current 1.759 63.200 91.454% 34.208%

Joint/Provider wrap-up 1.616 73.200 81.541% 98.247%

Joint/MA wrap-up 1.501 39.972 66.972% 100%

Remark 3.1 The reduction of LOV in joint visit with MA-wrap up is due to the way

how LOV is defined. LOV, which is an in-room cycle time, only includes the waiting

times inside exam rooms, thus it does not include the waiting time for rooming. In

joint visit with MA-wrap up system, MA is required for all the services carried out in

a patient’s visit. Thus, for current system where there is only one MA per team, as

rooming a new patient has the lowest priority among MA’s tasks, MA would not work

on a new patient until current patient finishes all services and leaves clinic. In this sense,

once a patient is roomed, there is no waiting time and LOV would simply be the sum

of the service times. Note that this does not mean a patient experiences zero waiting

time. Patients may need to wait to get roomed, but this waiting time is not included in

the current LOV definition.
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3.4 Future Joint Visit System

Since directly implementing joint visit system leads to a lower throughput and longer

waiting time, a future solution of adding one additional MA in each pod is proposed.

Therefore, for each pod, there will be three MAs supporting two providers. In addition,

instead of dedicated MA system, a float MA system is proposed, that is, all three MAs

will work as a team to support both providers based on a first come (service request)

first serve policy. Below, both provider wrap-up and MA wrap-up cases are studied

under this new setting.

3.4.1 Joint Visit System with Three MAs and Provider Wrap-

up

System States

Now with the float MA system, the performance of the providers cannot be analyzed

separately as before. A straightforward approach is to develop a model for the entire pod

(2 provider, 3 MA, 4 exam room system). Although one can do this by explicitly listing

all the scenarios and defining the system states, there will be a dimensionality issue if

the system size is increased, such as increasing the number of exam rooms or adding ad-

ditional MAs or providers to the pod. One other limitation of developing a model for the

entire pod is that it becomes more difficult to keep track of the system when providers’

performance substantially differ. Specifically for Dean clinic, the patient pool itself is

different between MD and PA. While PA patients usually have regular office visits, MD

patients require more comprehensive examination. Also, even when the patient pool

is similar, large performance variance is typical in healthcare settings, so generalizing
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provider visit as a single service distribution may introduce more discrepancy with the

real world. In this sense, to keep track of which provider is working on which patient,

additional system states may need to be introduced. Therefore, an alternative approach

is pursued to avoid such overcomplexity issues.

In each pod, the two providers serve the patients independently with different service

rates. Typically, more complex patients are seen by the MD, thus resulting in lower

service rates. Following the sequence of stages as depicted in Figure 3.3, system states

for one provider can be defined as follows (where ‘joint’ and ‘wrap’ indicate joint visit

and provider wrap-up, respectively):

S = {sroom, bjoint, sjoint, swrap, bmed, smed}. (3.6)

As MD and PA have different service rates and have no overlapping patients, an

intuitive approach is to analyze the two teams separately. However, since three MAs

are shared among the providers, MD team and PA team are no longer independent.

Instead, one team’s availability of MA depends on the other team’s state. Specifically,

there exist two scenarios of allocating MAs to one provider (e.g., MD):

(1) Two MAs are serving both patients of PA, thus only one MA is available to serve

MD patients.

(2) Only one MA is serving PA patients, thus two MAs are available to serve both

patients of MD.

Thus, the MA’s availability for the MD is dependent on that for the PA, which is

unknown. To accommodate this unknown availability and to reduce the dimension of

the Markov chain, an iterative method is introduced. The idea is to first assume there

are two MAs dedicated to one provider (i.e., 4 MAs in the pod). Now we can analyze

each system separately with one provider, two MAs, and two exam rooms. In this case,
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the system states are defined as

S1 = (2, 0, 0, 0, 0, 0), S2 = (1, 0, 1, 0, 0, 0), S3 = (0, 1, 1, 0, 0, 0),

S4 = (0, 1, 0, 1, 0, 0), S5 = (0, 0, 1, 0, 0, 1), S6 = (1, 0, 0, 1, 0, 0),

S7 = (1, 0, 0, 0, 0, 1), S8 = (0, 0, 0, 0, 0, 2), S9 = (0, 0, 0, 1, 0, 1).

With the system states described as above, the state transitions can be derived

as well as the balance equations (see Figure A.4 and equations (A.5) in Appendix

A). Again, let Pj, j = 1, . . . , 9, be the steady state probability of state Sj, and ck,

k ∈ {room, joint,wrap,med}, be the service rate of care activity k. By solving these

equations we can obtain the steady state probabilities Pj, j = 1, . . . , 9. We denote this

calculation as operator Φj(·).

Pj = Φj(croom, . . . , cmed), j = 1, . . . , 9.

Now using these derived Pj’s, performance metrics can be evaluated. The throughput

of the system can be viewed as the discharge rate from the last service.

TP exp = cmed(P5 + P7 + 2P8 + P9). (3.7)

However since such an assumption (two MAs dedicated to a provider) will lead to

overestimating the throughput of the system, we adjust the service rates of MAs to

take into account the probability of MA not being available under certain circumstances

(scenario (1)).

Iteration Procedure

To adjust the MA’s service rate, define αi, i =MD, PA, as the probability that both

MAs are busy for provider i, which coincide with states S1, S2, S5, S7, and S8. Then, we
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update the MA’s service rate by accounting for the probability α of the other provider.

Also, since there exist more than one MA in the system, we introduce a discount factor

β. Here, discount factor is introduced to prevent over reducing MA’s service rates. As

we assume two MA’s per team, β = 1/number of MAs = 0.5 is selected. Thus, using α·β,

we decrease the service rate of MA visit cmed to c̃med. The rationale of such a decrease

is that when all MAs are being fully utilized, escorting and rooming can only be done

when the current patient whom MA is visiting leaves the clinic. Thus, decreasing cmed

to c̃med corresponds to MA being unavailable to escort and room the next patient when

all MAs of the other provider are busy.

c̃MD
med = cMD

med(1− αPA · β),

c̃PA
med = cPA

med(1− αMD · β).

Using the new c̃imed, i=MD, PA, the steady state probabilities are recalculated as P̃ i
j ,

j = 1, . . . , 9.

P̃MD
j = Φj(croom, cjoint, cwrap, c̃

MD
med),

P̃PA
j = Φj(croom, cjoint, cwrap, c̃

PA
med).

Then, the performance measures can be updated.

TPMD = c̃MD
med(P̃MD

5 + P̃MD
7 + 2P̃MD

8 + P̃MD
9 ),

TPPA = c̃PA
med(P̃PA

5 + P̃PA
7 + 2P̃PA

8 + P̃PA
9 ).

However, as probabilities αMD and αPA are unknown, a recursive procedure is intro-

duced to update the service rates during each iteration. Formally, such a procedure can

be described as follows:
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Procedure 3.1

Step 1: Initialization.

• Step 1.1: Calculate the initial steady state probabilities Pi, i = 1, . . . , 9, using

operator Φ(·).

P̃ i,0
j = Φj(c

i
room, c

i
joint, c

i
warp, c̃

i,0
med), j = 1, . . . , 9, i = MD,PA,

where superscript ‘0’ denotes iteration 0, and

c̃i,0med = cimed, i = MD,PA.

• Step 1.2: Calculate the throughput of each provider.

TP i,0 = c̃i,0med(P̃ i,0
5 + P̃ i,0

7 + 2P̃ i,0
8 + P̃ i,0

9 ), i = MD,PA.

• Step 1.3: Calculate probability α.

αi,0 = P̃ i,0
1 + P̃ i,0

2 + P̃ i,0
5 + P̃ i,0

7 + P̃ i,0
8 , i = MD,PA.

In addition, let n = 1, where n is iteration number.

Step 2: Updating.

• Step 2.1: Update service rate cmed, steady state probability PMD
i , and probability

αMD for MD.

c̃MD,n
med = cMD,0

med (1− αPA,n−1 · β),

P̃MD,n
j = Φj(c

MD
room, c

MD
joint, c

MD
wrap, c̃

MD,n
med ), j = 1, . . . , 9, (3.8)

αMD,n = P̃MD,n
1 + P̃MD,n

2 + P̃MD,n
5 + P̃MD,n

7 + P̃MD,n
8 .
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• Step 2.2: Update service rate cmed, steady state probability PPA
i , and probability

αPA for PA.

c̃PA,n
med = cPA,0

med (1− αMD,n · β),

P̃PA,n
j = Φj(c

PA
room, c

PA
joint, c

PA
wrap, c̃

PA,n
med ), j = 1, . . . , 9, (3.9)

αPA,n = P̃PA,n
1 + P̃PA,n

2 + P̃PA,n
5 + P̃PA,n

7 + P̃PA,n
8 .

• Step 2.3: Update throughput for each provider.

TP i,n = c̃i,nmed

(
P̃ i,n

5 + P̃ i,n
7 + 2P̃ i,n

8 + P̃ i,n
9

)
, i = MD,PA. (3.10)

Step 3: Comparison.

Let δ = 10−4 be the stopping criteria. If

max
i
|TP i,n − TP i,n−1| < δ, i = MD,PA,

then stop the iteration, and let

TP i = TP i,n, i = MD,PA.

Otherwise, let n = n+ 1, and return to Step 2.

Proposition 3.2 Given the joint visit system with three MAs and provider wrap-up,

Procedure 3.1 is convergent, i.e., the following limits exist:

TP i = lim
n→∞

TP i,n, i = MD,PA,

P̃ i
j = lim

n→∞
P̃ i,n
j , i = MD,PA, j = 1, . . . , 9, (3.11)

c̃imed = lim
n→∞

c̃i,nmed, i = MD,PA.
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Proof: See Appendix A.

In addition to throughput, other performance measures such as length of visit and

average number of patients in the system are of interest as well. However, since we

assume two dedicated MAs per provider, the number of patients in the system will

always be two, which is certainly not true. In real case, a new patient may not be

roomed right after a patient leaves the clinic due to the need for MA to serve a higher

priority patient in other exam rooms. Thus we not only need to adjust the service rate

of MAs, but also the average number of patients in the system.

Proposition 3.3 The average number of patients in the joint visit system can be eval-

uated as

N i = 1 +
√

1− TP i · wi, i = MD,PA, (3.12)

where TP i is obtained from (3.11) and

wi =
1

c̃imed

− 1

cimed

, i = MD,PA. (3.13)

Proof: See Appendix A.

Using TP i and N i, i =MD, PA, the patient LOV under Markovian assumption can

be obtained.

LOV i,exp =
N i

TP i
, i = MD,PA. (3.14)

In addition, the utilizations of the providers and MAs can be evaluated.

ρi = P̃ i
2 + P̃ i

3 + P̃ i
4 + P̃ i

5 + P̃ i
6 + P̃ i

9, i = MD,PA,

ρMA =

∑
i=MD,PA[2(P̃ i

1 + P̃ i
2 + P̃ i

5 + P̃ i
7 + P̃ i

8) + P̃ i
3 + P̃ i

6 + P̃ i
9]

3
,
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where the MA utilization considers the number of working (non-idle) MAs in the defined

state.

Proposition 3.2 provides a method to estimate the length of visit for the joint visit

system with three MAs and provider wrap-up under the exponential assumption. In

case of general service times, empirical formula (3.2) is used where ∀i = MD,PA,

LOV i,non−exp = (LOV i,exp − LOV i,0) · CV i,eff + LOV i,0,

LOV i,0 = max

{
2

3

( ∑
k∈{room,joint,med}

1

cMD
k

+
∑

k∈{room,joint,med}

1

cPA
k

)

· min
l=MA,PA,l 6=i

(
1,

∑
k∈{room,joint,med}

1
cik∑

k∈{room,joint,med}
1
clk

)
,

2

cijoint

+
2

ciwrap

,
∑

k∈{room,joint,wrap,med}

1

cik

}
,

(3.15)

CV i,eff =

∑
k∈{room,joint,wrap,med}

1
cik
· (cvik)2∑

k∈{room,joint,wrap,med}
1
cik

.

Accuracy Analysis

To investigate the accuracy of the proposed iterative procedure, we validate by using

the data collected at Dean East Clinic. Since the joint visit system has not been im-

plemented, estimates are obtained by interviewing the providers and MAs as shown in

Table 3.6.

Table 3.6: Parameters of joint visit system

Rooming Joint Visit Wrap-up MA Visit

Provider team MD PA MD PA MD & PA MD & PA

ck (1/min) 0.147 0.209 0.037 0.051 0.286 0.346

cvk 0.389 0.741 0.401 0.397 0.45 0.45
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Using these service rates, we compare the results of our iterative method and simu-

lation. Let

εi,exp =
|LOV i,exp − LOV i,sim|

LOV i,sim
· 100%, i = MD,PA.

As illustrated in Table 3.7(a), all errors are within 1.65%.

Table 3.7: Accuracy of joint visit system with 3 MAs and provider wrap-up: Markov

chain case

Throughput(1/hr) Length of Visit(min)

Provider team MD PA MD PA

Simulation 1.888 2.475 62.758 47.430

Model 1.920 2.497 62.284 47.824

εexp 1.648% 0.894% 0.755% 0.830%

(a) Collected data setting

Throughput Length of Visit

Provider team MD PA MD PA

εexp 2.094% 0.932% 0.769% 0.500%

(b) Randomized data setting

To further validate the developed model under different settings, randomly generated

service rates are used in dozens of experiments. Again, uniform distributions are used

to quantify the service times where the ranges of the service times are presented below.

Note that here Markovian assumption still holds. Based on more than two dozen random

experiments, as shown in Table 3.7(b), the average difference between simulation and
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analytical model in the Markovian scenario is less than 2.1%.

Joint visit:
1

cijoint

∈

 U(8, 40), i = MD,

U(8, 33), i = PA,

Wrap-up:
1

ciwrap

∈ U(2, 5), i = MD,PA,

MA visit:
1

cmed

∈ U(1.2, 4.4).

Then, to check the robustness under varying CVs, estimated service rates are used

but with random CVs in the range of [0,1]. General distributions are assumed for service

times in simulations, which are randomly selected from {L,G,W,M}. Comparison results

for MD patients and PA patients are shown in Table 3.8, where the errors are less than

1.61%.

Furthermore, for general scenarios, both service rates and CVs are randomly selected.

By randomly selecting the service time distribution from {L,G,W,M}, and its CV from

0 to 1, we compare the results of empirical formulas with simulations. The results

indicate that the differences in LOVs of MD and PA patients are 0.963% and 0.954%,

respectively which validates that the proposed empirical formula can be used to evaluate

system performance.

3.4.2 Joint Visit System with Three MAs and MA Wrap-up

Similar to the provider wrap-up case, when there are one provider, two MAs, and two

exam rooms, the system states can be defined as S = (sroom, bjoint, sjoint, smed), where

smed denotes the MA wrap-up & visit activity. A total of 6 states can be obtained:

S1 = (2, 0, 0, 0), S2 = (1, 0, 1, 0), S3 = (0, 1, 1, 0),

S4 = (1, 0, 0, 1), S5 = (0, 0, 1, 1), S6 = (0, 0, 0, 2).
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Table 3.8: Accuracy of joint visit system with 3 MAs and provider wrap-up: general

case

(CV eff)2 LOV non−exp LOV sim εnon−exp

0.002 60.543 61.305 1.243%

0.161 60.882 60.952 0.114%

0.226 61.023 60.767 0.420%

0.315 61.212 61.392 0.292%

0.385 61.360 61.583 0.362%

0.395 61.382 61.836 0.734%

0.451 61.502 61.774 0.440%

0.496 61.597 61.595 0.003%

0.733 62.101 62.076 0.040%

0.934 62.531 62.379 0.244%

(a) MD patients

(CV eff)2 LOV non−exp LOV sim εnon−exp (%)

0.029 46.538 45.980 1.215%

0.126 46.667 46.015 1.416%

0.216 46.786 46.046 1.606%

0.222 46.794 46.370 0.915%

0.286 46.879 46.344 1.154%

0.308 46.908 46.222 1.484%

0.360 46.977 46.648 0.705%

0.438 47.080 46.694 0.828%

0.532 47.204 46.720 1.035%

0.970 47.784 47.225 1.183%

(b) PA patients
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Again the state transitions and balance equations can be derived and solving them

results in the evaluation (clearly, an overestimate) of system throughput. Compared with

the case of provider wrap-up, formulas for calculating throughput and α are changed.

αi = P i
1 + P i

2 + P i
4 + P i

5 + P i
6, i = MD,PA,

TP i = cimed(P i
4 + P i

5 + 2P i
6), i = MD,PA. (3.16)

Define operator Ψi(·) as the calculation process needed to obtain the steady state prob-

abilities. With these modifications, Procedure 3.2 is introduced to estimate the system

performance.

Procedure 3.2

Step 1: Initialization. For i =MD, PA,

P̃
i,(0)
j = Ψj(c

i
room, c

i
joint, c̃

i,0
med), j = 1, . . . , 6,

TP i,0 = c̃i,0med(P̃ i,0
4 + P̃ i,0

5 + 2P̃ i,0
6 ),

αi,0 = P̃ i,0
1 + P̃ i,0

2 + P̃ i,0
4 + P̃ i,0

5 + P̃ i,0
6 ,

again superscript ‘0’ denotes iteration 0, and

c̃i,0med = cimed, i = MD,PA.

In addition, let n = 1.
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Step 2: Updating.

c̃MD,n
med = cMD,0

med (1− αPA,n−1 · β),

P̃MD,n
j = Ψj(c

MD
room, c

MD
joint, c̃

MD,n
med ), j = 1, . . . , 6,

αMD,n = P̃MD,n
1 + P̃MD,n

2 + P̃MD,n
4 + P̃MD,n

5 + P̃MD,n
6 ,

c̃PA,n
med = cPA,0

med (1− αMD,n · β), (3.17)

P̃PA,n
j = Ψj(c

PA
room, c

PA
joint, c̃

PA,n
med ), j = 1, . . . , 6,

αPA,n = P̃PA,n
1 + P̃PA,n

2 + P̃PA,n
4 + P̃PA,n

5 + P̃PA,n
6 ,

TP i,n = c̃i,nmed

(
P̃ i,n

4 + P̃ i,n
5 + 2P̃ i,n

6

)
, i = MD,PA.

where Ψj(·) denotes the calculation to obtain the steady state probabilities Pj, j =

1, . . . , 6.

Step 3: Comparison. If

max
i
|TP i,n − TP i,n−1| < δ, i = MD,PA,

then stop the iteration, and let

TP i = TP i,n, i = MD,PA.

Otherwise, let n = n+ 1, and return to Step 2.

Analogously, we can show that such a procedure is also convergent.

Proposition 3.4 Given the joint visit system with three MAs and MA wrap-up, Proce-

dure 3.2 is convergent. Thus, for i =MD, PA,

TP i = lim
n→∞

TP i,n,

P̃ i
j = lim

n→∞
P̃ i,n
j , j = 1, . . . , 6, (3.18)

c̃imed = lim
n→∞

c̃i,nmed.
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In addition,

N i = 1 +

√
1− TP i ·

(
1

c̃imed

− 1

cimed

)
,

LOV i,exp =
N i

TP i
. (3.19)

Proof: The proof is similar to that of Proposition 3.2.

Using Proposition 3.4, empirical formula (3.2) can be used to estimate LOV under

general service times. Note that in this case, LOV i,0 is changed to:

LOV i,0 = max

{
2

3

( ∑
k∈{room,joint,med}

1

cMD
k

+
∑

k∈{room,joint,med}

1

cPAk

)

· min
l=MA,PA,l 6=i

(
1,

∑
k∈{room,joint,med}

1
cik∑

k∈{room,joint,med}
1
clk

)
,

2

cijoint

,
∑

k∈{room,joint,med}

1

cik

}
. (3.20)

Moreover, the utilizations of the providers and MAs can be evaluated.

ρi = P̃ i
2 + P̃ i

3 + P̃ i
5, i = MD,PA,

ρMA =

∑
i=MD,PA[2(P̃ i

1 + P̃ i
2 + P̃ i

4 + P̃ i
5 + P̃ i

6) + P̃ i
3]

3
.

Following this procedure, the performance of the joint system with MA wrap-up

can be analyzed. Table 3.9(a) presents the results compared with simulation under

Markovian assumption and using the collected data. By changing the CVs, comparisons

are carried out for MD patients and PA patients under general distributions where the

results are shown in Table 3.10.

Using randomized data, the comparison results in Markovian cases are summarized

in Table 3.9(b), which show that the average differences in throughput and LOV are

still very small, within 3% and 1.5%, respectively. In addition, under non-exponential

distributions, the average differences in LOV are 1.373% and 1.298% for MD and PA
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Table 3.9: Accuracy of joint visit system with 3 MAs and MA wrap-up: Markov chain

case

Throughput(1/hr) Length of visit(min)

Provider team MD PA MD PA

Model 2.034 2.692 58.023 43.718

Simulation 1.981 2.628 58.320 42.951

εexp 2.674% 2.419% 0.509% 1.786%

(a) Collected data setting

Throughput Length of Visit

Provider team MD PA MD PA

εexp 3.121% 2.111% 0.945% 1.542%

(b) Randomized data setting
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Table 3.10: Accuracy of joint visit system with 3 MAs and MA wrap-up: general case

(CV eff)2 LOV non−exp LOV sim εnon−exp

0.002 53.547 54.560 1.857%

0.161 54.262 54.830 1.037%

0.217 54.512 54.910 0.724%

0.288 54.830 55.900 1.914%

0.474 55.667 56.650 1.736%

0.477 55.680 56.700 1.799%

0.642 56.416 56.969 0.970%

0.729 56.806 57.310 0.879%

0.872 57.449 57.528 0.137%

0.940 57.755 57.710 0.078%

(a) MD team

(CV eff)2 LOV non−exp LOV sim εnon−exp

0.029 39.622 40.100 1.191%

0.085 39.860 39.980 0.300%

0.180 40.259 40.390 0.325%

0.294 40,741 40.560 0.446%

0.309 40,804 40.830 0.065%

0.433 41.328 41.390 0.150%

0.504 41.626 42.200 1.361%

0.784 42.806 42.426 0.895%

0.824 42.977 42.439 1.269%

0.947 43.321 42.680 1.502%

(b) PA team



50

patients, respectively. Again, the introduced method leads to a close estimate of system

performance.

3.4.3 Discussions

Monotonicity

Now, to improve the performance of the given system, it is necessary to understand

the monotonicity properties with respect to service times. Here we consider the partial

derivatives of throughput and utilization with respect to service rates. For the joint visit

system with three MAs and provider wrap-up, the following monotonic properties are

obtained.

Proposition 3.5 In the joint visit system with three MAs and provider wrap-up, the sys-

tem throughput is monotonically increasing with respect to service rate ck, k ∈ {room, joint,

wrap,med}. The utilizations of providers and MAs are monotonically increasing or

decreasing with respect to service rate ck, k ∈ {room, joint,wrap,med}, except MAs’

utilization to cjoint. Such properties are summarized in Table 3.11:

Table 3.11: Monotonicity with respect to service rates: joint system with 3 MAs and

provider wrap-up

croom cjoint cwrap cmed

Throughput (∂TP
∂ck

) ↗ ↗ ↗ ↗

Provider utilization (∂ρMD

∂ck
) ↗ ↘ ↘ ↗

MA utilization (∂ρMA

∂ck
) ↘ × ↗ ↘

where ↗ and ↘ indicates monotonically increasing and decreasing, respectively, and
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× implies both can occur.

Proof: See Appendix A.

The monotonicity of throughput with respect to service rates are straightforward,

i.e., higher rates or shorter service times lead to a higher throughput or larger patient

volume. Similarly, the provider and MA utilizations with respect to croom and cmed

(which are MA rooming and MA visit rates, respectively) also coincide with intuition.

When croom and cmed are increased, less time in rooming and MA visit is taken so that

the portion of provider’s working time (joint visit and wrap-up) within a patient cycle

time is increased and thus their utilization is higher, while the MAs spend less time so

that their utilization decreases. On the contrary, when cwrap is increased, provider takes

less time to wrap up. Hence, the provider utilization is decreased and MA utilization

is increased. Similarly, when cjoint is increased, providers spend less time in diagnosis,

which results in a smaller utilization. This should in return lead to higher utilization of

MA. However, the MA documentation time is also reduced, which should lead to lower

utilization. Thus, the MA utilization with respect to joint visit rate is undetermined,

dependent on the parameters of the system.

For example, consider the two scenarios shown in Figure 3.5. In the left part of

the figure, croom = 0.147, cjoint = 0.224, cwrap = 0.353, and cmed = 0.346, while in

the right part, all parameters are the same except cjoint = 0.037. In other words, the

only difference between the two cases is the joint visit service time: 4.46 minutes and

26.77 minutes for the left and right cases, respectively. As illustrated in the right figure,

when joint visit service rate is relatively small (i.e., taking relatively longer time), MA

utilization is monotonically decreasing with respect to cjoint. In this case, as the joint visit

time is significantly dominating and thus limiting the patient flow, its reduction frees
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up the MA in some degree, but is not enough to increase much patient volume. When

joint visit time is similar to other services, as shown in the left figure, MA utilization

is monotonically increasing with respect to cjoint, i.e., increasing cjoint results in larger

patient volume, and thus MAs are busier to serve more patients.

Figure 3.5: Monotonicity of ρMA with respect to cjoint: croom = 0.147, cwrap = 0.353,

cmed = 0.346. cjoint starts from: 0.224 (left); 0.037 (right)

For the joint visit system with three MAs and MA wrap-up, the monotonicity prop-

erties are obtained with the same rationale explained above.

Proposition 3.6 In the joint visit system with three MAs and MA wrap-up, the system

throughput is monotonically increasing with respect to service rate ck, k ∈ {rooming, joint,MAvisit}.

The provider utilization is monotonically increasing with respect to croom and cmed but

decreasing with respect to cjoint. MA utilizations are always 100%.

Proof: See Appendix A.
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Wrap-up Scheme

So far in the introduced joint visit models, either provider or MA could wrap up the

service. Then the question that naturally arises is: which wrap-up scheme is more

efficient? To answer this question, we investigate the impact of the ratio between joint

visit service time and total service time (i.e., sum of rooming time, joint visit time,

wrap-up and MA visit time) on system throughput. Figure 3.6 illustrates the changes in

throughput as a function of such a ratio, where the blue solid line indicates the provider

wrap-up case and the red dash line refers to the MA wrap-up case. As one can see,

provider wrap-up performs better when the ratio is low, and MA wrap-up is better when

the ratio is high. The rationale behind this is that when joint visit spares longer time

(i.e., higher ratio), provider will become the constraint of the system. Asking him/her

to continue wrap-up will further slow down the process. This can also be justified by the

right part of the curves, where higher ratios lead to a lower throughput. However, when

joint visit is finished in short time, the majority of service times are on MA rooming and

visit, which implies that the provider should be assigned more work, thus need to wrap

up the visit. As shown in the figure, the crossover occurs roughly when the ratio is 0.5.

From the data collected at Dean Clinic, such ratios are 0.672 and 0.637 for MD team

and PA team, respectively. Therefore, MA wrap-up is expected to lead to a higher

throughput, and thus this conclusion has been recommended to Dean Health System.

Comparisons

Using the data collected at Dean East Clinic, we compare the performance of current

system to the proposed joint visit system (considering both provider and MA wrap-up

scheme) with an additional MA. The results are shown in Table 3.12 where TP non−exp
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Figure 3.6: Comparison between provider wrap-up and MA wrap-up

is presented in (1/hr) and LOV non−exp in (min).

Table 3.12: Comparison between current system and joint visit systems

TP non−exp LOV non−exp ρProvider (%) ρMA (%)

Provider team MD PA MD PA MD PA MD PA

Current 1.759 2.374 63.2 49.48 91.45% 88.04 34.21 40.76

Joint/Provider wrap-up 1.920 2.4973 60.83 46.80 96.84 96.77 78.08

Joint/MA wrap-up 2.034 2.6915 54.28 40.46 90.74 88.59 96.14

Summarizing the results, by adopting the joint visit service model with an additional

MA, the MD patient throughput is increased by 9.15% and 15.64% for provider and MA

wrap-ups, respectively, and the average length of visit is reduced by 3.75% and 14.13%,



55

respectively. Similar results are observed for PA patients. Such improvements are sig-

nificant, which can help improve patient access substantially. In addition, workloads

become much more balanced as shown in provider and MA’s utilizations.

Clearly, by implementing the joint visit model with MA wrap-up, the potential ben-

efit in throughput increase (about 2 patients per day per provider) can be significant

in the long run compared with the price of an additional MA. Or equivalently, if the

patient volume is kept constant, a substantial reduction in provider’s workload could

free them a significant amount of time from working after hours or on weekend, which

again is valuable. Therefore, hiring an additional MA for joint visit with MA wrap-up

has been recommended to Dean East Clinic, and the implementation is in progress.

Remark 3.2 The computation efforts using Procedures 3.1 and 3.2 are minimal. Typ-

ically the procedures converge within 5-7 iterations, which only takes a fraction of a

second. Moreover, the proposed iteration method can be easily extended to more com-

plex scenarios, such as more patient rooms and additional providers or MAs, without

encountering the curse of dimensionality. For example, when adding one more provider

(with two exam rooms) and an additional float MA, the state space will expand from 76

states to 1565 states if a direct Markov chain approach is used. Using the iterative ap-

proach, each time we still consider a system with 1 provider, 2 MAs and 2 exam rooms.

Thus, the state number keeps at 9 only. The modification of the service rates of MA

visit will then adjust the overestimation of the throughput. Therefore, such iteration

method leads to an efficient calculation of system performance.
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3.4.4 Limitations and Extensions

Even though models introduced in this chapter aim to be as general as possible, health-

care delivery systems exhibit large variations in structure wise. Thus, some possible

ways to extend the current models are introduced in this section.

First, the models discussed in this chapter assume that patients are always available

for rooming, i.e., unlimited arrivals. This implies that patients always arrive on or

before the scheduled appointment time. In practice, most patients do arrive earlier than

their scheduled time. However, there still exist possibilities of arriving late, or even not

showing up. To accommodate such scenarios, one possibility is to add arrival nodes in

front of the rooming activity. The availability of these nodes can be characterized by the

probability of on-time or early arrivals. This will lead to changes in balance equations,

but the solution approach remains similar.

Secondly, the staff configuration is fixed to 2 providers with 3 float MAs per pod.

As there is no standardized provider to MA ratio, this configuration may have a wide

variation in practice. For example, a pod may consist of three providers with either

three dedicated MAs or four shared float MAs. The former case is the same in structure

wise as the current system with joint visit since each provider group can be analyzed

separately. For the latter one, the iteration procedure needs to be modified such that

the availability of the MA for one provider should be considered by taking into account

whether the MA is serving patients of the other two providers. Thus, the iteration needs

to circulate among these three providers.

Thirdly, current models can only handle the cases of two exam rooms per provider

group. For different exam room settings, the state space needs to be redefined by taking

into account all the feasible states. For instance, if one additional room is assigned
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to each provider group, we need to consider all possible system states where MA and

provider circulate around three exam rooms. After defining the new states and deriving

the new balance equations, the remaining solution approach remains similar.

When applying to different system structures, the key issue is in redefining the system

states. Once system states are identified, the remaining solution approach is relatively

straightforward in implementing. Thus, the challenge in applicability is how to auto-

matically search for all feasible states.

3.5 Conclusions

In this chapter, a Markov chain based method with extension to non-exponential case

using an empirical formula is presented to study the joint visit service model in primary

care clinics. The results show that the method can deliver effective and accurate esti-

mation of system performance. Thus, it can be used as a quantitative tool for clinic

managers to assess the impact of implementing joint visit models in clinics and provide

guidelines in adopting the appropriate form of service model.
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Chapter 4

Timeliness in Lung Cancer

Diagnosis-to-treatment Process

4.1 Introduction

In this chapter, a system-theoretic method is introduced to analyze the diagnosis-to-

treatment process for lung cancer patients who go through surgical resections. Section

4.2 describes the diagnosis-to-treatment process and formulates the problem. In Section

4.3, the complex care delivery process is decomposed into a collection of serial processes,

and closed formulas are derived to evaulate the system performance. An approximation

algorithm is developed in Section 4.4 to estimate the waiting-time performance; the

probability to receive the surgery within a desired or given time period. In addition, to

identify the bottleneck waiting time whose improvement will lead to the largest reduction

in the overall waiting time, we present simple indicator measures that can be used in

practice. Furthermore, the applicability of the proposed method is illustrated via a case

study at Baptist Memorial Hospital in Section 4.5. Finally, conclusions and managerial

insights for improvement are formulated in Section 4.6.
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4.2 Process Description and System Modeling

4.2.1 Process Description

The lung cancer diagnosis-to-surgery process can be divided into the following five steps:

• Step 1: Chest X-ray and/or CT-scan.

The diagnosis process of a lung cancer patient usually begins with an abnormal

chest X-ray and/or CT-scan. Either test usually serves to initially identify the

presence of a potentially cancerous lung lesion. The tests can be conducted exclu-

sively or jointly.

• Step 2: Diagnostic biopsy.

The diagnostic biopsy typically follows the abnormal chest X-ray and/or CT-scan

to confirm a suspected lung cancer through tissue analysis. The major procedures

in biopsy process include CT-guided biopsy and bronchoscopy, which again may

be carried out exclusively or jointly.

• Step 3: Non-invasive staging.

Multiple procedures may be carried out in the non-invasive staging step to evaluate

the extent of spread of the lung cancer. The combinations of the procedures include

CT-scan, position emission tomography (PET)/CT, brain imaging and bone scan.

Either a single test, or a combination of any two or three of them, or even all the

procedures can be conducted (which leads to a total of 15 options).

• Step 4: Invasive staging.
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Invasive staging is carried out to confirm the extent of spread of lung cancer.

Such tests include endobronchial ultrasound (EBUS) and mediastinoscopy (MED)

where patients may receive either one or both of them. Invasive staging tests can

be used concurrently for initial histologic diagnosis and staging in the optimal,

parsimonious approach to care delivery.

• Step 5: Surgery.

Finally, patients with early disease stage receive surgery as the last step. Prior to

surgery, patients may need to receive the required medical clearance, i.e., consul-

tation with surgeon or cardiac specialists to confirm the patient is healthy enough

to endure surgery. Patients may receive consultation in different sequence, or in

some cases skip one or both visits.

The standard lung cancer diagnosis-to-surgery procedure is defined to follow steps

1-5 in a sequential order. However, even though there exists a standard procedure,

its actual execution depends on a number of issues and has a high variation. During

the pathway along the diagnosis-to-surgery process, patients may skip or repeat certain

steps, or follow a reversed sequence (see Figure 4.7) such as going back to prior steps

for missing tests or retesting.

4.2.2 System Modeling

As shown in Figure 4.7, the diagnosis-to-surgery process can be viewed as a complex

network with multiple splits, merges, and parallel lanes. Evaluating the performance of

such a network is the goal of this chapter. To do so, we first define the waiting time

between Steps i and j as wi,j, i = 1, . . . , 4, j 6= i, j = 1, . . . , 5. It is assumed that wi,j

follows a general (i.e., arbitrary) distribution with mean τi,j and CV cvi,j. In addition,
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Figure 4.7: Lung cancer diagnosis-to-surgery process

denote the probability of a patient going from Step i to Step j as αi,j. Note that we do

not consider the diagnosis or test procedure times in the model. While the procedure

times of the diagnosis tests are typically short (minutes or hours), substantial waiting

times occur in days or even months between the tests. Thus the test times are assumed

negligible and we mainly focus on the waiting times. In addition, we assume the waiting

times are independent to the past history of the patient’s pathway along the process .

Remark 4.1 The independence assumption implies that the routing probabilities for

different pathways and the waiting times are independent. In practice, such probabilities

and waiting times may be correlated to patient factors such as willingness to consent

and clinical condition (“performance status”). Since the focus of this chapter is on the

average performance for general patients, these assumptions can be used as a starting

point for analysis. In future work, we plan to address the scenarios related to patient

specific pathways and waiting time correlations for specific patient groups.

Denote the number of waiting times as M . Within the diagnosis-to-surgery process,

there are a total of M = 16 waiting times. Introduce vector W to denote these waiting
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times:

W = [w1,2, w1,3, w1,4, w1,5, w2,1, w2,3, w2,4, w2,5,

w3,1, w3,2, w3,4, w3,5, w4,1, w4,2, w4,3, w4,5].

Let t denote the waiting time of the entire diagnosis-to-surgery process. Here t is a

random variable with mean T and coefficient of variation CV , which are functions of all

τi,j’s, cvi,j’s, and αi,j’s, i.e.,

T = E(t) = ft(T,V,A), (4.1)

CV =

√
V ar(t)

T
= fv(T,V,A), (4.2)

where

T = [τ1,2, τ1,3, τ1,4, τ1,5, τ2,1, τ2,3, τ2,4, τ2,5,

τ3,1, τ3,2, τ3,3, τ3,5, τ4,1, τ4,2, τ4,3, τ4,5],

V = [cv1,2, cv1,3, cv1,4, cv1,5, cv2,1, cv2,3, cv2,4, cv2,5,

cv3,1, cv3,2, cv3,3, cv3,5, cv4,1, cv4,2, cv4,3, cv4,5],

A = [α1,2, α1,3, α1,4, α1,5, α2,1, α2,3, α2,4, α2,5,

α3,1, α3,2, α3,3, α3,5, α4,1, α4,2, α4,3, α4,5].

In addition, the waiting-time-performance, WTP , i.e., the probability to finish the

diagnosis-to-surgery process within a desired time interval ωd, is defined as

WTP = Prob{t ≤ ωd} = fw(T,V,A, ωd). (4.3)

which again is a function of all these parameters.

The problem to be addressed in this chapter is to develop a method to evaluate and

improve T , CV , and WTP .
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4.3 Mean and Coefficient of Variation of Waiting

Time

4.3.1 Decomposition

The diagnosis-to-surgery process is a complex process with multiple splits, merges, and

random waiting times each following an unknown distribution type. All these factors

complicate the study of such a network, particularly making the direct evaluation of

the process variability almost impossible. However, considering that all patients are

independent, and each patient can only take one specific pathway, we can decompose

such a complex network into a collection of serial processes. Thus in this framework,

each serial process represents a pathway a patient may follow. For example, a patient

who receives a chest X-ray (Step 1) may need a biopsy test (Step 2) afterwards with

probability α1,2, then may require invasive staging (Step 4) with probability α2,4, and

finally go through surgery (Step 5) with probability α4,5. In this sense, this patient’s

pathway can be described by a serial process (Step 1 → Step 2 → Step 4 → Step 5)

with probability α1,2α2,4α4,5. Examples of ten pathways are illustrated in Figure 4.8.

Using such a decomposition method, the complex process is represented by multiple

serial processes, where each one is a combination of various step options. Since there

exist various sequences of tests in the process, and the same tests may be taken multiple

times, in theory, there could be infinite number of serial processes. However, given

some physical constraints (e.g., some procedures may not be taken multiple times), and

by ignoring the pathways that have negligible small probabilities, we can obtain a finite

number of serial processes for analysis, and we denote this number as K. These processes
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Figure 4.8: Ten pathway examples
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are denoted as 1, 2, through K.

Introduce vector Si, i = 1, . . . , K, whose element θi,j, j = 1, . . . ,M , represents the

number of times the waiting time j has been gone through in the i-th pathway. Here,

the waiting time j’s are in the same sequence as in vector W. For example, θ4,2 = 1

implies that the waiting time w1,3 (from Step 1 to Step 3) has been taken once in the

4-th serial process, while θ4,2 = 2 indicates that such a waiting has been taken twice in

this pathway. Then,

Si = [θi,1, θi,2, . . . , θi,M ], i = 1, . . . , K.

For each serial process, by multiplying the routing probabilities at each step, we can

obtain the probability of a patient taking this pathway by

pi =
M∏
k=1

(Ak)
θi,k , i = 1, . . . , K,

where Ak is the k-th element in routing probability vector A.

4.3.2 Performance Measure

For each serial process, the mean waiting time is evaluated by summing up all the average

waiting times included in the pathway.

Ti = Si · T′, i = 1, . . . , K, (4.4)

where T′ indicates the transpose of vector T.

Given the performance of each serial process, we obtain the performance of the entire

diagnosis-to-surgery process by calculating the weighted average of the serial processes.

Note that since we only consider a finite number of serial processes, the total probability

of K serial processes will be smaller than one. Hence, normalization needs to be carried
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out, i.e., divide by the total probability.

T =

∑K
i=1 piTi∑K
i=1 pi

. (4.5)

Unlike the mean, generally it is impossible to evaulate the variance even for a serial

process. However, as waiting times are assumed to be independent (i.e., covariance =

0), the variance of a serial process can be obtained by the sum of variances of individual

waiting times. Thus, given the variance of each serial pathway, the variability of the

whole diagnosis-to-surgery process can be evaluated.

Proposition 4.1 The variance of waiting time can be evaluated as

CV =

√∑K
i=1 piV ari∑K
i=1 pi

T
, (4.6)

where T is evaluated from (4.5), and V ari is the variance of waiting time for the i-th

pathway and can be calculated by

V ari =
M∑
j=1

θi,jT
2
j (V

2
j + 1)−

( M∑
j=1

θi,jTj

)2

, (4.7)

and Tj and Vj are the j-th elements of vectors T and V, respectively.

Proof: See Appendix B.

It can be shown that both T and CV have monotonic properties with respect to its

arguments, i.e.,

Proposition 4.2 The mean and the coefficient of variation of waiting time, T and CV ,

are monotonically increasing with respect to τi,j and cvi,j, respectively.

Proof: See Appendix B.
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Therefore, to reduce waiting time and its variability, efforts should be focused on

decreasing τi,j and cvi,j. However, decreasing which τi,j or which cvi,j will lead to the

largest reduction in T and CV , respectively, is related to identifying the bottlenecks,

which is introduced in the next section.

4.3.3 Bottleneck Analysis

Bottleneck analysis is viewed as the most effective way to improve system performance

in production systems research [93]. Such an effort is also useful for healthcare delivery

systems (e.g., [53, 94, 95, 96, 97]) where the bottlenecks are also commonly referred to

as constraints or barriers. A bottleneck factor (a procedure or resource) is the one that

impedes the system performance in the strongest manner, i.e., whose improvement will

lead to the largest improvement in the overall system performance.

Mean waiting time bottleneck

By definition, bottlenecks are identified by evaluating the partial derivatives with respect

to an argument (see for instance, [94, 93, 96, 97]). However, when considering average

waiting time, using a common incremental change (i.e., using partial derivative) may

ignore the fact that efforts to reduce waiting times can vary substantially in scale if the

average waiting times are significantly different. Therefore, here we introduce the mean

waiting time bottleneck as follows:

Definition 4.1 Waiting time mean τi,j is the mean waiting time bottleneck (BN-τ) if

T (τi,j − δττi,j) < T (τk,l − δττk,l), ∀{k, l} 6= {i, j},

where T (τi,j− δττi,j) represents the resulting waiting time when τi,j is reduced by propor-

tion δτ , δτ � 1.
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Although the bottlenecks can be discovered by directly applying the definitions (man-

ually changing each waiting time and comparing with the original case), this approach

involves many computation efforts. In addition, this does not explicitly show why a

specific waiting time is the bottleneck. Therefore, we seek some indirect measurements

that do not involve much computation efforts and also can easily explain the rationale

of bottleneck waiting time.

To identify the BN-τ , we obtain

Proposition 4.3 Denote the k-th element in vector T as Tk. Then

T (Tk − δTk) > T (Tj − δTj), if and only if

K∑
i=1

piθi,kTk <
K∑
i=1

piθi,jTj, j 6= k.

Proof: See Appendix B.

Using this result, define

Iτ,k =
K∑
i=1

piθi,kTk. (4.8)

By finding the largest Iτ,k, we can identify the most impeding waiting time. Thus, Iτ,k

can be used as an indicator for BN-τ identification.

BN Indicator 1: The mean time bottleneck (BN-τ) is the waiting time that has

the largest value of Iτ,k, ∀k = 1, . . . ,M .

This indicator implies that the waiting point many patients go through and at the

same time has long average wait time is the one whose reduction will lead to the largest

decrease in overall waiting time. The rationale behind this is that the weighted time (av-

erage waiting time multiplied by routing probability) indicates the priority of a waiting

time’s impact on the whole process.
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Waiting time variability bottleneck

For healthcare systems, since CVs are generally less than 1 (i.e., the longer the service

has been carried out, the higher the probability the service will be finished), we can

safely assume the CVs are similar in scale. Thus the waiting time variability bottleneck

can be defined as:

Definition 4.2 Waiting time coefficient of variation cvi,j is the variability bottleneck

(BN-cv) if

∂CV

∂cvi,j
>
∂CV

∂cvk,l
, ∀{k, l} 6= {i, j}.

To identify the variability bottleneck (BN-cv), we obtain

Proposition 4.4 Denote the k-th element in vector V as Vk, then

∂CV

∂Vk
>
∂CV

∂Vj
, if and only if

K∑
i=1

piθi,kT
2
kVk >

K∑
i=1

piθi,jT
2
jVj, j 6= k.

Proof: See Appendix B.

Then, define

Icv,k =
K∑
i=1

piθi,kT
2
kVk. (4.9)

We obtain the most impeding waiting time in terms of variability by finding the largest

Icv,k:

BN Indicator 2: The variability bottleneck (BN-cv) is the waiting time that has

the largest value of Icv,k, ∀k = 1, . . . ,M .

As one can see, such an indicator depends on both the weighted probability, the

mean waiting time, and the coefficient of variation of the waiting time. If many patients
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go through a waiting point that has a large mean and variability, then this could be the

most impeding one that efforts should be focused on.

4.4 Waiting-time Performance

4.4.1 Approximation Formula

In many cases, knowing the first two moments, i.e., the mean and variance (or coefficient

of variation), is not enough to fully understand a process. Often times, more detailed

information such as a complete distribution is needed. Specifically, the probability to

finish the process within a desired or given time interval, referred to as the waiting-time

performance or WTP, characterizes such information. However, evaluating WTP for the

lung cancer diagnosis-to-surgery process is not straight forward as waiting times follow

an arbitrary distribution.

To solve such an issue, an approximation method using Gamma distribution is pro-

posed. First, we hypothesize that the WTP is practically independent of distribution

type, but mainly depends on the first two moments, i.e., mean and CV. Under this

hypothesis, the process with general distribution can be approximated by a process fol-

lowing Gamma distribution with the same mean and variance. Thus, using Gamma

distributions to represent each waiting time with given mean and CV, we can evaluate

the WTP.

From equation (4.3),

WTP = Prob{t ≤ ωd} =

∑K
i=1 Prob{ti ≤ ωd} · pi∑K

i=1 pi
,

where ti is the waiting time of the i-th pathway, i = 1, . . . , K.
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Since Prob{ti ≤ ωd} is the only unknown term in the equation, we then derive formu-

las to evaluate this term. Assuming that each waiting time follows Gamma distribution,

Prob{ti ≤ ωd} is equivalent to evaluating G(ωd), the CDF of the sum of independently

distributed Gamma variables which can be expressed as a single Gamma series.

Proposition 4.5 The WTP to finish diagnosis-to-surgery process within ωd can be cal-

culated as

WTP =

∑K
i=1 pi

∏∑M
l=1 θi,l

j=1

(
βmin
βj

)αj
∑K

i=1 pi

·
∞∑
k=0

δkγ(ρ+ k, ωd/βmin)

Γ(ρ+ k)
, (4.10)

where

αi =
µ2
i

σ2
i

, βi =
σ2
i

µi
,

βmin = min(βi), i = 1, . . . , n,

ρ =
n∑
i=1

αi, δ0 = 1,

δk+1 =
1

k + 1

k+1∑
i=1

iνiδk+1−i, k = 1, 2, . . . , (4.11)

νk =
n∑
i=1

αi(1− βmin/βi)k, k = 1, 2, . . . ,

γ(a, x) =

∫ x

0

ya−1e−ydy,

Γ(a) = lim
x→∞

γ(a, x).

Proof: See Appendix B.
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4.4.2 Validation

To validate the approximation formula, we carry out dozens of simulation experiments

using randomly generated mean (between 10 and 90) and CV (between 0.1 and 1).

Validation is carried out by comparing the results obtained from Proposition 4.5 and

simulation models. For the simulation models, the distributions of waiting times are cho-

sen from either Weibull or Lognormal because both have two parameters which provides

freedom in selecting the coefficient of variation. In addition, a mixed distribution where

each waiting time randomly follows Lognormal, Weibull or Gamma is also generated.

Table 4.13 presents the average, minimum, and maximum differences compared with

the simulation results. Four examples are also shown in Figure 4.9 where the blue

line represents the WTP obtained through Proposition 4.5 and the red line refers to

simulation results using mixed distribution of Lognormal, Weibull and Gamma. The

results indicate that WTP is practically independent of distribution type, and the results

from analytical formula closely match with simulations under random mean and CV

settings. Similar results are observed under other parameter settings with randomized

routing probabilities as well. Thus we conclude that the developed model can be used

to evaluate the waiting-time performance in general settings.

4.4.3 WTP Bottleneck

First, through extensive numerical studies, we observe that reducing the mean and

coefficient of variation of any of the waiting times leads to an improvement of WTP. As

illustrated from the examples in Figures 4.10 and 4.11, when ωd is not sufficiently small,

reducing τi,j and cvi,j always leads to an increase in WTP . All other wi,j’s not shown

in the examples also exhibit the similar monotonic behavior.
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Figure 4.9: Comparison examples: Case 1: Mean=116; Case 2: Mean=121; Case 3:

Mean=132, Case 4: Mean=153

Figure 4.10: WTP monotoncity with respect to mean waiting time
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Table 4.13: WTP comparison with simulation results

ωd Ave. diff. Min. diff. Max. diff.

10 0.000384 8.086E-09 0.001266

20 0.001042 3.138E-05 0.003176

30 0.001920 0.000147 0.004865

40 0.001754 1.296E-05 0.003104

50 0.002133 1.279E-06 0.006167

60 0.003745 0.000106 0.009251

70 0.005936 3.500E-05 0.019692

80 0.009582 0.001052 0.025943

90 0.009182 0.000161 0.023920

100 0.011788 0.002757 0.034184

110 0.013908 0.003105 0.033320

120 0.012810 0.003873 0.019612

130 0.014106 0.000894 0.022292

140 0.014703 0.003830 0.021533

150 0.013647 0.007073 0.019511

160 0.013718 0.002693 0.024230

170 0.014501 0.003642 0.025586

180 0.012083 0.003767 0.019501

190 0.010130 0.003458 0.017278

200 0.007668 0.001058 0.016816

210 0.005142 0.001664 0.016756

220 0.003356 9.545E-05 0.013780

230 0.002687 0.000223 0.013215
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Figure 4.11: WTP monotoncity with respect to CV of waiting time

Remark 4.2 Note that the monotonicity with respect to cvi,j may not always hold

when ωd is very small. For small ωd, majority of patients will not be able to finish the

process within ωd. Thus the ones that finish within ωd will be more like outliers, which

tends to appear more in larger variability settings. Thus reducing cvi,j may actually

lead to less outliers and eventually decrease WTP . However, the probability to finish

the whole diagnosis process within a short amount of time, such as 0-30 days (when on

average it takes 95 days), is of less interest to practitioners. It would be more practical to

provide the probability to finish within the average waiting time, or to avoid the worst

case, give estimates on large ωd values. For those ranges, cvi,j exhibits monotonicity

behavior.

Using the monotonic property, the bottleneck waiting time with respect to WTP

can be defined as:

Definition 4.3 Waiting time wi,j is the waiting-time performance bottleneck (BN-wtp)
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if ∀{k, l} 6= {i, j},

WTP (τi,j − δττi,j, cvi,j − δcvcvi,j)

> WTP (τk,l − δττk,l, cvi,j − δcvcvi,j),

where WTP (τi,j−δττi,j, cvi,j−δcvcvi,j) represents the resulting waiting-time performance

when both τi,j and cvi,j are reduced by proportions δτ and δcv, respectively, and δτ � 1,

δcv � 1.

Unfortunately, a close-form formula to identify the BN-wtp is not available due to

computational complexity, as even the evaluation of WTP is an approximation. How-

ever, by individually modifying each wi,j and comparing with the original case, the most

impeding waiting time can be identified whose improvement will lead to the largest

improvement in WTP .

4.5 Case Study

To illustrate the applicability of the developed analytical model, data collected in Baptist

Memorial Health Care system is used. A total of 614 patients underwent attempted

surgical resection for a suspected lung cancer during the time period of January 1, 2009

to June 30, 2013 within the Baptist Memorial Health Care system in Memphis, TN and

Southaven, MS.

4.5.1 Mean Waiting Time and Variability

The care delivery process encompassing the entire time period from initial detection to

surgery is segmented into a serial process of five steps. The minimum, maximum, mean
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and CV of the waiting time between any two steps are listed in Table 4.14 and the

routing probabilities are listed in Table 4.15.

By limiting to at most one re-test at each step, we obtain 379 routes that represent

a total of 95.63% probability. In other words, this excludes 4.37% of routes that are

assumed highly implausible in real scenario. Among the 379 routes, the route with the

smallest probability (3.7E-10) is Steps 1-4-3-2-1-4-3-2-5, where all diagnostic tests are

taken twice. This also indicates that the non-included routes have even smaller, thus

negligible, probabilities. Therefore, in this study, we select K = 379, and
∑K

i=1 pi =

0.9563.

Using these data and formula (4.5), the average waiting time is calculated as 95.96

days and the variance is evaluated as 1802.2 days which leads to CV = 0.4424.

4.5.2 Bottleneck and Improvement Analysis

To identify the bottlenecks, we first consider the mean waiting time bottleneck BN-τ .

Using BN Indicator 1, we observe that the waiting times between Steps 1 and 2 and

between Steps 3 and 5 are the main constraints. As shown in Table 4.16, Iτ,k is similar for

both cases (27.59 and 25.98) which are substantially higher than all others. Therefore,

we view both waiting times as BN-τ ’s.

In terms of BN-cv, again from Table 4.16, the variability of waiting time between

Steps 1 and 2 results in the largest Icv,k, and the waiting time between Steps 3 and 5

gives the second largest. Therefore, both waiting times are identified as the BN-cv’s as

well. Hence, the bottleneck results imply that improvement efforts should be focused to

reduce both the mean and variation of these two waiting times.

Next, to improve the identified bottleneck waiting times, we further consider the

detailed test procedures for each bottlenecks. First, regarding the waiting time between
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Steps 1 and 2, Table 4.17 summarizes the percentage of patient volumes taking different

procedures for each step and the corresponding waiting times. Using the similar criterion

of BN Indicator 1, we discover that the waiting time between CT-scan and CT-guided

biopsy is the main constraint, which takes an average of 86 days for almost one third of

patients. Thus, reducing this waiting time can lead to the largest improvement compared

with reducing all other waiting times.

Regarding the bottleneck waiting time between Step 3 and Step 5, different medical

clearance consultations take place before the surgery where Table 4.18 summarizes the

data characterizing these waiting times. We can observe that more than half of the

patients require both cardiac and surgical consultations which brings additional time

lags. Moreover, for the patients who require both cardiac and surgical consultations,

it is found that if surgical consultation is taken first, it helps reduce the waiting time

for cardiac consultation substantially. Thus, if both consultations are required, it is

recommended that surgical consultation should be scheduled first.

4.5.3 Waiting-time Performance

Prior to evaluating the waiting-time performance, we first show that WTP is practi-

cally independent of the distribution type, and thus Gamma distribution can be used

for approximation. To do so, Lognormal, Weibull, and mixed distributions are chosen

to characterize the waiting times, and the results of these distributions are compared

with the WTP s obtained from Gamma approximation. As shown in Figure 4.12 and

Table 4.19, the differences are minimal which suggests that the Gamma approximation

provides a high fidelity of WTP estimation.

In addition, to investigate the impact of variability on the performance, CV is varied
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from 0.1 to 0.9 in increments of 0.1 where all waiting time CVs are set identically.

As one can see from Figure 4.13, the Gamma approximation results in good accuracy

regardless of CV for all distribution types. However, while the differences in waiting

time distributions are minimal under various CV settings, the distribution shapes are

affected by the CVs. The WTP decreases as CV increases, which is consistent with

intuition that system deteriorates when more variability is involved.

Figure 4.12: Comparison of Lognormal, Weibull, and mix distribution with Gamma

approximation

Table 4.19: WTP comparison with Gamma approximation

Difference Lognormal Weibull Mixed Distribution

Average 0.004459 0.005624 0.004261

Maximum 0.035185 0.031881 0.018007

Minimum 1.05E-05 7.08E-06 1.09E-04
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Figure 4.13: Various distributions under varying CV
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Moreover, by selecting δτ = 0.1, and δcv = 0.2, we discover that the two largest

increases in WTP are obtained when w1,2 or w3,5 is improved (see Table 4.20). Therefore,

the waiting times between Steps 1 and 2 and between Steps 3 and 5 are the BN-wtp

as well. Reducing the mean waiting time and variability of these two steps could lead

to improvement in all performance measures: mean and coefficient of variation of total

waiting time and waiting-time performance.

4.6 Conclusions

This chapter introduces a system-theoretic method to study the diagnosis-to-surgery

process for lung cancer patients. It decomposes the complex process into multiple serial

ones, and derives closed formulas to evaluate the mean, the coefficient of variation, and

the distribution of waiting time. Moreover, indicators to identify the mean waiting time

and variability bottlenecks are developed as well. Such a method provides lung cancer

specialists and caregivers a quantitative tool to study and improve the lung cancer

diagnosis-to-treatment process, and can also be applied to similar processes for other

diseases.
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Chapter 5

Reducing Delays in Inpatient

Transitions

5.1 Introduction

Understanding the complete patient flow throughout the hospital is crucial for hospital

administrators in predicting the expected demand and planning resources appropriately.

Specifically, safe and efficient patient transitions are of critical importance to ensure

patient safety and quality. In this chapter, a quantitative model to study the patient

transitions within the hospital by taking into account the interactions among different

units is presented. The system under study is described in Section 5.2, and is formulated

as a finite capacity queueing network model in Section 5.3. As the arrival and departure

processes are unknown, an iterative procedure for performance evaluation is introduced

in Section 5.4. The convergence of the procedure and accuracy of estimation, as well

as computation efficiency, are addressed in Section 5.5, and the impact of unit capacity,

admission, and variability changes are discussed in Section 5.6. Finally, conclusions are

formulated in Section 5.7.
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5.2 System Description

To describe the system, the following notations are used and summarized in Table 5.21.

Table 5.21: Notations

(a) Service process

ced, cicu, cwd number of beds in ED, ICU and ward

Ted, Ticu, Twd service process in ED, ICU and ward

µed, µicu, µwd service rate in ED, ICU and ward

τed, τicu, τwd mean service time in ED, ICU and ward

CVed, CVicu, CVwd CV of service time in ED, ICU and ward

(b) Arrival process

Tarred , Tarricu , Tarrwd
arrival process to ED, ICU and ward

λed, λicu, λwd arrival rate to ED, ICU and ward

CVarred , CVarricu , CVarrwd
CV of arrival process to ED, ICU, ward

λext,ed, λext,wd external arrival rate to ED and ward

λed,icu, λwd,icu arrival rate to ICU from ED and ward

λed,wd, λicu,wd arrival rate to ward from ED and ICU

(c) Departure process

Tdced , Tdcicu , Tdcwd
departure process in ED, ICU, ward

CVdced , CVdcicu , CVdcwd
CV of departure process in ED, ICU

and ward
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(d) Transitions

ped,icu, ped,wd transition probability from ED to ICU and ward

pwd,icu, picu,wd transition probability between ward and ICU

ped,hm, pwd,hm discharge probability to home from ED and ward

(e) Waiting process

qed,wd, qed,icu average waiting time in ED for transfers to ward

and ICU in M/M/c queue

qwd,icu, qicu,wd average waiting time in ward for transfers to ICU

and vice versa in M/M/c queue

Qed,wd, Qed,icu waiting process in ED for transfers to ward, ICU

in M/M/c queue

Qwd,icu, Qicu,wd waiting process in ward for transfers to ICU and

vice versa in M/M/c queue

q̃ed,wd, q̃ed,icu average waiting time in ED for transfers to ward

and ICU in G/G/c queue

q̃wd,icu, q̃icu,wd average waiting time in ward for transfers to ICU

and vice versa in G/G/c queue

(f) Departments

ρed, ρicu, ρwd utilization of ED, ICU and ward

ρicued
, ρicuwd

utilization of ICU for patients from ED

and ward

ρwded
, ρwdicu

utilization of ward for patients from ED

and ICU
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πed,πicu,πwd probability of full in ED, ICU and ward

τ̃ed, τ̃icu, τ̃wd effective service time (including waiting

time) or length of stay at ED, ICU, ward

Ṽ ared, Ṽ aricu, Ṽ arwd variance of effective service time at ED,

ICU and ward

C̃V ed, C̃V icu, C̃V wd CV of effective service time at ED, ICU

and ward

The patient transitions among ED, ICU, and general ward within a hospital are

illustrated in Figure 5.14. The following assumptions describe these transitions and the

associated parameters.

i) Three major units in a hospital are considered: emergency department, intensive

care unit, and general ward. There are ced, cicu, and cwd number of beds available

in ED, ICU, and ward, respectively.

ii) The external arrival processes for ED and ward admissions, Tarri , i = ed,wd, follow

general distribution with average number of arrivals per unit of time λext,ed and

λext,wd, respectively. In addition, the coefficients of variation of inter-arrival times

are CVext,ed and CVext,wd, respectively. Here subscript “ext” indicates that arrivals

are external.

iii) The service processes, Ti, i = ed,wd, icu, are independent of priorities and arrivals.

The service times follow general distributions with mean τed, τwd, τicu, and coeffi-

cients of variation CVed, CVwd, CVicu, in ED, ward, and ICU, respectively.
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ED

ICU

Ward

Admission Discharge

DischargeAdmission

Figure 5.14: Patient transitions within hospital

iv) The routing probabilities between the units are defined as:
ped,dc − ped,wd ped,icu

pwd,dc − − pwd,icu

− − picu,wd −


v) For transitions into ward, priority is given in the order of patients transferring from

ICU, ED, and new external admissions. For transitions into ICU, priority is given

in the order of patients transiting from ward than ED.

vi) Treatment during transfers, mortality and diversion to other hospitals are not con-

sidered.

Remark 5.1 For simplification purpose, subscripts “ed”, “icu”, “wd”, “arr” and “dc”

are used to denote ED, ICU, ward, admission, and discharge, respectively. In addi-

tion, “arricu”, “arred” and “arrwd”, represent the overall arrival processes to ICU, ED,
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and ward, respectively, and “dcicu”, “dced”, “dcwd” characterize the departure processes

from ICU, ED, and ward, respectively.

Remark 5.2 The reason why external admissions are given the lowest priority is that

normally, as bed occupancy level rises, priority is given to admitting the urgent patients

from the internal units while pre-scheduled admissions need to be canceled. Among the

two internal units ED and ICU, a higher priority is given to ICU since keeping a patient

in an ICU bed is more costly than placing in a ward bed, especially when this patient

no longer needs intensive care.

Remark 5.3 Although the exact performance is dependent on the complete distribu-

tion of service time, when the variability is not large, the system performance primarily

relies on the mean and coefficient of variation. Such a property has been verified in

many healthcare and manufacturing studies (e.g., [53, 94, 51, 98] and [93]), and is also

implied in G/G/c model.

5.3 Queueing Network Model

Considering each unit (ED, ICU or ward), a queueing model can be established to

characterize the arrival, service and departure processes as shown in Figure 5.15 where

the admission queues are outside of the units and the departure queues are within the

units.

If all units have unlimited capacity, a patient will be immediately served and the

patient’s length of stay in a unit will be the same as its service time. That is, we
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ED

Ward

ICU

Admission

Discharge

Ward

ICU

Admission
Discharge

ICU

ED
Ward

ICU

ED

Ward

Figure 5.15: Queueing model of patient transitions

can decouple the service processes and analyze each unit independently. For instance,

the ED can be analyzed without considering boarding to other units. However, in real

life scenarios, bed capacity is limited and blockings are commonly observed. Thus,

additional waiting time will be added to a patient’s length of stay in a unit. This will

affect the departure process of the unit and the arrival process of the destination unit.

Thus, blocking at one unit affects all other units, which makes it impossible to analyze

each unit independently. To solve this problem, an iteration method is proposed.

The idea of the iteration procedure is illustrated in Figure 5.16 and outlined below.

For each unit, we assume general arrival with rate λi, i = ed, icu,wd. When no

blocking occurs, the departure process can be analyzed as follows:

Proposition 5.1 Under assumptions (i)-(vi), when there is no blocking, the arrivals
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for each unit can be evaluated as:

λed = λext,ed,

λicu =
λext,wdpwd,icu + λext,edped,wdpwd,icu + λext,edped,icu

1− picu,wdpwd,icu

,

λwd =
λext,wd + λext,edped,wd + λext,edped,icupicu,wd

1− picu,wdpwd,icu

. (5.1)

In addition, the arrivals from specific units are:

λed,icu = λext,edped,icu,

λed,wd = λext,edped,wd,

λwd,icu = [λext,wdpwd,icu + λext,edped,wdpwd,icu (5.2)

+ λext,edped,icupicu,wdpwd,icu]/[1− picu,wdpwd,icu],

λicu,wd = [λext,wdpwd,icupicu,wd + λext,edped,icupicu,wd (5.3)

+ λext,edped,wdpwd,icupicu,wd]/[1− picu,wdpwd,icu].

Proof: See Appendix C.

As there are multiple arrival sources with different priorities for ward and ICU, using

a non-preemptive multi-server system with multiple priority classes would be an option.

However, as calculating the variability of waiting times for G/G/c queues is extremely

difficult, we introduce an approximation approach. First, we calculate the first two

moments of the waiting times by assuming an M/M/c queuing model. Then we adjust

the waiting times to take into account the variabilities to approximate the G/G/c queue.

First, select either the ward or ICU to start analyzing the patient flow. Note that

since we are only interested in internal blockings (i.e., not external admission waiting

times which occur outside the hospital), patient admissions to ED are not considered.



94

Thus, considering ward first, we assume an M/M/cwd queue for ward with capacity cwd.

If we know the mean inter-arrival time and the mean service time, we can derive the

probability the unit is full (πwd) and the first two moments of waiting times for patients

coming from ED and ICU (qi,wd and E[(Qi,wd)2], i = ed, icu). Specifically, we introduce

a probabilistic equivalence between the M/G/c queue with multiple servers’ vacations

and the M/M/c system to obtain the first two moments of queue times [99].

Next, to approximate the waiting times for G/G/c queue, Kingman’s approximation

formula is used. The waiting time at G/G/c queue can be obtained by multiplying a

variability term to the waiting time obtained from M/M/c queue. Here, the variability

term consists of the CVs of both the arrival process and the service process. Note that

for the internal arrivals, departures from one unit form the arrivals to other units, that

is, the CV of departure process from unit A to destination unit B is equivalent to the CV

of arrival process flowing into unit B from unit A. Particularly, as patients from both

ED and ICU can transfer to ward, the CVs of the departure processes from both ED

and ICU, CVed,wd and CVicu,wd, need to be known, which can be calculated as follows:

Assuming infinite buffer, the departure variability depends on the arrival variability

(CVarr,i) and process variability (CVi) where the two terms are weighted by the square of

the utilization of the server (ρi). Following this approach, the variability of the discharge

process at ED and ICU can be derived, which is equivalent to the variability of the arrival

process to ward from ED and ICU, i.e.,

CV 2
dci

= ρ2
iCV

2
i + (1− ρ2

i )CV
2

arr,i, i = ed, icu.

By linking these two arrival processes with the external admission to ward, we obtain
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the total arrival process to ward, i.e.,

CV 2
arrwd

=

CV 2
icu,wd

λ2icu,wd
+

CV 2
ed,wd

λ2ed,wd
+

CV 2
ext,wd

λ2ext,wd(
1

λicu,wd
+ 1

λed,wd
+ 1

λext,wd

)2 .

Now, by multiplying the waiting times obtained from M/M/c queue with the vari-

ability term, we can approximate the real waiting times in G/G/c queue.

q̃i,wd =
CV 2

i,wd + CV 2
wd

2
· qi,wd, i = ed, icu.

Analogously, similar analyses can be applied to ICU. Again, first an M/M/cicu queue

is assumed, and waiting process qi,icu and E[(Qi,icu)2], i = wd, ed, can be derived. Using

departure processes at ED and ward, the arrivals to ICU, CVarricu , can be obtained.

Then the waiting times to ICU for patients transiting from ED and ward in G/G/cicu

queue, q̃i,icu, i = ed, wd, can be evaluated.

Finally, by adding the waiting times at ED, ICU, and ward to their corresponding

service times, we obtain the effective service process in each unit (i.e., the unit’s length

of stay),

τ̃i = τi + pi,j q̃i,j, i, j = wd, icu, i 6= j,

τ̃ed = τed +
∑

j=wd,icu

ped,j q̃ed,j.

In addition to the average time, the variability can also be calculated.

Ṽ ari = V ari + pi,jṼ ari,j, i, j = wd, icu, i 6= j,

Ṽ ared = V ared +
∑

j=wd,icu

ped,jṼ ared,j.

However, since both the arrival and departure processes are unknown, we introduce

an iterative approach. First, assuming internal arrivals follow Poisson distribution, we
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derive the waiting time mean and CV and accommodate them into the service time.

Replacing the mean and CV of each service process, we go back to re-evaluate the

waiting time and repeat the procedure. When the procedure converges, we obtain the

approximation of the mean and CV of waiting times.

5.4 Iteration Procedure

Formally, the iteration procedure can be described as follows:

5.4.1 Step 1: Initialization

Assume

τ̃
(0)
i = τi, i = ed,wd, icu,

C̃V
(0)

i = CVi, i = ed,wd, icu,

CV (0)
arricu

= 1,

q̃
(0)
i,wd = 0, i = ed, icu,

q̃
(0)
i,icu = 0, i = ed,wd.

Set k = 0.

5.4.2 Step 2: Update Transition Rates

Step 2.1: Waiting time to ward in M/M/cwd queues

With ward capacity cwd, the first two moments of waiting times are derived by assuming

M/M/cwd queues first.
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From ICU to ward: For class 1 patients, i.e., patients from ICU to ward, the service

rate and utilization can be calculated as

µ
(k+1)
wd =

1

τ̃
(k)
wd

,

ρ
(k+1)
wd =

λwd

cwd · µ(k+1)
wd

, (5.4)

ρ
(k+1)
wdicu

=
picu,wd · λicu

cwd · µ(k+1)
wd

.

In addition, define parameters γ and π as

γ
(k+1)
wdicu

= ρ
(k+1)
wdicu

,

π
(k+1)
wd =

(λwd/µ
(k+1)
wd )cwd

cwd!(1− ρ(k+1)
wd )∑cwd−1

i=0

(λwd/µ
(k+1)
wd )i

i!
+

(λwd/µ
(k+1)
wd )cwd

cwd!(1− ρ(k+1)
wd )

, (5.5)

where πi represents the probability unit i is full. Then the first and second moments of

waiting times can be derived as

q
(k+1)
icu,wd =

π
(k+1)
wd

cwdµ
(k+1)
wd (1− γ(k+1)

wdicu
)
,

E[(Q
(k+1)
icu,wd)2] =

2π
(k+1)
wd

(cwdµ
(k+1)
wd )2(1− γ(k+1)

wdicu
)2
. (5.6)

From ED to ward: For class 2 patients coming from ED to ward, define

ρ
(k+1)
wded

=
ped,wd · λed

cwd · µ(k+1)
wd

,

γ
(k+1)
wded

= ρ
(k+1)
wdicu

+ ρ
(k+1)
wded

. (5.7)
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Then we obtain

q
(k+1)
ed,wd =

π
(k+1)
wd

cwdµ
(k+1)
wd (1− γ(k+1)

wded
)(1− γ(k+1)

wdicu
)
, (5.8)

E[(Q
(k+1)
ed,wd)2] =

2π
(k+1)
wd (1− γ(k+1)

wded
γ

(k+1)
wdicu

)

(cwdµ
(k+1)
wd )2(1− γ(k+1)

wded
)2(1− γ(k+1)

wdicu
)3
.

Step 2.2: Waiting time to ward in G/G/cwd queues

For arrivals from ED, the service rate and utilization at ED are represented by

µ
(k+1)
ed =

1

τ̃
(k)
ed

,

ρ
(k+1)
ed =

λed

cedµ
(k+1)
ed

. (5.9)

Then the discharge process variability at ED is described by

(CV
(k+1)

dced
)2 = (ρ

(k+1)
ed )2(C̃V

(k)

ed )2

+ [1− (ρ
(k+1)
ed )2](CVext,ed)2. (5.10)

Similarly, for arrivals from ICU, we have

µ
(k+1)
icu =

1

τ̃
(k)
icu

,

ρ
(k+1)
icu =

λicu

cicuµ
(k+1)
icu

. (5.11)

Then the discharge variability at ICU is evaluated by

(CV
(k+1)

dcicu
)2 = (ρ

(k+1)
icu )2(C̃V

(k)

icu)2

+ [1− (ρ
(k+1)
icu )2](CV (k)

arricu
)2. (5.12)
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By linking the departure process from the originating unit to the arrival process to

the destination unit, the arrivals from ICU and ED are evaluated as:

(CV
(k+1)

icu,wd)2 = (CV
(k+1)

dcicu
)2,

(CV
(k+1)

ed,wd )2 = (CV
(k+1)

dced
)2.

Using λicu,wd and λed,wd from Proposition 5.1, the variability of the total arrival process

to ward can be derived as:

(CV (k+1)
arrwd

)2 =

(
CV

(k+1)
icu,wd

λicu,wd

)2

+
(
CV

(k+1)
ed,wd

λed,wd

)2

+
(
CVext,wd

λext,wd

)2

(
1

λicu,wd
+ 1

λed,wd
+ 1

λext,wd

)2 . (5.13)

Then, the waiting times for G/G/c queue, q̃ can be approximated by multiplying the

wait time in an analogous M/M/c queue, q, by the variability terms:

q̃
(k+1)
icu,wd =

(CV
(k+1)

icu,wd)2 + (C̃V
(k)

wd)2

2
· q(k+1)

icu,wd,

q̃
(k+1)
ed,wd =

(CV
(k+1)

ed,wd )2 + (C̃V
(k)

wd)2

2
· q(k+1)

ed,wd . (5.14)

Step 2.3: Waiting time to ICU in M/M/cicu queues

For ICU, first assume M/M/cicu queue to derive the first two moments of waiting times.

From ward to ICU: For ward to ICU patients (class 1), we have

ρ
(k+1)
icuwd

=
pwd,icu · λwd

cicu · µ(k+1)
icu

,

γ
(k+1)
icuwd

= ρ
(k+1)
icuwd

, (5.15)

π
(k+1)
icu =

(λicu/µ
(k+1)
icu )cicu

cicu!(1− ρ(k+1)
icu )∑cicu−1

i=0

(λicu/µ
(k+1)
icu )i

i!
+

(λicu/µ
(k+1)
icu )cicu

cicu!(1− ρ(k+1)
icu )

.
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Thus, the waiting times are characterized by

q
(k+1)
wd,icu =

π
(k+1)
icu

cicuµ
(k+1)
icu (1− γ(k+1)

icuwd
)
, (5.16)

E[(Q
(k+1)
wd,icu)2] =

2π
(k+1)
icu

(cicuµ
(k+1)
icu )2(1− γ(k+1)

icuwd
)2
.

From ED to ICU: For ED to ICU patients (class 2), from

ρ
(k+1)
icued

=
ped,icu · λed

cicu · µ(k+1)
icu

,

γ
(k+1)
icued

= ρ
(k+1)
icuwd

+ ρ
(k+1)
icued

. (5.17)

we obtain

q
(k+1)
ed,icu =

π
(k+1)
icu

cicuµ
(k+1)
icu (1− γ(k+1)

icued
)(1− γ(k+1)

icuwd
)
, (5.18)

E[(Q
(k+1)
ed,icu)2] =

2π
(k)
icu(1− γ(k+1)

icued
γ

(k+1)
icuwd

)

(cicuµ
(k+1)
icu )2(1− γ(k+1)

icued
)2(1− γ(k+1)

icuwd
)3
.

Step 2.4: Waiting time to ICU in G/G/cicu queues

As patients from both ward and ED transfer to ICU, the departure processes from both

ward and ED need to be known. To measure flow variability, assume infinite buffers and

calculate departure variability.

(CV
(k+1)

dcwd
)2 = (ρ

(k+1)
wd )2(C̃V

(k)

wd)2

+ (1− (ρ
(k+1)
wd )2)(CV (k+1)

arrwd
)2. (5.19)

Using the departure variability, we can calculate the CV of inter-arrival time for each

patient class.

(CV
(k+1)

wd,icu)2 = (CV
(k+1)

dcwd
)2,

(CV
(k+1)

ed,icu )2 = (CV
(k+1)

dced
)2.
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Using λwd,icu and λed,icu from Proposition 5.1, it implies that

(CV (k+1)
arricu

)2 =

(
CV

(k+1)
wd,icu

λwd,icu

)2

+
(
CV

(k+1)
ed,icu

λed,icu

)2

(
1

λwd,icu
+ 1

λed,icu

)2 . (5.20)

Then, we approximate the waiting times for G/G/cicu queue by multiplying the

waiting time in the analogous M/M/cicu queue by the variability term.

q̃
(k+1)
wd,icu =

(CV
(k+1)

wd,icu)2 + (C̃V
(k)

icu)2

2
· q(k+1)

wd,icu,

q̃
(k+1)
ed,icu =

(CV
(k+1)

ed,icu )2 + (C̃V
(k)

icu)2

2
· q(k+1)

ed,icu . (5.21)

Step 2.5: Service time at ward

Using the above results, we now update the first two moments of effective service times

at ward, where the service time and queueing time are assumed to be independent.

τ̃
(k+1)
wd = τwd + pwd,icu · q̃(k+1)

wd,icu,

Ṽ ar
(k+1)

wd = (CVwdτwd)2 + p2
wd,icu · (E[(Q

(k+1)
wd,icu)2]

− (q
(k+1)
wd,icu)2), (5.22)

C̃V
(k+1)

wd =

√
Ṽ ar

(k+1)

wd

τ̃
(k+1)
wd

.
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Step 2.6: Service time at ICU

Using the derived waiting times, we update the mean and standard deviation of effective

service times at ICU.

τ̃
(k+1)
icu = τicu + picu,wd · q̃(k+1)

icu,wd,

Ṽ ar
(k+1)

icu = (CVicuτicu)2 + p2
icu,wd · (E[(Q

(k+1)
icu,wd)2]

− (q
(k+1)
icu,wd)2), (5.23)

C̃V
(k+1)

icu =

√
Ṽ ar

(k+1)

icu

τ̃
(k+1)
icu

.

Step 2.7: Service time at ED

Analogously, the mean and standard deviation of effective service times at ED are cal-

culated.

τ̃
(k+1)
ed = τed + ped,wd · q̃(k+1)

ed,wd + ped,icu · q̃(k+1)
ed,icu ,

Ṽ ar
(k+1)

ed = (CVedτed)2 + p2
ed,wd · (E[(Q

(k+1)
ed,wd)2]

− (q
(k+1)
ed,wd)2) + p2

ed,icu · (E[(Q
(k+1)
ed,icu)2]

− (q
(k+1)
ed,icu)2), (5.24)

C̃V
(k+1)

ed =

√
Ṽ ar

(k+1)

ed

τ̃
(k+1)
ed

.

5.4.3 Step 3. Check Stopping Condition

Check iteration stopping condition, i.e., whether the maximal difference between two

consecutive iterations in mean queue time is less than ε = 10−6 or not.
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If max{εi, i = 1, . . . , 4} < ε, where

ε1 = |q̃(k+1)
icu,wd − q̃

(k)
icu,wd|, ε2 = |q̃(k+1)

ed,wd − q̃
(k)
ed,wd|,

ε3 = |q̃(k+1)
ed,icu − q̃

(k)
ed,icu|, ε4 = |q̃(k+1)

wd,icu − q̃
(k)
wd,icu|,

then iteration stops. Otherwise, set k = k + 1 and return to Step 2.

5.5 Performance Measures

5.5.1 Convergence

Through extensive numerical studies, we always observe that the iteration procedure

described in Section 5.4 is convergent. An example is shown in Figure 5.17 to illustrate

the convergence during the iteration process where the procedure converges in about

5 iterations. Among all the examples we tested, most of them converge within 5-10

iterations, and a few up to 15-20 iterations.

Remark 5.4 The rationale of the convergence of the procedure can be explained as

follows: when the mean and coefficient of variation of service time increase, we should

expect more blocking which leads to longer service time (as we add the blocking time

to the service time) and more variability. The increased service time and variability in

turn lead to an increase in unit full probability. Since such probabilities are bounded,

it implies that convergence exists. At this point, a rigorous proof can only be derived

for queueing time with respect to mean service time (i.e., q with respect to τ) in the

Markovian scenario. However, extensive numerical experiments have validated that the

procedure converges in all scenarios.
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Figure 5.17: Illustration of convergence

Upon convergence, the system performance can be estimated.

q̃i,wd := lim
k→∞

q̃
(k)
i,wd, i = ed, icu,

q̃i,icu := lim
k→∞

q̃
(k)
i,icu, i = ed,wd,

ρi := lim
k→∞

ρ
(k)
i , i = ed, icu,wd,

πi := lim
k→∞

π
(k)
i , i = ed, icu,wd, (5.25)

σi,icu := lim
k→∞

(E[(Q
(k)
i,icu)2]− (q

(k)
i,icu)2)

1
2 , i = ed,wd,

σi,wd := lim
k→∞

(E[(Q
(k)
i,wd)2]− (q

(k)
i,wd)2)

1
2 , i = ed, icu,

where σi,j approximates the standard deviation of waiting times for transitions from unit

i to unit j.
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5.5.2 Accuracy

Upon convergence, the accuracy of the procedure is investigated numerically.

Parameter selection

Through extensive review of prevailing literatures, a reasonable range of system param-

eters are obtained.

• Bed capacity

– Total beds: [285, 440]

– Ward beds/ED beds: [4.25, 14.4]

– ICU beds/ED beds: [1.5, 1.96]

Note that actual ICU beds available to ED and ward patients are 55%− 58%

of total ICU beds. The other half of bed capacity is occupied/reserved by

operating theatre patients (either elective or emergency) and admissions from

other hospitals.

– Available ICU beds/ward beds: [0.82, 1.13]

• Transition probabilities

– ED to ward: [10.3%, 21.2%]

– ED to ICU: [1%, 5.2%]

– Ward to ICU: [2%, 5%]

• Length of stay

– ED: [3.68, 5.9] hours
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– Ward: [1.85, 6.98] days

– ICU: [1.5, 5.5] days

• Admission rates

– ED admission/ward admission: [2, 7.87]

• In addition, the variability measures, i.e., the CVs, of service and arrival processes

are randomly selected between 0 and 1.

Experiments

Extensive numerical experiments have been carried out by randomly selecting param-

eters from the ranges and comparing with simulation results. In each simulation ex-

periment, 10,000 time units are used for data collection period with 1,000 time units of

warm-up period and 20 replications. Gamma and log-normal distributions are randomly

selected for service and inter-arrival times in simulation experiments. The accuracy of

the performance measures are defined as follows. For relative error,

δq̃i,wd
=
|q̃proci,wd − q̃simi,wd|

q̃simi,wd

· 100%, i = ed, icu,

δq̃i,icu =
|q̃proci,icu − q̃simi,icu|

q̃simi,icu

· 100%, i = ed,wd,

where superscripts “sim” and “proc” indicate that the measures are obtained from sim-

ulation and iteration procedure, respectively. For absolute error

∆q̃i,wd
= |q̃proci,wd − q̃simi,wd|, i = ed, icu,

∆q̃i,icu = |q̃proci,icu − q̃simi,icu|, i = ed,wd.
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In addition to mean time, the accuracy of variability in waiting times is also defined.

δσi,wd
=
|σproci,wd − σsimi,wd|

σsimi,wd

· 100%, i = ed, icu,

δσi,icu =
|σproci,icu − σsimi,icu|

σsimi,icu

· 100%, i = ed,wd,

∆σi,wd
= |σproci,wd − σ

sim
i,wd|, i = ed, icu,

∆σi,icu = |σproci,icu − σsimi,icu|, i = ed,wd,

The results are summarized in Table 5.22 for both mean and standard deviation of

waiting times. As one can see, for average waiting times from ED to ward and ward

to ICU, the relative errors are very small, within about 1% and 6%, respectively. Here,

the absolute errors are minimal as well. For average waiting times from ICU to ward

and ED to ICU, although the relative errors are above 10%, the absolute errors are

not significant (0.02 and 0.31 hours only). Similarly, the relative errors for standard

deviation of waiting times are extremely small (around 1%) except the waiting from ED

to ICU. Although waiting from ED to ICU error is non-trivial, considering the error

level in most prevailing queueing models, this level of error is deemed acceptable. Thus,

we claim that the procedure can result in an acceptable accuracy.

In addition to queueing time, the accuracy of unit utilization is also defined and

investigated. From Table 5.23, we claim that high accuracy in utilization estimation is

obtained, all well below 5%.

δρi =
|ρ̃proci − ρ̃simi |

ρ̃simi
· 100%, i = ed, icu,wd,

∆ρi = |ρ̃proci − ρ̃simi |, i = ed, icu,wd.

Finally, the accuracy of unit full probability is studied. It is shown in Table 5.24

that high accuracy is obtained for the estimates. Note that although the relative error
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Table 5.22: Accuracy of queueing time

δq̃icu,wd
(%) ∆q̃icu,wd

(hour)

11.27641 0.02626

δq̃ed,wd
(%) ∆q̃ed,wd

(hour)

1.25825 0.00444

δq̃ed,icu(%) ∆q̃ed,icu (hour)

13.86533 0.30955

δq̃wd,icu
(%) ∆q̃wd,icu

(hour)

5.66794 0.02217

(a) Average queueing time

δσicu,wd
(%) ∆σicu,wd

(hour)

0.17735 0.00046

δσed,wd
(%) ∆σed,wd

(hour)

1.01514 0.00699

δσed,icu (%) ∆σed,icu (hour)

17.39347 1.26984

δσwd,icu
(%) ∆σwd,icu

(hour)

1.75259 0.02605

(b) Standard deviation of queueing time
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Table 5.23: Accuracy of unit utilization

δρed(%) ∆ρed

3.48217 0.02657

δρwd
(%) ∆ρwd

4.77911 0.04393

δρicu(%) ∆ρicu

4.99153 0.04305

for πed is more than 10%, it is mainly due to small values as the absolute error is only

0.008.

δπi =
|πproci − πsimi |

πsimi
· 100%, i = ed, icu,wd,

∆πi = |πproci − πsimi |, i = ed, icu,wd.

Table 5.24: Accuracy of unit full probability

δπed(%) ∆πed

11.88424 0.00803

δπwd
(%) ∆πwd

0.61925 0.00246

δπicu(%) ∆πicu

2.25372 0.00185

Therefore, we conclude that the proposed queueing network model based iterative
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procedure can provide close estimates of system performance with acceptable accuracy.

Remark 5.5 The errors in performance estimation of the procedure mainly come from

the following sources: First, only the first two moments are used to characterize the

arrivals and services. Secondly, the G/G/c model using Kingman’s formula is an ap-

proximation.

5.5.3 Computation Efficiency

The introduced method is computationally efficient as well. Using Matlab on an Intel

core i5-3340, 3.1 GHZ CPU, 12 GB memory computer, when the hospital capacity is

about 800 beds in total, it takes 6 to 20 seconds to converge. When the hospital size is

increased to 2000 beds, 1 to 3 minutes are typical to obtain the solutions. Beyond this

capacity, the computation time grows substantially.

Although roughly 2000 beds is well above most hospital capacity, it is possible to

go beyond and still be computationally efficient. Instead of a direct application of the

iteration process, an approximation method can be pursued. Since high utilization is

common in many large sized hospitals, the actual number of beds that is available to

admit transfers becomes very limited. For instance, assume unit i, i = ed,wd, icu, has

total capacity ci, but coccupy,i beds are always occupied by patients. Then the number of

available beds for admission/transfer will be ci−coccupy,i, which can be used as the inputs

for the analysis, i.e., input ci− coccupy,i as the capacity of unit i. Note that the resulting

queueing times and unit full probabilities can be directly used, but the utilizations need

to be updated by including the unavailable beds, i.e., [ρi(ci − coccupy,i) + coccupy,i]/ci will

be the utilization of unit i. Therefore, even for hospitals with very large size, the model
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and method introduced are still applicable through approximation.

5.6 Discussions

With a complete mathematical model describing patient transitions, next we seek to find

some managerial insights in ways to reduce waiting times. To improve patient transi-

tions and reduce delays, the first two improvement efforts should focus on the following

[100]: Improve the service process by increasing the service capacity or synchronizing

the capacity and patient arrival patterns; Improve the arrival process by altering the

arriving patterns of patients to better align the capacity and the demand. Thus, in

this section, using the complete model that captures patient transition behavior, we

investigate system properties to provide some guidance in reducing patient wait times

by focusing on bed capacity, admissions of external arrivals, and variabilities of service

and arrival processes.

5.6.1 Bed Capacity

For hospitals with excessive waiting times, the most straightforward approach is to

allocate more hospital beds. However, not only does adding a bed to different unit have

varying impacts on waiting time reduction, increasing bed capacity can actually worsen

the blockages in some cases. Below such impacts are discussed in more details.

Increasing ED Capacity

As ED capacity increases, more patients flow into the ED (admitted to the ED) and

more patients need to flow out from the ED (transfer from ED to other units). Thus

the waiting times of patients transferring out from the ED increase. The waiting times
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of transitions between ICU and ward show varying patterns depending on the system

parameters. In general, when ED bed occupancy is high (roughly > 80 − 85%), the

ED may become a source of congestion in the hospital. As external arrival is the only

source of admission for ED, increasing ED capacity leads to more patients flowing into

the whole system. Thus, as the total number of patients in the hospital increases, the

waiting times among all units become longer. As one can observe in Figure 5.18, the

waiting times increase slightly.

Figure 5.18: Increasing ED capacity: High utilization case

On the other hand, when ED bed occupancy is low, increasing ED capacity does not

result in such a high inflow of patients into the system. Thus the transition of patients

between ICU and ward remains mostly unaffected. Even though more patients need to
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be transferred from ED to these units, as ED patients have the lowest priority, their

impact is not significant. As shown in Figure 5.19, the waiting times in ICU and ward

do remain the same.

Figure 5.19: Increasing ED capacity: Low utilization case

Increasing Ward Capacity

When more beds are allocated to the ward, patients need to wait less time to transfer to

ward from other units. Similarly to the ED case, high ward capacity implies ward could

become a source of bottleneck of the system. However unlike the ED, ward has multiple

sources of admission where external arrivals have the lowest priority. Thus the increased

ward beds are mainly used to admit the internal patients transiting from other units.
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When ward utilization is high (e.g., > 80− 85%), more internal patients are already

waiting to be transferred, thus increasing ward beds do not lead to admission of more

external arrivals. Since the total number of patients in the system does not change sig-

nificantly although the number of ward beds increases, all waiting times can be reduced

slightly. This is validated in Figure 5.20.

Figure 5.20: Increasing ward capacity: High utilization case

However, when ward bed utilization is low, increasing ward beds leads to admission

of more external arrivals so that more ward patients occupy the department. Thus

patients who need to transfer to other units from ward could experience a little longer

waiting time, as shown in Figure 5.21.
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Figure 5.21: Increasing ward capacity: Low utilization case
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Increasing ICU Capacity

In contrast to ED and Ward, ICU does not have direct external arrivals and thus is

more dependent on the other two units. Obviously, as more beds are allocated to ICU,

waiting times of the patients transiting into ICU decrease. However, other waiting times

do not show a clear pattern and are mainly dependent on two factors: bed utilizations

in ward and ICU.

When bed occupancy of ward is higher than that of ICU, increasing ICU bed capacity

may worsen the waiting times of patients transiting from ICU to ward. As shown in

Figure 5.22: Increasing ICU capacity: High ward utilization case

Figure 5.22, waiting times are non-monotonic, where adding a few ICU beds slightly
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reduces the waiting times when the bed number is small, but adding too much results in

longer waiting times. When ICU bed capacity is very low, adding more beds can accept

more patients where majority of them will be coming from ward (as ward has higher

priority than ED). Hence, ward occupancy will decrease which leads to less waiting for

ICU patients to transfer to ward. However, as more ICU beds are added, ED patients

will be accepted as well, thus the ward availability will not be affected as much. While

the discharge rate from the ward remains similar, as adding ICU beds implies more

patients requesting to transfer from ICU to ward, ward admission requests increase.

Thus, as more ICU beds are added, the waiting time from ICU to ward increases.

Figure 5.23: Increasing ICU capacity: High ICU utilization case

On the other hand, when ICU bed occupancy is higher than ward, increasing ICU
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beds actually helps in resolving the blockings, thus the waiting time of transitions from

ICU to ward decreases (see Figure 5.23).

For highly overcrowded hospitals that have over 80-85% bed occupancy level for ED

and ward, efforts should be focused on increasing ward beds. With overcrowded ED

being one of the major issues in many hospitals, increasing ED beds may seem like the

solution as the waiting time to enter ED or the rate of leaving without being seen can

drop initially. However, this may be merely due to the shift of blockage from external

admissions to internal units. Thus, to solve the overcrowded ED problems, hospitals

should be considered as an integrated system where one unit’s capacity impacts other

units.

5.6.2 External Admission Rate

For hospitals with excessive waiting times, although increasing bed capacity can help

reduce waiting times, cost of extra hospital beds may be an economic burden and limited

floor space may also restrict the expansion. Thus, instead of increasing the capacity,

decreasing the arrivals can be an alternative approach which can be achieved by referring

patients to other hospitals or controlling admission scheduling policy. As two types of

external admissions, emergency (to ED) and elective (to ward) admissions, are consid-

ered in this model, decreasing which admission brings the most reduction in blocking

is studied. By reducing the same number of patient admissions per day, the impacts

of reducing ED admission (Figure 5.24) and reducing ward admission (Figure 5.25) are

compared.

As one can see, decreasing ward admission brings steeper reduction in waiting times

where the difference is the greatest for waiting times to enter ward. Admitting one

less patient per day can impact patient waiting time significantly, where the longer
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Figure 5.24: Reducing ED admission

Figure 5.25: Reducing ward admission
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the waiting time is, the larger the reduction is. Thus, when external admissions need

to be controlled, reducing ward admission is more effective in resolving the blockings.

Moreover, controlling ward admissions is more achievable than restricting ED admissions

as ED patients’ arrivals are unpredictable and uncontrollable.

5.6.3 Variability

As an effort to improve the service or arrival process, controlling the variability to better

align the service capacity and patient arrivals can be pursued as well. Reducing vari-

ability does have more limiting aspects as external arrivals are difficult to control due

to emergency admissions and service times are hard to control due to their dependence

on individual patient’s health status. However, understanding how variability impacts

the system is still critical in hospital operation management. Thus, extensive numeri-

cal experiments have been carried out to investigate the impact of arrival and service

time variabilities on unit waiting times. Based on the experiments, we summarize the

observations as follows.

Variability of External Arrivals

It is shown that all waiting times are monotonically increasing with respect to both the

CVs of external admissions to ED and ward, i.e., CVext,ed and CVext,wd. However, their

impacts on the waiting times differ.

• For the waiting times to transfer out from the ED, q̃ed,wd and q̃ed,icu, we notice

that CVext,ed has larger impact than CVext,wd. This could be due to that ED has

only one source of arrival which is the external admission to ED, thus the ED wait

times are mainly impacted by the CV of ED’s external admissions.
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• For the waiting to transit from ward to ICU, as ward has multiple sources of

arrivals, both the external admissions to ED and ward can impact the waiting

time. Hence, the degree of impact depends on the system settings. As a unit’s

discharge variability can be expressed as:

(CVdc)
2 = ρ2(CVservice)

2 + (1− ρ2)(CVarr)
2,

it follows that as ρ decreases, the impact of CVarr increases. Thus, when ρwd < ρed,

CVarrwd
has higher impact, which leads to CVext,wd having higher impact; while

when ρwd > ρed, CVarred , which implies CVext,ed, impacts the waiting time more

severely.

• However, the impact of CVext,ed and CVext,wd on the waiting time from ICU to ward

does not show a clear pattern and is mainly dependent on system parameters.

Although reducing CVext,ed could be helpful in reducing the waiting times from ED,

controlling emergency admissions may sometimes be impossible to achieve. Moreover,

for most hospitals that suffer from high ED occupancy rates, if ward is less utilized than

ED, controlling ward external admissions could be more effective in reducing blockings.

Variability of Service Times

Similarly, we observe that all waiting times are monotonically increasing with respect

to the service time CVs of both the ED and ward, i.e., CVed and CVwd. Whereas for

ICU’s service variability, all waiting times except q̃ed,wd are monotonically increasing

with respect to CVicu.

For q̃ed,wd, when both ρwd and ρicu are high (roughly > 80%), counter-intuitively,

it is found that q̃ed,wd is a decreasing function of CVicu. This could mainly be due to

the fact that when ward beds are highly utilized, in most cases, only higher priority
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(ICU) patients are able to be admitted to ward, thus the lower priority (ED) patients’

waiting time q̃ed,wd tends to be high. Now, as CVicu increases, this directly increases the

discharge variability of ICU, where for high ρicu case, the impact of CVicu on discharge

variability is larger. This in turn increases the transition variability from ICU to ward.

Hence, as the arrivals of higher priority (ICU) patients have large variability, the lower

priority (ED) patients increasingly have more chance to be admitted to the ward. Thus

when both ward and ICU beds are highly utilized, increasing CVicu can help reduce the

waiting times from ED to ward.

Now, comparing the degree of impact each service time CV has on waiting times,

the following pattern is observed. For waiting time to enter a destination unit from an

originating unit, the service time CV of the destination unit has higher impact than that

of the originating unit. The other remaining unit has insignificant impact on waiting

time. Thus the service time CVs’ impact can be ordered as follows:

Impact on q̃icu,wd, CVwd > CVicu > CVed,

Impact on q̃wd,icu, CVicu > CVwd > CVed,

Impact on q̃ed,icu, CVicu > CVed > CVwd,

Impact on q̃ed,wd, CVwd > CVed > CVicu.

Thus, although controlling the variability of service times may be infeasible in some

cases, whenever possible, efforts should be focused on reducing the variability of the unit

to where the longest waiting times are formed.
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5.7 Conclusions

This chapter introduces a queueing network model to study patient transitions between

ED, ICU, and general ward units within a hospital. An iterative approach is presented

to evaluate the transition waiting time, department utilization, and probabilities of full

occupancy. Furthermore, with the developed model, system properties are investigated

to seek effective ways of reducing system delays. Specifically, the impacts of bed capac-

ity, external admission rates, and variabilities of the system are studied. It is shown

that increasing ward capacity or controlling the elective admissions is often times more

effective in improving the transitions. Such a method provides a quantitative tool for

managing transition processes.
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Chapter 6

Optimal TJR Postoperative Care

Management

6.1 Introduction

In this chapter, we develop a finite-horizon discrete-time Markov decision process (MDP)

to model the postdischarge intervention process following TJR surgeries. Specifically,

we dynamically model the post-TJR process by directly incorporating the readmission

risk and penalty in the model, and considering the varying effectiveness of interventions

depending on where the patient is located at (care facility type). The MDP model is

introduced in Section 6.2, and a number of structural properties are presented in Section

6.3. Section 6.4 provides a detailed analysis of the data used to model the postdischarge

intervention procedure and estimate the system parameters. In Section 6.5, we present

numerical results illustrating the optimal policy and conduct sensitivity analysis. Finally,

conclusions are formulated in Section 6.6.

6.2 Markov Decision Process Model Formulation

The optimal post-TJR intervention problem is formulated as a finite-horizon discrete-

time Markov decision process [101] where the state transition diagram is shown in Figure
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Figure 6.26: MDP model structure: system states and possible transitions

6.26. In general, there exist varying levels of care facilities (e.g., skilled nursing facility

(SNF), rehabilitation facility, home service, self care, etc.) TJR patients can reside in

depending on the patient’s health status and insurance eligibility. In most cases, patients

will not stay at the same care facility during the entire phase of recovery; a stay at one

care facility may last from a few days to a few weeks. Thus, expect for self care, patients

will de-elevate to a lower level care facility as they recover throughout time.

In our model, starting from the initial discharged care facility, patients progress

through care facilities (de-elevate to a lower facility or remain at the same facility) as

time passes. At each discretized time point, health professionals have the choice of inter-

vening the patient or not, and as a result, the patient’s readmission risk and de-elevation

probabilities are affected accordingly. Note that intervention here refers to additional

supports or rehabilitative programs rather than direct treatments or medications. The

objective of the model is to maximize expected total benefit (or minimize expected total

cost) for the TJR patient. The MDP is characterized by a state space, an action set,
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decision epochs, costs, and transition probabilities where the details of each component

are as follows.

• Decision epoch: t ∈ {0, 1, 2, ..., T} where time t represents the time passed since

discharge. One decision epoch needs not be equivalent to one day; it can represent

multiple number of days (one week, 10 days, etc.). If one decision epoch represents

multiple days (m days), planning horizon N needs to be set as a multiple of m (i.e.,

N = T ∗m) to ensure evenly spaced decision epochs. Thus, decision epoch t corresponds

to m∗ t days from discharge. For the boundary points, decision epoch t = 0 corresponds

to the time of discharge from the hospital, and decision epoch t = T corresponds to the

end of the planning horizon; thus no decision is made at this point and is included to

evaluate whether a patient has been readmitted or not.

• State: st ∈ {0, 1, ..., S} represents the state of the system at time t where S is

the care facility options for TJR patients, i.e., st ∈ {1, ..., S} represents the care facility

where the patient is located in at decision epoch t and st = 0 represents the readmitted

state. We assume a complete ordering (descending order) of the care facility states

{1, ..., S}, thus 1 represents the care facility with the most intense level of care and S

the care facility with the least intense level of care.

• State space: S = {0, 1, ..., S}.

• Action: at(st) ∈ {Wait (W), Intervene (I)} represents the action taken in state st

at decision epoch t. At each decision epoch, the decision maker either gives intervention

to the patient (I) or waits and does nothing (W).

• Action space: A = {Wait (W), Intervene (I)}.

• Transition Probability: patt (s′|st) denotes the probability that the patient will be

in state s′ ∈ S at decision epoch t+ 1, given that he/she is in state st at decision epoch

t and the chosen action is at ∈ A. We assume transitions occur immediately at the start
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of the next decision epoch t + 1, i.e., if patient is in care facility i at the beginning of

decision epoch t and action at is chosen, patient will remain in care facility i until the

end of decision epoch t, and then transit immediately to care facility j at the start of

the next decision epoch t+ 1 with probability patt (j|i).

For t = 0, 1, ..., T − 1, there are 3 types of possible transitions.

(i) patt (0|st): Probability of patient getting readmitted at decision epoch t+ 1.

Remark 6.1 For st = 0, we define patt (0|0) = 1, i.e., readmitted state is an absorbing

state.

(ii) patt (s′ > st|st): Probability of patient de-elevating to a lower level care facility s′

at decision epoch t+ 1.

(iii) patt (s′ = st|st): Probability of patient remaining at the same care facility at

decision epoch t+ 1.

Remark 6.2 Note that we assume elevation to a higher level care facility never occurs.

Careful tracing of patient records and consultation with healthcare professionals at the

collaborating hospital reveal that elevation involves insurance issues and thus typically

happens very rarely. Once patient’s initial disposition location is decided, it is difficult

to elevate the patient to a higher level care facility. Thus, without loss of generality, we

assume no elevation happens.

• Reward: rt(st, at) denotes the total expected reward accrued at decision epoch t,

when the patient is in state st and action at is chosen.

Remark 6.3 For st = 0, we define rt(0, at) = 0, i.e., once readmitted, patient quits the

process and receives no reward in future decision epochs.
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For at = I, rt(st, I) = −(Intervention Cost + Care Facility Cost ) = −(CI+CCF (st)).

For at = W, rt(st,W ) = −Care Facility Cost = −CCF (st).

Here, CI denotes the one-time cost of providing intervention to the patient. We

assume at most one intervention is given to the patient during one decision epoch.

CCF (st) represents the expenses accrued for the patient staying at care facility st during

decision epoch t. The total expenses accrued during a decision epoch are assumed to be

incurred as a one-time lump-sum cost at the beginning of that epoch.

• vt(st): Maximum total expected reward when patient is in state st at decision epoch

t. Since the state and action space are finite, the existence of a Markovian, deterministic

policy is guaranteed where the optimal solution can be obtained by solving the following

set of recursive equations [101]:

vt(st) = max
{
rt(st, at) +

∑
s′∈S

patt (s′|st)vt+1(s′)
}
, t = 0, 1, ..., T − 1. (6.1)

For t = T, the boundary condition is given as follows:

vT (sT ) = rT (sT , I) = rT (sT ,W ) =

 VNonreadmit for sT ∈ {1, ..., S},

0 for sT = 0.
(6.2)

The boundary condition implies we only consider whether a patient is readmitted or

not during the planning horizon, i.e., the final care facility location of the patient is not in

the scope of the decision making. Since readmission penalty only considers readmissions

up to a fixed number of days from discharge (90 days for TJR), patient location after

decision epoch T is not of interest to the decision maker. Thus, we define the reward

incurred at decision epoch T as zero if the patient is readmitted and VNonreadmit ≥ 0 if the

patient is not readmitted. In this sense, VNonreadmit denotes the value of a nonreadmitted

patient in terms of cost. Specifically, we use the average readmission penalty per person

to assume the relative value of a nonreadmitted patient (VNonreadmit).
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Remark 6.4 Note that the actual way CMS calculates readmission penalty is not ac-

cording to per readmitted patient. CMS measures a hospital’s performance by calcu-

lating the excess readmission ratio (ERR), which is the ratio of predicted-to-expected

readmissions. This ERR links directly to the hospital’s readmission penalty, the greater

the rate of excess readmissions, the higher the penalty. Here we consider such a per

person definition for analysis purpose, where it can be obtained by dividing the total

readmission penalty for a given period by the total number of readmissions occurred in

the period.

6.3 Structural Properties

In this section, we discuss the structure of the post-TJR intervention model introduced

in Section 6.2 and prove several structural properties that provide foundations for de-

veloping the optimal policy. Before we examine the underlying structural properties of

the MDP model, we first introduce assumptions that are used throughout the section.

Assumption 6.1. Care facility cost CCF (st) depends only on the care facility type but

not on time. That is, care facility cost per day remains constant over the course of

the patient stay at the care facility, i.e., daily cost does not depend on how long the

patient has been staying at the facility. Regarding the care facility type, CCF (st) is

nonincreasing in st for all t, which implies cost does not increase as the level of care

facility decreases.

Assumption 6.2. Intervention cost CI does not depend on care facility or days since

discharge. That is, patients in different care facilities receive the same intervention and

the intervention cost does not change over time.

Assumption 6.3. For each action, readmission probability patt (0|st) is nonincreasing in
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st for all t, and in t. This implies that the readmission risk does not increase as the

patient is de-elevated to a lower level care facility or longer days have elapsed since

discharge.

Assumption 6.4. For each action, the reward function rt(st, at) is nondecreasing in

st ∈ {1, ..., S} for all t, and in t. This implies that the total expected reward does not

decrease as the patient is de-elevated to a lower level care facility or longer days have

elapsed since discharge.

Assumption 6.5. For each action, the cumulative probability of de-elevating to a lower

level care facility increases as more days have elapsed since discharge. The longer the

days since discharge, the more probable that the patient will be de-elevated to a lower

level care facility. In other words, a patient that has been discharged earlier is more

likely to be de-elevated to a lower level care facility.

Assumptions 6.1 and 6.2 are straightforward. For the analysis to be tractable, we

assume a constant daily care facility usage cost for all facility types. Also, in accor-

dance to intuition, facility cost becomes more expensive as the level of care provided at

the facility increases (more intense level of care). Hence, CCF (s) is nonincreasing in s.

Assumption 6.2 holds true if we consider a single type of intervention throughout the

decision making horizon. Note that intervention refers to additional supports or rehabil-

itative programs provided by the hospital rather than direct treatments or medications.

Thus, if we provide the same type of intervention during the entire planning horizon, we

can assume the intervention cost is constant over time.

Supporting evidence for Assumption 6.3 can be found in related medical literature.

First, regarding the assumption of nonincreasing readmission probability in time, it is

identified in prevailing literature that majority of the readmissions occur in the early
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weeks from discharge: according to reference [102], of a total of 591 unplanned readmis-

sions that occurred within 90 days of discharge, 348 (58.9%) occurred within the first 30

days of discharge. A more detailed distribution of readmission day is presented in [103]

where the distribution of emergency readmissions as a function of number of weeks after

discharge is generated using 7547 data points. The readmission numbers are consider-

ably higher in the first two weeks after discharge and reach a steady state by about four

weeks after discharge. Paper [104] analyzes 160 patient records by discretizing the time

from discharge by a week, and identifies that 35% occur in the first week, 25.5% in the

second and third week, and 14% in the fourth week. Hence, when the time epochs are

set appropriately, it is safe to assume readmission probability is nonincreasing in time.

Regarding Assumption 6.3 where readmission probability is nonincreasing in st, there

are limited studies specifically examining the readmission rates by discharge disposition.

Of those, paper [105] demonstrates that patients discharged home with health services

had a significantly lower readmission rate compared to those discharged to inpatient

rehab facilities. Paper [106] compares 90-day readmission rates in patients discharged

home with health services versus those discharged to a SNF, and identifies a higher

risk for readmission in patients discharged to a SNF. Also, it is identified in [102] that

discharge to a SNF or rehab center rather than home is associated with an increased

likelihood of readmission. Thus, based on the supporting literatures, we assume less

intense level of care facility is associated with lower readmission rates.

Assumption 6.4 immediately follows from Assumptions 6.1 and 6.2. The reward

function consists of intervention cost and care facility cost, where due to Assumptions

6.1 and 6.2, CI does not depend on st and t, and CCF is nonincreasing in st and non-

dependent on t. Thus, the resulting sum of the costs is nonincreasing in st and non-

dependent on t, which implies the reward function is nondecreasing in st and t.
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Assumption 6.5 can be interpreted as IFR (increasing failure rate [107]) property

which can be expressed as
∑S

s′=k p
at
t (s′|j) ≤

∑S
s′=k p

at+1

t+1 (s′|j) for j, k ∈ S. Similar

approach can be found in papers dealing with clinical decision-making problems [90, 108].

Based on these assumptions, we obtain the following propositions.

Proposition 6.1 Given Assumptions 6.1-6.5, vt(st) is nondecreasing in st for st ∈

{1, 2, ..., S} and t ∈ {0, 1, ..., T − 1}.

Proposition 6.1 implies the total expected reward does not decrease as a patient

is de-elevated to a lower level care facility. The proof of this proposition is given in

Theorem 4.7.3 in [101] and hence is omitted.

Proposition 6.2 Given Assumptions 6.1-6.5, vt(st) is nondecreasing in t for all st ∈ S.

Proof: See Appendix D.

Proposition 6.2 implies vt+1(s) ≥ vt(s), which can be interpreted as follows: the total

expected reward does not decrease as longer days have elapsed since discharge. That is,

as patients are not readmitted for longer days, their expected reward will never decrease.

Thus, from Propositions 6.1 and 6.2, vt(st) is nondecreasing in st for all t, and in t;

i.e., the total expected reward does not decrease as patients are de-elevated to a lower

level care facility or longer days have elapsed since discharge. Given such structural

properties, we next analyze the EHR data to define probable intervention process and

derive optimal policies.
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6.4 Estimation of Model Parameters

The clinical data (EHR) used throughout this section come from St. Mary’s Hospital

(SMH) of SSM Health. In the rest of this section, we first investigate the current

intervention process that is conducted in practice at the hospital. Based on the findings,

we define probable intervention process and estimate the parameter values for the MDP

model.

6.4.1 Postoperative Intervention Process

To define probable interventions that reduce a patient’s readmission risk, a detailed

analysis of current post-surgery care process at the collaborating hospital is carried out.

When a TJR patient is discharged, based on the patient’s progress during hospitalization,

availability of support at home, and medical complications, disposition is decided among

three options: stay at a SNF; stay at home but receive home care visits provided by

professional services (home service); and stay at home with no additional services (home

or self care). Each discharge option has varying degree of care support where SNF is the

most intense level care facility and self care is the least. Ideally, more severe patients are

discharged to higher level care facilities where they receive the most appropriate level of

treatment. Hence, treatment intensity and frequency differ across care facilities where

higher level care facilities are associated with more intense treatment plans.

In addition to treatments, hospitals provide intervention or rehabilitative services

to the patients where in general, all patients go through similar processes regardless of

their care facility type. Specifically, patients mainly receive three types of intervention

care processes. First, the orthopedic care coordinator nurse calls the patient within 24

hours after discharge to check on the recovery status. Phone call is generally conducted
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Figure 6.27: Postoperative intervention process at the collaborating hospital
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once, but if the nurse feels that the patient condition is not stable, additional phone

calls are conducted throughout the following days. In addition to phone calls, patients

also receive PT and are scheduled for clinic visits on a regular basis. TJR patients are

scheduled to visit the orthopedic physician in 2 weeks, 6 weeks, 1 month, 3 months and

1 year post discharge and are recommended to receive PT exercises on a weekly basis.

An illustration of the post-surgery care process is shown in Figure 6.27. Note that PT

may be received in different forms depending on where the patient is located at. SNF

patients receive rehabilitative therapy at the built-in PT facility at SNF, home service

patients receive PT by home care professionals (therapist, nurse) visiting their homes,

and self care patients visit external physical therapy centers.

During this course of recovery, patients may be de-elevated to a lower level care facil-

ity (see the thick dashed arrows in Figure 6.27). Typically, this transition is facilitated

due to the insurance limits imposed on the number of days patients can stay at a certain

care facility. However, some patients may de-elevate earlier if they have recovered enough

to safely transit to a lower level of care facility. Once a patient has been de-elevated,

he/she will continue the intervention process at the new care facility. One thing to note

is that hospital readmissions can occur any time during this course regardless of where

the patient is located at, and once readmitted, the patient is classified as a readmitted

case regardless of future trajectories. Thus, given a predetermined planning horizon,

only if a patient has not been readmitted until the end of the planning horizon, that

patient is classified as a non-readmitted case.

In summary, there are three levels of care facilities: SNF, HS (home service) and H

(home), and three types of interventions: phone call, clinic visit and physical therapy.

To derive general properties of such interventions, a total of 180 patient records obtained

from the collaborating hospital are analyzed, of which 52 are readmitted cases and 128
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are non-readmitted cases. As the specific type of interventions may vary among hospitals,

in order to provide a general modeling scheme, we group all three types of interventions

and analyze as a single one. Thus, we examine how the readmission probabilities and

de-elevation probabilities change depending on whether the patient receives any type of

intervention or not in a given time period. Regarding the time period, since SMH is

interested in reducing readmission penalties from CMS, the planning horizon is set as

90 days from discharge. For time epochs, as intervention decisions are not evaluated on

a daily basis and defining one time epoch as one day does not satisfy Assumption 6.3

(readmission probabilities do not show nonincreasing pattern), decision epoch is carefully

determined. Specifically, 90 days are discretized into 9 equally sized bins, i.e., one time

epoch corresponds to 10 days.

6.4.2 Readmission Risk and Transition Probability Estimation

Now, prior to estimating the transition probabilities, we first introduce an assumption

regarding the effectiveness of interventions. We assume interventions result in a reduced

readmission risk and increased chance of de-elevation for all care facilities, i.e., if a pa-

tient received intervention at time epoch t, the readmission risk at time epoch t+ 1 will

be lower and de-elevation probability at time epoch t+ 1 will be higher than the patient

who did not receive an intervention. Hence, the following assumption is introduced:

Assumption 6.6. Interventions reduce patient’s readmission probability and increase

the chance of de-elevation to a lower care facility, i.e., pIt (0|s) ≤ pWt (0|s) and
∑S

s′=k p
I
t (s
′|s) ≥∑S

s′=k p
W
t (s′|s).

By analyzing the 180 patient records, transition probabilities for the model are es-

timated using maximum likelihood estimators (MLE). Specifically, the MLE of each

transition probability is defined as the ratio of the number of transitions for a specific
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transition over the total number of transitions that have a common exit state [108].

Here, a patient who received at least one intervention during time epoch t to t + 1 is

considered as having taken action a = I. On the other hand, if no intervention was

given during time t to t+ 1, it is assumed action W has been taken.

First, regarding the data points corresponding to action “Intervene”, majority of the

data points (65%) come from patients located at home (self care). Thus, the number of

data points for SNF or HS patients at certain time epochs is not sufficient to estimate the

transition probabilities. Specifically, for the time epochs where the number of data points

is less than 20, we estimate the readmission probabilities by the following equation:

pIt (0|s) =

 0 if pIt (0|H) = 0,

pIt−1(0|s)− [pIt−1(0|H)− pIt (0|H)] otherwise.
(6.3)

Equation (6.3) implies that the difference in readmission risk between previous and

current time epochs for home patients is assumed to apply to other care facility patients

as well. Thus, it assumes regardless of where the patient is located at, his/her read-

mission risk decreases in time by the same amount. An exception occurs when home

patient’s readmission probability is zero. In this case, we assume other care facility

patients have zero readmission risk to ensure their readmission probability converges to

zero as well. For the transitions within care facilities, the complement of readmission

probability, i.e., (1 − pIt (0|s)), is distributed among the transition probabilities pIt (s
′|s)

while maintaining the original ratio in the observed data points.

Regarding action “Wait”, the transition probabilities for a = W refer to the patient’s

baseline transition probabilities when only necessary treatments are provided without

additional rehabilitative supports. To the best of our knowledge, there are no medical

literatures that address TJR patients’ baseline readmission risks since most hospitals
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conduct some form of intervention processes on their patients. Therefore, we introduce

two scenarios under which we assume different baseline transition probabilities, both of

which are clinically meaningful.

Scenario 1: Constant baseline readmission risk in care facility level

In Scenario 1, we assume the most appropriate level of treatment is provided to the

patients for each care facility type. Thus, the original/baseline readmission probabilities

without any interventions are the same across all care facilities. Specifically, we directly

use the readmission probabilities for home patients to estimate the readmission proba-

bilities for SNF and HS patients. Here, home patients’ readmission risks are used as the

reference to derive the conservative lower bounds of intervention effectiveness. That is,

for SNF and HS patients, by assigning the lowest possible (lower bound) value for the

baseline readmission risk, we are assuming patients are less likely to readmit without

interventions. Hence, the effect of intervention is assumed to be at its smallest, thus

yielding a conservative estimate of intervention effectiveness.

Given constant baseline readmission risk assumption, intervention is always more

effective to the patients in lower level care facilities. That is, the following assumption

holds for t = 0, 1, ..., T − 1.

Assumption 6.7. Intervention is more effective to the patients in lower level of care

facilities, i.e., the following inequalities should be satisfied for i < j ∈ {1, ..., S}:

pWt (0|i)− pIt (0|i) ≤ pWt (0|j)− pIt (0|j),∑S
s′=k p

I
t (s
′|i)−

∑S
s′=k p

W
t (s′|i) ≤

∑S
s′=k p

I
t (s
′|j)−

∑S
s′=k p

W
t (s′|j).

Proposition 6.3 Given Assumptions 6.1-6.5 and 6.7, there exists a monotone optimal

policy a∗(st) which is nondecreasing in st for t = 0, 1, ..., T − 1. This implies there exists
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an s∗t ∈ S \ {0} such that

a∗(st) =

 W if st ≤ s∗t ,

I if st > s∗t .
(6.4)

Proof: See Appendix D.

In the context of this problem, this monotone optimal policy can be interpreted as

follows: for each decision epoch, the optimal action at the lowest level (least intense)

care facility provides an upper bound for the optimal action at higher level care facilities.

This implies that for a certain time epoch, if the optimal action for home patients is

“Wait”, the optimal actions for HS and SNF patients must be “Wait” as well. The proof

of Proposition 3 is given in Theorem 4.7.4 in [101] and hence is omitted.

Scenario 2: Increasing baseline readmission risk in care facility level

In Scenario 2, we assume patients in higher level care facility have higher risk of

getting readmitted even with necessary treatment provided at the care facilities. Thus,

we are implicitly assuming riskier patients stay at a higher level care facility, and even

with more intense level of treatment, their baseline readmission risk is higher. Supporting

evidence can be referenced from medical literature similarly to Assumption 6.3. Here,

we again use the home patients’ readmission risk as the reference point. Specifically,

we assume readmission risk increases by α = 0.02 as care facility level increases by one.

Hence, with pIt (0|H) set as the reference, pIt (0|HS) and pIt (0|SNF ) can be expressed as

following: pIt (0|HS) = pIt (0|H) + α, and pIt (0|SNF ) = pIt (0|H) + 2α.

For the transitions within care facilities, we assume the same proportion among the

intervened transition probabilities is maintained for the baseline case. Hence, pIt (1|s) :

pIt (2|s) : pIt (3|s) = pWt (1|s) : pWt (2|s) : pWt (3|s).
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6.4.3 Cost Parameter Estimation

Finally, we assign cost parameter values from analyzing the patient records and consult-

ing the healthcare professionals at the collaborating hospital. For both scenarios, the

following parameter values are assumed to obtain the optimal policies:

• CCF (s) is defined as the total care facility expenses accrued during a decision epoch,

thus can be calculated by [average daily care facility cost × one decision epoch (=10

days)]. Specifically, the average daily care facility cost can be approximated by dividing

the average total cost incurred during patients’ entire stay at facility s by the average

number of days patients stay at the facility. Here, the average total cost is estimated

by consulting the healthcare professionals at the collaborating hospital, and the average

duration of stay is calculated from analyzing the patient records.

• VNonreadmit represents the value of a nonreadmitted patient at the end of the planning

horizon and is approximated by the average readmission penalty per person.

6.5 Numerical Study

In this section, we present the implementation of the MDP model of Section 6.2 using

the assumed parameter settings as shown in Section 6.4. The optimal policy for varying

values of intervention cost CI is presented in Figure 6.28 for both scenarios.

There are several interesting properties of the optimal policy. First, in accordance

with intuition, as an intervention becomes more costly, the optimal region of “Wait”

expands, thus it is more cost-effective to not give interventions. Second, as expected

from Proposition 6.3, under Scenario 1, the optimal policy is a monotone policy and thus

is a control-limit type (see Figure 6.28 (i) Scenario 1 where the optimal policy is divided
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Figure 6.28: Illustrative examples of optimal policy for (i) Scenario 1 and (ii) Scenario

2 under varying intervention costs

into two regions). This implies that if the optimal action for patients at a care facility is

“Wait” at time t, then the optimal action for higher level of care facilities at time t must

be chosen as “Wait”. However, for Scenario 2, this monotonicity no longer holds. As we

can no longer assume intervention is more effective to either higher or lower level of care

facility, the MDP no longer produces monotone policies. Thus, the varying effectiveness

of interventions in different time epochs could explain the lack of monotonicity under

Scenario 2. Finally, for Scenario 1, the optimal control-limit threshold s∗t is not monotone

with respect to time. This is a key insight from our model, which may in fact disagree

with some common practices in many hospitals. In the medical community, intervention

programs have been mainly focused on the immediate postoperative period [26] where

prevailing literatures have shown the effectiveness of early rehabilitative programs on

patient outcomes [88]. Most existing studies investigate the impact of PT during the

immediate postsurgical period, i.e., examine the relationship between utilization of PT
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services during the patient’s inpatient stay (before discharge) and outcomes of care [88].

Hence, the effects of interventions conducted on the more far end of the recovery progress

have not received much attention and are largely unknown. However, the optimal policy

of our model suggests when intervention cost is high, interventions may be more cost-

effective in the later days of recovery, i.e., see Figure 6.28 (i) Scenario 1(a) where the

optimal policy suggests to start giving interventions to SNF patients after 40 days since

discharge. This finding is clinically significant as it raises concerns in current common

belief that interventions should be focused in early postacute phase of recovery.

6.5.1 Intervention Timing Effects

Our findings on the optimal intervention timing warrant further discussion. One possible

explanation for such phenomena may be found in the causes of readmission where sup-

porting evidence can be found in medical literatures. The causes of TJR readmission can

be largely divided into two sources; surgical complications and medical complications

[109]. Surgical complications include undesirable and unexpected result that occurs as

a direct result of the surgery (e.g., surgical site infection (SSI), dislocation, noninfected

draining wound, hematoma, pain management, deep vein thrombosis, etc.) while medi-

cal complications are not directly resulting from the surgery such as pneumonia, acute

renal failure, nausea/vomiting, medication compliance, etc. Among various complica-

tions, CMS projects that only 20% of readmissions are preventable [25] where dislocation,

SSI and postoperative hematoma are in many cases considered as the main preventable

causes of readmission. Paper [109] identifies that while the overall readmission (all-cause

readmission) mostly occurs in the early discharge phase, occurrence of the preventable

causes of readmission is more shifted to the later phase of recovery. The types of in-

terventions conducted at the collaborating hospital may be targeted (or more effective)
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towards these preventable readmission causes, hence reducing readmission risk more ef-

fectively in the later phase of recovery. Moreover, it is asserted by [106] that patients

discharged to SNF have higher rates of readmissions resulting from medical complica-

tions. Since major preventable readmission causes belong to surgical cases, SNF patients

may be associated with more unpreventable readmission causes. This could explain why

among the three care facilities, interventions are particularly not effective to the SNF

patients in the early phase. Therefore, to better target SNF patients, the hospital needs

to focus on devising specialized intervention programs targeting those early readmission

causes. However, as early readmissions may not be preventable by postsurgery interven-

tions only, attention should be also focused on the pre-surgery or surgical phase: identify

high risk patients preoperatively and devise strategies to improve their modifiable risk

factors (obesity, malnutrition, cardiovascular disease, smoking, etc.) or improve the

surgical process quality.

In addition, as rehabilitation after joint replacement is dependent on the will and

cooperation of the patients [110], patient adherence may play a key role in intervention

effectiveness as well. Typically, patients’ adherence to intervention programs at earlier

time periods after surgery may not be strong due to pain, tiredness, anxiety, etc. Hence,

appropriate peri-operative efforts should be supplemented to increase adherence and

improve intervention outcomes, especially during the immediate postoperative period

[111].

To further investigate the impact of optimal intervention timing, we compare the

total cost resulting from our optimal policy to several practical guidelines that may be

followed in practice. Specifically, we introduce 3 types of potential intervention policies

for comparison:

• P1. Always Wait: Provide no interventions.



144

• P2. Always Intervene: Always provide interventions.

• P3. Early Interventions: Intervene only during the immediate postoperative period.

For P3, we further divide into varying durations of intervention:

• P3-1. Intervene up to first 10 days of discharge.

• P3-2. Intervene up to first 20 days of discharge.

• P3-3. Intervene up to first 30 days of discharge.

Note that P1 and P2 are more extreme types of policies and are mainly included for

comparison purpose. P3-1, P3-2, and P3-3 represent more realistic strategies that may

be conducted in practice.

Figure 6.29: Total expected cost of varying intervention policies

The total expected cost for our optimal policy under Scenario 1 compared to the

5 intervention strategies is illustrated in Figure 6.29. An interesting observation is

for SNF patients, providing no intervention yields lower cost than all other non-optimal
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intervention policies; even the early intervention strategies yield significantly higher cost.

This implies current intervention practice is not cost-effective for SNF patients, especially

for the immediate postacute recovery period. This can also be explained through the

causes of readmissions as SNF patients may have more unpreventable readmission causes.

On the other hand, for home and home service patients, no intervention results in the

worst case as the optimal policy is to provide interventions at all time epochs (see Figure

6.28 (i) Scenario 1(a)).

Comparing the early intervention strategies, the impact of intervention duration is

more significant in the early phase. As intervention duration increases from first 10 days

(P3-1) to first 20 days (P3-2), the total cost is reduced by 24% for home patients and

15% for home service patients. Cost reduction as duration increases from first 20 days

(P3-2) to 30 days (P3-3) is 7% and 2% for home and home service respectively. Hence,

interventions are more cost-effective in the early phase for both home and home service

patients. SNF patients are more robust to intervention duration; the difference in cost

is 4% and 0.6% for P3-1 to P3-2 and P3-2 to P3-3 respectively. Note that due to space

limit, only the results of Scenario 1 are presented. However, since both Scenarios 1 and

2 yield similar result, the above analysis results can be extended to Scenario 2.

6.5.2 Intervention Effectiveness on Readmissions

Our optimal policy suggests to start giving interventions to SNF patients after the posta-

cute recovery period. This can be mainly explained due to the varying effectiveness of

interventions in different time periods; i.e., current intervention process at our collaborat-

ing hospital may not be highly effective to SNF patients in the immediate postoperative

period. Hence, it can be expected that the intervention effectiveness plays a key role in

determining the optimal policy. Therefore, the robustness of our model to intervention
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effectiveness, i.e., how effective is the intervention in reducing patient’s readmission risk,

needs further investigation. There are two ways to carry out the experiment; one is to

change the post-intervention readmission probability and the other is to change the pre-

intervention (baseline) readmission risk. For our model, post-intervention readmission

probabilities are mainly evaluated from the EHR data, whereas the baseline readmission

risks rely more on assumptions. Specifically, the baseline readmission risks for home

service and SNF patients are referenced from home patients’ readmission probabilities.

In Scenario 2 of Section 6.4, we assume the baseline readmission risk increases as care

facility level increases, and the readmission risk difference among care facilities (α) is

arbitrarily chosen as 0.02. Thus, the robustness of our model with respect to parame-

ter α needs further investigation. Specifically, we experiment with values of α ranging

from 0.01 to 0.04 where larger α implies interventions being more effective in reducing

readmissions for higher level care facilities.

Figure 6.30: Sensitivity analysis of optimal policy with respect to baseline readmission

risk difference α

The optimal policies for each α setting is presented in Figure 6.30. For lower level

care facilities, the optimal policy is robust to α, i.e., the resulting optimal policies remain

constant for home service patients. On the other hand, high level care facility is less

robust to α. This is mainly because the higher the level of care facility, the more
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impactful α value is, i.e., readmission risk difference is α between home service and

home patients while 2×α between SNF and home patients. In addition, we can observe

from Figure 6.30 that as α increases, interventions become more effective, thus the

“Intervene” region increases for SNF patients. Thus, more effective interventions yield

optimal policies in which the optimal action is to intervene. This suggests an intuitive

yet clinically meaningful insight to intervention protocols. Our optimal policy suggests

current intervention process at our collaborating hospital may not be highly effective to

SNF patients in the immediate postoperative period. However, as illustrated in Figure

6.30, as interventions become more effective (α increases), intervention starting day

for SNF patients shifts closer to POD 0. Thus, efforts should be focused on devising

interventions that are effective during the immediate postoperative period, especially for

SNF patients.

6.5.3 Readmission Penalty Effects

Among the cost parameters used in our model, care facility cost and intervention cost

are safe to assume to be constant throughout time, i.e., costs are not expected to change

significantly over the years. However, readmission penalty can differ considerably each

year as it is a function of both the hospital’s current readmission rate and the national

average performance, both of which are for a specific time period and are highly subject

to vary. As the impact of readmission penalty can be significant on the total expected

cost, sensitivity analysis is essential to check the robustness of our result. Specifically,

we vary the readmission penalty by 0.5× R to assume both smaller and larger penalty

settings. The resulting optimal policy when intervention cost CI is assumed as 250 is

presented in Figure 6.31.

As readmission penalty per person (R) increases, the optimal region of “Intervene”
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Figure 6.31: Sensitivity analysis of optimal policy with respect to readmission penalty

expands in accordance with intuition. This is because the benefit of preventing read-

mission and thus paying less penalty outweighs the cost of providing the interventions.

We can observe the same trend for all care facility types under both scenarios. An-

other interesting observation is even when readmission penalty is 1.5 times larger than

current cost, it is still optimal to not give interventions to SNF patients in the early

postoperative period. However, we can observe that the intervention starting time shifts

to POD 0 as larger readmission penalty is imposed, thus optimal policy follows a more

conservative approach (i.e., give more interventions to avoid high penalty).

6.6 Conclusions

In this chapter, we formulate the optimal TJR postoperative intervention process as

a finite-horizon discrete-time MDP, and investigate the structural properties to gain
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insights of the optimal policy. A key insight we can obtain is that from the cost-

effectiveness perspective, the common practice of focusing interventions on immediate

postoperative periods needs further justification. Based on the data obtained from the

collaborating hospital, the optimal policy suggests to start intervening SNF patients

after the postacute recovery period. Although it may seem counterintuitive, possible

explanation is that current interventions conducted at the hospital may not be so effective

in reducing the early readmissions. Thus, more attention should be focused on surgical or

pre-surgical interventions such as improving the surgical procedure quality or identifying

high risk patients before surgery to improve their modifiable risk factors. Potentially, our

research could serve as a guide for optimal postdischarge decisions where intervention

resources or budget are limited. With the modeling framework, hospital policymakers

could estimate the total expenses related to joint replacement postdischarge services, or

assess the cost-effectiveness of varying intervention policies.
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Chapter 7

Conclusions and Extensions

7.1 Summary of Contributions

This disseration introduces various analytical tools and models to improve the efficiency

of the healthcare system across the care delivery cycle. Specifically, we present a set

of techniques and strategies that can be used by healthcare professionals to reduce the

inefficiencies or delays at each stage of the care delivery cycle: prevention, diagnosis,

treatment, home care. Such tools would ideally improve health system by: (1) improving

access to care; (2) reducing unnecessary waiting time or blocking; and (3) reducing cost

by optimizing resource allocation. To conclude this dissertation, we discuss how the

models or tools introduced in each chapter contributes to such operational improvement.

Improving access to care: Chapter 3 introduces a Markov chain based modeling

framework to assess the impact of implementing a new service model in primary care

clinics. Through an application study at a community hospital, we show that the im-

plementation of joint visit service model leads to a significant improvement in patient

throughput which can help improve patient access substantially. Moreover, we compare

the impact of different workload allocation policies on system performance, and provide

managerial insights on optimally redistributing workload among care providers.
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Reducing unnecessary waiting time or blocking : Chapters 4 and 5 investigate sys-

tematic and evidence-based decisions that can lead to less delayed or congested sys-

tem. In Chapter 4, a system-theoretic method is introduced to analyze the diagnosis-

to-treatment process for lung cancer patients. As the lung cancer detection, diagnosis,

and selection of the most appropriate treatment can be difficult, it is common to observe

frequent and potentially harmful delays. Therefore, we pursue a rigorously quantitative

approach to identify the most impeding wait times (bottlenecks) along the care delivery

process to facilitate quality improvement by directing attention to specific opportuities.

Such a method provides lung cancer specialists and caregivers a quantitative tool to

study and reduce unnecessary wait times. While Chapter 4 focuses on the sources of

delay during the diagnosis phase, Chapter 5 directs attention to the delays or blocking

for hospitalized patients (i.e., treatment phase). Specifically, we investigate the patient

flow in hospitals since improving it can have a significant impact on quality of care as

well as patient satisfaction. To do so, a finite capacity queueing network model based

iterative procedure is formulated to evaluate the complex interactions among multiple

units within a hospital. Utilizing such a framework, we investigate system properties

to provide managerial guidance on improving patient transitions by focusing on bed

capacity allocation, external admission scheduling, and service time variabilty control.

Reducing cost by optimizing resource allocation: Chapter 6 formulates the TJR post-

operative intervention process as a finite-horizon discrete-time MDP to determine the

optimal timing and target group of interventions. Utilizing such a framework, health

professionals can optimize postoperative patient care and better allocate hospital inter-

vention resources with minimal expense, i.e., to minimize the total cost, when should

the hospital provide interventions to which group of patients. Optimal policies derived

from such models can serve as a clinical practice guideline in developing appropriate
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postoperative care process.

7.2 Extensions

This section describes two potential extensions to the work introduced in this dissera-

tion. The first problem considers the transient behavior of transition delay times to help

hospitals better cope with disastrous events, and the second problem relates to integrat-

ing risk predictive modeling to provide a more personalized decision support tool. The

details of each problem are described in the following subsections.

7.2.1 Extension 1: Analysis of Transient Behavior

In Chapter 5, the mean and variability of the inpatient transition queue times are evalu-

ated using steady state analysis. This is a reasonable approach when long-term patient

flows are considered such as in normal hospital operations setting. However, if we were

to estimate the hospital capacity during or after a disastrous event, transient analysis

would be more capable of representing real-time capacity estimation and patient waiting

times. When a disaster occurs, the ED admissions are expected to increase 3-5 times

the normal volume, which could easily overwhelm the hospital’s resources [112]. In such

disaster situations, emergency preparedness, which can be achieved through real-time

hospital capacity estimation, helps hospitals to cope with sudden surge of patients by

temporarily reallocating resources among different units. As this sudden surge of pa-

tients typically lasts only for a short period of time without reaching a steady-state,

long-term performance evaluation of normal operations becomes inadequate in disaster

modeling. Hence, understanding the transient behavior of hospital capacity and patient

wait times is vital to provide timely treatment and improve safety to both the patients
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injured in disasters and the regular inpatients.

7.2.2 Extension 2: Integration of Risk Predictive Modeling

Another worthwhile area for further research is the extension of the TJR-postoperative

intervention process model towards a more personalized patient-specific decision model.

In Chapter 6, readmission risks differ depending on where the patient is located at (care

facility type) and how many days have elapsed since discharge. This is largely based

on the assumption that care facility level typically matches with the patient’s risk level;

higher risk patients stay at higher level of care facility. In general, this holds true, which

allows to perform cost-effectiveness analysis on an average population level. However, if

we were to provide a more patient-specific decision support tool, a possible approach is

to integrate risk prediction into the MDP modeling framework. This can be achieved by

first developing a readmission risk predictive model to stratify patients into different risk

groups, and then investigating the optimal intervention policy for each risk group. The

idea of integrating readmission risk prediction model and intervention process model is

presented in [113] where we stratify patients into different risk groups according to the

predictive model results, and analyze the impact of the initial disposition care facility

type on each risk group. By integrating risk predictive modeling to the current MDP

framework, we can move one step closer to providing personalized optimal intervention

plans.



154

Appendices

Appendix A. Proofs of Chapter 3

First, the state transitions and the corresponding balance equations are derived for each

system in the following order: Current System, Joint Visit System with Provider Wrap-

up and Two MAs, Joint Visit with MA Wrap-up and Two MAs, Joint Visit System

with Provider Wrap-up and Three MAs, and Joint Visit System with MA Wrap-up and

Three MAs.

Current System: The state transitions are illustrated in Figure A.1. The system

P1 P2 P3

P4 P5

P6P7

room
c

diag
c

room
cmed

c

diag
c

diag
c

room
c

med
c

med
c

Figure A.1: Transition diagram of current system
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balance equations are:

croomP1 = cmedP7,

(croom + cdiag)P2 = croomP1 + cmedP5,

croomP3 = cdiagP2,

cdiagP4 = croomP2, (A.1)

(cdiag + cmed)P5 = croomP3 + cdiagP4,

cmedP6 = cdiagP5,

cmedP7 = cmedP6.

In addition,

7∑
i=1

Pi = 1. (A.2)

Solving the above equations, we obtain the steady state probabilities Pi, i = 1, . . . , 7.

Joint Visit System with Provider Wrap-up and Two MAs: The states are

defined as S = (sroom, bjoint, sjoint, swrap, bmed, smed). Note that there is no state bwrap

since the provider conducts wrap-up immediately after the joint visit. This results in a

total of 6 states defined as following:

S1 = (1, 0, 0, 1, 0, 0), S2 = (1, 0, 0, 0, 1, 0), S3 = (0, 0, 0, 0, 1, 1),

S4 = (0, 1, 0, 1, 0, 0), S5 = (0, 0, 1, 0, 1, 0), S6 = (0, 0, 0, 1, 0, 1).

The state transitions are illustrated in Figure A.2. The following balance equations can
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P1 P2 P3

P4 P6P5

wrap
c

med
c

wrap
c

room
c

joint
c

room
c

wrap
c

med
c

Figure A.2: Transition diagram of joint system with two MAs and provider wrap-up

be derived:

(croom + cwrap)P1 = cmedP6,

croomP2 = cwrapP1 + cmedP3,

cmedP3 = cwrapP6,

cwrapP4 = croomP1, (A.3)

cjointP5 = croomP2 + cwrapP4,

(cwrap + cmed)P6 = cjointP5,

6∑
i=1

Pi = 1.

Solving these equations we obtain the steady state probabilities Pi, i = 1, . . . , 6. The

performance of the system can be evaluated through these probabilities.

Joint Visit System with MA Wrap-up and Two MAs: Define states as S = (sroom,

sjoint, smed). This results in a total of 3 states defined as following:

S1 = (1, 0, 0, 0), S2 = (0, 0, 1, 0), S3 = (0, 0, 0, 1).
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The state transitions are illustrated in Figure A.3 and the balance equations are:

P1

P2 P3

med
c

joint
c

room
c

Figure A.3: Transition diagram of joint system with two MAs and MA wrap-up

croomP1 = cmedP3,

cjointP2 = croomP1,

cmedP3 = cjointP2, (A.4)

3∑
i=1

Pi = 1.

Solving these equations we obtain the steady state probabilities Pi, i = 1, 2, 3. The

performance of the system can be evaluated through these probabilities.

Joint Visit System with Provider Wrap-up and Three MAs: Assume there

are two MAs supporting each provider. The state transitions are illustrated in Figure

A.4. In addition, the following balance equations can be derived as:
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P1 P2

P3 P4

P6

P7

P5

P8 P9

med
c

wrap
c

joint
c

joint
c

room
croom

c

joint
c

wrap
c

room
2c

med
c

room
c

med
2c

med
c

wrap
c

Figure A.4: Transition diagram of joint visit system with Provider wrap-up

2croomP1 = cmedP7,

(croom + cjoint)P2 = 2croomP1 + cmedP5,

cjointP3 = croomP2,

cwrapP4 = cjointP3 + croomP6,

(cjoint + cmed)P5 = cwrapP4 + croomP7, (A.5)

(croom + cwrap)P6 = cjointP2 + cmedP9,

(croom + cmed)P7 = cwrapP6 + 2cmedP8,

2cmedP8 = cwrapP9,

(cwrap + cmed)P9 = cjointP5,

9∑
i=1

Pi = 1.
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Solving these equations we obtain the steady state probabilities Pi, i = 1, . . . , 9.

Joint Visit System with MA Wrap-up and Three MAs: Assume there are two

MAs supporting each provider. Figure A.5 illustrates the state transitions, and the

balance equations are derived as follows:

P1 P2 P3

P4

P6

P5

room
2c

room
c

joint
c

joint
c

med
c

room
c

med
2c

joint
c

med
c

Figure A.5: Transition diagram of joint visit system with MA wrap-up
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2croomP1 = cmedP4,

(croom + cjoint)P2 = 2croomP1 + cmedP5,

cjointP3 = croomP2,

2cmedP6 = cjointP4, (A.6)

(croom + cmed)P4 = cjointP2 + 2cmedP6,

(cjoint + cmed)P5 = cjointP3 + croomP4,

2cmedP6 = cjointP5,

6∑
i=1

Pi = 1.

The proof of Proposition 3.2 requires the following lemmas.

Lemma 7.1 In the joint visit system with three MAs and provider wrap-up, the proba-

bility that both MAs are busy in a provider team is monotonically decreasing with respect

to the service rate of MA visit, i.e.,

∂αi

∂cimed

≤ 0, i = MD,PA. (A.7)

Lemma 7.2 In Procedure 3.1, if c̃i,nmed < c̃i,n−1
med , i =MD, PA, then αi,n ≥ αi,n−1.

Proof of Lemma 7.1: The proof of this lemma is based on the results obtained

from Mathematica. From balance equations (A.5), the steady state probabilities Pi,

i = 1, . . . , 9, can be obtained. Then probability α and partial derivative ∂α/∂cmed can

be derived. Under the constraints ∀ci > 0, the statement of ∂α/∂cmed ≤ 0 is verified as

“TRUE” by Mathematica.
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Proof of Lemma 7.2: Induction is used in this proof. When n = 1, from (3.8),

c̃MD,1
med = cMD,0

med (1− αPA,0/2),

we obtain c̃MD,1
med ≤ cMD,0

med . Then by Lemma 7.1, we have

αMD,1 ≥ αMD,0.

Similarly, from (3.9),

c̃PA,1
med = cPA,0

med (1− αMD,1/2),

we obtain c̃PA,1
med ≤ cPA,0

med and by Lemma 7.1,

αPA,1 ≥ αPA,0.

The base case is proved. Now assume when n = l,

c̃i,lmed < c̃i,l−1
med , i = MD,PA,

αi,l ≥ αi,l−1.

Next when n = l + 1, from (3.8) and Lemma 7.1, we obtain

c̃MD,l+1
med = cMD,0

med (1− αPA,l/2) ≤ cMD,0
med (1− αPA,l−1/2) = c̃MD,l

med .

It is clear that if c̃MD,l+1
med = c̃MD,l

med , then P̃MD,l+1
j = P̃MD,l

j , j = 1, . . . , 9. Thus

αMD,l+1 = αMD,l.

If c̃MD,l+1
med ≤ c̃MD,l

med , by Lemma 7.1,

αMD,l+1 ≥ αMD,l.

Therefore, in both cases, we obtain αMD,l+1 ≥ αMD,l. Next, from (3.9) and Lemma 7.1,

we obtain

c̃PA,l+1
med = cPA,0

med (1− αMD,l+1/2) ≤ cPA,0
med (1− αPA,l/2) = c̃PA,l

med .
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Again if c̃PA,l+1
med = c̃PA,l

med , then P̃PA,l+1
j = P̃PA,l

j , j = 1, . . . , 9. Thus

αPA,l+1 = αPA,l.

If c̃PA,l+1
med ≤ c̃PA,l

med , by Lemma 7.1,

αPA,l+1 ≥ αPA,l.

Again in either case, αPA,l+1 ≥ αPA,l. By induction, the argument follows.

Proof of Proposition 3.2: From Lemma 7.2, αi,n is monotonically increasing. Since

it is bounded between 0 and 1, it is convergent. From (3.8)-(3.10), P̃ i,n
j reaches its limit

when n→∞, and so does TP i,n. Thus, Procedure 3.1 is convergent.

Proof of Proposition 3.3: When a new patient is not roomed right after a patient

leaves, only one patient will exist in a provider’s system. In this case, a waiting time

occurs for the patient to get roomed. Such time is denoted as w and can be calculated

by the decreased amount of MA’s service rate.

wi =
1

c̃imed

− 1

cimed

, i = MD,PA.

Assume the proportion of time when there is only one patient in the system is w out of

average patient length of visit LOV . Denote this proportion as r, i.e.,

r =
w

LOV
. (A.8)

Then, the average number of patients can be evaluated as

N = 1 · r + 2 · (1− r) = 2− r.

Using Little’s Law, the average patient length of visit, LOV, can also be represented by

LOV =
N

TP
=

2− r
TP

. (A.9)
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From equations (A.8) and (A.9), the ratio r can be formulated as a quadratic equation.

r2 − 2r + w · TP = 0. (A.10)

It can be shown that, there always exists at least one real root for equation (A.10),

which equals to

r = 1−
√

1− TP · w, (A.11)

where TP and w are obtained from (3.11) and (3.13), respectively.

Note that TP · w can be formulated using r as following:

TP · w =
2− r
LOV

· r · LOV = r(2− r)

Now the discriminant of equation (A.10) can be represented by r,

Discriminant = 4(1− TP · w) = 4(1− 2r + r2) = 4(r − 1)2 ≥ 0

As Discrminant ≥ 0 always, we can conclude equation (A.10) has at least one real root.

Using quadratic formula gives:

r = 1±
√

1− TP · w

But since r is a proportion and thus must be in the range of [0,1], we can conclude the

feasible root to equation (A.10) is:

r = 1−
√

1− TP · w.

Note that if r = 1, there exists only one solution, and this implies there is always one

patient in the system.



164

Proof of Proposition 3.5: Using Mathematica, the following statements are true:

∀i, j,

∂TP i

∂cij
≥ 0, i = MD,PA, j = room, joint,wrap,med,

∂ρi
∂cij
≥ 0, i = MD,PA, j = room,med,

∂ρi
∂cij
≤ 0, i = MD,PA, j = joint,wrap,

∂ρMA

∂cij
≤ 0, i = MD,PA, j = room,med,

∂ρMA

∂ciwrap

≥ 0, i = MD,PA.

The monotonicity arguments follow immediately.

Proof of Proposition 3.6: Using Mathematica, the following statements are true:

∀i, j,

∂TP i

∂cij
≥ 0, i = MD,PA, j = room, joint,med,

∂ρi
∂cij
≥ 0, i = MD,PA, j = room,med,

∂ρi
∂cijoint

≤ 0, i = MD,PA.

The monotonicity arguments follow immediately.

Appendix B. Proofs of Chapter 4

Proof of Proposition 4.1: Due to the independence assumption, all the covariances

become zero when a serial process is considered. Thus, for a serial process i, its variance
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can be evaluated as

V ari = E
[( 16∑

j=1

θi,jWj

)2]
− E2

[ 16∑
j=1

θi,jWj

]
=

16∑
j=1

θi,jE[W2
j ]−

( 16∑
j=1

θi,jE[Wj]
)

=
16∑
j=1

θi,j[V ar(Wj) + T2
j ]−

( 16∑
j=1

θi,jTj

)
=

16∑
j=1

θi,j[V
2
jT

2
j + T2

j ]−
( 16∑
j=1

θi,jTj

)
.

Considering the weighted average and normalization, we obtain

V ar =

∑K
i=1 piV ari∑K

i=1 pi
.

By taking CV =
√
V ar/T , the argument follows.

Proof of Proposition 4.2: First, consider partial derivative with respect to τi,j, which

corresponds to element Tk.

∂T

∂τi,j
=

∂T

∂Tk
=
∂

∑K
i=1

∑16
j=1 θi,jTj∑K
i=1 pi

∂Tk
=

∑K
i=1 piθi,k∑K
i=1 pi

(B.1)

> 0.
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Next, for partial derivative with respect to cvi,j, it corresponds to element Vk.

∂CV

∂cvi,j
=
∂CV

∂Vk
=
∂

√∑K
i=1

piV ari∑K
i=1

pi

T

∂Vk

=
∂

√√√√∑K
i=1

pi

[∑16
j=1

θi,jT
2
j
(V2
j
+1)−
(∑16

j=1
θi,jTj

)2]
∑K
i=1

pi

T

∂Vk

=

1√∑K
i=1 pi

T
· 1

2
·
(

2
K∑
i=1

θi,kT
2
kVk

)
/( K∑

i=1

pi

[ 16∑
j=1

θi,jT
2
j (V

2
j + 1)−

( 16∑
j=1

θi,jTj

)2]) 1
2

=
1

T · CV ·
∑K

i=1 pi
·
( K∑

i=1

piθi,kT
2
kVk

)
(B.2)

> 0.

Proof of Proposition 4.3: Consider

T (Tk − δτTk)

=

∑K
i=1 pi

[∑M
j=1,j 6=k θi,jTj + θi,k(Tk − δτTk)

]
∑K

i=1 pi

=

∑K
i=1 pi

[∑M
j=1 θi,jTj − δτθi,kTk

]
∑K

i=1 pi

= T −
∑K

i=1 piδτθi,kTk∑K
i=1 pi

,

Since T , δτ , and denominator
∑K

i=1 pi are common terms, the dominating factor is the

enumerator,
∑K

i=1 piθi,kTk. Reversing the sign of the term, the argument follows.
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Proof of Proposition 4.4: From (B.2), we obtain

∂CV

∂Vk
=

1

T · CV ·
∑K

i=1 pi
·
( K∑

i=1

piθi,kT
2
kVk

)
,

The denominator is a common term, thus the expression
∑K

i=1 piθi,kT
2
kVk is the domi-

nating one. The argument follows immediately.

The proof of Proposition 4.5 requires Lemma 7.3.

Lemma 7.3 If {Xi, i = 1, . . . , n} are independently distributed gamma random variables

with mean µi and standard deviation σi, then

G(ωd) =
n∏
i=1

(
βmin
βi

)αi ∞∑
k=0

δkγ(ρ+ k, ωd/βmin)

Γ(ρ+ k)
, (B.3)

where βmin, βi, αi, δk, ρ, γ(·), and Γ(·) are defined in (4.11).

Proof of Lemma 7.3: If {Xi, i = 1, . . . , n} are independently distributed gamma

random variables, the density of Y = X1 + . . . + Xn can be expressed as following (see

[114]):

g(y) =
n∏
i=1

(βmin/βi)
αi

∞∑
k=0

δky
ρ+k−1e−y/βmin

Γ(ρ+ k)βρ+k
1

, y > 0, (B.4)

where

βmin = min(βi), ρ =
n∑
i=1

αi.

The coefficients δk can be obtained recursively by the formula:

δk+1 =
1

k + 1

k+1∑
i=1

iνiδk+1−i, k = 1, 2, . . . , (B.5)

with

δ0 = 1,

νk =
n∑
i=1

αi(1− βmin/βi)k/k, k = 1, 2, . . . .



168

Then the CDF G(w) = Pr(Y ≤ ωd) can be obtained by integrating the probability

density function g(y).

G(ωd) =

∫ ωd

0

g(y)dy

=
n∏
i=1

(
βmin
βi

)αi ∞∑
k=0

δk
∫ Ωd

0
yρ+k−1e−y/βmin

Γ(ρ+ k)βρ+k
1

dy.

Using a = c− 1 and y = bt, then
∫ ωd

0
yae−y/bdy can be represented by the following:∫ ωd

0

yae−y/bdy = bc
∫ w/b

0

tc−1e−tdt

= bc · γ(c, w/b)

= ba+1 · γ(a+ 1, w/b),

where γ(a+ 1, ωd/b) is the lower incomplete gamma function, defined as

γ(a, x) =

∫ x

0

ya−1e−ydy,

and gamma function Γ(a) can be related to the lower incomplete gamma function γ(a, x)

such that

Γ(a) = lim
x→∞

γ(a, x).

The formula for the integral term
∫ ωd

0
yρ+k−1e−y/βmindy can be obtained.∫ ωd

0

yρ+k−1e−y/βmindy = βρ+k
min · γ(ρ+ k, w/βmin).

Substituting the integral term gives the following cumulative distribution function.

G(ωd) =
n∏
i=1

(
βmin
βi

)αi ∞∑
k=0

δkβ
ρ+k
minγ(ρ+ k, ωd/βmin)

Γ(ρ+ k)βρ+k
min

=
n∏
i=1

(
βmin
βi

)αi ∞∑
k=0

δkγ(ρ+ k, ωd/βmin)

Γ(ρ+ k)
.
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Proof of Proposition 4.5: The number of steps included in serial process i is defined

by
∑M

l=1 θi,l. Setting n =
∑M

l=1 θi,l, the WTP of each pathway for time interval ωd can

be evaluated by G(ωd) using Lemma 7.3. Then the WTP can be calculated from the

weighted sum of the CDFs of all the pathways.

Appendix C. Proofs of Chapter 5

Proof of Proposition 5.1: For ED, the arrival process is defined by λext,ed. The ED

outputs to discharge, ICU and ward are characterized according to routing probabilities,

ped,dc, ped,icu and ped,wd, respectively. The latter two become the arrivals for ICU and

ward, i.e.,

λed,icu = λext,edped,icu,

λed,wd = λext,edped,wd.

For ICU, arrivals include those from ED, λed,icu, and from ward, λwd,icu. Thus

λicu = λed,icu + λwd,icu

= λext,edped,icu + λwd,icu.

As one can see, the latter is dependent on the departure from ward. For ward, arrivals

include external admissions and transferring from both ED and ICU, i.e.,

λwd = λext,wd + λed,wd + λicu,wd

= λext,wd + λedped,wd + λicupicu,wd.
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This leads to

λwd,icu = λwdpwd,icu

= (λext,wd + λedped,wd + λicupicu,wd)pwd,icu

= λext,wdpwd,icu + λext,edped,wdpwd,icu

+ λicupicu,wdpwd,icu

= λext,wdpwd,icu + λext,edped,wdpwd,icu

+ (λext,edped,icu + λwd,icu)picu,wdpwd,icu

= λext,wdpwd,icu + λext,edped,wdpwd,icu

+ λext,edped,icupicu,wdpwd,icu

+ λwd,icupicu,wdpwd,icu,

which implies that

λwd,icu = [λext,wdpwd,icu + λext,edped,wdpwd,icu

+ λext,edped,icupicu,wdpwd,icu]

· [1− picu,wdpwd,icu]−1.

Finally, we obtain

λicu = [λext,wdpwd,icu + λext,edped,wdpwd,icu

+ λext,edped,icupicu,wdpwd,icu]

· [1− picu,wdpwd,icu]−1 + λext,edped,icu

= [λext,wdpwd,icu + λext,edped,wdpwd,icu

+ λext,edped,icu] · [1− picu,wdpwd,icu]−1.
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It follows that

λwd = λext,wd + λext,edped,wd

+ [λext,wdpwd,icu + λext,edped,wdpwd,icu

+ λext,edped,icu] · [1− picu,wdpwd,icu]−1 · picu,wd

=
λext,wd + λext,edped,wd + λext,edped,icupicu,wd

1− picu,wdpwd,icu

.

In addition,

λicu,wd = λicupicu,wd

= [λext,wdpwd,icupicu,wd + λext,edped,icupicu,wd

+ λext,edped,wdpwd,icupicu,wd]

· [1− picu,wdpwd,icu]−1.

Appendix D. Proofs of Chapter 6

The proof of Proposition 6.2 requires Lemma 7.4.

Lemma 7.4 Given Assumption 6.5, for any f(s) that is nondecreasing in s, the follow-

ing holds:

∑
s′∈S pt(s

′|s)f(s′) ≤
∑

s′∈S pt+1(s′|s)f(s′).

Proof of Lemma 7.4: By the definition of probability function, the following holds

true:
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∑S
s′=0 pt(s

′|s) =
∑S

s′=0 pt+1(s′|s) = 1.

Let A =
∑S

s′=0 pt+1(s′|s)−
∑S

s′=0 pt(s
′|s) = 0. Then,

A =
{∑S

s′=0 pt+1(s′|s)−
∑S

s′=0 pt(s
′|s)
}
f(0)

≤ pt+1(0|s)f(0)− pt(0|s)f(0) +
{∑S

s′=1 pt+1(s′|s)−
∑S

s′=1 pt(s
′|s)
}
f(1)

≤
∑1

s′=0 pt+1(s′|s)f(s′)−
∑1

s′=0 pt(s
′|s)f(s′) +

{∑S
s′=2 pt+1(s′|s)−

∑S
s′=2 pt(s

′|s)
}
f(2),

since f(s) is a nondecreasing function in s.

Continue in a similar fashion until we arrive at the following:

A ≤
∑S

s′=0 pt+1(s′|s)f(s′)−
∑S

s′=0 pt(s
′|s)f(s′).

Since by definition A = 0, we have

0 ≤
∑S

s′=0 pt+1(s′|s)f(s′)−
∑S

s′=0 pt(s
′|s)f(s′).

Hence,

∑S
s′=0 pt(s

′|s)f(s′) ≤
∑S

s′=0 pt+1(s′|s)f(s′).

Proof of Proposition 6.2: We use backward induction to prove the proposition.

Step 1: Show true for t = T .

vT (s) = rT (s, a) ≥ 0 ≥ vT−1(s).

For t ∈ {0, 1, ..., T − 1}, vt(s) only consists of costs, hence vt(s) ≤ 0 always holds true.

Step 2: Suppose true for t = k + 1.

vk+1(s) ≥ vk(s).
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Step 3: Show true for t = k.

vk(s) = max
{
rk(s, a) +

∑
s′∈S p

a
k(s
′|s)vk+1(s′)

}
≥ max

{
rk−1(s, a) +

∑
s′∈S

pak−1(s′|s)vk+1(s′)
}

(D.1)

≥ max
{
rk−1(s, a) +

∑
s′∈S

pak−1(s′|s)vk(s′)
}

(D.2)

= vk−1(s),

where (D.1) holds due to Assumption 6.4, Proposition 6.1 and Lemma 7.4, while (D.2)

holds true due to induction hypothesis that vk+1(s) ≥ vk(s). Hence, vt+1(s) ≥ vt(s) holds

true for all t.
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