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Abstract

Beta ensembles (f-ensembles) can be viewed as one parameter generalizations of the
eigenvalues of random matrix ensembles. Under the appropriate scaling, these finite
point processes converge in distribution to certain limiting point processes as the number
of the points grows. This is known as the local scaling limit. The limiting point processes
can be characterized as the spectra of certain random differential operators. This thesis
mainly includes two types of results: the local scaling limits of certain S-ensembles in
the appropriate operator level sense, and properties of the limiting objects.

We first consider the hard-to-soft edge transition for S-ensembles. The soft and hard
edge scaling limits of S-ensembles can be characterized as the spectra of certain random
Sturm-Liouville operators [51, 48]. By tuning the parameter of the hard edge process
one can obtain the soft edge process as a scaling limit [6, 48, 50]. We prove that this
limit can be realized on the level of the corresponding random operators. More precisely,
the random operators can be coupled in a way so that the scaled versions of the hard
edge operators converge to the soft edge operator a.s. in the norm resolvent sense. This
part is based on joint work with Laure Dumaz and Benedek Valké [16].

Next, we prove an operator level limit for the circular Jacobi -ensemble. As a
result, we characterize the counting function of the limit point process via coupled
systems of stochastic differential equations. This diffusion description allows us to derive
several properties of the limit point process (e.g. large gap probability and a process
level transition). We show that the normalized characteristic polynomials converge to a

random analytic function, which we characterize via the joint distribution of its Taylor
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coefficients at zero and as the solution of a stochastic differential equation system. We

also provide analogous results for the real orthogonal S-ensemble. This is based on joint

work with Benedek Valké [37].
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Chapter 1

Introduction and Background

Random matrices were first emerged from the study of sample covariance matrices in
statistics [71], and later were used to model the energy levels of nuclei of heavy atoms in
nuclear physics [69, 68]. A central problem of random matrix theory is to understand the
structure of the spectra of large random matrices. Over the years, many tools have been
developed from various branches of mathematics (including combinatorics, analysis, rep-
resentation theory, etc.) to study the eigenvalue statistics of random matrix ensembles
on different scales. To understand the global picture, one could study the empirical
spectral measure, i.e. a random probability measure supported on the spectrum so that
each eigenvalue has equal weight (up to multiplicity). Under the appropriate scaling,
the empirical spectral measures of a wide class of ensembles converge in distribution to
a deterministic limit as the size of the matrix grows to infinity. For example, the Wigner
semicircle law arises for random symmetric matrices with independent entries, and the
Marchenko-Pastur law for the sample covariance matrices, see Section 1.1 for the precise
statements. These classical results indicate certain universal asymptotic properties of
the spectrum, and are essentially Law of Large Numbers type results.

Another natural object to investigate is the local scaling limit, which describes the
limit of the spectrum in the scaling regime where the spacings between the eigenvalues

remain of constant order. In contrary to the global picture, the local limit will describe



the asymptotic behavior near a certain value (reference point), and the limit process
could depend on whether the reference point is in the bulk or at the edge of the spectrum.
For several classical ensembles, the bulk and edge scaling limits were derived by Dyson,
Gaudin, and Mehta in the 1960s utilizing the algebraic structures present in the joint
eigenvalue densities. They showed that these algebraic structures are preserved in the
limit, and the joint intensity functions of the limit point processes can be fully described.

By generalizing the eigenvalue distributions of the classical ensembles of random
matrix theory, we get the so-called S-ensembles, which can be viewed as one-parameter
families of particle systems, see Section 1.2 below for more details. In this thesis, we
study local scaling limits of certain S-ensembles and prove various results related to the
limiting objects.

The outline of the remaining of the Chapter is as follows. In Section 1.1 we will
introduce some of the classical random matrix ensembles and review the known results.
In Sections 1.2 and 1.3, we will give a brief introduction to S-ensembles and the random
operator approach that we used in their study. Section 1.4 provides a brief overview of

the main results of this thesis.

1.1 Classical random matrix ensembles

We start this section with introducing the classical matrix ensembles that are most
related to our work. Then we will state the results regarding the global and local scaling
limits of the eigenvalues.

The study of random matrices could be traced back the work of Wishart [71] in 1920s.

The models considered by Wishart are matrices of the form M MT where M is an n x (n+



a) matrix with i.i.d. standard real/complex/quaternion Gaussian entries. The models
are called the Laguerre (or Wishart) ensembles. Noticing that the Laguerre ensembles
are invariant under certain group conjugations, the joint eigenvalue densities can be
computed explicitly. For a size n Laguerre ensemble (indexed by n,a) the eigenvalues

have a joint density function given by

s 00 = 5= [T e = M L) (1.1)
n k=1

P i<k
on R", where the reference measure f(z) = g3t =1e=5w g proportional to the Gamma,
density, and the parameter 8 = 1,2,4 corresponds to the real/complex/quaternion en-
tries, respectively. Here Z,, 3 is an explicitly computable normalizing constant. Notice
that the matrix m~'MMT is the correlation matrix of n independent individuals whose
m characteristics are i.i.d. standard Gaussians.

Fix 8 =1,2 or 4, denote by A, 50 = (A, - ., Ann) & size n Laguerre ensemble with
parameter a. One way of understanding the global picture of the spectrum is to study
the rescaled empirical spectral measure, that is a random probability measure defined
by v, = % Sop_ 0 An/n- When n+a is of the same order as n, the macroscopic behavior
of this ensemble is described by the famous Marchenko-Pastur limit law. Let a, >

—1,n > 1 be a sequence such that lim,,_,. = v € (0,1] exists. The Marchenko-

nfan
Pastur theorem [39] states that the sequence of random probability measures v,,,n > 1

converges in distribution a.s. to a deterministic measure with density given by

o) = YEZWIO 22y — b = Ay (1)

2w

See Figure 1 for a plot of Marchenko-Pastur law for various values of 7. Note that in

the case v = 1, the density becomes 2(7:@1[074] (x).
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Figure 1: Plot of the Marchenko-Pastur law for different values of ~.

Next we turn to Gaussian ensembles, probably the most famous model of random
matrices. In 1950s Wigner [70] used random matrices to model the energy levels of
nuclei of heavy atoms in nuclear physics. The idea was to approximate a self-adjoint
operator (Hamiltonians with certain symmetries) using a large symmetric or Hermitian
matrix with i.i.d. real or complex standard normals. The resulting models are called the
Gaussian orthogonal ensemble (GOE) or Gaussian unitary ensemble (GUE), which are
classified by the group over which they are invariant. It turns out the joint eigenvalue
densities of these Gaussian ensembles have the same structure as equation (1.1) with the
Gaussian reference measure f(z) = e’gﬁ, and g = 1,2 for GOE or GUE, respectively.

Let (A1n, A2y - -5 Anpn) be the eigenvalues of a size n Gaussian ensemble. Consider
the rescaled empirical spectral measure of size n Gaussian ensembles defined by p, =
%ZZ=1 Ox,,/va- 1t was proved by Wigner that the sequence of random probability

measures [,,n > 1 converges in distribution a.s. to the deterministic Wigner semicircle
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Figure 2: Histogram of rescaled eigenvalues of a 2000 x 2000 GUE

law with density given by

1 —
psc(x) = % 4 — 1‘21|x\§2'

Figure 2 above shows a simulation of the histogram of the rescaled eigenvalues of a GUE
matrix of dimension 2000 x 2000.

Another well-studied ensemble in random matrix theory is the circular unitary ensem-
ble (CUE), which describes the eigenvalue distribution of finite Haar unitary matrices.
The model was introduced by Dyson [18] as a generalization of GUE on the unit circle.
For asize n CUE, the eigenangles have a joint density proportional to [];_,, |5 —eik |8
with § = 2, which can be viewed as the density (1.1) evaluated on the unit circle with
f = 1. The cases when = 1,4 correspond to symmetric/self-dual unitary matrices.

Other commonly studied random matrix ensembles include Ginibre ensemble, Ja-
cobi/MANOVA (multivariate analysis of variance) ensemble, etc. One common feature
of these ensembles is that the joint eigenvalue functions satisfy (1.1) with different ref-
erence measures f(z). We summarize in the Table 1 below the matrix representations

and the associated joint density functions. Here we assume the entries of the random

matrices A € C"", X € C"*™ Y € C™""™ are i.i.d. complex standard normal random



variables CN(0,1), and denote the difference of the dimensions by a := ny —n > 0,

b:=ny—n>0.

Ensembles Reference measure f Matrix Models (5 = 2)
Gaussian/Hermite e~ *"/2 M = A\J;‘;T

Wishart /Laguerre  x% *1,-¢ M= XXT

Circular 1,0 uniformly chosen M € U(n)
Ginibre e*‘z|2/2126<c M=A

MANOVA /Jacobi (1 — 2)%2*1,e (1) M=XX{(XX+yyh)!

Table 1: Classical random matrix ensembles

We now turn to the local scaling limit. The microscopic behavior of the spectrum
A, = (A, A2, ..., \n) can be described by the large n limit of the point process ¢, (A, —d,,)
where d,, is the centering point and ¢, is the appropriate scaling parameter. In order to
get a meaningful point process limit, the scaling parameter ¢, would need to be chosen
so that it is roughly the inverse of the average spacing between the particles near d,.

In the remaining of the section, we will take the GUE and LUE as examples to
introduce the bulk and the edge limit of random matrices. It follows from the Wigner
Semicircle law that asymptotically the eigenvalues of a size n GUE lie on an interval of
size 44/n (see also [25] for a stronger statement regarding the largest /smallest eigenvalues
of random Hermitian matrices). This suggests us to rescale the eigenvalues up by v/n
to see what happens on a local scale in the bulk of the spectrum. Indeed, using the

algebraic structures of GUE and analyzing the asymptotic of Hermite polynomials, it



was proved by Gaudin-Mehta (see e.g. [42]) that for any £ € (—2,2),
pse(E)vVn(A, — Ev/n) = Sine, as n — 0o,

where p..(E) = 5=v/4 — E? is the Wigner semicircle density, and where the Sine, process

2
is the determinantal point process with the sine kernel K (z,y) = % (see e.g. [29]
for more on determinantal point process). Note that the convergence is universal in the
sense that the limiting point process is independent of reference point F.

A similar type of result can be found at the edge of the spectrum F € {—2,2} with a
more careful saddle point analysis of the Hermite polynomials. By symmetry, it suffices
to look at the points near the maximum eigenvalue. If the Wigner semicircle law holds
on small scales, the expected number of points in the interval [(2—¢)y/n, 24/n] is of order
n f;s pse(z)dz ~ ned/2. We can expect the spacing of rescaled eigenvalue at the edge is of
order n~2/3. Then by rescaling the spectrum up by n'/, we get n'/(A,, —2/n) = Airy,
as n — 00, see [42] and [21]. Here the Airy, process is the determinantal point process
with kernel constructed from the Airy function of the first kind. This is called the soft
edge behavior in the sense that the rescaled largest/smallest can fluctuate around the
endpoint of the limiting spectral measure. Indeed, there is positive probability of the
event that some of the rescaled eigenvalues are located outside of the support of the
Wigner Semicircle law.

In contrast, consider a finite Laguerre unitary ensemble, the eigenvalues have to

be positive since the random matrix is a.s. nonnegative definite. In the case when

a, = o(n), the Marchenko-Pastur states that the density of the limiting measure becomes

\/ z(4—1x)

5— Ljo,4(z). This indicates that the smallest eigenvalues of the Laguerre ensembles

are pushed to 0, and locally the spectrum will feel the hard constraint at the origin.



Therefore, we expect to see a different limiting point process supported on the positive
half line. It turns out that in the case when a,, = a > —1, the smallest k eigenvalues
of LUE (under the appropriate rescaling) converge in distribution to a point process
indexed by a, see [61]. The limiting process, which we will denote as Bessely,, is a
determinantal point process with kernel constructed from the Bessel functions of the

first kind. This is known as a hard edge behavior.

1.2 [(-ensembles

In this section, we define the [-ensembles, which can be viewed as a one-parameter
generalization of the eigenvalues of classical matrix models. First observe that the
measure defined by (1.1) makes sense for all 5 > 0 for a broad class of reference measures
f under certain regularity assumptions. Hence the classical Laguerre/Gaussian/circular
ensembles (which correspond to Dyson’s threefold way f = 1,2,4) can be naturally
generalized to Laguerre f-ensemble, Gaussian [-ensemble, and circular S-ensemble for
all positive 8. More precisely, the size n Laguerre S-ensemble is a two-parameter family

of distributions on R’ with density function

1 S Blat1)-1 _8
Prsa ) = S [T = AP T e (1.3)

n,,é’,a j<k k=1
The parameters satisfy § > 0 and a > —1. This density corresponds to the Gibbs
measure of n positively charged particles living on the positive half-line with a log-

Gamma potential.



Similarly, we define the size n Gaussian (Hermitian) S-ensemble as a family of dis-
tributions on R™ with density function
PS5y An) = ZLGH I\ — Ak|ﬁﬁe—f*i, 8> 0.
.8 <k k=1
Denote by D = {z € C : |z] < 1} and 9D = {z € C : |z| = 1}. The size n circular
B-ensemble is defined as the joint distribution of n distinct points {1, ... e®} on oD

with 0; € [—m, ), where the joint density function of the angles §; is given by

1 .
Paphn0) = —— ] e — e |”. (1.4)

B j<k<n
We will refer to the points obeying (1.1) as the associated [-ensembles, and we will
sometimes call these points eigenvalues/eigenangles. This slight abuse of terminology
will be made rigorous in Section 1.3 as there are sparse tridiagonal matrix models whose
eigenvalues are distributed according to (1.1) for positive § for certain reference mea-
sures.
Table 2 below records the [-generalizations of classical matrix ensembles that are

considered in this thesis.

We note that the real Jacobi S-ensemble can be connected to another named ensemble
on the unit circle via a change of variables. Suppose that (z1,---,x,) is a size n real
Jacobi f-ensemble with parameters a,b > —1. Introduce §; = arccos(l — 2z;), then

{01,...,0,} € (0,7)" has joint density function

1
P pan(Ors e 0n) = — H | cos(6;) — cos(6,)|”
n,B,a,b j<k<n

x JT 11— cos(i)| 2@ D12]1 + cos(6,) |2 ¢+D-12. (1.5)
k=1
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[-ensembles Parameters Support Reference measure f
Gaussian/Hermite n € Z, R™ eV

Wishart /Laguerre n € Z,,a > —1 R AB(a+])—1o=52
MANOVA /Jacobi n € Z,,a,b> —1 [0, 1] AZ(@+D=1(] _ )\)3 (411
Circular ne Ly (o)™ 1

Circular Jacobi nez,,0eC:R> —% (OD)" (1- ei9>5(1 e

Table 2: [-generalization of the classical models

The symmetrized version of (6, ..., 0,) is called the real orthogonal 5-ensemble (ROSE).
Precisely, ROSE is a family of distributions describing an even number of points on the
unit circle in a reflection symmetric configuration. If we parametrize the points as
{£ei, ... +e} with 6; € (0,7) then the joint density for (61,...,6,) is given by
(1.5).

For p-ensembles, it turns out that the global scaling limits for general # > 0 remain
the same as in the classical § = 1,2,4 cases, e.g. the empirical measure of Laguerre
B-ensembles and Gaussian [-ensembles are still governed by the Marchenko-Pastur law
and the Wigner semicircle law, respectively (see e.g. [21]). In the next section, we will
discuss the local scaling limits of S-ensembles, and in particular the random operator

approach that are used in the study of these local behaviors.

1.3 The random operator approach

In the classical § = 1,2,4 cases, the ensembles are integrable (exactly solvable) in the

sense that the local behavior (e.g. the joint intensity functions) of the eigenvalues can



11

be explicitly described. However, the tools developed by Dyson, Gaudin and Mehta
can not be adapted for general § > 0. This is due to the lack of the determinantal
structure presented in the classical case. One particularly fruitful approach to study the
asymptotic behavior of S-ensembles (especially on a microscopic level) is via random
differential operators.

The random operator approach can be traced back to the work of Dumitriu and
Edelman [17], where the authors constructed two families of tridiagonal matrix models
whose eigenvalues obey Gaussian (-ensemble and Laguerre [-ensemble, respectively.
Take the Gaussian S-ensemble as an example, the matrix models introduced in [17] is

as follows:

bn—2 Ap—1 bn—l

b1 an
where the entries {a;,b;,1 < i <n,1 <j <n— 1} are independent, a; ~ N(0,2) has
normal distribution with mean 0 and variance 2, and b; ~ xgn—i) has chi distribution
with B(n — i) degrees of freedom. Sparse matrix models for circular S-ensemble and
Jacobi f-ensemble are studied and constructed in [33] using Verblunsky coefficients, a
main ingredient of understanding the orthogonal polynomials on the unit circle.

To study the local scaling limit of the spectrum, that is, to find the asymptotic limits
of the rescaled (and possibly recentered) spectrum, Edelman and Sutton [19] presented
heuristics that the scaled tridiagonal matrices can be treated as the discrete versions

of certain random second order differential operators, and that they should converge to
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these operators. They set up conjectures for the form of the limiting operators.

The arguments of [19] have been made rigorous by Ramirez, Rider, and Virag [51],
and Ramirez and Rider [48] for the soft edge limit and the hard edge limit, respectively.
In the soft edge case, if A,, denotes the set of eigenvalues of the tridiagonal matrix model
H, s as defined in (1.6), then it was proved in [51] that n'/(2\/n — A,)) converges in
distribution to the stochastic Airy process, which we will denote as Airys. In the hard
edge case, Ramirez and Rider [48] considered the bottom of the spectrum of Laguerre
pB-ensemble with parameters a,, = a. Then under appropriate rescaling, the smallest
eigenvalues of Laguerre [-ensemble converge in distribution to the stochastic Bessel
process indexed by 5 > 0,a > —1, denoted as Besselg,. It has also been shown in
[51] and [48] that both processes Airy; and Besselg, can be characterized as spectra of
certain random differential operators. Note that though the k-point correlation functions
of the Airy, and Besselg, processes were unknown (unlike the classical § = 1,2,4
cases), the limit processes can be described by their counting functions, which tells
the distribution of the number of points in every interval. We further remark that
the limiting random differential operators constructed in [51] and [48] are second order
Sturm-Liouville operators acting on certain subsets of L? functions, see Section 2.1 and
Section 3.1 below for more details.

Centering in the bulk of the spectrum, the local scaling limit was derived by Valké
and Virag [62] for the Gaussian [-ensemble. Killip and Stoiciu [34] provided a related
but different description of the point process limit for the circular S-ensemble. In the

Gaussian case, if A,, denotes the size n Gaussian S-ensemble (set of eigenvalues of H, 3
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defined in (1.6)), then it was proved in [62] that for all E' € (—2,2) we have

pse(E)v/n(A, — Ev/n) = Sineg,

where the limiting point process Sineg dependents on 5 and generalizes the Sine, process
(when f = 2). In [62], the authors provided descriptions of the Sineg process via
its counting function (which are related to a coupled system of stochastic differential
equations), and also via the so-called Brownian carousel. In the case of the circular -
ensemble; the limiting process was characterized by its counting function via a different
coupled system of stochastic differential equations [34]. Later it was proved in [44, 64]
that the two descriptions are equivalent, and the Sineg process can be characterized as
the spectrum of a first order random Dirac operator acting on two-dimensional vector
valued functions. We will give the precise definition of the considered Dirac operators in
Sections 2.2.1 and 4.1 below. For now, we would like to remark that the authors in [64]
also provided similar operator representations for a variation of the Bessels, process,
finite unitary or orthogonal ensembles and their limits. These operators constructed in
[64] are parametrized by a path in the upper half plane H = {z : Sz > 0} and two points
on the boundary 0H.

Specifically, for finitely supported probability measures on the unit circle, [64] showed
that the Szegd recursion of the normalized orthogonal polynomials (the analogue of
the three-term recursion for real orthogonal polynomials) can be translated into an
eigenvalue problem for a Dirac operator with piecewise constant path. The path of the
associated Dirac operator is built from the Verblunsky coefficients, the main ingredient
of the Szegd recursion, see e.g. [57]. The spectrum of the constructed Dirac operator is

the periodic lifting of the angles corresponding to the support of the probability measure.
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Let us also mention that the point process scaling limits for S-ensembles have been
shown to be universal for a wide class of [-ensembles, see [9, 8, 35, 54]. Moreover,
the last two results also show universality on the level of random operators near the
edge. To end the introductory part of S-ensembles, we note that the random differential
operator descriptions are novel even at the classical 5 = 1,2,4 cases. Using oscillation
theory from differential equations, one can describe the limit point processes via their
counting functions. These counting functions are related to coupled systems of stochastic
differential equations. This representation provides access to various properties of the
limit objects (e.g. large gap probability, tail asymptotics) simultaneously for all values

of 3 using techniques from stochastic analysis.

1.4 Summary of the main results

The main results of this thesis can be divided into three parts. Chapter 3 proves the
operator level hard-to-soft edge transition for S-ensembles. In Chapter 4 we study the
point process limits of the circular Jacobi S-ensembles and provide several descriptions
of the limiting objects. In Chapter 5, we prove various properties of the limiting objects
proved in Chapter 4. Chapter 3 relies on the joint work with Laure Dumaz and Benedek
Valké [16]. Chapter 4 is a modified version of a submitted paper [37], which is joint with
Benedek Valké. The results of Chapter 5 are announced without proofs in [37].
Consider the bottom of the spectra of a sequence of Laguerre S-ensemble (as defined
in (1.3)). Depending on whether the parameter a,, = a or liminf, ,. a,/n > 0 it has
been proved in [48, 51] that we get the convergence of (rescaled and possibly recentered)

Laguerre -ensemble to the Besselg, process and the Airyg process, respectively. It is
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expected that the regime when a,, = o(n) and lim, a,, = oo should also fall into the
case of the soft edge (which will give the soft edge limit near the hard edge), but this
statement has not been fully proved yet.

However, if working directly with the limiting point processes without considering
the finite ensembles, one can obtain the soft edge process as a scaling limit by tuning
the parameter of the hard edge process [6, 48, 50]. In Chapter 3, we prove that this
limit can be realized on the level of the corresponding random operators. More precisely,
the random operators can be coupled in a way so that the scaled versions of the hard
edge operators converge to the soft edge operator a.s. in the norm resolvent sense. See
Section 2.1 and Chapter 3 below for more details.

In Chapter 4, we study various limits of the circular Jacobi S-ensemble. The finite
n ensemble can be viewed as a one parameter generalization of circular [-ensemble,
see Table 2 for the precise definition. Using the Dirac differential operator framework
introduced in [64] and [65], we prove an operator level limit for the circular Jacobi f-
ensemble. The convergence is strong enough so that the convergence of the eigenangles
follows. More precisely, if A, 55 denotes the size n circular Jacobi S-ensemble indexed
by ¢, then nA,, 35 converges in distribution to the limiting point process HP g ; indexed
by 3,6. The limiting point process HPz ;s can be characterized as the spectrum of a
Dirac differential operator, and can be viewed as a one parameter generalization of the
Sineg process (when § = 0). We also show in Chapter 4 that the normalized characteris-
tic polynomials converge to a random analytic function. Moreover, we provided several
equivalent descriptions of the limiting objects. Using the same operator theoretic frame-
work, we provide analogous results for the real orthogonal S-ensemble. See Section 2.2

and Chapter 4 for more details.
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In Chapter 5, we prove several results on the HPg s process. Specifically, we prove
the asymptotics of large gap probabilities (probabilities of having no eigenvalues in large
intervals) of the HPg s process, a process level transition from the HPg 5 process to the
Sineg process, and a Central Limit Theorem for the counting function of the HPpgs

process. We refer to Section 2.3 for the precise statements and Chapter 5 for the proofs.
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Chapter 2

Results

2.1 Operator level hard-to-soft transition for

f-ensembles

We start this section with reviewing the local scaling limits of -ensembles. In particular,
in Section 2.1.1 we will use the Laguerre -ensemble as an example to illustrate the two
different type of behaviors at the edge of the spectrum of certain -ensembles: the soft
edge behavior and the hard edge behavior.

In Section 2.1.2 we will define precisely the hard-to-soft edge transition for S-ensembles

and state our main result.

2.1.1 Limits of S-ensembles at the edge

Recall that the size n Laguerre [-ensemble is a two-parameter family of distributions
on R with density function (1.3). The global picture of Laguerre S-ensemble is still
governed by the Marchenko-Pastur limit law in the case when n+ a,, is of the same order
of n. More precisely, fix § > 0 and let a,, > —1 be a sequence such that lim,, . e =

v € (0,1] exists. Denote by Agapn = (Ans A2n, -« -5 Ann) & size n Laguerre [-ensemble

with parameter a,,. Then the rescaled empirical spectral measure v, := %Zzzl ) Neon /1
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converges in distribution a.s. to the Marchenko-Pastur law (1.2), see e.g. [39, 21].

The microscopic behavior of the Laguerre ensemble can be described by the large n
limit of the point process ¢, (A, g4, — dn) Where d,, is the centering point and ¢, is the
appropriate scaling parameter. From now on, we will focus on the lower edge behavior
i.e. the case d,, ;== b_. (See [31] and [51] for the bulk and upper edge behavior.)

The distribution of the limiting point process depends on the asymptotic behavior
of the sequence a,,. If a, = a > —1 does not depend on n, then Ramirez and Rider [48]
showed that the scaling limit of nA, g, exists, and gave an explicit description of the

limiting point process. This is called the hard edge scaling limit.

Theorem 2.1 (Hard edge limit of the Laguerre ensemble, [48]). Fiz > 0 and a > —1,
and let A, g, be a size n Laguerre $-ensemble with parameter a. Then the sequence
nlA\, g, converges in distribution to a point process Besselg, as n — oo. The Besselg,
process has the same distribution as the a.s. discrete spectrum of the random differential

operator

1 d 1 d
1 d d. 2.1
Bs.a m(z) dx (s(x) dx ) ’ (2.1)
m(z) =my(x) = e~ (@t D= J5Ba@) s(x) = s.(x) = et 7aBa@) (2.2)

Here B, is a standard Brownian motion, and the operator &4, is defined on a subset of
L*(Ry,m) with Dirichlet boundary condition at 0 and Neumann boundary condition at

nfinity.

We will come back to the precise definition of 3, in Section 3.1. Let us just mention
that since the functions s, m are a.s. continuous, this differential operator fits into the

framework of classical Sturm-Liouville operators.
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If the sequence a,,n > 1 goes to infinity with at least a constant speed then the
Marchenko-Pastur theorem and the expression of the limiting measure (1.2) suggest a
different scaling than the one seen in the hard edge case. This is called the soft edge
scaling limit. The description of the limiting point process follows from the work of

Ramirez, Rider, and Virag [51].

Theorem 2.2 (Soft edge limit, [51]). Fiz 8 > 0 and suppose that the sequence a,,n > 1
satisfies liminf,, o a,/n > 0. Then there is a point process Airyg so that the following

limit in distribution holds as n — 00:

((n+ an)n)"/*

(Vi + an — /)"

(Angan — (W +an —/n)?) = Airyg .

The point process Airyg has the same distribution as the a.s. discrete spectrum of the

random differential operator

As = _+ +z+ lB’ (2.3)
da? VB

defined on a subset of L*(R,) with Dirichlet boundary conditions at 0. Here B’ is the

standard white noise on R .

The precise definition of the operator Az will be discussed in Section 3.1. Note that
a priori it is not even clear that the operator Ag is well-defined, due to the irregularity

of the white noise term in the potential.

Remark 2.3. In [51], the authors actually proved the soft edge scaling limit near the
upper edge d,, := b, for the Laguerre 3-ensemble, but the proof can be easily adapted to
the lower edge d, := by, under the assumption that liminfa,/n > 0. They also proved

the soft edge limit for the Gaussian B-ensemble. In particular, if A, g denotes a size n
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Gaussian [-ensemble, then

n'/%(2v/n — A ) = Airyg .

2.1.2 Hard-to soft transition

It is natural to conjecture that the condition liminf,, ., a,/n > 0 in Theorem 2.2 could
be relaxed to lim,,_, @, = 00, but the tools developed in [51] do not seem to be sufficient
to prove this. (See however [13] for the treatment of the case § = 2, a,, = ¢y/n, where
the appropriate limit is proved using the determinantal structure present at f = 2.)
This conjecture, together with a diagonal argument, would imply the following point

process level transition from the Besselg, process to Airyg:
a~3(Besselg oq —a%) = Airyy, as a — 00. (2.4)

See [62] for a similar diagonal argument for the transition between the soft edge and the
bulk limiting processes.

The process level limit (2.4) is called hard to soft edge transition. It can be analyzed
without considering the finite n ensembles, working directly with the limiting point
processes appearing in the statement. This transition was first proved in [6] for § = 2
using again the determinantal structure present in this case. For general § > 0, Ramirez
and Rider [48] proved the scaling limit for the first point of the respective point processes.
This result was extended in [50] to a full process level limit.

In light of Theorems 2.1 and 2.2, the statement of (2.4) can be rewritten using the

operators &g, and Ag as

a_4/3(spec(65,2a) — a2) = spec(Ag),
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where spec(Q)) denotes the spectrum of the operator ). It is natural to ask whether it
is possible to prove the corresponding limit on the level of the operators. This is the
main result of Chapter 3. Theorem 2.4 below shows that one can realize the operator
level limit as an a.s. limit with an appropriate coupling between the Brownian motion
B, of the Bessel operator (2.1) and the white noise B’ of the Airy operator (2.3).

To describe our coupling, we introduce a simple transformation of &3 4,. For a > 0

let 8, be the ‘stretching’ transformation defined via

(0af) () = f(a*x), (2.5)

and define the following transform of the hard-edge operator corresponding to 2a:
Gaa =0, (M Bg20ms, ") b, (2.6)

where m(-) is defined in (2.2). As we will see in Section 3.1, Ggo, is a self-adjoint
operator with the same spectrum as &g 5,, and the operators Ay and (G, — a?) ™" are
Hilbert-Schmidt integral operators acting on the same space of L?*(R,) functions. Our

main result in Chapter 3 is the following.

Theorem 2.4 (Operator level hard-to-soft transition). Let B’ be white noise on Ry and
let B be a Brownian motion defined as B(z) := [\ B'(y)dy. Set Ba,(x) = a~'/*B(a**x)
for a > 0. Consider Az defined as (2.3) using the white noise B', and Ggp 2, defined with
the Brownian motion By, via (2.1) and (2.6) for a > 0. Then a**(Ggq — a®)™' — A5

a.s. i Hilbert-Schmidt norm as a — 00.

We expect that with a more careful application of our methods one could also get

estimates on the speed of convergence in our coupling. See Remark 3.20 in Section 3.5.



22

The theorem implies that a=*/3(Ggaq — a?) — Ag a.s. in norm resolvent sense from
which the process level transition a=*/3(spec(®324) — a?) = spec(Az), and therefore
the limit (2.4) follows. The coupling of the operators produces a coupling of the point
processes in a way that almost surely the points in the scaled hard edge processes
converge to the points in the soft edge point process. More precisely, a version of the
Hoffman-Wielandt inequality (see e.g. [3]) shows that if we denote the ordered points in
the scaled hard edge process a=*/3(Besselg o, —a?) by 24,k > 0, and the ones in the

soft edge process Airyz by Ag, k& > 0, then in the coupling of Theorem 2.4 we have a.s.

2

1 12 _
CLILIEOZ’)\ )\Ma =0.

Moreover, as the spectrum of the operators are discrete, and each eigenvalue has mul-
tiplicity 1, the a.s. norm resolvent convergence also implies the a.s. convergence of the
respective normalized eigenfunctions in L2

The proof of Theorem 2.4 will be given in Chapter 3.

2.2 Limits of the circular Jacobi S-ensemble

In this section, we will first review the bulk scaling limit of S-ensembles, and intro-
duce the random Dirac differential operators. Then we will explain the point process

convergence of the circular Jacobi S-ensemble under the Dirac operator framework.

2.2.1 Limits of S-ensembles in the bulk

The bulk limit refers to the case when the reference point d, is chosen inside of the

spectrum. Recall that in the GUE case, after appropriate centering and rescaling, we
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obtain the Siney process in the limit. Under the same scaling, the point process limit
of Gaussian [-ensemble was derived by Valké and Virdg [62] for the general § > 0
case. Due to the lack of the determinantal algebraic structure, the Sineg process is not
characterized by its k-point correlation function, but by its counting function instead.
Roughly speaking, the counting function of Sineg tells the number of points in the
limiting process for all intervals, and can be analyzed by solving a coupled system of
stochastic differential equations.

In Killip and Stoiciu [34], the authors studied the scaling limits of circular -ensemble.
If A, is the finite point process with joint distribution (1.4), then nA,, converges in
distribution to a limiting point process, whose counting function can be described with
a related but different stochastic differential equation system. Later it was proved in
[44, 64] that the two descriptions are equivalent. Moreover, the Sines process can be
characterized as the spectrum of a first order differential operator acting on functions

f:00,1) — R%

Theorem 2.5. Consider the differential operator of the form
0
Sineg : f — 2R;! '), f:00,1) — R?

where Ry, t € [0,1) is a positive definite matriz built from a hyperbolic Brownian motion
(see (2.7) below for the construction). Then the operator Sineg is self-adjoint on an

appropriately defined domain, and its spectrum is given by the Sineg process.

The operators of this form are often called Dirac operators, see Section 4.1 below for
more details. [64] also showed that a number of random matrix models (and their limits)

can be represented using random Dirac differential operators. The ingredients to define
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a Dirac operator are a generating path z + iy : [0,1) — H = {z € C : Sz > 0}, and
two non-zero, non-parallel vectors u;,u; € R%. Then we consider differential operators

of the form

0 -1 1 1 —T
7 f = R7Y1) 1, f:[0,1) — R? R=—
10 2y

(2.7)
—x 2?42

In Theorem 2.5, the generating path of the Sineg operator is a time-changed hyperbolic
Brownian motion in H satisfying (x+1iy)(t) = (5—1—@)(—% log(1—t)) for t € [0,1), where

T + 1y is the solution of the SDE
dr = ydB,, dy=ydBs, z(0) =0,y(0) =1,

where By, By are independent Brownian motions. It has also been shown in [64] that
under some mild conditions on the triple (z + iy, uq, us), the associated Dirac operator
is self-adjoint with pure point spectrum, and its inverse is a Hilbert-Schmidt integral
operator with explicit kernel.

Using the theory of orthogonal polynomials on the unit circle (see e.g. [57]), the
authors in [64] provided Dirac operator representations for finite unitary matrices. The
idea was that for finitely supported probability measures on the unit circle, the Szegd
recursion of the normalized orthogonal polynomials can be translated into the eigenvalue
equation for a Dirac operator with piecewise constant path. The path can be constructed
from the so-called modified Verblunsky coefficients appearing in the Szegé recursion.

The main goal of Chapter 4 is to understand the local scaling limit of circular Jacobi
[B-ensemble, using the Dirac operator theoretic framework. The main results in Chapter

4 are summarized in the next section.



25
2.2.2 Limits of the circular Jacobi S-ensemble

For a given integer n > 1, f > 0, and 6 € C with Ré > —1/2 the size n circular Jacobi
B-ensemble (CJSE) with parameters (3,6 is the joint distribution of n distinct points
{e?r, ... e} with §; € [—m,m), where the joint density function of the angles 6; is
given by

. 1 , ) " . )
P50, 00) = —— [ | — ™" T[(1 = e )1 — ™), 0; € [~m,m).
k=1

n?ﬁvs ]<kSTL

(2.8)
Here fo 5.5 18 an explicitly computable normalizing constant (see e.g. Section 4.1 of [21]).
We write A,, ~ ClJ, 35 to denote that the random set A,, = {6,...,6,} has joint
density given by (2.8). This family of distributions extends several other named ensem-
bles. For 8 = 2 the distribution was studied by Hua [30] and Pickrell [45], and is known
as the Hua-Pickrell measure in the literature. The local scaling limit of the angles was
derived in [23] using the determinantal structure present in this case. For 6 = 0 the dis-
tribution recovers CSE, where the scaling limit was given by the Sineg process [34],[64],
see the discussions in Section 2.2.1 above. When g = 2 and § = 0 we get the circular
unitary ensemble, which gives the joint eigenvalue distribution of an n x n Haar unitary
matrix. For k € Z, with § = % the measure given by (2.8) can also be realized as a
conditioned version of the size n+ k circular S-ensemble, conditioned to have k points at
1 (i.e. 8 =0). See [7], [23], Section 3.12 of [21], and the references within for additional
information about the ensemble.
In [10] the authors constructed matrix models for CJSE and described explicitly
the distribution of the modified Verblunsky coefficients. These constructions lead to

the random Dirac operators CJ, g5, whose spectrum is the periodic extension of CJ,, 54
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with an extra magnification by n. Under the appropriate scaling, the piecewise con-
stant paths associated to the random operators CJ, g5 converge to the time-changed
hyperbolic Brownian motion with drift. As shown in [64], one can construct random dif-
ferential operators in terms of the limiting diffusion. Denote the limiting operator and its
spectrum by HPg 5 and HPg 5, respectively (note that HPg o = Sineg and HPg o = Sineg).

Our main result in Chapter 4 is the following operator level convergence.

Theorem 2.6. Fiz > 0 and R > —1/2. Then there is a coupling of the random
operators CJ,, g5,n > 1 and HPg 5 so that CJ,, 35 converges to HPg 5 a.s. in norm resolvent
sense as n — oo. In particular, if A, g5 ~ CIBE, with parameter 6 then nA\,zs; =
HPgs. In this coupling the normalized characteristic polynomial of A, pgs converges
a.s. uniformly on compacts to a random analytic function constructed from the HPg

operator, which we denote as (f;.

The limit objects are interesting on their own. In Chapter 4, we also characterize
the HPg s process via its counting function, and derive various characterizations of the

limiting random analytic function.

Theorem 2.7. Fiz > 0 and R6 > —1/2, and let Z be a standard complex Brownian
motion. Then the counting function N(-) of the HPg s process has the same distribution
as the right continuous version of the function A — lim;_ a;—ff), where a, solves the

coupled system of SDE
doy = )ée‘itdt + R [(e7" = 1)(dZ — iddt)] a(0) = 0. (2.9)

The limiting analytic function Cgf} can be characterized through its Taylor coefficients
at 0 given in terms of certain stochastic differential equation, and as the solution of a

stochastic differential equation system.
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Using the same strategy, we also study the point process limit of real orthogonal [3-
ensemble (ROBE), which is a finite point processes on the unit circle, see the discussion
around Table 2. The ensemble was introduced in [33] and [32] as a generalization of
the joint eigenvalue distributions of some of the classical ensembles on the orthogonal
and special orthogonal group of matrices. E.g. with =2, a =0 = % — 1, we get the
joint eigenvalue distribution of a 2n x 2n special orthogonal matrix chosen according
to Haar measure on SO(2n). We write Ay, ~ ROay, 545 to denote that the random set
Ay, = {=£0y,...,£0,} has a distribution determined by the joint density given by (1.5).

The distribution of the modified Verblunsky coefficients of ROSE were described
explicitly in [33, 32]. These coefficients can be used to construct the random Dirac
operators ROy, g 4.5, Whose spectrum is the periodic extension of ROg, g, With an extra
magnification by 2n. Under the appropriate scaling, the piecewise constant driving
paths associated to the random operators ROy, 5 4,5 converge to the exponential Brownian
motion on the imaginary axis with drift, which can be used to construct the limiting
operator [64]. Denote the limiting operator and its spectrum by Bessg, and Bessg,.

Then we have the following operator level convergence.

Theorem 2.8. Fiz f > 0 and a,b > —1. Then there is a coupling of the random
operators R0z, g.qp,n > 1 and Bessg, so that RO, 8,4, cOnverges to Bessg, a.s. in norm
resolvent sense as n — oo. In particular, if Nopgap ~ ROopgap then 2nho, gap =
Bessg.q-

In this coupling the normalized characteristic polynomial of Aoy, g o converges a.s. uni-
formly on compacts to Cga, a random analytic function constructed from the Bessg,
operator. The function Cga can be described through its Taylor expansion at 0, and as

the solution of a stochastic differential equation system.
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The proofs of Theorems 2.6, 2.7, and 2.8 will be provided in Chapter 4.

2.3 Additional results on the HPgs process

The third part of this thesis consists of several results on the limiting process HPg s
introduced in Theorem 2.6. The starting point is the diffusion description given in The-
orem 2.7. This representation provides access to various properties of the limit process
(e.g. large gap probability, a process level transition, and a Central Limit Theorem)
using techniques from stochastic analysis.

We start with the large gap probability. For 8 > 0,6 € C with R§ > —1/2, denote

the gap probability
GAP\, = P(HP3,sN[0,\ = 0), A> 0.
Then Theorem 2.7 allows us to write the gap probability as
GAP, =P (tlg?o ay(t) = 0) .

The problem boils down to understand the asymptotic expansion of the probability of
the process a, converges to 0. Following the work of Valké and Virdg [63] on the large
gap probability of the Sineg process, the argument involves estimating the Cameron-
Martin-Girsanov term (the Radon-Nikodym derivative) of a suitably chosen change of
variable. In Section 5.1 we will present the construction of such a change of measure,

and prove the following asymptotic expansion of GAPy as A — .

Theorem 2.9. As A — oo, we have

GAP\ = (kg + 0(1))A\7%% exp (—%)\2 + (é - -+ %%5) )\) :
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where

1 2 2
’73,521<§+B—3> —?)?54-5%(54‘52)'

Using the diffusion description (2.9), we are also able to show a process level transition
from the HPg 5 process to the Sineg process, and a Central Limit Theorem of the counting
function of the HPg 5 process. The proofs rely on the techniques introduced in Holcomb
[26], where the author considered similar results for the square root of the hard edge

process (constant multiple of the Bessg, process).

Theorem 2.10. Fiz > 0 and § € C with RS > —1/2. Then as A — oo, we have
(Hpﬁ,g —)\) = Sineg .

Let N(-) be the counting function of the HPg s process, as X — oo we have

LN = ) = N0, %),

2

where N (u, 0?) is the mean u, variance o* normal distribution.

The proofs of Theorems 2.9 and 2.10 will be presented in Chapter 5.
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Chapter 3

Operator level hard-to-soft

transition for S-ensembles

The content of this chapter is joint work with Laure Dumaz and Benedek Valké and is

a modified version of an published article [16].

The structure of the rest of the chapter is as follows. In Section 3.1 we show how one
can describe the appearing differential operators using the generalized Sturm-Liouville
theory, show that Agl and (Gpa, — a*)~! are Hilbert-Schmidt integral operators, and
describe their kernels in terms of certain diffusions. Section 3.2 outlines the main steps
of the proof of the main Theorem 2.4. Our proof uses the approximation of the inte-
gral operators by their truncated version. We state the convergences of the truncated
operators towards their full operator as well as the convergence of the truncated hard
edge integral operators to the truncated soft edge integral operator in several lemmas
whose proofs are postponed to later sections. Section 3.3 estimates the truncation er-
ror of the soft edge integral operator. Section 3.4 shows that the truncated hard edge
integral operators converge to the truncated soft edge integral operator by proving that
the integral kernels converge uniformly on compacts with probability one. Section 3.5
describes the asymptotic behavior of the diffusions connected to the operator Gg s, and

provides the results needed to estimate the truncation error for the hard edge integral
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operators. Finally, the final section gathers the proof of some technical lemmas needed

for the results of Sections 3.3 and 3.5.

3.1 The operators Az and &3, as generalized Sturm-
Liouville operators

This section briefly introduces the background for the differential operators appearing
in this work, and shows how it can be used to describe the random differential operators
®5,24; Gg 24, Ag and their inverses. We use the classical theory discussed in [67] and

Chapter 9 of [60].

3.1.1 Generalized Sturm-Liouville operators

We consider generalized Sturm-Liouville (S-L) operators of the form

Tu(r) = Tlx) (=(pr(2)u(x) = qo(z)u(x))" = qo(@)u'(z) + po(x)u(z)),  (3.1)

where u is a real valued function on [0, L] for some L > 0 or on R, (which we consider
to be the L = oo case in the following). We assume that the real functions pg, p1, qo,
are continuous on [0, 00) and r(x), p1(x) > 0 for > 0.

The operation 7u is well-defined if both u and p;u’ — gou are absolutely continuous on
[0, L]. From the standard theory of differential equations we have that for any A € C the
differential equation 7u = Au has a unique differentiable solution on [0, L] with initial
conditions u(0) = co,u'(0) = ¢;. We note that if fi, fo are both solutions of 7f = Af
then integration by parts shows that the Wronskian p;(f1f5 — f{f2) is constant on R,.

We consider differential operators satisfying the following three assumptions:
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(A1) The solution uq of the equation 7ug = 0 with Dirichlet initial condition uq(0) = 0,

uy(0) = 1is not in L2(Ry,7), i.e. [;° ui(a)r(z)de = .

(A2) There is a unique solution us of the equation Tu, = 0, with initial condition

Uso(0) = 1 that is in L2(R,, 7).

(A3) With ug, uss defined from (A1), (A2), we have [ [ uoo () ua(y)?r(x)r(y) dydx <

Q.

Under these assumptions, the operator 7 can be made self-adjoint on an appropriate

subset of L?([0, L],r) or L*(Ry,r). We introduce
Dy = {ue L*([0,L],7) : Tu € L*([0, L], 7), u,p1’ — gou € AC([0, L]) },

and we drop the subscript L for L = oo. Here AC([0,L]) is the set of absolutely
continuous real functions on [0, L].

The continuity of the functions pg, p1, go and r implies that the operator 7 is regular
at 0 and at any finite L and therefore is limit circle at those points. The condition
(A1) implies that the operator 7 is limit point at +o0o thanks to the Weyl’s alternative
theorem. Conditions (A2) and (A3) ensure that the inverse and the resolvent are Hilbert
Schmidt operators.

The following propositions summarize the basic properties of generalized Sturm-

Liouville differential operators satisfying conditions (A1)-(A3).

Proposition 3.1 (Self-adjoint version of 7). Assume that 7 is of the form (3.1) and
that it satisfies the condition (A1-A8), and let L € (0,00]. Then there is a self-adjoint

version of the operator on [0, L] with Dirichlet boundary conditions on the domain

DL,O = DL N {U : U(O) = 07U(L) = O},
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where the end condition u(L) = 0 is dropped in the case L = oco. We denote this

self-adjoint operator by Tr,.

Proposition 3.2 (Inverse as an integral operator). Consider the operator T, from Propo-
sition 3.1. If L is finite then assume that ug(L) # 0 (i.e. that 0 is not an eigen-
value of 71). Then the inverse 7. ' is an integral operator of the form ;' f(x) =

S KO (@, y) f(y)r(y)dy on LX([0, L], 7) with

KW (z,y) =

o 0) (ur(z)ua(y)L(z = y) + ua(z)ur(y)l(z < y)). (3.2)

Here ugq is defined in (A1). If L = oo then uy, is us from (A2), and in the case L < oo
the function uy, is defined as the solution of Tur, = 0 with ur(0) = 1,ur(L) = 0. The
inverse operator TL_I is a Hilbert-Schmidt operator in L*([0, L], r), and it has a bounded

pure point spectrum.

Proposition 3.3 (Resolvent as an integral operator). Consider 1y, from Proposition 3.1,
and assume that a given X\ € R is not an eigenvalue of 7. Then the resolvent (17, — \) ™
is a Hilbert-Schmidt integral operator of the same form as K from (8.2), where now
uq, ur, are the appropriate solutions of Tu = \u with the respective boundary conditions.

For L = oo the function uy, = us is the unique solution of Tus = Mo With U (0) =1

and uy € L2(Ry, 7).

The proofs of these propositions follow from the theory of Sturm-Liouville operators.
Again, we refer to the monograph [67]. Note that the classical theory (when gy = 0) is
treated in a self-contained way in Chapter 9 of [60] (see in particular Theorems 9.6 and

9.7).
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3.1.2 Bessel and Airy operators as generalized S-L operators

The operators &g ,, Gga,, and Ag can be represented as a generalized Sturm-Liouville
operators for which Assumptions (A1-A3) are satisfied, and hence the appropriate re-
solvents are a.s. Hilbert-Schmidt integral operators. We summarize the relevant results

in the propositions below.

Proposition 3.4 (&4 4, as a Sturm-Liouville operator). The operator &34, is a Sturm-
Liouwville operator of the form (3.1) with r = mag, p1 = S5, , Po = qo = 0. The operator
satisfies the conditions (A1-A8) with probability one if a > 1/2.

If ¢ solves the equation Gga,¢ = A with deterministic initial conditions ¢(0) = co,
¢'(0) = ¢ then (¢, ') is the unique strong solution of the stochastic differential equation

system

do(z) = ¢'(zv)dz, do'(x) = \/quy(x)dea(x) + ((2@ + %)gb'(x) — Ae_ﬂcgb(x)) dz, (3.3)
with the corresponding initial conditions.

Proof. The fact that &3 9, is a Sturm-Liouville operator is contained in the statement of
Theorem 2.1, the statement about the solution of the eigenvalue equation can be checked
with It6’s formula (see [48]). As explained in [49], the Neumann boundary condition for
g9, at 0o for a > 0 can be dropped. The SDE (3.3) satisfies the usual conditions for
existence and uniqueness, so (¢, ¢') is a well-defined process for all times.

We only need to check that the conditions (A1-A3) are satisfied for a > 1/2. This
can be done directly using the a.s. sublinear growth of the Brownian motion by noting

that ua(z) = [ s2a(y)dy and ue(z) = 1. =
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Proposition 3.5 (Integral kernel for (Ggz,—a2)™). For a givena > 1/2, let 95 be the
unique strong solution of (5.3) with A\ = a* and initial conditions ¢(0) = 0, ¢'(0) = 1.
Let &, be the event that a® is not an eigenvalue of Bga,. Denote by ¢ff;l) the unique
solution of (’557a¢§ia) = 2627 with ¢ga)(0) =1 and 2 € LA(R.,may), this exists on
E.. Then on the event &, the operator a4/3(G5,2a — a?)7 is a Hilbert-Schmidt integral

operator in L*(R,) with integral kernel

Keoa(z,y) = éoo(:c)éd(y)l(x > )+ &d(iwéoo(y)l(:[ <y),

da(z) = a®Pmyl* (@ z) 5" (a1 x), Do (@) = mi*(a™2P2)p 2 (a *Pz). (3.4)

[e.9]

On the event &, the operator a**(Gp o, — a?)~! has a bounded pure point spectrum that

is the same as the spectrum of a*/3(® g9, — a?)7L.

Proof. By Proposition 3.3, the function gbfﬁf‘) is well-defined on &,, and the operator

(G52, — a®) ! is Hilbert-Schmidt on L*(R, my,) with integral kernel

Ke2a(2,y) = 629 (2)65" (9)1(x > y) + 67 (1)L (y)1(x < y).

Recalling the definition of Gg ., from (2.6) we get that a*/?(Gga, — a?)7! is a Hilbert-

Schmidt integral operator on L?(R,) with kernel
Koaalr,y) = a¥*my(a=*0) Ko gu(a™ 2, a™ ) myl* (™),
from which the proposition follows. O

Note that for any fixed a > 1/2, the event &, has a probability 1, see Remark 3.25.
Later, in Corollary 3.18 in Section 3.5 we show that in our coupling if a is large enough

then a? is not an eigenvalue for g 4,.
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Proposition 3.6 (The operator Ag as a generalized S-L operator). The operator Ag is
a generalized Sturm-Liouville operator of the form (3.1) with r(z) = p1(x) =1, qo(z) =
\%B(x), po(z) = x. The operator satisfies the conditions (A1-A3) with probability one.

If ¥ solves the equation Agp = 0 with deterministic initial conditions ¥(0) = co,

P'(0) = ¢, (co,c1) # (0,0), then (1,4 is the strong solution of the SDE system

dp(z) = o' (x)de, 4 (z) = ¥(@) (%BdB + xdx) , (3.5)

which is well defined for all times, and satisfies

V()
U(x)Vz

A.s. 0 1is not an eigenvalue of Ag, and the operator Agl is a Hilbert-Schmidt integral

—1 as. asx — 0. (3.6)

operator with kernel

Ka(z,y) = ¥oo(@)¥a(y)1(z > y) + ta(2) s (y) 1z < y). (3.7)

Here 1pq is the solution of Agyp = 0 with initial condition 1q(0) = 0, ¥4(0) = 1, and

oo € L*(Ry) is the unique function satisfying Asthe = 0, 15(0) = 1 (see Figure 3).

Proof. The fact that the soft-edge operator Airys can be represented as a generalized
Sturm-Liouville operator of the form (3.1) with the listed coefficients was shown in [5]
(see also [43]). The SDE representation of the solutions of Agy) = 0 with a deterministic
initial condition is shown in [51]. Since the SDE (3.5) satisfies the usual conditions
of existence and uniqueness for SDEs, the solution is well defined for all times. The
asymptotics (3.6) was stated without proof in [51], we include a proof of this statement
in Proposition 3.11 in Section 3.6.1 below for completeness.

To check that the conditions (A1)-(A3) are satisfied we first observe that if 14 is the

solution of Agy) = 0 with Dirichlet initial condition then by (3.6) for any fixed € > 0 we
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have
e(2/3=0)s < Ya(z) < e2/3+9)2% o1 o large enough, (3.8)

hence 1q is not in L?(R,). This means that a.s. there can be at most one L*(R,)

solution of Agy) = 0 with initial condition ¥ (0) = 1. We will construct such a function

using gq.
Denote by z, the largest zero of g on R, , and let zy = 0 if such a zero does not

exists. Motivated by the Wronskian identity we introduce the function

bool) = () / " aly) 2y (3.9)

which is well defined for x > zy. One can check that 1, satisfies Ag)so = 0 and the

Wronskian identity

Vo (@)a (1) — Yoo ()03 (2) = —1 (3.10)

for x > zp. Then, the function ¥ can be uniquely extended to R, as a solution of
Apyp = 0. This function satisfies (3.10) on R, hence it will satisfy 1o, (0) = 1.

Using (3.9) we see that for = > 2z, we have

and from (3.6) we get the bounds

Vi /0 D da(@)aly) e < C, 7 / " alw) a(y)ids < C, (3.11)

for some random C' < oco. Together with the bound (3.8) this is now sufficient to show

that ¢ is in L*(R,), and that

/Om / ol a(y)dy do < oo,
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By Propositions 3.2 and 3.6 it follows immediately that AEI is almost surely a Hilbert-

Schmidt integral operator with kernel given in (3.7). O

Ya/va

t— 4/t

Yoo/ Yoo

Figure 3: Representation of the log-derivatives of 1q and .

Remark 3.7. Using the identity (3.9) and the limit (3.6) one can show that ¥’ (z) /s (x) —
—V/x a.s. as x — 00, and that V() < e~ (2/3-e)a® for x large enough. This behavior

was also noted in [51]. See Figure 3 for an illustration for the behavior of ¥a, Yeo-
We record here the Wronskian identities for the appropriate operators:
Ya(@)V () — Ya(@)veo(@) = =1, ¢a(2)9(2) — a(2)Po(2) = —524(x). (3.12)

where we dropped the a-dependence in ¢ffa), @%a) to alleviate the notation. From the
second equation of (3.12) one can obtain the following analogue of the identity (3.9) for

the hard edge diffusions:

boe () = Gal2) / " baly) 2 ssaly)dy, (3.13)

if x is larger than the largest zero of ¢gq.
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Note that the functions g, ¢pq are diffusions with respect to the natural filtrations
of the Brownian motions B, Bs,. This is not the case for the functions 1., and ¢,
as the starting values of these processes depend on the o-field generated by the whole

Brownian motion B(t),¢ > 0. In particular, those functions are not Markovian.

3.2 Proof of Theorem 2.4

Proof of Theorem 2.4. In order to prove the theorem, we first need to show that in our

2 is not an eigenvalue of the operator Gg o, if a is large

coupling with probability one a
enough. This will be the content of Corollary 3.18 in Section 3.5: we will show that
there is an a.s. finite random variable C., such that the operator Gg 2, — a? is invertible
for all @ > C.,. In particular, this means that on the event {a > C.,} the operator

(Ggaa — a®)~t is a well-defined integral operator with kernel given in Proposition 3.5.

By the results of Section 3.1, to prove Theorem 2.4 we need to show that we have

lim / / |Ka(z,y) — Keaoa(z, )| dedy =0  a.s. (3.14)
a—00 0 0

We do this by approximating K and Kg 2, with the resolvent kernels of the appropriate
differential operators restricted to [0, L], with L > 0. We denote these operators by K /(xL)

and Kéfz)a. More specifically, set

K (2, y) = dr(2)ay)l(y < o < L) + a(@)s(y)l(z < y < L), (3.15)

where 17, which solves Agyp = 0 with boundary conditions 1 (0) = 1, ¢ (L) = 0. The
function v, is well-defined if 14(L) # 0.

Moreover, set

K8 (2,y) = du(2)da(®)1(y < 2 < L) + da(2)dr(y)1(x < y < L) (3.16)
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where

Oule) = my (a2 2) Byapsp (a7 o),
and ¢,-2/s; solves the equation &3,0 = a%¢ with ¢,—2/3(0) = 1, ¢,—2/3;(a"2/3L) = 0.
The function ¢, is well-defined if ¢pgq(a~23L) # 0. (Note that ¢ and ¢ depend on a as
well, which we do not denote.)

By the triangle inequality we have
L L L L
1Kn — Kooallz < | Ka — K |lo + 1K — Kl + [ Ko oa — KED, o

We will show that all three terms on the right will vanish in the limit if we let a — oo
and then L — oo along a particular sequence, this is the content of the Lemmas 3.8, 3.9
and 3.10 below. From these three lemmas, we deduce the convergence (3.14), and hence

Theorem 2.4 follows. O
More precisely, we will prove the following three lemmas.
Lemma 3.8 (Truncation of the Airy operator). ||Ka — KE\L)H% — 0 a.s. as L — oo.
Lemma 3.9 (Convergence of the truncated operators). For any fized L > 0 we have
||K£\L) - K(GLQ)aHg — 0 a.s. asa — 00.
Lemma 3.10 (Truncation of the Bessel operator). With probability 1, we have,

N (L) 12 _
Lh_r}rgo hgf;}p | K62 — KG,QaH% =0.

We prove Lemma 3.8 in Section 3.3 using the the asymptotics (3.8). The proof of
Lemma 3.9 is given in Section 3.4, we will show that for a fixed L < co the kernel Kég)a
converges uniformly to K A(\L) on [0, L]* as a — oo. Finally, the proof of Lemma 3.10 will
be given in Section 3.5, and it will rely on a careful analysis of the asymptotic behavior

of ¢,
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3.3 Truncation of the Airy operator

We analyze the solutions of the SDE (3.5) via the Riccati transform ﬁl((f)). Suppose
that 1,1’ is the strong solution of the SDE (3.5) with deterministic initial conditions
¥(0) = co, ¥'(0) = ¢1, (co,c1) # (0,0). Set X (t) = %, by It6’s formula X satisfies the

SDE
dX(t) = (t — X(t)*)dt + Z5dB(t), (3.17)

with initial condition X (0) = ¢;/¢o. The initial condition is oo if ¢g = 0, ¢; # 0. Note
that the diffusion blows up to —oo at the zeros of ¥, and it restarts at oo instantaneously
whenever this happens.

The drift in (3.17) vanishes on the parabola 2% = ¢, it is positive for |z| < v/#, and
negative for |z| > v/¢. This suggests that the asymptotic behavior of X () should be
V/t (since the branch » = —+/t is unstable), as stated in (3.6). The proposition below
proves this statement by providing quantitative bounds on | X (t) — v/#|. See Figure 4
for an illustration of the asymptotic behavior of X. Note that less precise asymptotic

bounds on X were also proved in [15] for the study of the small § limit.

Proposition 3.11. Let ¢, be the strong solution of (3.5) with deterministic initial

conditions ¥ (0) = co, V' (0) = ¢1, (co,c1) # (0,0). Let X(t) = w/((f)). Then there is an

<

a.s. finite random time T such that
X (t) —Vt| <t Y*Int, forallt>T. (3.18)

Our upper bound in (3.18) is not optimal. In fact by evaluating the error terms in
the proof given below it can be shown that t=1/4Int can be replaced with t=1/4/Int g(t)

for any positive function g(t) satisfying lim; ., g(t) = oo.
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c1/coe dPEhde

Critical parabola t — £/t

Figure 4: Schematic illustration of the asymptotic behavior of the diffusion X

The proof of Proposition 3.11 relies on the following two technical lemmas, whose

proofs are postponed to Section 3.6.1.

Lemma 3.12. Let X be a strong solution of the SDE (3.17). For a given s > 10 set
. = inf {t > s 1 )X () — Vi < WV 1nt}. (3.19)
Then o4 18 a.s. finite.

Lemma 3.13. For a given ty > 0,29 € R consider the solution X of the SDE (5.17) on

[to, 00) with initial condition X (ty) = x¢, and denote by Py, ., its distribution. Then

lim inf Py, 2o <|X(t) —Vt| <t™V4Int, for allt > t0> =1 (3.20)

b000 |5y — VVig|< Lty M Into

Lemma 3.12 shows that for any solution X of the SDE (3.17) and any s > 10 the
process X (t) — vt will get close enough to 0 after time s. Lemma 3.13 shows that if
X (t) — /t is close to 0 for a given large t = t, then with a high probability it will stay

close to 0 for all ¢ > t.

Proof of Proposition 3.11. Let f(t) = t~/*Int. By Lemma 3.12 for any fixed s > 10

there is an a.s. finite stopping time o, with o, > s so that | X (0,) — /05| < 5 f(0,) with
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probability one. Lemma 3.13 shows that if the diffusion is close to v/¢ then with a high
probability it will stay close forever.

More precisely, for a given € > 0 one can choose s > 10 so that

inf P, (\X(t) VA < f(), forall ¢ > to) >1—e.

to>s
lzo—+v/E0| <3 f(to)

The strong Markov property and Lemma 3.12 now imply that the inequality (3.18) holds

with T' = o, with probability at least 1 — . This shows that the random time
Ty = inf{s >10: |X(t) — Vt| < f(t) for all t > 3}

is finite with probability at least 1 — ¢, hence it is a.s. finite. Therefore (3.18) holds with

probability one with T' = Tj,. O
We can now prove Lemma 3.8.

Proof of Lemma 3.8. By Proposition 3.6 with probability one the operator Agl is a
Hilbert-Schmidt integral operator with kernel Ka. From (3.6) and the estimate (3.8)
it follows that 1)q has a largest zero (if it has one), hence if L is larger than that, the

linearity of the equation Agy = 0 implies that

Yoo (L)

¢L(y) = ¢m(y) - ¢d(L)

Ya(y). (3.21)

Hence the truncated operator K &L) is well-defined in this case. From the definition of

K ,(AL) we get

L
K- K= /[
[0,L]?

2
Kawy) = Ky dedy+ [[ |gale) dedy
R2 \[0,L]2

(3.22)
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By Proposition 3.6, with probability one we have ||Kal|3 < oo. This implies that the
term ffRi\[O,LP | Ka(z, y)|2 dz dy converges to 0 a.s. as L — oo. In fact, by the arguments
described in the proof of Proposition 3.6 it follows that [ fRi \[0.22 | Ka(z,y)|” dx dy can
be bounded by C'L~'/? with a random constant C.

We now estimate the first term on the right hand side of (3.22). By symmetry we

have

[

From (3.21), for L large enough, and 0 < z <y < L, we get

(L) 2 o[ (L) 2
Ka(z,y) — Ky (z,y)| dedy =2 ‘KA(%y)—KA (z,y)| dzdy.
0 0

Ka@,y) — K& (0, 9) = (booly) — v(9))ale) = vale)ia(y) / " pale) 2z,

and
L ry
I

From the bounds of (3.11) we get that the expression in (3.23) is bounded by a random

? e dy — %( " %(x)de) < °°¢d(L)2dz) .

Ea(z,y) — K (2,y) o va(L)? Ya(2)?

(3.23)

constant times L2, and thus it converges to zero a.s. as L — oo. This concludes the

proof of Lemma 3.8. n

3.4 Convergence of the truncated operators

Recall the definition of gz~5 L, ¥ from Section 3.2. Lemma 3.9 will follow from the following

statement:

Lemma 3.14. For any fized L > 0 we have ¢q — a and ¢1 — 11, uniformly on 0, L]

with probability one as a — 0.
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Proof of Lemma 3.9. From (3.15), (3.16), and Lemma 3.14 it follows that if L > 0 is
fixed then K éLZ)a(x, y) — K/gL)(x, y) uniformly on [0, L]? with probability one. From this

Lemma 3.9 follows. O
The proof of Lemma 3.14 relies on the following proposition:

Proposition 3.15. Let B’ be standard white noise on Ry, and B the corresponding
Brownian motion. Define &g, using Ba, (1) = a~3B(a*31), and Az with B’ as in
Theorem 2.4. Let ng,m1 be fized real numbers. Suppose that the processes uq,a > 1

satisfy the following conditions:
(a) Bpoaty = a*Ug,
(b) u,(0),u,(0) are deterministic, depend continuously on a, and satisfy
(a*uq(0), 1 (0) — aua(0)) = (1m0, m)
as a — oo.

Let G,(z) = a2Pe """ "u,(a=232). Then for any L > 0 we have (iiq, @) — (1), 1)
a.s. uniformly on [0, L] where 1,4’ is the unique solution of Agyp = 0 with initial condi-

tions ¥ (0) = 1o, ¥'(0) = ny.

Proof. To ease notation, we drop the dependence on a in u,, t,. By Proposition 3.4 the

process (u(t),u'(t)) satisfies the SDE

du(z) = u'(z)dz, du'(zr) = Zu'(z)dBaa(x) + ((2@ + %)u/(:v) — aze’xu($)> dr.

3

(3.24)

The initial conditions for @ are

4(0) = a*3u(0), @'(0) = u'(0) — au(0),
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hence by the conditions of the proposition we see that (u(0),d'(0)) — (10, 71). Note that

W (x) = —a'Pi(x) + e 70/ (a=2/3x), by Ito’s formula and (3.24) we have that
dil = 2 (a P + a)dB(x) + <a2/3(1 — e 0 20 %a_Q/?’ﬂ') d.

This means that u, 4’ satisfies

di(x) = ' (z)dr, (3.25)
di/ (z) = ﬁ(m)(\/iﬁdB(x) + zdx) + Fi(e, z, u(x), 4 (x))dx + Fy(e, z,a(x), 4 (z))dB,

where ¢ = a~1/3 and
Fi(e,z,p,q) = (e (1 —e =) —a)p+ 2ep+ 2%, Fa(e,x,p,9) = 5eg. (3.26)

With a bit of abuse of notation we will use 1., 4. to denote the dependence on ¢ € (0, 1].

The functions F, F» can be continuously extended to e = 0 by setting F;(0,z, p,q) =
0. Define (ty, ug) to be the solution of (3.25) with ¢ = 0 and initial conditions (g, 7).
This is exactly the solution (¢, ¢’) of Agyp = 0 and ¥ (0) = 19, ¥'(0) = ;.

Note that for x € [0, L], € € [0, 1] the functions Fj, F; are globally Lipschitz in p and
q, and (4., u.), e € [0, 1] gives a stochastic flow where the deterministic initial conditions
are continuous for € € [0, 1]. Standard theory of stochastic flows (see e.g. Theorem 37 in
Chapter 7 of [46]) shows that there is a unique one-parameter family of strong solutions
for the SDE (3.25) for € € [0,1] which is a.s. uniformly continuous in ¢ for = € [0, L].
But this implies that (d.,d.) — (o, ug) a.s. uniformly on [0, L] as ¢ — 0, proving the

statement of the lemma. O]

Proof of Lemma 3.14. Consider u,(z) = ¢q(x). These functions satisfy the conditions

of Proposition 3.15 with 7y = 0,7, = 1. Thus @(z) = a*3e¢=*"**¢q(a~2/3z) converges to
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g a.s. uniformly on [0, L] as a — oo. Then the same is true for

5 0—2/3  ,—1/3

dalw) = a**my(a P r)gala ) = ife)e” 2 TV

B(z)

To show the convergence of ¢, we first consider ¢,, the solution of & 5200« = a*¢, with
initial conditions ¢, (0) = a=%3, ¢.(0) = a'/3. Then v,(z) = ¢, (z) satisfies the conditions
of Proposition 3.15 with 5y = 1,7, = 0. This means that o(z) = a?/3e=*""**¢, (a=2/3z)
converges uniformly to ¢, () where Agt, = 0 and 1,(0) = 1, ¢, (0) = 0 (i.e. the solution
with Neumann initial conditions).

By linearity ¢y () = .(x) — i Ei))

for a fixed L, so ¢, is a.s. well-defined. This also implies that for a fixed L the random

Ya(x). Note that 14q(L) # 0 with probability one

variable ¢q(L) is not zero if a is larger than a random constant, and in this case ¢, is

also well-defined.

The function ¢, satisfies Agpy, = 0 with ¢(0) = 1, ¥(L) = 0. By our previous

arguments we have 0(x) — Z&;ﬁ(x) — () a.s. uniformly for € [0, L], as a — oc.
We have

N o(L) . _ 2/3 —al/3g —-2/3 a2/3€7a1/3L¢*(a72/3L) q2/3p—a! P —2/3
/U(CC) - ﬂ(L)U(aj) a € QS*(CL x) - &2/3€7a1/3L¢d(a72/3L) ¢ ( I)

— 23p—a P <¢*(a_2/3x) z*(( _22//22925 (a_2/3x)) ’

and we can check (by plugging in x = 0 and x = L) that

- a—2/3 a—1/3

o(L) Py aop () = Gy (x)e™ T T

u(L)

1/3

—a

0(x) —

u(z) =e

But this now implies that ¢, — v, uniformly on [0, L] with probability one, completing

the proof. O



48

3.5 Truncation of the Bessel operator

In order to control ||Kg 2, — K éLQ)aHE and prove Lemma 3.10, we need to understand the

asymptotic behavior of ¢q(t) = gbgfa) (t) uniformly in a. As before, we turn to the Riccati

transform p = p®9(t) = Zi‘:gg It6’s formula together with (3.3) implies that p(t) satisfies
the diffusion
2
dp(t) = ﬁp(t)nga(t) + ((2@ + %)p(t) —p(t)? — aQe_t> dt (3.27)

with initial condition p(0) = co. The diffusion could reach —oo at a finite time, in which
case it restarts at +o0o instantaneously.
Our next proposition describes the behavior of p in the region [a=2/3L, co) uniformly

in a. In words the asymptotic behavior of p can be explained as follows: on a microscopic

Yy )
Ya(t)

a~?/3 time scale the scaled version of p (that is a=2/3(p(a=?/*t) — a)) will mimic
by Proposition 3.15, and this behavior can be extended up to a small macroscopic time
of order a*3. For large macroscopic times the diffusion p(t)/a will behave like a time-
stationary diffusion supported on R, which yields logarithmic bounds on Inp(t) — Ina.

For the rest of this section we set ¢, := 1/8. Recall that for a > 0 we have By, (t) =

a~3B(a?/3t).

Proposition 3.16 (Behavior of the Bessel diffusion). Let dy,dy > 0. For a given L > 0
and a; > 1, define Cp,, to be the event where the following inequalities hold for all

a>ap:
PP (1) > a(l + diV1), for allt € [a™?L,t], (3.28)
exp(—a %1nt) < pP9(t)/a < exp(dy + a S Int), for all t > t, (3.29)

\%]Bga(t) — Bao(s)| < a'?(t — s) + a V% 1In(a?3s), forallt >s>a"*3L. (3.30)
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a—2/3L to = 1/8 -----------------------

Similar to Airy diffusion  Airy behavior extended Fluctuations not too large around 1
~ a3 X (a*t)

Figure 5: Schematic representation of the behavior of the diffusion t — (p(t)/a) — 1

Then we can choose deterministic constants dy,ds > 0 so that

lim lim P(Cpr.,)=1. (3.31)

L—o0 a1 —00

See Figure 5 for an schematic illustration of the behavior of the Bessel diffusion. The
proof of Proposition 3.16 is postponed to Section 3.6.2. Using this proposition we can
control the products ¢a(z) ¢so(z) and da(y) 2¢q(x)? when y > & > L. This will be key
to estimate || K¢ a4 — KéLQ)aﬂg

In the rest of this section, we assume L > 10 and set ¢, = (10L)%? v 4(1 — e7%)~2,

Proposition 3.17. Define

I(s,t) = —2/ (p(z) —a)dz + %(Bga(t) — Byu(9)) . (3.32)

There are absolute constants ¢, so that for all ay > cr,, the following inequalities hold
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on the event Cr 4, (as defined in Proposition 3.16): for all a > ay,

—ca\/s(t — s) + ¢ t>s, to>s>a 3L,
I(s,t) < (3.33)

—ca(t—s)+5aY%Ins + ¢ t>s >t
Proof. We first prove the case when t > s > to in (3.33). From this point on we will work
on the event Cr,, with a; > ¢, allowing us to assume the inequalities (3.28)-(3.30).
Let us define

qt) :== ¢*(t) :== Inp®¥(t) — Ina.

On the event Cy,,,, and for ¢ > t, ¢(t) is well defined as p(¢) > 0. By Ito’s formula the

process ¢ satisfies the following differential equation:

dq(t) = FdBa(t) + a(2 — ™ — e 1W)dt,

with the initial condition ¢(to) = In(p(tp)/a) > 0. Note that the drift of the diffusion ¢

will be close to a(2 — e9) for large ¢t. The corresponding diffusion
dg = \/inBQa(t) + a(2 — e")at,

converges to a stationary distribution supported on R (which can be computed explic-
itly). This suggests that ¢ behaves like the stationary solution of ¢, and hence we cannot
expect to get a uniform constant bound on a(e?® — 1) = p(t) — a in (3.32). Because of
this we instead look for a bound on the integral term in (3.32).

We start with the following identity: for all ¢ > s > t,, we have

a/ (e —1)dz = a(t — s) + %B(Bga(t> — B, (s)) — (q(t) — q(s)) — a/ e 172y

(3.34)
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Using the lower bound from (3.29) and the fact that —a~'/6Int > —t +t, for all t > to,

we get
a / ()~ 1) > all— )t — )+ Z(Baalt) — Baals)) — (alt) — a(s)). (339
and thus
T(s,1) < ~2a(1 — )t — 5) — Z(Baa(t) — Bauls)) + 2q(t) — 2q(s).

Using the inequality Int < Ins + t;'(t — s) for t > s > to, the bounds (3.29), (3.30),
and by our choice of ¢, we get that there exist positive constants ¢, ¢] such that for all

t > s>ty we have
I(s,t) < —cra(t—s)+5a Y 0Ins+ ¢ .

This completes the proof of (3.33) in the case t > s > t,.
Let us consider now the case a=2/3L < s < t;. From (3.28) we have for all a=2/3L <

s <t < o,
(2 - 2 0di (37— 32y > 2 _
/S p(z) —a)dz > Badl(t s°%) > 3ad1\/§(t s).
Using the lower bound from (3.30) we deduce that for all ¢ 2/3L < s <t < 1,
I(s.1) < —g adi/3(t— )+ a2(t — 5) + a= YO In(a?/%s)
Asa 2BL <s< to and a > ay > cp, we get that there exists a constant ¢y such that:
I(s,t) < —dyav/s(t—s)+cr.
For t >ty > s > a~?/3L, note that Z(s,t) = Z(s,ty) + Z(to,t). Therefore, we get
T(s,t) < —dya/s(to —s) +c; —cra(t —to) +5a"YSInty + ¢,

< —cya/s(t—s)+cf,
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: ~1/2 :
where ¢; = min{dy, c1t, / }. We choose ¢ = min{cy, 2} and ¢ = max{c),cr,c;} to

conclude the proof of (3.33). O

As a consequence of Proposition 3.16, we can also show that a? is not an eigenvalue

of B34, if a is large enough.

Corollary 3.18. Let a; > c;. On the event Cr,, defined in Proposition 3.10, a® is not
an etgenvalue of B39, for alla > ay. As a consequence, there exists an a.s. finite random

variable Cy, > 0 such that a® is not an eigenvalue of &g, on the event {a > C.,}.

Proof. The value a? is not an eigenvalue of &34, exactly if the function gb((iza) is not in
L*(R4,ma,). On Cp 4, and for a > ay, using the identity (3.34) and the bound (3.35) in
the proof of Proposition 3.17, we get
t
a/to 1P dz > a(2 — e ) (t — ty) + %B(Bga(t) — B, (to)) — q(t) + q(to).
Recall that ae?® = p(t) = i‘jgg Using the above lower bound on the integral of aed®),
and the bounds (3.29) and (3.30), we get

Ba(t)’*maq(t) = dalt)? exp <2/ p(z)dz) exp(—(2a + 1)t — %Bga(t))

to

> c(to) exp (2a(1 — e ™)t —t — a*/?t — 2a7/%1n t),

where c(to) is an a.s. finite random constant. Choosing a > a; > ¢z > (1 —e7%)72 we

get that [ da(t)*maq(t)dt is infinite, proving the statement.
Now set

Cow=1+ inf a;-1 )
v a1>ep, L>10 Cloay

If a > C,, then a? is not an eigenvalue of & 5.24- By the limit (3.31), the random variable

Cey 1s a.s. finite, which completes the proof. O]
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Proposition 3.19. Recall the definition of the event Cr,, from Proposition 3.16. On
this event a® is not an eigenvalue of Gp2q (0r Ggaa) if a > a1 > ¢, by Corollary 3.18,
hence éoo is well-defined. There exist deterministic constants c1,c > 0 such that for all

L > 10 and a; > cg, the following inequalities hold on Cy, 4, : for all a > ay,

- - cx1/? L <z < d®3t,
Pa(2)doo(w) < (3.36)
ca—l/Se—a_2/3a¢/2 T > a2/3t0,
and
. exp(—c1vz(y — ) +¢) y>x, aPly>z>1L

da(y)*da(x)* <
exp(—c1a'B(y—2) +5a Iz +c) y>az>a*t.

(3.37)

Moreover, under the same conditions, we also get the following inequality for all y >

x> L:

¢a(y) *pa(x)? < exp <—01\/f(y —z)+5a S Inz + c) . (3.38)

Proof. Recall the definition of ¢4, dso from (3.4). On Cp,,, the diffusion p(t) does not
explode on [a~%/3L, o0), which also implies the largest zero of qﬁffa) is smaller than a2/ L.

By the Wronskian identity (3.13), for all z > L we have

oo (2)Pa () = a**s(a™Px)mae(a™x) /::/395 ¢d(a_2/3x)2¢d(y)_2s(cj—(g/)%)dy
= e—a—2/3x /00 exp (I(a_z/?,L a_2/3y))dy, (3'39)

where
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For the product ¢q(y) 2pa(x)? for y > = > L, we have

da(y) 2Pa(x)? = exp (a > (y — 2) + I(a "z, a1 y)).

For a; > ¢z, (3.37) follows from (3.33) directly. Integrating the exponential of (3.32)
and using the upper bounds (3.33), we get (3.36) and the statement of the proposition.

The inequality (3.38) follows by comparing the upper bounds in (3.37). O

We now turn to the proof of Lemma 3.10. We will use the following identity, that

follows from the linearity of the equation &g 4,0 = a’¢:

a=2/3
¢OO( L) ¢d(a_2/3 ) ¢00(L)

S () — (o :méﬂ 023y
Fu0(1) = O1(x) = may (a*P0) s da(L)

da(x).  (3.40)

By Propositions 3.16 and 3.17, we have that gzNSd(L) # 0 and boo is well-defined for all

a > a; on the event Cr,,,.
Proof of Lemma 3.10. For L > 10 define the event

Cl(,}) / Ya(z)?de < 2K7Y2 for all K > L} N{va(t) >0, Vt>L}.

The family of events C(Ll), L > 10 is non-decreasing in L and limy_, P(Cg)) =1, by

Proposition 3.11. Define the events
CLQI—CLalﬁC (2a / nga) 2dx < 3L7V/2, VaZal}.

The family Cg()ll is non-decreasing in a; for fixed L and the events Ualcgll are non-

decreasing in L. By the uniform convergence of (éd, ég) — (¢,¢") on [0, L], we have

lim lim P(CP))=1.

L—o0 a1 —00
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We now prove inequalities on the event ngh for all a; > c¢g. In the following, ¢’ is a

constant that may change from line to line. We start with the following identity:

L
| KooK 2 = / /
[0,L)?

On [0, L]? we have

[

2
(@) = Ko dodyt [ Kea(op)l dedy
R3\[0,L]2

(@) = K| dedy =2 [ [ GalaP (Gl = dul) ey,

- (datw /¢ ) GuelL)20a(L)?,

< (3L_1/2)2(CL_1/2)2 ’

using identity (3.40) for the second line and the bound (3.36) for x = L for the third
line. Thus this term is bounded by ¢/ L2 uniformly in a.
We further split the region R? \ [0, L]? into the union of Ry = [L, o0) x [0, L]U[0, L] x

[L,0) and Ry = [L,0)% On R, we have:

//lemaxy)\ drdy = (20a(L /qbd ) da(L / Pl

The first term 2 ¢q (L fo ¢a(z)%dz is bounded from above by 6 L~1/2. For the second
term, we split the integral, and apply Proposition 3.19 to get the following upper bound:

L7 [ty

a2/3t0 _ 00 B

- / Goo (9)26a(y*daly) 2da(L)dy + / Goo (9)26a(y*daly) 2da(L)d

2/3t0

2/3t 00
S/ chy—le—cn@(y—L)—I—cdy_'_/ C a 2/3 —a~ ye—cpﬁ(y—L)-i-cdy
L a2/3t0

< c/(L—g/Q 4 L_l/Qa_2/3).
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At last, on Ry we have

/ /R 2 K 2a(x,y)|" dudy =2 /L o /L  Ba(w)* oy drdy + 2 / O/ot /L Bl duoly)Pddy.

We use (3.36) and (3.37) to bound the first integral,

/a2/3t0
L

a2/3t0

Yy o ~ - Yy . .
/ Fal() 2 (y)2ddy = / Fa(y) () / Faly)2da(x) dzdy
L L L
a2/3t, v
S/ C2y_1/ e—clﬁ(y—z)-i-cdxdy
L L
a2/31,
S/ C/y—3/2dy
L
<JL7Y2.

For the second integral, we use (3.36) and (3.38),

00 Yy ~ o8 - - y . -
/ / Goo(9)*da() dady = / Goe(9)Ba(y)’ / Faly)2da(x)2dzdy
a2/3ty J L a2/3tg L
< /OO a3y /y e—eVLly=a)+5a P Inyte gy gy,
a2/3to L

o0
_ _ _g—2/3 -1/6
S/ L 1/26L 2/36 a y+5a lnydy
a

2/3t0

< LY.

Recall that the family of events Cgll is non-decreasing in a; for fixed L, and the
events CI(ZQ) = ualcfll satisfy Cf) T Qas L — oo with P(Q2) = 1. On the event Q we
have

Llim limsup || K¢ 24 — KéLz)aHg =0,

—0  g—o0
which completes the proof. O]
Remark 3.20. Note that our estimates give an upper bound of the order O(L_1/2) on
the squared Hilbert-Schmidt norm difference of Kga, and K(G?Q)a. A bound of the same

order was shown on the truncation error for K.
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By choosing L = L, to be dependent on a with L, — oo at some rate, one could
potentially obtain a bound on the rate of convergence in (3.14). This would require the
extension of the result of Lemma 3.1/ to increasing intervals [0, L,]. We do not explore
this path in this paper, but we want to present a hand-waving argument to show that our
methods are not expected to give better than logarithmic convergence.

In the proof of Proposition 3.15, we viewed the process (u,u') as a stochastic flow
depending on two variables ¢ = a~'/3 and x. It is reasonable to ewpect that if the
statement of Lemma 3.14 holds on the interval [0, Ly] then sup,<p |t (x)—to(x)| should
vanish as a — oo. This quantity should be of the same order as esup,.;, |v(z)| where

v(x) = 00 (x)|c=0. One can check that v satisfies the stochastic differential equation,

dv=7'de, dv' = U(\/lgdB + zdx) + %ﬂo(x)dx + %B%(x)dB

with initial values v(0) = 0 and v'(0) = 0. If we assume that v' grows at least as fast as

the contribution of the %ﬁo(x)dx term then we would get that v grows at least as fast as
1 1,3/2

2"’ This would lead to the requirement a~'/3¢2™ — 0, and L, < (Ina)??. Hence

the speed of convergence could not be faster than (Ina)~'/3.

3.6 Bounds on the soft and hard edge diffusions

3.6.1 Asymptotic properties of the soft edge diffusion 4

This section contains the proofs of Lemma 3.12 and 3.13, which were used for the

asymptotic analysis of the diffusion X in (3.17). In this section we set f(t) = t~/*Int.
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Proof of Lemma 3.12. We will prove that

lim P (|X(t) — V| < Lf(1) for some ¢ € [to, ty + A= ln3(t0)]> ~ 1 (3.41)

to—o0
This means that with higher and higher probability we will hit the region | X (t) —v/t| <
% f(t) within a small time interval, which implies that o4 < oo with probability one.

To prove (3.41) we consider X with initial condition X (t9) = xo with ¢ > 10, 2y € R,

and give a bound on the probability in (3.41) in each of the following cases (see Figure

6):
Case I: zo > Vo + f(to)/2
Case 1II: x9 < —Vto — f(to)

Case III: —Vto+ flto) < g < Vto — %f(to)

Case IV: — Vo — f(to) <29 < —Vto + f(to).

In each one of these cases we will compare the diffusion to a time-homogeneous version
of itself. Then in Cases I-III we use the idea that as long as we control the maximal value
of the Brownian motion B, the diffusion will stay close to the deterministic path solving
the ODE z(t)’ =t — z(¢)* which is what we get if we remove the noise from the SDE of
X. In Case IV we will use explicit computations about hitting times of diffusions.

Let g(z) = = + \/Liln(x). We consider Case I, when zy > v/t + f(t0)/2. We set
t1 = g(tp) and assume that ¢, is large enough. Let the time-homogeneous diffusion X

on [tg, 1] be given by the strong solution of

dX . (t) = (t — X1 (t)*)dt + F5dB(t), X (to) = +o0.

Comparing the drifts of X, and X we see that on the event {X(¢) > V/t,t € [to,t1]} we

have X, (t) > X (t) for t € [to, t1].
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Case |

Case IV

Case II

|
Case HIT :
|

The process Z(t) := X, (t) — \/lﬁ B(t) with B(t) = B(t) — B(t,) satisfies the ODE

Z'(t) =t — Z(t)’(1 + Y5—)°, Z(ty) = oo
for all time ¢ > ¢y smaller than the first hitting time of 0 for Z. We set
M = L f(to) = £t Inty,

and introduce the event
A=A, :={ sup |B(t)— B(ty)| < 76M}
te[to,tl]

Note that

P(A) =P ( sup |B(s)| < \g—f\/lnt())

s€[0,1]

which shows that P(A;,) — 1 as ty — oo.

On the event A, if Z(s) = v/t for an s € [to, #1] then this would imply

X(s) £ Vto+ M < \s+ f(s)/2.
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On A = An{Z(t) > Vit € [to,t1]}, Z is bounded from above by the deterministic
solution of

F'(t) =t — F(t)*(1 — 2M /+\/to), F(ty) = oo,

which is given by

F(t) = v/t1/D coth(\/t; D(t — ty)), D =1-2M//1,.

Using Taylor-expansion, we get that for ¢y large enough we have F(t1) < /to + 2M
which implies that on A we must have X(t1) < Vo +3M < /ty + 5 f(t1). This shows
that

AcC{|X(t) -Vt < S f(¢) for some t € [to, 1]},

which implies

t(}l_rgo :vo>\/ti*o%rf%f(to)Px0’to (|X(t) — V| < 1f(t) for some t € [ty to + \/L% ln3(t0)]) = 1.
Next we consider the case zqg < —+/fo — f(to) (this is Case II). Similar arguments
used as in Case I show that for ¢y large enough X explodes to —oo before time t; = g(to)
on the event A. Since X restarts at +o0o at the explosion, we are back in Case I, and by
the arguments presented there we get that | X () — v/| < $f() must hold before time
g(t1) with high probability. Since g(t,) < to + In®to/\/To for t, large, we get
t(}i‘l;réoxo<f\/i1%f7%f(to) Proto <|X(t) — V1| < L £(t) for some t € [ty, t + \/Ltfoln?’(to)]) = 1.
Now consider Case III, when xg € (—/to + f(to), vto — f(to)/2). We show that X
reaches \/tqg — f(to)/2 before time t; with probability going to 1. For this we can just

assume that xg = —+/tg + f(to), since the other cases stochastically dominate this one
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by a simple coupling. Let us examine again 7 = X — \/lBB . The process Z(t) satisfies

the ODE
Z'(t) =t = (Z(t) + FBM), Z(to) = Vo + f(to).

On the event A, the process Z is increasing when —/t + M < Z(t) < v/t — M, in

particular Z'(to) > 0. Before Z hits v/ty, we can bound Z from below by G(t) where
G'(t) = (Vo — 5M)* = G*(t),  Glto) = —Vto + f(t0).

Solving the above initial value problem, we get G(t) = (v/f— 3 M) tanh((y/fo — M) (t —
to) + ¢) where ¢ < 0 is chosen such that G(ty) = —/f + f(to). Here ¢ ~ —21Int, if ¢,
is large. Using Taylor-expansion again, we get G(t1) > v/t — 2M which implies that
X (t) >Vt — f(t)/2 somewhere in [to,t,].

For the last case IV when zy € [—/to — f(to), —v/To + f(to)], denote by 7 the exit
time of X(¢) from the interval [¢7,q"] := [—v/t1 — f(t1), —vt1 + f(t1)]. We use the
time-homogeneous diffusion X (t) satisfying the SDE

dX(t) = (to — X(8)*)dt + F5dB(t), X(to) = 0.

Let us denote by 7 the first exit time for X after time to from (¢~ ¢*). By the Cameron-

Martin-Girsanov formula, the Radon-Nikodym derivative of X with respect to X on the

time interval [to, 1] can be expressed as e¢X) where

G(X) = %(/tl(ff(tl) X ()dt — @ - /tl {(to — X (1))

(\/iB) to to
On the event {X(t) € [¢~,¢"],t € [to,t1]} one can bound G(X) by a constant. This

means that P(7 > t;) can be bounded by a constant times P(7 > t1).



62

We can explicitly compute E[7] in terms of the scale function and speed measure of

X. The scale function sc and speed measure sp for X (t) are given by

x 2 2
sc(x) = / exp(—2toy + §y3)dy, sp(dx) = sc’—(x)dx'

From this we can express the first moment of 7 as

- sc(qt) — sc(q) pld)

N /‘1+ (sc(zo) — sc(g™))(sc(qh) — sc(y))

sc(qt) — sc(q)

Bl -t = [ o) = sl Nloela') o)

sp(dy).

(See for example Theorem VII.3.6 [52].) By analyzing the above integrals as ty — o0,
one can bound E[T — ;] by clnlﬁto with an absolute constant ¢ for all ¢y large enough
and all xg € [—/to — f(to), —vTo+ f(to)]. (We refer to Lemma 5.7. of [14] for additional

details for this argument.) By Markov’s inequality, we get

. Inlnt, Inlnt,
P t=E XN1siy] < ¢ =c
roto[T > 1] = Elexp(G(X)) {T>“}]—C(t1—to)¢% “ Tt

with an absolute constant ¢’. Therefore X exits the region (¢, ¢") before time ¢; with
probability tending to 1 as tg — co. Once X (t) exits this region, we get to Case II or

ITI, and repeating the arguments there we can show that

lim inf P, <|X(t) — V| < 1f(t) for some t € [to, to + = ln3(t0)]> ~ 1.

t0—00 zq:|z0++/T0| < f(t0)

This completes the proof of (3.41) and hence the statement of the lemma. O

Proof of Lemma 3.13. Introduce Y (t) := X(t) — v/t, then Y (¢) satisfies the stochastic

differential equation

1
—7)dt + EdB(t),

dY (¢) = (=Y (12 — 2vEY (1) — i 7
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with initial condition yy = x¢ — v/%o.
With the same driven noise dB, we define two families of diffusions Y (t) = Y% (),

Ya(t) = Y™ (t) on [ty, 00) with initial condition yo as follows:
dY:(t) = =2viYy(t)dt + Z5dB(t), Yi(to) = yo,

dYs(t) = (—2VtYa(t) — 2f(8)*)dt + F5dB(1),  Ya(to) = yo.

By comparing the drift terms in Y, Y7, Y5 we see that if for a given ¢y we start Y7, Y5 from
yo = Y (to) at time to then the coupling Y5(t) < Y (¢) < Yi(¢) holds for all ¢ > ty on the

event
Dyyyo = {—f(t) <Ya(t),Y1(t) < f(t) for all t > to}. (3.42)
Consequently, this shows that
Dy C ALY (8)| < f(2),Vt > 1o}, (3.43)
and thus it is enough to prove

lim  inf  P(Dy,,) = 1. (3.44)

t0—00 |yg| <1 f(to)

Using the integrating factor trick, both Y; and Y5 can be solved explicitly:
t
3/2 _443/2 4.3/2
Yit) = exp(—4(872 — £/%))yo + Ze ¥ / e+ ap,,
t - b t b
Ys(t) = exp(—%(t3/2 — t3/2))yo —2¢5t"" / fQ(S)eésd/st + %Be’%tw / " dB,.
to to

Let &(t) = flte%53/2ds . There exists a Brownian motion W such that we have the

following distributional identity:

(/lte;‘sS/Qst, t> 1) L (W), t > 1).
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By the Law of Iterated Logarithm, there exist finite random constant C' such that

W (u)| < CVulnlnu, for all u > 20.

Note that £(t) < %e%twt”ﬂ for all ¢ > 1. We may assume ¢, > max(10,£71(20)), then

for t >ty we get

Vi(t) < Le 300 ft) + 2 e3P (VE@R I E(R) + v/E () € (fy)

/ _
SO (L (1) + L0t Int) + L0 Vin,

IA
®

Integration by parts yields the bound

t
4.,3/2 1 9 443/2
f52€3 ds < — f(t)es" " .
| s VAL

Therefore, we obtain that
Ya(t) > —e 50 (L1 (1) + ZCty 1/ Intg) — 2472 f(1)? — 2OtV int.

For a large enough deterministic ¢y, we have —f(t) < Ya(t) < Yi(¢t) < f(t) for all

t >ty > ¢o on the event {C' < %vln to}. Hence if ty > co then

inf  P(Dyys) > P(C < ¥2\/Inty)

ol <3 £(to)

which completes the proof of (3.44). O

3.6.2 Bounds for the hard edge diffusion

We start this section with a lemma controlling the fluctuations of Brownian motion.

Although the bounds in the lemma are not optimal they are sufficient for our purposes.
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Lemma 3.21. Let B be a standard Brownian motion. Then there is a random finite

positive C' so that a.s. we have the following inequality:

|B(s + h) — B(s)] SC\/hln(2+%—|—|lnhl), forallh >0, s>0.  (3.45)
This implies in particular the following simple bounds:
|B(s+h) — B(s)| < Ci(h+1ns), for all h>0,s>10, (3.46)

with a random constant CY.

Proof. First set h = 2", s = m2", for n € Z and m € N. We have

P(max |B(s) — B(s +z)| > 4-2"2%\/In(2 + |n| +m)) < 2P(|B(1)| > 4y/In(2 + |n| + m))

z<h
2
(2 + |n| +m)?¥’

< 26_8 In(2+|n|+m) _

which is summable for n € Z, m € N. Hence by the Borel-Cantelli Lemma, there is a

random C so that

max|B(s) = B(s +2)| < CVhy/In(2 + | Inh| + 3) (3.47)

z<h

for all s = m2™, h = 2". For general s > 0,h > 0, there exist n € Z, m € N such that
2" < h < 2" and m2" < s < (m + 1)2". Using (3.47) and the triangle inequality, we

get

IB(s + h) — B(s)| < sé\/mn@ + k| +2),

which proves the first part of the lemma with C' = 8C.

For s > 10 we have

VAI@+ £+ [nA]) < /BIn(@ + &+ [Inhl) + hin(1 + s).
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For h > In s, we have

In(2+ 1+ [Inhl) <h, In(l+s)<In(2s) < 2h,

which implies \/hIn(2 4+ £ + [Inh[) < 2h in this case.
Now assume h < Ins. We have hIn(2 + 2 + Inh) < 2 for h € [0, 1], which yields

hIn(2 + ¢ + |Inh|) < 2In(s) Inln(s) for h < Ins, s > 10. We also have hln(1 + s) <

(3/2)(Ins)® under the same conditions, which yields \/hIn(2+ # + [InA[) < 2Ins. The

bound (3.46) now follows from (3.45). O

The next lemma gives estimates on the diffusion p®(¢) at time ¢ = a=2/3L using

the convergence result of Proposition 3.15.

Lemma 3.22. For all positive L and ay, let A(L{)al be the event that
a(l + %a‘l/g’\/f) < p(a_Q/SL) < a(l + ga_1/3\/Z), for all a > ay.
Then limy,_, limg, o0 P(A(L{)al) =1.
Proof. The uniform convergence of Proposition 3.15 implies that almost surely,
pla™?PL)a™¥? —a'? = X(L), asa— oo, (3.48)
Indeed
(@*P(a *Pre ™ ¢l (o)™ —ag(a*F)e™™) = (W), 0(1)).

uniformly on [0, L] and p(t) = ¢'(t)/¢(t) and X (t) = '(t)/¥(t).

Fix L large and define the event:

Ap = {3Vt < X(t) < BVt vt > L}
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Note that the family A is non-decreasing in L. From Proposition 3.11 it follows that

lim; ,, P(Az) = 1. For all L and ay, define
Ap g, = AN {a(l + 2a7*VEL) < pa L) < a(1+ a™*VL), Va>ai}.

By (3.48) and the condition %\/Z < X(L) < %ﬁ on A, we have Ar,, T A as

a; — oo which concludes the proof. O]

Let us introduce ¢ = ¢?% = Inp®¥ — Ina. By Lemma 3.22, the diffusion ¢ is

well-defined at time a=%/3L on the event A(Lljn. By Ito’s formula, for ¢t > a=%/3L we have
dq(t) = %EdBQQ(t) +a(2 —e?® — e7t10) gy (3.49)

The diffusion ¢ blows-up when p reaches 0, so ¢ may not be well-defined on the whole
interval [a=%/3L, +00).

The next proposition controls the growth of ¢ from small times starting at a=%°L
until a positive deterministic time. In this time-interval, ¢ is small and therefore p is
close to a(1+ ¢). Analyzing the drift of the ¢ diffusion for small ¢ and ¢, we see that one
can compare the behavior of ¢ with the diffusion X defined in (3.17). This allows us to

bound ¢ with constant multiples of the square root function with large probability.

Proposition 3.23. Fizty:= 1/8. For all positive L and a; with a{Q/SL < ty, we define

Agll to be the event that
%\/E < q®I(t) < g\/g, Vit e [a 2L, t)]  forall a > ay. (3.50)
Then limy o limg, o0 P(A(L2,211) = 1.
Note that the inequality (3.50) implies

pPI(t) > a(l + %ﬂ)7 Vt € [a¥3L,ty] foralla > ay.
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Proof. If a; > (8L)*? then on the event A(Ll’)a1 of Lemma 3.22, we have
§\/Z < a1/3q(a_2/3L) < gﬁ, for all a > a;.
For 0 < ¢ < 1/2,t <ty we have the following inequalities:

—PHt>2—e—e " l=2—¢"—el+e(l—e")>-2¢"+ 5t.

(2a
1

Let ¢ = ¢ ) and G = qéQa) be the diffusions on [a=?/3L, t,] so that

dgi(t) = 5dBau(t) + a3t — 2u(t)*)dt,  dga(t) = T5dBa(t) + alt — g2(t)*)dt

with ¢1(a™?3L) = q(a™?3L) = q(a?/*L). Then the coupling {q:(t) < q(t) < ¢(t)}
holds on the event {0 < q,(¢) < qo(t) < 1/2,Vt € [a=2/3L, 1]}
Recall that Ba,(t) = a~3B(a?3t). Setting y1(t) = 2a'3q(a=?/3t) and y(t) =

a'Pgy(a=?3t), we get

dyi(t) = 5dB(t) + (t —yi(t)*)dt,  dya(t) = FHdB(t) + (t — (1)),

S

with g\/Z <y (L) < % L and g\/Z <L) < g\/f Thanks to Proposition 3.11, we

know that the event
o> L n) e BVE2VE, () € (VeIV} (3.51)
has probability going to 1 when L — co. On the event (3.51) we have
0<2VE<qi(t) <q(t) < guo(t) < %ﬂ < %, vt € [a 2L, 1),
implying that p(t) > a(1 + £v/t) on [a=2/*L, ). O

Next we estimate the growth of ¢(t) in the time interval t € [ty,00). As we will

see, ¢ will have a different behavior for large times: it oscillates near the value In 2 with
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possibly making large excursions away from this value. We will prove bounds on those

fluctuations using a comparison with a non-exploding, stationary version of the diffusion
q.
Proposition 3.24. Recall the definition of Af’zll from Proposition 3.23. Define
AP = AP N {—a Yot < ¢ (t) < c+a VoItV > t,Ya > ar}.
Then, there exists a constant ¢ > 0 such that limy_,o limg, 00 P(.A(Lg’)al) = 1.

Proof. For each a, we bound ¢(t) using two stationary diffusions ¢;(t) = q§2a) (t) and
q@(t) = qém (t), and we show that the growth of ¢;, g2 is at most logarithmic with a large

probability. Let ¢; and ¢y be the following diffusions:
dg:(t) = \/iﬁnga(t) +a(ey —e™D)dt,  dgy(t) = %BdB%(t) + a(cy — e dt,

with ¢; = 2 — e, ¢y = 2, and ¢1(to) = q2(to) = ¢(tp). Comparing the drift terms of
q,q1, G2 we see that the event {q;(t) > —t+to,Vt >t} implies the event {q;(¢) < ¢(t) <
qz(t),Vt Z t(]}

Notice that the SDEs for ¢; for i = 1,2 can be solved. We get that for t > ¢y, 7 =1, 2,

exp(—g:(1)) = exp(—au(to)) exp (acults — 1) + 2 (Baalto) — Buu(t)))
t
+ a/ exp (a ci(s —t) + - (Baa(s) — B2a<t))>d8.
to \/B

Recall that By, (t) = a~'/*B(a?/?t). Applying the bound (3.46) of Lemma 3.21 on the

event {C) < a}/ %1 for the Brownian motion B, we have the following inequality for

x> a?3L, L > 10 and for all @ > a;:

\/lﬁlBga(fE + h) — Bo(z)| < Cra™3(a®2h + In(a®?z)) < a'?h + a~ V¢ In(a? x).

(3.52)
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Note that this is exactly inequality (3.30) of Proposition 3.16.
Moreover, on A(L%)al, for a > ay, we have exp(q(ty)) > exp(2v/to/5) > ¢1. We get that

there is an absolute constant ¢z > 0 so that for all a > a; > ¢3 we have

e~ 1) < exp (= q(to) + (acs — a'’?)(ty —t) + a8 1n(a2/3t0))

+ exp ((fl/ﬁ ln(&2/3t))(cl —a V%)t (1 — exp ((ac; — a’?)(ty — t))>

00 /8 In(a?/3t) ((Cl _ a—1/2)—1 i e(acl—al/Q)(to—t)(e—q(tg) ~(e1 — a-1/2)_1)>

~1/6

<t
We conclude that for all @ > a; > c3 we have
@(t) > —a Y0t > —t +ty, Yt >t

which also implies that the coupling g2(t) > ¢(t) > ¢1(¢) holds on {C; < a}/ﬁ} N A(LQ,)al.
For the upper bound, first note that exp(q(ty)) < e'/? < c; =2 on .A(LQ’)M. Then there

is an absolute constant ¢, > 0, so that for all @ > a; > ¢, and t > t;, we have

e~®(t) > g=a /0 In(a*) ((02 4 a2 elaeatall )t (gmato) _ (¢, 4 a—1/2)—1)>

> e—a_l/ﬁ In a2/3—q(t0)t—a_1/6

Therefore, we deduce

—a Yont < q(t) < aVolnt+1, Vt>t,

1/6

on the event {C} < a; }ﬂA(L%)al for all @ > a; > ¢5 with a fixed ¢5 > 0, which completes

the proof of the proposition. m

Now we are ready to complete the proof of Proposition 3.16.
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Proof of Proposition 3.16. The statement follows from Propositions 3.23 and 3.24, and

the inequality (3.52). O

Remark 3.25. A more careful analysis of the diffusion (ﬁga) (using ideas described in
the proofs of Lemma 3.20 and Lemma 3.23) can provide a logarithmic bound on the

diffusion q for a fized a > 0. More precisely, it can be shown that for a fized a > 1/2

2(3?2 Int for all large t. In particular,

with probability one the diffusion q satisfies |q(t)| < 3

this result implies that ¢q = ¢£12a) is a.s. not in L*(Ry,ma,) for a > 1/2 thanks to the
identities (3.34) and

t

Ba(t)*maa(t) = dalto)? exp(2 a/t e ds) exp(—(2a + 1)t — %Bh(t)).
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Chapter 4

Operator level limits of circular

Jacobi #-ensembles

The content of this chapter is joint work with Benedek Valké and is a modified version
of a submitted paper [37].

We study point process limits of the circular Jacobi S-ensemble (CJSE) and the real
orthogonal f-ensemble (ROSE), together with the scaling limits of some related objects,
in particular the limits of the normalized characteristic polynomials. Our approach
follows the framework introduced in [64] and [65]. This framework, together with a high

level description of our main results is summarized in the following outline.

1. Differential operators from probability measures. [64] describes how the
spectral information (the modified Verblunsky coefficients) of a finitely supported
probability measure on the unit circle can be used to construct a differential op-
erator (a Dirac operator) with a pure point real spectrum. The spectrum of the
constructed differential operator is the periodic lifting of the angles correspond-
ing to the support of the probability measure, see Proposition 4.3 for the precise

statement. We summarize the background and the relevant results in Section 4.1.
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2. Random Dirac operators. [10] and [33] provide constructions for random prob-
ability measures on the unit circle where the support of the measure is given by the
CJBE and ROQBE, respectively, and the distribution of the modified Verblunsky
coefficients can be explicitly described, see Theorems 4.6 and 4.7. These con-
structions together with Proposition 4.3 lead to the construction of the random
differential operators CJ,, 3 5 and R03,, g With pure point spectrum. The spectrum
of CJ, g, is distributed as nA,, + 2mnZ with A,, ~ CJ, g5, and the spectrum of
R02,, 8,4, is distributed as 2nAsg, 4+ 4mnZ where Ay, ~ ROq), .44, see Section 4.2.1.
The inverses of these differential operators (after a change of basis) are denoted
by rCJ, s and rROs;, 545, these are random Hilbert-Schmidt integral operators

acting on L? functions of the form [0,1) — R

3. Operator level convergence. The operators CJ, g5 and ROz, 3,5 and their in-
verses can be parameterized in terms of certain random walks in the hyperbolic
plane. Under the appropriate scaling these random walks converge to diffusions
in the hyperbolic plane. As shown in [64], one can construct random differential
operators in terms of these diffusions, these will be called HP3 5 and Bessg 4, respec-
tively. (See Section 4.2.2.) Both of these random differential operators have pure
point spectra, the distribution of the point processes of eigenvalues are denoted
by HPss and Bessg,, respectively. The process HPg; for 6 = 0 is the process
Sineg introduced in [62] as the bulk scaling limit of the Gaussian -ensemble. The
process Bessg , is just a symmetrized (and scaled) version of the square root of the

hard edge process Besselg, introduced in [48].
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We will prove that in appropriate couplings we have the operator level convergence

|lr CJn 56 — rHPg 5| ms — O almost surely as n — oo, (4.1)

|T ROy, 8,00 — TBessg,||ms — 0 almost surely as n — oo. (4.2)

The precise version of these results are stated in Theorems 4.14 and 4.16 in Section
4.3.1. These results identify the point process scaling limits of the ensembles CJSE
and ROSE as the point processes HP3 s and Bessg,. (See Corollaries 4.15 and
4.17.) The distribution of the point process HPss can be characterized via its
counting function using coupled systems of stochastic differential equations. Two

equivalent characterizations are given in Theorems 4.18 and 4.19 in Section 4.3.2.

4. Convergence of characteristic polynomials. [65] introduced the secular func-
tion for a Dirac operator 7 which is an entire function with zero set given by the
spectrum of 7. This is a generalization of the normalized characteristic polyno-
mial of a unitary matrix. We review the definition in Section 4.1. [65] also showed
that results of the form of (4.1) and (4.2) (together with similar statements on the
so-called integral trace) imply that the scaled and normalized characteristic poly-
nomials of CJBE and ROSE converge to the secular functions of the operators HPg 5
and Bessg,. These results are stated as part of Corollaries 4.15 and 4.17. Theo-
rems 4.20 and 4.21 provide two separate characterizations of the limiting random
entire functions: by describing the joint distribution of the Taylor coefficients, and

a characterization using entire function valued stochastic differential equations.

For the circular Jacobi $-ensemble the operators CJ, s and HPg s were introduced

in [64], and the convergence (4.1) was stated as a conjecture. (More precisely: as a
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statement to be proved in a future paper.) In [1] Assiotis and Najnudel showed the
existence of the point process limit of the circular Jacobi g-ensemble by providing a
coupling of the scaled finite ensembles so that they posses an a.s. point process limit.
However their result does not provide an explicit characterization for the limiting point
process.

Our main new contributions for the study of the scaling limits of CJGE are the
operator level convergence of Theorem 4.14, the various characterizations of the limit
point process HP 35 (Theorems 4.18 and 4.19), and the description and characterization
of the limit of the normalized characteristic polynomials (Corollary 4.15 and Theorem
4.20). Some of our results are extensions and generalizations of corresponding results
for the circular S-ensemble and the Sineg process proved in [34], [64], [66], [65].

In the § = 1,2,4 cases the limiting point processes have been described via their n-
point correlation functions in [23]. In [38] the limiting correlation functions were derived
in the case when f is an even integer, together with exact formulas for expectations of
products of characteristic polynomials. (Note that the normalization for the character-
istic polynomials in [38] is different from ours.) [22] provides corrections to these results
in the case when [ is an even integer or equal to 1. Scaling limits of characteristic
polynomials of classical random matrix ensembles were also studied in [12] and [11].

A version of the first three steps of the outline above was carried out by Holcomb
and Moreno Flores in [27] for the real Jacobi S-ensemble. Using the change of variables
of v; = %(1 — cosf;), their results also imply the point process level convergence of
ROBE. The proof in [27] relies on a tridiagonal representation of the real Jacobi -

ensemble together with the operator convergence approach for studying the hard edge

limit, introduced in [48] for the Laguerre [-ensemble. [64] provided a representation
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of the hard edge limit operator as a random Dirac operator. [26] provides various
descriptions and properties of the limiting (hard edge) point process. Our main new
contributions for the study of ROSE are the existence and description of the limit of the
normalized characteristic polynomials (Corollary 4.17 and Theorem 4.21), and a new

approach to prove the point process limit via operator convergence (Theorem 4.16).

Outline of the reminder of the chapter

In Section 4.1 we outline the used operator theoretic framework, the presentation will
mostly follow that of [64] and [65]. In Section 4.2 we introduce the random differential
operators corresponding to the finite ensembles and their limits. Section 4.3 states our
precise results, including the description of the limiting point processes and random
analytic functions. Sections 4.4, 4.5, and 4.6 provide the proofs for the operator conver-
gence results, while Section 4.7 contains the proofs of the statements of the properties

and characterizations of the limiting objects.

4.1 The operator theoretic framework

This section collects all the deterministic operator theoretic ingredients. We describe
the type of differential and integral operators we consider, the definition of the secular
function, and how these objects can be used to study finitely supported probability

measures on the unit circle.
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4.1.1 Dirac operators

We start by collecting some basic facts about differential operators of the form

T f s RIS, Fi0,1) = RE J= o , (4.3)
1 0

where R(t) is a positive definite real symmetric 2 x 2 matrix valued function on [0, 1).
These differential operators are called Dirac operators, for more details see [67] or [64].

We consider differential operators of the form (4.3) where the matrix valued function
R(t) is defined from a locally bounded measurable function x + iy : [0,1) — H = {z €

C : 3z > 0} as follows:

1
R=-X'X, X=— . 4.4
5 ilo (4.4)

We call R the weight function, and x + iy the generating path of 7.
The boundary conditions for 7 at 0 and 1 are given by nonzero, non-parallel R?
vectors ug, u;. We will assume that these vectors are normalized so that they satisfy the

condition
upJuy = 1. (4.5)
We will also have the following integrability assumption for the boundary conditions:

Assumption 4.1.

1 1 gt
/ |R(s)w|ds < oo and / / WL R(s)uo !l R(tndsdt < oo (4.6)
0 0o Jo
Under these conditions 7 will be self-adjoint on the following domain:

dom(7) = {v € L3 NAC : Tv € L%, lir% v(s) Jug =0, lirr% v(s)"Ju; = 0}. (4.7)
s— s—
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Here L% is the L? space of functions f : [0, 1) — R? with the L? norm || f||% = fol f'Rfds,
and AC([0, 1)) is the set of absolutely continuous real functions on [0, 1). We will use the
notations Dir (R, ug, uy) or Dir(z +iy, up, uy) for the the operator 7 defined via (2.7) and
(4.4) with boundary conditions ug,u; on the domain (4.7). We sometimes replace the
R? vector by the element in R U {oo} corresponding to the ratio of its two coordinates:
[a, b]* corresponds to a/b if b # 0 and oo if b = 0.

The inverse of 7 = Dir(x + iy, up,u;) is a Hilbert-Schmidt integral operator on L%

with kernel given by
Ko-1(s,t) = (uouiLocy + uuhlose) R(2). (4.8)

This means that if f € dom(r) and g = 7f then f(s) = [

o Kr1(s,t)g(t)dt. The fact

that the integral operator is Hilbert-Schmidt follows from the second inequality of (4.6),
and implies that 7 has a discrete pure point spectrum with nonzero real eigenvalues
e, k € Z that satisfy >, /\,;2 < 00. We label the eigenvalues so that they are in an
increasing order with A_; < 0 < Ap.

After the change of variables 7 = X7X~! the inverse r7 := 77! is an integral

operator on the L? space of functions f : [0,1) — R? with norm || f|* = fol ftfds, and

its kernel is given by
Ker(s,t) = $(a(s)c(t) Locy + c(s)a(t) 1),  a(s) = X(s)ug, c(s) = X(s)uy. (4.9)

We define the integral trace of r1 as the integral of the trace of the kernel K, ., and

denote it by t;:

1 1 1
t. = / tr K, ,(s,s)ds = %/ a(s)'e(s)ds = / uh R(s)uids. (4.10)
0 0 0

By the first inequality of (4.6) the integral trace is finite.
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We define the secular function of T with the expression

Q—(Z) _ e—thdetQ([ _ ZI‘T) _ e—%fol a(s)te(s)ds H(l . Z/ )\k)ez/kk. (4‘11)
k

Here dets is the second regularized determinant, see [58]. The secular function (, is an
entire function with zero set given by \i,k € Z, it is an analogue of the normalized
characteristic polynomial of a square matrix. (See [65] for details.)

The next statement provides comparisons for the spectra and secular functions of

two Dirac operators.

Proposition 4.2. Let 7y, 7 be two Dirac operators on [0,1) satisfying assumptions
(4.5) and (4.6). Denote by A, G, T4, 4 the eigenvalues, secular function, resolvent and
integral trace of 7;. Let || - || denote the Hilbert-Schmidt norm. Then

>k = A <l o (1.12)
k

and there is a universal constant a > 1 so that for all z € C
1G1(2) — G(2)] < (e‘zlifr@l — 1+ |2||r1 - r2H)a\zl%ur1||2+||r2||2>+\z|(\t1|+|t2|>+1 (4.13)

The inequality (4.12) is just the Hoffman-Wielandt inequality in infinite dimensions
(see e.g. [3]), the bound (4.13) follows from standard properties of the regularized de-
terminant [58] (see Proposition 21 in [65] for additional details). Proposition 4.2 shows
that the Hilbert-Schmidt convergence of Dirac operators implies the convergence of the
spectra, and if the integral traces converge as well then we have uniform on compacts
convergence of the secular functions.

The end points of a Dirac operator can be classified as limit circle or limit point

based on the integrability of the solutions of (7 — A\)u = 0 near that end point. By the
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Weyl’s alternative theorem (e.g. Theorem 5.6 in [67]) the integrability of the solutions
does not depend on A. Hence one can choose A = 0, and just check the integrability
of the constant vectors. Since R(t) is locally bounded near 0, the left endpoint of the
interval [0,1) is limit circle with respect to the weight function R: for any v € R? the
function v'Ro is integrable near 0. Assumption (4.6) shows that vRwv is integrable near
1 if v || uy, but that might not be the case if v Jfu;. This shows that the right endpoint
could be limit circle or limit point.

For certain applications of the limiting objects, it is more convenient to consider
operators that have 0 as the endpoint that could possibly be limit point. In this case
the domain of the operator is (0, 1], and we have to modify our setup and assumptions.
This reversed framework will be introduced in Section 4.7.1, where we also discuss other

transformations of Dirac operators.

4.1.2 Dirac operators for finitely supported probability mea-

sures on the unit circle

We review the construction given Section 3 of [65] that shows how a finitely supported
probability measure on the unit circle can be represented using a Dirac operator of the
form (2.7). (See also Section 5 of [64].)

Let 4 be a probability measure whose support is a set of n distinct points €™, 1 <
J < n on the unit circle, and assume p({1}) = 0. The characteristic polynomial of p,

normalized at 1, is defined as

n zZ—€
pu(z) =] T (4.14)
1
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For 0 < k < n, the kth orthogonal polynomial ®(z) is defined as the unique polynomial

with main coefficient 1 of degree k that is orthogonal to 1,...,2* in L?(u). We

denote by Wi(z) = 2’28 the normalized orthogonal polynomials. Note that we have

Oy =¥y =1and p, =V,. For 0 <k <n we define &}, U} as the reversed polynomials
i (2) = 2F0,(1/2), Ui (z) = 270, (1/%).

The vector (g’:) satisfies the Szegd recursion [57]:
k

((I)k—i-l(z)) — A, =0 (q)k(z))? 0<k<n-1. (4.15)

q)erl(z) 0 1 (PZ(Z)
1 —a
Here A, = , the complex numbers «y, ..., a,_1 are called the Verblun-
— 1

sky coefficients. They satisfy |ay| < 1 for 0 < k <n—1and |a,_1| = 1. The normalized

orthogonal polynomials Wy, U satisfy a similar recursion as (4.15), with the matrix

1 Ok
e 1— 1—
Ak: — Tk Tk
_ 1

1-%k 1=k
in place of A;. The complex numbers 7, 0 < k < n — 1 are called the modified or

deformed Verblunsky coefficients (see [10]). They satisfy

k-1 _
1 — 7.
w=a [[—2,  o0<k<n-—1, (4.16)
v el
from which it follows that |y;| = |k
Define wy, v, € R with
2%k
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Set zo = 0, yo = 1, and define recursively
Tyl = Tk + UrYk, Ye+1 = yk(l + wk), 0 < k <n-— 1. (4.18)

Note that |y| < 1 implies 9‘%% > —1, and we have equality if and only if |y| =1, v # 1.
Hence yp, > 0 for 1 < k <n —1and y, = 0. The following proposition was proved in

[65).

Proposition 4.3 ([65]). Set (1) 4+ iy(t) = T|nt) + WYne) for t € [0,1]. Let

0 -1 d XtX 1 —z
g a4 _ o x= , (4.19)
1 0 dt 2det X 0 y
with boundary conditions uy = [1,0]", u; = [—z(1), —1]".

Then T satisfies our assumptions, the spectrum of T is given by the set
specT = {n\, +2mnj: 1<k <n,je€L}

and the secular function of T satisfies

G-(2) = pule™Me 2 = Sm(kiiﬁ;j/z/)@n»

Jj=1

(4.20)

4.2 Random Dirac operators

This section introduces the random Dirac operators corresponding to the finite ensembles

and to their limits.

4.2.1 Operators for the finite ensembles

The results of this section provide descriptions of random probability measures with
support given by the CJSE and ROSE, respectively, where the joint distribution of the

modified Verblunsky coefficients can be described explicitly.
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Definition 4.4. For a > 0 and R0 > —1/2 we denote by O(a+ 1,0) the distribution on

{|z] < 1} that has probability density function

Cas(1— 2?71 (1 = 2)°(1 - 2)°, (4.21)

[(a/2+146)T'(a/2+1+49)
mT(a/2)T(a/24+140+9) °

where ¢, 5 =
We extend the definition for the a = 0, R > —1/2 case as follows: O(1,9) is the

distribution on {|z| = 1} with probability density function

8 ) 5 _
%(1 —2)%(1 - 2)°. (4.22)

Definition 4.5. For s,t > 0 let ]§(s, t) denote the scaled (and flipped) beta distribution

on (—1,1) that has probability density function

21—t (s41) s—1 t—1
o L — @) (L +x)

Theorem 4.6 (Theorems 3.2 and 3.3 of [10]). For given > 0, R0 > —1/2 and n > 1
let p = ug,m be the random probability measure p = Y ;_, T0.e, on the unit circle
where (01, ...,0,) and (r1,...,7r,) are independent, the joint density of Ok, 1 < k < n is
given by (2.8), and the joint density of i, 1 < k < n — 1 is given by %,3 o1 7“5/2_1.
In other words, p is a probability measure where the support has distribution CJBE, and
the weights are Dirichlet(5/2, ..., [3/2) distributed, independently of the support.

Then the modified Verblunsky coefficients 7o, ..., Vn—1 of p are independent, and ~yy

has distribution ©(f(n —k —1) 4+ 1,0) for 0 <k <mn —1.

Theorem 4.7 (Theorem 2 of [33], Proposition 4.5 in [32]). For given >0, a,b > —1
andn > 1 let = 3, 5., be the random probability measure pu = Y| 37x(8,i0, + 0,0y, )

on the unit circle where (04,...,0,) and (ry,...,m,) are independent, the joint density
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of O, 1 < k <n is given by (1.5), and the joint density of r, 1 <k <n —1 is given by

1 n B/2—-1
Cop lle=T1 -

Then the Verblunsky coefficients «, . .., a1 corresponding to p are real, indepen-
dent of each other. We have as, 1 = —1, and the distribution of ay,0 < k < 2n — 2 s

given by

E(%(Qn—k+2a),§(2n—k+2b)), if k is even,

A ™~

B(2(2n—k+2a+2b+1),22n—k—1)),  ifk is odd.

Since all the Verblunsky coefficients are real, we have vy = ay for all 0 < k < 2n — 1.

Theorems 4.6 and 4.7 together with Proposition 4.3 provide random Dirac operator

representations for the CJSE and ROSE.

Definition 4.8. We denote by CJ,, g5 the random Dirac operator constructed from the
random probability measure M;j,@(s of Theorem 4.6 using Proposition 4.3. We denote by
RO2p, 5,06 the random Dirac operator constructed from the random probability measure

Hon pap O Theorem 4.7 using Proposition 4.3 .

The modified Verblunsky coefficients are independent for both Mg,@ s and us, 5.
Hence the sequence xy + iy, defined by the recursion (4.18) is a Markov chain for both
of these random measures. The generating paths of the CJ,, 35 and R0y, g4 Operators

are just these Markov chains embedded into continuous time.

4.2.2 The limiting operators

As we show below, the generating paths of both CJ,, 35 and R0y, g 4, approximate certain
diffusions in H, and the operators themselves approximate the Dirac operators built from

these diffusions. In this section we introduce the two limiting operators.
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For the rest of the paper, we set
vg(t) = —5 log(1 —1). (4.23)

Hua-Pickrell operator

Fix 8 > 0 and § € C with 5 > —1/2. Let B;, By be independent standard Brownian

motion, and let x; 4+ 1y;,t > 0 be the strong solution of the SDE
dy = (—Rédt + dBy)y, dr = (Sddt+ dBs)y, y(0)=1,z(0)=0. (4.24)

Proposition 4.9 (Proposition 31 of [64]). Let x(t) + iy(t) be defined via (4.24). The
limit ¢ = limy_, z(t) exists, and it is non-zero with probability one. Define T(t) =
z(vg(t)),y(t) = y(vs(t)), and set uy = [1,0]", uy = [—¢q, —1]*. Then the random Dirac

operator HPg 5 = Dir (T + iy, up, uy) satisfies the assumptions of Section 4.1.1.

We record the following estimates for 7,y from the proof of Proposition 31 of [64].

For any £ > 0 small there exists a random finite C' = C(g) such that
C Y 1—1)3H3+) < g(1) < C(1—)5 279 g ()| < O(1—)5 279 (4.95)
The distribution of ¢ = lim;_, z(t) was identified in [2].

Definition 4.10. For m > 1/2 and p € R we denote by Pry(m, ) the distribution of

the (unscaled) Pearson type IV distribution on R that has density function

2221 (m + 41)|?
ml'(2m — 1)

(1 + x2)—m€—uarctan$' (426)

Theorem 4.11 ([2]). The random variable q in Proposition 4.9 has Pry (R0 + 1, —239)

distribution.
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There is an interesting connection between the distributions P, and ©: the map

2(e?) = —cot(8/2) transforms O(1,5) into Ppy(RJ + 1,—235). The map z can be

extended to the conformal map w — it from {Jw| < 1} to {S2 > 0}, which provides
an isometry between the unit disk and half-plane representations of the hyperbolic plane.
In other words, ©(1,0) and Py (Ré + 1, —239) are different representations of the same

distribution on the boundary of the hyperbolic plane.

Hard edge operator

The point process scaling limit of the Laguerre -ensemble near the hard edge was
identified by Ramirez and Rider in [48], see Theorem 2.1. [64] provided a Dirac operator

representation for &g ,, we summarize the result below.
Proposition 4.12 (Theorem 30 of [64]). Fiz 5 > 0,a > —1, and let B be a standard
5

Brownian motion. We set y(t) = e~ 12a+Di=BCY (1) = y(vs(t)), uy = [1,0), and

u; = [0,—1]". Then the operator Bessgp, := Dir(iy, up, uy) satisfies the assumptions of

Section 4.1.1, and its spectrum is symmetric about 0: A\_p = —X\p_1,k > 1.
Moreover, the set {%)\3, %/\%, ...} has the same distribution as the spectrum of the

hard edge operator &g, defined in (2.1).

Remark 4.13. Theorem 30 of [6]] is stated in a slightly different (but equivalent) way.
With the notations of Proposition 4.12 the statement of that theorem is about the operator
G2, = Dir(iy',ui,up). Note however that conjugating Bessg, with the permutation
matriz transposing the first and second coordinate in R? gives —Ggoa, and since the
spectra of Bessg, and Gga, are symmetric about 0, the statement of the proposition

follows.
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4.3 Precise results

We are ready to state our results in a precise form.

4.3.1 Convergence of random operators and normalized char-

acteristic polynomials

Theorem 4.14. Fiz § > 0 and %0 > —1/2. Then there is a coupling of the random

operators CJ, g5,m > 1 and HPg 5 so that ||t CJ, g5 — T HPss||ps and tcs, ;5 — tup, ; both

n,B,6

converge to 0 almost surely as n — oo.
From Theorem 4.14 and Proposition 4.2 we immediately get the following corollary.

Corollary 4.15. Consider the coupling of Theorem 4.14. Denote by A,, the eigenangles
of CJpps inside (—m, |, and let A\, k € Z be the sequence of ordered elements of the set
nA,+2mnZ with A\_y, <0 < Aon. Let p,(2) be the normalized characteristic polynomial
of A, defined via (4.14). Denote by HPg s = {\pwp, k € Z} the ordered spectrum of the

operator HPg 5, and by (i’ the secular function of HPgs. Then

Z |)\,;11 — )\,;%n,|2 —0 almost surely as n — 0o, (4.27)
k
|pn(e¥/M)e /2 - Cas(2)| =0 almost surely, uniformly on compacts as n — oo.
(4.28)

In particular, if A, ~ CJ, g5 then nA, = HPg;.

The following theorem and its corollary state the corresponding result for the real

orthogonal ensemble.
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Theorem 4.16. Fiz 5 > 0 and a,b > —1. Then there is a coupling of the random
operators ROa, g qp,m > 1 and Bessg, so that |t RO2y, g4 — rBessg,||ms converges to 0

almost surely as n — oo.

Note that since the driving paths are purely imaginary, we have tro,, ;,, = tBesss, =

Corollary 4.17. Consider the coupling of Theorem 4.16. Denote by As, the eigenangles
0f RO2p, g.ap inside (—m, |, and let A\ on, k € Z be the ordered elements of the set 2nAy, +
AmnZ with A_19, < 0 < Xg2n. Let pan(z) be the normalized characteristic polynomial of
Ao, defined via (4.14). Denote by Bessg, = {Mxp, k € Z} the ordered spectrum of the

operator Bessgq, and by Cg}a the secular function of Bessg,. Then

Z Aesn — Al =0 almost surely as n — oo, (4.29)

k
|pan (€73 e712/2 C§7a(z)| —0 almost surely, uniformly on compacts as n — oo.
(4.30)

Moreover, if Ao, ~ ROap g4 then 2nAs, = Bessg,.

4.3.2 Characterization of the limiting point processes

The point process HPg 5 is a generalization of the Sineg process: HPgo = Sineg. The
Sineg process has various descriptions via its counting function using stochastic differ-
ential equations, we will show that these descriptions can be extended to the process

HPg s as well.

Theorem 4.18. Let 5 > 0, 6 € C with R0 > —1/2. Let Z = By + iBs be a standard
complex Brownian motion, and let 0 € (—m, 7] be a random variable independent of Z

so that € has distribution ©(1,6).
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There is a unique process Yx(t) with t € (0,1], A € R that is continuous in both

variables, and for each A € R the process t — \(t) is a strong solution of
dipy = Adt + R[(e7 — 1)(Z5dZ — idzdt)], lim ), (£) = 0. (4.31)
The point process HPg s has the same distribution as the random set
E={NeR: (1) € 0+ 27Z}. (4.32)

Note that this is an extension of the Killip-Stoiciu characterization of the Sineg pro-
cess, see [34], [64]. The following theorem provides another, equivalent characterization

of HPg 5, which is an extension of the description of Sineg given in Proposition 4 of [62].

Theorem 4.19. Let 5 > 0, 6 € C with R0 > —1/2. Let Z = By + iBs be a standard
complex Brownian motion. Then the following SDE system has a unique strong solution

ontel0,00), AeR
doy = AemThdt 4+ R[(e 7™ — 1)(dZ — isdt)],  ax(0) = 0. (4.33)

With probability one the process X — «\(t) is increasing for all t > 0. For each A € R
the limit sgn(\) tliglo wax(t) exists almost surely, and it has the same distribution as
the number of points of HPg s in [0,A] for A > 0 (and in [X,0] for X < 0). Moreover,
if N(\) is the right-continuous version of the function A — tliglo >ax(t), then N(-) has

the same distribution as the counting function of the HPg s process.

The diffusion description given in Theorem 4.19 allows us to study various properties
of the counting function of the HPs s process via the SDE (4.33). See Chapter 5 for
results on the large gap asymptotics of the point process HPg s, a central limit theorem
on the counting function of HP3 5, and a process level transition from HP s 5 to the Sineg

process (see Theorems 5.1 and 5.2 for the precise statements).
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4.3.3 Characterization of the limiting random analytic func-

tions

Theorem 4.20 (Characterization of (§7). Fiz 8 >0 and § € C with R5 > —1/2. Let
By, By independent copies of two-sided Brownian motion, and let ¢ be an independent
random variable with distribution Ppy (R +1,—239). Denote by HP g5 the spectrum of
the operator HPg 5, and by CE its secular function. Then Cﬁpé has the same distribution
as the random analytic function [1, —q|Ho where H,(z) is the unique analytic solution

of the system of stochastic differential equations

0 —dB 0 —ddu 3
dH = H + H— 22 JHdu, ueR (4.34)
0 dB, 0 —Rédu

with the boundary condition lim L SUP| <y ’Hu(z) - (1)‘ = 0. Moreover, (55(z) has the
same distribution as the random power series y O(A — qBM™) 2 where ALY, B are

processes satisfying the recursion

B,EL”) — _pB(u)—(5+Ro)u /u ge—Bg(s)+(§+%+%é)sAgn—l) ds, (4.35)
A = / (8 P/ B — 36BM) ds — / B dB,. (4.36)

with A =1, B0 = 0.

Theorem 4.21 (Characterization of (¢ ). Fir 8 > 0, a > —1. Let B be a two-sided
Brownian motion on R, y(t) = exp(—%(Za + 1)t + B(2t)) and y(t) = y(% logt). Denote
by Bessg, the spectrum of the operator Bessg,, and by (® = Cga its secular function.
Then (B has the same distribution as 1+ > oo rx2%*, where

e ff] S s

0<s51<82< <82k <1
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Moreover, (®(z) has the same distribution as [1,0]Ho(z), where H,(z) is the unique

strong solution of the SDE

0 0
dH = H— zgeﬂ“/‘*mdu (4.38)

0 v2dB+ (1-2(2a+1))du

with boundary conditions lim sup, Hu(2) = (;)] = 0.
U—>—00

Remark 4.22. The random analytic function (3, can also be represented in a product

form as follows:
B 2
G.= ] (1 - F) . (4.39)
0<A€Bessg 4

To see this we use definition (4.11), and note that the integral trace of the operator
rBessg, is zero. Moreover, by Proposition 4.12 the point process Bessg, is symmetric

about 0, and r Bessg, is Hilbert-Schmidt, which gives us

2

[T a-=ne”= ] (1_%).

A€Bessg 4 0<\€Bessg

The random analytic function Cgi;(z) should also have a similar representation in terms

of its zeros, it should be equal to the principal value product

. z

1im ] (1_X>' (4.40)
)\EHPﬁ,g
[Al<r

For § = 0 this statement was proved in [65]. Using the results of the current paper one

should be able to extend the proof in [65] for the general § case.

4.4 Convergence of discrete Dirac operators

This section collects some of the tools that will be used to prove Theorems 4.14 and 4.16.

We first prove a general convergence result for the resolvents and integral traces of Dirac
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operators where the driving paths converge pointwise and are also ‘regular’ in a certain
sense. Then we review some probabilistic tools: a standard result on the convergence
of Markov chains to diffusions, and an iterated logarithm type result for products of

independent random variables.

4.4.1 Convergence of resolvents and secular functions of Dirac

operators

The following proposition gives a sufficient condition for the convergence of the resolvents

and integral traces of deterministic Dirac operators.

Proposition 4.23. Suppose that the Dirac operators 7™, n € Z,U{cc} are parametrized
by paths =™ + iy™ and boundary conditions uy = [1,0]*, ul” = [—¢™, —1]*. Introduce
the notation |t|, = |nt]/n with the understanding that |t]. = t. Assume that there
are constants cy,co > —1, c3 > 0, and k > 0 so that the following bounds hold for all

0<1t<1,
L= [ta)2 <y < w1 [t [d™ =™ S K- [ta)e (441)
uniformly in n € Zy U {oo} with
c3 > co— 1, 1 >y — 2. (4.42)

Assume that 2™ + iy™ — () 4 iy(>) point-wise on [0,1).

Then

lim [[r7™ —r70)||gg =0, and lim [ty — t| = 0. (4.43)
n—oo

n—oQ
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Proof. From the second inequality of (4.41) and the triangle inequality we have ¢ —
ey

Denote by R™ the weight function of 7(®), and by X the 2 x 2 matrix defined in
(4.4). Recall that r 7™ n € Z, U{oo} is an integral operator with kernel given by (4.9).
From ¢™ — ¢(*) and the pointwise convergence of z(™ + iy™ we get the pointwise
convergence of the integral kernels of r 7(™ on [0, 1)2.

The bounds (4.41) and the conditions on the constants c;, ¢, 3 provide integrable

upper bounds for the functions

n n x 5 q
tr Ko (5:8) = wp RO (sl = =5 o

1 n n
0 K (5, ) Koo (5,1) = 21X (s v O 21X (5 A Do

1 g™ — 2™ (s 1)|? Y™ (sVt)
4 y™ (s Vt)? y™(sAt)

on [0,1) and [0,1)2, respectively. This shows that condition (4.6) is satisfied for 7(™ for
each n € Z, U {oo}. Moreover, the General Dominated Convergence Theorem (see e.g.

Theorem 1.4.19 in [56]) and the point-wise convergence of the kernels lead to (4.43). [

As an immediate consequence we have the following corollary for random Dirac

operators.

Corollary 4.24. Suppose that 7" n € Z,U{oco} are random Dirac operators built from
the processes ™ + iy™  and boundary conditions uy = [1,0]* and uﬁ”) = [—¢™, —1],

with random variables ¢ . Assume that the following conditions are satisfied:

1. 2™ 4 iy — (00 44y () in distribution on [0,1) with respect to the Skorohod

topology.
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2. There exists constants ¢y, co > —1, ¢3 > 0 satisfying (4.42), and a sequence of tight

positive random variables K™ ,n € Z, U {occ} so that for 0 <t < 1

(™)L = [t]a)= <y () < &L= [t]0), (4.44)

g™ — 2™ (0] < &L~ [t]a) (4.45)

Then there is a coupling of 7™, n € Z,{oo} so that almost surely both ||r 7™ —

r 70 ||gs and |t — t ()| converge to 0 as n — oo.

Proof. We will show that the quadruple (z™ +iy™ ¢™ r 7™ ¢ ) converges jointly in
distribution to (x(oo) + iy(>), ¢(>0) r7(o0) ~(=)) in the appropriate product space. Since
both the space of cadlag functions on [0, 1) under the Skorohod topology and the space of
L? bounded integral operators on R? are separable, the statement follows by Skorohod’s
representation theorem (see e.g. Theorem 1.6.7 in [4]).

We have to show that for any subsequence n;,j € Z; we can choose a further
subsequence n(,) along which the appropriate convergence in distribution holds. By
the tightness of K™ n € Z, we may choose Nj(m) SO that (z(Miem) 4 iymiem) | gMiem)) =
(20 4 iy(>) k() with an a.s. finite x(>). Using Skorohod’s representation theorem
there is a coupling where this convergence in distribution holds in the a.s. sense with x+uy
converging pointwise on [0, 1). We can now use Proposition 4.23 to conclude that in this
coupling the quadruple (z(™itm) + iy(”ﬂm)),q(”ﬂm)),rT(”ﬂm)),tT(nj(m))) converges a.s. to
() 4 iy(>) ¢(>) r () ¢ ) in the appropriate product metric. This also implies

convergence in distribution along the subsubsequence n(,), finishing the proof. O]
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4.4.2 Probabilistic tools

The following two results will allow us to check the conditions in Corollary 4.24. The
first is a special case of a classical result about the diffusion limit of discrete time Markov
chains due to Ethier and Kurtz.

Proposition 4.25. Suppose that for each n € Z. the the sequence of pairs of ran-
dom variables Z" = (v, w™), 0 < k < n — 1 are independent. For a given n let
(™, 4"),0 < k < n be the solution of the recursion (4.18) built from (v, w\™), and
introduce the notation (z™(t),y™ (1)) := <x(LZ)tyy(LZ?5J)

Assume that there exist continuous functions ai, as, 0%, 03 on [0,1) such that

nE(Z]g”)) — (al(g) a2<§)) + erry(k,n), (4.46)
o2(k 0
nCov(Z,in), Z,in)) = 1) + erra(k, n), (4.47)
0 o3(3)
and
nE(Jol™[* + [w™[*) = errs(k, n), (4.48)

where the error terms satisfy

li (k =0
i Sup k/rqglgalx_ 5 lerr;(k,n)|

for any § € (0,1), 1 < j < 3.
Then ™ + iy™ converges in distribution to x + iy, the solution of the stochastic

differential equation
dr = (a1(t)dt + o1(t)dB1)y, dy = (az2(t)dt + 02(t)dB2)y, x(0) =0,y(0) =1, (4.49)

on [0, 1) with respect to the Skorohod topology. Here By and By are independent standard

Brownian motion.
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Proof. The proposition follows from Theorem 7.4.1 and Corollary 7.4.2 of [20] (see Sec-

tion 11.2 in [59] as well). O

Our next statement provides a sufficient condition to check the inequality (4.44) for
our models. The proposition is a straightforward extension of Lemma 5 of [48], we do

not present the proof here. (See (2.4)-(2.5) of Lemma 5 and also Claim 10 in [48].)

Proposition 4.26. Let 5,2"),0 <k<n-—11<n be a positive triangular array with
independent entries for any given n. Define y](-n) = Hfg;é ,gn). Assume that there are

constants g > 0, ¢; € R and ca,c3 > 0, so that for [N\ < A\g and 0 < j <n —1 we have

log E[exp() log yj("))] = ciAlog(l — L) — eaA%log(1 — ) + err,, (), (4.50)

n

where lerr,(j)| < ¢s for all j,n. Then for any € > 0 small, there exists a sequence of

tight positive random variables kM) = g (€) such that for all 0 < k < n — 1 we have

(Ii(n))_1<1 . k)cl—l-s < ylgn) < fi(n)(l B %)cl—e'

n

4.5 Path convergence for the discrete models

In this section, we prove that the driving paths of the operators CJ,, 35 and R0, g4, con-
verge in distribution to the driving paths of the operators HPg 5 and Bessg 4, respectively.

For this we will check that the discrete models satisfy the conditions in Proposition 4.25.

4.5.1 Circular Jacobi ensemble

Recall the definition of the distributions O(a + 1, ) and Py (m, ) from Definitions 4.4

and 4.10. We also introduce an additional distribution.
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Definition 4.27. For s,t > 0 let B'(s,t) denote the ‘beta prime’ distribution on (0, 00)

that has the probability density function

T(s+t) | s—1 —s—t
rern . (L+y)

Note that if X;,7 = 1,2 are independent Gamma distributed random variables with

density I'(cy) " *z® e~ on (0, 00) then % has B'(aq, ag) distribution, and ﬁf;))g has

B(ay, ag) distribution.

The following statement follows by a change of variables.

Fact 4.28. Suppose that v € C is distributed as ©(a + 1,0) with a > 0 and R0 >

v
24w

—1/2. Define w,v € R with % = w —w. Then the random variables w and are

independent, and

l+w~B(%%+2R0+1), HLwNPIV(ngS%(SJrl,—Q%(S).

a
2

v
24w

In the a = 0 case w degenerates to —1, and hence = .

We record here the following facts of the beta prime and Pearson type IV distribu-

tions.

Fact 4.29. Let s,t >0, and Y ~ B/(s,t). Then for any —s < k < t,

k1 D(s+k)I(t—k)
E[Y ] - r(s)I'(t) -

Letm >5/2, w € R, and Z ~ Pry(m, ). Then we have

21 2m—2+u? 47 _ 12(m+(p%-3)/2)2—2u*—2u%-3
E[Z ] - (2m—2)(2:z—3)’ E[Z ] - (2m—5)72m—4)(2m—l§)(2rg—2)'

We are now ready to prove that the driving paths of the operators CJ, g5 converge

to the driving path of the operator HPg 5.
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Proposition 4.30. Fiz 8 > 0 and 0 € C with R0 > —1/2. Let {\",0 < k <
n — 1} be random wvariables that are independent for a fized n, and have distributions

vlin) ~O(p(n—k—1)+1,5). Define v,gn),w,in) € R via (4.17) using v, = 71(:)’ and let
x;”),y,(j),o < k < n be the solution of the recursion (4.18) using vy = v,(cn), wy = w,(cn).
Set (™M (t),y™(t)) = (x(LZiJ,yEZZJ) Let © + y be the process defined in Proposition 4.9.
Then 2™ +iy™ converges in distribution to T +iy on [0,1) with respect to the Skorohod

topology.
Proof. Let N5 = f%(2 —R9)] Vv 0.
Set 2™ = v{™ /(24w(™). By Fact 4.28 we have that 1+w™ and 2" are independent

with distributions

1+ w™ ~B(En—k—1),2(n—k—1)+2R6+1), (4.51)
2~ Pry(8(n — k= 1) + RS + 1, -239). (4.52)

From Fact 4.29, we get that for 0 <k <n — Ns—1

(n)y _ — 4R (n)\21 _ 48(n—k—1)—8R6+16(R5)>

E[wk I = B(n—k—1)+4%5> E[(wk )= (B(n—k—1)+4R5—2)(B(n—k—1)+4R4)’ (4.53)
(n)y _ 456 (m)y21 _ 48(n—k—1)+8RI+16(36)?

E[U’f ] T B(n—k—1)+4Rs’ E[(Uk ) ] T (B(n—k—1)+4R6—2)(B(n—k—1)+4R5) * (4-54)

Moreover, there exists a constant ¢ > 0 so that for 0 < k <n — Ns — 1 we have

Bl + B0 + El(wf”)] < cn k)

This means that the conditions (4.46) and (4.48) of Proposition 4.25 are satisfied with
the functions a;(t) = J0vj(t), ax(t) = —RNovs(t), o7(t) = o3(t) = vj(t), with va(t) =
—%log(l —t). Hence the processes 2™ (t) + iy™(t) converge in distribution to the

solution of the sde

dr = (%5%(1&)(% + \/%dBO y, dy= <—9%§U}3(t)dt + \/%ng) y  (4.55)
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with independent Brownian motions By, By and initial values z(0) = 0,y(0) = 1. The
distribution of the process in (4.55) is the same as that of the SDE (4.24) with the time

change t — vg(t), which is completes the proof of the proposition. O

4.5.2 Real orthogonal ensemble

Now we turn to the path convergence of the real orthogonal ensemble. By Theorem 4.7,

the modified Verblunsky coefficients of the real orthogonal ensemble are all real. Hence

(4.17) and (4.18) imply that vy, = 2, = 0, 1 + wy, 1+7k cand y, = [[60) e

Proposition 4.31. Fiz a,b > —1,5 > 0. Let {7k ,0 < k < 2n — 1} be random
variables that are independent for a fixed n with the following distributions: ’yéi"_)l =—1,

and for 0 < k <2n—2

(2n) B(§(2n — k+2a), 5(2n — k + 2b)), if k is even,
A~ (1.56)
B(2(2n —k+2a+2b+1),82n —k—1)), ik is odd.
Define y®(t) = ,Ezngj ! 1“’(%) for all 0 < t < 1. Let § be the process defined in

Proposition 4.12. Then y®™ converges in distribution to i on [0,1) with respect to the

Skorohod topology.

Proof. We first consider the multiplicative random walk with step size 2 and define

g2 (t) == ZLngJ ! 1“’;%) We will check the conditions in Proposition 4.25 for y{*”) (1)

(with 2*™ = 0).

If v ~ E(sl, S9) then lJ_r—“’ ~ B'(sg, s1). Using the moment formulas of Fact 4.29 one
readily checks that with

(2n) (2n)

(2n) o (2n) _ 4y Yo
v =0, Wy = [ em " en -1
Yok V2k+1
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the conditions (4.46) and (4.48) of Proposition 4.25 are satisfied with a; = o? = 0,
as(t) = % and o3(t) = ﬁ. Hence the limit in distribution of y§2n)(-) exist and

it has the distribution of the strong solution of the diffusion

~ __ 4/B—(2a+1)~ /_ 8 =~ =00 —

where B is a standard Brownian motion.

The solution of this SDE has the same distribution as the process y in Proposition
4.12. Using the the fourth moment bounds of Fact 4.29 one can show that |y{*™ /y2" —1|
converges to 0 in the sup-norm in probability on any compact subset of [0, 1). From this it

follows that that y®® converges to 7 in distribution as well, proving the proposition. [

4.6 Proofs of the operator limit theorems

We are ready to prove Theorem 4.14. We will do that by applying Corollary 4.24 to
the processes described in Propositions 4.30, for this we need to prove the path bounds

(4.44) and (4.45). This is the content of Propositions 4.32 and 4.33 below.

Proposition 4.32. Fiz 8 > 0, 6 € C with R0 > —1/2. Let x,(gn) + iy,(gn),O <k <n be
defined as in Proposition 4.30. Then for any 0 < ¢ < ¢5 = %(3?5 + %), there exists a

sequence of tight random variables k™ = k™ (g) such that for all 0 < k <n — 1,

(,{(n))—l(l . %)654-6 < ylin) < Ii(n)(l . E)Cg—a. (457)

n

Proof. Using the definition of y,gn) together with Fact 4.28 we get that

k—1
u =T+ w),

=0
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where for a fixed n the random variables w,(j),o < k < n —1 are independent with

distribution given in (4.51). By Fact 4.29, for |A\| <R+ 1/2 and 0 < k < n—1 we have
CRESYI NGRS
o ") = - o ().

where 35-") =5(mn—j-1), t;") =

N[

(n—j—1)+2%R0 + 1. By the asymptotics of the

Gamma function for any r > 0 there is a ¢, > 0 so that

llogI'(z) — ((z — 3)logz + a — 1°g227r — s )| <qa? forz >

From this (and some basic Taylor expansion estimates) it follows that y,(gn) satisfies

2

condition (4.50) of Proposition 4.26 with ¢; = ¢5 and ¢s = £, and the statement follows

=

by Proposition 4.26. O]

Proposition 4.33. Fiz > 0, § € C with R > —1/2. Let x,in) + iy,(cn),O <k<mn be
defined as in Proposition 4.30. Then for any 0 < ¢ < ¢5 = %(?R(F + %), there exist tight

random constants ng”) > 0 such that
|2 — mgn)| < nﬁ”)(l — l)c/ forall0 <j<n-—1. (4.58)
n

Proof. Fix ¢ > 0 so that ¢ + 2¢ < ¢5. By Proposition 4.32 there is a sequence of tight
random variables (™ so that (4.57) holds, and the sequence ™ is measurable with
respect to the sigma-field generated by the random variables y,; ), 0<k<n-—1.

Set 2™ =™ /(2 + w{™). Then from (4.18) we get

o = )+ 0@l =2+ o i i),
and

) — o = 05" (0 + uth)-
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Introduce

n—1

> oA !+ ulh)

k=j

A — max
0<j<n—1

(=2
n

the statement will follow once we show that the sequence A™ n > 1 is tight. We will

do that by first separating finitely many terms in the maximum, and then splitting the
sum using centered versions of zlin).

Set N5 = (%(4 —R6)] VO and n = n — N5 — 1. Note that by Fact 4.29, the fourth
moment of z,i") is finite for j < n. By (4.52) the distribution of z,(cn) only depends on
n — k, hence the path bounds (4.57) on y,(cn) (together with ¢s — 2 — ¢ > 0) imply that

the following sequence of random variables is tight:

Z Zk; + yk-&-)l)

/

(1 - 1)_C . (4.59)

n

Agn) ‘= _ max
At1<j<n—1

Since the sequence A(()"), n > 1 is tight, it suffices to show the tightness of the following
sequence:

/

(1 - l')_c . (4.60)

Z Zk o fl/k+)1) "

(= max
0<j<n

We introduce

n ﬁ n n n ] _C,
T o [
=]
n ﬁ —\n n j 76/
- [ ] (1)

where X = X — E[X]. Note that A® < Agn) + Ag")

By (4.52) and Fact 4.29 we have

236
B(n—k—1)+2R5

E[4"] =
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Using the bounds in (4.57) with ¢ < ¢s — ¢ we get

. n) kN cs—¢ n
APSO@%{(“‘) (Zﬁn— () )}S””“? (a6

with a deterministic constant ¢ that only depends on § and . This shows that the

sequence A n > 1 is tight.
Next we turn to the tightness of the sequence Ag"). Choose 1 < 0 < (c; — 3e)/c.

Define

m=m™ =int{i € Z* : 0" > log (527}

o9 = O'én) =0, o = O'En) = min ([n(1 - e_gi)J,'ﬁ) for 1 <i <m.

Note that g = 0 < 0y < --- < 7, = n. In order to bound the tail of Aé”) we will
split the index set of the sums into blocks {o;,0; + 1,--- ,0;41} to control the term
(1 —3/n)~¢, and then control the fluctuations within each block. Fix K > 0, then we

have

Z 27 (" + o)

m—1
PAMY > K) < ( max

0;<j<0it1

(1-2)7 2 K < ﬁ)
n

(4.62)

+P(/<c(") > \/f)

Since (™ are tight, we have

lim hmsupP( () \/E) =0.

K—00 pyeo
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We now estimate the terms in the sum in (4.62) for each 0 < ¢ <m — 1. We have

(Uzgg‘?}'{uﬂ Z Zk + k+1> ‘ <1 n = K7 R >~ \/E
=1 (‘ Z Z(n "+ yk+)1>

k=o;
~ s Ko\
E :Zk (y +yk+l) =5\ RS :

> 5 (1- )" e gx/?)

n

+ P max
0;<j<0it1
=0;

Note that the sequence x(™ is measurable with respect to y/,(C "0 <k <nand Z,En) are
independent of y,g"). Hence by conditioning on yk" ,0 < k < n, using Doob’s maximal

inequality, and the path bound (4.57) we get

n K 7 ¢ n
S+ o) 2 K (1 - 7 ,n<>§¢?>

max =
0;<j<0i+1 2 n
k=o;

Tit1 o
<E 1(/{(” S\/_ (ZAHE )+yl(£)1) K—2<1_0i+1> 2 )]

n
- k=o;
< {1 < vE) [ 35 160 PR (1= 5y g (i Ty
- o - k=o; g n n
Oit1 kN 2(cs—e) Oit1 —9¢!
<Kyl (-0 (=) (a3

k=o;
Using (4.52) and Fact 4.29 one can show that there exists an absolute constant ¢ such

that

R.HLS. of (4.63) < cK1(1 — Z)2es=o) (1 — Titly=2¢ o r—le=2'(comect) < (fg1p=e0",
n n

Similarly, Chebishev’s inequality, conditioning, and the path bound (4.57) give the upper
bound

K i d i
(‘ sz +yk+)1)‘ > 5<1— UH) kM < ﬁ) <cK et

n
k=o;
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This shows that the sum on the right of (4.62) can be bounded from above by
2 Z cli e < K1
i=0
with an absolute constant ¢;. This proves the tightness of the sequence Ag"), n > 1, and

completes the proof of the proposition. ]
Now we have all the pieces for the proof of Theorem 4.14.

Proof of Theorem 4.14. Consider the random variables x,(g") +z'y,(€n), 0 < k < n defined in
Proposition 4.30, and define (z(™(t),y™(t)) := (x(LZinyZz):j) Let = + iy be the process
defined in Proposition 4.9. Set ¢™ = z{” and ¢ = 11_{111 Z(t). Define 70" n € Z, using
(™ +iy™ ¢™), and 7(>) using (7 + 77, ¢). Then 7™ ~ CJ, 35 and 7() ~ HPg ;.

By Propositions 4.32 and 4.33 there exists a tight sequence ™, n € Z, so that the
inequalities (4.44) and (4.45) are satisfied for n € Z, with ¢; = ¢s — €,¢0 = ¢5 + ¢,
c3 = ¢ —e. Here ¢5 = %(5}?5 +1/2) and € € (0, min(cs, 3)) is arbitrary. By (4.25) there
is a finite random variable (> so that (4.44) and (4.45) are satisfied for Z + 4y with the

just defined ¢y, ¢, c3. Together with Proposition 4.30 this means that the conditions of

Corollary 4.24 are satisfied, and hence the statement of the theorem follows. m

The proof of Theorem 4.16 follows along the same line.

Proposition 4.34. Fiz f > 0, a,b > —1. Let y,(f"),O < k < 2n be defined as in

Proposition 4.31. Then for any € > 0 small, there exists a sequence of tight random

variables k") = k@ () such that for all 0 < k < 2n — 1,

n)\— a 2n n a+1—
(KB H(L = g2 <y <RI (L - gryPeriee,
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Proof. One can just mimic the steps of the proof of Proposition 4.32 using the parameters

A~

(2n — k +2a),5(2n — k + 2b)) if k is even,
(812271) 4

(2")) _ (

7tk

[Iss

(B(2n—k+2a+2b+1),5(2n — k —1)) if k is odd,

and ¢c; =2a+1, o = O

4
3
Proof of Theorem 4.16. Consider the random variables y,(fn),() < k < n defined in

Proposition 4.31, and define (2™ (t), y®™(t)) := (0, ySZiJ) Let 7 be the process defined

in Proposition 4.12 and set # = 0. Set ¢* = ¢ = 0, and define 7®% n € Z, using
(27 iy g27)) and 7(°) using (T+i7, ¢). Then 73" ~ R0y, 5.4 and 7> ~ Bessg,.

By Propositions 4.34 there exists a tight sequence x(>®)

,n € Z, so that the inequal-
ities (4.44) and (4.45) are satisfied for n € Z, with ¢ = 2a+1—¢,¢c0 = 2a+ 1 + ¢,
c3 = max(c, 1). (Note that since (2" = ¢(®") = 0 the inequality (4.45) holds for any
positive c3.) Here ¢ € (0, %) is chosen so that ¢; > —1. By the sublinearity of Brownian
motion there is a finite random variable (> so that (4.44) and (4.45) are satisfied for
T + iy with the just defined ¢y, ¢9, c3. Together with Proposition 4.31 this means that
the conditions of Corollary 4.24 are satisfied, and hence the statement of the theorem

follows. L

4.7 Proofs of the theorems related to the limiting
operators

In this section we provide the proofs for our results on the properties and characteri-

zations of the limiting point processes and random analytic functions arising from the
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circular Jacobi f-ensemble and the real orthogonal S-ensemble (Theorems 4.18, 4.19,

4.20 and 4.21).

4.7.1 Simple transformations of Dirac operators

For some of our results it will be more convenient to consider Dirac operators that live
on (0,1}, with a potential limit point at 0. (In fact this is the framework used in [65].)
In order to do this, the framework introduced in Section 4.1.1 has to be extended to also
include the following setup (we call this the reversed framework):

a) Both the generating path = + iy and the weight function R (defined via (4.4)) are
defined on (0,1]. The operator 7 in (2.7) acts on (0, 1] — R? functions.

b) In Assumption 4.1 the first integral condition is replaced with f01 | R(s)upl|ds < oo.

Otherwise we have the same assumptions: = + iy is measurable and locally bounded
on its domain, the boundary conditions ug, u; satisfy (4.5). Then 7 is self-adjoint on the
domain dom(7) given by (4.7), its inverse is a Hilbert-Schmidt integral operator with
the kernel given in (4.8). The operator r 7, the integral trace t,, and the secular function
(- can be defined the same way as before (see Section 4.1.1).

There is a simple way to move between the two frameworks. Introduce the time
reversal operator pf(t) := f(1 — t) acting on functions defined on [0,1) or (0,1]. Let
¢ : H — H be defined as the reflection x + iy — —x + iy, and set

S =
0 —1
If a weight function R is generated by the path z = x + iy, then SRS is the weight
function corresponding to the path ¢z.

The statements of the following two lemmas are contained in Lemma 36 of [65].
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Lemma 4.35 ([65]). Assume that the Dirac operator T = Dir(R,ug,uy) satisfies the
assumptions (4.5) and (4.6) with boundary conditions ug,uy, weight function R, and
generating path z = x + iy. Then the operator p~tSTSp satisfies the assumptions of
the reversed framework with boundary conditions —uy, —ugy, weight function pSRS, and
generating path vpz. The operators T and p~'STSp are orthogonally equivalent in the

respective L? spaces, they have the same integral traces and secular functions.

Lemma 4.36 ([65]). Let @ be a 2 x 2 orthogonal matriz with determinant 1. Let
Q : H — H be the corresponding linear isometry of H mapping = € H to the ratio
of the entries of Qlz,1]'. Suppose that the Dirac operator T satisfies the assumptions
(4.5) and (4.6) with boundary conditions ug,uy and generating path x + iy. Then the
operator QTQ ™! also satisfies the same assumptions, with boundary conditions Qug, Quy
and generating path Q(x +1iy). The two operators are orthogonally equivalent, they have
the same integral traces and secular functions. The same statement holds if T satisfies

the assumptions of the reversed framework.

4.7.2 Proofs of the theorems related to HPg

Our first step is to produce a unitary equivalent form of the operator HP3 s where the
driving path is independent of the boundary conditions. In order to do that, we use
the following factorization lemma for the diffusion (4.24). This is a generalization of
Proposition X.3.1 in [24] which treats the 6 = 0 case, i.e. the hyperbolic Brownian
motion.

We recall that in the Poincaré half plane model of the hyperbolic plane the isometries
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are of the form z — % with a,b,c,d € R and ad — bc # 0. For r € R we set

T(z) = 21 (4.64)

r—=z

T’ is the hyperbolic rotation about the point ¢ taking r to co and oo to —r.

Theorem 4.37. Fiz § € C with RS > —1/2. Consider the diffusion w = x + iy defined
in (4.24), and denote by wy the a.s. limit as t — o0o. Then the process wy = T, wy

satisfies the diffusion
A = SW(dZ +i(1+0)dt), W =i. (4.65)

where Z is standard complex Brownian motion.
Moreover, if a process w satisfies the SDE (4.65), and q is a random variable with
distribution Pry(Ro+1, —230) then the process xy+iy, = T, 'w, satisfies the SDE (4.24)

with By, By being independent copies of standard Brownian motion.

Proof. By Theorem 4.11 the distribution of we, is given by Py (R5+1, —230). The SDE
(4.24) is invariant under affine transformations of the form z — a+bz with a € R, b > 0.
Hence for a € R, b > 0 the solution of (4.24) with initial condition a + ib will converge
in distribution to a 4+ bws, where wy, ~ Pry (R + 1, —23¢). Now using either Doob’s
h-transform or the technique of enlargement of filtrations (c.f. [55], or [40]) one can show
that for a given r € RU {00} the process w conditioned on the event {w,, = r} satisfies
the diffusion

") _p

dz" = Sz™ (dZ +i(1 4 6)

dt) ;o 2M0) = (4.66)
2 —p
A

. . . . ) _
Here Z is a standard complex Brownian motion, and in the r = oo case the Z5—" term

in the drift is replaced by the constant one. In particular, 2(>) has the same distribution
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as the process w from (4.65), and it hits co with probability one. Using Ito’s formula

rz(M 41

satisfies
r—z()

one can readily check that for 7 € R the rotated process W™ = T;(2(") =
the SDE (4.65), in particular, its distribution does not depend on r. This shows that
the rotated process t — T, w; has the same distribution as w from (4.65), and that it

is independent of wy. Using wo, ~ Pry (R + 1, —236) the second half of the theorem

follows as well. N

We will now construct a reversed and transformed version of HPgs5. Let B;, By be
independent two-sided real Brownian motion. Consider the two-sided version of x + 1y

from (4.24) defined using By, Bs, i.e.,

0 0
- t)dB, — 30 t)dt <0,
" 6B2(S)_(9%5+%)57 - fs y(t)dB, — fs y(t) S (4.67)

Jo y(t)dBy + 6 [ y(t)dt s> 0.

We also introduce the time change
4
Uﬁ(t) = —Ug(l — t) = Elogt

Definition 4.38. Let q be a random variable with distribution Ppy(1 4+ R0, —236) in-
dependent of By, By. Set &(t) 4+ iy(t) = x(ug(t)) + iy(us(t)) for t € (0,1]. Define the

reversed and transformed version of the HPg s operator as
Ths = Dir(Z + if, up, u1),
where ug = [1,0]",u; = [—¢, —1]".

In this section we will use the simplified notation 755 for 75%, and denote the secular

function of 755 by (s,.
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Lemma 4.39. The operator 135 is orthogonal equivalent to an operator which has the
same distribution as the HPg s operator. In particular, the random analytic function (g s

has the same distribution as (.

Proof. Recall the transformations ¢, .S and p defined in and around Lemma 4.35. Let T

be the hyperbolic rotation defined in (4.64). Consider the Dirac operator
7 = p ' SDAr(Ty(& + i), Tywo, Tywr ) Sp = Dir(pTy (2 + i), —Tyur, —Tyuo).

Here we identify the boundary condition u = [a, b]* with its projection a/b onto the real

axis so that Tyuy, T,u; are well defined:
—T,u; = oo, —Tug = q.

By Lemmas 4.35 and 4.36 the operator 7 is orthogonal equivalent to 735, hence we just
have to show that 7 has the same distribution as HPg.

Note that T, = T—, and —q ~ Pry(Ré+1,230). From the definition (4.67) it follows
that the reversed process (z_s +iy_s), s > 0 satisfies the SDE (4.65) with drift i(1 + 9)
in place of i(1 + ). Hence by Theorem 4.37, the process Tj(z_s + iy_s),s > 0 satisfies

the SDE
dw = Sw(dZ — idds), w(0) = 1,

with standard complex Brownian motion Z, and the path converges to 1,00 = —q as
s — 0o. From this it follows that

K3

PUTG(ue) +iYu(y) = P(Tu() + () = (Tug() + Wos());

with limg 1 ptT5(Tu@) + Wuw)) = ¢- This shows that the driving path and boundary
conditions of 7 match up (in distribution) with the corresponding ingredients of the

HPg 5 operator, proving the statement of the lemma. O]
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The independence of the boundary point and the driving path in the reversed oper-
ator 734 allows us to prove Theorem 4.20. Our proof follows the proof of Theorem 1 of

[65], which can be considered the § = 0 case of our theorem.

Proof of Theorem 4.20. By Lemma 4.39 the random analytic function (s has the same
distribution as Cgi;. Hence we can work with the reversed operator 734, and prove the
statements of the theorem for (s 5.

By Proposition 13 in [65] the secular function of 755 can be characterized as follows.
Let R(t) be the weight function built from the driving path of the reversed 735 operator
according to (4.4). Then there exists a unique function H : (0,1] x C +— C? so that for

every z € C the function H(-, z) solves the ODE

J%H(t, z) = zR(t)H(t, 2), 15% H(t,z) = uy = [1,0]". (4.68)

The secular function (g 5 can be obtained from H using the formula (s 5(2) = [1, —¢|H (1, 2).

1 —z,
Consider the process X, = ,u < 0, where x, + iy, is defined in (4.67).
0 9
Define H,(z) = X, H(t(u), z) with t(u) = et being the inverse of u(t) = %logt. Since
10
Xo = , we have (g5(z) = [1,—q]Ho(z). A direct computation using It6’s
01

formula shows that H, solves the SDE (4.34). To be precise, one first has to consider
approximations of H,, that are defined on [e, 1], for this one has to use the approximation
method introduced in Propositions 20 and 43 in [65]. A simple extension of those
arguments also shows the characterization of #,(z) as the unique solution of (4.34)
with the conditions given.

Now write H, = [Ay, Bu]'. The functions A,, B, are entire functions on C, we

denote their Taylor coefficients at 0 by (™ , B{". Since the SDE system (4.34) depends
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analytically on its parameter z, [t0’s formula can be applied to get SDEs for derivatives
in this parameter as well, see e.g. Section V.7 of [46]. Differentiating (4.34) n times in z
and considering z = 0 shows that the Taylor coefficients A™ B satisfy the following

system of SDEs

dB™ = B™dB, — R6B™ du — geﬁu/4A<“—1>du,

dA™ = —B™dB, — I6B™du + geﬁu/‘*zs(”l)du,

with initial conditions B® = 0, A©® = 1. Mimicking the proof of Propositions 45 and
47 in [65] one can prove that the solution of the above system exist, and it is given by

equations (4.35), (4.36). O

Using the SDE characterization of Cgi; given in Theorem 4.20 we are able to prove

Theorem 4.18.

Proof of Theorem 4.18. As in the proof of Theorem 4.20, we work with the operator
7g5. The spectrum of this operator has the same distribution as the HPg 5 process.

Consider the random analytic function valued processes A,, B, introduced in the
proof of Theorem 4.20. Recall that (35 = [1, —q|Ho = Ao — gBo, with ¢ given in the
definition of 755, see Definition 4.38.

We introduce the structure function €(u, z) = A,(z) —iB,(z), note that this can also
be expressed as [1, —i|H(u, z) with H, defined in the proof of Theorem 4.20. For A € R
we define 2log E(u, \) = Ly(u) + iay(u) with Ly, ay € R, where for each u € R the
function is chosen so that it is continuous in A and «ay(u) = 0. (This is possible because

H.,(z) is continuous in z and it is never equal to [0,0]".) By (4.34) and Itd’s formula we
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get
day = /\gegudu + R[(e7"™ = 1)(dZ — iddu)], ay(—o0) =0. (4.69)

The process ¥x(t) = ay(u(t)) with u(t) = Zlogt satisfies the SDE (4.31), and simple

4
B
coupling arguments show that it is the unique solution of (4.31) with the conditions
given in Theorem 4.18. (See e.g [34] for more details in the § = 0 case.)

Set § = —2arccot ¢. By the comment following Theorem 4.11 we have e ~ O(1,6),
and 6 is independent of the complex Brownian motion Z in (4.69). The eigenvalues of
7s,6 are given by the zeros of (3 5. By definition we have (55(\) = 0 if and only if £(0, \)
is a real multiple of ¢ — i, or equivalently «,(0) = ¥,(1) = 2log(q — i) = 6 mod 2.

Using spec(7s,5) < HPg s finishes the proof. O

Now we turn to the proof of Theorem 4.19. We first isolate the statements regarding

the SDE (4.33) in a separate lemma.

Lemma 4.40. The SDE system (4.33) has a unique strong solution on t € [0,00),

A € R. With probability one the process A — «,(t) is increasing for all t > 0. For

each A € R the limit tlim %a,\(t) exists almost surely and it is an integer. Moreover, if
— 00

B < 4(Ro + %) and A > 0 then a.s. %a,\(t) converges to an integer from above.

Note that for 6 = 0 these statements were proved in Theorem 7 and Proposition 9

of [62].

Proof. The fact that the system (4.33) has a unique strong solution follows from standard
theory, the monotonicity property is a consequence of the monotone dependence of the

drift function of the parameter A.
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For a fixed A € R the process a, solves the SDE
doy = Aoe™3tdt + (S6(cos ay — 1) — Résin o )dt + 2sin(%)dW,  ax(0) =0, (4.70)

where IV is a standard real Brownian motion depending on A.

For A = 0 we have a,(t) = 0. It is sufficient to show the statement for A > 0, since
—a_y solves the same SDE as a, with §. From the monotonicity in X it follows that for
A > 0 we have a,,(t) > 0 for ¢ > 0 almost surely, and if ¢y > 0, m € Z then on the event
ax(to) > 2mm one has a,(t) > 2mm for all t > ¢, with probability one. (See Proposition
9 in [62] for the proof of these statements in the § = 0 case.)

Fix A > 0, and introduce the diffusion

log(tan(cy(t)/4)), if ay(t) € [dkm, (4k + 2)7),
X(t) =

—log(—tan(ay(t)/4)), if ax(t) € [(4k + 2)7, (4k + 4)).

By Ito’s formula, this diffusion satisfies the SDE

dX = 2Ze P/ cosh Xdt + (R + 1) tanh X;dt — S sech X dt + dW, X (0) = —oo,
(4.71)
with a W standard Brownian motion that is a simple transformation of the W from
(4.70). Note that the diffusion might blow up to oo in finite time, in which case it restarts
immediately from —oo. To prove the convergence statement for %a A(t) we need to show
that with probability one tlggo X(t) exists and it is an element of {—o0,00}. This can
be proved with fairly straightforward coupling arguments, we will only give a sketch of
the proof.
For given ty > 0,2 € R we can consider the solution of (4.71) on [tg,00) with

X(ty) = x. We denote the distribution of the process by P, ..
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Denote the drift term in the SDE (4.71) by
R(z,t) = %e‘ﬂt/zl coshz 4 (R0 + 3) tanh z — I sech z.

Note that when |z| < 2M, the function |R(z,t)| could be bounded from above by a
constant ¢ = ¢(M, 0, 3, \) that is independent of . By coupling R with a Brownian

motion with drift ¢, it follows that for any fixed M > 0 there is an € € (0,1) so that

sup P (|X(t)] < M for all t € [tg,to+1]) <1 —e.
t0>07‘x|§M

Using the strong Markov property it now follows that for any to > 0, x € [—M, M] we

have
Py« (|X(t)| < M for all t > ty) = 0. (4.72)

We will show that there is a positive constant ¢;, so that

]\/llgnoo t|01>|21fM Pfo,z(}g& X(t) € {—o0,00}) = 1. (4.73)
x|>M

This statement together with (4.72) implies that with probability one lim; ., X (t) €
{—00,0}.
Fix > M, to > 0. For any fixed 0 < ¢, < 16 + 3, we could choose M large so that

R(x,t) > ¢4 for all x > M/2,t > 0. Under the distribution P, ., the coupling
X(t)—M > W, (to, t) == W(t) — W(to) + c+(t —to)
holds on [ty, o] where

o= inf{X(t—) = oo or W, (to,t) < —M/2}.

t>to
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Since ¢; > 0, the random variable —inf;>,, W¢, (to,t) is distributed as an exponential

random variable with parameter 2¢; (see e.g. [41]). Thus,
Pioo(We, (to,t) > =2Vt > tg) =1 — e M.
Using the sublinearity of Brownian motion we get that
tior;fo Bo7w(tlir£10 X(t) = oo or X(t) blows up in finite time) > 1 — e~ (4.74)
w>M

Next we fix the constants c_,cs with 0 < ¢ < ¢ < min{Rd + 3, 4} and fix

to > 2c; "M, 19 < —M. The bound R(z,t) < —c_ holds in the region
R:={(t,x) : =M/2 >z > —cot, t > 1y},

if M is larger than a fixed constant that only depends on A, and 3. Thus under P, ,,

we can couple X (t) — xy on [tg, 00) from above with the process
W_. (to,t) := W (t) — Wi(ty) — c_(t — to),

on the event that (¢, —M +W_._(to,t)) stays in the region R. Note that by our assump-

tion (tg, —M + W_._(to,to)) € R. Note that both

supW_._(to,t) and mf W_, (to,t) + ca(t — to)

t>to

are exponentially distributed, with parameters 2c_ and 2(cs — ¢_), respectively. Hence
the probability of (t,—M + W_._(to,t)) not staying in the region R is exponentially

small in M. Since —M + W_._(to,t) converges to —oo as t — 00, we get

Nl[gnoo t0>12r012£1MPt0@0(t1i>r£10 X(t) = —o0) =1. (4.75)
ro<—-M
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From (4.74) and (4.75) we get (4.73), which implies that a.s. X converges to either co
or —oo.

In the case f < 4(R§ + %), the HPg s operator is limit point at ¢ = 1. In this case,
for A > 0 one can show that the limit of X (¢) has to be —oo. This generalizes Theorem
7 of [62] which proves the statement for § = 0. The idea is that for any fixed ¢ with
I +1/2 > 0 one can choose M large so that the term —3d sech z in R(x,t) is negligible
on the event {X (t) > M for t > ty}. After dropping that term, one can just mimic the
proof of the § = 0 case from Theorem 7 of [62]. This proves that a.s. X converges to —oo

when § < 4(R6 + %) and hence a.s. o, converges from above for any fixed A > 0. m
We now have all the ingredients to prove Theorem 4.19.

Proof of Theorem 4.19. The statements about the SDE (4.33) are proved in Lemma
4.40. The rest of the proof will follow along the lines of the proof of Theorem 26 in [64],
where the 6 = 0 case is handled.

Consider the operator HP3 s defined in Proposition 4.9. Let v = vy = [v1, vo]* be the
solution of the differential equation HPgsv = Av with v(0) = [1,0]*. Then the ratio of

the two components 7,(t) = 283 satisfies the ODE

)\ZIQHE*TA)Q
%

(4.76)

/
TA:

with initial condition r,(0) = co. Consider the hyperbolic angle &y = @, s between the

points 00, + if, 7y, this is given by @) = 2arccot(=

). More precisely, we can define
a “lifted” version of this function on R that is continuous in A and ¢, satisfies a;,(0) =0

and cot(a,/2) = 5_@3"*.

By Ito’s formula, together with a change of variable ay(t) = @y s(e ?/*), we get the
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SDE system
doy = Aoe~3tdt + R[(e7 —1)(dZ —iddt)],  ax(0) = 0.

Let N(A) be the right-continuous version of the limit tlggo >y (t). It remains to
prove that N(-) has the same distribution as the counting function of the spectrum of
the HPgs operator. The proof relies on the oscillation theory of Dirac operators, see
Section 4 in [64], and it can be done exactly the same way as in Theorem 26 in [64].
The only ingredients that are needed to cover the general R0 + 1/2 > 0 case are the
following: (1) the right endpoint of the HPg 5 operator is limit point if 8 < 4(Rd + 1/2)
and limit circle otherwise (see Proposition 31 in [64]), and (2) for § < 4(RJ + 1/2) in

the A > 0 case a,(t) converges to its limit from above a.s. by Lemma 4.40. O

4.7.3 Proofs of the theorems related to Bessg,

Proof of Theorem 4.21. It will be more convenient to work with a time reversed version
of the operator Bessg,. Let y(u) = exp(—2(2a + 1)u+ B(2u)) and §(t) = y(us(t)) with
ug(t) = %logt. We consider the reversed Dirac operator

Tg’a = Dir(i@(t), Ug, u1>, t e (0, 1],
where ug = [1,0]",u; = [0, —1]*. Within this proof we use the simplified notation 75,
for 75 ,, and denote the secular function of 75, by (g, By the symmetry of Bessgg,

Lemmas 4.35 and 4.36, we have
pJT5a 0" < Bessg,.

Hence 73, is orthogonal equivalent to Bessg,, its eigenvalues have the same law of the

Bessg,, process, and CﬁBﬂ has the same distribution as (g .
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The statement about the Taylor expansion of (g, follows from Proposition 9 in [65],
which shows that the nth Taylor coefficient of (3, can be evaluated using the multiple

integral

. 1[a(s)™t 0
- ugR(s1)JR(s2)J -+ R(sp)wdsy - - - ds,, R(s) = 5
0<s1<s2<<sn<1 0 g(s)
Noting that the multiple integral is 0 when n is odd, the statement about the Taylor
expansion of (g, follows.
The SDE representation of (g, can be shown similarly as the analogue statement for

(5. By Proposition 13 in [65], we have (54(2) = [1,0]H(1, z), where H : (0,1] x C — C?

is the unique function that solves the ODE

d .
JEH(t’ z)=zR(t)H(t, 2), %g% H(t, z) = uo.

1 0
Introduce X, = ,u < 0. Then we have (g,(2) = [1,0]Ho(2) where H,(z) =

0 y(u)
XUH(egu, z). The fact that H satisfies the SDE (4.38) can be checked using It6’s formula

and an adaptation of the approximating scheme described in Propositions 20 and 43 in
[65].
Note that the Taylor coefficients of (3, can also be expressed by differentiating the

SDE (4.38) and solving the resulting system of SDEs. This gives another way to derive

(4.37). 0
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Chapter 5

Additional results related to the

HPg 5 process

The diffusion description given in Theorem 4.19 allows us to study various properties of
the counting function of the HPg s process via the SDE (4.33). For a given A € R the

process «, given by (4.33) has the same distribution as the unique strong solution of
day = )\ge’gtdt + (Sd(cos ay — 1) — RIsin ay)dt + 2sin(%)dW,  ax(0) =0. (5.1)

Here W is a standard Brownian motion (which also depends on \).
As an application of Theorem 4.19, one can study the asymptotics of large gap

probabilities of the HPg 5 process. For § > 0, Ré > —1/2 let
GAP)\ = P(HP/B’(; ﬂ[O, )\] = @), A > 0, (52)

be the probability of HP s having no points in the interval [0, A]. The asymptotics of
G AP, as A — 0o can be studied with a change of measure argument, by comparing a)
to a similar diffusion which converges to 0 a.s. This approach was carried out in [63]
for the Sinegz process, and the proof in [63] can be extended to cover the HPg 5 process.

Our main result is the following asymptotic expansion.

Theorem 5.1. Fiz >0 and § € C with R§ > —1/2. Then as X — oo we have

GAP, = (g5 + 0(1)) A7 exp (—%AQ + (g - ;1 + %%5) )\) ,
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where

W:i(§+%—3) —%6+%§R<6+52>.

A similar type of result was proved in [47] for the asymptotic gap probability of
the hard edge process (spectrum of the operator &z, given in (2.1)). For the square
root of the hard edge process (which is a constant multiple of the Bessg, process, see
Proposition 4.12 and Remark 4.13), Holcomb [26] proved a similar stochastic differential
equation description of its counting function, building on the results of [48]. Let M, z(\)
be the counting function of the Bessg, process and B a standard Brownian motion.
Then, by Theorem 1.4 of [26], the function A — M, g(\) has the same distribution as
the right continuous version of the function A — tlirglo Lﬁgptm(t”, where ¢, ) solves the

SDE

dpay = §<a + %) sin (SOS’)‘>dt + )\ge_ﬁt/gdt + %dt + 2sin (gpg’de, (5.3)

with initial conditions ¢, »(0) = 27. By analyzing the coupled system of SDE (5.3),
Holcomb [26] also proved various properties (for example a transition to Sines process
and a Central Limit Theorem) for the square root of the hard edge process. Using the

techniques introduced in [26], we get similar results for the HPg s process.

Theorem 5.2. Fiz >0 and § € C with R§ > —1/2. Then as A\ — 0o, we have
(HPB’(; —)\) = Sineg .

Let N(-) be the counting function of the HPg s process, as A — oo we have

ﬁ(]\f@) - %) ;»N(o, %)

2

where N (i, 0?) is the mean u, variance o normal distribution.
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Section 5.1 provides the proof of Theorem 5.1, the asymptotics of the gap probability.

In Section 5.2, we will prove Theorem 5.2 as two separate propositions.

5.1 Large gap probability

Fix 8 > 0,6 € C with R§ > —1/2, the gap probability for A > 0 is defined as in (5.2).
Using the counting function description of the HP3 s process proved in Theorem 4.19,

we could rewrite the gap probability as

GAP, = P( lim oy () = o), (5.4)

t—o00
where a, is the unique strong solution of (5.1).
To analyze the diffusion «, it is more convenient to remove the space dependence
from the diffusion coefficient. Recall also the change of variable used in the proof of

Theorem 4.19,

log(tan(ay(t)/4)), if ay(t) € [dkm, (4k + 2)7),
X(t) = X,y(1) = (5.5)

—log(—tan(ay(t)/4)), if ax(t) € [(4k + 2)7, (4k + 4)).

By Ito’s formula, this diffusion satisfies the SDE
dX = %e’gt cosh Xdt + (R6 + 3) tanh Xdt — Sd sech Xdt + dW, X(0) = —oo, (5.6)

with a W standard Brownian motion depending on A. Note that the diffusion might blow

up to oo in finite time, in which case it restarts immediately from —oo. By analyzing

A1)

«
2w

the drift term in (5.1) when «) crosses 27Z, we get the function | < | is non-decreasing
in t. Together with Theorem 4.19, we see that the event {lim; ,., a)(t) = 0} implies

X(t) < oo for all time ¢t > 0. This shows that

GAP, =P ({X(t) < 00,Vt < oo} N {tILI?OX(t) = —oo}) .
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It would be useful later on to consider the diffusion (5.6) with a general initial

condition X (0) =z € [—o00, 00). Introduce the passage probability
pa(x) == P, (X(t) is finite for all ¢ > 0 and does not converge to co as t — o0),

where P, denotes the distribution of X (¢) under the condition X (0) = x. We drop the
initial condition when z = —oo and write py = pr(—o0) = GAP, for all fixed A\ > 0.

The proof of Theorem 5.1 will be postponed to the end of this section.

Remark 5.3. In this work, we will describe the constant term kg5 as the expectation of
a functional of a certain diffusion, but we do not attempt to identify the exact value of
kgs. In the case when § = 0, the constant term was known for B = 1,2,4, we refer to

[63] and the references therein for more details.

First observe that a time shift of equation (5.6) only changes the parameter A and
the initial condition. More precisely, the process &) (t) := a)(t +T') where T' = %log)\
satisfies (5.6) with A = 1 and a random initial condition &, (0) = a, (7). Together with

the Markov property of X (¢) we get
pa(x) = E, [1(X(t) is finite for all t < T)p1(X(T))],

where E, denotes the expectation under the distribution P,. Following the work of
Valké and Virdg [63] on the large gap probability of the Sineg process (note that
Sineg = HPp)), the idea is to find a new diffusion Y which approximates the condi-
tional distribution of the diffusion X under the event that it does not blow up. Our

main tool is the following version of the Cameron-Martin-Girsanov formula.
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Proposition 5.4 ([63]). Let B, B be standard real Brownian motions. Consider the

stochastic differential equations

dX = g(t,X)dt + dB, 1l£ir%X(t) = 00, (5.7)
_)

dY = h(t,Y)dt + dB, lim Y (t) = oo (5.8)
_>

on the interval (0,T). Assume that the equation (5.7) has a unique solution X : (0,T] —

(—o00,00]. Let

Gs =G4(X) = /Os(h(t,X) —g(t, X))dX — %/Os(h(t,X)2 — g(t, X)*)dt, (5.9)

and assume that
(a). g> —h? and g — h are bounded when x is bounded from above.
(b). G is bounded from above by a deterministic constant.

(c). If X hits 400 at time T then Gy — —oo when s T 7. In this case, we define

G := —o0 for s > 7.

Consider the process Y whose density with respect to the distribution of X is given by
eCT . then Y satisfies the SDE (5.8) and never blows up to oo almost surely. Moreover,

for any nonnegative function ¢ of the path of X that vanishes when X blows up we have
E[6(X)] = E[p(Y)e ™)),

From now on, we focus on the construction of the Y diffusion. Precisely, we will

construct an a.s. finite diffusion Y which solves

dY = h(t,Y)dt +dB,, Yy = —oo, (5.10)
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and such that the Radon-Nikodym derivative e“T with G defined in (5.9) is close to

the asymptotic expansion of p, with the desired logarithmic correction exponent 7z .

Lemma 5.5 (Construction of Y). Consider the solution of (5.6) and set T = %log A
There exists a function h(t,z) so that assumptions a-c of Proposition 5.4 hold, and Gr

satisfies

1 2 2
—Gr(X) = - (iv (g + “5))\4—<4<§+B—3>—3‘%5+E§R(5+52))10g)\

1
4
w2k (o8 o) x(ry ey + [ o X ()

Here the function w is bounded and continuous, ¢ is continuous and bounded by a func-
tion ¢(t) which has a finite integral on [0, 00).

Moreover, the function h(t,x) has the following form
A .
h(t,z) = —§f(t) sinh(z) + ho(t, z), (5.11)
where f(t) = Ze= Tt and |ho(t,x)| < ¢ for all t € 0, 7).

Proof. Following the work of Valké-Virdg [63], we would like to present the process of
how one can find the appropriate drift function, rather than check directly that G
satisfies the statement under the choice of the given drift function A(t, z).

Recall that the diffusion X satisfies the SDE (5.6). We further decompose the drift

term of (5.6) as g = g1 + g2 + g3, where
A 1
g1(t,x) = §f cosh(z), g2(x) = (RS + 5) tanh z, g3(z) = —dsechx.

Our goal is to find h such that the diffusion Y will approximate the conditional distri-

bution of X under the event that it does not blow up in the interval [0, T]. If such an
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approximation exists, by Proposition 5.4 we have

LX) = /Os(g(t, X) — ht, X))dX + /Os(hz(t, X) — g2(t, X))dt.

We will start with the highest order. To that end, we write h = hy + hy + hs+ hy. Define

hi(t,z) = —3 fsinhz, then we have

1 ° 2 2 /\2 ° 2
5 | hi—gidt=—— | f(t)%dt,
0 0

which will give the leading term in the asymptotic. On the other hand, the stochastic

integral of g1, hy with respect to dX is given by

[ ot x) = e x0ax =5 [ X pioyax
0 0
A X M8 1 /5 <
= SH(9)eX0 + 2(5 - 35) X peyar,
where in the second equality we have used f'(t) = —% f(t) and the following version of

Ito6’s formula
1
a(t)b'(X)dX = d(a(t)b(X)) — ' (t)b(X)dt — aa(t)b”(X)dt.
Next, we choose hy = (2 — 1)(1 + tanh(2/2)) so that

/os fufadt = %(% 3 /Osﬂ — ") f(Dydt,

and gives the cancellation

s S A A :
/0 (g1 — h)dX +/0 hihodt = §f(3)€X(S) + 5(% - %)/0 f(t)dt.

Together with

0 2 0



128

we will get the coefficient of the linear term in the asymptotic expansion.
We will choose the next term hsz so that the cross term f hihsdt cancels the cross

term — [ g1godt. In particular, with hs(t,z) = —(R6 4 3) we have
A 1y .
hlhg = 3J192 = 5 (%(5 + 5) smh(ac),

which implies
/ (h1h3 - 9192)dt =0.
0

Now consider the stochastic integral [ u(X)dX where

u(x) = go + g3 — hy — hs

=1- g + R0 + <§R(5 + %) tanhz — 39 sechx — (g - %) tanh(z/2).
Denote by
u(z) = (1 - g + §R(5>x + <§R5 + %) log cosh

5 (5.12)
— 23§ arctan (tanh(z/2)) + (1 — 5) log cosh(z/2)

the anti-derivative of u(x). Note that lim, o u(X(t)) = ¢; is well defined. By Ito6’s

formula, [ u(X)dX —u(X(s)) + u(X(0)) is given by

/0 C(X)d

— _1/ ((%5 + 1) sechQ(X) + &5 sech X tanh X — 8
2 Jo 2

DN | —

sech2(X/2)) dt
-6 1

= (5 ™)
1 /7 1 9 2-p 9 ~
+ 3 (%5 + 5) tanh”(X) + 5 tanh”(X/2) — S0 sech X tanh X ) dt.
0

(5.13)
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Now we evaluate & [(he + h3)? — (g2 + g3)*dt, we get

%((fm +h3)? = (g2 + 95)%) = % (<§ — - 1>2 - (%&2)

(8 —4R6 —4)(B —2)
16
B2 —4p+4

e tanh?(x/2) (5.14)

% ((«5) (5 + %)2> tanh?(z)

1
+ 30 (%(5 + 5) tanh z sech

+

tanh(z/2)

Collecting this computation, and expanding (hy + hs + hg)? in the integral of [ h*(t)dt

we get
) / IR
_|_ —_ = — — \95 / f
( —65+4 gy, RO 6>2+3‘*5) 5
A 2 (5.15)
5 (s)e 8)+u(X( ) —a
_ hadX X)d
/O 4 +/0 77( ) t’
where
n(z) = (B—4(1 ‘l’liw))(@ —2) tanh(z/2) + %tanm(x/?)
L A4S0 - ;1(3?5)2 1 anh2(z) + S6RS tanh 2 sech 7.

Here the coefficient of s in (5.15) comes from the linear term on the right hand side

of (5.13), and the constant term of (5.14). The function n(z) collects the rest terms
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from (5.13), (5.14) and —g3/2. The function n(x) contributes to an uniformly bounded

error term. Note that the function n(x)/sinh(z) is bounded by a constant. We define

halt, ) = —n(x) /I (£, ) so that
/Os B (6, X ) ha(t, X )t + /0 n(X (£))dt = 0.
Let hy(t,z) = s ha(t,y)dy, we obtain that
—/Sh4(t,X)dX:—h4(sX B/h4tX )t + = /8h4tX())d

0

Substituting this into (5.15), we end up with

- /f2 dt+ ———+C‘5 /f

#6544 ﬁ (R0)? — (30)? + R

- (3—2 R 2 ) ’ (5.16)
\ ] |

4 2F(E)eX 4 X () = o1 — Bi(s, X (5)

1 ~ 1
+ / —h} + ha(hy + hs) + éh4 + =0, hydt.
0 2 4 2

Since hg, hg are uniformly bounded and only depend on z, the functions h4,ﬁ4, 0.hy are
all bounded by a constant times 1/(Af(t)) = 1766(]0(T —t) <cfor 0 <t <T, we can

rewrite the integrand in (5.16) as

/S o(T — t, X (1))t

where ¢ is continuous, independent of X, and satisfies [¢(t, z)| < @(t) with [;* @(t)dt <
oo. Using (5.12) and the fact that (logcoshz — |z|) is bounded, the terms in the third

line of (5.16) can be written as

%f(s)ex(s) + (2 — g + 23‘%5)X(5)+ + wo(X () — hals, X (s))
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with a bounded and continuous wy. Plug s =T = %log A into (5.16), then the first two
lines give
N3 A1 1
~SE( - )+ 5 (-5 +90)1 -
2—-60+4 2
+ <% — RS+ B(W + %5)) log \

and the third line gives

geX(T) + (2 - g + 2%5)X(T)+ +wo(X(T)) — hu(T, X(T)).

This proves that —Gr has the desired form in the statement of Lemma 5.5 . It remains
to check that h satisfies assumptions (a) — (¢) of Proposition 5.4.

For assumption (a), we note that as  — —oo we have g(t,z) = A f(t)e™ — (R0 +
LY+ g(t,2), and h(t,z) = INf(t)e ™ — (R3 + 1) + h(t, ), where max{|g|, |h|} < ce”
with constant that only depends on g if 0 < ¢ < T. This proves that both g — h and
g* — h? are bounded if z is bounded from above. For assumption (b), comparing with

the construction of h in [63], the only difference is that we need to show
6 X(s)
2 — 5 +2R0 ) X (s)" + f (t)e

is bounded from below. Since s < %log A, we have (2 — g + 2RO X ()t + 3 f(t)eX®
(2— § +2R0) X (s)* + gex (*)which is bounded below by a constant depending only on
B. Lastly for assumption (c), we have (2 — g +2R6)X (s)" + 3 f(t)eX®) converges to oo

as s converges to the hitting time of co, which implies G, — —o0 as desired. O
We also need the following preliminary estimation of the gap probability.

Proposition 5.6. Consider the solution of (5.6) with A = 1 and X(0) = z. Recall

that pi(x) denotes the probability that X does not blow up in finite time and does not
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converge to oo ast — oo. Then we have
_B e
0< pl(l’) < cge 607 .

Proof. The proof is a minor modification of the proof of Lemma 5 in [63]. It is enough to
consider the case when z is large since otherwise the upper bound for x can be obtained
by making the constant cg s large. For fixed 5 > 0 and § € C with Ré > —1/2, we define

M = M;s = sinh™"(|S0|/(RS + 1)). Then for z > M + 4, we have
g(x,t) = ge_gt coshz + (R6 + %) tanh z — Sdsechx > %ew_ﬁt.
Consider the diffusion
dR = %ethdt +dB, R(0)=uz

which has the same noise term as X. Then we have R < X in this coupling while

R > M. This implies that for every ¢ > 0 we have

pi(x) < P (min R(s) < M or R does not blow up before time t) :

0<s<t

The difference U = R — B satisfies the ODE
e VdU = %eBtht, U0) =z,

which gives

t
-z e—U(t) _ ﬁ GB(S)_gst.

e
16 J,

This implies U(t) > z, and the event

{min R(s) < M} C {OrggtB(s) < M — x}.

0<s<t
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Moreover, if ming<s<; B(s) is not sufficiently small (for example ming<s<; Bs > —b such

that e7°(1 — e #/4) > 4e77), then we have

t
T ﬁ eB(s)—gsd

T A

S.

This shows that U blows up before time ¢, and if in particular b < x — M also holds,

then

P (min R(s) < M or R does not blow up before time t) < P( mir<1t B, < —b)

0<s<t 0<s<

Vit _p

< e 2.

Set t = 16e>~*/B,b = 4e/+/30, then both b < = and %(1 — e P4 > 77 are satisfied.

This gives the upper bound

[ o
pi(z) < %egt < 0567%6 :

For the lower bound, (4.75) shows that py(z) > 0 for < —M, where M is a fixed
constant that only depends on (3,§. On the other hand, if X(0) = = > 0, we set
c:= §e2“‘ + R0 + £ +|S6],and then we couple the process X with B(t) := B(t) + ct + z,
the Brownian motion with drift ¢ starting at z. Note that |g(y,t)| < ¢ for all |y| < 2.

The coupling X () < B(t) holds when |B(t)| < 2z. Since

P (max B(s) < 2z, min B(s) < —2:17) > 0,

0<s<1 0<s<1

there exists a positive constant ¢; so that py(x) > ¢;p;(—x). This proves that p;(z) > 0

for x > M. Using the monotonicity of p;(x) in & completes the proof. ]

We are now ready to prove Theorem 5.1.



134

Proof of Theorem 5.1. Set T = %log A, the time-shifted diffusion ¢ — X (¢t + T') satisfies
(5.6) with A = 1 with initial condition X (—7") = —oo. Using the Markov property of

X, we get that
pxr = E[1(X(¢) is finite for all 0 <t < T)py (X(T))] .

Consider the diffusion Y satisfying the SDE (5.10) with the drift function A(t, z) con-

structed in Lemma 5.5. By Proposition 5.4 and Lemma 5.5, we have

pa= X5 exp (= DX (2= 4 SSON)E I (V(T) exp (V)]
where
Vg5 = 411(2 —l—%—i’)) —8%54—%(52—%3?5)-
and where

DY) = (2 - g + 2§R<5>Y(T)+ + geY(T) +w(Y(T)) + /OT o(T — t,Y (¢))dt.

It suffices to show that the limit limy_,o, E[p1 (Y (7)) exp{e(Y)}] exists, and is finite and
positive. This limit would equal the constant kg4 of the asymptotics, but we would not
attempt to find the exact value, see Remark 5.3.

Following the proof of Theorem 1 in [63], the idea is to run the process Y)(¢) with a
shifted time 7 = ¢ — T and consider Y7 (1) := Yy (7 + T). Now the diffusions Y7()) for

different A satisfy the same SDE on nested time intervals
dYr(t) = h(r,Y)dr +dB,  7>-T,  Yp(-T) = —o0,

where the drift term is given by

h(t,y) = h(T + 1,y) = —ge_gT sinh(y) + ho(T + 7,y).
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Here the processes )7T are driven by the same Brownian motion, and hg is the bounded
function constructed in (5.11). Then for 7} > T5 we have ?TI(T) > }7T2(T) for 7 > -1,

and the domination is preserved. It now suffices to prove
1im E |1 (V(0)) exp{:(V7)} | (5.17)

is positive and finite, where

@?y:@—§+Q%Qﬁm++§J@+wwm»+ATm@ﬁ—mﬁ. (5.18)
Consider a nonnegative diffusion Z(t) satisfying the SDE
dZ = r(Z)dt + dB
which is reflected at 0 and the drift term

sz—%&+q, (5.19)

where the constant ¢; is chosen so that

r(z) > sup h(7,y).
7<0,0<y<z

We will use the stationary version of Z to control the diffusion ?T. Since Z and Y are

driven by the same Brownian motion, then if Z, Y > 0 we have

AZ-Y)=(r(Z)— ft,Y))dt.

This implies that if Z(7y) > Y (7p) for a negative time 79, then this ordering is preserved
until time 0.
Consider the process Z in its stationary distribution, since Z(—T) > Yp(—=T) we

have Z > Yy on [~T,0]. Since Y7(7) is increasing in T and bounded by Z(7) we have
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Yoo (7) = limp_ o )N/T(T) exists and is dominated by Z(7). By (5.18) we have

3(¥r) = w(¥r(0)) + / o(t, ¥ (~1))dt,

where w is continuous and ¢(t,y) < ¢(y) such that I o(t)dt < oo (see Lemma 5.5 for

the construction). This implies that J(?T) — QZ(?OO) and

gr == exp{(Y7)}p1(Yr) — oo := exp{)(Yao) }p1 (Yoo

as T'— oo. By Proposition 5.6, we have

qr < cexp { (2 - g + 2?]?5) Yr(0)* + ge%(o) — %6%(0)} < dx(Yr(0)),

with x(y) = exp{(g — %ey)}. Note that the stationary density of Z is given by
g(z) = cexp (—gez + 2012> :
see e.g. Chapter VII of [53]. This implies that
B(Z0)] < [ x(Glal2)dz < o
hence the dominated convergence theorem gives that
Elgr] — Elgoe] < 00

This proves the finiteness (and existence) of the limit (5.17). Finally, we have

Goo > cp1(Yao (0)) exp { (2 - § + 2@}%5)YOO<0)+} .

The positivity of the limit (5.17) follows from Y (0) < 0o a.s. and the positivity of pi(-)

proved in Proposition 5.6. This completes the proof. O
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5.2 Transition and a CLT

The goal of this section is to prove Theorem 5.2, which states the transition from the
HPpg s process to the Sineg process and a Central Limit Theorem of the counting function
of the HP3 s process. This will be the content of Propositions 5.10 and 5.12 below.

By Theorem 4.19, the counting function N(-) = Ngs(-) of the HPs s process has the
same distribution as the right-continuous version of the function A — lim;_,. %a,\(t),
where the processes (a)(t),A € R) solves the coupled system of SDE (4.33). For a
fixed A\ the process «, satisfies the SDE (5.1) where W is a standard Brownian motion
depending on A. For large A > 0, observing that the process «, will be rapidly increasing
until time on the order of log A since )\ge_%t would be the dominating term in (5.1) on
this time regime. Moreover, the trigonometric terms of «, would be rapidly oscillating
on this regime and hence vanish in the A — oo limit.

Following the work of Holcomb [26] on similar results for the Bessg, process, the
key estimation for proving Propositions 5.10 and 5.12 is the following control of the

oscillatory integrals.

Proposition 5.7 ([28], [26]). For each A € R, suppose that Ay, is an adapted finite
variation process so that |Ax:| < & is uniformly bounded for all t a.s., and suppose that

Xt is a martingale satisfying d[X,]; < 2. Let uy, be the process satisfying
dU)“t = )\f(lf)dt + A)\jtdt + dX)\,t Uxo = 0,

where f(t) = fs(t) = %e‘gt.

Then for each fized B > 0, there exists constants R and n uniform inT and \,a € R
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such that
i R(1+C)
E | su el ds|| < —————2
{0<th /0 H ~ |aA| f(T)
and for all C' > 0,
L R(1+¢) )
P su e Wnsds| — —~—— 22> (') <exp (=n(Carf(T))?).
<0§t£T /0 ' |a)\|f(T) = = Xp( 77( f( )) )

We also need the following standard results on characterization of Brownian motions

and weak convergence of diffusions.

Proposition 5.8 (Theorem 7.1.4 of [20]). Let {M™} be a sequence of R¥-valued mar-

tingales. Suppose that

lim E|sup |M™(s) — M™(s=)|| =0,

n—0o0 s<t
and the quadratic variation [Mi("),M;n)] = Cff) — ¢; j(t) in probability for all t > 0,
where Mi(n) denotes the i-th component of M™ | and where C = [cij]i j<n is a continuous,
symmetric matriz valued function on [0,00) with C'(0) =0 and C(t) — C(s) > 0 fort >
s> 0. Then M™ = M, where M is a Gaussian process with independent increments

and E[M ()M (t)"] = C(t).
Consider a sequence of diffusions X, satisfying the stochastic integral equations
t t
X, () = X, (0) + / (X, 5—)AM, (s) + / b(Xo, $)dVi(s),
0 0

where M, is a d-dimensional martingale such that E[[M,];] < oo for every ¢ > 0, and
where V,, is a R?*? valued process with uniformly bounded finite variation. The following

convergence result is a special case of Theorem 5.4 of [36].
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Proposition 5.9. Let W be a standard Brownian motion, and V(t) = tI. Assume

(M, V,) = (W, V), and the diffusion X satisfies

X, (t) = X,(0) —i—/o o(X,s)dW (s) —i—/o b(X,s)dV (s),
then X, = X.

Using the convergence of a(t) to 277 as t — oo, together with Propositions 5.7, 5.8

and 5.9, we are now ready to prove the following transition result.

Proposition 5.10 (Transition). Fiz 5 > 0 and 6 € C with R6 > —1/2. Then as A — oo
we have

(HP@(S —)\) = Sineg .

Proof. Fix # > 0 and § € C with R0 > —1/2. Let N(-) := Nsp(-) be the counting
function of the HP 3 5 process. Theorem 4.19 shows that N(-) has the same distribution
as the right-continuous version of the function A — lim; ., %a,\(t), where the processes
(ax(t), A € R) solves the coupled system of SDE (4.33). Denote by M(-) = Mg(-) the
counting function of the Sineg process, note that M (-) = Ny ().

It is enough to show that the convergence of the finite dimensional marginals of
the counting function. More precisely, we will prove that for any finite collection

{1, 29, -+, 21} we have
{NA+2;) = NN h<i<k = {M(2;) h<i<k

joint in distribution as A\ — oo.

To that end, we will use the SDE characterization of the difference N(A+xz) — N(A).
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Let ¥a () := axia(t) — an(t), a direct calculation shows that

dw)\,x(t) = wge_itdt + %[(e—iw,x _ 1)€—ia)\(t)dZ]

+ SOR[(e7 e — 1)e ™ O]dt + RES[ (e~ e — 1)e V)] dt, (5.20)

with initial condition v, ,(0) = 0.

By the triangle inequality,

sup / R[(e e — 1)6_10“(’5)]0[25‘ <
0

0<s<T

sup / e_ia””dt‘—i—
0

0<s<T

sup / e_’mdt'.
0<s<T Jo

A similar estimate also holds for the term S[(e=™*+ — 1)e~*®)]dt. We can then use
Proposition 5.7 to conclude that the two drift terms on the second line of equation 5.20
vanish as A — oo.

Write dZ = dB;+idBs where By, By are independent standard real Brownian motion.

For a fixed x, we have

R[(e e — 1)~ B dZ] = sin i)y ,(cos andBy — sin adBy)

+ (cos ¢\ — 1)(cos axdBy + sin aydBs).
Define
t t
Wia(t) = / (cosandB; + sinadBy) , Wia(t) = / (cos aydBy — sin a\dBy) .
0 0

It follows from the independence of By and B, that [Wy:]; = t, [Wy2]: = t, and
(W1, Wx2]t = 0. By Proposition 5.8, this implies that (W, 1, W,,) = (Wi, W) as
A — 0o, where Wy, Wy are independent real Brownian motions.

Therefore, for a fixed z, the limiting diffusion of 1, , should satisfy the SDE

b (1) = xge—itdt + R0 — 1)dz),
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where Z is a standard complex Brownian motion Z = W;+41:W,. Note that this is exactly
the stochastic sine equation ((4.33) when § = 0) and the unique strong solution is given
by the phase function of the Sines process. Note also that the limit (W), Wya) =
(W1, Ws) is independent of x. So the limiting diffusions ﬂmi, 1 < i < k are driven by the

same Brownian motion Z. Therefore, for any fixed 7" and k € Z, we have

('QZ}A,m (T)> s a@zj)\,xk (T)) = (12}901 (T)v ce 777@9619 (T)) (5'21)

as A — oo, which implies that for any Ily,... Iy € Z

Jim P ([tre, (T) + 7 lae = 2mliyi = 1, k) = P (Lq/?xi(T) oy =2l i =1, ... k) ,
(5.22)

where |7 |or 1= 27| 5= .
By Theorem 4.19, we have that M(-) has the same distribution as the right-continuous

version of the function x +—» %z@x(oo), where evaluation at oo should be understood as

a limit. In particular,

P (%zﬂxi(oo) = M(z;),i=1,..., k:) = 1. (5.23)

This implies that @z(T) should be close to 27Z for large enough T'. By Theorem 4.19

again we have v, ,,(00) € 21Z>( for any A > 0, and
1
P (2—@/»\%(00) =NA+z)—NN),i=1,..., kz) =1, (5.24)
T

For any finite collection {z1,..., 2} and 0 < n < 7, (5.23) and (5.24) imply that for

any € > 0 we may choose 7" large enough so that

P<|zﬂxi(oo)—1ﬁxi(T)| <77,z':1,...,k> 1« (5.25)
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Combining (5.25), (5.22), (5.23) and (5.24), it suffices to prove for any ¢ > 0 we can

choose A\ and T sufficiently large so that
P (¢rp;(00) = [Ypa (T) +7lor, i =1,...,k) > 1 —¢. (5.26)

Mimicking the proof of Lemma 3.5 in [26], we now show that for |n| < 1y < 1/16 there

exists A\g and A uniform in z so that for A > \y and T" > —% log po,

P (¢A,z(00) # W,\,x(T) + 7TJ2WWA,9:(T) - WA,:L«(T) + 7TJ27r = 77) < (x + A)\/%- (5-27)

Set T = %log()mo). Without loss of generality, we may assume n > 0, in which case
| Yre(T) |2r = [¥22(T)+7]|2r. The n < 0 case can be treated similarly with a reflection

argument by considering the diffusion 1y _,. On the time regime [T, T} ,,], we have

Una(Tam) = [¥ae(T)]2r = / o dipra(t) + Pra(T) = [¥r2(T) J2n- (5.28)

T
Taking expectation of the right hand side of (5.28) and then applying Proposition 5.7,

we can find R so that the oscillatory integrals are bounded by Rd. Thus,

E [¢r0(Thm) = [9re(T) ox|tina(T) = [r0(T) + 7Jor = ] < ze 37 + RS,

By Markov’s equality, for T" > —% log g we have

P (a(Tam) = [92a(T)Jax > V3 [ 3,0(T) = [22(T) + 7Jor = 1) < (z + R)V.
(5.29)

On the region [T} ,,, 0), we have (/\—i—x)e_gTMo = nio—i— 3o+ Lo show that ¢, ;(c0) =
|¥xe(Th ) ]2 with high probability, it is equivalent to study the original diffusions

i, and ay restarted at Ty ,,. Consider a1 . and a1 satisfying (4.33) with initial
70 10 10

conditions &L+%(O) = ariz(Thn,) and a1 (0) = ax(Th,,). Then it follows from the
10 10 10
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property that |a(t) s, is non-decreasing with an almost surely finite limit that for large

enough S,

P (1014 (5))ax = (@142 (00) |2, |31 (S)Jan = (@2 (00)J2r) >1—5/2. (5.30)

no = Ang 0 AN

Then by using continuous dependence on parameters and initial conditions a1, = (0)—

no - Ang
a1 (0) =n, there exist n and X so that for 79 < 7’ and A > X that
o
P ( G, (S)— &L(S)‘ < 27r) > 1—¢/2, (5.31)
10 Ang 70

Taking the intersection of the two events in (5.30) and (5.31) we get the event 9, ,(00) =
|¥r2(Th o) J2r happens with probability at least 1 — . Combining with the estimate
(5.29), we conclude the proof of (5.27).

We are now ready to finish the proof of Proposition 5.10. Observe that (5.27) implies

P (r2(00) # [¥ra(T) + 7] 2r,

wk,x(T) - UZ})\,:C(T) + 7TJ 27r‘ < 770) S (‘T + A)\/%

By (5.23), 1, (T) will be close to a multiple of 27 with high probability for large T'. By
(5.22), this implies that for any ¢ > 0 we may choose T" and A large enough so that

P(|tr2(T) = [¢22(T) + 7]2x| < mo) > 1 — €. These bounds imply that

P(1hre(00) # [ne(T) + 72r]) < &+ (z + A)y/10.
Choosing € and ¢ small enough proves (5.26) and completes the proof. O

Remark 5.11. Recall that the HPgs process was obtained as the local scaling limit
B,

(n — oo limit) of the circular Jacobi [3-ensemble near the origin (or equivalent, the

point 1 on the unit circle). Heuristically speaking, if the n — oo and A — oo limits can

be exchanged, then Proposition 5.10 indicates that if we chooses a sequence of points on
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the unit circle moving away from the point 1, then we expect to get the Sineg process in

the n — oo limit.

Proposition 5.12 (CLT). Fiz 8 > 0 and § € C with R6 > —1/2. Let N(-) = Nsz(-)

be the counting function of the HPg 5 process, then as A\ — oo we have

1 A 2
N(A) — —> ;»N(o,—),
\/log)\< () 2m B2
where N (0, #) has normal distribution with mean 0 and variance #
Proof. Let T =2 5log A. Notice that the time-shifted process d,(t) := oy (T'+1) satiesfies
the same SDE (5.1) with A = 1 with (random) initial condition &,(0) = a,(T). Since
the equation (5.1) is 27 invariant, the difference with of &,(¢) with its limits &, (c0) is

stochastically bounded by «a;(c0) + 1, this implies that

ax(00) — an(T)
Viog A
On the other hand, solving the SDE (5.1) gives

—0 in distribution. (5.32)

T T
an(T)=X—1 +/0 (S0 (cosay — 1) — R sin ay )dt + 2/0 sin( %) dW.

Proposition 5.7 shows that the expected value of the first integral is finite for all \.
Therefore, after dividing by v/log A, the first integral vanishes in the limit as A — oo. For
the remaining term, there exists a Brownian motion B such that we have the following

distributional identity

4 T ay . (5 2 T
o B in® (= =B(--— :
log sm dW <log)\/0 sin < 5 )dt) (8 log)\/ cos Oz,\dt>

By Proposition 5.7 again, we have the integral - )\ fo cos adt converges to 0 in proba-

bility, hence

ax(i)g;\)\ N N(O, %) (5.33)
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Combining (5.32) and (5.33) and then dividing by 27 finishes the proof. O
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