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abstract

In tiered emergency medical services (EMS) systems, in which multiple types of response

vehicles are involved, how to match the resource to patients is a critical issue. Responses

to emergency patients must be not only prompt but also capable of providing the type of

services that patients require. I propose four discrete optimization models that design EMS

systems to achieve both objectives.

This dissertation begins by studying the cutoff priority scheme, which gives priority to

more emergent calls for service when the system is congested by reserving vehicles exclusively

for high priority calls. An iterative framework composed of a spatial queuing approximation

model and a Mixed Integer Linear Program, which is computationally efficient, evaluates and

designs public safety systems with a cutoff priority scheme. The numerical analysis identifies

the trade-off between improving the expected coverage for high priority calls at the expense

of losing more low priority calls by introducing a cutoff. It also sheds light on how to identify

the best number of vehicles to reserve, which can help EMS practitioners in setting the cutoff.

Next, I focus on emergency responses on a congested network with two types of ambulances.

I develop a model that dynamically assigns emergency vehicles to patients based on the

number of idle vehicles. This dissertation addresses these issue by formulating and studying a

Markov decision process model that determines which type of ambulance to send to patients

in real-time. The base model considers a loss system over a finite time horizon, and it

dynamically assigns vehicles to patients. I also provide three extensions to the base Markov

decision process model, including one that considers an infinite time horizon, a second that

allows for patient queues, and a third that approximately incorporates spatial aspects of the

problem. Structural properties of the optimal policy are derived to characterize the optimal

resource assignment strategy and keep the problem computationally tractable. I prove for all

models there exists an optimal policy that is class separable. I show the conditions under

which there exists an optimal policy that is a signal threshold type and a state control

limit type for the base model and extensions. Computational experiments using real-world



xi

emergency response datasets show that the dynamic policy significantly improves the system

performance by informing how to dynamically update ambulance-patient matching.

Furthermore, I extend and expand the decision context of the earlier model to a tandem

queueing approach. The new model considers the service process in more detail by separating

the response phase and the transport phase, in order to consider various options of dispatch,

such as sending multiple vehicles to a single call (multiple response) or non-transport vehicles.

Multiple response allows for a faster first-aid and successfully matches the patient’s uncertain

needs at the potential cost of making more vehicles unavailable at any given time. To

investigate the value of multiple response, I formulate and implement a Markov decision

process model that dynamically determines which type of vehicle(s) to dispatch based on

resource availability and future demand volume. Additionally, I provide two extensions to

the base Markov decision process model. First, the approximate spatial analogue of the base

model studies how to design dynamic response districts and dynamically update the districts

as resource availability changes. The second extension considers non-transport vehicles that

must be accompanied by additional ambulances. The empirical study shows that the optimal

policy sends ALS NTVs more frequently as the signal increases, and as often as possible after

the signal exceeds the threshold.

Lastly, I propose a stochastic programming approach with focus on a tiered EMS system

with two types of ambulances which can often employ multiple response. I provide a two-stage

stochastic programming model that address how to deploy two types of ambulances in the

first stage and dispatch them to prioritized emergency patients in the second stage after

call arrival scenario is disclosed. I solve the model using sample average approximation and

demonstrate the value of stochastic solution with a case study and a simulation analysis.

Because stochastic programming models are computationally challenging for large-scale

problem instances, a computationally effective solution method based on Benders cuts is

also proposed. I additionally provide two model extensions to consider stochastic ambulance

travel times, patient-ambulance matching utilities, and non-transport vehicles.



xii

Successful investigation of suggested models enables the performance evaluation for tiered

EMS systems and furnish policy insights for improving them. This dissertation can assist

decisions makers to strategically plan and operate emergency vehicles in consideration of

patient-resource matching.
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1 introduction

1.1 Background

Emergency medical services (EMS) systems provide pre-hospital care to those who are in need

of urgent medical treatment and transports these patients to hospitals for more definitive care.

When an emergency medical 911 call is received, the dispatch center estimates the severity of

the call and dispatches appropriate vehicles to the scene. Once the medical unit arrives at

the scene, on-scene treatment is provided. Patients are transported to the hospital if needed.

Then the emergency vehicle returns to the base and becomes available for other emergency

calls. In particular, I focus on an EMS system with multiple types of ambulances and multiple

patient priority classes. Many EMS systems fall under this category, as emergency calls are

often classified into priority groups based on their severity, and these systems’ fleets consist

of several types of medical units.

EMS systems typically contain various types of medical units with different capabilities

(tiered system). Advanced life support (ALS) ambulances are staffed by paramedics who

can provide advanced care, while basic life support (BLS) ambulances are staffed by basic

emergency medical technicians. Some EMS systems also have vehicles other than ambulances

for responding to 911 calls, such as non-transport quick-response vehicles (NTVs), fire vehicles,

and even police cars (McLay, 2010). The matching of calls and emergency vehicles considering

their types can be critical to the patient outcomes. For example, ALS treatment, as opposed

to BLS treatment, to non-traumatic cardiac arrest patients can significantly improve patient

survival (Bakalos et al., 2011).

Although the ultimate goal of emergency medical services is to provide prompt service

to all patients, emergency medical personnel and ambulances are limited, and therefore,

triage may be necessary to better match resources with patients. Calls with higher priorities

are more time-sensitive, while other accident types with lower priorities can wait without

significant deterioration in patient conditions. For example, the chance of survival for cardiac
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arrest patients decreases by up to 10% for every additional minute of delay in treatment

(Larsen et al., 1993). Therefore, it is important to efficiently ration limited resources, not only

between different geographic locations but also among call priorities (McLay and Mayorga,

2013a).

To evaluate the performance of an EMS system, I apply the commonly used coverage

performance measure, under which a call is considered to be covered when an ambulance

reaches the patient in a given period of time, e.g., nine minutes from dispatch. This is called

the response time threshold (RTT) and is set by most EMS departments. Although the

ultimate goal is to maximize patient survivability, this is hard to measure, so these RTTs

serve as proxies for patient survivability. Average response time is also a popular performance

measure. Erkut et al. (2008) investigates the issue of measuring patient survival through

response time. Alternative patient survival models are suggested by Larsen et al. (1993);

Valenzuela et al. (1997); Waalewijn et al. (2001); Maio et al. (2003).

The promptness of response is critical for many patient conditions such as cardiac arrest

since the condition of the patient can deteriorate when the service is delayed. EMS systems

operate under uncertainty with respect to call arrival times, call origins and call severity.

Resources such as medical vehicles and personnel are limited and become unavailable when

they are serving other patients. Recently, rising call volumes and increasing medical costs

make real-time resource allocation decisions even more challenging. The design of public safety

systems is crucial for effectively using scarce emergency medical resources for responding to

patients in a timely manner. Specifically, patients with time-critical conditions who require

immediate care are more vulnerable to the delay of service resulting from congestion in

the system. This motivates the development of response plans that depend on the level of

available resources in the system as well as the specific needs of the patients.
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1.2 Literature Review

Ambulance planning problems have been widely studied in the operations research literature. I

classify related works in two groups: strategic ambulance planning and operational ambulance

planning. The first group of models typically deal with long-term decisions including the size

and composition of the fleet and the location of ambulances. Most research in this group

models their problem using mixed linear integer programming.

Daskin (1983) introduces one of the first probabilistic location models that takes ambulance

unavailability into account to maximize expected coverage by assuming that each ambulance

has the same busy probability of being unavailable for service. Batta et al. (1989) extend

Daskin’s expected coverage model to account for the underlying spatial queueing dynamics

of the ambulances using a Hypercube queueing model. Restrepo et al. (2009) present two

models based on the Erlang loss formula that can be used to screen potential ambulance

allocations. Few papers propose ambulance location models with multiple types of servers.

Marianov and ReVelle (1992) develop models that locate two types of vehicles to maximizes

the number of patients that can be served by both types. Mandell (1998) proposes a covering

model with ALS and BLS servers focusing on the first-responder. McLay (2009) introduces a

coverage model with ambulances and non-transport vehicles that serve multiple customer

types. For a more extensive review on ambulance location models, I refer the readers to the

review article by Brotcorne et al. (2003), and two recent reviews by Aringhieri et al. (2017)

and Reuter-Oppermann et al. (2017).

The second group of decisions, operational ambulance planning problems, cover topics

including ambulance dispatching, ambulance redeployment, and patient classification. Since

these problems involve dynamic ambulance management, in which the real-time decision is

required, the intractability of the problem is a critical issue.

The problem of classifying patients is widely studied in the literature using Markov

Decision Process. Argon and Ziya (2009) consider priority assignment decisions for a service

system under imperfect information on customer type identities. They provide insight into
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what kind of information is useful and how to use that information to optimally classify

customers. Jacobson et al. (2012) investigate how to determine patient priorities based on

resource limitations and the scale of the event. Argon et al. (2011) provides a review of

operations research approaches to improve patient triage and prioritization in the aftermath

of mass casualty incidents (MCIs), classifying existing works to a group of linear programming

approaches and a group of stochastic scheduling problems.

While the aforementioned papers investigate patient priority assignment in MCIs, this

dissertation studies how to efficiently coordinate multiple types of vehicles when there is a

varying payoff depending on the type of patient and the responding vehicles. Studies in MCIs

triage focus on how to manage patients in a long queue when demand overwhelms supply. In

contrast, the focus of this dissertation is on the low-traffic systems where the queue length

of patients waiting for service is typically zero. McLay (2009) formulates a MILP model to

study how to optimally locate two types of servers to improve patient survivability. Then the

problem of dispatching servers to prioritized customers when there are classification errors in

patient priorities is studied with an MDP model by McLay and Mayorga (2013a). Chong

et al. (2016) construct an MDP model and an integer program to study the EMS system

with both ALS and BLS units and high and low priority calls and examine the value of a

mixed fleet system.

There is a stream of literature for ambulance redeployment. Maxwell et al. (2010) use

approximate dynamic programming for the tractability of the ambulance redeployment

dynamic program. Yue et al. (2012) propose a simulation-based approach for the dynamic

redeployment problem and also discussed a stochastic upper bound on the performance of

redeployment policies. Alanis et al. (2013) study ambulance repositioning using a compliance

table policy by analyzing a two-dimensional Markov chain model. Ambulance redeployment

is also studied by Kolesar and Walker (1974); Gendreau et al. (2001); Rajagopalan et al.

(2008); Rettke et al. (2016).

Although the ‘send the closest idle ambulance’ policy is often assumed in the ambulance
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location and relocation literature, some studies have discussed the potential improvement

from using different dispatch rules. McLay and Mayorga (2013a) formulate an MDP model

for determining how to optimally dispatch servers while taking account of equity as well as

efficiency. Jagtenberg et al. (2017) propose an efficient heuristic for ambulance dispatching

as an alternative to the ‘closest idle ambulance’ rule.

This dissertation fills several important knowledge gaps in the literature. In practice, even

a very small EMS system maintains several types of vehicles and classify their demands into

different priority groups. Emergency vehicles responding to emergency patients should be

not only prompt but also capable of providing the appropriate type of service that patients

require. I focus on the importance of dynamic matching between prioritized patients and

heterogeneous servers in both long-term ambulance planning and real-time fleet management.

The matching is called dynamic in a sense that the decision of which vehicle to dispatch

must depend on the system status, such as server availability and varying demand volumes.

Although the ambulance planning problem has been widely studied, a majority of papers

assume homogeneous servers and demands and just focus on minimizing the response time.

Existing models that consider tiered systems usually assume static matching with fixed

priority. I notice that the optimal planning of dynamic matching in tiered EMS systems

is underrepresented in the EMS literature, albeit practical to EMS applications. I cover

this gap in the literature in this manuscript by proposing and implementing several discrete

optimization models.

1.3 Dissertation Overview

Throughout this manuscript, the objective of this dissertation is to provide insights for

designing an EMS system to efficiently manage limited medical resources to promptly and

properly serve prioritized patients. EMS systems contain many challenges that cannot be

addressed by a single model. A practical approach is to divide the problem into answerable
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ones and solve each issue step by step. This dissertation examines several facets of EMS

decision making in tiered systems from strategic decisions to operational decisions. I view

patient-resource matching as a dynamic variable, not a fixed input, and study how to

maximize patient coverage in a tiered EMS system with the dynamic matching. Chapters 2 –

5 are proposed to attain this objective. Overall, throughout all chapters, I provide various

decision-making tools and insights for EMS providers in prioritizing and managing demands

by efficiently operating limited resources.

Queueing non-urgent emergency calls when the number of available servers falls below

the threshold is a strategy in use in Europe (Aringhieri et al., 2016). However, the cutoff

priority scheme, which gives priority to more emergent calls for service when the system is

congested by reserving capacity for high priority calls, has not been studied in the literature

in the emergency response context. Therefore, in Chapter 2, I propose the use of cutoff

priority queue to reserve resources exclusively for high priority customers when the system is

congested. Under the cutoff priority scheme, the optimal system design has to be different

from the design without the cutoff. Therefore, I investigate how to deploy and dispatch

servers optimally with a cutoff priority queue by formulating an integer programming model.

The model proposed in Chapter 2 does not consider tiered resources, for instance, a mixed

fleet of ALS and BLS vehicles. This motivates the next chapters to extend the cutoff priority

queue scheme to a more sophisticated dynamic resource assignment for tiered systems.

Chapter 3 and 4 propose Markov decision process (MDP) models that dynamically assign

resources to patients based on the resource availability to improve patient coverage. When

an emergency call arrives, the dispatcher has to decide which servers to dispatch to the call.

Responses should be rapid before the patient condition deteriorates. When there are multiple

types of servers, a proper matching between the patient’s health needs and the server type

affects the patient outcomes. I aim to achieve both goals by dynamically reassigning resources

to patients. A cutoff priority queue scheme, which is studied by the previous hypothesis, is

a simple form of dynamic resource assignment in a non-tiered setting. Here, I focus on a
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more complicated dynamic resource assignment that takes account of the resource level and

other information available such as non-stationary demands and imperfect signals on patient

conditions.

In Chapter 3, I consider the matching of prioritized patients to tiered resources. I formulate

the problem as an MDP model and show its structural properties. Characterizing the optimal

policy alleviates the curse of dimensionality. Moreover, it provides insights for decision makers

in designing resource assignment heuristics that is simple yet effective. I also show structural

properties of the optimal policy and conduct a numerical analysis. Then, Chapter 4 is based

on a similar dynamic resource assignment idea, but additionally, consider sending multiple

types of server to a single call. The service process is modeled as a tandem queue to expand

the decision context. In both Chapter 3 and 4, to model the problem as an MDP, Poisson

arrival and Exponential service time assumptions need to be justified. Moreover, the curse of

dimensionality in MDP makes it difficult to explicitly examine the location of servers and

calls. These issues motivate us to develop a different model that can implement dynamic

matching by explicitly optimizing ambulance deployment and dispatching that involves fewer

assumptions.

Chapter 5 aims to inform EMS system design decisions with fewer distributional assump-

tions using a data-driven stochastic programming model. EMS systems with prioritized

patients and heterogeneous servers are intricate to study. First, EMS systems are exposed to

the various sources of uncertainty, including the arrival time and origin of emergency calls, the

severity of patients, and the availability of servers. Also, there exist interdependency between

the servers’ availability, and explicitly modeling the relationship between servers leads to

a complicated queueing model or a nonlinear program that is computationally inefficient.

Finally, stochastic ambulance planning models often require certain assumptions on call

arrival or service time distribution, which are not guaranteed to be appropriate to all problem

instances.

The data-driven approach resolves these factors. I directly sample call arrival scenarios
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from the emergency call log, without requiring any assumption on the arrival or service time

distribution. Similarly, the model routes ambulances to calls in each scenario instead of

parameterizing the servers’ busy probabilities. To assure that the sample can represent the

population, the number of scenarios should be sufficiently large. I conduct a sample average

approximation analysis to investigate the relationship between the scenario size and the

optimality gap. A potential concern is that the size of the problem grows rapidly as I increase

the sample size. Therefore, I propose a solution method based on a branch-and-benders-cut

procedure to improve the solution time.
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2 an expected coverage model with a cutoff

priority queue

2.1 Introduction

Emergency medical service (EMS) systems provide pre-hospital care to those who are in need

of urgent medical treatment and transports these patients to hospitals. The promptness of

response is critical for many patient conditions such as cardiac arrest, since the condition of

the patient can deteriorate when the service is delayed. As a result, the design of public safety

systems is crucial for effectively using scarce emergency medical resources for responding

to patients in a timely manner. In particular, patients with time-critical conditions who

require immediate care are more vulnerable to the delay of service resulting from congestion

in the system. This motivates the development of response plans that depend on the level of

available resources in the system as well as the specific needs of the patients.

We consider a system with multiple ambulances and multiple patient priority classes. We

apply the commonly used coverage performance measure, under which a call is considered

to be covered when an ambulance reaches the patient in a given period of time, e.g., nine

minutes from dispatch. Although the ultimate goal of emergency medical services is to

provide prompt service to all patients, available emergency medical personnel and ambulances

are limited, and therefore, triage may be necessary to better match resources with patients.

Calls with higher priorities are more time-sensitive, while other accident types with lower

priorities can wait without significant deterioration in patient conditions. For example, the

chance of survival for cardiac arrest patients decreases by up to 10% for every additional

minute of delay in treatment (Larsen et al., 1993). Therefore it is important to efficiently

ration limited resources, not only between different geographic locations but also among call

priorities (McLay and Mayorga, 2013a).

In this paper, we study how to give priority to more emergent calls for service when the
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system is congested by reserving capacity for high priority calls, which is called the cutoff

priority scheme. Existing ambulance location models generally assume that all calls are

immediately served as long as there is an available vehicle (Goldberg, 2004). We lift this

assumption by adopting a cutoff priority scheme. We limit our analysis to a two-priority case

in this paper and hence we impose a single cutoff number for low-priority calls. In our model,

a cutoff level is given for admission of low priority customers, so that low priority calls are

either delayed or diverted to neighboring EMS departments (a process called “mutual aid”)

whenever the number of busy ambulances is equal to or greater than the cutoff. Therefore

we always reserve a subset of servers exclusively to serve high priority patients in a timely

manner. We also study system design by locating and dispatching ambulances to prioritized

patients when there is a low priority cutoff. Mutual aid policies between adjacent EMS

departments is commonplace in the United States, and queueing nonurgent emergency calls

when the number of available servers fall below the threshold is a strategy in use in Europe

(Aringhieri et al., 2016), however, the cutoff priority scheme has not been studied in the

literature in the emergency response context. Under the cutoff priority scheme, the optimal

system design differs from the design without the cutoff, which leads to improved coverage of

emergency calls.

There is a rich operations research literature devoted to the design and evaluation of

public safety systems such as fire and EMS. Early models in this area study how to locate

vehicles such as ambulances to maximize coverage (Church and ReVelle, 1974), the most

common performance measure for EMS systems. A number of papers consider the impact

of congestion and backup service when locating vehicles. Daskin (1983) introduces one of

the first probabilistic location models that takes ambulance unavailability into account to

maximize expected coverage by assuming that each ambulance has the same busy probability

of being unavailable for service. Batta et al. (1989) extend Daskin’s expected coverage model

to account for the underlying spatial queueing dynamics of the ambulances using a Hypercube

queueing model. Other models that locate ambulances to maximize expected coverage allow
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for multiple types of ambulances (McLay, 2009) and multiple ambulances per station (Ansari

et al., 2015). Restrepo et al. (2009) present two models based on the Erlang loss formula that

can be used to screen potential ambulance allocations. There is also a stream of literature

for ambulance redeployment (Kolesar and Walker, 1974; Gendreau et al., 2001; Rajagopalan

et al., 2008; Maxwell et al., 2010). However, all of these models assume that an ambulance

is sent to a call if one is available and therefore do not ration service as we consider in this

paper. For a more extensive review on ambulance location models, we refer the readers to the

review article by Brotcorne et al. (2003), and two recent reviews by Aringhieri et al. (2017)

and Reuter-Oppermann et al. (2017).

There is a stream of papers that develop spatial queueing models for evaluating the design

of public safety systems. Larson develops an exact Hypercube queueing model to study

the behavior of servers such as ambulances or fire engines (Larson, 1974) and provides an

approximate Hypercube model that approximates the procedure by computing correction

factors (Larson, 1975). Jarvis (1985) generalizes the approximate Hypercube model of Larson

(1975) to account for location-specific service times and customer (patient) priorities. There

are a variety of other models that lift the assumption in earlier Hypercube models to allow

more practical settings (Burwell et al., 1993; Mendonça and Morabito, 2001; Iannoni and

Morabito, 2007; Boyaci and Geroliminis, 2015; de Souza et al., 2015). These Hypercube

models can evaluate various performance measures once a system has been designed, but they

cannot construct the optimal system configuration. Instead Hypercube models are used to

approximate the inputs for many location models introduced earlier, e.g., Batta et al. (1989),

McLay (2009) and Ansari et al. (2015). One exception is Geroliminis et al. (2009) who develop

a spatial queueing model that considers spatial characteristics and determines location and

dispatch decisions internally by optimization. Another is Cho et al. (2014), who devise

an integrated method with iterative problem relaxations and restrictions to endogenously

estimate the ambulance busy probabilities in a nonlinear optimization model.

The models considered thus far do not consider cutoff priority queues. The cutoff priority
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model was first formulated by Benn (1966) and detailed by Jaiswal (1968), who analyzes many

cutoff priority model variations and their solutions. Taylor and Templeton (1980) improve

Jaiswal’s derivation for the cutoff priority model and solves balance equations to derive steady-

state probabilities and waiting time distributions. They investigate two versions of the model:

the SCQQ model with an infinite capacity queue for high priority calls and the SCQL model

with a zero capacity queue for high priority calls. Both SCQQ and SCQL model maintain

an infinite capacity queue for low priority calls. They apply the model to urban ambulance

systems with two call priorities. Schaack and Larson (1986) take a decomposition approach

that solves the system for any number of priority classes to obtain the customer waiting time

distribution. These cutoff priority queueing models provide steady-state probabilities for the

number of busy servers, which are one of the building blocks for our spatial queueing model.

The relationship between these cutoff priority models to our work is detailed in Section 2.2

and Appendix A.1.

In this paper, we introduce a spatial queueing model and a Mixed Integer Linear Program

(MILP) for evaluating and designing public safety systems with a cutoff priority scheme. A

structural overview of the models is illustrated in Figure 2.1. The cutoff reserves capacity

for high priority calls so that service is not delayed for critical emergency medical patients

when the system is congested. In our models, the number of ambulances is fixed, and our

performance measure is the expected coverage. To the best of our knowledge, this paper

is the first to explicitly exploit the issue of differentiating the queueing policy for different

priority demands in emergency systems and use the cutoff to inform system design.

This paper makes the following contributions.

1. We derive the approximate Hypercube queueing model with a cutoff priority scheme

that is computationally easy to implement and solve. We demonstrate the accuracy of the

model using discrete event simulation.

2. We use the the Hypercube model to prescribe how to locate and send ambulances to

calls for service by using the approximate Hypercube model to estimate input parameters for
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Figure 2.1: Overview of the model structure.

a MILP model we define. Solutions to the MILP model produce deployment and dispatching

policies, which update inputs to the approximate Hypercube model. The two procedures

alternatively exchange inputs and outputs until they reach convergence or infeasibility.

3. Computational examples illustrate how to implement the iterative procedure with

real-world data. The results quantify the improvement in the expected coverage for high-

priority patients using different levels of a cutoff. We demonstrate how to use the model to

evaluate the tradeoff between expected coverage and the probability of losing or delaying

calls when the cutoff is adjusted to help decision-makers set the value of the cutoff. The

analysis illustrates how the number of reserved servers should decrease when the relative

importance of low priority to high priority calls increases.

The remainder of this paper is organized as follows. Section 2 defines the notation and

describes the approximate Hypercube model with cutoff priority queue. In section 3 the

MILP model is introduced for locating and dispatching ambulances in an EMS system with

a low priority cutoff. We describe the dataset and present computational results in Section 4

that validate the proposed models and report the model results. Then we conclude in Section

5.
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2.2 Approximate Hypercube Model for Cutoff Priority

Queue

In this section, we propose an approximate Hypercube model with cutoff priority queue. The

main goal of the model is to estimate the performance measures including the server busy

probabilities, dispatch probabilities, and steady-state probabilities for the number of busy

servers through an approximation that is precise and computationally efficient.

We implement two novel features. First, calls are distinguished not only by their locations

but also by their priorities. We assume that a call taker performs triage on each call and

preassigns one of two priorities to each call depending on the nature of the emergency, either

high priority or low priority. Calls with a high priority are more urgent and require a faster

response. Next, low priority calls are cut off—either lost or entered into a queue—when the

number of busy servers exceeds a threshold in order to reserve servers for high priority call

arrivals when the system is congested.

A system with s servers and high (low) priority calls from a set of geographical locations

J is considered. Servers are located at their home stations, with one server at a station. Since

only a subset of stations has a server located, those stations are denoted as open stations.

While servers have identical capabilities, they are distinguished by their home station. The

models can allow for multiple servers per location, when there is a preference ordering for

dispatching the servers at the same station to calls for service. High (low) priority calls arrive

independent of the busy status of the servers according to a Poisson process with rate λH(λL)

per hour. The Poisson arrival assumption is frequently consistent with real-world datasets

(de Souza et al., 2015; Kim and Whitt, 2014). Service is nonpreemptive, and the average

service time for calls from j served by server i is τij, which includes the travel time from

the station to the scene, the time spent at the scene, the time to transport the patient to

the hospital and return to the station. We assume exponential service times but this can

be relaxed if the system is a Loss system (Jarvis, 1985). Exactly one server is assigned to a
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call (when one is assigned) according to a fixed preference list, which is an ordered list of the

open stations following the cutoff scheme that is described later. The kth preferred station

for the high (low) priority call from node j is given as bHjk(bLjk) ∈ Iopen in the preference lists

{bHjk}({bLjk}). For example, if bH12 = 3, then the second preferred server for a call from node 1

is a server in station 3 if the call is high priority.

A cutoff level of sC is given for admission of low priority customers, with sC ≤ s. This

means that low priority calls are either placed in a queue or lost whenever there are sC or

more busy servers, instead of being served immediately by the most preferred available server.

High priority calls are immediately served by the most preferred available server and either

put in a queue or lost only if all servers are busy. This implies that the cutoff level for high

priority customers is set to s by convention (Schaack and Larson, 1986). In other words,

sR = s− sC servers are always reserved exclusively for high priority calls to be prepared for

the future arrival.

We consider two types of model that differ by the queue capacity. In the Loss model,

high priority calls that arrive when all servers are busy or low priority calls that arrive when

there are more than or equal to sC busy servers are “lost,” and the queue has zero capacity

(M/M/s/s). Lost calls are assumed to be served by external resources, such as neighboring

EMS departments through a process called “mutual aid.” We also consider a Queued model,

where the queue is assumed to have infinite capacity (M/M/s/∞). Calls are put in a queue

when they cannot be served immediately when all servers are busy for high-priority calls and

when there are no more than sR servers available for low-priority calls. Calls are served later

on a first-come-first-served basis when servers become free. In this model, high priority calls

in the queue are served as soon as a server becomes free, and queued low priority calls are

served when the system has more than sR available servers. Because the queue is infinitely

large, backlogged calls are never lost as they are eventually served if the system is stable. If

the cutoff is set to an extremely low value in a relatively congested system, the system may

not be stable for the low priority calls, and we revisit this case later in a computational study.
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Here we show the derivation for both systems. Throughout the paper we mostly assume

the Loss system, since it is common to assume a zero-line queue in the EMS literature, and

it is also consistent with real-world operations (Budge et al., 2009).

Table 2.1 summarizes the notation used in this paper. The Hypercube queueing model

requires deployment and dispatch policies as inputs, which can be generated either externally

(for example, send-the-closest) or by forming the preference lists from the optimal solutions

of the MILP model in Section 2.3. Other parameters needed such as service times τij and

arrival rates λpj can be collected from the data. We present derivation details for the results

presented in this section in Appendix A.1.

The outputs of the approximate Hypercube model are the correction factors qpk, k =

0, · · · , s−1, p ∈ {H,L}, server busy probabilities ri, i ∈ Iopen, and steady-state probabilities

Pi, i = 0, · · · , s. These outputs are obtained through an iterative procedure that we introduce

later in this section.

The correction factors qpk adjust the errors from treating servers as independent. To be

specific about what correction factors do, let Bk denote a event that jth selected server is

busy and Fk ≡ Bc
k denote a event that jth server selected is free. Then fpjk, the probability

that a priority p call from node j is served by its kth preferred server, can be expressed

as P{B1B2 · · ·Bk−1Fk}. If the servers operate independently from one another, then the

formulation for this term would be Πk−1
l=1 rbpjl(1− rbpjk). However, the independence assumption

is erroneous because the busy status of a server affects the probability of other servers being

busy. Therefore, correction factors qpk, which we derive later, are needed to improve this

approximation. Once we have the correction factors and server busy probabilities ri, i ∈ Iopen,

the dispatch probability fpjk, which is the probability that a priority p call from node j is

served by its kth preferred server, can be approximated as

fpjk = qpk−1Π
k−1
l=1 rbpjl(1− rbpjk), ∀j ∈ J, k = 1, · · · , s, p ∈ {H,L}, (2.1)
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Table 2.1: Summary of the notation.

symbol description
j ∈ J set of call source nodes
i ∈ I set of potential stations (used in the MILP)
Iopen ⊂ I set of open stations (used in the Hypercube model)
p ∈ {H,L} set of call priorities
s total number of servers
sC cutoff level for low priority calls
sR number of reserved servers, sR = s− sC
ri steady-state busy probability of server at station i ∈ I
r steady-state system-wide average server busy probability, r =

∑
i ri/s

Pi steady-state probability that i ∈ I servers are busy
qpk correction factor for sending the kth preferred server, k = 0, · · · , s− 1,

to priority p ∈ {H,L} call
fpjk probability of dispatching kth preferred server, k = 1, · · · , s to priority

p ∈ {H,L} call from node j ∈ J
fpk system-wide average probability that the kth preferred server is dis-

patched to a priority p call
apij ∈ {1, · · · , k} preference order of server i ∈ I by a priority p ∈ {H,L} call from node

j ∈ J
bpjk ∈ Iopen the station where the kth preferred server by priority p ∈ {H,L} call

from node j ∈ J is located
λpj arrival rate of priority p ∈ {H,L} call from node j ∈ J
λH(λL) arrival rate of high(low) priority calls
λ system-wide average call arrival rate, λ = λH +λL =

∑
j∈J
∑

p∈{H,L} λ
p
j

τij mean service time for calls from node j ∈ J served by a server from
station i ∈ I

τ system-wide average mean service time. The initial value is given as
τ 0 =

∑
j∈J
∑

i∈Iopen
∑

p∈{H,L} τij(λ
p
j/λ

p), and this value is updated later
in the algorithm

ρ server utilization factor, ρ = λτ/s
w relative weight of the low priority call coverage to high priority call

coverage in the objective function
Rij probability that an ambulance located at station i ∈ I successfully

reaches the call from node j ∈ J in a prespecified time limit
Nij set of call nodes that are neighbors to node j and are closer to station

i than j
ε server busy probability convergence threshold (used in the Hypercube

model)
δ imbalance measures that equals to standard deviation of server busy

probabilities
γ server workload imbalance threshold (used in the MILP)
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for all j ∈ J and k = 1, ..., s. Therefore, the correction factors restore the true dispatch

probability fpjk when multiplied by the product of independent server busy probabilities.

We begin by providing the closed-form expression for the correction factors as

qHk =

∑s−1
i=k

(s− k − 1)!(s− i)i!
(i− k)!s!

Pi

νkρk
(
1− νρ

) , (2.2)

qLk =

∑sC−1
i=k

(s− k − 1)!(s− i)i!
(i− k)!s!

Pi

νkρk
(
1− νρ

) , (2.3)

for every k = 0, · · · , s− 1, in which

ν =


(1− Ps

λH

λ
−
∑s

i=sC
Pi
λL

λ
) for the Loss model

1 for the Queued model
(2.4)

where ν refers to the probability that a call is immediately served. The derivation of qpk is

detailed in Appendix A.1.

To compute these correction factors, we need to obtain the steady-state probabilities Pi,

the probability that i servers are busy, i = 0, · · · , s, which also are performance measures

of interest in this Hypercube queueing model. In terms of describing the steady-state

probabilities, the state is defined as the number of busy servers in the system. For the Loss

model, we derive the closed-form expressions as follows.

Pi =


P0
siρi

i!
0 ≤ i ≤ sC − 1

P0
siρi

i!
(
λH

λ
)i−sC sC ≤ i ≤ s

(2.5)

where

P0 =

(
sC−1∑
i=0

siρi

i!
+

s∑
i=sC

siρi

i!
(
λH

λ
)i−sC

)−1
. (2.6)

For the Queued model, we refer the reader to Taylor and Templeton’s work on cutoff
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priority queues (Taylor and Templeton, 1980) for the detail of the derivation. They solve

a series of balance equations to obtain the steady-state probabilities. Our Queued model

refers to their SCQQ model so that both high and low priority calls are put in an infinite

capacity queue when it is not possible to immediately dispatch a server. We denote ξ1 = λHτ ,

ξ2 = λLτ , and ξ = λτ , where τ is the system-wide mean service time. Then the steady-state

probabilities are

Pi =


P0

ξs

s!
0 ≤ i ≤ sC − 1

P0(ξ
sCξi−sC1 /i!)sC/(sC − ξ2SQ(sC , s)) sC ≤ i ≤ s− 1

P0(ξ
sCξi−sC1 /i!)[sC/(sC − ξ2SQ(sC , s))]s/(s− ξ1) i = s

(2.7)

where

P0 =

(
sC−1∑
i=0

ξi/i! + (ξsC/(sC − 1)!)SQ(sC , s)/[sC − ξ2SQ(sC , s)])

)−1
, (2.8)

SQ(k, s) = ξ−k1 k![
s−1∑
i=k

ξi1/i! + (ξs1/s!)s/(s− ξ1)]. (2.9)

In addition to the steady-state probabilities, we also evaluate the server busy probabilities

ri to obtain all the terms needed to compute the correction factors in (2.2) and (2.3). As

in other approximate Hypercube models (Larson, 1975; Jarvis, 1985), we first obtain the

expressions for server busy probabilities by applying Little’s Law, as

ri =
∑
p

∑
j

λpjτijf
p
japij

=
∑
p

∑
j

λpjτijq
p
apij−1

Π
apij−1
l=1 rbpjl(1− rbpjaij ), ∀i ∈ Iopen,

(2.10)

where apij = k refers that i is the kth preferred server by priority p call from node j. Then we

rearrange the above equalities to write

ri =
Vi

Vi + 1
, ∀i ∈ Iopen, (2.11)
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where

Vi =
∑

i∈Iopen

∑
k∈K

∑
p∈{H,L}

λpjτbpjkjq
p
k−1(Π

k−1
l=1 rbpjl), ∀i ∈ Iopen. (2.12)

We can either compute the dispatch probabilities fpjk using individual server busy proba-

bilities ri, i = 1, ..., s as in (2.1), or approximate the same quantity using the system-wide

busy probability r =
∑

i ri/s, as f
p
jk ≈ qpk−1(1− r)rk−1. This latter approximation becomes

more precise when the individual server busy probabilities are close in magnitude, which

occurs when the workload is balanced among the servers. In Section 2.4, we bound the server

workload imbalance to be no more than 2% between ambulances in the computational study,

which justifies the use of this approximation.

In a manner that is similar to Jarvis (1985), we use the above quantities to update

system-wide service time τ as

τ =
∑

i∈Iopen

∑
j∈J

τij
(λHj
λ
fHjaHij

(1− Ps) +
λLj
λ
fLjaLij

(1−
s∑

i=sC

Pi)
)
. (2.13)

This update of τ is necessary as we have updated dispatch probabilities.

Finally, we summarize the iterative procedure for approximate Hypercube model with a

cutoff priority queue, including the initialization step and termination criteria.

STEP 0 Given call arrival rates λpj , service times τij from inputs, open stations Iopen and

preference list bjk, and the server busy probability convergence threshold ε, initialize

system-wide service time τ and utilization factor ρ as

τ 0 =
∑
j∈J

∑
i∈Iopen

∑
p∈{H,L}

τij
λpj
λp
, (2.14)

ρ =
λτ

s
. (2.15)

STEP 1 Update steady-state probabilities Pi using (2.5) and (2.6) for the Loss model, or

using (2.7), (2.8), and (2.9) for the Queued model.
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STEP 2 Update the correction factors qpk using (2.2) and (2.3), where ν follows (2.4) for

the Loss model or ν = 1 for the Queued model.

STEP 3 Update the server busy probabilities ri using (2.11) and (2.12).

STEP 4 Update the dispatch probabilities fpjk using (2.1), and normalize them by

fHjk ←
fHjk(1− Ps)∑

k∈K f
H
jk

, ∀j ∈ J, k = 1, · · · , s, (2.16)

fLjk ←
fLjk(1−

∑s
i=sC Pi)∑

k∈K f
L
jk

, ∀j ∈ J, k = 1, · · · , s. (2.17)

Update the system-wide service time τ using (2.13) with the updated dispatch proba-

bilities.

STEP 5 Update the utilization factor ρ = λτ
s

and system-wide busy probability r = νρ,

where ν has the same value as STEP 2. Normalize the busy probabilities by

ri ←
ri∑

l∈Iopen rl/s
r, ∀i ∈ Iopen (2.18)

Check if the maximum change in ri between iterations is smaller than the server busy

probability convergence threshold ε. If yes, terminate and return ri for i ∈ Iopen, qpk

(and Pi for i = 0, · · · , s, if the Queued model is used). If not, go back to STEP 1.

There are no proven theoretical results or bounds that guarantee the convergence of this

procedure in general without further assumptions. However, our numerical experiments have

demonstrated a fast convergence in a small number of iterations when the cutoff is not too

low. Other Hypercube models also report fast convergence in their numerical studies (Larson,

1975; Jarvis, 1985).

Note that the model described in this section is an approximate model. Therefore, we

demonstrate its accuracy in Section 2.4 by comparing the Hypercube model approximations

to the results of a discrete event simulation in a computational study.



22

2.3 Maximum Expected Coverage Model

In this section we present a mixed integer linear program model that simultaneously locates

servers at stations and dispatches servers to call nodes. The goal of the model is to maximize

the expected coverage over the region. A call is considered to be covered if a server is dispatched

to the call immediately upon the arrival and it reaches the call in the predetermined time

limit (e.g., 9 minutes). The expected coverage is defined as the average proportion of calls

successfully covered given the deployment and dispatching policy. The expected coverage

is weighted over high priority and low priority calls, and it uses the busy probabilities and

correction factors from the the approximate Hypercube model. The MILP model distinguishes

between different call priorities in determining ambulance location and dispatch policies, and

it allows for a cutoff priority scheme. The MILP model adapts the ambulance location and

dispatch model of Ansari et al. (2015) and extended to involve cutoff priority scheme.

The inputs to the MILP model are busy probabilities and correction factors from the

approximate Hypercube model. The MILP solution outputs are the set of open stations and

the preference lists for each call priority, which then become inputs for the Hypercube model.

Therefore, we alternatively solve the approximate Hypercube model described in the previous

section and the MILP model, since each model’s outputs provides the inputs to the other

model. At the end of this section, we provide a Hypercube-MILP iterative procedure where

the two models alternatively run, thus updating the inputs for each model until the server

workloads are approximately balanced.

Both the Loss and the Queued models use the same MILP model illustrated in this

section, except for one set of constraints that enforce load balancing among the servers. The

Hypercube model returns different values of correction factors and server busy probabilities

for various sizes of the queue, and these values are incorporated into the MILP model to

generate deployment and dispatch decisions optimized for the type of the model.

We select s stations from a set of I potential stations for locating servers. The binary

decision variables capture the public safety system design decisions. Let yi = 1(0) if a server
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is (not) located at station i ∈ I. This variable set defines the set of open stations. Let

xpijk = 1(0), i ∈ I, j ∈ J, k = 1, · · · , s if station i is (not) the kth preferred station for a priority

p call from node j. This variable set captures the dispatch policy for all types of calls. Note

that the resulted optimal dispatch plan may deviate from the natural sending-the-closest-idle

policy (see also McLay and Mayorga (2013a) and Jagtenberg et al. (2017)).

The mixed integer linear program is formally stated below.

max
x

∑
i∈I

∑
j∈J

s∑
k=1

(
cHijkx

H
ijk + wcLijkx

L
ijk

)
(2.19)

subject to ∑
i∈I

yi = s, (2.20)

s∑
k=1

xpijk = yi, ∀i ∈ I, j ∈ J, p ∈ {H,L}, (2.21)

∑
i∈I

xpijk = 1, ∀j ∈ J, k = 1, · · · , s, p ∈ {H,L}, (2.22)

∑
j∈J

s∑
k=1

∑
p∈{H,L}

λpjq
p
k−1(1− r)r

k−1τijx
p
ijk ≤ (r + δ)yi, ∀i ∈ I, (2.23)

∑
j∈J

s∑
k=1

∑
p∈{H,L}

λpjq
p
k−1(1− r)r

k−1τijx
p
ijk ≥ (r − δ)yi, ∀i ∈ I, (2.24)

xHij′1 ≥ xHij1, j ∈ J, i ∈ I, j′ ∈ Nij, (2.25)

yi ∈ {0, 1}, i ∈ I, (2.26)

xpijk ∈ {0, 1}, i ∈ I, j ∈ J, k = 1, · · · , s, p ∈ {H,L}. (2.27)

The objective function in (2.19) represents the weighted expected coverage over high

priority calls and low priority calls. The weight parameter w reflects the relative significance

of low priority calls in the decision maker’s objective compared to high priority calls (which

have an implicit weight of 1). Without loss of generality we assume w ∈ [0, 1) as it is more
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important to cover time-sensitive high priority calls. The coefficient cpijk used in the objective

function is computed as

cpijk = qpk−1(1− r)r
k−1Rij

λpj
λH + wλL

, ∀i ∈ I, j ∈ J, k = 1, · · · , s, p ∈ {H,L}. (2.28)

This represents the weighted fraction of calls of priority p at node j that are reached in the

prespecified time limit by server i if it is the kth preferred server. The objective coefficient

(2.28) can be divided into three components. The first component qpk−1r(1 − r)k−1 is the

probability that the kth preferred server is dispatched to a priority p call. This component

captures ambulance unavailability and uses the system-wide server busy probability r and

the correction factor qpk−1, which are the output from approximate Hypercube model. This

yields an approximation to the queueing probabilities that compensates for the independence

assumption between the servers. The second component Rij, which captures travel time

uncertainty, represents the probability that an ambulance located at station i reaches a call

at node j within the specified time limit (Ingolfsson et al., 2008). The first two components

together (qpk−1(1− r)rk−1Rij) capture the fraction of calls at node j covered by station i when

i is the kth preferred server for calls at node j. The final component weighs calls by the

demand (call volume) and the priority and normalizes the weights, thus yielding a weight of

λpj/(λ
H + wλL) for priority p ∈ {H,L} calls at node j ∈ J .

The cutoff priority queue scheme is captured in the MILP model through server busy

probabilities and the correction factors. To capture calls being cut off, the low priority

correction factor qLk−1 is set to zero for all k > sC . Therefore, the objective coefficient cLijk = 0

when k > sC , since the cutoff priority queue discipline restricts the Hypercube model to

always return qLk−1 = 0 for k > sC . As a result, xLijk for k > sC is “inactive” in practice, since

the cutoff prevents dispatching to low priority calls when k or more ambulances are busy. We

keep the variables xLijk for k > sC as it simplifies notation and does not affect the objective

value or the feasibility set. Note that {xpijk} is a binary representation of the preference list
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{bpjk}. Once the MILP problem is solved, the preference lists for high and low-priority patients

are set using the optimal MILP solution variables as bpjk ← {i|xHijk = 1}, j ∈ J, k = 1, ..., s

and bLjk ← {i|xLijk = 1}, j ∈ J, k = 1, ..., sC .

We next describe the constraints in the model. A station is considered to be open if a

server is located at it. Exactly s stations are open, which is guaranteed by (2.20). A server

from station i is dispatched only when the station i is open, which is enforced by (2.21).

Constraint set (2.22) requires every call node to have an ordered, non-overlapping preference

list of available servers. Constraint sets (2.26) and (2.27) require the variables to be binary.

Constraint sets (2.23) and (2.24) are load balancing constraints that set upper and lower

limits for server utilization. The server utilization for each open station is required to

be within a tolerance δ of the average server utilization. These constraint sets have two

implications. First, the program uses common busy probability r instead of ri, i ∈ Iopen with

an implicit assumption that the busy probability is the same for all servers. This assumption

is reasonable, since (2.23) and (2.24) ensure that service providers spend approximately the

same proportion of time serving calls, which is desirable for service providers maintaining

their skill proficiency (McLay and Mayorga, 2013a).

Constraint sets (2.23) and (2.24) are valid for the Loss model. For the Queued model, we

replace (2.23) and (2.24) with the following constraints:

∑
j∈J

s∑
k=1

∑
p∈{H,L}

λpjqk−1(1− r)rk−1τijx
p
ijk ≤ (r + δ − λτPD

s
)yi, ∀i ∈ I, (2.29)

∑
j∈J

s∑
k=1

∑
p∈{H,L}

λpjqk−1(1− r)rk−1τijx
p
ijk ≥ (r − δ − λτPD

s
)yi, ∀i ∈ I, (2.30)

where the parameter PD = Ps
λH

λ
+
∑s

i=sC
Pi

λL

λ
captures the probability of a call being delayed

and put in an infinite capacity queue. The additional term λτPD
s

represents the workload

of serving delayed calls in the queue. The steady-state probabilities Pi for i = 0, · · · , s can

be computed using the Hypercube model, along with correction factors and server busy
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probabilities.

Finally, constraint set (2.25) requires the first priority districts to be contiguous so that

the resulting dispatching policy yields contiguous first priority response districts for each

open station, and it results in contiguity as follows. When the first preferred station of high

priority calls from node j is station i, then constraint set (2.25) requires a node j′ that is a

neighbor of j and closer to station i (j′ ∈ Nij) to also have its first preferred station for high

priority calls to be i (xHij′1 = 1). This requirement yields a contiguous district surrounding i.

The system-wide server busy probability r is treated as an exogenously provided input

parameter in the objective coefficients as well as load balancing constraints. However, r is

endogenous to the model in that it is a function of the decision of deployment and dispatching

decisions. To maintain model tractability, a second iterative scheme is introduced. As

mentioned in the previous section, the approximate Hypercube model generates the correction

factors qpk and server busy probabilities r used as inputs for MILP model in the first iterative

procedure. Then the solutions from the MILP model become new inputs for the Hypercube

model that updates the value of correction factors and server busy probabilities. Again, those

outputs are utilized as inputs for the MILP model. The second iterative procedure continues

until the outputs converge, and server busy probabilities are approximately balanced. As

this iterative procedure is an approximate algorithm, later we validate its accuracy through

computational study in Section 2.4.

Below we detail the steps in iterative algorithm, which adopts the procedure introduced

by Ansari et al. (2015) with a cutoff priority scheme. It is notable that this procedure is

guaranteed to converge (termination criteria (1)) unless it leads to infeasibility (termination

criteria (2)). In STEP 3, the imbalance parameter δ is updated with the standard deviation of

ri, i ∈ I, and it always decreases because its value from the previous iteration set upper and

lower bounds for the server busy probabilities ri, i ∈ I through the load balancing constraint

sets in MILP of STEP 1. Therefore, it is ensured that δ has shrinking margin every iteration,

and the procedure terminates at the point that δ falls under the predetermined threshold
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value γ or it imposes a tight load balancing constraint that is too strong to be feasible (see

Ansari et al. (2015)).

STEP 0 Initialize:

Generate the initial preference lists bpjk, by always sending the closest available server.

Set correction factors qpk = 1 for all k = 1, · · · , s, server busy probabilities r =

ri = ρ = λτ
s

for all i ∈ Iopen, where the system-wide mean service time τ is set to

τ = λ−1
∑

i∈I
∑

j∈J
∑

p∈{H,L} λ
p
jτij. Set the imbalance tolerance to δ = 1.0.

STEP 1 Solve the MILP model with inputs r, qpk (and PD if the Queued model is used) and

update preference lists bpjk and set of open stations Iopen.

STEP 2 Solve the approximate Hypercube model with inputs bpjk and Iopen to update server

busy probabilities r and correction factors qpk.

STEP 3 At the 1st iteration, update δ = rmax − rmin and go back to STEP 1. Otherwise,

update the imbalance parameter δ with the standard deviation of ri, i ∈ Iopen. Check

termination criteria: stop if (1) the imbalance measure δ is less than the prespecified

server workload imbalance threshold γ or if (2) MILP was infeasible. Else if both

termination criteria are not satisfied, go back to STEP 1.

2.4 Computational Results

This section reports analytical and discrete event simulation results that validate the models

and illustrate the effectiveness of introducing the cutoff priority queue scheme for emergency

medical service systems. While we mainly consider the Loss model, we also report computa-

tional results for the Queued model for comparison. The validation for how accurately the

proposed Hypercube model approximates system performance measures of the system with a

cutoff is provided through comparison to simulation results. Throughout this section we use
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sR = s− sC , the number of servers reserved exclusively for high priority calls, in describing

the cutoff priority scheme.

Computational Setting

The model is studied using real-world data set from Hanover County, Virginia (McLay

and Moore, 2012). The data describes a geographical region with 16 potential stations,

270 aggregated demand nodes with 139 2×2 mile cells and 131 1×1 mile cells. The calls

during the weekdays from 12PM to 6PM over 31 months is used to estimate the call arrival

rates (demand). The call arrival rate is approximately constant over this time period. The

demand over the region is visualized in Figure 2.2 as a colored cells on a grid, where a darker

color represents a higher arrival rate. The arrival rate over the area is not uniform, as it is

concentrated in the middle and south-east areas of the county while the arrival rates are low

on the west side. The location of 16 potential stations are also marked in the map. The base

case considers s = 5 servers.

To investigate the effect of reserving capacities in a large fleet system, we also consider

a “scaled-up” version of the Hanover County dataset with a larger fleet. To generate the

scaled-up dataset, the number of servers increases from 5 to 16, and the call arrival rates

is scaled by a factor of 5.9. The demand scale parameter 5.9 is selected so that the system

shows the similar coverage performance to the original 5-server case when there is no cutoff

(sC = s). Note that we do not choose the scale to fix the ratio between the demand volume

and the number of servers. As a result, the server utilization factor of the large-scale dataset

is 1.84 times greater than the original dataset. This large-scale dataset represents a higher

traffic system with more resources compared to the original dataset. The effect of the reserved

capacity on coverage appears different in low traffic and high traffic systems. By choosing

the scale parameter that lines up the performance of baseline models where there is no cutoff,

we enable a direct comparison of the coverage increment trend between the two systems.

Importantly, this choice of a scale parameter results in a traffic intensity that employs the
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Figure 2.2: Demand Distribution and Station Location on the Hanover County Map.

cutoff under a variety of settings and allows us to study a range of values for the cutoff.

The Hypercube model and the MILP model in the iterative procedure were implemented

in Python 2.7.8 and solved using Gurobi 7.0.1. The running time of the Loss model for the

iterative MILP-Hypercube procedure using Hanover County data is 27.13 seconds on average,

and the time required for running the Hypercube models adds less than 0.11 seconds for

all cases. The runtime for the scaled-up data with a large fleet is 40.87 seconds on average,

and the Hypercube model runtime always adds less than 0.5 seconds. The load imbalance

tolerance threshold γ in the termination criteria of the iterative procedure is set to 2% for

the original dataset and 15% for the scaled dataset, and server busy probability convergence

threshold ε is set to 1% for both. The computational time performance and parameter

settings for the Queued model is analogous to the Loss model.

Model Validation

We compare analytical results obtained by the approximate Hypercube model to discrete-event

simulation results using the Loss model to demonstrate the accuracy of the approximate

Hypercube model. The simulation uses the same demand distribution and geographical

data as the analytical model, and the resulting deployment and dispatch decisions from

the analytical model are also used as policy inputs for the simulation. Note that unlike

the Hypercube model and the MILP model that are iterative, the simulation only receives
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Table 2.2: High Priority Dispatch Probabilities fHk and Loss Probabilities for High Priority
Calls P (lost|H) for Different Values of sR.

Hypercube Simulation
sR = 0 sR = 1 sR = 2 sR = 3 sR = 4 sR = 0 sR = 1 sR = 2 sR = 3 sR = 4

k = 1 0.6669 0.6770 0.6961 0.7326 0.7857 0.6594 0.6700 0.6903 0.7272 0.7813
k = 2 0.2012 0.2013 0.2040 0.1978 0.1724 0.1980 0.1990 0.2007 0.1931 0.1664
k = 3 0.0696 0.0703 0.0664 0.0520 0.0316 0.0732 0.0733 0.0695 0.0568 0.0379
k = 4 0.0280 0.0279 0.0219 0.0116 0.0068 0.0316 0.0309 0.0253 0.0153 0.0099
k = 5 0.0131 0.0135 0.0065 0.0035 0.0020 0.0150 0.0162 0.0088 0.0049 0.0029
P (lost|H) 0.0212 0.0100 0.0050 0.0026 0.0016 0.0227 0.0106 0.0053 0.0027 0.0016

Table 2.3: Low Priority Dispatch Probabilities fLk and Loss Probabilities for Low Priority
Calls P (lost|L) for Different Values of sR.

Hypercube Simulation
sR = 0 sR = 1 sR = 2 sR = 3 sR = 4 sR = 0 sR = 1 sR = 2 sR = 3 sR = 4

k = 1 0.6709 0.6658 0.6293 0.5154 0.2798 0.6655 0.6583 0.6222 0.5072 0.2742
k = 2 0.1987 0.1889 0.1487 0.0729 0.0000 0.1994 0.1896 0.1503 0.0732 0.0000
k = 3 0.0689 0.0570 0.0281 0.0000 0.0000 0.0708 0.0582 0.0286 0.0000 0.0000
k = 4 0.0275 0.0153 0.0000 0.0000 0.0000 0.0284 0.0162 0.0000 0.0000 0.0000
k = 5 0.0127 0.0000 0.0000 0.0000 0.0000 0.0133 0.0000 0.0000 0.0000 0.0000
P (lost|L) 0.0212 0.0731 0.1939 0.4117 0.7202 0.0226 0.0777 0.1990 0.4196 0.7258

Table 2.4: System-wide Server Busy Probability r for Different Values of sR.

Hypercube Simulation
sR = 0 sR = 1 sR = 2 sR = 3 sR = 4 sR = 0 sR = 1 sR = 2 sR = 3 sR = 4

r 0.3303 0.3216 0.3026 0.2628 0.2085 0.3367 0.3281 0.3066 0.2668 0.2115

deployment and dispatch decisions from the MILP model after convergence, and the simulation

output is compared to the Hypercube model output without further iteration. The program

was implemented in Python 2.7.8, ran until 100,000 calls arrive, and repeated 30 times to

generate summary statistics for dispatch probabilities, server busy probabilities, steady-state

probabilities and coverage over the high priority calls. Since the system of concern is relatively

low-traffic, and the duration of the simulation is long enough to ignore the transient behavior

at the beginning of the simulation, we do not incorporate a warm-up in our simulation for

the original dataset. For the scaled-up version with higher traffic, we use a warm-up period

of 2,000 calls before starting to collect results.

Tables 2.2 and 2.3 display dispatch probabilities for the original Hanover County dataset

with 5 servers, for different values of reserved servers sR. System-wide dispatch probabilities

fpk provided in the table are computed using the dispatch probabilities from the Hypercube
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model as

fpk =
∑
j∈J

λpj
λp
fpjk, ∀p ∈ {H,L}, k = 1, · · · , s. (2.31)

The left hand columns of Tables 2.2 and 2.3 report the analytical dispatch probabilities from

the approximate Hypercube model, while the right hand columns report the average simulation

dispatch probabilities. Table 2.4 reports the server busy probabilities for the original dataset

in both the approximate Hypercube model and the simulation model. Dispatch probabilities

are all zero for k > sC for low priority calls, since low priority correction factors qLk−1 from

(2.3) are all zero for k > sC , and they are entered into (2.1) to yield dispatch probabilities of

zero. This is the direct result of cutoff priority queue discipline. As we lower the cutoff sC ,

the probability of dispatching the first preferred server to high priority calls increases.

Tables 2.2 – 2.4 enable us to compare various outputs from the approximate Hypercube

model to their corresponding values from the simulation. The tables report that the discrep-

ancy between the analytical Hypercube model results and simulation results are small. The

absolute errors for the server busy probability r in Table 2.4 are less than 0.65% across all

values of sR. The dispatch probabilities in first five rows in Table 2.2 and Table 2.3 are also

very close to the simulation results with the absolute error of at most 0.64%. Finally, the

numbers in the last row of Table 2.2 refer to the loss probabilities, which are estimated with

the absolute error of no more than 0.79%. The tables corresponding to Table 2.2 – 2.4 for

the Scaled-up Dataset are presented in Appendix A.2.

The computational time for the simulation average 479.60 seconds for the original dataset

and 525.49 seconds for the scaled-up dataset. Note that the runtime of the simulation is

significantly longer than the runtime of Hypercube model, which was less than 0.11 seconds

for the original dataset and 0.50 seconds for the scaled-up dataset, while they both serve the

function of evaluating the system given preference lists. We note that some output statistics

such as dispatch probabilities to less preferred ambulances can be relatively rare events and

the simulation should be run for as long as 100, 000 calls in our example, and possibly longer

when there are more ambulances in the system. This highlights a benefit of an analytical
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Figure 2.3: Expected Coverage for Different
Values of sR in the Hanover County dataset
with s = 5, w = 0.

Figure 2.4: Expected Coverage for Different
Values of sR in the Scaled-up Hanover County
dataset with s = 16, w = 0.

model such as the Hypercube model, whose computational time scales well in the number of

servers.

System Design and Coverage Improvement

Here we consider the Loss model and set w = 0 so that the MILP objective is to maximize

the expected coverage over high priority calls. This allows us to demonstrate the impact of

the cutoff on high-priority calls. Figure 2.3 shows the expected coverage over high priority

calls from the MILP model with the original dataset, and Figure 2.4 shows the expected

coverage over high priority calls for the scaled-up version of Hanover County dataset with 16

servers.

The effect of the reserved capacity on high-priority call coverage is more pronounced in

the scaled-up example, as illustrated in Figure 2.4. Specifically, the marginal improvement in

expected coverage is 1.63% when the number of reserved servers sR increases from five to six.

Given that the maximum achievable coverage of this system is only 81.28% that occurs under

the impractical assumption that every call is served immediately by the server located at the

most reachable station, the improvement from 64.82% to 66.45% by reserving one additional

server is substantial.
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Figure 2.5: First-priority Districts for High Priority Calls with (a) sR = 8 and (b) sR = 10 in
the Scaled-up Hanover County Dataset with s = 16, w = 0.

(a) sR = 8 (b) sR = 10

The expected coverage is monotonically increasing in the number of reserved servers sR.

The expected coverage improves as more servers are reserved based on a combination of two

factors. First, as more servers are reserved for high priority call arrivals, servers are less busy

(see Table 2.4). Second, as more servers are reserved for high priority call arrivals, the system

is more likely to send highly preferred servers that are nearby and is therefore more likely

to “cover” the calls. This can be seen in the left half columns of Table 2.2 and 2.3 for the

original Hanover County dataset with s = 5 servers. The first and second choice servers are

more likely to be sent—as shown by dispatch probabilities with k = 1, 2 for high priority

calls—when sR increases.

However, the improvement in expected coverage for high priority calls comes at the cost

of losing more low priority calls. As seen in Table 2.3, in the base case of reserving no servers,

the probability of losing a low priority call is 2.12%, and it increases to 7.31% when reserving

one server, while resulting a coverage improvement of 0.66%. Therefore, there is a tradeoff

between improving high priority coverage by reserving servers and staying responsive to low

priority calls. It is up to decision makers to choose the level of cutoff with allowable loss for

low priority calls.

The cutoff priority scheme leads to different design decisions in the MILP model. Figure

2.5 shows the optimal district designs for the scaled-up Hanover County dataset with sixteen

servers. Each color block with a station number represents a first priority district covered
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by the station. The districts associated with stations 6, 7, 13, and 14 that are the most

populated areas in call arrivals, show the greatest changes when cutoff is modified. Therefore,

the cutoff leads to different district designs for high priority calls, which contributes to a

greater increase in the expected coverage than by solely reserving capacities. This suggests

that planning decisions should be altered in response to the introduction of a cutoff, which is

an important insight.

Identifying the Number of Reserved Servers

Thus far, we discuss how to improve coverage for high priority calls at the expense of losing

more low priority calls by introducing a low priority cutoff level sC and setting the low priority

weight parameter w = 0. In this section, we consider w > 0 to explicitly consider the effect of

losing low priority calls in the objective function. Setting w = 0 means we only consider high

priority coverage in evaluating the performance of the system, while w = 1 implies that high

and low priority calls are equally valued. Relatively smaller values such as 0.1 ≤ w ≤ 0.5 are

more realistic, since emergency calls with higher priorities are more time-sensitive and have a

higher necessity to be served in a timely manner (i.e., covered).

Figure 2.6 and 2.7 show the expected weighted coverage for different cutoffs and weights in

the original and scaled-up Hanover County dataset. These curves are no longer monotonically

increasing in the number of reserved servers as earlier with w = 0, since the lost low-priority

calls affect the expected weighted coverage here. Hence for each w > 0, there exist different

values of sR (with sR ≤ s) that maximize total expected coverage, and this analysis can

inform decision makers regarding how to select the number of servers to reserve.

Consider the w = 0.1 case for the original dataset in Figure 2.6. From Figure 2.6 we can

see that the expected coverage reaches its maximal value at sR = 3, and starts to decrease

when sR increases beyond 3. Therefore, we can conclude that reserving sR = 3 servers yields

the highest expected weighted coverage and reserving more than three servers is suboptimal.

As the weight w increases, the maximal expected weighted coverage for each value of w
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Figure 2.6: Expected Coverage with Different Weight on Low Priority Calls in Hanover
County Dataset with s = 5.

Figure 2.7: Expected Coverage with Different Weight on Low Priority Calls in the Scaled-up
Hanover County Dataset with s = 16.
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Table 2.5: Dispatch Probabilities for Different Values of sR With Infinite-capacity Queue and
s = 5.

High Priority Low Priority
sR = 0 sR = 1 sR = 2 sR = 3 sR = 0 sR = 1 sR = 2 sR = 3

k=1 0.6621 0.6615 0.6617 0.6553 0.6624 0.6451 0.5610 0.3198
k=2 0.1988 0.2018 0.2126 0.2368 0.1978 0.1838 0.1354 0.0457
k=3 0.0680 0.0719 0.0785 0.0807 0.0683 0.0560 0.0255 0.0000
k=4 0.0269 0.0318 0.0297 0.0174 0.0273 0.0147 0.0000 0.0000
k=5 0.0122 0.0171 0.0086 0.0052 0.0125 0.0000 0.0000 0.0000
P(delayed) 0.0317 0.0160 0.0084 0.0048 0.0317 0.1003 0.2768 0.6354

*Result for sR = 4 is omitted, because if we solve the model with infinite capacity queue
using this dataset, the system is unstable.

occurs by reserving fewer servers. Specifically when w is as large as 0.5 so that low priority

calls are valued half as important as high priority calls in the objective function, expected

coverage reaches its maximal values when no servers are reserved (sR = 0). Similarly, for

the Scaled-up dataset as seen in Figure 2.7, the value of sR that yields the highest expected

coverage decreases from 11 to 5 as we increase the weight on low priority calls from 0.1 to 0.5.

Therefore, a cutoff priority scheme is more effective in improving the expected total coverage

when high priority calls are weighed significantly more than low priority calls.

The System with the Infinite Capacity Queue

In this section we report results from the system with infinite-capacity queue, to understand

how total expected coverage can be improved by reserving capacity when we maintain a

queue and calls are not lost.

Figure 2.8 illustrates the expected coverage for the Queued and the Loss models as a

function of sR. The expected coverage in the Queued model is lower than in the Loss model.

With an infinite capacity queue, servers ultimately serve every call, and therefore, the busy

probabilities and dispatch probabilities are similar regardless of how many servers are reserved

(see Table 2.5), since there is still a similar amount of “work” in the system. As servers

become busy serving low priority calls that have been delayed service by the cutoff, there is
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Figure 2.8: Expected Weighted Coverage with an Infinite Capacity Queue and s = 5, w = 0.

*Result for sR = 4 is omitted due to infeasibility.

smaller benefit of improving the total expected coverage from reserving capacity.

By maintaining an infinite capacity queue, low priority calls are never abandoned. The

Queued model can become unstable and the low priority call queue can become infinitely

long if too many servers are reserved, which occurs for this example when sR = 4 (sC = 1)

and the realized service rate for low-priority calls is as low as P0µ. Compared to the Loss

model, the Queued model provides an useful tool for estimating system performances when

calls are not abandoned or resorted to external services, as long as the resulting system is

stable.

Lastly, a mixed situation where the calls are entered into a queue probabilistically can be

considered. This implementation is applicable when external resources such as mutual aid is

not always available. It is expected that the performance of a mixed system when the cutoff

discipline is adapted to this case lies in between the two curves in Figure 2.8. Intuitively the

result would be closer to the Loss model when external resources are available with higher

probability.
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2.5 Conclusion

This paper introduces models to evaluate the design of public safety systems with a cutoff

priority queue, and it provides insights into the benefits that can be achieved from reserving

some capacity for high priority calls. We introduce an approximate Hypercube model with

cutoff priority queue, and we embed this model into a MILP model so we can identify how to

locate and dispatch ambulances to respond to prioritized calls for service.

Our computational analysis shows that the use of iterative MILP-Hypercube procedure

is a computationally efficient way to model and solve the problem. The analytical model

provides a relatively efficient approximation that requires less computational time compared

to discrete event simulation and is also accurate. The computational study demonstrates an

improvement in coverage over high priority calls when introducing a cutoff for low priority

calls using a real-world dataset. This improvement in coverage for high priority calls is

accentuated when we consider a scaled-up dataset with more servers and a higher demand.

There is a tradeoff between improving coverage for high priority calls at the expense

of “losing” more low priority calls when a cutoff is introduced. We study this tradeoff by

evaluating the expected weighted coverage over both low and high priority calls. The analysis

sheds light on how to identify the “right” number of servers to reserve, which can aid decision

makers in setting the cutoff.

We also model a system where low priority calls are not lost due to cutoff but are rather

served later when there are enough free servers. A system with an infinite capacity queue

(Queued model) is implemented and compared to the Loss model. The system with an infinite

capacity queue leads to a smaller improvement in coverage when more servers are reserved

as compared to the system with a zero capacity queue. This is because low priority calls

are delayed rather than lost when the server availability is below the cutoff, and therefore,

ambulances are ultimately not “freed up” when there an infinite capacity queue. This suggests

that a cutoff has the most potential to improve system performance when cutoff low-priority

calls are ultimately serviced by external resources.
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The model we provide can be extended. First, our framework can be applied to a

system with more than two priority classes by imposing multiple cutoff numbers. This

could be practical, since many emergency medical service systems are based on more than

two patient priorities. Second, the relationship between the optimal cutoff and the system

parameters such as call volume or fleet size can be further studied to understand how to

reserve ambulances when there is a sudden increase in demand. The analysis could give insight

into the development of emergency plans for mass casualty events and a surge in demand

due to severe weather. Third, although 8- or 9-minutes are the most frequently used time

thresholds when defining the call coverage, longer thresholds are often used for low priority

patients or in rural settings. Our model can be applied to such EMS systems by replacing

the reach parameters Rij with priority-specific reach parameters, Rp
ij, p ∈ {H,L}. Finally,

we use simulation to demonstrate the accuracy of the models. The framework developed in

this paper could be considered a “Solution-Completion by Simulation” (SCS) model, in which

the solution obtained by the optimization is applied in a simulation environment to discover

more details of the model (Figueira and Almada-Lobo, 2014).
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3 dynamic priority assignment for emergency

medical services with multiple types of servers

3.1 Introduction

The problem of dynamically allocating resources to incoming demand is prevalent in service

systems where an immediate response is required. Customers can have different service

needs, and likewise, servers can vary in specialty or capability of service. Our problem is

motivated by the triage process in emergency medical service (EMS) systems, although a

number of other potential application areas exist, including telecommunications, logistics,

and healthcare. EMS systems have two main goals when sending ambulances to patients:

rapidly responding to patients, and responding with the right type of personnel based on the

health needs of patients.

The first emergency response goal, the rapid response to emergency calls, is measured by

the fraction of calls that is reached within a pre-specified response time threshold (RTT).

RTTs play a central role in evaluating performance in nearly all EMS systems, since they are

practical for measuring the promptness of service and are also easy to interpret (McLay, 2010).

Response times are often critical to patient survival, especially for those with time-critical

conditions that require immediate care (Larsen et al., 1993). In EMS systems, responses

are often slower when more servers are busy serving patients (Alanis et al., 2013). When

more servers are busy, it is likely that the servers located close to the emergency scene are

occupied by other calls, resulting in longer response times. Therefore, there is a tradeoff

between serving a current emergency patient and being prepared for future calls.

Another goal of EMS systems is a proper matching between patients and ambulances.

Tiered EMS systems typically contain various types of medical units that are specialized to

perform different jobs. A tiered system sends Advanced Life Support (ALS) vehicles staffed

by paramedics, Basic Life Support (BLS) vehicles staffed by emergency medical technicians,
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and/or other types of emergency vehicles to calls based on the information provided by the

callers to the dispatchers. How to match calls and servers considering their types can be

critical to patient outcomes. For example, ALS treatment, as opposed to BLS treatment, to

non-traumatic cardiac arrest patients can improve patient survival by nearly 47% (Bakalos

et al., 2011). While paramedics require more training and experience, it is argued that they

are not necessary for a majority of calls (Kimmel and Persse, 2015). By reducing paramedic

usage and only sending ALS units to those in need of ALS interventions, the system can

respond to more urgent patients with shorter response times without sacrificing the quality

of care for patients with less severe medical needs. However, the actual needs of patients are

often not entirely disclosed when dispatch decisions are made. For instance, 911 operators

prioritize each call based on a limited set of standard questions and answers provided by the

caller (Reilly, 2006).

In this paper, we address these challenges by dynamically assigning servers to patients

in real-time using a Markov decision process (MDP) model. The system of concern is

non-stationary; the demand for ambulances varies depending on the time of the day and

the day of the week (Channouf et al., 2007). This non-stationarity makes it challenging to

derive a simple assignment rule that is consistently valid. The MDP model makes assignment

decisions depending on imperfect information about patient needs, fluctuating resource levels,

and anticipated demand volume. Under this framework, two identical patients who arrive

at different times can be served by different types of servers if the system state when they

arrive is different.

A large number of papers develop models for ambulance location and relocation problems

(Brotcorne et al., 2003; Li et al., 2011; Aringhieri et al., 2017; Reuter-Oppermann et al., 2017).

Although these decisions significantly influence EMS performance, deployment decisions are

not the focus of this paper. Instead, our MDP model has a coverage-based objective function

that inherits ideas from the ambulance location literature.

A cutoff priority queue, which is a simple dynamic resource assignment, is more directly
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related to this paper than ambulance location problems. Under the cutoff service discipline,

lower priority jobs are immediately served only if the number of busy servers does not exceed

a pre-specified threshold. Otherwise, patients are placed in a queue and served later. In

other words, when the system is congested, low priority jobs are reprioritized from ‘serve

immediately’ to ‘place in a queue.’ Taylor and Templeton (1980), Schaack and Larson

(1986), and Yoon and Albert (2018b) study EMS systems with a low priority cutoff with an

exogenously given cutoff level. In contrast, our analysis provides a framework for adjusting

the cutoff in an endogenous manner based on the demand, congestion, and the resource level

of the system.

Patient prioritization problems, which are widely studied in the literature using MDP

models, provide another framework for dynamically matching ambulances to patients. Argon

and Ziya (2009) consider priority assignment decisions for a service system with imperfect

information on customer type identities. Argon et al. (2011) provide a review of operations

research approaches to improve patient triage and prioritization in the aftermath of Mass

Casualty Incidents (MCIs). Jacobson et al. (2012) propose a model that determines patient

priorities based on resource limitations and the scale of the event. MCIs triage seeks to

manage patients in a long queue when the demand overwhelms supply in systems with

high traffic intensity, while our research investigates ambulance assignment in EMS systems

with lower traffic intensity. It is typical for such non-MCI settings to assume a loss system,

e.g., (Restrepo et al., 2009), or if patients are allowed to queue, that the queue maintains a

reasonable length.

There have been previous papers that study the optimal dispatch of emergency vehicles

to prioritized patients. McLay (2009) formulates a mixed integer linear program to study

the optimal deployment of two types of ambulances to improve patient survivability. McLay

and Mayorga (2013b) use an MDP model to explore how to dispatch servers to prioritized

customers when there are classification errors in patient priorities. Chong et al. (2016)

examine the value of a mixed fleet system by constructing an MDP model and an integer
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program of a tiered EMS system with both ALS and BLS servers and high and low priority

calls. To the best of our knowledge, our model is the first to solve an ambulance assignment

problem in a tiered EMS system where patient information is partially observed.

Operational ambulance planning involves the management of multiple vehicles that cannot

be treated independently, which quickly makes the problem intractable when the number of

vehicles grows. Therefore, how the state space is defined is a critical issue when describing

the operational ambulance planning with an MDP. Some papers provide spatial models

that capture the server status and location in detail in the state space. Maxwell et al.

(2010) and Rettke et al. (2016) use approximate dynamic programming to keep the problem

computationally tractable, while Jagtenberg et al. (2017) derive a heuristic that can handle

larger instances. Other papers choose to limit the state space to be compact, by describing

the state of the system only with the number of available servers (Alanis et al., 2013; Chong

et al., 2016, 2017). Our approach also uses the compact representation of the state space

in pursuit of computational tractability. In order to compensate for the loss of explanatory

power due to the compact state space, we present a reward function that represents decreasing

marginal gains as the system becomes congested. Although the locations of the calls and the

servers are not considered in our base model, we provide an approximate spatial model as an

extension to consider the geographic information associated with the call.

This paper makes the following contributions:

1. We formulate an MDP model that matches multiple types of ambulances with multiple

patient classes. Our model assigns ambulances to patients by considering the resource

availability, the uncertainty in patient needs, and non-stationary demands.

2. We present structural properties of the optimal policy. We show conditions under which

the optimal policy is a class separable, signal threshold type, and state control limit

type policy.

3. We show how our findings regarding the structural properties of the optimal policies
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can be extended to three model variations, including an infinite horizon model, a system

with patient queues, and an approximate spatial model.

4. Our empirical study suggests that dynamically matching ambulances to patients using

the optimal MDP policies significantly improves the system performance in realistic

settings. The improvement is more pronounced when the system has a higher demand.

With a dynamic resource assignment policy, calls with lower signals are served by BLS

servers when the system becomes more congested. When locations of emergency calls

are incorporated into the decision framework as call classes in the approximate spatial

model, the optimal policy informs how to dynamically update response regions based

on the number of available servers.

The remainder of this paper is organized as follows: Section 3.2 defines the notation and

formally introduces the MDP modeling framework for the base model. Three variations of

the base model are provided in Section 3.3. In Section 3.4, we introduce structural properties

of our MDP models regarding the optimal resource assignment policy. The base model and

the approximate spatial model are empirically studied with real-world datasets in Section 3.5.

The paper is concluded in Section 3.6.

3.2 Dynamic Resource Assignment Model

We consider an EMS system with two types of ambulances—ALS servers and BLS servers—

and multiple types of emergency calls (patients) that arrive in a sequential manner. We

seek to assign servers to patients given the first-come-first-served non-preemptive service in a

way that ensures short response times and matches the right type of ambulance to patients.

Whether a call needs an ALS server (advanced patient) or not (basic patient) is not directly

observed. Instead, based on the features that can inform their likelihood of being advanced

patients, such as the primary complaint reported prior to dispatch, we group calls into classes.

Each call class is associated with a signal parameter ωi, which is the conditional probability
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of requiring an ALS service given the call class. Therefore, when an emergency call arrives,

its class is observable at dispatch with a signal of the patient’s true service needs. We study

whether to send an ALS or BLS server to the call with the MDP model. We require an

ambulance to respond to every patient if one is available, even if it is not the preferred type.

Emergency calls arrive according to a non-homogeneous Poisson distribution, and we assume

that once an ALS (BLS) server is dispatched to a call, the service time follows an exponential

distribution with rate µA (µB). The goal of the model is to maximize the total expected

reward by matching ambulances to patients, where the reward captures both response times

and patient-ambulance matching.

The Poisson arrival assumption of emergency calls is consistent with real-world datasets

(Kim and Whitt, 2014; de Souza et al., 2015). Assuming exponential service time may

deviate from what is observed in reality, but several papers validate the use of exponential

service time through simulations and numerical experiments, showing that the performance

of their models do not depend on the choice of service time distribution (Ansari et al., 2017;

Jagtenberg et al., 2017). Lastly, we use a single-valued service rate for all servers of the

same type that does not depend on the locations of emergency calls and servers. This is an

assumption frequently made in the EMS literature including (Argon and Ziya, 2009; Jacobson

et al., 2012; Chong et al., 2016).

A key simplification we make is that only the numbers of available ALS and BLS servers

define the state. We intentionally keep our state space compact to avoid the curse of

dimensionality and to derive structural properties of the optimal policies. As a result, we do

not consider individual server locations when we describe the system state, and arriving calls

are represented by their classes, not their locations. We lift this assumption later in Section

3.3 by including call locations into the state space representation. Therefore, the benefit

of serving a call is measured based on the number of available servers and the class of the

call, without considering their geographic locations. The core decision we make throughout

the model is matching servers to calls that arrive sequentially. We note that the number of
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available servers can be a good proxy for the probability of responding to an arbitrary call in

a given RTT, especially with an appropriate redeployment policy, such as a compliance table

(Alanis et al., 2013; Sudtachat et al., 2016).

Consider the ‘boundary’ cases where all servers of at least one type are busy. First, if all

ALS (BLS) servers are busy and there is at least one BLS (ALS) server idle, arriving calls

are forced to be served by a BLS (ALS) server regardless of its class. Second, if all ALS and

BLS servers are unavailable and a call arrives, that call is either considered to be lost (Loss

system) or put in one of two patient queues (Queue system). In the Loss system, lost calls are

assumed to be served by external resources, such as neighboring EMS departments through a

process called mutual aid. In the Queue system, two queues are maintained separately, one

for calls to be served by ALS servers and another for calls to be served by BLS servers. Calls

in an ALS (BLS) queue are served later on a first-come-first-served (FCFS) basis when ALS

(BLS) servers become free. Throughout the paper, we primarily focus on properties of the

Loss system, which is more common in the EMS literature and also consistent with many

real-world operations. We provide the model description and structural properties of the

Queue system in Subsection 3.3 and Subsection 3.4.

MDP Model Description

In this Subsection, we formally define our MDP model. A summary of the indices and

notation used in the MDP model is presented in Table 3.1.

Time. The objective is to maximize the expected total reward by serving emergency calls

over a given time period, for instance, a day or a week. For that, we assume a finite-horizon

model without a time discount. We assume that the salvage value at the end of the time

horizon is zero. In order to uniformize a continuous-time MDP into a discrete-time MDP,

uniformization factor Λ = maxt
∑

i λ
i
t+NAµA+NBµB is used that defines the maximum rate

of transition (Puterman, 1994). This uniformization is available when the value of Λ is finite.

We note that since our model is a finite-horizon MDP, this uniformization is an approximation
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Table 3.1: Summary of Notation

Symbol Description
NA(NB) Number of ALS (BLS) servers in the system
m Number of call classes, i ∈ {1, · · · ,m}
T Number of time epochs, t ∈ {1, · · · , T}.
p ∈ {a, b} Type of services calls need:

a refers to advanced patient meaning that the call needs ALS service
and b refers to basic patient meaning that the call needs basic support
and can be served by either an ALS or BLS server

q ∈ {A,B} Server types: A refers to ALS and B refers to BLS
λit Arrival rate of class i calls at time t
µA(µB) Service rate of a ALS (BLS) server
ωi Signal. Probability that class i calls need service from an ALS server
st = (sA, sB) System state at time t
dt = (d1, · · · , dm) Action (decision) at time t
Pt(j|s, d) Transition probability from state s to state j at time t given action d
Rt(s, d) The expected reward at state s and time t given action d
Upq The expected utility gain of serving a type p call with a type q server
fp(s) Coverage function. Probability that a call in need of type p service is

successfully covered in time threshold when there are s servers avail-
able

Vt(s) Cost-to-go function (value function) at state s and time t

for which the approximation gap decreases to zero as the number of time epoch increases

to infinity (Miller, 1968). We use a finite horizon to represent the non-stationary nature of

the problem. When the parameters are stationary, the problem can be easily converted to

infinite horizon MDP with long-run average reward criteria. In this case, the uniformization

is exact, and it can be easily shown that all the structural properties presented in the paper

and the managerial insights still hold.

States. We define the state of the system as st = (sA, sB) for sA ∈ {0, 1, ..., NA}, sBt ∈

{0, 1, ..., NB}, where we define sAt as the number of ALS servers available at time epoch t,

and sBt as the number of BLS servers available at time epoch t. The state describes the

ambulance availability of the system. The cardinality of the state space is |(NA + 1)(NB + 1)|.
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Table 3.2: Coverage function

Advanced patient (a) Basic patient (b)
send ALS (A) fa(sA) f b(sA)
send BLS (B) fa(sB) f b(sB)

Table 3.3: Utility of serving a call

Advanced patient (a) Basic patient (b)
send ALS (A) UaA UbA
send BLS (B) UaB UbB

Actions. Actions are defined as dt = (d1t , · · · , dmt ), dit ∈ {A,B} for i ∈ {1, · · · ,m}, with

dit =


A Dispatch an ALS server if a class i call arrives at time epoch t

B Dispatch a BLS server if a class i call arrives at time epoch t.

0 Do not dispatch any server. (available only when all servers are busy)

As previously mentioned, in the boundary cases where there are no available ALS (BLS)

servers, we add a rule that we must dispatch a BLS (ALS) server. An arriving call is lost (or

queued) only when all servers of both types are busy (sA = sB = 0).

Transition Probabilities. Exactly one of the following six transition events occur between

two consecutive time epochs: (1) a call arrives and an ALS server is dispatched, (2) a call

arrives and a BLS server is dispatched, (3) an ALS server finishes service, (4) a BLS server

finishes service, (5) neither a call arrives nor a server completes service, or (6) a call arrives

and is lost when all servers are busy.

Rewards. Recall that the objective is to maximize the expected number of covered calls

weighed according to the matching between the patient and server assigned. Specifically, the

reward is a function of (1) the signal, (2) the coverage function, and (3) the utility of serving

a call given the signal and the action.

First, the signal represents the probability of a class i call requiring an ALS service and

is endogenously given as ωi. Next, the coverage function represents the probability that an

ambulance can reach the scene in a pre-defined RTT (e.g., 9 minutes) given the patient needs
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and the action. Ambulances are spatially located, and therefore, only a subset of ambulances

can respond to a specific location in an RTT. The probability that an arriving call is served

in RTT is modeled as non-decreasing coverage functions fa and f b that are static over time,

as defined in Table 3.2. Finally, the utility parameter reflects different payoffs depending on

how the server type (ALS, BLS) matches to the actual needs of the call (advanced, basic).

As seen in Table 3.3, the first subscript represents the true need of a call (a for advanced and

b for basic), and the second subscript describes the type of server that serves the call (A for

ALS and B for BLS).

The overall reward function is therefore

Rt(s
A, sB, d) =

1

Λ

∑
i

λit1di=A(ωifa(sA)UaA + (1− ωi)f b(sA)UbA)

+
1

Λ

∑
i

λit1di=B(ωifa(sB)UaB + (1− ωi)f b(sB)UbB)

The reward is computed as a weighted sum of the product of coverage and utility, where the

weight is determined by the signal. We multiply coverage and utility since service quality

depends on both the response time and the type of service provided.

We define the coverage function fa(s) (f b(s)) be the fraction of advanced patients (basic

patients) covered in a given RTT when s ambulances are available. In practice, the fraction

of calls that is covered also depends on the locations of calls. We can evaluate a valid

upper bound of fa(s) and f b(s) by solving an instance of the Maximal Covering Location

Problem (MCLP) with s servers (Church and ReVelle, 1974). Maxwell et al. (2014) prove

that the solution from MCLP instances is a valid upper bound of the coverage function. If a

redeployment policy based on the number of available servers is used, then the value of fa(s)

and f b(s) can be computed directly from the objective value of the redeployment problem. A

compliance table is an example of a redeployment policy that is commonly used in practice

(Alanis et al., 2013). In this case, objective function values of MCLP instances can serve as

estimates of the coverage functions instead of their upper bounds. This simplified coverage
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function is an essential part of our modeling to prevent the curse of dimensionality due to

the exponentially large state space. We also provide an approximate spatial model with this

simplifying assumption lifted later in Section 3.3, where the coverage function is redefined as

a function of the location of an emergency call as well as the number of available servers. As

fa(s) and f b(s) are non-decreasing in s, the reward function decreases as more servers are

busy. This incentivizes the model to reserve advanced servers to avoid visiting states with

fewer advanced servers available, since those states produce lower rewards.

As far as the utility values are concerned, we assume UaA > UaB to penalize the under-

service of advanced patients. We do not assume relative orderings between any other pair

of utility values. In particular, we do not explicitly penalize over-service of basic patient

calls. Instead, the model discourages over-service through higher transition rates into lower

states (i.e., states with fewer advanced servers available). We additionally remark that other

papers in the literature such as Chong et al. (2017) typically assume that UbA = UbB, since in

practice a low priority call can be equally well served by an ALS server or a BLS server, and

that UaA > max{UbA, UbB}, indicating that providing an ALS service to an advanced patient

adds more value to the system than serving a basic patient that does not require advanced

service. The utility values can be estimated using data: for instance, as far as non-trauma

cardiac arrest patients are concerned, we can set UaA = 1.0 and UaB = 0.68 using the result

of Bakalos et al. (2011).

Optimality Equations. The problem is discretized and has a finite horizon, and thus, we

can solve the problem using backward induction. We maximize the total expected reward over

a finite horizon without a time discount, and as the action space Dst = {A,B}m (D(0,0) = {0})

is finite, the optimality equations (Bellman equation) are:

Vt(s
A, sB) = max

d∈Dst

{
Rt(s

A, sB, d) +
∑

(jA,jB)∈S

Pt(j
A, jB|sA, sB, d)Vt+1(j

A, jB)

}
,

for all time epoch t ∈ {1, ..., T}.



51

3.3 Model Variations

Thus far, we have investigated a finite horizon MDP in which the state space represents

an Erlang Loss system, which is a commonly made assumption regarding EMS systems

(Restrepo et al., 2009). Subsection 3.3 discusses how the base model presented in Section

3.2 can be extended to a Queue system. Subsection 3.3 explains how the base MDP model

can be reformulated as an infinite horizon, average reward MDP model with infinite length

patient queues. Lastly, Subsection 3.3 provides an approximate spatial model that considers

the geographic locations of emergency calls.

Finite Horizon Model with Patient Queues

The first model variation is a Queue system with two infinite FCFS queues—an ALS queue

and a BLS queue. Unlike the base model, emergency calls that arrive when all of the servers

are busy are not abandoned. Instead, the model determines which queue the call enters:

patients in the ALS (BLS) queue are served by ALS (BLS) servers when servers become

available. Once a call enters a queue, it does not renege or relocate to the other queue. When

all servers of one type are busy and at least one server of the other type is idle, a server is

dispatched to the call regardless of the type, as in the Loss system. We make the following

adjustments to the model defined in Section 3.2 for the Queue system.

• The domain for the each element in the state is extended to all integer values less than

or equal to N q (sq ∈ {−T +N q, ..., N q − 1, N q}) for q ∈ {A,B}, where negative values

of sq represent the number of calls waiting in the type q queue.

• Following the above, the domain for the coverage function fp(s) input s is extended to

sq ∈ {−T +N q, ..., N q − 1, N q} for q = {A,B}.

Note that the queue length is bounded above by T −N q. Since we are solving the problem

over a finite time horizon where at most one arrival events arises within a time epoch, the
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maximum number of patient arrivals is bounded above by T . Therefore, the queue length

T −N q is not infinite and allows all patients to either be served or queue. When the length

of time horizon is exceptionally long, it is practical to impose smaller queue lengths such that

the probability of patients balking due to full queues is sufficiently small.

Infinite Horizon Model Variation

The base MDP model can consider an infinite horizon, undiscounted, average reward MDP

model when assuming a stationary arrival rate and making several modifications to the

model. In an infinite horizon model, there is no transient behavior. We do not need to

assign the initial server availability and end-of-time-horizon salvage values as in the finite

horizon model. Moreover, the uniformization procedure to convert the continuous-time MDP

into a discrete-time MDP, which is approximate for the base finite horizon model, is exact

for the infinite horizon model. While the finite horizon model is useful in representing the

non-stationary behavior of the system, the infinite horizon model helps in understanding the

characteristics of the system when inputs are relatively stationary over time. We assume a

Loss system as in the base model. However, it is straightforward to modify the model to have

both of infinite horizon and patient queues.

Since the system cannot abandon patients unless all ambulances of both types are busy,

the Markov Chain is positive recurrent for the Loss system under any feasible MDP policy.

The MDP state space is finite and rewards are bounded. Therefore, the value iteration

algorithm converges to an optimal solution (Puterman, 1994).

Approximate Spatial Model Variation

We present an approximate spatial model that determines which call locations to include in

ALS (BLS) response districts—regions served by ALS (BLS) servers—and updates response

districts when resource availability changes. The base model introduced in Section 3.2 assigns

servers to calls based on their signal, which is their likelihood of being an advanced patient.



53

In the approximate spatial model, we embed spatial information in call classes in addition to

the likelihood of being an advanced patient by considering the geographic location of the call

in a similar manner as in Alanis et al. (2013). Let j ∈ {1, ...n} denote the location of the

call. A call class is represented by a tuple (i, j), where i represents the primary complaint

reported at dispatch that gives imperfect information about the needs of the patients as in

the previous sections, and j represents the location of the call. Although the approximate

spatial model does not explicitly take into account the location of ambulances, the model

provides insight regarding how to design response districts.

The base model uses coverage functions to represent the probability that a call is reached

within an RTT. Since we include call locations in the approximate spatial model, the coverage

functions are also updated to consider call locations. Instead of MCLP from Church and

ReVelle (1974) as in the base model, we solve the Maximal Covering Location Problem with

the Probabilistic Response Times (MCLP+PR) from Daskin (1987) and Erkut et al. (2009)

to determine server locations when there are s = max{NA, NB} servers.

In the approximate spatial model, we do not assume a deployment policy that relocates

servers whenever the number of idle servers changes. Instead, we assume that servers are

located according to the optimal solution of MCLP+PR without redeployment and that all

servers are equally likely to be busy. We consider all possible configurations of server status

given the number of available servers s ≤ max{NA, NB} to calculate fp(s, j), the probability

that a server responds to a call in need of type p service at location j in a timely manner.

Under this new definition, coverage functions are still monotone nondecreasing and concave.

The modified reward functions are:

Rt(s
A, sB, d) =

m∑
i=1

m∑
j=1

1

Λ
λijt 1di=A(ωifa(sA, j)UaA + (1− ωi)f b(sA, j)UbA)

+
1

Λ

m∑
i=1

m∑
j=1

λijt 1di=B(ωifa(sB, j)UaB + (1− ωi)f b(sB, j)UbB)
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3.4 Structural Properties of the Optimal Policies

Structural Properties of the Optimal Policies for the Base Model

We describe a set of structural properties for the base MDP model presented in Section 3.2.

We show conditions on the parameter values under which the following holds:

1. There is an optimal policy that is class separable, i.e., assigns a server to a call

regardless of the optimal assignment decisions for other classes.

2. There is an optimal policy that is more likely to send an ALS server to a call with a

higher signal.

3. There is an optimal policy that is more likely to send an ALS server to a call when

more ALS servers are available.

The findings in this section are valuable in two ways. First, the structural results allow

us to substantially reduce the number of actions we need to evaluate to find the optimal

policy. Second, under some restrictions on the parameter values, the optimal policy can be

characterized as a signal threshold type policy and as a control limit policy. These results

provide insights for finding relatively simple heuristics to solve ambulance-patient matching

problems. The following theorems provide more detail regarding these results. All proofs can

be found in Appendix B.1 – B.3.

Theorem 3.1 (Class Separability of the Optimal Policies). For any time epoch t and state

s, the optimal action for class i does not depend on the actions for other class i′ 6= i.

Theorem 3.1 states that when we determine the optimal action for class i, the actions for

other classes do not affect the decision. The number of call arrivals in a time epoch is at most

one due to the uniformization, so the class separability result is intuitive. Class separability

allows us to identify an optimal policy efficiently, since we can solve the value functions by

comparing at most two actions for each call class (which involves comparing two actions m

times each time epoch) instead of all possible combinations (which involves comparing 2m
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actions each time epoch).

Theorem 3.2 (The Optimality of Threshold Type Policies). For any time epoch t and state

s = (sA, sB), a threshold signal value ω̄t(s) can be specified such that it is optimal to send

an ALS server to a class i call (dit
∗
(sA, sB) = A) if and only if ωi > ω̄t(s), if the following

inequality is satisfied:

UaAf
a(sA)− UbAf b(sA)− UaBfa(sB) + UbBf

b(sB) > 0. (3.1)

The threshold value is defined as

ω̄t(s) =
UbBf

b(sB)− UbAf b(sA) + Vt+1(s
A, sB − 1)− Vt+1(s

A − 1, sB)

UaAfa(sA)− UbAf b(sA)− UaBfa(sB) + UbBf b(sB)
. (3.2)

Theorem 3.2 further simplifies the search for an optimal policy, since it allows us to find

a single-valued threshold ω̄t(s) for a given state s = (sA, sB) at time epoch t, and use that

threshold to determine actions for all call classes without any further evaluation on value

functions. Unlike Theorem 3.1 that is unconditionally true, Theorem 3.2 holds under a

specific choice of states and parameters that satisfy condition (3.1).

Condition (3.1) can be interpreted as that the marginal utility of serving an advanced

patient with an ALS server, as opposed to a BLS server, is higher than the marginal utility of

serving a basic patient with an ALS server instead of a BLS server. Condition (3.1) is more

likely to be satisfied (and therefore the optimal policy is of threshold-type) if there are more

ALS servers available (compared to BLS servers) and if UaA is significantly larger than UaB,

i.e., under-serving a call in need of ALS service is severely penalized.

Theorem 3.3 (Optimality of Control Limit Type Policies). For any time epoch t, call class

i and the number of available BLS servers sB, if µA = µB and fa(s) is concave in s, then a
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control limit s̄t(i, sB) can be specified such that

di
∗
(sA, sB) =


A sA > s̄t(i, s

B)

B sA ≤ s̄t(i, s
B)

0 sA = sB = 0

Therefore, it is optimal to send an ALS server to a class i call if and only if there are more

than s̄t(i, sB) ALS servers available.

Also, for any time epoch t, call class i and the number of available ALS servers sA, if

µA = µB and f b(s) is concave in s, then a control limit s̄t(i, sA) can be specified such that it

is optimal to send a BLS server to class i call if and only if there are more than s̄t(i, sA) BLS

servers available. These control limits construct a monotone switching curve which divides

the state space into two connected regions, one in which sending an ALS server is optimal,

and another in which sending a BLS server is optimal.

Theorem 3.3 provides another characterization of the optimal policy in terms of the

number of available servers. Our choice of the coverage functions fa(s) and f b(s), which are

the objective function values of MCLP instances, satisfy the concavity conditions in Theorem

3.3. Since having more ambulances available has decreasing marginal gains in coverage, other

choices of coverage functions also satisfy concavity conditions.

Structural Properties of the Optimal Policies for the Model

Variations

The following two theorems state that the structural properties for the base model also hold

for the Queue model and the infinite horizon model introduced in Section 3.3 under slight

modifications. We provide sketches of the proofs for Theorems 3.4 – 3.5 in Appendix B.4.
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Theorem 3.4 (Structural properties for the finite horizon MDP with Patient queues).

Theorems 3.1, 3.2, and 3.3 are valid for the finite horizon MDP with patient queues.

Theorem 3.5 (Structural properties for the infinite horizon, Loss system MDP). Theorems

3.1, 3.2, and 3.3 are valid for the infinite horizon MDP with a zero length queue.

Finally, for the approximate spatial model, we note that the reward function remains

separable by call class (i, j) where i represents the primary complaint and j represents the

call location as in Subsection 3.3. Therefore, Theorem 3.1 also holds for the approximate

spatial model. While Theorem 3.1 and Theorem 3.3 can be applied without any modification,

Theorem 3.2 is true for the approximate spatial model if instead of applying the result directly

to call class (i, j), we fix the call location j and compare signals between different complaints

i and i′.

3.5 Computational Results

Setup

We carry out numerical experiments using the emergency call logs from Hanover County,

Virginia from 2009 – 2011. From the call logs, we estimate non-stationary call arrival rates

for each hour and call class, system-wide service rates, and the signal for each call class. The

dynamic resource assignment problem is solved for a time horizon of 24 hours, which consists

of 828 time epochs after uniformization based on the average weekday call arrival rates, for

the system with 24 servers including NA = 12 ALS and NB = 12 BLS servers.

We divide calls into m = 15 classes and estimated signal value ωi for each call class based

on the call logs. The details of the class generation and the signal estimation are provided in

Appendix B.5. The estimated signal value, which represents the fraction of advanced patients

among all calls in each class, is presented in Figure 3.1 in decreasing order of ωi.
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Figure 3.1: Signal parameter ωi for call class i = 1, ...,m

Figure 3.2: Non-stationary call arrival rates

We scale up arrival rates and service rates to demonstrate that our model is capable of

solving the resource allocation problem for large-scale EMS systems. First, the service rate is

normalized to 1 call per hour for both ALS and BLS servers. Then we scale up call arrival

rates to keep the maximum utilization equal to 0.5. Here the utilization is defined as the

ratio between total call arrival rates and total service rates (ρt =

∑
i λ

i
t

µANA + µBNB
). Since

the call arrival rate is non-stationary, the maximum utilization is defined as the utilization

at the time point with the highest arrival rate (ρ = maxt ρt). The total call arrival rate

is approximated by a continuous piecewise linear function as illustrated in Figure 3.2 with

maximum utilization = 0.5. When testing the model performance, we conduct a sensitivity

analysis on various values of maximum utilization ranging from 0.2 to 0.8. When we change



59

the utilization, we also update uniformization rate Λ to keep the assumption that at most

one call arrival or service completion event happens in a time epoch.

Figure 3.3: Coverage functions fp(s) defined for p = {a, b} and number of available servers
s = 1, ...,max{NA, NB}

We estimate coverage functions by solving the MCLP instances for all possible values of

the number of available servers and are illustrated in Figure 3.3 based on RTTs. We use

distance thresholds, instead of time thresholds, since the distance between the station and

the call location is a close proxy of the response time. We assume that advanced patients are

considered to be covered if there is at least one server located within four miles, while basic

patients have a six-mile threshold. This makes it easier to cover a call that does not need

ALS service, given the same number of available servers, which is why f b(s) is larger than

fa(s) for all values of s. Figure 3.3 does not specify the server type in its x-axis, since we do

not differentiate the service speed of ALS servers and BLS servers.

The utility values are set to UaA = 1.0, UaB = UbA = UbB = 0.5, assuming that dispatching

an ALS server to an advanced patient produces twice as much value as under-serving such a

patient or serving a basic patient. The final policy generated from backward induction can

be interpreted as a series of resource assignment rules for each time epoch t ∈ {1, ..., T} and

call class i ∈ {1, ...,m}, given the number of idle ALS and BLS servers.

We relate our choice of parameters to structural properties introduced in Section 3.4.
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First, we always have a class separable optimal policy by Theorem 3.1 independent of the

choice of parameters. Second, utility values and coverage functions satisfy equation (3.1)

for any value of sA and sB. Therefore, by Theorem 3.2, there exists an optimal threshold

type policy. Finally, both coverage functions are monotone increasing and concave, and

ALS servers and BLS servers have the same service rate. By Theorem 3.3 there exists an

optimal control limit type policy. Therefore, we know that there exists a class separable,

signal threshold type, and state control limit type optimal MDP policy under our choice of

parameters, and we can restrict our action space to the set of actions that satisfy all three

properties.

Data preprocessing and the implementation of the MDP model was performed in Python

2.7.13, and MCLP instances were solved using Gurobi 7.0.2. After reducing the optimal

action space by applying structural results from Section 3.4, the entire runtime to solve the

MCLP instances and MDP model together is less than 30 CPU seconds.

Reward Improvement using the Dynamic Policy

We define the total expected reward by the value of the MDP at time epoch 0 when all

ALS and BLS servers are initially idle. The result of the optimal MDP policy—the dynamic

policy—is compared to two other benchmark static policies presented by McLay and Mayorga

(2013b). Under the Case 1 policy, all classes except for class 1 are served by BLS servers.

Under the Case 2 policy, all classes except for class 15 are served by ALS servers. Both

policies follow the same rule as the dynamic policy for boundary cases, i.e., an arriving call

is lost only when both types of servers are all busy (sA = sB = 0).

In this subsection, we compare the total expected reward from the base model’s dynamic

policy and benchmark static policies under various values of the utilization, which is illustrated

in Figure 3.4. Since systems with different utilization factors have a different number of

expected call arrivals, the total expected reward is normalized by the total number of calls.

A higher utilization represents a system with more congestion compared to the resource
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Figure 3.4: Total expected reward (normalized)

available. All three curves monotonically decrease when the utilization increases. The

dynamic policy outperforms the two benchmark static policies for all values of the utilization.

The increase in total expected reward by using the dynamic resource assignment policy is

especially pronounced when the system is more congested, particularly, compared to the Case

2 policy.

Figure 3.5: Total expected reward (normalized) for (a) advanced patients and (b) basic
patients

(a) Advanced patients (b) Basic patients
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An arriving patient is either an advanced or a basic patient. We recursively compute

the total expected reward in each patient group based on the Bernoulli distribution with

parameter ωi for a patient in class i. Figure 3.5 shows the total expected reward accrued for

advanced patients and basic patients separately. The dynamic policy refers to the optimal

policy, the same dynamic policy illustrated in Figure 3.4. The Case 1 and Case 2 policies are

defined likewise. By examining the total expected reward over each patient group separately,

we obtain insight into how the optimal policy improves overall system performance. Figure

3.5a shows that for those in need of ALS service, the dynamic policy yields higher rewards

than the Case 2 policy, and the difference is more pronounced when the utilization is higher.

Meanwhile, the Case 1 policy yields higher rewards for advanced patients, since it rations

ALS servers for class 1 patients. For basic patients, the trend is different. In Figure 3.5b,

we observe that the dynamic policy consistently yields higher rewards than both benchmark

static policies, and the gap is more significant when the utilization increases. The Case 1

policy yields the lowest rewards for basic patients. Hence, given the current problem instance,

the improvement in the overall performance as shown in Figure 3.4 mainly comes from the

improved service of basic patients.

Next, we discuss the optimal actions. Figure 3.6 depicts the optimal actions across all

states at t = T
2

= 389 for call class 2 (Figure 3.6a) and class 12 (Figure 3.6b). We choose

t = T
2
to minimize the effect of transient behavior regarding warming up at the beginning of

time horizon and salvaging at the end of time horizon. As previously proven in Theorems 3.2

and 3.3, a threshold, control limit type policy is optimal. For example, Figure 3.6a shows

that when there are 6 available BLS servers in the system, the optimal control limit for the

number of available ALS servers for a class 2 call is 6, i.e., a class 2 call arriving at t = T
2

is served by an ALS server if and only if there are 6 or more ALS servers available in the

system. It is also observable that the optimal policy is a threshold type by comparing Figure

3.6a and 3.6b. The signal for call class 2 is 0.4479, and the signal for call class 12 is 0.0955.

If we pick (sA, sB) = (6, 6), for instance, then the optimal action for a class 2 patient is to
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Figure 3.6: Optimal actions at t =
T

2
and (a) class 2 and (b) class 12 for different states

(a) Call class 2 (b) Call class 12

send an ALS server while the optimal action for a class 12 patient is to send a BLS server.

Computational Results for Approximate Spatial Model

We demonstrate through an empirical study that the base model can be extended to the

approximate spatial model to inform how to design geographic response districts. Although

our model does not describe server locations, the approximate spatial model can inform

which call locations to response with ALS servers, and how to update that decision when the

number of available servers changes.

We use the Hanover County dataset described in Subsection 3.5 to empirically demonstrate

the approximate spatial model in Section 3.3. The system is equipped with NA = 3 ALS

servers and NB = 3 BLS servers. The service rate is normalized to 1 call per hour and the

maximum utilization is set to 0.5. The geographic region is divided and aggregated into 270

demand nodes consisting of 139 2× 2 mile cells (districts in which demand is relatively low)

and 131 1× 1 mile cells (districts in which demand is relatively high). Each demand node
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Figure 3.7: Advanced patient coverage functions for the approximate spatial model for call
nodes 85, 98, 176, and 204

corresponds to one location class. As a result, the number of call classes increases from 15 to

15× 270 = 4320.

We redefine two parameters for the approximate spatial model. The first parameter

redefined is the call arrival rate, since we use spatio-temporal demand for each demand

location j and time t. The second parameter is the location-dependent coverage function

fp(s, j), computed by analyzing the MCLP+PR solution. For illustration purposes, we choose

four different locations (call nodes 85, 98, 176, and 204) among 270 nodes and depict their

advanced patient coverage functions in Figure 3.7. The magnitudes of the curves differ due

to the distance to stations. For instance, the curve for location 85 is lower than other curves

since the node 85 is relatively far from stations compared to other nodes. Advanced coverage

functions for all nodes, including those that are not shown in Figure 3.7, are monotone

increasing and concave. Basic patient coverage functions follow the same trend. With this

dataset, the computational time to solve the MCLP+PR instances and the MDP instances

for the extended model is less than 120 CPU seconds.

The total expected reward in the location-extended model using the dynamic policy is

compared to two static benchmark policies in Figure 3.8. The dynamic policy yields a higher

reward than Case 1 and Case 2 policies for all value of utilization.
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Figure 3.8: Total expected reward for the approximate spatial model

A summary of the optimal action for call class 2 at t = T
2
is depicted in Figure 3.9. Figures

3.9a, 3.9b, 3.9c illustrate the optimal actions for sA = 1, 2, 3 and sB = 1. We present three

plots with different numbers of available ALS servers to demonstrate how the ALS/BLS

response districts change as the resource availability varies. Note that Figure 3.9 differs from

Figure 3.6, since the (x, y) coordinate of each call node represents the actual geographic

location in the region. Each node is marked either by ‘O’ if it belongs to the ALS response

district or by ‘X’ if it belongs to the BLS response district. The optimal locations of ALS

ambulance bases are also illustrated in the plots. As the number of available ALS servers

increases from Figures 3.9a, 3.9b to 3.9c, the geographic area served by ALS servers expands.

In other words, when there are more ALS resources available, more call nodes can be included

in the ALS response district. For instance, it is optimal to serve a class 2 call at (10, 10) with

a BLS server if there is 1 ALS server and 1 BLS server available (Figure 3.9a), and with an

ALS server if there are at least 2 ALS servers and 1 BLS server available (Figures 3.9b and

3.9c).
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Figure 3.9: Optimal action summary at t =
T

2
and call class 2

(a) sA=1, sB=1

(b) sA=2, sB=1

(c) sA=3, sB=1
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3.6 Conclusion

This paper introduces MDP models that dynamically determine which type of ambulance to

send to patients based on the resource availability instead of using a static assignment rule.

The study considers an EMS system with multiple types of patients and servers. We report

structural properties of the optimal resource assignment policies by showing the conditions

under which there exists an optimal policy that is a class separable, signal threshold type,

and state control limit type policy. These structural properties provide insight into the

design of patient-ambulance matching. In addition, defining these characteristics yields

a computationally tractable model. The MDP models can be solved to optimality in a

computationally efficient manner for reasonably sized instances. Computational experiments

on a real-world dataset show that the use of dynamic matching significantly improves patient

coverage compared to benchmark static policies.

The base model considers a Loss system with a finite decision horizon. We also provide

analyses of a Queue system and an infinite horizon average cost MDP. Moreover, we discuss

an approximate spatial model extension to the base model that incorporates the location of

emergency calls into the call class definition to study the spatial features of the EMS system.

We provide the conditions through which the structural properties, identified in the base

model, can be applied to these model variations.

Since the goal is to maximize the weighted expected coverage of patients, we use RTTs

in this paper. The expected reward can reflect the minimum time response or maximum

patient survivability objectives that may result in other insights (Zaffar et al., 2016). Future

research could consider explicitly modeling server locations or implementing a discrete event

simulation to investigate dynamic resource assignment policies in more practical settings.

Simulation can lift assumptions, such as Poisson arrival and exponential service times, as

well as describe the dispatching process more realistically. Finally, the model in this paper

solves a resource assignment problem with the assumption that an ambulance deployment,

dispatching, and redeployment policy already exists. It would be advantageous to consider an
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integrated model that studies strategic ambulance planning and dynamic resource assignment

in a single model.
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4 dynamic resource assignment for emergency

response with two service phases

4.1 Introduction

Emergency medical service (EMS) systems pursue two goals when sending emergency vehicles

to patients: promptly providing first-aid before a patient’s condition deteriorates, and

delivering the appropriate type of service based on the patient’s health needs. Both objectives

have a measurable effect on patient outcomes. For instance, for cardiac arrest patients, the

chance of survival decreases by 24% for every additional minute of delay in treatment as

compared to basic care (O’Keeffe et al., 2011). Furthermore, Bakalos et al. (2011) show

that advanced care in non-trauma cardiac arrest patients increases the probability of patient

survival almost by 47% as compared to basic care. To accomplish both goals, EMS systems

equipped with multiple types of emergency vehicles (a tiered system) often dispatch multiple

vehicles of different types to a single call (multiple response). Multiple response allows for a

faster first-aid and ensures successfully matching vehicles to the patient’s uncertain need, at

the potential cost of making more vehicles unavailable compared to sending only one vehicle

(single response).

When more than one ambulance is dispatched to the same call, the service process is

different from that of the single response. If only one ambulance responds to an emergency

patient, the ambulance must continue transporting the patient to a hospital after on-scene

treatment. On the other hand, in multiple response, not all vehicles have to follow the entire

service process. Because the patient’s actual needs are typically evident once the responders

arrive at the scene, only the vehicle that meets the patient’s needs (the matching vehicle)

stays after on-scene treatment to transport the patient to the hospital. The vehicle that does

not meet the patient’s needs (the mismatching vehicle) can be released to prepare for future

calls. Therefore, it is important to model the service process as two phases, since unlike single
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response vehicles, some multiple response vehicles are freed up during the service process.

Figure 4.1: Service Process with Two Phases

We divide the service process into the response phase and the hospital transport phase. In

the response phase, an arriving call is prioritized, the probability that the call needs advanced

care (the signal) is disclosed, vehicle(s) travels to the scene, and the vehicle(s) performs

on-scene treatment. Then the true health needs (urgency) of the patient is revealed. In the

hospital transport phase, one of the vehicles with transport ability transports the patient to a

hospital. It is important in this process that the true urgency of some patients are disclosed

during the response phase. If multiple transporting emergency vehicles are dispatched to the

call, the vehicle that matches the patient’s needs transports the patient to the hospital, while

the other becomes available for other calls. This service process is presented in Figure 4.1.

To determine which vehicle to dispatch to the arriving patient, we propose a dynamic

resource assignment based on the system status rather than following a static plan. When an

emergency call arrives to the system, our model considers the system status, which includes

the emergency call at hand, current resource availability of the system, and expected future

demand volume, to determine which type of vehicle(s) to dispatch. There are three reasons we

study this dynamic resource assignment decision. First, in EMS systems, responses are often

slower when more vehicles are currently unavailable, since they are serving other patients

(Alanis et al., 2013). Response times are critical for emergency patient survival. However,

when more vehicles are occupied, it is likely that the vehicles must travel a longer distance

to reach the emergency scene. Therefore, resource assignments should consider resource

availability.
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Second, EMS systems are non-stationary. The demand for ambulances varies temporally

depending on the time of the day or the day of the week (Setzler et al., 2009). An ambulance-

dispatching rule that is effective during times of peak demand may under-perform during a

different demand pattern. Because there is a tradeoff between serving an emergency patient

now and being prepared for future call arrivals, it is important for the decision system to

reflect the temporal fluctuation in demand volume.

Lastly, emergency patients have different health needs, and likewise, emergency vehicles

vary concerning the level of care they can provide. A tiered EMS system typically aims to

provide advanced care by sending advanced life support (ALS) vehicles staffed by paramedics

and basic care by sending basic life support (BLS) vehicles staffed by emergency medical

technicians. Some EMS systems also deploy non-transport vehicles (NTVs) that may be

ALS or BLS because of logistical reasons or budget constraints. The matching of emergency

vehicle types (i.e., ALS or BLS) to patient needs is challenging, not only because emergency

vehicles are limited but also due to the uncertainty in emergency patient’s health needs at the

moment of dispatch. For example, 911 operators prioritize each call based upon the limited

set of standard questions and answers provided by the caller (Reilly, 2006). After a vehicle

arrives at the scene, the call can be upgraded to a higher priority (ALS) or degraded to a

lower priority (BLS) based on the patient’s conditions observed by the responding personnel.

In this paper, we make the following contributions:

1. We provide a decision-making framework that dynamically assigns ambulance types

to arriving emergency calls while allowing multiple response. We formulate a discrete-

time, finite horizon Markov decision process (MDP) model with an undiscounted total

expected reward criteria that describes the problem in a compact manner.

2. We demonstrate through an empirical study that enabling multiple response is signifi-

cantly more effective in improving EMS system performance as compared to a system

that only employs single response and a static heuristic policy. A sensitivity analysis

on parameter values provides insight into the design of ambulance dispatching policies.
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3. We show that the model can be extended to an approximate spatial model to consider

call locations. An empirical study shows how the approximate spatial model can inform

the design of dynamic response districts.

4. We extend the original MDP model to consider non-transport vehicles, which transforms

the problem into the admission control of patients to advanced care by ALS NTVs. We

conduct an empirical study which shows that the optimal policy sends ALS NTVs more

frequently as the signal increases, and as often as possible after the signal exceeds the

threshold.

The rest of the paper is organized as follows. Section 4.2 provides a literature review

of models for EMS systems. We define the base MDP model that dynamically assigns

vehicles to patients while allowing multiple response in Section 4.3. In Section 4.4, we

report computational results using real-world datasets to study model insights. Section

4.5 introduces an approximate spatial extension of the original MDP model and provides

empirical results. Section 4.6 introduces another extension to the original MDP model that

considers non-transport emergency vehicles. We conclude the research in Section 4.7.

4.2 Related Literature

Previous papers consider multiple response in the context of deterministic maximal covering

ambulance location problems. Schilling et al. (1979) present mathematical programming

models (TEAM/FLEET) that maximize the fraction of demand covered by both primary and

special equipment. Moore and ReVelle (1982) propose a location problem with a hierarchy of

facilities and services. In their formulation, a demand point is covered when the system offers

both lower and higher level services to the point. A lower level service is available if both

lower and higher type facilities are present within an appropriate distance. Further, a higher

level service is available if a higher type facility is accessible within an appropriate distance.
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The aforementioned papers do not consider ambulance unavailability. Some papers propose

probabilistic models that consider ambulance unavailability in locating multiple types of

vehicles. ReVelle and Marianov (1991) and Marianov and ReVelle (1992) extend Schilling

et al.’s FLEET model to locate two types of vehicles to maximize the number of patients

who can be served by both types while ensuring individual and joint reliability requirements.

Furthermore, Mandell (1998) proposes a probabilistic covering model with ALS vehicles and

BLS vehicles that focuses on the ALS response times.

Some papers provide queuing models that consider multiple response in the emergency

system context. McLay (2009) considers multiple response by non-transport ALS vehicles

and BLS ambulances while focusing on the response time of the first responder. Further, van

Barneveld et al. (2017) consider an EMS system with non-transport rapid responder units

and transport units. They propose an integer program and a Hypercube model to construct

a compliance table—a table indicating the desired location of ambulances based on their

availability. Ansari et al. (2017) consider multiple response in an emergency system context

by proposing an approximate Hypercube spatial queuing model that allows multiple vehicles

to be dispatched to a single call. However, they focus on identical vehicles that complete

service at the same time, while our system is a tiered system with multiple types of vehicles

that allows early discharge of the mismatching vehicle.

We observe from EMS historical data that the initial classification of the patients—

determined by the limited information from the caller—often does not match the patient’s

actual needs, which are implied by the type of vehicle transported the patient to the hospital

when there were multiple vehicle types responding. Therefore, sending multiple types of

vehicles to a patient is an effective way to guarantee that the EMS system always satisfies the

patient’s uncertain needs. Several papers, including Argon and Ziya (2009) and McLay and

Mayorga (2013b), study ambulance assignment policies under imperfect information with

the patients’ needs. However, the literature has not yet considered multiple response as a

solution to imperfect information about patients. To the best of our knowledge, our research
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is the first to address the dynamics of multiple response in a tiered EMS system when a

patient’s needs are uncertain at dispatch.

There is a stream of research that models admission control in a queueing system (Stidham

and Weber, 1993). In an EMS system context, Chong et al. (2017) is especially relevant as

they consider forced-decision making in EMS systems when there are two patient priorities

and two types of ambulances. The ideas are related to our consideration of NTVs in Section

4.6. While Chong et al.’s model addresses the routing of low priority patients into a queue

while high priority patient service is required, we focus on the admission control of some calls

by ALS NTVs while all calls receive BLS ambulance service.

Lastly, we note that the dynamic resource assignment scheme in this paper is inspired by

Yoon and Albert (2018a), who present an MDP model that dynamically determines which

type of ambulance to dispatch using single response. Our work extends their paper by adding

two unique specifications that make the model more practical. First, we allow the model

to send multiple vehicles of different types to a single call, regardless of the uncertainty in

their health needs. Second, we divide the service process into two phases based on the level

of information regarding patient’s health needs and allow the early release of some vehicles

following the first phase.

4.3 Problem Formulation

To construct the base MDP model, we specify our tiered, multiple-priority EMS system in

greater detail. The EMS system contains two types of vehicles—ALS ambulances and BLS

ambulances—and three call priority groups—priority 1, priority 2 and priority 3. There

are NA ALS ambulances and NB BLS ambulances in the system. Priority i ∈ {1, 2, 3}

emergency calls at time t arrive according to a Poisson distribution with rate λit during a

finite time horizon of length T . The priority is directly observed at the time of dispatch.

Each call/patient type p is either an advanced patient (with p = a) who needs advanced care
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from ALS ambulance or a basic patient (with p = b), and this information is not directly

observed at dispatch. Every emergency call that is served, regardless of the priority, enters

the response phase with a service time following an exponential distribution with rate µR.

After the response phase, the call enters the hospital transport phase in which the service

time follows an exponential distribution with rate µH .

We assume that a patient’s health needs are partially identified through its signal at

dispatch, and then fully disclosed after the emergency vehicles arrive at the scene. The

signal ω captures the probability that a patient needs ALS service, and it is a function of the

dispatch priority level (1, 2, or 3). A priority 1 call is assumed to have urgent health issues

and always needs advanced care (i.e., its signal is 1). Therefore, a priority 1 call can be served

either by an ALS ambulance or by co-responding ALS and BLS ambulances. A priority 2 call

has signal ω and may need advanced care. Due to this uncertainty at the time of dispatch,

the call can also be served by a BLS ambulance in addition to the earlier two options (an

ALS ambulance or both an ALS and BLS ambulance). A priority 3 call is assumed to have

non-urgent issues (i.e., its signal is 0) and can be served by a BLS ambulance. However, some

of these service options are not available when all ALS or BLS vehicles are busy. Therefore,

we additionally allow the model to send a BLS ambulance to a priority 1 call when all ALS

vehicles are busy. Similarly, when all BLS vehicles are busy, the model can send an ALS

vehicle to priority 3 calls. The call arrival rates, the service rates, and the signal can be

estimated using historic call data.

We seek to dynamically determine which service option to provide to an arriving call. By

doing so, we explicitly consider the tradeoff between serving current emergency patients and

being prepared for future calls because vehicles are limited. Therefore, the model determines

the optimal matching between service options and emergency patients, and it considers both

the current vehicle availability and future call arrivals in this determination. We address this

challenge by modeling the ambulance-patient matching problem using an MDP model. The

system’s state describes the number of busy vehicles in each service phase, and we compute
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the rewards based on the promptness of the response as well as the matching of patient’s

needs and service options.

We assume certain specifications of the system. The first group of assumptions considers

service procedures. We assume a non-preemptive service of emergency calls, in which the

dispatch decision is made by only observing the signal instead of a patient’s true health needs

based on operations in practice. For instance, we do not allow the model to send one type of

vehicle based on the signal first and another type later after observing the true needs. All

patients are assumed to require hospital transport. The second group regards distributional

assumptions. The Poisson call arrival assumption is consistent with observations from real-

world datasets (Kim and Whitt, 2014). Through numerical experiments, several papers

(Ansari et al., 2015; Jagtenberg et al., 2017) validate another distribution assumption—the

exponential service time assumption. They show that the model performance does not depend

on the choice of service time distribution.

We formally define our MDP model as follows; Table 4.1 provides a summary of the

indices and notation used in the model.

Objective. The objective is to maximize the expected total reward by sending either an

ALS ambulance, a BLS ambulance, or both of them, to patients over a given time horizon.

We assume a finite horizon without a time discount to represent the non-stationary nature

of the problem. We uniformize a continuous-time MDP to construct a discrete-time MDP,

with uniformization factor Λ = maxt
∑3

i=1 λit + (NA +NB) max{µR, µH} which defines the

maximum rate of transition (Serfozo, 1979; Puterman, 1994; Alagoz and Ayvaci, 2010). Note

that the uniformization is approximate for the finite horizon MDP, and the approximation

gap decreases to zero as the number of time epoch increases to infinity (Miller, 1968).

States. We define the state of the system as a vector of the number of vehicles in each

service phase: s = (sAR, sBR, sABR1, sABR2, sAT , sBT ), where

• sAR=the number of ALS ambulances responding to a call in single response,

• sBR=the number of BLS ambulances responding to a call in single response,
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Table 4.1: Summary of Notation

Symbol Description
NA(NB) Number of ALS (BLS) vehicles in the system
T Number of time epochs t ∈ {1, · · · , T}
i ∈ {1, 2, 3} Call priority groups
p ∈ {a, b} Type of services calls need: a refers to advanced patient, which

means that the call is in need of ALS service. b refers to basic
patient, which means that the call needs basic support and can
be served by either an ALS or BLS vehicle. This information is
disclosed after the response phase.

q′ ∈ {A,B} Vehicle types: A refers to ALS vehicle and B refers to BLS vehicle
q ∈ {A,B,AB} Service options: A refers to sending an ALS vehicle, B refers to

sending a BLS vehicle, AB refers to sending both an ALS vehicle
and a BLS vehicle together

λit Arrival rate of priority i calls at time t
µR(µH) Service rate in response (hospital transport) phase
ω Signal, which refers to the probability that priority 2 calls need

service from an ALS vehicle (a constant between 0 and 1)
st System state at time t
nA(st)(nB(st)) The number of available ALS (BLS) vehicles in system state st
dt Action (decision) at time t
Pt(st+1|st, d) Transition probability from state st to state st+1 at time t = 1, ..., T

given action d
Rt(st, d) The expected reward at state s and at time t given action d
Upq The expected utility gain of serving a type p call with service option

q
fp(n

q) Coverage function that captures the probability that a call in need
of type p service is successfully covered in the time threshold when
there are n type q vehicles available

Vt(s) Value function (Cost-to-go function) at state s and at time t

• sABR1=the number of ALS and BLS ambulances co-responding to a priority 1 call,

• sABR2=the number of ALS and BLS ambulances co-responding to a priority 2 call,

• sAT=the number of ALS ambulances transporting calls to hospitals,

• sBT=the number of BLS ambulances transporting calls to hospitals.

We additionally denote the number of available ALS and BLS vehicles in state s as nA(s) and

nB(s), where nA(s) = NA − sAR − sABR1 − sABR2 − sAT and nB(s) = NB − sBR − sABR1 −

sABR2 − sBT .
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Actions. We define the action as dt = (d1A, d1B, d2A, d2B, d3A, d3B), where diq′ ∈ {0, 1}

denotes the number of type q′ ambulance to dispatch if a priority i call arrives in time epoch

t. Note that we only consider dispatch decisions as the action, because the decision regarding

which vehicle should transport the patient is automatically determined based on the patient’s

true needs disclosed after the response phase. The action space Dt(st) ⊂ B6 is constructed

based on the service options described earlier and depends on the state. Note that when all

ambulances of at least one type are busy, some of the service options are unavailable. We

assume that an arriving call can be lost (neither an ALS nor a BLS ambulance is dispatched)

only if all ALS and BLS ambulances are busy. For instance, for priority 3 calls, the only

possible action is d3A = 0 and d3B = 1 if there is at least one BLS vehicle available (state

s such that nA(s) > 0, nB(s) > 0). However, because this action is not available if all BLS

ambulances are serving calls, the only possible action choice for priority 3 calls in such states

(state s such that nA(s) > 0, nB(s) = 0) is d3A = 1 and d3B = 0.

Transition Probabilities. Exactly one of the following transitions occurs between two

consecutive time epochs:

• A priority 1 call arrives (with rate λ1t)

– and is served by an ALS ambulance (d1A = 1, d1B = 0):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR + 1, sBR, sABR1, sABR2, sAT , sBT )

– and is served by co-responding ALS and BLS ambulances (d1A = 1, d1B = 1):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR, sBR, sABR1 + 1, sABR2, sAT , sBT )

– and is served by a BLS ambulance (if all ALS ambulances are busy, d1A = 0,
d1B = 1):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR, sBR + 1, sABR1, sABR2, sAT , sBT )

• A priority 2 call arrives (with rate λ2t)

– and is served by an ALS ambulance (d2A = 1, d2B = 0):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR + 1, sBR, sABR1, sABR2, sAT , sBT )

– and is served by co-responding ALS and BLS ambulances (d2A = 1, d2B = 1):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR, sBR, sABR1, sABR2 + 1, sAT , sBT )

– and is served by a BLS ambulance (d2A = 0, d2B = 1):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR, sBR + 1, sABR1, sABR2, sAT , sBT )

• A priority 3 call arrives (with rate λ3t)
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– and is served by an ALS ambulance (if all BLS ambulances are busy, d3A = 1,
d3B = 0):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR + 1, sBR, sABR1, sABR2, sAT , sBT )

– and is served by an BLS ambulance (d3A = 0, d3B = 1):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR, sBR + 1, sABR1, sABR2, sAT , sBT )

• A priority 1, 2 or 3 call arrives when all ALS and BLS ambulances are busy and is lost
(diq = 0 for i ∈ {1, 2, 3} and q ∈ {A,B}):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR, sBR, sABR1, sABR2, sAT , sBT )

• A priority 1, 2 or 3 call in the response phase served by an ALS ambulance enters the
hospital transport phase (with rate µRsAR):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR − 1, sBR, sABR1, sABR2, sAT + 1, sBT )

• A priority 1, 2 or 3 call in the response phase served by a BLS ambulance enters the
hospital transport phase (with rate µRsBR):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR, sBR − 1, sABR1, sABR2, sAT , sBT + 1)

• A priority 1 call in the response phase served by co-responding ALS and BLS ambulances
enters the hospital transport phase with an ALS ambulance (with rate µRsABR1):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR, sBR, sABR1 − 1, sABR2, sAT + 1, sBT )

• A priority 2 call in the response phase served by co-responding ALS and BLS ambulances
is an advanced patient and enters the hospital transport phase with an ALS ambulance
(with rate ωµRsABR2):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR, sBR, sABR1, sABR2 − 1, sAT + 1, sBT )

• A priority 2 call in the response phase served by co-responding ALS and BLS ambulances
is a basic patient and enters the hospital transport phase with a BLS ambulance (with
rate (1− ω)µRsABR2):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR, sBR, sABR1, sABR2 − 1, sAT , sBT + 1)

• An ALS ambulance finishes transportation (with rate µHsAT ):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR, sBR, sABR1, sABR2, sAT − 1, sBT )

• A BLS ambulance finishes transportation (with rate µHsBT ):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR, sBR, sABR1, sABR2, sAT , sBT − 1)

• Neither a call arrives nor a ambulance(s) finishes response/hospital transport phase
(dummy event in which nothing happens):
(sAR, sBR, sABR1, sABR2, sAT , sBT )→ (sAR, sBR, sABR1, sABR2, sAT , sBT )

Rewards. The system achieves the reward upon the call arrival and the corresponding

ambulance dispatch. The reward is obtained by multiplying the utility of matching a service

option to an emergency call and the coverage function.



80

Table 4.2: Utility of serving a call

Patient’s needs:
Advanced patient (a) Basic patient (b)

action:
send ALS (A) UaA UbA
send BLS (B) UaB UbB
send ALS and BLS (AB) UaAB UbAB

Table 4.3: Coverage function

Patient’s needs:
Advanced patient (a) Basic patient (b)

action:
send ALS (A) fa(nA) f b(nA)
send BLS (B) fa(nB) f b(nB)
send ALS and BLS (AB) fa(nA, nB) f b(nA, nB)

The reward has two components. First, the utility parameter incentivizes the proper

matching between the patient true need (p ∈ {a, b}) and the service option provided to

the patient (q ∈ {A,B,AB}), as defined in Table 4.2. We assume that UaA > UaB and

UaAB > UaB so that it disincentivizes the model from not providing ALS services to advanced

patients. These utilities can be selected by decision-makers based on existing protocols.

Typically, UaA = UaAB = 1, with UaB, UbA, and UbAB set relative to 1 based on the relative

value these responses represent relative to ALS vehicles responding to advanced patients. The

utility values can be estimated using data: for instance, as far as non-trauma cardiac arrest

patients are concerned, we can set UaA = 1.0 and UaB = 0.68 using the result of Bakalos et al.

(2011).

Second, the coverage function represents the probability that the ambulance(s) can reach

the patient in a pre-defined response time threshold (RTT). Due to the physical distance

between ambulances bases and call locations, given an arbitrary call location, only a subset

of ambulance bases can respond within the RTT. More specifically, the coverage function

value fp(nq) refers to the fraction of type p patients that can be covered within the RTT

when nq type q ambulances are available. Therefore, we implicitly model the location of

calls through the coverage functions. We provide the full configuration of coverage functions

in Table 4.3. All coverage functions should be monotone non-decreasing in nA and nB.
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When both ALS and BLS ambulances respond to the same call, we consider the response

time of the first responder to determine if the call is covered within the RTT; therefore,

fp(nA, nB) ≥ max{fp(nA), fp(nB)} for p ∈ {a, b}.

One way to derive coverage functions is as follows. We can compute an upper bound to

fa(n) by solving the Maximal Covering Location Problem (MCLP) with n ambulances and

the RTT for type p emergency calls, as Maxwell et al. (2010) suggest. The basic patient

multiple response coverage function, f b(nA, nB), can be easily estimated by f b(nA, nB) ≥

max{f b(nA), f b(nB)}. To estimate the multiple response coverage function for advanced

patients (fa(nA, nB)), we suggest solving a variant of MCLP that locates two types of

ambulances. To formulate such a variant, we selectively adapt the hierarchical service

location model by Moore and ReVelle (1982) and Mandell (1998). A call node j ∈ J can

be covered by one of two options: (1) the node is within R∗ from a station with a BLS

ambulance and within R∗∗ from a station with an ALS ambulance, and (2) the node is within

S∗ from a station with an ALS ambulance (R∗ ≤ S∗ ≤ R∗∗). Let xqk be a binary variable

that takes on the value 1 if a type q ∈ {A,B} ambulance is located at station k ∈ K; yj be a

binary variable that takes on the value 1 if node j ∈ J is covered; and yrj be a binary variable

that takes on the value 1 if node j ∈ J is covered with option r ∈ {1, 2}. Our formulation for

the Maximal Covering Location Problem with 2 types of ambulances (MCLP2) is as follows:
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fa(nA, nB) = max
1∑
j λj

∑
j

λjyj

s.t.
∑
k∈K

xqk ≤ nq ∀q ∈ {A,B},

∑
i:d(k,j)<R∗

xAk ≥ y1j ∀j ∈ J,

∑
i:d(k,j)<R∗∗

xBk ≥ y1j ∀j ∈ J,

∑
i:d(k,j)<S∗

xAk ≥ y2j ∀j ∈ J,

y1j + y2j ≥ yj ∀j ∈ J,

xAk , x
B
k ∈ {0, 1} ∀k ∈ K,

y1j , y
2
j , yj ∈ {0, 1} ∀j ∈ J,

where λj represents the demand at call node j.

The reward function for the state s and the action d is therefore:

Rt(s, d)

=
λ1t
Λ

(
d1Ad̄1Bfa(nA(s))UHA + d̄1Ad1Bfa(nB(s))UHB + d1Ad1Bfa(nA(s), nB(s))UHAB

)
+
λ2t
Λ
ω
(
d2Ad̄2Bfa(nA(s))UHA + d̄2Ad2Bfa(nB(s))UHB + d2Ad2Bfa(nA(s), nB(s))UHAB

)
+
λ2t
Λ

(1− ω)
(
d2Ad̄2Bfb(nA(s))ULA + d̄2Ad2Bfb(nB(s))ULB + d2Ad2Bfb(nA(s), nB(s))ULAB

)
+
λ3t
Λ

(
d3Ad̄3Bfb(nA(s))ULA + d̄3Ad3Bfb(nB(s))ULB

)
,

where d̄iq = 1− diq. The first line in the equation captures the reward when a priority 1 call

arrives; the second and the third line capture the reward when a priority 2 call arrives; and

the last line captures the reward when a priority 3 call arrives. Note that our reward function

is an expected reward at dispatch, because the reward depends on the true health needs
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of the patient that is revealed later. Therefore, the reward reflects the partially observable

information at the time of dispatch reflected by the signal.

Optimality Equations. We solve the discrete-time MDP using backward induction. We

compute the value functions by solving the following optimality equations (Bellman equations):

Vt(st) = max
dt∈Dst

{
Rt(st, dt) +

∑
st+1∈St+1

Pt(st+1|st, d)Vt+1(st+1)
}
, ∀t ∈ {1, ..., T}, (4.1)

where Vt(st) is the value function of state st at time epoch t, Rt(st, d) is the reward of taking

action d at state st and time epoch t, and Pt(st+1|st, d) is the probability of the transition

from state st to state st+1 at time t with action d. At the last time epoch, we assume zero

salvage values (VT (sT ) = 0 for all sT ).

The optimal policies are class separable. Due to the class separability structural property

of the optimal policy, we can reduce the number of actions we need to evaluate to solve

the optimality equations. When we determine the optimal action for priority p patient, the

optimal action for other priorities does not affect the decision. This idea can be generalized to

the setting in which there are more than three patient classes. Suppose there are P different

patient classes instead of 3 as in our model. Then we can compute the value functions by

comparing at most three actions for each call priority (which involves comparing three actions

P times each time epoch, instead of considering all possible combinations (which involves

comparing 3P actions each time epoch). This class separability property is especially useful

when the number of patient classes P is large; for instance, in Section 4.5, we provide an

extension of the original MDP model that has P = 810 patient classes. More details of the

class separability and the proof can be found in Appendix C.1.

Note that an additive reward function that adds the matching utility to the coverage

function could be considered as an alternative to the multiplicative reward function. Numerical

experiments yield the same insights as those from the multiplicative reward model. For

simplicity, we only consider a multiplicative reward function in the remainder of this paper.
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4.4 Computational Results

To illustrate the optimal policies, we conduct a numerical study using real emergency call

logs from Hanover County, Virginia. The system contains NA = 6 ALS ambulances and

NB = 6 BLS ambulances. The utility values are set to UaA = UaAB = 1.0, UaB = 0.5, and

UbA = UbB = UbAB = 0.5, assuming that providing advanced care to an advanced patient

produces twice as much value as under-serving such a patient or serving a basic patient. The

signal ω, which is the probability that a priority 2 patient needs ALS services, is estimated

from the data as 0.174. Considering this value as a base case, we also vary the value of the

signal from 0.0 to 1.0 in a sensitivity analysis. We estimate the value of service rates µR and

µH from the call log as 3.32 and 1.43 calls per hour (hr−1), respectively. We normalize the call

arrival rates so that the value of the instantaneous maximum utilization ( maxt{λ1t+λ2t+λ3t}
(NA+NB)(µ−1

R +µ−1
H )−1 )

equals 0.5 in the base case. Further, we uniformly scale the call arrival rates to test the

model for systems with various values of the maximum utilization ranging from 0.3 to 0.9 in

a sensitivity analysis. Figure 4.2 shows the base case non-stationary arrival rates of priority

1, 2 and 3 emergency calls that span 24 hours, which are converted into T = 1, 024 discrete

time epochs after the uniformization.

We compare the performance of the optimal policy from our MDP model that allows

multiple response (denoted as optimal policy) to two other benchmark policies. The first

benchmark policy (denoted as single response policy) is an optimal MDP policy that always

sends up to one vehicle to a call and does not allow multiple response. The other benchmark

policy (denoted as static heuristic policy) sends ALS vehicles to priority 1 and 2 calls and

BLS vehicles to priority 3 calls. This policy can identified using the base MDP model with a

restricted action set.

Figure 4.3 illustrates the total expected reward of the optimal policy and two benchmark

policies while varying the maximum utilization (Figure 4.3a) and the signal (Figure 4.3b).

The difference between the optimal policy and the single response policy represents the value

of multiple response option. The difference between the single response policy and the static
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Figure 4.2: Non-stationary arrival rates

heuristic policy shows the value of dynamic ambulance-patient matching dependent on the

system’s status. Figure 4.3a shows that a multiple response option results in a significant

increase in the total expected reward for any value of the utilization, while the improvement’s

magnitude is more pronounced across lower values of the utilization. We compare the total

expected reward under various values of the signal in Figure 4.3b. In this figure, the maximum

utilization is 0.5, and we vary the signal values from 0.0 to 1.0. The optimal policy always

yields significantly higher rewards than the two benchmark policies across all signal values.

It is notable that the improvement in total expected reward by adding the multiple

response option (the difference between the optimal policy and the single response policy)

is significantly higher than the improvement by implementing dynamic assignment scheme

(the difference between the single response policy and the static heuristic policy). The

multiple response option adds a small amount of complexity to the dynamic assignment

policy. Therefore, if the system can implement dynamic ambulance-patient matching, allowing

for multiple response is an effective way to improve system performance with little to no

additional cost.
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Figure 4.3: Normalized total expected reward

(a) Maximum Utilization

(b) Signal
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Figure 4.4: Fraction of priority 2 patients receiving advanced care

To understand what causes the difference in the total expected reward between policies,

we compare how often priority 2 patients receive advanced care under the the optimal multiple

response policy versus the single response policy. This is illustrated in Figure 4.4. Under

the optimal policy, a priority 2 patient receives advanced care if an ALS ambulance alone

responds or if both ALS and BLS ambulances respond. In contrast, under the single response

policy, the curve simply represents how frequently an ALS ambulance is dispatched to a

priority 2 call instead of a BLS ambulance. Figure 4.4 indicates that if the system allows

multiple response, then more priority 2 patients can receive advanced care for any value of

the signal. This means the system can successfully match health needs of advanced patients

more often, which contributes to the improvement in the total expected reward shown in

Figure 4.3.

We further investigate how the optimal policy serves priority 2 patients in Figure 4.5,

which shows the fraction of priority 2 patients that receive each service option for various

values of the signal. Interestingly, the optimal policy does not send ALS ambulances alone

more often for higher vales of the signal when priority 2 calls are more likely to require ALS
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Figure 4.5: Fraction of priority 2 patients receiving each service under the optimal policy
allowing multiple response

service. Instead, the optimal policy chooses multiple response more frequently for higher

signal values. As the signal increases, the system expects more advanced patient arrivals

during the time horizon, which means ALS ambulances also become more valuable. This

motivates the system to prevent ALS ambulances transporting priority 2 calls to hospitals

when they do not need ALS service. As a result, the optimal policy sends both vehicles to

priority 2 calls more often when the signal is higher.

4.5 Approximate Spatial Model Allowing Multiple

Response

In real EMS systems, the dispatcher considers the location of the emergency patient in addition

to the call priority when determining which types of vehicles to send. However, the original

MDP model in Section 4.3 does not explicitly consider call locations, although call locations

are implicitly modeled by the reward functions through the coverage functions. One way to

consider call locations is to design pre-determined ALS (BLS) response districts—regions
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served by ALS (BLS) ambulances—and update these regions when resource availability

changes. In this subsection, we provide an extension of the original model in Section 4.3 that

enables such decision-making.

We present the approximate spatial model extension of the original MDP model by

incorporating incident locations in the action space definition. Let j ∈ J denote call nodes

that capture the possible locations of emergency calls. Then, an arriving call is represented

by a tuple (i, j), where i ∈ {1, 2, 3} represents call priority, and j represents the call node.

We allow the model to decide the optimal action based not only on the call priority but

also on the call location. Therefore, the approximate spatial model has an extended action

d = (djiq,∀i ∈ {1, 2, 3}, q ∈ {A,B}, j ∈ J), where djiq ∈ {0, 1} is the number of type q

ambulances dispatched if a priority i call occurs at node j.

More information is available for an arriving call under this setup, and therefore, we

redefine the coverage functions so that they become location-specific. Let f jpq(n) denote the

coverage function that represents the probability that an emergency call at node j in need of

type p service is successfully covered in the given RTT by a type q ambulance when there

are n type q ambulances available. Assuming that all ambulances are equally busy and then

considering all possible configurations of the ambulances’ busy statuses given the number

of available ambulances, we can compute f jpq(n) as the probability that a type q ambulance

responds to a type p call at node j within a pre-determined RTT.

Suppose that the optimal location of Nq ambulances of type q ∈ {A,B} from the MCLP2

solution is I. Let K denote the set of all possible combinations of n locations out of I.

Each element in K is a list of locations of length-n and represents a possible scenario of n

ambulances’ availability statuses given that s ambulances are available. Because we assume

that all ambulances are equally busy, all scenarios have the same probability. We can calculate

the single response coverage as follows: f jpq(n) =
1

|K|
∑

k∈K maxe∈k R
p
ej, where R

p
ej is the

probability that a type q ambulance at station e responds to a type p call within the RTT.

For multiple response (q = AB), we use f jpAB(n) = max{f jpA(n), f jpB(n)}, since we focus on
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the response time of the first responder. However, alternatives are acceptable.

Based on this newly defined coverage function f jpAB(n), the reward function for state s

and the action d is also redefined as:

Rt(s, d)

=
∑
j∈J

λj1t
Λ

(
d1Ad̄1Bf

j
aA(nA(s)) + d̄1Ad1Bf

j
aB(nB(s)) + d1Ad1Bf

j
aAB(nA(s), nB(s))

)
+
∑
j∈J

λj2t
Λ
ω
(
d2Ad̄2Bf

j
aA(nA(s)) + d̄2Ad2Bf

j
aB(nB(s)) + d2Ad2Bf

j
aAB(nA(s), nB(s))

)
+
∑
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Λ

(
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j
bA(nA(s)) + d̄3Ad3Bf

j
bB(nB(s))

)
,

(4.2)

where d̄iq = 1 − diq and λjit refers to the spatiotemporal hourly arrival rate of priority i

patients at demand node j during time epoch t. The first line in (4.2) captures the reward

when a priority 1 call arrives; the second and the third lines capture the reward when a

priority 2 call arrives; and the last line captures the reward when a priority 3 call arrives.

We conduct numerical experiments using the Hanover County emergency call logs from

Section 4.4 to demonstrate the approximate spatial model empirically. We consider a system

containing NA = 3 ALS ambulances and NB = 3 BLS ambulances. The service rate is

normalized to 1 call per hour, and the arrival rates are also normalized to meet the target

maximum utilization values ranging from 0.3 to 0.9. We divide the geographic region into

|J | = 270 demand nodes that consist of 139 2 × 2 mile cells that represent regions with

lower demand and 131 1 × 1 mile cells that represent regions with higher demand. The

spatiotemporal arrival rates λjit are estimated from the call logs. Figure 4.6 provides arrival

rates for each nodes (darker cell represents higher demand). Figure 4.6 also shows 16 candidate

station locations in Hanover County. Finally, the location-specific coverage functions, f jpq(n),
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Figure 4.6: Arrival rates for each demand node and positions of ambulance stations

are obtained from MCLP2 solutions. Based on the MCLP2 solution, ALS ambulances are

located at stations 7, 13, and 16, and BLS ambulances are located at stations 3, 4, and 7.

Figure 4.7: Normalized total expected reward for the approximate spatial model

Figure 4.7 shows the normalized expected reward of the optimal policy and the benchmark

policies for the approximate spatial model under various values of the maximum utilization

factor. This figure exhibits the same trends as the original model results in Figure 4.3. First,
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allowing multiple response results in a significant increase in the total expected reward; and

second, the improvement is more significant for lower values of the maximum utilization.

Figure 4.8 shows the optimal action for priority 2 patients at t = T
2
. We choose to

check the optimal action at the middle of the time horizon (t = T
2
) to minimize transient

effects at the beginning or the end of the time horizon. Each demand node j has (x, y)

coordinates that relate to a geographic location in the city. A demand node is marked

with ©, ×, or ⊗, depending on which service option is provided to a priority 2 call that

arrive during time epoch t: an ALS ambulance responds if the patient is at a node marked

with ©; a BLS ambulance responds if the patient location is marked with ×; and an ALS

ambulance and a BLS ambulance co-respond if the patient location is marked by ⊗. Figures

4.8a – 4.8c also display the optimal location of ambulances obtained by solving an MCLP2

instance, by marking ALS ambulance stations with red � and BLS ambulance stations with

blue ♦. However, the ambulance locations are not explicitly accounted for in the model,

so Figure 4.8 illustrates average response districts across different ambulance availabilities.

Comparing Figure 4.8a, 4.8b, and 4.8c demonstrates how response districts change as the

ambulance availability varies. When more ALS ambulances are busy, only the nodes that are

closest to ALS stations receive advanced care. As an additional ALS ambulance becomes

available—from Figure 4.8a to Figure 4.8b and then Figure 4.8c—the ALS response district

continuously expands so that more call nodes receive advanced care. For example, a priority

2 patient at node (10, 10) is served by a BLS ambulance if at least one ALS ambulance is

busy responding to other calls (Figure 4.8a and 4.8b). Node (10, 10) receives advanced care

by co-responding ALS and BLS ambulances only if all ALS ambulances are available (Figure

4.8c).
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Figure 4.8: Optimal action summary at t =
T

2
for priority 2 calls

(a) s=(2,1,0,0,0,0): two ALS ambulances and one BLS ambulance are in response phase

(b) s=(1,1,0,0,0,0): one ALS ambulances and one BLS ambulance are in response phase

(c) s=(0,1,0,0,0,0): one BLS ambulance is in response phase
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4.6 Model with Non-Transport Units

Many EMS systems utilize NTVs that can easily access incident locations and improve

response times. However, few papers consider the optimal planning of EMS systems with

NTVs, with some notable exception. Both McLay (2009) and van Barneveld et al. (2017)

study ambulance location problems for EMS systems equipped with NTVs and transport

vehicles, and both propose Hypercube models and integer programs. However, both focus on

the EMS systems’ steady-state performances rather than their non-stationary nature, and

neither study dispatch decisions.

To fill the gap in the literature regarding the dispatch of NTVs, we extend the original

MDP model in Section 4.3 to consider a different type of tiered EMS system that consists of

ALS NTVs and BLS ambulances. Unlike ambulances, NTVs cannot transport patients to a

hospital. If a NTV responds to an emergency call, then a BLS ambulance must also be sent

to transport the patient to a hospital. Therefore, we update the list of our service options as

follows: a priority 1 call can be served by a co-responding ALS NTV and a BLS ambulance;

a priority 2 call can be served by either both of them or just a BLS ambulance; and a priority

3 call can be served by a BLS ambulance alone. In this section, we denote this extension as

the NTV model, and we describe how we modify the original model to consider the system

with NTVs. To accommodate this change, we update the base MDP model as follows:

States. We redefine the state of the system with the number of vehicles in each service

phase as s = (sBR, sABR1, sABR2, sABT , sBT ), where sBR is the number of BLS ambulances

responding to a call; sABR1 is the number of ALS NTVs and BLS ambulances co-responding

to a priority 1 call; sABR2 is the number of ALS NTVs and BLS ambulances co-responding

to a priority 2 call; sABT is the number of ALS NTVs and BLS ambulances co-transporting

calls to hospitals; and sBT is the number of BLS ambulances transporting calls to hospitals.

Actions. As before, the actions are dt = (d1A, d1B, d2A, d2B, d3A, d3B), but here we restrict

the model to send a BLS ambulance to every call (dpB = 1 for p ∈ {1, 2, 3}) as long as there is

at least one BLS vehicle available. Consequently, the problem can be viewed as an admission



95

control of priority 2 patients (Chong et al., 2017) to ALS services, because we always send a

BLS ambulance and only determine whether to also send an ALS NTV. If a call arrives when

all BLS ambulances are busy, we do not dispatch any vehicle and consider that call lost.

Transition Probabilities Exactly one of the following transitions occurs between two

consecutive time epochs:

• a priority 1 call arrives and is responded by an ALS NTV and a BLS ambulance,

• a priority 1 call arrives and is responded by a BLS ambulance (only when all ALS
NTVs are busy),

• a priority 2 call arrives and is responded by an ALS NTV and a BLS ambulance,

• a priority 2 call arrives and is responded by a BLS ambulance,

• a priority 3 call arrives and is responded by a BLS ambulance,

• a priority 1, 2 or 3 call arrives and is lost (only when all BLS ambulances are busy),

• a priority 1 call in the response phase with an ALS NTV and a BLS ambulance enters
the hospital transport phase,

• a priority 2 call in the response phase with an ALS NTV and a BLS ambulance is an
urgent patient and enters the hospital transport phase with both vehicles,

• a priority 2 call in the response phase with an ALS NTV and a BLS ambulance is a
non-urgent patient and enters the hospital transport phase with the BLS ambulance,
while the ALS NTV is released,

• a priority 3 call in the response phase with a BLS ambulance enters the hospital
transport phase,

• an ALS QRV and a BLS ambulance finishes the hospital transport phase,

• a BLS ambulance finishes the hospital transport phase,

• nether a call arrives nor a vehicle(s) finishes a service phase (dummy event in which
nothing happens).

Finally, the definition of the reward is analogous to the base model and thus we omit the

details. This model can be extended to consider call locations using techniques introduced in

Section 4.5.
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We conduct an empirical study using the same data as in Section 4.4. However, regarding

NTVs, it is reasonable to consider a tiered EMS system in which the majority of vehicles are

BLS transport units rather than a system with an equal number of ALS and BLS vehicles,

because sending transport vehicles to emergency calls is always forced in this model. In

this context, we consider a system equipped with NA = 3 ALS NTVs and NB = 9 BLS

ambulances.

We compare the optimal MDP policy to two benchmark static policies: static heuristic

policy 1, which sends a BLS ambulance to priority 2 patients; and static heuristic policy 2,

which sends both an ALS NTV and a BLS ambulance to priority 2 patients when available.

Figure 4.9 compares the performance of the optimal policy and two benchmark policies.

Figure 4.9a compares the performances across various values of the maximum utilization. The

differences between the optimal policy and benchmark static policies are greater when the

maximum utilization is higher; however, the magnitude of the improvement over benchmark

static policies is less pronounced in contrast to the original model shown in Figure 4.3. Figure

4.9b compares the total expected reward for the policies across various values of the signal,

while holding the maximum utilization at 0.5. In this case study, the critical threshold of the

signal is 0.5: when the priority 2 patient’s signal is higher than 0.5, the optimal policy is

identical to the static heuristic policy 2. In other words, if a priority 2 patient is more likely

to be an advanced patient than a basic patient, it is optimal to send an ALS NTV to the

patient.

Figure 4.10 illustrates how the optimal policy serves priority 2 patients. When the signal

exceeds 0.5, the fraction of patients that receive ALS service slowly decreases as the signal

increases. This appears to be counter-intuitive, because we already observed that the optimal

policy is identical to the static heuristic policy when the signal exceeds 0.5, and hence, the

optimal policy sends ALS NTVs as frequently as possible. One proper explanation is that

when the signal is higher, ALS NTVs responding to priority 2 calls enter the hospital transport

phase more frequently, and therefore, ALS NTVs are occupied longer. As a result, when the
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Figure 4.9: Normalized total expected reward for the NTV model

(a) Maximum Utilization

(b) Signal
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Figure 4.10: Fraction of priority 2 patients receiving each service under the optimal NTV
model policy

signal exceeds 0.5, fewer priority 2 patients receive ALS service when they are more likely to

be advanced patients.

4.7 Conclusion

In this paper, we investigate the value of multiple response by formulating and implementing

an MDP model that assigns ALS and BLS ambulances based on resource availability and

future demand volume. Numerical experiments demonstrate that multiple response can

significantly improve system performance . We provide two model extensions. First, we

discuss an approximate spatial analogue of the base model and show how this model updates

the dynamic response districts in real-time. A second extension considers an EMS system

with ALS NTVs that must be accompanied by BLS ambulances for patient transport. We

demonstrate through a computational study that the optimal policy approaches a static

heuristic policy as priority 2 patients’ signal increases.

Future research could consider providing the characteristics of the optimal policy, especially
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for the model with NTVs. We propose identifying conditions on parameter values, including

coverage functions and matching utilities, under which the optimal policy can be characterized

as a threshold-type, control limit policy. Another direction for future research is to study

a model in which some patients are not transported to the hospital. Specifically, it would

be interesting to consider the setting in which the probability that a patient is transported

to the hospital is not a fixed value, but instead depends on the information available to the

dispatcher prior to dispatch—including patient priorities or primary symptoms reported by

the caller.
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5 a stochastic programming approach for

locating and routing two types of ambulances

5.1 Introduction

Emergency medical services (EMS) systems provide pre-hospital care to those who are in need

of urgent medical treatment and transport these patients to hospitals for more definitive care.

Emergency vehicle planning, or “ambulance planning" as it is more commonly denoted in the

literature, is challenging because of the uncertainty in ambulance demand, which includes

emergency calls’ arrival times, the incident locations, and the patients’ health needs. The

ambulance planning problem has two levels of decision making: a strategic level that locates

ambulances at bases and an operational level that routes ambulances to calls. These two

levels of decisions are based on different levels of uncertainty in ambulance demand. The

strategic level addresses the long-term planning of emergency vehicle deployment and occurs

before the call arrival information is revealed. The operational level concerns how emergency

vehicles are dispatched to calls in real-time.

We propose a new two-stage stochastic program to this ambulance planning problem.

The stochastic program deploys two types of emergency vehicles in the first stage, and in

the second stage, it routes these vehicles to patients as call arrival scenarios are disclosed.

Typically, the strategic level and the operational level decisions are made separately in the

literature, although the server locations inform how ambulances are routed to calls (Batta

et al., 1989) and vice versa. To fill the gap, this paper integrates both strategic decisions and

operational decisions in a single stochastic programming model. We place emphasis on the

first-stage decisions, which are critical for informing deployment decisions. Dispatch decisions

in the second stage are informative since we assess the value of the first-stage deployment

solutions through the second-stage objective function values.

To construct the parameters for the second stage, we generate call arrival scenarios by
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sampling directly from the emergency call log, instead of constructing interarrival and service

time distributions. This data-driven approach is beneficial for the following two reasons.

First, the data-driven approach does not make distributional assumptions nor does it assume

vehicle independence. Optimization, queueing, and simulation models used to describe and

predict EMS system performances often require assumptions about the behavior of vehicles

or the distribution of events, such as exponentially distributed inter-arrival times or service

times. However, such assumptions can be inconsistent with real-world observations. Moreover,

when the system of concern involves multiple types of vehicles and uncertain demand—like

tiered EMS systems—these assumptions, unless they are carefully justified, can be restrictive

and limit the model’s applicability. Second, the model allows for spatiotemporal correlation

between emergency calls. The demand for EMS services fluctuates depending on the day of

the week and the time of the day (Setzler et al., 2009). Further, Zhou et al. (2015) shows

that ambulance demand often exhibits location-specific serial dependence and seasonality.

Moreover, Lord and Mannering (2010) provide a review of statistical models to describe

spatial and temporal elements associated with motor vehicle crash-frequency data. Our

model does not lose information in the data concerning both (1) inter-dependency between

consecutive call locations and (2) temporal auto-correlation between call arrival times, by

sampling call arrival scenarios directly from the call logs.

A third novel feature of our model is that we consider a system with multiple types of

emergency vehicles. Because patients have different health needs, many EMS systems employ

a tiered system that are equipped with multiple types of emergency vehicles with different

service capabilities. A tiered system sends advanced life support (ALS) vehicles staffed

by paramedics, basic life support (BLS) vehicles staffed by emergency medical technicians,

and/or other types of emergency vehicles to calls. In tiered EMS systems, the response

time, as well as the type of emergency vehicle that responds to a patient, are critical to the

patient’s outcomes. For example, for cardiac arrest patients, the chance of survival decreases

by 24% for every additional minute of delay in treatment (O’Keeffe et al., 2011); furthermore,
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Bakalos et al. (2011) show that ALS care in non-trauma cardiac arrest patients increases the

probability of patient survival almost by 47% compared to BLS care. To achieve both goals,

emergency vehicles must be strategically deployed and routed so that they can appropriately

respond to arriving emergency calls.

Tiered EMS systems often employ multiple response by dispatching multiple vehicles of

different types to one emergency call. Multiple response allows providing faster first aid to

emergency patients, since the vehicle that arrives at the scene first, regardless of its type, can

start providing first aid. The vehicle that arrives later can provide additional services that the

first responder is not capable of providing, such as advanced care or hospital transportation.

However, multiple response has a potential cost of making more vehicles unavailable compared

to sending only one vehicle (single response). This exhibits the trade-off between serving a

current emergency call and being prepared for future calls. Therefore, the decision maker

must understand the characteristics of the system and select multiple response when weighing

its benefits against cost. Our model provides a decision-making framework for a tiered EMS

system with consideration of multiple response which is differentiated from the literature that

considers single response.

In this paper, we make the following contributions:

1. We formulate and implement an ambulance location model that locates and dispatches

two types of vehicles at the same time under uncertainty in ambulance demand. Furthermore,

our model allows the dispatcher to send multiple types of vehicles to a call (multiple response).

We do not make distributional assumptions for call inter-arrival times and service times with

a data-driven scenario-based approach.

2. We provide two extensions to the original model to consider different EMS system

specifications including stochastic ambulance travel times, patient-ambulance matching

utilities, and non-transport quick response vehicles.

3. We demonstrate the value of the scenario-based stochastic programming approach with

case studies. We first investigate the number of scenario samples needed to obtain a stable
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solution, and then we evaluate the value of the stochastic approach with a simulation study.

We also present a solution scheme based on Benders cuts to solve large-scale instances in a

reasonable amount of time.

The remainder of this paper is organized as follows. Section 5.2 provides a review of the

related ambulance planning literature. We provide the base model formulation in Section 5.3.

Two model variations are introduced in Section 5.4. We conduct a case study of the base

model and provide the numerical results in Section 5.5. Section 5.6 introduces and tests a

solution scheme based on Benders cuts. The paper is concluded in Section 5.7.

5.2 Related Literature

Ambulance planning problems have been widely studied in the literature, and we focus on

models considering the stochastic nature of the ambulance location problem since they are the

most relevant to our stochastic programming approach. Daskin (1983) introduces one of the

earliest probabilistic location models which maximizes expected coverage when considering

ambulance unavailability. Batta et al. (1989) extend Daskin’s approach to investigate the

underlying spatial queueing dynamics of the ambulances with a Hypercube queueing model.

Restrepo et al. (2009) propose two models based on the Erlang loss formula that can be used

to screen potential ambulance allocations. We refer the readers to the review articles by

Brotcorne et al. (2003), Aringhieri et al. (2017) and Reuter-Oppermann et al. (2017) for a

more extensive discussion of ambulance location models.

Relatively few papers propose ambulance location models with multiple types of vehicles.

Schilling et al. (1979) develop mathematical programming models (TEAM/FLEET) that

deploy equipment to maximize the fraction of demand covered by both primary and special

equipment. Marianov and ReVelle (1992) extend Schilling et al.’s model to add individual

and joint reliability requirements. Mandell (1998) proposes a probabilistic covering model

with ALS and BLS vehicles and focuses on the ALS response time. In contrast, McLay (2009)
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introduces an expected coverage model with ambulances and non-transport vehicles that serves

multiple patient types, allows multiple response, and focuses on the first responder’s response

time in multiple response. Grannan et al. (2015) propose a binary linear programming model

that locates two types of air ambulances and construct response districts in military medical

evacuation systems.

Although the stochastic nature of the ambulance planning problem has been emphasized

by a large number of EMS studies, it was not until recently that a scenario-based stochastic

programming approach was used. A few papers develop stochastic programming models

based on call arrival scenarios; their two-stage stochastic programs deploy emergency vehicles

in the first stage and operate these vehicles to respond to demand in the second stage. Beraldi

and Bruni (2009) and Noyan (2010) present a reliability approach by embedding probabilistic

constraints. Nickel et al. (2016) investigate the ambulance location problem with the goal

of minimizing the total cost while assuring a minimum coverage level. All of these papers

perceive the call arrival scenario as a bundle of calls, which is the total number of emergency

calls in each demand node during a given time period. It is assumed that a vehicle can be

assigned only once during a scenario.

An alternative way to model a call arrival scenario is a consecutive series of calls associated

with individual arrival time and service time. In this paper, we choose this approach because

the series structure reserves the precedence relationship between calls and thus allows the

model to send the same vehicle multiple times during a scenario without double-assigning

the vehicle. While most ambulance location papers with stochastic programming models

consider the bundle of calls, two notable exceptions define the scenarios as a series of calls.

Naoum-Sawaya and Elhedhli (2013) formulate a two-stage stochastic optimization model that

redeploys and dispatches ambulances to minimize relocation while maintaining an acceptable

coverage level. Enayati et al. (2018) provide a stochastic ambulance redeployment model

with workload limitations.

A two-stage stochastic program is useful for solving the ambulance planning problem
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for tiered systems because of the uncertain ambulance demand and the interaction between

vehicles in tiered EMS systems. However, to the best of our knowledge, the existing literature

does not consider both topics simultaneously: the only exception is Boujemaa et al. (2018),

who propose a two-stage stochastic programming location-allocation model for a two-tiered

EMS system. There are two notable differences between their approach and ours. First, our

model allows multiple response. Incorporating multiple response not only is a difference in

how the service is specified, but it also results in a different integer programming model that

is not totally unimodular, making the problem more difficult to solve. Second, while they use

bundle-type call arrival scenarios, our model is based on series-type call arrival scenarios that

capture more details of the EMS practice.

As far as the multiple types of ambulances are concerned, the optimal matching of the

ambulance type to patient’s health needs has been studied by several papers using Markov

Decision Process (MDP) models. Chong et al. (2016) examine the value of a mixaed fleet

system by constructing an MDP model that dispatches ALS and BLS ambulances to high

and low priority calls. Yoon and Albert (2018a) present an MDP model that dynamically

determines which types of ambulances to dispatch with only partial information on patients’

health needs. Our research bridges the gap in this stream of literature by integrating the

patient-ambulance matching problem with the ambulance deployment problem.

5.3 Problem Formulation

We consider an EMS system with two types of vehicle—ALS ambulances and BLS ambulances—

and two call priority groups—high and low. High priority calls are assumed to be life-

threatening and require ALS care, while low priority calls are considered non-life-threatening

and either ALS or BLS care is sufficient. The EMS system serves a city or county network

that consists of demand nodes and candidate ambulance stations. The ambulance planning

problem concerns two types of interdependent decisions. At a strategic level, ALS and BLS
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ambulances are deployed to ambulance stations. Then at an operational level, when an

emergency call arrives, the dispatcher determines the type(s) of vehicles that respond, based

on the call priority, the demand node in which the call is located, and the current availability

of all vehicles. As far as the vehicle type is concerned, the dispatcher can choose to send an

ALS ambulance, a BLS ambulance, or both (a BLS ambulance as a first responder, followed

by an ALS ambulance as a backup responder).

The goal of the deployment and dispatch decision is to provide prompt and proper service

to arriving emergency calls. The service is prompt if the first responder arrives at the incident

scene within a pre-defined response time threshold (RTT) from the dispatch. The service

is proper for high priority calls if the system provides advanced care, by either sending an

ALS ambulance or both an ALS ambulance and a BLS ambulance. In contrast, any type of

vehicle can provide proper service to low priority calls.

When sending the vehicle to an emergency call, we consider three levels of service based

on the response time and the type of service. First, a call is covered if it is served by a proper

type of vehicle within the RTT, e.g., nine minutes. We assume deterministic travel times

between the ambulance station and incident location. Specifically, given a call c in scenario s,

we define a fixed set of ambulance stations Isc that are close enough to call c’s location to

respond within the RTT. Second, a call is served but not covered if at least one vehicle is

dispatched to the call, but either the type of service is improper for the call’s priority or the

response time exceeds the RTT. Finally, a call is lost if no vehicle is dispatched to the call.

These lost calls are assumed to be served by external resources, such as neighboring EMS

departments or private ambulance companies, through a process called “mutual aid." We add

the reward to the system’s objective function value when a call is covered and subtract the

penalty from the objective function value when a call is lost. Serving a call does not add or

subtract from the objective value. We enforce a penalty cost to the objective function value

for lost calls to restrict the risk of not satisfying the ambulance demand, as an alternative to

a chance-constrained model as in Noyan (2010) and Beraldi and Bruni (2009).
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We construct a two-stage stochastic programming model that deploys vehicles to stations

in the first stage and dispatches them to calls in the second stage, with the goal of maximizing

the objective function value. Parameters and decision variables used for the model are

summarized in Tables 5.1 and 5.2. The mathematical formulation for the scenario-based

ambulance location for two types of vehicles (SALT) model is presented below:

Table 5.1: Parameters

Indices and Parameters
I set of stations.
{A,B} set of vehicle types, where A is ALS ambulance and B is BLS ambulance.
S set of scenarios.
Cs list of calls in scenario s.
Cs
H(Cs

L) set of high(low) priority calls in scenario s.
Bs
ic set of calls in scenario s such that if an ambulance from station i serves a call

c′ ∈ Bs
ic, then it is still serving c′ when c arrives and hence it cannot be

dispatched to c.
Isc set of stations that are close enough to cover call c in scenario s.
wH(wL) gain from covering high (low) priority calls.
ρ penalty from “lost" calls.
np fleet size of type p ∈ {A,B} vehicles.

Table 5.2: Decision Variables

First stage variables (Integer)
xip = the number of type p ∈ {A,B} ambulances located at station i ∈ I.
Second stage variables (Binary)
ysipc = 1 if a type p ambulance is dispatched from station i to serve call c in scenario s.
zsc = 1 if call c is covered in scenario s.
zscA = 1 if a high priority call c is covered by a nearby ALS ambulance in scenario s.
zscB = 1 if a high priority call c is covered by a nearby BLS and an ALS ambulance

in scenario s.
γsc = 1 if no ambulance is dispatched to a call c in scenario s.

z = max
x

Es[Qs(x)] (5.1)

s.t.
∑
i∈I

xip ≤ np, ∀p ∈ {A,B}, (5.2)
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where Qs(x) = maxy,z,γ
∑

c∈CsH
wHzc +

∑
c∈CsL

wLzc − ρ
∑

c∈Cs γc,

s.t. yipc +
∑
c′∈Bsic

yipc′ ≤ xip, ∀p ∈ {A,B}, i ∈ I, c ∈ Cs, (5.3)

∑
p∈{A,B}

∑
i∈I

yipc + γc ≥ 1, ∀c ∈ Cs, (5.4)

zc ≤
∑
i∈Isc

∑
p∈{A,B}

yipc, c ∈ Cs
L, (5.5)

zc ≤ zAc + zBc, ∀c ∈ Cs, (5.6)

zAc ≤
∑
i∈Isc

yiAc, ∀c ∈ Cs
H , (5.7)

zBc ≤
∑
i∈Isc

yiBc, ∀c ∈ Cs
H , (5.8)

zBc ≤
∑
i∈I\Isc

yiAc, ∀c ∈ Cs
H . (5.9)

The objective is to maximize the weighted number of covered calls and is penalized by

the number of lost calls as stated in the equation (5.1). In the first-stage problem (FSP),

constraint set (5.2) states that the total number of deployed vehicles for each type does not

exceed the fleet size. Constraints (5.3) – (5.9) describe the second-stage problem (SSP). At

any time, the total number of dispatched type p vehicles from station i cannot exceed the

number of type p vehicles located at station i, which is enforced by (5.3). Constraint set

(5.4) ensures that if no ambulance is dispatched to an arriving call, it is counted as a lost call

and the objective is penalized. The service requirement differs by call type. Low priority

calls can be covered by a nearby vehicle of any type as described in (5.5). Constraint set

(5.6) states that high priority calls can be covered by either the first or the second option:

first, as enforced by (5.7), high priority calls can be served by an ALS ambulance that is

located nearby; second, as described in constraint set (5.8) and (5.9), high priority calls can

be served by a nearby BLS ambulance and another ALS ambulance that is not necessarily
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close. Note that in (5.9), we sum over I \Isc instead of I. We do so to improve the formulation;

specifically, if there is an optimal solution with yiAc = 1 for i ∈ Isc , then the value of zBc does

not affect the objective value because zAc = 1 is guaranteed.

The proposed SSP formulation assumes an omniscient dispatcher who possesses perfect

information about when and where emergency calls will occur during a scenario. Therefore,

the second stage provides an upper estimate of the coverage that would be realized in practice.

To evaluate the system performance of the first-stage solution without over-informing the

dispatcher, we conduct a simulation study in Section 5.5.

The number of the possible realization of call scenarios is unbounded, and therefore,

solving (5.1) – (5.9) is computationally intractable. We accordingly solve an approximate

problem obtained through sampling based on the sample average approximation (SAA)

(Robbins and Monro, 1951). In the SAA deterministic equivalent formulation (DEF) for

the SALT model, the objective function (5.1) is replaced with the following sampling-based

objective function:

z ≈ max
x,y,z,γ

1

|S|
∑
s∈S

( ∑
c∈CsH

wHz
s
c +

∑
c∈CsL

wLz
s
c − ρ

∑
c∈Cs

γsc
)
, (5.10)

where S describes a finite set of scenarios sampled from the data with an equal probability

of occurrence. We discuss the choice of |S| in Section 5.5 with a case study. We propose a

solution scheme to solve large-scale problem instances in Section 5.6.

5.4 Model Extensions

This section provides two extensions of the SALT model to consider different service speci-

fications. The first extension considers stochastic travel times from ambulance stations to

incident scenes and patient-ambulance matching utility based on the appropriateness of server

types to patients’ health needs. The second extension considers non-transport vehicles that

can improve response times but cannot transport patients to hospitals.
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The SALT model With Stochastic Response Time and Matching

Utility

The SALT model introduced earlier assumes a deterministic travel time when an ambulance

responds to patient, under which only a subset of ambulances that are close to the incident

location (Isc ) can cover a call. In the same vein, only the ambulance of the type that exactly

matches the patient’s health needs can cover the patient with the reward of 1.0.

As an alternative, this extension model considers stochastic ambulance travel times

and patient-ambulance matching utilities between zero and one. First, explicitly modeling

uncertainty in ambulance travel times makes the model more realistic (Ingolfsson et al.,

2008). Instead of a fixed set of stations that can respond to a call c within the RTT (Isc ), we

implement probabilistic coverage as a monotone decreasing function of the distance between

the ambulance station and patient location (and possibly other factors). For a given station i

and call c, the promptness of the service is evaluated by the probability that a server located

at station i can respond to a call c in priority h RTT (Rh
ic). We refer the reader to Goldberg

and Paz (1991) and Ingolfsson et al. (2008) for more discussion on uncertain ambulance

travel times. Second, rather than providing a positive reward only when a proper service is

provided, this extension considers additional patient-ambulance matching utility parameter

Uhp, which is the reward from matching a type p ambulance to a priority h patient.

This stochastic extension is useful, since it encourages decisions that are disincentivized

in the original SALT model although they are beneficial to the patient outcomes in practice.

While the original model’s objective function only considers whether a call is served by an

ambulance located within the RTT or not, this stochastic extension imposes incentives to

send a vehicle that can respond as promptly as possible. The same principle applies to

patient-ambulance matching. The stochastic extension is more flexible in determining how

appropriate a vehicle type is to the patient’s health needs.

Under this new perception of coverage, any ambulance, even the ones that are distant

from the incident location or are not the type of vehicle call requests can cover the call and
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contribute to the objective function value. Instead of fixing a set of ambulances that can

cover a call as in the SALT model, the new model should add the according reward to the

objective function value based on the travel time of the ambulance that covers the call and

its matching utility to the patient’s health needs. Therefore, this necessitates a significant

change in the model by including new parameters, variables, and constraints. The following

equations (5.11) – (5.21) present the formulation of the extension model. The model is a

two-stage stochastic programming model solving deployment and dispatching problem like

the original SALT model. However, it maximizes expected coverage over all emergency calls

instead of maximizing the number of promptly and properly covered patients. Table 5.3

defines the parameter and variable sets used in the model in addition to Table 5.1 and 5.2.

Table 5.3: Additional Parameters and Variables

Indices and Parameters
Rh
ic Probability that a server from station i can reach call c in priority h RTT

Uhp Utility of responding to a priority h call with a type p vehicle.
Second Stage Variables (Binary)
ziAc =1 if an ALS vehicle responses to call c from station i.
ziBc =1 if a BLS vehicle responses to call c from station i.
ziABc =1 if double response (a BLS first responder from station i and an ALS backup

responder) is provided to call c

max
x,y,z

∑
s

1

|S|

( ∑
c∈CsH

wH
∑
i∈I

RH
ic (UHAz

s
iAc + UHBz

s
iBc + UHAz

s
iABc)

+
∑
c∈CsL

wL
∑
i∈I

RL
ic(ULAy

s
iAc + ULBy

s
iBc)− ρ

∑
c∈Cs

γsc

)
(5.11)

s.t.
∑
i∈I

xip ≤ np, ∀p ∈ {A,B}, (5.12)

ysipc +
∑
c′∈Bsic

ysipc′ ≤ xip, ∀p ∈ {A,B}, i ∈ I, c ∈ Cs, s ∈ S, (5.13)
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∑
p∈{A,B}

∑
i∈I

ysipc + γsc ≥ 1, ∀c ∈ Cs, s ∈ S, (5.14)

∑
p∈{A,B}

∑
i∈I

ysipc ≤ 1, ∀c ∈ Cs
H , s ∈ S, (5.15)

∑
i∈I

ysipc ≤ 1, ∀p ∈ {A,B}, c ∈ Cs
L, s ∈ S (5.16)

∑
i∈I

(zsiAc + zsiBc + zsiABc) ≤ 1, ∀p ∈ {A,B}, c ∈ Cs
H , s ∈ S, (5.17)

zsiAc ≤ ysiAc, ∀i ∈ I, c ∈ Cs
H , s ∈ S. (5.18)

zsiBc ≤ ysiBc, ∀i ∈ I, c ∈ Cs
H , s ∈ S. (5.19)

zsiABc ≤
∑
i∈I

ysiAc, ∀i ∈ I, c ∈ Cs
H , s ∈ S, (5.20)

zsiABc ≤ ysiBc, ∀i ∈ I, c ∈ Cs
H , s ∈ S. (5.21)

The objective function (5.11) describes total expected coverage weighted by the call

priority, the matching utility, and the probability of reaching to the call within the RTT.

Constraint set (5.12) is the FSP, and the rest of the constraints describe the SSPs. Constraint

sets (5.12) – (5.14) are analogous to the original SALT formulation. At most one server of

each type can be dispatched to a high priority call as captured in (5.15); in contrast, at

most one server can be dispatched to a low priority call, as captured in (5.16). Constraint

set (5.17) ensures that a high priority call is served by one of the three options: by an ALS

ambulance, which is captured by (5.18); a BLS ambulance which is captured by (5.19); or

both an ALS ambulance and a BLS ambulance, as described by (5.20) and (5.21). Note that

in the last case, we determine the matching utility based on the ALS ambulance because

advanced care is provided ultimately, although the BLS ambulance that provides the first-aid

and determines the response time. Note that if we set the parameters Rp
ic and Uhp as follows,

then the result from this extension model simplifies to the original SALT model: Rp
ic = 1 if

the station i ∈ Isc when call c is located at j, and 0 otherwise; and UHA = ULA = ULB = 1

and UHB = 0.
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The SALT model With NTVs

Many EMS systems are equipped with NTVs that can reach incident location faster than

ambulances. However, NTVs cannot transport patients to hospitals. Therefore, if a NTV

responds to an emergency call, a BLS also must be sent to transport the patient to the

hospital. This difference in the dispatch protocol motivates us to present an extension of the

SALT model that can accommodate NTVs.

We consider an EMS system equipped with nA ALS NTVs and nB BLS ambulances.

Because NTVs can access to incident locations more rapidly than ambulances, we allow a

longer distance threshold for NTVs. In this respect, we additionally define a parameter

Isc
′, which is a set of station that is within the NTV’s distance threshold (longer than the

ambulance’s distance threshold) from the incident location of call c ∈ Cs. Therefore, Isc ⊂ Isc
′.

Then, we replace (5.4) – (5.9) with constraints (5.24) – (5.27) to construct the following NTV

model:

max
x,y,z

1

|S|
∑
s∈S

( ∑
c∈CsH

wHz
s
c +

∑
c∈CsL

wLz
s
c − ρ

∑
c∈Cs

γsc
)
, (5.22)

s.t. (5.29), (5.23)

∑
i∈I

yiBc + γc ≥ 1, ∀c ∈ Cs, (5.24)

zc ≤
∑
i∈Isc

yiBc, c ∈ Cs
L, (5.25)

zc ≤
∑
i∈I

yiBc, ∀c ∈ Cs
H , (5.26)

zc ≤
∑
i∈Isc ′

yiAc, ∀c ∈ Cs
H . (5.27)

The objective function (5.22) and the first-stage constraint set (5.23) are identical to the

SALT model. A call is served if there is a BLS ambulance responding to a call, as described

in constraint set (5.24); constraint set (5.25) means that a low priority call can be covered
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Figure 5.1: Caption

by a BLS ambulance located within the ambulance distance threshold; and constraint sets

(5.26) and (5.27) indicate that a high priority call can be covered by an ALS NTV located

within the NTV’s distance threshold and a BLS ambulance.

5.5 Case Study

Setup

We conduct a case study for the SALT model in Section 5.3 using 911 emergency call logs

from Hanover County, Virginia. The dataset includes 33, 810 call records collected over 31

months during 2009 – 2011. Each record contains information regarding the call’s arrival time,

incident location, priority, and service times (response times, on-scene times, and hospital

transport times). We divide and aggregate the geographic region into |J | = 270 nodes that

consists of 139 2× 2 mile cells (regions with lower demand) and 131 1× 1 mile cells (regions

with higher demand). There are |I| = 16 nodes that are potential candidates for ambulance

stations. Figure 5.1 shows arrival rates for each demand nodes (darker cell colors represent

higher demand) and the locations of 16 candidate stations.

We solve the SALT model for a shift on weekdays, from 12 PM to 6 PM, with nA = 3 ALS

ambulances and nB = 3 BLS ambulances. Our call arrival scenario represents a consecutive
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series of emergency calls. We sample a scenario from 674 weekdays according to a discrete

uniform distribution. Once a random day is selected, all calls arrived between 12 PM and

6 PM on that day are considered as a consecutive series of calls in the scenario. Because

the calls are sampled from the data based on a fixed length of time horizon (6 hours), the

number of consecutive calls in scenarios are different. On average, the number of consecutive

calls in a scenario is 9.25.

In addition to sampling calls from weekdays 12 PM – 6 PM, we also sample calls from

weekdays 6 AM – 12 PM to make our implementation of the dispatching problem even more

realistic with a warm-start. These “initialization” calls are considered as if they arrive exactly

at the beginning of the time horizon (12 PM) with reduced service times. Specifically, if a

call c arrives at t1 has t2 response time, t3 on-scene time, and t4 transport time, and is not

completed until T =12 PM, then the call c need to be handed over to a server in the next

shift which starts from 12 PM, to finish the remaining service. Therefore, we consider the call

c as if it arrives at T with the remaining service time as ti = max{tic, T − t1 − t2 − t3}+ t4

if served by an ambulance from station i where tic is the travel time from station i to call

c’s location. As a result of this initialization procedure, the SALT model dispatches some

vehicles immediately at the start of the time horizon to calls already in progress, which is

more realistic because in practice the EMS system does not always start a shift with all

vehicles idle. Upon this warm-start procedure, the number of initialization calls is 0.76 on

average. The SALT model was implemented in Python 2.7.14 and solved using Gurobi 7.5.2.

Lastly, we note that the aforementioned data-driven sampling is not a requirement for the

proposed SALT formulation. For instance, one may only know summary statistics such as

hourly arrival rate without the access to the raw call log data; otherwise, the dataset might

only represent the history and does not predict future call arrivals precisely. In these cases,

one can choose to fit distributions using summary statistics and sample from the constructed

distributions to generate call arrival scenarios as an alternative to the direct data-driven

sampling approach we present and solve the SALT model without further modification.
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Determining the number of scenarios

When we solve the SALT model based on the SAA, the solution quality depends on the

number of scenario samples. However, stochastic programming models are computationally

intractable when the number of scenarios is extremely large. The choice of the number of

scenarios is not trivial due to this tradeoff between the precision of the approximation and

the computational tractability. Therefore, we conduct a statistical analysis of the bounds of

the objective value across various values of the number of scenarios. Algorithm 1 describes a

standard procedure to estimate confidence intervals (CIs) for the lower bound, upper bound,

and SAA optimality gap of a given solution (Kleywegt et al., 2002). We use M = 15 and

K = 500.

|S| upper bound lower bound optimality gap
point est CI point est CI point est CI

50 0.8093 (0.8051, 0.8135) 0.7905 (0.7642, 0.8169) 0.0205 (0, 0.0410)
100 0.8008 (0.7979, 0.8036) 0.7911 (0.7648, 0.8174) 0.0113 (0, 0.0225)
200 0.8001 (0.7979, 0.8023) 0.7875 (0.7606, 0.8143) 0.0020 (0, 0.0079)

Table 5.4: SAA results (95% CIs)

Table 5.4 presents point estimates and 95% CIs for the objective value’s upper bound,

lower bound, and SAA optimality gap, for different number of scenarios. As the number of

scenarios increases from 50 to 200, the point estimate for the optimality gap decreases as the

number of scenario increases. When |S| is as large as 200, the upper bound and lower bound

CIs overlap and the CI for the optimality gap falls within 1%. Based on this statistical results,

for the rest of Section 5.5, we use |S| = 200 scenarios for all computational experiments.

Value of Stochastic Solution

We conduct a simulation study to evaluate the value of stochastic programming approach.

Using simulation has two advantages over directly comparing the objective function values.

First, the SALT model assumes an omniscient dispatcher who determines dispatch decisions

based on the knowledge of the arrival information for all calls in a scenario, which deviates
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Algorithm 1 SAA algorithm for a given value of |S|
Estimating the Upper Bound:
for m = 1, ...,M do
Create a set of new scenarios S.
Solve the SALT model with S, denote its objective value as ζm, and first-stage solution
as χm.

end for
Let UM := 1

M

∑M
m=1 ζm, and sU(M) := 1

M−1
∑M

m=1(ζm − UM)2. Then an approximate
(1− α)-CI for the upper bound is[

UM −
tM−1,α

2
sU(M)
√
M

,UM +
tM−1,α

2
sU(M)
√
M

]
.

Estimating the Lower Bound:
for k = 1, ..., K do
Create a scenario s.
Solve a SSP with the first-stage solution from the last batch of the upper bound estimating
procedure χM : and denote its objective value as maxQs(χM) := qk.

end for
Let LK := 1

K

∑K
k=1 qk, and sL(K) := 1

K−1
∑K

k=1(qk−LK)2. Then an approximate (1−α)-CI
for the lower bound is [

LK −
tK−1,α

2
sL(K)
√
K

,LK +
tK−1,α

2
sL(K)
√
K

.

]
Estimating the Optimality Gap:
Create a set of new scenarios S.
Solve the SALT model with S, denote its first-stage solution as χ∗.
for m = 1, ...,M do
Create a set of |S| new scenarios S.
Solve the SALT model, denote its objective as ζ∗m.
for s ∈ S do

Solve a SSP with the first-stage solution χ∗: maxQs(χ
∗), denote its objective value as

qs.
end for
Denote gm be the gap between ζ∗m and

∑
s qs.

end for
Estimate the optimality gap CI from g1, ..., gM . Let GM = 1

M

∑M
m=1 gm and sG(M) =

1
M−1

∑M
m=1(gm −GM)2. Then an one-sided (1− α) CI for the SAA optimality gap is[

0, GM +
tM−1,αsG(M)√

M

]
.
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from reality. The SALT objective function value overestimates and has to be reevaluated to

provide the expected coverage observed in practice based on the given deployment solution.

Second, although the SALT objective function value converges with probability one when

we use SAA and increase the number of scenarios (Kleywegt et al., 2002), the deployment

solution is not guaranteed to converge. Therefore, by solving the SALT model multiple times

with different random scenario sets, we obtain multiple optimal solutions that must be further

evaluated.

Typically, the value of the stochastic solution (VSS) is evaluated by constructing a “mean

value” problem, obtaining a mean value solution, and then comparing the performance of

mean value solution and the stochastic solution under the same set of scenarios (Birge,

1982). However, in our problem setting, the mean value problem is not easily defined,

since there exists no average call arrival scenario. Therefore, we construct a deterministic

optimization model that locates two types of vehicles as a benchmark, and then we compare

the performance of the optimal solutions from the SALT model to the performance of the

benchmark solution.

We construct a deterministic ambulance location problem to create a benchmark solution.

Moore and ReVelle (1982) and Mandell (1998) provide hierarchical service location models

that are relevant to our problem setting. In particular, two service types are defined in their

model: a lower level service is available if both lower and higher type facilities are present

within an appropriate distance; and a higher level service is available if a higher type facility

is accessible within an appropriate distance. Considering these papers as a baseline, we

define the maximal covering location problem for prioritized calls and two types of vehicles

(MCLPP2). In MCLPP2, λpj is the hourly priority p call arrival rate at demand node j

estimated from the same call log we sample call arrival scenarios for the SALT model, Ij is

the set of stations located within the RTT from node j. The decision variables are as follows:

xqi is the number of type q vehicles deployed to station i; hj (`j) is a binary variable that

equals 1 if high (low) priority calls in node j are covered; h1j (h2j) is a binary variable that
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equals 1 if high priority calls in node j are covered by the first (second) service option.

max
∑
j

wHλ
h
jhj + wL

∑
j

λlj`j (5.28)

s.t.
∑
i∈I

xqi ≤ np ∀q ∈ {A,B}, (5.29)

∑
i∈Nj

xAi ≥ h2j ∀j ∈ J, (5.30)

∑
i∈I

xAi ≥ h1j ∀j ∈ J, (5.31)

∑
i∈Nj

xBi ≥ h1j ∀j ∈ J, (5.32)

h1j + h2j ≥ hj ∀j ∈ J, (5.33)

∑
i∈Ij

∑
q∈{A,B}

xqi ≥ `j ∀j ∈ J, (5.34)

xAi , x
B
i ∈ {0, 1} ∀i ∈ I, (5.35)

h1j , h
2
j , hj, `j ∈ {0, 1} ∀j ∈ J, (5.36)

The objective is to maximize the demand-weighted number of covered calls as defined in

(5.28). The number of vehicles deployed to the station cannot exceed the fleet size as stated

in (5.29). Constraint set (5.30) describes one option to cover a high priority call, which is

to have an ALS ambulance located close to the call. Another option, which is described in

(5.31) and (5.32), is a combination of a BLS ambulance located close to the call and an ALS

ambulance in any location. Constraint set (5.33) states that either the first or the second

option is sufficient to cover a high priority call. For low priority calls, any type of ambulance

located nearby can cover the low priority call, which is enforced by (5.34).

To obtain stochastic solutions, we repeatedly solve the SALT model with different random

sets of scenarios until we pick six distinct first-stage solutions. We denote the resulting six

distinct first-stage solutions as SALT1 — SALT6. These stochastic solutions and a benchmark
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deterministic solution can be found in Table 5.5.

Model solution ALS stations BLS stations
MCLPP2 1, 6, 11 12, 14, 15
SALT1 1, 6 ,14 6, 11, 16
SALT2 1, 6, 14 6, 8, 16
SALT3 1, 6, 14 4, 6, 16
SALT4 1, 6, 8 6, 14, 16
SALT5 7, 10, 14 6, 8, 16
SALT6 1, 6, 14 6, 15, 16

Table 5.5: Optimal deployment solutions for a deterministic benchmark and six stochastic
solutions

We run a discrete event simulation with each of seven deployment solutions (a deterministic

benchmark solution and six stochastic solutions) in Table 5.5. The simulation was implemented

in Python 2.7.14. Each run of the simulation contains 200 scenarios as in the SALT model, and

the simulation is repeated 30 times to construct the 95% confidence interval of the weighted

total expected patient coverage. We reiterate that one of the purposes of the simulation study

is to assess the first-stage deployment decisions without assuming an omniscient dispatcher

who possesses the call arrival information of the entire scenario, as in the SALT model’s

SSP. This is beneficial since the simulation results reflect the practical performance of the

deployment decisions. In this respect, the simulation is based on a myopic dispatcher who

sends the closest appropriate vehicle. Algorithm 2 formalizes the simulation’s dispatching

logic.

Figure 5.2 presents 95% confidence intervals for the weighted total expected coverage

obtained from simulations with seven different deployment solutions. It is notable that all

six stochastic solutions achieve significantly improved expected coverage compared to the

benchmark static solution. Although the SALT model returns different first-stage solutions

based on the choice of random samples even when the scenario size is large enough (|S|=200),

our simulation study exhibits that all of these deployment solutions perform well in terms of

the expected patient coverage.
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Algorithm 2 Dispatching algorithm in the simulation
if all vehicles are busy then
return NULL

end if
if c.priority=H then
if there is an idle ALS ambulance a within RTT from c then
a← the closest idle ALS ambulance
return a

else if there is an idle BLS ambulance a within RTT from c and an idle ALS ambulance
a′ then
a← the closest idle BLS ambulance, a′ ← the closest idle ALS ambulance
return a, a′

else if there is an idle ALS ambulance a then
a← the closest idle ALS ambulance
return a

else if can find an idle BLS ambulance a then
a← the closest idle BLS ambulance
return a

end if
else
a← closest idle ambulance
return a

end if

Figure 5.2: Simulation results for a deterministic benchmark and six stochastic solutions
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5.6 Solution Method for Large-scale Problem Instances

Stochastic programming models are computationally challenging when the size of the instance

is large. As the number of scenarios, the number of consecutive calls in a scenario, the fleet

size, or the size of the network increases, the SALT model becomes computationally intensive

to solve. The numerical experiments in Section 5.5 do not incur any computational challenge,

however, the SALT model is more useful when it can be implemented for a broader class of

real-world datasets. This motivates us to present a solution scheme for large-scale problem

instances.

In this section, we propose a solution method that is based on Benders cuts to improve

solution times for the SALT model. We linearize the SSP and introduce a Benders cut

generating procedure that is integrated into the branch-and-cut procedure to solve the integer

FSP. Then, we demonstrate the computational performance of this solution method with a

case study.

Branch-and-Benders-cut

We linearize second-stage variables as a simple way to resolve computational intractability,

recognizing that the SALT model informs deployment solutions (first-stage variables). How-

ever, unlike similar problems in the literature such as Peng et al. (2018) and Boujemaa et al.

(2018), the matrix defining the feasible region of our SSP is not totally unimodular. Therefore,

relaxing the integrality constraints in the SSP comes at a cost, which should be compared to

the benefit from the computational time reduction. In this respect, we additionally propose

to implement Benders decomposition to take advantage of the linear SSP Benders (1962).

Benders decomposition has been used in a large number of applications to improve

computational tractability. The core idea is to decompose the deterministic equivalent

problem into |S| subproblems (the SSPs with linear SSP) and a master problem (the FSP

with some integer variables). However, as far as the integer master problem is concerned,
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repeatedly solving the integer master problem whenever a Benders cut is added can become

very time-consuming, especially after more cuts are added. As an alternative, the branch-and-

Benders-cut (BBC) scheme adds Benders cuts only as necessary during a single branch-and-cut

process.

To make the cut generating procedure more effective, we add a time-limited phase 0

procedure at the root node. In phase 0, we consider a linear master problem where all integer

first-stage variables are relaxed and repeatedly add Benders cuts until either no additional

Benders cuts are generated or a preset time limit is reached. This phase 0 procedure is

essential for the following two reasons. First, because generating Benders cuts by solving the

LP relaxation of the master problem at the root node yields cuts faster than adding Benders

cuts with integer master problem later at the node with incumbent solutions. Second, by

including a number of Benders cuts as a part of the initial formulation, we can take advantage

of commercial integer programming solvers’ abilities, since they derive valid cuts as needed to

strengthen the LP relaxation, such as mixed-integer rounding cuts (Bodur and Luedtke, 2016)

or split cuts (Bodur et al., 2017). We set a time limit on phase 0 since we want to ensure

that there is enough time left after phase 0 for the remaining branch-and-cut procedure.

Computational experiments

All numerical experiments in this section are based on the emergency call logs from Meck-

lenburg County, North Carolina. The call logs provide the calls’ arrival times, travel times,

service times, and geographic locations. The call logs do not provide the call’s priority

information, and therefore, we randomly generated priorities (high or low) according to

a Bernoulli distribution. We estimate the parameter value for the Bernoulli distribution

based on the Hanover County dataset (described in Section 5.5) as P (high) = 0.2917. Call

arrival scenarios are sampled as a consecutive series of calls following a procedure identical to

Section 5.5. Focusing on testing the solution method, we omit the initialization procedure for

simplicity. We solve the SALT model for a shift on weekdays, 12 PM – 6 PM. On average,
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the number of consecutive calls in a scenario is 60. The city network represents a service area

of approximately 540 square miles that is discretized into |J | = 168 demand nodes. Each

demand node is a 2× 2-mile cell. The potential station locations are not given in the data,

and therefore, we select |I| = 30 demand nodes as potential station locations. Considering

the demand volume and the size of the network, we determine the fleet size as nA = 6 ALS

ambulances and nB = 6 ambulances. Overall, we construct a larger problem instance with

the Mecklenburg County dataset than the Hanover County dataset in Section 5.5.

|S| original DEF DEFL with linear SSP BBC with linear SSP
opt gap (%) opt gap (%) lin gap (%) opt gap (%) lin gap (%)

10 0.35 0.00 1.10 0.41 1.10
50 12.6* 1.69 1.14 1.36 1.13
100 * 7.52 0.90 2.73 1.35
150 * 228.41 0.31 3.25 1.59
200 * * * 3.84 1.26

Table 5.6: Performance of the original DEF, the DEFL with linear SSP, and the proposed
BBC procedure after 7200-second runtime
Note: “opt gap” is the optimality gap after 7200-second run, “lin gap” is the linear relaxation
gap based on the difference between the objective value based on the linear SSP and integer
SSP, “*” means that the Gurobi solver was terminated before the time limit is reached
because of out-of-memory error.

Table 5.6 presents the optimality gaps and linear relaxation gaps from three solution

methods: the original DEF for the SALT model (denoted as DEF), the original DEF with

linear SSP (denoted as DEFL), and the BBC with linear SSP (denoted as BBC), for different

number of scenarios. For all three methods, we evaluate the optimality gaps (“opt gap" in

Table 5.6) achieved after 7200 CPU seconds. In particular, for the BBC, we set an additional

time limit of 2500 CPU seconds for the phase 0 procedure, and assign the remaining time to

branch-and-cut, so that the total runtime (both phase 0 and branch-and-cut) is bounded by

7200 CPU seconds. The optimality gap is defined as follows:

opt_gap =
obj_bd− obj_val

obj_val
,
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where obj_bd is the best objective bound and obj_val is the best incumbent solution found

before the time limit is reached. For the DEFL and BBC which are based on the linearly

relaxed SSP, we also evaluate their linear relaxation gaps (“lin gap" in Table 5.6) as follows:

lin_gap =
obj_lin_SSP − obj_int_SSP

obj_int_SSP
,

where obj_int_SSP (obj_lin_SSP ) is the objective function of the integer (linear) SSPs

when the first-stage variable values are determined by the optimal deployment solutions from

the given solution method.

Table 5.6 shows that the BBC is an effective method to solve the SALT model when the

size of the instance is large, in both time and memory. Relatively simple implementations

(DEF, DEFL) are more effective than the BBC to find the optimal solutions only when the

number of scenarios is as small as |S| = 10. As the number of scenarios |S| increases, both

the DEF and DEFL quickly become computationally intractable: DEF fails to find a feasible

solution due to the out-of-memory issue after |S| exceeds 50; for the same reason, the DEFL

fails to find a feasible solution when |S| = 200. Although the DEFL performs better than the

DEF by finding a feasible solution when |S|=50, 100, 150, its optimality gaps are significantly

larger than what the BBC achieves. Additionally, we measured the optimality gaps after

3600 CPU seconds for a more time-limited setting. The BBC found feasible solutions for

all instances (|S| = 10, 50, 100, 150, 200) within 3600 CPU seconds, whereas both DEF and

DEFL only found feasible solutions for |S| < 50. Lastly, for all sizes of |S| and for both of

DEFL and BBC, the linear relaxation gaps are small enough to justify the usage of linear

SSP.

5.7 Conclusion

This paper introduces the SALT model, which is a two-stage stochastic programming model

that deploys and dispatches two types of emergency vehicles. We propose a data-driven



126

approach of sampling call arrival scenarios directly from the call logs to lift distributional

assumptions and capture spatiotemporal correlation between emergency calls. We demonstrate

the value of the stochastic solutions through a case study with a discrete event simulation.

To enhance the generality of the model, we suggest a solution method based on Benders

cuts and test the solution method on large-scale problem instances. We additionally provide

two extensions to the SALT model: the first extension considers stochastic ambulance travel

times and patient-ambulance matching utilities; the second extension considers NTVs.

There are several possible extensions of the SALT model. First, future research could

consider reconstructing the SSP by lifting the omniscient dispatching. One direction is

implementing a dispatching scheme that more closely mimics practice, for instance, sending

the closest vehicle. Another direction is creating a dispatching scheme that constructs an

SSP with totally unimodularity.

Moreover, it would be advantageous to study a similar model with imperfect information

about the patient’s health needs. This specification of the system is especially interesting

regarding multiple response. Once the patient’s health needs are fully disclosed after multiple

response vehicles arrive at the scene, a vehicle that does not meet the patient’s actual health

needs can be discharged earlier and be available for other calls. Therefore, incorporating the

uncertainty in patient’s health needs in the SALT model will incentivize multiple response.
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a appendix for chapter 2

A.1 Derivation of Approximate Hypercube Model with

Cutoff Priority Queue

In this appendix, we present derivation details for the approximate Hypercube model for a

cutoff priority queue presented in Section 2. First, we derive closed-form expressions for the

steady-state probabilities in a cutoff priority queue. The steady-state probability formulations

in (2.5) and (2.6) are easily obtained from balance equations in the standard birth-death

process. Figure A.1 shows the corresponding transition diagram for a cutoff priority queue

systems with a zero-line queue.

To derive the steady-state probabilities formulation for the infinite capacity queue in (2.7),

(2.8) and (2.9), we adapt the SCQQ model in Taylor and Templeton (1980), where both high

and low priority calls are put in an infinite capacity queue when the number of busy servers

is equal to or greater than the cutoff (s for high and sC for low priority calls). In their paper

they also provide the formula for the case where high priority customers are lost while only

low priority customers are queued (SCQL model), which we do not consider. Therefore if one

wants to apply the idea of reserving capacity only with a low priority queue, that model can

be directly used in our procedure too, with updates for the steady-state probabilities Pi in

STEP 1 and by setting ν = 1− Ps λ
H

λ
in STEP 2 (of the iterative Hypercube procedure in

Section 2.2).

Next, we derive correction factors for low priority calls in the cutoff priority queue. This

Figure A.1: Transition Diagram for a Zero Capacity Queue with a Cutoff sC .
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follows the procedure in Larson (1975) closely, with some modifications due to the cutoff

assumption. Suppose, for now, instead of having non-identical servers and preference lists,

when a call arrives we randomly sample servers until the first free server is found, and then

we dispatch that server unless it does not violate the cutoff priority scheme. Let Bk denote

the event that the kth selected server is busy (not available), Fj ≡ Bc
k denote the event

that the kth server selected is free (available), Si denote the state of the queueing system

where exactly i servers are busy (hence Pi = P (Si)), and P{B1B2 · · ·BkFk+1} denote the

probability that the first free server is the k + 1st sampled server.

Under the cutoff scheme, if a low priority call arrives, the probability of dispatching the

k + 1st selected server is

P{B1B2 · · ·BkFk+1} = P{B1B2 · · ·BkFk+1|Si, i < sC},

since we do not select a server to dispatch to a low priority call if the number of busy

servers is equal to or greater than the cutoff. Therefore we wish to derive an expression for

P{B1B2 · · ·BkFk+1|Si, i < sC} that motivates an approximation procedure for the model in

which servers are not identical. Recall that in the Hypercube model under a fixed-preference

dispatching policy, the dispatcher always assigns the most preferred available server. Therefore

the desired probability is the probability that the first k preferred servers are busy and the

k + 1st server is free. By conditioning on the number of busy servers, we obtain

P{B1B2 · · ·BkFk+1|Si, i < sC} =

sC−1∑
i=0

P{B1B2 · · ·BkFk+1|Si}Pi. (A.1)

where

P{B1B2 · · ·BkFk+1|Si}

= P{Fk+1|B1B2 · · ·BkSi}P{Bk|B1B2 · · ·Bk−1Si} · · ·P{B1|Si}. (A.2)
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Then, as in Larson (1975), we have

P{Bi|B1B2 · · ·Bj−1Si} =
i− (j − 1)

s− (j − 1)
, j = 1, 2, · · · , i+ 1,

P{Fk+1|B1B2 · · ·BkSi} =
s− i
s− k

, k = 0, 1, · · · , i. (A.3)

By substituting (A.2) and (A.3) into (A.1) we get the expression for desired dispatch proba-

bility as

P{B1B2 · · ·BkFk+1|Si, i < sC} =

sC−1∑
j=k

i

s

i− 1

s− 1
· · · i− (k − 1)

s− (k − 1)

s− i
s− k

Pi

=

sC−1∑
i=j

(s− k − 1)!(s− i)i!
(i− k)!s!

Pi (A.4)

with Pi in (2.5) and (2.6) (for the Loss model) or in (2.7), (2.8) and (2.9) (for the Queued

model). We can also write another expression for (A.4) using the correction factors:

P{B1B2 · · ·BkFk+1|Si, i < sC} = qLk r
k(1− r),

where

qLk =

∑sC−1
i=k

(s− k − 1)!(s− i)i!
(i− k)!s!

Pi

(1− Ps
λH

λ
−
∑s

i=sC
Pi
λL

λ
)kρk

(
1− (1− Ps

λH

λ
−
∑s

i=sC
Pi
λL

λ
)ρ
) . (A.5)

Lastly, the derivation of qHj is analogous to the above derivation with sC replaced by s.

A.2 Computational Results for Large-scale Dataset

Here we provide additional computational results that correspond to Tables 2.2 – 2.4 for

the Scaled-up dataset. Tables A.1 and A.2 display dispatch probabilities for the Scaled-up

dataset with 16 servers for selected number of sR. The tables are truncated for k ≥ 5, since
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Table A.1: High Priority Dispatch Probabilities fHk and Loss Probabilities for High Priority
Calls P (lost|H) for Different Values of sR in the Scaled-up Hanover County Dataset.

Hypercube Simulation
sR = 0 sR = 4 sR = 8 sR = 12 sR = 15 sR = 0 sR = 4 sR = 8 sR = 12 sR = 15

k = 1 0.3685 0.4032 0.4945 0.5825 0.6096 0.3601 0.3957 0.4879 0.5802 0.6105
k = 2 0.2117 0.2300 0.2456 0.2295 0.2145 0.2005 0.2145 0.2206 0.2061 0.1961
k = 3 0.1288 0.1383 0.1317 0.1047 0.0936 0.1251 0.1314 0.1230 0.1002 0.0910
k = 4 0.0827 0.0878 0.0667 0.0461 0.0449 0.0834 0.0863 0.0690 0.0508 0.0478
k = 5 0.0533 0.0534 0.0331 0.0213 0.0208 0.0555 0.0543 0.0400 0.0278 0.0239
P (lost|H) 0.0226 0.0013 0.0001 0.0000 0.0000 0.0244 0.0015 0.0001 0.0000 0.0000

Table A.2: Low Priority Dispatch Probabilities fLk and Loss Probabilities for Low Priority
Calls P (lost|L) for Different Values of sR in the Scaled-up Hanover County Dataset.

Hypercube Simulation
sR = 0 sR = 4 sR = 8 sR = 12 sR = 15 sR = 0 sR = 4 sR = 8 sR = 12 sR = 15

k = 1 0.3939 0.3965 0.3197 0.1076 0.0043 0.3885 0.3916 0.3083 0.1027 0.0040
k = 2 0.2163 0.2057 0.1206 0.0175 0.0000 0.2127 0.2026 0.1189 0.0174 0.0000
k = 3 0.1307 0.1082 0.0442 0.0022 0.0000 0.1301 0.1076 0.0439 0.0022 0.0000
k = 4 0.0766 0.0573 0.0134 0.0001 0.0000 0.0770 0.0573 0.0138 0.0001 0.0000
k = 5 0.0489 0.0303 0.0038 0.0000 0.0000 0.0497 0.0309 0.0041 0.0000 0.0000
P (lost|L) 0.0226 0.1737 0.4973 0.8725 0.9957 0.0242 0.1809 0.5098 0.8776 0.9960

Table A.3: System-wide Server Busy Probability r for Different Values of sR in the Scaled-up
Hanover County Dataset.

Hypercube Simulation
sR = 0 sR = 4 sR = 8 sR = 12 sR = 15 sR = 0 sR = 4 sR = 8 sR = 12 sR = 15

r 0.6119 0.5682 0.4603 0.3364 0.2950 0.6188 0.5731 0.4637 0.3394 0.3003

the values when k ≥ 5 are very small. Table A.3 presents the server busy probabilities for the

Scaled-up dataset. The left hand columns for all tables report the Hypercube model results,

while the right hand columns report the simulation results. As in the original dataset (Table

2.2 – 2.4), the discrepancy between the analytical Hypercube model results and simulation

results are small.
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b appendix for chapter 3

B.1 Proof of Theorem 3.1 (See page 54)

Proof. Proof. Let Vt(s, d) denote the conditional value function assuming that the action

taken for state s and time t is d (therefore, Vt(s) = maxd Vt(s, d)). We decide optimal action dit

by comparing the value of two different choices, dit = A versus dit = B, while fixing the action

chosen for other call classes. Hence, dit
∗
(sA, sB) = A if and only if Vt(s, d−i, 0) > Vt(s, d

−i, 1),

where d−i = (d1, · · · , di−1, di+1, · · · , dm). By arranging terms we get

Vt(s, d
−i, A)− Vt(s, d−i, B)

= R(s, d−i, A)−R(s, d−i, B)

+
∑
jA,jB

(
Pt(j

A, jB|s, d−i, A)Vt+1(j
A, jB)− Pt(jA, jB|s, d−i, B)Vt+1(j

A, jB)
)

=
λi

Λ

(
(ωifa(sA)UaA + (1− ωi)f b(sA)UbA)− (ωifa(sB)UaB + (1− ωi)f b(sB)UbB)

)
+
λi

Λ
(Vt+1(s

A − 1, sB)− Vt+1(s
A, sB − 1)).

Therefore, for any time epoch t and state s = (sA, sB), the optimal action for a class i call

is to send an ALS server (i.e. dit
∗
(sA, sB) = A), if and only if the following equality is true:

ωiUaAf
a(sA) + (1− ωi)UbAf b(sA) + Vt+1(s

A − 1, sB)

> ωiUaBf
a(sB) + (1− ωi)UbBf b(sB) + Vt+1(s

A, sB − 1). (B.1)

The arranged terms in (B.1) do not involve d−i. In addition, when we solve the problem

using backward induction, value functions in (B.1) (Vt+1(s)) are all known constants. In

conclusion, the choice of optimal action for all other call classes does not affect the choice of

optimal action for call class i.
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B.2 Proof of Theorem 3.2 (See page 55)

Proof. Proof. From the result of class separability of optimal action, dit
∗
(sA, sB) = A if and

only if (B.1) is true. If values of utility parameter Upq satisfies (3.1), by arranging terms

(B.1) is equivalent to

ωi >
UbBf

b(sB)− UbAf b(sA) + Vt+1(s
A, sB − 1)− Vt+1(s

A − 1, sB)

UaAfa(sA)− UbAf b(sA)− UaBfa(sB) + UbBf b(sB)
= ω̄t(s).

B.3 Proof of Theorem 3.3 (See page 55)

Proof. Proof. Pick an arbitrary state s and time t such that there is at least one ALS server

available, i.e. sA < NA. It is previously shown that dit
∗
(sA, sB + 1) = A if and only if

Vt+1(s
A, sB)− Vt+1(s

A − 1, sB + 1) < ωiUaAf
a(sA) + (1− ωi)UbAf b(sA)

− ωiUaBfa(sB + 1)− (1− ωi)UbBf b(sB + 1). (B.2)

Analogously we have dit
∗
(sA + 1, sB + 1) = A if and only if

Vt+1(s
A + 1, sB)− Vt+1(s

A, sB + 1) < ωiUaAf
a(sA + 1) + (1− ωi)UbAf b(sA + 1)

− ωiUaBfa(sB + 1)− (1− ωi)UbBf b(sB + 1). (B.3)

Proving that (B.2) implies (B.3) proves Theorem 3.3 after applying mathematical induction

on sA. Therefore, we seek for a sufficient condition under which (B.2) implies (B.3). One
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such condition is

Vt+1(s
A + 1, sB)− Vt+1(s

A, sB + 1)− Vt+1(s
A, sB) + Vt+1(s

A − 1, sB + 1) ≤ (B.4)

ωiUaA(fa(sA + 1)− fa(sA)) + (1− ωi)UbA(f b(sA + 1)− f b(sA)).

Note that proving (B.4) is equal to showing that Vt(sA, sB, A)− Vt(sA, sB, B) ≤ Vt(s
A +

1, sB, A)− Vt(sA + 1, sB, B). We introduce Lemma B.2 and B.3 that prove (B.4) in different

state space domains. We remark the following to ease the proof of Lemma B.2 and B.3.

Remark B.1. For a given time epoch t, state s and call class i, due to the class separability

proven in Theorem 3.1, whether it is optimal to send an ALS server or a BLS server to a

class i call arriving in t at state s is independent of optimal actions for other call classes i′ 6= i.

Similarly, in determining whether there exists an optimal action for class i a state which

is a control limit policy or not, optimal actions for other call classes i′ 6= i is not involved.

Therefore, when proving Theorem 3.3, we can make a simplifying assumption that we only

have one call class without loss of generality. For the rest of Appendix B.3, we assume that

there is only one call class for the ease of notation.

Lemma B.2. If (B.4) holds for all pairs of (sA, sB) such that 1 ≤ sA ≤ NA − 1 and

0 ≤ sB ≤ NB − 1, then the following also holds for ‘non-boundary’ cases (2 ≤ sA ≤ NA − 1,

1 ≤ sB ≤ NB − 1):

Vt(s
A + 1, sB)− Vt(sA, sB + 1)− Vt(sA, sB) + Vt(s

A − 1, sB + 1) ≤ (B.5)

ωiUaA(fa(sA + 1)− fa(sA)) + (1− ωi)UbA(f b(sA + 1)− f b(sA)).

Proof. Proof. Note that we are showing the proof for ‘non-boundary’ cases (states where

there are at least 1 ALS and 1 BLS servers idle), since the system has a zero-line queue. The

state transition is different for ‘boundary’ cases, so the proof must be done differently. Here

we show for non-boundary cases first and separate the proof for boundary cases to Lemma
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B.3 that follows later.

We first introduce notation in pursuit of compact expressions:

• Dt(s
A, sB) :=

(
dit(s

A + 1, sB), dit(s
A, sB + 1), dit(s

A, sB), dit(s
A − 1, sB + 1)

)
,

• Vt(s
A, sB) := Vt(s

A + 1, sB)− Vt(sA, sB + 1)− Vt(sA, sB) + Vt(s
A − 1, sB + 1),

• F (sA) := ωiUaAf
a(sA) + (1− ωi)UbAf b(sA), F(sA) = F (sA + 1)− F (sA).

As a starting point, we make a simplifying assumption that dit(sA + 1, sB) = dit(s
A, sB + 1) =

dit(s
A, sB) = dit(s

A − 1, sB + 1) = di ∈ {A,B}. We lift this assumption later. With new

notations, Remark B.1, and simplifying assumptions, we rewrite (B.5) for all non-boundary

sA and sB:

Vt(s
A + 1, sB)− Vt(sA, sB + 1)− Vt(sA, sB) + Vt(s

A − 1, sB + 1)

=
λi

Λ

(
1di=AVt+1(s

A − 1, sB) + 1di=BVt+1(s
A, sB − 1)

)
(B.6)

+ min{NA − sA − 1, NA}µ
A

Λ
Vt+1(s

A + 1, sB) + min{NB − sB − 1, NB}µ
B

Λ
Vt+1(s

A, sB + 1)

(B.7)

+ (1− λi

Λ
−min{NA − sA, NA}µ

A

Λ

−min{NB − sB, NB}µ
B

Λ
)Vt+1(s

A, sB) (B.8)

+
µB − µA

Λ

(
Vt+1(s

A + 1, sB + 1)− 2Vt+1(s
A, sB + 1) + Vt+1(s

A − 1, sB + 1)
)

(B.9)

+
λi

Λ
1di=A

(
ωi(fa(sA + 1)− 2fa(sA) + fa(sA − 1))UaA

+ (1− ωi)(f b(sA + 1)− 2f b(sA) + f b(sA − 1))UbA
)
, (B.10)

where (B.6) corresponds to call arrival event, (B.7) refers to service completion event, (B.8)

represents dummy event (neither call arrives nor server completes service), (B.9) arranges all

left terms arising from different service completion rate on different state, and (B.10) is for

reward. Now we rewrite each term in more compact notation. First, by definition we have
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(B.10) =
λi

Λ

(
F(sA)− F(sA − 1)

)
. Also, by mathematical induction we have

(B.6) ≤ λi

Λ

(
1di=AF(sA − 1) + 1di=BF(sA)

)
,

(B.7) ≤ min{NA − sA − 1, NA}µ
A

Λ
F(sA + 1) + min{NB − sB − 1, NB}µ

B

Λ
F(sA),

(B.8) ≤ (1− λi

Λ
−min{NA − sA, NA}µ

A

Λ
−min{NB − sB, NB}µ

B

Λ
)F(sA).

Lastly, we can show (B.9) ≤ F(sA)
µAI{s

A ≥ 0}+ µBI{s
B ≥ 0}

Λ
under one of the following

sufficient conditions:

• µA = µB,

• µA ≤ µB (BLS serves faster than ALS) and Vt+1(s
A, sB) is concave in sA, or

• µA ≤ µB and Vt+1(s
A + 1, sB + 1)− 2Vt+1(s

A, sB + 1) + Vt+1(s
A − 1, sB + 1)

≤ F(sA)
µAI{s

A ≥ 0}+ µBI{s
B ≥ 0}

µB − µA
.

Note that the concavity of Vt+1(s
A, sB) shall be proven by additional mathematical induction

which we do not consider.

Now, combining all inequalities listed above for (B.6) – (B.10) yields

Vt(s
A + 1, sB)− Vt(sA, sB + 1)− Vt(sA, sB) + Vt(s

A − 1, sB + 1)

≤ λi

Λ

(
(1di=AF(sA − 1) + 1di=BF(sA)

)
+ min{NA − sA − 1, NA}µ

A

Λ
F(sA + 1) + min{NB − sB − 1, NB}µ

B

Λ
F(sA)

+ (1− λi

Λ
−min{NA − sA, NA}µ

A

Λ
−min{NB − sB, NB}µ

B

Λ
)F(sA)

+
λi

Λ
1di=A

(
F(sA)− F(sA − 1)

)
≤ F(sA).
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Finally, note that the above proof holds when there are at least two available ALS servers.

We will continue to prove for sA = 1, and then show the same result for non-homogeneous

action set D. By induction, there is at least one optimal action Di
t that is a control limit

type policy. Hence, the following list of all possible control limit type policies must include at

least one optimal action:

{(A,A,A,A), (B,B,B,B), (A,B,A,B), (B,A,B,A),

(A,A,B,A), (A,A,B,B), (A,B,B,B), (B,A,B,B)}

So far we have shown that Lemma B.2 holds for (A,A,A,A) and (B,B,B,B). We continue

to show the same result for all other action sets in the above list.

First, when D = (A,B,A,B), we have

Vt+1(s
A, sB,D) =

λi

Λ

(
Vt+1(s

A, sB)− Vt+1(s
A, sB)− Vt+1(s

A − 1, sB) + Vt+1(s
A − 1, sB)

)
+ min{NA − sA − 1, NA}µ

A

Λ
Vt+1(s

A + 1, sB) + min{NB − sB − 1, NB}µ
B

Λ
Vt+1(s

A, sB + 1)

+ (1− λi

Λ
−min{NA − sA, NA}µ

A

Λ
−min{NB − sB, NB}µ

B

Λ
)Vt+1(s

A, sB)

+
µB − µA

Λ

(
Vt+1(s

A + 1, sB + 1)− 2Vt+1(s
A, sB + 1) + Vt+1(s

A − 1, sB + 1)
)

+
λi

Λ

(
ωi(fa(sA + 1)− fa(sA))UaA + (1− ωi)(f b(sA + 1)− f b(sA))UbA

)
≤ (1− λi

Λ
−min{NA − sA, NA}µ

A

Λ
−min{NB − sB, NB}µ

B

Λ
)F(sA) +

λi

Λ
F(sA) ≤ F(sA).

The second case is when D ∈ {(B,A,B,A), (A,A,B,B). We show for (B,A,B,A), as the

case for D = (A,A,B,B) follows a nearly identical proof. Since we have been following

mathematical induction, by assuming that (B.4) holds for t + 1 we also get Vt+1(s
A, sB +
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1, A)− Vt+1(s
A, sB + 1, B) ≥ Vt+1(s

A − 1, sB + 1, A)− Vt+1(s
A − 1, sB + 1, B). Therefore,

Vt(s
A, sB,D)

= Vt(s
A + 1, sB, B)− Vt(sA, sB + 1, A)− Vt(sA, sB, B) + Vt(s

A − 1, sB + 1, A)

≤ Vt(s
A + 1, sB, B)− Vt(sA, sB + 1, B)− Vt(sA, sB, B) + Vt(s

A − 1, sB + 1, B))

= Vt(s
A, sB, (B,B,B,B)) ≤ F(sA).

The last case is when D ∈ {(A,A,B,A), (B,A,B,B), (A,A,A,B), or (A,B,B,B)}. We

show for (A,A,B,A),and then the proof for the rest is analogous.

Vt(s
A, sB,D) = Vt(s

A + 1, sB, A)− Vt(sA, sB + 1, A)− Vt(sA, sB, B) + Vt(s
A − 1, sB + 1, A)

≤ Vt(s
A + 1, sB, A)− Vt(sA, sB + 1, A)− Vt(sA, sB, A) + Vt(s

A − 1, sB + 1, A)

= Vt(s
A, sB, (A,A,A,A)) ≤ F(sA).

The first inequality holds due to the optimality of Di∗
t+1(s

A, sB) = (A,A,B,A). Note that the

problem for saturated states does not arise in any of these action sets.

Lemma B.3. If (B.4) holds for all pairs of (sA, sB) such that 1 ≤ sA ≤ NA − 1 and

0 ≤ sB ≤ NB − 1, then (B.5) also holds for all ‘boundary’ cases: sA = 1, 0 ≤ sB ≤ NB − 1

or 1 ≤ sA ≤ NA − 1, sB = 0.

Proof. Proof. First let’s show that the following inequality is true:

1di=A

(
Vt+1(1, s

B)− Vt+1(0, s
B + 1)

)
≤ 1di=A

(
F (1)− F (sB + 1)

)
, ∀sB ≥ 0. (B.11)

We have shown that if di = di
∗
t (1, sB + 1) = A than Vt+1(1, s

B)− Vt+1(0, s
B + 1) ≤ F (1)−

F (sB + 1), which is sufficient to show (B.11). Otherwise, if di∗t (1, sB + 1) = B, then both

sides of (B.11) is 0.
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Case 1. Let’s rewrite (B.4) for sA = 1, sB ≥ 1.

Vt(2, s
B)− Vt(1, sB + 1)− Vt(1, sB) + Vt(0, s

B + 1)

=
λi

Λ

(
1di=A(Vt+1(1, s

B)− Vt+1(0, s
B + 1)) + 1di=BVt+1(1, s

B − 1)
)

+ (NA − 2)
µA

Λ
Vt+1(2, s

B) + min{NB − sB − 1, NB}µ
B

Λ
Vt+1(1, s

B + 1)

+ (1− λi

Λ
− (NA − 1)

µA

Λ
−min{NB − sB, NB}µ

B

Λ
)Vt+1(1, s

B)

+
µB − µA

Λ

(
Vt+1(2, s

B + 1)− 2Vt+1(1, s
B + 1) + Vt+1(0, s

B + 1)
)

+
λi

Λ
1di=A

(
ωi(fa(2)− fa(1)− fa(1) + fa(sB + 1)UaA

+ (1− ωi)(f b(2)− f b(1)− f b(1) + f b(sB + 1))UbA
)

≤ λi

Λ

(
1di=A(F (1)− F (sB + 1)) + 1di=BF(1)

)
+ (NA − 2)

µA

Λ
F(2) + min{NB − sB − 1, NB}µ

B

Λ
F(1)

+ (1− λi

Λ
− (NA − 1)

µA

Λ
−min{NB − sB, NB}µ

B

Λ
)F(1)

+
λi

Λ
1di=A

(
F(1)− F (1) + F (sB + 1)

)
≤ F(1) = F(sA).

Case 2. Next, the derivation is slightly different when sA = 1, sB = 0, since when a low

priority call arrives at st = (sA, sB) = (1, 0), an ALS servers the call.

Vt(2, 0)− Vt(1, 1)− Vt(1, 0) + Vt(0, 1)

=
λi

Λ

(
1di=A(Vt+1(1, 0)− Vt+1(0, 1)) + 1di=B × 0

)
+ (NA − 2)

µA

Λ
Vt+1(2, 0) + (NB − 1)

µB

Λ
Vt+1(1, 1)

+ (1− λi

Λ
− (NA − 1)

µA

Λ
−NBµ

B

Λ
)Vt+1(1, 0)

+
µB − µA

Λ

(
Vt+1(2, 1)− 2Vt+1(1, 1) + Vt+1(0, 1)

)
+
λi

Λ
1di=A

(
ωi(fa(2)− 2fa(1) + fa(1)UaA + (1− ωi)(f b(2)− 2f b(1) + f b(1))UbA

)
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+
λi

Λ
1di=B

(
ωi(fa(2)− 2fa(1) + fa(1))UaA + (1− ωi)(f b(2)− 2f b(1) + f b(1))UbA

)
≤ λi

Λ

(
1di=A(F (1)− F (1)) + 1di=B × 0

)
+ (NA − 2)

µA

Λ
F(2) + (NB − 1)

µB

Λ
F(1)

+ (1− λi

Λ
− (NA − 1)

µA

Λ
−NBµ

B

Λ
)F(1) +

λi

Λ
1di=A

(
F(1)− F (1) + F (1)

)
+
λi

Λ
1di=B

(
F(1)

)
≤ F(1) = F(sA).

Case 3. Finally, when sA ≥ 2 but sB = 0, the derivation is analogous to the above case 1

and 2 for low priority call arrivals and is analogous to the proof for lemma B.2 for the rest of

events.

Now we are ready to prove Theorem 3.3 using Lemma B.2 and B.3. We use mathematical

induction on time epoch t to show that (B.4) holds for all t, sA, sB.

noitemsep,nolistsep For t = T − 1, the inequality is true since LHS of (B.4) is 0 while

RHS is nonnegative.

noiitemsep,noliistsep Now assume that (B.4) holds for t = n ≤ T , for all sA, sB.

noiiitemsep,noliiistsep Then by Lemma B.2 and B.3, (B.4) is true for t = n − 1, for all

sA, sB.

Lastly, the proof of the theorem in terms of the number of BLS servers is symmetrical.

B.4 Proof of Theorem 3.4 and Theorem 3.5 (See

page 56)

Sketch of the proof of Theorem 3.4. The proof for Theorem 3.1 and 3.2 for the Queue

system is the identical to the proof for the Loss System, except for the fact that we expand

the state domain to negative values. For Theorem 3.3, here we provide the basic outline of the
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proof since it is also analogous to the proof for Loss System. We still use the mathematical

induction, and the only difference arises on how we deal with boundary cases. When

sA ≥ 2, sB ≥ 1, follow the proof for Lemma B.2. When sA = 1, sB ≥ 0 or sA ≥ 2, sB = 0,

follow the proof for Lemma B.3. Other state pairs, such as (sA, sB) = (−1, 1), are never

reached due to the boundary condition.

Sketch of the proof of Theorem 3.5. All proofs in Appendices B.1 – B.3 for Theorem

3.1 – 3.3 are based on mathematical induction on time epoch t of the finite horizon of the

base model. This can be reinterpreted as the corresponding iteration in value iteration used

to solve the infinite horizon model.

B.5 Details of Generating Call Classes from the Call

Log

The dataset used for numerical experiments in Section 3.5 is extracted from the emergency

call logs from Hanover County, Virginia from 2009 – 2011, including 33, 810 calls for service.

Each record contains information regarding call location, primary complains, response times,

and the type of service provided. In Hanover County, emergency medical 911 calls are

assigned one of three priorities: Priority 1, 2, or 3. Priority 1 patients are life-threatening

emergencies, Priority 2 patients may be life-threatening, and Priority 3 patients are not

experiencing life-threatening symptoms. In addition to the classified priority, the call log

also provides the primary complaint of the patient at dispatch which belongs to one of the

followings: (alphabetic order) Abdominal/Back Pain, Diabetic problem, Difficulty Breathing,

Fall Victim, Heart Problems, Motor Vehicle Accidents, Sick Person, Seizure/Stroke, Other

Problems, Traumatic Injury, Transfer, Unconscious, Unknown Problem.

Based on the assigned priorities and primary complaints, we divide calls into 15 classes

as described in Table B.1. Specifically, all priority 1 calls are classified as class 1. Their

signal value is set to 1.0 regardless of the primary complaints since priority 1 patients are
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Table B.1: Generating call classes using assigned priorities and primary complaints
``````````````̀Complaint

Priority Priority 1 Priority 2 Priority 3

Diabetic Problem

Class 1

Class 2

Class 15

Heart Problems Class 3
Unconscious Class 4

Unknown Problem Class 5
Seizure/Stroke Class 6
Sick Person Class 7

Difficulty Breathing Class 8
Other Problems Class 9

Transfer Class 10
Motor Vehicle Accidents Class 11

Trauma Class 12
Abdominal/back pain Class 13

Fall Victim Class 14

anticipated to require ALS treatment. Likewise, all priority 3 calls, independent of their

primary complaints, are classified as class 15. Their signal value is set to 0 since those

patients are experiencing conditions that can be treated by both types of ambulances. In

the meantime, priority 2 patients are classified into 13 different call classes (classes 2 – 14)

based on the primary complaint. We estimate the signal parameter for each call class from

the call log based on the type of vehicles that responded to and transported those calls. The

estimated signal value is depicted in Figure 3.1 in decreasing order of ωi. Note that since we

consider all priority 1 patients and priority 3 patients as separate classes independent of their

complaints, each value in the figure represents the conditional probability that a patient with

given complaint is an advanced patient given that the patient’s assigned priority is 2, rather

than the fraction of advanced patients among all patients with given complaint. Therefore,

primary complaints that seem urgent may appear to have low wi values in Figure 3.1.
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c appendix for chapter 4

C.1 Class Separability of the Optimal MDP Policy

For a given time epoch t, state st = (sAR, sBR, sABR1, sABR2, sAT , sBT ) and patient group i,

We determine the optimal action by comparing all possible actions and choose the action

dt that results in the highest value function Vt(s, d). For now, we consider the model with

three patient groups (i ∈ {1, 2, 3} as in the original MDP model), but the idea here is easily

generalized into more patient groups (such as the approximate spatial model).

Let Vt(st, dt) be the conditional value function given that we choose action dt; therefore,

Vt(st) = maxdt Vt(st, dt). Assume that we always compare a pair of actions: in this case, d′t is

strictly better than d′′t if and only if Vt(st, d′t)− Vt(st, d′′t ) > 0. By arranging terms we get

Vt(st, d
′
t)− Vt(st, d′′t )

= Rt(st, d
′
t)−Rt(st, d

′′
t )

+
∑

st+1∈St+1

(
Pt(st+1|st, d′t)Vt+1(st+1)− Pt(st+1|st, d′′t )Vt+1(st+1)

)
.

(C.1)

Without the loss of generality, we pick i = 2, and compare d′t = (d1A, d1B, 1, 0, d3A, d3B) to

d′′t = (d1A, d1B, 1, 1, d3A, d3B), i.e., we compare sending an ALS ambulance to sending both an

ALS ambulance and a BLS ambulance to a priority 2 call, while holding the action for other

patient priority groups the same. For any other choice of group i and action pair d′t and d′′t ,

the logic is analogous. Then (C.1) is arranged as follows:

Vt(st, d
′
t)− Vt(st, d′′t )

=
λ2t
Λ

(
ω(UHA − UHAB) + ω(ULA − ULAB)

)
=
λ2t
Λ

(
Vt+1(sAR + 1, sBR, sABR1, sABR2, sAT , sBT )

− Vt+1(sAR, sBR, sABR1 + 1, sABR2, sAT , sBT )
)
.

(C.2)
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As it can be seen from the fact that (C.2) does not include the action for other patient groups

(d1A, d1B, d3A, d3B), whether Vt(st, d′t) − Vt(st, d′′t ) > 0 holds or not does not depend on the

choice of the action for the other patient group. When we solve the optimality equation (4.1)

with backward induction, all value functions Vt+1(st+1) that appears in (C.2) are constants.

Therefore, we can determine the optimal action for a patient group without considering the

all possible combinations of actions.
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