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ABSTRACT

Unearthing the evolutionary relationships between different but related taxa, both living

and extinct, in order to understand the tree of life is one of the main goals for both

biologists and mathematicians. From the time of On the Origin of Species by Charles

Darwin around 1859, numerous models, theories and algorithms have been raised and

improved. The purpose of this thesis is to further extend some existing theories and

introduce a new network algorithm in phylogenetic reconstruction.

The purpose of my first project is to estimate the accuracy of the Fitch algorithm.

The Fitch algorithm is used to solve ancestral state reconstruction problem, whose goal

is to find the state of the common ancestors from the state of multiple species. As a

parsimony method, the Fitch algorithm reconstruct the states which minimize number

of state changes along all possible mutations. My results indicate that in the Cavender-

Farris-Neyman model, both on a deterministic tree with branching number larger than

3
2

and on the Yule model with parameter larger than 6, the accuracy is strictly better

than a random guessing.

The second project focuses on comparing a few multi-locus reconstruction methods
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which deal with incomplete lineage sorting (ILS), under the assumption that the loci

involve both ILS and recombination in the three-taxon case. The results show the decay

rate of the accuracy of these multi-locus reconstruction methods, and I compare the

accuracies via simulation.

In the third project, I introduce a fast-converging split network reconstruction algo-

rithm and prove the consistency of the algorithm. Like the idea of the short quartet

method (SQM), the algorithm relies on short distances only. By shortening the radius

of the trusted region, the algorithm eliminates the disadvantage of Neighbor-Net and

the split decomposition method, the most popular network reconstruction methods in

the last couple of decades.
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CHAPTER 1

INTRODUCTION

Unearthing the evolutionary relationships between different but related taxa, both living

and extinct, in order to understand the tree of life is one of the main goals for both

biologists and mathematicians. From the time of On the Origin of Species by Charles

Darwin around 1859, numerous models, theories and algorithms have been raised and

improved. Even now, there is still a huge amount of research being investigated to solve

this mystery (see, e.g. [31]).

Phylogenetic trees, which are widely used in this sort of analysis, are a graphical

tree structure with the leaves representing the taxa we are interested in, the internal

nodes representing the ancestral species that are usually unobservable, and every edge

indicating an evolution event. There are many different models of evolution to simulate

mutations along its edges. Some models used nowaday are the r-state Poisson model [31],

the Kimura 2-parameter or 3-parameter model [32], and the generalised time reversible

(or GTR in short) model [60]. These models have been applied in many phylogenetic
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studies.

As we mentioned above, the internal nodes of the phylogenetic tree are used to

represent those species that are unobservable, so one of our major goals is to uncover

important information, like DNA sequences, of those species. This is defined as the

ancestral sequence reconstruction problem. A significant amount of studies has been in-

volved in solving the ancestral sequence reconstruction problem. Some main approaches

can be classified into: maximum parsimony (see, e.g., [23]), maximum likelihood (see,

e.g., [47]), and Bayesian inference (see, e.g., [48]).

One of the main categories to solve the ancestral reconstruction problem is maximum

parsimony. First introduced by Walter M. Fitch in 1971 [23], the maximum parsimony

method reconstructs the state of all interior nodes of a phylogenetic tree in a way that

minimizes the number of state changes along all the edges. Even though it is not con-

sistent under some conditions like long-branch attraction [21], the maximum parsimony

method has been widely accepted and studied (see, e.g., [21, 58, 39, 64, 56, 11, 55, 35,

24, 65]).

The Fitch algorithm [23] is the most popular algorithm that implements the max-

imum parsimony method. Despite its efficiency, there are only few studies to support

the accuracy of the Fitch algorithm. (see, e.g., [58, 39, 64, 55, 35, 65]). Mike Steel found

the accuracy of the Fitch algorithm in the CavenderFarrisNeyman model when the tree

is a complete binary tree with equal branch lengths in [58], and Li et al. broadened the

result to ultrametric trees in [65].

Our first project, as shown in Section 2, further generalizes the results of [58, 65] by

estimating the accuracy of the Fitch algorithm on a general phylogenetic binary tree.

Our result indicates that on both a deterministic tree and the Yule model, under certain
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conditions, the accuracy of the Fitch algorithm is strictly better than random guessing

in the CavenderFarrisNeyman model.

Nevertheless, there are still some phenomena that can not be fully explained. The

rapid increases of sequence data from multiple loci, thanks to the development of technol-

ogy, has drawn biologists and mathematicians to notice that the evolutionary histories

of individual genes can be different from their underlying species tree. These phenomena

are caused by, for example, incomplete lineage sorting, gene gain and loss, or horizontal

gene transfer. The relationship between species trees and gene trees has been a focus in

recent studies. (see, e.g., [22, 49, 40, 44]).

One of the main reasons for the incompatibility between gene trees and species tree

is incomplete lineage sorting (ILS), when two lineages fail to coalesce in a population,

resulting in the lineage merging with another less related lineage first and causing a

discord between gene trees and species trees. Numerous algorithms have been raised

to reconstruct the species tree from multiple loci to account for ILS, for example, the

Maximum Likelihood (ML) method [37], the R∗ consensus method [5], and the Species

Trees Estimation Using Average Coalescent Time (STEAC) method [38]. As shown in

[53], Sebastien Roch compares these algorithms in the three-taxon case. He showed that

under the three-taxon case assumption, the algorithms can be separated into three cate-

gories: ML/GLASS/MT [36, 19, 37], R∗/STAR/MDC [40, 5, 13, 38, 61], and STEAC/SC

[38]. Furthermore, he showed that in accuracy ML/GLASS/MT dominates the other

two categories in this case, and he computed the decay rate of each category.

The purpose of our second project is, as shown in Section 3, to mimic Roch’s work and

extend the result by considering recombination, another important factor that causes

the disagreement between species trees and gene trees. Recombination causes different
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parts on the same gene have different evolutionary histories, resulting in the appearance

that the gene might demonstrates a totally different topology from its real history. In

our work, we indicate the decay rate of each categories of algorithms for the three-taxon

case, under the assumption that the loci we collect from the species tree involve both

incomplete lineage sorting and recombination.

Despite the wide use of phylogenetic trees, phylogenetic networks are more adequate

to represent data sets involving reticulate events caused by, for example, hybridization,

horizontal gene transfer, and gene duplication and loss [31, 15, 16, 25, 52, 57, 59]. A split

network, first introduced by Bandelt and Dress in [3], is a representation of an unrooted

phylogenetic network. Since then, an abundance of algorithms have been introduced for

reconstructing a split network from some certain information on species. Based on the

information the algorithms need, we can classify the algorithms into a few categories

[29, 31]: Neighbor-Net [7] and the split decomposition method [3] take the pairwise

distances between taxa as input, while the consensus network method [27] and the super

network method [30, 62] use a set of phylogenetic trees for reconstruction, and the

median-joining method [4] and the quasi median-joining method [2] require condensed

characters.

The distance-based reconstruction methods, Neighbor-Net algorithm and the split

decomposition method, are the most popular algorithms. Because of their consistency if

the error of estimated distances is bounded [3, 43, 34], they have been widely accepted

and used. Nevertheless, both methods require that the estimation between every pair

of taxa have a bounded error, and as a result, they require impractically large sample

length to ensure the consistency if the diameter of the network is large.

Our third project, as shown in Section 4, is to introduce a fast-converging split
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network algorithm by relying on only short distances, similar to the idea of the short

quartet method (SQM) [20]. The algorithm is analogous to the algorithm introduced in

[12], with the fact that every edge in a phylogenetic tree corresponds to a split in a split

network. By shortening the radius of the trusted region from the diameter of a split

network to a linear combination of the depth and the incompatibility of a split network,

the algorithm removes the disadvantage of Neighbor-Net and the split decomposition

method.
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CHAPTER 2

ACCURACY OF FITCH ALGORITHM

Contribution I lead all aspects of the work and wrote the first draft of this

section.

2.1 Introduction

Ancestral sequence reconstruction is an important technique in the study of molecular

evolution, which incorporates sequences of modern species or taxa, like proteins or genes,

into an evolution model in order to comprehend sequences of their common ancestor.

The concept was first introduced by Pauling and Zuckerkandl in 1963 [50], and it, ac-

companied with the rapid accumulation of biomolecular sequence data, has become an

essential approach to understanding the evolutionary history of proteins and genes (see,

for example [23, 47, 48]).

The study of ancestral sequence reconstruction usually uses phylogenetic trees, which

graphically have a tree structure, with the leaves representing the extant taxa and the
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edges indicating evolution events. The state of any character in the sequence changes

along the edges of the phylogenetic tree, and the sequence of a descendant might be

different from the sequence of its ancestor. With the assumption that every character

in the sequence evolves identically and independently, ancestral sequence reconstruction

can be broken into multiple ancestral state reconstruction questions, whose goal is to

find the state of the root given a phylogenetic tree and the state of all leaves.

The Fitch algorithm, first introduced by Walter M. Fitch in 1971 [23], is a technique

for ancestral state reconstruction on a binary tree. As a parsimony method, it estimates

the state of the root by minimizing the total changes on the edges. Despite its efficiency,

there are only a small number of studies to support its accuracy [65, 39, 35, 55, 64, 58].

In [58], Steel found the accuracy of the Fitch algorithm for the Cavender-Farris-Neyman

model when the tree is a complete binary tree with equal branch lengths. And in [65],

they complete Steel’s work and broaden the result to include the case when the tree is

an ultrametric binary tree.

Our goal in this section is to generalize the result in [58, 65]. First, we studied the

accuracy of the Fitch algorithm for the Cavender-Farris-Neyman model on a general

binary tree. Then, we expand the result by considering the Yule model. We prove that

in both cases, with certain restrictions, the accuracy of the Fitch method is strictly

better than random guessing in a symmetric two-state model.

2.2 Background

We start with some basic definitions. See [31] for an in-depth exposition.

Definition 2.1 (Phylogenetic Tree [31]). We say T = (X , V, E, L) is a phylogenetic
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tree on X if (V,E) is a tree, and L : X → V is the taxon labeling that assigns ex-

actly one taxon to every leaf and none to any internal node. We additionally say

T = (X , V, E, ρ, L) is rooted if (V,E, ρ) is a rooted tree with root ρ. Moreover, we

say T is edge-weighted or weighted if there is a mapping w : E → (0,∞) that assigns a

positive weight to every edge of the tree.

The weight of an edge usually correlates to the evolutionary time. In this section,

we use the r-state Poisson Model as the evolution model on a phylogenetic tree.

Definition 2.2 (r-state Poisson Model [31]). Suppose T is an edge-weighted, rooted

phylogenetic tree with edge-weight function w. The r-state Poisson Model makes the

following assumptions:

1. The possible state set S contains all the possible states for each site, and |S| = r.

Usually r = 4 (S = {A, T, C,G}) (the Jukes-Cantor model), or r = 2 (S = {0, 1})

(the Cavender-Farris-Neyman model).

2. The sequence length is an input parameter, and the state of each site of the initial

sequence at the root is drawn independently and uniformly at random from the set

of all possible states S.

3. The sites evolve identically and independently along the edges of T at a fixed rate

µ.

4. With each edge e of T , the expected number of mutations per site along e is given

by µw(e). The probabilities of change from one state to another are equal.

In this model, as described in [31], there is an explicit formula for the probability of
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the events that two adjacent nodes have equal or different states at a specific site in the

sequence.

Lemma 2.3 (Changing and preserving probability of the r-state Poisson Model). Sup-

pose e = (z, x) ∈ E is an edge of the phylogenetic tree T = (X , V, E, L, w), then for any

specific corresponding site sz and sx, and any state s1, s2 ∈ S, s1 6= s2, we have:

P[sx = s1|sz = s1] =
1

r
(1 + (r − 1)e

r
r−1

µw(e))

P[sx = s2|sz = s1] =
1

r
(1− e

r
r−1

µw(e))

Because the r-state Poisson model assumes that all sites in the sequence evolve

identically and independently, we consider only one particular position at a time. As

a result, ancestral sequence reconstruction can be broken into multiple ancestral state

reconstructions, which are described as follows.

Definition 2.4 (Ancestral state reconstruction problem). Given an edge-weighted phy-

logenetic tree T = (X , V, E, ρ, L, w), and the state of every leaf , uncover the state of all

interior nodes of the tree T , in particular the root ρ.

The Fitch algorithm is a method for the ancestral state reconstruction problem. As

a parsimony method, it reconstructs the state of all interior nodes of a phylogenetic tree

in a way that minimizes the number of state changes along all the edges. In detail, the

Fitch algorithm consists of two traversals of the tree: First, bottom-up to determine the

possible state set of each node, then top-down to assign the ancestral state of each node:

Algorithm 2.5 (Fitch Algorithm [23]). Given a weighted phylogenetic tree T = (X , V,

E, ρ, L, w) and the state sx for every leaf x ∈ L, the Fitch algorithm is composed of the

following two parts:
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1. Bottom-Up traversal: The goal of this part is to construct the possible state set S̃z

for each node z:

(a) If z ∈ V is a leaf, then S̃z = {sz}.

(b) If z ∈ V is an interior node with children x and y, then

S̃z =

 S̃x ∩ S̃y, if S̃x ∩ S̃y 6= ∅

S̃x ∪ S̃y, otherwise

2. Top-Down: The goal of this part is to assign the state s̃z to every node z that

minimizes the total number of state changes in the whole tree:

(a) For the root ρ of the tree, assign any state in S̃ρ as s̃ρ.

(b) For any x ∈ V − {ρ}, suppose z ∈ V is its parent, then

• if s̃z ∈ S̃x, then s̃x = s̃z.

• if s̃z /∈ S̃x, then assign any state in S̃x as s̃x.

Let S be the set of all possible states. As explained in [65], in order to understand

the accuracy of the Fitch algorithm, we need to know the distribution of S̃z given the

original state sz = s ∈ S. Since S̃z only depends on the states of the leaves below z, we

can compute the exact conditional probability:

Pz[S ′|s] = P[S̃z = S ′|sz = s] =
∑
D

P[D|sz = s]P[S̃z = S ′|D]

where Dz denotes a set of states for the leaves below z. With this notation, the probabil-

ity that the Fitch algorithm correctly reconstructs the root state, denoted as RAF (T ),

can be written as:

RAF (T ) =
∑
s,S′

P[sρ = s]Pρ[S ′|s]P[s is selected from S ′]
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In the rest of this section, we assume that the number of states is 2, with S = {0, 1}.

In other words, we consider the Cavender-Farris-Neyman model. Then there are only

three possibilities for S ′: {0}, {1}, and {0, 1}. By symmetry, for any node z ∈ V , we

make the following notations:

αz = Pz[{0}|0] = Pz[{1}|1]

βz = Pz[{1}|0] = Pz[{0}|1]

and so

Pz[{0, 1}|0] = Pz[{0, 1}|1] = 1− αz − βz

Then we are able to express RAF (T ) in terms of αρ and βρ [65].

RAF (T ) =
∑
s,S′

P[sρ = s]Pρ[S ′|s]P[s is selected from S ′]

=
∑
s

P[sρ = s](αρ · 1 + (1− αρ − βρ) ·
1

2
)

= αρ + (1− αρ − βρ) ·
1

2

=
1

2
+

1

2
(αρ − βρ) (2.1)

In the Cavender-Farris-Neyman model, states are more likely to be preserved than

be changed along the edges, and so αρ − βρ needs to be non-negative. The goal of

estimating the accuracy of the Fitch algorithm in the Cavender-Farris-Neyman model

is evaluating how far away αρ − βρ can be from 0. Nevertheless, it is far from trivial to

estimate αρ − βρ from the states of leaves. Some useful recursive relations are needed

for further analysis.

Suppose an interior node z ∈ V has children x, y. Let px be the probability that

the state of x is different from z, and qx = 1 − px is the probability that the state is
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preserved. Define py, qy in a similar way. The following recursive relation is introduced

in [39], which uses the fact that S̃z = {1} if and only if one of S̃x and S̃y is {1}, and the

other is {1} or {0, 1}:

αz = (qxαx + pxβx)(qyαy + pyβy)

+(qxαx + pxβx)(1− αy − βy)

+(1− αx − βx)(qyαy + pyβy) (2.2)

Similarly,

βz = (pxαx + qxβx)(pyαy + qyβy)

+(pxαx + qxβx)(1− αy − βy)

+(1− αx − βx)(pyαy + qyβy) (2.3)

The recursive relations are complicated for theoretical analysis. In [65], they derive

the following relations, with assuming Cz = 1− αz − βz and Dz = αz − βz for any node

z ∈ V : (for further properties of Cz and Dz, see Lemma 2.17)

Cz =
1

2
· [1− Cx − Cy + 3CxCy − (1− 2px)(1− 2py)DxDy] (2.4)

Dz =
1

2
(1− 2px)(1 + Cy)Dx +

1

2
(1− 2py)(1 + Cx)Dy (2.5)

With this recursion, the following lemma has been shown in [58, 65].

Lemma 2.6 (Accuracy of the Fitch Algorithm on complete binary tree with equal edge

length [58, 65]). Let Tn be the complete binary tree of 2n leaves in which the changing

probability is p along all the edges. Then in the Cavender-Farris-Neyman model, the ac-

curacy of the Fitch algorithm for reconstructing the root state in Tn, RAF (Tn), converges
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as n goes to infinity to:

lim
n→∞

RAF (Tn) =


1
2

+

√
(1−8p)(1−4p)

2(1−2p)2
, if p ∈ [0, 1

8
]

1
2

, if p ∈ [1
8
, 1

2
]

In order to further generalize the result, we further simplify the recursive relation.

We make the following notations:

Notation 2.7. For any z ∈ V , we let Fz = 1 − 3Cz = 3(αz + βz) − 2 and Gz = Dz =

αz − βz. Moreover, for any x ∈ V − {ρ}, we let θx = 1− 2px.

Notation 2.8. Suppose z, x, y ∈ V in phylogenetic tree T , such that z is the parent of

x, y, we denote s(x) as the sibling of x, that is, y, and similarly, s(y) = x.

With these notations, we can re-write equation 2.4 and 2.5 into the following equa-

tions: (for further properties of Fz and Gz, see Lemma 2.18)

Fz =
3

2
θxθyGxGy −

1

2
FxFy (2.6)

Gz = (
4− Fy

6
)θxGx + (

4− Fx
6

)θyGy

= (
4− Fs(x)

6
)θxGx + (

4− Fs(y)

6
)θyGy (2.7)

We can express equation 2.1 as

RAF (T ) =
1

2
+

1

2
(αρ − βρ) =

1

2
+

1

2
Dρ =

1

2
+

1

2
Gρ (2.8)

Therefore, to understand the accuracy of the Fitch algorithm, we need to study the

behaviour of Dρ or Gρ. Based on equation 2.7, we can express Gρ as:

Gρ =
∑
x∈L

[
∏

z∈a(x)−{ρ}

(
4− F π

s(z)

6
)θz]Gx =

∑
x∈L

[
∏

z∈a(x)−{ρ}

(
4− F π

s(z)

6
)θz] (2.9)
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where a(x) is the set of all the ancestral nodes of x in the phylogenetic tree T , including

x itself. The last equal sign uses the fact that, as we will show in Lemma 2.18, Gx = 1 if

x ∈ L is a leaf. This is an important equation which inspires all our work in this section

because we have a more explicit formula for Gρ to study.

Besides the improved recursive relation, in order to understand the accuracy of the

Fitch algorithm as the tree gets larger, we need a definition for a “growing” tree. One

way to accomplish this is using the concept of infinite tree, which is a cycle-free graph

with a countable number of vertices, and equipped it with minimum cutset:

Definition 2.9 (infinite phylogenetic tree). We say T∞ = (V,E, ρ, w) is a weighted

(rooted) infinite phylogenetic tree if (V,E, ρ) is an infinite tree. Again in this section we

assume that all nodes, except ρ, must have degree = 3

We can apply the Fitch algorithm on arbitrary minimum cutset of an infinite phylo-

genetic tree.

Definition 2.10 (minimum cutset [51]). We say π is a minimum cutset of a weighted

infinite phylogenetic tree T∞ = (V,E, ρ, w) if π ∈ V , |π| finite, and any infinite self-

avoiding path from root ρ must pass through one and only one vertex in π.

For any minimum cutset π of a weighted infinite phylogenetic tree T∞, we can regard

π as the set of leaves and apply the Fitch algorithm to reconstruct the state of the root

ρ. What we want to know now is what conditions T∞ needs in order to guarantee that,

for any minimum cutset π of T∞, the accuracy of the Fitch algorithm is always strictly

larger than 1/2 (because we assume that the number of state is 2 and we want the

accuracy is better than a random guessing). We need the following notations:
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Notation 2.11. Suppose T∞ = (V,E, ρ, w) is a weighted infinite phylogenetic tree, π

is a minimum cutset of T∞, and X π is a set of taxa equipped with the labeling function

Lπ : X π → π. We use T π∞ = (X π, V π, Eπ, ρ, Lπ, w) to denote the weighted phylogenetic

tree which is generated by the connected component of ρ after separating T∞ by π. For

every z ∈ V π, we denote F π
z and Gπ

z as the Fz and Gz value defined in recursive equation

2.6 and 2.7 generated by applying the Fitch algorithm on T π∞.

With this notation, we can re-write equation 2.9 into:

Gπ
ρ =

∑
x∈π

[
∏

z∈a(x)−{ρ}

(
4− F π

s(z)

6
)θz]G

π
x =

∑
x∈π

[
∏

z∈a(x)−{ρ}

(
4− F π

s(z)

6
)θz] (2.10)

again where a(x) is the set of all the ancestral nodes of x in T∞, including x itself. This

inspires us to use the branching number for further analysis:

Definition 2.12 (branching number [51]). We define the branching number of an infinite

weighted phylogenetic tree T∞ = (V,E, ρ, w) as:

br(T∞) = sup{κ : inf
cutset π

∑
x∈π

[
∏

z∈a(x)−{ρ}

κ−1θz] > 0} (2.11)

Our first main theorem is:

Theorem 2.13 (Accuracy of the Fitch Algorithm on an infinite phylogenetic tree).

Given an infinite weighted phylogenetic tree T∞ = (V,E, ρ, w). If br(T∞) > 3
2

and there

exists τ > 0 such that θx ≥ τ for all x ∈ V − {ρ}, then there exists ε > 0 such that for

any cutset π of T∞, Gπ
ρ > ε.

The theorem is more flexible than the previous research because of the following

two reasons. First, we do not require that all the edges have the same conservation

probability. Second, and more importantly, we allow the conservation probability to be

close to 1
2

if other edges can support it.
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Example 2.14 (On the infinite phylogenetic tree with bounded edge length). Suppose

we have an infinite phylogenetic tree T∞ = (V,E, ρ, w) such that the weight function w

satisfies that

sup
e∈E

w(e) >
1

2
ln

4

3
, or sup

x∈V−{ρ}
px = p0 <

1

8

which implies that

inf
x∈V−{ρ}

θx = inf
x∈V−{ρ}

(1− 2px) = 1− 2p0 >
3

4
> 0

then for any minimum cutset π,

∑
x∈π

[
∏

z∈a(x)−{ρ}

(θz ×
1

2(1− 2p0)
)] ≥

∑
x∈π

[
∏

z∈a(x)−{ρ}

(
1

2
)] = 1 > 0

Hence, br(T∞) ≥ 2(1 − 2p0) > 3
2
. And, by our first theorem, there exists ε > 0 such

that Gπ
ρ > ε for all minimum cutset π. In particular, if T∞ satisfies px = p < 1

8
for

all x ∈ V − {ρ}, then there exists ε > 0 such that Gπ
ρ > ε for all minimum cutset π.

This shows part of result in Lemma 2.6: If p ∈ [0, 1
8
), then there is an ε > 0 such that

RAF (Tn) > 1
2

+ ε for all n.

The weight function w, or the edge length, usually reflects the time difference between

the parent and children. The simplest time-based phylogenetic model is the pure-birth

Yule model introduced by Yule in 1924 [63], which assumes that each extant species

randomly separates into two species at some constant rate λ:

Definition 2.15 (Yule Model, [63]). An infinite phylogenetic tree T∞ = (V,E, ρ, w) is

a Yule model with rate λ if for all e ∈ E, w(e) is an independent exponential distributed

random variable with rate λ. We use TY :λ to denote the Yule model with rate λ.
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We can compute the expectation of θx for all x ∈ V − {ρ} in a Yule model TY :λ:

Eθx =

∫
(1− 2px)dp

=

∫ ∞
0

[1− 2 · (1

2
(1− e−2t))](λe−λt)dt

=

∫ ∞
0

e−2t · (λe−λt)dt

=
λ

λ+ 2
(2.12)

As we will show later,

br(TY :λ) = 2Eθ∗ a.s. (2.13)

And the computation above will lead us to our second main theorem :

Theorem 2.16 (Accuracy of Fitch Algorithm on Yule Model). Suppose λ > 6. For any

δ > 0, there is an ε > 0 such that for any minimum cutset π,

P[TY :λ : Gπ
ρ > ε] > 1− δ

The remaining section is organized in the following way: We prove our recursive

relation in 2.3. Then in 2.4, we show the proof of our first main theorem, Theorem 2.13.

Next in 2.5, we show our claim of equation 2.13. Last we will prove our second main

theorem, Theorem 2.16, in 2.6.

2.3 Recursive relations

In this section, we assume T = (X , V, E, ρ, L, w) is an edge-weighted phylogenetic tree.

We will prove our recursive relation 2.6 and 2.7, and all the properties of Fz and Gz for

any z ∈ V . The following recursive relations are introduced in [65], and lead us to our

recursive relations.
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Lemma 2.17 (Properties of Cz and Dz [65]). For any z ∈ V , let Cz = 1− αz − βz and

Dz = αz − βz, then

1. If z ∈ L is a leaf, then Cz = 0 and Dz = 1.

2. C∗ and D∗ satisfy the following recursive relation: If z is an interior node with

children x, y, then

Cz =
1

2
· [1− Cx − Cy + 3CxCy − (1− 2px)(1− 2py)DxDy]

Dz =
1

2
(1− 2px)(1 + Cy)Dx +

1

2
(1− 2py)(1 + Cx)Dy

3. px <
1
2

for all x ∈ V −{ρ}. As a result, 0 ≤ Cz ≤ 1
2

and 0 ≤ Dz ≤ 1 for all z ∈ V .

We will use the properties above to show the following lemma:

Lemma 2.18 (Properties of Fz and Gz). For any z ∈ V , let Fz = 1− 3Cz = 1− 3 · (1−

αz − βz) = 3(αz + βz) − 2 and Gz = Dz = αz − βz, and assume θx = 1 − 2px for any

x ∈ V − {ρ}, then

1. If z ∈ L is a leaf, then Fz = 1 and Gz = 0.

2. F∗ and G∗ satisfy the following recursive relation: If z is an interior node with

children x, y, then

Fz =
3

2
θxθyGxGy −

1

2
FxFy

Gz = (
4− Fy

6
)θxGx + (

4− Fx
6

)θyGy

3. px < 1
2

for all x ∈ V − {ρ}. As a result, θz > 0 for all x ∈ V − {ρ}, and

−1
2
≤ Fz ≤ 1 and 0 ≤ Gz ≤ 1 for all z ∈ V .
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Proof. The proof is based on the property of C∗ and D∗ from Lemma 2.17:

1. If z is a leaf, we have Cz = 0 and Dz = 1, and thus Fz = 1 − 3Cz = 1 and

Gz = Dz = 1.

2. By the recursive relation (2.4) and (2.5):

Fz = 1− 3Cz

= 1− 3

2
[1− Cx − Cy + 3CxCy − (1− 2px)(1− 2py)DxDy]

= 1− 3

2
[1− Cx − Cy + 3CxCy] +

3

2
θxθyGxGy

= 1− 1

2
[3− 3Cx − 3Cy + 9CxCy] +

3

2
θxθyGxGy

= 1− 1

2
[2 + (1− 3Cx)(1− 3Cy)] +

3

2
θxθyGxGy

= 1− 1− 1

2
FxFy +

3

2
θxθyGxGy =

3

2
θxθyGxGy −

1

2
FxFy

Gz = Dz

=
1

2
(1− 2px)(1 + Cy)Dx +

1

2
(1− 2py)(1 + Cx)Dy

=
1

2
(1 + Cy)θxGx +

1

2
(1 + Cx)θyDy

=
1

2
(1 +

1− Fy
3

)θxGx +
1

2
(1 +

1− Fx
3

)θyDy

= (
4− Fy

6
)θxGx + (

4− Fx
6

)θyDy

3. θx = 1− 2px > 0 can be proved right from px <
1
2

for all x ∈ V − {ρ}. Moreover,

because 0 ≤ Cz ≤ 1
2

and 0 ≤ Dz ≤ 1, we have −1
2
≤ Fz = 1 − 3Cz ≤ 1 and

0 ≤ Gz = Dz ≤ 1 for all z ∈ V .

As we mentioned in equation 2.8, higher Gz or Dz value means that the Fitch al-

gorithm has a higher probability of predicting the state of z. A straightforward claim
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is, if the child has a larger G value, which means we have a higher chance of predicting

the state for the child, then we should have a higher chance of predicting the state for

the parent, that is, the parent should also have a larger G value. The statement is, un-

fortunately, not always true. Figure 2.3 is a counterexample. In graphs, p∗ = 0 implies

θ∗ = 1− 2 · 0 = 1, and p∗ = 0.1 implies θ∗ = 1− 2 · 0.1 = 0.8. According to Lemma 2.18,

we have in both graphs:

Fy =
3

2
· 1 · 1 · 1 · 1− 1

2
· 1 · 1 = 1

Gy =
4− 1

6
· 1 · 1 +

4− 1

6
· 1 · 1 = 1

And for z and x, in graph 1(a),

Fx =
3

2
· 0.8 · 0.8 · 1 · 1− 1

2
· 1 · 1 = 0.46

Gx =
4− 1

6
· 0.8 · 1 +

4− 1

6
· 0.8 · 1 = 0.8

Gz =
4− 1

6
· 0.8 · 0.8 +

4− 0.46

6
· 1 · 1 = 0.91

while in graph 1(b),

Fx =
3

2
· 1 · 1 · 1 · 1− 1

2
· 1 · 1 = 1

Gx =
4− 1

6
· 1 · 1 +

4− 1

6
· 1 · 1 = 1

Gz =
4− 1

6
· 0.8 · 1 +

4− 1

6
· 1 · 1 = 0.9

As we can see, graph 1(b) has larger Gx but smaller Gz than graph 1(b), which means

graph 1(b) has a higher chance of reconstructing the state of x, but a lower chance of

reconstructing the state of z.
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(a) Figure A (b) Figure B

Figure 1: An example shows that higher probability of getting the right children state

does not imply higher probability of getting the right parent state. Given the node y

are equal in both graph, graph (b) has larger Gx value than graph (a) but has smaller

Gz value than graph (a).

2.4 On an infinite phylogenetic tree

In this section, we are going to prove our first theorem:

Theorem 2.13 (Accuracy of the Fitch Algorithm on an infinite phylogenetic tree).

Given an infinite weighted phylogenetic tree T∞ = (V,E, ρ, w). If br(T∞) > 3
2

and there

exists τ > 0 such that θx ≥ τ for all x ∈ V − {ρ}, then there exists ε > 0 such that for

any cutset π of T∞, Gπ
ρ > ε.

We use the following notation for the proof:

Notation 2.19. Suppose π is a minimum cutset of T∞. For any z ∈ V π, we use

Lπz,N ⊂ V π to represent the set consisting of all the descendants of z which are exactly

N-levels lower from z, and use Mπ
z,N = ∪Nn=1Lπz,n ⊂ V π to denote the set which contains

all the descendants of z up to N-level lower from z.

We use proof by contradiction, and the sketch of the proof is as follows. If there is a



22

minimum cutset π such that Gπ
ρ is too small, then, as we will show later, for any x ∈ V π

that is not too far away from the root ρ, Gπ
x needs to be small as well. In other words,

there is a minimum cutset π′ ⊂ V π such that the sub-tree T π′∞ of T π∞ satisfies that Gπ
x′

is small for any x′ ∈ V π′ .

Next, for any node x′ ∈ V π′ , because Gπ
x′ is small, any descendant of x′ which is not

too far away from x′ needs to have a small G value as well. From recursive formula 2.6

we know that

F π
z ≈ −

1

2
F π
x F

π
y

which should go to 0 pretty fast. Therefore, any node x′ ∈ V π′ should have small F π
x′

as well. If we choose the value properly, the boundary of F π
x′ can be small enough such

that the coefficient term in recursive formula 2.7,
4−Fπ

s(x′)
6

, should be large enough to

exceed the branching number of T∞. This phenomenon along with the definition of the

branching number limits the lower bound of Gπ
ρ , which causes a contradiction and ends

the proof.

To make concrete the proof, we need the following two lemmas. The corollary of the

first lemma shows that if Gπ
z is small and a descendant x ∈ V π is not too far away from

the z, then Gπ
x needs to be small as well.

Lemma 2.20 (Upper bound of G for a child). Given an infinite phylogenetic tree T∞ =

(V,E, ρ, w) and a minimum cutset π of T∞. If x ∈ V π is a child of z ∈ V π and

θx ≥ τ > 0, then

Gπ
x ≤ (

2

τ
)Gπ

z (2.14)

Proof. Suppose y ∈ V π is the other child of z. From the recursion formula 2.7 and the
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fact that F π
y ≤ 1 from lemma 2.18, we have:

Gπ
z ≥ (

4− F π
y

6
)θxG

π
x ≥ (

4− 1

6
)τGπ

x =
τ

2
Gπ
x

and the statement follows.

The following corollary is obtained immediately by recursively applying lemma 2.20:

Corollary 2.21 (Upper bound of G for a descendent). Given an infinite phylogenetic

tree T∞ = (V,E, ρ, w) and a minimum cutset π of T∞. If x ∈ Lπz,N for some z ∈ V π and

positive integer N , and θx′ ≥ τ > 0 for all x′ on the path from z to x, or a(x) − a(z),

then

Gπ
x ≤ (

2

τ
)NGπ

z

The previous corollary proves an important claim in the sketch. Moreover, we will

use it to prove another important claim in the sketch, that if Gπ
x′ is small, then F π

x′ is

small.

Lemma 2.22 (Lemma: FA-TIP-Upper bound of F ). Define function gε′,τ : Z+ → R+:

gε′,τ (n) = (
2

τ
)nε′

Given an infinite phylogenetic tree T∞ = (V,E, ρ, w) and a minimum cutset π of T∞.

Suppose vertex z ∈ V π, constants 1 > ε′ > 0, 1 ≥ τ > 0, φ > 0, and positive integer N

satisfy:

1. [gε′,τ (N)]2 ≤ min{1
3
, 2

3
(4φ− 21−2N )}

2. Gπ
z ≤ ε′

3. For any x ∈Mπ
z,N , θx ≥ τ
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then |F π
z | ≤ 4φ.

Proof. First, notice that the first condition leads to the following two inequalities:

3

2
· (τ

2
)2 +

9

8
· [gε′,τ (N)]2 +

3

4
≤ 3

2
· (1

2
)2 +

9

8
· 1

3
+

3

4
=

3

2
(2.15)

3

2
· [gε′,τ (N)]2 + 21−2N ≤ 3

2
· [2

3
(4φ− 21−2N )] + 21−2N = 4φ (2.16)

The idea of this proof is using induction. We will show that for any integer n from

N − 1 to 0, F π
x has an upper bound for every x ∈ Lπz,n (For convenience, we assume

Lπz,0 = {z}). The recursive formula that we are using is definitely equation 2.6, and so

we need to make sure for every x ∈ Mπ
z,N ∪ {z}, x is not a leaf of T π∞ and so it has

children. z /∈ π since Gπ
z ≤ ε′ < 1, and the proof ofMπ

z,N ∩π = ∅ is from Corollary 2.21:

For any x ∈Mπ
z,N ,

Gπ
x ≤ (

2

τ
)Nε′ = gε′,τ (N) ≤

√
1

3
< 1

Because Gπ
x 6= 1, so x /∈ π by Lemma 2.18. Therefore, we can apply equation 2.6 to any

x ∈Mπ
z,N ∪ {z}.

For 0 ≤ n ≤ N , let

F π
z,n = sup

x∈Lπz,n
|F π
x |, Gπ

z,n = sup
x∈Lπz,n

|Gπ
x|

By Corollary 2.21, we have an upper bound for Gπ
z,n for any 1 ≤ n ≤ N :

Gπ
z,n ≤ (

2

τ
)nGπ

z ≤ (
2

τ
)nε′ = gε′,τ (n)

Hence, by recursive relation 2.6, for any 1 ≤ n ≤ N ,

F π
z,n−1 ≤

3

2
(Gπ

z,n)2 +
1

2
(F π

z,n)2 ≤ 3

2
[gε′,τ (n)]2 +

1

2
(F π

z,n)2

We will use the inequality above to show that for all 0 ≤ n ≤ N − 1

F π
z,n ≤

3

2
[gε′,τ (N)]2 + 21−2N−n
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by induction from n = N − 1 toward n = 0. The base case is when n = N − 1. Recall

that F π
z,N has a natural upper bound 1 from Lemma 2.18, so

F π
z,N−1 ≤

3

2
[gε′,τ (N)]2 +

1

2
=

3

2
[gε′,τ (N)]2 + 21−2N−(N−1)

and the inequality holds. Now suppose the inequality is true in the n = k case for some

1 ≤ k ≤ N − 1, then for n = k − 1:

F π
z,k−1 ≤

3

2
[gε′,τ (k)]2 +

1

2
(F π

z,k)
2

≤ 3

2
[gε′,τ (N − 1)]2 +

1

2
· (3

2
([gε′,τ (N)]2 + 21−2N−k)2

=
3

2
· (τ

2
[gε′,τ (N)])2 +

1

2
· (3

2
([gε′,τ (N)]2)2

+
1

2
· 2 · (3

2
([gε′,τ (N)]2))(21−2N−k) +

1

2
· (21−2N−k)2

=
3

2
· (τ

2
)2 · [gε′,τ (N)]2 +

1

2
· 9

4
· [gε′,τ (N)]4

+
3

2
· (21−2N−k) · [gε′,τ (N)]2 + 2−1 · 22−2N−k+1

≤ [gε′,τ (N)]2 · {3

2
· (τ

2
)2 +

9

8
· [gε′,τ (N)]2 +

3

4
}+ 21−2N−k+1

≤ [gε′,τ (N)]2 · 3

2
+ 21−2N−k+1

where the last inequality comes from inequality 2.15. Thus, the inequality holds for all

0 ≤ n ≤ N − 1. In particular, for the n = 0 case, along with inequality 2.16, we have

|F π
z | = F π

z,0 ≤
3

2
[gε′,τ (N)]2 + 21−2N−0 ≤ 4φ

and this finishes the proof of the lemma.

With these two lemmas, we are able to prove our first main theorem:

Theorem 2.13 (Accuracy of the Fitch Algorithm on an infinite phylogenetic tree).

Given an infinite weighted phylogenetic tree T∞ = (V,E, ρ, w). If br(T∞) > 3
2

and there
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exists τ > 0 such that θx ≥ τ for all x ∈ V − {ρ}, then there exists ε > 0 such that for

any cutset π of T∞, Gπ
ρ > ε.

Proof. Because br(T∞) > 3
2
, we can find an φ > 0 such that 3

2
· 1

1−φ < br(T∞). By

definition of the branching number, there exists ζ > 0 such that for any minimum cutset

π of T∞:

∑
x∈π

(
∏

z∈a(x)−{ρ}

2

3
(1− φ)θz) > ζ

Because φ > 0, there exists a positive integer N so that 21−2N < 4φ, and so we can

choose 1 > ε′ > 0 such that

[gε′,τ (N)]2 = ((
2

τ
)Nε′)2 < min{1

3
,
2

3
(4φ− 21−2N )}

Since ζ, τ , and ε′ are all positive, there exists ε > 0 such that

ε < min{ζ, 1} · (τ
2
ε′)

We will show that Gπ
ρ > ε for any minimum cutset π of T∞.

The proof is based on contradiction. If there is a minimum cutset π of T∞ such that

Gπ
ρ ≤ ε, we construct another minimum cutset π′ of T∞ in the following way: π′ consists

of every first vertex x′ on the path from ρ to some x ∈ π such that Gπ
x′ >

τ
2
ε′. That is,

we define

π′ = {x′ ∈ a(x) : x ∈ π,Gπ
x′ >

τ

2
ε1, and ∀z′ ∈ a(x′)− {x′}, Gπ

z′ ≤
τ

2
ε1}

We need to show π′ is a minimum cutset of T∞. Because π is a minimum cutset, any

infinite path from ρ will visit at least one vertex x ∈ π, and hence it will pass at least

one vertex x′ ∈ π′. Moreover, because we only put the first vertex x′ whose Gπ
x′ exceeds
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τ
2
ε′, any infinite path from ρ will pass through only one vertex in π′. Therefore, π′ is a

minimum cutset.

For every vertex x′ ∈ V π′ − {ρ}, the parent of x′, say z′, satisfies Gπ
z′ ≤ τ

2
ε′ from the

definition of π′. and by Lemma 2.20, we have Gπ
x′ ≤ ( 2

τ
)( τ

2
ε′) = ε′. In other words, for

any x′ ∈ V π′ − {ρ}, we have

Gπ
x′ ≤ ε′ with [gε′,τ (N)]2 < min{1

3
,
2

3
(4φ− 21−2N )}

Hence, by Lemma 2.22, we know that F π
x′ ≤ 4φ, and this shows F π

s(x′) ≤ 4φ for every

x′ ∈ V π′ − {ρ} as well. Therefore, by the definition of branching number:

ε ≥ Gπ
ρ =

∑
x′∈π′

(
∏

z′∈a(x′)−{ρ}

4− F π
s(z′)

6
θz′)G

π
x′

>
τ

2
ε′
∑
x′∈π′

(
∏

z′∈a(x′)−{ρ}

4− F π
s(z′)

6
θz′)

≥ τ

2
ε′
∑
x′∈π′

(
∏

z′∈a(x′)−{ρ}

4− 4φ

6
θz′)

=
τ

2
ε′
∑
x′∈π′

(
∏

z′∈a(x′)−{ρ}

2

3
(1− φ)θz′)

>
τ

2
ε′ζ ≥ ε

This causes a contradiction. Hence, Gπ
ρ > ε.

2.5 Branching Number of Yule Model

In this section, we will prove the following proposition, which is essential in the proof of

our second theorem.

Proposition 2.23 (Branching Number of Yule Model). If λ > 1, then

br(TY :λ) =
2λ

λ+ 2
a.s.
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For the remainder of this section, we use TY :λ = (V,E, ρ, w) to denote a pure-birth

Yule Model with rate λ. And for every x ∈ V −{ρ}, we use px to denote the probability

that the state of x is different from its parent in the Cavender-Farris-Neyman model,

and θx = 1− 2px. That is,

px =
1

2
(1− e−2w(x))

θx = e−2w(x)

as we shown in equation 2.12, Eθ∗ = λ
λ+2

. Hence, our goal is to prove

br(TY :λ) = 2Eθ∗ a.s.

The way we prove Proposition 2.23 is by showing

P[br(TY :λ) = κ] = 1 for some κ > 0,

and both

κ ≤ 2Eθ∗ and κ ≥ 2Eθ∗

We will use the following definitions and lemmas, which are similar to those in [51].

The main tool is the concept of inherited:

Definition 2.24 (Inherited [51]). We say a property A of TY :λ is inherited if whenever

TY :λ has A, both immediate descendant subtrees have property A.

An important and useful lemma of inherited is:

Lemma 2.25 (0-1 law of inherited event). If property A is inherited, then

P[TY :λ ∈ A] ∈ {0, 1}
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Proof. Let T1, T2 be the immediate descendant subtrees of TY :λ. Since A is inherited:

P[TY :λ ∈ A] ≤ P[T1, T2 ∈ A] = P[T1 ∈ A]P[T2 ∈ A]

Because P[TY :λ ∈ A] = P[T1 ∈ A] = P[T2 ∈ A], we have:

P[TY :λ ∈ A] ≤ (P[TY :λ ∈ A])2

which shows that P[TY :λ ∈ A] ∈ {0, 1}

On the other hand, there is an inherited property of branching number.

Lemma 2.26 (Inherited property of branching number). For any κ > 0, the event

{br(TY :λ) ≤ κ}

is inherited.

Proof. Let T1, T2 be the immediate descendant subtrees of TY :λ, and ρ1, ρ2 be the root

of T1 and T2. Assume that br(TY :λ) ≤ κ. If br(T1) = κ0 > κ, then by definition of

branching number, with κ < κ1 = κ + (κ0−κ)
2

< κ0, there exists ζ > 0 such that for any

minimum cutset π1 of T1, we have

∑
x∈π1

(
∏

z∈a(x)−{ρ}

κ−1
1 θz) > ζ

On the other hand, for any minimum cutset π of TY :λ, let π1, π2 be the corresponding

minimum cutset of T1 and T2, then

∑
x∈π

(
∏

w∈a(x)−{ρ}

κ−1
1 θz)

= κ−1
1 θρ1

∑
x∈π1

(
∏

w∈a(x)−{ρ}

κ−1
1 θz) + κ−1

1 θρ2
∑
x∈π2

(
∏

w∈a(x)−{ρ}

κ−1
1 θz)

= κ−1
1 θρ1ζ + 0 > 0
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and thus br(TY :λ) ≥ κ1 > κ, which causes a contradiction. Hence, br(T1) ≤ κ. Similarly,

br(T2) ≤ κ, and so the property {br(TY :λ) ≤ κ} is inherited.

Combining the previous two lemmas, we know there exists κ such that P[br(TY :λ) =

κ] = 1. The remaining goal is to prove that κ = 2Eθ∗. The proof uses the definition of

Bernoulli(p) percolation, cluster and critical probability of any weighted infinite tree.

Definition 2.27 (Bernoulli(p) percolation [51]). Given p ∈ [0, 1] and a weighted Yule

model TY :λ = (V,E, ρ, w), the Bernoulli(p) percolation on TY :λ is a random subgraph

of TY :λ obtained by independently including each original edge e = (z, x) ∈ E (z is the

parent of x) with probability p ·θx, and discarding it with probability 1−p ·θx. We call the

former case an open edge and the latter one a closed edge, and we use Pp,TY :λ
to denote

the probability measure of the Bernoulli(p) percolation measure on TY :λ.

Definition 2.28 (Cluster [51]). The connected components of the open edges in perco-

lation are called clusters. We use C(z) to denote the cluster which contains z for any

node z.

Definition 2.29 (Critical probability [51]). The critical probability of TY :λ = (V,E, ρ, w)

is :

pc(TY :λ) = inf{p : Pp,TY :λ
[|C(ρ)| =∞] > 0}

Lemma 2.30 (The event that there is an infinite path from ρ is inherited). Suppose

p > 0. The event

{Pp,TY :λ
[|C(ρ) =∞|] = 0}

is inherited.
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Proof. Suppose ρ1, ρ2 are children of root ρ, and so they are the root of immediately

descendant subtrees. Because in Pp,TY :λ
, almost surely both edges (ρ, ρ1) and (ρ, ρ2) have

a positive probability to be open, we know that Pp,TY :λ
[|C(ρ)| = ∞] = 0 implies both

Pp,TY :λ
[|C(ρ1)| =∞] = 0 and Pp,TY :λ

[|C(ρ2)| =∞] = 0, and the statement follows.

The following lemma describes the relation between percolation and branching num-

ber.

Lemma 2.31 (Relation between branching number and critical probability). For any

TY :λ, br(TY :λ) ≥ (pc(TY :λ))
−1

Proof. We denote the event that vertex x, y are connected by a path after performing the

percolation by {x ↔ y}. For any minimum cutset π, after performing the percolation,

if |C(ρ)| = ∞, then ρ needs to connect to at least one of the vertex x in π. Notice

{ρ ↔ x} if and only if the path connecting these two points is made up of all open

edges. Therefore,

Pp,TY :λ
[|C(ρ)| =∞] ≤

∑
x∈π

Pp,TY :λ
[ρ↔ x] =

∑
x∈π

∏
z∈a(x)−{ρ}

p · θx

For any p0 ≤ (br(TY :λ))
−1, by definition of the branching number, there exists a sequence

of minimum cutset {πn} such that as n→∞,

∑
x∈πn

∏
z∈a(x)−{ρ}

p0 · θx → 0

which means Pp0,TY :λ
[|C(ρ)| = ∞] = 0, and so p0 ≤ pc(TY :λ). Thus, (br(TY :λ))

−1 ≤

pc(TY :λ) and the lemma follows.

Now we have all the tools to prove our proposition.
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Proposition 2.23 (Branching Number of Yule Model). If λ > 1, then

br(TY :λ) =
2λ

λ+ 2
a.s.

Proof. By Lemma 2.25 and Lemma 2.26, there exists κ such that P[br(TY :λ) = κ] = 1.

We will now show both κ ≤ 2Eθ∗ and κ ≥ 2Eθ∗ to prove that κ = 2Eθ∗.

1. First we will prove that κ ≤ 2Eθ∗. We show it by contradiction. If κ = 2ξEθ∗ for

some ξ > 1, then there exists ε > 0 and δ > 0 such that

P[TY :λ : inf
π

∑
x∈π

∏
z∈a(x)−{ρ}

(2ξEθ∗)−1θz > ε] > δ (2.17)

and so for any minimum cutset π,

E[
∑
x∈π

∏
z∈a(x)−{ρ}

(2ξEθ∗)−1θz] > εδ (2.18)

However, consider the following minimum cutset sequence {πn}: πn consists of all

vertices which are n-level down from the root ρ (so T πnY :λ is a perfect tree), then:

E[
∑
x∈πn

∏
z∈a(x)−{ρ}

(2ξEθ∗)−1θz]

=
∑
x∈πn

∏
z∈a(x)−{ρ}

(2ξEθ∗)−1(Eθz)

=
∑
x∈πn

∏
z∈a(x)−{ρ}

(2ξ)−1

=
∑
x∈πn

(2ξ)−n = 2n(2ξ)−n = (ξ)−n

which goes to 0 as n → ∞ because ξ > 1. This causes a contradiction, and so

κ ≤ 2Eθ∗.

2. Next, we will prove that κ ≥ 2Eθ∗. By the assumption that λ > 1, we have

(2Eθ)−1 < 1, and therefore there is some p such that (2Eθ)−1 < p ≤ 1. For any p
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satisfying (2Eθ)−1 < p ≤ 1, perform the Bernoulli(p) percolation on TY :λ and let

˜TY :λ be the connected component of the root ρ. Since the number of children for

each vertex after percolation is 2 · Eθ∗ · p > 1,

P[| ˜TY :λ| =∞] > 0

Notice

P[| ˜TY :λ| =∞] =

∫
Pp,TY :λ

[|C(ρ)| =∞]dP(TY :λ)

and this shows

P[TY :λ : Pp,TY :λ
[|C(ρ)| =∞] > 0] > 0

On the other hand, by Lemma 2.30 and Lemma 2.25, we know that

P[TY :λ : Pp,TY :λ
[|C(ρ)| =∞] = 0] ∈ {0, 1}

Combining the above two properties, we know that

P[TY :λ : Pp,TY :λ
[|C(ρ)| =∞] > 0] = 1

This shows that P[TY :λ : p > pc(TY :λ)] = 1. Now Lemma 2.31, we know that

pc(TY :λ) ≥ (br(TY :λ))
−1, and so P[TY :λ : p > (br(TY :λ))

−1] = 1. This holds for any

p > (2Eθ∗)−1, so (2Eθ∗)−1 ≥ κ−1 or κ ≥ 2Eθ∗

Combining both points above, we have br(TY :λ) = 2Eθ∗ = 2λ
λ+2

almost surely.

2.6 On a Yule Model

The goal in this section is to prove our second main theorem.
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Theorem 2.16 (Accuracy of Fitch Algorithm on Yule Model). Suppose λ > 6. For any

δ > 0, there is an ε > 0 such that for any minimum cutset π,

P[TY :λ : Gπ
ρ > ε] > 1− δ

We will use a similar notation as we used in Section 2.4, that is,

Notation 2.32. Given an Yule model TY :λ = (V,E, ρ, w) and a minimum cutset π, for

any z ∈ V π, we use Lπz,N ⊂ V π to represent the set consisting of all the descendant of

z which is exactly N-levels lower from z, and use Mπ
z,N = ∪Nn=1Lπz,n as the set which

contains all the descendant of z up to N-level away from z.

The idea of this proof comes from the proof of the deterministic tree case, Theo-

rem 2.13. We would like to apply the same argument on the Yule model, but there are

three obstacles that we need to conquer:

1. The most important part in the proof of deterministic tree case is the construction

of π′, which consists of all the first vertex x′ on the path from ρ to the mini-

mum cutset π such that Gπ
x′ is larger than some specific value (See the proof of

Theorem 2.13 in Section 2.4 for detailed definition of π′). However, in the Yule

model, it complicates the analysis if π′ is not fixed. What we will do here is choose

π′ = Lπρ,N for some N . Similar to the reason why we construct π′ in the proof of

the deterministic tree case, we need

∑
x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− φ)θz)G

π
x > ε (2.19)

for some φ > 0 such that br(TY :λ) >
3
2
· 1

1−φ . We can use induction to assume that

P[Gπ
x > ε] > 1− δ for any x ∈ Lπρ,N , and apply the coupling to put Gπ

x aside when
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using the definition of branching number. Chebyshev’s inequality will be the last

puzzle of the proof.

2. Next, in the deterministic tree case, we assume that there exists τ > 0 such that

θx ≥ π for all vertex x ∈ V , which is not realistic in the Yule model. Nevertheless,

what we need in the proof of Theorem 2.13 is that θx ≥ π for x ∈ ∪z∈π′Mπ
z,N ′

for some N ′. By the previous point, we have decided to fix π′ as Lπρ,N , and if we

simply choose N ′ = N , what we need is θx ≥ τ for only those x ∈Mπ
ρ,2N .

3. The previous two points seem persuasive to finish the proof. Nevertheless, the

number does not match after some computation, and we put some effort into

equation 2.19 to fix the problem. We consider two variables φ > ψ > 0 such that,

for any minimum cutset π and some ζ > 0, both equations below have a high

probability to hold. ∑
x∈π

(
∏

z∈a(x)−{ρ}

2

3
(1− φ)θz) > ζ (2.20)

∑
x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− ψ)θz)G

π
x > ε (2.21)

Equation 2.20 has a high probability by the definition of branching number. For

equation 2.21, we can get a good bound now using Chebyshev’s inequality, as we

desired, because there is an extra term (1−ψ
1−φ )N when computing the expectation.

Hence, for any minimum cutset π, we will consider the following three events:

A : {∀x ∈Mπ
ρ,2N , θx ≥ τ}

B : {sup{ζ : inf
cutset π

∑
x∈π

(
∏

z∈a(x)−{ρ}

2

3
(1− φ) · θz) > ζ} ≥ ζδ}

C : {
∑

x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− ψ)θz)G

π
x > ε}
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then

P[Gπ
ρ ≤ ε] = P[(Gπ

ρ ≤ ε) ∩ (A ∩B ∩ C)] + P[(Gπ
ρ ≤ ε) ∩ (A ∩B ∩ C)c]

≤ P[(Gπ
ρ ≤ ε) ∩ (A ∩B ∩ C)] + P[(A ∩B ∩ C)c]

≤ P[(Gπ
ρ ≤ ε) ∩ (A ∩B ∩ C)] + P[Ac] + P[(B ∩ C)c]

= P[(Gπ
ρ ≤ ε) ∩ (A ∩B ∩ C)] + P[Ac] + P[Bc] + P[B ∩ Cc]

Our goal is to show that the first term is 0, which is similar to the proof of the deter-

ministic tree case), and all the other three terms are less than δ
3

after choosing all the

variables properly.

Proof. By Proposition 2.23, we know that br(TY :λ) = 2λ
λ+2

> 3
2

almost surely. Therefore,

there exists 1 > φ > 0 such that almost surely

br(TY :λ) >
3

2
· 1

1− φ
(2.22)

By definition of branching number, the random variable on TY :λ:

XY :λ = sup{ζ : inf
cutset π

∑
x∈π

(
∏

z∈a(x)−{ρ}

2

3
(1− φ) · θz) > ζ}

is positive almost surely. Hence, there exists a ζδ such that:

P[XY :λ < ζδ] <
δ

3

On the other hand, since φ > 0, there exists ψ such that φ > ψ > 0, and as a consequence,

1− ψ
1− φ

> 1

After choosing φ, ζδ and ψ, we can find a large enough natural number N such that all

the three following conditions hold.
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1. η = (
1− ψ
1− φ

)N(1− δ)ζδ > 2, so η > 1 and η < 2(η − 1)

2.
δ

4ζδ(1− δ)
(
2

3
(1− φ))N <

δ

3

3. 4ψ − 21−2N > 0

Next, there exists a small enough τ > 0 such that

(22N+1 − 2)τλ <
δ

3

and so there exists 1 > ε > 0 such that

((
2

τ
)2Nε)2 < min{1

3
,
2

3
(4ψ − 21−2N )}

We will show that:

P[TY :λ : Gπ
ρ > ε] > 1− δ

We will prove the statement with induction. First, consider the basic case that if

Mπ
ρ,2N contains any vertex in π, say x ∈ π ∩Mπ

ρ,2N . There are at most 2N ancestral of

x, and if all of these ancestor have θ∗ ≥ τ , then by Corollary 2.21, we have

1 = Gπ
x ≤ (

2

τ
)2NGπ

ρ <
1√
3ε
Gπ
ρ ⇒ Gπ

ρ >
√

3ε > ε

where the second inequality is from the assumption that (( 2
τ
)2Nε)2 < 1

3
. This event has

probability

(P[θ∗ ≥ τ ])2N

= (P[w ≤ − ln(τ)])2N

= (1− e−λ ln τ )2N

= (1− τλ)2N

≥ 1− 2Nτλ ≥ 1− δ

3
> 1− δ
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Therefore, P[TY :λ : Gπ
ρ > ε] > 1− δ.

Now supposeMπ
ρ,2N contains no vertices in π. By induction hypothesis, for any node

x ∈ Lπρ,N , P[Gπ
x > ε] > 1− δ. Consider the following three events:

A : {∀x ∈Mπ
ρ,2N , θx ≥ τ}

B : {sup{ζ : inf
cutset π

∑
x∈π

(
∏

z∈a(x)−{ρ}

2

3
(1− φ) · θz) > ζ} ≥ ζδ}

C : {
∑

x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− ψ)θz)G

π
x > ε}

then

P[Gπ
ρ ≤ ε] = P[(Gπ

ρ ≤ ε) ∩ (A ∩B ∩ C)] + P[(Gπ
ρ ≤ ε) ∩ (A ∩B ∩ C)c]

≤ P[(Gπ
ρ ≤ ε) ∩ (A ∩B ∩ C)] + P[(A ∩B ∩ C)c]

≤ P[(Gπ
ρ ≤ ε) ∩ (A ∩B ∩ C)] + P[Ac] + P[(B ∩ C)c]

= P[(Gπ
ρ ≤ ε) ∩ (A ∩B ∩ C)] + P[Ac] + P[Bc] + P[B ∩ Cc]

We will show that the first term is 0, and the later three terms are less or equal δ
3
.

For the first term, we follow the proof of Theorem 2.13. If Gπ
ρ ≤ ε and θx ≥ τ for all

x ∈Mπ
ρ,2N , then by Corollary 2.21:

∀x ∈Mπ
ρ,N , G

π
x ≤ (

2

τ
)Nε

Next we show F π
x is small as well by Lemma 2.22. Let ε′ = ( 2

τ
)Nε, then for any x ∈Mπ

ρ,N :

1. (( 2
τ
)Nε′)2 = (( 2

τ
)2Nε)2 < min{1

3
, 2

3
(4ψ − 21−2N )}

2. Gπ
x ≤ ( 2

τ
)Nε = ε′

3. For all x′ ∈Mπ
x,N ⊂Mπ

ρ,2N , θx′ ≥ τ
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Hence, by Lemma 2.22,

|F π
x | ≤ 4ψ

Consequently,

4− F π
x

6
≥ 2

3
(1− ψ)

Therefore,

ε ≥ Gπ
ρ =

∑
x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

4− F π
s(z)

6
θz)G

π
x

≥
∑

x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− ψ)θz)G

π
x > ε

where the last inequality is based on the assumption that event C occurs. This causes

a contradiction. As a result, P[(Gπ
ρ ≤ ε) ∩ (A ∩B ∩ C)] = 0.

Next, we will show both P[Ac] and P[Bc] is less than δ
3
. The claim that P[Bc] =

P[XY :λ < ζδ] <
δ
3

is from the choice of ζδ. For the claim that P[Ac] < δ
3
, there are

22N+1 − 2 vertices in Mπ
ρ,2N , and for every x ∈Mπ

ρ,2N ,

P[θx ≥ τ ] = P[px ≤
1− τ

2
] = P[tx ≤ − ln(τ)] = 1− e−λ ln τ = 1− τλ

The length of each edge is independent, so by assumption of τ ,

P[Ac] = 1− (1− τλ)22N+1−2 ≤ 1− (1− (22N+1 − 2)τλ) = (22N+1 − 2)τλ <
δ

3

Our final goal is proving P[B ∩ Cc] ≤ δ
3
. Here we use our induction hypothesis that

for any node x ∈ Lπρ,N , P[Gπ
x > ε] > 1− δ. Consider the coupling G̃π

x of Gπ
x on x ∈ Lπρ,N :

1. If Gπ
x ≤ ε, then G̃π

x = 0

2. If Gπ
x > ε, then randomly assign G̃π

x with the following values:

P[G̃π
x = 0] =

δ − P[Gπ
x ≤ ε]

1− P[Gπ
x ≤ ε]

and P[G̃π
x = ε] = 1− δ − P[Gπ

x ≤ ε]

1− P[Gπ
x ≤ ε]
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It is well-defined since P[Gπ
x ≤ ε] ≤ δ. Then for any x ∈ Lπρ,N , Gπ

x ≥ G̃π
x. Moreover,

P[G̃π
x = 0] = P[Gπ

x ≤ ε] + (1− P[Gπ
x ≤ ε]) · δ − P[Gπ

x ≤ ε]

1− P[Gπ
x ≤ ε]

= δ

P[G̃π
x = ε] = 1− P[G̃π

x = 0] = 1− δ

A little computation reveals that EG̃π
x = ε(1− δ) and Var(G̃π

x) = ε2δ(1− δ)

Define a new random variable H̃:

H̃ =
∑

x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− ψ)θz)G̃

π
x (2.23)

and consider the following two events B̃ and C̃:

B̃ : {
∑

x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− φ) · θz) > ζ}

C̃ : {H̃ =
∑

x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− ψ)θz)G̃

π
x > ε}

We have B ⊂ B̃ from the definition, and C̃ ⊂ C from the fact that Gπ
x ≥ G̃π

x almost

surely. As a consequence,

P[B ∩ Cc] ≤ P[B̃ ∩ C̃c] ≤ P[C̃c|B̃]

We will now show P[C̃c|B̃] ≤ δ
3
, then P[B ∩ Cc] ≤ δ

3
follows immediately.

For any x ∈ Lπρ,N and z ∈Mπ
ρ,N , G̃π

x and θz are independent, and as a result, σ({G̃π
x :

x ∈ Lπρ,N} is independent to σ({θz : z ∈Mπ
ρ,N}). Notice B̃ ∈ σ({θz : z ∈Mπ

ρ,N}). Thus,
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for any ω ∈ σ({θz : z ∈Mπ
ρ,N}) such that ω ∈ B̃:

EH̃(ω) =
∑

x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− ψ)θz)EG̃π

x

=
∑

x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− ψ)θz)ε(1− δ)

= ε(1− δ)
∑

x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− φ)

1− ψ
1− φ

θz)

= ε(1− δ)(1− ψ
1− φ

)N
∑

x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− φ)θz)

> ε(1− δ)(1− ψ
1− φ

)Nζδ = ηε > ε

and

Var(H̃)(ω) =
∑

x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− ψ)θz)

2 · VarG̃π
x

=
∑

x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− ψ)θz)

2 · ε2δ(1− δ)

≤
∑

x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

(
2

3
(1− ψ))2θz) · ε2δ(1− δ)

= εδ · (2

3
(1− ψ))N ·

∑
x∈Lπρ,N

(
∏

z∈a(x)−{ρ}

2

3
(1− ψ)θz)ε(1− δ)

= εδ · (2

3
(1− ψ))N · EH̃(ω)
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Now by Chebyshev’s inequality

P[H̃ ≤ ε](ω) ≤ Var(H̃)(ω)

(EH̃(ω)− ε)2

≤ Var(H̃)(ω)

(EH̃(ω)− (1/η)EH̃(ω))2

= (
η

η − 1
)2 · Var(H̃(ω))

(EH̃(ω))2

≤ (
η

η − 1
)2 ·

εδ · [2
3
(1− ψ)]N · EH̃(ω)

(EH̃(ω))2

= (
η

η − 1
)2 · εδ · [2

3
(1− ψ)]N · 1

EH̃(ω)

≤ (
η

η − 1
)2 · εδ · [2

3
(1− ψ)]N · 1

ηε

= δ · η

(η − 1)2
· [2

3
(1− ψ)]N

≤ δ · η
4η2
· [2

3
(1− ψ)]N

=
δ

4
· [ 1

ζδ(1− δ)
(
1− φ
1− ψ

)N ] · [2
3

(1− ψ)]N

=
δ

4ζδ(1− δ)
· [2

3
(1− φ)]N <

δ

3

This holds for any ω ∈ B̃. Hence,

P[C̃c|B̃] = P[H̃ < ε|B̃] <
δ

3

Combining all the information above, we have

P[Gπ
ρ ≤ ε] ≤ P[(Gπ

ρ ≤ ε) ∩ (A ∩B ∩ C)] + P[Ac] + P[Bc] + P[B ∩ Cc]

< 0 +
δ

3
+
δ

3
+
δ

3
= δ

and this concludes the proof.
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CHAPTER 3

INCOMPLETE LINEAGE SORTING AND

RECOMBINATION: THE THREE-TAXON CASE

Contribution I lead the theoretical part and wrote the first draft of this

section. . For the simulation, I refined the first version of program, which

is mentored by my advisor Sebastien Roch and implemented by two under-

graduate students Zonglin Han and Calvin Kosmatka.

3.1 Introduction

Incomplete lineage sorting (ILS) is a phenomenon which causes a discord between a

species tree and a gene tree [40, 14]. ILS occurs when two lineages fail to coalescence

in a population, providing the opportunity for one lineage to merge with another less

related lineage first. It has been an obstacle to conquer in the study of reconstructing a

species tree from a set of gene trees, and a large amount of work has been invested to
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explore methods to mitigate this problem [36, 19, 37]. In [53], Roch compares seven of

these methods in the three-taxon case. Under this assumption, as shown in [53], these

methods can be roughly separated into three categories: ML/GLASS/MT [36, 19, 37],

R∗/STAR/MDC [5, 13, 38, 40, 61], and STEAC/SC [38]. In the paper, Roch shows that

ML/GLASS/MT dominates the other two categories in accuracy. In addition, the decay

rate of each category has been computed, which allows us to have a basic understanding

of the accuracy in each category.

Our goal in this section is to extend the result in [53] when additionally taking recom-

bination into account. Recombination is a phenomenon where different parts of the same

gene might have different evolutionary histories, leading to different topologies [28, 26].

Because of the computational difficulty of the recombination process, some authors have

provided some substitute algorithms to simulate recombination [42, 41]. Though they

are approximate recombination process, simulations show that the simulated data from

the algorithms is close to those from the full recombination process, and the approxi-

mate algorithms reduce much of computational complexity [17]. In this section, we will

use one of the improved algorithms, sequentially Markov coalescent (SMC)[42], in our

analysis.

This work is different from [33], which also discusses the accuracy of species-tree

reconstruction with recombination. In [33], the authors fixed one reconstruction method

(ML), and discussed the relationship between the accuracy of species-tree reconstruc-

tion and other possible factors, like the number of taxa, the number of loci, and the

recombination rate. In our work, we fixed the number of taxa, the number of loci, and

focus on the relationship between the accuracy of reconstruction algorithms and the

recombination rate.
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3.2 Background

Our goal is to compare methods that use multiple gene trees to estimates the tree for

three taxa, under the assumption that the gene trees are affected by recombination. The

subsections are organized in the following way: we will introduce the definitions and the

notations in subsection 3.2.1. The multi-locus methods are explained in subsection 3.2.2,

and the concept of recombination and sequential Markov coalescent are introduced in

subsection 3.2.3. Last, we discuss the consistency of these method under the SMC model

in subsection 3.2.4, and the large-deviation approach is explained in subsection 3.2.5.

3.2.1 Definition and Notation

We say a weighted rooted tree is an ultrametric tree if all the leaves are at the same

distance from the root. For a three-leaf ultrametric tree with leaves a, b, and c, we

denote by ab|c the topology where a, b are closer to each other than to c, and similar

notation for ac|b and bc|a.

In the whole chapter, we assume the species tree S is ultrametric with three taxa

A, B and C, and the topology of S is AB|C. We use τAB to denote the time difference

between modern time and the time where A, B diverged. Similarly, we use τABC to

denote the time difference between modern time and the time when C separated from

the ancestor of A and B. By assumption, we have τABC ≥ τAB and we define

t = τABC − τAB (3.1)

Also, for convenience, we define s = τAB and so τABC = s+ t.

Suppose we have L loci l = 1, . . . , L to estimate the topology of the species tree S.

For each locus l, because we are analyzing the distances between DNA, we define the
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distance between A and B as the weighted average of the Jukes-Cantor distance, that

is,

d
(l)
AB =

∑
g

w(l)
g · [

1

4
(1− e−

4
3
dgAB)] =

1

4
(1−

∑
g

w(l)
g e
− 4

3
dgAB) (3.2)

where w
(l)
g is the portion of gene tree g in locus l and dgAB is the distance between species

A and B in g. Similar definition for d
(l)
AC and d

(l)
BC . Notice, under our assumption, for

any gene tree g, dgAB ≥ τAB = s, and so

d
(l)
AB =

1

4
(1−

∑
g

w(l)
g e
− 4

3
dgAB) ≥ 1

4
(1−

∑
g

w(l)
g e
− 4

3
s) =

1

4
(1− e−

4
3
s) (3.3)

Similarly,

d
(l)
AC , d

(l)
BC ≥

1

4
(1− e−

4
3

(s+t)) (3.4)

3.2.2 Multi-locus Methods

We briefly introduce the multi-loci methods that we are going to analyze in this sub-

section. As explained in previous work in [53], in the three-taxon setting, several of

these methods are in fact equivalent and we follow the grouping given in [53]. For more

details, see e.g. [37, 53].

1. ML/GLASS/MT:

The Maximum Likelihood (ML) method selects the topology and the divergence

times that maximize the likelihood of observing the gene trees. The result in [37]

indicates that in the constant-population case, maximum likelihood will choose the

largest possible divergence times. Therefore, this algorithm is equivalent to the

Global Latest Split (GLASS) method which is studied in [46], and the Maximum
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Tree (MT) method which is studied in [36, 19, 37] in the three-taxon case. In

detail, the topology of the species tree is regarded as successfully reconstructed if

min
l
{d(l)

AB} < min{min
l
{d(l)

AC},min
l
{d(l)

BC}} (3.5)

2. R∗/STAR/MDC:

The R∗ consensus method [5, 13] first finds the topology with the highest frequency

for any three-taxon set, then reconstructs a species tree that is compatible with

the most three-taxon topologies. In the three-taxon setting, the topology of the

species tree is determined by the frequency of the topologies acquired from loci.

That is, the topology of the species tree is regarded as successfully reconstructed

if

∑
l

1(d
(l)
AB < min{d(l)

AC , d
(l)
BC}) >

max{
∑
l

1(d
(l)
AC < min{d(l)

AB, d
(l)
BC}),

∑
l

1(d
(l)
BC < min{d(l)

AB, d
(l)
AC})} (3.6)

The other two methods in this group are the Species Tree Estimation Using Av-

erage Ranks of Coalescence Time (STAR) method and the Minimizing Deep Coa-

lescences (MDC) method. The STAR method [38] estimates the species tree using

the average ranks of gene coalescence times across the loci as the distance between

taxa, where the rank of the root is equal to the number of taxa and the rank is

decreased by 1 as the node goes from the root towards to the leaves. The MDC

method [40, 61] outputs the species phylogeny that has the smallest lineage that

fail to coalesce in a branch. As explained in [53], these two methods are equivalent

to the R∗ consensus method in the three-taxon setting.
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3. STEAC/SC:

The Species Tree Estimation Using Average Coalescent Time (STEAC) method

[38] and the Shallowest Coalescences (SC) method both assign the average coales-

cent time as the distance between species and reconstruct the species tree based

on this distance matrix. The only difference between these two methods is how

they handle multiple alleles per populations, and are equivalent in our single-allele

setting. In detail, the topology of the species tree is regarded as successfully re-

constructed if ∑
l

d
(l)
AB < min{

∑
l

d
(l)
AC ,

∑
l

d
(l)
BC} (3.7)

3.2.3 Recombination and Sequential Markov Coalescent

Recombination is a natural phenomenon. The phenomenon may occur, for example,

when the DNA strands of a pair of homologous chromosomes break and rejoin during

the process of meiosis in eukaryotes. Another example of recombination is in the process

of DNA repair in bacteria. It is an obstacle for biologists and mathematicians when

studying the evolutionary history between species.

Recombination results in different regions of a locus possibly having different under-

lying trees [28, 26]. However, estimating the likelihood of recombination is restricted by

severe computing challenges [42]. The Sequential Markov Coalescent (SMC) is intro-

duced in [42] in order to reduce the computing complexity. As shown in [42], the three

main differences between the sequential Markov coalescent model from the original re-

combination process are:

1. The state space of the ancestral recombination graph is much reduced.
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2. The SMC model tends to have many fewer recombination events.

3. The SMC process has a Markovian structure in the sequential generation of ge-

nealogies along a chromosome.

All these facts reduce the difficulty of simulating the recombination process. Though the

process is not exactly the same as the original recombination process, it has been shown

by simulations that SMC produces simulated data that for many statistics is close to

that resulting from those of the original coalescent with recombination [17, 42]. See [42]

for more details. The algorithm to simulate the SMC model is introduced below:

Algorithm 3.1 (Sequential Markov Coalescent [42]). We can follow the following steps

to simulate a unit locus under the SMC model:

1. Simulate a standard coalescent history at point 0 (i.e. without recombination). The

resulting tree is g0 and it has a total branch length of w(g0).

2. The distance along the unit interval until the first recombination event is exponen-

tially distributed with rate ρw(g0) for some rate ρ > 0. If the point at which the

recombination event occurs is less than one, the position at which the recombina-

tion occurs on the marginal genealogy is drawn uniformly and the older portion of

the branch on which the event occurred is erased, resulting in a ”floating” lineage.

3. The floating lineage coalesces with the remaining genealogy at rate proportional to

the number of ancestral lineages present.

4. The previous genealogy is discarded and the process repeated with the new genealogy

until the next recombination event occurs beyond the unit interval.

In this section, we assume that there is no rate variation for recombination.
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3.2.4 Consistency of multi-locus methods

Before we analyze the exponential decay rate of each category of methods, we need to

first discuss the consistency of these methods in our setting. That is, as the number

of available unit loci in the SMC model goes to infinity, the methods should guarantee

to output the correct topology. Here by unit loci we means genes, and we assume that

different genes are independent. The consistency of ML/GLASS/MT is straightforward.

Given enough unit loci in the SMC model, there should be at least one locus l′ such that

there is no recombination event along the locus, and it represents a gene tree on which

the distance between species A and B is smaller than τABC . When this event occurs, we

have

min
l
{d(l)

AB} < d
(l′)
AB =

1

4
(1− e−

4
3

(s+t))

≤ min{min
l
{d(l)

AC},min
l
{d(l)

BC}}

where the last inequality is from equation 3.4.

On the other hand, for the consistency of STEAC/SC method, as we will show later,

the initial distribution is the stationary distribution in the SMC model for the three-

taxon case. Therefore, at any point in any locus, the distribution of the underlying gene

tree is the stationary distribution. Consequently, as the number of loci increases,

1

|l|
∑
l

d
(l)
AB → E[dgAB],

1

|l|
∑
l

d
(l)
AC → E[dgAC ]

where dgAB and dgAC are the Jukes-Cantor distance between A, B and A,C in gene tree g,

respectively. A little computation will show that E[dgAB] < E[dgAC ] and the consistency

of STEAC/SC method follows.
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Nevertheless, I haven’t found a way to prove the consistency of the R∗/STAR/MDC

method, and so I will leave it as a conjecture.

3.2.5 Large-deviations Approach

Similar to Roch’s work in [53], in order to compare these groups of methods, we derive

the rate of exponential decay of the probability of failure. Let S be a three-taxon

species tree with internal branch length t, and assume we have L loci l = 1, . . . , L that

are generated from S, on which the sequential Markov coalescent (SMC) with rate ρ

takes place. As L→∞, large-deviation theory (see e.g. [18]) gives a characterization of

the (exponential) decay rate

αM(t, ρ) = − lim
L→∞

1

L
lnP[Method M fails given L loci with SMC rate ρ from S] (3.8)

That is, for large enough L,

P[Method M fails given L loci with SMC rate ρ from S] ≈ e−LαM (t,ρ) (3.9)

3.3 Results

3.3.1 Stationary Distribution of SMC

For convenience, we use the following notations.

Notation 3.2. For any gene tree g, we use dgAB to denote the distance between A and

B in the gene tree. We use similar definition for dgAC and dgBC.

Notation 3.3. We denote by T0(x, z) (0 ≤ x ≤ t, 0 ≤ z ≤ ∞) the ultrametric gene tree

satisfying d
T0(x,z)
AB = s + x and d

T0(x,z)
AC = s + t + z (and so d

T0(x,z)
BC = s + t + z as well).
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Also, we denote by TC(y, z) (0 ≤ y ≤ z ≤ ∞) the ultrametric gene tree satisfied that

d
TC(x,z)
AB = s+ t+ y and d

TC(x,z)
AC = s+ t+ z (and so d

TC(x,z)
BC = s+ t+ z). We use similar

definition for TA(y, z) and TB(y, z).

Our first claim is

Proposition 3.4 (Stationary distribution). For the SMC model on a species tree S

with internal branch length t, the Markov process has a stationary distribution π which

satisfies

π(T0(x, z)) = e−x · e−z (3.10)

and for I = A,B,C

π(TI(y, z)) = e−t · e−2y · e−z (3.11)

And therefore, the initial distribution is the stationary distribution.

The proof is basically by brute force.

3.3.2 Decay Rate of ML/GLASS/MT

Proposition 3.5 (ML/GLASS/MT). The decay rate of ML/GLASS/MT on S is

αML(t, ρ) = − lnP[d
(l)
AB >

1

4
(1− e−

4
3

(s+t))] (3.12)

Proof. For any locus l, we let E (l) be the event

E (l) = {d(l)
AB >

1

4
(1− e−

4
3

(s+t))}

Given L loci, if there is any locus l such that (E (l))C occurs, then ML/GLASS/MT

always succeeds. Therefore, ML/GLASS/MT fails with probability at most (P[E (l)])L.
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And as a result,

αML = lim
L→∞

− 1

L
lnP[ML fail given L loci]

≥ lim
L→∞

− 1

L
ln(P[E (l)])L

= lim
L→∞

− lnP[E (l)]

= − lnP[E (l)]

On the other hand, for any ε > 0, we denote by E (l)
ε the event

E (l)
ε = {d(l)

AB ≥
1

4
(1− e−

4
3

(s+t+ε))}

Given L loci and ε > 0, if both of the following hold,

• The first locus satisfies 1
4
(1 − e−

4
3

(s+t+ ε
2

)) = min{d(l)
AC , d

(l)
BC} < d

(l)
AB, an event we

denote by Ē (l)
ε .

• For all other L− 1 loci, E (l)
ε occurs.

then ML/GLASS/MT will fail. As a consequence, ML/GLASS/MT fail with probability

at least P[Ē (l)
ε ]P[E (l)

ε ]L−1. Notice Ē (l)
ε occurs when we start with a TA(s + t + ε

2
, z) or

TB(s + t + ε
2
, z) gene tree with z > s + t + ε

2
, and there is no recombination along the

locus. Therefore,

P[Ē (l)
ε ] ≥ 2

∫ ∞
ε

e−
ρ
2

(3s+3t+ ε
2

+2z) · e−εe−zdz

=
2

ρ+ 1
e−

ρ
2

(3s+3t+ ε
2

)e−
3
2
ε > 0
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which shows that Ē (l)
ε always have a positive probability to occur. Hence,

αML = lim
L→∞

− 1

L
lnP[ML fail given L loci]

≤ lim
L→∞

− 1

L
ln(P[Ē (l)

ε ]P[E (l)
ε ]L−1)

= lim
L→∞

(− 1

L
lnP[Ē (l)

ε ]− L− 1

L
lnP[E (l)

ε ])

= − lnP[E (l)
ε ]

This inequality holds for any ε > 0. Since limε→0 P[E (l)
ε ] = P[E (l)], we have αML ≤

− lnP[E (l)
ε ]. Therefore,

αML = − lnP[E (l)] = − lnP[d
(l)
AB >

1

4
(1− e−

4
3

(s+t))]

as desired.

3.3.3 Decay Rate of R*/STAR/MDC

Proposition 3.6. The decay rate of R∗/STAR/MDC on S is

αR∗(t, ρ) = − ln(
√

2β(1− β) +
1

2
(1− β)) (3.13)

where β = P[d
(l)
AB < min{d(l)

AC , d
(l)
BC}].

Proof. We use the same definition and mimic the arguments in [53]. For a locus l, we

let Z
(l)
AB be 1 if the event {d(l)

AB ≤ min{d(l)
AC , d

(l)
BC}} occurs, and 0 otherwise. We let

ZAB =
L∑
l=1

Z
(l)
AB

Similarly, we define Z
(l)
AC , Z

(l)
BC , ZAC and ZBC . Then R∗/STAR/MDC fails if

max{ZAC ,ZBC} > ZAB = L− (ZAC + ZBC)
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an event we denote by E . Re-write E as

2 max{ZAC ,ZBC}+ min{ZAC ,ZBC} > L

As shown in [53], with the auxiliary events

E ′ = {2ZAC + ZBC > L}, E ′′ = {2ZBC + ZAC > L}

we have

P[E ′] ≤ P[E ] ≤ P[E ′ ∪ E ′′] ≤ 2P[E ′]

Hence

− 1

L
lnP[E ′] ≥ − 1

L
lnP[E ] ≥ − 1

L
ln 2P[E ′] = − 1

L
lnP[E ′]− 1

L
ln 2

and consequently, as L→∞

αR∗ = lim
L→∞

− 1

L
lnP[E ] = lim

L→∞
− 1

L
lnP[E ′]

provided the limit exists.

Similar to [53], to compute the limit, we consider the moment-generating function

φ(ψ) = E[exp(ψ[2Z
(l)
AC + Z

(l)
BC ])]

We assume

β = P[d
(l)
AB ≤ min{d(l)

AC , d
(l)
BC}]

then by symmetry

P[d
(l)
AC ≤ min{d(l)

AB, d
(l)
BC}] = P[d

(l)
BC ≤ min{d(l)

AB, d
(l)
AC}] =

1

2
(1− β)

Therefore,

φ(ψ) = β +
1

2
(1− β)(eψ + e2ψ) <∞



56

for all ψ ∈ R. Let

Wβ =
1

2
(1− β)

then the derivative of φ(ψ) is

φ′(ψ) = Wβ(eψ + 2e2ψ)

By large-deviation theory, our goal is to find a solution of the equation

1 =
φ′(ψ)

φ(ψ)

We can re-write the previous equation as

β +Wβ(eψ + e2ψ) = Wβ(eψ + 2e2ψ)

or

β = Wβe
2ψ

Hence, the solution ψ∗ satisfies

eψ∗ =

√
β

Wβ

and

φ(ψ∗) = β +Wβ(eψ∗ + e2ψ∗) = 2β +
√
βWβ

Therefore, the large-derivation theory tells us

αR∗ = lim
L→∞

− 1

L
lnP[E ′] = ψ∗ − lnφ(ψ∗)

= ln

√
β

Wβ

− ln(2β +
√
βWβ)

= − ln(
2β +

√
βWβ√

β/Wβ

)

= − ln(2
√
βWβ +Wβ)

= − ln(
√

2β(1− β) +
1

2
(1− β))
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as desired.

3.3.4 Decay Rate of STEAC/SC

Proposition 3.7. The decay rate of STEAC/SC on S is

αSTEAC(t, ρ) = − lnφ(ψ∗) (3.14)

where φ(ψ) = E[exp(ψ[d
(l)
AB − d

(l)
AC ])] and ψ∗ is a solution of 0 = φ′(ψ)

φ(ψ)
, if it exists.

Proof. Again we use the same definition and mimic the arguments in [53]. For a locus

l, we let

DAB =
L∑
l=1

d
(l)
AB

and similar definition for DAC ,DBC . Then STEAC/SC fails if

DAB > min{DAC ,DBC}

an event we denote by E . Re-write E as

DAB −min{DAC ,DBC} > 0

Again as shown in [53], with the auxiliary events

E ′ = {DAB −DAC > 0}, E ′′ = {DAB −DBC > 0}

we have

P[E ′] ≤ P[E ] ≤ P[E ′ ∪ E ′′] ≤ 2P[E ′]

Hence

− 1

L
lnP[E ′] ≥ − 1

L
lnP[E ] ≥ − 1

L
ln 2P[E ′] = − 1

L
lnP[E ′]− 1

L
ln 2



58

Consequently, as L→∞

αSTEAC = lim
L→∞

− 1

L
lnP[E ] = lim

L→∞
− 1

L
lnP[E ′]

provided the limit exists.

Similar to [53], to compute the limit, we consider the moment-generating function

φ(ψ) = E[exp(ψ[d
(l)
AB − d

(l)
AC ])]

which is finite for finite ψ since 0 ≤ d
(l)
AB, d

(l)
AC ≤ 1

4
. By large-deviation theory, we are

looking for a solution ψ∗ of the equation

0 =
φ′(ψ)

φ(ψ)

Then

αSTEAC = lim
L→∞

− 1

L
lnP[E ′]

= lim
L→∞

− 1

L
lnP[DAB −DAC > 0]

= − lnφ(ψ∗)

as desired.

3.4 Simulation result

In [53], Roch showed that in the three-taxon case, without considering recombination,

the decay rates of each categories when t→ 0 are

αML(t) = t

αR∗(t) =
3

4
t2 +O(t3)
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Also, he proved that the decay rate of ML/GLASS/MT always dominates the decay rate

of R∗/STAR/MDC.

Our results indicate that, with recombination, the decay rate can be simplified by

only relying on the information of one locus. In detail, from equation 3.12 and equa-

tion 3.13,

αML(t, ρ) = − lnP[d
(l)
AB >

1

4
(1− e−

4
3

(s+t))]

αR∗(t, ρ) = − ln(
√

2β(1− β) +
1

2
(1− β)),

where β = P[d
(l)
AB < min{d(l)

AC , d
(l)
BC}]

In the simulation, we compare the decay rate of ML/GLASS/MT and the decay rate of

R∗/STAR/MDC in our setting for some specific t and small recombination rate ρ. In the

simulation, we let τAB = s = 1.0, and generate 100000 unit locus under the SMC model

to compute the P[d
(l)
AB > 1

4
(1 − e− 4

3
(s+t))] and P[d

(l)
AB < min{d(l)

AC , d
(l)
BC}], then compute

the decay rate of ML/GLASS/MT and the decay rate of R∗/STAR/MDC. We repeat

this process 500 times for any specific t and ρ and compute the average. The program is

written in Java and it takes slightly over 2 minutes for 500 runs in average for a specific

t and ρ.
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Figure 2: The decay rate of ML/GLASS/MT and the decay rate of R*/STAR/MDC

versus ρ, when t = 0.2

Figure 3: The decay rate of ML/GLASS/MT and the decay rate of R*/STAR/MDC

versus ρ, when t = 0.2
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Figure 4: The decay rate of ML/GLASS/MT and the decay rate of R*/STAR/MDC

versus t, when ρ = 1.8

Figure 5: The decay rate of ML/GLASS/MT and the decay rate of R*/STAR/MDC

versus t, when ρ = 1.8
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CHAPTER 4

NETWORK RECONSTRUCTION

Contribution I lead all aspects of the work, including both theoretical part

and simulation part, and I wrote the first draft of this section.

4.1 Introduction

In evolution biology, phylogenetic trees are widely used to uncover the evolutionary re-

lationships between different species or taxa. A number of phylogenetic tree reconstruc-

tion methods have been invented and studied. Starting from the short quartet method

(SQM)[20], the fast-converging methods, which guarantee to recover the tree given only

polynomial length sequence, are gaining in popularity. The work of Daskalakis et al.

in [12] improves SQM and introduces a phylogenetic tree reconstruction algorithm from

the distorted metrics, which has a high probability to unearth the tree topology from

any reasonable length sequence.

Nevertheless, reticulate events in evolution history, like hybridization, horizontal
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gene transfer, recombination, are unable to be modeled by a single phylogenetic tree.

Phylogenetic networks are more adequate for the data sets involving these events

[31, 15, 16, 25, 52, 57, 59]. One way to describe an unrooted phylogenetic network is

using split networks, which are first introduced by H. J. Bandelt et al. in [3]. An

abundance of algorithms have been introduced to reconstruct a split network from in-

formation obtained from samples, and we can classify them into a few categories based

on the information they need [29, 31]: Neighbor-Net [7] and the split decomposition

method [3] take pairwise distances between taxa as input, while the consensus network

method [27] and the super network method [30, 62] use a set of phylogenetic trees to

reconstruct the network, and the median-joining algorithm [4] method and the quasi

median-joining algorithm [2] require condense characters.

The distance-based reconstruction methods, Neighbor-Net and the split decomposi-

tion method, are the most popular algorithms. Neighbor-Net [7] uses the clustering idea

which comes from Neighbor-Joining [54], a method of phylogenetic tree reconstruction.

On the other hand, the split decomposition method [3] recursively enlarges the set of

taxa and finds the splits on them. They have been accepted and widely used with the

proof of their consistency [9, 3]. In addition, both Neighbor-Net and the split decompo-

sition method have been proven to still be consistent if the error between real distances

and their estimates from samples is bounded [43, 34, 3]. Nevertheless, both methods

require that the estimation between every pair of taxa have a bounded error, and so

if the diameter of the network is large, the methods will need impractical number of

sample length to ensure consistency.

Our motivation in this project is to introduce a fast-converging split network algo-

rithm, similar to [20] and [12], by relying on only short distances. Our algorithm is
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analogous to the algorithm introduced in [12], with the fact that every edge in a phy-

logenetic tree is corresponding to a split in a split network. The algorithm eliminates

the disadvantage of Neighbor-Net and the split decomposition method by shortening the

radius of the trusted region from diameter of the network to a linear combination of the

depth and the incompatibility of the network. In the remainder of this section, we will

formalize the idea and provide all the details of the algorithm.

An important consideration is information theory on split networks. The identifia-

bility of split networks with an Abelian group-based model, a Markov model on split

networks, from character distribution have been proved by D. Bryant [6]. Moreover,

the identifiability from distances of two most important type of split networks, circular

networks and weakly compatible networks, have also been shown in [3] and [7]. Nev-

ertheless, similar to the fact that short edges and deep parts of a phylogenetic tree are

difficult to detect[12], light or deep splits in a split networks are hard to reconstruct, for

any algorithms. In our algorithm, we reconstruct a subset of the original split set, and

ensure that the subset contains all splits which are heavy enough. The difficulty of find-

ing deep parts is reflected on the threshold of reliable distances. That is, to reconstruct

a network with a deep part, we need to enlarge the threshold of reliable distances, which

requires more samples to achieve.

4.2 Background

Before we introduce our algorithm, we want to provide some background on split net-

works.

Definition 4.1 (Split). A split S = {S1, S2} on a set of taxa X is an unordered
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bipartition of X into two non-empty, disjoint sets: S1 ∩ S2 = ∅, S1 ∪ S2 = X .

Definition 4.2 (Split Networks [3, 31]). We say N = (X ,S, w) is a weighted split

network on a set of X if S is a set of splits on X , and w : S → (0,∞) is the function

which assigns a positive weight to every split in S. We assume that any two splits

S1 = {S1
1 , S

2
1}, S2 = {S1

2 , S
2
2} ∈ S are different, that is, S1

1 6= S1
2 and S1

1 6= S2
2

Any edge e in a weighted phylogenetic tree T = (X , V, E, w) on X define a split

on X [31]: after deleting e, the leaves of T are separating into two non-empty, disjoint

sets, say l1 and l2, and the split Se = {S1, S2} generated by e is defined as: Si is the

set contains all the taxon labels which occur in li, i = 1, 2. And so any phylogenetic

tree can be represented as a split network. One quick question is its converse statement:

Given a split network N = (X ,S, w), is there a phylogenetic tree T = (X , V, E, w) such

that S ⊂ SE = {Se : e ∈ E}? The question can be answered using the concept of

compatibility.

Definition 4.3 (Compatibility [10]). Two splits S1 = {S1
1 , S

2
1} and S2 = {S1

2 , S
2
2} are

called compatible, if at least one of the following interactions is empty:

S1
1 ∩ S1

2 , S
1
1 ∩ S2

2 , S
2
1 ∩ S1

2 , S
2
1 ∩ S2

2

Otherwise, these two splits are called incompatible. A set of splits S is called compatible

if all pairs of splits in S are compatible.

Lemma 4.4 (Compatibility Theorem [10]). Given a split network N = (X ,S, w), there

is a phylogenetic tree T = (X , V, E, w) such that S ⊂ SE = {Se : e ∈ E} if and only if

S is compatible.
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Nevertheless, there are many more split networks that cannot be realized as phylo-

genetic trees, and most of them are difficult to visualize in a comprehensive way [31].

Some restricted classes of split networks, therefore, have been introduced. The most

important two classes are circular networks and weakly compatible networks.

Definition 4.5 (Circular Splits, Circular Networks [3, 31]). A set of splits S on X is

called circular, if there exists a linear ordering (x1, . . . , xn) of the elements of X for S

such that each splits S ∈ S has the form:

S = { {xp, . . . , xq} , X − {xp, . . . , xq} }

for appropriately chosen 1 < p ≤ q ≤ n. We say a split network N = {X ,S, w} is a

circular network if S is circular.

Definition 4.6 (Weak Compatibility, Weakly Compatible Networks [3, 31]). We say

three splits S1 = {S1
1 , S

2
1}, S2 = {S1

2 , S
2
2} and S3 = {S1

3 , S
2
3} are weakly compatible if

1. at least one of the following four intersections is empty:

S1
1 ∩ S1

2 ∩ S1
3 , S1

1 ∩ S2
2 ∩ S2

3 , S2
1 ∩ S1

2 ∩ S2
3 and S2

1 ∩ S2
2 ∩ S1

3

2. at least one of the following four intersections is empty:

S2
1 ∩ S2

2 ∩ S2
3 , S2

1 ∩ S1
2 ∩ S1

3 , S1
1 ∩ S2

2 ∩ S1
3 and S1

1 ∩ S1
2 ∩ S2

3

A set of splits S on X is called weakly compatible if any three splits are weakly compatible,

and we say a split network N = {X ,S, w} is a weakly compatible network if S is

weakly compatible.
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The following two lemmas tell us the relation between the phylogenetic trees, circular

networks, and weakly compatible networks [31].

Lemma 4.7. The set of splits obtained from a phylogenetic tree is circular.

Lemma 4.8. Let S be a set of splits on X . If S is circular, then S is weakly compatible.

As we introduced above, Neighbor-Net and the split decomposition method are the

two main algorithms of split network reconstruction. Two major differences between

these two algorithms are:

• The the split decomposition method can deal with more general cases than Neighbor-

Net: the output of the split decomposition method is a weakly compatible network,

while Neighbor-Net outputs a circular network.

• Neighbor-Net is much faster than the split decomposition method in finding all

possible splits (but without estimating the weight): Neighbor-Net takes O(n3)

time, while the worst case of the split decomposition method needs O(n6) time,

where n is the number of taxa.

Remark 4.9. In a general case, Neighbor-Net uses ordinary least square (OLS) or

even non-negative-constraints least square (NNLS) to estimate the weight [7, 34],

which has at least O(n6) time complexity. Nevertheless, if we assume that the

error between real distance and the estimators has an upper bound for every pair

of taxa, then the weight estimation step in Neighbor-Net only takes O(n2) time

using equation (4) in [34], and the whole process of Neighbor-Net takes only O(n3)

time.



68

As we discussed above, the consistency of both algorithms is built on the assumption

that the estimation of every pair of taxa has a bounded error from the true distance.

However, if the diameter of the network is high, for example a tree with linear structure,

then the requirement becomes unreasonable. The algorithm which we will introduce

later improves these two methods by reducing the radius of accurate distances.

4.2.1 Previous work on phylogenetic tree reconstruction

In this section, we will explain the algorithm on phylogenetic tree reconstruction in

[12] which inspires our algorithm on split network reconstruction. Suppose we have

a weighted, unrooted phylogenetic tree T = (X , V, E, w), where X is the set of taxa

mapped to the leaves of the tree, V and E are, respectively, the vertices and edges of

the tree, and w : E → (0,∞) is the weight function. We equip T with the additive

metric, d : X × X → (0,∞):

∀x, y ∈ X , d(x, y) =
∑

e∈path(x,y)

w(e)

where path(x, y) is the set of edges on the path between x, y in T .

It is well known that one can reconstruct the phylogenetic tree T given an additive

metric d [12]. However, in practice, one can only obtain an estimate d̂ of d, usually

called the distance matrix, from samples. The accuracy of these estimates depends

on the amount of data used [12]. Usually the estimates of long distances are unreliable,

and the following definition describes this property.

Definition 4.10 (Distorted metric [45, 1]). Suppose T = (X , V, E, w, d) is a phylogenetic

tree, and let τ,M > 0. We say d̂ : X × X → (0,∞] is a (τ,M)-distorted metric of

T or a (τ,M)-distortion of d if the following are true:
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1. (Symmetry) For all x, y ∈ X , d̂ is symmetric, that is,

d̂(x, y) = d̂(y, x)

2. (Distortion) d̂ is accurate on ”short” distances, that is, for all x, y ∈ X , if either

d(x, y) < M + τ or d̂(x, y) < M + τ , then

|d(x, y)− d̂(x, y)| < τ

As we mentioned above, the deep parts of a phylogenetic tree are hard to detect.

The following definition of depth provides an idea about the deepness of an edge by

measuring the distance between the edge and the closest leaves.

Definition 4.11 (Depth [12]). In a phylogenetic tree T = (X , V, E, w, d), the depth of

an edge e ∈ E is the length of the shortest path among all paths crossing e between two

leaves:

∆(e) = min{d(x, y) : x, y ∈ X , e ∈ path(x, y)}

and the depth of T is the maximum depth over all the edges:

∆(T ) = max{∆(e) : e ∈ E}

The main theorem in [12] shows the following lemma.

Lemma 4.12. For any phylogenetic tree T = (X , V, E, w, d), if τ > 0 and M > 2∆(T )+

5τ , there is a polynomial time algorithm which is guaranteed to reconstruct all the edges,

whose weight is larger than 2τ , of T given a (τ,M)-distorted metric of T .

The algorithm in [12] consists of the following two steps:
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1. Mini Reconstruction:

The purpose of Mini Reconstruction is to uncover edges in a ”small region”. For

any x, y ∈ X such that d̂(x, y) ≤ ∆(T ) + τ , define the small region around x, y by

B(x, y) = {z ∈ X : d̂(x, z) ∨ d̂(y, z) < 2∆(T ) + 5τ}

Reconstruct all the edges between x and y by finding all bipartitions on B(x, y)

which separates x and y using d̂(x, y), d̂(x, z) and d̂(y, z) for all z ∈ B(x, y). [12]

show that because for all z ∈ B(x, y), d̂(x, y), d̂(x, z) and d̂(y, z) are reliable, and

so any bipartition or edge found on B(x, y) is corresponding to a bipartition on

X , or an edge of the original phylogenetic tree T .

2. Bipartition Extension:

The purpose of Bipartition Extension is to extend a bipartition in a small re-

gion from Mini Reconstruction to a bipartition on the whole taxa X , and then

reconstruct T after collecting all the bipartitions or the edges of T . The exten-

sion is executed in the following way. Starting from the bipartition {Sx, Sy} on

B(x, y), apply the following process recursively until we have a bipartition on X :

If currently the bipartition is {S̃x, S̃y}, and taxa z ∈ X − (S̃x, S̃y), z′ ∈ S̃x satisfy

d̂(z, z′) < ∆(T )+τ , then enlarge S̃x by adding z to S̃x(Similar for S̃y). [12] showed

that for every bipartition S on B(x, y) in a small region:

• All taxa outside B(x, y) have a way to connect to B(x, y) right from the

definition of the depth, and so the extension process always terminates.

• For any bipartition {Sx, Sy} on B(x, y), there is an unique way to execute the

extension. In other words, the extension, there is only one possible output for
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any {Sx, Sy} on B(x, y). In addition, the output of the extension is always a

bipartition, or an edge, of the original tree T .

• Last, for any edge e of the original tree T , there exists x, y such that the

extension terminates in e starting from bipartition {Sx, Sy} found on B(x, y).

With all definitions, algorithms above, we can rebuild the whole tree once we

collect all the bipartitions, or the edges, of the phylogenetic tree T .

4.2.2 Main result

Our algorithm of split network reconstruction follows the work in [12] which we intro-

duced in the previous section. The idea is based on the fact that a bipartition or an

edge in a phylogenetic tree is corresponding to a split in a split network, and therefore

uncovering all the bipartitions in a phylogenetic tree means uncovering all the splits in

a split network. Nevertheless, there is a significant difference between phylogenetic trees

and split networks: split networks allow the incompatibility between splits, and we need

to modify some definitions and values to make the algorithm suitable to split networks.

Suppose we have a weighted split network N = (X ,S, w). We can extend the additive

metric definition of a phylogenetic tree to the definition of metric of a split network.

Definition 4.13 (Metric). The metric d : X × X → (0,∞) of a split network N =

(X ,S, w) is defined as:

∀x, y ∈ X , d(x, y) =
∑
S∈S

w(S)δS(x, y)
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where δS(x, y) for any splits S = {S1, S2} is the indicator of whether S separate x, y:

δS(x, y) =

 0, if x, y ∈ S1 or x, y ∈ S2.

1. otherwise.

We use the word metric because d satisfies at least symmetry and triangle inequality

[31]. In the remainder of the chapter, we assume that d also has identity property,

that is, for any different x, y ∈ X , there exists S ∈ S such that δS(x, y) = 1, and so

d(x, y) > 0.

Similar to phylogenetic trees, we cannot get the real metric d from samples but only

an estimated distance matrix d̂, and once again the estimates of long distance are not

reliable. This property is shown with the following analogous definition of distorted

metric on split networks.

Definition 4.14 (Distorted metric, [45, 1]). Suppose N = (X ,S, w, d) is a split network,

and let τ,M > 0. We say d̂ : X × X → (0,∞] is a (τ,M)-distorted metric of N or

a (τ,M)-distortion of d if the following are true:

1. (Symmetry) For all x, y ∈ X , d̂ is symmetric, that is,

d̂(x, y) = d̂(y, x)

2. (Distortion) d̂ is accurate on ”short” distances, that is, for all x, y ∈ X , if either

d(x, y) < M + τ or d̂(x, y) < M + τ , then

|d(x, y)− d̂(x, y)| < τ

The next definition we work on is depth, which describes how close an edge is to the

leaves in a phylogenetic tree. We want to extend the definition of depth on split networks



73

so that it does not contradict the definition on phylogenetic trees, and, on the other hand,

we need to consider the incompatibility between splits in a split network. Recall that,

in a phylogenetic tree, every edge is a split, and any two edges are compatible. Hence,

for every e ∈ E in a phylogenetic tree,

∆(e) = min{d(x, y) : x, y ∈ X , e ∈ path(x, y)}

= min{d(x, y) : x, y ∈ X , δSe(x, y) = 1}

= min{
∑

e′∈path(x,y)

w(e′) : x, y ∈ X , δSe(x, y) = 1}

= min{
∑

S′:δS′ (x,y)=1

w(S ′) : x, y ∈ X , δSe(x, y) = 1}

= min{
∑

S′:δS′ (x,y)=1 and S′ is compatible with Se

w(S ′) : x, y ∈ X , δSe(x, y) = 1}

Consequently, a natural way to define the depth in a split network is:

Definition 4.15 (Depth). In a split network N = (X ,S, w, d), and S ∈ S. Suppose

x, y ∈ X satisfy δS(x, y) = 1. Define

ΞC(x, y, S) = {S ′ ∈ S : δS′(x, y) = 1 and S ′ is compatible with S}

then we define the depth of the split S as:

∆(S) = min{
∑

S′∈ΞC(x,y,S)

w(S ′) : x, y ∈ X , δS(x, y) = 1}

and the depth of N as the maximum depth among all S ∈ S:

∆(N ) = max{∆(S) : S ∈ S}

We need another definition when we take the incompatibility into consideration:
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Definition 4.16 (Incompatible weight). In a split network N = (X ,S, w, d), and S ∈ S.

Let

I(S) = {S ′ ∈ S : S ′ is incompatible with S}

The incompatible weight of the split S ∈ S is:

Ω(S) =
∑

S′∈I(S)

w(S ′)

and the incompatible weight of N is the maximum incompatible weight among all

S ∈ S:

Ω(N ) = max{Ω(S) : S ∈ S}

With all the definitions above, we can construct a similar algorithm for split network

reconstruction:

1. Mini Reconstruction:

The purpose of Mini Reconstruction is to uncover splits in a ”small region”. The

definition of the small region depends on the following two factors:

• The distances between taxa that we use in a small region to reconstruct splits

needs to be reliable.

• The size of a small region needs to be sufficiently large such that all taxa

outside the small region have only one possible side to add in the process of

Bipartition Extension.

In the algorithm in [12], we can reconstruct edges between two close enough x, y ∈

X in small region with only the distance between x, y, and the distance from z
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to x, y for every z in the small region. However, for split networks, in order to

reconstruct splits between two close enough x, y ∈ X in a small region, either

using the split decomposition method or the Neighbor-Net algorithm, we need all

distances between any pair of taxa in the small region to be reliable. Hence, we

need a different definition for the small region around x, y and show that with

a proper choice of M , the distance between any two taxa in the small region is

reliable.

Remark 4.17. In this chapter, we use the split decomposition method to recon-

struct the splits in a small region rather than Neighbor-Net because we can have a

more general result: the split decomposition method can reconstruct weakly compat-

ible networks, while Neighbor-Net can only reconstruct circular networks. However,

if the original network is a circular network, Neighbor-Net, which is much faster

than the split decomposition method, also returns the correct splits and estimates

the weight from distorted metrics [43, 34]. We will discuss how we improve our

algorithm by replacing the split decomposition with Neighbor-Net in section 4.6.

2. Bipartition Extension:

The purpose of Bipartition Extension is to extend a split in a small region from

Mini Reconstruction to a split on the whole taxa X , by recursively adding the taxa

outside the small region to the bipartition or the split. The most important value

is the connecting distance, as the value ∆(T ) + τ in the algorithm in [12], which

needs to promise both

• All taxa outside the small region have a way to connect to the small region.
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• All taxa outside the small region have only one possible side to add in the

process.

The second factor can be easily done by modifying the size of the small region, but

the first one is much harder to show. In the algorithm in [12], the connectablity

can be achieved from definition of the depth by choosing a connecting distance of

about ∆(T ). However, it is much harder in a split network to find the connecting

distance and show it is proper. One main contribution of this chapter is showing

that ∆(N ) + 2Ω(N ) is the proper value, with an example showing that this value

is tight.

With this algorithm, our main result is:

Theorem 4.18. Suppose N = (X ,S, w, d) is a weakly compatible network. Given any

τ > 0 and M > 3∆(N )+7Ω(N )+10τ , there is a polynomial time algorithm to construct

splits set Ŝ with the weight estimator ŵ from a (τ,M)-distortion d̂ of d such that:

• S4τ ⊂ Ŝ ⊂ S, where S4τ = {S ∈ S : w(S) > 4τ}.

• For any split S ∈ Ŝ, |ŵ(S)− w(S)| < 2τ .

4.2.3 Organization

The rest of the section is organized as follows. We first introduce the split decomposition

method, which we use to reconstruct splits in small region in Mini Reconstruction, in

section 4.3. The overall algorithm is detailed in section 4.4, and the proof of our main

theorem is explained in 4.5. We show the lower bound of M in section 4.7, and discuss

how we improve our algorithm in time complexity with Neighbor-Net in section 4.6.
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4.3 Split decomposition method

The split decomposition method uses the idea of d-splits. In a split network N =

(X ,S, w, d), a split S = {S1, S2} ∈ S is a d-split if its isolation index αd(S) is greater

than 0 [31]:

αd(S) = min{α̃d({{x1, y1}, {x2, y2}})|x1, y1 ∈ S1, x2, y2 ∈ S2} > 0

where

α̃d({{x1, y1}, {x2, y2}}) =
1

2
(max{d(x1, y1) + d(x2, y2), d(x1, x2) + d(y1, y2),

d(x1, y2) + d(y1, x2)} − d(x1, y1)− d(x2, y2))

The set of all d-splits on X is called the split decomposition of d. We can use the

following algorithm to find the split decomposition of d.

Algorithm 4.19. (split decomposition method [31])

Given a distance matrix d on X = {z1, z2, . . . , zn}, compute the set of all d-splits on X

as follows:

Initially, set X1 = {z1} and S1 = ∅. Assume we have the set of all d-splits Si on the

first i taxa Xi = {z1, z2, . . . , zi}. To obtain Si+1 on Xi+1 = {z1, z2, . . . , zi+1}, for each

split S = {S1, S2} ∈ Si:

• If αd({S1 ∪ {zi+1}, S2}) > 0, then add {S1 ∪ {zi+1}, S2} to Si+1.

• If αd({S1, S2 ∪ {zi+1}}) > 0, then add {S1, S2 ∪ {zi+1}} to Si+1.

• If αd({Xi, {zi+1}}) > 0, then add {Xi, {zi+1}} to Si+1.

The result is given by Sn.
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In a weakly compatible network, all the splits are d-splits [3]. Therefore, the algo-

rithm outputs all the splits in a weakly compatible network, with their isolation index.

Since the isolation index only takes four values of the distortion d̂, it is a good estimation

of the weight. See section 4.33 for more details.

4.4 Algorithm

As we discussed in the introduction, the algorithm is similar to the phylogenetic tree

reconstruction method which is introduced in [12]. It breaks into two parts: Mini

Reconstruction and Bipartition Extension. The purpose of Mini Reconstruction is to

uncover all the splits in “small regions” using the split decomposition method, and the

purpose of Bipartition Extension is to extend each split we found in a small region

to a split on all taxa by recursively adding taxa to the split. In detail, as shown in

section 6, suppose we have a weakly compatible network N = (X ,S, w, d) and τ > 0:

(See equation 4.1 and 4.2 for the definition of B(x, y) and Ŝ|C(x,y))

Algorithm 4.20. Network Reconstruction

Main loop:
Input: X , τ , ∆(N ), Ω(N ), and a (τ,M)-distortion d̂ of d with M > 3∆(N ) +

7Ω(N ) + 10τ

Output: A set of splits Ŝ on X and a weight function ŵ : Ŝ → (0,∞)

1. Initially Ŝ = ∅.

2. Let EllipseRadius = 3∆ + 7Ω + 8τ , ConnectDistance = ∆ + 2Ω + τ .

3. For each pair of taxa x, y ∈ X satisfying d̂(x, y) ≤ ∆ + Ω + τ :

Ŝ|C(x,y), ŵ|C(x,y) = MiniReconstruction(X ,x, y, τ , EllipseRadius, d̂)



79

Figure 6: Steps of the algorithm

Ŝ|x,y, ŵ|x,y = BipartitionExtension(X , Ŝ|C(x,y), ŵ|C(x,y), ConnectDistance, d̂)

Ŝ = Ŝ ∪ Ŝ|x,y, and w(Ŝ|x,y) = ŵ|x,y(Ŝ|x,y) for any Ŝ|x,y ∈ Ŝ|x,y

4. Return Ŝ, ŵ

MiniReconstruction:
Input: X , x, y, τ , EllipseRadius, d̂

Output: A set of splits Ŝ|C(x,y) on B(x, y), and a weight function: ŵ|C(x,y) : Ŝ|C(x,y) →

(0,∞)

1. B(x, y) = {z ∈ X : d̂(z, x) + d̂(z, y) ≤ EllipseRadius}

2. Apply the split decomposition method, algorithm 4.19, to find all the d̂-splits and

their isolation index on B(x, y). Denote Ŝ|B(x,y) as the collection, and ŵ|B(x,y) :

Ŝ|B(x,y) → (0,∞) as the function recording the isolation index.
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3. Ŝ|C(x,y) = {Ŝ|C(x,y) ∈ Ŝ|B(x,y) : δŜ|C(x,y)
(x, y) = 1}. And for any Ŝ|C(x,y) ∈ Ŝ|C(x,y),

ŵ|C(x,y)(Ŝ|C(x,y)) = ŵ|B(x,y)(Ŝ|C(x,y)) .

4. Return Ŝ|C(x,y), ŵ|C(x,y)

BipartitionExtension:
Input: X , Ŝ|C(x,y), ŵ|C(x,y), ConnectingDistance, d̂

Output: A set of splits Ŝ|x,y on X , and a weight function: ŵ|x,y : Ŝ|x,y → (0,∞)

1. Initially Ŝ|x,y = ∅

2. For all S = {S1, S2} ∈ Ŝ|C(x,y):

w0 = ŵ|C(x,y)(S)

While X − (S1 ∪ S2) 6= ∅:

Find i ∈ 1, 2, z ∈ Si, z′ ∈ X − (S1 ∪ S2) such that d̂(z, z′) ≤ Connect-

ingDistance

Si = Si ∪ {z′}

Ŝ|x,y = Ŝ|x,y ∪ {S}, ŵ|x,y(S) = w0

3. Return Ŝ|x,y, ŵ|x,y

Our main result is S4τ ⊂ Ŝ ⊂ S, where S4τ ⊂ S contains all splits heavier than 4τ ,

and the estimator ŵ satisfies |w(S)− ŵ(S)| < 2τ for any S ∈ Ŝ. We will prove our main

result in the next section.

There are at most O(n2) pairs of x, y which satisfy d̂(x, y) ≤ ∆ + Ω + τ . For each

B(x, y). the split decomposition method takes O(n6) time and generates at most O(n2)

of d̂-split [3], which implies that Mini Reconstruction takes O(n6) time, and the size

of Ŝ|C(x,y) is at most O(n2). For every Ŝ|C(x,y) ∈ Ŝ|C(x,y), we use the following way to
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implement the while loop in Bipartition Extension. Imagine an undirected graph with

n vertices corresponding to the n taxa, and there is an edge between x, y ∈ X if and

only if d̂(x, y) < ∆ + 2Ω + τ . Then the while loop is like doing the traversal on the

graph, which can be implemented using DFS and takes O(n2) time. This implies that

Bipartition Extension takes O(n2 · |Ŝ|C(x,y)|) time. Thus, the running time of the whole

algorithm is:

O(n2) · (O(n6) +O(n2) ·O(n2)) = O(n8)

4.5 Analysis

In this section, we will prove our main theorem:

Theorem 4.18. Suppose N = (X ,S, w, d) is a weakly compatible network. Given any

τ > 0 and M > 3∆(N )+7Ω(N )+10τ , there is a polynomial time algorithm to construct

splits set Ŝ with the weight estimator ŵ from a (τ,M)-distortion d̂ of d such that:

• S4τ ⊂ Ŝ ⊂ S, where S4τ = {S ∈ S : w(S) > 4τ}.

• For any split S ∈ Ŝ, |ŵ(S)− w(S)| < 2τ .

In the remainder of this section, we will use the following notations: N = (X ,S, w, d)

is a weakly compatible network. ∆ and Ω are the depth and the incompatible weight of

N , respectively. Also, let d̂ be a (τ,M)-distorted metric of N , with M > 3∆+7Ω+10τ .

Moreover, for any x, y ∈ X with d̂(x, y) ≤ ∆ + Ω + τ , let B(x, y) be the “small region”:

B(x, y) = {z ∈ X : d̂(z, x) + d̂(z, y) ≤ 3∆ + 7Ω + 8τ} (4.1)
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We denote Ŝ|B(x,y) as any d̂-split on B(x, y) which is found via the split decomposition

method with isolation index larger than 2τ in the Mini Reconstruction part, and Ŝ|B(x,y)

as the collection of Ŝ|B(x,y). Let Ŝ|C(x,y) be the subset of Ŝ|B(x,y) which contains all the

splits separating x and y:

Ŝ|C(x,y) = {Ŝ|C(x,y) ∈ Ŝ|B(x,y) : δŜ|C(x,y)
(x, y) = 1} (4.2)

The Bipartition Extension part will extend every split Ŝ|C(x,y) ∈ Ŝ|C(x,y) to a split Ŝ|x,y

on all the taxa X , and suppose Ŝ|x,y are the collection of all Ŝ|x,y (See section 6). The

algorithm will output:

Ŝ = ∪x,y∈X :d̂(x,y)≤∆+Ω+τ Ŝ|x,y

One of our main claim is S4τ ⊂ Ŝ ⊂ S. For convenient comparison purpose, for any

x, y ∈ X satisfies d̂(x, y) ≤ ∆ + Ω + τ , we let:

S|x,y = {S|x,y ∈ S : δS|x,y(x, y) = 1}

S4τ |x,y = {S4τ |x,y ∈ S4τ : δS4τ |x,y(x, y) = 1}

and

S|C(x,y) = {{Sx ∩B(x, y), Sy ∩B(x, y)} : S = {Sx, Sy} ∈ S|x,y}

S4τ |C(x,y) = {{Sx ∩B(x, y), Sy ∩B(x, y)} : S = {Sx, Sy} ∈ S4τ |x,y}

We will show the following claims to prove our main theorem:

(A) For any x, y ∈ X satisfies d̂(x, y) ≤ ∆ + Ω + τ , S4τ |C(x,y) ⊂ Ŝ|C(x,y) ⊂ S|C(x,y).

(B) For any x, y ∈ X satisfies d̂(x, y) ≤ ∆ + Ω + τ , S4τ |x,y ⊂ Ŝ|x,y ⊂ S|x,y.
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(C) S = ∪x,y∈X :d̂(x,y)≤∆+Ω+τ S|x,y, so S4τ = ∪x,y∈X :d̂(x,y)≤∆+Ω+τ S4τ |x,y and S4τ ⊂ Ŝ ⊂ S.

(D) The isolation index from the split decomposition method is a good estimation of

the weight for all splits.

The proof consists of following parts:

1. Mini Reconstruction:

• Executabibility: The split decomposition method is executable from [3].

• Correctness: We will show that the distance between any pair of taxa in

B(x, y) in (τ,M)-distorted metric d̂ is reliable (Lemma 4.31), and then prove

claim (A) that S4τ |C(x,y) ⊂ Ŝ|C(x,y) ⊂ S|C(x,y) (Lemma 4.33).

• Estimation on the weight: Lemma 4.34 indicates that the isolation index

provides a good estimation on the weight function w, which concludes claim

(D).

2. Bipartition Extension:

• Executability: We will show that Bipartition Extension always returns one

and only one split on X for every Ŝ|C(x,y) ∈ Ŝ|C(x,y) (Lemma 4.29).

• Correctness: The same proposition (Lemma 4.29) also shows that Bipartition

Extension extends any S|C(x,y) back to corresponding S|x,y. This, with claim

(A), proves claim (B). Last, claim (C) follows immediately after we show that

for any S ∈ S, there exists x, y such that d̂(x, y) ≤ ∆+Ω+τ and δS(x, y) = 1

(Lemma 4.24).

We will use the following notations:
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Notation 4.21. For any x, y ∈ X , we define:

Ξ(x, y) = {S ∈ S : δS(x, y) = 1}, ξ(x, y) = ΞC(x, y) = {S ∈ S : δS(x, y) = 0}

and ∀S ∈ S, we define:

C(S) = {S ′ ∈ S : S ′ is compatible to S}

I(S) = CC(S) = {S ′ ∈ S : S ′ is incompatible to S}

For convenience, we also make the following notations:

ΞC(x, y, S) = Ξ(x, y) ∩ C(S) and ξC(x, y, S) = ξ(x, y) ∩ C(S)

ΞI(x, y, S) = Ξ(x, y) ∩ I(S) and ξI(x, y, S) = ξ(x, y) ∩ I(S)

4.5.1 Distance Lemmas

First we introduce some lemmas about the distance between taxa.

Lemma 4.22. Suppose x1, x2, y1, y2 ∈ X . Let wx1 be the total weight that separates

{x1} and three other points, with similar definitions for wy1, wx2, and wy2. Moreover,

let w1 be the total weight that separates {x1, y1} and {x2, y2}, w2 be the total weight that

separates {x1, x2} and {y1, y2}, and w3 be the total weight that separate {x1, y2} and

{x2, y1}, as shown Lemma 7. then

d(x1, y1) = wx1 + wy1 + w2 + w3 d(x2, y2) = wx2 + wy2 + w2 + w3

d(x1, x2) = wx1 + wx2 + w1 + w3 d(y1, y2) = wy1 + wy2 + w1 + w3

d(x1, y2) = wx1 + wy2 + w1 + w2 d(y1, x2) = wy1 + wx2 + w1 + w2
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Figure 7: Lemma 4.22

Lemma 4.23. If x, y ∈ X are the witness of the depth of a split S0 ∈ S, that is,

∑
ΞC(x,y,S)

w(S ′) = ∆(S)

then d(x, y) ≤ ∆ + Ω

Proof.

d(x, y) =
∑

Ξ(x,y)

w(S ′) =
∑

ΞC(x,y,S)

w(S ′) +
∑

ΞI(x,y,S)

w(S ′)

≤
∑

ΞC(x,y,S)

w(S ′) +
∑
I(S)

w(S ′) = ∆(S) + Ω(S) ≤ ∆ + Ω

Corollary 4.24. For any split S ∈ S, there exists x, y ∈ X such that δS(x, y) = 1 and

d(x, y) ≤ ∆ + Ω. So d̂(x, y) ≤ ∆ + Ω + τ , and S|x,y exists.
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Proof. Choose x, y to be the witness of the depth of S, then δS(x, y) = 1 and by previous

lemma, Lemma 4.23, d(x, y) ≤ ∆ + Ω.

Lemma 4.25. Suppose x, y, z, z′ ∈ X . If there exists a split S ∈ S that separates {z, x}

and {z′, y}, then d(z, x) + d(z, y) ≤ 2d(z, z′) + d(x, y) + 2Ω

Proof. Let x1 = x, y1 = y, x2 = z, y2 = z′. Notice that any splits that separates

{x = x1, y = y1} and {z = x2, z
′ = y2} will be incompatible with S, which implies that,

as in Lemma 4.22, w1 ≤ Ω(S) ≤ Ω. Therefore, by Lemma 4.22,

d(z, x) + d(z, y) = d(x1, x2) + d(x2, y1)

= (wx1 + wx2 + w1 + w3) + (wx2 + wy1 + w1 + w2)

= 2wx2 + (wx1 + wy1 + w2 + w3) + 2w1

≤ 2(wx2 + wy2 + w2 + w3) + (wx1 + wy1 + w2 + w3) + 2w1

= 2d(x2, y2) + d(x1, y1) + 2w1

= 2d(z, z′) + d(x, y) + 2w1 ≤ 2d(z, z′) + d(x, y) + 2Ω

4.5.2 Bipartition Extension

We first prove the part that is related to the second step of the algorithm: Bipartition

Extension. The following lemma shows that the while loop in Bipartition Extension

always terminate.

Lemma 4.26. For any z, z′ ∈ X , there exists a sequence of taxa {zi}k+1
i=0 ⊂ X such that

z0 = z, zk+1 = z′, and for any 0 ≤ i ≤ k, d(zi, zi+1) ≤ ∆ + 2Ω.
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Proof. For convenience, we say z, z′ ∈ X are connectable if ∃ {zi}k+1
i=0 ⊂ X , z0 = z,

zk+1 = z′, and for any 0 ≤ i ≤ k, d(zi, zi+1) ≤ ∆ + 2Ω. Our goal is to prove that any

two taxa in X are connectable. Our first observation is that the connectable property

is an equivalence relation, which is an important fact in the proof.

The case |S| = 1 is not interesting and easy to prove, so we assume that |S| ≥ 2.

We will show later that, for any S = {S1, S2} ∈ S, any two taxa in S1 or in S2 are

connectable. If this claim holds, choose any two different splits in S, S1 = {S1
1 , S

2
1} and

S2 = {S1
2 , S

2
2}. Notice that at least one of S1

2 , S2
2 has a non-empty intersection with

both S1
1 and S2

1 , say both S1
2 ∩ S1

1 and S1
2 ∩ S2

1 are non-empty. Pick v1 ∈ S1
2 ∩ S1

1 and

v2 ∈ S1
2 ∩ S2

1 , then by the claim above, every taxon in S1
1 is connectable to v1 because

they are both in S1
1 , every taxa in S2

1 is connectable to v2 because they are both in S2
1 ,

and v1 and v2 are connectable because they are both in S1
2 . Now since the connectable

property is an equivalence relation, we know that any two taxa in X are connectable,

and this finishes the proof (See graph 8). Therefore, what remains is showing the claim

that, for any S = {S1, S2} ∈ S, any two taxa in S1 or in S2 are connectable.

The way we prove the claim is using induction on the size of all possible S1 and S2.

Let S∗ be the set containing all possible S1 and S2:

S∗ = {S1, S2 : S = {S1, S2} ∈ S}

The basic case is when S0 = {S1
0 , S

2
0} ∈ S satisfies that |S1

0 | is the smallest among all the

elements in S∗, and we want to show that any two taxa in S1
0 are connectable. For any

z, z′ ∈ S1
0 , if ΞC(z, z′, S0) 6= ∅, then for any S = {S1, S2} ∈ ΞC(z, z′, S0), both S1

0 ∩ S1

and S1
0 ∩ S2 are nonempty because one contains z and the other one contains z′. Since

S, S0 are incompatible, one of S2
0 ∩ S1 and S2

0 ∩ S2 need to be empty set. Without lost
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Figure 8: Lemma 4.26 Graph 1

of generality say S2
0 ∩ S1 = ∅, then S1 ⊂ X − S2

0 = S1
0 . Notice that one of z, z′ is not

in S1, so S1 ( S1
0 . This contradicts the assumption that |S1

0 | is the smallest among S∗.

Hence, ΞC(z, z′, S0) = ∅. Therefore,

d(z, z′) =
∑

Ξ(z,z′)

w(S ′) =
∑

ΞC(z,z′,S0)

w(S ′) +
∑

ΞI(z,z′,S0)

w(S ′)

=
∑

ΞI(z,z′,S0)

w(S ′) ≤
∑
I(S0)

w(S ′) = Ω(S0) ≤ Ω

This shows that the claim holds for the basic case.

Now suppose we have a split S0 = {S1
0 , S

2
0} ∈ S and, by induction hypothesis, assume

that for any S = {S1, S2} ∈ S, if |S1| < |S1
0 |, then any two taxa in S1 are connectable.

By definition of the depth, there are two points v1 ∈ S1
0 , v2 ∈ S2

0 such that:

∑
S∈ΞC(v1,v2,S0)

w(S ′) = ∆(S0)

What we will show next is that every taxon in S1
0 is connectable to v1, and so any two
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points in S1
0 are connectable since connectability is an equivalence relation, and this

finishes the proof of the claim and concludes the proposition.

Pick any v ∈ S1
0 . The set of all splits that separate v1, v, Ξ(v1, v), can be broken into

three categories, as in figure 9:

Ξ(v1, v) = ΞI(v1, v, S0) ∪ ΞC(v1, v, S0)

= ΞI(v1, v, S0) ∪ [ΞC(v1, v, S0) ∩ Ξ(v1, v2)] ∪ [ΞC(v1, v, S0) ∩ ξ(v1, v2)]

Figure 9: Lemma 4.26 Graph 2
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If ΞC(v1, v, S0) ∩ ξ(v1, v2) = ∅, then

d(v1, v) =
∑

Ξ(v1,v)

w(S ′) =
∑

ΞI(v1,v,S0)

w(S ′) +
∑

ΞC(v1,v,S0)∩Ξ(v1,v2)

w(S ′)

≤
∑
I(S0)

w(S ′) +
∑

ΞC(v1,v2,S0)

w(S ′) = Ω(S0) + ∆(S0)+ ≤ Ω + ∆

which shows that v1, v are connectable.

If ΞC(v1, v, S0)∩ξ(v1, v2) is nonempty, pick SM = {S1
M , S

2
M} ∈ ΞC(v1, v, S0)∩ξ(v1, v2),

with the assumption that v ∈ S1
M and v1, v2 ∈ S2

M , such that SM is “maximal”. That

is, for any S = {S1, S2} ∈ ΞC(v1, v, S0) ∩ ξ(v1, v2) with v ∈ S1, S1
M ⊂ S1 if and only if

S = SM . Again by definition of the depth, there exists u1 ∈ S1
M , u2 ∈ S2

M such that:

∑
ΞC(u1,u2,SM )

w(S ′) = ∆(SM)

Notice that because SM ∈ C(S0), and v1 ∈ S1
0∩S2

M , v2 ∈ S2
0∩S2

M , v ∈ S1
0∩S1

M , one must

have S2
0 ∩ S1

M = ∅. As a result, S1
M ⊂ X − S2

0 = S1
0 . Since v1 ∈ S1

0 − S1
M , |S1

M | < |S1
0 |.

By induction hypothesis, any two taxa in S1
M are connectable. In particular, v, u1 are

connectable. We will now show that v1, u1 are connectable, then v1, v are connectable

and the proof ends.

We first show that the set:

S = {S ∈ S : S ∈ C(S0) ∩ C(SM), S separates {v1, v2} and {u1, u2}}

is empty. Suppose not and assume S = {S1, S2} ∈ S . Without loss of generality,

we assume that {v1, v2} ⊂ S1 and {u1, u2} ⊂ S2. Recall that {v, u1} ⊂ S1
M and

{v1, v2, u2} ⊂ S2
M . If v ∈ S1, then {v1, v, u1, u2} are the witness that SM and S are

incompatible, as the left graph in Figure 10, contradiction. Thus, v ∈ S2 and so S

satisfies
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1. S ∈ C(S0) because S ∈ S , and

2. δS(v1, v) = 1 , and δS(v1, v2) = 0.

Consequently, S ∈ ΞC(v1, v, S0)∩ξ(v1, v2). Because we choose SM to be ”maximal”, and

S 6= SM (δS(u1, u2) = 0 but δSM (u1, u2) = 1), there exists w ∈ S1
M − S2. Therefore,

{v, u1, w} ⊂ S1
M , {v1, v2, u2} ⊂ S2

M and {v1, v2, w} ⊂ S1, {v, u1, u2} ⊂ S2

And so {w, v, v1, u2} are the witness that S, SM are incompatible, as the right graph in

Figure 10, contradiction. This shows that S is empty.

Figure 10: Lemma 4.26 Graph 3

Now we start the proof that v1, u1 are connectable. By Lemma 4.22. with x1 = v1,
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x2 = v2, y1 = u1, y2 = u2, we have

d(v1, u1) + d(v2, u2) = d(x1, y1) + d(x2, y2)

= (wx1 + wy1 + w2 + w3) + (wx2 + wy2 + w2 + w3)

= wx1 + wx2 + wy1 + wy2 + 2w2 + 2w3

≤ wx1 + wx2 + wy1 + wy2 + 2w1 + 2w2 + 2w3

= (wx1 + wx2 + w1 + w3) + (wy1 + wy2 + w1 + w3) + 2w2

= d(x1, x2) + d(y1, y2) + 2w2

= d(v1, v2) + d(u1, u2) + 2w2

where w2 is the total weight of the splits that separate {x1, x2} = {v1, v2} and {y1, y2} =

{u1, u2}. From the previous paragraph, we know that any split S that separates {v1, v2}

and {u1, u2} is either incompatible with S0 or incompatible with SM , and it satisfies

both δS(v1, v2) = 0 and δS(u1, u2) = 0. Thus,

w2 ≤
∑

ξI(v1,v2,S0)

w(S ′) +
∑

ξI(u1,u2,SM )

w(S ′)
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Therefore,

d(v1, u1) + d(v2, u2)

≤ d(v1, v2) + d(u1, u2) + 2w2

≤
∑

Ξ(v1,v2)

w(S ′) +
∑

Ξ(u1,u2)

w(S ′) + 2 · [
∑

ξI(v1,v2,S0)

w(S ′) +
∑

ξI(u1,u2,SM )

w(S ′)]

= [
∑

ΞC(v1,v2,S0)

w(S ′) +
∑

ΞI(v1,v2,S0)

w(S ′)] + [
∑

ΞC(u1,u2,SM )

w(S ′) +
∑

ΞI(u1,u2,SM )

w(S ′)]

+2 · [
∑

ξI(v1,v2,S0)

w(S ′) +
∑

ξI(u1,u2,SM )

w(S ′)]

≤
∑

ΞC(v1,v2,S0)

w(S ′) +
∑

ΞC(u1,u2,SM )

w(S ′) + 2 · [
∑

ΞI(v1,v2,S0)

w(S ′) +
∑

ξI(v1,v2,S0)

w(S ′)]

+2 · [
∑

ΞI(u1,u2,SM )

w(S ′) +
∑

ξI(u1,u2,SM )

w(S ′)]

= ∆(S0) + ∆(SM) + 2
∑
I(S0)

w(S ′) + 2
∑
I(SM )

w(S ′)

= ∆(S0) + ∆(SM) + 2Ω(S0) + 2Ω(SM) ≤ 2∆ + 4Ω

If d(v1, u1) ≤ ∆ + 2Ω, then v1, u1 are connectable. If d(v1, u1) > ∆ + 2Ω, then by the

inequality above, d(v2, u2) ≤ ∆ + 2Ω. Recall that v1, v2, u1, u2 satisfy

∑
S∈ΞC(v1,v2,S0)

w(S ′) = ∆(S0) and
∑

ΞC(u1,u2,SM )

w(S ′) = ∆(SM)

so by Lemma 4.23

d(v1, v2) ≤ ∆ + Ω and d(u1, u2) ≤ ∆ + Ω

Hence, {v1, v2, u2, u1} is the sequence which shows that v1, u1 are connectable. Either

way we have v1, u1 are connectable, and this finishes the proof.

Remark 4.27. It might be questioned about the tightness of ∆+2Ω, especially the factor

2. The graph in Figure 11 shows why the factor 2 is tight. In the graph, every vertex
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denotes a taxa, and every line denotes a split with weight 1. It is not hard to check that

in this split network, ∆ = 1, Ω = 3, and the smallest distance between taxa in the left

part and taxa in the right part is 6. We can generalize this network by extending the

number of splits in 4 different set of splits from 3 to n. Then in the general network, ∆

is still 1, but Ω is n, and the smallest distance between taxa on the left and taxa on the

right becomes 2n. This shows the tightness of factor 2.

Figure 11: Example of the factor 2 is tight

Furthermore, if we add four more splits to the network:

{x1,X − {x1}}, {x2n+1,X − {x2n+1}}, {y1,X − {y1}}, {y2n+1,X − {y2n+1}}
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then ∆ = 2, Ω = n, and the smallest distance between taxa on the left and that on the

right is 2n+ 2. This shows the tightness of ∆ + 2Ω.

The next lemma gives an idea why Bipartition Extension always chooses the right

side when adding taxa outside the small region.

Lemma 4.28. Suppose x, y ∈ X satisfies d̂(x, y) ≤ ∆ + Ω + τ and S = {Sx, Sy} ∈ S|x,y

is a split that separates x and y. If z ∈ Sx−B(x, y), then ∀z′ ∈ Sy, d̂(z, z′) > ∆+2Ω+τ .

Proof. Since z ∈ X − B(x, y), we know that d̂(z, x) + d̂(z, y) > 3∆ + 7Ω + 8τ . If

d(z, x) + d(z, y) ≤ 3∆ + 7Ω + 6τ < M , then both d(z, x) and d(z, y) are less than M .

By definition of distorted metrics,

d̂(z, x) + d̂(z, y) ≤ (d(z, x) + τ) + (d(z, y) + τ) ≤ 3∆ + 7Ω + 8τ

which causes a contradiction. Hence, d(z, x) + d(z, y) > 3∆ + 7Ω + 6τ . Moreover,

because z ∈ Sx and z′ ∈ Sy, we know that S separate {z, x} and {z′, y}, and hence by

Lemma 4.25, d(z, z′) ≥ 1
2
(d(z, x) + d(z, y)− d(x, y)− 2Ω). In addition, since we choose

x, y such that d̂(x, y) ≤ ∆ + Ω + τ < M , we know that d(x, y) ≤ ∆ + Ω + 2τ . Combining

all the above information,

d(z, z′) ≥ 1

2
(d(z, x) + d(z, y)− d(x, y)− 2Ω)

>
1

2
[(3∆ + 7Ω + 6τ)− (∆ + Ω + 2τ)− 2Ω]

=
1

2
(2∆ + 4Ω + 4τ) = ∆ + 2Ω + 2τ

which implies that d̂(z, z′) > ∆ + 2Ω + 2τ − τ = ∆ + 2Ω + τ
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The previous two lemmas lead us to an important proposition:

Proposition 4.29. For any S|x,y = {Sx, Sy} ∈ S|x,y, let

S|C(x,y) = {Sx ∩B(x, y), Sy ∩B(x, y)} ∈ S|C(x,y)

be the corresponding split on B(x, y). Then there is one and only one possible output

when applying Bipartition Extension on S|C(x,y), and the output is S|x,y.

Proof. By Lemma 4.26, we know for any z ∈ X − B(x, y), z is connectable to B(x, y).

Hence, there is always an output when we applying Bipartition Extension on S|C(x,y).

We now prove the output is S|x,y by contradiction. Suppose the output is not S|x,y,

and z is the first taxon that goes to the wrong side. That is, at the moment when

adding z, the split {S̃x, S̃y} we are enlarging still satisfies S̃x ⊂ Sx and S̃y ⊂ Sy, but,

without loss of generality, z ∈ Sx is being added to S̃y. The reason that we add z to

S̃y needs to be that there exists z′ ∈ S̃y such that d̂(z, z′) ≤ ∆ + 2Ω + τ . Notice that

because z /∈ S̃x ∪ S̃y, z is not in B(x, y). Hence, z ∈ Sx − B(x, y). This shows that

z ∈ Sx − B(x, y), z′ ∈ Sy satisfy d̂(z, z′) ≤ ∆ + 2Ω + τ , and contradicts the result in

Lemma 4.28. Hence, the output is always S|x,y, and this concludes the proof.

Corollary 4.30. For any S|x,y, S ′|x,y ∈ S|x,y, suppose S|C(x,y), S
′|C(x,y) ∈ S|C(x,y) are

the corresponding splits on B(x, y), then S|C(x,y) = S ′|C(x,y) if and only if S|x,y = S ′|x,y.

Proof. The if part is right from the definition. For the other direction, by Lemma 4.29,

both S|x,y and S ′|x,y are the output when we applying Bipartition Extension to S|C(x,y),

and the property that Bipartition Extension has unique output ends the proof.
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4.5.3 Mini Reconstruction

The Lemma 4.19 of the split decomposition method tells us that we can find out all

the d̂-splits Ŝ|B(x,y) in B(x, y) with d̂(x, y) ≤ ∆ + Ω + τ . What we need to show

is the correctness of the Mini Reconstruction. First, we want to show that for any

z, z′ ∈ B(x, y), d(z, z′) < M , which implies that the distance matrix is reliable in

B(x, y).

Proposition 4.31. ∀z, z′ ∈ B(x, y), d(z, z′) ≤ 3∆ + 7Ω + 10τ < M

Proof. Because z ∈ B(x, y), d̂(z, x) + d̂(z, y) ≤ 3∆ + 7Ω + 8τ , and so both d̂(z, x) and

d̂(z, x) need to be smaller or equal to 3∆ + 7Ω + 8τ < M . Hence, because d̂ is a

(τ,M)-distortion of d, d(z, x) ≤ d̂(z, x) + τ and d(z, y) ≤ d̂(z, y) + τ , and so

d(z, x) + d(z, y) ≤ d̂(z, x) + d̂(z, y) + 2τ ≤ 3∆ + 7Ω + 10τ

Similarly, d(z′, x) + d(z′, y) ≤ 3∆ + 7Ω + 10τ . Therefore, because d satisfies triangle

inequality [31],

d(z, z′) ≤ 1

2
[d(z, x) + d(z, y) + d(z′, x) + d(z′, y)]

=
1

2
· 2 · (3∆ + 7Ω + 10τ) = 3∆ + 7Ω + 10τ

Next, we want to show S4τ |C(x,y) ⊂ Ŝ|C(x,y) ⊂ S|C(x,y) and that the isolation index

that we obtained from the split decomposition method provides a very good estimation

on the weight function. The next lemma, which is shown as Theorem 3 in [3], is essential

for our upcoming proposition.



98

Lemma 4.32. Let S ′ be any collection of weakly compatible splits of X ′. For each

S ′ ∈ S ′, choose some w(S ′) > 0 and consider

d :=
∑
S′∈S′

w(S ′)δS′

Then S ′ is the set of all d-splits. Moreover, the isolation index αd(S
′) equals w(S ′) for

each S ′ ∈ S ′.

We will use this lemma to show the following proposition.

Proposition 4.33. For any x, y ∈ X satisfies d̂(x, y) ≤ ∆+Ω+τ , S4τ |C(x,y) ⊂ Ŝ|C(x,y) ⊂

S|C(x,y).

Proof. Because S is weakly compatible,

S|B(x,y) = {S|B(x,y) = {S1 ∩B(x, y), S2 ∩B(x, y)}

: S = {S1, S2} ∈ S, S1 ∩B(x, y) 6= ∅, S2 ∩B(x, y) 6= ∅}

is also weakly compatible since the intersection will be smaller when we restrict taxa on

the set on B(x, y). Moreover, if we assign

w(S|B(x,y)) =
∑

S={S1,S2}∈S:{S1∩B(x,y),S2∩B(x,y)}=S|B(x,y)

w(S)

then for any z, z′ ∈ B(x, y),

d(z, z′) =
∑

S|B(x,y)∈S|B(x,y)

w(S|B(x,y))δS|B(x,y)
(z, z′)

By previous lemma, with X ′ = B(x, y) and S ′ = S|B(x,y), we know that S|B(x,y) is the

set of all d-splits in B(x, y), with the property that the isolation index αd(S|B(x,y)) =

w(S|B(x,y)) for any S|B(x,y) ∈ S|B(x,y). In particular, for any S|C(x,y) ∈ S|C(x,y) ⊂ S|B(x,y),
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by Lemma 4.30, there is only one split S|x,y corresponding to S|C(x,y), and therefore

αd(S|C(x,y)) = w(S|x,y).

Because d̂ is a (τ,M)-distortion of d and by Lemma 4.31, for every pair of taxa in

B(x, y), the difference of d̂ and d is smaller than τ . Therefore, for any x1, x2, y1, y2 ∈

B(x, y), it is routine to show

|(d(x1, y1) + d(x2, y2))− (d̂(x1, y1) + d̂(x2, y2))| < 2τ

and

|max{d(x1, y1) + d(x2, y2), d(x1, x2) + d(y1, y2), d(x1, y2) + d(y1, x2)}

−max{d̂(x1, y1) + d̂(x2, y2), d̂(x1, x2) + d̂(y1, y2), d̂(x1, y2) + d̂(y1, x2)}| < 2τ

So by the definition of α̃d,

|α̃d({{x1, y1}, {x2, y2}})− α̃d̂({{x1, y1}, {x2, y2}})| < 2τ

As the result, for any bipartition S ′ of B(x, y),

|αd(S ′)− αd̂(S
′)| < 2τ

Hence, for any bipartition S ′ onB(x, y) which separates x, y, αd̂(S
′) > 2τ only if αd(S

′) >

0, or S ′ is a d-split on B(x, y). This shows that Ŝ|C(x,y) ⊂ S|C(x,y). On the other hand,

for any split S4τ |C(x,y) ∈ S4τ |C(x,y) on B(x, y) with corresponding split S4τ |x,y ∈ S4τ |x,y

on X , because αd(S4τ |C(x,y)) = w(S4τ |x,y) > 4τ , we have αd̂(S4τ |C(x,y)) > 2τ . This shows

that S4τ |C(x,y) ⊂ Ŝ|C(x,y). Combining both statements concludes the claim.

Combining both Lemma 4.33 and Lemma 4.29, we know that S4τ |x,y ⊂ Ŝ|x,y ⊂ S|x,y.

The last proposition we need to show is the isolation index provides a good estimation.
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Proposition 4.34. For any Ŝ|x,y ∈ Ŝ|x,y ⊂ S|x,y, if Ŝ|C(x,y) is the corresponding split

on B(x, y), then we have |w(Ŝ|x,y)− αd̂(Ŝ|C(x,y))| < 2τ .

Proof. As we shown in the previous proof, for any Ŝ|C(x,y) ∈ Ŝ|C(x,y) ⊂ S|C(x,y), we

have αd(Ŝ|C(x,y)) = w(Ŝ|x,y), and |αd(Ŝ|C(x,y)) − αd̂(Ŝ|C(x,y))| < 2τ , and the statement

follows.

4.6 Improvement in Time Complexity with Circular

Network

As said in the introduction, we use the split decomposition method in the Mini Re-

construction step so that the algorithm can deal with any weakly compatible network.

However, if the original network is a circular network, we can use Neighbor-Net, which

is much faster in finding circular ordering, in our Mini Reconstruction step. In detail,

we modify our MiniReconstruction method in Algorithm 4.20 in the following way:

MiniReconstruction:
Input: X , x, y, τ , EllipseRadius, d̂

Output: A set of splits Ŝ|C(x,y) on B(x, y), and a weight function: ŵ|C(x,y) : Ŝ|C(x,y) →

(0,∞)

1. B(x, y) = {z ∈ X : d̂(z, x) + d̂(z, y) ≤ EllipseRadius}

2. Apply Neighbor-Net to find the circular ordering in B(x, y). Denote Ŝ|C(x,y) to be

all possible splits that separate x, y in this ordering. Estimate the weight for every

Ŝ|C(x,y) ∈ Ŝ|C(x,y) and assign the value to ŵ|C(x,y)(Ŝ|C(x,y)).
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3. Return Ŝ|C(x,y), ŵ|C(x,y)

Neighbor-Net takes only O(n3) to recover the circular ordering, but it is slow when

estimating the weight in general: as indicated in [7], it applies the ordinary least

squares (OSL) or even the non-negative-constraints least squares (NNLS) to estimate

the weights, which takes at least O(n6) running time in worst case. Nevertheless, as we

have shown in Lemma 4.31, the distance between any pairs of taxa in B(x, y) is reliable,

and so we can estimate the weight using equation (4) in [34]. This takes only at most

O(n2) time. So the overall time complexity is:

O(n2) · (O(n3) +O(n2) ·O(n2)) = O(n6)

This is faster than Lemma 4.20. Moreover, the final splits set Ŝ and the estimator ŵ still

satisfy the statements in our main theorem(Theorem 4.18): The consistency of Neighbor-

Net with distortion has been shown in [9, 34], and the executability and correctness of

Bipartition Extension is shown in Section 4.5, with the fact that circular networks are

one type of weakly compatible networks.

4.7 Lower Bound

In this section, we want to show if we want to reconstruct S from a (τ,M)-distorted

metric for any circular network N = (X ,S, w, d), M needs to be larger than a certain

linear function of ∆(N ) and Ω(N ). [12] provides an example showing that if we want

to reconstruct S from a (τ,M)-distorted metric for any phylogenetic tree, M needs to

be at least about 2∆(N ). We claim here is that M needs to larger than about Ω(N ) to

ensure that the reconstruction can succeed for any circular network N .
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(a) Figure A (b) Figure B

Figure 12: Examples

Consider these two circular networks in Figure 12 (which will shown as Figure 13 if

using SplitsTree [29]). In these two circular networks, X = {x1, x2, y1, y2} ∪ {∪izi}, and

the n vertical lines, the horizontal line, and the the little arcs around xi and yi are the

splits. Suppose all the splits have weight 1, then the depth of both graphs is equal to

1, and the incompatible weight of both graphs is equal to n. The split sets of these two

circular networks are different: the split S = {{x2, y2},X −{x2, y2}} is in graph (A) but

can not be found in graph (B). Nevertheless, in both circular networks:

• d(zi, xj) = i+ 1, 0 ≤ i ≤ n, 1 ≤ j ≤ 2

• d(zi, yj) = n− i+ 1, 0 ≤ i ≤ n, 1 ≤ j ≤ 2

• d(x1, x2) = d(y1, y2) = 2

• d(x1, y2) = d(x2, y1) = n+ 2

The only difference is in graph (A), d(x1, y1) = n + 2 and d(x2, y2) = n, while in graph



103

(a) Figure A (b) Figure B

Figure 13: Examples

(B), d(x2, y2) = n+ 2 and d(x1, y1) = n. If we choose the distance matrix d̂ by assigning

• d̂(x1, y1) = d̂(x2, y2) = n+ 1

• d̂ = d for all other pairs

then d̂ is a (τ, n− 1)-distorted metric for both graphs, for any 1 > τ > 0. Hence, these

two circular networks are indistinguishable from d̂. Because the depth of the circular

network is fixed to 1, but n could be arbitrary large, we know M needs to consist of a

linear factor of Ω(N ) to make any possible algorithm works.

4.8 Simulation

In the following simulation, we consider one type of circular network. We start from

a circular network that demonstrates a ”linear” tree, then randomly add a few extra

splits. In detail, suppose X = {x1, x2, . . . , xn} is the set of taxa, then we initially assign

S as:

S = {{{xi},X − {xi}} : 1 ≤ i ≤ n} ∪ {{{x1, . . . , xk}, {xk+1, . . . , xn}} : 2 ≤ k ≤ n− 1}
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After that, we add a few more splits, {{xi, . . . , xj},X −{xi, . . . , xj}}. 1 ≤ i < j ≤ n− 1

into S (the number of additional splits is randomly chosen from 0 to X/4). Last, for

every splits S ∈ S, we letw(S) = 0.01. This type of network usually has relatively small

depth and small incompatible weight compared to its diameter. The following figure,

Figure 14 (which will shown as Figure 15 if using SplitsTree [29]), is one example of the

circular network with 6 taxa.

Figure 14: One circular network example

To simulate the states of the taxa, we use Abelian group-based model introduced in

[8] with 4 states, namely {0, 1, 2, 3}. Given a split network N = (X ,S, w), to simulate

the states of all taxa on a specific site, we first independently generate a random variable

ξS associates to each split S ∈ S, with the following distribution:

P[ξS = 0] =
1

4
(1 + 3e−

4
3
w(e)),P[ξS = 1] = P[ξS = 2] = P[ξS = 3] =

1

4
(1− e−

4
3
w(e))

Next, fixed any taxa x, and assign any possible state to x with equal probability 1
4
. Then
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Figure 15: One circular network example

for any other taxa y, the state of y is:

state(y) = (state(x) +
∑

δS(x,y)=1

ξS) mod 4

In the simulation, we first generate a split network, then we produce 10000 sites using

the model above, with w(S) = 0.01 for all splits. Then we compute the Jukes-Cantor

distance for every pair of taxa as the estimator d̂. Next, we apply all three algorithms on

the estimators d̂, and respectively compute the Robinson-Foulds Distance between the

original split set and the output split set. We run the process 100 times and the result

is shown in the following Figure 16. As the figure shows, our algorithm has better result

in this type of circular network. The project is implemented in Java, and the running

time for 100 runs is, for example, few seconds for 52 taxa.
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Figure 16: The accuracy of the algorithms
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CHAPTER 5

DISCUSSION AND FUTURE WORK

My thesis consists of three projects that discuss quite different fields. Each one provides

some concrete results, and in the mean time, each one shows part of the blueprint of

future work in its main topic.

In Chapter 2, we bring the idea of branching number into the discussion over the

accuracy of the Fitch algorithm, and give a stronger result than what we previously knew.

Nevertheless, the result is restricted to the symmetric two-state Jukes-Cantor model,

which might not be that attractive for those biologists who focus on DNA sequences.

One possible future project is to extend the results to a four-state evolution model, to

see if the branching number still helps in estimating the accuracy of the Fitch-Hartigan

algorithm.

Next, Chapter 3 illustrates how we compute the accuracy of each category of multi-

locus methods once we have a full understanding in one gene, under both ILS and

recombination. As we say in the chapter, the consistency of R∗/STAR/MDC is being
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left as a conjecture. Another possible future work is to uncover the explicit formula

of the decay rate to support the simulation. These incomplete parts are good future

project topics.

Last, in Chapter 4, we introduced a new algorithm to reconstruct a circular network,

or more generally a weakly compatible network. The algorithm does work well, com-

pared to Neighbor-Net and the split decomposition method, in some specific types of

phylogenetic networks. However, the improvement is not that obvious when it comes to

a general networks with few taxa. One possible future project is to compare these three

algorithms in a large, general random tree, and determine under what conditions our

algorithm is better than the other two.
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