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Abstract

In this thesis, we employ the theory of modular forms and the theory of Borcherds lifts
to study three topics related to number theory, namely, representations of integers by
quadratic forms, Gross—Zagier type CM value formulas, and explicit constructions of
Borcherds products on a Picard modular surface.

In Chapter 1, we give an overview of this thesis and briefly describe the background,
motivation and main results.

In Chapter 2, we establish Ramanujan—Mordell type formulas for for the number of

representations of integers by the quadratic forms
a4+ ap m (2 e+ ay)

for m € {2,3,4,7,11,23}.

In Chapter 3, we show that the difference of a Hauptmodul for a genus zero group
[o(N) as a Hilbert modular function on Yy(N) x Yy(V) is a Borcherds lift of type (2, 2).
As applications, we derive Monster denominator formula like product expansions for
these Hilbert modular functions and certain Gross—Zagier type CM value formulas.

In Chapter 4, we construct canonical bases for the spaces of weakly holomorphic
modular forms with poles supported at the cusp oo for I'g(4) of integral weight & for
k < —1, and we make use of the basis elements for the case k = —1 to construct explicit

Borcherds products on unitary group U(2,1).
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Chapter 1

Introduction

1.1 Modular Forms and Number Theory

During the course of the past decades, the theory of modular forms has played an
increasingly central role in number theory. For example, Wile’s proof [91] of the Fermat’s
Last Theorem relies on a deep connection between elliptic curves and modular forms, the
so-called modularity theorem which also serves as a key ingredient in the famous Gross—
Zagier—Zhang formula [101]. In addition, the theory of modular forms is very useful and
powerful in revealing arithmetic information of certain number theoretic objects. For

example, Zagier’s traces of singular moduli,

Z J(rg) — 744
QeOE ™ S1a(2) |PSLy(Z)ql’
can be viewed [103] as the Fourier coefficients of a weight 3/2 modular form on I'g(4), and
thus it can be interpreted by the number of representations of an integer by a sum of three
squares since the generating functions of both of these two number theoretic sequences
lie in the same one-dimensional space of modular forms. Such a simple interpretation
indeed follows from those very special properties owned by a modular form, which have

somehow endowed it with some remarkable connections with number theory via its

Fourier coefficients that may encode some significant arithmetic consequence or may be



interpreted number theoretically. Similar to how we interpret Zagier’s traces of singular
moduli above, for a sequence of numerics of particular interest in number theory, if one
can realize its generating function as a modular form, one may expect some arithmetic
information to be revealed or an interesting formulation of the sequence via investigating
the associated modular form. For example, if one lets R4(n) denotes the number of

representations of an integer n by a sum of four squares, i.e.,
Ra(n) = # {(z;) € Z*| 2] + 23 + 25 + 25 =n},

then one can check that the generating function )~ R4(n)¢" is a weight 2 modular
forms on I'g(4). The theory of modular forms tells us that the space of such modular

forms is spanned by 4FE5(47) — E5(7) and 2E5(27) — E(7) where

By(t) =1-24) o(n)q"

is the normalized weight 2 Eisenstein series, and o(n) = >_,  d is the divisor function

of order 1, and thus comparing coefficients, one can deduce that

S Ruln)a" = 5 (B> (47) — Bo(r)),

which implies that

R4(n) =8a(n) — 320(n/4) > 0, (1.1.1)

and simply recovers the famous Lagrange’s four-squares theorem stating that every in-
teger is representable by a sum of four squares. Similarly, Fermat’s two-squares theorem
can be interpreted in terms of modular forms. In the most general consideration, for
the number of representations R,,(n) of an integer n by a sum of m squares, one of

the most traditional and classic numeric sequences in number theory, it is known that



the associated generating function 6,,(2) := > """ | R.n(n)q" is a weight & modular form
on I'g(4) with some character. Such an observation has motivated number theorists
to study the modular form 6,,(z) and its Fourier coefficients in order to obtain some
information about R,,(n). For instance, when m = 2k is even, through investigating
the function 6y;(2), one of the greatest Indian mathematicians, Ramanujan [78, 80],
discovered an interesting and incredible closed formula called the Ramanujan—Mordell
formula (see Theorem 2.1.1) for Rox(n), which explicitly expresses Rox(n) in terms of
divisor functions like (1.1.1) and certain lower order terms.

Now in the view of modular forms and algebraic geometry, we can tell that the
essence of the existence of such a formulation simply follows from the structure formula
[39] of the space of modular forms, which tells that the space of modular forms of
integral weight can be written as a direct sum of the space of Eisenstein series and

the space of cusp forms, together with the fact that the modular curve for T'y(4), the

0 —1
matrix group generated by I'g(4) and its Fricke involution , is a genus zero

4 0

smooth projective curve over Q. Following this idea, in Chapter 2 (see Theorem 2.2.1),
we establish Ramanujan—-Mordell type formulas for the number of solutions in integers
of the equations

3+t aptm (T ) =n

for m € {2,3,4,7,11,23}.



1.2 Borcherds Lifts

As we have known so far, classical modular forms are originally defined on H for con-
gruence subgroups of SLy(Z). We should also note, in the view of algebraic groups, that

SLs & Spin(1,2), where the spin group of type (1, 2) satisfies the exact sequence
1 — {£1} — Spin(1,2) — SO(1,2) — k*/(k*)*.

So it is very natural for us to ask if we can define and construct modular forms on locally
symmetric spaces for orthogonal groups or unitary groups. The study of this subject
originates from the seminal work [20, 21] of Borcherds, in which he develops a remark-
able method to construct meromorphic modular forms on a locally symmetric space for
O(n,2), whose associated variety is the well known Shimura variety of orthogonal type
(n,2), from some weakly holomorphic modular form f for the Weil representation of
SLy(Z) via regularizing integrals called theta-lifts of f against the Siegel theta function.
We now call the resulting regularized integrals Borcherds lifts (see Subsection 3.2.1 for
details) denoted by ®(z, f) of type (n, 2) and the associated meromorphic modular forms
Borcherds forms W(z, f) of type (n,2). Moreover, Borcherds shows that the Borcherds
form W(z, f) has a beautiful product representation called Borcherds product for its
Fourier expansion near a cusp of the orthogonal Shimura variety.

In the study of the so-called Monster Lie Algebra, a famous formula called monster
denominator formula [18] is related to one of the most famous modular forms, the Klein’s
modular j-invariant, via

i) = i(z) = (@' = h) J] (- arag) ™, (1.2.1)
m,n>0

where j(7) = ¢7' + Y 02 c(n)¢™. It has been proved by some mathematicians using



various method, but using the theory of Borcherds lifts, we can now see a much simpler
explanation. As we can show that j(z1) — j(22) as a Hilbert modular function for
SLy(Z) x SLg(Z) is indeed a Borcherds form W((zy, 22), f) of type (2,2), whose input
f can be realized as j — 744. Then the right hand side of (1.2.1) follows from the
Borcherds product representation of W((z1,29),5 — 744) at the cusp of the associated
Shimura variety that is identified with the cusp (ioco,i00) of Y (1) x Y'(1).

The essence of the fact that j(z1) — j(z2) is a Borcherds form is partially due to the
fact that the projective curve X (1) = SLy(Z)\ (HUP*(Q)) is of genus zero and j(z) is
a uniformizer from X (1) to P*(C), where we call a congruence subgroup I' of Sy (Z) a
genus zero group if the associated modular curve of I' is of genus zero. Similarly, there
exists a uniformizer also called Hauptmodul mapping from the modular curve X (I") to
P!(C). A natural question is to ask if the difference of a Hauptmodul for a genus zero
group is a Borcherds form. Motivated by this interesting question, in Chapter 3, we

extend the above result to a family of genus zero subgroups called Hecke subgroups

['o(N) of SLy(Z) by a uniform approach.

Theorem 1.2.1 (see Theorem 3.1.5). Let mn(7) be a Hauptmodul for a genus zero group
Lo(N) for N > 2. Then wn(z1) — 7n(22) is a Borcherds form V((z1, z2), Fn) of type
(2,2) for some weakly holomorphic modular function Fx for the Weil representation of

SL(Z).

This result will play a crucial role in extending the celebrated Gross—Zagier CM value
formula [46] to Xo(N), which describes a very interesting number theoretic phenomenon,
the prime factorization of the rational norm of the difference of singular moduli. We

will say more details about this in the following section. As a quick consequence of



Theorem 1.2.1, one will also see in Chapter 3 that we derive monster denominator
identity like product expansion for my(21) — mn(22), which is related [19] to the twisted

denominator formula for certain generalized Kac-Moody superalgebra.

Corollary 1.2.2 (see Corollary 3.1.6). Let nn(7) be a Hauptmodul for a genus zero

group T'o(N) and define for d|N,

> A(L d)g

{=—1

2 1
= M,), — A = [(m] M), — A
Ao n|To(V) - T1(V)] Z (7| M) s(0)] + Z he [(mn] M), S0)] ¢,
i SEC(Fl(lN)) SGC(Fl(JlV))
s regular s irregular
ms=d ms=d

where Aoy = 2 or 1 depending on whether N =2 or not. Then we have
E A(mn,d)
mv(a) = mnlz) = (ot ") T T (1 - @ra)®) (1:22)
m,n>0 d|N

where q; = exp(2miz;).

1.3 CM Values of Modular Functions

In the study of number theory, it is traditionally of particular interest in investigating the
values of modular functions evaluated at imaginary quadratic points, which are called
CM values of modular functions. By the theory of complex multiplication (see, e.g., [85]
or [34]), we know that CM values of modular functions are somehow related to abelian
extensions of number fields. For example, let —d be a negative fundamental discriminant,
and let 7 be the unique imaginary quadratic point in H arising from a quadratic form

Q(X,Y) = aX? + bXY + ¢Y? of discriminant —d, then the value j(7g) generates the



Hilbert class field (the maximal unramified abelian extension) of Q(7q) = Q(v/—d). For
instance, if d = —3 which is of class number 1, then the Hilbert class field of Q(v/—3)
is itself. So it is expected that the CM value j (H\ﬁ) belongs to Q(v/—3), which is
actually 0. More interestingly, the Galois conjugates of j(7g) are simply j(7g), where

Primt of primitive and positive-definite

()’ runs over the equivalence classes of the set QF
quadratic forms of discriminant —d modulo the action of SLy(Z). Such CM values are
algebraic integers of degree h(—d), the class number of Q(v/—d), and are classically called
singular moduli (see, e.g., [46]). It was discovered by many mathematicians that some
interesting number theoretic phenomena happens to the rational norm of the difference
of singular moduli. For example, by a glance at the following data

. (1 +v-3 )

2

g(i) —j = 1728 = 2°3°,

1++/—163 1++v=3
j <+T) —j (%) = —262537412640768000 = —2'8335%233293,

1++/—163
j <+T) —j(i) = —262537412640769728 = —293°7211219%127%163,

one may note that all of these big numbers have only very small prime factors. In fact,
the integrality of these three numbers follow from the fact that —3, —4 and —163 are

all fundamental discriminants of class number 1. For higher class number, for example,
14+ /—=267 1+
H(F5) -0 (P57 v e
where —267 is of class number 2, considering its rational norm, we have
(,(1+\/—267) ,(1+\/—3)>
Norm | j — )il

= —4001418776561358871715710500864 = —2363676113173473,



which again can be factorized into very small prime factors. All of these interesting
phenomena have motivated number theorists to look for an explanation and even a
description of the general pattern. In their celebrated work [46], Gross and Zagier first
solved this mystery, and they discover and proved a remarkable formula that (up to sign)
gives the factorization of the rational norm of the difference of singular moduli, namely,

(D) DY I

z,n,n' €7
n,n'>0
22 +4nn'=dD

where —D and —d are negative fundamental discriminants with (D,d) = 1, €(n') is
multiplicative, and €(p) is defined via the local Hilbert symbol at a prime p, and here we
have assumed —d, —D < —4 for simplicity. We now call such a formula the Gross—Zagier
CM value formula. It was first proved by Gross and Zagier by two different methods,
algebraic and analytic, and since then, it has been reproved by many mathematicians
by various different methods (see, e.g., [40, 58, 84, 94]), of which an interesting one is
from the point of view of Borcherds lifts.

In their recent work [28], Bruinier, Kudla and Yang compute and express the value
of a Borcherds lift of type O(n,2) summing over a so-called big CM-cycle, which is a
0-cycle associated to a CM field by some means, in terms of the Fourier coefficients of
an incoherent Eisenstein series of weight one. We now call their formula big CM value
formula (see Subsection 3.3.1 for details). This can be viewed as a generalization of

Gross—Zagier CM value formula in the view of that

log |j(z1) = j(z2)[" = —®((21, 22); j — 744) (1.3.2)

is a Borcherds lift of type (2,2), which is a variant of what we have seen in the previous



section, and the rational norm (1.3.1) is equivalent to
> log|j(rop)—i(re)l' = = D ®((21,22);5-T44)

(QD,Qa)EQL ™ T /SLy(Z)x Q5™ ¥ /SLy(Z) (21,22)€Z(U)k
where the sum on the right is over a CM-cycle Z(U)k of the underlying Shimura variety
for O(2,2) that can be identified with Q%™ /SLy(Z) x QV"™* /SLy(Z) on the left by
some means. Then applying Bruinier, Kudla and Yang’s big CM value formula to the
sum on the right and computing relevant Fourier coefficients of an incoherent Eisenstein
series of weight one, one can obtain an equivalent version of Gross—Zagier CM value
formula.

Inspired by the idea mentioned above and Theorem 1.2.1, we look into the I'o(V)
cases and compute several examples one of which tells that

11 Im3(70,) — m3(70,)| = 885609026404416 = 2032472,
(Qp,R4a)€QD(3)/T0(3)xQa(3)/To(3)

where Qy(3) denotes the set of primitive and positive definite binary quadratic forms
aX? 4+ bXY + cY? of discriminant —d with (a,3) = 1, as a big number, also has very
small prime factors. This observation indicates that the interesting prime factorization
phenomenon may not merely happen to j(z), but also to myx(2z). Such an observation
has greatly motivated us to look for this pattern and describe it mathematically, which

results in the second main result of Chapter 3.

Theorem 1.3.1 (see Theorem 3.1.10). Let E; = Q(v/d;) be two imaginary quadratic
fields of fundamental discriminants d; with (dy,dy) = 1. Let F = Q(v/D) with D = dyds
and E = E1Fy = Q(\/dy,\/d3). Let m,(1) be a Hauptmodul of To(p). Then

Z Log |7 (Tip(ar)) — Tp(Te(an))|
([01],[a2]) €S (p,d1,d2)
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S dl, dg wW1W2 4 p—1
- _| ?SZL(El)h)(lEQ) Z a (\/%7%,0) + 2— ao(do,k) (1.3.3)

t=2m+D+vD k=1
- 2

|2m~+D|<vD
meZ

where
S(p,dy,ds) := {([a1], [a2]) € CI(E1,) x Cl(E2,) : 3 fractional ideals a; such that N(a;) = N(az)},

Cl(E;,) denote the ring class group of conductor p of E;, w; is the number of units of

E;, the map ¢ is defined by g&([a,p%]) = la, %‘2] for an integral ideal representative

a = [a,p%] in CI(E;,), and a (\/Lﬁ,gb(m) and ag(po ) are computed and expressed

explicitly in Subsection 3.3.3 of Chapter 3.

It is worthwhile remarking that the way we use to obtain Theorem 1.3.1 would work

for all T'o(N). The primality is merely assumed for simplicity.

1.4 Unitary Borcherds Products

Finally, we conclude this chapter with a brief description of the motivation of Chapter 4.

With the study of Borcherds lifts of orthogonal type getting deeper and deeper, lots
of explicit examples besides (1.2.1) have been computed, and one finds that the theory of
Borcherds lifts is somehow very helpful in the study of the arithmetic aspects of varieties
associated to orthogonal groups. For example, the theory of Borcherds lifts can imply
the modularity of a generating function of a sequence of certain special divisors [30,
Thm. 3.51]. Interestingly, the theory has been recently generalized to unitary case by

Hofmann in [50] (see, also, [27]), in which he established the theory of Borcherds lifts on
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unitary groups U(m, 1) by constructing an embedding from a Shimura variety of unitary
type (m, 1) to a Shimura variety of orthogonal type (2m,2). Such a generalization gives
ones a broader view of the relationship between the theory of Borcherds lifts and arith-
metic geometry, and is somehow helpful in studying the arithmetic aspects of varieties
associated to unitary groups. However, unlike the theory of orthogonal Borcherds lifts,
such a generalization is still at a beginning stage, whose concrete examples are still un-
derrepresented in the literature. In general, there are two key ingredients in computing
Borcherds products; one is the lift input, a weakly holomorphic modular forms of weight
1 — m for the Weil representation, which is usually easy to construct directly, and the
other is the so-called Weyl chamber, a connected component of a (2m — 1)-dimensional
real manifold, which is in general not easy to compute and describe explicitly. As a
prototype, in Chapter 4 (see Theorem 4.3.5), we compute and construct the first family
of explicit and concrete examples of unitary Borcherds products on the so-called Picard
modular surface which is a 2-dimensional unitary Shimura variety for some finite index
subgroup of U(2,1). As one will see in Chapter 4, to achieve our goal, we do a bit more
as we also construct canonical bases for the spaces of weakly holomorphic modular forms
of weight —k < —1 on I'y(4) with poles supported only at ico (see Theorem 4.2.1), and
explicitly compute the Weyl chamber (see Lemma 4.3.2) containing the cusp at which
we compute the associated Borcherds products.

This thesis is based on the work [37], [93], [96] and [100].
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Chapter 2

Representations of Integers by

Certain 2k-ary Quadratic Forms

2.1 Introduction

In the long history of number theory, one of the classical problems is to give an explicit
formula for the number of ways that one can express a positive integer n as a sum of 2k

squares, that is, the number of integral solutions of
ZE%—F:Eg—I—"—I-C(J%k_l-Fx%k :n,

which we denote by Ri(n). It is known from the theory of modular forms that, in

general,

Ri(n) = Ag(n) + Ex(n)
where Ag(n) is a generalized divisor function and &£ (n) is a function of order substan-
tially lower than that of Ag(n). Formulas for Ry(n) in this fashion have been found
and studied by many mathematicians. For £k =1, 2, 3 and 4, i.e., sums of 2, 4, 6 and 8
squares, (reformulated) formulas for Ry(n) were originally due to Jacobi [53],

Ri(n) =4 (_74), (2.1.1)

dn
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Ra(n) =8> d—32) d, (2.1.2)

din d
Ra(n) = —4% (%) d* + 16% (%) d?, (2.1.3)

Ra(n) =16 d*—32) d*+256) d° (2.1.4)
e

djn d|2
where, here and throughout this chapter, () denotes the Jacobi symbol. The result for
k =5, i.e., sum of 10 squares, was due (without proof) in part to Eisenstein [42], and
fully described (without proof) by Liouville [64]. The results for 1 < k& < 9 were all
proved by Glaisher [44]. In around 1916, this classical problem was “completely” solved
by Ramanujan [78], [80, Egs. (145)—(147)]. To state Ramanujan’s result, we need the

well-known Dedekind eta function

o0

n(r) =g J(1 - ¢)

i=1

where, here and throughout this chapter, 7 denotes a complex number with positive
imaginary part and ¢ = e*™". For brevity, in the remainder of this chapter, we write 7,,
for n(mr) for any positive integer m. In addition, for brevity, we define oy.(n), o35, _, (n)

and o)) (n) to be the divisor functions,

or(n) = Z d,

dln
A =3 (7))
=3 (n_—/‘;) &,

with the convention that they are defined to be 0 if n is not a positive integer. In order to
be consistent with previous notation, we now reformulate and summarize Ramanujan’s

result in Theorem 2.1.1 below.
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Theorem 2.1.1 (Ramanujan—-Mordell). Suppose k is a positive integer. Then there are

unique rational numbers c;j depending on j and k such that

Ri(n) (2.1.5)
oo + (=1 (lcfl)/22k71 07
2k (o, )+ () oy, ——
B By, 4 1+ 0p1
_1)k/2 _ _1\k/2 k
2k ((=1)"Pop_a(n) = (1 + (=1)"%)or-1(n/2) + 2%03_1(n/4) if e is even
By, —1 4 2k

+ Z cj,ka%k(n)

1<j<(k—1)/4
where, here and throughout this chapter, 0.. denotes the Kronecker delta by

1 ifm=n,

5m,n -

0 otherwise,

By, is the kth ordinary Bernoulli number, By 4 is the kth generalized Bernoulli number

of order 4 defined by

4 00
t o n
e4t —1 ZX_4(‘7)6]t = 2 :Bn,4m7 (216)
Jj=1 n=0 '

and the numbers a;,(n) are defined by

o0 10k 24j
n Tl2 (1174)%%

E ajr(n)q" = X g

=0 (11ma)* 1y

However, Ramanujan had never given a proof to Theorem 2.1.1. It was in fact proved
first by Mordell [68] utilizing the theory of modular forms. Thus, it has become a com-
mon practice to give credits to him, and we now call it the Ramanujan-Mordell Theorem.
An elementary proof of the Ramanujan-Mordell Theorem was given by Cooper in [35] by
making skillful use of Ramanujan’s 19, formula. If we consider the generating functions

associated to both sides of (2.1.5), the Ramanujan-Mordell Theorem can be interpreted
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in terms of well-known Eisenstein series and is equivalent to the following, which is

Ramanujan’s original formulation [78], [80, Eqgs. (145)—(147)].

Theorem 2.1.2 (Ramanujan—Mordell). Suppose k is a positive integer. Let 0(T) be

Ramanugjan’s theta function defined by

=Y =

n=—oo

2.1.7
771774 ( )

where the n-quotient representation after the second equality is due to Jacobi [53]. Let

Ei(7) be the normalized Eisenstein series of weight k on SLo(Z) defined by

2k < 1
Ep(t)=1-— B, Zak 1(n)q¢" = normalization of Z e rdF (2.1.8)
n=1 (cd)#(0.0)

Furthermore, let Fy,(T) be defined by

B, (1) + (1) g (7) if k s odd
Fk(T) _ 1+ 6k,1 ’
(—D)*2EL (1) — (1 + (=1)*2)E(27) + 28 B (47) if & cven

2k — 1
where B, (1) and B}, (1) are the normalized Eisenstein series of weight k on To(4)

with character x_4 defined by

2k < =
B () =1~ B Za,ﬁilx ,(n)q" = normalization of Z (;21]{, (2.1.9)
kA =1 oo T+
and
E) (7)) =06p1— 2k i op (n)q" = normalization of Z i
kix—a ’ B4 — k=lx—a (det + d)F’
n= (e,d)#(0,0)
(2.1.10)

24, 24
r=ux(1) = M s )
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Then there are unique rational numbers c; depending on j and k such that

(k=1)
4

0(r)* = Fr(r) + 0(r)* Y~ cjpa. (2.1.11)

Motivated by the work of Ramanujan, in this chapter, we aim to extend the Ramanujan—

Mordell Theorem to the cases
3+t aptm (T, ) =n

for m € {2,3,4,7,11,23}, and establish analogous formulas for (0(7)0(m7))*.

This chapter is organized as follows. In Section 2.2, we state our main results, and
as illustrations, we also present some examples that follow from the general case we
obtain. Proof of the main result will be given in Section 2.3. In the last section, we
conclude this chapter with some remarks, which explain the essence of the existence of

these Ramanujan—Mordell type formulas.

2.2 Statement of Results

In this section, we state the main result of this chapter and give various examples as
special cases of our general formula. Before that, throughout the remainder of this
chapter, we write xp(:) = (2) and 1, = (E)’ and in addition, we define o3 (n) and

op.(n) to be the divisor functions by

o (n) =Y e(dd" and o (n) =) e(n/d)d*
dln din
for a given character . Now we are ready to state the main result of this chapter in the

following theorem.
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Theorem 2.2.1. Suppose k is a positive integer. Let Ey(7) be the normalized Fisenstein

series of weight k on SLy(Z) defined as in (2.1.8).

1. Form € {3,7,11,23}, let ,, be defined by

mil L ifm =3 orll, and k is odd,

by =

mT“ — 1 otherwise.

Let Fy ., (7) be defined by

( Grm(T) + 285Gy (47)
(28 4+ 1)(1 + 0x1)
Grm(T) — 2G1(27) + 228G (47)

if m=3 orll and k is odd,

Fym(T) = ifm = 2 ;
oy (T) @~ 1)(1+ 01) if m =7 or 23 and k is odd,
Grm(7) = 2G4 (27) + 2°Gym(dT) ..
\ @~ 1)(1+ (—m)F2) if k is even,
where

B, (1) + (—m)*D2ER (1) if k is odd,
Gk;,m =

Ex(7) + (—=m)"* Ey(m7) if k is even,
El?ibm (1) and E,SM (1) are the normalized Fisenstein series of weight 2 on I'g(m)
with character 1, defined by

2% &=

B (1) = 1= 2= 30 ()
k,m =1
and
2%k

0 n
Op._ n)q
Bk;,m nzzl k 1,¢m( ) )

and By, s the kth generalized Bernoulli number of order m defined by

m—1 00
t o m
emt — 1 Z Ym(f)e’ = E :Bn,mﬁa (2.2.1)
Jj=1 n=0 :
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and finally, let x,, = x,,(7) be defined by

(4T ) Y Y

(772772m)48/(m+1)

T = T (T) 1=

Then there are unique rational numbers c; ., depending on j, k and m such that

(0(1)8(m7))" = Fiu(r) + (8(7)8(mr))* Zm: CjkmThy- (2.2.2)

. Form = 2, let {5 be defined by

Bl if k is odd,

)
[\
I

5= if k is even.

Let Fy.o(T) be defined by

B0 + (9P L () if k is odd
_ 1+ 0k ’
Fk,2(7) = k k k k
(—1)2EL(7) — (—1)2 Ex(27) — 22 Ex(47) + 82 Ex(87) if ke is even
25(2F — 1) ’

where ERS, () and Ej

hx_»(T) are the normalized Eisenstein series of weight k on

[o(8) with character x_o defined by
Ek,x,g (T) =1-— Z Ok—1,x-2 (n)q
and

2k .
EIE:),X,Q (T) - 5"771 T Zagfl,x,g (n)q ’

and By g is the kth generalized Bernoulli number of order 8 defined by

7 oo
t o tn
St — 1 ZX—Q(J)eﬁ = E :Bn,sm, (2.2.3)
j=1 n=0 :
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and let xo = xo(T) be defined by

8
n = (o)

Then there are unique rational numbers c; o depending on j and k such that

12
(0(7)0(27))" = Fra(7) + (0(7)0(27)) Y _ ¢ 273 (2.2.4)
j=1
. Form =4, let ¢, be defined by
k—2 ifkis odd,
ly =
k—1 ifk s even.
Let Fy 4(T) be defined by
Fk74<7')
L (27) + 2B, (47)) ifk =1,

1 o0 [e. o]
k+1
1

“D)SEX (1) = (=1)SEX (27) +2EX (41
(( )2 B (1) — (=1) = B _,(27) o, (47) ) Sk >3 and is odd.

2\ —(-1)FEY, (1) +201ED  (27) — 22-1ED  (47)
(=1)2 Ey(7) — (—=1)2 E(27) — 28 E,(87) + 4F E,(167)

if k is even,

2k(2F — 1)
where ER°,_ (7) and EY . (7) are the normalized Eisenstein series of weight k

on I'g(4) with character x_4 defined as in (2.1.9)—(2.1.10), and let x4 = x4(T) be

defined by

(7717747716)4
(7727]8)6

Then there are unique rational numbers c;j 4 depending on j and k such that

.%'4(7') =

Ly
(0(1)0(47))" = Fra(r) + (0(1)0(AT)" > ¢jpam. (2.2.5)

J=1
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In the remainder of this section we describe some well-known results that can ob-
tained as special cases from Theorem 2.2.1. To make the examples be in analogy with
(2.1.1)~(2.1.4), let us first denote by r(1¥m*;n) the number of integral solutions of the
equation

x%+---+x2+m(mi+1+---+x§k):n.

Then from Theorem 2.2.1, we can easily deduce the following examples.

Example 2.2.2. For k =1, the cases m = 3, 7, 11 or 23 of Theorem 2.2.1 give

r(1'3%;n _22 )+4Z(g), (2.2.6)

din dlg

(5
r(117tn) = 22 (g) - 4% (g) +4 > (g) , (2.2.7)

djn 1
2 4 d 4
11111, S _ — — 2.2.
d|n d|g
where Z a(n)q" = nanae,
n=1
2 d 4 d 4 d
11231. —— _ _ _ R — — 2.2.9
r(1728%m) 3%(23) 3;(23>+3;(23> (22.9)
4 4
+ gal(n) - gaQ(n>7
where i a;(n)q" = M and Zag n)q" = 12746
— N114723M92

The identity (2.2.6) was first stated in an equivalent form by Lorenz [65, p. 420] and
was also given by Ramanujan independently in his second notebook [79, Ch. 19, Entry 3].
See Berndt [14, pp. 223-224], Fine [43, p. 73, (31.16), (31.22)] and Hirschhorn [49] for

proofs and further information.

The identities (2.2.7) also appears in Ramanujan’s second notebook [79, Ch. 19,
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Entry 17] and proofs have been given by Berndt [14, pp. 302-304]. The identity (2.2.7)
has also been proved by Pall [72].
The identities (2.2.8) and (2.2.9) have been recently proved by the author of this

thesis in [99].

Example 2.2.3. For m = 3, the cases k = 2, 3, 4 and 6 of Theorem 2.2.1 give

r(123%n) = 4 Zd—QZd 32d+42d+62d—122d . (2.2.10)

dln d| {5
1333. n/d\ n/4d ‘_l 2
(1333, _3Z< )d +24Z< - 5 )d (2.2.11)
dln din
— 82 ( ) d* +4a(n), where Za(n)q" = nang,
n=1
r(143% n (ZdS 2Zd3+92d3+162d3—182d3 (2.2.12)
dln d|z
3 S 575
+144 ) & | + —a(n), where » a(n)q" = 25—,
; 5 nz;: AN,
r(153%; ) _1+—<Zd5 22d5—272d5+642d5 (2.2.13)
din
152 256
+54Zd5 — 1728Zd5> + —ay(n) — E as(n),
dl n
m5°106"
where a1(n)q" = o and as(n)q™ = nins
Z 1) mnSnena Z ’ 2

The identity (2.2.10) was first stated without proof in an equivalent form by Liou-
ville [61, 63]. See Pepin [74], Bachmann [11], Kloosterman [54] and Alaca et al. [2] for
proofs. The identity (2.2.10) also appears in Ramanujan’s second notebook [79, Ch. 19,
Entry 3]. Proofs have been given by Fine [43, (31.4)—(31.43) and (33.2)] and Berndt [14,

pp. 223-226].
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A formula equivalent to (2.2.11) was proved by Alaca et al. in [5], where it was
attributed to Berkovich and Yesilyurt.

The identity (2.2.12) was proved by Alaca and Williams [8]. A formula similar to
(2.2.12), in which the coefficients in n3nining are given as a quadruple sum, has been
given by Beridze [12].

A formula equivalent to (2.2.13) was given by Alaca [1]; that formula involves three

cusp forms on the right hand side, while ours involves only two!.

Example 2.2.4. For m =7, the cases k =2 and 3 of Theorem 2.2.1 give

4
r(1272;n):§<;d—2§;d+4§;d—7;d (2.2.14)
+14Zd—282d) +§a(n),

d| 7 d| 55
where ia(n)qn = m;
— T17T)4777]28
7 n/d 7 n/2d n/4d
373, \ 2 2 2
dln dlg d|g
1 d d d
- = —|d* -2 — | d? — | &2
(X (F) e (5)eee3(f)
dln g g
21
+ Zal(n) — 6az(n),

where Z ar(n)q" = % and Z as(n)q" = nyiy.
— TiN4aM7728

n=1
Identity equivalent to (2.2.14) has been proved in [38]. The identity (2.2.15) arises

in the theory of 7-cores and were proved by Berkovich and Yesilyurt [13].

!This is because, if b(q) = n%nS, then b(q) + 12b(¢*) + 64b(q*) + b(—q) = 0.
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Example 2.2.5. Form =2 or 4, the cases k =1, 2, 3 or 4 of Theorem 2.2.1 give

r(1'2n) =2y ( ) (2.2.16)

din
. —4 —4
r('ahn) =2) " (— —22 — +4) — (2.2.17)
dn d| g d|y
r(1?2%n) =4y d- 4Zd+82d SZZd (2.2.18)
dn
r(1?4%n) =2) d- QZdJrSZd 32Zd+2a (2.2.19)
dn dl{s
n 772778
where a(n)q" = ,
; (n) p
2 —2 16 —2 4
1323 n) = -2 — ) d*+ = —— ) d*+ = 2.2.2
007 = 55 () 4 g X () €+ et (2220

o0

where Z a(n)q" = 77%7727747752;:

n=1

(1°4%: n —22( )d2+22( )d2—42(_74>d2 (2.2.21)

dln
2 d? — d* + 64 d?
oy () 82(/2d) %:( LY i s,
n 7727]8
where Y a(n)q" = ,
Z nininis
r(1'2hn) =4y d* - 4Zd3—162d3+642d3+4a (2.2.22)

dn

o0

where Z a(n)q" = 13m;,

(1*4%n) => d* - ZdS - 16Zd3 +256 > d® + Tay(n) — 12a5(n),  (2.2.23)

din d| {5
14,14 8
where Z ai(n)q" = 22 17278 and Z as(n)q" 772778 :
— MNi* e Ui

n=1

The formula (2.2.16) was proved by Shen [87]. The formula (2.2.17) was due in part
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to Ramanujan [14, Entry 25(i), (iii), p. 40], [15, Entry 18, p. 152]. The formulas (2.2.18)
and (2.2.19) were stated without proof by Liouville [60, 62] and proved by Pepin [73, 75],
Bachmann [11], and Alaca et al. [2] . The formulas (2.2.20), and (2.2.21)-(2.2.23) are

due to Alaca et al. [3] and Alaca et al. [6, 7, 4], respectively.

2.3 Proof of Theorem 2.2.1

This section is devoted to proving Theorem 2.2.1. The proof hinges on the following

preliminary results.

a b
Lemma 2.3.1. Form € {3,7,11,23} and any odd integer k > 0, and for any €
c d
Co(m), we have
0 at +b k0
b (m-—i—d) = P (d)(cT + d)" By 4, (T), (2.3.1)
00 ar + b k oo
kabm (CT _|_ d) = ¢m(d)(CT+ d) Ek,wm(’r)a (232)
~ 1 1 k0
B o) TG m(””) By (T) (2.3.3)
1 vm
0 k oo
B g, <_E) = =7 By, (7). (2.3.4)
a b
Form =2, and any odd integer k > 0, and for any € I'y(8), we have
c d
00 ar + b k o0
By (m n d) = x—2(d)(cT +d)"ER, ,(7), (2.3.5)
0 ar +b\ k0
Blex-s (CT + d) = X-2(d)(er +d)" By, ,(7), (2.3.6)

X
oo 1 o T k 0
Eixs <—§) = (;) Ex (1), (2.3.7)
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1 N
Eg,X,Q <_8_7') - <_287—>kEk,X,2(T)' (238)
a b
For m =4, and any odd integer k > 0, and for any € I'y(4), we have
c d
[e's) art + b k o0
- (CT n d) = x-ad)(er + )" EZ(7), (2.3.9)
at + b
Rox_s (CT n d) = x-ald)(eT +d)*EY (1), (2.3.10)
o (1N _
EkX74 <_E) = (;) El(ﬂ),x,4(7—)7 (2311)
1 . -
B\, <_E) = (—idr)" By, (7). (2.3.12)

Proof. These are well-known results, see, e.g., Cooper [36], Kolberg [55], Miyake [67,

Ch. 7], Serre [86, pp. 79-83] or Stein [89, Sec. 5. O

Lemma 2.3.2. For any even positive integer k, we have

For m =3 or 11 and any odd positive integer k, we have

1
By, (T + 5) =—E, (1) + 2" =2)E}, (2r)+2*E}, (47), (2.3.14)
o0 1 (o] [o¢] o0
Eapn (T + 5) = B, (1) + (2 =28 B, (21) + 28 B, (47). (2.3.15)

For m =7 or 23 and any odd positive integer k, we have

1

1
B (T + 5) = —Ep,. (1) + (2" + 2)E, (21) — 28, (47). (2.3.17)

—E),. (1) + (2" +2)Ep, (27) — 28 EQ,, (47), (2.3.16)
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For any odd positive integer k, we have

0 1 - -
Eix s (T + 5) = —E (7)) + 2B, (27), (2.3.18)
1
B\, (T + 5) = —Ep, (1) +2°E] ,(27), (2.3.19)
- 1 o -
By (T + 5) = —E2, (1) + 2B, (27), (2.3.20)
1
0 _ 0 k 0
Elx_s (T + 5) = —Ep\ (1) +2°E;, ,(27). (2.3.21)

Proof. For (2.3.13), we first observe that
ox(2n) = (1 +2%) ox(n) — 2%0y (n/2)

where o(n/2) is defined to be zero if n/2 is not a positive integer. Then for k even,

=2(1- %i Z (1 +25Noy-1(n) — 2" tog-1 (n/2)) q2n>

n=1

ey (12 S o) 2 (1 2 S o))

= (24 2%) E(27) — 2" Ey,(47).

Similarly, we find that

. 21 =1op, (n)+281ap , (n/2), form =3 or 11,
\ (1+28Yop, (n)—2"1a) , (n/2), form =7 or 23,
)

(1—2"Yops, (n)+ 2" 1o, (n/2), form =3 or 11,
agf’wm(Qn) =

(142" Yo, (n) —281op, (n/2), form =T or 23,

\
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and for m = 2 or 4,

agf’xim(Zn) = Jgfxim(n) and ag,xim (2n) = 2k02’xim(n).

By the above observations, identities (2.3.14)—(2.3.21) can be proved in the same fashion,

so we omit the details. O

Lemma 2.3.3. Let ord,(f) denote the order of vanishing of f(7) at T = z. Let Fj, ,,,(7)
be defined as in Theorem 2.2.1 form € {2,3,4,7,11,23}. We view Fy,,,(T) as a modular
form on the associated discrete subgroups of the underlying Eisenstein series. Then we

have

ifm=2 and k is odd,

N[

1 ifm=2 and k is even,

2 ifm=4and k is odd,
OI'dl/Q(Fk’m) = (2322)

1 ifm=4 and k is even,

1 ifm=3orll and k is odd,

2 otherwise.
\

Proof. By (2.3.18) and (2.3.19) of Lemma 2.3.2 together with Lemma 2.3.1, we can

deduce that for k£ odd,

10

(Bl (m) + (=8) V2B (7],

2 1
11 1 -1
= (2 1)k | g Z _g)(k=1)/2 ;0 -
(2r+1) [k’x‘2(2+47+2>+< ) b 3 T4 g

~1 ~1
= Q2r+1)7" — B 2B 50—
(2r +1) { fox-2 (4r+2) T s (27+1)
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—1 —1
8 (k—1)/2 —EO QkEO o
T(8) e \Irr2) T e (57
2" T 1 2t o T 1
g (5 ! 1) ~ g P (z - g)

i8Y/2(—8)k=b/2 1 T 1 ~ T 1
[ () - ()

= Cgt 4 0(?)

for some nonzero constant C' as 7 — ico. For k = 2,

[—Eo(T) + Eo(27) — 2E5(41) + 8E5(87)] b

2 \2 1
1 1 1
—E (= E, (1
2<2+4T+2)+ 2( +2T+1>
0B, (24— 1 +8E, [ 4+ -t
2 (21 +1)/2 2 (21 +1)/4
1 1
E _5E
2<4T+2> 2(2T+1)

+ 2B, (ﬁ) +8E; (m) ]

12 30
5B Er ) -
s R A ey g

RS O L S RS 0 G A W
— ’7— — _— — J— — _—
27 2) " wmi2r+1) 2 °\2  4) " mi2r+1)

1 1 1 1
:4E2(4T+2>—5E2<2T+1)+—E2 (T—|——) + —Fy (Z+_)

=27 +1)?

=(2r+1)7?

= 4B, (47 4+ 2) +

2 2

= Cq'* + O(q)

for some nonzero constant C' as 7 — i00, and for k£ > 4 and even,

(~DEE(r) - () Bu(2r) — 25 Bu(ar) + 85 BL(87)| |
2 1
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—(@r41)* [(—1)5&”’ (% + 4T_+1 2) - (135 (1 " 2: 1)
_ 2% E, (2+ﬁ) 185 E, (4+ (27+1 )/4)]
:(27+1)_k[_(_1>;];k( ! )+< 1)5<2k+2>Ek( — )
__@_DEQEEk(E§;£%57§)'_(_1>;Ek<2;ii1>

_%iE, (ﬁ) L85 E, (ﬁ)

2+ BT +1) - (-1 B <T+1)

= —(=1)22F B (47 + 2) + (—1)

1 1
—(CDEBr 1) - 27EE, ( " 5) 124, (g . z)

= Cq"* + 0(q)

for some nonzero constant C' as 7 — i0o. Together with the fact that the width of % of
['(8) is 2, the above observations conclude the first two results of (2.3.22).

Making use of corresponding transformation formulas given in Lemma 2.3.1 of £, - (1),
ER . (1) for m € {3,7,11,23}, E5_,(7) and E}, ,(7) and Lemma 2.3.2 together with
the fact that the width of § of I'o(4m) is m, we can deduce the other results of (2.3.22)

in a similar fashion, so we omit the details. ]
Lemma 2.3.4. If f(1) = Hle nyt for some positive integer N with k = %Zdw rq € Z,
with the additional properties that

Z drg =0 (mod 24)
d|N

and

Z —rqg =0 (mod 24),

d|N
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then f(7) satisfies

F(E550) = xtder + ) s(o)

a b
for every € I'o(N). Here the character x is defined by Jacobi symbol x(d) =

c d
<%) where s = [y d"™.

Proof. See Gordon and Hughes [45], or Newman [69, 70]. O

Lemma 2.3.5. Let a, ¢ and N be positive integers with ¢|N and ged(a,c) = 1. If f(1) =

Hle nyt satisfies the conditions of Lemma 2.3.4 for N, then the order of vanishing
ordg,c(f) of f(7) at the cusp a/c is

N ged(e, d)?ry
24 T ged(e, N/c)ed

Proof. See Biagioli [17], Ligozat [59] or Martin [66]. O
Proof of Theorem 2.2.1. Let ¢, be defined as in Theorem 2.2.1. Consider the functions

T)= Flm(7) and T) = ! .
N e e e e e

Both f,,(7) and g¢,,(7) are analytic on the upper half plane H. By Lemma 2.3.1 and

Lemma 2.3.4 we may verify that both f,,,(7) and g,,,(7) are invariant under I'g(4m) and

ac b
W, = a, b, ¢, d € 7, the determinant is e

dme de

for e || 4m, i.e., e|[4m and ged(e,4m/e) = 1. Therefore, both f,,(7) and g, (7) are
invariant under I'g(4m)™, the group obtained from I'g(4m) by adjoining all of its Atkin-

Lehner involutions W,. Let us analyze their behavior at 7 = ico. By observing the



31

Fourier expansions at 7 = ioo, we find that f,,(7) has rational coefficients, and

1+ 0(q)
(1+0(q))*g (1 + O(q))"

fu(T) = =q "+ 0(g ).

Therefore f,,(7) has a pole of order ¢, at ico. Similarly, we note that g,,(7) has a simple
pole at 7 = ¢oo. It implies that there exist rational constants aj ym, ..., as,, km such

that the function

has no pole at 7 = 700, that is,
hin(T) = agm + O(q) as T — ico

for some constant ag k. Let us consider the behavior of h,,,(7) at 7 = % In Lemma 2.3.3,

we have shown that

if m =2 and k is odd,

N[

1 if m =2 and k is even,
2 if m =4 and k is odd,
Ordl/g(Fk,m> =
1 if m =4 and k is even,

1 ifm=3or 1l and k is odd,

2  otherwise.

\

Moreover, by Lemma 2.3.5 together with the n-quotient representation (2.1.7) of 6(7),

ie.,
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we can compute and show that

% ifm:Qandcm:%,
1 ifm:4andcm:%a
ord,,, (0(7)0(m7)) = <
0 ifm:4andcm:%p
|7 m e {3,7,11,23) and e = 5,

and

-1 ifm:20r4andcm:%,

orde, (Tm) =90 ifm=4andc, = %

|—2 ifme{3,7,11,23} and ¢, = 1.
Here ¢, denotes a cusp of I'g(4m). It is clear that ord,, (Fjm,m) > 0 for m = 4 and

€ = }1. Thus we can summarize that
ord.,, (hy) =0 if m € {2,3,4,7,11,23} and ¢, = 1,

and

ord,,,(hy) >0 if m=4andc,=1.

Since the set of inequvalent cusps of T'o(4m)™ is {oo, 3} for m € {2,3,7,11,23}, or is
{o0, 3, 1} for m = 4, it follows that h,,(7) is holomorphic on X (To(4m)™) = To(4m) ™\ (HU

P'(Q)), and thus h,,(7) is a constant, that is, h,,(T) = agkm. Moreover, since ordy js(hy,) = 0,

hm(7) does not vanish at % and thus agjm 7# 0. Therefore, we have

lm,
F(T) = @jmgm (7
§=0

which is equivalent to

Lo, Lm,

Fim(r) = (0(0)0(mr)* Y ajmas,” = (0(r)0(mm))" Y bjsmth,,

j=0 7=0
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where b; pm = ae,,—jkm- Equating the constant term shows that by, = 1. Now take

b km = —Cjkm to complete the proof. O

2.4 Concluding Remarks

In this section, we conclude this chapter with some remarks on the essence of existence of
the Ramanujan—Mordell type formulas (2.2.2), (2.2.4) and (2.2.5), and an explanation of
why the upper indices of the sums on the right hand sides of (2.2.2), (2.2.4) and (2.2.5)

cannot be improved further based on the functions z,,(7) we use.

1. The essence of existence of (2.2.2), (2.2.4) and (2.2.5) is that for m € {2,3,4,7,11,23},

X (To(4m)™*) is of genus zero, and the function —— is a Hauptmodul of X (Ig(4m)*),

T (T)

i.e., a generator of the function field C(X (I'y(4m)*)). Since the function W

is in C(X (T'o(4m)™)), and it has poles only at 7 = ioco, then m is a poly-

nomial in e
In general, for a positive integer m, we may obtain identities for (8(7)f(mr))*
similar to (2.2.4) and (2.2.5) if we could construct a function Fj(7) by a linear

combination of Eisenstein series of weight k such that (Q(FL
7)0(mT

() is invariant un-
der some genus zero discrete subgroup I' of SLy(R), and could construct a generator
7(7) for the function field C(X(I")) such that the locations of zeros of 7(7) are the

same as that of (6(7)0(mr))~.

2. We now explain that with the Hauptmodul #(T) we use in this chapter, the upper

indices ¢, cannot be improved any further, i.e., cannot be smaller. From the proof
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of Theorem 2.2.1, we can first note that for k fixed, the size of ¢, is determined
by the order of vanishing of the function Fj,,,(7) at %; the higher the order is, the
smaller ¢,,, will be. Then according to the proof of Lemma 2.3.3, ordy o(Fj ) is
directly related to the definition of Fj,,(7) as a linear combination of Eisenstein
series. Thus it is natural ask whether one could redefine Fj ,,,(7) to have higher
order at % In our cases, this is impossible. For example, for m = 2, and &k > 4
and even, first we know that (6(7)0(27))* and x5(7) are modular forms of weight
k on I'g(8) with trivial character by Lemma 2.3.4. Then we must have Fj »(7) be a
linear combination of Eisenstein series of weight k& on I'g(8) with trivial character,

thus we must have
Fk72(7') = OlEk(T) + CQEk(2T) + OgEk(4T) + C4Ek(87')

for some constants C, ...,Cy since Ex(m7) for m € {1,2,4,8} are linearly in-
dependent Eisenstein series of weight & on I'¢(8) with trivial character and the
dimension of the space spanned by such Eisenstein series is 4. According to the
proof of Lemma 2.3.3, in order to have ord,/»(Fj2) > 1, we must have Cy = 0.

In addition, since z5(7) is invariant under T'o(8)™, then G Fralt) st also be

(7)0(27))*

invariant under I'g(8)*. Following such modularity, we can deduce that C; = 0

and Cy = 27¥/2C5, and thus we have
Fo(1) = Cy (27*2Ey(27) + Ex(47)) .

However, similar to the proof of Lemma 2.3.3, we can show that the order of
vanishing of 27*/2E,(27) + Ej,(47) at 1 is 0. This demonstrates our claim for the

case m = 2, and k > 4 and even. For the cases (m =2 and k =2), (m=2or 4
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and k= 1), and (m =3 or 7 and k = 1), the formulas we obtained do not involve
any lower order term in x,,. For the other cases, similar arguments can be applied

by the facts [89, Chapter 5] that
(i) the space of Eisenstein series of weight 2 on I'g(16) is spanned by (Ey((1) —
Ey(7) for €116 and £ # 1, and Yo7, (=2) o1(n)q™;
(ii) the space of Eisenstein series of even weight & > 4 on I'¢(16) is spanned by
Ey(¢r) for )16 and Y~ | x_a(n)ok—_1(n)g";
(iii) the space of Eisenstein series of odd weight & > 3 on I'g(8) with character
X-2 is spanned by Ep° (1) and E} _ (7);
(iv) the space of Eisenstein series of odd weight k£ > 3 on I'g(16) with character
X-4 is spanned by EpS (1) and Ep  (¢7) for £|4;
(v) the space of Eisenstein series of weight 2 on T'g(4m) for m € {3,7,11,23} is
spanned by (Ey(¢1) — Eo(7) for £|4m and ¢ # 0;
(vi) the space of Eisenstein series of even weight £ > 4 on I'y(4m) for m €
{3,7,11,23} is spanned by Ey(¢1) for £|4m;
(vii) the space of Eisenstein series of odd weight 1 on I'g(4m) for m € {3,7,11,23}
is spanned by Ep5, (€1) for £]4;

(viii) the space of Eisenstein series of odd weight £ > 3 on I'g(4m) for m €

{3,7,11,23} is spanned by EpS, (1) and E}) , ((7) for (|4.
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Chapter 3

Difference of a Hauptmodul for
['o(N) and Gross—Zagier Type CM

Value Formulas

3.1 Introduction

In his seminal work [20, 21], Borcherds develops a remarkable method to construct
meromorphic modular forms W(z, f) on an orthogonal Shimura variety associated to
some rational quadratic space of signature (n, 2) from some weakly holomorphic modular
form f for the Weil representation of SLy(Z) via regularizing some integrals called theta-
lifts against the Siegel theta function. We now call such regularized integrals Borcherds
lifts of type (n,2) denoted by ®(z, f) and the associated meromorphic modular forms
Borcherds forms of type (n,2). Moreover, Borcherds shows that U(z, f) has a beautiful
product representation called Borcherds product for its Fourier expansion near a cusp of
the orthogonal Shimura variety. One of the most famous Borcherds forms is the difference
j(71)—j(72) of the well-known Klein’s modular j-invariant as a Hilbert modular function
for SLy(Z) x SLg(Z), which results from the Borcherds lift of type (2,2) with j — 744

as its theta-lift input, namely, j(z1) — j(22) = ¥(z,j — 744). If we write j(1) = ¢! +
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Y o €(n)q" with ¢ := exp(2miT), then computing the Borcherds product of W(z, j —744)
near the cusp of the underlying Shimura variety of type (2,2), which is identified with
the cusp (ioo,ic0) of Y (1) x Y (1), we can recover the famous Monster denominator
formula [18], namely,
i) —d(=) = (@' — ") T 0 —qrg) ™.
m,n>0

Furthermore, another interesting application of the fact that j(z1) — j(22) is a Borcherds
form W(z, j— 744) is to serve as a key ingredient in the use of the so called big CM value
formula [28] in reproving the interesting and famous Gross—Zagier CM value formula [46],
namely,

_8
wlwy

= | (3.1.1)

z,n,n' €7
n,n’>0
z24+4nn’=d; ds

o (55) - (4515

where d; and dy are coprime negative fundamental discriminants, €(n’) is multiplicative,
and €(p) is defined via the local Hilbert symbol at a prime p. Such a formula was
first discovered and proved by Gross and Zagier [46], and it presents a beautiful and
remarkable prime factorization formula for the rational norm of the algebraic integer
Ji (%) -7 (%) and reveals the arithmetic information encoded in the exponents
of the prime factors via Hilbert symbols. The reproof of the Gross—Zagier CM value
formula mentioned above has been recently worked out by Yang and Yin [94], and it

yields an equivalent form of (3.1.1) as follows.

Theorem 3.1.1 (Gross and Zagier). Let E; = Q(\/d;) be two imaginary quadratic fields

of fundamental discriminants d; with (dy,dy) = 1. Let F = Q(v/D) with D = dyd, and
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E=FEE;,= @(\/E7 \/E) Then

8
3 log |j(7ay) — 5(7ay)| 7272

([a1],[a2]) €CL(E1) x C1(E2)

= > > Mp(tlfl) log(N(p)), (3.1.2)

2
t—2m+D+VD p inert in E/F
2

|2m+D|<v/D
meEZ
where CI(E;) is the ideal class group of E;, 7, = %ﬁ 1s the unique CM point in the

b+Vd
2

upper half plane H given by the integral ideal a = |a, |, w; is the number of roots of

unity in E;, and for an integral ideal a of F
p(a):=[{B C Op: Ng/r(B) = a}|
which can be computed via calculating its local factors py(a) (see (3.3.14)).

Remark 3.1.2. To see how (3.1.2) is equivalent to (3.1.1), we refer the reader to [46,

Eq. (7.1)] and [94, Remark 4.1].

All of these interesting phenomenon and relation mentioned above that are related to
J(7) have greatly motivated us to look into the genus zero Hecke subgroups I'g(IV) cases.
Now recall that for a genus zero congruence subgroup I' of SLy(R) commensurable with
SLy(Z), the function field on X (I') can be generated by a single modular function, and
such function is called a Hauptmodul for I' if it has a unique simple pole of residue 1 at
the cusp 400, i.e., it has Fourier expansion of the form ¢='/* + ¢(0) 4 ¢(1)¢/" 4 - - - with
q = exp(2miT) at the cusp ico where h is the width of the cusp ico. in this chapter,
we first aim to extend the fact that j(z1) — j(22) is a Borcherds form of type (2,2) to
any genus zero groups ['o(/N) and show that the difference of a Hauptmodul my(7) for a

genus zero group I'g(NV) as a Hilbert modular function for I'g(N) x ['o(/N) is a Borcherds
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form of type (2,2) by a uniform approach. These extend Scheithauer’s results [81], in
which he works only on N square free using the twisted denominator identity of the
Monster Lie algebra. The method we use is different from Scheithauer’s and is more
natural from the analytic point of view. Later, employing the big CM value formula [28]
together with the fact that my(21) — mn(22) is a Borcherds form shown in this chapter,
we derive Gross—Zagier type CM value formulas for m,(7) for p € {3,5,7,13}, the only

odd primes such that I'y(p) are of genus zero.

Remark 3.1.3. The way we compute the Gross—Zagier type CM value formulas in this
chapter was first initiated in [94] in which Yang and Yin prove a Gross—Zagier type
CM wvalue formula for mo(T) first conjectured by Yui and Zagier [102]. In general, one
can similarly obtain Gross—Zagier type CM wvalue formulas for all mn(T) by carefully
computing the constant terms of the corresponding theta-lift input (see Lemma 3.2.8)
and relevant local Whittaker functions (see Subsection 3.3.1). We refer the reader to
[94, 95] for comprehensive descriptions of these computations, and leave the details to

the reader.

Remark 3.1.4. Similar formulas for To(N)+ with N square free have first been worked
out in [19] by Borcherds. In recent work [32], Carnahan obtains similar formulas for

completely replicable modular functions.
Now we state the first main result of this chapter.

Theorem 3.1.5. Let wn(7) be a Hauptmodul for a genus zero group I'y(N) for N > 2.
Then mn(z1) — mn(22) is a Borcherds form V(z, Fy) of type (2,2) for some weakly holo-

morphic modular function Fy for the Weil representation of Slis(Z).
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Define, here and throughout the remainder of this chapter, C(I';(N)) to be the set of

Qs

bs

inequivalent cusps s = as/cs € Q of I'y(N) with (as,cs) =1, My = € SLy(Z),
Cs dg

ms = (cs, N), and write hy = N/m,. Note that when N # 4, I';(N) has no irregular

cusps, and then hy = N/my is the width of cusp s € C(I'1(V)). If s is regular write for
0<t<h,

(fIM), = D Ay(nhg+t)gmh+i/te

n>—oo

where

M= > Adn)g/™ and  f| M, :=f(‘“”)5).

ceT + d
n>>—oo $ _'_S

Then we can derive a Monster denominator formula like product expansion for my(z;) —

N (22) as follows.

Corollary 3.1.6. Let mn(7) be a Hauptmodul for a genus zero group T'o(N) and define
for d|N,

2
ST A )t = Non|To(N) : T1(N)]

{=—1

<43 UMy — A0+ Y -l My~ A0 5,

seC(T'1(N)) seC(I'1(N))
s regular s irregular
ms=d ms=d

where Ay y = 2 or 1 depending on whether N = 2 or not. Then we have

() = vz = — ) [T T (- ara )™ (313

m,n>0 d|N

where q; = exp(2miz;).

Here are two concrete examples following from Corollary 3.1.6.
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Example 3.1.7. Let 75(7) be a Hauptmodul for T'y(5) given by

i = (i)

where 1(7) is the Dedekind eta function. Then

(%)6 - (%)6 = (' —a") mllo(l — gmgh)Amnd) (1 _ ghmgsn)A(mn.1),

where

ZAM ( ((57)))6%,

{=—1

A(l,1) =a(5) and ia(ﬁ)qe =125 (U(Eﬁ))ﬁ.

~ n(7)

Example 3.1.8. Let ms(7) be a Hauptmodul for T'g(8) given by

Then

n(220)2(821)"  1(222)*(822)"

n(z)n@z)®  n(z)'n(4z)" @ - 1 H(l— @) 3>A<mn,d>'

m,n>0 d|8

where

n(7)'n(47)?
KZ_IAES @) + 4,

4n)4

n(2r)” 17(4T) _ ")'(1—q
A(0,2) = a(20) and Z 1/12)77(87)77( 1 SR 8H 1_q8n B G )

B n _ n(87)* (27’)
A(0,1) = b(8¢0) and Zb gt = 32T 2T n T
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Following from Corollary 3.1.6, we can relate the canonical basis elements in 25 of
the space of weakly holomorphic modular functions for I'g(/N) with pole supported only

at 100 to the logarithmic derivative of my(21) — mn(22) with respect to z; as follows.

Corollary 3.1.9. Let mn(7) be a Hauptmodul for a genus zero I'o(N). Then

1 (2

v(z1)

- E PNn 7TN 2’2
27 n(z1) — T (22)

for some polynomial Py ,, of degree n. Then Py, (mn(22)) = ¢ " + O(g2).

The second main results of this chapter are the Gross—Zagier type CM value formulas

in the following.

Theorem 3.1.10. Let E; = Q(\/d;) be two imaginary quadratic fields of fundamental
discriminants d; with (dy,ds) = 1. Let F' = Q(\/E) with D = dydy and E = E1E, =
Q(Vdy,\/dy). Let m,y(1) be a Hauptmodul of To(p). Then

> log |y (T(ar) — Tp(Te(az))|

([a1],[a2])€S(p,di,d2)

~1
|S(p, di, da) |wiw, Z ( t ) 24 <
- a| —= oo | +—= ) aol¢or) (3.1.4)
32h(E1)h(Ey) e VD
|2m+D|<vD
meZ

where
S(p,dy,ds) := {([a1], [a2]) € CI(E1,) x Cl(E2,) : 3 fractional ideals a; such that N(a;) = N(az)},

Cl(E;,) denote the ring class group of conductor p of E;, w; is the number of units of

E;, the map ¢ is defined by ¢([a, pb+‘[]) la, %g] for an integral ideal representative
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a= [a,p%] in CI(E;,), and a (%,%70) and ag(po ) are computed and expressed
explicitly in Section 6.

In particular, the left hand side of (3.1.4) can be reformulated in the language of
quadratic forms

> log [ (To(a)) = Tp(Te(a))| = > log |mp(7q,) — mp(7q,)l;

([a1],[a2])€S(p,d1,d2) (Q1,Q2)€Sa(p,d1,d2)

where

So(p, di,dz) == {(Q1,Q2) € Qa,(p)/To(p) X Qa,(p)/To(p)| Q1(1,0) = Q2(1,0)},

Qa(p) denotes the set of primitive and positive definite binary quadratic forms aX? +
bXY +cY? of discriminant d with (a,p) = 1, and 1 is the unique CM point in H given

by Q(1,1) =0 for a quadratic form Q(X,Y).

Example 3.1.11. Tuoking p = 3, di = —8 and dy = —11, we can first check that
S(3,-8,—11) = Cl(E13)xCl(Ey 3), and then by computing the corresponding a (\/LE, (;5070)
and ag(¢o ) via Section 6, we obtain the following prime factorization for the product of

CM values

11 75(7an) = m(75)| = 20317
([Ch],[ﬂQ])ECl(EL:;) XC](E273)

Remark 3.1.12. Although we call (3.1.4) a Gross—Zagier type CM value formula, one

might note that in general, it only tells a formula for the value

1
Sodd . 2 eI = m(Tem)]
Py 1, @2 ([a1],[a2])€S(p,d1,d2)

where the set S(p,dy,dy) is not explicit in general. The appearance of S(p,dy,ds) follows

from an injection of a big CM cycle of a Shimura variety into C1(E; ) x Cl(Ey,) (see



44

Lemma 3.3.3). If one had S(p,di,dy) = Cl(Ey,) x Cl(Es,), then (3.1.4) does give a

formula for the product of CM values

H 7Tp(Tay) — Tp(Tay) |

([a1];[@2])ECU(EL p) X CU(E2,p)

as we have seen in Example 3.1.11, and it is more “Gross—Zagier-type”. According to a
number of computational calculations, it seems to us that such an equality may be true
for any p € {3,5,7,13} and any coprime negative fundamental discriminants dy and ds.
However, we were unable to prove or disprove this claim in the present work. Moreover,
a natural question may be raised for general integer N instead of merely prime p. We
leave these interesting observations as a conjecture and an open question below, and

these can be the topics for further investigation.

Conjecture 3.1.13. For p € {3,5,7,13} and any coprime negative fundamental dis-
criminants dy and dy, we have S(p,dy,ds) = Cl(Ey,) x Cl(E2p). In the language of
quadratic form, it is equivalent to say that for every pair of primitive and positive def-
inite quadratic forms a;X* + 0; XY + ¢;Y? of Qq,(p), there always exists a positive in-
teger n such that a; X% + b; XY + ¢;Y? = n both have integral solutions (X, Y;) with

ged(X;, Y;) = 1.

Question 3.1.14. It is known that S(l, dl, dg) = Cl(ELl) X CI(EQJ) = Cl(E1> X CI(EQ)

In general, when does S(N,dy,ds) = CL(Ey y) x Cl(Eyn) hold?

Remark 3.1.15. Gross—Zagier type CM value formulas for the genus zero Fricke sub-
groups T'§(p) have been recently derived in another work of the author [98] using the so
called small CM value formula [85]. We refer the reader to [28] for a brief explanation
on the distinction between the concepts related to “big CM” and “small CM” and to [98]

for a brief explanation on why the small CM value formula may not work in our case.
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This chapter is divided into two parts and is organized as follows. In the first part, we
briefly review the theory of Borcherds lifts, realize a family of Shimura varieties as Hilbert
modular surfaces, set up several preliminary results and construct the desired weakly
holomorhic modular form Fy for the Weil representation. Proofs of Theorem 3.1.5,
Corollaries 3.1.6 and 3.1.9 are given in Subsection 3.2.3. In the second part of this
chapter, we will briefly review the concepts of big CM cycles and big CM value formula
and show how to employ such formula together with Theorem 3.1.5 to obtain Theo-

t

rem 3.1.10 in Subsection 3.3.2. Computations of a(ﬁ, $0,0) and ag(¢o ) mentioned in

Theorem 3.1.10 are carried out in Subsection 3.3.3.

3.2 Part I: Difference of a Hauptmodul for ['j(N)

3.2.1 Review of Borcherds Lifts

In this section, we briefly review the theory of Borcherds lifts in the adelic setting and
relevant concepts such as Shimura variety and special divisor, and we also realize a family
of Shimura varieties as Hilbert modular surfaces on which the difference of Hauptmoduls

are defined. We rely heavily on [56] (also see [94]).

Shimura Variety of Type (n,2)

Let V' be a rational quadratic space with a quadratic form Q(-) of signature (n,2) and
the associated bilinear form (-,-). Let H = GSpin(V') be the general spin group of V,

then there is an exact sequence

1—-G,, —H—S0(V)—1.
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For a Q-algebra F', we write Vp for V ®g F. A Hermitian symmetric domain for H(R)
is the oriented Grassmannian of negative 2-planes of Vg, denoted by . Denote by Ag
the adele ring over a number field K and by Ax ; the associated finite adele ring. For a
compact open subgroup K C H(Ag ), there is an associated Shimura variety Xy over

Q such that

Xg(C) = HQ)\ (D x H(Agy)/K).

Let

L={Z¢cVe|(Z Z)=0and (Z,Z) < 0}.

Then we can see that D possesses a complex structure via the isomorphism pr : £L/C* —
D sending Z = X +iY to RX + R(—Y). There is another useful realization for D as
follows. Take two isotropic (zero-norm) elements ¢ and ¢ of V' with (¢,¢') = 1, and let
Vo = (Q€+ Q")+ be the orthogonal complement of the plane spanned by £ and ¢'. Then

we define a so-called tube domain associated to ¢ and ¢ by
H={Z=X+1iY € Voc|X,Y € Vor and Q(Y) < 0}

which is isomorphic to L/C* via w(Z) = ¢ — Q(Z){ + Z. Then the map w induces an
action of I' = K N H(Q)" on H, where HQ)" = H(Q) N H(R)™ and H(R)" is the
identity component of H(R), and induces an automorphy factor j(g,Z) characterized

by the following identity

g-w(Z) =v(9)jlg, Z)w(g - Z),

where v(g) is the spinor norm of g. Note that this action preserves the two connected
components H* of H. Fix one of these two connected components, say, H*. Assuming

for simplicity that H(Ag) = H(Q)H(R)*K, which is guaranteed by an appropriate
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choice of K and the strong approximation theorem (see, e.g., [76, Ch. 7]), we have the

identification Xx = T\HT.

Definition 3.2.1. A meromorphic modular form on H* of weight k for T is a meromor-
phic function f : H* — C such that f(v- Z) = j(v, Z)*f(Z) for all v € T. Moreover,
under the identification given above, such a function f can be equivalently viewed as a

meromorphic modular form defined on D x H(Aq,f) satisfying

(1) f(Z,hk) = f(Z,h) for all k € K,

(2) f(v-Z,4h) = j(v,2)"f(Z,h) for all v € H(Q).

Special Divisor

For a vector X € V with Q(X) >0 and h € H(Ag ), let

Hy={ge HlgX =X}, Dx={ZeD|(ZX)=0}, and Kyj,=Hy(Ag)NhKh.
Then the map

Hx(Q)\ (Dx x Hx(Aqf)/Kxn) = Xk(C), [Z,9] — [Z,gh]

gives a divisor Z (X, h) in Xk which is defined over Q. For a positive rational number
m and ¢ € S§(Va,,), the Schwartz-Bruhat space of Vy ,, if there is a X € V with
Q(X) = m, the special divisor of index (m, ¢) in Xk is defined by
Zmgo)= Y eh-X)Z(X.h)
heHx (Q\H (Aqg,f)/K

When there is no such X, we simply set Z(m, ¢) = 0.
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Theta-lift and Borcherds Theorem

For Z € D, let pry : Vk — Z be the projection map, and for X € Vg, let R(X,Z) =

—(pr(X),pry(X)). Then we define
(X, X))z = (X,X)+2R(X, 2),
and our Gaussian for V is the function
Voo X, Z) = e (X X)z

For 7 € H with 7 = u + v, let

and g, = (g-, 1) € Mp,(R), the metaplectic group. Let [ = § — 1, G = SLy and p be the
Weil representation of the metaplectic group G'(Ag) on S(Va, ). Then for the linear
action of H(Ag,f) we write p(h)p(X) = p(h™" - X) for ¢ € S(Vi,,). For Z € D and
h € H(Aq,s), we have the linear functional on S(Va, ) given by

o= 0, Z,hip) =077 Y p(gh) (0ol Z) @ p(h)g) (X).

XGV@
Let L be a lattice of V, and let L' be the dual lattice of L defined by

L'={XeV|(X,L) CZ}.

Let S, be the subspace of S(Vy, ;) consisting of functions with support in L and constant

on cosets of [A/, where L = L ®7 Z. Then

S.= P C¢,, ¢, =Char(n+L),

nel’/L
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where Char(-) denotes the characteristic function. One can check that Sy is SLy(Z)-
invariant under the Weil representation p. Associated to the lattice L, we denote by pp,

and one has

_el((n—2)/8)

pL<S)¢u \/ﬁ Z 6((%“))45’7
o 4,
11 0 -1
where e(7) := exp(2mit), T = and S = . Let IV = Mp,(Z) be the
01 1 0

full inverse image of SLy(Z) C G(R) in Mpy(R).

Definition 3.2.2. A holomorphic function F : H — Sy, is a weakly holomorphic modular

form of weight k for the Weil representation pp if
(i) F(y't) = (er + d)*pr(y)F(T) for ally' €T,

(i1) F(T) has a Fourier expansion

Z Z C(m7 n)qm¢ﬂ

neL’/L me—Q(n

m>>— oo
where the condition m = —Q(n) (mod Z) follows from the transformation law for
11
T —
0 1

Furthermore, denote by M,i’pL the space of weakly holormophic modular forms of weight

k for the Weil representation py .

For the theta function called Siegel theta function

0(r.Z.h) = Y 0(r,Z,h; ),

neL! /L
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we can pair it with F'(7) by the following C-bilinear pairing

(F(r),0 = > Y elmp)"0(r, Z, b ¢y).

weL'/L meQ(pn)+Z

Using this pairing, we define a regularized integral as in [21], called Borcherds lift,

O(Z, h; F) = T{lim /f (F(T),e(T,Z,h)>v—2—8dudv}

s=0 | t—oo

where CTE denotes the constant term in the Laurent expansion at s = 0 of
s=

lim | (F(7),0(r, Z, h))v™* *dudv,

t—o00 Fi

Fi is the truncated fundamental domain defined by
Fi =47 € F|Im(r) <t}

and F is the usual fundamental domain for the action of SLy(Z) on H.
Now we are ready to state the celebrated Borcherds Theorem [21, 25, 56]. Under
the assumption H(Ag) = H(Q)H(R)" K, we can simply set h = 1 and omit it for the

simplicity of notation.

Theorem 3.2.3 (Borcherds). For a given f € M! . = with

2PL
= > Z (n,u)q”%,
neL' /L ne—Q(p
n>=— oo

and c¢(n, u) € Z forn <0, and assuming I' C Aut(L, f) where Aut(L, f) is the subgroup
of automorphism group of L that stablizes f, there is a meromorphic modular form
U(Z, f) called Borcherds form on D x H(Aq f) (or say on H') of weight ¢(0,0)/2 for T

such that
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1. the divisor of W(Z, f) on Xk is given by

div(¥(Z, /))) = > Y cl=n,m)s(wZ(n,p),

pEL'/L neQ(u)+7Z
0<n

where Z(n, p) is the special divisor of index (n, u) and §(u) = 2 or 1 depending on

whether 2 € L or not, and can be written as

Z(n,p)={Z eD"|(Z,X) =0 for some X € p+ L with Q(X) = n},

2. the following relation
(7, f) = —4log |¥(Z, f)| — ¢(0,0) (2log [Y'| + I'(1) + log(27))
holds,

3. near each cusp QU of Xg, the meromorphic function V(Z, f) has a product expan-
sion called Borcherds product of the form
VZ.f)=Ce((ZpWre /) TT  TI D—e(@2)+ (uenyc@e
AEM, peL,/L
(AW .e0,)>0 p(p)=2+M,

where C is a constant with absolute value

(0,30
[T (- et/n)
S€Z/N
540

For the definitions of the notation, we refer the reader to [94, Subsection 2.1].

A Shimura Variety as a Hilbert Modular Surface

In this subsection, we will see how to realize a family of Shimura varieties X, of type

(2,2) for some open compact subgroup Ky as Hilbert modular surfaces Yy (V) x Yy(V).
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Let V' = M5(Q) be a rational quadratic space with the quadratic form Q(-) := det(-)

of signature (2,2). Then the general spin group H = GSpin(V) of V is

H ={(g1,92) € GLy x GLy| det g; = det go}

0 —1 00
and acts on V via (g1,92) - X = g1 Xg, . Taking { = and ¢/ = , one

0 0 1 0
can check that

21 0
H = %(21)%(22) >0
0 —2Z9

The following proposition is useful and well-known (see, e.g., [94, Proposition 3.1]).

Proposition 3.2.4. Define
w:HPU(H)? = L
21 TR1%2

by W((z1,22)) = . Then the composition pr o W gives an isomorphism
1 —2Z29

between H? U (H™)? and D. One can check that such an isomorphism induces an action

of HR) on H? U (H™)? via the usual fractional linear transformation, i.e.,

(91,92) - (21,22) = (91 - 21, G2 - 22),

a; b;
and an automorphy factor j(g1, g2; 21, 22) = (c121 + di)(c222 + d2) for g; = r
¢ d;
Now let
R * ok
Ko(N)=4¢9g€GLy(Z)| g = (mod N)
0 =

and denote K = (Ko(N) x Ko(N)) N H(Af) by Ky. Then I' = HQ)" N Ky =

['o(N) x I'g(N) denoted by I'y. The strong approximation theorem tells that H(Ag) =
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H(Q)H(R)" Ky, and together with Proposition 3.2.4 it implies the realization of X, =

7 7
Yo(N) x Yo(N) as a Hilbert modular surface. Moreover, set L = and denote
NZ Z
Z 7J/N
it by Ly. Then one can check that Ly = and the special divisor of index
7 7

(n, ) can be expressed as a divisor on Yy(N) x Yy(IV)
Z(n,p) = (Lo(N) x To(N))\ {z = (21, 22) € H?*|0(2) L X for some X € p+ Ly with Q(u) =n}.
Finally, one can check that 'y C Aut(L)/Ly) N Aut(Ly), where Aut(L)/Ly) and

Aut(Ly) denote the automorphism groups of Ly, /Ly and Ly, respectively.

3.2.2 Preliminary Results

In this section, we aim to construct an appropriate Borcherds lift input Fiy for my(21) —

7 7 Z 7J/N
N (22). First, with Ly = and Ly = , we note that {lu}ueL}\,/LN =
NZ 7 7 7
0 j/N 0 j/N
. Then to simplify our notation, we write i, for ,
k0 E 0

0<j,k<N—1
and write Ly /Ly = {pjr}oc;pen_1- We also write ¢, for ¢, € Spy.

Lemma 3.2.5. Let Z(1, puo) be the special divisor of index (1, pop). Then

Z(1, poo) = { (7, 7)[ 7 € Yo(N)} .

Proof. By the identification given in Subsection 3.2.1, we have

Z(17 IUO,O)

= (Lo(N) x To(N)\ { (21, 22) € H?| (21, 25) L X for some X € pgp+ Ly with Q(X) =1}
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b a b
i for some € I'h(N)

c d

= (To(N) x Do(N)\ { (21, 22) € H?| 25 =

cz1 +d
={(m, 7|7 € Yo(N)}.
O

Note that the divisor of mx(z1) — mn(22) is {(7,7)|7 € Yo(N)} . Then Lemma 3.2.5
tells us that div(¥(z, Fiv)) must be Z(1, f190), and thus the ¢go-component function of
Fx must have a simple pole at 100 of residue 1, and the other component functions are

all holomorphic at z00.

Lemma 3.2.6. For N # 4, the following set

is a basis for the subspace of M(!),pLN consisting of elements with constant component

functions.

For N =4, the following set

®0,0 + P10+ P20 + 30,
®0,0 + ¢o.1 + Po2 + P03,
$2,0 — P01+ P22 — P03
1s a basis for the subspace of MO!,PL4 consisting of elements with constant component

functions.

Proof. Setting up the equations

N—-1N-1 —1N-1
pry(T) (Z Z aj,k¢j,k> = Z Z ajkPjk

k=0 j5=0 k=0 j
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N—-1N-1 —-1N-1
PLyx (S) (Z Z aj,k:¢j,k) Z Z aj, k¢j ks

k=0 j=0 k=0 j=0
expanding the left hand side by the Weil representation, and equating the coefficients
by the linear independence of ¢, , we can obtain the desired results after some routine

calculations. O

Lemma 3.2.7. Let ¢,y be the inverse of ¢, in (Z/NZ)* when mg = 1, and ¢,y = my
otherwise. For s € C(I't(N)), and integers j and k, define ts x by ts;x/hs = jk/N
(mod 1). Let iy = mn(7) be a Hauptmodul for a genus zero group I'o(N) and fy = fn(7)

be the I'o(N)-induction of mn(T) against ¢o defined by

fN — Z 7TN| M . pLN(M—l)qu’O. (321)
MeTo(N\SLs(z)
Then fn s in M(’LPLN’ and
N - T .
N |F0(N) . Fl(N)| 9 N p 0.0
MeTy (N\SLs(z)
where
2 -
: Ms M, .
& Av[To(N) : T1(N)] >, (Moot >, (ml )OZQZ% 0
; s€C(I'1(N)) seC(T'1(N)) =
s regular s regular
ms#N
(3.2.2)
hs—1
+ Y (MY, Y bom,
seC(T'1(N)) 1
s regular
ms#N
hs—1hs—1 9.
d Cs Nms]k
PO G = NI
SGC Fl k=1 ]:1
s Teyular

ms#N
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1 1 dmggik
+ Z e (mn| M) )¢ (— > NS )¢jms,kmS]>
s€C(T1(N)) k=0 j=0

s irregular

and Aoy = 2 or 1 depending on whether N = 2 or not.

Proof. These follow from [23, Theorem 5.4] and [83, Theorem 3.7] by setting D = Ly, /Ly

with quadratic form Q(-) = det(-) and €” = ¢y, and realizing that

DCs = {quhs’khs}[)gj,kgmsfl and D** = {Qsjms,kms}ogj’kghs,l .

O

Lemma 3.2.8. Let my = 7n(7) be a Hauptmodul for genus zero group T'o(N), and let

| Mg = Z As(n)q"/ﬁs

n=-—1
where iLS =14 N =4 and s = 1/2, otherwise, iLS = hs as defined in Section 3.1.
Let fy = fn(7) be the I'y(N)-induction as defined in Lemma 3.2.6. For N # 4, let
Fn = Fn(1) be defined by

2

- A n|To(N) : T (N)] (3.2.3)

N = [n

2

-1

ms—1 hs—1 N—-1
X Z A,(0) box + Z Ay )(Z Z¢jms,khs_z¢0,k)
k=0 j=0 k=0

seC(T'1(N)) 0 seC(I' (N
ms;éN

£
I

For N =4, let Fy = Fy(7) be defined by
3
Fy=fy— (A1/4(0) + Aoy1(0) + A1/2 ) Z Por, — Aoy (0 Z bro — Gok) (3.2.4)
k=1

B %Al/z(o) (620 = Po1 + P22 — Po3) -

Then we have
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1. Fn(7) is in M|

0,01+ 0nd is invariant under Aut(L’y/Ly),

2. ¢(0, o) = 0 and the ¢go—component of Fy has Fourier expansion

. 2
q +A2,Nyr0(N):r1(N)| > ZA (nho)g" + Y ZA :

seC(T'1(N)) n=1 seC(T1( ))
s regular s zrregular

3. ¢(0,pj0) =0 for 0 <j<N-—1,

4. ford|N and d # N,

alz

-1

U

1
c(0, :uj%,kd) =24

=
Il
o

=0 j
Proof. Assertion (1) follows from Lemmas 3.2.6 and 3.2.7.
By collecting the terms attached to ¢ in (3.2.2), we obtain that the ¢, o—component

of fN 18

2 1
Aon|Co(N) : Ty (N)] Z (mn| M), + Z h_S(WN|MS)

s€C(T1(N)) seC(T1(N))
s regular s irregular
2
-1
=q  + As(nhg)q™ + Ag(
)\Q,N’FO(N) : FI(N)’ SGCFZ1 ); SGCFZ1 Z
s regular s 1rregu1ar
. 2 1
=4 RV T > Al > —As(0) (3.2.5)
2,N120 sec(I (V) sEC(Fl(N)) s
s regular s irregular
SID D VXUV D S 9K
s€C(T'1(N)) n=1 seC(T1(N
s regular s 1rregu1ar

Then Assertion (2) follows from (3.2.5) and the definition of Fly.
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By extracting the constant terms attached to ¢;o for 1 < j < N —11in (3.2.2) of Fl,

we obtain
9 hs—1 1 hs—1
Aq(0 - — A0 -
T o) O] | 2 MO 2 bt D A0 D G
: s€C(T'1(N)) j=1 sEC(T1(N)) j=1
s regular s irregular
ms#N

(3.2.6)
Then Assertion (3) follows from (3.2.6) and the definition of Fy.

For Assertion (4), by (3.2.2), (3.2.3) and (3.2.4), it can be verified case by case that

N 9 d(ms, N/d)*> — N
c(0, ¢j%7kd) T T anITo (V) Th(N)] SGC%N))AS(()) ( M > .
(3.2.7)

Hy(r) = %EQ (%) — By(r)

where Fs(7) is the normalized weight 2 Eisenstein series. It is well-known [39, Section
1.2] that H4(7) is a weight 2 modular form for I'¢(IN/d), so it is a weight 2 modular
form for Iy (V). Let Bs(0) be the constant term of the Fourier expansion of Hy(7) at
the cusp s = as/cs € C(I'1(N)). It is easy to show that

(my, NJd)?

1
N/d

B(0) =

and

N
Hy(r) = — — 14 24q + O().

Since my(7) is a weight 0 weakly holomorphic modular form for I'((/V), then it is also

on I'1(N), and by Serre duality [22, Theorem 3.1], we have

0= 24 x 22NDolN) : LML > hyB(0)A,(0)
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=24 x /\Q’Nlrou\g 2S1CHIN >k <—(m5],vj;f£d)2 —~ 1> A4(0)
N)

seC(T1(
)\2N|F0(N) Fl(N)‘ d(ms,N/d)z—N
=24 ’ . 2.
X 5 + ) A0 o (3.2.8)
seC(T'1(N))
Finally, Assertion (4) follows from (3.2.7) and (3.2.8). O

3.2.3 Proofs of Theorem 3.1.5 and Corollaries 3.1.6 and 3.1.9
Proof of Theorem 3.1.5

This subsection is devoted to the proof of our first main result, Theorem 3.1.5. We rely
heavily on Borcherds Theorem, especially the third part of it. To assist in understanding
the proof, we first review the definitions of the notation used in Theorem 3.2.3(3) for
our case. Let M, = LN (QF+ Q)" be the Lorentzian lattice of L associated to £ and ¢
Assume that (¢, L) = N;Z. Choose a ¢ € L such that (£, /) = N,. Let Lj be a sublattice
of L’ defined by

Ly={zxell(l,x) =0 (mod N,)}.

Then there is a projection

(z,0)

p:L,— M,  plx)=zy+ N
l

&

where x), and & are the orthogonal projections of z,§ € V to M;g. So it induces a
projection, which is also denoted by p, from L}/L to M;/M,. Next, we define the Weyl

chamber W,,, for

f: Z f“¢“€MO!,pL‘

nweL’/L
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Let Gr(M;) be the Grassmannian of negative lines of M, g, which is a real manifold of

dimension 1. For A € M;/M, and n € Q, let
Zy(n,\) ={z € Gr(My)| z L x for some x € A + M, with Q(z) = n},

which is either empty or a real divisor of Gr(M;). The Weyl chambers W} associated

with f are the connected components of

aM)- | U Zulnpw).

pel,/L  n>0
¢ C(—TL”LL)#O

Let ¢y € M, and ¢}, € M; be isotropic elements with (¢, ¢},;) = 1, whose existence
is guaranteed in our case. For general case, we refer the reader to [21, Section 9] and [29,
Section 5]. Choose a Weyl chamber such that ¢, is contained in its closure, and denote

such Weyl chamber by W;,,,. We now define its Weyl vector p(Wy,,,, f). Define

fM = Z fM,A¢M,A

AeM)/ My

where ¢\ € C[M;/M,] and

fM,A = Z f,u~

peEL)/L
p(p)=A+M

Let P;,, be the Lorentzian sublattice of M, associated with ¢,,;. Clearly, Py,, = {0} and
P,/ Py, is trivial. Construct fp from fy; in the same way as fy; constructed from f,

and obtain

fe= >, > f

AeMg, /My pely/L
p(p)=A+M,

Then the Weyl vector p(Wy,,,, f) is defined by

PWiirs [) = peplar + pZ’MEIM
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where
- CP(O) i 1
pr, =1+ — = =-1+ ﬂ/\GM’Z/M ;L c(0, 1),
“w
e =AMy

pu=—3 O w0 BN L)

)\eMé’él\/I/M[

and Bs(z) = 2 — x + ¢ is the second Bernoulli polynomial.

0 a, —b, 0
Proof of Theorem 3.1.5. Let {5 = € Ly and 0, = € Ly. Then we
0 c4 —ds 0
have
Z ZJN 0 j/N
Ly 05 = ) L/N,es/ Ly = q Wjmsk
meZ. 7 mgk 0 0<j<N_1
0<k<hs—1
ashsr  bgy asx 2—
M, = M, = x,y €L and M, :=M; = ’ xr,y €7
cshsr  dgy Cs Z—Zy
and
—Qs21 bsz2 —Qsz1 — bs sz2 + As2122
2, = and  w(zy,) =
—Ce21  dg2o —cez1 — dg dgzo + Cs2129
Also, we deduce that
—asx by
Gr(M;) =< R x>0
—cex dg

and

Zn, (1, p00) ={Z € Gr(My)| Z L X for some X € oo+ M, with Q(X) =1}
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%) if mg # N,
- —Qs bs
R if mg = N.
—cs  ds
\
And thus
.
Gr(M;)
Gr(Ms)—Zn, (1, poo) = —asr by —asr b
R O<z<lpUqR r>1
\ —c.x dg —csx dg
ashs 0 0 2
Let ly, = and 0y, = *|. Then the Weyl chamber whose closure
cshs 0 0 &
contains Q¢,, is
—a.r b
R x>0 if mg £ N,
R A
W,
—asx by
R x>1 if mg =N,
—cox  dyg
asn —Lm
and thus for X = ) € M!, we have that

ds
CsM - —3=m

m, n >0 and m? +n? >0 if mg # N,
(X, W,,,.) >0 if and only if

m>0, m+n>0and m>+n®>>0 ifms,=N,
(3.2.9)

if mg #£ N,

if mg = N.



and we can check that (X, z,,) = Zezym + 29n = ~2z1m + zn. We also have

N hs

asr  bsy ak 0
M., = z,y €L and M, [M;=

ENGYR
st dgy csk 0

Let 7,7 € Z such that ¢, — aNyj = m,. Then p: Ly, /Ly — M{/M, is

0 j/N askt —bj
p = )
msk 0 ekt —%8j
and thus
hs—1ms—1
Fyp= ) Do Fven | =20 2 Fromn
xeM/, /M \ pelly, /Ln k=0 j=0
° p(p)=A
Thus,
hs—1ms—1 24 lf mg 7é ]\/v7
CP(O> ¢0,0> = C(Oa ¢jhs,k’ms) -
h=0 90 0 ifm,=N,
and
0 if ms# N,
Py, =
—1 if my=N.

Therefore, the Weyl vector of Wy, associated to Fly is

ngngs if mg 7é N,
p(WstuFN> =

—ly. if mg =N,

and thus

—hspey,, 22 if mg # N,
(Zes? p(WﬁMyFN)) =

-2 if mgy = N.

63

0<k<hs—1

(3.2.10)
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We can also show that hgpp,, = 1, but we do not need this fact in our proof, so we leave

Cs —Qs
the details of computations to the reader. Similarly, if we let ¢, = € Ly
0 O
0
and 0, = € L'y, then we have
ds —bs
_dsy bsy —d—sy b—sy
M, x,y €L and M. = he he TR/
cchex —aghgx CeT  —QgT
0 0 L Lo
o, and 0, = | "™ ",
Cshs _ashs O O
dsz1 —bszy dsz1 + Coz129  —bsz1 — as2122
2y, and  w(zp,) = ,
CsZa —Qg29 Cs2o + dg —Qg2y — by
(
ds _bs
R x>0 if mg # N,
CsT  —QT
Wiy, = %
ds _bs
R r>1 if mg =N,
CsT  —QT
\
m, n >0 and m?> +n?>0 if my # N,
(X, W,,,.) >0 if and only if

n>0, m+n>0and m?+n?>0

if mg =

N,
(3.2.11)
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AR

S S

for X = € M/, and
—csm asm

ngsst if mS#N,
p(WﬁMS’FN) -

—ly if my = N.

1
Also, we can check (X, zp,) = zym + 7-z2n, and

_hsprs <1 if ms 7é N7
(2., P(Wey,,, Fiv)) = (3.2.12)

—Z9 1fm8:N

Now we are ready for the proof of Theorem 3.1.5. We aim to show that
7TN(2’1) — 7TN(ZQ) = \II(Z, FN)

We first note by Borcherds Theorem, Proposition 3.2.4 and Lemma 3.2.8(ii) that ¥(z, Fy)
can be viewed as either a meromorphic function on the Shimura variety X, or a mero-
morphic function on Yy(N) X Yo(IV), and hy(z1, 22) := mn(21) —7n(22) is a meromorphic
function on Yy(N) x Yo(NV). Let

W(z, Fiy
9(z1,22) = W
Then ¢(z1, 22) is a meromorphic function on Yy(N) x Yo(N) with no zeros or poles by
Lemma 3.2.5. Let us fix zo € H. Then g;(21) := ¢(21, 22) is a meromorphic function
in z; on Yp(N). Let us investigate the behavior of gi(z;) at the cusps of Y5(N). By

Proposition 3.2.4, we can know that the Fourier expansion of W(z, Fly) at the cusp

(s = as/cs,100) is equal to the Borcherds product expansion of ¥(z, Fyy) at the cusp Q/

0 a,
where (; = . Then by Theorem 3.2.3(3) together with (3.2.9) and (3.2.10), we
0 cg
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have
\II(Z,FN>
( ~hspey, m/hs n ’ c(mmn,gy.) .
G ] 11 (1= ™ azel(n. ) if m, # N,
m,n>0 pell , /Ln
m?4+n?>0 .
—agn fL—Sm
p(p)=
ds
—Csn Em
-1 1 m/hs n oy )
Colar' =) ] I1 (1= a7 azel(p. ) if m, = N,
mﬁ%go HELN o /IN
m2+n2?>0
—agn 2—m
p(p)=
ds
—Csn =M

\

near the cusp Q/, for some nonzero constant Cy depending on the choice of cusp s, which
can be identified by the condition given in Borhcerds’ Theorem. Then when z, € H is
fixed, as a meromorphic function on Yy(NV), the order of vanishing of W(z, Fyy) at the

cusp s = as/cs can be computed

0 ifmgs#N,
ords(V(z, Fy)) =

-1 if mg=N.
Also, we can easily compute the Fourier expansion of hy(z1, 22) at the same cusp, and
obtain the order of vanishing of hy(z1, 29) at the cusp s = as/cs when zy € H is fixed,

which is

0 ifmg#N,
ords(hy) =

—1 ifmg=N.
Therefore, as a meromorphic function on Yy(V), the modular function g;(z;) is holo-

morphic at all of the cusps, and thus g(z1, 25) is constant on Y5(N) X {z}. Similarly, if
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we fix z; € H, by Theorem 3.2.3(3), (3.2.11) and (3.2.12), we can show that g(z1, 22) is
constant on {z1} x Y5(N). Hence, g(z1, 22) is constant on Yo(N) x Yo(N), which is 1 by
comparing the Fourier expansions of W(z, Fiy) and hy(z1, 22) at (ico,i00) = (1/N,1/N),

and this completes the proof.

Proofs of Corollaries 3.1.6 and 3.1.9
We end this section with the proofs to Corollaries 3.1.6 and 3.1.9.

Proof of Corollary 3.1.6. We first note (3.2.2)-(3.2.4) that the ¢;-component for 0 <
j< N —1of Fy is

o0

> el pio)d’ (3.2.13)
=—1
- - S [l M)y — A0+ S [l M) — A,(0)]
= don|To(N) : L (V)] N HsJo T £ By LNTEES) T s
’ seC(T1(N)) seC(T1(N))
s reg1|11'ar s irreg‘qlar
ms|) ms|]

:Z/\Q,N|Fo(]\3):F1(N)| > M)y = A0+ > his[(wN!Ms)—As(o)]

d|N seC(T'1(NV)) seC(T'1(N))
dlj s regular s irregular
ms=d mes=d

=> i AL, d)¢*

d|N t=—1
djj
=> [ D Awa)|q (3.2.14)
=1\ dIN
dlj

Now from the proof of Theorem 3.1.5 and (3.2.13) together with Borcherds Theorem,



68

we deduce that

(mn(21) — T (22)) (1= 7n(z1) " (v22))
YEL1L(N)\Lo(N)
y#I
N-1
= (@' =a") [I T] Q- arae(—i/n))mmom
mmn>0 j=0
N-1
A(mn,d
= (' =) H(l_(h‘b (=4/N)) ()
m,n>0 j=0 d|N
dlj
N_q
_ _ 1 m.n . A(mn,d)
= (@' -a) [] (1—q"gpe (—j'd/N))™™
m,n>0d|N j'=0
B _ o Y A(mn,d)
:(Q11_Q21)HH(1_(Q1C]2)d) :
m,n>0 d|N

Proof of Corollary 3.1.9. Taking the logarithmic derivative of both sides of (3.1.3), we

have that
1 v (21)
2mi 7TN(21) — 7N (22)
N
A(mn, d) (¢1"q3) *
e XY .
L—g'a % 'O mn>0 d|N —(¢"g3) @
n\ 3¢
=Zq2 @)+ ) ZZAmnd (") "
m,n>0 d|N (=1
and this proves the corollary. O

Remark 3.2.9. Corollary 3.1.9 has recently been generalized to arbitrary Fuchsian sub-

groups of first kind of SLy(R) and proved by the author [97] using a pure analytic method.
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3.3 Part II: Gross—Zagier Type CM Value Formulas

3.3.1 Big CM Cycles and Big CM Value Formula

In this section, we briefly review the concepts of big CM cycles and big CM value formula
(see [28, Sec. 2-4] for details), based on which we realize a big CM cycle in the Hilbert

modular surface Yy(N) x Yy(N) and prove Theorem 3.1.10 at the end of Subsection 3.3.2.

Big CM Cycles in X

Let F be a totally real number field of degree d+1 and W be an F-quadratic space with

an F-quadratic form Qp(-) of signature ((2,0),...,(2,0),(0,2)) with respect to the d+ 1

embeddings {o; fill of I’ such that Resp/gWV is a rational quadratic space of signature

(2d,2) with the quadratic form Q(-) = trp/g o Qp(-) induced from Qp(-). Then we have

an orthogonal direct sum decomposition

d+1

RespoW = @ W,

i=1
where W, = W ®p,, R. The negative 2-plane W, , gives rise to a two-point (big CM
points) subset {27, } of D. Let T be the preimage of RespgSO(W) C SO(Resp/gWV)

in H, the general spin group of ResgoWW. Then we have the following commutative

diagram.
1 —— G, s T > Resp/gSO(W) —— 1
1 — G, >y H > SO(V) — 1

and this implies that 7" is a maximal torus associated to the CM number field £ =

F(v/—detW). And we obtain a so called big CM cycle in Xk, the Shimura variety
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associated to the compact open subgroup K,

Z(W.25,,) = TQ)\ ({#,,} x T(hes)/Kr) |

where K7 = K NT(Ag,). The CM cycle Z(W, zE ) is defined over F, and the formal

Od+1

sum Z(W) of all of its Galois conjugates is a O-cycle in X defined over Q.

Big CM Value Formula

Associated to the F-quadratic space W and the additive adelic character ¢¥p = 1 otrp g
is a Weil representation w = wy, of SLy(Ag,f) (and thus T'(Ag)) on S(Wa,) = S(Va,)-
Let x = xg/r be the quadratic Hecke character of F' associated to E/F. Then x = xw
is also the quadratic Hecke character of I associated to W, and there is an SLo(Ap)-

equivalent map

\ = H/\” : S(Wa,) = 1(0,x)

via A(9)(g) = w(g)#(0). where I(s,x) = IndSBz(AF)X\ - |* is the principal series whose

elements are smooth functions ® on SLy(Af) satisfying

®(n(b)m(a)g, s) = x(a)lal" @ (g, 5)
for b € Ap and a € A} with n(b)m(a) € Bp, where

1 b a 0
n(b) = and m(a) =
0 1 0 a!
and By ,. the standard Borel subgroup of SLy(Ap). Such an element is called factorizable
if ® = ®d, with &, € I(s,x). It is called standard if D1, (Or)502(R)2 1S Independent of
s. For a standard element @, its associated Eisenstein series is defined for R(s) > 0 by

E(g,5,®)= > @(yg,5).

’YEBAF\SLQ(AF)
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For ¢ € §(Vay ;) = S(Wa,,), let @ be the standard element associated to Af(¢) €
I(0,x). For each real embedding o; of F, let ®,, € I(s, xc/r) = I(S7XEU,L/F0,L) be the

unique ‘weight one’ eigenvector of SLy(R) given by

@, (n(bym(a)ks) = xcr(a)|al* e

cosf —sinf
forb e R,a € R*and ky = € SOy (R). We define for 7= (71,...,7441) €

sinf cos@
d+1
H*,

dr1 \ "3
E(T,s,¢) = (HU1> E(gr, s, Q5 @ @, @ y,),
where 7, = u; 4+ iv; and gz = (n(u;)m(\/v;))1<i<a+1- It is a non-holomorphic Hilbert
modular form of scalar weight 1 for some congruence subgroup of SLy(Op). We normalize
E(7,s,¢) by

E*(T,s,0) = A(s+ 1,x)E(T, s, 0)

where

(Sl

A(s,x) = (Np/o(Order)) (w SElF(Hl))dH L(s, X).

We write the Fourier expansion of E*(7, s, ¢) as

E*(7.5,¢) = Ej(7,5,0) + Y _ Ef(F.5,9). (3.3.1)

teFx

If one assumes that ¢ is factorizable, then

d+1
=[Iw:m (s.0) [[ Wi (72 5. @) (3.3.2)
proo =1

and

EG(7,s,0) = ¢(0)A(s + 1, x) (H w) (3.3.3)
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+ <H ”i) A, ) JT wei™ (s, 0) [ T, (3.3.4)

p<oco
where
Wi (5,0) = Npjo(@rdiy)ly = L1+ s )W (s,0)  (335)
and
Wi (75, Bp,) = v V2T (S ‘g 2) WY (7,5, 0,,). (3.3.6)

are the normalized local Whittaker functions, and v(W,,) are Weil indices (see, e.g.,

[57, 92]). Moreover, for m > 0, we write

X
teF
tI‘F/Qth

where F[ consists of all totally positive elements in F', the term a(t, ¢) is the ¢-th
Fourier coefficient of E* (72,0, ¢) and 72 = (7,...,7) the diagonal element, and write

the constant term of E*'(7, s, ¢) as

d+1

$(0)A(0, x) log (H Ui) + ao(¢)

i=1
for a constant ag(¢) depending on ¢. One can check that a(t,¢) = 0 unless t — Qp(u) €
Oz" where 1 is the element in F associated with ¢ (see., e.g., [57, 92]).

Now we are ready to state the big CM value formula due to Bruinier, Kudla and

Yang [28, Thm. 5.2, which expresses the sum of the values of a theta-lift on a Shimura

variety X over a big CM cycle in terms of the coefficients of an incoherent Eisenstein

series of weight 1.
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Theorem 3.3.1 (Bruinier, Kudla, and Yang). For a given f € M, with

- > > (m 14" by,

weL'/L ne—Q ()
n>>— oo

let ®(Z, f) be the Borcherds lift for f defined as in Subsection 3.2.1. Then we have

_dvpL

deg(Z(W. 23,.,))
2 2N =30

ZeZ(W)

Z c(—m,,u)am(gzﬁ“).
wel’'/L

meQ(p)+7Z
m>0

3.3.2 Proof of Theorem 3.1.10

This subsection is devoted to the proof of our second main result, Theorem 3.1.10. We
first realize and interpret big CM cycles in the Hilbert modular surfaces for I'y(N) under
the identification Yy(N) x Yo(N) = Xk, as we have seen in Subsection 3.2.1. Then we
conclude this section with the proof.

Let E; = Q(v/d;) for i = 1,2 with (dy,dy) = 1 be two imaginary quadratic fields of
fundamental discriminants d;, and let E = E, @ Ey = Q(v/dy,/d3). Let F = Q(+/D)
with D = dyds be the maximal totally real subfield of E. We can view E as a F-
quadratic space W with F-quadratic form Qp(z) = \j—%. Then we can also view it as
a rational quadratic space Resg oW with quadratic form Q(z) = trp/g 0 Qr(2). Let o;
for i = 1,2 be the two real embeddings of F with ¢;(v/D) = (=1)"'v/D. Then we can

see that W,, has signature (2,0) at o; and W,, has signature (0,2) at o2. We choose a

Z-basis for Of as follows

—d d
61:1®1, 62:+\/_1®1, 63:1®

doy + \/dy

9 y €4 = €2€3,

and throughout the remainder of this section, we will drop ® when there is no ambiguity:.

Then we can identify (Resp/W, Q(-)) with (V' = M;(Q),det) considered in Subsection
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3.2.1 by

xr3 T

4
E Ti;€; —
i=1

In particular, under this identification, we have

Ty T2

—dy +\/d_1+Zd2+\/d_2+ZN<_dl +\/d_1)(d2+\/d—2)
4

In =7 +7
N= A 9 9

(3.3.7)

which is of index N in Og.

In such a case, the maximal torus 7" over Q is given by (see [52] or [28, Section 6])
T(R) = {(tl,tg) < (El ®Q R)X X (EQ ®Q R>X| tlt_l = tgl?g}

for any Q-algebra R. Then the map from T to F is given by (t1,t3) — t1/to. By the

theory of complex multiplication [88], there is an embedding
2; EZ — MQ(Q)

such that

€it1 teit1
u(t) ) +

el teq
Then 2 = (21,19) gives the embedding from 7" to H, and one has
Ky =Ky NT(Q) = {(t1,12) € T(Af)|t; € 17 (Ko(N))}.
In the following, we will interpret the big CM cycle
Z(W, 2,) = T(Q)\ ({z5,} x T(Aqs)/Knr)

in Xg, as a 0-cycle in Yy(V) x Yo(IV).
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Lemma 3.3.2. Under the identification between D and H? U (H™)? (see Proposition
8.2.4), the big CM points z,, and z,, are identified with (11, 75) € H? and (=71, —7) €

(H™)?2, respectively, where

di +/d;
T, = ——.
2

Proof. See [94, Lemma 3.4]. O

Lemma 3.3.3. Let CI(E; n) be the ring class group of conductor N of E; for i =1,2.

Then there is an injection
7:TQ\T(Af)/Knr — Cl(Ey n) X Cl(E2N)
with tmage
S(N,dy,ds) := {([a1], [a2]) € C(Ey ) X Cl(Ey ) : 3 fractional ideals a; such that N(a;) = N(az)}
= {(Q1,Q2) € Qo (N)/To(N) X Qup(N)/To(N)| a1 = ag, i.e., @1(1,0) = Q2(1,0)}
where Qq(N) denotes the set of primitive and positive definite binary quadratic forms

aX? +bXY + cY? of discriminant d with (a, N) = 1. The isomorphism is given by

—b+Vd

[aX? 4+ bXY +cY?] — [a, N—3

Proof. 1t is not hard to check that

d;—d?

( dH-\/d_z‘) r+ydi Y=
ule+y=— ) =

Y i

for x,5 € Q. Thus, one has 2; '(Ky(N)) = (’A),:N where O; n is the order of conductor
N of E; and EiX\AEi’f/zi_l(Ko(N)) = Cl(E; n) by [24, Section 4.4]. This fact together
with [94, Lemma 3.5] implies the first assertion of the lemma. The isomorphism is due

to Chen and Yui [33, Thm. 4.4]. O
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Proposition 3.3.4. Let G; be the associated Galois group of the ring class field of

conductor N of E;. Then the points

25, (7 5] € T\ ({25} x T(Aqs)/Knir)

are identified with
[7_1‘7“1’7_57012]’ [(_7_—1)(%17 (_7—_2)1%2] S Yb(N) X Yb(N)’

respectively, where o4, € G; is the Galois element associated to [a;] € Cl(E;n) via

Artin map, and [a;] € CU(E; n) is the ideal class associated to the idele class [t;] €

TQN\T(Aqy)/Knr.

In particular, by the Shimura reciprocity law, one has TZ-J” = Ty(a;) Where T4 18 the

CM point associated to the ideal a, and ¢([a, N%]) = |a, %&]

Proof. The former results follow from Lemma 3.3.3 and [94, Proposition 3.6]. The latter
result follows from [88, Chapter 6] (or see [90] for a nice summary of Shimura reciprocity

law) and [33, Theorem III]. O
Now we are ready for
Proof of Theorem 3.1.10. By Theorem 3.2.3(2) and Theorem 3.1.5, we deduce that
®(z, Fiv) = —4log [¥(z, Fiy)| = —4log|mn(21) — T (22)] (3.3.8)

since ¢(0,0) = 0 by Lemma 3.2.8. Then together with Proposition 3.3.4 and Theo-

rem 3.3.1, equation (3.3.8) implies that

4 > <log|7TN(Tfal) — mn (75 )| + log [mn (—=71) 7 ) — wn(75))]
([a1],[a2])€S(p,d1,d2)
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+log [ (77™) = (= 7)°)] + log [ (~7)"™) - m((—m%)')

2|1S(N,dy,dy
= _W ay(¢o0) + MEEL;/L (0, p)ao(¢,)
_ [S(N, di, da)|wiws
=T h(ah(dy) | @0 T MGLX;L c(0, pao(dy) | » (3.3.9)

where the simplification in the second equality follows from Lemma 3.2.8 which tells that
c(—m, ) = 0 except ¢(—1, o) = 1 for m > 0, and the last equality follows from the
fact that A(0, x) = A(0, x£,/0)A(0, XE,/@)- Since ny(7+1) = 7n(7) and —7; = —d; + 75,
then the left hand side of (3.3.9) is simply

16 Y loglmw(m™) —mn (),
([a1],[a2])€S(p,d1,d2)

and thus we have

> log |y (17) — 7 (75°2))|

([a1];[a2])€S(p,d1,d2)

|S(N, dy, d2)|wiw,
= Bh(an(dy) | @0t 2 0 ma(@)

neL'/L

]S(N,dl,d2)|w1w2
- t
320 (dy ) h(dy) > alt,dno) + Z c(0, p)ao ()
teFy ueL'/L
trF/Qt:m

S N,dl,dg w1 W2 t
- (32h(d1)h>(|dQ) > a(\/—ﬁfﬁo,o) + Y (0, pao(éy) |, (3.3.10)

4—2m+D+vD ueL’/L
2

|2m+D|<\/5
meZ

where (3.3.10) follows from the rescaling ¢ — = and the fact that a (\/LE’ ¢0,0> =0

unless = € 0n' = —=0p. Moreover, by Lemma 3.2.8, we can easily show that for
vD F vD
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p € {3,5,7,13}, the constant terms ¢(0, o) = % for 1 <k <p-—1andc0,u) =0
for p1 # poy, and these simplify the right hand side of (3.3.10) and yield (3.1.4) in
Theorem 3.1.10. Finally, the quadratic form interpretation of the left hand side of (3.1.4)

follows from the isomorphism given in Lemma 3.3.3. [

3.3.3 Computations of a; (\/iﬁ, ¢070> and ao(¢o )

In this section, we compute a; («/LB’ gzﬁo’()) and ag (o ) explicitly. To compute a; (\/LE’ gbop) ,

one needs to calculate the local Whittaker functions Wwi p(s, ¢). We note that if one
\/B’

lets Y.(t) = zpF(\/LE) and W’ = W with F-quadratic form Q' (z) = zZ, then the Weil

representations associated to (W, Qp,vr) and (W' Q%, %) are the same, and one has

by [52, Lemma 4.2.2],

1 ’
W (5:0) = D Wi (s,6). (3.3.11)
Thus (5, 8)
W= (s, ¢ P
5P -5 Wt,p <S7¢>
Y —|D|,?Ly(s+ 1, y)—2——1~, 3.3.12

and we will compute a; (\/LE’ gb(),o) via ng%(s, ¢) whose calculations are tidier due to
the normalization (see [95, Sec. 6]). In addition, for ag(¢o ), by the definition (3.3.3),

one has
ao(Pox) = —Wé,f(Q ®o,)

with
TLy(s 41, x) Wk (s, du)

) ol
Wo,r(s, o) = H p Ly (s, x) 7 (Ws)

ptoo

provided ¢, is factorizable.
We will compute a; (\%, 9250,0) and ao(¢o ) case by case according to the ramification

of pin F and E. Throughout the remainder of this section, for 0 < k < p — 1, we write
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ok for Char(pgy + L, ® Z). Clearly, by (3.3.7), one has

S0k = boiep | [ P00

pip

where ¢, = Char(uor + L£p), L, = L, ® Z,, and ¢g, = Char(Og,) for p { p. One key
step to computing these coefficients via local Whittaker functions is the factorizability

of ¢, so our main strategy is to write ¢, as a sum of products factorizable over p|p.

Case 1. When (%) = (d—p?) = 1, then p is completely split in F' and in F, that is,
pOp = p1ps and pOp = BB ByB,. Similar to [94, Section 5], it is not hard to

check that

p—1
Ep = (Mz X Mz)

where M; = { (21,25) € Z§| z1 + 25 =4 (mod p)}, and thus for 0 <k <p—1,

p—1
ok =Y Dy
=0

Il
=)

where

7 i i+k
((),343 = ¢!(31)¢](32 ) H ¢0707P
ptp

and ¢V = Char(M;). In this case, we aim to compute

—_

p—

ai(Po0) = ar( (()%)

(2

I
o

where

(i) 20!
ax 0,0) = Z a (_/—7%,0) )
t:2m+1:2>+\/5 D

|2m+D|<vD
meZ

and for 1 < k <p-—1,
p—1

ao(Por) = D ao(e4))

=0
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where
an(96) = —Wi,(0, dg5)-

Now we briefly explain how to compute a (\/Lﬁ, (bé%) . First denote by Diff(W, ¢/v/D)
the set of prime ideals p of F' such that W, does not represent ¢/ VD, ie., p e
Diff(W,t/v/D) if and only if t # 2% for any z € Ey if and only if p is in-
ert in E/F and ord,(t) is odd. By [94, Prop. 2.7(1)] and (3.3.2), we can see
that a (\%,qﬁgé) = 0 when |Diff(W,t/v/D)| > 1 since W%vp(o,gbé%) = 0 for
p € Diff(W,t/v/D). Then when Diff(W,t/v/D) = {p}, by [94, Prop. 2.7(2)] or

direct calculations from (3.3.2), one has

— pu— —4 ; 5 t 9 . . '1
a( /—D>¢o,0) ”7,3(0 %70) | | ”ﬁﬂ(o Cbo,o) (3.3.13)

\/57
qfpoo
Clearly, such a prime ideal p must be neither p; nor ps. In addition, by [94, Prop.

2.7(3), (4)], we have

’ )
ISP 1+ ord,(t
. = ) 1og N p)
T(Wp) 2
and o
Wi
= pq(tp
(W) !
for q # p, where
(
1 if q is ramified in F,
pe(a) = H(féﬂ if q is inert in F, (3.3.14)
| 1 +ordsa if q is split in F.

Then together with the facts that [] ., pp(tp~") = 1, we can rewrite (3.3.13) as

t i
a (ﬁ’ <Z5o,23)



(i) 2 W, ( ¢ )
1 + ord,( q 0, %0,0) 0 ) Pj
= PO o ) [T f x Hv H =
2 W) (W)
afpp g
wr,_ (0 )
1+ ord,(t) 2 b Pj
-l ) [T e T2
2 atp j=1 V(WP3>
1+ ord,( 2 W?,f;( L08))
= —4— log(N Hpq tp~! HL Xp, —
2 v (Wy.)
atp j=1 Pi
4 p2 1+ OI'dp 1 H tp_l ﬁ Wtﬁi( 7¢£1]))
RSV LLP A7)

where the third equality follows from (3.3.12). Finally, since this happens for
exactly one prime ideal p such that Diff(W,t/v/D) = {p}, we can write it in a

unified form as

t i
(75%)
P 1 + ord,( 2 Wtpr( ¢1(si))
= —4 —” tp )T 2222
hoTE 2 2 p) 1 oaep H (W)

p inert in E/F atp

The local Whittaker functions Wtﬁé (O,cﬁ,(g?) /7(Wy,) are computed explicitly in

Corollary 3.3.6.

For a0(¢ +), by definition, we first know that

L(1 +s Xp1) W;;”;( L050) (L + 8, X)) Wek (5, 6557
8 Xpl (WP1> L(&Xm) (WP2>

L(]- + s, XP)W$§(87 ¢0,0,p) /
Y e Trew T )

pip s=0

By [95, Prop. 5.7], one can check that
/
<L<1 + 5, X)Wy (5, qso,o,p))

L(57Xp>7(Wp)

s=0



Case 2.

and
L(l + s, XP)WS{);‘(Sa ¢0,0,p)
L(S7XP)PY(WP)

=1.

s=0
Thus, we can deduce that

i i+k !
CLO( (i)) _ L(1+S7XP1)W(;{}§1(S’ 3(31)) L<1+S’Xp2)Wé{f(sv !(32+ ))
Ok L(8, Xp, )Y (Wpy) L(s, xp)v(Wp)

and by Lemma 3.3.5, we know that for ¢ # 0

L(1+ 5, x5, ) Wo k(5,05 .y
L(S, ij)’Y(ij) -0

)

s=0

and

i /
L(L+ 8, x5, )WiE (5, 01))  2logp
L(Saij)V(ij) .

Also, by Lemma 3.3.5, one can check that

L+ 50 Wop (s )\ |
L(Saij)’Y(Wm) -0

Therefore, we have

4logp

ao(¢ox) = — P

When <%> = (dﬁ) = —1, then pOp = p1p2 and p; are inert in £/F. We have
Ep = By, X Ly,
and the following identification (see, e.g., [77, Prop. 4.31])

(Apis Apa) + By = By X B,
Vi — (Vdy, /),
\/£—> (\/@,—\/d_z)

82
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Since pOg C L, then it is easy to see that

['p - H { b1 /WHJ p2 ’VhZJ)) +pOEp1 X pOEPZ}

hyi,jEZ/pZ

where

—d1+\/_ d2+\/d_2

/}/hz]—hj‘i‘l 5

Thus, one has

Doy = Z ¢hwp1¢hzm

hi,j€L/pZ

where for [ =1, 2,
k k
gbgi},m = Char(Ay, (’Yf(ng)) +pOg,,)

and

(k) _
Vpij = h+1i 5 5

—dy +\/d_1+jd2+\/d_2 +k(—d1+\/d—1)(d2+\/d_2)
1 )

Then we can write
_ (k)
bok = E (I)hij
hyi,j€Z/pZ

where

(k)
(I)hu hZJ p1 hw p2 H $0,0-

pip

and we need to compute

ai(doo) = Y. ai(Ph)

h,i,j€ZL/pZL

where

(0) L &0
al(q)hzj) = Z a (_/—7 (I)hij> )
t:2m+1:2>+\/5 D

|2m+D|<vD
meZ
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and for 1 < k <p-—1,
k
aopor) = D ao(®h)
hyi,jEL/PZ

where

ao (‘I’SZ

4 k
) =~ ,(0,0).

Similar to Case 1, it is not hard to deduce that

2 0)
(75020)
(2 )
p 1+ ordp(t) -1 Wt,pz (07 ¢hij pl) .
log(N(p)) | | paltp™) : if pfp,
o A Ve
— 4
U (0) ! o ©
s+l thl: 8’¢i' t W'FE 07 e
p pl P ( ,h J5P > H P4 (t) t,pt( %hzy,p,j if pt|p and above ‘)
p—1\ptt—1 v(Wy,) - (W)
. s=0

and for 1 <k <p-—1,

k
aO((I);n;')

2 (k) ! 2 v (k) '
= — p? H ("= 1) Wéﬁ(s’ Ohij) = — p? H (0" = 1) Wo (5, Dhijp,)
P ps—l-l -1 V(sz) e ps+1 -1 ,Y(WP/Z) ’

s=0 s=0

where, by [95, Cor. 5.3,

v, k
Wip (‘97 ngn'g’,m)
7 (Wp)
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. k) _(k
0 if op, <p277i(ng)‘,p177i(ng);pl —t) <0,
) op; (p277,(f§;,plﬁ,(f§;,pl —t)
n(l—s . k) _(k k
(1 B E> Z p = if 0 < Opl(pznf(lij)}mn}(li])}m o t> < Oy, (nl(nj)‘7pl)+27
n=0
(1— L)y (op%% w0 n(1-5)-2
p® n= : 2, (k) (k) (k)
o )H2)(1—s)—2 if oy, (p Mg Mhijp, — t) > Oy, (nhz‘j,pl) + 2,

+p(0Epl (nhij,pl )

(k)

and ’r],(jgml = %)‘W (Vhij)s op (T) = ordyy, (z), 7F,, is the uniformizer of Fy,, op, (7) =

ord., (x), mg, is the uniformizer of E,,. One can easily see that in this case
TEp, ’ by P1 )

ao(¢or) = 0.

When (%) =1 and (%) = —1, then p is inert in [ and is split in E, that is,

pOp = p and pOg = BB. Then

E,~F, x F,

and we have the following identification

\:E,— F,xF,
Vi = (Vi —/dy),
\/d_2 — (\/d_Qa _\/d_2>

Clearly, the characteristic function ¢, = Char(ugx + L, ® Z) is factorizable over

the spectrum of F', namely,

Ok = Pokp H $0,0,p

pip
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where ¢, = Char(uo,+L,) and ¢g o, = Char(Og,). Similar to Case 2, we have

Sokp= D O

hyi,jEL/PL
where
b1y = Char(A(3(1)) + pOp,)
and

0 g T VT (e V) V)

And similarly, we write
k
Do = Z <I>§n.§.
hi,jEL/ DL
where
(k) _ (k)
(I)m'j - ¢hz’j H ¢0,0,p‘
pip

and we aim to compute

a(poo) = D ai(P))

h,i,jE€ZL/PZL

where

(0) t &0
al(q)hz‘j) - Z a (_> (th‘j> )
t:2m+D2+\/5 \/E

|2m+D|<vD
meZ

and for 1 <k <p-—1,
k
alpor) = D ao(®h)
h.i,j€Z/pZ.

where

ao (<I>§f3-

4 k
) =~ (0, 01).
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Similar to Case 1, we can easily deduce that

P
t 2 1 + ord,( Wiy 0, Pn;
a(\/ﬁ @;33) —4 2p_1 Z # Hpq tp~! %

p p inert in E/F atp

Also, for ao(@(@.), we aim to compute

VE (k)
lﬂHMWIG%HHMH&mW%MM

ao(®F)) = —
(@) L(s, Xp) ¥(Wp) L(s, xp)y(Wp)

pip
s=0

Again, similar to Case 1, we can easily deduce that

¥ (k) Y
a(@) = 2 loepTor (0.08) _ 2210p Wk (0.45)
i -1 (W) -1 (W)

where the second equality follows from (3.3.11). Finally, by [95, Cor. 5.3|, we have

.

. k) _(k k
" " 0 if 0(])2771(11'])‘77}(11‘])‘ —t) <og, (771(113) + 2,
Wt,p (0’ ¢hij)
7(Wy)
om, () . k) _(k k
pPm ) o(pPagng) — 1) > on, (n) + 2,
where 77}(5]) = %7}(2., o(zr) = ords, (v), 7, is the uniformizer of Fy, og,(z) =

min{o(xy), 0(xz)} for x = (21, 23) under the given identification E, = F, x F},.

When p 4 d; and <d;2> = 1, then pOp = p? and p is split in E/F. Then we have
F, = F; and

E,~F,xF,

with the following identification

\:E,— F,xF,

Vi = (Vi —v/dy),
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\/d_2 — (\/£7 _\/d_2>

The treatment if essentially the same as Case 3, and in this case, we have

¢ (0)

t (0)> p 1 + ordy( -1y ( hw)
a|—==,P = —4— E —lo | | (t —_—
<ﬁ> S M ET( T

-1
p p inert in E/F qtp
and v
F
ao(®1)) = _plogp s (O %])
O\ il p—1 (W)
where
(
. k
0 if o(p*njine) — ) < o, (nho)+4,

vvfg‘(o ¢h”)
GO

o k) : k k
D Ep(??m +2 gf 0(1)277}(1”)77}81]) t) > OEp(n;(n])') 14,

\

(k):l(h+i—d1+\/d_1+jd2+\/d_2_|_k;(—d1+\/z>(d2+\/d_2))
2 4 ’

hij 9

and 7p, is the uniformizer of F},, og,(z) = min{o(x), 0(x2)} for v = (1, x2) under

the given identification F, = F, X F),.

Case 5. When p ¢t d; and (%) = —1, then pOr = p? and p is inert in E/F. Similarly, the
treatment of this case is essentially the same as the previous two, but one needs

to consider an extra subcase, say Diff(W,t/+v/D) = {p}. Thus we have

L &0
(75%%)
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( pflﬂlogwp)) )
W (042) if Diff(W, ¢/v/D) = {p} and p # p,
X H[ﬂ’p Pq (tp_l) - ¥ (W) :
=4
p25+1 Wtpr ( 7¢hz]> I
ptl — 1 ~ (W) Hpq if Diff(W, t/\/_) = {p},
\ P — atp
and y
(k) plOgPW ] (O ¢h”)
ao(q)hzg) - 1 (W/) )
p P

where
WwF ( 7¢h1])

(W)

(

0 if o(p? )i, — ) < 0,

(p2n;(f§;n§ffj t)
R L D D if 0 < 0P — 1) < om, () +4,
n=0
o(p? 77,(1'27722 —t)
(1= D0 U plem O it ol — ) > 0, () + 4,
\ n=0
1 —di +/d oy +/d —dy ++/dy)(dy ++/d
7,;5;:_(“2 LtV |tV eV \/_2))7

and 7p, is the uniformizer of F, op, () = ordWEﬁ (z), mg, is the uniformizer of Ej.

Finally, it remains to compute the local Whittaker functions W;f;Fj(O, qb,g?) /7 (Wy,)

mentioned in Case 1. The following lemma essentially gives what we need.
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Lemma 3.3.5. Let W = Q2 with the quadratic form Q(x) = x1x2 and &9 be defined as

above. Let N(k,m) = |{i € (Z/pZ)*|i(k —i) =m (mod p)}|.

function W(s

Wt(sa ¢(0)) —

(W)

Wi(s, 0")

(W)

Then the local Whittaker

,¢W) fort € Z, is given by

1oL iftek+pz, and (£) =1,

Iy ift € k+ pZ and<k>:—1
p = plts p P ;
Lypptyrodel®) L1 ftepZ

\ P P n=2 pns p1+(1+ordp(t))s p y 2

if t € pZy,

s(N(i,m) = 1) iftem+pZ, CL}.

Especially, when s =0, we have

(

0 ift € 3+ pZ, and (%ﬂ):—l,
W (0,41”) .
W:<§ z’ftej+prand(‘Tf>:1,
1%1 (ord,(t) — 1) ift e pZ,,

\

and for1 <i1<p-—1,

(W)

N(i,m)

ift € m+pZ, CZy;,

ALY

if t € pZ,.

Proof. By the definition of W;(0, ¢)/v(W) and unfolding, we have

(W)

- /@ T () (—th)|a(wn (b)) Pdb

-/ SO+ 3 [ )l )b



where
Jl(b) = / Q/J(bZL‘liCQ)d{L'leL'Q.
M;

We first compute the integral J;(b). For ¢ = 0, we can deduce that

J()(b) :/ 1/1(b$1132)d$€1d$2
z14+22=0 (mod p)

1
_1 / B(b(py — o) )dyday
bJz, Jz,

1

(—ba?) ( #J(bpyafl)dy) dxy
pJz, Zyp

1
=3 : Y(—bx])Char(Z,) (bpx,)dx; .

Now we compute the last integral case by case.

1. For b € Z,,

—
—_
1
[

Jo(b) ; Y(—ba})Char(Z,) (bpxy)dx,

¢(—bxf)dz1
Zyp

2. forbe X +7Z,with1 <k<p-1,

Jo(b) = % B(—ba2)Char(Z,) (b )das
Zyp

1
:]—9 . U(—bai)da

1
= - / 1d3§'1 —|—/
p P Z

X
P

w(—bx%)d:m)

91



3. forb¢ %Zp,

Jo(b) = ! Y(—ba?)Char(Z,) (bpz, )dx,

In summary, one has

b Jz,

1
= - w(—bx%)dxl
p ﬁzp

1
= —/ 1dl’1
pPJLz

bp P

= o[>,

p

if b € Z,,

Jo(b) = ¢ & (1 e > ifbek+pz, c 1z,

Now we are ready to compute

Wt(sv (b(o))
(W)

if b ¢ 17,

_ /Z Jo(b)y(—tb)db + " p""* / Jo(p™"0)Y(—p"tb)db

n=1

1 - p—1 - - ) - p—1
:]—)—l—pl SZ/ Jo(p~'b)ib(—p~tb)db+ > p" "SZ/
J+pZyp

Jj=1

where

Zy

n=2 j:l .]+pr

92

Jo(p™"b)y(—p~"tb)db,
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Mort € =k +pZ, CZ,,

Jo(p~"b)ib(—p~"tb)db

p—1
; [ +pZyp

Jo(p~ by (—p~'th)db +  p" "

j=1 PLyp n=2 j=1
1 1 p] p! _ 2mim?j 2mijk
:];ermz 1+Z€ ! er
j=1 m=1
_! 1 1 1 1
_Z_7+p2+s -1+ Z (p—=1) - Z
1<m<p—1 1<m<p—1
m2=k _(rz;od D) mz?é_k _(I[;IOd D)
i w)n
o if §> =1,
2. for t € pZ,,
p—1 [e'e) p—1
VD Y IR ITEUTICRTDTEE SIA) DY IR AR
p =1 Ji+rLp n=2 j=1 " I+pPZp
1 ordy (¢t)+1 1

LS o
p n=2 p 1>7<

1 p—1E 1

- ]; + P nZ:; pns - p1+(1+ordp(t))s'

Therefore, one has

W, (s, ¢(0))
(W)

= 9

(

if t € k + pZ, and (g) —1,

if t € k + pZ, and (%) =1,

1

if t € pZ,.

1 | p=1 N~ordp(t) 1
Lp + P ZnZQ pns p1+(1+ordp(t))s

Now for 1 < i < p — 1, similarly, we have

Ji(b)

/ w(bl’lﬂfg)d%ldxg
z14+x2=t (mod p)



1 ,
== / V(b1 (i + py — 21)dydxy
Z

P ZP

1 .
= . (b1 (1 — x1))Char(Z,)(bpx)dx;.
Zyp
Then
1. for b € Z,,
1 .
Ji(b) = ;/ Y (bxq (i — x1))Char(Z,) (bpz )dxy
Zp
1
= —/ 1dl’1
b Jz,
1
p7
2. forbe k —i—Z C ;Z;,
1 .
5=~ / (be1(i — 21))Char(Z,) (bpe1)da,
Zyp
1 .
= —/ (b1 (i — x1))dxy
pJz,
1 =
== (/ ldxy + Z/ (b (i — $1))d931>
p PLp j=1 " i+pLp
(1 18R gy
22 DN ki)
p (p p Zl )
]7
3. for b€ 17,
1 .
Ji(b) = p Y(bz1(i — x1))Char(Z,) (bpz)dxy
Zp
1

= — @Z)(bﬂfl(l—l‘l))dl'l
PJitaz,
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( . Y(bw1 (i — x1))dxy + W(bxy(i — $1))d;)j1>

<|b| L Z bl te ™ m)

1
1
b L

’EM—‘

= 0.

These can be summarized as follows.

;

if b € Zy,

D=

Jib) = § & <1+Z§’ G >>> if be®+72, C 7,

0 if b 27,

\

Then for 1 <i < p—1, Wi(s,¢®) /(W) can be computed in a similar way as i = 0.

Wis,69)
EGR
= [ ity 3 / D) (—p )b

p—1

1 b ! 27”
- (1 +3 e il ) / W (p~tb)db,
p et j=1 —J+pip

where
1. for t € pZ,,
—1 -1
1y 11+ ,,Z (1+pze%”</w<z m)/ W(p~tb)db
1
1 pz: 1+Z 224 (1 (i—j))
o P p2+s
1 1
=—-+ —-1- Z I1+p-1
2+s
pop 1<j<p-1
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1
pl-‘,-s’

e~

2. fort e m+pZ, CZ},

1 p—1
14y e kit / W(p~'tb)db
*j‘i’pr

1 1 =
-+
=1 7j=1

1+s
p pites

p—1

1 27 k 27Tz7nk
— _+ 1_|_ er J(Z .7)
e (18
1 1 smimk e 2mi(i(i—f)—m)k
M D W
— =1

1 1
:§+p2+s -1+ Z (p—=1)~ Z 1
1<j<p—1 1<j<p—1
j(i=j)=m (mod p) j(i=j)#m (mod p)

(=1+(—=DN@Em) = (p—1)+ N(@i,m))

Therefore, we have

. 1 1 .
Wi(s,¢®) |5t e if t € pi,,

(W) ) L L (N(i 1) if¢ 7 7>
5+p1+s( (i,m)—1) iftem+pZ, C D

Hence, when s = 0,

0 if t € k + pZ, and (§>:1,

if t € k + pZ, and (g) S

2
=
hSALN]

’%l(ordp(t) —-1) iftepZ,
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and for 1 <7 <p-—1,

SR

Wi(0,61) _ if t € pZ,,

(W) N(i,m)
2

ittem+pl, CZL,.

]

Following from Lemma 3.3.5, the local Whittaker functions thf}p;; (0, ¢,(3?) /v(W;,) can

be computed explicitly as follows.

Corollary 3.3.6. Fiz d € (Z/pZ)* such that v/D = d (mod pZ,). Writet = 2m+D2+\/5

andcz:#. Then for 1 <i<p—1,

1. whenm = —d (mod p),

' i Y i .
WO 6) _ 2 Win(0.6) _ N(p—d)
v(Wy,) p v(Wy,) p ’

2. whenm = —d+d (mod p),

¥ i 4 ¥ i
Wt,PI; (07 t(Jl)) _ N(Zvd) and thvg(oa 1(32)) _ 2

W) p W) P

3. when m = —d + k (mod p) with k # 0,d (mod p),

¥ i . ¥ i ,
Wig (0.60)) _ NGik) - Wi (0.63) _ N(ik—d)
Y(Wy,) p v(Wy,) p

and for i =0,



. when m = —d (mod p) and (%) =—1,

v (0)
thF(07¢P1 ) p— 1
= = ordy, (o1(t)) — 1) and
P = T o () 1)
. when m = —d (mod p) and (;‘—f) =1,
K (0)
Wt pi(0>¢331 ) p—1
’ = ordy, (o1(t)) — 1) and
S = T o () 1)
. when m = —d +d (mod p) and (%) = -1,
¥ Y
Win©.6) o Win(0.6) p-1
1) (W) p

. when m = —d +d (mod p) and <_Tfl> =1,

Y 0 o 0
W (0,05)) 2 WE (0, 647)

= — and
Y(Wy,) p y(Wy,)

p

Wign(0,8) _ .
T(W,,) ’
,(Z)l

Wi (0,65)) 2.
v(W,,) p’

(ordp, (02(t)) — 1);

_ P~ 1(ordp2(02(t)) —1);

p

. when m = —d + k with k £ 0,d (mod p), <_7k> =—1 and (H) =1,

ngﬁ (0, ¢§-?)) wihr
Y(Wy,)

0

¢
=0 and —P2 TR0

v(W3,)

)) 2

I

. when m = —d + k with k £ 0,d (mod p), (’7’“) =—1 and <H> = —1,

v bl
Wi (0,63) Wi (0,65))

v(W,,)

=0 and
Y(Wy,)

p
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7. when m = —d + k with k # 0,d (mod p), <_7k> =1 and (

tp1 z

= an
(W) p v (Wy,)

8. whenm=—d+k with k £0,d (mod p), (%k) =1 and (

¥ ¥
Win©.6)) 2 Win(0.6)
1) p (W)

Proof. These follow directly from Lemma 3.3.6.

o d t,p2 <07 (bl(J(Q))) _

d=k

2
2
p

d—k

p

)=+

’

)=

=0.
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Chapter 4

Weakly Holomorphic Modular

Forms on ['j(4) and Borcherds

Products on Unitary Group U(2,1)

4.1 Introduction

As we have seen in Chapter 3, the meromorphic modular forms constructed from Borcherds
lifts have two distinct properties. The first one is the so-called Borcherds product ex-
pansion at a cusp of the Shimura variety—his original motivation to prove the Moonshine
conjecture. The second is that the divisor of these modular forms are known to be a
linear combination of special divisors dictated by the principal part of the input weakly
holomorphic forms. The second feature has been extended to produce so-called auto-
morphic green functions for special divisors using harmonic Maass forms via regularized
theta lifting by Bruinier ([25]) and Bruinier-Funke ([26]), which turned out to be very
useful to generalization of the well-known Grosss—Zagier formula ([47]) and the beauti-
ful Grosss—Zagier factorization formula of singular moduli ([46]) to Shimura varieties of
orthogonal type (n,2) and unitary type (n, 1) (see for example [31], [28], [10], [9], [85],

[94]). On the other hand, the Borcherds product expansion and in particular its integral
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structure is essential to prove modularity of some generating functions of arithmetic di-
visors on these Shimura varieties ([27], [51]). Borcherds products are also closely related
to Mock theta functions (see for example [71] and references therein).

We should mention that the analogue of the Borcherds product to unitary Shimura
varieties of type (n,1) has been recently worked out by Hofmann ([50]) (see also [27]).
The Borcherds product expansion in the unitary case is a little more complicated as it
is a Fourier—Jacobi expansion rather than Fourier expansion; the coefficients are theta
functions rather than numbers. The purpose of this chapter is to give some explicit
examples of these Borcherds product expansion in concrete term. For this reason, we
focus on the Picard modular surface Xr, = I'/\H associated to the Hermitian lattice

L = Z[i] ® Z[i] ® 1Zi] with Hermitian form
(T, y) = 21Y3 + X391 + V20>

Here

H = {(r,0) € H x C|4Im(7) > |o[*},

and I'y, is a subgroup of U(L) defined by (4.3.4). Our inputs are weakly holomorphic
modular forms for I'g(4) of weight —1, character y_4 := (;4) which have poles only
at the cusp ico, which we denote by M"°(T'o(4), x*,) with & = 1. Our first result
(Theorem 4.2.1) is to give a canonical basis Fy,, (m > 1) for the infinitely dimensional
vector space for every k > 1. The even k case was given by Haddock and Jenkins in [48]
in a slightly different fashion. Similar method can be applied to yield a canonical basis
for the space of weakly holomorphic forms of I'g(4) with weight —k, character x*,, and

having poles only at the cusp 0 (resp. 3).
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Next, we use a standard induction procedure to produce vector-valued weakly holo-
morphic modular forms for SLy(Z) using our lattice L which will be used to construct
Picard modular forms on U(2, 1) (described above). Although the resulting vector-valued
modular forms for SLy(Z) from the three different scalar valued spaces M (To(4), x*,),
P = ioo, 0,% are linearly independent, they don’t generate the whole space. This con-
cludes Part I of our note, which should be of independent interest.

In Part II, we focus on the unitary group U(2,1) associated to the above Hermitian
form and give explicit Borcherds product expansion of the Picard modular forms con-
structed from F),, = F} ,,. The delicate part is to choose a proper Weyl chamber, which
is a dimensional 3 real manifold and described it explicitly and carefully. Our main
formula is Theorem 4.3.5. We remark that the same method also applies to high dimen-
sional unitary Shimura varieties of unitary type (n,1) using forms in M;" (To(4), x*,,)

where P is a cusp for I'g(4). We restrict to U(2,1) for being as explicit as possible.

4.2 Part I: Vector-valued Modular Forms

In this part, we derive a canonical basis for the space MEZO(FO(ZL),XE ,) for any in-
teger k£ > 0, and investigate the properties of the vector-valued modular forms aris-

ing from MEZO(FO(ZL),XE 4). For completeness, we will also give canonical bases for

!’l
M5 (To(4), x*,) and M3 (To(4), xE,).

4.2.1 A Canonical Basis for M"°(Ty(4), x*,)

Let x_4(-) := (=) be the Kronecker symbol modulo 4. Recall that Xo(4) has 3
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cusps, represented by ioco, 0, and % For each cusp P, let M&i(l“o(ll),x’jél) denote the
space of weakly holomorphic modular forms, which are holomorphic everywhere except
at the cusp P, of weight —k on ['g(4) with character x*,. We will focus mainly on the
cusp oo and will remark on other cusps (very similar) in the end. We will also denote
M*, (To(4),x*,) for the space of weakly holomorphic modular forms for 'g(4) of weight

—k and character x*,.

Let 7 be a complex number with positive imaginary part, and set ¢ = e(7) = €™,

and ¢, = e*™/". The Dedekind eta function is defined by

o0

n(r) =g [ —q").

n=1

Throughout this chapter, we write n,, for n(m7). The well known Jacobi theta functions

are defined by

o0

1900 Z q 1901 Z (—Q)n27 7910 Z q n+
Now we define three functions as follows.
I 772 2
Oy = 01(7) : = —V5(7) = 5 = ¢+ O(q), (4.2.1)
16 75
;0
0s = 05(7) : = 030 (7) = 25 = 1+ O(q), (4.2.2)
yiun
8
Poo = Poo(T) 1 = (%) =q '+ 0(1). (4.2.3)

Here are some basic facts [48] about the functions 6;, 05 and @o.

1. 0;(7) is a holomorphic modular form of weight 2 on I'y(4) with trivial character,

has a simple zero at the cusp ico, and vanishes nowhere else.

2. 65(7) is a holomorphic modular form of weight 1 on I'g(4) with character y_4, has

a zero of order % at the irregular cusp %, and vanishes nowhere else.



104

3. Yoo(T) is a modular form of weight 0 on I'g(4) with trivial character, has exactly

one simple pole at the cusp ico and a simple zero at the cusp 0.

The following is a variant of [48] where the case even k has been treated by Haddock
and Jenkins. We should mention that similar results for the space of weakly holomorphic

modular forms for SLy(Z) were first obtained in [41] by Duke and Jenkins.

Theorem 4.2.1. 1. For k > 1 odd, there is a (canonical) basis Fy,, (m > 1) of

MEZO(FO(4),X_4) whose Fourier expansion has the following form:

Fom=q & ™4 Z c(n)q™.

E—1
n>—=5=

2. For k > 1 even, there is a (canonical) basis Fy, (m > 1) of M"°(To(4)) whose

Fourier expansion has the following form:

—k_m n
Fim=q" 2" Y cln)g",

nz—g-i-l

Proof of Theorem 4.2.1. The proof is similar to those given in [41] and [48], and we
include it for completeness. We prove (1) first. Notice that X((4) has no elliptic points
39, Section 3.9]. For F € M"°(To(4), x_4), the valence formula for T'y(4) asserts that

k
Z ord, (F') 4 orduo (F') 4+ ordo(F') 4 ordy o (F) = —5

z€lg(4)\H

This implies ord;»F > 1 (1/2 is the unique irregular cusp), ords(F) < —*1. This

implies the uniqueness of the basis { Fj,, } if it exists. We prove the existence by induc-

tively constructing a sequence of monic polynomials Py ,,,(x) of degree m (m > 0) such
_ ki1

that Fmi1 = 620, * Prm(vao) give the basis we seek, i.e., with the following property

k+1

Fimer =020 > Pom(ps) =2 "4 Y c(n)g™ (4.2.4)
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k41

1. Notice that 6,6, 2 € M"°(To(4), x_4) with
k1 )
0.0, 2 = T+ Z c(n)q™.
So we can and will first define P,y = 1.

2. For m > 1, assume that Py ,,_1(x) € C[z] is constructed with degree m —1, leading

coefficient 1, and the property

k+1

_k+1
Fk,m == 6201 ? Pk,mfl(()poo> = qiTierl + Z C(n)qn

nz_k;
Then it is easy to see
—ktl gy n
Fimpoo = q 2 + Z d(”)q .
n>—k;1 m
Let
Pim=Pemr— Y )P n,
——%—m—i—l
and

_Etl
Fk,m+1 - 0201 ? Pk:,m(sooo)
Then Fy 41 satisfies (4.2.4). By induction, we prove the existence of the basis

{Fim}, and (1).

The proof of (2) is similar and is left to the reader. In this case, the basis {Fj 1},

m > 0, has the form
_k . > .
Fimi1 =01 2 Qem(poc) =472+ Y c(n)g (4.2.5)

for a unique monic polynomial Q) ,, of degree m.
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The following corollary follows directly from the proof of Theorem 4.2.1(1).

Corollary 4.2.2. Every weakly holomorphic modular form f(r) € M™°(To(4), x*,)

with k odd, vanishes at the cusp 1/2.

4.2.2 Vector-valued Modular Form Arising from MEEO(FO(ZL), "))

Let L be an even lattice over Z with symmetric non-degenerate bilinear form (-, -)
and associated quadratic form Q(z) = 1(x, ). Let L’ be the dual lattice of L. Assume
that L has rank 2m + 2 and signature (2m,2). Then the Weil representation of the
metaplectic group Mpy(Z) on the group algebra C[L'/L] factors through SLy(Z). Thus

we have a unitary representation py, of SLy(Z) on C[L'/L], defined by

pr(T)pu = e(—=Q(1)) Py, (4.2.6)

\/—Qm 2

pL(S)¢u /—L’/L] S

(4.2.7)

11 0 —1
where T = , S = , ¢, for p € L'/L are the standard basis elements

0 1 1 0
of C[L'/L] and e(z) = €*™*. We remark that the Weil representation p; depends only

on the finite quadratic module (L'/L, Q) (called the discriminant group of L), where

Q(z+ L) = Q(x) (mod 1) € Q/Z.
Let k be an integer and F be a C[L'/L] valued function on H and let p = p;, be a

representation of SLy(Z) on C[L'/L]. For vy € SLy(Z) we define the slash operator by

(ﬁ
k:

ﬂ) (7) = (er +d)*p(7) " F(ym),
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a b
where v = acts on H via y7 =

c d

at+b
ct+d”

Definition 4.2.3. Let k be an integer. A function F : H — C[L'/L] is called a weakly

holomorphic vector-valued modular form of weight k with respect to p = py, if it satisfies
1. F e F for all v € SLy(7Z),
2. F is holomorphic on H,
3. F s meromorphic at the cusp 100.

The space of such forms is denoted by M}C,p.

The invariance of T-action implies that F € M ,L , has a Fourier expansion of the form

weL'/L neQ
n

> o0
Note that ¢(n, ¢,) = 0 unless n = —Q(p) (mod 1).

From now on, we focus on the special case with the discriminant group L'/L =
Z/2Z x Z/2Z with quadratic form Q(z,y) = (2 + y?) (mod 1). For our purpose (in
Section 4.3), it is convenient to identify Z/27Z x Z /27 = Z[i] /2Z]i], where Q(z) = 2% €
Q/Z. We write ¢g, ¢1, ¢; and ¢1; for the basis elements of C[L’/L] corresponding to
(0,0), (1,0), (0,1) and (1, 1) respectively.

Let F = F(r) € M"°(To(4), x_4) with & odd and positive. Then using I'y(4)-lifting,
we can construct a vector-valued modular form F = F(7) arising from F(7) as follows:

Firy= > (F|_m)pL(7)‘1¢o=% > (Flmec(n) e, (4238)

€l (4)\SL2(Z) v€l1(4)\SL2(Z)
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Define modular forms F,, F» and Fj as follows. Recall that ¢, = 2™/, Let

0 -1 s
Fl, = Z a(n)qy
1 0 n=0
Then for j € {0,2,3}, we write
F; = Za (4n + 7)g" . (4.2.9)
n=0
We also define Fi /5 to be
10 s
Fiy=F|_, = b(n)g. (4.2.10)
2 —

In addition, taking the coset representatives {I, S, ST, ST, ST?, ST?S~1} for T'y(4)\SLy(Z),
it is easy to check by (4.2.6)-(4.2.7) that
_ 1
pr(S) o = ~5 (o + o1 + ¢i + d114)
D) (¢0 — 1Py — 1Q; — ¢1+i) )
pr(ST) o = ) (o + i1 + i — P144) 5

pr(ST 1) ¢y =

pr(ST?) ¢y = —% (o — &1 — ¢i + P144) 5
pr(ST*S™) o = ¢4
Finally, direct calculations yield
F(r) = (=2iFy + F) ¢p — 2iF31 — 2iF3p; + (—2iFs — Fi)2) 144 (4.2.11)
The following theorem gives some basic facts about Fp, Fs, F3 and Fjjs.
Theorem 4.2.4. With the above definitions, we have

Fye M (Ty(4), x_4), (4.2.12)
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Fye M, (To(4), x1) (4.2.13)
a b
where x1(7) = x-a(d)e(—ab/4) for v = € I'o(4),
c d
(2iFy + Fy ) € M, (To(4), x2) (4.2.14)
a b
where x2(7) = x-a(d)e(—ab/2) for v = € I'o(4),
c d
and
Fijp € ML (67'To(4)5, x-4) (4.2.15)
10
where § =
2 1

Proof. By (4.2.11), and [83, Section 3, p.6] or [82, Proposition 4.5], we can show that

a b
for v = e o(4),
c d
F3|_ v = x-a(d)e(—ab/4) F3, (4.2.17)
(—2iFy — Fipp)|_, 7 = x—a(d)e(—ab/2)(—2iF; — Fyp5). (4.2.18)

Since F € M',(T¢(4),x_4), then (4.2.16) implies (4.2.12). Relations (4.2.13) and

(4.2.14) follow directly from (4.2.17) and (4.2.18), respectively. The last relation (4.2.15)



follows from the definition of F7 s,

1 0
F1/2:F’—k

2 1

Theorem 4.2.5. Let k be odd. Let F = F() € M"°(To(4), x_4) with

F(r)= Y cn)qg"
Write
0 —1 > 10
F|, = Za(n)qz and F|_, =
1 0 n=0 21 =

And let the I'o(4)-lifting of F' be

F(ry= > > cng)q"e

peL'/L neQ
n>=>—oo

Then we have
(1)
c(n, o) = —2ia(4n) + c¢(n),

c(n, ¢1) = c(n, ¢;) = —2ia(4n),

c(n, ¢144) = —2ia(4n) — b(2n),
(i1) the principal part of the vector-valued modular form ﬁ(T) is

(c(=m)g™™ + -+ c(=1)g7") ¢o,

> b(n)gs.

110
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(iii) the constant term of the ¢o-component of F(7) is
c(0, ¢o) = Y )P 1 (0) +(0),
n=ktl

where Pyn(x) are the polynomials defined as in the proof of Theorem 4.2.1.

In particular, when k =1, the constant term of the ¢g-component of ﬁ(T) 18

c(0, ¢o) = Zc(—n) Z (64x-a(n/d) +4x-a(d)) d* | . (4.2.19)
n=1 din

Proof. Assertion (i) follows directly from (4.2.11). For the assertion (ii), since F' is

holomorphic at 0 and %, then Fj for j € {0,2,3} and Fj/, will not contribute anything

to the principal part of F. So the principal part of Fis given by

For the assertion (iii), we first note by (i) that
(0, ¢g) = —2ia(0) + ¢(0).

By Theorem 4.2.1(1), we have

k+1

_kt1 kE+1 k+1
F =c(—m)0s0, * Pk,m—%((ﬁoo) +.4ec ( 5 ) 020, 2 Pro(¢oo) (4.2.20)

Since #; and 6, do not vanish at the cusp 0, and ., has a simple zero at 0 of width 4,

then we have

1
0201 ’ 9000‘ k = O(q4)’
A\l 0
k1 0 -1
and thus 6,0, * ' will not contribute anything to the constant term of
\1L 0

Fy when [ > 1. Moreover, simple calculation using the transformation formula for the
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Dedekind eta function shows that the constant term of the Fourier expansion at the

k+1

cusp 0 of 6,60, 2 is —(8)*1. Therefore,

a(0) = [ Y c(=n)Py, 10 (0)020; *
n=tgl

Y k21 (0)
n=kt1
where (f)o denotes the constant term of the g-expansion of f. Hence, we have
(0, o) = YT 1 (0) + ¢(0).
=kl
For (4.2.19), according to (iii), we need to show that

Pipm(0)= Y xul(m+1)/d)d® and c(0) =Y c(—n) [4D x_4(d)d®
dln

d|(m+1) n=1
For the first formula, we first observe that

¢
00, ol =q "+ ZCZ(—J’)q*j +0(1)

J=1

for 0 < ¢ < m. Thus there are by,...,b,,_1 such that
h(T) = 0207 0+ b 10207 9 -+ 0o e = ¢+ a(=1)g 7 + O(1)

for some constant a(—1). Let g(7) be defined by

= Z Zx,4(n/d)d2 q" = Zdnq”.

n=1 din
It is known [55] that ¢g(7) is a weight 3 modular form on I'g(4) with character x_4. We

note by the basic facts about 0y, 65 and ., that h(7) vanishes at the cusps 1/2 and 0.

Then by [22, Theorem 3.1], we have

dm+1 + a(_l) =0, i.e., dpy1 = _a(_l)
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Therefore

Pipn(0) = dpir = Y x-al(m+1)/d)d".
d|(m-+1)

This proves the first formula. For the second one, the proof is similar by noting that
hi (1) == ‘9291_1P1,m(9000) =¢ ™' +C+ O(q)

and
() =1+4) (D xald)d’ | "
n=1 dn

is [55] a weight 3 modular form on I'g(4) with character x_4. Then again [22, Theorem

3.1] shows that

C=4 Y xldd
)

d|(m+1

This together with (4.2.20) proves the second formula. O

Example 4.2.6. Let k = 1 and F(7) = 6,0, = 7727%;2 e M"(To(4), x—4). Then we
174

have
F(r) = (=2iFy + F) ¢g — 2iFsy — 2iF3; + (—2iFy — Fiy5) ¢14i (4.2.21)
where Fy, Fy, F5 and Fyjy are defined as in (4.2.9) and (4.2.10). We have

0 =1} a2
Pl ) = e maee

= 32i(1 4 12¢"* + 76¢°"* + 352¢** 4 1356¢ + 4600¢°/*
+ 14176¢%* + 40512¢7* + - )
= 32i (1 + 1356¢ + O(q°))

+32i (12¢"* + 4600¢”* + O(¢°'*))
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+32i (76¢** + 14176¢%* + O(¢""*))

+ 323 (35263 + 40512¢7* + O(¢"/h))

then
Fy = 32i (1+1356¢ + O(¢%)) ,
Fy = 32i (760°" + 14176¢°* + O(¢"/"))
Fy = 32i (3524 +40512¢"* + O(¢"'1*)) .
And
1 0
F1/2 = F|_1 =64 (q1/2 . 8q3/2 +42q5/2 + O(q7/2)) )
2 1

From (4.2.21), we note that the principal part of F' is e(—7)¢o and the constant term of

the ¢o-component is c(0, ¢g) = 68.

4.2.3 Canonical Bases for M (Ty(4), x",) and ME%(FO(ZL),XZ)

We complete this section by giving canonical bases for the other two companions of

MU (To(4), X5 y).
Let 05(7), wo(7) and ¢1/2(7) be defined by

8

03 = 03(1) : = U3, (1) = % =1+ 0(q), (4.2.22)
2
8
o = o(T) : = (%) =q+0(¢%), (4.2.23)
7787716
P12 = P12(T) 1 = ;}23 =q+0(q). (4.2.24)
2

Here are some basic facts about 03, ¢g and ¢ /2:
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1. 03(7) is a weight 2 modular form on I'g(4) with trivial character, has a simple zero

at the cusp 0, and vanishes nowhere else;

2. @o(7) is a weight 0 modular form on I'y(4) with trivial character, has a simple pole

at the cusp 0 and a simple zero at the cusp 700, and vanishes nowhere else;

3. ¢1/2(7) is a weight 0 modular form on I'g(4) with trivial character, has a simple

pole at the cusp % and a simple zero at the cusp 700, and vanishes nowhere else.

Theorem 4.2.7. Let 0, 03 and g be as defined in (4.2.2), (4.2.22) and (4.2.23), re-
spectively.

k+1
2

1. For k odd, the set {0205 % Prm(0)}X_, where Py, is a monic polynomial of

degree m such that

k41 O —1 k+1

6285 * Prm(p0)| =q "+ ) cn)dg,

is a canonical basis for M"9(To(4), X—4).

_k
2. For k even, the set {05 2 Prm(po)}oo_, where Py, is a monic polynomial of degree

m such that

_k m > .
03 Pim(p0)| =q° "+ ) g,

is a canonical basis for M (To(4)).

Theorem 4.2.8. Let 0, and ¢1/5 be as defined in (4.2.2) and (4.2.24), respectively.

Then the set {05 Py (1/2) Y22 o where Py, is a monic polynomial of degree m such
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that
07" P (01/2)|_, =q 2"+ Z c(n)q
2 1 n:—g—&—l

is a canonical basis for MEE(FO(4), X*4).

Proofs of Theorems 4.2.7 and 4.2.8 are similar to that of Theorem 4.2.1, so we omit

the details.

Remark 4.2.9. For a cusp P, denote by Milkjp the space of vector-valued modular
sPL

forms induced from M™% (To(4), x*,) via To(4)-lifting. We have, by (4.2.11),

1,00 5
M_ka—b—M ka+M ka =M ka@M kaEBM—ka

1
Clearly, M Zop + M —l—ME,QWL is a subspace of M!_,WL. In general, the former space

k.pr

may not be equal to the latter one. We first note that every vector-valued modular form

in M>®

ka_'_M

+ M must have the same component functions at ¢1 and ¢;.

k.pr, ka

We now give an example of functions in MLLpL that does not have this property. Let

F(1) = 0,07 € M"°(To(4), x_4). Then as above we write the To(4)-lifting of F(7) as

F(1) = (<2iFy + F) ¢o — 2iFs¢y — 2iFs; + (—2iFy — Fij) by

where
F; = Za an + 7) 4n+],
n=0
0 -1 ©°
Fl, = Za(n)qff
O n=0
and
10
Fijp = F| 1
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By (4.2.13), we know that F3(1) € M' (T'1(4),x) where x =e(=b/4). Now
c d

we do I'y(4)-lifting on F3(T) against ¢1, namely,

Fs(r)= Y (Bl,7)pe(n) "o,

v€T1(4)\SL2(Z)

and get
Fy(r) = —difodo + (2F; + 4ifs)dy + (—difs — 2f1/2)i + difodprss
where
fi= > aln+ g,
nez
n>—oo
0 —1
|, = Z a(n)qj
1 0 nez
n>—oo
and
10
fij2 = F3| 4
2 1

Now the component functions at ¢1 and ¢; are 2F5+4ifs and —4if3s—2f1 /2, respectively.
We can compute and verify that they are not the same. Therefore, ﬁg(T) 1s not in the

1
space M MY 4 M2

—k,pL —k,pL —k,pr"

4.3 Part II: Borcherds Products on U(2,1)

It is well-known that the vector-valued weakly modular forms construction in Part I can
be used to construct memomophic modular forms on Shimura varieties of orthogonal

type (n,2) and unitary type (n, 1) with Borcherds product formulas and known divisors.
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In this part, we focus on one special case to make it very explicitly—the Picard modular
surfaces over k = Q(). In particular, we describe a Weyl chamber explicitly and write
down the Borcherds product expression concretely.

This part is devoted to deriving Borcherds products lifted from a vector-valued mod-

ular form arising from M"3°(To(4), x—4)-

4.3.1 Picard modular surfaces over k¥ = Q(i)

Let (V,(,)) be a Hermitian vector space over k of signature (2,1) and let H = U(V),

where U(V') denotes the unitary group associated to V. Let Ve =V ®j C, and
L={w e V| (w,w) < 0}.

Then K = £/C* is the Hermitian domain for H(R), and £ is the tautological line bundle
over K. For a congruence subgroup I' of H(Q), the associated Picard modular surface
Xr =T'\K is defined over some number field.

Given an isotropic line k¢ (i.e., a cusp), choose another isotropic element ¢ with

(0,0 #0. Let Vo = (kf + k'), and let

H=Hpy = {(T,U) cHx Voc

ST > o) } :
Then the map
H— L, (1,0) = z(1,0) =20, ()Tl + 0+ ' (4.3.1)

gives rise to an isomorphism H = K. It is also a nowhere vanishing section of the line
bundle £. Using this map, we can define action of H(R) on ‘H and automorphy factor

j(~y, 7, 0) via the equation

V27, 0) = j(3,7, 0)2(3(7, 0). (4.3.2)
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Indeed, both vyz(7,0) and z(y(7,0)) are in £ and they become the same in K, so they

are different by a multiplication constant, namely, the automorphy factor j(7, o).

Definition 4.3.1. Let I' be a unitary modular group. A holomorphic automorphic form
of weight k and with character x for I' is a function g : H — C, with the following

properties:
1. g is holomorphic on H,

k

2. g(y(r,0)) =j(v;7,0) x(v)g(,0) for all v € T.

We remark that a holomorphic modular form ¢ for I' is automatically holomorphic
at the cusps.
Now we make everything concrete and explicit. First choose a basis {e1,e3,e3} of V

with Gram matrix

so V = @._, ke; = k* with Hermitian form
(,y) = 2173 + 22 + 2371 = '2J, (4.3.3)
and
H = H(Q) = {h € GLy(k)| hJ 'h = J}.

We take the lattice

L=zl &2l & %Z[z’]

(instead of the typical Z[i]*). Its Z-dual lattice is

L' = {0 € V| Trigglv, I) € 2} = Zfi| & 321 & 321
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So L'/L = 17Z]i]/Z]i] with quadratic form Q(z) = xz € 7Z/Z, which is the same finite

quadratic module considered in Part I. Let

U(L)={g € H|gL =L}
Zl  zZ[i] 27Z[i]
=Hn Z[i)  Z[i] 22Z[i)
sZli] 3Zli]  Z[]

be the stabilizer of L in H, and I'y, be the subgroup of U(L) which acts on the discrim-

inant group L'/L trivially:

To=UL)NS | zi] 1+22[i] 22Z][i] (4.34)

Take the cusp £ = e; and ¢’ = e3. Then V = k with Hermitian form (x,y) = zy, and

H = {(r,0) € H x C|4Im(7) > |o|*}.

Moreover, one has for v = (a;;) € H

(r,0) = ant + (20) tapo + (20) laiz 2iagT + agno + ass
N N 2ia317 + a390 + ass ’ 2ia317' + a390 + ass )

and

. 2,0 .
iy, 7,0) = <<’2, €>> = 2iTas; + asx0 + ass.

Our Picard modular surface is the quotient space Xr, = I'f\H of H modulo the action

of FL.
Let P, be the stabilizer of the cusp k¢ in H. Then P, = N,M, with

M, = {m(a,b) = Diag(a,b,a ')|a € k*,b € k'},
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1 —2b —2bb+ 2ic

Ne=({n(b,c)=10 1 2b bek ceQyp,

0 0 1

where k' = {a € k|aa = 1} is the norm one group. Notice that N, is a Heisenberg group
action on Hy via
n(b,c)(r,0) = (T + c+ib(oc +b),0 +b).
In particular
n(0,¢)(7,0) = (1 + ¢, 0).
Let
Lpe=TrNN,={n(bc)|be Zli,ceZ}.
Then for a holomorphic modular form f(7, o) for Iy, we have a Fourier—Jacobi expansion

at the cusp k-

f(r,0) = falo)d". (4.3.5)

n>0
4.3.2 The Hermitian Space V as a Quadratic Space

As mentioned in the previous subsection, the hermitian space V can be viewed as a
quadratic space Vg of signature (4,2) associated with bilinear form induced from the

hermitian form:
(x,y) = Trk/@<x, Y).

Then the lattice L can be considered as a quadratic Z-lattice in V. Denote by

SO(Vy) = {9 € SL(Vy)| (9z, gy) = (z,y) for all z,y € V}
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the special orthogonal group of Vg and its set of real points as SO(Vg)(R) = SO(4,2). A
model for the symmetric domain of SO(Vp)(R) is the Grassmannian of two-dimensional
negative definite subspaces of Vp, denoted by Grp. It can be realized as a tube domain
Ho as follows. Denote by Vi (C) the complex quadratic space Vo®gC with (-, -) extended
to a C-valued bilinear form.

Now we view L as a Z-lattice. Let e; € L be a primitive isotropic lattice vector and
choose an isotropic dual vector es € L’ with (e1,e2) = 1. Denote by K the Lorentzian
Z-sublattice K = L Nei Ney with respect to (). The tube domain model Ho is one

of the the two connected components of the following subset of K ®z C
{Z=X+4+Y|X,)Y e K@z R, Q(Y) < 0}.

Recall that ¢ = e; and ¢’ = e3. We define

~ ~

e1 =V, eg = %K’, e3 = —il, ey = —%6’

where we denote by ji the endomorphism of Vp(R) induced from the scalar multiplication
with p. Then we can check that {ej, eq,e3,e4} is a basis for (Z[i|¢ + Z[i]{') ®z Q and
we can see that K ®z R = ((Qes + Qey) ®z R) @ (Vo ®z R). Thus we can identify Y
with y1e3 + yoe4 + 0 € K ®7 R. Now denote by C the set of Y = yie3 + yse4 + 0 with
y1y2 + Qo) <0, 91 <0 and yo > 0. We can fix Hp as the component for which Y € C.
Therefore, Hp = K ®z R +iC.

In addition, the tube domain Hp can be mapped biholomorphically to any one of

the two connected components of a negative cone of P*(Vg)(C) given by

{[21] e P (Vo)(C)| (Z1, Z1) = 0, (Z1, Z1) < 0}
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We fix this component and denote it by Kp. For each [Z1], we can uniquely represent
it as

Zr=e—q(Z)er + Z

with Z € Ho.

4.3.3 Embedding of H into Hp

As in [50, Section 4], we can embed H into Ho via
(1,0) = 1(1,0) = —Tes + ieq + 3(0) (4.3.6)

where

3(0) = %0 +i (—%) 0. (4.3.7)

Similarly, Xy can be embedded into Kp through the identifications between Ky and H,

and between Ko and Hp. Namely,

z=0+270+0— Z; = —iTe; + ey — Tez +iey + 3(0). (4.3.8)

4.3.4 Weyl Chambers of K ®7 R

In Theorem 4.2.1 (1), we have shown that Fy,, = ¢-™ 4+ O(1) for m > 1, form a
canonical basis for M'_Cfo (T'o(4), x—4). Therefore, to study the Borcherds product lifted
from ME‘pr, it suffices to start with F} ,,. Since we only deal with weight —1 in the rest
of this chapter, we will simply write F},, = F} ,,, and F"m = ﬁl,m

For general definitions of the following, we refer the reader to [25, Chapter 3.1]. For

k € K with ¢(k) > 0, denote by s the orthogonal complement of x in K @z R. Denote
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by Dk the Grassmannian of negative 1-lines of KX ®z R, which can be realized as
Di = {Rw C KR| q(U)) < O}
= {w =yres +es+ (ys +iva)| vi € R, q(w) < 0}.

Then by considering the Grassmannian of negative 1-lines of s, it corresponds to a
codimension 1 sub-manifold of the Grassmannian Dy of K ®y R.
In our case, a Heegner divisor of index (m,0), Hg(m,0), is a locally finite union of

codimension 1 sub-manifolds of Dy, namely,
Hik(m,0) ={z € Dk|3x € K with ¢(k) =m and (z,k) =0}

Let F,(7) be the vector-valued modular form arising from F,,. It is known by Theorem
4.2.5 that the principal part of ﬁm(T) is ¢"™¢g. The Weyl chambers attached to ﬁm(r)

are the connected components W,,, of
DK - HK (m, 0)

Fix a Weyl chamber W,,, of Dy, we can also define the corresponding Weyl chambers of

K ®7 R and H by
Wik ={we K®zR| Rwe W,},

Winu = {(7', o) eH

S(u(1,0)) = —STes + e4 — %O’ € Wik } ,

respectively. In the following lemma, we give an explicit description of the Weyl chamber

that we use to construct Borcherds product in Theorem 4.3.5.

Lemma 4.3.2. (1) Let

y1<r2 452 —m+2rys3+2sys Vr, s€Z,
14-2ty3+2hys >0 Vt, h€Z, 2 +h’=m,

Wi = yies +es+ (y3 +iya) € Dk (4.3.9)

tys+hys>0, Vt, hEZ, t2+h%>=m, >0,

y4>0 if m is a square.
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koy1 <—k1+2ksys+2kaya V ki €Z, ka>0, k1ko+k3+k3=m,

. k+2tyz+2hys >0 V k, t, h€Z, k>0, t*+h2=m,

C qyies +es+ (ys +iys) € D .

tys+hys>0, Vt, hEZ, t*+h*=m, t>0,
ya>0 if m is a square

Then W, is a Weyl chamber containing es.

(2) Let

1
K, = {)\ = Ae3 — heq + 5()\3 + Z)\4) e K

(A Win)>0,

(Q()\):m with )\3,)\4622) }
or (Q(A)<0)

where (A, W,,) > 0 means that (A\,w) > 0 for all w € W,,. Then

A1, A2, A3, M EZ,
A2>0,

1
K = A= \iea — \oe +—/\ —I—Z)\ or (A2=0 and \1>0),
m 1=3 24 2( 3 4> or (A2=X1=0 and A3>0),
or (A2=A1=A3=0 and A\4>0)

Proof. For Assertion (1), it is clear that W,, contains es since the set of (ys,ys,y1)
determined by the inequalities in WW,,, contains y; = —o0o. We only need to show W,, is
actually a Weyl chamber.

Write k = kyes + koey + ks +iky € K with k; € Z. Since (—k)* = k*, we can assume
ko > 0. By the definition of Weyl chamber W,,,, we can see that a Weyl chamber W,

can be viewed as a connected component of R? cut out by the planes
koyr + k1 + 2k3ys + 2k4ys = 0

for all kq,..., ks € Z with ks > 0 and k‘lk‘g—l—k‘g—f—kzi:m.

When £y = 0 and m is representable as a sum of two squares, then we have planes
k’l + 2k33y3 + 2k:4y4 =0

perpendicularly passing through the (ys,y4)-plane. In this case, the connected compo-

nents are determined by the connected components of the y3 — y4 plane cut out by the
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lines

k’l + 2k3y3 + 2]€4y4 = O,

and it is easy to find that one of the connected components C; can be identified as

tys+hys>0, Vi, h€Z, t>+h%=m, t>0,

{(1/373/4) € R?

14+2ty3+2hys >0 Vt, heZ, t2+h2=m, }
y4>0 if m is a square
which is a subset of

k+42ty34+2hys >0 YV k, t, h€Z, k>0, t24+h?=m,
tys+hys>0, Vi, h€Z, t>+h%2=m, t>0,

{(yg,y4) € R?

y4>0 if m is a square

When ko > 0, with the aid of MAPLE, we can check that there is a connected component
C, of R3 covered by

Yy =12+ 52 —m+ 2rys + 2syy
for r, s € Z. Such a connected component contains y; < —m, and all the other planes
koyy = —k1 + 2ksys + 2k4y,

for ky,..., ks € Z with ky > 0 and kiky + k2 + k3 = m. In conclusion, W, = C; N Cy is

a connected component of R? cut out by the planes
k‘gyl + /{31 + 2k3y3 + 2/€4y4 =0

for all ky,...,ky € Z with ky > 0 and kiky + k3 + k2 = m, and thus W,, is a Weyl
chamber. For the case m = 1, we can visualize it by a 3D-plot. See Figure 4.3.4.

Now let us prove Assertion (2).

(i) Suppose that Q(A) = m and A3, \y € 2Z which imply that A € K. By (4.3.9), we

note that yies + e4 + (y5 + iys) € Wy, implies that

koyn < —ky 4 2k3ys + 2kay,
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for all k; € Z with ko > 0 and kiky + /{:32, + k2 = m, which is equivalent to
kayr + k1 + 2ksys + 2k4y4 > 0

for all k; € Z with ky < 0 and kiky + k3 + k2 = m. Therefore, when Ay # 0 and
Q(N) = m, that is, \i(=X2) + (A2 +A2) = m, (A, W,,) > 0 if and only if —\; < 0,
that is, Ay > 0. Similarly, by the other conditions given in (4.3.9), we can conclude
that when Q(\) = m, (A\,W,,) > 0 if and only if Ay < 0, or (A2 = 0 and A\; > 0),

or (A=A =0and A3 >0),or (\y =X =3 =0and A\y > 0).

Now suppose that Q(X\) < 0, that is, A 4+ $(A3 + A3) < 0. By (4.3.9), we know
that

y1<r2+s2—m+2ry3+23y4

for all , s € Z. By [25, Lemma 3.2|, it is known that if (A, wg) > 0 for a wy € W,
then (A, W,,,) > 0. Thus (A\,W,,,) > 0 if and only if Ay > 0. When A\, = 0, since
Q(A\) <0, then A3 = Ay = 0, and thus (A, w) = Ay for w € W,,,. This implies that

(A, W) > 0 if and only if A\; > 0 when Ay = 0.

A 3D-plot for the Weyl chamber W)
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4.3.5 The Weyl Vector for ﬁm

In this subsection, we aim to compute the Weyl vector p(W,,, ﬁm) We first recall a nice
summary of the explicit computations of Weyl vector given in [94, Subsection 2.1] (also
see [21, Thm. 10.4] for original definitions).

Let L be a Z-lattice with quadratic form Q(-) of a quadratic space V' of type (n,2)

and L’ be its dual lattice. Take ¢, € L and ¢} € L' to be such that Q(¢1) = Q(¢;) =0
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and (,0;) = 1. Assume that ({1, L) = NyZ for some unique positive integer and

choose € € L with (¢1,&) = Ni. Let K = LN (Q¢r, +Q¢;)* and let
Ly={z e L'|({y,z) =0 (mod Np)} C L.

Then there is a projection

(IaeL)
Ng

p:L6_>K/7 p(m):xK—i— fKa

where xx and {x are the orthogonal projections of z,£ € V to Kg = K ®7 Q. So it

induces a projection from Lj/L to K'/K. Next, for

]FZ Z f,u¢u = Z c(m, ¢u)qm¢u € Mi_%,p,:a

define
frc = > hoak = cx(m Ng" o,

NeK' /K

where ¢, i is the basis element associated to A of C[K’/K], and

f)x: Z f,w

peLy/L
p(p)=A

For a Weyl chamber W, take {x € K N'W, where W denotes the closure of the Weyl
chamber W, and ¢y € K’ with Q({x) = Q(f%x) = 0 and ({k,l%) = 1, and let P =
KN (Qlx + Qh)t, which is positive definite of rank n — 2. Similar to the projection p
from L{/L to K'/K, one also has a projection, also denoted by p, from K{/K to P'/P
defined in the same way. Similarly, we have a weakly holomorphic modular form ﬁa
induced by f}. Then we can compute and express the Weyl vector p(WW, ]F) associated

to W and fas

p(W, f) = puclxc + pe L + pp,
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where

b= 3 ex(0NBa((N b)) (13.10)

AeK) /K
p(\)=0+P

_ % Z Z CK(—Q('7>7)‘)B2((>‘7£/K))7

vEP'  NeK)/K
(r,\W)>0 p(X)=y+P

By(x) := {x}? — {2} + § is the second Bernoulli polynomial, {z} is the fractional part

of x,

pr,, = constant term of (Op, fr)Es/24,

(4.3.11)

Op=>_ > e(QN7)ey,
YEP! /P AEV+P
Ey:=1-24%"" 01(n)g" is the holomorphic Eisenstein series of weight 2,
1

pr=—5 > x(=Q).7 (4.3.12)
YEP'NK'
(v, W)>0

Now for our case, we set L = Z[i] ® Z[i] ® 3 Z[i], {1, = ey, £}, = e, F=F. W=W,,
lx = e3 and 0}, = ey, where e, ey, €3 and e4 are defined as in Subsection 4.3.2. It is easy
to check that K = Ze3s®ZeyB P and P = Z[ile; where e, is defined as in Subsection 4.3.1.
Direct calculations show that Ly = L', K| = K" and L'/L = K'/K = P'/P. Write

ﬁm = Z Fm,u¢,u = Z ZC(H, N)qn¢#'

peL’ /L pEL' /L neQ

Then under L'/L = K'/K = P’/ P, direct calculations show that
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Note that by Theorem 4.2.5, for n > 0, cx(—n,\) # 0 if and only if cx(—n,\) =
cx(—m,0), which equals 1. Also, we can compute and express 0p as

Op = (Z e((r’+5?) T)) o + (Z;Ze (G +r+r’ 4 52) r>) o (4.3.13)

r,SEL

ABe(lereeei))) s (e (Grreesren)) o

Now let us first compute pe,. Since K/K = K'/K = P'/P, then A\ € K{/K such
that p(A\) = 0+ P if and only if A = 0 4+ K. In addition, as we point out above that
for n > 0, cx(—n,\) # 0 if and only if cx(—n,\) = cx(—m,0) = 1, then we can see
that cx(—Q(7y),A) = 1 if and only if v € P with Q(v) = m, i.e., v = (r + si)ey with
r,s € Z and r? + s> = m. In addition, by Lemma 4.3.9, to have (v, W,,) > 0, we must

have (r > 0) or (r =0 and s > 0). Now by the definition of p., and the above analysis,

we have
1 1 1
en = ——Ck(0,0) — = =
Pl

or (r=0and s > 0)

= 37 by alm/d) + X a(d) &~ o (m),
djm
where oy, (m) = >_,,, X-4(d) follows from the well known fact (see, e.g., [16, Thm. 3.2.1])
that the number of integral solutions of r* + s* = m is given by 40, ,(m).
For the es-component p.,, we first note that the non-¢,-component functions of 6p
have no constant terms, and the non-¢p-component functions of Fp have no negative
power terms. In addition, the ¢p-component function of p is

Yo+ =1+4) o ()",

r,SEZL
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and the ¢yp-component function of Fp is g ™+ ¢(0,0) + O(q). Therefore, the constant

term of (p, fp) B, is the constant term of

<1 +4) ax_4(n)q"> (g7™ + ¢(0,0) + O(q)) (1 —24) o (n)q") :

which is

4oy (m) = 2401 (m) =96 | Y oy, (k)or(l) | +¢(0,0).

k+l=m
k,I>1

Thus by Theorem 4.2.5, we have

Pes = é O'X_4(m) — 60’1(771) — 24 Z UX_4(k)01(Z)
T Z (16x—a(m/d) + x—a(d)) d*|.

dm
For p, notice that for n > 0, cx(—n,A) # 0 if and only if v € P with Q(vy) = m,
i.e., v = (r+ si)ey with r,s € Z and r? + s* = m. Notice also that (v, W,,) > 0 implies
(r>0)or (r=0and s> 0). So by similar calculations, we have

1 .
pp=—= Z (r + si)es.

2
r24+s2=m
r>0
or (r=0and s >0)

Summing up, we conclude with the following proposition.

Proposition 4.3.3. Let E, be defined as in Subsection 4.3.4, and let W,, be the Weyl
chamber given by (4.3.9). Then the Weyl vector associated to the Weyl chamber W,

and the weakly holomorphic modular form E, is

—

P(Wm7 Fm) = Pe3€3 + Pes€4 + PP,
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where
1 5 1
Pes =3 > (16x_a(m/d) + x_a(d)) d* — 54 %x-a(m),
dlm
1
Pey = 6 ox_s(m) —601(m) — 24 Z oy_y(k)o1(l)
k+l=m
ki>1
+ Y (16x_4(m/d) + x—4(d)) d*|,
dlm
- X s
pp = 5 r+ si)es,

r24s2=m
>0
or (r=0ands>0)

and oy_,(m) = Ed\m X-a(d).

4.3.6 Heegner Divisors for I';,

Let A € L’ be a lattice vector with positive norm, i.e., (\;,A) > 0. The orthogonal
complement of \ in Ky is a closed analytic subset of comdimension 1, which we denote

as follows.

H()) = {[z] € Ku| (z,A) = 0}.

By identification between Ky and H, H()) can also be considered as a closed analytic
subset of H, and we call such set a prime Heegner divisor on H. Given 8 € L'/L and
m € Z~o, a Heegner divisor of index (m, ) in H is defined as the locally finite sum
H(m, )= Y H(\).
AEB+L
QA)=m

The associated Heegner divisor in Xp, = I'/\H is Z(m, ) = T',\H(m, B).
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4.3.7 Borcherds Products

In this section, we give a family of new Borcherds products explicitly by using the results
of Hofmann [50, Thm. 4, Thm. 5 and Cor. 1]. We first summarize Hofmann’s results

as follows.

Theorem 4.3.4 (Hofmann). Let F be an imaginary quadratic field. Let L be an even
hermitian lattice of signature (m, 1) with m > 1, and ¢ € L a primitive isotropic vector.
Let 0! € L' an isotropic vector with (£,¢'y # 0. Further assume that L is the direct sum
of a hyperbolic plane H = Op ® 07" and a definite part D with (D, H) = 0.

Given a weakly holomorphic modular form f € M; with Fourier coefficients

—m,pL

c(n, B) satisfying c(n,B) € Z for n < 0, there is a meromorphic function V(r,0; f) on

H with the following properties:

1. U(T,0; f) is an automorphic form of weight c(0, ¢o)/2 for I'y, with some multiplier

system x of finite order.

2. The zeros and poles of W(T,0; f) lie on Heegner divisors. The divisor of V(T,0; f)
on Xr, =T \H is given by

div(V(T, 05 f)) Z Z —n, ¢g)H(n, 5).

BEL’/L neZ—Q(B)
n>0

The multiplicities of H(n, 3) are 2 if 26 =0 in L' /L, and 1 otherwise.

3. For a Weyl chamber W whose closure contains the cusp Qes, V(T,0; f) has an

infinite product expansion of the form

s (S50) 11 oo ()]
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where z = z(1,0) = U+ §{{, )Tl + 7, § is the square root of the discriminant of
F, the constant C' has absolute value 1 and p(W, f) is the Weyl vector attached to

W and f.
4. The lifting is multiplicative: V(1,05 f + g) = V(7,03 f)V(T,0;9).

5. Let W be a Weyl chamber such that the cusp corresponding to £ is contained in the
closure of W. If this cusp is neither a pole nor a zero of V(r,0; f), then we have

lim U(r,0; /) = Ce (o7, 0:) ] (1—e<_%ﬁg)>c(°’”

AeK’
A=1kél

k€Q>0

where p(W, f), denotes the complex conjugate of the £-component of the Weyl vector

p(W, f).

By specializing Theorem 4.3.4 in our case, we obtain the main result of this chapter.

Theorem 4.3.5. Let L = Z[i| ® Z[i] ® 1Z[i] with respect to the standard basis over
Z[i] with hermitian form defined in (4.3.3). We set £ = (1,0,0) and ¢ = (0,0,1). Let
ﬁm be the vector-valued modular form arising from F,, = 9291*1P17m_1(g000) and denote
by c(n, ¢,) the Fourier coefficient of index (n,$,) of E,.. Then there is a meromorphic
function V(7,05 Fy,) = Y(1,0; ﬁm) on H with the following properties:

—

1. V(7,03 Fy,) is an automorphic form of weight

32> x_a(n/d)d® +2) " x_a(d)d’
dlm

dm

for T, with some multiplier system x of finite order.
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2. The zeros and poles of V(T, o, ﬁm) lie on Heegner divisors. The divisor of V(T, o, ﬁm)

on Xr, =T \H is given by
div(V(r,0; Fy)) = Z(m,0) = [, \H(m, 0),

where

r1+2roRo+2s2So+s3RT—r3SIT=0, }

H(m,0) = Z {(7‘, o) €H

(r1,51,72,52,73,53)ELC
r173+S81S83 +r§+s§ =m

51+2r2So—2s59Ro+5337+r3RT=0

3. For the Weyl chamber W, described in (4.3.9), U(r, 03 F,,) has an infinite product
expansion near the cusp Qes (precisely, when (1,0) € W, with ST sufficiently
large):

U(r,0; Fy) = Ai(1,0)As(0)As(0) As(0) As(T, 0), (4.3.14)
where
(i)
Ay(7,0) = e(ipe, = pe,T + po)
where pe,, pe, and p are defined as in Proposition 4.3.3,
(i)
[1 —e (—ia\/ﬁ)} if m is a square,

Ay(o) =

1 otherwise,

(iii)
As(o) = H [1—e(o(ks+iky))] [l —e(o (ks —iky))],

(k3,ka)€Z2
kg—i-ki:m
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(iv)
H H [1 —e(ing)e (o (ng — iny))]

ng,n4€L n2€l>o
n%—o—ni:m

X H (1 —e(ing))c(o’o)

TLQEZ>0
with
¢(0,0) = ¢(0, ¢o) = > (64x—a(m/d) + 4x_a(d)) d*,
dlm
(v)
C("1n2_*(n3+"4) bi)
As(r,0) = H [1 —e (an +o (% - Z%) + m2>]

(n1,n2,n3,n4)EZ*
ni1>0

with 1 = nges — nieq + %(ng +iny).

4. If the cusp corresponding to £ is neither a pole nor a zero of V(r,0; ﬁm), then we

have
c(0,¢0)
lim (7,03 Fy) = e(ipe) [ ] (1 e(ki)) %
k=1
where
1 2 1
P = = ; (16x—4(m/d) + x-4(d)) d* — zox, (m)

1s defined as in Proposition 4.3.3, and

c(0,¢0) = Y (64x_4(m/d) + dx_4(d)) &

dlm

is defined as in Theorem 4.2.5.
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Proof. Assertion (1) follows from Theorem 4.2.5 and Theorem 4.3.4 (1). Assertion (2)
follows directly from Theorem 4.3.4 (2).
Then by Theorem 4.3.4 (3) together with Lemma 4.3.2 and Proposition 4.3.3, we

have that ¥(r,o; ﬁm) has the following infinite product expansion near the cusp Qes

U(r,0; Fp)

= e(ifey = pesT + )

A\ A\ ' c(AAa—5(A3+23), ¢)
X H |:1—€<)\2T—|—0(73—Z?4>—0—Z)\1):|

(A1,A2,A3,M4)€Z*
A2>0,
or A2=0 and A1 >0,
or Aa=X1=0 and \3>0,
or Aa=A1=A3=0 and \4>0.

where A = \jes — \geyq + %()\3 +1iMy), and pe,, pe, and p are given as in Proposition 4.3.3.
We first set Ay(7,0) = e(ipey; — pe, ™ + po). Then by decomposing the infinite product
according to the four cases in its product index set, we can easily rewrite it as (4.3.14).

Finally, for Assertion (4), we first note that in our case, K' = Zi & Z[i] & 3Zi and
0 = 2i, then A € K" and A = %/i(% = kil with kK € Qo imply that Kk € Z-y and
c(0,A) = ¢(0,¢p). Together with the Weyl vector attached to W,, and F,. shown in

Subsection 4.3.5, Theorem 4.3.4 (5) proves Assertion (4).
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