
INSTABILITY SATURATION AND TURBULENT DYNAMOS

IN SHEAR FLOWS

By

BINDESH TRIPATHI

A dissertation submitted in partial fulfillment of

the requirements for the degree of

Doctor of Philosophy

(Physics)

at the

UNIVERSITY OF WISCONSIN–MADISON

2025

Date of final oral examination: 11/11/2025

The dissertation is approved by the following members of the Final Oral Committee:

Paul W. Terry, Professor, Physics

Ellen G. Zweibel, Professor, Astronomy, Physics

M.J. Pueschel, Senior Scientist, Dutch Institute for Fundamental Energy Research

Chris C. Hegna, Professor, Engineering Physics



© Copyright by Bindesh Tripathi 2025

All Rights Reserved.



i

to my loving mother and other mothers.



ii

abstract

Instabilities in nature drive turbulence, which impedes fusion-energy gain in reactors

and impacts cosmic observables such as magnetic fields and multi-messenger-astronomy

signals. To understand the underlying turbulent processes, this thesis investigates two

central questions: How instabilities may saturate, and how turbulence may generate

astrophysical magnetic fields at large scales—a process called the dynamo. Previous

efforts to address the former have relied on an energy cascade to microphysical scales

and thus missed critical elements of instability-scale mode-couplings. Dynamo efforts

have been frustrated because large-scale magnetic-field generation is suppressed via

Alfvénization—a robust magnetohydrodynamic process that aligns fluctuations in

the fluid velocity u with those in the magnetic field b, i.e., u || ± b. Addressing

these challenges, this thesis develops fundamental principles of instability saturation

and applies them to demonstrate a novel mechanism where Alfvénization generates

magnetic fields, instead of suppressing the fields. These findings, organized in three

parts, apply to shear flows driven unstable by their velocity gradients.

Part I of this thesis demonstrates the new paradigm of instability saturation

via stable eigenmodes. These modes spatially resemble the instability but decay

exponentially in time. However, the stable modes are nonlinearly excited to significant

amplitudes via mode-couplings to instability. Hence, most of the energy injected by

the instability is transferred to the stable modes, which then return energy to the

large-scale unstable flow, thus reducing the energy available to cascade to small scales.

The stable modes sequester magnetic fields at large scales by reducing the rate-of-strain

and field-line distortion. Nonlinear simulations in two dimensions without the stable

modes display a splitting of otherwise merging large-scale vortices, a spreading of

turbulence, and a surging of visco-resistive dissipation and momentum transport.
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Part II confirms the findings of Part I by considering three-dimensional turbulence.

The three-dimensional (3D) stable modes are found to be more effective than the

two-dimensional (2D) stable modes in transporting momentum in the direction of the

large-scale flow gradient. Moreover, vortex stretching—a 3D process—is countered

by the stable modes, thus transforming thin, long cylinders of vortices to thick, short

cylinders. In three dimensions, the stable modes receive energy via inherently 3D

zonal jets; these jets are fluctuating 3D flows that propagate in, while remaining

invariant along, the direction of the large-scale 2D shear flow. In a jet-dominated

system, numerical simulations validate an analytic turbulence closure model that

predicts stellar spin-down rates, relevant for the solar tachocline.

Part III, using 3D magnetohydrodynamic turbulence, reports the generation of

magnetic fields via Alfvénization—the suppressor of the traditional dynamos. The

large-scale vorticity, which traditional dynamo theories ignore, contributes here to

the large-scale electromotive force. A working physical mechanism of this effect is

identified, where the 3D zonal jets described in Part II interact with Alfvénized

magnetic fluctuations, thereby generating large-scale, quasi-cyclic magnetic fields,

consistent with astrophysical observations. This large-scale vorticity effect produces

seed large-scale magnetic field, parallel to the large-scale flow, purely from small-scale

flow-field correlation. Then, the large-scale cross-helicity — alignment between large-

scale flow and magnetic field — is transferred by turbulent stress to small scales, in

a way analogous to the forward transfer of momentum and energy. Thus, the two

dynamo steps cyclically reinforce each other, spontaneously magnetizing the fluid.

The new dynamo mechanism explains confounding measurements of a laboratory

experiment. This mechanism is also predicted to operate in binary neutron star

mergers on time scales of microseconds, which in millisecond mergers can generate

some of the strongest magnetic fields in the Universe.
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3.1 (a) Linear eigenspectrum of the MHD shear-flow system (at kx = 0.2
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3.2 (a) The unstable mode of the flow transport momentum in the down-

gradient direction: −x-directed momentum at A is carried to A’ and

+x-directed momentum at B is carried to B’. Fluxes A→A’ and B→B’ act

to relax the mean flow gradient (shown with the long horizontal arrows).
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a simulation with MA = 10 and DKrook = 2. Note, in the inset, the

nonlinear excitation of linearly stable mode (|β2|) in instability satura-
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3.6 (a) Full turbulent fluctuations in streamfunction in the Kelvin-Helmholtz-

unstable wavenumbers 0 < |kx| < 1 (thus called ϕ̃filtered), observed in

nonlinear simulations with MA = 30, DKrook = 2. The shown plot of
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thus instability no longer drives the turbulence. As long as the turbulence

is driven by the instability, the unstable and stable modes together can

reconstruct a large fraction of the turbulent flow features in (a) and (b). 61



xx
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the range |kx| < 1, which is captured by the unstable and stable modes

at those wavenumbers to a high precision. The small amount of stresses

that are contributed by smaller scales of fluctuations span a broad range

of wavenumbers, due to the smaller scales in magnetic fields generated via

straining by the flow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.14 (a) Dependence of time-averaged eigenmode amplitudes on kx. The in-

dices js of the eigenmodes are arranged in increasing order of their real

frequencies. Vertical lines signify the self-similar cascade of energy to

small scales in kx. Mode amplitudes are averaged over a quasi-stationary

state of turbulence t = 400–800 for a simulation with MA = 120 and

DKrook = 2. (b) kx spectra of mode amplitudes in a nonlinear simulation

(shown with empty circles) in a log10 − log10 plot. Shown with a solid line

is the analytical prediction, made for the wavenumbers that lie beyond

the Kelvin-Helmholtz-unstable range, i.e., for kx > 1. The spectral index,

predicted based upon a number of simple assumptions, can be seen to fit

the data reasonably well. . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
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B1 Same as in Fig. 3.5, but for MA = 120. The amplitude of the nonlinearly

excited stable mode is almost exactly the same as that of the unstable mode.

The nature of their oscillations is also similar, although the oscillations in

the stable-mode-amplitude lags behind that of the unstable mode. The lag

is likely an outcome of a time-delay in energy transfer from the unstable

to the stable mode at the same wavenumber, which thus requires a series

of nonlinear interactions with fluctuations at other wavenumbers. . . . . 85

4.1 (a) Eigenmode decomposition of a characteristic snapshot of the turbulent

flow, represented by the solid- and colored-contour lines of the stream

function ϕ̃turbulent at time t = 625, with MA = 10. The decomposition

is based on a complete set: unstable, stable, and continuum eigenmodes.

The eigenmodes plotted are for the flow fluctuations at the first Fourier

wavenumber. The black dashed-contour lines overplotted on the first image

show the turbulent magnetic flux function ψ̃turbulent, whose distortion near

the center of the eddy, (x, z) ≈ (10, 0), is significantly impeded. (b)

Reconstruction of the turbulent flow: (left) sum of unstable eigenmodes

at each Kelvin-Helmholtz-unstable wavenumber; (right) improvement by

adding their conjugate stable eigenmodes. Compare these with full ϕ̃turbulent

in (a). The difference between the plots (a) and (b) are shown in the

supplementary material. All panels here share the same colorbar. . . . . 88
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4.2 Time trace of Q1 (blue) vs. −Q2 (red) for (a) Pm = 0.1, Rm = 50; (b)

Pm = 1, Rm = 500; (c) Pm = 10, Rm = 5000. Compare the lower (red)

with upper (blue) curves within each subplot. To illustrate similar variation

of Q1 and Q2, and to make the variations maximally visible, we plot −Q2,

which physically refers to the energy transfer rate from the fluctuations

to the mean profiles. Computationally demanding simulation for (c) was

stopped at t = 237. All simulations use MA = 10. Nonlinear phase begins

at t ∼ 30. Energy available for cascading to small scales is significantly

impeded by stable modes in all cases. . . . . . . . . . . . . . . . . . . . . 90

4.3 Time traces of (a) viscous dissipation rates, ϵν , and (b) resistive dissipation

rates, ϵη, for different strengths of magnetic fields. Stronger fields enhance

both. (c) Impact of magnetic fields on the (time-averaged) energy transfer

rates between the background profile (kx = 0) and the large-scale fluctu-

ations (kx = 0.2–0.8) by the unstable eigenmodes Q1 and by the stable

eigenmodes Q2. Note that the magnetic fields impact Q2 more than Q1,

but Q2/Q1 is still ≳ 60% even for the strongest field. . . . . . . . . . . . 90
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4.4 (a) Enhancement of the viscous dissipation rate, after removing the large-

scale stable eigenmodes at an instant of time t = 600 in a simulation

with MA = 120. (b) Similar enhancement of the resistive dissipation. (c)

The state when the simulation is paused. Shown is the squared current

density at smaller scales, |kx| > 1, focusing on the region near the shear

layer, −5π ≤ z ≤ 5π. At this instant, the large-scale stable modes

belonging to |kx| < 1 are deleted to observe their influence on the small-

scale magnetic cascade. (d)–(e) Subsequent evolution of the small-scale

current density when large-scale stable eigenmodes are removed at t = 600.

The characteristic enfolding of magnetic fields by the eddies of unstable

modes is evident, which generates small-scale magnetic features. (f) Small-

scale current density in another simulation where stable eigenmodes are

kept intact. The rapid straining of magnetic fields mentioned just before

does not occur. For this simulation, the state at t = 601.5 (not shown) is

almost identical to that at t = 603. (Multimedia view) . . . . . . . . . . 95

https://drive.google.com/file/d/1-3lMGyba5I9A5XYe7wDwKjk6s7TeGYoP/view?usp=sharing
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4.5 (a) Full turbulent fluctuations ϕ̃turbulent, as shown in Fig. 1(a) of the main

article. The aspect ratio of the figure is restored here so that the actual

box of the simulation and the turbulent features therein can be seen in

their true sizes. (b) The residual ϕ̃turbulent − β1ϕ1 after subtracting the

fluctuations due to unstable eigenmodes. It can be seen that the this plot

appears very similar to the stable mode, shown in Fig. 1(a) of the main

article. (c) Dramatic reduction in the residual ϕ̃turbulent − (β1ϕ1 + β2ϕ2)

by adding a conjugate stable mode to its unstable mode at each Kelvin-

Helmholtz-unstable wavenumber. The small residual observed in this plot

belongs to a large number of continuum eigenmodes, which have their

mode structures somewhat afar from the shear layer |z| ≲ 1. All panels

share the same colorbar. . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5.1 Fourier representation of energy dynamics and cross-scale energy fluxes of

MHD turbulence. The top one-dimensional box shows different Fourier

modes of the flow u(kx), whereas the bottom box shows different Fourier

modes of the magnetic field B(kx). The arrows represent energy transfer

between different u(kx) and B(kx). The arrows need not be in the same

directions as shown. If any of the signed energy fluxes in a physical system

is negative, the corresponding arrow direction is reversed, because of the

energy conservation, e.g., −Πu<
u>(k0) = Πu>

u<(k0), where u< are Fourier

modes with wavenumber kx ≤ k0 (yellow colored region). The external

forcing ϵf is applied to prevent the relaxation of the mean shear flow, i.e.,

u(kx=0). The wavenumber range 0 < |kx| < 1 represents the large-scale

KH instability of the flow, which drives the turbulence. Small-scale viscous

and resistive dissipation are represented by ϵν and ϵη, respectively. . . . 120
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5.2 Time-averaged (a) linear and (b) nonlinear energy transfer rates in velocity

and magnetic fields. The wavenumbers |kx| < 1, to the left of the dotted

vertical lines, are Kelvin-Helmholtz-unstable. The time-averaged rates of

linear and nonlinear transfers are almost equal and opposite. Note the

negative linear energy injection in the flow Qu at kx = 0.4, despite this

being the wavenumber where perturbations linearly grow the fastest. The

simulation parameters used are MA = 30, DKrook = 2, and Pm = 1. . . . 130

5.3 Time-averaged wavenumber-to-wavenumber energy transfer rates among

the velocity fields. (a) The transfer is almost entirely localized within the

Kelvin-Helmholtz instability range, shown with a black dashed box near

the lower leftmost end of each subplot. (b) Logarithmic spectrum of the

energy transfer reveals nonlocal triads, but local energy transfer, enabled

by the box-sized Kelvin-Helmholtz eddy, i.e., the first non-zero Fourier

mode number. The simulation parameters used are MA = 120, DKrook = 2,

and Pm = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.4 Time-averaged wavenumber-to-wavenumber energy transfer rates among

the magnetic fields. The transfer is dominant outside the Kelvin-Helmholtz

instability range, shown with a black dashed box near the lower leftmost

end of the plot. The transfer B-to-B involves nonlocal triads but energy is

locally transferred—from a high wavenumber to another high wavenumber.

Shown in the inset are one-dimensional spectra of the transfer function,

following the two diagonals, k′′x − kx = ±2π/Lx. The two curves, red and

black, are identical, although one is positive and another negative in sign,

which is a consequence of energy conservation in a triad. The simulation

parameters used are MA = 120, DKrook = 2, and Pm = 1. . . . . . . . . . 132
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5.5 Time-averaged wavenumber-to-wavenumber energy transfer rates between

the velocity and magnetic fields. (a) The transfer involves nonlocal triads;

the energy transfer is also nonlocal. In particular, the first few Fourier

modes (up to around 4) of the flow, shown with k′′x, generate significant

energy in the magnetic fields even at wavenumbers kx ranging up to a

value, as high as kx ∼ 8–12, evidenced in panel (b), using a logarithmic

colorbar. The simulation parameters used are MA = 120, DKrook = 2, and

Pm = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

5.6 Similar to Fig. 10.5, but for differing magnetic field strengths. Here, (a)

MA = 30, (b) MA = 10, (c) MA = 3. The single diagonal kx = k′′x

appears distinctly in subplot (c), and to a lesser degree in (b). This

emerges from Su

B
(kx|k′′x) = Re

{〈
B∗(kx) ·

[
B(k′x = 0) · ∇′′u(k′′x = kx)

]〉
z

}
,

signifying a larger amount of work the small-scales (|k′′x| ≫ 1) of the

velocity fluctuations do, while attempting to bend the mean magnetic-field

B(k′x=0). Nonlinearly, the first few (up to around 4) Fourier modes of the

flow significantly inject energy into the magnetic fields, even into higher

wavenumbers, as discussed in Fig. 3(c). Other simulation parameters used

are DKrook = 2 and Pm = 1. . . . . . . . . . . . . . . . . . . . . . . . . . 134
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5.7 Positive Π implies transfer along the arrows of Fig. 10.1. In the 2D

turbulence here, cross-scale MHD energy fluxes move from large to small

scales. (a) The kinetic and magnetic energies both are robustly cascaded

forward at every scale, as evidenced by the black and the blue curves,

respectively. The kinetic energy flux Πu<
u> is dominant at the largest scales,

and at k0 = 0 (shown with the yellow diamond on the left axis), the flux

agrees with the energy ϵf = 0.0004 externally supplied by the Krook forcing

to the mean flow. (b) The fluxes develop a noticeable exponential envelope

at around k0 = 15, after which the exponential fall-off continues with

increasing wavenumber. The simulation resolves the dissipation range, as

k0 in the simulation ranges up to 205. The flux ΠB<
u> for k0 ≤ 2.2 (shown

with a green dashed curve) is negative. The grey-shaded region corresponds

to the dominant dissipation scales, starting around k0 = (ϵf Re
3)1/4 = 15;

the light-red shaded region is the instability range. Parameters used here

are MA = 120, DKrook = 2, Re = 500, and Pm = 1. . . . . . . . . . . . . 135
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5.8 Linear processes of energy transfer due to unstable (j = 1) and stable

(j = 2) eigenmodes. Shown are the linear injection or withdrawal rates

Qj using the profiles at t = 0, and the rate Rj using deviations of the

instantaneous mean profiles of the flow and the magnetic field from their

initial profiles. The wavenumber of the fluctuation chosen is kx = 0.2,

which is the loweest non-zero wavenumber in the simulation, where both

the linear drive rate as well as the fluctuation energy spectrum peak.

Comparing (a) DKrook = 2 with (b) DKrook = 25 shows that the higher

rate (i.e., the larger DKrook) of replenishment of the mean flow via Krook

forcing removes almost all linear coupling—the term Rj—that is induced

due to instantaneous fluctuations in the mean profiles. The simulation

parameters used are MA = 10 and Pm = 1. . . . . . . . . . . . . . . . . 137

5.9 Comparison of time-averaged energy transfer rates Qj + Rj from the

instantaneous mean profiles of the flow and the magnetic fields for the

unstable (j = 1) with that for the stable (j = 2) modes. These rates are

then summed to predict the total energy transfer rates via linear processes,

which also include the contributions from the continuum eigenmodes and

the small visco-resistive dissipation occurring at these large scales. The

predictions, shown with black circles, are in excellent agreement with the

total linear energy transfers, depicted with black plus signs. . . . . . . . 138
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5.10 (a) Nonlinear energy transfer T1(kx) that saturates unstable modes and

T2(kx) that excites stable modes. (b) These rates are then decomposed into

three classes of triadic interactions, where the beating modes are discrete-

discrete (Tjdd), or discrete-continuum (Tjdc), or continuum-continuum

(Tjcc). The Tjcc are negligibly small. The simulation parameters are

Pm = 0.1,MA = 10, and DKrook = 2, and the chosen wavenumber is

kx = 0.4, which is the linearly fastest growing wavenumber. . . . . . . . . 140

5.11 (Left) A schematic diagram that shows the terms corresponding to both

the linear and nonlinear energy transfer processes that drive and saturate

the unstable and stable modes. Since Qj, Rj, Tjdd, Tjdc, and Tjc all appear

on the right hand-side of Eq. (5.29), it is expected, on time-averaging, that

|Qj+Rj| ≈ |Tjdd+Tjdc+Tjc| for both j = 1 and j = 2, individually. (Right)

The energy transfer terms of the left-hand schematic diagram is quantified

in units of 10−3U3
0/a, for a simulation with parameters Pm = 0.1,MA = 10,

and DKrook = 2. The difference between Q1 +R1 and Q2 +R2 represents

the rate of energy that is supplied by the Krook forcing to the mean flow,

attempting to restore the original flow-profile. . . . . . . . . . . . . . . . 141

5.12 Same as the right-hand panel in Fig. 9.11, but now with varying magnetic

field strength—the magnetic Prandlt number is also changed to Pm = 1.

The parameters used are (a) MA = 10 and (b) MA = 120, both with

the forcing strength DKrook = 2. Energy transfer rates are measured in

units of 10−3U3
0/a. With weaker magnetic field, Lorentz feedback on the

flow of unstable and stable modes is weakened, and hence discrete-discrete

interaction dominates over the discrete-continuum interaction. . . . . . . 142
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5.13 Comparison of the symmetrized nonlinear mode-coupling coefficient C̄jmn(kx, k′x)

and the symmetrized nonlinear energy transfer T̄jmn(kx, k′x). The transfer

term represents energy being pumped into an eigenmode j at wavenumber

kx = 0.2 due to nonlinear interaction between eigenmodes m at k′x and

n at k′′x = kx − k′x. The largest nonlinear drive is at kx = 0.2 (the first

Fourier mode). In the chart, all 48 possible discrete-discrete interactions,

decomposed by individual unstable and stable modes and labeled by jmn,

are shown, for (a) k′x = 0.4, (b) k′x = 0.6, and (c) k′x = 0.8. In each

subplot, the coupling coefficients have been scaled by the same factor.

The transfer rates are measured in units of 10−3U3
0/a. Positive (negative)

transfer feeds (withdraws) energy in (from) an eigenmode j at kx = 0.2.

The simulation parameters used are MA = 10 and DKrook = 2. Note the

symmetry reflected in the upper and lower 4 rows within each subplot,

and the strong correlation between the coupling coefficient and the energy

transfer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
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5.14 Time evolution of vorticity (filled contour) in two different simulations:

(a)–(d) “Standard," and (e)–(h) “Stable-mode-decoupled." The grey, dashed

contours show the total magnetic flux function ψ, along which the magnetic

field lines are aligned. The fields are initially oriented along the positive

x-axis. In all panels, same number of contours is shown. Unstable modes

dominate at the early stage; even in the nonlinear phase, the unstable

modes are qualitatively seen in (f)–(h), conspicuously in (f). Thin curved

arrows illustrate eddy motions in (c), (d), and (g). Vortices merge in (d),

whereas they separate in (h) with a violent ejection of eddies away from the

shear layer, shown with thick straight arrows. In (a)–(d), however, stable

modes confine the turbulence near the shear layer. Magnetic structures in

(g) and (h) are highly folded. (Multimedia view) . . . . . . . . . . . . . . 145

5.15 Energy flux shown at wavenumbers, beyond the instability scale 0 < k0 < 1.

The left-handed superscripts “(S)" and “(D)" represent the energy fluxes in

a standard simulation and in a stable-mode-decoupled simulation, respec-

tively. Both simulations use identical parameters: MA = 60, DKrook = 2,

and Pm = 1. At the first few time steps, the flux spectra are alike, but

soon evolve differently, c.f. (a) with (b). Positive fluxes mean nonlinear

energy cascade to small scales. The flux spectra at t = 97 are similar to

that in (c). When uninhibited by stable modes, the energy fluxes are larger

by order of magnitude, and the dissipation length scale is pushed to larger k0.146

6.1 For an unstable mean flow u0=tanh(z)êx, physical structures of perturbed

ûz of 3D unstable and conjugate-stable modes are shown; the colors repre-

sent the magnitude of the ûz (in arbitrary units). The isocontours and the

surface rendering highlight a symmetry that is illustrated with a cartoon. 171
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6.2 Growth-rate spectrum of 3D KH instability, showing an anisotropic dis-

persion relation. The 2D modes, ky=0, have the largest growth rates. All

wavenumbers with kx=0, shown with a vertical blue dashed line, are lin-

early stable. The wavenumber (0, 0) corresponds to the mean flow. As the

Kelvin-Helmholtz instability is a large-scale instability, the wavenumbers

shown in white, whose boundary is approximated by the black bounding

curve, are linearly stable. . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

6.3 Amplitude evolution of unstable (|β1|) and conjugate-stable (|β2|) modes at

kx=ky=0.2. In (a) and (b), Re=5000 is used in the initial value simulation;

and in (c) and (d), Re=300 is used. In each case, the left panel shows the

early evolution using a logarithmic vertical scale, whereas the right panel

displays the full time evolution using linear scales on both axes. Stable

modes are nonlinearly excited much before the saturation of the unstable

mode. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

6.4 Time-averaged spectrum of Reynolds stress due to: the unstable mode τ1,

stable mode τ2, and mode-undecomposed full fluctuations τall. Where the

peaks of the blue and black bars are at similar heights, τ1 + τ2 is a good

approximation to τall. The difference between τ1 + τ2 and τall is small, and

arises from the contribution of the continuum modes to the total stress τall.

All stresses are averaged over t=200–708 for Re=5000. . . . . . . . . . . 175

6.5 Comparison of time-averaged Reynolds stresses at z=0 for all KH-unstable

3D vs. 2D modes. Further decomposition shows contributions from the

unstable mode τ1; stable mode τ2; the two added together, τ1 + τ2; and the

mode-undecomposed full fluctuations τall. The difference between τall and

τ1 + τ2 arises from the stress due to the continuum modes. Stresses are

averaged over t=200–708 for Re=5000. . . . . . . . . . . . . . . . . . . . 176
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6.6 Time traces of energy transfer to an unstable, j=1, and a stable, j=2, mode

at wavenumbers with (a) 2D and (b) 3D perturbations, in a simulation

with Re=5000. The quantity Qj denotes the energy transfer rate from the

initial mean flow to the jth eigenmode at fluctuation scale (kx, ky); Rj+Dj

collectively represents the effect of time-deviations of the instantaneous

mean flow from the initial profile and the effect of viscous dissipation. In

(c), 2D and 3D perturbations, decomposed by unstable and stable modes,

are compared in terms of the energy transfer rate Qj; the stable modes

reverse the fluctuation energy to the mean flow at all times, once the

nonlinearity excites them. . . . . . . . . . . . . . . . . . . . . . . . . . . 180

6.7 Time-averaged rate of energy transfer from initial mean to fluctuation Q1

by unstable modes, and inverse transfer Q2 by stable modes, in a simulation

with Re=5000; the time-averaging interval is t=200–708. Because of the

Hermitian conjugacy in the perturbations over the wavenumbers, only a

non-redundant half of the (kx, ky)-plane is shown. The linearly fastest

growing mode exists at k=(0.4, 0). . . . . . . . . . . . . . . . . . . . . . 182

6.8 Energy transfer rates, classified by 2D and 3D modes, with further decom-

position into the unstable and the stable modes. In the simulation with

Re=5000, time averaging is taken over t=200–708. The stable-to-unstable

mode fraction is larger for 3D modes than for 2D. . . . . . . . . . . . . . 183
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6.9 Nonlinear energy transfer T2 to the stable mode, largely channeled via

spanwise-only (zero-frequency) fluctuation T2,Z, which becomes dominant

after t ≳ 100, shown in the yellow-shaded region. The coupling to zero-

frequency modes, labeled zonal modes, is further probed using a power

spectrum P (ω) of energy transfer in frequency ω, shown in the insets, with

linear scales (left) and with logarithmic scales (right), where T2,NZ=T2−T2,Z
represents a purely non-zonal transfer. At ω=0, filled markers are used.

Zonal-coupling dominates at |ω|≈0, implying that nonlinear interactions

feeding energy to stable modes are primarily coherent. . . . . . . . . . . 185

6.10 Percentage changes in small-scale viscous dissipation rates. The mean

(solid curve) and one standard deviation (shaded) is found by simulating

an ensemble of 10 different 3D simulations, where either stable or unstable

modes are deleted instantaneously at a randomly selected time, and the

simulation resumed to measure the effect on the nonlinear cascade via

the small-scale dissipation rate. For all ∆t shown, stable-mode-removed

simulations (orange) show higher dissipation rates than that in a standard

simulation, corresponding to a positive ∆ϵν ; lower dissipation rates are

observed after an initial impulsive transient in unstable-mode-removed

simulations (blue). All simulations were performed with Re=300. . . . . 187
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6.11 Isocontours of squared vorticity in simulations at a time when the viscous

dissipation rate peaks. The same isocontour level is chosen in all panels. In

the standard simulation in (a), vortex stretching is suppressed compared

to a stable-mode-removed simulation in (b), where thin and elongated fila-

mentary vortices are prominent. In an unstable-mode-removed simulation

in (c), the long filamentary structures are not as pronounced as in (b).

The unstable modes, in the absence of stable modes, rapidly stretch and

thin out the vortex tubes; in contrast, the stable modes, in the absence of

unstable modes, deplete the fluctuation energy. . . . . . . . . . . . . . . 188

6.12 Time evolution of enstrophy Eω = ⟨|ω̂|2⟩y,z spectra in three simulation-

continuations: stable-mode removed, unstable-mode removed, and standard.

(a) All simulations are restarted with an identical initial condition, except

for the removed mode. The mentioned-modes are removed only from the

wavenumbers kx = 0.2 and ky = {0,±0.2}. The spectra are, therefore,

shown for kx > 0.2. (b)–(d) Impulsive responses to the mode-removal are

most pronounced when the unstable modes are removed, leading to en-

hanced turbulence at all scales. The ky-spectra of (x, z)-averaged enstrophy

are similar (not shown). . . . . . . . . . . . . . . . . . . . . . . . . . . . 189



xxxix

7.1 (Left) A schematic diagram of a differentially rotating star with a radial

shear, gravity, and stable stratification. Such a system subject to the GSF

instability is studied using a local Cartesian model. (Right) Snapshots of

velocity components ũx(x, z), ũy(x, z), and ũz(x, z) from the axisymmetric

GSF instability-driven turbulence; x, y, and z represent the local radial,

azimuthal, and latitudinal directions. Though finger-like horizontal struc-

tures (as shown by, e.g., ũx) grow the fastest in the linear phase (t=100),

strong latitudinal jets ũz are generated nonlinearly (t=6000). The color bar

for t=100 is shared by ũx, ũy, and 3ũz; the color bar for t=6000 is shared

by 3ũx, 3ũy, and ũz. The turbulent transport of angular momentum, e.g.,

⟨ũxũy⟩, is predicted in this paper using a jet-coupled turbulence closure. . 198

7.2 (a) Comparison of momentum transport (Reynolds Stress=2|β1|2Re
[
ûx,1û

∗
y,1

]
)

driven by an unstable mode at the linearly fastest-growing wavenumber

k = (0, 0.63), and by an unstable mode at k = (0.31,−0.13), the wavenum-

ber that has the largest contribution to the momentum transport in the

nonlinear phase. (b) Eigenmode decomposition of net Reynolds stress

⟨ũxũy⟩ in nonlinear simulation of the GSF instability-driven turbulence,

showing that the transport due to mode-undecomposed fluctuations (red

curve) and mode-decomposed all eigenmodes (black curve) agree to machine

precision. Transport is almost entirely (88%) due to the unstable modes

(green curve); the sum of fastest-growing unstable modes at kx=0, how-

ever, contributes negligibly (3%) to the transport (blue curve). Simulation

parameters used are S=2.1, N2=10 and Pr=0.01. . . . . . . . . . . . . . 205
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7.3 Spectra of linear and nonlinear-saturation properties of the GSF instability.

On the negative-kx domain, the colored square boxes (yellow-green-purple)

display time-averaged energy extraction rates ⟨Q1⟩t by unstable modes

from the mean gradients in a nonlinear simulation. On the positive-kx

domain, colored square boxes (black-red-yellow) show the time-averaged

viscous dissipation rates, which are pronounced at low kz. Over the entire

(kx, kz)-plane, the non-square filled and line contours show the growth rates

γ of unstable modes, with white dashed contour lines on the negative-kx

domain and with bluish filled contours on the positive-kx domain. The

fastest-growing mode resides at around k = (0, 0.63). The simulation

parameters are S=2.1, N2=10 and Pr=0.01. . . . . . . . . . . . . . . . . 206

7.4 Time evolution of the total nonlinear energy transfer T1AA to an unstable

eigenmode at a wavenumber where the spectrum of ⟨ũxũy⟩ peaks. T1Z1 is

the energy transfer to the same unstable mode via interactions between

the z-component of velocity (Z) with wavenumbers kz=0, and the other

unstable modes. Comparison of two transfer functions reveals that the

dominant triad involves a latitudinal flow and two unstable modes. The

simulation parameters are S=2.1, N2=10 and Pr=0.01. . . . . . . . . . . 207
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7.5 Tests of predictions of our closure model (red diamond) and a quasilinear-

type, parasitic-saturation model (blue inverted triangle) against direct

numerical simulations (DNS, black/gray circle). Variations of momentum

transport rates are shown in (a); the filled markers correspond to the

cases where the shear parameter S is varied (N2=10); the unfilled markers

correspond to the cases where the squared Brunt-Väisälä frequency N2

is varied (S=2.1). Both S- and N2-scan results collapse onto a single

master curve, when ⟨ũxũy⟩ is scaled by a factor shown on the y-axis that

transforms the governing equations of the GSF instability studied here to

depend on only two dimensionless parameters (r,Pr). The GSF instability

operates when r ∈ [0, 1) and Pr<1 (Pr=0.01 is chosen). The shown y-axis is

precisely an expression for the chemical transport rate for the thermohaline

instability [see Eq. (7.17a)]. Heat transport rates, shown in (b), display

nearly identical trends; [see Eq. (7.17b) for the scaling factor]. The closure

prediction agrees with full DNS better than the quasilinear prediction over

the scanned range of parameters. . . . . . . . . . . . . . . . . . . . . . . 213

7.6 Predictions of (a) closure model and (b) quasilinear (QL) model for turbu-

lent momentum transport. The QL model, largely independent of Pr, fails

to reproduce the behavior of the closure model. For Pr closer to 1, the

closure model predicts that the transport rate increases with decreasing

r—until an asymptotically large transport is attained. For Pr ≪ r, the

transport first increases and then decreases with r, in contrast to the QL

prediction. The white dashed-dotted line, with a unit slope, separates

distinct regimes of Pr < r and Pr > r found in (a). . . . . . . . . . . . . 217
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8.1 Long-time evolution of the MHD-KH dynamo, displaying phases of turbu-

lent generation of flows and magnetic fields. a, The (x, y)-averaged mean

field Bx quasi-cyclically reverses (t ≈ 3,000; 5,300; 6,000; 6,350). b–d,

3D streamlines in red-blue show turbulent velocity [the mean flow Ux(z)

is not shown]. Colors correspond to ũx, at times indicated by vertical

dashed lines in a. The back-plane at x = 10π displays vertical velocity

⟨ũz⟩x, which is Fourier-filtered to obtain a fluctuation that is invariant in

x and fundamental harmonic in y. At t = 55 in b, the two-dimensional

KH eddies appear as cylinders, with almost no variation along y, but

they have transformed into x-invariant jets in c and d. These jets are

anchored on the (y, z)-plane at x = 10π, where ⟨ũz⟩x is large, shown with

a purple-green color bar. e–g, Streamlines of magnetic fields are overlaid

on top of volume-rendered volume-filling fields. The polarities of the mean

fields flip between f and g. . . . . . . . . . . . . . . . . . . . . . . . . . . 232

8.2 Properties of the KH instability-induced jets and dynamo. a, Amplitudes

of the 3D jets (shown with circles) remain unchanged over variations

in magnetic Prandtl number Pm. Reynolds numbers Re and Rm are

measured using length a and speed U0 of the mean flow. Above the

threshold Rmc between 3 and 15, the seed fluctuation field (plus sign)

induced by the KH instability does not have drastic variation. For every

Rm, we show four cases: Re =15, 63, 251, and 1000, which are indicated by

four circles and four pluses of same color. Thus, amplitudes are observed

to be independent of Re. b, The dynamo-generated mean field Bx does

not have strong sensitivity to visco-resistive properties above Rmc. This

is a consequence of the results shown in panel a. c, The mean turbulent

EMF is driven by the Υ-effect. . . . . . . . . . . . . . . . . . . . . . . . . 232
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8.3 Mechanism of the jet-driven Υ-dynamo. a, Red, green, and blue represent

vorticity, velocity, and magnetic field, respectively. b, All quantities are

plotted using red (pink) for positive and blue (green) for negative, where

the color map spans [−M,M ], with M representing the absolute maximum

of each quantity. A half of the symmetric double shear layer is shown. . . 232

8.4 Dominance of cross-helicity. a, Vorticity |ωz|/ωrms
z and electric current

density |jz|/jrms
z are similar; rms stands for root mean square. A typical

slice is shown at a shear-layer interface (z = 3Lz/4); the full simulation

domain is [0, 10π)× [0, 10π)× [0, 20π). b, The total turbulent cross-helicity

HC(= ũ · b̃) is two orders of magnitude larger than the total turbulent

kinetic helicity HK(= ũ · ∇ × b̃). Cross-helicity dominates at larger scales

of fluctuations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232

8.5 Anisotropic growth rate spectrum of the KH instability, along with the

spectra of energies. The mean flow is directed along x and varies along

z. The spectrum of the linear growth rate γKH of the KH instability is

anisotropic. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232

8.6 Cascade of kinetic and magnetic energies from large scales to small scales.

Nonlinear energy flux through spectral space is measured in a simulation

with 4096× 4096× 8192 grid points. . . . . . . . . . . . . . . . . . . . . 232

8.7 Spectrum of nonlinear energy transfer to the mean magnetic field via

turbulent field-line stretching. This figure confirms that the large-scale

velocity fluctuations give energy to the mean magnetic field (red)—and

that the small-scale velocity fluctuations receive energy from the mean

magnetic field (blue). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232
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8.8 Comparison of three-dimensional unit vectors (shown with carets) of differ-

ent components of the mean turbulent EMF E from a KH-instability-driven

dynamo simulation in a and from the Madison Dynamo Laboratory Exper-

iment in b. With respect to E, the β-diffusion term is anti-aligned, and

the α-term is orthogonal (indicating the non-helical nature of dynamo).

A near-identical orthogonal orientation of the α-term was measured in

the Madison Dynamo Experiment in panel b. In the Madison Dynamo

Experiment, the vorticity is considerably large in the radial direction. This

is consistent with the dominance of the observed radial EMF, suggesting

the important role of the large-scale vorticity-effect in turbulent EMF.

Similarly, the Υ-term in panel a is perfectly co-aligned with the mean

EMF E. Here, the novel jet-driven Υ-dynamo, arising from the large-scale

vorticity, is confirmed to be the source of the dynamo. Diagram in b

reproduced with permission of the AAS from figure 3 in ref. 37. . . . . . 232

8.9 PDF of cosine of angle between u, b, ω = ∇ × u, and j = ∇ × b, in a

simulation with 4096 × 4096 × 8192grid points. The turbulent flow and

fields measured at the shear layer are non-helical and close to pure Alfvénic

states (orange curve), which explains why the Υ-effect dominates in the

mean EMF. For the pure Alfvénic states, α is zero; β and Υ are similar and

are not impacted by the non-kinematic (flow-evolution) effect in the same

manner as the α is (see Methods Sec. VI). A large-scale steady shear flow

induces an “imbalanced” MHD turbulence (asymmetry of the orange curve)

and thus drives the dynamo via the non-zero Υ-coefficient. Similar PDFs

of dominant cross-helicity and non-helical flows were recently detected in

the magnetosheath turbulence observed by the Magnetospheric Multiscale

Spacecraft. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232
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9.1 Evolution of magnetic fields in a KH-instability-driven dynamo simulation,

displaying spontaneous transitions between ordered and disordered phases.

The field component bx is shown only in the region of interest, around z=0,

where the gradient of the (x, y)-averaged mean flow is the largest. The first

panel (time=54, measured in units of a/U0) shows an early phase, when the

KH instability rapidly folds the magnetic field into small-scale structures.

The folding of the field continues (time=334), until the large-scale dipolar-

in-y fields emerge (time=603). The (x, y)-averaged mean field is reversed in

z throughout the nonlinear phase (not seen in these renderings around z=0

where the mean field is close to zero). Over time, the large-scale field and

current sheets are disrupted; the system becomes disordered and turbulent,

again (time=895). The large-scale field is self-organized and re-generated

(time=1029). This quasi-cyclic transition between ordered and disordered

phases continues throughout the simulation evolved up to time=12,000. All

times are measured in units of a/U0, where a is the half-width of the shear

layer with amplitude U0. The parameters used are MA = 30, tforcing = 0.5,

Re = Rm = 50, and θ = 30◦ (angle between the initial mean flow and the

initial mean field). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282
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9.2 The life-cycle of the jet-driven shear-flow dynamo using 10 dominant steps.

Solid lines represent linear couplings; oscillating curves represent nonlinear

couplings. Arrows outside the boxes indicate causality or energy-flow

directions. Arrows inside the boxes indicate the direction of flow or field;

this direction is indicated by subscripts, e.g, u0,0x . The superscripts represent

the horizontal wavenumber kx, ky of a given flow or field. All visualizations

are shown at the same time in a simulation. Red (blue) represents positive

(negative) values. The essential steps of the dynamo cycle are: 1—The

mean shear flow u0,0x feeds the Kelvin–Helmholtz instability (KHI). 2—

The KHI nonlinearly generates the x-invariant (KH-stable), y-varying

vertical flows u0,kyz , labeled u-rolls and shown in the (y, z)-plane. 3—

The u-rolls are stretched by the mean shear flow to form the x-invariant

(KH-stable), y-varying horizontal flows u0,kyx , labeled zonal jets. The jets

are prominent in the 3D rendering of the total turbulent flow. 4—The

zonal jets saturate via nonlinear excitation of turbulent fluctuations in the

KH-unstable wavenumber range (0 < |kx| ≲ 1). 5—The KHI launches

a small-scale energy cascade. Steps 6 and 8 are magnetic analogues

of steps 2 and 3, involving b-rolls in place of u-rolls. 7—The zonal

jets create a reversed mean field b0,0x and steepen the mean-field gradient.

9—The mean field is advected along z by the u-rolls, thus flattening the

mean-field gradient. 10—Magnetic fields couple to the KH instability,

thus providing saturation of the dynamo. For more details, see Sec. 9.3. . 284
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9.3 Finite-amplitude-modified growth rates γnl are obtained by feeding fluc-

tuations with a wavenumber k = (kx, ky) into the linear operator of the

flow; see Eq. (9.7). The rate γnl is constant in time in the early phase

of evolution after initial transients have disappeared in the inset. In the

nonlinear, quasi-stationary phase, γnl for wavenumbers kx ̸=0 exhibits fast

oscillations. Their time-averaged γnl is larger than the slowly-evolving γnl

for k=(0, 0.2). The rate γnl for k=(0, 0.2) is found to be almost entirely due

to the fluid advection term (with negligible contribution from the Lorentz

force). The parameters used are MA = 30, tforcing = 0.5, Re = Rm = 50,

and θ = 30 deg. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291

9.4 (Top) Time-averaged rates of energy transfer T (ukz ;k
′′) to u0,kyz from various

scales k′′ via −u′ · ∇u′′ + b′ · ∇b′′; see Eq. (9.8). The inset zooms into

the central region and highlights the dominant scales with its own color

bar using a linear scale, shown on the top right. (Bottom) 81% of the

normalized energy transfer is due to the range 0 < |k′′| ≤ 1 where the

KH instability resides, 11% is due to the remaining large-scale fluctuations

1 < |k′′| ≤ 2, and merely 8% is due to small scales (|k′′| > 2). . . . . . . . 293

9.5 Time-averaged rates of energy transfer to u
0,ky
x from various scales k′′

via hydrodynamic advection TAdv(u
k

x;k
′′) (top) and via magnetohydrody-

namic interaction T (ukx;k
′′) = TAdv(u

k

x;k
′′) + TLor(u

k

x;k
′′) (bottom). See

Eqs. (9.10)–(9.12). The insets magnify the central region and highlight the

dominant scales with their own color bars, shown on the top right of either

panel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 295
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9.6 Zonal-jet energy-transfer mechanisms and saturation balance in a turbulent

steady state. The term ∂tEZF represents the rate of time-variations of en-

ergy of the zonal flow (ZF). This rate of the saturated zonal flow approaches

zero upon long time-averaging. The equation ∂tEZF = ϵν+Qu(0,0)+Qb(0,0)+

QZM + TKH + Tss represents the energy budget of the zonal flow, where ϵν

is the viscous dissipation rate; the other terms represent rates at which the

zonal flow receives energy from the mean flow Qu(0,0), the mean field Qb(0,0),

the zonal field QZM, nonlinear fluctuations in theKH-unstable wavenumber

range TKH, and the remainder of the scales (i.e., small scales) Tss. Positive

(negative) values of energy transfer rates represent gain (loss) for the zonal

flow. The term TKH is further decomposed into flow fluctuations (blue)

and field fluctuations (green). . . . . . . . . . . . . . . . . . . . . . . . . 297

9.7 (Top) Time-averaged rates of energy transfer T (bkz ; k
′′) to b0,kyz from various

scales k′′ via −u′ · ∇b′′ + b′ · ∇u′′. The inset magnifies the central region

and highlights the dominant scales with its own color bar using a linear

scale, shown on the top right. (Bottom) 91% of the normalized energy

transfer is due to the range 0 < |k′′| ≤ 1 where KH instability resides, 6%

is due to 1 < |k′′| ≤ 2, and merely 3% is due to small scales (|k′′| > 2). . 299
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9.8 Rates of energy transfer to and from the mean magnetic field. (a) Energy

in the mean field b0,0x (proportional to the solid blue curve) is shown

together with the rates of nonlinear energy transfer to the mean field.

The rate at which the mean field receives energy from the zonal (kx = 0)

fluctuations is Tzonal and that from the Kelvin–Helmholtz instability is TKH.

The remainder of the nonlinear energy transfer is given by the difference

between the dashed-dotted green curve ∂tEb(0, 0)− ϵη and the dashed black

curve Tzonal + TKH. The resistive dissipation of the mean field is ϵη. (b)

The zonal energy transfer Tzonal is further decomposed into the advective

and field-line stretching terms: The former (solid blue), on average, takes

energy away from the mean field, while the latter (solid red) gives energy

to the mean field. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 302

9.9 Time-averaged rates of energy transfer T (bkx; k
′′) to b0,kyx from various scales

k′′ via −u′ · ∇b′′ + b′ · ∇u′′. See Eq. (9.15). 96% of the normalized energy

transfer is due to the range 0 < |k′′| ≤ 1 where the KH instability resides,

3% is due to the range 1 < |k′′| ≤ 2, and barely 1% is due to small

scales (|k′′| > 2). The inset magnifies the central region and highlights the

dominant scales with its own color bar, shown on the top right. . . . . . 303
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9.10 Time-averaged rates of energy transfer to the mean field during the mean-

field growth phase (a) and saturated phase (b). The shown terms satisfy

the relation ∂tEbx(0,0) = ϵη+TZF+TZM+TKH+Tss, where TZF is the rate of

energy transfer to the mean field from the zonal flow (kx = 0, ky ̸= 0); TZM

is the transfer from the zonal magnetic fields; TKH is the transfer from the

KH-scale fluctuations; Tss is the transfer from the remainder of the (small)

scales; ϵη is the microphysical resistive dissipation of the mean field. Even

in the saturated phase, magnetic fields are continuously generated and

continuously depleted, thus maintaining a dynamic equilibrium, instead of

a static equilibrium. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 305

9.11 Impact of initial mean field strength (quantified by the Alfvénic Mach

number MA ∝ U0/B0) and orientation θ on the root-mean-square (rms)

amplitudes of different dynamo elements. The parameter θ measures the

angle between the initial mean flow with amplitude U0 and the initial mean

field with amplitude B0. The rms amplitude u0,0.2x , for example, is the

square root of the energy in the zonal jets,
√
E(u0,0.2x ). The superscript

represents the wavenumber (kx, ky). (a)–(c) A stronger magnetic field

(lower MA) reduces the growth rate of the KH instability, thus reducing

the generation of vertical flow-fluctuations u0,0.2z in panel (b) and of jets

u0,0.2x in panel (a). The trend of these two elements (shown with thicker

lines) is replicated by the mean-field amplitude b0,0x in panel (c). (d)–(f)

Saturated amplitudes of dynamo elements do not depend on the initial-field

orientation θ. The minor amplitude variations in panels (d)—(f) are within

the statistical variance of the turbulent fluctuations. . . . . . . . . . . . . 307
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9.12 The primary instability of the mean shear flow dominates over the secondary

instability of the zonal jets by supplying an order of magnitude more energy

to 3D KH-unstable fluctuations. (a) Step 1 represents the primary KH

instability of the mean flow; Step 2 represents a nonlinear mechanism,

namely, the advective nonlinearity −(u · ∇)u; Step 3 represents straining

by the mean flow. These three steps are described in Fig. 10.2 with the

same numbering convention. If the mean shear flow ux(kx=0, ky=0) is

KH-stable, Step 1 is absent. Panels (b) and (c) show the rates of energy

transfer to different wavenumbers u(k) from the mean shear flow and

from the zonal jets, respectively. As these data show, the understanding

based on KH-stable linear shear flow is inapplicable when the turbulence

is driven by a KH-unstable flow. Specifically, turbulence with a KH-stable

mean shear-flow operates via a less-energetic secondary instability (i.e., the

mechanism where the KH instability of zonal jets generates 3D fluctuations,

namely those with kx ≠ 0; these 3D fluctuations are required to power zonal

jets). However, turbulence with a KH-unstable mean shear-flow operates

via a more-energetic primary instability (i.e., the mechanism where the

KH instability of the mean shear flow directly generates 3D fluctuations,

thus sustaining the generation of strong zonal jets). . . . . . . . . . . . . 315

10.1 The magnetic-energy growth rate (2λdynamo) asymptotes as more Fourier

harmonics n of the hyperbolic-tangent shear flow Ux(z) are added in the

dispersion relation (10.7). The arrow near left-bottom end shows that the

cross-helicity instability does not arise when the flow is uniform (n = 0). 331
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10.2 A direct numerical simulation showing rapid growth of 2D KH instability,

subsequent growth of 3D KH instability and KH-stable perturbations

(kx=0, ky ̸=0), and the saturation of turbulent flow. The label EK(m,n)

represents z-integrated kinetic energy associated with the Fourier mode

number (m,n) in the (x, y)-plane. After t≈200, a nonlinear instability

of magnetic fields ensues. This growth is due to the instability of the

turbulent cross-helicity, as predicted analytically in Eq. (10.7). The mean

flow is maintained in this self-consistent, non-linear simulation. . . . . . . 333

10.3 Ubiquity of Υ-dynamo. (a) Dynamo growth (λdynamo > 0) is observed

in cases where mean-flow-forcing time scale τf is varied. For the case of

τf → ∞, where the mean-flow is not forced, turbulence decays quickly

before dynamo via the mean-vorticity effect can grow; the dynamo growth

rate is thus close to zero. (b) A growing Υ-dynamo is found for various

microphysical resistivity η so long as η is small that resistive diffusion does

not damp the dynamo. (c) Dynamo—which requires three dimensionality,

y-axis here—grows at the same rate when a large domain Ly/a ≫ 1 is

considered. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 334
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10.4 (a) The Υ-dynamo loop is identified to operate via coupling between mean

field and mean turbulent cross-helicity. The former is generated in Step (i)

by the mean-vorticity effect [Eq. (10.1)]; the latter is generated in Step (ii)

by the Reynolds stress [Eq. (10.6)]—as the stress transfers cross-helicity

from mean to fluctuations in an analogous way as it does momentum and

energy from mean to fluctuations. (b) Step (i) is confirmed by decomposing

the mean turbulent EMF Ey into different dynamo components, among

which the Υ-related mean-vorticity drives the EMF. The dynamo compo-

nents are time-averaged over the kinematic phase. Step (ii) is confirmed in

Fig. 10.5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 336

10.5 Each term in the turbulent cross-helicity evolution equation (10.6) is tracked

in the kinematic dynamo phase (t≈200−−550) to show: (i) the turbulent

cross-helicity (⟨ũ · b̃⟩ ∝ Υ) follows the transport-related term ⟨BxTx⟩;

(ii) the terms ⟨Uy(∇× E)y⟩ and ⟨ByTy⟩, which involve y-components, are

negligible—as the mean flow Uy and mean turbulent stress Ty are negligible;

and (iii) (ν + η)⟨ω̃ · j̃⟩, on average, has opposite sign compared to Υ and

⟨BxTx⟩, meaning that it dissipates cross-helicity. . . . . . . . . . . . . . . 338

10.6 Even when visco-resistive dissipation is included in Eq. (10.7), the magnetic-

energy growth rate 2λdynamo asymptotes to the level observed in numerical

simulations as more Fourier harmonics n of the hyperbolic-tangent shear

flow Ux(z) are added in the dispersion relation (10.7). The parameter τ−1
diss

appears in Eq. (10.6) as (∂t + τ−1
diss)⟨ũ · b̃⟩ = ⟨B ·T⟩ − ⟨U · ∇ × E⟩, where

τ−1
diss = −(ν + η)⟨ω̃ · j̃⟩/⟨ũ · b̃⟩. For the simulation in Fig. 10.5, τdiss ≈ 30. 341
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11.1 Inter-relationship and summary of the three-part thesis: Part I—up to

Ch. 5; Part II—Chs. 6 and 7; Part III—Chs. 8–10. Instability grows rapidly

and saturates quickly, generating nonlinearly the zonal jets. The 3D jets

grow over longer times, and when the jets saturate, they drive the dynamo.

The dynamo slowly grows over much longer times. This separation of

temporal scales naturally divides the thesis into three parts: instability

saturation via stable modes, zonal-jet formation, and jet-driven dynamo. 342

11.2 A visualization of the spinning Sun from the Royal Astronomical Society,

UK, press release on Tripathi et al. 2021 [3]. Solar poloidal magnetic

fields are created via (the curl of) the azimuthal EMF Eϕ. The latter

is expected to contribute to the azimuthal vorticity of the poloidal flow

(called meridional circulation), given by Eϕ ∝ Υ∇×Upoloidal(r, θ). Here, Υ

captures the effects of small-scale Alfvénic fluctuations. Most current solar

dynamo models rely on the traditional α-effect, but given that Alfvénic

fluctuations dramatically suppress the α-effect [4–9], the Alfvénization-

enabled Υ-effect has the potential to provide more robust dynamo models.

Image credit: CESSI / IISER Kolkata / NASA-SVS / ESA / SOHO-LASCO.350
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1 introduction

The concepts presented in this chapter are fundamental to understanding themes and

novel findings detailed in this thesis. The chief findings of the thesis, while related, can

be categorized into two classes, Secs. 1.1 and 1.2. The first challenges the traditional

paradigm of nonlinear saturation of unstable systems. Key elements from the first are

employed in the second. The latter builds a new foundation for understanding the

origin of astrophysical magnetic fields.

1.1 Instability Saturation

A. Instability and Eigenmodes

A system is unstable if an infinitesimal disturbance grows. For example, a spark in a

dry forest can cause fire to grow uncontained. When milk, a heavier fluid, is poured in

a cup of coffee or tea composed of a lighter fluid, the heavier fluid sinks continuously in

the lighter fluid, causing the disturbance in the cup to grow. This behavior is because

the cup with milk above water has extra potential energy—a free energy—which is used

for mixing. Following the laws of thermodynamics, mixing maximizes disorderedness

and thus decreases free energy stored in the system’s ordered behavior. Free energy

exists in nature often in the form of gradients of density, flow velocity, temperature,

etc. Free energy provides the source for instabilities, which abound from sub-atomic

scales to nuclear fusion laboratory experiments to all branches of physics, astronomy,

and sciences. Modeling instability and its saturation are, thus, critical to control

instabilities in fusion reactors, to harness fusion energy, and to better understand

physical processes that determine the evolution of astrophysical environments.
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Stability of a system is examined by perturbing it slightly. Introducing small-

amplitude perturbations around a background state—the equilibrium state—one keeps

physical effects that are linear in perturbations. The linearized governing equations

generally admit multiple solutions, also called the normal modes [10] or eigenmodes1.

The normal mode that grows in time is the instability. If a normal mode does not grow,

that mode is labeled stable eigenmode. If a stable eigenmode decays at nearly the same

rate as the instability growth rate, that eigenmode is referred to as conjugate-stable

eigenmode.

B. Mode-Coupling and Traditional Saturation Theory

When the amplitudes of the normal modes are large (either due to the instability or

their initial excitation levels), the linear theory must be modified to include nonlinearity.

The nonlinear coupling transfers energy among the normal modes. When normal

modes at different spatial and temporal scales are coupled nonlinearly, the system

often displays a seemingly random but self-similar behavior across a range of physical

and temporal scales. This phenomenon, called turbulence, transfers energy from a

scale where energy is externally supplied to a scale where energy is dissipated in the

form of heat via microphysical effects, e.g., molecular collisions, or other dissipation

mechanisms [11, 12].

When an instability at large scale drives turbulence, the energy supplied by the

instability at large scale is widely assumed to be cascaded in its entirety to small scales

for dissipation [12]. This idea, originally due to A. N. Kolmogorov2 [14], is expressed
1Throughout this thesis, the word “mode” represents eigenmode at a given physical scale. This

usage distinguishes eigenmode perturbation from wavenumber perturbation—the former is one of the
many solutions of the linearized equations at a given wavenumber, whereas the latter sums over all
the solutions at the given wavenumber.

2The problem of modeling nonlinear saturation of fluid instability was also investigated by
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as

Energy given by instability (Q1) = Energy dissipated at small scales (ϵ). (1.1)

This Kolmogorov theory, Eq. (1.1), is widely used to model nonlinear saturation

of instability as the theory appears reasonable. However, this theory misses a critical

component of saturation and has profound observable consequences, which are shown

in this thesis for a natural instability that is ubiquitous and fundamental.

C. Saturation via Stable Eigenmodes

The Kolmogorov theory breaks down because the theory only considers nonlinear

coupling between unstable eigenmodes (instability) and small scales3 — and because the

theory ignores nonlinear coupling among unstable eigenmodes and stable eigenmodes,

both existing at large scales [15]. The latter coupling is often significant. This is

because the spatial structures of these eigenmodes are often similar, if not identical4.

When nonlinear mode-coupling among large-scale unstable eigenmodes and large-

scale stable eigenmodes is significant, most of the free energy extracted by the instability

from the large-scale gradient is transferred to the large-scale stable eigenmodes5 [15, 17].

The latter then transfers energy back to the large-scale gradient, building up the

available free energy and damping the energy in turbulence [17]. This time-reversed

process (stable eigenmodes) is nonlinearly driven and can be as effective as, and

L. D. Landau, who analyzed amplitude of the unstable eigenmode [13].
3Small-scale fluctuations are, in general, linearly stable. In this thesis, the word “stable mode”

refers to large-scale stable eigenmodes and not the small-scale fluctuations. The latter are visco-
resistively damped, whereas the former has direct connections to the large-scale instability.

4The spatial structures of the unstable and stable eigenmodes are complex conjugates to each
other in systems where space-time-reversal symmetry is preserved [16].

5This transfer occurs even in freely-evolving systems where the unstable gradient relaxes to a
stable configuration—a process called quasilinear flattening.
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at times more effective than, the time-forward process (unstable eigenmodes) [18].

This seeming reversal of the arrow of time, however, does not violate the laws of

thermodynamics, as over a longer time, the time-reversed process is slightly weaker

than the time-forward process. The symmetry between the time-forward and time-

reversed processes is broken by microphysical dissipation. The foregoing saturation

mechanism replaces the Kolmogorov theory with

Energy given by instability (Q1)− Energy taken by stable eigenmodes (Q2)

= Energy dissipated at small scales (ϵ).

(1.2)

This thesis shows that Q2 is often 90–99% of Q1, and ϵ is only 1–10% of Q1 [19].

Thus, the small-scale dissipation (ϵ) is reduced by up to 2 orders of magnitude, which

impacts laboratory and astrophysical observations.

D. Shear-Flow Instability

In liquids, gases, and plasmas, some regions move faster than others. Take, for example,

water flowing in a pipe where the flow near the pipe boundaries hardly moves, whereas

the flow at the middle of the pipe moves fast. Such a flow with a gradient in velocity

is called a shear flow. Examples of shear flows are found in fluids of electrons moving

in metals approximated by electron-hydrodynamics [20], in everyday lives including

our blood vessels where fluids are driven by the pumping heart, in water faucets in

the kitchen, in the evening air breeze, in nuclear fusion devices [21], in tornadoes and

tsunamis, in geophysics and astrophysics [22], and even at cosmological scales [23].

A beautiful example of shear flow is observed in the atmosphere, as shown in

Fig. 1.1. In this photograph, air at a lower altitude is denser and thus moves slowly,

as opposed to at a higher altitude, where the air is lighter and thus moves quickly.
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Figure 1.1: A motorcycle crashing against a car illustrates the underlying mechanism
behind the Kelvin–Helmholtz instability. The instability is driven by the difference in
fluid velocity. The background scene was spotted at Smith Mountain Lake, Virginia,
on the evening of June 18, 2019 by Amy Christie Hunter (Facebook), which shows
public excitement about the topic investigated in this thesis.

This differential velocity of air is analogous to a motorcyclist colliding against a car;

there, the lower portion of the motorcyclist is at rest whereas the upper portion is in

motion. These two systems are equivalent if one applies the Galilean transformation

to use the frame of reference affixed to the center point of the motorcyclist, around

which their body is rotated, due to the unfortunate collision. This analogy between

the rotating body and the sheared atmospheric flow explains the observed pattern of

waves. The amplitudes of these waves grow over time after which they saturate.

The unstable waves also appear routinely in the sea and the ocean, where wind

blowing over the water gives rise to a velocity gradient (the wind near the surface of

the water has zero velocity). This phenomenon of growing waves at the water-wind

interface was speculated to be related to the water-wind velocity-difference by Kelvin

and Helmholtz [10]. Thus, these unstable waves have come to be known as the

Kelvin–Helmholtz (KH) instability.
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E. Nonlinear Saturation and Quasilinear Theory

It remains a challenge to address the question: What are the dominant nonlinear

mode-couplings that saturate the KH instability? Although the KH instability has

been numerically simulated since the 1960s [24], numerical simulations—similar to

satellite observations—merely generate data. These raw data are the initial numerical

input to develop final theoretical conclusions. Such conclusions and theory are to

be tested under critical conditions and, if needed, revised to make them general and

robust. Historically, however, it has been assumed that, by performing numerical

simulations in a limited parameter range, one gains an understanding of the general

physical theory. This situation shares similarity with the naïve claim that experimental

data of a room’s temperature explains why the room has a specific thermal state.

Variables to examine are the adjacent spaces and windows, which may couple the room

to other channels via which energy is transferred. A physical theory of saturation of

the KH instability requires an analysis of the coupling of the instability to other types

of fluctuations, namely large-scale stable eigenmodes and small-scale fluctuations.

A central achievement of this thesis is the development of a general theory for the

KH-instability saturation; additionally, observable consequences of the novel saturation

mechanism are demonstrated for both hydrodynamics and magnetohydrodynamics, in

two dimensions and three dimensions [1, 17–19].

The KH instability saturates by transferring most of its energy to the stable

eigenmodes at the same physical scale where the instability exists [17]. This thesis

shows that the energy cascaded to small scales is a minute fraction (∼0.01–0.2) of

what the instability supplies for turbulence [19]. This effect is more pronounced in

three dimensions than in two dimensions [1]. The stable eigenmode is significantly

excited because its eigenmode structure is nearly identical to that of the unstable
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eigenmode, as shown in Fig. 1.2. This similarity has profound consequences for

nonlinear properties of instability-driven turbulence [1].

Figure 1.2: Three-dimensional rendering of vertical velocity uz of unstable and stable
eigenmodes [1]. The two modes are identical except in their orientations—a result of
complex-conjugate symmetry (or equivalently, the parity-time-reversal symmetry of
the inviscid KH instability). The KH-unstable large-scale shear flow is directed along
x and reversed in z. The isocontours and the surface rendering highlight a symmetry
that is illustrated with a cartoon.

Brute-force numerical simulations of turbulence driven by shear flows in astro-

physics, geophysics, and laboratory are challenging because of the vast range of scales

and extreme parameters. On the other hand, these nonlinear systems resist analytic

solutions. These limitations force researchers to seek refuge in the middle ground

between simple analytic solutions and comprehensive numerical simulations. This is

where hybrid understanding of turbulence is critical as it allows one to develop simpler

and predictive models of turbulence, A widely used hybrid approach to modeling

turbulence is called quasilinear modeling. Quasilinear models provide insights into

turbulent transport of momentum and heat, particle mixing, pattern formation, and

magnetic field generation, which all impact astrophysical observations [25].

A common quasilinear model of instability-driven turbulence assumes that the rate
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of energy cascade to small scales is equal to the rate of free-energy extraction by the

unstable eigenmodes from the large-scale driving gradient [26–29]. This model assumes

that, at the instability-scale, only the unstable eigenmodes at different wavenumbers

couple together — only outside of the instability-scale do unstable eigenmodes couple

to stable modes at small scales. However, when stable eigenmodes that exist at the

same scale as the instability are excited to large amplitudes, they interfere with the

cascade process [17]. This thesis shows that, when stable eigenmodes are artificially

removed in numerical simulations of KH instability-driven turbulence, turbulence is

drastically different [17]. First, the eddies that form due to the KH instability violently

split apart instead of being merged. Second, turbulence spreads in physical space and

displays disordered, destructive motions. Third, small scales of flow and magnetic

fields are amplified by more than an order of magnitude, causing a corresponding

increase in microphysical dissipation. All these behaviors point to a shortcoming of

traditional theories relying on an inertial cascade.

Other consequences of stable modes include the near-cancellation of momentum

transport across the shear flow [18]: While the instability attempts to transport

the large-scale momentum in the direction of decreasing flow-gradient, the stable

eigenmodes transport the large-scale momentum in the direction of increasing flow-

gradient. Mixing of fluid due to turbulence is also reduced by stable eigenmodes

[17].

F. Instability-Induced Zonal Jets

Instability and turbulence are generally different in two and three dimensions. One

may, therefore, suspect that the significant excitation of stable eigenmodes at large

scales may be connected to turbulence that is two-dimensional. Thus, it is essential
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to also examine the saturation of the KH instability in three dimensions. Separate

analyses using hydrodynamic and magnetohydrodynamic models are necessary, as

magnetic fields can impact turbulence fundamentally.

In three dimensions, where a large-scale shear flow Ux(z) is directed along x and

varies along z, a special family of perturbations exists. These perturbations vary

along y but do not vary along x. These perturbations are special because they are

not subject to the KH instability, as they have no variation along the direction of

the mean flow [10]. Hence, these special x-invariant perturbations have zero growth

rates [10] in the ideal magnetohydrodynamic (MHD) limit. Since these perturbations

are not necessarily eigenmodes of the system, they can be generically called stable

perturbations. Perturbations that are x-directed and x-invariant are exact solutions

to the governing nonlinear equations. These perturbations are analogous to banded

equatorial flows in planetary atmospheres and zonal flows in fusion plasmas [30], and

to Elsässer fields in MHD turbulence [31]. Hence, these are labeled zonal flows or

zonal jets throughout this thesis. Their magnetic counterparts are zonal magnetic

fields. Although these special perturbations (generally) have zero growth rates and

zero frequencies, they can be significantly excited nonlinearly, in a way similar to

how stable eigenmodes are excited nonlinearly. The timescale of zonal-flow excitation,

however, can be longer than that of stable-mode excitation.

When large-scale zonal flows are prominent in a turbulent system, they often

dominate nonlinear interactions. The three-wave couplings are, therefore, approxi-

mated well by coupling between two general fluctuations and one zonal fluctuation [32].

This approximation allows one to develop an analytically soluble model of turbulence

closure [32]; a closure is a scheme that truncates the hierarchy of correlations between

fluctuations, where the nth order correlator depends on the (n+ 1)th order correlator

[32–34]. The closure model can predict the saturated amplitude of turbulence and the
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rates of turbulent transport of momentum across the shear flow.

As a direct application to astronomy and astrophysics, this thesis also considers

slowing down of stellar spins due to angular momentum transport via instability-

driven turbulence [35]. Instability naturally arises in differentially rotating stars. Such

differential velocity can be linearly unstable; however, strong stellar stratification (a

density gradient) tends to suppress the instability. On the other hand, to explain the

observed slowing down of stellar spins, instability needs to exist. Instability is likely

reinstated when thermal diffusion weakens the stabilizing force of buoyancy, thus

making the stellar differential rotation unstable again [36–38]. The free energy for this

instability resides in the unstable angular momentum gradient and is made accessible

by thermal diffusion. Hence, this so-called the Goldreich–Schubert–Fricke (GSF)

instability is a diffusive instability. A nonlinear saturation theory of this instability

is built in this thesis using a zonal-flow-coupled turbulence closure model [35]. The

theory agrees with numerical simulations and makes predictions for time scales of the

spin down of stars and the solar tachocline6 — a thin region in the Sun at around 0.7

of the solar radius, where the gradient in the solar rotation is strong.

The large-excitation of zonal jets in three-dimensional (3D) shear-flow turbulence

is noteworthy because zonal jets—the long-lived 3D coherent structures—have the

potential to generate and sustain magnetic fields in three dimensions [1]. Such self-

consistently-generated magnetic fields are of primary importance in astrophysics.

Thus, this thesis seeks to understand the roles of turbulence and shear flows in stellar

magnetism, particularly as they relate to dynamos.
6In Greek, tákhos: speed and klínō: to slope.
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1.2 Dynamos

Why is our Universe magnetized? This question remains a fundamental challenge

to address, given that magnetic fields exist everywhere in the Universe. Examples

are found in the Earth’s dipole magnetic field, sunspots, stars, interstellar medium,

galaxies, and cosmic voids [8, 39–43]. Magnetic fields impact the formation of stars,

affect the evolution of astrophysical objects, influence the transport of cosmic rays

and momentum, and produce multi-messenger signals [44], among others.

A. Dynamo Action

The generation of magnetic fields and their maintenance against resistive dissipation

is called dynamo action [45]. Initial studies of dynamo action until the middle of

the 20th century presented continuous frustrations because they were confronted by

several mathematical proofs, known as anti-dynamo theorems [46, 47]. The essence of

these theorems is that the dynamo action is impossible in systems that lack three-

dimensionality [45].

Only in the 1950s and 1970s, the first few examples of a successful dynamo action

were reported [48–50]. These studies, however, assumed flows to be laminar, prescribed,

and steady, rather than allowing them to be turbulent, self-consistently generated,

and time-evolving. When the Lorentz feedback on the flow is ignored, the resulting

dynamo is often called a kinematic dynamo [45], and was the focus of studies until the

beginning of the current century, when powerful computing systems enabled nonlinear,

self-consistent studies of dynamos. Such advanced simulations produce data that can

be used to test mathematical dynamo theories [45].
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B. Mean-Field Theory

A mathematical formulation of dynamo action is given by the so-called mean-field

theory [45]. This theory models coarse-grained correlations between small-scale

fluctuations to derive an effective evolution equation for large-scale magnetic fields (also

called mean magnetic fields). The first coarse-grained dynamo model was visualized

by Eugene Parker in 1955 [51], when he argued from a pictorial representation how

three-dimensional turbulence can be parameterized to incorporate its effects in a

simple, one-dimensional, coarse-grained, mean-field model of the dynamo. The chief

objective of any mean-field dynamo theory is to predict how the correlation between

turbulent fluid motions ũ and turbulent magnetic fields b̃ — which is called the

turbulent electromotive force ũ× b̃ — depends on the properties of the mean magnetic

field. Note that the turbulent electromotive force (or equivalently, the turbulent

electric field ũ× b̃) is orthogonal to b̃ in standard electrodynamics. Parker’s visual

interpretation, nevertheless, suggested that when correlations between fluctuations

are averaged (over certain scales, represented by a suitable averaging operation ⟨·⟩),

the mean turbulent electromotive force E = ⟨ũ× b̃⟩ has a component parallel to the

mean magnetic field B, given by E ∝ B [51].

Parker’s visualization, shown in Fig. 1.3, was later put on a firm mathematical

foundation in 1966 when a mathematical dynamo model was built using the separation

of two physical scales—large and small [52]. The model assumes that the mean

turbulent EMF E depends only on the mean magnetic field B and its spatial derivatives;

the mean flow is assumed to be zero [45, 52]. This mean-field model showed that

Parker’s proportionality constant α between the mean EMF E and mean magnetic

field B measures the turbulent kinetic helicity [51, 52]. This helicity measures the

alignment between turbulent velocity ũ and turbulent vorticity ∇× ũ. The coefficient
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Figure 1.3: Pictorial representation of the α-effect. An initially horizontal magnetic
field is perturbed upward by a turbulent flow and subsequently rotated by turbulent
vorticity around a vertical line that passes through the middle of the page. The
α-effect requires alignment between velocity and vorticity, measured by kinetic helicity.
Figure 1 in Parker (1970) [2].

α is a measure of the lack of reflection symmetry in turbulent fluid motions. A

larger α means more helical motion of fluid, with a preferential handedness in the

system—either left- or right-handed helical motions. This mean-field theory gives an

expression for the mean turbulent EMF [52]

E = αB− β∇×B, (1.3)

where the β-effect, related to turbulent energy, acts as turbulent resistivity and is

a dynamo sink, as the curl of the mean EMF (∇ × E), appearing in the magnetic

induction equation, produces the diffusion term β∇2B. Here, the α-term is Parker’s
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dynamo source.

The mean-field framework of the 1960s served as the foundation of the dynamo

theory [52]. From the late 1960s to the early 1990s, the mean-field framework provided

explanations for several long-standing problems of solar and astrophysical magnetism

[45, 53].

C. Nonlinear Suppression of Dynamo via

Alfvénization

Around the 1990s, however, limitations of the α-dynamo became apparent [5–9]. One

of these is the Lorentz feedback: Small-scale magnetic fields grow rapidly and, via

their Lorentz feedback, reduce the growth rate of large-scale magnetic fields to near

zero before the large-scale magnetic fields can attain large amplitudes [5–8]. Although

this nonlinear Lorentz feedback was mathematically indicated in 1976 using an MHD

turbulence closure calculation [4], this effect remained unappreciated until the 1990s

[5–7].

To illustrate, the kinematic expression (without the Lorentz feedback) for the

α-effect is [45, 52]

α = −τ
3
⟨ũ · ∇ × ũ⟩, (1.4)

where τ is a turbulence correlation time. The expression for the α-effect with the

Lorentz feedback is [4]

α = −τ
3

[
⟨ũ · ∇ × ũ⟩ − ⟨b̃ · ∇ × b̃⟩

]
, (1.5)

where the second term ⟨b̃ · ∇ × b̃⟩, the current helicity, is the magnetic correction
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[4, 8].

To understand how the α-effect is dramatically reduced, note that small-scale mag-

netohydrodynamic fluctuations rapidly produce equipartition of kinetic and magnetic

energies via a process called Alfvénization—a fundamental MHD process that tends

to create fluctuations of velocity ũ and magnetic fields b̃ that are equipartitioned

and aligned [31, 54–57]. Energy-equipartition gives |ũ|2 ≈ |b̃|2. Alignment gives

ũ ∝ ±b̃ [31]. So, α of Eq. (1.5) is reduced to near zero. When α → 0, the growth

of the large-scale dynamo is severely stunted before the dynamo is able to produce

appreciable large-scale magnetic fields [4]. It is the exponential growth of the large-scale

dynamo that is severely reduced by the nonlinear feedback from quickly saturated small

scales. Hence, the time required to attain the saturation of the large-scale dynamo

is increasingly long (smaller growth rate) with quicker feedback from small scales

[9]. Moreover, the small scales saturate and become Alfvénized7 more quickly with

increasing magnetic Reynolds number Rm, a dimensionless coefficient that measures

the inverse of electric resistivity. Hence, the α-effect is reduced increasingly with

increasing Rm, due to increasingly fast Alfvénization. It is strongly emphasized that

the root cause of the α-quenching (severe reduction of α) is Alfvénization [4].

Alfvénization can be understood, in simple terms, as the result of perturbing a

magnetic field along which Alfvén waves traverse [58]. The magnetic field here does

not need to be a global mean magnetic field, but locally, in every small region, some

turbulent magnetic field can serve as a time-evolving local background field along

which local Alfvén waves propagate. Thus, Alfvénization occurs even in homogeneous

incompressible MHD turbulence [59]. If a large-scale shear flow is absent, ideal MHD

demands that there should be a conservation of volume-averaged turbulent cross-

7The pure Alfvénic states feature ũ || ± b̃.
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helicity8 ũ · b̃ [60]. The turbulent cross-helicity measures alignment between turbulent

flow ũ and turbulent magnetic field b̃. Although the global average of correlation

between turbulent flow and turbulent magnetic field is zero (or a constant depending

on the initial conditions) in a homogeneous system, the turbulent flow and turbulent

magnetic field become locally aligned everywhere in the system. This local alignment

rapidly develops even from a random, uncorrelated initial condition. This process

can be understood in the following way: Pure Alfvénic states (ũ || ± b̃) are exact

solutions of the ideal incompressible MHD equations; hence, these states are the

natural, asymptotically relaxed states of MHD turbulence [31, 59, 60]. Alfvénization

is found to operate even in systems with compressibility [61]. Therefore, Alfvénization

is a robust process, which plays a chief role in astrophysical turbulence from the

solar wind to the interstellar medium to galaxies [55–57, 61, 62]. Since Alfvénization

reduces the α-effect to near zero, it has frustrated efforts to understand the creation of

astrophysical magnetic fields using traditional helical dynamos. Hence, Alfvénization

is commonly known as a dynamo suppressor [4].

D. Alfvénization with Shear Flow as a Dynamo

Enabler

Alfvénization, however, can also act as a dynamo enabler, which this thesis

confirms [63–65]. This idea, which contrasts with conventional belief, had its early

roots in a turbulence closure [66]. The closure generalizes the conventional mean-field

dynamo theory [52] by incorporating the effect of a large-scale shear flow U. The
8The word cross-helicity represents helicity between two independent variables, flow and magnetic

field, and hence the word cross. Self-helicity of a vector V measures the degree of knottedness
between the 3D vector lines of V and 3D vector lines of ∇×V. So, u · ∇× u is kinetic (self-)helicity,
A · ∇ ×A is magnetic (self-)helicity, and b · ∇ × b is current (self-)helicity.
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generalized closure expresses the mean EMF E as [66]

E = αB︸︷︷︸
Suppressed by
Alfvénization

−β∇×B+ Υ∇×U︸ ︷︷ ︸
Enabled by
Alfvénization

, (1.6)

where the last term is the new dynamo source, arising from the vorticity of the

large-scale shear flow. The Upsilon term Υ = τ⟨ũ · b̃⟩/3 measures the alignment

between the turbulent flow ũ and turbulent magnetic field b̃ — which is the turbulent

cross-helicity.

The unconventional idea that Alfvénization enables a dynamo, instead of sup-

pressing it, was briefly entertained in the late 1990s [67–69]. However, this idea was

quickly abandoned based on the reasoning that, this thesis proves, is inconsistent

and incomplete [64]. Yoshizawa postulated Eq. (1.6), but it was only later when it

was realized that the Υ-dynamo source could act as the generator of the large-scale

magnetic field even from zero initial large-scale magnetic field [67–69].

Since a dynamo based on the α-effect requires an initial large-scale field to cause

the large-scale field to grow exponentially, it was predicted that the α-effect would

not be able to generate a substantial-amplitude large-scale field in young galaxies

if the initial seed large-scale field is taken to be very small and the time allowed

for exponential growth is taken to be the limited time scale on which the galaxies

could form [68]. Hence, it was proposed that the Υ-dynamo might create some initial

large-scale field acting as a seed. Yet, the seed large-scale field was claimed to be

created only linearly in time [67–69]. This slow growth was claimed because—similar

to the constant kinematic coefficients, α = −τ⟨ũ · ∇× ũ⟩/3 and β = τ⟨ũ · ũ⟩/3, which

depend only on turbulent flow—it was assumed that the Υ-coefficient was also a

constant in the kinematic growth phase of the dynamo [67–69]. When Υ is assumed
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to be a constant in Eq. (1.6) (and the α-effect is neglected), the magnetic induction

equation (∂t−η∇2)B = ∇×E has a source term on its right-hand side, which does not

depend on B, but rather on the time-constant ∇× (Υ∇×U). Thus, it was claimed

that the Υ-effect cannot produce exponential growth of magnetic fields, and it could

at best produce only linear-in-time growth [67–69]. Such slow growth may provide a

seed large-scale field for the α-effect to operate on, as it was argued [67–69]. However,

the α-effect suffers from nonlinear suppression via Alfvénization; see Sec. 1.2 C. Hence,

the progress promised by considering the Υ-effect in Eq. (1.6) seemed limited.

E. A Self-Consistent Alfvénic Dynamo Theory

There is a fundamental difference between traditional dynamo effects (e.g., the α-

effect) and the Υ-effect: Υ = τ⟨ũ · b̃⟩/3 depends on the strength of the fluctuating

magnetic field b̃, whereas α = −τ⟨ũ · ∇ × ũ⟩/3 depends only on the fluctuating flow

ũ. The fluctuating field b̃ is inevitably coupled to the mean magnetic field B. Hence,

this thesis claims and shows that, as B grows, Υ also grows, thereby suggesting the

possibility of an exponential growth. Indeed, this possibility is made manifest using

an analytical theory in this thesis [64], which shows how b̃ (or, equivalently Υ) evolves

with B, and how B evolves as a result of Υ. This feedback dynamo loop is confirmed

using numerical simulations. This self-consistent Alfvénic dynamo, operating in the

presence of a shear flow, provides a model that is free from the suppressive effect of

Alfvénization. Furthermore, the novel mechanism offers a new paradigm, allowing

unmagnetized fluids to become spontaneously magnetized.

This thesis additionally shows that even when there is no initial large-scale magnetic

field, Alfvénization becomes dominant over time; and the fluctuations in velocity and

magnetic fields tend to become equipartitioned and aligned. This effect occurs not
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only locally but also globally (in a volume-averaged sense), when a large-scale shear

flow is present, but still with no initial large-scale magnetic field. In such a case

with a large-scale shear flow, the volume-averaged cross-helicity in MHD fluctuations

grows exponentially, due to the exchange of cross-helicity between the large-scale and

fluctuations. This finding is shown in this thesis both analytically and numerically.

In a system with no large-scale shear flow, the volume-averaged cross-helicity in

fluctuations (turbulent cross-helicity) can never grow: Turbulent cross-helicity remains

conserved in ideal MHD, and hence it is either steady in time or decays slowly due to

micro-physical dissipation. Thus, a large-scale shear flow promotes large-scale Alfvénic

states, consequently generating large-scale magnetic fields. There exists, however, a

specific requirement for the shear-flow topology, which is discussed in the next section.

1.3 Necessity of Shear-Flow Instability in Alfvénic

Dynamo

An analytic theory shows that the Υ-dynamo exponentially creates magnetic fields

when two simple requirements are met [64]: The flow must have an inflection point; and

the turbulent transport of momentum across the shear flow must be non-zero. These

two conditions reduce to one condition: The shear flow should be Kelvin–Helmholtz-

unstable [10]. The instability is then naturally subject to the laws of thermodynamics,

which demand that there must be a non-zero momentum transport across the unstable

flow-gradient.

This thesis in Figure 3 of Ref. [63] presents a pictorial representation of the Υ-effect,

which has correspondence to Parker’s pictorial representation of the α-effect [51]. This

correspondence is due to the isomorphism of magnetic field lines and vorticity. It is
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found that the Υ-effect operates via the formation of zonal jets described in Sec. 1.1

F, where 3D hydrodynamic instability saturation was discussed in relation to the

formation of strong zonal jets.

This thesis naturally connects the three chief elements described until now: non-

linear saturation of shear-flow instability, zonal jets, and dynamos, all of which play

crucial roles in plasma physics and astrophysics. This overarching connection is

illustrated in Fig. 1.4, where the findings of this work are illustrated exemplarily in

the context of binary neutron star mergers [63].

1.4 Thesis Overview: From Instability to Jets to

Dynamo

The chief findings of this thesis are categorized into two major classes: instability

saturation and dynamos. The first pertains to the nonlinear saturation of instability

(Part I, Chs. 2–5) and zonal jets (Part II, Chs. 6–7). These pave the path to turbulent

dynamos (Part III, Chs. 8–10). This division of three parts of the thesis carries physical

meaning because the instability quickly saturates by exciting stable eigenmodes (Part

I); the saturated instability then slowly excites the zero-frequency zonal jets (Part II);

and the zonal jets even more slowly generate large-scale magnetic fields, which are

global in scale (Part III). Thus, a temporal separation of scales—fast, intermediate,

and slow—provides a natural division to the thesis findings. The said parts of the

thesis also reflect increasing complexity of the physics involved. For example, the

dimensionality of turbulence increases from 2D MHD to 3D hydrodynamics to 3D

MHD. Hence, computational resources and post-processing analyses required for each

part increase in size and sophistication. Overall, the three parts of the thesis—all
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Figure 1.4: Generation of magnetic fields in a stellar collision. This thesis shows that
the KH instability, active in between the merging neutron stars, generates zonal jets
(shown at the center of the image, using a dynamo simulation of this thesis). The jets
then create ultra-strong magnetic fields. The large-scale dipolar fields (blue-orange,
prominent on the left and right margins) are first created at the middle, where the
zonal jets are the strongest; the fields then diffuse outward. The astrophysical dynamo
context is indicated by two neutron stars [Image credit: Tobias Roetsch] and the
Pandora’s galaxy cluster in the background [Image credit: NASA, ESA, and J. Lotz,
M. Mountain, A. Koekemoer, and the HFF Team (STScI)].
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related to shear flows—present a holistic view of fundamentally new mechanisms that

saturate the instability and then drive dynamos. These results apply to shear-driven

systems from laboratory plasmas to astrophysical observations.

An introduction to instability saturation via stable modes is presented in Sec. 1.1

using descriptive words. Chapter 2 provides a minimal mathematical model of the novel

mechanism of instability saturation. The model—a mechanical analogy of a general

unstable system—considers a block of mass that lies at the top of a large hemisphere,

where a slight perturbation causes the block to slide downhill; this instability is

designed to saturate via a nonlinear process arising from the strong stretching of a

spring that tries to prevent the block from further sliding downhill. Interestingly, this

simple mechanical analog captures essential details of instability-saturation via stable

modes in turbulent fluids and plasmas.

Chapter 3 deals with the problem of modeling turbulent transport of momentum

in two-dimensional magnetized shear flows. This chapter shows that, while instability

of a shear flow transports momentum across the direction of the shear and down

the flow-gradient, nonlinearly excited stable eigenmodes transport momentum up the

flow-gradient. The up- and down-gradient momentum transport contributions nearly

cancel out, leaving only around 1% to 10% of the transport related to the instability.

Chapter 4 deals with the long-standing issue of preserving magnetic fields at large

scales, given that studies of turbulence with shear flows show rapid generation of small

scales due to robust shear-flow straining [21, 70, 71]. The results of this chapter are

significant because it is shown here for the first time that stable eigenmodes counteract

the straining of magnetic fields by unstable eigenmodes (instability). Hence, when

stable eigenmodes are deleted in high-resolution MHD simulations, the uninhibited in-

stability rapidly folds magnetic fields into small-scale structures. Large-scale coherency

is then lost. Small-scale current sheets and vorticity dominate in the absence of stable



23

modes. When stable modes remain untouched, magnetic fields are sequestered at large

scales.

Chapter 5 addresses the questions related to how stable eigenmodes are excited and

what nonlinear mode-coupling channels enable the excitation. This chapter first uses

wavenumber-decomposition to understand energy cascades in MHD turbulence, and

then generalizes the traditional energy cascade diagnostics by decomposing fluctuations

in a non-periodic eigenbasis at every wavenumber. Detailed analyses of energetics

confirm that the stable eigenmodes are not a product of the inverse cascade of

energy, but rather of nonlinear mode-coupling among fluctuations at the large scale

where instability exists. This work shows that, with the strong excitation of stable

modes, the energy cascade to small scales is severely reduced. The direction of the

energy cascade, however, is unaltered. That is, both kinetic energy and magnetic

energy cascade to small scales; this process replaces the oft-invoked inverse cascade

mechanism. Additionally, this work surgically removes large-scale stable eigenmodes

from MHD equations and simulates the resulting equations without stable modes.

This novel simulation technique shows that vortices formed from the saturation of the

Kelvin–Helmholtz instability split apart and move ballistically father away, spreading

turbulence all over the available domain. This result challenges the widespread beliefs

that the Kelvin–Helmholtz vortices merge due to the instability and that turbulence

is confined near the shear layer (where the flow reverses). This analysis suggests that

vortices repel in the absence of stable modes; vortices attract in the presence of stable

modes. Such behavior is potentially also applicable to the tearing instability, where

the reversed flow is replaced with a reversed magnetic field [25].

Chapter 6 presents the first three-dimensional study of hydrodynamic shear-flow-

instability saturation via stable modes, where stable modes are shown to be excited

via a wholly new channel that is inherently 3D. This new 3D channel involves zonal
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flows (jets), which do not vary along the x-direction of the large-scale flow Ux(z), but

vary in the y-direction orthogonal to the plane of the large-scale flow. While one may

have argued that stable modes might be related to 2D nature of turbulence, here it

is shown that stable modes are not only excited in 3D, but are more effective in 3D

than in 2D. All of pertinent results reported above in 2D are recovered here in 3D.

This includes decreased cascade of energy to small scales, decreased microphysical

dissipation, and reduced turbulent transport of momentum across the shear flow.

Additionally, this chapter presents new observable effects of 3D stable modes. It

is first shown that 3D unstable modes support vortex stretching, which makes the

vortices filamentary—an inherently 3D process that cascades energy to small scales.

Conversely, 3D stable modes counteract vortex stretching and instead scrunch the

vortices, turning filamentary vortices into fattened vortices. Thus, the small-scale

cascade, though present in 3D, is severely reduced.

Chapter 7 develops a turbulence closure model coupling zonal flows arising from an

instability in stars where their angular momentum gradients, related to their differential

rotation, have unstable profiles. The density stratification in stars is generally large,

which thus suppresses perturbations that could otherwise grow by feeding on the

unstable angular momentum gradient. However, when thermal diffusion is substantial—

a case widely applicable in stars including the solar tachocline—displaced fluid parcels

can quickly equilibrate with the surrounding fluid and thus expand or contract rapidly.

Hence, the stabilizing buoyancy force arising from density stratification is weakened,

and the instability of the stellar angular momentum gradient is reinstated [36–38].

This diffusive instability, whose free energy resides in the shear flow, saturates by

nonlinearly exciting zonal flows. These zonal flows dominate triadic interactions.

Under such zonal-flow dominance, this chapter shows that an eddy-damped quasi-

normal Markovian turbulence closure [32, 33] yields a set of equations that become
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linear, thus enabling an analytic solution. The closure predictions of the rates at

which stars slow down agree with numerical simulations in the scanned parameter

range; this agreement is better than a previous quasilinear model [38]. The closure

also provides predictions for extreme parameter regimes, which simulations cannot

probe at present. The diffusive instability is bound to affect the long-term evolution

of the solar tachocline (where the ratio between viscosity and thermal diffusivity is

10−6).

Chapter 8 reports perhaps the most surprising finding of this thesis: Alfvénization

coupled with large-scale vorticity gives rise to a large-scale dynamo, instead of suppress-

ing the dynamo. This effect operates, as reported in Nature, via the inherently 3D zonal

jets [63]. These are the same jets (reported in Ch. 6), which arise from the shear-flow

instability (reported in Chs. 3–5). The jet-driven shear dynamo is robust to variations

in key MHD parameters and operates in both periodic and non-periodic domains. This

work confirms a non-traditional dynamo mechanism involving Alfvénization [66]. The

confirmation is given by a new analytic theory and advanced numerical simulations

of 3D MHD turbulence driven by a shear-flow instability, for which this thesis uses

up to 4096 × 4096 × 8192 grid points (and more than 90 million CPU-hours). It

is demonstrated here that quasi-periodic, large-scale magnetic fields are generated

via the mean-vorticity effect, even when initial large-scale magnetic field is absent

and turbulence is non-helical. This work, introducing the effect of jets, contributes to

the development of dynamo theory. 70 years ago, Parker discovered dynamos driven

by helical turbulent motions [51], which however faced significant challenge due to

dynamo suppression via Alfvénization [4–9]. 35 years ago, Yoshizawa assumed the

potential role of large-scale vorticity in dynamos, which had remained unconfirmed,

and whose working mechanism has remained unknown [66]. This chapter resolves

such issues and implicates zonal jets as a novel and robust mechanism via which the
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dynamo generates magnetic fields in laboratory and astrophysics. The dynamo theory

presented here provides a consistent explanation for unresolved issues related to an

unusual orientation of magnetic field, current density, and EMF, which were measured

for the first time in a dynamo laboratory experiment [72]. An example of the dynamo

application for astrophysical magnetic fields includes dynamos in binary neutron

star mergers where the approaching neutron stars create a substantial KH-unstable

velocity gradient at the merge interface [73]. This dynamo is predicted in this chapter

to likely operate on microsecond time scale, producing in milliseconds some of the

strongest magnetic fields in the Universe [74], which help produce detectable signals

for multi-messenger astronomy [44].

Chapter 9 analyzes the dynamo of chapter 8 using extensive energy transfer

diagnostics to identify the essential dynamo steps. These steps transfer energy from

the large-scale shear flow to various turbulent components, eventually depositing the

turbulent energy in the large-scale magnetic field. This chapter provides a mechanistic

viewpoint and presents comprehensive analysis of turbulence and dynamo arising from

a KH-unstable shear flow.

Chapter 10, building on Chs. 8 and 9, challenges traditional dynamo assumptions

and derives a self-consistent analytic theory of the kinematic dynamo, where Alfvéniza-

tion coupled with large-scale vorticity produces an exponential growth of magnetic

fields. This chapter addresses limitations in previous theories, where it was claimed

that a dynamo driven by Alfvénization coupled with large-scale vorticity cannot

produce exponential growth of magnetic fields and can only lead to slow linear growth

[67–69]. The new analytic theory of the kinematic dynamo also explains the feedback

loop that gives the exponential growth. It is shown that an infinitesimal cross-helicity

in fluctuations generates infinitesimally weak magnetic fields at large scales when a

large-scale shear flow is present; this generation occurs via the mean-vorticity effect.
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The thus-generated large-scale magnetic field is aligned with the large-scale shear flow.

This cross-helicity at the large scales is transferred to small scales by the Reynolds

stress, in a way analogous to how the Reynolds stress transfers momentum and energy

from large scales to small scales. Hence, cross-helicity in fluctuations increases. This

then reinvigorates the generation of the large-scale magnetic field aligned with the

large-scale flow. The feedback loop operates until the large-scale field is approximately

on the same order of magnitude as the large-scale flow. These analytic predictions are

confirmed using numerical simulations.

Chapter 11 presents concluding remarks, summarizes wider implications of the

thesis findings, and suggests potential future directions.

Significance, novelty, and impact of the thesis:

The new dynamo mechanism presented in this thesis constitutes a break-

through result for several reasons: First, a large-scale unstable shear flow

produces an exponential dynamo growth from an infinitesimally weak fluc-

tuation of magnetic fields, with no additional ingredient — no large-scale

magnetic field. Second and most importantly, the dynamo growth is surpris-

ingly enabled by magnetic fluctuations formed via Alfvénization (flow–field

alignment effect); these Alfvénic fluctuations have long been known to sup-

press traditional dynamos. Third, these magnetic fluctuations correlate with

flow fluctuations that appear in the form of zonal flows. The latter exist only

in 3D shear flows and strongly couple to stable eigenmodes, conjugate to the

shear-flow instability. The stable eigenmodes are demonstrated to saturate

the shear-flow instability, in both 2D and 3D, with observable consequences

for turbulence, transport, mixing, and pattern formation in laboratory and

astrophysical environments.
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Part I

Instability Saturation via Stable

Modes
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2 a mechanical analog of

instability-saturation via stable modes

An idea for this chapter was conceived while writing chapter 1.
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2.1 A mathematical introduction

Consider a simple harmonic oscillator

∂2t x = γ20x, (2.1)

where x represents a time-varying quantity, and γ20 is a real number. When γ20 is

negative, x oscillates in time t, with degenerate frequencies ±
√
−γ20 .

Now imagine that γ20 is increased from a negative value to zero and then made

positive. When γ20 is positive, the two degenerate oscillatory modes become distinct:

one grows (instability) and the other (stable mode) decays, at a rate γ0.

The unstable system requires a nonlinearity to saturate. The simplest nonlinearity

incorporated in Eq. (2.1) is

∂2t x = γ20x− cx2, (2.2)

where c is a nonlinear coupling constant. Note that this toy nonlinear model of

instability is physically meaningful, as Eq. (2.2) is derived from an oscillator turned

unstable and captures two eigenmodes: unstable and stable when γ20 is a positive

number.

To be read with caution, another model of instability that is often considered is

∂tx = γ0x− cx2. (2.3)

However, this model is unphysical, because it assumes from the onset that the

stable mode is not important for nonlinear dynamics. Most natural systems feature a

mode-pair, arising from, for example, a time-oscillating stable system that becomes

unstable when a control parameter is varied.
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Linear eigenmodes

Equation (2.1) can be written as a set of first-order time-differentials

∂tx = v, (2.4a)

∂tv = γ20x, (2.4b)

which has two linear eigenmodes satisfying

x : v = 1 : ±γ0, (2.5)

where the −(+) sign corresponds to the (un)stable mode.

When Eqs. (2.4a) and (2.4b) are written in the eigenbasis,

∂tβ± = ±γ0β±, (2.6)

where β± is the amplitude of the eigenmodes (+ for instability, and − for the stable

mode).

Nonlinear evolution

Similarly, when the nonlinear equation (2.2) is written in the eigenbasis,

∂tβ± = ±γ0β± ∓ c

2γ0
(β+ + β−)

2. (2.7)

Equation (2.7) explains how the stable mode is excited nonlinearly (via the coupling

to the unstable mode).

Equation (2.2) admits analytic solutions for x and v in terms of the Elliptic integrals.
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Figure 2.1: Eigenmode-amplitudes obtained by solving Eq. (2.2). β+ = beta 1 and
β− = beta 2 are the amplitudes of unstable and stable modes, respectively.

These two solutions can be decomposed into the two eigenmodes presented in Eq. (2.5).

This decomposition provides the time-varying amplitudes of the eigenmodes, displayed

in Fig. 2.1.

2.2 A mechanical analog

Up until here, the presentation has been purely mathematical. We now present a

mechanical analog described by Eq. (2.2).

Model

Consider a block of mass m placed on a horizontal surface and connected to a wall

by a spring of length x0 and spring constant k, as shown in Fig. 2.2. This system

displays only oscillatory modes.
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Figure 2.2: A block clamped against a wall displays harmonic oscillations—a stable
system.

Figure 2.3: A block clamped against a wall and placed on a hemisphere is unstable
when (mg/R− k) > 0 and stable when (mg/R− k) < 0, as predicted by Eq. (2.10).
Gravity points vertically downward.

To obtain an instability, we make the surface curved—imagine the surface being

part of a hemisphere, as shown in Fig. 2.3.

The equation of motion for the block when displaced by x on the surface (Fig. 2.4)

is

F = mgsinθ − Fspring, (2.8)

where, if x/R ≪ 1 (very large hemisphere), sinθ = θ gives

F = mgx/R− Fspring. (2.9)

In Eq. (2.9), Fspring is the spring force, which depends on the extension x, relative

to x0. If x/x0 is small, Hooke’s linear law prescribes Fspring = kx. Considering this
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Figure 2.4: The block mentioned in Fig. 2.3 is slightly perturbed. The initial length
of the spring is x0, and the displacement of the block is x.

linearity, we re-write Eq. (2.9)

m∂2t x = (mg/R− k)x, (2.10)

where (mg/R − k) ≡ γ20 defined in the previous section. Depending on the sign of

(mg/R− k), the block can display oscillatory modes or can become unstable. Note

that if (mg/R− k) > 0, the block continues to slide downhill and never goes uphill,

because both the gravitational pull and spring force are considered linear, and the

former continuously dominates when (mg/R− k) > 0.
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When the system is unstable, x continuously grows and becomes comparable to

x0 at some point. Then, the Hooke’s linear law no longer holds true (we are still

considering x/R ≪ 1, a very large hemisphere, but x/x0 ∼ 1). In such a case of

x/x0 ∼ 1, the linear Hooke’s law is replaced by a non-ideal spring force (applicable to

thick laboratory metal springs) given by

m∂2t x = (mg/R− k)x− cx2, (2.11)

where c is a constant arising from the overstretching of the non-ideal spring.

Physical interpretation

Equation (2.11) is equivalent to Eq. (2.2), whose solution is presented in Fig. 2.5. The

annotations show when the block physically slides uphill and downhill.

The physical interpretation of the solutions to Eq. (2.11) is summarized in Fig. 2.6.

The block lying at the top of the hemisphere represents an unstable equilibrium. The

free energy, which is the gravitational potential energy of the block, decreases as the

block slides away from the top position. Hence, an instability is favored to minimize

the free energy. This instability causes the block to continuously slide down the hill.

While the block is sliding downhill, the stable mode is already excited nonlinearly,

as shown in Fig. 2.5. Since the unstable mode amplitude is initially large, the block

continues to go downhill, until the nonlinearly excited stable mode pushes the block

uphill. Since Eq. (2.10) or (2.2) represents an ideal system, with no dissipation, both

eigemodes are exactly of equal magnitudes in the nonlinear phase, when time-averaged.

With a slight dissipation, e.g., friction, the stable mode is still excited to significant

amplitude but has slightly weaker amplitude than the unstable mode.



36

Figure 2.5: When the amplitude of the unstable mode is larger than the stable mode,
the block slides downhill. However, when the amplitude of the unstable mode is lower
than that of the stable mode, the block physically slides uphill! This sliding up is
not due to the linear spring force but due to the nonlinear effect; see Eq. (2.10) and
consider (mg/R− k) > 0.

Figure 2.6: A physical interpretation of free-energy (gravitational potential energy),
instability (downhill motion), and stable mode (uphill motion). The instability reduces
the free energy; the stable mode builds up the free energy.
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How does the instability saturate without the stable mode?

To demonstrate instability saturation without the stable mode, we consider Eq. (2.10),

cast it in the eigenbasis to obtain Eq. (2.7), reproduced below for convenience,

∂tβ± = ±γ0β± ∓ c

2γ0
(β+ + β−)

2, (2.12)

and then forcefully set β− = 0 by hand to arrive at

∂tβ+ = γ0β+ − c

2γ0
β2
+. (2.13)

Note that Eq. (2.13) is the unphysical model of instability-saturation alluded to earlier

in Eq. (2.3).

The solution to Eq. (2.13) is

β+ =
A

1 + Be−γ0t
, (2.14)

where A and B are constants of the problem. For small t, β+ grows exponentially. For

large t, β+ reaches a completely stationary value. Physically, this process represents,

as shown in Fig. 2.7, a block sliding downhill and staying at the maximal location of

displacement—with no uphill motion, at all, because the stable mode is forced to be

zero.

It is strongly emphasized that the uphill motion is not related to the

linear property of the spring, because the considered linear spring force is

always weaker than the linear gravitational pull, regardless of the displace-

ment x, as confirmed by Eq. (2.10). It is the nonlinear effect that excites

the stable eigenmode, which then pushes the block uphill.
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Figure 2.7: A sliding block reaches a static final state when the stable mode is
artificially zeroed. See Eq. (2.14). This artificial system never displays any uphill
motion (because the stable mode is artifically zeroed). The uphill motion is not due
to the linear spring force, but due to the nonlinearly excited stable mode.

The foregoing mechanical analog of instability-saturation via stable mode can be a

simple table-top experiment to detect for the first time the excitation of stable in a

laboratory experiment.

In the remaining chapters, this general saturation paradigm of instability via

stable mode is demonstrated in comprehensive numerical simulations of 2D and 3D

instabilities in fluids and plasmas.
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3 paper a: near-cancellation of up- and

down-gradient momentum transport in forced

magnetized shear-flow turbulence

A version of this chapter was published in Phys. Plasmas 29, 092301

(2022).
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abstract

Visco-resistive magnetohydrodynamic turbulence, driven by a two-dimensional un-

stable shear layer that is maintained by an imposed body force, is examined by

decomposing it into dissipationless linear eigenmodes of the initial profiles. The

down-gradient momentum flux, as expected, originates from the large-scale insta-

bility. However, continual up-gradient momentum transport by large-scale linearly

stable but nonlinearly excited eigenmodes is identified, and found to nearly cancel

the down-gradient transport by unstable modes. The stable modes effectuate this by

depleting the large-scale turbulent fluctuations via energy transfer to the mean flow.

This establishes a physical mechanism underlying the long-known observation that

coherent vortices formed from nonlinear saturation of the instability reduce turbulent

transport and fluctuations, as such vortices are composed of both the stable and

unstable modes, which are nearly equal in their amplitudes. The impact of magnetic

fields on the nonlinearly excited stable modes is then quantified. Even when imposing a

strong magnetic field that almost completely suppresses the instability, the up-gradient

transport by the stable modes is at least two-thirds of the down-gradient transport by

the unstable modes, whereas for weaker fields, this fraction reaches up to 98%. These

effects are persistent with variations in magnetic Prandtl number and forcing strength.

Finally, continuum modes are shown to be energetically less important, but essential

for capturing the magnetic fluctuations and Maxwell stress. A simple analytical scaling

law is derived for their saturated turbulent amplitudes. It predicts the fall-off rate as

the inverse of the Fourier wavenumber, a property which is confirmed in numerical

simulations.
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3.1 Introduction

Owing to their ubiquity in laboratory,[75] geophysical,[76, 77] and astrophysical

environments,[26–28, 78–80] shear layers have been extensively studied. [81, 82]

Observations and analyses from experiments and direct numerical simulations have

offered insights into the connection between large-scale vortical structures formed

from the instability of a shear layer and turbulent transport across the layer.[83–85]

Properties like shape and scale of the nonlinearly saturated vortices, which dominate

the transport, are generally attributed to the linearly-unstable eigenmodes or closely

related nonlinear fluctuations. [86, 87] The nonlinear saturation of the instability,

however, can be more complex than just the finite-amplitude modifications of unstable

modes, as emerging understanding in fusion plasma instability demonstrates.[15, 32, 88–

99]

Already in the late 1960s, using one of the early numerical simulations of shear

instability,[24] it was hinted that the nonlinear saturation of Kelvin-Helmholtz insta-

bility involves, contrary to finite-amplitude modifications of unstable modes, quasi-

periodic oscillations in the fluctuations. Later, an intuitive understanding of how such

a phenomenon occurs in sheared fluids[100] has been reported by invoking vortex

nutation:[86] Fluctuation-amplitude oscillations correlate with oscillations in the mean

flow energy and lead to vortex nutation. Fluctuations, however, are usually not de-

composed into the complete set of linear eigenmodes, and are commonly assumed[86]

to be due to unstable mode structures. But since unstable modes always drive a

down-gradient momentum transport, they cannot explain the increase of kinetic energy

in the mean flow.

Notably, occasional up-gradient momentum transport has been observed in sev-

eral experimental and numerical studies where an unstable shear layer drives the
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turbulence.[101–105] Analyses of these transient events [83, 106–109] do not address

the underlying conditions producing this dynamics—whether the transient up-gradient

transport is a part of an ongoing subdominant process with occasional breakthroughs,

or simply spontaneous fluctuations. The laboratory and prior numerical experiments

alone are not sufficient to definitively answer this question. One way to expose the

underlying process is to examine the turbulent fluctuations using a complete eigen-

mode decomposition, and assign roles and activities to each mode in the transport

phenomena. Indeed there can be modes other than the unstable modes that are

important in the turbulent phase, as an insightful study hints: the dominant vortex

in a turbulent background orients quasi-periodically against (or towards) the mean

flow and drives the down-gradient (or up-gradient) momentum transport.[83] To

understand such behaviors in detail, it is instructive to also analyse how the instability

saturates, a question that has long been of interest[13] but for which understanding

remains incomplete.

When turbulence is sustained via continuous energy injection from a large-scale

instability, there exist two primary candidates for instability saturation. A common

(but not necessarily justified) assumption is that energy injected by the instability

is transferred conservatively to increasingly smaller scales in a forward, Kolmogorov-

like cascade, where nonlinear interactions move energy between linearly unstable or

marginal modes until a dissipation range is reached at small scales.[26] An alternative

process involves linearly stable eigenmodes at the large injection scales, which absorb

and remove significant energy from scales that launch the inertial cascade. In several

studies of microturbulence in fusion plasmas, linearly stable modes have been found to

be excited to significant levels via nonlinear interactions and to drastically affect the

saturated amplitudes and transport characteristics of the system.[15, 32, 88–93, 97–99]

Stable modes in shear flow turbulence, however, have been studied only recently[110–
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112] and more remains to be understood, e.g., their role in mixing and magnetic field

evolution and how they might affect reduced models of turbulence and transport.

It was predicted in Ref. [110] that the Kelvin-Helmholtz instability in its nonlinear

evolution excites a linearly-stable conjugate-root[113] of the inviscid instability, which

affects the instability saturation even when viscosity is finite. This was later verified

in numerical simulations of freely evolving shear layers. [111] However, the rapid

relaxation of the layer towards a stable profile on a time scale similar to that of

stable-mode excitation prevented general conclusions from being reached, regarding

how the turbulence and transport are affected by the stable modes. The issue is

aggravated by the addition of a flow-aligned magnetic field, which causes the layer to

relax even more rapidly. To circumvent this challenge, one may drive the mean flow

towards the unstable profile and thus achieve a thorough statistical quantification of

the stable modes. Note that driven profiles are quite common in astrophysical shear

flows, with forces like gravity providing free energy for the drive. For these reasons,

driven shear flow is studied here.

The principal result of this study is that significant up-gradient momentum trans-

port is driven by nonlinearly excited (linearly-)stable modes, cancelling a substantial

portion of the down-gradient transport by unstable modes, and notably this transport

is present not just during turbulent momentum flux reversals, but is continuously at

work at a slightly lower level than that of the unstable modes. This finding is robust

even for variations of orders of magnitude in background magnetic field strength,

magnetic Prandtl number (or resistivity), and forcing strength of the mean flow. Note

that the stronger background magnetic field tends to suppress the instability [113] and

disrupt the large-scale vortices, [114] while larger magnetic Prandtl number (weaker

resistivity for a fixed viscosity) extends the scale range of magnetic fluctuations,

compared to the flow fluctuations. [115] We also show, for astrophysical applications,
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that a turbulent viscosity can be defined, with the addition of stable modes, that can

reliably capture the Reynolds stress: Without stable modes, however, the stresses are

greatly over-predicted by the unstable modes.

This article is organized in the following manner. Section 5.2 entails the magne-

tohydrodynamic (MHD) model of the shear flow and details the system set-up. In

Sec. 5.3, the complete linear eigenspectrum is presented, along with a discussion on the

roles of different eigenmodes. Section 5.4 shows the full nonlinear evolution of MHD

Kelvin-Helmholtz instability using direct numerical simulations. A decomposition of

the turbulent fluctuations onto linear eigenmodes is performed in Sec. 5.5, where a

detailed study of imprints of stable modes in turbulence and transport is presented.

Section 5.5 summarizes the findings of this work.

3.2 Model and simulation set-up

An incompressible magneto-fluid is considered in this study, and standard MHD

equations are adopted:

∇ · u = 0, (3.1a)

∂tu+ u · ∇u = −∇P
ρ

+
(∇×B)×B

4πρ
+ ν∇2u+ f , (3.1b)

∇ ·B = 0, (3.1c)

∂tB = ∇× (u×B) + η∇2B, (3.1d)

where u, B, P , ρ, ν, η, and f respectively denote the fluid velocity, magnetic field,

pressure, fluid density, viscosity, ohmic diffusivity, and externally supplied acceleration

to the magneto-fluid.
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Background flow, magnetic field, and forcing

A shear layer is examined on a two-dimensional (x, z) plane with the initial fluid

velocity given by u(x, z, t = 0) = U0tanh(z/a)x̂ and a flow-aligned magnetic field,

initially uniform, as B(x, z, t = 0) = B0x̂. The parameters a, U0, and B0 signify the

half-width of the flow-shear, maximum initial fluid velocity, and initial magnetic field,

respectively. These parameters are exploited to non-dimensionalize all the variables

henceforth. Length, time, and energy (per unit mass) are hereafter measured in units

of a, a/U0, and U2
0 , respectively. Thus the initial (or reference) flow and magnetic

field are represented by Uref(z) = tanh(z) and Bref(z) = 1 in the rest of this article.

The ratio of the maximum fluid speed U0 to the AlfvÃ©n speed can be written as

the AlfvÃ©nic Mach number MA = U0

√
4πρ/B0. The viscosity and resistivity are

quantified via fluid Reynolds number Re = U0a/ν and magnetic Reynolds number

Rm = U0a/η, respectively.

In two dimensions, a more convenient formalism is available, using the streamfunc-

tion ϕ and flux function ψ. Defining u = ŷ ×∇ϕ and B = ŷ ×∇ψ, the vorticity and

the current become ∇2ϕŷ and ∇2ψŷ, respectively. Taking the curl of Eq. (5.1a), and

rewriting Eq. (5.1b) in terms of the stream- and flux-functions yields [25]

∂t∇2ϕ+ {∇2ϕ, ϕ} =M−2
A {∇2ψ, ψ}+Re−1∇4ϕ+ ∂zf(kx=0, z, t), (3.2a)

∂tψ = {ϕ, ψ}+Rm−1∇2ψ, (3.2b)

where the Poisson bracket is {P,Q} = ∂xP · ∂zQ− ∂zP · ∂xQ; e.g., {ϕ, ψ} = −u · ∇ψ.

Here, kx is the Fourier wavenumber along the x-axis. The parameters Re = Rm = 500

are chosen for all simulations unless mentioned otherwise (where Rm is changed to

50 and 5 000 in different simulations). It should be emphasized that these Reynolds
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numbers are defined using the initial scale a of the sharpest gradient in the flow

as the characteristic length scale; however, as the system evolves nonlinearly via

vortex merging, despite the forced mean flow, eddies of the size of the simulation box

appear, which may be considered as the characteristic length scale of motion.[82] When

choosing this normalization, non-dimensional numbers should be scaled accordingly,

e.g., Rm = 5000 becomes Rm = 5000 × Lx ≈ 1.5 × 105, where Lx represents the

box-size along the mean flow direction. The external body force, f = f(kx=0, z, t)x̂,

is applied to the mean flow only, which is highlighted in Eq. 4.4a using the explicit

mention of kx=0. As in a recent study,[112] the forcing drives the instantaneous mean

flow towards the initial unstable profile Uref(z). A similar forcing mechanism exists for

geo- and astrophysical flows where gravitation[116] tends to build shear layers. We

assume here such a force, represented as a Krook operator, [117–119] as

f = DKrook [Uref(z)− ⟨U(x, z, t)⟩x] + F0, (3.3)

where DKrook, sometimes also referred to as the profile relaxation rate,[120] measures

the forcing strength (in units of U0/a); and ⟨U(x, z, t)⟩x represents the instantaneous

x-averaged flow. If DKrook = 0, the shear layer evolves freely and decaying turbulence is

realized as a result of the Kelvin-Helmholtz instability and the turbulence it generates.

The time-independent force F0 is implemented only to balance the viscous diffusion

of the initial shear layer: Re−1∇2Uref(z) + F0 = 0 ensures an initial equilibrium state

to which small-amplitude perturbations are added before the system is evolved.

Initial and boundary conditions

As in the unforced study, [111] a simulation box of Lx = 10π is considered, but

double the size along the z-axis (Lz = 20π), given that the quasi-stationary turbulence
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simulated herein is run for much longer time, which tends to create fully developed

turbulent features that are larger in size. Thus we adopt a larger domain to minimize

their potential interactions with the boundaries in the z-axis. Note the forcing applied

to the mean flow prevents profile relaxation and the turbulence remains mostly in the

vicinity of the shear layer. The numerical code Dedalus, [121] a pseudospectral solver,

is used in this study. Fourier modes along the x-axis and Chebyshev polynomials along

the z-axis are employed with (Nx, Nz) = (2048, 2048) spectral modes. We confirmed

that the spectral energy density and dissipation are converged at this resolution.

Note also that these high resolutions benefit the eigenmode projection of nonlinear

data in the post-processing analysis. Only for the simulation with magnetic Prandtl

number of 10, the box size was changed to (Lx, Lz) = (6π, 8π) and the resolution

was increased to (Nx, Nz) = (4096, 4096); the same simulation was repeated with

(Nx, Nz) = (4096, 8192), but only for early times due to computational cost, and found

to reproduce, among others, the energy evolution. All simulations use 3/2 dealiasing

rule, additionally. The boundary conditions used in all simulations are periodic along

the x-axis; and perfectly conducting, no-slip, co-moving (with the initial flow) at the

top and bottom boundaries, z = ±Lz/2.[111, 112]

The initial equilibrium state is seeded with small-amplitude perturbations (ϕ̃, ψ̃)

at all Fourier wavenumbers, as[111]

ϕ̃(x, z, t = 0) = Aϕ
∑

kx ̸=0

kaxe
irϕ(kx)e−z

2/σ2

eikxx, (3.4)

and

ψ̃(x, z, t = 0) = Aψ
∑

kx ̸=0

kaxe
irψ(kx)e−z

2/σ2

eikxx. (3.5)

Here, Aϕ and Aψ set the overall amplitudes of the perturbations that have a Gaussian
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width controlled by σ and the rate at which they fall-off with the wavenumbers given

by a. The random phases rϕ(kx) and rψ(kx), forming a uniform distribution in [0, 2π),

are issued for each different kx using a pseudo-random number generator. Different

choices of these initial conditions were investigated in Ref. [111], motivating the choice

here: a = −1, σ = 2, and Aϕ = Aψ = 10−3. This set of parameters offers distinct

linear and nonlinear phases of evolution.

3.3 Linear eigenmodes

Aiming to understand the nonlinear excitation of linear eigenmodes in the turbulent

phase, first the nonlinear initial-value problem is solved to collect high-fidelity turbulent

data. Afterward, a separate eigenvalue problem is solved to obtain a complete linear

eigenspectrum and eigenmodes, which are used to expand the nonlinear data on this

basis to track the amplitude of each eigenmode. Such a basis is obtained by linearizing

the governing equations around the initial flow and magnetic field profiles, by dropping

the dissipative terms. The eigenmodes thus obtained are of a dissipationless linear

operator. Of course, the meaning and utility of this linear basis is a priori unknown.

Nevertheless, when a basis forms a complete set, one can always expand an arbitrary

fluctuation on that basis. As the non-dissipative equations of motion preserve Parity-

Time (PT-)reversal symmetry, such a system is theoretically guaranteed to yield a

complete basis as established recently in PT-symmetric quantum mechanics.[122]

Previous studies in gyrokinetic and MHD plasmas have also revealed the usefulness

of dissipationless linear eigenmodes in interpreting dissipative nonlinear systems.

[97, 111, 123]
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Complete eigenspectrum

With the intent of obtaining dissipationless linear eigenmodes, the variables (ϕ, ψ) in

Eqs. (4.4a) and (4.4b) are decomposed into background and perturbations, (ϕ, ψ) =

(ϕref , ψref) + (ϕ̃, ψ̃). The linearized dissipationless equations for the evolution of

perturbations are

∂t∇2ϕ̃ = −
[
Uref∂x∇2 − (∂2zUref) · ∂x

]
ϕ̃+

1

M2
A

[
Bref∂x∇2 − (∂2zBref) · ∂x

]
ψ̃, (3.6a)

∂tψ̃ = −Uref∂xψ̃ +Bref∂xϕ̃. (3.6b)

Fourier transforming along the x-axis and assuming time variation at each Fourier

wavenumber takes the form ϕ̂(kx, z, ω)e
iω(kx)t, Eqs. (3.6a)-(3.6b) become

ω
(
∂2z − k2x

)
ϕ̂ = −kx

[
Uref

(
∂2z − k2x

)
− (∂2zUref)

]
ϕ̂+

1

M2
A

kx
[
Bref

(
∂2z − k2x

)
− (∂2zBref)

]
ψ̂,

(3.7a)

ωψ̂ = −Urefkxψ̂ +Brefkxϕ̂. (3.7b)

Solving Eqs. (3.7a)-(3.7b), the eigenvalues ω are found to be real except when

0 < |kx| < 1, where two of the real eigenvalues coalesce to produce imaginary

eigenvalues, [16] as complex conjugate to each other. These are the growth rates of the

unstable eigenmode and its conjugate stable eigenmode, which evolve in time as eγ(kx)t

and e−γ(kx)t, respectively. This mode-pair is shown, for the first Fourier wavenumber

kx = 2π/Lx = 0.2, in Fig. 3.1(a), along with all the purely real eigenvalues. The latter

constitute the eigenmode continuum [124] and are theoretically infinite in number,

although numerical discretization always yields a finite but very large number of modes

(> 3, 000 for each wavenumber in this study). These eigenvalues are given by the
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Figure 3.1: (a) Linear eigenspectrum of the MHD shear-flow system (at kx = 0.2 with
MA = 10). The unstable and stable modes are shown with thick (colored) crosses.
Among the continuum modes that form a vertical line, a zero-frequency continuum
mode is displayed with a green-colored star. (b)–(d) Eigenfunctions in z-space, with
real (Re) and imaginary (Im) parts, for unstable (ϕ1), stable (ϕ2), and one continuum
(ω = 0) mode. (e)–(g) Corresponding eigenmode structures in (x, z) space. Note that
the eigenmodes ϕ1 and ϕ2 are complex conjugate to each other. Imaginary parts in
their eigenfunctions induce relative tilt between them in (x, z) space, which will be
consequential for momentum transport in Sec. 3.3. Each eigenmode is normalized
to have unit total energy [following which the maximum values of ϕ in (b)–(g) are
chosen.
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relation ω/kx + Uref(z) ± vA,ref(z) = 0, where vA,ref(z) is the AlfvÃ©n speed along

the reference magnetic field at the vertical coordinate z.

The eigenfunctions, normalized to have unit total energy, are also shown in Fig. 3.1:

along the z-axis, see Figs. 3.1(b)–(d), and in (x, z) space, see Figs. 3.1(e)–(g). Note

that complex conjugation transforms the unstable mode ϕ1(kx, z) into the stable mode

ϕ2(kx, z) and vice-versa. This is a direct consequence of spontaneous PT-symmetry

breaking in the ideal shear-flow instability. [16] (The spontaneous symmetry breaking

does not imply that the equation of motion or the associated Hamiltonian breaks PT-

symmetry; it is rather some of the eigenfunctions of such a PT-symmetry-preserving

Hamiltonian that break PT-symmetry.)

A representative eigenfunction of a continuum mode, shown in Fig. 3.1(d), exhibits

sharp and narrow structure. To what physics each type of eigenmode structure

contributes will be explored in this article.

Competing roles of unstable and stable modes

Shown in Fig. 3.2 is a schematic diagram, illustrating how the relative tilts in the

eddies can transport momentum in opposite directions across the shear layer.[85] It can

be qualitatively observed from Figs. 3.1(e) and (f) that the unstable and stable modes,

drive down- and up-gradient momentum transport, respectively. Precise quantative

measures will be built and computed later in Sec. 3.5.

Since the unstable and stable modes compete with each other to transport momen-

tum in opposing directions, the excitation levels of these modes are crucial. In the

linear phase of instability evolution, the transport by the unstable modes dominates

over the transport by the stable modes. However, this need not be the case in the

nonlinear phase, as nonlinear processes can excite the stable modes to appreciable
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B

B'A

A' C

C' D

D'

(a)               Unstable mode (b)                 Stable mode

Figure 3.2: (a) The unstable mode of the flow transport momentum in the down-
gradient direction: −x-directed momentum at A is carried to A’ and +x-directed
momentum at B is carried to B’. Fluxes A→A’ and B→B’ act to relax the mean flow
gradient (shown with the long horizontal arrows). (b) Oppositely tilted eddies, which
correspond to a stable mode, transport momentum in the up-gradient direction: −x-
directed momentum at C is carried to C’ and +x-directed momentum at D is carried
to D’. Both of these fluxes replenish the mean flow. The direction of the streamlines
(shown with grey arrows on the elliptic eddies) does not alter these properties, but
the tilt does.

levels. Whenever the stable modes surpass the unstable modes in amplitudes, net mo-

mentum is transported in the up-gradient direction. [111, 125] In extremely simplified

models of transport, such as eddy viscosity models, this contributes to negative eddy

viscosity. Computing the amplitude of each eigenmode in the nonlinear phase can thus

be helpful to build improved reduced transport models. A recent investigation also

demonstrated that this kind of competition between the two large-scale eigenmodes

alters the magnetic cascade substantially. [112]
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3.4 Nonlinear evolution

Having provided a description of linear eigenmodes, we now turn to properties of the

nonlinear system, before discussing how expressions of linear modes may be identified

in turbulent fluctuations.

Finte-amplitude Kelvin-Helmholtz instability

Small-amplitude perturbations in the flow and magnetic field evolve exponentially

fast in the linear regime of the instability, giving rise to a chain of spiral vortices,

as evident in Figs. 3.3(a) and (d). These structures then interact nonlinearly with

nearby vortices to yield even larger turbulent structures as in Figs. 3.3(b) and (c). A

contrast is to be made between forced and unforced simulations. In the latter, the

gradient of the mean flow flattens out as the instability extracts energy. Decaying

turbulence then ensues. Forcing the mean flow, however, leads to a quasi-stationary

turbulence, as the energy in the gradient is replenished with the instability drawing

on its energy. In the saturated stage, energy input through the unstable modes is

balanced by energy removal via stable modes as well as dissipative channels.

Momentum transport

It is now timely to discuss the turbulent transport of momentum in nonlinear simula-

tions. To derive the turbulent stresses, the evolution equation of the mean flow can

be written by x-averaging the momentum equation,

∂

∂t
⟨U⟩x = − ∂

∂z
(τu + τb) +DKrook [Uref(z)− ⟨U⟩x] +

1

Re

∂2

∂z2
[⟨U⟩x − Uref(z)] , (3.8)
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Figure 3.3: Time evolution of vorticity in (a)–(c) in a simulation with a forced
background flow, DKrook = 2; and (d)–(f) in a simulation with a freely evolving shear
layer, DKrook = 0; both for MA = 10. Panels (a)–(c) share the same colorbar, and (d)–
(f) share another colorbar. The instantaneous mean flow profile in each of the subplots
is shown with a black dotted curve, where the vertical axis represents the z-coordinate
and the horizontal direction corresponds to the x-velocity U0(z, t), as exemplified in
the inset of (a). Two arrows pointing in opposite directions show the direction of the
flow in the regions z > 0 and z < 0. The initial flow profile U0(z, t = 0) = tanh(z) is
shown with a red dashed curve in (a) and (d). Rapid profile flattening is evident in
(d). While the instability dies out in the unforced case, quasi-stationary turbulence is
realized in the forced case in (c).
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Figure 3.4: Time evolution of MHD stresses. (a) Reynolds stress τu(t, z). (b) Reynolds
stress τu(t, z = 0) at the middle of the layer, z = 0. (c) Maxwell stress τb(z, t). (d)
Maxwell stress τb(t, z = 0) at z = 0. All data shown are for a single simulation with
MA = 10, DKrook = 2. The Reynolds stress in (b) reverses several times, in contrast
to the Maxwell stress in (d), which is almost always down-gradient.

where U = U(x, z, t) represents the instantaneous flow, ⟨·⟩x signifies x-averaging

operation, and τu and τb are the Reynolds and Maxwell stresses, arising from the

correlations of turbulent fluctuations of the flow and the magnetic fields, respectively.

Note that in Fraser et al.[111], a negative sign was typographically missed in front of

the first term on the right-hand side of Eq. (3.8). With the sign displayed in Eq. (3.8)

above, the turbulent stresses are given by

τu = ⟨ũxũz⟩x = −⟨∂zϕ̃ · ∂xϕ̃⟩x, (3.9a)

τb = − 1

M2
A

⟨̃bxb̃z⟩x =
1

M2
A

⟨∂zψ̃ · ∂xψ̃⟩x. (3.9b)

These stresses are evaluated from nonlinear simulations and shown in Fig. 3.4.

Fluctuations of Reynolds stress are concentrated in the shear layer, near z ≈ 0. Time
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histories of the Reynolds and Maxwell stresses, at z = 0, where they are largest in

magnitude, are compared in Figs. 3.4(b) and 3.4(d). Note the recurring dominant

up-gradient transport via the Reynolds stress. The Maxwell stress, however, is almost

always down-gradient. Figures 3.4(a) and 3.4(c) also convey that the Maxwell stress

is generally broader along the z-axis than the Reynolds stress, which is more localized

near the shear layer.

3.5 Decomposition of nonlinear simulation onto

linear modes

To probe the nonlinear simulation data, the turbulent fluctuations are expanded on

the linear eigenmode basis described in Sec. 5.3. Consider an arbitrary turbulent

fluctuation χ̃turb = (ϕ̃turb, ψ̃turb), which is expanded as

χ̃turb(x, z, t) =
∑

kx ̸=0

eikxx
∑

j

βj(kx, t)χj(kx, z) (3.10)

where the eigenmode basis χj(kx, z) is employed along the z-axis at each wavenumber

kx to decompose the fluctuations. The complex mode-amplitude βj(kx, t), defined

for each eigenmode j, can then be computed using properties of the linear operator,

described in the Appendix A, even when the eigenmodes of the operator are non-

orthogonal, as is the case here.

Following earlier studies, [97, 99, 110–112] j = 1, 2 will be used to represent

unstable and stable modes, respectively. The computations herein resolve as many as

3109 eigenmodes at a particular kx.
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Nonlinear excitation of stable modes

The amplitudes of the unstable and stable modes are tracked in the nonlinear simula-

tions, and their time series are plotted in Fig. 3.5(a). As expected, the unstable mode

grows and the stable mode decays exponentially in the early phase. However, as the

fluctuations increase due to the growth of the unstable modes, nonlinear interactions

among them begin exciting the linearly stable mode,[15] causing it to rise to almost

the same level as the unstable mode at that wavenumber, see Fig. 3.5(a). Later, in

the fully nonlinear stage, all eigenmodes can participate in the energy redistribution.

The energy in individual eigenmodes |βj|2, averaged over a turbulent state (t =

150–1000), is displayed in Fig. 3.5(b). It is evident that the unstable and stable

eigenmode pair contains a majority (> 70%) of the energy in the system. The

remaining eigenmodes share a wide spectrum of the remaining energy. This suggests

that the turbulent system at hand may be amenable to a substantial dimensionality

reduction.[90, 97] For the cases of the weaker magnetic fields, this finding is more

prominent, as evidenced in the Appendix B. In addition, the weaker fields support

more coherent amplitude-oscillations, unlike the large excursions in the amplitudes

observed with the stronger fields, e.g., MA = 10 in Fig. 3.5(a). In the latter case, the

stronger Lorentz back-reaction acting on the large-scale turbulent flow cause strong

oscillations in the eigenmode amplitudes.

Reduced representation of the turbulent flow

To obtain a better understanding of turbulent dynamics, it is of interest to com-

pare different components of eigenmodes in the turbulent flow. An approximate

(reduced) representation of the turbulent flow ϕ̃approx can be constructed from a class

of eigenmodes at each wavenumber, e.g., ϕ̃approx(x, z, t) can be written as a sum of an
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Figure 3.5: (a) Time traces of the eigenmode amplitudes are shown for kx = 0.2
for a simulation with MA = 10 and DKrook = 2. Note, in the inset, the nonlinear
excitation of linearly stable mode (|β2|) in instability saturation (|β1| is the unstable
mode amplitude). (b) All 3109 eigenmodes at kx = 0.2 are plotted with their squared
excitation levels in the nonlinearly saturated phase, which represent the energy in each
eigenmode. The diameter of each circle shown corresponds to the energy in each eigen-
mode, and modes with lower energy are plotted on top of more highly excited modes,
such that all data points are (partially) visible. Note that the total fluctuation energy
is composed of both the modal and non-modal energy because of the non-orthogonal
modes. Evaluating total energy at a wavenumber, E =

∫
dz [|u|2 + |B|2/M2

A] /2 =∫
dz [(

∑
m βmum) · (

∑
n βnun)

∗ + (
∑

m βmBm) · (
∑

n βnBn)
∗/M2

A] /2, taking the form
E =

∑
m,nEmn, where (um,Bm) represents the m-th eigenmode. When m and n

belong to discrete (d) modes, Edd is, upon time-averaging (t = 150–1000), around
72% of the total energy, whereas when m and n belong to continuum (c) modes, Ecc

is ≈ 22%; Edc is ≈ 6%.
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unstable mode per wavenumber
∑

kx
eikxxβ1(kx, t)ϕ1(kx, z), or as a sum of an unstable

and a stable mode per wavenumber
∑

kx
eikxx [β1(kx, t)ϕ1(kx, z) + β2(kx, t)ϕ2(kx, z)].

Respective short-hand notations β1ϕ1 and β1ϕ1 + β2ϕ2 will be used hereafter, i.e.,

β1ϕ1 ≡
∑

0<|kx|<1

eikxxβ1(kx, t)ϕ1(kx, z), (3.11a)

β1ϕ1 + β2ϕ2 ≡
∑

0<|kx|<1

eikxx [β1(kx, t)ϕ1(kx, z) + β2(kx, t)ϕ2(kx, z)] . (3.11b)

The nonlinear fluctuations of the flow are compared in Fig. 3.6, viewed at different

levels of truncation in the eigenmode expansion. The leftmost panel, Fig. 3.6(a), shows

the full turbulent fluctuations in the Kelvin-Helmholtz (KH-)unstable wavenumbers

kx = 0.2, 0.4, 0.6, 0.8, which appear similar to the full turbulent fluctuations that

include all wavenumbers in the nonlinear simulation (not shown); Fig. 3.6(b) displays

the sum of unstable eigenmodes at each of these KH-unstable wavenumbers; and

Fig. 3.6(c) presents the sum of unstable and stable eigenmodes at the same wavenum-

bers, while omitting all continuum modes. Adding stable modes produces a substantial

improvement in the reconstruction. Note that such a reconstruction was found to

deteriorate quickly over time (i.e., a few instability e-folding times where one e-folding

time for the fastest growing mode kx = 0.4 is γ−1 ≈ 5) in the study of unforced shear

layers, [111] as the rapid relaxation of the layer towards a stable profile rendered the

unstable and stable eigenmodes of the system to be less representative of the decaying

turbulence. The turbulent fluctuation shown in Fig. 3.6 is at t = 702, which lies well

within the nonlinear phase (the linear phase ends around t ≈ 30). In this respect, the

forced shear layer is markedly different from the freely evolving layer.
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Figure 3.6: (a) Full turbulent fluctuations in streamfunction in the Kelvin-Helmholtz-
unstable wavenumbers 0 < |kx| < 1 (thus called ϕ̃filtered), observed in nonlinear
simulations with MA = 30, DKrook = 2. The shown plot of fluctuations includes all
types of eigenmodes—the unstable, stable and continuum modes. (b) Reconstruction
of the turbulent fluctuations by summing only the unstable modes at the same
wavenumber range. (c) Reconstruction by adding stable and unstable modes, while
omitting all continuum modes. The reconstruction in (c) is clearly much alike the
turbulent fluctuations in (a), in contrast to the reconstruction in (b). Saturation
theory of instability that considers the unstable modes only, at best, can produce (b),
but with inclusion of the stable modes, substantial improvement can be achieved.

Performance of reduced representations

While the qualitative analysis of the turbulent-flow reconstruction in Sec. 3.5 is

instructive, a quantitative measurement is desirable. To this end, following Ref. [111],

the reconstructive capability of reduced representations is quantified, at each time step

in the simulation, using the standard energy norm that measures the fraction of kinetic

energy lost when the eigenmode basis is truncated, compared to the kinetic energy

in the full turbulent flow data—see the definition in Eq. (3.12). The energy norm

is well-suited for studying large-scale structures. Small-scale phenomena, however,

may not be amenable to such analysis, although one may be able to find ties between

the small- and large-scale pheonomena in some cases. This measure is also called a
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“truncation error." Note that this error arises not in the nonlinear simulations but

merely in the reduced representations of turbulent fluctuations, when truncating the

eigenmode basis in post-processing analyses.
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Figure 3.7: Time traces of residuals, i.e., the fraction of energy missed in truncated
bases, normalized to the total energy in the turbulent flow at each time step. The
reconstruction uses truncated bases with unstable modes alone, and unstable and
stable modes together. The forcing strength is varied in three different simulations with
MA = 10: (a) DKrook = 1, (b) DKrook = 0.1, and (c) DKrook = 0. The unforced shear
layer in (c) rapidly flattens out, and thus instability no longer drives the turbulence.
As long as the turbulence is driven by the instability, the unstable and stable modes
together can reconstruct a large fraction of the turbulent flow features in (a) and (b).

Using the energy norm, we define the relative truncation error, which may also be

called a normalized residual, in the following manner:

Residual =
||ϕ̃exact − ϕ̃approx||2KE

||ϕ̃exact||2KE

=
||ϕ̃diff ||2KE

||ϕ̃exact||2KE

=

∫
dxdz

[(
∂xϕ̃diff

)2
+
(
∂zϕ̃diff

)2]

∫
dxdz

[(
∂xϕ̃exact

)2
+
(
∂zϕ̃exact

)2] ,

(3.12)

where (∂xϕ)
2 and (∂zϕ)

2 are the squared z- and x-components of velocities; ϕ̃diff =
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ϕ̃exact − ϕ̃approx with ϕ̃exact and ϕ̃approx representing respectively the turbulent stream-

function from nonlinear simulation and its reduced representation—either a summation

over the unstable modes alone or over the unstable and stable modes together—both

spanning fluctuations over a range of wavenumbers. Here, this range, taken to be the

same for both, is considered to be 0 < |kx| < 1, which corresponds to the wavenumber

range of the instability. If the residual is less than unity, the truncation in the eigen-

mode expansion may be considered as a representative of the full system and thus

a candidate for reduced-order model building. On the contrary, the residual being

around unity or more signfies the failure of the reduced representation in effectively

capturing the overall nonlinear fluctuations.
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Figure 3.8: Shown are the time-averaged residuals for simulations different MA. Note
the residuals are the fractions of energy missed in the truncated bases, compared to
the total energy in the instantaneous full turbulent flow. Time-averaging is performed
over a quasi-stationary state of turbulence (t = 600–1000). The reconstruction uses
truncated bases with unstable modes alone, and unstable and stable modes together,
leaving all the continuum modes. All simulations use DKrook = 2. Note the dramatic
improvement with the inclusion of the stable modes. For MA = 3, the improvement is
modest, as the stronger Lorentz force back-reacts on the large-scale turbulent flow,
producing more fluctuations in the continuum modes.
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The time evolution of the residuals is compared in Fig. 3.7 for varying forcing

strengths. As expected, the unstable modes entirely capture the fluctuations in the

linear phase (i.e., t ≲ 30). In the nonlinear phase, however, the unstable modes capture

only a rather limited fraction of the turbulent fluctuations. This is greatly improved

when the stable modes are added. This suggests that the success of quasilinear models

in capturing key properties of the turbulence can crucially depend on whether stable

modes are considered when constructing such models.

It is also interesting to note that the turbulence in the unforced shear layer, see

Fig. 3.7(c), is different from the forced cases. In the former, the shear layer quickly

flattens out and nearly shuts off the instability, leading to a decaying turbulence.

Regardless of whether the unstable and/or stable modes are considered, the corre-

sponding reconstructions fail to model the turbulence with any degree of accuracy. By

contrast, when the shear layer is forced, a reduced representation of the turbulent flow

with two modes (per wavenumber) is found to perform well, recovering a substantial

fraction of the full nonlinear system.

A similar reconstruction is shown for various strengths of magnetic fields MA in

Fig. 3.8, where residuals are time-averaged over a quasi-stationary state of turbulence.

With stronger magnetic fields (lower MA), the vortices begin disrupting due to stronger

Lorentz force and consequently generate more fluctuations at scales beyond the Kelvin-

Helmholtz-instability (KHI) range. [114] This accounts for an increase of the residual

for low MA, although it remains below 0.2 for MA = 10. For MA = 3, the improvement

with the inclusion of the stable modes is modest. Momentum transport by large-

scale structures, formed from the unstable and stable modes, within the KHI range,

however, may still dominate over the transport contributed by much smaller scales or

the remaining continuum modes; hence, a quantitative analysis of transport will be

conducted next.
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Competing up- and down-gradient momentum transport and

their reduced models

The Reynolds stress can be expressed in terms of the contribution from each wavenum-

ber, which can further be decomposed into the contribution from each eigenmode. At

a wavenumber kx, the Reynolds stress from all the fluctuations ϕ̂kx read

τu(all modes) = 2 Im[kxϕ̂kx · ∂zϕ̂∗
kx ], (3.13)

whereas the contribution from an unstable mode alone, and from an unstable and a

stable mode alone, at that wavenumber are respectively given as

τu(unstable) = 2 Im[kx(β1ϕ1,kx) · ∂z(β1ϕ1,kx)
∗]

= 2|β1|2 Im[kxϕ1,kx · ∂zϕ∗
1,kx ], (3.14)

and

τu(stable) = 2|β2|2 Im[kxϕ2,kx · ∂zϕ∗
2,kx ]

= 2|β2|2 Im[kxϕ
∗
1,kx · ∂zϕ1,kx ]

= −2|β2|2 Im[kxϕ1,kx · ∂zϕ∗
1,kx ], (3.15)

where ϕ̂kx is the Fourier transform of the streamfunction at wavenumber kx and ϕj,kx

represents the z-dependent j-th complex eigenmode: j = 1, 2 for unstable and stable

modes, respectively. The conjugate symmetry of unstable and stable modes, as shown

in Figs. 3.1(b) and 3.1(c), is used in Eq. (3.15), i.e., ϕ2,kx(z) = ϕ∗
1,kx

(z). The negative

sign of the last expression in Eq. (3.15) corresponds to the up-gradient nature of

momentum transport by stable modes, which was physically analyzed in Sec. 3.3 and

visually demonstrated in Fig. 3.2.
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The summed contributions of unstable and stable modes in transport, however,

can have cross-terms—quadratic correlations between unstable and stable modes—

that do not appear in Eqs. (3.14) and (3.15) where contribution from individual

modes are shown. But the cross-terms vanish when the unstable and stable modes

are exactly complex conjugates of each other, as is the case for the ideal Kelvin-

Helmholtz instability (when this conjugate symmetry is broken, e.g., in resistive

tearing instability or in ion-temperature-gradient instability,[125] the cross-terms can

have non-zero contribution):

τu(unstable + stable) = 2 Im[kx(β1ϕ1,kx + β2ϕ2,kx) · ∂z(β1ϕ1,kx + β2ϕ2,kx)
∗]

= 2
(
|β1|2 − |β2|2

)
Im[kxϕ1,kx · ∂zϕ∗

1,kx ] + cross-terms, (3.16)

where

cross-terms = 2 Im[kx(β1ϕ1,kx) · ∂z(β2ϕ2,kx)
∗] + 2 Im[kx(β2ϕ2,kx) · ∂z(β1ϕ1,kx)

∗]

= 2 Im[β1β
∗
2kxϕ1,kx · ∂zϕ∗

2,kx ] + 2 Im[β2β
∗
1kxϕ2,kx · ∂zϕ∗

1,kx ]

= 2 Im[β1β
∗
2kxϕ1,kx · ∂zϕ∗

2,kx ] + 2 Im[β2β
∗
1kxϕ

∗
1,kx · ∂zϕ2,kx ]

= 2 Im[β1β
∗
2kxϕ1,kx · ∂zϕ∗

2,kx ] + 2 Im[
(
β1β

∗
2kxϕ1,kx · ∂zϕ∗

2,kx

)∗
]

= 0.

(3.17)

Thus we obtain

τu(unstable + stable) = 2
(
|β1|2 − |β2|2

)
Im[kxϕ1,kx · ∂zϕ∗

1,kx ]

= τu(unstable) + τu(stable). (3.18)

These relations inform us about the z-profile of the Reynolds stress, contributed
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by each wavenumber and each eigenmode. As largest momentum transport happens

in the region with the largest flow-gradient, it is instructive to compute, in the forced

shear layers, the turbulent stresses at the middle of the layer at z = 0, and compare

the stress contributions from different eigenmodes at various wavenumbers.

The total Reynolds stress from all modes and all wavenumbers in the simulations

is compared in Fig. 3.9 with the stress contributions from the wavenumber range

0 < |kx| < 1, which is decomposed further into eigenmodes to assess the contribution

of the unstable modes, stable modes, and their sum. The subplots demonstrate that

the stable modes are highly efficient in transporting momentum in the up-gradient

direction, as compared to the down-gradient transport by the unstable modes. Even

for the strongest magnetic field MA = 3, close to the instability threshold, the stable

modes contribute significantly to a continuous reduction of the turbulent momentum

flux. In addition, the occasional breakthroughs in stable-mode activity cause reversals

of the transport direction. This reversal can be observed when the total Reynolds

stress in the system is computed, without decomposing the stress into contributions

by each eigenmode. However, when the stable modes are not overtaking the unstable

modes in transport, the resulting down-gradient transport observed in simulations or

experiments is difficult to interpret, in regards to the contributions of stable modes

in subdominantly reducing the transport. An eigenmode decomposition of turbulent

fluctuations, however, uncovers a complete picture, as is shown here.

Similar variations of momentum transport across the middle of the shear layer

are compared in Fig. 3.10 for different forcing strengths. Note the unforced case

differs from the forced cases, as the nearly-flattened shear layer has less momentum

to be transported across the layer. As reported in Ref. [111], despite the profile

relaxation, the two eigenmodes per wavenumber describe well the temporal variation

of the Reynolds stress across the shear layer, although the stress itself is very low
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Figure 3.9: Time variations of Reynolds stress at the middle of the shear layer, z = 0.
The stress contributions from unstable modes (blue), stable modes (orange), their
sum (red), and full nonlinear fluctuations, i.e., all modes and all wavenumbers in
the simulations (black), are compared, for varying strengths of magnetic fields: (a)
MA = 60, (b) MA = 10, and (c) MA = 3. Thin green lines represent the zero
level. All simulations use DKrook = 2. Although, with stronger magnetic fields, the up-
gradient momentum transport by stable modes are reduced, the up- and down-gradient
transport nearly cancel each other throughout all cases.
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(note its vertical scale). In all cases, the stress captured via the sum of unstable and

stable modes almost completely follows the total stress from all modes.
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Figure 3.10: Time variations of Reynolds stress at the middle of the shear layer, z = 0.
The stress contributions from unstable modes (blue), stable modes (orange), their
sum (red), and full nonlinear fluctuations, i.e., all modes and all wavenumbers in the
simulations (black), are compared, for varying forcing strengths: (a) DKrook = 25,
(b) DKrook = 1, and (c) DKrook = 0. All simulations use MA = 10. Thin green
lines represent the zero level. Qualitative differences can be observed in unforced
(DKrook = 0) and forced cases (DKrook ̸= 0): as instability extracts energy from the
mean flow, the profile relaxation in the unforced layer leads to a decaying turbulence,
and the transport rates become very small [note the vertical axis labels in (c)].
However, in all cases, the summed stable modes producing up-gradient transport
nearly cancel the down-gradient transport by unstable modes. The addition of these
two contributions produces a stress that is almost identical to the stress from all
modes.

In Fig. 3.11, the momentum transport by the unstable and stable modes is presented

as a function of magnetic Prandtl number Pm = Rm/Re. All simulations until this
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Figure 3.11: Time variations of Reynolds stress at the middle of the shear layer, z = 0.
The stress contributions from unstable modes (blue), stable modes (orange), their
sum (red), and full nonlinear fluctuations, i.e., all modes and all wavenumbers in the
simulations (black), are compared, for varying magnetic Prandtl numbers (resistivities):
(a) Pm = 0.1 and (b) Pm = 10. All simulations use MA = 10, DKrook = 2, and
Re = 500. Thin green lines represent the zero level. It can be observed that the
stable modes begin driving up-gradient momentum transport at around t ≈ 30 when
the nonlinear phase of evolution begins. By varying Pm by two orders of magnitude,
around unity, the stable modes are found to substantially reduce the down-gradient
transport; note the case of Pm = 1 is shown in Fig. 3.9(b).

point used Rm = 500, which is now changed to Rm = 50 and Rm = 5000. In

both cases of Pm = 0.1 and Pm = 10, the stable modes still substantially offset

the turbulent momentum transport of the unstable modes. The shorter time trace

for Pm = 10 is due to the higher simulation cost. It should be noted that the

quasi-stationary state in this simulation is still undergoing changes, unlike in the case

of Pm = 0.1 in Fig. 3.11(a) or Pm = 1 in Fig. 3.9(b), all with the same MA = 10,

DKrook = 2 and Re = 500.

The efficiency of time-averaged up-gradient momentum transport due to stable

modes is compared in Fig. 3.12 with the time-averaged down-gradient transport due
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to unstable modes, via a measure, defined below:

Transport reduction efficiency =
⟨Up-gradient transport by stable modes⟩t

⟨Down-gradient transport by unstable modes⟩t
,

(3.19)

where ⟨A⟩t represents a time-averaging operation on A.
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Alfvénic Mach number (MA)

0.0

0.2

0.4

0.6

0.8

1.0

T
ra
n
sp
or
t
re
d
u
ct
io
n
effi

ci
en
cy

(a)

10−1 100 101

Forcing strength (DKrook)

0.0

0.2

0.4

0.6

0.8

1.0
(b)

10−1 100 101

Magnetic Prandtl number (Pm)

0.0

0.2

0.4

0.6

0.8

1.0
(c)

Figure 3.12: Parameter dependence of transport reduction efficiency, which is defined
as the ratio of time-averaged up-gradient Reynolds stress due to stable modes and
time-averaged down-gradient Reynolds stress due to unstable modes. The stress is
measured at the middle of the shear layer, z = 0, where the momentum transport is
at its maximum. (a) Variations in MA = 3, 10, 30, 60, 120 with DKrook = 2, Pm = 1,
and linear x-scale. (b) Variations in DKrook = 0.1, 1, 2, 6 with MA = 10, Pm = 1,
and logarithmic x-scale. (c) Variations in Pm = 0.1, 1, 10 (or, equivalent changes in
resistivities) with MA = 10, DKrook = 2, and logarithmic x-scale. All plots have the
same y-axis. The time-average for (a) and (b) is taken over a long quasi-stationary
state of turbulence t = 350–900, while for (c), it is t = 137–237 where the quasi-
stationary state is still undergoing changes. In all cases, substantial reduction of
transport by stable modes is evident, which cancel, via their up-gradient transport,
more than half of the down-gradient transport by unstable modes, and this fraction
reaches up to 98%, see (a), for MA = 60 and MA = 120.

Variations in magnetic field strength, forcing strength, and magnetic Prandtl

number all demonstrate that the stable modes cancel an appreciable amount of the

turbulent momentum flux associated with the unstable modes. On average, around
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80% of the down-gradient flux is offset in this manner.

A remark should be made now regarding the use of unstable and stable modes for

building a reliable reduced mode of transport for geo- and astro-physical problems.

One approach would be to relate the activity of these two modes with a coefficient of

diffusive flux (although the unstable and stable modes offer spatial profiles of transport

as well, with both diffusive and non-diffusive fluxes, because they do not rely on

an ad-hoc eddy-viscosity model, which is an explicit diffusive-flux-based model). In

the middle of the shear layer, the diffusive flux, however, dominates because of the

maximum in the flow-gradient. The ad-hoc turbulent viscosity can thus be defined

[97], more importantly without a “free-parameter," using Eq. (3.18) as

νturb =
τu(unstable + stable)

(dU0/dz)
∣∣∣
z=0

=
∑

0<kx<1

2
(
|β1|2 − |β2|2

)
Im[kxϕ1,kx · ∂zϕ∗

1,kx ]
∣∣∣
z=0

.

(3.20)

Note that the denominator is unity for the shear-flow that has a linear profile in

the vicinity of z = 0. To assess the importance of stable modes in this construct,

|β1|2 − |β2|2 can be written as |β1|2 (1− |β2|2/|β1|2). Since |β2|2 has been found to on

the same order of |β1|2, e.g., see Fig. 3.12, where |β2|2/|β1|2 can range from ≈ 0.8 to

≈ 0.95, yielding (1− |β2|2/|β1|2) ≈ 0.05 to 0.2. Therefore, neglecting stable modes

can overestimate the transport by a factor of 5 to 20.

Reynolds vs. Maxwell stresses

With the above successful low-order representation of Reynolds stress above, we now

examine the fluctuations in the magnetic field that give rise of Maxwell stress. The
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stress can be quantified as

τb(all modes) = − 2

M2
A

Im[kxψ̂kx · ∂zψ̂∗
kx ], (3.21)

τb(unstable + stable) = − 2

M2
A

(
|β1|2 − β2|2

)
Im[kxψ1,kx · ∂zψ∗

1,kx ], (3.22)

where ψ̂kx is the Fourier transform of the flux function at a wavenumber kx and ψj,kx

represents the z-dependent j-th complex eigenmode (j = 1, 2 for unstable and stable

modes, respectively). Again, cross-terms arising from the correlation between the

unstable and modes can be shown to vanish, exactly as it was shown for the Reynolds

stress in Eq. (3.17).

As can be seen in Fig. 3.13, the Reynolds stress is dominated by large scales

while the Maxwell stress involves a large number of different scales. Figure 3.13(a),

using axes with linear scales, shows the dominance of Reynolds stress in the entire

system, which the two-eigenmodes-per-wavenumber decomposition (unstable and

stable modes) captures, not only qualitatively, but also quantitatively with great

accuracy. In Fig. 3.13(b), a logarithmic scale is used to expose the range of small scales

that contribute significantly to the magnetic fluctuations. Wavenumbers kx ≲ 10 have

major contributions, as opposed to kx < 1 for the fluctuations of the flow. The fact

that a large amount of flow energy resides at large scales suggests that the shear-flow

turbulence may be amenable to some form of quasilinear modeling. Homogeneous

isotropic turbulence, on the other hand, would not be reliably captured with such

models, as no scale separation exists therein. Recent studies have highlighted that

improved quasilinear models such as the generalized quasilinear approximation are



73

0.2 0.6 1 2 3
Wavenumber kx

−1.4

−1.2

−1.0

−0.8

−0.6

−0.4

−0.2

0.0

T
u
rb
u
le
nt

st
re
ss

(a)

τu(all modes)

τb(all modes)

τu(unstable + stable)

τu(unstable)

100 101

Wavenumber kx

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

|T
u
rb
u
le
nt

st
re
ss
|

(b)

|τu(all modes)|

|τb(all modes)|

|τu(unstable + stable)|

|τb(unstable + stable)|

Figure 3.13: Time-averaged turbulent stresses split into their contributions from
different wavenumbers. (a) Stresses on a linear scale. (b) Log-log representation
of the absolute value of the stresses. Note that only the wavenumbers kx < 1 are
Kelvin-Helmholtz-unstable. The simulation parameters are MA = 60 and DKrook = 2;
the time-average is taken over a quasi-stationary state of turbulence, t = 350–1000.
The total turbulent stress is dominated by the range |kx| < 1, which is captured
by the unstable and stable modes at those wavenumbers to a high precision. The
small amount of stresses that are contributed by smaller scales of fluctuations span a
broad range of wavenumbers, due to the smaller scales in magnetic fields generated
via straining by the flow.

realizable in systems with length- or time-scale separation. [126]

The magnetic fluctuations, on the other hand, span a broad range of scales. This

can be physically interpreted as a result of the straining of the magnetic fields by the

turbulent flow, which generates small scales in the magnetic fields.[70, 71, 115, 127]

The straining process by the large-scale turbulent eddies converts the large-scale

kinetic energy into the intermediate-scale magnetic energy. [128] Magnetic fluctuations

at such scales can then, via Lorentz force, feed back on the flow, although mostly at

smaller scales. A comprehensive analysis of energy transfer for the present system

will be reported in a forthcoming publication where nonlinear mode-coupling and
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energy transfer between fluctuations of discrete and continuum modes of velocity and

magnetic fields are also analyzed.

To model any aspect of magnetic fluctuations, one must thus rely on tools such as

statistical theories to obtain scaling laws that can offer insights into these fluctuations.

One such approach is detailed next.

Scaling law for continuum modes

Until this point, the discrete modes—unstable and stable modes—which describe

the turbulent flow well, have been our focus. The magnetic fluctuations, on the

other hand, result from the straining of field lines by the flow, exciting the remaining

continuum modes. Hence these modes are necessary for a successful reconstruction

of the magnetic fluctuations. Thus, we seek a simple scaling law for the saturated

turbulent amplitudes of the continuum modes.

Analytical prediction for continuum mode amplitudes

It is instructive to write the nonlinear MHD equations in the eigenmode basis, arriving

at what is also referred to as the mode-amplitude evolution equation[15, 110, 112, 129,

130]

∂tβj(kx) = iωj(kx)βj(kx) +
∑

k′x,k
′′

x ,m,n
k′x+k

′′

x=kx

Cjmn(kx, k
′
x)βm(k

′
x)βn(k

′′
x), (3.23)

where βj(kx) represents the complex amplitude of an eigenmode j at wavenumber kx

with ωj the associated mode-frequency; the nonlinear mode coupling coefficient Cjmn

measures the three-wave overlap, which dictates the strength of nonlinear beating

between an eigenmode m at wavenumber k′x and an eigenmode n at wavenumber k′′x,

driving an eigenmode j at wavenumber kx (with the constraint k′x + k′′x = kx).
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For the continuum modes, as was mentioned in Sec. 3.3, their frequencies depend

linearly on the wavenumber kx as [124] ω/kx + Uref(z) ± vA,ref(z) = 0. This implies

ωj = ω ∝ kx.

Heuristically, the scaling of the nonlinear mode coupling coefficient with wavenum-

ber can be obtained in the following manner: In Eqs. (4.4a) and (4.4b), the separation

of linear and nonlinear terms arises in Poisson brackets. Consider a prototype equation,

∂tP̃ = {P,Q}+ ...

= {P̃ , Q̃}+ {P̃ , Q0}+ {P0, Q̃}+ ..., (3.24)

where P = P0 + P̃ and Q = Q0 + Q̃ represent two fields (e.g., ∇2ϕ or ψ for the

present problem), with P0 representing the x-averaged mean component of P , and P̃

standing for perturbations. The linear term, e.g., ikxP̂ ·∂zQ0 which is in spectral space,

contains only one perturbed field, whereas the nonlinear term, e.g., ik′xP̂
′ · ∂zQ̂′′, has

two perturbed fields, with P̂ ′ and Q̂′′ representing the Fourier-transformed quantities

at wavenumbers k′x and k′′x, respectively. It may be supposed that the derivative

∂z on the perturbed quantities is roughly on the scale of |∂z| ∼ kx. (This can be

shown analytically for all the eigenmodes, where the background flow is approximately

uniform, see Ref.[110].) Notice, however, that this argument applies only to the

perturbations: the operator ∂z acting on Q0 clearly does not produce a factor of kx,

which is zero for the mean component Q0. We now use this distinction to make a

prediction for the amplitudes of perturbations, in particular the continuum mode-

amplitudes. The linear and nonlinear terms thus assume the forms ikxP̂ · ∂zQ0 and

ik′xP̂
′ · ik′′xQ̂′′, respectively.

In Eq. 3.24, expanding the perturbations in the eigenmode basis, e.g., P̂ =
∑

l βlP̂l

with P̂l representing the l-th eigenmode, and diagonalizing the linear terms (operator),
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one finds an equation of the form given in Eq. 4.11. We can now attempt to understand

the behavior of the nonlinear mode coupling coefficients that drive the continuum

modes. Assuming nonlinear interactions between the continuum modes are local in

spectral space—interaction of three wavenumbers of similar scales—the nonlinear term

in Eq. 3.24 simplifies, e.g., ik′xP̂
′ · ik′′xQ̂′′ becomes −k2xP̂ Q̂; note the linear term has

the form ikxP̂ · ∂zQ0.

In assuming local interaction between the continuum modes spectral space in kx,

the involvement of unstable and stable modes in nonlinear interactions is ignored,

which otherwise could bring in non-local effects. This may be a valid assumption for

continuum modes at scales much above the Kelvin-Helmholtz-unstable wavenumber

range, i.e., kx > 1, as the wavenumber convolution constraint of kx = k′x + k′′x does not

allow two (un-)stable modes to beat together to drive a continuum mode at large kx,

e.g., kx > 2.

Continuing with the above assumption, the nonlinear term −k2xP̂ Q̂ has one extra

kx compared to the linear term ikxP̂ · ∂zQ0. This implies that, for the continuum

modes, the nonlinear mode coupling coefficients C are expected to scale as

C ∝ k2x, (3.25)

because the linear term for the continuum modes in Eq. 4.11 has the eigenfrequency

that depends linearly on kx, i.e.,

ω ∝ kx. (3.26)

Such a property of nonlinear coupling coefficient is common in other turbulence

calculations, as well. [32]

In order to obtain a phenomenological scaling law, we now make no distinction
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between different continuum modes, and thus balance the linear and nonlinear terms

of Eq. 4.11 in the quasi-stationary state as ωβ ∼ Cβ2. Inserting their asymptotic

dependences on kx, the amplitudes of continuum modes is found to follow

β ∼ k−1
x . (3.27)

Note that the assumptions made in arriving at this simple scaling law are crude.

The next step will be to determine from nonlinear simulations whether this scaling

can be recovered or whether a number of assumptions made above render the result

inapplicable.

Numerical verification

Time-averaged eigenmode amplitudes from nonlinear simulations, after multiplying

with kx, are plotted in Fig. 3.14(a) as functions of kx and eigenmode index j, arranged

in order of increasing real frequency of the eigenmodes. The appearance of vertical

near-equicontour lines signifies that eigenmodes are excited in a similar pattern across

a large range of scales.

The eigenmodes that lie within the yellow bands are localized in space (z-axis),

but the band spans a range of heights, outside the shear layer |z| < 1. Empirically,

we note that the center of the rightmost [leftmost] band corresponds to ω/kx = U00

[ω/kx = −U00] where U00 = 1. These thick bands represent all eigenmodes that

have phase speeds ω/kx = U00 + cvA,0 [ω/kx = −U00 + cvA,0] where −1 < c < 1 and

vA,0 = 1/MA; note that |c| = 1 is not included in these bands. All of these eigenmodes

have peaks and oscillations in their eigenfunctions outside of the shear layer. In the

layer, the unstable and stable modes maintain their dominance and thus these two

discrete modes alone almost completely regulate the momentum transport across the
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Figure 3.14: (a) Dependence of time-averaged eigenmode amplitudes on kx. The
indices js of the eigenmodes are arranged in increasing order of their real frequencies.
Vertical lines signify the self-similar cascade of energy to small scales in kx. Mode
amplitudes are averaged over a quasi-stationary state of turbulence t = 400–800 for a
simulation with MA = 120 and DKrook = 2. (b) kx spectra of mode amplitudes in a
nonlinear simulation (shown with empty circles) in a log10 − log10 plot. Shown with a
solid line is the analytical prediction, made for the wavenumbers that lie beyond the
Kelvin-Helmholtz-unstable range, i.e., for kx > 1. The spectral index, predicted based
upon a number of simple assumptions, can be seen to fit the data reasonably well.

layer, as was noted in Sec. 3.5.

It is of interest now to compute from numerical simulation data how the amplitude

of each eigenmode j falls off with kx and construct a j-averaged spectral index. To

this end, we note the amplitude βj(kx = 0.2) for each mode j at kx = 0.2 (the first

wavenumber in the simulation) and compute a scaled mode-amplitude β̂j(kx) as

β̂j(kx) =
βj(kx)

βj(kx=0.2)
, (3.28)
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which is expected to fall-off with kx as ∼ kαx . In principle, the spectral index α can

depend on the eigenmode index j, but a j-averaged spectral index is sought now,

following the procedure

β̂j(kx) ∝ (kx/0.2)
α,

log β̂j(kx) ∝ α log kx,

⟨log β̂j(kx)⟩j ∝ ⟨α⟩j log kx. (3.29)

This j-averaged spectral distribution of the mode-amplitudes informs how, on average,

each eigenmode amplitude depend on kx.

A plot of ⟨log β̂j(kx)⟩j vs. log kx is shown in Fig. 3.14(b), along with the analytical

prediction of inverse-in-wavenumber fall-off of the mode amplitudes, at scales above

the Kelvin-Helmholtz-unstable wavenumber range. It should be highlighted that the

computation of all the eigenmode amplitudes at each wavenumber at each simulation

time is computationally demanding, as the process requires the computation of modified

left eigenmodes for each right eigenmode at each wavenumber, apart from the mode

projection calculation at each time step. Therefore, only the first 24 Fourier modes in

kx are shown in Fig. 3.14.

A finding in Fig. 3.14 is the identification of self-similar cascade of energy to smaller

scales (larger kx) in eigenmode space. This result also hints that the interaction

involving the continuum modes may be reasonably simplified, and potentially be

valuable in estimating the amplitudes of unstable and stable modes, using closure

theories (see Ref.[32] for a recent example).
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3.6 Conclusions

We have investigated MHD turbulence in two-dimensions, driven by a forced unstable

shear flow, using a complete eigenmode decomposition of fluctuations in nonlinear

simulations, which exposes the nonlinearly saturated excitation level of each eigenmode

and its role. Intrinsic to linear instability, the unstable modes derive fluctuation energy

from the mean flow gradient. The linearly-decaying stable modes, however, contain

almost the same amount of energy as the unstable mode, which they receive via

nonlinear excitation. This truncated basis of two eigenmodes per wavenumber is

found to reconstruct essential large-scale features of turbulent flow and the associated

momentum transport via Reynolds stress. Quantifying transport due to unstable

modes alone shows an overestimation up to an order of magnitude higher relative to

the actual flux. The reduction in the flux is identified to be due to the continuous

up-gradient transport by the stable modes, which causes a near-cancellation of down-

gradient transport driven by unstable modes.

The continuum modes, on the other hand, describe small-scale fluctuations of

the flow and magnetic field, where the above large-scale unstable and stable modes

manifest themselves as a quasi-coherent vortex. To predict the mode amplitudes of

the continuum, a simple scaling law is derived from the governing nonlinear equations

and the predicted inverse-in-wavenumber fall-off rate is found reasonably agree with

the simulation data.

Although both the momentum transport and fluctuation energy are largely de-

scribed by the discrete modes, the former is more efficiently captured [Figs. 3.9–3.13]

as almost all the momentum transport occurs near z = 0, which is the region where

the discrete modes dominate [Figs. 3.1(b) and 3.1(c)]. The fluctuation energy, on the

other hand, is related to fluctuations that are scattered in and around the large-scale
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eddies; a portion of this energy is claimed by the continuum modes, although a large

fraction still belongs to the discrete modes [Figs. 3.5(b), 3.6–3.8].

Transport reduction by stable modes can also be used to improve phenomenolog-

ical constructs like eddy viscosity, which are generally agnostic as to the nonlinear

excitation of stable modes. By predicting the turbulent amplitudes of the unstable

and stable modes, for astrophysically relevant parameters, e.g., very large Rm, Re,

Pm compared to unity, the simple relation between turbulent viscosity and eigenmode

amplitudes [in Eq.(3.20)] can be exploited to reliably model transport processes in

astrophysical objects, which otherwise cannot be solved using current state-of-the-art

direct numerical simulations. It should be noted that such a prediction for the mode

amplitudes |β1| and |β2| was recently made for ion-temperature-gradient-driven fusion

plasma turbulence [88] using statistical closure theory. [33] Undertaking such a task

for the present system is interesting, but beyond the purview of this work and will

thus be left for future investigations.

The reduced representation of turbulent flow and transport presented here is also

useful for building sub-grid-scale models, which can allow performing nonlinear simula-

tions at extreme parameters with less-intensive computational demands. Progress can

thus be made in seeking models that reduce the number of degrees of freedom while

capturing essential features of the turbulent system. Techniques like proper orthogonal

decomposition, dynamic mode decomposition, etc., also exist for such purposes, [131]

but they operate on output from nonlinear simulations, and it can be difficult to assign

intuitive physical meaning to the characteristic mode structures. Here, the truncated

eigenmode basis, composed of the unstable and stable modes, has been demonstrated

to reconstruct nonlinear fluctuations to an appreciable degree, thus suggesting that

they can be leveraged as a physically-motivated basis for extreme parameter studies,

without having to first perform a direct numerical simulation. These modes may
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also be useful for generating, via their nonlinear interactions with continuum modes,

fluctuations associated with the continuum modes. Such a test could be performed to

analyze magnetic fluctuations. The reduced basis, composed of unstable and stable

mode alone, can also serve in direct statistical simulations, [120] which have shown

promises towards simulating the slowly-evolving turbulent statistics, e.g., two-point

two-time correlations, three-point correlations between fluctuating fields, etc., rather

than the fast-evolving field variables themselves, e.g., flow velocities. Other improved

forms of quasilinear models like the generalized quasilinear approximation[126] may

also benefit from using this truncated basis. This possibility will be explored in a

separate publication.

In the future, procedures similar to that employed here can be used to examine the

properties of other forms of instability-driven turbulence, such as magneto-rotational-

instability-driven [27] and stratified-shear-flow-driven turbulence.[29] Building nonlin-

ear energy transfer diagnostics in shear-flow turbulence to study the physical processes

and scales that impact the difference in unstable- and stable-mode amplitudes is

another possible avenue. Such investigations constitute steps towards deployment

in service to one-dimensional stellar transport models. [26] Central to improved

predictiveness are the stable modes, whose properties will similarly require additional

studies.

Appendix A: Orthogonality of right eigenmode and

modified left eigenmode

Due to the non-normality of the linear operator of the shear-flow instability, the

eigenmodes are not orthogonal. This presents a significant challenge in the computation
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of mode amplitudes. An additional challenge is the generalized eigenvalue nature

of the problem at hand, when written in vorticity formalism, as in Eq. (3.6a). This

differs from the standard eigenvalue problem, Lξj = λjξj , where L is a linear operator

whose j-th eigenmode is ξj with eigenvalue λj. The generalized eigenvalue problem

that we encounter here is

LXj = ωjMXj, (A1)

where L is a linear operator, M is another linear operator containing the Laplacian

operation for our problem, Xj is the j-th (right) eigenmode with corresponding (right)

eigenvalue ωj. [Often times, the distinction between left and right eigenmodes of a

linear operator is not made as they happen to be the same; however this is not the case

here for the non-normal operator.] The right eigenmodes, although non-orthogonal

to each other, can be made orthogonal with an appropriate weight factor to the left

eigenmodes, which are solutions to another eigenvalue problem: [129, 130]

Y T
j L = σjY

T
j M. (A2)

Here, Y T
j is the transpose of the left eigenmode with its left eigenvalue σj. A slight

reformulation is possible to this equation by taking Hermitian-transpose:

L†Y ∗
j = σ∗

jM
†Y ∗
j . (A3)

In the eigenvalue solver in Dedalus, the matrices L† and M † for each wavenumber are

passed, and their eigenmodes Y ∗
j and eigenvalues σ∗

j are found. It can be shown that

the eigenvalues σj and ωj are the same (i.e., σj = ωj), by analyzing Eqs. (9.21) and

(9.22). A modified orthogonality relation between the left and right eigenmodes can
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now be derived: [129, 130]

(Y T
j L)Xi = Y T

j (LXi) = Y T
j (ωiMXi)

=⇒ (σjY
T
j M)Xi = Y T

j (ωiMXi)

=⇒ Y T
j MXi(σj − ωi) = 0

=⇒ Y T
j MXi ∝ δi,j, (A4)

which means the left and right eigenmodes are orthogonal to each other with a weight

factor M , as long as their eigenvalues differ (σj ≠ ωi). For numerical computation, it is

convenient to define Y T
j M = (MTYj)

T = ZT
j where Zj is the modified left eigenmode,

which is—by construct—orthogonal to the right eigenmode without any weight factor:

ZT
j Xi ∝ δi,j. Using this relation the eigenmode coefficients βj(kx, t) in the eigenmode

expansion of turbulent fluctuations are computed at each wavenumber and at each

time.

Appendix B: Cyclic oscillations in mode-amplitudes

for weak magnetic fields
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Figure B1: Same as in Fig. 3.5, but for MA = 120. The amplitude of the nonlinearly
excited stable mode is almost exactly the same as that of the unstable mode. The
nature of their oscillations is also similar, although the oscillations in the stable-mode-
amplitude lags behind that of the unstable mode. The lag is likely an outcome of
a time-delay in energy transfer from the unstable to the stable mode at the same
wavenumber, which thus requires a series of nonlinear interactions with fluctuations
at other wavenumbers.
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4 paper b: mechanism for sequestering

magnetic energy at large scales in shear-flow

turbulence

A version of this chapter was published in Phys. Plasmas (Letter) 29,

070701 (2022).
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abstract

Straining of magnetic fields by large-scale shear flow, generally assumed to lead to

intensification and generation of small scales, is re-examined in light of the persis-

tent observation of large-scale magnetic fields in astrophysics. It is shown that, in

magnetohydrodynamic turbulence, unstable shear flows have the unexpected effect of

sequestering magnetic energy at large scales, due to counteracting straining motion

of nonlinearly excited large-scale stable eigenmodes. This effect is quantified via

dissipation rates, energy transfer rates, and visualizations of magnetic field evolution

by artificially removing the stable modes. These analyses show that predictions based

upon physics of the linear instability alone miss substantial dynamics, including those

of magnetic fluctuations.
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Figure 4.1: (a) Eigenmode decomposition of a characteristic snapshot of the turbu-
lent flow, represented by the solid- and colored-contour lines of the stream function
ϕ̃turbulent at time t = 625, with MA = 10. The decomposition is based on a complete
set: unstable, stable, and continuum eigenmodes. The eigenmodes plotted are for the
flow fluctuations at the first Fourier wavenumber. The black dashed-contour lines
overplotted on the first image show the turbulent magnetic flux function ψ̃turbulent,
whose distortion near the center of the eddy, (x, z) ≈ (10, 0), is significantly impeded.
(b) Reconstruction of the turbulent flow: (left) sum of unstable eigenmodes at each
Kelvin-Helmholtz-unstable wavenumber; (right) improvement by adding their con-
jugate stable eigenmodes. Compare these with full ϕ̃turbulent in (a). The difference
between the plots (a) and (b) are shown in the supplementary material. All panels
here share the same colorbar.

Turbulence is a fundamentally multiscale process in which nonlinear dynamical

motions carry energy across scales [132]. One of the most robust and extensively

studied mechanisms for cross-scale energy transfer is straining by shear flow [70, 127],

long recognized for its role in cascades to small scale [71]. This process is especially

active in magnetohydrodynamic (MHD) turbulence [133]. The stretching, squeezing,

and folding of magnetic field lines by shear flow is readily discernible in visualizations,

and leads to, for example, the enhancement of small-scale resistive dissipation and

the intensification of magnetic energy at small scales beyond the viscous cutoff in

turbulence with magnetic Prandtl number greater than unity [115, 133]. The ubiquity

of turbulence and turbulent straining is at odds with the well-established observations

of magnetic fields at large scales in the universe (stellar, galactic, and beyond) [39, 134]

and part of a conundrum as to how magnetic fields exist at such large scales [8, 42, 43].

In this Letter we report the first observations that magnetic energy is, to a
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considerable degree, counterintuitively sequestered at large scales in straining by a

paradigmatic turbulent shear flow. The result applies to a Kelvin-Helmholtz- (KH-

)unstable flow maintained by an external force with a uniform magnetic field that

is initially flow-aligned and therefore optimally configured to promote small-scale

generation.

The process that counteracts the small scale generation of magnetic energy, which

is quantified in this Letter, can be traced to the nonlinear excitation of large-scale

stable linear eigenmodes [93]. The dispersion relation that is associated with the

shear-flow instability present in this study has a stable (damped) root, which acts

to return energy and momentum to the mean profile, and which is excited to a high

level by the nonlinearity [110, 111]. The nonlinear excitation of stable modes and its

effect on turbulence levels and transport have been studied previously, particularly

in the context of fusion-relevant gyroradius-scale turbulence [15, 32, 89–93, 97–99].

Recent studies have shown that stable modes are excited in macroscopic shear-flow

driven turbulence also and transiently affect momentum transport [110, 111]. However,

critical features of counteracting straining motion of the stable modes, essential for

large-scale sequestering of magnetic energy, have only come to light in the study

described here.

To whit, stable-mode effects have been linked to small-scale dissipation [92],

suggesting that they affect turbulence only if there is an increase in entropy. However,

we show here that the reversible process by which stable modes return energy to

the mean flow, in opposition to extraction by the instability, is quite effective at

blunting the energy cascade to small scales. Stable modes have been connected to

the shear-layer contraction (i.e., build up of mean flow) [111], but only as a transient

process. Here we demonstrate that for a driven flow profile, the return of fluctuation

energy to the mean profile occurs continuously at a rate that nearly matches the rate
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Figure 4.2: Time trace of Q1 (blue) vs. −Q2 (red) for (a) Pm = 0.1, Rm = 50; (b)
Pm = 1, Rm = 500; (c) Pm = 10, Rm = 5 000. Compare the lower (red) with upper
(blue) curves within each subplot. To illustrate similar variation of Q1 and Q2, and
to make the variations maximally visible, we plot −Q2, which physically refers to
the energy transfer rate from the fluctuations to the mean profiles. Computationally
demanding simulation for (c) was stopped at t = 237. All simulations use MA = 10.
Nonlinear phase begins at t ∼ 30. Energy available for cascading to small scales is
significantly impeded by stable modes in all cases.
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Figure 4.3: Time traces of (a) viscous dissipation rates, ϵν , and (b) resistive dissipation
rates, ϵη, for different strengths of magnetic fields. Stronger fields enhance both. (c)
Impact of magnetic fields on the (time-averaged) energy transfer rates between the
background profile (kx = 0) and the large-scale fluctuations (kx = 0.2–0.8) by the
unstable eigenmodes Q1 and by the stable eigenmodes Q2. Note that the magnetic
fields impact Q2 more than Q1, but Q2/Q1 is still ≳ 60% even for the strongest field.

at which unstable modes attempt to flatten the flow profile.

The principal result of this Letter is that, in driven shear-flow MHD turbulence,

the nonlinearly excited large-scale stable eigenmodes efficiently strain the magnetic

fields, in a way that counteracts the effect of unstable modes, and thus greatly weakens

the magnetic energy cascade to small scales.

We study an incompressible, two-dimensional (2D) system with the initial fluid
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velocity given as v(x, z, t = 0) = Uref(z)x̂ = U0tanh(z/a)x̂ and an initially uniform

flow-aligned magnetic field as B(x, z, t = 0) = B0x̂. The parameters a, U0, and B0

represent the half-width of the flow-shear, the maximum fluid velocity, and the

magnetic field strength, respectively, which are used to non-dimensionalize all the

variables henceforth. Consequently, time and energy (per unit mass) have units of

a/U0 and U2
0 . We describe the flow and the magnetic field by a stream function ϕ and

a flux function ψ, where v = ŷ × ∇ϕ and B = ŷ × ∇ψ. We study their evolution

using the momentum and induction equations of the standard MHD [25? ]

∂t∇2ϕ = −{∇2ϕ, ϕ}+M−2
A {∇2ψ, ψ}

+Re−1∇4ϕ+ ∂zf(kx=0, z, t), (4.1a)

∂tψ = {ϕ, ψ}+Rm−1∇2ψ, (4.1b)

where ∇2ϕ and ∇2ψ are the vorticity and the current density; Poisson bracket {P,Q} ≡

∂xP · ∂zQ − ∂xQ · ∂zP ; the Alfvénic Mach number is MA ∝ U0/B0; the fluid and

magnetic Reynolds numbers are defined as Re = U0a/ν and Rm = U0a/η. In this

study, we take Re = 500. Except for simulations where Rm = 50 and Rm = 5 000

(which will be stated explicitly), all others have Rm = 500. In Eq. (4.4a), f represents

a body force that continuously regenerates the mean-flow shear. The expression kx=0

in it indicates that the force acts only on the (x-averaged) mean flow, where kx is the

Fourier wavenumber. The forcing thus prevents gradual flattening of the mean flow as

the instability extracts energy from it. A similar process occurs in astrophysical flows,

where forces like gravitation replenish continually the shear profile, e.g., shear layers

in accretion disks, stars, and planetary atmospheres. We represent this force by a
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Krook-like operator [117–119], sometimes referred to as a profile relaxation term [120],

f = DKrook[Uref(z)− ⟨U(x, z, t)⟩x] + F0, (4.2)

where DKrook represents the rate at which the mean flow is forced towards the reference

flow profile. We choose DKrook = 2. Detailed analyses of a complete scan of different

parameters will be reported elsewhere. The force F0 balances the viscous diffusion

of the mean shear layer, Re−1∇2Uref(z) + F0 = 0, in Eq. (4.4a), to ensure an initial

equilibrium state.

We add small-amplitude perturbations to the flow and the magnetic field [111? ]

and perform time-integration of the above set of equations using the pseudospectral

code Dedalus [121] for long times (t > 1000; the e-folding growth time of the instability

is ≈ 6). Apart from the simulation of Pm = 10 that uses spectral resolution of 4096

Fourier (Chebyshev) modes along the x-(z-)axis for the box size of (Lx, Lz) = (6π, 8π),

all other simulations are performed at 2048 × 2048 spectral resolution for the box

size of (Lx, Lz) = (10π, 20π), while convergence checks utilize resolutions as high as

8192 × 8192, with no substantial impact on dissipation rates and spectral energy

densities. (All simulations additionally use 3/2 dealiasing rule [121]).

We also perform a corresponding eigenvalue calculation of the non-dissipative

equations, derived from Eqs. (4.4a) & (4.4b), by linearizing about the initial flow

and magnetic field profiles [111]. A priori, one does not know whether such an

eigenmode basis is useful to understand turbulent features. Nevertheless, since the

eigenmodes of this linear operator form a complete (albeit non-orthogonal) basis

[122? ], we can expand the time-evolving state space of nonlinear simulations in

this basis after determining amplitude βj(kx, t) of each eigenmode j at each kx as

a function of time, χ̃turbulent(x, z, t) =
∑

kx:kx ̸=0 e
ikxx

[∑
j βj(kx, t)χj(kx, z)

]
, where



93

χ̃turbulent = (ϕ̃turbulent, ψ̃turbulent) captures the turbulent state space and χj is the jth

eigenmode [111, 135? ? ]. This procedure is illustrated in Fig. 10.1(a) where the

eigenmodes of the flow fluctuations are shown. (The magnetic fluctuations have

eigenmodes [111] and parity [136, 137] related to those of the flow fluctuations.)

At each wavenumber kx, linearly unstable to perturbations (i.e., 0 < kx < 1 for the

present shear-flow instability), there is an unstable eigenmode ϕ1 and its conjugate

stable eigenmode ϕ2, with eigenvalues complex conjugate to each other [110, 113].

All the remaining eigenmodes have purely real eigenfrequencies [135], belong to the

continuum [124], and have narrow structures along the z-axis.

Tracking the time evolution of each eigenmode amplitude βj(kx, t) in the nonlinear

simulations, the initially exponentially decaying mode has been found to be nonlinearly

excited to almost the same level as the unstable mode [111]. The driving mechanism

for this excitation is, at early times, the nonlinear interaction between the unstable

modes, see, e.g., Refs. [15, 98, 111]. In the fully nonlinear phase, however, all modes

that have large energy interact dominantly.

For a given KH-unstable wavenumber, it is found, in Fig. 10.1(b), that a combina-

tion of two eigenmodes from the above basis reconstructs the large-scale turbulent

flow at that wavenumber. Figure 10.1(b) shows a reconstruction of the turbulent flow

features using unstable eigenmodes at each unstable wavenumber (left column) and

with their conjugate stable eigenmodes added (right column). Simply adding one addi-

tional mode drastically decreases the difference between the true stream function and

its reduced representation compared to what is achieved with a reduced representation

based on the unstable modes alone (such as those predicted by quasilinear models) [?

].

Note that the stable and unstable eigenmodes of the KH linear operator, employed

above, are related to one another by a space-time-reversal symmetry operation [16, 122].
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Thus the unstable and stable eigenmodes transfer energy in opposite directions—the

former from the mean flow to the fluctuations, while the latter in the reverse direction.

The energy that is available to cascade to small scales thus depends on this competition.

The magnitude of the energy transfer rates between the background shear-flow Uref

and the fluctuation scale kx ̸= 0 by the unstable and stable eigenmodes can be derived

from the MHD equations [? ]: Q1(kx) = Γ(kx)|β1(kx)|2 and Q2(kx) = Γ(kx)|β2(kx)|2

where Γ(kx) is the linear growth rate of the unstable mode at that wavenumber kx.

Shown in Fig. 10.2 are the time traces of Q1 and Q2 for different Pm (resistiv-

ity) over a challenging two orders of magnitude. Summation over the KH-unstable

wavenumbers, 0 < kx < 1, is used in determining Q1 and Q2. Within each subplot, it

is observed that Q1 and Q2 are nearly in equipartition in the nonlinear phase.

Stable-mode-excitation process may also be impacted by magnetic fields. To analyze

such, we first observe the visco-resistive dissipation with varying field strengths in

Figs. 10.3(a) and (b). The small-scale dissipation—a proxy of small-scale cascade—

enhances with stronger fields, despite the fields reducing the linear growth rate of the

instability, which sometimes is argued to lead to subdued turbulent fluctuations as

the energy extraction rate by the unstable mode becomes lower.

To understand such enhanced dissipation rate, it may be instructive to compute

the energy transfer rates between the background flow and the fluctuations due to

both the unstable and stable eigenmodes. As seen in Fig. 10.3(c), the (time-averaged)

energy injection rate by the instability, Q1, decreases with stronger magnetic fields, as

anticipated. However, the energy return rate by the stable modes, Q2, is impacted

more by the stronger fields, allowing larger energy cascade to small scales (∝ Q1 −Q2)

that manifests as enhanced dissipation rate at such scales [? ]. Thus a stronger

magnetic field, until it nearly stabilizes the system, allows more net energy extraction

from the free-energy source in the nonlinear state. This questions models that assume
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Figure 4.4: (a) Enhancement of the viscous dissipation rate, after removing the large-
scale stable eigenmodes at an instant of time t = 600 in a simulation with MA = 120.
(b) Similar enhancement of the resistive dissipation. (c) The state when the simulation
is paused. Shown is the squared current density at smaller scales, |kx| > 1, focusing on
the region near the shear layer, −5π ≤ z ≤ 5π. At this instant, the large-scale stable
modes belonging to |kx| < 1 are deleted to observe their influence on the small-scale
magnetic cascade. (d)–(e) Subsequent evolution of the small-scale current density when
large-scale stable eigenmodes are removed at t = 600. The characteristic enfolding of
magnetic fields by the eddies of unstable modes is evident, which generates small-scale
magnetic features. (f) Small-scale current density in another simulation where stable
eigenmodes are kept intact. The rapid straining of magnetic fields mentioned just
before does not occur. For this simulation, the state at t = 601.5 (not shown) is almost
identical to that at t = 603. (Multimedia view)

the linear growth rate of an instability as a surrogate for the cascade rate or a proxy

for nonlinear time, see, e.g., [26–29]. Predictions based upon conventional wisdom of

instability-saturation are thus challenged.

The ratio Q2/Q1 of the stable-eigenmode efficiency to the unstable-eigenmode

efficiency in transferring energy between the fluctuations and the background flow

is more than 60% even for the strongest magnetic fields in Fig. 10.3(c), see the red

dashed line. Such a strong Lorentz back-reaction is most potent in disrupting the

vortex [114] and creating more small scales, leading to more reduced Q2 than the

corresponding reduction in Q1.

https://drive.google.com/file/d/1-3lMGyba5I9A5XYe7wDwKjk6s7TeGYoP/view?usp=sharing
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We now show visualizations of highly effective role of stable modes in structuring

the magnetic fields. After carrying out an initial-value simulation up to a time

when the dynamics are nonlinear and turbulent, we perform two distinct simulation

continuations—one unchanged with the stable modes untouched, and another with

the stable modes removed. For the latter, we set only the large-scale (0 < |kx| < 1)

stable-eigenmode amplitudes to zero at the instant when the simulation is restarted.

The differences immediately afterward are significant: Removing stable eigenmodes

rapidly enhances dissipation rates, see Figs. 10.4(a) and (b); (Multimedia view). To

understand this rise in the dissipation, we plot the squared current density |∇2ψ|2

at small scales (|kx| > 1) in Figs. 10.4(c)–(f). Observe in Figs. 10.4(d) and (e) that

the magnetic fields get rapidly distorted by the unstable modes of the flow, creating

spirals as the counter-straining motion of the stable modes is removed. Note that

the (un)stable modes have the largest strain around (x, z) ≈ (10, 0) for the shown

time, as can also be seen in the figure in the supplementary material. The stable

modes here are deleted only at the instant when the simulation is paused; they are

quickly nonlinearly driven back. In another simulation where the stable modes are

untouched (retained), the spirals do not appear, however, and the time evolution

immediately afterward remains almost identical to the initial stage [cf. Figs. 10.4(f)

and Fig. 10.4(c)]. This exercise of instantaneous deletion of stable modes exposes the

true nonlinear impact of the stable modes on magnetic field evolution, which remained

hidden in Fig. 10.1(a).

This numerical experiment illustrates that the energy injected by the unstable

modes into the large-scale fluctuations (|kx| < 1) via mean-fluctuation interactions, in

the absence of stable modes, cascades in its entirety to smaller scales nonlinearly where

it dissipates visco-resistively. This is a statement of the classical small-scale cascade by

the advective nonlinearity, (v · ∇)ψ, as commonly understood. When v is composed

https://drive.google.com/file/d/1-3lMGyba5I9A5XYe7wDwKjk6s7TeGYoP/view?usp=sharing
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of comparable unstable and stable mode-amplitudes, though, the cascade is weakened

by a factor of up to ten [Figs. 10.2, 10.3(c), and 10.4(b)]. Such a finding informs and

can be used to improve reduced models of geo- and astrophysical instability-driven

turbulence [26, 106], where all the energy injected by the instability is assumed to

pass through an inertial cascade, e.g., Refs. [26–29].

It may be noted that, although 2D and 3D turbulence have different conserved

quantities and corresponding cascade processes, the stable modes of this study are

the conjugate roots of the KH-instability, which exist in both 2D and 3D [113]. Our

preliminary studies of 3D turbulence have indeed shown that virtually identical stable

mode excitation and its impact in turbulence occur in 3D as well. Details of such an

investigation will be left for a future publication [138].

This Letter demonstrates, for the first time, that stable modes via their counter-

acting straining motion of the flow, sequester magnetic energy at large scales, despite

the conventional association of shear-flow with intensification and generation of small

scales in MHD turbulence. Our analyses show that the stable modes greatly weaken

the magnetic energy cascade to small scales and hence can thwart the magnetic-energy

accumulation at sub-viscous scales in the high-magnetic-Prandtl-number regime, typi-

cally encountered in diffuse astrophysical plasmas; thus possibly allowing operation of a

dynamo with magnetic fields concentrated at large scales, in accord with astrophysical

observations [42, 115]. This work opens a new direction towards such studies.

Supplementary Material

See the supplementary material for the details of (I) simulation set-up, (II) modal

energy evolution equation, (III) energy transfer rates between the background flow

and the fluctuations, and (IV) residuals in low-order representation of the turbulent
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flow in Fig. 10.1(b). A simulation movie supplements Fig. 10.4 of this Letter.

This document provides supplemental information related to the article “Mechanism

for Sequestering Magnetic Energy at Large Scales in Shear-Flow Turbulence." Section I

details the simulation set-up. Section II presents the evolution equation for the modal

energy, whenceforth an expression for the energy transfer between the background flow

and the fluctuations is derived in Sec. III, which is numerically computed and plotted

in Figs. 2 and 3 of the main article. In Sec. IV, residuals in low-order representation

of the turbulent flow are compared.

I. Simulation set-up and details

We consider standard incompressible magnetohydrodynamic (MHD) equations

∇ · u = 0, (4.3a)

∂tu+ u · ∇u = −∇P
ρ

+
(∇×B)×B

4πρ
+ ν∇2u+ f , (4.3b)

∇ ·B = 0, (4.3c)

∂tB = ∇× (u×B) + η∇2B, (4.3d)

where u, B, P , ρ, ν, η, f represent the fluid velocity, magnetic field, pressure, fluid

density, viscosity, resistivity, and force per unit mass of the magneto-fluid respectively.

Henceforth, we confine ourselves to a two-dimensional (x, z) system with the initial fluid

velocity given as v(x, z, t = 0) = Uref(z)x̂ = U0tanh(z/a)x̂ and an initially-uniform

flow-aligned magnetic field as B(x, z, t = 0) = B0x̂. The parameters a, U0, and B0

represent the half-width of the flow-shear, maximum fluid velocity, and magnetic field,

respectively. These parameters are utilized to non-dimensionalize all the variables and

https://drive.google.com/file/d/1-3lMGyba5I9A5XYe7wDwKjk6s7TeGYoP/view?usp=sharing
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calculations henceforward.

The two-dimensional system allows us to employ a more convenient and economical

formalism, using stream function (ϕ) and flux function (ψ). Define u = ŷ ×∇ϕ and

B = ŷ ×∇ψ so that the vorticity is ∇2ϕ and the current density is ∇2ψ. Taking the

curl of Eq. (5.1a) and rewriting Eq. (5.1b) in terms of the flux function, we arrive at

(with all quantities non-dimensionalized with respect to U0, a, MA ∝ U0/B0)

∂t∇2ϕ+ {∇2ϕ, ϕ} =M−2
A {∇2ψ, ψ}+Re−1∇4ϕ+ ∂zf(kx=0, z, t), (4.4a)

∂tψ = {ϕ, ψ}+Rm−1∇2ψ, (4.4b)

where the external body force is considered to be f = f(kx=0, z, t) x̂, which acts on

the instantaneous mean flow and is directed along the x-axis. Here, kx stands for the

Fourier wavenumber.

These equations are solved using the pseudospectral code Dedalus, with dealias-

ing according to the standard 3/2 rule. Explicit viscosity and resistivity are used

throughout all simulations. The fluid and magnetic Reynolds numbers are defined as

Re = U0a/ν and Rm = U0a/η, with shear-width a as the characteristic length scale.

Throughout this study, we consider Re = Rm = 500, except for two cases where Rm

is changed to Rm = 50 and Rm = 5000, which are explicitly mentioned in Fig. 2 of

the main article.

The simulation box is of size (Lx, Lz) = (10π, 20π), unlike (10π, 10π) in a previous

study [111]. The box is considered taller along the z-axis to keep any potential

effect of the boundary on turbulent dynamics as minimal as possible. The vortices

in the simulations are observed to be located near the shear layer and thus far

from the boundaries. The simulations are then performed using the least spectral

modes/resolution of (Nx, Nz) = (2048, 2048). Note that Dedalus uses spectral basis
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to solve the nonlinear partial differential equations [121]. We employ Fourier modes

along the x-axis and Chebyshev polynomials along the z-axis. The smallest Fourier

wavenumber in our simulations is kx = 2π/Lx = 0.2. The boundary conditions used

are periodic in x and for the z-axis, perfectly conducting, no slip, co-moving [with the

initial fluid flow, v(z, t = 0)] walls at z = ±Lz/2 are used as in Ref. [111].

We use the following forms of the initial perturbations to start the simulations, by

exciting all Fourier wavenumbers as a generalization [111] to many routinely studied

form of initial perturbations that excite only a particular or a few Fourier wavenumbers

ϕ(x, z, t = 0) = Aϕ
∑

kx ̸=0

kaxe
irϕ(kx)e−z

2/σ2

eikxx, (4.5)

and

ψ(x, z, t = 0) = Aψ
∑

kx ̸=0

kaxe
irψ(kx)e−z

2/σ2

eikxx. (4.6)

Here, Aϕ and Aψ set the overall amplitude of the perturbations for the stream function

(ϕ) and flux function (ψ); a dictates the steepness of the energy spectrum in the initial

perturbations; σ determines the width of the Gaussian profile of the perturbation in

the z-axis; rϕ(kx) and rψ(kx), defined at each Fourier wavenumber kx, are different

random phases, selected from a pesudo-random number generator, which are uniformly

distributed between [0, 2π). For the simulations reported here, a = −1, σ = 2, and

Aϕ = Aψ = 10−3 were considered, allowing a markedly defined linear evolution phase

of the instability.

II. Modal energy evolution equations

Here, we derive rates at which each eigenmode gains or gives away energy at any

instant in time. Denoting this energy transfer rate by Ėj(kx) where j represents an
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arbitrary eigenmode at the Fourier wavenumber kx, we may write an expression for

the energy evolution rate (the energy spectrum is symmetric across kx = 0 and hence

the −kx and +kx have the same energy)

Ėj(kx) =
dEKinetic+Magnetic

j (kx)

dt

=
1

2

d

dt

[
1

Lz

∫
dz

( |uj(kx)|2
2

+
|Bj(kx)|2
2M2

A

)]

=
1

4Lz

d

dt

[∫
dz

{
|βjikxϕj|2 + |βj∂zϕj|2 +

1

M2
A

(
|βjikxψj|2 + |βj∂zψj|2

)}]
,

(4.7)

where βj = βj(kx) is the amplitude of the jth eigenmode, i.e., [ϕj, ψj] = [ϕj(kx), ψj(kx)]

at the Fourier wavenumber kx. The last equality of Eq. (4.7) can be rewritten in a

more insightful way as

Ėj(kx) =
1

2

d|βj(kx)|2
dt

nj, (4.8)

with

nj =
1

2Lz

∫
dz

{
|kxϕj|2 + |∂zϕj|2 +

1

M2
A

(
|kxψj|2 + |∂zψj|2

)}
. (4.9)

Here, nj represents the amount of total energy residing in each normalized eigenmode

(or eigenfunction). If the energy norm is taken to normalize the eigenmodes, this

quantity is automatically unity. So,

nj = 1. (4.10)

If another norm like L2 is employed, this quantity has to be evaluated separately. Note,

however, that the energy transfer rate, Qj(kx), is independent of the choice of the norm.

This is because one can switch from an arbitrary norm to the energy norm by dividing

the eigenfunctions by the ratio, r =
√
nj in arbitrary norm/nj in energy norm =
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√
nj in arbitrary norm and multiplying the eigenmode amplitudes in the eigenmode

expansion by the same ratio. For example, the eigenmode expansion, defined in

a basis, χj = (ϕj, ψj), with an arbitrary norm can be written as χany fluctuation =

β1χ1 + β2χ2 + ... = 2β1(χ1/2) + 2β2(χ2/2) + ... = 3β1(χ1/3) + 3β2(χ2/3) + ... =

rβ1(χ1/r) + rβ2(χ2/r) + ... where r was defined just before and the last expansion,

χany fluctuation = rβ1(χ1/r) + rβ2(χ2/r) + ... , is the one that we encounter in the

eigenmode expansion with the energy norm. Alternatively, χj in the energy norm =

χj in an arbitrary norm/r, and βj in the energy norm = r×βj in an arbitrary norm.

In Eq. (4.8) above, the normalization factor r, however, cancels out as the physical

transfer of energy should be independent of the normalization used. Equation (4.8)

requires a knowledge of how the eigenmode amplitude |βj| evolves with time. This

portion will be achieved in the next section.

III. Energy transfer rates between the background

flow and the fluctuations

The governing nonlinear partial differential equations, which are the MHD equations

for our case, can be cast onto their linear eigenmode basis from the physical (x, z)-

space. This is a mere change of basis and one, therefore, obtains an equivalent set of

dynamical equations. Details on how to do so in simplified problems can be found in

Refs. [15, 32, 110]. This same procedure has been much utilized in many problems

of homogeneous turbulence including homogeneous MHD turbulence where Elsasser

variables are realized as linear eigenmodes of the system. Techniques similar to this

were also applied in nonlinear tidal instabilities [139]. For quadratic nonlinearity with

inhomogeneity along the z-axis, the evolution equation for the eigenmode amplitude,
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βj(kx), assumes the following general form

∂tβj(kx) = iωj(kx)βj(kx) +
∑

l

Djl(kx)βl(kx) +
∑

k′x,k
′′

x ,l,m
kx−k′x−k

′′

x=0

Cjlm(kx, k
′
x)βl(k

′
x)βm(k

′′
x),

(4.11)

where kx − k′x − k′′x = 0 is the selection rule for the three Fourier wavenumber

interaction; ωj(kx) is the linear eigenfrequency for eigenmode j at Fourier wavenumber

kx, or in other words, the coupling of the fluctuation with the initial mean profile.

Since the instantaneous mean profiles are not exactly the same as the initial mean

profiles, despite the flow being forced, a tiny linear coupling Djl(kx) arises between

the eigenmodes j and l at wavenumber kx via the interaction with the fluctuating

component of the mean profiles. The effect of the viscous and the resistive dissipation

are also captured by this small linear coupling, as the eigenmodes used here are the

eigenmodes of the non-dissipative linear operator. Despite this linear coupling, we have

computed and found that its contribution in the energy transfer is small compared to

the coupling via the initial mean profiles, represented by ωj(kx). Next, the nonlinear

coupling strength of fluctuations is represented by Cjlm(kx, k′x). This coupling allows

two eigenmodes (l,m) at two different Fourier wavenumbers (k′x, k
′′
x) to beat together

to drive an eigenmode (j) at another Fourier wavenumber (kx). We have computed

the contribution from this nonlinear mode-coupling also, and found, as expected, that

the time-averaged nonlinear energy transfer rate to any wavenumber kx is equal, but

opposite in sign, to the time-averaged linear injection rate to the same wavenumber

kx.

Multiplying Eq. (4.11) with β∗
j (kx), the complex conjugate of βj(kx), and summing

the resulting equation with its complex conjugate, an equation for the time evolution
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of |βj(kx)|2 is obtained. This equation is then substituted in Eq. (4.8) as shown below,

with nj = 1 [99]

Ėj(kx) =
1

2

[
β∗
j ∂tβj + βj∂tβ

∗
j

]

= Re
[
β∗
j ∂tβj

]

= Re


β

∗
j iωjβj + β∗

j

∑

l

Djl(kx)βl + β∗
j

∑

k′x,k
′′

x ,l,m
kx−k′x−k

′′

x=0

Cjlm(kx, k
′
x)β

′
lβ

′′
m




= Re


Γj|βj|

2 +
∑

l

Djl(kx)β
∗
jβl +

∑

k′x,k
′′

x ,l,m
kx−k′x−k

′′

x=0

Cjlm(kx, k
′
x)β

′
lβ

′′
mβ

∗
j




= Γj|βj|2 + Re



∑

l

Djl(kx)β
∗
jβl +

∑

k′x,k
′′

x ,l,m
kx−k′x−k

′′

x=0

Cjlm(kx, k
′
x)β

′
lβ

′′
mβ

∗
j


 , (4.12)

where β′
l and β′′

m represent βl(k′x) and βm(k′′x) respectively. Unprimed quantities are to

be evaluated at kx. The quantity iωj has been replaced by Γj as it is the growth rate

for the unstable or stable eigenmode (i.e., eiωjt = eΓjt). It may be noted that each of

the terms in Eq. (4.12) has been evaluated. A detailed analysis of those energy transfer

channels and mechanisms will be reported in a separate forthcoming publication.

Since the free energy source is the background shear flow in this study, the first

term on the right hand side of the last equality in Eq. (4.12) is of interest to compute

the direct energy transfer rate between the background and the fluctuations. This

term informs us about how much energy can cascade down to small scales from the

free energy source at any instant in time.

The equation

Qj(kx) = Γj|βj|2, (4.13)
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is precisely the one that is presented in the main article. Note that Qj(kx) represents

the energy transfer rate between the background profiles and the fluctuations due to

the jth eigenmode at the wavenumber kx, unlike Ėj(kx) that adds up all the effect

of the transfer from the background to the fluctuations, the re-distribution among

the fluctuation scales via three-wave interactions, and the visco-resistive dissipation

[99]. Since the quantity Qj(kx) measures the rate at which the energy gets depleted

from the background flow and cascades to small scales, this quantity is numerically

evaluated during post-processing of the direct numerical simulation data, and their

time-averages (for the turbulent phase t = 350–800) are plotted in Fig. 3(c) of the

main article.

IV. Residuals in low-order representation of the

turbulent flow

It can be insightful to analyze the residuals in Fig. 1(b) of the main article, in order

to learn about the turbulent features that are captured by the unstable modes alone

and by the sum of the unstable and stable modes. Such an analysis is shown here in

Fig. 1.

Figure 1 here also helps understand why spirals form in Fig. 4 of the main article.

The stable mode structure observed in Fig. 1(b) here, when removed, loses the ability

to counteract the unstable mode in straining the magnetic fields. Thus the ensuing

straining and folding of the field by the unbridled eddy motion of the unstable mode

gives rise to spirals, beginning at around (x, z) ≈ (10, 0)—the center or “eye" of the

stable-mode-eddy. (Note that the location of this center evolves over a longer time.)
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Figure 4.5: (a) Full turbulent fluctuations ϕ̃turbulent, as shown in Fig. 1(a) of the
main article. The aspect ratio of the figure is restored here so that the actual box
of the simulation and the turbulent features therein can be seen in their true sizes.
(b) The residual ϕ̃turbulent − β1ϕ1 after subtracting the fluctuations due to unstable
eigenmodes. It can be seen that the this plot appears very similar to the stable
mode, shown in Fig. 1(a) of the main article. (c) Dramatic reduction in the residual
ϕ̃turbulent − (β1ϕ1 + β2ϕ2) by adding a conjugate stable mode to its unstable mode at
each Kelvin-Helmholtz-unstable wavenumber. The small residual observed in this plot
belongs to a large number of continuum eigenmodes, which have their mode structures
somewhat afar from the shear layer |z| ≲ 1. All panels share the same colorbar.
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A version of this chapter was published in Phys. Plasmas 30, 072107

(2023) and was selected by the editors as a Featured article.
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abstract

To comprehensively understand saturation of two-dimensional (2D) magnetized Kelvin-

Helmholtz-instability-driven turbulence, energy transfer analysis is extended from the

traditional interaction between scales to include eigenmode interactions, by using the

nonlinear couplings of linear eigenmodes of the ideal instability. While both kinetic

and magnetic energies cascade to small scales, a significant fraction of turbulent energy

deposited by unstable modes in the fluctuation spectrum is shown to be re-routed

to the conjugate-stable modes at the instability scale. They remove energy from the

forward cascade at its inception. The remaining cascading energy flux is shown to

attenuate exponentially at a small scale, dictated by the large-scale stable modes.

Guided by a widely used instability-saturation assumption, a general quasilinear model

of instability is tested by retaining all nonlinear interactions except those that couple

to the large-scale stable modes. These complex interactions are analytically removed

from the magnetohydrodynamic equations using a novel technique. Observations

are: an explosive large-scale vortex separation instead of the well-known merger of

2D, a dramatic enhancement in turbulence level and spectral energy fluxes, and a

reduced small-scale dissipation length-scale. These show critical role of the stable

modes in instability saturation. Possible reduced-order turbulence models are proposed

for fusion and astrophysical plasmas, based on eigenmode-expanded energy transfer

analyses.
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5.1 Introduction

Instability-driven turbulence, commonly found in nature, has traditionally been

regarded as similar to externally stirred turbulence, with instability replacing external

stirring and nonlinear behavior remaining comparable.[26–29, 38] However, insights

from studies of instability-driven fusion microturbulence have shown that the two

kinds of turbulence are different in many essential regards.[15, 32, 88, 89, 91, 93,

95, 98, 140, 141] When turbulence is excited by external forcing at a certain scale,

nonlinear interactions between different scales transfer all the injected energy to other

scales through an inertial-range energy cascade. In contrast, when an instability taps

the free energy of background gradients to drive turbulence, nonlinear interactions

quickly become more complex because the nonlinearity excites, at the same instability-

scale, other roots of the dispersion relation. This crucially includes linearly stable

eigenmodes.[15, 32, 88, 89, 91, 93, 95, 98, 140, 141] Such instability-scale, or large-scale,

stable modes are entirely absent in externally stirred turbulence. The stable modes,

when present, can be excited to a significant level, such that they return turbulent

energy from the instability scale to the background gradients, countering the unstable

modes that transfer energy in the opposite direction. This landscape of sources

and sinks, mediating the trade of energy between the background gradients and the

instability-scale, can have a consequential impact on how small-scale turbulence deals

with the energy supplied to it via nonlinear cascades. Despite these critical differences

between instability-driven and externally-stirred turbulence, it remains the norm to

assume that the stable modes do not impact the energetics in magnetohydrodynamic

(MHD)[142] and fluid turbulence.[119] A careful analysis to test such an assumption

is missing.

Stable modes in instability-driven fusion microturbulence mediate the energy in-
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jected by the instability at the largest scales excited. They set the overall fluctuation

level and the rates of transport. Energy is cascaded to small scales, but the amount

relative to the energy injected by the instability and removed by the stable modes is

so small that it has a negligible effect on transport and fluctuation levels. Analysis of

saturation of instability-driven microturbulence by stable modes has enabled predictive

reduced calculations of transport levels that agree with observations made in compre-

hensive numerical simulations and experiment,[32] including absolute levels,[88, 141]

the scalings with key parameters,[95] and for situations where transport is suppressed

above a linear-instability operational-threshold.[88, 89] Because small-scale cascades

are usually of secondary importance for driving turbulent transport—a large-scale

aspect, the effect of stable modes on cascades has not been systematically investigated.

Recently, stable modes have been examined in hydrodynamic and magnetized

shear-flow-driven turbulence. It has been established that stable modes are nonlinearly

excited,[97, 110] that they reach levels comparable to those of the linearly unstable

modes in saturation, and that they have significant effects on transport.[111] In MHD,

a critical consideration is the effect of the magnetic field on stable-mode physics in

shear-flow-driven turbulence. The large-scale unstable flow is very efficient at straining

magnetic fields aligned with the flow, thus producing a cascade of magnetic energy

to small scale. If the field is sufficiently strong to act back on the flow, and thus on

the large-scale stable mode, the smaller scales of the field may blunt the effect of the

stable mode. This effect, which is parameterized by the Alfvénic Mach number and

which is active somewhat above the instability operational-threshold (i.e., at small

Alfvénic Mach number),[114] has motivated careful investigation[143] of parametric

dependencies of stable-mode excitation. At low Alfvénic Mach number, stable modes

are impacted, but not to a significant degree. Despite consequential excitation of stable

modes at all strengths of magnetic field, how the small-scale fluctuations, developed



111

via cascades, interact with large-scale stable modes, and how such stable modes set the

small-scale fluctuation levels and Kolmogorov dissipative length scales are unknown.

These questions of feedback of large- and small-scales are particularly important as

investigating them directly informs if a low-order model of turbulence is feasible.

Here we undertake a systematic investigation of the effect of stable modes on

nonlinear energy transfer in two-dimensional shear-flow-driven MHD turbulence. The

investigation necessarily involves connecting the eigenmodes of the Kelvin-Helmholtz

(KH) instability with the distinct nonlinearities of MHD—which include the advection

of vorticity, the Lorentz force, the advection of field by the flow, and the advection

of flow by the field. The eigenmodes of the ideal KH instability are comprised

of an unstable mode and a conjugate stable mode (together labeled as discrete

modes henceforth) at a given wavenumber in the unstable range, in addition to a

set of neutrally stable modes that form a continuum in frequency.[111, 124, 143] The

eigenmodes of the ideal MHD operator are useful as a (complete) set of basis functions

because they capture the evolution of turbulence driven by an unstable flow profile

and offer physical intuition, e.g., the countering behavior of unstable and stable modes

in momentum transport.[144] Because the discrete modes exist only at large scales,

while the continuum modes extend to small scales, the connection between the MHD

nonlinearities and the KH eigenmodes is sensitive to scale. The flow is, however,

chiefly concentrated at large scales, while the magnetic field spans a broad range

of scales. The locality or nonlocality of energy transfer is also examined because it

further impacts the connections between nonlinearities and eigenmodes. Analyses of

the above effects provide a detailed picture of the relation of stable eigenmodes to

cascade directions and different kinds of nonlinear energy transfer functions.

To quantitatively describe the processes indicated in the previous paragraph,

nonlinear energy transfer between fluctuations of non-zero wavenumbers requires
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detailed study. The interactions, mediating energy transfer between fluctuations at

three wavenumbers (k, k′, k′′), obey the selection rule k = k′ + k′′. The nonlinearities

of energy evolution equations then dictate the transfer, which we write generically

as T (k|k′, k′′). This function represents the energy transferred to k from k′ and k′′,

collectively. But it is not trivial to identify how the transfer is partitioned among k′

and k′′. Recently,[145] a decomposition of T (k|k′, k′′) has been learnt, leading to two

rates, S(k|k′) and S(k|k′′); the former (latter) S-transfer-function uniquely represents

signed energy transfer rate to k from k′ (k′′) via the intermediary k′′ (k′). We apply

this transfer analysis to MHD shear-flow turbulence, and importantly, render the

nonlinear energy transfer in an eigenmode-resolved form to learn about the impact of

individual eigenmodes, in particular the stable modes, in MHD cascade processes and

instability saturation.

The novel transfer analysis of this paper identifies dominant energy transfer channels

from sources of fluctuation energy (unstable modes) to turbulent sinks (stable modes),

both lying at large scales. It reveals whether the saturation-mediating energy transfer

is restricted to a subclass of interactions. This in turn informs, as in the stellarator

context,[34] the important question of whether predictive reduced-order models of the

turbulence can be constructed.

This paper is organized as follows. Section 5.2 details the methods of energy

transfer analysis first in wavenumber space and then in eigenmode space. In Sec. 5.3,

the details of the system set-up are presented. Section 5.4 shows the numerical analysis

of energetic coupling of scales in Kelvin-Helmholtz turbulence. In Sec. 5.5, energetic

coupling of eigenmodes is analyzed in detail. Findings are related to the interaction of

the linear eigenmodes with the evolving profiles of the mean flow and the magnetic

field, as well as the nonlinear eigenmode coupling coefficients and nonlinear transfer

of energy between the eigenmodes. Section 5.5 presents a general quasilinear theory
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of instability saturation and then tests it with a numerical solver, informed by a set

of newly derived MHD equations where the large-scale stable modes are analytically

removed. Discussion is offered in Sec. 5.6.

5.2 Machinery for energy transfer analyses

An incompressible magneto-fluid evolves according to the standard MHD equations[25]

as

∂tu = −u · ∇u+B · ∇B−∇
(
P + |B|2/2

)
+ ν∇2u+ f , (5.1a)

∂tB = −u · ∇B+B · ∇u+ η∇2B, (5.1b)

∇ · u = 0, (5.1c)

∇ ·B = 0, (5.1d)

where u, B, P , ν, η, and f respectively stand for the fluid velocity, magnetic field,

fluid pressure, viscosity, Ohmic diffusivity, and externally imposed acceleration to the

fluid. The factor 4πρ, with ρ as the fluid density, has been absorbed in the definition

of the magnetic field B.

A list of important symbols used in this paper is given in Tab. 5.1 on page 114.

In what follows we shall consider a two-dimensional system (x, z) with z as an

inhomogeneous direction. Thus, the x-averaged background profiles of the flow and

magnetic fields can have z-dependent structures. We shall consider an unstable

mean shear flow u = Uref(z)êx with a flow-aligned uniform magnetic field B =

B0êx. In Sec. 5.2, we show the method of studying nonlinear scale-interactions

between the velocity and magnetic fields when the system is arbitrarily inhomogeneous,

by integrating energies along the z-axis. Then, in Sec. 5.2, we probe further by
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Symbol Meaning

Tu(kx|k′x, k′′x) Energy transfer rate to u(kx) from k′x and k′′x
TB(kx|k′x, k′′x) Energy transfer rate to B(kx) from k′x and k′′x
Su

u
(kx|k′′x) Energy transfer rate to u(kx) from u(k′′x)

SB

u
(kx|k′′x) Energy transfer rate to u(kx) from B(k′′x)

Su

B
(kx|k′′x) Energy transfer rate to B(kx) from u(k′′x)

SB

B
(kx|k′′x) Energy transfer rate to B(kx) from B(k′′x)
u< Wavenumbers of u, lesser than or equal to k0
u> Wavenumbers of u, greater than k0
B< Wavenumbers of B, lesser than or equal to k0
B> Wavenumbers of B, greater than k0

Πu<
u>(k0) Energy flux from u< to u> at k0

Πu<
B>(k0) Energy flux from u< to B> at k0

ΠB<
u> (k0) Energy flux from B< to u> at k0

ΠB<
B>(k0) Energy flux from B< to B> at k0
βj(kx) Amplitude of the jth eigenmode at kx
γj(kx) Growth rate of the jth eigenmode at kx

Cjmn(kx, k
′
x) Non-linear mode-coupling coefficient

Qj(kx) Energy transfer from MHD fields at kx = 0, t = 0
Rj(kx) Energy transfer from time-deviations in MHD fields
Qu(kx) Linear energy drive at kx of flow field
QB(kx) Linear energy drive at kx of magnetic field

Table 5.1: List of symbols used in this chapter.

decomposing the fluctuations along the z-axis in a complete basis of eigenmodes of

the linear operator, corresponding to the initial mean flow and magnetic field.

Nonlinear scale-interaction analysis

We may compose evolution equations for both the kinetic and magnetic energies, by

first writing an evolution equation for u(kx) and multiplying it with u∗(kx), and then

adding a complex conjugate to the resulting equation (and likewise for the magnetic
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field) to arrive at

∂tEu(kx) = Qu(kx) +
∑

k′x+k
′′

x=kx
:k′x ̸=0 or k′′x ̸=0

Tu(kx|k′x, k′′x) + ϵf (kx), (5.2a)

∂tEB(kx) = QB(kx) +
∑

k′x+k
′′

x=kx
:k′x ̸=0 or k′′x ̸=0

TB(kx|k′x, k′′x), (5.2b)

with Eu(kx) = Eu(−kx) = ⟨|u(kx)|2⟩z/2 and EB(kx) = EB(−kx) = ⟨|B(kx)|2⟩z/2 as

z-integrated energies. Here,

⟨A⟩z =
∫ Lz

0

dz

Lz
A(z) (5.3)

and

Qu(kx) = Tu(kx|0, kx) + Tu(kx|kx, 0) + ν Re
{
⟨u∗(kx) · ∇2u(kx)⟩z

}
, (5.4)

with

Tu(kx|k′x, k′′x) = Re

{〈
u∗(kx) ·

[
− u(k′x) · ∇′′u(k′′x) +B(k′x) · ∇′′B(k′′x)

]〉
z

}
. (5.5)

The signed transfer function Tu(kx|k′x, k′′x) represents the net energy transfer (posi-

tive or negative) to a wavenumber kx from k′x and k′′x [similarly for TB(kx|k′x, k′′x)], akin

to the net energy transfer in hydrodynamics.[146]

Because the velocity is a real observable in physical space (x, z), Hermiticity

imposes a symmetry in the energy transfer function: the energy transfer to the velocity

field at kx from k′x and k′′x via the triad (kx, k
′
x, k

′′
x) with kx = k′x + k′′x is equal to

the energy transfer to the velocity field at −kx from −k′x and −k′′x via the triad
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(−kx,−k′x,−k′′x) with −kx = −k′x − k′′x, mathematically written as

Tu(kx|k′x, k′′x) = Re

{〈
ui

[
− u′∗j ∇′′∗

j u
′′∗
i +B′∗

j ∇′′∗
j B

′′∗
i

]〉
z

}
= Tu(−kx|−k′x,−k′′x). (5.6)

It is straightforward to show that the Fourier transform of the gradient of the

effective pressure term ∇ (P + |B|2/2) in Eq. (5.1a), when dotted with the −kx
component of the velocity and integrated along the z-axis, yields zero in the evolution

of the total kinetic energy at any wavenumber kx. This is a consequence of the

incompressibility of the flow.

The linear and nonlinear energy transfer rates related to magnetic energy are

QB(kx) = TB(kx|0, kx) + TB(kx|kx, 0) + ηRe
{
⟨B∗(kx) · ∇2B(kx)⟩z

}
(5.7)

and

TB(kx|k′x, k′′x) = Re

{〈
B∗(kx) ·

[
− u(k′x) · ∇′′B(k′′x) +B(k′x) · ∇′′u(k′′x)

]〉
z

}
. (5.8)

A relation similar to Eq. (5.6) can be derived for the magnetic energy, yielding

TB(kx|k′x, k′′x) = TB(−kx|−k′x,−k′′x).

If any three vector fields A,B, and C—each representing either a velocity field or

a magnetic field—at wavenumbers kx, k′x, and k′′x, respectively, interact to drive the

field A(kx) via the nonlinear term B(k′x) · ∇′′C(k′′x) +C(k′′x) · ∇′B(k′x), where ∇′ and

∇′′ serve as reminders to evaluate the gradients at k′x and k′′x, respectively, then the

net energy transfer to A(kx) from B(k′x) and C(k′′x) is given as

TA(kx|k′x, k′′x) = Re

{〈
A∗(kx) ·

[
B(k′x) · ∇′′C(k′′x)

]
+A∗(kx) ·

[
C(k′′x) · ∇′B(k′x)

]〉
z

}
.

(5.9)
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Note that this transfer function does not identify the amount of energy transferred to

A(kx) from C(k′′x) with B(k′x) acting purely as an intermediary, or the amount of energy

transferred to A(kx) from B(k′x) with C(k′′x) acting purely as an intermediary. In

order to identify such a wavenumber-to-wavenumber transfer, a few additional transfer

functions are useful to define. They will offer convenience in analyzing the energy

exchange between different Fourier modes of the velocity and the magnetic fields. We

first present a general expression, a priori as a purely mathematical construct,

SC

A
(kx|k′′x) = Re

{〈
A∗(kx) ·

[
B(k′x) · ∇′′C(k′′x)

]〉
z

}
. (5.10)

The subscript and superscript of SC

A
(kx|k′′x) denote A at kx and C at k′′x. When the

fields A,B,C all are divergenceless, SC

A
(kx|k′′x) satisfies:[145, 147–152]

SC

A
(kx|k′′x) = −SA

C
(k′′x|kx), (5.11a)

TA(kx|k′x, k′′x) = SC

A
(kx|k′′x) + SB

A
(kx|k′x), (5.11b)

where

SB

A
(kx|k′x) = Re

{〈
A∗(kx) ·

[
C(k′′x) · ∇′B(k′x)

]〉
z

}
. (5.12)

The proof of Eq. (5.11a) is given in Appendix, and Eq. (5.11b) follows from Eq. (5.9).

Because (a) the sum of S-transfer-functions yields the net energy transfer function

T [see Eq. (5.11b)], and, most emphatically, (b) the S-transfer-function has the anti -

symmetry property that the fields A and C, along with their wavenumbers, can

be swapped to gain an overall negative sign [see Eq. (5.11a)], the decomposition of

T -function into the two S-functions has a physical meaning, as has been invoked

previously.[128, 145, 147–153] The transfer SC

A
(kx|k′′x) physically represents the energy

transfer rate to the field A at kx from the field C at k′′x, with B at k′x acting solely as
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an intermediary.

Below, we define wavenumber-to-wavenumber S-transfer-functions in the context

of MHD turbulence[128, 145, 147–153]

Su

u
(kx|k′′x) = Re

{〈
u∗(kx) ·

[
− u(k′x) · ∇′′u(k′′x)

]〉
z

}
, (5.13a)

SB

u
(kx|k′′x) = Re

{〈
u∗(kx) ·

[
+B(k′x) · ∇′′B(k′′x)

]〉
z

}
, (5.13b)

Su

B
(kx|k′′x) = Re

{〈
B∗(kx) ·

[
+B(k′x) · ∇′′u(k′′x)

]〉
z

}
, (5.13c)

SB

B
(kx|k′′x) = Re

{〈
B∗(kx) ·

[
− u(k′x) · ∇′′B(k′′x)

]〉
z

}
. (5.13d)

We now identify that in a special triad (u(kx),B(k′x),B(k′′x)) the two transfer functions

SB

u
(kx|k′′x) and Su

B
(k′′x|kx) represent the energy exchange between the velocity at

wavenumber kx and the magnetic field at wavenumber k′′x. Since the triad is the

same, these two transfer functions are equal in magnitude but of opposite sign,

SB

u
(kx|k′′x) = −Su

B
(k′′x|kx).

Using the above S-transfer-functions in MHD turbulence, the cross-scale (signed)

energy fluxes passing through a wavenumber k0 are [145, 148–152]

Πu<
u>(k0) =

∑

|k′′x |≤k0

∑

|kx|>k0

Su

u
(kx|k′′x), (5.14a)

Πu<
B>(k0) =

∑

|k′′x |≤k0

∑

|kx|>k0

Su

B
(kx|k′′x), (5.14b)

ΠB<
u> (k0) =

∑

|k′′x |≤k0

∑

|kx|>k0

SB

u
(kx|k′′x), (5.14c)

ΠB<
B>(k0) =

∑

|k′′x |≤k0

∑

|kx|>k0

SB

B
(kx|k′′x), (5.14d)
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where u< and B< represent velocity and magnetic fields at wavenumbers smaller than

or equal to k0; similarly, u> and B> represent respective fields at wavenumbers greater

than k0 (Fig. 10.1). Each flux represents energy flowing in spectral space through

k0 from the superscripted index to the subscripted index, e.g., Πu<
u>(k0) measures the

energy flowing through k0 when the velocity field at wavenumbers less than or equal

to k0 transfers energy to the velocity field at wavenumbers greater than k0. Thus,

a positive sign of this flux at k0 represents low wavenumbers giving energy to high

wavenumbers, i.e., a forward cascade at k0. However, if sign of the flux is found to be

negative, it signifies an inverse cascade at k0.

We note that this z-integrated formalism alone, while informative with regard to

the energy cascade processes in wavenumber space, cannot inform if there are any

dominant structures in the fluctuations along the z-axis. Analyzing energy transfer

between those structures can directly guide reduced-order models of Kelvin-Helmholtz

turbulence. Hence, we next develop a set of novel tools to examine energy transfer

between the structures in the fluctuations along the z-axis, by decomposing the

turbulent fluctuations in a complete basis of the eigenmodes of the linear operator.

Nonlinear eigenmode-interaction analysis

To distill the nonlinear interaction between the eigenmodes of the 2D MHD Kelvin-

Helmholtz-instability-driven turbulence, it is advantageous to reduce the number of

variables using the streamfunction ϕ and flux function ψ. Here, u = êy × ∇ϕ and

B = êy × ∇ψ. The governing equations of MHD, presented in Eqs. (5.1a)–(5.1d),

then can be written as[25]

∂t



∇2 0

0 1






ϕ

ψ


 =



−{∇2ϕ, ϕ}+ {∇2ψ, ψ}+ ν∇4ϕ+ ∂zf

{ϕ, ψ}+ η∇2ψ


 , (5.15)
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Figure 5.1: Fourier representation of energy dynamics and cross-scale energy fluxes of
MHD turbulence. The top one-dimensional box shows different Fourier modes of the
flow u(kx), whereas the bottom box shows different Fourier modes of the magnetic field
B(kx). The arrows represent energy transfer between different u(kx) and B(kx). The
arrows need not be in the same directions as shown. If any of the signed energy fluxes
in a physical system is negative, the corresponding arrow direction is reversed, because
of the energy conservation, e.g., −Πu<

u>(k0) = Πu>
u<(k0), where u< are Fourier modes

with wavenumber kx ≤ k0 (yellow colored region). The external forcing ϵf is applied
to prevent the relaxation of the mean shear flow, i.e., u(kx=0). The wavenumber
range 0 < |kx| < 1 represents the large-scale KH instability of the flow, which drives
the turbulence. Small-scale viscous and resistive dissipation are represented by ϵν and
ϵη, respectively.
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where the Poisson bracket is {P,Q} = ∂xP · ∂zQ− ∂zP · ∂xQ, e.g., {ϕ, ψ} = −u · ∇ψ.

We now decompose the streamfunction and magnetic flux function into their mean

profiles [ϕ0, ψ0] at t = 0, profiles [ϕ̃0, ψ̃0] corresponding to deviation of the instantaneous

mean from the initial mean, and their fluctuation spectra [ϕ̃, ψ̃] at kx ̸= 0. Thus, we

write a complete decomposition ϕ = ϕ0(kx=0, t=0) + ϕ̃0(kx=0, t) + ϕ̃(kx ≠ 0, t) =

ϕ0 + ϕ̃0 + ϕ̃, and likewise for ψ. Equation (5.15) may now be structurally written, at

a fluctuation scale where forcing is not applied, as

∂tMX̃ = L0X̃ + L̃X̃ + LdissX̃ +N(X̃, X̃), (5.16)

where X̃ = [ϕ̃, ψ̃]T is the state vector representing the fluctuation spectrum (kx ̸= 0);

M is a linear operator from Eq. (5.15), given as

M =



∇2 0

0 1


 ; (5.17)

L0 represents the dissipationless linear operator[111] based on the background profiles

prescribed at t=0, and acts on the X̃ as

L0X̃ =



−{∇2ϕ0, ϕ̃} − {∇2ϕ̃, ϕ0}+ {∇2ψ0, ψ̃}+ {∇2ψ̃, ψ0}

{ϕ0, ψ̃}+ {ϕ̃, ψ0}


 ; (5.18)

L̃ stands for the linear operator formed from the time-fluctuating background profiles

(kx = 0), and is written as

L̃0X̃ =



−{∇2ϕ̃0, ϕ̃} − {∇2ϕ̃, ϕ̃0}+ {∇2ψ̃0, ψ̃}+ {∇2ψ̃, ψ̃0}

{ϕ̃0, ψ̃}+ {ϕ̃, ψ̃0}


 ; (5.19)
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Ldiss arises from the visco-resistive dissipative terms

LdissX̃ =



ν∇4ϕ̃

η∇2ψ̃


 ; (5.20)

and N(X̃, X̃) is a quadratic nonlinear operator (allowing interaction between non-zero

Fourier modes)

N(X̃, X̃) =



−{∇2ϕ̃, ϕ̃}+ {∇2ψ̃, ψ̃}

{ϕ̃, ψ̃}


 . (5.21)

Since the eigenmodes of the linear operator L0 at hand form a complete basis[144],

we may expand at a wavenumber kx an arbitrary Fourier-transformed state vector

X̂(kx, z) as

X̂(kx, z) =
∑

m

βm(kx)Xm(kx, z). (5.22)

Here, X̂ is a Fourier amplitude of X̃, i.e., X̃ =
∑

kx ̸=0 X̂(kx, z) exp (ikxx), and

Xm(kx, z) is the mth eigenmode structure with its complex mode amplitude βm,

evaluated at kx. We numerically compute well-resolved vertical structures[144] of

eigenmodes Xm(kx, z) using 2048 Chebyshev polynomials for each variable in an

eigenvalue solver, implemented in Dedalus. Note that the eigenmodes Xm(kx, z) here

are non-orthogonal.

We Fourier-transform Eq. (5.16) and substitute the above eigenmode decomposition

for the fluctuations at that wavenumber kx. Then, we multiply the resulting equation

with the jth left eigenmode Yj at the same wavenumber. Left eigenmodes are used

here because they form a biorthogonal basis with the set of the right eigenmodes Xm

in the manner, ⟨Yj,MXm⟩ = δj,m. Thus we arrive at
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〈
Yj, ∂tM

∑

m

βmXm

〉
=

〈
Yj,

[
L0

∑

m

βmXm + L̃X̂ + LdissX̂

]〉

+
∑

k′x,k
′′

x

:k′x+k
′′

x=kx

〈
Yj, N̂(X̂ ′, X̂ ′′)

〉
,

(5.23)

which leads us to

∂tβj =
∑

m

βm ⟨Yj, L0Xm⟩+
〈
Yj,
[
L̃X̂ + LdissX̂

]〉
+
∑

k′x

〈
Yj, N̂(X̂ ′, X̂ ′′)

〉
. (5.24)

Here, X̂ ′ and X̂ ′′ stand for state vectors at k′x and k′′x (with a constraint k′x+ k′′x = kx).

As the eigenmodes are obtained for the linear opearator L0, the identity L0Xm =

γmMXm may be used, where γm is complex eigenvalue corresponding to the mth

right eigenmode at wavenumber kx. Equation (5.23) can thus be simplified, using the

orthogonality of the left and the right eigenmodes, to

∂tβj(kx) = γj(kx)βj(kx) +
〈
Yj,
[
L̃X̂ + LdissX̂

]〉
+
∑

k′x

〈
Yj, N̂(X̂ ′, X̂ ′′)

〉
. (5.25)

At this stage, the arbitrary state vector X̂(kx, z) at wavenumber kx may be

decomposed into a complete set of eigenmodes at that wavenumber. Without loss of

generality, in an unstable wavenumber range |kx| < 1, we can decompose an arbitrary

fluctuation into an unstable X1 eigenmode and a conjugate-stable X2 eigenmode, in

addition to the remaining summed fluctuations that encompass the sea of continuum

modes Xc. [144] This yields

X̂(kx, z) =

[
2∑

j=1

βj(kx)Xj(kx, z)

]
+Xc = Xd +Xc. (5.26)
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The fluctuations corresponding to the unstable and stable modes are the discrete

eigenmodes Xd. Substituting Eq. (5.26) in the nonlinearity of Eq. (5.25) yields

∂tβj(kx) = γj(kx)βj(kx) +
〈
Yj, L̃X̂

〉
+
〈
Yj, LdissX̂

〉

+
∑

k′x

〈
Yj,
[
N̂(X ′

d, X
′′
d) + N̂(X ′

d, X
′′
c ) + N̂(X ′

c, X
′′
d) + N̂(X ′

c, X
′′
c )
]〉
. (5.27)

The nonlinear interaction N̂(X ′
d, X

′′
d) between the two discrete eigenmodes at wavenum-

bers k′x and k′′x, driving the mode-amplitude βj(kx), may be further decomposed into

individual eigenmode interactions in terms of the unstable and stable modes. This

substitution of X ′
d =

∑2
m=1 β

′
mX

′
m and X ′′

d =
∑2

n=1 β
′′
nX

′′
n leads to

∂tβj(kx) = γj(kx)βj(kx) +
〈
Yj, L̃X̂

〉
+
〈
Yj, LdissX̂

〉

+
∑

k′x

2∑

m=1

2∑

n=1

Cjmn(kx, k
′
x)β

′
mβ

′′
n

+
∑

k′x

〈
Yj,
[
N̂(X ′

d, X
′′
c ) + N̂(X ′

c, X
′′
d) + N̂(X ′

c, X
′′
c )
]〉
, (5.28)

where the appearance of the nonlinear mode-coupling coefficient Cjmn(kx, k′x) =
〈
Yj, N̂(X ′

m, X
′′
n)
〉

has been made explicit. The mode-coupling coefficient has five

indices—j,m, n, kx and k′x—denoting the eigenmode m at k′x interacts with the eigen-

mode n at k′′x to drive the eigenmode j at kx. This coefficient measures the strength

of a given three-mode overlap.[110]

It is now straightforward to derive the eigenmode-energy evolution equation. We

multiply Eq. (5.28) with β∗
j and add the complex conjugate of the resulting equation

to find

∂t|βj|2 = Qj +Rj +Dj + Tjdd + Tjdc + Tjcc, (5.29)
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where

Qj = 2γj|βj|2, (5.30a)

Rj = 2Re
[〈
Yj, L̃X̂

〉
β∗
j

]
, (5.30b)

Dj = 2Re
[〈
Yj, LdissX̂

〉
β∗
j

]
, (5.30c)

Tjmn(kx, k
′
x) = 2Re

[
Cjmn(kx, k

′
x)β

′
mβ

′′
nβ

∗
j

]
, (5.30d)

Tjdd =
∑

k′x

2∑

m=1

2∑

n=1

Tjmn(kx, k
′
x), (5.30e)

Tjdc = 2Re


∑

k′x

〈
Yj,
{
N̂(X ′

d, X
′′
c ) + N̂(X ′

c, X
′′
d)
}〉

β∗
j


 , (5.30f)

Tjcc = 2Re


∑

k′x

〈
Yj, N̂(X ′

c, X
′′
c )
〉
β∗
j


 . (5.30g)

Here, Qj refers to a source or sink (arising from the linear operator based on the

mean profiles at t = 0); Rj is the response term due to deviation of the instantaneous

mean profiles from the initial profiles; Dj is the visco-resistive dissipation term at kx

associated with the jth eigenmode; Tjmn(kx, k′x) is the nonlinear energy transfer to

mode j at kx from the interaction between modes m and n at k′x and k′′x, respectively;

Tjdd is the energy transfer to mode j at kx from all the possible nonlinear interactions

between the discrete modes, i.e., unstable and stable modes; Tjdc is the energy transfer

to mode j at kx from the all possible nonlinear interactions between the discrete

and the continuum eigenmodes; and Tjcc similarly arises from all possible continuum-

continuum mode interactions. Because discrete modes of the Kelvin-Helmholtz linear

operator exist only at large scales, |kx| < 1, the quantity Tjcc captures the feedback of

small-scale (|kx| >> 1) fluctuations on the jth eigenmode, when j = 1 or j = 2.
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5.3 Simulation set-up

Background profiles and forcing

We initialize the system with a mean shear flow u = Uref(z)êx = U0tanh(z/a)êx and

a mean magnetic field B = B0êx, where U0 and a represent the amplitude and the

half-width of the shear flow, respectively. Fluctuation spectra (kx ̸= 0) are then

excited with low-amplitude, random perturbations such that the energy spectrum

in wavenumber space is flat, i.e., no preferential Fourier-mode excitation (for more

details, see Section 2 of Ref. [144]). The perturbed system is then evolved according to

Eq. (5.15). With no drive, the system quickly relaxes the mean-flow profile toward a

stable configuration. The ensuing turbulence is thus decaying.[111] To obtain a quasi-

stationary state of sustained turbulence, we force the mean flow (kx = 0) continuously

toward the initial unstable profile with a Krook forcing[119] f = f(z)êxδkx,0, where

f(z) = DKrook [Uref(z)− ⟨ux(x, z, t)⟩x] + F0, (5.31)

where DKrook is the profile relaxation rate [118, 120] that controls the forcing strength,

and ⟨ux(x, z, t)⟩x is the instantaneous x-averaged flow. The time-independent force

F0 is imposed only to balance the pure viscous diffusion of the initial shear flow,

ν∇2Uref(z) + F0 = 0, ensuring that, at t = 0, we realize an initial equilibrium state,

about which small-amplitude initial perturbations evolve.[144]

Non-dimensionalization

We non-dimensionalize all variables with length scale a and flow speed U0. Thus,

time is measured in units of a/U0, energy (per unit mass) has units of U2
0 , and DKrook

is specified in terms of U0/a. The mean flow then becomes Uref(z) = tanh(z). The



127

magnetic field strength is quantified by the Alfvénic Mach number MA = U0/B0. The

effects of the viscosity and resistivity are measured by the fluid Reynolds number

Re = aU0/ν and the magnetic Reynolds number Rm = aU0/η, respectively. The

magnetic Prandtl number is defined as Pm = Rm/Re.

All simulations use a box size of (Lx, Lz) = (10π, 20π), Re = 500 (unless stated

otherwise), and a high spectral resolution of 2048 Fourier modes along the x-axis and

2048 Chebyshev polynomials along the z-axis to obtain well-converged results.[144]

Additionally, we dealias the quadratic nonlinearities of the system using 3/2 times the

mentioned spectral modes. We employ a pseudospectral numerical solver Dedalus.[82,

121]

Boundary conditions used are, along the x-axis, periodic, and, along the z-axis,

perfectly conducting, no-slip walls, co-moving with the initial flow at the top (z = Lz/2)

and bottom (z = −Lz/2) layers.[144]

5.4 Energetic coupling of scales

Before we present the saturation properties of the Kelvin-Helmholtz-instability-driven

turbulence in terms of the nonlinear interaction between the linear eigenmodes, we

analyze the interaction between scales associated with the velocity and magnetic fields.

The scale-interaction[145] is usually applied to homogeneous turbulence. Here we

modify it for inhomogeneous turbulence.

Scale-interaction of velocity and magnetic fields

Because the flow and the magnetic field have mean profiles, it is useful to compare the

linear and nonlinear processes in the energy dynamics. The linear energy injection

or removal of energy at each scale is shown in Fig. 10.2(a), where the presented Qu
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and QB are time-averaged over a long quasi-stationary state. As expected, the energy

is injected only at scales that lie within the Kelvin-Helmholtz-unstable wavenumber

range 0 < |kx| < 1, whereas energy from the fluctuation spectrum is removed via

linear process at scales beyond the KH-unstable range. It is also observed, somewhat

surprisingly, that the energy is linearly removed from wavenumbers kx = 0.4 and

kx = 0.8 (the second and the fourth Fourier modes). We note that kx = 0.4 is the

wavenumber that is most unstable linearly. The reason behind this energy removal

will later be explained by analyzing the energy transfer at each scale, decomposing the

fluctuation into different eigenmodes instead of integrating the fluctuation spectrum

along the z-axis, as we have done here.

In Fig. 10.2(b), the nonlinear processes that deposit or remove energy at each

scale balance the linear processes. This suggests that the forced turbulence at hand is

quasi-stationary in nature. The nonlinear transfer term combines contributions from

all scales in all possible triads that collectively give or take energy away from each

scale kx. It does not distinguish whether the energy at kx comes from the velocity

or magnetic field at other wavenumbers of the triad. To identify and quantify such

detailed contributions, we compute the wavenumber-to-wavenumber energy transfer

functions between and among the velocity and magnetic fields, represented by the

four transfer functions Su

u
(kx|k′′x), SB

B
(kx|k′′x), Su

B
(kx|k′′x), and SB

u
(kx|k′′x). Recalling that

Su

B
(kx|k′′x) = −SB

u
(k′′x|kx), there are only three unique transfer functions. These unique

transfer functions are displayed in Figs. 10.3–10.5.

In Fig. 10.3(a), it is seen that, outside the KH-unstable range (shown as a dashed

black box in the bottom left corner), the u-to-u transfer is almost negligible. Only on

using a logarithmic scale of the transfer, an interesting feature is observed—a nonlocal

triad, with a local energy transfer. This aspect is much more active and prominent in

B-to-B energy transfer in Fig. 10.4, where a linear scale of energy transfer alone shows
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such a behavior. The magnetic energy is dominantly transferred to smaller scales from

larger scales in an iterative manner. The iteration occurs in such a way that a Fourier

mode number n receives magnetic energy from the mode n− 1 and gives magnetic

energy to n+ 1—as evidenced in the bidiagonal structure in the transfer function in

Fig. 10.4. This also implies that the B-to-B energy transfer is local, but the triad

involved is highly nonlocal for large n.

We observe yet another different feature in the third transfer function in Fig. 10.5:

the flow u at low wavenumbers |k′′x| ∼ 0–0.5 significantly injects energy into the

magnetic reservoir at a wide range of wavenumbers.

The transfer functions are sensitive to the strength of the magnetic field. When it is

very strong (MA ≲ 10), a noticeable change is observed in Su

B
(kx|k′′x)—the emergence

of a diagonal in Fig. 9.6. Since u-to-B transfer is governed by Re
{〈

B∗(kx) ·
[
B(k′x) ·

∇′′u(k′′x)
]〉

z

}
, and the diagonal of Figure 9.6(c) implies the transfer occurs from u(k′′x)

to B(kx) with kx = k′′x, it is the mediator field B(k′x = 0) that is responsible for the

emergence of the diagonal. The diagonal gets amplified with a stronger magnetic field,

and becomes prominent when MA ≲ 10. Physically, this effect can be interpreted as

the stretching of the stronger mean magnetic-field (k′x = 0) by the turbulent flow (k′′x)

at a wide range of scales, generating larger-amplitude magnetic fluctuations at such

scales (kx = k′′x).
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Figure 5.2: Time-averaged (a) linear and (b) nonlinear energy transfer rates in velocity
and magnetic fields. The wavenumbers |kx| < 1, to the left of the dotted vertical
lines, are Kelvin-Helmholtz-unstable. The time-averaged rates of linear and nonlinear
transfers are almost equal and opposite. Note the negative linear energy injection
in the flow Qu at kx = 0.4, despite this being the wavenumber where perturbations
linearly grow the fastest. The simulation parameters used are MA = 30, DKrook = 2,
and Pm = 1.

Cross-scale energy fluxes: Forward or inverse cascade?

The B-to-B transfer in Fig. 10.4 is consistent with a forward cascade of magnetic

energy. This is further confirmed from the cross-scale energy fluxes through a fixed

wavenumber k0. Using Eqs. (5.14a)–(5.14d), which quantify the energy passing through

k0, energy transfer from low wavenumbers |kx| ≤ k0 to high wavenumbers |kx| > k0

can be measured. In Fig. 9.7, except at the lowest wavenumbers |k0| ≲ 2, near the

KH-instability range, all energy fluxes are robustly in the forward direction—along the

arrows shown in Fig. 10.1. The forward cascades of energies are clearly observed in

Fig. 9.7(b). Note that, at most of the scales, ΠB<
B> is larger than Πu<

B>, which is in turn
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Figure 5.3: Time-averaged wavenumber-to-wavenumber energy transfer rates among
the velocity fields. (a) The transfer is almost entirely localized within the Kelvin-
Helmholtz instability range, shown with a black dashed box near the lower leftmost
end of each subplot. (b) Logarithmic spectrum of the energy transfer reveals nonlocal
triads, but local energy transfer, enabled by the box-sized Kelvin-Helmholtz eddy,
i.e., the first non-zero Fourier mode number. The simulation parameters used are
MA = 120, DKrook = 2, and Pm = 1.

larger than Πu<
u>, in agreement with the energy transfer in every triad pair shown in

Figs. 10.3–10.5. The forward cascade of energy (magnetic and kinetic) is expected for

2D MHD [25], and is intrinsic to the fluxes of Eqs. (5.14a)–(5.14d), which are based

on energy transfer rates.

Inverse cascading in 2D homogeneous MHD applies only to the mean-squared

magnetic-flux-function,
∫
ψ2d2x, whose corresponding nonlinear transfer carries fewer

spatial derivatives than the nonlinear transfer of energy. In this paper, we are expressly

interested in the energetics of the inhomogeneous-flow-driven turbulence.
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Figure 5.4: Time-averaged wavenumber-to-wavenumber energy transfer rates among
the magnetic fields. The transfer is dominant outside the Kelvin-Helmholtz instability
range, shown with a black dashed box near the lower leftmost end of the plot. The
transfer B-to-B involves nonlocal triads but energy is locally transferred—from a high
wavenumber to another high wavenumber. Shown in the inset are one-dimensional
spectra of the transfer function, following the two diagonals, k′′x − kx = ±2π/Lx. The
two curves, red and black, are identical, although one is positive and another negative
in sign, which is a consequence of energy conservation in a triad. The simulation
parameters used are MA = 120, DKrook = 2, and Pm = 1.
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Figure 5.5: Time-averaged wavenumber-to-wavenumber energy transfer rates between
the velocity and magnetic fields. (a) The transfer involves nonlocal triads; the energy
transfer is also nonlocal. In particular, the first few Fourier modes (up to around 4)
of the flow, shown with k′′x, generate significant energy in the magnetic fields even
at wavenumbers kx ranging up to a value, as high as kx ∼ 8–12, evidenced in panel
(b), using a logarithmic colorbar. The simulation parameters used are MA = 120,
DKrook = 2, and Pm = 1.

5.5 Energetic coupling of eigenmodes

Eigenmode interaction with evolving mean profiles

Insights into instability saturation can be obtained by tracing the interaction of the

unstable and stable eigenmodes with the mean profiles. Since the instantaneous

mean flow profile, although forced, deviates from the initial mean-flow, there is, in

general, some linear coupling between the linear eigenmodes of the initial mean profile.

Whether this (quasi-)linear coupling is comparable to the linear growth rate of the

eigenmodes of the initial profile is an important question. If the energy exchange

rate Rj between the fluctuations and the time-deviation of the mean profiles via this
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Figure 5.6: Similar to Fig. 10.5, but for differing magnetic field strengths. Here,
(a) MA = 30, (b) MA = 10, (c) MA = 3. The single diagonal kx = k′′x appears
distinctly in subplot (c), and to a lesser degree in (b). This emerges from Su

B
(kx|k′′x) =

Re
{〈

B∗(kx) ·
[
B(k′x = 0) · ∇′′u(k′′x = kx)

]〉
z

}
, signifying a larger amount of work

the small-scales (|k′′x| ≫ 1) of the velocity fluctuations do, while attempting to
bend the mean magnetic-field B(k′x=0). Nonlinearly, the first few (up to around 4)
Fourier modes of the flow significantly inject energy into the magnetic fields, even into
higher wavenumbers, as discussed in Fig. 3(c). Other simulation parameters used are
DKrook = 2 and Pm = 1.

(quasi-)linear coupling is small compared to the energy exchange rate Qj between the

initial mean profiles and the fluctuations, then using the eigenmodes of the initial

mean profiles is justifiable for understanding energy dynamics and nonlinear coupling.

To assess this exchange, we first compute the expressions in Eqs. (5.30a) and (5.30b)

and compare them as time evoles for both the unstable (j = 1) and stable (j = 2)

eigenmodes.

The rate at which the external forcing replenishes the mean flow can control the

deviations of the instantaneous mean profiles from the initial profiles. We investigate

this aspect in Fig. 9.8. Both cases of forcing strengths show that the effect of the

linear coupling between the eigenmodes—quantified by Rj—is considerably smaller

than Qj . The ratio of Rj to Qj gets further lowered when the mean flow is replenished

faster (i.e., larger DKrook). This means that the evolved shear-flow profile is closer to

the initial unstable flow-profile. This detailed analysis provides justification for using

eigenmodes of the initial profile as a fluctuation basis.
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Figure 5.7: Positive Π implies transfer along the arrows of Fig. 10.1. In the 2D
turbulence here, cross-scale MHD energy fluxes move from large to small scales. (a)
The kinetic and magnetic energies both are robustly cascaded forward at every scale, as
evidenced by the black and the blue curves, respectively. The kinetic energy flux Πu<

u>

is dominant at the largest scales, and at k0 = 0 (shown with the yellow diamond on the
left axis), the flux agrees with the energy ϵf = 0.0004 externally supplied by the Krook
forcing to the mean flow. (b) The fluxes develop a noticeable exponential envelope
at around k0 = 15, after which the exponential fall-off continues with increasing
wavenumber. The simulation resolves the dissipation range, as k0 in the simulation
ranges up to 205. The flux ΠB<

u> for k0 ≤ 2.2 (shown with a green dashed curve) is
negative. The grey-shaded region corresponds to the dominant dissipation scales,
starting around k0 = (ϵf Re

3)1/4 = 15; the light-red shaded region is the instability
range. Parameters used here are MA = 120, DKrook = 2, Re = 500, and Pm = 1.
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We note that the energy transfer Q2 is appreciable whenever the stable modes are

excited to large amplitudes. Their excitation at early stage is caused by the nonlinear

interaction between the unstable modes at different wavenumbers.[15] So, whenever

there are at least a few Kelvin-Helmholtz unstable wavenumbers,[110] stable modes

are universally, significantly excited; Q2 then becomes comparable to Q1.

Now, we use the eigenmode decomposition to investigate why some wavenumbers,

despite lying in the KH-unstable wavenumber range (in Fig. 10.2), withdraw energy

from the fluctuation spectrum instead of depositing. In Fig. 9.9, we show the energy

transfer via linear processes, decomposing it into the contribution from unstable and

stable modes. To show how well the sum of the contributions from unstable and stable

modes captures the total z-integrated transfer, we overlay the data from Fig. 10.2.

There, contributions from the continuum eigenmodes are also included. At kx = 0.2, it

is clearly observed that the stable mode transfers energy at a slightly greater rate than

the unstable modes, thus depleting the overall fluctuation energy at that wavenumber.

The quantity Q1 + Q2 captures reasonably well the total energy transfer Qu + QB.

Any discrepancy is attributed to the contributions from the sum of all the continuum

modes, which dominates over the small visco-resistive dissipation of the unstable and

stable modes at these large length scales.
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Figure 5.8: Linear processes of energy transfer due to unstable (j = 1) and stable
(j = 2) eigenmodes. Shown are the linear injection or withdrawal rates Qj using the
profiles at t = 0, and the rate Rj using deviations of the instantaneous mean profiles
of the flow and the magnetic field from their initial profiles. The wavenumber of
the fluctuation chosen is kx = 0.2, which is the loweest non-zero wavenumber in the
simulation, where both the linear drive rate as well as the fluctuation energy spectrum
peak. Comparing (a) DKrook = 2 with (b) DKrook = 25 shows that the higher rate (i.e.,
the larger DKrook) of replenishment of the mean flow via Krook forcing removes almost
all linear coupling—the term Rj—that is induced due to instantaneous fluctuations in
the mean profiles. The simulation parameters used are MA = 10 and Pm = 1.

Channels of energy transfer between eigenmodes

We now analyze the nonlinear excitation and saturation processes for stable and

unstable modes. Figure 9.10 shows the terms that saturate (take away energy from)

the unstable modes T1 and drive (feed energy into) the stable modes T2. Near-

equal levels of T1 and T2 are observed. These transfer terms are further probed in

Fig. 9.10(b), where three sub-classes of triadic interactions are shown—Tjdd, Tjdc, and

Tjcc, representing the nonlinear interactions among the discrete modes, between the

discrete and continuum modes, and among the continuum modes, respectively. These

three terms capture all the nonlinear terms appearing on the right-hand side of the

evolution equation of the jth mode, with j = 1 and j = 2 representing the unstable

and stable modes, respectively. We compute these three nonlinear terms following
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Figure 5.9: Comparison of time-averaged energy transfer rates Qj + Rj from the
instantaneous mean profiles of the flow and the magnetic fields for the unstable (j = 1)
with that for the stable (j = 2) modes. These rates are then summed to predict the
total energy transfer rates via linear processes, which also include the contributions
from the continuum eigenmodes and the small visco-resistive dissipation occurring at
these large scales. The predictions, shown with black circles, are in excellent agreement
with the total linear energy transfers, depicted with black plus signs.
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the expressions in Eqs. (5.30e)–(5.30g). We find that Tjcc is appreciably smaller than

Tjdd and Tjdc, which are of similar magnitude but of opposite sign. To be precise,

|Tjcc| ≪ |Tjdc| ≲ |Tjdd|.

We now investigate whether the above apportionment of the three kinds of nonlinear

transfer is intrinsic to a particular simulation-parameter regime or whether magnetic

fields and magnetic Prandtl number (the ratio of viscosity to resistivity) affect these

channels. We plot time-averaged transfer rates, both linear and nonlinear, in a single

diagram. In Fig. 9.11(a), we first show the schematic diagram and then annotate it

with numerical time-averaged transfer rates in Fig. 9.11(b), where Pm = 0.1. Indeed,

Tjcc is negligibly small compared to Tjdc, which is only a little smaller than Tjdd, even

for Pm = 1 in Fig. 9.12(a). Weakening the magnetic field strength in Fig. 9.12(b)

does not alter Tjcc dramatically, but Tjdc does become appreciably smaller than Tjdd.

We interpret this as a result of the lower level of fluctuations of the continuum

modes, which have been found to capture the magnetic fluctuations[144]; the magnetic

fluctuations are weaker when the mean magnetic field is weak. In this case, the discrete

modes of the flow assume a dominant role in nonlinearly driving the stable modes.
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Figure 5.10: (a) Nonlinear energy transfer T1(kx) that saturates unstable modes and
T2(kx) that excites stable modes. (b) These rates are then decomposed into three
classes of triadic interactions, where the beating modes are discrete-discrete (Tjdd),
or discrete-continuum (Tjdc), or continuum-continuum (Tjcc). The Tjcc are negligibly
small. The simulation parameters are Pm = 0.1,MA = 10, and DKrook = 2, and the
chosen wavenumber is kx = 0.4, which is the linearly fastest growing wavenumber.

Predicting energy transfer from mode-coupling coefficients

Statistical closure theories of turbulence[32, 33] predict that the mode-coupling coef-

ficient is a key factor, although not necessarily the only factor; mode energy levels

and the three-wave correlation time also enter the formula for the nonlinear energy

transfer rate. [99]

To learn if the nonlinear mode-coupling coefficients are predictive of nonlinear

energy transfer between eigenmodes in the quasi-stationary state of turbulence,

we now separate the nonlinear energy transfer Tjdd further into individual com-

ponents Tjmn by decomposing the discrete modes into unstable and stable modes:

Tjdd =
∑2

m=1

∑2
n=1 Tjmn, where m = 1 stands for unstable modes and m = 2

represents stable modes, and likewise for n. The nonlinear mode-coupling coeffi-
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Figure 5.11: (Left) A schematic diagram that shows the terms corresponding to both
the linear and nonlinear energy transfer processes that drive and saturate the unstable
and stable modes. Since Qj, Rj, Tjdd, Tjdc, and Tjc all appear on the right hand-side
of Eq. (5.29), it is expected, on time-averaging, that |Qj + Rj| ≈ |Tjdd + Tjdc + Tjc|
for both j = 1 and j = 2, individually. (Right) The energy transfer terms of the
left-hand schematic diagram is quantified in units of 10−3U3

0/a, for a simulation with
parameters Pm = 0.1,MA = 10, and DKrook = 2. The difference between Q1 +R1 and
Q2 + R2 represents the rate of energy that is supplied by the Krook forcing to the
mean flow, attempting to restore the original flow-profile.
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Figure 5.12: Same as the right-hand panel in Fig. 9.11, but now with varying mag-
netic field strength—the magnetic Prandlt number is also changed to Pm = 1. The
parameters used are (a) MA = 10 and (b) MA = 120, both with the forcing strength
DKrook = 2. Energy transfer rates are measured in units of 10−3U3

0/a. With weaker
magnetic field, Lorentz feedback on the flow of unstable and stable modes is weak-
ened, and hence discrete-discrete interaction dominates over the discrete-continuum
interaction.

cients Cjmn(kx, k′x) of a mode j at kx, nonlinearly coupled with a mode m at k′x

and n at k′′x = kx − k′x, can be computed. Since the mode-coupling coefficient

Cjmn(kx, k
′
x) is a complex-valued quantity, we compare their absolute values and

predict the energy transfer levels |Tjmn(kx, k′x)|. To reduce the number of possible

nonlinear mode-coupling terms, we now compose a symmetrized coupling coeffi-

cient C̄jmn(kx, k′x) and a symmetrized nonlinear energy transfer T̄jmn(kx, k′x), and

display them in Fig. 5.13 — where C̄jmn(kx, k′x) = Cjmn(kx, k
′
x) + Cjnm(kx, k

′′
x) and

T̄jmn(kx, k
′
x) = Tjmn(kx, k

′
x) + Tjnm(kx, k

′′
x).

Strong correlation between the coupling coefficient and the energy transfer suggests
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Figure 5.13: Comparison of the symmetrized nonlinear mode-coupling coefficient
C̄jmn(kx, k

′
x) and the symmetrized nonlinear energy transfer T̄jmn(kx, k′x). The transfer

term represents energy being pumped into an eigenmode j at wavenumber kx = 0.2
due to nonlinear interaction between eigenmodes m at k′x and n at k′′x = kx − k′x. The
largest nonlinear drive is at kx = 0.2 (the first Fourier mode). In the chart, all 48
possible discrete-discrete interactions, decomposed by individual unstable and stable
modes and labeled by jmn, are shown, for (a) k′x = 0.4, (b) k′x = 0.6, and (c) k′x = 0.8.
In each subplot, the coupling coefficients have been scaled by the same factor. The
transfer rates are measured in units of 10−3U3

0/a. Positive (negative) transfer feeds
(withdraws) energy in (from) an eigenmode j at kx = 0.2. The simulation parameters
used are MA = 10 and DKrook = 2. Note the symmetry reflected in the upper and
lower 4 rows within each subplot, and the strong correlation between the coupling
coefficient and the energy transfer.

that the coupling coefficients are critical elements in setting the energy transfer. This

property may enable the construction of reduced-order models for nonlinear saturation

based on these coupling coefficients.
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5.6 Testing a general quasilinear theory of

instability saturation

At the heart of all quasilinear theories, one presumes that only a particular family of

eigenmodes, most often the unstable mode branch, interacts among itself at different

scales leading to an instability saturation. Various approximations then are taken to

derive simpler forms of quasilinear theories. Without using any approximation, we

wish to test here a general quasilinear model of Kelvin-Helmholtz-instability-driven

turbulence where Eqs. (5.1a)–(5.1d) will be kept fully intact, except that the system

will be conditioned not to couple with the large-scale (|kx| < 1) conjugate-stable modes.

Noting the prevailing notion of instability saturation,[26–29] one may assume that

the instability-driven nonlinear system, devoid of the stable modes, would produce

essentially the same results as one obtains from a standard numerical solution of

Eqs. (5.1a)–(5.1d). Is that really true?

To answer and test such a general model of instability saturation, Eqs. (5.1a)–(5.1d)

can be transformed to the eigenmode basis of the linear operator. To do so, we follow

the same method as described earlier in arriving at Eq. (5.28) from Eq. (5.16). Note

that the eigenmodes of the non-dissipative linear operator of the shear-flow instability

has an unstable, a stable, and a (theoretically infinite) number of continuum modes

at each wavenumber in the range 0 < |kx| < 1. For |kx| ≥ 1, only continuum modes

exist. Since the continuum modes are numerous and they are not the ideal choice

for a basis function to implement in a numerical solver, we develop here a novel

method to time-evolve the sum of all continuum-mode-associated fluctuations. First,

we decompose an instantaneous state vector X = [ϕ, ψ] into an x-averaged mean
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Figure 5.14: Time evolution of vorticity (filled contour) in two different simulations:
(a)–(d) “Standard," and (e)–(h) “Stable-mode-decoupled." The grey, dashed contours
show the total magnetic flux function ψ, along which the magnetic field lines are
aligned. The fields are initially oriented along the positive x-axis. In all panels, same
number of contours is shown. Unstable modes dominate at the early stage; even in the
nonlinear phase, the unstable modes are qualitatively seen in (f)–(h), conspicuously in
(f). Thin curved arrows illustrate eddy motions in (c), (d), and (g). Vortices merge in
(d), whereas they separate in (h) with a violent ejection of eddies away from the shear
layer, shown with thick straight arrows. In (a)–(d), however, stable modes confine the
turbulence near the shear layer. Magnetic structures in (g) and (h) are highly folded.
(Multimedia view)
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Figure 5.15: Energy flux shown at wavenumbers, beyond the instability scale 0 <
k0 < 1. The left-handed superscripts “(S)" and “(D)" represent the energy fluxes in a
standard simulation and in a stable-mode-decoupled simulation, respectively. Both
simulations use identical parameters: MA = 60, DKrook = 2, and Pm = 1. At the first
few time steps, the flux spectra are alike, but soon evolve differently, c.f. (a) with (b).
Positive fluxes mean nonlinear energy cascade to small scales. The flux spectra at
t = 97 are similar to that in (c). When uninhibited by stable modes, the energy fluxes
are larger by order of magnitude, and the dissipation length scale is pushed to larger
k0.
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X(kx = 0) and fluctuations X̃(x, z). The fluctuations are then decomposed as

X̃(x, z) =
∑

0<|kx|<1

2∑

j=1

βj(kx)Xj(kx, z)e
ikxx +Xc(x, z), (5.32)

where the first term on the right-hand side is a sum of the unstable (j = 1) and stable

modes (j = 2) throughout the Kelvin-Helmholtz-unstable wavenumber range; and the

second term Xc(x, z) stands for all remaining fluctuations, composed of continuum

modes, whose evolution equation can be derived with the help of Eq. (5.32) and is

given by

∂tMXc(x, z) = ∂tM


X̃(x, z)−

∑

0<|kx|<1

2∑

j=1

βj(kx)Xj(kx, z)e
ikxx




= ∂tMX̃(x, z)−M
∑

0<|kx|<1

2∑

j=1

∂tβj(kx)Xj(kx, z)e
ikxx, (5.33)

where the linear operator M is defined in Eq. (5.17).

The second equality of Eq. (5.33) can be explicitly expressed using Eq. (5.16) as

∂tMXc(x, z) = L0X̃+ L̃X̃+LdissX̃+N(X̃, X̃)−M
∑

0<|kx|<1

2∑

j=1

∂tβj(kx)Xj(kx, z)e
ikxx,

(5.34)

and ∂tβj in Eq. (5.34) can be replaced with the right-hand side of Eq. (5.25), which is

repeated below for convenience,

∂tβj(kx) = γj(kx)βj(kx)+
〈
Yj,
[
L̃X̂ + LdissX̂

]〉
+
∑

k′x

〈
Yj, N̂(X̂ ′, X̂ ′′)

〉
for j = 1, 2.

(5.35)

In a numerical simulation, termed “Standard", we evolve kx = 0 mode in Eq. (5.15).

This equation, however, couples with the fluctuations; hence, Eq. (5.25), with j = 1, 2,
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and Eq. (5.34) are solved in conjunction. Such a solution reproduces the solution

obtained from the usual direct numerical simulation of Eq. (5.15) to machine precision.

This is anticipated, as Eq. (5.25) is obtained from merely a change of basis.

In another simulation, termed “Stable-mode-decoupled," two changes are made to

the “Standard" system. First, Eq. (5.25) with j = 2 is erased. Second, from the entire

system, all terms containing β2 are removed—that is, coupling to the stable modes is

analytically removed from the nonlinear system. Removing a family of eigenmodes in

such a careful way by hand, rather than numerically zeroing them out at each time

step of evolution, is unconventional, but has been applied in a few other cases, e.g.,

removal of a family of helical modes in isotropic and homogeneous turbulence. [154]

Since the modes are completely removed from the system, they neither receive nor

donate energy in a triadic interaction, and hence the mode-removed equations conserve

the ideal invariants of the full standard nonlinear system.

The solutions of vorticity from the above two numerical simulations are visualized

in Fig. 5.14 (Multimedia view). Both simulations have identical parameters MA = 60,

DKrook = 2, and Re = Rm = 50. When the stable modes are analytically removed,

the figure shows that the turbulence reaches higher amplitudes and becomes violent.

In this case, the unstable modes can saturate only by passing on their energy to

the small-scale cascade, which involves the generation of extended secondary flow

structures. When stable modes are kept intact in the equations, they confine the

turbulence near the shear layer, and thus lead to vortex merging events, as opposed

to vortex separation that happens when the system is conditioned not to couple to

the stable modes. With no stable modes, the x-directed, initial magnetic fields are

highly folded by the violent and energetic eddies.

This brute force numerical experiment provides a visual display that confirms the

comprehensive and technical analysis presented earlier in this paper: vortex mergers,
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energetics, and cascades are all drastically different when the stable modes are not

available to the system.

A further quantitative analysis of the standard and stable-mode-decoupled sim-

ulations is presented in Fig. 5.15. In the latter simulation, the energy fluxes show

enhancement in their levels by orders of magnitude, compared to the standard sim-

ulation, despite both evolving from identical flux spectra at the early stage. The

small-scale dissipation length-scale is also pushed to further smaller scales because of

larger turbulent energy in the absence of stable modes.

5.7 General implications

Now we assess the detailed energetics shown in the preceding sections in relation to

broader understanding and implications.

Imprints of instability-scale flow at small scales

A key aspect of the magnetic energy transfer is its nonlocality, in contrast to homoge-

neous isotropic turbulence, represented, for example, by the Kolmogorov spectrum.

Figures 10.4 and 10.3(b) have a pronounced diagonal feature indicative of a nonlo-

cal interaction. For each pair of red and blue cells across the diagonal, energy is

exchanged via an interaction that is dominated by a single mode of the large-scale

vortex flow arising from the Kelvin-Helmholtz instability. Note that similar nonlin-

ear interactions have been found in other turbulence where a system-size vortex is

externally stirred.[155] The coupling in Fig. 10.4 of two small-scale magnetic modes

with a large-scale flow is intrinsically nonlocal. However, the energy exchanged tapers

off significantly after a decade in wavenumber along the diagonal. This indicates
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that an interaction that is intrinsically nonlocal is largely confined within a limited

wavenumber range—a phenomenon enforced via energy-removal by the stable modes.

Stable modes vs. Kolmogorov wavenumber and

dissipation-range turbulence

The Kolmogorov wavenumber kd, where the turbulent energy cascade begins getting

significantly attenuated because of small-scale energy dissipation, is directly related to

the energy injection rate ϵf at large scales: kd = (ϵf/d
3)1/4, where d is a coefficient

related to small-scale dissipation, such as viscosity or resistivity. As the energy cascade

processes do occur in the shear-flow turbulence considered here, kd approximately

delineates the dissipation range from the larger scales of turbulence. The energy

injection rate is normally the energy Q1 that is provided to the fluctuation spectrum

by unstable modes. However, when stable modes are significantly excited via nonlinear

processes, they act as large-scale turbulent sinks, and thus efficiently remove energy Q2

from the fluctuation spectrum, steepening the mean-flow gradient. Only the remaining

energy Q1 −Q2 ≈ ϵf is then available to cascade nonlinearly to smaller scales. The

energy injection rate for a simulation with d = ν = η = (1/500)aU0 can be determined

from Fig. 9.12(b) to be ϵf ≈ 0.5× 10−3U3
0/a. Taking contributions of stable modes

Q2 into account, the predicted Kolmogorov wavenumber is then kd ≈ 15.8a−1. This

prediction is confirmed in Fig. 9.7. Neglecting the energetics of stable modes Q2

yields kd ≈ 38.8. The stable modes reduce the energy input rate ϵf ≈ Q1 − Q2 to

the small-scale energy cascade channel, and hence the cascade attenuates at a larger

length scale.

The exponential fall-off of the MHD energy fluxes in spectral space in Fig. 9.7 also

suggests that a simple model of the energy fluxes,[156] may be applicable. To test
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such a prospect, we follow the assumption that the spectral energy fluxes, in inertial

and dissipative ranges, obey Π(k) = p k−β exp (−ckα), where c and p are independent

of the wavenumber k; this implies that the energy flux need not be constant, owing

to energy absorption by dissipative physics, as opposed to what one would have in a

strict inertial range (α = β = 0).[157–159] Fitting such a profile to the energy fluxes

in Fig. 9.7 (with a standard choice β = 0 to allow a constant energy flux at larger

scales), we find that the exponent α for the total magnetic energy flux at smaller

scales k0 > 10, Πall
B> = Πu<

B>+Πu>
B>+ΠB<

B>, is very close to 4/3, which matches with the

widely recognized theoretical prediction of Ref. [156]. The exponent α for the total

kinetic energy flux Πall
u> = Πu<

u> + ΠB<
u> + ΠB<

u> , however, we find, is around 1/2, which

we are unable to explain with such a simple model; it is possible that the nonlinearly

excited stable modes have some impact on this exponent.

The effect of stable modes on Kolmogorov dissipation length scale is substantiated

also by Figs. 5.14 and 5.15. There, the stable-mode-decoupled simulation shows orders

of magnitude of enhancement in the turbulent energy fluxes, which fall off only at

much larger wavenumber than the fluxes do in the standard simulation. This result is

consequential. Because the small-scale energy fluxes are very large when the stable

modes are absent, traditional Kolmogorov-like scaling arguments of energy cascade are

expected to fail, as, there, the energy injection rate to the nonlinear cascade is equated

to the rate of energy withdrawl by the unstable modes from the mean shear-flow.

Incorporating the energy reversal by the stable modes can make the scaling arguments

succeed.
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Thermodynamic irreversibility and stable modes

It is not unreasonable to assume that the wavenumber of the fastest-growing mode

corresponds to the peak of the fluctuation spectrum. However, in gyrokinetic simula-

tions of drift-wave turbulence, a shift of the spectrum peak to lower wavenumber is

commonly observed, and is not fully understood. In Figs. 10.2(a) and 9.9, we find that

the wavenumber kx = 0.4 where the perturbations linearly grow the fastest depletes

energy from the fluctuation spectrum and deposits in the mean background gradients—

a finding that is counter intuitive, at first. Further examination in Fig. 9.9 reveals that

the stable-mode amplitude exceeds the unstable-mode amplitude at kx = 0.4. This

does not violate the laws of thermodynamics, because the energy transfer summed over

all wavenumbers is directed from the mean gradient to the fluctuation spectrum, in

accordance with the breakdown of time-reversal symmetry due to visco-resistive effects.

This forward flow of energy from the mean gradient to the fluctuation spectrum is

evident at kx = 0.2, where the spectrum peaks.

5.8 Conclusions

This paper has systematically examined energy transfer processes in MHD turbulence

driven by shear-flow instability, quantifying the effect of linearly stable roots of the

dispersion relation [113], which are nonlinearly excited to a significant level, thus

modifying the landscape of fluctuation source and sink at large scales. The role of

nonlinearly excited stable modes as a fluctuation energy sink has been extensively

examined for fusion-relevant microinstability, where the prompt loss of energy at the

largest scales allows the formulation of saturation balances that exclude extended

scale ranges of cascaded energy [32, 95]. In this paper, we have examined the effect

of stable modes on the energy cascades, quantifying energy transfer rates under an
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eigenmode decomposition that tracks energy transfer between finite-amplitude-induced

eigenmodes. The canonical direct cascade of kinetic and magnetic energies [25] remains

in force despite the presence of stable eigenmodes. However, the energy carried in

the cascade is dramatically reduced compared to the energy fed into the fluctuation

spectrum by the unstable modes, with most of that unstable-mode energy returned to

the mean flow by the stable modes. This fraction of energy return ranges from around

75% to 97%, depending on the strength of the imposed magnetic field and on the

magnetic Prandtl number. The cascading energy flux to small scales does dissipate

at small visco-resistive scales, although such energy flux exponentially attenuates at

small scales, dictated by the amplitudes of the stable modes at large scales, as such

modes directly control the energy input rate into the small-scale cascade.

The energy nonlinearly transferred from the unstable modes and deposited almost

in its entirety into the stable modes has two distinct and dominant channels. These

arise from the nonlinear interactions, first, among the fluctuations composed of the

discrete modes Tjdd and, second, the nonlinear interactions between the fluctuations

of the discrete and the continuum modes Tjdc. The discrete modes are the unstable

j = 1 and conjugate-stable j = 2 eigenmodes of the ideal linear operator of the

Kelvin-Helmholtz instability. The continuum modes are marginally stable and occur

across a continuum of frequencies and across all scales, even beyond the instability

scale. The strength of the interaction among the fluctuations of the continuum modes

Tjcc, which in principle affects the evolution of the unstable and stable modes, is found

to be negligibly small, ranging from 2% to 23% of Tjdd or Tjdc. The interaction term

Tjdd is found to always take energy away from the unstable modes and channel it

away almost in its entirety to the stable modes. On the other hand, the nonlinear

transfer Tjdc always takes energy from the stable modes and provides it nonlinearly to

the unstable modes. Nevertheless, Tjdd is always larger than Tjdc in magnitude. Thus
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the nonlinearity transfers a net positive energy from unstable to stable modes.

Based upon the strength of the nonlinear interactions between the fluctuations

classified in the eigenmode basis, a reduced-order model for the subgrid-scale turbulence

generated by the Kelvin-Helmholtz instability may be possible. A self-consistent

subgrid-scale model could involve ignoring the eddy-eddy nonlinearity beyond a

prescribed cutoff wavenumber.[126] This cutoff wavenumber could be chosen as low

as the inverse of the shear-width of the mean profile, which is where the instability

ceases to exist (i.e., |kx| ∼ 1).

For the first time, we have built and tested a general quasilinear model of Kelvin-

Helmholtz-instability-driven turbulence, motivated by prevailing hypothesis of insta-

bility saturation[26–29, 38]. We have discovered that even a model where all scales of

turbulence are solved exactly, including all eigenmodes—both unstable and continuum

modes—but removing just their coupling to the stable modes, fails to reproduce even

the primary features of the Kelvin-Helmholtz turbulence. For instance, the usual

large-scale vortex merger events in 2D are missed, and instead an explosive separation

of large-scale vortices is seen, in addition to a rapid spreading of turbulence away from

the shear layer. Such a dramatic difference in the structures and levels of turbulence,

along with enhanced turbulent energy fluxes, when the couplings to the stable modes

are analytically removed, confirm that the stable modes act as a large-scale energy

sink, and thus tame the turbulence near the narrow region of the shear layer. This

finding has consequences in modeling efforts of shear-flow turbulence in fusion plasmas

when the zonal flows and streamers go unstable.

It has not escaped our understanding that, given the critical role of stable modes

with respect to the structures and energetics of the Kelvin-Helmholtz turbulence,

studies of MHD turbulence in reconnection-driven sheared outflows[62] may benefit

from the investigation of stable modes in such settings, and simpler models of scaling
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and cascade rates may be informed from such analyses. Although the stable modes

considered in this paper are of the shear-flow instability, other instabilites too have

stable modes, for instance, the tearing instability,[159] which can co-exist with the

Kelvin-Helmholtz instability. The stable modes, as here in shear-flow turbulence, may

deplete the fluctuation energy there as well, thus potentially lowering the small-scale

energy cascade rate and affecting the spectral index of the fluctuation power spectrum.

More work needs to be carried out in the future to assess the impact of stable modes

on, for example, MHD energy fluxes and the breaking of energy cascade.[153]

Appendix: Anti-symmetric S-transfer-function

The anti-symmetry property of the wavenumber-to-wavenumber (S-) transfer function

SC

A
(kx|k′′x) = −SA

C
(k′′x|kx), (A1)

will be proved here.

To begin, take Eq. (5.10)

SC

A
(kx|k′′x) = Re

{〈
A(−kx) ·

[
B(k′x) · ∇′′C(k′′x)

]〉
z

}
. (A2)

where the triadic interaction involves A,B, and C at wavenumbers kx, k′x, and k′′x

such that −kx + k′x + k′′x = 0. Following the analogy with Eq. (A2), we compose the
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expression for SA

C
(k′′x|kx), with the constraint −kx + k′x + k′′x = 0 still applied, as

SA

C
(k′′x|kx) = Re

{〈
C(−k′′x) ·

[
B(−k′x) · ∇A(kx)

]〉
z

}

= Re

{〈
C(k′′x) ·

[
B(k′x) · ∇A(−kx)

]〉
z

}

= SA

C
(−k′′x| − kx),

(A3)

which simply means that the energy transfer from kx to k′′x is same as the energy

transfer from −kx to −k′′x, i.e., conjugate symmetry, as was shown also for the net

energy transfer in Eq. (5.6).

With the expressions for SC

A
(kx|k′′x) and SA

C
(k′′x|kx) at hand, we now show that

they hold an antisymmetry property: SC

A
(kx|k′′x) = −SA

C
(k′′x|kx). To prove such, let us

evaluate SC

A
(kx|k′′x) + SA

C
(k′′x|kx) below

SC

A
(kx|k′′x) + SA

C
(k′′x|kx) = Re

〈
A∗(kx) ·

[
B(k′x) · ∇C(k′′x)

]〉
z

+ Re
〈
C∗(k′′x) ·

[
B∗(k′x) · ∇A(kx)

]〉
z

(A4)

The first term on the right-hand side of Eq. (A4) is

Re
〈
A∗(kx) ·

[
B(k′x) · ∇C(k′′x)

]〉
z
= Re

〈
A∗ · (B′

xik
′′
x +B′

z∂z)C
′′
〉
z
, (A5)

and the second term on the right-hand side of Eq. (A4) is

Re
〈
C∗(k′′x) ·

[
B∗(k′x) · ∇A(kx)

]〉
z
= Re

〈
C′′∗ · (B′∗

x ikx +B′∗
z ∂z)A

〉
z

= Re
〈
C′′ · (−B′

xikx +B′
z∂z)A

∗
〉
z
. (A6)



157

Substituting the expressions from Eqs. (A5) and (A6) in Eq. (A4),

SC

A
(kx|k′′x) + SA

C
(k′′x|kx)

= Re
〈
A∗ · (B′

xik
′′
x +B′

z∂z)C
′′
〉
z
+ Re

〈
C′′ · (−B′

xikx +B′
z∂z)A

∗
〉
z

= Re
〈
B′
xi(k

′′
x − kx)A

∗ ·C′′
〉
z
+ Re

〈
B′
zA

∗ · ∂zC′′ +B′
zC

′′ · ∂zA∗
〉
z

= −Re
〈
ik′xB

′
xA

∗ ·C′′
〉
z
+ Re

〈
B′
z∂z(A

∗ ·C′′)
〉
z

= −Re
〈
ik′xB

′
xA

∗ ·C′′
〉
z
− Re

〈
(∂zB

′
z)A

∗ ·C′′
〉
z

= −Re
〈
(ik′xB

′
x + ∂zB

′
z)A

∗ ·C′′
〉
z

= −Re
〈
[∇′ ·B(k′x)]A

∗ ·C′′
〉
z

= 0. (A7)

In the second last line of Eq. (A7), it can be seen that divergence of the vector field B

appears. Since all the vectors fields—velocity and magnetic fields—are divergenceless

in this study, we obtain null at the end. Thus the anti-symmetry property of the

wavenumber-to-wavenumber (S-) transfer function

SC

A
(kx|k′′x) = −SA

C
(k′′x|kx), (A8)

is proved. It can be a fruitful exercise for the reader to repeat this proof in a fully

periodic system,[145] where the proof requires only a couple of lines of equation.
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Part II

Instability-Induced Zonal Jets
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6 paper d: three-dimensional shear-flow

instability saturation via stable modes

A version of this chapter was published in Phys. Fluids 35, 105151

(2023), in a joint special issue by Phys. Fluids and Phys. Plasmas.
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abstract

Turbulence in three dimensions (3D) supports vortex stretching that has long been

known to accomplish energy transfer to small scales. Moreover, net energy transfer

from large-scale, forced, unstable flow-gradients to smaller scales is achieved by

gradient-flattening instability. Despite such enforcement of energy transfer to small

scales, it is shown here not only that the shear-flow-instability-supplied 3D-fluctuation

energy is largely inverse-transferred from the fluctuation to the mean-flow gradient,

but that such inverse transfer is more efficient for turbulent fluctuations in 3D than

in two dimensions (2D). The transfer is due to linearly stable eigenmodes that are

excited nonlinearly. The stable modes, thus, reduce both the nonlinear energy cascade

to small scales and the viscous dissipation rate. The vortex-tube stretching is also

suppressed. Up-gradient momentum transport by the stable modes counters the

instability-driven down-gradient transport, which also is more effective in 3D than in

2D (≈70% vs. ≈50%). From unstable modes, these stable modes nonlinearly receive

energy via zero-frequency fluctuations that vary only in the direction orthogonal to the

plane of 2D shear flow. The more widely occurring 3D turbulence is thus inherently

different from the commonly studied 2D turbulence, despite both saturating via stable

modes.
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6.1 Introduction

The directionality of turbulent energy transfer has long been a topic of interest.[160]

Early on, energy transfer to small scales was posited in Navier-Stokes inertial-range

turbulence, as part of the scale-invariant property of the nonlinearity.[14, 161] Later,

inviscid dynamical invariants were shown to govern energy transfer directions in

two-dimensional (2D) turbulence.[162, 163] In 2D, because the vortex tubes cannot

be stretched, two positively signed invariants exist and demand oppositely directed

cascades: enstrophy to small and energy to large scales.[162, 163] Nonlinear energy

transfer is also affected by global symmetry breaking processes like rotation,[164–

166] stratification,[167] a mean shear flow,[168–173] or an external magnetic field

via anisotropic linear physics.[174–177] The important effects observed are spectral

condensation at large scales and anisotropic turbulent structures that coincide with the

anisotropic linear physics.[178, 179] The mechanism involves the correlation time of

nonlinear interactions, which depends on anisotropic frequencies of linear waves.[164–

166, 176] Thus, anisotropy is endowed to, otherwise isotropic, nonlinear energy transfer.

It is by this mechanism that the inverse energy cascades can be explained in 3D rotating

turbulence,[164–166] and similar arguments apply in the creation of large-scale zonal

flows[176] in fusion plasmas where the mean magnetic field breaks the symmetry. This

understanding, however, must account for the physics of the linear instability, when it

drives the turbulence.

If the instability operates at large scales,[110] the tendency of instability to relax its

driving gradient implies energy transfer to smaller scales. This traditional argument

anticipates that instability-driven turbulence will feature forward energy transfer.

While true, the linear-instability-supplied fluctuation energy need not necessarily, in

its entirety, be available to a nonlinear energy cascade to other scales. A discrepancy
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can arise because the nonlinearity can excite stable-mode solutions of the operator of

the linear stability analysis.[15, 32, 88, 89, 91, 93, 95, 97, 98, 110, 111, 140, 141, 143,

144, 180] Stable-mode excitation has also been observed in laboratory experiment.[181]

When excited to large amplitudes, the stable modes directly transfer turbulent energy

from the instability-scale fluctuations to the driving mean gradient,[180] a process

that can be interpreted as an inverse transfer of energy. Such direct fluctuation-to-

mean transfer is distinct from the nonlinear energy cascade. However, the former

can drastically reduce the latter,[88, 180] a phenomenon that has come to light in

turbulence theory in recent years.[15, 176]

All the effects described above can arise in shear flow-driven hydrodynamic tur-

bulence. Our chief concerns in this paper relate to energy transfer directionality,

spatial dimensionality, and instability saturation mechanism. We investigate the

turbulence driven by a forced, unstable shear flow in three dimensions, specifically the

Kelvin-Helmholtz (KH) instability. The KH instability is an inviscid instability[113]

whose eigenspectrum is composed of: (i) discrete eigenfrequencies that are purely

imaginary and that appear in complex-conjugate pairs, and (ii) a theoretically infinite

number of eigenmodes that form a continuum in real frequency.[144] In this study,

the discrete modes are an unstable mode and a damped (conjugate-stable) mode.

The former extracts energy from the unstable flow-gradient and the latter reverses

it.[110, 144] Being a conjugate-stable mode, its mode structure is conceptually similar

to that of the unstable mode.[111] Because of the similarity in mode structures and

complex eigenfrequencies,[15] the conjugate-stable modes can strongly nonlinearly

couple to the unstable modes, and thus get excited to large amplitudes.

In 2D hydrodynamic[110] and magnetized shear flows,[111, 143, 144] the conjugate-

stable modes have been shown to be significantly excited in saturation. The modes

sequester energy at large scales, reduce the nonlinear energy cascade, and lower the
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small-scale dissipation rate.[143] Driving up-gradient momentum transport, the stable

modes counter the instability-driven down-gradient transport.[111, 144]

In 3D fluid turbulence, the strong excitation of conjugate-stable modes remains

to be confirmed. Possible reasons for a lack of such a mechanism relate to the added

degree of freedom in 3D, which may result in an inefficient stable-unstable mode

coupling, thus allowing the majority of energy to cascade to small scales. However,

with the additional dimension, the number of new unstable and conjugate-stable

modes (hereafter interchangeably called stable modes) also increases.[113] Since the

turbulence is inherently a multi-scale nonlinear phenomenon, with complexity further

enhanced by the presence of large-scale energy sources and sinks in the form of unstable

modes and stable modes, reliable understanding can only be gained with quantitative

assessment. A detailed analysis of the energetics of 3D turbulence is, thus, crucially

needed.

Instability saturation can also be influenced by the anisotropic dispersion relation

of the 3D KH instability, where the anisotropy arises because the perturbations that

vary only in the spanwise direction (orthogonal to the direction of the mean flow

and the direction of shear) are distinct from the perturbations that vary only in the

direction of the mean flow. When the spanwise perturbations are analyzed in terms

of an eigenspectrum, one finds neither the KH instability nor the waves forming a

continuum in frequency: all eigenfrequencies of the inviscid linear operator collapse

to zero.[113] One might, thus, assume that these spanwise fluctuations play no role

in the saturation of the KH instability, as the instability is largely caused by the

fastest-growing two-dimensional streamwise perturbations.[113] However, nonlinear

mode couplings can strongly drive the zero-frequency, purely spanwise fluctuations,

making the 3D turbulence different from its 2D counterpart in essential regards. For

example, the spanwise fluctuations, due to their zero frequencies, can catalyze near-
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resonant[164–166, 176] energy transfer between two waves of similarly high frequencies,

as such a triad maximizes the turbulent interaction time[32, 88]; in the context of

the inviscid-instability-driven dissipative turbulence, this translates to energy transfer

between eigenmodes of similar but opposite growth rates.[32, 88, 95, 141] Hence, this

new channel involving spanwise fluctuation can participate in the nonlinear saturation

of the instability in 3D. However, whether the participation becomes dominant is a

priori unknown.

Even in linear stability analysis, the 2D and 3D KH instabilities are different, as

shown already in 1933 by Squire, stating[182] that 2D perturbations are the least

stable. Technically valid only for linear analysis, the theorem is relied upon in insightful

nonlinear studies of 2D turbulence, ignoring the possibility that the 3D KH-unstable

modes may compete nonlinearly with the 2D KH-unstable modes, and even dominate.

A part of the reason is the (computational) cost-effectiveness of the 2D analysis. Such

studies commonly appeal to nonlinearly[165, 166] two-dimensionalizing effects such as

a strong rotation, although the rotation can introduce new waves.[183] There have,

however, been illuminating studies on 3D KH-instability-driven turbulence, where

fully 3D fluctuations are connected to the secondary and tertiary instabilities of the

fluctuations generated by the primary 2D KH instability (see, e.g, Refs. [119, 184–189]).

While such 3D higher-order instability analyses offer a unique perspective on the

development of the 3D turbulence and characterize the “zoo" of secondary and tertiary

3D structures, it can be difficult to extract the importance of the 3D primary KH

mode evolution because such slowly growing KH modes can take a longer time to

rise to appreciable levels. Before those are reached, the mean shear flow can decay,

causing a premature demise of the 3D KH modes The issue is, therefore, not just

3D, but the time scale that the 3D primary KH-unstable modes need to be allowed

to evolve self-consistently without disadvantaging them by preventing the loss of
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the instability. A continuously active free energy source for instability can arise in

natural and laboratory flows, including those in galaxies, stars, protoplanetary disks,

atmospheres, oceans, at the mouths of rivers and estuaries, and nuclear fusion devices,

where flow-shear is supplied externally; see, e.g., Refs. [29, 118, 119, 190–194] In such

cases, how the instability saturates nonlinearly is not understood.

Momentum transport by the KH instability is countered by the stable modes:[97,

110] the stable modes steepen the mean flow gradient that the KH instability attempts

to flatten. Understanding the efficiency of these competing processes allows to

construct reduced and truncated models of turbulent transport.[88, 111, 144] If the

unstable and stable modes primarily contribute to momentum transport in the 3D KH-

instability-driven turbulence, accurate transport models may be achieved. Exploring

such possibilities, therefore, benefits geo- and astrophysical communities (see, e.g.,

Refs. [82, 195]) who wish to understand the turbulence and predict the momentum

and particle transport rates due to the 3D KH instability in nature.

One of the principal findings of this paper is that the 3D KH instability nonlinearly

excites zero-frequency, spanwise fluctuations that near-resonantly transfer energy to

the conjugate-stable modes at KH-unstable wavenumbers. These stable modes then

return the turbulent energy to the mean flow. Such stable modes inhibit the energy

cascade to small scales, viscous dissipation rate, momentum transport across the shear

layer, and vortex stretching—a purely 3D phenomenon.

This paper is organized as follows. Section 7.2 presents the model of shear-flow

turbulence and simulation details. In Sec. 6.3, a complete eigenmode basis is derived

using an inviscid linear operator. Stable-mode excitation is demonstrated in Sec. 6.4.

Section 6.5 shows significant counter-gradient momentum transport by stable modes

and presents a reduced transport model. Inverse transfer of energy by the stable

modes from the fluctuations to the mean flow is investigated in Sec. 6.6. How such
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stable modes receive energy in the nonlinear phase is explored in Sec. 6.7. The stable

modes are shown in Sec. 6.8 to retard 3D vortex stretching and subdue small-scale

dissipation. Section 6.9 presents broader issues and implications of the results, before

conclusions in Sec. 9.7.

6.2 Model and simulation setup

An incompressible hydrodynamic fluid evolves[113] according to

∂tu+ u · ∇u = −∇p+ ν∇2u+ f , (6.1a)

∇ · u = 0, (6.1b)

where u is the fluid velocity, ν the kinematic viscosity, and f the forcing, or externally

supplied acceleration. The pressure (per unit density) p imposes the incompressibility

constraint Eq. (6.1b) on the flow.

Background flow and forcing

We consider an initial flow profile u(x, y, z, t=0) = U0 tanh(z/a)êx, which is well-known

to be unstable.[113] The flow amplitude U0 and half-width a of the flow-shear are the

initial characteristic speed and length scale that are used to non-dimensionalize all the

variables henceforth. Thus, time is measured in units of a/U0 and energy (per unit

mass) in terms of U2
0 . The initial mean flow thus becomes u(x, y, z, t=0) = tanh(z)êx.

The viscosity is non-dimensionally measured via the Reynolds number Re=U0a/ν.

In natural systems, the unstable mean shear flow can evolve in at least two different

qualitative ways: first, when the mean shear flow is allowed to freely evolve following

the response from the shear flow-driven turbulence, the unstable shear flow relaxes



167

to a stable configuration. Second, when the mean shear flow is allowed to evolve

in the presence of the external drive that brings the shear flow in existence in the

first place, the resulting turbulence can be of quasi-stationary nature. Admittedly,

the form of the external drives can vary from system to system; avoiding such a

system-specific requirement, we use a general form of external forcing that replenishes

the initial, unstable equilibrium. Such type of restoring force have previously been

used to model external forces in natural environments,[117–119, 190, 196] e.g., jets in

stars, driven flows in geo-and astrophysics, which can be related to various forms of

external drives,[118, 119, 190–193] for example, fingering convection that ceaselessly

seeds secondary instability with shear flow,[29, 194] and, in general, the gravitational

force that generates shear layers in accretion disks and stellar interiors. We thus

externally drive the mean flow using f = f(kx=0, ky=0, z, t)êx, where kx and ky are

the wavenumbers along the x- and y-axes, respectively, with

f =
1

tforcing

[
Uref(z)− ⟨ux(x, y, z, t)⟩x,y

]
+ F0, (6.2)

where Uref(z)= tanh(z) is the initial mean flow; ⟨ux(x, y, z, t)⟩x,y is the (x, y)-averaged

instantaneous flow, directed along the x-axis; and 1/tforcing, with units of U0/a, is the

rate at which the mean flow is forced toward the initial equilibrium profile.[118, 119,

144] A time-independent forcing F0 helps to realize a true equilibrium of the initial

mean flow: Re−1∇2Uref(z) + F0 = 0, allowing a formal linear analysis.

On this equilibrium system, small-amplitude initial noise is seeded for the present

simulation studies.
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Initial perturbations, boundary conditions, and simulation

parameters

To ensure incompressiblity ∇ · u=0 of the flow in the initial random perturbations,

careful steps are taken by first writing u=∇ × C, where C=
∑

µ={x,y,z}Cµêµ is a

3-dimensional vector field, with each component given as

Cµ(x, y, z) =
∑

0<|kx|<kmax
x

0<|ky |<kmax
y

eikxxeikyyĈµ(kx, ky, z). (6.3)

Initial perturbations are excited up to kx = kmax
x and ky = kmax

y . The Fourier

components of such perturbations are

Ĉµ(kx, ky, z) = êµA e−
z2

σ2

(
|kx|αeiθµ(kx)δky ,0 + |ky|αeiθµ(ky)δkx,0 + |kxky|βeiθµ(kx,ky)

)
,

(6.4)

where A is an overall amplitude of the perturbation (measured non-dimensionally

with respect to the initial mean-flow amplitude U0); σ is the width (measured non-

dimensionally with respect to the half-width of the flow-shear a) along the z-axis of

the Gaussian envelope that scales the initial perturbations; α and β are the spectral

slopes of the perturbations in the wavenumber space kx and ky, respectively; each

component of C is randomized in phase at every wavenumber via random phase

functions θµ(kx), θµ(ky), and θµ(kx, ky). On the right-hand side of Eq. (6.4), the first

term inside the brackets excites the ky=0 Fourier modes, which are the purely 2D

perturbations; the second term corresponds to the fluctuations that vary only on

the (y, z)-plane, orthogonal to the streamwise direction; and the third term excites

perturbations that vary in all directions.

Motivated by earlier studies of 2D shear-flow turbulence,[111, 143, 144, 180] we use
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a small-amplitude perturbation, with A=10−3, to allow an unambigious and decades-

long linear evolution of the instability, before it gets nonlinearly modified. The 2D

studies employed only the first term inside the brackets on the right-hand side of

Eq. (6.4). The initially excited perturbations, up to kmax
x = 128 and kmax

y = 128, have

a near-flat spectrum of energy over the (kx, ky)-plane, which we achieve by choosing

α=−1 and β=−1/2 in Eq. (6.4). The perturbations peak at z=0 and have a Gaussian

width of σ=2.

To make the initial perturbations fully free of u-divergences, the pressure p is

obtained using p=∇−2∇ · [−(u · ∇)u] where ∇−2 stands for inversion of the Laplacian

operator.

Boundary conditions along the x- and y-axes are periodic, whereas, along the

z-axis, we impose no-slip, co-moving (with the initial flow) walls at the top and bottom

boundaries z=± Lz/2.

While we have studied the current system with varying forms of initial condition,

box size, spectral resolution, and the Reynolds number, we present in this paper results

using a box size of Lx=Ly=Lz=10π, resolving a large number of linearly KH-unstable

wavenumbers, and using a spectral resolution of 5123: Fourier modes on the (x, y)-

plane and Chebyshev polynomials along the z-axis. To avoid aliasing errors, we dealias

the quadratic nonlinearities of the governing equation via the 3/2-rule in all directions.

Motivated by earlier studies,[143, 144, 180] tforcing=0.5 is chosen throughout this study

(the instability-growth time is ∼ 6 and the box-crossing time of the mean flow is

10π). Such a choice adequately replenishes the initial mean flow, thereby preventing

the loss of the KH instability. We use the pseudospectral solver Dedalus,[121] with

third-order, four-stage implicit-explicit Runge-Kutta time-integrator to advance the

system. At the cost of ∼10 million CPU-hours, long time-integrated 3D simulations

are studied for Re = 300, 1500, and 5000, in addition to an ensemble of 10 different
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three-dimensional numerical simulation continuations (in Sec. 6.8).

6.3 Complete eigenmode basis

Before analyzing the nonlinear state of the shear-flow instability, we find the inviscid

eigenmodes by linearizing Eqs. (9.1a) and (6.1b), dropping the viscous term, and

Fourier-transforming the equations,

∂tû+ u0 · ∇û+ û · ∇u0 = −∇p̂, (6.5a)

∇ · û = 0, (6.5b)

where u is decomposed into its mean (kx=ky=0) mode u0 and fluctuation spectrum û

at (kx, ky); likewise for the pressure p̂; the derivative operator ∇ can be expressed as

ikxêx + ikyêy + êz∂z.

With u0=Uref(z)êx, a complete eigenspectrum can be found at any given wavenum-

ber. When ky=0, one obtains an eigenspectrum corresponding to 2D perturbations:[144]

(i) unstable and conjugate-stable eigenmodes at |kx| ≲ 1, frequencies of which are

complex-conjugates, and (ii) a large (theoretically infinite) number of eigenmodes

that form a continuum in real frequency and that exist at all kx ̸=0. This set of

eigenmodes also exists for 3D perturbations. To obtain the eigenmodes, we dis-

cretize Eqs. (6.5a) and (6.5b) using 1024 Chebyshev polynomials for each variable

(ûx, ûy, ûz, p̂) along the z-axis, and form a 4096× 4096-sized matrix eigenvalue prob-

lem at each wavenumber, and then diagonalize the matrix to find the complete

eigenspectrum. The 3D unstable and stable eigenmodes are visually very similar

as can be seen, for example, when examining their z-components of velocity at the

first Fourier mode numbers along the x- and y-axes in Fig. 10.1. The similarity
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Figure 6.1: For an unstable mean flow u0=tanh(z)êx, physical structures of perturbed
ûz of 3D unstable and conjugate-stable modes are shown; the colors represent the
magnitude of the ûz (in arbitrary units). The isocontours and the surface rendering
highlight a symmetry that is illustrated with a cartoon.

appears because, in wavenumber space, they exhibit a special complex-conjugate

symmetry: (ûx, ûy, ûz, p)stable mode = (û∗x, û
∗
y,−û∗z, p∗)unstable mode, where ∗ denotes the

complex-conjugation operation.

A growth rate spectrum of the unstable mode on the (kx, ky)-plane is shown in

Fig. 10.2. At every wavenumber for which the unstable mode of the inviscid linear

operator exists, the conjugate-stable mode must necessarily, as well exist—meaning

that Fig. 10.2 also serves as a damping rate spectrum of the conjugate-stable mode.

For the special case of kx=0, the entire eigenspectrum becomes infinitely degenerate,

i.e., all eigenvalues collapse to zero on the complex-frequency plane. In that case, the

dropped viscous term becomes singularly important, and is the sole active term that

damps the fluctuation spectrum.
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Figure 6.2: Growth-rate spectrum of 3D KH instability, showing an anisotropic disper-
sion relation. The 2D modes, ky=0, have the largest growth rates. All wavenumbers
with kx=0, shown with a vertical blue dashed line, are linearly stable. The wavenumber
(0, 0) corresponds to the mean flow. As the Kelvin-Helmholtz instability is a large-scale
instability, the wavenumbers shown in white, whose boundary is approximated by the
black bounding curve, are linearly stable.

6.4 Nonlinear excitation of stable modes

Turning now to the nonlinear saturation of the instability, at any wavenumber

k=(kx, ky), where discrete linear eigenfrequencies in this system exist, an arbitrary

Fourier-transformed state vector χ̂=(ûx, ûy, ûz, p̂) can be decomposed in the basis

spanned by the complete set of eigenmodes in the manner of χ̂=
∑

j βjχ̂j, where βj

is the complex-valued amplitude of the jth eigenmode χ̂j. Since the eigenmodes at

hand are non-orthogonal, the mode-amplitudes βj in the turbulent state cannot be

determined simply by taking a Hermitian inner product between the eigenmodes.

However, this is merely a technical challenge; the βj can be uniquely determined

by employing the biorthogonal basis, found by solving an adjoint of Eqs. (6.5a) and

(6.5b), which produces the same eigenspectrum but a different set of eigenmodes,

usually known as left eigenmodes or adjoint solutions. To gain machine-precision

accuracy,[144, 197] we use adjoint solutions of discretized equations rather than that
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of the analytical equations.

As the unstable modes grow exponentially in the linear phase, they attain large

amplitudes. Then the unstable modes, via nonlinear process, excite eigenmodes that

are linearly stable (i.e., decaying in the absence of nonlinearity), as shown with the

orange curves in Figs. 10.3(a) and 10.3(c). The nonlinear interaction quickly involves

multiple eigenmodes and multiple wavenumbers, and, in the fully nonlinear phase, in

Figs. 10.3(b) and 10.3(d), the conjugate-stable mode attains an amplitude nearly

identical to that of the unstable mode. These figures show that the stable modes

are excited even in 3D. Their excitation is universal, as long as the viscosity is not

enormously large to lead to a laminar flow. In support of this, we find, for Re = 1500

and other lower Re cases (not shown), large excitation of stable modes.

6.5 Efficient 3D counter-gradient momentum

transport

We inquire if momentum is transported differently across the mean shear layer due to

the stable-mode-rich turbulence. Prior studies have shown counter-gradient momentum

transport due to stable modes, but only in 2D systems,[111, 125, 144] leaving the

question open whether such a result is generalizable to 3D systems. To address this

issue, we measure the Reynolds stress by decomposing the turbulent fluctuations at

each KH-unstable wavenumber into eigenmodes and by evaluating stress contribution

from each eigenmode. Since the momentum is transported maximally at the middle of

the shear layer z=0, because of the strongest shear there, we compare the transport

rates at z=0 from individual eigenmodes, along with the total transport from mode-

undecomposed fluctuations at z=0.
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Figure 6.3: Amplitude evolution of unstable (|β1|) and conjugate-stable (|β2|) modes at
kx=ky=0.2. In (a) and (b), Re=5000 is used in the initial value simulation; and in (c)
and (d), Re=300 is used. In each case, the left panel shows the early evolution using
a logarithmic vertical scale, whereas the right panel displays the full time evolution
using linear scales on both axes. Stable modes are nonlinearly excited much before
the saturation of the unstable mode.

The time-averaged spectrum of the Reynolds stress is shown in Fig. 6.4: in blue, the

stress from an unstable mode; in orange, the stress from a stable mode; and in black,

the total stress without performing the eigenmode decomposition. The total stress

τall(z=0) is large (the black bars are taller) for low wavenumbers. Mode-decomposition

shows that transport from 3D unstable modes is large, and correspondingly large is

that from the 3D stable modes. This immediately challenges a prediction of transport

based on unstable modes only.[26–29, 38] A correct transport level, however, can be

found by simply adding the contribution of stable modes.

To separate the 2D and 3D modes, we apply a wavenumber-summation to Fig. 6.4



175

0.2

0.4

0.6

0.8

ky−0
.6 −0

.4 −0
.2

0 0.2 0.4 0.6
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.10

0.11

τ = 〈ũxũz〉
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Figure 6.4: Time-averaged spectrum of Reynolds stress due to: the unstable mode τ1,
stable mode τ2, and mode-undecomposed full fluctuations τall. Where the peaks of
the blue and black bars are at similar heights, τ1 + τ2 is a good approximation to τall.
The difference between τ1 + τ2 and τall is small, and arises from the contribution of
the continuum modes to the total stress τall. All stresses are averaged over t=200–708
for Re=5000.

and obtain a 2D−3D comparison in Fig. 6.5. It is clear that the total stress, shown

in black, is higher for the 3D modes than for the 2D modes. This is easily explained

with the aid of Fig. 6.4 where many 3D modes have comparable stress contribution to

that of the 2D modes, in addition to the higher density of states of the 3D modes, i.e.,

number of wavenumbers ky per kx.
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Figure 6.5: Comparison of time-averaged Reynolds stresses at z=0 for all KH-unstable
3D vs. 2D modes. Further decomposition shows contributions from the unstable mode
τ1; stable mode τ2; the two added together, τ1 + τ2; and the mode-undecomposed full
fluctuations τall. The difference between τall and τ1 + τ2 arises from the stress due to
the continuum modes. Stresses are averaged over t=200–708 for Re=5000.

6.6 Inverse transfer of energy in 3D

We now analyze the energy transfer rate Q1(k) from the mean flow to the fluctuations

at k by the unstable mode, and the rate of inverse energy transfer Q2(k) from the

fluctuation k to the mean flow by the stable mode. Both of these are linear processes,

as one of the involved wavenumbers is the mean flow—the reservoir of the free energy

for the instability and thus turbulence. Two additional linear processes, however, exist:

first, because the mean flow also evolves, the instantaneous deviation of the mean from

the initial profile can induce a (typically small) linear coupling between the inviscid

eigenmodes of the initial profile, thus reducing Qj by an amount Rj. Second, the
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viscous term introduces energy dissipation Dj . However, since the unstable and stable

eigenmodes that are analyzed here exist only at large scales (|k| ≲ 1), the dissipative

effect at such scales is small, compared to Qj. This remains true as long as the

viscosity is not enormously large to stabilize completely the inviscid Kelvin-Helmholtz

(KH) instability; such a case, however, is irrelevant to the scenario we are interested

in, where the KH instability drives the turbulence.

To quantify the energy transfer rates described in the previous paragraph, we

Fourier-transform Eqs. (9.1a) and (6.1b), and project the equation onto an eigenmode

of interest, say the jth eigenmode, by multiplying the Fourier-transformed equation

with the jth modified left eigenmode Ẑj; see Appendix A of Ref. [144] for a general

overview of modified left eigenmodes. To illustrate this here, Eqs. (9.1a) and (6.1b)

can be structurally written, at k ̸=(0, 0), as

∂tMχ̂ = Lχ̂+
∑

k′,k′′:k′+k′′=k

N(χ̂′, χ̂′′), (6.6)

where the matrix M of size 4× 4 has the form [[I3×3, 0], [0, 0]], with I3×3 as the identity

matrix of size 3× 3; furthermore, L is a linear operator and N a nonlinear operator,

with χ̂′ and χ̂′′ representing state vectors at k′ and k′′, respectively.

Projecting Eq. (6.6) on the modified left eigenmode Ẑj, we obtain the mode-

amplitude evolution equation

∂tβj(k) = γj(k)βj(k) +
∑

l

Bjl(k)βl(k) +
∑

k′,k′′:
k′+k′′=k

∑

m,n

Cjmn(k,k
′)β′

mβ
′′
n, (6.7)

where we have used the biorthogonality relation between the modified left eigenmode

Ẑj and the right eigenmode χ̂l such that ⟨Ẑj, χ̂l⟩ ∝ δj,l. In Eq. (6.7), γj(k) is the

complex-valued growth rate of the jth eigenmode at a wavenumber k; the coefficient
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Bjl(k) measures the linear coupling (between the inviscid eigenmodes at k) induced

by the viscous term and by the instantaneous deviation of the mean flow from the

initial profile; the coefficient Cjmn(k,k′) measures the nonlinear coupling between the

eigenmode m at k′ and the eigenmode n at k′′, driving the eigenmode j at k; and β′
m

and β′′
n represent the amplitudes of modes m at k′ and n at k′′, respectively. Now, we

multiply Eq. (6.7) with β∗
j , and add the complex-conjugate of the resulting equation

to obtain the evolution equation for the eigenmode energy, which reads

∂t|βj(k)|2 = Qj + (Rj +Dj) + Tj, (6.8)

where

Qj = 2Re [γj(k)] |βj(k)|2, (6.9a)

Rj +Dj = 2Re
[∑

l

Bjlβlβ
∗
j

]
, (6.9b)

Tj =
∑

k′,k′′:
k′+k′′=k

∑

m,n

Tjmn(k,k
′), (6.9c)

Tjmn(k,k
′) = 2Re[Cjmn(k,k

′)β′
mβ

′′
nβ

∗
j ]. (6.9d)

In Eq. (6.8), Qj measures the energy transfer rate by the jth eigenmode to the

fluctuation scale k from the initial mean flow; Rj is the energy transfer rate by the jth

eigenmode to the fluctuation scale k, the energy source here being the instantaneous

deviations of the mean flow from the initial mean flow; Dj is the viscous dissipation

rate by the jth eigenmode at the fluctuation scale k; Tj is the nonlinear drive to the

jth eigenmode. Since the eigenmodes used for the basis expansion are the inviscid

eigenmodes of the initial mean flow, the terms Rj and Dj introduce a linear coupling

Bjl between those eigenmodes, the effect of which we measure next.
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For both the 2D and 3D perturbations that the system generates, the energy

transfer rates Qj and Rj+Dj are shown in Figs. 6.6(a) and 6.6(b) for the energetically

dominant wavenumbers. The energy transfer reduction term Rj +Dj is of opposite

sign compared to Qj. This physically means that unstable modes are slightly less

efficient in extracting energy from the instantaneous mean flow when compared with

their efficiency of energy extraction from the initial mean flow; the same applies to

the energy return rate by the stable modes. This particular finding is similar to the

results reported for 2D MHD shear-flow turbulence.[180]

At early times t ≲ 140, the 2D mode dominates over the 3D mode; Fig. 6.6(c).

However, in the turbulent phase, the slowly growing 3D wavenumber competes with

the 2D wavenumber. In all cases, the stable modes are significantly excited, nearly to

the levels of the corresponding unstable modes.

We note that, because of the added degree of freedom (the y-coordinate) in the

3D system, there exist more wavenumbers that are 3D KH-unstable than that are

2D KH-unstable; for example, there is only one wavenumber that is 2D KH-unstable

at kx=0.2, i.e., (0.2, 0), whereas there are multiple wavenumbers that are 3D KH-

unstable at kx=0.2, namely, (0.2,±0.2), (0.2,±0.4), etc. We avoid double-counting

the Hermitian conjugates (−kx,−ky) of these wavenumbers (kx, ky), which are already

included in the definition of Qj(k).

Time-averaged energy-transfer rates are compared in Fig. 6.7, where the rates

are decomposed by unstable and stable modes. Despite growing slowly, the 3D

wavenumbers contribute significantly in the fully nonlinear phase in extracting energy

from the mean flow. However, the stable modes at the same wavenumbers, whether

2D or 3D, always efficiently deplete fluctuation energy and transfer energy in the

reverse direction: from the fluctuation to the mean flow.

The 3D modes are more efficient than the 2D modes in extracting energy from the
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Figure 6.6: Time traces of energy transfer to an unstable, j=1, and a stable, j=2,
mode at wavenumbers with (a) 2D and (b) 3D perturbations, in a simulation with
Re=5000. The quantity Qj denotes the energy transfer rate from the initial mean
flow to the jth eigenmode at fluctuation scale (kx, ky); Rj+Dj collectively represents
the effect of time-deviations of the instantaneous mean flow from the initial profile
and the effect of viscous dissipation. In (c), 2D and 3D perturbations, decomposed by
unstable and stable modes, are compared in terms of the energy transfer rate Qj ; the
stable modes reverse the fluctuation energy to the mean flow at all times, once the
nonlinearity excites them.
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mean flow, as Fig. 6.8 shows. Additionally, the stable-to-unstable mode fraction is

higher for 3D modes. The presence of the energy reversal by the stable modes in 3D

confirms that the stable modes are not the manifestations of the traditional inverse

cascade of 2D turbulence; the former is a direct fluctuation-to-mean transfer of energy,

whereas the latter is a fluctuation-to-fluctuation transfer that takes multiple iterations

and is a nonlinear process. The quantities measured in Fig. 6.8 are the rates of energy

transfer directly between the mean and the fluctuations; we decompose such a linear

energy transfer rate into the contributions of the unstable and stable modes, going

beyond the simple traditional spectral transfer. The significant direct energy reversal

in 3D by the stable modes is a somewhat surprising and important finding of this

paper.

6.7 Nonlinear energy transfer to stable modes

Since the stable modes are found to contribute significantly to the energetics and trans-

port, what nonlinear process transfers energy to the stable modes? Established[145,

198] diagnostics of energy transfer in wavenumber space fail here, because they only

inform about the energy transfer to a given wavenumber, whereas, at any wavenumber,

the total fluctuation is composed of many different eigenmodes, making it desirable to

put an eigenmode filter in the transfer analysis.

The total nonlinear energy transfer T2 from all the fluctuations to a stable mode

j=2 at k=(0.2, 0) is shown in Fig. 9.9, using the expressions in Eqs. (6.8) and (6.9c).

The overlaid curve is the energy transfer rate T2,Z based on triad interactions where

one of the triad members is a fluctuation with kx=0, channeling energy to the stable

mode. This is found by restricting the summation in Eq. (6.9c) such that either

k′=(0, k′y) or k′′=(0, k′′y). We note that kx=0 has zero growth rate and zero frequency.
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Figure 6.7: Time-averaged rate of energy transfer from initial mean to fluctuation
Q1 by unstable modes, and inverse transfer Q2 by stable modes, in a simulation
with Re=5000; the time-averaging interval is t=200–708. Because of the Hermitian
conjugacy in the perturbations over the wavenumbers, only a non-redundant half of
the (kx, ky)-plane is shown. The linearly fastest growing mode exists at k=(0.4, 0).

This wavenumber, and, in particular, the first Fourier mode number along the y-axis,

with kx=0, is observed to have a large x-component in the turbulent flow, and may be

called a zonal mode, analog to secondary instabilities in fusion plasmas.[32, 199, 200]

A difference, however, exists: here, these zonal modes contribute to the Reynolds

stress, as opposed to those of fusion plasmas, which do not transport momentum and,

hence, the contribution of the zonal modes to the stress is null.[88] The main similarity

is that both of the systems have qualitatively similar anisotropic dispersion relation

and both have zonal modes whose linear frequencies are zeros in the inviscid/ideal
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Figure 6.8: Energy transfer rates, classified by 2D and 3D modes, with further
decomposition into the unstable and the stable modes. In the simulation with
Re=5000, time averaging is taken over t=200–708. The stable-to-unstable mode
fraction is larger for 3D modes than for 2D.

limit (when one considers small-scale dissipation coefficient, as well, then the complex

frequencies feature damping rates).[32, 88]

We remark that the stable modes are excited in our system primarily via nonlinear

interaction with the kx=0 modes, once the initial transient phase is complete by

around t=100 (Fig. 9.9). Since the same triadic interaction continuously feeds energy

to the stable mode in the fully saturated phase, one may infer that the process of

nonlinear formation of the stable mode is rather coherent, and, to first order, does not

involve changing wavevectors; the triad driving the stable mode is largely the same.

Such an understanding of stable-mode formation is difficult to obtain in spectral-only

representation, as at a given KH-unstable wavenumber, there also exists the stable

mode, along with the continuum modes. This does not mean that it is uninsightful to

perform traditional diagnostic of energy transfer in wavenumber space by integrating

fluctuations along the direction of inhomogeneity. In fact, some recent shear-flow
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studies have shown an interesting finding of energy circulation over angles on the

wavevector plane, with the magnitude of the wavevector largely unchanged—a process

that has been dubbed as “transverse cascade." [168–173] One may investigate the

connection between such a cascade and the stable modes to learn if the stable modes

favor or impede the transverse cascade. Such a study, however, is beyond the scope of

the present paper.

The zero-frequency mode coupling leads to a near-resonant energy transfer to the

stable mode,[32, 88, 95, 141] see insets of Fig. 9.9, where both time-steady and slow

time-evolution of energy transfers are dominantly zonal-coupled. Such a coupling

allows a large amount of energy to be transferred coherently from the unstable mode.

This finding is of striking consequence, as it has a direct potential to allow building a

reduced, predictive model of saturation levels of unstable and stable modes, as has

recently been achieved in the context of fusion microturbulence.[32, 88, 94, 95, 141, 201]

The existence of zero-frequency mode coupling and near-resonant energy transfer in

3D hydrodynamic turbulence, as found here, is surprising,[174] and may be considered

a finding of the foremost importance.

6.8 Vortex stretching, cascade, and viscous

dissipation

After quantifying the effect of stable modes in energetics and transport, we now

perform an ensemble of numerical experiments.

We randomly select five snapshots in the turbulent phase of the standard simulation

to construct an ensemble. In this ensemble, we project the state vector at each of

those times onto the stable eigenmodes at wavenumbers k=(0.2, 0) and k=(0.2,±0.2),
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Figure 6.9: Nonlinear energy transfer T2 to the stable mode, largely channeled via
spanwise-only (zero-frequency) fluctuation T2,Z, which becomes dominant after t ≳ 100,
shown in the yellow-shaded region. The coupling to zero-frequency modes, labeled
zonal modes, is further probed using a power spectrum P (ω) of energy transfer
in frequency ω, shown in the insets, with linear scales (left) and with logarithmic
scales (right), where T2,NZ=T2−T2,Z represents a purely non-zonal transfer. At ω=0,
filled markers are used. Zonal-coupling dominates at |ω|≈0, implying that nonlinear
interactions feeding energy to stable modes are primarily coherent.

as these wavenumbers dominate energetically (Fig. 6.7). Then, we delete these stable

modes from the chosen state vector, and use the resulting modified state vector as

an initial condition to start a new simulation. The restarted simulations, therefore,

produce responses to an impulsive zeroing of the stable-mode amplitudes. For a second

ensemble, we repeat this process, projecting out this time the unstable modes from the

same wavenumbers at the same five snapshots. In both ensembles, the five responses of

each impulsive zeroing procedure are then averaged to produce two ensemble-averaged
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responses, one from zeroing the stable modes and another from zeroing the unstable

modes.

We then evaluate the viscous dissipation rate, computed at wavenumbers other

than (0.2, 0) and (0.2,±0.2) so that the initial dissipation rates in the mode-removed

and standard simulations are identical. The time-evolution of the dissipation rate ∆ϵν

is compared in Fig. 9.10 between the two ensembles. Larger small-scale dissipation

rates are observed when stable modes are impulsively removed, similar to a recent

finding in 2D turbulence.[143] Although removing the unstable modes initially causes

a minor positive change in dissipation rate, the real impact of the unstable-mode

removal is quickly seen as a reduced dissipation rate—lower than in the standard

simulation. This result is straightforward to explain: first, when an eigenmode of

significant amplitude is removed, the resulting large-scale flow structure for a brief

moment nonlinearly strains the other scales of the flow. Second, nota bene, the linear

interaction of the unstable modes (energy source) or stable modes (energy sink) with

the mean flow is impulsively impaired, which immediately results in either a depletion

of fluctuation energy or a surplus. This second process dominates over the first one

after ∆t ≈ 3. Soon after ∆t ≈ 5, we observe different behaviors in the dissipation

rate—a set of curves lying in the positive ∆ϵν region, and the other set lying in the

negative. The negative is because the stable modes efficiently return the fluctuation

energy to the mean flow; the positive change is due to the enhanced forward cascade

of energy that is extracted from the mean flow by the unstable modes, which are not

countered by the stable modes here. Around ∆t=5, it is observed that the stable-mode

removed simulations, on average, feature the highest dissipation rate, whereas the

unstable-mode removed simulations, on average, show a change in the dissipation rate

that is nearly null.

After quantitative analysis of dissipation rates, we show visualizations of squared
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Figure 6.10: Percentage changes in small-scale viscous dissipation rates. The mean
(solid curve) and one standard deviation (shaded) is found by simulating an ensemble
of 10 different 3D simulations, where either stable or unstable modes are deleted
instantaneously at a randomly selected time, and the simulation resumed to measure
the effect on the nonlinear cascade via the small-scale dissipation rate. For all ∆t
shown, stable-mode-removed simulations (orange) show higher dissipation rates than
that in a standard simulation, corresponding to a positive ∆ϵν ; lower dissipation rates
are observed after an initial impulsive transient in unstable-mode-removed simulations
(blue). All simulations were performed with Re=300.
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Figure 6.11: Isocontours of squared vorticity in simulations at a time when the viscous
dissipation rate peaks. The same isocontour level is chosen in all panels. In the
standard simulation in (a), vortex stretching is suppressed compared to a stable-
mode-removed simulation in (b), where thin and elongated filamentary vortices are
prominent. In an unstable-mode-removed simulation in (c), the long filamentary
structures are not as pronounced as in (b). The unstable modes, in the absence of
stable modes, rapidly stretch and thin out the vortex tubes; in contrast, the stable
modes, in the absence of unstable modes, deplete the fluctuation energy.
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Figure 6.12: Time evolution of enstrophy Eω = ⟨|ω̂|2⟩y,z spectra in three simulation-
continuations: stable-mode removed, unstable-mode removed, and standard. (a) All
simulations are restarted with an identical initial condition, except for the removed
mode. The mentioned-modes are removed only from the wavenumbers kx = 0.2 and
ky = {0,±0.2}. The spectra are, therefore, shown for kx > 0.2. (b)–(d) Impulsive
responses to the mode-removal are most pronounced when the unstable modes are
removed, leading to enhanced turbulence at all scales. The ky-spectra of (x, z)-averaged
enstrophy are similar (not shown).

vorticity (whose volume integral is proportional to the dissipation rate) and compare

the physical structures of turbulence across the simulated responses. At the time

when the dissipation rate is maximal, the isocontours of squared vorticity show, in a

stable-mode impulsively-zeroed simulation, an uninhibited stretching of vortex tubes

by the unstable modes, compare Fig. 9.11(b) with Fig. 9.11(a). In the unstable-mode

impulsively-zeroed simulation in Fig. 9.11(c), a large-scale structure tends to develop

instead of vortex stretching that forms prominent small scales. We note that the

vortex-tube stretching is a purely 3D phenomenon, and is associated with the forward

cascade of energy in 3D hydrodynamic turbulence. A movie, found in the online

supplemental material of this paper, shows several snapshots of stable-mode-removed
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simulations, where we observe prominent episodes of vortex stretching.

To quantify the changes in vortex dynamics at smaller scales in response to the

large-scale-eigenmode removal, we measure enstrophy spectra in three simulation-

continuations, and show a comparison of their time evolution in Fig. 9.12. Although

started with an identical initial condition, the simulation with stable-mode-removal

rapidly evolves, as a nonlinear response to the mode-deletion, to feature increased

level of enstrophy at all scales. The unstable-mode removed simulation also evolves;

however, the increment in the small-scale activity, early on, is relatively small, and, at

later times, the simulation, in fact, shows decreased enstrophy.

One may interpret the findings of the simulation experiments—increased filamen-

tary vortex structures due to the unstable modes, and reduced filamentary vortex

structures due to the stable modes—as the competing effects of forward transfer

of energy from the mean flow to the fluctuation by the unstable mode and inverse

transfer of energy by the stable mode in reversed direction. The nonlinear process

then responds to this linear physics.

6.9 Discussion

Some broader implications and interpretations of the results of this work shall now be

provided.

Cascades, Couplings, and Competitions

We have shown with various quantitative measures that only a fraction of unstable-

mode energy is cascaded to small scales. A majority, near or greater than 70%, of the

instability-extracted energy from the mean flow to the large-scale fluctuations is, in

reality, nonlinearly transferred to the conjugate-stable modes. This nonlinear mode-
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coupling at the instability-scale controls the rate of the small-scale energy cascade

right at its inception.

It remains true that larger Reynolds numbers push the Kolmogorov dissipation

length scale to smaller scales, thus allowing more scales to be dynamically relevant

in the turbulence. The small-scale turbulence is indeed affected by the Reynolds

number; however, the measures of interest, such as the energy injection rate in the

cascade channel where it is formed and the momentum transport rate, are under the

territorial jurisdiction of the fluctuations at the instability scale. At such a large scale,

the conjugate-stable modes are excited, first via a parametric drive from the unstable

modes through the mode-coupling coefficient C211(k,k
′) in the stable-mode evolution

equation

∂tβ2(k) = −γ(k)β2(k) +
∑

l

B2l(k)βl(k) +
∑

k′,k′′:k′+k′′=k

C211(k,k
′)β′

1β
′′
1 + . . . , (6.10)

where C211(k,k
′) is independent of viscosity, and, therefore, favors excitation of stable

modes. Whether this excitation becomes significant or not depends on the relative

magnitudes of γ, B2l, and C211(k,k
′).[15]

At the large instability scale, with decreasing viscosity, B2l naturally becomes

smaller; this is different from the singular limit of small-scale dissipation that does

not vanish with decreasing viscosity. Therefore, the large-scale-stable-mode excitation

is only weakly impacted once the viscosity is sufficiently low, as we have found in

Fig. 10.3. In addition, the small-scale dissipation rate, as well as the scales where

intense viscous dissipation occurs, are both controlled by the energy extracted from

the mean flow-gradient; the extraction rate, however, depends on the excitation levels

of the large-scale stable modes, as shown in Figs. 9.10 and 9.11. Thus, the Reynolds

number, although it spawns more small scales, only asymptotically and weakly impacts
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the large-scale-stable-mode physics, as the stable modes are coupled to the unstable

modes via a nonlinear mode-coupling coefficient whose origin lies in the overlap of

the eigenmodes of an instability that is entirely inviscid. Although a competition

exists between small-scale cascades and nonlinear coupling among the roots of the

inviscid instability, the latter dominates over the former as long as the Reynolds

number is not so small that the flow becomes near-laminar, strongly breaking the

symmetry between the unstable and stable modes—this latter case does not appear in

high-Reynolds-number turbulent flows in natural systems.

Dimensionality, Density of states, Drives, and Dynamics

For a system with n spatial dimensions (physical coordinate axes), we conjecture that

the number of KH-unstable wavenumbers grows following an approximate power law

(k/k0)
n−1, where k is the magnitude of the wavevector, and k0=2π/L is the lowest

wavenumber in the domain of size L. The increment in the number of KH-unstable

wavenumbers follows from the density-of-states effect, associated with each dimension

(Fig. 10.2); one of the axes is not counted because that axis represents the direction of

inhomogeneity of the mean shear flow.

Such increased number of the KH-unstable wavenumbers put the mean shear-

flow under additional stress, all demanding energy and momentum redistribution.

Turbulence with increased spatial dimensions, hence, extracts more energy from the

mean flow and transports more momentum across the shear layer—i.e., the turbulence

features increased energy drive and dynamics. In decaying turbulence, the slowly

growing wavenumbers of higher spatial dimension (greater than two) may not get

an opportunity to attain high amplitudes in comparison to the 2D-mode amplitudes.

However, for a sufficiently forced mean-flow, such a discriminatory scenario is precluded;
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as evidenced in Figs. 6.5 and 6.8, the larger density of states of 3D modes manifests

in increased levels of momentum transport and energy transfer.

The dynamics of shear-flow turbulence can be substantially different depending on

the linear process driving the turbulence. We shall remark here on two important pro-

cesses: the exponential instability growth and the transient non-modal growth. When

the Kelvin-Helmholtz instability is present, as in this paper, the instability rapidly

grows exponentially [Figs. 10.3(a) and (c), blue curves]. Such a rapid exponential

growth over longer times supersedes the here-inconsequential transient growth due

to non-modal effects.[202, 203] The latter are crucial in modally stable non-normal

flows,[204–206] e.g., shear flows with no inflection point. With the fluctuations domi-

nated by the unstable modes, they nonlinearly excite conjugate-stable modes, with

nearly twice[15] the instability-growth rate [Figs. 10.3(a) and (c), orange curves]. Such

stable modes, which are excited by the nonlinearity, are fundamentally different from

the linear, transient growth of fluctuations. We also note that the conjugate-stable

modes here continuously transfer energy from the fluctuations to the mean flow, as

seen in Fig. 6.6(c). This continuous process differs from the transient non-modal

growth.

6.10 Conclusions

The ubiquitous Kelvin-Helmholtz instability is traditionally assumed to saturate

nonlinearly by cascading to small scales the unstable-mode energy, in its entirety.

Recently, a majority of the unstable-mode energy has been reported to be returned

to the mean flow from the fluctuation by the linearly stable eigenmodes that are

nonlinearly excited in two-dimensional turbulence.[110, 143, 180] Whether such a

consequential process exists in 3D fluid turbulence, as well, is the central question
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addressed in this work. Here, the linearly stable 3D modes, excited to significant

amplitudes, are shown to exhibit similarities with the reports of 2D turbulence, as

well as new signatures that are fundamentally 3D. The energy transfer path to stable

modes in 3D is wholly different: in the turbulent phase, the transfer occurs via modes,

we label as zonal flows, that vary only in the direction orthogonal to the 2D shear

flow. Such perturbations have zero linear frequencies due to the anisotropic dispersion

relation of the inviscid 3D Kelvin-Helmholtz instability. However, because of their zero

frequencies, they allow near-resonant energy transfer from unstable to conjugate-stable

modes, saturating the instability in 3D.

The transfer of energy by the stable modes is directly from the instability-scale

fluctuation to the mean flow-gradient, which may be interpreted as an inverse transfer

of energy. This inversion is a linear process, different from the traditional nonlin-

ear energy cascade to small scales. We have shown here not only the existence of

such inverse transfer of energy in 3D, but that they are more efficient for the 3D

perturbations than for the 2D perturbations.

Vortex-tube stretching, an inherently 3D process, is suppressed by the stable

modes. This has been demonstrated through a series of numerical experiments, where

we impulsively zeroed either stable or unstable modes in a nonlinear simulation, at

randomly selected times, and resumed the simulations to obtain statistical responses

in the small-scale activity. The viscous dissipation rates and spectral amplitudes

of enstrophy increase with stable-mode removal, and decrease with unstable-mode

removal. Further, 3D visualizations of vortex dynamics revealed that, in the absence

of the stable modes, the vortex tubes are significantly stretched and continuously

thinned out; the stable modes counter this mechanism and remove the thin filamentary

structures, attempting to form large-scale structures.

Transporting up-gradient momentum in 3D, the stable modes counteract the
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instability-driven down-gradient momentum transport more effectively than they do

in 2D (≈70% vs. ≈50%). This competition occurs continuously in time and can

occasionally reverse the net transport direction, bearing important implications for

shear-flow turbulence in geo- and astrophysical environments.

For future work, this study raises important questions regarding the impact of

stable modes in other three-dimensional problems such as 3D MHD shear flows,

where, analogous to the vortex stretching, there exists magnetic field amplification,

which, at small scales, can be inhibited by the stable modes, favoring large-scale

magnetic field generation[42]; 3D stratified shear flows, where the stable modes

may serve as a zookeeper, managing a zoo of instabilities[185, 189, 207]; the ideal,

magneto-rotational instability (MRI),[208] where it is possible that the transport

measured in numerical simulations of MRI-driven turbulence (see, e.g., Ref. [27]) has

an unaccounted contribution from the stable modes, and there is an opportunity to

build accurate transport models for astrophysical problems, magnetized[209, 210] or

not.
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7 paper e: predicting the slowing of stellar

differential rotation by instability-driven

turbulence

A version of this chapter was published in Astrophys. J. 966, 195 (2024).
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abstract

Differentially rotating stars and planets transport angular momentum internally

due to turbulence at rates that have long been a challenge to predict reliably. We

develop a self-consistent saturation theory, using a statistical closure approximation,

for hydrodynamic turbulence driven by the axisymmetric Goldreich–Schubert–Fricke

(GSF) instability at the stellar equator with radial differential rotation. This instability

arises when fast thermal diffusion eliminates the stabilizing effects of buoyancy forces in

a system where a stabilizing entropy gradient dominates over the destabilizing angular

momentum gradient. Our turbulence closure invokes a dominant three-wave coupling

between pairs of linearly unstable eigenmodes and a near-zero frequency, viscously

damped eigenmode that features latitudinal jets. We derive turbulent transport rates

of momentum and heat, and provide them in analytic forms. Such formulae, free

of tunable model parameters, are tested against direct numerical simulations; the

comparison shows good agreement. They improve upon prior quasi-linear or “parasitic”

saturation models containing a free parameter. Given model correspondences, we also

extend this theory to heat and compositional transport for axisymmetric thermohaline

instability-driven turbulence in certain regimes.
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Figure 7.1: (Left) A schematic diagram of a differentially rotating star with a radial
shear, gravity, and stable stratification. Such a system subject to the GSF instability
is studied using a local Cartesian model. (Right) Snapshots of velocity components
ũx(x, z), ũy(x, z), and ũz(x, z) from the axisymmetric GSF instability-driven turbu-
lence; x, y, and z represent the local radial, azimuthal, and latitudinal directions.
Though finger-like horizontal structures (as shown by, e.g., ũx) grow the fastest in the
linear phase (t=100), strong latitudinal jets ũz are generated nonlinearly (t=6000).
The color bar for t=100 is shared by ũx, ũy, and 3ũz; the color bar for t=6000 is shared
by 3ũx, 3ũy, and ũz. The turbulent transport of angular momentum, e.g., ⟨ũxũy⟩, is
predicted in this paper using a jet-coupled turbulence closure.

7.1 Introduction

Instability-driven turbulence is thought to play a major role in the transport of angular

momentum (AM), heat and composition in stellar and planetary interiors [see, e.g.,

26, 211–213], as well as in astrophysical disks [e.g., 214, 215]. Unfortunately, rates of

turbulent transport are very challenging to predict theoretically, and the lack of reliable

theories has hampered our understanding of the evolution of stellar and planetary



199

internal rotations and structures. For example, the AM redistribution in red giant

stars is currently poorly understood, and their core-envelope differential rotations

inferred from asteroseismology have not been adequately explained [e.g., 212, 216, 217].

The nearly solid-body rotation observed in the solar radiative interior also lacks a

robust explanation [e.g., 218, 219].

Differential rotation is known to drive a variety of hydrodynamic (and hydromag-

netic) instabilities. In this paper, we focus on modeling hydrodynamic instabilities

of differential rotation in stellar and planetary radiative zones, and in particular on

the Goldreich–Schubert–Fricke (GSF) instability1[36, 37]. This is a double-diffusive

centrifugal instability in which rapid thermal diffusion (relative to viscous momentum

diffusion) enables instability by tempering the otherwise stabilising effects of buoyancy

forces. Prior work has studied the linear and nonlinear properties of the instability,

and the turbulence it drives [38, 226–231], but a reliable theory for the resulting

turbulent transport is lacking. This means that the effects of the GSF instability on

stellar rotational and chemical evolution have not been modeled in a self-consistent

manner. Instead, one typically invokes unexplained “additional viscosities" or models

that contain free parameters. Such tunable parameters are intended to describe the

effects of turbulence on AM transport for which adequate knowledge is lacking.

A fully analytic model containing no free parameters is derived here for the GSF

instability-driven turbulence in 2.5 dimensions (2.5-D), i.e., with all three components

of velocity but varying spatially only in two dimensions. The predictions of our

analytical model are in broad agreement with detailed numerical simulations of

turbulence, driven by the axisymmetric (2.5-D) GSF instability at the equator of

a star with radial differential rotation. Such model of the instability is, for certain
1It has also been referred to as the “Vertical Shear Instability" (VSI) in accretion disks [220–223]

and as “inertial instability" enabled by thermal diffusion in stellar interiors [224, 225].
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diffusivity ratios and in 2.5-D, formally and nonlinearly equivalent to the thermohaline,

or salt-finger, instability that transports heat and chemical elements [38, 227]; thus, the

turbulent transport arising from axisymmetric fingering convection is also described

by our theory.

The structure of this paper is as follows. In § 7.2, we present our model and methods

of analysis. Nonlinear mode coupling and saturation diagnostics of the instability

appear in § 7.3. Informed by such diagnostics, we present analytical formulae, without

any free parameters, to model the turbulence and its transport properties in § 7.4. We

discuss the astrophysical implications and conclude in § 7.5. Details of the closure

model are provided in the Appendices.

7.2 The GSF instability and inertial-gravity waves

To study a basic mechanism of angular momentum transport in a differentially rotating

star, we consider a local region inside the star near its equator, where the rotation

can be split into a uniform or mean part—Ω=Ωêz, aligning with the local latitudinal

axis z—and a non-uniform part due to the radial differential rotation. The latter is

represented by a background linear shear flow U0(x)=− Sxêy where x is the radial

coordinate, y is the azimuthal coordinate, and S = −dΩShell(x)/d ln x is the local

radial-shear rate, with ΩShell(x) representing the “Shellular" rotation of the simplified

star. A uniform gravity field with g = −gêx is directed radially inward (Fig. 7.1). A

background radial temperature gradient ∇T0 then stratifies the fluid density radially,

with a thermal expansion coefficient α. In such a background state, any perturbations
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in velocity u and scaled temperature θ=αgT evolve [38] as

Du+ u · ∇U0 + 2Ω× u = −∇p+ θêx + ν∇2u, (7.1a)

Dθ + u · ∇Θ0 = κ∇2θ, (7.1b)

∇ · u = 0, (7.1c)

D ≡ ∂t + (u+U0) · ∇, (7.1d)

where the variables p, ν, and κ are the fluid pressure (per unit density), the kinematic

viscosity, and the thermal diffusivity, respectively. We also define the Prandtl number

Pr=ν/κ. Because the GSF instability operates at length scales much smaller than a

pressure scale height in stars, the local approximation is valid; in such a case, when the

turbulence drives subsonic flows, the Boussinesq approximation is also appropriate [232].

Assuming a uniform temperature gradient, a fluid element perturbed radially oscillates

with a constant Brunt-Väisälä (buoyancy) frequency N , where N 2êx=∇Θ0=αg∇T0.

Henceforth, we non-dimensionalize all variables using the characteristic rotation

time scale Ω−1 and length scale d, with d=(νκ/N 2)1/4, which is typically similar to the

wavelengths of fastest-growing modes. Thus, N=N /Ω is the dimensionless buoyancy

frequency and S=S/Ω the dimensionless shear rate (Rossby number). The GSF

instability occurs in low-Pr fluids whenever r ∈ [0, 1], where r = Pr(1+N2κ−2
ep )/(Pr−1),

with κep=
√

2(2− S) representing the dimensionless epicyclic frequency [38].

Eigenmode analysis

A linear analysis of Eqs. (9.1a)–(7.1b) for axisymmetric (uniform-in-y) perturbations

yields a simple matrix equation, which upon Fourier-transforming becomes LX̂=γX̂,

where X̂=[ûx, ûy, ûz, θ̂]
T, with T as the transpose operation, is the state vector of
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spatially Fourier-transformed components at wavevector k=(kx, kz); the matrix L is a

linear operator, whose eigenvalues are the complex-valued growth rates γ. The size of

L demands four linearly independent eigenvectors. Because of the additional constraint

∇·u=0, the system has only three degrees of freedom at any given wavenumber—two

components of velocity, and θ̂. Hence, one eigenvector among the four eigenvectors

does not satisfy ∇·u=0 and is rejected. We confirm that this eigenvector is not excited

within our incompressible Boussinesq simulations. One among the remaining three

eigenvectors at a given wavevector becomes GSF-unstable [Re (γ) > 0, where Re

denotes the real part], whenever r ∈ [0, 1). The remaining two eigenvectors are always

stable, and their eigenvalues are complex conjugates of each other whenever they

satisfy Im (γ) ̸= 0, where Im denotes the imaginary part; Im (γ) corresponds to the

frequency of inertial-gravity, or gravito-inertial, waves (IGWs), modified by the shear

flow and damped by viscous and thermal diffusion.

The GSF instability grows dominantly via axisymmetric (∂y ≡ 0) perturbations,

therefore we focus upon the (x, z)-variations of the 3-component velocity and tem-

perature fields. The dispersion relation then is a simple cubic polynomial in γ [36]

as

γ2νγκ +
κ2epk

2
z

k2
γκ +

N2k2z
k2

γν = 0, (7.2)

where γν = γ+νk2 and γκ = γ+κk2. Equation (7.2) shows that, on the (kx, kz)-plane,

the growth rate exhibits strong anisotropy: fluctuations with kx=0 (“elevator modes")

grow the fastest, whereas those with kz=0 are linearly stable. This observation is

critical for the nonlinear saturation of the GSF instability because the anisotropy of

the linear physics, in particular the kz=0 fluctuation, can impose its anisotropy on

the nonlinear energy transfer, which is otherwise isotropic; such consequential effects

have been found in various systems such as 3-D Kelvin-Helmholtz instability [233],
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rotating [164, 165] and stably stratified turbulence [167], turbulence with an external

magnetic field in astrophysical [175, 177] and fusion plasmas [174, 176].

Using the complete basis provided by the eigenvectors of the linear operator L, we

can decompose arbitrary incompressible fluctuation X̂arb with kz ̸=0 as X̂arb=
∑3

j=1 βjX̂j ,

where βj is the amplitude of the jth eigenvector X̂j; we reserve j=1 for the GSF-

unstable modes, and j=2, 3 for the IGWs that are always linearly stable in this study.

More compactly, X̂arb=Eβ, where β is a (column-)vector of mode amplitudes and E

is an eigenvector matrix, whose jth column is X̂j. Thus, β=E−1X̂arb.

For the kz=0 modes, E turns out to be an identity matrix, meaning that the

three components of velocity, and the temperature, individually form eigenvectors.

In what follows, we therefore decompose an arbitrary fluctuation with kz=0 into

X̂T
arb = X [1, 0, 0, 0] + Y [0, 1, 0, 0] + Z[0, 0, 1, 0] + Θ[0, 0, 0, 1], where the amplitudes of

the eigenvectors are denoted by X ,Y ,Z , and Θ. We reserve the β-notation above for

the amplitudes of eigenvectors with kz ̸=0.

Initial value problem

We perform an ensemble of direct numerical simulations of Eqs. (9.1a) and (7.1b), by

seeding a low-amplitude solenoidal random noise to u, in a box of size (Lx, Lz)=(100, 100).

To obtain numerically converged results, a spatial resolution of up to 5122 grid points

is used in the pseudo-spectral solver SNOOPY [38, 234].

To determine the contribution of each eigenmode in, for example, the turbulent

momentum transport, we decompose the turbulent stress as:

⟨ũxũy⟩=
∑

kx,kz

∑

m,n

2Re
[
βmûx,mβ

∗
nû

∗
y,n

]
, (7.3)

where ⟨·⟩ is an (x, z)-averaging operation; m and n are summed from 1 to 3, corre-
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sponding to three excited eigenmodes at every wavenumber k; the amplitude βm and

the x-component of the velocity ûx,m correspond to the mth eigenvector at k; and

likewise for βn and ûy,n; the operation ∗ denotes complex conjugation. Using such a

decomposition, we obtain the contribution of an unstable mode at k to the momentum

transport rate, which is 2|β1|2Re
[
ûx,1û

∗
y,1

]
. This decomposition is performed for every

wavenumber, hence allowing us to trace evolution of transport contributions due to

individual unstable modes [see Fig. 10.1(a)].

The summed contributions of all eigenvectors from all wavenumbers reproduce, to

machine precision, the total transport rates found in the simulation before performing

mode decomposition, as we show in Fig. 10.1(b). The contributions of the unstable

modes are also compared across different wavenumber sums. Almost identical results

are found for heat transport (not shown). The unstable modes from the linearly

fastest-growing wavenumber branch kx=0 transport significantly less momentum than

the other wavenumbers with kx ̸=0. This is our first surprising result, and it challenges

predictions of turbulent transport that rely on an unstable mode at the fastest-growing

wavenumber alone [e.g., 38, 235, 236]. This finding also instructs us to investigate

nonlinear couplings between eigenmodes to understand the instability-saturation

mechanism.

7.3 Nonlinear saturation by coupling to latitudinal

flow

Mode-amplitude evolution

To analyze nonlinear mode couplings, Eqs. (9.1a)–(7.1b) are first spatially Fourier-

transformed: ∂tX̂ = LX̂+
∑

k′,k′′ N (X̂ ′, X̂ ′′), where X̂, X̂ ′, and X̂ ′′ are state vectors
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Figure 7.2: (a) Comparison of momentum transport
(Reynolds Stress=2|β1|2Re

[
ûx,1û

∗
y,1

]
) driven by an unstable mode at the lin-

early fastest-growing wavenumber k = (0, 0.63), and by an unstable mode at
k = (0.31,−0.13), the wavenumber that has the largest contribution to the momentum
transport in the nonlinear phase. (b) Eigenmode decomposition of net Reynolds
stress ⟨ũxũy⟩ in nonlinear simulation of the GSF instability-driven turbulence,
showing that the transport due to mode-undecomposed fluctuations (red curve)
and mode-decomposed all eigenmodes (black curve) agree to machine precision.
Transport is almost entirely (88%) due to the unstable modes (green curve); the
sum of fastest-growing unstable modes at kx=0, however, contributes negligibly (3%)
to the transport (blue curve). Simulation parameters used are S=2.1, N2=10 and
Pr=0.01.

at k,k′, and k′′, respectively, satisfying k = k′ + k′′. Then, following Sec. 7.2 we

substitute X̂=Eβ, and likewise for X̂ ′ and X̂ ′′. We multiply the obtained equation

with E−1 and take the jth row of the resulting equation. This process yields an

evolution equation for the jth eigenmode at k. Such an evolution equation for mode

amplitude βj for kz ̸=0 is different from that of the mode amplitude F ∈ {X ,Y ,Z,Θ}
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Figure 7.3: Spectra of linear and nonlinear-saturation properties of the GSF instability.
On the negative-kx domain, the colored square boxes (yellow-green-purple) display
time-averaged energy extraction rates ⟨Q1⟩t by unstable modes from the mean gradients
in a nonlinear simulation. On the positive-kx domain, colored square boxes (black-red-
yellow) show the time-averaged viscous dissipation rates, which are pronounced at low
kz. Over the entire (kx, kz)-plane, the non-square filled and line contours show the
growth rates γ of unstable modes, with white dashed contour lines on the negative-kx
domain and with bluish filled contours on the positive-kx domain. The fastest-growing
mode resides at around k = (0, 0.63). The simulation parameters are S=2.1, N2=10
and Pr=0.01.

for kz=0, although both are coupled and nonlinear:

∂tβj = γjβj +
∑

k′,m,n

C
(k,k′)
jmn β′

mβ
′′
n

+
∑

k′,F,n:k′z=0
F∈{X ,Y,Z,Θ}

[
C

(k,k′)
jFn + C

(k,k′′)
jnF

]
F ′β′′

n, (7.4a)

∂tF = −γFF +
∑

k′,m,n:kz=0

C
(k,k′)
Fmn β

′
mβ

′′
n, (7.4b)



207

0 1000 2000 3000 4000 5000 6000 7000
Time (t)

−0.004

−0.002

0.000

0.002

5000 5500 6000 6500 7000

−0.002

0.000

0.002

T1AA T1Z1

Figure 7.4: Time evolution of the total nonlinear energy transfer T1AA to an unstable
eigenmode at a wavenumber where the spectrum of ⟨ũxũy⟩ peaks. T1Z1 is the energy
transfer to the same unstable mode via interactions between the z-component of
velocity (Z) with wavenumbers kz=0, and the other unstable modes. Comparison of
two transfer functions reveals that the dominant triad involves a latitudinal flow and
two unstable modes. The simulation parameters are S=2.1, N2=10 and Pr=0.01.

where γj is the complex-valued growth rate for the jth eigenmode with kz ̸=0; the

real-valued damping rate γF is γX when F is replaced with X in Eq. (7.4b); likewise

for the replacement of F with Y ,Z, and Θ; we note that γX = γY = γZ = νk2x,

and γΘ = κk2x. The nonlinear-coupling coefficient, for example, C(k,k′)
jmn measures the

overlap of eigenmodes m with k′, n with k′′, and j with k. Such a mode coupling

coefficient is found by applying E−1 to the (column) vector of N (X̂ ′
m, X̂

′′
n), a process

that incorporates all the nonlinearities of the system, thus making C(k,k′)
jmn ideal for a

comprehensive instability-saturation analysis.

On the right-hand side of Eq. (7.4a), the second term is the nonlinear coupling

between eigenmodes with k′z ̸=0 and k′′z ̸=0 (hence the two βs), and the third term,

with an F and a β, is the nonlinear coupling between eigenmodes with k′z=0 and

k′′z ̸=0 (see the last paragraph of Sec. 7.2). Equations (7.4a) and (7.4b) have the

same number of degrees of freedom as the original nonlinear equations in physical

space, Eqs. (9.1a)–(7.1b). These systems are completely equivalent, but one represents
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dynamics in physical space and another in eigenmode space.

Mode-energy evolution

The energy evolution equation for each eigenmode can now be derived by multiplying

Eq. (7.4a) by β∗
j and adding the complex conjugate of the resulting equation to arrive

at

∂t|βj|2 = Qj + TjAA, (7.5)

where Qj=2Re γj|βj|2 is the linear energy transfer rate to k from the mean gradients,

and TjAA is the total nonlinear energy transfer to the jth eigenmode from all possible

nonlinear interactions; Eq. (A10). We now show the spectrum of time-averaged Q1,

along with that of the growth rate and time-averaged viscous dissipation rate ϵν in

Fig. 10.2.

From TjAA in Eq. (7.5), we separate out the nonlinear transfer T1Z1 in a triad that

involves a latitudinal flow Z at k′z=0 and two GSF-unstable modes (j=1) at k′z ̸=0:

T1Z1 =
∑

k′:k′z=0

2Re

{[
C

(k,k′)
1Z1 + C

(k,k′′)
11Z

]
Z ′β′′

1β
∗
1

}
. (7.6)

We now compare T1Z1 with T1AA in Fig. 10.3, for a GSF-unstable mode with a

wavenumber that contributes the largest to the momentum transport. Repeating this

transfer analysis at different wavenumbers produces similar results. The two transfers

are nearly identical, which confirms the conjecture [38] that, in the fully nonlinear

phase, the GSF instability saturates via the formation of strong latitudinal jets or

flows. Such flows are z-directed, although with no z-variation, and primarily have a

wavenumber kx=2π/Lx; see Fig. 7.1, right-column snapshot at t=6000. These flows

generalize to meridional circulation in stars, and resemble zonal jets in planetary
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atmospheres and fusion systems [30]. Flows with kz=0 are, however, linearly stable

to the GSF instability, and, thus, must necessarily be excited nonlinearly by the

interactions between the GSF-unstable modes. This energy received is then viscously

damped at kz=0 and at low kz, as seen in Fig. 10.2. To sum up, the mean shear

flow, destabilized by the thermal diffusion, lends energy to the fluctuations via the

GSF-unstable modes, which saturate by exciting kz=0 latitudinal flows to a significant

level. Such flows then viscously dissipate the turbulent energy. This is the saturation

mechanism of the axisymmetric GSF instability found here.

7.4 Angular momentum transport model

The findings shown so far are sufficient to build a statistical closure model, with no

free parameters, and thus with predictive power.

Equation (7.4a) has a quadratic nonlinearity, hence evolutionary equations for mode

energy contain triplet interactions [e.g., Eq. (7.6)]. To determine the evolving triplet

interaction terms, one can derive an equation with quadruplet interactions [Eq. (A13)],

and so on. To truncate this never-ending hierarchy (the so-called “turbulence closure

problem"), we invoke a standard turbulence closure, the Eddy-Damped Quasi-Normal

Markovian (EDQNM) approximation (see, e.g., (author?) 32, 33, 34, 88, 94, 141, 201),

that truncates the hierarchy at fourth-order cumulants of the fluctuations, thereby

assuming that the statistics for the mode amplitudes are close to Gaussian. The

resulting equation, however, is still nonlinear and daunting. But when a latitudinal

flow Z, with kz=0, dominates the nonlinear coupling, the complexity of the equation

is significantly reduced [32].
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An outline of the Closure Model

We illustrate here the key steps involved to explain most simply our closure model (by

omitting details and treating all variables as real). First, we observe that Eq. (7.4a)

has the structure:

∂tβ = ...β + ...ββ + ...βX + ...βY + ...βZ + ...βΘ , (7.7)

where the mode amplitudes are explicitly shown, and the dots (...) represent terms such

as the linear growth rate and the nonlinear coupling coefficients. One can then obtain

evolution equation for second-order correlator as ∂t(ββ) = ...ββ + ...βZβ, where the

other nonlinear terms, e.g., βββ and ββX , have been dropped because the nonlinear

energy transfer is almost entirely dominated by βZβ—the latitudinal-flow coupling

(Fig. 10.3). Since βZβ also evolves, one can similarly obtain evolution equation for

third-order correlator as ∂t(βZβ) = ...βZβ + ...ββZZ. The closure solution then

yields a relation βZβ = ...ββZZ . Although useful later, this relation does not predict

the mode amplitude β, needed for the turbulent transport prediction.

To predict the mode amplitude β, we consider the latitudinal-flow evolution

equation, ∂tZ = ...Z + ...ββ, and derive ∂t(ZZ) = ...ZZ + ...βZβ. Then, βZβ

can be replaced with a product of four amplitudes using the closure solution in the

previous paragraph. One thus obtains ∂t(ZZ) = ...ZZ+ ...ββZZ . In quasi-stationary

turbulence, ∂t ∼ 0, and thus ββZZ = ...ZZ. The EDQNM closure allows writing a

fourth-order correlator ββZZ as a sum of products of second-order correlators, such

as |β|2|Z|2. Then, cancelling |Z|2 from both sides of ββZZ = ...ZZ , one predicts the

saturated mode amplitude (or energy): ββ = ... . Using this, one can make predictions

for turbulent transport rates as we shall show in the next subsection.
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Detailed Closure Model

To make quantitative predictions for transport, we take the EDQNM-closed evolution

equation for the latitudinal flow energy [see Appendix B, Eq. (A20)],

∂t|Z|2/2 =− γZ |Z|2

+ |Z|2
∑

k′

|β′
1|2 Re

[
−τ11ZC⃗

⃗

(k,k′)
Z11 C⃗

⃗

(k′′,k)
1Z1

]
,

(7.8)

where, on the right-hand side, the second term contains a product of four amplitudes,

but notably with |Z|2 that also appears in the first term of the right-hand side. In

Eq. (7.8),

τ11Z = (γ′1 + γ′′1 − γ∗Z)
−1, (7.9)

is the three-wave interaction time found from the EDQNM closure, and C⃗

⃗

(p,q)
lmn =

C
(p,q)
lmn +C

(p,p−q)
lnm is the symmetrized coupling coefficient. In quasi-stationary turbulence,

∂t ∼ 0, and thus the linear and nonlinear terms must balance. First, for simplicity, we

consider a latitudinal flow at (kx, 0) that is driven by two unstable modes at (k′x, k
′
z)

and (kx−k′x,−k′z); then, using (7.8), |β′
1|2 = γZ

(
Re [−τ11ZC⃗

⃗

(k,k′)
Z11 C⃗

⃗

(k′′,k)
1Z1 ]

)−1

. A more

general expression for |β′
1|2 is found by using a standard Markovian assumption [88]:

|β′
1|2 is more weakly dependent on wavenumbers than the other factors in Eq. (7.8)

arising from the coupling coefficients and τ11Z . Such a consideration provides an

expression for nonlinearly saturated squared-mode-amplitude

|β′|2 = γZ ×
( γ
k2

)
Closure

, (7.10)

with
( γ
k2

)
Closure

=
1

|∑k′ τ11Z Re [−C⃗

⃗

(k,k′)
Z11 C⃗

⃗

(k′′,k)
1Z1 ]|

, (7.11)
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where we note that the coupling coefficients scale linearly with wavenumbers, and τ11Z

is the inverse of the sum of three growth rates of eigenmodes in a triad.

The growth rates in τ11Z should, in principle, also have amplitude-dependent

eddy-damping rates as they become non-negligible, for example, in homogeneous

isotropic fluid turbulence; however, when waves or instabilities exist, and when the

turbulent transport spectrum is dominated by low wavenumbers, as in this study, τ11Z

is approximated by using the linear growth rates [32, 88]. Using such, one identifies

that the triplet interaction time τ11Z is maximal when the triad involves a latitudinal

flow (Z) and two GSF-unstable modes (j=1). Shorter triplet interaction times τ12Z

are expected for triads with, for example, the latitudinal flow, an unstable mode,

and a strongly damped IGW (j=2), as such an interaction lowers τ12Z via both the

frequency and damping rate of the IGW. The largest interaction time τ11Z dominates

saturation.

The radial turbulent transport of angular momentum is measured by

⟨ũxũy⟩≈
∑

k′′′

û′′′x,1û
′′′∗
y,1|β′′′

1 |2, (7.12)

where β′′′
1 is the unstable-mode amplitude at k′′′ over which the summation is applied.

Then, using |β′′′
1 |2 from the above paragraph,

⟨ũxũy⟩Closure =
( γ
k2

)
Closure

× γZ
∑

k′′′

û′′′x,1û
′′′∗
y,1. (7.13)

The y-component û′′′y,1 of velocity of the unstable eigenvector can be replaced with,

e.g., its temperature perturbation θ̂′′′1 to predict the turbulent heat flux ⟨ũxθ̃⟩.

In our simulations with radial differential rotation, the latitudinal momentum flux

is much lower than the radial flux, and, when time-averaged, it is nearly null.
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Figure 7.5: Tests of predictions of our closure model (red diamond) and a quasilinear-
type, parasitic-saturation model (blue inverted triangle) against direct numerical
simulations (DNS, black/gray circle). Variations of momentum transport rates are
shown in (a); the filled markers correspond to the cases where the shear parameter S
is varied (N2=10); the unfilled markers correspond to the cases where the squared
Brunt-Väisälä frequency N2 is varied (S=2.1). Both S- and N2-scan results collapse
onto a single master curve, when ⟨ũxũy⟩ is scaled by a factor shown on the y-axis
that transforms the governing equations of the GSF instability studied here to depend
on only two dimensionless parameters (r,Pr). The GSF instability operates when
r ∈ [0, 1) and Pr<1 (Pr=0.01 is chosen). The shown y-axis is precisely an expression
for the chemical transport rate for the thermohaline instability [see Eq. (7.17a)]. Heat
transport rates, shown in (b), display nearly identical trends; [see Eq. (7.17b) for the
scaling factor]. The closure prediction agrees with full DNS better than the quasilinear
prediction over the scanned range of parameters.

Tests of theoretical predictions

A simple quasilinear model of the GSF-instability saturation was recently proposed

[38, 230] by assuming that a secondary “parasitic" instability feeds on the primary GSF-

unstable mode. Such an assumption, also called “parasitic saturation mechanism" [28,
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194, 235–237], is based on a single primary mode at the fastest-growing wavenumber

k′′′, which predicts the transport rate

⟨ũxũy⟩QL =
γ′′′21

k′′′2z
û′′′x,1û

′′′∗
y,1f

2(k′′′), (7.14)

whose form is made manifestly similar to Eq. (7.13); the factor f(k′′′), which is

evaluated at k′′′=(0, k′′′z ), is the normalization factor of eigenmodes. Here, γ′′′ν =

γ′′′1 + νk′′′2. To find ⟨ũxθ̃⟩QL, one can replace û′′′y,1 on the right-hand side of Eq. (7.14)

with θ′′′1 .

Predictions of Eqs. (7.13) and (7.14) are compared against transport rates from

direct numerical simulations in Figs. 10.4. Significant improvement in both the

momentum and heat transport predictions is observed with the statistical closure

model. The orders-of-magnitude variation in transport rates is captured by the closure

model.

In Fig. 10.4, for smaller values of r, though the transport rates of the closure

and the quasilinear models are similar, we emphasize that this similarity is merely

accidental: the physics the two models incorporate is very different. The assumptions

of the closure model are supported by detailed numerical evidence (Figs. 10.1 and

10.2), including that of the dominant three-wave coupling between two unstable modes

and a latitudinal jet (Fig. 10.3). No jet physics is considered in the quasilinear model.

The quasilinear model predicts transport rates based on only one fastest growing

wavenumber kz, with kx=0, which Fig. 10.1 shows is inadequate. Hence, predictions

of the quasilinear model that tend to reproduce the data-validated closure model

predictions are at best a fortuitous coincidence, occurring in a very limited parameter

regime.
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Impact of the new model in astrophysics

Since stellar interiors typically have extreme parameters such as Pr ≲ 10−6, current

and anticipated near-future computational resources are insufficient to permit direct

numerical simulations of realistic turbulence in them. In the face of such a challenge,

progress can be made by developing analytical theories, informed and tested by

numerical simulations at more accessible parameters. Thus, we now employ our

analytical theory to extrapolate and make predictions for realistic astrophysical

parameters. To achieve this, we derive fully analytic expressions for all elements of

the closure model, assuming that the coupling of two GSF-unstable modes with the

latitudinal jet remains dominant; see Appendices A and B.

We then compare predictions of the closure model with those of the quasilinear

(QL) model, over a wide range of parameters Pr ≈ 10−7–1 and r ≈ 10−5–1 in Fig. 10.5.

Noting that N2=2(S− 2)
[
1 + r(Pr−1 − 1)

]
, these scans span N2 ≲ 19× 106 (in terms

of Ω2); this ratio is typically around 1 million for the Sun [238]. In Fig. 10.5, with

S=3 (in terms of Ω), the Richardson number is as large as ≈ 2× 106. More extreme

parameters can be easily and quickly scanned with the analytic formula we have

derived.

Now we predict transport efficiency of the GSF instability in stars. The Reynolds

stress is of order ⟨ũxũy⟩H−1, where H≡U0(∂xU0)
−1 is the scale height of the mean

flow U0= − Sx. The time scale for modifying the flow is τturb ∼ U0H/⟨ũxũy⟩ ∼

Sx2Ω−1d−2/⟨ũxũy⟩dimensionless [see also 38].

Though Pr ∼ 10−6, the typical values of r in the solar tachocline and red giant stars

are r ∼ 10−3–1 (varying with radius). Then, using Fig. 10.5 where ⟨ũxũy⟩dimensionless is

on average 0.5, we predict τturbΩ ∼ 2S(x/d)2. This turbulent transport time scale is

sufficiently short to be astrophysically important, depending on the relative length
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scale x/d of the mean flow and shear strength S. For example, it can be as short as

O(10) Myr using values of S and x/d for the solar tachocline.

The turbulent transport rate depends sensitively also on the shear parameter

S (and latitude and orientation of the shear, i.e., radial or mixed radial-horizontal

shear), and orders of magnitude faster turbulent transport is possible. We highlight

that, because the turbulent time scale for the GSF instability can be shorter than

O(10) Myr, incorporation of our transport model for the GSF turbulence in stellar

evolution codes is warranted (particularly if extended to non-equatorial and 3-D GSF

instabilities). Using such, the long-term impact on the evolution of the rotation profile

may be assessed, informing us of the effects of the GSF instability in rapidly rotating

young stars. In this regard, the transport model built here for the 2.5D equatorial GSF

instability (and the thermohaline instability) is significant, as a reliable and reduced

numerical treatment of the GSF instability-driven turbulence is now available.

Relation to the thermohaline instability

We emphasize that the equations describing 2.5-D thermohaline and GSF instabilites at

the equator are identical, when the compositional diffusivity is equal to the kinematic

viscosity—a case often realized in stars. We first write Eqs. (7)–(9) of [236], where

they measure distance in units of the characteristic length scales d of the fingers, time

in units of the characteristic diffusion time scale τ=d2/κ, and scaled temperature T
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Figure 7.6: Predictions of (a) closure model and (b) quasilinear (QL) model for
turbulent momentum transport. The QL model, largely independent of Pr, fails to
reproduce the behavior of the closure model. For Pr closer to 1, the closure model
predicts that the transport rate increases with decreasing r—until an asymptotically
large transport is attained. For Pr ≪ r, the transport first increases and then decreases
with r, in contrast to the QL prediction. The white dashed-dotted line, with a unit
slope, separates distinct regimes of Pr < r and Pr > r found in (a).

in units of N2d [we label their x-coordinate with our z-coordinate and vice-versa]

Pr−1DuBx = −∂xpB + (TB − µB) +∇2uBx , (7.15a)

Pr−1DuBz = −∂zpB +∇2uBz , (7.15b)

DTB = −uBx +∇2TB, (7.15c)

DµB = −u
B
x

R0

+ Pr∇2µB, (7.15d)

where the state vector [uBx , u
B
z , T

B, µB, pB] represents Brown-normalized x- and z-

velocities, scaled temperature, chemical concentration, and fluid pressure, respectively.
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The so-called density ratio R0=−N2/κ2ep may be recast as R0=1 + r(Pr−1 − 1). The

solutions of Eqs. (7.15a)–(7.15d) critically depend only on two parameters: Pr and

r. Equations (7.15a)–(7.15d) for the thermohaline instability with the state vector

[uBx , u
B
z , T

B, µB] are identical to Eqs. (9.1a) and (7.1b) for the GSF instability with

the state vector [ux, uz, θ, uy], when we note

uBx =
ux
d/τ

, (7.16a)

uBz =
uz
d/τ

, (7.16b)

TB =
θ

N2d
, (7.16c)

µB = −2τΩ

Pr

uy
d/τ

. (7.16d)

Hence, the transport rates with two kinds of non-dimensionalizations—one using τ

and d as the characteristic time scale and length scale, and another using Ω and d as

the relevant scales—are related in the manner

−⟨ũBx µ̃B⟩ = ⟨ũxũy⟩ × 2ΩPr1/2(N2)−3/2d−2, (7.17a)

⟨ũBx T̃B⟩ = ⟨ũxθ̃⟩ × Pr1/2(N2)−3/2d−2, (7.17b)

where the variables with the superscripted ‘B’ are functions of two essential parameters

— r and Pr only, whereas the variables without the superscript are functions defined

by the parameters Pr, S, and N2.

The expressions given in Eqs. (7.17a) and (7.17b) are plotted in Fig. 10.4. Thus our

Fig. 10.4 also represents a comparison of chemical and heat transport between direct

numerical simulations and analytical models for the thermohaline instability-driven

turbulence.
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The reduction of the governing equations of the GSF instability to two parameters

(r,Pr) is realized only in 2.5-D equatorial case, which is where the analogy of the GSF

instability with the thermohaline instability becomes exact.

7.5 Discussion and conclusions

Turbulent transport in stellar interiors is a phenomenon too complex to represent

directly in stellar evolution models. It is often parametrized using low-order models,

such as mixing-length theories, or models that predict transport rates based on the

fastest-growing unstable mode [e.g., 38, 236, 239]. The reliability of such models can

be compromised by several factors: first, the instability dispersion relation is often

anisotropic, a property that affects the nonlinear energy transfer, thereby driving low-

frequency fluctuations (Fig. 10.2). Second, nonlinear mode coupling can strongly excite

more weakly growing unstable modes over a wide range of wavenumbers, presenting

difficulties to single-mode theory-based predictions. To circumvent such challenges,

we build a nonlinear mode-coupling theory, informed by detailed analyses of direct

numerical simulations, to arrive at a reliable and analytic transport model, that is free

of tunable parameters. We achieve this here for axisymmetric low-Pr turbulence driven

by centrifugally unstable differential rotation (the GSF instability) at the equator in a

stellar radiative zone.

Although 2.5-D turbulence driven by the GSF instability can differ from fully 3-D

cases [38], strong secondary flows or jets have been found in 3-D global systems, also.

For example, recent simulations of fully 3-D spherical-shell non-rotating fingering

convection have exhibited strong, large-scale jets [240]. Such coherent jets are ubiq-

uitious in various settings such as in geo- and astrophysical observations, numerical

simulations of 3-D shear-flow instability-driven turbulence [233], and in laboratory
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fusion plasmas [30]. The examples show the large-scale flows can emerge even in global

geometry. Hence, the success of our theory offers a future possibility to extend the

statistical closure framework, presented here, to the more realistic 3-D simulations of

the GSF instability, ideally in a sphere, at a general latitude and for a range of Pr

[230, 231, 241]. It is also possible that our closure-model framework can be adapted

to magnetized turbulence driven by unstable differential rotation.

Since our formulae are fully analytic, they are quick to implement in stellar evolution

codes such as MESA [242, 243] to reliably predict axisymmetric GSF instability-driven

turbulent transport rates that vary with Pr and r at different spatial grid points

in an evolving star. It is straightforward to compute the values of r and Pr at a

given spatial grid point in a modeled star, and simply look up transport rates using

our Fig. 10.5(a) to prescribe the rates of transport of angular momentum and heat;

to access the look up table of transport, see Data Availability. Since we have also

provided formulae and frameworks for the turbulent transport of the axisymmetric

GSF-analogous thermohaline instability, there now exists a reliable chemical transport

model, which employs DNS-confirmed key elements of nonlinear saturation of the

instability in stars.

Data Availability

The GitHub repository,

https://github.com/BindeshTripathi/GSF_transport, hosts the data presented in

Fig. 10.5(a), and a python script where the closure model is implemented. Other data

used in this article will be shared on reasonable request to the corresponding authors.

https://github.com/BindeshTripathi/GSF_transport


221

Appendix A: Nonlinear mode-coupling coefficients of

the GSF instability

The jth eigenvector of the linear operator L of the GSF instability satisfies

ûz,j = −kx
kz
ûx,j; θ̂j = −N2

γκ,j
ûx,j; ûy,j = −2Ω− S

γν,j
ûx,j, (A1)

using which the matrix E of eigenvectors can be created and inverted as mentioned

in the penultimate paragraph of Sec. 7.2. To expedite analytic calculations, one may

solve for the adjoint solutions Yj of L, which are the eigenvectors of L†. Such adjoint

solutions Yj form a biorthogonal basis with the eigenvectors Xj of L [111, 143, 233, 244].

That is, ⟨Ym,Xj⟩ = YT∗
m Xj ∝ δj,m, where T∗ is the transpose-conjugation operation;

see Appendix A of [144] for a general mathematical proof. It is known that both L

and L† have the same eigenvalues. The expedient adjoint technique is equivalent to

inverting the matrix E of size 4 × 4, and they deliver completely identical results,

which we have verified. The jth adjoint solution satisfies

ûz,j = 0; θ̂j =
k2z

k2γκ,j
ûx,j; ûy,j =

2Ωk2z
k2γν,j

ûx,j. (A2)

Using such, we write the nonlinear mode-coupling coefficient between the two eigen-

modes m at wavenumber k′ and n at k′′, impacting the eigenmode j at k, as

C
(k,k′)
jmn =

⟨Yj(k),N(X′
m,X

′′
n)⟩

⟨Yj(k),Xj(k)
, (A3)

where N(X′
m,X

′′
n) is the nonlinearity vector; for example, its θ-component is −u′

m ·∇θ′′n.

Following this procedure, we have distilled the analytic coupling coefficients for
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the GSF instability, and provide below their final expressions:

C⃗

⃗

(k,k′)
Z11 =

i (k′2x − k′′2x )

k′zf
′f ′′

, (A4)

where f is the eigenmode normalization factor. With inverse dimensions of ûx,j, a

suitable mode normalization can be f ′=k′/γ′ or f ′=k′2d/(γ′γ′ντ) or their variants,

with τ=d2/κ as the characteristic diffusion time scale. Equation (A4) is simple as it

represents the coupling between two unstable modes that drive the latitudinal flow Z .

The second coupling coefficient required in the closure model is

C⃗

⃗

(k′′,k)
1Z1 = ik′z

[
k′′2

N2k′′2z

(
1− 2kxk′′x

k′′2

)
+ 1

R0γ′νγ
′′

ν
− 1

γ′κγ
′′

κ

]
f ′′

[
k′′2

N2k′′2z
+ 1

R0γ′′2ν
− 1

γ′′2κ

]
f ′

. (A5)

We note that the coupling coefficients depend only on wavenumbers and the input

parameters such as N2, Pr, R0=−N2/κ2ep and the growth rates; the growth rates in

turn depend only on wavenumbers and the input parameters [Eq. (7.2)]. Asymptotic

approximation to the growth rate in the limit of, e.g., small Pr is possible [236].

Appendix B: Nonlinear mode-coupling coefficients of

the Thermohaline instability

Here we provide analytic expressions needed for the closure model applicable to the

thermohaline instability.

We find the jth eigenvector of the linear operator L found from Eqs. (7.15a)–(7.15d)

for the thermohaline instability satisfies

ûBz,j = −kx
kz
ûBx,j; T̂B

j = − 1

γκ,j
ûBx,j; µ̂B

j = − 1

R0γν,j
ûBx,j. (A6)
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The jth adjoint solution for the thermohaline instability is

ûBz,j = 0; T̂B
j =

k2zPr

k2γκ,j
ûBx,j; µ̂B

j = − k2zPr

k2γν,j
ûBx,j. (A7)

The coupling coefficients for the thermohaline instability are identically the same

as those for the GSF instability; Equations (A4) and (A5) require only a minute mod-

ification: N2 appearing twice in Eq. (A5) should be replaced with Pr. We, conclude

that our closure model and predictions are directly applicable to the thermohaline

instability, as well. This is significant because the turbulent transport efficiencies

of these two instabilites in stars are not known, but are generally thought to be

important. With the closure model at hand, we can now make predictions reliably for

both instabilities.

Appendix C: Details of Closure Model Calculations

To make the statistical closure model more accessible to a wide range of readers, we

provide below detailed, step-by-step derivations.
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C1. Amplitude evolution equation

The mode-amplitude βj evolution equation, given in Eq. (7.4a), for a wavenumber

k = (kx, kz ̸=0), with j = 1, 2, or 3, is

∂tβj = γjβj +
∑

k′,m,n

C
(k,k′)
jmn β′

mβ
′′
n +

∑

k′,n

{[
C

(k,k′)
jYn + C

(k,k′′)
jnY

]
Y ′β′′

n

+
[
C

(k,k′)
jZn + C

(k,k′′)
jnZ

]
Z ′β′′

n

+
[
C

(k,k′)
jΘn + C

(k,k′′)
jnΘ

]
Θ′β′′

n

}
, (A8)

whereas, at k = (kx, kz=0), one finds that the fluctuation amplitude evolves according

to Eq. (7.4b), which is expanded below

∂tY = −γYY +
∑

k′,m,n:kz=0

C
(k,k′)
Ymn β

′
mβ

′′
n, (A9a)

∂tZ = −γZZ +
∑

k′,m,n:kz=0

C
(k,k′)
Zmn β

′
mβ

′′
n, (A9b)

∂tΘ = −γΘΘ+
∑

k′,m,n:kz=0

C
(k,k′)
Θmn β

′
mβ

′′
n, (A9c)

where γY = γZ = νk2 and γΘ = κk2 are the damping rates.

C2. Eigenmode-energy evolution

To derive an evolution equation for energy in the jth eigenmode at k = (kx, kz ̸=0), we

multiply Eq. (A8) with β∗
j and add a complex conjugate of the resulting equation to
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arrive at

∂t|βj|2 = 2Re γj|βj|2 +
∑

k′,m,n

2Re
[
C

(k,k′)
jmn ⟨β′

mβ
′′
nβ

∗
j ⟩
]

+
∑

k′

2Re

{[
C

(k,k′)
jYj ⟨Y ′β′′

j β
∗
j ⟩+ C

(k,k′)
jZj ⟨Z ′β′′

j β
∗
j ⟩+ C

(k,k′)
jΘj ⟨Θ′β′′

j β
∗
j ⟩
] ∣∣∣

k′z=0

+
[
C

(k,k′)
jjY ⟨β′

jY ′′β∗
j ⟩+ C

(k,k′)
jjZ ⟨β′

jZ ′′β∗
j ⟩+ C

(k,k′)
jjΘ ⟨β′

jΘ
′′β∗

j ⟩
] ∣∣∣

k′z=kz

}
.

(A10)

Similar equations can be derived for fluctuation energy at GSF-stable wavenumbers

k = (kx, kz=0) using Eqs. (A9a)–(A9c):

∂t|Y|2 = −2Re γY |Y|2 +
∑

k′,m

2Re
[
C

(k,k′)
Ymm ⟨β′

mβ
′′
mY∗⟩

] ∣∣∣
kz=0

, (A11a)

∂t|Z|2 = −2Re γZ |Z|2 +
∑

k′,m

2Re
[
C

(k,k′)
Zmm ⟨β′

mβ
′′
mZ∗⟩

] ∣∣∣
kz=0

, (A11b)

∂t|Θ|2 = −2Re γΘ|Θ|2 +
∑

k′,m

2Re
[
C

(k,k′)
Θmm ⟨β′

mβ
′′
mΘ

∗⟩
] ∣∣∣

kz=0
. (A11c)

Since numerical simulations inform us that the triplets with a latitudinal flow at

(kx, 0), i.e., Z, dominates the nonlinear energy transfer, we may drop nonlinear terms

on the right-hand side of Eq. (A10) that do not involve Z. In the resulting equation,

because Y and Θ do not appear, Eqs. (A11a) and (A11c) can also be removed, which

allows us to write the following set of equations:

∂t|βj|2 = 2Re γj|βj|2 +
∑

k′

2Re

{[
C

(k,k′)
jZj ⟨Z ′β′′

j β
∗
j ⟩
] ∣∣∣

k′z=0
+
[
C

(k,k′)
jjZ ⟨β′

jZ ′′β∗
j ⟩
] ∣∣∣

k′z=kz

}
,

(A12a)

∂t|Z|2 = −2Re γZ |Z|2 +
∑

k′,m

2Re
[
C

(k,k′)
Zmm ⟨β′

mβ
′′
mZ∗⟩

] ∣∣∣
kz=0

. (A12b)
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C3. Triplet correlation evolution

To obtain evolution equations for the terms on the right-hand side of Eqs. (A12a)

and (A12b), we multiply Eq. (7.4a) with two amplitudes. For example, to determine

the evolution of ⟨Z ′β′′
j β

∗
j ⟩, first, we multiply Eq. (A8) for βj with Z ′β′′

j ; second, we

multiply another equation, similar to Eq. (A8), but for β′′
j with Z ′β∗

j ; and, finally, we

multiply Eq. (A9b), for Z ′, with β′′
j β

∗
j , and add them all together. Using this, we

provide below an example evolution equation for triplet correlations:

[
∂t −

(
−γ′Z + γ′′j + γ∗j

)]
⟨Z ′β′′

j β
∗
j ⟩|k′z=0 =

{
∑

k′′′,m

[
C

(k′,k′′′)
Zmm ⟨β′′′

mβm(k
′ − k′′′)β′′

j β
∗
j ⟩
]

+
∑

k′′′x

[
C

(k−k′,k′′′)
jYj ⟨Y ′′′βj(k − k′ − k′′′)Z ′β∗

j ⟩|k′′′z =0

+ C
(k−k′,k′′′)
jZj ⟨Z ′′′βj(k − k′ − k′′′)Z ′β∗

j ⟩|k′′′z =0

+ C
(k−k′,k′′′)
jΘj ⟨Θ′′′βj(k − k′ − k′′′)Z ′β∗

j ⟩|k′′′z =0

+ C
(k−k′,k′′′)
jjY ⟨β′′′

j Y(k − k′ − k′′′)Z ′β∗
j ⟩|k′′′z =kz

+ C
(k−k′,k′′′)
jjZ ⟨β′′′

j Z(k − k′ − k′′′)Z ′β∗
j ⟩|k′′′z =kz

+C
(k−k′,k′′′)
jjΘ ⟨β′′′

j Θ(k − k′ − k′′′)Z ′β∗
j ⟩|k′′′z =kz

]

+
∑

k′′′x

[
C

(k,k′′′)∗
jYj ⟨Y ′′′∗β∗

j (k − k′′′)Z ′β′′
j ⟩|k′′′z =0

+ C
(k,k′′′)∗
jZj ⟨Z ′′′∗β∗

j (k − k′′′)Z ′β′′
j ⟩|k′′′z =0

+ C
(k,k′′′)∗
jΘj ⟨Θ′′′∗β∗

j (k − k′′′)Z ′β′′
j ⟩|k′′′z =0

+ C
(k,k′′′)∗
jjY ⟨β′′′∗

j Y∗(k − k′′′)Z ′β′′
j ⟩|k′′′z =kz

+ C
(k,k′′′)∗
jjZ ⟨β′′′∗

j Z∗(k − k′′′)Z ′β′′
j ⟩|k′′′z =kz

+C
(k,k′′′)∗
jjΘ ⟨β′′′∗

j Θ∗(k − k′′′)Z ′β′′
j ⟩|k′′′z =kz

]}∣∣∣∣∣
k′z=0

.

(A13)
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Since the numerical simulations show dominant coupling between the latitudinal

flow Z and two unstable modes in a bath of turbulent interactions, the interactions

involving unstable modes only can be excluded. This immediately implies that the

first term on the right-hand side of Eq. (A13) can be dropped in the face of remaining

dominant terms. Among the remaining terms, the fourth-order correlations that have

different components of velocity, e.g., the terms where Y and Z appear together on

the right-hand side of Eq. (A13), do not form terms that appear in the definition

of energy. Guided by numerical simulations where nonlinear coupling to Y and Θ

are unimportant, only the energy(-like) terms with Z will be kept henceforth. The

resulting equation then reads

[
∂t −

(
−γ′Z + γ′′j + γ∗j

)]
⟨Z ′β′′

j β
∗
j ⟩|k′z=0

=

{
∑

k′′′x

[
C

(k−k′,k′′′)
jZj ⟨Z ′′′βj(k − k′ − k′′′)Z ′β∗

j ⟩|k′′′z =0

+ C
(k−k′,k′′′)
jjZ ⟨β′′′

j Z(k − k′ − k′′′)Z ′β∗
j ⟩|k′′′z =kz

+ C
(k,k′′′)∗
jZj ⟨Z ′′′∗β∗

j (k − k′′′)Z ′β′′
j ⟩|k′′′z =0

+C
(k,k′′′)∗
jjZ ⟨β′′′∗

j Z∗(k − k′′′)Z ′β′′
j ⟩|k′′′z =kz

]}∣∣∣∣∣
k′z=0

.

(A14)

The same procedure is then repeated to find evolution equations for the other two

triplet correlations that appear in Eqs. (A12a) and (A12b).

C4: Quadruplet correlations and Statistical closure

approximation

Equation (A14) can be solved using the technique of Green’s function inversion and

Markovianization, a standard step in EDQNM closure [although, here, we do not
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modify the growth rate γ with the amplitude-dependent nonlinear frequency, an

approximation justifiable for the low-wavenumber regime; for more details, see Terry

et al. 2018 [32]]. Such a solution yields

⟨Z ′β′′
j β

∗
j ⟩|k′z=0

= −
{
(
−γ′Z + γ′′j + γ∗j

)−1 |Z ′|2

[ (
C

(k′′,−k′)
jZj + C

(k′′,k)
jjZ

)
|βj|2 +

(
C

(k,k′)∗
jZj + C

(k,k′′)∗
jjZ

)
|β′′
j |2
]}∣∣∣∣∣

k′z=0

. (A15)

Similarly, the other two triplet correlations that appear in Eqs. (A12a) and (A12b)

can also be solved to obtain

⟨β′
jZ ′′β∗

j ⟩|k′z=kz

= −
{
(
γ′j − γ′′Z + γ∗j

)−1 |Z ′′|2

[ (
C

(k′,−k′′)
jZj + C

(k′,k)
jjZ

)
|βj|2 +

(
C

(k,k′′)∗
jZj + C

(k,k′)∗
jjZ

)
|β′
j|2
]}∣∣∣∣∣

k′z=kz

, (A16)

and

⟨β′
jβ

′′
jZ∗⟩|kz=0

= −
{
(
γ′j + γ′′j − γ∗Z

)−1 |Z|2

[ (
C

(k′,k)
jZj + C

(k′,−k′′)
jjZ

)
|β′′
j |2 +

(
C

(k′′,k)
jZj + C

(k′′,−k′)
jjZ

)
|β′
j|2
]}∣∣∣∣∣

kz=0

. (A17)
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C5: A set of EDQNM-closed energy evolution equations

Solutions of the triplet correlations from Eqs. (A15)–(A17) are now substituted into

Eqs. (A12a) and (A12b), which results in the following set of closed equations:

∂t|βj|2 =2Re γj|βj|2 −
∑

k′

2Re

[
C

(k,k′)
jZj |Z ′|2(

−γ′Z + γ′′j + γ∗j
)
{
C⃗

⃗

(k′′,−k′)
jZj |βj|2 + C⃗

⃗

(k,k′)∗
jZj |β′′

j |2
}]∣∣∣∣∣

k′z=0

−
∑

k′

2Re

[
C

(k,k′)
jjZ |Z ′′|2(

γ′j − γ′′Z + γ∗j
)
{
C⃗

⃗

(k′,−k′′)
jZj |βj|2 + C⃗

⃗

(k,k′′)∗
jZj |β′

j|2
}]∣∣∣∣∣

k′z=kz

,

(A18)

∂t|Z|2 = −2Re γZ |Z|2

− |Z|2
∑

k′

3∑

j=1

2Re

[
C

(k,k′)
Zjj(

γ′j + γ′′j − γ∗Z
)
{
C⃗

⃗

(k′,k)
jZj |β′′

j |2 + C⃗

⃗

(k′′,k)
jZj |β′

j|2
}] ∣∣∣∣∣

kz=0

,

(A19)

where C⃗

⃗

(p,q)
lmn = C

(p,q)
lmn + C

(p,p−q)
lnm is the symmetrized coupling coefficient.

Equation (A19) can be simplified by considering that it is the pairs of unstable

modes (j = 1) that excite the latitudinal flow Z:

∂t|Z|2/2 = −γZ |Z|2 + |Z|2
∑

k′

|β′
1|2 Re

[
−C⃗

⃗

(k,k′)
Z11 C⃗

⃗

(k′′,k)
1Z1

γ′1 + γ′′1 − γ∗Z

]
, (A20)

where the term inside the wavenumber-summation in Eq. (A19) has been symmetrized.
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Part III

Jet-Driven Shear-Flow Dynamos
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8 paper f: large-scale dynamos driven by

shear-flow-induced jets

A version of this chapter has been accepted for publication in Nature.
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8.1 Abstract

At every scale they occupy, magnetic fields affect various phenomena, including star

formation, cosmic ray transport, charged particle acceleration, space weather, transport

in planetary atmospheres, and laboratory plasmas. These fields are often generated

and sustained by turbulent flows in a process called the dynamo. In 1955, E. N. Parker

parameterized the effects of small-scale turbulence to propose a mean-field dynamo

theory1. The widely used theory reproduces observed large-scale fields but suffers from

difficulty in tuning parameters as they are not justified from first principles: Studies

of turbulent flows show tangled magnetic fields, which are folded and fragmented into

small-scale structures due to shear-flow straining2,3. Here, considering a shear flow

that is unstable and driven, we develop analytic theory and perform three-dimensional

(3D), advanced computer simulations of turbulence with up to 4096 × 4096 × 8192

grid points, showing ab initio generation of quasi-periodic, large-scale magnetic fields.

The generation occurs via the mean-vorticity effect—an additional mean-field dynamo

process postulated4 in 1990. Crucial to this dynamo is the prior generation of large-scale

3D jets, robustly produced as topologically protected and exact nonlinear solutions of

the magnetohydrodynamic equations. The jet-driven dynamo applies to shear-driven

laboratory and astrophysical systems. These include binary neutron star mergers5,6,

where the reported dynamo likely operates on microsecond timescales to produce in

milliseconds some of the strongest magnetic fields in the Universe7, providing signals

for multi-messenger astronomy8.

8.2 Article



 

Flows with gradients are very common in nature; they are often unstable, drive turbulence, 

and appear with magnetic fields. Examples are found in laboratory experiments, planetary 

atmospheres and interiors, the meridional circulation and near-surface shear layers of the 

Sun, stellar interiors, accretion disks and jets, binary neutron star mergers, galaxy clusters, 

and galactic rotation curves5,9–18. Shear flows abet small-scale structures2,3, especially when 

the flow is unstable, as the cascade of the flow-energy originating at large scale generates 

disordered small-scale turbulent fluctuations. A long-standing challenge has been to explain 

how the large-scale, smooth magnetic fields—observed in magnetized planets, the solar 

cycle, stars, galaxies, and cosmic voids—can arise in the presence of destructive turbulent 

motions9,19–23. 

 

Traditional dynamos constrained by magnetic helicity generally fail to generate large-scale 

fields unless they meet certain strict requirements1,20,24–27. Even then, those dynamos have 

not proved robust because of effects like Alfvénization—a fundamental 

magnetohydrodynamic (MHD) process via which velocity and magnetic fluctuations 

becomes equipartitioned and aligned. Because of this alignment, the traditional dynamos are 

almost completely suppressed28. To help explain observations, we investigate here a 

fundamentally different dynamo mechanism where Alfvénization enables the generation of 

large-scale magnetic fields. This postulated mechanism linked to large-scale vortical 

structures4 has remained hypothetical. We find that this hypothetical mechanism develops 

from the self-organization of large-scale jets. We answer here whether this dynamo can arise 

naturally in astrophysical environments5,9–16, by what mechanisms it operates, and how 

robust it is. Because large-scale self-organized jets are often present in vortex-dominated 

systems29, we also address the relationship of the former to the latter, and how they work 

together to generate large-scale fields. 

 

We analytically and numerically demonstrate a robust non-traditional dynamo effect. The 

dynamo ensues regardless of whether the domain considered is non-periodic or periodic, and 

whether an initial large-scale external field is present or absent. We consider a 3D domain 

with a large-scale flow 
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u0=Ux(z)!"x,  (1) 

 

where !"x represents the unit vector along x, and Ux(z) is a z-varying profile. We define the 

(x,y)-averaged profile as the mean. When the mean shear flow is unstable [Kelvin–

Helmholtz (KH) instability10], it drives turbulence across a range of scales, including small 

scales. The small scales saturate over some multiple of the instability growth time tgrow≈5 

a/U0, for Ux(z)=U0 tanh(z/a), where a is the half-width of the shear flow with amplitude U0. 

The evolution of a large-scale dynamo, however, requires longer times and hence demands 

substantial computational effort. On the other hand, since turbulence depletes the large-scale 

flow gradient over time, dynamo eventually becomes inactive. Hence, we maintain the large-

scale flow Ux(z) externally30, mimicking persistent astrophysical shear flows (Methods Sec. 

V); and we simulate three-dimensional (3D) incompressible MHD turbulence by extending 

most simulations to ≈350 tgrow and one simulation to 2,400 tgrow (see Methods Sec. I). 

 

Figure 1 displays the temporal evolution of the (x,y)-averaged mean field, turbulent fields, 

and turbulent flows. The initial horizontal field b0 in this simulation is weak and uniform 

throughout the domain [U0/|b0|=30; ∡(u0, b0)=30o]. The mean field generated by the 

turbulence, however, is drastically different: the mean-field energy is amplified by 3 orders 

of magnitude; the mean field is almost entirely (anti-)aligned to the mean flow; and the mean 

field is reversed across z. The reversed mean field changes its polarity quasi-periodically in 

Fig. 1a, which is reminiscent of the solar magnetic cycles31. The generation of the x-directed, 

z-reversed mean field is unexpected, because here the mean magnetic field cannot be directly 

generated by the mean flow. This is revealed in the electromotive force (EMF, %) 

 ⟨%⟩x,y = ⟨(⟩!,# × ⟨*⟩!,#+,,,-,,,.
$%&'	)*%++%,-

		+ 	 ⟨12 × 34 ⟩!,#+,,-,,. ,
.'/0121-	ϒ*%++%,-

  (2) 

 

where the angular brackets ⟨·⟩x,y average fluctuations in the (x,y)-plane; U and B respectively 

represent the (x,y)-averaged mean flow and mean magnetic fields; 12  and 34  respectively 

represent turbulent flow and turbulent magnetic fields; thus, U+12 and B+34  represent the 
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total velocity and total magnetic field. In the curl of Eq. (2), the second term produces 

straining of mean field by mean flow (the so-called dynamo Ω-effect32), which is zero here. 

That is, B·∇Ux= (Bx∂x+By∂y)Ux=0 [for the (x,y)-averaged mean flow and fields, ∇·B=∂zBz=0 

and ∂zUz=0; the mean vertical field Bz and flow Uz are absent in the present simulations]. 

Thus, the (x,y)-averaged mean field must be generated by turbulent effects via the third term 

of Eq. (2). 

 

The dominant turbulent flows are jet-like because they are directed along x and do not vary 

along x (similar to axisymmetric azimuthal flows in planetary atmospheres); see the red-blue 

3D streamlines of 9: x in Figs. 1c,d. This jet-like flow 9: x exhibits even-parity symmetry along 

z. Since ∂z9: x changes sign along z, the field-line-stretching 34 ·∇9: x by turbulent jets generates 

a z-reversed mean field. This is further explained by a semi-local analytic theory (Methods 

Sec. VIII). The origin of the jets is non-trivial, as perturbations with the wavenumber kx=0 

are linearly stable (Extended data Fig. 1). The jets are formed when the mean flow 

horizontally stretches a seed fluctuation flow 9: z (Methods Sec. VII). The seed fluctuation 

flow is excited by the KH instability nonlinearly. The jets and seed fluctuation flow have 

magnetic counterparts. 

 

The large-scale jets 9:x are robust to variations in fluid Reynolds number Re (∝1/viscosity) 

and magnetic Reynolds number Rm (∝1/resistivity); see Fig. 2a. These x-directed, x-

invariant jets are exact solutions to the nonlinear ideal MHD equations—akin to the Elsässer 

fields33 and zonal flows13. These structures render all MHD nonlinearities zero. The spatial 

topology of the jets protects them from being destroyed because the gradients of perturbed 

fluid pressure and magnetic pressure are zero.  

 

The jets operate on the seed fluctuation magnetic field ;<z to induce a dynamo (Methods Sec. 

VIII). Both of these vary in the (y,z)-plane, but not in x. (In Fig. 2a, ;<z is evaluated for kx=0, 

ky=2p/Ly, with Ly=10p.) The amplitude (square root of energy) of the dynamo-generated 

mean field Bx has weak sensitivity to variations in Pm—the ratio of viscosity to resistivity; 
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see Fig. 2b. This behavior is due to the robust jets 9: x, as the jets operate on ;< z via 

⟨34 ·∇9:x⟩x,y=∂z⟨;<z9: x⟩x,y to generate the mean field Bx. 

 

Traditional mean-field dynamo theory expresses the turbulent EMF % in terms of the mean 

magnetic field B, by removing a uniform mean flow via Galilean transformation24. In the 

presence of an inhomogeneous mean flow U, which cannot be removed, traditional mean-

field theory needs to be generalized4. The essential elements of this generalization are 

reproduced by our quasilinear EMF model (Methods Sec. VI). This generalized theory 

predicts %=αB-β∇´B+ϒ∇´U, where α captures kinetic helicity ⟨12 ·∇´12 ⟩x,y and current 

helicity ⟨34 ·∇´34 ⟩x,y; here, β measures turbulent energy; and the Upsilon ϒ stands for the 

Yoshizawa's postulated mean-vorticity effect4 related to the cross-helicity ⟨12·34 ⟩x,y. The ϒ-

effect is robust to variations in Pm (Fig. 2c; Methods Sec. VI). Similar trend of ϒ shown 

during field-growth is found in the saturated phase. In addition to the multidimensional 

spatial regression27 used in Fig. 2c, we have employed temporal regression34 to recover the 

dominance of the ϒ-effect.	
 

We develop a physical understanding of the ϒ-effect in Fig. 3a. This effect has a strong 

analogy with the α-effect1. A visual representation of the α-effect (αB∝B⟨12·∇´12⟩) involves 

three elements: magnetic field (B), velocity (12), and vorticity (∇´12). Following that order, 

an initial straight mean field B is bent and rotated1, thus creating a mean field orthogonal to 

B. To similarly visualize the ϒ-effect (ϒ∇´U∝∇´U⟨12·34 ⟩), we reverse the order of the 

previous three elements: vorticity (∇´U), velocity (12), and magnetic field (34 ). Following 

thar order, an initial straight mean vortex line is bent, inducing jets (Fig. 3a). The jets are 3D 

as they vary along the y-direction. The jets then operate on 34  to produce a mean field. 

 

Our proposed dynamo mechanism is confirmed in Fig. 3b using a computer simulation of 

an (x,y,z)-domain with 4096 ́  4096 ́  8192 grid points. The equilibrium flow here is a double 

shear layer35 (Methods Secs. II, III). This calculation is, to our knowledge, the highest-

resolution Kelvin–Helmholtz spectral dynamo simulation to date (Methods Sec. IV). In the 
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beginning of this simulation, only the mean flow is present—and the mean magnetic field is 

zero. We add perturbations in velocity and magnetic field with energy 10-18 times the mean-

flow energy. The physical mechanism presented in Fig. 3 dominantly generates mean 

magnetic field in all simulations where the mean flow is maintained (Methods Sec. XII). 

 

Figure 4a shows vorticity and electric current density, which are aligned because velocity 

and magnetic fields are aligned, as measured in Fig. 4b. Unlike energies, helicities can have 

different signs at different scales36. The dynamo features a cascade of energy from large 

scales to small scales (Extended data Fig. 2; Methods Sec. IX). Small scales take energy 

away from the mean field; the large-scale jets give energy to the mean field (Extended data 

Fig. 3). 

 

The first direct laboratory measurement of a turbulent EMF in the Madison Dynamo 

Experiment (MDE) presented a finding37 that challenged traditional theories: The magnetic 

field and the EMF in the experiment were nearly orthogonal (Extended data Fig. 4), showing 

that the α-effect fails to explain their dynamo. Their measurement is consistent with the ϒ-

effect if one considers the observed large-scale radial vorticity38, which drives the observed 

radial EMF. In both MDE and our simulations, large-scale vortical motions are replenished 

by external forces. Both systems host turbulently generated seed fluctuation flows and jets. 

Both systems exhibit the same alignment of different components of EMF. This work 

suggests that the large-scale jet-driven dynamos are present in the laboratory and nature39 

(Methods Sec. X). 

 

The classical relaxed states of MHD turbulence are force-free40; these states in α-dynamos 

have αB - β∇´B = 0. However, KH-dynamo simulations show that B and ∇´B are 

orthogonal, as the mean magnetic field B is reversed along z and directed dominantly along 

x. The relaxed KH-dynamo states feature B (anti-)parallel to U because the inductive term 

takes the form ∇´(ϒ∇´U). The sign of ϒ determines the polarity of B. 
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Binary neutron stars (BNS), as they approach each other, produce in the merger interface a 

KH-unstable velocity gradient5,7, where a non-relativistic treatment captures the essential 

physics. In the KH-unstable system, the field grows due to the ϒ-dynamo—as seen in 

simulations—at a typical rate of 0.04 U0/a, where a is the half-width of the shear flow with 

an amplitude U0. Estimates inferred from general-relativistic MHD simulations of BNS 

mergers show that the flows in the thin merger interface5,6 have a~10–15 m (likely even 

smaller11) and U0~0.1c, with c representing the speed of light. Hence, we predict the e-

folding time of the ϒ-dynamo in BNS mergers to be ~8 µs (variations depend on the model, 

but this timescale is likely even shorter). The BNS merger takes milliseconds5, during which 

the shear layer persists between the approaching BNS. Thus, the ϒ-dynamo can create large-

scale magnetic fields even from zero initial large-scale field and rapidly amplify them to 

energies similar to the bulk kinetic energy7. These fields, possibly41 of 1016–1017 G, impact 

the merger and post-merger dynamics, and change the gravitational waveforms by increasing 

their frequencies8 by 200–300 Hz. These changes are in principle detectable by the LIGO-

Virgo-KAGRA Collaboration in upcoming runs42 and will be measured by the Einstein 

telescope43. Strong magnetic fields affect electron acceleration and synchrotron radiation, 

thereby impacting the electromagnetic signals41. High-resolution space observations and 

global merger simulations5,6 can capture the rapid generation of magnetic fields via the ϒ-

effect (Methods Sec. XI). Sub-grid models44 should be able to reproduce the ϒ-dynamo 

driven by large-scale jets. The ϒ-dynamo also has implications for merging galaxy clusters17, 

where large-scale unstable shear flows exist and large-scale magnetic fields have been 

reported9,18. 

 

The jet-driven vorticity-related dynamo has bearing for the generation of magnetic fields in 

the Sun. The solar meridional flow—a key player in flux transport dynamos14—has vorticity 

directed in the azimuthal direction15. This vorticity is bound to drive the azimuthal 

component of the turbulent electromotive force, generating poloidal magnetic fields. The 

large vorticity of solar subsurface flows45 is also expected to generate magnetic fields. 

Simulations show large cross-helicity in the near-surface shear layers, which have poloidal 

vorticity46. Relatedly, zonal jets and torsional oscillations in the outer parts of the solar 
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interior are precursors of the solar magnetic cycles29,45,47. Simpler models of the ϒ-dynamo 

are useful to explain stellar magnetic cycles48. The jet-driven dynamo is expected to generate 

magnetic fields in planets and galaxies, as well, which host vortical structures16. Since 

common MHD turbulence theories apply only in the case of zero global cross-helicity, this 

work motivates the understanding of MHD turbulence theories for non-zero global cross-

helicity49 (Extended data Fig. 5). 

 

This article has outlined the salient features of the jet-driven ϒ-dynamo arising in turbulence 

generated by shear flows, with potential applications in laboratory dynamo experiments, the 

Sun, main-sequence stars, planets, accretion flows around compact objects, and binary 

neutron star mergers. The robust nonlinear jets are shown here to be the physical mechanism 

behind the previously postulated ϒ-effect4, which this work confirms. 
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Figure 8.1: Long-time evolution of the MHD-KH dynamo, displaying phases of 

turbulent generation of flows and magnetic fields. a, The (x,y)-averaged mean field Bx 

quasi-cyclically reverses (t ≈ 3,000; 5,300; 6,000; 6,350). b–d, 3D streamlines in red-blue 

show turbulent velocity [the mean flow Ux(z) is not shown]. Colors correspond to 9:x, at times 

indicated by vertical dashed lines in a. The back-plane at x=10p displays vertical velocity ⟨9: z⟩x, which is Fourier-filtered to obtain a fluctuation that is invariant in x and fundamental 

harmonic in y. At t=55 in b, the two-dimensional KH eddies appear as cylinders, with almost 

no variation along y, but they have transformed into x-invariant jets in c and d. These jets 

are anchored on the (y,z)-plane at x=10p, where ⟨9: z⟩x is large, shown with a purple-green 

color bar. e–g, Streamlines of magnetic fields are overlaid on top of volume-rendered 

volume-filling fields. The polarities of the mean fields flip between f and g. 
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Figure 8.2: Properties of the KH instability-induced jets and dynamo. a, Amplitudes of 

the 3D jets (shown with circles) remain unchanged over variations in magnetic Prandtl 

number Pm. Reynolds numbers Re and Rm are measured using length a and speed U0 of the 

mean flow. Above the threshold Rmc between 3 and 15, the seed fluctuation field (plus sign) 

induced by the KH instability does not have drastic variation. For every Rm, we show four 

cases: Re=15, 63, 251, and 1000, which are indicated by four circles and four pluses of same 

color. Thus, amplitudes are observed to be independent of Re. b, The dynamo-generated 

mean field Bx does not have strong sensitivity to visco-resistive properties above Rmc. This 

is a consequence of the results shown in panel a. c, The mean turbulent EMF is driven by 

the ϒ-effect. Circles, diamonds, and pluses represent the time-averaged contributions of the 

ϒ-, β-, and α-effects to the mean EMF, quantified by |ϒ(∇´U)y/ℰy|, |β(∇´B)y /ℰy|, and |αBy/ℰy|, 

respectively. Similar dominant ϒ-effect is found using different time windows. The EMF is 

the largest where the mean flow reverses. 
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Figure 8.3: Mechanism of the jet-driven ϒ-dynamo. a, Red, green, and blue represent 

vorticity, velocity, and magnetic field, respectively. Step 1 shows a y-directed mean vortex-

line, corresponding to a mean shear flow Ux(z) in the (x,z)-plane, shown at the bottom right 

of panel a. In step 2, the KH instability excites a flow perturbation 12, with a sinusoidal 

variation in y, representing a purely 3D process. This flow perturbation bends the mean 

vortex line in step 3. Where the vortex line points upward, eddy-like flows are induced 

around it; these are shown with solid green curves in step 4. This hydrodynamic process 

generates jets, which have no variation along x but are directed along x. Step 5 is the 

magnetic counterpart of step 2; the alignment between 12 and 34  represents here the case of 

positive ϒ (an Alfvénic state). The y-varying jets of step 4 stretch the y-varying magnetic-

field perturbation of step 5, thereby creating a mean magnetic field (invariant in x and y) in 

step 6. The mean field aligns with the mean flow. b, All quantities are plotted using red 

(pink) for positive and blue (green) for negative, where the color map spans [-M,M], with M 

representing the absolute maximum of each quantity. A half of the symmetric double shear 

layer35 is shown. Since flow and fields in steps 2 and 5 (in panel a) do not vary along x, 

they are x-averaged and displayed on the (y,z)-plane at arbitrary x-coordinates for visual 

clarity. Multiple (x,y)-slices of jets ux are plotted near a shear layer interface where jets are 

the strongest. The x-directed magnetic field is averaged in y, and ⟨bx⟩y shown on the (x,z)-

plane. The mean flow is shown with the black arrows. 
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Figure 8.4: Dominance of cross-helicity. a, Vorticity |ωz|/ωz

rms and electric current density 

|jz|/jz
rms are similar; rms stands for root mean square. A typical slice is shown at a shear-layer 

interface (z=3Lz/4); the full simulation domain is [0,10p)´[0,10p)´[0,20p). b, The total 

turbulent cross-helicity HC (= 12 · 34 ) is two orders of magnitude larger than the total turbulent 

kinetic helicity HK (= 12 · ∇´12). Cross-helicity dominates at larger scales of fluctuations. 
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Methods 

 

I. Model and computational considerations. 

Using 90 million Central Processing Unit (CPU) hours, we performed more than 90 KH 

dynamo simulations. We analyzed 0.25 petabytes of turbulence data generated by evolving 

velocity u and magnetic field b according to the 3D incompressible MHD equations 

 

∂-1 − ν∇31 + ∇P = −1 ⋅ ∇1 + (∇×7)×7

9!:
+ D,   (S1a) 

∂-E − η∇3E + ∇Ψ = 1 × 3,     (S1b) 

3 = ∇ × E,       (S1c)  

∇ ⋅ 1 = 0,       (S1d) 

∇ ⋅ E = 0,       (S1e) 

 

where A is the magnetic vector potential; I is the kinematic viscosity; J is the electric 

resistivity; K0 is the vacuum magnetic permeability; P is the fluid pressure; Ψ is a scalar 

function; and f represents external acceleration applied on a fluid of density L (here, K0L=1). 

Equation (S1c) ensures ∇·b=0. We consider non-periodic and periodic domains. We 

simulate turbulence with and without an external mean magnetic field. 

 

II. Background profiles and non-dimensionalization. 

In non-periodic domains, we consider a single shear layer10 

 

M!(N) = M;tanh T<=U,    (S2) 

 

in a volume [0,L)´[0,L)´[-L/2,L/2]. In periodic domains, we consider a double shear layer35  

 

M!(N) = M; Vtanh T<*<"=
U − tanh T<*<#

=
U 	− 	1X,    (S3) 
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in a volume [0,L)´[0,L)´[0,2L). Here, z1=L/4 and z2=3L/4, with L=10Y. Speed and length 

scales are measured using U0 and a throughout this work. Fluid and magnetic Reynolds 

numbers are Re=U0a/I and Rm=U0a/J, respectively.  

 

When a weak, uniform, external mean magnetic field B0 is initially imposed, B0=(!"xcosθ+!"y 

sinθ)/MA, where MA is the Alfvénic Mach number, and θ is the angle between the initial 

mean field and the mean flow. Dynamo saturation properties remain largely unimpacted by 

variations in MA until MA approaches the KH-instability threshold. Variations in θ are found 

to not affect dynamo saturation. 

 

We seed instability by adding broadband, phase-randomized, divergence-free 

perturbations50 to u and A. The jet-driven dynamo emerges from general random 

perturbations. We solve Eqs. (S1a)–(S1e) using two disparate pseudospectral solvers: 

Dedalus (non-periodic and periodic domains) and GHOST (periodic domains). 

 

III. Dynamos in non-periodic and periodic domains. 

For non-periodic domains, we choose physical boundaries that confine the plasma within 

perfectly conducting (jx=jy=bz=0), no-slip walls, represented by uz=uy=Ax=Ay=Ψ=0 and 

ux=±U0 at z=± L/2. When a uniform horizontal mean field B0 is present in the initial 

condition, we isolate that mean field from the remaining fields; the latter are subjected to the 

above magnetic boundary conditions.  

 

The dynamo does not depend on the nature of the domain because it is enabled by large-

scale jets, which are strongest near the shear layer. Both jets and shear layer lie maximally 

far away from the boundaries; see Sec. VIII for an analytic calculation. In some dynamos, 

one injects helicity fluxes through open, manipulated boundaries, hoping to achieve a large-

scale dynamo. Here, the shear layer is a minimal and sufficient ingredient for exciting a 

dynamo. Our simulations with extended vertical domain reproduce the results reported here. 

 

IV. Benchmarks and major code optimizations. 
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Dedalus simulations: Using Dedalus51 (an open-source, general code written primarily in 

python), we employ MPI-parallelization along the periodic directions x and y. We use 

pseudospectral Z-method35,51, RK443 and SBDF2 mixed implicit-explicit time-steppers52,53, 

and the 3/2 dealiasing for nonlinearities51. For non-periodic domains, we use Fourier–

Fourier–Chebyshev bases, whose harmonics range from 1282
´512 to 1,0243. 

 

GHOST simulations: Using GHOST54,55 (an open-source code written primarily in Fortran 

90/95 to efficiently solve triply periodic systems), we parallelize with MPI in z and openMP 

in y. For efficient computations, we place OpenMP threads next to each other within a 

NUMA node and bind OpenMP threads to an MPI task. The nonlinear terms are solved using 

the second-order explicit Runge–Kutta scheme. We have benchmarked GHOST against 

Dedalus, using identical initial conditions56. We find the dynamo-enabling jets appear in all 

test and production simulations, whose resolutions we vary from 322
´512 to 40962

´8192. 

The high z-resolution captures the mean shear flow. 

 

The public GHOST code solves the visco-resistive terms using an explicit method, which is 

not ideal to capture small-scale fluctuations. These fluctuations, if not resolved, can lead to 

numerical instability. We have implemented a new time-integrator, i.e., an exact integrating 

factor technique, which produces exact solutions corresponding to the visco-resistive terms. 

We have also implemented a forcing function, which maintains the mean flow. 

 

V. External mean-flow forcing. 

We externally force only the mean flow ux(kx=0, ky=0). The magnetic fields evolve freely. 

This allows us to focus on KH instability, which excites fluctuations at various scales via its 

nonlinear coupling. The forcing f=fx(z)!"x in Eq. (S1a) is57–62 

 

[!(N) = ⟨?$(@=;)⟩$,&*⟨?$(@)⟩$,&
Cf

+ \;,  (S5) 
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where Zf is the forcing time scale; F0 is added to merely remove the viscous relaxation of the 

mean shear flow at t=0, ensuring that the initial mean flow is a true MHD equilibrium, F0+	
I∇2⟨ux(t=0)⟩x,y=0. 

 

We vary Zf from 0 (frozen mean flow) to infinity (decaying mean flow). We reproduce 

essentially the same results except when Zf is very large. In the latter case, the gradient of 

the mean shear flow quickly flattens because its energy is extracted by the KH instability at 

a rate faster than the rate of energy injection to the mean flow by the external forcing. 

 

VI. Analytic quasilinear EMF model. 

Consider an (x,y)-averaged mean magnetic field B=(Bx, By, 0) and mean flow U=(Ux, Uy, 0). 

We introduce external perturbations in flow u'=(0,0,uz') and fields b'=(0,0,bz') with 

wavenumber k=(0,ky); primed quantities in this subsection represent perturbations. This 

wavenumber dominantly generates mean magnetic field (Extended Data Fig. 3). In a 

quasilinear model, uz' and bz' interact with the mean flow and mean field to self-consistently 

generate other perturbations, e.g., ux' and bx'. These, together with the initial perturbations, 

compose a mean turbulent electromotive force, which causes the mean magnetic field to 

evolve. 

 

The (x,y)-averaged mean magnetic field Bx evolves according to (∂t −J∂z
2)Bx = −∂zℰy, where  

 

ℰ# = −;<D∗9!D + 9<D∗;!D + ]. ].,   (S6) 

 

where c.c. represents complex conjugation of the preceding terms.  

 

To derive expressions for ux' and bx' in terms of the initial small-amplitude perturbations uz' 

and bz', we write 

 

_∂@ − ν∇3 + M#
	 `a#b9!D = −9<D ∂<M!

	 + ;<D ∂<c!	 + c#	 `a#;!D ,  (S7) 
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and 

 

_∂@ − η∇3 + M#
	 `a#b;!D = −9<D ∂<c!	 + ;<D ∂<M!

	 + c#	 `a#9!D .  (S8) 

 

The solutions to ux' and bx' are approximately written as  

 

9!D = τZFe−9<D ∂<M!
	 + ;<D ∂<c!	 + c#	 `a#;!D f,  (S9) 

 

and 

 

;!D = τZMe−9<D ∂<c!	 + ;<D ∂<M!
	 + c#	 `a#9!D f,  (S10) 

 

where ZZF and ZZM are the coherent-straining times of the zonal jet ux' and zonal magnetic 

field bx'. Here, the word zonal refers to x-averaged fluctuations. When the effects of the 

nonlinear turbulent interactions are considered, ZZF  and ZZM	are replaced by nonlinearly 

modified times, which allows the calculations to be more generally applicable than merely 

in the small-amplitude limit. 

 

Substituting the solutions for the zonal jet [Eq. (S9)] and zonal field [Eq. (S10)] in Eq. (S6), 

 

ℰ# = Υ(∇ × ()# − β(∇ × *)# + αc#	 ,  (S11) 

 

where 

 

Υ = τZM⟨9<D;<D ⟩!,#+,,,-,,,.
kinematic

+ τZF⟨9<D;<D ⟩!,#+,,,-,,,.
non-kinematic

,   (S12a) 

 

j = ZZM⟨9<D3⟩!,#+,,-,,.
kinematic

+ ZZF⟨;<D3⟩!,#+,,-,,.
non-kinematic

,    (S12b)  
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α = −τZM⟨9<Dω<
D ⟩!,#+,,,,-,,,,.

kinematic

+ τZF⟨;<D l<D⟩!,#+,,-,,.
non-kinematic

.    (S12c) 

 

Equations (S11) and (S12a)–(S12c) were first derived in analogous forms using a turbulence 

closure4 (see also Sec. 2 of Ref. 46). 

 

The non-kinematic terms appearing with ZZF in Eq. (S12a)–(S12c) arise from the time-

evolution of velocity fluctuation in Eqs. (S7) and (S9). Generally, ZZF =	ZZM. Thus, for pure 

Alfvénic states (u||±b), α reduces to zero28,63, whereas β and ϒ become maximally non-zero. 

 

VII. Zonal jets in the KH dynamo. 

Energetically dominant, large-scale jets are generated when fluid motion uz(kx=0,ky) is 

stretched by the mean flow (Fig. 3a). The motion uz(kx=0,ky) is nonlinearly generated by the 

KH instability, as the vertical mean flow and vertical mean field are absent; the KH 

instability exists only at kx≠0 (Extended Data Fig. 1). 

 

The motion uz(kx≠0,ky), on the other hand, is sheared by the mean flow on the (x,z)-plane, 

thus progressively being shortened in its vertical scale until it is broken into multiple 

fragments64; see Fig. 1 of Ref. 3. However, this two-dimensional fragmentation does not 

apply to the three-dimensional x-invariant fluctuation, which can be shown using rapid 

distortion theory65. The mean flow maintains the z-spatial scale of uz(kx=0,ky) and produces 

strong jets ux(kx=0,ky). The jets are minimally impacted by the Lorentz feedback because the 

forces on them from the gradients of fluid pressure and magnetic pressure are zero. The jets 

are robust (Fig. 2a). 

 

VIII. Analytic semi-local dynamo characterization. 

To characterize the generation of the mean magnetic field that is reversed across the shear 

layer z=0, we expand around z=0 the mean flow ux
0,0 [the superscript represents the 

horizontal wavenumber (kx,ky)] 
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9!;,; = tanh(N) = N −NS/3 +⋯+,,-,,.
      KH dynamo source

,   (S13) 

 

where the terms nonlinear in z are nonlocal. We focus on z3 in the semi-local analysis below. 

 

Energy transfer analysis informs us that jets are formed when the mean flow stretches 9<;,\&. 

Hence, we write  

 

∂@9!;,\& = −1;,\& ⋅ ∇9!;,; +⋯ = −9<;,\& ∂<9!;,; +⋯ = −9<;,\&(1 − N3 +⋯) +⋯ ,
 (S14) 

 

where … represents terms not relevant here. The solution of Eq. (S14) is approximately 

written as  

 

9!;,\& = −τ]9<;,\& q1 − N3 +⋯+,-,.
     jets symmetric in z  

r +⋯,  (S15) 

 

where Zc is a time scale of flow-straining that generates 9!;,\&. Equation (S15) shows that the 

jet amplitude 9!;,\&  is the strongest at the shear-layer interface z=0 and decreases 

symmetrically with increasing |z|. This can be seen in Figs. 1c and 1d. 

 

Jets ux(kx=0,ky) generate the mean field (Extended Data Fig. 3) via the field-line stretching 

term  3	
;,*\& ·∇9!;,\&=∇j (;_;,*\&9!;,\& ), where the repeated index j follows the Einstein’s 

summation convention. We simplify this term by using Eq. (S15) to find 

 

∂@;!;,; = ∂< T;<;,*\&9!;,\&U + ⋯ = −τ];<;,*\&9<;,\& ∂<[1 − N3 +⋯] +⋯            
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    =    2N   v
    mean	field reversed in z

× τ]9<;,\&;<;,*\& …+⋯,  (S16) 

 

where … represents terms not relevant here.  

 

The linear term z in Eq. (S16) emerges from ∂<39!;,; and makes the mean magnetic field ;!;,; 

reversed across z=0 (Fig. 1a). The polarity of the mean field flips over time due to the phase 

difference between 9<;,\& 	and ;<;,*\& . This correlation measures the turbulent cross-helicity 

ϒ. Equation (S16) suggests 

 

;!;,; ∝ !"c · [∇´(ϒ∇´1	
;,;)].  (S17) 

 

The foregoing analyses reveal that the Yoshizawa’s postulated generic ϒ-effect4 operates 

specifically via the formation of 3D jets (see also Fig. 3). 

 

IX. Spectral energy-flux computations. 

The KH turbulence is strongly anisotropic and localized around the shear layer. So, for post-

processing, it is not ideal to use spherical wavenumber shells. We employ cylindrical shells 

in the (kx,ky)-plane with the axis of the cylinder along z. 

 

The u-to-u energy flux Πuu	(k0) passing through the wavenumber k0 is66  

 

Π??(a;) = d

e$e&e(
∫ ∫ ∫ 1f

<#! ⋅ [−(1 ⋅ ∇)1]{|{}{N,  (S18) 

 

where u represents the entire velocity in the system. The velocity 1f is66 

 

1f = ~ 1�_a! , a# , Nbeg\$!hg\&#
\$,\&:j\$

#h\&
#k

"/#
f\!

, (S19) 
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where 1�_a! , a# , Nb	is the Fourier amplitude of the velocity with wavenumber (kx, ky). 

 

Similarly, we define the b-to-b energy flux Πbb	(k0) passing through the wavenumber k0 

using66 

 

Πll(a;) = d

e$e&e(
∫ ∫ ∫ 3f

<#! ⋅ [−(1 ⋅ ∇)3]{|{}{N,  (S20) 

 

where b represents the entire magnetic field in the system. The magnetic field 3f is defined 

similar to 1f in Eq. (S19). Computations of these energy fluxes show cascades of kinetic 

and magnetic energies from large to small physical scales (Extended Data Fig. 2).  

 

X. Relevance of the ϒ-dynamo to laboratory plasmas. 

In addition to the fifth-to-last paragraph in the main article and Extended Data Fig. 4, we 

provide here details comparing the ϒ-dynamo with the Madison Dynamo Experiment37 

(MDE). While there are some differences between the present system and the MDE (such as 

spherical vs. Cartesian geometry), there are also similarities: 

 

1. Both systems exhibit large-scale vortical flows and jets. The radial vorticity in the 

MDE is considerably large38, consistent with the dominant radial EMF (Extended 

Data Fig. 4b). 

2. The large-scale flows in both systems are externally maintained: in MDE by rotating 

impellers and in our simulations by the mean-flow forcing. 

3. Both systems exhibit identical alignment of the EMF components. The angle 

between the mean magnetic field and EMF37 is ~90°, confirming the α-effect is 

virtually zero. 

4. Both systems show orientations of the EMF components do not depend on 

microphysical dissipation properties37. 

5. Both systems find the dynamo is driven by large-scale energy-containing flows. 

Thus, the dynamo growth rate, as measured in simulations of the laboratory MDE67, 
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is asymptotically independent of the magnetic Reynolds number Rm. Compare this 

with a dynamo driven by near-viscous-scale motions, where the growth rate scales 

as Rm1/2. 

 

These findings suggest that the jet-driven dynamos are present in laboratory and nature. 

 

XI. Relevance of the ϒ-dynamo to astrophysical plasmas and BNS mergers. 

 

We address here whether the reported dynamo mechanism is relevant in astrophysical 

plasmas. The shear-flow-driven dynamo exists in a wide variety of astrophysical systems. 

We shall therefore present only two specific cases. 

 

Binary Neutron Star (BNS) Mergers: Global GRMHD simulations of BNS mergers show 

the shear flow profile at the merger interface is similar to the flow profile this work considers. 

The shear layer half-width is estimated5 to be a≈10–15 m (the estimate depends on the grid 

resolution, and a physically converged width has yet to be established). Since this shear layer 

appears at small scales of global simulations, the flow velocity is generally U0≲0.1c. Within 

the shear layer, the speed is even smaller. While the spacetime curvature effects are 

important at the global scale, they are very weak and are amenable to being transformed 

away in this extremely thin shear layer. This was exploited by Price and Rosswog7, who 

used Newtonian KH simulations of BNS mergers. While compressibility introduces 

adjustments to the KH growth rates, studies of compressible KH systems have shown similar 

dynamics of the instability as observed in incompressible systems7,68. These justify the 

incompressible model for the first study of the reported new dynamo mechanism.  

 

Major current challenges of BNS merger simulations include the use of unrealistically large-

amplitude initial magnetic field and the choice of initial field topology (dipolar fields of 

~1013–1015 G are often considered)6,7,69,70. However, neither the amplitude nor the topology 

is supported by astrophysical observations. Observations of Gyr-old neutron stars71,72 show 

that their initial total magnetic fields are on the order of <108–1010 G. Initial topology of 

257



 

realistic BNS magnetic fields is multipolar and complex. There are some debates on whether 

realistic magnetic fields that are initially weak can actually be amplified to magnetar-

strength fields. Global relativistic simulations do not capture all KH-unstable wavenumbers 

appearing at smaller scales in their resolution-limited simulations5. They produce 

increasingly strong magnetic fields with increased grid-resolution. 

 

It is in the context of the preceding paragraph that the results of this work find significance. 

The results show that, even when the initial large-scale magnetic field is zero, the KH 

instability generates strong large-scale fields in milliseconds from infinitesimal magnetic 

fluctuations. Such strong fields are then advected outward to cover the surface of the 

remnant, impacting observables such as electromagnetic emissions, detected by the LIGO-

Virgo-KAGRA collaboration42. A proper modeling of BNS merger requires a detailed 

understanding of the KH dynamo, as the generated magnetic fields can significantly impact 

the merger time and radiated gravitational waves8,73. These fields are potentially responsible 

for the post-merger evolution of the resultant compact object via efficient transport of 

angular momentum by turbulence. Other observable consequences include the formation of 

extraordinarily powerful jets, which depend on the topology and strength of the magnetic 

fields formed during the BNS mergers. This work provides a foundational framework that 

can be used to capture the dynamo effects of unresolved KH fluctuations in global 

simulations44,74. 

 

The Solar Magnetism: The large-scale poloidal field generation mechanism in the Sun is 

modeled using ad-hoc, fine-tuned profile of the α-coefficient75. The present work suggests a 

solar dynamo model where the α-effect is replaced with the ϒ-effect arising from the 

azimuthal vorticity of the large-scale solar meridional circulation14,15. This azimuthal 

vorticity contributes to the azimuthal EMF (%∝ϒ∇´U), which should generate poloidal 

magnetic fields. Additionally, helioseismology informs that solar sub-surface flows and 

near-surface shear layers possess substantial vorticity. Cross helicity has been measured at 

the solar surface using the data from the Hinode satellite and the Swedish 1-m Solar 

Telescope76. Numerical simulations indicate that the normalized cross-helicity is closer to 
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unity near the solar surface46. Thus, the near-surface shear layers12,77 are the potential sites 

for the generation of magnetic fields via the vorticity-induced ϒ-dynamo. 

 

XII. How does the jet-driven ϒ-dynamo differ from the classical and other dynamos? 

Perhaps the most popular dynamo is the α2-dynamo20. A large-scale magnetic field Bx 

evolves as (∂t-J∇2)Bx=!" x·(∇´%). The mean turbulent EMF % is %=αB-β∇´B for helical 

turbulence24. Since Bx couples to another component By (or Bz) of the large-scale magnetic 

field, a way to close the dynamo loop is to write (∂t-J∇2)By=!"y·(∇´%) and assume, again, 

%=αB-β∇´B. One of the two steps of the α2-dynamo is replaced by the Ω-effect if there exists 

a large-scale flow whose gradient (magnitude given by Ω) points in the direction of the mean 

magnetic field. This αΩ-dynamo has been numerically observed to be replaced by an AΩ-

dynamo in a case of a linear shear flow, where A is to-this-date an unconfirmed mechanism 

existing in their simulation78. A variant of this dynamo is where A is replaced with an 

anisotropic23 turbulent diffusion βij. These and other dynamos share a common feature: The 

two steps of the dynamo couple two components of large-scale magnetic fields, because all 

these dynamo processes assume that % depends on B and its spatial properties. 

 

We highlight how the jet-driven ϒ-dynamo is fundamentally different from the classical and 

other dynamos. When a large-scale shear flow U is present, the postulated generalized mean 

EMF4 is %=ϒ∇´U-β∇´B, where ϒ∝⟨12·34 ⟩ measures the alignment between turbulent flow 12 

and turbulent magnetic field 34 . Hence, the mean magnetic field Bx along the direction of the 

mean flow Ux evolves as 

 

[∂t - (J+β)∇2]Bx=!"x·[∇´(ϒ∇´Ux)].  (S28) 

 

It is not necessary to write the evolution equation of the passive components By (or Bz) 

because Eq. (S28) couples only to Ux, β, and ϒ. Since the traditional mean-field kinematic 

dynamo coefficients (e.g., α, β, A, βij) are justifiably constants in time, it is tempting to 

assume that ϒ is also a constant. This suggests Bx grows only linearly in time79,80. Upon 
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inspection, we realize that β (similar to α) depends on turbulent flow only, but ϒ depends 

also on the magnetic field fluctuations. Since the mean and fluctuations of magnetic fields 

are inevitably coupled, and both grow at the same rate in the kinematic phase—as we have 

observed in simulations—ϒ grows exponentially in time. 

 

To obtain the correct growth of Bx in Eq. (S28), we analytically derive a self-consistent 

evolution equation for ϒ, which measures cross-helicity in fluctuations. We find that the 

volume-averaged turbulent cross-helicity ϒ evolves as 

 

(∂@ + ])ϒ = [(c!),   (S29) 

 

where c is a constant,	and [(c!) is a linear operator that integrates over volume the mean 

field Bx with a weight factor, which depends on the mean flow Ux. Thus, Eqs. (S28) and 

(S29) are linearly coupled equations and produce exponential solutions. Because of the 

inhomogeneity in the mean flow, the solutions require calculations in Fourier space. Since 

the calculations are lengthy and technical, we will report the details of the calculations in a 

forthcoming publication. 

 

This work also presents an interpretation, visualization, and comparison of the non-

traditional ϒ-dynamo with the traditional dynamo; see Fig. 3a. We expect the ϒ-effect to 

drive the dynamo of Ref. 81. The ϒ-effect may exist in the dynamo of Ref. 82, as well. 

 

Differences between the ϒ- and Ω-effects: The ϒ-effect arises in a mean-field theory where 

the interactions between turbulent fluctuations are averaged. The Ω-effect does not require 

a mean-field theory and simply represents the straining of the large-scale magnetic field B 

by the large-scale flow U. The large-scale field B, in general, evolves as 

 

�@* = ∇ × [(( × *) + %] + J∇3*,   (S30) 
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where %=⟨12 × 34 ⟩	is the turbulent electromotive force averaged suitably over some scales. 

Using a generalized mean-field theory %=αB-β∇´B+ϒ∇´U, we simplify Eq. (S30) to 

 

∂@* = −Υ∇3(+,-,.
*-effect
(012345)

+ j∇3*+-.
7-effect
(089:)

+ �∇ × *+,-,.
;-effect
(≈!)

+ * ⋅ ∇(+-.
=-effect
>!

+⋯,  (S31) 

 

where … represents terms not relevant here. How the KH dynamo operates is indicated by 

the text below each term.  

 

The jet-driven ϒ-dynamo presented in this work is radically different from the classical and 

other dynamos in many fundamental ways as summarized above. 
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Figure 8.5: Anisotropic growth rate spectrum of the KH instability, along with the 

spectra of energies. The mean flow is directed along x and varies along z. The spectrum of 

the linear growth rate γKH of the KH instability is anisotropic. The growth rate is the largest 

around k=(±0.5, 0), which represents the 2D KH instability. The growth rate is zero for kx=0 

and ky≠0. The square boxes in the upper half of the figure show time-averaged spectra of 

energies in horizontal field E(bx) and horizontal flow E(ux) (the contribution of the initial 

mean flow is removed). These spectra share the upper right-hand logarithmic color bar, 

extending from yellow to black. The square boxes in the lower half of the figure show time-

averaged spectra of energies in vertical field E(bz) and vertical flow E(uz). These share the 

lower right-hand linear color bar, extending from white to blue. The center of each square 

box represents the wavenumber resolved in the nonlinear simulation (only a small part of 

the wavenumber range is shown, as the KH instability exists at large scales |ka|≲1). The 

special square box centered at k=0 is shared by four quadrants. All quantities are measured 

using a and U0. 
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Figure 8.6: Cascade of kinetic and magnetic energies from large scales to small scales. 

Nonlinear energy flux through spectral space is measured in a simulation with 4096 ´ 4096 

´ 8192 grid points. Here, k=(kx
2+ky

2)1/2. The energy flux is integrated over the z-axis. A 

constant energy flux in k-space indicates an inertial range. Energy injected externally to the 

mean flow (shown with a white-headed arrow on the left margin) is cascaded to small scales, 

as shown by Πuu, which measures energy flux due to transfer of energy between two velocity 

fluctuations. Magnetic-to-magnetic energy flux Πbb shows a prominent small-scale cascade 

over two decades of inertial range. This analysis shows that the ϒ-dynamo arising in KH-

unstable shear flow is not due to inverse cascade of energy. The ϒ-dynamo is due to energy 

transfer from large-scale jets to the mean field, as demonstrated in Extended data Fig. 3. 
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Figure 8.7: Spectrum of nonlinear energy transfer to the mean magnetic field via 

turbulent field-line stretching. This figure confirms that the large-scale velocity 

fluctuations give energy to the mean magnetic field (red)—and that the small-scale velocity 

fluctuations receive energy from the mean magnetic field (blue). The shown quantity is 

T(k''), which represents the rate of nonlinear energy transfer to the mean field ;�x(kx=0, ky=0). 

Mathematically, T(k'') =	 ⟨;� x
*(0,0)[3� (k')·∇9" x(k'')]⟩z, where k''=(kx'',ky'') is the horizontal 

wavenumber of the velocity u and k'=(kx',ky') is the horizontal wavenumber of the magnetic 

field b; the wavenumber-triad constraint imposes (0,0) = k' + k''. The quantities 3� (k') and 9" x(k'')	 represent the horizontally Fourier-transformed coefficients of magnetic fields and 

velocity with wavenumbers k' and k'', respectively; these quantities are retained in the 

physical domain z before integrating the transfer function along z. The quantity ;�x
*(0,0)	is 

the horizontally-Fourier-transformed, complex-conjugated, x-directed mean magnetic field, 

whose energy is around two orders of magnitude larger than the y-directed mean field in the 

nonlinear phase. The mean field ;�x(0,0) is inhomogeneous in z (as is the mean flow); the 

operation ⟨·⟩z averages the nonlinear transfer function in z. The transfer function is time-

averaged over the saturated phase (t = 1000–4000). Of particular note is the extraordinary 

contribution of the large-scale jets, especially with wavenumber (kx'',ky'')=(0,0.2), which 

contribute the largest in the mean-field generation. This is consistent with Fig. 3. The square 

box at kx''=ky''=0 is white because the mean flow does not directly couple to the mean field 

in this system (the so-called Ω-effect32 is zero). 
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Figure 8.8: Comparison of three-dimensional unit vectors (shown with carets) of 

different components of the mean turbulent EMF %  from a KH-instability-driven 

dynamo simulation in a and from the Madison Dynamo Laboratory Experiment37 in 

b. With respect to %, the β-diffusion term is anti-aligned, and the α-term is orthogonal 

(indicating the non-helical nature of dynamo). A near-identical orthogonal orientation of the 

α-term was measured in the Madison Dynamo Experiment37 in panel b. In the Madison 

Dynamo Experiment, the vorticity is considerably large in the radial direction38. This is 

consistent with the dominance of the observed radial EMF, suggesting the important role of 

the large-scale vorticity-effect4 in turbulent EMF. Similarly, the ϒ-term in panel a is 

perfectly co-aligned with the mean EMF %. Here, the novel jet-driven ϒ-dynamo, arising 

from the large-scale vorticity, is confirmed to be the source of the dynamo. Diagram in b 

reproduced with permission of the AAS from figure 3 in ref. 37. 
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Figure 8.9: PDF of cosine of angle between u, b, ω(=∇´u), and j(=∇´b), in a simulation 

with 4096 ´ 4096 ´ 8192 grid points. The turbulent flow and fields measured at the shear 

layer are non-helical and close to pure Alfvénic states (orange curve), which explains why 

the ϒ-effect dominates in the mean EMF. For the pure Alfvénic states, α is zero; β and ϒ are 

similar and are not impacted by the non-kinematic (flow-evolution) effect in the same 

manner as the α is (see Methods Sec. VI). A large-scale steady shear flow induces an 

“imbalanced” MHD turbulence (asymmetry of the orange curve) and thus drives the dynamo 

via the non-zero ϒ-coefficient. Similar PDFs of dominant cross-helicity and non-helical 

flows were recently detected in the magnetosheath turbulence observed by the 

Magnetospheric Multiscale Spacecraft49. 
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Table 8.1: A list of commonly used symbols and meanings. 

 

Symbols Meanings ⟨·⟩x,y (x,y)-average, also called mean ⟨·⟩x	 x-average, also called zonal ⟨·⟩y	 y-average 

u0 Initial mean flow 

b0 Initial mean magnetic field 

U Instantaneous mean flow 

B Instantaneous mean magnetic field 12 Flow fluctuations (i.e., without the mean) 

34  Magnetic-field fluctuations (i.e., without the mean) 

U0 Amplitude of the mean flow 

a Half-width of the mean flow (shear layer) 

tgrow One e-folding time of the KH instability 

Re Fluid Reynolds number (Re=U0a/I) 

Rm Magnetic Reynolds number (Rm=U0a/J) 

Pm Magnetic Prandtl number (Pm=Rm/Re) 1	
m?,m@ Flow with wavenumber (kx,ky) 

3	
m?,m@ Magnetic field with wavenumber (kx,ky) 

�c
n,m@

 Zonal jets with wavenumber (kx=0, ky) 

% Electromotive force (EMF) 

α Parker’s alpha-effect 

β Turbulent (beta-) diffusion 

ϒ Upsilon dynamo source (a measure of turbulent cross-helicity 12 · 34 ) 

Ω	 A measure of omega-effect * ⋅ ∇ U, which is zero in this work 
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shear-flow dynamo
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abstract

Shear flows can generate and sustain large-scale, quasi-cyclic, self-organized magnetic

fields in three dimensions via a process called the dynamo. Here, the essential steps

of a dynamo process are identified and confirmed using energy transfer analyses

of turbulence driven by the Kelvin–Helmholtz (KH) instability. The dynamo cycle

begins with an (x, y)-averaged mean horizontal shear-flow Ux(z), which is maintained

externally. The KH instability of this flow nonlinearly excites KH-stable, x-invariant,

y-varying vertical flows and magnetic fields—labeled u-rolls and b-rolls. These vertical

perturbations are strained by the mean shear flow to generate horizontal x-invariant, y-

varying flows and magnetic fields. These are labeled zonal jets and zonal magnetic fields.

The zonal jets then stretch the b-rolls, creating an (x, y)-averaged mean horizontal

magnetic field. The z-gradient of the mean magnetic field saturates when the u-rolls

advect the mean magnetic field vertically. The zonal jets are sustained by energy

transfer from the primary KH instability of the mean shear flow. These processes are

robust under key parameter variations. This dynamo cycle explains the operation

mechanism of a mean-field dynamo theory—the mean-vorticity effect—applicable in a

host of plasmas.
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9.1 Introduction

Dynamo action—the generation of magnetic fields and their sustenance against resistive

dissipation in magnetofluids and plasmas—is a long-standing research topic [8, 9, 39–

43, 51, 52, 74, 134, 245–252], and is traditionally thought to be driven by helical

turbulent fluid motions acting on an imposed large-scale field [4, 8, 9, 51, 52, 245].

However, a recent study [253] reported dynamo action even in the absence of an initial

large-scale field via a non-traditional mean-field theory—the mean-vorticity effect

[66]. This study presented a surprising finding that the dynamo-generated large-scale

field is nearly identical in spatial profile to that of the large-scale shear flow. The

primary objective of this work is to identify the mechanisms via which the large-scale

flow generates the large-scale field, and the mechanisms via which the large-scale

field saturates. There exist three broad issues: identification of the chain of steps

involved in the dynamo, understanding of the role of the Kelvin–Helmholtz (KH)

instability arising from the large-scale shear flow [10], and classification of the steps of

the dynamo as they relate to either hydrodynamics or magnetic fields. Since the chain

of these complex turbulent processes is not evident in a simple mean-field theory [9],

a thorough analysis is required to identify the chain of steps by which the energy in

the large-scale shear flow accumulates in the large-scale field.

To understand the chain of steps in a dynamo that generates large-scale field, one

needs to analyze the nonlinear energy transfer channels by which the large-scale field

receives energy from certain entities and returns it to other entities. The ultimate

energy source for the large-scale-vorticity-driven dynamo [66] is the large-scale shear

flow, which then becomes linked to a large-scale field. This chain of links connecting

the large-scale flow and large-scale field can in principle involve a large number of

nonlinear interactions, although in practice the number is often small. Identification
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of these interactions requires detailed analyses of magnitude and direction of nonlinear

energy transfers.

The linear instability of a shear flow deposits energy in large-scale fluctuations [10],

which may directly induce a dynamo—or, the linear instability may nonlinearly excite

fluctuations at other scales, which may then induce a dynamo. Usually, the large-scale

instability-related fluctuations break down into small scales, when the unstable shear

flow relaxes toward a stable configuration due to continual energy extraction from the

freely-evolving shear flow [82]. Under such a scenario, large-scale shear flow rapidly

generates [21, 70, 71, 127] velocity and magnetic fields at small scales—until the

turbulence has decayed and the dynamo action has stopped. By this time, the slowly-

evolving large-scale magnetic fields may not have been generated. However, when

the large-scale shear flow is forced so as to maintain its initial unstable equilibrium —

a natural scenario in various astrophysical environments [117–119, 143, 190, 196] —

turbulent eddies exist at large instability scales as well as at small scales. The large-

scale eddies continuously extract energy from the large-scale shear flow, nonlinearly

distribute energy to other scales, and thus sustain quasi-stationary turbulence with a

possible continuous dynamo action, allowing the slow emergence of large-scale magnetic

fields. Addressing whether these large-scale magnetic fields are a direct product of

large-scale instability-generated fluctuations or a byproduct of small-scale turbulence

requires an understanding of turbulent energy transfers.

The operation of the dynamo driven by the KH instability involves a chain of

steps, some of which are purely hydrodynamic and others involve magnetic fields. The

linear instability of the large-scale shear flow can nonlinearly excite other scales of

flow and magnetic fields, in particular both small and large. For example, a recent

three-dimensional hydrodynamic KH-driven turbulence study [1] showed the emergence

of large-scale nonlinear fluctuations that do not vary in the direction of the large-scale
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shear flow but vary in the direction orthogonal to the two-dimensional shear-flow plane.

These inherently three-dimensional fluctuations are linearly stable but are nonlinearly

excited by the instability to large amplitudes [1]. These nonlinear, hydrodynamic,

anisotropic, large-scale fluctuations appear in the form of jets [1, 254] — similar to

zonal flows in fusion plasmas and planetary atmospheres [176, 255, 256]. The large-

scale jets have intrinsically different properties from those of the nonlinear fluctuations

at small, dissipative scales. Among these properties, the following critically impact the

dynamo: First, the energy-containing jets at large-scales strongly stretch fluctuation

fields compared to that by the inertial-range eddies, which are less-energetic (in the

presence of large-scale coherent structures, the turbulence spectrum falls off very rapidly

compared to the slow Kolmogorov spectrum limited to a homogeneous turbulence).

Second, alignment between flow and fields—in addition to their amplitudes—is crucial

for a dynamo action: The large-scale jets stretch fluctuation fields coherently [257],

whereas the small-scale turbulent flows stretch fields randomly [115, 133]. Third,

the jets directed along the mean flow are exact solutions to the nonlinear (magneto-

)hydrodynamic equations, similar to the ElsÃ¤sser fields [31, 253]. This exact-soluble

property makes these jets resilient to perturbations. While these features of the jets

are favorable for large-scale dynamo, the magnetic fields may back-react on the jets

via the Lorentz force. Hence, if the shear-flow dynamo is to be better-understood, an

analysis of the interaction between the jets and magnetic fields is crucial.

To address the foregoing issues, we perform an ensemble of high-resolution three-

dimensional instability-driven magnetohydrodynamic (MHD) turbulence simulations

using spectral methods [121]. We conduct comprehensive energy transfer analyses to

track the magnitude and direction of energy transfer in wavenumber-triad interactions

[145].

The chief finding of this work is the identification of nonlinear interactions of
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turbulent flow and magnetic fields that take energy away from the large-scale shear

flow and ultimately deposit it in the large-scale magnetic field; the latter two are

not directly coupled but are indirectly coupled via turbulence. The steps for this

indirect coupling operate in the following way: The large-scale shear flow—which we

maintain externally and continuously—excites the KH instability; the KH instability

induces hydrodynamic jets; the jets create large-scale magnetic fields via turbulent

field-line stretching; and the large-scale fields saturate when the horizontal jets create

large-scale fields at a rate that is balanced approximately by the rate at which the

large-scale fields are turbulently transported by fluctuating vertical flows. That is, the

rate of field-gradient steepening by jets balances the rate of field-gradient flattening

by turbulence. This series of steps produces a dynamically-evolving dynamo. Because

the jets are nonlinearly driven, this process is observed to develop in the turbulent

phase over very long time scales relative to the short linear KH growth time. When

the large-scale flow is not maintained, turbulence decays quickly before the reported

dynamo emerges.

This article is organized in the following way. Section 9.2 describes the system

setup. Section 9.3 presents an overview of the dynamo cycle. Detailed confirmation of

the dynamo cycle is presented in Sec. 9.4. In Sec. 9.5, the different elements of the

dynamo are measured by varying control parameters. Broader implications of this

work are discussed in Sec. 9.6 before concluding in Sec. 9.7.

9.2 MHD-KH dynamo setup

Throughout this article, we label the (x, y)-averaged flow as the mean (large-scale)

flow. Similarly, we label the (x, y)-averaged magnetic field as the mean (large-scale)

field.
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Governing equations

We evolve the flow u and magnetic field b by solving three-dimensional (3D) incom-

pressible MHD equations [25]

∂tu− ν∇2u+∇P − j×B0

ρ
= −u · ∇u+

j× brem

ρ
+ f , (9.1a)

∂tArem − η∇2Arem +∇Ψ− u×B0 = u× brem, (9.1b)

∇ · u = 0, (9.1c)

∇ ·Arem = 0, (9.1d)

brem = ∇×Arem, (9.1e)

jrem =
∇× brem

µ0

, (9.1f)

where ∂t and ∇ represent differentiation with respect to time and 3D space, respectively;

ν and η are kinematic viscosity and electric resistivity, respectively; P is the fluid

pressure per unit density ρ; and µ0 is the vacuum permeability. Following a standard

procedure [258], we have separated the total magnetic field into the initial uniform

mean field B0 and the remaining time-evolving field brem; the total magnetic field in

the system is, therefore, b = B0 + brem. This decomposition separates the initial and

time-evolving fields. The decomposition does not separate spatial spectral modes. So,

brem includes both mean and fluctuation fields.

We write brem in terms of the vector potential Arem. This decomposition (9.1e)

ensures that the magnetic field brem is always divergence-free; the uniform field B0 is

divergence-free. Equation (9.1d) is the Coulomb gauge. The electric current density

jrem is given by Ampere’s law (9.1f). The externally applied force per unit mass of

the fluid is given by f . Forcing in the magnetic induction equation is avoided [245].
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Flow profiles and non-dimensionalization

To investigate the dynamo driven by the KH instability, we consider a mean unstable

shear-flow [10] U0=U0 tanh(z/a)êx, where êx is the unit vector along x. Here, U0 is

the flow-amplitude of the mean shear layer, whose half-width is a.

Throughout this paper, U0 and a are used to non-dimensionalize parameters,

e.g., the fluid Reynolds number is Re=aU0/ν, and the magnetic Reynolds number

is Rm=aU0/η; the magnetic Prandtl number is Pr=Rm/Re. Time is measured in

terms of a/U0. Energy is measured in terms of U2
0 .

Spectral bases, initial perturbations, boundary conditions, and

forcing

The simulation domain size Lx × Ly × Lz is measured in units of a; compared to

a, a large domain Lx = Ly = Lz = 10π is used [82]. Since z is the direction of

inhomogeneity (due to the mean shear flow), we expand the state vector corresponding

to flow and magnetic fields in z in Chebyshev polynomials.

We seed small-amplitude, multi-mode, divergence-free perturbations in flow and

fields, and we randomize the phases of the perturbations at every wavenumber (kx, ky).

To create these general initial perturbations free of divergences, we first express

perturbations in the flow as u = ∇×Cu, and then prescribe a perturbation in the

vector Cu, whose j-th component is

Cu
j = êj D e−

z2

σ2

(
∑

0<|kx|<k∗x

eikxx|kx|αeiθj(kx)δky ,0 +
∑

0<|ky |<k∗y

eikyy|ky|αeiθj(ky)δkx,0

+
∑

0<|kx|<k∗x
0<|ky |<k∗y

eikxxeikyy|kx|β|ky|βeiθj(kx)eiθj(ky)
)
,

(9.2)
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where D is the amplitude of the perturbation Cu
j . To create magnetic perturbations

B = ∇× (∇×Cb), we prescribe a similar profile for the vector Cb.

Motivated by our earlier studies on two-dimensional MHD [17, 143, 144] and three-

dimensional hydrodynamic shear-flow turbulence [1], we choose a small-amplitude

perturbation with D = 10−3 to allow a discernible linear evolution of the instability,

before it gets nonlinearly modified. To avoid preferential excitation of certain wavenum-

bers, we require the initial perturbations to have a near-flat spectrum of energy: we

take α = −1 and β = −1/2 for the perturbed velocity ∇×Cu; we take α = −2 and

β = −1 for the magnetic field B = ∇× (∇×Cb). We use different random phases θj

for flow and fields at different wavenumbers. The cut-off wavenumbers k∗x = k∗y for

the initial perturbations are 16kmin, where kmin = 2π/L. The properties of saturated

turbulence, however, are independent of these initial choices: We have reproduced

statistically the same results using other choices of initial conditions. Here, we choose

σ = 2 (in terms of a). To make the initial perturbations free of divergences in u and

A, we prepare the initial pressure P and initial scalar function Ψ using the respective

constraints P = ∇−2∇·NP and Ψ = ∇−2∇·NΨ, where NP = −(u·∇)u+(∇×B)×B

and NΨ = u×B.

Periodic boundary conditions are applied for x and y. Along the z-axis, where

the mean flow is reversed, we use physical boundary conditions: perfectly conducting,

no-slip walls that co-move with the flow at the top and bottom z = ±Lz/2. That is,

at the boundaries, Ax = Ay = Ψ = 0 (equivalently, jx = jy = bz = 0), uy = uz = 0,

and ux = ±1 (in units of the amplitude U0). We have performed simulations with

extended domains in z and have reproduced similar results of magnetic field evolution.

To focus on the KH-driven dynamo, we maintain the unstable mean flow—by

continuously forcing the instantaneous x-directed mean flow toward its initial unstable
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profile with the force f = fxêx, which has the form

fx =
⟨ux(t)⟩x,y − ⟨ux(t=0)⟩x,y

tforcing
+ F0, (9.3)

where ⟨ux(t)⟩x,y represents instantaneous x-directed flow that is averaged in x and y.

The term F0 in Eq. (9.3) is insignificant and merely removes the viscous relaxation

of the mean shear flow at t = 0; this removal helps to attain a true initial MHD

equilibrium, with F0 + ν∇2⟨ux(t=0)⟩x,y = 0. The forcing time-scale tforcing is chosen

to be adequately short so that the mean flow is continuously replenished before the

instability depletes it. The depletion otherwise causes the turbulence to decay and

the dynamo to become inactive. The e-folding time of the instability is ≈ 5 (in

units of U0/a); we choose tforcing = 0.5. While the considered forcing may not be

fully representative of external drives in every natural system, the chosen forcing

profile is general and does maintain large-scale flows that are commonly encountered

in various astrophysical environments. These include gravity and convection that

continuously generate shear layers in stellar interiors, planetary atmospheres where

large-scale shear flows are persistent, the merging of binary neutron stars (BNS) that

continuously creates shear layers in between the approaching BNS for an extended

time until they fully merge, and secondary KH-unstable shear layers in stars and

planets [29, 73, 74, 118, 119, 143, 190, 259]. Equation (9.3) represents a standard

forcing that is routinely used in plasma physics and in fluid dynamics as a relaxation

operator [117, 118, 196].

To solve Eqs. (9.1a)–(9.1f), we use the pseudospectral τ -method in Dedalus [121],

with the standard 3/2 de-aliasing factor to control aliasing errors while computing

nonlinearities. We solve linear terms implicitly and nonlinear terms explicitly, using a

mixed method, by employing the RK443 [260] and SBDF2 [261] time-stepping schemes.
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Figure 9.1: Evolution of magnetic fields in a KH-instability-driven dynamo simulation,
displaying spontaneous transitions between ordered and disordered phases. The field
component bx is shown only in the region of interest, around z=0, where the gradient
of the (x, y)-averaged mean flow is the largest. The first panel (time=54, measured in
units of a/U0) shows an early phase, when the KH instability rapidly folds the magnetic
field into small-scale structures. The folding of the field continues (time=334), until
the large-scale dipolar-in-y fields emerge (time=603). The (x, y)-averaged mean field
is reversed in z throughout the nonlinear phase (not seen in these renderings around
z=0 where the mean field is close to zero). Over time, the large-scale field and current
sheets are disrupted; the system becomes disordered and turbulent, again (time=895).
The large-scale field is self-organized and re-generated (time=1029). This quasi-cyclic
transition between ordered and disordered phases continues throughout the simulation
evolved up to time=12,000. All times are measured in units of a/U0, where a is the
half-width of the shear layer with amplitude U0. The parameters used are MA = 30,
tforcing = 0.5, Re = Rm = 50, and θ = 30◦ (angle between the initial mean flow and
the initial mean field).

Simulations show that 128 Fourier modes in x and in y achieve converged dissipation

rates for our typical input parameters. Viscous dissipation rates are converged even

with lower resolution. We vary the number of modes of Fourier–Fourier–Chebyshev

bases from 1282×512 to 10243 depending on the Reynolds numbers and other simulation

parameters. We have reproduced essentially the same results in triply periodic domains,

as well, where we used up to 4096×4096×8192 grid points [253]. In this article, we

expressly deal with non-periodic flows only, which are more challenging to simulate than

the periodic cases, because the linear operators acting on the Chebyshev polynomials

produce many non-diagonal terms, requiring more computational memory, resources,
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and efforts to invert the linear operator [121]. All simulations are three-dimensional

and are run typically for several hundreds of instability e-folding time. One simulation

is run up to 2400 e-folding times.

9.3 An overview of the dynamo cycle

We present here a summary of detailed turbulent processes that cause the magnetic

fields to self-organize into ordered phases, disassemble into chaotic disordered phases,

and then reassemble, in a quasi-cyclic manner. These phases are shown in Fig. 10.1.

After performing comprehensive analyses of an ensemble of 3D MHD KH-driven

dynamo simulations, we have identified a dynamo cycle, whose essential steps are

summarized in ten elemental steps in Fig. 10.2. This figure summarizes the principal

result of the present article. Each step of the dynamo cycle is briefly explained below.

Numerical confirmation of each step is detailed in Sec. 9.4.

The word “steps” is chosen over the word “components,” although both may be

used interchangeably. In the fully saturated phase, dynamo features all ten steps,

which operate with different time scales. However, examining from t = 0, the latter

steps cannot operate until the former has occurred. For example, the KH instability

must grow exponentially before the jets can form and before mean magnetic fields

can be created. It is in this sense (examining from t = 0), we prefer to use “steps,”

because one step must happen first before the occurrence of the next until the dynamo

saturates.
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Figure 9.2: The life-cycle of the jet-driven shear-flow dynamo using 10 dominant steps.
Solid lines represent linear couplings; oscillating curves represent nonlinear couplings.
Arrows outside the boxes indicate causality or energy-flow directions. Arrows inside
the boxes indicate the direction of flow or field; this direction is indicated by subscripts,
e.g, u0,0x . The superscripts represent the horizontal wavenumber kx, ky of a given flow
or field. All visualizations are shown at the same time in a simulation. Red (blue)
represents positive (negative) values. The essential steps of the dynamo cycle are:
1—The mean shear flow u0,0x feeds the Kelvin–Helmholtz instability (KHI). 2—The
KHI nonlinearly generates the x-invariant (KH-stable), y-varying vertical flows u0,kyz ,
labeled u-rolls and shown in the (y, z)-plane. 3—The u-rolls are stretched by the
mean shear flow to form the x-invariant (KH-stable), y-varying horizontal flows u0,kyx ,
labeled zonal jets. The jets are prominent in the 3D rendering of the total turbulent
flow. 4—The zonal jets saturate via nonlinear excitation of turbulent fluctuations
in the KH-unstable wavenumber range (0 < |kx| ≲ 1). 5—The KHI launches a
small-scale energy cascade. Steps 6 and 8 are magnetic analogues of steps 2 and
3, involving b-rolls in place of u-rolls. 7—The zonal jets create a reversed mean field
b0,0x and steepen the mean-field gradient. 9—The mean field is advected along z by
the u-rolls, thus flattening the mean-field gradient. 10—Magnetic fields couple to
the KH instability, thus providing saturation of the dynamo. For more details, see
Sec. 9.3.
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Step 1: The KHI

The mean flow u0,0x is KH-unstable. Thus, perturbations with wavenumber 0 < |kx| ≲ 1

grow exponentially. Note that perturbations with kx = 0 are linearly stable to the

KH instability. The time scale of the KH instability is very short compared to that of

other steps.

Step 2: Generation of x-invariant, y-varying vertical flows

(u-rolls)

The KH instability driven by the (x, y)-averaged mean shear flow requires fluctuations

to vary along the mean-flow direction, i.e., kx ≠ 0. Since the vertical flows ukx=0,ky
z

do not vary in x but vary in y, they require a purely nonlinear mechanism for their

excitation. These x-averaged vertical flows are sliced and shown on the (y, z)-plane

in Fig. 10.2. In the absence of nonlinear drive from the KH-scale fluctuations, the

vertical flows decay viscously. These vertical flows are referred to as u-rolls here,

borrowing a nomenclature from studies of wall-bounded KH-stable shear flow [262].

The label rolls is appropriate because their spatial structures appear in the form of

cylindrical rolls—the axis of the cylinder is along the x-axis. The flows lie on the

(y, z)-plane, taking the shape of a roll or an eddy with velocity (u
kx=0,ky
y , u

kx=0,ky
z ).

The y-component of the flow is not independent and is related to the z component

via the incompressibility condition.
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Step 3: Generation of x-invariant, y-varying horizontal flows

(zonal jets)

The KH-induced u-rolls are stretched by the mean shear flow u0,0x via the hydrodynamic

advection term u
0,ky
z ∂zu

0,0
x . This stretching process is coherent and is thus able to

generate strong zonal jets u0,kyx , which are clearly discernible in the streamlines of

the total turbulent flow in Fig. 10.2. The streamlines are colored by their horizontal

velocity. Here, zonal fluctuations are defined as those fluctuations that do not vary

along x (similar to zonal flows in planetary atmospheres [256], where x corresponds to

the azimuthal direction). The time scale of zonal-jet generation is significantly longer

than the time scale of the KH instability.

Step 4: Jet saturation via coupling to the KH instability

The zonal jets saturate via nonlinear coupling to the turbulent fluctuations in the

KH-unstable wavenumber range.

Step 5: Energy cascade to small scales

The KH-scale fluctuations release a fraction of its energy for small-scale cascade. The

small scales do not drive the large-scale dynamo here. This fact is likely related to a

recent finding in a hydrodynamic context where the small-scale cascade was shown

to be significantly reduced by the nonlinear transfer of energy from zonal jets to the

stable eigenmodes in the KH-unstable wavenumber range [1]. These stable eigenmodes

then transfer energy from fluctuations to the mean shear flow and thus inhibit cascade

of energy to small scales [1, 17, 111, 143].
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Step 6: Generation of x-invariant, y-varying vertical fields

(b-rolls)

This step is identical to step 2, except that this step applies to magnetic fields instead

of flow. The b-rolls decay resistively in the absence of nonlinearity. Isomorphic to the

u-rolls, the b-rolls are nonlinearly driven by the KH instability.

Step 7: Generation of mean magnetic field by zonal jets

The b-rolls b0,−kyz of step 6 are stretched by the phase-locked zonal jets u0,kyx , via

the field-line stretching term b
0,−ky
z ∂zu

0,ky
x . This process continuously generates the

mean field b0,0x , which is reversed in z. Consequently, the gradient of the mean field

is continuously steepened. The time scale of the mean-field generation is the longest

among all the other steps.

Step 8: Generation of x-invariant, y-varying horizontal fields

(zonal fields)

The KH-induced b-rolls are stretched by the mean shear flow u0,0x via the field-line

stretching term b
0,ky
z ∂zu

0,0
x . This stretching process is coherent and thus generates

strong zonal fields b0,kyx , which are clearly discernible in the streamlines of the total

turbulent field in Fig. 10.2. The streamlines are colored by their strength of the

horizontal field, which is the strongest among the three components. The time scale

of zonal-field generation is similar to that of zonal-jet generation.
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Step 9: Vertical advection of horizontal magnetic fields

The mean horizontal field is advected vertically by the u-rolls, thus depleting the

mean field and transforming it into a zonal field. Equivalently, this transport of field

due to turbulent advection ⟨−u ·∇b0,−kyx ⟩x,y = −∂z(u0,kyz b
0,−ky
x ) attempts to flatten the

mean-field gradient. In a self-consistent nonlinear regime after kinematic phase, this

gradient-flattening transport effect becomes effective—although this effect is found

to be generally slightly weaker than the gradient-steepening, field-stretching effect

of step 7. Thus, with small remaining nonlinear coupling and resistive dissipation, a

quasi-stationary mean field is successfully maintained dynamically.

Step 10: Field saturation via coupling to the KH instability

When horizontal fields — namely, zonal field b
0,−ky
x and mean field b0,0x — become

strong, they resist vertical motions of turbulent flow, thus preventing unphysical

growth of magnetic fields without bound. This Lorentz feedback then impacts steps

2 and 6, and thus self-regulates the amplitude of the horizontal fields and induces

temporal dynamics in the quasi-stationary oscillatory phase. In this step, energy of

the horizontal magnetic fields is also transferred to energy of magnetic fluctuations at

the KH-instability scale. Step 10 thus represents the coupling of magnetic fields to

the KH instability.

It is to be emphasized that all ten steps of the dynamo cycle do not operate at their

full efficiency at the same time. Time delays are inherently introduced by the wide

separation of time scales among the very rapid KHI, slowly evolving zonal jets and

fields, and yet more slowly evolving mean field. These time lags in linked dynamical

systems produce an inertia that can lead to limit-cycle oscillations [263], which are

clearly seen in, for example, time-delay solar dynamo models [3, 264].
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9.4 Numerical confirmation of the dynamo cycle

Each step of the dynamo cycle (Fig. 10.2) is confirmed below using detailed numerical

analyses.

Step 1: The KHI

The (x, y)-averaged mean shear flow is KH-unstable, as seen in Fig. 10.3, where

we show the finite-amplitude-modified growth rate γnl. The rate γnl — which is

mathematically defined in the subsequent paragraph — measures the rate at which

energy is transferred from the mean flow to fluctuations during the nonlinear phase.

At early times (see the Fig. 10.3 inset), γnl, as found from the initial value solver

(direct numerical simulation), agrees with the linear growth rate obtained from the

eigenvalue solver; the latter yields a complete eigenspectrum, of which one eigenmode

at a given wavenumber (kx, ky) is KH-unstable, and the others are either stable or

marginally stable [1, 144].

We define the rate γnl using a straightforward procedure. First, we take the

momentum equation

∂tu(k) = L+N, (9.4)

with L and N representing linear and nonlinear operators, respectively. The evolution

equation for kinetic energy associated with the wavenumber k = (kx, ky) is then

∂t⟨|u(k)|2⟩z/2 = Re⟨u∗(k) · L⟩z + Re⟨u∗(k) ·N⟩z, (9.5)

where the angular brackets ⟨·⟩z represent a z-averaging operation (recall that the mean

shear flow is inhomogeneous and non-periodic in z). The first term on the right-hand
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side of the energy evolution equation is then manipulated to arrive at

∂t⟨|u(k)|2⟩z/2 = γnl⟨|u(k)|2⟩z/2 + Re⟨u∗(k) ·N⟩z, (9.6)

where the finite-amplitude-modified growth rate γnl is defined as

γnl(k) =
Re⟨u∗(k) · L(u(k))⟩z

⟨|u(k)|2⟩z/2
. (9.7)

In Eq. (9.7), when u(k) is replaced with flow fluctuations of the unstable eigenmode

at wavenumber k, the rate γnl is exactly the same as the linear growth rate γlin of the

KH instability at that wavenumber. When flow fluctuations become nonlinear and

turbulent, γnl gets modified—in general, the real part of γnl is smaller than γlin. The

decrement can be dramatic, ranging from a few tens of percent to as much as 99%,

depending on the properties of turbulent fluctuations [1, 17].

The smaller γnl for k = (0, 0.2) explains why zonal jets ux (whose γlin is zero) take

a long time to evolve, compared to the very rapid KH instability (see Fig. 10.3).

Step 2: Generation of the x-invariant, y-varying, vertical flows

(u-rolls)

The u-rolls u0,kyz with ky ̸=0 are a seed for the formation of the zonal jets u0,kyx . Here,

we first analyze what nonlinear mechanism generates the u-rolls.

The mean flow and the mean fields do not have vertical components (∇ · B =

∂zBz = 0 for the (x, y)-averaged mean field, and Bz = 0 is taken due to the perfectly

conducting walls). Moreover, there is no KH instability for kx = 0, meaning that

vertical motions of the KH instability do not exist for fluctuations with kx = 0. Thus,

the u-rolls u0,kyz with kx = 0 must be generated purely by nonlinear interactions. Via
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Figure 9.3: Finite-amplitude-modified growth rates γnl are obtained by feeding fluc-
tuations with a wavenumber k = (kx, ky) into the linear operator of the flow; see
Eq. (9.7). The rate γnl is constant in time in the early phase of evolution after initial
transients have disappeared in the inset. In the nonlinear, quasi-stationary phase,
γnl for wavenumbers kx ̸=0 exhibits fast oscillations. Their time-averaged γnl is larger
than the slowly-evolving γnl for k=(0, 0.2). The rate γnl for k=(0, 0.2) is found to be
almost entirely due to the fluid advection term (with negligible contribution from the
Lorentz force). The parameters used are MA = 30, tforcing = 0.5, Re = Rm = 50, and
θ = 30 deg.

the nonlinearity, energy is transferred to (from) u0,kyz with a wavenumber k = (0, ky ̸=0)

from (to) a vertical fluctuation with a wavenumber k′′ if the energy transfer rate

T (ukz ;k
′′) = Re

〈
u−k

z (−u′ · ∇u′′z + b′ · ∇b′′z)
〉
z
, (9.8)

is positive (negative). In Eq. (9.8), fluctuations with single and double primes are

evaluated at wavenumber k′ and k′′, respectively, where k′ = k− k′′.

The top panel of Fig. 10.4 shows that T (ukz ;k
′′) is predominantly positive at low

wavenumbers, indicating that u0,kyz is generated by energy transfer from large-scale

fluctuations. Small scales act as an energy sink—as expected.
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To quantify the relative importance of different turbulent scales, we sum the

absolute value of T (ukz ;k
′′) over different scales k′′ and normalize this sum to unity.

As shown in the bottom panel of Fig. 10.4, this procedure reveals that 81% of the

energy transfer occurs in the range 0 < |k′′| ≤ 1 where the KH instability resides; 11%

occurs in the remaining large-scale fluctuations 1 < |k′′| ≤ 2; and merely 8% occurs at

small scales |k′′| > 2. Thus, Fig. 10.4 (bottom) confirms that the generation of the

u-rolls is due to the KH-scale fluctuations.

Step 3: Generation of the x-invariant, y-varying horizontal

flows (zonal jets)

To understand the generation of zonal jets, we analyze its energy evolution equation

∂t
〈
|u0,kyx |2

〉
z
/2− ϵν = T (ukx;k

′′), (9.9)

where ϵν is the viscous dissipation rate of large-scale zonal jets and

T (ukx;k
′′) = TAdv(u

k

x;k
′′) + TLor(u

k

x;k
′′), (9.10)

with energy transfer via the hydrodynamic advective term given by

TAdv(u
k

x;k
′′) = Re

〈
u−k

x (−u′ · ∇u′′x)
〉
z
, (9.11)

and the energy transfer via the Lorentz force given by

TLor(u
k

x;k
′′) = Re

〈
u−k

x (−b′ · ∇b′′x)
〉
z
. (9.12)

The spectrum of hydrodynamic energy transfer rate TAdv(u
k

x;k
′′) is shown in the
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Figure 9.4: (Top) Time-averaged rates of energy transfer T (ukz ;k
′′) to u

0,ky
z from

various scales k′′ via −u′ · ∇u′′ + b′ · ∇b′′; see Eq. (9.8). The inset zooms into the
central region and highlights the dominant scales with its own color bar using a linear
scale, shown on the top right. (Bottom) 81% of the normalized energy transfer is
due to the range 0 < |k′′| ≤ 1 where the KH instability resides, 11% is due to the
remaining large-scale fluctuations 1 < |k′′| ≤ 2, and merely 8% is due to small scales
(|k′′| > 2).
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top panel of Fig. 10.5, whereas its bottom panel shows the spectrum of total energy

transfer T (ukx;k
′′) = TAdv(u

k

x;k
′′) + TLor(u

k

x;k
′′). Energy is transferred to (from) zonal

jets u0,kyx with wavenumber k = (0, ky) from (to) a fluctuation with wavenumber k′′ if

the energy transfer rate T (ukx;k
′′) is positive (negative).

It is a simple exercise to show using Eq. (9.11) that the advective energy transfer

is zero if k′′=k (i.e., k′=0). However, if k′′=0 (i.e., k′=k), then energy transfer from

the mean shear flow to the jets is non-zero, via the term −u0,kyz ∂zu
0,0
x

We recall that the u-rolls u0,kyz cannot be generated by the mean flow or the mean

fields fields. Thus, the jets are sustained by a nonlinear mechanism.

When the u-rolls are nonlinearly sustained, the zonal jets receive energy from the

mean flow k=(0, 0), via the advective term −u0,kyz ∂zu
0,0
x . This transfer is shown in the

top panel of Fig. 10.5. This term represents the physical process of coherent straining

of the nonlinearly-generated u-rolls by the mean shear flow u0,0x . The straining process

generates zonal jets u0,kyx .

A difference between the straining by a mean shear flow in 3D and in 2D is

illustrated in Appendix.

Step 4: Jet saturation via coupling to the KH instability

The zonal jets saturate by nonlinearly coupling to the turbulent fluctuations in the

KH-unstable wavenumber range. This is shown in Fig. 9.6 where linear and nonlinear

energy transfer rates are computed. The linear energy transfer rates are decomposed

into multiple contributions: Qu(0,0) is the transfer from the mean flow to the zonal jets;

Qb(0,0) is the transfer from the mean field to the zonal jets; and QZM is the transfer

from the zonal magnetic fields b0,kyx to the jets. The nonlinear energy transfer rates

are decomposed into Tss and TKH. The term Tss, when negative, represents the rate
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Figure 9.5: Time-averaged rates of energy transfer to u0,kyx from various scales k′′ via
hydrodynamic advection TAdv(u

k

x;k
′′) (top) and via magnetohydrodynamic interaction

T (ukx;k
′′) = TAdv(u

k

x;k
′′) + TLor(u

k

x;k
′′) (bottom). See Eqs. (9.10)–(9.12). The insets

magnify the central region and highlight the dominant scales with their own color
bars, shown on the top right of either panel.
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of energy transfer from the zonal jets to small scales. The term TKH, when negative,

represents the rate of energy transfer from the zonal jets to the turbulent fluctuations

in the KH-unstable wavenumber range. The large transfer TKH is further decomposed

into transfer via the fluid-advective nonlinearity (shown as the blue bar) and transfer

via the magnetic nonlinearity (shown as the green bar).

The equation for the evolution of energy EZF in the zonal jets is

∂tEZF = ϵν +Qu(0,0) +Qb(0,0) +QZM + TKH + Tss, (9.13)

where ϵν is the viscous dissipation of large-scale zonal jets, and the remaining terms

are described in the preceding paragraph. These terms are computed using

EZF =
〈
|u0,kyx |2

〉
z
/2, (9.14a)

ϵν = ν
〈
u0,−kyx ∇2u0,kyx

〉
z
, (9.14b)

Qu(0,0) = −
〈
u0,−kyx (u0,ky · ∇u0,0x )

〉
z
, (9.14c)

Qb(0,0) =
〈
u0,−kyx (b0,ky · ∇b0,0x )

〉
z
, (9.14d)

QZM =
〈
u0,−kyx (b0,0 · ∇b0,kyx )

〉
z
, (9.14e)

TKH =
∑

k′,k′′∈ KH-unstable

〈
u0,−kyx (−u′ · ∇u′′x + b′ · ∇b′′x)

〉
z
, (9.14f)

Tss =
∑

k′,k′′∈ small scales

〈
u0,−kyx (−u′ · ∇u′′x + b′ · ∇b′′x)

〉
z
. (9.14g)

Here, Tss captures the nonlinear transfer of energy through scales that are not captured

by the other terms of Eq. (9.13).

Jet saturation is shown in the dynamo cycle as Step 4.
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Figure 9.6: Zonal-jet energy-transfer mechanisms and saturation balance in a turbulent
steady state. The term ∂tEZF represents the rate of time-variations of energy of the
zonal flow (ZF). This rate of the saturated zonal flow approaches zero upon long
time-averaging. The equation ∂tEZF = ϵν+Qu(0,0)+Qb(0,0)+QZM+TKH+Tss represents
the energy budget of the zonal flow, where ϵν is the viscous dissipation rate; the other
terms represent rates at which the zonal flow receives energy from the mean flow Qu(0,0),
the mean field Qb(0,0), the zonal field QZM, nonlinear fluctuations in theKH-unstable
wavenumber range TKH, and the remainder of the scales (i.e., small scales) Tss. Positive
(negative) values of energy transfer rates represent gain (loss) for the zonal flow. The
term TKH is further decomposed into flow fluctuations (blue) and field fluctuations
(green).

Step 5: Small-scale energy cascade

The free energy from the mean shear flow is tapped by the KH instability, and a

fraction of the KH instability energy is released to small scales. The forward energy

cascade has recently been quantified in the context of KH turbulence [253].
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Step 6: Generation of x-invariant, y-varying vertical fields

(b-rolls)

The b-rolls b0,kyz are a seed for the formation of zonal magnetic fields b0,kyx . Here, we

analyze what nonlinear mechanism generates the b-rolls.

Since the mean flow and mean fields do not have vertical components and since the

kx=0 perturbations have no KH instability, the fluctuation b0,kyz is generated purely

by nonlinear interactions. Via the nonlinearity, energy is transferred to (from) the

b-rolls b0,kyz with a wavenumber k = (0, ky ̸=0) from (to) a vertical fluctuation with

wavenumber k′′, if the energy transfer rate

T (bkz ;k
′′) = Re

〈
b−k

z (−u′ · ∇b′′z + b′ · ∇u′′z)
〉
z
, (9.15)

is positive (negative). The spectrum of T (bkz ;k
′′) is shown in Figure 9.7.

To quantify the relative importance of different turbulent scales, we sum the

absolute value of T (bkz ;k
′′) over different scales and normalize this sum to unity. This

procedure shows that 91% of the energy transfer occurs in the range 0 < |k′′| ≤ 1

where KH instability resides; 6% occurs in the remaining large-scale fluctuations

1 < |k′′| ≤ 2; and barely 3% occurs in small scales |k′′| > 2. Thus, Fig. 9.7 (bottom)

confirms that the generation of the b-rolls is due to the KH-scale fluctuations.

Step 7: Generation of mean magnetic field by zonal jets

The mean field in the system we consider cannot be generated directly by the mean

flow, because the mean vertical field and the mean vertical flow are both zero (∇·B =

∂zBz = 0 for the (x, y)-averaged mean field, and Bz = 0 is prescribed due to the

conducting walls). Therefore, the mean field must be generated entirely by nonlinear
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Figure 9.7: (Top) Time-averaged rates of energy transfer T (bkz ; k
′′) to b0,kyz from various

scales k′′ via −u′ ·∇b′′+b′ ·∇u′′. The inset magnifies the central region and highlights
the dominant scales with its own color bar using a linear scale, shown on the top right.
(Bottom) 91% of the normalized energy transfer is due to the range 0 < |k′′| ≤ 1
where KH instability resides, 6% is due to 1 < |k′′| ≤ 2, and merely 3% is due to small
scales (|k′′| > 2).
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interactions. We decompose the nonlinear energy transfer to or from the mean field into

three contributions: transfer from large-scale zonal fluctuations is Tzonal, corresponding

to fluctuations with kx = 0 and 0 < |ky| ≤ 1; transfer from the KH-scale fluctuations

is TKH, corresponding to fluctuations with 0 < |kx| ≤ 1 and |ky| ≤ 1; and transfer from

the remainder of the fluctuations Tresidual, which is obtained from the mean-field energy

evolution equation Tresidual = (∂tEb(0, 0) − ϵη) − (Tzonal + TKH). In this expression,

Eb(0, 0) is the mean-field energy, and ϵη is the rate of resistive dissipation of the mean

field. A time history of these transfers is presented in Fig. 9.8(a). The zonal transfer

is the largest and almost completely reproduces the total nonlinear energy transfer to

the mean field; compare Tzonal with ∂tEb(0, 0)− ϵη in Fig. 9.8(a).

We further decompose Tzonal into two elements: zonal-flow stretching T (b · ∇uZF
x ),

which transfers energy from the zonal flow (jets) to the mean field; and zonal-magnetic-

field advection T (−u · ∇bZM
x ), which transfers energy from the zonal magnetic fields

to the mean field. On average, zonal-flow stretching transfers energy to the mean field,

and zonal-magnetic-field advection takes energy away from the mean field. These

are demonstrated in Fig. 9.8(b). These effects do not depend on the polarity of

the mean field at any given time. Because these two effects occur concurrently and

because the field-stretching effect is typically slightly stronger, the mean field takes

a longer time to evolve. See Fig. 9.8(a), where the solid blue curve shows a suitably

normalized mean field energy Eb(0, 0)/80, which evidently evolves slowly (the choice of

the proportionality constant, 80, is merely to contain all the curves within the shown

y-axis extent, and does not bear any physical meaning).

A simple way to visualize the zonal-flow stretching is to consider the b-rolls b0,−kyz

that are strained by the zonal flow u
0,ky
x — not the mean flow u0,0x . This mechanism

steepens the mean-field gradient.

The field-line stretching by zonal jets (Step 7) continuously generates the mean
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field. The zonal jets vary in the y direction and hence do not exist in 2D KH turbulence

on the (x, z)-plane. Thus, the dynamo-enabling jets appear only in 3D KH turbulence.

Step 8: Generation of x-invariant, y-varying horizontal fields

(zonal fields)

To understand the generation of zonal magnetic fields, we derive the expression for

the evolution of energy in zonal magnetic fields

∂t
〈
|b0,kyx |2

〉
z
/2− ϵ0,kyη = T (bkx;k

′′), (9.16)

where ϵ0,kyη is the rate of resistive dissipation of large-scale zonal magnetic fields, and

T (bkx;k
′′) is the rate of energy transfer to the zonal magnetic fields from wavenumber

k′′, which is mathematically given by

T (bkx;k
′′) = Re

〈
b−k

x (−u′ · ∇b′′x + b′ · ∇u′′x)
〉
z
. (9.17)

The spectrum of T (bkx;k
′′) is shown in Fig. 9.9.

To quantify the relative importance of different turbulent scales, we sum the

absolute value of T (bkx;k
′′) over different scales and normalize this sum to unity. This

analysis shows that 96% of the energy transfer occurs in the range 0 < |k′′| ≤ 1

where the KH instability resides; 3% occurs in the remaining large-scale fluctuations

1 < |k′′| ≤ 2; and barely 1% occurs at small scales |k′′| > 2.

Step 9: Vertical advection of horizontal magnetic fields

The vertical overturning motion of the u-rolls generates zonal fields from the mean field.

While this mean-to-zonal process can occasionally operate in the reverse direction, the
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Figure 9.8: Rates of energy transfer to and from the mean magnetic field. (a) Energy
in the mean field b0,0x (proportional to the solid blue curve) is shown together with
the rates of nonlinear energy transfer to the mean field. The rate at which the mean
field receives energy from the zonal (kx = 0) fluctuations is Tzonal and that from the
Kelvin–Helmholtz instability is TKH. The remainder of the nonlinear energy transfer
is given by the difference between the dashed-dotted green curve ∂tEb(0, 0)− ϵη and
the dashed black curve Tzonal + TKH. The resistive dissipation of the mean field is
ϵη. (b) The zonal energy transfer Tzonal is further decomposed into the advective and
field-line stretching terms: The former (solid blue), on average, takes energy away
from the mean field, while the latter (solid red) gives energy to the mean field.
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Figure 9.9: Time-averaged rates of energy transfer T (bkx; k
′′) to b0,kyx from various scales

k′′ via −u′ · ∇b′′ + b′ · ∇u′′. See Eq. (9.15). 96% of the normalized energy transfer is
due to the range 0 < |k′′| ≤ 1 where the KH instability resides, 3% is due to the range
1 < |k′′| ≤ 2, and barely 1% is due to small scales (|k′′| > 2). The inset magnifies the
central region and highlights the dominant scales with its own color bar, shown on
the top right.

forward process is in general robust and dominant when averaged over a long time.

Zonal-magnetic-field advection takes energy away from the mean field. See Fig. 9.8(b).

To visualize zonal-magnetic-field advection, consider a zonal magnetic field b
0,ky
x

that is advected vertically in z by the u-rolls u0,kyz . Recall that the u-rolls vary in y,

with their vertical motion going up and down at different y-locations. This overturning

advective motion reduces the existing mean field (Step 9 in Fig. 10.2) by converting

the mean field into fluctuation fields, namely, the zonal field. This mechanism works

to flatten the mean-field gradient, competing with Step 7, and thus counters the rapid

steepening of the mean-field gradient.
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Step 10: Field saturation via coupling to the KH instability

In the kinematic phase when the mean field grows steadily, we time-average the energy

transfer rates to the mean field. See Fig. 9.10(a). The term ∂tEbx(0,0) is non-zero during

this growth phase. Zonal fluctuations contribute a majority of the energy transfer

Tzonal to the mean field bx(0, 0); the x-direction is the most energetic component of

the mean field.

In the saturated dynamo phase (∂t ≈ 0), we time-average the scale-decomposed

rates of energy transfer to the mean field. See Fig. 9.10(b). The large-scale zonal

flows (jets with kx = 0, 0 < |ky| ≤ 1) deposit energy TZF in the mean field. The mean

field then saturates by releasing its energy to the large-scale zonal magnetic fields TZM.

The remaining energy is released to the KH-scale fluctuations TKH. The small-scale

transfer Tss is largely decoupled from the mean field.

In this step, the horizontal zonal magnetic fields and mean magnetic fields also

have a tendency to inhibit vertical motions associated with the KH instability. This

effect is related to the field-line-bending magnetic tension force. To sum up, magnetic

fields, when strong, couple back to the KH-scale fluctuations, thus providing a natural

mechanism to limit unphysical growth of magnetic fields to unbounded levels. We have

found that the turbulent kinetic energy is approximately equal to the mean-flow energy;

similarly, the energy in the magnetic fields is approximately equal to the mean-flow

energy. This finding of relative levels of energies and mechanisms via which they grow

in the kinematic phase will be reported in a forthcoming paper, which details the

effect of turbulent stresses and electromotive force and their roles in dynamo action.
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Figure 9.10: Time-averaged rates of energy transfer to the mean field during the
mean-field growth phase (a) and saturated phase (b). The shown terms satisfy the
relation ∂tEbx(0,0) = ϵη + TZF + TZM + TKH + Tss, where TZF is the rate of energy
transfer to the mean field from the zonal flow (kx = 0, ky ̸= 0); TZM is the transfer
from the zonal magnetic fields; TKH is the transfer from the KH-scale fluctuations;
Tss is the transfer from the remainder of the (small) scales; ϵη is the microphysical
resistive dissipation of the mean field. Even in the saturated phase, magnetic fields
are continuously generated and continuously depleted, thus maintaining a dynamic
equilibrium, instead of a static equilibrium.

9.5 Impact of the initial field on the dynamo

We assess here the impact of the strength and orientation of the initial magnetic field

on the dynamo.

Presence of an initial externally-imposed mean field

Variation of field strength

Since the large-scale dynamo involves only the KH-scale fluctuations as critical agents,

the only control parameters that impact the dynamo are anticipated to be parameters

that impact the KH instability. We recall that the KH instability is impacted by

the presence of an initial externally-imposed mean magnetic field, which introduces

a line-bending stabilization effect due to magnetic tension force. When this field is
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very strong (close to equipartition with the mean flow), the growth rate of the KH

instability is substantially reduced. At a critical initial field strength, the growth rate

becomes zero. For moderate to weaker fields, the growth-rate reduction is minimal

and practically negligible. Since the dynamo is driven by zonal jets stretching the

magnetic-field fluctuations (namely, the b-rolls), the orientation θ of the initially weak

mean field is expected to have a minimal impact on the dynamo. These theoretical

expectations are confirmed in Fig. 9.11. In panels (a)–(c), the root-mean-square

amplitudes are shown for the zonal jets u0,0.2x , the u-rolls u0,0.2z , and the mean field b0,0x ,

which all exhibit a similar trend. This trend agrees with the trend of the KH-instability

growth rate, which decreases with increasing strength of the initial mean field (i.e.,

smaller Alfvénic Mach number MA ∝ U0/B0, where B0 and U0 are the amplitudes of

the mean field and mean flow, respectively).

Variation of field orientation

Dynamo elements are robust to variations in θ, as shown in Fig. 9.9 (d)–(f). The

saturated nonlinear phase is essentially the same for all cases of θ. Minor amplitude

variations are within the statistical variance of the turbulent fluctuations.

The case of θ=90◦ is potentially the most relevant one for the merging of binary

neutron stars (BNS), as the magnetic fields in the interface between the BNS when

they first come in contact is more likely to be orthogonal to the shear-flow plane. This

orientation is expected because the dipolar magnetic fields of each neutron star is

orthogonal to the shear-flow plane, located near the equator of the neutron stars The

shear-flow plane features the azimuthal flow (directed along ϕ) of the spinning BNS;

this azimuthal flow has a strong radial gradient (along r) at the merger interface.

The dipolar (axial) magnetic fields of the BNS threads the shear-flow (r, ϕ)-plane

that lies between the BNS. Astronomical observations [265, 266] of Gyr-old neutron
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Figure 9.11: Impact of initial mean field strength (quantified by the Alfvénic Mach
number MA ∝ U0/B0) and orientation θ on the root-mean-square (rms) amplitudes
of different dynamo elements. The parameter θ measures the angle between the
initial mean flow with amplitude U0 and the initial mean field with amplitude B0.
The rms amplitude u0,0.2x , for example, is the square root of the energy in the zonal

jets,
√
E(u0,0.2x ). The superscript represents the wavenumber (kx, ky). (a)–(c) A

stronger magnetic field (lower MA) reduces the growth rate of the KH instability,
thus reducing the generation of vertical flow-fluctuations u0,0.2z in panel (b) and of
jets u0,0.2x in panel (a). The trend of these two elements (shown with thicker lines) is
replicated by the mean-field amplitude b0,0x in panel (c). (d)–(f) Saturated amplitudes
of dynamo elements do not depend on the initial-field orientation θ. The minor
amplitude variations in panels (d)—(f) are within the statistical variance of the
turbulent fluctuations.
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stars reveal that their total magnetic fields are around 108 −−1010 G, corresponding

to an energy that is many orders of magnitude lower than that of the mean shear

flow in between the BNS approaching to merge [73]. Thus, the initial Alfvénic Mach

number for the KH instability at the start of the BNS merger is too large for the KH

instability growth rates to be impacted by the presence of this very weak mean field.

Instead, the dynamo cycle presented in Fig. 10.2 generates the magnetic fields via the

formation of zonal jets.

Absence of an initial mean field

We have observed that the KH-instability-driven large-scale dynamo operates even in

the absence of the initial mean field [253]. Details of this process will be reported in a

separate publication, where the growth rates of the dynamo from direct numerical

simulations are compared with detailed analytical work we have performed for jet-

driven dynamos in both periodic and non-periodic domains.

The essential elements of the large-scale dynamo are robust to variations in small-

scale visco-resistive properties, e.g., the fluid and magnetic Reynolds number, which

was confirmed by varying the magnetic Prandtl number across 5 orders of magnitude

[253].

9.6 Discussions on nonlinear self-organization

Here we discuss how the self-organization of magnetohydrodynamic 3D KH turbulence

differs from or shares similarities with that of hydrodynamic turbulence with local

or non-local shear flow. In Sec. 9.6, we remark on the differences between the

hydrodynamic and magnetohydrodynamic systems. In Sec. 9.6, we offer a general

principle of spectral condensation in 3D anisotropic systems; this condensation is
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different from that observed in isotropic 2D turbulence. Finally, in Sec. 9.6, we

highlight key differences between turbulence with local and non-local shear flows. The

former is readily realized in wall-bounded systems with shear flows (e.g., flows in

pipes), whereas the latter is general and excites the KH instability.

Comparison of hydrodynamic vs. magnetohydrodynamic 3D

KH-instability-driven turbulence

Here, we compare hydrodynamic KH turbulence with magnetohydrodynamic KH

turbulence. Steps 1 to 5 of Fig. 10.2 operate in 3D (magneto)hydrodynamic KH

turbulence. Steps 6 to 10 appear only in magnetohydrodynamic turbulence. Steps 6,

8, and 10 are magnetic analogues of the hydrodynamic Steps 2, 3, and 4, respectively.

The zonal jets formed in Step 3 require three dimensions in the system; this process

can operate in any general (magneto)hydrodynamic system with a shear flow. Although

the zonal jets ux(kx=0, ky ̸=0) are formed when the mean shear flow ux(kx=0, ky=0)

strains the u-rolls uz(kx=0, ky ̸=0), the u-rolls are generated and sustained by nonlinear

interactions. If the nonlinearity is removed in a hydrodynamic system, the u-rolls

cannot be sustained against viscous dissipation. Recall that the KH instability of the

mean flow ux(kx=0, ky=0) requires fluctuations to have variations along the direction

of the mean flow, i.e., kx ≠ 0. The fluctuations with kx=0 are KH-stable. Since the

u-rolls have kx=0, these rolls require nonlinearity to excite them. The requirement

that the u-rolls uz(kx=0, ky) must couple nonlinearly to the KH-scale fluctuations

with kx ̸= 0 is evident in

∂tuz(kx=0, ky) = ν∇2uz(kx=0, ky)−
∑

k′x,k
′′

x :
k′x+k

′′

x=0

∑

k′y ,k
′′

y :

k′y+k
′′

y=ky

u(k′x, k
′
y) · ∇uz(k′′x, k′′y) + ... ,

(9.18)
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where the ellipsis ... represents the terms irrelevant for the analysis here. These

latter terms include, for example, the pressure, which can be recast in terms of the

nonlinearity in an incompressible system. Thus, linear physics cannot generate the

u-rolls.

Similarly, the zonal fields formed in Step 8 require three dimensions in the system;

this process can operate in any general magnetohydrodynamic system with a shear

flow. Although the zonal fields bx(kx=0, ky ̸=0) are formed when the mean shear

flow ux(kx=0, ky=0) strains the b-rolls bz(kx=0, ky ̸=0), the b-rolls are generated and

sustained by nonlinear interactions. If the nonlinearity is removed in a magnetohydro-

dynamic system, the b-rolls cannot be sustained against resistive dissipation. The

requirement that the b-rolls bz(kx=0, ky) must couple nonlinearly to the KH-scale

fluctuations with kx ̸= 0 is evident in

∂tbz(kx=0, ky) =η∇2bz(kx=0, ky)

+
∑

k′x,k
′′

x :
k′x+k

′′

x=0

∑

k′y ,k
′′

y :

k′y+k
′′

y=ky

[
−u(k′x, k

′
y) · ∇bz(k′′x, k′′y) + b(k′x, k

′
y) · ∇uz(k′′x, k′′y)

]
.

(9.19)

One may consider a system which features — on top of a mean shear flow

ux(kx=0, ky=0) and a mean field bx(kx=0, ky=0) — additional components of turbulence-

generated flow uy(kx=0, ky=0) and field by(kx=0, ky=0). In our nonlinear simulations,

the energies in these components are confirmed to be at least two orders of magnitude

smaller than the x-directed mean flow and fields. Even in the more general case,

bz(kx=0, ky) cannot be perpetually sustained against resistive dissipation without a

nonlinearity. The b-rolls bz(kx=0, ky) decay away resistively following a wave-like

damped solution. The explanation is straightforward: For sustained dynamo action

with the magnetic field bz(kx=0, ky) varying in two dimensions (y and z), the flow
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must vary in all 3 dimensions—a requirement imposed by the Cowling’s theorem [46].

Hence, there must be nonlinear couplings among the 3D fluctuations. The linear

couplings between the mean flow and the x-invariant fluctuations (kx=0, ky ̸= 0) alone

cannot sustain generation of magnetic fields (it is recalled that transient growth of

magnetic fields occurs in 2D, as well, where the dynamo does not exist).

The foregoing discussions highlight some comparison between the 3D hydrodynamic

and 3D MHD systems. The prominent similarity between the two systems is the

existence of robust zonal jets [1, 253].

The jets are the central engine in the operation of the dynamo driven by the mean-

vorticity effect [66]. We have performed numerical experiments where we scrambled the

phases of the zonal jets (making them incoherent), and we observe that the dynamo

is inactive. Since the zonal jets are direct products of the u-rolls, we have performed

additional experiments where we scrambled the phases of the u-rolls, and we find that

the zonal jets are not prominent—and thus, there too, the dynamo is inactive. In

these experiments, where the system is forced to eliminate the zonal jets, we observe

that the turbulence is dominated largely by 2D KH-scale fluctuations throughout

the nonlinear phase; the transition from 2D to 3D motions in our standard setup

is severely impacted. This lack of 2D-to-3D transition is simple to explain if one

recalls that the zonal jets are efficient channels for coupling 2D and 3D fluctuations.

To illustrate further, consider a triad interaction between the three wavenumbers:

the zonal jets with a wavenumber k=(0, ky), the 2D KH instability with k=(k′x, 0),

and the 3D KH instability with k=(k′′x, k
′′
y), where k′′x=− kx and k′′y=ky − k′y. In this

wavenumber triad, if the zonal wavenumber is forcefully suppressed manually, the

nonlinear channel that couples the 2D and 3D KH-scale fluctuations is significantly

impacted. Thus, the 2D and 3D KH-fluctuations are not able to interact as much.

When the 2D KH-scale fluctuations dominate the turbulence, the dynamo is ineffective
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(by Cowling’s theorem [46]).

Spectral condensation and wave-anisotropy principle in 3D

turbulence

Here, we present a general principle of spectral condensation and saturation physics

in 3D systems where symmetry is broken, making the system anisotropic.

Due to the presence of an inhomogeneous mean shear flow, the system we consider is

anisotropic. Whenever a system is anisotropic, it is expected that large-scale coherent

structures will emerge in the nonlinear phase. We refer this expectation as the wave-

anisotropy principle. This general principle applies to any system where anisotropy

is introduced by an external physics, e.g., rotation, a mean (guide) magnetic field, a

large-scale shear flow, stratification, etc. In such an anisotropic system, the linear

waves—whether stable or unstable—feature an anisotropic spectrum of wave-frequency

or growth rate over a wavenumber plane, say k = (k⊥, k||). Here, k|| and k⊥ are

defined with respect to the direction of anisotropy arising from the external physics,

e.g., rotation, a mean (guide) magnetic field, a large-scale shear flow, stratification,

etc.. Because of the anisotropy, the growth rate or frequency of a linear wave is zero

or nearly zero along one of the axes, say k⊥. Conversely, along the parallel direction

k||, the growth rate (frequency) is non-zero and different for different k||.

To illustrate, consider Alfvén waves (or Rossby waves), whose frequencies ω in the

small-wavenumber limit are proportional to k||: ω ∝ k||, where k|| the component of

the wavenumber along the direction parallel to the external magnetic field (or the

equatorial direction for Rossby waves in a beta plane). In such a case, there exists a

wavenumber k = (k⊥, k||=0) that is expected to feature a zero-frequency (or a very-low-

frequency) coherent structure. The nature of this coherent structure can be predicted
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a priori : Consider the nonlinearity, e.g., u · ∇u, and examine the property of u to

predict the nature of the coherent structure. The component of the coherent structure

u||(k⊥, k||=0) pointed along the parallel direction reduces the nonlinearity to exactly

zero. For the wavenumber k = (k⊥, k||=0), the gradient operator becomes ∇ = ik⊥.

That is, u ·∇u = u⊥ik⊥(u||ê||+u⊥ê⊥). Thus, if a system has only a coherent structure

u||(k⊥, k||=0), no matter how large its amplitude is, the nonlinearity is always exactly

zero. Hence, u||(k⊥, k||=0) is an exact nonlinear solution to the ideal equations of

motion. This nature is similar to that of the ElsÃ¤sser fields, which are exact nonlinear

solutions to the ideal MHD equations [31]. In a general turbulent system, however,

there inevitably exist other kinds of fluctuations u(k⊥, k|| ≠ 0)—although the coherent

flow u||(k⊥, k||=0) tends to dominate over the remainder of the fluctuations. This

property explains the origin of jets in the present KH-instability-driven system in 3D,

and the origin of jets in the Goldreich–Schubert–Fricke-instability-driven turbulence

[35], among others [164–167, 174–177].

The wave-anisotropy principle applies to a wide variety of systems, such as quasi-

geostrophic turbulence, Hasegawa-Wakatani turbulence, Hasegawa-Mima turbulence,

rotating 3D turbulence, magnetized 3D turbulence, etc., all of which lead to the

formation of large-scale anisotropic, coherent fluctuations [164–167, 174–177]. Here,

the wave-anisotropy principle has been shown to be a key ingredient of the mean-

vorticity dynamo [66].

Secondary instability vs. primary instability in self-sustaining

of jets

Here, we remark on key differences between turbulence with local and non-local shear

flows, and measure efficiencies of primary and secondary instabilities.
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When a mean shear flow varies linearly along a spatial dimension (say, z), the

mean flow is stable to the Kelvin–Helmholtz instability; the instability requires a

non-zero second derivative in the flow profile. Considering a mean flow with a linear

profile, past studies (see, e.g., Refs. [43, 267, 268]) have shown that straining by the

mean shear flow is robust, leading to the formation of zonal jets ux(kx=0, ky ≠ 0); see

Step 3 in Fig. 9.12(a). However, to sustain the generation of zonal jets, Step 2—a

nonlinear mechanism—is required; otherwise, zonal jets are formed only transiently

before they decay and disappear completely. If the mean flow Ux(z) lacks an inflection

point (∂2zUx = 0), the primary KH instability of Step 1 cannot operate. In that case,

it has been suggested that the nonlinear zonal jets Ux(y, z)—pointing along x and

varying sinusoidally along y—may become KH-unstable secondarily, thus generating

fluctuations that vary in all three dimensions. This process of jets feeding back on jets

is sometimes called the self-sustaining jet-formation mechanism (SSJFM) in studies of

wall-bounded shear flow Ux(z) that is linearly stable to the KH instability [267].

Based on the consideration in the foregoing paragraph [267] which is limited to

a KH-stable mean flow (e.g., a linear shear flow), it has been speculated that the

same SSJFM holds true for an arbitrary shear flow. However, this speculation ignores

an important reality: If the mean shear flow has a non-zero second derivative (flow

curvature), the mean flow can itself drive a primary instability that can rapidly

generate 3D fluctuations. See Step 1 in Fig. 9.12(a). This primary mechanism can

easily dominate over any secondary SSJFM.

To test the efficiencies of the primary and secondary instabilities in their ability to

generate 3D fluctuations, we compare the energy transfer rates to 3D fluctuations from

the mean flow (see Fig. 9.12(b)) against that from the zonal jets (see Fig. 9.12(c)),

using Eq. (9.20). The former is found to be an order-of-magnitude larger than the

latter. This finding demonstrates that the primary KH instability of the mean shear
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Figure 9.12: The primary instability of the mean shear flow dominates over the
secondary instability of the zonal jets by supplying an order of magnitude more energy
to 3D KH-unstable fluctuations. (a) Step 1 represents the primary KH instability
of the mean flow; Step 2 represents a nonlinear mechanism, namely, the advective
nonlinearity −(u · ∇)u; Step 3 represents straining by the mean flow. These three
steps are described in Fig. 10.2 with the same numbering convention. If the mean
shear flow ux(kx=0, ky=0) is KH-stable, Step 1 is absent. Panels (b) and (c) show
the rates of energy transfer to different wavenumbers u(k) from the mean shear flow
and from the zonal jets, respectively. As these data show, the understanding based
on KH-stable linear shear flow is inapplicable when the turbulence is driven by a
KH-unstable flow. Specifically, turbulence with a KH-stable mean shear-flow operates
via a less-energetic secondary instability (i.e., the mechanism where the KH instability
of zonal jets generates 3D fluctuations, namely those with kx ≠ 0; these 3D fluctuations
are required to power zonal jets). However, turbulence with a KH-unstable mean
shear-flow operates via a more-energetic primary instability (i.e., the mechanism where
the KH instability of the mean shear flow directly generates 3D fluctuations, thus
sustaining the generation of strong zonal jets).
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flow generates 3D fluctuations overwhelmingly: The secondary KH instability of the

zonal jets generates 3D fluctuations at a rate that is insignificant.

The primary mechanism operates even in the absence of a nonlinearity, whereas

the secondary mechanism can only become active in the nonlinear phase. The rates of

energy transfer via primary and secondary mechanisms are computed using

∂t⟨ui(−k)ui(k)⟩z =−2Re⟨ui(−k)uj(k)∂jui(0, 0) + ui(−k)uj(0, 0)∂jui(k)⟩z︸ ︷︷ ︸
KH of mean flow (primary instability)

+

−2Re⟨ui(−k)uj(k
′)∂jui(0, ky) + ui(−k)uj(0, ky)∂jui(k

′)⟩z︸ ︷︷ ︸
KH of zonal jets (secondary instability)

+...,

(9.20)

where the ellipsis ... represents the terms not relevant for discussion here. The first

term on the right-hand side of Eq. (9.20) measures the rate of energy transfer to the

fluctuation with wavenumber k from the mean flow ui(0, 0). This energy transfer rate

can be converted into the growth rate by dividing the first term on the right-hand

with the energy ⟨ui(−k)ui(k)⟩z; this growth rate corresponds to the finite-amplitude-

modified growth rate of the KH instability of the mean shear flow in the nonlinear

phase (see Fig. 10.3). The second term on the right-hand side of Eq. (9.20) measures

the rate of energy transfer to fluctuations with wavenumber k from the zonal jets

ui(0, ky). The second term of Eq. (9.20) is an order of magnitude smaller that the

first term.

9.7 Conclusions

This work has unveiled an essential nonlinear network of dynamic interactions between

flow and magnetic fields in a dynamo cycle driven by the Kelvin–Helmholtz (KH)

instability of a maintained mean shear flow. The network detailed in Fig. 10.2 explains
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a recent and novel finding that the profile of mean magnetic field generated by the KH

instability is nearly identical that of the mean shear flow. It is noted that the mean

field Bx(z) and the mean flow Ux(z) do not directly couple, i.e., the field-line stretching

term B · ∇zUx(z) is zero. This fact is due to the absence of the mean vertical field

Bz in the direction z: ∇ ·B = ∂zBz = 0 for the (x, y)-averaged mean field, and Bz is

zero for perfectly conducting boundaries. Thus, the mean horizontal field is generated

by a sequence of nonlinear interactions between fluctuations. Using nonlinear energy

transfer analyses, this work has shown that the mean field and the mean flow are linked

by 4 steps in a chain of magnetohydrodynamic interactions: In the first step, the mean

shear flow Ux(z) linearly excites the 2D and 3D KH instability fluctuations, which

have kx ̸= 0. In the second step, KH-unstable fluctuations nonlinearly generate x-

invariant, y-varying vertical flow (fields), which are labeled u-rolls (b-rolls), borrowing

nomenclature from the studies of wall-bounded, KH-stable shear flows. In the third

step, the u-rolls (b-rolls) are strained by the mean horizontal shear flow Ux(z), thus

transforming the rolls into x-invariant, y-varying horizontal flows (fields), labeled zonal

jets (zonal fields). Hence, the jets acquire a vertical profile similar to the gradient

of the horizontal mean flow ∇Ux(z). The sustained generation of the jets requires

nonlinear KH instability motions varying in all three dimensions. (The foregoing three

steps are hydrodynamic in nature.) In the final step, the zonal jets stretch the b-rolls,

thus creating mean magnetic fields. Since this field-line-stretching process involves the

spatial gradient of the jets, the mean magnetic fields display a spatial profile similar

to the second derivative of the mean shear flow ∇2Ux(z)—the first derivative arises in

the jet-creation process, the second in the mean-field creation process.

Additional steps of the dynamo cycle relate to the saturation of the mean fields.

The spatial gradient of the mean field is steepened by the shear-flow-induced jets

(Step 7 in Fig. 10.2). The steepened mean-field gradient is flattened by turbulent
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advection of mean fields along the direction of mean-field gradient (step 9 in Fig. 10.2).

This flattening is similar to the turbulent advection of the mean momentum that

flattens the mean shear layer. When the mean fields are advected (overturned) by

the u-rolls vertically, the mean fields get depleted, as the mean fields transform into

zonal magnetic fields. Zonal fields are additionally generated (Step 8 in Fig. 10.2)

when the mean shear flow strains the b-rolls. These b-rolls are created by the KH

instability (Step 6 in Fig. 10.2). Zonal fields, when strong, tend to inhibit vertical

KH instability motion, thus arresting the unbounded growth of the magnetic fields

and leading to saturation (Step 10 in Fig. 10.2). These various steps operate on their

own characteristic timescales—very rapid KH instability, slow zonal jets and zonal

fields, and even slower mean field. This separation of time scales naturally endows

the dynamo cycle with inertia, self-organization, and the tendency for cyclic behavior,

which is consistent with the observed astrophysical magnetic fields.

Inherently three-dimensional zonal jets develop as a spectral condensate. This

condensate is sustained by the KH instability. The instability is found to not directly

generate mean field but rather act as a crucial enabler of the dynamo. The KH

instability of the mean shear flow sustains the nonlinear generation of the u-rolls,

which are then strained by the mean shear flow to produce the zonal jets. These

jets then create the mean field. The jets are exact nonlinear solutions to the 3D

magnetohydrodynamic equations, hence they are resilient to occasional large-amplitude

perturbations. Additionally, because the jets are directed along the x axis and do not

vary along the x axis, the x-gradients of the fluid pressure and the magnetic pressure

are exactly zero, thus leading to minimal impact of the Lorentz feedback on the jets.

This topological protection of the jets against strong Lorentz feedback makes the jets

robust. The jets are the central engine of the dynamo cycle uncovered in this work.

The jets are robust to variations in key magnetohydrodynamic parameters such as
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the strength of the initial mean magnetic field superimposed on the KH instability. The

orientation of the initial mean field has no impact on the nonlinear saturation properties

of the dynamo. The jet-driven dynamo operates even in the absence of the initial

mean field [253], so long as the mean flow is maintained to sustain the interactions of

the dynamo. The maintenance of the mean flow is required because the mean-field

creation takes a longer time, while the mean shear flow—if not maintained—can

quickly deplete due to the momentum transport driven by the fast KH instability. The

essential steps of the dynamo cycle are driven primarily by the large-scale fluctuations

(|k|a ≲ 2, where k is the horizontal wavenumber and a is the half-width of the shear

layer). Smaller physical scales (|k|a ≳ 2) contribute only 1% to 10% to the energy

transfer to zonal jets, zonal fields, and mean field, among others. This finding confirms

that, in the large-scale dynamo, energy-containing large-scale eddies are the dynamo

source; and the inertial-range eddies merely act as a dynamo sink to dissipate small

amounts of waste energy. The small-scale eddies are likely limited by stable eigenmodes

existing in the KH-unstable wavenumber range [1, 17, 110, 111, 143, 144]; these stable

eigenmodes are excited in the KH turbulence in both 2D [17, 110, 111, 143, 144] and

3D [1], but their overall role in the dynamo cycle is subject to added nuances that are

still under study and will be reported elsewhere.

The dynamo cycle helps inform sub-grid models of dynamo and turbulence [269–

271], which can be implemented in resolution-limited global simulations of general-

relativistic binary neutron star mergers [73, 272]. In these mergers, the KH instability

is expected to generate ultra-strong magnetic fields [74, 253], possibly stronger than

magnetar fields. The present dynamo cycle also identifies a working mechanism behind

a postulated non-traditional mean-field dynamo theory—the mean-vorticity effect [66].

This mean field theory is a simple coarse-grained description of the complex turbulent

process detailed in this work.
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Appendix: Rapid distortion theory in 2D vs. 3D:

Eddy splitting vs. eddy strengthening

Shear flows can distort eddies and split them apart across the axis of the flow-gradient

[21]. This eddy splitting, or scale shortening, applies to all 2D and 3D perturbations,

except one particular class of perturbations that are topologically protected. This

class of perturbations have a topology such that they do not vary along the direction

of the mean shear flow.

For the eddy-splitting or scale-shortening to apply, the perturbations must vary

along the direction of the mean flow. This result is easily understood if one considers a

simple linear shear flow (which may be thought as zooming into the hyperbolic tangent

shear layer where the mean flow is close to zero, so the leading-order term is linear in

the spatial coordinate, thus making the rapid distortion theory applicable [70]). In

that case, the Navier–Stokes equation linearized around a mean flow Ux(z) = −cz,

where c is a real constant, becomes

∂ui
∂t

+ Ux
∂ui
∂x

= −uj
∂Ux
∂xj

δi,x − ∂ip+ ν∇2ui, (9.21)

where ui is the i-th component of the velocity, ν is the kinematic viscosity, p is the fluid

pressure (per unit density), and δi,x is the Kronecker delta. After Fourier-transforming

Eq. (9.21) using ui =
∑

k
ai(k, t) exp(ik · x), the evolution equation for the k-th

harmonic becomes

∂ai
∂t

+ c
∂ai
∂kz

kx = cazδi,x − ikip− νkjkjai, (9.22)

where the Fourier-transformed p is determined using the incompressibility condition
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of the flow.

The amplitude-evolution equation (9.22) is solved using the method of characteris-

tics (a method which reduces a partial differential equation to a family of ordinary

differential equations), yielding

dai
dt

= cazδi,x − ikip− νkjkjai, (9.23)

where
d

dt
≡ ∂

∂t
+
∂kj
∂t

∂

∂kj
. (9.24)

Comparing Eq. (9.24) with Eqs. (9.22) and (9.23),

∂kj
∂t

δj,z = c kx. (9.25)

Equation (9.25) predicts that the wavenumbers kx and ky do not change due to

straining by the (x, y)-averaged mean shear flow—as expected.

However, since the mean shear flow does vary in z, the vertical scales of perturba-

tions change over time due to the straining by the mean flow. Thus,

∂kz
∂t

= c kx, (9.26)

which explains why all perturbations that vary along the direction of the mean flow

(i.e., perturbations with kx ≠ 0) are strained by the mean flow, causing them to split

apart in z after an appropriate eddy-straining time [21]. However, the x-invariant

perturbations are not subjected to the eddy splitting, and thus those eddies are

coherently stretched by the mean flow following the amplitude-evolution equation

(9.22). This is where the similarity between the simple, local linear mean shear-flow
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and the KH-unstable non-local mean shear-flow ends; additional details are given in

9.6 in the main text.
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10 paper h: spontaneous generation of magnetic

fields via turbulent cross-helicity instability in

shear flows

A version of this chapter is in preparation for imminent submission to

Phys. Rev. Lett.
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abstract

We show analytically that global turbulent cross-helicity — a measure of flow–field

alignment, which is conserved in a homogeneous system — grows exponentially in

the presence of an inhomogeneous shear flow. This new instability causes magnetic

fields to grow exponentially, instead of the previously claimed slow linear growth.

The analytic theory is confirmed with three-dimensional numerical simulations of

magnetohydrodynamic turbulence. We explain the astrophysical dynamo loop in

the mere presence of a shear flow. Alfvénization, instead of suppressing, drives the

dynamo.
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Magnetic fields are pervasive in astrophysics from Earth’s magnetosphere to cosmic

voids, yet the origin of these fields remains unresolved [9, 39–43, 52, 134, 245, 249, 250,

254, 273–276]. Although the generation of magnetic fields—called dynamo action—has

often been modeled using helical turbulent fluid motions [273], those models have faced

serious challenges [4–7], e.g, the requirement of kinetic helicity and an initial large-scale

field to generate an amplified large-scale field, and nonlinear dynamo suppression via

Alfvénization. The latter is a key magnetohydrodynamic process that tends to create

aligned and equipartitioned velocity and magnetic fields [55–57, 59, 60, 277]. However,

Alfvénization can be present already in the kinematic growth phase of magnetic fields

and may induce a dynamo instead of suppressing it, via the mean-vorticity effect

[66]. Nevertheless, previous studies regarding Alfvénization-induced dynamo have

claimed, using arguments that lack self-consistency and numerical confirmation, that

such a dynamo can generate magnetic fields that grow at best linearly in time [67–69].

Thus, they reported that this mechanism could merely act as a generator of initial

large-scale seed magnetic fields, and would not be able to achieve exponentially growing

astrophysical magnetic fields [67–69].

Here, we challenge previous claims by deriving a self-consistent analytic theory

based on constraints of topology and conservation laws to predict that shear flows

have a novel effect: Globally averaged alignment between turbulent flow and turbulent

field grows exponentially due to the shear flow. Thus, the magnetic fields, coupled to

the mean-vorticity effect [66], grow exponentially. This mechanism is general as the

only required ingredient is a shear flow with an inflection point, as will be shown below.

No additional turbulence-driving or symmetry-breaking mechanism (e.g., rotation) is

needed.

To illustrate the foregoing, we start with the magnetic induction equation [273],

which is suitably averaged (represented by ⟨·⟩) over small scales to derive the evolution
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of large-scale (mean) magnetic fields B

∂tB = ∇× E + η∇2B, (10.1)

where E = ⟨ũ×b̃⟩ is the mean electromotive force (EMF). Here, ũ and b̃ are fluctuation

flow and fluctuation magnetic field. The EMF in the mean-field framework—when a

large-scale flow U is present—is generalized to [66]

E = Υ∇×U− β∇×B, (10.2)

where Υ∇ × U represents the mean-vorticity effect; Υ = τ⟨ũ · b̃⟩/3, with ⟨ũ · b̃⟩

representing turbulent cross-helicity; β∇×B represents the β-effect; β = τ⟨ũ · ũ⟩/3

depends on turbulent flow energy; τ is the turbulence correlation time (often measured

by the ratio of turbulent kinetic energy and turbulent dissipation rate) [278]. If one

assumes Υ to be a constant in the kinematic dynamo phase, similar to the constancy

of β and kinetic helicity α = τ⟨ũ · (∇× ũ)⟩/3 justified in helical dynamos [52, 273],

one concludes that B grows only linearly in time [67–69]. However, unlike α and β,

the coefficient Υ ∝ ⟨ũ · b̃⟩ depends on the strength of the magnetic-field fluctuations

b̃, which is inevitably coupled to the evolving mean field B. Thus, Υ must not be

treated as a constant.

The chief result of this Letter is the derivation of a self-consistent expression for the

evolution of Υ [in Eq. (10.6)], which is analytically solved together with Eq. (10.1) to

obtain a novel dynamo dispersion relation. The analytic theory is then confirmed using

high-resolution numerical simulations of three-dimensional (3D) magnetohydrodynamic

(MHD) turbulence. Furthermore, this work explains a mechanism by which Alfvén

waves propagating in one direction are generated at an exponentially higher rate than
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the waves propagating in the reverse direction, thus giving rise to an exponential

dynamo. This wave-selection process is a natural outcome in shear flows, where, via

this mechanism, forced turbulence minimizes energy under the constraint of MHD

conservation laws.

The evolution equation for an (x, y)-averaged mean shear flow U, varying along z,

is [10]

∂tUi = −Ti + ν∇2Ui + fi, (10.3)

where i ∈ {x, y, z}; transport term Ti = ∂z⟨uzui − bzbi⟩x,y + ∂ip∗ captures the effects

related to the mean turbulent stress; ⟨·⟩x,y represents the (x, y)-average; ⟨·⟩ is reserved

for the volume-average; p∗ is the sum of fluid pressure and magnetic pressure; ν is the

kinematic viscosity; fi is an arbitrary external acceleration per unit mass applied to

the mean flow only.

To derive the evolution equation of Υ appearing in Eq. (10.2), we first write the

evolution equation for the total cross-helicity ⟨utot ·btot⟩ in the system, where utot and

btot are total velocity and total magnetic fields, respectively. Then, the cross-helicity

in the mean profiles is subtracted. Since MHD three-wave interactions conserve total

cross-helicity,

∂t⟨utot · btot⟩ = ⟨btot · ν∇2utot⟩+ ⟨utot · η∇2btot⟩+ ⟨B · f⟩. (10.4)

To write the evolution equation for the cross-helicity in the mean profiles ⟨U ·B⟩, we

multiply Eq. (10.3) with B and Eq. (10.1) with U and then add them to obtain

∂t⟨U ·B⟩=⟨U ·
{
∇× E + η∇2B

}
⟩+ ⟨B ·

{
ν∇2U+ f −T

}
⟩. (10.5)
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Subtracting Eq. (10.5) from Eq. (10.4), with ⟨ũ · b̃⟩ = 3Υ/τ ,

3

τ
∂tΥ = ν⟨b̃ · ∇2ũ⟩+ η⟨ũ · ∇2b̃⟩ − ⟨U · ∇ × E⟩+ ⟨B ·T⟩︸ ︷︷ ︸

turbulent transfer
of cross-helicity

, (10.6)

which is a topologically motivated exact equation. This equation is valid for any

incompressible MHD system. Since the mean flow U is inhomogeneous in z, further

calculations require spectral analysis.

We Fourier-transform Eq. (10.1), with ∂t ≡ λ, and consider an x-directed mean

shear flow U = êxUx(z), which provides the Υ-dynamo source in Eq. (10.2). We find

B̂x = Υk2z Ûx/(λ+ βTk
2
z), where carets represent Fourier-transformed variables with a

wavenumber kz, and βT = β + η is the turbulence-modified magnetic diffusivity.

We analyze Eq. (10.6) term by term, starting from the last. Since the mean flow is

directed along x and varies vertically along z, the mean turbulent stress T transports

vertically the x-directed mean momentum. This transport depletes the gradient of

the mean shear flow Ux(z). Thus, the transport effect T = êxTx(z) renders ⟨B ·T⟩ of

Eq. (10.6) as ⟨BxTx⟩ =
∑

kz
B̂∗
x(kz)T̂x(kz)=Υ

∑
kz
[k2z Û

∗
x(kz)T̂x(kz)/(λ+ βTk

2
z)], where

the result from the preceding paragraph is used. The asterisk denotes the complex-

conjugation. The term ⟨U · ∇ × E⟩ in Eq. (10.6) is written in spectral space, using

Eq. (10.2). Then, B is expressed in terms of U in spectral space, using the result

from the preceding paragraph. Thus, both the last and second-to-last terms of

Eq. (10.6) are linear in Υ, as is the left-hand side. The microphysical dissipative

terms in Eq. (10.6) do not drive the dynamo and are not necessary for a qualitative

understanding. However, we retain those for completeness and apply a numerically

supported, standard procedure: ⟨ũ · ∇2b̃⟩ = ⟨b̃ · ∇2ũ⟩ = −⟨ω̃ · j̃⟩ = −⟨ũ · b̃⟩/l2, where

l represents the characteristic dissipation scale of cross-helicity. Hereafter, (ν + η)/l2
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is labeled τ−1
diss, which is the rate of microphysical dissipation of turbulent cross-helicity.

These dissipative terms slightly reduce the growth rate λ. Fourier-transforming

Eq. (10.6) and manipulating expressions, we derive the dispersion relation of the

Υ-dynamo

λ+ τ−1
diss +

τ

3
⟨(∂zUx)2⟩

=
τ

3

∑

kz

[
k2z Û

∗
x(kz)

]

︸ ︷︷ ︸
flow-curvature

[
βk2z Ûx(kz) + T̂x(kz)

λ+ βTk2z

]
,

(10.7)

where Ûx(kz) is the Fourier coefficient of the inhomogeneous shear flow with wavenum-

ber kz. If the small microphysical damping rate τ−1
diss is discarded for simplicity for

now, Eq. (10.7) is an exact dispersion relation for the ideal MHD Υ-dynamo insta-

bility. If k2z Ûx=0, the right-hand side of Eq. (10.7) becomes zero, which means that

dynamo action is not possible with the mere presence of curvature-less shear flow.

Equation (10.7) is valid for an arbitrary shear flow. Due to the summation in kz, the

dispersion relation (10.7) is a polynomial in λ.

We remark that if the conventional α-effect [52, 273] is allowed to co-exist with the

Υ-effect in Eq. (10.2), the resulting dispersion relation is almost identical to Eq. (10.7),

with the only difference being that β is replaced by β′, where β′=β− c and β′
T=βT− c,

with c = α2/(λ+ βTk
2
z). It is trivial to check that this general dispersion relation, in

the absence of a mean shear flow, reduces to the conventional dispersion relation for

the α2-dynamo [52, 273]: λ+ β′
Tk

2
z = 0, thus yielding λα2 = ±αkz − βTk

2
z . We find

that the growth rate λ from the α-included Eq. (10.7) is only slightly changed from

the α-excluded Eq. (10.7), when the α-effect (kinetic helicity) is added at the level

observed in direct numerical simulations.

Analytic transparency is gained by analyzing a classic shear flow Ux(z)=U0 sin(Kz),
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for which Eq. (10.7) reduces to a quadratic equation in λ,

λ = −D ±

√√√√D2 +
τ

3
(U0K2)2

{
Im[−T̂x(K)]

U0K2
− η∗

}
, (10.8)

where D=(βTK
2+τU2

0K
2/6+τ−1

diss)/2 > 0 is a damping-associated term, and η∗=η/2+

3βT/(τU
2
0K

2τdiss). Thus, Eq. (10.8) predicts two criteria for when the Υ-effect drives

an exponentially growing dynamo:

(i) U0K
2 ≠ 0. That is, the mean flow must have an inflection point. This shear flow

thus is unstable to the Kelvin–Helmholtz (KH) instability [10]. It is surprising that,

without knowing any details of the KH flow-instability, Eq. (10.8) predicts the growth

rate of the magnetic instability, based on the constraints of global topology and MHD

conservation laws.

(ii) Imaginary part of −T̂x(K)/(U0K
2) should be greater than η∗, which may be

aproximated as Im[−T̂x(K)]/(U0K
2) ≳ η/2, considering negligibly small τ−1

diss (very slow

molecular dissipation). This second criterion can be further simplified for the standard

gradient-flux transport (⟨uxuz⟩x,y=−µT∇zUx) applicable here, which allows us to write

Im(−T̂x(K))=µT(U0K
2)/2, where µT = CµτEturb is the turbulent viscosity, Cµ=0.1,

and Eturb=⟨ũ2⟩/2 [66, 278]. Thus, for the Υ-dynamo instability, Eturb ≳ η/(Cµτ)

represents a lower threshold of turbulence generated by the KH instability.

Figure 10.1 shows the ideal-MHD solution for λ using the dispersion relation (10.7)

applied to a double shear layer Ux(z)=U0 {tanh[(z − z1)/a]− tanh[(z − z2)/a]− 1},

where a is the half-width of the shear layers located at z1=Lz/4 and z2=3Lz/4

(flow-reversal locations) in a z-domain from 0 to Lz [82]. Length and time scales

are measured in terms of a and a/U0, respectively, where U0 is the flow amplitude.

Supplemental data (Fig. 10.6) confirm that behavior similar to Fig. 10.1 is observed
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even when microphysical dissipation τ−1
diss is included in Eq. (10.7).

Figure 10.1: The magnetic-energy growth rate (2λdynamo) asymptotes as more Fourier
harmonics n of the hyperbolic-tangent shear flow Ux(z) are added in the dispersion
relation (10.7). The arrow near left-bottom end shows that the cross-helicity instability
does not arise when the flow is uniform (n = 0).

Informed by the above analytic theory, we perform high-resolution numerical

simulations of the 3D MHD dynamo with only one ingredient: the mean shear flow

Ux(z). The profile for the mean shear flow is given in the preceding paragraph. The

mean magnetic field at t=0 is zero. We then add phase-randomized, broadband,

divergence-free noise in velocity and magnetic fluctuations, whose energies compared

to that of the mean flow are 10−18. We solve the incompressible 3D MHD equations [10]

∂tui = −uj∂jui+bj∂jbi−∂i(p+bjbj/2)+ν∂jjui+fi and ∂tbi = bj∂jui−uj∂jbi+η∂jjbi,

with ∂iui=0=∂ibi, where repeated index represents summation over it; ui and bi

represent the i-th component of velocity and magnetic fields, respectively; p is the

fluid pressure per unit density; ∂i is the spatial derivative in the i-th direction;
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repeated subscripts represent summation over that subscript; fi=êx fx(z, t)δi,x is as-

yet-unspecified external acceleration applied only to the (x, y)-averaged mean flow

Ux(z, t). To test the aforementioned analytic theory, which employs a steady mean

shear flow Ux(z), we maintain the mean shear flow externally, thus preventing it from

getting eroded by its KH instability. No external forcing is applied except to the mean

flow. We maintain the mean flow by either freezing it (a standard procedure in dynamo

studies [43, 274]) or dynamically driving the instantaneous mean flow Ux(z, t) toward

its initial unstable equilibrium Ux(z, t=0) using fx(z, t)=[Ux(z, t=0) − Ux(z, t)]/τf ,

where τf is the forcing time-scale. This forcing is commonly used in fluid and plasma

physics [117–119, 143, 190, 196]. Both methods of forcing—freezing and dynamic

driving—produce similar results.

We simulate a large domain (compared to a) of size Lx×Ly ×Lz, with Lx = Ly =

10π and Lz = 20π, using at least 128× 128× 256 and as many as 1024× 1024× 2048

grid points. We have simulated cases of different domain sizes, initial conditions, and

system parameters, and have reproduced essentially the same growth of magnetic fields.

For example, Ly is varied in distinct simulations from 10π to 20π, 40π, 80π, 160π, and

320π, with correspondingly large number of grid points. The case of Ly = 320π uses

4096 grid points in y. We parallelize a pseudospectral solver GHOST [128, 279] using

MPI in z and openMP in y to leverage non-uniform memory-access infrastructure for

efficient solution for very large resolutions. We have benchmarked GHOST against

another pseudospectral solver, Dedalus [82, 121], reproducing identical results.

Figure 10.2 shows a typical evolution of kinetic and magnetic energies. The kinetic

energy grows rapidly due to the KH instability. When the KH instability saturates

nonlinearly, it excites 3D fluid motions and large-scale jets with wavenumbers kx=0

and ky ̸=0. Once the turbulence becomes three-dimensional, magnetic fields begin

to grow exponentially. This instability is shown here to have a global topological
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Figure 10.2: A direct numerical simulation showing rapid growth of 2D KH instability,
subsequent growth of 3D KH instability and KH-stable perturbations (kx=0, ky ̸=0),
and the saturation of turbulent flow. The label EK(m,n) represents z-integrated
kinetic energy associated with the Fourier mode number (m,n) in the (x, y)-plane.
After t≈200, a nonlinear instability of magnetic fields ensues. This growth is due to
the instability of the turbulent cross-helicity, as predicted analytically in Eq. (10.7).
The mean flow is maintained in this self-consistent, non-linear simulation.

constraint: The Υ-instability requires a mean shear flow with a non-zero second

derivative in its spatial profile. Both mean and fluctuating fields are found to grow

exponentially at the same rate, consistent with the analytic theory that predicts

the same growth rate due to coupling between the mean field and the mean of the

turbulent cross-helicity via Eqs. (10.1) and (10.6). In the simulation in Fig. 10.2, the

mean flow is frozen, thus making it suitable to directly test the presented analytic

theory where the the mean flow is steady.

By continuously forcing the mean flow toward its initial unstable equilibrium, the

dynamo growth rates are measured in distinct simulations and found to be robust to

variations in magnetic Reynolds number Rm=U0a/η, domain size Ly, and mean-flow

forcing time-scale τf , as shown in Fig. 10.3. The cases of smaller τf asymptote to the

case of τf=0 (frozen mean-flow), as anticipated. Thus, these confirm our theoretical

prediction that an exponentially growing dynamo is possible with a minimal ingredient:

the mere presence of a maintained shear flow.

We now provide a physical interpretation of how magnetic fields grow exponentially
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Figure 10.3: Ubiquity of Υ-dynamo. (a) Dynamo growth (λdynamo > 0) is observed
in cases where mean-flow-forcing time scale τf is varied. For the case of τf → ∞,
where the mean-flow is not forced, turbulence decays quickly before dynamo via the
mean-vorticity effect can grow; the dynamo growth rate is thus close to zero. (b) A
growing Υ-dynamo is found for various microphysical resistivity η so long as η is small
that resistive diffusion does not damp the dynamo. (c) Dynamo—which requires three
dimensionality, y-axis here—grows at the same rate when a large domain Ly/a≫ 1 is
considered.
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when all that is present in the system is merely a maintained mean shear flow. For

exponential growth in a dynamical system, at least two steps are needed, each feeding

on the other in a manner that is cyclic and unstable. For example, in an α2-dynamo,

the generation of a mean-field component induces the generation of another mean-field

component, and vice-versa, thus providing an unstable feedback cycle [52, 273]. Here,

the dynamo in a shear flow also involves two unstable steps that couple two mean

variables, as shown in Fig. 10.4(a):

(i) This step generates mean magnetic field Bx from the global mean of turbulent

cross-helicity Υ in Eq. (10.1). Here, Υ is not the local turbulent cross-helicity, but its

global mean (volume average).

(ii) This step operates when the mean turbulent stress T transfers cross-helicity of the

mean profiles to fluctuations. Hence, the fluctuation-scale magnetic fields b̃ become

globally more aligned with the fluctuation-scale fluid velocity ũ. Thus, the global

mean ⟨ũ · b̃⟩ of turbulent cross-helicity increases, instigating Step (i). Step (ii) is

driven by ⟨B ·T⟩ in Eq. (10.6). This term gives rise to Im(−T̂ ) in Eq. (10.8)—the

source of the Υ-dynamo instability. Figure 10.4(a) summarizes these two steps.

The first step of the Υ-instability dynamo loop is confirmed in Fig. 10.4(b), where

the Υ-effect is shown to dominate in the general expression for the mean turbulent

EMF E = αB − β∇ × B + Υ∇ × U. Allowing this general form, we measure the

dynamo coefficients using singular-value decomposition applied to a time series of EMF

at each z-coordinate [280]. This method has been shown [280] to reproduce results

from, and reduce errors compared to, other methods such as the test-field method

[281] and simple moment-based regression methods [43, 282]. Additionally, we have

obtained consistent results using both quasilinear estimates of the dynamo coefficients

and a spatial multi-dimensional regression method [9] applied to each snapshot. Since

the magnetic fields grow exponentially in the kinematic phase, the field amplitude
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Figure 10.4: (a) The Υ-dynamo loop is identified to operate via coupling between mean
field and mean turbulent cross-helicity. The former is generated in Step (i) by the
mean-vorticity effect [Eq. (10.1)]; the latter is generated in Step (ii) by the Reynolds
stress [Eq. (10.6)]—as the stress transfers cross-helicity from mean to fluctuations
in an analogous way as it does momentum and energy from mean to fluctuations.
(b) Step (i) is confirmed by decomposing the mean turbulent EMF Ey into different
dynamo components, among which the Υ-related mean-vorticity drives the EMF.
The dynamo components are time-averaged over the kinematic phase. Step (ii) is
confirmed in Fig. 10.5.
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is used to divide each term [280] of the mean EMF E = αB − β∇×B + Υ∇×U.

Dominance of the Υ-effect is further confirmed by the numerical observation that

cross-helicity dominates over kinetic helicity.

The second step of the Υ-instability dynamo loop [Fig. 10.4(a)] is confirmed in

Fig. 10.5, where each term of Eq. (10.6) is divided by the exponentially growing

field-amplitude to allow a direct comparison of relative importance of each term over

time. The transport-related term ⟨B ·T⟩, in particular ⟨BxTx⟩, drives and modulates

the mean turbulent cross-helicity Υ. The term Tx dominates over Ty because the

imposed mean flow is directed along x. The remaining terms are non-negligible and,

on average, have opposite signs, relative to the signs of Υ and ⟨BxTx⟩. Thus, the

remaining terms act as as a mechanism of dynamo cross-helicity damping—as expected.

(The extremely rapid variations of noisy turbulence data are subjected to a standard

low-pass filter, which allows us to focus on the long-term trends.) These results are

robust across simulations.

The upper-bound on the exponentially growing Υ-coefficient is given by Υ ≤

τEturb/6, where Eturb = ⟨ũ2 + b̃2⟩ is the volume-averaged turbulent energy. This

bound, which agrees reasonably well with numerical simulations, is derived using

(ũ± b̃)2 ≥ 0, which upon volume-averaging gives ⟨ũ2 + b̃2⟩ ≥ 2⟨ũ · b̃⟩ = 6Υ/τ , where

Υ = τ⟨ũ · b̃⟩/3.

Conclusions.—The foregoing presentation shows how magnetic fields grow exponen-

tially in the mere presence of a maintained shear flow. We have also performed detailed

turbulence analyses, which show where in the fluctuation spectrum the dominant

mean cross-helicity resides. The fluctuations that drive the Υ-dynamo are those which

are directed along x, do not vary in x, but vary in the y-direction orthogonal to the

plane of the mean shear flow Ux(z). The wavenumbers k′x=0 and k′y ̸=0 dominate the

spectrum of the growth rate of the mean field. These wavenumbers appear only in a
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Figure 10.5: Each term in the turbulent cross-helicity evolution equation (10.6) is
tracked in the kinematic dynamo phase (t≈200−−550) to show: (i) the turbulent
cross-helicity (⟨ũ · b̃⟩ ∝ Υ) follows the transport-related term ⟨BxTx⟩; (ii) the terms
⟨Uy(∇× E)y⟩ and ⟨ByTy⟩, which involve y-components, are negligible—as the mean
flow Uy and mean turbulent stress Ty are negligible; and (iii) (ν + η)⟨ω̃ · j̃⟩, on average,
has opposite sign compared to Υ and ⟨BxTx⟩, meaning that it dissipates cross-helicity.

3D shear flow. The large wavenumbers (along both kx and ky), on average, act as a

dynamo sink where the waste turbulent energy is dissipated.

This work has shown that—in the presence of a background shear flow—a non-zero

global mean of turbulent cross-helicity is generated exponentially more due to the

mean Reynolds stress. This stress is, on average, zero in the idealized homogeneous

system, and thus the global mean of turbulent cross-helicity is conserved [60, 277].

Since most dynamo studies use homogeneous setup, it may be the reason why the

Υ-dynamo instability has not been reported before. This Letter presents a novel and

robust mechanism of dynamo instability arising from a flow inhomogeneity.

The rapid generation of Alfvénic states (ũ|| ± b̃) at a global scale is an outcome

of turbulent relaxation in the presence of a mean shear flow, similar to the rapid

generation of local Alfvénic states in the absence of a mean shear flow [59]. The local
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Alfvénic states appear as small-scale patchy structures [59], common in homogeneous

MHD turbulence (due to dynamic alignment [283]). Here, the global Alfvénic states

appear as self-organized, smooth magnetic structures, consistent with commonly

observed coherent astrophysical fields [273].

The dynamo instability demonstrated here is general and significant because the

mere presence of a maintained shear flow generates exponentially growing magnetic

fields. This had been thought impossible, because previous claims were based on

inconsistent and inapplicable argument that the dynamo coefficient Υ is a constant in

time—similar to the coefficients α and β in the kinematic phase—which led to the

claim that the magnetic field can grow, at best, linearly in time [67–69]. This Letter

derives an exact expression for the time evolution of the Υ-coefficient, which is then self-

consistently coupled to the mean-field evolution equation, to show exponential growth

of magnetic fields and mean turbulent cross-helicity. This mechanism is predicted using

analytic theory and validated using high-resolution 3D MHD simulations. Additionally,

a physical interpretation is given using two cyclic and unstable steps: First, the Υ-effect

generates the mean field. Second, the thus-generated mean MHD profiles transfer their

cross-helicity to fluctuations via coupling to the mean Reynolds stress—analogous to

how the Reynolds stress transfers mean momentum and energy to turbulent fluctuations

[1, 10].

Astrophysical systems display large-scale shear flows, e.g., in solar meridional

circulation (a key component of flux-transport dynamos), accretion disks, astrophysical

jets, the interface between merging galaxy clusters, and the interface between merging

binary neutron stars, where some of the strongest magnetic fields are generated

[44, 73, 74, 284–289]. These systems are bound to feature the Υ-effect, and depending

on the system properties, the effect can be substantial. This effect of cross-helicity in

shear flows bears implications for MHD turbulence and magnetic reconnection in the
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solar wind where the turbulence features near-maximum cross-helicity [55–57, 277].

The presented mechanism of dynamo growth can provide an explanation for dynamos

in other non-local shear flows [254, 275], where dynamo mechanism remains unresolved.

In this Letter, a surprising finding is demonstrated: Alfvénization, instead of

suppressing [4, 5, 7], drives the dynamo instability, when a shear flow is present. This

result opens a new path to understanding magnetic-field generation in astrophysical

environments, where shear flows appear ubiquitously [10, 73, 284, 286, 287] and

potentially so does the reported mechanism of dynamo instability.

Appendix
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Figure 10.6: Even when visco-resistive dissipation is included in Eq. (10.7), the
magnetic-energy growth rate 2λdynamo asymptotes to the level observed in numerical
simulations as more Fourier harmonics n of the hyperbolic-tangent shear flow Ux(z)
are added in the dispersion relation (10.7). The parameter τ−1

diss appears in Eq. (10.6)
as (∂t + τ−1

diss)⟨ũ · b̃⟩ = ⟨B ·T⟩ − ⟨U · ∇× E⟩, where τ−1
diss = −(ν + η)⟨ω̃ · j̃⟩/⟨ũ · b̃⟩. For

the simulation in Fig. 10.5, τdiss ≈ 30.
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11 conclusions and outlook

This chapter summarizes chief findings of this thesis, their implications, and future

work. For expounded technical findings, the reader is suggested to turn to abstracts

mentioned in each chapter. Moreover, the reader is guided to Sec. 1.4, where important

findings are detailed chapter by chapter, in addition to their inter-relationship and

natural development. Hence, those interrelation and chapter-by-chapter summary

are not duplicated here. A different approach is taken here, where new findings from

various chapters are combined into thematic categories.
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Figure 11.1: Inter-relationship and summary of the three-part thesis: Part I—up to
Ch. 5; Part II—Chs. 6 and 7; Part III—Chs. 8–10. Instability grows rapidly and
saturates quickly, generating nonlinearly the zonal jets. The 3D jets grow over longer
times, and when the jets saturate, they drive the dynamo. The dynamo slowly grows
over much longer times. This separation of temporal scales naturally divides the thesis
into three parts: instability saturation via stable modes, zonal-jet formation, and
jet-driven dynamo.

This thesis is centered around shear flows, with a particular emphasis on the

nonlinear saturation of shear-flow instability, the formation of 3D zonal jets, and

the subsequent generation of magnetic fields via a novel dynamo mechanism. The

interconnection between these three processes are shown in Fig. 11.1, where some of the
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chief findings of this thesis are placed in context. Unstable eigenmodes extract energy

from the unstable shear flow; most of this energy is transferred to stable eigenmodes

via nonlinear mode-coupling. The stable modes then return turbulent energy to the

unstable shear flow, thus leaving only a minute part of turbulent energy for cascade

to small scales. Turbulence driven by the thus-saturated instability generates 3D

zonal jets. The jets then stretch Alfvénized magnetic field fluctuations1, thus creating

large-scale magnetic fields.

Alfvénization, commonly known as a dynamo suppressor, is shown in this thesis

to be a dynamo enabler or dynamo stimulant in the presence of a KH-unstable shear

flow. This stimulating nature of Alfvénization manifests via the interaction between

the zonal jets and Alfvénic magnetic fluctuations, which represents the underlying

mechanism behind the postulated mean-vorticity effect [66]. This mechanism is

confirmed in Fig. 8.3a. The mean-vorticity effect is the first step of a dynamo loop

that exponentiates magnetic fields. The dynamo-generated large-scale magnetic fields

are aligned with the large-scale mean flow. The alignment between the large-scale

flow and large-scale magnetic field—which represents cross-helicity of large-scale MHD

profiles—is then transferred to small scales by the Reynolds stress, analogous to

how the stress transfers momentum and energy from large scales to small scales.

This transfer constitutes the second step of the dynamo loop that exponentiates

magnetic fields. The stress is non-zero for an unstable shear flow, as required by

the thermodynamic constraint on free-energy that drives the instability. Hence, this

dynamo operates with merely two ingredients: an unstable large-scale shear flow and

infinitesimally weak, small-scale MHD fluctuations. No initial large-scale magnetic

field is required. The infinitesimally weak velocity fluctuations are exponentiated

by the KH instability, which generates inherently 3D zonal jets via hydrodynamic
1Alfvénized magnetic fields tend to be aligned with fluid flow.
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processes. Then, the infinitesimally weak magnetic fluctuations are exponentiated

by the zonal jets due to increasingly more Alfvénization (flow–field-alignment effect).

The foregoing dynamo mechanism has been uncovered in this thesis with the help of

advanced computer simulations of dynamo by investing nearly 100 million CPU-hours

and analyzing 0.25 petabytes of data products.

11.1 Main findings

The main findings are thematically summarized below.

1. New paradigm of KH-instability saturation and essentiality of three-

dimensionality: Contrary to a widespread belief that an instability necessarily

saturates by transferring all of its energy to small scales where dissipation occurs

(see, e.g., Refs. [26–29]), this thesis shows that the instability transfers most of

its energy to the large-scale conjugate-stable eigenmodes (Chs. 2-6). The latter

modes return turbulent energy to the unstable shear flow, thus dramatically

reducing the small-scale energy cascade. This new saturation paradigm is shown

here to apply to both two and three dimensions, and to both fluids and plasmas.

While the KH instability is generally considered to be 2D, this thesis shows that

3D nature is critically important for instability saturation in realistic physical

environments.

2. More effective counter-gradient momentum transport in 3D than in

2D: Stable eigenmodes turbulently transport momentum in the counter-gradient

direction. This transport significantly decreases the down-gradient transport by

the instability. The counter-gradient transport is continuous in time, and can

occasionally even dominate the down-gradient transport (Ch. 3). This behavior
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is sometimes linked, although often incorrectly, to 2D nature of turbulence.

Contrastingly, the counter-gradient momentum transport is found here to be

more effective for 3D stable eigenmodes than for 2D stable eigenmodes (Ch. 6).

3. Magnetic-field straining and folding dynamics: The large-scale stable

eigenmodes are demonstrated to inhibit the unstable eigenmodes’s ability to

strain magnetic fields and flow structures. Hence, when the stable eigenmodes

are forcefully deleted in numerical simulations, the unimpeded instability rapidly

strains and folds magnetic fields in spiral forms (the classic KH instability).

Consequently, small-scale fluctuations become prominent, and visco-resistive

dissipation is increased by more than order of magnitude (Ch. 4). This result also

illustrates that stable eigenmodes inhibit fluid mixing and field-line stretching

by turbulent flow.

4. Large-scale pattern formation: When stable modes are significantly excited,

structures in velocity and magnetic fields tend to appear at large scales in both

2D and 3D. In 2D, when stable modes are surgically removed from the governing

MHD equations, the large-scale KH eddies split apart and ballistically move

away from the shear layer, instead of merging; the latter is commonly observed

in simulations based on the unmodified equations, where the stable eigenmodes

are kept intact (Ch. 5). In 3D, the large-scale jets provide energy to stable

eigenmodes, which saturate the instability (Ch. 6).

5. Energy-cascade direction in instability-driven turbulence: Stable eigen-

modes reduce the rate of energy cascade to small scales. The forward cascade

found in both 2D and 3D is because the free-energy for the instability resides at

large scales. Moreover, the wavenumber-decomposed traditional energy transfer

analysis is extended to include energy transfer among different families of eigen-
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modes. This extension reveals the dominant channels that transfer energy to

stable modes in 2D (Ch. 5) and 3D (Ch. 6).

6. Vortex stretching vs. vortex fattening in three dimensions: Vortex

stretching—a purely 3D process—is carried out by the KH instability, which

generates increasingly filamentary structures, representing forward cascade of

energy [290]. Stable modes, on the other hand, counteract the stretching process

(Ch. 6), i.e., the vortices appearing in the form of thin, long cylinders become

thick, short cylinders with larger diameter due to the stable modes. Thus, the

stable modes effectively act as an agent of vortex fattening, which counters

vortex stretching by the instability [1].

7. Predictive analytic closure models for slowing of stellar spins: Stars

spin down due to turbulent transport of angular momentum, which in this thesis

is modeled using an analytic closure model. The model provides a predictive

framework where zonal flows, excited nonlinearly, dominate nonlinear mode-

couplings. The predicted rates of transport agree with numerical simulations.

The parameter regimes — which the simulations cannot probe — are accessed

using the analytic closure model. The model in Ch. 7 suggests that the GSF-

instability-driven turbulent transport is substantial in the solar tachocline (where

the ratio of viscosity to thermal diffusivity is 10−6) and red giant stars, among

others.

8. Jets in astrophysically relevant dynamos: The linear physics of an insta-

bility is generally anisotropic. When such instability drives turbulence, common

nonlinear structures are zonal jets. The jets, which are long lived, can signif-

icantly generate magnetic fields because the jets coherently stretch magnetic

fields for long times, as shown in Chs. 8—10. The jets are exact nonlinear
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solutions to the governing equations, and hence they are robust agents that drive

astrophysically relevant dynamos (Ch. 8).

9. Dynamo cycle: Spontaneous reversals of large-scale magnetic fields are observed

in three-dimensional Kelvin-Helmholtz instability-driven magnetohydrodynamic

turbulence (Ch. 8). The reversals occur when the cross phase between zonal

jets and magnetic fluctuations rapidly slips from 0 to ±π. The operation of

the dynamo cycle is probed using detailed energy transfer diagnostics. An

unstable large-scale shear flow is shown to spontaneously generate various forms

of turbulent fluctuations, which via a series of turbulent interactions generates a

large-scale magnetic field (Ch. 9). The initial large-scale field is not required

for the dynamo, as the dynamo is driven by turbulent effects and not by the

turbulent distortion of initial magnetic field. The dynamo here operates by the

turbulent distortion of the initial vortex line, related to the large-scale shear

flow.

10. Alfvénization-enabled dynamo loop—Step 1: the mean-vorticity effect:

Alfvénization — a suppressor of the traditional dynamo [4–9] — is shown here

to be a dynamo enabler. This novel dynamo-stimulating effect operating in

the presence of a large-scale shear flow is thus, in some sense, the reverse of

dynamo quenching (suppression); the latter has frustrated efforts to understand

the α-effect-driven dynamos for several decades [4, 6, 8, 9]. The mean-vorticity

effect [66], which is a product of the large-scale vorticity and the turbulent

cross-helicity, is only a step of the two involved in the dynamo exponentiation

loop (Ch. 10).

11. Alfvénization-enabled dynamo loop—Step 2: the cross-helicity-transfer

effect: When an initial large-scale magnetic field is zero, Step 1 of the dynamo
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(described in the preceding paragraph) generates a weak large-scale magnetic

field, which is aligned along the large-scale shear flow. This cross-helicity

(flow-field alignment) residing in the large-scale MHD profiles is transferred

to small-scale fluctuations by the Reynolds stress, in a way analogous to how

the stress transfers momentum and energy of the large-scale flow to small-scale

fluctuations. This cross-helicity transfer effect—Step 2 of the dynamo loop—thus

increases cross-helicity in the MHD turbulent fluctuations. Due to this increase

of turbulent cross-helicity, Step 1 of the dynamo loop is reinforced. Thus, the

dynamo loop continues until magnetic fields are amplified to the level comparable

to the energy in the flow. Numerical simulation data confirm these two steps of

dynamo (Ch. 10).

12. Analogy between the α- and Υ-effects: While the α- and Υ-effects are

fundamentally different—as are their responses to Alfvénization (α is suppressed;

Υ is maximized)—there exists an analogy between the two effects. The α-effect

begins with a large-scale magnetic field that is perturbed by velocity fluctuations

and rotated by vorticity fluctuations [51]. The Υ-effect, on the other hand, is

shown here to begin with a large-scale vortex line (analogous to a magnetic

field line) that is perturbed by velocity fluctuations. This process creates a bent

vortex line, which induces jet-like fluctuation flows (see Fig. 8.3a). These flows

then operate on fluctuation magnetic fields, creating a large-scale magnetic field

(Ch. 8).

13. Effects of boundaries on dynamos: Boundaries are often a point of con-

tention in dynamo theory [8, 9]. This thesis demonstrates that the jet-driven

Alfvénization-enabled dynamo does not depend on the nature of boundaries—

whether they are periodic or non-periodic (Ch. 8). The explanation is simple:
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The jets are the strongest near the shear layer, which lies maximally far away

from the boundaries.

14. Explanation for confounding measurements in laboratory experiments:

In 2012, the laboratory dynamo experiment directly measured, for the first time,

mean turbulent EMF — in addition to the mean magnetic field and mean current

density [72]. This observation, however, presented a surprising finding: The mean

magnetic field was orthogonal to the mean electromotive force. This experimental

finding shows that the dynamo is not driven by the α-effect, as the α-effect

requires the EMF and the magnetic field to be parallel, not orthogonal. The

novel dynamo presented in this thesis is able to explain the experimental finding

using the following: The laboratory experiment reports a large vorticity in the

radial direction [291], along which the mean EMF is also directed [72]. Hence,

considering the mean-vorticity effect, the mean EMF direction is explained

(Ch. 8). Additionally, in the mean-vorticity-driven nonhelical dynamo, the mean

magnetic field is orthogonal to the current density — a prediction that agrees

with the laboratory experiment .

15. Implications for astrophysical magnetic field generation: When binary

neutron stars approach each other to merge (the merging can produce another

neutron star or a black hole), a large velocity gradient is created in the interface

between the stars. This gradient is KH-unstable and drives the dynamo [73, 74].

The growth timescale of the dynamo is predicted in this thesis to be on the order

of microseconds, which in milliseconds (the merger timescale) can produce some

of the strongest magnetic fields in the Universe, of strength 1017 G or larger [292],

thus producing strong signals for multi-messenger astronomy (Ch. 8). In the

Sun, the meridional circulation has large-scale azimuthal vorticity [284, 285] and
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Figure 11.2: A visualization of the spinning Sun from the Royal Astronomical Society,
UK, press release on Tripathi et al. 2021 [3]. Solar poloidal magnetic fields are
created via (the curl of) the azimuthal EMF Eϕ. The latter is expected to contribute
to the azimuthal vorticity of the poloidal flow (called meridional circulation), given
by Eϕ ∝ Υ∇ × Upoloidal(r, θ). Here, Υ captures the effects of small-scale Alfvénic
fluctuations. Most current solar dynamo models rely on the traditional α-effect,
but given that Alfvénic fluctuations dramatically suppress the α-effect [4–9], the
Alfvénization-enabled Υ-effect has the potential to provide more robust dynamo
models. Image credit: CESSI / IISER Kolkata / NASA-SVS / ESA / SOHO-LASCO.
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hence is bound to contribute to the large-scale azimuthal EMF (see Fig. 11.2);

the latter generates poloidal magnetic fields. In other stars, galaxies mergers,

and planets, the effect of vorticity and jets can be substantial, as well [293].

11.2 Future work

This thesis has addressed a number of fundamental questions that are related to

instability saturation, pertinent to fusion devices and astrophysical systems, in addition

to the generation of cosmic magnetic fields. As is common to all areas of science, new

questions have arisen from these findings. Among various possible research directions,

some promising candidates are listed below, categorized into two classes: fundamental

questions and applications.

A. Fundamental science research directions

1. Momentum transport versus visco-resistive properties: While the dy-

namo has been found to be robust to variations in microphysical dissipation

properties (Chs. 8, 10), the behavior of momentum transport requires further

analyses. The Reynolds stress, which transfers cross-helicity from large scales

to small scales, is one of the two steps in the dynamo loop. For an unstable

shear flow, the thermodynamic constraint demands momentum transport and

the Reynolds stress to be non-zero even when the Reynolds numbers approach

infinity (the singular limit).

2. Saturation of the Rayleigh–Taylor instability, magneto-rotational in-

stability, and tearing instability: Since the Rayleigh–Taylor and magneto-

rotational instabilities are ideal instabilities, they preserve parity-time-reversal
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symmetry. Thus, the stable eigenmodes that are conjugate to the instability

exist. Since these eigenmodes are complex conjugates to each other, three-mode

overlap is expected to be significant, similar to the large nonlinear mode-coupling

in the KH system. Thus, it would be unsurprising if the stable modes played a

key role in the saturation of these instabilities. Although the resistive tearing

instability is a non-ideal instability, the net sum of the damped eigenmodes

can effectively behave as a conjugate to the tearing-unstable eigenmode, as has

been shown for resistive interchange instability [294] and gyrokinetic systems

[123]. Applying the machinery used in this thesis (e.g., mode-projection and

mode-coupling diagnostics), one may be able to better understand the MHD

cascades and examine the effect of stable modes in the break-off of spectral slope

in the plasmoid-instability-mediated reconnection [153].

3. Mechanics of the cross-helicity cascade: Given that the dynamo arising

from the KH instability generates substantial cross-helicity in fluctuations (by

coupling to the large-scale shear flow)2, it is instructive to analyze the cascade

processes related to the cross-helicity and its dissipation mechanisms.

4. Three-dimensional magnetic-field straining by stable eigenmodes: Sim-

ilar to the three-dimensional vortex stretching (ω · ∇u) by instability and vortex

fattening by stable modes [1], magnetic-field straining (b ·∇u) is also expected to

feature such competition. Specifically, instability is expected to create small-scale

filamentary and folded magnetic fields, whereas the stable modes counteract the

fluid motions related to the instability, thereby preserving magnetic fields at

large scales.
2In the absence of the large-scale shear flow, the volume-averaged turbulent cross-helicity cannot

grow as it is conserved by the nonlinearities.



353

5. Vortex dynamics in large domains: Chapter 5 shows that, when stable

modes are removed forcefully from the governing nonlinear equations, the Kelvin-

Helmholtz vortices split apart, instead of merging. Although the considered

simulation domain is large, it remains to be seen how this behavior manifests

when even larger domain is considered. Available data and analyses, however,

suggest that the KH vortices should split apart and generate overwhelming small-

scale structures in the absence of the stable modes. This expectation can be

confirmed by performing stable-mode-removed simulations in very large domains.

Coalescence of eddies is also commonly observed in tearing-instability-driven

turbulence [25, 295], hence it is conceivable that the stable modes therein also

can play a significant role.

6. Analytic closure model for the jet-driven dynamo: Similar to the statisti-

cal turbulence closure model for the jet-coupled instability saturation [35], it is

possible to construct a jet-coupled dynamo closure model. Such a model can

provide an alternative way to access extreme parameters that otherwise are not

possible using state-of-the-art numerical simulations. Preliminary investigations

suggest that such a closure model can explain behavior of dynamo when key

parameters are varied.

7. Effect of domain size on coherent jets: It is a natural question to investigate

whether the dynamo-enabling 3D zonal jets formed via the KH instability will

continue when domain size is enlarged indefinitely. Simulations with 2, 4, 8, 16,

32, and 64 times larger domain size, in the y-axis orthogonal to the shear flow

plane, show continued dominance of zonal jets (Ch. 10). The y-spectrum of the

jet-energy peaks at a characteristic scale kya ∼ 0.1, where a is the shear-layer

half-width. However, lower wavenumbers require longer time to evolve and
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hence it is not definitively known whether energy will continue to build up at

even lower ky if the system is allowed to evolve indefinitely. This numerical

experiment is prohibitively expensive because one must enlarge the box size while

increasing grid-resolution, and at the same time one must perform simulation

for substantial long times.

8. Resonances between unstable, stable, and zero-frequency fluctuations:

Similar to resonances found in the ion-temperature-gradient-driven turbulence

between three relevant fluctuations [32, 91], it is possible that such resonances

are involved in the sustained generation of zonal jets found in this thesis. Zonal

jets here have zero-frequency; even with nonlinear corrections, it is shown that

the their frequency is substantially small (Ch. 9). Since unstable and stable

eigenmodes have oppositely signed growth rates, the sum of three growth rates is

close zero for a frequency-triad involving unstable mode, stable mode, and zonal

fluctuation. This triad allows (near-)resonant transfer of energy from instability

to stable eigenmodes, as confirmed in Ch. 6 in 3D hydrodynamic KH turbulence.

Repeating similar diagnostics for the 3D KH dynamo system will provide a

deeper physical understanding and natural interpretation for why there exist

three temporal scales—fast, intermediate, and slow—for instability, zonal jets,

and dynamo fields, respectively.

9. Roles of stable modes in the KH-driven dynamo: Stable modes play at

least three critical roles in the KH-driven dynamo, shown in Fig. 11.1. First,

the stable modes return energy to the unstable shear flow, which reduces energy

cascade to small scales and, consequently, suppresses small-scale fluctuations

(Chs. 3–6). Second, the stable modes decrease turbulent stress T (Chs. 4,6),

shown on the right end of Fig. 11.1. The stress T transfer cross-helicity from large
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scale to small scale, which constitutes a part of the dynamo loop. Third, the stable

modes strongly couple to zonal jets via a three-wave-coupling among an unstable

mode, a stable mode, and zonal jets, as confirmed in Ch. 6 in a hydrodynamic

context. This near-resonant three-wave-coupling favors sustainment of zonal jets.

While the first and third roles of the stable modes help the dynamo process,

the second role does not. Hence, although the stable modes sustain the jets

that drive the dynamo, the direct effect of stable modes in the KH dynamo is

nuanced, requiring future work.

B. Application-focused research directions

1. Solar model with the vorticity of the meridional circulation as the

dynamo source: As displayed in Fig. 11.2, the large-scale solar meridional

circulation — a key player in flux-transport dynamos [285] — has its vorticity

directed in the azimuthal axis [284] . This vorticity is thus bound to contribute to

the azimuthal EMF. If this contribution is appreciable compared to the presently

ad-hoc, fine-tuned α-source for the azimuthal EMF in solar dynamo models,

the vorticity-related Alfvénization-enabled dynamo likely has the potential to

become the next generation of solar dynamo models to predict magnetic flux

and its effect on hazardous space weather.

2. Compressibility effects in binary neutron star merger and KH dynamo:

To be undertaken by the author via a joint postdoctoral research fellowship at

Columbia University and the Canadian Institute for Theoretical Astrophysics un-

der the Simons Collaboration on Extreme Electrodynamics of Compact Sources,

a logical next step is to include the effect of compressibility and the pertinent

equation of state in neutron stars to model the KH dynamo. This extension of
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the model can help predict realistic widths of the shear layer in the interface

between binary neutron stars, as they approach each other to merge. These stars

are gravitationally bound and forced to collide, which generates a persistent

shear layer at the merger interface. Current, resolution-limited global numerical

simulations show increasingly thin shear layer widths (down to a few tens of

meters) with increasing grid-resolution, and hence the precise width of the shear

layer is not known at this time [73, 296].

3. Dynamos in accretion flows around black holes: Current simulations

of multi-messenger astronomy signals arising from compact objects do not

resolve relevant physical scales [73, 272]. This limitation prevents simulations

from making accurate predictions regarding the effect of dynamos driven by

the Kelvin–Helmholtz, Rayleigh–Tayler, and magneto-rotational instabilities.

Instead of self-consistently evolving magnetic fields from weak amplitudes, these

simulations use arbitrarily large initial magnetic field [73, 269, 272, 297]. Thus,

they do not resolve fast temporal scales in the merger phase when magnetic fields

are rapidly created as well as in the accretion flows around compact objects.

Magnetic fields, however, play a chief role in launching jets from black holes

and generating synchrotron radiations. The vorticity-related magnetic dynamo

can critically impact these observables, hence a thorough understanding of field

generation is to be sought using the novel dynamo mechanism.

4. Long-term magnetic-cycle reversal statistics: Since the large-scale mag-

netic fields take longer time to evolve (compared to the fast KH instability),

collecting statistics of large-scale magnetic-cycle reversals requires integrating

the MHD dynamo equations for very long times. While Fig. 8.1a is obtained

using a 90-day simulation parallelized on 2048 CPUs (maximally parallelized
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in two periodic axes x and y with a moderate grid resolution), only a handful

of reversals are captured. Hence, substantially longer simulation is required

to statistically and reliably claim the nature of distribution of magnetic-cycle

reversals. If one simulates the same problem 10 times longer (compared to

Fig. 8.1a), the simulation would take three years to complete — excluding the

wait times on large computing facilities. Another approach therefore can be

performing the same simulation using fewer grid points; simulations using the

latter has been found to reproduce certain critical features of the large-scale

dynamo.

5. GRMHD KH-dynamo simulations for binary neutron star mergers:

While the current thesis uses a Newtonian MHD model to understand the

fundamentals of the novel dynamo mechanism, a next step is to implement the

vorticity-related Alfvénization-enabled dynamo in General-Relativistic-MHD

simulation softwares [298]. This implementation allows to analyze how magnetic

fields are generated in binary neutron star mergers and how such magnetic

fields affect global dynamics and post-merger evolution. This modeling effort of

the new dynamo is being pursued in collaboration with compact object merger

experts. These efforts allow direct modeling of multi-messenger astronomy

signals currently detected by the LIGO-Virgo-KAGRA Collaboration [299] and

to be measured with high precision by the upcoming Einstein Telescope [300].

6. Better understanding of dynamo saturation at extreme Reynolds

numbers: This thesis has explored the behavior of the dynamo by varying

magnetic Prandtl number (the ratio of viscosity to electric resistivity) over 5

orders of magnitude and has reproduced similar dynamo and jets. However,

future work is needed to access astrophysically extreme parameters. Alternatives
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to such exploration are developing a better analytic understanding of the dynamo

and performing direct statistical simulations instead of full-scale direct numerical

simulations [42].

7. Modeling slowing of stellar spins: A project is currently underway to develop

a turbulence closure model for the GSF (diffusive shear flow) instability applicable

to stars at a general latitude [230]. Chapter 7 of this thesis built a similar model

for the equatorial system. At higher latitudes, the GSF turbulence is more

vigorous and hence its impact on stellar angular momentum transport is stronger

[230]. Early calculations show promising results on predicting the momentum

transport rate using a turbulence closure model in the weak-turbulence limit—

where certain triadic interactions dominate over the remaining ones [32].

8. KH-dynamo-driven particle acceleration: The KH instability is routinely

studied in two dimensions, owing to its computational efficiency [82]. However,

this thesis has established that the instability is fundamentally different in 3D

compared to 2D, as the former system generates inherently 3D zonal jets and

a jet-driven dynamo. The dynamo-generated magnetic fields can accelerate

charged particles, causing them to radiate, whose signatures are measurable in

astrophysical observations. Such signatures can be theoretically predicted by

coupling MHD codes to particle-in-cell (PIC) codes [301, 302] — the latter would

then be used to track particle acceleration under the effect of large-scale magnetic

fields evolved using the MHD model. Although using this MHD-PIC hybrid

modeling framework in two spatial dimensions (for computational efficiency)

is a novel and ambitious approach, the predictions using the 2D system with

an imposed, external magnetic fields cannot be reliable, as a self-consistent

generation of magnetic fields via the dynamo requires three-dimensionality
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[46, 47]. In 3D, the KH turbulence naturally creates the dynamo-enabling zonal

jets [1, 65], which can thus critically impact the nature of detectable synchrotron

radiation emitted from accelerating particles.
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