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Abstract

In this thesis, we explore several aspects of both the software and hardware of quantum

computation. First, we examine the computational power of multi-particle quantum ran-

dom walks in terms of distinguishing mathematical graphs. We study both interacting and

non-interacting multi-particle walks on strongly regular graphs, proving some limitations

on distinguishing powers and presenting extensive numerical evidence indicative of interac-

tions providing more distinguishing power. We then study the recently proposed adiabatic

quantum algorithm for Google PageRank, and show that it exhibits power-law scaling for

realistic WWW-like graphs.

Turning to hardware, we next analyze the thermal physics of two nearby 2D electron

gas (2DEG), and show that an analogue of the Coulomb drag effect exists for heat trans-

fer. In some distance and temperature, this heat transfer is more significant than phonon

dissipation channels. After that, we study the dephasing of two-electron states in a single

silicon quantum dot.Specifically, we consider dephasing due to theelectron-phonon coupling

andcharge noise, separately treating orbital and valley excitations. In an ideal system,

dephasing due to charge noise is strongly suppressed due to a vanishing dipole moment.

However, introduction of disorder or anharmonicity leads to large effective dipole moments,

and hence possibly strong dephasing.

Building on this work, we next consider more realistic systems, including structural

disorder systems. We present experiment and theory, which demonstrate energy levels that

vary with quantum dot translation, implying a structurally disordered system. Finally,

we turn to the issues of valley mixing and valley-orbit hybridization, which occurs due to

atomic-scale disorder at quantum well interfaces. We develop a new theoretical approach

to study these effects, which we name the disorder-expansion technique. We demonstrate

that this method successfully reproduces atomistic tight-binding techniques, while using a

fraction of the computational resources and providing considerably more physical insight.

Using this technique, we demonstrate that large dipole moments can exist between valley

states in disordered systems, and calculate corrections to intervalley tunnel rates.
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Chapter 1

Introduction

Quantum computers have the capability to revolutionize the computation landscape in

ways that incremental improvements to conventional computers cannot achieve. In order

for quantum computation to make an impact, advances must be made at both the software

and hardware level; we need both effective quantum algorithms and a machine on which to

run them.

To that end, this thesis consists of two major parts. The first part, comprising of

the first three chapters, discusses some advances in quantum algorithms, with a particular

focus on developing algorithms beyond the circuit model. These alternative approaches to

quantum information processing can prove valuable since certain computational problems,

especially those that involve mathematical graphs, are much more easily expressed using

them than the circuit approach. In particular, we examine the computational power of

a many-body quantum random walk formalism, and investigate aspects of the quantum

adiabatic algorithm.

The second part, consisting of the next four chapters, discusses practical issues that arise

when we attempt to implement the hardware of a quantum computer. Although researchers

have had recent success with small-scale devices in many architectures, the largest universal

quantum computer demonstrated to date consists of 14 qubits [1], compared to the billions of

bits found in classical computers. It is clear that, for quantum computers to have an impact,
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they must be massively scaled up. Barriers to achieving this breakthrough are essentially the

same across all architectures: disorder and imperfections in real physical systems ruin the

idealized proposals to build a scalable quantum computer. In semiconducting architectures

[2], due to the huge amount of infrastructure support, working around or eliminating this

disorder is one of the main roadblocks to scalable systems. Therefore, it is vitally important

to thoroughly understand the physics of the semiconductor systems that would host these

qubits. The majority of the work done in this part has an emphasis on Si quantum dot

devices, but some applies to other semiconductor systems or general heterostructures, as

well.

1.1 Thesis outline

First, in chapter 2, we show that the quantum dynamics of interacting and noninteracting

quantum particles are fundamentally different in the context of solving a particular compu-

tational problem. Specifically, we consider the graph isomorphism problem, in which one

wishes to determine whether two graphs are isomorphic (related to each other by a relabel-

ing of the graph vertices), and focus on a class of graphs with particularly high symmetry

called strongly regular graphs (SRG’s). We study the Green’s functions that character-

ize the dynamical evolution single-particle and two-particle quantum walks on pairs of

non-isomorphic SRG’s and show that interacting particles can distinguish non-isomorphic

graphs that noninteracting particles cannot. We obtain the following specific results: (1)

We prove that quantum walks of two noninteracting particles, Fermions or Bosons, can-

not distinguish certain pairs of non-isomorphic SRG’s. (2) We demonstrate numerically

that two interacting Bosons are more powerful than single particles and two noninteracting

particles, in that quantum walks of interacting bosons distinguish all non-isomorphic pairs

of SRGs that we examined. By utilizing high-throughput computing to perform over 500

million direct comparisons between evolution operators, we checked all tabulated pairs of

non-isomorphic SRGs, including graphs with up to 64 vertices. (3) By performing a short-

time expansion of the evolution operator, we derive distinguishing operators that provide
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analytic insight into the power of the interacting two-particle quantum walk.

Next, in chapter 3 we extend the results of chapter 2 by focussing on quantum random

walks of multiple non-interacting particles on SRGs. Here, we demonstrate numerically

that three-particle non-interacting quantum walks have significant, but not universal, dis-

tinguishing power for pairs of SRGs, proving a fundamental difference between the distin-

guishing power of two-particle and three-particle non-interacting walks. We analytically

show why this distinguishing power is possible, whereas it is forbidden for two-particle non-

interacting walks. Based on sampling of SRGs with up to 64 vertices, we find no difference

in the distinguishing power of bosonic and fermionic walks. In addition, we find that the

four-fermion non-interacting walk has greater distinguishing power than the three-particle

walks on SRGs, showing that increasing particle number increases distinguishing power.

However, we also analytically show that no non-interacting walk with a fixed number of

particles can distinguish all SRGs, thus demonstrating a potential fundamental difference

between the distinguishing power of interacting and noninteracting walks.

In chapter 4, we move from quantum random walks to the quantum adiabatic algorithm,

by considering an important method for search engine result ranking thatworks by finding

the principal eigenvector of the “Google matrix.” Recently, a quantum algorithm for prepar-

ing this eigenvector and evidence of an exponential speedup for some scale-free networks

were presented. Here, we show that the run-time depends on features of the graphs other

than the degree distribution, and can be altered sufficiently to rule out a general exponen-

tial speedup. For a sample of graphs with degree distributions that more closely resemble

the Web than in previous work, the proposed algorithm for eigenvector preparation does

not appear to run exponentially faster than the classical case.

In chapter 5, we change topics to quantum computer implementation, and address the

issue of heat dissipation in current-carrying cryogenic nanostructures, which is problematic

because the phonon density of states decreases strongly as energy decreases. There, we

show that the Coulomb interaction can prove a valuable resource for carrier cooling via

coupling to a nearby, cold electron reservoir. Specifically, we consider the geometry of an
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electron bilayer in a silicon-based heterostructure, and analyze the power transfer. We show

that across a range of temperatures, separations, and sheet densities, the electron-electron

interaction dominates the phonon heat-dissipation modes as the main cooling mechanism.

Coulomb cooling is most effective at low densities, when phonon cooling is least effective

in silicon, making it especially relevant for experiments attempting to perform coherent

manipulations of single spins.

In chapter 6, we study the dephasing of two-electron states in a single quantum dot in

both GaAs and Si. We investigate dephasing induced by electron-phonon coupling and by

charge noise analytically for pure orbital excitations in GaAs and Si, as well as for pure

valley excitations in Si. In GaAs, polar optical phonons give rise to the most important

contribution, leading to a typical dephasing rate of ∼ 5.9 GHz. For Si, intervalley op-

tical phonons lead to a typical dephasing rate of ∼ 140 kHz for orbital excitations and

∼ 1.1 MHz for valley excitations. For harmonic, disorder-free quantum dots, charge noise is

highly suppressed for both orbital and valley excitations, since neither has an appreciable

dipole moment to couple to electric field variations from charge fluctuators. However, both

anharmonicity and disorder break the symmetry of the system, which can lead to increased

dipole moments and therefore faster dephasing rates.

In chapter 7, we measure the excited-state spectrum of a Si/SiGe quantum dot as a

function of in-plane magnetic field and identify the spin of the lowest three eigenstates in an

effective two-electron regime. We extract the singlet-triplet splitting, an essential parameter

for spin qubits, from the data, and we find it to be tunable by lateral displacement of the

dot, which is realized by changing two gate voltages on opposite sides of the device. We

present calculations showing the data are consistent with a spectrum in which the first

excited state of the dot is a valley-orbit state.

In chapter 8, we introduce a novel, systematic effective mass theory of valley-orbit

coupling in disordered silicon systems. This theory successfully reproduces the results

of atomistic tight-binding theories, while being much less computationally intensive and

retaining the appealing physical intuition of effective mass models. This theory reveals
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valley-orbit hybridization effects that are detrimental for storing quantum information in

the valley degree of freedom, including non-vanishing dipole matrix elements between valley

states and altered intervalley tunneling. These effects have ramifications for recent proposals

for encoding quantum information in the valley degree of freedom.

Finally, in chapter 9 we offer concluding remarks.

1.2 Publications

Each of the main chapters in this thesis is based one either published or submitted work,

each of which represents the work of many individuals. Here, I document my contribution

to each work, as well as my collaborators.

Chapter 2 is based on Ref. [3], titled Two-particle quantum walks applied to the graph

isomorphism problem, which I completed with Dr. Mark Friesen, Dr. Dong Zhou, Prof.

Robert Joynt, and Prof. Susan Coppersmith. I carried out the analytic proofs and nu-

merical calculations, and was assisted by Dr. Friesen, Dr. Zhou, Prof. Joynt, and Prof.

Coppersmith.

Chapter 3 is based on Ref. [4], titled Noninteracting multiparticle quantum random walks

applied to the graph isomorphism problem for strongly regular graphs, which I completed

with Mr. Kenneth Rudinger, Mr. Mark Wellons, Prof. Eric Bach, Dr. Mark Friesen, Prof.

Robert Joynt, and Prof. Susan Coppersmith. Mr. Rudinger and I jointly did the main

analytic work on the paper, assisted by the other authors. Mr. Rudinger principally carried

out the numerical work, assisted by me and the other authors.

Chapter 4 is based on Ref. [5], titled Power law scaling for the adiabatic algorithm for

search engine ranking, which I completed with Mr. Adam Frees, Mr. Kenneth Rudinger,

Prof. Eric Bach, Dr. Mark Friesen, Prof. Robert Joynt, and Prof. Susan Coppersmith. Mr.

Frees principally carried out the numerical calculations with my guidance and direction, and

with assistance from the other authors.

Chapter 5 is based on Ref. [6], titled Cooling of cryogenic electron bilayers via the

Coulomb interaction, which I completed with Dr. Mark Friesen, Prof. Robert Joynt, and
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Prof. Susan Coppersmith. Prof. Coppersmith originated the idea, and I carried out the

calculations with much assistance and guidance from Dr. Friesen, Prof. Joynt, and Prof.

Coppersmith.

Chapter 6 is based on Ref. [7], titled Two-electron dephasing in single Si and GaAs

quantum dots, which I completed with Dr. Mark Friesen, Prof. Susan Coppersmith, and

Prof. Xuedong Hu. The work was motivated by a need to characterize the decoherence in

the new qubit architecture that we introduced in Ref. [8]. I performed the calculations with

assistance and guidance from Dr. Friesen, Prof. Coppersmith, and Prof. Hu.

Chapter 7 is based on Ref. [9], titled Tunable singlet-triplet splitting in a few-electron

Si/SiGe quantum dot, which I completed with Ms. Zhan Shi, Dr. Christine Simmons, Dr.

Jonathan Prance, Dr. Mark Friesen, Dr. Don Savage, Prof. Max Lagally, Prof. Susan

Coppersmith, and Prof. Mark Eriksson. Ms. Shi, Dr. Simmons, Dr. Prance, and Prof.

Eriksson performed the experiment, Dr. Savage and Prof. Lagally grew the samples, and I

performed the theoretical simulations with help and assistance from Dr. Friesen and Prof.

Coppersmith.

Chapter 8 is based on work to be submitted, titled Disorder-induced valley-orbit hybrid

states in Si quantum dots, which I completed with Prof. Mark Eriksson, Prof. Susan

Coppersmith, and Dr. Mark Friesen. I developed the disorder-expansion technique used in

this chapter and performed the calculations, based on the extensive studies of valley-orbit

coupling carried out primarily by Dr. Friesen, and assisted by Prof. Eriksson and Prof.

Coppersmith.
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Chapter 2

Two-particle quantum walks

applied to the graph isomorphism

problem

2.1 Introduction

Random walks have been applied successfully to many problems in physics, as well as in

many other disciplines, stretching from biology to economics [10, 11, 12, 13, 14]. Most

of these applications use classical random walks (CRWs), in which quantum mechanical

principles are not considered. However, more recently, researchers have found that CRWs

and quantum random walks (QRWs) can exhibit qualitatively different properties [15, 16,

17]. From a standpoint of algorithms research, these disparities lead to situations in which

algorithms implemented by QRWs can be proven to run faster than the fastest possible

classical algorithm [18, 19, 20, 21, 22, 23, 24].

Besides being useful as theoretical models, simple QRWs have already been experimen-

tally implemented in externally driven cavities [25], arrays of optical traps [26, 27], NMR

systems [28], and ion traps [29, 30]. This, coupled with new ideas for realistic physical

implementations of non-trivial walks [31], indicates that studying algorithms cast as QRWs
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might lead to algorithms that are both powerful and experimentally viable.

Although QRWs are universal and therefore in principle can be used to implement any

quantum algorithm [32], in practice some information-theoretic problems lend themselves to

a QRW approach more easily than others. Many of the problems that have been investigated

are expressed naturally using graphs, sets of vertices and edges, with each edge connecting

two vertices. For example, the vertices of a graph might be taken to represent individuals,

and the edges between them might indicate friendship. A question one could ask is whether

there is a subset of friends that are isolated from the rest of the group, which translates

to the graph-theoretic question of whether the graph is disconnected. Once the question

to be answered is posed as a question about a graph, it is investigated by constructing a

quantum Hamiltonian from that graph. The dynamics of the system is then analyzed using

quantum mechanics, and is used to make statements about the original graph, hopefully

giving insight to the answer of the original problem.

This chapter addresses the graph isomorphism (GI) problem, where, given two graphs,

one must determine whether or not they are isomorphic (two graphs are isomorphic if one

can be obtained from the other by a relabeling of the vertices). Although many special

cases of GI have been shown to solvable in a time that scales as a polynomial of the number

of vertices, the best general classical algorithm to date runs in time O
(
cN

1/2 logN
)

, where

c is a constant and N is the number of vertices in the graphs being compared [33].

GI has several properties analogous to those of factoring. First, though it appears to be

difficult, it is felt that it is unlikely to be NP-complete, since otherwise many complexity

classes believed to be distinct would collapse.1 Second, both GI and factoring can be

viewed as hidden subgroup problems. In GI, one is looking for a hidden subgroup of the

permutation group, while in factoring, one is looking for a hidden subgroup of the Abelian

group. The success of Shor’s polynomial-time algorithm for factoring [35] has led several

groups to investigate a hidden-subgroup approach to GI. However, the obstacles facing such

an approach have been shown to be formidable [36, 37].

1Specifically, it has been shown that graph isomorphism were NP-complete, the polynomial hierarchy
collapses to level two [34].
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Researchers have also recently attacked GI using various methods inspired by phys-

ical systems. Rudolph mapped the GI problem onto a system of hard-core atoms [38].

One atom was used per vertex, and atoms i and j interacted if vertices i and j were

connected by edges. He showed that pairs of non-isomorphic graphs exist whose original

adjacency matrices have the same eigenvalues, while the induced adjacency matrices de-

scribing transitions between three-particle states have different eigenvalues. Gudkov and

Nussinov proposed a physically-motivated classical algorithm to distinguish non-isomorphic

graphs [39]. Shiau et al. proved that the simplest classical algorithm fails to distinguish

some pairs of non-isomorphic graphs [40] and also proved that continuous-time one-particle

QRWs cannot distinguish some non-isomorphic graphs [40]. Douglas and Wang modified a

single-particle QRW by adding phase inhomogeneities, altering the evolution as the particle

walked through the graph [41]. Their approach was powerful enough to successfully distin-

guish many families of graphs considered to be difficult to distinguish, including all families

of strongly regular graphs they tried. Most recently, Emms et al. used discrete-time QRWs

to build potential graph invariants [42, 43]. Through numerical spectral analysis, they found

that these invariants could be used to distinguish many types of graphs by breaking the

eigenvalue degeneracies of many families of graphs that are difficult to distinguish.

In addition to studying single-particle QRWs, Shiau et al. [40] performed numerical

investigations of two-particle QRWs and presented evidence that interacting Bosons can

distinguish non-isomorphic pairs that single-particle walks cannot. There, it was also found

numerically that two-Boson QRWs with noninteracting particles do not distinguish some

non-isomorphic pairs of graphs. In contrast to the approaches in [41, 42, 43], the two-particle

QRW algorithm does not lower the symmetry of the system.

In this chapter, we extend the results in [40] on two-particle quantum walks in several

ways. First, we prove analytically that quantum walks of two non-interacting Bosons always

fail to distinguish non-isomorphic pairs of strongly regular graphs (SRGs). This result

is surprising, since it has been shown in [44, 45, 46] that non-interacting Boson QRWs

on graphs can give rise to effective statistical interactions, which significantly alter the
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dynamics of the system. Second, we show that analysis of the behavior of non-interacting

Fermions requires a more subtle treatment than was done in [40]; the result in [40] that some

non-isomorphic SRGs could be distinguished by two noninteracting Fermions and not by

two noninteracting Bosons arose because of an ambiguity in the choice of basis. When the

ambiguities involved with the basis choice for Fermions are accounted for, non-interacting

Fermions fail to have any advantage over non-interacting Bosons. Third, we expand on

the initial numerical results in [40], exhaustively verifying, where only sampling was used

before, that two-particle interacting Boson walks distinguish all the non-isomorphic pairs

of SRGs with up to 64 vertices that have been tabulated. To accomplish this, we used

high-throughput computing techniques to perform over 500 million comparisons between

evolution operators of graphs. Finally, we examine the small-time expansion of the evolution

operator, and use the two-particle interacting evolution to derive candidates for graph

invariants, which appear in the fourth and sixth orders in time.

Our results demonstrate unambiguously that two-particle Bosonic quantum walks have

more computational power if the particles are interacting, because interacting walks can be

used to distinguish non-isomorphic graphs that noninteracting particles cannot.

The chapter is organized as follows. Section 2.2 introduces relevant background and

definitions to QRWs on graphs, including a brief overview of the strongly regular graphs

(SRGs) on which the algorithms are tested and also a review of the one-particle QRW

algorithm considered in [40]. Section 2.3 proves that QRWs of two non-interacting Bosons

do not distinguish non-isomorphic SRGs with the same family parameters. Section 2.4

analyzes the QRW of two non-interacting Fermions. It shows that improper basis choice

can lead to false-distinguishing, and that when the basis is chosen consistently, QRWs

with two noninteracting fermions are unable to distinguish some pairs of non-isomorphic

SRGs. Section 2.5 shows through exhaustive simulation that all tabulated families of SRGs

are successfully distinguished by a two hard-core Boson QRW. In section 2.6 a short-time

expansion of the evolution operator is computed, and distinguishing operators present in the

two hard-core Boson QRW are identified. Finally, Section 2.7 summarizes and discusses the
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possible implications of our results for the development of algorithms based on interacting

QRWs for distinguishing non-isomorphic graphs.

2.2 Background & Definitions

This section describes the background and definitions necessary to study QRWs on graphs.

First, we introduce the graph-theoretic concepts we will need, including the notions of of

the adjacency matrix and the spectrum of a graph. Then, we consider how to use these

tools to construct a physical process through the definition of Hamiltonian and Green’s

functions, for both one and two particles. Next, we detail the relevant properties of SRGs.

Finally, we review the method used in [40] to use the properties of SRGs to show that the

Green’s functions of single-particle QRWs do not distinguish non-isomorphic SRGs with

the same family parameters.

Constructing walks on graphs

In this section, we describe how to form QRWs on graphs. A graph G = (V,E) is a

set vertices V and edges E. The vertices are usually labeled by integer indices, and

the edges are unordered pairs of vertices. Two vertices that share an edge are called

connected, while two vertices that do not are called disconnected. The total number of

neighboring vertices of a particular vertex is called its degree. For example, the graph

G = ({1, 2, 3, 4}, {(1, 2), (2, 3), (3, 4), (4, 1)}) is a cycle graph with four vertices. Two graphs

are isomorphic if they can be made identical by relabeling their vertices. For example, the

graph H = ({1, 2, 3, 4}, {(1, 3), (3, 2), (2, 4), (4, 1)}) is isomorphic to G, since after relabeling

2↔ 3, the two graphs are equivalent.

Graphs are conveniently expressed algebraically as adjacency matrices. An adjacency

matrix A of a graph with N vertices is an N ×N matrix in the basis of vertex labels, with

Aij = 1 if vertices i and j are connected by an edge, and zero otherwise. The adjacency
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matrix for the graph G is

AG =




0 1 0 1

1 0 1 0

0 1 0 1

1 0 1 0



. (2.1)

The spectrum of a graph is the eigenvalue spectrum of its adjacency matrix. The spectrum

of G is {−2, 0, 2}, with 0 two-fold degenerate.

To form a QRW on a graph, we first define a Hamiltonian. We will use the Hubbard

model, with each site corresponding to a graph vertex. A particle can make a transition

between two sites if the associated vertices are connected. In addition, if two walkers

happen to simultaneously occupy a site, we impose a double-occupation energy cost U .

Our Hamiltonian is

H = −
∑

i,j

Aijc
†
icj +

U

2

∑

i

(
c†ici

)(
c†ici − 1

)
, (2.2)

where c and c† are Boson or (spinless) Fermion creation and annihilation operators. If we

restrict ourselves to single-particle states, we find matrix elements

〈i|H |j〉 = −Aij . (2.3)

Hence, we can easily identify the a single-particle Hamiltonian

H1P = −A. (2.4)

Similarly, we can define two-particle Hamiltonians by their matrix elements. For these, we

need to use either Bosonic or Fermionic basis states. The Boson states are

|ij〉B ≡





1√
2

(|ij〉+ |ji〉) : i 6= j

|ii〉 : i = j
(2.5)

and the Fermion states are

|ij〉F ≡
1√
2

(|ij〉 − |ji〉) . (2.6)
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We now restrict ourselves to two particles, where we define H2B and H2F to be the two-

particle Boson and Fermion Hamiltonians. These are special cases of eq. 2.2, with matrix

elements

B〈ij|H2B |kl〉B ≡ B〈ij|H |kl〉B (2.7)

=





−δikAjl − δjlAik − δilAjk − δjkAil : i 6= j and k 6= l

Uδik : i = j and k = l

−1√
2

(δikAjl + δjlAik + δilAjk + δjkAil) : i = j xor k = l

,

F 〈ij|H2F |kl〉F ≡ F 〈ij|H |kl〉F (2.8)

= Aikδjl +Ajlδik −Ailδjk −Ajkδil : i 6= j and k 6= l,

respectively, where the matrix elements are found directly from Eq. 2.2 through the appli-

cation of appropriate commutation relations.

From each of these Hamiltonians, we define the QRW time-evolution operator as

U = e−itH, (2.9)

where we set ~ = 1 for notational convenience.

To study the dynamics of the system, we define the two-particle Green’s function (GF),

which relates the wavefunctions at a time t to those at time t = 0. For two-particle position

states |ψ〉 and |ψ′〉, it is

G
(
ψ(0), ψ′(t)

)
=
〈
ψ(0)

∣∣∣ψ′(t)
〉

= 〈ψ(0)|U
∣∣ψ′(0)

〉
. (2.10)

Letting (ψ,ψ′) run over a complete two-particle basis, G(ψ(0), ψ′(t)) considered at a fixed

time provides us with a set of N2(N + 1)2/4 complex numbers for Bosons or N2(N − 1)2/4

complex numbers for Fermions. These lists completely characterizes the dynamics of the

system. Hence, when we analyze QRWs, we say that a particular scheme distinguishes two

graphs if their Green’s functions supply us with two different lists.
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Strongly Regular Graphs

Our major results in this chapter focus on algorithms over strongly regular graphs (SRGs),

which are difficult to distinguish. In this section, we develop the properties of SRGs we will

need for our later analysis.

A SRG is a graph in which (a) all vertices have the same degree, (b) each pair of

neighboring vertices has the same number of shared neighbors, and (c) each pair of non-

neighboring vertices has the same number of shared neighbors. This definition permits

SRGs to be categorized into families by four integers (N, k, λ, µ), each of which might

contain many non-isomorphic members. Here, N is the number of vertices in each graph, k

is the degree of each vertex (k-regularity), λ is the number of of common neighbors shared

by each pair of adjacent vertices, and µ is the number common neighbors shared by each

pair of non-adjacent vertices.

Using the stringent constraints placed on SRGs, one can show that, regardless of size,

the spectrum of any SRG only has three distinct values [47]:

λ0 = −k, (2.11)

which is non-degenerate, and

λ1,2 = −1

2

(
λ− µ±

√
N
)
, (2.12)

which are both highly degenerate. Both the value and degeneracy of these eigenvalues

depend only on the family parameters, so within a particular SRG family, all graphs are

cospectral [47]. Further, the spectra of the two-particle Hamiltonians formed from SRG

adjacency matrices, as described in Eq. 2.7, are also highly degenerate. As shown in figure

2.1 for the family (16,6,2,2), the interacting case gives us the largest number of distinct

energy levels. These highly degenerate spectra are one reason why distinguishing non-

isomorphic SRGs is difficult—it is known that distinguishing non-isomorphic graphs with

spectra with bounded degeneracy can be done with polynomially bounded resources [48].

The adjacency matrix of any SRG satisfies the useful relation [47]:

A2 = (k − µ)I + µJ + (λ− µ)A, (2.13)
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Figure 2.1: The energy spectra for (i) one particle, (ii) two non-interacting Fermion, (iii) two
non-interacting Boson, and (iv) two hard-core Boson QRWs on the SRG family (16,6,2,2).
Here, the units are the physical coupling between nodes, which is set to one in the text
for simplicity. The parameters (N, k, λ, µ) define an individual SRG family, where N is
the number of vertices in each graph, k is the degree of each vertex (k-regularity), λ is
the number of of common neighbors shared by each pair of adjacent vertices, and µ is the
number common neighbors shared by each pair of non-adjacent vertices. Both graphs in
the family have the same spectra. In all four panels, the Hamiltonian used is the Hubbard
model (eq. 2.2), with U = 0 in the noninteracting cases and U → ∞ for the hard-core
Bosons. The degeneracies are given to the right of each level.

where I is the identity and J is the matrix of all ones (Jij = 1 for all i, j). Since J2 = NJ

and I2 = I, this forms a three-dimensional algebra, and we can write

An = αnI + βnJ + γnA, (2.14)

where α, β, and γ are functions only of the family parameters. That is, all SRGs of the

same family have the same coefficients.

Although many SRGs are known [49], there are substantially fewer tabulated families

with more than one non-isomorphic member. Complete and partial families of SRGs have
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been tabulated through combinatorial techniques [50, 51], which we use in sec. 2.5 to

perform numerical tests of our algorithms.

Review of one-particle algorithm

In this section, we review the method used in Ref. [40] to prove that a single-particle QRW

cannot distinguish non-isomorphic members of SRG families. Formally, this means that we

must show that any two SRGs of the same family parameters have the same single-particle

Green’s functions G1P .

First, we consider the adjacency matrix A, and suppose it belongs to the strongly regular

graph family (N, k, λ, µ). Then, by Eq. 2.4, we know that the single-particle hamiltonian

is H1P = −A, and so by Eq. 2.9, the QRW evolution operator is U1P = eitA. But since A

is a SRG, we make use of the algebra defined in Eq. 2.14 to write

U1P = αI + βJ + γA, (2.15)

where the coefficients depend only on the family parameters.

Following Shiau et al., we investigate the relevant Green’s functions, G1P (i, j) = 〈i|U1P |j〉.

We first consider the diagonal elements, each of which contains a contribution of α from I

and β from J. Note that there is no contribution from A, because it is entirely off-diagonal.

Hence, the N diagonal Green’s functions are all equal to α + β. For the off-diagonal el-

ements, I never contributes and J always does. However, A contributes to only some of

the elements. More precisely, each column of A contains exactly k ones (entirely in the

off-diagonal), since each vertex is of degree k. Hence, there are kN off-diagonal Green’s

functions of the form β + γ, and the remaining N2 −N − kN are equal to β.

As can be seen from Eq. 2.14, α, β, and γ all depend only on the family parameters.

Therefore, the one-particle evolution for any graph in the same family will have the same

GFs, and the algorithm based on single-particle quantum evolution fails to distinguish any

non-isomorphic SRGs that are in the same family.
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2.3 Proof that QRWs with two non-interacting Bosons do

not distinguish non-isomorphic SRGs in the same

family

We now develop exact expressions for the time evolution operators for two non-interacting

Bosons, and subsequently show that this evolution cannot be used to distinguish non-

isomorphic SRGs in the same family. Although this result may seem expected, recent efforts

[46, 44, 45] have demonstrated that non-interacting QRWs on non-translationally invariant

graphs lead to effective, statistical interactions, resulting in rich physical phenomena such

as Bose-Einstein condensation. The method used here is analogous to that used in Ref. [40]

to show that one-particle QRWs cannot distinguish non-isomorphic SRGs from the same

family, but with a more complex implementation.

First, we note that we may write the Hamiltonian for any two-Boson QRW as

H2B = −1

2
(I + S) (A⊕A) + UR, (2.16)

where A⊕A = A⊗ I+ I⊗A is a Kronecker sum, the matrix special case of a direct sum,

and

S =
∑

i,j

|ij〉 〈ji| , R =
∑

i

|ii〉 〈ii| . (2.17)

The demonstration that Eq. 2.16 is equivalent to Eq. 2.7 is given in appendix A.1. For

noninteracting Bosons U = 0, and the evolution operator is

U2B = e−itH2B

=

∞∑

n=0

1

n!

(
it

1

2
(I + S) (A⊕A)

)n
, (2.18)

where U2B is shorthand to refer only to the non-interacting case. Now, by the definitions

of the Kronecker sum and S, it is easy to show that [(I + S) , (A⊕A)] = 0. Hence,

U2B =

∞∑

n=0

1

n!

(
it

1

2

)n
(I + S)n (A⊕A)n . (2.19)

But note that S2 = I, so (I + S)n = 2n−1 (I + S). It follows that

U2B =
1

2
(I + S) eitA⊕itA. (2.20)
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Since each matrix A in the Kronecker (direct) sum exponentiates in its own product

space, we can write eA⊕B = eA ⊗ eB, which leads to

U2B =
1

2
(I + S) eitA ⊗ eitA

=
1

2
(I + S)U1P ⊗U1P , (2.21)

where the single-particle evolution operator U1P is defined in Eq. 2.9 for H = −A. Since

the Boson states are symmetric under particle interchange, we have matrix elements

B〈ij|U2B |kl〉B = B〈ij|U1P ⊗U1P |kl〉B . (2.22)

Expanding this using eq. 2.15, we have

B〈ij|U2B |kl〉B = B〈ij|
(
α2I⊗ I + β2J⊗ J

+ γ2A⊗A + αβ (J⊕ J) + αγ (A⊕A)

+ βγ (J⊗A + A⊗ J)
)
|kl〉B . (2.23)

Now that we have determined the matrix elements of U2B, we can work out all the cases

for eq. 2.23, which are the GFs of the system. We find that there are 22 possible values,

each of which can be written as an explicit function of α, β, and γ. Since the values of the

matrix elements are all only functions of SRG family parameters, they are the same for all

graphs in the same SRG family. To show that the GFs are the same across a SRG family,

we also need to show that the number of occurrences of each value is also a function only

of SRG parameters. In Appendix A.2 we count all the types of these GFs in terms of SRG

family parameters, with the results shown in table 2.1.

Because we have shown that both the values and number of occurrences of all of the

two-particle Green’s functions for noninteracting Bosons can be written in terms of the

family parameters N , k, λ, and µ, we demonstrated that two noninteracting Bosons cannot

distinguish non-isomorphic SRGs of the same family.
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2.4 Analysis of the noninteracting two-Fermion evolution

for SRGs

In this subsection we consider the analogous evolution generated by two non-interacting

Fermions. This analysis is more complicated than for Bosons because changing the two-

particle basis can introduce sign changes. If this sign ambiguity is not accounted for prop-

erly, the algorithm may falsely distinguish two graphs that are actually isomorphic.

The Hamiltonian for the two-Fermion QRW, H2F , is

H2F =
1

2
(I− S) (A⊕A) , (2.24)

where, again, I is the identity, S is the operator that swaps the two particles, A is the

adjacency matrix of the graph, and ⊕ denotes a direct sum. We follow the same logic we

did for the Bosons but let t→ −t,

U2F (−t) ≡ U2F . (2.25)

This way, the single-particle evolution operator U1P still has time running forwards. The

matrix elements of U2F are given by

F 〈ij|U2F |kl〉F = F 〈ij|
(
α2I⊗ I + β2J⊗ J + γ2A⊗A

+ αβ (J⊕ J) + αγ (A⊕A)

+ βγ (J⊗A + A⊗ J)
)
|kl〉F . (2.26)

We now show that there are sign ambiguities in UF that arise from the choice of basis

states that one uses when converting a graph to an adjacency matrix. As an example,

consider the two isomorphic graphs shown in figure 2.2, which have adjacency matrices

A =




0 1 0

1 0 1

0 1 0



, B =




0 1 1

1 0 0

1 0 0



. (2.27)

We wish to write down the two-particle Hamiltonians using eq. 2.7. However, we must first

pick a basis. That is, for each pair of sites |ij〉 ≡ |ji〉, we are free to pick either ordering,
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Figure 2.2: Two clearly isomorphic graphs. Graph A differs from graph B only by the
labeling of vertices 2 and 3. Despite this, some matrix elements of two-particle Fermion
evolution operators UF of the two graphs have opposite signs. This result implies that using
the numerical values of these matrix elements produces a false-positive: two isomorphic
graphs are falsely distinguished.

but we cannot choose both. Supposing we pick {|12〉 , |13〉 , |23〉}, we get

HA =




0 1 0

1 0 1

0 1 0



, HB =




0 1 −1

1 0 0

−1 0 0



. (2.28)

Forming the evolution operators U = e−itH, we have

UA =




(
cos(
√

2t)
2 + 1

2

)
− i sin(

√
2t)√

2

(
cos(
√

2t)
2 − 1

2

)

− i sin(
√

2t)√
2

cos
(√

2t
)

− i sin(
√

2t)√
2(

cos(
√

2t)
2 − 1

2

)
− i sin(

√
2t)√

2

(
cos(
√

2t)
2 + 1

2

)




(2.29)

and

UB =




cos
(√

2t
)

− i sin(
√

2t)√
2

i sin(
√

2t)√
2

− i sin(
√

2t)√
2

(
cos(
√

2t)
2 + 1

2

) (
1
2 −

cos(
√

2t)
2

)

i sin(
√

2t)√
2

(
1
2 −

cos(
√

2t)
2

) (
cos(
√

2t)
2 + 1

2

)



. (2.30)

The values of the matrix elements of these two evolution operators clearly have sign differ-

ences. If we had taken into account that the second and third labels had been switched on

graph B, we would have chosen the basis to be {|12〉 , |13〉 , |32〉}, fixing the factors of nega-

tive one. Unfortunately, in a situation where we are handed two graphs and asked whether

or not they are isomorphic, we do not know a priori what the correct basis choice should be
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for proper testing. Moreover, because the number of possible basis choices is 2N , checking

all of them is not feasible. We adopt here a simple strategy that eliminates this dependence

of the sign on the choice of basis that arises for more than one fermion; we compare the

absolute value of the elements, rather than the elements themselves. The absolute values

of all the elements and their degeneracies are shown in Table 2.2. The absolute values and

degeneracies can be expressed as explicit functions of family parameters, so we conclude

that two non-interacting Fermions, as well as two non-interacting Bosons, fail to distinguish

non-isomorphic SRGs from the same family. The enumeration of the three classes of matrix

elements allowed by UF are listed in table 2.2, where the ± symbol indicates that the count

given is the total of elements of either sign.

2.5 Numerical testing of evolutions of random walks of

interacting particles

In the preceding two subsections we have proven that QRWs with two noninteracting par-

ticles are not useful for distinguishing non-isomorphic SRGs from the same family. In this

section we perform a systematic investigation of the ability of QRWs of two interacting

Bosons to distinguish non-isomorphic SRGs. We go beyond the sampling performed in [40]

by exhaustively checking the two-Boson interacting QRW on all tabulated SRG families

with more than one member. Our work shows that this walk succeeded in all trials pre-

formed, including successfully distinguishing the (36,15,6,6) SRG family, which has 32,548

non-isomorphic members. We used the following procedure for each pair of graphs in each

family:

1. Begin with the evolved (complex) evolution matrix UA.

2. Take the magnitude of each element.

3. Write all the (real) entries to a list, XA.

4. Sort the list.
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5. Compare the list using

∆ =
∑

j

|XA [j]−XB [j]| . (2.31)

Note that for any two isomorphic graphs, ∆ = 0, so if ∆ 6= 0, we can conclude that the

graphs are not isomorphic. Table 2.3 presents our results, which show that QRWs of two

hard-core Bosons successfully distinguished all pairs of non-isomorphic graphs in all SRG

families tested.

The process of numerically checking that each pair of non-isomorphic graphs was indeed

distinguished by our algorithm was computationally intensive. First, in order to calculate

U = e−itH, one must diagonalize H. For the N = 64 cases we considered, since the

two-particle space has dimension 64 · (64 + 1)/2 = 2080, we needed to diagonalize large,

non-sparse matrices. Further, we needed to perform many comparisons to generate all

the candidates for the minimum ∆. For example, for the (36,15,6,6) family, one needs

to perform 32, 548 · 32, 547/2 = 529, 669, 878 comparisons to check each pairwise ∆. To

accomplish this, we used high-throughput computing environment Condor running on the

University of Wisconsin’s Center for High Throughput Computing cluster. The numerical

error on ∆ was between 10−14 and 10−9 for all families we analyzed.

In addition to our calculations with hard-core Bosons, we also investigated non-interacting

Fermions numerically using the numerical procedure described above. As discussed above,

comparing absolute values of matrix elements eliminates the sign discrepancy brought on

by basis choice. As one expects given the results in section 2.4, the result ∆ = 0 is obtained

for all cases tested (the first six SRG families appearing in table 2.3).

2.6 Small-time expansion and possible distinguishing

operators

In this section we attempt to gain more insight into the behavior of the QRWs of two in-

teracting Bosons by expanding the evolution operator for short times. By forming such an

expansion and listing all the forms that appear, we can investigate which of these opera-
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Figure 2.3: Small-time expansion comparison for the two non-isomorphic SRGs in the family
(16,6,0,2) using the interacting two-Boson Hamiltonian H2B = −1/2·(I + S) (A⊕A)+UR
with U = 50, evaluated with t = 0.01. The evolution operator was expanded to the different
orders in t, and ∆, a dimensionless measure of differences in evolution operator matrix
elements, is plotted versus the order of the expansion. The actual value of ∆ obtained
numerically using the full evolution operator is given by the dashed line. The distinguishing
operator U (A⊕A)R (A⊕A)2+U (A⊕A)2 R (A⊕A), where A is the adjacency matrix
of the graph, and R counts double-occupation, causes the two graphs to be distinguished
at fourth order in time.

tors contribute to the distinguishing power of the evolution operator. The operators that

contribute are called distinguishing operators, and below we work out the first one, which

appears in the fourth order in time. We then briefly investigate a sixth-order term, which

succeeds in some instances when the fourth-order term fails.

We begin with the exact evolution operator for the interacting Boson case, which is

U = e−it(−
1
2

(I+S)(A⊕A)+UR). (2.32)

Expanding as a power series in t, we have

U =

∞∑

n=0

(−it)n
n!

(
−1

2
(I + S) (A⊕A) + UR

)n
. (2.33)
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Since we know from simulation that this evolution operator distinguishes SRGs, we expect

that there will be an order in t at which there are terms that are not functions of only

the SRG family parameters. Numerically, as shown in figure 2.3, we calculate that in the

case shown these terms first appear at fourth order in time, so we endeavor to analyze the

matrix elements of the first five terms of the expansion for the evolution operator,

U ∼ U0 − itU1 −
t2

2
U2 +

it3

6
U3 +

t4

24
. (2.34)

We first expand the terms to simplify the evolution operator, taking A⊕A = B.

U1 =
1

2
(I + S) (UR−B) , (2.35)

U2 =
1

2
(I + S)

(
U2R + B2 − URB− UBR

)
, (2.36)

U3 =
1

2
(I + S)

(
U3R + UB2R− U2BR

− U2RB−B3 + URB2 + UBRB
)
, (2.37)

where we used the fact that any term containing the product RBR vanishes due to the

construction of B. Finally,

U4 =
1

2
(I + S)

(
U4R + U2B2R− U3BR− UB3R

+ U2RB2R− U3RB− UB2RB + U2BRB

+ U2RB2 + B4 − URB3 − UBRB2
)
. (2.38)

Numerically, we determined that the fourth order operators that successfully distin-

guished (16,6,0,2), and thus could not be counted in terms of SRG family parameters, was

the combination of UBRB2 + UB2RB. If either of these operators is removed from the

fourth order term, ∆ drops to zero. Upon further investigation, graphs with more vertices,

starting with (25,12,5,6), are not necessarily distinguished by the fourth order in t. For

some, a sixth order expansion was necessary, where we found that at least the term B2RB3

helped to distinguish these graphs. We tried a sampling of graphs from the families up to

N = 40, and found that this sixth order term succeeded in every instance we tried.
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2.7 Discussion

This chapter takes several steps towards characterizing the additional power that quan-

tum walks of interacting particles have for distinguishing non-isomorphic strongly regular

graphs, as compared to quantum random walks of noninteracting particles. We prove an-

alytically that quantum random walks of two noninteracting particles, either bosons or

fermions, cannot distinguish non-isomorphic strongly regular graphs from the same family.

We investigate numerically the quantum time-evolution operator for a quantum random

walk with two interacting bosons and show that the resulting Green’s functions can be

used to distinguish all non-isomorphic pairs of strongly regular graphs that were investi-

gated. We perform a much more comprehensive numerical test of the interacting particle

algorithm than has been done previously, and find that quantum random walks of two

hard-core bosons successfully distinguish all known non-isomorphic pairs of SRGs, which

include graphs with up to 64 vertices, and family sizes as large as 32,548 non-isomorphic

members.

We now discuss how our results are relevant to possible algorithms for solving GI. If our

algorithm for two hard-core Bosons does indeed distinguish arbitrary graphs, then GI is in

P, since the number of particles is fixed, and only the lattice size increases with number of

vertices. But, if GI is not in P, then for some pair of graphs, our two particle algorithm

must break. Hence, if such a case was identified, then one could try increasing particle

number, which could potentially place GI in BQP, the complexity class solvable efficiently

on a quantum computer. Unfortunately, we exhausted our test cases (the SRGs), so we

could not test this hypothesis.

Although we found that two non-interacting Bosons were not helpful for distinguishing

SRGs, we suspect that at larger numbers of non-interacting particles, QRWs might be able

to distinguish SRGs. This suspicion is due to refs. [46, 44, 45], where non-interacting QRWs

generate an effective external field in the statistical limit. The resulting effective particle-

field interactions might produce distinguishing power comparable to our explicit hard-core

particle-particle interaction, while providing for an easier analysis. It would be interesting
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to examine the several-particle non-interacting QRW to see if this is indeed the case.
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Table 2.1: This table enumerates the Green’s functions for the QRW with two non-
interacting Bosons on a SRG with family parameters (N, k, µ, λ). The Hamiltonian con-
sidered is HB = −1/2 · (I + S) (A⊕A), where S swaps the two particles and A is the
adjacency matrix of the graph. Because the A, I, and J form an algebra, the parameters
α, β, and γ are the same for every graph in an SRG family (Eq. (2.14). The evolution
operator for noninteracting Bosons, UB = 1/2 (I + S)U1P ⊗U1P , contains terms bilinear
in I, J, and A, with coefficients that can be written in terms of α, β, and γ. The GFs,
formed by taking matrix elements of UB (Eq. (2.10), are divided into symmetry classes
(a, b), where a indicates the number of distinct basis indices and b is the number of indices
shared between the left and right sides. For example, 〈34|B UB |24〉B, where |ij〉B indicates
identical Bosons on vertices i and j, falls into the symmetry class (3, 1), since it has three
distinct indices (2,3,4) and the left and right side have one index in common (2). Since the
total number of entries with any given particular value can be counted in terms of numbers
that are constant for a given set of family parameters, the GFs generated by non-isomorphic
members of the same SRG family must have the same values and the same degeneracies.

Element Class Value of Element Number of Occurrences

(4,0) 4βγ + 2γ2 + 2β2 1/4 ·N
(
k2(µ+ 1) + k

(
λ2 − λ(µ+ 2) + µ− 1

)
−2(N − 1)µ

)
3βγ + γ2 + 2β2 Nµ(N − k − 1)(k + λ− µ)

2βγ + 2β2 + γ2 1/(2k) ·
[
N(N − k − 1)

(
k3 − 2k2µ+ (N − 1)µ2

)]
2βγ + 2β2 1/k ·

[
N(N − k − 1)

(
k3 − k2(2µ+ 1) + (N − 1)µ2

)]
βγ + 2β2 1/k · [N(k −N + 1)(k − µ)(k(2k −N + 2)−Nµ+ µ)]

2β2 1/(4k) ·
[
N(N − k − 1)

(
k(−3kN + k(3k + 8)

+N2 − 5N + 6)− 2k(k + 1)µ+ (N − 1)µ2
)]

Subtotal: 1/4 ·N(N − 1)(N − 2)(N − 3)

(3,0) 4/
√

2 · βγ + 2/
√

2 · β2 kN(k − λ− 1) + kNλ

+2/
√

2 · γ2

2/
√

2 · βγ + 2/
√

2 · β2 2kN(N − k − 1)

2/
√

2 · β2 N(k −N + 1)(k −N + 2)

Subtotal: N(N − 1)(N − 2)

(3,1) αβ + αγ + 3βγ + 2β2 + γ2 kNλ

αβ + 2βγ + 2β2 + γ2 N(N − 1− k)µ

αβ + αγ + 2βγ + 2β2 2N(N − 1− k)µ

αβ + αγ + βγ + 2β2 kN(−2k +N + λ)

αβ + βγ + 2β2 2kN(−2k +N + λ)

αβ + 2β2 N(1 + k −N)(2 + 2k −N − µ)

Subtotal: 2 N(N − 1)(N − 2)

(2,0) 2βγ + β2 + γ2 kN

β2 N(N − k − 1)

Subtotal: N(N − 1)

(2,1) 2/
√

2 ·
(
αβ + αγ + βγ + β2

)
2kN

2/
√

2 ·
(
αβ + β2

)
2N(N − k − 1)

Subtotal: 2N(N − 1)

(2,2) α2 + 2αβ + 2βγ + 2β2 + γ2 1/2 · kN
α2 + 2αβ + 2β2 1/2 ·N(N − k − 1)

Subtotal: 1/2 ·N(N − 1)

(1,2) α2 + 2αβ + β2 N

Total: 1/4 ·N2(N + 1)2
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Table 2.2: Enumeration of the Green’s functions for QRWs of two non-interacting Fermions.
The Hamiltonian for two noninteracting Fermions is H2F = 1/2 · (I− S) (A⊕A), where
S swaps the two particles and A is the adjacency matrix of the graph. Hence, the two-
Fermion evolution operator, defined with t → −t to keep U1P running with forward time,
is UF = 1/2 (I− S)U1P ⊗U1P . It contains terms bilinear in I, J, and A, with coefficients
written as combinations of α, β, and γ, where the parameters α, β, and γ, are defined in
Eq. (2.15). We divide the matrix elements 〈ij|F U2F |kl〉F of the GFs into classes (a, b),
where a indicates the number of distinct indices and b is the number of indices shared
between the left and right sides. For example, 〈34|F UF |24〉F falls into class (3, 1), since
it has the three distinct indices (2,3,4) and the left and right side have the index (2) in
common. The ± next to some of the element values indicates that the count applies to all
elements with the given magnitude; this is done because the number of elements with each
sign depends on the choice of two-particle basis. The total number of matrix elements with
a given absolute value can be expressed in terms of the SRG family parameters. Therefore,
we conclude that the matrix elements of the GFs of two non-isomorphic members of the
same SRG family must be equivalent up to sign differences.

Element Class Value of Element Number of Occurrences

(4,0) 0 n/(4k)
(
− 6k4 + 2k3(5n+ 6µ− 7)− 4k2(n− 1)(n+ 3µ− 2)

+k(n− 1)
(
(n− 5)n− 6µ2 + 6

)
+ 6(n− 1)2µ2

)
±
(
βγ + γ2

)
Nµ · (N − k − 1)(k + λ− µ)

±
(
γ2 + 2βγ

)
1/k ·

[
N(N − k − 1)

(
k3 − 2k2µ+ (N − 1)µ2

)]
±βγ 1/k · [N(k −N + 1)(k − µ)(k(2k −N + 2)−Nµ+ µ)]

Subtotal: 1/4 ·N(N − 1)(N − 2)(N − 3)

(3,1) ±
(
αβ + αγ − βγ − γ2

)
kNλ

±
(
αβ − 2βγ − γ2

)
N(N − 1− k)µ

± (αβ + αγ) 2N(N − 1− k)µ

± (αβ + αγ + βγ) kN(−2k +N + λ)

± (αβ − βγ) 2kN(−2k +N + λ)

±αβ N(1 + k −N)(2 + 2k −N − µ)

Subtotal: N(N − 1)(N − 2)

(2,2) α2 + 2αβ − 2βγ − γ2 1/2 · kN
α2 + 2αβ 1/2 ·N(N − k − 1)

Subtotal: 1/2 ·N(N − 1)

Total: 1/4 ·N2(N − 1)2
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Table 2.3: Numerical simulations of QRWs of two hard-core Bosons on many SRG fam-
ilies with multiple non-isomorphic members. The Hamiltonian used was HB = −1/2 ·
(I + S) (A⊕A) + UR, where S swaps the two particles, A is the adjacency matrix of the
graph, and R counts double-occupation. To evaluate the hard-core limit, we took U→∞.
All non-isomorphic graphs in the families indicated were compared pairwise, with ∆ is a
measure of how different the matrix elements of the evolution operator are, defined precisely
in eq. 2.31. When ∆ = 0, the list of matrix elements of the two evolution operators being
compared have the same magnitudes. The minimum values of ∆ were non-zero for all pairs
of non-isomorphic graphs that were examined.

SRG family (N, k, µ, λ) non-isomorphic members minimum ∆

(16,6,2,0) 2 94.273

(16,9,4,6) 2 2.723

(25,12,5,6) 15 3.636

(26,10,3,4) 10 7.356

(28,12,6,4) 4 27.607

(29,14,6,7) 41 4.017

(35,18,9,9) 227 5.243

(36,14,4,6) 180 2.621

(36,15,6,6) 32,548 1.512

(37,18,8,9) 6,760 4.310

(40,12,2,4) 28 3.065

(45,12,3,3) 78 5.868

(64,18,2,6) 167 2.574
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Chapter 3

Non-interacting multi-particle

quantum random walks applied to

the graph isomorphism problem

for strongly regular graphs

3.1 Introduction

There has long been interest in algorithms that use random walks to solve a variety of

mathematical and scientific problems [10, 11, 12, 13, 14]. Typically, the random walks in

question have been classical random walks (CRWs). However, there is increasing interest in

random walks with quantum walkers. In particular settings, these quantum random walks

(QRWs) have been shown to have computational advantages over CRWs [15, 16, 17]. Cer-

tain algorithms utilizing QRWs have been proven to have faster runtimes than their best

known classical counterparts [18, 19, 20, 21, 22, 23, 24].

Additionally, QRWs have been experimentally demonstrated in a variety of physical

settings, such as ion traps [30], atom traps [52], quantum optics [53, 54], and NMR systems

[28]. Recent works have experimentally realized QRWs with two walkers, demonstrating the



31

potential for implementing QRWs with many walkers [55, 56, 57, 58]. Moreover, there are

proposed methods for physically implementing non-trivial walks [31], indicating that there

may be many QRW algorithms to be developed that would both be physically realizable

and computationally powerful.

Often the context for QRWs is one in which the walks occur on graphs. It has been

shown that QRWs are universal; any quantum algorithm can be mapped onto a QRW on

such a graph [32]. It is also the case that many interesting computational problems are

easily expressed in graph theoretic terms [3]. Thus there is considerable interest in further

exploring QRWs on graphs, with the hope that we may be able to use such a framework to

solve certain problems.

There are also interesting physical phenomena associated with many particles walking

on a graph. It is known that QRWs of non-interacting bosons on graphs can give rise to

effective statistical interactions [44, 45, 46]. It has even been shown that Bose-Einstein

condensation can occur at finite temperature in less than two dimensions if the bosons are

placed on a particular kind of graph [46]. Therefore, there is motivation in further exploring

the dynamics of multi-particle ensembles on graphs.

This chapter addresses the graph isomorphism problem, which is, given two graphs, to

determine if they are isomorphic; that is, if one can be transformed into the other by a rela-

beling of vertices. This problem is of note for several reasons. While many graph pairs may

be distinguished by a classical algorithm which runs in a time polynomial in the number of

vertices of the graphs, there exist pairs which are computationally difficult to distinguish.

Currently, the best general classical algorithm has a runtime of O(c
√
N logN ), where c is a

constant and N is the number of vertices in the two graphs [33]. Graph isomorphism (GI)

is believed to be similar to factoring in that both are thought to be NP-Intermediate prob-

lems [34]. Additionally, both problems may be approached as hidden subgroup problems,

though this approach has had limited success for GI [37]. Due to these similarities, and

the known quantum speedup available for factoring [35], there is hope that there similarly

exists a quantum speedup for GI.
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Strongly regular graphs (SRGs) are a particular class of graphs that are difficult to

distinguish classically [33]. (See Section 3.2 for a formal definition.) Shiau et al. showed

that the single-particle continuous-time QRW fails to distinguish pairs of SRGs with the

same family parameters [40]. Gamble et al. extended these results, proving that QRWs of

two non-interacting particles will always fail to distinguish pairs of non-isomorphic strongly

regular graphs with the same family parameters [3]. They also demonstrated numerically

the distinguishing power of the two-boson interacting QRW; it successfully distinguished all

tested pairs of SRGs [3]. Since the publication of Gamble et al., Smith proved that for any

fixed number of bosons p, there exist non-isomorphic graph pairs which the p-boson inter-

acting walk fails to distinguish [59]. These counterexample graphs are not strongly regular;

whether or not the two-boson interacting walk successfully distinguishes non-isomorphic

strongly regular graphs is still an open question.

Investigations into discrete-time QRW algorithms for GI have also been made [43, 60,

61]. Berry and Wang numerically showed that a discrete-time non-interacting QRW of two

particles could distinguish some SRGs, something its continuous-time counterpart cannot

do. However, this distinguishing power is not universal on SRGs, nor is an analytic ex-

planation of the distinguishing power given [61]. The discrete-time algorithm proposed by

Emms et al. successfully distinguished all tested SRGs [43], but it has been shown to not be

universal [59]; it is unknown if it is universal on SRGs. Additionally, for the same number

of particles, the discrete-time QRWs require Hilbert spaces larger than the ones required by

continuous-time QRWs [61]. In an effort to relate discrete-time and continuous-time QRWs,

it has been noted that the coin state of a discrete-time walk may be thought of as a rela-

tivistic particle’s internal degree of freedom; such a feature is absent from continuous-time

QRWs [62]. The relationship between discrete-time and continuous-time quantum random

walks in the context of the graph isomorphism problem has been examined as well [63].

It remains an open question as to whether or not discrete-time walks in general have fun-

damentally greater distinguishing power than continuous-time walks, or if they are better

candidates for a universal GI algorithm.
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This chapter extends the results of Chapter 2 to address continuous-time multi-particle

non-interacting quantum walks on SRGs, with a particular focus on understanding the role

of particle number in determining the distinguishing power of the walks. We have sev-

eral main results. We numerically demonstrate that three-particle non-interacting walks

have significant (but not universal) distinguishing power on hard-to-distinguish pairs of

SRGs. Additionally, we find that a four-fermion non-interacting walk has even greater (but

still not universal) distinguishing power on SRG pairs. We analytically explain where this

distinguishing power comes from, and how these multi-particle non-interacting walks are

fundamentally different from single-particle and two-particle non-interacting walks. This is

done by showing that a particular feature present in the smaller walks which limits their

distinguishing power is not present in walks of three or more non-interacting particles. Fur-

ther, we analytically show that, even though the distinguishing power of non-interacting

walks increases with particle number, there is no non-interacting walk with a fixed number

of particles that can, with our comparison algorithm, distinguish all strongly regular graphs.

This chapter is organized as follows. Section 3.2 covers the requisite background, in-

cluding graph theoretic definitions and concepts, a review of strongly regular graphs, and

a formal definition of the quantum random walk. In Section 3.3, we first demonstrate

analytically how two-particle non-interacting walks are fundamentally different from three-

particle non-interacting walks. We then present the numerical results for non-interacting

three-particle and four-particle walks on SRGs. In the final part of Section 3.3, we demon-

strate that a p-particle non-interacting QRW cannot distinguish all SRGs for any fixed p.

We discuss our conclusions in Section 3.4.

Appendix A discusses a fundamental difference between non-interacting walks of two

particles and non-interacting walks of more than two particles. Appendix B provides details

necessary to show that a non-interacting p-particle walk cannot distinguish all SRGs for a

fixed p. In Appendix C, we show that the number of unique evolution operator elements for

a p-particle non-interacting walk is super-exponential in p. Lastly, we explain in Appendix

D how we ensure numerical stability and determine numerical error in our simulations.
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3.2 Background

Basic Graph Definitions

Here we develop the background and definitions necessary to discuss multi-particle QRWs

on graphs. This chapter only considers simple, undirected graphs. A graph G = (V,E) is

a set of vertices V and edges E. The vertices are a set of labels, usually integers, and the

edges are a list of unordered pairs of vertices. If a pair of vertices appears in E, then the

vertices are connected by an edge; otherwise there is no edge between the vertices and they

are considered disconnected. The terms “adjacent”, “neighboring”, and “connected” may

be used interchangeably to refer to a vertex pair which shares an edge. It is convenient to

represent a graph by its adjacency matrix A, defined as:

Aij =





1 if vertices i and j are connected.

0 if vertices i and j are disconnected.

(3.1)

A graph of N vertices has an N × N adjacency matrix. For the undirected and simple

graphs considered here, A is symmetric, with zeros on the diagonal.

Two graphs are isomorphic if one graph is transformed into the other by a relabeling of

vertices. More formally, given two adjacency matrices A and B, the graphs represented by

A and B are isomorphic if and only if a permutation matrix P exists such that B = P−1AP.

Strongly Regular Graphs

This chapter addresses strongly regular graphs (SRGs), which we examine because they are

difficult to distinguish classically, and because of their simple algebraic properties [33, 47].

An SRG is characterized by four parameters, denoted (N, k, λ, µ). N is the number of

vertices in the graph, and each vertex is connected to k other vertices (the graph is k-

regular, or has degree k). Each pair of neighboring vertices shares λ common neighbors,

while each pair of non-adjacent vertices shares µ common neighbors. The set of SRGs

sharing the same set of four parameters is referred to as an SRG family ; correspondingly,

the four parameters are often called the family parameters. While some SRG families may
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have only one non-isomorphic member, there are many families of SRGs with multiple non-

isomorphic graphs. These are the families which are of interest to us.

The adjacency matrix of any SRG has at most three eigenvalues. As these eigenvalues

and their multiplicities are functions of the family parameters, the adjacency matrices of

SRGs in the same family are always cospectral [47]. This contributes to the difficulty of

distinguishing non-isomorphic SRGs.

The adjacency matrix of any SRG satisfies the particularly useful algebraic identity [47]:

A2 = (k − µ)I + µJ + (λ− µ)A, (3.2)

where I is the identity and J is the matrix of all ones. Because J2 = NJ, JA = AJ = kA,

and I acts trivially on I, J, and A, we see that {I,J,A} forms a commutative three-

dimensional algebra, so we conclude that for any positive integer n:

An = αnI + βnJ + γnA, (3.3)

where αn, βn, and γn depend only on n and the family parameters.

Defining the quantum random walk

Now we discuss how we form a continuous-time non-interacting quantum random walk on a

graph. As in [3], we use the Hubbard model, where each site corresponds to a graph vertex.

A particle can move from one vertex to another if the two vertices are connected. Thus, for

a graph on N vertices with adjacency matrix A, our non-interacting Hamiltonian is given

by

H = −
N∑

i,j

Aijc
†
icj , (3.4)

where c†i and ci are the creation and annihilation operators, respectively, for a boson or (spin-

less) fermion at site i. For bosons, they satisfy the commutation relations [ci, c
†
j ] = δij and

[ci, cj ] = [c†i , c
†
j ] = 0. For fermions, they satisfy the anti-commutation relations {ci, c†j} = δij

and {ci, cj} = {c†i , c
†
j} = 0.

For walks of p bosons, we use basis states of the form |j1 . . . jp〉B, which is the appropri-

ately symmetrized basis state with bosons on vertices j1 through jp. These vertices need not
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be distinct, since vertices may be multiply occupied. Similarly, for walks of p fermions, we

use basis states of the form |j1 . . . jp〉F , which is the appropriately anti-symmetrized basis

state with fermions on vertices j1 through jp. These vertices must be distinct, because the

Pauli exclusion principle implies that no vertex can be occupied by multiple fermions. We

refer to these bases as the particles-on-vertices bases.

Following [3] and [59], it is straightforward to show that the elements of the p-boson or p-

fermion non-interacting Hamiltonian (Hp,B and Hp,F , respectively) are, in their respective

particles-on-vertices bases:

B〈i1 . . . ip|Hp,B|j1 . . . jp〉B = (3.5)

−B〈i1 . . . ip|A⊕p|j1 . . . jp〉B,

F 〈i1 . . . ip|Hp,F |j1 . . . jp〉F = (3.6)

F 〈i1 . . . ip|A⊕p|j1 . . . jp〉F ,

where

A⊕p = A⊗ I⊗ I . . .⊗ I︸ ︷︷ ︸
p

(3.7)

+ I⊗A⊗ I . . .⊗ I + . . .+ I⊗ I⊗ I . . .⊗A.

The evolution operator is defined in the standard manner:

U(t) = e−itH, (3.8)

where ~ = 1 for convenience.

Comparison algorithm

Our method for comparing two graphs in an attempt to determine if they are isomorphic or

not is the same as the one used in [3]. Given two graphs with adjacency matrices A and B,

we compute in the particles-on-vertices basis UA(t) and UB(t), respectively, for the same

number and type of particle, as well as the same time t. The absolute value of each element
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of UA(t) and UB(t) are written to lists XA and XB, respectively. Both lists are sorted,

and we compute the distance between the lists, ∆:

∆ =
∑

ν

|XA[ν]−XB[ν]|. (3.9)

We say that A and B are distinguished by a particular walk if and only if that walk yields

∆ 6= 0; isomorphic graphs and non-isomorphic non-distinguished graphs both yield ∆ = 0

[3]. We note that we lose phase information by taking the absolute value of the elements,

but it makes our comparison procedure more tractable, and seems to do no harm, see [3].

Lastly, for all simulations presented in this chapter, t = 1.

3.3 Quantum random walks on strongly regular graphs

Comparing distinguishing power of two- and three-particle

non-interacting walks

In this subsection we show analytically that there is a fundamental difference between two-

particle non-interacting walks and three-particle non-interacting walks on strongly regular

graphs, because three-particle non-interacting walks are capable of distinguishing SRGs

from the same family, unlike two-particle non-interacting walks. To show this difference,

we recall the proof used by Gamble et al. to demonstrate the inadequacy of two-particle

walks [3].

The proof in Gamble et al. first shows that the value of every element in the two-particle

evolution operators (B〈ij|U2B(t)|kl〉B or F 〈ij|U2F (t)|kl〉F ) must be a function only of the

SRG family parameters and the time t. Then it is shown that the multiplicity of each

element value in the evolution operator is also a function of SRG family parameters. We

begin similarly here for the three-particle walk, and find that while the values of the elements

are all functions of the SRG family parameters, the multiplicities of the values are not.

We first address the element values. We refer to each element of each evolution operator

(computed in the particles-on-vertices basis) as a Green’s function, following the nomencla-

ture of Gamble et al. [3]. Because the three-particle walk in question is non-interacting, we



38

know that the evolution operator for the walk factorizes into three single-particle evolution

operators:

B〈ijk|U3B|lmn〉B =B 〈ijk|U1P
⊗3|lmn〉B, (3.10)

F 〈ijk|U3F |lmn〉F =F 〈ijk|U1P
⊗3|lmn〉F , (3.11)

where U1P
⊗3 = U1P ⊗U1P ⊗U1P ; U1P is the evolution operator for the single-particle

walk, that is, U1P = eiAt and U1P = e−iAt.

Recalling Eq. (3.3), and expanding eiAt as a Taylor series in powers of At, we note that:

U1P = αI + βJ + γA, (3.12)

where α, β, and γ are functions of the family parameters and the time t. Therefore, we

conclude that all possible values of the elements of U3B and U3F (the Green’s functions) are

determined by the family parameters. Thus, the set of all potential values for the Green’s

functions are the same for any two graphs in the same family. Any distinguishing power

of the walks must come from the existence of at least one Green’s function with different

multiplicities for non-isomorphic graphs in the same family.

Gamble et al., prove that the multiplicity of each Green’s function for two-particle

non-interacting walks is a function of the SRG family parameters. In Appendix A, we show

that there exist Green’s functions for the three-particle non-interacting walk on SRGs whose

multiplicities are not functions of the family parameters. This is because the multiplicity of

a Green’s function in a p-particle walk depends on how many shared neighbors a collection

of up to p vertices has. For p = 2, strong regularity uniquely determines the number of

shared neighbors: λ if the vertices are connected, and µ if they are not. However, for p ≥ 3,

the multiplicity is dependent on the number of shared neighbors among sets of p vertices.

Thus the multiplicity is not uniquely determined by strong regularity, so the multiplicity

for such a Green’s function need not be a function of the family parameters.

The definition of SRGs does not directly constrain the number of neighbors of a set of p

vertices with p ≥ 3. However, this difference from the two-particle case does not guarantee

that walks of three or more particles can distinguish non-isomorphic SRGs, only that they
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have the potential to do so. Our numerical investigations of the distinguishing power of

these walks are presented in Section 3.3.

Numerical results

Table 3.1: Numerical results for the three-particle non-interacting walks on twelve families
of SRGs. The first column lists the family parameters for the particular SRG family being
examined. The second column lists the number of graphs in the family that we compared.
This number is equal to the number of graphs in the family, with the exception of (49,18,7,6),
where we only examined a subset of the family. The third column gives the number of
comparisons made for each family, which is equal to the number of graphs in that family
that we examined choose 2. The fourth and fifth columns list the number of graph pairs
which the three-boson and three-fermion walks fail to distinguish, respectively. We see that
out of 70 712 graph comparisons, both the boson and fermion walks fail a total of 256 times,
corresponding to a success rate of greater than 99.6%

SRG Family (N , k, λ, µ) Number of Graphs Comparisons Boson Failures Fermion Failures

(16, 6, 2, 2) 2 1 0 0

(16, 9, 4, 6) 2 1 0 0

(25, 12, 5, 6) 15 105 0 0

(26, 10, 3, 4) 10 45 1 1

(28, 12, 6, 4) 4 6 0 0

(29, 14, 6, 7) 41 820 0 0

(35, 18, 9, 9) 227 25651 38 38

(36, 14, 4, 6) 180 16110 89 89

(40, 12, 2, 4) 28 378 8 8

(45, 12, 3, 3) 78 3003 7 7

(49, 18, 7, 6) 147 10731 21 21

(64, 18, 2, 6) 167 13861 92 92

Table 3.2: Numerical results for four-fermion non-interacting walks on 136 graph pairs that
are not distinguished by three-particle non-interacting walks. Of the 136 graph pairs tested,
only one pair is not successfully distinguished. We therefore see that increasing the number
of non-interacting particles beyond three continues to increase the distinguishing power of
the non-interacting QRWs.

Family (N , k, λ, µ) 3 Particle Failures 4 Fermion Failures

(26, 10, 3, 4) 1 0

(35, 18, 9, 9) 38 0

(36, 14, 4, 6) 89 1

(40, 12, 2, 4) 8 0

In this subsection, we present our numerical results for three-particle and four-fermion

walks on SRGs. To simulate a walk on a graph, we compute the appropriate Hamiltonian
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and exponentiate it to compute its corresponding evolution operator, following the algo-

rithm described in Section 3.2. Then, to compare pairs of non-isomorphic graphs from the

same family, we compute the list distance ∆, defined in Equation (3.9). We find our error on

∆ to be no greater than 10−6, so two non-isomorphic graphs are considered distinguished if

and only if ∆ > 10−6. Further details of numerical error analysis are provided in Appendix

D.

Because the Hamiltonians are very large, we must use a sparse matrix exponentiation

routine [64] to make exponentiation computationally tractable. (The largest evolution op-

erators we compute have a dimension of 91 390, and correspond to the four-fermion walks

on graphs of 40 vertices.) Additionally, in order to be able perform these exponentiations

sufficiently quickly, we parallelize the computations, utilizing the Open Science Grid and

the University of Wisconsin-Madison’s Center for High Throughput Computing Cluster.

Our numerical results for three-particle walks are presented in Table 3.1. For the 70 712

pairs of SRGs compared, the boson and fermion walks distinguish all but 256 pairs, corre-

sponding to a success rate of greater than 99.6%. Thus we see that both the three-boson

and three-fermion walks have significant (but not universal) distinguishing power on SRGs,

while the two-particle non-interacting walks fail on all pairs of non-isomorphic graphs in

the same family [3].

The bosonic and fermionic walks fail to distinguish the same pairs of non-isomorphic

graphs that we tested; we have found no graph pair that one kind of particle successfully

distinguishes while the other does not. Thus, despite having a state space of smaller dimen-

sion (due to Pauli exclusion), the three-fermion walk has the same distinguishing power as

the three-boson walk on all tested graph pairs. It remains an open question whether graph

pairs exist for which this is not true.

Having identified some graph pairs that three non-interacting particles fail to distin-

guish, we want to know if non-interacting walks exist that can distinguish these graphs.

However, it is computationally expensive (even with speedup provided by parallelization)

to simulate four-particle walks. We therefore simulated only fermion walks, and only on
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a subset of the three-particle counterexample graph pairs. Our results are summarized in

Table 3.2. We simulated four-fermion non-interacting walks on 136 counterexample pairs,

finding that all but one pair are distinguished.

Since increasing the number of non-interacting particles in the walk apparently increases

the distinguishing power, it is natural to ask “Does there exist a p such that the p-particle

non-interacting walk can distinguish all strongly regular graphs?” The next subsection shows

that the answer to this question is no.

Limitations of non-interacting walks

In this subsection, we show that pairs of non-isomorphic strongly regular graphs exist

that are not distinguished by any p-particle non-interacting quantum walk with fixed p in

conjunction with the comparison algorithm described by Equation (3.9). This is because

for a fixed p, there exists an N such that the number of strongly regular graphs with N

vertices is larger than the maximum number of graphs distinguishable by the p-particle

non-interacting walk.

To prove this claim, we define S(N), the number of strongly regular graphs in a par-

ticular family with N vertices, and Z(p,N), the number of distinct “graph fingerprints”

that the p-boson walk can generate for an SRG family whose graphs have N vertices. By

a “graph fingerprint,” we mean a sorted list of the absolute value of every element of an

evolution operator (Eq. (3.10)). We examine the boson walk here, because its state space

is strictly larger than the fermion walk of the same number of particles. Thus the p-boson

walk generates more fingerprints than the p-fermion walk (even though we have seen no

evidence yet that it distinguishes more graph pairs). Therefore, Z(p,N) bounds from above

the maximum number of SRGs with N vertices in a particular family that non-interacting

walks of either p fermions or bosons can distinguish.

We now define the ratio R(p,N):

R(p,N) =
S(N)

Z(p,N)
. (3.13)
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We will show that for any fixed p, R is greater than 1 for large enough N , thus demonstrating

that there exist more SRGs than the p-particle walk can distinguish.

It is shown in [65] that there is a mapping between Latin squares of size n and SRGs of

size n2 with family parameters (n2, 3(n− 1), n, 6). The results of [66, 65], imply that when

N is large enough, the number of non-isomorphic Latin square SRGs of size N is bounded

below by:

S(N) ≥ 1

6
(
√
N !)2

√
N−3N

−N
2 . (3.14)

As for Z(p,N), we show in Appendix B that for a fixed p, Z satisfies the inequality:

Z(p,N) < N2Xp(p+1), (3.15)

where Xp is the number of unique values a Green’s function for a p-boson walk can assume.

While it can be shown that Xp is super-exponential in p, it does not depend on N . This is

because the value of a Green’s function for a non-interacting p-particle QRW on an SRG is

determined by a configuration of up to 2p vertices in that SRG, as discussed in Section 3.3

and Appendix A.

To examine the behavior of R in the limit of large N , we use Stirling’s formula:

x! =
√

2πe−xxx+1/2(1 +O(x−1)). (3.16)

This allows us compute a lower-bound for R in the limit of large N :

lim
N→∞

R ≥ 1

6
(2π)

√
N−3

2 e−2N+3
√
NN

N
2 −
√
N−3

4−2Xp(p+1). (3.17)

Taking the logarithm of Eq. (3.17) yields:

lim
N→∞

logR(p,N) ≥ lim
N→∞

N

2
logN +O(N), (3.18)

which diverges as N → ∞. Therefore, for a fixed p, R approaches ∞ as N increases,

showing that no p-particle non-interacting walk can distinguish all SRGs.

One can let p grow slightly with N and achieve the same result. Indeed, we show in

Appendix C that

log2(Xp) = p2 +O(p log p). (3.19)
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Using this, we find our argument remains valid for

p < C
√

log2N , for any C < 1.

We can contrast these results to those of Gamble et al.. They found that the hard-

core two-boson walk distinguished all graph pairs in a dataset of over 500 million pairs of

SRGs [3]. This distinguishing power was shown to arise from an underlying algebra that

is fundamentally different than that of the noninteracting two-boson or two-fermion walks.

As we see no obvious way to extend the proof presented in this section to include hard-

core walks, it is an open question as to whether or not the two-boson hard-core walk has

universal distinguishing power on SRGs. Even if does not, it is still possible that there

exists a fixed p > 2 such that the p-boson hard-core walk could distinguish all SRGs. If

this is the case, then this would be a marked difference between the non-interacting and

hard-core walks.

3.4 Discussion

We have shown how three-particle non-interacting quantum random walks are qualitatively

different from two-particle non-interacting quantum random walks; the latter will always

fail to distinguish non-isomorphic strongly regular graphs from the same family, whereas the

former successfully distinguish many (but not all) non-isomorphic pairs of strongly regular

graphs. We have analytically identified a fundamental difference between these two classes

of quantum walks. The three-particle walks have potential distinguishing power because

the shared connectivity of triples of vertices in SRGs is not governed by the SRG family

parameters. We have also demonstrated numerically that three-particle non-interacting

walks have significant, but not universal, distinguishing power on SRGs. We observe nu-

merically that bosonic and fermionic walks distinguish the same pairs of non-isomorphic

pairs of graphs. Increasing the number of non-interacting fermions to four further increases

distinguishing power. However, this distinguishing power is not limitless; we have shown

that for any fixed number of non-interacting particles, there exist non-isomorphic pairs of

SRGs that cannot be distinguished.
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Lastly, we discuss the implications of these results in terms of the computational com-

plexity of the graph isomorphism problem. Not only are there graph pairs on which the

three- and four-particle walks fail, but we know that for any fixed particle number, there

will be SRGs that such non-interacting walks cannot distinguish. It is still possible that,

given any non-isomorphic SRG pair of a fixed size N , there exists a p such that the p-

particle non-interacting walk will succeed in distinguishing the graphs. However, the lower

bound given at the end of Section 3.3 rules out the possibility of our algorithm providing a

classical polynomial-time solution to GI for SRGs.



45

Chapter 4

Power law scaling for the adiabatic

algorithm for search engine ranking

4.1 Introduction

Quantum algorithms, which run on quantum computers, are known to be able to outper-

form classical algorithms for certain computational problems [35, 67]. Thus, finding a new

algorithm that exhibits a quantum speedup, in particular an exponential speedup, is of

great interest [68]. An extremely important problem in computer science is calculating

ranking for search engine results. PageRank, first proposed by Brin and Page [69] underlies

the success of the Google search engine [70]. In this algorithm, websites are represented as

nodes on a network graph, connected by directed edges that represent links. The matrix of

network connections is constructed, and the PageRank vector is its principal eigenvector.

Currently, computing the PageRank vector requires a time O(n), where n is the number of

websites in the network considered (e.g. the World Wide Web) [71]. Obtaining a quantum

algorithm for PageRank that runs exponentially faster than the classical algorithm would

be of great interest.

Recently, Garnerone, Zanardi, and Lidar (GZL) proposed an adiabatic quantum al-

gorithm [72] to prepare the PageRank vector for a given network [71]. Remarkably, GZL
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present evidence that this algorithm can prepare the PageRank vector in timeO [polylog(n)],

exponentially faster than classical algorithms for certain networks. This runtime is due to

the apparent logarithmic scaling of the gap between the two smallest eigenvalues of the

Hamiltonian used in the algorithm (the energy gap). This scaling emerged on graphs con-

structed using adapted versions of two established methods of network construction: the

preferential attachment model [73] and the copying model [74]. Both of these models yield

graphs that are similar to the connectivity of the World Wide Web in that they are sparse

(the total number of edges scales at most proportionally to the number of nodes) and scale-

free (the probability of finding a node with a specified in- or out-degree scales as a power law

in those degrees). These features lead to networks that exhibit large-scale structure similar

to that of the internet, such as being small-world [75] and loosely hierarchical [76]. GZL

studied sets of networks that exhibited both logarithmic scaling and polynomial scaling of

the gap in the system size. However, they did not demonstrate that the networks with the

favorable logarithmic gap scaling are scale-free over the region studied numerically.

Here, we study the scaling of the GZL algorithm for graphs with degree distributions

consistent with the internet. A realistic network model of the World Wide Web must

be scale-free in both the in- and the out-degree [77, 78]. We consider a broad variety of

scale-free networks constructed by different methods. Choosing three well-known models

for constructing random, scale-free networks, we control for both the mean degree and the

exponent of the power-law governing the degree distribution. We find that graphs with the

same degree distribution can have different energy gap and run-time behaviors. Finally, we

focus on degree distributions described by power laws consistent with those measured for the

Web, both for the in-degree and the out-degree. We find that the relevant energy gap scales

as a power of the system size, rather than logarithmically. These results demonstrate that

for Web-like graphs, the GZL adiabatic algorithm does not yield an exponential quantum

speedup for preparing the PageRank vector compared to current classical algorithms.
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4.2 Network growth models

We generate samples of graphs with prescribed degree distributions using three different

network growth models. GZL [71] use modified versions of two network construction al-

gorithms: the preferential attachment model [73] and the copying model [74]. In addition

to these two models, here we include also the more complex α-preferential attachment

model described by Bollobás et al. [77, 79]. All three models grow random networks using

probabilistic rules at discrete construction steps, which are detailed in Fig. 4.1.

All three of these models produce sparse, scale-free directed networks, in which the

probability of the in-degree (the number of incoming edges) and out-degree (the number of

outgoing edges) of node i being equal to k are each proportional to a power law:

P (din(i) = k) ∼ k−γin (4.1)

P (dout(i) = k) ∼ k−γout , (4.2)

where din(i) and dout(i) are the in- and out-degrees of node i, respectively, and the exponents

γin and γout are typically between 2 and 4 [73]. The GZL versions [71] of the preferential

attachment and copying models [73, 80] produce networks that are scale-free in the limit

of large graph size. However, due to the addition procedure described below, the networks

are not necessarily scale-free for the sizes of graphs studied numerically here and in Ref.

[71]. To achieve networks that are scale-free in the out-degree, GZL suggest to construct

two networks, X and Y , independently. X and Y are each generated as in Fig. 4.1, except

that for Y the direction of the edges added is reversed. The networks can then be added

together, and the weights and loops discarded [71, 81]. The resulting composite network

is scale-free in both in-degree and out-degree, provided X and Y have the same number

of edges per node. (See Appendix C for details.) In contrast to Ref. [71], the graphs

studied here are all constrained in this way. However, the graphs exhibiting logarithmic

scaling in [71] are not so constrained [81], and so they do not exhibit truly scale-free degree

distributions over the numerically studied region. On the other hand, the α-preferential

attachment model (considered here but not in [71]) constructs a network which is scale-free
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Figure 4.1: Illustrations of the three network generation models used. (a): GZL [71] pref-
erential attachment, (b): GZL copying, and (c): α-preferential attachment [77, 79]. In all
three models, a network is constructed by adding vertices and edges sequentially. (a): At
each time step a new vertex i is added with m outgoing edges. The probability that one
of these edges connects to a node j is proportional to the total degree of j. (b): At each
time step there are two possible actions. With probability (1 − p), the new vertex points
to all of the same vertices as the “star vertex,” which is a pre-existing vertex chosen uni-
formly at random at each time step. With probability p, m outgoing edges are added to
the new vertex, each pointing to vertices chosen uniformly at random. (c): There are three
possible actions at each time step. With probability p1, a new vertex is added with a single
outgoing edge, pointing to a node j with probability proportional to the in-degree of j plus
a parameter α. With probability p2, a new vertex is added with a single incoming edge,
pointing from a node j with probability proportional to the out-degree of j plus α. With
probability (1− p1 − p2), no vertex, only an edge, is added. Its ending and starting points
are determined as in cases 1 and 2, respectively. In all panels, the newly-added edges are
indicated by dashed lines.
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in both in- and out-degrees without requiring an additional combination step. As with

the GZL preferential attachment model, all weights and loops are removed from the final

α-preferential attachment network.

The exponents γin (Eq. 4.1) and γout (Eq. 4.2) of the degree distribution are model-

dependent. In the GZL preferential attachment model the number of edges added at each

construction step controls the sparsity, and it is always the case that γin = γout = 3 [73].

Both the GZL copying model and α-preferential attachment allow for independently tunable

exponents and mean degree. (See Appendix C for details.) This flexibility enables us to

create three ensembles of model networks that have nearly identical degree distributions for

γin = γout = 3. Further, the last two models can be set with the exponents estimated for

the World Wide Web [74, 77], namely γin = 2.1 and γout = 2.72 [78].

4.3 Algorithm description

The Google matrix is constructed by taking as input an unweighted, simple network with

n nodes [69], and representing it as an adjacency matrix A, where A(i, j) = 1 if a directed

edge points from node i to node j, and 0 otherwise. From this, one defines the matrix P :

P (i, j) =





1/dout(i) if A(i, j) = 1 (4.3a)

1/n if ∀j, A(i, j) = 0 (4.3b)

0 otherwise (4.3c)

The matrix P is stochastic because
∑

j P (i, j) = 1 for all i. P can be thought of as a

random walk (i.e. a web-surfer), where the walker follows the network with equal likelihood

of traversing all allowed links. If the walker ever reaches a dangling node (a node with

dout = 0), Eq. 4.3b implies that it can randomly hop to any vertex with equal probability.

To prevent the walker from becoming trapped in an isolated portion of the network (a sink),

the probability (1−αg) of moving to a node uniformly at random (including the possibility

of staying still) is included, where 0 < αg < 1; Google uses αg = 0.85, which we also

use here [71]. The Google matrix G is defined as the transpose of this resulting transition

matrix:
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G = αgP
T + (1− αg)J, (4.4)

where J is the matrix of all ones. The PageRank vector ~p is the unique eigenvector as-

sociated with the largest eigenvalue of G, which is 1. The runtime of the best classical

algorithm, which calculates the PageRank vector via power iteration, is O(n) [69, 71].

To formulate an adiabatic quantum algorithm, GZL construct the Hamiltonian h(G):

h(G) = (I−G)† (I−G) , (4.5)

which is Hermitian, even though G is not. The ground state of this Hamiltonian is the

normalized PageRank vector. The adiabatic algorithm is completely defined by the inter-

polation Hamiltonian H(s) = sh(G) + (1− s)h(Gc), where s ∈ [0, 1], and Gc is the Google

matrix for the complete network (including loops), whose ground state is a uniform super-

position. The adiabatic theorem guarantees that if we initialize our system in the ground

state of h(Gc) and change s from 0 to 1 sufficiently slowly, the system remains in the ground

state [72]. Since the PageRank vector is the ground state of H(1) = h(G), the PageRank

vector is obtained when s = 1. The required slowness is also determined by the adiabatic

theorem: as long as s(t) is a smooth function of the time t with 0 ≤ t ≤ T , the runtime

T ∼ δ−b, where b is O(1) and δ is the energy gap between the ground and first excited

state of H(s), minimized over s [72]. Thus, an exponential speedup over the classical case

is possible if δ−1 is O[log(n)], since then T is O [polylog(n)].

4.4 Numerical results

To study the scaling of the minimum energy gap δ with the network size n, we compute δ for

the GZL Hamiltonian H(s), averaging the results over many network realizations (typically

1000). Specifically, we calculate the minimum value of δ over s ∈ [0, 1] using the Nelder-

Mead method [82], where each objective function call calculates directly the eigenvalue

spectrum of H(s). We find that for most, but not all, network choices the minimum gap

occurs when s = 1. Since H(s) is a dense matrix, this process is computationally intensive.



51

Pe
rc

en
t o

f g
ra

ph
 s

am
pl

es

0

10

20

[δ]-1ave

0 200 400

(a) (b)

(c) (d)

(e) (f)
[δ
]-1 av

e

10

100

n
100 10000

[δ
]-1 av

e

0

100

200

300

n
100 10000

Pe
rc

en
t o

f g
ra

ph
 s

am
pl

es

0

2

4

6

nodes with din = 8
50 100

d-3

P(
d)

10−6

10−4

10−2

1

d (In-degree)
1 10 100

d-3

P(
d)

10−6

10−4

10−2

1

d (Out-degree)
1 10 100

Figure 4.2: Comparison of the scaling of the inverse energy gap δ−1 for the GZL [71] pref-
erential attachment model (triangles, horizontal hatching), GZL copying model (diamonds,
upward-sloping hatching), and α-preferential attachment model [77] (circles, downward-
sloping hatching), shown on (a): Semilog and (b): Log-Log scales, demonstrating that δ−1

is not proportional to log (n) for these models. Results are averaged over 1000 random
instances for n < 8192, and over 500 random instances at n = 8192. The fitting lines
showed in (a) are 72.2 · ln(n) − 363 for the copying model and 10.1 · ln(n) − 48.8 for the
α-preferential attachment model. In (b), the fits shown are 8.0 · n0.4 for the copying model
and 1.7 · n0.4 for the α-preferential attachment model. If we fit the data instead to a power
of a logarithm (not shown), we obtain 0.56 · ln2.9(n) for the copying model and 0.18 · ln2.5(n)
for the α-preferential attachment model. (c): Histogram of the inverse energy gaps for
the data shown in panels (a)-(b) at n = 8192. (d): Histogram showing the distribution
of number of vertices with in-degree din = 8 for n = 8192. (e)-(f): Degree-distributions
of the three models, demonstrating scale-free behavior and indicating that γin = γout = 3.
Adaptive binning was used, as described in Appendix C. In all cases, both the mean in- and
out-degree of each graph are 2 edges per node. These results demonstrate that δ−1 differs
significantly for the different graph construction methods, while the degree distributions
are very similar.
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Figure 4.3: Inverse energy gap scaling for GZL [71] copying model (diamonds), and α-
preferential attachment model [77] (circles) of WWW-like networks, shown on (a): Semilog
and (b): Log-Log scales. Results are averaged over 1000 random instances for n < 8192,
and over 500 random instances at n = 8192. In (a), the line fit shown is 730 · ln(n)− 5300,
while in (b) the line fit is 0.2 · n0.97. If we fit the data to a power of a logarithm (not
shown), for the copying model we obtain 3×10−5 ·ln8.0(n). Because of the large power of the
logarithm required for the polylogarithmic fit, the power-law dependence on n appears more
natural and plausible. (c)-(d): Degree-distributions of the two models, histogrammed using
adaptive binning (see Appendix C), indicating that γin = 2.1 and γout = 2.72, corresponding
to the estimates for the degree distribution of the World Wide Web [78]. In all cases, the
mean in- and out-degree of each network were each 2 edges per node.

We use the University of Wisconsin-Madison Center for High Throughput Computing and

Open Science Grid to perform the simulations.

To assess whether the inverse energy gap δ−1 scales logarithmically or as a power-

law in n, we plot in Fig. 4.2 δ−1 versus the network size on both log-linear and log-log

scales, with data for the GZL preferential attachment, GZL copying, and α-preferential

attachment models. The model parameters are tuned (see Appendix C) so that all three
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have γin = γout = 3 and have an average of 2 in- and 2 out-edges per node. Despite having

nearly identical degree distributions (shown in Figs. 4.2(e) and 4.2(f)), the scaling of δ−1

depends significantly on the method used to construct the graphs when viewed in Fig. 4.2(a).

In Fig. 4.2(c), we show the distribution corresponding to the final data points in Fig. 4.2(a),

where we see that the distributions are well-separated and hence the construction models

give different values of δ−1. By contrast, the degree distributions are difficult to distinguish,

as shown in Fig. 4.2(d). Finally, we conclude that for all three models, the data are more

consistent with δ−1 scaling as a power law or a high-order polylogarithm, rather than a

logarithm, as consistent with the data presented by GZL in the supplemental information

of Ref. [71].

We next perform a similar analysis for degree distributions more closely related to

the network of primary interest, the World Wide Web, for which a realistic set of degree

parameters is given by γin = 2.1 and γout = 2.72 [78]. As mentioned above, the preferential

attachment model cannot be tuned to obtain degree parameters other than 3. However,

the other two network models can be adjusted to match these values [74, 77]. More details

on this are discussed in Appendix C. As before, we set the mean degree to be 2 in- and 2

out-edges per node.

Fig. 4.3 presents the results of these simulations, clearly indicating that δ−1 scales at

least as a power of n. In particular, we note that the prefactor of the logarithmic fit is

over 700 and the power of the logarithm in the polylogarithmic fit is 8, while the power

law fit exponent is close to one. The results do not change substantially when the mean

degree is varied and the degree distributions exponents are fixed. These data indicate that

for graphs with degree distributions similar to those measured for the World Wide Web,

the GZL adiabatic algorithm for PageRank vector preparation is unlikely to provide an

exponential speedup over the classical case.
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4.5 Discussion

We have investigated the recently proposed adiabatic quantum algorithm for preparing the

PageRank vector using an adiabatic quantum algorithm [71]. We find that the eigenvalue

gap that determines the algorithm runtime depends on the method of construction of the

network, even when the feature believed to be critical for large-scale network structure, the

degree distribution, is held fixed. The exponent governing the variation of the gap with

graph size does not vary significantly with the method of construction only if power-law

scaling of the gap with size is assumed. For networks that are scale-free in their in- and

out-degree distributions, and particularly when the degree distributions similar to those

measured for the World Wide Web, our numerical results indicate strongly that the GZL

adiabatic algorithm for PageRank vector preparation does not offer an exponential speedup

over current classical algorithms.
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Chapter 5

Cooling of cryogenic electron

bilayers via the Coulomb

interaction

5.1 Introduction

As researchers continue to probe smaller electronic devices at lower temperatures, a detailed

understanding of heat management applicable on such length and energy scales becomes

increasingly important. For example, recent experiments to detect the spin resonance of a

single electron [83] and to perform fast charge sensing in few-electron quantum dots [84]

are both limited by heating effects. Other applications, such as the search for the ν = 5/2

non-abelian quantum Hall state, are expected to require very low temperatures [85], making

the development of schemes for cooling such devices a necessary challenge.

The main problem is that whenever current is applied to a device to perform a measure-

ment, the conduction electron temperature increases due to Joule heating [86]. In devices

operating near room temperature, heat can be readily dissipated through phonons, as the

conduction electrons and lattice are strongly coupled. However, as temperature is decreased,

the conduction electrons decouple from the lattice. The phonon modes contribute less and
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less to cooling because the phonon density of states decreases as energy is decreased [87].

Hence, as the system gets colder, it becomes more difficult to cool via conventional means.

Besides phonon cooling, systems can be cooled by electron diffusion through the leads

[88]. However, in common nanoscale devices, the leads extend hundreds of microns from

critical regions to regions that are well cooled. This large distance scale limits the effective-

ness of electron diffusion for device cooling [88].

Here, we investigate using the Coulomb interaction directly, a strategy for cooling that

remains largely unexplored. Electron diffusion through grounded, close proximity leads can

effectively cool samples to about 10 mK [89]. However, experiments with electrically sensi-

tive structures, such as quantum dots [84], make this direct cooling impractical. To bypass

this problem, we consider placing a cold conductor nearby the hot conduction electrons,

using the Coulomb interaction for heat transfer. In analogy with a macroscopic heat ex-

changer, the cold conductor is a heat sink for the hot conduction electrons, enabling cooling

without electrical disruption to the experiment. It is important to note that lowering the

electron temperature of the 2DEG is of crucial importance to quantum dot experiments,

even though the dot electrons are typically isolated from the leads. This is because increased

electron temperature results in thermal-broadening in charge sensing measurements[86], as

well as phonon-mediated backaction in the dot [90].

While it may seem that remote Coulomb interactions are not strong enough to facilitate

meaningful power transfer, several recent experiments have shown that remote interactions

can indeed drastically affect electron relaxation. For instance, the widely studied Coulomb

drag (CD) effect [91, 92, 93] involves the transfer of momentum from one two-dimensional

electron gas (2DEG) to another via the Coulomb interaction, due to the layers’ close prox-

imity. Another example of the importance of remote Coulomb interactions arises in the

metal-oxide-semiconductor (MOS) geometry, where it has been found that device perfor-

mance can be reduced due to interactions of the conduction electrons with those in the gate

when the distances are too small [94, 95, 96].

In this chapter, we consider two parallel, silicon 2DEGs, separated by tens of nanome-
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ters. We make the simplifying approximation that both 2DEGs are of zero thickness.

Similar devices have been implemented experimentally in the form of silicon electron-hole

bilayers [97, 98]. One of the layers is taken to have a temperature on the order of tens

to hundreds of mK; this is the active layer that we are interested in cooling. The second,

auxiliary layer is taken to be the heat sink, and is assumed to be at temperature T = 0

K. As we mentioned, the auxiliary layer can be effectively cooled through close proximity,

grounded leads. Since the two layers are electrically decoupled, this would not interfere

with electrical measurements on the active layer.

We study the temperature, separation, and carrier density dependencies of the heat

transfer, and compare it to experimental results for heat dissipation due to phonons. The

Coulomb interaction is found to be competitive and even dominant over phonons for a range

of temperatures and densities, for separations up to several tens of nanometers. Specifically,

we find that lowering the electron density enhances the power transfer due to the Coulomb

interaction, but decreases the power dissipation due to phonons.

This chapter is organized as follows. Section 5.2 uses a formalism similar to that used

for CD to formulate the physical problem. Next, Sec. 5.3 finds an expression for the

power transfer and discusses its asymptotic behavior in both near and far distance regimes.

Section 5.4 compares the results of the previous sections to experimental results for phonon-

mediated cooling. Finally, Sec. 5.5 discusses the implications of cooling nanosystems using

carrier-carrier interactions, and suggests directions for future study.

5.2 Formulation of the problem

In this section, we describe the physical situation we will consider throughout this chapter:

two parallel 2DEGs, one serving as a heat sink for the other. We then review the standard

scattering formalism that is used to perform Coulomb drag (CD) calculations. Using this

Boltzmann transport formalism, we write down an equation for power transfer, which we

will evaluate in subsequent sections.

The physical situation we consider here is very similar to that which has been well-
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Figure 5.1: Illustration of our proposed cooling scheme. Two 2DEGs, an active layer
and an auxiliary layer, are separated by a distance d. The active layer is involved in an
electrical experiment, and is heated by hot electrons that enter the sample through the
measurement leads. The auxiliary layer is wired to the dilution refrigerator, and is held at
its base temperature. Heat is transferred from the active to auxiliary layer via the Coulomb
interaction. For mathematical simplicity, in this work we take the sample material, spacer,
and both layers to be Si. Further, we approximate the two 2DEGs to have zero thickness.

studied in the CD literature [91, 92, 93, 99]. Specifically, we have a sample that contains

two 2DEGs that are parallel but spatially separated by some distance d. In the case of CD,

one of the 2DEGs is driven by a current, while the other is not. Because of the current

flow, the distribution function in the active layer is out of equilibrium, and the resulting

charge fluctuations generate a response in the auxiliary layer, mediated by the Coulomb

interaction between the layers. Although complicated by screening, the basic picture is

that the presence of the current in the active layer “drags” electrons in the auxiliary layer,

creating a net voltage.

In our case, we do not consider the non-equilibrium effects of a current flowing. Rather,

we suppose that each layer is internally at thermal equilibrium, but at different tempera-

tures. We will consider the active layer to be at a finite temperature T , and the auxiliary

layer (the heat sink) to be at T = 0 K. Intuitively, we expect that energy should be
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transferred from the active layer to the heat sink. Microscopically, this is due to density

fluctuations in the hot, active layer causing responses in the cold, auxilary layer, mediated

by the Coulomb interaction. Fortunately, we can borrow much of the initial setup of the

problem from the CD formalism. However, the evaluation of the resulting expression is

quite different because we focus on energy between 2DEGS of unequal temperature, rather

than momentum transfer due to a driving electric field. In Fig. 5.1, we show an illustration

of our proposed cooling cooling scheme.

Since we will be working at very low temperatures (< 1 K), binary Coulomb collisions

are the primary method of heat transfer between layers. If we were to consider temper-

atures T & 0.2EF /kB, where EF is the Fermi energy, we would also need to take into

account collective scattering effects, the so-called plasmon enhancement [99]. Hence, we

consider interactions that transfer energy from an electron in the active layer 2DEG to

an electron in the auxiliary layer 2DEG. Below, we denote quantities for the active layer

with a subscript one, and quantities for the auxiliary layer with a subscript two. The

electrons involved in the interaction have initial (2D) momenta (k1,k2) and final momenta

(k′1,k
′
2) = (k1 + k,k2 − k), where k is the transferred momentum. This carrier-carrier scat-

tering falls into the category of distinguishable particle scattering since events only occur

between particles in different layers. The formalism for treating such a scattering problem

is well known [100], and the power transfer is shown in appendix D.1 to be

P =
16A3

(2π)6

∫
d2k1d

2k2d
2k · E · Γ, (5.1)

where A is the sample area, E is the transfer energy for an individual event, and Γ is the

scattering rate. In the next section, we evaluate Eq. (5.1) using the Thomas-Fermi ap-

proximation to describe screening (which in this context is equivalent to the RPA approach

taken in Ref. [99]).
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Figure 5.2: The dimensionless function Y (η, ζ0) (Eq. (5.3)) plotted over η for various values
of ζ0 and with layer densities n1 = n2. Here, η = k/kF is a scaled momentum and
ζ0 = kBT/EF is the characteristic magnitude of energy fluctuations due to temperature.
The function follows a power law for both low and high η, with a maximum occurring for
an intermediate η, which we denote as η∗.

5.3 Results

In this section, we evaluate Eq. (5.1), using some standard methods incorporated into the

calculation of CD. However, the resulting expression is quite different, so we work through

its derivation in appendix D.3. We set the temperature of the active layer to T , the

temperature of the auxiliary layer to absolute zero, the Fermi level of the active layer to

EF , and the Fermi level of the auxiliary layer to EF /x, where x = n1/n2, the ratio of carrier

densities between active and auxiliary layers. The power transfer is then

P

A
=
E4
F

64~

(
ε0εb
q2

)2 ∫
dη

(
η

sinh(η/η0)

)2

Y (η, ζ0), (5.2)
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where

Y (η, ζ0) =

∫ ∞

0
dζ

ζ

η3
[coth (ζ/ζ0)− 1]

× Re
(√

2(2 + ζ)η2 − η4 − ζ2

−
√

2(2− ζ)η2 − η4 − ζ2
)

× Re
(√

2

(
2

x
+ ζ

)
η2 − η4 − ζ2

−
√

2

(
2

x
− ζ
)
η2 − η4 − ζ2

)
, (5.3)

and the dimensionless parameters are ζ ≡ E/EF , η ≡ k/kF , ζ0 ≡ kBT/EF and η0 ≡

1/(kFd), with kF =
√

2m∗EF /~ the Fermi momentum. Here, the η/ sinh(η/η0) term is due

to the interlayer Coulomb interaction (Eq. (D.5)), while the distribution functions give rise

to Y (η, ζ0).

The function Y (η, ζ0) is plotted in Fig. 5.2, where it is shown that Y is a peaked function

in η varying as a power of η on either side of the peak. We define η∗ to be the location

of the peak, and note that η∗ ≈ ζ0. Physically, Y (η, ζ0) tracks the availability of energy

fluctuations corresponding to a particular momentum transfer k = ηkF and temperature

kBT = ζ0EF . If η < η∗, Y is limited by the Fermi-Dirac distributions that govern the

occupation of states in each 2DEG. For η > η∗, Y is instead constrained by the temperature

difference between 2DEGs.

From Eq. (5.2), we see that the Coulomb potential causes η to be cut off at approximately

η0. Hence, there are two asymptotic regions of interest: when η0 � η∗ and when η0 � η∗.

In the first region, the Coulomb potential cuts off the integration over η well before η∗,

which corresponds to large separations between 2DEGs. Here, the separation distance

limits the magnitude of the momentum transfer, which in turn limits power transfer. For

η0 � η∗, the Coulomb interaction truncates the η integration after η∗, corresponding to

small separation. In this regime, Y is already rapidly decreasing, so the power transfer is

instead mainly constrained by the temperature difference between 2DEGs. The crossover

between these two regions occurs when η0 ≈ η∗ ≈ ζ0, corresponding to a separation of
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Figure 5.3: Calculated values for the power per unit area P/A transferred via the Coulomb
interaction versus separation (Eq. (5.2)). Here, the sheet density is 4× 1011 cm−2 in both
layers, the temperature of the active layer is T = 100 mK, and the temperature of the
auxiliary layer is 0 K. As can be seen by the dashed lines, the power transfer varies as
approximately 1/d2 at small distances and 1/d5 at large distances. The crossover length
scale occurs when d ≈ EF /(kFkBT ).

d ≈ EF /(kFkBT ).

In appendix D.4, we work out the asymptotic forms for power transfer. We consider

the specific case of equal density 2DEGs, when x = 1. In the large separation regime when

d� EF /(kFkBT ), we find

P

A
∼ kF~5

512m∗3

(
ε0εb
q2

)2 kBT

d5
[8.3 + 13.0 · log (kFd)] , (5.4)

where we use (∼) to denote asymptotic equivalence. For the short distance limit where
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d� EF /(kFkBT ), we have

P

A
∼ ~

128EFm∗

(
ε0εb
q2

)2 k4
BT

4

d2

×
[
0.46− 1.32 · log

(
kBT

EF

)
− 0.81 · log (kFd)

]
. (5.5)

Hence, up to logarithmic corrections, P/A ∝ T/d5 for large distances and P/A ∝ T 4/d2

for small distances, which can be qualitatively understood as follows. At low temperatures

(T � kBEF ), it is reasonable to assume that energy fluctuations are small and concentrated

about the Fermi level, so that the transfer momentum obeys k � kF . Expanding Eq. (5.3)

for small η, while working in the large separation regime where η � η∗, we find that

Y (η, ζ0) ∝ ζ0η
2. (5.6)

Here, the scaling is determined by the Fermi-Dirac distributions limiting the power transfer.

Likewise, if we work in the small separation region where η � η∗, we find

Y (η, ζ0) ∝ ζ4
0

η
, (5.7)

where the scaling is now determined by the layer temperature. In these limits, since the

Coulomb interaction sets the scale of η ∝ η0, we can easily see the rough dependences

(neglecting the logarithmic corrections) via power counting in Eq. (5.2). Fig. 5.3 shows the

numerical evaluation of Eq. (5.2) as a function of separation, clearly demonstrating both

distance regimes.

5.4 Comparison with cooling due to phonons.

In this section, we compare Coulomb-mediated cooling to experimentally measured energy

dissipation due to phonons at low temperatures. In silicon-based heterostructures at low

temperatures, two types of phonon couplings are important: acoustic phonons governed

by a deformation potential coupling [101], and the Pekar coupling [102]. Pekar phonons

arise from the sharp electrostatic confinement potentials present in heterostructure devices,

such as quantum wells, and hence are not present in bulk samples [102]. They also share
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a characteristic T 3 dependence with piezoelectric phonons [102], making them especially

important in low-temperature experiments with non-polar materials, such as few-electron

quantum dots in Si.

Indeed, both deformation potential and Pekar phonons have been experimentally ob-

served in silicon-based heterostructures at low temperature [88]. The characteristic tem-

perature dependence for deformation potential coupling is T 5 [101], so for very low temper-

atures we expect Pekar phonons to dominate, while for higher temperatures deformation

potential phonons become more important.

As established in Eq. (5.5), for small separations the power transfer to the auxiliary

layer via the Coulomb interaction varies as T 4. Whether or not this Coulomb cooling is

larger than phonon cooling over a given temperature range depends on the numerical mag-

nitude of Eq. (5.2), which we now compute. We compare Coulomb cooling to experimental

measurements of phonon mediated cooling in Ref. [88]. There, it is found that the power

dissipation due to phonons is Pph/A = aT 3 + bT 5, where a = 2.2× 10−8 W K−3 cm−2 and

b = 5.1 × 10−8 W K−5 cm−2. The structure used is a silicon MOS inversion layer, with

dielectric thickness 200 nm and carrier density 5.4× 1011 cm−2.

It is known that the phonon couplings depend on the electron density, with P ∝ n−3/2

for the deformation potential coupling [101]. Pekar phonons have both an explicit n−1/2

dependence and a dependence on the electric field at the 2DEG of F 2 [102]. Since in a

2DEG F ∝ n [103], Pekar phonons scale as P ∝ n3/2 in total. By comparison, Eq. (5.5)

tells us that for equal density 2DEGs, Coulomb power transfer goes like P ∝ 1/n.

Typically, in an experiment the density is fixed by desired electronic properties (for

instance, the ability to pinch off current with depletion gates). For low-temperature ap-

plications that attempt to reach few-electron regimes, it is desirable to have a low density.

It is therefore important to determine the dependence of power transfer on the density

n. Fig. 5.4 shows the effect of varying the layer density on the power transfer, for three

different layer separations at constant temperature T = 50 mK. As expected, the Coulomb

power transfer is greatest in the case of small density, making it especially pertinent for
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Figure 5.4: Calculated values for the power per unit area P/A transferred between an
active (T = 50 mK) and heat sink (T = 0 K) 2DEG via the Coulomb interaction as a
function of the layer density at three different values for the separation between layers.
Here, the densities of both layers are identical. For comparison, P/A due to phonons from
experimental data in Ref. [88], scaled for changing density, is shown as a dotted line.

few-electron experiments.

It is important to note that our formalism for static screening is only valid when the

transfer momentum obeys k < 2kF ,[103] which means that our we cannot make the density

too small. The Coulomb interaction limits the transfer momentum to k . 1/d. Hence,

setting k = 1/d for d = 10 nm corresponds to n > 0.79 × 1011 cm−2. Another constraint

on low-density 2DEGs is the metal-insulator transition, which occurs for sufficiently low

densities. In silicon MOS structures, the critical value of density is known to be around

nc ≈ 1×1011 cm−2 [104]. More recently, calculations for dopantless Si/SiGe devices predict

that this value can be much lower, about nc ≈ 2× 1010 cm−2 [105].
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Figure 5.5: Values for the power per unit area scaled by T 4, P/(AT 4), transferred via the
Coulomb interaction between two 2DEGs versus temperature at three different values for
the separation between the layers. For comparison, the scaled P/(AT 4) due to phonons
from experimental data in Ref. [88] is shown. The density of both layers is 1× 1011/cm2.

In Fig. 5.5, we plot the temperature dependence of the power transfer per unit area P/A

for several separations, and compare with the power dissipation due to phonons. There,

we fix the carrier density to be n = 1× 1011 cm−2 for both layers. One sees that for small

separations (less than 20 nm), Coulomb-mediated power transfer exceeds phonon power

dissipation over a potentially wide temperature range (roughly up to 300 mK for a 10

nm separation). For very low temperatures, phonons again become more important than

Coulomb cooling. This is because the low temperature phonon cooling occurs through the

Pekar mechanism and scales as T 3, while Coulomb cooling scales as approximately T 4.
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5.5 Discussion

Understanding relevant heat dissipation mechanisms at low temperatures in electronic de-

vices is an important problem, especially as spin-based, few-electron devices mature. In this

chapter, we considered a geometry consisting of parallel 2DEGs in silicon and calculated

the expression for power transfer between two layers at temperatures T > 0 and T = 0

respectively, in the approximation of Thomas-Fermi screening. We then presented ana-

lytic results for the asymptotic regimes of small and large separations. We showed that in

this geometry, power transfer due to the remote Coulomb interaction can be the dominant

heat loss mechanism. This Coulomb cooling is most effective at low densities, making it

especially important for experiments attempting to access few-electron regimes.

There have been a number of studies of heat transfer between close bodies, including

a semiclassical kinetic treatment by Boiko and Sirenko [106] and an electromagnetic for-

mulation by Volokitin and Persson [107, 108]. However, these are largely interested in hot

devices, where complicating features such as plasma excitations are important. Further,

as noted in Ref. [107], there are discrepancies between this electromagnetic formalism and

Boltzmann transport approaches. More recent work by Krüger, Emig, and Kardar extends

the electromagnetic formalism to arbitrary geometries with a focus on heat transfer [109].

It would be beneficial to compare the present work to the electromagnetic treatments to

attempt to address the origin of any discrepancies.

While the results for two parallel 2DEGs are promising, one could almost certainly

engineer a better geometry for optimizing heat dissipation. Indeed, the main reason for

a preliminary evaluation of the 2DEG-2DEG geometry was due to its computational sim-

plicity. An idea for a more effective heat sink might be a standard MOS geometry, or a

top-gated nanostructure. Due to the drastically higher density of states in the metal, one

could expect an enhanced power transfer. However, screening would also be enhanced, so

careful calculations, similar to those presented in this chapter, should be done for that ge-

ometry. Also, studying the effects of high-k dielectrics might be fruitful, since the power

transfer scales as ε2b .
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Chapter 6

Two-electron dephasing in single Si

and GaAs quantum dots

6.1 Introduction

Both Si and GaAs quantum dot technologies are now well-established as candidates for the

implementation of scalable quantum computation [110, 111]. Working qubits have been

fabricated with several different architectures involving singly-occupied dots, including the

single-spin qubit architecture [2, 112, 113, 114, 115, 116, 117, 118, 119], the singlet-triplet

scheme [120, 121, 122, 123, 111], and three-dot logical qubits [124, 125].

Recently, we proposed a new “hybrid” qubit architecture [8] with three electrons in

two quantum dots that is potentially advantageous because fast qubit operations can be

performed in a relatively simple nanostructure. Because the hybrid design is capable of

all-electrical, fast qubit gates, the qubit wavefunctions have some charge character that

gives rise to decoherence mechanisms that are not present in pure spin qubits. This means

that characterizing decoherence becomes a more pressing issue, because charge decoherence

is typically much faster than spin decoherence. In GaAs, the single-spin decoherence time

T2 has been measured to be 1 ns for charge qubit [126, 127], while T2 for single-spin qubits

has been measured to be greater than 100 µs [128].
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In the singlet-triplet qubit, when there is a finite exchange-induced energy splitting

between the singlet and triplet states, the dominant sources of decoherence have been found

to be charge noise [129, 130, 131] and electron-phonon coupling [132]. Much of the physics

of the hybrid qubit is similar to that of the singlet-triplet qubit, with the main differences

in the decoherence properties arising because one of the dots contains two electrons. In the

doubly-occupied dot, both electrons in a singlet can occupy the orbital ground state, while

at least one of the triplet electrons must lie in an excited state. A further complicating

factor in silicon-based quantum dot devices is the presence of two nearly degenerate, low-

lying valley states [133, 134, 135, 136, 137, 138, 139, 140]. These levels are split near a sharp

interface by an amount that is typically comparable to the orbital energy spacing. Hence,

single-electron first excited states have two characteristic types: orbital, where the electron

occupies the same valley state but the P-like first excited state of the lateral confinement

potential, and valley, where the electron is in the orbital ground state and a higher valley

state.

In this chapter, we calculate singlet-triplet dephasing rates in a doubly-occupied quan-

tum dot, extending the spin relaxation calculations previously done for both GaAs [141]

and Si [142] due to finite spin-orbit coupling and hyperfine coupling to nuclear fields. For

GaAs, the singlet-triplet relaxation rate has been measured to be on the order of kHz for

applied magnetic fields up to 6 T [143]. In Si, this rate has been measured to be on the

order of Hz [8]. Unlike relaxation, pure dephasing is due to processes that conserve spin and

does not involve energy exchange with the environment. For both electron-phonon coupling

and charge noise, we consider the limiting cases of purely orbital (for both GaAs and Si)

and purely valley (for Si) excited states.

We find that for GaAs, polar optical phonons are the main source of dephasing, leading

to a decoherence rate of ∼ 5.9 GHz. For Si, the phonon-mediated dephasing rate depends

on the type of excitations supported by the quantum dot. For a first excited state that

is orbital-like, intervalley optical phonons lead to a decoherence rate of ∼ 140 kHz. For

a valley-like first excited state, this same phonon channel results in a faster decoherence
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rate of ∼ 1.1 MHz. For a perfectly harmonic, disorder-free dot, we find that dephasing

due to charge noise is strongly suppressed. This is because the effective dipole moment

between the singlet and triplet states vanishes for both orbital- and valley-like excitations.

If we allow for anharmonicity and an effective dipole moment, we find that both phonon

and charge noise dephasing channels are of similar strengths in Si, but phonons are the

limiting mechanism in GaAs. Assuming a gate operation speed of 10 GHz (quite feasible

for the hybrid qubit), the decoherence rate in silicon is consistent with the achievement of

104 operations per coherence time, while the decoherence rate in GaAs is too fast for viable

hybrid qubit operation.

This chapter is organized as follows. In Sec. 6.2, we briefly review the quantum states

that are relevant to the system considered in this chapter. Next, in Sec. 6.3 we formulate

the problem of intra-dot singlet-triplet dephasing due to the electron-phonon coupling,

following the formalism of Ref. [132]. We consider first GaAs, then both pure orbital

and valley excitations in Si. In Sec. 6.4, we calculate dephasing due to charge noise, and

compare to phonon-induced dephasing. Finally, in Sec. 6.5 we discuss the role that the

dephasing mechanisms we have addressed are likely to play for qubits and suggest methods

for mitigating decoherence.

6.2 Two-electron states in a quantum dot

The lowest energy eigenstates of two electrons in a single quantum dot (neglecting spin-orbit

interaction) are the singlet

|S〉 = |ψ0〉
|↑↓〉 − |↓↑〉√

2
(6.1)

and the three triplet states

|T 〉 = |ψ1〉 ×





|↑↑〉 (T+)

(|↑↓〉+ |↓↑〉) /
√

2 (T0)

|↓↓〉 (T−)

, (6.2)
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where |ψ0〉 is the two-electron spatial ground state and |ψ1〉 is the first excited state. If

spin-orbit interaction is included, the charge density fluctuations considered in this chap-

ter would have led to singlet-triplet relaxation as well, in addition to the calculated pure

dephasing. However, based on existing spin relaxation calculations [142], we believe such

relaxation would be a much weaker decoherence channel, especially considering that spin-

orbit interaction is very weak in Si.

We work within the Heitler-London approximation;[132] in this approximation, |ψ0〉 ≈

|00〉, indicating that both electrons are in their single-electron ground states, and |ψ1〉 ≈

(|01〉 − |10〉) /
√

2, where one electron is in its ground state and the other is in its first excited

state. This chapter considers dephasing due to the electron-phonon coupling and charge

noise, both of which conserve spin, so from here on we will focus on the spatial component,

with the appropriate spin wavefunction understood. We refer to the triplets collectively as

|T 〉 when the particular spin configuration is not important.

In GaAs, the wavefunctions of the ground and first excited states have identical de-

pendence on z (the direction perpendicular to the quantum well), but have S- and P-like

transverse envelopes in the x-y plane (the plane of the quantum well). For a quadratic

quantum dot confinement potential, the effective mass approximation for the ground state

wavefunction is

ψGaAs0 (r) = u(r)
F (z)√
πL

e−(x2+y2)/(2L2) (6.3)

while the first excited state wavefunction is

ψGaAs1 (r) = u(r)
F (z)(x+ iy)√

πL2
e−(x2+y2)/(2L2), (6.4)

where u(r) is the periodic (with the lattice periodicity) component of the Bloch function at

the conduction band minimum (the Γ-point in GaAs), F (z) is the envelope function along

z, and L is the lateral extent of the wavefunction.

For silicon, we write the ground state wavefunction as

ψSi0 (r) = φ−(r)
F (z)√
πL

e−
1

2L2 (x2+y2), (6.5)



72

where

φ±(r) =
u+(r)eik0z ± u−(r)e−ik0z√

2
, (6.6)

and u±(r) is the periodic part of the Bloch function evaluated at the conduction band

minimum located at ±k0ẑ. In a quantum dot fabricated in a strained silicon quantum well,

k0 ≈ 0.82×2π/a, with a = 0.543 nm the length of the Si cubic unit cell.[137] Depending on

the magnitude of the valley splitting introduced by the sharp interfaces and the electric field

in the z-direction, the lowest energy excited states can either be valley-like or orbital-like.

For the case of an orbital-like excitation (large valley splitting), the wavefunction is

ψSi,O1 (r) = φ−(r)
F (z)(x+ iy)√

πL2
e−

1
2L2 (x2+y2). (6.7)

When the valley splitting is smaller than the orbital splitting, both the ground state and

first excited state have S-like transverse wavefunctions, but their z-direction wavefunctions

are different valley states. The ground state wavefunction is still given by Eq. (6.5), but

the first excited state is now

ψSi,V1 (r) = φ+(r)
F (z)√
πL

e−
1

2L2 (x2+y2). (6.8)

The periodic parts of the Bloch functions, u(r), have discrete Fourier spectra, with

contributions occurring at reciprocal lattice vectors G. Hence, when performing calculations

with the full wavefunctions, as we do in this chapter, it is convenient to decompose u(r)

into the sum:[144, 139, 140]

u(r) =
∑

G

α(G)eir·G, (6.9)

where the expansion coefficients α(G) are independent of r. For low-frequency dephasing

channels such as acoustic phonons and charge noise only the G = 0 mode contributes

significantly.[145] For high-frequency processes such as optical phonon couplings, contri-

butions with G 6= 0 can also be important. We assume that the electron-optical phonon

couplings are independent of G. With this assumption, one can prove that the calculation

of dephasing rates is independent of the form of the periodic part of the Bloch functions.

Hence, for all instances we consider in this chapter, we may ignore the periodic part of the

Bloch functions.
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In a real system, disorder would cause the excited states to have mixed valley and

orbital characteristics [9], for which pure orbital-like and pure valley-like first excited states

represent limiting cases. Hence, it is important to consider both the pure valley and orbital

excitations described above.

6.3 Dephasing via the electron-phonon interaction

We now consider the dephasing of two-electron states in a single quantum dot due to the

electron-phonon interaction, following the techniques of Ref. [132]. In Sec. 6.3, we consider

dephasing in GaAs due to deformation potential, longitudinal and transverse piezoelectric,

and polar optical phonons. In Sec. 6.3, we turn to silicon, where we may have either valley or

orbital excitations, and the relevant dephasing channels are through intravalley deformation

potential and intervalley optical phonons.

The general form of the electron-phonon interaction is [145]

Vep(r) =
∑

q,G,λ

Mλ(q + G)ρ(q + G)(aq,λ + a†−q,λ), (6.10)

where each G is a reciprocal lattice vector, q is constrained to the first Brillouin zone, ρ

is the electron density operator, aq,λ and a†q,λ annihilate and create, respectively, phonons

with wave vector q, and λ indexes the phonon mode. Since we will treat the the relevant

modes separately, we will suppress this sum over phonon modes in the calculations that

follow. The electron-phonon coupling, Mq+G, is defined by

M(q + G) = −Vei(q + G) [(q + G) · ξ]

√
~

2ρmΩωq
, (6.11)

where Vei is the electron-ion potential, ξ is the phonon polarization vector, ρm is the crystal

mass density per unit volume, Ω is the crystal volume, and ωq is the phonon frequency.

Since the singlet and triplet have different charge distributions, they are dressed differently

by the phonons. The phonons can themselves decohere, which in turn causes dephasing

between the singlet and triplet states. Following Ref. [132], the singlet-triplet dephasing
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rate due to the electron-phonon coupling is

ΓST =
Ω

2π3~2

∑

G

∫
d3q
|M(q + G)A(q + G)|2

ω2
q + (γq/2)2

γq
2
, (6.12)

where γq is the phonon relaxation rate, and A is a Fourier component of the charge density

difference between triplet and singlet states:

A(q + G) =
1

2
(〈T | ρ(q + G) |T 〉 − 〈S| ρ(q + G) |S〉) . (6.13)

Using the approximate forms for the singlet and triplet states detailed in Eqs. (6.1) and

(6.2), we have

A(q + G) =
1

2

(
〈1| ei(q+G)·r |1〉 − 〈0| ei(q+G)·r |0〉

)
, (6.14)

where |1〉 is the single-particle first excited state and |0〉 is the single-particle ground state.

In the following subsections, we evaluate Eq. (6.12) for the different types of phonons in

both GaAs and Si.

Phonon-induced dephasing in GaAs

For the purely orbital excitations supported by GaAs, the ground state transverse wave-

function is an S-orbital, while the first excited state transverse wavefunction is a P-orbital,

as given in Eqs. (6.3) and (6.4). The three types of phonon couplings that contribute to

decoherence are: deformation potential, piezoelectric, and polar optical. These differ only

in the form of the electron-phonon coupling M , so their calculations proceed similarly.

In all cases, we assume a Gaussian form for the wavefunction in the z-direction:

F (z) =
1

π1/4
√
d
e−z

2/(2d2), (6.15)

where d is the confinement length along the growth axis, which is typically a few nanometers.

Choosing this form for the wavefunction represents an approximation, but it captures the

relevant physics and allows us to obtain analytic results. Using this approximation and

Eqs. (6.3) and (6.4), we use Eq. (6.14) to obtain

∣∣AGaAs(q)
∣∣2 =

L4
(
q2
x + q2

y

)2

4
e−((q2x+q2y)L2+q2zd

2)/2. (6.16)
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Figure 6.1: Calculated singlet-triplet dephasing rates of two electrons in a single dot via the
phonon mechanisms considered in Sec. 6.3 and the charge noise mechanism considered in
Sec. 6.4. (a): Plot of dephasing rates versus the lateral extent of the electron wavefunctions
for the mechanisms pertinent for GaAs: polar optical phonons (Eq. (6.24)), deformation
potential phonons (Eq. (6.18)), transverse piezoelectric phonons (Eq. (6.22)), and longitu-
dinal piezoelectric phonons (Eq. (6.20)). (b): Plot of singlet triplet dephasing rates versus
lateral wavefunction extent for different mechanisms in Si: intervalley phonons for valley
excitations (Eq. (6.33)), and intervalley phonons (Eq. (6.32)), longitudinal acoustic phonons
(Eq. (6.29)), and transverse acoustic phonons (Eq. (6.30)) for orbital excitations. The de-
phasing rates due to charge noise plotted for both materials systems are determined from
Eq. (6.40), using the energy fluctuations for orbital excitations in a single dot (Eq. (6.36)),
and assuming zero dipole moment.
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Here, we have taken G = 0, since |A|2 goes to zero rapidly for |q| = q & 1/d, 1/L, both of

which are much smaller than the size of the first Brillouin zone.

We first consider deformation potential phonons, for which the electron-phonon coupling

M has the form [100, 132]

MDP
GaAs(q) = Dq

(
~

2ρmΩωq

)1/2

, (6.17)

where D = 8.6 eV is the deformation potential constant and ρm = 5.33× 103 kg/m3 is the

mass density of GaAs. The angular frequency ωq is given by the standard relationship for

acoustic phonons: ωq = vsq, where vs = 5.2 × 103 m/s is the longitudinal speed of sound

in GaAs, averaged over direction [146].

The last piece of information we need to compute the dephasing rate is the phonon

relaxation rate γq. Eq. (6.16) implies that |A|2 is strongly peaked, so it determines the

q-values that contribute to the integral in Eq. (6.12). In GaAs, |A|2 goes to zero both as q

goes to zero and when q � 1/d, 1/L. Hence, the low- and high-frequency behaviors of γq are

not important. For sufficiently high frequencies at low temperature, it is expected that two

frequency-dependent phonon attenuation channels will become relevant: anharmonic decay

and isotope scattering [147]. However, the frequencies we consider here are low enough that

these mechanisms are unimportant, and the dominant source of phonon relaxation is due

to interface scattering [148].

To obtain an estimate for the phonon relaxation rate, we use experimental measure-

ments of phonon attenuation due to interface scattering, which were performed at low-

temperatures in Si [149]. To convert between the two, one uses γq = 2αqvs [150], where

αq is attenuation and vs = 8.49 × 105 cm/s is the speed of sound in Si along [100]. For

LA phonons in Si, low-temperature measurements have shown that at low frequencies (up

to 100 GHz), phonon attenuation is roughly frequency-independent, and is about 2.5 cm−1

along the [100] direction [149]. This translates to a low-frequency experimental limit of

γLA0 = 4.25 MHz, which will serve to give us an estimate on the phonon relaxation rate.

Since this mechanism is due to the geometry (i.e. the finite extent of the sample and pres-
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ence of heterostructure interfaces) rather than the particular material properties of Si, we

will also use the above relaxation time for acoustic phonons in GaAs.

By switching to polar-cylindrical coordinates, evaluation of the integral in Eq. (6.12)

is straightforward. We set ω2
q + (γq/2)2 ≈ ω2

q, which is valid because the frequencies

that contribute to the integral satisfy ωq � γ0. Electrostatically defined quantum dots

typically obey L � d, so we expand the integration result to first order in d/L, obtaining

an expression for ΓGaAs,DPST , the singlet-triplet decoherence rate in GaAs due to deformation

potential electron-phonon coupling:

ΓGaAs,DPST ≈ D2(4 ln(2L/d)− 3)γLA0

16π2L2v3
sρm~

≈ 6.9

L2
MHz nm2. (6.18)

Here, the dependence on L and d can be understood by power counting in Eq. (6.12).

For the polar couplings we consider next, the L and d dependencies can be understood by

examining the qz integral in Eq. (6.12) over the range where |qz| � |qx| , |qy|, followed by

power counting.

We next consider piezoelectric coupling, which contribute in both longitudinal and trans-

verse phonon modes. In this case, the electron-phonon coupling is [100, 132]

MPE
GaAs(q) =

2iee14

q2

(
~

2ρmΩωq

)1/2

(6.19)

×
(
qxqyξz + qyqzξz + qzqxξy

)
,

where e is elementary charge and e14 = 1.38× 109 V/m is an elasticity tensor component.

For longitudinal phonons, ξ = q/q. Integration of Eq. (6.12), expanded to lowest order

in d/L, yields ΓGaAs,PE,LAST , the singlet-triplet dephasing rate in GaAs due to piezoelectric

coupling between electrons and longitudinal acoustic phonons:

ΓGaAs,PE,LAST ≈ 3e2e2
14γ

LA
0

140π2v3
sρm~

≈ 6.0 kHz. (6.20)

In the limit when the media is considered isotropic and homogeneous, the two transverse

phonon branches are degenerate, and we can choose any two orthogonal polarizations. One

possible polarization is

ξ =


 qy√

q2
x + q2

y

,− qx√
q2
x + q2

y

, 0


 , (6.21)
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and any rotation of this vector about q is also a valid transverse polarization. We average

over this plane before integrating over q. This complicates the resulting integral, but it can

still be carried out analytically, yielding ΓGaAs,PE,TAST , the singlet-triplet dephasing rate in

GaAs due to piezoelectric coupling between electrons and transverse acoustic phonons:

ΓGaAs,PE,TAST ≈ e2e2
14γ

LA
0

70π2v3
sρm~

≈ 22 kHz (6.22)

per transverse mode.

For polar optical phonons, the electron-phonon coupling is [100, 132]

MPO
GaAs(q) =

√
2πe2~ω0

q2Ω

(
1

ε∞
− 1

ε0

)
, (6.23)

where ε∞ = 10.89εvac and ε0 = 12.9εvac are the high and low frequency limits of the GaAs

dielectric function, and εvac is the vacuum permittivity. The frequencies of optical phonons

are essentially q−independent, with ~ω0 = 36.35 meV. Since optical phonons are much

higher in frequency than acoustic phonons, they also have much shorter lifetimes, with

measurements indicating γLO0 ≈ 160 GHz [151]. The integration proceeds similarly to the

acoustic cases, and the resulting singlet-triplet dephasing rate ΓGaAs,POST in GaAs due to

polar optical electron-phonon coupling is, to first order in d/L:

ΓGaAs,POST ≈ e2 (ε0 − ε∞)

ε0ε∞

(3πL− 16d)γLO0

16
√

2πL2~ω0

≈ 240

L
GHz nm. (6.24)

In Fig. 6.1, we plot the four dephasing rates considered in this section. Typical values

and scalings are listed in Table 6.1. Polar optical phonons are the largest contribution to

dephasing, exceeding the others by at least five orders of magnitude. This is mainly due to

the extremely fast decay of the high-frequency, optical phonons.

Phonon-induced dephasing in silicon

Unlike GaAs, Si quantum dots can support both valley and orbital excited electron states.

The ground and first excited states in the case of an orbital excitation are given in Eqs. (6.5)
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Table 6.1: Typical values for the dephasing rates of the phonon-induced channels discussed
in Sec. 6.3, assuming a lateral electron confinement of L = 40 nm and a vertical confinement
along the growth direction of d = 3 nm. The channels depend on material properties
and symmetry: polar phonon couplings are absent in Si, transverse phonons do not couple
electrons via the deformation potential in GaAs [132], at low temperatures and biases GaAs
has only one band minimum that participates in conduction, and valley excitations in Si
are not connected by low-frequency phonons. The scaling column describes the primary
dependence of the dephasing rate on L, the lateral wavefunction extent and d, the vertical
wavefunction extent. In the scalings, (∗) indicates a neglected logarithmic correction, while
(∗∗) indicates that the result applies in the limit of d/L→ 0.

Coupling mechanism
Typical dephasing rate (Hz)

Scaling
GaAs Si: orb. excit. Si: val. excit.

LA phonons
Deformation potential 4.3× 103 8.8× 102 - L−2∗

Piezoelectric 6.0× 103 - - -

TA phonons
Deformation potential - 5.2× 101 - L−2

Piezoelectric 2.2× 104 - - -

LO phonons
Polar optical 5.9× 109 - - L−1∗∗

Intervalley - 1.4× 105 1.1× 106 L−2d−1

and (6.7). As we did for GaAs, we take the envelope in z to be Gaussian with width d. Then,

defining Q = q + G, we evaluate Eq. (6.14) for orbital excitations in Si (ASiO ), obtaining

∣∣ASiO (Q)
∣∣2 =

L4(Q2
x +Q2

y)
2

256
e−L

2(Q2
x+Q2

y)/2
(

4e−d
2Q2

z/2

+ e−d
2(2k0+Q2

z)/2 + e−d
2(2k0−Q2

z)/2
)
, (6.25)

where we used the fact that the three Gaussians are well-separated in Qz to drop cross-

terms. If we instead have excitations as given by Eqs. (6.5) and (6.8), we evaluate Eq. (6.14)

for valley excited states in Si (ASiV ), obtaining

∣∣ASiV (Q)
∣∣2 =

1

4
e−L

2(Q2
x+Q2

y)/2 (6.26)

×
(
e−d

2(Qz+2k0)2/2 + e−d
2(Qz−2k0)2/2

)
.
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Figure 6.2: Cartoon of the absolute value of the Fourier transform of the difference be-
tween the triplet and singlet charge distributions, |A|2 (Eq. (6.13)) in Si. Here, the shaded
regions indicate the k−values that contribute significantly to dephasing. Phonons that cou-
ple electrons in the same valley (intravalley processes) lie near the origin, while phonons
that couple electrons in different valleys (intervalley processes) lie near k = ±2k0k̂z. (a):
The contribution resulting from an orbital-like first excited state (Eq. (6.25)). (b): The
contribution resulting from a valley-like first excited state (Eq. (6.26)).

The expressions for |ASiO |2 and |ASiV |2 in Eqs. (6.25) and (6.26) above select the types of

phonons that contribute significantly to dephasing through the integral in Eq. (6.12). For

orbital excitations, both phonons that couple electrons within the same valley and across

valleys contribute, and |ASiO |2 contains contributions from three toroids, each with peak

radius
√

2/L, situated in the kx − ky planes centered at Qz = 0 and Qz = ±2k0. The

phonons at the Qz = 0 toroid correspond to intravalley processes, where G = 0. The

remaining two toroids at Qz = ±2k0 are intervalley processes, where G = ∓(4π/a)ẑ. The

regions of k−space relevant to orbital excitations are shown in Fig. 6.2 (a). For valley

excitations, |ASiV |2 contains contributions from two ellipsoids centered at Q = (0, 0,±2k0).

Since the valley-like first excited state has the same envelope function as the ground state,

long wavelength phonons cannot contribute to the singlet-triplet dephasing. This is clearly

illustrated by the vanishing of |ASiV |2 at small k (or long wavelength). The regions of

k−space relevant to valley excitations are shown in Fig. 6.2 (b).

Now that we have identified the most important phonon wave vectors for the different
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dephasing mechanisms, we discuss which electron-phonon coupling mechanisms are most

relevant. Since Si is not polar, the deformation potential electron-acoustic phonon coupling

is the main contribution near the zone center (G = 0, q � 2π/a). This coupling connects

electrons to both longitudinal acoustic phonons, with matrix element [100, 132]

|MLA(q)|2 = Ξ2
d

~q2

2ρmΩωq

(
1 +

Ξu
Ξd

q2
z

q2

)2

, (6.27)

and to transverse acoustic phonons, with coupling [100, 132]

|MTA(q)|2 = Ξ2
u

~ξ2
zq

2
z

2ρmΩωq
, (6.28)

where Ξd = 5.0 eV and Ξu = 8.77 eV are silicon deformation potentials. As in Sec. 6.3

above, for these acoustic modes we take the phonon relaxation rate, believed to be due

to interface scattering, to be γ0 = 4.25 MHz [149]. The intravalley piece of the orbital

excitation is found by integration of Eq. (6.12), which proceeds very similarly to the GaAs

deformation potential case we considered in Sec. 6.3. For deformation potential coupling

between electrons and longitudinal phonons in Si, the singlet-triplet dephasing rate ΓSi,LAST ,

to first order in d/L, is:

ΓSi,LAST ≈ γ0

192π2L2v3
sρm~

[
3(Ξd + Ξu)2 ln

(
16L4/d4

)

− 9Ξ2
d − 42ΞdΞu − 25Ξ2

u

]

≈ 1.4

L2
MHz nm2. (6.29)

As was the case for GaAs, the dependence on L and d can be understood by power counting

in Eq. (6.12).

We perform the same averaging procedure as was done for the transverse phonons

in the previous section and obtain ΓSi,TAST , the singlet-triplet dephasing rate in Si due to

deformation potential coupling between electrons and transverse acoustic phonons:

ΓSi,TAST ≈ Ξ2
uγ0

96π2L2v3
sρm~

≈ 83

L2
kHz nm2. (6.30)

We next consider the intervalley contributions, which occur at kz = ±2k0, outside the

first Brillouin zone. The reciprocal lattice vectors that contribute significantly to the rele-

vant integrals are G = ±(4π/a)k̂z, which give qz ≈ ∓0.36(2π/a) = ∓4.17× 109 m−1. The
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phonons that are responsible for this transition in silicon are due to g-type Umklapp pro-

cesses [100]. Although symmetry restricts these to be longitudinal optical phonons, experi-

ments indicate that both transverse and longitudinal acoustic phonons participate through

processes in which M(q) is first-order in q [152, 100]. However, the acoustic phonons do

not play a significant role here, both because their deformation potential coupling to the

electrons is weaker [146] and they are much longer lived [147] than optical phonons.

The LO phonons in Si have a nearly constant energy ~ω0 = 62 meV [100]. The electron-

phonon coupling arises from an optical deformation potential [100, 146]:

|M(Q)LO|2 = D2
if

~
2ρmΩω0

, (6.31)

where the intervalley deformation potential Dif = 11.0× 108 eV/cm [146].

Finally, we estimate the relaxation rate γq for optical phonons in Si. As for optical

phonons in GaAs, the short-wavelength longitudinal optical phonons that cause intervalley

coupling have a much shorter lifetime than the long wavelength acoustic phonons that are

responsible for intravalley coupling. The literature value we use for the relaxation rate is

γLO0 = 118 GHz [153]. For the intervalley component of the orbital excitation, we get

ΓSi,Orbital,LOST =
D2
ifγ0

32
√

2π3dL2ρm~ω3
0

≈ 670

L2d
MHz nm3. (6.32)

Similarly, for the case of valley excitations we have

ΓSi,V alley,LOST =
D2
ifγ0

4
√

2π3dL2ρm~ω3
0

≈ 5.3

L2d
GHz nm3. (6.33)

Fig. 6.1 shows the dephasing rates for both GaAs and Si. Typical values and scalings

with L and d are listed in Table 6.1. In Si, as in GaAs, most of the dephasing is due to

the fast decay of optical phonons: in silicon these high-frequency phonons couple electrons

across valleys.

So far, we have only considered pure valley and pure orbital excitations. However, for

non-ideal interfaces such as those with atomic steps, valley-orbit mixing occurs [136, 9,
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138]. Since both of the limiting cases exhibit strong dephasing due to intervalley phonons

(with orbital excitations suppressed by a factor of 8 from valley excitations; see Eqs. (6.32)

and (6.33)), we expect that valley-orbit mixing cannot be used to suppress substantially

this dephasing.

6.4 Dephasing due to charge noise

We now consider the other expected major dephasing mechanism for our system: charge

noise [129, 130, 131, 154]. This dephasing arises because remote charge fluctuations induce

random variations of the energy splitting between singlet and triplet levels by coupling to

their non-equivalent charge distributions via the Coulomb interaction. These variations in

the energy splitting lead to the accumulation of a random phase between the singlet and

triplet states. In turn, this introduces a phase difference between the logical qubit states.

The dephasing mechanism and the estimated decay rates are essentially equivalent for GaAs

and Si quantum dots, so we do not treat these two systems separately in this section.

Because the hybrid qubit has a potentially strong charge characteristic, it can couple

to remote charge traps. We assume the simplest non-trivial charge fluctuation: a single,

remote charge trap with two states (occupied and empty). To determine the dephasing

rate, the first step is to compute the effect of the change in the state of the charge trap on

the singlet-triplet energy splitting. We work to first order in perturbation theory, where we

may calculate the small change in energy by using the unperturbed (spatial) wavefunctions.

Using the formalism of Sec. 6.2, it is straightforward to show that the first-order estimate

of the variation in energy splitting ∆V (τ) is

∆V (τ) = 〈T |V (τ) |T 〉 − 〈S|V (τ) |S〉

≈ 〈1|V (τ) |1〉 − 〈0|V (τ) |0〉 , (6.34)

where |0〉 is the ground state, |1〉 is the first excited state, and τ is time. Here, we assume

that the energy fluctuations are much smaller than the singlet-triplet splitting, and hence

also the confinement energy. At any instant in time, our perturbing charge trap might be
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occupied or empty. If the charge trap at the position r is occupied, and hence perturbing

the singlet-triplet energy splitting, we have

∆V =

∫
d3r′

e2

4πε0

|ψ1(r′)|2 − |ψ0(r′)|2
|r− r′| , (6.35)

where e is the elementary charge and ε0 is the (low-frequency) dielectric constant of our ma-

terial. We assume that the trap is distant and calculate ∆V in a multipole expansion.[155]

For S- and P-like orbitals in a perfectly harmonic dot, the lowest-order, non-vanishing term

is of quadrupole order:

∆VSP ≈
e2L2 (1 + 3 cos(2θ))

32πr3ε0εb
, (6.36)

where L is the lateral electron confinement length and (r, θ, φ) is the location of the noise

source in polar-spherical coordinates. Alternatively, for two valley states with identical

envelope functions, we find that ∆V is exponentially suppressed by a factor of e−d
2k20 to

quadrupole order, where d is the z-envelope width and k0 is the location of the valley

minimum. To evaluate Eq. (6.36), we must estimate the typical distance r between the

charge trap and the qubit. To do this, we consider a slightly different system comprised

of a double dot charge qubit in GaAs, for which the energy splitting has been measured

experimentally and found to be ∆V exp ≈ 1.6 µeV [126]. Although this system differs from

a two-electron dot, the statistics of the charge fluctuators should be similar. Evaluating

Eq. (6.35) for the double-dot geometry, we find that the leading order term is a dipole

contribution:

∆VDD ≈
ep0 cosφ sin θ

4πr2ε0εb
, (6.37)

where p0 is the dipole moment ex0 associated with the dot separation x0. Averaging

over θ and φ with x0 ≈ 300 nm (the distance between the double dots considered in the

experiment), we solve Eq. (6.37) to find r ≈ 2.9 µm. Inserting this into Eq. (6.36), we

obtain ∆VSP ≈ 2 × 10−3 µeV for L = 40 nm in Si. Note that this value for ∆VSP is

likely an overestimate: if the dephasing is due to multiple charge traps (instead of the

single trap we have assumed), ∆VSP will be decreased. This is because matching to ∆V exp

while increasing the number of traps increases the average r. Since ∆VSP ∼ 1/r3 and
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∆Vexp ∼ 1/r2, ∆VSP decreases. Therefore, our estimate of the S − T dephasing rate for an

ideal orbital first excited state is an overestimate, and may decrease due to multiple charge

traps.

Now that we know the magnitude of the energy fluctuations, we can calculate the

dephasing time T2. The off-diagonal elements of the density matrix decay as e−∆φ(τ), so

the time T2 is defined by ∆φ(T2) = 1 [156]. Following Ref. [130], the time-dependent

dephasing is given by

∆φ(τ) =
1

2~2

∫ ∞

ω0

dωS(ω)

(
sinωτ/2

ω/2

)2

, (6.38)

where ω0 is a low-frequency cutoff that is the inverse measurement time. Up to this point,

we have only considered the coherent evolution of the phase due to charge fluctuations.

However, true decoherence occurs due to the statistical nature of the fluctuators. This

effect is captured in the spectral density S(ω) of the charge noise, through the definition

S(ω) =
1

2π

∫ ∞

−∞
dτeiωτ 〈∆V (τ)∆V (0)〉 . (6.39)

As noted in Ref. [130], by examining the form of Eqs. (6.38) and (6.39) we can deduce that

T2 for 1/f noise should scale as 1/∆V . Thus, we can calibrate our T2 to the experimental

measurement via

T2 ≈
∣∣∣∣
∆V exp

∆V

∣∣∣∣T
exp
2 , (6.40)

where ∆V exp and T exp2 are the experimental charge qubit measurements for the energy

splitting fluctuation and the dephasing time. For the double-dot charge qubit experiment

referenced above, T exp2 ≈ 1 ns, which leads to TSP2 ≈ 0.8 µs for our two electron dot with

an orbital-like first excited state. Thus, the dephasing rate for orbital excitations due to

charge noise in Si is ΓChargeST ≈ 1.3 MHz, which is on the same order as the phonon-induced

dephasing in Si, and far slower than the dominant dephasing mechanism in GaAs. We

plot this dephasing rate as a function of L alongside the phonon dephasing mechanisms in

Fig. 6.1.

This long dephasing time is due to the fact that for a perfectly harmonic confinement

potential, the dipole term of ∆VSP vanishes. However, in realistic systems, potential an-
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Figure 6.3: Singlet-triplet dephasing rate ΓST due to charge noise and electron-phonon
coupling as a function of effective dipole moment p0. In this plot, a constant quadrupole
contribution of 1.3 MHz (Eq. (6.36)) is added to the dipole contribution, which is the
estimated dephasing rate from charge noise for a dot with a purely harmonic confinement
potential, for which p0/2 is zero. Here, we have set the lateral electron confinement to be
L = 40 nm, the vertical confinement to be d = 3 nm, and have assumed an orbital excited
state. The charge noise curve for Si is estimated using a dielectric constant εSi0 = 11.7εvac.
In a perfectly harmonic dot, p0 ≈ 0, but anharmonicity and disorder can introduce a dipole
moment of p0 . eL. In GaAs we expect phonon-mediated dephasing to be most important,
but in Si quantum dots charge noise can easily dominate. The circle marker indicates the
estimated dephasing due to charge noise at p0/e = 1.8 nm, an estimated dipole moment for
realistic devices.[157, 158]

harmonicity and interface roughness result in a non-vanishing dipole moment that can be

more important than the quadrupole term in Eq. (6.36). If our confinement potential is

severely anharmonic, we expect that we would have a dipole contribution similar to Eq.

(6.37), but with a moment of p0 . eL. Further, a disordered interface might also introduce
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a dipole moment. As an example, simulations of the typical devices used in Refs. [157] and

[158] find p0/e = 1.8 nm.

Fig. 6.3 shows the dephasing rate due to charge noise as a function of dipole moment

p0, obtained by using Eqs. (6.37) and (6.40). The figure also shows the dominant dephasing

rates from phonons calculated in Sec. 6.3 and listed in Table 6.1, which are essentially

independent of dipole moment because there is substantial electron-phonon coupling even

for perfectly harmonic confinement potentials. Within our approximations, we see that

phonon-mediated dephasing is the most important mechanism in GaAs, but in Si charge

noise can easily dominate.

6.5 Discussion

In this chapter, we addressed dephasing due to electron-phonon coupling and charge noise

for two-electron states in a single quantum dot in both GaAs and Si. For the electron-

phonon coupling, we found that in GaAs the main contribution to dephasing is due to

polar coupling to optical phonons, and that the dephasing rate was of order gigahertz. In

Si, phonon-mediated dephasing rates are much lower than in GaAs because there is no

polar coupling to phonons, Intervalley processes are more important than intravalley pro-

cesses, since phonons that couple valleys in silicon are extremely short-lived. The intervalley

coupling to phonons leads a dephasing rate for silicon of order megahertz.

We found that charge noise for an orbital first excited state in a perfectly harmonic quan-

tum dot with no disorder is strongly suppressed because the singlet-triplet energy splitting

fluctuations produced by a remote perturbing potential in this case are of quadrupole order,

while for a double-dot charge qubit they are of dipole order. As has been noted previously

[159], pure valley states in Si are even more favorable, as they are largely immune to charge

noise, in that both the dipole and quadrupole terms are suppressed by a factor of e−d
2k20 .

However, the introduction of either anharmonicity (for orbital excitations) or disorder (for

valley excitations) leads to non-vanishing dipole moments up to the order of the lateral

wavefunction extent. For either type of excited state in Si, this can become the dominant
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dephasing mechanism. Our estimated dephasing rate due to charge noise, based on cal-

culations in typical dots, is of order 10 MHz. This rate is fast enough to dominate the

dephasing in silicon, but likely not in GaAs.

Our calculations suggest that two-electron, singlet-dot systems in Si have substantially

better dephasing properties than those in GaAs. This is because the polar coupling for

optical phonons, which mediates fast dephasing in GaAs, is absent in Si. Within Si, to

reduce the dephasing in this system, the critical figure to optimize is the effective dipole

moment of the charge density difference between the first excited state and the ground

state. As indicated in Fig. 6.3, we estimate that unless this dipole moment is reduced

below p0/e ∼ 1 nm, charge noise is expected to be the dominant dephasing mechanism.

Below that threshold, the electron-phonon coupling (for valley excitations) and quadrupole-

order charge noise (for orbital excitations) are expected to be the dominant dephasing

mechanisms.

Finally, we note that throughout this chapter we focussed on conduction electron charge

carriers, rather than holes. Since there have been recent advances in quantum dot struc-

tures that use holes [160, 118], a detailed study of two-hole dephasing would be useful, but

is beyond the scope of the current work. Recent studies of hole relaxation in the context

of low-temperature quantum dots [161] do not rely on the exact character of the spatial

wavefunction, and so are not directly applicable to decoherence. We expect that the tech-

niques we developed here can be readily extended to studies of holes. The major challenges

in such a study would be determining the accurate hole spatial wavefunctions and defor-

mation potentials, which would be affected around the valence band maximum by heavy

hole-light hole mixing [162].
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Chapter 7

Tunable singlet-triplet splitting in

a few-electron Si/SiGe quantum

dot

7.1 Introduction

Silicon quantum dots are candidate hosts for semiconductor spin qubits, both because of

long spin relaxation and coherence times for electrons in Si, and because of potential synergy

with classical microelectronics. Long spin relaxation times have been demonstrated in Si

quantum dots and donors [163, 86, 164, 117], and measurements of ensembles of donor-

bound spins by electron spin resonance have demonstrated T2 coherence times up to 2s

[165]. One of the key properties of Si quantum dot spin qubits is the ability to tune in real-

time tunnel rates and couplings between neighboring dots by controlling electrostatic gate

voltages [166, 167, 168]. Tunable, gate-defined Si quantum dots often are designed to sit at

the interface between pure Si and a barrier of either SiGe [169, 170] or SiO2 [171, 172, 173].

For initialization and readout of singlet-triplet spin qubits, an essential parameter is the

energy difference EST between the singlet (with both electrons occupying the lowest energy

single-particle state) and triplet states (built out of the lowest energy single-particle state
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Figure 7.1: (a) Scanning electron micrograph of a double dot identical to the one used
in the experiment. The transition measured here is between the left dot (white circle) and
the left reservoir. (b) Stability diagram of the double dot with effective electron occupation
numbers labeled. The white symbols between regions (1,0) and (2,0) correspond to the gate
voltages for the data reported below in Fig. 3. The transition line at the bottom right is
invisible, because tunneling between the reservoir and the right dot is slow in that regime.

and the first excited state) of two electrons in one dot [120, 121]. The energy EST is equal to

the lowest single-particle excited state energy, less a correction arising from electron-electron

interactions. In Si nanostructures, which have states arising from the two low-lying valleys in

the Si conduction band, the sharpness and quality of the interface between Si and the SiGe or

SiO2 barrier material play an important role in determining this energy [136]. Experiments

have shown that quantum-confined structures can have reasonably large valley splitting,

ranging from 100 µeV to 1-2 meV [174, 175, 176]. The existence of large valley splitting in

Si quantum dots has led to large EST and the observation of Pauli spin blockade [177, 178].

However, systematic control of the valley splitting or, more directly, EST has not been

demonstrated in a Si quantum dot.

7.2 Experimental observation of the singlet-triplet splitting

In this chapter, we report a magnetospectroscopy study of a Si/SiGe double quantum dot

with 2 and 0 valence electrons on the left and right dots, respectively. We use a pulsed-

gate voltage technique to measure the evolution of the ground and low-lying excited states

of the left dot as a function of an in-plane magnetic field B. We extract the magnetic
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field BST at which the ground state changes from singlet to triplet, corresponding to the

Zeeman energy equaling the singlet-triplet splitting EST for the (2, 0) charge configuration.

We find that BST is tunable by lateral displacement of the quantum dot location, achieved

by simultaneously tuning voltages applied to two gates on opposite sides of the dot. BST

evolves systematically as a function of the gate voltages, and we measure a fractional change

in BST of up to 19 %. Changes in gate voltages can alter both the position and shape of

the electron wavefunctions in quantum dots [179, 180, 157]. Applying asymmetric changes

to the voltages on either side of the quantum dot, as we do here, will change primarily the

position of the quantum dot. We perform calculations showing that the fractional change in

BST observed is consistent with valley-orbit mixing arising from a rough Si/SiGe interface,

and that a change in position alone can account for observed changes in BST.

A double quantum dot, shown in Fig. 7.1(a), is fabricated as described in [86]. A

quantum point contact (QPC), defined by gates R and Q, is used to perform charge sensing

measurements. Gate L is connected to a pulse generator (Tektronix AFG3252), allowing

the application of fast voltage pulses. The dc gate voltages are tuned so that the double

dot is in the few-electron regime, as shown in Fig. 7.1(b). The change in background

grayscale arises from changes in the QPC sensitivity caused by capacitive cross-talk in

the device [181]. Measurements are performed in a dilution refrigerator at an electron

temperature Te = 143 ± 10 mK, determined as described in [86]. The electron occupation

numbers are effective; we believe there are spin-zero closed shells of electrons in both the

left and the right dots that do not participate in the physics discussed here.

To determine the 2-electron singlet-triplet splitting, we measure the gate voltage de-

pendence of the transition from a single-electron spin-down state to the 2-electron ground

state as a function of B. Figs. 7.2(a) and (b) show the transconductance G = ∂Iqpc/∂VL

as a function of B, measured with a lock-in amplifier using a 120 µV ac excitation voltage

applied to gate L. The bright peak in the color plot corresponds to adding one electron

to the left dot. The gate voltage of this transition first increases and then decreases as a

function of B.
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The electrochemical potential µN, and equivalently the gate voltage of transitions like

those in Figs. 7.2(a) and (b), has a dependence on the in-plane magnetic field of the form

∂µN/∂B = gµB∆Stot(N) [182]. Here g is the Landé g-factor, µB is the Bohr magneton,

and ∆Stot(N) is the change in the z component of the total spin when the Nth electron

is added to the dot. The electrochemical potential has a slope of +gµB/2 when a spin-up

electron is added (magnetic moment anti-parallel to B), whereas the addition of a spin-

down electron results in a slope of −gµB/2 (magnetic moment parallel to B). The positive

slope in Fig. 7.2(a,b) at small B corresponds to the addition of a spin-up electron, forming a

2-electron singlet ground state. The arrows mark BST, the magnetic field at which the slope

changes; for B > BST, the added electron is spin-down, and the ground state is the triplet

T−. As indicated schematically in Fig. 7.2(c), the turning point of the slope corresponds to

a magnetic field BST at which the Zeeman energy of the state T− is equal to EST(B = 0).

The value of BST is different in Figs. 7.2(a) and (b), indicating that EST is tunable with

gate voltage.

Pulsed-gate spectroscopy methods [183, 158] allow us to confirm the state identification

described above, while simultaneously mapping out the excited-state energy spectrum as a

function of B. Square wave voltage pulses of peak-to-peak amplitude 3.6mV and frequency

50 kHz are applied to gate L, and the time-averaged value of G is recorded, as shown in

Fig. 7.2(d). Here, the bottom (top) line corresponds to the positive (negative) edge of the

pulse bringing the 2-electron ground state into resonance with the Fermi level of the lead.

Both of these lines therefore reproduce the shape of the line in Fig. 7.2(b).

The two middle lines in Fig. 7.2(d) meet at B = 0 and correspond to the triplet states T−

and T0, which are degenerate at this point, and as B increases, the lines split. The T− line

has a negative slope, corresponding to the addition of a spin-down electron, and this state

becomes the ground state when B = BST. The T0 line has a positive slope, corresponding to

the addition of a spin-up electron. There is small chance of loading the T+ after unloading

the singlet into a spin-up state; however, the process is weak and produces a line at the

same location as the T0.
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Figure 7.2: (a), (b) Ground state magnetospectroscopy for two different sets of gate
voltages chosen so that the gate voltages for (b) favor a dot position farther to the right
than those for (a) (see Fig. 7.3). The plots show the QPC conductance G. The arrows
indicate the magnetic field BST at which the Zeeman shift for the T− is equal to the zero-
field EST. (c) Schematic diagram showing the transition as a function of B. (d) Excited
state magnetospectroscopy using pulsed-gate voltages for the dot position corresponding to
(b). (e) Simulated excited-state magnetospectroscopy for the data in panel (d).

7.3 Demonstration of tunable singlet-triplet splitting via

dot translation

Fig. 7.2(e) shows a theoretical simulation of the experiment of Fig. 7.2(d), performed using

a coupled rate equation model similar to that described in the supplemental material for
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Figure 7.3: BST, the magnetic field at which the ground state shifts from S to T−, for
different sets of gate voltages VL and VR, corresponding to the symbols on the stability
diagram in Fig. 1(b). Error bars are determined by the uncertainty in linear fits to lines
like those in Figs. 2(a) and (b). The three gray lines show fits to three different sets of
microscopic parameters that can be used to fit the experimental results.

Ref. [86]. The model includes thermal broadening but neglects energy-dependent tunneling.

The S, T0, and T− loading and unloading rates are determined by fitting the simulation

to the data in Fig. 7.2(d). We find the loading rates ΓLS = 45.1 kHz, ΓLT− = 216 kHz, and

ΓLT0 = 377 kHz, and the unloading rates ΓUS = 164 kHz, ΓUT− = 354 kHz, and ΓUT0 = 183

kHz.

Using the method illustrated in Figs. 7.2(a) and (b), we measure the transition field

BST at four different gate voltage configurations, corresponding to the symbols shown in

Fig. 7.1(b). Along this line in the stability diagram, changes in VL and VR tend to shift

the dot physically from left to right as VR (VL) is made more positive (negative). As shown

in Fig. 7.3, we observe a systematic increase in BST as we move from left to right in the

stability diagram. Over this range, BST increases from 1.68 ± 0.09 T to 2.02 ± 0.07 T, a

total increase of ∼ 19 %.

The singlet-triplet splitting can be expressed as EST = E1−E0 +C01−C00 +KST, where

E0 and E1 denote the ground and first excited-state energies, C01 and C00 are the Coulomb

interaction energies of the two electrons in the singlet and triplet states, and KST is the

exchange energy [184]. A simple shift of the dot position is expected to have little effect
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on the last three terms, which correspond to interactions between the electrons. Similarly,

the shape of the wavefunction envelope should change very little as a function of the dot

displacement. The variation in BST is not caused by a change in g-factor as a function of

gate voltage, because we calculate that only 0.6% of the electron density resides in the SiGe

barrier, and the g-factor changes ∼ 2% between Si and Si0.7Ge0.3, the concentration used

in our heterostrucutre [185]. Thus, it is important to check whether microscopic features

of the quantum device can account for the changes in EST that we observe.

The single-particle spacing ∆E = E1−E0 has a contribution arising from the difference

in valley components in the two lowest lying orbital states. The quantum well interface will

have atomic steps and other sharp changes in potential that vary as a function of lateral

position, and these variations can modify the coupling of the two z-valleys, contributing to

a position dependence of the energy difference ∆E [138, 186].

To test whether a small atomic-scale variation can account for the magnitude of the

observed variations in BST, we perform tight-binding calculations of the single particle

energy levels of an electron confined near a single atomic step. The calculations use a two-

dimensional tight-binding Hamiltonian similar to Refs. [133, 187], including a parabolic

lateral confinement potential. The fitting procedure varies the position of the atomic step,

the confinement length scale, and the vertical electric field, enabling a calculation of the

variation in ∆E as a function of gate voltage. To compare with the measured BST, we also

fit the sum of the Coulomb and exchange energies (C01 − C00 + KST), and the results are

plotted in Fig. 7.3. The fitting is underconstrained, as there are many physical ways to

produce similar valley splitting. To indicate the types of variations possible, three results

are plotted in Fig. 7.3 as the solid, dashed, and dotted lines, and all three calculations

can reproduce the magnitude of the observed change in BST. The lowest excited-state

can be classified as “orbital-like” when the calculated wavefunction contains a lateral node

or “valley-like” when it does not, and both cases occur. For valley-like excitations, lateral

translation of the dot with respect to a step results in a tunable valley splitting. For orbital-

like excitations, strong valley-orbit coupling enables a tunable orbital energy splitting (see
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chapter 8). Thus, atomic-scale structure of the quantum well interface is sufficient to

produce valley-orbit mixing large enough to account for the experimental observations,

even under the assumption that the dot shape is unchanged as a function of gate voltage.
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Chapter 8

Disorder-induced valley-orbit

hybrid states in Si quantum dots

8.1 Introduction

Isolated electrons in semiconductor systems are a promising candidate for scalable quantum

computation because they exhibit excellent control and decoherence properties, while being

able to leverage the mature semiconductor industry to scale up [184]. Much recent progress

has led to demonstrations of both spin- and charge-based qubits in GaAs [126, 121, 115, 188]

and Si [117, 111, 189]. While Si has better spin decoherence properties than GaAs [190],

silicon’s nontrivial conduction band valley structure is a complication [191].

The presence of the valley degree of freedom in Si quantum dot devices can lead to

difficulty in isolating a two-state system to use as a qubit, because valley splitting energies

can be the same order as both Zeeman splittings and orbital energy spacings [191, 174, 135].

On the other hand, it has been proposed to harness this valley degree of freedom to define

noise-resistant qubits [191, 192, 159]. Previous studies of valley states in Si have mainly

focused on an idealized picture of the valley and orbital physics in which the system is taken

to be disorder-free, and hence the valley and orbital degrees of freedom are good quantum

numbers for the system [137, 193].
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It has been recognized that structural disorder, such as atomic steps at the heterostruc-

ture interface, alloy disorder, or other types of correlated randomness, can introduce new

effects such as intervalley tunneling [194, 186]. Furthermore, recent experimental evidence

for disorder-influenced valley-orbit physics has been found in both MOS [195, 196] and

Si/SiGe systems [9, 189]. Studying disorder in silicon is especially challenging, since the

conduction band valley states couple atomic-scale disorder to the micron-scale electron con-

finement that is typical of quantum dots. To analyze this problem, researchers have used

computationally intensive numerical techniques such atomistic tight binding [134, 197], or

analytical approaches that assume the effective mass theory holds with only minor correc-

tions necessary [136, 137, 186].

In this chapter, we develop a systematic disorder-expansion technique that successfully

reproduces the results of atomistic simulations, while retaining the appealing physical in-

tuition and computational efficiency of effective mass theories. Using this technique, in

addition to the valley mixing matrix elements noticed previously, we identify matrix ele-

ments that correspond to valley-orbit hybridization, which were previously studied in an

approximation using the two lowest energy z−states [138]. We also show that the presence

of these matrix elements leads to the emergence of effects not observed in previous analyt-

ical treatments. In particular, we show that disorder leads to finite dipole matrix elements

between valley states, and quantitative corrections to intervalley tunneling. Both effects

are detrimental to quantum information stored in valley states.

8.2 Disorder-expansion effective mass theory

In Si quantum dots confined to a quantum well in the absence of disorder, one can show

through tight-binding or effective mass theories that the energy eigenstates Ψi,±(r) form

symmetric and antisymmetric valley doublets [137]:

Ψi,±(r) =
1√
2

[
u−k0(r)e−ik0z ± uk0(r)eik0z

]
hi(r), (8.1)
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where r is the spatial position, hi is the electronic envelope function for the ith orbital,

and u±k0 is the periodic part of the Bloch function located at the conduction band minima

k = ±k0ẑ,. Here, k0 = 0.82 · 2π/a is the position of the valley minimum, and a = 0.543 nm

is the cubic lattice spacing in Si.

To calculate the effects of disorder on valley states in Si accurately, researchers have pre-

viously relied on atomistic tight-binding techniques [134, 198, 199, 197] which are numerical

and extremely expensive computationally. Here, we introduce a new semi-analytical tech-

nique based on a systematic expansion in the matrix elements of disorder. This technique

allows us to understand analytically and compute accurately the effects of interface disorder

much faster than was previously possible.

We consider an unperturbed problem consisting of a lateral, two-dimensional confine-

ment potential V (x, y) that describes a quantum dot or other device, and a one-dimensional,

vertical confinement potential U(z) that includes the sharp interfaces, the quantum well

barriers, and other slowly-varying components such as an applied electric field. Since this

problem is separable, the resulting wavefunction is written as Ψi,j(r) = Fi(x, y)ψj(z), where

i is the x-y orbital index and j is the subband index [137].

We solve the x-y problem using the effective mass equation,

[
− ~2

2mt

(
∂2
x + ∂2

y

)
+ V (x, y)

]
Fi(x, y)

≡ H0
xyFi(x, y) = εiFi(x, y) , (8.2)

where mt = 0.19m0 is the transverse effective mass in Si, with m0 the bare electron mass.

The z problem is described similarly, with an unperturbed Hamiltonian H0
z . However,

the solution method is different because H0
z includes sharp interface potentials that couple

different valley states. There are a number of well-established techniques to solve this 1D

problem, including augmented effective mass treatments [137] and tight-binding techniques

[134], which yield solutions of the form noted in Eq. (8.1). The results shown below are

obtained using the 1D tight-binding treatment.

We now introduce disorder through the perturbation potential D(r). For the “bump”

geometry shown in Fig. 8.1, D(r) is zero everywhere except for the small black region, where
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it has the same height as the barrier potential. We write the full Schrödinger equation,

including the disorder potential, as

[
H0
xy +H0

z +D(r)
]
φl(r) = Elφl(r). (8.3)

We solve this equation by expanding in terms of the unpertubed basis set:

φl(r) =

∞∑

j,k=1

αljkFj(x, y)ψk(z), (8.4)

where αljk are the expansion coefficients. The problem then reduces to a matrix eigenvalue

problem for the coefficients αljk and the energies El.

The expansion described in Eqs. (8.3) and (8.4) must be truncated to find a numerical

solution. However, the method is guaranteed to succeed if a sufficiently large basis set is

used. Since matrix elements of the disorder potential D(r) can be large, we may need many

basis functions to obtain quantitative accuracy. In the problems studied below, accurate,

converged solutions can be obtained reasonably quickly by using tens of the ψk(z) basis

functions and tens of the Fj(x, y) basis functions, leading to a dense effective Hamiltonian

matrix with dimensions N ×N , where N ∼100-500.

8.3 Application to quantum dot systems

We now apply this disorder-expansion technique to calculate the eigenstates of a single

quantum dot, and the tunneling coefficients for a double quantum dot, in the presence of a

disordered interface. Many previous analytic treatments of disordered interfaces considered

only the effects of valley mixing (VM) between the two low-lying valley states. Here,

the disorder-expansion method allows us to treat both VM and valley-orbit hybridization

(VOH), which describes the mixing of orbital and valley degrees of freedom, and is observed

only when the basis includes more than one orbital degree of freedom [138]. When VOH is

significant, the electric dipole moment between the lowest two states,

p = e

∫
d3r

(
|φ1 (r)|2 − |φ0 (r)|2

)
r, (8.5)
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Figure 8.1: Calculation of low-lying energy eigenstates and electric dipole moments for
a 3D quantum dot in a quantum well with interface disorder, demonstrating that valley-
orbit mixing induces a substantial dipole moment. The simulation geometry (inset) has a
quantum well thickness of 10 nm and a barrier height of 150 meV. The parabolic quantum
dot is circular, with a diameter of L = 28.3 nm. Disorder is introduced as a rectangularly
shaped “bump” (black region) in the quantum well barrier, with an x-width of Wx = 2L,
a y-width of Wy = 4L, a height of a single atom, and a center position at (x0, y0) =
(−0.7L,−0.7L). The top two curves show the components of the dipole moment p, defined
in Eq. (8.5), along the x̂ (dashed) and ŷ (dash-dotted) directions, as a function of electric
field applied along ẑ. The lower set of solid curves show the lowest six energy levels in
the quantum dot, measured relative to the ground state. At low fields, these form two
manifolds: a lower, S-like doublet and an upper P -like quadruplet. Disorder introduces
two distinct effects: valley mixing (VM) between states in the same valley doublet, and
valley-orbit hybridization (VOH) between states in different valley doublets. The dipole
moment is typically substantial, but it is suppressed near the VM-induced anticrossing
indicated by the vertical dashed line. A second anticrossing occurs at a higher field, where
the first excited state changes from valley-like to orbital-like, and is accompanied by a large
change in the dipole moment.

where −e is the electron charge, can also be significant. In constrast, Eq. (8.5) yields p = 0

when φ0 and φ1 represent pure pure orbital states, and is on the scale of the atomic lattice
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spacing when φ0 and φ1 are pure pure valley states. For qubit applications, a finite dipole

moment makes the system susceptible to charge noise [126, 130, 7].

We consider the specific quantum dot geometry shown in Fig. 8.1. For simplicity, we

choose a 2D parabolic confinement potential for the quantum dot with an energy level

spacing of ~ω = 0.5 meV, corresponding to a characteristic dot size of L =
√

~/(mtω) =

28.3 nm. We choose the lateral dimensions of the bump perturbation to be of order of

L, as consistent with recent stuctural characterization of Si/SiGe heterostructures [200];

specifically, we use Wx = 2L and Wy = 4L. The height of the bump is taken to be a single

atom. The quantum well width is 10 nm, with a barrier height of 150 meV. We compute

the z-basis functions within the 1D tight-binding method described in Ref. [134]. The full

3D calculations are carried out using the disorder-expansion framework described above,

with a basis of size 5(x) × 5(y) × 30(z). The results are of good accuracy, as described in

Appendix E.1.

The results of our single-dot calculations are shown in Fig. 8.1 as a function of the

perpendicular electric field. The curves at the top of the plot px and py, the x̂ and ŷ

components of the electric dipole moment. For the device specifications used here, the dipole

moment is typically comparable to eL. Its non-monotonic dependence on perpendicular

electric field can be understood by examining the energies of the lowest six energy eigenstates

of the quantum dot, shown in the lower portion of Fig. 8.1. At low fields, the lowest set of

six energy eigenstates splits into two orbital manifolds. Each of these manifolds is further

split by a small valley splitting of order 0.1 meV. As the field is increased, the lowest two

states undergo successive transitions, corresponding to level anticrossings: a VM transition

at about 2×106 V/m, and a VOH transition at about 7×106 V/m. The VM anticrossing is

caused by a competition beween two different confinement potentials: the quantum dot and

the effective confinement caused by disorder. The dipole moments are strongly suppressed

at the VM anticrossing, as shown in Fig. 8.1, although the magnitude of p is never zero.

We note that in the limit of large orbital energy spacing ~ω, the dipole moment scales

approximately as 1/(~ω), as consistent with lowest order perturbation theory. Therefore,
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Figure 8.2: The intervalley tunnel rate τ−+ = 〈L−|H |R+〉 between two sides of a double
quantum dot in the presence of a “bump” at the quantum well interface, as a function of
the bump position x0. Here, the height of the bump is one atom, L− refers to the lowest
left-localized state, and R+ refers to the first excited right-localized state. A schematic of
the calculation geometry is shown in the inset. In the absence of disorder, the ± indices
refer to unperturbed valley states. Results are shown for bumps with widths Wx = L/2,
L, and 2L in the x-direction, and infinite widths in the y-direction. The solid curves are
computed using the disorder-expansion framework described in the main text, with a basis
of size 50(x)× 1(y)× 10(z), while the dashed line is an alternative result for W = 2L, with
a basis of size 1(x) × 1(y) × 2(z), which does not admit VOH effects. For the calculations
shown here, the dimensions of the individual dots are the same as Fig. 8.1, and we assume
an electric field of 2× 105 V/m applied perpendicular to the quantum well. The intervalley
tunneling rate is substantial over a wide range of bump positions and widths.

two methods are available to help suppress the unwanted dipole moment: using smaller

dots and working at fields corresponding to the VM anticrossing.

We now study the impact of VOH on interdot tunneling. As noted in Refs. [186, 138],

structural disorder induces VM, so the z-component of the wavefunction is no longer well

described by its unperturbed eigenstate. Since disorder varies spatially, the z-composition

of the wavefunction will be different from dot to dot. This leads to intervalley tunneling,

meaning that an electron can change valley indices when tunneling between two dots [194].

When quantum information is stored in the valley indices, intervalley tunneling constitutes
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a loss of information. Here, we go beyond previous work [186] by considering tunneling

between the two sides of a double quantum dot, and by including VOH effects using the

disorder-expansion technique described above.

We again adopt a simple model for interface disorder: a rectangular bump at the quan-

tum well interface, as shown in the inset of Fig. 8.2. In this calculation, we take the bump

width to be infinite in the y direction, but variable in the x direction. As anticipated in

Ref. [186], the intra- and inter-valley tunnel rates are comparable when the bump width,

analogous to the disorder correlation length, is comparable to the lateral widths of the

quantum dot. We consider two quantum dots in a biquadratic potential. The individual

dot potentials have circular symmetry, with a diameter of L = 28.3 nm, and an interdot

separation of d = 144 nm. We define the states L± and R± to be the left and right-localized

states, obtained from the lowest two eigenstates of the left and right individual confinement

potentials. All four states L± and R± are computed within the disorder-expansion frame-

work using a basis set of size 50(x) × 1(y) × 10(z). (See Appendix E.1 for convergence

details.)

To calculate the tunneling, we compute the matrix element of the total, double dot

Hamiltonian between left- and right-localized states. Technical details for efficiently com-

puting this matrix element can be found in Appendix E.2. We run our calculation at a

low applied electric field, F = 2 × 105 V/m, so that in the absence of disorder, the lowest

two states in each dot form a valley doublet. This is the regime where the valley index is

most likely a good quantum number for quantum computing. With no disorder, the x and

z-directions are separable, so the intervalley tunneling term is zero:

τ−+ = 〈L−|H |R+〉 = 0 . (8.6)

However, the introduction of an atomic bump leads to significant intervalley tunneling, as

shown in Fig. 8.2. In the calculation, the dot geometry is chosen such that the interdot,

intravalley tunnel rate in the absence of disorder is 2 GHz, which is a typical value observed

in experiments [189]. Over a wide range of bump positions, we confirm that the intervalley

tunnel rate is comparable to the intravalley tunnel rate. We find that the intervalley tunnel
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rate is largest when the bump in the interface is centered over one of the quantum dots. The

dashed line in Fig. 8.2 corresponds to only using one x-basis function, one y-basis function,

and two z-basis functions, corresponding to the simple model considered in previous studies

[186], where the VOH coupling is effectively turned “off.” Although the approximate solution

is qualitatively similar to the accurate solution, it is not quantitatively accurate.

Our theoretical results for intervalley tunneling are in reasonable agreement with recent

experiments in a double quantum dot, where tunnel rates were measured between a (2, 1)

electron occupation and two different (1, 2) occupations, corresponding to the ground and

lowest excited states [189]. The small energy splitting between the (1, 2) configurations

(∼ 45 µeV) is indicative a large valley component in the excited state. (Orbital excitations

are typically larger, in the range 0.1-1 meV [158].) The fact that comparable tunnel rates

were observed for both (1, 2) states (2.7 GHz vs. 3.5 GHz) indicates a strong intervalley

matrix element.

Finally, it is interesting to compare the numerical complexity of our scheme to that of a

tight binding method. For the double dot considered here, we achieve good accuracy with

a basis of size N = 500. The computational bottleneck in this procedure is diagonalizing

the resulting N ×N dense matrix, which takes a few seconds on a personal computer. In

contrast, the number of atoms involved in a 3D tight binding calculation (excluding atoms

outside the quantum well) corresponds to including several hundred million atomic sites,

which requires run-times of many hours on modern supercomputers [199].

8.4 Discussion

We have introduced a new disorder-expansion effective mass technique for studying dis-

ordered silicon systems. This framework provides results consistent with computationally

intensive tight-binding calculations [197], while retaining the calculational simplicity and in-

tuitive appeal of the effective mass approach. This approach reveals additional valley-orbit

hybridization effects, which are responsible for a non-vanishing dipole moment between

valley states, as well as intervalley tunneling.
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Both valley mixing and valley-orbit hybridization are problematic for storing quantum

information in valley states, since in the presence of disorder they no longer afford protection

against charge noise, and do not have consistent quantum numbers between dots. We find

that the dipole moment can be mitigated by operating the device at a specific applied

electric field, and also by making the dot smaller.
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Chapter 9

Conclusion

In this thesis, we have considered several aspects of quantum computation, exploring both

software and hardware. The first three chapters discuss recent progress in quantum al-

gorithms. In chapter 2, we develop a framework for calculating the evolution operator of

multi-particle non-interacting walks, and use it to prove that two-particle non-interacting

walks cannot distinguish strongly regular graphs. We then perform high-throughput com-

puting calculations to present extensive numerical evidence that introducing interactions

allows for universal strongly-regular graph distinguishing. Chapter 3 applies the framework

we developed in non-interacting walks with more particles, demonstrating that three- and

four-particle walks can distinguish some strongly regular graphs. In chapter 4, we inves-

tigate a recently proposed quantum adiabatic algorithm for Google PageRank, showing

numerically that it appears to scale as a power law for realistic WWW graphs.

In the final four chapters, we discuss issues that occur in the physical implementation of a

quantum computer. Chapter 5 discusses the concept of using a cold two dimensional electron

gas as a heat sink for a nearby hot electronic system. The heat transfer problem is analogous

to the Coulomb drag effect, but for energy rather than momentum. Next, in chapter 6 we

calculate the dephasing that occurs in a quantum dot with two electrons, a problem of

critical importance for certain qubit architectures. Chapter 7 shows that translation of

quantum dots can alter the eigenstate energies, which is indicative of structural interface
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disorder. Finally, in chapter 8 we continue to discuss the effects of structural disorder

on quantum dots. We develop a new theoretical framework for calculating the effects

of disorder, which outperforms previous techniques in both computational efficiency and

clarity.
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Appendix A

Supplemental information for

Chapter 2

A.1 Checking the two-particle matrix elements

In this appendix we demonstrate that eqs. 2.16 and 2.24 are equivalent to Eq. 2.7 for both

Bosons and Fermions. To show that the Boson matrix elements as given in Eq. 2.16 are

correct, we evaluate the three types of basis elements we have in eq. 2.16. When i 6= j and

k 6= l, Eq. 2.16 yields

B〈ij|H2B |kl〉B =

(〈ij|′ + 〈ji|′√
2

)[
− 1

2
(I + S) (A⊕A)

+ UR
]( |kl〉′ + |lk〉′√

2

)

= −
(〈ij|′ + 〈ji|′√

2

)
(A⊕A) (A.1)

·
( |kl〉′ + |lk〉′√

2

)

= −Aikδjl −Ajlδik −Ailδjk −Ajkδil.
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When i 6= j but k = l, we find

B〈ij|H2B |kk〉B =

(〈ij|′ + 〈ji|′√
2

)

·
[
−1

2
(I + S) (A⊕A) + UR

]
|kk〉′

= −
(〈ij|′ + 〈ji|′√

2

)
(A⊕A) |kk〉′

= − 1√
2

(
Aikδjk +Ajkδik +Aikδjk

+ Ajkδik
)

= − 2√
2

(Aikδjk +Ajkδik) . (A.2)

When i = j and k = l, we have

B〈ii|H2B |kk〉B = 〈ii|′
[
−1

2
(I + S) (A⊕A) + UR

]
|kk〉′

= U 〈ii|′R |kk〉′

= Uδik. (A.3)

These expressions are all exactly the same as we found through the definition of the Hamil-

tonian in Eq. refbosonelements.

We can work the same exercise for the Fermion Hamiltonian, Eq. fermionoperatorham

as we did for the Boson Hamiltonian in eq. A.1. The calculation for the fermions yields

F 〈ij|H2F |kl〉F = δikAlj + δjlAik − δilAjk − δjkAil, (A.4)

which is identical to the result obtained from eq. 2.7.

A.2 Counting the elements in the non-interacting Boson

evolution matrix

To prove that the two-particle walk cannot distinguish two non-isomorphic SRGs, we use the

method that Shiau et al. introduced for one-particle walks; we show that all the values and

degeneracies GFs, matrix elements of the evolution operator, can be expressed of functions
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of the SRG family parameters. For one particle, Shiau et al. [40] considered the on-diagonal

and off-diagonal matrix elements separately. For the two-particle evolution operator U2B,

we perform a similar trick by partitioning the matrix elements according to two parameters

(a, b): the total number of distinct indices (a) and the number of indices shared the left

and right sides (b). For example, 〈34|UB |24〉 falls into the element class (3, 1), since it has

three distinct indices (2,3,4) and the left and right side have one index in common (2). In

total, the two-particle Boson evolution operator has seven such classes: (4, 0), (3, 0), (3, 1),

(2, 0), (2, 1), (2, 2), and (1, 2), which together partition the set of matrix elements.

Within each of these classes, the various possible element values are listed in table 2.1.

Counting the number of occurrences is performed by means of combinatorial sums. First,

we consider the symmetry class (4,0). Since i 6= j and k 6= l, we use eq. 2.5 to write the

matrix elements as

〈ij|UB |kl〉 = α2(δikδjl + δilδjk) + 2β2

+ γ2(AikAjl +AilAjk)

+ αβ(δik + δjk + δil + δjl)

+ αγ(δikAjl + δjkAil + δilAjk + δjlAik)

+ βγ(Ajl +Ail +Ajk +Aik). (A.5)

One possible value for this matrix element, 4βγ+2γ2 +2β2, occurs when Ajl = Ail = Ajk =

Aik = 1. Since A is a 0− 1 matrix, the number of ways this can occur, n(4,0)a, is given by

n(4,0)a =
∑

i<j

∑

k<l

AjlAilAjkAik (A.6)

=
1

4

∑

ijkl

AjlAilAjkAik(1− δij)(1− δkl)

=
1

4

(∑

i

(A4)ii − 2
∑

ij

(A2)ij +
∑

ij

Aij

)
,

where the initial sum is constrained to i < j and k < l since we are working with indistin-

guishable Bosons, and hence have a space of dimension N(N +1)/2. By repeated use of eq.

2.13, we can use the techniques of the one-particle algorithm [40] to evaluate these sums in
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terms of family parameters. The values of those pertinent to our present discussion are:

∑

ij

Aij = kN

∑

ij

(A2)ij = N(k − µ) + kN(λ− µ) +N2µ

∑

ij

(A3)ij = N
(
k2 + k

(
µ(N + µ− 2) + λ2 − 2λµ+ λ

)

+ (N − 1)µ(λ− µ)
)

∑

i

(A3)ii = kNλ

∑

i

(A4)ii = kN
(
µ(k − λ− 1) + k + λ2

)
. (A.7)

Plugging in these results and using the SRG relationship (N − k − 1)µ = k(k − λ− 1), we

find

n(4,0)a = 1/4 ·N
(
k2(µ+ 1) + k

(
λ2 − λ(µ+ 2) + µ− 1

)

− 2(N − 1)µ
)
. (A.8)

A second possible value for this matrix element is 3βγ + γ2 + 2β2, obtained by setting any

one of Ajl, Ail, Ajk, or Aik to zero. As a sum, this means that the number of occurrences,

n(4,0)b, is

n(4,0)b = 4
∑

i<j

∑

k<l

AjlAilAjk(1−Aik)(1− δik)

=
∑

ijkl

AjlAilAjk(1−Aik)(1− δik)(1− δij)(1− δkl)

=
∑

ij

(A3)ij −
∑

i

(A3)ii −
∑

i

(A4)ii

= Nµ(N − k − 1)(k + λ− µ), (A.9)

where the initial factor of four is due to the four possible ways to pick the A, and (1 −

Aik)(1− δik) constrains both i 6= k and Aik = 0. The remainder of the calculation proceeds

similarly, and the results are listed in table 2.1.
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Appendix B

Supplemental information for

chapter 3

B.1 Computing multiplicities of values of matrix elements

of the evolution operator for strongly regular graphs

Here we discuss how to compute the multiplicities of values of elements of evolution op-

erators, or Green’s functions, for SRGs. We show in this appendix that the multiplicity

of a non-interacting three-particle Green’s function is in general not a function of SRG

family parameters. This result is used in Section 3.3 to demonstrate how two-particle and

three-particle non-interacting walks have different distinguishing powers for SRGs.

To compute the multiplicity of each value of the Green’s function in a non-interacting

three-particle walk, we first note that Eqs. (3.10) through (3.12) imply that the value of a

given Green’s function depends on the relationships between the vertices in the final state

(the bra; {i, j, k}) and the vertices in the initial state (the ket; {p, q, r}). For each pair of

indices (x, y), with x from the bra (x ∈ {i, j, k}), and y from the ket (y ∈ {p, q, r}), there

are three possible relations. The vertices can be connected (Axy = 1), the vertices can

be the same (δxy = 1), or the vertices can be different and disconnected (Axy = δxy = 0).

Therefore, we may think of each Green’s function as corresponding to a generalized subgraph
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of the original graph. We say “generalized subgraph” because the Green’s function is

unaffected by internal connections within the initial or final state; we adopt the more

compact terminology of referring to these generalized subgraphs as “widgets.”

To illustrate this point, let us consider the widget shown in Figure B.1. The solid lines in

the widget indicate that the sites are connected in the graph, while the dashed lines indicate

that the value of the widget does not depend on whether or not those sites are connected.

Thus, two widgets are considered the same whether or not sites that are connected by

dashed lines are actually adjacent. To evaluate B〈ijk|U3B|pqr〉B for the widget shown in

Figure B.1, we note that all six vertices ({i, j, k, l, p, q, r}) are distinct. We can then use

Eqs. (3.10) and (3.12) to find that B〈ijk|U3B|pqr〉B = 6(β + γ)3, where β and γ, defined

in (3.12), are functions of the SRG family parameters. The multiplicity of this particular

value for a particular graph is given by the number of times its corresponding widget occurs

in the graph.

To compute the multiplicity, M , of 6(β+γ)3 in U3B, we count the number of occurrences

of this widget in the graph. To do this, we perform the following combinatorial sum,

generalizing the procedure outlined in Appendix B of Gamble et al. [3].

M =
∑

i<j<k

∑

p<q<r

AipAiqAirAjpAjqAjrAkpAkqAkr (B.1)

=
1

36

∑

ijkpqr

AipAiqAirAjpAjqAjrAkpAkqAkr×

(1− δij)(1− δik)(1− δjk)(1− δpq)(1− δpr)(1− δqr).

The analogous sums considered in Gamble et al., which only examines two-particle walks,

can be decomposed into sums and traces over powers of the adjacency matrix. Such oper-

ations are given by contracting over two occurrences of the same index in the summand.

Conveniently, these quantities are expressible in terms of SRG family parameters, as is il-

lustrated in chapter 2 Things are not so simple, however, for the three-particle walks. By

inspection, we see that Eq. B.1 contains contractions over three occurrences of the same

index. Such contractions correspond to neither matrix multiplication nor computing the

trace, and cannot in general be massaged into forms expressible in terms of SRG family
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i
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k

p

q

r

Figure B.1: Sketch of a generalized subgraph, or “widget,” used to calculate the values and
degeneracy of a Green’s function for a three-particle quantum walk on an SRG. The vertices
on the right side correspond to the vertices the particles are on to begin with (the ket |pqr〉B
or |pqr〉F ), and the vertices on the left side correspond to the vertices the particles end up
on (the bra B〈ijk| or F 〈ijk|), after application of the evolution operator U . A solid line
between vertices x and y indicate that Axy = 1. A dashed line between x and y means that
the value of Axy does not affect the value of the Green’s function. Thus, for bosons, the
depicted widget corresponds to the Green’s function B〈ijk|U3B|pqr〉B when all six vertices
are distinct, and when Axy = 1 for all x ∈ {i, j, k} and y ∈ {p, q, r}. Eqs. (3.10) and (3.12)
show that the value of this Green’s function, or widget, is B〈ijk|U3B|pqr〉B = 6(β + γ)3.

parameters, as evidenced by the fact that the three-particle walks have distinguishing power

over many pairs of SRGs.

However, the above statement does not give us analytic proof that there exist Green’s

functions whose multiplicities are not functions of the family parameters; up to this point,

we are still relying on the numerical results as proof. Below, we analytically demonstrate

that there exist widgets whose multiplicities cannot be determined by family parameters. To

demonstrate this, we take a step back to the two-particle walk. Consider the widget shown in

Figure B.2(a). We can determine this widget’s multiplicity for an arbitrary SRG with family

parameters (N, k, λ, µ) by performing the combinatorial sum analogous to Equation (B.1),

or equivalently, we can actually count the number of times we can fit this widget on the

SRG. To begin, we pick two sites in the graph to serve as sites i and j; these sites may

be adjacent or not, as indicated by the dashed line between them in the figure. Now we
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Figure B.2: Empty widgets for two-particle and three-particle non-interacting walks. In
both widgets, all vertices are distinct and no vertex in the initial state is adjacent to any
vertex in the final state. The values of the widgets depend only on the family parameters for
both (a) and (b), while the degeneracies of these values depend only on family parameters
for two particles but not for three. The multiplicity of each widget’s respective Green’s
function for a particular SRG is equal to the number of times that widget appears in the
SRG. (a) The empty widget for two particles. The number of times this widget appears
in an SRG is a function of the SRG family parameters, as is the case for all two-particle
widgets [3]. (b) The empty widget for three particles. The number of times this widget
appears in an SRG is not a function solely of SRG family parameters. This is demonstrated
by the graphs in Figure B.3. An analytic explanation for this phenomenon is given in the
text following Equation (B.2).

(a) (b)

Figure B.3: The two non-isomorphic graphs of the SRG family (16,6,2,2). The widget
of Figure B.2(b) appears in the graph shown in (a) 608 times, whereas the same widget
appears in the graph shown in (b) 512 times. Thus we see that the same three-particle
widget can have different multiplicities in graphs of the same family, so the three-particle
non-interacting walk can distinguish at least some non-isomorphic graphs from the same
SRG family.
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(a) (b)

Figure B.4: Two copies of the Petersen graph, an SRG with parameters (10, 3, 0, 1). In
each graph, three mutually non-adjacent vertices are highlighted as red diamonds. In (a),
the three vertices share one common neighbor, marked as a green square. In (b), the three
vertices share no common neighbors. This demonstrates that the number of neighbors
common to a triple of vertices in a strongly regular graph is not strictly a function of the
SRG family parameters, thus showing why widget multiplicity is not strictly governed by
family parameters when p ≥ 3.

must count, given our choice of i and j, how many sites we may pick as p and q. If i and j

are connected, there are
(
N−2k+λ

2

)
choices for p and q, whereas if i and j are disconnected,

there are
(
N−2−2k+µ

2

)
choices for p and q. There are Nk

2 choices for connected sites that can

serve as i and j, and
(
N
2

)
− Nk

2 disconnected sites. Thus, the number of four-vertex empty

widgets occurring in a two-particle non-interacting walk is:

M2,empty =
Nk

2

(
N − 2k + λ

2

)
+ (B.2)

((
N

2

)
− Nk

2

)(
N − 2− 2k + µ

2

)
,

in agreement with the result in Gamble et al. for this particular widget [3]. Thus we see

that this widget’s multiplicity is, as expected, a function of the family parameters. Let’s see

what happens when we try this same approach for the corresponding widget in the three-

particle walks, shown in Figure B.2(b). Again, we consider the multiplicity of the widget

in an arbitrary SRG by counting the number of times we can fit this widget on the graph.
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Now we pick three sites to serve as i, j, and k. We want to count, given our choice of i, j,

and k, the number of sites that can serve as p, q, and r. To do this, we need to know how i,

j, and k are connected amongst themselves, just as we did in the previous example. There

are four possible non-isomorphic connectivities, as there can be between zero and three

connections amongst these sites. In order to count the multiplicity of this widget, we must

consider for each of these four cases how many sites in the graph are mutually disconnected

from sites i, j, and k. In the previous example, we could answer the analogous question via

the family parameters, as illustrated above. However, this is because the family parameters

µ and λ tell us how many common neighbors pairs of vertices have. There are no family

parameters which encode this information for triples of vertices, as strong regularity does

not place absolute constraints on shared connectivities for triples of vertices.

We illustrate this point with an example in Figure B.4. Two copies of the Petersen graph,

an SRG with family parameters (10, 3, 0, 1) are depicted. The first copy highlights three

mutually non-adjacent vertices; this particular triple of vertices has one common neighbor.

The second copy also highlights a triple of mutually non-adjacent vertices, but this triple

has no shared neighbors. Thus we have demonstrated by example that strong regularity

cannot in general uniquely determine the shared connectivity for triples of vertices.

Moreover, we can see that counting the multiplicity of the widget shown in Figure B.2(b)

can be used to distinguish two non-isomorphic graphs from the same SRG family. Fig-

ure B.3 shows the two non-isomorphic graphs in the SRG family (16,6,2,2). The widget in

Figure B.2(b) appears 512 times in the first graph and 608 times in the second graph, thus

distinguishing them.

We conclude then that there exist three-particle widgets whose multiplicities cannot

be functions of family parameters. Thus, the three-particle non-interacting walks are not

forbidden from distinguishing non-isomorphic SRGs from the same family, unlike the two-

particle non-interacting walks.
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B.2 Computing the number of SRG fingerprints

In Section 3.3, it is shown that quantum walks of p non-interacting particles cannot dis-

tinguish all non-isomorphic pairs of strongly regular graphs. This is done by showing that

Z(p,N), the number of graph fingerprints given by the p-boson walk on an SRG family

with N vertices, is less than the number of non-isomorphic strongly regular graphs with N

vertices, in the limit of large N . This subsection presents the calculation of Z(p,N).

To calculate Z(p,N), we note that if there are Xp possible Green’s function values

for the p-boson walk, and Y elements of the evolution operator U , then computing the

number of unique fingerprints is equivalent to computing the number of ways one can put

Y indistinguishable balls in Xp labeled bins, so that [201]

Z(p,N) =

(
Xp + Y − 1

Xp − 1

)
. (B.3)

We recall that Xp is a function of p, but not of N . (We may think of Xp as the number

of uniquely-valued widgets that appear in the p-boson walk.) However, Y , the number

of elements in the evolution operator, will depend on both p and N , and we henceforth

write it as Yp,N . The dimension of the evolution operator is computed by determining how

many different ways p bosons can be put on N vertices, which this is the same problem as

computing the number of ways to put p indistinguishable balls into N labeled bins. The

number of elements in the evolution operator is just the square of its dimension, so we find

that:

Yp,N =

(
N + p− 1

p

)2

. (B.4)

Using Equations (B.3) and (B.4), we now compute an upper bound for Yp,N and Z. It

can be shown that
(
n+k−1
k−1

)
≤ nk when n ≥ 2 and k ≥ 1. Thus

Yp,N <

(
N + p

p

)2

≤ N2(p+1) (B.5)

and

Z(p,N) ≤ (Yp,N )Xp < N2Xp(p+1). (B.6)
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Therefore, the maximum number of unique graphs the p-boson walk can distinguish is

bounded above by N2Xp(p+1). We use this result in Section 3.3 to show that there exist

SRGs that a particular p-particle walk cannot distinguish.

B.3 Bounding the number of widgets in the non-interacting

p-particle walk

Here, we show that log2Xp ∼ p2, where Xp is the number of distinct widgets for the non-

interacting p-boson walk. First, Auluck proved there are eO(p2/3) widgets with no edges

[202]. (He counted bipartitions of (p, q), which may be considered to be edgeless widgets

when p = q.) Since there are at most 2p
2

ways to add edges to one of these, we have the

upper bound Xp ≤ 2p
2+O(p2/3). To get a lower bound, it will suffice to consider the widgets

with 2p distinct indices. The edges in one of these can be specified by a p × p array of

bits, and the widgets isomorphic to it are obtained by permuting rows, permuting columns,

or transposing the matrix. Therefore, by Burnside’s counting lemma [203], the number of

isomorphism classes of widgets of this type is

1

|F |
∑

f∈F
[ # of arrays fixed by f ],

where the finite group F is the semidirect product of Sp × Sp by S2. (Sp and S2 are the

symmetric groups on p and 2 objects, respectively.) This is lower bounded by the term

coming from f = 1, which is 2p
2
/(2(p!)2)), and this is 2p

2+O(p log p) by Stirling’s formula.

From these two estimates the result of Equation (3.19) follows.

Error analysis for numerical computations

When comparing two graphs, we compute ∆, a measure of the distance between the lists

of matrix elements of the evolution operators for the two graphs, as defined in Eq. (3.9).

Computing ∆ requires comparing two lists of numbers that are each exponentially large

in particle number p. An evolution operator for a walk of p non-interacting fermions on a

graph with N vertices has
(
N
p

)2
elements, and the boson equivalent has

(
N+p−1

p

)2
elements.
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Figure B.5: The number of numerically distinguished elements in the evolution operator
U(t), defined in Equation (3.8) as a function of the bin size used in grouping the ele-
ments. This plot is for the non-interacting three-fermion walk on a graph in the SRG
family (16,6,2,2). We see that the actual number of unique elements is about 150, which
can be obtained by using a bin size in the range of 10−7 to 10−4.

For example, the evolution operator for the non-interacting four-fermion walk on a graph

of 35 vertices has over 2.7 billion elements.

The comparison of the lists can be made much more efficient by exploiting the fact

that the values in the list are highly degenerate. Instead of comparing the entries in a

list, we make histograms of element values and their multiplicities. We then compute

∆ by comparing these histograms. When constructing the histograms, it is important

to determine the correct bin size. Choosing too large a bin size results in falsely grouping

distinct elements together, while choosing too small a bin size results in falsely distinguishing

elements. By constructing a series of histograms with different bin sizes for the same

evolution operator, we are able to determine a range of bin sizes which are neither too large

nor too small. This is illustrated in Figure B.5, which shows that for the non-interacting

three-fermion walk on a graph in (16, 6, 2, 2), an appropriate bin size is between 10−7 and

10−4.

Because we compute ∆ via numerical simulation, we expect there to be some numerical

noise floor. That is, for any two permutations of the same graph, we expect
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∆ > 0. It is important to determine how big this quantity, which we denote ∆iso, will be.

We only consider two non-isomorphic graphs to be distinguished if they yield a ∆ which

satisfies ∆� ∆iso.

We numerically compute ∆iso using double precision arithmetic for a variety of random

permutations on our graphs, and we find a maximum ∆iso to be approximately 10−6. Thus,

only graph pairs which yield a ∆ > 10−6 are considered distinguished. We find ∆iso to be

relatively insensitive to graph size and particle number.

In practice, we see a gap for ∆ between distinguished graph pairs and non-distinguished

graph pairs. For distinguished graphs, we find ∆ at least two orders of magnitude larger

than ∆iso (usually much larger); non-distinguished graph pairs have values of ∆ are ap-

proximately equal to ∆iso or are even smaller than it.
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Appendix C

Supplemental information for

chapter 4

C.1 Parameters of Web Graph Models

In implementing the models used in chapter 4, the relationship between the parameters

of the network generation algorithms and the generated networks themselves is not always

obvious, so in the following section we explain it in detail.

GZL Preferential Attachment

The method of graph construction in the GZL Preferential Attachment Model [71] consists

of two phases, each with its own parameter. First, a graph X (with adjacency matrix AX)

is created by adding a new vertex at each time step, where each vertex is created with

mX out-going edges. Next, a second graph Y (with adjacency matrix AY ) is created in

the same fashion, only with each new vertex having mY in-coming edges. AX and AY are

then added together, with loops and weights discarded, forming the adjacency matrix of

the desired network. mX and mY are the two parameters to consider in this algorithm.

In order for a graph to be scale-free, Pr(din = k) and Pr(dout = k), the probabilities

that the in-degree din and the out-degree dout of a random node have the value k, must
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satisfy

Pr(din = k) ∼ k−γin , (C.1)

Pr(dout = k) ∼ k−γout ,

where γin and γout are positive real numbers, and it is understood that Pr(din = k) = 0

when k < mX and Pr(dout = k) = 0 when k < mY . To compute γin and γout, one starts

from the undirected version from Ref. [204]. This result is then combined with a constant

offset, since each vertex of X has mx outgoing edges and each vertex of Y has mY incoming

edges. The resulting composite probability distributions follow

Pr(din = k) ∼ (k +mX −mY )−3, (C.2)

Pr(dout = k) ∼ (k −mX +mY )−3.

Thus, for sufficiently large k, these distributions are scale-free. However, for a large range of

intermediate k, we expect substantial deviation from the power law dependence of Eq. (C.1).

According to GZL [81], the parameters used to generate Fig. 2 in their paper [71], which

provides the main evidence for logarithmic scaling of the gap, follow mY � mX . In Fig. C.1,

we show the degree distributions for such a network, where we set mX = 1 and mY = 15.

There, we see that the degree distributions are well-described by Eq. (C.2), and that the

addition process does indeed distort the degree distributions. By requiring mX = mY , as

we have done in this paper (and GZL did for a portion of their supplemental material [71]),

γin = γout = 3 for all k, meaning that the in-degrees and out-degrees both follow the desired

power law behavior.

The asymptotic (large number of nodes) value of average edges per node for the com-

posite graph is also determined by the parameters mX and mY . Because mX is the number

of out-going edges per vertex in graph X, it is also the average number of edges per vertex

in X. The same logic holds for mY and graph Y . Thus, when constructing the composite

graph, the asymptotic average edges per node would be simply mX +mY . Although loops

are then eliminated from the composite graph, the expected number of loops is much less

than n in the large-n case, so this has little effect on the average edges per node. To produce
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Figure C.1: Degree distributions for the GZL preferential attachment model with mX =
1 and mY = 15, taken at graph size n = 8196 and averaged over approximately 1000
random graph realizations. Both the in-degree (blue circles) and out-degree (red squares)
distributions are shown. For reference, the in-degree distribution for mX = 1 and mY = 1
(duplicated from Fig. 4.2 of the main text is shown (black diamonds). The dashed line
is the expected power law scaling of d−3, which is applicable for large d. As predicted
by Eq. (C.2), shown as fitting curves, the mX = 1 and mY = 15 distributions exhibit
non-scale-free behavior over a wide region of d.

a graph with γin = γout = 3 and average in- and out-edges per node of 2 (as in Fig. 2 of

the main text), we use this model with mX = mY = 1.

GZL Copying Model

The parameters of the GZL Copying Model [71] are similar to the GZL Preferential Attach-

ment, as they both involve the adding of two graphs to form a composite graph. We again

have the parameters mX and mY , which again indicate the number of out-going edges per

node in one component graph and the number of in-coming edges per node in the other.

This model has two new parameters, pX and pY , which are the probabilities of a new

node connecting to nodes chosen uniformly at random at a given time step during the
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construction of X and Y , respectively. We follow Ref. [80] and add a constant offset (just

as in the preferential attachment case). Doing so, we again obtain the result that the graphs

are scale-free only for mX = mY . Assuming this constraint, the composite graph follows

γin =
2− pX
1− pX

, (C.3)

γout =
2− pY
1− pY

. (C.4)

For the data in Fig. 2 of the main text, we used the parameters pX = pY = 0.5 and

mX = mY = 1. In Fig. 3 of the main text, we used pX = 1/11 and pY = 35/86 and

mX = mY = 1.

α-Preferential Attachment

Just as in the GZL Copying Model, there are multiple possible actions at each time step

in the α-Preferential Attachment Model [77], and each of these steps has an associated

probability. p1 is the probability of adding a new vertex with a single out-going edge, p2 is

the probability of adding a new vertex with a single in-coming edge, and 1− p1 − p2 is the

probability of an edge being added to the existing network without the addition of a new

vertex. α, the third parameter, measures how far the generated network deviates from the

GZL preferential attachment model.

As laid out in Ref. [77], the relationship between these 3 parameters and the exponents

is

γin =
2 + (p1 + p2)α− p2

1− p2
, (C.5)

γout =
2 + (p1 + p2)α− p1

1− p1
. (C.6)

The connection between these parameters and the average number of directed edges per

node in the graph is clear when one considers that the probability that a new node will be

added at a given time step is p1 + p2, and a new edge is added at each step.

Using these constraints, we can find appropriate values for the parameters for both Fig.

2 and Fig. 3 of the main text. In Fig. 2, we used p1 = p2 = 0.25, and α = 1, and in Fig.
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3, we used p1 = 0.415, p2 = 0.0851, and α = 0.0128. These choices in parameters keep γin

and γout fixed at our desired values, while simultaneously keeping the graph at an average

of 2 in- and 2 out-edges per node.

C.2 Initial Conditions

For each of these models, it is necessary to specify an initial graph to seed the network

growth. In our simulations we used a complete graph (including loops) with m+ 1 vertices,

where m is the number of edges added per vertex (in the α-Preferential Attachment Model,

we used m = 1).

C.3 Adaptive Binning

In the plots of the degree distributions (Figs. 2(e)-(f), Figs. 3(c)-(d), and Fig. C.1), numer-

ical noise caused by few high-degree vertices leads to data which are difficult to interpret.

In order to combat this, we use adaptive binning, which functions as follows. First, some

sampling threshold st is set, which we take to be 200 in our analysis. If a given data point,

corresponding to a degree, contains at least st samples, then it is included. If the data point

instead has fewer than st samples, it is combined with nearby points until the aggregated

samples total at least st. The weighted average degree and probability are then recorded.
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Appendix D

Supplemental information for

Chapter 5

D.1 Derivation of the power transfer rate

In this appendix, we briefly sketch the derivation of Eq. (5.1), the formal expression for

the power transfer between two 2DEGs, using the methods of Ref. [100]. First, recall that

we are interested in the scattering of two particles with initial (2D) momenta (k1,k2) and

final momenta (k′1,k
′
2) = (k1 + k,k2 − k). The transition rate Γ for the above process is

given by the balance equation

Γ
(
k1,k2;k′1,k

′
2

)
= S

(
k1,k2;k′1,k

′
2

)
(D.1)

×
[
f

(1)
k1

(
1− f (1)

k′1

)
f

(2)
k2

(
1− f (2)

k′2

)

− f (1)
k′1

(
1− f (1)

k1

)
f

(2)
k′2

(
1− f (2)

k2

) ]
,

where S is the transition rate given that the appropriate states are available, f (1) is the

Fermi-Dirac distribution function in layer one,

f
(1)
k =

[
1 + exp

(
Ek − EF
kBT

)]−1

, (D.2)

where Ek = ~2k2/(2m∗), EF is the Fermi level, m∗ is the effective mass, and T is the

temperature in layer one, and f
(2)
k is likewise the Fermi-Dirac distribution function in layer
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two. Note that here we restrict our attention to Fermi-Dirac distribution functions, but

Eq. (D.1) remains valid even for non-equilibrium distribution functions.

The first term in the square brackets of Eq. (D.1) can be understood as the parti-

cles starting with momenta (k1,k2) and ending with momenta (k′1,k
′
2). The second term

corresponds to scattering from momenta (k′1,k
′
2) to momenta (k1,k2). To calculate the

scattering rate S, we use Fermi’s golden rule:

S
(
k1,k2;k′1,k

′
2

)
=

2π

~
|H|2 (D.3)

× δ
(
Ek1 + Ek2 − Ek′1

− Ek′2

)
,

where H is the interaction matrix element,

H =
q

A
φ̃scr(k, d), (D.4)

and φ̃scr is the Fourier transformed screened Coulomb interaction between layers. Defin-

ing the Thomas-Fermi screening wavevector kTF = 2m∗/(π~2) · q2/(2ε0εb), the Fourier-

transformed screened Coulomb interaction between the layers, calculated within the Thomas-

Fermi approximation is [99]:

φ̃scr(k, d) =
kq

4k2
TF ε0εb

1

sinh(kd)
, (D.5)

where we have assumed k � kTF . For clarity of presentation, we present a self-contained

derivation of this expression in appendix D.2.

Now that we have an expression for the scattering rate between particular states, we

obtain the power transfer between the layers:

P = 16
∑

k1,k2,k

E · Γ (k1,k2;k1 + k,k2 − k) , (D.6)

where the factor of 16 is due to spin degeneracies of two and valley degeneracies of two in

each electron layer, [205] and E = Ek1+k − Ek1 , the transferred energy. Converting the

sum to an integral gives us Eq. (5.1).
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D.2 The screened Coulomb potential

In this appendix, we present a self-contained derivation of the screened interlayer Coulomb

potential within the Thomas-Fermi approximation. Although this result can be obtained as

a special case of the random phase approximation result as described in Ref. [99], assuming

a static screening formalism from the beginning results in a considerably more transparent

calculation. The technique we present here can also easily be implemented numerically to

treat more complex geometries.

To start, we consider placing an electron into one of the 2DEGs. This results in an

external, unscreened potential φext(r, z) due to the external electron, where r is the 2D

position within the plane of the 2DEG. The electron gas in both layers can rearrange

to screen this external charge, resulting in an induced potential φind(r, z). The screened

potential that an electron in the other layer feels is then φscr(r, d) = φext(r, d) + φind(r, d),

where we have assumed that the two 2DEGs are separated by a distance d. Our objective

is to calculate φind, from which we can compute φscr.

We assume that our system is translationally invariant in the plane parallel to the

2DEGs, which we define to be the x− y plane. It is convenient to exploit this translational

invariance by taking a Fourier transform of the Poisson equation in the x−y plane, yielding

(
∂zε(z)∂z − ε(z)k2

)
φ̃ind(k, z) = −ρ̃ind(k, z), (D.7)

where we denote the Fourier transform of a function f(r, z) as

f̃(k, z) =

∫
d2rf (r, z) e−ir·k. (D.8)

In Eq. (D.7), ρind is the induced charge density, responsible for the production of φind,

and ε(z) is the dielectric function. In a homogeneous medium, Eq. (D.7) has the general

solution [155]

φ̃ind(k, z) =
1

2kε0εb

∫
dz′e−k|z−z

′|ρ̃ind(k, z
′), (D.9)

so to find φind, we must calculate ρind.

To determine ρind, we first note that the total charge density ρtot obeys

ρtot(r, z) = ρ0 + ρind, (D.10)
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where ρ0 is the charge density without an external charge present, and we have neglected

the small density contribution from the external charge itself. The dispersion relation for

the electrons is given approximately by

E(k, r, z) ≈ ~2k2

2m∗
− qφscr(r, z), (D.11)

where −q is the charge on an electron. By using the functional form of the Fermi-Dirac

distribution, we can view charge density as a functional of Fermi energy:[87]

ρind(r, z) ≈ ρ0 (EF + qφscr)− ρ0 (EF ) . (D.12)

Now, assuming that qφscr � EF , to first order in φscr Eq. (D.12) is

ρind(r, z) ≈ −q2dn0

dE

∣∣∣
EF

φscr, (D.13)

where ρ0 = −qn0. For low temperatures, dn0/dE
∣∣
EF
≈ g(r, EF ), the local density of states

evaluated at the Fermi level, which might vary spatially. For our geometry with two 2DEGs

separated by a distance d, g only varies in the z direction:

g(z) = g2D (δ(z) + δ(z − d)) , (D.14)

where g2D is the energy-independent two-dimensional density of states.

Substituting Eq. (D.13) into Eq. (D.9), we find

φ̃ind(z) = − q
2g2D

2kε0εb

[
e−k|z|

(
φ̃ind(0) + φ̃ext(0)

)

+ e−k|z−d|
(
φ̃ind(d) + φ̃ext(d)

) ]
. (D.15)

The external potential due to the external electron in the first 2DEG satisfies [103]

φ̃ext(k, z) =
q

2kε0εb
e−k|z|. (D.16)

Hence, evaluating Eq. (D.15) for z = 0 and z = d leaves us with a system of two linear equa-

tions. Solving gives Eq. (D.5), where we note that the Thomas-Fermi screening wavevector

kTF is defined to be twice what is typical for GaAs, due to the extra valley degeneracy in

Si, and we have assumed that k � kTF .
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D.3 Calculation of the power transfer

This appendix presents the derivation of Eq. (5.2). The calculation begins similarly to those

done in the case of Coulomb drag.[99] However, it proceeds quite differently because the

symmetry of the momentum transfer relevant to CD differs from that of power transfer,

which we consider here. Following the CD literature,[99] we seek to decouple the k1 and k2

integrals. First, it is conventional to split the energy-conserving delta function in Fermi’s

golden rule by introducing an integration over the transfer energy. The relevant identity is

[99]

δ (Ek1 + Ek2 − Ek1+k − Ek2−k) (D.17)

=

∫
dEδ(E + Ek1 − Ek1+k)δ(E − Ek2 + Ek2−k).

Next, note that Fermi-Dirac distributions at a common temperature T satisfy the algebraic

relationship for two energies Ex and Ey [99]

f(Ex) (1− f(Ex + Ey)) =
f(Ex)− f(Ex + Ey)

1− e−Ey/(kBT )
. (D.18)

A third, useful algebraic identity is

1

1− e−a
1

1− e+b
− 1

1− e+a

1

1− e−b = coth b− coth a, (D.19)

which is verified by using the definition of the hyperbolic tangent. With these identities, it

is tedious but straightforward to show that Eq. (5.1) can be written as

P

A
=

16q2

~(2π)5

∫
d2kdE · E

∣∣∣φ̃tot(k, d)
∣∣∣
2
I(k, E)J(k, E)

×
[
coth

(
E

kBT2

)
− coth

(
E

kBT1

)]
, (D.20)

where

I(k, E) =

∫
d2k1δ(E + Ek1 − Ek1+k)

×
[
f (1)(Ek1)− f (1)(Ek1 + E)

]
(D.21)
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and

J(k, E) =

∫
d2k2δ(E − Ek2 + Ek2−k)

×
[
f (2)(Ek2)− f (2)(Ek2 − E)

]
. (D.22)

Again, f (1) is the Fermi-Dirac distribution function of the active layer and f (2) is the Fermi-

Dirac distribution function of auxiliary layer. We next make the simplifying assumption

that the carriers in the two layers have have the same effective masses, but possibly differ-

ent Fermi levels. Assuming that the temperature is sufficiently low, we also approximate

the distribution functions as step functions at the Fermi level, from which it follows that

I(k, E) ≈ −J(k, E) when the Fermi levels are the identical.

We calculate I(k, E) within the effective mass approximation with a simple parabolic

dispersion, E = ~2k2/(2m∗), by using Cartesian coordinates and integrating over k1, yield-

ing:

I(k, E) =
m∗

~2k

√
m∗

2~2
Re
(√

Eβ −
√
Eα

)
, (D.23)

where m∗ is the (transverse) effective mass, Eα = EF − E0 − E, Eβ = EF − E0, EF is the

Fermi level of active layer and

E0 =
~2

2m∗

(
k

2
− Em∗

~2k

)2

. (D.24)

It is now useful to switch to dimensionless coordinates, where we define ζ ≡ E/EF and

η ≡ k/kF , where kF =
√

2m∗EF /~ is the Fermi momentum. Doing this gives

I =
m∗

4~2
· 1

η2
Re
(√

2(2 + ζ)η2 − η4 − ζ2

−
√

2(2− ζ)η2 − η4 − ζ2
)
. (D.25)

The calculation of J is very similar, except that the Fermi level of the auxiliary layer is

taken to be EF /x, where x = n1/n2 is the ratio of carrier densities. Recall that we wish

to consider systems where T1 � T2. Hence, for simplicity we let T2 ≈ 0. Introducing the

parameters ζ0 ≡ kBT1/EF and η0 ≡ 1/(kFd) and substituting Eqs. (D.5) and (D.25) into

Eq. (D.20) gives us

P

A
=
E4
F

64~

(
ε0εb
q2

)2 ∫
dη

(
η

sinh(η/η0)

)2

Y (η, ζ0), (D.26)
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which is Eq. (5.2), where Y is defined by Eq. (5.3).

D.4 Asymptotic analysis of heat transfer

In this appendix, we seek to obtain an accurate analytic expression for Eq. (5.2) for both

large (d � EF /(kFkBT )) and small (d � EF /(kFkBT )) separations between the 2DEG

layers. In the following, we set the densities of the two 2DEGs to be equal for simplicity.

To, proceed, we first expand for small momentum excitations about the Fermi level. Using

this, we work out the asymptotic form of Y (Eq. (5.3)) on either side of its peak. Then,

we calculate the resulting integral in Eq. (5.2), and derive formulas for asymptotic power

transfer for both large (Eq. (5.4)) and small (Eq. (5.5)) separations.

Asymptotic forms of Y

To begin, we calculate the asymptotic forms of Y . Since we are at low temperatures, we may

assume that the transfer momentum k � kF , the Fermi momentum. In this approximation,

we find that

Y (ζ, η0) ≈
∫ 2η−η2

0

ζ(coth(ζ/ζ0)− 1)

η3

4ζ2η2

4− ζ2/η2
(D.27)

+

∫ 2η+η2

2η−η2

ζ(coth(ζ/ζ0)− 1)

η3

[
2(2 + ζ)η2 − η4 − ζ2

]
.

The two limiting cases we consider are when η � ζ0, corresponding to the region well

to the left of the peak in Y , and η � ζ0, corresponding to the right of the peak. When

η � ζ0, we make the approximation that

coth(ζ/ζ0) ≈ ζ0 − ζ. (D.28)

Using this, Eq. (D.27) reduces to

Y (η, ζ0) ∼
η�ζ0

4ζ0 log(4/η)η2. (D.29)

When η � ζ0, we may take η � ζ, so

3ζ2η2

4− ζ2/η2
≈ ζ2η2. (D.30)
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Figure D.1: The rescaled function υ(θ) (Eq. (D.33)), plotted versus the scaled coordinate
θ = η/ζ0. Here, η = k/kF , the momentum transfer scaled by the Fermi momentum,
and ζ0 = kBT/EF . For small θ, υ takes on the expected asymptotic value of one. The
curves essentially coincide until around θ & 1. This enables us to treat υ as approximately
independent of ζ0 before that point.

In this limit, the second integral in Eq. (D.27) does not contribute. Evaluating the first

integral, we find

Y (η, ζ0) ∼
η�ζ0

ζ4
0

η

∫ ∞

0
dx(cothx− 1)x3, (D.31)

which reduces to

Y (η, ζ0) ∼
η�ζ0

ζ4
0

η

π4

120
. (D.32)

Now that we have the asymptotic forms of Y on either side of the peak, we may proceed

to evaluate Eq. (5.2) in the limits of η0 � ζ0 and η0 � ζ0.
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Power transfer in the limit of large separation

Next, we evaluate Eq. (5.2) in the large-distance limit, when η0 � ζ0, which corresponds

to d� EF /(kFkBT ). To do this, we first define a scaled function υ:

υ(θ, ζ0) ≡ Y (θζ0, ζ0)

4ζ3
0 log(4/(θζ0))θ2

, (D.33)

which is just Y scaled by its asymptotic value in the region where η � ζ0 as a function of

the scaled coordinate θ ≡ η/ζ0. We plot υ for various values of ζ0 in Fig. D.1.

The integral we need to evaluate can be written as

Λ(η0, ζ0) ≡ 4ζ6
0

∫ ∞

0
dθ
θ4 log(4/(θζ0))υ(θ, ζ0)

sinh2(θζ0/η0)
, (D.34)

which is related to Eq. 5.2 by

P

A
=
E4
F

64~

(
ε0εb
q2

)2

Λ(η0, ζ0). (D.35)

Since we are in the region where η0 � ζ0, we can approximate υ(θ, ζ0) ∼ 1. The integration

can then be carried out numerically, resulting in

Λ(η0, ζ0) ∼
η0�ζ0

ζ0η
5
0 (8.3− 13.0 log η0) , (D.36)

which reduces to Eq. (5.4) when inserted into Eq. (D.35).

Power transfer in the limit of small separation

Now, we evaluate Eq. (5.2) in the small-distance limit, when η0 � ζ0, corresponding to

d � EF /(kFkBT ). We begin with Eq. (D.34), but unlike before we cannot assume that

υ(θ, ζ0) = 1. Instead, we note that from Fig. D.1, υ is approximately independent of ζ0

until some cutoff θ, θc & 1. Hence, we split the integration region of Λ into two pieces at

θc. For θ < θc, we take υ to be independent of ζ0, and also

sinh(θζ0/η0) ≈ θζ0

η0
, (D.37)

where this second approximation is valid since θ ≤ θc � η0/ζ0. For θ > θc, we calculate

υ(θ, ζ0) according to the asymptotic formula for Y in the limit of η � ζ0, given in Eq. (D.32).



137

These approximations result in

Λ(η0, ζ0) ∼
η0�ζ0

4ζ4
0η

2
0

∫ θc

0
dθ log(4/(θζ0))θ2υ(θ)

+
π4

120
ζ6

0

∫ ∞

θc

dθ
θ

sinh2(θζ0/η0)
. (D.38)

In the limit where ζ0 � η0 and with θc = 2.0, the result is

Λ(η0, ζ0) ∼
η0�ζ0

ζ4
0η

2
0 (0.458− 1.32 log ζ0 + 0.182 log η0) . (D.39)

In this evaluation, we picked ζ0 = 0.001 for the calculation of υ in the region where it

is approximately ζ0-independent. Inserting this result into Eq. (D.35) gives Eq. (5.5), as

desired.



138

Appendix E

Supplemental information for

Chapter 8

E.1 Convergence of the disorder expansion

In this appendix, we examine the convergence properties of the disorder-expansion method

introduced in chapter 8. To do this, in Fig. E.1 we compare the performance of our disorder-

expansion method in a 2D system to results obtained using the tight-binding method of

Refs. [187, 9]. Specifically, Fig. E.1 (a) shows the x-component of the electric dipole moment

p, defined in Eq. (8.5). To be able to compare the disorder-expansion results to tight-binding

in a reasonable time, we used a 2D system, so we altered the disorder from the single-atom

square described in the main text. Analogous to the simple disorder in 3D used in the main

text, here we consider a single-atom bump in ẑ with x-width Wx = 70.2 nm, corresponding

to 300 atoms. This 2D tight-binding problem can be computed in about 10 minutes on a

personal computer and compared to the results of the disorder expansion. As in the main

text, an electric field is applied along the ẑ direction with strength 2 × 105 V/m, the dot

has width L = 28.3 nm, and the quantum well is 10 nm thick with barrier height 150 meV.

In Fig. E.1 (a), the black curve is the tight-binding result, while the color lines indicate

different numbers of z-basis functions: red is 2, blue is 10, green is 20, and purple is 40. In
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Figure E.1: (a): Comparison of disorder-expansion calculations for dipole moment with 2D
tight-binding calculations. A bump one atom high in ẑ with a width in x̂ of 300 atoms
is centered at the lateral position x0. As in the main text, an electric field is applied
along the ẑ direction with strength 2 × 105 V/m, the dot has width L = 28.3 nm, and
the quantum well is 10 nm thick with barrier height 150 meV. The black, solid curve is
the tight-binding result, while the colored, dashed lines correspond to different numbers
of z-basis functions: red is 2, blue is 10, green is 20, and purple is 40. In all cases, 5
x-basis functions were used. Assuming the tight binding results reflect exact solutions, the
inset shows the percent error in the left peak of the main plot as a function of mz, the
number of z-basis functions used. The curve fit for large mz indicates that the percent
error scales like m−1.005±0.007

z for large mz. The blue cross (×) indicates the percent error
obtained using eight z-functions from an augmented basis set described in Appendix A.
(b): Comparison of disorder-expansion calculations for intervalley tunneling with 2D tight-
binding calculations. The disorder and system parameters are identical to panel (a), except
that two dots are used, and are separated by a distance d = 150.3 nm. As in panel (a), the
black, solid line indicates tight-binding results, while the colored, dashed lines correspond
to successively more z-basis functions. Even though tunneling is very sensitive to small
tails of the wavefunctions along x̂, the 35 x-basis functions used here are sufficient to ensure
stability such that the number of z-basis functions used limits the accuracy.
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all cases, 5 x-basis functions were used. As more z-basis functions are used, the disorder-

expansion results become more accurate (i.e., they approach the tight binding results). In

order to quantify this further, we plot in the inset the percent error in the left peak as a

function of mz, the number of z-basis functions used. For large mz, we observe that the

error falls off like m−1.005±0.007
z .

Fig. E.1 (b) shows the intervalley tunneling computed using both disorder-expansion

and tight-binding techniques. As in panel (a), the black line corresponds to the 2D tight-

binding calculation, while the colored lines corresponding to disorder-expansion calculations

with different numbers of z-basis functions used. The system parameters used are identical

to the dipole calculation, except that the disorder-expansion calculations use 35 x-basis

functions in all cases, and there are two dots, separated by a distance d = 150.3 nm.

As is clear from Fig. E.1, the disorder-expansion technique does converge to the tight-

binding results as expected, with the essential physics captured at a modest number of

basis functions. However, this convergence can be slow, particulaly with respect to the ẑ

basis functions. This is because the perturbations we consider involve large energy scales,

which effectively shift the positions of the ẑ energy eigenstates. We are effectively trying to

reconstruct this shift in position by including many unperturbed basis states.

We can achieve higher accuracy with fewer basis functions by tailoring our initial choice

of basis to the particular type of disorder we include in our system. For example, the types

of disorder that we considered in this paper all were of the form of single-atom bumps. This

suggests that a better z−basis would be to include eigenstates not only of the unperturbed

quantum well, but also a quantum well that is narrower by the bump height. Effectively,

this means that we are supposing that the true z−solution will be a sum of eigenstates

of the bare well and eigenstates of the well where the bump covers the entire system.

By using this tailored basis, we can achieve very high accuracy with many fewer z−basis

functions. In the inset of E.1 (a), the blue cross (×) indicates the percent error obtained

by using this augmented basis with only eight z−functions, demonstrating significantly

better accuracy than the “brute-force” approach with significantly more basis functions.
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Therefore, a promising direction for future study would be to develop physics-informed,

tailored basis sets that can help speed convergence for more general forms of disorder.

E.2 Efficient computation of matrix elements

The initial, unperturbed basis used for the disorder-expansion calculation is separable in at

least ẑ and x̂− ŷ (and sometimes in x̂ and ŷ individually as well). The disorder perturbation

mixes the eigenstates of the unperturbed problem, making them no longer separable. One

can then use these 3D states to compute matrix elements of desired operators directly.

However, we find that in practice the direct computation of these 3D matrix elements is

computationally intensive, and often takes longer than the disorder-expansion calculation

itself.

To bypass this bottleneck, we exploit the separability of our initial basis states in order

to speed up calculation of matrix elements. While this procedure is not strictly necessary, it

enables us to speed up our calculations greatly. We begin with the calculation of the dipole

matrix element, Eq. (8.5) in the main text. For simplicity of presentation, we show here

the computation of only px; the calculation of py follows similarly. Recalling the definition

of the expansion in Eq. (8.4), we write

px =
∑

j,k,l,m

∫
d3rx

(
α1
jkα

1
lmFjFlψkψm − α0

jkα
0
lmFjFlψkψm

)

=
∑

i,j,k

(
α1
jkα

1
lk − α0

jkα
0
lk

) ∫
dxdy · xFjFl. (E.1)

Here, we suppress the arguments of the F and ψ functions for notational simplicity. From

this, we see that to compute px, we can precompute the matrix

Mpx
j,l =

∫
dxdy · xFjFl, (E.2)

which has dimension equal to the number of x − y basis elements used. Then, computing

px reduces to a simple sum:

px =
∑

j,k,l,m

(
α1
jkα

1
lk − α0

jkα
0
lk

)
Mpx
j,l . (E.3)
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Finally, we note that in the case of an initial basis that is separable in both x̂ and ŷ, the

formula simplifies even further, since px is then diagonal in both ŷ and ẑ.

Next, we consider the calculation of the intervalley tunneling matrix elements. We

rewrite Eq. (8.6) from the main text as

τ−+ = 〈L−| (VDD(x, y)− VR(x, y)) |R+〉 (E.4)

+ 〈L−|
(
T̂ + VR(x, y) + Vz(z) +D(r)

)
|R+〉 ,

where VDD is the double-dot potential in the x− y plane, VR is the right-dot potential, T̂ is

the kinetic energy operator, and Vz is the unperturbed potential along ẑ. We have grouped

the second term such that it forms the Hamiltonian corresponding to the |R+〉 eigenstate,

which lets us write

τ−+ = 〈L−| (VDD(x, y)− VR(x, y)) |R+〉+ εR+

〈
L−
∣∣R+

〉
, (E.5)

where εR+ is the energy eigenvalue for |R+〉. By using the same decomposition technique

as we did for the dipole moment calculation, we can write

τ−+ =
∑

j,k,l

α
L−
jk α

R+

lk

(
MA
j,l + εR+M

B
j,l

)
, (E.6)

where the matrices are defined by

MA
j,l =

∫
dxdy (VDD(x, y)− VR(x, y))FLj F

R
l , (E.7)

and

MB
j,l =

∫
dxdyFLj F

R
l . (E.8)

Here, the superscript L and R denote basis functions in the left and right dots, respectively.

As before, these matrices can be precomputed to increase computational speed, reducing

the computation of τ−+ to a sum.
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