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Abstract

Grid modeling for electric power systems optimization and control has long, well-studied
history. Although many excellent texts and tutorials carefully describe such grid models, choices
for mathematical power system representations are inevitably made in context of specific
component technologies, operational objectives and computational tools. As the grid sees rapid
changes in its network elements (e.g. FACT devices), operational objectives (e.g. integration of
distributed energy resources) and computational tools (e.g. advanced optimization and control
applications), approaches to grid modeling benefit from re-examination. To this end, this work
focuses on developing grid models, which move from those classical concepts toward the most
effective models and representations based on the multiport representations of components,
and Sparse Tableau Formulation (STF) of network constraints. STF adopts a straightforward,
algorithmic approach in network constraint formulation that clearly establishes the conceptual
origin of each constraint (either KCL, KVL, or individual component behavior), and is well
suited to facilitate research in grid optimization.

In this dissertation, we first discuss the standard AC optimal power flow (OPF) formulation
in regard to computational time, robustness of convergence, and objective values, including
such refinements as modeling of generator capability curves. These standard formulations
widely use Nodal Analysis (and hence the Yp,s nodal admittance matrix) to describe the
network constraints on the problem, which requires the restrictive assumption of admittance
representation for elements (i.e., the current flow through each element must be expressible
as a function of its terminal voltage(s)). This observation is one of the factors motivating this
work. From the initial contribution of resolving limitations imposed by Y., we adopt STF

from standard circuit analysis in ways particularly suited to describe power system network



xvi

constraints in optimization. This dissertation documents the STF approach in the context of
the power system, and discusses its relationship to other modeling approaches. We then apply
STF to formulate the OPF problem. We argue that this approach improves conceptual clarity in
formulating constraints and improves fidelity in capturing physical behavior and engineering
limits. With numerical examples, we demonstrate that STF provides computational speed

comparable or superior to standard modeling approaches, while increasing flexibility.

Next, we demonstrate the very important practical advantage that STF can simply and
directly represent circuit breaker actions in the security-constrained OPF (SCOPF). SCOPF
problem is an extension of OPF with added constraints that ensure continued safe operation in
the vent of individual component failures termed “contingencies.” One of the challenges in the
SCOPF is to formulate and impose appropriate constraints for all relevant power component
outages to form the “contingency cases.” Realistic representation of substations, including the
information regarding circuit breaker configurations, is crucial for contingencies. However,
this often challenges standard modeling approach based on the Y}, s, which requires “topology
processing.” This imposes additional effort and time to represent contingency scenarios. In
this thesis, we construct full nonlinear SCOPF problem with STF, showing its advantage of
providing a uniform data structure for contingency analysis, and thus avoiding the need for

topology processing.

In addition, motivated by recent advances in convex relaxations for the traditional Y-
based OPF problem, we derive new convex relaxations suited to the STF formulation of the
OPF problem. Two approaches are proposed, relaxing either node current variables or node
admittance variables, and several techniques are suggested to improve the quality of relaxed

solution.

In the final portion of this thesis, we employ STF to model transmission networks with
high penetration of distributed energy resources (DERs) and Flexible AC Transmission System
(FACTS) devices. This advanced modeling includes the detailed representation of substations
to capture distribution network information with high penetration of DERs. This section also

discusses modeling of the Unified Power Flow Controller (UPFC), an example of a particularly
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versatile FACTS device. It is shown that STF facilitates direct representation of physically
relevant quantities as decision variables associated with these elements, thereby improving

analysis of their impacts on transmission networks.



CHAPTER

Introduction

1.1 Motivation

Wide-spread electrification is viewed as one of the greatest engineering achievements of the
20" century [1]. Since its first development, management of electric power system to schedule
electricity generation resources to meet demand in real time has been an important task.
Optimization algorithms play an ever-expanding role to achieve this continuous match between
supply and demand, while meeting the many engineering and environmental constraints of grid
operation. These problems involve asset owners, grid operators, electricity markets and other
stakeholders and include tools for transmission/generation expansion planning [2], maintenance
scheduling [3], unit commitment [4] and electricity dispatch with day ahead, hour ahead and

real-time frameworks.

Under the banner of the Smart Grid [5], power systems today see growing integration of
technologies from communications, advanced control, signal processing, power electronics, and
data analytics, coupled with improving efficiency and cost effectiveness of distributed energy
resources. These trends open the door to a much wider range of control actions and decision

variables in grid planning and operation, and motivate new optimization approaches to exploit



these opportunities.

One of the central optimization problem underlying grid planning and operation is optimal
power flow (OPF) [6]. OPF problem is to find the optimal operating point for power system
network in terms of a specified objective function with network constraints and engineering
constraints. Industry statistic shows electric industry revenues in the United States were $381
billion in 2016 [7] and recent studies have suggested that a five percent improvement to ACOPF
solutions could be a credible goal, with such improvements estimated to yield twenty billion

dollars annual savings in the U.S. [6].

The vast majority of OPF approaches formulate the network constraints based on the bus
admittance matrix Y35, in which the bus voltage phasors serve as the key “state” variables,
analogous to a “strict” nodal analysis in standard circuit theory [8], [9]. However, a strict nodal
analysis disallows many standard circuit elements by its requirement that each element’s
current(s) should be expressible as a function of its current(s) [10]. In a power systems context,
the Y3, formulation imposes similar restrictions; e.g. a fixed Y3, is unable to represent ideal
circuit breakers in the network, because one cannot describe the current through the element
as a function of voltage when the breaker is closed. These limitations spur growing recognition
of the value of node-breaker representations [11], [12], that allow realistic representation of
substation reconfiguration via circuit breakers in contingency analysis. However, much of
the literature seeking to develop advanced OPF algorithms has remained focused on Yj,;

formulations, and lacks the generality of node-breaker representations.

The work of this thesis will seek to gain the flexibility of general node-breaker formulations,
while adopting a straightforward, algorithmic approach to network constraint formulation
that is well suited to the OPF. To this end, it is worthwhile to briefly review comparable
developments in the history of computer-aided analysis tools for electronic circuit design. While
this is a vast literature, relevant early milestones applying optimization in automated network
design include [13], [14] and in particular [15]. “Sparse Tableau Formulation (STF)” was
particularly advocated by IBM for electronic design in the context of circuit optimization. While

it failed to achieve the wide-spread adoption enjoyed by its contemporary and competitor SPICE



[16], the circuit analysis program ASTAP [17],[18] developed by IBM successfully utilized STF.
The benefits of a STF-based formulation for power flow equations were explored in the late

1970’s by [19], but have received little attention in subsequent decades.

Advances in optimization algorithms, and in particular with automated elimination tech-
niques that reduce penalties associated with the retention of large numbers of variables, make
a sparse formulation more attractive. This thesis introduces a new approach to modeling power
networks using STF. It overcomes drawbacks of the Y3, by expressing network components
constraints more flexibly, while still yielding a challenging computation at scale, and allowing
sufficient flexibility to address issues of practical interest (e.g., allowing both bus-branch and
node-breaker models of the electrical network). With careful construction, STF is successfully
employed for power system networks and this new technique affects the initial formulation of
the problem. To the author’s best knowledge, it is the first attempt since 1979 [19] to apply STF
to power system analysis. STF is then applied to the power flow problems, optimal power flow

problems (OPF), and convex relaxations of the OPF respectively.

The first application constructs the power flow equations using STF. The power flow equa-
tions are the backbone for power system analysis and are used in many tools to operate reliable,
stable and economical power systems. Compared to standard power flow formulation using the

nodal analysis via the Yj,, STF retains all variables of interest.

The second application is to construct OPF problems, and in particular, the security-
constrained OPF (SCOPF) problem. The SCOPF problems is typically hard due to nonconvexity
of power flow equations and large dimension of practical problems when many contingencies
are considered. To mitigate the difficulty, most of approaches for SCOPF problems uses the DC
power flow model [20], which is linear approximation of the AC power flow model under some
severe simplifying assumptions. However, this can be quite inaccurate when many contingency
cases are considered. In highly loaded conditions, the DC power flow’s lossless assumption is
particularly problematic. Another main difficulty of the SCOPF problem is that the simulation
of large numbers of contingencies which involves bus splits and bus mergers is not possible with

existing power system planning software. This is because the standard network algorithms



for the SCOPF problem use the bus-branch model in which there is no direct representation
of the circuit breaker configuration. This shortcoming motivates the node-breaker model, and

highlights the limitations of traditional Y}, modeling approach for contingency analysis.

This thesis formulates the full nonlinear SCOPF problem using STF and discusses its
usefulness in both the bus-branch model and node-breaker model. Numerical experiments
are conducted showing that 1) STF provides comparable computational efficiency, 2) the full
nonlinear SCOPF problem presents behaviors that are no accurately captured in the linear DC
power flow model. Our formulation is used as benchmark for an open OPF competition planned
by ARPA-E. Then, we consider an alternative method to address security in the power system

networks instead of exploring STF. To this end, we investigate zonal reserves scheduling.

The third application establishes convex relaxations based on STF of OPF problems (STF
relaxation). Recent approaches using convex relaxation in OPF, especially semidefinite program-
ming (SDP) [21], has drawn attention of the research community due to its ability to often obtain
a global solution. Unfortunately, with additional variables in STF, its structure does not admit
a natural SDP formulation and alternative approaches to allow convex relaxation problems
are discussed. Majority of nonconvex equations appears with bilinear terms. The McCormick
envelope, a well-known linear convex envelope technique [22] for bilinear constraints, is used to
relax the problem. Several methods to strengthen the convex relaxation problem are proposed.
The proposed methods are compared and tested on test cases provided in the MATPOWER

distribution [23].

The last application seeks to develop advanced modeling of power system networks for the
accurate representation of substations with high penetration of distributed energy resources
(DERs) and the Unified Power Flow Controller (UPFC) which is an example of a particularly
versatile FACTS devices. We employ STF to represent such substations with circuit breakers
and UPFC that can be accurately represented as the series voltage source, together with the

real power coupling to the sending-end generator.

Along with specific contributions in the topics above, we re-emphasize the basic idea: Sparse

Tableau Formulation provides a very versatile means of modeling power system networks. This



allows us to have the general statement of various power system optimizations and design
problems without abandoning the computational efficiency. Also, as electric power grid becomes
more complicated with significant penetration of renewable generation, increased demand-side
flexibility and control devices such as power electronics, Sparse Tableau Formulation will

provide increased flexibility to modeling these components.

1.2 Background: The Power Flow Equations

Given a connected power system, Let N denote the set of all buses, G the set of all generators,
and L set of all transmission lines. The power flow equations describe the power system network
operating point in sinusoidal steady state and hence are based on complex phasor representation
of voltage-current relationships at each bus. However, in power systems operations, active and
reactive power values injected at each bus and/or complex bus voltage magnitudes at each bus
are specified quantities, rather than current. Hence, the ultimate relation of interest is between
complex powers and complex voltages.

AC Power Flow Model. Using polar coordinate for complex voltages and rectangular
representation for complex power, the power flow balance equations at bus j are often formulated

as [24]:

n
Pj:PgJ—Pd,j:];l{lijVlejkcos(&j—6k)+|Vj||Vk|Bjksin(5j—5k)} VjeN (1.1)

n
Qj=Qg;—Qa;= ) UVilIVkIGrsin(6j—6r) = V;lIVi|Bjrcos(6; — 6)} VjeN (1.2)
k=1

where P; and @; are the net active and reactive power injection with active/reactive power
generation Py /@ ; and active/reactive power demand Py j/Q4 ; at bus j, and V; and §; are the
bus voltage magnitude and phase angle at bus j, and Y3, = G+jB is the network admittance
matrix. Each bus is classified as PQ, PV or slack, with different constraints imposed at each
class of bus, which represents behaviors appropriate to model different equipment at a given
bus. PQ buses, which generally correspond to load locations, hold P; and @ as specified values,
and impose the active power (1.1) and reactive power (1.2) balance equations as constraints

at that bus. PV buses, which typically correspond to buses at which generators having control



systems holding fixed voltage and active power, specify a voltage magnitude |V;| and active
power injection P;, and use active power (1.1) equations as constraints at those buses. One
slack bus is selected, typically as a generator bus, with constant |V;| and §; to ensure overall
network-wide conservation of power in light of power system losses. For the slack bus, typically
J =1, the active and the reactive power equations (1.1), (1.2) are not imposed as constraints;

rather, at the slack bus the constraints imposed are simply:

Vil= V) (1.3)

01=0. (1.4)

The power flow equations can also be written compactly in matrix/vector form in terms of

Ybus
I1=Yy,;V (1.5)
P=real(VoI*)=real(Vo(Yp,V)*) (1.6)
Q=imag(Vol")=imag(VoYp,V)*) 1.7

where I € CV is the node complex current injection vector; V € C¥ is the node complex voltage
vector; © is the Hadamard product and ()* is the conjugate operation. For readers interested in
the derivation of the complex voltage phasors and the bus admittance matrix from the network
transmission line, refer to [24] for details.

There are several methods, such as Gauss-Seidel or Newton-Raphson to solve the non-linear
power flow equations above. The most commonly used technique is Newton-Raphson that is
dependent on initial guess of the solution voltage magnitudes and angles. This method requires
a matrix of derivatives of the power flow equations, known as power flow Jacobian matrix,
with respect to voltage magnitudes and angles. The Jacobian matrix needs to be calculated
with voltage values obtained previous iteration, and in simple Newton-Raphson, is updated at
every iteration until convergence. The power flow formulation using Jacobian matrix can be

constructed [25]

J11 J12| | As AP
= (1.8)
J21 J22| [AlV] AQ



where

Jllzg, J12 op JZI:%,

06 vy

J22 = 3V

DC Power Flow Model. An approximate power flow model sometimes employed by the
power industry is DC power flow model [20]. The DC power flow is a particular linear approx-
imation to the AC power flow under four assumptions. First, for high voltage transmission
systems, the branch resistance is typically much smaller than branch reactance, so that branch
resistance may be neglected and susceptance can be approximated by b ;;, = ﬁ Second, power
system is lightly loaded, which implies that the voltage angle difference between the two buses
of a branch is small and therefore siné ;. = 6; -0, cosd i = 1. Third, any shunt susceptance
between a bus and the ground can be neglected b o = 0. Finally, each bus has enough reactive
power to maintain the bus voltage magnitude near its rated value, which implies that the

reactive power balance equations can be neglected, and all voltage magnitudes are assumed to

be 1 p.u. With the above four assumptions, the real power flow in a branch can be calculated by

8;— 6%
Pj=-"1—">= (1.9)
Xjp

and, therefore, bus real power injections are calculated by
N
P;= Z Pj,= Z bjk(éj—ék)=ZBjk(6j—5k) (1.10)
keN()) kEN() k=1
where N(j) is subset of neighboring buses connected to bus j; B is a susceptance matrix of Yz ;.

Notice that only variables 6, the bus voltage angles, in (1.10) appear as a linear relation to the

active powers P; with coefficients set by network parameter B.

1.3 Background: The Optimal Power Flow Problem

The power flow equations enable engineers to determine the operating voltage magnitude
and angles for a specified set of input values. i.e., generator active power injections and voltage
magnitude at PV buses and load active and reactive power at PQ buses. The optimal power
flow determines decision variable values that produce an optimal operation point for the power

system network in terms of a specified objective function with both network constraints (i.e., the



power flow equations) and engineering constraints (e.g., limits on voltage magnitudes, active
and reactive power generation, and flows through transmission lines and transformers).

The sum of individual generator cost functions (i.e. operating cost in $/hour) is typically
chosen as the objective function, although other objective functions, such as network losses, are
also possible. The OPF problem is non-convex due to the nature of the power flow equations
[26] and it is in general hard to obtain a guaranteed global solution. Non-convexity of the OPF
problem has made solution techniques an ongoing research topic since the problem was first
introduced by Carpentier in 1962 [27].

A mathematical description of the OPF problem as it is classically formulated may be
described as follows. Consider the n-bus power system with sets N, G and L as defined above.
The number of rows for bus, branch and generator vectors are n;, n; and ng respectively. Let
Sgj=Pgj+Qgjbethe ng x 1 vector of generator injections Vj € G, and Sy j =Py ; +Qq,; the
np x 1 vector of complex load at all buses Vj € N. Here V; = VJ?"ej % represents the voltage phasor,
for all buses Vj € N. For a transmission line or transformer connecting bus j to bus k&, let S,
represents the apparent power flowing into the transmission line at bus j. Define an individual

generator cost function as follows:
Ej(Pg)=a(Pg ;) +BPgj+y VjeG (1.11)

Here a, and y are the coefficients of the polynomial generator cost function with Py ;
typically specified in units of MW, and ¢; in $/hour. Piecewise linear generator cost functions
are also commonly employed. The sum of individual generator cost functions makes up overall
system-wide cost, again with typical units of cost in $/hour. The decision variable vector x
for the standard AC OPF problem consists of 2nj x 1 vectors of voltage angles § and voltage
magnitudes V™ and the 2n, x 1 vectors of generator active injections P, and reactive power
injections 4. The dimension of the decision variable x is 2(ny +ng) x 1.

B 5 ;
ym
Py

| Q¢ |




The objective function is to minimize a summation of each generator quadratic or piecewise-

linear cost function. In this work, we focus on quadratic cost function.

min Z ¢j(Pg ;) (1.12a)
jeG
The set of contstraints are
Active. Balance: real(Vo(Yy,sV))j=Pg;—Pq;, VjeN (1.12b)

Reactive. Balance: imag(Vo(Yp,sV));j=Qg;—Qaj, VjeEN (1.12¢)

Line and Transformer Limit: (S Y2 —(S %ax ¥ <0, VjkeL (1.124d)
(apparent power form)

Gen. Limit: P <Pg;<PP%, VjeG  (1L12e)

Q;?li”ng,st;W, VjeG (1.120

Vol. Limit: iji" V"<V vjeN (1129

The flows as characterized above employ apparent power, expressed in MVA. However, the

engineering considerations that require limits on flows may dictate other choices, such as real

powers or current flows, yielding the following three possible forms for the line flow constraints.

S, apparent power

\Pjr, real power (1.12h)

I, -current

This classical formulation is sufficient for modeling most small test systems. Chapter 2
contains a more detailed formulation of the OPF problem suitable for realistic system models
that include realistic refinements such as parallel lines and the multiple generators at the same

bus.

1.4 Background: Sparse Tableau Analysis

In circuit analysis, perhaps the most widely used approach in basic texts is that of nodal

analysis, that seeks to solve for node-to-reference voltages. Once these node voltages have
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been calculated, one may solve for the branch currents provided all elements in the circuit are
“voltage controlled,” i.e. they allow for this solution of circuit in terms of voltage [10], [28].

A major shortcoming of nodal analysis is that it forbids many standard circuit elements from
the class of allowable circuits; disallowed elements include the voltage source, ideal transformer,
ideal op amp, etc. [10]. These shortcomings can be viewed as arising from the fact that nodal
analysis is a special case of a more general analysis method. General analysis consists of
linearly independent KVL equations, linearly independent KCL equations, and the constitutive
relations of each circuit element. Analysis using this list of equations is called Tableau Analysis
and conceptually, it is simpler than node analysis.

Since we define all variables, three vectors (v,e,i: node voltages, port voltages and port
currents), no variables are eliminated in the tableau equations. Because we should have as
many equations as there are variables, it is clear that the tableau analysis involves many more
equations than nodal analysis as the price of increased generality. However, this misfortune
turns out to be a blessing in disguise due to the fact that the matrix associated with tableau
analysis is substantially sparse, which is why it is often called Sparse Tableau Anlaysis.
Therefore, highly efficient numerical algorithms [29], [30] can be brought to bear. To formulate
the circuit constraints via sparse tableau analysis, consider the following simple algorithm [10]:
Step 1. Draw the digraph of the circuit and connect it if necessary so that the resulting circuit is
connected. Pick an arbitrary reference node and formulate the corresponding incidence matrix
A.

Step 2. Write a complete set of linearly independent KCL equations:
Ai(t)=0 (1.13)

Step 3. Write a complete set of linearly independent KVL equations:
et)-ATv(t)=0 (1.14)

Step 4. Write the constitutive relations of each circuit component. If the circuit is linear and

time invariant, these equations can always be recast into the form

Me(t)+ Ni(t) = us(t) (1.15)
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(1.13), (1.14), and (1.15) construct the tableau equations. In addition, this analysis can be
generalized to nonlinear equations when branch equations (1.15) are nonlinear. Simple example
is provided in Chapter 3. This thesis employs this formulation for power system networks, and

most specifically for SCOPF.

1.5 Background: Power System Security

An overriding factor for power system operation is to maintain system security [31]. Secure
operation involves selection of operational decision variables such that the system keeps
operating with credible component failures. For example, transmission line may be damaged
by a storm or taken off-line because of maintenance requirement. With proper operational
decisions, the remaining transmission lines can accommodate the increased loading and still
remain within limit. Since events that cause components to fail are usually unpredictable,
the system must be operated at all times such that the system will not have any dangerous
situation when credible events happen. To this end, power system equipment is designed to
be operated within certain limits and protected by automatic relays that switch equipment off
from the system if these limits are violated. If events that cause the system limit violations,
and relay action then causes further overloads, it is usually referred to as a cascading failure.
Then, entire system or some major part of system may be completely de-energized, which leads
it to a system blackout [32].

Thus, most large power systems install equipment that operations personnel monitors and
operates the system in a reliable manner. The techniques and equipment for these issues are
commonly titled system security enhancement. System security can be split into three main
activities; 1) system monitoring, 2) contingency analysis, and 3) security-constrained optimal
power flow; these are implemented in an operations control center.

Simply speaking, system monitoring provides the system operators with appropriate up-
to-date information on the condition of the power system. Using telemetry systems, critical
quantities such as voltages, currents, power flows, and the status of circuit breakers, and

switches in every substation can be monitored/measured and the values of measurements can
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be transmitted to a central location. State estimation plays a role in this system to produce
the best estimate of the current power system conditions or “state” from telemetered system
data. Such system is usually combined with supervisory control and data acquisition (SCADA)
system allowing operators to control circuit breakers, switches and transformer taps remotely.

The second crucial security function is that of contingency analysis. This performs “what
if” analysis examining possible power system disturbances. It evaluates and prioritizes the
impacts on the power system when disturbances occur. These analyses are based on a computer
simulation to evaluate the effects and calculate any overloads resulting from each outage event.
As the simplest form of contingency analysis, a standard power flow program can be used
combined with procedures to set up the system configuration for each outage.

Lastly, the third major security function, on which this thesis mostly focuses, is that of
security-constrained optimal power flow. In this function, an optimal power flow is combined
with a contingency analysis to adjust a system operating point on the optimal dispatch of
the power system network so that no violations occur when contingencies are considered. To

describe how this can be done, we divide the power system into four operating status.

¢ Optimal dispatch: this is the state the power system is operating before any contingency.

It is optimal with respect to economic operation, but it may not be secure.

¢ Post contingency: this is the state the power system is operating after a contingency
happened. This condition might violate security conditions (line or transformer beyond its

flow limit, or a bus voltage outside the limit)

¢ Secure dispatch: this is the state the power system is operating with no contingency

outages, but with corrections to the operating points to avoid security violations.

¢ Secure post-contingency: this is the state the power system is operating after a con-

tingency happened with corrections.

These four operating points are described in Figure 1.1-1.2, in which trivial lossless power

system are present with two generators, a load and a double circuit line.
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400Mw 600MW 400Mw 600MW
N — 200MW — @:‘_/ — MW , —
— 400MW ‘
= 20 ooy overonp)  0OMW
(a) Optimal Dispatch, pre-contingency (b) Post Contingency State

Figure 1.1: Optimal operating point without security constratins

We assume that the system is operating at the minimum cost with the 400MW from
generator 1 and the 600MW from generator 2. This implies that generator 1 is cheaper than
generator 2 and we further suppose that each line of the double circuit line can carry a maximum
of 300MW. Thus, there is no line load violation in the base-operating condition in Figure 1.1a.
However, if one of the double circuit line becomes open due to a failure, as in Figure 1.1b,

then remaining line has an overload. This system now is not secure and we do not want this

condition.
300MW 700MW 300MW J00MW
| | | ‘ = 300MW ‘
— LMW Syopqmw 1000MW
(a) Secure Dispatch (b) Secure Post Contingency State

Figure 1.2: Optimal operating point with security constratins

To have secure operation, we will correct the condition by reducing the generation on
generator 1 to 300MW in Figure 1.2a. Now, if the same contingency condition is considered, the
post-contingency condition is secure in Figure 1.2b. With the adjustment on generation on unit
1 and unit 2, this system might be more expensive, but we have prevented the post-contingency
operating state from producing an overload that may lead to system blackout. This is the

essence of security corrections and security-constrained optimal power flow (SCOPF). It seeks
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to find a operating point as described in Figure 1.2. Much of this thesis concentrates on SCOPF

problem.

1.6 Dissertation Organization

This thesis is organized with three major themes: comprehensive examination of the existing
ACOPF problems, the application of STF for power system networks and convex relaxation
for STF of OPF problems. Chapter 2 introduces and reviews the existing OPF problems, by
providing a structured, empirical comparison of three different ACOPF formulations, and
evaluating the numerical solution properties of the formulations in terms of computational
time, robustness of convergence and optimal solution using different nonlinear solvers. Also,
we construct the ACOPF problems with PV buses enhanced with representation of generator
capability curves, the so-called “D-curves,” that provide more realistic modeling of constraints
on output. The D-curve constraints improve on simplistic rectangular PQ limits, and their
impact on the OPF is examined in terms of solution speed and value of the optimal solution.

Chapter 3 provides the construction of STF for power system networks. Algorithm of STF for
power system networks including construction of incidence matrix, network element equations
is discussed in detail and applied for power flow analysis. The specific network elements in which
the standard formulation Y3, fails or proves hard to model are presented with examples; ideal
transformer, circuit breaker and three-winding transformer. Useful by-product of STF applied
for power flow is discussed in terms of contingency analysis since the Jacobian matrix associated
with these equations corresponds to the sensitivity matrix relating injection power and current
flow on line. Then, computational efficiency of STF is demonstrated for OPF problems.

The thesis next details investigation into the application of STF for security-constrained
OPF problems (SCOPF). Chapter 4 begins with the definition of “preventive” SCOPF (PSCOPF)
and discusses necessary enhancements for the PSCOPF problem; 1) introducing the speed
droop-characteristic for each generator as governor power flow equations in contingency cases
to formulate the PSCOPF problem. 2) the node-breaker model, for which STF can be also useful.

Then, STF is employed to formulate the nonlinear PSCOPF problem under the node-breaker
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model with three different coordinate systems. Chapter 4 continues to conduct a comprehensive
numerical experiment with different level of contingency showing that STF shows comparable

or better computational efficiency with greatly improved generality.

The approach employed in Chapter 4 can be viewed more generally as a stochastic program-
ming problem over a set of contingency scenarios. These would be an ideal approach since it
explicitly represents the events of uncertainties with the network constraints in the model.
However, such approach is still computationally hard to get a solution within desired time for
large-scale problems. Therefore, Chapter 5 investigates a traditional method to address security
in the power system, which schedules additional generation capacity as operating reserve. It
develops a tool to dynamically schedule zonal reserves to enhance the deliverability of energy

with wind power forecasts.

Chapter 6 then investigates the convex relaxation technique for STF of OPF problem. The
limitation of existing convex relaxation techniques for STF is discussed, and then alternative
approaches (STF relaxation) are presented using the McCormick envelope. Heuristic methods to
strengthen the convex relaxation problem are proposed, and Chapter 6 concludes with numerical
case studies. Numerical experiments are conducted with proposed relaxation techniques and

demonstrates the important condition when STF relaxation can be strength as well as scalability.

Finally, Chapter 7 develops advanced modeling of DERs and UPFCs with STF for OPF
problem. It is shown that STF can accurately represents network elements such as circuit
breakers (important for representation of substations with DERs) and series connected ideal
voltage sources (important for representation of UPFCs). Then, it is applied to formulate ACOPF
with DERs and UPFCs, and their impacts (and the new decision variables they introduce) are

analyzed in case studies.

The remainder of the thesis discusses relationships between these developments and ad-
dresses future work. Proposed directions for future work include the appropriate linear approx-
imation of STF for power system network, application to represent three-phase unbalanced
distribution networks, the extension of STF to more sophisticated FACTS network elements,

bound tightening technique for convex relaxation problem, additional investigation into the
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constructing tighter McCormick envelope to reduce the relaxation gap.

1.7 Contributions

The contributions of this report can be organized in two major areas: 1) theoretical, practical,
and modeling advances in STF for power system networks, and 2) techniques for constructing
the convex relaxation problem for STF.

1. Theoretical, practical and modeling advances for STF

Theoretically, we show (constructively) that the power system networks can always be casted
in STF and apply it to different topics in power system networks. Specifically, we rigorously
illustrate how to construct STF, prove that the standard Y3,s; and modified nodal analysis
(MNA) modeling approach is one of the special modeling method from STF, which shows that
STF is a more general modeling approach.

Practically, STF is used to formulate the power flow and optimal power flow problem. To
the author’s knowledge, it is the first attempt to use STF to solve OPF problems, and that
efficiently represents the node-breaker model for contingency analysis in SCOPF. We propose
the sensitivity matrix that can be directly used to evaluate the change in power injections with
respect to the change in line loads. We also show that the computational efficiency of STF by
comparing with standard ACOPF problems.

In modeling advances, we provide straightforward treatment of three atypical network
elements; ideal transformer, circuit breaker, three-winding transformer, that all challenge the
Y»us approach. An anticipated future modeling contribution would be the incorporation of power
electronics devices as multiport network elements.

2. Theoretical, practical and modeling advances for the PSCOPF problem

Theoretically, we provide the example that there are no inactive contingency constraints
for the PSCOPF problem in the nonlinear model. This example shows that every single outage
possibly changes the feasible region of optimization problem.

Practically, we propose the governor power flow equation necessary to accurately model the

physical behavior of power system network in contingency scenarios and to find a feasible point
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in a contingency scenario. We show that the computational efficiency of STF in comparison with
standard ACOPF problems.

In modeling advances, STF is employed to formulate the PSCOPF problem for the node-
breaker model. It is shown that STF can successfully model and solve the PSCOPF under the
node-breaker model with circuit breaker actions between buses.

We also consider an alternative approach to address computational issues of PSCOPF
with additional generation capacity as operating reserves. We co-optimize energy and reserves
simultaneously and propose a tool to dynamically schedule zonal reserves with wind power
forecasts.

3. Techniques for constructing the convex relaxation of STF for OPF problem

The report next contributes to techniques for constructing the convex relaxation of STF
for OPF problem. We first study the limitation of existing approach for STF and present two
alternative approaches. We then propose the algorithm to construct convex relaxation of STF for
OPF problems (STF relaxations). Heuristic methods to strengthen STF relaxation are discussed
and specific conditions where STF relaxation provides a tighter lower bound are illustrated.

4. Advanced modeling of DERs and UPFC device modeling

Theoretically, we derive linear and nonlinear element equations of STF to represent behavior
of UPFC for OPF problem. It is shown that STF avoids the introduction of low impedance branch
to represent ideal voltage sources and complex manipulation to describe the real power energy
coupling.

Practically, we combine the recommended power flow model for the scenario of high penetra-
tion of DER, which expands the substation to contain distribution network information with
the node breaker model. We then analyze the impact of modeling of DERs and UPFC on power

system networks.

1.8 Publication

Several publications have resulted from the research detailed in this thesis. Works from

Chapter 2 and 4 are published as
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CHAPTER

Standard ACOPF formulation

The optimal power flow seeks to minimize a grid-related objective function subject to net-
work equality constraints and operational inequality constraints (active and reactive power
generation output limits, voltage constraints, and flow limits on transmission lines and trans-
formers). The challenge of these problems is well recognized, due to the nonconvexity of power
flow equations and the large dimension of practical problems. Approximation techniques are
often used in practice, at the risk that the operational decisions produced may be sub-optimal,
with greater operational cost and possible environmental impacts of unnecessary emissions and
energy use. Therefore, efficient techniques for solving ACOPF with realistic, engineering-based
representation of operational limits are important. Recent studies have suggested that a five
percent improvement to ACOPF solutions could be a credible goal, with such improvements

estimated to yield twenty billion dollars annual savings in the U.S.[6]

In the ACOPF literature, the majority of authors have long used the polar-voltage formu-
lations introduced in the early 1960’s by Carpentier. However, a number of researchers have
advocated a rectangular power-voltage and current injection formulation for power flow or
optimal power flow. Other variants include a power flow formulation with current injections

and a mix of polar and rectangular coordinates, as is mentioned in [33]. A current injection
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algorithm based on the use of a constant nodal admittance matrix was described in [34], but
acknowledged that the constant nodal admittance matrix imposed significant shortcomings

because PV buses could not be represented.

More recent works employing current injection variables to construct the ACOPF problems
include [35], wherein it is argued that the resulting structure of the Hessian matrix for the
constraint equations will ensure a convex constraint set. However, that work requires all buses
in the power flow formulation to be PQ buses, which may provide a poor representation of the
operational characteristic of generator buses. Other results in [36] developed a rectangular
voltage OPF, but the power flow equations still require all PQ buses, and that paper did not use
current quantities to impose the conservation constraints at nodes. A recent FERC report [37]
suggests the rectangular current-voltage ACOPF formulation, and its linear approximation,
could be easier to solve than traditional quadratic power flow formulations. Computational
performance of solution techniques for the ACOPF is studied [38] and a comparative analysis
for different power flow formulations is presented in [39], but this paper did not address the

ACOPF problem.

This chapter seeks to contribute to the existing optimal power flow literature by providing a
structured, empirical comparison of three different ACOPF formulations, and evaluating the
numerical solution properties of the formulations. Broadly speaking, these formulations differ
through nonlinear change of coordinates on key decision variables. They are compared in terms
of computational time, robustness of convergence and optimal solution using different nonlinear
solvers. Also, we construct the ACOPF problems with PV buses enhanced with representation
of generator capability curves, the so-called “D-curves," that constrain generator active and
reactive output. The D-curve constraints provide more accurate generator output constraints
than simplistic rectangular PQ limits, and their impact on the OPF is examined in terms of

solution speed and value of the optimal solution.

This chapter is organized as follows. Section 2.1 provides three different formulations for
the ACOPF. Instead of using the nodal admittance matrix, we introduce variables for line power

flows and use the summation of those quantities to calculate network-wide constraints. With
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this slight change, we obtain linear equations for node balance equations, which leads us to
have constant Hessian matrices. Problems are formulated in GAMS and three solvers (KNITRO,
CONOPT, IPOPTH) are examined based on empirical experience indicating that those are
best suited for solving ACOPF problems. Section 2.2 proposes additional enhancements: six
choices of initial conditions, and D-curve constraint modeling. Section 2.3 discusses results from
each formulation and examines properties in terms of computational time, robust convergence
and optimal objective value. Observations regarding formulation, solver and initial condition
are provided. Note that while this chapter begins our process of examing alternate OPF

formulations, treatment of the Sparse Tableau Formulation will await Chapter 3.

2.1 ACOPF Formulation

2.1.1 Notation and Nomenclature

In this section, we provide three different decision variable coordinate frames for the ACOPF,
those of Polar Power-Voltage, Rectangular Power-Voltage, and Rectangular Current-Voltage.
Compared to the standard OPF formulation described in Section 2.2, this formulation contains a
more generalized formulation of OPF problems suitable for realistic system models that include
parallel lines and the possibility of multiple generators at the same bus. Tables 2.1 and 2.2
provide the notation of set and parameters used in these different OPF formulations. Note that
the convention used in our models is that a positive flow on a line represents a withdrawal at
its source end (;) and an injection at its terminating end (k). Sets C and G; are used to account

for multiple lines and generators respectively.

Set Description

N Set, of buses in the transmission network

G Set, of generators in the transmission network
ceC Index number for multi-circuit line

LcNxNxC | Set of lines in the transmission network
G eG Subset of generators G at bus jeN

Table 2.1: Description of Sets
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’ Parameters ‘ Description

¢;(+) Cost function for generation at bus j € N
Py ;,Qq,; Real and reactive power demand at bus j€N
g5,b% Shunt conductance and susceptance at bus j €N
N
;.'}e‘zx Real power limit on line jkceL

Ir?}eax
L JRe
PJ’.’””,PJ’,”” Lower/upper active power injection limits j € G

Current limit on line jkc e

Q;?””,Q;”“x Lower/upper reactive power injection limits j € G

VJ.’”in, VJ?”‘” Voltage magnitude lower and upper limits at bus jeN

Table 2.2: Description of Parameters

Note that the OPF literature contains several common choices for the physical quantity
monitored in setting transmission line flow limits; the typical choices are apparent power,
current magnitude, or active power. It has for many years been most common in OPF to
represent thermal line limits in terms of a maximum allowable apparent power [6]. However, it
is important to recognize that while this choice may be convenient (in that it uses quantities
that normally appear in power flow equations), and may represent a reasonable approximation
to the actual engineering limit, the most accurate representation of thermal limits on overhead
transmission lines should be expressed in terms of current magnitude. Indeed, any review of
both conductor vendor’s material and engineering literature affirms that thermal line limits are
expressed in terms of ampacity; a widely-cited paper [40] states the engineering goal and the
associated limit very succinctly: “Because adequate clearances must be maintained, even under
emergency conditions, the conductor temperature at the end of a short-time overload period
must be restricted to its maximum design value. It is then necessary to determine how much
current a conductor can carry for a short period of time without exceeding this temperature”
Hence, the premise of this thesis is that current magnitude is the inherently superior choice as
the monitored quantity for ACOPF, as it more realistically relates to the primary engineering
concerns motivating imposition of thermal line limits [41]. We will also consider the use of
active power as the monitored quantity for line limits, on the premise that while inferior to

current magnitude, its use is worthwhile to allow comparison to results based on DCOPF
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approximations. However, contrary to common practice, apparent power will not be used as a

monitored limit in this chapter.

2.1.2 Polar Power-Voltage Formulation

The Polar Power-Voltage formulation represents complex quantities in polar form and
explicitly uses sines and cosines in the power flow constraints. Pg ;, Q¢ j, V; and 0; denote
the active/reactive power support provided by generators and bus voltage magnitudes/angles
at bus j € N respectively, while active and reactive power on a line are denoted by Pj;. and
Q jic respectively. The advantage of adding these flow variables will be discussed later. Polar

Power-Voltage formulation for the ACOPF problem can be written with the following form:

min ¢i(Pys ) (2.1a)
P.QPjicQjic 0,V ; e
The set of contstraints are

Power Flow on jk: Pjte=1Y0,V), Qjrc=1%0,V), VjkceL (2.1b)
Power Flow on kj: Pric=8"0,V), Quj.=g%0,V), VjkceL (2.1c)
Active. Balance: > Pgr— Y Pjre—Paj—(V)’g5=0, VjeN (2.1d)

keG, Jjke

(kceL)
Reactive. Balance: Z Qg — Z Qjrc—Ra,j +(Vj)2bj. =0, VjeN (2.1e)

keG; Jjke

(kceL)
Gen. Limit: PP <Py i <PT™, QT<Qgi<QT™, VjeG (2.19)
Volt. Limit: Vi <V Ve, %” <00 < g VjkeL 2.1g)
Line Limit: ~PI% < Pjpe <PT%, Vjkcel, (2.1h)

Notice that f1, 2, g!, g2 are nonlinear nonconvex functions of variables, voltage angles
and magnitudes. Variables for real and reactive power flow on lines jkc € L are defined in
(2.1b), (2.1c), and node balance equations represented via variables P, and @ jz.. As a rough
surrogate for stability constraints (and to pragmatically limit the search space in solution

algorithms), limits on bus angle differences across transmission lines are imposed. As discussed
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above, inequality constraints on the monitored line flow quantity are included to represent the
thermal limits on the transmission lines. Here, inequality constraints on active power flow on

lines are imposed.

2.1.3 Rectangular Power-Voltage Formulation

The second ACOPF formulation uses the rectangular form of complex quantities, resulting in
quadratic power flow constraints with respect to these quantities. Unlike the polar formulation,
bus voltage quantities V; and 6, are separated into real and imaginary parts, with V; =
,/(VJd)2 +(ij1)2 and 0; = tan_l(z—?) Vj € N. Rectangular Power-Voltage formulation for the

ACOPF problem can then be written in the following form:

o %\ e (2.2a)
P’Q’ijcankc,Vd,Vq ; ‘]( g,])

The set of contstraints are

Power Flow on jk: Pire =3V VY), Qjre=r2VE V), VjkceL (2.2b)
Power Flow on kj: Pric=g (Ve V), Qpj.=g*Ve V9, VjkceL (2.2¢)
Active. Balance: ) Pgr— Y Pjre—Paj—((V))?+(V)*)g5=0, VjeN (22d)
keG; ke
(jkceL)

Reactive. Balance: Z Qg — Z Qjrc—Qa,;+ ((VJP)2 + (VJ.Q)2)bj- =0, VjeN (2.2e)

keG; ke

(jkceL)
Volt. Limit: (V)2 < (VI + (Vi P=(V?, VjeN  (2.2)
Gen. Limit: PP <Py <P, QT <Q.<QT™, VYjeG (229
Line Limit: —PRe < Pjpo <PHe*, VjkceL  (2.2h)

Equations (2.1b), (2.1c) from the polar model which define real and reactive power on lines
and node balance equations are rewritten in the rectangular formulation as (2.2b), (2.2c). Notice
that f3, 4, g3, g* are quadratic nonconvex functions of variables, real and imaginary part of
the bus voltage. Additionally, the voltage magnitude limit is no longer a simple bound constraint
but is enforced by the quadratic inequality. Bus angle difference limits are no longer imposed;

this sacrifices the (albeit approximate) treatment of stability concerns in the constraints, but in
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rectangular coordinates, the previous motivation of limiting the size of the search space is no

longer relevant.

2.1.4 Rectangular Current-Voltage Formulation

The third ACOPF model is the rectangular current-voltage formulation which considers
the flow of current instead of power on a line. Therefore, the model computes real and reactive

current on a line, {ij } Vjkc € L, instead of {Pj.,® jrc} Vjkc € L, the real and reactive

c’ ch
power on a line. Similar to the rectangular power-voltage model, the I-V formulation uses
the rectangular form of complex quantities. Therefore, line flow constraints are once again

quadratic in nature. The Rectangular Current-Voltage formulation for the ACOPF problem can

be written in the following form:

The set of contstraints are

Curr. Flow on jk: ch = o, vy, i%.= F8wve v, VjkceL (2.3a)
Curr. Flow on jk: i o = vV, i = v v, VjkceL (2.3b)
Active. Balance: Z Pgp—Pg ;- V Z LJkC—Vq Z ke
kEG (jkcEL) (jkcEL)
—((VJ¢)2+(VJ?)2)g;=o, VjeN (2.3¢)
Reactive. Balance: Z ng—Qd’J‘f'V Z LJkC—Vq Z l]kc
kGG (jkCEL) (]kceL)
d\2 q\2 _ .
+((VJ.) +(V) )bj._o, VjeN (2.3d)
Volt. Limit: (Vj"”'")2 S(V;’l)2+(VJf1)2 s(Vj’"“x)?‘, VjeN (2.3¢)
Gen. Limit: PP <Py <PT™, Q<@g ;<QT™, VjeG (2.3
Curr. Limit: (57 + G, )P = U <0, VjkeeL (2.3g)

Notice that 5, f6, g%, g% are the linear function of variables, real and imaginary part of the

bus voltage. Inequality constraints for the magnitude of current flow on lines are imposed. Note
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that the current flow equations (2.3a), (2.3b) are linear. This leads to a Hessian of the current-
voltage constraints that is constant, with possible benefit in solution time. Three different

ACOPYF formulations are summarized in the Table 2.3 below.

‘ Polar PV ‘ Rec PV ‘ Rec IV ‘
Variables IVI,0,P,Q.Pirc,Qjkc | VI,VI,P.QPicQirc | VIVIPQ,i%,i7
Nonlinear equations
(no condsidering
shunt elements
for power balance)
# of variables 2N+2E+2G 2N+2E+2G 2N+2E+2G
2N+4L (eq) 2N+4L (eq) 2N+2L (eq)
2N+4E+4G (ineq) 2N+2E+4G (ineq) 2N+1E+4G (ineq)

- Power balance
- Current magnitude
- Voltage magnitude

- Line power flow

- Li fl .
e power tow Voltage magnitude

# of equations

Table 2.3: Summary of three different ACOPF formulations

2.2 Enhancements to the ACOPF problems

2.2.1 Initial Conditions

Because ACOPF problems are often non-convex, may have disconnected feasible regions,
and are in general difficult to solve in large cases, providing good starting points is an important
step in any solution approach. With different selection of initial conditions, problems vary in
their computational time, convergence properties, and convergence to possibly different local
optimal solutions. Table 2.4 describes in detail six different choices of initial conditions for
ACOPF problems that were studied here. With the exception of ic=2 (Flat starting point),
voltage magnitudes, angles, real power and reactive power variables are initialized according to
methodologies described in Table 2.4, and line flow variables are calculated from these values.

The use of decoupled ACOPF [42], (initial condition ic=4), exploits the long-recognized
property of the power flow Jacobian matrix: that under light-to-moderate loading conditions, the
off-diagonal submatrix blocks are “small," reflecting the fact that network flow of active power is
relatively weakly dependent on bus voltage magnitudes, while reactive power flow is relatively
weakly dependent on bus voltage phase angles. Thus, the ACOPF problem approximately

decouples into two lower dimensional nonlinear subproblems (active and reactive). By solving
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the two subproblems (possibly with multiple iterations alternating between the two), one
obtains one choice of initial condition for ACOPF problems. To solve the decoupled ACOPF to
yield this initial condition, the same solver used by the fully coupled ACOPF problem is applied
for consistency. For example, if KNITRO is used to examine ACOPF problem solutions, then the

decoupled ACOPF problem which will be provided as an initial condition also uses KNITRO.

Option ‘ Description

[Midpoint] Begin with all voltage magnitudes, voltage angles, real power,

ic=0 . . Cq .
e and reactive power variables at the midpoint of their bounds

[Random] All variables initialized using random draws between variable
bounds except for voltage angles set to zero
[Flat] Flat start, where all initial guesses for voltage magnitude and voltage
ic=2 angle are set to 1.0 and zero, respectively, and power flow initial guesses are
set to zero
[DC/AC] Real power and voltage angle values are initialized using a DCOPF
model. Voltage magnitudes are initialized at 1.0. Reactive power is initialized
ic=3 using relevant equations from the AC transmission line model (applied to
each line separately) and the initialized voltage magnitude and voltage angle
values
[Decoupled] Voltage magnitude, voltage angle, real power and reactive
power variables are initialized using a decoupled ACOPF model.
[DCLoss] Real power and voltage angle values are initialized using a DCOPF
model with line loss approximation (5% increaed demand). Voltage
ic=5 magnitudes are initialized at 1.0. Reactive power is initialized using relevant
equations from the AC transmission line model (applied to each line
separately) and the initialized voltage magnitude and voltage angle values.

ic=1

ic=4

Table 2.4: Six initial conditions for ACOPF problems.

Notice that the system is lossless in DCOPF problems, which is not true in the ACOPF.
Therefore, line losses are (very) approximately represented in the DCOPF (used for ic=5) by
means of increasing demands at each end of each transmission line, with half of a base-case
loss value assigned to each side of the line. This was found to avoid overly “tight” initial
conditions that resulted if the DCOPF completely neglected losses. This simple change proved

to be effective, providing better starting points for the active power generation variable.
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2.2.2 Generator Capability Curve

In many ACOPF formulations, generator limits are represented by “rectangle constraints"
on active and reactive power output. That is, independent maximum and minimum limits on
active and reactive power output are used to model generators’ capabilities. However, more
accurate, physically based limits yield generator capability curves in the P-Q plane that are
more similar to a roman letter capital &, rather than the rectangle shape. Hence these are
often termed "D-curves." Methods to represent generator’s capabilities accurately in OPF can
be found in [43, 44]. The impact of reactive power limits is investigated for maximum loading
and active/reactive OPF market model in [43]. The work in [44] employs detailed generator
modeling including automatic voltage regulator and speed governor with generator capability
curves in OPF, and establishes that the most accurate capability curves require dependence on
generator voltage magnitude. Here, we first derive the voltage-independent D-curves, that can
be identified from only typical power flow information. For cases where more detailed generator
parameters are available, we demonstrate use of the more accurate voltage-dependent D-curve
constraints.

The D-curve consists of three limits, namely the armature current limit, field current limit
and end region heating limit. Each of these limits are represented by a circle and the D-curve is
constructed by intersection region of these three circles. This section defines equations to model
D-curves from given values, P%*/P™" and Q@™**/Q™". More detail regarding the construction
of equations, and contents of this section can be found in [45]. An example of the capability curve

for typical generators resulting from the procedure in this document is displayed in Figure 2.1.

2.2.2.1 Armature Current Limit

This limit is defined using the rated MVA of the generator. The armature current limit
is described by a circle with center at the origin and radius equal to the rated MVA of the

generator. Lacking more detailed information, we define

Rmax :maX(Pmax’Qmax) (24)
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Generator Capability Curve
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Figure 2.1: Generator Capability Curve

as the R™**, maximum radius of the circle. The constraint for the armature current limit is
P2+@%<( ’”“’C)2 (2.5)

where P and @ denote the active and reactive power outputs of the generator.

2.2.2.2 Field Current Limit

An equation for this limit in terms of generator parameters is derived in [46]. However,
standard machine ratings are used to approximate this limit, with the goal of using only
information available in a standard power flow data set. A circle has three degrees of freedom,
two representing the location of the center (Pg ield, Q g ield) and one the radius (rf el d). Therefore,
specifying a circle requires three pieces of information. By using the fact that the field current
limit is a circle on the @-axis [46], P(’; feld _ () is obtained. We then suppose that maximum output
of reactive power is located at zero active power output. This implies that the circle contains
the point (0,Q™?%). Lastly, we use the knowledge that the standard machine specifications use
operation at rated power factor, which is an intersection point between the field current limit

and the armature current limit. With assumption that a rated power factor is 0.80 lagging, a

second point(0.8R™%* 0.6R™%*) on the circle is obtained. The parameters for the field current
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limit circle are then given by a solution to
N SN2
(0.8R™)* + (0.6R™** — @} 1?)" = (1/1¢17) (2.62)
1 \2 N2
(Qmax _Q(f)‘leld) - (rfleld) (2.6b)
Solving (28) yields values of Qéield and rfield

field (Qmax)2 _ (Rmax)Z

Q0 - 2(QMax —(.6R™ax) (2.72)
plield _ Qmax _ Qgield (2.7b)
the resulting field current limit is
2 field\? _ ( field)?
P2+ (Q-Q)Y) < (1) (2.8)

2.2.2.3 End Region Heating Limit

The lower portion of the D-curve is ascribed to heating of the end regions of the synchronous
generator. Unlike the case of the field current limits, there is not a detailed derivation for
these limits from the generator parameters [46]. Therefore, we use several assumptions to
approximate these limits in similar manner as to the field current limits. Specifically, we assume
1) a circle with center (Pgnd, Q(e)”d) and radius r¢"% on the Q-axis (i.e., PS”d =(0) describes the
end region heating limit, 2) minimum output of reactives power is located at zero active power
output, which indicates that the point (0, Q’"i”) is on this circle, and 3) this limit and the
armature current limit intersect at 0.95 power factor leading. With these assumptions, we

develop a similar argument to that used in the end region heating limit:
2 2
0.95R™*)% 4 (@end _ g R™ax)" = (pend (2.92)
0
N2 2
(Q(e)nd _Qmm) — (rend) (2.9b)
Solving (31) yields values of and and rend

(Qmin)z _ (Rmax)2
(@™in +0.31R™max)

QL = 5 (2.10a)

rend — Q(e)nd _ Qmm (2.10b)
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The resulting end region heating limit is
2 end 2 end 2
P +(Q—Q0 ) <(r ) (2.11)

In the ACOPF problem, equations (2.5), (2.8), and (2.11) replace (2.1f), (2.2g) and (2.3f) according
to the formulation when D-curve constraints are used. Notice that shape of D-curve constraints

end

varies depending on the values of Q(’;ield and Q)" and only negative values of Qgield and

gleld >0, we will choose

positive values of QS”d are physically meaningful. Accordingly, 1) if @
to represent the upper portion of the capability curve as a horizontal line (i.e., @ < @™**) and

disregard the value of Qg eld

, 2)if and <0, we will choose to represent the upper portion of
the capability curve as a horizontal line (i.e., @ = Q™) and disregard the value of and. 3) if

field
0

numerical issue @ ~ —inf with @™ = 0.6R™* in the equation (2.7a) occurs, we will fix

parameter Qéield = max(Qéield, 107%).
¢ Voltage-dependent D-curve (when additional generator parameters available)

In the previous section, the approximated D-curve constraints are derived in the P-Q
plane with the assumption that only power flow data is available. However, more accurately,
the D-curve constraints will depend also on performance thresholds from generator auxiliary
equipment (such as step-up transformer). In this case, generator output is affected also by
terminal voltage, and this terminal voltage is heavily influenced by step-up transformer [40]. A
simple equivalent circuit of a synchronous generator that considers these effects is shown in
Figure 2.2a.

Let I denote stator current, E the constant emf behind a synchronous reactance X, and V
the generator terminal voltage. The armature current limit and field current limit may then be
expressed as

P24+ Q2% <(VI™ex)? (2.12)

V2) g (EmaxV)2 (2.13)

P%4 ( +—|<
@ X X
In practice, the generator voltage may typically vary within +5% of rated value, but may

rise to 10% above rated value with step-up transformer due to voltage drop across the step-up
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HV bus
= = AN
(a) SG simplified circuit (b) The generator connection via step-up trans-
former to HV bus

Figure 2.2: Examples of synchronous generator and step-up transformer

transformer reactance described in Figure 2.2b. This voltage drop has to be considered, and is

represented by

Q _ \%4 _th
th Xt

(2.14)

1204 =097 )

Voltage-Dependent Generator Capability Curve
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Figure 2.3: Voltage-dependent Generator Capability Curve (different curves for the same limit
represent different terminal voltages, e.g. 1.03 is at the terminal voltage V=1.03 pu)

An example of a voltage-dependent generator capability curve including step-up transformer
is given in Figure 2.3. For this illustration, HV bus voltage is fixed with 1 pu and the step-
up transformer ratio is constant during operation (no tap changer). Thus, when additional
information (I™%*, E™®* X and step-up transformer) about generator is given, equations 2.12,

2.13, and 2.14 can be replaced with 2.5 and 2.8 to represent the voltage-dependent D-curve.
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2.2.3 Limitations on adoption of the D-curve model

Ideally, one might seek to impose nonlinear generator D-curve constraints in ACOPF models
at all generator buses. However, if one seeks to use the limited data typically available with
power flow cases to estimate the D-curve limits, unrealistically small feasible regions will

max Qmax_Qmin .

sometimes result. In particular, if the original data is such that the ratio of i i OF e 18

too small, the estimated area within the D-curve is very small, and use of these constraints is
not advised at generator locations where these problems occur. In these cases, the size of an
initial rectangle constraint for active and reactive output limits is insufficient to characterize a

realistic D-curve constraint. To identify generators whose given data is not suitable for imposing

Qmax _Qmin
Qmax

max
;min <1llor

ma.

the D-curve constraint, work here used a heuristic test as follows. The ratios Pl;mi: and

are formed, and the D-curve constraint is not applied for generators that have

Qmax_Qmin
Qmax

studies here. Figure 2.4a shows the example of generator that is constrained to produce a fixed

< 0.1. Figure 2.4 below summarizes when the D-curve constraint was imposed in the

Generator Capability Curve Generator Capability Curve
af i " " ] 120
Fixed generator ouﬂ 100
3F ]
80
2 1 60
—
5(? 1 —A.martL!re.Limit g 40r  [— Amarture Limit
§ —— Field LII’T‘I‘IT o § 20 = Field Limit
s 0 _EESXRSQIOH Limit 5 End Region Limit
R OF | —pmax
“1h | pmin
. 0 prmin
—q —me
-2 Qmin -40 Qmn
-3k -60 /
0 05 1 15 2 25 3 35 -80 ¥ ¥ y ¥ x v X
- : : - 0 20 40 60 80 100 120 140 160
PMW) P(MW)
(a) Generator not suitable (b) Generator suitable

Figure 2.4: Example of when to impose the D-curve constraints

output. The end region heating limit is eliminated because of the nonphysical Q(e)nd value. In

Figure 2.4a , since P™%* = P™" and Q™% = Q™", the rectangle constraint for this generator
output limit is a fixed single point which locates outside of the D-curve constraint. If this case

does occur, we use the original rectangle constraint instead of the D-curve constraint. On the

other hand, Figure 2.4b describes the generator that has reasonable ratio of ;:j;‘ and W

max
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so that the D-curve constraint lies inside of its rectangle constraint. The D-curve constraint is

implemented for this case which is typical for synchronous generators.

2.3 Examination of the ACOPF

ACOPF problems are formulated and calculated in GAMS. Default values for each solver’s
option are used. In this chapter, the 118 and 2736sp bus test systems from the MATPOWER
library are employed as representative examples of our results with three solvers IPOPTH,

KINTRO, CONOPT).

2.3.1 Advantage of adding flow variables

This section investigates the advantage of employing flow quantities as explicit decision
variables, as opposed to computing flows from bus voltage variables and line parameters. In
brief, the question is that of a tradeoff between larger number of variables that facilitate simpler
computations in constraint equations, versus fewer variables but more complex computations
in each constraint equation. Results are benchmarked against computational time in a stan-
dard ACOPF in the publicly available MATPOWER package [23]. The standard ACOPF, that
uses voltage phasors as the key network variables, formulates the OPF problem with polar
coordinates using the admittance matrix (Y3,s) to calculate the node power balance equations.
For the test, since standard ACOPF uses polar coordinate, Polar Power-Voltage is used, and

results are depicted in Figure 2.5.

10
8

6

Time[sec]

casell8 case2736sp
Ybus mSLP

Figure 2.5: Computational time on “Ybus" version versus “SLP" version
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There, the label “Y},,” denotes the standard ACOPF using the admittance matrix, while the
label “SLP" denotes our formulation using the summation of line power (SLP) flows in the node
balance equations. In these tests, the computational time for the large system (case2736sp)
was reduced using the SLP formulation. This is consistent with the general rule of thumb
in sparse computation techniques, that while elimination of variables may reduce the size of
problem, it does not necessarily improve performance. We also have observed this phenomenon
in other test cases with our other formulations (Rectangular Power-Voltage and Rectangular

Current-Voltage)

2.3.2 Computational Time

Analysis of ACOPF formulations in terms of their computational time is displayed here
for the 118-bus and 2736sp-bus cases only. While space limitation prohibits their display here,
other test cases of similar size have been examined, and yielded quite similar outcomes in

regard to computation time.

Computational (CPU) time for each formulation is shown in Figure 2.6-2.11. In brief, “time”
as displayed in the Figures refers to the measured CPU time, from generating initial conditions
to production of an optimal solution, and is calculated as the average value. However, initial
conditions (ic=3, ic=4, ic=5) require nontrivial computation time in their generation, so a
black line used to show CPU time from initial conditions to an optimal solution (i.e. upper part

above black line is the time to generate initial conditions).
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Figure 2.6: Computational time for Polar Power-Voltage formulation with the 118-bus case
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Figure 2.7: Computational time for Rectangular Power-Voltage formulation with the 118-bus
case
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Figure 2.8: Computational time for Rectangular Current-Voltage formulation with the 118-bus
case

For instance, ic=3 with solver IPOPTH in Figure 2.6a requires roughly 0.5 second to obtain
an initial condition. Notice that the CPU time for each of initial conditions is displayed with
a truncated maximum of 60 seconds in Figure 2.9-2.11. Initial conditions among (ic=3, ic=4,
ic=5) which contain no black line in bars indicate it takes greater than 60 seconds even without

considering the time to generate its initial condition.

— Time without considering | [ — Time without considering
initial condition calculation 70 initial condition calculation

g 40 ERC

B = IPOPTH g = [POPTH

£ 30 £ 30

S = KNITRO = =KNITRO
20 = CONOPT 20 = CONOPT

ic=0 ic=1 ic=2 ie=3 ic=4 ic=5 ic=0 ie=1 ie=2 ic=3 =4 ie=5
Initial Condition

Initial Condition

(a) Without D-curve constraints (b) With D-curve constraints

Figure 2.9: Computational time for Polar Power-Voltage formulation with the 2736sp-bus case
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— Time without considering | [ — Time without considering
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ic=0 ic=1 ic=2 ic=3 ic=4 ic=5 ic=0 ic=1 ie=2 ie=3 ic=4 ie=5
Initial Condition Initial Condition

(a) Without D-curve constraints (b) With D-curve constraints

Figure 2.10: Computational time for Rectangular Power-Voltage formulation with the 2736sp-
bus case
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CONOPT

i
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(a) Without D-curve constraints (b) With D-curve constraints

Figure 2.11: Computational time for Rectangular Current-Voltage formulation with the 2736sp-
bus case

Figures 2.6-2.8 and 2.9-2.11 show CPU run time for the 118-bus case and 2736sp-bus
case respectively. As expected, CPU time in (b) is slightly longer in almost all cases when
modeling D-curve constraints. 1) In terms of formulation, cost of time to obtain an optimal
solution for Rectangular Power-Voltage is slightly higher than any other ACOPF formulations.
2) With regard to solver, IPOPTH and KNITRO solvers show better performance for ACOPF
problems than CONOPT in most cases. For these problems, we have found IPOPTH and
KNITRO to be faster and more robust, especially compared to CONOPT, which takes quite
a bit longer to converge. D-curve constraints make CONOPT struggle in finding an optimal
solution for all initial conditions for the 2736sp-bus case. 3) On the aspect of initial conditions,
without considering the time to generate initial conditions, most initial conditions are attractive
except for the random, ic=1. However, ic=0, 2 provide the fastest convergence for the ACOPF
with/without the D-curve constraint irrespective of consideration of generating time for initial

conditions.
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2.3.3 Robustness of Convergence

This section compares feasibility of ACOPF problems for each formulation with different
initial conditions. The ability of a given solver to locate a feasible point from given initial

conditions is summarized in Table 2.5.

POLAR REC-PV REC-IV
without D-C ‘ with D-C | without D-C ‘ with D-C | without D-C ‘ with D-C
ic=0 O (ALL) O (ALL) O (ALL) O (ALL) O (ALL) O (ALL)
ic=1 O (ALL) O (ALL) O (ALL) O (ALL) O (ALL) O (ALL)
ic=2 O (ALL) O (ALL) O (ALL) O (ALL) O (ALL) O (ALL)

casell8 | . 3| O@MLL) | OALL) | OMLL | OALL) | OMLL | O(ALL)
ic=4 | O(ALL) | OALL) | O(ALL) | O(ALL) | O(ALL) | O(ALL)
ie=5| O(ALL) | O(ALL) | O(ALL) | O(ALL) | O(ALL) | O(ALL)
ic=0 | O(ALL) | OALL) | O(ALL) | O(ALL) | O(ALL) | O(ALL)
ic=1| O(ALL) | OALL) | O(ALL) | O(ALL) | O(ALL) | O(ALL)
ic=2 | O(ALL) | OALL) | O(ALL) | O(ALL) | O(ALL) | O(ALL)
case2736sp

ic=3 O (ALL) O (ALL) O (ALL) O (ALL) O (ALL) O (ALL)
ic=4 O (ALL) O (ALL) O (ALL) O (ALL) O (ALL) O (ALL)
ic=H O (ALL) O (ALL) O (ALL) O (ALL) O (ALL) O (ALL)

Table 2.5: Feasibility of ACOPF problems

In the table, D — C indicates D-curve constraints, with the entries of O or X indicating
feasible or infeasible, respectively. The solver employed is indicated in parentheses to the right
of O or X entry. For example, O(ALL) means that it is feasible for all solvers, while O(IPOPTH)
would indicate that it is only feasible when IPOPTH solver is used. All solvers are able to find a
feasible point for all test cases when D-curve constraints are applied. Based on these results,
none of ACOPF formulations are superior in their ability to yield feasible points, and all solvers

display the ability to handle D-curve constraints.

2.3.4 Objective Value

In order to determine the impact of D-curve constraints on the final solution, we also
examine the final objective value, as shown in Table 2.6. These values are provided by all
solvers as they produce the same solution. As Table 2.6 indicates, the optimal objective for the

2736sp-bus case is slightly higher.
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POLAR-PV REC-PV REC-IV
without D-C ‘ with D-C without D-C with D-C without D-C ‘ with D-C
ic=0 129.66K $ 129.66K $ 129.66K $ 129.66K $ 129.66K $ 129.66K $
ic=1 129.66K $ 129.66K $ 129.66K $ 129.66K $ 129.66K $ 129.66K $
ic=2 129.66K $ 129.66K $ 129.66K $ 129.66K $ 129.66K $ 129.66K $

caselld 1. 5| 12066K$ | 12066K$ | 129.66K$ | 129.66K$ | 129.66K$ | 129.66K $
ic=4 | 129.66K$ | 129.66K$ | 129.66K$ | 129.66K$ | 129.66K$ | 129.66K $
ic=b | 129.66K$ | 129.66K$ | 129.66K$ | 129.66K$ | 129.66K$ | 129.66K $
ic=0 | 1307.83K $ | 1309.03K $ | 1307.83K $ | 1309.03K $ | 1307.83K $ | 1309.03K $
ic=1 | 1307.83K $ | 1309.03K $ | 1307.83K $ | 1309.03K $ | 1307.83K $ | 1309.03K $
ic=2 | 1307.83K $ | 1309.03K $ | 1307.83K $ | 1309.03K $ | 1307.83K $ | 1309.03K $
case2736sp

ic=3 | 1307.83K$ | 1309.03K $ | 1307.83K$ | 1309.03K $ | 1307.83K $ | 1309.03K $
ic=4 | 1307.83K $ | 1309.03K $ | 1307.83K $ | 1309.03K $ | 1307.83K$ | 1309.03K $
ic=5 | 1307.83K $ | 1309.03K $ | 1307.83K $ | 1309.03K $ | 1307.83K$ | 1309.03K $

Table 2.6: Objective value for ACOPF problems

This can be explained as the imposition of the D-curve constraint reduces the feasible region
as shown in Figure 2.1, meaning that the standard solution using rectangular bound constraints
does not lie within the more restricted D-curve area. In the 118-bus case however, the similar
objective value indicate that the inclusion of D-curve constraints make no difference. This
implies that the standard solution with rectangle generator output limits stays within the more
restricted D-curve area, so that it obtains the essentially identical objective value. While the
increase in objective values is modest, use of D-curve constraints as generator capability curves

within ACOPF problems is shown to have some impact.

2.3.5 Observation

Summary observations about preferred formulation, solver and initial condition are made in
Table 2.7. Polar Power-Voltage and Rectangular Current-Voltage formulation are preferred since
they both provide fast convergence. The hope that one might see attractive behavior in solution
time with Rectangular Current-Voltage, since equations of apparent current flow are linear
has not been proven true in general. Solvers IPOPTH and KNITRO are preferred since they
provide a good performance for ACOPF problems in terms of solution time. Decoupled ACOPF
solution ic=4 serves as a good initial condition when the time for generating an initial condition

is ignored, though it has disadvantages: possibility of creating infeasibility and cost of the time
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to obtain a solution. Overall, simple initial conditions, i¢c=0,2, show better performance than

other initial conditions developed.

Priority of Selection

Formulation Polar Power-Voltage, Rectangular Current-Voltage
Solver IPOPTH, KNITRO
Initial Condition ic=0,ic=2

Table 2.7: Selection for formulation, solver and initial condition

2.4 Conclusion

This chapter has presented three different ACOPF formulations: Polar Power-Voltage,
Rectangular Power-Voltage and Rectangular Current-Voltage. All formulation employ line flow
quantities as explicit decision variables, and use summations of those variables to construct
node balance equality constraints. With this construction, the familiar Y, bus admittance
matrix is not employed.

Six different methods of generating starting points to initialize ACOPF problems are
described and studied. The generator capability curve (“D-curve constraints”) are treated, in-
cluding voltage dependent D-curves, to accurately characterize generator output limits. The
resulting families of ACOPF problems are examined in three aspects: robustness of convergence,
computational time, and achieved objective function value. Based on results, the Polar-PV
and Rectangular-CV show the best performance in terms of computational time. For solution
algorithms, IPOPTH and KNITRO proved the most attractive solvers, since these were typically
faster and more robust in comparison to CONOPT. In regard to choice of initial conditions,
ic=0,2 showed the faster convergence for the ACOPF with or without the D-curve constraints,
relative to other (seemingly more “innovative”) initial condition choices. Moreover, experience
here suggests that D-curve constraints have modest impact, with only small increases in com-
putation time and optimal objective value. Techniques to construct D-curve constraints contain
several assumptions on available data regarding generator parameters, and their impact on the

problem is demonstrated. Therefore, if one has more detailed generator descriptions available,
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these could yield more accurate D-curve constraints that could yield results slightly different
from those here. The reader will also note that Rectangular Current-Voltage formulation, with
its advantage of linear equations in many of its limit inequalities, yields computational speed

comparable to those of Polar Power-Voltage.
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CHAPTER

Sparse Tableau Formulation for Power System

Networks

3.1 Overview

The classical modeling approach for power networks is based on the bus admittance matrix
Ysus, which the bus voltage phasors serve as the key “state” variables for the network, analogous
to nodal analysis in standard circuit theory [8], [9]. The Y3, formulation is widely used in
many power system analyses because it simply and efficiently summarizes in matrix form the

parameters of a transmission system.

However, shortcoming of nodal analysis is that it disallows many standard circuit elements
from the class of allowable components such as the voltage source, ideal transformer, ideal
op amp, ete. [10]. In circuit analysis, a completely general analysis method, so-called Sparse
Tableau Analysis, is introduced to resolve this drawback. Similarly, Y3, formulation restricts
many power system network elements. This chapter presents a method to overcome these
shortcomings by appropriately adapting Sparse Tableau Formulation (STF) used in circuit

analysis.
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The organization of this chapter is as follow. Section 3.2 reviews the general Sparse Tableau
Formulation from a standard circuit analysis perspective. Section 3.3 then examines the
characteristics of the power system application that allow simplification of general Sparse
Tableau Formulation. Section 3.4 discusses the relationship between STF and other modeling
approaches (the Y3, s and Modified Nodal Analysis) in those cases for which both may be applied,
examines atypical network elements, modelling of which Sparse Tableau Formulation proves
particular advantageous. The application to representative OPF examples in a general purpose
optimization tool [47], along with comparisons of computational speed between STF and Yp,;

formulations, is described in Section 3.5.

3.2 Background

Here, we review the key steps to construct STF circuit constraint equations in 1.4. As a case
of interest in power systems, we give special attention to two-port circuit elements. Treatment of
two-terminal elements is an easy, simpler case. We assume that the circuit analysis is conducted
with respect to complex phasor branch or port currents, denoted i, complex phasor branch or
port voltages, denoted v, and complex node voltages/current, denoted V/I. Note that all equality
constraints below are complex.

Step 1. Write a complete set of linearly independent Kirchhoff’s current law (KCL) equations:
Ai=0 (3.1)

Step 2. Write a complete set of linearly independent KVL equations:
v-ATv =0 (3.2)

Step 3. Write the element constitutive equations. If the circuit elements are all affine linear,
these may be written as:

Fou+Fii=ug (3.3)

where A is the node-to-element incident matrix; F',, F; are network element matrices; and u
represents a possible exogenous forcing term, typically representing an independent current or

voltage source.
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Equations (3.1), (3.2), and (3.3) are the tableau equations. For an element represented as

two-port, v and i quantities appear in “port-pairs,” as illustrated in the Figure 3.1.

YU a Lo
_+’ Two-port ‘+_
Network Element

Vi a Vo

a ok

Figure 3.1: Two port representation for network element &

A transmission line is the two-port element perhaps appearing most commonly in the
power systems model. In this context, port a quantities are typically termed “sending end”
positive sequence voltage and current, and port b quantities termed “receiving end.” A two-
port element’s constitutive relations place two independent algebraic constraints on the four
variables (vqy,i4,0p,05) to specify the element’s behavior. For each network element £, in the

case of complex, phasor-based analysis, these constraints take the general implicit form

fr:C*— 2
. . O
frWra,ik,asVk,bslrp) = (3.4)
0

With all element equations composed together as f(v,i) = 0, observe that the element
constitutive equation (3.3) in the linear tableau equation is a special affine case of f(v,7) =0; in

particular:

f,)=02F,v+F;i-ugs=0 (3.5)

To illustrate, consider the simple circuit shown in Figure 3.2. It consists of three elements: a
voltage source, an ideal transformer described by v = Z—;Uz, lg = _Z_;il’ and a linear element

described by vs = Zis. Applying the preceding steps, we can construct KCL, KVL and element
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(a) Linear resistive circuit (b) Associated digraph

Figure 3.2: The linear resistive circuit and associated digraph

constitutive equations as following

i1
1 0 0 1] ]ig 0
KCL: Al=0o = (3.6)
0 1 1 0f]is 0
—_— —
A l4 0
1
U1 1 0 0
r ) 0 1| |W1 0
KVL: v-A" V=0 - = 3.7
%] 0 1 V2 0
~——
U4 1 0 A 0
v AT 0
Branch Equations: (3.8)
ngv1—nivg =0 ng -ny 0 0| |vg 0 0 o0 oflir 0
niiy+ngizg=0 0 0 0 0] |vg ni ng 0 0] |ig 0
y < + =
v3—Zizg=0 0 0 1 0f|vs 0 0 -Z 0f]|is 0
va=E | 0 0 0 1‘ va] | 0 O 0 0‘ 24 _EA
~ -~ N ~ N~ ——
F, v F; i s

As described above, incidence matrix A and corresponding two constant matrices F,,, F; are
immediately identifiable in the construction. Therefore, we observe that the circuit is linear

iff its branch equations can be written in the form of F,,F;, and time-invariant iff both
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F,,F; are constant with respect to time. As we will see in the next section, standard power
system elements within the transmission network are linear and time-invariant; however, we
will argue that for models common used in OPF, generators and loads may be represented as

nonlinear current sources/sinks.

DEFINITION 3.1. (The Tableau Matrix) Since (3.6), (3.7) and (3.8) which constitute the
tableau equation consist of a system of linear equations, it is convenient and more illuminating

to rewrite them as a single matrix equation

0O 01O 0O 0 0|1 O 0 1| |W 0
0 0 0 0O 0 0|0 1 1 0] (Ve 0
-1 0 1 0O 0 0j]0 O 0 Of|v: 0
0O -1|0 1 0 0|0 O 0 Of |ve 0
0O -1|0 0O 1 00 O 0 Of |vs 0
= (3.9)
1 0 0 0O 0 10 O 0 Of|vg 0
0 0 |ng —n; 0 0|0 O 0 0] |i1 0
0O 01O 0 O O|ny neg 0 O0f]|ig 0
0O 01O 0O 0 10 0 -Z 0]]|is 0
0 0 0 0O 0 0j]0 O 0 O] |iq E
! _ 5 ] [
T X u

The tableau matrix T is as it is shown in (3.9) often very sparse, thereby allowing highly
efficient numerical algorithms. In general, it can be recast into the compact matrix form with 0

and I denoting a zero and an identity matrix of appropriate dimension.

0
Linear Tableau Equation : AT 1 vl=10 (3.10)
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3.3 Sparse Tableau Formulation for Power System Networks

This section applies STF described in the previous section for power system networks.
Standard power system network elements are represented as a two-port element and the
transmission matrix representation is employed to build branch equations for each network
element. With all variables (port voltages v, port currents i, node voltages V and node current
I) defined, the corresponding incidence matrix A is constructed to impose linear KCL and KVL
equations.

PROPOSITION 3.1. (Sparse Tableau Formulation for power system networks) Standard
power system networks can be cast into the compact matrix form using the sparse tableau
matrix (3.10) with time-invariant circuit elements implying constant F,, F; matrices, with
each network element being a non-independent source and with each bus having an exogenous

current source, yielding us; = I. The STF is summarized as:

STF for power system networks: AT 1 vl=10 3.11)
0 F, Fi|l|i 0
~ e ——
T b4 u

where I represents externally injected current source from generators or loads. Reasoning for

the proof of this theroem is discussed systematically from the next section.

3.3.1 Network Elements Modeling

Proof. First step to prove the PROPOSITION 3.1 is to consider the standard power system
network circuit elements, which are a two-port element as depicted in Figure 3.1 to construct
branch equations. Typical examples of two-port network elements would be transmission lines
and transformers. In OPF applications, transmission lines are often considered in terms of
their m-equivalent circuit, rather than in the two-port [ABCD]-transmission matrix. Hence,
their data is typically provided as the three real-value parameters R,X and B, with associated

complex series impedance for line given by Z =R + jX and shunt Y = jB. At the sending end
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and receiving end ports, terminal behavior equivalent to the two-port may be captured in a

circuit composed only of simpler two-terminal elements [48], as shown in Figure 3.3.

U 4 e b

>

4
N
A

+ +
Y 2
2 2

vk a

>

Figure 3.3: m-equivalent circuit for transmission line

However, in standard power systems textbook presentations, one then recovers a two-port

constitutive relation consistent with (3.4) by constructing the “Transmission Matrix.”

Uk.a
Uk.a 1+Q —(1+ ) Z ik,a 0
= fr— =
ira YA+25) 1425 | =i -YA+ZY a+Z5| vk 0
Transmls;;)n Matrix Representatlve cn‘cult element F;, € C2X4 | ik,b )
(3.12)
To adapt the equations (3.12) to STF (3.11), we can re-write the branch equation as
Uk.a
1 -a+ZH) oz kb 0
0 -YA+Zh) |1 A+ZD)| |ira| [0
Lkb
Thus, Linear Element Equations for transmission line:
1 -1+Z0) | |vrg 0 Z ika 0
+ = (3.13)
0 -YA+ZD)| |vep| |1 @+ED)| |ins| |O
I;I:v Fk,i

Thereby, we obtain the corresponding constant F, and F; matrices for the network element

of transmission line. The other typical network element is a transformer. Here, voltage gain of
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transformer is expressed as complex scalar n to account for phase shifting transformers (real-
value voltage gain is for an ideal step up/down transformer allowing only voltage magnitude to

change). Then, the corresponding transmission matrix representation is

Uk.a
Vk,a n 0 Uk,b 1 0|-n O ika 0
= — = (3.14)
ita 0 | |-irs 0 1| 0 | |vks 0
L ik’b 4
This can be equivalently re-written as
1 -n||vee 0 O lha
Linear Element Equation for transformer: + = (3.15)
0 0| [ves 1 | ik 0
———— ———
Fk,u Fk,i

For each of these cases, it is straightforward to identify the corresponding constant F, and
F; matrices. Note that for these very typical network elements, (3.13) and (3.15) contain only

constant coefficients, have no independent sources, and therefore are simple linear functions.

3.3.2 Construction of the incidence matrix A

Remaining constraints are simple linear expressions imposing KVL and KCL interconnec-
tion constraints. Since a node-to-element incident matrix A is defined over all network elements,

we need to organize all network element variables (port voltages and port currents):

Ula il,a
U1 i1p
U2.a i2,a
Ll V2,6 e 12,
Ula il,a
Vb | [ 216 |
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Thus, v,i € C% where [ is number of network elements. Goal in representing KCL is to
efficiently to assemble the right hand side of the general current balance equations. To this end,

the incidence matrix is then composed entirely of values of 1 or 0 by the following rule:

b

1, if rth component of i corresponds to an elements

sending or receiving terminal leaving node j

. N x21
A(j,r)eR 24 —1, if rth component of i corresponds to an elements’ (3.16)

sending or receiving terminal entering node j

0, otherwise

Therefore, the current conservation law of KCL is written simply as
I-Ai=0¢ecCV (3.17)

where I € CV is the complex current injection from generators or loads at each node; i € C% is
the complex branch current carried away from node by network elements. We can also use A to
relate port voltages to bus voltages in a manner that guarantees KVL is automatically satisfied.

Similarly, linear voltage law of KVL is written as

v-ATV =0 ec? (3.18)

where V € CV is the vector of bus voltages. The equation (3.18) is to assign the correct bus
voltage to any port voltage of a port connected to that bus. Now, to construct the sparse tableau

matrix (3.11), F,, and F; can be defined as

Fi, 0 - 0 Fi; 0 - 0
0 F2 0 : 0 F2' 0 :
F, = v ec2x .- ! e (3.19)
. .0 : S
0 v o Fy, 0 o e Fuy

where F, and F; are block diagonal matrix composed of previously described F}, ,,, F, ; matrices.
Finally, with matrices F,, F';, A and variables v, i, V, I as defined above, we can describe power

system networks using STF as (3.11). W
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Notice that here we define current source elements I, and this motivates introduction of a
special class of nonlinear one-port element as illustrated in Figure 3.4, that facilitates power

flow analysis.

Figure 3.4: Nonlinear current source element as one port element

Then, nonlinear element equation as a equation (3.4) for current source I; for bus j can be

defined by

(Sg,j—Sa,)"
v

Nonlinear Element Equations : f;(v;,i;)=0 £ i = (3.20)

*

J

For simplicity, note that here the element index, j, is assumed to be the same as the index of
the bus to which it connects. With this indexing choice, note that S; =S, ;—Sg ;,i;=1;, and
v; =V; implying

*

— 7. =0 (3.21)

where Sg ; and Sy ; are specified apparent power generation and load at bus j. Notice that
equation (7.5) is similar to approach in traditional Gauss-Seidel formulation of power flow [24]
and, provided v; identically zero is excluded from the solution set of interest, is equivalent to
S;=V;I ;, which is the typical “power balance equation.” Notice that standard power flow equa-
tions are coupled nonlinear functions, whereas STF power flow equations put all nonlinearity
in one bus at a time. Thus, only corresponding bus voltage and bus current are present in these
nonlinear functions, indicating there is no coupling between variables associated with different
buses in these equations. This property allows STF to have less number of nonzero elements
in the Hessian matrix of optimization solving algorithm, which could provide computational

efficiency.
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3.4 Property of Sparse Tableau Formulation

3.4.1 Relationship to Nodal Analysis and Y,

As noted previously, textbook power flow analyses typically employ the admittance matrix

€ CNV*N represents the nodal admittance of the

Y,.s to model the transmission network. Yy, ¢
buses in power system networks, and results from writing KCL equations at nodes/buses in
terms of node voltages, which is referred to “nodal analysis”. A more general procedure for
constructing Y3, can be found [8], [9]. Here, we illustrate that Y3, may be obtained from STF,
when rank conditions permit, through elimination of intermediate variables. As will become
apparent, the required rank conditions place restrictions on allowable circuit element behavior;
the greater generality of STF lies in relaxing these restrictions.

LEMMA 3.1. (Y;,s and Sparse Tableau Formulation) Standard modeling approach Yy,

used in most power system networks represents algebraic elimination of variables from STF

with a restrictive assumption.

Proof. Observe that Yy, is a network parameter relating bus voltage and bus current in a

way:

I1=YpuV (3.22)

To relate Yy, to STF, all we need to do is to obtain (3.22) from STF. Consider STF:

Ai=1

{v=ATV (3.23)

Foo+F;ii=0

With these equations under the assumption of F'; full rank, we can solve for i such that

i=—(F;)1-F,-v (3.24)



54

Then, substitute the KVL equation v = ATV, yielding

i=—(F) 1. F,-ATV byKCLI=A;i (3.25)
I=-A-(F) ' .F,-ATV (3.26)
Yous

This demonstrates that the Yy, formulation may be viewed as a simple algebraic elimina-
tion of variables from STF and this elimination requires a restrictive assumption that F; is a
full rank matrix, which also requires a full rank condition of each F;, ; matrix. W

This lemma shows that STF is more general modeling approach, in the sense that Y, is
obtained from STF only with the restrictive assumption that F'; is invertible. Important network

elements such as ideal transformers and circuit breakers fail this requirement.

3.4.2 Relationship to Modified Nodal Analysis

One approach to overcome the limitations of Y3, s that has been employed in power literature
is that of MNA [49]. MNA retains select branch currents as explicit variables, in addition to
node voltages of a “pure” NA formulation. In the power context, MNA has been employed in
transient and fault analysis [50], [51]. Other works [52], [53] use MNA for power flow analysis
in distribution systems. In state estimation, MNA has been used to overcome ill-conditioning of
Y3us in the presence of very low impedance branches [54], [55]. This section demonstrates that
STF serves to generalize MNA/NA.

LEMMA 3.2. (MNA and STF) MNA can be viewed as appropriate algebraic elimination of

variables from STF.

Proof. MNA extends nodal analysis by maintaining constraints and variables associated with
network elements that nodal analysis cannot handle. Typically, MNA has more variables than

NA but less variables than STF. In compact form, MNA can be described as

Ybus D |V I
- (3.27)

D2 HI||i| |o
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To relate MNA to STF, we partition linear element equations from (3.10) with superscript 2

indicating network element variables that have FLZ invertible as

Fy oofl|vY [F of[it] |0
+ = (3.28)
0 F2||v? 0 FZ| || |0
KCL and KVL equations can then be partitioned as
il vl (Al)T
[ Al Az] - | = % (3.29)
i2 vZ (A2)T
Eliminating v',v? and i from equations above yields MNA:
—ARFHTIFRADT A (V] T
= (3.30)

FraAhT FH it |o

where Yp,s = —A%(F2) ' F2(A%)T, D' = A, D> =F}(A)T, H=F} and i = i'. This demonstrates
that MNA formulation may be viewed as an appropriate algebraic elimination of variables from
STF. Therefore, the relationship with Yy, and MNA shows that STF is a complete general
modeling approach, in the sense that Y3, is obtained from STF only with the restrictive
assumption that F; is invertible and MNA is obtained from STF by appropriately eliminating

intermediate variables. W

3.4.3 Atypical Network Elements using Sparse Tableau Formulation

Part of the argument for STF lies in the convenience with which atypical network elements
may be treated, in contrast to the Y3, formulation, that often requires “tricks” in handling
such elements. In this section, we provide three examples for atypical network elements: 1)
Ideal Transformer, 2) Circuit Breaker, and 3) Three-winding Transformer.

Atypical Element 3.1. (Ideal Transformer) Consider an ideal transformer (3.15). It is
apparent that F; is not invertible, which implies Y3, fails to model the ideal transformer as a
stand-alone element. Power system specialists will recognize that in the Y}, formulations, ideal
transformers are never treated “stand-alone.” Rather, series or shunt impedances representing

leakage and/or magnetizing reactances are always lumped in as part of the transformer model.
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Atypical Element 3.2. (Circuit Breaker) More importantly, consider the circuit represen-

tation of a circuit breaker with binary integer parameter y indicating switch position.

Va—Up =0 1 -1 |v, 0 0| |i, 0
Circuit breaker closed, y = 1: - + = (3.31)
ia + lb =0 0 0 Up 11 Lb 0
——
F, F;
i,=0 0 0] |vg 1 0 |ig 0
Circuit breaker open, y = 0: = + = (3.32)
ip=0 0 O] |vp 0 1] [ip 0
—— ———
F, F;
- v (1-y) Of | 0
Circuit breaker: Y Y ¢ + Y ‘1= (3.33)
0 0] |vp Yy 1] i 0
F F

Similarly, F; is not guaranteed invertible for both breaker positions, which implies that
modeling approach with a fixed Y}, fails to model the circuit breaker. Instead, the Y3, based
analysis must rely on “topology processing,” which may be viewed as a means to compute
and switch between different Y3, matrices, with differing dimensions depending on breaker
settings.

Atypical Element 3.3. (Three-winding Transformer) Power system networks often contain

three-winding transformers shown in Figure 3.5. Traditional Y3, based modelling approaches

Secondary y =
- winding lk7a lk,b
T N, 7F Vs
vk,a <,1;7, i Na -
T Nc (:,:; vk,c
Primary | ’
Winding L Tertiary
winding
(a) Structure of a three-winding transformer (b) Three-port representation

Figure 3.5: Schematic diagram of a transformer with three windings

introduce equivalent impedances Z,, Z; and Z; in the “star node” configuration [56], [57], [58],
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with the magnetizing current and core losses modelled in a magnetizing branch. Arbitrary
location of the magnetizing branch is one of the drawbacks of this approach. In addition, this
modeling approach with Y, can create numeric difficulties, because in most large transformers
the value of Z; is very small or even negative. The use of non-physical negative impedances,
while common practice, is arguably undesirable, and may challenge automated model data
verification methods. We argue that a three-winding transformer is much more appropriately
modelled as a three-port; indeed, an arbitrary ideal n-winding transformer may easily be
represented as an n-port.

The modeling of a three-winding transformer becomes straightforward with STF. Consider
the ideal behavior of a three-winding transformer (which are similar to those of two-winding

ideal transformer):

1 1 _
mva—mvb =0

-windi . 1 1
Three-winding transformer: 4 N;Ub— Ve =

Nyig+Npip+Neio =0

_ 0 |lual |0 o oflia
) 0
N, A v +10 0 0 ib = 0
0 0 N, Np N.||i.

v~ v~

F, F;

-
-

= Linear Element Equation:

o [« nzlb—‘
o

v

o

Hence, we can easily model an ideal three-winding transformer as a three-port network

element with STF.

3.4.4 Illustrative example with three bus system

This section details STF for power system networks by providing an illustrative example
with four-bus system depicted in Figure 3.6.

This system consists of four buses as @, @, @, @, and four network elements, two trans-
mission lines as , , one three-winding transformer and one circuit breaker . Notice

that the Y3, approach cannot model this example directly due to three winding transformer
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Figure 3.6: Four-bus system for STF

and circuit breaker. Based on the rule (7.2), we can construct the incident matrix A as

[tha [1}6 | [2}a [2]6|[3le [3}b [3)c|[4]a [4]b
0

1 0 0 0 1 0 0 o) ®
A=| o 1 0 1 0 0 0 0 0| ®
0 0 0 0 0 1 0 1 o |®
0 0 1 0 0 0 1 0 1)@

Each row corresponds to the node and each two-column corresponds to port a or b of the
network element. Then, branch equations for each network element can be constructed with

F,U for k €(1,2), F,v, and F,U

ZY] o 0
. 1 -+ 2L, i ’;’ v o Y -r
(kv = Z—Y; »Lslv = — —=1 4=
.U 0 _Y(1+ ) ny Ne O 0
0 o0 0
Similarly, Fr, for k € (1,2), Fi5); and Fgj; can be constructed as
0O 0 O
0 Z 1-y) O
Fryi= zv | Fzi=[0 0 0| Fz,;=
1 1+ ) y 1

Ng np nc

where Z, Y are parameters for the transmission lines and ; ng,Np,Ne are turns ratio

for the three-winding transformer ; Y is binary switch position for the circuit breaker .
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Next, we can define all corresponding variables as v = [V1,4,V1,6,02,0:V2,6,V3,a,U3 ,U3,¢,Va,a, v4’b]T,
N é N . . . . . . . . T A T A T
1 =i1,0,11,6,12,0,12,b,13,a,13,6,18,c,04,a,04p] , V =[V1,Vo,V3, V41", I =[I1,13,13,14]" . Then, STF

for this four-bus system network can be expressed in (3.10) and in detail
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3.5 Application of Sparse Tableau Formulation
We have derived STF for power system networks and STF can be applied for many different

power system analyses such as power flow, optimal power flow, fault analysis, contingency

analysis and dynamic analysis. This section applies STF for two important power system
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analyses, power flow and optimal power flow problem. They are very similar in terms of the
system of equations, but the purpose of each problem is bit different. Roughly speaking, we use
the OPF problem when we want to determine the generator dispatch. That is, we use the OPF
if we know generator cost information, line flow limits, etc. and want to know what the cheapest
operating point is (assuming objective function is cost function of generators). We use the power
flow problem when we already have a dispatch that we are interested in studying and want to

know the consequences of using that dispatch such as bus voltages and line flows.
3.5.1 Power Flow Analysis with Sparse Tableau Formulation
Consider STF:

0 o0 Al|v] |I Ai=1
0

v|=10|, orequivalently <{,=ATV (3.35)

Fyu+F;i=0

As it is typical in power flow formulations, suppose that generators and loads connected to
the network are specified by the active and reactive power they inject and withdraw at node j
respectively. So associated with each bus j, net complex power injection is S; = P; + j@; where
P;= Pg’j —-Pyjand Q; =Qg ;—Qq,; with 0 indicating that Pg ; is known, but @, ; is unknown.
Then, net complex power injection S; for each bus j is related to complex bus voltage V; and

net complex current injection I; via
Sj-Vj@(Ij)* =0 (3.36)

Considering STF and the purpose of power flow analysis that the variable of interest would
be bus voltage phasor and line flow, we might implement the elimination of port voltage variable
v, resulting in “Reduced Sparse Tableau Formulation (RSTF)” as

0 Al |V I Ai-T1=0
or equivalently (3.37)

F,AT Fif|i| [0 F,ATV +F;i=0
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With equation 3.36, power flow problem then may be written as

Active. Balance: real(V o (Ai)"); ng,j—Pd,j, JjeEPV ,PQbus (3.38a)
Reactive. Balance: imag(Vo(Ai)"); = -Qq4,j, JEPQbus (3.38b)
Linear Element Equation: real(FvATV +F;1)=0 (3.38¢)

imag(F,ATV +F;i)=0  (3.38d)

Solving (3.38) provides the operating point of bus voltage and current flow on branch which

is an additional information compared to the standard PF problem (1.5).

REMARK 3.1. (Sensitivity analysis) The problem of contingency analysis is that of consid-
ering the power system network with security requirements. Secure operation requires that
the system can withstand (selected) N-1 contingencies [59]. Most of the methods currently in
use involve either cumbersome topology changes considering actual line removal, and resolve
the net set of equations [60] or using simplified model such as DC power flow [61], [62]. Using
Sparse Tableau Formulation allows resulting equations in which line currents, bus voltages all
appear explicitly. Thus, a change in line loads and bus voltage can be easily related to changes

in the net power injection.

Using vector notation, the power flow equations (3.38) can be conveniently expressed as

follows:

N(x)=0, wherex=[V,i]’ (3.39)

The typical iterative method using Netwon-Raphson can be used to solve by

X" =x"+ Ax", with N&"™)+J"Ax" =0 (3.40)

More specifically, with polar coordinate system as V = [V]e/® and i = |ile’? in order to obtain
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directly the information of variables of interest; bus voltage magnitude/angle and line loads.

AP AV 0
AQ| oN | Ad 0
NEMH+J"Ax" =0 = +6_ =
0| 2L A 0
J’L
| 0 ] | AO | _0‘
~—— —— =
Nx") Ax" 0
AP Japavi  Japas  Japajil Japne | [AIVI 0
AQ Jagav)  Jagas  Jagail Jagre | | AS 0
- + = (3.41)
0 Jaot Ay Jaotas Jaoda Jaodae| | Al 0
| 0| | Jnocavi Jaosas Jnosail Jaoene| | AG [ |0]
—_—— ~ S—  —~—
NE") Jn A x" 0

Inspection of the Jacobian matrix in (3.41) reveals the sensitivity matrix of current magni-
tude and complex power injection Jap aji|, Jag,aji| @s well as bus voltage magnitude/angle and
complex power injection. Observe that components of J" change depending on an operating
point. Thus, direct obtaining of this sensitivity matrix from the Jacobian matrix would be the

potential benefit of using Sparse Tableau Formulation. The general form of the Jacobian matrix

J is shown
PQ bus PV +PQ bus 21 21
real(B5A0) | reat(@SA) | rear(Z) | rear(2sg)
J = imag(%) imag(%) imag(%) imag(%) PV + PQ bus
real (6(FU%T‘X//|+FL-L')) real (6(FUA2;7+FL-L')) real(a(FvAaTlXJrFii)) real(a(FvA;;/'+Fii))
imag(AEAL D) | imag(WLANED) | g g(AEANIED) | g q(AEATY L)

(3.42)
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W(;_iﬁi)*) = diag(d o (Ai)"), ecV N (3.43)
c)(V@a—;Ai)*) =j-diag(V o(Ai)*), ecV¥V (3.44)
“VZ—(Z?”*) = diag(V)-(A-diag(®)', ec*! 8.45)
amz—gu)*) = diag(V)-(A j-diag(i)*, eC*! (3.46)
a(FUA;l"‘//'I+Fii) =F,AT .diag(®), ecZ*N (3.47)
a(FUAZZ D AT diag(V), ec?N (3.48)
G(FUA;\i/'|+Fii) _F;-diag®), € (3.49)
a(FUAI(;Z+Fii) _i.Fi-diagli), €c2 (3.50)

where diag follows the MATLAB operator convention, representing operator to create diagonal

matrix, and j is the square root of -1.

3.5.2 Optimal Power Flow with Sparse Tableau Formulation

This section applies STF to OPF problem. Suppose that generators and loads connected to
the network are specified by the active and reactive power they inject and withdraw at node
respectively. So associated with each bus j, net complex power injection is S; = P; + j@; where
Pj=Pg;;—Pyjand Q;=Qg j— Qg4 . Inthe OPF, P; and Q; will be a decision variables for bus j
corresponding to a generator, and net complex power injection S; is given as nonlinear element
equations with the equation (3.21). The sum of individual quadratic generator cost functions is
typically chosen as the objective function. Then, a representative OPF problem might take the

following form:

P’Q%g}v’[ J;} ¢j(Pg,j) subject to (3.51a)
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Linear Element: F,v+F;i=0 (3.51b)
KCL: I-Ai=0 (3.51c)

KVL: v-ATv=0 (3.51d)

Nonlinear Element: S-VoI)*=0 (3.51e)
Gen. Limit: P7"" <Pg ;< P7* (3.51f)

Q;.nin <Q,;<QT",VjeG (3.51g)

Vol. Limit: V;’“" <[Vl <V, ¥jeN (3.51h)

Line Limit: [|igqp| <7, V€L (3.51i)

One of the benefit to use STF for OPF problem is an explicit appearance of variable i,
current flow on branch, so that thermal line limits with current magnitude as a superior choice
[41] can be easily incorporated without an additional effort to express the equation of current
flows. If these values are not kept in the variables set, they must be computed anyway, which

corresponds to Y3, and MNA approach.

3.5.3 Sparsity of MNA and STF in OPF

This section compares the sparsity of MNA and STF matrices in OPF problem. Typically,
MNA has more compact form than STF. However, since current flow on lines must be computed
to impose thermal line limits in OPF problems, additional constraints for current flow on lines
should be included in MNA. For the purpose of comparison, we consider standard network
elements for MNA and STF, and the Reduced STF (RSTF) with the trivial elimination of KVL
equation (v = ATV), in particular, is used. This trivial elimination has almost no impact on the
computation of optimization solving algorithms, so use of full STF for OPF, as per (3.51), is

recommended for its clarity. The resulting linear matrices for MNA and STF are:

Ybus D 1 \%4 I 0 A Vv I
D? H| |iuna 0 F,AT Fi||i 0
where D! = 0, H = -1 with appropriate dimension of zero and identity matrices, and D? =

[Yf,Yt]T with system branch admittance matrices Yy and Y; [23], relating the bus voltages to
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the iyna =liy, i:17 of branch currents at the from and to ends of all branches. Notice that the
quantities of iyyya and i are same, but order is different. The sparsity structure of resulting

matrices for MNA and STF is shown in Figure 3.7.

1000 fi. - % i 1000 -
2000 [, . HR- 1 2000
3000 3000 ¥

4000 | 4000 [

5000 [ 5000

6000 | 6000

7000 7000

8000 t d 8000 t S
(o] 2000 4000 6000 8000 o 2000 4000 6000 8000

Number of nonzero Number of nonzero
elements = 25531 (0.038%) elements = 22887 (0.034%o0)
(a) The sparsity of MNA matrix (b) The sparsity structure of STF matrix

Figure 3.7: The sparse matrix for MNA and STF with case2383wp test system

MATPOWER test cases [23] are used for the comparison and only one test system, case2383wp,
is displayed here due to space limitation. However, other test cases have been examined and
yielded quite similar outcomes. It is depicted that both matrices are very sparse. However, STF
is sparser than MNA since the number of nonzero elements in STF is less than MNA, i.e., 22887
elements in STF compared to 25531 elements in MNA. This is due to keeping Y3, in MNA and

the disadvantage of keeping Y3, is also discussed in [63].

3.5.4 Empirically Observed Computation Times

STF for OPF problem in rectangular coordinates (REC-STF) is compared with two standard
OPF problems; the polar power-voltage (POLAR-Y},,) and rectangular current-voltage (REC-
IV-Y,,s) formulation selected as preferred formulations in terms of computational time [63].
Problems are formulated in GAMS [47] and solver KNITRO is selected based on the experience
that there are a couple of advantages that KNITRO has over other solvers [64]. Computational
time is evaluated on standard IEEE instances available from MATPOWER. The test cases
range from 118 buses to as many as 3000 buses.

Notice that because REC-IV-Y;, s and REC-STF limit current magnitudes rather than ap-
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POLAR-Yy REC-IV-Yjy,s REC-STF
Obj($/hr) | Time | Obj($/hr) | Time Obj($/hr) | Time

casell8 129660.68 | 0.3sec | 129660.68 | 0.3sec | 129660.68 | 0.3sec

case300 719725.07 | 0.6sec | 719725.07 2sec 719725.07 0.6sec
case2383wp | 1868511.82 | 5.6sec | 1862367.02 | 5.2sec | 1862367.02 | 6.3sec
case3012wp | 2591706.57 | 5.8sec | 2582670.47 | 5.9sec | 2582670.47 6sec
case3120sp | 2142703.76 | 5.8sec | 2141532.10 | 6.3sec | 2141532.10 | 6.5sec
case3375wp | 7412030.67 | 54sec | 7404635.99 | 11.7sec | 7404635.99 | 11.4sec

Table 3.1: Comparison of ACOPF problems

parent power on lines, the solutions will be slightly different than the POLAR-Y},,s formulation
that limits apparent power on lines. Three formulations show that a similar computational
time is required to solve the problem for most test cases, and POLAR-Y},s or REC-IV-Y},s or
REC-STF is more superior than others for some cases, which demonstrates that STF of OPF
preserves the computational efficiency. This can be viewed that automatic intermediate variable
eliminations of advanced optimization solving techniques [65] take advantage of the structure

of STF for OPF problem.

3.6 Conclusion

In this chapter, we have detailed the modeling of power system networks, employing two-
port representations of network component behavior, and STF for network interconnections.
Definition and concepts of STF used in circuit analysis is appropriately manipulated and
applied to power system networks. An illustrative example with four-bus system is given for
developing of a concrete understanding. Two categories of practical issues associated with
STF are discussed: modeling issues and the application to power flow and optimal power flow
problem.

Relationship with Y3, and MNA formulation is studied, and it has shown that Y, formu-
lation is a special case obtained by elimination of variables with the restrictive assumption that
F; matrix needs to be invertible, and MNA is obtained by appropriate algebraic elimination of

variables. Specific network elements in which STF becomes useful include atypical network ele-
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ments where Y, formulation might lose a well-conditioned representation or fail all together.
Example of three atypical network elements are given: ideal transformer, circuit breaker and
three-winding transformer.

This chapter has provided two applications. First, power flow problem is constructed with
STF. Since the typical iterative method using Netwon-Rapshon requires the Jacobian matrix
that represents the sensitivity between variables, potential benefits of sensitivity information
between power injections and line loads as a by-product with additional variables i, current
flow on branch, are discussed for contingency analysis.

Next, optimal power flow problem is constructed with STF. It shows the benefit of having
current flow i as explicit variables to impose lines’ thermal limit, and is compared with standard
ACOPF formulation. Two preferred formulations, polar power-voltage and rectangular current-
voltage, are selected, and the experiment demonstrates that the equivalent computational

efficiency of STF for OPF problem.
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CHAPTER

A Sparse Tableau Formulation for Node-Breaker
Representations in Security-Constrained Optimal

Power Flow

Realistic representations of contingencies in AC optimal power flow (OPF) often challenge
traditional “bus-branch” network models, which represent network constraints in terms of
the familiar bus admittance matrix, Y3, ;. Work-arounds for Yy, -based analysis typically rely
on “topology processing,” switching between different Yj,, matrices depending on breaker
settings. Instead of treating breaker action as altering network topology, this chapter represents
a breaker’s position as impacting only constraints associated with a single component, thereby

maintaining fixed structure in network constraints.

4.1 Introduction

Maintaining secure grid operation continues to grow in importance as the power system
sees a wider variety of participants, with new technologies, new operational objectives, and

(unfortunately) new security threats. The effort to make grid “smarter” through improved
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communication, control, and computation helps address these challenges, but also introduces
new, more complex components that may be exposed to new mechanisms of outage [66]. Hence,
it is more challenging than ever for the system operators to ensure that the system is op-
erationally secure, able to withstand contingencies representing credible disturbance and
component failure scenarios, while satisfying physical and operational constraints. To this
end, the Security-Constrained Optimal Power Flow (SCOPF) is an extension of optimal power
flow (OPF) that seeks to optimize a system objective (typically variable operating cost), while
enforcing constraints of the normal operating state, as well as constraints that ensure accept-
able operation under contingencies. The general title of SCOPF can encompass a wide range
of modeling considerations depending upon the time scale of interest, the range of decision
variables and control actions considered, and the contingency scenarios represented. In this
chapter, we focus on the “preventive” SCOPF (PSCOPF) [67], and focus on a short time scale in

which the main post-event remedial action is that of primary frequency response.

Practical SCOPF problems can present extremely large dimension when many contingencies
are considered [68]. However, empirical evidence in the literature suggests that in many cases,
large numbers of contingency constraints may be inactive, with only a subset of constraints
determining the feasible region [69]. Techniques to exploit this characteristic are introduced
[67], [70], and more recent approaches to finding and eliminating inactive constraints are
presented in [69], [71], [72]. Other work [73] has proposed contingency filtering through an

iterative PSCOPF approach.

However, for computational tractability, most of approaches above use DC power flow
approximations. Such linear approximations potentially compromise accuracy under stressed
system conditions likely to be encountered in many contingency cases. In part due to these
concerns, other authors has advocated treatment of the full nonlinear PSCOPF problem [74]. In
[75], the authors use interior point methods with contingency filtering and network compression
method seeking to make PSCOPF tractable for large-scale systems. A recent European project
(GARPUR) [76] also discusses the computational challenge of nonlinear SCOPF in large-scale

systems, and the value of breaker switching as corrective action.
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PSCOPF studies that treat contingencies in which breaker action yields bus splits or bus
mergers present additional computational challenges to many existing formulations. This is
because many standard PSCOPF use the so-called “bus-branch model.” Over-simplifying slightly,
bus-branch models may be characterized as being based purely on nodal analysis, in which buses
play the role of circuit nodes, and bus (node) voltages are the only electrical variable explicitly
maintained. The nodal analysis formulation gives rise to the familiar bus admittance matrix,
Y,us, on which standard power flow formulations are based. Such Y3, -based models require
work-arounds to represent circuit breaker action that splits or merges buses, which then changes
the number of buses represented. One widely adopted work-around for this is that of “topology
processing;” oversimplifying slightly, topology processing constructs a distinct (and possibly
differently dimensioned) Y, for each possible breaker configuration. Therefore, comprehensive
study of such contingencies using topology processing involves creating the equivalent of a large

number of bus-branch models to describe the many possible post contingency topologies [77].

More complete approaches are often termed “node-breaker” models, replacing the simplified
bus models by fully described substation (e.g., circuit breakers, switches, etc.) [78], [12], [11],
[79] for contingency analysis. Node-breaker model often employ more general circuit analysis
techniques, such as Modified Nodal Analysis, to overcome the limitation of nodal analysis
that every element’s current is describable as a function of its voltage. In particular, consider
representation of an ideal circuit breaker between sections of a bus bar. In the admittance
representation (Y3,), the breaker is troublesome because it constitutes an infinite admittance
when closed, and a zero admittance when open. This suggests value in new approaches to

describe the node-break model for the PSCOPF problem.

To this end, this chapter builds Sparse Tableau Formulation (STF) for power system network
to formulate the nonlinear PSCOPF problem under the node-breaker model. Benefits of STF-
based formulation specific to power flow equations were explored in the late 1970’s and early
1980’s by [80] and [81]. STF is in many ways the most versatile formulation of circuit equations,

and may be viewed as a natural generalization beyond Modified Nodal Analysis.

This chapter is organized as follows. Section 4.2 describes enhancements necessary for the
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PSCOPF; the governor power flow equations in contingency cases and node-breaker model.
Section 4.3 discusses STF in the node-breaker model for PSCOPF problem and constructs three
different PSCOPF formulations. Section 4.4 investigates the different behavior between the
linear and nonlinear model in terms of inactive contingency constraints, and computational

performance of proposed STF. Conclusions are presented in Section 4.5.

4.2 Enhancements to Yield Preventive SCOPF

4.2.1 Problem Statement
A General formulation for the PSCOPF is expressed as follow:

min  £%x% 40 (4.1)
x¢,u°

subject to

g u® =0, cecC

he(x¢,u’) <0, ceC

Notice that a finite set of contingency cases are indexed as ¢ with ¢ = 0 denoting the base
case configuration. In each contingency case, the additional constraints, equality and inequality,
associated with outage contingencies are introduced as security constraints, in which new set of
power balance equations and line flow equations are added for each outage contingency. These
new sets of equations are represented by the indexed g¢ and A€, where the network is allowed
to take a different operating point for each contingency scenario, with the indexed variable set.

In the PSCOPF, the term “preventive” indicates that the generator control settings must
be selected such that all base case and contingency constraints are satisfied; adjustment of
control set points is not allowed to re-establish feasibility in the face of a contingency. Control
variables u° correspond to active power generation and voltage magnitude at generator buses.
This subset of decision variables is uniform across the base case and all contingencies. State
variables x¢ correspond to voltage angle at all buses, voltage magnitude at load buses and

reactive power generation, and can vary across each contingency case.
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4.2.2 Governor Power Flow Equation

Usually, the OPF problem does not include frequency variables, and power balance model is
expressed with only bus voltage variables. However, to allow generators’ active power outputs
to vary (modestly) away from their setpoint values in post-contingency, here we assume that the
actual active power generation is composed of the setpoint value plus a term proportional to a
system-wide frequency error. Even for line outage contingencies, system loss may change from
the base case, requiring generation shift to maintain system-wide power balance. System-wide
power imbalance causes the interconnection frequency to move away from nominal value. The
formulation here utilizes system frequency error as a type of slack variable, allowing it to take
on a distinct non-zero value for each contingency case.

The approach seeks to approximate the first control action to maintain frequency, that
of governor response or primary regulation [46]. The power system network normally sees
the speed droop control operate within a few seconds and reaches its maximum within a
few tens of seconds after a disturbance. Then, full recovery is provided by longer time scale
adjustments through automatic generation control (AGC), contingency reserve activation, and
other controls. While STF formulation is easily extended, for simplicity only the short time scale
governor control action is represented here. These constraints with frequency-based adjustment
of generators’ active power output are often described as “governor power flow equations” [82],

[83]. The active power balance constraints at generator buses will take the following forms.

Power Flow for base case: real(Vo(I)*)j=Pg;j—Pq

Governor Power Flow for contingency case: real(Vo(I)*);=(Pg;j—njAw’)—Pg ;

where AP, ; = —njAw® with 11; droop coefficients for generator j, and Aw® is a slack variable
representing a frequency change. Hence, to account for the imbalance due to one component
failure, generators will adjust output by the amount —7;Aw® in each contingency case. In fact,
the introduction of slack variable is necessary 1) to accurately model the physical behavior of
power system networks for contingency cases and 2) to find a feasible point in optimization

problem.
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A minor variation on this approach is also discussed in [84], with system-wide imbalance of
real power in contingency case and generator participation factors. In that approach, system-
wide imbalance of active power serves as the slack variable, and generator participation
factors reflect governor action re-normalized with respect to power imbalance. Notice that this
approach is very similar to the governor power flow approach of this section. The authors have
performed computational experiments confirming that two approaches yield the same solution
(as expected), but find the governor power flow formulation preferable due to its conceptual

clarity. Introduction of a frequency slack variable also is advocated in [85].

4.2.3 Sparse Tableau Formulation of a Node-Breaker Model

Textbook power flow formulations and transmission planning studies often use the bus-
branch models to represent power system networks. These models typically use a single bus
to represent each substation, thus do not seek to represent details of circuit breakers within a

substation.

1 1] ALy gl L

A2 A3 pilgy
|£| [o]f M [b] '

(a) The bus-branch model (b) The node-breaker model

H» 0 0 0
|

Figure 4.1: The bus-branch VS node-breaker model

Figure 4.1 illustrates a bus-branch model on the left in which details of circuit breakers and
nodes are aggregated into buses, while, as its name indicates, the node-breaker model on the
right maintains these details [86]. In particular, note that in the greater detail on the right, bus
1 is composed of four nodes connected in a ring configuration. With all lines in service, the same
bus-branch model results from a node-breaker model in which all four breakers A1 to A4 are

closed, or from the case for which only A1 to A3 are closed, A4 open. That is, with all lines in
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service, we get the same bus-branch model whether A4 is open or closed. However, consider a
contingency in which line [a ] is removed from service. In the node-breaker model, this requires
opening circuit breakers B1, A1 and A3. The outcome of line [a | being removed from service is
very different depending on whether breaker A4 is open or closed.

This simple example demonstrates the ways in which realistic representation of contin-
gencies can challenge bus-branch models based on Yy,s. A Yy, s-based analysis must rely on
“topology processing,” which may be viewed as a means to switch between differently structured,
and often differently dimensioned, Y3, matrices depending on breaker settings [77]. In STF
formulation developed here, the KVL and KCL circuit constraints are formulated for the “maxi-
mal” set of all possible nodes, with each circuit breaker (or line, transformer, etc.) treated as an
individual component. For example, the illustration of Figure 4.1 has seven nodes, and eleven
circuit components (though note that lines| ¢ | and @ must terminate to additional nodes not
shown the diagram). The opening or closing of a breaker changes the voltage-to-current relation
of that one component, but does not change the network topology.

On the other hand, STF can contribute to the node-breaker model. Consider three important
network elements (transmission line, transformer and circuit breaker) for contingency analysis
as described in Chapter 3, the linear (with respect to voltage and current) element equations
for each individual network element % can be simply expressed as i) linear element equation for

transmission line k:

1 -1+Z0) | |vka 0 VA ira 0
+ = (4.2)
0 -YA+ZD)| |vep| |1 @+ZD)| |ins| |O
~ _ / ——
Fry Fri

where Z,Y are impedance and shunt parameters for line %; or ii) linear element equation for

ideal transformer k:

1 -n||vre 0 O lka 0

+ - (4.3)
0 0 |ves| |1 X |ire 0

——
Frp Fp,;

where n is complex turns ratio for transformer %; or iii) linear element equation for circuit
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breaker k:
- vy, 1-y) Of |ip 0
Y Y ,a N Y al _ (4.4)
0 O Ukb Y 1) irp 0
——— —_—
Frp Fp;

with y = 1 for circuit breaker closed and y = 0 for circuit breaker open. For the work to follow,
note that y will be treated as a parameter, not a decision variable. Hence, we need not be

concerned with the bilinear relation between y and v or i.

Next, we define F', and F; by

Fi, 0 - 0 Fii 0 - 0
0 Fy 0 : 0 Fp; O :
F,= v e p. - ! ec?®  (45)
. . t. 0 : : - 0
_ 0 Fl,v‘ | 0 Fl,ij

where [ is number of network elements. Then, by imposing the linear KCL and KVL constraints
with a corresponding incidence matrix A, STF for power system network including all network

elements can be expressed as

AT 1 v|=1o0 (4.6)
0 F, F; I 0
S ~ SN~
T X u

As described in Chapter 3, the equation (4.6) is a more general modeling approach than
Y,.s-based methods. In particular, STF for contingency analysis proves valuable since the
impact of circuit breaker status is simply captured by changing the parameter y in element
equation for circuit breakers. Hence, use of the equation (4.6) allows one to have circuit breakers
changing position in a contingency.

Current source elements I plays special role in the power system and this motivates

introduction of a special class of nonlinear one-port element to describe generation and load
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behavior. The nonlinear element equation for current source I; at bus j is defined as:

Nonlinear Element Equation for current source:

(Sg.i—Sag )"
fj(vj,ij)zoéijz—g"] o d.j (47)
J

For simplicity, the element index, j, is assumed to be the same as the index of the bus
to which it connects. With this indexing choice, note that S; =S, ;-S4 j,i;=1;,and v; =V;

implying

=1;- V@ =0 (4.8)
J

where Sg ; and S ; are specified apparent power generation and load at bus j. Notice that
equation (7.5) is similar to approach in traditional Gauss-Seidel formulation of power flow [24]

and for non-zero v; is equivalent to S; = VjIJ’f, which is the typical “power balance equation.”

4.3 Formulation of the Optimization Problem using Sparse

Tableau Formulation

This section first describes the way of representing contingencies with Sparse Tableau
Formulation. Then, it constructs three different representations of the PSCOPF-DR problem,

based on the selection of coordinate system for decision variables.

4.3.1 Sparse Tableau Formulation for contingency analysis

This section discusses the method to implement contingency constraints, especially focusing
on circuit breaker actions of bus splits and bus mergers. The representation of breaker action in
contingencies implies that the parameter y¢ may take unique values in each contingency. STF
simply “concentrates” the effect of changing y¢ to equation (4.4). Use of STF allows us to just
change the component behavior, and have a consistent structure for KVL and KCL equations
for any breaker position.

Consider the modeling of transmission line with transformer which is usually done by

combining these two. Using transmission matrix representation (T'R), parameters for the line
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that has a transformer (T'R;.:,;) can be expressed as

1+4X Z n O a p
2
TRtotar = zY zZy | T
YA+55) 1+5 0 = (T

J

~~ N———
TRline TRtransformer

Then, consider binary contingency parameter to indicate switch position of network element

k for each contingency case ¢ such that

0, Element %2 Open
Contingency Parameter: Y

Bl el

1, Element . Close

With this pre-defined contingency parameter, the status of line outage can be conveniently
switched over without changes on the data structure by linear element equation for transmission
line status (TLS):

¥ aky;;‘ [vk,a] o a ik,a] ) [0 o
0 —Cryy | |vrb Yy  TRYR—e=D| ik 0
Similarly, the status of circuit breaker for bus splits and bus mergers can be expressed by

linear element equation for circuit breaker status (CBS):

ve i [onal |, [a-p) o] [zk] ] H w0
0 O Ukb Yh 1 lirp 0
These two equations implement the status (on/off) of transmission line %2 and circuit breaker
k for bus splits and bus mergers with pre-defined parameters y; .. This provides the non-
dynamic data structure for each contingency c.
REMARK 4.1. (Application to Optimal Transmission Switching): A natural extension of

the formulation here in (4.9) is that of Optimal Transmission Switching [87], that allows y° to

be decision variables, and hence yields a mixed integer program.

4.3.2 Nomenclature

In this section, we provide the notation used in describing the PSCOPF formulations. The
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’ Set ‘Description

N Set of buses in the transmission network

G Set of generators in the transmission network
G; € G | Subset of generators G at bus j €N

L Set of lines in the transmission network

CB Set of circuit breakers in the transmission network
C Set of contingency cases

(¢ =0 refering to the base case)

Table 4.1: Description of Sets

set G; is used to account for multiple generators and set C is used to describe contingency level.
Typically, one does not account for all possible contingencies, but rather focuses on the so-called
N — 1 contingencies that correspond to each single component outage. Note that any single
component (transmission line, transformer, circuit breaker and generator) can be considered
for the contingency case, but transmission line and circuit breaker are only considered for this

work.

’ Parameter ‘ Description

¢;(+) Cost function for generation at bus je N

Py ;,Qq,; Real and reactive power demand at bus j €N
gj., bj. Shunt conductance and susceptance at bus j € N
e Current limit on line 2 € L

PJ’.'””,PJ',”“’C Lower/upper active power generation limits j € G
Q ;?””,Q;?wx Lower/upper reactive power generation limits j € G

Vj’”i”, Vj’"“x Voltage magnitude lower and upper limits at bus jeN

n; Droop coefficient for generator j € G

Table 4.2: Description of Parameters

The most common objective function, dollar-per-hour operating cost, is dependent only on
generator set points (we assume that the compensation paid to a generator is based on only its
set point power, and any additional power from governor response does not contribute to the
objective function). In this work, we assume a 4% of droop percentage value for every generator
. . 1
implying n; = mP}"‘“ .

Variables are defined in Table 4.3; port voltage and current (v¢ = v%¢ +jv9° and i€ = ;%¢ +§i9¢)
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Variable | Description

ve, ¢ Port voltage/current for contingency case c € C
ve, I¢ Bus voltage/current for contingency case ¢ € C
P, Active power generation
Qg Reactive power generation for c € C
Aw® Frequency error for c € C

Table 4.3: Description of Variables

are always expressed with rectangular coordinate system, yielding a linear voltage/current
relationship in branch equations. Bus voltage and current (V¢ = V9 +jV9¢ or V™ cos6¢ +
jV™sind and I¢ = I9€ + {19 or I"™CcosO° +jI™ sin0°) are expressed in either rectangular
or polar coordinate systems. For this problem, primary control variables are two real-value
variables: the generator active power set point P, and generator terminal voltage magnitude
V™. Since we assume 4% droop percentage value for each generator, allowable frequency error

is limited to 2% (0.02), bounding Aw®.

4.3.3 Rectangular Voltage-Current Formulation

Rectangular Sparse Tableau Formulation (REC-STF) uses the rectangular form of complex
variables for bus voltage and current value as V¢ = V4¢ +§V ¢ and I¢ = I% +jI%¢. The nonlinear
element equations for power balance constraints are S; = V;(I;)*. In rectangular coordinate, it
is equivalent to S; = V;(I;)* = Vj.dz;? - jVJde + jV]fI Ij.l + V]f’ Ij. Thus, REC-STF formulation for

the PSCOPF-DR problem can be written:

min ¢i(Ps i) subject to
ngngvC,iC)VC’IC"Aw J;G -] g?.]

Transmission line status (TLS):

0
+ = , keL,ceC (4.11a)

Vi Y| [Vhal| [T Bry}, lha
vlce,b Y}, TRy, = (=1 ik,b 0

0 —{ryy



Circuit breaker status (CBS):

0 0 v¢

k,b

Ve Ve[ [Ykal|, [A77R) O |iha
Yh 1] i3

0
= , ReCB,ceC
,b 0

Kirchhoff’s current law (KCL):
real(Ai€)=1%, ceC
imag(Ai®)=19°, ceC
Kirchhoff’s voltage law (KVL):
real(®)= ATV ceC
imag(w®)=ATVI ceC
Active power balance:

VAT VICTI 4+ g5 (VI + (VI?) = ( ;} Py, —n-A0®)~Pg;, jeEN,ceC
rels;

Reactive power balance:

d d dcy2 2 .
ST 4 VI b (VAP + (VIP) = Y. @Y, ~Qa,» jEN,ceC

reG;
Generator output limit:
PM" <P, —nA0° <P reG;,jeG,ceC
Q" =Q5, <Qr™, reGj,jeG,ceC
Voltage magnitude limit:
Vit <, /(V;l'f)2 +(VI)2 <V, jeN,ceC
Voltage magnitude fix:
\/ (V024 (qu")2 =\ J(VER+(VI2, jeG,ceCho)
Line thermal limit:

G2+ P =Ty, keL,ceC
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(4.11b)

(4.11c)

(4.114d)

(4.11e)

(4.11H

(4.11g)

(4.11h)

(4.111)

(4.11j)

(4.11k)
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Frequency error limit:

-0.02<Aw‘<0.02, ceC/H0} (4.11D

Slack bus condition:
vl =0, ceC (4.11m)

Base case condition:
A0’ =0 (4.11n)

Two set of equations, base case and contingency case, are described in detail. The base case
represents the typical OPF formulation with the equation (4.11n) for ¢ = 0. The contingency case
represents the OPF formulation in quasi steady-state operating with Aw® # 0 for ¢ € C/{0}. In a
contingency case, equality constraints associated with voltage magnitude control is expressed in
equation (4.11j), which indicates that the voltage magnitude at generator buses should remain

unchanged from the base case value over contingency cases.

4.3.4 Polar Voltage-Current Formulation

Polar Sparse Tableau Formulation (POL-STF) uses the polar form of complex variables for
bus voltage and current, representing these as V¢ =V™¢c0s6° +jV™sind¢ and I¢ = ["°cosO° +
jI™¢sin6¢. The nonlinear element equations for power balance constraints are equivalent to
S;=V;;)* = ijI;”cos((sj -0;)+ VJ.’”I;.”sin((?j —0;). POL-STF formulation for the PSCOPF-DR

problem uses the same objective function as used in REC-STF. It can be written:

min ¢i(Pg ;) subject to
Pg, g’vc,ic’vc,lc’Aw J;G J\E 8 )

Kirchhoff’s current law (KCL):

real(Ai®)=1"%cos0°, ceC (4.12a)

imag(Ai€)=1"sinB°, ceC (4.12b)
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Kirchhoff’s voltage law (KVL):

real®)=AT(V™c0s6¢), ceC (4.12¢)
imag®) = AT(V™sins®), ceC (4.12d)
Active power balance:
Vj’"cl}mcos(éj - 0;) +gj-(Vmc)2 =( ;’; Pg,—n:Aw)-Pg;, jeEN,ceC (4.12e)
reG;
Reactive power balance:
VI sin(d5 -0 - b5V = Y Qg ~Qaj, JjEN,ceC (4.12)
I‘EG]'
Voltage magnitude limit:
VR <Y<V jeN,ceC (4.12g)
Voltage magnitude fix:
V0= vre, jeG,ceClo) (4.12h)

subject to (4.11a), (4.11b), (4.11g), (4.11k), (4.111), (4.11m), (4.11n)

Similarly, two set of equations, base case and contingency case, are described in detail. Since
voltage magnitude appears explicitly as a variable, equations (4.12g), (4.12h) become linear,
but as a trade-off, one has nonlinear relationships for KCL and KVL equations. Remaining
network element equations (4.11a), (4.11b), generator limits (4.11g), current flow limits (4.11k),
frequency error limits (4.111), slack bus angle reference (4.11m) and base case condition (4.11n),

stay the same.

4.3.5 Hybrid Voltage-Current Formulation

Hybrid Sparse Tableau Formulation (HYB-STF) chooses the hybrid form of complex vari-
ables for bus voltage and current value as V¢ = V™¢c0s6¢ +jV™°sind¢ (where V™ and § are bus

voltage magnitude and angle respectively) and I¢ = I%¢ +jI9¢. The nonlinear element equations



83

for power balance constraints are equivalent to S; = V;(I;)* = (ijcosdj)l;i —j(Vmcoséj)I;? +
j(VJ?"sin5 j)I}i +(V™siné )I g. Empirical evidence favoring polar coordinates only for bus voltage
variables is our observation that the voltage magnitude constraints in rectangular coordi-
nates tend to encounter significant problems in power flow convergence [88]. The HYB-STF

formulation of the PSCOPF-DR problem can be written as:

min Ei(Pg ;) subject to
P Q0% 1%,V I Aw J;; el !

Kirchhoff’s current law (KCL):

real(Ai®)=1%, ceC (4.13a)
imag(Ai®)=19°, ceC (4.13b)
Kirchhoff’s voltage law (KVL):
real®) = AT(V™c0s6°), ceC (4.13c)
imag®) = AT(V™sins®), ceC (4.13d)

Active power balance:

(V]*cos8DITe + (V™ sind)I 1 +g5(V™)? = (). Pgr—nAw) =Py, jeN,ceC (4.13¢)
kEGj

Reactive power balance:

. d 2 .
(=V™cosdDIT +(V]"sind)IT b5V ™) = k;} Qgr—Qaj, JjeN,ceC (4.13f)
J

subject to (4.11a), (4.11b), (4.11c), (4.11g), (4.11k), (4.12g), (4.12h), (4.111), (4.11m), (4.11n)

In HYB-STF, voltage limits and fixed voltage equations become linear functions, and bus
current is still expressed in rectangular form, yielding linear KCL but nonlinear KVL. The

three different STF formulations for the PSCOPF-DR problem are summarized in Table 4.4.

4.4 Numerical Case Studies

This section presents case studies to illustrate the effectiveness of the proposed PSCOPF-

DR formulation using STF and difference between the different choices of coordinate systems.
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REC-STF POL-STF HYB-STF

- Power balance - KCL
-KVL
Nonconvex equations |- Voltage magnitude | - KVL
- Power balance
- Voltage fix - Power balance

# of nonconvex equations | (2N+N)C+G(C-1) | (2N+2L+2N)C (2L+2N)C

Table 4.4: Summary of three different PSCOPF-DR formulations

Problems are formulated in GAMS and solver KNITRO and IPOPTH [89] are selected based
on the extensive empirical experience with standard ACOPF problems in [63]. During testing,
we found that the nonlinear model for security analysis fails to find a feasible point for most
of contingency cases if one does not introduce the slack frequency variables to account for
changes in system losses. However, in the lossless DC power flow model a feasible point is found
without need for frequency slack variables. Hence frequency slack variables are used only for

the nonlinear model.

1

-
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I I
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|
|
|
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(a) Original substation for the (b) Modified substation for the
bus-branch model of the RTS- node-breaker model of the RTS-96
96

Figure 4.2: The bus-branch vs node-breaker model for the RTS-96 network

In this work, two network systems, the RT'S-96 network [90] is employed as a test case on
the scale of one hundred buses, and a synthetic system produced under the ARPA-E GRID
DATA project, the EPIGRIDS 1600-bus system [91] is employed as a somewhat larger test
case. Each test system has two representations, one in the bus-branch model (BBM) and one in
the node-breaker model (NBM). Modifications made to each system to incorporate bus-breaker

detail are shown in Figures 4.2 and 4.3. For the RTS-96 network, three substations are expanded
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(a) Original substation for the (b) Modified substation for the
bus-branch model of the EPI- node-breaker model of the EPI-
GRIDS GRIDS

Figure 4.3: The bus-branch vs node-breaker model for the EPIGRIDS 1600-bus network

to include a circuit breaker between buses. For the EPIGRIDS network, ten substations are
expanded to include circuit breakers in a triangular shape among buses. Resulting network
characteristics are summarized in the Table 4.5 with the number of buses, transmission lines
and circuit breakers (CBs). Notice that the number of buses and CBs in the NBM is slightly
larger than the BBM due to its detailed representation of substations with CBs. Other network
elements such as generators, transformers and shunt elements are same for both networks. For
the contingency case, only line outage is considered for the BBM and line and CB actions are
considered for the NBM. Notice that CB action describes bus splits and bus mergers. As an
example with the RT'S-96 network, full N-1 contingency case implies that 120 sets of equality
and inequality constraints corresponding to each line removal are included in the problem for
the BBM, and 123 sets of equality and inequality constraints corresponding to each line and CB

action are included in the problem for the NBM.

Table 4.5: Test networks characteristics

Bus-breanch Node-breaker

Buses ‘ Lines ‘ CBs | Buses ‘ Lines ‘ CBs

RTS-96 73 120 0 76 120 3
EPIGRIDS | 1644 | 2432 0 1664 | 2432 | 30

Load demand at buses is not allowed to change over contingency cases and spring weekday
at 4AM hour is used for the load data. While major physical and technical constraints should be

met at all times, minor violation on line flow constraints are permitted for a short period of time.
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For instance, line limits can be expressed with several different values such as normal and
emergency rating, where emergency rating are used for a contingency case and higher than the
normal rating. These limits are function of the contingency time frame and the pre-contingency
operating point, and are obtained based on the fact that the current magnitude and the period
of which the current has flowed on the line contribute the heat on the line [92], [93]. In other
words, the limits on each network component in the network during a contingency are often
less restrictive than those imposed on the component for the pre-contingency case. Thus, in
this work, line limit values are increased by 150% from specified data, as emergency ratings for

contingency cases.

4.4.1 DC-PSCOPF vs The nonlinear PSCOPF-DR

Perhaps the most significant differences between the linear and nonlinear models in the
studies here are the lossless of the DCOPF, and its neglect of voltage variation. The lossless
assumption could be crucial in terms of inactive constraints, since no re-dispatch of generator
active power output would be required with line removal contingency cases, so long as none of
lines hit their limit. This implies that generator active power set points stay same, and power
flow on lines are adjusted to satisfy power balance equations (generation = demand) resulting
in no change for the objective value.

In this situation, equality and inequality constraints induced by those removed lines are
inactive constraints in DCOPF, in which no change in the feasible region of the problem is
incurred, so that the problem obtains the same objective value. However, this is typically not
true in the ACOPF problem since single line removal will likely change total power loss in the
system from the base-case as well as the power balance. Then, re-dispatch of generator active
power output is necessary to serve increased system loss (typically, but not always true) and
demand. Voltage magnitude limit also could play a role that generator active power set point is

needed to be changed. Mathematically, consider the simplified power balance equation:

Z Z PgJ" = Z Pd,j+Ploss (4.14)
jENI‘EGj JeEN
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Suppose demand Py ; is fixed. In the linear model, system is lossless, Pj,ss = 0, implying
there is the possibility that P, , stays same as long as none of post-contingency transmission
line flows become binding due to the line outage. On the contrary, the nonlinear model has
loss, Pj,ss # 0, and loss is function of contingency case ¢ such that P;,ss = f(x*,c). It is hard to
obtain an analytic representation of contingency-dependent loss function, but we can claim
that this loss would change with the line outage. This implies that system must adjust Pg ,
to compensate a changed system loss. Figure 4.4a and 4.4b describe objective values for the
different level of contingency cases between the linear and nonlinear model for the security
analysis. The x-axis indicates contingency level (number of removed line) from 0 to 120 (since
RTS-96 system has 120 transmission lines), with 0 meaning the base case or pre-contingency

* _ I

case. The y-axis indicates objective values and is scaled by base case solution as f , . .= 7o
’ 0

for c € C where f/ is objective value from the contingency level c.
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Cardinality of contingency set(number of lines in contingency set) ~ Cardinality of contingency set(number of lines in contingency set)

(a) Linear Model (b) Nonlinear Model

Figure 4.4: Difference between the linear and nonlinear model for the security analysis

In Figure 4.4a, there are two points at line 52 and line 90, in which objective value has a big
jump, whereas other values stay same value from the previous value. These are the critical lines
that cut off the original feasible region of the problem so that it obtains a different objective
value from previous values. Rest of the lines are inactive constraints, which has no contribution
to the shape of the original feasible region. Thus, full contingency level solution produces the
same objective value with contingency level including only line 52 and 90 for the linear model.

Contingency filtering technique or constraints screening method would find these two lines as
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non-inactive constraints and remaining lines will be abandoned in the PSCOPF problem.

On the other hand, Figure 4.4b describes different results for the nonlinear model, which
shows multiple jumps as the contingency level increases with larger increase in objective value
than that of the linear model at the full contingency level (2% > 0.6%). Considering the usage
of frequency variable, this test describes that all lines are subject to change the objective value
so there are no inactive constraints, which implies every line removal could change the objective
value, although there are some lines with small amount of change in the objective value for the

nonlinear model.

4.4.2 Computational Results
4.4.2.1 Results for the RTS-96 Network

In order to evaluate the performance of proposed three different formulations, this section
conducted comprehensive comparison on the RTS-96 network with the purpose of finding a
feasible point within a reasonable time. For each experiment, different contingency “levels” were
examined: from 15 component outages through full component outages (full N-1 contingency) are
considered for the comparison. The modest size of RTS-96 allows us to treat all N-1 contingency
cases for the PSCOPF-DR problem. Computational time and objective values for the BBM with
standard ACOPF formulation using NA [63] are compared with the node-breaker model (NBM)
with STF, which corresponds to our models (4.11), (4.12), (4.13).

Since the quantity of thermal line limits becomes important when many contingency
constraints are considered, for fair comparison, the REC-IV-NA that represents the standard
rectangular ACOPF formulation enforcing current magnitude limits on lines is used. Notice
that this computational comparison is approximate, because the standard ACOPF formulation
is not able to represent the breaker action without topology processing, that was not undertaken
here.

“ »

The results are encapsulated in Table 4.6. The means finding no solution in 10 min.
Number in the first column indicates the contingency level. That is, for the BBM, RT'S-96(full) is

the RT'S-96 test system with the removal of 120 lines. For the NBM, RTS-96(full) is RTS-96 test
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REC-IV-NA (BBM) REC-STF (NBM) POL-STF (NBM) HYB-STF (NBM)

Obj ($/h) | Time (sec) | Obj ($/h) | Time (sec) | Obj($/h) | Time (sec) | Obj ($/h) ‘ Time (sec)

KNITRO ‘

RTS-96(0) | 242975.19 0.06 242975.19 0.06 242975.19 0.6 242975.19 0.1

RTS-96(15) | 243027.83 2 243027.83 2 243027.83 167 243027.83 3
RTS-96(30) | 243033.70 3.5 243033.70 4 - NA 243033.70 5
RTS-96(45) | 243035.84 7.5 243035.84 8 - NA 243035.84 8
RTS-96(60) | 245262.31 18 245262.31 16 - NA 245262.31 25
RTS-96(85) | 245282.89 27 245282.89 47 - NA 245282.89 42
RTS-96(100) | 247503.79 34 247503.79 45 - NA 247503.79 44
RTS-96(full) | 247507.76 55 247507.83 85 - NA 247507.83 65
IPOPTH

RTS-96(0) | 242975.19 0.1 242975.19 0.1 242975.19 0.6 242975.19 0.1

RTS-96(15) | 243027.83 3 243027.83 3.5 243027.83 170 243027.83 3.5
RTS-96(30) | 243033.70 5 243033.70 7 - NA 243033.70 8

RTS-96(45) | 243035.84 12 243035.84 9 - NA 243035.84 15
RTS-96(60) | 245262.31 25 245262.31 23 - NA 245262.31 19
RTS-96(85) | 245282.89 40 245282.89 45 - NA 245282.89 64
RTS-96(100) | 247503.79 45 247503.79 50 - NA 247503.79 65
RTS-96(full) | 247507.76 70 247507.83 65 - NA 247507.83 100

Table 4.6: Computational time for the PSCOPF-DR problem

system with the removal of 120 lines and 3 circuit breakers. Objective values at RTS-96(full)
are different since the NBM has three more circuit breakers contingencies. It has been observed
that POL-STF formulation is very unstable and the computational time is noticeably longer
to obtain the optimal solution. It is shown that as we increase the contingency level, not only
objective value increases but also typically computational time increases. In general, REC-STF
and HYB-STF are comparable to REC-IV-NA in computational speed. In KNITRO, HYB-STF
tends to be faster than REC-STF, but the reverse is true when employing the IPOPTH solver.

In some instances, REC-STF and HYB-STF are faster than REC-IV-NA.
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4.4.3 Results for the EPIGRIDS 1600-Bus Network
4.4.3.1 Corrective approach

For the EPIGRIDS 1600-bus network, The POL-STF is not considered due to observed
unstable behavior. Notice that generator terminal voltage magnitude is assumed to be held
within narrow bounds about its setpoint value in contingency cases [94]. In particular, for the

EPIGRIDS network studies, the following limits are imposed:
|VJ.’"° -V < V"%, j€Ng,c € C/{O) (4.15)

where ¢ is the alloable deviation of generator voltage magnitude from the base case condition
after contingency. Note that € = 0 indicates a strictly “preventive” approach. For this test, 2%
(0.02) is used for € and fixed voltage constraints (4.11j), (4.12h) are replaced with (4.15).

Consideration of the full set of N-1 contingency cases for the EPIGRIDS network proved
unmanageable within the memory limitation of computational tools employed in this study.
Therefore, the study here considered up to a set of 200 contingencies, which leads to the total of
around 500 violations (line limit and voltage magnitude limit) from an initial starting point
generated by a conventional (non-OPF) power flow computation. Table 4.7 summarizes results
for PSCOPF-DR problem in this system. An entry of “No Memory” indicates the optimization
routine was unable to reach solution due to memory limitations. For the EPIGRIDS network,
it may be observed that REC-STF and HYB-STF outperform REC-IV-NA as more than 100
contingency cases are considered. The authors hypothesize that these results are because
REC-STF and HYB-STF yield significantly fewer nonzero entries in the Hessian matrix, with
significant impact on computational time as the problem size becomes large.

Notice that the BBM formulation treated here only considers line outages for contingency
cases, but the NBM can treat line and circuit breaker switching for contingency cases. Thus,
we consider contingency cases of circuit breaker actions between buses under the NBM along
with 100 line contingencies. Since the BBM must use topology processing to represent these
contingencies, it is not considered in this comparison. In addition, even though it would be

difficult to accurately estimate the computational time of topology processing and compare with
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Table 4.7: Computational time for the PSCOPF-DR problem with the EPIGRIDS network

REC-IV-NA (BBM) REC-STF (NBM) HYB-STF (NBM)
Obj ($/h) Time (sec) Obj ($/h) Time (sec) Obj ($/h) Time (sec)
KNITRO
EPIGRIDS(0) 212827.88 10 212827.88 10 212827.88 10
EPIGRIDS(60) | 212869.86 246 212869.86 250 212869.86 260
EPIGRIDS(100) | 212869.86 2427 212869.86 370 212869.86 390
EPIGRIDS(160) | 212869.87 4100 212869.87 3000 212869.87 3300
EPIGRIDS(200) - No Memory - No Memory - No Memory
IPOPTH
EPIGRIDS(0) 239094.21 10 175229.72 10 239103.36 10
EPIGRIDS(60) | 212869.86 400 212869.86 420 212869.86 300
EPIGRIDS(100) | 212869.86 840 212869.86 550 212869.86 520
EPIGRIDS(160) | 212869.87 1400 212869.87 1114 212869.87 1240
EPIGRIDS(200) - No Memory - No Memory - No Memory

the NBM, it is evident that total computational time of the BBM with these contingencies would

be greater than the NBM. This is because topology processing would add time to REC-IV-NA,

which already requires 2427 sec with 100 contingencies without the added burden of topology

processing. Table 4.8 shows results of circuit breaker outages with the NBM. The total of

30 circuit breakers are included with previously defined 100 line contingencies. For example,

EPIGRIDS(100+10) means the EPIGRIDS network with the removal of 100 lines and with the

action fo 10 circuit breakers.

Table 4.8: The EPIGRIDS network with circuit breaker outages

REC-STF (NBM) HYB-STF (NBM)
Obj ($/h) | Time (sec) | Obj ($/h) | Time (sec)
KNITRO
EPIGRIDS(100+10) | 212869.87 400 212869.87 550
EPIGRIDS(100+20) | 212869.87 650 212869.87 670
EPIGRIDS(100+30) | 212869.87 850 212869.87 880

Based on empirical results from the RTS-96 and EPIGRIDS test networks, the studies

display the following characteristics:
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¢ Overall Summary:
1) As expected, if one increases the number of contingencies considered, the system
operating cost and computational time increase which might represent the system security
cost.
2) STF is comparable in computation time to REC-IV-NA, and REC-STF and HYB-STF
are faster than REC-IV-NA as problem size becomes large.
3) In general, REC-STF and HYB-STF appear to be the preferred formulations for the
PSCOPF-DR problem.
4) Importantly, STF can successfully model/solve the PSCOPF-DR problem with the NBM;

in contrast, REC-IV-NA requires additional topology processing.

4.4.3.2 Topological corrective action

In this section, we consider topological corrective actions (TCA) for contingency scenarios.
TCA via transmission line switching can be adequately handled in the BBM, whereas circuit
breaker switching that merges or splits buses requires the NBM. Therefore, here we focus on
circuit breaker switching that merges or splits buses. These types of circuit breaker actions can
be easily incorporated using STF, simply by allowing the parameter y;, to be a binary variable.
However, the inclusion of topological corrections in the PSCOPF-DR increase the computation
time significantly, and the overall problem becomes a nonconvex MINLP due to the introduction
of binary decision variables. While of great practical interest, computational tractability in such

MINLP-type SCOPF problems remains a significant challenge [76].

Therefore, we consider pre-defined binary contingency parameters for TCA with circuit
breaker switching, instead of treating these as binary decision variables. To illustrate, we
consider three circuit breakers (CB1, CBg, CB3) in the substation (bus 9) with 100 contingencies,
which has 8 possible positions in total. For example, (CB; =1, CBg = 1, CB3 = 1) means all
CBs are closed. The results are illustrated in Table 4.9, which shows the impact of changing
post-contingency breaker settings on objective value and computational time in the PSCOPF-DR

problem. Different breaker settings yield different solution and solving time. For this particular
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Table 4.9: Topological corrective action for the EPIGRIDS network

CB Position REC-STF (NBM) HYB-STF (NBM)
CB; | CB; | CBy | Obj ($/h) | Time (sec) | Obj ($/h) | Time (sec)
KNITRO

EPIGRIDS(100) | 1 | 1 | 1 |212869.84| 370 |212869.84 | 390
EPIGRIDS(100) | 1 | 1 | 0 |212869.84| 350 | 212869.84 | 400
EPIGRIDS(100) | 1 | 0 | 1 |212869.86| 595 | 212869.86 | 420
EPIGRIDS(100) | 1 | 0 | 0 |212904.66 | 440 | 21290466 | 490
EPIGRIDS(100) | 0 | 1 | 1 |212869.84 | 480 | 212869.84 | 460
EPIGRIDS(100) | 0 | 1 | 0 |212885.81| 440 | 212885.81 | 480
EPIGRIDS(100) | 0o | o | 1 |213024.11| 470 |213024.11| 500
EPIGRIDS(100) | 0 | 0 | 0 |213023.81| 400 |213023.81 | 450

test, the network topology with (CB; = 1, CBg =1, CB3 = 0) would appear to be good (if not
truly optimal) choice, because since it yields the lowest objective value and is faster than other

breaker position selections.

4.5 Conclusion

This chapter has described a Sparse Tableau Formulation (STF) suitable for the PSCOPF
problem, and argued for its efficacy when treating breaker actions that re-configure buses
in contingencies. Enhancements necessary for the PSCOPF problem are discussed; governor
power flow equations and the node-breaker model. STF proves particularly advantages for
the node-breaker model that challenges the traditional modeling approach (nodal analysis).
STF approach allows treatment of the PSCOPF-DR problem with full node-breaker detail. It is
demonstrated that this approach allows use of uniform structure of KVL and KCL constraints
as breakers change, “localizing the impact of any breaker action within a component equation
for that one breakers.” Computational comparison made with the standard Y3, ,-based ACOPF
formulation shows the proposed STF formulation provides comparable computational speed in

modest sized problems, and superior computational speed in the larger problems studied here.

STF allows users to formulate and implement the problem in a manner that is well-suited
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for the security analysis. Taking the advantage of STF to model network components including
circuit breakers, we believe that formulation and implementation for the security analysis
becomes simple and straightforward. An important future research direction will be to develop
an efficient method to incorporate integer decision variables, allowing the choice of breaker
configurations in each contingency part of the optimization. Another future research direction
related to this work is to consider more than N-1 contingency cases such as N-2 contingency
scenarios with “corrective” SCOPF (CSCOPF) using STF. On the computational issue for large-
scale systems, we also want to consider a contingency filtering scheme to pre-select critical

contingencies, thus reduce the number of contingencies.
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CHAPTER

Probabilistic Zonal Reserve Requirements for Grid

Deliverability Improvement with Wind Power

5.1 Overview

5.1.1 Motivation

The approach to ensure a secure system employed in Chapter 4 can be viewed more generally
as a “worst-case” stochastic programming problem over a set of contingency scenarios because
the system is required to guarantee all constraints are met for every contingency. An ideal
approach would explicitly represent contingency events probabilistically with the network
constraints in the model. However, such approach is still computationally hard for large-scale
problems. In this chapter, we focus on an alternative method to address security in the power
system networks, without explicit need for STF. Instead we include renewable energy resources

as additional sources of uncertainty in the system with network component failures.

Traditionally, such uncertainties in the power system networks are addressed by scheduling
additional generation capacity as operating reserve, which is usually set by some deterministic

rules such as a fixed percentage of load and/or the MW size of the largest contingency in
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the system. This chapter investigates an efficient reserve scheduling, along with wind power
forecasts. Full mathematical description with nomenclature for this chapter can be found in

appendix B.1.

5.1.2 Introduction

There is a growing interest in wind power as a clean and renewable source of energy for
power systems throughout the world. Due to its dependency on the weather, wind power supply
is uncertain and volatile compared to conventional thermal units production. The uncertainty
and variability of wind power demand different measures to ensure the reliability of power
system networks.

One of the important computations significantly challenged by these additional uncertainties
within market management systems is that of security-constrained unit commitment (SCUC)
[95], [96]. SCUC determines which set of generators will be committed, and typically is decided
(“clears”) in the day-ahead market. Physical and operational constraints include energy balance,
power flows, generator capacity and lines’ thermal limit. A traditional method to address
uncertainty in the power system is to schedule additional generation capacity as operating
reserve, which is usually set by some deterministic rules [97], or in some cases, by stochastic
rules [98], [99]. Reserve requirements provide flexibility to help system operators satisfy
physical and operational constraints when the system experiences deviations from the forecast.

However, current practices for reserve requirements are largely ad hoc based on determinis-
tic rules and approximations, and hence are not guaranteed to produce market solutions that
are physically deliverable. Thus, zones are used to disperse the reserve across the system so
that the reserve deliverability is improved. Several works based on zonal reserve requirements
are proposed to address deliverability issue [100], [101], [102], [103]. The work in [101] focuses
on reserve requirements to relieve intra-zonal congestion. Contingency-based zonal reserve
requirements are proposed in [100], [103] but without considering renewable resources.

It is important to note that renewable resources such as wind and solar add another

dimension of uncertainty, adding greater challenges to maintain system reliability with reserve
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requirements at least cost [104]. In most current approaches, higher levels of renewables not
only increase the reserve level but also increase the difficulty of predicting network flows and
transmission congestion. Some research efforts address methodologies to estimate the sufficient
amounts of operating reserves with wind power forecasts [105], [106], [107]. The work [105] is
among the first to determine the operating reserve requirement with wind power uncertainty.
In [106], the reserve requirement is estimated based on the system generation margin with
risk indices, which allows a system operator evaluate reserve needs with the risk level for a
given time horizon. The dynamic reserve zones [102] are proposed to improve the deliverability
of reserves with wind power forecasts. In this work, optimization problem is solved for each

scenario of wind power forecast, which is similar to scenario-based stochastic programming.

An alternative approach to determine sufficient reserves in power system operations uses
scheduling models based on stochastic programming. Stochastic programming has been used
for traditional sources of uncertainty (generators, transmission lines, and load) [108], [109] and
have in recent years received increasing interest as a means to address wind power uncertainty
[110], [111], [112] and overcome the shortcomings of deterministic models. It would appear
to be far preferable approach since it explicitly represents the events of uncertainties (wind
power forecasts) with the network constraints in the model. However, such approach is still
computationally difficult, and may not produce a solution within desired time for large-scale

SCUC problems.

Therefore, in this work, we propose a new tool to dynamically schedule zonal reserve to
enhance the deliverability of energy for the deterministic SCUC problem with wind power
forecasts. More specifically, we extend the concept of the system generation margin [106] to
develop probability distributions of line flow between zones using the concept of Injection Shift
Factor (ISF) [113]. After estimating line flows, a post zonal reserve requirement is developed to
help the system operators effectively and efficiently allocate reserves to zones, which mitigate
possible congestion caused by wind power forecast uncertainty. In this work, we assume that
there is no intra-zonal congestion that interrupts the deliverability of reserves [114]. More-

over, contingencies are not addressed since existing SCUC includes transmission contingency
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constraints as reserve requirement.

The organization of this chapter is as follow. Section 5.2 reviews the importance of reserve
requirement with wind power forecast and the system generation margin. Section 5.3 describes
the probabilistic model that develops the post zonal reserve requirement. Section 5.4 details
SCUC formulation with the post zonal reserve requirement. The proposed method is demon-
strated through an illustrative example in Section 5.5. Conclusion and future work are in

Section 5.6.

5.2 Background

5.2.1 Reserve Requirement

Reserve is defined as backup generation capacity used to provide flexibility to maintain
energy balance and mitigate uncertainty [115]. The N-1 reliability requirement, set by the North
American Electric Reliability Corporation (NERC), is to ensure that the system withstands the
loss of any single bulk element without involuntary load shedding. Obtaining a solution with
the consideration of all N-1 events explicitly within SCUC is a challenge for large-scale power
systems. The study [116] states that the Midcontinent Independent System Operator (MISO)
manages a system with about 45,000 buses and confronts constant performance challenges
in solving Day-Ahead SCUC model within the required time window. Therefore, due to the
performance challenges for large-scale power systems, the ISOs in the United States currently
rely on heuristics, approximations, and polices rather than solving rigorous stochastic program-
ming problem directly [103]. In [117], a policy is described as a mapping (rule) to determine
a decision with given the available information in a particular state. Such a policy requires
the total system reserve to be sufficient to cover any single generator contingency. In addition,
a power system with large amounts of variable generation such as wind and solar heighten
the importance of both upward and downward reserves since wind and solar can increase or
decrease output unexpectedly [115]. Thus, the variability and uncertainty on system with N-1

reliability have caused the need to effectively and efficiently allocate reserves across the system
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[118].

There are two different approaches to formulating the reserve requirements. As discussed
before, the first approach is to pre-define (estimate) system wide and/or zonal reserve require-
ments based on some deterministic rules as inputs to reserve requirement constraints in the
optimization. The shortcoming of this approach is that pre-specified zonal reserves are gen-
erally suboptimal and may even be infeasible. In addition, deliverability of reserves is not
fully addressed since pre-defined zonal reserves could be very different from actual system
operating conditions [119]. The second approach is to treat zonal reserves as decision variables
incorporating transmission constraints as post zonal reserve requirements in the optimization
process. Report in the literature suggest that MISO started with the first approach, but has
since enhanced the co-optimization process such that zonal reserve requirements are solved
within the optimization to meet both market wide reserve requirements and deliverability
issues [119]. Therefore, this chapter seeks to develop a post zonal reserve requirement based on

the second approach.

5.2.2 System Generation Margin Model

The system generation margin [106] is the amount that the available generating capacity
exceeds the system load, so, being a function of two random variables (load and generation),
it is also a random variable. The probability distribution of load, conventional generation and
wind power generation are inputs to compute the system generation margin distribution. An

example of this distribution for a specific look-ahead time step is depicted in Fig. 5.1.

The classical measures in reliability can be calculated from the system generation margin
distribution such as the loss of load probability (LOLP) which is the area (red in Fig. 5.1) on
the left side of the y-axis. Such information can be used to set a value for the operating reserve
(including demand curve) [120]. For example, additional capacity as reserve indicates shifting

Fig. 5.1 to the right by the amount of the reserve, resulting in the reduction of LOLP.
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Figure 5.1: An example of system generation margin

5.3 Probabilistic Zonal Reserve Requirement

This section provides the tool to be used to estimate a dynamic zonal reserve requirements
to mitigate congestion on critical lines between zones, incorporating wind power forecasts.
Approach here is based on the system generation margin [106] and Injection Shift Factor
(ISF), which can be easily incorporated with many different standard zonal reserve models (for
example, contingency-based zonal reserve model used by ISO New England [121]) and extended
to account for N-1 transmission line contingencies. Three sources of uncertainty are considered

at each bus to estimate a zonal reserve requirement for this section.

5.3.1 Uncertainty Sources

1) Load Uncertainty (Pp): Load forecast uncertainty is commonly assumed to be a Gaussian
distribution with mean zero and a given standard deviations, as in [122], [123].

2) Conventional Generation (Pg): The capacity outage probability (COPT) is usually used to
represent the discrete probability distribution of the possible capacity states, to describe the
uncertainty of the associated with conventional generation. For this work, we use the outage
replacement rate (ORR) [122] instead of the forced outage rate (FOR). The failure rate for the
thermal units range from 2% to 5%.

3) Wind Generation Uncertainty (Pw): Two sources of uncertainty pertain in wind power,
one coming from the forecast uncertainty and the other from possible wind turbines’ unplanned

outages. The first source of uncertainty is related with the impossibility of producing perfect
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wind power forecast. In this chapter, we only consider this forecast uncertainty, which is

estimated from the probabilistic forecasting and represented by a set of quantiles.

Any probabilistic model can be used for the uncertainty of wind power by estimating the
probability distribution. In this work, the forecasting model is based on a quantile-copula kernel
density estimator (KDE) [124], which produces a probability density function (pdf) of wind
power for each look-ahead hour, from which quantiles and scenarios of wind power can be
derived. The basic problem, with given a set of explanatory variables X (such as wind speed,
direction, etc.) for a given time resolution, is to estimate the conditional density function (5.1)
of wind power at time ¢ for each look-ahead time step ¢+ %k of a given time horizon. General

representation could be expressed as:

fwxWiik, Xe1k)e)

51
FxGoarin) 6.1

fwwisk | X = %psp)e) =

Then, with quantile-copula KDE, the function f is estimated on the basis of a given set of
historical sample data. Readers may refer to [124], [125] for more detail such as advantages
and implementation of the probabilistic wind power forecasting approach. Examples of differing

probability distribution for three random variables are illustrated in Fig. 5.2.
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Figure 5.2: An example of three uncertainty sources
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5.3.2 Injection Margin

With three random variables given: 1) PL(G; = g;), 2) Pi,(W; = w;), and 3) PL(D; = d;)
at each bus i, the injection margin for bus i (P]"VI(M = m)) can be constructed as the sum of
conventional generation (G;), wind (W;) and negative load (D;) at bus i, which can be computed

by convolution [120]:

Py (M; =m;) =P} (W;+Gi+(-D)))

= Y Y PyWi=mi+di-gi) P;(Gi=g)-Pp(Di=di)  (5.2)

d=—008=00

This is similar to the system generation margin approach in terms of the convolution of
three probability distribution functions, but differs in that it is calculated for each bus. The
preceding convolutions assume independence between conventional generator outage, load and

wind power forecast uncertainty at each bus.

5.3.3 Probability of Line Flow

Next step is to estimate the probability distribution for line flows. Recall that F;, power flow
on the line /, can be expressed as a function of injection power IP; =W, + G; — D; at bus i via

the injection shift factor (ISF) [113], yielding:
F, =ZISF(l,i)-IPi (5.3)

With three random variables (load, generations, wind) contributing, I P; becomes random
variable in a manner analogous to the injection margin Pzit/[(M i =m;) for bus 7, which implies
IP; = M;. This suggests that the probability distribution of line flow can be estimated when the
probability distribution of injection margin for each bus is given. Consider the corresponding

equation:
P(Fl)=P(ZISF(l,i)~Mi) (5.4)

Since the injection margin PZiV[(M ; =m;) is discrete distribution, each point in PZ"W(M i=m;)

can be multiplied by a corresponding value in the ISF without changing probability weight.
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Thus, the probability distribution of the line flow can be developed as

P(F))=P()_ISF(,i)-M;)

=P(y M) (5.5)

where M ; is the discrete probability distribution of injection margin after applying the ISF.
The resulting distribution for line flow is then the sum of the injection margin after applying
the ISF over all buses. For example, for three bus system, P(F;) = P(M /1 +M ,2 +M /3), which can

be again calculated by convolution. Fig. 5.3 illustrates a representative example distribution for

the line flow.
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Figure 5.3: Line flow probability distribution function (pdf)

5.3.4 Development of Probabilistic Zonal Reserve Requirement

In this work, we consider only the impact of inter-zonal congestion on zonal reserve require-
ments, with the assumption of no intra-zonal congestion. Our goal here is to appropriately
allocate reserves that can be used to prevent possible congestion on critical lines in the face of
wind power forecast uncertainty. With the line flow probability distribution function formulated
in (5.5) and illustrated in Fig. 5.3, and given parameter F"** (thermal limit of that line), we can
obtain the overflow probability (OFP) which is the area of the right of F%* in the distribution
function. Then, with a given power flow reliability threshold which sets the maximum allowed

area right of F™%* we can practically obtain a possible maximum overflow (A).



104

The goal is to reduce the OFP to a specified level (the area of the right of point (A) in the
distribution function) by allocating zonal reserves in such a way as to change the distribution
function. The difference between (A) and F™%* describes the amount of power flow change
needed to reduce OFP to a preset low level. For line flow adjustment, it is important to recognize
that the contribution of zonal reserve to a specific line is influenced by ISF as well. Thus, reserve
requirement should be reserves multiplied by ISF, and therefore are not just equal to the amount
of power flow change. This is due to the fact that reserves are provided at buses and the amount
of injection change at buses will affect line flows via the ISF, which is also reflected in (5.3). This
implies that we should have a reserve requirement ) ;(ISF(I,i)- Reserve;) where Reserve; is
the reserve variable at bus i for line flow adjustment. Then, the inequalities considering the

direction of line flow representing a reserve requirement would be

Z(ISF(Z,i)-Reservei)sFlmax—Al,lELC (5.6a)

Z(ISF(l,i)'Reservei)Z -F"*-A;,leL’ (5.6b)

where L€ is the set of critical lines. In this work, critical lines are defined as lines having OFP
greater than a preset threshold among lines connecting zones; (5.6a) and (5.6b) treat positive
and negative (A) respectively.

Equation (5.6) is made appropriate to a zonal reserve requirement just by limiting buses
in “FROM ZONE (FZ)” to be those from which the power flow of critical line is coming out. For
example, consider the critical line between zone 1 and zone 2. If power flows from zone 1 to zone
2, then FZ! for this critical line [ is zone 1. Buses in zone 1 are only considered for Reserve;.
Thus, the probabilistic zonal reserve requirement considering possible transmission network
congestion with wind power forecast would be:

Z (ISF(Z,i)-Reservei)SFZ"“”—A;,lELC (5.7
ieFZ!

For the purpose of description, only positive (A) is described in (5.7). A system operator has
prior knowledge of the ISF, the line’s thermal limit F;"**, and power flow reliability threshold.

The zonal reserve requirement (5.7) serves as an additional constraint on system-wide reserve
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requirement within the optimization. Thus, the probabilistic post zonal reserve requirement
helps a system operator determine Reserve; in FZ!, which mitigates possible congestion that
might result from errors in the wind power forecast. The development of probabilistic post zonal

reserve requirement can be summarized in the following steps:

1) Develop the discretized distribution of wind power, load and power supply from conven-

tional generation unit for a given look-ahead time.
2) Develop the probability distribution of injection margin for each bus based on (5.2).

3) Develop the probability distribution of line flow for lines connecting zones based on (5.5).

Then, determine critical lines that have OFP greater than a preset threshold.

4) For each critical line, obtain a possible maximum overflow (A) with power flow reliability

threshold.

5) For each critical line /, determine FZ' from the direction of (A), and construct the post
zonal reserve requirement based on (5.7), which then becomes constraints in optimization

problem.

5.4 Enhanced Deterministic Unit Commitment With Zonal

Reserve for Overflow Protection

5.4.1 Notation and Structure

To allow for the possibility of multiple generators at a bus i, the set G; denotes all generator
at bus i. Reserves Rup,; and Rdwg; are general upward and downward reserves, which can be
easily extended to account for different reserve types such as spinning and regulation reserves.
This chapter uses these general reserves for the purpose of illustrating how probabilistic zonal
reserve requirement are formulated and reducing the complexity that is not directly related to

the discussion of this chapter.
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The overall structure of the simulated problem resembles that of U.S. electricity markets
[120], with a day-ahead (DA) market and a real-time (RT) market, which are cleared in sequence.
The DA market is cleared by a traditional SCUC and an economic dispatch (ED) optimization
model. A DA probabilistic wind power forecast is used for wind power input, and the DA
schedule and clearing prices are determined for the next 24 hours. The model co-optimizes the
energy and reserves simultaneously, which outputs the hourly DA prices, unit commitment, and
generation schedules. After the DA market, the system operator performs a revised commitment
procedure focusing on the reliability of the power system. The procedure is termed reliability
assessment commitment (RAC). The RAC procedure is performed after the DA market and 1
hour ahead of the real dispatch, and we assume that a 1-hour-ahead wind power forecast is used
for this purpose. After the RAC procedure, we consider the ED with the realized availability of
wind power generation. Therefore, a fixed forecast wind power is used for the DA schedule and

the uncertainty of wind power forecast is introduced in the RT simulations.

5.4.2 Deterministic SCUC Problem with Post Zonal Reserve

The deterministic SCUC with the proposed post zonal reserve is formulated as a mixed
integer linear program. The total system operating cost for the objection function includes
generator operating costs, startup/shutdown costs, reserve costs and penalty costs for unserved

energy/reserves. Based on models [126], [120], [103], the formulation is shown as:

min Y Gg{Pgs}+SUgzgs+SDgyg:+RPY (Rupgy)+RPYY (Rdwg,)
g€G,teT

+CR(Rupnsgs)+CR(Rdwnsg;) + Z CE(e;;) subjectto
ieN,teT

Opertional Requirements:

Unit Commitment Requirements:
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Reserve Requirements:

ZRupg,t+Rupnsg,t =>SY Sy, Vt (5.8a)
g
ZRdwg,t+Rdwnsg,t =8SYS,,,Vt (5.8b)
g
Y (Rupgi)zRup.ys, Y. (Rdwg,)=Rdw,;,Vz,Vt (5.8¢)
g€e@, g€e@,
Fi;+) (ISF(,i) ) (Rupgy)<F"™,vieL,vt (5.8d)
i geGi
Fi~Y (ISF(,i) Y (Rdwg,) < F"™ vl e LVt (5.8e)
i gEGi
Y. (ISF@,i) ) (Rdwgy)) <F™ —A;,,VleLe, vt (5.80)
ieFZ! 8€G;
Rupg:<(RRT xRUR)ugz;,VgeG,VteT (5.8g)
Rdwg:<(RRT xRDR)ug:, Vg€ G,VteT (5.8h)

In this formulation, operational requirements include limits on real power flow on each line
and energy balance requirements; constraints imposing the limit for transmission line flows and
generation output; and the generation ramp rate constraints with reserves. Unit commitment
requirements contain binary variable logic, generator minimum up/down equations. System-
wide reserve up/down requirements are modeled in (5.8a), and zonal reserve requirements are
described in (5.8¢c). Notice that zonal reserve requirement constraints based on pre-defined
requirements from offline study can be enforced at the same time [119]. This work assumes no
zonal reserve requirement from offline study. Post reserve requirement transmission constraints
are represented in (5.8d), (5.8e). The proposed post zonal reserve requirement is represented
in (5.8f) which schedules zonal reserves in FZ' for critical line [ , and constraints (5.8g)/(5.8h)
represent the ramp rate (up/down) restriction for reserves. The system reserve requirement,
SY S, can be estimated dependent on applicable policies. For example, such policies require
that total system reserve is greater than any single generator outage or a fraction of the total

demand. In this study, we assume that CE and CR are 1,500/MWh and 500/MWh.
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5.5 Simulation and Empirical Results

In this section, case studies are described to evaluate the proposed post zonal reserve
requirement with wind power forecasts. The zonal case (ZONE) represents the deterministic
SCUC formulation (5.8), whereas the base case (BASE) does not includes the proposed post
zonal reserve requirement (5.8f). Two test cases, a 5-bus and a 118-bus system (standard IEEE
instances from MATPOWER [23]), are used. Specifically, when developing the zonal reserve
requirement, it is assumed that the load is normally distributed with a mean equal to the given
deterministic load data and standard deviation equal to 2% of the hourly load. For the dispatch
of zonal reserves for critical lines after an event, immediate re-dispatch of generation is not
considered. This is in line with current practical practice that MISO does not immediately run a
new ED to mitigate transmission congestion [119]. Following an event, MISO deploys available

reserves proportionally first. Overall flow of the simulation is illustrated in Fig. 5.4.

WindDA

Probabilistic Post
zonal reserve
Requirement (constraints)

v

ASE DA price
UcBASE EDB
DA~ 7 DA~ > | and schedule
ZONE ZONE DA price
\L UCha —> EDpa ﬁ| and schedule

Scheduled i
Reserve

Scheduled
Reserve

Wind
kT Windgy

Before After Before After
dispatch dispatch dispatch dispatch
(a) BASE (b) ZONE

Figure 5.4: Overall flow of the simulation

5.5.1 Five-bus test system

This section describes the proposed method by providing an illustrative example with the

simple five-bus system depicted in Fig. 5.5, which has two zones. Wind power plants are located
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at bus 2 and 4 with forecast power generation 50 MW. The 120 MW of maximum capacity for two
transmission lines connecting zones serves as the lines’ thermal limit. In this example, values
of 100 MW and 20 MW are used for system-wide reserve requirement, SY S,, and SY Sq,
respectively. With the construction of the probability distribution for line flow F53 based on
(5.5), possible maximum overflow (A) of 135 MW is obtained. Since power flows from zone 2 to
zone 1, FZ is zone 2 so i € FZ =(4,5). With one generator at bus 5 in zone 2, the proposed post

zonal reserve requirement can be represented as

ISF(53,5) - (Rdws) < Fg3™ — Ass

<120MW -135MW = -15MW

Optimal solutions are given in Fig. 7.7: The first unit at bus 1 produces 0 MW plus 100 MW
for energy and reserve, and the second unit at bus 5 produces 225 MW plus -28 MW for energy
and reserve; Power flows of the two lines (¥42,F53) connecting zones are satisfactory, causing no
congestion. Next, suppose that wind power at bus 4 is 70 MW, increased by 20 MW (forecast
uncertainty) from 50 MW. This forecast uncertainty brings congestion on F53 in excess of 120
MW. Then, we dispatch scheduled reserves, which results in the mitigation of the overflow
reducing it from 121 MW to 106 MW. Thus, procured reserves are capable of mitigating the

congestion, and are deliverable to correct the critical line Fi53.

G =0+100(energy +reserve) D =130 W=50 D=65 W=50-70

T~ |-~ - A
0 Y 0
I 1198 5109 - 90 l

D=130 G =225 - 28.6(energy + reserve)

Figure 5.5: Five bus example with and without congestions
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5.5.2 IEEE 118-bus test system

This section details the proposed method with 118-bus which has three zones. We assume
that three zones are given as an input and each zone has one wind power plant, which indicates
the total of three wind power plants. We select two simulation periods that cover high and low
levels of load. The first period is from July 1 to July 31, 2006, representing the high load period.
The second period is from October 1 to October 31, 2006, representing the low load period. The
contingency reserve with the largest unit failure (800 MW) plus 10% of total demand is used
for the SY S, and 30 % of SY S, is used for the SY S,,. The value of 0.001 is used for power

flow reliability threshold. Simulation contains 24 hours at one-hour intervals.

5.5.2.1 Operating Point

There are 12 lines connecting zones in the test system, and one critical line 54 which has the
chance of congestion with wind power forecasts is identified. The line 54 is connected between
from bus 30 and to bus 38, and between zone 1 (from) and zone 2 (¢0) with the 300 MW of

line’s thermal limit. Since it shows possible overflows as the positive direction (flow from zone

DA Average Daily A (overflow) value

500 —e—July Oct
=
< 200 A

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31
Days

Figure 5.6: Possible maximum overflow (A) on the line 54

1 to zone 2), note that zone 1 is FZ5%*, which contains 42 buses. Calculated DA average daily
possible maximum overflows (A) in July and October are depicted in Fig. 5.6.
While A values greater than 300 MW indicate high probability of congestions with wind

power uncertainty, A values less than 300 MW mean small probability of congestions (thus,
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no use of post zonal reserve requirement). A values are typically higher in July compared to A
values in October due to the high load in July. By solving two cases (BASE and ZONE), average
daily scheduled reserves in zone 1 for July and October is shown in Fig. 5.7. For ZONE, UP and
DOWN indicate upward and downward reserves respectively. Notice that the ZONE typically
allocates more downward reserves than the BASE due to the proposed post zonal reserve
requirement which allocates downward reserves considering wind power forecast uncertainty

as additional constraints.

July DA Average Reserve Scheduled in Zone 1 600 Oct DA Average Reserve Scheduled in Zone 1
=400 o (UTLNIPE o L UORY
; ; 00 p\/ ﬁ...\- ,‘ \h— ..,\
2 200 —e—BASE (UP) - -BASE (DOWN) 3 \V foe
g ZONE (UP) ZONE (DOWN) g 20 ——BASE(UP)  -e-BASE (DOWN)
§ $00°9%0 Pogl  Phoor®i Pogam-sdy § . ZONE (UP) ZONE (DOWN)
200 ,‘// \/ 3 o, 850-000eca e St 00 B0p0eg 4000

-400 ’ . -200
1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 1 3 5 7 9 1113 1517 19 21 23 25 27 29 31
Days Days

Figure 5.7: Scheduled reserve quantity in zone 1 (FZ??*) for July and October

5.5.2.2 Congestion from Wind Power Forecast Errors

In this section, we consider the impact of wind power forecast uncertainty with given DA
schedules. Here we assume that forecast uncertainty only occurs in zone 1 where the post
zonal reserve requirement is included, and the realized wind power is the same as forecast
values for the plants in other two zones (no forecasting uncertainty). The realized wind power
generation in the RT economic dispatch is introduced as a source of uncertainty, which can
result in underestimated (realized wind is greater than DA forecast) or overestimated (realized
wind is less than DA forecast) wind power. We then consider the dispatch of procured reserves by
testing resulting DA solutions from the BASE and ZONE shown in Fig. 5.7 with a standard load
flow equation. The number of days with congestions before and after the dispatch of scheduled

reserves is shown in Table 5.1.
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Table 5.1: Number of days with congestions

Before dispatch | After dispatch
BASE ‘ ZONE | BASE ‘ ZONE

. July 7 7 5 0
Underestimate October 5 5 3 0
. July 0 0 0 0
Overestimate October 0 0 0 0

For underestimated wind, we only consider downward reserves. It shows that procured
reserves of BASE are sometimes not capable of resolving congestions, and thus the number of
days with congestion stays nonzero. This is since scheduled downward reserves of the BASE
have no guarantee to reduce the amount of line flow. However, all congestions are mitigated
with the dispatch of allocated reserves for the ZONE. For overestimated wind, we only consider
upward reserves. It shows that procured reserves of BASE and ZONE are all deliverable due
to post reserve requirements transmission constraints. These results indicate that the ZONE
assigns reserves more effectively and efficiently to mitigate potential congestion with wind

power forecasts.

5.5.2.3 Zonal reserve prices and operational cost

July DA Average Daily Reserve Prices in Zone 1 Oct DA Average Daily Reserve Prices in Zone 1
165

——BASE ZONE —o—BASE ZONE

N

v
[y
(=]

{
1
1

Price ($/MWh)
.
)
Prices ($/MWh)

(5, ]
=
P
[T,

o
=
S

1 3 5 7 9 1113 15 17 19 21 23 25 27 29 31 1 3 5 7 9 1113 15 17 19 21 23 25 27 29 31
Days Days

Figure 5.8: DA reserve prices in zone 1 (FZ5*) for July and October

Standard marginal pricing concepts indicate that the energy and reserve prices are the
dual variables of energy and reserve balance constraints, [119], whose formulation is a linear

programming problem since the value of integer variables is fixed in this stage. Fig. 5.8 shows
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the zonal market clearing prices (MCPs) in zone 1 for BASE and ZONE. Notice that the ZONE
has higher MCP in zone 1 since the post zonal reserve requirement is imposed in zone 1 to
mitigate possible congestions with wind power. This implies that resulting MCPs properly
reflect the effect of zonal reserve requirement on possible congestions of transmission lines

under consideration.

Table 5.2: Average operational cost in July and October

Jul October

DA-Cost (K9 gap | ZONE | BASE [ ZONE
Energy/Reserve 4293.9 | 4294.3 | 3230.3 | 3230.4

Unserved energy 506 506 0 0

Unserved reserves 84.3 84.3 0 0

Wind Curtailment 94 94 20.1 20.1
Total 4893.6 | 4894 | 3250.4 | 3250.5
After wind power uncertainty

Wind Curtailment 12.5 0 10 0

Total 4906.1 | 4894 | 3260.4 | 3250.5

We also consider total average operational cost of energy/reserve, penalty cost for unserved
energy/reserve, and wind curtailment, as indicators of operational efficiency. Wind curtailment
with associated lost opportunity cost payment of $50/MWh is considered [127]. Table 5.2 shows
that operational cost of the ZONE is bit more expensive than the BASE. This can be interpreted
as a reliability cost, since it accounts for a wider range of forecast uncertainty. This is based
on an optimal trade-off between the expected value of system reliability and the costs of
providing reserves. However, the BASE is not able to mitigate a congestion with procured
reserves, and hence additional power from wind cannot be used (delivered) for the system. This
excess generation with congestions is a fairly serious consideration for renewable generation
[128],[129]. Such problems might raise issues of wind power curtailment, disconnection, and
storage utilization. To address these, wind curtailment is considered and as a result, final total

cost for the BASE is higher than for the ZONE.
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5.6 Conclusion and Future work

In this chapter, we have investigated the tool to develop the dynamic scheduling of zonal
reserve with wind power in an electricity market where energy and reserves are optimized
simultaneously. Specifically, three sources of uncertainty are used to construct the injection
margin, and then probability distribution function of line flow by convolution of injection margins
after applying ISF. Then, with the goal of reducing OFP to a preset low level, the probabilistic
post zonal reserve requirement is developed. The proposed post zonal reserve requirement
is tested using the IEEE 118-bus test system, which shows that it efficiently and effectively
allocates reserves to mitigate possible congestions with wind power. Our results also show that
resulting zonal reserve MCPs properly reflect the effect of zonal reserve requirement on possible
congestions of transmission line under consideration as well as the reduced operating cost with
the consideration of wind curtailment. Overall, we argue that the proposed tool to develop
the post zonal reserve requirement will contribute towards more efficient reserves allocation
thorough economic benefits when reserves are dispatched with renewable energy resources.
The tool is also compatible with current market designs and should be easy to implement in
systems with co-optimization of energy and reserves.

In future work, we plan to extend the zonal reserve requirement to account for line out-
ages. Simply, different ISF' corresponding to line outage can be used to compute probability
distribution function of line flow, thereby obtaining a different zonal reserve requirement. Other
interesting directions for future research include dynamic reserve zones and storage planning
for uncertainty and variability of renewable energy resources, and a comparison of the proposed

dynamic scheduling strategy to stochastic UC formulations.
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CHAPTER

Convex Relaxation for Sparse Tableau Formulation

of OPF Problem

6.1 Introduction

There are a wide range of OPF formulations and solution methods, ranging from meta-
heuristics [130] to formal deterministic optimization methods [131]. For deterministic methods,
many researchers have contributed to improve nonlinear optimization methods adapted to OPF
applications, including gradient methods and interior point methods (IPM). MATPOWER [23]
is a widely-utilized package based on MATLAB for power flow and optimal power flow problems,
publicly available with an implementation of IPM. However, these methods can offer by their
nature only local solutions, and may lead to infeasible solutions. Challenges such as these
have prevented full ACOPF problems from being solved in real-time operation. Instead, the
system operators in the power industry often use DCOPF (an approximate, linearized version

of ACOPF) [24].

Recently, convex relaxation approaches have drawn attention of the research community, due

to their ability to often obtain a global solution. In particular, second-order cone programming
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(SOCP) was first applied to the OPF problem by Jabr [132], and more recently, Lavaei and
co-workers [21] applied semidefinite programming (SDP) to the OPF problem. An interesting
observation relating to the SDP is that, by solving the dual problem, a test for a zero duality gap
can be efficiently computed, in the form of a condition that dual problem produces a solution
with a certain semidefinite matrix having a zero eigenvalue of multiplicity two. When satisfied,
this condition rigorously confirms that a global solution has been found. It turns out that this
condition is satisfied for many of IEEE benchmark systems in the MATPOWER distribution,
when a small resistance is added to all transformers that originally possess a zero resistance
[21] [133]. This zero duality gap means the relaxation is exact, but unfortunately, the exactness
of the SDP relaxations (i.e., rank-1 solution) does not hold for many other realistic power system
networks, and the rank of W matrix can be also affected by other constraints such as the value
of thermal limits [134]. Even though there exist a limited class of problems for which a rank-1
solution is guaranteed (radial network, load over-satisfaction, absence of generation lower
bounds or lossless networks with cyclic graphs), it is hard to retrieve a physically meaningful

solution when the SDP relaxation is not exact.

To this end, another attempt to strengthen the SDP relaxation has been made by solving a
hierarchy of moment relaxation problems [135]. This approach is used to obtain tighter lower
bounds, but usually is restricted to very small systems [136], [137]. Another way to strengthen
the SOCP is presented [138]. However, there exist obvious tradeoffs between stronger relaxation
solutions and computational efficiency, since one needs more constraints to cut off part of the
feasible region for a stronger solution. Another recent relaxation method, the Quadratic Convex
(QC) relaxation is studied in [139] [140], and an important conclusion drawn, that QC relaxation

is strictly stronger than the SOCP and is comparable to the SDP.

Upon considering existing relaxation techniques, this chapter first considers the prospects
of applying two existing recent convex relaxation techniques (SDP and QC) for Sparse Tableau
Formulation (STF) of OPF introduced in Chapter 4. In its standard formulation for OPF, the
SDP relaxation takes advantage of power network equations (power balance and branch power

flow) being quadratic with only voltage phasors as variables to construct the W matrix variable,
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as outer product VVT. However, this approach is hampered in STF because additional variables,
such as port currents, must be included when constructing the W matrix. We next examine the
QC relaxation which is based on exploiting convex envelopes of quadratic, trigonometric and
bilinear terms in the AC power flow equations. The QC relaxation provides greatest benefit
when one has a priori information that imposes narrow bounds on bus voltage phase angle
differences. Through it focuses on bus voltage angles as key variables the QC relaxation relies
heavily on the Yj,-based AC power flow formulations, which suggests that STF also may not

be well-suited to use with the QC relaxation.

Therefore, this chapter next derives two alternative approaches to formulate convex relax-
ations of STF for OPF problems (STF relaxations). Notice that the critical nonlinearity/source
of nonconvexity of STF for OPF is the power balance equation with bilinear terms. In addition,
only corresponding bus voltage and bus current are present in these bilinear terms, indicating
there is no coupling between variables associated with different buses in these equations. Such
low-dimensional decoupled nonlinear functions could be advantageous because some empirical
results provide the observation that high-dimensional coupled nonlinear functions tend to

create more nonconvexity in a feasible region.

With this STF version of the formulation, we apply the McCormick (MC) relaxation [141]
to the bilinear constraints, thereby relaxing the original OPF problem. Two approaches, 1)
admittance-based and 2) current-based, are proposed, and it is demonstrated that the bounds
on variables in the bilinear constraints can be tightened. The MC envelope takes advantage of
this bound tightening, and DCOPF-based heuristic method to obtain voltage angle bounds is
discussed. Further enhancement with sequential bound tightening (SBT) and reduced spatial

branch-and-bound (RSBB) are discussed.

This chapter is organized as follows. Section 6.2 provides the review of SDP and QC
relaxations with key observations regarding their use, and then the limitation of the SDP and
QC relaxation are discussed in the context of the STF. Section 6.3 proposes two relaxations
that are appropriate for use with STF version of OPF. Methods to improve STF relaxations are

suggested in Section 6.4 and case studies presented in Section 6.5.
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6.2 Consideration of Existing Convex Relaxation Techniques

For STF

This section reviews two recent convex relaxation techniques, SDP and QC relaxation [142],

and discusses challenges that arise when one seeks to apply them with STF of the OPF problem.

6.2.1 Overview of Semidefinite Programming

In the context of the mathematical description of the standard OPF problem as described in
Chapter 1.3, for simplicity this section defines a linear cost objective function associated with

each generator

¢j(Pgj)=PPgj+y VjeG (6.1)

This simple cost function is selected to allow focus on the OPF constraint equations, which
are key to the SDP formulation. As illustrated in recent literature on semidefinite programming
approaches [21] for the standard OPF, we reformulate the OPF problem in a manner that allows
it to admit a SDP formulation. The SDP-related admittance matrices in [21] with basis vectors

in R"™ as {eq,...,e,} for every j € N and (ft) € L can be formulated. First, we define

Yj =e jefous
Yri =@ + yft)efe;l; - yftetetT
where y7; denotes the value of the shunt element at bus f associated with the line (f¢), and

Y+ denoting the line admittance between buses f and ¢. Then, related admittance matrices for

power injections and line power flows are constructed as

[ T . T ] T . T
erél real(Y;+Y;) imag(Y; -Y)) Hftrél real(Yp +Yp) imag(Y =Yy,
? limag(¥;-YT) real(¥;+Y") | 2 |imag(¥p-YE)  real(Yp +Y7)
ool imag(Yj+YjT) real(Yj—YjT) o ol imag(th+Yf7;) real(Yth—th)
ja = o Hpr = —
2 | real@?-Y) imag(¥;+YD)| | real(¥p,~YE) imag(Yp+Y7)



Mo 2 diaglewsiach)

ejel 0 real(V)

J A

A
Hj,vm: s X=

imag(V)
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where My € {0, 1}2V*2N guch that My(n,n) =1 if and only if n corresponds to the index number

“N+slack.” For example, consider the 14 bus system with slack bus j = 1, then the index number

“N+slack”is 15 = 14+1. Using these defined matrices, the linear relationship for power balance

equations and power flow equations can be formed with the outer-product matrix W = XX 7.

Here X = [Vd,Vzd,...,Vf,Vf,qu,...,V,f]T, and one constructs:

P, = tr(H;, W)
Q; = tr(H, ;W)
Pyo = tr(Hp, W)
Qri=tr(Hpi g W)

V?=tr(HjymW)

(6.2a)
(6.2b)
(6.2¢)
(6.2d)

(6.2e)

where ¢r indicates the trace operator, consistent with MATLAB notation. Then, the correspond-

ing OPF optimization problem can be written as

subject to

Active. Balance:

Reactive. Balance:

Gen. Limit:

Volt. Limit:

(SDP-OPF) _ min Y BiPgj+y;

8gd j

tr(H;,W)=P, j—Pg; jeN
tr(H;;W)=Qz,;-Qq,; JEN

Pt <Py <P, QT Qg i <QTY jeG
(V"2 < tr(HjomW) < (V")? jeN

W=0,rank(W)=1,tr(MyW)=0

(6.3a)

(6.3b)
(6.3c)
(6.3d)

(6.3e)

Thermal limits for lines are omitted from this formulation for the simplicity, but are easily

introduced, with more detail in [143]. The constraint tr(MyW) = 0 enforces angle reference
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condition (zero angle for the slack bus). The positive semi-definiteness and rank-1 constraints are
imposed to ensure that there exists a vector such that W = XX Notice that since optimization
problem (6.3) has a rank constraint, it is still nonconvex. However, by removing the rank
constraint, we obtain a relaxation for semidefinite programming, which leads to the following

optimization problem that is convex.

(SDP-Relaxation) min Z BjPgj+v; JjEG (6.4a)
W.Pg Qg J
suject to
Active. Balance: Tr(Hj,W)=Pg;—Pg; jeN (6.4b)
Reactive. Balance: Tr(HjgW)=Qg;—Qq,; JEN (6.4c)
Gen. Limit: PT <Py ;<P Q7" <Qg,;<Q}" jeG (6.4d)
Volt. Limit: (VI < Tr(HjumW) < (V')?  jeN (6.4e)

W=0,tr(MoW)=0

This optimization problem (6.4) is a relaxation (SDP relaxation) of the optimization problem
(6.3), and may fail to have a rank-1 solution, in which case it provides a solution for W that is

no longer physically meaningful.

6.2.2 The limitation of Semidefinite Programming for STF

This section provides an example to demonstrate that the SDP formulation of OPF problem
may fail to produce physically meaningful solutions with Sparse Tableau Formulation. A two-
bus power system is illustrated in Figure 6.1. The standard SDP produces a rank-1 solution for
this system which has only one line as a network element present for the analysis.

The linear element equation for the transmission line is

n

1 —a+5gey 0 Zp Va| [0 65

0 -Yip(1+22h2) | 1 (1+2202)| |igp| |0 '
.i21.
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Pg1+jQga I, Vi g2 iy Vs

Transmission
Line

1.3+j0.2 (p.u)

0 +jO (p.u)

Figure 6.1: Two-Bus Example System

Let us define coefficients as

VAT ST B
1+ 5 = %2 +jad,
T1o = d + nq
12 :612 +Jﬂ12
Z12Y12
Y12(1 + 4 ) Y01i2 +.”’12

Then, we have four linear equality constraints with eight variables as

g1(X)EV1 a12V2 +a12Vq+ﬁ12 lo1— gziglzo

_ve_ dyvi_ 4 vyd, pgdq , ad:d _
82X)=Vy —ap Vi —ag,Vy + f1aig + Biais; =0

g3(X)= i(1i2 _YC1{2V2d ~11.Vs +C¥(1i2i62i1 afyig; =0
gaX)=ify~ 7’({[2Vq Y12Vd + ac112 19, +afyl gl =0 (6.6)

Two nonlinear active power balance equations are given (the point to be made is valid even

without inclusion of reactive power balance equations) as:

_yrd:d a9
P1=Viije+Vii

Py =Vgid + Vil (6.7)

The optimization vector X for the OPF problem consists of 4n; x 1 vectors of branch current
real part ¢ e and branch current imaginary part i% ft and the 2n; x 1 vectors of bus voltage
phasors real part iji and bus voltage phasors imaginary part V;’. The dimension of the decision
variable X is (4n; +2np) x 1, and here the resulting vector with the two-bus example is X =
[‘12’lc2£1’L12’ 12’Vd Vd vy Vq]T-

For the SDP formulation, key step is to construct the outer product matrix W = XX7T and

find corresponding coefficient matrices for the network element equation with transmission
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matrix and power balance equation. Unfortunately, linear equations cannot be incorporated
directly into the SDP formulation, so we need to introduce a real-valued slack variable ¢, and
this variable must satisfy ¢ = 1, indicating ¢ is either —1 or 1. For now assume that ¢ = 1.
Then, the modified variable is X =[i%,,%,,i%,,i%,,VZ,V{, Vi, V], c]”. Corresponding W = X X7

matrix and coefficient matrices for g1(x), g2(x), g3(x), g4(x) would be given as:

(‘.(112)2 i(1i2ig1 i5112V2q i(112c
iczilicllz (i‘zil)2 i‘zilc ﬁ?d
: . : 0 :
W= Vs ,8Cgq, = , similar structure for go,23,24
2t12
V2qiL112 vy Ve a?d
ci‘li2 c2 Last Column” | 0

(6.8)

Thus, we have equations tr(SCg, * W) = g1(X), tr(TSCg, * W) = go(X), tr(SCgq, * W) = g3(X),
tr(SCg, * W) = g4(X). Notice that coefficient matrices SCg,,SCg,,SCg,,SCg, have nonzero
elements only in the rightmost column and bottom of the matrix. This implies that none of the
individual variables in the W matrix not in the rightmost column and bottom are constrained
with linear element equations. Now construct the coefficient matrix SCp, for active power

balance equations as

A i c

1 q yva| .
SCp, = W= ,and¢r(SCp, * W) =Py
Vldizilz .

4 2
| ciTy

N[
o

DO

N[
]

(6.9)
The coefficient matrix SCp, has the structure that most elements are zero, and its corre-
sponding variables in the W matrix are highlighted by being circled in (6.9). These variables

are only present in power balance equations and in the objective function. With the objective
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function (6.3), we have

mui,n ﬁlpg,l +v1 (6.10)

where Pg 1 =tr(SCp, x W)+ Py 1.

RESULT 6.1. (limitation of SDP for STF) Numerical results for Figure 6.1 are given as
a counter example to illustrate a simple case in which the SDP approach fails to produce
physically meaningful solution for STF. Consider the network data; the voltage magnitudes
at all buses are constrained to the range 1.05 to 0.95, and line impedance are specified as

Z =R +jX =0.01+j0.1. The active and reactive power output limits of generator are given in

Table 6.1.

‘ Generator ‘ Pin (pu) ‘ Ppax (pou) ‘ Qmin (p.u) ‘ Qmax (P-0) ‘
1 [ o ] 2z | a | 1 |

Table 6.1: Two-bus generator output limits

The solution matrix W for this particular example is shown:

75453 0 00553 0 (0) o 0o 0 0
0 88418 0 0 0  -065 0 -01 0
00553 0 99279 0 -16799 0 (0) 0 0
0 0 0 88418 0 01 0 -065 0
w=1| (0 0 -16799 0 1022 0 0 0 0 (6.11)
0 -065 0 0.1 0 05138 0 0 0
0 0 (0) 0 0 0 0 0 0
0 -01 0  -065 0 0 0 05138 0
0 0 0 0 0 0o 0 o 1

First of all, notice that this W matrix is a positive semidefinite matrix, but rank is 9 (i.e., it
is full rank), which implies the solution is no longer physically meaningful. In terms of problem

constraints, all variables in the rightmost column and bottom of the matrix W, related to linear
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element equations, are selected to be 0. For power balance equation, observe that P, 1 are
determined by highlighted variables in the W matrix (6.9).

The optimization problem will seek to minimize P, to yield a minimum cost. The solution
matrix (6.11) shows that highlighted variables are selected to be 0 implying Vl"licll2 =0 and
qu i‘{z = 0. Thus, the resulting power balance equation for generator bus 1 with Py 1 =0 is
Pg1=tr(SCp, *W)+Py1=0= Pi’””. For load bus 2, corresponding variables are selected such
that V§'i¢, = —0.65 and V,/i?, = —0.65 implying Py = tr(SCp, * W) = tr(SCp, x W)+ Pyo =
0= -1.3+1.3 =0 with P42 = 1.3. In this particular optimization problem, these values are
satisfactory since with the increased number of variables in the W matrix, one may view the
many off-diagonal variables not involved in any network element constraints as “having the
goal of” making W a positive semidefinite matrix.

However, suppose that there exists a global minimizing solution for the problem, for which
the generator active power values are Pi’””. Therefore, highlighted variables should take
values Pg1 = Pi"i” (in this example, P, 1 = 0) without violating any other constraints in the
optimization problem. This proves impossible, because Pg 1 = Pi"i” leads to violation of power
balance equations, and a rank-1 solution is not guaranteed. Due to the increased size of W
matrix and decoupling of linear and nonlinear equations, SDP approach is poorly suited for use
with Sparse Tableau Formulation and this motivates us to develop a different approach to have

a convex relaxation problem.

6.2.3 The overview of QC relaxation and its Limitation for STF

Consider the line flow equations for a short transmission line representation, with this
line connecting (f,%), and bs; and g; representing the line susceptance and conductance
respectively.

Dft= gft(V}i”)2 —gftV}Z”Vtmcos(df —04)— bftV;thmsin(Gf -0y, (ft)eL
qri==bp (V"2 +bs V'V cos(Er 81— g V]'V*sin(7 = 81), (f)eL (6.12)
The QC relaxation seeks a convex relaxation of (6.12) associated with the nonconvex terms;

these terms are: (V;n)z, V]Z"Vtmcos(éf —4;) and V;"Vtmsin(éf —04). To find a convex envelope of
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cos(67 —6;) and sin(6f — 6;), the important a priori information that the allowable operating
range of voltage angle difference (6 —6;) is narrow. For example, if one a priori imposes the
bound | — 0| < 6™ with 6™ = Z, then the corresponding quadratic convex relaxation of cos

and sin with cs = COV(cos(6)) and ss = COV(sin(d)) can be given by

1-cos(6™%) 4

cs <1-
(5max)2
cs =cos(6™*), for cosine function
< max smax smax (6.13)
ss Scos( 3 )((5— 7 )+sm( 2 )
6max 6max 6max

ss zcos( 5 )(5+ 5 )—sin( 3 ), for sine function

From here, let us consider how line flow equations of the form (6.12) might be obtained
in STF version of the OPF. Let us suppose that the network element % is the line (f,¢). Then,

network element for the line (f,¢) in STF is represented as

Uka ik,a
Fk,v +Fk,i =0 (6.14)

Uk,b kb

Here we know that vy, =V, vpp =V, ipq =if; and ipp = isr. Solving for quantities i gives

= —(Fr) 'Frp (6.15)
. [
Lft Yy, matrix for element k Vi
srel | Vr Lfe Vi _ Ve
= ® == o |Fri)  Fry (6.16)
Stf Vi Lef Vi Vi
Thus, we have
pri=real(ss;)
qrt=1imag(sft) (6.17)

Observe the (6.12) is equivalent to (6.17), implying that the QC relaxation uses the Y-
based power flow equations. The Y3, s-based power flow equations eliminate the intermediate
variables i with the restrictive assumption that F, ; is invertible. The STF avoids this restriction

by explicitly retaining the intermediate variables i, but loses the explicit representation of
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voltage angle difference terms in the (6.14). Therefore, the QC relaxation that exploits bounds

imposing a narrow line angle difference, does not lend itself to application in STF version of the

OPF.

6.3 Sparse Tableau Relaxation

This section describes two alternative approaches to construct a convex relaxation problem

that is suited to STF for the OPF problem. The relaxation chosen is based on largely engineering

insights, rather than a more abstract mathematical reformulation. The approach takes the

advantage of STF relation of bus voltage/current variables and element variables by linear

equations, thus nonconvexity only appears in power balance at each bus with bilinear terms. Two

relaxations are based on the node admittance and node current variables for which appropriate

bound can be derived in a fashion that “contains” the originally specified active and reactive

power.

6.3.1 Standard Optimal Power Flow Problem

For clarity, here we restate the standard formulation of the OPF problem as

Active. Balance:

Reactive. Balance:

Line Power Flow:

Thermal Limit:

Gen. Limit:

Volt. Limit:

(S-OPF) min ) é;(Pg)) subject to

P g jeG

reallV © (YpysV)*1= Py~ Pg
imaglV o (Yp,sV)'1=Qz—Qq
S;=V,o(YpV)', S;=V,0(Y;V)"
§ <R, Si<Fl,

min max max .
Pj SPg,jSPj , Qmin,jSQg,jSQj 5 V_]EG

VRSV <V YjeN

(6.18a)

(6.18b)
(6.18¢)
(6.18d)
(6.18e)
(6.18f)

(6.18g)
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We defines Fg as the feasible region of S-OPF problem. This feasible region is typically
nonconvex. The following section describes STF of OPF problem, considers its feasible region

and constructs the convex relaxation of that problem.

6.3.2 Admittance-Based Convex Relaxation

Consider STF for power system networks, with specified F,, F';, A matrices, and variables
of port voltage v, port current i, bus voltage V, and bus current I. Then, STF of OPF problem in

rectangular coordinates as shown in Chapter 3 can be constructed as

(STF-OPF) U’i";l}?}l;;, gj;} ¢j(Pg ;)  subject to (6.19a)

Linear Element: real(Fy,uv+F;1)=0 (6.19b)
imag(Fyv+F;i)=0 (6.19¢)

KCL: real(Ai)=I? (6.19d)
imag(Ai)=19 (6.19¢)

KVL: v? =real(ATV) (6.19f)

v? =imag(ATV) (6.19g)

Nonlinear Element: real(VoI*)=—-Pg+P,4 (6.19h)
imag(Vol*)=-Qq4+Q, (6.191)

Gen. Limit: PP <Py <P QT <Qg i <QTY, VjeG (6.19j)

Volt. Limit: (VP2 < (V2 + (V)2 < (V%72 jeN (6.19k)

Curr. Limit: (i gp)? + L P <TP?, ke (6.191)

where £ indexes network elements and a/b represent port a and b for any two-port network
element k. Let Fgtr be the feasible region of STF-OPF problem. Notice that critical nonlin-
ear/nonconvex equations appear in (6.19h), (6.19i), (6.19Kk).

REMARK 6.1. (Equivalent feasible region) Fg = Fgrr. Notice that the Y3, can be obtained

from STF with the restrictive assumption (see Chapter (3.4)) that bus currents may be related
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to bus voltage via I = —A-(F;) ' -F, - AT V. This implies that the problem (6.19) can be used to
Yy
derive problem 6.18 as a special case. Minor differences will of course occur if different choices

are made (current magnitude versus apparent power) to impose line thermal limits.

The relaxation is first based on exploiting convex envelopes of bilinear terms in the power
balance equations (6.19h), (6.19i). To this end, the approach is first motivated by the fact that
at known power flow solution VJQ # 0 at bus j, there always exists a choice of Y; (admittance)

that would produce same P?, Q? such that

PY+jQ0=VIUN =VIY, V) = IV)IPY} (6.20a)
Y= i (6.20Db)
v '

With this observation, the key idea is to introduce an intermediate variable Y for bus j in
STF-OPF problem. Figure 6.2 describes this intermediate variable Y for load and generator
buses. Note that the sign convention of Y is determined with the power coming out of transmis-
sion system networks regardless of the bus type (load bus or generator bus). This implies that

the net injected current I; of bus j can be obtained with ~Y;V; = I; by Ohm’s law.

e e P jo) ye —(f§]+jQ§) y
T

P+ 0, Py +j0, Py +j0, Py +j0,
(a) Load Bus (b) Generator Bus

Figure 6.2: Substitution of the admittance variable for load bus and generator bus

6.3.2.1 Introducing intermediate variable Y

As the previous section described, the intermediate admittance variable Y = [Y7,...,Y,17
with Y7 = Yld + leq is introduced in STF-OPF and this replaces KCL, Nonlinear Element and

voltage magnitude limit, which results in the following optimization problem

(STFY-OPF) min Z ¢;j(Pg.;) subject to (6.21a)

0 VLY PyQy it
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KCL : real(Ai)=real(-Y o V)=-Y%0oVe+Y%0V? (6.21b)
imag(Ai)=imag(-Y oV)=-Y%oVI-Y90V? (6.21c)

Nonlinear Element: real(Vo(-YoV))=-Y%o(V™)?2= —Py+Pyg (6.21d)
imag(Vo(-YoV))=Y%0(V")?=-Q4+Q, (6.21e)

Volt. Limit: (VP < (VP < (VM) jeN (6.210)

Volt. Magnitude: (V2 + (Vi P =(V"?, jeN (6.21g)

(6.19b), (6.19c¢), (6.191), (6.19g) hold

where ij is voltage magnitude at bus j.

Let the problem and feasible region of (6.21) denote STFY-OPF and Fgrry respectively.
Compared to STF-OPF, additional nonconvex constraints (6.21b), (6.21c) are present in STFY-
OPF, which are again bilinear constraints. Square of voltage magnitude (V™)? = W% 2, ..., (V,;”)Q]T

is defined in (6.21g). Power balance equations (6.19h), (6.19i) are reformulated as by

Pj=reallV,(-Y,;V))*1=reall-Y (V,V )] = reall-Y; (V"}*1 = =Y {(V]")?

Q) = imaglVi(-Y,;V))* 1= imagl-Y; (V;,V )] = imag[—Yj*(V;n)2] = Y;I(VJ-'”)2

We subsequently modify this form with (6.21g) to obtain a bilinear form. Our focus is on
the nonconvexity appearing with bilinear terms in (6.21b), (6.21c), (6.21d), (6.21e) and circle
equation (6.21g). Possible advantage of this reformulation lies in the fact that nonconvexity
only appears at equations associated with individual buses and only corresponding local bus
variables are responsible for this nonconvexity. In other words, each nonconvex equation involves

small number of variables and are decoupled from one another.
LEMMA 6.1. (Equivalent Feasible Region) Fg = Fgrry.

Proof. (=) Suppose x = (V,S_g) is feasible solution for Fg. Then, this solution is also feasible
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v=ATV byKVL (6.19),(6.19g) (6.23)

i= —(Fi_lFU) -0 by linear element eq. (6.19b),(6.19¢) (6.24)

I=Ai byKCL (6.25)

I=-YoV byKCL (6.21b),(6.21c) (6.26)
-S +Sd

Similarly, Y can be directly determined by Y = which implies that if ¥ = (V, S_g) is

awvn?z ’
feasible for Fg, then it is also feasible for Fgrry. So Fs € Fsrry.
Now consider other direction (<). Let us again suppose that y = (E,Z,T,V,S_g) is feasible

solution for Fgrry. Then, feasible x = (V,S_g) can be determined by showing YoV =Y,,V.

Consider that
-YoV=Ai byKCL (6.21b),(6.21c) (6.27)
=-A- (Fi_l -F,)-v Dby linear element eq. (6.19b),(6.19¢) (6.28)
=-A-(F;'.F,)-ATV by KVL (6.190),(6.19g) (6.29)
— Y,V (6.30)

and this leads to having Vo(-Y oV)* =V o(Yy,sV)* = —Sg +Sd. This implies that if ¥ = (V,S,)
is feasible for Fg, then it is also feasible for Fgrry. So Fs 2 Fsrry. Therefore, Fs = Fgrpy. W

The nonconvexity in (6.21) may be attributed to the bilinear expressions of (6.21b), (6.21c¢),
(6.21d), (6.21e). Bilinear terms have been extensively studied in the literature and corresponding
convex envelopes are well-developed in the work of McCormick (MC) [22], [141]. The convex

envelope of the bilinear term z = xy, (x,¥) € [Xmin, Xmax] X [Ymin, Ymax] 18 given by

Lower Envelope: Z2ZXminY * YminX — XminYmin
Lower Envelope: Z = Xmaxy t YmaxX — XmaxYmax
Upper Envelope: Z=XminY + YmaxX — XminYmax

Upper Envelope: Z =Xmaxy t YminX — XmaxYmin
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Let us denote this convex hull as MC(xy) = (x,y,z). We use this result to construct convex
envelopes for bilinear terms (6.21b), (6.21c), (6.21d), (6.21e). In particular, we first define the
following new MC variables z1,; = ~Y?V®, 29 ; = Y1V, 23 ;= YV, 24 ;= -Y IV, wy ;=
—YJdew., wyj = Y;’Vfw. for each node j € N. In vector form, MC variables are expressed as
z21=-Y%0V%, 20=Y90V9, 23=-Y%0V9, 24 =-Y?0 Ve, w; =-Y?0(V,,)% wa =Y 0(V,)2
Observe that V¢ and V? do not have explicit tight bounds, but instead could have loose
bounds as —V™* < Ve V4 < V™ Even though their explicit bounds are loose, V¢, V7 are
predominantly constrained by network element equations (6.19b), (6.19¢) and voltage limit
(6.21f). Convex relaxation of constraints (6.21b), (6.21b), (6.21d), (6.21e) is obtained by the

following set of linear constraints.

21EMC(Y?0VY), 29e MC(Y?0V?Y)

23 MC(Y?0VY), z4e MC(Y?0VY)

MC-YCOV = { (6.31)
w1 € MC(Y? o (V™)2)

we € MC(Y Y 0 (V™)2)

The characterizations of the convex hull for remaining nonconvex constraints (6.21g) are

more problematic without additional information, but they can be relaxed as follows,
: . d\2 q\2 m\2 .
Volt. Magnitude: (Vj ) +(Vj) S(Vj ), jeN (6.32)

This relaxation implies that minimum voltage constraints are ignored; in practical appli-
cations, this might be unattractive because of voltage stability concerns. However, notice that
since higher losses occur at lower voltages, the natural tendency of the optimization will often

be toward solutions with higher voltages [37].

6.3.2.2 Finding upper/lower bound for variable Y

Since the quality of the MC relaxation considered in this chapter is strongly dependent on
the tightness of variable bounds, it is important to have a tighter bound for the variable Y.

An attractive property of introduced variable Y is that we can find a tighter bound for Y from
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knowledge of V™in ymax pmin pmax gmin gmax which contains the original feasible region

Fstr. Let us consider how such bounds can be identified.

e Load bus

Consider the power balance equation at load buses to derive the nonlinear function of Y

~(Pg+jQq)=-Y* o (V™) (6.33a)
Y= % (6.33b)
a_ Pa ¢ —Qd (6.33c)

(v Y= (Vm)2

Thus, we can obtain upper and lower bounds on Y by finding the optima in the following

low-dimensional problems:

Yriin = min((‘f)n‘f)2 ), d = max((‘fn'f)2 ) (6.34a)
Y:f”.n = min((‘_/ii()i2 ), Y.l = max((‘_/fi;lz) (6.34b)

all subject to  (6.21f)

Each bound is computed by checking end points of (V*)? and the unconstrained first-
order necessary conditions (FONC). However, equations (6.33¢) have no FONC so only (V™")2,
(Ve*)2 gre used to determine bounds for Y¢, Y?. Then, upper and lower bound on shunt

admittances at load buses can be easily obtained by

Y= min((VZ‘fn)2 ) (Vmax)2) (6.35a)
Vonas =maX((V§fn)z (Vmax)z) (6.35b)

min = min((vﬁf)y V,,Zf)2) (6.350)
Y 4 = max( (V,ﬁ,‘f)Q (V,Slf)2) (6.35d)

* Generator bus
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Similarly, consider the power balance equation at generator buses

(Pg+jQg)—(Pg+jQq)=-Y* 0 (V™) (6.362)
P P
y - eI+ Pa 300 6.36)
-P,+P,
= 4 ya- %} mgd (6.360)

Thus, we can obtain upper and lower bounds on Y by finding the following optima in the

following low-dimensional problems:

Yr‘im = min(%), ,Zax = max(%) (6.37a)
v - min(Q(i’/ m?zd ) Y2, = max(%) (6.37b)

all subject to (6.19j),(6.21f)

Similarly, each bound is computed by checking end points of (V™) Pg, Qg and the uncon-

strained first-order necessary conditions (FONC). However, equations (6.36¢) have no FONC

(Y8, = 2 #0with Py, YO, =225 # 0 with (V™)2) s0 only (V™in)2, (vax)2, pmin, pmax,

Q™" @™ are used to determine bounds for Y¢, Y 9. Then, upper and lower bound at generator

buses can be easily obtained by

p —P™in y Py —P™% 4Py —P™" 1Py —PT 4Py

min = min( (Vminy2 T (yminy2 ’ (Ymax)2 ’ (ymaxy2 ) (6.38a)
b e P By P By PR
i, -min( S0 G000 Q0020 @000) (aaso
RN e T et Y L VY i TR
Finally, we have
Y, sYisyl,. Yi, sYisYl, (6.39)

These bounds are feasible for the original feasible region and are used to construct MC
envelopes. Notice that the bound for intermediate variable Y is determined by simple and

computationally efficient calculation, with closed-form solutions, and these are added to the
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optimization problem (6.21). Let us denote the feasible region of STFY-OPF with (6.39) as
Fsrrys.

LEMMA 6.2. (Equivalent Feasible Region) Fs = FsTryB.

Proof. From LEMMA 6.1, we only need to show Fg € FgrryB. Suppose x = (V,S_g) is feasible

solution for Fg and ¥ = {YlYn‘fin <Y;<Yq Y < Y, <Y ..} Then, we want to show that

max’ =" min

-S,+8d .
2 .Since Y%, yd y?

(V)2 min’~ max’ = min’

) with S g“’x ,S g"i”,Vj’"i”, VJT”‘”, it is always possible to find a feasible Y =

there exists a Y such that Y =

(—Sg+Sd
(vn?

Y.} . are calculated as min/max

-S,+8d .
(IgVI)Z in the

region of Y. m

6.3.2.3 Convex Relaxation Problem for STFY-OPF

This section formulates the convex relaxation problem for STFY-OPF. Let us denote MC
variables z = (z1,292,23,24) and w = (w1,wsz). Resulting convex relaxation of Sparse Tableau

Formulation of OPF with admittance variable Y is constructed as follows:

(STFY-CONV) ViV }g:g;ym’z’wjé} ¢j(Pg ;) subject to (6.40a)
Linear Element: real(Fyv+F;1)=0 (6.40b)
imag(F,v+F;i)=0 (6.40c¢)

KCL: real(Ai)=—-z1+29 (6.40d)
imag(Ai)=—z3—2z4 (6.40e)

KVL: v? =real(ATV) (6.400)

v? =imag(ATV) (6.40g)

Nonlinear Element: —~w1=-Pg+Pg (6.40h)

we = -Qq+Qg (6.401)
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Gen. Limit: PP <Py i <P, Qminj<Qg;<@maxrj J€G (6.40j)
Volt. Limit: (iji”)Z < (VJ?")2 <(V"™)?, jeN (6.40k)
Volt. Magnitude: (V2 + v P=(V™?, jeN (6.401)
Curr. Limit: () + (), <TP?, ke (6.40m)
MC-constraints: MC-YCOV (6.40n)

Denote the problem (6.40) as STFY relaxation and the feasible region of this convex relax-
ation as F¢ . This feasible region is equivalent to convex region of the original problem. Notice
that since V¢ and V¢ have loose bounds implying that the variables z have loose MC convex
envelopes, this could be a problematic even though they are constrained by other equations
(6.40Db), (6.40c), (6.40m). Another MC variable w is only constrained by MC-constraints. We
will propose a heuristic method to improve the bound on variable z and important parameters,

which then influence the quality of the relaxation gap of variable w in the later section.

6.3.3 An Alternate Current-Based Convex Relaxation

This section formulates the convex relaxation problem for STF of OPF in slightly different
fashion. Instead of using the variable Y, we directly use net current I injection at each bus.
Let this problem and feasible region denote STFI-OPF and Fgrpy respectively. Advantage of
directly finding the bound on variable I is the reduced number of MC variables in the convex

relaxation problem.

6.3.3.1 Finding upper/lower limit for variable I

Even though it is not necessary to determine upper/lower limit of variable I to obtain a
feasible solution in the problem (6.19), it is important to have a tighter bound for the variable I
to apply McCormick envelope, to construct the convex relaxation problem. We will show that
one can always find a tighter bound for I from typical given data, which contains the original

feasible region Fgpg. For bounds on V¢,VY, the (6.41) below is used for this section.

—ymax cyd ya < ymax (6.41)
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e Load bus

Consider the power balance equation at load buses to derive the behaviors of injected current I

—(Pg+jQg)=Vo(D)* (6.42a)
I= _(R’ZV;{%) (6.42b)
_ —(Pg-jQq)
1= ~Pa-iQV 4§V (6.42d)
- (Vm)2 '
_ d _ q _ q d
e d‘(/V’n)ng ,yi-L d‘(fvr:)?dv (6.42¢)

Thus, we can obtain upper and lower bounds on I by finding the optima in the following

low-dimensional problems:

~PgVe-QqV9 ~PyVe-QqV9
d . d d d _ d d
Imin = mln( (Vm)2 ), Imax ( (Vm)2 ) (643&)
. (—=PVi+Q, Ve —P Vi+Q Ve
q q _

all subject to (6.19k),(6.41)

As in the admittance cases, each bound is computed by checking end points of variables and

the unconstrained first-order necessary conditions (FONC). However, equations (6.42e) have no

FONC (I¢, = 754 # 0 with V¥, I, = 794 # 0 with V7, 1%, , = PVHVY 2 0 with (V™)) so

only corner points are used to determine bounds for I¢, I9. With these, upper and lower bounds

at load buses can be easily obtained by

@@ masx = ~min(PaVitas, PaViki, )~ min(QaViias, @V, )
AQmin = X(P max’PdVer) max(QdV’(’Ilax’Qan[iin)
max = +max( max’QanGfle) mln(Pdeux’PanZm)

bbmzn—+m1n(Qd max7Qana}Lm) maX(Pdeux’PanZm)
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Therefore, its minimum and maximum can be obtained by

A0max AAmin AQmax  AAmin
mm mln((vmm)z Vmin)2 (Vmax)2’ Vmax)z) (6.452)
AQmax A0min  AQmax AAmin
max max((me)Z’ me)2’(Vmax)2 (Vmax)Z) (6.45b)
bbmax bbmzn bbmax bbmln
mm mln( me)z’ me)2’(Vmax)2’ Vmax)2) (6.45¢)
bb bb bb bb
q max an max min
Imax = max((me)2 Vmin)2 (Vmax)Z’ Vmax)2) (6.45d)
* (enerator bus
Similarly, consider the power balance equation at generator buses
Pe+jQg—(Pa+jQa)=Vo(D" (6.46a)
(Pg+jQs—Pq—-jQqa)* (Pg—jQz—Pg+j
_Yeg JQg d—JiQd) :( g JQg : d+iQaq) (6.46b)
V* Vd —jva
P,—jQ,— Py +jQy(Ve+jVe
1:( g~ Qg —Pa+jQa) iva) (6.460)
(Vm)2
P,VI-PVe4+Q,VI-QuVY -Q,VI+QaVe+P,VI-P VY
Id _ g d Qg Qd ’ 79 = Qg Qd g d (6.46d)
(V)2 (Vm)2

Thus, we can obtain upper and lower bounds on I by finding the following optima in the

following low-dimensional problems:

P,Ve-P;Ve+Q,VI-Q,uV?

Inin= min( Ty ) (6.47a)
P,Ve-P;Ve+Q,VI-QuV?
i —max( V" +QgV"~Qq ) (6.47b)
max (Vm)z
VeiiQ,ve+P,VI-P V4
 in = min|— "+ £ ) (6.47c)
(Vm)2
Q.Vi+Q,Ve+P,VI-P,V1
q _ g g
19, = max( e ) (6.47d)

all subject to (6.19j),(6.19k)

Similarly, each bound is computed by checking end points of (V™)2, Pg, Q; and the un-

constrained first-order necessary conditions (FONC). However, equations (6.46d) have no
d .

FONC (Id = oy # O with Py, Id = o # 0 with Qg, 1§ = (sz # 0 with Vy, Id = (Vm)Z #

d
0 with V,, Iflvm)z = }WW;W # 0 with (Vm)2) so only corner points are used to determine



138

bounds for I4, I,. Then, upper and lower bound at generator buses can be easily obtained

by
d d d d . d d
CCmax = max(Pmameax,Pmaxvmm,Pmmeax,Pmmem) mm(Pdeax,Pdem)
+max|QmaxVmax, @ QminVimax:QminVe. | -min|QaVe .., Qq VY
ax|Q@maxVmaxs @maxV, mm’ minVmax>¥minV i, 1 dVmax>9dV ,in

Ve

max>

PmmV

min

) max(PdV PdVd

. — 1t d
CCmin = mln(P max,PmaxV max> mzn)

min? Prin
+ Q Q QminVimaxQminVe. |- QiVimax,QaV,
min max maxy max mln’ min¥Ymax>®¥minV i, max|\gVmax,9d min
d d
ddmin mln(Qmax max,Qmax mm’Qmm max,Qmm mln)+max(Qd max’Qdein)

PanVmax’sznV

min

) max(Pdeax,Pd Ve

. q
+mln(Pmameax: maxV mm)

min’

d d
ddmm—max(Qmax max,Qmax mlnmezn max,Qmm mln)+mln(Qd max’Qdezn)

PanVmax’sznV

min

) mln(Pdeax,Pd Ve

+maX(Pmameax:PmaxV mm)

min’

CCmax CCmin CCmax CCmin

L =min( s (et (i) (6.492)
max((;i:zz;,(;;":;';2,(;;";2’;2,(;;";;’;2) (6.49b)
12, =min( Sner, Lnir, ddner Ldmi ) (6490
Ifyoe = max{ g Sl Comes Som ) (6.490)

Finally, we have
1., <I<It,,, 1! <I9<I%,, (6.50)

These bounds are used to construct McCormick envelope. Similarly, we consider MC envelope
for bilinear terms in STFI-OPF. Let us first define the following MC variables u1 ; = ijil;?,
ugj = VJQI?, ug; = —VJdI;%’, Ugj= VJ.qI;.i for each node j € N. In vector form, MC variables are
expressed as u; = V2oI% ug=V9019, us=-V3iol4, us = VI I%. Convex relaxation of

constraints (6.19h), (6.19i) is obtained by the following set of linear constraints.

u1 e MC(VeoI%), use MC(VIoI9)
MC-ICOV = (6.51)

use MC(V2o19), use MC(VioI%)
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Like STFY-CONYV, voltage magnitude constraints (6.19k) are relaxed as

Volt. Magnitude: (V;l)2 + (VJf’)2 <(V")?, jeN (6.52)

6.3.3.2 Convex Relaxation Problem for STFI-OPF

Let u =(u1,u9,us,uy) and the convex relaxation of STFI-OPF may be constructed below:

(STFI-CONV) min Z ¢;j(Pg ;) subject to (6.53a)
U’i’V’I’Pg’Qg’ujeG

Linear Element: real(Fy,v+F;i)=0 (6.53b)
imag(Fyv+F;i)=0 (6.53¢c)

KCL: real(Ai)=1I¢% (6.53d)
imag(Ai)=17 (6.53e)

KVL: v? = real(ATV) (6.530)

v? =imag(ATV) (6.53g)

Nonlinear Element: ui+ug=-Pg+Pg (6.53h)
—uz+us=-Qq+Qg (6.531)

Gen. Limit: PP <Py <P, QT <Q.<QT™, jeG (6.53j)
Volt. Limit: (V2 + (VI <(V]"*?, jeN (6.53k)
Curr. Limit: (i qp)? + ] P <TP?, ke (6.531)
MC-constraints: MC-ICOV (6.53m)

We denote problem (6.53) as STFI relaxation, and the feasible region of this convex re-
laxation as Fgpp. This feasible region is equivalent to convex region of the original problem.
Similar to STFV-CONV, V¢ and V¢ have loose bounds implying that the variable « might

have loose MC convex envelopes.
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6.4 Strengthening STF relaxations

6.4.1 Engineering-based Heuristic for Improvement of V¢ and V? Bounds

The proposed McCormick relaxation of the bilinear constraints are useful when good variable
upper and lower bounds are available. From the previous section, we have observed that V¢,
V4 have loose bounds, or their bounds are not given. However, we might have a better idea if we
have angle constraints; the FERC report [37] discusses a linear representation of the voltage
constraints that helps in this regard. This section suggests heuristic method to improve bounds
of variable V¢, V7 based on the concepts of [37]. We introduce the following assumption.

ASSUMPTION 6.1. (Voltage angle bound) Suppose that 6°€ is bus voltage angle solution
from the DCOPF problem. Suppose the feasible solution of bus voltage angle 6 for the problem
(6.19) stays within A§ of DCOPF solution 6°€, i.e., suppose each bus voltage angle § j can be
bounded by

67¢-N6<6;<67C+n5, jeN

where AJ is specified. This implies 5;.”"” = 5? C_As, 5;?“” = 5? € 4+ A6 and graphical interpreta-

tion of this assumption is depicted in Figure 6.3 below.

A , DC-OPF Sol.

Bound onV/ d ,V d
Exact
region
Relaxation
_ -~ region

Vd

(a) Voltage angle constraints (b) Feasible Region

Figure 6.3: Voltage angle constraints with DCOPF solution

Figure 6.3a illustrates the DCOPF solution 6P€ as the center point, with the feasible

range of bus voltage angle 6 with +Ad of this center. Figure 6.3b describes each feasible
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region in detail with dashed line for relaxation region and solid line for exact nonconvex
region. The resulting relaxation region is convex and contains most of the nonconvex constraint
set. From the construction in Figure 6.3a, we can find a bound for de, qu with four points

Aj= (A?,A?),Bj = (B?,B?),Cj = (C?,C?),Dj = (D?,D?). These points are calculated as

(Vmin)Z
d _ J q _ maxypd
A7\ Tran@rpeny > A7 =104

(Vminy2 .
B9 = l B9 =tan(6™")BY?
J 1+(tan(5;.mn))2 J J J
max 2
(Vimex)

cé= CY = tan(6™*)C?
T\ T+ tan@ey2 an(0;7C;

Dd (ijax)2

— DY=tan(s™™)D?
7\ L+ Gan@mimz’ ;o

Therefore, V¢

min,j

—min(A2 BE 0d pdy yd
=min(A7,B7,CS,D7), V,

d - =max(A4, B4 C? D% and V! ~=minA? B?C? D),
5J J J J J J J J J

min,j
ve = max(A?,B;I.,C?,D?). Additionally, three linear voltage cuts (LIN-VOL), 1) upper volt-
age angle cut 2) lower voltage angle cut 3) lower voltage magnitude cut for minimum voltage

magnitude limit, can be formulated as

qu < tan(éymx)de = Upper voltage angle cut

V;I =tan(6 ;."i”)Vin — Lower voltage angle cut
LIN-VOL =<

ng -« j(de - A;.l) + A;‘.’ =0 fora<0 = Lower voltage magnitude cut

~Vi+aj(vi-A%)-A120 fora>0

(6.54)

A?-BY

R J J

where a; = yrTE
J J

Finally, tighter bounds given with A,B,C,D for V¢,V 4 variables are used to construct (6.39),
(6.31), (6.50), (6.51) and LIN-VOL equations (6.54) are added to (6.40) and (6.53) to strengthen
the convex relaxation. In this thesis, Ad = 20°,25°,30° are used for case studies. An algorithm
finding a guaranteed upper bound of Ad for use would be valuable to improve this section. For

example, recent attempt to find error bounds on the DC power flow is studied in [144]. This
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work can be easily extended to find a upper bound of A§, but leave for future work to investigate

the impact of upper bound.

6.4.2 Importance of Active Power Injection Bounds

The other important factors for this convex relaxation problem are MC variables w; €
MC(-Y? o (V™)?), wy e MC(Y? @ (V™)2). These MC envelopes are strongly dependent on vari-
able bounds for the square of voltage magnitude (V™)? and admittance variable Y. Similarly,
for STFT relaxation, MC variables u1, ug are strongly dependent on variable bounds of V and 1.
In this section, we focus on the variable w; due to its direct appearance in the objective function
of optimization problem; a similar property holds for the other variable u1. Notice that bounds
Vj’”‘”, Vj’”i” for voltage magnitude are typically very narrow in OPF specifications, which im-
plies the quality of w; is strongly dependent on bounds for real part of admittance variable
Y<. The bound of admittance variables is constructed with the equation (6.39) by checking
end points of (V™)2, P, and Q. Again, since bounds of voltage magnitude are quite narrow,

P™ gnd P™" would substantially determine the gap between Y,fl1 ;n, and Y2 . Notice that MC

max:*

lower/upper envelopes are linear constraints constructed with bounds V™' ymaex pmin pmax

and the MC envelope for the bilinear term Y ¢(V™)? is shown in Figure 6.4.

McCormick Envelope of Bilinear term Yd(V"")2

Lower MC

0.5 Upper MC Envelope

Envelope
Exact

Yd(vm)z

(Vm)Z 0.8 -0.8 d

Figure 6.4: McCormick Envelope for the bilinear term Y ¢(V™)2

In terms of convex relaxation, we want to have as small a relaxation gap as possible between
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the exact bilinear term and upper/lower MC envelopes. A tighter relaxation gap is obtained when
narrow bounds for P, are given, which indicates the small gap between P™" and P™%*, The
diagonal line (2D) from the 3D plane in Figure 6.4 is taken out for a better look and relaxation
gap strongly dependent on P™%* and P™" is depicted in Figure 6.5. The first generator from

the casel4 bus system of MATPOWER [23] is used as a representative example.

; i dn m2
1McC0rmlck Envelope of Bilinear term Y" (V™) McCormick Envelope of Bilinear term Y4(v™)?
10
The original bound : Relaxation The reduced bound : Relaxation
OF |pMa = 33940 and P™" = 0 gap ~ 0.5 0F [p™ = 1 6620 and P™" = 0 gap ~ 0.25
1r -1
IR N
£ 1S
22 227 — i)
< —ydm2 kel
> YI(VT) > ——Lower Envelope
-3r ——Lower Envelope -3F —_—
R Upper Envelope
a4l Upper Envelope al
5 . 5
-4 3.5 3 2.5 -2 15 1 0.5 0 -4 35 3 2.5 2 15 1 0.5 0
d
& Y
(a) The original bound for Pg (b) The reduced bound for Pg

Figure 6.5: McCormick envelope of generator 1 for the casel4 sytem

Figure 6.5a shows MC envelopes with the original bound for Pg; P™%* = 3.3240 and PmMin =
and its relaxation gap defined as the longest distance between lower and upper envelope is
approximately equal to 0.5. On the other hand, Figure 6.5b shows MC envelopes with the
reduced bound for Pg by 50%; P™%* = 0.5P™%* = 1.6620 and P™in =, Corresponding relaxation
gap is approximately equal to 0.25 reduced by half from the original bound of P,. This example
demonstrates that tighter bounds on P, are important to have a tighter relaxation solution. We
use this important observation to improve STF relaxations with two techniques; 1) sequential

bound tightening (SBT) and 2) reduced spatial branch-and-bound (RSBB).

6.4.2.1 Sequential Bound Tightening

The basic idea of bound tightening is to derive tighter valid bounds to improve relaxations

before solving (6.40). Based on the importance of active power injection bounds, we are interested
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in shrinking the bounds of active/reactive power generation. To this end, approach here is based
on sequential bound tightening (SBT) [145]. Let x, ; = (P j,Q¢, ;) and we solve slightly modified
STFY relaxation, which is shown as (6.55). For each x, ;, we first solve (6.55) where we minimize
Xg,; and then solve (6.55) where we maximize x ;. In both cases, constraint (6.55a) that bounds
the original objective function of (6.40) with a best known feasible solution x*° . ¢ is added, which
is shown to be useful. This technique is iteratively applied to tighten the bounds of the variable

Xg, j. Algorithm 1 describes the pseudocode of SBT.

Algorithm 1 Sequential bound tightening on Pg,Q; vector

Lmin up ___ ,.max min — ,max loc
Input: x g.J xg,J v Xgj xg,J » Xgjiter = Xg.jiter » Xg;» TOL>0.
_ .min xmax
1: while ng’J xg,j,iterl and ngj Xy lterl > TOL do
. amin o max up
2 X jiter T Ygjp¥gjiter T Vg,
3: Solve:
(x;’f;”)* =minxg;; (7)) =maxux,;; jeG
. ~ l
subjectto Y &j(Pg )< ). ¢j(P) (6.55a)
jeG jeG
(6.40), LIN-VOL (6.55b)
min . max .
Xgiiter S%Xg,jS%g iiter jeG (6.55¢)
lo miny* up max\*
4:
Ry g ) Xy (i)

5: end while

6: return xé"l ul; (tightened bounds)

6.4.2.2 Reduced Spatial Branch-and-Bound

Second technique to improve STF relaxations is spatial branch-and-bound (SBB), a type of
branch-and-bound method used for the global optimization of nonlinear programming, which
branches in continuous rather than discrete variables [146]. The main idea of SBB is to divide
the problem into smaller subproblems by branching the variables, which recursively define
partitions of feasible set into two sets, and finding sequences of approximate solutions which
converge to the actual solution. Since the bounds of variables is tightened during the branching

process, the MC relaxation will become increasingly better. As an example, if the solver branches
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(a) Sequential bound tightening (b) Spatial branch-and-bound

Figure 6.6: Conceptual feasible regions of bilinear term x;x; based on SBT and SBB

on x; at point b, two new nodes would be created with stronger relaxations. Conceptual feasible
regions for bilinear terms based on SBT and SBB are shown in Figure 6.6.

However, explicit enumeration of all solutions is normally impossible due to the exponen-
tially increasing number of potential solutions. Therefore, we propose reduced SBB (RSBB) for
finding a near-global solution to improve STF relaxations, rather than finding a global solution.
Based on the observation that we obtain a relaxation solution (infeasible solution) which mostly
shows up as violations (w1, # Yid (Vi’"‘)2 and wo; # Yiq(Vim)z) in power flow equations, the goal
is to have wy; = Yid(Vim)2 and wg; = Yiq(Vi’")2 at all bus i as a near-global solution. Algorithm 2

describes the pseudocode of RSBB for finding a near-global solution.

6.5 Case Studies

In this section, we present empirical case studies to evaluate the proposed convex relaxation
for Sparse Tableau Formulation of OPF problem. The STFY and STFI relaxation are evaluated
on standard IEEE instances available from MATPOWER [23]. Problems are formulated in
GAMS and the conic interior point solver MOSEK 8.0 [147] is used to solve STF relaxations
(STFY and STFI). Nonlinear solver KNITRO is used to solve typical ACOPF problem. The test
cases range from 14 buses to as many as 3000 buses, and included one additional RTS96 test
system [90] that does not appear in the MATPOWER distribution.

Notice that we have discussed the importance of active power injection bound and some

test cases (typically small test systems) have significantly larger values for the active power
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Algorithm 2 Reduced spatial branch-and-bound

1: Initialization: Set the convergence tolerance TOL, the upper bound U from the original
nonconvex problem (6.19), the lower bound L from the STFY relaxation (6.40) and relaxation
solution wll,wé,Ydl,qu,(le). SBT may be performed during this step.

2: Choice of Region: Choose a subregion of the problem to be explored. For the initial stage,
a subregion is equal to a single region encompassing the set of all variables and their ranges.
After the branching, the region with a larger lower bound is chosen. If needed, explore other
regions.

3: Check region:

If [w! , — YA (V2| and lw) , - Y'(V/*)? < TOL for all i, then w),w}, Y%, Y%, (V™) is a
near-global solution. If not, the algorithm proceeds to the next step.

4: Branching: The region is split into two subregions. Bus i is selected as i* <
argmaxi(lwll’i - Yidl(Vi’”l)zl, lez’i - Yiql(Viml)zl). Then, depending on the location of i*,

active (d) or reactive (q) power flow equation, we branch on the variable Yi‘f/q using
¥ <y <p}and (b < Yi(f/q < Yi‘f/q } where b is the middle point of Y+ i, and

i*,min i ,max
Y+ max. Then, for each region, lower/upper bounds for Yi(f/q are appropriately replaced with
b.
5: Lower Bound and Pruning: The (6.40) with each region is solved to give a lower bound /
with solution wll,wlz,Ydl,qu,(le). If the region has [ > U, it is discarded.
6: Upper Bound: The (6.19) with each region is solved to obtain a upper bound u. if U > u,
set U = u and go to step 2.

generation bound. This may be explained by the fact that some test cases were created for
the purpose of only power flow, with the consequence that active power generation bounds are
arbitrarily set up. For example, casel4 bus system contains 0 value for minimum active power
generation bound and this is very unrealistic. Therefore, each test case is conducted with two
groups; 1) given bounds (GIVEN) for active power generation and 2) GPi€, subset of generator
buses G, 30% of generators are selected in descending order based on P™%* with the physical
justification that they might represent large-size, base load generators such as nuclear plants
which often have narrow bounds. Thus, their active power generation bounds are adjusted to be

narrow (NARROW) such that

NARROW-1: P4%(1-0.05)< Py j<P{°(1+0.05), jeG"®  (6.56)

NARROW-2:  P#¢(1-rampdown,) <P, ; < P#‘(1+rampup)), jeG™®  (6.57)

where ijc is active power generation solution from the original ACOPF problem. NARROW-1

bounds the active power generation to be within 5% of P}w. NARROW-2 bounds the active
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power generation to be within ramp rates of P}“C, calculated by [148]. Different values of angle
bound A¢ are considered for case studies. For example, case14(20) is casel4 bus system with
Ad = 20. Comparison is conducted with two separate categories, 1) different values of A with
(GIVEN) and 2) fixed Ad =20 with (GIVEN) and (NARROW).

Relaxation gaps are used to evaluate the quality of various relaxations after a feasible
solution from typical ACOPF and a relaxation solution are obtained. Relaxation gaps in this
section are given as ratio:

Gap(%) - local —relaxation « 100
local

where local refers to the solution obtained by the nonlinear solvers on the ACOPF problem, and
relaxation refers to the lower bound produced by the various relaxations. Smaller ratio implies
tighter relaxation solution (tighter lower bound for the original problem), and 0% indicates the

local solution is actually a global solution.

6.5.1 Evaluation

This section evaluates established STF relaxations. SDP and QC relaxation are not consid-
ered due to their reliance on the Y3, s for OPF problem. Thus, three formulations are considered:
1) typical ACOPF, 2) STFY relaxation and 3) STFI relaxation. A selected subset of the results are
presented in Tables 6.2-6.3. Notice that lines’ thermal limits are imposed with apparent power
for ACOPF and current magnitude for STF relaxations. A selected subset of the results are
presented in Tables 6.2-6.3. For these test systems, it is important to recognize that small test
systems (casel4 and case300) have significantly larger bounds on active power generation P,
and P™" being 0 which is not realistic, while large test systems (case2736sp and case3375wp)
including RTS96 have reasonable bounds on Pg.

Table 6.2 illustrates relaxation gap of STF relaxations with different values of Ad. It is
easy to see that small Ad values produce a small relaxation gap as expected from Figure 6.3.
Notice that test cases of casel4 and case300 exhibit a significant relaxation gap. In contrast to
this, the remaining test cases of RT'S96, case2736 and case3375 provide a relaxation gap of <

30% and are not strongly dependent on the Ad value. In particular, RTS96 obtains very strong
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ACOPF STFY relaxation STFT relaxation
Obj ($/h) | Time (sec) | Gap (%) | Time (sec) | Gap (%) | Time (sec)
casel4 (A5 = 20) 8081.51 0.3 56.14 0.3 67.33 0.3
casel4 (AS = 25) 8081.51 0.3 61.20 0.3 84.52 0.3
casel4 (A = 30) 8081.51 0.3 66.72 0.3 99.76 0.3
RTS96 (A6 = 20) 240444.08 0.4 2.03 0.4 2.27 0.4
RTS96 (AS = 25) 240444.08 0.4 2.03 0.4 2.27 0.4
RTS96 (A = 30) 240444.08 0.4 2.03 0.4 2.27 0.4
case300 (A = 20) 719721.13 0.4 63.91 0.7 79.75 0.6
case300 (A = 25) 719721.13 0.4 70.48 0.7 95.91 0.6
case300 (A = 30) 719721.13 0.4 76.49 0.7 99.8 0.4
case2736sp (A5 = 20) | 1307883.12 2.5 27.67 3.5 27.67 3
case2736sp (A5 = 25) | 1307883.12 2.5 27.67 3.5 217.67 3
case2736sp (AS = 30) | 1307883.12 2.5 27.67 3.5 217.67 3
case3375wp (Ad = 20) | 7412030.67 11 13.40 12 13.40 18
case3375wp (AS = 25) | 7412030.67 11 13.40 12 13.40 12
case3375wp (A8 = 30) | 7412030.67 11 13.40 13 13.40 12

Table 6.2:

Comparison of STF relaxations with different Ad values

relaxation solution. Reason is that small test systems (casel4 and case300) have significantly

larger bounds on active power generation P, and P™" heing 0 which is not realistic, while

large test systems (case2736 and case3375) including RTS96 have reasonable bounds on Pg.

This may be explained by the fact that those test cases (casel4 and case300) were created for

the purpose of only power flow, with the consequence that active power generation bounds are

arbitrarily set up.

Table 6.3 illustrates the impact of bounds of P, variable. We observe that test cases of

RTS96, case2736sp and case3375wp have reasonably tight bounds for the P, variable. This is

especially true for RTS96, which was developed as a test system for assessing reliability. Thus,

STF relaxations provide a strong relaxation solution for the RTS96, case2736sp, case3375wp
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ACOPF STFY STFI
Obj ($/h) Time (sec) | Gap (%) | Time (sec) | Gap (%) | Time (sec)

casel4 (GIVEN) 8081.51 0.3 56.14 0.3 67.33 0.3
casel4 NARROW-1) 8081.51 0.3 23.77 0.3 23.77 0.3
casel4 (NARROW-2) 8081.51 0.3 20.26 0.3 23.77 0.3
RTS96 (GIVEN) 240444.08 0.4 2.03 0.4 2.27 0.4
RTS96 (NARROW-1) 234478.97 0.4 0.72 0.4 0.72 0.4
RTS96 (NARROW-2) 238532.98 0.4 0.55 0.4 0.55 0.4
case300 (GIVEN) 719721.13 0.4 63.91 0.7 79.75 0.6
case300 (NARROW-1) 719721.13 0.4 34.51 0.7 34.61 0.6
case300 (NARROW-2) 719721.13 0.4 33.82 0.7 33.91 0.4

case2736sp (GIVEN) 1307883.12 2.5 27.67 3.5 27.67 3

case2736sp (NARROW-1) | 1290131.73 2.5 3.74 3.5 3.74 3

case2736sp (NARROW-2) | 1304510.67 2.5 1.23 3.5 1.23 3
case3375wp (GIVEN) 7412030.67 11 13.40 12 13.40 18
case3375wp (NARROW-1) | 7292990.02 11 3.46 12 3.46 12
case3375wp (NARROW-2) | 7356810.91 11 2.20 25 2.20 13

Table 6.3: Comparison of STF relaxations with fixed Ad =20

test systems. Significant improvement on the optimality gap is achieved with NARROW-1
and NARROW-2 for test cases of casel4 and case300, that showed a large optimality gap
previously. This is due to the reduced bound on the P, variable. It is interesting to note that
the computational time for STF relaxations is quite attractive, which are as fast as the original
problem even in our preliminary, “less than optimized” implementations. STFY relaxation is

slightly stronger, but slower than STFI relaxation.

6.5.2 Enhancement

Based on the results of previous section, this section employs SBT and RSBB techniques to
enhance relaxation solution for casel4 and case300 with unmodified bounds for active power

generation, which show significant relaxation gap with basic STF relaxations. For this section,
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0.001 of TOL 1is used for SBT and 0.035 of TOL is used for RSBB (smaller value of TOL could
be used with minor improvement). The value of 20 is used for Ad and resulting relaxation gap

is shown in Table 6.4.

STFY Relaxation Gap

Basic | SBT+RSBB
caseld | 56.14 6.1
case300 | 63.91 12.69

Table 6.4: STF relaxations with SBT and SBB

For both cases, we obtain stronger relaxation solution as a near global solution satisfying
wi,; = Yid(Vl.’")2 and wg; = Yiq(Vi’”)2 for all bus i with minor violations in voltage magnitude

limits.

6.5.3 Application

In the previous section, it is demonstrated that STF relaxations show the advantage in
computational speed and strength under the condition that active power generation P, has a
narrow bound. This section examines a modification of the OPF problem that is typically very
computationally challenging, but which may have features well-suited to STF relaxations.

APPLICATION 6.1. (Corrective SCOPF) The problem that STF relaxations are best suited

might be the corrective SOPCF problem, which is expressed as follow:
min  f°(x°,u”) (6.58)
x,u
subject to
g, u)=0, ¢=0,1,2,..,cc

h¢(x%,u) <0, ¢=0,1,2,...cc (6.59)
u®-u| <K, ¢=1,2,..cc (6.60)
Here, the amount of corrective control that can be adjusted is limited by an amount K¢ and

the pre-contingency control setting u°. K¢ is the maximum change for the post-contingency

control variables and it could be calculated as a product of an assumed time horizon allowed for
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corrective action 7° and assumed maximum rate of change of control variables in response to

contingency ddi;max, thus
du®
Ke=T° (6.61)
dt max
For control variable ©¢ = P,, maximum rate of change could be ‘%Cmax = ramp rate which

can be computed as before and is typically narrow. Thus, if we assume that u° is given by a
solution from power flow or ACOPF or preventive SCOPF problem and seek to find a control
adjustment to satisfy post-contingency constraints, STF relaxations can be used to solve the
problem (6.60) and obtain a tight relaxation solution since a bound on Py is very narrow. Further,
lower bound for K¢ that the system is secure can be determined by lowering the value of K¢ from
certain value until the problem becomes infeasible. In fact, if the size of the SCOPF problem
becomes large exceeding the computer memory or speed requirement with many contingency

constraints, one should use linearized or relaxed SCOPF problem [149].

6.5.4 Discussion

As previously noted, convex relaxation for AC optimal power flow is of great interest because
of its ability to (often) obtain a global solution or sufficiently good solution. Many sophisticated
and novel approaches for this convex relaxation are proposed and numerous further efforts are
suggested to have a stronger relaxation solution for ACOPF problem. A vast majority of these
approaches have been developed using the Y3, matrix representation.

It is, however, important to consider other grid representation such as STF which also
appears in [150], [151], [152] since grid sees rapid changes in its component technologies,
operational objectives and computational tools. This chapter is the first attempt to find a
convex envelope of ACOPF problem with more general grid representation using STF. Our
test-based observations indicate that STF relaxations show satisfactory results for some test
cases, but not for some other test cases. Then, by exploring its bilinear terms, SBT and RSBB
are introduced to enhance STF relaxations. Significant improvement is made for small systems,

but computational challenges remain for large systems. To this end, parallel computation can



152

be used for SBT and novel branching rules and the node priority would improve RSBB. Based

on the numerical examples, several key points of STF relaxations are made as:

¢ STF relaxations show advantage in computational time, sometimes considerable and are
comparable to original nonconvex problem since it has fewer nonlinear constraints needed

to be relaxed. STFI relaxation is bit faster than STFY relaxation.

* STF relaxations shows strength under the condition in which narrow bounds for P,

variable are given. STFY relaxation is bit stronger than STFI relaxation.

¢ SBT and RSBB can be applied to enhance STF relaxations, but computational challenges

remain for large systems.

Obviously, approaches presented here would not be the only way to find a convex envelope
of STF for ACOPF. The fact that STF retains a much greater number of intermediate variables,
and a much greater number of (but simpler) equations, compared to nodal analysis, suggests

that it may offer many other opportunities for useful relaxations.

6.6 Conclusion

In this chapter, we have studied a convex relaxation for OPF that exploits the Sparse
Tableau Formulation (STF) of network and component constraints. Two simple engineering-
based relaxations of STF based on the node admittance and current are described. Methods to
improve the quality of relaxation solution are discussed, exploiting (when available) bounds
on bus voltage angles and active power generation. Numerical experiments showed that the
computational time for STF relaxations is comparable with original problem due to the fewer
nonlinear equations and STF relaxations provide a tight relaxation, displaying objective value
within a few percent of local optima of the original problem, under the condition that reasonably
tight bounds can be provided on generators’ active power. Enhancement as finding a near global
solution is described with SBT and RSBB.

There are several natural paths for further exploitation of STF in OPF. 1) Work here

represents the first attempt to identify a useful convex relaxation enabled by STF. An alternative
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and innovative technique to find a convex envelope of STF for ACOPF would be worthwhile. 2)
As an immediate improvement to results here, analytical methods to assign an upper bound on
voltage angles A would be very valuable. 3) Tightening McCormick envelope using sequential
and dynamic partition [145] would be also great interest since the critical source of nonconvexity

for STF of OPF problem is bilinear constraints in terms of power balance equations.
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CHAPTER

Advanced Modelling of DERs and UPFC devices with

Sparse Tableau Formulation for ACOPF

7.1 Introduction

The growing trend towards deployment of distributed and renewable resources in the electric
grid clearly impacts decision problems in grid optimization. Historically, the primary decision
variables impacting operational cost and reliability were associated with large, central station
synchronous generators. Technological trends suggest these variables will need to be expanded
to include decisions relating to the distributed energy resources (DERs) [153], [154]. However,
the deployment of DERs at the distribution level also suggests that other elements may enter
the optimization model, such as the substation configurations at DER interconnection points.
Moreover, because many of the distributed resources are wind or solar, their output is often
stochastic, following patterns of wind speed or solar isolation. These properties increase the
variability and uncertainty of power flows, and change how the electric grids are designed,
controlled and protected [155]. For example, with the typical configuration of distribution

system networks (high resistance to reactance ratio), voltage magnitudes are sensitive to real



155

power injections of DERs and high penetration of DERs could cause voltage rise issues [156]
that impact the system up to the transmission level. As a result, careful consideration of DERs

in optimal operation of the transmission network is required.

In addition, it is often valuable to enhance power flow capability and controllability within
transmission network to support more DERs. Flexible AC Transmission System (FACTS)
devices offer an attractive mechanism to achieve this [157], [83], while also helping to improve
voltage/system stability. The Unified Power Flow Controller (UPFC) provides an example
of a particularly versatile FACTS device [158], with its ability to control both the real and
reactive power flow through, and the voltage across, a transmission line. As more DERs are
deployed, these network control capabilities will likely become more valuable, and motivating

this chapter’s study of optimization tools to facilitate deployment of DERs with FACTS devices.

For steady-state analysis such as power flow (PF) and optimal power flow (OPF), the
majority of existing modeling approaches formulate network equations via the bus admittance
matrix Yp,, based on a strict nodal analysis [9]. However, from a circuit standpoint, strict
nodal analysis disallows many standard circuit elements such as circuit breakers and branch
voltage sources, because it requires that each element current(s) be expressible as a function
of its voltage(s). These limitations would impede accurate representation of network elements
such as UPFC that can be accurately represented as the series voltage source, together with
the real power coupling to the sending-end bus [159], [160], [161]. Moreover, in most existing
transmission planning studies, DERs are netted with the distribution system load at the
transmission level (DERs are treated as negative load). However, for high penetration of DERs
scenarios, netting of DERs with loads at the substation is not recommended [155]; rather, they
should be modeled in fashion reflecting their dynamic characteristics and steady-state output.
This is a very vast literature, but some research works to formulate OPF with DERs as decision
variables include [162], [163], [164]. In particular, [163], [164] formulate OPF as semi-definite
programming based on nodal analysis (Y3,). In [154], the author formulates OPF and analyses

the impact of DERs on electricity markets with detailed representation of distribution networks.

Detailed representation of substation configurations, as part of accurate modeling for
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high penetration of DERs, presents a challenge to simple nodal analysis and Y}, based rep-
resentations. For example, there is growing recognition of the importance of node-breaker
representations [11], [12] to allow representation of circuit breakers in substations. Because
nodal analysis is unable to directly represent a circuit breaker as a network branch element,
one widely adopted work-around for power flow studies is that of “topology processing.” Oversim-
plifying slightly, topology processing merges or separates buses based on breaker configuration,
and constructs a distinct (and possibly differently-dimensioned) Y3, for each case. In many
applications, topology processing has been viewed as too cumbersome for incorporation into
OPF studies. If one did wish to keep standard Y3, based OPF formulations, this approach
would carry with it cumbersome data conversions and verification of each possible breaker
configuration of interest. Note that the number of possible configurations grows exponentially
with the number of breakers considered. This chapter pursues an alternate modeling philosophy,
in which circuit breakers are directly modeled as network elements, with an open or closed
position a binary parameter associated with that one individual element. The approach here
will not change the network topology for each breaker position change, but rather change only

one parameter within one network element.

Using this modeling philosophy, this chapter seeks to develop advanced modeling of power
system networks for the accurate representation of substations with high penetration of DERs
based on the node-breaker model and UPFC devices to appropriately study their impact. We
employ the previously described Sparse Tableau Formulation (STF) from Chapter 3, which
provides a very general circuit modeling approach. STF facilitates model construction that is
versatile, accurately representing network elements such as circuit breakers (important for
representation of substations with DERs) and ideal voltage sources (important for represen-
tation of UPFCs). This novel modeling method is applied to solve ACOPF that include DERs
and UPFCs, and the impacts of these devices (and the new decision classes of variables they

introduce) are analyzed in case studies.

The organization of this chapter is as follow. Section 7.2 reviews STF for standard power

system networks. Section 7.3 describes STF for modeling of DERs based on the node-breaker
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model and UPFC devices. Then, it is applied to formulate OPF problems. Numerical case studies

are presented in Section 7.4, and the conclusions are drawn in Section 7.5.

7.2 Background: Sparse Tableau Formulation

This section briefly reviews the previously introduced STF, and demonstrates the versatility
of STF for representing network elements, offering different modeling approaches while being
computationally efficient. With variables v,i,V,I (port voltage/current and bus voltage/current),
parameters F,,F;,A,I (network element matrices, node-to-element incidence matrix and ap-
propriate dimension of identity matrix), STF for standard power system networks is expressed

as

(=]
(=]
S »
<
~N

v|=10 (7.1)
0

Notice that the equation (7.1) is a general modeling approach for grid element models
and network representations. Note also that treatment of power nonlinearity is saved for a
subsequent step, because (7.1) treats only linear voltage/current relations. Elements such as
circuit breakers and ideal voltage sources can be accurately modeled with STF. To facilitate
STF, consider standard power grid elements (transmission line and transformer), whose per

phase, positive sequence behavior can be represented as two-port element shown in Figure 7.1.

Uea i
e — —
+ Two-port +
Network Element

Via View

_ —

Figure 7.1: Two-port representation for network elements

In this context, port a quantities are typically “sending end” positive sequence voltage and

current, and port b quantities are “receiving end.” Then, the linear element equations for each
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individual network element % can be expressed as i) linear element equation for transmission

line &:
1 -A+Z0) | |vea| |0 Z ira 0
+ =
0 -YA+ZD)| |vkp 1 Q+ZD)| |irw 0
~ - N— ———
Fr, Fr,;

where Z,Y are impedance and shunt parameters for line %; or ii) linear element equation for

1 -n||vre 0 O ika 0
+ =
0 0| |ves 1L ke 0
[ —
Fry Fri

ideal transformer k:

where n is complex turns ratio for transformer %.

Remaining constraints are simple linear expressions imposing KVL and KCL interconnec-
tion constraints. Since a node-to-element incident matrix A € R"?*2"* ig formulated to include
all network elements and nodes, we need to organize all network element variables (port
voltages and port currents) as

T

>

U= 1V1q U1b *** Unka Unkpd

T

(1>

i

i1a 116 " lnka Inkp

Notice that [-]7 is the transpose operator; nb is number of buses and nk is number of
network elements. Thus, v,i € C2"* and goal of KCL is to efficiently assemble the right-hand
side of the general current balance equation. The incidence matrix is composed entirely of

values of 1 or -1 or 0. In keeping with standard textbook presentations, we define:

1/-1, if rth component of i corresponds to an

elements’ sending or receiving terminal
A(j,r) =4 (7.2)

leaving/entering node j

0, otherwise
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Therefore, the current conservation law of KCL is written simply as Ai = I where I € C"? is
the nodal complex current injection from generators or loads; i is the complex branch current
carried away from node by network elements. We can also use A to relate port voltages to bus
voltages in a manner that guarantees KVL is automatically satisfied. The linear constraints
of KVL are written as v — ATV = 0 where V € C" denotes bus voltages. KVL equation serves
to assign the correct bus voltage to any port voltage of a port connected to that bus. Now, to
assemble the sparse tableau matrix (7.1), F, € C2"#*27k and F; € C2"#*2nk ¢an be constructed in

block diagonal form as

Fi, O 0 Fi; 0 0
0 Fyy 0 0 Foy 0
F, = ’ JFi= ’ (7.3)
: .0 : P
0 o Fupp 0 o o Fupi

Finally, with matrices F,, F;, A and variables v, i, V, I as defined above, we have the STF

description of the power network consistent with (7.1).

The remaining step to capture the power flow equations requires specification of the current
source elements I. The approach here introduces a special class of nonlinear one-port element
to accommodate standard generator and load models as represented in the power flow. The

nonlinear element equation for current source I for bus j can be defined by

. . (Sgi—=Sg )"
fj(vj,zj)zoézjzgjv—*‘“ (7.4)
J

For simplicity, the element index j is assumed to be the same as the index of bus to which it
connects. With this choice, S; =S, ;—Sq j, i; =1, and v; = V; implying

=1;- V@ =0 (7.5)
J

where S, ; and Sy ; are specified apparent power generation and load at bus j. Notice that
for nonzero v; equation (7.5) is equivalent to S; = V;(I;)*, which is the typical “power balance

equation.”
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7.3 Advanced Modeling of Power System Networks with STF

This section describes the advanced modeling of power system networks for detailed repre-
sentation of substations with high penetration of DERs and UPFC devices with STF. Modeling
of detailed representation of substations represents distribution network information including
circuit breakers based on the node-breaker model. Modeling of UPFC devices will employ ideal

complex voltage sources.

7.3.1 Modeling of Distributed Energy Resources

In most existing power system network planning studies, the distribution system load is
aggregated at the transmission buses and netted with generation on the distribution system
(i.e., DER generation is treated as negative load). However, there is growing recognition of the
benefit of modeling DERs to reflect their dynamic characteristics and steady-state output in
study cases where a deeper penetration of DERs is expected to influence power flows between

the transmission and distribution system [165].

Transmission

System
Transmission Unit Station
System Transformer

| | Equivalent

T Impedance

Load DER Load
(a) Typical load flow (b) Recommended load flow

Figure 7.2: Western Electricity Coordinating Council (WECC) recommended power flow model

Figure 7.2 shows the load model for both typical load flow model and recommended load flow
model for study of high penetration DERs scenarios from [155]. As is depicted, the recommended

load flow model contains distribution network information, which includes equivalent impedance
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(EI) for collector systems and the unit station transformer (UST) from the collector system
at the interconnection point. This detailed representation of the substation allows accurate
analysis of distribution network’s impact. However, this recommended model is based on the bus-
branch model, which has consolidated circuit breaker information. Since the purpose of detailed
representation of substation is to capture its impact with DERs on power system networks, we
would assert that consideration of different circuit breaker position in substations is important
to accurately analyze its impact with DERs on power system networks. In particular, we are
interested in the node-breaker model to represent circuit breaker action that results in bus

splits and bus mergers.

Transmission

Circuit System
Breaker
| |
Transmission -r
Circuit System Unit Station
Breaker LoTad Transformer
C/B E Lival
quiva ent
T T Impedance
Load Load Load
2 2 DER >
(a) Typical load flow with node-breaker (b) Recommended load flow with the
model node-breaker model

Figure 7.3: WECC Recommended power flow model with the node-breaker model

Consider the load flow model with the node-breaker representation in Figure 7.3. The
circuit breaker (C/B) for bus split and bus merger is included at the substation to be expanded
to include distribution network information. When C/B is closed (bus merger), the load flow
model in Figure 7.2 is equivalent to the model in Figure 7.3. When C/B is open (bus split), they
are different and the nodal analysis (Y3,s) necessitates topology processing which requires

differently dimensioned Y3, to describe the bus split.
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7.3.1.1 Modeling of circuit breakers

To model C/Bs with STF, consider the circuit representation of a C/B with binary integer

parameter y indicating switch position.

Circuit breaker closed (y =1) = v, —vp =0,ia+1p =0
1 -1)| |v, 0 0f |ig 0

> —+ =
0 O Up 1 1§ |ip 0
Circuit breaker open (y =0) =i, =0,ip =

I

Therefore, linear element equation for network element of C/B k£ with the binary integer

parameter y is

Y Y| | Uk, 1-y) O ip, 0
“l . “1= (7.6)
0 O Uk,b Y 1| |irp 0
N——— —
Fk,v Fkt

with y =1 for C/B closed and y = 0 for C/B open.

7.3.1.2 Modeling of unit station transformer and equivalent impedance

UST represents the majority of the impedance between the interconnection point and col-
lector system. Standard data includes transformer terminal voltage, MVA ratings, percent
impedance on the transformer’s self-cooled MVA base, and X/R ratio. Positive-sequence normal-
ized impedance for these types of transformers is in the range of 7 to 10%, with X/R ratio in the
range of 40 to 50 [166]. In this chapter, 200 MVA base is used for the UST, which is twice the
100 MVA of system base.

Collector systems consist of relatively long medium voltage feeders/laterals. In spite of
the higher cost, land use agreements usually prefer the use of underground feeders, with

equivalent collector system having X/R ratios that are low, and line susceptance high, compared
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to typical overhead lines. The equivalent impedance EI for collector system also tends to be small
compared to the UST impedance, but is not insignificant. In this work, sample EI parameters of
collector system in [166] are used, but a simple method developed by NREL [167] can be used
to derive EI and susceptance when more detailed data is available. This chapter focuses on the
example of a wind power plant (WPP) as a representative DER, but if desired, suggestions for a

photovoltaic plant can be found in [168].

7.3.2 Modeling of UPFC

This section details the modeling of a UPFC via STF based on [159], [160], [161]. A UPFC
consists of two switching converters (connected by a common DC link) based on gate-turn
off (GTO) valves, which is shown schematically between bus m and n in Figure 7.4. The two
converters are connected by a common DC link.

V i V

m mn V n
I _ se

l ish
Vsh { +

_ DC link
Shunt Series

Converter Converter

Figure 7.4: UPFC schematic diagram

The series converter is coupled to a transmission line via a series transformer, and its output
voltage vg, in series with the line acts as a controllable AC voltage source. The series voltage
source vg, can be used for direct voltage control, series compensation, and phase-shift. The
current flowing through the series voltage source v, is transmission line current and generally
results in reactive and real power exchange. In order to represent UPFC properly, the v, is
stipulated to generate only the reactive power it exchanges with the line. Thus, the real power
it exchanges with the line has to be supplied by the shunt converter as if a perfect coupling for

real power flow between it and the shunt converter existed.
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The shunt converter is connected to the AC power system via a shunt-connected transformer
and its primary use is to provide the real power demand of the series converter at the DC link
terminal from the AC power system. Since the shunt converter can also generator or absorb
reactive power independently of the real power, with proper controls, it can also provide reactive
power compensation for the transmission line, in a manner similar to an advanced static VAr
compensator. It can thus achieve indirect voltage regulation at the input terminal of UPFC.
In this work, it is assumed for clarity that the shunt reactive compensation is not utilized,
indicating that the shunt converter of UPFC operates at unity power factor. The real and
reactive power exchange between the shunt converter and the AC system voltage are governed
by the voltage difference between the shunt converter and the AC system voltage. The voltage
difference is determined mostly by the leakage impedance of the shunt-connected transformer
with controlled current from the line; this is typically not more than +15% of the nominal system
voltage. Thus, the AC voltage of shunt converter with a maximum/minimum magnitude that is
about +15% of that AC system voltage is used for this work. With these assumptions, the series
voltage source, together with the real power coupling to the shunt voltage source representing

the voltage of shunt converter as shown in Figure 7.5, is an accurate representation of UPFC.

\Y i v \Y

s
/

I
llsh

Zsh
Psh - Tse
VSh 4/

Figure 7.5: UPFC equivalent circuit

In Figure 7.5, the phasors vs, and vy, represent the equivalent injected series voltage
and shunt voltage sources respectively. Zg; is UPFC shunt coupling transformer impedance
which creates the voltage difference between V), and v,,. The series voltage source vg, is

controllable voltage with magnitude (0 < |vg.| < 0.5 p.u.) and angle (0 < 64, < 27), and the shunt
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voltage source vy, represents the voltage of shunt converter which contains voltage difference
caused by the leakage impedance of the shunt-connected transformer with controllable current
s Its typical operational range includes magnitude (0.85|V,,| < |vss| < 1.15|V,,|) and angle
(0 =64y < 2m). The real power coupling represents the operational condition that real power
exchange P, of the series converter should be equal to the real power exchange P of the
shunt converter, implying the system needs to be able to generate the power demanded by the

series converter.

The majority of existing works model the UPFC through a nodal analysis (Y3,) that is
compatible with traditional power flow and optimal power flow studies. To deal with an ideal
series voltage source which is not directly representable in nodal analysis, various work-arounds
[169],[170],[171] have been proposed: a Voltage Source Model (VSM), a Power Injection Model
(PIM), a Shunt Admittance Model (SAM). VSM would be an accurate representation for UPFC,
but the symmetric property of Y3, is lost in this approach. PIM and SAM are proposed to
eliminate this drawback, but necessitate complex manipulations and disallows direct monitoring
of physically meaningful UPFC variables in the modeling and solution approaches. In addition,
since Yj,s is unable to represent an ideal series voltage source, all three methods require
inclusion of the very small leakage impedance of the series-connected transformer. Such very

low impedance branches can cause ill-conditioning of Y3, [54], [55].

As an alternative, we employ STF to accurately describe the ideal series voltage source
without introducing the negligibly small leakage impedance of the series-connected transformer,
nor complicated manipulations to maintain desirable symmetry properties. Consider the two-
port representation of a UPFC element u installed on the terminal bus m of transmission line
between bus m and bus n, as depicted in Figure 7.6.

Note that se/sh stand for series and shunt voltage source for UPFC respectively. For example,

-se/sh

iy a  1s port current for the series/shunt voltage source of UPFC element u at port a. Two

additional buses are introduced: V,, 5o = V,, + vy 50 for the series voltage source and V,, 4, for
the shunt voltage source. The transmission line sees “V,, + v, s.” as the effective sending-end

voltage. Thus, it is clear that UPFC affects the voltage (both its magnitude and angle) across



166
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—— I u
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u

Figure 7.6: Two-port representation of UPFC element u

the transmission line and therefore it is able to control the transmittable real power as well as
the reactive power demand of the line. Real and reactive power of the bus V, s, can be used
for real power coupling constraints and shunt reactive compensation. The lossless line with
sending-end voltage V,, and receiving-end voltage V, s, is for the series voltage source, and the
line having Z, ¢; with sending-end voltage V,, and receiving-end voltage V, g, is for the shunt
voltage source. To derive linear element equations for UPFC u, we first consider two algebraic
constraints to describe the behavior of ideal series voltage source.

Series voltage source = v>°, = U3’ + Vuseslyq 15 =0

Uu se
0 0
FSf FSf
where Vi, = v3%,, Vi se = U5°

u,b’

Next, linear element equation for transmission line with only impedance of Z, s, can be

used for the shunt voltage source.

LR

Thus, to facilitate STF for both standard network elements (transmission line, transformer

Fsh

u,v

where V,,, = vuha,Vu sh = vzhb

and circuit breaker) and UPFC elements (series/shunt voltage sources), we expand the port
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voltage and current variable sets as:

Ula il,a
U1b il,b
rUs : > Lg
Unk,a ink,a
Unk,b Lnk,b
se -se
Ul,a ll,a
se -se
A Ul,b A ll,b
v= , 1=
sh sh
Ul,a Ll,a
sh sh
ULb Y16
r Uy : P iy
se -se
Vnu,a lnu,a
se jse
nu,b nu,b
sh -sh
Vnu,a lhua
sh sh
_Unu,b‘ hlnu,bJ

where nu is number of UPFC elements.
Note that vs,i5 € C2"* contain port variables for standard network elements and vy, i, € C***
contain port variables for UPFC elements, resulting in v,i € C2"%*47%_Similarly, we can redefine

bus voltage and current variable as

Vi I
4 Vs : ’ Is
an Inb
v N Vl,se I N Il,se
Vl,sh Il,sh
> Vu N > Iu
Vnu,se Inu,se
_Vnu,shj LInu,shJ
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Note that V; and I contain bus variables for original buses of the system and V;, and I,
contain bus variables for additional buses introduced with UPFC elements. The same rule
(7.2) for the node-to-element incident matrix A is used to impose KVL and KCL constraints.
Then, we redefine linear element matrices F,, = blkdiag{F$,F*} € C2nk+4nuw)x@nk+inu) anq F; =
blkdiag{F;,F}} € C@nk+dnuw)x@nk+dnu) where blkdiag is MATLAB operator creating a block
diagonal matrix. Matrices Fj, F? € C2nkx2nk and F¥, Fle CAruxdnt are again defined as block
diagonal matrices that F = blkdiag{F1y,...,Fnpp} € CV0*20k  FS = blkdiagiFy,....Fup,) €

Conkx2nk FU — plkdiagiF{° ,F;"

1v>" Ly’

SFS  F5h Y eCtnedni and ¥ = blkdiag(Fse, Fih, ..., F5

nu,v’" nu,v Lio
CAnuxdnu Pinally, we can redefine the right-hand side of linear element equations representing

independent source as 0;5 = [05,0,17 € C2"#*+47% with 0, and 0, defined as

T
€ C2I’Lk

lI>

0

01,0, === ,0n,0

T

0y = ecm

Ul,se:Oa 07 07 7Unu,sea0a 070

With this organization of variables and parameters, we have STF which contains KVL
(v—-ATV =0), KCL (Ai = I) and linear element equations (F, + F; = 0;5) for both standard
network elements and the UPFC elements of the power system network. For power flow and
optimal power flow studies, we need to capture power balance equations. For original buses
J, nonlinear element equations keep their form of S; —V;(I;)*=0. For additional buses j due
to the series voltage source of UPFC u, nonlinear equation V;(I;)* = 0 is used since there is
no generation nor demand at these buses. For additional buses j due to the shunt voltage
source of UPFC u, nonlinear equations —real(V;(I;)*) = real(vu,se(ifﬁa)*), imag(V;(I;)*)=0.
These impose real power energy coupling constraints and unity power factor of shunt reactive

compensation.

7.3.3 ACOPF formulation

For optimal power flow studies, the equivalent WPP should be represented as a standard
generator. Based on the guidelines [166], for real power level, it is often reasonable to represent

a WPP or group of WPPs either off-line or maximum power output during the time frame of

nu,i’

Fsh e

nu,i
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interest. For reactive power capability, many WPPs are capable of operating over a power factor
range of 0.95 lagging (generating reactive power) to 0.95 leading (absorbing reacting power) at
full active power output [166], [172]. Real and reactive power outputs of WPPs constrained by
real power limits (7.7) that reflect wind curtailment are expected to grow in importance with

more DERs [127]. If one also introduces power factors limits (7.8), one has:

0<P, <P (7.7)

Q2 (PF)? <P2 - P2(PF)? (7.8)

where PF is power factor 0.95 for WPP; P,, and @, are real power and reactive power output
of WPP w respectively.

Then, given a connected power system with N ={1,...,nb} denoting the set of all original
buses, U ={1,...,nu} set of all UPFC elements, G the set of all generators, W the set of all
WPP, and L set of all transmission line, one can define sets Nge ={nb+1,nb+3,...,nb +2nu —
3,nb +2nu — 1} the set of all additional buses due to the series voltage source of UPFC and
Neh={nb+2,nb+4,...nb+2nu—2,nb+2nu} the set of all additional buses due to the shunt
voltage source of UPFC. With net complex power injection at each bus j, S; = P, +j&; where
Pj=Pg;;i+Py,;j—Pg;and Q; = Qg ;+Qyu —Qq,, arepresentative OPF problem with STF

including both modeling of DERs and UPFC devices takes the following form:

min Y &;j(Pg,;) subject to
P.Q.,i,V,Ivs jeG

Foo+F;i=0,,]-Ai=0,v-ATV =0 (7.9a)
S;-ViIj)*=0; VYjeN (7.9b)
ViI})* =0; VjeNge (7.9¢)

real(Vi(I1;)*) = —real(vy sc(i3 4)"),
j—nb
2

P <Py <PP* Q" <Qg <Qp*; VgeG (7.9¢)

imag(Vi(I;)*)=0; VjeNgh,u= (7.9d)

min max
P =<P,<P,
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Q2(PF)?><P2 -P2(PF)*; YweW (7.9)
V;’“’” <|V;|<V"*; VjeN (7.9g)
0<|vysl<05; YueU (7.9h)
0.85|V < Vil < 1.15|VL]; VjeNgn,VmeN (7.91)
likanl <7 VkeL (7.9j)

where IV,{LI is the voltage magnitude of bus m connected to additional bus j; and ¢;(-) is typical
individual quadratic generator cost function. This chapter assumes zero incremental cost of
WPP power output based on power purchase agreements [173], which typically represent only

long-term fixed prices (i.e., feed-in tariff).

7.4 Case studies

Two test systems (5-bus and 118-bus) from the MATPOWER distribution [23] are extended
to include the impact of modeling of DERs with detailed representation of substations and UPFC
in power system networks. The optimization problem (7.9) is formulated in a general purpose
optimization tool [47], using the KNITRO solver. We assume that one scenario, forecasted wind

power, is used for maximum power output of WPP (P]'%).

7.4.1 The modified IEEE 5-bus system

The modified 5-bus test system depicted in Figure 7.7 is used for this section. It is assumed

1 2 .. UST _El _ WPP

Figure 7.7: Modified 5-bus system with detailed representation of substation 4

that substation 4 contains high penetration of WPP, thus it has distribution network information

with UST, C/B and EI. For convenience, this small test system is used in this section to consider
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a different combination of scenarios. In particular, two wind power forecast scenarios (0.5 p.u
and 1 p.u) for P}}** are considered with on/off status of C/B position. Resulting solutions are
summarized in Table 7.1, 7.2. Value of 1.05 is used for V%% at all buses. In all cases, WPP
consumes reactive power with over a power factor of 0.95, and when C/B is open, voltage

magnitude at substation 4 hits the upper limit.

Table 7.1: Result of the modeling of DERs with P]'** = 0.5 p.u

P = (.5 p.u
Obj ($/hr) | P, (p-w) | Qu (p-w) | V4l (p.w)
C/B close 880 0.5 -0.104 1.013
C/B open 1034 0.28 -0.092 1.05

For P'** = 0.5, when C/B is closed, total cost is 880$/hr with maximum real power output
of 0.5 p.u and reactive power consumption of -0.104 p.u. However, when C/B is open, total
cost increases significantly to 1034$/hr with real power output of 0.28 p.u and reactive power
consumption of -0.092 p.u. In this case, available forecast (maximum) real power from wind
generation is not fully used due to power factor limit and upper voltage magnitude limit,
thus it reduces (curtails) real power output of WPP to 0.28 p.u. Modeling of UST and EI also
affects reactive power capability of WPP. This might explain the typical situation that there are
restrictions on reactive power capability of WPP [166], [172], which is often dealt with some

form of shunt compensation: capacitors, STATCOMs, etc.

Table 7.2: Result of the modeling of DERs with P]** =1 p.u

P** =1p.u
Obj ($/hr) | Py (p-w) | Qu (p-w) | V4l (pw)
C/B close 821 1 -0.128 1.037
C/B open 819 1 -0.271 1.05

For P]'* = 1, when C/B is closed, total cost is 821$/hr with maximum real power output of 1
p-u and reactive power consumption of -0.128 p.u. When C/B is open, one obtains the interesting
result that total cost is decreased to 819$/hr, and different reactive power consumption is

observed at the WPP. These two results demonstrate that detailed representation of substations
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with breakers can have non-trivial impact on OPF solutions for high penetration of DERs.

7.4.2 The modified IEEE 118-bus system

The modified 118-bus test system is used to describe the impact of UPFC in power system
networks for this section. The shunt transformer impedances Z,;, = 0+j0.1 p.u is used as in
[169]. It is assumed that the total real power supplied from WPPs is 20% of the total load and
three substations (bus 13, bus 41 and bus 88) are selected to contain high penetration of WPP,
thereby contain distribution network information (UST, C/B and EI). 50% of wind power is

located at bus 41 and remaining of 50% is located at bus 13 and 88 with 25% each.

7.4.2.1 Effect of UPFC in power system networks

In this section, one UPFC is installed on the terminal bus 23 of transmission line (congested
line) between bus 23 and bus 25. Table 7.3 shows the effects of UPFC in terms of total cost and
loss in power system network with different status of C/B. Controlled series voltage source of

UPFC with real and reactive power exchange with the line is shown in Table 7.4.

Table 7.3: Effect of UPFC in power system networks

Without UPFC With UPFC

Obj ($/hr) | Loss (p.u) | Obj ($/hr) | Loss (p.u)

All C/B close | 195975.97 | 0.980 | 195954.00 | 0.979
1C/Bopen | 196104.12 | 1.006 | 196081.08 | 1.006
2C/Bopen | 196313.62 | 1.039 | 196290.76 | 1.039

All C/B open | 196304.29 | 1.050 | 196281.48 | 1.050

Table 7.4: Controlled variable of UPFC

Controlled series voltage source of UPFC
[Usel (p.u) ‘ ZLvge (rad) ‘ Py (p.u) ‘ Qse (p.w)
Allcases | 007 | 190 | 0031 | -0.09 |

As more C/B open, total cost typically rises with increased loss. Conversely, the UPFC

typically helps the system decrease total cost through reduced losses.
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7.4.2.2 Number of UPFC and location of UPFC

In this section, we consider different numbers and locations of UPFCs in the power networks,
with the setting of all C/B closed. For the analysis of different number of UPFC elements, the
first UPFC is located at the same place as above. For additional UPFC elements, two cases are

considered 1) UPFCs located randomly and 2) UPFCs located on congested lines.

195960 -==Random

195940  m==N\p--e-- — Congested
195920
195900
195880
195860
195840

Total Cost ($/hr)

# of UPFC

Figure 7.8: Multiple UPFC elements

Random location of UPFC are shown in red dashed line, and blue line for UPFC location on
congested line are illustrated in Figure 7.8. As expected, the more UPFCs installed, the more
total cost reduction is achieved. Location of UPFCs also matters in terms of amount of total cost
reduction. In this specific case, congested lines for UPFC installation are preferable location

than random lines.

7.4.2.3 Shunt reactive compensation of UPFC

In this section, we consider the shunt reactive compensation (SRC) function of UPFC with

the setting of all C/B closed. To this end, unity power factor constraint (imag(V;(I;)*)=0;V €

Nsh,u = I _2” b) in (7.9d) is removed so that the shunt converter (shunt voltage source) can

provide reactive power to the system. With SRC, the shunt voltage source is able to provide

the reactive power of 0.0336 p.u to the system, achieving further total cost reduction shown in

Table 7.5.
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Table 7.5: Shunt reactive compensation of UPFC

Without SRC With SRC
Obj ($/hr) | Qqn (pu) | Obj ($/hr) | Qg (p.w)
| ALLC/B close | 195954.00 | 0 | 195953.55 | 0.036 |

7.5 Conclusion

This chapter has detailed the advanced modeling of power system networks for the accu-
rate representation of substations with high penetration of DERs based on the node-breaker
model, and UPFC devices, to appropriately study their impact within transmission network
by employing STF. The proposed ACOPF model with STF determines optimal operation of
the transmission network with new decision variables associated with DERs and UPFCs. In
addition, with its versatility for representation of network elements, it is shown that STF avoids
cumbersome topology processing for the modeling of circuit breaker reconfiguration, and avoids
complex manipulation and introduction of low impedance branch to represent ideal branch
voltage sources for UPFCs. Numerical case studies show that the proposed model can have
accurate analysis on their impacts (DERs and UPFCs) by allowing close monitoring of decision
variables associated with DERs and UPFCs.

STF allows users to formulate and implement the problem in a manner that is well-suited
for the analysis of DER integration into transmission network with FACTS devices. Taking
the advantage of STF to accurately represent network elements along with its computational
efficiency [174], [175], we believe that STF presents a suitable tool for formulating and im-
plementing optimal operation strategies of practical transmission network systems with high
penetration of DERs. An important future research direction related to this work is to consider
other DERs such as solar energy, storage, electric vehicles and demand response. Another
interesting research direction would be to consider the incorporation of stochastic programming
and detailed operational constraints (e.g., capability of active and reactive power output) of

renewable energy resources.
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CHAPTER

Conclusion and Future Work

This chapter summarizes the contributions of this report and outlines plans for future work

in applying STF to problems in power systems engineering.

8.1 Conclusions

With the motivation that recognizes the restriction of standard Y3, modeling in the node-
breaker representation, which allows realistic representation of substation reconfiguration via
circuit breakers in contingency analysis, this thesis has detailed Sparse Tableau Formulation
(STF) for power system networks and its applications. STF employs very simple and straightfor-
ward algorithms adequate to be implemented by a computer programming language, and are
successfully applied for electronic circuit design.

This thesis first in Chapter 2 investigates standard ACOPF problems by providing the com-
prehensive and extensive examination of the existing OPF problem with a structured, empirical
comparison of three different ACOPF formulation. Numerical case studies to evaluate solution
properties of the formulations in terms of computational speed, robustness of convergence and

objective solution using three different nonlinear solvers; IPOPTH, KNITRO and CONOPT, are
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presented. Chapter 2 next proposes additional enhancements: six choices of initial conditions,
and D-curve constraint modeling. Based on results, the Polar-PV and Rectangular-CV show
the best performance in terms of computational time. For solution algorithms, IPOPTH and
KNITRO proved the most attractive solvers, since these were typically faster and more robust
in comparison to CONOPT. Moreover, experience has suggested that D-curve constraints have

modest impact, with only small increases in computation time and optimal objective value.

Chapter 3 provides the construction of STF for power system networks. It first reviews the
general STF from a standard circuit analysis perspective and then examines the characteristics
of the power system application that allow simplification of general STF. An illustrative example

with four-bus system is given to describe the process of STF for power system network.

Chapter 3 next discusses the relationship between STF and other modeling approaches
(Ypus and Modified Nodal Analysis) in those cases for which both may be applied, and examines
atypical network elements, modelling of which STF proves particularly advantageous. Useful
by-product of STF applied for power flow problem is discussed in terms of contingency analysis
since the Jacobian matrix associated with these equations corresponds to the sensitivity matrix
relating injection power and current flow on line. STF is then applied to OPF numerical case
studies which demonstrate that STF shows little or no penalty in computational speed compared
to classic OPF representations constructed in Chapter 2, and sometimes provides considerable

advantage in computational speed.

This report next investigates the security-constrained OPF problem. Chapter 4 begins
with the definition of “preventive” SCOPF (PSCOPF) and discusses necessary enhancements
for the PSCOPF problem; 1) introducing the speed droop-characteristic for each generator as
governor power flow equations in contingency cases to formulate the PSCOPF problem. 2) the
node-breaker model that STF can be significantly useful. Then, STF is employed to formulate
the PSCOPF problem under the node-breaker model and its advantage is discussed. Chapter 4
continues to conduct a numerical experiment with different level of contingency showing that

STF provides comparable computational efficiency.

Chapter 5 then investigate an alternative approach to address the security in the power sys-
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tem networks using additional generation capacity as operating reserves. Chapter 5 introduces
the importance of effectively and efficiently allocating reserves across the system to improve the
deliverability of energy with renewable energy resources. Then, we develop a tool to obtain a
probabilistic post zonal reserve requirement with three uncertainty sources (conventional gen-
eration, load and wind). The proposed post zonal reserve requirement is tested using the IEEE
118-bus test system, which shows that it efficiently and effectively allocates reserves to mitigate
possible congestions with wind power. Our results also show that resulting zonal reserve MCPs
properly reflect the effect of zonal reserve requirement on possible congestions of transmission
line under consideration as well as the reduced operating cost with the consideration of wind
curtailment.

In Chapter 6, we explore convex relaxation technique for STF of OPF problem. The limitation
of existing convex relaxation techniques for STF is discussed, and then alternative approaches
(STF relaxations) are proposed using the McCormick envelope. Several methods to strengthen
the convex relaxation problem are discussed and Chapter 6 concludes with numerical case
studies and highlight that STF relaxation shows advantage in computational time and strength
under the condition that a tight bound for active power generation variable P, is given.

Finally, Chapter 7 employs STF to develop advanced modeling of DERs and UPFC devices for
ACOPF problem. STF is used to accurately model the detailed representation of substations for
high penetration of distributed energy resources (DERs). These substations contain distribution
network information such as unit state transformer, distribution feeder and circuit breakers.
Then, STF is modified to accurately model UPFC which can be best represented as the ideal

branch voltage source, together with the real power coupling to the sending-end generator.

8.2 Future Work

With the progress developed so far, there are several directions of this work for further

investigation and questions remain elusive.

¢ Future Work:
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The first direction involves extending STF for power system network to a more flexible load
model. Currently, most existing OPF problem use constant power load models and constant
load models are explicitly formulated in this thesis. Extending STF to constant impedance
and constant current would be the first step to include the ZIP (constant impedance, constant
current, constant power) load model [46]. Importantly, more advanced load models such as
dynamic and nonlinear load might be straightforward since STF explicitly model each network

element.

The second research proposal is the extension of preventive SCOPF to corrective SCOPF. As
it is shown in Chapter 4, the simulation of large numbers of contingencies which involves bus
splits and bus mergers is possible with STF. In addition, topological corrective actions (TCA)
with pre-defined binary parameters are considered showing that topological change affects the
solution of PSCOPF problem. Therefore, it would be important to develop an efficient method to
incorporate discrete variables for TCA via circuit breaker switching. On the computational issue
for large-scale systems, we also want to consider a contingency filtering scheme to pre-select

critical contingencies, thus reduce the number of contingencies.

The third research proposal is to investigate different power system analysis where STF
becomes a useful tool. Such problems include the state estimation analysis including zero-
impedance current. Such branches (short circuits) are commonly encountered in substation
arrangements for the state-estimation problem. It is important to accurately represent this
branch current in state-estimation problem. It can be also applied for distribution networks to
represent three-phase unbalanced system. Since STF provides a generic multiphase load-flow
formulation, it is capable of handling arbitrary network topologies and can be easily expanded to
accommodate various network components including FACTS devices for three-phase unbalanced

distribution networks.

The fourth research proposal is to investigate more sophisticated network elements such as
power electronics based Flexible AC Transmission System (FACTS) devices and High Voltage
Direct Current (HVDC). In power system networks, vast majority of elements will be most

naturally modeled as one-port or two-port elements. However, power system is facing significant
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challenges in operation and planning as a massive number of distributed energy resources
(DER) will be integrated into the system. Therefore, advanced modeling method using STF
for future power system technologies including various FACTS devices and HVDC would be
extremely valuable.

The fifth research proposal is the construction of appropriate linear approximation for STF.
Even though it is true that STF can accurately model power system network without any
elimination or reduction on data, it might not be easy to derive a linear representation, similar
to the DC power flow, for that. If an appropriate linear representation can be derived, then
STF can be also applied for other problems mostly using linear representation such as unit
commitment.

The final research proposal is to investigate new control, optimization and big-data tech-
niques with STF to implement autonomous power grids which can self-organize and control
themselves to create secure, resilient and affordable optimized energy systems. Such tech-
niques would include model predictive control, optimal control, nonlinear programming and

mixed-integer programming.
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APPENDIX

Details of standard ACOPF equations for Chapter 2

A.1 AC models

This section details the AC power flow equations used in Chapter 2. We provide three formu-
lations of the AC power flow model, namely polar power-voltage in Section A.1.1, rectangular

power-voltage in A.1.2 and rectangular current-voltage in A.1.3.

A.1.1 Polar Power-Voltage Formulation (P)

The polar power-voltage formulation uses the polar form of complex quantities and explicitly
uses sines and cosines in the power flow constraints. Real power flow on lines ijc € L is modeled

here by (A.1 - A.2), while (A.3 - A.4) computes the line’s reactive power flow.

1
P _ L 1,2
s.t. ijc__r2 gjchj

Jke
1 L L . .
_Tjkcvjvk(gjkccos(ej—ek—¢jkc)+bjkcsm(9j—9k—¢jkc)) VikceL (A1)
P L 2
Frjc=8jrc Ve
1

—V;Vi (8500080 =0, + @juc) + bl SN0, —0,+ Gja))  VjkceL  (A2)
Jke
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b<
@ _ 1 L Jke | y,2
ijc_ 72 (bjkc 9 )Vj
Jke

— VVk( chcos(e,-—ek—gbjkc)—bJL.kcsin(ej—ek—<pjkc)) VjkeeL (A.3)
jke

A
Q@ _ Jke
ijc—_(bjkc 2 )Vk

— VVk( L cos(O) =0+ pje) — b sin(O) - 0; +<pjkc)) VjkeeL (A.4)
jke

A.1.2 Rectangular Power-Voltage Formulation (R)

The second AC formulation uses the rectangular form of complex quantities, resulting in

quadratic power flow constraints with respect to these quantities.

1
P _ L P\2 Q2
Jke

g?kc cos(pjre) — b?kc sin(gbjkc)) (VJPV,::P + VJ.Q VkQ)

bJch cos(hjee) + 8 sinpjee)| (VEVE - VIV VjkceL — (A5)

gjkc COS((ijc)'Fb?kc Sin((pbjkc) (VkPV]P +VkQVjQ)

b cos(djne) — 8% sin(je0)) (VI VE -VEVE) VjkceL  (A6)

Q 1 [ bJCkc P2 Q42
R T (VPR +vd?)

Jke

(gJLkC COS((kaC) - b}‘kc Sln(('l)ch)) (VkPVJQ _ VJPVkQ)
Tjke

bC
FQ _ (bL ch)((VP)2+(VQ)2)

kjc ch

1 (gt L o PyQ /P
e (gjkc cos(pjrc) + b5, Sln((,bjkc)) (Vj vV, -V, VJQ)

- (b?kc coS(<ijc)—g§‘kc Sil’l((ijc)) (V;VJP +V]?VJQ) VjkeeL (A.8)
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The third AC model presented here is the rectangular current-voltage formulation which

considers the flow of current instead of power on a line. Equations (A.9-A.12) define real and

reactive current flow on a line.

P
s.t. Ich

kjc

]kc
kjc

+

C
1 b ke
— vE-|oh + -2 Ve
T?kc( ch ( ch 2 /
1 P _,L /Q
T ( chV -3V, )cos
1
_c (gjchQ + b?kc )sm((/)ch)

Tk
P ch
( chV ( jkc V )

(g kCVJP bJch )COS( Djre)
)

(g kCVQ+bL VP sin(- Gjre)
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Jke | v7P
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APPENDIX

Details of deterministic UC formulation for Chapter
5

B.1 UC model formulation

A full mathematical description for the deterministic UC formulation is provided, which

includes operational constraints, unit commitment constraints and reserve requirement.

B.1.1 Nomenclature

‘ Set ‘Description

G Set of generators.
G; € G | Subset of generators G at bus i.
G, € G | Subset of generators G at zone z.

L Set of lines in the transmission network.
L° Set of critical lines.

N Set of buses.

T Time period for unit commitment schedule.
w Set of wind power plants.

W; Subset of wind power plants at bus i.

Z Set of reserve zones.

FZ! “From Zone" for critical line [ € L°.




B.1.1.1 For probabilistic post zonal reserve requirement model

184

Parameters | Description
Ay Possible maximum overflow in line flow distribution function on critical line /, hour ¢.
Fax Thermal limit of line [ € L.
ISF Injection shift factor.
OFP Overflow probability.

’ Variables ‘Description

fw()
fw,X
fx
1P,
d;/D;
8ilGi
m;/M;
w;/W;
P, (D;=d;)
P,(Gi=g))
PéV(Wi=wi)
P]iW(Mi:mi)
P(Fy)
Reserve;
Witk
Xt+k|t

Density function of wind power w.

Joint density function of w and X.
Marginal density function of X.

Injection power (MW) at bus i.

Amount of load (MW) at bus i.

Amount of conventional unit (MW) at bus i.
Amount of injection margin (MW) at bus i.
Amount of wind power (MW) at bus i.
Probability mass functions (PMF) of load at bus i.
PMF of conventional units at bus i.

PMF of wind power at bus i.

PMF of injection margin at bus i.

PMF of line flow on line /.

Amount of reserves (MW) at bus i.

Wind power output (MW) at time ¢ + %.

X value for time ¢ + %k estimated at time t.




B.1.1.2 For enhanced deterministic SCUC model

Parameters | Description
B;; Line susceptance for line .
Yij Phase shifting turns ratio for line i;.
0;j Phase shifting angle for line ij.
cgl} Generation cost function for g € G.
CE/CR Penalty cost of unserved energy/reserves.
D;; Power demand for bus i, hour ¢.
F;’J?“x Thermal limit of line ij.
gj. Shunt conductance at bus i
ISF Injection shift factor.
MDT, Min down time for generator g.
MUT, Min up time for generator g.
Pg,”” Generator minimum output for generator g.
Pgmx Generator maximum output for generator g.
RPéJP Reserve up/down price for g€ G
RPEW Reserve up/down price for g € G.
RD, Ramp down limit for generator g.
RU, Ramp up limit for generator g.
RSD, Ramp shutdown limit for generator g.
RSU, Ramp startup limit for generator g.
RUR, Reserve ramp up limit in a minute for generator g.
RDR, Reserve ramp down limit in a minute for generator g.
RRT, Reserve responsive time for generator g.
SUg/SDg Start-up/shutdown cost for g € G.
SYSyp System-wide reserve up requirement.
SYS4u System-wide reserve down requirement.
WPy s Available wind generation for wind power plant w, hour ¢.

185
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Variables | Description

eit Non-served energy forie N, teT.

Fij; Line flow on line i, hour ¢.

Py, Active power generation for generator g, hour ¢.
Rupg General upward reserve for for generator g, hour ¢.
Rdwg; General downward reserve for generator g, hour ¢.

Rup,; Reserveup forze Z,teT.

Rdw,; Reserve down forze Z, teT.
Rupnsg; | Unserved reserve up for ge G, teT.
Rdwnsg; | Unserved reserve down for ge G, teT.

Ois Voltage angle for bus i, hour .

Ugt Commitment variable for generator g, hour ¢.
Yot Shut-down variable for generator g, hour ¢.
Zg4 Start-up variable for generator g, hour ¢.

B.1.2 Set of constraints

Since the objective function is given in the Chapter 5, this section shows set of constraints
in detail.
Opertional Requirements:

Line flow:

BA .
Fijo=—2(8;,~06i1+6;;c),VijeL,NteT (B.1)

1,

Active power balance:

Y Ppi— Y Fiji+ Y Fjis+ Y WPp;—D;;—gl+e;;=0,YieN,vteT  (B2)
keG; ijeL JieL keW;

Line thermal limit:

—Fi’?“x <Fi: st}ax, Vije L, VteT (B.3)
Generator output limit:
Pg,t+Rupg,tSP;”“’Cug,t,VgEG,VtET (B.4)
Plug,<Pgi—Rdwg; VgeG,VteT (B.5)
Generator ramp constraints:
Pg,t_Pg,t—l +Rupg,tSRUgug,t_1 +RSUng)t (B.6)

Pg,t—l _Pg,t —RdU)g’t SRDgug,t +RSDgyg,t,‘v’g€G,Vt eT



Unit Commitment Requirements:

Binary variable logic
ug,t — ug,t—l = Zg,t _yg,ta Vg € G,Vt eT

Generator minimum up /down.:

t
2gtt<Ugt, VEEG,VteT
tt=t-MUTy+1
t
Yo <l-ug; VgeG,VteT
tt=t-MDTy+1

ug:€{0,1,VgeG,vteT
0<zg:4Y5:=<1VgeG,VteT

Reserve Requirements:

System-wide requirement:
Y Rupg:+Rupnsg; =SYS,,,Vt
g

ZRdwg,t +Rdwnsg;=SY Sqy,Vt
g

Zonal reserve requirement:

Z (Rupg,t) 2Rup,;,Vz,Vt
geG,

Z (Rdwg,t) 2Rdw,:,Yz,Vt
geG,

Post reserve requirement transmission constraints:

Fi;+Y (ISF(,i) Y. (Rupgy) < FP™ vie LVt
i g€G;

Fi—Y (ISF1,i) Y. (Rdwg,) < F ¥Vl € L°,V¢

1 geG;

Probabilistic Post zonal reserve requirement:

Y. (ISF(,i)- ) (Rdwgy)<F/"**—A;;,VleL®,VteT
i€eFZ! geG;

Reserve ramp constraints:

Rupg:<(RRTygxRURg)ug:,VgeG,VteT
Rdwg;<(RRTgxRDRg)ug;, VgeG,VteT
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