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Abstract

We study the size of the Szeg6 kernel on the boundary of unbounded domains defined by
convex polynomials. Given a convex polynomial b : R®™ — R such that its mixed terms
are dominated by its pure terms, we consider the domain €, = {z € C"™ : Im[z,,4] >

b(Relz], ..., Relz])}.

Given two points (x,y,t) and (z’,y’, ') in 9, define b(v) = b (v - %””') —Vb (%‘”’)

v—>b (”2“’) ;0(x, ') = b(x) +b(x’) —2b (wga") ;and w = (' —t)+ Vb (%w') (Y —vy).

We obtain the following estimate for the Szegd kernel associated to the domain €2 :

1

{v - b(v) < \/52+5(y —y')? +w2}

1S ((z,y,1); (", 9/, 1) S —
Vo2 + by — y)? + w?

29

where the constant depends on the degrees of the highest order pure terms of b and the

dimension of the space, but is independent of the two given points.

This is a generalization of the one-dimensional result by Nagel [23].
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Chapter 1

Introduction

1.1 The Szegd kernel

1.1.1 Definitions

The Szegd projection was first introduced by Gabor Szegé in 1921 in the paper Uber
orthogonale Polynome, die zu einer gegebenen Kurve der komplexen Ebene gehoren [30].
Almost concurrently, Stefan Bergman introduced the Bergman projection as part of his

doctoral dissertation. Since then, these projections have been extensively studied.

The Bergman projection associated to a domain 2 C C" is the orthogonal projec-
tion of L%(2) onto the space A5(Q) = {f € L*(Q)| f is holomorphic in Q}. If T is the
Bergman projection and f € L?(2), then there exists a function B(-,-) € C®(Q x )

such that

Tf(z) = [ Blzw)f(w)dn,
where dp is the volume measure and B(z,w) is holomorphic in z and antiholomorphic

in w. This function B(-,-) € C*(Q x Q) is called the Bergman kernel.

There are several (equivalent) ways of defining the Szegé kernel for bounded domains



Q CC C™ (see, e.g., [18]). The purpose of this thesis, however, is to obtain a bound for
the Szegd kernel on a class of unbounded domains Q C C*™!, n > 1, defined by convex

polynomials. Given a convex polynomial b : R — R, consider the domain

U ={(21,...,2041) € C"™ ¢ Im[z,41] > b(Re[z1], ..., Re[z,])}.

For these domains, it is convenient to define the Szegd projection as in [13]. We can
identify the boundary 9, with C" x R so that a point (z,t) € C" x R corresponds to

(z,t +ib(Relz1],...,Re[z,])) € 0.

Let O(§2,) be the set of holomorphic functions in . Given F' € O(€),) and € > 0,
set

F.(z,t) = F(z,t +ib(Re[z1],. .., Re[z,]) + ie€).

The Hardy space H?(€)) is defined as

e>0 JC" xR

H? () = {F € O(Q) : sup |F.(z,t)|*dzdt = ||F|[5: < oo}.

Now let p be a defining function for the domain, i.e., Q, = {x € C"™! : p(x) < 0}
where p € C(C™"!) is such that Vp # 0 when p = 0. A Cauchy-Riemann operator is
an operator of the form

o g
L= Jz::l aj%j.
We say that L is tangential if in addition L(p) = 0 (notice that writing L = (a4, ..., Gpi1)
the condition L(p) = 0 can actually be written as < L,0p >= 0, where < -,- > is the

Hermitian inner product).



For a class of convex polynomials b : R — R we will define the Szegd projection
S L*0Q) — H2*(%) to be the orthogonal projection from L?(9€2) to the closed
subspace of functions f € L?(9€),) that are annihilated in the sense of distributions by
all tangential Cauchy-Riemann operators on 0€2,. To show that such a map exists, some
work is required. We will present a brief outline of the basic facts leading up to this

definition.

For this derivation to hold, it does not suffice to simply require that the polynomials
b : R" — R that define the domains be convex. In particular, the result does not
follow for convex polynomials that are flat along some directions (for example, consider
the convex polynomial b(xq,z5) = 2% in R?). We introduce a growth condition via the

following definition:

Definition 1.1. Let my,...,m, be positive integers. We will say that a polynomial

p:R" = R is of “combined degree” (my,...,my) if it is of the form

p(iI:) = Z Ca?,

where each index o = (o, ..., ) satisfies

1024 44 <,

: 2my —

2. gt = if and only if there exists some j such that o; = 2my;
and the exponents of its pure terms of highest order are 2mq, ..., 2m,, respectively.

Example 1.2. The polynomial p(x1,x2) = 23 + 2129 + 2323 4+ 21 + 25 is of “combined

degree” (2, 3). However, the polynomial p(z1,xs) = 23 + 1129 + 2325 + 27 + 25 is not.



Throughout the rest of this work we will assume that

Qb = {(Zh ) ZnJrl) € (Cn+1 : Im[szrl] > b<Re[Zl]7 s 7R‘e[zn]>}7
where b : R" — R is a convex polynomial of “combined degree” (my,...,my,).
There are two key steps needed to justify that the Szegd kernel as given above is
well-defined: that the space H?(£2,) is a closed subspace of L?(9€2), and that H?(£2)
is equivalent to the space of functions on L?(9€),) that are annihilated in the sense

of distributions by the tangential Cauchy-Riemann operators. The first follows as in

Lemma A.5. in [13].

Lemma. Let F' € H?2(Q). Then there exists F* € L*(0,) with the following proper-

ties.

a) For almost every (z,t) € C" x R, lim o+ F(z,t + ib(Re[z1],...,Re[z,]) + i€) =

F(z,t +ib(Re[z], ..., Re[z,]));
b) [|F®|| 1200, = | F|lz(0s):;
c) lim, o+ ||F. — FbHL2(3Qb) =0;

d) There is a constant Cy independent of F with ||No[F]||r200,) < Col|F||nz,), where

No[F(z,t) = supq | F(z,t + ib(Re[z1], ..., Re[z,]) + i€)|;

e) The boundary function F® is annihilated (in the sense of distributions) by all tangen-

tial Cauchy-Riemann operators on 0S2.

f) For any compact subset K C Qy there is a positive constant C(K') independent of F

such that



sup [F(z)] < CUK)|[F| ()

zeK

This result does not require the growth condition imposed on the polynomials b. However,

this condition is used in the proposition that follows.

Define the partial Fourier transform F : L?*(R?*"*!) — L?(R?>"*1) by the integral

Flfl(z y,t) = f(z,n,7) = / e 2Tt £ (g, y, t) dy dt.

Rn+1

Then, as in Proposition 2.5 in [13], one can show the following:
Proposition. Let f € L?(0Q). Then

a) the function f is annihilated by the tangential Cauchy-Riemann operators on C" x R
in the distributional sense if and only if for all 1 < j < n the partial Fourier transform

Flf] = [ satisfies

0

= (e 2rIn-z=b(x)T] £ =
5 (¢ fl,n,7)) =0

on R?" L in the sense of distributions;
b) if fis annihilated by the tangential Cauchy-Riemann operators in the distributional

sense, then f(zc,n,T) = 0 almost everywhere when ™ < 0. In particular, if we set

ho(x,m,7) = e 2 f(x,m,7), then hy € L2(R2) for s > 0;



c) if f is annihilated by the tangential Cauchy-Riemann operators in the distributional

sense and if

F(z,2n41) = F(2z,t +ib(Re[z1], ..., Re[z,]) +is) = F h(x,y,1),

then F' € H?(Q) and F* = f.

The proof of this proposition is analogous to that in [13]. We have included an appendix
where a detailed explanation can be found. It follows from these propositions that the
set of functions f € L?(0€) such that there exists F' € H2(Q) with F® = f is the set
of functions that are annihilated in the sense of distributions by the tangential Cauchy-

Riemann operators.

Furthermore, starting from the projection onto the null space of the operators {%}
J

on the weighted space L2(R*"+! etmm@=b@)7l g dn dr ) we are able to retrieve the Szegd
projection. We show in the Appendix that for f € L*(09), the Szegd projection is given

by

@y t) = [ F@ g/ 0)S (@, 0 (2 y' 1)) da’ dy d’

R2n+1

where

= 2mn- [tz —i(y' —y)]
S((z,y,t); (CBI, Y, t/)) _ e~ 2mTb(@")+b(@)+i(t' 1)) e Y-y i | dr
647r[n~v—b(v)ﬂ dv

0 Rn
R

is the Szegd kernel.



1.1.2 A survey of the literature

For very simple domains, such as the unit ball, the Bergman and Szeg6 kernels can be
computed explicitly. In fact, if D C C" is the unit ball, then the Bergman kernel is

given by

and the Szegd kernel is given by

(n—1)! 1
2m (1—z-&)n

5(2,€) =

A derivation of these formulas can be found, e.g., in [29].

Even for some more complex domains closed formulas have been obtained. Greiner
and Stein [12] compute an explicit formula for the Szegé kernel in domains of the type
Q. = {(2,21) € C* : Im[z] > |2|*} for any positive integer k. They show that for

€= (ot + (|21 + 1)) and w = (w, s+ i(Jw]* + ), with 1, > 0,

1 i 22wl p+v 17
S(f,w)—wKz[s—t]—i—H 2|| + 5 )—zw}

1—k

1 [i |2 + w*  p+v] F
|5 —t |
are [2[5 I

Diaz [8] shows that for these domains, the Szegd Projection is bounded in LP, for 1 <

p < Q.

Francsics and Hanges [10] generalized this result to domains in C™. They compute an
explicit formula for the Szeg6 kernel in domains of the type Q = {(z,£,w) € CP™+L .

Im[w] > ||z]|* + [|€]|*’}. They show that



n+1 (A — 5. 2/)%—n—l

S ) 7ta ,7 lat/ = 1 — )
(25 25 ) ];Ck[(A—Z'Z/)p—g'f]erk

where A = 3[[[[|* + [|2/][* + [I§]* + [|E']]*F —i(t — t')].

(1.1)

More recently, Park obtains closed formulas for the Bergman kernel in domains of
the form {(z1,22) € C* : |21|% + |22|£ < 1} for any positive integers ¢; and ¢ in
[26] and for domains of the form {(z,29,23) € C* : |z|* + |2|* + |23|* < 1} and
{(21,22,23) € C ¢ |21|* + |22|* + |23]* < 1} in [27]. Furthermore, he shows [26] that
among the domains {(z1,22) € C? : |21|*P' + |25|** < 1} with p = (p1,p2) € N?, the
Bergman kernel is represented in terms of closed forms if and only if p = (py, 1), (1, p2)

or (2,2).

Since for most domains it is not feasible to obtain closed formulas for the Szegé kernel,
one of the main questions in the field is whether one can obtain an estimate for these
kernels in terms of the geometry of the domains defining them. Much progress has been
done in the case of bounded domains. In fact, if ) is a bounded strongly pseudoconvex
domain, complete asymptotic expressions for the Bergman and Szegé projections are
known from the work of Fefferman [9] (see also [3]). Even though no such results are
known if the domain is only weakly pseudoconvex, there has been much work showing
that in special cases one can obtain estimates for these kernels in terms of the geometry

of the domains.

Machedon [19] shows that the magnitude of the Szegd kernel for smooth bounded
pseudoconvex domains of finite type in C™ with one degenerate eigenvalue is bounded by

the reciprocal of the volume of the non-isotropic ball defined by the domain (a discussion



on balls defined by non-isotropic distances given in terms of vector fields can be found

in [25]).

McNeal [20] obtains sharp upper bounds for the Bergman kernel for smoothly bounded
convex domains {2 of finite type in C” in terms of the volumes of polydiscs fitting inside
0f). More precisely, if {2 is convex in some neighborhood U of a point p € 0f2 of finite
type M then there exists a defining function r for UN {2 such that the sets {r : r(2) < n}
are convex on 7 for some range —ng < n < 19, o > 0. For ¢ € Q near p, he defines
a set of coordinates (zi,...,z2,) and distances 71(q,€),...,T.(q,€) by extremizing the
distance from ¢ to the level set {z € U : r(z) = r(¢) + €} and defines the polydisc
P(q) ={z€U : |z| <7i(q,€),...,|za] < Tn(q,€)}. McNeal shows that there exists a

constant C' so that for all g1, € U NS

’K(Q17Q2)| S

|P6(CJ1)|’

where K (q1, ¢2) is the Bergman kernel and 6 = |r(q1)|+|7(g2)| +inf{e >0 : ¢2 € P.(q1)}-

By integrating this result along “normal directions”, McNeal and Stein [21] obtain a
bound for the Szeg6 kernel S(z,w) for these domains in terms of the smallest “tent” in
0f) containing z and w. That is, they show that for smoothly bounded convex domains of

finite type in C", there exists a constant C so that for all z,w € Qx Q\ {diagonal in 9},

C
15z ol < e

Here T'(z,v) = P,(w(z)) N ; the projection 7 : U — 9§ is a smooth map such that if

b e 0O, m(b) = b and 7~ 1(b) is a smooth curve, transversally intersecting 9 at b; and

v = |r(2)] + |r(w)| + inf{e > 0 : w € T(z,¢€)}. Similar estimates are obtained in both
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papers for the derivatives of these kernels.

Although no general results have been obtained for the kernels defined over un-
bounded convex domains, some particular classes of domains have been studied. In the
last section of [23], Nagel studies the Szegé kernel on the boundary of domains of the
kind Q = {2z € C? : Im[zy] > ¢(Re[z1])}, where ¢ is a subharmonic, non-harmonic
polynomial with the property that A¢(z) = A¢(x + iy) is independent of y. He shows
that in this case the Szeg6 kernel is bounded by |B|™!, where |B| is the volume of the

non-isotropic ball. That is, for ((x,y,t), (r,s,u)) € 9Q x 99,

S (2, y,1); (1, 5,u))] < C|B((z,y,1);0)[ 7",

where ¢ is the non-isotropic distance between (z,y,t) and (r, s, u). Nagel, Rosay, Stein
and Wainger [24] generalize this result to domains of the form Q = {(z,2) € C? :

Im[zs] > P(z1)}, where P is a subharmonic, non-harmonic polynomial in C.

Halfpap, Nagel and Wainger [13] study the singular behavior of the Bergman and
Szegd kernel in domains of this kind, i.e., domains of the form Q = {(z1, 20) € C? | Im|z5] >
b(Re[z1])}, but where b € C*° belongs to a particular class of convex functions (a model
example of which is b(r) = exp(—|r|™®) for |r| small, and b(r) = r*™ for |r| large, with
a, m > 0). They show that if A C 9Q x 09 is the diagonal of the boundary, then if
0 < a < 1 the Bergman and Szegd kernels extend smoothly to Q x Q\ A, while if a > 1,

the kernels are singular at points on Q x Q\ A.

The Szegd kernel has also been studied in some non-pseudoconvex domains of this

type, i.e., domains of the kind Q = {z € C?: Im[z25] > b(Re[z1])}, but where the function
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b is not convex. In [5], Carracino studies a domain given by a particular choice of a non-
convex b, and shows that there are singularities not only on the diagonal (which is true in
the pseudoconvex case), but also off the diagonal. In [11], Gilliam and Halfpap consider
domains where b is a non-convex quartic polynomial with positive leading coefficient,
and show that there are points off the diagonal of 02 x 02 at which the Szegd kernel is

infinite, as well as points on the diagonal at which it is finite.

Haslinger studies the Szegd kernel in domains of the kind Q = {z € C? : Im|[z,] >
p(z1)}, for functions p : C — R,. In [14] he finds an integral expression for the Szegd
kernel in terms of the Bergman kernel and in [15] he computes an asymptotic expansion
for the Szeg8 kernel when p(z1) = |Re[z1]|%, where o > 3. He then uses this result to

study the singularities on the diagonal of 02 x 0f2.

By definition the Szegd projection is bounded in L% It is a relevant question in the
field, however, to study the L” boundedness of this operator for p # 2. Estimates for the
Szeg6 kernel in terms of the volumes of non-isotropic balls can be used to obtain such
bounds. Bonami and Lohoué [2] show that the Szeg6 projection defined over domains of
the kind D, = {z € C" : ]21]0%—1—. . .+|zn|% < 1} where 0 < a; < 1 for all j is weak type
(1,1) and strong type (p,p) for 1 < p < co. Phong and Stein [28] obtain Sobolev bounds
for the Bergman and Szegd projections for smoothly bounded strongly pseudoconvex
domains in C", n > 2. Christ [6] shows that if M is a compact pseudoconvex real
3-dimensional C* Cauchy-Riemann manifold of finite type and the associated first-
order differential operator 9, has closed range, then the Szegd projection extends to an
operator bounded in LP(M) for 1 < p < oco. Mitchell [22] proves LP estimates for the

Szegd projection for a class of bounded symmetric domains; and McNeal and Stein [21]
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generalize this result to smoothly bounded convex domains of finite type, showing that

the Szegd projection maps LP(992) to LE(0N2) for 1 < p < oo and s € N.

1.2 Convexity

There is much that can be said about convexity, but we will limit our discussion to
a few classical results that we use repeatedly throughout our work. The proof of our
main theorem relies heavily on the fact that given a compact convex set, one can find
a maximal ellipsoid (called a John ellipsoid) that can be inscribed in said body. We
will begin this section by giving a brief summary of the history of this result. We will
then go on to describe two lemmas by Bruna, Nagel and Wainger on their paper Convex
Hypersurfaces and Fourier Transforms [4] which describe the size of convex polynomials
and their derivatives relative to the absolute value of their coefficients. In the course
of this thesis we will repeatedly use these two results together, since applying John’s
results to these two lemmas yields absolute bounds for the coefficients of compact convex
polynomials of the form we study. On section 2 we generalize the result by Bruna, Nagel
and Wainger to several variables. We will finish the discussion of convexity by deriving

an estimate for sets defined by convex functions that will be relevant to our study.

1.2.1 Loewner-John Ellipsoids

Since antiquity mathematicians have estimated the size of regions in terms of simple
geometric shapes of similar size. In particular, on the mid 20" century, the ellipsoids
(i.e., the images under invertible linear transformations of the unit ball) that can be

inscribed and circumscribed in compact convex bodies were extensively studied. We
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will restrict our discussion to the question of uniqueness of the inscribed ellipsoid of
maximal volume (called a John ellipsoid) and the circumscribed ellipsoid of minimal
volume (called a Loewner ellipsoid), as well as the ratio between their volumes. For a
more complete exposition of the development and applications of this problem see, e.g.,

16].

In his paper Uber die kleinste umbeschriebene und die grifite einbesehriebene Ellipse
eines konveren Bereichs [1], Behrend shows that given a convex body in R? there exists
a unique maximal inscribed ellipse and a unique minimal circumscribed ellipse. This
result was generalized to n dimensions by Danzer, Laugwitz and Lenz [7] as well as by

Zaguskin [31].

In 1948, in his paper FExtremum problems with inequalities as subsidiary conditions
[17], John used an application of Lagrange multipliers (or rather, an extension of La-
grange multipliers where the constraints are given by inequalities) to study the volume
of these ellipsoids. In particular, he showed that the ratio between these ellipsoids is

independent of the given convex body, and depends only on the dimension of the space.

More precisely, let K be a compact convex body in R", B, be the unit ball and &
be the minimal circumscribed ellipsoid to K. Notice that there exists a ¢t € R” and an
invertible linear transformation 7" € R™*" such that € =t + T'B,,. By John, it follows

that

1
t+-1TB,CKCt+T1hB,.
n

Furthermore, if K has a center of symmetry (i.e., there exists a ¢ € R” such that
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K=c—K={c—y :ye€ K}), then the ratio can be improved to ﬁ That is to say,

for a symmetric compact convex body K, the containment can be sharpened to

1
t+—=1B, CK Ct+TB,.
NG

1.2.2 Coefficients of convex polynomials of one variable

Bruna, Nagel and Wainger obtained estimates on [4] for convex polynomials of one
variable in terms of the absolute values of their coefficients. We generalize these results

to polynomials of several variables in Section 2.

The one-dimensional results (which can be found on Section 2, page 338, of the

aforementioned paper) are as follows:

Let C'(m,T) denote the space of polynomials

P(t) = ajt’
=0

which satisfy:
1. The degree of P is no bigger than m;
2. P(0)=ag=0; P'(0) =a; =0;
3. Pisconvex for 0 <t <T.

Lemma 2.1.  There is a constant C,,, independent of T, so that if P € C(m,T),

P(t) = YT, a;t?, then
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P) 2 Cu 3. a8 (12)

i=2

for 0 <t <T. In particular, since ag = a; = 0,

P(t) > Cont™ > ay] if 0<t<1, and

Jj=2

P(t) > Cput®> laj|  if 1<t<T.

=2

Remark 1.3. Notice that since Cp, Y70 |a|t! < P(t) < X0, |as|t? it follows that

Cn < 1.

Lemma 2.2.  There is a constant C,,, independent of T, so that if P € C(m,T),

P(t) = Y5y at?, then

P'(t) > Cn > Jay|t ™!

7j=2

for 0 <t <T. In particular,

P'(t) > Cont™ > |ay if  0<t<l, and

i=2

P'(t) > Cput Y |aj| if 1<t<T.
j=2
1.2.3 An estimate for sets defined by convex functions

The third and last topic we would like to cover in this overview of convexity is the

following estimate, which plays a crucial role in the proof of one of our lemmas.
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Proposition 1.4. If f : R" — R is a convex function such that f(0) =0 and V f(0) =0

then

- /ne‘f('“’) dw =~ {w : f(w) < 1}

In the proof of the above estimate, we will use the following inequality:

Claim 1.5. Let f: R™ — R be a convex function such that f(0) = 0. Given x > 0, let

A, ={w eR" : f(w) <z}
Then for any constant 0 < A < 1, vol(Ax:) > N'vol(A,).

Proof. By convexity of f, for any vectors w and w in R", and any constant 0 < A <1,

fOw+ (1= XNu) < Af(w) + (1= A)f(u).

In particular, taking w = 0, and since by hypothesis f(0) = 0, it follows that f(Aw) <
A (w).

Thus, if w € A,, then f(Aw) < Af(w) < Az. That is, A+ A, C Ay,. It follows that

vol(Ayxg) = vol(\ - Ay) = N'vol(A,).

The proof of Proposition 1.4 is as follows:



Proof. Without loss of generality we can assume f # 0.

17

Notice that under these hypothesis f(v) > 0 Vv € R™. In fact, by the Fundamental

Theorem of Calculus we can write
1 d
flu+v) = f(u) = —/0 Viu+ot) v <dt(1 —t)) dt.
And integrating by parts, we have that

1

/01Vf(u+t'v)-'vdt: —Vf(lu+tv) v(l—1t)

+/01$[Vf(u+tv)-v](1—t)dt.

But

jt [Vf(u+tv) v] = Zn: fij(u+tv)v;.
ij=1

It follows that

flu+v) — f(u) :Vf(fu,)-v—l—/o1 zn: fijviv;(1 —t) dt.

ij=1

Letting u = 0 we have by convexity that

f(’U) = /01 Zn: fz'jUi’Uj(l — t) dt Z 0.

i,j=1

A lower bound for I can be easily obtained, since

/ e @) dagy > / e ) day > 1 Hw : f(w) < 1}.
. {w: f(w)<1) e

(1.3)

(1.4)
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To obtain an upper bound we can write

o0

—f(w) g0 / —f(w)
e dw = e dw +
/ n {w: f(w)<1} 2

=1

/ e~ day. (1.5)
{w:j<f(w)<j+1}

But

/ @) oy < e [{w : fw) < j+ 1},
{w: j<f(w)<j+1}

But by Claim 1.5, and taking A\ = jﬁ and z = j + 1, it follows that

{w : flw) <j+ 1} <G+ D"{w : flw) <1}

Hence, by equation (1.5), we have that

J=1

1< Hw: flw) <1} (1 FY e+ 1>“) .

Since the sum converges we get the desired upper bound.

1.3 Main results

The purpose of this thesis is to study the size of the Szegd kernel on the boundary of

certain convex domains in C**'. We consider domains of the kind
Q= {z € C"™ : Im[z,41] > b(Re[z1],. .., Re[z,))}

for convex polynomial functions b : R” — R of “combined degree” (refer to definition

on page 3). We generalize Nagel’s one-dimensional size estimate for the Szeg6 kernel
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established in [23] to several variables. Throughout this paper we will let z; = z; + iy;,

and we will use boldfonts to denote vectors @ = (z1,...,z,) in R™.

It can be shown, as in [23], that the Szeg6 kernel for the domains under consideration

can be written as an integral formula.

Proposition A.1. The Szegé kernel on Yy, is given by

o0

Sl(@,y. b (@ g t) = | e )
/647r[n-vfb(v)‘r] dv
0 R"
Rn

627r7]-[w+w’fi(y'7y)]

dn | dr,

(1.6)

where (x,y,t) and (x',y’,t') are points in O€Y,.

We have included an Appendix with the proof of this proposition. Our estimates will

all follow from a study of this integral expression for the Szeg6 kernel.

Perhaps one of the most striking differences between the one-dimensional case studied
in [23] and the n-dimensional case I study is the fact that in the former it is enough
to assume that b is a convex polynomial, whereas in the latter that assumption is not
enough. Convexity alone will not ensure that [z, "~ dv converges in R™ for n > 2
(in fact, for n = 2 consider the polynomial b(z1,22) = #?). The “combined degree”
condition ensures that the class of convex polynomials under consideration satisfy that
the set R = {v € R" : b(v) < 1} is compact. This guarantees the convergence of the

denominator integral.

We devote the second section to a study of the coefficients of convex polynomials in

several variables. In the one-variable case it was shown by Bruna, Nagel and Wainger



20

(as we explained in detail in the previous subsection) that the absolute value of the
coefficients of a convex polynomial with no constant or linear terms can be bounded
by the value of the polynomial at 1. It is not possible to obtain such a bound in more
variables, since the polynomial might be growing in some directions but not along others.
However, we show that the absolute value of the coefficients can be bounded by the
average of the polynomial over a circle of arbitrary positive radius. We obtain the

following result:

Proposition 2.1. Let I'(M) = {(a1,...,a,) € N* : 2 < |a] < M}. Let S(M) be the
set of conver polynomials g(v) = Y aeran) ca®®. Then for any fived a > 0, there exists

a positive constant C(M,a) that depends only on M and the constant a such that if

g € S(M),

> el <COMa) [ g(o)do
a€l(M) |o|=a
Remark 1.6. Notice that with I'(M) defined as above, polynomials of the form g(v) =

Yaer(ar) Ca¥® are such that the degree of g is no bigger than M; g(0) = 0; and Vg(0) = 0.

In Sections 3 and 4 we present the proof of our main result. That is, we derive an
estimate for the size of the Szeg6 kernel in terms of the geometry of the domain that

defines it.

Our goal is to obtain a geometric bound for the Szegé kernel from a study of the
integral expression in equation (1.6). One of the main technical difficulties comes from
handling the denominator integral. After some manipulation, this denominator integral
can be expressed as a function that we will denote as 0(n). In the following lemma we

show that 6(n) is a Schwartz function.
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Lemma 3.1. Let g : R®™ — R be a convex polynomial such that
i) g(0) = 0;
ii) Vg(0) = 0;

iii) there exists a constant 0 < A < 1 such that {v : |v] < A} C{v : g(v) < 1} C

{v : |v| <1}; and

iv) there ezist positive integers mq,...,m, such that the “combined degree” of g is
(ml, e ,mn).
Then

0(n) = { / ev9) dv}l

R’I’L
is a Schwartz function. Moreover, its decay depends only on the constant A and the

exponents {mq, ..., my}.

We devote an entire section to the study of the decay of 6(n), rather than incorporat-
ing it in the proof of the main theorem, which is discussed in Section 4. The estimates
for convex polynomials of several variables obtained in Section 2 will play a crucial role
in the proof of this lemma. The bound obtained for the coefficients of the polynomials
combined with the compactness requirement (given by hypothesis (iii)) ensure that the

decay of 0(n) is independent of the coefficients of g.
Our main result is the following:

Main Theorem. Let b : R" — R be a conver polynomial of “combined degree”
(mi,...,my,). Define Qy = {z € C"** : Im|z,,41] > b(Re[z1],...,Relz,])} and let (x,y, 1)

and (x’',y’,t') be any two points in O€Y,. Define
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~ r -+ -+ -+
b(v)—b<v+ 5 )—Vb( 5 >-’u—b< 5 ),

a%mq:b@y+mfy—%<m+w>;

2

and

xr+x
2

w:(t’—t)+Vb< )-(y'—y).

We obtain the following estimate for the Szegd kernel associated to the domain €y, :

1
{’v - b(v) < \/52+5(y —y')? —|—w2}

15 (, y,1); (&', ¢, 1) S

~ — 2
Vo2 + by — y)? + w?

Here the constant depends on the exponents {my,...,m,} and the dimension of the

space, but is independent of the two given points.

Remark 1.7. Notice that since b is convez, §(x,x’) > 0. It is convenient to think of
0 as a measure of the curvature between x and x’. The more curved the domain is, the

larger the value of 9.

The proof of the main theorem is discussed in Section 4. The proof is, at its core,
an application of John’s ellipsoids. We introduce a change of variables in the integral
expression for the Szegd kernel comprised of factors defined by the length of the axes
of the unique maximal inscribed ellipsoid associated to a symmetrization of the convex

T

body R = {v L b(v) < l}.
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Chapter 2

Coefficients of convex polynomials

of several variables

In this section we obtain bounds for the absolute value of the coefficients of convex
polynomials of several variables. We begin by showing that for polynomials whose
constant and linear terms are zero, the sum of the absolute value of the coefficients can
be bounded (up to a universal constant) by the average of the polynomial on a sphere
of arbitrary positive radius. We then consider convex polynomials g : R" — R with no
constant or linear terms such that there exist some positive constants A, B so that the
set {v : g(v) < 1} contains the ball of radius A and is contained in the ball of radius
B. For these, we show that the sum of the absolute value of the coefficients is bounded
by a universal constant. Moreover, we show that the absolute value of the coefficients is
bounded (up to a universal constant) by the value of g at any point on the boundary of

the ball of radius A.

These results are needed for the proof of the geometric bound for the Szegd kernel on
the domains we study. In particular, we will use these results in Section 3 to show that
the decay of the function §(n) (which arises naturally from a study of the denominator
integral of the expression for the Szegé kernel obtained in Proposition A.1) does not

depend on the coefficients of the polynomial which defines it.
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Proposition 2.1. Let I'(M) = {(aq,...,a,) € N* 1 2 < |a| < M}. Let S(M) be the
set of conver polynomials g(v) = Y aerr) Ca®®. Then for any fived a > 0, there exists

a positive constant C(M,a) that depends only on M and the constant a such that if

g € S(M),

3 \cang(M,a)/ g(0) do. (2.1)

a€el(M) lo|=a

Remark 2.2. This is a generalization of the result in one variable by Bruna, Nagel and

Wainger in [4] (Lemma 2.1).

Proof. Let a > 0 be a fixed positive constant and let |I'(M)| denote the cardinality of

the set of indices I'(M). We identify the space S(M) with RI')| via the identification

gw) = 3 v e S(M) & (cr,- .., cron) € RFADL

a€el’' (M)

where we have ordered all the o € I'(M) so that ¢; corresponds to the coefficient ¢, for

the j* element o with this ordering.

Let

Sy={gw)= ¥ v eSM): 3 Jea| =1}, (2.2)

aelr (M) aer (M)
We claim that ¥, is a compact subset of S(M). In fact, let {c,}nen in RO be
a sequence of tuples associated to a sequence of polynomials {g,}neny in Xjps. Since
{cn}nen is a sequence contained in the compact set By = {(c1, ..., cran)) € RIF(I

Yi<j<ru) el = 1}, it has a convergent subsequence {cy, }n,en - Let ¢ be the limit of
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this subsequence, and let ¢ be the polynomial associated to this tuple. We claim that
q is an element of ;. In fact, the identification preserves the degree of the polynomial
and the fact that there are no constant or linear terms. Also, since ¢ is an element of
By, it satisfies that 321 <;<;r(an [¢;| = 1. Thus, is suffices to show that ¢ is convex. This
follows easily, since given any polynomial g,, associated to an element of the convergent
subsequence {cp, }n,en, we have that ¢,,(ax + (1 — a)y) < ag,,(x) + (1 — a)gy,, (y) for
all 0 < a < 1 and for all points «,y in R". Thus, and since ¢, (ax + (1 — a)y) —
¢(ax + (1 — a)y); agn, () = aq(x); and (1 — a)g,,(y) — (1 — a)q(y), the convexity of

q follows immediately.

Let

dr(9) = ! /M:a g(o)do,

B wn(a)

where wy,(a) is the surface area of the sphere of radius a in R” and

Pri(g) = Z |Cal-

a€el’ (M)

Notice that these functions are continuous on S(M), and that ®;;(g) = 1 on Xy,.

We claim that ®;(g) is strictly positive on ¥, In fact, since g is convex, ¢g(0) = 0
and Vg(0) = 0 it follows that ¢ is nonnegative (see, e.g., the proof of Proposition 1.4).
Moreover, on ¥, at least one of the coefficients of ¢ must be different from zero, so g can
not be the zero polynomial. Thus g must be positive almost everywhere. In particular,

the average over the circle of radius @ must be strictly positive.

Therefore, and since ®;(g) is continuous as a function of g, it attains a minimum in
Y, and this minimum is strictly positive. Thus, and since ®;;(g) = 1 on Xy, there

exists a constant C' > 0 such that for any g € Xy,



26

®s(g9) = C = CPr(g).

That is,

1 /U|:ag(0) do 2 C(I)]](g) = C Z |Ca|,

wn(a) a€l(M)

as desired.

Consider now a polynomial g(v) = > er(um) Cav® € S(M), but which is not neces-

sarily in Xy7. Then let h(v) = e bav® where

by = =2
° EBEF(M)‘C,B’

so that Y- ,ern |0a| = 1 and h(v) € ¥y It follows from the previous case that

1

Wn (a)

/|Ua h(c)do > C.

That is,

1 g(o)
——72 _do > C.
wn(a) /Ia—a > ger lcsl 7=

This gives the desired inequality.

]

Corollary 2.3. Let g(v) = Y, cov® be a convezr polynomial such that g(0) = 0 and

Vg(0) = 0. Suppose there exist two positive constants A and B such that

{v:|v|<A}C{v:g(v) <1} C{v: |v] < B}. (2.3)

Then there exists a constant that depends only on A and the degree of g such that
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Z lea| < C. (2.4)
Moreover, for any point € = (1, ...,x,) on the boundary of the circle of radius A, there

exist constants Cy > 0, Cy > 0 that depend only on A, B and the degree of g such that

9(@) > C1 > G Y eal. (25

Remark 2.4. The bound given by equation (2.4) can be obtained using just the left
containment, i.e, the existence of a constant A > 0 such that {v : |v| < A} C {v :
g(v) < 1}. The second bound, however, requires the existence of both an inner and an

outer ball.

Proof. The first result follows immediately from the previous claim. In fact, we showed

that

Y e <C g(o) do.

« lo|=A

But by (2.3) we have that g(o) < 1 for all ¢ such that |o| = A. The result follows.

Observe that the bound g(x) > Cy Y, |co| will be an immediate consequence of the

above bound on the coefficients once we show that g(x) > C;.

The proof of equation (2.5) requires the use of Lemma 2.1 on the paper Convex
hypersurfaces and Fourier Transforms by Bruna, Nagel and Wainger [4]. The lemma

states that given a convex polynomial of one variable of degree M of the form

M .
p(t) = a;t’
=2
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there exists a constant C'y; > 0 that depends only on M such that

M M
Cu Y lailt? <p(t) <> a;lt! vt >0. (2.6)
j=2

Jj=2

In particular, this result implies that for any A > 1 and ¢ > 0,

PAE) < D Jag[XE < XM Taylt) < aplt). (2.7)
M

Jj=2 Jj=2

Given a point @ on the boundary of the circle centered at the origin of radius A, we

will let

p(t) = g(tx).
Notice that this defines a convex polynomial of one variable for which the bounds in

equation (2.6) apply.

Taking ¢ = 1 and A = 5 (where A and B are the radius of the inner and outer ball

B
A
2.

respectively) in equation (2.7), we have that

02 G (2)

That is,

g(x) > CMgZ g (lif) : (2.8)

Since @ is a point on the boundary of the inner circle, the point % is on the border of

the outer circle (the circle of radius B). Thus, by hypothesis, it follows that



(B*”J)>1

This together with equation (2.8) implies the desired result.

Remark 2.5. Notice that the convezity of g implies that

g(x) > C1 >y eal.

«

for any point © such that |x| > A.

29
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Chapter 3

Decay of 0(n)

-1

In this section we study the decay of the function 6(n) = [ / emv9(©) d’u] , where g is
R

a convex polynomial. This function arises naturally from the study of the denominator

integral of the integral expression obtained for the Szegd kernel in Appendix A. We show

that #(n) is a Schwartz function. This implies, in particular, that [p. 8(n) dn converges.

We use this fact in the proof of the geometric bound for the Szegd kernel in Section 4.

Lemma 3.1. Let

g(v) = > cov” (3.1)

acl

be a convex polynomial in R™ such that
i) 9(0) = 0;
ii) Vg(0) = 0;

iii) there exists a constant 0 < A < 1 such that {v : |v| < A} C {v : g(v) <1} C

{v : |v] <1}; and

iv) there exist positive integers myq, ..., m, such that the “combined degree” of g is

(mq,...,my) (refer to definition on page 3).
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Then

0(n) = { / ev9) dv}l

Rn

is a Schwartz function. Moreover, its decay depends only on the constant A and the

exponents {mq,...,my}.

Remark 3.2. Notice that under these assumptions, the coefficients of the polynomial
g(V) = Y per CaV® satisfy Y aer [Ca| < C, where C' depends only on the constant A, on
the degree of the polynomial and on the dimension of the space. This was shown in

Corollary 2.3 on page 26.

Let I = [, €90 dv. We will show that I grows at an exponential rate. We can

write

I = eh("")/ M) =h(vo) oy, (3.2)

where h(v) =1 - v — g(v) and vg is the point where h(v) attains its maximum (notice

that 7 = Vg(vo)).

We will show that the dominant term, e(*o) grows at an exponential rate in 1. This
term will provide the desired decay for I=!. We will then show that [ "®)~"(*0) 4y does
not decrease too fast, that is, that it does not annul the growth of the dominant term.

Notice that h(vg) = L(n) = sup, {n - v — g(v)} is the Legendre Transform of g.
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3.1 The dominant term

We begin by studying the growth of the term e(*o), where h(v) = n-v — g(v) and v
is the point where h(v) attains its maximum. We show that e(*o) grows exponentially
as a function of . Moreover, we claim that the growth is independent of the choice of
g, but rather depends only on the constant A, on the “combined degree” of g and on
the dimension of the space. More precisely, we show that there exist positive constants
C, C which depend only on the “combined degree” of ¢, the dimension of the space and

the constant A, such that

-~ 2m mn,
6h(vo) > exp {C <|n1|2m11_1 + ...+ |nn|272nnl) — C} . (3.3)

We begin by showing that the polynomial g is dominated, independently of its coef-

ficients, by its pure terms of highest order.

Claim 3.3. If g(v) is as in the statement of Lemma 3.1, then there exists a constant
C > 0 that depends only on the constant A, on the “combined degree” of the polynomial
and on the dimension of the space such that

g(v) < C(L+vi™ + ... +v2m).

n

Proof. Let

r(v) = 0™ 4 . vEmn

Notice that for any v € R,
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U?l . _,Uflén < T(v)ﬁ‘*‘"""%‘ (3‘4)
In fact, if any of the components of v are zero, the statement is trivial. Otherwise,
dividing equation (3.4) by v{'* - - - v, it suffices to show that
1 an 1 9n
_r@)T ) )\ (r(e)\ T
1< o o o e e o .
That is, it suffices to show that
2my 2m ;Tl 2my 2mp—1 %
vy v 1 Oh v, 1
1< 1+ ot |2 T = T N
B ( <vfm1> (v?ml» ((U?J”> ( v ) )

This last inequality is trivial, since each factor in the right hand size is larger than 1.

Furthermore, since g is a convex function such that g(0) = Vg(0) = 0, we have that

g > 0. This was discussed on page 17, equation (1.4). Thus,

g() = lg(v)| =D cavi* - vp"
acl
< > lcal [oft - opn (3.5)
ael’
< 3 feal | r(w)zmi o
acl’

Moreover, recall that since g is of “combined degree” (my, ..., m,), any index o € I’

satisfies that

2m1 o an
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Hence,

@

r(v)@ T < 14 (o). (3.6)

Thus, and since Y |co| < C, it follows from equations (3.5) and (3.6) that
acl’

9(v) < 3 leal(1+7(v)) < C(1+r(v)).

ael

This finishes the proof of Claim 3.3

Since this estimate does not depend on the coefficients of g, it is now easy to obtain

a lower bound for h(vg) in terms of 7 which does not depend on the choice of g.

Claim 3.4. The Legendre Transform of g(v) where v € R™ is large for large values of

In|. More precisely,

L(’I’]) Z C<|’]71|2m1—1 ++|nn|2mnl> _C”
where C' and C are positive constants that depend only on the constant A, on the “com-

bined degree” of g and on the dimension of the space.

Proof. 1t follows from the previous claim that

L(n) =sup {n v - g(v)}
>sup{n-v—C — Clvi|*™ — ... = C|v,]*"}

= — C +sup {mvy — Cloi*™} + ... 4+ sup {n,v, — Clv,|*™}
V1 Un
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But given w € R, the Legendre Transform of 2 |w|?* is B |n|%, where

~ -1 (2k—1
B pa (2,

2k
Thus,
2 1 _2mn
L(n) > C (|m|2m11 o+ ynn|2mn1> el
~ T o1
where (' = miH{Bfml_l (et BF (2’;;7;1)} ,and B; = C2m;.

This finishes the proof that the dominant term, e grows at an exponential rate

in 1, independently of the coefficients of g. More precisely, we have shown that

o) 2 exp [C (I3 + a7 ) — ] (3.7

3.2 A polynomial bound for the remaining terms

It suffices now to show that J = [, e"®)70) dy is not too small to obtain the desired

decay for I=!. Recall that

J = e (v=v0)+9(v0)=9(v) 4,
RTL

In order to estimate this integral, we will approximate it by an area by using Claim
1.5. Recall that if f: R™ — R is a convex function such that f(0) = 0 and Vf(0) =0

then
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/ e T dw ~ |[{fw : f(w) <1}
This was discussed in the introduction (page 16).

We must start by rewriting J as stated in the above result. Since 7 = Vg(vp), and

making the change of variables w = v — vg, we can write

J = A dw,
Rn

where

f(w) = =Vg(vo) - w — g(vo) + g(vo + w). (3.8)

Clearly f(0) = 0 and Vf(0) = 0. Also, since g is convex, so is f. Thus, it follows by

Claim 1.5 that

J~Hw: f(w) <1} (3.9)

That is,

I= / 10 =90) dy s 00| [ap + f(w) < 11]. (3.10)

Our goal is to show that as |n| grows, this area decreases slower than the rate of
growth we obtained for ") We begin by obtaining an upper bound for f that is
independent of the choice of g, but rather that depends only on its “combined degree”,
on the dimension of the space and on the constant A. To do so we will write f as an

integral in terms of the quadratic form associated to the Hessian of ¢g. In Claim 3.5
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we obtain an upper bound for this quadratic form in terms of a polynomial that is
independent of the coefficients of g. In Claim 3.6 we use this estimate to obtain the

desired bound for f.

Claim 3.5. The quadratic form associated to the Hessian of g is bounded in terms
of a polynomial that depends on the “combined degree” of g, but which is otherwise

independent of the choice of g. More precisely,

Z gij(v)ww; S (14 r(v)) |wf,
ij—=1

where r(v) = v;™ + ...+ 0™ and g;;(v) = 33289@- ().
10V

Proof. Let L be the Hessian matrix of g. That is,

g11 G912 - Gin

g21 G2 - Gon
L =

gn1 Gn2 " Gnn

so that wT Lw = > i j=1gijwiwj. Since L is symmetric, it has n linearly independent
eigenvectors. Let u;, ¢ = 1,...,n be the eigenvectors of L, and \;, ¢ = 1,...,n be the
corresponding eigenvalues. Since g is convex, the matrix L is positive definite, so its

eigenvalues are positive.

Let P =Tr(L)I, where Tr(L) = A\ + ...+ A, is the trace of the matrix L and [ is

the identity matrix.
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Let Q = P — L. We claim that @) is positive definite, and hence that L < P as

quadratic forms. In fact, notice that fort=1,...,n

Qu; = Pu; — Lu; = Tr(L)u; — \u; = (Tr(L) — X)) w; = Y Mu,.

1<j<n
J#
Thus, for + = 1,...,n, u; is an eigenvector of ), with eigenvalue
Mi = Z Aj-
1<j<n
J#
Notice that for ¢ = 1,...,n, u; is positive. Also, since P is a diagonal matrix and L

is symmetric, () is symmetric. Thus, since @) is a symmetric matrix whose eigenvalues

are all positive, () is positive definite.

Hence, since

gii+ ...+ gnn 0 0

0 g1+ .- -+ Gun - 0
P =Tr(L)I = !

0 0 e gt Gan

and wT Lw < wT Pw, it follows that

0< > gij(v)wiw,

<(gu(v) + ... + gan(v)) |w]?

< (lgu()l+ .- + lgan(v)]) [w]*.
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Notice that each g;;(v) is a polynomial of the form 3 czv® where the indexes f3
B

satisty

61 4t Bn <
2my 2m, m;

In particular, this implies that

r(v)z e <1y (o).

Moreover, recall that, as was shown on equation (3.4) on page 33,

(v) B foof B _Bn_

2mq 2mmn,

It follows that

l955(0) < D13l fof - vrl
B
< 3 (Gl r(v) T
B

<D lesl (1 +r(v)).

B

Furthermore, the coefficients cg are constant multiples of the c,, where the factors

are bounded by a factorial of the degree of the polynomial. Since Y cr |co| < C, the

coefficients cg are bounded by a constant that does not depend on the choice of g, but

rather on the “combined degree” of g. Then, and by the previous inequality, we have

that

g1 (V)| + ... + [gnn(v)| < C(1 +7(v)).
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for a universal constant C.

That is,

Y gi(v)waw; S (1+7(v))|wl]?.
i,j=1

Using this result it is now possible to obtain an upper bound for f which is indepen-

dent of the choice of g. We do so in the following claim.

Claim 3.6. If
r(v) = 0™ 4 R
and
f(w) = —=Vg(vo) - w — g(vo) + g(vo +w)
then,

fw) < [wl*(1+r(vo) + r(w)),

where the constant depends only on the constant A, the “combined degree” of g and the

dimension of the space.

Proof. We begin by rewriting f as an integral in terms of the quadratic form associated

to the Hessian, so that we can apply our previous estimate.
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We can write

g(vo +w) — g(vo) = Vg(vo) - w + /01 Zn: gij(vo + tw)w;w;(1 — t) dt.

ij=1

This was shown in detail on page 17 (equation (1.3)). It follows that

f(w) = /01 zn: Gij(vo + tw)w;w; (1 — t)dt. (3.11)

ij=1

In particular, by convexity of g we have that f > 0.
We can now use the bound for the Hessian obtained in Claim 3.5. It follows that

f(w) < /01(1 + 7(vo + tw))|w*(1 — t) dt. (3.12)

We would like to get rid of the dependence on ¢ of the term r(vg + tw). To do so, we

use a triangle inequality. We claim that given vectors w and v, the function r satisfies

r(u+v) < Cr(u) + r(v)],

where the constant C' depends on the exponents {my,...,m,}. In fact, by convexity it

follows that for j =1,....n

2m; 2m;
. AT Sk 2m; . U, ! U ’ . m; mg
(om0 = () gm( L )—22m~ (™ 2.

Thus,

ru4v) = (u +v1)*™ o (U v)P™

< max{2?™ =t 22 [p(u) + ()]
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Applying this inequality to r(vg + tw), and since 0 < ¢t < 1, we have that

r(ve + tw) < r(ve) + r(tw) < r(ve) + r(w).

Hence, it follows from equation (3.12) that

fw) S fwl*(1+7(vo) +r(w)).

Recall that we are studying the decay of I~!, where I ~ e |{w : f(w) < 1}].
Thus far we have shown that the dominant term, e*) grows at an exponential rate
in 1 (where by definition 7 = Vg(vg)). Our goal is to show that [{w : f(w) < 1}] is
not too small. More precisely, that it does not decay exponentially, so that it does not
annul the growth of the dominant term. In the next three claims we show that there is

a polynomial P and a constant C' depending only on the degrees {my, ..., m,} so that
{w @ flw) <17 < C(1+ P([n)))?.

In Claim 3.7 we show that [{w : f(w) < 1}|7! is bounded by a polynomial in terms of
7(vg), and in Claim 3.8 we compare the sizes of |vg| and |n|. In Claim 3.9 we conclude

that r(vg) grows at most at a polynomial rate in |n|.

Claim 3.7. If f(w) < |w|*(1 4+ 7(ve) + r(w)), then

fw: flw) < 1} 2 (1+r(ve)) 5.
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Proof. Let C be such that f(w) < Clw|*(1+ r(ve) + r(w)) and let

T(w) = Clw]*(1 + r(ve) + r(w)).

Then,

{w : fw) <1} = {w : T(w) <1}

Let ¥ = {u : T(u) = 1} and let m = min{ |u| : u € ¥}. Choose wr such that
T(wr) = 1 and |wr| = m. Then the set |{w : T(w) < 1}| is bounded from below by

the volume of the ball of radius |wr|. That is,

{w : T(w) <1} = Cofwr[",

n
T2

()

where C,, =

Let @ = 1+ r(vg). Our goal is to show that |wr|® 2 a™2. If |wy|* > 55, then

lwr[™ 2 a”2, as desired. Otherwise, we have that |wr|? < 35-. Since 1 = T(wy) =

Clwr*(1 4 r(ve) + r(wr)) it follows that

1
alwr|? + |wr|*r(wr) = rok
But since |wr|* < 55, it follows that
G < lwrPrwr) (3.13)
— < |wr|*r(wr). :
pc =TI TET

Also, since a > 1, we have that |wr|* < 5. Thus, w}; < 55 for every 1 < j < n.

Hence,



rton) < (55) -+ (55)

Using this in equation (3.13) we have that

where A = % ((%)ml +---+ (i)mn)_l is a strictly positive constant.

Therefore,

{w: f(w) <1} 2 |wp[" 2 a2,

This finishes the proof of Claim 3.7.

44

It follows from the estimate for the dominant term as well as from this bound for

H{w : f(w) < 1} that

O(m) = 17 S exp | =C (I [™5T 4. a[75°7) | (1 (o)),

where the constants only depend on A, the “combined degree” of g and the dimension

of the space. We must show that r(vg) is not too large as a function of 1 in order to

obtain the desired decay.
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Claim 3.8. There exist positive constants 1 and [y such that

lvo| < Bi|n| + Ba.

The constants depend only on my, ..., m, and the dimension of the space.

Proof. Recall that by definition Vg(vg) = 1, and that by hypothesis

{v:g(w) <1} C{o: o] <1}

The statement is trivial if |ve| < 1, so we will assume that |vg| > 1.

Let G(t) =g (tﬂ> . Then

[vo
=% (ia1) (1))

Thus, since Vg(0) = 0 by hypothesis, G'(0) = Vg¢(0) - (”—0) = 0. Also, notice that since

[vol

g is convex, so is G. Thus, G'(t) > 0 if ¢t > 0.

By Cauchy-Schwarz,

Evaluating at ¢t = |vg| we have that

|G (|vo])] < [Vg(vo)| = Iml.

But since |vg| > 0, it follows that
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G (|vol) = |G (|vol)| < [nl. (3.14)

It suffices now to obtain a polynomial lower bound for G'(|ve|) in terms of |vg|.

Nagel, Bruna and Wainger proved in [4] (Lemma 2.2) that given a convex polynomial

of one variable of the form

P(t) =Y a;t/
=2

there exists a constant ), such that for t > 0,

P'(t) > Cp Y lay|t/

=2

In particular, if t > 1,

P'(t) > Cpnt Y lay). (3.15)
j=2

Notice that G(t) is a convex polynomial of one variable such that G(0) = G’(0) = 0,

so we can use the aforementioned result. Write

G(t) =) a;t’.
=2

Since we are considering |vg| > 1, it follows from equations (3.14) and (3.15) that

[vol 2_ la;| S G(Jvol) < [ml. (3.16)

=2
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It suffices now to obtain a lower bound for 3>, |a;|, which must be independent of

the choice of g. To do so, we use the fact that

{v:igv) <1} C{v: |v| <1}

In particular, if |v| = 1, it must follow that g(v) > 1. Thus, evaluating at t = 1, it

follows that

G(l)=g (”‘)) > 1.

|vo|

But G(1) = X7, a; < 377, |as]. This implies that

m
1 S Z |aj|.
Jj=2

Using this last bound on equation (3.16) yields |vg| < |n|. This finishes the proof of

Claim 3.8.

Claim 3.9. (1 + r(v)?)? is at most of polynomial growth in |n).

Proof. The proof is trivial. In fact, since |vg| < fi|n| + o, it is clear that r(ve) =
Vel 4 L uEmn < Jwel®™ 4 ...+ |v]*™ is bounded from above by a polynomial in

In|. We will call this polynomial P(|n|).

Recall that we had shown that

I7' Sexp [—C (Im

2m mn n
o1 + ...+ ’nn|231”1>:| (14 r(vg))z.
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It follows from this last claim that there exists a polynomial P(|n|), which does not

depend on the choice of g, such that

2mq 2mp n
o) = 17 S exp | ~C (Im|™57 + .. 1757 ) | (14 P(m])2.

This finishes the proof that 6(n) decays at an exponential rate. Moreover, this decay

is independent of the coefficients of the polynomial ¢ that defines it.

We must now show that the same is true of all the derivatives of 6(n).

3.3 Decay of the derivatives

Claim 3.10. The derivatives of (n) consist of sums of terms of the form

ar

_ 91,1 in,1 ai _ 11, ;
C |:fR”l e’?” g(v)/Ul Ce 'Unn dfv:| e |:fR" 677’0 g(v)vl LA U;Llnm d/v:|

* 7

3.17
i €m=90) oy (3.17)

where 111, ...,y 01,...,0,dENanda +...+a, +1=d.

Remark 3.11. The fact that a1+ ...+ a, —d < 0 is crucial. As before (equation (3.2)),
we can factor out a term e"¥) for each of these integrals. That is, we will factor out

a1+...+a,—d
(eh(”‘))) e = e~ Mwo)  This term will provide the desired decay.

Proof. We will prove it by induction. We have that for any j =1,...,n,

%( - — Jgn €779y do
oy VT e 9®) o]

is of this form.
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(n) is of this form. Then, for any j = 1,...,n &(n)

ok
Suppose ’ OOyt on

o

consists of sums of terms of the form

al

5 (C [ Jon @10 I i dv} . [ Jon €109 LT i dv} ar
a )

[ fgn €v—9(®) dv]d

11,s 3 as _ d .
Let fi(n) = [fRn eIy o i dv] and y(n) = [fRn =9 dv} . By the quotient

rule we have that

ai

0 (€ [fe e i o] [ o e o]
In; [fn €709 do)”

consists of sums of terms of the form

Cyoe fer e forr -+ I,

(3.18)
Y
and
C(fi fr)(2X)
- Onj (3.19)
But
Ofs i ~ a1 i ‘
8f (n> — as / e’l‘[’U—g(”U),Ull,S . U;L‘Ln,s d,v:| / env—g(v)vll,s . ,U;Jn,svj dv:| ,
7; " "
and
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Thus, a generic term of the form given in equation (3.18) is given by

n n

a1l as—1
_ % 7 — % A _ i [
[f 677” g(v)vll'l . e Unn’l d’U‘| oo [f e"]’u g(v)vll"s oo ,Un":S drv‘| [f 677” g(v)vll’l oo fUnn‘lij dfv
n

r d
f env—yg(v) dv]

Rﬂ,
As41 r Qr
_ i i _ i i
X /em’ 9@yttt do e /em’ Iyttt do |
R™ L Rn

The sum of the exponents of the numerator is a1 +as+...+as_1+ (as— 1)+ 1+ asr1 +

...+a,=a;+...+a, =d— 1. Thus this term has the desired form.

In the same way, a generic term of the form given in equation (3.19) is given by

n n

d 2
(lf env—yg(v) d'v] )
d—1
% L/ e —9(v) dv] L/ env—g(v)vj dv]

n n

al ar
<[f env_g(v)/uil’l .« e Uf,bn’l dv] o .. [f env_g(v)vil’r e U;;Ln,r dv] )

The sum of the exponents of the numerator is a; +as+...+a, +(d—1)+1=2d — 1.
Since the exponent of the denominator is 2d, this term also has the desired form. This

completes the proof of Claim 3.10. O]

By the previous claim, in order to understand the decay of the derivatives of 6(n)

we need to study integrals of the form [g, "9t ... i do.
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Claim 3.12.

/Rn em=I®) i yin dy < M0 4 [wg],
where

it - £ 8 (0o

x ({w : fw) <1} (1+ |vo™®) + 0 ) ;

© s a constant that depends only on the “combined degree” of g and the dimension of

the space; s = s1+ -+ sp; and B = 4max{my,...,m,}.

Proof. As before (equation (3.2)), we can write

I= / eIyl L yin dy = ehvo) | eh(v)=h(vo)yin i day, (3.20)
n R

where h(v) =n - v — g(v) and vy is the point where h(v) attains its maximum; and

J = / eh(v)_h(m)vil .. ,U:'Ln dv = / (wl + UOl)il . (wn + Uon)ine—f(w) dw,
n Rn

where f(w) is as in equation (3.8). That is,

f(w) = g(vo +w) — g(vo) — Vg(vo) - w

But (w; + o) = 3L, (i) vé}swj. Thus, we can write

) in
_ i1—s1 _, , ,in—$ S1 ... opySn o—f(w)
= Z Z Vol ~ugr " / w; w,"e dw.
1=0 sp=0 S1 Sn "

It follows that
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~ il Zn ) ) . .
VEDIEEDS (Zi>'-- (’")|vovl+~42““l*~ﬂ8n>j/n|zufl+~*8nef@v>dzu.

s1=0 Sn=0 Sn

Let s =5, +---+ 5, and J, = [ |w|*e™/®) dw. Write

J=| wpe " dw + [ wle @ dw = J,, + ., (3.21)
{weR? : |w|<1} {weR™ : |w|>1}

Then

J,, < /IR e gy~ [{w : f(w) < 1}, (3.22)

Given vy, we can estimate the size of J,, by splitting the integral into the two

following regions:

T, = / lw[*e =) day + / lw|*e~7®) g, (3.23)
w|>1 |w|>1
|w|<Alvo|? |w|>X|vo|”
for some large constant A yet to be determined and B = 4 max{m;, ..., m,}. Then

lw[*e™ ™) dw < \e|vg|*B /Rn e T dw ~ XNo|vg[*P{w : f(w) < 1}]. (3.24)
Jw|>1
lw|<X|vo|”

In order to estimate [(y,. (=1, w|>vo| 5} lw|*e=f ™) dw, we will find a lower bound in

this region for f(w) in terms of |w|? and we will then bound the integral by a constant.

Recall that

f(w) = g(vo + w) — g(vo) — Vg(vy) - w.
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Thus (and since f > 0),

f(w) = |g(vo + w)| = [g(wvo)| — [Vg(vo) - w]. (3.25)

We will show that g(ve + w) is bounded from below by a constant multiple of |w|?.
It will then suffice to show that the remaining terms in the above expression can be

dominated by this bound.

Let

[vo + w|

F(t)=g<

where ¢ € R. Then F(t) is a convex polynomial in one variable, such that F'(0) = F’(0) =

t(vo + w)) |

0. We will write

M .
F(t) =Y a;t’.
=2
By Lemma 2.1 of the paper by Bruna Nagel and Wainger [4], we know that there exists

a constant C'y; > 0 that depends only on the degree of F' such that for all ¢ > 1,

M

j=2
Thus,
M
F(Jvo + wl) > Culvo + wl* > |ay].
=2

Furthermore, we claim that 377, a;| > 1 so that F(Jvg + w|) > Cylve + w|*. In

fact, by hypothesis
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fv:gw) <1} C{v: o] <1}

It follows that

F(1)=g <”°+w> .

|vo + w]

Vo+w
[vo+w]

Thus, since the vector is on the unit sphere and g is convex,

lvo + w|

F(1)=g<v°+w> > 1.

Therefore,

M M
dolal = a;=F(1) > 1
=2 j=2

Notice that

g(vo +w) = F(|vg +wl|) > Cyrlve + w|?. (3.27)
1
Also, since in the region we are considering |w| > Mwg|? (i.e., —|vo| > —‘i’%) and
B
|lw| > 1, and since B = 4max{my,...,m,} > 1, it follows that
w5 [w] 1
oo+ w] 2 fw| = [vol > [w] = "7 > wl - 5 > el (1- ). (329
\B A\B \B

Thus, by equations (3.27) and (3.28) it follows that

2
g(vo +w) > Carlvg + w|> > Cpylwl? (1 _ x) ,
B
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Choosing A\ > (\/\QI)B , it follows that

C’M|w\2
5 .

g(vo + w) > (3.29)

We would now like to obtain an upper bound for |g(vg)|. Recall that by Claim 3.3,
for any v € R™ we have that g(v) < C(1+7(v)). Thus, and since max{2m,,...,2m,} =

B
5 < B,

lg(vo)| < C(1+4r(vg)) = C(1+ v + ...+ vgr)
< C(1 4+ |vo*™ + ... + |vg|*™)
<O+ 1+ |vo|®) +...+ (1 +|vel?))

= C(1+n+nlvel?)

<C<1+n+n|)\w|>.

But since |w| < |w|* + 1, it follows that

n  nlw|?
< 1 — .
|g(v0)\_C’< +n—|—)\—|— 3 )

For A\ > Eg—;, it follows that

2
|9(vo)] §C<1+n+n)+cn|w’§0<1+n+n)+

CM]w\Q
A A A '

5 (3.30)

It now suffices to obtain an upper bound for |Vg(vg) - w|. Notice that for each

1 < j < n, the j' entry of Vg is a polynomial whose exponents satisfy



o6

20&1 QOén Qq [e7% 1
P R <1l1——<1.
B * + B _2m1+ +2mn_ 2m;

That is, oy + ...+ a, < g. Thus, we can bound each entry of |Vg(vg)| by a constant
multiple of 1+ |'UO|% The coefficients of each of these entries are multiples of the coeffi-
cients of g, where the factors depend only on the degree of g. Thus, since Y cr |ca| < C,

there exists a constant C'; that depends only on C' and the degree of g such that

Vg(vo)| < Ci(1+ |vol?).

Hence, in the region under consideration we have

2

Vg(ve)| < Cy (1 + '“") .

It follows that

w]} w]?
|wm»wswwwmmc{HﬂA)w=a0w+ﬂ).

But given x > 0, 0 < 5 < d, and any constant A > 0, it follows that

o1
2 < Zxd + A%, (3.31)

Hence, |w| < Z|w|* + A? for an arbitrary constant A > 0. Also, lw|? < |w|?+ 1. Thus,

1 lw* 1
el < RETT: 2 ER
IVg(ve) - w| < C4 <A|w| + A+ . —I—)\ )

N

Then for A > 6% and A > (61)” it follows that
M M
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1 C 2

Therefore, by equations (3.29),(3.30) and (3.32), and taking

o { ()5 (0]

it follows that

2
f(w) > |wl|? (CQM — C;M —~ C;SM> —E= CMJL“" ~E, (3.33)

where E is a constant that depends on the “combined degree” of g and the dimension

of the space, but is otherwise independent.

Recall that our goal is to obtain an upper bound for

I, = / Jw|*e~ ) dw.

Jw|>1
|w|>A|vo|P

Using the lower bound for f(w) obtained in equation(3.33) we have that

s —Cplwl? * —oyr?
I, < / |lw|’e™ 7 dwg/ rie 4 dr.
0
|lw|>1
|w]|>X|vo|”

Since (') is a strictly positive constant, the above integral converges. This finishes the

proof of Claim 3.12.

]

It follows from Claim 3.10, equation (3.10) and Claim 3.12 that the derivatives of

6(n) are bounded from above by a sum of terms of the form



o8

H[ oo )1
D {w ¢ flw) < 1}

Moreover, by Claim 3.12 these terms can be bounded by terms of the form

¢(Jvol)
o) [{w : f(w) < 1}F

where ¢ : R — R is a polynomial, and k € [1,d] x Z. By Claim 3.8 it follows that ¢(|ve|)
is bounded by a polynomial in |n|. Furthermore, by Claim 3.7, [{w : f(w) < 1}|7% <
(14r(vo)) % . By Claim 3.9 this latter bound is at most of polynomial growth in |r|. Thus,
the derivatives of #(n) are bounded by sums of terms of the form e~*)g(|n|), where ¢
grows at a polynomial rate. Finally, by equation (3.7) e~"(¥0) decays at an exponential
rate in |7|. This finishes the proof that the derivatives of (1) decay exponentially. Thus,
0 is a Schwartz function. Moreover, it follows from the previous computations that its

decay is independent of the coefficients of g.
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Chapter 4

A Geometric Bound for the Szego

kernel

In this section we present the proof of our main result. We consider convex unbounded

domains of the kind 2, = {z € C"™ : Im[z,,41] > b(Re[z1], ..., Re[z,])}, where b : R" —
R are convex polynomials of “combined degree” (my, ..., m,) (refer to definition on page
3).

Let € be one such domain, and let (x,y,t) and (&', y’,t') be any two points in 0€2,.

Define
~ r+x xr+x xr+x
b(v)—b<v+ 5 )—Vb( 5 )-v—b( 5 ),
/
§(z, ') = b(x) + b(x’) — 2b ("” +2 T ) :
and

xr+x

w:(t’—t)+Vb< )-(y'—y).

We obtain the following estimate for the Szegé kernel associated to the domain €2 :
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1

S (( y,1); (@, 9", 1) S

~ — 2"
\/62+b(y—y’)2+w2

{v Cb(v) < \/52 +b(y —y')? —i—w2}

Here the constant depends on the exponents {mj,...,m,} and the dimension of the

space, but is independent of the two given points.

Notice that since

~ r+x -+ -+
b(v)—b<v+ 5 )—Vb( i >-v—b< 5 )

we can write

where f(v) =10 (v + %xl) and L is the tangent hyperplane to f at v = 0. Thus, given

any M > 0, |[{v : b(v) < M}| is depicted in the following figure:

Figure 4.1. —

We obtain these bounds by estimating the integral expression for the Szegé kernel

obtained in Appendix A. That is, we study
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* 2mn-[z+x’ —i(y’ —
S((@,y. 1) (@Y, 1) = / =2 bt —0) / A | ar
0 R

647r[77-117b(v)'r] dv

Rn
The proof is in essence an application of John ellipsoids. Recall that by John [17], given
a symmetric convex compact region, there exists a maximal inscribed ellipsoid € in that
region (centered at the center of symmetry) such that y/n € contains the region, where
n is the dimension of the space. The key step of our proof consists in introducing factors

pi(x, ', 1), ..., po(x, x’,7) via a change of variable so that

/M"'Mn%’{v : B(v)gl} )

T

These factors are chosen to be the length of the axis of the John ellipsoid associated to

a symmetrization of the convex region {v :b(v) < %} :

4.1 Construction of the factors p; ..., u,

We will begin by discussing how to construct these factors py ..., u,. Let

Notice that since b is convex, so is b, and the region R is convex. In order to be able
to use John’s bounds, we need to show that the set R is also compact. We do so in the

following claim.
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Claim 4.2. Let b: R™ — R be a convez polynomial of “combined degree” (mq,...,my).

Let

’ ’/ 4
b(v):b<v+m+2x>—Vb(m;m>-v—b<mzm>.

Then for any M > 0, the set {v : b(v) < M} is compact.

Proof. Notice that if b is a convex polynomial of “combined degree” (my,...,m,), so is
b. Also, since b(0) = 0 and Vb(0) = 0, it follows that b > 0 (this was already shown in
equation (1.4) on page 17). Observe that b is not the zero polynomial, since by definition

of “combined degree”, b is of strictly positive degree.

Fix M > 0. Since b is continuous and {v : b(v) < M} C R”, it suffices to show that

this set is bounded. Suppose that this is not so.

We claim that if {v : b(v) < M} is unbounded, then there exists a & € R" such

that Ve > 0, b(cx) < M. In particular, since b(0) = 0 and b is convex, Ve > 0, b(cx) = 0.

In fact, if the set is unbounded, then there exists a sequence {v; };eny in R™ such that

|vi] > i and 5(1}1) < M. Define y, = =

vi

. Let & be any limit point of {y;};en. Notice
that since {y, }ien is a sequence in the unit ball, which is compact, it has a convergent

subsequence, and so there exists at least one suitable .

Let ¢ be given and let N € N so that N > ¢. Then b(cy;) < M for all i > N. In fact,

cy;, = ﬁ - v;, but the sequence {v;};en was chosen so that % <1,s0 % < " < 1.

v

Thus, it follows from the convexity of b that b(cy,) < b(v;) < M.
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Furthermore, if {y, } is a subsequence of {y;} which converges to , then, and since
b is continuous, B(cyij) converges to b(cx). But since l;(cyi],) < M for all i; > N, it

follows that b(ca) < M for all ¢ > 0.

Moreover, from the above and the convexity of b, it follows that b(ca) = 0. In fact,
suppose there exists 0 < 7 < M such that b(cz) = r. Then by convexity, b(Acz) >
)\B(car:) = Ar for all A\ > 1. In particular, taking \ = @ it follows that B(@cw) >

M1, — M + 1. This contradicts the fact that b(ca) < M for all ¢ > 0.

Now let @ = (x1,...,2,) be as above, and define w(t) =t - (z1,...,x,). Then since

b(cx) = 0 for all ¢ > 0, it follows that b(w(t)) = 0, and so the polynomial of one variable

bow is the zero polynomial.

On the other hand, if ¢q (t21)® - - - (tx,)* is a term of b(w(t)), then the corresponding

Qn
n *

term in b o w is of degree |a| = a; + -+ + a,, and its coefficient is c,z{" -+
Thus, the maximal degree terms in b correspond to the maximal degree terms in b o w.
But since b is of “combined degree,” its highest order term (or terms) corresponds to
one of the pure terms. That is, the highest degree term of b(w(t)) is of the form
Cao(tr;)®™ (or a sum of terms of this form). It is easy to check that the coefficients
of the highest degree pure terms of b are positive. This follows from the fact that
b(0,...,0,tz;,0,...,0) : R” — R*. Since for these terms the a; are even, it follows that

the coefficient of the highest degree term of bow is positive. Thus, bow is not the zero

polynomial.

This yields the desired contradiction. It follows that {v : b(v) < M} is bounded,

and therefore compact.
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Recall that by construction 5(0) = 0, so the region R contains the origin. We would

now like to show that there exists an ellipsoid € centered at the origin such that

¢ C RCCE,

for some independent positive constant C. If this were the case, we could choose pu; to
be the length of the largest semi-axis of &, s to be the length of the second largest

semi—axis of €, etc. It would follow that

p - i, = Vol(€) = Vol(R).

That is, we would have found factors pq, ..., u, such that

The existence of such an ellipsoid would follow immediately by John if the region
were symmetric (with the origin as center of symmetry). However, we have made no

symmetry assumptions on our domain. Nevertheless, we can show the following:

Claim 4.3. Let L be any line through the origin (recall the the origin is contained in
the set R). This line L will intersect R in two points. Let dy be the shortest distance
along L from the origin to the boundary of R, and let dy be the largest distance. Then

there exist constants m, M depending only on the degree of the polynomial b such that
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d
O<m§d—2§M<+oo.
1

Proof. Let h(v) = 7b(v). Along the line L, the polynomial h(v) is a polynomial of one

variable which we will call h(¢). This polynomial satisfies hy(0) = b’ (0) = 0. Write

N .
= Z Cjtj.
7=2

Then there exists some 2 < k < N such that

N
Z lej|dl < (N = 1)|cx|db.

On the other hand, it follows from Lemma 2.1 on [4] (refer to page 15) that there

exists a constant 0 < Cy < 1 such that

N
hL(dg) 2 CN Z |C]|d%

Jj=2

For k as above, it follows that

N
Clerlds < Cn Y lejldy < hi(ds).

Jj=2

Moreover, hy(dy) = hr(ds) = 1, since dy and dy where chosen as the distances where L

intersects the boundary of the region R = {v : h(v) < 1}. Thus,

Cylerlds < hp(dy) =1 = hp(dy) < (N —1)|ci|db.

Therefore,
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On the other hand, since d; is the shortest distance along L from R to the origin and

ds is the largest, it follows that d; < ds.

Choosing M = maxa<i<n {(AéNl)k} and m = 1 it follows that

This finishes the proof of Claim 4.3.

We have shown that even though the region R is not symmetric, the ratio between
rays passing through the origin is bounded by universal constants that only depend on
the degree of b. In the following lemma we will show that this is enough to guarantee the
existence of an ellipsoid centered at the origin contained in R and such that a dilation

by a universal constant contains R.

Lemma 4.4. Let R = {v : b(v) < %} and R = {x : —x € R}. Let & be the mazimal

inscribed ellipsoid in the region RN R. Then

¢ C RC M\/n€¢

where M is as in Claim 4.3, and n is the dimension of the space.
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Proof. By definition, the set RN R is symmetric. Moreover, since R and R are compact
and convex, their intersection is also compact and convex. It follows from John that

there exists an ellipsoid € centered at the origin such that

¢ C RN R C /n€.

It is clear that ¢ C R. We would like to show that there is a dilation of & which
contains R. Let & be any point in R. Then, if —x € R, it follows by definition that
x € y/n€. Now suppose that —x ¢ R. Let L be the line that goes through the origin
and «. Using the notation of the previous claim, we have that || < dy. We would like

to find a constant p > 0 such that —px € R.

Given M as in Claim 4.3, let 0 < p < ﬁ Then | — pz| < pdy < pMd; < d;. But
since d; is the minimum distance from the boundary of R to the origin along line L, it
follows that —px € R.

It follows that given any point & € R the point —ﬁaz is also contained in R. That

is, L& € RN R C /n€. Thus,

¢ C R C My/ne.

This finishes the proof of Lemma 4.4.

It follows from the previous lemma that
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Thus, choosing ;1 to be the length of the largest semi-axis of /nM&, uy to be the

length of the second largest semi—axis of /nM €, etc., we have that

ey R H’u - b(v) < 1} : (4.1)

Remark 4.5. The reason we have chosen the components of p to be the lengths of the
azes of \/nME rather than those of & will become apparent in the proof of the Main
Theorem. This normalization will be used to construct a function satisfying hypothesis

(#ii) in Lemma 3.1.

4.2 Proof of the Main Theorem

We are now ready to present the proof of the Main Theorem. For the reader’s conve-
nience, we have divided the proof into three subsections, corresponding to a bound in
terms of d, a bound in terms of g(y — y’) and a bound in terms of w. We finish by
combining all three bounds to obtain the estimate stated in the Main Theorem. It will
be convenient in the course of the proof of all three bounds to rearrange the terms of

the integral expression for the Szegd kernel obtained in Theorem A.1 as follows:

Making the change of variables v — v + § + %' to get rid of the term €™ (@+2") ip

the original expression obtained for the Szegd kernel given by

o 2 [zt —i(y’ —
S((@,y,1); (@', y', 1)) = / U COR ORI ) / S | ar
-

o e47r[n-v—b(v)7—] dv

it follows that
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n

oo 2min-(y—y’
S = e~ 27 TIb(@")+b(@)+i(t' 1)) ey ; dndr.
” 4 [n-v—ﬂ;(v—&—%)}
0 R / e dv

We will modify the denominator integral so as to change it into an integral of the

form [0(n)]~!, where 6 is the function studied in Section 3.

In particular, the exponent of our integral must be of the form n - v — g(v), where

g(0) =0 and Vg(0) = 0. Since

Vl7b<fu+w+w>] :w(w”")T
2 Ml 5

we can make the change of variables n - n + Vb ( ) 7. Then,

S :/ o= 2nTlb(@)+b(@)+i(t'~t)] 4”Tb(m+zwl)QWTVb(%w')-(yfy’)
e2min-(y—y') ind
/ 47r[77'v 7b(v)] dv nar,

where

’ ’/ ’/
b(v)=b<v+m;$>—Vb<m2m>-v—b<mz$>

and the term b (w”;x/> has been added so that b(0) =

Letting

(,2) = b() + b(a') — 2 ( . )

and



70

=<t’—t>+w(“’+w'> -y

it follows that

-2 6 L 2mn y—vy')
S = T W . [ b d’l’] dT. (42)
0 / T|nv—T7 ’U

Notice that since b is convex, 7b is also convex. Moreover, if b is of “combined degree”
(M1, ..., my), sois 7b. Thus, 7b is a convex polynomial satisfying conditions (i), (ii) and

(iv) of Lemma 3.1. It remains to renormalize 7b so that it also satisfies condition (iii).

With p, ..., p, chosen as in equation (4.1), let

Notice that since

¢ C{v:rh(v) <1} C VnMe

and letting A = (y/nM)~! condition (iii) of Lemma 3.1 is satisfied. That is,

{v:|v]<A}C{v : gv) <1} C{v : |v] <1} (4.4)

By making the change of variables v — pwv so as to introduce the factors puq, ..., un
in the denominator integral of equation (4.2), as well as the change of variables n — ﬁ

we have that
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7271'7'6 — 2T TiWw 27”" )
S = dndr. (4.5)
0 / w[n-v—7b(pwv)) dv

27T

The term e~ will provide the necessary decay to obtain the bound in terms of §.

However, to obtain the bound in terms of b(y —y’) and the bound in terms of w we will

. . 2min- (y;y ) —27Tiw :
need to use the oscillation of the terms e and e respectively.

4.2.1 The bound in terms of ¢

Proposition 4.6. Letb : R" — R be a convez polynomial of “combined degree” (my, ..., m,).

Let (x,y,t) and (2',y’,t") be any two points in O,. Define

- x + ' x + ' x + '
b(v)—b<v~|— 5 )—Vb( 5 )-v—b( 5 ),

and

Sz, x') = b(x) + b(z’) — 2b <“” z ”") . (4.6)

Then,

1
T . wl ! 4/ < _
1S (@, y,1); (2, ¢, 1) S S0 hw) <31

where the constant may depend on the “combined degree” of b and the dimension of the

space, but is independent of the two given points.

Remark 4.7. Notice that since b is convez, §(x, ') > 0.



72

Proof. 1t follows from equation (4.5) that

—27r7'6
S| < dndr.
| ’ / 47r[nv 7b(pw)] dv nar

But

~ 1
ﬂl"'un%’{v : b(v)éi
T

Thus, it follows that

o —27Td
5] < —dndr (4.7)
0 ‘{’U . / 4 [n-v—g(v)]

We showed in Lemma 3.1 that

0(n) = [/ dntnv=glv ]dv] )

R

®

Q“I

decays at an exponential rate, where the decay is independent of the coefficients of g. In

particular, the decay does not depend on 7. Thus, [g. 8(7) dn converges. Hence,

18] < / ) g
0 Hv s b(v) < %}

We can write

_oj+1
T6=27F )

?—27#6 2 g — 00 €~
/0 {v : b(v) < 1} jzzoo e {v o blv) < L

5 dT.

Thus,
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0 =212 T=20*15"1 o0 9 g—21
1S] < Z 5 dr = Z — 5.
T

oo [{v : () < gt )| Srmzio Ee b v b(v) < o)

we can write

In order to get rid of the dependence on j of H'v : b(v) < 2]-‘11}

RS G ) - (4.8)
< = + — . 4.8
—0<4<0 d{v : b(v) <} 0<j<oco 0 H'v : b(v) < 2]%}’2
But by Claim 1.5 on page 16, for j > 0 we have that
{v : bv) <0} < 270D R - b(v) < 0
: = = : = 95+l (|
Thus, it follows that
1 VR R — 93t 20 (1)
Kl pe— Y ey Y e F )
o{v @ b(v) < 5} —00<j<0 0<j<o0
Since both sums converge, we obtain the desired estimate. That is,
1
Elp— .
d{v : b(v) < 5}?
This finishes the proof Proposition 4.6.
O
4.2.2 The bound in terms of b(y — y’)
Proposition 4.8. Letb : R" — R be a convex polynomial of “combined degree” (my, ..., my).

Let (z,y,t) and (2',y',t") be any two points in 0. Define
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~ r -+ -+ -+
b(v)—b<v+ 5 )—Vb( 5 >-’u—b< 5 )

Then

|
by —y")[{v : b(w) <bly —y')}?’

where the constant may depend on the “combined degree” of b and the dimension of the

1S (2, . 1); (&', 4", )] S

space, but is independent of the two given points.

Proof. We had shown in equation (4.5) on page 71 that

727r'r6 727r'rzw )
S = dndr.
; / ann-v—7b(1v)] Jq

Thus, and since § > 0,

S| < dn| dr.
‘ ’_/ // 471'[771) ‘rbuv]d,v n 4

But by Lemma 3.1,

1
o) = | [ ettty

is Schwartz. Moreover, its decay is independent of 7 and the coefficients of . The same

is true of its Fourier transform, #. We can write

[e's) 1 R o
\S|§/ . 29(” y)‘dr
o MRl 7

Recall that the factors ;1; were chosen so that
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Hence,

|S|§/ S
o [{v:bw) <t}

_ /
é(y y>|d7'.
o

Let u = y —y’. We can split the integral into integrals defined over smaller intervals

in the following way:

/Oo 1
0 H’u:?ﬂ’u)ﬁ%}Q

But if

then

It follows that

Splitting the sum for positive and negative values of j, we can write
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1
?)'(u) 1
|S| SJ Z 2d 7 z(u)
—00<j<0 o Hv 2 b(v) < 2j+1}

b(u) 1
+ > | 2

<00 .~ b
iz o bo) < 44}

But for j < 0 we have that B(u) <

{'v : b(v) < Z(J’jl) }

On the other hand, for j > 0, we can use Claim 1.5 on page 16 to show that

§va:b

(v) <bw)}| .

{v - b(v) < [;grjfl)} 7 < gnli+1) ‘{v - b(v) < E(U)}‘_l

Hence,

s <y ! / ’é (’“’)‘ ir
7

—00<j<0 Hv : B(U) < E(U)}‘Z "

n Z 22n(j+1) /Z(u) ;
0<j<o0 ‘{’v : E(’U) < g(u)}‘z "

The term 27 that will com from the bounds of integration will be enough to obtain

the convergence of the first sum. Thus, for the first sum it suffices to bound || by a

universal constant. It follows that



7

<o [{v : bw) < b)) 2

— ~
~

We would like to obtain a similar bound for the second sum. The main obstacle is
obtaining decay in j to counteract the growth of the term 22*U*D thus ensuring the

convergence of the series. Our goal is to show that

il dr S } :
Iz 2Kib(u)

for some arbitrarily large constant K. Notice that in this interval,

2J+1
b(w)

20
b(w)

1 1
< _
Tb( ) 2

Also,

G e

for any polynomial p. Thus, it suffices to show that there exists some polynomial p such

that 7b(u) < 1+ ‘p (ﬁ)‘ . In fact, it would follow that

so that
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2J+1

o0 22n(j+1) /g(u)
2 [v 2 b(w) <bw}] J2

b(u)
2792n(j+1)

()
12

<
Il
o

For sufficiently large NN, the series converges, and we would obtain the desired estimate.

We will now find a polynomial p such that Tg(u) <1+ ‘p( )’ . Letting s = %, we

u u
n n’
can write the above requirement as 7b(ps) < 1+ |p(s) |. Recall that by equation (4.4),

there exists a universal constant A < 1 such that

{v:|v|<A} C{v : 7b(pv) <1} C{v : |v| < 1} (4.9)

Then the polynomial g(s) = 7b(us) satisfies all the hypothesis of Lemma 3.1. In par-

ticular, Claim 3.3 on page 32 holds. Thus, there exists a universal constant such that

Th(us) < C(1 + 2™ 4 .. 4 52,

n

This finishes the proof of Proposition 4.8.

4.2.3 The bound in terms of w

Proposition 4.9. Letb : R" — R be a convex polynomial of “combined degree” (my, ..., m,).

Let (z,y,t) and (', y',t") be any two points in 0. Define

~ r+x xr+x T+ x
b(v)—b<v+ 5 >—Vb< 5 )-v—b( 5 )
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and

—(t’—t)+Vb<m+m,> (¥ —y).

Then,

1
[wl {o : b(v) < Jw[}?

where the constant may depend on the “combined degree” of b and the dimension of the

|5 (2,9, 0); (&, 4", 1) S

space, but is independent of the two given points.

The derivation of this last bound is rather long and technical. Before giving all the
technical details, however, we shall begin by briefly outlining the main ideas behind the

proof. It follows from equation (4.2) on page 70 that

5= / R dr+ [ e R(r) dr. (4.10)

Tul
0
where u = 27 {(t’ —t)+ Vb (””J;’:') (Y — y)} and

. e, (4.11
/47r[11'u—7'b ]d’U m ’ )

The integral for 0 < 7 < | | in equation (4.10) yields the desired estimate by using

similar techniques as those detailed in the proof of the previous two bounds. Thus, the
main difficulty lies in estimating the integral for ﬁ < 7 < oo. In particular, we must
show that the integral converges. To do so, we will take advantage of the oscillation of
the term e~*". Integrating the latter by parts N times, for an arbitrary positive integer

N, we obtain formally an equation of the form
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e—iuT
/ ¥ FM(1)dr.

[ul

We then show that after introducing the factors p as in the two previous bounds,

every derivative of F'(7) yields a factor of % times a bounded function, so that

e—iuT 1 0 1 1
/ O %w[r i
|u

Finally, using Claim 1.5, we show that this last integral is bounded by an expression

of the form

1 /Oo|u|2”7'2" i
|u|N’{v:5(v)§|u|H2 P

yielding the desired estimate for large enough values of N.

Before presenting a rigorous proof of Proposition 4.9, we discuss three technical
results that will be used in the course of the proof. In Claim 4.10 we obtain an upper
bound for [;° e~™"F(7)dr in terms of the N + 1" derivative of F. The method we use
is analogous to integration by parts, but does not yield boundary terms, making the
computation slightly simpler. In Claim 4.11 we compute the N derivative of F. In
Claim 4.12 we show that, after introducing the factors g, the N** derivative of F' is

dominated by times a bounded function.

Claim 4.10. Lett € R and
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I(t) = /0 T T R(r) dr,

where '€ C®(R). Then given N > 0 there exist positive coefficients cy,...,cyp1 such
that
N+1 H ) jﬂ_
HOIE I / TR 4 dr
=0 0 |t
+ cna1 /ﬂ e T /0m . om F(NH)(T + 81+ ...+ Snp1)dsy - dsy dT|.
Ttl
(4.12)
Proof. We can write
1) = [Me " P(rydr+ [ e F(r)dr =S+ L. (4.13)
0 i

2]

Introducing a factor of e*®7 we can split L as follows:

h
Il

[t] [t]

[ ooy [ ra]

Tel

/oo e_mF /oo _”TF< ) dT] )
o 0 |t]

1]
L/ o1

/oo e—thF /OO isgn(t)m —thF( )dT]

g =

N = N = N

Writing F (7‘ + It\) [F (7’ + 1) — F(T)} + F(7), we have that

( [ e R dr— [T lF <T—|— |t|> ] dr— [P )
(— 07' e TF(r)dr - [T e [F <r + ) ] )



Using this last expression in equation (4.13), it follows that

( / " et p(r) dr | e [F (7’ + r;‘) - F(r)] d7> .

Now let Fy(r) = F (7 + ) = F(7) and let

¢l

I(t) =

N | —

L(t) = /Ooo e [F (T + ’;) — F(T)] dr = /OOO e TR (1) dr.

Then, by the same argument, it follows that

Li(t) = ; </0|§; e "TE (1) dr — /OOO e T [Fl (7’ + @) - F](T)‘| d7'> :

After N times of repeating this process, we would have that

e "TFy(T)dr —/ e i [FN <7’ + |7;|> — FN(T)] d7'> ,
0
where FN(T) = FN—l (7’ + ﬁ) — FN—l(T)-
Letting

i

. e_i”Fj(T) dr

S;(t) = /0

for 1 < j < N —1, it follows that

82
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That is,
I(t) = ;S(t) - 21251(t) + 21352@) +...+ (_2\][\718]\7_1@) + ( oN In()

1 = (=)
- §S(t> + Z Ok+1

k=1

k (_1)N+1

/OM e "TF(T)dT + SNTI /0 e T Fy (1) dr.

Notice that after expanding and rearranging terms, we can write for 1 <k < N

Fu(r) = 3 (-1 (k K 1) lF <T ¢ Ut m) —F <T + j”ﬂ .

J 1 i

Changing the order of summation, it follows that
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i

+
[~]=
/|

™

|

—_
S
>

F| =
=
S—

<

Il
o
el

I
<.
+
=

.
Il
o

+
[]=
vo|
Z| =

A o e
Tl £
/N

=
N——

+
()=
N2
D
/
=

~_

. 1 —1V*L o
e TR (7’ + ﬂ) dr + =)™ / e " Fny(7) dr.

2N+1 ™

[t]

<
I
o

~
—

~
N—

Il
DO | —
N
—~

~
N—

+
[~]=
[~]=
=
N

|
—_ =
~__—
. —~
0

>
F | =
=
S—
=

Q)

J

<

g

&S|
‘u —

+
:\“
— 13
~__—
IS

\1

J
N-1 N ﬁ :
E—1\(=1) (i _, T
+ / e " (7‘+ ) dr
N+1 (_1)] N ﬁ j
+ / —thF Jo d
2N+1<j—1>o ’ <T+||>

+
[]=
N
fl=
/
=2
N~
ﬁ
=3

o

J

g

|
/

\]

+
=3
N——
QU

+
ol 1
z|\ =
tl =
x
T
8

Cb‘
E

=

x
3
QU

\]

<.
Il
o

Let
00:%“‘2]&;\[:121@%4‘21\1%3
k— k— N N .
¢ = S0 () e + S (5) o + () + () for 125 <N - 1

_ N+2.
CN = 3wy and

1
CN+1 - 9N+T -

Then it follows that
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N+1 o 00
It —itr —itT
[1(t)]| < Z% ¢ /0 e " F( |t|> dr| + 2N+1 / e " Fnya (1) dT). (4.14)
‘7:
It suffices now to show that
FN+1 /M . \t\ F N+1)(T +sS+...+ 5N+1> d81 s dSN—&-l,
where
al N (N (j+1)m Jm
Fyyi(m) = Z(_l) U E (T -t
= j |t] t]
N N . (4.15)
=Y 1)N+j< )/tF<T+S+ )
= i) Jo |t]

Using the identity

()-(2)+()

it follows that for any integer M > 0 and for any function h,

zO(—l)Mﬂ' (™)

That is,
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> (-1 (M )h(j) =3 (e (Mj‘ 1) BG40 -hG).  (416)

j =

Let h(j) = )T F' (7’ + s+ J‘T) ds and M = N. Notice that we can write

hj+1)— :/T <r+s+‘f|+|:|> F’<T+s+]|t|>d
P (4.17)
:/t/tF”<7'+81—|—82+|’>d81d82
It follows from equations (3.8), (4.16) and (4.17) that
= (N — o[
Fynii(7r) = Z(—l)N+J+1< )/ / F’ <T+51+32—|— i |> dsi ds.
=0

Now let h(j) = f f'” " (7’ + 51+ 89+ It\) dsy dsy and M = N — 1, and use equa-

tion (4.16) once more. Since

h(j+1)— /M/M /M F" <7’+31+32+53+ i ’> dsy dss dss

it follows that

N-2
Fyi(r)=-Y (- 1N+J< )//'/' F”’<r+sl+52+83+ ; |> dsy dsy dss.

j=0

Repeating this process N — 2 more times, we obtain

Frni(r /m Il F(N+1) (T+814...+5yp1) dsy -+ dsyyy.
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Thus, it follows from equation (4.14) that

N+1 ILtrl ‘ j7r
IHl< > ¢ / eF |1+ | dr
j=o 170 1
1 00 ) o s
+2N+1 / e*ZtT/\tl... (N4 (T4 81+ ...+ 8np1) dsy -+ dsyy(7) dT).
0 0 0

This finishes the proof of Claim 4.10.

Claim 4.11. The N** derivative of

e2min-(y— y')
e~ 2T dn (4.18)
/ T[nv— Tb ]d’U

consists of sums of terms of the form

N

Clrd)* e / D) i),
R’VL

where

() = [ [ (bla)setriric 1dv] ;

d
7(7_) _ [/647r[77~v—7'l~7(v)} d'l)] :

R
at,... 0, k,deN; 0<k<N;a1+...+ar=d—1; and ay + 2as + ... + kay = k.

Proof. We will begin by showing by induction that the k' derivative of
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e2min-(y—y’) p
/ 47 [n-v—7b(v)] dv n

consists of sums of terms of the form

agk

627ri77~(y—y’)[ / ) dvr... [ / B(w)retmno—rhol gy
n Rn

O . d dna
. { / pArlnv—7h(v) d'v]

where a; + ... +a, =d—1; and a1 + 2ao + ... + ka = k.

Notice that

e2min-(y—y') {/ 5(0)64”[7""_75(”)} dv]

- 2
/ 647T[n'v—7b(v)} d’U]

J'(t) = 4w

dn

is of this form.

Suppose J*) (1) is of this form. We will show that J*+1(7) is of this form. Let

Rn

and

d
y(r) = [ [ et dv] |

R

Then, by the quotient rule, % [J (k) (7')} consists of sums of terms of the form

2rin-(y—y') 4. .. . d o
R” 7
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or
2rin-(Y—y') g, . .. g, L
ol < s 9r iz (7) dny. (4.20)
Rn fy
But

d T (a9 pAm[m-0—7b(v)] @t T (a\s+1 dm[nv—7b(v)]

(9.) = —ma, | [ Boye ao| ] [ Byt dv) |

T n n
and

- d—1 ~ .
y (,.)/> = —4d7nd |: / e47r[77-v77-b(v)} d’U:| / b(v)e47r[n-vf‘rb(v)] dv
T n n

= —47rd'yd%¢1/ 5(17)64”[’7'”_75(”)] dv.

n

Thus, a generic term of the form given in equation (4.19) is given by

2min-(y—y' 7 -1 b
C/ e (y—y )91 gk |: / B(v)seéhr[n-vf'rb(v)] d’U:| / '6(,0)84“164”[77'17*7{7(1))] dv d’n
gt " !
Rn

Let hj = g; for j # s,s+1; hy = { / b(v)564”["'”_75(”)] dv} ) , where @, = a,—1; and

n

(4.21)

~ ~ As+1
hsi1 = [/ b(v)*Hietrnv=rbv)] d’u} , where dsy1 = asr1 + 1. Then equation (4.21)

2rin- (Y=Y ), ... b
C’/ ‘ : k dn.
R™ 7

For this term to have the desired form, the exponents must satisfy a1 +...+as_1 +as+

can be written as

Asi1+asio+...+ar =d—1,and a;+...+(s—1)as_1+sas+(s+1)as 1+ (s+2)aso+. ..+
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kay = k+ 1. The former holds, since by inductive hypothesis a; +...+as_1+as+asy1+
sio+...+ag=a1+...+as—1+as+1+...4+ar = a;+...+ar = d—1. The latter also
holds, since by inductive hypothesis, a;+. ..+ (s—1)as_1+sas+ (s+1)as11+ (s+2)asi2+
cotkay=a1+.. .+ (s—1)as_1+sas— s+ (s+1)as1+5+1+(s+2)asa+. .. +kay =

ap+...+ka,+1=Fk+1.

In the same way, a generic term of the form given in equation (4.20) is given by

2 W=vg, ... g /Rn g(v)e4w[n~v—T5(v)] dv
- pa} dn. (4.22)
- [ / 647r[7]-v—7-b(v)] dv

~ ~ ai
b(v)etrino=Tbw)] dv] , where a; = a; + 1 so

n

Lethj:gjforjsél,andhl:{/

that equation (4.22) can be written as

627fi77‘(y—y’)h1 e h’k

/ e47r[n-v—75(v)] dv

d+1 d
Rn

For this term to have the desired form, the exponents must satisfy a; +as+...4+ap = d,
and a; + 2as + ... + kap = k + 1. The former holds, since by inductive hypothesis,
ap+as+...+ag=a+...+a,+1=(d—1)+1=d. The latter also holds, since by

inductive hypothesis a; + 2as + ...+ kax = a1y +2as + ... + kap, +1 =k + 1.

It follows that for any k& € N, the k' derivative of J(7) consists of sums of terms of

the form

. Vi ak
e2min-(y—y’)

/ 5(,v>647r[ﬁ-v—7-5(v)] dv} a o { / B(ﬂ)keh[n.vﬂ.g(v)] do
n Rn

- d
/ e47r[77-v77'b(v)} d’l):|

dm,
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where a; + ... +a, =d—1; and a1 + 2a2 + ... + ka, = k.

Since F(7) = e~2"™ J(7), the N** derivative of F is given by

FO () = 3 (JZ ) (e2m) ™ 09 ).

k=0
N—k
But (6’2”5)( ) CoN=ke=2770 Thus, the N** derivative of F' consists of sums of

multiples of terms of the form

k
o
e2min-(y—y’)

/ E(,U)e47r["7"0—7'5(v)] d'v} a1 N { / B(U)ke47r["'v_75(v)} " a
n Rn

5N—k6—27r7'5 - ; dn,
. / e4w[n-v77b(v)} d'l):|
where a1+ ... +a, =d—1and a1 + 2a9 + ...+ ka,, = k.
Finally, writing for 1 < s < k,
N } as 1 N . as
[ /b<v)s€47r[n-'v—7—b(v)] d’U] =— |: /(Tb(v))se47r[n.v—rb(v)} d’U]
R~ T R~
yields the desired expression. This finishes the proof of Claim 4.11.
O
Claim 4.12. Let
2wt (y—y') pp(y L. R
A%Jrl,k(T) — (75)N+1—k6—27r75/ € ,}/J;l(s_;) fk (T) dn’ (4'23)
RTL

where

i) = { /(7’5(“1)))564”[’7‘”_7'5(#11)] dv] ;

Rn
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d
VA (T) = [/e4ﬂ[n~v—75(u’v)] dv] ;

Rn
ai,... 05, k,deN;O<E<SN+1,a1+...+ar=d—1; and ay + 2a2 + ... + kap, = k.

Then there exists a constant C' that depends only on N, k, the “combined degree” of

b and the dimension of the space such that

’A%+1,k(7)’ <C.

Proof. Tt is easy to check that (70)V+17%¢=2"7 is bounded. In fact, for x > 0 and
A > 0, define h(z) = z¢™®. Then I/(z) = 2 te™*(A — x). It follows that h(x) attains
its maximum at z = A. That is, h(x) < A%e~4. It follows that

(N +1— k)N+1—ke—(N+1—k)

N4+1—-k _—2716
(76) e < (2m)N+1-k

Thus, it suffices to show that
o) R,
e M)

We will begin by studying integrals of the form

is bounded.

as

i) = [ [ hlgu)setrirewim gy
Rn
By Claim 3.3 on page 32 there exists a universal constant such that

Th(pw) < C(1+02™ 4 . 4 02™).

n

Thus, we must study the behavior of integrals of the form
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LS = / p8<v)677’0—9(1’) (irv7
R

for polynomials p, : R" — R with non-negative coefficients and g(v) = 7b(puv).

As usual (see, e.g., equation (3.2) on page 31), we can write

L, = o) / ) —h(w0) (43 oy,

where h(v) = n-v — g(v) and vg is the point where h(v) attains its maximum. Making

the change of variables v = w + vy, it follows that

L, = et / e~ @)y (w + vg) dw,

where f(w) is as in equation (3.8). That is,

f(w) = g(vo +w) — g(vo) — Vg(vo) - w.

Since the coefficients of p are non-negative, it follows that

ps(wl + Vo1, - - -, Wp + UOn) S ps(|'w\ + |’Uo|, Ceey |’LU| + "U()|).

This last polynomial is now a polynomial of just one variable, and after expanding and
regrouping all the terms, it consists of sums of terms of the form |wl|’|vg| for indices

is and j,. Hence, there exist positive coefficients ¢;, j, such that

is/ ‘,w
Rn

Ly < eMvo) Z Cis i [0 Is =) oy

isvjs

Let



94

Js eI (W) dap.

Jj :/ |w

This integral is identical to the one studied in equation (3.21) in Claim 3.12 on page 52.

Thus,
Jio S Hw « f(w) <11+ |vol"") + 6,
where © is a constant that depends only on my, ..., m, and the dimension of the space;
and B = 4max{m,,...,m,}. It follows that
LS 5 Gh(vo) Z Cis,js Vo s [ {w . f(’ll)) S ].}| (1 + |'U() st) -+ ®:| .

is,Js

That is,

Ly S " [[{w : f(w) < 1} ¢s(lvo]) + ¢u(lvol)],

for some polynomials ¢, : R — R 1, : R — R*.

On the other hand, by equation (3.10)

/e4n[n.v—rz§(;w)] dv ~ " {w : flw) <1}
R

Therefore, there exists some polynomial ¢; : R — R* such that

S gy [ (5w : f(w) < 1 (o))
EEETO N [ {w  flw) < T} |

Buta, +...+a,=d—1, so
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/ i) fi(7) dn < e wo) (dz_:l Hw : f(w) < 1}|j_dCIj(|U0|)) -

()

Moreover, by Claim 3.7,

n

{w: fw) <1} Z (1+r(vo)) 2.

where r(v) = v{™ + ...+ v>™. Thus, and since j — d < 0,

/ ) JilT) g < oo (Za T r<v0>>"“z‘”qj<|vo|>) .

'7“(7—) =0

n(d—j)

By Claims 3.9 and 3.8, Y7=((1+7(vo))” = ¢;(|ve|) is at most of polynomial growth

in |n|. On the other hand, by equation (3.7), e "(¥) decays exponentially in |n|. Hence,

() f(7)
/Rn Y- (T) o

is bounded. This finishes the proof of Claim 4.12.

We are now ready to present the proof of Proposition 4.9.

Proof. We had shown in equation (4.2) on page 70 that

2m
S = 727r7'5 727rz(t’ )T (y=9) =) d,’,’ dr.
0 / 47r[n v—7b(v)] dv

Letting u = 27 [(t' —t)+ Vb (%"”) (y — y)} we have that




e2min-(y—y’)
S = —zuT —271'75 dﬂ dr.
/ 47r[17 v—Tb(v)] dv

Let
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s e2min-(y—=y’)
F(r)=e - dn (4.24)
]R"/ 647r[n-v—7b(v)] dv

n

so that

S:/O e "TF(T)dr.

Then by Claim 4.10 it follows that

N+1

S| < ZCJ

/u e VTR (T—l—) dr
|u|

T o 2N+1

We will begin by obtaining the desired bound for the terms of the form

M '
I;(u) = / e " F (7’ + JW) dr.
0 Jul

We can write

Tul
|1 S/
0

/7r —“”/H ulFN+1)(T+S1+...+8N+1) dsy -++ dsyi1dT|.

Tl - 2min-(y—y')
dr = 6_2W6(T+177|) ¢ - dnm| dr.
0 Ne=con
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Making the change of variables s = 7 + L& as well as n — g and v — pwv, where

Jul

p = (p1,-.., M) are chosen as in equation (4.1) on page 68, it follows that
(G+1)m

Wl g—2mds 1
7)< . dnds.
’ J( )| = . 'u% .. .M% ]Rn/ eAnlnv—sb(uv)] 7o, n

By Lemma 3.1,

1
- dn
e / Arino=sb(uo)] gy,

converges. Also, by convexity of b, § > 0. Thus,

Gt .
Liu)| < —— ds.
R TR

[ul

Since the factors p; were chosen so that

it follows that

oS
=
=+
Z.
=
Q
@
g
@
&
=
@
Q
©)
=
&,
o
@)
=3
=
OS]
=
IN
<
+
=
3
+
=
@)
=

Thus,
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uTll)w .
“ T
Lwl < [ =

— 5 dT = = 2
= b)) < T ullfe s Blo) < )

Let w = 5= = [(t' —t)+ Vb (%"’v (Y — y)} . Then,

1
[7i(w)] S .
T eilfe w0 < g
Since {v : b(v) < |w|} C {v - b(v) < 2|w|} it follows that

1
[Lo(w)] S = 7
[w] |[{v : b(v) < fw]}]
The same bound is obtained trivially for j = 1. For j > 1, we can use Claim 1.5 on page

16 to show that

7 G+1"
{v : () < Jul}| < o

{"’ <y ’1>H

Hence,

I(w) g — U+

" Jul v : bw) <l

Since the sum over j is finite, it follows that

1
1S < — 5
|w| Hv :b(v) < \w\}‘ 4.35)
T oNTT 2N+1 / ﬂm/lu i FNFD (1 451 4 ...+ snp1) dsy - dsyy dT|.

We must now bound the term
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|/ e_“”/m--- mF(]\”rl)(Tjle4—...+3N+1) dsy -+ dsyi1dr
0 0

We showed in Claim 4.11 that the (N + 1)™ derivative of

: ’
e2min-(y—y’)

F(r) =2 - dm.
R"/ 647r['r/~'v—7'b('v)] dv

consists of sums of terms of the form

C(ro)Nttke=2mmd [ 2minW=v) £ (1) ... fi(7) d
TN+ - v(7) "

where

fs(m) = [/(T’g<v))se4w[n-v—ré(u)] dv] :

Rn

d
A(7) = [/e4w[n-vrl~;(v)} dv] :

R
ai,..., a5, k,de N;O<ESN+1;a1+...+a,=d—1;and a1 + 2a2 + ... + kap, = k.

We can write these terms as TTC;AAN+17]€(T), where

2min (y—y’) .
AN-{-l,k(T) _ (T§)N+1—ke—2m—§ e f1<T> fk(T) d’l’].
o 7(7)
Thus, we must study integrals of the form

Fem iy T
u u
J = T AN+1k(T+81+...+SN+1)d31"'dSN+1dT.
TN+L Jo 0 ’

o
[

With g1, ..., i, chosen as in equation (4.1) on page 68 we can make the changes of

variable n — g and v — pwv. We obtain an integral of the form
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T (g - )@t ﬁA“
J = TN+1([1,1"-[L )d+1 0 0 N+1,k(7-+81+"'+SN+1) dSl"'dS]\H_ldT,

[l

where now
2mi-(y—y’) pp I
—k _—27T e ¢ f T) f T
Al]tf—i—l,k:(T) — (75)N+1 ke 2 6/ :(5_)> k( )dn; (4.26)
R" v
r) = [ [ (rb{aao))setetro-rioen) dv] ;

Rn

and

d
SRR p—_

R
But by Claim 4.12, AR, .(7)| < C. It follows that

g [
N~ T NN (g A

[ul

Also, a1 + ...+ ap = d — 1. Thus,

1 > 1
J| S dar.
s ru\NH/w e

[ul

Since g was chosen so that

1 (7) - () & Hv - b(v) < i

and taking w = 3= as before, it follows that
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1 > 1
5 s 2

2[w]

Notice that on the interval under consideration, (2|w|7)~! < 1. Using Claim 1.5, it

follows that

= {v - b(v) < 2l H > ! Hv : b(w) < 2|w|H

(2lwlT)"

Also, as mentioned earlier,

v bw) < 2uwl}] = [{v : bo) < |ul}]

It follows that

Thus, taking N > 2n + 1,

PPy ~ d
~ Jw [N = 2 4T
i TN {0 1 () < Jwl}]

2|w|
1

R~ T

fw|V+1-20 Lo < Bw) < ful}f

)
2n—N

_1
2[w]

That is,

1
w] [{v : b(v) < fw]}|

It follows from equation (4.25) that

<

‘ ’ ~Y

3



~ ~ 2"
[w] [{v : b(v) < fw]}]
This finishes the proof of our third and last bound.

We have shown that

1S (2, y,1); (2, ¢, )| S min{A, B,C},

where
A= ~1 :
d{v : b(v) < d}|?
1
B == = = ;
by —y')[{v : b(v) <bly —y')}?
and

_ 1
[wl {o = b(v) < |w]}[*

Thus, to conclude the proof of the Main Theorem, it suffices to show that

C

1

min{A4, B,C} < 5.

\/52 —|—5(y—y’)2 + w?

{v : b(v) < \/52+5(y—y')2+w2}

102

Without loss of generality, suppose that § < b(y — ¢’) < |w|. Then, and since b is

non-negative,
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{v:bv) <6} C{v:bw)<bly—y)}C{v:bw) <|wl]}

It follows that

1 1 1
wl [{o < 5(w) < [}~ by —9){v  b) < by —g)}F - dl{v o) < O}

SO

815 . .
wl v : (o) <[]}

Moreover, since § < b(y —y’) < |w]|, then \/52 +b(y — y')? + w? < V3w?. That is,

R
|w| - \/62 +5(y_yl)2+w2

and

{v  B(w) < \/52+5(y—y')2+w2} c {v: b(v) < v3lu|}.

But by Claim 1.5,

{o : bw) < VBlul}|" < (V3 [{v : blv) < Jul}]".

Therefore,

5] < |
] |{v - (o) < ]}

(v/3)2 1
{'v L b(v) < \/(52 +b(y — y')? +w2}

3-

\/52+5(y—y’)2+w2
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This finishes the proof of the Main Theorem.
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Appendix A

An integral expression for the Szego

kernel

In this appendix we derive an integral expression for the Szegd kernel for a class of

unbounded domains defined by convex polynomials.

Proposition A.1. The Szeqd kernel on the boundary of domains of the kind Q = {z €
C™ : Im[zn41] > O(Re[z1],...,Re[z,])} where b : R" — R is a convex function of

“combined degree” is given by

e2mn[z+a’ —i(y'—y)]

S((w y t) (m/ y/ t/)) _ e—27r7-[b(m')+b(m)+i(t’—t)] d’f] dr
Y 7 b ) ) / 47r n v— b T] dv Y
0
(A1)
where (x,y,t) and (', y’,t') are any two points on OS.
Let Q = {z € C""' : Im[2,1] > b(Re[z1],...,Re[z,])} and
p(z1r- s znsr) = b(Relz), ... Re[zu]) — Im[z,p]
(A.2)

_b<zl+zl Zn"'zﬁ) . Zn41 — Zn+l
N 2 9 2i
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be a defining function for our domain. Recall that the Szegé Projection is the orthog-
onal projection I, : L*(0Q) — H?(0R), where H*(0Q) = {f € L*(0Q) : L(f) =
0 as a distribution, for all tangential Cauchy-Riemann operators L}. We begin by find-

ing a base for the tangential Cauchy-Riemann operators. We can let

85 aZnJrl

Zj_2<a+Aj(zl,...,zn) 0 ) j=1,...,n.

For these operators to be tangential they must satisfy Z;(p) = 0. Thus,

are a basis for the space of tangential Cauchy-Riemann operators for our domain in

(CnJrl

We can identify 02 with C"* x R via the map

(21,520, 1) EC" X R > (21, ..., 2, t +ib(Re[z1], . .., Re[z,])) € 9.

Our operators Z; are operators in C"™. The restriction of these operators to C" x R is

— 0 [ 0 b 0

Lemma A.2. Let
Mlg)(z,n,T) = e 2@ g (2 n, 1),

and define the partial Fourier transform

Flfl(z y,t) = f(z,n,7) = / e 2T £z, y, t) dy dt.

Rn+1



Then

M LAR*™ dadndr ) — LA(R*, 2 e=b@7] g d dr)

is an isometry, and

_ _ .0 )
Zilfl=F M 18—%/\/1]-“[]“] ji=1,...n.

Proof. Tt is easy to check that M is an isometry in this weighted L? space, in fact

2 -x—b(x)T
|IMg]1172 (crtma-si@rrty = / ‘g(w»n,T)ef%[nwfb(m)T] =N g dny dr

R2n+1

. / \g(a, m, 7)? dav dny d .

R2n+1

Rt (911]‘ 8xj
_ / e27‘ri(y-n+t7')e27r[n$fb(w)‘r]i (efQﬂ[n-wfb(w)T]f(w n 7_)) d’r; dr
6:[,'] 7 )
Rn+1
0
— ML MmEl,
Oxj
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/ e2mi(ym+tT) (af(w’n’T) — 27r77jf(w’ n,7)+ ﬁ(m)%ﬁf(w, mn, T)) dn dr

O

Since F and M are isometries, instead of projecting onto the null space of the

tangential Cauchy-Riemann operators we can project onto the null space of the operators

{i} . That is, we project onto functions f(x,n,7) € L2(R2!, edmna—b@)l g dn dr )

Ox;

such that the {z;} are constants. Let II be this projection. Then the Szegd projection

is given by TI[f] = F' M 'TIMFLf].
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Remark A.3. i) Notice that for these functions f to be in L2(R2 eArlna=b@)] dq dn dr)
one must have that
/ |j?|2 ( /e‘”mm_b(mm dm) dndr < oo.
]Rn+1 R

The inner integral /64”["':”_1’(‘”)71 dx diverges if T < 0 because of the growth hypothesis
R
on b. Thus we set I f(z,n,7) =0 if T <O0.

it) Notice that under these hypothesis the constant functions belong to

L2 (IRn7 e47r[n~a:—b(w)7’] dx )

Since the basis for the null space of the operators {%} is just the constant function,

the projection Il for 7 > 0 is given by

<9, 1>1 /]Rn g(az’, n, 7—)647T[7]-m’_b($/)7_] da’
< 17 1> a / 6471'[7]-1)—1;(1,)7_] Jo

e47r[n~:c'—b(m’)7']
= g(x',n,7) dz’ .
- / e47r[7]-'u—b(v)7'] dv

n

=

l9] =

The Szeg6 Projection, then, is given by

I[f)(z,y,t) = F M TIMF[f)(z', 9, t))

= FI MM [ e W f(! ! o) dy’ i

Rn+1

= F MMl 2rlna’—b(@)7] 2T f (! o 1) dy’ di

RTH»I

—2mi(y’ n+t'T 1o N pAn[na’ —b(x!)T
— Fipmt e—2r[m-a’—b(2")7] € v )f(.’B Yy’ t)e -2’ =b(a’) ]dy’ dt' dx’
- - / Amnv=b()7] o

Rn




:ffl eQﬁ[n-wb(w)ﬂ/ 6727r[77-a:'7b(w')7}
R

e—27rz‘(y’~n+t’r)f<m/ y/ t/) An[n-a’—b(z’)7]

—_— / 647r[17v b(v)T] dv

:/ / 2mi(y-n+tr) 27r[17:c b(xz)T }/ —2n[np-x’—b(z’)7]
R"

—27rz(y ‘n+t'T) t drn-a’—b(z")7]
&y t)e dy’ dt' dx' dndr
-~ /Rn 647r[77'v b(v)7] dv

dy’ dt’ dz’

_ Fla o, t) / o= 2mTIb(@)+b(@) +i(t ~1)]

R2n+1

e2mn[z+a’ —i(y’ —y)]
dn | drdx’ dy’ dt'.
/ 47r['l71; b(v d’U

Therefore, the Szegd kernel is given by

,QWT[ (x’)+b(x)+i(t' —t el e i) dn | dr.
0 / w[n-v—b(v)7] dv

This finishes the proof of Proposition A.1.
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