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Abstract

This dissertation consists of two self-contained essays on partially identified economet-

ric models, organized in the form of two chapters.

The first chapter develops inference methods for conditional moment models in
which the unknown parameter is possibly partially identified and may contain infinite-
dimensional components. I consider testing the hypothesis that a given restriction on
the parameter is satisfied by at least one element of the identification set. I propose
using the sieve minimum of a Kolmogorov-Smirnov type statistic as the test statistic,
derive its asymptotic distribution, and provide consistent bootstrap critical values. In
this way a broad family of restrictions can be consistently tested, making the proposed
procedure applicable to various types of inference. In particular, I show how to: (1)
test the semiparametric model specification; (2) construct confidence sets for unknown
parametric components; and (3) construct confidence sets for unknown functions at a
given point. The specification test is consistent against fixed alternatives. The confi-
dence sets have correct asymptotic coverage probability, excluding any value outside
the identification set with asymptotic probability one. My methods are robust to par-
tial identification, and allow for the moment functions to be nonsmooth. A Monte Carlo
study demonstrates finite sample performance.

In the second chapter, I consider estimation in dynamic discrete choice panel data

models of short time series, in which neither the cross-sectional heterogeneity nor the



vi

initial condition is observed. The major challenges are: (1) point-identification often
fails in these models as demonstrated by Honoré and Tamer (2006); and (2) the het-
erogeneity cannot be differenced out by the standard “within” or first difference trans-
formations due to nonlinearity. I show that the parameter can be equivalently defined
by a finite number of conditional moment equalities. And I propose set estimators that
are fixed-T consistent with respect to a properly defined Hausdorff distance. Rates of

convergence in the Hausdorff distance are derived.



Chapter 1

Inference in Semiparametric
Conditional Moment Models with
Partial Identification

1.1 Introduction

In this paper, we consider inference in conditional moment models of the following form:

where the vector-valued moment function m (-) is known up to a finite dimensional
parameter §; € © and an unknown function hg € H : X — RY. (X,Y, Z) are the

observable variables whose true probability distributions are unknown!. Model (1.1) is

We allow for X, Y, Z to have common components.



a natural semiparametric extension of the parametric conditional moment models

E[m(Y, X, 0)]2Z] =0 (1.2)

which are well known from the work of Hansen (1982), Chamberlain (1987), Newey
(1990), and others. We allow for the unknown parameter oy = (6p, ho) to be partially

identified in the sense that the identification set

Ar={a€eO®xH: Eim(Y,0,h(X))|Z] =0a.s. on Z}

may have more than one element.

The conditional moment restrictions in (1.1) have been studied extensively under
point-identification assumptions. This line of work led to a rich literature, including
important papers such as Newey and Powell (2003) and Ai and Chen (2003). Newey
and Powell (2003) provide consistent estimators for ag. Ai and Chen (2003) establish
the /n asymptotic normality and efficiency of their estimators for 6. Recently, Chen et
al. (2011) derive sufficient conditions for achieving local point-identification in Model
(1.1). These regularity conditions provide new insights for understanding both semi-
parametric identification and its challenges. Canay et al. (2011) study the testability
of necessary conditions for point-identification in some nonparametric models with en-

dogeneity.

A growing number of papers have drawn attention to cases where point-



identification fails in special forms of model (1.1). For instance, Santos (2011) shows
examples of partial identification in nonparametric instrumental variable (IV) regres-
sions. As another example, Aradillas-Lopez (2010) shows examples of partial iden-
tification in the context of incomplete information entry-games. The possible lack of
point-identification makes it desirable to allow for partial identification in the con-
ditional moment models. Pioneered by Manski (1990, 2003), partial identification
analysis for parametric models has been a significant development. See, for exam-
ples, Chernozhukov, Hong, and Tamer (2007), Bugni (2010), Canay (2010), Romano
and Shaikh (2010) and Andrews and Shi (2011). The literature on partially identified
non/semiparametric models is more recent and very limited. Notably, Santos (2011)
considers hypothesis testing under a nonparametric IV specification with partial iden-

tification.

We extend the existing literature by developing methods for hypothesis test-
ing under the semiparametric specification of Model (1.1) without assuming point-
identification. First, we propose a general procedure for testing the hypothesis that
a given restriction on the parameter « is satisfied by at least one element of the iden-
tification set .A;. Then we show that a broad family of restrictions can be consistently
tested, making the proposed procedure applicable to various types of inference. In par-
ticular, we demonstrate how to test the model specification, construct confidence sets
for the parametric component 0, and construct confidence sets for the unknown function
h(-) at a given point. Our methods are robust to partial identification, and allow for the

moment function m (-) to be pointwise nonsmooth in «a.



Our confidence sets for 6, denoted by CS,,, have the correct asymptotic coverage

probability in the following sense: For a targeted level 1 — p,

liminf inf Pr(0 € CS, (1-p))>1—p (1.3)

n—oo feO;

where Oy is the identification set for 6. The infimum in (1.3) is carried out before the
limit is taken, which implies uniformity of correct asymptotic coverage probability over

Oy.

A potential alternative way of constructing CS’s for 6 is to project the CS’s for (6, h)
onto ©. However, this alternative has the following drawbacks: (i) As pointed out by
Hahn and Ridder (2009), CS’s built from projection of some higher dimensional CS’s
can be very conservative; (i7) To the best of our knowledge, among existing methods,
Andrews and Shi (2011)’s is the only one that can be potentially used for constructing
CS’s for the infinite-dimensional (0, i) with partial identification. Yet, Andrews and Shi
(2011) are primarily concerned with finite-dimensional parameters. The computational
cost of using their method for infinite-dimensional parameters can be prohibitive; (ii7)
In general it is impossible to write out the resulting CS’s for 6 in a form that is practi-

cally useful.

Conditional moment model (1.1) has been recognized as an important branch of
semiparametric modeling in applied econometrics. It encompasses nonparametric IV
(EY — ho(X)|Z] = 0), partially linear IV (E [Y — X6y — ho (X2) | Z] = 0), single index

IV (E[Y — ho (X'00) |Z] = 0), nonparametric quantile IV (E[1{Y < ho (X)}|Z] = 7),



and semiparametric quantile IV as special cases. Model (1.1) also arises in many
interaction-based economic environments with optimizing agents. For example, con-
sider the incomplete information entry-game in Aradillas-Lopez (2010): It can be shown
that the parameters in the payoff functions are characterized by conditional moment
equalities. And the moment functions would contain the unobserved belief under

Bayesian-Nash equilibrium as a nuisance parameter.

Our paper is related to the large literature on conditional moment restrictions. To
list a few, papers belonging to this literature include Ai and Chen (2003), Newey and
Powell (2003), Dominguez and Lobato (2004), Chen and Pouzo (2009), Horowitz (2009),
Kim (2009), Andrews and Shi (2011), and Santos (2011). Our paper is also related to
the rapidly growing literature on partial identification analysis, such as Manski (2003),
Imbens and Manski (2004), Honoré and Tamer (2006), Chernozhukov et al. (2007),
Beresteanu and Molinari (2008), Kim (2009), Hahn and Ridder (2009), Andrews and
Soares (2010), Bugni (2010), Canay (2010), Romano and Shaikh (2010), Andrews and
Shi (2011), Santos (2011), and many more. Our test procedure is most closely related

to Santos (2011).

In Section 1.2, we regularize the parameter space A and formally describe the hy-
pothesis test to be considered. This section serves as a road map for the following
sections. In Section 1.3, we introduce the general testing procedure, derive the asymp-
totic distribution of the test statistic, and show consistency results for the hypothesis

test. Bootstrap critical values are provided. We discuss the specification test as a spe-



cial case of the general test at the end of this section. In Section 1.4, we show how to
utilize the test procedure developed in Section 1.3 to construct confidence sets. Finite
sample performance is studied by Monte Carlo simulations in Section 1.5. Section 1.6 is
an empirical illustration of the proposed inference methods applied to study the quan-
tile IV Engel curves for gasoline. Section 1.7 concludes. Mathematical proofs of all the

theorems stated in the paper are given in Appendix A.

1.2 Inference with Partial Identification

Model (1.1) defines the true value of the parameter a = (0, k (-)) by the following condi-

tional moment restriction:

Elm (Y, 0, h(X))[Z] =0

where 0 is finite dimensional, and h is infinite dimensional.

We say Model (1.1), or, interchangeably, the parameter o = (0, h) in Model (1.1), is

partially identified if the identification set

Ar={6,h) e0xH: E[m(Y,0, h(X))|Z] =0}

contains more than one element. Santos (2011) provides several examples of partially

identified nonparametric IV. In our simulation study (reported in Section 5) we consider



a partially identified semiparametric quantile IV, which is another example of partially

identified Model (1.1).

In what follows, we first regularize the parameter space A = © x H. Then we

formally describe the general form of the hypothesis tests that we consider.

1.2.1 Restrictions on The Parameter Space A

The parameter space A takes the form of a product space: © x H. We put the usual
compactness assumption on © € R%. Smoothness assumptions on the unknown func-
tion are often necessary for achieving consistency of inference in non/semiparametric
models. For example, Horowitz (2009) shows that it is impossible to consistently test
the specification of a nonparametric IV if nonsmooth functions are allowed. It is also
reasonable to believe that the unknown function is smooth in many economic applica-
tions. For the conditional moment models, we impose the same smoothness assumption
on H as in Santos (2011): we require H to be a subset of a Sobolev space. Similar as-
sumptions have been made by Ai and Chen (2003), Newey and Powell (2003) and many

other authors.

da

Definition 1.2.1. (i) Let X € X C R%, For \ ¢ N‘_i;‘, Al = Z)\i and D h(z) =
i=1

O () /8551\1...5)953:%. Define?:

2|| - || is the Euclidean norm, i.e. ||a||z = va’a.



gz =3 /X |Dh () |3

[M<d
where h is assumed to be d-times differentiable.

(47) Define the following Sobolev space:

W* (X)={h: X - R" s.t. his d-times differentiable and ||h||s < oo} .

We make the following assumption on the parameter space A = © x H:

Assumption 1.2.1. (i) © is a compact subset of R%; (ii) d > d, + 2, and H =

{h e W% (X): ||h||s < B} for some B < occ.

Assumption 1.2.1 (i) requires that h is at least (d, + 2)-times differentiable and
belongs to a bounded subset of the Sobolev space W* (X). As shown by Gallant and
Nychka (1987), Assumption 1.2.1 (i7) implies that 7 is compact under the norm | - ||,
defined as

Ihlle = max sup | D*h () ||,
wg[i] zekX

an important property needed in our asymptotic analysis.



1.2.2 Hypothesis Test

For a given restriction on the parameter o, we want to test the hypothesis that at least
one element of the identification set A; satisfies the restriction. This notion of testing
encompasses hypothesis tests under point-identification as a special case where we test

whether the true value (the unique element of A;) satisfies a given restriction.

More specifically, denote by L (o) = a a restriction on « that we want to test for,
where L is a mapping on A, and « is a constant that belongs to certain Banach space.
Define the restricted set R as the set of parameter values that satisfy the given restric-
tion:

R={acA: L(a)=a}. (1.4)

Then the hypothesis test takes the following form:

Hy: A;NR#g;
H,: AiINR= g,
where @ denotes the empty set.

We impose the following assumption on the restriction L (o) = a that we consider

testing:

Assumption 1.2.2. We only consider testing restrictions of the form L (o) = a where

L: (A" |lc) = (L, - |lz) is a bounded linear operator.
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The seemingly restrictive requirements of boundedness and linearity of Assumption
1.2.2 are compensated by flexibility in choosing the Banach space (£, || - ||z). And As-
sumption 1.2.2 is satisfied by a broad family of restrictions. For example, it is satisfied
by the restriction L («) = 0 with L (-) = 0, which leads to the model specification test:
Hy: A; # o vs H; : A; = @. Assumption 1.2.2 is also satisfied by the restrictions (i)
6§ = 0 for a constant § € © and (ii) h (x¢) = i for a given xy € X and a constant u. As it
will be shown, consistent confidence sets for § and h (x¢) can be built from inverting the
tests for restrictions (i) and (i7), respectively. We discuss the specification test in detail
at the end of Section 1.3. And we study the asymptotic properties of the confidence
sets in Section 1.4. For more examples of restrictions that satisfy Assumption 1.2.2, see

Santos (2011).

In the next section, we develop a general procedure for testing a generic restriction

which satisfies the assumption specified above.

1.3 The Test Procedure

A popular method of handling conditional moment restrictions is transforming them
into a number of (in some case infinitely many) unconditional moment restrictions.
This method dates back to Bierens (1982) and is adopted by recent papers such as
Dominguez and Lobato (2004), Kim (2009), Santos (2011), and Andrews and Shi (2011).

We also adopt this method.
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With partial identification, the transformation from conditional moment restric-
tions into unconditional ones needs to be done carefully in order to prevent any
loss of identification power. Therefore, we require a family of instrument functions

{g(t,-): Z =R, t €T} such that for all random variables V with E (|V]) < oc:

E(V|Z)=0iff E[V-g(t, Z)] =0forallt e T. (1.5)

Consequently, E [m (Y, 6, h (X)) |Z] = 0 iff

E[m(Y, 0, h(X))- gt Z)]=0forallteT.

And the identification set A; can be equivalently written as

Ar={0,h) O xH: E[m(Y, 0, h(X)) gt Z)]=0VteT}.

Instrument functions that satisfy condition(1.5) often exist for example: ¢(¢, z) =
1(z <t)® with t € Z as shown by Dominguez and Lobato (2004) and g(, z) = e!'* with
any T of positive Lebesgue measure if Z is bounded almost sure as shown by Bierens
(1990). A detailed discussion on valid choices of instrument functions can be found in

Andrews and Shi (2011).

In summary, we impose the following assumption on the instrument functions:

31 (2 < t) is the indicator function. It equals 1 if each component in z is less than or equal to the
corresponding component in ¢, and equals 0 otherwise.
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Assumption 1.3.1. (i) ¢ satisfies condition (1.5); (ii) T € R%, and ¢ satisfies one of the
following conditions: a) g (¢, z) = 1{z <t} fort € Z, or b) T is compact, and I M > 0 s.t.

lg (t1, z2) — g (t2, 2) | < M|ty — t2||g for all ¢1, t, € T, and for all z € Z.

1.3.1 Test Statistic

1« :
Define J, (o, t) = — Zm (yi, 0, h(x;)) - g (t, zi). Jn(a, t) is the sample average of the
n
i=1
instrument function weighted moments evaluated at («, t). We propose using the fol-
lowing test statistic for hypothesis testing:

Sp = a&ffﬁm {fellﬁn [Jn (o, ©)] Wy (a, £) [ (v, t)]} (1.6)

where A, = © x H,, with H, t Hasn — oo, T, 1 T as n — oo, and W,, is a weighting

matrix.

Sy is the minimum of a Kolmogorov-Smirnov type statistic. A Cramér-von Mises

(CvM) version of S, in which tsujp is replaced by an ...d@ (t) with some distribution
€Tn

function @ (-), is an interesting potential alternative. We expect S,, and its CvM al-

ternative to exhibit different power properties, but do not expect one to dominate the

other. We leave the CvM alternative for future research. As the expression W, («, t)

suggests, we allow for ,, to be data dependent and/or (a, t)-dependent. *

*An example of weighting matrices that depend both on the data and the choice of the parameter value
is the continuous-updating type weighting matrices.
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We impose the following assumption on the weighting matrix W,:

Assumption 1.3.2. (the weighting matrix) (:) W, (o, t) is positive semi-definite; (i)
There is a positive definite W (o, t) such that: a) W < W (a, t) < W for all (a, t) €
A x T for some positive definite matrices W and W;? and (b) sup |W,, (o, t) = W (o, t) | =

AXT

O (n~'/?) in a per-element sense.

Assumption 1.3.2 (i) is a natural requirement for weighting matrices. Assumption
1.3.2 (i7) requires that the weighing matrix W,, (o, t) converges at the 1/,/n rate to a

limiting matrix W («, t) that is bounded from above and bounded away from zero.

1.3.2 Definitions

Our main interest is the asymptotic behavior of the test statistic S,,. In this subsection,
we introduce several important definitions that are needed for developing the asymp-

totic results.

Define 8

&y, € argmin {supn [T (o, 1)) Wy (a, t) [ (a, t)]} . (1.7
acA,nR \teT

as the minimizer of the objective function supn [J,, (a, t)]' W, (a, t) [T, (v, 1)].
teT

5For two positive semi-definite matrices A and B, we say A > B if A — B is positive semi-definite.
5When the “arg min” is not well defined, &, is defined as Q., (&») < ienff{ Qn () + 0p (1) where Q,, (@) =
o n

flelgm [Jn (o, 1)) Wi (i, B) [Jn (a, )]
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Just like in many point-identification analyses, the asymptotic behavior of &, pro-
vides important insight on that of S,, within the partial identification framework. In
particular, we find the distance between &,, and the identification set .A; with respect to

norms || - ||z, and || - || (to be defined immediately) plays a crucial role in our analysis.

| - Iz, is the L2 norm, defined as

ledl, = 10le + 1Al L,
= |l + /B |[(a(X))].
And the distance between &,, and .A; with respect to || - ||z, is defined as

dr, (n, Ar) = Oéienff‘ &, — al|L,-
I

The second norm || - ||,, is a pseudo norm that is weaker than || - ||z,. To define || - ||,

we need to introduce the following notion of functional derivatives:

Definition 1.3.1. (pathwise derivatives) (i) For any functional f (-) : H — R, define

df (ho)
dh

df (ho + TAp) |
dr 7=0

[Ap] =

as the pathwise first derivative of f at h( in the direction of Ay;

(47) Define

d*f (ho)

d2f (h() + TA)
dh?

A, Al = T:
[ ’ ] d7'2 ‘ 0
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as the pathwise second derivative of f at hg in the direction of A;

(747) For any function f (-) : A — R, define

df (o) _df (g +TA)
do 1Bl = dr Ir=0
Of (0g, h df (6y, h

as the pathwise first derivative of f at ay = (6o, ho) in the direction of A = (Ay, Ap).

Definition 1.3.2. (pseudo norm || -||,,) Denote by p («, t) = E[m(Y, 0, h (X)) - g (¢, Z)].
Define

- dp(ap, t
6 e sup supj 2200 1)

ol ||lg.
apEAteT d [ ]H

And the distance between &,, and .A; with respect to || - ||, is defined as

dw (Gin, Ap) = aienff‘ |6 — ] w-
I

We derive the convergence rates of d;, (&, Ar) and dy, (én, A7), and summarize the
results in Lemma 2 and Lemma 3 in Appendix A. These results are used in deriving
the asymptotic distribution of our test statistic. Notably, they parallel the convergence

rates results under point-identification in Chen and Pouzo (2011).
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Remark 1.3.1. (i) According to Definition 1.3.1, in the direction of A = (Ay, Ap)

dp(ap, t) A] = dp(a0+TA,t)’
da dr 7=0
~ Op(ag, t) dp(ag, t)
= S (Be) + TR A

(77) To better understand Definition 1.3.1, it is helpful to consider examples.

(a) For a partially linear IV where

/0(07 h, t) :E[(Y_X{G_h(XZ)) 'g(t> Z)],

in the direction of (Agy, Ap), its pathwise first derivative at « is

~E [(X{Ag + Ay (X2)) -9 (t, 2)], (1.8)

and its pathwise second derivative is 0;

(b) For a partially linear quantile IV where

p(O, h, t)=FE[[1(Y —X{0—h(X2)<0)—7]-g(t, 2)],

in the direction of (Ay, Aj), its pathwise first derivative at «y is

E [fyix,z (X100 + ho (X2)) - (X180 + Ap (X2)) - g (¢, Z)], 1.9
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and its pathwise second derivative is

E {f)l/p(,z (X{GO + ho (X2)) : (X{AQ + Ap (X2))2 g (t, Z)} . (1.10)

dp (Ozo, t)

(7i7) (a) In the point-identified case, ||« ||,,= max||
teT do

[a] ||p. Compared with

HamM=¢E{WMXm%;MOM)MW%}

which is the standard weak norm considered in the literature (see, for example, Ai and

Chen (2003) and Chen and Pouzo (2011)),

sup||dE m(Y, ao) - g (t, Z)]

ol = ; o] l1s
teT «
_ ?EEHE { I:dE [m(:;o: aO)‘Z] [a}:| -g(t, Z)} HE
< oy | el g,

< C-llafow -

Therefore, || [|»= || [low;
(b) When m (y, h(x)) =y —h(x), the ||h ||»,= r?ajg(\E [h(X)g(Z, t)]| which coincides with
S

Santos (2011). H

We introduce the following measure of ill-posedness to account for the ill-posed prob-

lem that may arise in our semiparametric specification:
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Definition 1.3.3. (sieve measure of ill-posedness) The sieve measure of ill-

posedness is defined as

inf ||Oz — Pn (Oéo) HLQ
ap€Ao

hp = sup -
o f — P,
o€ i, lla=Pa(a0) w0 a;gAOHOé n (0) [|w

where P, (o) is the projection of a onto A,,.”

Under point-identification, the sieve measure of ill-posedness in Definition 1.3.3 is

similar to the one defined in Chen and Pouzo (2011).

Finally, we introduce two families of functions, Vkio and V20, As it will be shown,
V2o appears in the asymptotic null distribution of S,,. {Vkio} forms an increasing series

of sets with V0 being the limiting set.

Definition 1.3.4. Let H,r = {(7‘9, rp) € Rdotkn . T, ((rg, T;ka")) = O} in which pf» =
(p1, ..., Pk, ) is the vector of basis functions for the sieve space #,,.

(7) Define the following family of functions:

ap (007 h’Ov t) dp(907 h’07 t)

X0 = : T — R%m gt = .
Vi {v — s.t.o(t) 50 To ih

[Pk"}lrh, (rg, Th) € HnR}

"More specifically, P, (ao) = Pn ((6o, ho)) = (8o, P (ho)) where P, (ho) is the projection of ko onto H,,.
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dp(e(b h07 t)

ih [p""]" is a d,, x k,, matrix defined as

for each o € A;, where

(Tt dnlototly, )

(i4) Define V° as the closure of U;2 V,'* under the supreme norm ||| for each o € Ao.

In words, V{0 consists of all possible first order deviations (in the sense of the path-
wise derivatives) of the population moment E [m(Y, -) - g (¢, Z)] (without violating the
given restriction L («) = a) from its value at ag. Note that #,,z forms a linear subspace

in R%*dk because of the linearity of L (-).

1.3.3 Asymptotic Results on S,

Assumptions 1.2.1, 1.2.2, 1.3.1 and 1.3.2 state regularity conditions on the parameter
space, the form of the restriction to be tested, the instrument functions, and the weight-
ing matrix, respectively. In addition, we impose the following assumptions in order to

obtain the asymptotic distribution of S,,.

Assumption 1.3.3. (i) {X;, Y;, Z;}I, is iid. with X € X C Rl YV € Y C R%,
Z € Z C R%, and X is bounded; (ii) {m (-, @): a = (#, h) € A} is a uniformly
bounded Donsker class; (iii) In a ||- ||z,-neighborhood of A; defined as B (Af, §) =

{ao€e A: dp, (a, Ar) <&} for some £ > 0, p(a, t) is pathwise differentiable with re-
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spect to «; (iv) 3 positive constants ¢, co and § s.t. cl< ian4 loe — apl|w A 5) <
QoEAT

fgleaTXHP(Oéa e < Czaoirelnga — apl|w for all a € A; (v) ¥, = 0 (n/4).

Assumption 1.3.4. (i) The dimension of the sieve space #H,,, denoted by k,, satisfies
kn < 00, k, — oo and o 0 as n — oo; (i7) The eigenvalues of F [pk" (X) pln (X)] are
bounded, uniformly on n, i.e. denote by 7,, the largest eigenvalue of £ [pk" (X)phn (X )} ,

then there is J > 0 s.t. 7, < J for all n;

Assumption 1.3.5. There exists II,,h € H,, for each h € H such that: (i) ||II,h — k|2 =

o(1) for all h € H; (i4) 6wpn = sup ||ho — Muhollw = o(n7Y/2) and 6, = sup ||ho —
hoEH ho€EH

I, holl2 = o (n_1/4); (7i1) For some ~,, = 0 (1) s.t. y,3/n — oo, sup |[IL,h||s < B — yn; (iv)
heH

There is II,,t € T), for each t € T such that sup|[t — I,t|| g = o (n"1/2).
teT

Assumption 1.3.6. (i) In a ||- ||,-neighborhood of A;, p («a, t) is pathwise twice differ-

entiable with respect to «; (i7) Define the pathwise sieve Hessian matrix of p (o, t) as

d? t
a ky x k, matrix ¥, (o, t) whose ijth element is il(}g’) [pi, pj]. The eigenvalues of
U, (o, t) are uniformly bounded on A; x T’ (iii) The eigenvalues of the dy x dy Hessian
2
matrix M are uniformly bounded on A; x T.

06?

Remark 1.3.2. Given the compactness of A, Assumption 1.3.3 (i7) is usually satisfied.

For example, it is satisfied by the linear moment functions in the partially linear IV
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as shown in Santos (2011). Assumption 1.3.3 (i7) is also satisfied if m (-) is pointwise
Lipschitz continuous in o and continuous in y, and X’ x ) is compact, which is shown in
Appendix B. For quantile IV regressions where m is an indicator function, Assumption
1.3.3 (u9) is satisfied if we restrict the variability of the unknown function 4 (-) such that
{{(z,y): y<h(x)}: h € H} forms a Vapnik—Chervonenkis class of sets. This can be
done, for example, by requiring the number of time for which the second order deriva-
tive of h (-) switches signs (between > 0 and < 0) to be bounded by a finite integer.
Assumption 1.3.3 (iii) implies that the pseudo-metric ||- ||, is well defined in a neigh-
borhood of the A;. This condition trivially holds for partially linear IV as shown by
formula (1.8), and also holds for partially linear quantile IV as long as the probabil-
ity density fy|x z (-) is well defined as shown by formula (1.9). Assumption 1.3.3 (iv)
implies that the pseudo weak distance d,, (o, A;) = agrelJle I||a — | is Lipschitz con-
tinuous with respect to the population criterion. Similar assumptions are commonly
imposed in the semiparametric literature, see, for example Chen and Pouzo (2011). In
essence, Assumption 1.3.3 (iv) is analogous to the full rank and continuity of the Jaco-
bian (near the true value) assumption made for parametric moment restrictions in the
point-identified case. Assumption 1.3.3 (v) allows for the measure of ill-posedness v,

/4 Assumption 1.3.4

to grow to co but requires that the growth rate is slower than n
(4) requires that we use finite dimensional linear sieve space. Assumption 1.3.5 (ii7)
requires that any element of H; can be approximated well by some sieve space element

that is in the interior of H. It is worth noticing that Assumption 1.3.5 (ii7) does not rule

out scenarios in which some elements of #; are on the boundary — it only requires that
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each element of #; can be approximated well by some element of the sieve space that
is in the interior of 7. Assumption 1.3.4 and Assumption 1.3.5 are satisfied by many
commonly used sieves such as polynomials, P-splines and B-splines. Assumption 1.3.6
(7) is a stronger restriction than Assumption 1.3.3 (iz). It holds trivially for partially
linear IV because the pathwise second derivative in such a model is always zero as
shown in Remark 1.3.1 (7). Assumption 1.3.6 (i) also holds for partially linear quantile
IV as long as fy|x 7 (+) is differentiable as shown by formula (1.10). Assumption 1.3.6
(74) and (7i7) together implies that ’dQ;;g);,t) (A, A]l| < D-||Al2, for some D > 0 for all
(h, A, t) € H x H x T. Assumption 1.3.6 (i7) and (i7i) are needed to control the second
order term in our asymptotic analysis. They hold trivially for partially linear IV, and
hold for locally linear quantile IV as long as the first derivative of fy|x ; (-) exists and
is bounded according to (1.10). We note that for vector-valued m (-), Assumption 1.3.6

(77) and (ii7) should be viewed as restrictions imposed on each element of p («, ¢). B
Now we present the main asymptotic results.

Theorem 1.3.1. Let Assumptions 1.2.1-1.2.2, 1.3.1-1.3.6 hold. If A; N R # &, we have

Sn = aei,ftlmevier\l/{% 32713 {[G (o, ) +v ()] W (e, 1) [G (v, t) + v (8)]}

where G (a, t) is a tight Gaussian process on A x T'.

Theorem 1.3.2. Let Assumptions 1.2.1-1.2.2, 1.3.1-1.3.6 hold. We have
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n~ts, &% aérngigg {Em(Y, 6, h(X)w(t, Z)) W (a,t) E[m (Y, 6, h(X))w(t, Z)]}.

Theorem 1.3.1 shows that S,, converges in distribution to a tight distribution under
the null. It is worth noticing that the limiting distribution is nonpivotal in the sense
that it depends on the underlying data generating process through A; and V¢. Theorem
1.3.2 shows the asymptotic behavior of S,, under a fixed alternative. Let

C= mn sup {Em (Y, 0, h(X)w(t, W (e, ) E[m(Y, 6, h(X)w(t, 2)]}. 11D

When A N R = @, for each « € AN R there exists some ¢t € T such that
Em(Y, 0, h(X))w(t, Z)] # 0. Consequently, C > 0 due to the compactness of AN R.
Therefore, Theorem 1.3.2 implies that S,, goes to co almost surely at the rate O (n) when

Hj is false. Theorems 1.3.1 and 1.3.2 are the basis for our inference procedure.

1.3.4 Implementation and Critical Values

Denote by D the asymptotic null distribution of S,,. According to Theorem 3.1,

D= aegllfmevier\l/fO% ig%) {[G(a, t) +v ()] W (a, t) [G (e, t) + v ()]} (1.12)
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For a targeted nominal size p, using D’s (1 — p)th quantile as the asymptotic critical
value seems to be the most natural way of implementing Theorem 1.3.1 and 1.3.2.
However, the (1 — p)th quantile is infeasible because we are unfamiliar with the dis-
tribution of D. We propose using critical values based on a bootstrap procedure that is

specified below.

The Bootstrap Statistic

Recall the original test statistic is

Sn: i Jn 7t /Wn 7t n )
aergl%R{f;jgn[ (a, )] Wh (v, ) [Jn (a t)]}

n

where J, (a, t) = %Zm (yi, 0, h(x;)) - g (t, 2i).
i=1

For a bootstrap sample {z}, v’ 2}, let

Tile =23 [m (07, 0 () g b, =) =m0, b)) g >] BNCRE)

=1 =1

And let W) (a, t) be the weighting matrix calculated using the bootstrap sample. We

define the bootstrap version of the test statistic as

Sy = min {Supn [T (o, )] W (a, ) [T (a0, £)] + AP (a, t)} (1.14)
a€AnNR | teT,
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n 2
where P, (a, t) = %Zm (yi, 0, h(x;)) g (t, z)
i=1

When setting A\, = 0, our bootstrap procedure becomes the standard bootstrap pro-
cedure. However, we require that \,, > 0 because the term J, in S, is only properly
centered on A; while its counterpart J in S} is properly centered on the whole param-
eter space A. By penalizing o ¢ A;, P, (o, t) effectively ensures the minimization in
S to be carried out asymptotically only on A; N R, just like S,,. In essence, the need
for P, («, t) is due to the nonpivotality of the asymptotic null distribution. \,, € Ris a

tuning parameter that determines how much weight to put on P, (a, t).

Assumption 1.3.7. \,, — oo and \,, = 0(n/log (log (n))).

The following theorem summarizes the asymptotic properties for S;:

Theorem 1.3.3. Let Assumptions 1.2.1-1.2.2, 1.3.1-1.3.7 hold. If A;NR # &, then there

exists a tight distribution D’ such that S} = D’ and

Pr(D >a) < Pr (D' > a)

for any given a € R. In addition, If ;N R =2

PRt aglngglea%{E [m (Y, 0, h(X)w(t, Z2)]'W (e, t) E[m (Y, 0, h (X)) w(t, Z)]}.

Theorem 1.3.3. shows that, under the null, the bootstrap statistic S} converges in
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law to a tight distribution that stochastically dominates the asymptotic null distribu-
tion D (in a non-strict sense). When the null hypothesis is false, both S’ and S, go to
infinity almost sure, but S} does so at a slower rate (O (\,)). Theorem 1.3.3 guarantees
the consistency of the hypothesis test based on the bootstrap critical value described

below.

Calculating the Critical Value

For a targeted nominal size p, the critical value is calculated as follows:

1. Generate B bootstrap samples from the original sample {z;, v, z;}; 3
2. From each bootstrap sample, calculate Shb according to formula(1.14);

3. Calculate the critical value C} (1 — p) as the (1 — p)th percentile of the set of values

{S;’b}le'

The null hypothesis Hy : A; # @ is rejected if S,, > C (1 — p).

We conclude by showing the consistency of the hypothesis test based on the boot-

strap critical value C} (1 — p):

Theorem 1.3.4. (consistency of the hypothesis test) Consider hypothesis test of

Hy: A;NR +# @ against Hy : A;N R = @. Let Assumptions 1.2.1-1.2.2, 1.3.1-1.3.7 hold.
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Then the test has the following properties:

limsup Pr (S, > C; (1—p) |Hy) < p;

n—oo

lim Pr(S,<C,(1—-p)|H;) = 0.

n—o0

Clearly, Theorem 1.3.4 shows that the probability of type I error is asymptotically
no larger than the nominal size p, and the probability of type II error is asymptotically

0.

Model Specification Test

In the specification test for conditional moment models, we test whether the condi-
tional moment restriction is satisfied by some element of the parameter space. It fits in

to our testing framework as a special case in which the restricted set R = A.8

Formally, in the specification test, we consider the following Hy and H;:

Hy: A; # &;

H,: A[:@,

Consequently, the test statistic in this case becomes

8Recall R={a € A: L(a) =a}. When L (-) = 0 which is clearly a bounded linear operator and a = 0,
R=A.
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Sp = cirrel%L {tseuTIZn [T (o, 1)) W (v, t) [T (a, t)]} :

And the corresponding bootstrap statistic becomes

S* = min {supn [T5 (o, )] W (a, t) [TE (0, £)] + AP (a, t)} )
acAn \teT,

Following the general procedure developed in this section, we calculate the bootstrap
critical value C} (1 — p) for a targeted size p and reject the null hypothesis that the

model is correctly specified if S,, > C (1 — p).

It follows directly from Theorem 3.4 that the specification test above is consistent.

This result is reported as the following corollary:

Corollary 1.3.1. (consistency of the specification test) Let Assumptions 1.2.1-
1.2.2, 1.3.1-1.3.7 hold. The specification test is consistent against fixed alternative in

the sense that

limsupPr (Type IError) < p;

n—oo

lim Pr(Type IT Error) = 0.
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1.4 Confidence Sets

In the previous section, we developed a consistent procedure for hypothesis testing in

conditional moment models of the form

E[m (Y, 6, h(X))|2] =0

where the parameter o = (0, h) is possibly partially identified. As previously men-
tioned, confidence sets for 6 can be built by inverting the test for the restriction 6 = 6.
And confidence sets for A (-) at a given point z( can be built by inverting the test for
h(zp) = p. In this section, we show exactly how. And we study the asymptotic proper-

ties of the resulting confidence sets.

Although we only consider in this paper the two types of confidence sets above, confi-
dence sets for other features of the parameter can be constructed by similarly inverting
the corresponding test. For example, we can build confidence sets for the whole h by

inverting the test for » = h where h is any given element of .

1.4.1 Confidence Sets for ¢

To construct confidence sets for 6, we start with considering testing the restriction
9 = 0 for a given constant # € ©. This test fits into our framework as a special case

where L (-) is a projection operator such that L ((0, h)) = 6.
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Testing 6 = 0

When testing the restriction § = §, ANR = {(0, h) : h € H}. In this case, the test

statistic becomes

S (8) = min {supn U (8, 1) . )] W (0, B) . £) [ (6, 1), 1)) } ENCRT

heHn teT,

And the corresponding bootstrap statistic and critical value are

5.(6) = in {supn [ ((9.1) ) W (B, 1) ) 720, ) 0] + 2P (8. 1). 1)
(1.16)

and C}; (1 — p, 0), respectively.

Notice in (1.15) and (1.16) how the minimization are carried out: different values of
h are searched on while 0 is fixed at . Therefore both S, (6) and S;; (f) can be viewed
as a profiled minimum. We write S,,, S} and C (1 — p) as functions of § to emphasize

their dependence on the conjectured value 6.

The Confidence Sets

We construct confidence sets for 6 by inverting the above test. For a targeted nomi-

nal level 1 — p, the confidence set is constructed as

CS,(1—p)={0c0:8,(8) <C:(1-p.0)}. (1.17)
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In words, the confidence set consists of all values of § at which the corresponding test

fails to reject the null.

Theorem 1.3.4 guarantees the resulting confidence sets are consistent in the follow-
ing sense:

inf liminfPr (0 € CS,, (1 —p)) > 1—p. (1.18)

0cO®; n—oo

We are able show that another notion of consistency, which is stronger than (1.18), holds

for the confidence sets without additional assumptions:

Theorem 1.4.1. Let Assumptions 1.2.1-1.2.2, 1.3.1-1.3.7 hold. Then:

liminf inf Pr(§ € CS,(1—p)) >1—p (1.19)

n—oo €O

and li_>m Pr(#eCS,(1—p))=0forany6 ¢ Oy.

Compared with (1.18), the infimum in (1.19) is carried out before the limit is taken.
Therefore, Theorem 1.4.1 shows that the confidence sets have correct asymptotic cov-
erage probability uniformly over the identification set ©; for a fixed data generating
process (DGP). We note that our confidence sets do not necessarily achieve the unifor-
mity over drifting sequences of data generating processes as in Andrews and Soares
(2010). Theorem 1.4.1 also shows that the confidence sets are consistent against fixed

alternatives.
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1.4.2 Confidence Sets for h (z))

We construct confidence sets for /() at a given point, say z(, by inverting the test

for the restriction h (z¢) = pu where p is constant in the range of & (+).

Testing h (z¢) = p

When testing the restriction h (x) = p, the test statistic becomes

S (1) = min {supn [ (cr, )] Wi (v, ) [T (v, t)}} . (1.20)
a€An: h(zo)=p \teT,

And the corresponding bootstrap statistic and critical value are

Sy (p) = min {supn [T (o, )] W (e, t) [T (0, 8)] + APy (c, t)} (1.21)
a€An:h(zo)=p teT,

and C} (1 — p, p), respectively. We write S,,, S} and C} (1 — p) as functions of n to em-

phasize their dependence on the conjectured value .

The Confidence Sets

For a targeted nominal level 1 — p, the confidence set from inverting the above test

is constructed as

CS,(1—p)={l: Sn(l) <C (1 —p, p)}.
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Define H;,, = {p: h(zo) = ufor some h € H;} as the identification set for i (zo).

The following theorem shows the consistency of the confidence sets:

Theorem 1.4.2. Let Assumptions 1.2.1-1.2.2, 1.3.1-1.3.7 hold. Then the confidence sets

are consistent in the sense that

liminf inf Pr(peCS,(1—p))>1—-p (1.22)

n—oo ueHy z0

and lim Pr(u € CS, (1 —p)) =0 for any pu ¢ Hj -

n—oo

Similar to the result in Theorem 1.4.1, this notion of CS consistency implies that the
correctness of asymptotic coverage probability holds uniformly over the identification

set Higp-

1.5 Monte Carlo Simulations

In this section we study the finite sample performance of the proposed inference proce-
dures using Monte Carlo simulations. We consider the following partially linear quan-
tile IV:

E[1{Y < X160 + h(X2)}|Z] = 0.75. (1.23)



34

We simulate the data from the following DGP:

Y = sin (7 X2) + U,
(1.24)

U= % [E(X3|Z) — X3] —0.75 + <.

where

Z ~ Uniform [0.5, 1],

X1 ~ Uniform [0, 1] + Z,
(1.25)

Xy ~ Z - Uniform [-1, 1],

¢ ~ Uniform [0, 1],

Identification

For any A € R, (0, sin (wz2) + Az2) satisfies the conditional moment equality (1.23)

because

E[1{Y <sin(7X2) + A X2} |Z]
=Pr (U — \X» < 02)

1
=Pr <5 <0754+ 2 Xy — —

5[ (x312) - 3] 12)

=FE [Pr <5 <0.75+ A X — % [E(X3]Z) — X3] | X2, Z) |Z}
=F [0.75 +AX; — % [E(X312) — X3] |Z]
=0.75 + \E (X2|2)

=0.75. (1.26)
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Therefore, under the DGP specified in ((A.23)) and (1.25), the identification set A; con-
tains (0, sin (7rz2)) and (0, sin (7x2) + Ax2) for A > 0, and the parameter (6y, ho) in model

(1.23) is partially identified.

Equation (1.26) also shows clearly that zero is an element of ¢’s identification set O;.
A complete characterization of ©; has not been established analytically. But through
computation, we find that specific none-zero values, such as 0.3, 0.5, and 1, do not

belong to O;.

1 — p Confidence Sets for ¢

For the instrument functions, we select the family of indicator functions

gt,2)=1{t<z},teT=2(=]05,1]),

and set 7T, to be the grid {0.5, 0.55, 0.6, 0.65, 0.7, 0.75, 0.8, 0.85, 0.9, 0.95, 1}. The sieve
space we use is a B-Splines of order 3 with knot {—1, —1, —1, 0, 1,1, 1}, which implies
k, = 4. This sieve is able to provide a good approximation of sin (rz) + Az. The critical
values are based on 100 bootstrap evaluations. In our study, we performed 100 Monte

Carlo repetitions of 500 observations (n = 500).
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Nominal Level = 0.9
86=0 0=0.3 8=0.5 =1
An=0 0.52 0.06 0.00 0.00
An=22.36 0.71 0.29 0.15 0.00
An=63.00 0.87 0.52 0.21 0.02
Nominal Level = 0.95
86=0 0=0.3 8=0.5 =1
An=0 0.56 0.06 0.01 0.00
An=22.36 0.80 0.36 0.18 0.00
An=63.00 0.93 0.59 0.27 0.02

TABLE 1.1 COVERAGE PROBABILITY FOR 6, UNDER DIFFERENT CHOICES OF A\,

For different values of 8 (0, 0.3, 0.5, and 1), Table 1.1 reports the simulated proba-
bility of 8 being covered by the CS’s as a function of the targeted nominal level 1 — p
and the tuning parameter \,. We have the following observations: (;) When moving
the value of §# away from the identification set O, from zero (a value in ©;) to values
such as 0.3, 0.5, or 1 (values outside ©;), we see a significant decrease in the coverage
probability for all three choices of )\,,. This is an indicator that the hypothesis test, by
inverting which our CS’s are built, holds good power against fixed alternatives in finite
samples; (iz) The coverage probability is somewhat sensitive to the choice of \,,. Overall,

2/3 gives good size control; (iii) The

choosing \,, = 63.0, which equals approximately n
choice \,, = 0, which corresponds to the standard bootstrap procedure, is not warranted

by our theory. And, as shown in Table 1.1, setting )\, = 0 leads to severe size distortion.
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1.6 Empirical Illustration

An Engel curve for a consumer describes how their share of expenditures on a given
good or service is related to their total expenditure level. An Engel curve for a popula-
tion, or for the representative consumer of this population, then describes the consump-
tion behavior of the population. Empirical study of Engel curves has been focusing on
mean Engel curves

Y,=nh (Xl) +e, B (61‘ |Zz) =0 (1.27)

which describe how the mean share of expenditure Y; on a given good or service is re-
lated to the total expenditures X;. When estimating or conducting inference on mean
Engel curves, the total expenditures are often viewed as possibly endogenous since they
may be correlated with variables that are likely captured in the error term e;, such as
expenditures on other goods or service, and preferences between current and future
consumption (which in turn affects the saving rate). Total income is commonly em-
ployed as an instrumental variable such as in Blundell, Chen, and Kristensen (2007)
and Santos (2011). As pointed out by Blundell et al. (2007), total income will be exoge-
nous from consumption expenditures, and therefore is a valid instrumental variable,
under the assumption that heterogeneity in earnings is uncorrelated with (or, more

strictly, independent of ) preferences over consumption expenditures.
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Quantile Engel curves

Y’Z'Zh(XZ‘)—i-ei, PT’(eZ’SOIZZ‘)ZT, 0<rT<1 (1.28)

describe how a given quantile level of Y; is related to X;. By using quantile Engel curves
we are able to obtain distributional information that we are unable to learn from mean
Engel curves. However, empirical study of quantile Engel curves is very limited. Chen
and Pouzo (2009) estimate quantile Engel curves from the UK Family Expenditure
Survey data under the point-identification assumption, while still using total income
as the instrumental variable.

In this section, I apply the proposed inference methods to study the quantile IV
Engel curves for gasoline in Brazil using the Pesquisa de Orcamentos Familiares 2002-
2003 (POF) data. The same data set was used to study the mean IV Engel curves for
gasoline by Santos (2011). The quantile IV Engel curves in (1.28) can be equivalently
written as:

EQ{Y;<h(X)}|Z]|=7 0<7<1 (1.29)

where Y; is the share of total nondurable expenditures of household 7 spent on gaso-
line, X; is the log of total nondurable expenditures of household i, and Z; is the log of

total household income. The data set contains n = 4994 observations. For the instru-

t1 —

ment function g (¢, z), I pick g (¢, z) = ¢ < Z> with grid {—0.8, —0.4, 0, 0.4, 0.8} X
{0.05, 0.2} for (t1, t2) as in Santos (2011). I set \, = 292.168 which corresponds to n?/3.

A limited analysis of the robustness of the results to these choices is considered below
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I consider the 50th quantile, and consequently set = = 0.5. A log linear specification
(i.e., linear with respect to the log of total nondurable expenditure X ) is commonly
used to parametrize Engel curves in the literature, including papers such as Leser
(1963), Prais and Houthakker (1955), and Working (1943). Quantile Engel curves under
the log linear specification take the form E[1{Y; < a+ X;8}|Z;] = 7. The log linear

specification can be tested through the hypothesis test:

Hy: H;iNRp # 9,

H,: H/NnR;, =2,

where H; denotes the identification set of ~ in Model (1.29), and R, is defined as
Ry = {he?—[: h(x) = a + z8 for some («, f) GRZ}.

The calculated test statistic yields a p-value of 0.357. Therefore, the log linear spec-
ification is not rejected at a significance level of either 0.1 or 0.05. Interestingly, a
linear specification (i.e., linear with respect to the total nondurable expenditure, e¥) is
rejected at any significance level (p-value = 0).

After failing to reject the log linear specification, I calculate the 95% confidence re-
gion for the intercept o and the slope 3 by inverting test of (o, 8) = (d, B) as discussed

in Section 1.4. The resulting confidence region for (a, 3)? is depicted in Figure 1.1

9T parametrize the linear functions on the range of X, [7.468, 12.441], by a B-Spline of order 2 with
knots {7.468, 7.468, 12.441, 12.441}. I obtain the the joint confidence region for the two coefficients of the
B-Spline through a grid search with grid [0.012 : 0.005 : 0.212] x [—-0.024 : 0.005 : 0.176], after confirming
that the confidence region is in the interior of [0.012, 0.212] x [—0.024, 0.176] through an initial grid search
with grid [-3: 0.1: 3] x[—3: 0.1: 3]. Then I obtain the confidence regions for («, 3) as depicted in Figure
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(a). Projecting this confidence region onto the « axis and the 5 axis yields a confidence
region of [0.0660, 0.2461] for « and a confidence region of [—0.0153, 0.0028] for 3, respec-
tively. Figure 1.2 (a) shows the pointwise 95% confidence bounds for the 50th quantile
Engel curve under the log linear specification, obtained by plotting the maximum and

minimum of a + x3 over the confidence region for (o, ) for each = € [7, 13].
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1.1 (a) through linear transformation of the confidence region for the B-Spline coefficients.
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FIGURE 1.2 POINTWISE 95% CONFIDENCE BOUNDS UNDER LOG LINEAR SPECIFICATION

I also examine the 25th quantile (7 = 0.25) and the 75th quantile (r = 0.75). For
7 = 0.25, a log linear specification for the corresponding Engel curve yields a p-value of
0.2467, and therefore is not rejected by the proposed test. Figure 1.1 (b) shows the
95% confidence region for (o, 5). The projected confidence regions for o and S are
[-0.0111, 0.1090] and [—0.0052, 0.0068], respectively. Yet, a linear specification is re-
jected at any significance level that is larger than 0.001(p-value = 0.001). Figure 1.2
(b) shows the pointwise 95% confidence bounds for the 25th quantile Engel curve under
the log linear specification.

For = = 0.75, a log linear specification for the corresponding Engel curve yields a
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p-value of 0.26. Figure 1.1 (c) shows the 95% confidence region for («, ). The projected
confidence regions for o and 3 are [0.2601, 0.5928] and [—0.0444, —0.0113], respectively.
Yet, again, a linear specification is rejected at any significance level (p-value = 0). Fig-
ure 1.2 (¢) shows the pointwise 95% confidence bounds for the 75th quantile Engel curve
under the log linear specification.

In addition, I examine the quantile Engel curves using a log quadratic
specification[1 {Y; < co + c1.X; + c2X?} |Z;] = 7, which yields p-values of 0.640, 0.760,
and 0.990 for 7 = 0.25, 0.5 and 0.75, respectively. Figure 1.3 shows the pointwise 95%
confidence bounds for the 25th, 50th and 75th quantile Engel curves under the log
quadratic specification. Compared with their counterparts under the log linear specifi-
cation depicted in Figure 1.2, the pointwise confidence bands in Figure 1.3 are slightly
wider around the average level of total expenditures, while they are much wider at the

high and low levels of total expenditures.

(2) 95% bounds for the S0th guantile (2) 95% bounds for the 25th guantile
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FIGURE 1.3 POINTWISE 95% CONFIDENCE BOUNDS UNDER LOG QUADRATIC SPECIFICATION

To check the robustness of the empirical results, I conduct inference on the median

Engel curve (7 = 0.5) with either the tuning parameter \, or the instrument function, or

both, being altered to \, = 70.668, which corresponds to n!/2, and g,y (¢, 2) = 1 {t < z}

with grid {3.8, 4.3, 3.8, ..., 12.8}. A summary of results from different combination of

choices of \,, and instrument function is reported as Table 1.2 below.

Log Linear Linear

p-val. Cl for a Clfor CI for h(X) Santos(2011) p-val.
Ap=n2/3, g 0.357  [0.0660, 0.2461]  [-0.0153, 0.0028] [0.0917,0.0994] [0.110, 0.116] 0
Ap=nl/2, g 0.293  [0.0660, 0.2461] [-0.0153, 0.0028] [0.0917,0.0994] [0.110, 0.116] 0
Ap=n2/3, gy 0593 [0.1260,0.2862] [-0.0193,-0.0032] [0.0941, 0.0971] n/a 0
An=n¥2, gy~ 0.250  [0.1260,0.2862] [-0.0193,-0.0032] [0.0941, 0.0971] n/a 0

TABLE 1.2 P-VALUE AND 95% CONFIDENCE REGIONS FROM DIFFERENT \,, AND INSTRUMENT FUNCTION

The second column of Table 1.2 lists the p-value for the log linear specification,

associated with different choices of )\, and instrument function. Although the p-values

differ, the log linear specification is not rejected regardless of the choices of )\, and

instrument function. To the contrary, a linear specification yields a p-value of zero, and
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therefore is rejected, under all four different choices of )\,, and instrument function, as
shown in the last column.

The third and fourth columns of Table 1.2 show the corresponding confidence regions
for the intercept and slope, respectively. To get a better sense of scale and magnitude
of these confidence regions, I report in the fifth column the confidences region for the
median share of gasoline expenditures at the sample average of the log total expendi-
tures X = 9.9151. As shown in the fifth column, all four different choices of )\, and
instrument function yield similar confidence regions for the median share at X.

For comparison purposes, I also quote in the sixth column the confidence regions for
the mean share of gasoline expenditures at X from Table 2 of Santos (2011). Comparing
the sixth column with the fifth column shows a noticeable shift to the left when moving
from the confidence regions for the mean to the confidence regions for the median.
This observation suggests that the distribution of share of gasoline expenditures at
the average total expenditure level in Brazil is likely to have a mean larger than the
median, and consequently is likely to be skewed to the right.

The log quadratic specification yields slightly wider confidence regions for the me-

dian share at X as shown in Table 1.3.

An=n?3,g
An=n¥2, g
Aa=n?/5, Zalt
Aa=n1/2, Zalt

Log Linear

Log Quadratic

[0.0917, 0.0994]
[0.0917, 0.0994]
[0.0941, 0.0971]
[0.0941, 0.0971]

[0.0900, 0.1054]
[0.0900, 0.1054]
[0.0804, 0.1154]
[0.0804, 0.1154]

TABLE 1.3 CONFIDENCE REGIONS FOR h (X) UNDER TWO DIFFERENT SPECIFICATIONS
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1.7 Conclusions

In this paper, I combine ideas and techniques from semiparametric modeling and par-
tial identification analysis to develop general methods for inference in the conditional
moment model E [m (Y, 6y, ho (X)) |Z] = 0. Without assuming point-identification, I
propose a consistent procedure for testing the hypothesis that a given restriction on
the parameter o = (6, h) is satisfied by at least one element of the identification set.
Based on the proposed testing procedure, I show how to consistently test the conditional
moment restriction specification, construct confidence sets for # and for the unknown
function A (-) at a given point. My methods are robust to partial identification. They
extend the inference methods developed in Santos (2011) for nonparametric IV to more

general conditional moment models with nonlinear moment functions.
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Chapter 2

Estimation in Dynamic Discrete
Choice Panel Data Models with
Partial Identification

2.1 Introduction

Dynamic discrete choice panel data models arise in many econometric applications.
Identification of the parameters in these models is delicate when lags of dependent
variable and unobservable individual-specific effects are included in the explanatory
variable. Under a random effects specification, the conditional distributions of the indi-
vidual effects on the explanatory variables are assumed to belong to certain parametric
family of functions. Although such an assumption helps to identify the parameter,
point-identification can still fail, in particular when the process started prior to the ini-
tial period of observation which causes the initial conditions problem. The fixed effects
approach is more robust in the sense that the assumptions it imposes on the distribu-

tion of the individual effects are less restrictive. However, as pointed out in Honoré
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and Tamer (2006), the fixed effects approach is unsatisfactory for at least two reasons.
First, it is not known how to do fixed effects estimation for many dynamic panel data

models, and, even when it is known, the maintained assumptions are often very strong.

A number of recent papers have drawn attention to the partial identification issue
in dynamic discrete choice panel data models. Notably, for the following autoregressive

panel data model

Yit = 1 {yit—l’y + o Z Eit} (t = la 27 "'aT)v (21)

Honoré and Tamer (2006) show that + in model (2.1) is not point-identified when 7' < 3
and when f («;) and fy (yio|;) are not fully specified, where f(-) the is the probabil-
ity distribution function of o; and fj (-|a;) is the conditional distribution function of y;
on «;. They also show, through computational method, that the size of the identifica-
tion set is small under their specifications, which suggests that partial identification
is still informative. Therefore, it is desirable to develop estimation methods for the
dynamic discrete choice panel data models that are robust to the possible lack of point-

identification.

In this paper, I consider estimation in panel data models of the following form:

yit = V{yiy +ajBf+ o > ey (t=1,2,...,7) (2.2)

where (3, ) is the parameter of interest, and both «; and y; are unobserved. Note that
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model (2.1) is a special case of model (2.2) where 5y = 0.

The major challenges facing estimation of model (2.2) are: 1). Point-identification
often fails in model (2.2) as we just discussed; and 2). The heterogeneity cannot be
differenced out by the standard “within” or first difference transformations due to non-
linearity. I first show that the parameter can be equivalently defined by a finite num-
ber of conditional moment equalities. Then I propose using the Chernozhukov et al.
(CHT) (2007) type set-estimators for estimating the identification set of (3, 7). The
set-estimators are consistent in the sense that their Hausdorff distances to the iden-
tification set converge to zero in probability as sample size goes to infinity. Rates of
convergence in the Hausdorff distance are derived. As it will be shown, the rates of

convergence can be made arbitrarily close to O, (1/y/n).

This paper is closely related to a growing literature on partial identification anal-
ysis, including papers such as Manski and Tamer (2002), Manski (2003), Imbens and
Manski (2004), Chernozhukov et al. (2007), and many others. The paper is also closely
related to Honoré and Kyriazidou (2000), Honoré and Tamer (2006), and many other

papers in the large literature on panel data models.

The rest of the paper is organized as follows. Section 2.2 studies the identification
in model (2.1). Section 2.3 constructs set estimators for the identification set, and de-
rives all the consistency results. Section 2.4 extends the results developed in Sections
2.2 and 2.3 to the more general case of model (2.2). Section 2.5 studies finite sample

performance by conducting Monte Carlo simulations. Section 2.6 concludes the paper.
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The proofs of the theorems and lemmas stated in the paper are given in the Appendix

C.

2.2 Identification

In Model (2.2),

Yit = 1{?/it—1’7+05i Z €it} (t - ]-527 "'aT)u

each y;; takes value on {0,1}. Consequently, the observable variable y;, =
(Yi1, Yi2, .., yir) takes value on a finite set, which is denoted by (2. Hence, Q is
the sample space.  has J = 27 different elements, and can be described as Q =
{Aj:j=1,2,.., J}. Each A; is a T — dimensional vector of zeros and ones. y;o is not
observable for any individual i. Assume that ¢;; are jointly independent and that they
are identically distributed over individuals with a known cdf F}; in the model. This as-
sumption specifies that the conditional pmf of y;;, which depends only on y;;—1, a;, and

7, has the form

fritlyit—1, cis ¥) = yir By (Yir—1y + i) + (L —yir) [1 — Fy (yir—17y + a4)] - (2.3)

Assume throughout this paper that it is known that «; takes values on {a,, : m =

1,2, .., M}, but the associated probability masses P, := Pr («; = a,,) are unknown.

For instance, when T' = 2, the probability of 2 = 1 given y;;, «;, andy equals
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Pr(yiny+ o > €i2) = Prep <yiy+ o) = Fo(yi1y + ;). For A; = (0,1) i.e.ypn = 0

and y;» = 1, the model suggests that the probability of event { 4;} happening should be

m(A;) = Pr(yn=0,y2=1)

M
= > Pryio =0, yioy + o < &1, Yiry + & > €i2 | = o) Py

m=1

+

M
D Priyio =1, yioy + @i < &1, yiry + @i > gig i = o) Py

—

m
M
= Z Pr (yiO = O’Oxl = Oém) Pr (51'1 > Oém) Pr (eig < Oém) Pm

m=1

+ Z Pr (yio = 1’041' = Oém) Pr (51'1 >+ Oém) Pr (Eig < am) P,

m=1

M
= Z Pr(yio = 0|a; = am) [1 — Fi ()] Fa () Py
m=1

M
+ Z Pr (yio = 1’0[1‘ = am) [1 — F1 (")/-i- am)] F2 (Oém) Pm.

m=1

where the third equation follows from the independence assumption of ¢;;.

In general, for T > 0, and any given A; = (vi1, Y2, ..., vir) € 2, the induced proba-

bility of event {A4;} happening is

4= Y {f

1e{0,1} \m=1

T
Pr(yio = llow = am) [ [ felwielyir—1, ci = am; 7) Pm} , (29
=1

where Pr(y;o = l|a; = a,,) is the probability of y;0 = [ conditional on o; = a,,,, [ = 0, 1.

Here, Pr(yio = lla; = an,) is not specified, as well as P,,. Set 6,, = Pr(y,o = Ola; =
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am) P, and Oy, = fo(yio = 1| = am) Py for m =1, 2, ..., M. By definition, 6,, > 0 for

m=1, ,2M, and Z2M 0, = 1. Then
T
7 ( [H Je(itlyie—1, oi = am; ’Y)Qm]
=1 Lt=1
+ Z [H feitlyie—1, o = am—nr; 7)9m] - (2.5)
m=M+1 Lt=1
7 (A;) depends on the value of § = (v, 61, ..., 625r). I emphasize such dependence on

parameter value by writing 7 (A4;) as 7 (A;; 6). 7 (A;; 6) is the probability of the event

{A;} predicted by the model, given the parameter value 6.

The idea underlying identification is to find the parameter value(s) that generates
the same distribution for the observable endogenous variable as the true data generat-
ing process (DGP) does. Let P (A;) be the actual probability of event {A;},i.e. P (A;)is
generated by the true DGP. When implemented with the true parameter value, the in-
duced probability 7 (A;; 6) should equal the true probability P (A4;) on each single event
{A;}. The identification set of the unknown vector-valued parameter 6, therefore, is
the set of parameter values that make 7 (A;, 6) agree with P (A4;) on each single event

{A;}. Specifically, the identification set

O, ={0cO:m(A;:0)=P(A)) forj=1, .. J} (2.6)

where O is the parameter space, and J = 27, which is the number of possible single

events.
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Since P (A;) = E, [1(y; = Aj)], Oy is the set of parameter values satisfying the fol-

lowing moment conditions:
Ep [mj (9)] = Ep [7T (Aj; 9) -1 (yz = Aj)] = OfOI‘j = 1, ceey J, (27)

where the subscript P refers to the fact that the expectation is calculated under the
true distribution P (). Define m (0) = (m1 (8), ma (0), ..., ms (0))'. Then Oy is the set of

parameter values satisfying the moment condition vector E, [m (#)] = 0.

The above moment equality motivates us to use the following population criterion
function

Q(0) = ||E, [m (0)] ], (2.8)

where ||.|| is the euclidean distance on R”/. It is easy to verify that ©; is the set of

parameter values that minimize @ ().

2.3 Estimation

The identification set ©; is fully characterized by moment condition (6). Define:

Balmg O] = 3w (455 6) 1 (5 = Ay)]
=1
_ W(Aj;e)—lznjuyi:Aj), 2.9)

n <
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which is the sample analog of (6). The sample criterion function is naturally defined as

Qn (0) = [|Eyn [m (0)] ||*. (2.10)

The set estimator constructed in this paper takes the following form:

Cn(¢):={0€0:nQ, ) <é}, (2.11)

which is the contour set of level ¢ of the function nQ,, (0). ¢ is possibly data dependent.
This is a special case of the sets constructed in CHT (2007)!. To analyze the asymptotic
properties of the set estimators, a proper definition of distance between sets is required.

I use the Hausdorff distance between sets, defined as?

dp (A, B) := [supeead (a, B)|V [suppepd (b, A)],

where d (a, B) := infyep||b — a|| and d(A, B) := +oo if either A or B is empty.

Throughout this paper, the parameter space O is a nonempty compact subset of R?
where d is the dimension of . (In this section § = (v, 01, ..., 2ps). Therefore, d =
2M + 1.) And both @ (0) and @, (9) are well defined on a neighborhood of ©. Define
Cn = supgeo,n@n (6). The construction of consistent estimators of form (11) includes

finding proper ¢, s.t. ¢ > C,, with probability approaching 1 but ¢/n —p 0. The following

n CHT (2007), C», (c) := {0 € © : anQx () < c},where a, is some sequence s.t. a, — +oo.
24V b := maz {a, b}, and a A b := min {a, b}.
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several lemmas and theorems present the consistency results.

Lemma 2.3.1. (1) (E,, [m (0)] — E, [m (9)]) is independent of #, and
Vn (B, m ()] — E, [m(0)]) =4 A (2.12)

where A ~ N(0, ), ¥;; = P(A;)[1 - P(A;)] and X;; = —P (A;) P(A;) when i # j, and

(2) for any sequence of real numbers b,, — oo, Pr (C, < b,) — 1.

Lemma 2.3.2. The following regularity conditions (RC) hold: (a) both @ and Q,, are

continuous on 0. (b) supg|Q — Q| = O, (1/4/n). (¢) supe,Qn = O, (1/n).

Theorem 2.3.1. Let (:)1 = C), (b,), where b,, — oo but b,,/n — 0. Suppose that ©; # ©.

Then ©; C ©; with probability approaching 1, and dy ((:) 7, © 1) =0, (1).

Theorem 2.3.1 states that for any sequence of real numbers b,, approaching infinity
but at a slower rate than n, C, (b,) = {# € © : nQ,, () < b,} is a Hausdorff-consistent

estimator of the identification set.

I assume the following partial identification condition holds:
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Condition C2.3.1. There exist positive constants K and § such that for all § € O,

1B, [m (0)] || > K - (d (6, ©7) AS). (2.13)

This condition is the partial-identification analogy to the condition that the Jacobian
VoEp [[m(0)]]|] is full-ranked and continuous near O; in the point-identified case. The
same condition is discussed and required by CHT (2007) for their asymptotic results to

hold.

Lemma 2.3.3. under C2.3.1, there exist positive constants (J, ) such that for any

e € (0, 1) there are (., ne) such that for all n > n.,
Qn (0) > r-[d(0, ©1) AG]

uniformly on {0 €0:d(0,0r) > (/se/n)l/Q}, with probability at least 1 — ¢.

The following theorem establishes the rate of convergence of the set estimators of

form (2.11).

Theorem 2.3.2. Under C2.3.1, let ©; = C, (b,),where b, — oo and b,/n — 0,
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d (@1, @1) -0, ((bn/n)1/2>.

Theorem 2.3.2 states that for any sequence of real numbers b,, approaching infin-
ity but at a slower rate than n, C,, (b,) = {0 € © : nQ, () < b,} converge to ©; at rate
(bn/ n)l/ 2. Theorem 2.3.2 implies that the rate of convergence can be made arbitrarily

close to O, (1/4/n) by letting b,, approach infinity at an arbitrarily slow rate. For exam-

ple, by letting b,  logn, or b,  log(logn), the rate of convergence is O, (\/ log”) , Or

O, <\/ log(lf’”) , either of which is greater than O, (n~(1/27%)) for any positive p.

2.4 Models with Continuous Exogenous z;;

In many economic applications, the underlying panel data models include exogenous
variable in the explanatory variable set. And, often, the exogenous variable is contin-
uous. For instance, the exogenous variable can be the price of a certain product, which

takes value on an interval of positive real numbers. In this section I consider the model
Yit = 1{3/1‘1&71’74‘37;,:5‘1'041‘ Zgit} (t: 112a"'7T)7

where z;; are continuous random variables with bounded support. Again, the observ-

able variable y; = (vi1, vi2, -, yi7) takes value on the finite sample space Q. Q has
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J = 27 different elements, and can be described as Q2 = {4;: j =1, 2, ..., J}. Each 4;

is a T' — dimension vector of zeros and ones.

I still maintain the assumptions made in section 2.2 on the distributions of ¢;; and
a;. ;¢ are jointly independent and that they are identically distributed over individuals
with a known cdf F; in the model. And «; takes values on {a,, : m =1,2,.., M} with

unknown associated probability masses P,,. In addition, assume that ¢;; has a bounded

pdf fat-

Now the conditional pmf of y;; depends on y; 1, xit, a;, 7, and 5. And it takes the

following form

Fe(itlyie—1, wie, o v, B) = wyicFy (ieo1y + 28 + i)

(L —yu) 1= F (giry + 2B+ ou)] . (2.14)

For any A; = (yi1, vi2, ---, Yir) € §, the induced probability of event { 4;} conditioned

onx; = (l‘il, T2, ...,:EiT) s

T
Pr(yio = loi = am) [ [ fi@itlyir-1, @i, 0 = am; 7, B)
=1

M
7T(Aj; l‘i): Z {Z

1e{0,1} \m=1

pm}.

(2.15)

Again, set 0,, = Pr(yio = 0|la; = an) P, and Oy = fo(yio = 1oy = am) Py, for m =
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1, 2, ..., M. By definition, 6,, > 0form =1, 2, ..., 2M, and ZQJ\il 0., = 1. Then

m

M [T
T(Aj ) = Y [H fe(Witlyit—1, Tit, i = am; 7, ﬁ)9m]

m=1 Lt=1

oM [T
+ > [H Te(itlyit—1, Tit, i = ams v, B)Hm] : (2.16)

m=M+1 L[t=1

7 (A;; ;) depends on the value of 6 = (v, , 3, 01, ..., 62p1). I emphasize this dependence
on parameter value by writing 7 (A4;; x;) as 7 (4;; x, ). 7 (A;j; z;, 6) is the probability
of the event {A;} conditioned on z; predicted by the model, given the parameter value

6.

Let P (Aj|z;) be the actual probability of event {A4;} conditioned on z;, i.e. P (A4;|z;)
is generated by the true DGP. When implemented with the true parameter value, the in-
duced probability 7 (A;; z;, 6) equals the true probabilityP (A|z;) on each single event

{A;} almost surely over the support of 2. So the identification set of 6 is

Or = {0 €0: Pr (71’ (Aj; T, 9) = P(AJ’.Q?Z)) =1forj=1, .., J} . (2.17)

Define m; (9) =T (Aj; X, 9) -1 (y,‘ = Aj); m(@) = (m1 ((9) , Mo (9) y ey, Mg (9))/ Since

P (Aj|lz;) = Ep[1 (y; = Aj) |xi], and E, [w (A;; 4, 0) |x] = 7 (A;; x, 0), equivalently,
Or={0€0: E,im(0)|z;] =0a.s.}. (2.18)

Therefore, the identification set is defined by a number of conditional moment equali-
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ties.

Denote by G a family of vector-valued functions of z;. Define
Og={0€0O: Eygj(z;)m;(0)]=0,5=1,..,J,for allg = (g1, ..., 97) € G}. (2.19)

E,[m (0)|z;] = 0 a.s. implies that E, [g; (x;) m; ()] = 0,j = 1,...,J, for allg € G. There-

fore ©;C Og.

As shown by Andrews and Shi (2011), by properly choosing instrument functions,
one can transform conditional moment equalities into unconditional ones without losing
identification power. In other words, by properly constructing G, one can make ¢ = O;.
In this paper, I consider estimating Og, where G is a finite subset of L (S), where d is
the dimension of the parameter ¢, and S is the support for z. Namely, G = {g', ..., g/},

and

Qg = {9 €0: Ep [gjh (x;) m; (9)] =0, forj=1,....,J, andh =1, ,H} (2.20)

Define M (0) = (g%ml,...,g}]mj, e g{{ml,...,gfmj)l. Then 6 = {# € ©
E,[M (#)] = 0}. The estimation of ©¢ follows the same algorithm adopted in Sec-
tion 2: Define the population criterion by Q (8) = ||Ep[M (0)]||?>; The sample crite-
rion Q, (8) = ||E.[M (9)]|]?, where E, [ggmj (9)] — 1% g (x;) my (6; x4, i), and

E,[M(0)] = (E, [gim1 (0)], ..., B, [¢¥my (0)]). Also, still define C,, = supgee, nQn (6).



60

And the estimator takes the following form:
Cn(¢):={0€0:nQ, ) <}, (2.21)

where ¢ is possibly data dependent.

Lemma 2.4.1. (1) In the metric space L (©')
Vi (Ba [M (0)] — E, [M (6)]) = A (9) (2.22)

where A (0) is a mean zero Gaussian process with almost sure continuous paths, and ©’

is a neighborhood of ©. (2) For any sequence of real numbers b,, — oo, Pr (C, < b,) — 1.

Lemma 2.4.2. The following regularity conditions (RC) hold: (a) both Q and Q,, are

continuous on O. (b) supe|Q — Qn| = O, (1/y/n). (¢) supe,Qn = O, (1/n).

Lemma 2.4.1 and Lemma 2.4.2 are generalized versions of Lemma 2.3.1 and Lemma

2.3.2, respectively.

Theorem 2.4.1. Let (:jg = C), (by), where b,, — oo but b, /n — 0. Suppose that ©g # O.

Then ©g C Og with probability approaching 1, and dj; (@g, @g) =0, (1).
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Theorem 2.4.1 states that for any sequence of real numbers b,, approaching infinity
but at a slower rate than n, C), (b,) = {6 € © : nQ, (0) < b,} is a Hausdorff-consistent
estimator of Og.

I assume the same partial identification condition holds for M (0):

Condition C2.4.1. There exist positive constants K and ¢ such that for all 8 € O,

I1Ep M (0)]]] > K - (d(6, ©Og) A5). (2.23)

Lemma 2.4.3. under C2.4.1, there exist positive constants (0, ) such that for any

e € (0, 1) there are (ke, n.) such that for all n > n.,
Qn (0) > k- [d (0, Og) A 6]

uniformly on {0 €0:d(0,0g) > (mE/n)l/Q}, with probability at least 1 — ¢.

The following theorem establishes the rate of convergence of the set estimator.

Theorem 2.4.2. Under C2.4.1, let @g = C, (b,),where b, — oo and b,/n — 0,

d (ég, @g) -0, ((bn/ml/?).
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Theorem 2.4.2 states that for any sequence of real numbers b,, approaching infinity
but at a slower rate than n, C), (b,) = {# € ©: nQ, (f) < b,} converge to Og at rate
(bn/n)"2. Similar to Theorem 2.3.2, Theorem 2.4.2 implies that the rate of convergence
can be made arbitrarily close to O, (1//n) by letting b, approach infinity at an arbitrar-

ily slow rate.

2.5 Monte Carlo Simulations

In this section I present results from a number of simulations designed to show how

the proposed estimators perform in finite samples.

The Basic Design:

I consider dynamic discrete choice model

vit = WH{yirm1y + o > e} (1=1,2,3)

where the true parameter values are as followings: (1) ¢;; are i.i.d standard normal, i.e.
gir ~ N(0,1); (2) fo(yio = 1llay) = 0.5 for any possible value of «;; (3) «; has support

{-3.0,-2.8, ..., 2.8, 3.0}, with
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P(Ozi = aj) = ((aj + aj+1) /2) for a; = -3.0,
P(O&Z' = aj) = ((aj + aj+1) /2) - P ((aj + ajfl) /2) for a; = —2.8, ..., 2.8,

P(ai = aj) =1—-—& ((a] + CLj,l) /2) fOI‘ CLj = 3.0.

This distribution can be viewed as a discrete approximation of the standard normal
distribution. All the results presented in this section are based on 10 replications® of

the above model.

I focus on estimating the identification set of ¥ when v = —0.3, 0, and 0.3, respec-
tively. In calculating the identification set, it is known that «o; is a discrete random
variable with support {—3.0,—-2.8, ..., 2.8, 3.0}, but the associated probability masses

are unknown. In the estimations, I use the estimator ©; = C,, (0.2log n)*.

True Value Identification Set Average Hausdorff Distance
’ \ \nleOO\nleOOO\n:E')OOOO‘

v=-0.3 | [-0.346, —0,228] | 1.0693 0.2505 0.0250

v=0 [—0.059, 0.056] 0.8087 0.1347 0.0253

v=0.3 [0.239, 0.350] 0.6651 0.1725 0.0344
TABLE 2.1

The Hausdorff distance between the identification set and the estimated set is an
measure of the bias and precision of the set estimators. In Table 2.1 above, I present
the identification sets and their average Hausdorff distances from the estimated sets
for v = —0.3, 0, and 0.3, and sample sizes n = 1000, 10000, and 50000. According to

Table 2.1, the distance between the identification set and the estimated set decreases

3The number of replications are relatively small due to lack of an automatic way of refining and record-
ing the result of each single experiment.

*I find that when b, is set equal to either 0.2log n or log(log n) the set estimators behave well for samples
of size 1000 and 10000. The estimators do not behave as well when b,, is set equal to logn
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rapidly as the sample size increases for each v = —0.3, 0, and 0.3 case. This observation
supports Theorem 3.1 which implies that 0,=0C, (0.2logn) is a consistent estimator of
the ©;. However, the results from finite sample simulations have nothing to say on the

rate of convergence.

Figure 2.1 below shows, graphically, that the estimated sets converge to the iden-
tification set for each different value of v as the sample size n increases. Each graph
plots a step function I(z) := Z}gl 1 (m € @]) , where @j is the set estimated in the jth

replication for a given true value of v and sample size n. The histogram-like graphs do

not imply any kind of probability distribution or probability of coverage, though.

Gamma =-0.3, n= 1000
T

4 =—0.3, n=1000

Gamrma =-0.3, n= 10000
T T

4 = —0.3, n = 10000



65

Gamma =-0.3, n=50000

|

-1 o
v = —0.3, n = 50000

Gamma =0, n= 1000

[—,_r,—)_/—__\—\—]_\
R 0

~ =0, n=1000

Gamma =0, n= 10000

i

Garnma =0, n = 50000

4 =0, n= 10000

v = 0, n = 50000
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Gamma =03, n= 1000
T T

4= 0.3, n = 1000

Gamma = 0.3, n= 10000
T T

v = 0.3, n = 10000

Gamma =03, n=50000
T

v = —0.3, n = 50000
FIGURE 2.1°

One observation from the simulation is that almost all estimated sets are intervals.
Another observation is that the proposed set estimators are rough when sample size is

not large (n = 1000, or 10000). Specifically, the sizes of the estimated sets are noticeably

5The identification set is marked as a bold interval on the horizontal axis.
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larger than the size of the identification set. However, I find that the identification sets
lie entirely in the estimated sets mostly when sample size is not large (n = 1000, or
10000). This is a desirable feature for applications in which one wants to avoid missing
any part of the identification set in estimation. The size of the estimated set (or, the
length when the estimated set is an interval) can be smaller than the size of the identi-
fication set sometimes when sample size is large (n = 50000). And, when this happens,

it is not always the case that the estimated set is a subset of the identification set.

The precision of the estimation are possibly affected by: (1) the dimension of the
parameter to estimate, and (2) the distributions of the error term and the individual
effect. Therefore, that the proposed estimators are rough with sample of moderate size
might be because: (1) the dimension of the parameter 6 is too high;® (2) the distributions
of the individual effect a; and the error term ¢;; have similar magnitudes of fluctuation’.
The following alternative designs aim at investigating the effects of these two factors

on the precision of the proposed estimators.

Alternative Design 1:

In this design, I change the true distribution of «;, while keeping everything else in
the basic design unchanged. Now «; has support {—3.0, 2.5, ..., 2.5, 3.0}, with

5The dimension of § is 63 in the basic design.
"The variance of o; and e;; are close. In addition, the support of «; lies in [—3, 3], while ¢;; clusters in
[-3, 3]
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P(Oéi = aj) = ((aj + aj+1) /2) - d ((aj + aj_l) /2) for a; = —2.5, ..., 2.5,

P(ai = aj) =1—-o ((CLJ =+ (Lj,l) /2) for a; = 3.0.

Compared with the basic design, «; has fewer supporting points now. Effectively,
the dimension of # is reduced from 63 in the basic design to 27. The following table
shows the identification sets and their average Hausdorff distances from the estimated

sets for different true parameter values and sample sizes for this design.

True Value Identification Set Average Hausdorff Distance
| | n=1000 | n = 10000 | n = 50000
v=-0.3 | [-0.322, —0.248] | 1.156 0.225 0.033
v = [—0.059, 0.060] 0.7044 0.1126 0.0248
v=20.3 [0.231, 0.341] 0.8312 0.1572 0.0354
TABLE 2.2

Compared with Table 2.1, the identification set for each different true value of v in
Table 2.2 stays approximately unchanged in both size and location after changing the
distribution of «;. Also, compared with Table 2.1, when the sample size is 1000, neither
do the average Hausdorff distances for different true values of v decrease uniformly,
nor they change very much. Therefore, reducing the dimension of 6 does not improve
the precision of the estimators when the sample size is 1000. However, Table 2.2 does
show slight decrease in the average Hausdorff distances for all different true values of
when the sample size is 10000. The average Hausdorff distances remain approximately

unchanged when the sample size is 50000.
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Alternative Design 2:

Like in the previous design, in this design only the true distribution of «; changes,
while everything else remains the same as in the basic design. Now «; has support
{-3.0,-2.0, ..., 2.0, 3.0}, with

P(o = a;) = ®((a; + aj11) /2) for a; = —3.0,

P(o = a;) = ®((aj + ajt1) /2) — ® ((aj + aj—1) /2) for a; = —2.0, ..., 2.0,

P(ai = aj) =1—- ((aj + aj_l) /2) for a; = 3.0.

Compared with Alternative Design 1, a; has even fewer supporting points now. And
the dimension of 6 is reduced from 27 in Alternative Design 1 to 15. The following table
shows the identification sets and their average Hausdorff distance from the estimated

sets for different true parameter values and sample sizes for this design.

True Value Identification Set Average Hausdorff Distance

| | n=1000 | n = 10000 | n = 50000

v=—-0.3 | [-0.346, —0.248] | 0.8046 0.1234 0.0366

v = [—0.056, 0.056] 0.777 0.12 0.029

v=0.3 [0.241, 0.346] 0.616 0.1642 0.0386
TABLE 2.3

Compared with Table 2.1, the identification set for each different true value of v in
Table 2.3 still stays approximately unchanged in both size and location. Table 2.3 shows
noticeable decrease in the average Hausdorff distances for all different true values of
~ when the sample size is 1000. Also, Table 2.3 shows slightly decrease in the average

Hausdorff distances when the sample size is 10000. Therefore, further reducing the
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dimension of 6 does improve the precision of the estimators when the sample size is
1000 and 10000. The average Hausdorff distances remain approximately unchanged

when the sample size is 50000.

Alternative Design 3:

In the basic design, the distributions of the individual effect o;; and the error term ¢
have similar magnitudes of fluctuation. In general, the phenomenon that the fluctua-
tion magnitude of the error term is comparable with that of some explanatory variable
could potentially compromise the precision of the estimators. In this design and the
next design, I exam whether this is the case here. In this design, I change the distri-
bution of ¢;; so that its variance is significantly smaller than the variance of «;, while

keeping everything else in the basic design unchanged. Now, ¢;; ~ N (0, 0.09).

Table 2.4 below shows the identification sets and their average Hausdorff distances
from the estimated sets for different true parameter values and sample sizes for this

design.

True Value Identification Set Average Hausdorff Distance

[ 7= 1000 | n = 10000 | 7 = 50000 |

v =—0.3 —2.657, —0.232] | 0.1453 0.0787 0.0143

v = —0.032, 0.028] 2.5847 0.104 0.014

v=0.3 10.247, 0.373| 3.1203 0.147 0.0337
TABLE 2.4

Accordingly, the size of the identification sets change significantly as the distribu-
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tion of the error term changes. More specifically, as the variance of ¢;; decreases, the
identification set of ¥ when v = —0.3 extends dramatically. The identification set for
~ = 0 shrinks to about half the size as the original one. The identification set for v = 0.3
extends slightly. Compared with Table 2.1, the precision of the estimators is improved
noticeable for each sample size when v = —0.3. The precision is also improved for sam-
ple size 10000 and 50000 when v = 0 or 0.3. However, the estimators are much less

precise for sample size 1000 when v = 0 or 0.3.

Alternative Design 4:

In this design, ¢;; ~ N (0, 9), while everything else is kept unchanged. Opposite to
the previous design, the variance of ¢;; is significantly larger than that of «;. Table 5

below shows the identification sets and the average Hausdorff distances for this design.

True Value Identification Set Average Hausdorff Distance

| | n=1000 | n = 10000 | n = 50000

v=-0.3 | [-0.394, —0.197] | 0.933 0.2963 0.073

v = [—0.126, 0.123] | 1.0917 0.2493 0.056

v=0.3 [0.202, 0.466] 0.7473 0.3287 0.0446
TABLE 2.5

After increasing the variance of ¢;;, the identification sets for all different values of
~ extend slightly. Compared with the basic design, all the estimators are less precise

except the one for sample size 1000 when v = —0.3.
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Summary of Simulation Results

The simulation results suggest not to use the set estimator when sample size is
1000 or less in general. Comparisons of simulation results in the 5 different designs
show/suggest: In the discrete choice panel data model, (1) size and location of the iden-
tification set of v is not sensitive to the dimension of the unknown parameter; (2) size
of the identification set of v is sensitive to the distribution of the error term; (3) when
sample size is not very large, the estimators get more precise as the dimension of the un-
known parameter decreases. Yet, this improvement in precision is only noticeable when
the decrease in the dimension of the unknown parameter is large enough; (4) relation
between the fluctuation magnitudes of o; and ¢;; affects the precision of the estimators
in a complicated way, especially when moving from the similar fluctuation magnitudes
case to the case in which ¢; has a much smaller variance than «;; (5) when moving
from the similar fluctuation magnitudes case to the case in which ¢;; has a much larger
variance than «;, the estimators are less precise; (6) the Hausdorff distances decrease
rapidly as the sample size increases in all different designs, which confirms Theorem

2.3.1.

2.6 Conclusions

In this paper, I consider estimation in dynamic discrete choice panel data mod-

els. Point-identification can fail due to unobservable heterogeneity among individuals
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and the initial condition problem. Therefore, the focus is on estimating the identifi-
cation set by set estimators. The proposed estimators are the contour sets of some
level c of the function n@, (¢), where @Q,, is the sample criterion function. These are
special cases of the contour set constructed in CHT (2007). Starting with the sim-
ple discrete choice model y;; = 1 {y;¢—17 + ; > €}, I show that for any sequence{b, }
s.t. b, — +o0 and b,/n — 0, C,,(b,) = {6 €0 : nQ,(0) <b,} is a consistent es-
timator under regularity condition (C2.3.1). And the rate of convergence can be
made arbitrarily close to O, (1/y/n) by letting b, approach infinity at an arbitrarily
slow rate.The identification and estimation approach is easily extended to the models
yir = 1{a},8+ yit—17 + a; + ;i > 0}, where z;; are exogenous discrete variables with

finite support points.

For models with continuous z;;, the identification set is characterized by conditional
moment equalities. As shown by Andrews and Shi (2011), by properly choosing instru-
ment functions, one can transform conditional moment equalities into unconditional
ones without losing identification power. For any arbitrary number of instrument func-
tions of x;, I estimate the subset of the parameter space © that is characterized by
finitely many unconditional moment equalities transformed from the conditional mo-
ment equalities via these instrument functions. The estimators still take the form
Cy (bn) = {# €0 :nQ,(0) <b,}. And similar consistency results hold for {b,} s.t.

b, — 400 and b, /n — 0 under regularity condition (C2.4.1).

The simulation results confirm the consistency. Besides that, the simulation re-



74

sults suggest that the size and location of the identification set of v is not sensitive to
the dimension of the unknown parameter, but very sensitive to the distribution of the
error term. And the estimation precision increases as the dimension of the unknown
parameter decreases. Finally, both the identification set and the estimation precision
are affected by the distribution of the error term in a complicated way, which requires

further study to understand.

Future work includes the construction of the confidence region for the identification
set, developing criteria for picking the instrument functions, as well as the identifica-

tion and estimation in models where the distribution of «; is nonparametric.
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Appendix A

Proofs of the Theorems in
Chapter 1

In Appendix A, we prove Theorems 1.3.1-1.3.3, 1.4.1-1.4.2. We start with listing the

lemmas that we will use in the proofs. Proofs of these lemmas are given in Appendix B.
The following lemmas are used in the proofs of the theorems:

Lemma Al. Let Assumption 1.3.1(i7) and 1.3.3(i7) hold. Then,

jﬁz{m (ir 0, b (1)) - g (t, 25) — E[m (Y, 0, h(X)) - g (t, 2)]} -55G (a, 1)
=1

where G (a, t) is a tight Gaussian process on A x T.

Lemma A2. (convergence rate in |- ||,,) Let Assumption 1.2.1, 1.2.2, 1.3.1, 1.3.2,
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and 1.3.3(i)-(iv) hold. For any

in € arg min {supn (0 8] W (s £) [ (0 m}
acA,NR teT

asin (1.7)

dy (6, A; N R) = O, (max {%,m n_1/2}> .

Lemma A3. (convergence rate in |- ||;,) Let Assumption 1.2.1, 1.2.2, 1.3.1-1.3.3
hold. Then

dp, (G, A;NR) = O, (557,1 + 4, - max {51”7”, n_1/2}> .

Lemma A4. Let A, B be sets of two Hilbert spaces, respectively, and 72 C Fb,, C
L™ (A) with F, being the closure of UF? under || - || for each b € B. If g € L (A x B),

and there exists a sequence {g,} € L™ (A x B) s.t. ||gn — g||cc = 0(1), then:

inf inf W (a, b) — — s inf inf L b) — .
inf flenfgiglg (a,b) — f(a)] éQBféI}goigﬁma ) — f(a)|

Lemma A5. Let A,,, B be sets with norms || - ||, || - ||[» and let G,, : A, x B — R and

F,, : A, x B — R be random functions. Assume: (1) G,, and F;, are continuous on A,, x B
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almost sure; (2) sup sup [G,, (a, b) — F, (a, b)]* = 0, (1); and (3) inf supF? (a, b) = O, (1).
a€AnbeB a€AnpeB

It then follows:

inf supG? (a, b) = inf supF? (a, b) + o, (1)
a€AnpeB a€AnpeB

Lemma A6. For any ¢ > 0, let H,r. = {(rg, 71) € Hur : |7}p™ > < ¢, |rall% < ¢}. De-

fine the following family of functions:

fo, ho, t do(6n. ho. t
Vk;aoc:{v: TﬁRdet’U(t):ap( 0, 1°0; ) p( 0, 740, )

/
N, 960’ "o+ dh [pkni| Th, (’r9’ Th) S HnR,c}-

For any real number sequence ¢, — oo and oy € A;, we have

« _ ot
Uan‘f en = UanO .

(Proofs of Lemmas A1-A6 above are given in Appendix B.)

Proof of Theorem 1.3.1

Without loss of generality, assume m (-) and A (-) to be real-valued in the proof for sim-

plicity of notation.
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Define u; (o, t) = m (y;, 0, h(x;)) - g (¢, 2;).
First consider the case where W,, is chosen to be the identity matrix. Lemma A3,

Assumption 1.3.3(v), and Assumption 1.3.5(i7) imply that for

a€ANRLET

2
1 n
Gy, € arg minsup [\f Zuz (v, t)]
n
i=1

dp, (G, AINR) = o, <n—1/4) . (A1)

Let 6, = o, (nfl/ *) such that n~"? = 0(5,). Define the neighborhoods
B (ag) = {a € Ay : ||a — ao||p2 < 6.}

for all oy € A;. Then

2
+o,(1). (A2

2
1 1 <
min sup |— » u;(a, t)| = inf min sup |— » u;(a, t
aeAmRteili [\/ﬁ; i )] CYOEAIﬂRaGB‘S"(ao)tGIE [\/ﬁ; Al

By Lemma A1, the empirical process

\/1732 {m (yi, 0, h(2:)) - g (t, z1) = E[m (Y, 0, h (X)) -g(t, Z)]}, (o, 1) € AXT
i=1

is asymptotically || - ||;2-equicontinuous in probability w.r.t. «, uniformly on 7. So,
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since 6, | 0,

sup Sup!\/lﬁ;{[m (Yi, 01, ha (2:)) —m (yi, 02, ha (2:))] g (¢, 2:)

llar—azl|2<6n T

—E[m (Y, ar) — m (Y, as)lg (¢, Z)]}] = 0, (1). (A3)

Therefore,

1 n
—E (a, t
aern% tseup[ T u; (@, )]

= inf min sup[ Z:uZ (o, ) —i—op(l)

ag€AINR a€Bdn (ap) teT

= inf min sup{ E u; (ag, t
ap€AINR aeBn(ag)teT

IZ m (yi, 0, h(x:)) = m (yi, 0o, ho (2:))] - g (¢, 2:)}? + 0p (1)

= inf min sup{ Zuz (ag, t) +VRE[[m (Y, a) —m (Y, ap)] - g (¢, Z)]}?

ap€EAINR a€Bn (ag)teT

+op(1). (A.4)

where the last equality in (A.4) follows from (A.3) and Lemma A5.

Notice that for any g € A;, o € B% (ag), we have ||a — ag||z2 = 0, (n"1/4). Conse-



84

quently,

VE [[m (Y, a) —=m (Y, ao)] - g (¢, Z)]

[m (Y, a0) - g (t, Z)] ¢ E[m(Y, &) g(t, Z)

:\/ﬁdE [a—ao]—k\/ﬁ

[ — g, @ — ap]

da da?
- ndE[m(Y,gz)-g(t, Z)] la —agl +vn-C-|la—ag||%; for some C' >0

where & = ap + s (o — ag) for some s € (0, 1), and the inequality in (A.5) follows from
Assumption 1.3.6 (i7) and (éi1).
Continuing with (A.4) and reapplying Lemma A5 yield the first equality in (A.6)

below.

2
1
i — (o, t
o [\/ﬁ 2 uile, >]
n

i=1
2
1 dFE Y. t, Z

= inf min  sup{ — Y u;(ag, t) ++/n m (Y; o) -9 (t, Z)] [a — ]

ap€ANR qe Bon (a0)teT n i1 do

+op(1)

2
. : 1 ¢ dE[m(Y, ao) g (t, Z)]

= f S — i , )+ 11,

m;amegw}%)tg;{ 2t (00, 1)+ da =

+op(1) (A.6)
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where I1, a9 = (0o, I1,,ho) and the second equality is because

dE[m (Y, ao) g (t, Z)]

vn da o=
_ \/ﬁdE[m(Y, 32).9(75, 2)] (0_00)+\/ﬁdE[m(Y,§Z)~g(t, Z)] h — h]
_pdEm 32)-g(t, 2)] (Q_GO)JF\/ﬁdE[m(Y’;éz)'g(tv Ol 1~ o] 4 0 (1)
_ \/EdE[m (Y, ;g) 9 (t, 2)] [ — I, c0] + 0 (1) (A7)

E[m (Y, ho) -w(t, Z)]

where the second equality in (A.7) is because /n | d o

[Lho — hol | <
V|| ho — hollw = o (1) uniformly on H; according to Assumption 1.3.5 (ii).

Next, we focus on the local parameters of H; of the form

k!

prr k
h =1l,hg + —, h , R,
o+ VG 0o €EHr, T €
prnr
Note that for any h € B% (hy), there exists r € R¥», s.t. h = II,hg + T, ho € Hj.
n
Therefore
pnr
B (hg) C heH:h:tho—k\F,reRk" , Yho € H. (A.8)
n

Now we proceed to show that there exists a real number sequence ¢, * o s.t.

/

prr s
=TI L __ e B A.
h nho + NG € (ho) , (A.9)

for any r € R*" that satisfies ||[p*nr(|%, < 2, |7l < cn.



86

To show (A.9), first note that

pk%r pk'/nfr’
sup ||lhg — | I hg + — 2 < sup ||lhg — I hollz2 + ||=—=]| 12
sup o = Tk + 220 e < sup [lho ~Tahollz + 1722
on, Cn
< = J—.
< 2+\f\/ﬁ

(A.10)

The first inequality in (A.10) follows from the triangle inequality. And the second
inequality follows from Assumption 1.3.4(i:), Assumption 1.3.5(i7), and the fact that
I7(] < cn.

Also note that

K/ k!
prr prr
sup ||[Iyho + —=|s < sup |[Huholls + [|[—=]|
hoeH; N hoeH; N
C
< B—vn+—\/%-

(A.11)

The second inequality in (A.11) follows from Assumption 1.3.5(ii:) and the fact that
Ikl < e
; Cn _ En _
According to (A.10) and (A.11), as long as N o(d,) and NG o (7n), for n large

enough, we have:

k!
p 71/7"
sup ||ho — | Hpho + —= 2 < 9, (A.12)
hoEH}H ( \/ﬁ> HL
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and
pr
sup || ho + —=||s < B. (A.13)
h()G'H[ \/ﬁ
Such ¢, ' oo exists because n=/> = 0(d,) and n=/> = o(y,) by Assumption
1.3.5(ii7).
Therefore, we can pick up ¢, o s.t. % = 0(6,) and % =o0(v,) (e.g. ¢, = Inn
kn
might work). Aslong as ||p*r(|2 < 2, ||r||z < cn, for h = th0+%, (A.12) guarantees
that
llho — hl[ 12 < . (A.14)
And (A.13) guarantees that
[Ihlls < B. (A.15)

/

k’IL
(A.14) and (A.15) imply that h = IT,,hg —|—p—\FT € B% (hg). So we prove (A.9). It follows
n

that

K,
{h €M h=Tl,ho+ 1%, reRM A <3 ||| < cn} C B (ho) (A.16)
n

for all hy € H;.

The first inequality in (A.17) is implied by (A.8). The equality repeats (A.6). And
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the final inequality is implied by (A.16)

2
inf max {\/ﬁ i:E 1Ui (t, ho) + 0 {pk } r}

ho€H ,reRkn teT dh

n 2
< min  min max [\/15 Zzlul (t, ho) + \/ﬁdE [m (¥, ;L(;L) 9(t, 2)] [h — ho]]

" ho€HMr heBon (ho) t€T
2
+0p (1)

1 n
= mi — i (t, h
mﬂm[f2< )

_ 1 & ‘ dEm (Y, ho) g, 2)| [ x.1
nt m{ Vs 2 (8 o) + i ]
ho € Hy,r € RFn st B

2

IN

T/Anr S 07217 HTH S Cn

(A.17)
Define the families of functions:
8p (0507 t) dp(ao, t) kn ! dg+d
VkO:LO,C = {U:T%Rs.t.v(t}ziael -r9+7dh [p } T, 7 € RYTdhn,
I3 < & lIrl < e},
for all h € Hy and ¢ > 0. Consequently,
1 < 1 « ?

inf inf sup{— ) wu; (ag, t) +0v}? < min sup [— » wu;(a, t)| +o0,(1

O‘OGAIORUEV;:L%GJE{\/E; Z( 0 ) } aeAnmRtejI‘Z [\/ﬁ Zz; Z( ) p( )

VAN

1 n
< inf inf su 75%0{ ) + 12
aOEAI”Rver?,Cnte;{\/ﬁizl i (a0, 1) + v}

(A.18)
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Lemma 1 implies that

1 — L
7 ;u (o, t) =G (o, t) (A.19)

on A; x T.

(A.19) in turn implies that

||\/15 E;“ (o, t) = G (o, ) [Joo = 0p (1) . (A.20)

(A.21) is implied by Lemma A4 and Theorem 1.11.1 (Extended continuous mapping)

in van der Vaart and Wellner (1996) whose conditions are satisfied by (A.20).

2
. . 1 o L . . 2
— ; f f :
N { vl } = odin B T G 0 40 )

(A.21)
(A.22) is implied by Lemma A4 and Theorem 1.11.1 in van der Vaart and Wellner

(1996)whose conditions are satisfied by (A.20) and Lemma AG6.

2
1< c ,
inf inf — > ui(ag, t)+vp, — inf inf max|[G(a, t)+v(1)]".
aoéﬁmR”E‘l%Oc ilel%){\/ﬁ; (o0, )+ } a€AINRvEVE teTX[ (o ) (®)]

(A.22)

(A.18), (A.21) and (A.22) imply that

n 2
. Z L . . 2
aerﬁgrletseuTI:L [ — us (o t)] — aeljllfmeulerxl/fo% er (G (e ) + o (O (A4.23)
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For other choices of weighting matrix W), («, t) that satisfy Assumption 1.3.2, it can

be shown via similar steps that

2

1 n
i Wa/2 (a, 1) == i (o, t
et [ W) 75 2 e

Lt max (W2 (0, 0G0, ) o 0]} (A.24)
a€ANRVEVE teT ’ ’ )

Proof of Theorem 1.3.2

Let 6, = o, (nfl/ 1) as in the proof of Theorem 1. According to Theorem 2.4.1 in van der

Vaart and Wellner (1996),
1<
- > m(yi, 0, h(2:) g (£ 2) = E[m(Y, 0, h(X)) g (t, 2)] (A.25)
=1

as a process on A x T. Applying the theorem of maximum and the continuous mapping

theorem yields

n 2

1
minsup |— » m(yi, 0, h(z; t,z)| =5 minsup [E [m (Y, 60, h(X t, 2)]%.
migsup |3 om0 0. )9 (2|5 minup [ (0.1 (3) 4 2]

(A.26)



91

(A.25) also implies that

su — u; (o, t) u(a, t 2500. (A.27)
aeAEeT‘nZ e )]

1 — A . . L.
Let &, € argminsup | — Zul (o, t)| and Il,&y = <9n, thn) where II,,h,, is as in
a€ARNRLET —

Assumption 1.3.5. In addition, let {,, € arg max

2
Zuz II,,éu, t)| . For nlarge enough,
teT

we have

min su Uj a t — minsu Uj a t
acAy, tg}? [n Z ! ] acA teg [n Z ! ]

< [i gu (I, fn)] - [i gu (6, fn)]
< [ Zul o, t ] _ [i zn;u (ag,t)]2|.

teT, chl agHLQ <on

(A.28)

The first inequality in (A.28) follows from

n 2 n 2 2
min sup [:L Z u; (o t)] < sup [le ZUZ (I, v, t)] = [:L Zul (Hn&n, fn)] (A.29)

cA
a€An teT teT —

and

acA e teT

min sup [i Zul (a, t) ] = sup [n Zuz G, t ] > [:L Zul (dn, fn)] . (A.30)
=1 i=1
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The second inequality in (A.28) holds for n large enough because ||, — I, |12 = 0 (6,)
due to Assumption 1.3.5(i7).

Similarly, it can be shown that

a€A e a€An teT

n 2
< sup lrlL z;ul (a1, t)] — [le z;ul (g, t)] |

2
1 n
min sup [n Zuz a, t) ] — min sup [n Z;uz (v, t)]

teT, Hoq a2HL2<§

(A.31)

(A.28) and (A.31) imply that

Q€An teT a€A e

n 2
Zuz a, t ] - [izui(amt)] B
=1

2 2
1 1
| min sup [n g > u; (au, t)] — minsup [n E 1 u; (au, t)] ]
i=

<
teT, Ha1 042\\L2<5n

(A.32)
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Note that

IN

IN

IN

IN

IN

1 « 1 2
- _ |t ' ;
[igme] [igene]
|1Z (e, 1) 1Zn: i (a2, 1) | |1Zn: P ( t)\+ylzn:  (as, t)
n 4 IUZ ai, n - luz Q, n - u; (O, n < u; (o,
i= =
1 < 1
|n;w(a1, t)—nzui(az, t)|-2 sup |—Zul a, t)
i= =

a€AteT N

acA, teT T

1 n
|n;ui(0‘17t)_E[U(0417t)] |-2 sup ]—Zuz a, t)
1=

a€A,teT T

1 n
'an;ui(a% t) — Eu(ag, t)]|-2 sup |7E u; (o, t)
1=

+|Eu(ag, t)] — Elu(ag, t)]]|-2 sup |— u; (e, t)
I [u (e, )] — Eulas, 1) aeAt€T|nZZ

n

1
4 sup |- wi(e, )~ Efu(o, )]+ sup \—Zuz a, t)

acA teT T im1 acA teT T
+2-|Flu(ay, t)) — FElu(as, t - sup |— u; (o t)

|E [u(ay, )] — E[u(az, 1)] || o teT‘nZ i
4 sup |— u; (o, t) a, t)||- sup |— u; (o, t)
acA, teT’nZ ‘ lu ) acA, teT‘nZ ’

5. Ly, O)|| - P |lhs = hall g2 - - (t, h)|
| im0 ”] e 13

(A.33)

(A.27) and (A.33) together imply

n 2 n 2
1 1 a.s.
sup | [n > i (o, t)] - [n > u; (as, t)] | &5 0. (A.34)
i=1 i—1

teT, Hal—OLQHLQ <on



(A.32) and (A.34) together imply

2 2
1 n 1 - a.s
min sup |— u; (o, t — min sup |— u; (o, t — 0.
aeAnmRteTF:L [n; il )] aeAmRtqu [n; il )] |

(A.26) and (A.35) imply that

" 2
min _sup [Tll Zul (a, t)] 2% min sup[E[m (Y, 0, h(X))g(t, Z)]]*.

aGAnﬂRteTn CXE.AmR teT

=1

Assumption 1.3.2 and (A.36) imply that

2
1 n
i W2 (a, t) = o, )] 25
B [ e 2 ey

i sup (W2 (a, ) B [m (Y 0, h (X)) (¢ 2))°,

which completes the proof of Theorem 1.3.2. B

Proof of Theorem 1.3.3

Recall that the bootstrap test statistic takes the form

S* = mi T (o, O] W (a, t) [T (a0, £)] + M P (o, t
= i supn 7 (o, 0 W G ) 1 G AP (00}
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(A.35)

(A.36)

(A.37)
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where

n n

J;"; (av t) = %Z m(y;kv 0, h(.%':)) 'g<t7 Zz*) - %Zm (yi7 0, h(xi))g(tﬂ Zl) : (A.38)

i=1 i=1

According to Lemma Al,

jﬁZ{m (yir b (22)) - g (£, %) — E[m (Y, h (X)) - g (t, Z)]} “5G (o, 1)
=1

Consequently,

T (a, t) =5 G (a, t) as. (A.39)

according to Theorem 3.6.3 in van der Vaart and Wellner (1996).
It can be shown through essentially the same argument as in the proof of Lemma

.17 in Santos (2011) that

* : * / * *
5= i fswn 2 @ 0/ Wi @ 0 U @0l Hop (). (a0

which, together with (A.39), imply that

*=D'= inf ! . A4l
Sn = aeglIIQRilElg {G (a, t) v (Oé’ t) “ (a7 t)} ( .

Recall that the null asymptotic distribution of S, is

D= aei}llfmevieer/f; igg {I[G(a, t) +v ()] W (a, 1) [G (v, t) + v ()]} . (A.42)
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According to Definition 1.3.4, the function v (¢) = 0 belongs to V2 for all a« € A; N R.
Therefore, D’ stochastically dominates D (in a nonstrict sense), which proves the first

part of Theorem 1.3.3. The second part follows from the same argument as in the proof

of Theorem 1.3.2. &

Proof of Theorem 1.3.4

Define by C (1 — p) the (1 — p)th quantile of D’. Then C (1 — p) =% C (1 — p) according
to Theorem 1.3.3.
The first equality in (A.43) below follows from Theorem 1.3.1. The inequality in

(A.43) follows from Theorem 1.3.3.

limsupPr (S, > C;, (1 — p) | Hop)
n—oo
= Pr(D>C(1-p))
< Pr(D'>C(1-p)

= (A.43)

The first part of Theorem 3.4 follows from (A.43).
When A; N R = @, it follows from Theorem 1.3.2 that S,, = O, (n), and it follows

from Theorem 3.3 that S;; = O, (). The second part of Theorem 1.3.4 follows from the



fact that A\, = o (n) which is guaranteed by Assumption 1.3.7. B

Proof of Theorem 1.4.1

According to (1.17) which defines our confidence sets, for any 6 € Oy,

Pr(0eCS,(1—p)=Pr(S,0)<C,(1—p,0)).

Taking lim inf on both sides of (A.44) yields

liminfPr (0 € CS,, (1 —p))

n—oo

= liminfPr (S, (0) < C; (1 —p, 0))

n—oo

v

I—p

where the inequality follows directly from Theorem 1.3.4.

Suppose lim inf inf Pr (0 € CS,, (1 —p)) <1 — p. Then e > 0 s.t.

n—o0 €O

liminf inf Pr(# € CS,(1—p))=1—p—ce¢

n—oo €O

Consequently, 3 sequence {6, },~, C O s.t.

liniianr 0,€CS,(1—p)=1—p—c

97

(A.44)

(A.45)

(A.46)

(A.47)
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According to the definition of ©7, 3 {h,},2 | C H s.t. {(On, hn) oy C A

Because © is compact under ||-|| g, and H is compact under ||-||., there is subsequence
{6, i)}, and & = ((5, B) st. (0., ) — aunder |- |5 + || - ||, which implies that
(01, hi,) — @ under || - ||, because || - [|» < || - ||z + | - |lc. Therefore, d,, (&, A;) = 0.

It follows from Assumption 1.3.3 (iv) that

max||E [m(Y; 6, h (X)) - g (t, Z)]|lp < cadw (&; Ar).- (A.48)

Therefore, & € A; because r?ar}xHE [m(Y, 0, h(X))-g(t, Z)] ||z = 0. Consequently, § € O;
S
and 6;, — 6 under || - ||z

Lemma Al, (A.47), and stochastic equicontinuity imply that there is NV > 0, s.t.
~ €
Pr <9€CSn(1—p)) <1-p-°. (A.49)

(A.49) implies that lini inf Pr (é e CS, (1—- p)) < 1—p, which contradicts with (A.45).
Therefore,

liminf inf Pr (60 € CS, (1 —p)) >1—p. (A.50)

n—oo €O

For any 0 ¢ Oy,

lim Pr (6 € CS,, (1 —p))

n—oo

= lim Pr(S,(0) <C, (1—p,0))

n—oo

= 0 (A.51)
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where the second equality follows from Theorem 1.3.4. B

Proof of Theorem 1.4.2 follows the same reasoning and very similar steps as in the

proof of Theorem 1.4.1. Therefore, it is skipped here.
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Appendix B

Supplementary Appendix to
Chapter 1

In this appendix we prove Lemmas A1-AG6.

Proof of Lemma Al:

If Assumption 1.3.1(iz) (a) is satisfied, ¢(¢t,2) = 1{z<t} for t € Z.
{{z: z <t} : t € Z}is a a Vapnik—Chervonenkis (VC) class of sets. Consequently, being
a family of indicator functions of the VC class of sets, {g (¢, ) : ¢t € Z} forms a Donsker
class according to Thm 2.6.4 of van der Vaart and Wellner (1996). (Or, for a simpler
exhibition, see the extension of the type I classes of functions discussed in Andrews
(1994).) Also note that in this case |g (¢, -)| < 1. Therefore, {g(¢, ) : t € Z} is a uni-
formly bounded Donsker class.

If Assumption 1.3.1(:¢) (b) is satisfied, {g (¢, -) : t € T'} becomes a type II class defined

in Andrews (1994). According to Thm 2 in Andrews (1994) and the compactness of T,
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{g9(t, z) : t € T} is a uniformly bounded Donsker class.

Therefore, Assumption 1.3.1(i7) guarantees that {¢g (¢, z) : t € T} forms a uniformly
bounded Donsker class.

According to Assumption 1.3.3(7), {m (-, @) : « € A} is a uniformly bounded Donsker
class.

Therefore, it follows directly from Example 2.10.8 of van der Vaart and
Wellner (1996) that {m (-, a)g(t, ): (o, t) € Ax T}, being the pairwise products

{m (-, a): ae A} -{g(t, z) : t € T}, forms a Donsker class. B

Proof of Lemma A2:

The proof of Lemma A2 uses the following lemma (stated in general terms):

Lemma A2.1. Suppose the following conditions hold: (1) Q(#) > 0 and O; =
{§€06:Q(0)=0};2)6, C O are closed and 311,60 € ©,, for each § € © s.t.||I,0 — 0|| =
o(1)and o, = sup ||I,,00—6o|| = 0(1); (3) sup |Qx» (0)—Q (0) | = O, (n"1/2); (4) 3 positive

0p€0O] 0cO,

constants ¢, ¢co and 0 s.t. ¢ ( inf |0 — O] A 5) < Q(0) <cg inf ||§ — bl for all 6 € ©.
00O 60O

Then, for 6,, € arg min Q,, () it follows that inf ||6,, — 6o|| = O, (max {0, n~1/2}).
0€O,, 60€Og



(Proof: Assumption (3) implies that

sup |Qn () —Q (0)| < L-n~Y/? (B.1)
0€O,

for some positive constant L < cc.

For any fixed 6, € Oy, 3 sequence {6y, } with 6y, € 0, s.t. ||0o, — Oo|| < K - o,

for some positive K < oo (which does not depend on 6y because of Assumption

(2)).
Let 6, = max{if, 26621K} - max {an, n_l/Q}. Let @8” denote an open 6,
enlargement of Oy under || - ||. By Assumption (4), we have:
A, = inf  Q(6) >c1-d, >0 for nlarge enough.
oe(9)") ne

Q) @ty = [o(8) @ (0)] + [0s(6) - otm)

(0
+ [@n (bon) — Q (6on)]
< [Q(0n) = Qu ()] + [Qu (Bon) — Q (Bon)]
< 1Q (8) = Qu (60) |+ 1Q (Bon) = Qu (on) | (B2)

It follows that
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v
o
<

v
S
<

— 1 (B.3)

where the last step is implied by (B.1).

By Assumption (4) and ||, — 6o]| = O (6»), we have Q (6o,,) < c2.]|00on — O0|| <
co- K- o, < % for n large enough. Therefore:
Pr <Q (en) < An) 1 (B.4)

This implies that Pr (d (én, @0) < 5n> — 1. Therefore, 9111(2 ||én — Ool] <
€0

Op (8,) = O, (max {,,, n~1/2}), which completes our proof. )

Define

and

Q(a) = iﬂgHWW (a, 1) - E[m (Y, 0,h (X)) g(t Z)]e,

@ (0) = sup|W/ (0, ) =3 (e 0, (@) -9 (. 5) e

103



Obviously, arg min {supn [ (o, )] Wi (o, t) [ (a, t)]} =arg min Q, (a).

acA,NR

acA,NR teT

Assumption 1.3.1(i7) implies condition (1) in Lemma A2.1 holds for || - ||,;-

Assumption 1.3.4 (ii7) and (iv) implies condition (2) holds for A,,.

Lemma Al implies that

jﬁz{m (ir 0, 1 (22)) - g (t, =) — E[m (Y, 0, (X)) - g (t, Z)]} 3G (o, 1)

onT x H.

Consequently,

IN

IN

IN

Vn|Qn (@) = Q (@) |
\f|sup||W1/2 (a, t) Zm Vi, 0, h(z;)) - g(t, z) ||

—ilelgHWl/Q (a, 1) E[m (Y, 0, h(X))-g(t, 2)] || £

Vsup||[W,/? (a, t) Zm Yis 0, h () - g (t, 2)

teT

W2 (a, ) Elm (Y, 0, h(X)) - g(t, 2)] &

\/ﬁsupHI/Vl/2 (a, t) {= Zm Yi, 0, h(x;)) - g (t, 2)
=1
_E[m (Y7 97 h(X)) 'g(t, Z)]}HE‘

1
+/msupl| [Wi/2 (o, 6) = W2 (@, )] - =3 m (i, 0 b (@) - g (1 20) 12
teT =1
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(B.5)

VﬁWl/gsupH% Dm0 0. )9 ) = Elm (V0,100 -5 4 2) s

+1- sup||—Zm (yi, 0, h(x3)) - g (t, zi) |z for some I > 0
teT ;
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Ly W sup|G ¢ @) g+ I-sup|Em (Y, 0, h(X) gt Z)]|p  (B.6)
teT teT

Therefore, w.p.— 1,

\/ﬁ sup ‘Qn(OZ)_Q(O‘H

acA,NR
< sup swl|G(t, )|+ sup -supl|E[m(Y, 6, h(X)) g(t, 2)]|p (BT
a€A,NRLeET acA,NR teT

(B.7) implies that /n es,}llme’Qn () — Q(a)| = Op (1), which implies condition (3) in
Lemma A2.1. n

Assumption 1.3.3 (iv) states that condition (4) holds.

With condition (1) - (4) of Lemma A2.1 being verified, Lemma 2 is valid according to

Lemma A2.1. R
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Proof of Lemma A3:

For any oy € A;,

& — ollL,
< |[an — P (ao) [z, + || P (o) — a0l L,
< Y- |dn — P (o) [lw + 0sn
< Yn - (|6 — aollw + llao — P (o) [Jw) + ds,n
< Yn - (llan — aollw + 5w,n) . (B.8)
According to (B.8),
[&n — aollLy < ¥n - (|én — aollw + dwn) - (B.9)

Taking i}\lfﬁ on both sides of (B.9) yields
aCAn

dLg (@na AI N R) < Q;Z)n : (dw (é‘na AI N R) + 6w,n) 5 (B]-O)

which, together with Lemma A2 implies lemma A3. B

Proof of Lemma A4:

The triangle inequality implies that :
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|inf inf sup|g(a, b) — f(a)| — inf inf sup|gy (a, b) — f(a)|]

beEB feFL acA bEB fEFL qeA
< [inf inf su a, b) — f(a)| — inf inf su a,b)— f(a
< |berefgoa£|g( )= f(a)] berefgaGE‘g( )= f(a)]]
+ |inf inf su a, b) — f(a)| — inf inf su a,b)— f(a ) (B.11)
inf inf suplg (a, b) = f (@) | = jnf inf suplgn (0, b) = f (@)

Fix ¢ > 0 and there exists {fbm}b . with f} ., € F5, forallb e Bs.t.:
€

inf inf su a,b)— f(a)| > inf su a,b—A — .
gngefgoaeglg( )= f(a)] *beBaEE‘g( ) = fo,00l

Also there exits f;,,, € F? s.t. finfbH f = Fooolloo = || fom — froolloo — €, for each b € B
€Fl
andn=1,2,3,....
Finally, there exits b € B s.t.

inf — fooo > b)) — f —e.
infsuplg (a, b) — fooo (a) ] 2 suplg (a ) fooo(@)] —€

By the definition of F%,, inf ||f - froolloo = 0 (1), for each b € B.
feF;,

Therefore,



inf inf sup|g(a, b) — f (a)]

beB feF} acA

< inf sup|g (a, b) — fb,n (a)
beB gcA
<t {suplg 01 8) — o (@) + 513l (0) — o ()}
beB (acA acA
= i b) — fyoo fr oo —
blgg{zgg\g(a, ) = fooo (@) | + I,
< inf b)) — fpoo + inf ||f = froolloo + €
< jnf {suplg (a0 o (@)1 + it~ ol + €}
< swlg(ab) = o (@] + inf [If = filloo e
a€A ’ fe]."’,l;
< infsup|g (a, b) — fb,oo (@) +o0(1)+2¢
beBgeA
< inf inf suplg(a, b) — f(a)|+o0(1)+ 3¢

beB feFL, acA

Since ¢ is arbitrary, we have:

inf inf sup|g(a, b) — f(a)|] < inf inf sup|g(a, b) — f(a)]

beB feFb, acA beB feFh acA

A

bEB feFY, acA

where the first inequality follows from F? C F2%..

(B.13) implies that,

inf inf supl|g(a, b) — f(a)|+o0(1)
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(B.12)

(B.13)



inf inf sup|g(a,d) — f(a)| = inf inf sup|g(a, b) — f(a)|+0(1).

bEB feFh acA beB feFl, acA

Next, ||gn — g||co = 0 (1) implies that:

inf inf sup|g(a, b) — f (a)]
beB feFh acA

< inf inf |sup|g(a, b) — gn (a, b) |+ suplgs (a, b) — f (a)|
beB feFh |acA acA
< o(1)+ inf inf sup|g, (a, b) — f (a)|

bEB feFh acA

Similar, we can show that:

inf inf supl|g, (a, b) — f (a
inf inf suplg, (a.0) = f (a)|

< inf inf suplg(a, b) — f(a)|+ o(1)
bEB feFb acA

Therefore, by (B.15) and (B.16), we have

inf inf sup|g(a, b) — f (a)| = inf inf sup|g, (a, ) — f(a)|+0(1).

bEB feFh acA bEB feFh acA

(B.11), (B.14), and (B.17) complete the proof. B
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(B.14)

(B.15)

(B.16)

(B.17)
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Proof of Lemma A5:

Fix €, \, 0. There exists a sequence {a,} s.t. a, € A, and the following inequality

holds:

inf maxF2 (a, b) > maxF?2 (én, b) + n. (B.18)
ac€An bEB beB

Then step 5 in (B.19) follows from (B.18) and sup sup [G,, (a, b) — Fy, (a, b)]> = 0, (1):
acARbEB

inf maxG?2 (a, b)
aeAn bEB

— 3 _ 2
= inf max {[Gu (a, b) — Fu (a, b)] + Fi (a, b)}

. . 2 2 . —
S ag}fnrgleaé({[Gn (CL, b) Fn (CL, b)] + Fn (CL, b) + 2|Fn (CL, b)| ‘Gn (a’ b) Fn (CL, b) ‘}

< max { (G (an, b) = Fr (i, D)+ F2 (an, b) + 21 Fy (i, B) |-G (n, b) = Fo (i, )|}
€

< max [Gp (dn, b) — Fp (an, b)]* + maxF?2 (i, b)

beB beB

2 Fn An’b : Gn Anab _Fn Anab
+2max| By (an, b) | - max|G (@n, b) = Fy (@n, b) |

< : 2 _ - 2 e
<op,(1)+ alenjnrgleaé(Fn (a, b) —en + 2\/a1€njnr;1€aé(Fn (a, b) —en-0p(1)

— 2
= alelgnlgleaé(Fn (a, b) +0p (1)

(B.19)

Similarly, it can be shown that

inf maxF? (a, b) = inf maxG2 (a, b) + o, (1). (B.20)
a€An beEB ac€Ay, beB



(B.19) and (B.20) together complete the proof. B

Proof of Lemma AG:

According to Definition 1.3.4, Vko‘n"cn C VkOT‘LO. Therefore

ap ap
UVkan C Uan .

Next, for any positive integer [ and v € Vk‘;o, there is r € H;p s.t.

dp (ap, t d 1 /
0= L 2

Since ¢, — oo, there is N > n s.t.
e > maz { |ript™ 12, IIrl|5 |
Let ry € Hyr be vy = (17,0, ...,0). Then (B.22) implies that
v e Uyt

kn,en®

Since (B.23) holds for any v € V‘j‘“, we have

ap ag
sz < VkN CN”
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(B.21)

(B.22)

(B.23)

(B.24)
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Since for any positive integer [ there is an appropriate N s.t. (B.24) holds, we have
UV Cuvpe, . (B.25)

(B.21) and (B.25) implies that UV,;OC" = UVkos). |

Proof of Assumption 1.3.3(ii) Being Satisfied When m (-) Is Pointwise Lipschitz

Continuously in « and Continuous in y with Compact X' x ) :

The following lemmas are used in the proof:

Lemma B1 Let Assumption 2.1(:7). There exists a constant K > 0 s.t. for all ¢ suffi-

ciently small
d

1
g N (M, |- | 2) < K (1)

8

(Proof: Lemma B1 is the same as the Lemma .3 in Santos (2011). And a

proof is given there.)

Lemma B2 Let 7 = {f: X xY > R: f(z,y) =m(y, 0, h(x)) for some (6, h) € A}.

There exist B’ < oo s.t. F(y) = max _|m(y, 0, 1)||z is an envelop for F. More-
€0, |l p<B’
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over, there exists constants Ky, K > 0 s.t. for all norm with ||F|| < co and ¢ sufficiently

small:
dy

diam®\ % 4\ m
Ny lIFD < Ko (F22) e |1 (2)

(Proof: The compactness of #, which is implied by Assumption 1.2.1(i7), im-
plies that for any h € H there exist B’ < co s.t. ||h||. < B’. In turn, ||h]|e <

||h||c < B’ for any h € H. Therefore, for any f (x, y) = m(y, 0, h(z)) € F,

T < max m(y, 0,1
If (. y9)lle < eee,lllHEgB/H (v, 0, Dle

= F(y).

The pointwise Lipschitz continuity of /m implies

Hm(y7 01, ha (CIJ)) - m(?/? 02, ho (LE)) ”E

IN

M (y) || (61, ha ()" = (02, h2 (2))" ||

IN

M (y) (|61 — 62)lg + [|h1 — hallso) - (B.26)

(B.26) shows that the class F is Lipschitz in A w.r.t. the norm |- ||g + || - /oo,
which in turn implies the first inequality in (B.27) below. For ¢ small enough,
and some K’ < oo, the third inequality in (B.27) follows from Lemma B1 and

the compactness of ©.
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9
Ny F -1l ellFl) < N (Al s+l 5)

e 3

< . ). . b

< N(O s 5) N (A Il oo 5)
dg dac
A3 4 -
< K dglam@ . exp K<5>m

1

. dg —
= K- (dlam@> cexp | K - (4) m
€ €

(B.27)

Setting Ky = (4K’ )d9 justifies the final step in (B.27), which completes the

proof of Lemma B2.)

Equipped with Lemma B1 and Lemma B2, the proof proceeds as follows:
The boundedness of A w.r.t. || - ||z + | - [, the Lipschitz continuity of m in «, the
compactness of ), and the continuity of m in y together imply the uniform boundedness

of m, which in turn implies that, for any (6, h) € A,
E[[|m (Y, 6, h(X)) HQE} < o0. (B.28)

Therefore, the central limit theorem implies the convergence in distribution point-

wise on A. To verify uniform asymptotic equicontinuity, let 7 and F'(y) be as in Lemma
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B2. F(-) is continuous according to the theorem of maximum. Then compactness of )

implies boundedness of F'(-), which implies that

|F|[2, = E [[F (Y)}Q] < . (B.29)

(B.29) guarantees that
Nip (F - Mgz, €) = 1 (B.30)

for some D > 0 and any ¢ > D.

(B.30) implies the first step in (B.31) below. The second step in (B.31) is implied by
g

P

Lemma B2 whose condition is satisfied by (B.29). The change of variable u
yields the third step. The final step is justified by d—nz < 2, which is implied by Assump-

dy
tion 1.2.1(i7), and that qﬁ > log g for ¢ large enough.

[ oy T

D
= [ lor Ny F I I o)

dy
b il
4||F
/ K- (HHLQ> mo log Ky + dg log (diam®) — dy log - de
0 i 7z

dy
.-
> M _ dglogu + log Ko + dg log (diam®) du

Db
/HFHL2 K- (
0 u
o0

IN

(B.31)
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According to Theorem 2.5.6 in van der Vaart and Wellner (1996), whose condition is

satisfied by (B.31), F is a Donsker class. B
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Appendix C

Proofs of the Theorems in
Chapter 2

Proof of Lemma 2.3.1
Proof of Part (1):

By definition,
n

Bo i O] =7 (453 6) = = 3" 1 (5 = 4y),

=1

Ey[m; (0)] = (Aj; 0) — Ep[1(y: = Aj)].

Therefore,
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is not a function of §. Neither does

By the multivariate central limit theorem, /n (E, [m ()] — E,[m (0)]) —4 A uni-
formly on ©, where A ~ N(0, %), ¥;; = P(4;)[1 - P(4;)] and ¥;; = —P (4;) P (4;)

when i # j.

Proof of Part (2):

Since E,[m (8)] = 0 for all § € O, VnE, [m(0)] = /n(E,[m(0)] — E,[m (0)]) for all
6 € ©1. Moreover, \/nE,, [m (0)] does not change over § on ©;, and \/nE,, [m ()] —4 A on
Or.

By continuous mapping theorem, nQ,, (0) = ||v/nE, [m (0)]||*> —4 ||A||? on ©;. Hence
Cn —a ||A]|? on Oy.

Vb, — 00, Ve > 0,3L > 0, s.t. Pr(||A2P <L) >1-—e.

dN >0, s.t. b, > Lforalln > N.

Consequently, Pr (C, <b,) > Pr(C, < L) foralln > N.

Therefore, lim inf Pr (C, < b,) > liminf Pr (C, < L) = Pr(||A|? <L) >1—e.

Since the above is true for arbitrary ¢, liminf Pr (C,, < b,) > 1.

Since limsup Pr (C,, < b,) < 1,lim Pr (C, <b,)=1. R
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Q.E.D.

Proof of Lemma 2.3.2

Proof:

(a) By equation (3), fi(yit|yit—1, ci; 7v) is continuous w.r.t. v and «;. Consequently, by

equation (5), m (4;; 6) is continuous w.r.t. 6.

7 (Aj; 0) — E, [1 (y; = A;)] being continuous w.r.t. 6 is immediate. So does 7 (A;; 0) —
L5~ 1 1(y; = A;) being continuous w.r.t. 6.
The above is true for all j =1, ..., J.

Therefore, by definition, ) and (),, are continuous w.r.t. 6.

(b) Since /n (E,, [m (0)] — E, [m (0)]) =4 A on O,

Hence (E, [m (0)] — E, [m (0)]) = 0, (1//n).}

Since 0 < ﬂ'(Aj; 9) < 1, 0< %E?:ll(yl :A]) < 1, and 0 < Ep []_ (yz :A])] <1 for

1For a sequence of random vector X,, = (X,1, ... X,,7), X» = O, (1) means that X,,; = O, (1) for each
j=1, .. J.
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each {A;}, |E, [m; (0)]| <1and |E,[m; (0)]| < 1on©O foreach;j =1, ..., J. Consequently,

| En [m (0)] + Ep[m (0)]| <2- 1.

Therefore

Qu(0) = Qp(0) = (Enlm(0)] = Ep[m (0)]) (B [m (0)] + Ep [m (6)])

= Op (1/\/5)

on O. Recall that E,, [m ()] — E, [m (6)] does not change over 6 on O.

So

supe (Qn — Q) = supe {(En[m (0)] — Ep [m (0)])’ (En [m (0)] + E, [m (0)]) }
< 2supe||En [m (0)] — Ep[m ()] ]
= 2[|En[m (0)] — Ep[m ()]

= Op (1/\/ﬁ)

Similarly, supe (Q — Qn) = O, (1/y/n).

Therefore, supe|Q — Qn| = O, (1/y/n)

(¢) Since nQy, (0) = ||vnEn[m (0)]]]> —4 |A||? on ©7, nQ,, (0) = O, (1) on ©;. Conse-

quently, Q,, (f) = O, (1/n) on Oy.
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Recall that @),, (¢) does not change over 6 on ©;. So supe,@n = O, (1/n). R

Proof of Theorem 2.3.1

Define the e—expansion of ©; in ©by ©5 = {0 € © : d (0, ©;) < €}.

Proof:

Let (:)1 = C), (by). Then O] C (:)1 «— (C,, < b,,.Therefore:
Pr (61 - 61) = Pr(Cp < by) — 1

by Lemma 2.3.1.

This implies that suppce,d (0, 5) I) —p 0.

By definition, () > 0. For any ¢ > 0, suppose in f@\@;Q = 0. Then there exists 6y € O,
s.t. Q (0p) =0, and 6 is a limit point of ©\ ©5. @ (§p) = 0 implies that §, € O;. However,
this contradicts the fact that 6 is a limit point of © \ ©5. Therefore, it must be the case
that info\e:Q > 0. Define § (¢) = info\e: Q. Then 6 (¢) > 0.

Note that supe|Q — Qn| = O, (1/y/n), andQ@ < @, + 0, (1) uniformly on ©. Therefore
sup(:)IQ < supéIQn + 0p (1). By definition, 0, = {0 € ©: nQ, (0) <b,}. Therefore,
Vo € (:)1, Qn (0) < b, /n. So supéIQn < by, /n. Consequently, sup(:)IQ < b,/n+o,(1). Since

bp/n — 0, sup@IQ < o0y (1). Therefore, supéIQ < d(e) = infe\e:@ w.p.— 1. So ©; N
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(©\ ©%) is empty wp— 1, which implies 0, C ©5 wp— 1. Therefore, S“pee@,d 0,07 <
€, wp— 1. Since ¢ is arbitrary, Supyeg,d (0, ©1) —p 0.
suppeco,d (0, (:)1> —p 0 and S“pee(:)fd (0,07) —p, 0 together imply that

dH <@[, @]) —p 0.1

Proof of Lemma 2.3.3

Proof:

Note that wp— 1, uniformly on ©,

nQn (0) = |V (En[m(0)] = By [m (0)]) + vVnE, [m (0)] |
> [VallEp [m )] = [V (En [m (0)] = Ep [m (0)]) ] ”
> |K-/n(d(9, ©1) A8) = Op(1)]

The first inequality follows from the triangle inequality. And the second inequality
follows from Condition C2.3.1 and Lemma 2.3.1. Therefore, for any ¢ > 0, one can

choose n. large enough s.t. Vn > n., wp at least 1 — ¢,

nQn (0) > = - K%.n-[d(0, ©7) Ad)?

N | =
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uniformly on ©, and, hence, uniformly on {9 €0:d(0,0r) > (ng/n)l/z} for any x. > 0.

Proof of Theorem 2.3.2

Proof?:

For any ¢ > 0, let the positive constants (k, d, n., x.) be as specified in Lemma 2.3.3.
Let ¢ := (k- k) V b,. There exists n. > n. s.t. foralln > n. wp at least 1 — ¢, ¢, =

[¢/ (nk)]Y? < § and €, > (k/n)"/?. Hence, by Lemma 2.3.3,

info\ennQn =2 K- (en AP >rk-n- =c

By definition, (:)1 ={0€0O:nQ, ) <b,}. So sup@InQn < b,, < c. Therefore, (:)I C
©f", which, associated by Theorem 2.3.1, implies that d ((:) I, © 1) < ¢,. Therefore,

d ((?)I, @,-) -0, ([c/n]1/2>. n

2This proof and the proof in A.10 follows the same logic as in CHT (2007) A.2. Part (2).



Proof of Lemma 4.1
Proof of Part (1):

M (0) = (M (0), ..., My (0)).

By definition, Vk € {1, 2, ..., H x J},

My (9) = gy(ﬂfi)mj (0)

= gl (@) [m (A 24, 0) — 1 (y; = 4;)]

for some j =1,....,J, andh =1, ..., H.
Recall that 0 = (v, , 8, 01, ..., O2p1).

(a)

M, (0) /Oy = [0m (Ay; i, 0) /Ov] g} (w:)

M [T
= g} (z:) Z {Z [Wityit—1fer — (1 — Yit) - Yie—1[et] H ft’em:|

m=1 | t=1 £t

oM [T
ACHE {Z iryir—1fer — (U= wir) w1 fer) [ | ft'9m] :

m=M+1 | t=1 t/ 4t

By equation (2.14), which defines f; fort =1, ..., T, | fy| < 1.
By assumptions, f.; is bounded, which means 3W > 0, s.t. |f| < W.
Also, 6,,, € [0, 1]. And y;; € {0, 1}.

Therefore, | [yiyit—1fer — (1 — yit) - Yir—1Set] [Ty 2y frOm] < 2W.
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Consequently, [0M, (0) /0| <|g} (i) |- (2M) - T - (2W).

(b)

OMy (0) /05 = [0m (A;; @, 0) /98] ] ()

M
= Z [Z YitTit fet — (1 - yzt l’ztfat H fr0 ]

m=1 [ {=1 t'#t

om [ 1
N ACHEY {Z iri for — (1= wir) - waefer] [ | ft/9m] :

m=M+1 | t=1 t'#t

Note that z;; is bounded by assumption.

Then, similarly, 3U > 0, s.t. [0M}, (0) /08| < |g§‘ (z;)|-U.

(c)

OMj, (6) /06, = [0m (Aj; @i, 0) /001 g (x)

T
= 9;‘1 () Hft(yit\yit—h Tit, O = G Y, B)
t=1

form=1,.., M.
Therefore, |0Mjy, (0) /06| < |93h (z) -

Similarly, |0Mjy, (6) /00| < ]gjh ()|, form=M+1,...,.2M.

According to (a), (b), and (¢), 3V, > 0, s.t. [[V My (0) /VO|| < |g} (x:) ] - Vi

SO V@l, 92 S @/, |Mk (91) — Mk (92) ’ S |g§l (JZZ) | . Vk . H91 - 02“
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The above is true forall k =1,..., H x J.

Recall that M (0) = (M (0), ..., My«;(0)).

Therefore, |13 (61) ~ M (60) | < [supnla) (o) ] - (SEV2) 161 - 6l
Since ¢" (z;) € G C L*(S), Eplg? (i) |* < oo for all finite » and ;.
Consequently E, |supp;|g} (:) ]} ‘ < 00.

Therefore, { M (6) : 6 € ©} is P-Donsker.?

Equivalently, \/n (E,, [M (0)] — E, [M (0)]) = A (0) in L*> (©').

(d) A () having continuous paths a.s. follows from the functional central limit the-
orem stated in Pollard (1990)*.

Define f,;(w, 0) = {M(60; z; (w) , yi (w)) — Ep [M (6)]} /v/n.

Define X,, (w, 0) = Y1 | fni(w, ).

By definition, X, (w, 0) = /n (E, [M (0)] — E, [M (9)]).
1/2

Define pp (61, 02) = (32; Ep|| fai(-; 61 — fai(-, 62)]1?)

And, define p(61, 02) = lim p,, (01, 62), when the limit exists.

The five regularity conditions in the functional central limit theorem are:
(1) {fni} is manageable;
(2) H (01, 02) =lim Ep[X,, (w, 61) - X, (w, 02)] exists for every 01, 62 in ©;

(3) limsup >, Ep (F?2;) < oo for some function F;, s.t. || fni|| < Fys, almost sure.

3{M (0) : 6 € ©} being P-Donsker follows directly from van der Vaart (1998) Theorem 19.4 and Example
19.6 in p270 — 271.

“The theorem is formally presented on page 53 of David Pollard’s book Empirical Processes Theory and
Applications.
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(4) For the same F,;, >, Ep [(F2) - 1 (Fn; > €)] — 0 for each € > 0.
(5) The limit p(-, -) is well defined, and for all deterministic sequences {s,} and {¢,},

if p(sn, tn) — 0, then p,(sy, t,) — 0.

The functional central limit theorem is applicable for the general triangle arrays
{fni}. As stated in Pollard (1990), for the special case where f,;(w, 0) = f;(w, 0)//n =
{M(0; z; (w), y; (w)) — Ep [M (6)]} /+/n, with the {f;} i.i.d., p = p,, and condition (5) is
trivially satisfied.

Condition (1) is needed to prove the convergence of X, (w, #), but is not related
to showing that the limit has continuous paths almost sure. As already proven,
X (w, 0) = A(0). Therefore, to prove that A () has continuous paths a.s.,all that
needed is to show that condition (2), (3), and (4) hold.

Since lim Ep [X,, (w, 01) - X, (w, 62)] = cov (A (01), A (02)), which exists for arbitrary
01, 0> in O by the definition of Gaussian process, condition (2) is satisfied.

fui(w, 0) = {M(0; w5 (w) , i () — Ep [M ()]} /.

And M () = (M, (0) , ..., Mgy (0)).

By definition, Vk € {1, 2, ..., H x J},

Mj, (0) = g (xi) m; (0)
= gl () [ (Aj; @i, 0) = 1 (y; = A;)]
A.2. has shown that |7 (A4;; z;, §) — 1 (y; = A;) | < 1. Therefore,
[My(65 @i (w) , yi (w)) = Ep [My (9)]| < 2|95 (1) = B |g? (@) |

Consequently, || fui(w, 0)]| < |2+ VH X T -sup; |9 (2:) — Ep |gf (x:)] 1] /v/n.
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Define Fi(w) = |2 v/H X J - sup; gl (i (w)) = Ep [gl (i (w))] 1] /v,

In turn, [Fpi(w)]® = [4 - H - J-supj g (x; (w)) — Ep [g}‘ (2 (w))} IQ} /n.

Then Y, Ep (FZ%) = E, [Supj,h g} (zi (w)) — Ep [g]h (zi (w))] ’2} < co. This equation
follows from the fact the g? (z; (w)) € L%(S), d > 1, implies that g]h (z; (w)) € L*(9),
and that there are only finitely many g?. Therefore, condition (3) is satisfied. Moreover,
>_; Ep (F7;) is uniformly bounded. This is because E, |sup;, |¢" — Ep (g?) ]2} is not a
function of n.

Foi(w) — 0, almost sure. Then, F,;(w) —, 0. Therefore for each ¢ > 0,
P (F,i(w) >¢) = Ep[1(F,; >¢)] — 0. This combined with condition (3) implies con-

dition (4).

Proof of Part (2):

Since E, [M (0)] = 0 for all § € Og, \/n (E, [M (0)]) = A () in L (Bg).
By continuous mapping theorem, nQ,, () = ||v/nE, [m (0)]||*> = ||A (0) ||? in L (Og).
Therefore C,, = supgco,nQn (8) =4 supgeo,||A (0) ||>.
By assumption, A (#) have a.s. continuous paths.
This implies that ||A (9) || have a.s. continuous paths.
Thus, supseos||A (6)|[2 < suppeol|A (0) |2 < oo, ..

supgeol||A (0)|]? < oo, a.s. follows from the compactness of © and the fact that a
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continuous function is bounded on a compact set.
Therefore, suppeo,||A (0) [|? < oo, a.s..5
Thus, Vb,, — oo, Ve > 0, 3L > 0, s.t. Pr (supgeo,||A (0)||> < L) > 1 —¢, and the cdf of

||? is continuous at L.

supgeeg || A (0)
3N >0, s.t. b, > Lforalln > N.
Consequently, Pr (C, <b,) > Pr(C, < L) foralln > N.
Therefore, liminf Pr (C, < b,) > liminf Pr(C, < L) = Pr (supgee,||A (0)[* < L) >
1—e.
Since the above is true for arbitrary ¢, lim inf Pr (C,, < b,,) > 1.

Since limsup Pr (C,, < b,) < 1,lim Pr (C, <b,)=1. R

A.7. Proof of Lemma 4.2

Proof:

(a) By equation (2.14), fi(vit|yit—1, i, ai; v, B) is continuous w.r.t. v, 8 and «;. Conse-

quently, by equation (16), 7 (A4;; z;, #) is continuous w.r.t. 6.

E, {gjh () [m(Aj; 2, 0) — 1 (y; = Aj)]} being continuous w.r.t. § is immediate.

So does 1 "7, {gjh (x) [m(Aj; 2, 0) — 1 (y; = Aj)]} being continuous w.r.t. 6.

®Indeed, the assumption that A (6) have a.s. continuous paths is needed to prevent the random variable
supgeog||A (0) || from having strictly positive probability mass at co. In other words, the assumption
guarantees that the cdf of supsco, ||A (0) ||* is left continuous at cc.

5Note that the continuous points of a cdf is dense in the real line.
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The above is true forallh=1,.... Hand j =1, ..., J.

Therefore, by definition, ) and (),, are continuous w.r.t. 6.

(b)Qy (0) = Q (0) = (En[M ()] — B, [M ()]) (En [M (8)] + E, [M (8)])
S0 |Qn (0) = Q(0) | = [|En [M (0)] — Ep [M (0)] || - [[En [M (0)] + Ep [M (0)]]].
M (0) = (M (0), ..., My (9)).

Therefore, Vk € {1, 2, ..., H x J},

My, (6) = g} (i) my ()

= g (@) [ (Aj; 25, 0) — 1 (y; = A;)]

for some j =1,...,J, andh =1, ..., H.

As shown in A.3.(b), |7 (A4j; x;, 0) — 1(y; = A;)| < 1. Therefore E,|M; (0)| <
Eylg} (24) .

And E,|My, (0)| < £ 3700 |9} (23) | < Bplg? (i) | + 1, for n large enough.

The last inequality follows from the weak law of large number.

By assumption, E,|g} (;) |* < oo for all h and ;.

By Jensen’s inequality, Ep|g§l ()| < [Ep|g§l () ’d} 1/d < 0.

Since both h and j take finitely many different numbers, 3I" > 0, s.t. E,| gé‘ ()| <
I' — 1 for all h and ;.

Consequently, E,|M (6)| <T, and E,|Mj, (0)| <T for all » and j.
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Therefore, |E, [M (6)] + E, [M (8)]| < 2T - 1.
So ||, [M (6)] + E, [M (9)] || < 2D VH  J.
Since /i (E, [M (6)] — E, [M (6)]) = A (6) in L* (8),
V| En (M (8)] — E, [M (8)] || = [|A (6) || in L= (©).
supgce/l| Ex [M (6)] — E, (M (8)] || —a supocol|A (6) |
Since supgeo||A (8) ||2 < oo a.s., which is shown in A.6., the above weak convergence
implies that

supgco| | En [M (0)] — F, [M (0)] || = O, (1/ /).

Thus, supsee|Qn (6) — Q(0)| < (20VH X J) - supoeol|En [M (6)] — E, [M (0)]|| =
0, (1/y/).

So supyeo|Qn (6) — Q (0) | = O, (1/y/).

(c) As shown in A.6. Part (2), nQ,, (0) = ||v/nE, [m (0)]||*> = ||A (0) ||? in L*> (6g).
So suppco;nQn (0) —a supgeos||A (0) 2.
I?

Since supgco,||A (0) < oo a.s., the above weak convergence implies that

suppcogQn (¢) = Op (1/n). B

A.8. Proof of Theorem 2.4.1

Proof:
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Let Og = C,, (by). Then Og C Og <= C,, < b,.Therefore:
Pr (@g - @g) = Pr(Cp < by) — 1

by Lemma 2.4.1.

This implies that suppce,d (8, @g) —p 0.

By definition, Q > 0. For any ¢ > 0, suppose z'nf@\eegQ = 0. Then there exists 6y € O,
s.t. Q(6p) = 0, and 6y is a limit point of © \ @69.7 Q@ (fp) = 0 implies that 6, € Og¢.
However, this contradicts the fact that 6, is a limit point of © \ ©g. Therefore, it must
be the case that z‘nf@\@egQ > 0. Define § (¢) = z'nf@\@egQ. Then ¢ (¢) > 0.

By RC(b) in Lemma 2.4.2, supg|Q — Q| = O, (1/y/n),

Q < Qn+0, (1) uniformly on ©. Therefore sup@gQ < supg, Qn+ 0p (1). By definition,
Og = {0 € ©: nQ, (9) < b,}. Therefore, V0 € Og, Qn (6) < bn/n. So supg Qn < bn/n.
Consequently, sup@gQ < b,/n + 0, (1). Since b,/n — 0, sup@gQ < 0p (1). Therefore,
supégQ < 0(e) = inf@\%Q wp— 1. So ég N (©\ ©%) is empty wp— 1, which im-
plies @g C O wp— 1. Therefore, SuPeeégd(97 Og) < ¢, wp— 1. Since ¢ is arbitrary,
SUpeeégd (0, ©g) = 0.

suppcegd (6, (:)g) —p 0 and S“paeégd (0,0g) —, 0 together imply that

dn (@g, @g) —,0. 1

"Recall that 05 = {0 € © : d (6, ©g) < ¢}, which is by definition the e—expansion of Og in ©.
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Proof of Lemma 2.4.3

Proof:

Note that wp— 1, uniformly on O,

nQn (0) = [[Vn (En [M (0)] — Ep [M (9)]) + v/nE, [M (0)] ||?
> |v/nl|Ep [M ()] = [1Vn (En [M (0)] - Ep [M (0)]) ||
> |K - /n(d(0, ©g) A o) — Op(1)[?

The first inequality follows from the triangle inequality. And the second inequality
follows from Condition C.4.1 and Lemma 4.1. Therefore, for any ¢ > 0, one can choose
n. large enough s.t. Vn > n., wp at least 1 — ¢,

nQn (0) > 1-K2.n-[d(6, ©g) Ad]°
uniformly on O, and, hence, uniformly on {0 €0:d(0,0g)> (nE/n)1/2} for any

ke > 0.1

Proof of Theorem 2.4.2

Proof:
For any ¢ > 0, let the positive constants (k, d, n., k.) be as specified in Lemma 2.4.3.

Let ¢ := (k- ke) V by. There exists n. > n. s.t. for all n > n. wp at least 1 — ¢, ¢, =
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[¢/ (nk)]Y? < 6 and €, > (k/n)"/?. Hence, by Lemma 2.4.3,

infe\egnQn = K- n - (en N8P >k-n-& =c

By definition, ©g = {# € © : nQ, () < b,}. So sup@gnQn < b, < c. Therefore, ©g C

Og', which, associated with Theorem 2.4.1, implies that d (@g, @g) < €,. Therefore,

d ((f)g, eg) -0, ([c/n}m). n



