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Abstract

This dissertation focuses on statistical methods for paired endpoints, including paired con-
tinuous endpoints and paired time-to-event endpoints, in medical studies. Examples of these
are six-minute walk distances, systolic or diastolic blood pressures, or heart rates at base-
line and post-treatment, progression-free survival from the first-line therapy and second-line
therapy, etc.. There are two parts of this dissertation, the first part (Chapter 2 — Chapter
4) focuses on developing the new nonparametric rank transform test for paired continuous
endpoints where either complete paired observations exist or informatively missing data
present. The second part (Chapter 5 — Chapter 6) focuses on statistical methods for the
progression-free survival ratio endpoint, also called growth modulation index (GMI), for
paired time-to-event endpoint.

The paired t-test or Wilcoxon signed rank (WSR) test is a frequently used parametric
or nonparametric test for paired data, however, both require that the continuous outcomes
are fully observed. In clinical studies of life-threatening diseases, some patients may die or
experience other adverse events during the studies which preclude the observation of post-
treatment outcomes, then paired t-test and WSR do not work for these cases to test the
change of the outcomes from baseline to post-treatment. In Chapter 2, a new nonparametric
test called rank transform test for paired samples, which does not require the continuous
outcomes to be fully observed as long as the rank is known, is proposed. It is proved
that the rank transform test is conditionally distribution free given the ranks in each group
and asymptotically distribution free. In addition, the power and sample size formula for the

rank transform test is derived using a large-sample approach. Although the formula involves
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double integration, it can be done by numerical integration easily using common softwares,
such as R, Matlab, etc. Extensive Monte Carlo simulation studies are conducted to assess
the validity of the power and sample size estimation formula and compare the power of the
proposed nonparametric rank transform test with paired t-test, WSR, and sign test under
different bivariate distributions, and receiver operating characteristic (ROC) curve is used
to visualize the relationship between power and Type I error since it calibrates the Type
I error automatically and compares the power under controlling Type I error at the same
level. The simulation results confirm that the power and sample size estimation formula
is valid. Overall, the power of the rank transform test is comparable to that of paired t-
test and WSR under bivariate normal distribution with low Pearson correlation coefficient,
and it is a little less powerful than paired t-test and WSR test under bivariate normal
distribution with moderate to high Pearson correlation coefficient, which is consistent with
their asymptotic relative efficiencies. In the setting of bivariate lognormal distribution, the
rank transform test has substantially more power than paired t-test, WSR test, and sign-
test for some alternatives considered, and it is a little more powerful than paired t-test,
WSR test, and sign-test for other alternatives considered. For other bivariate distributions
considered, the power of the rank transform test is either comparable to or more powerful
than paired t-test and WSR test. The rank transform test has more power than sign-test
for most bivariate distributions considered, and it is at least as powerful as sign-test for all
bivariate distributions considered. Larger correlation would require smaller sample size to
achieve a certain power for any bivariate distribution.

In Chapter 3, a finite-sample approach called the probit transformation approach is used
for the power and sample size calculation of the proposed rank transform test for paired
samples under the location shift alternative. The probit transformation approach does
not involve numerical integration, it only requires to calculate the probability of standard
bivariate normal distribution, which can be done by using the pbivnorm function of R or the
PROBBNRM function in SAS Version 9.4. The finite-sample approach is more appropriate

for study planning, where sample size is often small. Extensive Monte Carlo simulation
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studies show that the theoretical power of the rank transform test based on the probit
transformation approach is the same as the empirical power of the rank transform test,
which confirms the validity of the probit transformation approach. The simulation studies
also demonstrate that the rank transform test is more powerful than the sign-test, and it is a
little less powerful than the paired t-test and WSR test under bivariate normal distribution
when complete observations exist. In the setting of bivariate lognormal distribution, the
rank transform test is more powerful than paired t-test and sign-test no matter how large
the correlation coefficient and relative variance is, and it is more powerful than the WSR
test with equal variance (log scale). Moreover, the asymptotic relative efficiency (ARE) of
the rank transform test with respect to paired t-test under bivariate normal distribution
with equal and unequal variance is derived based on the probit transformation approach,
and it is consistent with simulation studies.

In Chapter 4, the rank transform test for paired samples in the presence of missing
outcomes due to adverse events is considered. The missing outcomes because of adverse
events are replaced by worst-rank scores, then the rank transform test proposed in Chapter
2 can be applied directly to the outcomes for comparison. Since the rank scores assigned
to the missing outcomes due to adverse events in the tied worst-rank score and untied
worst-rank score approaches are always smaller than those rank scores assigned to the
observed outcomes, there is no difference between the tied worst-rank score approach and
untied worst-rank score approach for the rank transform test of paired data. Hence only
the untied worst-rank score approach is considered, in which the worst-rank scores rank
missing outcomes according to the time to adverse events, so that an earlier adverse event
is considered worse than a later adverse event, which in turn is worse than all observed
outcomes. Extensive Monte Carlo simulation studies are conducted to compare the power
of the rank transform test for paired samples with sign-test in the presence of missing
outcomes because of adverse events. Receiver operating characteristic (ROC) curve is used
for the visualization of power versus type I error, from which the power of different tests

can be compared under controlling the same type I error. The results show that the rank
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transform test is more powerful than sign-test for most alternatives considered, and it is at
least as powerful as sign-test. In addition, the Wilcoxon rank-sum test for two independent
samples in the presence of missing outcomes due to adverse events is also discussed.

The progression-free survival (PFS) ratio, also called growth modulation index (GMI),
was proposed by Von Hoff in 1998 (Von Hoff, 1998), and it is defined as the ratio of PFS
in the second-line therapy (PFSs) to that in the first-line therapy (PFS;), where PFS; is
uncensored, and PFSy may be uncensored or right-censored. Since PFS; and PFSs are from
the same subject, there is a correlation between them. Von Hoff et al. (Von Hoff et al.,
2010) used the null hypothesis that < 15% of the patient population would have a GMI of
> 1.3 in the clinical study. Very few statistical methods are available for using the GMI
endpoint in clinical studies. In Chapter 5, the Kaplan-Meier estimator method is proposed
for estimating the percentage of GMI > §, where § is a prespecified threshold, and it is
compared with the naive count method using a real data set. Apparently, the naive count
method underestimate the percentage of GMI > § because it ignores the censoring of PFS,.
In addition, the net chance of GMI endpoint is proposed to overcome the difficulties (e.g., it
is hard to choose the threshold reasonably) of using the GMI endpoint, and the test based
on the net chance of GMI endpoint is also developed and compared with the widely used
log-rank test by extensive Monte Carlo simulation. The results show that the degree of
correlation between PFS; and PFS; is a key feature of using the GMI endpoint and net
chance of GMI endpoint in trial design. Moderate to high correlation would improve the
power significantly. The test based on the net chance of GMI endpoint is more powerful
than log-rank test under moderate to high correlation. Furthermore, under a bivariate
exponential model of Gumbel, the correspondence among P(GMI > 1.3), hazard ratio
(HR), and the net chance of GMI at 1.3 [A(1.3)] without selection bias are listed in Table 1,
which demonstrates that 15% is too low for using the GMI endpoint if there is no selection
bias in the clinical study.

Motivated by the PFS ratio (or called GMI) endpoint in Chapter 5, for the purpose of

comparing two treatments with time-to-event endpoint in the second-line therapy and cor-



Table 1: Correspondence among P(GMI > 1.3), HR, and A(1.3) without selection bias

under a bivariate exponential model of Gumbel

Correlation (p) P(GMI>1.3) HR A(1.3)
0 15% 4.36  -62%
0.2 15% 3.14  -60%
0.5 15% 2.03  -54%
0.8 15% 1.30  -35%

related uncensored time-to-event in the first-line therapy, five different models are compared

under different marginal distributions with different correlations by extensive simulations

in Chapter 6. The regression analysis of restricted mean survival time (RMST) in differ-

ence or ratio model is recommended at low correlation, and the Cox proportional hazards

(PH) regression model with PFS ratio (or called GMI) as the response is recommended at

moderate to high correlation, regardless of the underlying marginal distributions.
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Chapter 1

Introduction



This dissertation focuses on statistical methods for paired continuous and time-to-event
endpoints in medical studies. For paired continuous endpoints, the paired t-test or Wilcoxon
signed rank (WSR) test is a frequently used parametric or nonparametric test. However,
both require that the paired continuous outcomes are fully observed. In clinical studies of
life-threatening diseases, some patients may die or experience other adverse events during
the studies which preclude the observation of post-treatment outcomes, then paired t-test
and WSR cannot be used for these cases to test the change of the outcomes from baseline to
post-treatment. For paired time-to-event endpoints, Von Hoff (Von Hoff, 1998) proposed the
progression-free survival (PFS) ratio, also called growth modulation index (GMI), endpoint,
and it is defined as the ratio of PFS in the second-line therapy (PFS2) to that in the first-line
therapy (PFS;), where PFS; is uncensored, and PFSs may be uncensored or right-censored.
Since PFS; and PFSy are from the same subject, there is a correlation between them. Von
Hoff et al. (Von Hoff et al., 2010) used the null hypothesis that < 15% of the patient
population would have a GMI of > 1.3 in the clinical study, it is unknown that whether the
second-line therapy is better or worse than the first-line therapy under this null hypothesis.
In addition, very few statistical methods are available for using the GMI endpoint in clinical

studies.

1.1 Statistical Methods for Paired Continuous Endpoints

Paired continuous endpoints are very common in medical studies, e.g. six-minute walk
distances, systolic blood pressures, diastolic blood pressures, heart rates, and New York
Heart Association (NYHA) classes etc. at baseline and pre-specified follow-up time. We
are interested in the change of the outcome measured at baseline and pre-specified follow-up
time (or times), namely, the subjects serve as their own control. Paired data also arise in
comparative studies when treatments are prospectively assigned to pairs of experimental
units which are biologically linked such as pairs of eyes from the same patients, skin grafts

on the same patients, sets of twins, or litter mates in animal studies.



The paired t-test is a frequently used parametric test for paired data with the assumption
of normal distribution, and the nonparametric WSR test is an alternative for analyzing
paired data without assuming the normal distribution. It is well-known that the asymptotic
relative efficiency (ARE) of WSR test with respect to paired t-test is 3/m under normal
distribution of differences, and it is 1 and 1.5 under uniform distribution of differences
and double exponential distribution of differences, respectively (Iman et al., 1984, Conover,
1980). The ARE of a test is related to its power, which means there are settings where the
WSR test has much more power than the paired t test as well as cases where it has less
power. As the AREs indicate, however, the WSR test is in general likely to have good power.
The theoretical results considering the WSR, depend on the rather restrictive assumption
that the distribution of the differences of the paired observations is symmetric (Munzel,
1999). Moreover, the paired t-test and WSR test cannot be used for ordered categorical
data because the differences of the paired observations which are needed to compute the
corresponding statistic, are meaningless in the context of categorical data. Furthermore,
both the paired t-test and WSR test require that the continuous outcomes are fully observed.
However, in clinical studies of life-threatening diseases, some patients may die or experience
other adverse events during the studies which preclude the observation of post-treatment
outcomes, then paired t-test and WSR cannot be used for these cases to test the change of
the outcomes from baseline to post-treatment because we cannot take the difference between
the outcomes at baseline and post-treatment for those patients. Such missing observations
are informatively missing because they are related to the status of the patients’ underlying
disease. This informative missing outcome conundrum is sometimes referred to in the
literature as a truncation-by-death or survivor bias problem—to distinguish this specific
scenario from other missing data cases which are the results of inadequate data collection
or data management, and is handled differently from traditional missing data mechanisms
(Zhang and Rubin, 2003, Rubin, 2006, Frangakis and Rubin, 2002, Matsouaka and Betensky,
2015) since we have observed what we can observe. Any statistical analysis based solely on

the subset of completely observed outcomes provides a spurious conclusion on the change



of the outcome because the survivors only or event-free subjects only analysis is apparently
biased.

One solution to this problem of informative missingness is to include all patients in the
analysis and pool all the outcomes at baseline and prespecified follow-up time together, with
the rank scores assigned to the available continuous outcomes based on the magnitude and
with worst-rank scores assigned to the follow-up outcomes which are not available because
of adverse events such as death, hospitalization, etc. The worst-rank scores are worse than
all observed rank scores. This is a composite outcome which combines the continuous
outcome with adverse events. The use of worst-rank composite endpoints is prevalent and
has become well accepted in many settings (Matsouaka and Betensky, 2015). For example,
Pantoni et al. (Pantoni et al., 2005) performed worst-rank analysis to correct for the effect
of the high drop-out rate in the placebo group in the trial to evaluate the efficacy and safety
of nimodipine in subcortical vascular dementia. Tate et al. (Tate et al., 2007) assigned the
worst rank as a quality-of-life (QOL) score for a visit scheduled after death and before the
end of the study in the Wilcoxon rank-sum test for the Beta-Blocker Evaluation of Survival
Trial (BEST). Howard et al. (Howard et al., 2017) ranked the 22 patients who have events
to preclude the collection of Myasthenia Gravis-Activities of Daily Living (MG-ADL) score
during the trial lowest by the time to event in the Phase III trial to confirm the safety and
efficacy of eculizumab in anti-acetylcholine receptor antibody-positive refractory generalized
myasthenia gravis (REGAIN). There are several other examples using worst-rank from the
references (Waters et al., 2002, O’Meara et al., 2005, 2004, Bosch et al., 2011, Bautmans
et al., 2005, Russell et al., 2006).

The idea of assigning scores to informatively missing outcomes was first introduced by
Gould (Gould, 1980) and was used by Richie et al.(Ritchie et al., 1984, 1988) to deal with
subjects’ informative withdrawal. Gould suggested using a rank-based test for the composite
outcome scores. To avoid dealing with the multiple ties introduced by Gould’s approach,
Senn (Senn, 2007) proposed a modified version by assigning subjects with informatively

missing outcomes ranks that depend on the times of withdrawal. Lachin (Lachin, 1999)



extended the idea to settings in which disease-related withdrawal is due to death. The
properties, power and sample size of the Wilcoxon-Mann-Whitney (WMW) test applied
to the worst-rank score composite endpoints for two independent treatment groups have
been well understood (Matsouaka and Betensky, 2015, Lachin, 2011, Rosner and Glynn,
2009, Shieh et al., 2006, Wang et al., 2003, McMahon and Harrell, 2000, Noether, 1987,
Schmidtmann et al., 2019). However, there is no test available to the worst-rank score com-
posite endpoints for two dependent samples. Motivated by the WMWtest, the worst-rank
score analysis, the 6-minute walk distance data (see Table 1.1) at baseline and 12-month of
the mesenchymal stem cell (MSC) treatment from the Transendocardial Autologous Mes-
enchymal Stem Cells and Mononuclear Bone Marrow Cells in Ischemic Heart Failure Trial
(TAC-HFT) (Heldman et al., 2014) in which one of the subjects died during the trial, and
the 6-minute walk distance data at baseline and 6-month of the optimal pharmacologic
therapy (OPT) arm from the Comparison of Medical Therapy, Pacing, and Defibrillation
in Heart Failure (COMPANION) trial (Bristow et al., 2004) in which 27 out of 308 patients
died before 6-month, I propose a new nonparametric test for paired samples in Chapter 2
which does not require the continuous outcomes to be fully observed as long as the ranks are
known, and its power and sample size estimation using a large sample approach is also in-
vestigated in Chapter 2. In addition, the power and sample size calculation of the proposed
nonparametric test using a finite sample approach is explored in Chapter 3. Furthermore,
the proposed nonparametric test for paired samples in the presence of informatively missing

data is discussed in Chapter 4.

1.2 Statistical Methods for Paired Time-to-event Endpoints

Time-to-event data arise frequently in clinical research, e.g., survival times of patients,
time to the occurrence or progression of a disease, time to recovery, etc.. Survival data
consist of realizations of a positive response variable that is usually a duration in time from

a well-defined time origin to the occurrence of some event of interest. There are a few



Table 1.1: Rank transformation for the 6-minute walk distance data of MSC
Subjid_ID Baseline Rank_1 12_month Rank_2 Rank_2 - Rank_1

130 429 16.5 450 21.5 5)
122 432 19 390 9 -10
110 378 7 489 27 20
124 390 9 450 21.5 12.5
126 510 30 660 34 4
101 336 ) 429 16.5 11.5
123 393 11 Death 1 -10
113 498 28 430 18 -10
127 480 26 451 24 -2
102 450 21.5 540 32 0.5
129 240 2 270 3 1
106 531 31 507 29 -2
104 405 14 408 15 1
120 450 21.5 576 33 11.5
111 372 6 303 4 -2
105 396 12 465 25 13
118 402 13 390 9 -4

features that distinguish survival data from other types of data. The major one is that
the event times of some subjects may not be observed. For instance, some patients are
still alive at the termination of a study, namely, it is only known that their lifetimes are
longer than some specific value in this case. Such incomplete observation of event times
is called right censoring. Censoring often brings difficulty to the analysis of survival data.
Klein and Moeschberger (Klein and Moeschberger, 2003) discussed many censoring models
encountered in practice. In this dissertation, I mainly consider the random censoring model.
Suppose that there are n individuals and their underlying survival times T;,7 = 1,...,n, are
independent and identically distributed (iid) random variables with distribution function F'.
Their underlying censoring times C;,7 = 1,...,n, are assumed to be iid random variables
with distribution function G. In addition, assume that {7;}" ; and {C;}?_, are independent.
Right censoring means that only X; = min(7;,C;) = T; A C; and A; = I(T; < C;) for
i=1,...,n are observed. The Kaplan-Meier estimator (Kaplan and Meier, 1958), log-rank

test (Mantel, 1966, Peto and Peto, 1972), and Cox proportional hazard regression model



(Cox, 1972) are the three pillars in survival analysis. In addition, many other statistical
methods and endpoints (Peron et al., 2016, Buyse, 2010, Verbeeck et al., 2019, Uno et al.,
2014, Chappell and Zhu, 2016) have been developed for the comparison of two samples of
independent survival data.

Clustered survival data are commonly encountered in clinical research. In general, there
are two types of clustered survival data: (1) clustered traditional survival data where the
subjects from the same cluster are correlated while each subject experiences at most one
event of interest; and (2) clustered recurrent event data where successive event occurrences
within subject are observed over time, the data structure is similar to that of clustered tradi-
tional survival data in that within-subject event times are correlated. A major contribution
in the analysis of recurrent event time data is due to Andersen and Gill (Andersen and Gill,
1982), who developed a multiplicative intensity model for multivariate counting process
which mimics the Cox proportional hazards model for survival data. The partial likelihood
theory can be adopted to obtain semiparametrically efficient estimators of the regression
parameters under their model assumption. Other widely used models for recurrent event
data include the marginal model proposed by Wei et al. (Wei et al., 1989) and the condi-
tional model suggested by Prentice et al. (Prentice et al., 1981). In addition, some authors
(Chang, 2004, Ghosh, 2004, Johnson and Strawderman, 2009, Lin et al., 1998, Strawder-
man, 2005) have considered recurrent event data based on the class of accelerated failure
time models. Cook and Lawless (Cook and Lawless, 2007) have provided a comprehensive
review of the existing methods for the analysis of recurrent event data.

In this dissertation, I am particularly interested in comparing two treatments, namely,
comparing the second-line treatment with the first-line treatment or comparing two treat-
ments in the second-line therapy with correlated progression-free survival time in the first-
line therapy, using the progression-free survival ratio as the endpoint, which was proposed
by Von Hoff (Von Hoff, 1998) in 1998. This is motivated by two clinical studies (Von Hoff
et al., 2010, Tournigand et al., 2004).

The primary objective of the first study (Von Hoff et al., 2010) is to compare the
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Figure 1.1: (A) Illustration of the primary end point, progression-free survival (PFS) ratio,
for the study. (B) Mechanics of the study. TTP, time to progression; MP, molecular
profiling. THC, immunohistochemistry; FISH, fluorescent in situ hybridization.

progression-free survival (PFS) using therapy selected by molecular profiling (MP) of a
patient’s tumor (period B) with the PFS for the most recent therapy on which the patient
had just experienced progression (period A; Figure (1.1A)). If the PFS of period B/PFS
of period A ratio, also called growth modulation index (GMI) (Von Hoff, 1998), is > 1.3,
then MP-selected therapy is defined as having benefit for the patient. The mechanics of the
study are outlined in Figure (1.1B) (Von Hoff et al., 2010).

Patients provided consent and were screened, and eligibility was verified by one of two
oncologist physician monitors. Importantly, those physicians confirmed that the patients
had experienced progression on their prior therapy, and PFS (time to progression) in days
was documented. A tumor biopsy was then performed. The tumor was assayed using
immunohistochemistry (IHC) /fluorescent in situ hybridization (FISH) and microarray (MA)
analyses. The results of the IHC/FISH and MA analyses were reviewed by two study

physicians. The results were considered in the context of the patient’s prior treatment



history and comorbidities, and the identified targets were ranked according to the protocol-
specified algorithm as follows: first priority, IHC/FISH and MA indicated same target;
next priority, IHC-positive result alone; and last priority, MA-positive result alone. On the
basis of this algorithm and the possible therapy suggested by the target present, the specific
therapy was suggested to the treating investigator, and the patient was treated according to
the package insert recommendations. If two targets were identified that were known to be a
well-tolerated combination, that combination was suggested to the treating investigator. If
no target was found, the patient was treated with clinician’s choice. From the mechanics of
the study, we can see that there are two sources of selection bias to compare the progression-
free survival (PFS) using a treatment regimen selected by MP of a patient’s tumor with
the PFS for the most recent regimen on which the patient had experienced progression.
The first source of selection bias comes from that only the patients who had experienced
progression are selected for the treatment regimen selected by MP of the patient’s tumor.
The second source of selection bias comes from that only the patients whose target was found
and treated according to the suggested therapy are included in the final data analysis. The
null hypothesis of this study is that < 15% of the patient population would have a PFS
ratio of > 1.3. From this null hypothesis, it is difficult to see the trade-off between selection
bias and patient benefit from the MP-selected therapy. Moreover, from the mechanics of
the study, we know that PFS of the first-line therapy is always observed, while PFS of the
second-line therapy may be observed or right-censored. However, the final data analysis
reported in the paper (Von Hoff et al., 2010) ignored the censoring of PFS in the second-
line therapy completely, which introduced another bias into the study. Hence, I convert
this null hypothesis into the null hypothesis using hazard ratio in Chapter 5, which is more
intuitive for the clinicians. In addition, I also propose new statistical methods to analyze
the PFS ratio endpoint in Chapter 5. Furthermore, the net chance of GMI endpoint is also
proposed to avoid the difficulty mentioned above in Chapter 5.

The primary purpose of the second study (Tournigand et al., 2004) is to investigate the

efficacy of two sequences: folinic acid, FU, and irinotecan (FOLFIRI) followed by folinic
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acid, FU, and oxaliplatin (FOLFOX6; arm A), and FOLFOX6 followed by FOLFIRI (arm
B) in patients with metastatic colorectal cancer. 109 patients were allocated to FOLFIRI
then FOLFOXG6, and 111 patients were allocated to FOLFOX6 then FOLFIRI. The cutoff
date was March 31, 2001 for PFS, when the number of events required for analysis was
reached. As of March 31, 2001, 81 patients (74%) had received per protocol FOLFOX6,
second-line therapy in arm A and 69 patients (62%) FOLFIRI second-line therapy in arm
B, including one patient who received FOLFOXG6 instead of FOLFIRI. For the purpose of
my research, only the patients whose PFS in the first-line therapy was not censored are
selected, then there are 69 patients in arm A and 57 patients in arm B. Figure (1.2) and
Figure (1.3) show the Kaplan-Meier estimator for the first-line therapy and second-line
therapy, respectively. We can see that there is no significant difference in the first-line
therapy (log-rank P = 0.94), but significant difference in the second-line therapy (log-rank
P =0.0012). If we combine the two treatments in the first-line therapy, and the objective is
to compare the two treatments in the second-line therapy, then this motivates the research
in Chapter 6, namely, statistical methods for comparing two treatments with time-to-event
endpoint in the second-line therapy and correlated uncensored time-to-event in the first-line

therapy.
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Chapter 2

The Rank Transform Test for
Paired Samples and Its Power and
Sample Size Calculation: A

Large-Sample Approach
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2.1 Abstract

The paired t-test or Wilcoxon signed rank (WSR) test is a frequently used parametric or
nonparametric test for paired data, however, both require that the continuous outcomes
are fully observed. In clinical studies of life-threatening diseases, some patients may die
or experience other adverse events during the studies which preclude the observation of
post-treatment outcomes, then paired t-test and WSR cannot be used for these cases to
test the change of the outcomes from baseline to post-treatment. Motivated by the six-
minute walk distance data from two cardiovascular clinical trials, in this chapter, a new
nonparametric test called rank transform test for paired samples, which does not require
the continuous outcomes to be fully observed as long as the ranks are known, is proposed.
It is proved that the rank transform test is conditionally distribution free given the ranks
in each group and asymptotically distribution free. In addition, the power and sample
size estimation formula for rank transform test is derived using a large-sample approach.
Although the formula involves integration, it can be easily done by numerical integration
easily using common softwares, such as R, Matlab, etc.. Extensive simulations are conducted
to assess the validity of the power and sample size calculation formula and compare the
power of the new nonparametric rank transform test with paired t-test, WSR, and sign
test under different bivariate distributions, and receiver operating characteristic (ROC)
curve is used to show the relationship between Type-I error and power since it calibrates
the Type I error automatically and compares the power under controlling Type I error at
the same level. The simulation results confirm that the power and sample size calculation
formula is valid. Moreover, the paired t-test is most powerful, and the power of the rank
transform test is comparable with the WSR test at different Pearson correlation coefficients
under bivariate normal distribution when complete observations exist. However, under the
bivariate lognormal distribution with equal variance and complete observations, the rank
transform test is most powerful at different Pearson correlation coefficients. Overall, larger

correlation coefficient would require smaller sample size to achieve a certain power for any
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bivariate distribution. The rank transform test for paired samples is always more powerful
than the sign test, which is the only competitor when the continuous outcomes are not fully
observed because of adverse events but the ranks are known. Furthermore, the asymptotic
relative efficiency of the rank transform test with respect to paired t-test is derived and

compared with WSR and sign test, which further confirms the power comparison.

2.2 Introduction

The paired t-test is a frequently used parametric test for paired data with the assumption of
normal distribution, and the nonparametric Wilcoxon signed rank (WSR) test is an alter-
native for analyzing paired data without assuming the normal distribution. However, both
the paired t-test and WSR test require that the continuous outcomes are fully observed,
and they cannot be used for ordered categorical data because the differences of the paired
observations which are needed to compute the one-sample t-statistic or WSR statistic, are
meaningless in the context of categorical data. In addition, it is well-known that the theo-
retical conclusions regarding the WSR statistic depend on the restrictive assumption that
the distribution of the differences of the paired observations is symmetric (Munzel, 1999).
More importantly, in clinical studies of life-threatening diseases, some patients may die or
experience other adverse events during the studies which preclude the observation of post-
treatment outcomes, then paired t-test and WSR cannot be used for these cases to test the
change of the outcomes from baseline to post-treatment. Motivated by the Wilcoxon rank
sum test or equivalently the Wilcoxon-Mann-Whitney U test, the 6-minute walk distance
data (see Table 1.1) at baseline and 12-month of the mesenchymal stem cell (MSC) treat-
ment from the Transendocardial Autologous Mesenchymal Stem Cells and Mononuclear
Bone Marrow Cells in Ischemic Heart Failure Trial (TAC-HFT) (Heldman et al., 2014) in
which one of the subjects died during the trial, and the 6-minute walk distance data at
baseline and 6-month of the optimal pharmacologic therapy (OPT) arm from the Compar-
ison of Medical Therapy, Pacing, and Defibrillation in Heart Failure (COMPANION) trial
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(Bristow et al., 2004) in which 27 out of 308 patients died before 6-month, the following
rank transform hypothesis testing procedure for paired samples is proposed:

(1) The outcomes which are not observed because of adverse events are given the worst
(lowest) rank or the adverse events are ordered by severity (e.g. time to death).

(2) The entire set of observed outcomes is ranked from smallest to largest, with the
smallest observation having rank above those in (1), the second smallest having next rank,
and so on.

(3) Average ranks are assigned in case of ties, e.g. if there are 5 deaths, then they’re
assigned 3, 3, 3, 3, 3.

(4) The paired t-test is conducted on the rank-transformed data.

This application of the rank transformation approach does not yield the WSR test,
but rather introduces a new nonparametric hypothesis testing procedure. We call this
hypothesis testing procedure the rank transform test in this thesis. The proposed rank
transform test can not only deal with death or adverse events which preclude the observation
of post-treatment outcomes in clinical studies of life-threatening diseases, but also overcome
the disadvantages of the paired t-test and WSR test mentioned above.

In this chapter I focus on the rank transform test for paired samples using a large-sample

approach when complete observations exist.

2.3 Methods

2.3.1 Notation and the Hypothesis Testing Procedure

Let Xi,...,X,, be a random sample with cumulative distribution function (cdf) Fx, and

Yi,...,Y, be the paired or matched random sample with cdf Fy. In addition, let F'xy be the

joint distribution function of (X,Y’) with joint probability density function fxy = 8;55(;.

Pool the two random samples together, and assign the ranks to them from 1 to 2n with the
smallest one with rank 1, and the largest one with rank 2n. Let R(X;) denote the rank of X

in the pooled sample, and R(Y;) denote the rank of Y} in the pooled sample, respectively.
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Also, let AR; = R(Y;) — R(X;). Then the rank transform test statistic is

n 1[ (V) -R(X:)] SR AR 3R AR
\/Var (R(Y) — R(X))]) \/#vm«(zyzl AR, VVar(T AR) 21)
We know that
ZAR Zl Yi) — R(X)]
=W+iij(m—Xj>— e ) DL ) IEYS
i=1 =1 i=1 j=1

i=1 j=1

where U(a) =1if a >0, =1/2 if a = 0, and = 0 otherwise.

It follows that Equation (2.1) is equivalent to the following Equation (2.3)

o 2ELITEL UM -X) et 23 TR UK - X)) —nf
Va2 S, S U = Xp) — 2] 2y Va3 U(Y: — X))
n TS L UYi—X; (2'3)
i S ULYi - X>—7 Biain PR
Vel o U o/ Var[ 2o, S5, U (Y - X))

2.3.2 Properties of the Rank Transform Test Statistic

Theorem 2.3.1. Under the general null hypothesis Hy : Fx(x) = Fy(x) for all x, tg
1s conditionally distribution free given the ranks in each group, and tr is asymptotically

distribution free.

Proof: Under Hy : Fx(z) = Fy(z) for all z, the combined samples X, -+, X,,,Y1,--- Y,
constitute a random sample of size 2n from the cdf F'x. Hence, any assignment of n ranks
from the set of integers {1,2,---,2n} to {X1, -+, X, } is equally likely, i.e., it has the prob-
ability of (277)—1 independent of Fx. In addition, under Hy, E(}_;; AR;) = 0, it follows

that tg ~ t(,_1), given the ranks in each group, ¢p is fixed, and n is also fixed. Therefore, {r
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Figure 2.1: Diagnostic Plot of Variance Estimation under Equal Variance

is conditionally distribution free given the ranks in each group. By the central limit theorem
q Var(AR) in probability to 1, tg — N(0,1 = hich is independent
and v, (AR, converges in probability to 1, tg (0,1) as n — oo, which is independen

of Fx, hence tg is asymptotically distribution free.

2.3.3 Variance Estimation of the Rank Transform Test for Paired Samples

Figures 2.1 and 2.2 show the diagnostic plots for the variance estimation of the rank trans-
form test from the rank differences directly under the null hypotheses with equal and unequal
variance, respectively. Under the null hypothesis, the p-value should follow Unif(0,1) if
the variance estimation is correct. From Figure 2.1, we can see that the variance estimation
from the rank differences under equal variance is correct. However, From Figure 2.2, we
can see that more p-values are pushed to the two tails of the t-distribution, this means
the variance is underestimated if we estimate the variance from the rank differences under
unequal variance. In practice, we never know the sample data is from a true distribution

with equal or unequal variance. Hence, we need another approach to estimate the variance
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Figure 2.2: Diagnostic Plot of Variance Estimation under Unequal Variance

of the proposed rank transform test.

21 25 U= X))

n2

Theorem 2.3.2. Let T = \/ﬁ{ —pl}, as n — oo, T converges in
distribution to N(0,0%), 0% = 2p1 + pa + p3 — 4p7 — 2p4, where py = [ Fx(z)dFy(z),
p2 = [[L — Fy(z)?dFx(z), ps = [ F(z)dFy(z), pa = [[ Fy(z)Fx(y)dF (z,y).

Proof Define

n n

W =n"3 Z[flO(Xi) —p1] + n"2 Z[fm(yj) —p1] (2.4)

=1 J=1

where fio(t) = 1 = Fy(t), for(t) = Fx(t). Since E[f10(X;)] = E[fo1(Y)] = p1, we have
E(W) = E(T'— W) = 0. By the central limit theorem, W is asymptotically normal as
n — 0.

To prove that T and W have the same limiting distribution, it suffices to show that
E(T —W)? = 0asn— co.

Let g(z,y) = [U(x,y) — p1] — [fio(z) — p1] — [for(y) — p1], then
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T—-W=n"tn"! > (X, Y;) (2.5)
i=1 j=1
and
E(T -W) =n"1n"2A =n73A (2.6)
with
A=N">" Ali, j,a,b) (2.7)
i=1 j=1 a=1 b=1
and
A(i)j)a7b) = Eg(Xl)Yj)g(Xa)}/b) (28)

Because g is bounded and n=3 is O(n~3) as n — oo, we can ignore any k = O(n~2) terms
of the sum in (32). We know that Elg(X;,Y;)|X;] = E[g(X;,Y;)|Y;] = 0 for i # j, and
consider the following cases:
(1) A, 4, a,b) = E[g(X;, Y;)|E[g(Xa, V)] = 0;
(I) A(G,i,a,0) = A(i, j, a,a) = E[g(Xi, Yi)|E[g(Xa, Ya)] = 0;
(1) A(4, 5, 4,0) = A(i, j, a, j) = E{E[g(X;, Y})g(Xi, ¥3)| Xi]} = E{E[g(X;, ;)| Xi]E[g(Xs, Y3) | Xi]} =

0;

(IV) A(Zaja a, Z) = A(Z7]7 ]7 b) = E{E[g(Xl7 Y})|X“ YI-]E[Q(XM Y;)‘Xz? Y;]} =0.

These are the only cases for which the number of terms is larger than O(n?). Tt follows
that

E(T -W)*> = 0asn— oo (2.9)
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By Chebyshev’s inequality, we have

Var(T — W)  E(T —W)?

P(T =Wz <~ 250 = 2520 0 (2.10)

for any € > 0. Hence (T' — W) — 0 with probability 1, and it follows that 7" and W have
the same limiting distribution.

Then we have
n

Var(T') = Var(W) = Var{nié Z[flO(Xi) —p1] + nz Z[f(n(yj) - Pl]}

i=1 j=1

= %Var{ i[flo(Xi) —pl]} + %Var{ Z[f(n( } ZCOV f10(X3), for (Vi)

= st
= Var[l — Fy(X3)] + Var[Fx (¥1)] + 2Cov[l — Fy(X1), Fx (V)]

— Var[l — Fy(X1)] + Var[Fx(Y1)] — 2Cov[Fy (X1), Fx (Y1)]

— B[l — Ry (X)) — {B[1 - Fy(X1)]}? + E[Fx (Vi) — {E[Fx(¥1)])?
— 2E[Fy (X1)Fx (Y1)] + 2E[Fy (X1)]E[Fix (Y1)]

=p2 =P +p3 —pf — 2pa +2(1 = p1)py

= 2p1 + p2 + p3 — 4p] — 2pa

(2.11)
This completes the proof of Theorem 2.3.2.

Theorem 2.3.3. A strongly consistent estimator 6 of o® can be obtained by replacing
all the theoretical distribution functions in Theorem 2.3.2 by the corresponding empirical
distribution functions defined as Fx(z) = 13" I(X; < 2), Fy(y) = %Z?:l I(Y; <),

Fxy(z,y) =130 I(X; < 2,Y; <y).

Proof Use the facts that
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sup |Fx(z) — Fx(x)] %% 0
sup |[Fy (y) — Fy (y)] = 0 (2.12)
Yy

sup |Fxy (z,y) — Fxy(z,y)| 220
(w,y)

as n — 0 and all the integrand functions in Theorem 2.3.2 are bounded and continuous, the
proof is straightforward.

In practice, 62

can be computed by 62 = 2p1 + po + p3 — 4p7 — 2p4, where p; =
LS IS (X < p)l/me e = £ AL — [0 1Yy < @))/nd2, s = £ A0 I(X, <
W)/n2, 1= 13 IS0 (X <y /nHIS, 1Y) < o))/} It is easy to program in
R for calculating 62 based on the data, please see Appendix for the R code.

Figures 2.3 and 2.4 show the diagnostic plots for the variance estimation of the rank
transform test from Theorem 2.3.3 under the null hypotheses with equal and unequal vari-
ance, respectively. Under the null hypothesis, the p-value should follow Unif(0,1) if the
variance estimation is correct. From Figures 2.3 and 2.4, we can see that the variance es-

timation from Theorem 2.3.3 for the rank transform test is correct under both equal and

unequal variance.

2.4 Power and Sample Size Estimation of the Rank Trans-

form Test

Let

b > Z?:l U(Yi — Xj) (2.13)

n2
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Ho: BN with 111=p,=10, 67=1, 65=1, p=0.8, N=15

0.00 0.25 0.50 0.75 1.00
p-value

Figure 2.3: Diagnostic Plot of Variance Estimation Based on Theorem 2.3.3 under Equal
Variance
Hence the test statistic tp in Equation (2.1) and (2.3) is equivalent to the following test

statistic

1
Z = 7? 2.14
y/ Var(6) (214

Note that from Equation (2.14), we reject Ho if Z > z1_,/p or Z < z,/p where 2, = pth
percentile of a N(0,1) distribution. Let Varg(f) denote the variance of § under Hy, Vary (0)
denote the variance of 6 under Hy, and 6 = E(0) under H;. Then the power of the test in
(2.14) is

10— 3| Vary(6)

T T *Al-a/2

1-8=0 ‘
Var; (0) Var; ()

+ P

>

To evaluate Equation (2.15), we need to determine 6, Varo(é), and Vary(0).
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Ho: BN with 111=p,=10, 7=1, 65=4, p=0.8, N=15

0.00 0.25 0.50 0.75 1.00
p-value

Figure 2.4: Diagnostic Plot of Variance Estimation Based on Theorem 2.3.3 under Unequal
Variance

2.4.1 Location Shift Model

I first considered hypothesis testing under the location shift model (also see Figure 2.5):

Hy : Fx(z) = Fy(z) for all x versus
(2.16)

Hy: Fy(y) = Fx(y —6) where § # 0

By Theorem 2.3.2, under Hy, p1 = [ Fx(z)dFy (z) = 1 and py = [[1-Fy (z)]?dFx(z) =

%7 ps = [ F3(z)dFy(z) = % It follows that

1 1 1 1
0(2):2><§+§+§—4><(5)2—2XP40=2(§—P4O) (2.17)

where pyo = [[ Fx(2)Fx(y)dF(z,y) = [[ Fx(x)Fx(y)f(z,y)dzdy.
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1.00
0.75-
= 0.50-
— Fx
0251 — Fuly) = Fx(y-5)
0.00
Figure 2.5: Location Shift Model
Hence
. ST U - X 2(L —
Varg(6) = Varg izt 23712 i ) = (5 — pao) (2.18)
n n
Under Hi,
ot = 2p11 + pa1 + P31 — 4p3 — 2pan (2.19)

where p11 —fFX YdFx (x—9), p21 :f[l Fx(x— 5)]2dFX ), P31 = fF x)dFx(x—9),

par = [[ Fx(x —6)Fx(y)f(x,y)dxdy.
Hence

2 i1 2= U(Yi - X)

0= E1 (é) = E1 2 = P11 (220)

n
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Var;(f) = Var 3 - (2.21)

> et > Ui — Xj)] _ 2p1 +p21 +p31 — Aty —2pa

If we substitute Equation (2.18), (2.20, and (2.21) into Equation 2.15, we obtain the power

of the rank transform test under location shift model given by

1 /8 —® \/>|p11 - | . 5 — 2p40
-B= — Z1-q/2
\/2p11 + po1 + P31 — 4p%1 — 2pm o/ 2p11 + p21 + P31 — 4p%1 —2pn

+ P

—v/nlp11 — 3 s 5 — 2pao
\/2p11 + p21 + P31 — 4p%1 — 2pq o/ 2p11 +p21 + P31 — 4P%1 — 2py

(2.22)

where pyo = [[ Fx(x)Fx(y)dF (z,y) = [[ Fx(2)Fx(y)f(z,y)dzdy, pu = [ Fx(2)dFx(z—

), po1 = f[l Fx(z—0)]?dFx(z), p31 = fF x)dFx (x—9), py = ff Fx(x—0)Fx(y)f(z,y)dxdy.
The integration can be easily done by numerical integration in R or Matlab. Please see

Appendix for the R code for the numerical integration.

It follows that

Valpi — 3| 2 — 2pyo
1— /8 =~ <I> 2 — Zl—a/Q 3 B} 5
P41

V2p11 + pa1 + ps1 — 4p3 — 2pa 2p11 + pa1 + p31 — 4p7; —

(2.23)

Then the required sample size for achieving the power 1 — S using rank transform test is

2
2 5 —2pao
(2p11 + P21 + P31 — 4p1) — 2pan) 21ﬁ+zl—a/z\/ 2pu+pmip31—4p%1—zp41] (2.24)

(p11 — %)2

where pyg = [[ Fx(z)Fx(y)dF(x,y) = [[ Fx(2)Fx(y)f(z,y)dzdy, p11 = [ Fx(z)dFx(z—
), po1 = f[l Fx(z—0)2dFx(z), p31 = fF x)dFx(x—0), py1 = ff Fx(x—0)Fx(y)f(z,y)dxdy.
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1.00
0.75 -
E/O.50-
— Fy
0.25-
— Fy
0.00

Figure 2.6: General Hypothesis

2.4.2 General Hypothesis

Then I considered the general hypothesis (also see Figure 2.6):

Hy: Fx(xz) = Fy(x) for all z versus
(2.25)

H, : Fx(z) # Fy(x) for some x

By Theorem 2.3.2, under Hy, p1 = [ Fx(2)dFy(z) = § and po = [[1—Fy (2)]?dFx(z) =
= [ F%(z)dFy(z) = %. It follows that

w\»—A

1 1 1 1 1
08=2><§+§—|—§—4><(5)2—2><p40=2(§—p40) (2'26)

where pyo = [[ Fx(z)Fx(y)dF (z,y) = [[ Fx(x y) f(z,y)dxdy.
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Hence
Varo(0) = Varg D im1 Z?:;QU(Yi - Xj) _ 2(3 ;sz) (2.27)
Under H;,
o} = 2p11 + P21 + p31 — 4pt — 2pa (2.28)

where p11 = [ Fx(z)dFy(x), po1 = [[l — Fy(2)]?dFx(z), ps1 = [ F(z)dFy(x), pn =
[ Fy () Fx (y) f (x, y)dzdy.

Hence

2ic1 251 U(Yi = X))

2

0=E ) = = pi (2.29)

n

Vari (f) = Var,

(2.30)

D i1 2y Ui — Xj)] _ 2p1i+p21 P31 — Aty — 2pa

n? n

If we substitute Equation (2.27), (2.29, and (2.30) into Equation (2.15), we obtain the power

of the rank transform test under general hypothesis given by

| f—a Vnlp1 | ; 5 — 2pao
- - - ~l—a/2
\/2])11 + P21 + P31 — 4p%1 — 2pm o/ 2p11 +p21 + P31 — 4p%1 —2pn

+ @

—v/nlpi1 — 5| B 5 — 2pao
— Al-a/2
V/2p11 + p21 + P31 — 4p?, — 2pm P\ 2p11 + par + pa1 — 4% — 2pm

(2.31)

where pyo = [[ Fx(2)Fx(y)dF(z,y) = [[ Fx(z)Fx(y)f(x,y)dzdy, pi1 = [ Fx(z)dFy(z),
pa = [[1 = Fy(2)]*dFx(x), ps1 = [ F3(2)dFy (x), pu = [ Fy(x)Fx (y)f(x,y)dzdy.
The integration can be easily done by numerical integration in R or Matlab. Please see

Appendix for the R code for the numerical integration.
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It follows that

Vvnlpi — 3| 2 — 2pyp
1-8=~® 2 — Z1-a/2 >

V/2p11 + po1 + p31 — 4p3 — 2pm 2p11 + p21 + p31 — 4p3, — 2pa
(2.32)

Then the required sample size for achieving the power 1 — 5 using rank transform test is

2
2 £—2pao
(2p11 + P21+ P31 — 4piy — 2pa) | 215 + Zl01/2\/2p11+p21j-p31—417%1—2p41] (2.33)

(p11 — %)2
where pyo = [[ Fx(2)Fx(y)dF(z,y) = [[ Fx(x y) f(z,y)dady, pu1 = [ Fx(x)dFy (),
po1 = [[1 — Fy(2)?dFx(z), ps1 = [ F2(z)dFy(z), pu = [[ Fy(z y) f(z,y)dzdy.

2.5 Simulation Study

I performed simulation studies to assess the validity of the power calculation formula in
Equation (2.15) in finite samples under different bivariate distributions. In addition, I
also compared the empirical power of the proposed rank transform test with paired t-
test, WSR, and sign test under different bivariate distributions when complete observations
exist. The final simulation results were displayed using the receiver operating characteristic
(ROC) curve since it automatically calibrated Type-I error and compared the power under

controlling type-I error at the same level.

2.5.1 Bivariate Normal Distribution under Location Shift Model

X 10 1 p X
Under Hy, let ~ BN , . Under Hq, let ~

Y 10) \p 1 Y

10 1
, P , where 6 = 0.4 or 0.3, p = 0.2, 0.5 or 0.8. I generated 30,000

10+6 p 1

data sets with sample size N = 50 for each simulation, and computed the theoretical power

BN
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Ho: BN with p1=10, 1p=10, 62=1, 62=1, p=0.2, N=50
Hy: BN with p4=10, pp=10.4, 6°=1, 63=1, p=0.2, N=50

1.00- —

0.75-

0.50 -

True Positive Rate (Power)

0.25- — Empirical Power of Rank Transform Test

—— Theoretical Power of Rank Transform Test
Empirical Power of Wilcoxon Signed-rank Test
Empirical Power of Paired t-test

—— Empirical Power of Sign-test
0.00-

0.00 0.25 0.50 0.75 1.00
False Positive Rate (Type | Error Rate)

Figure 2.7: ROC Curve under Bivariate Normal Distribution with p = 0.2 (Location Shift
Model)

based on Equation (2.22) and empirical power = proportion of samples where | Z| > |g| where
Z is given in Equation (2.14) and ¢ is different quantiles of standard normal distribution. I
also compared the empirical power of the proposed rank transform test versus paired t-test,
WSR, and sign-test for each of the above designs. The simulation results are given in Figure
(2.7) to Figure (2.9). We can see that the ROC curve of the empirical power (dark blue
line) of the rank transform test overlaps with that of the theoretical power (dark red line)
which confirms that the theoretical power formula in Equation (2.22) is correct. In addition,
the power of the rank transform test is similar to that of the paired t-test and WSR test
at low Pearson correlation coefficient (p = 0.2), and it is a little less powerful than that
of the paired t-test and WSR test at high Pearson correlation coefficient (p = 0.8) under
bivariate normal distribution, which is consistent with the asymptotic relative efficiency in
Figure (2.32). Furthermore, the rank transform test has substantially more power than the

sign-test for all alternatives considered under bivariate normal distribution.
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Figure 2.8: ROC Curve under Bivariate Normal Distribution with p = 0.5 (Location Shift

Model)

True Positive Rate (Power)

0.75-

0.50 -

0.25-

Ho: BN with p1=10, 1p=10, 62=1, 53=1, p=0.8, N=50
Hy: BN with p4=10, 1,=10.3, 62=1, 63=1, p=0.8, N=50

—— Empirical Power of Rank Transform Test

—— Theoretical Power of Rank Transform Test

Empirical Power of Paired t-test

—— Empirical Power of Sign-test

0.25 0.50 0.75
False Positive Rate (Type | Error Rate)

Empirical Power of Wilcoxon Signed-rank Test

Figure 2.9: ROC Curve under Bivariate Normal Distribution with p = 0.8 (Location Shift

Model)
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Ho: BLN with 14=2, p,=2, 62=1, 63=1, p=0.2, N=20 (log scale)
H,: =6, N=20

0.75-

0.50 -

True Positive Rate (Power)

0.25-
—— Empirical Power of Rank Transform Test

Empirical Power of Wilcoxon Signed-rank Test

Empirical Power of Paired t-test

—— Empirical Power of Sign-test

0.00-

0.00 0.25 0.50 0.75 1.00
False Positive Rate (Type | Error Rate)

Figure 2.10: ROC Curve under Bivariate Lognormal Distribution with p = 0.2 (Location
Shift Model)

2.5.2 Bivariate Lognormal Distribution under Location Shift Model

X 2 1 p
Under Hy, let ~ BLN , with p = 0.2,0.5,0r 0.8. Under Hi, let

Y 2 p 1

= 6. I generated 30,000 data sets with sample size N = 20 for each simulation, and
computed the empirical power for the rank transform test, paired t-test, WSR test, and
sign-test. The simulation results are given in Figure (2.10) to Figure (2.12). We can see
that the rank transform test is more powerful than paired t-test, WSR test, and sign-test
for all alternatives at different Pearson correlation coefficients considered under bivariate
lognormal distribution. In addition, as the Pearson correlation coefficient is getting larger

and larger, all the tests considered are more and more powerful.
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Ho: BLN with p4=2, 1,=2, 62=1, 53=1, p=0.5, N=20 (log scale)
H,: 8=6, N=20
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Figure 2.11: ROC Curve under Bivariate Lognormal Distribution with p = 0.5 (Location
Shift Model)

Ho: BLN with p1=2, 1,=2, 6=1, 3=1, p=0.8, N=20 (log scale)
H,: =6, N=20

1.00-

0.75-

0.50 -

True Positive Rate (Power)

0.25-
—— Empirical Power of Rank Transform Test

Empirical Power of Wilcoxon Signed-rank Test
Empirical Power of Paired t-test

—— Empirical Power of Sign-test

0.00-

0.00 0.25 0.50 0.75 1.00
False Positive Rate (Type | Error Rate)

Figure 2.12: ROC Curve under Bivariate Lognormal Distribution with p = 0.8 (Location
Shift Model)
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2.5.3 Bivariate Normal Distribution under General Hypothesis

X 10 1 p X
Under Hy, let ~ BN , . Under Hy, let ~
Y 10 p 1 Y
10 1 2p
BN , , where A = 0.8 or 0.6, p = 0.2, 0.5 or 0.8. I generated
10+ A 2p 4

30,000 data sets with sample size N = 50 for each simulation, and computed the theoretical
power based on Equation (2.22) and empirical power = proportion of samples where |Z]| >
|g| where Z is given in Equation (2.14) and ¢ is different quantiles of standard normal
distribution. I also compared the empirical power of the proposed rank transform test
versus paired t-test, WSR, and sign-test for each of the above designs. The simulation
results are given in Figure (2.13) to Figure (2.15). We can see that the ROC curve of
the empirical power (dark blue line) of the rank transform test overlaps with that of the
theoretical power (dark red line) which confirms that the theoretical power formula in
Equation (2.22) is correct. In addition, the power of the rank transform test is similar to
that of the paired t-test and WSR test at low Pearson correlation coefficient (p = 0.2), and
it is a little more powerful than that of the paired t-test and WSR test at high Pearson
correlation coefficient (p = 0.8) under bivariate normal distribution with unequal variances.
Furthermore, the rank transform test has substantially more power than the sign-test for

all alternatives considered under bivariate normal distribution with unequal variances.

2.5.4 Bivariate Lognormal Distribution under General Hypothesis

X 2 1 p
Under Hy, let ~ BLN , with p = 0.2,0.5,0r 0.8.
Y 2 p 1
X 2 1 2p
Under Hy, let ~ BLN , with p = 0.2,0.5,0r 0.8.
Y 0.5 2p 4

X and Y under H; have the same mean exp(2 + %) = exp(0.5 + 3) = exp(2.5), but
different medians and different marginal distributions. I generated 30,000 data sets with

sample size N = 20 for each simulation, and computed the empirical power for the rank
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Ho: BN with p,=10, pp=10, 62=1, 62=1, p=0.2, N=50
Hy: BN with py=10, 1,=10.8, 63=1, 55=4, p=0.2, N=50
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Figure 2.13: ROC Curve under Bivariate Normal Distribution with p = 0.2 (General Hy-
pothesis)

Ho: BN with p1=10, 1,=10, 62=1, 63=1, p=0.5, N=50
Hy: BN with py=10, 1,=10.8, 6°=1, 53=4, p=0.5, N=50
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Figure 2.14: ROC Curve under Bivariate Normal Distribution with p = 0.5 (General Hy-
pothesis)
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Ho: BN with p1=10, 1,=10, 62=1, 53=1, p=0.8, N=50
Hy: BN with p4=10, p,=10.6, 6°=1, 63=4, p=0.8, N=50
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False Positive Rate (Type | Error Rate)

Figure 2.15: ROC Curve under Bivariate Normal Distribution with p = 0.8 (General Hy-
pothesis)

transform test, paired t-test, WSR test, and sign-test. The simulation results are given in
Figure (2.16) to Figure (2.18). We can see that the rank transform test is more powerful than
sign-test, and much more powerful than paired t-test and WSR test for all alternatives at
different Pearson correlation coefficients considered under bivariate lognormal distribution.
In addition, as the Pearson correlation coefficient is getting larger and larger, all the tests
considered are more and more powerful.

I also considered different alternatives, namely,

X 1 p
Under Hy, let ~ BLN , with p = 0.2,0.5,0r 0.8.
Y 2 p 1
X 2 1 p
Under Hy, let ~ BLN , with p = 0.2,0.5,0r 0.8.
Y 2.6 p 1

X and Y under H; have different means (ux = exp(2.5), uy = exp(3.1)), different
medians (mx = exp(2), my = exp(2.6)), and different distributions (X ~ LN(2,1), Y ~

LN(2.6,1)). I generated 30,000 data sets with sample size N = 20 for each simulation, and
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Ho: BLN with 14=2, pp=2, 62=1, 62=1, p=0.2, N=20 (log scale)
Hy: BLN with p4=2, 1,=0.5, 62=1, 53=4, p=0.2, N=20 (log scale)
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0.25-

—— Empirical Power of Rank Transform Test

Empirical Power of Wilcoxon Signed-rank Test

Empirical Power of Paired t-test

—— Empirical Power of Sign-test
0.00-

0.00 0.25 0.50 0.75 1.00
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Figure 2.16: ROC Curve under Bivariate Lognormal Distribution with p = 0.2 (General
Hypothesis with equal means)

computed the empirical power for the rank transform test, paired t-test, WSR test, and
sign-test. The simulation results are given in Figure (2.19) to Figure (2.21). We can see that
the rank transform test is a little more powerful than WSR test, and more powerful than
paired t-test and sign-test for all alternatives at different Pearson correlation coefficients
considered under bivariate lognormal distribution. In addition, as the Pearson correlation
coefficient is getting larger and larger, all the tests considered are more and more powerful.

For other bivariate distributions rather than bivariate normal distribution and bivariate
lognormal distribution, the Clayton copula was used to generate two correlated samples.
Simply speaking, the Clayton copula is

C(u,v) = max [(u_e +o070 — 1),()] e 6 €[—1,00)\0 (2.34)
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Ho: BLN with p4=2, p,=2, 62=1, 53=1, p=0.5, N=20 (log scale)
Hq: BLN with p4=2, 1,=0.5, 6=1, 53=4, p=0.5, N=20 (log scale)
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Figure 2.17: ROC Curve under Bivariate Lognormal Distribution with p = 0.5 (General
Hypothesis with equal means)

Ho: BLN with 14=2, pp=2, 62=1, 52=1, p=0.8, N=20 (log scale)
Ha: BLN with p1=2, 1,=0.5, 6%=1, 63=4, p=0.8, N=20 (log scale)
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Figure 2.18: ROC Curve under Bivariate Lognormal Distribution with p = 0.8 (General
Hypothesis with equal means)
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Ho: BLN with p4=2, p,=2, 62=1, 63=1, p=0.2, N=20 (log scale)
Hq: BLN with p4=2, 1p=2.6, 6=1, 53=1, p=0.2, N=20 (log scale)
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Figure 2.19: ROC Curve under Bivariate Lognormal Distribution with p = 0.2 (General
Hypothesis with different means)

Ho: BLN with 14=2, pp=2, 62=1, 62=1, p=0.5, N=20 (log scale)
Ha: BLN with p1=2, 1,=2.6, 6%=1, 63=1, p=0.5, N=20 (log scale)
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Figure 2.20: ROC Curve under Bivariate Lognormal Distribution with p = 0.5 (General
Hypothesis with different means)
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Ho: BLN with 14=2, pp=2, 62=1, 52=1, p=0.8, N=20 (log scale)
Hy: BLN with p4=2, 1p=2.6, 62=1, 53=1, p=0.8, N=20 (log scale)
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Figure 2.21: ROC Curve under Bivariate Lognormal Distribution with p = 0.8 (General
Hypothesis with different means)

For this application 0 < 6 < oo, so it can be simplified to

Clu,v) = (w ™ +0v 0 —1)71/? (2.35)
Set
wuyv) = 2EW) o) (0 o0 )= (2.36)
ou
Solving Equation (2.36) for v(u,w)
, ~1/6
v(u,w) = | (w7 1)u_9+ 1 (2.37)
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In addition

(2.38)

where 7 is the Kendall rank correlation coefficient. For 7 = 0.2,0.5, or 0.8, the corresponding
0 is 0.5, 2, or 8.
Hence we can draw iid samples u; and w; from uniform distribution on [0, 1], and evaluate

v;, then u; and v; are the desired pair.

2.5.5 Bivariate Distribution with Exponential Marginal Distributions

Under Hy, X ~ Exp(0.1) and Y ~ Exp(0.1) with Kendall’s 7 = 0.2,0.5 or 0.8. Under H,
X ~ Exp(0.1) and Y ~ Exp(0.06) with Kendall’s 7 = 0.2,0.5 or 0.8. I generated 30,000
data sets with sample size N = 50 or N = 10 for each simulation, and computed the
empirical power for the rank transform test, paired t-test, WSR test, and sign-test. The
simulation results are given in Figure (2.22) to Figure (2.24). We can see that the power of
rank transform test is similar to that of WSR test at 7 = 0.2 or 0.5, and it is more powerful
than WSR test at 7 = 0.8. The rank transform test is a little less powerful than paired
t-test at 7 = 0.2, but more powerful than paired t-test at 7 = 0.5, and much more powerful
than paired t-test at 7 = 0.8. The rank transform test’s superiority over the sign test with

respect to power decreases as Kendall’s 7 increases.

2.5.6 Bivariate Distribution with Uniform Marginal Distributions

Under Hp, X ~ Unif(10,20) and Y ~ Unif(10, 20) with Kendall’s 7 = 0.2,0.5 or 0.8. Under
Hy, X ~ Unif(10,20) and Y ~ Unif(10,23) with Kendall’s 7 = 0.2,0.5 or 0.8. I generated
30,000 data sets with sample size N = 50 or N = 10 for each simulation, and computed the
empirical power for the rank transform test, paired t-test, WSR test, and sign-test. The
simulation results are given in Figure (2.25) to Figure (2.27). We can see that the rank

transform test has a little less power than paired t-test and WSR test at 7 = 0.2 or 0.5,
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Ho: Exponential Marginal Distributions 14=0.1, 1,=0.1, 1=0.2, N =50
H4: Exponential Marginal Distributions A1=0.1, 1,=0.06, 1=0.2, N =50
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Figure 2.22: ROC Curve under Bivariate Distribution with Exponential Marginal Distribu-
tions at 7 = 0.2

Ho: Exponential Marginal Distributions 14=0.1, 1,=0.1, 1=0.5, N =50
H,: Exponential Marginal Distributions 14=0.1, 2,=0.06, t=0.5, N =50
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Figure 2.23: ROC Curve under Bivariate Distribution with Exponential Marginal Distribu-
tions at 7 = 0.5
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Ho: Exponential Marginal Distributions 14=0.1, 1,=0.1, 1=0.8, N =10
H4: Exponential Marginal Distributions 14=0.1, 1,=0.06, t=0.8, N =10
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Figure 2.24: ROC Curve under Bivariate Distribution with Exponential Marginal Distribu-
tions at 7 = 0.8
but similar power to paired t-test and WSR test at 7 = 0.8. The rank transform test’s

superiority over the sign test with respect to power decreases as Kendall’s 7 increases.

2.5.7 Bivariate Distribution with Chi-Square Marginal Distributions

Under Hy, X ~ X%?)) and Y ~ X%?)) with Kendall’s 7 = 0.2,0.5 or 0.8. Under H;, X ~ X%?))
and Y ~ X%4) with Kendall’'s 7 = 0.2,0.5 or 0.8. I generated 30,000 data sets with sample
size N = 50 or N = 15 for each simulation, and computed the empirical power for the rank
transform test, paired t-test, WSR test, and sign-test. The simulation results are given in
Figure (2.28) to Figure (2.30). We can see that the rank transform test is a little more
powerful than WSR test at all different Kendall’s 7 (from 7 = 0.2 to 7 = 0.8), and it is
more powerful than paired t-test at all different Kendall’s 7 (from 7 = 0.2 to 7 = 0.8),

the extent of more power of the rank transform test is becoming larger and larger as the

Kendall’s 7 is getting larger and larger compared with paired t-test. The rank transform
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Ho: Uniform Marginal Distributions Unif(10, 20), Unif(10, 20), t=0.2, N =50
H: Uniform Marginal Distributions Unif(10, 20), Unif(10, 23), t=0.2, N =50
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Figure 2.25: ROC Curve under Bivariate Distribution with Uniform Marginal Distributions
at 7 =10.2

Ho: Uniform Marginal Distributions Unif(10, 20), Unif(10, 20), t=0.5, N =50
H4: Uniform Marginal Distributions Unif(10, 20), Unif(10, 23), t=0.5, N =50
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Figure 2.26: ROC Curve under Bivariate Distribution with Uniform Marginal Distributions
at 7=0.5
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Ho: Uniform Marginal Distributions Unif(10, 20), Unif(10, 20), t=0.8, N =10
H4: Uniform Marginal Distributions Unif(10, 20), Unif(10, 23), t=0.8, N =10
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Figure 2.27: ROC Curve under Bivariate Distribution with Uniform Marginal Distributions
at 7 =0.8

test has more power than sign-test at Kendall’s 7 = 0.2. However, it has almost the same
power as sign-test at Kendall’s 7 = 0.5 or 0.8, these are the only two cases where the power

of the rank transform test is similar to that of sign-test among all simulations.

2.6 Implication for Wilcoxon Rank-sum Test

The Wilcoxon rank sum test or equivalently the Mann Whitney U test (hereafter referred

to as the Wilcoxon Mann Whitney [WMW] test) is a frequently used nonparametric test to

compare two independent samples. Let’s consider the two independent samples X1, ..., X,
and Y7,...,Y, from continuous distributions F'x and Fy where we would like to test the
hypothesis:

Hy: Fx = Fy versus Hy : Fy # Fy (2.39)
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Ho: Chisquare Marginal Distributions Xé), x(za), 1=0.2, N =50
H4: Chisquare Marginal Distributions X(za)’ X(ZA), 1=0.2, N =50
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Figure 2.28: ROC Curve under Bivariate Distribution with Chi-square Marginal Distribu-
tions at 7 = 0.2

Ho: Chisquare Marginal Distributions Xfa)' X(zs)’ 1=0.5, N =50

H4: Chisquare Marginal Distributions xé), x(24), 1=0.5, N =50
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Figure 2.29: ROC Curve under Bivariate Distribution with Chi-square Marginal Distribu-
tions at 7 = 0.5
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Ho: Chisquare Marginal Distributions xé), x(za), 1=0.8, N =15
H4: Chisquare Marginal Distributions X(za)’ X(ZA), 1=0.8, N =15
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Figure 2.30: ROC Curve under Bivariate Distribution with Chi-square Marginal Distribu-
tions at 7 = 0.8

The WMW test is based on

6 — Z?:l Z;n:l U(Y; - Xj) (2.40)

Where U(a) =1ifa > 0, = 1/2 if a = 0, and = 0 otherwise. It is well-known that under

H07
A~ m+n+1
Varg(f) = ————— 2.41
aro( ) 12mn ( )
and the corresponding test statistic is
i}
4 = ——= (2.42)

Var(6)
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which is asymptotically N (0, 1) as m, n get large, provided that limyx_,oom/N and limy_,oon/N
are both bounded away from zero, where N = m + n.

Note that the variance in Equation (2.41) is estimated under Hj, not from the data.
For real data, we never know if the independent two samples are from two underlying
distributions with equal variance or not. Theorem 2.3.2 and Theorem 2.3.3 also provide a
way to estimate the variance of 6 in Equation (2.40) from the data if we substitute F(z,v)

with Fx(x)Fy (y), then we have the following Corollary 2.6.1 and Corollary 2.6.2.

™ U(Y- X,
Corollary 2.6.1. Let T = /"% [Z’ 1 2= — ( ) —pl] and suppose m < n, as m +
n — 0o, T converges in distribution to N(0,02), 0% = nfi‘npl + P2+ a3 — génfgp% -

2mpy, where p1 = [ Fx(x)dFy(z), pa = [[I — Fy(2)]?dFx(z), ps = [ Fx(x)dFy(z),
pa = [[ Fy(x)Fx(y)dFx (z)dFy (y).

The proof of Corollary 2.6.1 follows analogous approach to the proof of Theorem 2.3.3.

Corollary 2.6.2. A strongly consistent estimator 6% of o2 in Corollary 1 can be obtained by
replacing all the theoretical distribution functions in Corollary 1 by the corresponding empir-
ical distribution functions defined as Fx(z) = L5 I(X; <), Fy(y) = %E?:l I(Y; <

Y).

The proof of Corollary 2.6.2 follows the same argument as in the proof of Theorem

2 3Im+n A2

can be computed by 62 = 2™ 5 b2 + D3 — DT —

m+n

mtba, where pro= L35 [ I(Xs < y)l/m, pr = 5 {1 = D 1(Y; < @))/n)?,
ps = 5 L ADS I < p)l/md?, pu = o AT 1(Y; < @))/n} S ACE I(XG <
y)l/m}.

It is easy to program in R for calculating 4% based on the data, please see Appendix for

2.3.3. In practice, &

the R code.

Figure 2.31 shows the empirical cumulative distribution function of the two-sided p-
values from Wilcoxon rank-sum test for two independent samples with the variance esti-
mated based on Corollary 2.6.2 and the variance estimated under Hy : F'x = Fy, namely,

Varg () = mEntl - We can see that the empirical cumulative distribution function of the
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WRS for N(10, 1) vs. N(10, 4) with m = 50, n = 50, two-sided p-values

1.00-

—— Variance from Data

— Constant Variance

0.00

0.00 0.25 0.50 0.75 1.00
p-value

Figure 2.31: Diagnostic Plot of Different Variance Estimations for Wilcoxon Rank-sum Test

two-sided p-values from Wilcoxon rank-sum test with variance estimated based on Corol-
lary 2.6.2 (blue line) overlaps with the y = x line (red line), this confirms that the variance
estimation based on Corollary 2.6.2 for Wilcoxon rank-sum test is correct. However, the
empirical cumulative distribution function of the two sided p-values from Wilcoxon rank-
sum test with the variance estimated under Hy : Fix = Fy (black line) is above the y = z

line, this means more two-sided p-values are pushed to the two tails of standard normal dis-

tribution, in other words, the variance under Hy : Fx = Fy, namely, Varo(é) = rrg::;l’ for

Wilcoxon rank-sum test is underestimated when the two independent samples have different
variances.
2.7 Asymptotic Relative Efficiency

The asymptotic relative efficiencies (ARE) of WSR test and sign-test with respect to paired

t-test are well-known for both normal and non-normal settings. Table 2.1 is a summary of
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the AREs for WSR test and sign-test with respect to paired t-test at different distributions

of differences (Iman et al., 1984). The ARE of a test is related to its power, which means

there are settings where the WSR test and sign-test have more power than the paired t test

as well as cases where they have less power.

For the proposed rank transform test, under Hy in (2.16), we have

where E() = z,

@g]\]@ 1)

Var(6)

. 1
and Var(f) = 2a=pi0) iy pao = [[ Fx(z)Fx(y)f(z,y)dzdy.

n

Thus, a test with asymptotic level « rejects Hy when

where 7(0) = 1/2(3 — pao) with pao = [ Fx(z)Fx (y)f(z,y)dzdy.

Moreover, under the hypothesis in (2.16)

Then

It follows that

1 (6) = E() = / Fr(y + 6) fyr (u)dy

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)
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Table 2.1: AREs for WSR test and sign-test with respect to paired t-test
Distribution of Differences WSR test Sign-test

Normal 3/m 2/m
Uniform 1 1/3
Double Exponential 1.5 2

Hence, the efficacy of the rank transform test is

o1 = lim, o, O _ S Wy J F(y)dy -
T o —pw) 20— I Ex@Fx @) (e y)dady)
For the paired t-test, we know that
i PO 1
¢2 = limnoo 7(0) 2(1—p)o (2.49)

where p is the Pearson correlation coefficient between the paired samples, and o is the
common standard deviation of the paired samples.

By Theorem 3.4.1 in (Lehmann, 1998), the ARE of the proposed rank transform test
with respect to paired t-test is given by

ARE — % _ 2(1 - p)a*(J f3(y)dy)? (2.50)

3 25— [[ Fx(z)Fx(y)f(z,y)dzdy)

Figure (2.32) shows the ARE of different tests for paired data vs. paired t-test under
bivariate normal distribution and bivariate lognormal distribution with p; = po = 2 and
0? = 03 = 1 in Figure (2.10) to Figure (2.12). We can see that the ARE of the rank
transform test decreases with the increasing of Pearson correlation coefficient p, and it is a
little smaller than that of WSR test, but it is always larger than that of sign-test, which
is consistent with the simulation power in Figure (2.7) to Figure (2.9). The ARE of the
proposed rank transform test under bivariate lognormal distribution depends on the specific
parameters, with the parameters in Figure (2.10) to Figure (2.12), it is pretty large (dark

red line in Figure (2.32)), which is consistent with the simulation power in Figure (2.10) to



51

ARE of Different Tests for Paired Data
vs. Paired t-test under Bivariate Distributions

\

o
1

— Bivariate Normal Distribution
— Bivariate Lognormal Distribution

Wilcoxon Signed-rank Test

Asymptotic Relative Efficiency
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Figure 2.32: AREs of Different Tests for Paired Data vs. Paired t-test

Figure (2.12).

2.8 Discussion

In this chapter, a new nonparametric statistical method for paired data called rank trans-
form test, which does not require the continuous outcomes to be fully observed as long as
the rank is known, was proposed. In addition, the power and sample size calculation of the
proposed rank transform test was also investigated and compared with paired t-test, WSR
test, and sign-test. The present chapter is centered on the assumption that both X and Y
in the pair (X, Y') are continuous random variables. However, in practice, data is invariably

recorded with some element of discreteness, so tied data can never be ruled out. Hence we
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should consider
p1= %Z [iI(Xi <y)+;iI(Xi=y)]/”
y izt i=
12{ _ [g;f(yj <)+ ;jz:f(yj :a;)}/n}Q
ps = iZ{[zﬂ:I(xi < y)—i—;zn:I(Xi :y):|/n}2
Y =1 i=1
D [ilm < y>+;iilf<xi :yﬂ/n}{[im <o+ i, — )| /n}

J=1 J=1

(2.51)

in practice to calculate the variance of the rank transform test according to Theorem 2.3.3.
Similarly, for X and Y are two independent continuous random variables, to compute

the variance of WMW test from the data according to Corollary 2.6.2, we should consider

w { =1 =1
B PE RS SE Y
i = ;Z{[gw <x>+2i1m@ :x>]/n};z{[§;f<xz <y>+§;f<xz:y>}/m}
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Chapter 3

Power and Sample Size Calculation
of the Rank Transform Test for
Paired Samples: A Finite-Sample

Approach
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3.1 Abstract

The Wilcoxon signed rank (WSR) test is a frequently used nonparametric test for paired
data, however, it requires that the continuous outcomes are fully observed. The nonpara-
metric rank transform test proposed in Chapter 2 can be used for paired data in which some
continuous outcomes are not fully observed as long as their ranks are known. The power
and sample size calculation of the rank transform test for paired data using a large-sample
approach have been explored in Chapter 2. In this chapter I am concerned with the calcu-
lation of power and sample size for the rank transform test in finite samples, to aid in study
planning, where sample sizes are often small. I present a probit transformation approach
for calculating the power and sample size of rank transform test in finite paired samples,
which is applicable to any continuous distribution, and the approach to handle grouped con-
tinuous data allowing for ties is also considered. Extensive Monte Carlo simulation studies
confirm the validity of the power and sample size formula in finite samples. Receiver oper-
ating characteristic (ROC) curve is used for the visualization of power versus type I error,
from which the power of different tests can be compared under controlling type I error
at the same level. The simulation studies also show that the rank transform test is more
powerful than the sign-test, and it is a little less powerful than the paired t-test and WSR
test under bivariate normal distribution when complete observations exist. In the setting
of bivariate lognormal distribution, the rank transform test is more powerful than paired
t-test and sign-test no matter how large the correlation coefficient and relative variance is,
and it is more powerful than the WSR test with equal variance (log scale). Moreover, the
asymptotic relative efficiency (ARE) of the rank transform test with respect to paired t-test
under bivariate normal distribution with equal and unequal variance is derived, and it is
consistent with simulation studies. These results are based on R or SAS-callable functions
to evaluate the bivariate normal integral and are thus easily implemented with standard

software.
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3.2 Introduction

The Wilcoxon signed rank (WSR) test is a frequently used nonparametric test for paired
data, however, it requires that the continuous outcomes are fully observed. The nonparamet-
ric rank transform test statistic proposed in Chapter 2 can be used for paired data in which
some continuous outcomes are not fully observed as long as their ranks are known. I have
explored the power and sample size calculation of the rank transform test for paired data
using a large-sample approach in Chapter 2. In this chapter, I am concerned with the calcu-
lation of power and sample size for the rank transform test in finite paired samples, to aid in
study planning, where sample sizes are often small. Suppose for the sake of specificity that
X,Y correspond to random variables obtained from pre- and posttreatment, respectively.
We consider the case of paired samples X1,...,X,, and Y7,...,Y,, from continuous marginal
distributions Fy and Fy. Let Hy = ® [Fy(X)], and Hy = c® 1 [Fx(Y)] + p(pu > 0),
where we refer to Hx as the underlying probit corresponding to X, Hy as the underlying
probit corresponding to Y, and @ is the cumulative distribution function (cdf) of a standard

normal distribution. We consider the class of hypotheses given by

Hy:p=0versus Hy : p #0 (3.1)

Note that by definition, for any random variable X, Hyx follows a standard normal dis-

tribution, namely Hx ~ N(0,1), whereas Hy ~ N(u,0?). By Sklar’s theorem (Nelsen,
0 1 po

1999), let H be the bivariate normal distribution BN , , clearly, it
2

p| \po o
has the margins N(0,1) and N(u,0?), then there exists a unique copula C such that
H(z,y) = C(Hx(z),Hy(y)) for all z,y in [—o00,00]. We are specifically interested in the

type II error of the rank transform test statistic for paired samples under Hy as a function

of p and o.



56

3.3 Methods

Let R(X;) denote the rank of X; in the pooled sample, and R(Y;) denote the rank of Y;) in
the pooled sample, respectively. Also, let AR; = R(Y;) — R(X;), And the rank transform

test statistic is

tp — Z?:l ARZ‘
T Var(L, AR;)

(3.2)

In Chapter 2, it has been shown that Equation (3.2) is equivalent to the following

Equation (3.3)

2iz1 251 U(Yi—X;)
n2

Vel S U - X))

1
2

tr

Let

é _ Z?:l Z;'L:I QU(Yl - Xj) (3'4)

n

Hence the test statistic tg in Equation (3.2) and (3.3) is equivalent to the following test

statistic

1
Z=——2= 3.5
\/ Var(0) (35)

3.3.1 Power Calculation of Rank Transform Test for Continuous Random

Variables with No Ties

Let Varg(d) denote the variance of § under Hy, Var;(0) denote the variance of § under Hj,

and § = E1(f) under H;. Then the power of the test in (3.5) is
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1-8=90 — Rl—a/2

Var; (é) Var; (é)

) A
o3l Varow)] o

D>

To evaluate Equation (3.6), we need to determine 6, Varg(d), and Var;(f). Based on the

hypothesis in (3.1), we have

§=P(X;,—Y, <0)=P(Hx, — Hy, <0) = ®(u/\/1+02) fori #k (3.7)
v=P(X;-Y;<0)=P(Hx, — Hy, <0) =®(u/\/1+ 0% —2p0) (3.8)

To derive Var (), it will be advantageous to write 8 in the form:
0=> U/(n? (3.9)
i=1

where Uy = >0 Ui, U = U (Y — X;),i =1,...,n;k =1,...,n. It follows that

Var(zn: Ui) = nVar(U;) + n(n — 1)Cov(U;,, U;,) (3.10)
=1

Furthermore,
n

Var(U;) = Var(} _Uy;) = (n — 1)Var(Us,) + Var(Uys)
j=1 (3.11)

+ (n—2)(n — 1)Cov (Ui, , Usk,) + 2(n — 1)Cov(Uss, U )

Because U, and Uj; are binary random variables, Var(U;) = (1 — ¢) and Var(Uy) =
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(1 — ~). In addition, because the probit transformation is rank preserving, it follows that

P(Uikzl):P(Xi_Yk<O):P(HX1-_HY;€ <0)=(5
(3.12)

P(Ui =1) = P(X; = Y; <0) = P(Hx, — Hy, <0) =~

Thus,
0= By (0) = nn—104+ny (n—1050+~ (n—1)0(u/VvV1+02)+®(u/+/1+0%—2p0)
R n? N n N n
(3.13)
Cov(Uiky , Uiky) = P(Ug, = 1 and Uy, = 1) — 62
= P(Hx, — Hy,, <0 and Hx, — Hy, <0)—6° (3.14)

= Bo[® (), D1(8),1/(1 + 0?)] — 62

where ®9 denotes bivariate normal cdf given by (Kendall and Stuart, 1969, Moran,

0 1 p
1948) (I)Q(Cl,CQ,p) = P[Zl S C1 and ZQ S CQ’(ZI,ZQ) ~ BN 5 . Note

0 p 1
that ®o(cq, co, p) can be computed using the pbivnorm function of R or the PROBBNRM

function in SAS Version 9.4.

Similarly, we have

COV(Uikl, Uk1k2) = P(Uikl =1 and Uklkz = 1) — (52
(3.15)

= Oy[d1(8), D1(8), —po /(1 + 02)] — &°

Cov(Uji, Uyky) = P(Uii = 1 and Upy, = 1) — 0
(3.16)

= <I>2[(I)_1('Y)v @—1(5)’ 0} - ’75



Cov(Uikys Uryky) = P(Ui, = 1 and Uy, p, = 1) — 6°

= $2[@71(0), @71 (0), 0%/ (1 + 07)] — &7

COV(Uikl, ngkg) = P(Uikl =1 and Ukaz = 1) — ’}/(5

= (1)2[(1)71(6)7 (pil(f)/)? O] - '75

Cov(Uik,, Upyi) = P(Uir, = 1 and Up,; = 1) — 62

— By[®1(5), 7 (6), —po /(1 + 0%)] - 52

COV(UZ‘Z‘, Ukk) = P(Um =1 and Ukk = 1) — 72

= ®2[®_1(7)7 (I)_l(’}/)v 0] B 72

Cov(Us, Ug;) = P(Uj, = 1 and Uy; = 1) — 6>

— By[®(5), 87 (6), ~2p0 /(1 4 02)] - 52

COV(UZ‘Z‘, Uzk) = P(Uu =1 and Uik = 1) — 75

= 2[@ 1 (7), 7 1(8), (1 = po)/ /(1 + 02 = 200) (1 + 02)] = 7§

COV(U“', U]m) = P(UZZ =1 and Uki = 1) — ’)/(5

=3[0 (1), 271(6), (0% — po) /V/ (L + 02 = 2p0) (1 + 02)] =76

99

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Cov(Uik, Uii) = P(Ui = 1 and Uy; = 1) — 9

(3.24)
= 0y[@71(6), 27 (7), (1 — po)//(1+ 0% — 2p0) (1 + 02)] — 76
COV(UZ'k, Ukk) = P(Ulk =1 and Ukk = 1) — 75
(3.25)
= Do[@1(8), " (7), (0 — po) [/ (1 + 0% — 2p0) (1 + 02)] =76
It follows that
Vary(0) = Vary (371, 2241 Uy — X;))
= %{n(n —1)8(1 = 6) +ny(L—7) + n(n—1)(n — 2){®[®(6),®7(5),1/(1 + 0*)] — 6%}

+n(n —1)(n = 2){@[®(8), D1 (0), (—po) /(1 + 0°)] — 6%}

+n(n—1)(n = 2){@[® ' (7),271(6), 0] — 76}

+n(n —1)(n = 2){@[®7(8), 271 (0),0%/(1 + 0%)] — 6°}

+n(n —1)(n — 2){®2[@71(5), 2 (7), 0] — 13}

+n(n —1)(n = 2){®[®(8), 1 (0), (—po) /(1 + 0°)] — 6%}

+n(n = 1D){0[07 (), 271 (7),0] = 4%}

+n(n — D{®[@71(6), 21 (0), (~2p0) /(1 + 0°)] — 6%}

+n(n — D{®[07(7),071(5), (1 — po) /(1 + 02 = 2p0)(1 + 02)] — 76}
+n(n — D{®[@7(7),271(5), (0% — po) /(1 + 02 = 2p0)(1 + 02)] — 76}
+n(n — 1){D2[@71(6), 27 (7), (1 — po) /(1 + 0% — 2po) (1 + 02)] — 73}

00 = 1){@a[B71(8), 87 (1), (0% ~ po) /(1 + 0% — 2p0)(1 + 0?)] 75} }

(3.26)



Under Hy, we have = 0, then 6 = v = % It follows that

o= 1)(n = 2){2:[0,0,(~po)/(1+0%)] - 1)
o~ 1)(n — 2{®:00,0,0%/(1+ 0%)] - 1}
= 1)(n— 2){#(0,0, (~p0)/(1 + 6%)] — 1)

o~ 1{®:00,0,(~2p0)/(1 +0%)] - 1)

0 = 1){8:00,0,(1 - po)/ T+ 07— 2p0)(1+ 03] —

(i~ 1){®:00,0,(0 — po) /(T 0%~ 200)(1 T 07)] ~ |

(= 1){®:00,0,(1— po)/v/(T+ 0% — 2p0) (1 7)) —

+ 0 = 1){®300,0, (6% ~ po) [\ + 07— 200) (1 + 07)] - 1}

3.3.2 Asymptotic Relative Efficiency
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9
= i{ 1n(n —1)+ %n—kn(n —1)(n —2){®3[0,0,1/(1 + o2)] — i}

(3.27)

We now compare the asymptotic relative efficiency (ARE) of the rank transform test statistic

in Equation (3.2 or 3.3 or 3.5) with the paired t-test under the location shift alternative in

the case of bivariate normal distribution with equal and unequal variance.
From Equation (3.13), we have that

as n — 00,

0 =(u/V1+02) or p=+14+020"1(9)

The test statistic for the paired t-test is % It follows that

> % o —1
ZteS i Erall St eof 3o o)

1
2

=+vV1+02V2r=E;

(3.28)

=3 (3.29)
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Moreover,

Varg(Y — X) = Varg(Y) + Varg(X) — 2Cov(Y, X) =

0.2
—+
n

S

_9, %
p\/ﬁ n

S|

(3.30)
_ o2 +1—2po _ v,
n

For the rank transform test, the test statistic is 6 in Equation (3.4), we have E() = 6.

Hence

O _y_ p, (3.31)

Furthermore, Varg(d) = V4 is in Equation (3.27). It follows that the ARE of the rank

transform test vs. the paired t-test (Kendall and Stuart, 1969) is

_E%/Vg % o2 +1—2po o2 +1-2p0 1

E?/Vi  E23Vy  nVo2n(l+0?) 27(1 +02) nVs
o2 +1—2po 2m (3.32)
2m(1+0%) sin~!(;h2) +sinH(52%) +sin ! (12) + sin T (£2%)
as n — oo.
Hence,
2
0“4+ 1—-2poc 1
ARE = 3.33
1+02 sm_l(l_i_lgz) + 2Sin_1(1:_p;2) + Sin_l(lj_;) ( )
When ¢ = 1, ARE is simplified to
3(1 —
ARE = —21=r) (3.34)

T+ 6sin~ ! (—5)
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ARE of Different Tests for Paired Data
vs. Paired t-test under Bivariate Normal Distribution

_\

1.00-

0.75-

>
%)
c
2
L2
=
w
[
2
© i
kol 0.50
14
2 — Rank Transform Test with 6?=1
o
a — Rank Transform Test with o%=4
% Wilcoxon Signed-rank Test
< — Sign-test
0.25-
0.00-
' ' ' ' '
0.00 0.25 0.50 0.75 1.00

Figure 3.1: ARE of different tests vs. paired t-test under bivariate normal distribution
3.4 Simulation Study

I performed simulation studies to assess the validity of the power formula in Equation (3.6)
with # in Equation (3.13), Varg(6) in Equation (3.27) and Var; () in Equation (3.26) in finite
paired samples. For this purpose, we evaluated the theoretical power in Equation (3.6) and
empirical power under bivariate normal distribution and bivariate lognormal distribution

with different correlation coeflicients.

3.4.1 Bivariate Normal Distribution

X 0 1 po X
Under Hy, we let ~ BN , , under Hy, we let ~
Y 0 po o2 Y
0 1 po
BN , , where 4y = 1, 1.50r 0.6, p = 0.2, 0.50r 08, 0 = lor2. I
p) \po o

generated 30,000 data sets with sample size N = 15 for each simulation, and computed

the mean theoretical and empirical power. In addition, I compared the power of the rank
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Ho: BN with 14=0, 1p=0, 63=1, 63=1, p=0.2, N=15
Hy: BN with 14=0, pp=1, 62=1, 63=1, p=0.2, N=15

1.00-

o
3
o

True Positive Rate (Power)
o
P
g

0.25-

— Empirical Power of Rank Transform Test

—— Theoretical Power of Rank Transform Test
Empirical Power of Wilcoxon Signed-rank Test
Empirical Power of Paired t-test

—— Empirical Power of Sign-test

0.00 0.25 0.50 0.75 1.00
False Positive Rate (Type | Error Rate)

Figure 3.2: ROC Curve under Bivariate Normal Distribution at p = 0.2 and Equal Variance

transform test statistic with paired t-test, Wilcoxon signed-rank test, and sign-test. Receiver
operating characteristic (ROC) curve was used for the visualization of power versus type
I error, from which the power of different tests can be compared under controlling the
same type I error. The simulated power vs. type I error under different bivariate normal
distributions were shown in Figure 3.2 to Figure 3.7.

From Figure 3.2 to Figure 3.7, we can see that the ROC curves of the theoretical power
vs. the theoretical type I error for the rank transform test statistic under different bivariate
normal distributions overlap with the corresponding ROC curves of the empirical power vs.
the empirical type I error, which confirms the validity of the power formula in Equation
(3.6) with 6 in Equation (3.13), Varg(6) in Equation (3.27) and Vari () in Equation (3.26)
in finite paired samples.

The power of the rank transform test statistic is always larger than that of the sign test
under bivariate normal distribution, which is consistent with the ARE shown in Figure 3.1,

where it is shown that the ARE of the rank transform test statistic with respect to paired
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Ho: BN with 11=0, 1=0, 62=1, 62=4, p=0.2, N=15
Hy: BN with p4=0, pp=1.5, 63=1, 65=4, p=0.2, N=15
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—— Empirical Power of Sign-test
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False Positive Rate (Type | Error Rate)

Figure 3.3: ROC Curve under Bivariate Normal Distribution at p = 0.2 and Unequal
Variance

Ho: BN with 14=0, 1p=0, 62=1, 63=1, p=0.5, N=15
Hy: BN with 14=0, pp=1, 6°=1, 62=1, p=0.5, N=15
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0.251 —— Empirical Power of Rank Transform Test
— Theoretical Power of Rank Transform Test
Empirical Power of Wilcoxon Signed-rank Test
Empirical Power of Paired t-test
—— Empirical Power of Sign-test
0.00-

0.00 0.25 0.50 0.75 100
False Positive Rate (Type | Error Rate)

Figure 3.4: ROC Curve under Bivariate Normal Distribution at p = 0.5 and Equal Variance
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Ho: BN with 11=0, 1=0, 62=1, 62=4, p=0.5, N=15
Hy: BN with p4=0, pp=1.5, 63=1, 63=4, p=0.5, N=15
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—— Theoretical Power of Rank Transform Test
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False Positive Rate (Type | Error Rate)

Figure 3.5: ROC Curve under Bivariate Normal Distribution at p = 0.5 and Unequal
Variance

Ho: BN with 14=0, 1p=0, 62=1, 63=1, p=0.8, N=15
Hy: BN with p4=0, 1,=0.6, °=1, 62=1, p=0.8, N=15
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Figure 3.6: ROC Curve under Bivariate Normal Distribution at p = 0.8 and Equal Variance
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Ho: BN with 14=0, 1p=0, 63=1, 63=4, p=0.8, N=15
Hy: BN with p4=0, pp=1.5, 6°=1, 63=4, p=0.8, N=15
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Figure 3.7: ROC Curve under Bivariate Normal Distribution at p = 0.8 and Unequal
Variance

t-test is always larger than that of sign test with respect to paired t-test, which is always
2/m under bivariate normal distribution (Iman et al., 1984).

The power of the rank transform test statistic is a little lower than that of the Wilcoxon
signed-rank test and paired t-test with the extent of lower power becomes larger and larger
as the correlation coefficient or variance goes bigger and bigger, which is also consistent
with the ARE shown in Figure 3.1, where it is shown that the ARE of the rank transform
test statistic with respect to paired t-test is a little lower than that of Wilcoxon signed-rank
test with respect to paired t-test, which is always 3/7 under bivariate normal distribution
(Iman et al., 1984).

It is observed that the ARE of the rank transform test statistic with respect to paired
t-test depends on both the correlation coefficient and the variance under bivariate nor-
mal distribution, larger unequal variance and correlation coefficient lower the ARE of the

rank transform test statistic with respect to paired t-test. In addition, larger correlation
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coefficient leads to larger power of the rank transform test statistic given the same other
conditions under bivariate normal distribution. In other words, we can save sample size in
clinical studies using the rank transform test statistic when the correlation coefficient be-
tween pre-treatment outcomes and post-treatment outcomes is large given the same other

conditions.

3.4.2 Bivariate Lognormal Distribution

X 0 1 po X
Under Hy, let ~ BLN , , under Hy, let ~
Y 0 po o> Y
0 1 po
BLN , , where y = 1, 1.50r 0.6, p = 0.2 ,050r 08, 0 = lor2. I
pl| \po o°

generated 30,000 data sets with sample size N = 15 for each simulation, and computed
the mean theoretical and empirical power. In addition, I compared the power of the rank
transform test statistic with paired t-test, Wilcoxon signed-rank test, and sign-test. Receiver
operating characteristic (ROC) curve was also used for the visualization of power versus
type I error, from which the power of different tests can be compared under controlling the
same type I error. The simulated power vs. type I error under different bivariate lognormal
distributions were shown in Figure 3.8 to Figure 3.13.

From Figure 3.8 to Figure 3.13, we can see that the ROC curves of the theoretical power
vs. the theoretical type I error for the rank transform test statistic under different bivariate
lognormal distributions overlap with the corresponding ROC curves of the empirical power
vs. the empirical type I error, which also confirms the validity of the power formula in Equa-
tion (3.6) with # in Equation (3.13), Varg(f) in Equation (3.27) and Var;(0) in Equation
(3.26) in finite paired samples.

The power of the rank transform test statistic is always larger than that of the sign test
and paired t-test under bivariate lognormal distribution. It is interesting to see that the
power of the rank transform test statistic is a little larger than that of Wilcoxon signed-rank

test under bivariate lognormal distribution with equal variance. However, the power of the
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Ho: BLN with 14=0, 1,=0, 62=1, 53=1, p=0.2, N=15 (log scale)
Hy: BLN with 14=0, pp=1, 62=1, 62=1, p=0.2, N=15 (log scale)
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Figure 3.8: ROC Curve under Bivariate Lognormal Distribution at p = 0.2 and Equal
Variance (log scale)

Ho: BLN with 11=0, p,=0, 6=1, 63=4, p=0.2, N=15 (log scale)
Hy: BLN with p4=0, pp=1.5, 62=1, 53=4, p=0.2, N=15 (log scale)
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Figure 3.9: ROC Curve Under Bivariate Lognormal Distribution at p = 0.2 and Unequal
Variance (log scale)
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Ho: BLN with 14=0, 1,=0, 62=1, 53=1, p=0.5, N=15 (log scale)
Hy: BLN with 14=0, pp=1, 62=1, 62=1, p=0.5, N=15 (log scale)
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Figure 3.10: ROC Curve with Bivariate Lognormal Distribution at p = 0.5 and Equal
Variance (log scale)

Ho: BLN with 11=0, p,=0, 6=1, 63=4, p=0.5, N=15 (log scale)
Hy: BLN with p4=0, np=1.5, 62=1, 53=4, p=0.5, N=15 (log scale)
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Figure 3.11: ROC Curve with Bivariate Lognormal Distribution at p = 0.5 and Unequal
Variance (log scale)
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Ho: BLN with 14=0, 1,=0, 62=1, 53=1, p=0.8, N=15 (log scale)
Hy: BLN with p4=0, 1,=0.6, 62=1, 53=1, p=0.8, N=15 (log scale)

1.00-

0.75-

0.50 -

True Positive Rate (Power)

0.257 —— Empirical Power of Rank Transform Test
— Theoretical Power of Rank Transform Test
Empirical Power of Wilcoxon Signed-rank Test
Empirical Power of Paired t-test
—— Empirical Power of Sign-test
0.00-

0.00 0.25 0.50 0.75 1.00
False Positive Rate (Type | Error Rate)

Figure 3.12: ROC Curve under Bivariate Lognormal Distribution at p = 0.8 and Equal
Variance (log scale)

Ho: BLN with 11=0, p,=0, 6=1, 63=4, p=0.8, N=15 (log scale)
Hy: BLN with p4=0, pnp=1.5, 62=1, 53=4, p=0.8, N=15 (log scale)
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Figure 3.13: ROC Curve under Bivariate Lognormal Distribution at p = 0.8 and Unequal
Variance (log scale)
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rank transform test statistic is lower than that of Wilcoxon signed-rank test under bivariate
lognormal distribution with large unequal variance (log scale) (4 vs. 1 in Figure 3.9, 3.11
and 3.13). It is also observed that larger correlation coefficient leads to larger power of
the rank transform test statistic given the same other conditions under bivariate lognormal

distribution.

3.5 Power Calculation of Rank Transform Test in the Pres-

ence of Ties

Suppose we wish to test the hypothesis in Equation (1), but instead of observing the true
continuous outcomes X, Y, we observe a grouped (i.e. noisy) representation of X and Y such
that only K + 1 categories of outcomes are possible. The categories are defined by the cut-
points {c1,...,cx}, where a subject is in the kth group if ¢x_1 < X < c¢p, k=1,..., K +1,
cop = —00, k41 = +00, where P(¢; < X < ¢jp1) = poi = Fx(civ1) — Fx(ci),1=0,..., K,
and similarly for Y. Therefore, we define the random variables X*, Y* such that
X'=jifcjg1<X<¢j,j=1,...,K+1,
(3.35)
Y =jife, 1 <Y <¢j=1,...,K+1.

Let 6* = E[U(Y* — X*)], Where U(a) =1ifa >0, =1/2if a = 0, and = 0 otherwise.

We estimate 6* by é*, where

é* — Zr:l Zs:l [2](1/;”* — X:) (336)

n
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From Equation (3.35), we have that

—1 K
Y*>X Zpyj<szl> = Zp:c,j Z Dy,
=0 I=j+1
K-1 K
=Y [Fx(cjr1) = Fx(cj)] > [Fy(cis1) — Fy ()] (3.37)
7=0 l=j5+1
K-1 ’
= > _[Fx(¢j+1) = Fx(¢j)][1 = Fy(¢j11)]
7=0
K
= paypys = Y _IFx(cit1) = Fx(c;)|[Fy (¢jt1) — Fy(c;)] (3.38)
- g

It follows that
200 =2P(Y* > X*)+ P(Y* = X")

K-1 K
=2 Z FX C]_H Fx(Cj)][l — Fy C]_H + Z FX C]J,-l FX(Cj)][FY(Cj+1) - FY(Cj)]
=0

7=0
K K
=1-Y Fx(cj11)Fy(c)) + > Fx(c))Fy(cin)
=0 =0

(3.39)

Under Hy : Fx(z) = Fy(z) for all z, 0 = E(f) = 1, and 0* = }. In general, 0 + 0. From
Equation (18), we have that E(0*) = 6*. We now consider Var(6*). Let U, = U(Y;* — X*).
Based on Equation (3.36), we can write

Var(Uy,) + (n — 1)Cov (U}, , Uy,) + (n — 1)Cov (U} 5, Uy o)

18?7 28

Var(6*) = (3.40)

n2



74

Based on Equation (3.37), (3.38), and (3.39), it is straightforward to get that
* x 2
Var(Urs) = E(Urs ) - (9*)2

K
= 3 IFx(e) = Pl - S Fr(een) — B (ep)]- )

{ — K Fx(ejn)Fy (e >+20Fx<cj>Fy<c]+1>}2
2

COV( 7817 7‘52) (U:sl U':SQ) (9*)2

K Py (cjn1) + Fy(¢)]?
;FX cj1) — Fx(cj)]|1 - L B) = } - (3.42)
{ Z] o Fx(¢j11)Fy (c )+Z] 0 Fx(¢j)Fy (cjt1) }2
2
COV( r1s? 7“25) - (U:ISU':QS) (9*)2
K , K
Z [Fy (cj+1) — Fy (¢j)] FX(CJH);_ Exd j)} - (3.43)

Jj=

{ 1— 35 0 Fx(ej41)Fy (¢) + Yo Fx (¢j) Fy (cj1) }

2

Therefore, based on Equations (3.40), (3.41), (3.42), and (3.43) we get Var(6*). For power
and sample size calculation we also need Varo(é*). Upon simplification of Equations (3.41),

(3.42), and (3.43) under Hy : Fx(xz) = Fy(x) for all z, we obtain the following:

Varg(6*) =

K K
{ > [Fx(eyen) = Fx(@)lll = F(esen)] + { SolFx(ern) = Fx(@)P =1}/

J=0 J=0

K
+ (2n — 2){ > [Fx(cjr1) = Fx(c)){[Fx(cj1) + Fx(c))]” — 1}/4} }/(HQ)

J=0
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Hence, we obtain the power formula:

9*—l V é* _9*_1 V é*
1—/3=<1>{’2 P VMO”} +<1>{‘2‘—z1a/2 Vao(6°)

Var; (6%) ary (6%) Vary (6+) Vary (6%)

(3.45)

where Varg(0*) is obtained from Equation (3.44), and Var; (6*) is obtained from Equa-
tions (3.40), (3.41), (3.42), and (3.43). In practice, we may estimate 6* by 6* in Equation
(3.36) using previous data, and estimate py, ..., ps k from the baseline data of a previous

study.

3.6 Discussion

In this chapter, the power of the rank transform test for finite sample was investigated using
the probit transformation approach, an advantage of this approach is that power is easily
estimable using the pbivnorm function of R or the probbnrm function in SAS Version
9.4. Extensive Monte Carlo simulation studies confirmed the validity of the theoretical
power formula for finite sample. ROC curve was used for the visualization of power versus
type I error, from which the power of different tests can be compared under controlling
the same type I error. The ARE of the rank transform test with respect to paired t-test
under bivariate normal distribution with equal or unequal variance was also derived. The
contribution of this chapter is that under the hypothesis in Equation (3.1), we can obtain
an exact expression for E;(6), Varg(6), and Var(6) in terms of the bivariate normal cdf
as shown in Equation (3.13), (3.27), and (3.26), which is applicable to any continuous
distribution.

It is shown that the rank transform test is more powerful than the sign-test, and it is a
little less powerful than the paired t-test and WSR test under bivariate normal distribution
when complete observations exist.

It is also demonstrated that the rank transform test is more powerful than paired t-test
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and sign-test under bivariate lognormal distribution no matter how large the correlation
coefficient and relative variance is, and it is more powerful than the WSR test under bivariate
lognormal distribution with equal variance (log scale).

The power of the rank transform test compared with paired t-test, WSR test, and sign-
test is consistent with the ARE of these tests with respect to paired t-test under bivariate

normal distribution with equal or unequal variance.
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4.1 Abstract

In many clinical studies, we may be interested in the change of an outcome measured at
baseline and pre-specified follow-up time. For some patients, however, death (or severe
disease progression) may preclude measurement of the outcome. A statistical analysis that
includes only patients with observed outcomes is biased. An alternative analysis includes
all patients, with worst-rank scores assigned to those missing outcomes because of adverse
events, and with all observed outcomes at baseline and pre-specified follow-up time pooled
together and rank scores assigned to those outcomes based on the magnitude. The worst-
rank scores are worse than all observed rank scores. The change of an outcome is then
evaluated using the rank transform test for paired data developed in Chapter 2. In this
chapter, the rank transform test for paired samples in the presence of missing outcomes
due to adverse events is considered. The missing outcomes because of adverse events are
replaced by worst-rank scores. Since the rank scores assigned to the missing outcomes
due to adverse events in the tied worst-rank score and untied worst-rank score approaches
are always smaller than those rank scores assigned to the observed outcomes, there is no
difference between the tied worst-rank score approach and untied worst-rank score approach
for the rank transform test of paired data. Hence I only consider the untied worst-rank score
approach, in which the worst-rank scores rank missing outcomes according to the time of
adverse events, so that an earlier adverse event is considered worse than a later adverse
event, which in turn is worse than all observed outcomes. Extensive Monte Carlo simulation
studies are conducted to compare the power of the rank transform test for paired samples
with sign-test in the presence of missing outcomes because of adverse events. Receiver
operating characteristic (ROC) curve is used for the visualization of power versus type I
error, from which the power of different tests can be compared under controlling the same
type I error. The results show that the rank transform test is more powerful than sign-test
for most alternatives considered, and it is at least as powerful as sign-test. In addition, the

Wilcoxon rank-sum test for two independent samples in the presence of missing outcomes
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due to adverse events is also discussed.

4.2 Introduction

In many medical studies, we are interested in the change of an outcome measured at baseline
and pre-specified follow-up time (or times), namely, the subjects served as their own control.
However, the outcomes for some subjects may not be observed because of disease-related
event that occurs before the pre-specified follow-up time. Such unobserved outcomes are
not really missing since we have observed what we can observe, or we can say they are
informatively missing since they are related to the status of the subjects’ underlying disease.
Any statistical analysis based solely on the subset of completely observed outcomes provides
a biased estimate of the treatment effect because the subjects who didn’t experience a
disease-related terminal event may not be representative of the targeted population of the
treatment. The comparison mentioned above is called paired comparisons. The general
parametric test for this kind of comparison is the paired t-test, and the non-parametric
approach is the Wilcoxon signed-rank test (Wilcoxon, 1945). However, both approaches
require the outcomes to be observed. One solution to the problem of informative missingness
is to include all subjects in the analysis and pool all the outcomes at baseline and prespecified
follow-up time together, with the rank scores assigned to the available continuous outcomes
based on the magnitude and with worst-rank scores assigned to the follow-up outcomes
which are not available because of adverse events such as death, hospitalization, etc. The
worst-rank scores are worse than all observed rank scores. This is a composite outcome
which combines the continuous outcome with adverse events. Two approaches are used
for assigning the worst-rank scores. In the tied worst-rank approach, all adverse events
are weighted equally, and the worst-rank scores are set to a single value which is worse
than all available continuous outcomes. In the untied worst-rank approach, the worst-rank
scores further rank subjects according to the severities of adverse events and the time to

the adverse events, so that an earlier adverse event is considered worse than a later adverse
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event of the same type, which is worse than all available continuous outcomes. The change
of the outcomes is then evaluated using the t-test on the differences of the ranks between
baseline and pre-specified follow-up time, namely, paired t-test on the paired ranks. The
use of worst-rank composite endpoints is prevalent and has become well accepted in many
settings (Matsouaka and Betensky, 2015). For example, Pantoni et al. (Pantoni et al.,
2005) performed worst-rank analysis to correct for the effect of the high drop-out rate in
the placebo group in the trial to evaluate the efficacy and safety of nimodipine in subcortical
vascular dementia. Tate et al. (Tate et al., 2007) assigned the worst rank as a quality-of-
life (QOL) score for a visit scheduled after death and before the end of the study in the
Wilcoxon rank-sum test for the Beta-Blocker Evaluation of Survival Trial (BEST). Howard
et al. (Howard et al., 2017) ranked the 22 patients who have events to preclude the collection
of Myasthenia Gravis-Activities of Daily Living (MG-ADL) score during the trial lowest by
the time to event in the Phase III trial to confirm the safety and efficacy of eculizumab
in anti-acetylcholine receptor antibody-positive refractory generalized myasthenia gravis
(REGAIN). There are several other examples using worst-rank from the references (Waters
et al., 2002, O’Meara et al., 2005, 2004, Bosch et al., 2011, Bautmans et al., 2005, Russell
et al., 2006). The idea of assigning scores to informatively missing outcomes was first
introduced by Gould (Gould, 1980) and was used by Richie et al.(Ritchie et al., 1984, 1988)
to deal with subjects’ informative withdrawal. Gould suggested using a rank-based test
for the composite outcome scores. To avoid dealing with the multiple ties introduced by
Gould’s approach, Senn (Senn, 2007) proposed a modified version by assigning subjects
with informatively missing outcomes ranks that depend on the times of withdrawal. Lachin
(Lachin, 1999) extended the idea to settings in which disease-related withdrawal is due to
death. The properties, power and sample size of the Wilcoxon-Mann-Whitney (WMW)
test applied to the worst-rank score composite endpoints for two independent treatment
groups have been well understood (Matsouaka and Betensky, 2015, Lachin, 2011, Rosner
and Glynn, 2009, Shieh et al., 2006, Wang et al., 2003, McMahon and Harrell, 2000, Noether,

1987, Schmidtmann et al., 2019). In Section 4.3, I present the notation and hypotheses
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which are used throughout the chapter. In Section 4.4, extensive Monte Carlo simulation
studies are presented to compare the power of the proposed rank transform test with its

only competitor — sign-test.

4.3 The Testing Procedure, Notation, and Hypotheses

4.3.1 The Testing Procedure

Motivated by the rank transformation in the Wilcoxon rank-sum test (Wilcoxon, 1945), the
rank transformation procedure and hypothesis testing proposed for the paired comparison
with informatively missing data is the following:

(1) The outcomes which are not observed because of adverse events such as death,
hospitalization are assigned the worst (lowest) rank (tied worst-rank), or the adverse events
are ordered by their severities (e.g. time to death), and then the unobserved outcome for
the subject with the severest adverse event (e.g. the shortest time to death) is given the
lowest rank 1, with the second severest adverse event (e.g. the second shortest time to
death) is given rank 2, and so on (untied worst-rank).

(2) The entire set (pool the outcomes at baseline and pre-specified follow-up time T')
of observed outcomes is ranked from smallest to largest, with the smallest one having rank
above those in (1), the second smallest one having next rank, and so on.

(3) Average ranks are assigned in case of ties.

(4) The paired t-test is conducted on the rank-transformed data, namely, t-test on the
differences of the paired rank-transformed data.

From Chapter 2, we know that the test statistic of this testing procedure is

th = Z?:l AR;
VVar(3L, AR;)
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where AR; is the rank difference for subject i, and it is equivalent to

SIS UMYX g
n? 2

Vel Ty U - X)]

tr (4.2)

where U(a) =1if a >0, =1/2 if a = 0, and = 0 otherwise.

Since the ranks assigned to the outcomes which are not observed because of adverse
events in the tied worst-rank score and untied worst-rank score approaches are always
smaller than those ranks assigned to the observed outcomes, by the U-test form in Equation
(4.2), we know that there is no difference between the tied worst-rank approach and untied

worst-rank approach. Hence I only focus on the untied worst-rank approach hereafter.

4.3.2 Notation

Suppose N subjects are enrolled in a single-arm medical study and followed for a pre-
specified period of time T. Let X; and Y; denote the continuous primary outcome of
interest in subject ¢ at baseline and time T, respectively. Without loss of generality, assume
that larger values of X and Y correspond to better medical condition. Let t; denote the
survival time for subject i, with the associated event indicator ¢; = I(t; < T') of an event
occurrence before time 7. Note that Y; is missing if §; = 1. Let p = E(;) = P(t; < T)
denote the probability of the event before time 7. Under the untied worst-rank score
composite outcome, any subject ¢ with missing outcome Y; is assigned a value n + t;, with
n = min(c(X,Y)) — 1 — T. Therefore, for each subject at follow up time T, the untied
worst-rank adjusted value is given by

Yizdi(nthi)—ir(l—éZ-)Y;,i:1,2,...,N (4-3)

By assigning these values, we ensure that (1) the unobserved outcomes because of an event
before T' are ranked appropriately by their survival times; (2) the observed outcomes at

baseline and follow-up time T are ranked above all those unobserved outcomes, based on
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their observed measurements; (3) the variance estimation based on Theorem 2.3.3 in Chap-
ter 2 is still valid for the test statistic in Equation (4.2).

Let F and Gj(j = 1,2) denote the conditional cumulative distributions of the event
time, the continuous outcome at baseline (j = 1), and the observed continuous outcome at
time T' (j = 2), respectively, that is, F/(v) = P(t; <v|0 < t; <T), Gi(x) = P(X; < x), and
Go(x) = P(Y; < x|t; > T). The distribution of ¥; is given by

Gao(z) = pF(z —n)I(z < &) + (1 —p)Ga(z)I(x > §) (44)

with £ = min(¢(X,Y)) — 1.
Then

P(Y/ > X) = /_OO [1 — éQ(x)]dGl(x)
— [ - pPe - i £ - (1 - PG > O]d6r ()

o (4.5)
—(-p) [ [1-Galo)]dGi(x)

—0o0
oo

=(1-p)[1- 3 Ga(x)dG ()]

(o)

Hence the hypothesis

is equivalent to the following hypothesis (also see Figure 4.1)

Hy:P(Y>X)=1- /Oo Go(2)dGi () < 2(11_p)
o (4.7)
H; :P(Y>X):1—/ Ga(2)dGy(x) > 2(11—]7)

Note that the event probability p < 0.5 in above Equation (4.7).
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Hypothesis under Untied Worst-rank Approach
1.00-

o 1
Hy: P(Y >X)=1- LoGz(x)dG1(x) >m

0.75-

5 1
025, Ho: P(Y > X) =1- £mGQ(X)dG1(X) < m

0.00-

0.0 0.1 0.2 03 0.4 05
Event Probability

Figure 4.1: Hypothesis under Untied Worst-rank Approach
4.4 Simulation Study

Extensive Monte Carlo simulation studies were performed under different bivariate distri-
butions to compare the power of the proposed rank transform test with its only competitor

— sign-test in the presence of informatively missing data.

4.4.1 Bivariate Normal and Lognormal Distribution

Since exponential transformation (or log transformation) is a monotonic transformation,
there is no difference for the rank transform test and sign-test between bivariate normal
distribution and bivariate lognormal distribution.

Under Hyp, X ~ N(6,1), ¥ ~ N(6.2,1.05), and P(event) = 0.1. It follows that
PY > X) = m = 2. Figures 4.2 to 4.4 show that the rank transform test is

more powerful than that of sign-test for all Pearson correlation coefficients considered, how-

ever, the difference in power between the rank transform test and sign-test gets smaller and
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Ho: BN with 11=6, 1p=6.2, 63=1, 65=1.05, p=0.2, p=0.1, t~Exp(0.1), N=50
Hy: BN with 11=6, 1,=6.6, 63=1, 55=1.05, p=0.2, p=0.1, t~Exp(0.1), N=50

1.00 -

0.75-
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— Empirical Power of Rank Transform Test

—— Empirical Power of Sign-test

0.00-

0.00 0.25 0.50 0.75 1.00
False Positive Rate (Type | Error Rate)

Figure 4.2: Power Comparison of Rank Transform Test vs. Sign-test under Bivariate Normal
Distribution with p = 0.2 and p = 0.1

smaller as the Pearson correlation coefficient increases.

For Figure 4.5, under Hyp, X ~ N(6,1), Y ~ N(6.8,1), and P(event) = 0.3. It follows

that P(Y > X) = m = g Also, for Figure 4.6, under Hy, X ~ N(6,1), Y ~
N(7.5,6), and P(event) = 0.3. It follows that P(Y > X) = m = 2. Both figures

show that the rank transform test has substantially more power than the sign-test for both
alternatives considered. In addition, we can see that the rank transform test is much more

powerful than the sign-test under equal variance compared with unequal variance case.

4.4.2 Bivariate Distribution with Uniform Marginal Distributions

For the simulation under bivariate distribution with uniform marginal distributions at dif-
ferent correlations, the Clayton copula, which has been described in Chapter 2, was used
to generate the two correlated samples.

From Figure 4.7 to Figure 4.9, under Hy, X ~ Unif(5,85/9), Y ~ Unif(5,10), and



Ho: BN with p1=6, 1p=6.2, 6°=1, 53=1.05, p=0.5, p=0.1, t~Exp(0.1), N=50
Hy: BN with py=6, 1p=6.6, 6°=1, 52=1.05, p=0.5, p=0.1, t~Exp(0.1), N=50
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Figure 4.3: Power Comparison of Rank Transform Test vs. Sign-test under Bivariate Normal

Distribution with p = 0.5 and p = 0.1

Ho: BN with 11=6, 1p=6.2, 63=1, 55=1.05, p=0.8, p=0.1, t~Exp(0.1), N=50
Hy: BN with p1=6, 1p=6.6, 63=1, 53=1.05, p=0.8, p=0.1, t~Exp(0.1), N=50
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Figure 4.4: Power Comparison of Rank Transform Test vs. Sign-test under Bivariate Normal

Distribution with p = 0.8 and p = 0.1
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Ho: BN with 14=6, 1,=6.8, 63=1, 62=1, p=0.8, p=0.3, t~Exp(0.1), N = 50
Hy: BN with py=6, np=8, 6°=1, 02=1, p=0.8, p=0.3, t~Exp(0.1), N = 50

e
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Figure 4.5: Power Comparison of Rank Transform Test vs. Sign-test under Bivariate Normal
Distribution and p = 0.3

Ho: BN with 14=6, 1,=7.5, 63=1, 65=6, p=0.8, p=0.3, t~Exp(0.1), N = 50
Hy: BN with p4=6, 1p=10, 62=1, 65=6, p=0.8, p=0.3, t~Exp(0.1), N = 50
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Figure 4.6: Power Comparison of Rank Transform Test vs. Sign-test under Bivariate Normal
Distribution with Unequal Variance and p = 0.3
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Ho: X~Unif(5, 85/9), Y~Unif(5, 10), t=0.2, p=0.1, t~Exp(0.1), N=50
Hy: X~Unif(5, 85/9), Y~Unif(5.6, 10.6), 1=0.2, p=0.1, t~Exp(0.1), N=50
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Figure 4.7: Power Comparison of Rank Transform Test vs. Sign-test under Bivariate Dis-
tribution with Uniform Marginal Distributions at 7 = 0.2 and p = 0.1

P(event) = 0.1. If follows that P(Y > X) = m = 2. We can see that the rank
transform test is much more powerful than sign-test at 7 = 0.2, it is a little more powerful
than sign-test at 7 = 0.5, and they are comparable in power at 7 = 0.8. Overall, as the

correlation gets larger and larger, the difference in power between the rank transform test

and sign-test becomes smaller and smaller.

4.5 Discussion

From the above simulations, we can see that the rank transform test is more powerful than
sign-test for most alternatives considered, and it is at least as powerful as sign-test. The
null hypothesis in Equation (4.7) to be tested by the rank transform test in Equation (4.2)
means that if a randomly selected outcome at follow-up time 7" is better than a randomly
selected outcome at baseline accounting for adverse events which preclude the observation of

some outcomes at follow-up time 7. The approach presented above for dealing with paired
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Ho: X~Unif(5, 85/9), Y~Unif(5, 10), t=0.5, p=0.1, t~Exp(0.1), N=50
Hy: X~Unif(5, 85/9), Y~Unif(5.6, 10.6), t=0.5, p=0.1, t~Exp(0.1), N=50
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Figure 4.8: Power Comparison of Rank Transform Test vs. Sign-test under Bivariate Dis-
tribution with Uniform Marginal Distributions at 7 = 0.5 and p = 0.1

Ho: X~Unif(5, 85/9), Y~Unif(5, 10), 1=0.8, p=0.1, t~Exp(0.1), N=50
Hy: X~Unif(5, 85/9), Y~Unif(5.4, 10.4), 1=0.8, p=0.1, t~Exp(0.1), N=50
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Figure 4.9: Power Comparison of Rank Transform Test vs. Sign-test under Bivariate Dis-
tribution with Uniform Marginal Distributions at 7 = 0.8 and p = 0.1
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outcomes in the presence of informatively missing outcomes at follow-up time 7" because of
adverse events also gives a hint for dealing with two independent samples in the presence
of informatively missing outcomes in both samples because of adverse events.

Suppose m of N subjects are randomly assigned to the control group, n = N — m of
N subjects are randomly assigned to the treatment group, and all are followed for a pre-
specified period of time T". Let X; and Y; denote the primary outcome of interest of subject
i in the control group and subject j in the treatment group, respectively. Without loss of
generality, assume that larger values of X and Y correspond to better medical condition.
Let tx, denote the survival time for subject ¢ in the control group, with the associated event
indicator 0x, = I(tx, < T) of an event occurrence before time 7. Note that X; is missing
if x, = 1. Let ty, denote the survival time for subject j in the treatment group, with the
associated event indicator dy, = I(ty; < T') of an event occurrence before time 7'. Note that
Y; is missing if dy; = 1. In addition, Let py = E(dx,) = P(tx, < T) denote the probability
of the event before time 7' in the control group, and ps = E(dy,) = P(ty; < T') denote the
probability of the event before time T in the treatment group.

Under the untied worst-rank score composite outcome, any subject ¢ in the control group
with missing outcome X; is assigned a value 1 + tx,, and any subject j in the treatment
group with missing outcome Yj is assigned a value 1 + ty;, with n = min(c(X,Y)) -1 -T.
Therefore, for each subject at follow up time 7', the untied worst-rank adjusted value is

given by

(4.8)

By assigning these values, we ensure that (1) patients who have had an event prior to
T are ranked appropriately by their survival times; (2) patients with observed follow-up
measurements are ranked above all those who had an event, on the basis of their observed
measurements; (3) the variance estimation based on Corollary 2.6.2 in Chapter 2 is still

valid for the test statistic in Equation (4.2) for two independent samples.
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Let F'x and Gx denote the conditional cumulative distributions of the event time and
the observed continuous outcome, respectively, for patients in the control group, that is,

Fx(v) = P(tx, <v|0 < tx, <T),and Gx(z) = P(X; < z|tx, > T). The distribution of

X, is given by

with &€ = min(c(X,Y)) — 1.

Similarly, let Fy and Gy denote the conditional cumulative distributions of the event
time and the observed continuous outcome, respectively, for patients in the control group,
that is, Fy (v) = P(ty, <v|0 <ty, <T),and Gy (v) = P(Y; < z|ty, > T). The distribution

of }7] is given by

Gy (z) = poFy(z —n)I(z < &) + (1 — p2)Gy (x)I(z > €) (4.10)

with £ = min(c¢(X,Y)) — 1.
Then

PV > X) = /_ 7L = Ga(a)] dé ()
- / T peFr(a —n)I(x <€) — (1— pa)Gy(@)I(x > ©)]

—00

d[prFx(z —n)I(z < &) + (1 - p1)Gx(2)I(z > §)]

~ (4.11)
[l ey @il + (- )G @)

= (1—p1)(1 —p2) /_OO [1 - Gy (2)]dGx (x)
= -p)( -1~ [ Gr()iGx ()]

o0
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Hence the hypothesis

~ 1
Hy:PY >X)< -
f (4.12)
Hy P(Y>X)>§
is equivalent to the following hypothesis
e 1
Hy: P(Y > X —1—/ Go(z)dGi(x) <
R R T ey
o 1 (4.13)
H:PY>X:1—/ Go(z)dGy(x) >
B B T ey

Note that (1 — p1)(1 — p2) > 0.5 in above Equation (4.13).
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Chapter 5

Statistical Methods for Using
Growth Modulation Index as the
Primary Endpoint to Compare
Second-line Therapy with

First-line Therapy
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5.1 Abstract

The progression-free survival (PFS) ratio, also called growth modulation index (GMI), was
proposed by Von Hoff in 1998 (Von Hoff, 1998), and it is defined as the ratio of PFS in
the second line therapy (PFSy) to that in the first line therapy (PFS;), where PFS; is
uncensored, and PFS; may be uncensored or right-censored. Since PFS; and PFSs are
from the same subject, there is a correlation between them. Von Hoff et al. (Von Hoff
et al., 2010) used the null hypothesis that < 15% of the patient population would have a
GMI of > 1.3 in the single-arm clinical study. Very few statistical methods are available
for using the GMI endpoint in clinical studies. In this chapter, the Kaplan-Meier estimator
method is proposed for estimating the percentage of GMI > §, where ¢ is a prespecified
threshold, and it is compared with the naive count method using a real data set. Apparently,
the naive count method underestimates the percentage of GMI > § because it ignores the
censoring of PFSsy. In addition, the net chance of GMI endpoint is proposed to overcome
the difficulties of using the GMI endpoint, and the test based on the net chance of GMI
endpoint is also developed and compared with the widely used log-rank test. The results
show that the degree of correlation between PFS; and PFSs is a key feature of using the
GMI endpoint and net chance of GMI endpoint in trial design. Moderate to high correlation
would improve the power significantly. Furthermore, under a bivariate exponential model of
Gumbel, the correspondence among P(GMI > 1.3), hazard ratio (HR), and the net chance
of GMI at 1.3 [A(1.3)] without selection bias are listed in Table 5.1, which demonstrates
that 15% is too low for using the GMI endpoint if there is no selection bias in the clinical

study.

5.2 Introduction and Motivation

Von Hoff et al. (Von Hoff et al., 2010) conducted a single-arm pilot study to compare a
treatment regimen selected by molecular profiling (MP) of a patient’s tumor with the most

recent regimen on which the patient had experienced progression. In this study, the primary
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endpoint is progression-free survival (PFS) ratio (i.e., PFS on MP-selected therapy/PFS on
prior therapy, also called growth modulation index (GMI)), and the null hypothesis is that
< 15% of the patient population would have a GMI of > 1.3. Since only the patients who
have failed prior therapy were selected for the second-line therapy, selection bias is inherent
to this type of approach. In addition, PFS of the prior therapy was uncensored, PFS of
the second-line therapy may or may not be censored at the time of the analysis. However,
during the data analysis for the primary endpoint of this study, the authors ignored the
censoring of PFS in the second-line therapy completely. Motivated by this clinical study,
statistical methods are proposed for using GMI as the primary endpoint.

Despite the facts that the GMI was proposed by Von Hoff (Von Hoff, 1998) in 1998,
and using the GMI to make an early assessment of treatment efficacy is appealing because
it could achieve the dual goals of having a controlled, PFS-based evaluation and a single
treatment group design, it has been reported in a few clinical studies (Bonetti et al., 2001,
Comella et al., 2002, Zalcberg et al., 2005, Debiec-Rychter et al., 2006, Bachet et al., 2009,
Postel-Vinay et al., 2009, Ky et al., 2013, Jameson et al., 2014, Cirkel et al., 2016, Cousin
et al., 2017, Snijder et al., 2017, Belin et al., 2017, Brodowicz et al., 2018, Rodon et al., 2019),
with only the trials of Bonetti (Bonetti et al., 2001) and Von Hoff (Von Hoff et al., 2010)
using it as the primary endpoint. Even less attention has been given to methodological
considerations of the GMI-based design. Mick et al. (Mick et al., 2000) proposed a x>
test statistic based on log-linear model to evaluate the paired failure-time data (PFS,,
PFSy). It is equivalent to a sign test according to the PFS ratio meeting a pre-specified
threshold, considering censored GMI below the criterion as indeterminable and excluding
those from the test statistic. In addition, they only considered exponential paired failure
times, whether the conclusions held for other distributions of paired failure times or not is
unknown. Moreover, there is a mistake in the paper, that is, Von Hofl’s proposed criterion
suggests a null hazard ratio HRg equal to 1.0 (no benefit) compared to an alternative hazard
ratio HR, equal to 0.77 (meaningful benefit) instead of 1.3. Alternatively, if one expects

increasingly shorter progression-free survival with successive treatment, then an agent may
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be considered effective if, on average, PFSes = PFS;. This setting suggests HRg is larger,
instead of less, than 1.0 compared with HR, equal to 1.0. Investigators have not used this
approach in practice, owing to the lack of sound statistical methods to design and analyze
the trial.

Before the GMI can be regularly used as primary endpoint in future clinical studies,
we need more rigorous and appropriate statistical methods and detailed knowledge of its
statistical characteristics. In this chapter, two methods to estimate the proportion of pa-
tients having a PFS ratio greater than a given threshold are presented, and the effect of
correlation between PFS; and PFSy on the power of using GMI as the endpoint is explored
via simulations. In addition, I propose the net chance of GMI endpoint to overcome the
difficulties of using GMI endpoint, and the test based on the net chance of GMI endpoint is
also proposed and investigated. A real data set is used to illustrate the application of these

methods.

5.3 Methods

5.3.1 Definition

The PFS ratio, also called GMI, endpoint is a measure based on the paired progression-free
survival times (PFS;, PFSs). PFS; is always observed, while PFS, may be observed or
right-censored. Subsequent to the first progression event, there is a change in treatment.
Define the ith patient’s GMI as GMI; = gggfz Since PFS9; may be right-censored with
censoring time C;, we observed PFSy; = PFSy; A C; and A; = I(PFSy; < (). Censoring

time C; is assumed to be non-informative and independent of the pair (PFSy;, PFSy;).
Suppose that there are n independent GMIs calculated from the paired failure times
(PFSy, PFSs). Let 0 be the threshold for the intra-patient comparison which reflects mini-

mally clinically relevant prolongation of PFSy relative to PFS;. The following quantity for
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evaluating treatment effect of the second-line therapy is proposed.

P(GMI > 0) = Sgwmi(0) (5.1)

This is the probability that the second PFS time is at least § units of the first PFS time. The
last notation on the right-hand side of Equation (5.1) comes from thinking of the GMI as a
continuous time-variable so that the probability of interest is equivalent to the probability
of GMI survival beyond 4.

I will use the n clinical outcomes to estimate Sgmr(d), obtaining S‘GMI(é) and its variance
Var[Sami(8)] = 2. Treatment effect is determined by the event {gGMI((S) > 6} for some
f probability measure specified before data collection. In what follows, two methods are
presented for estimating S’GMI(é), its variance and confidence intervals. In addition, the net
chance of GMI as the endpoint is proposed.

The hypothesis for using GMI as the endpoint is

Hy : SGMI(d) <46
(5.2)

H SGMI((S) >0
where ¢ and 6 are prespecified before the study. Von Hoff et al. (Von Hoff et al., 2010)
specified § = 1.3 and 0 = 15%. And the test statistic for the hypothesis in Equation (5.2)
is
Sami(6) — 6
Var [S’GMI (6)]

Z= (5.3)

5.3.2 Naive Count Method

The simplest estimator for Sgyr(d) is based on the naive count of GMI outcomes equal to

or greater than ¢, which is the method Von Hoff et al. (Von Hoff et al., 2010) used for the
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data analysis in the single-arm clinical study.
1 n
SGMI(5) = E Z I[(;’oo)(GMIZ') (5,4)
i=1

This is the maximum likelihood estimate (MLE) for n independent and identically dis-
tributed event indicators I} o) (GMI;) ~ Bernoulli(Sar(6)). The variance is 0 = Var[Sgmi(8)] =
%SGMI((s)(l — Sami(9)). Since Sgmr(9) is unknown, in practice Sgmri(d) can be substituted
by Scmi(d) to obtain the estimated variance 62. Then a two-sided (1 — o) x 100% CI for

Scnr(6) is

(Sami(8) = 21—a/26, Sani(8) + 21-a/26) (5.5)

where 6 = \/ % SGMI(é )(1— S'GMI(é )), za is the ath quantile of standard normal distribution.

Since this method ignores the right-censoring of PFSs, theoretically it will underestimate

SGMI(d)-

5.3.3 Kaplan-Meier Estimator Method

This method is based on the Kaplan-Meier (KM) product-limit estimator (Kaplan and
Meier, 1958). Denote the set of observed GMIs by D, and let R(t) = > 1" | Iy oo)(GMI;) be
the risk set at a GMI value of t. In addition, let N(¢) be the number of observed events
occurring at t, where N(¢t) = > | I(GML; =t & A; = 1). Then the KM estimator for

the survival probability of interest Sgyr(d) is computed as

Semi(0) = [ {1 - ]J\%[((f))} (5.6)

t<é8,teD

with variance estimated by the Greenwood’s formula (Kalbfleisch and Prentice, 1980)

VAar[SA'GMI((S)] = [S’GMI((SH2 Z N(t)_

t<5,teD R(t)[R(t) — N(1)] (5.7)
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Then a two-sided (1 — a) x 100% CI for Sqi(6) is

(Scmi(8)M™, Sca (8)") (5.8)
_ Zlfoc/Qo'SGNH(é) _ N(t) :
where n = exp{log [Ben(0)] } and o5, (0) = t<%;D ROED - NOT Zq is the ath

quantile of standard normal distribution.

5.3.4 Net Chance of Modulation Growth Index

One of the difficulties to use GMI as the endpoint in clinical studies is that it is difficult to
see the trade-off between patient selection bias and efficacy of the second-line treatment.
Then I propose the net chance of GMI as the alternative endpoint in clinical studies, the

net chance of GMI is defined as

PFS, PFS; PFS, PFS, 1
= > — > = > — < —
AL) P<PF81 = 5> P<PF82 = 5) P<PF81 = 5) P<PF81 = 5)

= P(GMI > §) — P(GMI < 1/8) = P(GMI > §) + P(GMI > 1/5) — 1 (5.9)

= Semi(0) + SGMI(l/(S) —1

where § > 1.

Then the hypothesis based on the net chance of GMI is

(5.10)

where p is prespecified, it could be any value between [-1, 1], and p = 0 is equivalent to HR

= 1. And the test statistic for the proposed net chance of GMI endpoint is

A~

A(d) —p
Var [A(é)]

Z = (5.11)
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where Var [A((S)] can be calculated as following:

Var[A(6)] = Var[Sami(6) + Sca(1/8) — 1]
= Var [SGMI(é) =+ gGMI(l/é)]

= Var[Semi(6)] + Var [Sami(1/6)] + 2Cov [Sca(8), Sami(1/6)]

e o N ; : i

= [Sami(9)] t<§D RORD — N + [Sami(1/6)] t<l%;€D R([R(t) — N(t)]
: ! N ()

F2ASan®Sen/O] 3 i - v

(5.12)

where N (t), R(t), and D are the same as defined in Section 5.3.3.

5.4 Simulation Study

5.4.1 Effect of Correlation between PFS; and PFS; on the Power of Using
GMI as the Endpoint

A requirement of using GMI as the endpoint is that patients eligible for the trial of a new
treatment must have failed at least one previous treatment for their cancer, thus PFS; is un-
censored. This requirement may be achieved through study eligibility criteria. Progression-
free survival on the new treatment, PFSy, may or may not be censored at the time of data
analysis. The statistical framework is defined by (PFS;, PFSa, Ag), where Ay is the indica-
tor of censoring status of PFSs, and the null and alternative hypotheses about the effect of
the new treatment. One of the advantages using GMI as the endpoint is that each patient
serves as his/her own control, namely, GMI makes use of the correlation between PFS; and
PFSs. Figure 5.1 shows the ROC curve under correlated (Kendall’s 7 = 0.2,0.5, or 0.8)
exponential distributions with random censoring at 10%. The correlated exponential dis-
tributions were generated using the Clayton copula, which has been described in Chapter

2, and for each simulation, 20,000 data sets were generated. Figure 5.2 shows the ROC
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Ho: T1~Weibull(11.5, 1), T,~Weibull(6, 1), P(censoring)=0.1, N=100
Hy: Ty~Weibull(11.5, 1), T,~Weibull(8, 1), P(censoring)=0.1, N=100
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Figure 5.1: ROC Curve under Correlated Exponential Distributions

curve under correlated (Kendall’s 7 = 0.2,0.5, or 0.8) Weibull distirbutions with random
censoring also at 10%, and its simulation procedure was the same as Figure 5.1 expect
marginal Weibull distributions. From both Figure 5.1 and 5.2, we can see that the degree
of correlation between the paired time to event data is a key feature of using GMI as the
endpoint in trial design. High correlation leads to large power, namely, high correlation
between the paired time to event data would require small sample size to achieve desired

power.

5.4.2 Simulation for the Net Chance of GMI Endpoint

I simulated two typical scenarios of survival difference for the net chance of GMI end-
point, namely, proportional hazards scenario and nonproportional hazards scenario. For
the proportional hazards scenario, survival times in the first-line therapy followed a Weibull
distribution with £k = 2 and A\; = 11.5, where k is the shape parameter, and ) is the scale

parameter, and survival times in the second-line therapy followed a Weibull distribution
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Ho: T4~Weibull(11.5, 2), T,~Weibull(9.5, 2), P(censoring)=0.1, N=100
Hy: T1~Weibull(11.5, 2), T,~Weibull(10, 2), P(censoring)=0.1, N=100
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Figure 5.2: ROC Curve under Correlated Weibull Distributions

with £ = 2 and Ay = 13.3. Hence the hazard ratio was constant and equal to 0.75 ( =
11.52/13.32). For the nonproportional hazards scenario, survival times in the first-line ther-
apy followed a Weibull distribution with & = 2 and A\; = 11.5, and survival times in the
second-line therapy followed a Weibull distribution with & = 4 and Ay = 13.3. For each
scenario, a data set was generated including 2 treatment groups with correlation Kendall’s
7 = 0.2, each with 600 patients, and it was used to create the Kaplan-Meier estimator in
Figure 5.3 and 5.5. For each data set, the net chance of GMI was calculated and plotted
for values of § ranging from 1 to 3 in Figure 5.4 and 5.6.

In the scenario of proportional hazards, the survival curves separated harmoniously.
Median survival in the first-line therapy was 9.2 months, and 12.5 months in the second-
line therapy. The net chance of GMI (A(1)) was 32% (95% CI, 25%-40%; P < le — 6)
when any survival difference was considered clinically relevant (§ = 1), which means that
a random patient in the second-line therapy would have a 32% higher chance of a longer

survival, which was defined as A(m) = P(PFS2 > PFS; + m) — P(PFS; > PFS; + m)
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Figure 5.3: Kaplan-Meier Estimator under Proportional Hazards

(Peron et al., 2016), where m > 0 (m = 0 here), compared with a random patient in the
first-line therapy. However, the net chance of GMI decreased when larger PFS ratio were
evaluated. When PFS ratios larger than 1.3 were considered clinically relevant (6 = 1.3),
the net chance of GMI (A(1.3)) was 29% (95% CI, 22%-35%; P < le — 6).

In the scenario of nonproportional hazards, median survival in the first-line therapy was
9.5 months, and 12.7 months in the second-line therapy. The net chance of GMI (A(1)) was
42% (95% CI, 35%-50%; P < le — 6) when any survival benefit was considered clinically
relevant (§ = 1), but it decreased even more quickly than in the scenario of proportional
hazards and was 35% (A(1.3)) (95% CI, 29%-41%; P < le — 6) when PFS ratios larger

than 1.3 were considered clinically relevant (6 = 1.3).
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Figure 5.6: Net Chance of GMI under Nonproportional Hazards

5.4.3 Comparison of the Test Based on Net Chance of GMI with Log-
rank Test

The net chance of GMI endpoint was proposed in Section 5.3.4 to overcome the difficulty of
using GMI endpoint that it is hard to choose a reasonable cutoff, namely 6 in Equation (5.2),
to evaluate the treatment effect of second-line therapy compared with first-line therapy. In
this section, I used simulation to evaluate the test based on the net chance of GMI endpoint
in Equation (5.11), and compare it with the most popular log-rank test in survival analysis.
An assumption for the log rank test is that of proportional hazards, and it is known to be
robust to non-PH in the sense that it retains some power to distinguish between treatments
for which the hazard functions are not proportional (Royston and Parmar, 2011). The
test based on the net chance of GMI endpoint in Equation (5.11) not only makes use of
the correlation between the two treatments, but also does not make the PH assumption.

Figure 5.7, 5.8 and 5.9 compare the power of the test based on the net chance of GMI
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Ho: T4~Weibull(11.5, 1), T,~Weibull(11.5, 1), 1=0.2, P(censoring)=0.3, N=100
Hq: T4~Weibull(11.5, 1), T,~Weibull(15.33, 1), t=0.2, P(censoring)=0.3, N=100
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Figure 5.7: Comparison of the Test Based on Net Chance of GMI with Log-rank Test under
Correlated Exponential Distributions at 7=0.2

endpoint with that of the log-rank test under constant and proportional hazards at Kendall’s
7 = 0.2,0.5,0r 0.8. We can see that the test in Equation (5.11) is less powerful than the
log-rank test at low correlation (7 = 0.2), but more powerful at middle (7 = 0.5) and high
correlation (7 = 0.8). These simulations also demonstrate that the degree of correlation
between the paired time to event data is a key feature of using the net chance of GMI as

the endpoint in trial design, which is the same as using the GMI endpoint.

5.5 Application and Example

In this section, I use the data from arm A (Tournigand et al., 2004) mentioned in Section 1.2
to demonstrate the application of the methods proposed in Section 5.3. The Kaplan-Meier
estimator for the second-line therapy vs. the first-line therapy in arm A with the patients
whose PFS in the first-line therapy was observed only is showed in Figure 5.10. We can see

that the second-line therapy FOLFOXG6 is worse than the first-line therapy FOLFIRI in arm
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Ho: T4~Weibull(11.5, 1), T,~Weibull(11.5, 1), t=0.5, P(censoring)=0.3, N=100
Hy: T1~Weibull(11.5, 1), T,~Weibull(15.33, 1), t=0.5, P(censoring)=0.3, N=100
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Figure 5.8: Comparison of the Test Based on Net Chance of GMI with Log-rank Test under
Correlated Exponential Distributions at 7=0.5

Ho: T4~Weibull(11.5, 1), T,~Weibull(11.5, 1), t=0.8, P(censoring)=0.3, N=100
H,: T~Weibuli(11.5, 1), T,~Weibull(13, 1), 1=0.8, P(censoring)=0.3, N=100
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Figure 5.9: Comparison of the Test Based on Net Chance of GMI with Log-rank Test under
Correlated Exponential Distributions at 7=0.8
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Figure 5.10: Progression-free survival of FOLFOX6 vs. FOLFIRI in arm A

A with the patients whose PFS in the first-line therapy was observed only (P < 0.0001).
For those methods proposed in Section 5.3, I choose 6 = 1.3, § = 15% in Equation (5.2)
and p = 0 in Equation (5.10). Samr(1.3) = 15.94% (95% CI, 7.27%24.53%; P = 0.42)
for the naive count method. Sci(1.3) = 22.67% (95% CI, 13.87% 37.10%; P = 0.09)
for the Kaplan-Meier estimator method (also see Figure 5.11). For the net chance of GMI

endpoint, A(1.3) = —39.55% (95% CI, —61.47% to —17.64%; P = 0.0004).

5.6 Discussion

I considered a bivariate exponential model of Gumbel with the joint bivariate survival

distribution function

S(t1,ta) = exp{ — [(Ait1) " + (Mat2)/"]"} (5.13)
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Figure 5.11: Progression-free survival ratio of FOLFOX6/FOLFIRI

where 0 < t1,t3 < 00, 0 < A, A3 < 00, 0 < v < 1. Here A\; and A9 are the rate parameters,
and v is the dependence parameter, and v = 1 corresponds to independence. This distri-
bution is referred to as GBVE(A1, A2, ), and the marginal distributions of T} and 7> have
exponential distributions with rate parameters A1 and A, respectively. It was showed by
Lu et al. (Lu and Bhattacharyya, 1991) that log(7%/T}) follows a logistic distribution with
location parameter k = log(1/HR)(HR = A2/A; is the hazard ratio of second-line therapy

vs. first-line therapy) and scale parameter v. Hence the survival function of log(75/T}) is

1

S(t) = P(log(Ty/T1 > t) = 1T oxp(E5)

(5.14)

where oo < t < 0o. It was also showed by Lu et al. (Lu and Bhattacharyya, 1991) that the

Pearson correlation coefficient between 17 and 15 is

p=2T%(v+1)/T(2w+1) -1 (5.15)
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and

1

(5.16)
Von Hoff considered GMI > 1.3 as a criterion for clinical benefit of individuals (Von Hoff,
1998). Under the GBVE(A1, A2, v) model, Semi(1.3) = 1/[1 + (1.3HR)Y¥]. Von Hoff et
al. (Von Hoff et al., 2010) set the null hypothesis Sami(1.3) < 15% for the study design.
However, the choice of 15% as the cutoff is difficult to justify, and it is also difficult to
see the trade-off between selection bias and treatment benefit. For example, under the
GBVE(A1, A2, ) model with a moderate correlation p = 0.5, Sgmi(1.3) = 15% corresponds
to HR = 2.03 (not commonly used HR =1), which means that the second-line therapy is
only approximately 50% effective as the first-line therapy. For two independent exponential
distributions, namely, v = 1, Sgmi(1.3) = 15% corresponds to HR = 4.36, which means that
the second-line therapy is only approximately 23% effective as the first-line therapy. Under
the GBVE(A1, A2, v) model with a high correlation p = 0.8, Sami(1.3) = 15% corresponds
to HR = 1.30, which means that the second-line therapy is only approximately 77% effective
as the first-line therapy.
For the net chance of GMI endpoint, under the GBVE(A1, A2, v) model,
1 1

A0 = emy i @R L (5.17)

Then Scemi(1.3) = 15% corresponds to A(1.3) = —54% at a moderate correlation p =
0.5. For two independent exponential distributions, namely, v = 1, Sgmi(1.3) = 15%
corresponds to A(1.3) = —62%. Scwmi(1.3) = 15% corresponds to A(1.3) = —35% at a
high correlation p = 0.8. These results also demonstrate that the second-line therapy is less
effective than the first-line therapy under the null hypothesis Squmi(1.3) < 15% if there is
no selection bias.

The correspondence among P(GMI > 1.3), HR, and the net chance of GMI at 1.3
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Table 5.1: Correspondence among P(GMI > 1.3), HR, and A(1.3) without selection bias

under a bivariate exponential model of Gumbel
Correlation (p) P(GMI>1.3) HR A(1.3)

0 15% 436  -62%
0.2 15% 3.14  -60%
0.5 15% 2.03  -54%
0.8 15% 1.30  -35%

[A(1.3)] without selection bias under a bivariate exponential model of Gumbel are summa-

rized in Table 5.1.
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Chapter 6

Statistical Methods for Comparing
Two Treatments with
Time-to-event Endpoint in the
Second-line Therapy and
Correlated Uncensored
Time-to-event in the First-line

Therapy
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6.1 Abstract

Motivated by the PFS ratio (or called GMI) endpoint in Chapter 5, for the purpose of
comparing two treatments with time-to-event endpoint in the second-line therapy and cor-
related uncensored time-to-event in the first-line therapy, five different models in (6.10)
are compared under different marginal distributions with different correlations by extensive
simulations. The regression analysis of restricted mean survival time in difference or ratio
model is recommended at low correlation, and the Cox proportional hazards (PH) regres-
sion model with PF'S ratio (or called GMI) as the response is recommended at moderate to

high correlation, regardless of the underlying marginal distributions.

6.2 Introduction

Most researchers in the world of randomized clinical trials (RCTs) with a right-censored
time-to-event outcome are accustomed to thinking of the hazard ratio (HR) as the most
appropriate measure of the effectiveness of a new treatment compared with a standard-of-
care or control treatment. A common practice is to make the assumption that the ratio
of the two hazard functions is constant over time and to use such a constant ratio as a
parameter to quantify the between-group difference. The Cox procedure is then used to
estimate this unknown constant hazard ratio parameter.

A key motivation for the hazard ratio (HR) is its connection to the ordering of the
survival functions, under the assumption of proportional hazards (PH). However, when
there are departures from PH, this connection is lost and it is then difficult to interpret
the HR. A HR estimated by ignoring the non-proportionality will be a poorly specified
mixture of the survival distribution and censoring distribution (Gillen and Emerson, 2007),
such that the resulting inference may then differ for studies with identical survival time
distributions but different censoring patterns (Wang and Schaubel, 2018).

An alternative measure for estimating the treatment effect is based on the restricted

mean survival time (RMST). It is an easily interpretable and clinically relevant measure
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for summarizing the mortality over a fixed follow-up time period of interest. Treatment
effect can be quantified using the difference or ratio of 2 RMSTs, which can be intuitively
interpreted as a gain (or loss) in the event-free survival time. In addition, this measure does
not require the PH assumption.

As mentioned in Chapter 1, this chapter is motivated by the study of investigating the
efficacy of two sequences: folinic acid, FU, and irinotecan (FOLFIRI) followed by folinic
acid, FU, and oxaliplatin (FOLFOX6; arm A), and FOLFOX6 followed by FOLFIRI (arm
B) in patients with metastatic colorectal cancer (Tournigand et al., 2004). There is no
significant difference in the first-line therapy (log-rank P = 0.94), but significant difference
in the second-line therapy (log-rank P = 0.0012). If we combine the two treatments in the
first-line therapy, and the objective is to compare the two treatments in the second-line
therapy, then the question is how to compare two treatments with survival endpoint in the
second-line therapy and correlated uncensored survival time in the first-line therapy. Five

different models in (6.10) are compared by simulation.

6.3 Methods

6.3.1 Cox Proportional Hazards Regression

The Cox proportional hazards (PH) model (Cox, 1972) is the most popular model for
analyzing time to event data with covariate adjustment. It specifies that the hazard, con-
ditional on covariates, is a product of a term depending on time and a term depending on

the covariates:

hi(tlzy, zg, -+, xp) = ho(t)exp(Brzi + Bawia + -+ - + BpTip) (6.1)
where 8 = (B1,02,...,0p) is the vector of regression coefficients (logarithms of hazard
ratios) for the covariates 1, xo,- - - , Tp; Ti1, Ti2, -+, T;p represent the covariate values for

the ith individual and ho(t) is the baseline hazard function, which is the hazard function
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of individuals for whom the values of all the covariates are zero. The Cox PH model is a
semiparametric model, and it makes a parametric assumption concerning the effect of the
predictors on the hazard function, but makes no assumption regarding the nature of the
hazard function h(t) itself, that means Cox PH model is distribution-free with respect to
the distribution of time-to-events. In addition, the baseline hazard does not have to be
specified for the Cox PH model.

Consider two observations ¢ and i’ that differ in their covariates. The hazard ratio for

these two observations is

ill) _ ho()explprra + fotio o 4 Pypti) exp{iﬁj(fﬁ‘j - w"j)} (6.2)
) ~ % 7 .

h

hi(t)  ho(t)exp(Bixit + Batira + -+ - + BpTiry
which is independent of time t, and the ratio of hazards remains constant over time, re-
gardless of the change in the absolute values of the hazard. This is why the Cox model is
called the PH model. Hazard ratio is constant over time is one of the major assumptions
of the Cox PH model.

Since Cox PH model can be re-expressed in the form:

log[hi(t)] = Brxi1 + Pawiz + - - + Bpxip (6.3)

ho(t)

this model may also be regarded as a linear model for the logarithm of the hazard ratio.
This linear relationship between the logarithm of the hazard ratio and covariates facilitates
the estimation of the Cox PH model, and the statistical inference about the estimates.
Even though the baseline hazard is not specified, the regression parameters in the Cox
PH model can still be estimated by the method of maximum partial likelihood (MPL)
developed by Cox (Cox, 1972, 1975). Although the resulting estimates are not efficient as
maximum-likelihood estimates for a specified parametric regression model (Efron, 1977),
not having to make arbitrary, and possibly incorrect assumptions about the form of the

baseline hazard is an important practical advantage of Cox PH model. The partial likelihood
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function considers the joint probability of the data conditional on the k observed failure
times. MPL estimate relies on the concept of “Risk sets”. The relative probability of
individual i failing at time ¢ is proportional to the hazard of that individual hq(t)exp(z! 3).
Hence, the probability that it is individual i (rather than any of the other individuals who

were at risk at that time) who failed at time t is

ho(exp(alB) _ exp(alB)
D ho(exp(z]B) D exp(x] ) (6.4)

and the partial likelihood is

k T
L(G) = exp(z; )
(8) H1 I (6.5)

which does not depend on the baseline hazard ho(t). The partial likelihood in Equation
6.5 is correct only when no ties occurred at any of the failure times, i.e., when each failure
occurs at a distinct time. If there are ties in the data set, the calculation of the partial
log-likelihood function involves permutations and can be time-consuming. In this case,
either the Breslow (Breslow, 1974) or Efron (Efron, 1977) approximations to the partial
loglikelihood can be used.

Estimates for the regression parameters are obtained by maximizing the partial likeli-
hood. Let I(B) = log[L(5)], then finding 8 to maximize L(f) is equivalent to finding /3 that

satisfies

o1(B) _
o5 = 0 (6.6)

The partial likelihood has the same asymptotic properties as a standard likelihood (Cox,
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1975). The estimated covariance matrix of B is

~o7—1
Var(3) = — lagﬁ(f)] (6.7)

The corresponding confidence intervals are then obtained based on normal approximation.

6.3.2 Restricted Mean Survival Time

The restricted mean survival time (RMST), p(t*) say, of a random variable T is the mean
of min(7,t*). It may be calculated as the area under the survival curve S(¢) up to ¢*:
t*

w(t*) = Elmin(T,t")] = i S(t)dt (6.8)

When T is time to death, we may think of u(t*) as the “t*-year life expectancy”. For
example, a patient might be told that “your life expectancy with X treatment and Z disease
over the next 5 years is 3 years”, or “treatment A increases your life expectancy during the
next 5 years by 0.5 years, compared with treatment B”. We may also explain it as a mean
score, the score being created by assigning a value equal to the survival time T if T' < t*
and t* otherwise. It has been used to summarize survival outcomes when non-PH has been
observed (Clamp et al., 2019, Clarke et al., 2019, Gregson et al., 2019, Ahlgren et al., 2018).
The (unrestricted) mean survival time, e.g., the life expectancy if birth is the time
origin, is the limit of u(t*) as t* — oo (or to some appropriate finite upper limit). Because
52 S(t)dt > fgl S(t)dt when ty > ti, the mean exceeds the restricted mean for any ¢*, and
wu(t*) is a monotonically increasing function of ¢*. In survival analysis, we usually have
right censoring of event times. We then do not observe the crucial upper tail of the survival
distribution, making estimation of the (unrestricted) mean impossible unless we are willing
to assume some statistical model for the distribution. This amounts to extrapolation.
The restricted mean survival time, p(t*), can be estimated nonparametrically by the

area under the Kaplan-Meier curve up to t*. Since restricted mean survival time depends
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on t*, a value of t* must be selected, an inappropriate choice may give misleading results.
The choice of the time t* may be prespecified at the design stage of the study based on
clinical considerations. In a trial of treatments for a metastatic cancer, for example, three-
year survival may be an appropriate measure, so t* = 3 years would be reasonable. In
the setting of a less lethal primary cancer, a longer follow-up time is typically required
to evaluate treatments; a sensible value of t* would certainly be larger than 3 years. In
primary breast cancer, for example, a horizon of at least 5 years, and possibly longer,
would be appropriate when the outcome was recurrence-free survival time (Royston and
Parmar, 2011). On the other hand, after the survival data have been collected, the choice of
time t* could be data-dependent. The standard inference procedures for the corresponding
RMST, which is also data-dependent, ignore this subtle yet important issue (Karrison,
1987). Recently, Tian et al. (Tian et al., 2020) theoretically recommended ¢* to be the
minimum of the largest follow-up times of two arms in comparing two groups under a
rather mild condition on the censoring distribution. However, it is impossible to choose
the minimum of the largest follow-up times of two arms as t* in practice because the
variance of the Kaplan-Meier estimator S’(t) is getting larger and larger as ¢ increases by
the Greenwood formula (Kalbfleisch and Prentice, 1980). Royston and Parmar (Royston
and Parmar, 2013) suggested determining ¢t* during the design stage by simulation which
maximizes power given the parameters. This may be done by varying t* over the range the
shortest follow-up time in two arms to the minimum of the largest follow-up times of two
arms, and computing power by simulation. In this chapter, I use this approach to choose
the t*.

In most of the randomized clinical trials, an adjusted analysis is usually included in
one of the planned analyses. One reason would be that adjusting for important prognostic
factors may increase power to detect a between-group difference. Another reason would
be we sometimes observe imbalance in distribution of some of baseline prognostic factors
even though the randomization guarantees the comparability of the two groups on average.

For a typical subject with event time T', let Z be the corresponding ¢-dimensional baseline
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covariate vector. Suppose that T is subject to right censoring by a random variable C,
which is assumed to be independent of 7" and Z. The observable quantities are (U, A, Z),
where U = min(7,C), A = I(T < (), and I(-) is the indicator function. The data,
{(Ui, Ay, Z;);i = 1,...,n}, consist of n independent realizations of (U, A, Z). Suppose that
for a time point t*, P(U > t*) > 0. The restricted survival time ¥ = min(7, ¢*) may also be
censored, but its expected value p is estimable by Equation (6.8). Let u(z) = E(Y|Z = z2),

we may model the restricted survival time directly with Z:

n[uz)] =p"X (6.9)

where 7(-) is a given smooth and strictly increasing link function, 8 is a (¢ 4+ 1)-dimension
unknown vector and X7 = (1,Z7). The link function can be the identity function. On
the other hand, since the support of the restricted survival time Y is finite, it may be
appropriate to consider 7(-) being an increasing function mapping [0, ¢*] to the real line. A
special link function is n(a) = logla/(t* —a)], which mimics the logistic regression. Andersen
et al. (Andersen et al., 2004) studied the regression model in Equation (6.9) and proposed
an inference procedure for the unknown model parameter, using a pseudo-value technique to
handle censored observations. Tian et al. (Tian et al., 2014) utilized an inverse probability
censoring weighting technique to handle censored observations for the general link function
n(-). In this chapter, I choose the method of Tian et al. (Tian et al., 2014) for the regression
analysis of RMST.

6.4 Simulation Study and Discussion

Five different models in (6.10) were considered for comparing two treatments with time-to-
event endpoint in the second-line therapy and correlated uncensored time-to-event in the
first-line therapy. They were compared under three different marginal distributions, namely,
exponential, Weibull and lognormal distributions, at different correlations (Kendall’s 7 = 0,

0.2, 0.5, or 0.8). The censoring distributions in the second-line therapy for all simulations
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were assumed to be the same as event-time distribution, and they are independent, this
means 50% censoring. The time-to-event in the first-line therapy were uncensored. The
parameters of those distributions for the simulation and the simulation results under the
null and alternative hypotheses are listed in Table 6.1 and 6.2, respectively. The sample
size for the simulation is N = 400, namely, nc = np = 200 for the control and treatment
group in the second-line therapy, respectively.

The Monte Carlo standard error of Table 6.1 is 0.004. From Table 6.1, we see that the
empirical type I error of Model 1 ranges from 0.039 to 0.068, which inflates a little from
a = 0.05. For Model 2 to Model 5, some of the empirical type I errors are a little less than

0.05, some are a little larger than 0.05, they are not significanly different from a = 0.05.

Model 1 Cox PH regression model with 77 as a covariate

Model 2 Cox PH regression model with Tj as the response

Model 3 Regression analysis of RMST in difference with 77 as a covariate (6.10)
Model 4 Regression analysis of RMST in ratio with 7} as a covariate

Model 5 Logrank test

The Monte Carlo standard error of Table 6.2 is < 0.009. From Table 6.2, we see that
the power of Model 1 is almost the same as Model 5 at low correlation (Kendall’s 7 =
0 or 0.2), and it has more power than Model 5 under exponential marginal distributions
and lognormal marginal distributions at moderate to high correlation (Kendall’s 7 = 0.5 or
0.8). This is consistent with the fact that log-rank test is asymptotically equivalent to the
likelihood ratio test based from the Cox PH model without adjusting for covariates. It is
unexpected that Model 1 is less powerful than Model 5 under Weibull marginal distributions
at Kendall’s 7 = 0.5. Overall, at low correlation, Model 3 is comparable with Model 4 for
all marginal distributions considered. However, at moderate to high correlation, Model 3 is

better than Model 4 for all marginal distributions considered. The performance of Model
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1 under nonproportional hazards (marginal Weibull distributions) is pretty poor for low to
moderate correlation. The performance of Model 2 is pretty poor for all marginal distribu-
tions considered at low correlation, however, it outperforms all the other four models for all
marginal distributions considered at moderate to high correlation. Hence, for the purpose
of comparing two treatments with time-to-event endpoint in the second-line therapy and
correlated uncensored time-to-event in the first-line therapy, Model 3 or Model 4 is recom-
mended at low correlation, and Model 2 is recommended at moderate to high correlation,

regardless of the underlying marginal distributions.
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Table 6.1: Simulation study results, 3000 simulations for each combination of correlation 7
and distribution under null hypothesis

Corr 1

Distribution

Model 1

Model 2 Model 3 Model 4 Model 5

T; ~ Exp(0.4)
Toc ~ Exp(0.3)
Tor ~ Exp(0.3)

0.039

0.040

0.046

0.045

0.039

Ty ~ Weibull(10, 1)
Toc ~ Weibull(7.5,1)
Top ~ Weibull(7.5,1)

0.054

0.048

0.050

0.049

0.052

T} ~ Lognormal(3,1)
Thc ~ Lognormal(4,

1)
1)

0.044

0.045

0.046

0.045

0.045

0.2

(4

Tor ~ Lognormal(4,
T; ~ Exp(0.4)
Ty ~ Exp(0.3)
TQT ~ EXp(O.?))

0.061

0.050

0.053

0.048

0.053

T ~ Weibull(10, 1)
Toc ~ Weibull(7.5,1)
Tor ~ Weibull(7.5,1)

0.046

0.045

0.047

0.042

0.044

~—

T} ~ Lognormal(3,1
T5c ~ Lognormal(4,

1)
1)

0.046

0.042

0.045

0.043

0.045

0.5

(4

Tor ~ Lognormal(4,
T1 ~ Exp(0.4)
Toc ~ Exp(0.3)
TQT ~ EXp(03)

0.062

0.047

0.057

0.036

0.050

T; ~ Weibull(10, 1)
Toc ~ Weibull(7.5, 1)
Tor ~ Weibull(7.5,1)

0.058

0.041

0.048

0.039

0.049

T} ~ Lognormal(3, 1)
T5c ~ Lognormal(4,

1)
1)

0.053

0.038

0.048

0.045

0.049

0.8

(4

Tor ~ Lognormal(4,
T1 ~ EXp(O 4)
TQC ~ Exp(03)
TQT ~ Exp(OS)

0.067

0.038

0.053

0.038

0.047

T} ~ Weibull(10, 1)
Toc ~ Weibull(7.5,1)
T2T ~ Welbull(7 5 1)

0.068

0.048

0.048

0.035

0.054

T} ~ Lognormal(3 ,1)
Tyc ~ Lognormal(4,
Tor ~ Lognormal(4,

1)
1)

0.053

0.040

0.053

0.047

0.048
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Table 6.2: Simulation study results, 3000 simulations for each combination of correlation 7
and distribution under alternative hypothesis

Corr 7 Distribution Model 1 Model 2 Model 3 Model 4 Model 5
T; ~ Exp(0.4)
Too ~ Exp(0.3) 0.80 0.31 0.77 0.77 0.81

Tyr ~ Exp(0.2)

T ~ Weibull(10, 1)
0 Toc ~ Weibull(7.5,1) 0.12 0.20 0.99 0.99 0.12
TQT ~ We1bull(5, 4)

T} ~ Lognormal(3, 1)
Ty ~ Lognormal(4, 1) 0.77 0.40 0.79 0.79 0.77
Tor ~ Lognormal(4.35,1)

Ty ~ Exp(0.4)
Ty ~ Exp(0.3) 0.82 0.51 0.78 0.77 0.80
TQT ~ EXp(OQ)

Ty ~ Weibull(10, 1)
0.2 Toc: ~ Weibull(7.5,1) 0.20 0.54 1.00 1.00 0.23
Tyr ~ Weibull(5, 4)

T} ~ Lognormal(3, 1)
Tyc ~ Lognormal(4, 1) 0.80 0.65 0.82 0.81 0.80
Tor ~ Lognormal(4.35,1)

T1 ~ EXp(O4)
Toc ~ Exp(0.3) 0.95 0.97 0.88 0.80 0.87
TQT ~ EXp(02)

T ~ Weibull(10, 1)
0.5 Toc ~ Weibull(7.5,1) 0.48 0.93 1.00 1.00 0.64
TQT ~ Weibull(S, 4)

T} ~ Lognormal(3, 1)
Tyc ~ Lognormal(4,1) 0.89 0.98 0.84 0.80 0.79
Tor ~ Lognormal(4.35,1)

T ~ Exp(0.4)
Toc ~ Exp(0.3) 1.00 1.00 0.97 0.86 0.89
Tor ~ Exp(0.2)

T1 ~ Weibull(10, 1)
0.8 Toc ~ Weibull(7.5,1) 0.95 0.94 0.99 0.99 0.97
TQT ~ We1bu11(5, 4)

T} ~ Lognormal(3, 1)
Ty ~ Lognormal(4, 1) 0.99 1.00 0.88 0.81 0.78
Tor ~ Lognormal(4.35,1)
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Chapter 7

Conclusions



125

There are two parts of this dissertation, the first part (Chapter 2 — Chapter 4) focused
on developing the nonparametric rank transform test for paired samples either complete
paired observations exist or informatively missing data present. In addition, the power and
sample size estimation of the rank transform test was also considered. The rank transform
test is conditionally distribution free given the ranks in each group, and asymptotically
distribution free. It is equivalent to the following U-test form

Yit1 2= V(i—X;)

tp = n? 2

/a0, S5, U(Y: - X))

[\

(7.1)

where U(a) =1ifa >0, =1/2if a = 0, and = 0 otherwise. And the variance estimation

in Equation (7.1) has to account for the correlation between X and Y, it can be estimated
by

n n

Y>> Ui Xj)] = n®(2p1 + Po + P3 — 4p7 — 2p4) (7.2)
i=1 j=1

Var

where p1 = 72 (S IG < )]/ p = £, {1 = [ 1Y < @)]/n}, ps =
F o A IS I < )]/} = § ) ([0 16 < )] /n}{ [ ) 1Y) < )] /n}.

Ties within X or Y don’t affect the variance estimation in Equation (7.2). If there are ties
between X and Y, then p; = Z [Z I(X; <y)—|— Yoy ( —y)]/n,ﬁgzlz {1—
(S5 1Y < @)+ § 5 1Y = )] /n}’, s = 232, { [0 106G < y) + Zzl(
y]/n} , and pg = *Z(xy {[Zz (X < y)+ >y (X = y]/”}{[ L I(Y; <

)+ 335 1(Y; = )] /n}.

In the presence of informatively missing data, assigning the untied worst-rank adjusted
value to Y; by the following Equation (7.3) ensures that (1) the unobserved outcomes because
of an event before T' are ranked appropriately by their survival times; (2) the observed
outcomes at baseline and follow-up time 71" are ranked above all those unobserved outcomes,

based on their observed measurements; (3) the variance estimation based on Equation (7.2)
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is still valid for the test statistic in Equation (7.1).

Yizdi(nthi)—ir(l—éZ-)Yi,i:1,2,...,N (7-3)

where 0; = I(t; < T) is the indicator of an event occurrence before time 7' or not, n =
min(c(X,Y)) — 1 =T, t; is the survival time for subject i, and Y; is the primary outcome
of interest in subject 7 at time T'.

Power and sample size calculation of the rank transform test for paired samples have been
investigated in Chapter 2 and Chapter 3 using a large-sample and a finite-sample approach,
respectively. Extensive Monte Carlo simulation studies confirmed the validity of the power
calculation using the large-sample and finite-sample approach. In addition, the power of
the proposed rank transform test was compared with that of paired t-test, Wilcoxon signed-
rank (WSR) test, and sign-test by simulation. Overall, the power of the rank transform test
is comparable to that of paired t-test and WSR under bivariate normal distribution with
low Pearson correlation coefficient, and it is a little less powerful than paired t-test and
WSR test under bivariate normal distribution with moderate to high Pearson correlation
coefficient, which is consistent with their asymptotic relative efficiencies. In the setting
of bivariate lognormal distribution, the rank transform test has substantially more power
than paired t-test, WSR test, and sign-test for some alternatives considered, and it is a little
more powerful than paired t-test, WSR test, and sign-test for other alternatives considered.
For other bivariate distributions considered, the power of the rank transform test is either
comparable to or more powerful than paired t-test and WSR test. The rank transform test
has more power than sign-test for most bivariate distributions considered, and it is at least
as powerful as sign-test for all bivariate distributions considered.

The second part focused on statistical methods for the progression-free survival ratio
endpoint, also called growth modulation index (GMI), for paired time-to-event endpoint.
GMI is defined as the ratio of PFS in the second line therapy (PFSs) to that in the first line

therapy (PFS;), where PFS; is uncensored, and PFSs may be uncensored or right-censored.
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Von Hoff et al. (Von Hoff et al., 2010) used the null hypothesis that < 15% of the patient
population would have a GMI of > 1.3 in the clinical study. However, the cutoff 15% is too
low if there is no selection bias in the clinical study. Under a bivariate exponential model
of Gumbel, there is a one-to-one correspondence between P(GMI > 1.3) = 15% and hazard

ratio (HR), some of the correspondences were listed in Table 5.1. The net chance of GMI

endpoint (A(J) = P<E§§f > 5) - P<gg§; > 5)) is proposed to overcome the difficulties
(e.g., it is hard to choose the threshold reasonably) of using the GMI endpoint, and the test
based on the net chance of GMI endpoint is also developed and compared with the widely
used log-rank test. The results show that the degree of correlation between PFS; and PFS,
is a key feature of using the GMI endpoint and net chance of GMI endpoint in trial design.
Moderate to high correlation would improve the power significantly. The test based on
the net chance of GMI endpoint is more powerful than log-rank test under moderate to
high correlation. Under a bivariate exponential model of Gumbel, there is a one-to-one
correspondence between P(GMI > 1.3) = 15% and A(1.3), some of the correspondences
were also listed in Table 5.1. Cox proportional hazards regression with PFS ratio as the
response is not a good way to compare two treatments with time-to-event endpoint in the
second-line therapy and correlated uncensored time-to-event in the first-line therapy.

For the purpose of comparing two treatments with time-to-event endpoint in the second-
line therapy and correlated uncensored time-to-event in the first-line therapy, the regression
analysis of restricted mean survival time in difference or ratio model is recommended at low
correlation, and the Cox proportional hazards (PH) regression model with PFS ratio (or
called GMI) as the response is recommended at moderate to high correlation, regardless of

the underlying marginal distributions.



128

Chapter 8

Future Research
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There are several interesting topics to be considered for future research. In Chapter 2,
the variance of the proposed rank transform test was calculated by a large-sample approach,
and then extended to the finite-sample case by replacing the cumulative distribution func-
tion (cdf) and probability density function (pdf) with empirical cdf and pdf. Preliminary
simulations showed that the jackknife variance estimation approach is also appropriate for
the variance estimation of the proposed rank transform test. It deserves to investigate the
theory behind the jackknife variance estimation approach for the rank transform test. In
addition, the bootstrap variance estimation approach is also deserved to be explored for the
rank transform test.

Clustered data are often found in studies of eyes, ears, knees, teeth, and coronary arteries
as well as in family studies. Outcomes for individual units of the same subject are usually
highly correlated. For example, in an ophthalmologic clinical trial with a parallel design,
subjects are randomized to different treatments and each eye in the subject might provide
a paired score (e.g., pretreatment score and posttreatment score). If the eye is the unit of
analysis, then standard rank transform test proposed in Chapter 2 is inappropriate because
it assumes independence of sampling units. Hence, incorporating clustering-effects for the
rank transform test is needed.

In Chapter 4, the rank transform test for paired samples in the presence of informa-
tively missing data was considered, but the power and sample size calculations for the rank
transform test in the presence of informatively missing data have not been investigated.
If we are interested in the change of an outcome, and several patients may die during the
clinical study, then the power and sample size calculations for the rank transform test in
the presence of informatively missing data is needed in the design stage.

From Chapter 2 to Chapter 4, the rank transform test for paired samples was considered
in the superiority setting. If the goal is to demonstrate noninferiority of the posttreatment
outcomes compared with the pretreatment outcomes, it is desirable to consider the power
and sample size estimation for the rank transform test for noninferiority in the presence of

informatively missing data.
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The net chance of growth modulation index (GMI) endpoint for paired time to event
data, where the time to event in the first-line treatment is uncensored and the time to
event in the second-line treatment may or may not be censored, was proposed in Chapter
5. Extending the net chance of growth modulation index to two independent samples with
time to event data, where time to event in both samples may be censored, is appealing.
Comparing this extension with the net chance of a longer survival endpoint (Peron et al.,
2016) will render more insights for the design of clinical trials with time to event endpoints,

where the proportional hazards assumption may not hold.
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R code for doubel integration of f(x,y):

int _result <— round(integrate (function(y) {

sapply (y, function(y) {
integrate (function(x) f(x,y), 0, Inf, rel.tol = le—10)$value

1)
}, 0, Inf, rel.tol = 1le—9)$value, 10)

R code for Clayton copula:

Clayton.inv.cond <— function(theta, unifl, unif2) {
uu <— (uniflsx(—theta/(1+theta)))*(unif2**(—theta))
uu <— uu + 1 — unif2*xx(—theta)
uu <— uuxx(—1/theta)

uu

R code for the variance estimation of the rank transform test based on Theorem 2.3.3:

cum_dis _pl <— rep(NA, n)
for (t in 1:n) {
cum_dis _pl[t] <— length(which(pre <= post[t]))/n
}
pl <— round ((1/n)*sum(cum_dis_pl), 4)
cum_dis _p2 <— rep(NA, n)
for (j in 1l:n) {
cum_dis _p2[j] <— (1—length(which(pre[j] >= post))/n)"2
}
p2 <— round ((1/n)*sum(cum_dis_p2), 4)
cum_dis _p3 <— rep(NA, n)
for (k in 1:n) {
cum_dis _p3[k] <— (length(which(pre <= post[k]))/n)" 2
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}

p3 <— round ((1/n)*sum(cum_dis _p3), 4)

cum_dis _p4_x <— rep(NA, n)

cum_dis _p4_y <— rep(NA, n)

for (s in 1:n) {
cum_dis _p4_x[s] <— length(which(pre <= post[s]))/n
cum_dis _p4d_y[s] <— length(which(pre[s] >= post))/n

}

p4 <— round (sum(cum_dis _p4_y*cum_dis_p4_x)/n, 4)
An example of R code for generating the ROC curves for power comparison:

rm(list = 1s())

Num = 30000

t _new_empirical <— rep(NA, Num)
t _wilcoxon _sign <— rep(NA, Num)
t _paired .t <— rep(NA, Num)

t_sign <— rep(NA, Num)

rho <— 0.2
mu <— 0
sigma <— 1
n = 50

library (pbivnorm )
£20 < function(x, y) {

pnorm ( (x—10-mu) /sigma ) xpnorm (y —10)* (exp (— (((x—10)"2—2«rhox(x—10)*
((y—10-mu) /sigma)+((y—10-mu) /sigma)"2) /(2%(1—rho "2)))) /(2 pi*sigmax
sqrt(1—rho "2)))

}
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integration20 <— round(integrate (function(y) {

sapply (y, function(y) {
integrate (function(x) f20(x,y), —Inf, Inf, rel.tol = le—14)$
value

1)
}, =Inf, Inf, rel.tol = le—14)$value, 10)

f40 <— function(y) {
pnorm (y—10)* (exp(—((y—10—mu) /sigma)"2/2)/(sqrt (2*pi)*sigma))
¥
integration40 <— round (
integrate (function(y) f40(y), —Inf, Inf, rel.tol = le—12)8$value,
10)

f50 <— function(x) {
(1—pnorm ((x—10—mu) /sigma)) " 2% (exp(—(x—10)"2/2) /sqrt (2*xpi))
}
integration50 <— round (
integrate (function(x) f50(x), —Inf, Inf, rel.tol = le—14)$value,

10)

f60 <— function(x) {

(pnorm (x—10)) " 2% (exp(—((x—10—mu) /sigma)"2/2)/(sqrt (2*pi)*sigma))
}
integration60 <— round (

integrate (function(x) f60(x), —Inf, Inf, rel.tol = le—12)$value,

10)
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for (i in 1:Num) {

library (mvtnorm)

pre_post_joint <— round(rmvnorm(n, mean=c (10, 10), sigma =
matrix(c(1l, rhoxsigma, rhoxsigma, sigma”2), nrow=2)), 3)

pre <— pre_post_joint [, 1]

post <— pre_post_joint [, 2]

pre_post <— c(pre, post)

#the new procedure
pre_post _rank <— rank(pre_post, ties.method = ”average”)
pre_rank <— pre_post_rank|[1:n]
post_rank <— pre_post_rank[(n + 1):(2 % n)]
diff <— sapply(pre, —’, post)
pl <— round(length (which(diff < 0))/(n"2), 4)
cum_dis _p2 <— rep(NA, n)
for (j in 1l:n) {
cum_dis _p2[j] <— (1—length(which(pre[j] >= post))/n)"2
}

p2 <— round ((1/n)*sum(cum_dis _p2), 4)

cum_dis_p3 <— rep(NA, n)
for (k in 1:n) {

cum_dis _p3[k] <— (length(which(pre <= post[k]))/n)"2
}

p3 <— round ((1/n)*sum(cum_dis_p3), 4)

cum_dis _p4d_x <— rep(NA, n)



cum_dis _p4_y <— rep(NA, n)
for (s in 1l:n) {
cum_dis _p4_x[s] <— length(which(pre <= post[s]))/n

cum_dis _p4_y[s] <— length(which(pre[s] >= post))/n
p4 <— round (sum(cum_dis _p4_yxcum_dis_p4_x)/n, 4)
statistic _new <— sqrt(n/2)x(length(which(diff < 0))/
(n"2)—0.5)/sqrt(pl + p2/2 + p3/2 — 2xpl"2 — p4)

t _new_empirical [i] = statistic _new

#Wilcoxon signed rank test

score <— rank(abs(post—pre))=*sign(post—pre)

statistic _sign_rank <— round(sum(score)/sqrt(sum(score”"2)), 3)

t _wilcoxon_sign[i] = statistic_sign_rank

#paired t—test

statistic _paired -t <— round (mean(post—pre)/(sd(post—pre)/
sqrt(n)), 3)

t_paired _t[i] = statistic_paired_t

#sign test

p = length (which(post—pre > 0))/n

statistic _sign <— round ((length (which(post—pre > 0))—nx0.5)/

sqrt (nxpx(1—p)), 3)

t_sign[i] <— statistic_sign
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t <— seq(0.01, 5, 0.01)
power_empirical = rep(NA, 500)
power_theoretical = rep(NA, 500)
power _wilcoxon _sign = rep(NA, 500)
power _paired _t = rep(NA, 500)

power_sign = rep(NA, 500)

k=1
for (j in t) {
power _empirical [k] = round(length (which(abs(t_new_empirical)
> §))/Num, 4)
power_theoretical [k] = round(0.002xk, 4)
power _wilcoxon _sign [k]| = round(length (which(abs(t_wilcoxon _sign)
> §)) / Num, 4)
power_paired _t [k] = round(length (which(abs(t_paired_t)
> §)) / Num, 4)
power _sign [k] = round(length (which(abs(t_sign) > j)) / Num, 4)
k=k+1

TypelError <— list (power_empirical , power_theoretical ,

power _wilcoxon _sign, power_paired _t, power_sign)

t _new_empirical <— rep(NA, Num)

t _new_theoretical <— rep(NA, Num)
t _wilcoxon _sign <— rep(NA, Num)
t_paired -t <— rep(NA, Num)

t_sign <— rep(NA, Num)
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mu <— 0.8
sigma <— 2
f21 <— function(x, y) {

pnorm ( (x—10—mu) /sigma ) *pnorm(y—10)* (exp ( —(((x—10)"2—2*rho* (x—10)*
((y—10—mu) /sigma)+((y—10—mu) /sigma)"2)/(2%(1—rho "2)))) /(2% pi*sigmax
sqrt(l—rho"2)))
}
integration21 <— round(integrate (function(y) {

sapply (y, function(y) {

integrate (function(x) f21(x,y), —Inf, Inf, rel.tol = le—14)$

value

1)
}, —Inf, Inf, rel.tol = le—14)$value, 10)

f41 <— function(y) {

pnorm (y—10)* (exp(—((y—10—mu) /sigma)”2/2)/(sqrt (2*pi)*sigma))

integration41l <— round(
integrate (function(y) f41(y), —Inf, Inf, rel.tol = le—12)$

value , 10)

f51 <— function(x) {
(1—pnorm ((x—10—mu) /sigma)) " 2% (exp(—(x—10)"2/2) /sqrt (2*xpi))

integration51 <— round (



integrate (function(x) f51(x), —Inf, Inf, rel.tol = le—14)$

value , 10)

f61 <— function(x) {
(pnorm(x—10)) " 2% (exp(—((x—10—mu) /sigma)"2/2)/(sqrt (2xpi)=*
sigma ))

}

integration61 <— round (
integrate (function(x) f61(x), —Inf, Inf, rel.tol = 1le—12)8$

value , 10)

for (i in 1:Num) {

library (mvtnorm)

pre_post_joint <— round(rmvnorm(n, mean=c (10, 104+mu), sigma =
matrix(c(1l, rhoxsigma, rhoxsigma, sigma”2), nrow=2)), 3)

pre <— pre_post_joint [, 1]

post <— pre_post_joint [, 2]

pre_post <— c(pre, post)

#the new procedure—empirical
pre_post _rank <— rank(pre_post, ties.method = ”average”)
pre_rank <— pre_post_rank[1l:n]

post_rank <— pre_post_rank[(n + 1):(2 % n)]

diff <— sapply(pre, —’, post)
pl <— round(length (which(diff < 0))/(n"2), 4)

cum_dis _p2 <— rep(NA, n)
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for (j in 1:n) {
cum_dis _p2[j] <~ (1—length(which(pre[j] >= post))/n)" 2
}

p2 <— round ((1/n)*sum(cum_dis _p2), 4)

cum_dis _p3 <— rep(NA, n)
for (k in 1:n) {
cum_dis _p3[k] <~ (length(which(pre <= post[k]))/n)"2
}
p3 <— round ((1/n)*sum(cum_dis _p3), 4)

cum_dis _p4d_x <— rep(NA, n)
cum_dis _pd_y <— rep(NA, n)
for (s in 1:n) {
cum_dis _p4_x[s] <— length(which(pre <= post[s]))/n

cum_dis _p4_y[s] <— length(which(pre[s] >= post))/n

p4 <— round (sum(cum_dis _p4_yxcum_dis _p4_x)/n, 4)
statistic _new <— sqrt(n/2)x(length(which(diff < 0))/
(n"2)—0.5)/sqrt (pl + p2/2 + p3/2 — 2xpl"2 — p4)

t_new_empirical [i] = statistic _new

#Wilcoxon signed rank test
score <— rank(abs(post—pre))=*sign(post—pre)
statistic _sign_rank <— round (sum(score)/sqrt(sum(score"2)), 3)

t_wilcoxon _sign[i] = statistic_sign_rank
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#paired t—test
statistic _paired _t <— round (mean(post—pre)/(sd(post—pre)/
sqrt(n)), 3)

t_paired_t[i] = statistic_paired_t

#sign test

p = length (which(post—pre > 0))/n

statistic _sign <— round ((length (which(post—pre > 0))—nx0.5)/
sqrt (nxpx(1—p)), 3)

t_sign|[i] <— statistic_sign

t <— seq(0.01, 5, 0.01)
power_empirical = rep(NA, 500)
power_theoretical = rep(NA, 500)
power _wilcoxon _sign = rep(NA, 500)
power _paired _t = rep(NA, 500)

power_sign = rep(NA, 500)

k=1
for (j in t) {

power _empirical [k] = round(length (which(abs(t_new_empirical)
> §))/Num, 4)

power_theoretical [k] = round(pnorm(abs(integration4l — 0.5) /
sqrt ((2 % integration4dl + integration5l + integration6l — 4 =*

integration4l 2 — 2 % integration2l) / n) — gnorm(l — 0.002 =
k / 2) = sqrt((2 % integration40 + integration50 + integration60

— 4 % integration40 "~ 2 — 2 % integration20) / (2 =* integration4l
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4+ integrationbl + integration6l — 4 % integration4dl =~ 2 — 2 =%
integration21))), 4) + round(pnorm(—abs(integration4dl — 0.5) /
sqrt ((2 =+ integration4l + integrationb5l + integration6l — 4
integration4l ~ 2 — 2 % integration2l) / n) — gnorm(l — 0.002 * k
/ 2) % sqrt((2 * integration40 + integration50 + integration60 —
4 % integration40 ~ 2 — 2 % integration20) / (2 * integrationdl +
integrationb51 + integration6l — 4 % integrationd4l ~ 2 — 2 x%

integration21))), 4)

power _wilcoxon _sign [k]| = round(length (which(abs(t_wilcoxon _sign)
> j)) / Num, 4)
power_paired _t [k] = round(length (which(abs(t_paired_t)
> j)) / Num, 4)
power_sign [k] = round(length (which(abs(t_sign) > j)) / Num, 4)
k=k+1

power <— list (power_empirical , power_theoretical ,

power _wilcoxon _sign, power_paired _t, power_sign)

library (Cairo)

library (ggplot2)

TypelError_v <— ¢(TypelError [[1]], TypelError[[2]], TypelError[[3]],
TypelError [[4]], TypelError [[5]])

power_v <— c(power [[1]] , power[[2]], power[[3]], power[[4]]

power [[5]])

test <— as.factor(rep(1:5, each=500))



data <— as.data.frame(cbind(TypelError_v, power_v, test))
gg <— ggplot (data = data, aes(TypelError_v, power_v,
color = factor(test))) +
geom_line (alpha = 0.8) +
geom_abline (intercept = 0, slope = 1) +
labs (title = 77|
x = ”"False_Positive_Rate_(Type_I_Error_Rate)”,
y = "True_Positive _Rate_(Power)”) +

scale_color _manual (

79

name = )

labels = c(”Empirical .Power_of_Rank_Transform.Test”,
"Theoretical _.Power_of _.Rank_Transform._Test” ,
"Empirical _.Power_of_Wilcoxon._Signed—rank._.Test” ,
"Empirical _.Power_of_Paired_t—test”,
"Empirical .Power_of_Sign—test” ),

values = ¢(”71” = ”dark._blue”
727 = "dark._red”
"3”7 = "green”
"4” = "orange” ,
5”7 = "purple”

) +

theme (plot.title = element_text(hjust = 0.5),
plot .margin = margin(0.5, 0, 0, 0, "cm”),
legend. position = ¢(0.665, 0.19), legend.box =
”horizontal” ,
legend . direction = ”"vertical”,
panel. background = element_rect(fill = ’gray86’))

linel <— expression(paste(H[0], ”7:.BNowith.”, mu[1], =10,
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27, muf[2], 7"=10,.", sigma[l]"2, "=1,.7, sigma[2]"2, 7=1,.7",
rho, 7=0.2,.7, "N=50"))

line2 <— expression(paste(H[1], ”:_.BN_.with_.”, mu[l], "=10,.",
mu[2], 7=10.8,.", sigmal[l]"2, "=1,.", sigma[2]"2, "=4,.",
rho, 7=0.2,.7, "N=50"))

library (cowplot)

ggdraw (gg) +
coord _cartesian (clip = 7 off”) +
draw_label (linel , x = 0.55, y = 0.99, size = 12) +
draw_label (line2 , x = 0.55, y = 0.95, size = 12)

ggsave ("ROC_BN_02 _50_04 _sigma _2.pdf”, width = 7, height = 7,

device=cairo _pdf)
R code for the variance estimation of the WRS test based on Corollary 2.6.2:

cum_dis _pl <— rep(NA, n)
for (t in 1:n) {
cum_dis _pl[t] <— length(which(pre <= post[t])) /m
}
pl <— round((1/n)*sum(cum_dis_pl), 4)
cum_dis_p2 <— rep(NA, m)
for (j in 1:m) {
cum_dis _p2[j] <— (1—length(which(pre[j] >= post))/n)"2
}
p2 <— round ((1/m)*sum(cum_dis _p2), 4)
cum_dis _p3 <— rep(NA, n)
for (k in 1:n) {
cum_dis _p3[k] <~ (length(which(pre <= post[k])) /m)" 2
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p3 <— round ((1/n)*sum(cum_dis_p3), 4)
cum_dis _p4_x <— rep(NA, n)
cum_dis _pd_y <— rep(NA, m)
for (s in 1:n) {
cum_dis _pd_x[s] <— length(which(pre <= post[s]))/m
}
for (t in 1:m) {
cum_dis _p4_y[t] <— length(which(pre[t] >= post))/n
}

p4 <— round (sum(outer (cum_dis_p4_y, cum_dis_pd_x, ‘‘x’’))/(mkn), 4)
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