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Abstract

Emission current density is a key property to describe the behavior of thermionic emission.

Experimental observations have long-established that there exists a smooth roll-off or knee transi-

tion between the temperature-limited (TL) and full-space-charge-limited (FSCL) emission regions

of the emission current density-temperature J−T (Miram) curve, or the emission current density-

voltage J−V curve for a thermionic emission cathode.

I developed a physics-based nonuniform thermionic emission model, incorporating 3-D space

charge, patch fields, and Schottky barrier lowering effects. The model is capable to predict both

the J−T and J−V curves from a given work function distribution. The results from this model

illustrates that the smooth TL-FSCL transition arises as a natural consequence of the physics of

nonuniform thermionic emission, and that a priori assumptions or empirical equations are not

needed.

As a further study, I apply this nonuniform emission model on real cathodes. The predicted

results are consistent with experimental observations, including the TL-FSCL transition.

The shape of Miram curves is an important figure of merit for thermionic vacuum cathodes.

I developed limiting-case analytic models on the shape of Miram curves, showing that there are

three main physical parameters which significantly impact the shape of the Miram curve.

As another further study using the nonuniform emission model, I evaluated the approach to

simultaneously fit both the Richardson constant and the work function value from dataset in TL

region, showing it can be misleading to only report the fitted work function value without paying

attention to the fitted Richardson constant.

My studies on the nonuniform thermionic emission include theoretical studies, numerical sim-

ulation, and experiments. My nonuniform thermionic emission model is the first physics-based

model able to predict the J−T and J−V curves comparable with experimental observations. This

physics-based study connects the emission current density to the cathode surface microstructure

and provides new understanding and a guideline to the analysis of experimental emission data, the

manufacturing of cathodes, and the design of vacuum electronic devices.
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1 Introduction

1.1 Electron emission

If the electrons move from a material to the vacuum, it is called the electron emission. There

are multiple types of electron emission, depending on the source of the electron energy. (Table 1.1)

Table 1.1: Types of electron emission

Emission Source of electron energy

Thermionic emission Heat

Field emission A high applied electric field

Photoemission Photon

Secondary emission Primary electrons

However, in the actual applications of thermionic emission, there is almost always an applied

electric field. Even though such an electric field is usually too small to cause quantum tunneling

effect, it is able to lower the barrier for the electrons, which is known as the Schottky effect. If

the Schottky effect is significant, such emission is also called as the field enhanced thermionic

emission or Schottky emission.

In my PhD work, I focus on the thermionic emission, including the Schottky effects, where

quantum tunneling effect is negligible.

1.2 Thermionic cathodes

The material where the electrons emit from is called the cathode. The cathode in thermionic

emission is called thermionic emission. Thermionic cathodes provide the electron source in nu-

merous vacuum electronic devices (VEDs) used in civilian, industrial, and scientific applications,

such as communication devices, ion thrusters, thermionic energy converters, and free electron

lasers.[1, 2, 3]
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There are many types of thermionic cathodes, among which the cathodes based on porous,

polycrystalline W combined with mixtures of metal oxides (typically BaO–CaO–Al2O3) marked

a significant evolutionary step in the history of thermionic cathodes, as these dispenser cathodes

produce high-current-density emission with long lifetime due to their dynamically stable, low-

work-function surfaces.[4] There are some widely-used mixture ratios for the metal oxides in the

dispenser cathodes. The most common mix is BaO : CaO : Al2O3 = 5 : 3 : 2 (a B-type cathode)

which produces emission current densities of several A/cm2. There are other variations including

the 4 : 1 : 1 cathode (S-type), which is resistant to surface poisoning and can usually be operated

at a temperature 30◦C lower than other types.[5, 6, 7, 8] More recent dispenser cathodes include

the M-type and scandate cathodes, which have a lower effective work function than the B- and

S-type cathodes.[9, 10, 11] The B-, S- and M-type cathodes have constituted the majority of com-

mercial thermionic cathodes for the past 50 years and are used as the electron sources in numerous

vacuum electronic devices (VEDs) such as communication devices, ion thrusters, thermionic en-

ergy converters, and free electron lasers. These applications, taken together, influence multiple

facets of our modern life, ranging from defense, satellite communications, radar, and scientific

research, to industrial-scale food production and manufacture of heat-harvesting renewable energy

technology.[1, 2]

1.3 Motivation and overview

The total emission current density divided by the cathode area, referred to as the cathode-

averaged emission current density, J, is a key property in thermionic emission. J is affected by

many parameters including temperature T , anode-cathode voltage V , diode geometry, etc. It is im-

portant to know the relation between J and T and V when other parameters are fixed. J−T curves

for fixed V values and J−V curves for fixed T values are usually used to evaluate the J(T,V ) re-

lation. Experimental observations have long-established that there exists a smooth roll-off or knee

transition between the temperature-limited (TL) and full-space-charge-limited (FSCL) emission

regions of the emission current density-temperature J−T (Miram) curve, or the emission current
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density-voltage J−V curve for a thermionic emission cathode. However, before my study, there

was no physics-based model able to predict the J(T,V ) relation comparable with the experimental

observations.

Experimental results including thermionic electron emission microscopy (ThEEM) images re-

veal that polycrystalline cathodes have a spatial distribution of work function and emit nonuni-

formly. [12, 13, 14, 15] Building a physics-based emission model unifying all important physical

effects is important in the nonuniform emission from heterogeneous cathode surface, as it is help-

ful for studying nonuniform thermionic emission as it enables the in-depth understanding of the

impact of nonuniform thermionic emission on the TL-FSCL transition. This type of modeling can

increase understanding of the interplay of different contributions to emission physics, the materials

engineering of cathodes including not only bulk polycrystalline cathodes but also novel cathodes

like those based on 2D materials (e.g. graphene)[16, 17], and the design of devices employing

electron emission cathodes.
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2 Previous studies on electron emission

2.1 Classical effects in uniform emission

The theory of thermionic emission has been studied for more than a century. The simplest

physical model for a thermionic cathode is a perfectly smooth cathode surface with a single work

function value φ , referred to as a “uniform cathode” in this paper. The physics of the thermionic

emission from an infinitely large uniform cathode in a parallel diode has been thoroughly stud-

ied. In this subsection, I will discuss the non-quantum, non-relativistic effects in uniform electron

emission, referred to as “classical” here.

However, such predicted TL-FSCL transition from a uniform cathode is sharp, qualitatively

different from the experimental results of actual thermionic cathode emission measurements,[18]

which are characterized by a smooth, more gradual TL-FSCL transition in the Miram and the I−V

curves.

2.1.1 Richardson-Laue-Dushman equation

The Richardson-Laue-Dushman equation[19, 20] is widely used to describe the temperature-

limited (TL) emission current density of a uniform thermionic cathode at no applied electric field:

JRLD = AT 2 exp
(
− φ

kBT

)
(2.1)

where φ is the work function, T is the temperature, kB is the Boltzmann constant. The Richardson

constant is A = 4πmek2
B/h3 where h is the Planck constant.

Although electrons actually follow Fermi-Dirac distribution, for thermionic emission, we have

φ � kBT . Therefore, the discrepancy in the final results between the Maxwell-Boltzmann dis-

tribution assumption and the Fermi-Dirac distribution is negligible. While in some books[21],

the authors introduce the Richardson-Laue-Dushman equation using Fermi-Dirac distribution and

some mathematical approximation, such calculation is equivalent to using Maxwell-Boltzmann
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distribution with some assumptions and concepts from the old quantum theory.

2.1.2 Schottky barrier lowering effect

The potential energy is not a sharp transition at the metal-vacuum interface. Due to many

factors including the electron interaction, the potential energy Ep as a function of the distance to

the interface z is smooth. While such a smooth function Ep(z) can be estimated with quantum

mechanics[22], the image charge potential[23] is a good classical approximation.

Considering the Schottky barrier lowering effect near the cathode surface, the potential energy

Ep takes the form:

Ep(x,y,z) =−eV (x,y,z)− e2

16πε0z
(2.2)

where V (x,y,z) is the electrostatic potential. The additional energy term − e2

16πε0z
is the image

charge potential term, representing the Schottky effect.

The Richardson-Laue-Dushman equation with Schottky barrier lowering correction describes

the temperature-limited (TL) emission current density of a uniform cathode.

2.1.3 Space charge effect and Child-Langmuir law

The Child-Langmuir law[24, 25] provides a model of the full-space-charge-limited (FSCL)

emission under the assumption that all electrons have zero initial velocity:

JCL =
4ε0

9

√
2e
m

V 3/2

d2 (2.3)

where ε0 is the vacuum permittivity, e is the elementary charge, m is the electron mass, V is the

anode-cathode voltage, and d is the anode-cathode distance.

Later, Langmuir and Fry’s studies[25, 26] provide a model under the assumption that the initial

velocities of the electrons follow Maxwell-Boltzmann equation. In particular, in the transition case
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that the net electric field at the cathode surface is zero, the emission current density is

JCLT =
4ε0

9

√
2e
m

V 3/2

d2
9

8
√

π
η
−3/2

∫ η

0

dη√
erfcx

√
η−1+2

√
η/π

2

(2.4)

where η = eVAK/(kBT ), and erfcx is the scaled complementary error function.

2.1.4 Classical emission model for uniform emission

Richardson-Laue-Dushman equation, Schottky barrier lowering effect, and Langmuir and Fry’s

studies form the classical theory of uniform thermionic emission. Scott’s and Eng’s [27, 18] unified

these three theories, which is able to predict the J(T,V ) relation, not only the TL and FSCL regions

but also the TL-FSCL transition region. In their work, they also pointed out that there is still

some discrepancy between their model with experimental observations, which indicate that more

physical effects need to be considered to predict the J(T,V ) relation for actual cathodes.

2.2 Additional Effects in the nonuniform emission

2.2.1 Patch field effect

The work function φ is defined as the difference between the Fermi level EF and the vacuum

level Evacuum. For a conductive cathode, at thermodynamic equilibrium, the cathode shares the

same Fermi level. In the case that the cathode has a spatially heterogeneous work function dis-

tribution, for example, φ(x,y), then the cathode surface will have a spatially nonuniform vacuum

level distribution: Evacuum(x,y) = EF + φ(x,y), which causes an additional electric field between

different work function patches. Such an effect is called the patch field effect.[18, 28, 29, 30]
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2.2.2 3-D space charge effect

The electrons traveling between the cathode and the anode can also cause electric fields. Such

effect is called 3-D space charge effect, and can be describe with 3-D Poisson’s equation:

∇
2V (x,y,z) =−ρ(x,y,z)

ε0
(2.5)

where V is the electrostatic potential, ρ is the charge density, and ε0 is the vacuum permittivity.

The 3-D space charge effect has been well studied and discussed in [31, 32].

2.2.3 Lateral momentum of electrons

Lateral momentum of electrons is another effect in nonuniform emission. However, a key re-

sult from the work of Chernin et al.[31] is that the lateral motion of electrons has only a minor

effect on predictions of averaged emission current density from an infinitely large cathode in an

infinite parallel diode when the 3-D space charge effect is considered. Therefore, it is still possible

to accurately predict the averaged emission current density under the assumption that the electrons

are restricted to move one-dimensionally from the cathode to the anode with no lateral momen-

tum, which is equivalent to assuming an infinite magnetic field is present along the anode-cathode

direction.

2.3 Empirical explanations of thermionic emission

2.3.1 Longo-Vaughan equation

Longo-Vaughan equation[33, 34] is a well-known empirical equation which is able to smoothly

connect the TL and FSCL region:

J−n = J−n
TL + J−n

FSCL (2.6)

where n is the Longo parameter.

Vaughan pointed out that well-designed and well-made guns have n values in the range 6 to 10,
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while the diodes with patchy emission, uneven heating or other defects have 2 < n < 5 range.[34]

2.3.2 Continuous work function treatment

Another empirical method to obtain a smooth TL-FSCL transition is to a priori assume that

the cathode surface has a continuous distribution of work function values.[21] Such work function

distribution can lead to a smooth TL-FSCL transition even under the assumption that different

patches on the cathode surface do not interact with each other.

2.3.3 Practical work function distribution (PWFD)

The practical work function distribution (PWFD) method[35] is a mathematical treatment to

convert a J−T curve to a curve looking like a work function distribution. PWFD was obtained in

this way:

1. For a J(T ) curve, use Richardson-Laue-Dushman equation (Eq. 2.1) to solve the work func-

tion value φ(T ).

2. Define f (T ) =


J

JFSCL
,

J
JFSCL

≤ 1
2

1− J
JFSCL

,
J

JFSCL
>

1
2

3. The f (φ) plot is the PWFD curve.

PWFD curves are often used to evaluate the cathode lifetime[35] and were not intended to

indicate the actual work function distribution.

2.4 Summary of previous thermionic emission models

Table 2.1 summarize the list of the previous physics-based thermionic emission models com-

pared with my work. Although there are some empirical explanations of the smooth TL-FSCL
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transition before my study, there is no physics-based model able to predict the TL-FSCL transition

as smooth as the experimental observations.

I will show the results of my model in the following chapters.

Table 2.1: History of thermionic emission models

Space

charge

Patch

field

Schottky

effect
References

Uniform

cathode

studies

no no no Richardson-Laue-Dushman (RLD) equation[36, 20]

no no with RLD equation with Schottky effect[23]

1-D no no
Child-Langmuir law[24, 25]

with finite temperature correction[26, 25]

1-D no with Scott and Eng’s work[27, 18]

Nonuniform

cathode

studies

no with no RLD equation with patch field effect[12, 13]

no with with Anomalous Schottky effect[30]

3-D no no 1.5-D model[31] and 2.5-D model[32]

3-D no with

My work[37]3-D with no

3-D with with



10

3 Model of nonuniform thermionic emission

This chapter comes from [37], first-authored by me. I am the lead researcher of this topic.

3.1 Introduction

It is known that the nonuniform thermionic emission in a parallel diode is subject to the ef-

fects of 3-D space charge[31, 32, 16], patch fields[12, 13], Schottky barrier lowering[23], and the

lateral motion of electrons[31, 38, 39]. By patch field effect, I refer to a nonuniform electrostatic

potential on the cathode surface based on local work function values.[12, 13, 40, 28, 29] This lo-

cal, nonuniform, electrostatic potential distribution results from the microscopic, lateral transfer

of conduction electrons between grains having different work functions, in order to equalize the

Fermi energy between all contacting, conducting grains. Each of these effects has been studied in

detail separately. While there is still no general, physics-based model unifying all of these effects,

previous efforts have made advances in combining some subsets of the effects together. For ex-

ample, the theory of the anomalous Schottky effect unifies the effects of patch fields and Schottky

barrier lowering,[30] and recent studies[31, 39] discuss the effects of 3-D space charge and the

lateral motion of electrons. A key result from the work of Chernin et al.[31] is that the lateral

motion of electrons has only a minor effect on predictions of averaged emission current density

from an infinitely large cathode in an infinite parallel diode when the 3-D space charge effect is

considered. Therefore, it is possible to accurately predict the averaged emission current density

under the assumption that the electrons are restricted to move one-dimensionally from the cathode

to the anode with no lateral momentum, which is equivalent to assuming an infinite magnetic field

is present along the anode-cathode direction.

I develop a physics-based nonuniform thermionic emission model unifying the effects of 3-D

space charge, patch field effects, and Schottky barrier lowering. Based on the work from Chernin

et al.[31], I neglect the lateral motion of electrons. I note here that the lateral motion of electrons

may have a larger effect in some extreme cases, for example where the emitting patches of the
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cathode have a length scale comparable to the anode-cathode distance, but we do not consider

that case here. My nonuniform emission model is able to predict the entire domain of the J−

T (Miram) and the J−V curves including the TL-FSCL transition for a heterogeneous cathode

surface in a perfect infinite parallel diode. Our model results demonstrate that the smooth and

gradual TL-FSCL transitions observed in experiments can be reproduced by the model and are

natural consequences of the physics of nonuniform thermionic emission. We are therefore able to

reproduce the experimentally observed smooth and gradual TL-FSCL transition without relying

on any empirical equations such as the Longo-Vaughan equation[33, 34] or an a priori assumption

of a continuous distribution of work functions[41] on the cathode surface.

3.2 Model

For the model of thermionic emission from heterogeneous surfaces developed in this work, the

cathode is located at z = 0, and the anode at z = d, where d is the anode-cathode distance. It is as-

sumed that the distribution of the electron energies follows a Maxwell-Boltzmann distribution, and

that the motion of the electrons between the cathode and the anode follows non-relativistic classical

electrodynamic behavior. The total energy for each electron is conserved: E = Ep(x,y,z)+mv2/2,

where Ep(x,y,z) is the potential energy at position (x,y,z), m is the mass of an electron, and v is

the velocity. In the absence of an energy barrier at the surface of the cathode, the emission current

density at position (x,y) due to electrons of energy between E and E +dE has the form:[18]

dJ(x,y;E) =
AT
kB

exp
[
−E−EF(x,y)

kBT

]
dE (3.1)

where A = 4πmek2/h3 is the Richardson constant, e is elementary charge, kB is Boltzmann’s con-

stant, h is Planck’s constant, T is temperature, and EF(x,y) is the local Fermi energy level of the

cathode.

The model for the steady state electron density depends on the shape of the potential energy

that is created under steady state emission. Figure 3.1 shows sketches of the potential energy
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Ep(x,y,z′) for a given (x,y) as a function of z′ for different cases. For a given position (x,y,z),

we define the cathode-side barrier as E−(x,y,z) = max
0≤z′≤z

Ep(x,y,z′) and the anode-side barrier as

E+(x,y,z) = max
z≤z′≤d

Ep(x,y,z′). The values of E− and E+ determine how many electrons are able to

reach the position (x,y,z), in the case that the lateral motion of electrons and quantum effects are

neglected.
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Figure 3.1: Sketch of the potential energy Ep(x,y,z′) for a given (x,y) as a function of z′ (black

curve). For a given position (x,y,z) (blue plus mark), its cathode-side barrier E−(x,y,z) is marked

as red cross, and its anode-side barrier E+(x,y,z) as green cross. (a) and (b) are examples for the

case of E−(x,y,z)≥ E+(x,y,z), while (c) and (d) for E−(x,y,z)< E+(x,y,z).

Considering the positions (x,y,z) satisfying E−(x,y,z)≥ E+(x,y,z), electrons emitted from the

cathode surface at position (x,y,0) with energy E ≥ E− can pass through the cathode-side barrier

and reach the position (x,y,z) as they move toward the anode. The charge density for positions

(x,y,z) where E−(x,y,z)≥ E+(x,y,z) has the form:

ρ(x,y,z) =−
∫

∞

E=E−

dJ
v

=−
∫

∞

E=E−

dJ√
2(E−Ep)/m

, E−(x,y,z)≥ E+(x,y,z) (3.2)
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where the electron velocity v =
√

2(E−Ep)/m.

However, for any position (x,y,z) where E−(x,y,z) < E+(x,y,z), electrons emitted from the

cathode surface at (x,y,0) with energy E ≥ E− can still pass through the cathode-side barrier and

reach the position (x,y,z). Electrons with energy E− ≤ E < E+ will be reflected back toward the

cathode by the higher anode-side barrier and pass through the location (x,y,z), this time moving

back toward the cathode. Therefore, the charge density for positions (x,y,z) where E−(x,y,z) <

E+(x,y,z) has the form:

ρ(x,y,z) =−

[∫
∞

E=E−

dJ√
2(E−Ep)/m

+
∫ E+

E=E−

dJ√
2(E−Ep)/m

]
, E−(x,y,z)< E+(x,y,z)

(3.3)

Substituting Equation 3.1 into Equations 3.2 and 3.3, we obtain a closed-form expression of

the relation between the potential energy Ep(x,y,z) and the charge density ρ(x,y,z):

ρ(x,y,z) =



−
√

πm
2kBT

AT 2 exp
(
−

Ep−EF

kBT

)
erfc

√
E−−Ep

kBT
, E−(x,y,z)≥ E+(x,y,z)

−
√

πm
2kBT

AT 2 exp
(
−

Ep−EF

kBT

)[
2erfc

√
E−−Ep

kBT
− erfc

√
E+−Ep

kBT

]
,

E−(x,y,z)< E+(x,y,z)
(3.4)

where erfc is the complementary error function. The electrostatic potential V and the charge den-

sity ρ satisfy Poisson’s equation, and therefore the 3-D space charge effect is included in this model

through:

∇
2V (x,y,z) =−ρ(x,y,z)

ε0
(3.5)

where ε0 is the vacuum permittivity.

The boundary condition for the cathode surface is:[18, 28, 29, 30]

V (x,y,z = 0) =−EF(x,y)+φ(x,y)
e

(3.6)

where EF(x,y) and φ(x,y) are the local Fermi level and the local work function of the cathode,
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respectively.

Similarly, the boundary condition for the anode surface is:[18]

V (x,y,z = d) =−
EF,anode(x,y)+φanode(x,y)

e
(3.7)

where EF,anode(x,y) and φanode(x,y) are the local Fermi level and the local work function of the

anode, respectively.

At thermodynamic equilibrium, the Fermi level is equal throughout a conductor. In the case of a

conductive cathode and a conductive anode, EF(x,y) is a constant value throughout the cathode and

EF,anode(x,y) is a constant value throughout the anode. Neglecting the thermoelectric effect, which

is no larger than tens of millivolts under typical operating conditions and negligible compared to the

typical applied anode-cathode voltage, the anode-cathode Fermi level difference is EF,anode−EF =

−eVAK, where VAK is the anode-cathode voltage as measured by a voltmeter in experiments. For

the present model, if we let EF = 0 then EF,anode = −eVAK. In this case, the boundary conditions

are V (x,y,z = 0) =−φ(x,y)/e and V (x,y,z = d) =VAK−φanode(x,y)/e. The cathode surface is a

non-equipotential surface, and the patch field effect is included.

Considering the Schottky effect near the cathode surface, the potential energy Ep takes the

form:

Ep(x,y,z) =−eV (x,y,z)− e2

16πε0z
(3.8)

where − e2

16πε0z
is the energy term representing the image charge effect.

The nonuniform thermionic emission model can be solved by solving the system of Equations

3.4, 3.5, 3.6, 3.7, and 3.8. A numerical method to solve this system of nonlinear equations is to

solve them by iterations of Ep→ ρ→V → Ep until convergence is obtained. One of the algorithms

to solve Poisson’s equation in the step ρ → V involves a Fourier transformation for the x and y

directions and the Thomas algorithm for the z direction.[31, 32] Once Ep(x,y,z) is solved, one is

able to calculate the maximum barrier Ep,max(x,y) = max
0≤z≤d

Ep(x,y,z), and the corresponding local
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emission current density is

J(x,y) = AT 2 exp
[
−

Ep,max(x,y)−EF(x,y)
kBT

]
(3.9)

The averaged emission current density of the cathode can be obtained by averaging J(x,y) over

the whole cathode surface.

3.3 Relationship to previous models

In the following results, we analyze the predicted emission from our model and evaluate how

each physical effect impacts the emission by comparing the results for the cases where some subset

or all of the three physical effects are considered. We note here that all three effects of 3-D space

charge, patch fields, and Schottky barrier lowering are physically present in nonuniform thermionic

emission. Although neglecting any of them will make the emission model less physical, we show

the results where some of the effects are neglected to illustrate the impact of each effect on the

resulting emission.

The patch field effect was neglected in previous studies which included the 3-D space charge

effect.[31, 32, 39] To evaluate the importance of the patch field effect, we show the results under a

no-patch-field situation equivalent to the methods used in those previous studies[31, 32, 39]. The

patch field effect originates from the fact that patches with different work functions will have dif-

ferent local (near-surface) vacuum level energies (different electrostatic potentials on the cathode

surface). When placed in electrically conducting contact, there will be transfer of conduction elec-

trons between the grains so that all Fermi energies are made equal. This electron transfer results in

local nonuniform electrostatic potential values in the vacuum, immediately above the grains having

initially different work functions. This effect is very much related to the contact potential differ-

ence that arises at an interface between metals with dissimilar work functions. Grains starting with

an initially higher work function (lower Fermi energy) will acquire slightly greater local electron

charge and acquire a local electrostatic potential depression relative to their lower work function
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neighboring grains, which results in the electrostatic potential nonuniformity on the cathode sur-

face based on local work function values. To correctly predict the spatially nonuniform emission

energy barrier, one needs to apply a nonuniform electrostatic potential distribution to the surface,

where the local “cathode” potential is more or less negative in proportion to the local work function

of each grain, relative to the common Fermi level (nominal cathode voltage) of the cathode (Equa-

tion 3.6). Thus, if the nominal cathode voltage is assumed to be at a reference zero volts, then the

surface (vacuum) electrostatic potential value of a 2.0eV work function grain assumes a −2.0V

potential value whereas a 2.5eV work function grain assumes a −2.5V potential value. The no-

patch-field results are obtained under the assumption that the cathode surface have the same local

near-surface vacuum level, i.e., the boundary condition V (x,y,z = 0) is constant throughout the

cathode surface, so there will be no patch field effect. In no-patch-field cases, we assume that the

boundary condition of the cathode surface is V (x,y,z = 0) = −φ̄/e, where φ̄ is the average value

of φ(x,y) over the whole cathode surface, and that EF(x,y) = φ̄ −φ(x,y). Under this assumption,

the spatial distribution of work function−eV (x,y,z = 0)−EF(x,y) = φ(x,y) is still the same as the

with-patch-field cases. The comparison between no-patch-field (common local vacuum-level) and

with-patch-field (common Fermi-level) results will illustrate the impact of the patch field effect.

The results without the Schottky effect are obtained by omitting the image charge term− e2

16πε0x
in Equation 3.8.

The results without space charge are obtained by solving the maximum barrier Ep,max(x,y) at

absolute zero temperature when there is no space charge, with the assumption that the maximum

barrier Ep,max(x,y) remains the same at finite temperatures. The 1-D space charge effect cases

illustrate the results under the assumption that the space charge forces from different work function

patches do not interact with each other. The results considering the 1-D space charge effect without

the patch field effect are obtained under the assumption that each patch emits independently, where

we replace the 3-D Laplace operator ∇
2 in Equation 3.5 with the corresponding 1-D operator

∂ 2

∂ z2 .

The results considering the 1-D space charge effect with the patch field effect are obtained in

the following order: (1) Solve the model with patch fields included at absolute zero temperature



17

to get the potential energy Ep1. (2) Solve the model without patch field effects at absolute zero

temperature to get the potential Ep2. (3) Assume the additional potential energy due to patch field

is EPF = Ep1−Ep2. (4) Solve the model after replacing the 3-D Laplace operator ∇
2 in Equation 5

with the corresponding 1-D operator
∂ 2

∂ z2 and adding a term EPF to the right side of Equation 3.8.

3.4 Results – Use checkerboard as example

3.4.1 Checkerboard work function distribution

In this work, we use an idealized model heterogeneous surface characterized by an infinitely

large, periodic checkerboard spatial distribution of work functions, as shown in Figure 3.2. Similar

checkerboard distributions have been used in many previous studies of nonuniform emission.[12,

13, 32, 39, 42, 43] Here, a checkerboard model surface with work function values of φ1 = 2eV

and φ2 = 2.5eV and with square size a = 5 µm is used. These work function values are typical

values for sintered porous tungsten (dispenser) cathodes and the square size is the typical grain

size.[3, 38, 8, 4] The anode-cathode distance d is chosen to be 1 mm, typical in closely spaced

diode tests[44], which is much larger than patch size a. The work function of the anode is chosen

to be φanode(x,y) = 4.5eV, which is close to the work function value of many anode materials

including stainless steel, Monel, copper, tungsten, and molybdenum.[45]

3.4.2 J−T and J−V curves

Figure 3 contains predicted J− T (Miram) and J−V (or I−V ) curves separately showing

the effect of space charge at the level of 1-D and 3-D, patch fields, and Schottky barrier lowering

on the resulting emission current density. From Figure 3, some qualitative, general features of

the current density as a function of T and V emerge based on the inclusion of different physical

effects. The inclusion of space charge effects reduces the total emission, where 1-D space charge

results in greater reduction in total emission than 3-D space charge. The inclusion of patch fields

also reduces the total emission. Finally, the Schottky effect increases the emission by reducing
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Figure 3.2: Model heterogenous emission surface characterized as a checkerboard of spatial dis-

tributions of work function. In this work, values of φ1 = 2eV and φ2 = 2.5eV and square size

a = 5 µm are used.

the emission surface barrier. These general findings are consistent with a number of previous

studies[23, 25, 26, 27, 18, 31].

In the predicted J− T curves (Figure 3a), all of the J− T curves with no space charge ef-

fects (dotted curves) increase exponentially. This behavior occurs regardless if the patch field

and Schottky effects are considered, and approximately follows the behavior of the Richardson-

Laue-Dushman equation. Results of 1-D space charge without the patch field effect (dashed red

and dashed blue curves) give peculiarly stepped curves qualitatively inconsistent with experiment,

calling into question the assumption that each patch emits independently. Figures 3a and 3c illus-

trate that the 3-D space charge effect itself (solid blue curve) does not make the TL-FSCL transition

region smooth in the condition similar to typical closely spaced diode tests of dispenser tungsten

cathodes. However, smooth TL-FSCL transition regions are observed when both 3-D space charge

and patch field effects are included together (solid green and solid yellow curves). Compared with

space charge and patch field effects, the Schottky effect is minor in determining the shape of the

J−T curves, and only acts to make the transition slightly smoother (solid red vs. solid blue curves,

and solid green vs. solid yellow curves, best observed in Figure 3c).

Figure 3b and Figure 3d show the predicted J−V curves. In Figure 3b and Figure 3d, all curves

without the Schottky effect (yellow and blue curves) converge to values one would obtain from the
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Figure 3.3: Predicted (a) J− T (Miram) curves at applied voltage VAK = 500V and (b) J−V

curves at temperature T = 1400K with various combinations of space charge (SC), patch field

(PF), and Schottky barrier lowering (Sch) effects considered. (c) and (d) focus on the TL-FSCL

transition region of (a) and (b), respectively, for the case of 3-D space charge with and without the

effect of patch fields and Schottky barrier lowering.



20

Richardson-Laue-Dushman equation at the TL regions (high voltage end). In addition, all curves

with the Schottky effect included (green and red curves) show the asymptotic Schottky behavior

of the current density at high voltages, as observed in experiments. The curves which ignore space

charge effects (dotted curves) give the expected asymptotic behavior at the high voltage limit. Con-

trary to what was observed for the J−T curves, the green, yellow, and red J−V curves in Figure

3b and Figure 3d show that both patch field and Schottky effects contribute to the smoothness of

the TL-FSCL transition. Although the behavior of the J−T curves with 1-D space charge (dashed

curves) in Figure 3a differs substantially from typical experimental curves, the behavior of the

J−V curves with 1-D space charge effects (dashed curves) in Figure 3b is qualitatively similar

with the corresponding J−V curves when 3-D space charge effects are included (solid curves).

Both the J−T and J−V curves are commonly used to evaluate the cathode performance and it

is therefore critical for an emission model to accurately predict the behavior of both curves. Among

the twelve cases plotted in Figure 3, only the case where all the effects of 3-D space charge, patch

fields, and Schottky barrier lowering are considered (solid green curves) predicts a smooth J−T

(i.e., a smooth TL-FSCL transition with temperature and a smooth Miram curve knee) and J−V

curve with the Schottky behavior, thereby reproducing the known experimental cathode emission

behavior as both a function of temperature and applied voltage.

3.5 Conclusion

Overall, we have shown that for predicting J− T curves (also known as Miram curves), the

space charge and the patch field effects (electrostatic potential nonuniformity on the cathode sur-

face based on local work function values) play a more important role than the Schottky effect in

determining the shape of the TL-FSCL transition. On the other hand, for predicting J−V curves,

the patch field effect and Schottky effect are both essential to predict asymptotic Schottky behavior

of the current density at high voltages.

Even with the simple heterogenous work function distribution considered in this work, con-

sisting of only two discrete work function values, the predicted TL-FSCL transition regions are
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smooth for both the J − T and J −V curves, in agreement with experimental observations on

real cathodes. The present model results illustrate that a smooth TL-FSCL transition is a natural

consequence of the effects of 3-D space charge, patch fields, and Schottky barrier lowering on

nonuniform thermionic emission, and that neither empirical equations such as the Longo-Vaughan

equation[33, 34] nor an a priori assumption of a continuous distribution of work functions on the

emitting surface[41] are necessary to generate a smooth transition. This result suggests that a sur-

face with a set of discrete work functions, perhaps associated with different surface orientation,

terminations, and compositions[8, 9], could yield that smooth TL-FSCL behavior seen in actual

cathodes.

Codes for the nonuniform emission model are available on GitHub (https://github.com/chen-

dongzheng/nonuniform-emission).
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4 Emission measurements

This chapter comes from [46], first-authored by me. I am the lead researcher of this topic.

4.1 Emission test system

The experimental results of emission current were measured in a closely spaced diode testing

vehicle (Fig. 4.1). The heater and the anode fixtures were manufactured by L3-Harris. The anode-

cathode distance in this setup for a 0.97mm high cathode was designed to be d = 1.06mm. A

molybdenum ring was placed around the cathode to shield the emission from the sides. The height

of the molybdenum ring was 1.14mm, which was 0.17mm higher than the cathode. The inner

diameter (ID) 2.90mm was 0.13mm larger than the diameter of the cathode. The heater filament

was powered by a Keithley 2200-20-5 programmable power supply which was usually operated

under constant current mode.

To make it possible to measure the temperature of the cathode surfaces using a pyrometer

during operation, a triode design was used with a hollow cylinder as the current collector, or

“catcher”. The temperature of the cathode surface was measured with a Catalogue Number 8622

optical pyrometer made by Leeds & Northrup Co., which is a λ = 0.65 µm single-wavelength

disappearing filament pyrometer. The electron emission cathode industry often simply uses the

pyrometer reading to indicate the cathode temperature, reporting it as the brightness temperature.

However, the true temperature of the cathode surface is needed to use our nonuniform emission

model[37]. We calibrated the temperature values using Planck’s law. The radiation of the cathode

received by the disappearing pyrometer at wavelength λ is:

trε
2hc2

λ 5
1

ehc/(λkBT )−1
=

2hc2

λ 5
1

ehc/(λkBTb)−1
(4.1)

where Tb is the pyrometer reading (brightness temperature), T is the calibrated “true” temperature

of the cathode surface to be used in the emission model, k is the Boltzmann constant, h is the Planck

constant, c is the speed of light. The values of the transmissivity of the viewport t = 0.93 and the
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reflectivity of the mirror r = 0.76 in the optical path were as measured. In this study, we used the

emissivity value of ε = 0.52 recommended for impregnated W cathodes.[5] The uncertainty of the

measured temperature values was approximately ±20◦C.

During the emission measurements, the grid was biased with a PVX-4110 high voltage pulse

generator made by Directed Energy (DEI), which was powered by a DC high voltage power supply

made by Glassman High Voltage, Inc. with Model No. PS/ER02R150-115, and controlled by a

low voltage pulse generator Model 575 pulse/delay generator made by Berkeley Nucleonics Corp

(BNC). The catcher was biased with a DC high voltage power supply made by Glassman High

Voltage, Inc. with Model No. PS/EQ005R240-22 and was kept more positively biased than the

grid. The voltages of the grid and the catcher were measured with a LeCroy 44Xs oscilloscope.

The emission current was measured with the same oscilloscope via a Model 4100C current monitor

made by Pearson Electronics, Inc.

4.2 Cathode operation

The cathode was activated before the emission tests, following the instructions recommended

by the cathode manufacturer, 3M Technical Ceramics. The activation process includes four steps:

1. Slowly increase the cathode temperature to a brightness temperature of 1000◦C, and then

hold this temperature for 30 minutes.

2. Continue to increase the cathode temperature to a brightness temperature 1175–1200◦C and

hold for 1 hour.

3. Cool the cathode to a brightness temperature 1100–1150◦C and hold for 2 hours.

4. Reduce cathode temperature and measure the emission current while cooling down the cath-

ode. The pressure was kept below 5×10−6 torr during the activation process.
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Figure 4.1: Sketch of the closely spaced diode testing vehicle used to measure the thermionic

emission current. The rectangle filled with pink is the cathode. The purple rectangles around the

cathode represent the molybdenum ring used to shield the side emission.
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5 Modeling the emission from real cathodes

This chapter comes from [46], first-authored by me. I am the lead researcher of this topic.

5.1 Introduction

Numerous experimental and computational studies have shown that the microstructure of real

W-based cathodes is complex. The tungsten bodies are polycrystalline and porous, and the cathode

surfaces are spatially heterogeneous, with the presence of machining marks from the cathode man-

ufacturing process also contributing to the heterogeneity and contributing local field enhancement

effects.[7, 47, 48, 49] One of the results of the complex microstructure is that W-based cathodes

are spatially heterogeneous with a distribution of grain sizes and many types of exposed surfaces.

These surfaces might have varied crystal facets and metal oxide coatings, each with an associ-

ated work function value, leading to highly nonuniform emission.[6, 8, 9, 50, 51, 15, 52] The

nonuniform nature of thermionic electron emission from polycrystalline W has been observed ex-

perimentally by using thermionic electron emission microscopy (ThEEM).[15, 14, 53, 54, 55, 56,

57, 58, 59, 60, 61] In a representative ThEEM image, at a particular temperature, certain grains of

the W surface are bright while others remain dark, indicating that some grains are more emissive

than others, due to factors such as lower work function, surface topography, etc.

Emission-current-density-versus-temperature, or J−T (Miram) curves and emission-current-

density-versus-voltage, or J−V (I–V ) curves are commonly used to evaluate the cathode perfor-

mance. Both the J–T and J–V curves of a cathode can be divided into three regions: temperature-

limited (TL) region, full-space-charge-limited (FSCL) region, and the TL-FSCL transition region.

The TL region is in the low-temperature end of an J–T curve or the high-voltage end of an J–V

curve. Its behavior can be well described with the Richardson–Laue–Dushman equation[19, 20]

with Schottky barrier lowering[23]. The FSCL region is in the high-temperature end of a J–T curve

or the low-voltage end of a J–V curve. The behavior can be predicted by the Child–Langmuir

law[24, 25] and Langmuir and Fry’s models[25, 26], including provision for two-dimensional
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edge-correction effects[62, 63, 64, 65, 66, 39, 67]. Experimental observations on real thermionic

cathodes show that the TL-FSCL region is usually smooth, sometimes referred to as the “roll-off”.

Despite this seemingly simple observed behavior, it has remained an ongoing challenge to develop

a physics-based emission model which is able to accurately predict the behavior of both J–T and

J–V curves from polycrystalline cathodes over the entire operational domain of temperature and

anode-cathode voltage, and especially challenging to capture the smooth transition between the

TL and FSCL regions for real cathodes. Thermionic cathodes are typically operated on the FSCL

side near the TL-FSCL transition region, so that the changes in cathode temperature over time do

not cause large variations to the emission current and that the emission is stable over the predicted

lifetime of the device.

Some empirical descriptions on the smooth TL-FSCL region have been developed, includ-

ing the empirical Longo–Vaughan equation[33, 34], a continuous Gaussian distribution of work

function[21], the work function distribution mathematical treatment of emission data[68], and the

practical work function distribution (PWFD)[35]. However, all of these models are based on em-

pirical equations or a priori assumptions that are difficult to justify, such as, the assumption that

different work function patches do not interact. Furthermore, these empirical descriptions are not

able to reveal the fundamental origin of the smooth behavior of the TL-FSCL transition, thus lim-

iting their usefulness for modeling cathode behavior under different operating conditions.

A number of previous works have studied the interplay of a heterogeneous cathode surface

on the resulting thermionic emission, and have sought to connect the smooth TL-FSCL transi-

tion to the spatial distribution of work function values. The theory of the anomalous Schottky

effect[30] studied the contribution of the patch field effect (electrostatic potential nonuniformity

on the cathode surface based on local work function values) and the Schottky barrier lowering

effect on the smoothness of the TL-FSCL transition in J−V curves. Studies on space charge

effects[39, 67, 31, 32] reveal the contribution of 3-D space charge fields on the smooth transition

in J−T curves. However, the TL-FSCL transition behaviors predicted from these two separate

sets of studies are sharper than experimental observations, indicating that some physical effects are
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missing. There has been no physics-based emission model which can predict the TL-FSCL tran-

sition in agreement with experimental results, although Longo and Vaughan speculated[33, 34]

that sharper Miram curve knees might be associated with more uniform work function surfaces,

or “better” cathodes. Our recent work[37] developed a physics-based model that included the

effects of nonuniform thermionic emission, 3-D space charge, patch fields, and Schottky barrier

lowering. That work gave a mathematical method to calculate the emission current from a cath-

ode with a spatially heterogeneous work function distribution in a parallel diode, and was able to

predict a smooth and gradual TL-FSCL transition comparable with experimental observations by

using a checkerboard work function distribution. Those findings were encouraging, and indicated

our model may be able to predict the emission of a real cathode, including the smooth TL-FSCL

transition, by applying a two-dimensional work function map obtained from the same real cathode.

In this work, we construct a two-dimensional work function map by incorporating the grain ori-

entation via electron backscatter diffraction (EBSD) and the facet-orientation-specific work func-

tion values from density functional theory (DFT) calculations. We use this work function map

in conjunction with the nonuniform emission model developed in our previous work[37] to pre-

dict both the J–T (Miram) and J–V (I–V ) curves, including the TL-FSCL transition. Overall, we

find semi-quantitative agreement of our predicted results with experimental measurements. This

is the first time a physics-based thermionic emission model incorporating heterogeneous surface

effects from a work function distribution on a real commercial thermionic cathode has been used

to successfully model the experimental emission over a wide domain of temperature and applied

voltage.

5.2 Cathode sample

The cathode analyzed in this work is a commercial S-type cathode made by 3M Technical

Ceramics. The cathode was made of 80% density W using standard manufacturing methods and

impregnated with an oxide mixture of BaO : CaO : Al2O3 = 4 : 1 : 1. The cathode was cylinder-

shaped with a 2.77mm diameter and 0.97mm height, as measured after the emission test.
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5.3 Microstructure characterization

The cathode surface grain orientation was characterized using electron backscatter diffraction

(EBSD) in a FEI Helios G4 Plasma FIB/FESEM/EBSD/EDS workstation after the emission test.

The surface of commercial dispenser cathodes is usually rough due to the machining process of cut-

ting the cathode pellets on a lathe. The machining typically produces micrometer-scale ridges, and

those differences can be seen in variation in emission properties.[69] Confidence index (CI) values

in the EBSD results were used to quantify the likelihood of correct grain orientation labeling.[70]

CI standardization, one of the built-in clean-up algorithms in OIM AnalysisTM by EDAX, a soft-

ware for EBSD analysis, was used to process the raw EBSD data. Pixels with low CI values after

applying the CI standardization clean-up procedure were considered as areas where grain orienta-

tions were unable to be correctly labeled by EBSD[71] and the surface facet orientation could not

be reliably determined. Visual inspection showed that the majority of pixels with CI lower than 0.1

were associated with nonemitting areas, such as rough valleys, depressions, grain boundaries, and

pores.[72] Thus, areas with CI < 0.1 were considered as no-emit areas, and the grain orientation

of areas with CI≥ 0.1 were considered as recognizable areas. We then used simulations described

below to establish a two-dimensional work function map φDFT(x,y) for CI≥ 0.1 areas.

5.4 Density functional theory work function values

Previous density functional theory (DFT) studies have calculated the work functions and sur-

face stabilities of tungsten surfaces with Ba, O, and Ba-O adsorbates of eight different orientations:

(001), (011), (111), (210), (211), (221), (310), (311).[8, 9, 52] Auger analysis indicates that the

active state for impregnated cathodes can be reproduced by a near monolayer of the stoichiometric

Ba-O on the W surface.[51] Only the DFT work function value for the most stable stoichiometric

Ba-O adsorption were used to assign to each orientation (Table 5.1). For a high-index orientation

(hkl) other than the calculated eight orientations, the nearest neighbor algorithm is used to predict

its work function.[73] It was assumed that a facet with an (hkl) orientation had the same work

function as the one among the calculated eight orientations with the smallest misorientation with
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(hkl) (Fig. 5.1).
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Figure 5.1: Inverse polar figure (IPF) showing how a grain orientation is grouped into one of

the eight orientation groups using the nearest neighbor algorithm. The colors indicate the work

function values assigned to each orientation group, which are the work function values of the W

surface with most stable stoichiometric Ba-O adsorption calculated by density functional theory

(DFT).

A few studies have estimated the uncertainty of DFT work function values by comparing DFT

results with experimental results. De Waele et al.[74] compared the experimental work function

values for different surface orientations for a number of metals with the values predicted by the

Perdew-Burke-Ernzerhof parametrization of the generalized gradient approximation (PBE-GGA)

method. They did a linear fit of DFT values φDFT and experimental values φexp. The result was the

equation φexp = β1φDFT+β0, where the values of the fitted coefficients were β1 = 0.99±0.02 and

β0 = 0.30± 0.09(eV). Tran et al.[75] also compared their DFT results, φDFT, with experimental

values, φexp, on single crystals. They made a single-parameter φDFT = φexp− c least square fit,

where their result was c = 0.30eV. Both results indicate that DFT work function predictions of

metals using GGA-level functionals tend to underestimate the work function values by approxi-

mately 0.30eV, on average, compared with experimental results, and that the error of the estimate

is on the scale of tenths of eV even after the linear fit. Due to this known underestimation, we

considered the shift between experimental and calculated work function as a fitting parameter in

our emission modeling (more details in Section 5.5).
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5.5 Emission modeling

It is prohibitively difficult to accurately measure, and thus, to know, the exact anode-cathode

distance d at the operating temperatures in our test fixture. Therefore, to better compare the results

of the emission model with the experimental results, in this work, we obtained the effective anode-

cathode distance d by fitting the FSCL data points with the Child-Langmuir law with the finite

temperature correction[25]:

JFSCL =
4ε0

9

√
2e
m

(V −Vm)
3/2

(d− zm)2
9

8
√

π
η
−3/2

∫ η

0

dη√
erfcx

√
η−1+2

√
η/π

2

(5.1)

where ε0 is the vacuum permittivity, e is the elementary charge, m is the electron mass, V is the

anode-cathode voltage, d is the anode-cathode distance, Vm and zm are the voltage and the location

from cathode of the voltage minimum, η = e(V −Vm)/(kBT ) where k is the Boltzmann constant

and T is the temperature, and erfcx is the scaled complementary error function. Instead of using the

as-designed value of the anode-cathode distance, we used the fitted value for the emission model,

which we believe is a more accurate value for high temperatures during emission measurements.

In the theory of the Child-Langmuir law with the finite temperature correction on a uni-

form cathode,[25] the voltage minimum satisfies the Richardson-Laue-Dushman equation: J =

AT 2 exp [−eVm/(kBT )], while the voltage minimum position zm = 0 at the TL-FSCL transition.

When fitting d using Eq. 5.1, we made the same assumptions: zm = 0 and J =AT 2 exp [−eVm/(kBT )],

where J is the experimentally measured emission current density. Here, A= 4πmek2/h3 = 120.173Acm−2 K−2

is the Richardson constant where h is Planck’s constant.

It is not practical to do EBSD on the whole surface of a cathode, so we characterized the grain

orientation on a representative area of the cathode surface (more details in Section 5.7), and used

periodic boundary conditions on the edges of the work function map, considering that the nonuni-

form emission model[37] was designed for spatially periodic work function maps. Considering

the error in the DFT work function value, we added a constant shift ∆φ on the DFT work function

values, φDFT(x,y), to get a shifted work function map, φ(x,y) = φDFT(x,y)+∆φ , for the CI≥ 0.1
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areas.

The roughness of the thermionic cathode used in this study was mainly due to the machining

and the grain structures. The range of the field enhancement factor values expected from the

roughness features of typical thermionic cathodes is usually small, with an estimated upper bounds

of 5.[48, 69, 76, 77] Even in the case that the applied electric field is 500V/mm, the difference

in the Schottky barrier lowering between a surface with a field enhancement factor of β = 5 and

a perfectly flat surface β = 1 is only 0.033eV, which will add a negligible enhancement to the

thermionic emission, compared with the uncertainty of the DFT work function values. Therefore,

for simplicity in our model, we assumed the cathode surface was perfectly flat and neglected field

enhancement effects.

The grain orientation of areas with CI ≥ 0.1 were considered as recognizable, and a work

function map φ(x,y) = φDFT(x,y) + ∆φ was assigned to these areas. By choosing to assign a

uniform reference value of zero to the cathode’s Fermi energy, the boundary condition of Poisson’s

equation for each CI≥ 0.1 area was its vacuum level V (x,y,z = 0) =−φ(x,y)/e.[37]. Meanwhile,

as the majority of CI < 0.1 pixels were associated with nonemitting areas, such as rough valleys,

depressions, grain boundaries, and pores,[72] we obtained the boundary conditions, V (x,y,z = 0),

for the cathode surface’s CI < 0.1 areas by solving the 2-D Laplace’s equation ∇
2V (x,y) = 0.

For the 2-D boundary value at each edge of a CI < 0.1 area, we used the V value of the adjacent

CI ≥ 0.1 area. In this way, we obtained the boundary condition of the whole cathode surface, for

both CI≥ 0.1 areas and CI< 0.1 areas, which was the input of the nonuniform emission model[37].

There was only one fitting parameter ∆φ in this model.

In the model, the potential energy for an electron present in the space within the diode is

obtained by solving Poisson’s equation, where the charge density is a nonlinear function of the

potential energy in the space. The effect of Schottky barrier lowering is included when calculating

the potential energy. The patch field effect is naturally included in the non-equipotential boundary

condition at the cathode surface V (x,y,z = 0), and 3-D Poisson’s equation includes the 3-D space

charge effect. Therefore, such a nonuniform emission model includes the effects of 3-D space
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charge, patch fields, and Schottky barrier lowering, but neglects the effects of the lateral motion of

electrons and the quantum effects (e.g., electron tunneling). More information on the physics and

specific calculation methodology of our nonuniform emission model can be found in Ref. [37].

5.6 Results

5.6.1 Spatial distribution of work function

We used EBSD to characterize the spatial distribution of grain orientation for a particular cath-

ode after the emission testing was concluded on that cathode sample. We chose this ordering to

ensure that our EBSD measurements captured any microstructural evolution that may have oc-

curred during the high temperature activation and emission testing processes. Fig. 5.2a shows the

two-dimensional maps of grain orientation of a representative portion of a cathode surface (more

details in Section 5.7). The percentage of each orientation group in the map is listed in Table 5.1.

We measured the emission current from a commercial S-type cathode made by 3M Techni-

cal Ceramics (Section 5.2) for various anode-cathode voltages and temperatures (Fig. 5.3). The

anode-cathode distance was obtained by fitting the 24 data points above 1340K in Fig. 5.3a us-

ing Eq. 5.1, and the result was d = 1.132mm. As expected, this is very close to the designed

value of 1.06mm. We ascribe the discrepancy between the fitted distance and the designed value

to several reasonable factors that include a likely small difference between the designed distance

and the actual fabricated distance (at room temperature) as well as the effects of electron optics

and thermal expansion. The constant work function shift was obtained by fitting all of the data

points in Fig. 5.3a with the nonuniform emission model, and the result was ∆φ = 0.176eV, which

indicates that DFT underestimated the work function values compared with the thermionic emis-

sion test results. This result is consistent with previous studies on the error of DFT predicted work

function values[74, 75] in both the sign and magnitude of the error (underestimation by DFT of

approximately 0.3eV). Fig. 5.2b is the predicted work function map, obtained by applying shifted

DFT work function values to the grain orientation map (Fig. 5.2a).
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Figure 5.2: (a) Electron backscatter diffraction (EBSD) inverse polar figure (IPF) of a commercial

S-type cathode after clean-up. The areas where it is considered that grain orientations are unrec-

ognized by EBSD are plotted in black. (b) Work function map by assigning the density functional

theory (DFT) work function value [5] with a shift of ∆φ = 0.176eV to the grain orientation map

(a) after grouping the orientations into one of the eight orientation groups.
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Table 5.1: List of the eight orientations with work function values predicted using density func-

tional theory (DFT). φDFT is the DFT work function value for the most stable stoichiometric Ba-O

adsorption for each orientation. φDFT +∆φ is the shifted work function value where the shift is

∆φ = 0.176eV. The “Percentage” column shows the percentage of each orientation group in Fig.

5.2.

Orientation φDFT (eV) φDFT +∆φ (eV) Percentage

(001) 2.15 2.326 6.3%

(011) 1.61 1.786 5.5%

(111) 1.75 1.926 2.3%

(210) 2.31 2.486 8.9%

(211) 1.97 2.146 14.0%

(221) 1.70 1.876 12.7%

(310) 2.30 2.476 19.3%

(311) 1.79 1.966 13.8%

Unrecognized - - 17.1%
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5.6.2 Emission current density

Fig. 5.3 shows the experimental emission data from the S-type cathode and the emission current

density predicted by applying the nonuniform emission model [37] to the work function map (Fig.

5.2b). The predicted TL-FSCL transition regions are as smooth as the experimental observations

for both the J−T and J−V curves, resulting in semi-quantitative agreement between our model

and experimental measurements.

There are only two fitting parameters in our model: the anode-cathode distance d = 1.132mm

and the constant shift on DFT work function values ∆φ = 0.176eV. The main effect of a different

d is to scale up and down the FSCL current, while the effect of a different ∆φ is to scale up and

down the TL current or shift the TL region to a lower or higher temperature in J−T curves. Using

fitted values for these two parameters helps to get a better fit for the TL and FSCL regions, enabling

a better comparison on the TL-FSCL transition regions between predicted curves and experimental

results. The exact values of both of these fitted parameters have negligible effects on the shape of

the TL-FSCL transition region.

The smooth TL-FSCL transition in the predicted curves arises as a natural consequence of

the nonuniform emission from the polycrystalline cathode with a nonuniform spatial distribution

of work function. Previous studies[39, 67, 31, 32] show that the 3-D space charge effect plays

a significant role in making the transition region smooth for a nonuniform cathode. However,

when using a work function map for a real cathode derived from DFT and EBSD, a model only

considering the 3-D space charge effect predicts a TL-FSCL transition in a Miram curve sharper

than experimental results.[31] The nonuniform emission model used in this work[37] includes all

of the effects of 3-D space charge, patch fields, and Schottky barrier lowering. This result shows

that including all of these effects is required to predict the smooth TL-FSCL transition region in

the J−T and J−V curves, not only for the checkerboard model cathode illustrated in[37], but also

in a work function map of a real cathode.

The Richardson constant A is an important factor in the Richardson-Laue-Dushman equation.

Its theoretical value is A = 4πmek2/h3 = 120.173Acm−2 K−2. In multiple previous studies, the
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Figure 5.3: Experimental data (× and + symbols) of an S-type cathode compared with the emis-

sion current density predicted with nonuniform emission model (lines) at different anode-cathode

voltages. (a) J− T curves for different anode-cathode voltages V . The measured V values for

the data points of red × symbols are between 400V and 404V, 300V ≤ V ≤ 303V for yellow,

200V ≤ V ≤ 202V for purple, and 100V ≤ V ≤ 101V for green. (b) J−V curves at different

temperatures.
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Richardson constant was experimentally obtained by fitting both the Richardson constant and the

effective work function in the Richardson-Laue-Dushman equation to the experimental emission

data under the assumption that the cathode is uniform and has a single work function value.[45]

It has been observed that, using this method, the experimental values of the Richardson constant

differ from the theoretical value, sometimes by many orders of magnitude.[21, 45] However, the

Richardson constant does not need to be fit in our model, and is assumed to be fixed to its theoretical

value. The agreement between our experimental and predicted J−T and J−V curves indicates

that the alteration of the Richardson constant is not needed here. Thus, a key strength of our

present model is that knowledge of the fractions of different surface terminations present, their

arrangement in 2D space on the surface, and their work functions are all that is required for the

nonuniform emission model to provide a physically complete picture of the emission.

5.6.3 Two-dimensional emission map

Fig. 5.4 shows how the calculated emittedssion current density maps change as temperature

increases and the emission changes from the temperature-limited (TL) region (Fig. 5.4a), to the

transition region (Fig. 5.4b and 5.4c), and finally to the full-space-charge-limited (FSCL) region

(Fig. 5.4d). To better illustrate the effects of the patch fields and space charge, we plotted schematic

figures of equipotential curves and electric flux lines in the space in front of a low work function

patch surrounded by high work function patches in TL, transition, and FSCL regions (Fig. 6.2).

In the TL region (Fig. 5.4a), the space charge effect is negligible, and therefore the low work

function patches emit more than the high work function patches. The result that the emission

current density varies across different grains due to the difference in their work function values

(φ ) is consistent with experimental thermionic electron emission microscopy (ThEEM) images

obtained in the TL region.[15, 14, 53, 54, 55, 56, 57, 58, 59, 60, 61]

As the schematic figures show, in the TL region (Fig. 6.2a), the space charge effect is negli-

gible, so the electrostatic potential in this case is close to the solution of the 3-D Laplace’s equa-

tion ∇
2V (x,y,z) = 0. The nonuniform boundary condition at the cathode surface V (x,y,z = 0) =
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−φ(x,y)/e introduces additional electric fields between different work function patches besides the

applied electric field between the anode and the cathode. Therefore, the equipotential contours and

electric flux lines are bent in the space close to the patch boundaries. Such additional electric fields

between different patches are referred to as the patch fields. The patch fields lead to a voltage min-

imum (potential depression, also called as the virtual cathode) occurring a short distance above the

edges of the strongly-emitting low-φ patch. This causes the local emission current density J(x,y)

at the edge of low-φ patches to be smaller than the center of the patches (Fig. 5.4a).[12, 13, 30]

In the transition region (Fig. 5.4b), this patch field effect continues to depress low work function

patches’ edge currents relative to their center currents, even though a potential depression begins to

form above the patch center due to the space charge effect (Fig. 6.2b). Note that the reduced edge

emission of low work function patches due to patch fields contrasts with enhanced edge emission

on a cathode surface with nonuniform emission but without patch field effects. In the latter case,

the edges of high-emitting patches emit more than the center of the patches due to the lower space

charge in front of their neighboring low-emitting patches.[64, 65, 67]

In the transition and FSCL regions (Fig. 6.2b, 6.2c, and 6.2d), the more strongly-emitting,

low-φ patches have more significant space charge effects than the less-emitting, high-φ patches.

As observed in Fig. 6b and 6c, the strongly-emitting, low-φ patches develop voltage minima above

their surfaces at these transition region temperatures. This space charge effect limits the emission

from the low-φ patches while the emission from the high-φ patches continues to increase without

such limitation. This 3D space charge effect causes the emission to become increasingly more

spatially uniform as the temperature increases from the transition region to the FSCL region (Fig.

5.4b, 5.4c, and 5.4d).

In our nonuniform emission model, even though electrons are restricted along the cathode-

anode direction with no lateral momentum, our model is able to predict the trend of the change

in the emission nonuniformity as temperature changes. Such a trend has also been observed in

experiments[78, 79] and is consistent with some previous computational studies[39, 67, 31, 32].
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Figure 5.4: Emission current density maps predicted using nonuniform emission model for a

cathode with work function map as Fig. 5.2b at anode-cathode voltage V = 400V and distance

d = 1.132mm, at different temperatures: (a) TL region: temperature T = 1149K, average emission

current density J = 0.340A/cm2, (b) transition region: 1250K, J = 1.234A/cm2, (c) transition

region but with an average emission current density close to the full-space-charge-limited (FSCL)

value: 1411K, J = 1.525A/cm2, (d) FSCL region: 1521K, J = 1.552A/cm2.
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5.7 Sensitivity analysis and sources of error

It is computationally expensive to simulate large areas (for example, 0.1mm2 or larger) with

the nonuniform emission model and time-consuming to characterize the grain orientation of a large

area where there are a large number of grains. The computational cost is significantly increased

in beam optics simulations where millions of time steps are typically used.[80] To determine the

representativeness of the statistics of the surface facets and ascertain the relationship between the

uncertainty of the predicted emission current and the size of the work function map, we character-

ized a total of 9 EBSD maps on different regions of the S-type cathode, for a total examined area

of 0.15mm2, and calculated the resulting emission current density as a function of the examined

area of the cathode surface.

To evaluate the effect of the uncertainty in the work function values to the predicted emission

current density, we calculated the emission current density from a work function map by applying

φ(hkl) = φDFT(hkl)+∆φ(hkl) to the grain orientation map in Fig. 5.2a, where the (hkl) is one of

the eight grain orientations assigned with DFT work function values, and the work function shift

for the eight grain orientations ∆φ(hkl) are assumed to be independent and identically distributed

(i.i.d.) following the normal distribution ∆φ(hkl)∼ N(0.176eV,σ2
DFT), where the standard devia-

tion σDFT represents a phenomenological error in our DFT measurements. We have generated 2500

random work function maps for each σDFT value and calculated the variability of their emission

current densities.

Fig. 5.5 shows the variability of the values of the emission current density for different submap

sizes (Fig. 5.5a) and different uncertainties of work function values (Fig. 5.5b) at a condition for

the TL-FSCL transition region. Fig. 5.5a shows how the prediction of the emission current density

becomes more precise as the size of the submap increases, which indicates that model users may

determine the submap size to use according to their desired precision in the prediction. Fig. 5.5b

estimates the uncertainty in the predicted emission current density as a function of the uncertainty

in the work function values. Previous studies[74, 75] estimated that the error of the DFT work

function values is on the scale of tenths of eV. Our results show that even in the extreme case
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that the DFT work function values have an uncertainty of 0.4eV, the median (the red line in the

box in Fig. 5.5b) is 1.29A/cm2, close to 1.23A/cm2, which was the result for the baseline case

(φ = φDFT+0.176eV, Fig. 5.3 and 5.4b). In the φDFT = 0.4eV results, the first quartile (the lower

edge of the box) is Q1 = 1.11A/cm2 while the third quartile (the upper edge) is Q3 = 1.41A/cm2,

and the interquartile range is IQR = Q3−Q1 = 0.29A/cm2. Such a dispersion is smaller than

using a 32 µm× 32 µm submap, which has IQR = 0.37A/cm2, indicating a robustly predicted

average current density even for the higher end of DFT work function uncertainty values.

Other possible causes of the error in the predicted emission current density include the measure-

ment error in temperature values, the dependence of the work function value on temperature due

to different stable arrangements of Ba-O surface species at different temperatures, and the depen-

dence of the anode-cathode distance on temperature due to thermal expansion. The assumptions

in the nonuniform emission model[37] may also contribute to the error in the predicted emission,

which include the assumption of a perfectly flat cathode surface in an infinite parallel diode, ne-

glecting the lateral motion of the electrons, and neglecting the quantum effects. While it is beyond

the scope of the present work to perform an in-depth investigation of the role of each of these

sources of error, we find it very encouraging that the results in Fig. 5.3 illustrate that our model

shows near quantitative agreement with experiment over a wide range of temperatures and anode-

cathode voltages. This strong agreement with experiment suggests that while many sources of

uncertainty in our model exist, they likely play a minor role in the resulting emission compared

with the microstructural features of the cathode, including the fractions of each surface present,

their size and spatial distribution, and the relative work functions of grains comprising the cathode

surface.

5.8 Conclusions and Outlook

Our nonuniform emission model can predict two-dimensional maps of emission current density

and therefore the average emission current densities at different temperatures and anode-cathode

voltages based on a two-dimensional work function map derived by DFT calculations and mi-
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Figure 5.5: Boxplots showing the variability of the emission current density predicted (a) from

the submaps of different characterized area sizes at temperature T = 1250K, anode-cathode

voltage V = 400V and distance d = 1.132mm, (b) from a work function map by applying

φ(hkl) = φDFT(hkl)+∆φ(hkl) to the grain orientation map in Fig. 5.2a, where the shift values

are independent and identically distributed (i.i.d.) following the normal distribution ∆φ(hkl) ∼

N(0.176eV,σ2
DFT). In a boxplot, the red line in the box indicates the median value. The lower

edge of the box is the first quartile (Q1 or 25th percentile). The upper edge is the third quartile (Q3

or 75th percentile). The interquartile range (IQR) is defined as IQR = Q3−Q1. Data points larger

than Q3 +1.5IQR or smaller than Q1−1.5IQR are considered as outliers and plotted individually

using the + symbols. The whiskers extend to the most extreme data points not considered to be

outliers.
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crostructure characterization. Importantly, the predicted J − T and J −V curves are in semi-

quantitative agreement with experimental results, including the nature of the TL-FSCL transition,

which shows the same shape as experiments. There are only two fitting parameters in our model:

the anode-voltage distance and a constant shift on the DFT work function values. The effect of

these two fitting parameters on the shape of the TL-FSCL transition is negligible. Our model is

the first of its kind to use a physics-based modeling method coupled with experimental character-

ization to reproduce experimental emission data, and illustrates that it is not necessary to use an

empirical equation such as the Longo-Vaughan equation or to assume a continuous work function

distribution. A key result of this work is that a smooth TL-FSCL transition region is a natural con-

sequence of the physics of the nonuniform emission from a spatial distribution work function map

when the effects of 3-D space charge, patch fields, and Schottky barrier lowering are included.

The present findings provide both a robust physics-based approach to predict the emission

current from any polycrystalline cathode for which the surface grain orientations and work func-

tions are known, and a means to understand how the cathode microstructure and the underlying

work functions couple to the expected emission behavior. The present “forward” model starts

from cathode work function distributions and predicts J− T and J−V curves. In the future, it

may be possible to to create an “inverse” model where one starts from experimentally measured

J− T and/or J−V curves and predicts an effective cathode work function arrangement and as-

sociated microsctructure consistent with the measured emission. Such an approach may be an

effective method to better understand the coupling of cathode microstructure with the measured

emission of new cathodes. Such a method would provide a powerful tool for understanding the

expected emission behavior of new cathodes, as conducting an emission test on a new cathode

is less time-consuming than a full suite of microstructure and work function studies, e.g., using

EBSD characterization and DFT calculations. The results in this work can also be used as input

for higher-level simulation codes like MICHELLE[80] to improve the modeling of cathodes in

electron gun fixtures, better informing device design and enabling deeper insight into the physical

factors governing heterogeneous emission from thermionic cathodes.
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6 Physical factors governing the shape of Miram curve

This chapter comes from [81], first-authored by me. I am the lead researcher of this topic.

6.1 Introduction

J−T curves normalized by the extrapolated full-space-charge-limited emission current den-

sity JFSCL are referred to as Miram curves, named after George Miram.[82] Miram (or J− T )

curves are widely used as a figure of merit to evaluate the cathode performance. Experimental

observations show there is a smooth transition, called the “roll off” or Miram curve knee, between

the exponentially growing (temperature-limited or TL) region and the saturated emission current

(full-space-charge-limited or FSCL) region. The shape characterizing the Miram curve knee is

important as thermionic cathodes are almost always operated at a temperature slightly above the

Miram curve knee. For VEDs used in space applications, the operating point may be slightly above

the knee temperature to realize stable cathode operation at the lowest temperature, thus maximiz-

ing cathode lifetime and reducing the input power required to keep the cathode at high temperature.

For non-space applications, a higher temperature may be used in order to maintain space charge

limited emission and mitigate potential fluctuations in the emitted current density that may occur if

the cathode enters the temperature-limited emission region.[31, 83] Thus, knowledge of the shape

of the Miram curve knee region, including the smoothness, the temperature, and the flatness of

the saturated emission current density can inform desired operational parameters of VEDs using

thermionic cathodes.

Our recent work[37] developed a physics-based model of nonuniform thermionic emission that

includes the effects of space charge, patch fields, and Schottky barrier lowering, giving a mathe-

matical method to calculate the emission current from a cathode with a spatially heterogeneous

work function distribution in a parallel diode. This model predicts a smooth Miram curve knee for

a model cathode surface consisting of a 2-D checkerboard work function distribution. The results

of this model reveal that the smoothness of the Miram curve knee arises as a natural consequence
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of the physics of nonuniform thermionic emission, and that the space charge and patch field ef-

fects have more significant impact on smoothing the Miram curve knee than the effect of Schottky

barrier lowering. Further study[46] showed that when a 2-D work function distribution obtained

from a commercial tungsten dispenser cathode is used with this nonuniform emission model, the

model is able to predict the J−T and J−V emission curves in near quantitative agreement with

experimental data, and accurately predicts the shape of the Miram curve knee.

Our previously published work[37] on the nonuniform emission model successfully included

the predictions of key characteristics of the Miram curve, including the smooth knee, but it did

not include a detailed examination of the different physical factors connecting the effects of space

charge and patch fields and their relative impact on the shape of the Miram curve knee. In this work,

we use our nonuniform emission model to further study the effects of space charge and patch fields

on the shape of the Miram curve knee, with the goal of understanding which physical parameters

have the most significant impact on the shape of the knee, and how the typical ranges of the values

of these parameters impact the knee. Knowledge of how the surface microstructure, including

the work function values and the emitting patch area sizes affect the shape of the Miram curve

knee would provide new understanding of cathode materials design and engineering. Similarly,

incorporating the effects of diode geometry and anode-cathode voltage could improve the design

of electron gun fixtures used in VEDs. This work also provides new insights in the analysis of

experimental Miram curves, which are useful for developing and understanding the performance

of novel thermionic cathodes using new materials.

6.2 Zebra crossing work function distribution

Checkerboard work function distributions[42, 12, 43, 13, 32, 39, 37] and equal-width peri-

odic stripes (or “zebra crossing”) work function distributions[31, 32, 30, 29] are two model work

function distributions used in previous studies of nonuniform thermionic emission. As illustrated

in[32], many of the fundamental properties of electron emission from the two-dimensional checker-

board distribution are observable with the simpler, one-dimensional, zebra-crossing distribution.



46

Therefore, in this work we use the zebra crossing surface model to analyze the effects of space

charge and patch fields on the shape of Miram curve.

Fig. 6.1 illustrates the zebra crossing model of nonuniform work function distribution on a sur-

face. In this work, we let the x-axis run along the surface of the cathode, perpendicular to the patch

edges, and the y-axis run along the cathode-anode direction, i.e., the direction of electron emission

away from the surface. The cathode is set to be at y=0, while the anode at y=d. Mathematically,

the work function as a function of surface position is:

φ(x) =


φ1, (2N−1)a < x < 2Na

φ2, 2Na < x < (2N +1)a
(6.1)

where φ1 > φ2 > 0, N = 0,±1,±2, . . . is any integer.

 x 

  y 

x = -3a -2a 2a 3a- a 0 a

21 21 21  ...  ... 

cathode: y = 0

anode: y = d

Figure 6.1: Model heterogeneous emission surface characterized as a “zebra crossing” spatial

distribution of work function in a laterally infinite parallel diode.

6.3 Effects of patch fields and space charge

To better illustrate the effects of the patch fields and space charge, we plotted schematic figures

of equipotential curves and electric flux lines in the space in front of a low work function patch

surrounded by high work function patches in TL, transition, and FSCL regions (Fig. 6.2).

In the TL region (Fig. 6.2a), the space charge effect is negligible, and therefore the low work

function patches emit more than the high work function patches. The result that the emission

current density varies across different grains due to the difference in their work function values

(φ ) is consistent with experimental thermionic electron emission microscopy (ThEEM) images

obtained in the TL region.[15, 14, 53, 54, 55, 56, 57, 58, 59, 60, 61]
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As the schematic figures show, in the TL region (Fig. 6.2a), the space charge effect is negli-

gible, so the electrostatic potential in this case is close to the solution of the 3-D Laplace’s equa-

tion ∇
2V (x,y,z) = 0. The nonuniform boundary condition at the cathode surface V (x,y,z = 0) =

−φ(x,y)/e introduces additional electric fields between different work function patches besides

the applied electric field between the anode and the cathode. Therefore, the equipotential contours

and electric flux lines are bent in the space close to the patch boundaries. Such additional electric

fields between different patches are referred to as the patch fields. The patch fields lead to a voltage

minimum (potential depression, also called as the virtual cathode) occurring a short distance above

the edges of the strongly-emitting low-φ patch. This causes the local emission current density

J(x,y) at the edge of low-φ patches to be smaller than the center of the patches.[12, 13, 30]

In the transition region (Fig. 6.2b), this patch field effect continues to depress low work func-

tion patches’ edge currents relative to their center currents, even though a potential depression

begins to form above the patch center due to the space charge effect. Note that the reduced edge

emission of low work function patches due to patch fields contrasts with enhanced edge emission

on a cathode surface with nonuniform emission but without patch field effects. In the latter case,

the edges of high-emitting patches emit more than the center of the patches due to the lower space

charge in front of their neighboring low-emitting patches.[64, 65, 67]

In the transition and FSCL regions (Fig. 6.2b, 6.2c, and 6.2d), the more strongly-emitting,

low-φ patches have more significant space charge effects than the less-emitting, high-φ patches.

As observed in Fig. 6b and 6c, the strongly-emitting, low-φ patches develop voltage minima above

their surfaces at these transition region temperatures. This space charge effect limits the emission

from the low-φ patches while the emission from the high-φ patches continues to increase without

such limitation. This 3D space charge effect causes the emission to become increasingly more

spatially uniform as the temperature increases from the transition region to the FSCL region.

In our nonuniform emission model, even though electrons are restricted along the cathode-

anode direction with no lateral momentum, our model is able to predict the trend of the change

in the emission nonuniformity as temperature changes. Such a trend has also been observed in
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experiments[78, 79] and is consistent with some previous computational studies[39, 67, 31, 32].

6.4 Quantifying the shape of Miram curve knee

We define the TL-FSCL intersection temperature Ti as the intersection temperature of the sep-

arate extrapolations of temperature-limited (TL) JTL and full-space-charge-limited (FSCL) JFSCL

curves (Fig. 2):

JTL(Ti) = JFSCL(Ti) (6.2)

As Fig. 6.3 shows, much of a Miram curve knee may be observed at temperatures greater than

the TL-FSCL intersection temperature Ti.

In this work, we use an area-averaged application of the Richardson-Laue-Dushman (RLD)

equation to estimate the TL extrapolation. For the zebra crossing work function distribution with

equal widths for the two work function stripes (Fig. 6.1), the TL extrapolation equation is

JTL =
1
2

[
AT 2 exp

(
− φ1

kBT

)
+AT 2 exp

(
− φ2

kBT

)]
(6.3)

where T is the temperature, kB is the Boltzmann constant, and the Richardson constant A =

4πmek2
B/h3 where h is the Planck constant. The FSCL extrapolation can be estimated using the

Child-Langmuir law with finite temperature correction (CLT). The equation at the TL-FSCL in-

tersection temperature Ti for a uniform cathode with a single cathode work function value φK

is:[25, 46]

JCLT =
4ε0

9

√
2e
m

V 3/2
AK
d2

9
8
√

π
η
−3/2

∫ η

0

dη√
erfcx

√
η−1+2

√
η/π

2

(6.4)

where ε0 is the vacuum permittivity, e is the elementary charge, m is the electron mass, VAK =

Vapplied− φA/e+ φK/e is the difference of the electric potential of the vacuum level between the

anode surface and cathode surface, Vapplied is the applied voltage between the anode and the cathode

as measured in experiments, φA is the anode work function, φK is the cathode work function,
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Figure 6.2: Schematic figures illustrating the effects of patch fields and 3-D space charge in differ-

ent regions: (a) temperature-limited (TL) region, (b) transition region, (c) transition region with an

average emission current density close to full-space-charge-limited (FSCL) value, and (d) FSCL

region. The anode (not shown in the figures) is far away onabove the top of each subfigure, and

the cathode is on the bottom of each subfigure, with a low work function patch (2eV) surrounded

by high work function patches (2.5eV). Dashed black curves are the equipotential curveontours of

the electrostatic potential (unit: V). The red and green solid curves are the electric flux lines. The

red ones are for the electric flux lines starting from the anode while the green ones for those start-

ing from the cathode. The dotted violet curves indicate the position of voltage minimum zm(x,y)

(position of the virtual cathode). The plots beneath each subfigure (solid violet curves) show the

value of the voltage minimum in front of different location of the cathode surface Vm(x,y). The

value of Vm(x,y) on the left half (not plotted) is symmetric to the right half. The local emission

current density is J(x,y) = AT 2 exp [−eVm/(kBT )].
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Figure 6.3: Schematic plot illustrating the definition of the TL-FSCL intersection temperature

Ti (dashed blue line) and the normalized intersection emission parameter α . In this plot, α =

J(A)/J(B). The solid black curve is the Miram curve J(T ). The dotted red curve is the full-space-

charge-limited (FSCL) extrapolation JFSCL. The dotted green curve is the temperature-limited (TL)

extrapolation JTL.

η = eVAK/(kBT ), and erfcx is the scaled complementary error function.

For a zebra crossing cathode, we average JCLT over the cathode surface to estimate the FSCL

extrapolation JFSCL:

JFSCL =
1
2

[
JCLT|φK=φ1

+ JCLT|φK=φ2

]
(6.5)

To quantify the impact of the space charge and patch field effects on the emission current

density at the TL-FSCL intersection temperature Ti, we define and use the intersection-temperature

emission normalized by the FSCL current parameter (Fig. 6.3):

α =
J(Ti)

JTL(Ti)
=

J(Ti)

JFSCL(Ti)
=

J(A)
J(B)

(6.6)

A high α value represents good cathode performance and a Miram curve with a sharp knee at a

low temperature and a flat saturated emission current.

Our previous study on nonuniform emission[37] indicated that space charge and patch fields

have a significant impact on the shape of the Miram curve knee. Considering the definition of the

normalized emission parameter (Eq. 6.6), we here develop complementary, limiting-case analytic

models to separately study the effects: a study of the space charge effect to analyze J(T )/JFSCL(T )

and a study of the patch field effect for J(T )/JTL(T ).
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6.5 Space charge effect

Previous studies on 2-D and 3-D space charge[31, 32] illustrate its effects on the emission cur-

rent. Seminal work from Lau developed a simple theory for the 2-D Child-Langmuir law.[63] We

generalize this 2-D Child-Langmuir law to a cathode with nonuniform emission. In this general-

ized theory, we make some assumptions as below.

Assumption 1 (same as in Lau’s work[63]): The y-axis component of the electric field at (x0,0)

is

Ey(x,0) =−
V̄AK

d
+G

∫ d

0
dy′
∫ +∞

−∞

dx′
ρ(x′,y′)y′

2πε0

[
(x′− x)2 + y′2

] (6.7)

where G is a constant multiplication factor to account for the contributions due to the image charge.

For a zebra crossing model (Fig. 6.1), the averaged electric potential difference between the anode

and cathode surfaces is V̄AK =Vapplied−φA/e+(φ1 +φ2)/(2e).

To solve for the value of G, we use the 1-D Child-Langmuir (CL) theory at zero temperature

for a uniform cathode. In the space-charge-limited region, Ey(x,0) = 0, and

ρ(x,y) = JCL

(
d
y

)2/3√ m
2eV̄AK

(6.8)

where the Child-Langmuir (CL) current density

JCLT =
4ε0

9

√
2e
m

V̄ 3/2
AK
d2 (6.9)

Solving Eq. 6.7, 6.8, 6.9, we get G = 3/2.

Assumption 2 : The charge density has the same functional form as the Child-Langmuir law

(Eq. 6.8) but replacing JCL with J(x):

ρ(x,y) = J(x)
(

d
y

)2/3√ m
2eV̄AK

(6.10)
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We make this assumption because we are interested in the knee behavior where the emission

current is close to JFSCL and the charge density ρ(x,y) is close to the Child-Langmuir law case.

Assumption 3 : For the zebra crossing case, we assume:

1. The local emission current density over the φ1 patch is spatially uniform: J(x) = J1, for

2Na−a < x < 2Na where N is any integer.

2. The φ1 patch emits in the temperature-limited (TL) region when the electric field at the center

of the φ1 patch surface is negative, E1y = Ey(2Na−a/2,0)< 0.

3. The space-charge-limited (SCL) emission current density is also spatially uniform over the

φ1 patch, denoted as J1SCL. which is determined by the equation E1y = 0.

4. The emission current density of the φ1 patch is J1 = min{J1TL,J1SCL}.

5. The four items above also apply for the φ2 patch.

Assumption 4 : As φ1 > φ2 > 0, the TL current densities have a relation J2TL > J1TL > 0, so the

high work function patch (φ1) will reach SCL at a temperature higher than the low work function

patch (φ2). It is assumed that the SCL current density for the high work function patch is equal

to the 1-D Child-Langmuir theory J1SCL = JCL while J2SCL may be larger than JCL in certain

temperatures. This assumption is in agreement with the findings in previous studies[31, 32][5],

[13].

Under these assumptions, the electric field at the center of the low work function patch (φ2) is:

E2y =
VAK

d

(
J1

JCL
+

J2− J1

JCL
f −1

)
(6.11)

where f is a function of only a/d:

f
(a

d

)
=

1
3π

∫ 1

0
dỹ

+∞

∑
N=−∞

∫ (2N+1/2)a/d

(2N−1/2)a/d

ỹ1/3

x̃2 + ỹ2 dx̃ (6.12)



53

where the symbols with tildes are normalized coordinates x̃ = x/d, ỹ = y/d.

Letting E2y = 0, we can solve for the space-charge-limited (SCL) current density of the φ2

patch: J2SCL = J1 +(JCL− J1)/ f . Therefore, we can predict the average emission current density

for the zebra crossing cathode:

1. Temperature-limited (TL) region J1TL < J2TL < J2SCL: Neither the φ1 patch nor the φ2 patch

reaches SCL. The average current density of the cathode is J = (J1TL + J2TL)/2.

2. Full-space-charge-limited (FSCL) region J2TL > J1TL > J1SCL = JCL: Both the φ1 and φ2

patches are SCL, so J = (J1SCL + J2SCL)/2 = JCL.

3. TL-FSCL transition region (i.e., the location of the Miram curve knee) J2TL > J2SCL but

J1TL < J1SCL: The low work function patch (φ2) is space-charge-limited (SCL) while the

high work function patch (φ1) is still not SCL, so

J =
1
2
(J1TL + J2SCL) = JCL− (JCL− J1TL)

2 f −1
2 f

In particular, at the TL-FSCL intersection temperature Ti, we assume that the temperature sat-

isfies the condition:

JCL = JTL =
1
2

[
AT 2

i exp
(
− φ1

kBTi

)
+AT 2

i exp
(
− φ2

kBTi

)]
(6.13)

The normalized intersection emission restricted by the space charge effect is

αSC =
J(Ti)

JCL
= 1− 2 f −1

2 f
tanh

φ1−φ2

2kBTi
(6.14)

which only depends on two parameters: (1) the normalized work function difference (φ1−φ2)/(kBTi)

and (2) the patch-diode size ratio a/d (cf. Eq. 6.12: f only depends on a/d).
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6.6 Patch field effect

We assume the additional electric potential due to the patch field effect satisfies ∇
2VPF(x,y)= 0,

with the boundary condition for the cathode surface VPF(x,0) =−φ(x)/e. We also assume that the

anode-cathode distance is much larger than the patch width d � a, so use Ey(x,+∞) = 0 as the

boundary condition for the anode side. In this section, we adopt an approximate linear potential

assumption, i.e., ∂Vlinear/∂y =−E0, where E0≤ 0 is a uniform electric field, to estimate the effects

of the applied voltage and the space charge on the electric potential. Under these assumptions, the

electric potential is V = VPF +Vlinear = VPF−E0y. Considering the periodicity and the symmetry

of this problem, here we only show the results in −a/2 < x < a/2:

V (x,y) =−φ1 +φ2

2e
+

φ1−φ2

e
p(x,y,βE) (6.15)

where the field ratio

βE =
Epatch

−E0
=

φ1−φ2

−eaE0
(6.16)

and the parameter

p(x,y,βE) =
y̆

πβE
+

i
π

(
arctanhe−ix̆−y̆− arctanheix̆−y̆

)
(6.17)

where the symbols with breves are normalized coordinates x̆ = πx/a, y̆ = πy/a, and i is the imag-

inary unit.

The voltage minimum is

Vm(x) = min
y

V (x,y) =V (x,ym(x))

where the location of the voltage minimum ym(x) satisfies

cosh y̆m(x) =
βE sin x̆

2
+

√√√√1+

[(
βE

2

)2

−1

]
sin2 x̆ (6.18)
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for 0 < x̆ < min{π/2,arcsinβE}, and ym(x) = 0 for elsewhere.

For a given cathode surface location x, the location of the voltage minimum ym(x) only depends

on the field ratio βE . Therefore, for a given x, the parameter p(x,y,βE) in Eq. 6.17 also only

depends on βE .

The local emission current density follows the RLD equation J(x) = AT 2 exp [eVm(x)/(kBT )].

The cathode-averaged emission current density J can be obtained by averaging J(x) over the cath-

ode surface. The ratio of the average emission current density J to the TL extrapolation JTL (Eq.

6.3) is:

J
JTL

=

1
π

∫ π/2
−π/2 AT 2 exp

[
eVm(x)

kBT

]
dx̆

1
2

[
AT 2 exp

(
− φ1

kBT

)
+AT 2 exp

(
− φ2

kBT

)] = 1
π

∫ π/2
−π/2 exp

[
φ1−φ2

kBT p(x,ym(x),βE)
]

dx̆

cosh φ1−φ2
2kBT

(6.19)

which only depends on the normalized work function difference (φ1− φ2)/(kBTi) and the field

ratio βE .

In the low temperature limit where the space charge effect is negligible, −E0 = EAK =VAK/d.

To estimate the effect of the space charge on the E0 value, we made the similar assumption as Eq.

6.10 but replacing J(x) with its average value J:

ρ(x,y) = J
(

d
y

)2/3√ m
2eVAK

(6.20)

Substituting Eq. 6.20 into Eq. 6.7, we get that the electric field E0 (or Ey(x,0) in Eq. 6.7) due

to the applied voltage and the space charge satisfies:

1 =
−E0

EAK
+

J
JFSCL

=
Epatch

EAK

1
βE

+
J

JTL

JTL

JFSCL
(6.21)

where βE = Epatch/(−E0).

When the value of JTL/JFSCL is given, we eliminate the variable βE by solving the system of

Eq. 6.19 and 6.21, so J/JTL only depends on (φ1−φ2)/(kBTi) and Epatch/EAK.

In particular, at the TL-FSCL intersection temperature Ti, JTL/JFSCL = 1 and the normalized
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intersection emission restricted by the patch field effect αPF = J(Ti)/JTL(Ti) also only depends on

two parameters: (1) the normalized work function difference (φ1−φ2)/(kBTi) and (2) the patch-

diode field ratio Epatch/EAK = [(φ1−φ2)/(ea)]/(VAK/d).

6.7 Shape of Miram curve knee

We develop complementary, limiting-case analytic theory models to separately estimate the

effects of space charge and patch fields on the shape of the Miram curve, finding out that there are

three main physical parameters significantly affecting the shape of the knee: (1) the normalized

work function difference (φ1− φ2)/(kBTi), (2) the patch-diode size ratio a/d, and (3) the patch-

diode field ratio Epatch/EAK = [(φ1−φ2)/(ea)]/(VAK/d).

Fig. 6.4 shows the Miram curves predicted by our analytic models in different cases, compared

with the simulation results using the nonuniform emission model[37] and their TL and FSCL

extrapolations. The values of the three main physical parameters, the TL-FSCL intersection tem-

perature Ti calculated using Eq. 6.2, and the normalized intersection emission α values defined in

Eq. 6.6 for each case in Fig. 6.4 are listed in Table 6.1.

Table 6.1: Values of the parameters in the cases in Fig. 6.4

Subfigure
φ1−φ2

kBTi

a
d

Epatch

EAK
Ti (K) α

(a) 4.01 0.00005 20 1327 0.1890

(b) 4.31 0.001 1 1327 0.5380

(c) 4.37 0.02 0.05 1327 0.9090

(d) 4.37 0.4 0.0025 1327 0.7378

(e) 0.89 0.02 0.01 1305 0.9853

In Fig. 6.4a and 6.4b, the patch fields have more significant impact than the space charge in re-

stricting the emission current. The Miram curves predicted by our patch field limiting case theoret-

ical model (dashed magenta curves) are consistent with simulation results (solid black curve)[37].
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Figure 6.4: Predicted Miram curves by limiting-case (LC) theories (dashed sky-blue curve for

space charge limiting case, dashed magenta curve for patch field limiting case) compared with the

simulation results of nonuniform emission model (solid black curve), from a zebra crossing work

function distribution, with φ1 = 2eV, d = 1mm, V = 500V. The dotted green and red curves are

the TL and FSCL extrapolation, respectively. The “◦” and “×” symbols indicate the TL-FSCL

intersection temperature Ti calculated using Eq. 6.2. “◦” is the Point A in Fig. 6.3, while “×” is

Point B. Different subfigures have different values of φ2 and the stripe width a, as shown in the

title of each subfigure.
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When Epatch/EAK � 1 (Fig. 6.4a), there is a significant discrepancy between the simulated

Miram curve (solid black curve) and its TL extrapolation (dotted green curve, which overlaps with

the dashed sky-blue space charge limiting case model curve at low temperatures). In this case,

the patch field effect significantly lowers the emission current in TL region, resulting in a knee

temperature much higher than the intersection temperature Ti of the TL and FSCL extrapolations

(Points A and B). The normalized intersection emission α value is very low.

When Epatch/EAK ≈ 1 (Fig. 6.4b), the patch field effect moderately lowers the emission current

in TL region and leads to a very rounded knee. In this case, the knee temperature is slightly higher

than Ti and α is moderately low.

Fig. 6.4c is an example where the impacts of both effects are comparable and not negligible.

The α value is high (close to 1).

In Fig. 6.4d, the space charge effect restricts the emission current, causing the saturated emis-

sion current density to be not flat. In this case, the simulated Miram curve is step-shaped (solid

black curve), consistent with the results predicted by our limit case theoretical model of the space

charge effect (dashed sky-blue curve). α is again moderately low.

The normalized work function difference (φ1−φ2)/(kBTi) governs the impact of both the patch

field and space charge effects. Decreasing this parameter is one of the methods to lessen the

restriction on the emission current due to both patch fields and space charge effects, resulting in

a sharp knee at low temperature and a flat saturated emission current density (Fig. 6.4e). In this

case, the α value is very high, close to 1.

6.8 Physical factors impacting normalized emission at TL-FSCL intersec-

tion temperature

As Fig. 6.4 shows, a large value of the normalized emission value α at TL-FSCL intersection

temperature represents good cathode performance, indicating that neither the space charge nor the

patch field effects significantly restrict the knee-temperature emission current and that the Miram

curve has a sharp knee at a temperature close to Ti with a flat saturated emission current. A small α
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value represents that the space charge (local to the cathode) and/or patch field effects significantly

restrict the knee-temperature emission current, resulting in a rounded knee, an increased knee

temperature, and/or an inclined saturated emission current.

To further illustrate the quantitative effects of the physical factors to the Miram curve knee, we

plot the predicted α value as a function of the three main physical parameters in Fig. 6.5, using our

theoretical studies. The lower these three parameters are, the higher the normalized intersection

emission parameter α is, implying a sharper knee at a lower temperature with a flatter saturated

emission current and a better cathode performance.
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Figure 6.5: The normalized intersection emission parameter α as a function of the three main

physical parameters. (a) Space-charge-restricted αSC only depends on the normalized work func-

tion difference (φ1−φ2)/(kBTi) and the patch-diode size ratio a/d. (b) Patch-field-restricted αPF

only depends on the normalized work function difference (φ1− φ2)/(kBTi) and the patch-diode

field ratio Epatch/EAK = [(φ1−φ2)/(ea)]/(VAK/d). The right vertical axis is the value of the cor-

responding Longo parameter n, obtained from the relationship α = 2−1/n.

Fig. 6.4a – 6.4d show the results where the values of work function, the anode-cathode distance,

and the anode-cathode voltage are fixed but the patch size a is variable. Fig. 6.6 illustrates the

relationship between the normalized intersection emission parameter α and patch size a. In the

cases of a small patch size , a/d is small but Epatch/EAK is large, so the emission tends to be

patch-field-restricted (Fig. 6.4a and 6.4b). In the cases of a large patch size,a/d is large but
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Epatch/EAK is small, so the emission tends to be space-charge-restricted (Fig. 6.4d). For the

illustrative parameters of Fig. 6.4, the boundary between the patch-field-restricted and the space-

charge-restricted regimes approximately locates at a ≈ 20 µm (Fig. 6.4c). This result indicates

that for a zebra crossing model, when φ1, φ2, d, and V are fixed, there exists an optimal patch

size a which leads to a highest normalized intersection emission α . This indicates that for a given

cathode material (work function values fixed) and a given diode fixture (d and V fixed), there exists

an optimal effective emission patch size so that the cathode can have the best knee performance.
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Figure 6.6: Comparison between the results of our limiting-case (LC) theoretical models (dashed

sky-blue curve for theory of space charge, dashed magenta curve for patch fields) and the sim-

ulation (solid black) of zebra crossing work function distributions with φ1 = 2eV, φ2 = 2.5eV,

d = 1mm, V = 500V, and various a values. The right vertical axis is the value of the correspond-

ing Longo parameter n, obtained from the relationship α = 2−1/n.

6.9 Relationship to Longo-Vaughan equation

The Longo-Vaughan equation[34] J−n
TL + J−n

FSCL = J−n is a commonly used empirical equation

to describe the smooth rounded knee in Miram curves. Solving the system of the Longo-Vaughan

equation and Eq. 6.2, we get a relationship between the Longo-Vaughan parameter n and the

normalized knee emission parameter α , i.e., α = 2−1/n. Such a relation is plotted in the vertical

axis on the right in Fig. 6.5 and 6.6. Vaughan[34] pointed out that well-designed and well-made

electron guns have n values in the range of 6 to 10, which corresponds to α values of 0.89 to 0.93,
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while diodes with so-called “patchy emission”, ascribed to uneven heating or other defects, have n

in the 2 to 5 range, corresponding to α values of 0.71 to 0.87.

6.10 Summary

In this work, we used an equal-width periodic striped (zebra crossing) work function spatial

distribution to study nonuniform thermionic emission. We used a normalized emission parameter

α at the TL-FSCL intersection temperature to quantify the shape of the Miram curve knees. We

developed complementary, limiting-case analytic models to separately estimate the effects of space

charge and patch fields, and found that there are three main physical parameters which significantly

affect the shape of the knee: (1) the normalized work function difference (φ1−φ2)/(kBTi), (2) the

patch-diode size ratio a/d, and (3) the patch-diode field ratio Epatch/EAK. The lower these three

parameters are, the higher the α value is, implying a sharper knee at a lower temperature with a

flatter saturated emission current, and a better cathode performance.

This physical knowledge directly and quantitatively connects the patch size, work function val-

ues, anode-cathode voltage and anode-cathode gap distance to the shape of the Miram curve knee,

providing new understanding and a guide to the design of thermionic cathodes used as electron

sources in vacuum electronic devices (VEDs).



62

7 Discussion on fitting work function value from J−T curve

7.1 Methods

The Richardson-Laue-Dushman equation can be rewritten as

ln
J

AtheoryT 2 = ln
A

Atheory
− φ

kBT
(7.1)

where A0 here is the theoretical value of the Richardson constant.

This equation provides a method to obtain A/Atheory and φ by linear fit. Fig. 7.1 shows an

example on how to do the linear fit:

1. Convert the J−T curve data to a logJ−1/T plot.

2. Select the data points to be fitted, and do a linear fit in the logJ−1/T plot.

3. Use the slope to calculate the fitted work function value and the intercept to calculate the

fitted Richardson constant.
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Figure 7.1: Example of fitting Afit/Atheory and φ from experimental dataset. (a) is a J−T plot. (b)

is the corresponding logJ−1/T plot. Experimental data here are the same as Fig. 5.3.
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It has been observed that, using this method, the fitted A values differ from the theoretical

value, sometimes by many orders of magnitude, accompanied by a low φ value.[45] Such a low φ

may not lead to high emission due to the accompanying small A. Thermionic cathode users usually

focus on the question if a cathode can reach high emission current density at low temperature. Such

a pair of a low φ and a small A may not necessarily lead to high emission.

7.2 Physical effects and fitted values

To study the relation between the physical effects and the fitted values of A and φ , I calculated

the J−T curves and fit the A and φ for zebra crossing work function models with the parameters

ranging within:

φ1 = 2eV

φ2 = 2 to 3eV≥ φ1

a = 10−7 to 10−3 m

d = 10−3.5 to 10−1.5 m

V = 101.5 to 103.5 V

(7.2)

Uniformly sampling φ1, φ2, loga, logd, logV within the range above, Fig. 7.2a shows the

relation between the fitted φ versus two key parameters associated with the patch field effect. It

shows that small fitted φ values typically happens when the field ratio Epatch/EAK ∼ 1. Such a

trend is consistent with the results from limiting-case analytic study (Fig. 7.2b).

The scatter plot of fitted φ value versus Afit/Atheory (Fig. 7.3) shows that a low fitted φ is

accompanied by a small fitted A, and it does not lead to higher emission at the same temperature.

Fig. 7.4 is an example showing an extreme case of a low fitted φ with an extremely small fitted A

value.



64

(a)

10
-5

10
0

10
5

E
patch

/E
AK

0

0.5

1

1.5

2

2.5

fi
t (

e
V

)

0

2

4

6

8

10

(
2
-

1
) 

/ 
(k

T
)

(b)

10
-2

10
0

10
2

E
patch

/E
AK

0.5

0.6

0.7

0.8

0.9

1

fi
t/

1

0.5

1

2

4

8

Inf

Figure 7.2: Relation between the fitted φ versus two key parameters associated with the patch field

effect. (a) is from doing linear fit on the nonuniform emission model results on a zebra crossing

work function distribution model with parameters ranging within Eq. 7.2. (b) is the results from

the limiting-case analytic study.

7.3 Summary

In this work, I discuss the method of simultaneously fitting both Richardson constant A and

work function φ from J−T data. The results show that the patch field and the space charge can

cause the fitted work function value much lower than any local work function values, even if the

theoretical value of the Richardson constant is used in the nonuniform emission model. In this

case, such a low fitted work function value does not mean a high emission current density as it

is accompanied by a small Richardson constant. This results indicate that it may be misleading

to only report the fitting φ value without mentioning the fitted A value. A better way to report

thermionic emission data is either to report the J−T curve, or the fitted value of the (A,φ) pair.
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values. (a) is a J−T plot. (b) is the corresponding logJ−1/T plot.
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8 Conclusions and outlook

8.1 Summary and impact of this work

In my PhD work, I demonstrate that the experimentally observed smooth TL-FSCL transition

does not require frequently used a priori assumptions of a continuous distribution of work func-

tions on the cathode surface. Instead, the smooth transition arises as a natural consequence of

the physics of nonuniform thermionic emission from a spatially heterogeneous cathode surface.

I obtain this smooth transition for both J− T and J−V curves using a predictive nonuniform

thermionic emission model that includes 3-D space charge, patch fields (electrostatic potential

nonuniformity on the cathode surface based on local work function values), and Schottky barrier

lowering physics and illustrate that a smooth knee can arise from a thermionic cathode surface

with as few as two discrete work function values. Importantly, I find that the inclusion of patch

field effects is crucial for obtaining accurate J−T and J−V curves, and the further inclusion of

Schottky barrier lowering is needed for accurate J−V curves.

As a further study, I apply this nonuniform emission model on real cathodes, by incorporating

the cathode surface grain orientation via electron backscatter diffraction (EBSD) and the facet-

orientation-specific work function values from density functional theory (DFT) calculations. The

model enables construction of two-dimensional emission current density maps of the cathode sur-

face and corresponding J− T and J−V curves. The predicted emission curves show excellent

agreement with experiment, not only in TL and FSCL regions but, crucially, also in the TL-FSCL

transition region. This model provides a method to predict the thermionic emission from the mi-

crostructure of a commercial cathode, and improves the understanding on the relationship between

thermionic emission and cathode microstructure.

The smooth TL-FSCL transition in a Miram curve is sometimes referred to as the “roll-off”

or “Miram curve knee”. The shape of the Miram curve knee is an important figure of merit for

thermionic vacuum cathodes. Cathodes with a sharp Miram curve knee at a low temperature with a

flat saturated emission current are typically preferred. Our previous work on modeling nonuniform
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thermionic emission revealed that the space charge effect and patch field effect are critical to real-

izing the characteristics of the shape of Miram curve knees. This work provides a more complete

understanding of the physical factors connecting these effects and their relative impact on the shape

of the knee, including the smoothness, the temperature, and the flatness of the saturated emission

current density. I use a periodic, equal-width striped (“zebra crossing”) work function distribution

as a model example, illustrating how the space charge and patch field effects restrict the emission

current density near the Miram curve knee. The results indicate there are three main physical

parameters which significantly impact the shape of the Miram curve. Such physical knowledge

directly connects the patch size, work function values, anode-cathode voltage, and anode-cathode

gap distance to the shape of the Miram curve.

I also do further studies and discussions on the method of simultaneously fitting both Richard-

son constant A and work function φ from J−T data. The results show that the patch field and the

space charge can cause the fitted work function value much lower than any local work function

values. In this case, such a low fitted work function value does not mean a high emission current

density as it is accompanied by a small Richardson constant. This results indicate that it may be

misleading to only report the fitting φ value without mentioning the fitted A value. I think a good

way to report thermionic emission data is either to report the J−T curve, or the fitted value of the

(A,φ) pair.

The knowledge obtained in this work demonstrate the value of the developed model in pre-

dicting the nonuniform thermionic emission from a heterogeneous cathode surface and suggests

that the smooth transition behavior observed in experiments may have its origin in the nonuni-

form emission from relatively simple work function distributions on surfaces. The effects of space

charge, patch fields, and Schottky barrier lowering have been studied separately in previous stud-

ies. However, this work has unified all of these effects and applied the resulting model to predict

the emission current density as a function of temperature and applied voltage for TL and FSCL

regions, and, crucially, study the impact of the nonuniformity on the transition region between TL

and FSCL regions. We anticipate the emission model presented here will enable further explo-
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rations and improved understanding of the interplay of surface physics properties of a cathode and

the resulting engineering and design of an array of devices incorporating thermionic cathodes.

8.2 Suggestions for future directions

Although the prediction of my nonuniform emission model is consistent with experimental

results for an S-type cathode, there are some assumptions in my model. Using less assumptions

means the model is closer to the actual physics and is capable for more conditions.

8.2.1 Quantum effects

In my current model, I neglect the quantum tunneling and quantum reflection effects. Although

these effects are negligible in thermionic emission, the quantum effects are significant in field

emission. Including the quantum effects into the model makes it capable to extend my model to

field emission.

8.2.2 Lateral momentum of electrons

In my current model, I neglect the lateral momentum of electrons. This assumption allows a

faster method to calculate the total emission current, or equivalently, the average current density.

However, without the consideration of the lateral momentum of electrons, the model is not capable

to do full electron beam simulation, for example, the emittance. Therefore, it will be helpful

to include the lateral momentum of electrons into the model to study the effects of nonuniform

emission more thoroughly. Advanced electron optics simulation codes may be helpful for this

topic.

8.2.3 Rough cathode surface

In my model, I assume the cathode surface is perfectly flat, neglecting the field enhancement

effect. However, the actual surface of dispenser cathodes is rough, due to the machining and the

grain structure. The field enhancement effect points out the effects of rough cathode surface with
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a single work function value. Studies on the rough cathode surface with multiple work function

values can help to understand the field enhancement effects when the patch field effect exists.

8.2.4 Electron beam simulation

My model is assume the diode has the simplest electron optics structure, an infinitely parallel

diode. The fixture geometry of actual vacuum electronic devices is more complicated. Therefore,

electron optics simulation on the electron beam is useful in actual applications. My model can be

used as an input into electron beam codes or as a guideline to update electron beam codes, making it

possible to predict the electron beam from thermionic cathodes with heterogeneous work function

distributions.

8.2.5 Discussion on Richardson constant

In the nonuniform emission model mentioned above, I always use the theoretical value for the

Richardson constant A. However, the A value can be affected by many parameters, including the

band structure, which may have significant impact to the A value. There are many experimental

emission data showing A values smaller than its theoretical value. Understanding the effects on the

A value can be helpful to further understand the experimental emission data.

8.2.6 Temperature-dependent work function value

In my current model, I neglect the temperature-dependence of the work function value, even

when I simulate the emission current density for a real cathode. It is known that the work func-

tion of a material is temperature-dependent. Including this effect into the model can improve the

prediction of J−T curves.

8.2.7 Discussion on other data analysis methods

In my PhD work, I have discussed two popular experimental data analysis methods: the Miram

curve shape and fitting work function from TL data. There are many other experimental data
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analysis methods popular in the community, including the practical work function distribution

(PWFD). Further discussion on these data analysis methods can be helpful to understand the impact

of nonuniform emission on these data analysis methods.
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Temperature Characteristic of Finite-Area Thermionic Cathodes,” Physical Review Applied,
vol. 16, no. 3, p. 034043, sep 2021. [Online]. Available: https://doi.org/10.1103/
PhysRevApplied.16.034043https://link.aps.org/doi/10.1103/PhysRevApplied.16.034043

[68] J. Tonnerre, D. Brion, P. Palluel, and A. Shroff, “Evaluation of the work function distribution
of impregnated cathodes,” Applications of Surface Science, vol. 16, no. 1-2, pp. 238–249, may
1983. [Online]. Available: https://linkinghub.elsevier.com/retrieve/pii/0378596383900703

http://ieeexplore.ieee.org/document/6624735/
http://avs.scitation.org/doi/10.1116/1.4772007
http://wulixb.iphy.ac.cn/article/doi/10.7498/aps.66.187901
http://dx.doi.org/10.1063/1.5039612 http://aip.scitation.org/doi/10.1063/1.5039612
http://dx.doi.org/10.1063/1.5039612 http://aip.scitation.org/doi/10.1063/1.5039612
https://link.aps.org/doi/10.1103/PhysRevLett.77.4668
https://link.aps.org/doi/10.1103/PhysRevLett.87.145002
https://link.aps.org/doi/10.1103/PhysRevLett.87.145002
http://aip.scitation.org/doi/10.1063/1.1459453
https://www.cambridge.org/core/product/identifier/S0022377808007423/type/journal{_}article
https://www.cambridge.org/core/product/identifier/S0022377808007423/type/journal{_}article
https://doi.org/10.1103/PhysRevApplied.16.034043 https://link.aps.org/doi/10.1103/PhysRevApplied.16.034043
https://doi.org/10.1103/PhysRevApplied.16.034043 https://link.aps.org/doi/10.1103/PhysRevApplied.16.034043
https://linkinghub.elsevier.com/retrieve/pii/0378596383900703


78

[69] K. L. Jensen, Y. Y. Lau, and N. Jordan, “Emission nonuniformity due to profilimetry
variation in thermionic cathodes,” Applied Physics Letters, vol. 88, no. 16, p. 164105, apr
2006. [Online]. Available: http://aip.scitation.org/doi/10.1063/1.2197605

[70] D. P. Field, “Recent advances in the application of orientation imaging,” Ultramicroscopy,
vol. 67, no. 1-4, pp. 1–9, jun 1997. [Online]. Available: https://linkinghub.elsevier.com/
retrieve/pii/S0304399196001040

[71] M. M. Nowell and S. I. Wright, “Orientation effects on indexing of electron backscatter
diffraction patterns,” Ultramicroscopy, vol. 103, no. 1, pp. 41–58, apr 2005. [Online].
Available: https://linkinghub.elsevier.com/retrieve/pii/S0304399104002128

[72] S. I. Wright and M. M. Nowell, “EBSD Image Quality Mapping,” Microscopy
and Microanalysis, vol. 12, no. 01, pp. 72–84, feb 2006. [Online]. Available:
http://www.journals.cambridge.org/abstract{ }S1431927606060090

[73] D. Chen, R. Jacobs, V. Vlahos, D. Morvan, and J. Booske, “Statistical Model of
Non-Uniform Emission/rom Polycrystalline Tungsten Cathodes,” in 2019 International
Vacuum Electronics Conference (IVEC). IEEE, apr 2019, pp. 1–2. [Online]. Available:
https://ieeexplore.ieee.org/document/8745051/

[74] S. De Waele, K. Lejaeghere, M. Sluydts, and S. Cottenier, “Error estimates for
density-functional theory predictions of surface energy and work function,” Physical
Review B, vol. 94, no. 23, p. 235418, dec 2016. [Online]. Available: https:
//link.aps.org/doi/10.1103/PhysRevB.94.235418

[75] R. Tran, X.-G. Li, J. H. Montoya, D. Winston, K. A. Persson, and S. P. Ong, “Anisotropic
work function of elemental crystals,” Surface Science, vol. 687, pp. 48–55, sep 2019.
[Online]. Available: https://linkinghub.elsevier.com/retrieve/pii/S003960281930127X

[76] R. Miller, Y. Y. Lau, and J. H. Booske, “Electric field distribution on knife-edge field emit-
ters,” Applied Physics Letters, vol. 91, no. 7, pp. 1–4, 2007.

[77] ——, “Schottky’s conjecture on multiplication of field enhancement factors,” Journal of Ap-
plied Physics, vol. 106, no. 10, 2009.

[78] J. Li, H. Wang, Y. Gao, H. Yuan, K. Pan, K. Zhang, Q. Chen, T. Yan, F. Liao, J. Wang,
Y. Wang, and W. Liu, “Recent Developments in Scandia-Doped Dispenser Cathodes,” in
2006 IEEE International Vacuum Electronics Conference held Jointly with 2006 IEEE
International Vacuum Electron Sources. IEEE, 2006, pp. 51–52. [Online]. Available:
http://ieeexplore.ieee.org/document/1666179/

[79] J. Li, H. Wang, Z. Yu, Y. Gao, Q. Chen, and K. Zhang, “Emission Mechanism of High
Current Density Thermionic Cathodes,” in 2007 IEEE International Vacuum Electronics
Conference, vol. 2440, no. 100016. IEEE, may 2007, pp. 1–2. [Online]. Available:
http://ieeexplore.ieee.org/document/4283257/

http://aip.scitation.org/doi/10.1063/1.2197605
https://linkinghub.elsevier.com/retrieve/pii/S0304399196001040
https://linkinghub.elsevier.com/retrieve/pii/S0304399196001040
https://linkinghub.elsevier.com/retrieve/pii/S0304399104002128
http://www.journals.cambridge.org/abstract{_}S1431927606060090
https://ieeexplore.ieee.org/document/8745051/
https://link.aps.org/doi/10.1103/PhysRevB.94.235418
https://link.aps.org/doi/10.1103/PhysRevB.94.235418
https://linkinghub.elsevier.com/retrieve/pii/S003960281930127X
http://ieeexplore.ieee.org/document/1666179/
http://ieeexplore.ieee.org/document/4283257/


79

[80] J. Petillo, K. Eppley, D. Panagos, P. Blanchard, E. Nelson, N. Dionne, J. DeFord,
B. Held, L. Chernyakova, W. Krueger, S. Humphries, T. McClure, A. Mondelli, J. Burdette,
M. Cattelino, R. True, K. Nguyen, and B. Levush, “The michelle three-dimensional
electron gun and collector modeling tool: theory and design,” IEEE Transactions
on Plasma Science, vol. 30, no. 3, pp. 1238–1264, jun 2002. [Online]. Available:
http://ieeexplore.ieee.org/document/1158363/

[81] D. Chen, R. Jacobs, D. Morgan, and J. Booske, “Physical factors governing the
shape of the Miram curve knee in thermionic emission,” feb 2022. [Online]. Available:
http://arxiv.org/abs/2202.08247

[82] M. Cattelino, G. Miram, and W. Ayers, “A diagnostic technique for evaluation of cathode
emission performance and defects in vehicle assembly,” in 1982 International Electron
Devices Meeting. IRE, 1982, pp. 36–39. [Online]. Available: http://ieeexplore.ieee.org/
document/1482739/

[83] V. Vlahos, “Private communication,” 2021.

http://ieeexplore.ieee.org/document/1158363/
http://arxiv.org/abs/2202.08247
http://ieeexplore.ieee.org/document/1482739/
http://ieeexplore.ieee.org/document/1482739/

	Acknowledgments
	Publications
	Conference presentations
	Contents
	List of Figures
	List of Tables
	Abstract
	Introduction
	Electron emission
	Thermionic cathodes
	Motivation and overview

	Previous studies on electron emission
	Classical effects in uniform emission
	Richardson-Laue-Dushman equation
	Schottky barrier lowering effect
	Space charge effect and Child-Langmuir law
	Classical emission model for uniform emission

	Additional Effects in the nonuniform emission
	Patch field effect
	3-D space charge effect
	Lateral momentum of electrons

	Empirical explanations of thermionic emission
	Longo-Vaughan equation
	Continuous work function treatment
	Practical work function distribution (PWFD)

	Summary of previous thermionic emission models

	Model of nonuniform thermionic emission
	Introduction
	Model
	Relationship to previous models
	Results – Use checkerboard as example
	Checkerboard work function distribution
	J-T and J-V curves

	Conclusion

	Emission measurements
	Emission test system
	Cathode operation

	Modeling the emission from real cathodes
	Introduction
	Cathode sample
	Microstructure characterization
	Density functional theory work function values
	Emission modeling
	Results
	Spatial distribution of work function
	Emission current density
	Two-dimensional emission map

	Sensitivity analysis and sources of error
	Conclusions and Outlook

	Physical factors governing the shape of Miram curve
	Introduction
	Zebra crossing work function distribution
	Effects of patch fields and space charge
	Quantifying the shape of Miram curve knee
	Space charge effect
	Patch field effect
	Shape of Miram curve knee
	Physical factors impacting normalized emission at TL-FSCL intersection temperature
	Relationship to Longo-Vaughan equation
	Summary

	Discussion on fitting work function value from J-T curve
	Methods
	Physical effects and fitted values
	Summary

	Conclusions and outlook
	Summary and impact of this work
	Suggestions for future directions
	Quantum effects
	Lateral momentum of electrons
	Rough cathode surface
	Electron beam simulation
	Discussion on Richardson constant
	Temperature-dependent work function value
	Discussion on other data analysis methods


	References

