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Abstract 

Bulk viscoelasticity is not well studied and understood in the field of 

polymer processing. Its behavior in solid mechanics applications, such as time-

dependent bulk modulus and time-dependent thermal expansion, was rarely 

considered but started to receive attention recently. Bulk viscosity (bulk 

viscoelasticity in fluid mechanics formulation) has been ignored in polymer 

processing for decades. Bulk viscosity could play an essential role in 

compressible polymer melts that undergo substantial volume changes caused 

by variations in temperature and mechanical pressure during fluid motion and 

solidification.  

This study investigates the bulk viscosity of an amorphous polymer, 

Polystyrene (PS), through measurements, modeling, and implementation in an 

injection molding simulation. The results demonstrated that bulk viscosity can 

be derived from a cooling rate-controlled PVT (pressure-specific volume-

temperature) measurement. A new PVTQ (pressure-specific volume-

temperature-cooling rate) model was developed to obtain smooth and reliable 

bulk viscosity results. Furthermore, a Cross-WLF (William-Landel-Ferry)-

Arrhenius model was found capable of describing the dependence of 

temperature, rate of volume change, and mechanical pressure on bulk viscosity. 
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Simulation results of cavity pressures and shrinkages are validated with 

experimental data in a 3-plate mold case (part size 300 x 100 x 3 mm3). The 

results demonstrate that the effects of bulk viscosity reduced mechanical 

pressure variations during the packing stage in injection molding. However, the 

cavity pressure predicted by GNF (Generalized Newtonian Fluid) models with 

bulk viscosity drops too fast during the holding stage. The current GNF model 

can neither accurately describe isothermal pressurization (bulk creep) 

experiment data. A three-element-based constitutive model is proposed to 

describe bulk viscoelasticity in isobaric cooling and isothermal pressurization 

PVT (pressure-specific volume-temperature) measurements. This proposed 

model’s predictions of cavity pressure, part weight, and shrinkage agree with 

the experiments and show significant improvement over the GNF model. 
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1  Introduction 
 

1.1  Material 

There are two main categories of polymeric materials: thermoplastics and 

thermosets. Thermoplastics are un-crosslinked and can be re-melted after 

solidification, while thermosets are crosslinked and cannot be re-melted. 

Thermoplastics can be further divided into two classes: amorphous and 

semi-crystalline. As a thermoplastic polymer cools down, amorphous polymers 

remain random and disordered, but semi-crystalline polymers can form some 

regular alignments. The microstructure variation from molten state to solid 

state in thermoplastics can be shown in Figure 1.1.    

 

Figure 1.1 Microstructure of thermoplastics 
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The specific volume, representing density, is an important property for 

polymers. It is a function of pressure and temperature and can be plotted as a 

PVT (pressure-specific volume–temperature) diagram. The PVT diagram can 

show the significant difference between amorphous and semi-crystalline 

polymers. For semi-crystalline polymers, a sharp volume change (jump) can be 

observed as the temperature cools below melting point and the lamellar crystal 

structures are formed. On the other hand, amorphous polymers show the slope 

change in the PVT diagram but the volume changes gradually upon solidifying. 

Typical schematic PVT diagrams [1] for amorphous and semi-crystalline 

polymers are shown in Figure 1.2. 

 

Figure 1.2 PVT diagram for amorphous and semi-crystalline polymers 

Free volume in a polymer is defined as the volume that is not occupied by 

molecular chains and can be regarded as pores or voids between polymer chains. 
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As shown in Figure 1.3, free volume is larger and Brownian motion is rapid at 

high temperatures. Free volume collapses and reduces with lowering 

temperature. If the mobility of molecular chains is too small at low temperature, 

the free volume may keep in a similar extent. If the material undergoes high 

cooling rates, the collapse of voids cannot take place in time, resulting in an 

excess free volume. The change of excess free volume with time is the driving 

force behind physical aging. Free volume helps explain viscoelastic behavior, 

and it can be correlated to three stages: motion of chain ends, motion of side 

chains, and motion of the main chains. 

 

Figure 1.3 Schematic variation of specific volume around the glass transition 

temperature. (Including total specific volume, occupied volume, free volume, 

and excess free volume for an amorphous polymer) 

 

Rheology is the field of science that studies material behavior in response to 

deformation. Polymers show a more interesting and complex response than 
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conventional Newtonian fluids. Polymer melts are viscoelastic, exhibiting a 

certain degree of solid-like elasticity or liquid-like viscosity under different 

circumstances. If the material behaved like an elastic solid, the stress was 

proportional to the strain, where modulus is a unit of measurement 

representing the proportional coefficient. On the other hand, if the material 

behaved like a viscous fluid, the stress was proportional to the strain rate, where 

viscosity represents the proportional coefficient. Material behavior in 

viscoelastic fluids, shown in Figure 1.4, can be differentiated into three 

categories according to the loading type: Elongational loading, Shear loading, 

Volumetric /Bulk loading (Compression). 

 

Figure 1.4 Material properties of viscoelastic fluids differentiated into three 

categories 
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1.2  Manufacturing 

Injection molding is a cyclic polymer processing operation used to 

manufacture mass plastic products. More than one-third of thermoplastic 

materials nowadays are injection molded. The components of the injection 

molding machine are the plasticating/injection unit, clamping unit, and the 

mold [2], shown in Figure 1.5. 

 

Figure 1.5 Schematic of an injection molding machine 

The Injection molding cycle is shown in Figure 1.6 [2]. First, the mold is 

closed by the clamping unit. The polymer melt is then injected into the mold 

cavity by moving the screw forward. Second, once the cavity is filled, the screw 

keeps moving by a small displacement to provide a higher packing pressure 

and then maintain a holding pressure to compensate for the volumetric 

shrinkage. Third, while the material keeps cooling down and solidifying in the 

mold, the screw starts to turn and move backward to add and plasticize new 
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materials, preparing for the next shot. Last, after the part in the mold is 

sufficiently cool, the mold opens and the part is ejected. 

 

Figure 1.6 Injection molding cycle 

1.3  Modeling and Simulation  

There are three sets of governing equations that can be used to simulate the 

polymer melts, they are conservation of mass, momentum, and energy as 

follows:   

1 D

Dt




  u                           (1.1) 

( ) ( )
t
  


   


u uu π g

                 (1.2) 

 ( ) :
P

T Dp
C T k T T

t Dt
 

 
        

 
u τ u

     (1.3) 

where   represents the density; u represents the velocity vector; t  

represents the time; π  represents the total stress tensor, which consist of 

hydrostatic p I  and a deviatoric τ portions; u  represents the velocity 
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gradient tensor; g represents the gravity acceleration vector; pC  represents 

the specific heat; T represents the temperature; k  represents the thermal 

conductivity;   represents volumetric CTE (coefficient of thermal expansion); 

and  :τ u   represents the viscous dissipation. 

There are several choices for constitutive models to describe the total stress 

tensor and extra stress tensor of polymer melts. If viscosity is considered as 

anisotropic, a form is given by 

           k

ij ijkl

l

u

x
 





                        (1.4) 

where a fourth order viscosity tensor ijkl  with 81 coefficients is used. 

However, it is not easy to determine all coefficients of the anisotropic viscosity 

tensor and it is very difficult to converge in numerical simulations.  

Generalized Newtonian Fluid is a common constitutive model to be used in 

injection molding simulation. This model assumes the fluid to be isotropic and 

no preferred direction, the total stress tensor is given by: 

    2

3

T

d
p   

 
          

 
π I u I u u              (1.5) 

where p  represents the hydrostatic pressure; u  represents the divergence 

of the velocity vector, which describes the rate of volume change;   represents 

the shear viscosity, which describes the resistance to changes in shape; d  
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represents the bulk viscosity, which describes the resistance to changes of 

volume.  

A numerical approximation is needed to solve the governing equations and 

give numerical predictions. Finite volume is a common method used in 

computational fluid dynamics applications. This method is extended from the 

finite difference method and it can be applied to non-orthogonal grids. The 

spatial domain is subdivided into non-overlapping finite volumes or cells. The 

conservations of mass, momentum, and energy are then discretized as the 

following generic approach: 

      Q
t


   


     


u                (1.6) 

where   can be a scalar or vector variable,   is the diffusivity, and Q  is the 

source term to take care of all other terms that cannot be discretized as the 

convection and diffusion terms. The governing equations to be solved can be 

casted in to these four terms: unsteady, convection, diffusion, and source terms. 

 Using Gauss divergence theorem to integrate the equation over the control 

volume to give the following form: 

   
1

c

j

n

V A V
j

dV Q dV
t


   




   


  u                (1.7) 

where cn  is the number of bounding faces of a control volume (cell). 
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Summation of all the convection and diffusion fluxes in and out the faces will 

be balanced with the unsteady and source terms. 

The final algebraic equation can be obtained in this form: 

AΦ b                             (1.8) 

where A  is a sparse and diagonal-dominated matrix. Φ  is the variable vector, 

and b  is the vector source term. The iterative methods can be used to solve this 

discretized algebraic equation. 

An injection molding simulation has three stages [3]: pre-processing, 

computation, and post-processing. Pre-processing stage is to prepare the 

geometrical model, build a computational mesh, and provide the necessary 

information and settings before executing the simulation. Computing stage 

may cost a few minutes to a few days, depending on the different simulation 

goals and numerical approaches. Post-processing stage is to interpret the 

results; this requires experience and educated knowledge to get more insight 

from the simulation results. Depending on the goal of simulation, the model in 

pre-processing may include the whole molding system (parts, runners, cooling 

channels). Meshing is to subdivide the model into numerous cells with several 

element types, such as a tetrahedron, prism, hexahedron, etc. Meshing may take 

considerable time if a user chooses to build a hybrid mesh manually. Nowadays, 
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automatic meshing is approachable for some applications. Materials’ 

rheological properties, which are essential for an accurate simulation, should be 

collected and well put in before the analysis.  Process conditions such as melt 

temperature, mold temperature, flow rate profile, VP switch-over point, 

packing time, packing pressure profile and cooling time are also critical inputs 

for a simulation.     

 

(a) Geometry model (Pre-processing) 

 

(b) Meshing (Pre-processing) 

 

(c) Analysis result (Post-processing) 

Figure 1.7 Injection molding Simulation  

(Courtesy CoreTech System Co., Ltd.) 
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1.4  Motivation and Objectives 

A typical pressure variation versus time at different locations (nozzle, a point 

close to the gate, and a point at the far end of the cavity) is shown in Figure 1.8. 

During the filling stage, the nozzle pressure is increased to provide the driving 

force to inject the polymer melt into the cavity. During the packing and holding 

stage, a high pressure in the nozzle is maintained in order to make the cavity 

pressure higher enough thus reducing the shrinkage. In real world experiments 

or manufacturing, it is often notice that cavity pressure cannot be raised to the 

high value that is ideally expected. At the beginning of packing, the pressure 

drops in the runner (between the nozzle and the gate) and cavity (between the 

gate and the far end of the cavity) are significantly higher than expected. The 

cavity pressures change slowly and maintain higher values during packing. 

 

Figure 1.8 Typical pressure variations versus time at different locations 
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Schematic pressure variations versus position at filling and packing stages 

are shown in Figure 1.9. If the melt is incompressible, the pressure drop during 

the packing stage will be zero. If the melt is considered as slightly compressible 

fluid as a general understanding polymer, it will show a small pressure drop 

during packing. In the real world, the pressure drop is considerably higher than 

in the case of a slightly compressible fluid. So far, there is no good theorem to 

explain that, or no one has done a simulation incorporating a theoretical model 

to demonstrate how this occurs.  

 

 

Figure 1.9 Schematic pressure variations versus position 

 



13 
 

Bulk viscoelasticity governs volume variation and density distribution in 

processing, and thus is expected to significantly influence injection molding in 

cavity pressures, shrinkage/warpage and thermally induced residual stress. 

However, bulk viscoelasticity is not well studied and understood in the field 

of polymer processing. The goal of this study is to demonstrate the influence 

of bulk viscoelasticity on injection molding, the research objectives of this 

dissertation are as follows:  

Objective 1: Measuring and modeling of bulk viscoelasticity 

a. Derive the bulk viscosity from PVT measurements 

b. Develop a PVTQ model to describe the non-equilibrium PVT and assist 

in obtaining smooth and reliable bulk viscosity results 

c. Find a model capable of describing the dependence of temperature, rate 

of volume change, and mechanical pressure on bulk viscosity 

 

Objective 2:  Simulating bulk viscoelasticity in injection molding 

a. Predict the non-equilibrium PVT to verify the model and check if the 

fitting parameters are appropriate 

b. Implement the bulk viscosity model into an injection molding simulation, 

and demonstrate the effects of bulk viscosity during packing stage 
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Objective 3: Validating and modifying constitutive models  

a. Validate the bulk viscosity model with experimental cavity pressures  

b. Propose corrections for the constitutive model to better fit the 

experimental cavity pressures  

c. Use volumetric creep experiment data to determine model parameters 

and verify constitutive models 

d. Validate the part weight and the shrinkage/warpage prediction with 

experimental result 
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2  Literature Review 

Studies of bulk viscoelasticity are not as widely available in the literature 

when compared to shear viscoelasticity [4]. Bulk viscoelasticity can be observed 

by time-dependent bulk properties, such as bulk modulus, bulk compliance, 

volumetric coefficient of thermal expansion (CTE), and bulk viscosity. While bulk 

compliance/modulus is more intuitively adopted in solid mechanics formulation, 

bulk viscosity is commonly used in fluid mechanics formulation.  

 

2.1  Time-dependent Bulk Compliance/Modulus  

Time-dependent bulk compliance/modulus of polymeric materials, of which 

only a few experimental data are available, mainly were measured around the 

Tg [5-10] to make the volume change rate comparatively slow enough for 

observation. Various methods can be used [4-5], including sound absorption, 

transient volume creep experiment by applying a sudden pressure change 

(pressure jump) or sudden temperature change (temperature jump) [6-11], 

pressure relaxation experiment by applying a sudden volume jump [12-13], and 

volume measurement with dynamic/oscillating loading [14]. Those 

experimental data also help to explain physical aging, which means material 

properties (directly related to volume or indirectly affected by volume) evolve 
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with time and could be sensitive to past thermal and mechanical history [15]. 

Time-dependent bulk modulus master curves from pressure relaxation 

experiments performed by Meng et al. [13] show that properties can change by 

a factor of 2 to 3 for polymer melts (shown in Figure 2.1), while shear modulus 

can change by 3 orders of magnitude. Furthermore, the bulk modulus’s 

relaxation spectrum differs from the shear modulus’s. 

 

Figure 2.1 Time-dependent bulk modulus of polystyrene 

(Dylene 8 from Arco Polymers) [13] 

 

2.2  Bulk Viscosity  

There are two independent viscosities in isotropic Newtonian fluids (Eq. 

1.5), the shear viscosity and bulk viscosity, respectively. While shear viscosity 

describes the resistance to changes of shape, bulk viscosity, also called volume 
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viscosity or dilatational viscosity, describes the irreversible resistance to the rate 

of volume change [16]. It is reasonable to neglect the bulk viscosity effect on 

flow field for monatomic gases and incompressible fluids. However, it is 

essential and not negligible for compressible fluids [16-19]. 

The studies of bulk viscosity using measurements, and its impact on flow 

fields have been growing in recent years, but most of the studies focus on gas 

or simple liquids [19-24]. There are only a few literature citations [25-28] that 

discuss the measurement and modeling of bulk viscosity of polymer melts. Bulk 

viscosity of polymer melts, especially how it varies across a wide temperature 

range, should be investigated in order to precisely evaluate the variation of 

density and volume during and after molding.  

2.3  Measurement of Bulk Viscosity  

Measuring bulk viscosity is more difficult than shear viscosity. However, it 

can be measured by sound attenuation involving potential experimental 

uncertainties [17], or by isothermal compression and expansion experiments. 

Lesbast, Legros, and Aleman [25] first attached a capillary rheometer to a tensile 

tester in order to measure the bulk viscosity of epoxide prepolymers under 

compression flow. They computed the bulk viscosity as pressure difference 

divided by compression rate, or change in volume deformation per unit time. 
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They found the bulk viscosity decreases with increasing compression rate, and 

that it could be 108 times larger than shear viscosity for epoxide prepolymers.  

 

Figure 2.2 Schematic equipment of uniaxial compression experiment [28] 

 

Aleman [26-27], and Chivapornthip and Bohez [28] adopted the same 

experimental setup, uniaxial compression (shown in Figure 2.2), to investigate 

the bulk viscosity of several polymer melts, such as polymethyl methacrylate 

(PMMA), isotactic polypropylene (iPP), polyvinyl chloride (PVC), polystyrene 

(PS) and low-density polyethylene (LDPE). They found that bulk viscosity, 

shown in Figure 2.3, in the melt state could be 104 times greater than the shear 

viscosity, and the range of magnitude typically could be around 104-105 MPa·s. 

Furthermore, they found that bulk viscosity decreases with increasing 

temperature and strain rate. 
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(a) PMMA at 438 K         (b) i-PP at 453K       (c) PVC at 453K 

Figure 2.3 Bulk viscosity (□), elongational viscosity (○), and shear 

viscosity (△) of some polymer melts [26] 

 

Shrinkage caused by cooling, or decrease in temperature, contributes a 

considerable amount of volume change, which cannot be measured using a 

uniaxial compression approach. It is also experimentally cumbersome to 

investigate the relationship of bulk viscosity to temperature by the uniaxial 

compression test. Therefore, cooling rate-controlled PVT (pressure-specific 

volume-temperature) measurements for bulk viscosity were developed in this 

study. 

 

2.4  Modeling of Bulk Viscosity 

Modeling the bulk viscosity, especially for polymer melts, is not well 
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developed yet. The Arrhenius equation has been used in the past to model the 

temperature dependence of bulk viscosity [25, 27], and higher order 

polynomials were use to describe the strain rate dependence [25, 28] (Eq. 2.1 

and Eq. 2.2 respectively). However, the parameters of the empirical polynomials 

models do not have any physical meaning and do not represent the 

experimental data very well. 

       
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 (2.2) 

where iA  are data fitted coefficients; 0  is the bulk viscosity at zero strain 0 , 

zero strain rate 0  and the reference temperature 0T . 

 

2.5  Bulk Viscoelasticity‘s Impact on Molding Processes 

Chivapornthip and Bohez [28] were the first to recognize that the bulk 

viscosity could be a critical factor in influencing injection molding simulation, 

especially in the packing and holding stage. Since injection molding adopts high 

pressure to compress the material in order to overcome shrinkage caused by 
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cooling, the melt is compressed at high rates [29-30]. However, the influence of 

bulk viscosity on plastic molding is not clear, since bulk viscosity had not been 

included in the work of Chivapornthip et al. to test its influence. 

Bulk viscoelasticity governs volume variation and density distribution in 

processing. It is expected to significantly influence injection molding in cavity 

pressures during the packing phase, shrinkage/warpage (dimensional changes 

in size and shape of injection-molded part), and thermally induced residual 

stress. 

2.6  Simulation of Viscoelasticity 

Several studies have dealt with the simulation of shrinkage/warpage or 

residual stress, but most did not consider bulk viscoelasticity [31-33]. Some 

studies consider time-dependent bulk modulus or time-dependent volumetric 

CTE by assuming those bulk properties share the same relaxation function as 

shear modulus [34-37]; however, this assumption may not be valid. Only a few 

studies consider bulk viscoelasticity to have a different relaxation spectrum 

than shear viscoelasticity [38-40]. To the best of our knowledge, all available 

simulations of shrinkage/warpage considering bulk viscoelasticity in literature 

over the years are computed by solid mechanics solvers, which means the flow 

effect on bulk deformation during molding may not be directly taken into 
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consideration. 

Injection molding simulation has been maturely developed [30], and 

various numerical methods were continuously introduced into this field [41]. 

However, the simulation of bulk viscoelasticity in the packing stage is just 

starting to draw attention. Krebelj et al. [42] demonstrate a rate equation that 

models the cooling rate effect on specific volume and then simulates it in a fluid 

solver, but their simulation results show that the cooling rate effect almost made 

no difference on cavity pressure. In this study, constitutive models with bulk 

viscosity can represent specific volume cooling rate dependence and play a 

significant role in cavity pressure. 
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3  Experimental Setup  
 

3.1  Material 

 General PS POLYREX®  PG-33 from CHI MEI Corporation was used in this 

experiment. The characteristics of this material are listed in Table 3.1. 

 

Table 3.1 Characteristics of General PS PG-33 

Properties Value 

Supplier MFI (200°C) 8 [g/10 min] 

Heat Distortion Temperature  87 [°C] 

Density (23°C) 1.05 [g/cm3] 

Tensile Strength (Break) 460 [Kg/cm2] 

Flexural Strength 670 [Kg/cm2] 

 

3.2  Piston-type PVT Apparatus 

A commercial piston-type GOTECH PVT-6000 apparatus, able to work 

according to ISO 17744:2004 and shown in Figure 3.1, is used to measure polymer 

melts’ pressure-specific volume-temperature (PVT). The testing chamber, shaped as 

a cylinder with a diameter of 7.8 mm, contains the material, and a 

polytetrafluoroethylene (PTFE) seal (3.2 mm) is adopted to avoid leakage. Specific 
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volume is computed by measuring the longitudinal length of the testing chamber, 

where a heating/cooling system controls temperature and pressure is kept by 

applying monitored mechanical pressure on the piston. 

 

Figure 3.1 Piston-type PVT apparatus 

 

The polymer pellets are first weighted, so the measured volume leads to an 

initial cylindrical longitudinal length of around 15mm. The pellets in the testing 

chamber are then melted at a set temperature and equilibrated for 5 mins. This 

commercial apparatus was designed for isobaric cooling, temperature scans by 

cooling down at fixed cooling rates, and mechanical pressures. The conditions in 

this study are listed in Table 3.2. A non-equilibrium PVT diagram of PS from 

isobaric cooling measurements is shown in Figure 3.2.  Three cooling rates with 
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three mechanical pressures, constitute a total of nine PVT curves. Lower 

temperature or higher mechanical pressure reduces the free volume, leading to a 

lower specific volume. More discussions can be found in Section 4.2. 

An isothermal pressurization (volumetric creep) experiment can be done by 

manual setting and self-data processing. The specific volume reduces as mechanical 

pressure increases from 300 to 900 bar, as shown in Figure 3.3. Both isobaric cooling 

and isothermal pressurization PVT measurements help comprehensively 

understand bulk viscoelasticity.    

 

Table 3.2 Isobaric cooling conditions 

Conditions Value 

Cooling rates (K/min) 0.1, 1, 10 [K/min] 

Mechanical pressures  30, 90, 150 [MPa] 
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Figure 3.2 Isobaric cooling PVT of PS 

 

 

Figure 3.3 Volumetric creep experiment of PS at temperature 160 ℃ 
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3.3  Injection Molding  

 

A 3-plate mold (part size 300x 100x3 mm3) with two Kistler pressure sensors 

(SN1 is close to the gate and SN2 is at the far end of the cavity) and an Arburg 630H-

400 with screw diameter 40mm injection molding machine are used to record the 

cavity pressure variations during molding. A schematic of the injection molding 

cavity is shown in Figure 3.4 (a).  

The processing conditions used in injection molding are given in Table 3.3. 

During the filling stage, a uniform injection speed profile was used, resulting in an 

injection time of around 3.8 seconds. Three levels of packing profile were set for the 

packing and holding stage, starting with 800 bar for 10 seconds, then 400 bar for 0.5 

seconds, and 200 bar for another 0.5 seconds. After molding, 5 ejected parts were 

weighted and measured in dimensions along length and width directions, as shown 

in Figure 3.4 (b). Three lengths, L1, L2, and L3, were measured 25 mm above the 

center line, at the center line, and 25 mm below the center line, respectively. Three 

widths, W1, W2, and W3, were measured 75 mm, 150 mm, and 225 mm away from 

the gate, respectively. The following section compares cavity pressure variations, 

average weight, and average shrinkage with the model predictions to validate the 

simulation using bulk viscoelasticity. 
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Table 3.3 Molding conditions 

Molding conditions Value 

Resin General PS PG-33 

Melt Temperature 197 [°C] 

Mold Temperature 50 [°C] 

Filling Time 3.8 [sec] 

Packing Pressure Profile 

800 [Bar] for 10 sec 

400 [Bar] for 0.5 sec 

200 [Bar] for 0.5 sec 

Total Packing Time 11 [sec] 

Cooling Time 50 [sec] 

 

 

(a) Part geometry and sensor locations 
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(b) Length and width measurement locations 

Figure 3.4 Schematic of the injection molding cavity 

 

The experimental pressure variations versus time at different locations are 

shown in Figure 3.5. During the filling stage, the nozzle pressure is increased to 

provide the driving force to inject the polymer melt into the cavity. After the 

Velocity/Pressure (VP) switch-over, the nozzle pressure dropped suddenly and then 

slowly increased to maintain a holding pressure. Comparing the nozzle pressure 

during packing to the packing pressure setting (constant 800 bar for 10 sec), the 

nozzle pressure is 8-10 MPa lower than the setting and changed gradually. This 

difference should be explored in the future, but is assumed not be caused by bulk 

viscoelasticity for now.  



30 
 

 

Figure 3.5 Pressure variations versus time at different locations 

 

During the packing stage, experimental cavity pressure changed slowly and 

sustained a particular value until 20 seconds. In early packing, the pressure drops 

between nozzle and SN1, or between SN1 and SN2, remain considerably high. The 

high pressure drops during the packing stage are strongly related to a compressible 

fluid’s volume change and are also correlated to bulk viscosity. The elongational 

viscosity, pressure-dependent shear viscosity and machine response of a hydraulic 

injection unit may play some roles in the pressure variations, but those are neglected 

for now in order to focus on the bulk viscoelasticity effect. Once bulk viscoelasticity 

effects are clarified, those effects can be further considered.  
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4  Measurement and Modeling of Bulk 

Viscosity in Generalized Newtonian 

Fluids 

In this chapter, the full impact of bulk viscosity in Generalized Newtonian 

fluids is addressed, from measurement and model derivation, through modeling to 

the molding simulation. A cooling rate-controlled PVT (pressure-specific volume-

temperature) measurement is implemented to measure the bulk viscosity over a 

wide temperature range. A new PVTQ (pressure-specific volume-temperature-

cooling rate) model is then introduced to obtain better bulk viscosity data. Bulk 

viscosity was found to be well represented by a Cross-WLF(William-Landel-Ferry)-

Arrhenius model. Finally, a molding simulation shows bulk viscosity significantly 

influences the cavity pressure in the packing and holding stage of the injection 

molding process. 

4.1  Mechanical Pressure and Hydrostatic Pressure 

Bulk viscosity is zero for ideal monatomic gases and the stress term containing 

bulk viscosity vanishes for incompressible fluids [44]. Hence, bulk viscosity was 

neglected in past decades although it may play an important role in dense fluids 

undergoing strong compression. 

There are two definitions of pressure which must be further clarified. First is 
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hydrostatic pressure, or thermodynamic pressure, which is the exhibited pressure 

while the fluid is at rest and under thermodynamic equilibrium. Second is 

mechanical pressure, which is often used to describe the mean value of normal 

stress while the fluids are in motion. In this study,   is used to represent the 

mechanical pressure. The relationship between the mechanical pressure and 

hydrostatic pressure can be derived from Eq. 1.5, and is given by: 

   
1

=
3

xx yy zz d
p       π π π u

             (4.1) 

A similar idea and derivation can be found in [17,20]. 

 

4.2  Measurement of Non-equilibrium PVT 

Non-equilibrium PVT diagrams of General PS POLYREX®  PG-33 measured by 

piston type GOTECH PVT-6000 apparatus is shown in Figure 4.1. Three cooling 

rates with three mechanical pressures, bring a total of nine PVT curves. The specific 

volume of the polymer melt can be recognized as the volume occupied by molecular 

chains and the free volume between those molecular chains. Higher mechanical 

pressure reduces the free volume by forcing the molecular chains closer together, 

leading to a lower specific volume.  
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Figure 4.1 Non-equilibrium PVT diagram of PS 

 

Cooling rate effect can be observed by comparing curves with a fixed 

mechanical pressure. A faster cooling rate is found to exhibit a higher specific 

volume, which is believed to be caused by a higher free volume, due to insufficient 

time to reach an equilibrium state. A faster cooling rate also shifts the transition 

temperature to a higher value. The same observations appear in references [42, 46]. 

A measured PVT diagram that follows ISO 17744:2004, with maximum 

permissible cooling rates is 5 °C/min, can be regarded as an equilibrium PVT under 

some circumstances or industrial application. However, Figure 4.1 clearly shows 

that the PVT curve still changes significantly while using 0.1 ℃/min, which means 
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that a very slow cooling rate is required to get the equilibrium PVT. However, such 

an extremely slow cooling rate is unrealistic. The later introduced PVTQ model may 

help address this problem by adding the capability of extrapolating the equilibrium 

PVT.  

 

4.3  Equilibrium Pressure and Bulk Viscosity 

For thermoplastics polymers, the equation of state is in the form of  ˆ ˆ ,v v p T , 

which is recognized as an equilibrium PVT which can be obtained by a 

measurement with an extremely slow cooling rate. The two-domain Tait equation 

[42, 45-47] is a commonly used model for describing equilibrium PVT.  

However, if a higher cooling rate is applied, the PVT diagram will differ from 

the equilibrium state [42, 46], in this case it is a non-equilibrium PVT. For any 

specific volume data from a non-equilibrium PVT curve, there exists an equilibrium 

pressure at the same temperature, and this equilibrium pressure can be found using 

the following relationship: 

   
 PVT  PVT

ˆ ˆ, , ,
non equilibrium equilibrium

v T Q v p T


           (4.2) 

where v̂  is a specific volume;   is a mechanical pressure; T is a temperature; Q  

is a cooling rate; p  is the equilibrium pressure. 

The difference between mechanical pressure and equilibrium pressure is due 
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to a resistance force to fluid motion, which is given by Eq. 4.1. Therefore, the bulk 

viscosity can be obtained based on the following expression: 

d

p 




 u

                       (4.3) 

where   is a mechanical pressure on the material; p  is a calculated equilibrium 

pressure; and u  is the rate of volume change. 

 

  

4.4  PVTQ Model 

The equilibrium PVT Model is essential for the quality of derived bulk 

viscosity results. Although a two-domain Tait equation is commonly used to model 

the equilibrium PVT of polymers, it is not good enough in this application due to 

the sharp transition from the melt to the solid state for amorphous materials and the 

fact that it does not consider cooling rate effects [47].  

   In order to consider cooling rate effects and have more flexibility of 

controlling PVT characteristics of melt-transition-solid state, a three stage 

volumetric coefficient of thermal expansion PVTQ Model, schematically depicted 

in Figure 4.2, is proposed. This PVTQ model can be used to derive the rate of volume 

change, which is smoother than the results directly calculated from the 

experimental data.  
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Figure 4.2 Illustration of three stages volumetric coefficient of thermal expansion 

PVTQ Model 

  

The specific volume is described as: 

 ˆ ˆ exp
t

T

t vT
v v dT 

                     (4.4) 

Where 
t̂v  is the specific volume at the transition temperature; T is the 

temperature; 
tT  is the transition temperature; 

v
  is a volumetric CTE (volumetric 

coefficient of thermal expansion), which is a function of temperature T , pressure 

  and cooling rate Q . This volumetric coefficient is divided into three stages 

according to melt-transition-solid state and is described as:  

  
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t t
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

 
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





   


     (4.5) 

where, 
m

  is the volumetric CTE in the molten state; 
s

 is the volumetric CTE in 



37 
 

the solid state; 
tT  is the transition temperature; T is a control factor of the 

transition state. The above parameters and their relationships to temperature, 

mechanical pressure and cooling rate can be further described as follows: 

      ln ln
tt T slow t slow

T q Q Q T  
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                         (4.6) 

where slowQ is the slowest cooling rate from the experiment;   , 
t tT Ta b are the 

parameters to control pressure effect on transition temperature of the slowest 

cooling rate  t slow
T ,which is assumed linearly depend on pressure;  ˆ ˆ , 

t tv va b  are 

the parameters to control pressure effect on specific volume at the transition 

temperature of the slowest cooling rate  t̂ slow
v , which is assumed linearly depend 

on pressure;  0 1, , , m m m mn    are the parameters to control pressure effect on 

volumetric CTE at the melt state of the slowest cooling rate  m slow
 , which is 

assumed to behave like a Bird-Carreau model [48-49] with respect to pressure; 
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 0 1, , , s s s sn    are the parameters to control pressure effect on volumetric CTE at 

the solid state of the slowest cooling rate  s slow
 , which is also assumed to behave 

like a Bird-Carreau model. Furthermore, cooling rate effects are assumed to linearly 

influence the transition temperature and volumetric CTE in a logarithmic scale [46-

47]. 
tTq  is the parameter to the control cooling rate effect on transition temperature, 

m
q  is the parameter to control the cooling rate effect on volumetric CTE at the melt 

state, and 
s

q  is the parameter to control the cooling rate effect on volumetric CTE 

at the solid state. 
HT  is an extremely high temperature that cooling rate effect can 

be neglected. 

The proposed PVTQ Model can also be used to describe the equilibrium PVT 

as  ˆ , ,
PVTQeqv T Q , if a hypothetical equilibrium cooling rate eqQ  is used. 

Equilibrium cooling rate is defined as a cooling rate that is slow enough to give the 

material enough time to reach thermodynamic equilibrium state. Equilibrium 

cooling rate can be represented by the following expression:  

eq slow
Q NQ                            (4.7) 

where N  is a number substantially smaller than 1. If N is equal to 1, this means 

the slowest cooling rate from the experiment is adopted as the equilibrium cooling 

rate. If N is smaller than 1, this means the equilibrium PVT is extrapolated from 

experimental data by the proposed PVTQ model. 
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A non-equilibrium PVT is then fitted using a PVTQ model using the fitted 

parameters are listed in Table 4.1. The results of Figure 4.3 (a) demonstrate that the 

proposed PVTQ model is able to adequately describe non-equilibrium PVT of the 

general PS. Volumetric CTE can be obtained by the slope (first derivative) of the 

PVT curves, divided by the current volume, as shown in Figure 4.3 (b). The CTE 

result is shown in logarithmic scale in order to display the variations. Starting and 

ending point of the phase transition can be clearly observed by the inflection points. 

The experimental inflection points are well matched by the model, suggesting the 

transition temperature 
tT  and the control factor T are chosen well. Furthermore, 

while the experimental noises are obvious due to amplifications resulted from 

taking the first derivative of the measured PVT data, the curves generated using the 

PVTQ model are smooth.  Consequently, a smooth rate of volume change and bulk 

viscosity, calculated using Eq. 4.3, are achieved. 

Using this fitted PVTQ model, the PVT curve for cooling rates that are faster 

or slower than the ones available experimentally, can be extrapolated. The 

equilibrium PVT can then be extrapolated by assuming an equilibrium cooling rate, 

but the selection of an equilibrium cooling rate is essential. If the slowest cooling 

rate from the experiment is chosen, 0.1 ℃/min , zero bulk viscosity is obtained since 

there is no difference between mechanical pressure and equilibrium pressure. This 
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results in less useful experimental data of bulk viscosity and affects the fitting 

parameters in modeling. On the other hand, over extrapolation may introduce 

undesired errors if choosing a rate far lower than the slowest cooling rate (0.1 ℃

/min). According to the experimentally available cooling rates (0.1, 1, 10 ℃/min), 

equilibrium cooling rate is assumed to be 0.01 ℃/min, and the parameter N of Eq. 

4.7 is set to 0.1. 

Table 4.1 Fitted Parameters for PVTQ model 

Parameters Value 

tT
a

 0.25 [°C /MPa] 

tT
b

 
83 [°C] 

 
tT

q
 0.87 [°C /ln(°C/min)] 

t̂v
a

 
-0.0002608 [1/MPa] 

ˆtv
b

 
0.9658 [-] 

0m
  

45.5 10 [1/°C]  

1m
  

43 10 [1/°C] 

m
  0.03 [-] 

m
n  0.01 [-] 

m
q
  

65 10  [1/ln(°C/min)]  

0s
  

56.8 10 [1/°C] 

1s
  

69 10 [1/°C] 

s
  0.032 [-] 

s
n  0.01 [-] 

s
q
  0 [1/ln(°C/min)] 

H
T  220 [°C] 
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(a) Model described PVT diagram 

 

(b) Model described volumetric coefficient of thermal expansion 

 

Figure 4.3 Comparison of PVTQ model and experimental data of PS 
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4.5  Bulk Viscosity versus Cooling Rate 

Based on the fitted PVTQ model, any point on the non-equilibrium PVT curve 

of each cooling rate can find an equilibrium pressure that satisfies Eq. 4.2. The 

pressure difference between equilibrium pressure and mechanical pressure can be 

further used to derive the bulk viscosity. Figure 4.4 shows bulk viscosity of this 

general PS for various cooling rates under a mechanical pressure of 300 bar. Three 

zones, melt zone, transition zone, and solid zone, can clearly be observed. 

 

Figure 4.4 Bulk viscosity versus cooling rate of PS 
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In the melt zone, the mobility of molecular chains is high and the resistance to 

the volume change is low, which contributes to lower bulk viscosity. On the other 

hand, in the solid zone the mobility of molecular chains is low and the resistance to 

the volume change is high, which results to higher bulk viscosity. In the transition 

zone, the material exhibits a phase change from melt state to solid state, so bulk 

viscosity rises accordingly, and an abrupt change is observed. Moreover, bulk 

viscosity not only decreases with an increase of temperature but also decreases with 

the increase of cooling rate, or rate of volume change. The temperature range of 

transition, starting and ending point of transition, will be slightly different if 

changing from slower cooling rate to a faster cooling. 

From a previous study by Aleman [26], the bulk viscosity of PS under the 

present condition of a fixed temperature (412 K), and fixed rates of volume change 

ranging from 5.4x10-5 to 13.5x10-5 s-1, will lead to results ranging between 1x104 and 

4x104 MPa · s. In this study, the bulk viscosity is 6.7x104 MPa · s at the same 

temperature (412 K), cooling rate of 10 ℃/min and rate of volume change of 7.7x10-

5 s-1. These results are of the same order as in the previous study, showing that the 

current measurement technique and model are reasonable. 
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4.6  Bulk Viscosity versus Mechanical Pressure 

Bulk viscosity versus mechanical pressure under a fixed cooling rate 0.1 ℃

/min is plotted as Figure 4.5. With increasing mechanical pressure, the distance 

between the polymer chains is reduced and the chain mobility is hindered. This 

lower mobility will lead to a higher bulk viscosity. At the same time increasing 

mechanical pressure shifts transition temperatures to a higher values. 

 

Figure 4.5 Bulk viscosity versus mechanical pressure of PS 
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4.7  Bulk Viscosity Modeling 

The bulk viscosity of the polymer melt is represented as a Cross-WLF-

Arrhenius like model, which has already been successfully used to describe the 

shear viscosity [50-52], viscoelasticity [53-54] and even for microbial inactivation 

[55]. A small modification is needed, so the strain rate is replaced by the magnitude 

of divergence u , rate of volume change, using an expression: 
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where *T  represents a solidifying temperature; 
0  represents a bulk viscosity at 

a zero rate of volume change; *  represents a characteristic stress related to the 

volumetric stress at the transition between Newtonian and power-law behavior; n  

represents a power-law index; *a  represents a time–temperature shift factor 

including mechanical pressure effect. For temperatures below *T , the Arrhenius 

model is used, using the activation energy,   TH , and the gas constant, R . For 



46 
 

temperatures above *T , the William-Landel-Ferry (WLF) model is used, using four 

experimentally determined parameters 1A , 
2A , 2D  and 3D . 

 

It is worthy to note that, there is a relationship between cooling rate and rate 

of volume, as = vQu . So the effects of cooling rates Q  can be substituted by the 

rates of volume change u  by knowing the volumetric CTE v , which is almost 

a constant in the solid state and in the melt state. The dependencies of volumetric 

CTE to temperature, pressure and rate of volume change, can be covered in this 

Cross-WLF-Arrhenius-like model.  

 

The experimentally derived bulk viscosity is then fitted by Cross-WLF-

Arrhenius model, Eq. 4.8. The fitted parameters are listed as Table 4.2. Bulk 

viscosity described using the model has a reasonable agreement with 

experimentally derived data, as shown as Figure 4.6 and Figure 4.7. This shows 

Cross-WLF-Arrhenius model is capable to represent the bulk viscosity as a function 

of temperature, pressure and cooling rate. In the modeling, cooling rate is replaced 

by rate of volume change. 
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Table 4.2 Fitted Parameters for Cross-WLF-Arrhenius Model 

Parameters Value 

0


 
124 10  [MPa·s] 

*  0.7 [MPa] 

n  0.2 [-] 

 TH
R


 2000 [K] 

1
A   30 [-] 

2
A  95 [K]  

2
D  346.9 [K] 

3
D  0.2416667 [K/MPa] 

 

Figure 4.6 Model described bulk viscosity versus cooling rate of PS 
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Figure 4.7 Model described bulk viscosity versus mechanical pressure of PS 

 

4.8  Simulation for Solving Mechanical Pressure 

 

The bulk viscosity effect is taken into consideration in the momentum equation, 

but its solution may be difficult to converge numerically. The general governing 

equations for 3D transient fluid flow are: 
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An approach to directly solve mechanical pressure   instead of hydrostatic 

pressure p  is proposed. The momentum equation is rewritten as: 
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Mass conservation is further derived as followed: 
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           (4.11) 

More detail about considering of the dependence of the density on pressure 

and temperature in the mass conservation equation can be found in [56]. By the 

current proposed approach, the bulk viscosity effect has been moved from the 

momentum equation into the mass conservation equation through the equations 

rewritten above. This approach can help a common 3D transient fluid flow solver 

to more easily and stably take the bulk viscosity effect into consideration. 

 

4.9  Non-equilibrium PVT Verification 

Before a molding simulation is performed, a verification is made to ensure the 

fitted bulk viscosity and mass conservation (Eq. 4.11) can reproduce the non-

equilibrium PVT curves. A computing cell is used to represent the PVT 
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measurement, which assumes the materials are homogeneous and uniformly 

distributed. This computing cell with an initial temperate 200℃ starts to cool down 

with various fixed cooling rates and under a fixed mechanical pressure 300 bar, as 

shown as Figure 4.8. The thermal expansion 
pT

 
 
 

 can be known by the 

equilibrium PVT, and thus rate of volume change can be obtained by solving the 

mass conservation. The specific volume at the next time step can be computed by 

the initial specific volume and rate of volume change. The predicted PVT curves are 

in agreement with experimental data, meaning the current modeling associated 

with bulk viscosity is able to describe the non-equilibrium PVT. Hence, this 

modeling approach is convincing and can be applied to a molding simulation with 

confidence.   

 

Figure 4.8 Non-equilibrium PVT curves predicted by this modeling 
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4.10 Molding Effect  

Moldex3D, a commercial software with a finite volume method-based solver 

[57], was used to test the influence of bulk viscosity during a molding simulation. A 

tensile test bar, ASTM D638 Type I with a size 165x19x3.2 mm3, is selected as a demo 

case. Two virtual sensors, SN1 and SN2, are added to demonstrate the bulk viscosity 

effect on cavity pressure in injection molding. The schematic of this test bar is shown 

in Figure 4.9. The molding condition is listed in Table 4.3.  

Table 4.3 Molding condition of this demo case 

Molding conditions Value 

Resins General PS PG-33 

Melt Temperature 190 [°C] 

Mold Temperature 55 [°C] 

Filling Time 0.5 [sec] 

Packing Pressure 30 [MPa] 

Packing Time 2 [sec] 

 

Figure 4.9 Schematic of ASTM tensile test bar 
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During the actual process, mechanical pressures are measured using pressure 

sensors and serve to control pressure at the inlet during the packing stage. Therefore, 

mechanical pressure distributions and variations are more critical than 

thermodynamic pressure. The mechanical pressure variation at the inlet, SN1 and 

SN2 are generated with (w/) and without (w/o) considering the bulk viscosity effect, 

as shown in Figure 4.10.  During the filling stage, the mechanical pressure 

difference with and without considering bulk viscosity is negligible, since it is 

almost divergence free, or incompressible in the filling stage. However, in the 

packing stage, the material exhibits a significant volume change and shows the 

effect of compressibility. Therefore, the variation of mechanical pressure when 

considering the bulk viscosity effect is more minor, because bulk viscosity plays a 

role as a resistance preventing the molding resin from changing size, which also 

reduces pressure variations. Therefore, pressure builds up slowly in the early 

packing stage and decreases slowly in the following holding stage.       
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Figure 4.10 Mechanical pressure variations at the inlet, SN1 and SN2 

 

The pressure drops between inlet and SN2 in the packing phase are plotted in 

Figure 4.11. The results demonstrate that the pressure drop with bulk viscosity 

effect changes slower than the case where effects of bulk viscosity effect are not 

included. The pressure drop variation is also significantly smaller for the simulation 

with bulk viscosity. Bulk viscosity prevents the material from changing its size 

quickly and contributes to maintaining the pressure drop from the inlet to the cavity. 

The effect of packing, significantly affects shrinkage and warpage, and will be quite 

different and inaccurate if bulk viscosity effects are not considered. 
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Figure 4.11 Pressure drops between inlet and SN2 
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5  Modeling and Simulation of Bulk 

Viscoelasticity in Injection Molding 

 

The objective of this chapter is to simulate the bulk viscoelasticity based on a 

flow solver and show its influence on injection molding. Bulk viscoelasticity can 

be represented by the constitutive models with bulk viscosity and then 

considered for volumetric shrinkage through continuously computing variation 

of specific volume during filling, packing, cooling stage, and post-ejection. After 

ejection at every spatial point, volumetric shrinkages can be used as initial strain 

input for a linear elastic solid solver to solve for the dimensional changes of size 

and shape under static equilibrium.   

A three-element-based model is proposed to better predict volume evolution 

than GNF (Generalized Newtonian Fluid) model. The proposed model 

significantly improves cavity pressure variations, part weights, and shrinkage 

predictions. 

 

5.1  GNF Model (Kelvin-Voigt Model in Bulk Deformation) 

As illustrated in Figure 5.1 (a), the Newtonian fluid model can be analogized 

to a Kelvin-Voigt model, also revealed in citation [28], composed of a parallel 
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spring and dashpot. A Hookean spring describes the elastic effect that reversibly 

stores the strain energy and responds instantaneously to volumetric deformation. 

The Newtonian dashpot describes the bulk viscous effect related to the entropy 

caused by polymers’ configurational rearrangement. 

The spring force represents the equilibrium pressure p , and the spring 

constant is analogous to the bulk modulus 
eK , which is the inverse of bulk 

compliance 
eB  derived from equilibrium PVT, also called isothermal 

compressibility. This Hookean spring could exhibit a volumetric CTE, 
e , 

derived from equilibrium PVT, which could also be regarded as a bulk 

compliance to thermal loading. We can write, 

 

  

1
eB

p








                             (5.1) 
1

e
T







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                             (5.2) 

Where,    represents the density; Volumetric strain rate, 
V  (or u ), 

under any temperature change rate, T , or pressure change rate, p , can be 

written as: 

           V e eT B p   u                      (5.3) 

Only the spring effect is considered for the GNF model without bulk viscosity, 

and the bulk deformation follows the equilibrium PVT. Any loading change will 
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instantaneously result in a volumetric strain and vice versa. It also immediately 

reaches thermodynamic equilibrium, at which point mechanical pressure equals 

equilibrium pressure. However, if bulk viscosity is present, the volumetric strain 

will be hindered by the dashpot, resulting in a difference between equilibrium 

and mechanical pressure. 

Under a gradual loading change (creep experiment) from an initial mechanical 

pressure 0  to a new pressure 1  during a time increment t , the rate of 

volume change can be analytically derived as follows:  
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            (5.4) 

where t  represents the time; 0p  is the initial equilibrium pressure; e dB   is 

the retardation time, the characteristic time required for the spring to extend to 

its equilibrium length while retarded by the dashpot.  

If the temperature effect is further taken into consideration, including a 

change from an initial temperature 0T  to a new temperature 1T , the equation 

can be obtained as follows: 
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Although the Kelvin-Voigt model (GNF model with nonzero bulk viscosity) 

can predict volume change slowly with a retardation effect, this model cannot 

describe the stress relaxation phenomena. It can also predict infinite stress under 

an instantaneous deformation, which is unrealistic for mechanics simulations. 

 

 

(a)                            (b) 

Figure 5.1 Illustration of Generalized Newtonian Fluid Model (Kelvin–Voigt model) 

and proposed Three-element-based Model for bulk deformation 

 

5.2  Three-element-based Model 

 

A three-element-based model, or a kind of Standard Solid model, illustrated 

in Figure 5.1 (b), is proposed in this paper since it can both reasonably predict 

creep and stress relaxation phenomena. The volume change rate is divided into 

rubber and glassy portions. The rubbery portion is considered by composing a 
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spring (rubbery spring) and dashpot (rubbery dashpot) in parallel, and the glassy 

portion is considered by adding a Hookean spring (glassy spring). The glassy 

spring could instantaneously result in bulk deformation under creep and help 

prevent infinite stress predictions in an instantaneous deformation but may be 

difficult to assess experimentally. The glassy spring and rubbery part (spring and 

dashpot in parallel) are designed to describe the bulk behavior of occupied 

volume (volume occupied by molecular chains) and free volume (free space 

between those molecular chains), respectively. Kovacs [58] first proposed similar 

ideas in 1961.  

Under a gradual loading change, the rate of volume change for this three-

element-based model is analytically derived as follows:  
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where 0

rp  is the initial equilibrium pressure in the rubbery spring;  d r
  is the 

bulk viscosity of the rubbery dashpot;  r r d r
B   is the retardation time in the 

rubbery portion; rB  is the bulk compliance of the rubbery spring; r  is the 

volumetric CTE of the rubbery spring; gB  is the bulk compliance of the glassy 
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spring; g  is the volumetric CTE of the glassy spring. 

It is worth noting that the above models for bulk deformation, Eq. 5.5 and Eq. 

5.6, are objective since the volume change rate is a scalar [59], which can be 

obtained by the rate of density change, unlike shear viscoelasticity which requires 

transformations of strain tensor or rate of strain tensor to be frame-invariant 

under a change of frame with a spatial translation and a rotation.  

The equilibrium pressure of this three-element-based model is desired to 

compute the density conveniently by equilibrium PVT, and it can be derived by 

Eq. 5.3 as:  
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                     (5.7) 

where 0p  is the equilibrium pressure at a previous time. 

 

 

5.3  Deriving Bulk Viscosity of the Three-element-based Model  

Since the three-element-based model is newly proposed, the approach to 

derive bulk viscosity from a cooling rate-controlled PVT measurement for the 

GNF model (Kelvin–Voigt model) needs to be revised. The equations and 

procedures are listed as follows:   
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                      (5.8) 
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Bulk compliances of the glassy spring ( gB  and g ) are suggested to be 

specified first, and the glassy portion of the volume change rate  
g

u  can be 

known by Eq. 5.9. From known experimental volume change rates u  and Eq. 

5.8, the rubbery portion of the volume change rate  
r

u  can be obtained. Next, 

bulk compliances of the rubbery spring (
rB  and 

r ) could be defined as 

functions of mechanical pressure, volumetric strain rate, or temperature. The 

current equilibrium pressure in the rubbery spring 
r

p  can be determined based 

on Eq. 5.10 and known initial conditions and cooling rate. Finally, the bulk 

viscosity of the rubbery dashpot  d r
 in a three-element-based model can be 

derived by Eq. 5.11.  

 

5.4  Chosen Bulk Compliances of Three-element-based Model 

There could be many choices for designing the functions of bulk compliances 

for this three-element-based model. In this study, bulk compliances were 

designed to be determined by the available PVT data without requiring 
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additional experiments. It can be based on equilibrium PVT or the PVT 

measurement under the slowest available cooling rate. Furthermore, under the 

same mechanical pressure, the bulk compliances are chosen to be constants and 

not functions of temperature, meaning the temperature effect is only considered 

in bulk viscosity. However, the increasing bulk viscosity as the temperature is 

reduced retards the bulk deformation under load; thus, the equivalent (total) bulk 

compliance depends on temperature and time. The proposed bulk compliances 

and volumetric CTE are as follows: 
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where the volumetric CTE of the glassy spring g  is assumed to be the same 

as the value in solid state (at a fixed temperature sT );  the summation of 

volumetric CTE is equal to the CTE value at an extremely high temperature HT ; 

the summation of bulk compliances are equal to the compressibility at an 

extremely high temperature HT ; bulk compliances of the glassy spring gB  is 
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assumed to be a ratio f  times compressibility at an extremely high temperature

HT .  

At an extremely high temperature HT , the mobility of molecular chains is 

high enough to reach equilibrium rapidly during PVT measurements, so the 

equivalent (total) bulk compliances of this model should be kept the same as 

experimental values. However, the mobility of molecular chains is low in the solid 

state; cooling rate-controlled PVT measurements are believed to provide more 

accurate values in volume expansion coefficient than bulk compliance 

(compressibility). Hence, a ratio f  is implemented to adjust reasonable glassy 

compressibility. The parameters used in this study are reasonably chosen based 

on the described behavior of polystyrene by PVTQ (pressure-specific volume-

temperature-cooling rate) model and are listed in Table 5.1. 

 

Table 5.1 Parameters related to bulk compliances 

Parameters Value 

s
T

 70 °C 

H
T  220 [°C] 

f
 0.35 [-] 
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5.5  Predictions Using the GNF Model (Kelvin-Voigt Model in Bulk 

Deformation) 

Predictions of bulk viscoelasticity can be known by computing the volume 

change (Eq. 5.5 or Eq. 5.6) in a controlled cell with given initial conditions, 

material parameters, and loading changes (thermally or pressure-induced). From 

the previous chapter, the GNF model with (w/) bulk viscosity can predict isobaric 

cooling (cooling rate-controlled) PVT curves well. However, it cannot predict the 

newly introduced isothermal pressurization (bulk creep) data, shown in Figure 

5.2.    

For the case without (w/o) considering bulk viscosity, the specific volume 

changes with mechanical pressure without any perceivable delay. If bulk viscosity 

is considered, the specific volume changes slowly in the beginning and shows a 

noticeable delay in reaching a steady value of the specific volume. The 

experimental data undergoes a retardation effect when reaching a steady specific 

volume; however, it did not show a noticeable delay in the beginning, and most 

interestingly, the steady specific volume value is different from the one predicted 

by the GNF model without bulk viscosity (expected to be equilibrium PVT 

obtained by cooling rate-controlled measurements). A possible explanation is that 

the cooling rate used in the PVT measurements is still not slow enough for the 
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material to have enough time to reach equilibrium and therefore remains at a 

higher specific volume than the isothermal pressurization data. 

 

 

Figure 5.2 Bulk creep deformation predictions of Generalized Newtonian Fluid 

w/ and w/o considering the bulk viscosity at T=160 ℃ 

 

The simulated mechanical pressure variations using the GNF model and 

experimental data are shown in Figure 5.3. Many factors, such as material 

properties, numerical methods, mesh resolution, and machine response, could 

affect pressure predictions. Those factors may not be possible to address in this 

paper fully. In order to easily compare with experimental data, primarily focusing 

on the packing stage, the packing stage starts when the simulated inlet pressure 

reaches 943 bar, and the packing pressure profile in the simulation is set to follow 
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the experimentally recorded nozzle pressures. Thus, predicted pressure drops 

inside the cavity between different models can be easily compared based on the 

same inlet pressure variations. 

As expected, mechanical pressure predictions are similar in the filling stage 

since it is almost divergence-free or incompressible during filling. On the other 

hand, predictions could be different in the packing stage since the material 

exhibits a significant volume change and shows the effect of compressibility. 

Without considering bulk viscosity, the simulated cavity pressure changed 

sharply at the beginning of the packing stage. When bulk viscosity was 

considered, the simulated cavity pressure changed somewhat smoother. 

However, the cavity pressures did not exhibit considerable differences between 

the GNF model, with and without considering bulk viscosity. Furthermore, while 

experimental cavity pressure decreased slowly and sustained a particular value 

until 20 seconds, both simulations predicted that cavity pressure decreased too 

fast over time. 
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Figure 5.3 Mechanical pressure predictions for Generalized Newtonian Fluid w/ 

and w/o considering the bulk viscosity at the inlet, SN1, and SN2 

 

5.6  Determination of Bulk Viscosity in Three-element-based Model   

The disagreements between simulations using the GNF model and 

experiments, either from the bulk creep experiment or injection molding 

experiment, support the necessity of another bulk viscoelastic model, a three-

element-based model, to improve the prediction for this amorphous polymer. The 

bulk viscosity of the three-element-based model  d r
 , including experimentally 

derived by Eq. 5.8 - Eq. 5.11 from a cooling rate-controlled PVT measurement and 

described by the Cross-WLF-Arrhenius model (Eq. 4.8), is shown in Figure 5.4. 

The fitted parameters are listed in Table 5.2.  
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Table 5.2 Fitted Parameters for Cross-WLF-Arrhenius Model 

Parameters Value 

0
   2.02E+12 (MPa·s) 

*  0.7 ( MPa ) 

n  0.2 (-) 

 
T

H
R


  300000 (K) 

1
A  25  (-) 

2
A  95 (K) 

2
D  350 (K) 

3
D  0.2416667 (K/MPa) 
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(a) Model described bulk viscosity versus cooling rate 

 

 

(b) Model described bulk viscosity versus mechanical pressure 

Figure 5.4 Comparison of model and experimentally derived data of PS 
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As shown in Figure 5.4 (a), the bulk viscosity is low in the melt state due to 

the high mobility of molecular chains. Bulk viscosity increases as the temperature 

is reduced and rises abruptly during phase transition. Experimentally derived 

bulk viscosity could reach an infinite value in the solid state because the 

volumetric CTE of the glassy spring (Eq. 5.12) is chosen to be the same as the 

value in the solid state, thus resulting in almost no rubbery portion of volume 

change rate. This helps simplify the problem that this amorphous polymer melt 

only exhibits an elastic effect in the solid state. However, this parameter can be 

chosen differently if desired.   

At the extremely high temperature of about 220 ℃, experimentally derived 

bulk viscosity approaches zero since it is assumed that specific volumes under 

different cooling rates are the same, and bulk viscosity effect is negligible at such 

a high temperatures. Although this assumption is helpful when deriving the 

experimental bulk viscosity, the actual viscosity is not zero. However, it is not 

necessary for the model to approach zero at high temperatures due to the fact that 

useful processing range is below 200 ℃, a range at which the model renders 

accurate results. 

Bulk viscosity vs. mechanical pressure under a fixed cooling rate of 0.1 ℃/min 

is shown in Figure 5.4 (b). With increasing mechanical pressure, chain mobility is 
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hindered due to the reduced distance between the polymer chains, resulting in a 

higher bulk viscosity. The temperature, pressure, and volume change rate 

dependent Cross-WLF-Arrhenius model can reasonably describe the 

experimentally derived bulk viscosity, as shown in Figure 5.4 (a) and 5.4 (b).  

Non-equilibrium PVT curves by cooling rate-controlled measurements under 

a fixed mechanical pressure of 300 bar can be predicted by the proposed three-

element-based model with current fitting parameters, shown in Figure 5.5. In 

addition to cooling rate-controlled PVT curves, bulk creep deformation at a 

temperature of 160 ℃ can be well predicted by a three-element-based model, as 

shown in Figure 5.6. Both initial and final (steady) specific volumes in bulk creep 

deformation predicted by the three-element model are lower than those predicted 

by the GNF model, and it is closer to the experiment. This is because total bulk 

compliance by glassy and rubbery spring ( gB  and rB ) could be higher than 

bulk compliance eB  at a temperature of 160 ℃. These verifications ensure that 

this modeling approach is convincing and can be confidently applied to a 

molding simulation.   

It is worth noting that the model can predict the change of specific volume 

under hundreds of degrees per minute, which materials may exhibit during the 

injection molding. The predictions under the ultra-high cooling rates can be 



72 
 

regarded as extrapolations since the maximum cooling rate in PVT measurement 

is limited to 10 ℃/min because the temperature of materials inside the testing 

chamber cannot be assured uniform under the ultra-high cooling rates. The 

unavoidable extrapolations could reduce the accuracy of molding simulation but 

are believed to give reliable tendencies. 

 

 

 

Figure 5.5 Isobaric cooling PVT curves predicted by this proposed three-

element-based model 
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Figure 5.6 Bulk creep deformation predictions of the proposed three-element-

based model at T=160 ℃ 

 

 

5.7  Predictions Using the Three-element-based Model 

The simulated mechanical pressure variations by the three-element model and 

experimental data are shown in Figure 5.7. Predictions of mechanical pressure 

between the GNF and the three-element model during the filling stage are very 

close. While the GNF model without considering bulk viscosity predicts cavity 

pressures changing sharply in early packing and decreasing too fast over time, 

the three-element model can predict slower changes in cavity pressures and 

maintain higher values longer during packing. The model significantly improves 
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the predictions, although there is still a discrepancy between the simulation and 

experiment. This discrepancy may come from factors not considered in this study, 

like shear viscoelasticity. This discrepancy could be reduced by further studying 

bulk viscoelasticity.    

 

Figure 5.7 Mechanical pressure predictions for this proposed three-element-

based model at inlet, SN1, and SN2 
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5.8  Volume Evolutions with Time on the PVT Diagram 

Bulk viscoelasticity described by the GNF and the three-element-based model 

could influence the evaluation of specific volume with respect to the temperature 

and mechanical pressure changes during molding. A plot, Figure 5.8, was made 

on the PVT diagram to show the difference between three predictions of volume 

evolutions based on the same thermal and mechanical history during molding. 

This history was assumed to have an isothermal injection at first, where 

mechanical pressure rose from zero to 400 bar and temperature was kept at 200 

℃ for 2 seconds. This was followed by isobaric cooling during the packing stage, 

where the temperature was cooled to 160 ℃ and mechanical pressure was kept 

at 400 bar for 3 seconds. For the next 10 seconds during the cooling stage, the 

temperature was continually cooled to 130 ℃ , and mechanical pressure was 

reduced to 50 bar. After the part was ejected, mechanical pressure was released to 

zero, and the temperature cooled down to room temperature with an assumed 

cooling rate of 60 ℃/min. The above history may not be wholly realistic but is 

adopted to show that the various models differently predict specific volumes. The 

volumetric shrinkage (shown below)  

ˆ ˆ

ˆ
c r

v

c

v v
S

v




 

is defined as the difference between the specific volume before ejection (at the end 
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of cooling), ĉv , and the specific volume at room temperature under atmospheric 

pressure, ˆrv . Table 5.3 shows that a single cell experiencing the same thermal and 

mechanical history predicted different volumetric shrinkages, and the three-

element model predicted the most minor shrinkage.    

 

 

 

Figure 5.8 Volume evolutions with time on the PVT diagram 
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Table 5.3 Predicted volumetric shrinkages under the same thermal and 

mechanical history 

Modeling Shrinkage (%) 

GNF Model w/o Bulk Viscosity 2.9 

GNF Model w/ Bulk Viscosity 1.79 

Three-element Model 1.65 

 

5.9  Molding Shrinkage and Weight Predictions 

Path-dependent volume evolutions predicted by models would also impact 

predictions of the weight and linear shrinkages of final injection molded parts. 

From the comparison of part weight, Figure 5.9 (a), experimental weight is higher 

than simulations, but the three-element model has shown considerable 

improvement over the GNF model. For the comparison of linear shrinkage along 

the length direction, Figure 5.9 (b), the prediction by the three-element model 

agrees with the experiment and shows remarkable improvement over the GNF 

model. From the comparison of the linear shrinkage along the width direction, 

Figure 5.9 (c), simulations can show the increasing trend from W1 to W3, but the 

values are not very close to the experiment. The three-element model predicts 

accurate shrinkage at W3 but is less accurate at W1 and W2; a discrepancy in the 

prediction of cavity pressure possibly causes this. More studies, such as 
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considering shear viscoelasticity [60-61], could be done in the future to improve 

the prediction further. 

 

 

 

(a) Part Weight 

 

(b) Linear shrinkage in the length direction 
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(c) Linear shrinkage in the width direction 

Figure 5.9 Comparison of predictions and actual molding 
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6  Summary 
 

6.1  Contributions 

The full impact of bulk viscoelasticity was addressed, from measurement and 

model derivation, through modeling to the molding simulation. The non-

equilibrium PVT obtained from cooling rate-controlled PVT measurements can 

be used to derive bulk viscosity. The derivation was completed by a proposed 

PVTQ model, which not only describes the non-equilibrium PVT experimental 

data well but can also extrapolate the equilibrium PVT. The derived bulk viscosity 

was found to be a function of temperature, pressures and rate of volume change. 

Followed by this experimental finding, a Cross-WLF-Arrhenius model was tested, 

showing capabilities of describing the bulk viscosity of the polymer melt. Results 

of injection molding simulation show that bulk viscoelasticity can have a 

considerable influence on plastic molding. 

A three-element-based model was proposed in this study to describe bulk 

viscoelasticity better than a GNF model. This proposed model was first verified 

to predict isobaric cooling (cooling rate-controlled) and isothermal pressurization 

(bulk creep) curves on PVT diagrams with reasonable accuracy. It was later 

validated with an injection mold and showed significant improvements over the 

GNF model on predictions of cavity pressures, part weight, and linear shrinkages.  
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This work’s results give more insight into the influence of bulk viscoelasticity 

during injection molding. The methodology to derive bulk viscosity from PVT 

measurements and the numerical approaches of considering bulk viscosity based 

on a flow solver can be extended to other applications or molding processes.  

 

6.2  Recommendations for Future Work 

There is still a discrepancy when comparing the predictions from the 

simulations and the experimental results. More studies for bulk viscoelasticity 

may help in reducing this discrepancy. Considering shear viscoelasticity together 

with bulk viscoelasticity could improve the prediction further. In addition, future 

work can also include the validation of more injection molds using any other 

amorphous polymers, measurements, and modeling of semi-crystalline polymers, 

as well as the influence of bulk viscoelasticity on other polymer processes. 

 

Applying the current study on semi-crystalline polymers will be more 

challenging. It is possible if the crystallization effect on specific volume can be 

isolated from the pressure and temperature effect through experiments and 

considered independently in modeling. Bulk viscosity could be a function of 

mechanical pressure, volumetric strain rate, temperature, and relative 
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crystallinity. More studies in experiments and modeling should be done in the 

future to consider bulk viscoelasticity for semi-crystalline polymers. 

 

 

6.3  Publications 

The following articles detail the research products related to this dissertation: 

 Y. J. Chang, R. Y. Chang, T. A. Osswald, “Measurement and modeling of bulk 

viscosity for polystyrene melts,” Phys. Fluids, 33, 073103 (2021). 

 Y. J. Chang, R. Y. Chang, T. A. Osswald, “Modeling and simulation of bulk 

viscoelasticity for amorphous polymers in injection molding,” Phys. Fluids, 

35, 053109 (2023) 
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