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abstract

The availability of data has soared exponentially in recent years. However,

human expertise has remained an expensive and time-limited resource.

This thesis focuses on the development of efficient machine learning algo-

rithms and theory that leverage redundancies and structure in the data to

optimize the available human and computational resources. These efforts

are motivated by applications of machine learning to human-generated

data such as brain imaging, biometric analysis and recommendation sys-

tems. We exploit various notions of structure including new approaches

to traditional sparsity, low-rank matrix approximations using pre-defined

groups of column subsets, and an adaptive notion of sparsity based on

correlated groups of variables.

First, we consider a linear bandits framework motivated by recommen-

dation systems. This involves adaptively collecting data from users in the

form of rewards and/or explanations with the aim of retrieving the most

relevant items from a collection. These items can be documents (such as

research papers or insurance claims) or images (such as retail products

from a catalog). Traditional results on sparsity from compressed sensing

break down in this framework since the actions taken are not independent.

Hence, we explore a new form of the linear bandit problem in which the

algorithm receives the usual stochastic rewards as well as stochastic feed-

back about which features are relevant to the rewards, the latter feedback
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being the novel aspect.

Another notion of simplicity considered is the low-rank approxima-

tion of a matrix using a subset of its columns (and rows). Motivated by

biometric applications, we generalize this approximation to incorporate

known group structure in the column (and row) subsets.

Finally, we develop tools for learning and inference in the presence

of correlated variables by introducing adaptive notions of sparsity, and

apply them to problems in cognitive neuroscience and subspace clustering.

The new regularization methods generalize the sparsity inducing regu-

larizer, Lasso, to automatically cluster and average regression coefficients

associated with strongly correlated variables. In brain imaging, the cost

of acquiring data samples is high. Often the number of data samples is

much fewer than the number of variables. To deal with this challenge,

we propose methods to reduce complexity of solutions, as well as from a

neuroscience point of view, to get a more interpretable model by including

correlated variables. In subspace clustering, we build on tools developed

for handling correlations to develop a new approach that is significantly

more computationally efficient and scalable than existing methods using

the key observation that points in the same subspace tend to be more

correlated than points in different subspaces.
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1 introduction

The applications of machine learning and signal processing are diverse,

from cognitive neuroscience to recommendation systems. Most applica-

tions involve dealing with huge amounts of data. However, the bottleneck

in these methods is often the human response required. Human expertise

is often an expensive and time-limited resource. To deal with this chal-

lenge, we resort to leveraging redundancies and structure in the data to

reduce the human effort.

In the first part, we consider the setting of multi-armed bandits, in par-

ticular, linearly parameterized stochastic bandits. Linear stochastic bandit

algorithms are used to sequentially select actions to maximize rewards.

For instance, to model recommendation systems that help users navigate

through a large collection of items (products, videos, documents). Con-

sider the application of recommending news articles. At every time instant,

the algorithm recommends an article to the user from a large database

containing articles about topics like “politics", “technology", “sports". The

user provides a numerical reward corresponding to her assessment of the

document’s value. The goal of the algorithm is to maximize the cumulative

reward over time. This can be challenging if the majority of the documents

in the database are not of interest to the user. Linear bandit algorithms

strike a balance between exploration of the database to ascertain the user’s

interests and exploitation by retrieving documents similar to those that
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have received the highest rewards. Unfortunately, standard linear bandit

algorithms suffer from the curse of dimensionality. The regret (cumula-

tive difference between optimal rewards and rewards obtained by bandit

algorithms) grows linearly with the feature dimension d. The dimension d

may be quite large in modern applications (e.g., 1000s of features in NLP or

image/vision applications). In the recommendations setting, the existing

bounds easily require T > 100s of ratings to be meaningful, which is not

realistic. The high-dimensionality also makes it challenging to employ

state-of-the-art algorithms since it involves maintaining and updating a

d× d matrix at every stage. We tackle the problem of linear bandits from a

new perspective that incorporates feature feedback in addition to reward

feedback, mitigating the curse of dimensionality. Specifically, we consider

situations in which the algorithm receives a stochastic reward and stochas-

tic feedback indicating which, if any, feature-dimensions were relevant to

the reward value.

Another form of structured sparsity is explored in Chapter 3 where the

matrices storing biometric data are often low-rank. Preserving the original

structure in the data may be desirable due to many reasons including

interpret-ability in case of biometric data or for storage efficiency in case of

sparse matrices. This has led to the introduction of the CUR decomposition,

where the factorization is performed with respect to a subset of rows and

columns of the matrix itself. In many real-world environments, the ability

to sample specific individual rows or columns of the matrix is limited by
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either system constraints or cost. Thus, we consider matrix approximation

by sampling predefined blocks of columns (or rows) from the matrix.

The third form of sparsity is introduced in Chapter 4. It focuses on

learning and inference from data that has been collected from human

subjects such as the activations in different regions of the brain in response

to certain stimulus. Such applications involve several variables, often tens

of thousands to millions. These variables correspond to voxels or brain re-

gions in the case of fMRI studies. Further, the number of samples available

are small due to acquisition costs. To deal with this challenge, sparsity reg-

ularizers such as Lasso and Group Lasso are used to reduce complexity of

solutions, to make a solution tractable, as well as from a neuroscience point

of view, to get a more interpretable model. A severe limitation of Lasso

arises when some of the variables are strongly correlated. In such cases,

Lasso selects an arbitrary subset of the correlated variables to preserve

sparsity of the solution. This is a concern in fMRI, since certain voxels may

have very correlated activation patterns and the goal is to identify all the

voxels that are relevant to the task. Another limitation of the Lasso and

Group lasso methods is that they can select at most n features (n being

the number of samples), since the number of nonzero coefficients in the

solution cannot exceed the number of measurements. This can be severe

limitation in applications where the number of features far exceeds the

number of items.We develop methods to deal with these challenges and

apply them to problems in cognitive neuroscience and subspace cluster-



4

ing, and show that indeed the methods that take these correlations into

consideration lead to more interpretable and efficient solutions.

1.1 Summary of Contributions

Chapter 2

This chapter explores a new form of the linear bandit problem in which the

algorithm receives the usual stochastic rewards as well as stochastic feed-

back about which features are relevant to the rewards, the latter feedback

being the novel aspect. The focus of this chapter is the development of

new theory and algorithms for linear bandits with feature feedback which

can achieve regret over time horizon T that scales like k
√
T , without prior

knowledge of which features are relevant nor the number k of relevant

features. In comparison, the regret of traditional linear bandits is d
√
T ,

where d is the total number of (relevant and irrelevant) features, so the

improvement can be dramatic if k � d. The computational complexity of

the new algorithm is proportional to k rather than d, making it much more

suitable for real-world applications compared to traditional linear bandits.

We demonstrate the performance of the new algorithm with synthetic and

real human-labeled data.
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Chapter 3

A common problem in large-scale data analysis is to approximate a matrix

using a combination of specifically sampled rows and columns, known

as CUR decomposition. In many real-world environments, the ability

to sample specific individual rows or columns of the matrix is limited

by either system constraints or cost. In this chapter, we consider matrix

approximation by sampling predefined blocks of columns (or rows) from

the matrix. We present an algorithm for sampling useful column blocks

and provide novel guarantees for the quality of the approximation. We

demonstrate the effectiveness of the proposed algorithms for computing

the Block CUR decomposition of large matrices in a distributed setting

with multiple nodes in a compute cluster and in a biometric data analysis

setting using real-world user data from content testing.

Chapter 4

We introduce and analyze the clustering properties of the regularization

methods called Ordered Weighted `1 (OWL) under less restrictive condi-

tions. The Lasso and OSCAR regularizers are specific instances of OWL.

We propose a generalization of the OWL approach to the multi-task setting,

and thus call our new approach Group OWL (GrOWL). We show that

GrOWL shares many of the desirable features of the OWL method, namely

it automatically clusters and averages regression coefficients associated
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with strongly correlated columns of the design matrix. This has two desir-

able effects, in terms of both model selection and prediction. First, GrOWL

can select all of the relevant features, unlike standard group lasso which

may not select relevant features if they happen to be strongly correlated

with others. Second, GrOWL encourages the coefficients associated with

strongly correlated features to be near or exactly equal. In effect, this

averages strongly correlated columns which can help to denoise features

and improve predictions.

Chapter 5

Representational Similarity Learning (RSL) aims to discover features that are

important in representing (human-judged) similarities among objects. We

formulate RSL as a sparsity-regularized multi-task regression problem.

Standard methods, like group lasso, may not select important features if

they are strongly correlated with others. To address this shortcoming we

present a new regularizer for multitask regression called Group Ordered

Weighted `1 (GrOWL). Another key contribution is a novel application to

fMRI brain imaging. Representational Similarity Analysis (RSA) is a tool

for testing whether localized brain regions encode perceptual similarities.

Using GrOWL, we propose a new approach called Network RSA that can

discover arbitrarily structured brain networks (possibly widely distributed

and non-local) that encode similarity information. We show, in theory and

fMRI experiments, how GrOWL deals with strongly correlated covariates.
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Chapter 6

The main contribution in this chapter is a new approach to subspace

clustering that is significantly more computationally efficient and scalable

than existing state-of-the-art methods. The central idea is to modify the

regression technique in sparse subspace clustering (SSC) by replacing the

`1 minimization with a generalization called Ordered Weighted `1 (OWL)

minimization which performs simultaneous regression and clustering of

correlated variables. Using random geometric graph theory, we prove

that OWL regression selects more points within each subspace than `1,

resulting in better clustering results. This allows for accurate subspace

clustering based on regression solutions for only a small subset of the total

dataset, significantly reducing the computational complexity compared

to SSC. In experiments, we find that our OWL approach can achieve a

speedup of 20× to 30× for synthetic problems and 4× to 8× on real data

problems.
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Organization

Each chapter draws ideas from previous chapters but is mostly self-contained.

The remainder of the dissertation is organized as follows. Chapter 2 pro-

vides a framework for information retrieval using linear bandits simulta-

neously allowing users to provide feature feedback to improve the search.

In Chapter 3, we consider matrix approximation by sampling predefined

blocks of columns (or rows) from the matrix. In Chapter 4, we motivate and
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analyze the automatic clustering properties of Group Ordered Weighted

`1 (GrOWL) regularization for sparse multi-task linear regression in the

presence of strong correlations, and a proximal gradient descent algorithm

for its computation. Chapter 5 covers the application of these penalties to

discover features that are important in representing (human-judged) simi-

larities among objects. The tools developed for handling correlations are

used to develop a new approach to subspace clustering that is significantly

more computationally efficient and scalable than existing state-of-the-art

methods in Chapter 6. Chapter 7 presents applications of the linear bandits

framework to real-world information retrieval problems, and concludes

the thesis with future directions of this work. Proofs of the technical results

are contained in the Appendices.
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2 linear bandits with feature feedback

2.1 Introduction

Linear stochastic bandit algorithms are used to sequentially select actions

to maximize rewards. For instance, Deshpande and Montanari (2012) pro-

pose to model recommendation systems that help users navigate through

a large collection of items (products, videos, documents) using linearly

parameterized multi-armed bandits. This model strikes a balance by al-

lowing the user to explore the space of available items and probing the

user’s preferences. The linear bandit model assumes that the expected

reward of each action is an (unknown) linear function of a (known) finite-

dimensional feature associated with the action. Mathematically, if xt ∈ Rd

is the feature associated with the action chosen at time t, then the stochastic

reward is

yt = x>t θ∗ + ηt, (2.1)

where θ∗ is the unknown linear functional (representing the user’s prefer-

ences) and ηt is a zero mean random variable. The goal is to adaptively

select actions to maximize the rewards (corresponding to user’s assessment

of the chosen item’s value). This involves (approximately) learning θ∗ and

exploiting this knowledge. Linear bandit algorithms that exploit this spe-

cial structure have been extensively studied and applied Abbasi-Yadkori
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et al. (2011); Rusmevichientong and Tsitsiklis (2010).

Unfortunately, standard linear bandit algorithms suffer from the curse

of dimensionality. The regret grows linearly with the feature dimension

d. The dimension d may be quite large in modern applications (e.g., 1000s

of features in NLP or image/vision applications). In the recommenda-

tions setting, the existing bounds easily require T > 100s of ratings to be

meaningful, which is not realistic. The high-dimensionality also makes it

challenging to employ state-of-the-art algorithms since it involves main-

taining and updating a d × d matrix at every stage. However, in many

cases the linear function may only involve a sparse subset of the k < d

features, and this can be exploited to partially reduce dependence on d. In

such cases, the regret of sparse linear bandit algorithms scales like
√
dk

Abbasi-Yadkori et al. (2012); Lattimore and Szepesvári (2018).

We tackle the problem of linear bandits from a new perspective that

incorporates feature feedback in addition to reward feedback, mitigat-

ing the curse of dimensionality. Specifically, we consider situations in

which the algorithm receives a stochastic reward and stochastic feedback

indicating which, if any, feature-dimensions were relevant to the reward

value Oswal et al. (2019). For example, consider a situation in which users

rate recommended text documents and additionally highlight keywords

or phrases that influenced their ratings. Figure 2.1(a) illustrates the idea.

Obviously, the additional “feature feedback” may significantly improve

an algorithm’s ability to home-in on the relevant features. The focus of
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Feature Feedback Rewards

(a) (b)

Figure 2.1: (a) (Left) Highlighted words for text-based applications and (Right)
Region-of-interest feature feedback for image-based applications. (b) Comparison
of the explore-then-commit strategy for different values of T0 and our new FF-
OFUL algorithm which combines exploration and exploitation steps (details of
data generation in Section 2.5).

this chapter is the development of new theory and algorithms for linear

bandits with feature feedback. We show that the regret of linear bandits

with feature feedback scales linearly in k, the number of relevant features,

without prior knowledge of which features are relevant nor the value of k.

This leads to large improvements in theory and practice.

The simple feedback model, where the user directly selects a subset

of the relevant features, can be generalized by allowing for an indirect

form of feedback. For example, the user can select a region of an image

instead of a subset of the standard deep neural network features. This

form of feedback could be used in different ways. For instance, we could

use methods to map deep image features to image regions. However, in

this chapter we focus on the processes and benefits of incorporating direct

feature feedback, and defer the development of indirect feedback models

to future work.
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Perhaps the most natural and simple way to leverage the feature feed-

back is an explore-then-commit strategy. In the first T0 steps the algorithm

selects actions at random and receives rewards and feature feedback. If

T0 is sufficiently large, then the algorithm will have learned all or most

of the relevant features and it can then switch to a standard linear bandit

algorithm operating in the lower-dimensional subspace defined by those

features. There are two major problems with such an approach:

1. The correct choice of T0 depends on the prevalence of relevant fea-

tures in randomly selected actions, which generally is unknown. If

T0 is too small, then many relevant features will be missed and the

long-run regret will scale linearly with the time horizon. If T0 is too

large, then the initial exploration period will suffer excess regret.

This is depicted in Figure 2.1(b).

2. Regardless of the choice of T0, the regret will grow linearly for t < T0.

The new FF-OFUL algorithm that we propose combines exploration

and exploitation from the start and can lead to smaller regret initially

and asymptotically as shown in Figure 2.1(b).

These observations motivate our proposed approach that dynamically

adjusts the trade-off between exploration and exploitation. A key aspect of

the approach is that it is automatically adaptive to the unknown number

of relevant features k. Our theoretical analysis shows that its regret scales

like k
√
T . Experimentally, we show the algorithm generally outperforms
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traditional linear bandits and the explore-then-commit strategy. This is

due to the fact that the dynamic algorithm exploits knowledge of relevant

features as soon as they are identified, rather than waiting until all or

most are found. A key consequence is that our proposed algorithm yields

significantly better rewards at early stages of the process, as shown in

Figure 2.1(b) and in more comprehensive experiments later in the chapter.

The intuition for this is that estimating θ∗ on a fraction of the relevant

coordinates can be exploited to recover a fraction of the optimal reward.

Similar ideas are explored in linear bandits (without feature feedback) in

Deshpande and Montanari (2012).

Definitions

For round, t, let Xt ⊆ Rd be the set of actions/items provided to the

learner. We assume the standard linear model for rewards with a hidden

weight vector θ∗ ∈ Rd. If the learner selects an action, xt ∈ Xt, it receives

reward, yt, defined in (2.1) where ηt is noise with a sub-Gaussian random

distribution with parameter R. For the set of actions Xt, the optimal action

is given by, x∗t := argmaxx∈Xtx
>θ∗, which is unknown. We define regret

as,

RT =
T∑
t=1

(
x∗>t θ∗ − x>t θ∗

)
. (2.2)
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This is also called cumulative regret but, unless stated otherwise, we

will refer to it as regret. We refer to the quantity x∗>t θ∗ − x>t θ∗ as the

instantaneous regret which is the difference between the optimal reward

and the reward received at that instant. We make the standard assumption

that the algorithm is provided with an enormous action set which is only

changing slowly over time, for instance, from sampling the actions without

replacement (Xt+1 = Xt\xt).

Related Work

Algorithm 1 OFUL from Abbasi-Yadkori et al. (2011)
1: for t = 1, 2, . . . , T − 1 do
2: (xt, θ̃t) = argmax(x,θ)∈Xt×Ct−1

〈x,θ〉
3: Select action xt and receive reward yt.
4: Update Vt = (XT

t X t + λI) and θ̂t = V−1
t X

T
t yt

5: Update ellipsoidal confidence set Ct as Ct ={
θ : ‖θ̂t − θ‖Vt

≤ f(R,X t,yt, λ)
}

(for details on f(·) see Abbasi-Yadkori et al. (2011))
6: end for

The area of contextual bandits was introduced by Ginebra and Clayton

(1995). The first algorithms for linear bandits appeared in Abe and Long

(1999) followed by those using the optimism in the face of uncertainty

principle, Auer and Long (2002); Dani et al. (2008). Rusmevichientong

and Tsitsiklis (2010) showed matching upper and lower bounds when the

action (feature) set is a unit hypersphere. Finally, Abbasi-Yadkori et al.

(2011) gave a tight regret bound using new martingale techniques. We
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use their algorithm, OFUL, as a subroutine in our work. In the area of

sparse linear bandits, regret bounds are known to scale like
√
kdT , Abbasi-

Yadkori et al. (2012); Lattimore and Szepesvári (2018), when operating

in a d dimensional feature space with k relevant features. The strong

dependence on the ambient dimension d is unavoidable without further

(often strong and unrealistic) assumptions. These results also assume

knowledge of sparsity parameter k and without it no algorithm can satisfy

these regret bounds for all k simultaneously. In contrast, we propose a

new algorithm that automatically adapts to the unknown sparsity level

k and removes the dependence of regret on d by exploiting additional

feature feedback. In terms of feature feedback in text-based applications,

Croft and Das (1989) have proposed a method to reorder documents based

on the relative importance of words using feedback from users. Poulis

and Dasgupta (2017) consider a similar problem but for learning a linear

classifier. We use a similar feedback model but focus on the bandit setting

where such feedback can be naturally collected along with rewards. The

idea of allowing user’s to provide richer forms of feedback has been studied

in the active learning literature Druck et al. (2009); Raghavan et al. (2006)

and also been considered in other (interactive) learning tasks, such as

cognitive science Roads et al. (2016), machine teaching Chen et al. (2018),

and NLP tasks Yessenalina et al. (2010).
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2.2 Problem Setting

The algorithm presents the user with an item (e.g., document) and the user

provides feedback in terms of whether they like the item or not (logistic

model) or how much they like it (inner product model). The user also

selects a few features (e.g., words), if they can find them, to help orient the

search. We make the following assumptions.

Assumption 2.1 (Sparsity). The hidden weight vector θ∗ ∈ Rd is k-sparse and

k is unknown. In other words, θ∗ has at most k non-zero entries or if supp(θ∗) =

{i|θ∗i 6= 0} then |supp(θ∗)| = k ≤ d.

Assumption 2.2 (Discoverability). For an action x ∈ X selected uniformly

at random, the probability that a relevant feature is present and is selected is at

least p > 0 (unknown).

Assumption 2.3 (Noise). Users may report irrelevant features. The number of

reported irrelevant features (denoted by 0 ≤ k′ ≤ d−k) is unknown in advance.

Assumption 2.1 ensures that there are at most k relevant features, how-

ever we stress that the value of k is unknown (it is possible that all d

features are relevant). Assumption 2.2 ensures that while every item may

not have relevant features, we are able to find them with a non-zero prob-

ability when searching through items at random. This assumption can be

viewed as a (possibly pessimistic) lower bound on the rate at which rele-

vant features are discovered. For example, it is possible that exploitative
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actions may yield relevant features at a higher rate (e.g., relevant features

may be correlated with higher rewards). We do not attempt to model such

possibilities since this would involve making additional assumptions that

may not hold in practice. Assumption 2.3 accounts for ambiguous features

that are irrelevant but users erring on the side of marking as relevant.

The set up is as follows: we have a set of items or actions, X ⊆ Rd

that we can propose to the users. There is a hidden weight vector θ∗ ∈ Rd

that is k-sparse. We will further assume that ‖θ∗‖ ≤ S and the action

vectors are bounded in norm: ∀x ∈ X , ‖x‖ ≤ L. Besides the reward yt,

defined in (2.1), at each time-step the learner gets It ⊆ supp(θ∗) which

is the relevance feedback information. The model further specifies that

∀j ∈ supp(θ∗),Pr(j ∈ It) ≥ p. That is, the probability a relevant feature

is selected at random is at least p. We need this assumption to make sure

that we can find all the relevant features.

2.3 Algorithm

In this section, we introduce an algorithm that makes use of feature rel-

evance feedback by starting with a small feature space and gradually

increasing the space over time without knowledge of k. We use the OFUL

algorithm (stated as Algo. 1) based on the principle of optimism in face of

uncertainty as a subroutine. The algorithm constructs ellipsoidal confi-

dence sets centered around the ridge regression estimate, using observed
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data such that the sets contain the unknown θ∗ with high probability, and

selects the action/item that maximizes the inner product with any θ from

the confidence set.

Algorithm 2 Feature Feedback OFUL (FF-OFUL)
1: Let the set of relevant indices,R0, I0 = {}.
2: while I0 is empty do
3: Select action at random, I0 = { indices revealed }
4: end while
5: R1 = R0

⋃ I0
6: Initialize C0 using actions sampled.
7: for t = 1, 2, . . . , T do
8: LetX t be the feature matrix restricted toRt.
9: Set εt = 1/

√
t. Draw bt from bernoulli(εt)

10: if bt = 1 then
11: Pick an action xt uniformly at random from Xt,
12: else
13: Pick (xt, θ̃t) = argmax(x,θ)∈Xt×Ct−1

〈x,θ〉
14: end if
15: With action xt observe reward yt and indices, It.
16: UpdateRt = Rt

⋃ It
17: if It is empty then
18: Rank one update to Vt, θ̂t, Ct (see Algo. 1) using (yt,xt)
19: else
20: UpdateX t with features inRt.
21: Recompute Vt, θ̂t, Ct with new feature setX t.
22: end if
23: end for

All updates are made only in the dimensions that have been marked as

relevant and the space is dynamically increased as new relevant features

are revealed. If nothing is marked as relevant, then by default the actions

are selected at random, potentially suffering the worst possible reward
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but, at the same time, increasing our chances of getting relevance feedback

leading to a trade-off. Note that the algorithm is adaptive to the unknown

number of relevant features k. If k were known, we could stop looking

for features when all relevant ones have been selected. We find that in

practice, this algorithm has an additional benefit of being more robust to

changes in the ridge parameter (λ) due to its intrinsic regularization of

restricting the parameter space.

Abbasi-Yadkori et al. (2011) provide a Õ(d
√
t) bound (restated here as

Theorem 2.1) on the regret of OFUL stated as Algorithm 1 by ignoring

constants and logarithmic terms.

Theorem 2.1 (Abbasi-Yadkori et al. (2011)). Assume that ∀t > 0 and x ∈

Xt ⊂ Rd, 〈x,θ∗〉 ∈ [−1, 1]. Then with probability at least 1 − δ, the regret of

OFUL satisfies:

∀t, Rt ≤ 4
√
td log(λ+ tL/d)(λ1/2S +R

√
2 log(1/δ) + d log(1 + tL/(λd)))

where λ > 0 is the ridge regression parameter of OFUL.

We prove a result similar to Theorem 2.1 but reduce the dependence on

the dimension from d to k. In order to do so, we must discover the support

of θ∗. The idea being that we apportion a set of actions, with a form of ε-

greedy algorithm due to Sutton and Barto (1998), to random plays in order

to guarantee that we find all the relevant features, otherwise we run OFUL

on the identified relevant dimensions. Reducing the proportion of random
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actions over time guarantees that the regret remains sub-linear in time. We

propose Algorithm 2 to exploit feature feedback. Here, at each time t, with

probability proportional to 1/
√
t, the algorithm selects an action/item to

present at random, otherwise it selects the item recommended by feature-

restricted-OFUL.

2.4 Main Results

In this section, we state regret bounds for the FF-OFUL algorithm along

with a sketch of the proof and discuss approaches to improve the bounds

while deferring proof details to supplementary material.

Regret Bound for Algorithm 2 (FF-OFUL)

Recall that ∀x ∈ X , ‖x‖ ≤ L and ‖θ∗‖ ≤ S. Therefore, for any action, the

worst-case instantaneous regret can be derived using Cauchy-Schwarz as

follows:

|〈x∗,θ∗〉 − 〈x,θ∗〉| ≤ |〈x∗,θ∗〉|+ |〈x,θ∗〉| ≤ ‖x∗‖ ‖θ∗‖+ ‖x‖ ‖θ∗‖ ≤ 2SL

We provide the main result that bounds the regret (2.2) of Algorithm 2 in

the following theorem.

Theorem 2.2. Assume that ∀t > 0 and x ∈ Xt, 〈x,θ∗〉 ∈ [−1, 1], with the

additional assumptions 2.1, 2.2 and 2.3 (k’ = 0). Then with probability ≥ 1− δ,
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the cumulative regret after T steps for Algorithm 2,

RT ≤
8SL

log 6M/δ

(
log 3k/δ

log 1/(1− p)

)2

+ log2
T

2

3SL
√
T log 6M

δ


+ 4 log2

T

2

√
T

2 k log(λ+ nL/k)
(
λ1/2S + R

√
2 log(3M/δ) + k log(1 + TL/(2λk))

)
.

where M = log2
T
2 , λ > 0 is the ridge regression parameter and k is the (un-

known) number of relevant features.

In other words, with high probability, the regret of Algorithm 2 (FF-

OFUL) scales like Õ(k
√
T + 1

p2 ), by ignoring constants and logarithmic

terms and using the taylor series expansion of − log(1− p), over time hori-

zon T where k is the number of relevant features and p is the probability

with which a relevant feature is marked in an action selected uniformly at

random.

Remarks. The values of k and p are unknown to the algorithm and

it implicitly adapts to these problem-dependent parameters. Since the

regret of any algorithm is trivially bounded by O(T ) (assuming bounded

rewards), our new regret bound is non-trivial for T > max(k2, p−2). In

comparison, linear bandits without feature feedback have an O(d
√
T )

regret, which is non-trivial only when T > d2. So, our new algorithm

enjoys a better regret bound if p > d−1, which is a reasonable condition in

high-dimensional settings (e.g., d = 104).

The three terms in the total regret come from the following events.
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Regret due to: (1) exploration to guarantee observing all the relevant

features (with high probability), (2) exploration after observing all relevant

features (due to lack of knowledge of p or k), and (3) exploitation and

exploration running OFUL (after having observed all the relevant features).

In practice, feature feedback may be noisy. Sometimes, features that are

irrelevant may be marked as relevant. To account for this, we can relax our

assumption to allow for subset of k′ irrelevant features that are mistakenly

marked as relevant. Including these features will increase the regret but

the theory goes through without much difficulty as stated in the following

corollary.

Corollary 2.3. With the same assumptions as Theorem 2.2, if a fixed set of k′

irrelevant features were indicated by the user (Assumption 2.3), then the regret

of Algorithm 2 (FF-OFUL) scales like Õ((k + k′)
√
T + 1

p2 ).

The corollary follows since exploration is not affected by this noise and

the regret of exploitation on the vector restricted to k+k′ dimensions scales

like (k + k′)
√
T . This accounts for having some features being ambiguous

and users erring on the side of marking them as relevant. This only results

in slightly higher regret so long as k + k′ is still smaller than d. One could

improve this regret by making assumptions on the probabilities of feature

selection to weed out the irrelevant features.
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Proof Sketch of Main Result

We provide a sketch of the proof here and defer details to supplementary

material. Recall, the cumulative regret is summed over the instantaneous

regrets for t = 1, . . . , T . We divide the cumulative regret across epochs

s = 0, . . . ,M of doubling size Ts = 2s for M = log2
T
2 . This ensures

that the last epoch dominates the regret and it allows for the evolving

feature space. For each epoch, we bound the regret under two events,

all relevant features have been identified (via user feedback) up to that

epoch or not. First, we bound the regret conditioned on the event that all

the relevant features have been identified in Lemma A.4. This is further,

in expectation, broken down into the εs portion of random actions for

pure exploration (Lemma A.1) and 1− εs modified OFUL actions on the

k-dimensional feature space for exploitation-exploration (Lemma A.3).

For pure exploration, we use the worst case regret bound but since εs is

decreasing this does not dominate the OFUL term. Second, we bound

the probability that some of the relevant features are not identified so

far (Proposition A.4), which is a constant depending on k and p since it

becomes zero after enough epochs have passed. Pure exploration ensures

the probability that some features are not identified decreases with each

passing epoch. An issue of bounding regret of the actions selected by

OFUL subroutine in each epoch is that, unlike OFUL, the confidence sets

in our algorithm are constructed using additional actions from exploration

rounds and past epochs. To accommodate this we prove a regret bound
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for this variation in Lemma A.3. Putting all this together gives us the final

result.

Lower bound. The arguments from Dani et al. (2008); Rusmevichien-

tong and Tsitsiklis (2010) can be used get a lower bound ofO(k
√
T ). To see

this, assume that we know the support. Then any linear bandit algorithm

that is run on that support must incur an order k
√
T regret. We don’t

know the support but we estimate it with high probability and therefore

the lower bound also applies here. Our algorithm is optimal up to log

factors in terms of the dimension.

Better Early-Regret Bounds

Our analysis bounds the regret of early rounds, before observing all rel-

evant features, with the worst case regret which may be too pessimistic

in practice. We present results to support the idea of restricting the fea-

ture space in the short-term horizon and growing the feature space over

time. The results also suggest that an additional assumption on the behav-

ior of early-regret could lead to better constants in our bounds. Any linear

bandit algorithm restricted to the support of θ∗ must incur an order k
√
T

regret so one can only hope to improve the constants of the bound.

In Figure 2.2(a) it can be seen that the average linear regret of pure

exploration has a slope that is worse than OFUL restricted to a subset of the

relevant features. The N = 1000 actions were randomly sampled from the

unit sphere in d = 40 dimensions and θ∗ was generated with k = 5 sparsity.
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For a pure exploration algorithm that picks actions uniformly at random,

independent of the problem instance, the regret can only be bound by

2SLT or O(T ). Let RKalg be the expected regret of algorithm alg run on a

subset of relevant features K ⊆ {1, . . . , k}, |K| = j ≤ k. For example, alg

could be the OFUL algorithm. Then RKalg represents the expected regret of

OFUL restricted to features in K. To discover relevant features (K) we can

employ an explore-then-commit strategy which first explores for ∼
√
T

time followed by an exploitation stage such as OFUL restricted to features

in K. The rewards in the latter exploitation stage can be divided in two

parts,

〈x,θ∗〉 =
〈
xK,θK∗

〉
+
〈
xKc ,θKc∗

〉
,

where xK is the portion of x restricted to K and K∪Kc = [p]. Similarly,

the regretRKalg can be divided in two parts. Roughly the regret onK can be

bounded by j
√
T under certain conditions using the OFUL regret bound.

For the regret on Kc, suppose each relevant component of θ∗ has a mean

square value of S2/k (this can be achieved with a sparse gaussian model

such as those described in Deshpande and Montanari (2012)). This yields

E‖θKc∗ ‖2 ≈ k−j
k
S2 where j = |K|. The worst-case instantaneous regret

bound on Kc becomes 2
√

(k − j)/kSL leading to an improvement in the

linear regret slope by a factor of
√

(k − j)/k over pure exploration (see

Figure 2.2).
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(a) Synthetic data (b) Synthetic data(c) Data from Poulis and Dasgupta (2017)

Figure 2.2: (a) Regret of pure exploration versus explore-then-commit strategy
(b,c) Average regret of OFUL restricted to feature subsets (red dots) with 95%
confidence regions (blue). The short time horizon was chosen to make the case
for restricting the feature space in early rounds. In the long horizon, with more
information, the relative performance of OFUL improves, but would ultimately
be a factor of d/k worse than that of the low-dimensional model that includes all
k relevant features.

Figure 2.2(b) shows average regret of OFUL restricted to feature subsets

of different sizes with synthetic data (N = 1000 actions, d = 40 and k = 10).

For j ∈ {2, 4, . . . , 10}, we randomly picked 100 subsets of size j from the

support of θ∗. We report the average regret of OFUL for a short horizon,

T = 28, restricted to the 100 random subsets. We also plot average regret of

OFUL on the full d = 40 dimensional data. Figure 2.2(c) depicts the same

with real data from Poulis and Dasgupta (2017) with d = 498 and sparsity,

k = 92, we choose 100 random subsets of size j ∈ {5, 10, . . . , 25} from

the set of relevant features marked by users (see Section 3.5 for details)

and report the average regret of OFUL restricted to the feature subsets

for a relatively short time horizon, T = 211. The plots show that, in the

short horizon, it may be more beneficial to use a subset of the relevant

features than using the total feature set which may include many irrelevant
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features. The intuition is that when OFUL has not seen many samples, it

does not have enough information to separate the irrelevant dimensions

from relevant ones. As time goes on (i.e., for longer horizons) OFUL’s

relative performance improves since it enjoys sublinear regret but would

ultimately be a factor of d/k worse than that of the low-dimensional model

that includes all k relevant features.

2.5 Experiments

Results with Synthetic Data

For synthetic data, we simulate a text categorization dataset as follows.

Each action corresponds to an article. Generally an article contains only

a small subset of the words from the dictionary. Therefore, to simulate

documents we generate 1000 sparse actions in 40 dimensions. A 5-sparse

reward generating vector, θ∗, is chosen at random. This represents the fact

that in reality a document category probably contains only a few relevant

words. The features represent word counts and hence are always positive.

Here we have access to θ∗ therefore for any action x, we use the standard

linear model (2.1) for the reward yt with ηt ∼ N (0, R2). The support of

θ∗ is taken as the set of oracle relevant words. For every round, each

word from the intersection of the support of the action and oracle relevant

words is marked as relevant with probability (p′ = 0.1). Figure 2.4(a)

shows the results averaged over 100 random trials for sparse θ∗ with
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k = 5, d = 40, and 1000 actions. As expected, the FF-OFUL algorithm

outperforms standard OFUL significantly. Figure 2.3(b) also shows that

the feedback does not hurt the performance much for non-sparse θ∗ with

k = d = 40. Figure 2.1(b) compares the performance of FF-OFUL with an

explore-then-commit strategy.

(a) Synthetic data with sparse θ∗. (b) Simulated data with dense θ∗.

Figure 2.3: On simulated data (d = 40) (a) sparse θ∗ (k = 5), FF-OFUL outper-
forms OFUL significantly and (b) dense θ∗ (k = d = 40), Feature Feedback does
not hurt the performance and it is close to standard OFUL. Refer introduction for
explore-then-commit comparison on synthetic data.

Results with 20Newsgroup Dataset

We use the 20Newsgroup (20NG) dataset from Lang (1995). It has 2× 105

documents covering 20 topics such as politics, sports. We choose a subset of

5 topics (misc.forsale, rec.autos, sci.med, comp.graphics, talk.politics.mideast)

with approximately 4800 documents posted under these topics. For the

word counts, we use the TF-IDF features for the documents which give us

approximately d = 47781 features. For the sake of comparing our method

with OFUL, we first report 500 and 1000 dimensional experiments and
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then on the full 47, 781 dimensional data. To do this, we use logistic re-

gression to train a high accuracy sparse classifier to select 153 features.

Then select an additional 847 features at random in order to simulate high

dimensional features. We compared OFUL and FF-OFUL algorithms on

this data. This is similar to the way Poulis and Dasgupta (2017) ran experi-

ments in the classification setting. We ran only our algorithm on the full

47781 dimension data since it was infeasible to run OFUL. For the reward

model, we pick one of the articles from the database at random as θ∗ and

the linear reward model in (2.1) or use the labels to generate binary, one

vs many rewards to simulate search for articles from a certain category.

In order to come close to simulating a noisy setting, we used the logistic

model, with qt = 1/(1− exp(−〈xt,θ∗〉), P (yt = +1) = qt.

Oracle Feedback

The support of one-vs-many sparse logistic regression is used to get an

“oracle set of relevant features" for each class. Each word from the inter-

section of the support of an action and oracle relevant words was marked

as relevant with probability p′(= 0.1). In our theorem statements, p is the

probability that the feature is present in a random action and it is marked

relevant. This depends on the distribution of the words, but typically

p ∈ (0.001, 0.01) and k ∈ (30, 100) relevant features for each category.

Figure 2.4, compares OFUL, Explore-then-commit and FF-OFUL on the

20NG dataset with oracle feedback. In these simulations averaged over
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100 random θ∗, FF-OFUL outperforms OFUL and Explore-then-commit

significantly. OFUL parameter was tuned to λ = 28.

Human Feedback

Poulis and Dasgupta (2017) took 50 20Newsgroup articles from 5 categories

and had users annotate relevant words. These are the same categories

that we used above. This is closer to simulating human feedback since

we are not using sparse logistic regression to estimate the sparse vectors.

We take the user indicated relevant words instead as the relevance dimen-

sions. There were k ∈ (30, 100) relevant features for each category. In

Figure 2.5(a), we can see that FF-OFUL is already outperforming OFUL

and Explore-then-commit. This is despite the fact that it is not a very

sparse regime. Surprisingly, we found that tuning had little effect on the

performance of FF-OFUL whereas it had a significant effect on OFUL (see

Figure 2.5). This is possibly due to the implicit regularization provided by

gradually growing the number of dimensions as we receive new feedback.

FF-OFUL also yields significantly better rewards at early stages by exploit-

ing knowledge of relevant features as soon as they are identified, rather

than waiting until all or most are found.

Parameter Tuning

For OFUL the ridge parameter (λ) is tuned from {2i}10
i=−7 to pick the one

with best performance. All the tuned parameters selected for OFUL were
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strictly inside this range (for d = 40, k = 5 , λ = 2−5 and for d = 103

(Newsgroup), λ = 28). Figure 2.5(b) demonstrates the sensitivity of OFUL

to change in tuning parameter. For FF-OFUL, the remarkable feature is

that it does not require parameter tuning so λ = 1 for all experiments.

Full dimension experiments

Remarkably the performance of FF-OFUL barely drops in full (d = 47781)

feature dimensions, see Figure 2.5(c). Even though the ridge regression

parameter (λ) for all the experiments was not tuned and set to λ = 1. FF-

OFUL is robust to changes in the ambient dimensions and the parameter λ.

Recall that we do not compare the results with OFUL on 47781 dimensional

data since it would require storing and updating a d × d matrix at each

stage.



33

(a) Synthetic data (b) Real data with replacement(c) Real data without replacement

Figure 2.4: (a) Synthetic data with sparse θ∗ (d = 40, k = 5), FF-OFUL outper-
forms OFUL significantly. See Figure 2.1(b) for comparison with explore-then-
commit strategy. Newsgroup dataset with oracle feedback: (b) This plot shows
that FF-OFUL outperforms OFUL and Explore-then-commit when running in
d = 1000 dimensions, sampling actions with replacement using binary rewards
model. (c) sampling actions without replacement and using the numerical reward
model. Smallest T0 selected such that all relevant features are marked with high
probability. Note shorter time horizon for without replacement sampling since T
must be less than the number of actions.

Figure 2.5: Newsgroup Dataset with Human Feedback: (Left) FF-OFUL outper-
forms OFUL and Explore-then-commit strategy in d = 500 dimensions. Both
plots generated by tuning the parameter for OFUL. (Center) Sensitivity to tuning
parameter λ seen by the drastic difference in performance of OFUL. In contrast,
our FF-OFUL has a relatively modest difference in performance showing its ro-
bustness to the ridge regression parameter λ. (Right) Our algorithm for d = 47781
and d = 500 with ridge parameter λ = 1, showing its robustness to changes in
dimensions and tuning.
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3 matrix approximation using groups of

columns

3.1 Introduction

The ability to perform large-scale data analysis is often limited by two

opposing forces. The first force is the need to store data in a matrix format

for the purpose of analysis techniques such as regression or classification.

The second force is the inability to store the data matrix completely in

memory due to the size of the matrix in many application settings. This

conflict gives rise to storing factorized matrix forms, such as SVD or CUR

decompositions Drineas et al. (2008).

We consider a matrixAwithm rows and n columns, i.e.,A ∈ Rm×n. Us-

ing a truncated k number of singular vectors (e.g., where k < min {m,n}),

the singular value decomposition (SVD) provides the best rank-k approxi-

mation to the original matrix. The singular vectors often do not preserve

the structure in original data. Preserving the original structure in the data

may be desirable due to many reasons including interpret-ability in case of

biometric data or for storage efficiency in case of sparse matrices. This has

led to the introduction of the CUR decomposition, where the factorization

is performed with respect to a subset of rows and columns of the matrix

itself. This specific decomposition describes the matrixA as the product

of a subset of matrix rows R and a subset of matrix columns C (along
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with a matrix U that fitsA ≈ CUR).

Significant prior work has examined how to efficiently choose the

rows and columns in the CUR decomposition and has derived worst-case

error bounds (e.g., Mahoney and Drineas (2009)). These methods have

been applied successfully to many real-world problems including genetics

Paschou et al. (2007), astronomy Yip et al. (2014), and mass spectrometry

imaging Yang et al. (2015). Unfortunately, a primary assumption of current

CUR techniques, that individual rows and columns of the matrix can be

queried, is either impossible or quite costly in many real world problems

and instead require a block approach.

In this chapter, we consider the following two applications which repre-

sent the two main motivating factors for considering block decompositions.

Biometric data analysis. In applications where the ordering of rows

or columns is meaningful, such as images, video, or speech data matrices,

sampling contiguous blocks of columns adds contextual information that

is necessary for interpretability of the factorized representation. One

emerging application is audience reaction analysis of video content using

biometrics. We focus on the scenario where users watch video content

while wearing sensors, and changes in biometric sensors indicate changes

in reaction to the content. For example, increases in heart rate or a spike in

electrodermal activity indicate an increase in content engagement. In this

chapter, a matrix of biometric data such as Electrodermal Activity (EDA)

is collected from users reacting to external stimuli, e.g., watching video
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content. In prior work, EDA has shown to be useful for a variety of user

analytics tasks to assess the reaction of viewersJain et al. (2017); Silveira

et al. (2013). In this setting, m is the number of users and n corresponds

to the number of time samples for which biometric reaction is collected.

Unfortunately, there is significant cost in acquiring each user’s reaction to

lengthy content so instead we collect full responses (corresponding to some

rows of the matrix) from only a limited number of users. For remaining

users, we propose to collect responses for only a few important scenes

of the video (corresponding to column blocks of the matrix) as shown in

Figure 3.1 and then approximate their full response. An individual time

sample in this use case cannot be queried in isolation due to the lack of

context that caused that biometric reaction. Instead, collections of time

segments (i.e., blocks) must be presented to the user. In this setting block

sampling can be viewed as a restriction which leads to more interpretable

solutions.

Distributed storage systems. Large-scale datasets often require dis-

tributed storage, a regime where there can be substantial overhead in-

volved in querying individual rows or columns of a matrix. In these

regimes, it is more efficient to retrieve predefined blocks of rows or columns

at one time corresponding to the rows or columns stored on the same node,

as shown in Figure 3.1, in order to minimize the overhead in terms of la-

tency while keeping the throughput constant. In doing so, one forms

a Block CUR decomposition, with more details provided in Section 3.5.
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Figure 3.1: Applications: (a) Biometric data analysis. Blocks of columns or time
instances correspond to scenes in a video and provide context for biometric
reaction. (b) Distributed storage of a large matrix across multiple nodes in a
cluster. Blocks are allocated to each of the G nodes.

Current CUR decomposition techniques do not take advantage of this

predefined block structure.

Main contributions. Using these insights into real-world applications

of CUR decomposition, we make a series of contributions. We propose

a simple randomized Block CUR algorithm for subset selection of rows

and blocks of columns and derive novel worst-case error bounds for this

randomized algorithm Oswal et al. (2018). On the theory side, we present

new theoretical results related to approximating matrix multiplication

and generalized `2 regression in the block setting. These results are the

fundamental building blocks used to derive the error bounds for the

presented randomized algorithms. The sample complexity bounds feature

a non-trivial dependence on the matrix partition, i.e., the distribution of

information in the blocks of the matrix. This dependence is non-trivial in

that it cannot be obtained by simply extending the analysis of the original
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individual column CUR setting to the Block CUR setting. As a result, our

analysis finds a sample complexity improvement on the order of the block

stable rank of a matrix (See Table 3.2 in Section 3.3).

On the practical side, this algorithm performs fast block sampling

taking advantage of the natural storage of matrices in distributed envi-

ronments (See Table 3.1 in Section 3.5). We demonstrate empirically that

the proposed Block CUR algorithms can achieve a significant speed-up

when used to decompose large matrices in a distributed data setting. We

conduct a series of CUR decomposition experiments using Apache Spark

on Amazon Elastic Map-Reduce (Amazon EMR) using both synthetic and

real-world data. In this distributed environment, we find that our Block

CUR approach achieves a speed-up of 2x to 6x for matrices larger than

12000× 12000. This is compared with previous CUR approaches that sam-

ple individual rows and columns and while achieving the same matrix

approximation error rate. We also perform experiments with real-world

user biometric data from a content testing environment and present in-

teresting use cases where our algorithms can be applied to user analytics

tasks.
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3.2 Problem Setting

Notation

Let Ik denote the k × k identity matrix and 0 denote a zero matrix of

appropriate size. We denote vectors (matrices) with lowercase (uppercase)

bold symbols like a (A). The i-th row (column) of a matrix is denoted by

Ai (Ai). We represent the i-th block of rows of a matrix by A(i) and the

i-th block of columns of a matrix byA(i).

Let [n] denote the set {1, 2, . . . , n}. Let ρ = rank(A) ≤ min{m,n} and

k ≤ ρ. The singular value decomposition (SVD) of A can be written

as A = UA,ρΣA,ρV
T
A,ρ where UA,ρ ∈ Rm×ρ contains the ρ left singular

vectors; ΣA,ρ ∈ Rρ×ρ is the diagonal matrix of singular values, σi(A) for

i = 1, . . . , ρ; and V T
A,ρ ∈ Rρ×n is an orthonormal matrix containing the ρ

right singular vectors ofA. We denoteAk = UA,kΣA,kV
T
A,k as the best rank-

k approximation toA in terms of Frobenius norm. The pseudoinverse of

A is defined asA† = V A,ρΣ−1
A,ρU

T
A,ρ. Also, note that CC†A = UCU

T
CA is

the projection ofA onto the column space ofC, andAR†R = AV R,kV
T
R,k

is the projection ofA onto the row space ofR.

The Frobenius norm and spectral norm of a matrix are denoted by

‖A‖F and ‖A‖2 respectively. The square of the Frobenius norm is given

by ‖A‖2
F = ∑m

i=1
∑n
j=1A

2
i,j = ∑k

i=1 σ
2
i (A). The spectral norm is given by

‖A‖2 = maxi σi(A).
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The CUR problem and other related work

The need to factorize a matrix using a collection of rows and columns

of that matrix has motivated the CUR decomposition literature. CUR

decomposition is focused on sampling rows and columns of the matrix to

provide a factorization that is close to the best rank-k approximation of the

matrix. One of the most fundamental results for a CUR decomposition of

a given matrixA ∈ Rm×n was obtained in Drineas et al. (2008). We re-state

it here for the sake of completion and setting the appropriate context for

our results to be stated in the next section. This relative error bound result

is summarized in the following theorem.

Theorem 3.1. (Theorem 2 from Drineas et al. (2008) applied toAT ) GivenA ∈

Rm×n and an integer k ≤ min{m,n}, let r = O(k2

ε2
ln(1

δ
)) and c = O( r2

ε2
ln(1

δ
)).

There exist randomized algorithms such that, if c columns are chosen to construct

C and r rows are chosen to construct R, then with probability ≥ 1 − δ, the

following holds:

‖A−CUR‖F ≤ (1 + ε)‖A−Ak‖F

where ε, δ ∈ (0, 1), U = W † andW is the scaled intersection of C andR.

This theorem states that as long as enough rows and columns of the

matrix are acquired (r and c, respectively), then the CUR decomposition

will be within a constant factor of the error associated with the best rank-
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k approximation of that matrix. Central to the proposed randomized

algorithm was the concept of sampling columns of the matrix based on a

leverage score. The leverage score measures the contribution of each column

to the approximation ofA.

Definition 3.2. The leverage score of a column is defined as the squared row

norm of the top-k right singular vectors ofA corresponding to the column:

`j = ‖V T
A,kej‖2

2, j ∈ [n],

where V A,k consists of the top-k right singular vectors of A as its rows, and ej

is the j-th column of identity matrix which picks the j-th column of V T
A,k.

The CUR algorithm involves randomly sampling r rows using proba-

bilities generated by the calculated leverage scores to obtain the matrixR,

and thereafter sampling c columns ofA based on leverage scores of theR

matrix to obtainC. The key technical insight in Drineas et al. (2008) is that

the leverage score of a column measures “how much” of the column lies

in the subspace spanned by the top-k left singular vectors ofA; therefore,

this method of samping is also known as subspace sampling. By sampling

columns that lie in this subspace more often, we get a relative-error low

rank approximation of the matrix. The concept of sampling the impor-

tant columns of a matrix based on the notion of subspace sampling first

appeared in context of fast `2 regression in Drineas et al. (2006) and was
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refined in Drineas et al. (2008) to obtain performance error guarantees for

CUR matrix decomposition.

These guarantees were subsequently improved in follow-up work Ma-

honey and Drineas (2009). Modified versions of this problem have been

studied extensively for adaptive sampling Wang and Zhang (2012), divide-

and-conquer algorithms for parallel computations Mackey et al. (2011),

and input-sparsity algorithms Boutsidis and Woodruff (2014). The authors

of Wang and Zhang (2012) propose an adaptive sampling-based algorithm

which requires only c = O(k/ε) columns to be sampled when the entire

matrix is known and its SVD can be computed. The authors of Boutsidis

and Woodruff (2014) also proposed an optimal, deterministic CUR algo-

rithm. In Boutsidis et al. (2014), the authors prove the lower bound of the

column selection problem; at least c = k/ε columns are selected to achieve

the (1 + ε) ratio.

These prior results require sampling of arbitrary rows and columns

of the matrix A which may be either unrealistic or inefficient in many

practical applications. In this chapter, we focus on the problem of efficiently

sampling pre-defined blocks of columns (or rows) of the matrix to provide

a factorization that is close to the best rank-k approximation of the matrix

in the more natural environment of block sampling for biometric and

distributed computation, explore the performance advantages of block

sampling over individual column sampling, and provide the first non-

trivial theoretical error guarantees for Block CUR decomposition. In the
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following section, we propose and analyze a randomized algorithm for

sampling blocks of the matrix based on block leverage scores.

3.3 Algorithm

A block may be defined as a collection of s columns or rows. For clarity

of exposition, without loss of generality, we consider column blocks but

the techniques and derivations also hold for row blocks by applying them

to the transpose of the matrix. For ease of exposition, we also assume

equal-sized blocks but one could easily extend the methods to blocks of

varying sizes. Let G = dn/se be the number of possible blocks inA. We

consider the blocks to be predefined due to natural constraints or cost,

such as data partitioning in a distributed compute cluster.

The goal of the Block CUR algorithm is to approximate the underlying

matrixAusing g blocks of columns and r rows, as represented in Figure 3.2.

For example, in the biometric analysis setting each block could correspond

to user reactions at a collection of time points corresponding to a scene in

a movie. The goal is to approximate the users’ reactions to the full movie

using only their response to a summary of the movie (containing a subset

of the scenes).

Given the new regime of submatrix blocks, we begin by defining a

block leverage score for each block of columns.
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Figure 3.2: Example Block CUR decomposition, where Ct ∈ Rm×s for t ∈ [g] is
sampled from {A(jt) : jt ∈ [G]}.

Definition 3.3. The block leverage score of a group of columns is defined

as the sum of the squared row norms of the top-k right singular vectors of A

corresponding to the columns in the block:

`g(A, k) = ‖V T
A,kEg‖2

F , g ∈ [G],

where V A,k consists of the top-k right singular vectors of A, and Eg consists

of the corresponding block of columns in the identity matrix which picks the

columns of V T
A,k corresponding to the elements in block g.

Much like the individual column leverage scores defined in Drineas

et al. (2008), the block leverage scores measure how much a particular

column block contributes to the approximation of the matrixA.

Algorithm details

The Block CUR Algorithm, detailed in Algorithm 1, takes as input the

matrix A and returns as output an r × n matrix R consisting of a small

number of rows ofA and an m× c matrixC consisting of a small number

of column blocks fromA.



45

Algorithm 1: Block CUR
Input :A, target rank k, size of each block s, error parameter ε,

positive integers r, g
Output :C,R, Â = CUR

1. Row subset selection: Sample r rows uniformly fromA according to
pi = 1/m for i ∈ [m] and computeR = STRA.

2. Column block subset selection: For t ∈ [g], select a block of columns
jt ∈ [G] independently with probability pjt = `i(R,r)

r
= ‖V TR,rEi‖

2
F

r

for i ∈ [G] and update S, where V R,r consists of the top-r right
singular
vectors ofR, and Ei picks the columns V T

R,r corresponding to the
elements in block i. Compute C = AS.

3. CUR approximation: Â = CUR where U = W †, andW = RS is
the
scaled intersection ofR and C.

In Algorithm 1, for t ∈ [g], block jt ∈ [G] is sampled with some proba-

bility pjt and scaled using matrix S ∈ Rn×gs. The (jt, t)-th non-zero s× s

block of S is defined as Sjt,t = Is/
√
gpjt where g = c/s is the number of

blocks picked by the algorithm. This sampling matrix picks the blocks of

columns and scales each block to compute C = AS. A similar sampling

and scaling matrix SR is defined to pick the blocks of rows and scale each

block to compute R = STRA. An example of sampling matrix S with

blocks chosen in order [1, 3, 2] is as follows:
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Sn×gs =



1√
gp1
Is 0 0

0 0 1√
gp2
Is

0 1√
gp3
Is 0

0 0 0


.

In addition to considering block sampling of columns, another advan-

tage of this algorithm is not requiring the computation of a full SVD ofA.

In many large-scale applications, it may not feasible to compute the SVD

of the entire matrix A. In these cases, algorithms requiring knowledge

of the leverage scores cannot be used. Instead, we use an estimate of the

block leverage scores called the approximate block leverage scores. A subset

of the rows (corresponding to users) are chosen uniformly at random, and

the block scores are calculated using the top-k right singular vectors of

this row matrix instead of the entireAmatrix. This step is not the focus

of the experiments in this chapter so it can also be replaced with other

fast approximate calculations of leverage scores involving sketching or

additional sampling Drineas et al. (2012); Xu et al. (2015). The advantage of

using our approximate leverage scores is that the same set of rows is used

to approximate the scores and also to compute the CUR approximation.

Hence no additional sampling or sketching steps are required. In terms

of the biometric application, each row corresponds to a user’s biometric

reaction to a movie. Since collecting user reactions to lengthy content can

be expensive, eliminating redundant sampling leads to huge savings in
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resources.

The running time of Algorithm 1 is essentially driven by the time re-

quired to compute the SVD of R, i.e., O(SV D(R)) time, and the time to

constructR, C and U . Construction ofR requires O(rn) time, construc-

tion of C takes O(mc) time, construction of W requires O(rc) time and

construction of U takes O(r2c) time.

3.4 Main Results

The main technical contribution is a novel relative-error bound on the

quality of approximation using blocks of columns or rows to approximate a

matrixA ∈ Rm×n. Before stating the main result, we define two important

quantities that measure important properties of the matrix A that are

fundamental to the quality of approximation. We first define a property

of matrix rank relative to the collection of matrix blocks. Specifically, we

focus on the concept of matrix stable rank from Rudelson and Vershynin

(2007) and define the block stable rank as the minimum stable rank across

all matrix blocks.

Definition 3.4. Let V A,k consist of the top-k right singular vectors ofA. Then

the block stable rank is defined as

αA = min
g∈[G]

‖V T
A,kEg‖2

F

‖V T
A,kEg‖2

2
,
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where Eg consists of the corresponding block of columns in the identity matrix

that picks the columns of V T
A,k corresponding to the elements in block g.

Intuitively, the above definition gives a measure of how informative the

worst matrix column block is. The second property is a notion of column

space incoherence. When we sample rows uniformly at random, we can give

relative error approximation guarantees when the matrixA satisfies an

incoherence condition. This avoids pathological constructions of rows of

A that cannot be sampled at random.

Definition 3.5. The top-k column space incoherence is defined as

µ := µ(UT
A,k) = m

k
max
i
‖UT

A,kei‖2
2,

where ei picks the i-th column of UT
A,k.

The column space incoherence is used to provide a guarantee for fast ap-

proximation without computing the SVD of the entire matrixA. Equipped

with these definitions, we state the main result that provides a relative-

error guarantee for the Block CUR approximation in Theorem 3.6.

Theorem 3.6. Given A ∈ Rm×n with incoherent top-k column space, i.e., µ ≤

µ0, let r = O
(
µ0

k2

ε2
ln(1

δ
)
)

and g = O
(

r2

αRε2
ln(1

δ
)
)
. There exist randomized

algorithms such that, if r rows and g column blocks are chosen to construct R
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and C, respectively, then with probability ≥ 1− δ, the following holds:

‖A−CUR‖F ≤ (1 + ε)‖A−Ak‖F ,

where ε, δ ∈ (0, 1) andU = W † is the pseudoinverse of scaled intersection ofC

andR.

We provide a sketch of the proof and highlight the main technical

challenges in proving the claim in Section 3.4 and defer the proof details

to the Appendix. In Section 3.4, we first provide a relative-error guarantee

(Lemma 3.8) for the approximation provided by Algorithm 1. After ap-

plying standard boosting techniques (explained in Section 3.4) we get the

main result stated above.

Proof sketch of main result

In this section, we provide a sketch of the proof of Theorem 3.6 and defer

the details to the Appendix. The proof of the main result rests on two

important lemmas. These results are important in their own right and

could be useful wherever the block sampling issue arises. The first result

concerns approximate block multiplication.

Block multiplication lemma. The following lemma shows that the

multiplication of two matrices A and B can be approximated by the

product of the smaller sampled and scaled block matrices. This is the key

lemma in proving the main result.
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Lemma 3.7. Let A ∈ Rm×n, B ∈ Rn×p,ε, δ ∈ (0, 1), and αA be defined as

αA := mini∈[G]
‖A(i)‖2F
‖A(i)‖22

. Construct Cm×gs and Rgs×n using sampling probabili-

ties pi that satisfy

pi ≥ β
‖A(i)‖2

F∑G
j=1 ‖A(j)‖2

F

,

for all i ∈ [G] and where β ∈ (0, 1]. Then, with probability at least 1− δ,

‖AB −CR‖F ≤
1

δ
√
βgαA

‖A‖F‖B‖F .

The proof details are provided in the Appendix. The main difficulty

in proving this claim is to account for the block structure. Even though

one could trivially extend individual column sampling analysis to this

setting by serializing the blocks, this would lead to trivial bounds as they

do not leverage the block structure. Our results exploit this knowledge

and hence introduce a dependence of the sample complexity on the block

stable rank of the matrix.

Using the block multiplication lemma we prove Lemma 3.8, which

states a non-boosting approximation error result for Algorithm 1.

Lemma 3.8. Given A ∈ Rm×n with incoherent top-k column space, i.e., µ ≤

µ0, let r = O(µ0
k2

ε2
) and g = O( r2

αRε2
). If rows and column blocks are chosen

according to Algorithm 1, then with probability at least 0.7, the following holds:

‖A−CUR‖F ≤ (1 + ε)‖A−Ak‖F ,
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where ε ∈ (0, 1), U = W † is the pseudoinverse of the scaled intersection of C

andR.

The proof of Lemma 3.8 follows standard techniques in Drineas et al.

(2008) with modifications necessary for block sampling (see Appendix for

the proof details). Finally, the result in Theorem 3.6 follows by applying

standard boosting methods to Lemma 3.8 and running Algorithm 1 t =

ln(1
δ
) times. By choosing the solution with minimum error and observing

that 0.3 < 1/e, we have that the relative error bound holds with probability

greater than 1− e−t = 1− δ.

Remark. As a consequence of Lemma 3.8, we show that if enough

blocks are sampled with high probability, then ‖A−AS(RS)†R‖F ≤ (1 +

ε)‖A−AR†R‖F . This gives a guarantee on the approximate solution ob-

tained by solving a block-sampled regression problem minX∈Rm×r ‖(AS)−

X(RS)‖F instead of the entire least squares problem. As a special case

of the above result, when R = A we get a bound for the block column

subset selection problem. If g = O( k2

αAε2
log

(
1
δ

)
) blocks are chosen, then

with probability at least 1− δ we have ‖A−CC†A‖F ≤ (1 + ε)‖A−Ak‖F .
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3.5 Experiments

Experiments with biometric data

One emerging application is audience reaction analysis of video content

using biometrics. Specifically, users watch video content while wearing

sensors, with changes in biometric sensors indicating changes in reaction

to the content. For example, increases in heart rate or a spike in electro-

dermal activity indicate an increase in content engagement. In prior work,

biometric signal analysis techniques have been developed to determine va-

lence Silveira et al. (2013) (e.g., positive vs. negative reactions to films) and

content segmentation Lian et al. (2014). Unfortunately these experiments

require a large number of users to sit through the entire video content,

which can be both costly and time-consuming.

We consider the observed biometric signals as a matrix with m users

(as rows) and n biometric time samples (as columns). Matrix approxi-

mation techniques, such as CUR decomposition, point to the ability to

infer the complete matrix by showing the entire content to only a subset

of users (i.e., rows), while the remaining users see only selected scenes

of the content (i.e., column blocks). To replicate a user’s true reaction to

content, individual columns cannot be sampled (e.g., showing the user

0.25 seconds of video content) given the lack of scene context. Instead,

longer scenes must be shown to the user to gather a representative re-

sponse. Therefore, the Block CUR decomposition proposed in this chapter
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Figure 3.3: Panel (a) shows EDA data for four users watching the NCIS video
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Figure 3.4: Block leverage scores for EDA data with k = 5 and s = 120 columns
(30 seconds).

is directly applicable.

The biometric experiment setup is as follows. We attached 24 subjects

with the Empatica E3 wearable sensor Garbarino et al. (2014) that measures

electro-dermal activity (EDA) at 4 Hz. The subjects were shown a 41-

minute episode of the television series “NCIS”, in the genres of action and

crime. The resulting biometric data matrix was 24× 9929. Our goal is to

use Block CUR decomposition to show only a subset of users the entire

content, and to then impute the biometric data for users that have viewed

only a small number of selected scenes from the content.

Results. We refer to the biometric data matrix asA and plot the EDA
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Figure 3.5: Error plots for two values of target rank, k = 3, 5.

traces (rows) corresponding to four users in Figure 3.3a. To demonstrate

the low rank nature of the data, we plot the Frobenius norm ofA covered

byAk as a function of k in Figure 3.3b. We find that for this data, only 5

singular vectors are needed to capture 80% of the total Frobenius norm

of the complete matrix. Next, we segment the columns of this matrix

into blocks such that s = 120 columns (or 30 seconds). In Figure 3.4, we

show the computed block leverage scores. The leverage scores seem to

suggest that certain scenes are more important than others. For example,

the highest leverage scores are around the 12, 26, and 38 minute marks.

This corresponds to scenes of a dead body, unveiling of a clue to solving
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the mystery, and the final arrest, respectively.

Using Algorithm 1, we uniformly sample EDA traces (rows) of 20 users

and hold out the EDA traces of 4 users. We sample column blocks and

plot the resulting error in Frobenius norm in Figure 3.5. The plots show

the normalized Frobenius norm error of the CUR approximation as a

function of the number of blocks, g, sampled. More precisely, the ratio

‖A − CUR‖F/‖A −Ak‖F and ‖A − CU kR‖F/‖A −Ak‖F are plotted

for two values of the target rank, k = 3 and 5 and two values of block

size, s = 60 and 120 columns per block (15 and 30 seconds), respectively.

We also compare the error using U k, the rank-k approximation of U ,

which leads to an exactly rank-k matrix approximation since this may be a

restriction in some applications. We repeat Algorithm 1 ten times1 and

plot the mean normalized error over 10 trials.

The error drops sharply as we sample more blocks but quickly flattens

demonstrating that a summary of the movie could suffice to approximate

the full responses. The plots also show the interplay between the number

of blocks sampled and the issue of context which is related to block size.

To give the viewer some context we would want to make the scene as long

as possible but we want to show them only a summary of the content to

reduce the cost. These conflicting aims result in a trade-off of block size

and the number of blocks sampled. For example, for k = 5, the normalized
1These plots were generated using sampling without replacement even though our

theory supports sampling with replacement since sampling the same blocks is inefficient in
practice.
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Table 3.1: Table comparing the number of sampling operations needed for given
ε using our Block CUR result based on block sampling and traditional CUR based
on individual column sampling (note this is not the same as the vectorized block
columns in Table 1). This leads to speedup since it is more efficient to retrieve
predefined blocks than querying individual rows or columns in these regimes.
The αR term we introduce satisfies the bound 1 ≤ αR ≤ s.

Method No. of sampling ops.
Traditional CUR O

(
k2

ε2
log(1

δ
) + k4

ε6
log3(1

δ
)
)

Block CUR O
(
k2

ε2
log(1

δ
) + k4

αRε6
log3(1

δ
)
)

error is less than 1 when a 2.5 minute long clip is shown to the viewer,

that is g = 10 with block size s = 60 columns (or 15 seconds), whereas the

normalized error is less than 1 when a 3.5 minute long clip is shown to

the viewer (g = 7) with block size s = 120 columns (or 30 seconds). These

results demonstrate the practical use of the Block CUR algorithm.

Distributed experiments

In this section we demonstrate empirically that the proposed block sam-

pling based CUR algorithms can achieve a significant speed-up when

used to decompose matrices in a distributed data setting by comparing

their performance with individual column sampling based traditional

CUR algorithms on both synthetic and real-world data. We report the

relative-error of the decomposition (i.e., ‖A − CUR‖F/‖A‖F ) and the

sampling time of each algorithm on different data-sets.

We implemented the algorithms in Scala 2.10 and Apache Spark 2.11

on Amazon Elastic Map-Reduce (Amazon EMR). The compute cluster was
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constructed using four Amazon m4.4xlarge instances, with each compute

node having 64 GB of RAM. Using Spark, we store the data sets as resilient

distributed dataset (RDD), a collection of elements partitioned across the

nodes of the cluster (see Figure 3.2). In other words, Spark partitions the

data into many blocks and distributes these blocks across multiple nodes

in the cluster. Using block sampling, we can approximate the matrix by

sampling only a subset of the important blocks. Meanwhile, individual

column sampling would require looking up all the partitions containing

specific columns of interest as shown in Table 3.1. Our experiments exam-

ine the runtime speed-up from our block sampling CUR that exploits the

partitioning of data.

Synthetic experiments. The synthetic data is generated byA = UV

where U ∈ Rm×k and V ∈ Rk×n are random matrices with i.i.d. Gaussian

random entries, resulting in a low rank matrix A. We perform CUR

decomposition on matrices of size m× n with m = n, target rank k, and

number of blocksG (set here across all experiments to be 100). The leverage

scores are calculated by computing the SVD of the rows sampled uniformly

withR ∈ Rr×n. We sample one-sixth of the rows.

Figure 3.6 shows the plots for relative error achieved with respect to

the runtime required to sample C and R matrices for both Block CUR

and traditional CUR algorithms. To focus on the speed-up achieved by

taking into account the block storage of data we compare running times of

only the sampling operations of the algorithms (which excludes the time
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Figure 3.6: Performance on synthetic n× n matrices with rank n/10.

required to compute the SVD). We note that other steps in both algorithms

can be updated to include faster variants such as the approximation of

leverage scores by sketching or sampling Drineas et al. (2012). We vary g,

the number of blocks chosen, from 1 to 6. The number of columns chosen is

thus c = gs, where s denotes the number of columns in a block and varies

from 50 to 200. We repeat each algorithm (Block CUR and traditional CUR)

twice for the specified number of columns, with each realization as a point

in the plot. The proposed Block CUR algorithm samples the c columns in

g blocks, while traditional CUR algorithm samples the c columns one at a

time.

Consistently, these results show that block sampling achieves the rela-

tive error much faster than the individual column sampling – with perfor-

mance gains increasing as the size of the matrix grows, as shown in Figure

3.6. While the same amount of data is being transmitted regardless of

whether block or individual column sampling is used, block sampling is

much faster because it needs to contact fewer executors to retrieve blocks

of columns rather than the same number of columns individually. In the
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Figure 3.7: Performance on 900× 10, 000 Arcene dataset with block size 12. (a)
Runtime speed-up from block sampling compared to individual column sam-
pling for varying block sizes. (b) Block CUR achieves similar relative errors as
individual CUR with much lower computation time.

worst case, sampling individual columns may need to communicate with

all of the executors, while block sampling only needs to communicate with

g executors. Thus, by exploiting the partitioning of the data, the Block

CUR approach is able to achieve roughly the same quality of approxima-

tion as traditional column-based CUR, as measured by relative error, with

significantly less computation time.

Real-world experiments. We also conduct experiments on the Arcene

dataset Guyon et al. (2004) which has 900 rows and 10,000 columns. We

compare the running time for both block and traditional CUR decomposi-

tion. We again find consistent improvements for the block-wise approach

compared with individual column sampling. With block size s = 12, sam-

pling up to 10 groups led to an average speed up of 11.2 over individual

column sampling, as shown in Figure 3.7. The matrix is very low rank,

and sampling a few groups gave small relative errors.
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3.6 Discussion

We detail the differences between our technique and prior CUR algorithms

here. This includes additional assumptions required, algorithmic trade-

offs, and discussion of sampling and computational complexity.

Block stable rank

Theorem 3.6 tells us that the number of blocks required to achieve an ε rel-

ative error depends on the structure of the blocks (through αR). Intuitively,

this is saying the groups that provide more information improve the ap-

proximation faster than less informative groups. The αR term depends on

the stable or numerical rank (a stable relaxation of exact rank) of the blocks.

The stable rank α = ‖A‖2
F/‖A‖2

2 is a relaxation of the rank of the matrix;

in fact, it is stable under small perturbations of the matrix A Rudelson

and Vershynin (2007). For instance, the stable rank of an approximately

low rank matrix tends to be low. The αR term defined in Theorem 3.6 is

the minimum stable rank of the column blocks. Thus, the αR term gives a

dependence of the block sampling complexity on the stable ranks of the

blocks. It is easy to check that 1 ≤ αR ≤ s. In the best case, when all the

groups have full stable rank with equal singular values, αR achieves its

maximum. The worst case αR = 1 is achieved when a group or block is

rank-1. That is, sampling groups of rank s gives us a lot more information

than groups of rank 1, which leads to a reduction in the total sampling



61

Table 3.2: Table comparing the sample complexity needed for given ε using our
Block CUR result and a bound obtained by trivial extension of traditional CUR.
For ease of comparison, we show the results with full SVD computation ignoring
incoherence assumption stated in Corollary 1 in the Appendix. The αR term we
introduce satisfies the bound 1 ≤ αR ≤ s.

Results r g
Traditional CUR

extended to block setting O
(
k2

ε2
log

(
1
δ

))
O
(
k4

ε6
log3(1

δ
)
)

Our Block CUR O
(
k2

ε2
log(1

δ
)
)
O
(

k4

αRε6
log3(1

δ
)
)

complexity.

Incoherence

The column space incoherence (Definition 3.5) is used to provide a guar-

antee for approximation without computing the SVD of the entire matrix

A. However, if it is possible to compute the SVD of the entire matrix, then

the rows can be sampled using row leverage scores, and the incoherence

assumption can be dropped. The relative error guarantee, independent

of incoherence, for the full SVD Block CUR approximation is stated as

Corollary 1 in the Appendix. The corollary follows by a similar analy-

sis as Theorem 3.6 so we defer the proof to the Appendix. Other than

block sampling, the setup of this result is equivalent to the traditional

column sampling result stated in Lemma 3.8. Next, we compare the block

sampling result with extensions of traditional column sampling.
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Sample complexity: comparison with extensions of

traditional CUR results

In order to compare the sample complexity of our block sampling results

with trivial block extensions of traditional column sampling results we

focus our attention on the similar leverage score based CUR result in

Theorem 3.1. A simple extension to block setting could be obtained by

considering a larger row space in which blocks are expanded to vectors.

This would lead to a sample complexity bound obtained by Theorem 3.1.

The sampling complexity of the Block CUR derived in Theorem 3.6 tells

us the number of sampling operations or queries that need to be made to

memory in order to construct theR and C matrices. As shown in Table

3.2 the column block sample complexity obtained by traditional CUR

extensions results is always greater than or equal to those required by our

Block CUR result because 1 ≤ αR ≤ s. This happens since traditional

CUR-based results are obtained by completely ignoring the block structure

of the matrix.
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4 the group ordered weighted `1 (growl)

4.1 Introduction

In the linear regression setting, we have n samples {(xi, yi)}ni=1, where

xi ∈ Rp is a p-dimensional feature vector, and yi is the associated response.

The model approximates the response variable yi as a linear combination

of the features

yi =
p∑
j=1

xijβ
∗
j + ηi (4.1)

whereβ∗ is the unknown linear functional and ηi is a zero mean random

variable.

The usual “least-squares" estimator is based on minimizing the squared-

error loss

βLS = arg min
β∈Rp

1
2‖y −Xβ‖

2
2. (4.2)

Machine learning applications such as neuroscience and computational

biology involve several variables, often tens of thousands to millions. These

variables correspond to voxels or brain regions in the case of fMRI studies

and genes in computational biology. Further, the number of samples

available are small due to acquisition costs. For example, in the case of

fMRI studies, each sample might correspond to the activity in all the voxels

in response to a particular stimulus. Typically, it is not feasible to obtain a
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large number of data samples. Least-squares estimates in high-dimensions

lead to intractable solutions by overfitting to the data. To reduce the

variance, regularization penalties are often introduced to increase the bias

of the estimator. The ridge estimator favors weight coefficients with small

`2 norm

min
β∈Rp

1
2‖y −Xβ‖

2
2 + λ‖β‖2

2, (4.3)

where λ > 0.

Often interpretability of the model is also desired. With a large number

of variables, we often would like to identify a smaller subset that exhibit

the strongest effects. To overcome this issue, typically we solve regularized

problems that bias towards simpler solutions such as those with fewer

number of voxels selected in the solution. Simple models make the solution

more interpretable, and can be used by scientists to better understand

how the different regions of the brain work. The most common model is

perhaps that of Lasso Tibshirani (1996) which combines the least-squares

loss with an `1-constraint, leading to sparse solutions, meaning only a few

variables are assigned non-zero coefficients.

min
β∈Rp

1
2‖y −Xβ‖

2
2 + λ‖β‖1, (4.4)

for λ > 0.

The constraint region for lasso is diamond-shaped, in contrast with the
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(a) Ridge (b) Lasso (c) OWL

Figure 4.1: (a) Ridge (`2), (b) Lasso (`1), and (c) OWL (w1 > w2 > 0) balls in R2.
Contours centered at Least-squares estimate, βLS (4.3). Low correlation (dotted),
leads to solution at β1 = 0. High correlation (solid), leads to clustered solution at
β1 = β2.

disk-shaped region of ridge regression depicted in Figure 4.1(a) and (b)

respectively. The diamond has corners at sparse solutions where one of

the parameters are set to zero. The key property of the `1 penalty is its

ability to yield sparse solutions.

A severe limitation of Lasso arises when some of the variables are

strongly correlated (i.e., cases in which certain columns of X may be close

to, or even exactly, collinear). In such cases, Lasso selects an arbitrary

subset of the correlated variables to preserve sparsity of the solution.

This is a concern in fMRI, since certain voxels may have very correlated

activation patterns and the goal is to identify all the voxels that are relevant

to the task.

In the standard (single-task) regression problem, this issue has been

tackled using many techniques, including elastic net Zou and Hastie (2005),
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OSCAR Bondell and Reich (2008), OWL Figueiredo and Nowak (2014),

and others. The EN regularizer combines the Lasso and ridge penalties by

taking the weighted sum of the `1 and `2 norms to promote grouping of

correlated variables. Variants of EN (more precisely, tighter relaxations of

sparsity plus `2) like the k-support norm are also introduced in Argyriou

et al. (2012), Belilovsky et al. (2015). The Ordered Weighted `1 (OWL)

penalty, of which the OSCAR is a special case, is given by

Ωw(β) =
p∑
i=1

wi|β[i]|, (4.5)

where β[i] is the component of β with the i-th largest magnitude and w

is a vector of non-negative and non-increasing weights such that w1 ≥

· · · ≥ wp ≥ 0 and w1 > 0. The OSCAR was experimentally studied in

Bondell and Reich (2008); Zhong and Kwok (2012); the main conclusion

from their experiments is not that OSCAR clearly outperforms EN in terms

of accuracy, but that while typically requiring fewer degrees of freedom

due to its exact clustering behavior, it is still competitive with EN. In other

words, their claim is not that OSCAR achieves higher accuracy, but that its

ability to identify clusters of correlated covariates improves interpretability

which is typically of interest in fMRI applications.
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OWL norm and its clustering property

The Ordered weighted `1 (OWL) family of regularizers for sparse linear re-

gression was recently introduced and studied in Bogdan et al. (2015); Bon-

dell and Reich (2008); Figueiredo and Nowak (2016); Zeng and Figueiredo

(2014). The authors show that OWL automatically clusters and averages

regression coefficients associated with strongly correlated variables. This

has a desirable effect of selecting more of the relevant variables than the `1

penalty. This is illustrated with the octogonal constraint region of the OWL

penalty in Figure 4.1 (c).The OWL norm reduces to the `1 norm when all

the weights are set to be equal and the `∞ norm when w2 = · · · = wp = 0.

The OWL-regularized regression is stated as follows,

min
β∈RN

1
2‖y −Xβ‖

2
2 + Ωw(β). (4.6)

The following result provides a sufficient condition stating that when

columns of X are correlated enough, OWL automatically clusters them

(i.e., correlated columns will have equal-valued coefficients in the solution).

Let ∆w = min{wl − wl+1, l = 1, ..., N − 1} be the minimum gap between

consecutive elements of w.

Lemma 4.1 (Theorem 2.1 in Figueiredo and Nowak (2016)). Let β̂ be a

solution of (4.6), and xi and xj be two columns of X . If ‖xi − xj‖2 <

∆w/‖y‖2, then |β̂i| = |β̂j|.
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Figure 4.2: An example of OWL-Ramp weights.

New clustering properties of OWL

Recall that ∆w is the minimum gap in the OWL weights. Usually, this

gap is very small, like O(1/N ) or in some cases zero, which makes the

clustering property of OWL infeasible. Hence, we extend the clustering

results of OWL norm with a ramp-like sequence of weights which we call

OWL-ramp.

wi = (r − i+ 1)∆ + λ for i ∈ {1, . . . , r},

= λ for i ∈ {r + 1, . . . , N},

where λ > 0, ∆ ≥ 0 and 1 ≤ r ≤ N . Figure 4.2 depicts an example of the

OWL-Ramp weights.

We prove the following clustering result for the OWL-Ramp regular-

ization.

Lemma 4.2. Let β̂ be a solution of the optimization in (4.6) using OWL-

Ramp weights (λ,∆ > 0, and 1 ≤ r ≤ N ) and M := {j : |β̂j| = maxi |β̂i|}.

If elements of M belong to a ∆-connected component on the unit hyper-

sphere in Rn with cardinality at least r, then |M | ≥ r.
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Proof details are provided are provided in the Appendix. This lemma

provides a sufficient condition for the largest magnitude cluster in the

OWL-Ramp solution to have critical mass. The Euclidean distance condi-

tion from Lemma 4.1 translates into the ∆-connected component condition

in this Lemma. Note that the minimum gap ∆w is always smaller than or

equal to ∆. It is strictly smaller in most cases. This provides more room

for clustering in the OWL solution.

4.2 Problem Setting

Multi-task regression is a generalization of the linear model which consists

of a collection of “r-tasks" or response variables that share the same set of

features or variables,

Y ≈XB∗ (4.7)

where Y ∈ Rn×r is the collection of r response variables and B∗ ∈ Rp×r

corresponds to the weight coefficient matrix. In some cases, the tasks may

also share the same subset of variables leading to a row-sparse weight

matrix, where many rows of the coefficient matrix are zero vectors. To find

row-sparse solutions to the multi-task regression problem we consider a

generalization of the Lasso below.
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Group Lasso

Consider the group lasso optimization

min
B∈Rp×r

‖Y −XB‖2
F + λ‖B‖1,2 . (4.8)

The parameter λ > 0 is an adjustable weight on the sparsity-promoting

regularizer ‖B‖1,2, which is defined as follows. The rows ofB are denoted

by βi∗, i = 1, . . . , p, and the norm ‖B‖1,2 = ∑p
i=1 ‖βi∗‖2. This encourages

solutions with only a few nonzero rows in B Lounici et al. (2009, 2011);

Obozinski et al. (2011).

4.3 The GrOWL penalty

The main technical innovation in this chapter is a new approach to the

group lasso that is designed to cope with strongly correlated covariates

(i.e., cases in which certain columns ofX may be close to, or even exactly,

collinear). This is a concern in fMRI, since certain voxels may have very

correlated activation patterns. This problem is illustrated in Figure 4.3,

where we simulate a situation in which columns 5 and 7 of the data matrix

X are highly correlated. Group lasso selects one of the corresponding

rows in B (row 5), whereas GrOWL correctly selects both rows 5 and 7.

Note that the group lasso can select at most n features (n being the number

of items), since the number of nonzero rows in the solution cannot exceed
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the number of measurements. This can be severe limitation of the group

lasso in applications where the number of features far exceeds the number

of items.

Figure 4.3: A comparison of group lasso (middle) and grOWL (right) optimiza-
tion solutions with correlated columns inX showing that GrOWL selects relevant
features (row 5 and 7) even if they happen to be strongly correlated and automat-
ically cluster them by setting the corresponding coefficient rows to be equal (or
nearly equal).

We propose a generalization of the OWL approach to the multi-task

setting, and thus call our new approach Group OWL (GrOWL). We show

that GrOWL shares many of the desirable features of the OWL method,

namely it automatically clusters and averages regression coefficients asso-

ciated with strongly correlated columns ofX . In this section, we consider

the general optimization

min
B∈Rp×r

L(B) + G(B) (4.9)

where typical loss functions considered here are absolute error, L(B) =
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Table 4.1: Weight vectors corresponding to different instances of OWL and
GrOWL

Lasso wi = λ for i = 1, . . . , p

Linear (OSCAR) wi = λ+ λ1(p− i)/p for i = 1, . . . , p

Spike w1 = λ+ λ1, wi = λ1 for i = 2, . . . , p

Ramp wi = (r − i+ 1)∆ + λ, for i ∈ {1, . . . , r},

wi = λ for i ∈ {r + 1, . . . , p}

‖Y − XB‖1, or squared Frobenius error, L(B) = ‖Y − XB‖2
F . Let

B ∈ Rp×r and let βi∗ and β∗j denote the ith row and jth column of B.

Define the GrOWL penalty

G(B) =
p∑
i=1

wi‖β[i]∗‖2, (4.10)

where β[i]∗ is the row ofB with the i-th largest 2-norm andw is a vector

of non-negative and non-increasing weights.

Proximal algorithms

We derive the proximal operator for the optimization using the GrOWL

norm here. The computational algorithms to solve the GrOWL optimiza-

tion based on the proximity operators can be found in Parikh and Boyd
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(2013). The proximal operator of the GrOWL norm is given by

proxG(V ) = arg min
B

1
2‖B − V ‖

2
F +G(B) (4.11)

In the following theorem, we solve for the proximity operator of GrOWL

in terms of the proximity of OWL. For the exact formulation of proxΩw
,

see Bogdan et al. (2013), Zeng et al. (2014).

Theorem 4.3. Let ṽi = ‖vi∗‖ for i = 1, · · · , p. Then proxG(V ) = V̂ , where

i-th row of V̂ is

v̂i∗ = (proxΩw
(ṽ))i

vi∗
‖vi∗‖

(4.12)

Proof Sketch: The proof proceeds by finding a lower bound for the

objective function in (4.11) and then we show that the proposed solution

achieves this lower bound.

Efficient O(p log p) algorithms to compute proxΩw
have been proposed

by Bodgan et al Bogdan et al. (2014, 2013).

4.4 Main Results

Before we analyze the GrOWL regularization, we state a generalization of

Lemma 2.1 in Figueiredo and Nowak (2014) which will be useful later in

the section.
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Lemma 4.4. Consider a vectorβ ∈ Rp
+ and any two of its components βj and βk,

such that βj > βk. Let v ∈ Rp
+ be obtained by applying a transfer of size ε, ε′ toβ

such that ε ∈ (0, (βj−βk)/2] and−βk ≤ ε′ ≤ ε, that is: vj = βj−ε, vk = βk+ε′,

and vi = βi, for i 6= j, k. Let w be a vector of non-increasing non-negative

real values, w1 ≥ w2 ≥ · · · ≥ wp ≥ 0, and ∆ be the minimum gap between

two consecutive components of vector w, that is, ∆ = min{wi − wi+1, i =

1, · · · , p− 1}. Ωw(·) is the OWL norm with weight vector w, then

Ωw(β)− Ωw(v) ≥ ∆ε.

Proof sketch. The proof is similar to that of Lemma 2.1 in Figueiredo and

Nowak (2014) with different sizes ε, ε′. The result follows since we assume

that increase in k-th component is less than decrease in j-th component

i.e., ε′ ≤ ε.

The following theorem states that identical variables lead to equal

coefficient rows corresponding to those variables in the solution given by

the optimization using GrOWL.

Theorem 4.5 (Identical columns). Let B̂ denote the solution to the optimiza-

tion in (4.9) with L(B) = ‖Y −XB‖1 or L(B) = ‖Y −XB‖2
F . If columns

x∗j and x∗k satisfy x∗j = x∗k and the minimum gap, ∆ > 0, then β̂j∗ = β̂k∗.

Proof sketch. The proof is divided into two steps. First, we show ‖β̂j∗‖ =

‖β̂k∗‖ and then we further show that the rows are equal. We proceed by

contradiction. Assume ‖β̂j∗‖ 6= ‖β̂k∗‖ and, without loss of generality,
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suppose ‖β̂j∗‖ > ‖β̂k∗‖. We see that there exists a modification of the

solution with a smaller GrOWL norm using Lemma 4.4 and same data-

fitting term, and thus smaller overall objective value which contradicts

our assumption that B̂ is the minimizer of L(B) +G(B).

The following theorems state that nearly identical variables lead to

equal norm coefficient rows, and further highly correlated coefficient rows,

corresponding to those variables in the solution given by the optimization

using GrOWL.

Theorem 4.6 (Correlated columns 1). Let B̂ denote the solution to the opti-

mization in (4.9) with L(B) = ‖Y −XB‖1 or L(B) = ‖Y −XB‖2
F . If x∗j

and x∗k satisfy ‖x∗j − x∗k‖1 ≤ ∆√
r

or ‖x∗j − x∗k‖2 ≤ ∆
‖Y ‖F

respectively, then

‖β̂j∗‖ = ‖β̂k∗‖.

Proof sketch. The proof is similar to the identical columns theorem. By

contradiction and without loss of generality, suppose ‖β̂j∗‖ > ‖β̂k∗‖. We

show that there exists a transformation of B̂ such that the increase in the

data fitting term is smaller than decrease in the GrOWL norm.

Theorem 4.7 (Correlated columns 2). Let B̂ denote the solution to the opti-

mization in (4.9) with L(B) = ‖Y −XB‖1 or L(B) = ‖Y −XB‖2
F . If x∗j

and x∗k satisfy ‖x∗j −x∗k‖1 ≤ ∆
φ
√
r

or ‖x∗j −x∗k‖2 ≤ ∆
φ‖Y ‖F

respectively, then

‖β̂j∗ − β̂k∗‖ ≤
8φ‖β̂k∗‖
4φ2+1



76

which further implies that

1 ≥
β̂
T

j∗β̂k∗

‖β̂j∗‖‖β̂k∗‖
≥ 1− 1

2

(
8φ

4φ2 + 1

)2 (
≥ 1− 2

φ2

)

where φ ≥ 1.

Proof sketch. By contradiction, suppose ‖β̂j∗ − β̂k∗‖ ≥
8φ‖β̂k∗‖
4φ2+1 ≥

2‖β̂k∗‖
φ

.

We show that there exists a transformation of B̂ such that the increase

in the data fitting term is smaller than the decrease in the GrOWL norm.

This contradicts our assumption that B̂ is the minimizer of L(B) +G(B)

and completes the proof.

The proof details are deferred to the appendix. So far, we have seen

that the GrOWL penalty has desirable clustering properties that lead to

nearly identical coefficient rows. We study two variants of GrOWL with

different weight sequences w. We study the GrOWL-Lin weights with

linear decay (equivalent to the OSCAR in single-task regression), and the

GrOWL-Spike weight sequence which puts a big weight on the maximum

magnitude while the rest of the coefficients are weighted equally.
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5 representational similarity learning (rsl)

5.1 Introduction

This chapter considers the following learning task. Suppose we have a

set of items along with human-judged pairwise similarities among them.

For instance, the items could be visual stimuli such as advertisements, pic-

tures, or diagrams. Assume that we also have a high-dimensional feature

associated with each item. These could be numerical features quantifying

the characteristics of each item or, in the case of fMRI, the features are

voxel responses to stimuli. The learning task is to determine the subset of

features that is most predictive of the human-judged similarities. This can

be posed mathematically as follows. Let S be an n× n matrix of pairwise

similarities between n items. Let X be an n × p matrix where the ith

row is the 1 × p vector of the features for item i. We then wish to find a

weight matrix W such XWXT ≈ S. The weight matrix reveals which

features are most important and how they are combined to represent the

human-judged similarities. We call this Representational Similarity Learning

(RSL).

Let us illustrate this learning problem with two applications. First,

suppose the items are diagrams of chemical molecules, and that each

diagram is also described by a vector comprised of many

visual features (e.g., counts of different atom types, counts of bounds,
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bound angles, etc). Novice chemistry students may miss critical similari-

ties and differences when comparing different diagrams. After gathering

pairwise similarity judgments from the students, RSL can be used to

identify which features they are attending to and, thus, which important

features they may be overlooking. Second, consider Representational Simi-

larity Analysis (RSA) in fMRI brain imaging Kriegeskorte et al. (2008). In

RSA a person is scanned while viewing n different visual stimuli. Pair-

wise similarities are obtained through other experiments, such as asking

people to look at pairs of stimuli and rate the similarity. In this case, the

features are the stimuli responses of p voxels in the brain, and the goal

is to determine which voxels (and hence brain regions) are encoding the

similarities. RSA is depicted in Figure 5.1.

The main contributions of our work in Oswal et al. (2016) are

• We pose RSL as a sparsity-regularized multi-task regression prob-

lem. Standard methods, like group lasso, may not select important

features if they are strongly correlated with others. To address this

shortcoming we apply the new regularizer for multitask regression

called Group Ordered Weighted `1 (GrOWL). We show, in theory and

fMRI experiments, how GrOWL deals with strongly correlated co-

variates.

• Another key contribution is a novel application to fMRI brain imag-

ing. Representational Similarity Analysis (RSA) is a tool for testing
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whether localized brain regions encode perceptual similarities. Us-

ing GrOWL, we propose a new approach called Network RSA that

can discover arbitrarily structured brain networks (possibly widely

distributed and non-local) that encode similarity information.

Ω

RSA

NRSA

Ω

XΩ Ŝ = XΩXΩ
T

Figure 5.1: Representational Similarity Analysis. Traditional RSA methods con-
sider only localized brain regions of interest or spherical clusters in the cortex
(upper left) Kriegeskorte et al. (2006, 2008). We propose a new Network RSA
(NRSA) method that can potentially identify non-local brain networks that en-
code similarity information (lower left).

5.2 Algorithm

The goal of RSL is to find a sparse and symmetric matrixW ∈ Rp×p such

that S ≈XWXT . By sparse we mean that at most k < p rows/columns

ofW are nonzero. The locations of the nonzero elements indicate which

features are included in the similarity representation. For instance, con-

sider the n× 1 vectors corresponding features xk and x` (i.e., the kth and

`th columns ofX). It is easy to show that the contribution of these two fea-

tures to the similarity representation is given by Wk,` xkx
T
` +W`,k x`x

T
k . If



80

Wk,` = W`,k 6= 0, then the correlations between the two features contribute

to the approximation of the similarity matrix S. The complete similarity

representation can be expressed as

S ≈ XWXT =
p∑

k,`=1
Wk,` xkx

T
` .

The approximation problem can be posed as the least squares optimization

min
W
‖S −XWXT‖2

F (5.1)

where the objective is the Frobenius norm of the difference between the

similarity matrix S and its approximation. Classic studies of human-

produced similarity judgments in many domains of interest yield low

rank matrices McRae et al. (2005); Shaver et al. (1987); Shepard (1980)

due to clustering or other representational structure amongst the items

under consideration. Therefore, we suppose S is a real, symmetric and

approximately rank r matrix, then there exists a matrix Y ∈ Rn×r and

diagonal matrix D ∈ Rr×r which satisfies S ≈ Y DY T (e.g., obtained

via eigendecomposition or Cholesky decomposition) where the diagonal

entries of D correspond to the sign of the r largest eigenvalues and the

columns of Y are the corresponding eigenvectors of S. We will assume

that S is rank r in the following discussion (if not, then we will use its

best rank r approximation instead). Thus, we may instead consider the
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optimization

min
B
‖Y −XB‖2

F (5.2)

For any coefficient matrixB the corresponding weight matrix is given by

W = BDBT . Both optimizations are convex, but we will work with the

latter since it automatically enforces the low-rank assumption and can be

easily modified to include additional constraints or regularizers.

To relate the solutions of these two optimizations, we note that any

stationary point, W̃ , of the optimization in (5.1) satisfies the zero-gradient

condition given by

∇f(W̃ ) = XT (XW̃XT − S)X = 0.

Also, any stationary point, B̂, of the optimization in (5.2) satisfies

∇g(B̂) = XT (XB̂ − Y ) = 0.

Notice that for Ŵ = B̂DB̂
T

, we have

∇f(Ŵ ) = XT (XŴXT − S)X

= XT (XB̂DB̂T
XT − Y DY T )X

= 1
2X

T (XB̂ − Y )D(XB̂ + Y )TX

+1
2X

T (XB̂ + Y )D(XB̂ − Y )TX

= 0
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Thus any stationary point of (5.2) leads us to a stationary point of (5.1).

Since both optimizations are convex, we can conclude that B̂ leads us to a

solution of the squared optimization and under certain conditions onX ,

say whenX is full rank this solution is also unique.

In many applications the weight matrixW and the coefficient matrix

B are expected to exhibit sparsity. Indeed, our hypothesis is that a small

subset of the features encodes the similarity representations, hence the

sparsity. Likewise classic studies of human-produced similarity judg-

ments in many domains of interest yield low rank matrices McRae et al.

(2005); Shaver et al. (1987); Shepard (1980) due to clustering or other repre-

sentational structure amongst the items under consideration. Thus, we

also expectW andB to be low-rank. This has an additional benefit of av-

eraging noisy clusters of correlated features. Thus, the optimization above

can be modified to obtain sparse and low-rank solutions, as described

next.

RSL via Group Lasso and GrOWL

Consider the group lasso optimization in 4.8 and the GrOWL optimization

in 4.9. Note that the optimization variable B is a p × r matrix, which

guarantees a rank r (or less) solution, and thus similarity representation

XBDBTXT will be rank r at most, which is a simple way to enforce

the low-rank constraint. The parameter λ > 0 is an adjustable weight on

the sparsity-promoting regularizer ‖B‖1,2, which is defined as follows.
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This encourages solutions with only a few nonzero rows in B Lounici

et al. (2009, 2011); Obozinski et al. (2011). We note that the optimization

in (5.1) can also be modified directly to obtain sparse and low-rank solu-

tions. For instance, the nuclear norm ofW could be penalized to obtain a

low-rank solution. However, the nuclear norm optimization tends to be

computationally expensive in practice.

5.3 Application to Brain Imaging Data

Network-based approaches to cognitive neuroscience typically assume

that mental representations are encoded as distributed patterns of activa-

tion over large neural populations, with different populations encoding

different kinds of representational structure and communicating this struc-

ture to other network components. Extensive research over past several

years has focused on testing such hypotheses using data from functional

brain imaging techniques such as fMRI. The best-known approach in this

vein has been RSA Kriegeskorte et al. (2008). RSA is typically applied ei-

ther to a specific brain region of interest (ROI) or to many localized regions

throughout the brain in a process called searchlight analysis Kriegesko-

rte et al. (2006). For a given region, RSA computes the cosine distances

between the evoked responses for all stimulus pairs. The resulting dissim-

ilarity matrix is correlated with a target matrix of known psychophysical

distances amongst stimuli. If these correlations are reliably non-zero, this
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suggests the corresponding region may encode the similarity information.

A drawback of ROI and searchlight RSA is that these methods place

strong assumptions on the anatomical structure of the regions thought to

encode the similarities of interest (predefined ROIs or spherical clusters).

We propose a new approach called Network RSA (NRSA) that can discover

arbitrarily structured brain networks (possibly widely distributed and

non-local) that encode similarity information. The key insight behind

our method is that RSA can be posed as a multi-task regression problem

which, in conjunction with sparsity regularization methods, can automat-

ically detect networks of voxels that appear to jointly encode similarity

information.

Network RSA is summarized as follows. Consider a set of n items and

suppose we are given an n × n similarity matrix S, where the ij-th ele-

ment Sij is the known psychophysical similarity Tversky and Gati (1982)

between item i and item j. For example, these may come from human

judgments of perceptual similarity between pairs of stimuli. RSA is based

on the hypothesis that there exists a set of voxels whose correlations across

stimuli encode the similarities in S, as depicted in Figure 5.1. In RSA, the

features areX ∈ Rn×p, a matrix of voxel activations. Each row corresponds

to activations in all p voxels in response to a stimulus, and each column

corresponds to the activations in specific voxel to the n stimuli. Our gener-

alized notion of RSA, which encompasses conventional ROI Kriegeskorte

et al. (2008) and searchlight Kriegeskorte et al. (2006) approaches, involves
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finding a sparse and symmetric matrixW ∈ Rp×p such that S ≈XWXT .

The locations of the nonzero elements indicate which voxels are included

in the similarity-encoding brain network, and the weights inW indicate

the strength of the edges in the network.

Network RSA application: Simulated Data

Before applying our framework to real fMRI data, we consider a simulation

study that allows us to compare results against a known ground-truth.

We compare group lasso and GrOWL by analyzing synthetic data gener-

ated from a deep neural network model trained to generate distributed

representations of a word’s sound (phonology) and meaning (semantics)

from its spelling (orthography; Figure 5.2 top left). The network structure

is motivated by the influential “triangle” model of the human reading

system Plaut et al. (1996). Specifically, phonological outputs receive contri-

butions from two separate pathways: a direct route mediated by a single

hidden layer, and an “indirect” route composed of three hidden layers,

which must first compute mappings from orthography to semantics, then

project onward to contribute to the phonological outputs. This architec-

ture is interesting because different kinds of similarity structure emerge

through learning in different network components. The central idea is that

orthographic and phonological similarities are highly systematic: items

that are similar in spelling are likely (though not guaranteed) to be similar

in pronunciation. In contrast, orthographic and semantic similarity struc-
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tures are unsystematic: similarity of word spelling does not necessarily

predict similarity of meaning and vice versa. In learning to map from

orthography to semantics and on to phonology, the indirect path thus

comes to encode quite different similarity relations amongst the words

than does the direct path Harm and Seidenberg (2004); Plaut et al. (1996).

To capture these properties we generated model “orthographic” rep-

resentations as patterns sampled from 6 overlapping clusters of binary

input features, roughly corresponding to different orthographic neigh-

borhoods. For every word a “phonological” pattern was generated by

flipping each orthographic feature with probability 0.1. Thus phonolog-

ical patterns were distorted variants of orthographic patterns, creating

high systematicity between these. We also created a “semantic” pattern

for each word from a set of binary features also organized into clusters.

Across items, these vectors expressed a hierarchical similarity structure

with two broad superordinate clusters each composed of three tighter

clusters. Importantly, the similarity structure expressed by the semantic

vectors was independent of the structure expressed in the orthograph-

ic/phonological patterns. The left bottom panel in Figure 5.2 shows the

cosine distances encoded amongst the 30 “words” in each layer of one

trained model. Layers in the direct path each encode roughly the same

distances amongst items, while the semantic layer encodes a quite dif-

ferent set of distances that is weakly reflected in two of the three hidden

layers in the indirect path. Thus the different components of this simple
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Figure 5.2: Left panel: Network architecture (top) and the similarity structure
expressed in each layer (bottom). Red background shows the direct pathway and
blue the indirect pathway from orthography to phonology. Layers in the two
pathways encode different similarity structures. The target similarity matrices
for the analysis express either the semantic structure (top layer) or the phonolog-
ical structure (bottom right layer). Arrows indicate feed-forward connectivity.
Right panel: Units selected by group LASSO (right) and GrOWL (middle) when
decoding semantic (top) or phonological (bottom) structure. Colors show the
proportion of times across subjects and unit concatenations that the unit received
a non-zero weight, with red indicating 1 and gray 0. The rightmost plots show
the largest weights in the associated matrix W for each GrOWL model, which
pick out two subnetworks in the model.

word-reading network contribute differentially to the encoding of semantic

versus ortho-phonological similarity structure.

We trained 100 models with different initial weights, corresponding to

100 model subjects, and presented each with 30 orthographic inputs. Each

input generated a vector of activations over the 100 model units. To ensure

high redundancy amongst units this vector was concatenated 5 times and

perturbed with independent noise, yielding 500 measurements per model

subjects. These were treated as analogs of the estimated BOLD response at
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Figure 5.3: Trade-off curves for FPR ≤ 0.1 generated by sweeping through (λ,
λ1) values (for λ = 0, all units are selected and as λ is increased fewer units are
given non-zero weight). Each point corresponds to a combination of λ and λ1
that gives the best trade-off (where setting λ1 = 0 results in the group lasso). The
pareto-frontier for group lasso (red), GrOWL-Lin (black), GrOWL-Spike (blue)
is averaged across 100 participants for each method, considering both similarity
structures, Semantics (left panel) and Phonology (right panel). Note for any λ > 0,
the group lasso solution will include at most n = 30 voxels, since the number
of selected voxels will not exceed the number of measurements. If λ = 0, then
the group lasso will select all voxels. Thus, group lasso curve beyond n = 30
selections (around 0.01 FPR) is shown as a dashed line, which extends linearly to
the point (FPR, TPR) = (1, 1).

each of 500 model voxels in a brain imaging study. We then applied group

lasso and GrOWL to find the voxel subsets that encode either the semantic

or phonological distances (derived from target values for the output layers

of the network). We fit models by searching a grid of parameters (λ, λ1),

including λ1 = 0 as the special case of GrOWL that is group lasso. For

each grid point we counted a voxel as “selected” if it received a non-zero

weight, and assessed how accurately the model selected the voxels encod-

ing phonological structure (all those along the direct pathway) or semantic

structure (the semantic layer hidden layers 2 and 3 in the indirect path) by
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computing hit rates and false alarm rates). All three models showed low

and equivalent cross-validation error; however GrOWL achieved this error

rate while selecting considerably more voxels. The ROC plots in Figure 5.3

further show that GrOWL did not select additional voxels at random: it

outperformed group lasso considerably in discriminating signal-carrying

from non-signal carrying voxels. The right panel of Figure 5.2 shows the

frequency with which each model unit is selected for the best-performing

solution of each method and structure type. The strong sparsity enforced

by group lasso is clearly apparent: target units are selected less consistently

than with GrOWL, which consistently discovers more of the signal.

Finally, we considered the ability of GrOWL to reveal the network struc-

ture encoding each kind of similarity, treating the weights in the matrixW

as direct estimates of the joint participation of pairs of units in expressing

the target similarity. The rightmost plots of Figure 5.2 show the estimated

connectivity, thresholded to show the 25% of the non-zero weights with

the largest magnitudes. The detected edges clearly express the network

representational substructure: units in the direct pathway are shown as

highly interconnected with one another and weakly or disconnected from

those in the indirect pathway, and vice versa. Thus the search for different

kinds of similarity reveals different functional subnetworks in the model.
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Network RSA application: Real Data

We next consider the application of group lasso and GrOWL to the discov-

ery of similarity structure in neural responses measured by fMRI across

the whole brain while participants perform a cognitive task. As with the

well-known searchlight RSA Kriegeskorte et al. (2008), we begin with a

measurement of the n× n similarities existing amongst a set of n items in

some cognitive domain. Using fMRI, we measure the neural responses

evoked by each item at the scale of single voxels (3mm cubes), and treat

these p voxels as features of the n items. We then compute a rank-r ap-

proximation of the target similarity matrix S = Y Y T , and use this as

the target Y ∈ Rn×r matrix for a sparse-regression analysis of the n × p

matrix of fMRI responses,X , evoked by each item across the whole cortex.

The model is then fit to optimize the objective functions specified in (4.8)

for group lasso and (4.9) with squared Frobenius loss for GrOWL. The

best regularization parameter is selected through cross-validation, and a

final model is fit with that parameter and used to predict the similarities

existing amongst a set of items in an independent hold-out set. Model

predictions are compared to results expected from a null hypothesis that

no features encode the target similarity structure. If predictions are more

accurate than expected from random data, this provides evidence that

the model has discovered voxel subsets that jointly encode some of the

target similarity structure. Moreover, because the model is constrained to

be sparse, most voxels will receive coefficients of zero, and the presence
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of non-zero coefficients can be taken as evidence that the corresponding

voxel encodes information important to representing the target similarity

structure.

The current experiment aims to answer three questions. (1) Does either

approach learn a model from whole-brain fMRI that can accurately predict

the pairwise similarities among stimuli? (2) Does group lasso or GrOWL

learn a more accurate model? (3) Do the fitted models identify voxels in

areas that are consistent with known neural representations? To answer

these questions, we applied the approach to discover voxels that work

to encode the visual similarities existing amongst a set of line drawings

of common objects. We chose this task and dataset because (a) there

exist well-understood methods for objectively measuring the degree of

visual similarity amongst such items Antani et al. (2002) and (b) it is well

known that visual similarity is encoded by neural responses in occipital

and posterior temporal cortices Kriegeskorte and Kievit (2013).

fMRI dataset. The data were collected as part of a larger study from

23 participants at the University of Manchester who were compensated

for their time. Each participant viewed a series of line drawings depict-

ing common objects while their brains were scanned with fMRI. The line

drawings included 37 items, each repeated 4 times for a total of 148 unique

stimulus events. At each trial participants pressed a button to indicate

whether the item could fit in a trash can. Scans were collected in a sparse

event-related design and underwent standard pre-processing to align func-



92

(a) (b)

Figure 5.4: Panel (a) shows surface maps corresponding to group lasso (left),
GrOWL-Lin (middle) and GrOWL-Spike (right) showing the voxels selected for
the tuning parameters with smallest prediction error on the hold-out data for at
least five and all nine cross-validations in the top and bottom rows respectively.
The heat map shows the number of subjects for which those voxels were picked.
Blue is the least (1 subject) and red is the most (10 or more subjects). Panel (b) is a
network plot showing the top edges from theW matrix for the best-performing
parameterization of group LASSO (top) and GrOWL-Spike (bottom) in one subject.
The thickness of the edges is proportional to the edge weights.

tional images to the anatomy and to remove movement and scanner artifact

and temporal drift. Responses to each stimulus event were estimated at

each voxel using a deconvolution procedure with a standard HRF kernel.

For each participant a cortical surface mask was generated based on T1-

weighted anatomical images, and functional data were filtered to exclude

non-cortical voxels. Voxels with estimated responses more than 5 standard

deviations from the mean response across voxels were excluded from the

analysis. 10k-15k voxels were selected for each participant, and neural

responses across all voxels for each of 148 stimulus events were entered
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into the analysis. The mean response across the 4 repeated observations

of each item were taken to give 37 item responses for each participant.

Each column corresponding to a voxel was normalized to be of standard

deviation equal to one and a column of ones was added for bias correction.

Target similarities. Each stimulus was a bitmap of a black-and-white

line drawing. We took pairwise Chamfer distance Borgefors (1988) as a

proxy for inter-item visual dissimilarities. r = 3 is the smallest value to

attain ‖S − Y Y T‖F/‖S‖F ≤ 0.15. This 37× 3 matrix Y was used as the

target matrix for the analysis.

Model fitting. For each participant, training data were divided into 9

subsets containing 4-5 stimulus events each. One subset was selected as a

final hold-out set. Models were then fit at each of 10 increasing values of

each λ and λ1 parameter (grid points) using 8-fold cross validation. At each

fold we assessed the model using the Frobenius norm of the difference

between the target Y entries and the predicted Ŷ = XB̂ entries for hold-

out items (henceforth the model error). We selected the λ with the lowest

mean error for each subject, then fit a full model for each subject at this

value and assessed it against the final hold-out set, considering the model

error on hold-out items. We repeat this with 9 different final hold-out sets.

Results. The table below shows performance on the final hold-out

sets (H) for each participant and each method, considering error be-

tween predicted (Ŷ ) and actual dissimilarities (Y ) where MSE = ‖Y H −

Ŷ H‖F/‖Y H‖F . Both approaches show significantly non-random predic-
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tion. As in our simulations, all methods show comparable prediction error

on hold-out sets. We also note that, as in the simulations, GrOWL selected

almost double the number of voxels in each participant. Our assertion

that both approaches show significantly non-random predictions is based

on a permutation-based paired t-test, where chance would have been zero

difference. By this measure, for example, GrOWL-Spike’s performance is

significantly better than chance (t-value=8.59, p<0.0001).

Method MSE (p-value)

Group Lasso 0.5266 (1.045e-07)

GrOWL-Lin 0.5271 (6.456e-08)

GrOWL-Spike 0.5213 (1.774e-08)

Figure 5.4(a) shows the locations of selected voxels (i.e., those with non-

zero coefficients) across all 23 participants for the tuning parameters with

smallest mean prediction error on hold-out data, mapped into a common

anatomical space with 4mm full-width-half-max spatial smoothing and

projected onto a model of the cortical surface. To look into the stability

of selection across different training sets, the top row shows the voxels

selected for at least five (out of nine) cross-validation runs while the bottom

row shows the voxels selected for all the nine cross-validation runs. As

seen in the maps, both methods pick voxels prominently in the occipital

and posterior temporal cortices and GrOWL picks consistently more voxels

than group lasso.
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Figure 5.4(b) shows the largest magnitude edges in theW matrix for

the best-performing parameterization of group LASSO (top) and GrOWL-

Spike (bottom) in one subject. Two observations are of note. First, both

methods uncover a similar network structure, with many interconnections

in visual cortical regions and some edges connecting to anterior regions in

frontal and temporal cortex. Second, as in the simulations, GrOWL reveals

a much denser network. The results suggest the possibility that subregions

of frontal and temporal cortex may, together with occipito-temporal cortex,

participate in networks that serve to encode visual similarity structure.

5.4 Discussion

In Cox (2016), this series of whole brain analyses is extended to studying

visual, audio and semantic pairwise similarities with fMRI and ECoG data

to test hypotheses of a “hub-and-spoke" model which supports the role

of the anterior temporal lobe (ATL) in semantic cognition, a controversial

topic in cognitive neuroscience. In summary, it demonstrates that the

network RSA procedure is capable of identifying both well localized and

radically distributed representations in the brain. While the visual model

and the semantic model of audio data resemble solutions obtained with

other methods, the semantic model of visual data marks a major departure

from the standard set of results.

Until recently, no method in the literature has been capable of identify-
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ing distributed representations that encode semantic similarity structure

that span multiple regions of the brain. It has therefore been difficult

to adjudicate between these hypotheses with functional neuroimaging.

Network RSA enables adjudicating the different hypotheses about how

semantic similarity structure is encoded in neural activity, and the role of

the ATL in that encoding.
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6 scalable sparse subspace clustering with owl

6.1 Introduction

Subspace clustering refers to the task of grouping high-dimensional data

points into distinct subspaces. This generalizes classical, single-subspace

approaches to data modeling like principal components analysis (PCA).

Effectively, subspace clustering aims to represent data in terms of a union

of subspace (UoS). Many applications, ranging from computer vision (e.g.,

image segmentation Yang et al. (2008), motion segmentation Vidal et al.

(2008) and face clustering Ho et al. (2003)) to network analysis Eriksson

et al. (2012), have demonstrated the advantages of this generalization.

Unlike classical PCA, the problem of fitting a UoS model to data is a

computationally challenging task, and numerous approaches have been

proposed. For a comprehensive review of these algorithms, see Vidal

(2011). The state-of-the-art is Sparse Subspace Clustering (SSC) Elhamifar

and Vidal (2013) which provides both tractability and provable guarantees

under mild conditions Soltanolkotabi et al. (2012).

SSC is a computationally intensive method. It requires performing a

sparse regression for each of the N points in the dataset of interest. The

main contribution of Oswal and Nowak (2018) is a new approach that has

the potential to significantly reduce the computational complexity, making

it more applicable to large-scale problems. The central idea is to modify

the regression technique so that accurate clustering is possible using only
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the results of a k � N regressions, instead of all N . This reduces the

complexity by a factor of N/k. The modified regression is based on the

Ordered Weighted `1 (OWL) regularizer, which performs simultaneous

regression and clustering of correlated variables. The clustering property

of the OWL, combined with ideas from random geometric graph theory,

allows us to prove that the new approach, called OWL Subspace Clustering

(OSC), tends to select more points from the correct subspaces in each

regression compared to SSC. In the ideal case, where L subspaces are

orthogonal and the number of points per subspace is sufficiently large, then

OSC can succeed with just L optimizations (gain factor of roughly N/L)

as detailed later in Section 6.1. This key feature of OSC makes accurate

clustering possible based on regression solutions for only a small subset

of the total dataset, significantly reducing the computational complexity

compared to SSC. In experiments, we find that OSC can achieve a speedup

of 20× to 30× even for small scale synthetic problems.

Related work

When the data is high-dimensional or the number of data points is large,

solving the N Lasso problems (each in N − 1 variables) in SSC can be

computationally challenging. Greedy algorithms for computing sparse

representations of the data points (in terms of all the other data points)

have therefore been popular alternatives. Broadly speaking, three kinds

of such algorithms have been proposed in the literature, namely Thresh-
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olded subspace clustering Heckel and Bölcskei (2015), subspace cluster-

ing using Orthogonal Matching Pursuit (OMP) Dyer et al. (2013); You

et al. (2016), and Dimensionality-reduced subspace clustering Heckel et al.

(2017); Wang et al. (2015). TSC relies on the nearest neighbors–in spherical

distance–of each data point to construct the adjacency matrix. SSC-OMP

employs OMP instead of the Lasso to compute sparse representations of

the data points. Similar in spirit to SSC-OMP, Nearest subspace neighbor

(NSN) Park et al. (2014) greedily assigns to each data point a subset of

the other data points by iteratively selecting the data point closest (in

Euclidean distance) to the subspace spanned by the previously selected

data points. In this chapter, we propose OWL Subspace Clustering (OSC),

which employs the Ordered Weighted `1 (OWL) regularizer instead of the

Lasso to compute sparse representations of the data points. The clustering

property of OWL (discussed next) leads to a hybrid approach between

SSC and spherical distance based methods like TSC (illustrated in Figure

6.1). The effect is that OSC tends to assign non-zero weights to the same

points as SSC and additionally selects neighbors of these points in terms

of Euclidean distance. All of the above methods, including OSC, can be

carried out on dimensionality reduced data points, in the spirit of Heckel

et al. (2017); Wang et al. (2015). We compare the performance of these

methods in Section 6.5.
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Review of SSC

The key idea of SSC is representing each data point as a sparse linear

combination of the remaining data points. The rationale is that points in

the same subspace are likely to be selected to represent a given point, and

thus the selected points provide an indication of the cluster. Sparse linear

regression using `1 minimization is used to determine the representations

for each point. SSC solvesN sparse linear regressions overN data points to

form an N ×N adjacency matrix, which in turn defines a graph where the

vertices are data points with edges indicated by the adjacencies. Spectral

clustering is used to partition the graph, and hence the data, into clusters.

Each sparse linear regression solves

min
β∈RN

‖β‖1 such that y = Xβ, (6.1)

where the columns of X ∈ Rn×N represent the N n-dimensional data

points and y ∈ Rn is a data point that is to be represented as a linear

combination of the columns using the sparse coefficient vector β. Another

sparse regression commonly used in practice is the Lasso given by (4.4). It

is sometimes referred to as the Lagrangian or “noisy" version since it is

used for subspace clustering with noise Soltanolkotabi et al. (2014); Wang

and Xu (2016).

In this chapter, we propose to replace the `1 minimization in SSC with

the OWL regularizer (refer Section 4.1) in order to discover many more
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Figure 6.1: 2-dimensional subspaces in R3, S1 and S2. The points with non-zero
coefficients in solutions of `1 and Ordered Weighted `1 sparse regressions on y
(yellow point) depicted as black and green points (and edges) respectively. The
automatic clustering property of OWL leads to a hybrid approach that tends to
select same points as SSC and their Euclidean distance based neighbors.

points from the true subspace in each optimization. The key observation

is that points in the same subspace will be more correlated (in the sense

above), than points in different subspaces. OWL tends to select more

points from the common subspace in each regression, compared to `1

methods (see Figure 6.2), which consequently improves the performance

of spectral clustering. We formalize this idea using tools from random

geometric graph theory. Next, we demonstrate the benefit of the clustering

property of OWL in a simple setting where the subspaces are orthogonal

to each other.

Orthogonal subspaces example

To build some intuition, let X ∈ Rn×N be a matrix whose columns are

drawn from a union of L orthogonal linear subspaces, S1 ∪ · · · ∪ SL. Let

y be a new point from subspace S`. To keep the notation simple, let us
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Figure 6.2: Solutions of the `1, `∞, and OWL minimizations for yi lying in S1. 10
points selected from each of the three subspaces ordered such that the first and
the last 10 points belong to S1 and S3 respectively. The `1 solution corresponds
to choosing two other points lying in S1 whereas the `∞ solution selects points
from all subspaces. OWL selects more points from S1 than `1.

assume that the dimension of each subspace is d. Suppose T contains the

indices of columns belonging to subspace S` and |T | = N`.

It is easy to see that any solution of (4.6), β̂, satisfies β̂j = 0 for all j /∈ T ,

since columns from orthogonal subspaces cannot reduce the residual error

and including them will increase the OWL penalty. Additionally, assume

that points in the subspace are uniformly drawn from the unit hypersphere

in that subspace. Then consider the graph constructed by placing an edge

between pairs of points (vertices) that are within ∆w Euclidean distance of

each other (where ∆w is the minimum gap in the OWL weights). A simple

argument (developed in Section D.2) shows that the resulting random

geometric graph is connected with probability at least 1− δ, if the number

of points in the subspace is large enough, specificallyN` ∝ ∆−dw log(∆−dw /δ).

It then follows from Lemma 4.1 that |β̂j| = |β̂i| for ∀i, j ∈ T . In other words,

all the columns within the subspace will be selected and have equal-valued

coefficients.

Figure 6.3 shows an example of the coefficients generated by perform-
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Figure 6.3: Examples of coefficient matrices |B| = [|β̂1| . . . |β̂N |] for exact `1 min-
imizations (left) and OWL optimizations (right) with the contiguous columns
lying in three orthogonal subspaces each of dimension d = 5 in R15. The plots
were generated using OWL-Ramp weights defined in Section 6.4.

ing the optimizations in (6.1) and (4.6) on a collection of points from three

orthogonal subspaces. The results obtained with orthogonal subspaces

suggest that, in an ideal scenario, we could perform subspace clustering

by running only one OWL optimization per subspace without the need for

spectral clustering leading to a total of only L optimizations where L is the

number of subspaces. This can easily be achieved by running one OWL

optimization on a randomly selected point, removing the points chosen

by OWL and repeating the process till no points remain. This works since

OWL has the potential to find all the points in the same subspace in a single

run. This has the potential of significantly reducing the computational

complexity of SSC. However, OWL could lead to clustering of points from

other subspaces when subspaces are not orthogonal. This tradeoff is stud-

ied in more detail in the rest of the chapter by providing theoretical and

empirical evidence suggesting that an OWL-based fast subspace clustering
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algorithm (stated in Section 6.3) can reduce the computational complexity

of SSC by a factor depending on the nature of the subspaces.

6.2 Problem Setting

Notation and model

We are given data points lying in a union of unknown linear subspaces;

there are L subspaces S1,S2, . . . ,SL of Rn of dimensions d1, d2, . . . , dL. We

are given a collection of N data points as columns of X ⊂ Rn×N , which

may be partitioned asX = [X1,X2, . . .XL] without loss of generality; for

each ` ∈ {1, . . . , L},X` is a collection ofN` vectors that belong to subspace

S`. The goal is to approximate the underlying subspaces using the points

in X . We also assume the columns are normalized to have unit norm,

‖xi‖2 = 1. The notation used is summarized in Table 6.1.

We consider the intuitive semi-random model introduced in Soltanolkotabi

et al. (2012) where the subspaces are fixed, and points are distributed ran-

domly on each of the subspaces. To measure the notion of closeness or

correlation between two subspaces, the affinity between subspaces is used.

Definition 6.1. The principal angles {θ(i)}(d∧d′)
i=1 between subspaces S and

S ′Âœ of dimensions d and d′ÂĲ, are defined by

cos(θ(i)) = max
u∈S

max
v∈S′

uTv

‖u‖‖v‖
:= uTi vi
‖ui‖‖vi‖
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Table 6.1: Notation and parameters

L Number of subspaces
d` Dimension of each subspace for ` = 1 . . . L
N` Number of points sampled from each subspace
ρ` Sampling density ρ` = N`/d`
N Total number of points, N =

∑
`N`

n Ambient dimension
λ `1 component of OWL-Ramp, λ > 0
∆ Slope of OWL-Ramp, ∆ ≥ 0
r Length of OWL-Ramp, 1 ≤ r ≤ N
α Normalized maximum affinity between subspaces,

0 ≤ α ≤ 1
k Number of optimizations 1 ≤ k ≤ N
σ Noise level

with orthogonality constraints uTuj = vTvj = 0, j = 1, . . . , i− 1.

Definition 6.2. The normalized affinity between subspaces is

aff(S,S ′) =
√

cos2(θ(1)) + · · ·+ cos2(θ(d∧d′))
d ∧ d′

The affinity is low when the subspaces are nearly orthogonal and high

when the subspaces overlap significantly (it is equal to one when one

subspace is contained in the other). Hence, when the affinity is high,

clustering is hard whereas it becomes easier as the affinity decreases.

Performance metrics

To quantify performance of the algorithm, we use the following metrics

from Soltanolkotabi et al. (2014)
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Algorithm 2: OSC with k random seeds
Input : A set of data points X ∈ Rn×N , k ∈ {1, . . . , N}.

1 InitializeB = 0N×N .
2 For i ∈ {1, . . . , k},
3 Randomly select an index ji from [N ].
4 Obtain β̂ by regressing y = X ·ji onto the remaining columns of X

using the OWL minimization (4.6).
5 StoreB·ji = β̂ with Bji,ji = 0.
6 Form affinity matrixW = |B|+ |B|T .
7 Apply spectral clustering to the Laplacian of W to obtain a partition.

Output : Subspaces {S`}L1 , Cluster labels.

False discovery: Fix i and j ∈ {1, . . . , N} and let B be the outcome of

Step1 in Algorithm 1. Then we say that (i, j) obeying Bij 6= 0 is a false

discovery if xi and xj do not belong to the same subspace.

True discovery: Similarly, we say that (i, j) obeying Bij 6= 0 is a true

discovery if xi and xj belong to same subspace.

6.3 Algorithm

The SSC procedure can easily be modified by replacing the sparse linear

regression step with the OWL optimization in (4.6). As seen in the example

with orthogonal subspaces, OWL solutions are denser due to its clustering

property. This leads to an intuitive extension of the algorithm where we

run only a subset of the total N possible optimizations. By running a

random subset of k optimizations the computational complexity can be

reduced. We formalize this version of OSC in Algorithm 2.
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The intuition developed in the case of orthogonal subspaces suggests

that taking k = L, where L is the number of subspaces may suffice for

the OWL approach. Thus, the proposed algorithm requires solving O(L)

sparse regressions, whereas traditional SSC involves solving O(N), and

typically L� N . It is also worth noting that the computational complexity

of lasso and OWL is essentially the same. Obviously, one could also

consider reducing the computational complexity of traditional SSC by also

using only O(L) regressions instead of all N . However, as shown in our

experiment section, SSC performance quickly degrades when the number

of regressions is reduced, while the proposed OWL-based algorithm’s

performance does not, leading to a speedup of up to 30× in some cases.

6.4 Main Results

In this section, we begin by stating the main results analyzing the behavior

of the solution of the optimization (4.6). We also provide examples and

remarks to understand the theoretical results along with proof sketches.

The proof sketches also provide the intermediate results ranging from

sparse regression with correlated variables to random geometric graph

theory used to prove the main results.

We state the first main result showing that the solution of the OWL

optimization does not include false discoveries if the the affinity between

the subspaces is small enough, i.e., the subspaces are not too close.
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Let w̄N`+1 := 1
N−N`−1

∑N
j=N`+1wj be average of the tail of the OWL

weights used.

Theorem 6.3. If S`, the subspace to which the i-th column belongs, obeys

α` := max
k:k 6=`

aff(S`,Sk) ≤ κ0
w̄N`+1

w1

√
logN`/d`

logN (6.2)

where κ0 is a fixed numerical constant, then β̂j = 0 for all xj /∈ S`, i.e.,

there is no false discovery in the i-th column of B with probability at least

1− L(4/N2 + e−
√
N`d`).

Roughly stated the result says that with high probability the OWL

solution contains no false discoveries if the ratio of OWL parameters is

big enough for fixed subspaces. The affinity is higher for overlapping sub-

spaces, then we must reduce the OWL weight gaps (∆w in Section 4.1) and

in turn making the ratio of weights nearly 1. As seen in the introduction,

the clustering property of OWL depends on gaps in consecutive weights.

OWL clusters columns that are at most the gap away from each other.

Hence, making the weight ratio close to 1 results in reducing the weight

gaps and in turn reduces the radius of OWL clustering. For smaller values

of affinity, the OWL gap can be made bigger and OWL will then group

(assign equal coefficients to) more points. Thus, there is a tension in the

closeness of the subspaces and the radius or gap of OWL clusters. For

higher values of affinity, OWL with bigger weight gaps does not provide

any benefit over Lasso hence we must set the weight ratio to one. The



109

weight ratio is exactly one for the `1 penalty and our bound for the special

case of Lasso matches Soltanolkotabi et al. (2012) for SSC.

As foreshadowed in the introduction, we show that all the columns

within the subspace of interest will have equal-valued coefficients if enough

points are sampled, specifically N` ∝ 1/∆d
w. Recall that ∆w is the mini-

mum gap in the OWL weights. Usually, this gap is very small, like O(1/N )

or in some cases zero, which makes the requirement infeasible. Hence, as

part of the second main result, we will prove new clustering bounds for a

specific type of the OWL norm called OWL-Ramp with weights

wi = (r − i+ 1)∆ + λ for i ∈ {1, . . . , r},

= λ for i ∈ {r + 1, . . . , N},

where λ > 0, ∆ ≥ 0 and 1 ≤ r ≤ N . Figure 4.2 depicts an example of the

OWL-Ramp weights. The OSCAR regularizer Bondell and Reich (2008)

is a special case obtained by setting r = N . Note that if r ≤ N`, then

w̄N`+1 = λ and the affinity condition in Theorem 6.3 becomes

α` ≤ κ0
λ

λ+ r∆

√
log ρ`

logN

Theorem 6.4. Let β̂ be a solution of (4.6) with OWL-Ramp weights. If

r ≤ N`, the conditions in Theorem 6.3 are satisfied, and the

N` > κ1∆−d` log(∆−d`/δ) (6.3)
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points within the subspace of interest are sampled uniformly at random

from the unit hypersphere, then the set M = {j : |β̂j| = maxi |β̂i|} has

cardinality greater than or equal to the ramp parameter, r, with probability

at least 1− δ − L(4/N2 + e−
√
N`d`). (κ1 is a fixed numeric constant.)

The result roughly says that if enough points are sampled from the

corresponding subspace then with high probability the top r coefficients in

the OWL solution have equal magnitude. Combining this with Theorem

6.3, if the solution to OWL optimization is non-trivial, this is equivalent to

making r true discoveries.

It is easy to see that β̂ = 0
¯
, if Ω∗w(XTy) < 1 where Ω∗w(β) is the dual

norm of OWL defined later in the section. In order to ensure that the

solution is non-trivial we need at least w̄ ≤ ‖XTy‖∞ for w̄ = ∑N
j=1wj/N .

The ‖XTy‖∞ term scales at most like
√

(logN)/d and for OWL-Ramp,

w̄ ≈ λ. Intuitively, the `1 component needs to be made small enough to

achieve a non-trivial solution.

6.5 Experiments

Numerical Experiments

In this section we present numerical results on synthetic data corroborating

the theoretical guarantees and providing a better understanding of the

behavior of OSC particularly we focus on the OWL-Ramp norm defined
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in Section 6.4. The subspaces S1,S2 and S3 are generated with dimension

d = 20 in Rn with ambient dimension n = 40.

Bases generation method, B1: The bases U 1, U 2 and U 3 are obtained

by choosing, uniformly at random, from the set of all sets of orthonormal

vectors in Rn. Since sum of the subspace dimensions exceeds ambient

dimension, n < 3d, this ensures that the subspaces overlap and leads to

α ≈ 0.3.

Bases generation method, B2: To generate subspaces of varying affin-

ity, we follow the method described in Soltanolkotabi et al. (2012). The

subspaces S1, S2 and S3 are generated using the bases

U 1 =

 Id

0d×d

 ,U 2 =

0d×d
Id

 ,U 3 =

diag(cosθ)

diag(sinθ)

 ,

respectively. Where the principal angles are set in such a way that the

normalized affinity decreases linearly from 1 to 0.75 and diag(cos θ) corre-

sponds to a diagonal matrix with diagonal entries equal to cos θi.

We select ρ = 5 points per subspace dimension (unless stated other-

wise), i.e, Ni = ρd = 100 points uniformly at random from each subspace

using the respective bases.

Choice of hyper-parameters. See Section 6.7 for discussion on the

choice of tuning parameters ∆, λ and r guided by the theory in this paper

and past literature. We fix the ramp parameter, r = N/3 = 100, in the
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(a) (b)

Figure 6.4: (a) Trade-off curves for FPR ≤ 0.5 generated by sweeping through (λ,
∆) values. Empirical averages of (FPR,TPR) are shown for Exact `1, Lasso, and
OWL, over 100 random points. (b) Clustering error for varying k in Algorithm
2. The affinity matrix is generated for each method by running only a random
subset k of the total N = 300 optimizations.

Figure 6.5: Clustering error for varying k/N in Algorithm 2 with varying affin-
ity (left) and number of points sampled (right) for OWL regularized subspace
clustering.

experiments.

The FPR-TPR trade off. In order to compare the performance of the

optimizations in (6.1), (4.4) and (4.6), we generate N columns from sub-

spaces generated using B1 to run N optimizations of each method. For
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each data point, we sweep through different values of the tuning parame-

ters (λ,∆). For λ = 0, all points are selected and as λ is increased fewer

points are given non-zero weight. Let β̂ denote the solution to one of

the optimizations. We plot the empirical averages of False Positive Rate

(FPR) = ‖β̂Sc‖0/|Sc| and True Positive Rate (TPR) = ‖β̂S‖0/|S|where β̂S

is the part of β̂ supported on indices of the points from the same subspace

and β̂Sc is supported on its complement. A non-zero entry in β̂S is a true

discovery and likewise a non-zero entry in β̂Sc is a false discovery. By

definition |S| = Ni and |Sc| = N −Ni.

Figure 6.4 (a) shows the Receiver Operating Characteristic (ROC) curve

plotting TPR versus FPR. The solution of exact `1 minimization is shown as

one point on the curve since the sparsity of the solution cannot be changed

by tuning parameters. Note for any λ > 0, the lasso solution will include

at most n = 40 non-zero entries, since the number of selected columns will

not exceed the ambient dimension. If λ = 0, then lasso selects all columns.

Thus, lasso curve beyond d selections is shown as a dashed line, which

extends linearly to the point (FPR,TPR) = (1, 1). As suggested by theory

and demonstrated by the plots, for a fixed FPR, OWL can achieve a much

higher (9×) TPR than Lasso.

Effect of the size of the optimization subset k. To observe the effect

of the size of the optimization subset k, we look at the clustering error

produced by running a subset k of the total N optimizations for each

method for different values of k. The subspaces are generated using B1.
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We take the symmetrized affinity matrix, W , generated by each method,

assuming knowledge of number of subspaces, apply a spectral clustering

method to obtain the clusters. The clustering error is measured as the

fraction of misclassified points from the total number of points. Figure

6.4 (b) shows how the clustering error varies with k for SSC with Exact

`1, Lasso, and OWL regularized sparse linear regression steps. We report

the empirical average of the clustering error over 100 random choices

of subsets. By virtue of the clustering property of OWL, we see that

the clustering error is low for subset sizes of the order of the number

of subspaces. As demonstrated in Figure 6.4 (b), to achieve a clustering

error of less than 0.01, Lasso requires 8 times more optimizations than

OWL. The plots suggest that the OWL approach could potentially achieve

a speedup of up to 20×.

Effect of affinity and number of points sampled. We vary the amount

of correlation between subspaces and the number of points sampled from

each subspace and study its effect on the clustering error for different

values of k in Figure 6.5. The subspaces with varying affinity are gener-

ated using the method described in B2 and subspaces for varying ρ are

generated using B1. The affinity is varied in the range α ∈ [0.75, 1] where

α = max` α` and we vary the sampling density ρ ∈ [2, 10]. Recall that the

affinity is low when the subspaces are nearly orthogonal and high when

the subspaces overlap significantly (it is equal to one when one subspace

is contained in the other). The tuning parameters are fixed throughout the
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experiment. As expected, the clustering error increases for higher values

of affinity and OWL (∆ = 0.01) provides no benefit over Lasso (∆ = 0).

On the other hand, OWL produces small values of error for most values

of ρ.

Real Data Experiments

We compare our algorithm with the existing ones in the applications of

motion segmentation Elhamifar and Vidal (2009); Tron and Vidal (2007)

and clustering handwritten digits Hastie and Simard (1998).

For motion segmentation, we used Hopkins155 dataset Tron and Vidal

(2007). It contains 155 video sequences of 2 or 3 motions. Table 6.2 summa-

rizes clustering errors of different algorithms on the Hopkins155 dataset.

For ease of comparison, the error values for TSC, SSC-OMP and NSN

are populated from experiments conducted in Park et al. (2014) where

the authors optimized the parameters for the existing algorithms. The

parameters for SSC were set as provided in the source code. The OWL

parameters are set as follows: for all real data experiments we use the

same λ value as SSC, we set r = N/4 (rounded off to nearest integer) and

set ∆ such that w1 = λ + r∆ = 2λ or 4λ, whichever, if any, leads to a

non-trivial solution. Figure 6.6(a) shows the effect of running a subset of

k optimizations selected at random from the set of all N optimizations

for k ∈ {N,N/2, N/4, . . . , N/32}. OSC outperforms or performs about

the same as SSC in most cases with comparable running times. The SSC
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Table 6.2: Clustering error (%) of different algorithms on the Hopkins 155 dataset.

L Algorithm SSC OMP TSC NSN OSC

2 Mean 1.52 16.92 18.44 3.62 1.39
Median 0.00 12.77 16.92 0.00 0.00

3 Mean 4.40 27.96 28.58 8.28 5.21
Median 0.56 30.98 29.67 2.76 1.02

and OSC parameters in this application lead to relatively dense affinity

matrices in both cases. This results in low clustering errors with fewer

optimizations supporting the theory. Table 6.3 summarizes results of

applying the SSC and OSC algorithms to the dataset projected into a 4L-

dimensional subspace using PCA suggesting further speedups without

loss in performance.

We also use the MNIST test data set LeCun et al. that contains 10,000

centered 28 × 28 pixel images of handwritten digits, i.e., it contains many

more points per subspace. The empirical mean and standard devia-

tion of the CE are computed by averaging over 100 of the following

problem instances. We choose the digits {2, 4, 8} and we choose k op-

timizations uniformly at random from the set of all optimizations for

k ∈ {N,N/2, N/4, . . . , N/32}. Here we use the default parameters for SSC

and set OWL parameters in similar fashion to the motion segmentation

experiments. The results are summarized in Figure 6.6(b).
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Table 6.3: Mean clustering error (%) on the Hopkins 155 dataset with the 4L-
dimensional data points obtained by applying PCA.

Motions (L) SSC OSC
2 1.83 1.49
3 4.40 5.16

All 2.41 2.32

(a) (b)

Figure 6.6: (a) Mean clustering error for Hopkins dataset. (b) Mean clustering
error for MNIST dataset.

6.6 Proofs

In the rest of the chapter, we state the important intermediate results used

to prove the main results and provide proof sketches. The intermediate

results are stated in generality since they may be useful in other settings.

Proof of Theorem 6.3

We start by proving a deterministic lemma that introduces the OWL dual

feasibility condition. First we define the dual norm of the OWL norm
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given by Zeng and Figueiredo (2014)

Ω∗w(β) = max{τi‖β(i)‖1, i = 1, . . . , N}

where β(i) is the sub-vector of β, consisting of the i largest magnitude

elements of β and τi = (∑i
j=1wj)−1.

Lemma 6.5. FixX ∈ Rn×N and T ⊂ {1, . . . , N}. Suppose β∗ is a solution

to

min
β

1
2‖y −Xβ‖

2
2 + Ωw(β) subject to βT c = 0

obeying Ω∗w′(XT
T c(y −Xβ∗)) < 1 where w′ = [w|T |+1, . . . , wN ]. Then any

optimal solution β̂ to

min
β

1
2‖y −Xβ‖

2
2 + Ωw(β)

must also satisfy β̂T c = 0.

Proof details are provided in the Appendix. The lemma says that if the

OWL dual feasibility condition, Ω∗w′(XT
T c(y −Xβ∗)) < 1, is satisfied for

T = {j : Xj ∈ S`}, then there are no false discoveries. To prove Theorem

6.3, it suffices to show that the dual feasibility condition is satisfied. A

sufficient condition to satisfy this dual feasibility condition is ‖XT
T c(y −

Xβ∗)‖∞ < w̄|T |+1 since it can be shown easily that for w̄ = ∑N
j=1wj/N , we

have 1
w1
‖β‖∞ ≤ Ω∗w(β) ≤ 1

w̄
‖β‖∞.
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We want to show the OWL dual feasibility is satisfied. Using Theorem

7.5 in Soltanolkotabi et al. (2012), we can show that,

‖XT
j (y −Xβ∗)‖∞ ≤

√
32 logN aff(S`,Sj)√

d`
‖y −Xβ∗‖2.

To show the dual feasibility is satisfied we use Theorem 7.5 in Soltanolkotabi

et al. (2012) as follows. Suppose Σ = U (j)TU (`), where U (j) is an or-

thogonal basis for Sj and U (`) for S` respectively. By definition, ‖Σ‖F =√
d` ∧ djaff(Sj,S`). Consider

‖XT
j (y −Xβ∗)‖∞ = ‖ATΣv‖∞‖y −Xβ∗‖2.

Using the Lemma with a = N4, b = N8, we have the above probability at

least 1− 4/N2.

We next prove a bound on the size of the residual ‖y −Xβ∗‖where

β∗ is defined in Lemma 6.5.

Lemma 6.6. If w1 > 0, then with probability at least 1− e−
√
N`d` , we have

‖y −Xβ∗‖2 ≤ cw1
√

d`
logN`/d`

.

Proof details are provided in the Appendix. Lemma 6.6 gives with

high probability,

‖XT
j (y −Xβ∗)‖∞ ≤ w1LNaff(S`,Sj)

whereLN = c0
logN√
log ρ`

, for j 6= `. Finally using the assumption on the affinity

of the subspaces along with union bound and Lemma 6.5 completes the

proof.



120

Proof of Theorem 6.4

The N` points on the unit hypersphere can be viewed as forming a d`-

dimensional Random Geometric Graph by placing an edge between points

that are ∆-close. To formalize this notion we define a ∆-RGG on the unit

hypersphere below (slightly different from the typical RGG defined in the

literature Dall and Christensen (2002); Penrose (2003)).

Definition 6.7. ∆-Random Geometric Graph (RGG): Place Ni points uni-

formly at random on the surface of unit hypersphere Sdi . Place an edge

between pairs of points (vertices) that are within ∆ Euclidean distance of

each other.

It can be shown that if enough points are sampled uniformly at ran-

dom from the unit sphere leads to a fully connected ∆-RGG with high

probability. The connectivity and percolation of a typical RGG has been

studied (Penrose (2003) and references therein) in the past but the proof

of the main result hinges on a fully connected graph defined on the unit

hypersphere. Hence, we derive a new bound next.

Lemma 6.8. If N` > κ1∆−d` log(∆−d`/δ) points are sampled uniformly at

random from the unit hypersphere in Rdi , then the ∆-RGG formed by

these points is fully connected with probability at least 1− δ.

κ1 is a fixed numeric constant. To prove the result we use a covering

argument to divide the surface of the unit hypersphere into m equal area
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patches such that the distance between points in adjacent patches is at

most ∆, followed by a multiplicative form of Chernoff’s bound to show

with high probability at least one point of the uniformly sampled points

falls into each patch leading to a fully connected ∆-RGG. Proof details

are provided in an extended version of the paper on arXiv Oswal and

Nowak (2018). Using the fact that the Euclidean norm is invariant under

multiplication with orthonormal matrix, the distances between points

within the subspace can be translated to the ambient subspace. Similarly,

we can define a ∆-RGG on the unit hypersphere in Rn.

We prove a new clustering property for the OWL-Ramp regression in

Lemma 4.2. Proof details are provided in an extended version of the paper

on arXiv Oswal and Nowak (2018) and the Appendix. This lemma provides

a sufficient condition for the largest magnitude cluster in the OWL-Ramp

solution to have critical mass. The Euclidean distance condition from

Lemma 4.1 translates into the ∆-connected component condition in this

Lemma. Note that the minimum gap ∆w is always smaller than or equal

to ∆. It is strictly smaller in most cases. This provides more room for

clustering in the OWL solution.

The proof of Theorem 6.4 follows by combining the results from Lemma 4.2

and Lemma 6.8 with Theorem 6.3 as follows. Let T be set of indices of

columns belonging to the subspace, S`. From Theorem 6.3, we have with

high probability the coefficients of β̂T c = 0. Lemma 6.8 with the assump-

tion on the number of points sampled gives us that the ∆-RGG formed by
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the pointsXT on the unit hypersphere is fully connected. The connected

component has cardinality at least N`. If maxi |β̂i| = 0, then the claim is

trivial so suppose maxi |β̂i| > 0, then M ⊆ T and the claim follows from

r ≤ N` and Lemma 4.2.

6.7 Discussion

To make sense of the results, the condition in (6.2) can be rewritten as

an upper bound on ∆ and the condition in (6.3) as a lower bound on ∆.

Ignoring constants and log terms

∆ .
λ

r

( 1
α`
− 1

)
and ∆ &

( 1
N`

)1/d`

Intuitively, we want to make ∆ small enough so that nothing from outside

of the true subspace is selected, but at the same time we want to make

∆ as big as possible so many points are selected from the true subspace.

This leads to a trade-off between the number of false discoveries and true

discoveries. For orthogonal subspaces or α` = 0, the upper bound is

trivially satisfied and we can make ∆ big enough to group all the points

in the same subspace as seen in the introduction. For α` ≈ 1 or when

the subspace is contained in another subspace, ∆ needs to be set to zero

to ensure no false discoveries. Equivalently, the best we can do in this

situation is the Lasso solution. Guided by the theory we state rules of
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thumb for selecting the parameters of OSC followed in the experiments.

Choice of hyper-parameters.

The λ and ∆ parameters are varied in Section 6.5 to demonstrate the trade

off between the number of false discoveries and true discoveries. In some

applications like motion segmentation, the dimensions of the subspaces

are equal and known in advance or can be roughly estimated. In such

cases we recommend setting the tuning parameters as follows.

• Ramp length, r: In general, we recommend setting r proportional

to an estimate of number points per cluster since this parameter is

related to the number of points clustered by OWL.

• `1 component, λ: Informed by theory and experiments in this chapter

and from SSC literatureSoltanolkotabi et al. (2014), we set λ propor-

tional to 1/
√
d.

• Ramp slope or gap, ∆: Since the gap in the OWL weights control the

clustering behavior the theory suggests setting ∆ ≈ N
−1/d
i for many

true discoveries. As the affinity of the subspaces increases ∆ needs

to be reduced in order to avoid false discoveries. In the experiments,

we observe that even small values such as ∆ = 0.01 lead to enough

clustering in OWL solutions given that there are enough points in

each subspace.
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The clustering property of the OWL, combined with ideas from random

geometric graph theory, allows us to prove that OSC tends to select more

points from the correct subspaces in each regression compared to SSC.

In the ideal case, where L subspaces are orthogonal and the number of

points per subspace is sufficiently large, then OSC can succeed with just

L � N optimizations (gain factor of roughly N/L). This key feature of

OSC makes accurate clustering possible based on regression solutions

for only a small subset of the total dataset, significantly reducing the

computational complexity compared to SSC.
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7 applications and future directions

7.1 Applications

Content-based image retrieval (CBIR) is an area of computer vision dealing

with the task of finding desired images within a large corpus. For example,

someone could be searching for similar images to a certain “seed” image,

or searching for images with some specific content (e.g. a product or

animal). CBIR refers to algorithms that approach this task using only the

data within the image itself, as opposed to a more general image retrieval

approach which could include metadata or natural-language descriptions

in its search.

The general industry applications of CBIR are numerous. For this

chapter, we consider the following task. Often, a data scientist can easily

acquire or train an image classification model for some general-purpose

task, either by using a publicly available dataset or using a pretrained

model. This model may not solve their exact problem, but may solve a

very similar or more general version of the problem. Generally in these

situations, the practitioner may employ a technique like transfer learning

Pan and Yang (2010) to take this more general model and make it applicable

to their domain to extract task-specific feature vectors with a small number

of labeled images. These features can then be used to build our linearly

parameterized bandits framework to retrieve specific types of images on

demand.



126

For example, we apply the same technique to a large corpus of roof

images obtained from inspections as part of the process of obtaining home

insurance. The roof images are labeled generally as “good condition”

and “bad condition”, and our goal is to leverage these labels to generate

a dataset with labels indicating more specific defects, such as “missing

shingle(s)”. The algorithm recommends images from the corpus using

the linear bandits algorithms. The user provides rewards specific to the

task at hand which the algorithm uses to find other similar images from

the corpus.

Application to Insurance Industry

American Family Insurance has a corpus of about 400,000 images of roofs

obtained from roof surveys as part of the home inspection process. As

part of the survey, the roofs are graded by experts on a scale from 1 to

4, indicating condition. Using this survey, we are able to train a deep

learning model (using the VGG16 architecture) to predict which roofs

have “good” vs. “poor” condition.

In this application, we wish to find all the images that have the quality

“missing shingle(s)”. Figure 7.1 shows an example image with that quality.

Since this condition is rare (in our experiments, about 2% of the images

in the “poor” condition had a missing shingle), we use linear bandits to

most efficiently use human labeling resources. We treat the model trained

from the good/poor labels as a feature extractor, treating the last two
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Figure 7.1: An example image from a roof survey that would get a positive reward
for the “missing shingle” task in our experiment.

fully-connected layers of the network as an embedding for the images. We

then use these features for the linear bandits process.

As mentioned in the previous chapter, linear bandits suffer from the

curse of dimensionality. In this work, we explore various feature-selection

routines to alleviate the high-dimensionality problem by selecting a small

subset of relevant features. In our examples, we use the VGG16 architecture

Liu and Deng (2015), which has two fully connected layers with 4096

neurons each. These layers probably contain redundant and unnecessary

information.

To alleviate the problem posed by these high-dimensional features,

we introduce a feature selection subroutine for each query. The goal is

to select a small subset of features that are most relevant to our search to

increase the effectiveness of our image selection algorithm. By selecting a

smaller number of features, a bias is created towards simpler models. The

simple models lead to more interpretable solutions. We use the following
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two feature-selection methods:

1. LASSO: Tibshirani (1996), introduced in Chapter 4, constrains the

solutions to be sparse, meaning only a few variables are selected.

This is done by using the `1 penalty which is a convex proxy to the

`0 norm representing cardinality of the coefficient vector. In practice,

λ is chosen via cross-validation.

2. Marginal Regression: Genovese et al. (2009, 2012) offers a faster

alternative to the Lasso regularization since it regresses the label

vector separately on each feature. The marginal regression estimates

for feature selection are computed using the following coefficients.

Assuming the features are standardized,

α̂ := XTy.

Using a tuning parameter, τ > 0, we estimate the subset of relevant

features by

Ŝ := {j : |α̂j| ≥ τ}

Roughly, this amounts to picking the top features that are most

correlated with the reward or label vector. In practice, we choose the

top n/ log(n) α̂ with the largest magnitude instead of specifying a

τ . We experimented with tuning τ through cross-validation but the

performance difference was negligible.
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Application to Fashion Retail Industry

Lands’ End is a Wisconsin based clothing retail company. Their catalogs

consist of thousands of fashion retail products. Similar to the insurance

company, we work on content-based retrieval of products from the catalog

using deep convolutional features extracted from fashion-tuned CNN

using transfer learning.

7.2 Future Directions

1. The simple feedback model, where the user directly selects a subset

of the relevant features, can be generalized by allowing for an indi-

rect form of feedback. For example, the user can select a region of

an image instead of a subset of the standard deep neural network

features. This form of feedback could be used in different ways. For

instance, we could use methods to map deep image features to im-

age regions. This would also allow the use of neural network based

representations of text used in NLP such as BERT, Devlin et al. (2018).

A mapping of the highlighted words or phrases to the BERT feature

dimensions could facilitate using the feature feedback model in this

case.

2. In Chapter 2, we see that in the short-term horizon, when the algo-

rithm does not have enough feedback, it starts with a small subset
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of the dimensions and gradually grows the number of dimensions

as it receives new feedback. This leads to better early-regret. The

choice of the dimensions is based on feature feedback provided by

the user. This could be generalized by combining ideas from com-

pressed sensing and/or dimensionality reduction, alleviating the

need for feature feedback from the user in the future.
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a linear bandits with feature feedback

In this chapter, arm and action are used interchangeably.

Feature Feedback Epoch OFUL

This second algorithm, Feature Feedback Epoch OFUL (Algorithm 3),

is an epoch version of Algorithm 2 which runs in epochs of doubling

length so the last epoch dominates the regret. It is essentially the same

as Algorithm 2 written in a different format which facilitates proving

the main result. The main difference in the algorithms is the choice of εt

depicted in Figure A.1.
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Algorithm 3 Feature Feedback Epoch OFUL
1: Let the set of relevant indices,R0, I0 = {}.
2: while I0 is empty do
3: Pull arm at random, I0 = { indices revealed }
4: end while
5: R1 = R0

⋃
I0

6: Initialize C0.
7: for s = 1, 2, . . . ,M − 1 do
8: Set εs = c/

√
2s

9: LetXs be the original feature matrix with only the features inRs.
10: for t = 1, . . . , 2s do
11: Draw bt from bernoulli(εs)
12: if bt = 1 then
13: Pick an arm xt uniformly at random from X ,
14: else
15: Pick arm xt such that (xt, θ̃t) = argmax(x,θ)∈Xt×Ct−1

〈x,θ〉
16: end if
17: Play arm xt to observe reward yt and indices revealed for this arm, It.
18: UpdateRs = Rs

⋃
It

19: if It is empty then
20: Rank one update to OFUL confidence set Ct using (yt,xt)
21: else
22: UpdateXs with features inRs
23: Recompute the OFUL confidence set Ct with new feature setXs.
24: end if
25: end for
26: Rs+1 = Rs
27: C1 = Ct
28: end for
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Figure A.1: Choice of εt for both the algorithms. s = blog2 tc Recall that εt.
controls the number of pure exploration steps in the algorithms.

A.1 Proof of Theorem 2.2

We begin by proving intermediate results for three different events fol-

lowed by the proof details.

1. The number of times we pull a random arm during an epoch is close

to its expectation.

2. We have seen all the relevant arms before the current epoch.

3. Modified OFUL regret bound using arms from both exploration and

exploitation.

Bounding the number of times we pull a random arm

Lemma A.1. During epoch s, there are Ts = 2s time steps. LetNs be the number

of random arm pulls during epoch s. Given that the probability of pulling a
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random arm during epoch s is εs = c/
√
Ts, then for any δ1 > 0:

Pr
(∣∣∣∣Ns − c

√
Ts

∣∣∣∣ ≥
√
Ts
2 log 2

δ1

)
≤ δ1

Proof. We can seeNs as the sum of Ts i.i.d. Bernoulli random variables with

probability of success of εs. It is easy to see that ENs = Ts · c/
√
Ts = c

√
Ts.

Finish by applying the Hoeffding’s inequality to the sum of the Bernoulli

random variables.

Corollary A.1. With probability ≥ 1− δ1:

√
Ts
2 log 2

δ1
≤ Ns ≤ 3

√
Ts
2 log 2

δ1

Proof. This is a simple consequence of taking c =
√

2 log 2
δ1

in Lemma A.1.

Probability of having identified all the relevant arms

Proposition A.2. Let α0 =
√

2 and αi =
√

Ts
2 =
√

2i−1 for i > 0. Then:

s−1∑
i=0

αi ≥
√

2s
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Proposition A.3. The number of random arms pulled before an epoch s can be

bounded as:

√
2s log 2

δ1
≤

s−1∑
i=0

Ni ≤ 3
√

2s log 2
δ1

with probability ≥ 1− sδ1.

Proof. This is a direct result of Corollary A.1 and Proposition A.2.

Definition A.2. Let Ej
s be a random variable:

Ej
s =


1 if the j marked as relevant up till epoch s

0 otherwise

Let
k⋂
j=1

Ej
s = 1 be the event that all the relevant features are marked.

Proposition A.4. The probability that we have not seen all the relevant arms

goes down quickly. Here we characterize how quickly. Note the assumption here

that at every around, we assume that each relevant feature is revealed with some

probability at least p independent of other relevant features.

The probability that some of the k relevant features have not been marked up

to epoch s, Pr(Es = 0) is bounded as follows.

Pr(Es = 0) ≤ k exp
(
− log 1

1− p

s−1∑
i=0

Ni

)



136

Proof. The proof follows by union bound.

Pr(Es = 0) = Pr
 k⋂
j=1

Ej
s = 1

c

= Pr
 k⋃
j=1

Ej
s = 0


≤

k∑
j=1

Pr(Ej
s = 0)

≤ k(1− p)

s−1∑
i=0

Ni

= k exp
(
− log 1

1− p

s−1∑
i=0

Ni

)

Now we can find the number of epochs that need to pass after which

we have observed all the features with high probability:

Proposition A.5. After:

s =
log2

 1
log 2/δ1

(
log k/δ2

log 1/(1− p)

)2
 := sobserved

epochs, we have observed all the relevant features with probability ≥ 1− δ2.
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Proof.

Pr(Es = 0) ≤ k exp
(
− log 1

1− p

s−1∑
i=0

Ni

)

≤ k exp
(
− log 1

1− p

√
2s log 2

δ1

)

≤ δ2 , we desire this

⇒ exp
(
− log 1

1− p

√
2s log 2

δ1

)
≤ δ2

k

⇒ log 1
1− p

(√
2s log 2

δ1

)
≥ log k

δ2

⇒
√

2s log 2
δ1
≥ log k/δ2

log 1/(1− p)

⇒ 2s ≥ 1
log 2/δ1

(
log k/δ2

log 1/(1− p)

)2

⇒ s ≥ log2

 1
log 2/δ1

(
log k/δ2

log 1/(1− p)

)2


⇒ sobserved =
log2

 1
log 2/δ1

(
log k/δ2

log 1/(1− p)

)2
 ≥ s

Regret for a modification of OFUL after epoch sobserved

We cannot use the OFUL regret bound directly since our algorithm in-

volves additional random arms sampled during the epoch along with

arms sampled in previous epochs. To bound the regret of arms pulled

using OFUL, we prove the following regret bound for the modified OFUL
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algorithm, stated as Algorithm 4, where some additional arms are sampled

in addition to the OFUL ones:

Lemma A.3. Assume that ∀t > 0 and x ∈ Xt ⊂ Rd, 〈x,θ∗〉 ∈ [−1, 1]. Then

with probability at least 1 − δ, the regret of Extended OFUL (Algorithm 4) sat-

isfies:

∀t, Rt ≤4
√
td log(λ+ tL/d)(λ1/2S +R

√
2 log(1/δ) + d log(1 + tL/(λd))t)

where λ > 0 is the ridge regression parameter of OFUL.

This lemma shows that the additional arms sampled between of OFUL

turns do not harm the regret of OFUL.

Algorithm 4 Extended OFUL
1: Begin with some initial armsX0 which could be empty.
2: for t = 1, 2, . . . , T − 1 do
3: (xt, θ̃t) = argmax(x,θ)∈Xt×Ct−1

〈x,θ〉
4: Play xt and receive reward yt.
5: UpdateX t,Vt = (XT

t X t + λI) and θ̂t = V−1
t X

T
t yt

6: Update ellipsoidal confidence set Ct as
Ct =

{
þ ∈ Rd : ‖θ̂t − þ‖Vt

≤ f(R,X t,yt, λ, δ, S)
}

(for details on f(·)
see Abbasi-Yadkori et al. (2011))

7: Add some arms (randomly or otherwise) to the setX t.
8: end for

We will require the following result to prove the theorem.
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Proposition A.6. For symmetric positive definite matrices W , Q and V =

W +Q, we have

‖x‖V−1 ≤ ‖x‖W−1

Proof. Let y = W−1/2x. Then we have

‖x‖2
V−1 = xTV−1x

= xT (W +Q)−1x

= yTW 1/2(W +Q)−1W 1/2y

= yT (I +W−1/2QW−1/2)−1y LetW−1/2QW−1/2 = UΣUT

= yT (UUT +UΣUT )−1y UUT = UTU = I

= yTUT (I + Σ)−1Uy

≤ yTUTIUy since ∀i, 1
1 + σi

≤ 1

≤ yTy

= ‖x‖2
W−1

The remaining proof follows the proof of Theorem 3 and we state it

here for the sake of completeness.

Proof. LetX t = [xT1 , . . . ,xTt ],W t = (XT

t X t + λI).
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We will follow the proof of Theorem 3 in [Abbasi-Yadkori et al. (2011)]

which is divided into 2 parts: first they prove that with high probabiliy

θ∗ lies inside the confidence set constructed by OFUL at that time. Notice

that the super martingale arguments used to prove that θ∗ is inside the

confidence set with high probability do not make an assumption on how

the previous arms were sampled so the argument goes through without

any modification.

As in Abbasi-Yadkori et al. (2011) we can decompose the instantaneous

regret as follows:

rt = 〈θ∗,x∗〉 − 〈θ∗,xt〉

≤ 〈θ̃t,xt〉 − 〈θ∗,xt〉

= 〈θ̃t − θ∗,xt〉

= 〈θ̂t−1 − θ∗,xt〉+ 〈θ̃t − θ̂t−1,xt〉

= ‖θ̂t−1 − θ∗‖V−1
t−1
‖xt‖V−1

t−1
+ ‖θ̃t − θ̂t−1‖V−1

t−1
‖xt‖V−1

t−1

≤ 2
√
βt−1(δ)‖xt‖V−1

t−1

where we use the fact that (θ̃t,xt) is optimistic and that θ̂t, θ̃t,θ∗ all lie in

the confidence set with high probability. Thus with probability at least

1− δ, for all t ≥ 0
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Rt ≤

√√√√t t∑
s=1

r2
t ≤

√√√√8βt(δ)t
t∑

s=1
‖xt‖V−1

t−1
≤

√√√√8βtδt
t∑

s=1
‖xt‖W−1

t−1

where we used Proposition A.6 stated above.

By Lemma 11 in Abbasi-Yadkori et al. (2011) we have,

Rt ≤

√√√√8βt(δ)t
t∑

s=1
‖xt‖W−1

t−1

≤
√

8βtδt log(det(W t))

≤ 4
√
td log (λ+ nL/d)

(
λ1/2S +R

√
2 log(1/δ) + d log(1 + tL/(λd))

)

Regret after epoch sobserved

During each epoch after sobserved, we have at most 3
√

Ts
2 log 2

δ1
random arm

pulls.

Lemma A.4. For epochs s ≥ sobserved, the cumulative regret is bounded by:

M−1∑
s=sobserved

Rs ≤ 6SL
M−1∑

s=sobserved

√
Ts
2 log 2

δ1
+ 4

√
Tsk log(λ+ nL/k)(λ1/2S

+R
√

2 log(1/δ3) + k log(1 + TsL/(λk)))

with probability ≥ 1− δ3.
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Proof. The regret during the epoch is the sum of the regret when we pull

the random arms added to the regret when we pull OFUL arms.

Now, we just have to use the upper bound on the number of times we

pull a random arm in Corollary A.1. During each random arm pull the

worst case regret is 2SL.

The number of times we pull an OFUL arm in epoch s, TOFULs , is

trivially upper bounded by Ts. Apply Lemma A.3 stated above with

δ → δ3, t → TOFULs , d → k to get the result. Recall, we cannot apply the

OFUL regret bound directly here since our algorithm involves additional

random arms sampled during the epoch along with arms sampled in

previous epochs.

Proof of main result

We are now ready to prove the regret bound of Feature Feedback Epoch

OFUL.
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Proof. The regret can be summed over the epochs as:

RT =
M−1∑
s=0

Rs

=
sobserved∑
s=0

Rs +
M−1∑

s=sobserved+1
Rs

≤
sobserved∑
s=0

2SLTs +
M−1∑

s=sobserved+1
Rs

≤ 2SL2sobserved+1 +
M−1∑

s=sobserved+1
Rs

Now, note that:

2sobserved+1 = 2 · 2

⌈
log2

(
1

log 2/δ1

(
log k/δ2

log 1/(1−p)

)2
)⌉

≤ 2 · 2
log2

(
1

log 2/δ1

(
log k/δ2

log 1/(1−p)

)2
)

+1

= 4
log 2/δ1

(
log k/δ2

log 1/(1− p)

)2

Now, setting δ1 = δ3 = δ/3M and δ2 = δ/3, we get the final regret

expression using Lemma A.4. The multiplicative factor of log T
2 comes

from bounding the sum of regrets over the epochs by the max regret over

all the epochs (which occurs during the last epoch) multiplied by the

number of epochs, which is log T
2 .

The proof for Feature Feedback OFUL follows similarly by noticing

that the Algorithms are essentially the same with different εt and using
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the fact that 1√
2s+1 ≤ εt = 1√

t
≤ 1√

2s for s = blog2(t)c.
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b approximating matrices using groups of

columns

B.1 Proof of Theorem 3.6

As stated in Section 3.4, the result in Theorem 3.6 follows by applying

standard boosting methods to Lemma 3.8 and running Algorithm 1 t =

ln(1
δ
) times. By choosing the solution with minimum error and observing

that 0.3 < 1/e, we have that the relative error bound holds with probability

greater than 1−e−t = 1− δ. Hence, it suffices to prove Lemma 3.8 to prove

the main result.

Proof of Lemma 3.8

First, note U = (RS)† and C = AS.

‖A−CUR‖F = ‖A−AS(RS)†R‖F

Recall thatR ∈ Rr×n has rank no greater than r;A ∈ Rm×n; ε ∈ (0, 1);

and that the same column blocks from R and A are picked with the

following probability distribution:

pi =
‖V T

R,rEi‖2
F

r
, ∀i ∈ [G].

We can use Lemma B.1 (stated and proved in next section) with proba-
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bility at least 0.85 we have

‖A−AS(RS)†R‖F ≤ (1 + ε)‖A−AR†R‖F .

Next, we bound ‖A−AR†R‖F . SinceA has incoherent column space,

the uniform sampling distribution pj = 1/m satisfies eqn. (13) in Drineas

et al. (2008) with β = 1/µ0. Consequently, we can apply modified version

of Theorem 1 in Drineas et al. (2008) we get with probability at least 0.85,

‖A−AR†R‖F ≤ (1 + ε)‖A−Ak‖F . Finally, we get with probability 0.7,

‖A−CUR‖F ≤ (1 + ε′)2‖A−Ak‖F ,

≤ (1 + ε′′)‖A−Ak‖F , letting ε′′ = 3ε′.

This completes the proof of Lemma 1.

Approximating generalized `2 regression in the block setting

In this section, we give theory for generalized least squares using block

subset selection that is used to prove the main results for the algorithms

but applies to arbitrary matricesA andB. Given matricesA ∈ Rm×n and

B ∈ Rr×n, the generalized least squares problem is

min
X∈Rm×r

‖A−XB‖F .
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It is well-known that the solution to this optimization problem is given

by X̂ = AB†. To approximate this problem by a subsampled problem,

we sample some blocks of columns from A and B to approximate the

standard `2 regression by the following optimization:

min
X∈Rm×r

‖(AS)−X(BS)‖F .

The solution of this problem is given by X̃ = AS(BS)†. In the following

lemma, we give a guarantee stating that, when enough blocks are sampled

with the specified probability, the approximate solution is close to the

actual solution to the `2 regression.

Lemma B.1. SupposeB ∈ Rr×n has rank no greater than k;A ∈ Rm×n; ε, δ ∈

(0, 1); and let the same column blocks fromB andA be picked with the following

probability distribution:

pi = ‖(V B,k)(i)‖2
F

k
, ∀i ∈ [G].

If g = O( k2

αBδ4ε2
) blocks are chosen, then with probability at least 1 − δ we

have

‖A−AS(BS)†B‖F ≤ (1 + ε)‖A−AB†B‖F .

Proof. LetB = U kΣkV
T
k and α = maxi

(
‖V Tk Ei‖2
‖V Tk Ei‖F

)2

We start by showingV T
kS is full rank. Using Lemma 2, if g ≥ 8α−1

R k2δ−2ε−2
1
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and 0 < ε1 < 1, we get the following with probability ≥ 1− δ1,

‖V T
kV k − V T

kSS
TV k‖2 = ‖Ik − V T

kSS
TV k‖2 ≤ 4 k

δ
√
αRg

≤ ε1

2 .

This further gives us a bound on the singular values of V T
kS, for all i,

|1−σ2
i (V T

kS)| = |σi(V T
kV k)−σi(V T

kSS
TV k)| ≤ ‖Ik−V T

kSS
TV k‖2 ≤ ε1.

(B.1)

Thus, it follows for all singular values of V T
kS,

√
1− ε1 ≤ σi(V T

kS) ≤
√

1 + ε1. (B.2)
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Now, consider

‖Ω‖2 = ‖(V T
kS)† − (V T

kS)T‖2

= ‖Σ−1
V Tk S
−ΣV Tk S

‖2

= max
i

∣∣∣∣∣σi(V T
kS)− 1

σi(V T
kS)

∣∣∣∣∣
= max

i

|σ2
i (V T

kS)− 1|
|σi(V T

kS)|

≤ ‖V T
kV k − V T

kSS
TV k‖2√

1− ‖V T
kV k − V T

kSS
TV k‖2

≤ ε1/2√
1− ε1/2

≤ ε1/
√

2,

where the first inequality follows from equation (B.1), the second inequality

follows by applying Lemma 3.7 and the last inequality follows since ε1 < 1

implies
√

1− ε1/2 > 1/
√

2

Also, for anyQwe have,

E[‖QS‖2
F ] = E

 g∑
t=1

∥∥∥∥∥ 1
√
gpjt

Q(jt)
∥∥∥∥∥

2

F


=

g∑
t=1

E
[

1
gpjt

∥∥∥Q(jt)
∥∥∥2

F

]

=
g∑
t=1

G∑
i=1

pi
1
gpi

∥∥∥Q(i)
∥∥∥2

F

= ‖Q‖2
F .
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By Jensen’s inequality,

E[‖QS‖F ]2 ≤ E[‖QS‖2
F ] = ‖Q‖2

F .

By applying Markov’s inequality, we get with probability ≥ 1− δ′,

‖QS‖F ≤
1
δ′
E[‖QS‖F ] ≤ 1

δ′
‖Q‖F . (B.3)

The following will be useful later,

AS(BS)†B = AS(U kΣkV
T
kS)†U kΣkV

T
k

= AS(V T
kS)†Σ−1

k U
T
kU kΣkV

T
k

= AS(V T
kS)†V T

k

Using this result and observing that (V kV
T
k + V ⊥k V ⊥Tk ) = I , we break

down the left hand term into 3 manageable components,

‖A−AS(BS)†B‖F

= ‖A−AS(V T
kS)†V T

k ‖F

= ‖A−AV kV
T
kS(V T

kS)†V T
k +AV ⊥k V ⊥Tk S(V T

kS)†V T
k ‖F

As seen before, with high probability, V T
kS is full rank. Using this fact
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along with triangle inequality gives us

‖A−AS(BS)†B‖F

= ‖A−AV kV
T
k +AV ⊥k V ⊥Tk S(V T

kS)†V T
k ‖F

≤ ‖A−AV kV
T
k ‖F + ‖AV ⊥k V ⊥Tk S(V T

kS)†V T
k ‖F

Define Ω := (V T
kS)† − (V T

kS)T ,

‖A−AS(BS)†B‖F

= ‖AV ⊥k V ⊥Tk ‖F + ‖AV ⊥k V ⊥Tk S(Ω + (V T
kS)T )‖F

≤ ‖AV ⊥k V ⊥Tk ‖F + ‖AV ⊥k V ⊥Tk S‖F‖Ω‖2 + ‖AV ⊥k V ⊥Tk SSTV k‖F

By (B.3) and since V ⊥Tk V k = 0,

‖A−AS(BS)†B‖F

≤
(

1 + 1
δ′
‖Ω‖2

)
‖AV ⊥k V ⊥Tk ‖F + ‖AV ⊥k V ⊥Tk V k −AV ⊥k V ⊥Tk SSTV k‖F
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Using Lemma 3.7 and ‖V k‖F =
√
k,

‖A−AS(BS)†B‖F

≤
(

1 + 1
δ′
‖Ω‖2

)
‖AV ⊥k V ⊥Tk ‖F + 1

δ2
√
αRg
‖AV ⊥k V ⊥Tk ‖F‖V k‖F

≤
(

1 + 1
δ′
‖Ω‖2

)
‖AV ⊥k V ⊥Tk ‖F +

√
k

δ2
√
αRg
‖AV ⊥k V ⊥Tk ‖F

≤
(

1 + 1
δ′
‖Ω‖2 + ε1√

8δ2

)
‖AV ⊥k V ⊥Tk ‖F

where the second inequality follows since ‖A−AB†B‖F = ‖AV ⊥k V ⊥Tk ‖F

and the last inequality follows since
√
k√

αRg
≤ k

δ1
√
αRg
≤ ε1√

8 .

Finally, usingAV kV
T
k = AB†B, we have

‖A−AS(BS)†B‖F ≤
(

1 + 1
δ′
‖Ω‖2 + ε1√

8δ2

)
‖A−AB†B‖F

Thus, we can conclude the following with probability ≥ 1− (δ′ + δ1 +

δ2) = 1− δ

‖A−AS(BS)†B‖F ≤
(

1 +
(

1√
2δ′

+ 1
2δ2

)
ε1

)
‖A−AB†B‖F

≤ (1 + ε) ‖A−AB†B‖F

by setting δ′ = δ1 = δ2 = δ/3 and ε = 6ε1
δ

.

Lemma ?? is used, then g ≥ 36 ∗ 8αR k2

ε2δ4 . Finally, note that ε1 ≤ ε < 1

by assumption.
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Proof of Lemma 3.7

Proof. Note that,

E

[(
A(jt)B(jt)

gpjt

)
i1i2

]
=

G∑
k=1

pk

(
A(k)B(k)

gpk

)
i1i2

= 1
g

(AB)i1i2

Since each block is picked independently we have,

var[(CR)i1i2 ] = var

[ g∑
t=1

(
A(jt)B(jt)

gpjt

)
i1i2

]

=
g∑
t=1

var

[(
A(jt)B(jt)

gpjt

)
i1i2

]

=
g∑
t=1

E
(A(jt)B(jt)

gpjt

)2

i1i2

−E [(
A(jt)B(jt)

gpjt

)
i1i2

]2
= g

 G∑
k=1

pk

(
A(k)B(k)

gpk

)2

i1i2

−
(AB)2

i1i2

g2



= 1
g

 G∑
k=1

(
A(k)B(k)

)2

i1i2

pk
− (AB)2

i1i2


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E[‖AB −CR‖2
F ] =

m∑
i1=1

p∑
i2=1

var[(CR)i1i2 ]

=
m∑
i1=1

p∑
i2=1

1
g

 G∑
k=1

(
A(k)B(k)

)2

i1i2

pk
− (AB)2

i1i2


=
 G∑
k=1

1
gpk

m∑
i1=1

p∑
i2=1

(
A(k)B(k)

)2

i1i2

− ‖AB‖2
F

g

=
G∑
k=1

‖A(k)B(k)‖2
F

gpk
− ‖AB‖

2
F

g

≤
G∑
k=1

‖A(k)‖2
2‖B(k)‖2

F

gpk

≤
G∑
k=1

(
‖A(k)‖2

‖A(k)‖F

)2 ‖A(k)‖2
F‖B(k)‖2

F

gpk

≤ 1
βαAg

‖A‖2
F‖B‖2

F

where αA = mink
(
‖A(k)‖F
‖A(k)‖2

)2
. Also, note 1 ≤ αA ≤ s.

By Jensen’s inequality,

E[‖AB −CR‖F ]2 ≤ E[‖AB −CR‖2
F ]

≤ 1
βαAg

‖A‖2
F‖B‖2

F
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And by Markov’s inequality, with probability ≥ 1− δ, we have

‖AB −CR‖F ≤
1
δ
E[‖AB −CR‖F ] ≤ 1

δ
√
βαAg

‖A‖F‖B‖F

Proof of Corollary B.2

Here we state and prove the corollary mentioned in the chapter. If it is

possible to compute the SVD of the entire matrix, then the rows can be

sampled using row leverage scores, and the incoherence assumption can

be dropped. The relative error guarantee for the full SVD Block CUR

approximation is stated below.

Corollary B.2. GivenA ∈ Rm×n, let r = O(k2

ε2
ln(1

δ
)) and g = O( r2

αRε2
ln(1

δ
)).

There exist randomized algorithms such that, if r rows and g column blocks are

chosen to construct R and C, respectively, then with probability ≥ 1 − δ, the

following holds:

‖A−CUR‖F ≤ (1 + ε)‖A−Ak‖F ,

where ε, δ ∈ (0, 1), and U = W † is the pseudoinverse of the scaled intersection

of C andR.
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First, note U = (RS)† and C = AS.

‖A−CUR‖F = ‖A−AS(RS)†R‖F .

Similar to the proof of Lemma 1, we can use Lemma 1.1 with probability

at least 0.85 we have

‖A−AS(RS)†R‖F ≤ (1 + ε)‖A−AR†R‖F .

Recall thatA ∈ Rm×n; ε ∈ (0, 1); and that the rowsR are picked from

Awith the following probability distribution:

pi = ‖e
T
i UA,k‖2

2
k

, ∀i ∈ [m].

We bound ‖A−AR†R‖F using Theorem 1 in Drineas et al. (2008) we

get with probability at least 0.85, ‖A − AR†R‖F ≤ (1 + ε)‖A − Ak‖F .

Finally, we get with probability 0.7

‖A−CUR‖F ≤ (1 + ε′)2‖A−Ak‖F

≤ (1 + ε′′)‖A−Ak‖F (letting ε′′ = 3ε′)

This completes the proof of Corollary B.2.
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c growl

C.1 Clustering properties with Absolute error

loss function

Proof of Theorem 4.5

Proof. The proof is divided into two steps. First, we show ‖β̂j∗‖ = ‖β̂k∗‖

and then we further show that the rows are equal. We proceed by contra-

diction. Assume ‖β̂j∗‖ 6= ‖β̂k∗‖ and, without loss of generality, suppose

‖β̂j∗‖ > ‖β̂k∗‖. We see that there exists a modification of the solution

with a smaller GrOWL norm and same data-fitting term, and thus smaller

overall objective value which contradicts our assumption that B̂ is the

minimizer of L(B) +G(B).

Consider the modification, V = B̂ except v̂j∗ = β̂j∗ − ε and v̂k∗ =

β̂k∗ + εwhere ε = δβ̂j∗ and δ is chosen such that ‖ε‖ ∈
(
0, ‖β̂j∗‖−‖β̂k∗‖2

]
Let L(B) = ‖Y − XB‖1 = ‖Y ′ − x∗jβ̂j∗ − x∗kβ̂k∗‖1 where Y ′ is the

residual term given by Y ′ = Y − ∑
i 6=j,k x∗iβ̂i∗. Since x∗j = x∗k, L is

invariant under this transformation, i.e., L(V ) = L(B̂). Same is true for

L(B) = ‖Y −XB‖2
F .

Observe that the GrOWL norm of B is equal to the OWL norm of

the vector of euclidean norms of rows of B. Since ‖vk∗‖ = ‖βk∗ + ε‖ ≤

‖βk∗‖+ ‖ε‖, this transformation is equivalent to that defined in Lemma
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4.4 and we have

G(B̂)−G(V ) ≥ ∆‖ε‖

This leads to a contradiction to our assumption that B̂ is the minimizer

of L(B) + G(B) and completes the proof that ‖β̂j∗‖ = ‖β̂k∗‖. Now, let

β̂j∗ + β̂k∗ = z, then the minimizer satisfies

min
β̂j∗,β̂k∗

wj‖β̂j∗‖+ wk‖β̂k∗‖

such that β̂j∗ + β̂k∗ = z and ‖β̂j∗‖ = ‖β̂k∗‖

It is easy to see that the solution to this optimization is β̂j∗ = β̂k∗ = z/2

Proof of Theorem 4.6

Proof. The proof is similar to the identical columns theorem. By contra-

diction and without loss of generality, suppose ‖β̂j∗‖ > ‖β̂k∗‖. We show

that there exists a transformation of B̂ such that the increase in the data

fitting term is smaller than the decrease in the GrOWL norm.

Consider the modification, V , as defined in the proof of Theorem 4.5.

By triangle inequality, the difference in loss function L that results from

this modification satisfies

L(V )− L(B̂) ≤
∥∥∥x∗j − x∗k

∥∥∥
1
‖ε‖1
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Invoking Lemma 4.4 as in the previous theorem and ‖ε‖1 ≤
√
r‖ε‖, we

get

L(V ) +G(V )−(L(B̂) +G(B̂))

≤ (
∥∥∥x∗j − x∗k

∥∥∥
1
− ∆√

r
)‖ε‖ < 0

This contradicts our assumption that B̂ is the minimizer ofL(B)+G(B)

and completes the proof.

Proof of Theorem 4.7

Proof. The proof is similar to the identical columns theorem. By contra-

diction, suppose ‖β̂j∗− β̂k∗‖ ≥
8φ‖β̂k∗‖
4φ2+1 ≥

2‖β̂k∗‖
φ

. We show that there exists

a transformation of B̂ such that the increase in the data fitting term is

smaller than the decrease in the GrOWL norm.

Consider the modification, V , as defined in the proof of Theorem 4.5

with ε = β̂j∗−β̂k∗
2 . By triangle inequality, the difference in loss function L

that results from this modification satisfies

L(V )− L(B̂) ≤
∥∥∥x∗j − x∗k

∥∥∥
1
‖ε‖1

We now bound the decrease in the GrOWL norm. Note by parallelo-
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gram law,

‖β̂j∗ + β̂k∗‖2

= 2‖β̂j∗‖2 + 2‖β̂k∗‖2 − ‖β̂j∗ − β̂k∗‖2

≤ 2‖β̂j∗‖2 + 2‖β̂k∗‖2 +
(

1
4φ2 −

1
4φ2 − 1

)
‖β̂j∗ − β̂k∗‖2

≤ 4‖β̂j∗‖2 +
‖β̂j∗ − β̂k∗‖

2φ

2

− 1 + 4φ2

4φ2 ‖β̂j∗ − β̂k∗‖2

≤ 4‖β̂j∗‖2 +
‖β̂j∗ − β̂k∗‖

2φ

2

− 2
‖β̂j∗‖‖β̂j∗ − β̂k∗‖

φ

≤

‖β̂j∗‖+ ‖β̂k∗‖ −
‖β̂j∗ − β̂k∗‖

2φ

2

Thus, we have

G(B̂)−G(V ) ≥ ∆
(
‖β̂j∗‖+ ‖β̂k∗‖ − ‖β̂j∗ + β̂k∗‖

)
≥

∆‖β̂j∗ − β̂k∗‖
2φ = ∆‖ε‖

φ

Combining this with ‖ε‖1 ≤
√
r‖ε‖, we get

L(V ) +G(V )−(L(B̂) +G(B̂))

≤
(
√
r
∥∥∥x∗j − x∗k

∥∥∥
1
− ∆
φ

)
‖ε‖ < 0

This contradicts our assumption that B̂ is the minimizer ofL(B)+G(B)

and completes the proof.
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C.2 Clustering properties with squared

Frobenius loss function

In this section, we consider the optimization

min
X
‖Y −XB‖2

F + G(B) (C.1)

Here we derive an upper bound on the increase in the squared loss

term after applying the transformation, V . We assume that the columns

of the matrix, X , are normalized to a common norm, i.e., (‖x∗i‖ = c for

i = 1, · · · , p). Define L(X) = ‖Y −XB‖2
F = ‖Y ′ − x∗jβj∗ − x∗kβk∗‖2

F

where Y ′ is again the residual term.

Lemma C.1. Let B̂ ∈ Rp×r and if V is as defined in Theorem 4.5, then we have

L(V )− L(B̂) ≤ ‖ε‖‖Y ′‖F‖x∗j − x∗k‖

Proof.

L(V )− L(B̂) = 1
2‖Y

′ − x∗j(β̂j∗ − ε)− x∗k(β̂k∗ + ε)‖2
F

− 1
2‖Y

′ − x∗jβ̂j∗ − x∗kβ̂k∗‖2
F

Expanding the Frobenius norm terms, canceling the common 1
2‖Y

′‖2
F

terms and using the common norm of columns (‖x∗i‖ = c for i = 1, · · · , p)
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we get

L(V )− L(B̂)

= c2

2 tr((β̂j∗ − ε)(β̂j∗ − ε)T + (β̂k∗ + ε)(β̂k∗ + ε)T

− β̂j∗β̂
T

j∗ − β̂k∗β̂
T

k∗) + tr(Y ′T (x∗j − x∗k)ε)

+ tr((β̂j∗ − ε)xT∗jx∗k(β̂k∗ + ε)T − β̂j∗xT∗jx∗kβ̂
T

k∗)

Expanding terms and making further cancellations gives

L(V )− L(B̂)

= tr(Y ′T (x∗j − x∗k)ε)− (c2 − xT∗jx∗k) tr((β̂j∗ − β̂k∗ − ε)εT )

≤ tr(Y ′T (x∗j − x∗k)ε)

− (c2 − xT∗jx∗k)‖ε‖(‖β̂j∗‖ − ‖β̂k∗‖ − ‖ε‖)

≤ tr(Y ′T (x∗j − x∗k)εT )

≤ ‖Y ′‖F‖(x∗j − x∗k)ε‖F

= ‖ε‖‖Y ′‖F‖x∗j − x∗k‖

where the first inequality follows from simplification and Cauchy-Schwarz

inequality. The second inequality follows from c2 > xT∗jx∗k and ‖β̂j∗‖2 −

‖β̂k∗‖2 − ‖ε‖ > 0 (by assumption). The third inequality follows, again, by

Cauchy-Schwarz inequality.
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Using this Lemma one can easily extend the clustering properties of

GrOWL to the optimization in (C.1).

C.3 Proof of Theorem 4.3

Outline: the proof proceeds by finding a lower bound for the objective

function in (4.11) and then we show that the proposed solution achieves

this lower bound.

Proof. First, note that the following is true for anyB and V ,

‖B − V ‖2
F =

p∑
i=1
‖βi∗ − vi∗‖2

≥
p∑
i=1

(‖βi∗‖ − ‖vi∗‖)2 = ‖β̃ − ṽ‖2

where the inequality follows from reverse triangle inequality.

Combining this with G(B) = Ωw(β̃), we have a lower bound on the

objective function in (4.11). For allB ∈ Rp×r

1
2‖B − V ‖

2
F +G(B) ≥ 1

2‖proxΩw
(ṽ)− ṽ‖2 + Ωw(proxΩw

(ṽ))
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Finally, we show thatB = V̂ achieves this lower bound,

1
2‖V̂ − V ‖

2
F +G(V̂ )

= 1
2

p∑
i=1
‖(proxΩw

(ṽ))i
vi∗
‖vi∗‖

− vi∗‖2
2 + Ωw(proxΩw

(ṽ))

= 1
2‖proxΩw

(ṽ)− ṽ‖2
2 + Ωw(proxΩw

(ṽ))
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d scalable sparse subspace clustering via owl

Properties of OWL

Subgradient condition for OWL:

zi = sign(βi)(Pβw)i, if βi 6= 0, and zi = 0, otherwise.

When defined as above, we can write the subdifferential vector as

z = (Pβw) · sign(β)

Proof of Lemma 6.5

Proof. Let T = {i|β∗i 6= 0}. Note that T ⊆ T .

From optimality conditions, we haveXT
T (y−Xβ∗) = (Pβ∗w)T ·sign(β∗T ).

Consider a perturbation β∗ + th.

LetPβ∗ andPβ∗+th be permutation matrices such that Ωw(β∗) = (Pβ∗w)T |β∗|

and Ωw(β∗ + th) = (Pβ∗+thw)T |β∗ + th|. Notice that these permutation ma-

trices may not be unique.

For t > 0 sufficiently small such that sign(β∗T ) = sign(β∗T + thT ) and

the group ordering doesn’t change i.e, there exist Pβ∗ and Pβ∗+th such that
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(Pβ∗w)T = (Pβ∗+thw)T ,

Ωw(β∗ + th)

= 〈(Pβ∗+thw) · sign (β∗ + th), β∗ + th〉

= 〈(Pβ∗+thw)T · sign(β∗T + thT ), β∗T + thT 〉+ t(Pβ∗+thw)TT c|hT c |

= 〈(Pβ∗+thw)T · sign(β∗T ), β∗T + thT 〉+ t(Pβ∗+thw)TT c |hT c|

= Ωw(β∗) + t〈(Pβ∗w)T · sign(β∗T ), hT 〉+ t(Pβ∗+thw)TT c |hT c |

= Ωw(β∗) + t〈(Pβ∗w)T · sign(β∗T ), hT 〉+ tΩ(Pβ∗+thw)T c↓(hT c)

≥ Ωw(β∗) + t〈(Pβ∗w)T · sign(β∗T ), hT 〉+ tΩw′(hT c)

where the last inequality follows since T c ⊆ T c and (Pβ∗+thw)T c↓ =

[w|T |+1, . . . , w|T |, w|T |+1, . . . , wN ]. The weights on hT c will only decrease.

Recall from optimality conditions we have XT
T (y − Xβ∗) = (Pβ∗w)T ·

sign(β∗T ), this gives us

1
2‖y −X(β∗ + th)‖2

2 + Ωw(β∗ + th)

= 1
2‖y −Xβ

∗‖2
2 + t2

2 ‖h‖
2
2 − t〈XT (y −Xβ∗), h〉+ Ωw(β∗ + th)

≥ 1
2‖y −Xβ

∗‖2
2 + Ωw(β∗) + t2

2 ‖h‖
2
2 + tΩw′(hT c)− 〈XT

T c(y −Xβ∗), hT c〉

Let XT
T c(y −Xβ∗) =: εT c and if hT c 6= 0. Consider the last term,
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Ωw′(hT c)− 〈εT c , hT c〉 ≥ Ωw′(hT c)− Ω∗w′(εT c)Ωw′(hT c)

> 0

from assumption Ω∗w′(εT c) < 1.

This implies 1
2‖y−X(β∗+ th)‖2

2 + Ωw(β∗+ th) > 1
2‖y−Xβ

∗‖2
2 + Ωw(β∗)

and the claim follows.

Proof of Lemma 6.6

Proof. Define:

β̂(1) = arg min
β(1)

1
2‖y −X

(1)β(1)‖2
2 + Ωw(β(1))

β̄(1) = arg min
β(1)

Ωw(β(1)) s.t. y = X(1)β(1)

Since β̂(1) minimizes the first optimization and y = X(1)β̄(1), we have

the following

1
2‖y −X

(1)β̂(1)‖2
2 + Ωw(β̂(1)) ≤ 1

2‖y −X
(1)β̄(1)‖2

2 + Ωw(β̄(1)) = Ωw(β̄(1))
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Let h = β̂(1) − β̄(1), then

1
2‖y −X

(1)β̂(1)‖2
2 = 1

2‖X
(1)h‖2

2 ≤ Ωw(β̄(1))− Ωw(β̄(1) + h)

Let P and Q be permutation matrices such that:

Ωw(β̂(1)) = 〈P
β̂(1)w, |β̂(1)|〉

Ωw(β̄(1)) = 〈Pβ̄(1)w, |β̄(1)|〉

Note that by definition of OWL norm 〈Pβ̄(1)w, |β̂(1)|〉 ≤ 〈P
β̂(1)w, |β̂(1)|〉.

Let S be the support of β̄, then

Ωw(β̄(1) + h)− Ωw(β̄(1)) = 〈P
β̂(1)w, |β̄(1) + h|〉 − 〈Pβ̄(1)w, |β̄(1)|〉

≥ 〈Pβ̄(1)w, |β̄(1) + h| − |β̄(1)|〉

= 〈(Pβ̄(1)w)S, |β̄(1)
S + hS| − |β̄(1)

S |〉+ 〈(Pβ̄(1)w)Sc , |hSc|〉

≥ 〈sign(β̄(1)
S ) · (Pβ̄(1)w)S, hS〉+ 〈(Pβ̄(1)w)Sc , |hSc |〉

Plugging into the inequality above gives

1
2‖X

(1)h‖2
2 ≤ −〈sign(β̄(1)

S ) · (Pβ̄(1)w)S, hS〉 − 〈(Pβ̄(1)w)Sc , |hSc |〉
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since β̄(1) is optimal there exists ν such that

v = X(1)T ν, vS = sign(β̄(1)
S ) · (Pβ̄(1)w)S and Ω∗(P

β̄(1)w)Sc (vSc) ≤ 1

using this

〈sign(β̄(1)
S ) · (Pβ̄(1)w)S, hS〉 = 〈vS, hS〉 = 〈ν,X(1)h〉 − 〈vSc , hSc〉

Thus we have

|〈sign(β̄(1)
S ) · (Pβ̄(1)w)S, hS〉| ≤ |〈ν,X(1)h〉|+ |〈vSc , hSc〉|

≤ ‖X(1)h‖2‖ν‖2 + Ω∗(P
β̄(1)w)Sc (vSc)Ω(P

β̄(1)w)Sc (hSc)

≤ ‖X(1)h‖2‖ν‖2 + Ω(P
β̄(1)w)Sc (hSc)

Plugging back into

1
2‖X

(1)h‖2
2 ≤ ‖X(1)h‖2‖ν‖2 + Ω(P

β̄(1)w)Sc (hSc)− 〈(Pβ̄(1)w)Sc , |hSc |〉

Note that since β̄Sc = 0, we have hSc = β̂Sc and Ω(P
β̄(1)w)Sc (hSc) =

〈(Pβ̄(1)w)Sc , |hSc |〉. Thus it follows that

1
4‖X

(1)h‖2
2 ≤ ‖ν‖2

2 ≤ cw2
1

d

log(N
d

)

where proof Last inequality is shown next.
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Consider the exact OWL norm minimization problem,

min
β

Ωw(β) s.t. y = Xβ

and its dual

max
ν
〈y, ν〉 s.t. Ω∗w(XTν) ≤ 1

Any dual feasible point ν satisfies,

1
w1
‖XTν‖∞ ≤ Ω∗w(XTν) ≤ 1

Thus, 1
w1
ν ∈ Ko which implies

‖ 1
w1
ν‖2 ≤ R(Ko) = 1

r(K)

where K =conv(xi), r(K) is its inradius, Ko is the polar set and R(Ko) is

its circumradius. Equality follows since R(Ko).r(K) = 1.

We get

‖ν‖2 ≤
w1

r(K)

finally, using standard results (like Lemma 7.4 in Soltanolkotabi et al.

(2012)) we get with probability at least 1− e−
√
Nd,
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‖ν‖2
2 ≤ cw2

1
d

log(N
d

)

where c is a constant.

Proof of Lemma 6.8

Proof. Suppose we divide the surface of the unit hypersphere into m

patches of equal surface area. Then the probability that a uniformly sam-

pled point falls into a particular patch is p = 1/m.

Let C = the number of times a sample falls in a particular patch in N`

independent trials. The multiplicative form of Chernoff’s bound is

P (C ≤ (1− b)µ) ≤ exp
(
−b

2µ

2

)
, for any 0 < b ≤ 1

where µ = E[C] = N`p = N`/m. Taking b = 1 we get

P (C ≤ 0) ≤ exp
(
−N`

2m

)

Let δ′ ≥ exp
(
−N`

2m

)
. It follows that if N` ≥ 2m log(1/δ′), then with

probability at least 1− δ′ there is at least one sample falling in the patch.

Now if we want this to hold for all m patches, we can union bound to get

the following.

P (∪mi=1Ci ≤ 0) ≤
m∑
i=1

P (Ci ≤ 0) ≤ mδ′ =: δ
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If N` ≥ 2m log(m/δ), then with probability at least 1− δ there is at least

one sample in each of the m patches.

If we construct the patches such that the distance between any point

in a certain patch and any point in adjacent patches is always less than or

equal to ∆, this gives us a completely connected ∆-RGG.

Construction of the patches: ε-covering number (N ε
d`

(Sd`)) of unit

sphere in Rd` has the following property:

N ε
d`

(Sd`) ≤ 3ε−d`

so we need at least m = O(∆−d`) patches for ε < ∆/2 and N` >

κ1∆−d` log(∆−d`/δ) points in the subspace to say with probability at least

1− δ, there will be a point in every patch on the surface of the unit sphere

leading to a connected ∆-RGG.

Proof of Lemma 4.2

Proof. By contradiction, assume |M | < r.

Let r′ = r−|M | and let G be the ∆-connected component containing

elements of M .

Define G0 := M . For m = 1, . . . , r′, define

Gm = Gm−1∪j for some j ∈ G, j /∈ Gm−1,∃i ∈ Gm−1 such that ‖xi−xj‖ < ∆.
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By definition, we have for m = 0, . . . , r′ that Gm ⊆ G.

If for some m ∈ [r′], the set Gm−1 = M = arg maxi |β̂i|, then by definition

there exists j ∈ Gm such that |β̂j| < |β̂i|, ∀i ∈ Gm−1.

In the rest of the proof, we show a contradiction arises and completes the

proof by induction.

Consider the following alternative solution, β̃ ∈ Rp, such that

β̃j = β̂j + ε,

β̃i = β̂i − ε, for the i ∈ Gm−1 that is ∆ close to j

β̃k = β̂k for k 6= i, j

where ε ∈ (0,min{ |β̂i|−|β̂j |2 , |β̂i| − |µ̂2|}) where |µ̂2| is the second largest

unique magnitude of β̂, this ensures the components of M stay in the top

r in the alternative solution.

From Lemma 2.3 of Figueiredo and Nowak (2016) we have

L(β̃)− L(β̂) = ‖y −Xβ̃‖2
2 − ‖y −Xβ̂‖2

2

≤ ε‖y‖‖xi − xj‖

< ε∆

where the last inequality follows by assumption ‖xi−xj‖ < ∆ and ‖y‖ = 1.
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Also, we have

Ωw(β̃)− Ωw(β̂) = λ‖β̃‖1 + ∆
d∑
i=1

(d− i+ 1)|β̃[i]| − λ‖β̂‖1 −∆
d∑
i=1

(r − i+ 1)|β̂[i]|

= ∆
r∑
i=1

(r − i+ 1)|β̃[i]| −∆
r∑
i=1

(r − i+ 1)|β̂[i]|

≤ −∆ε

where the second last equality follows since |β̂i| is in the top r magnitudes

of β̂ and the definition of ε ensures |β̃i| is in the top r magnitudes of β̃

along with a variant of Lemma 2.1 when sign(β̂i) = sign(β̂j) or a variant of

Lemma 2.2 when sign(β̂i) 6= sign(β̂j) from Figueiredo and Nowak (2016)

(using the fact that w`+a−wm−b ≥ ∆ and w`+a−wm+b ≥ ∆ since we ensure

that `+ a > r and m− b ≥ r.)

Putting these together we have

L(β̃)− L(β̂) + Ωw(β̃)− Ωw(β̂) < 0

This contradicts our assumption that β̂ is the minimizer of L(β) +

Ωw(β).

D.1 Proof of Theorem 6.3

We start with the deterministic lemma stated in Lemma 6.5 that introduces

the OWL dual feasibility condition.
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The lemma tells us that if the OWL dual feasibility condition Ω∗w′(XT
T c(y−

Xβ∗)) < 1 is satisfied for T = {j : Xj ∈ S`}, then we have no false discov-

eries. To prove Theorem 6.3, it suffices to show that the dual feasibility

condition is satisfied. One sufficient condition to satisfy the OWL dual

feasibility condition is ‖XT
T c(y −Xβ∗)‖∞ < w̄|T |+1 since it can be shown

easily that for w̄ = ∑N
j=1wj/N , we have

1
w1
‖β‖∞ ≤ Ω∗w(β) ≤ 1

w̄
‖β‖∞

To show the dual feasibility is satisfied we use the following result.

Lemma D.1 (Theorem 7.5 in Soltanolkotabi et al. (2012)). Let A ∈ Rd`×N`

be a matrix with columns sampled uniformly at random from the unit sphere of

Rd` , v ∈ Rdj be a vector sampled uniformly at random from the unit sphere of

Rdj and independent of A and Σ ∈ Rd`×dj be a deterministic matrix. We have

‖ATΣv‖∞ ≤
√

log a log b ‖Σ‖F√
d`
√
dj
,

with probability at least 1− 2√
a
− 2N`√

b
.

We can use this as follows. Suppose Σ = U (j)TU (`), where U (j) is an

orthogonal basis for Sj and U (`) for S` respectively. By definition, ‖Σ‖F =√
d` ∧ djaff(Sj,S`). Consider

‖XT
j (y −Xβ∗)‖∞ = ‖ATΣv‖∞‖y −Xβ∗‖2
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Using the Lemma with a = N4, b = N8, we have with probability at

least 1− 4/N2

‖XT
j (y −Xβ∗)‖∞ ≤

√
32 logN aff(S`,Sj)√

d`
‖y −Xβ∗‖2

Lemma 6.6 gives, with probability at least 1− e−
√
N`d` − 4/N2,

‖XT
j (y −Xβ∗)‖∞ ≤ w1LNaff(S`,Sj)

where LN = c0
logN√
log ρ`

, for j 6= `.

Finally using the assumption on the affinity of the subspaces we get

‖XT
j (y − Xβ∗)‖∞ ≤ w̄|T |+1 with probability at least 1 − e−

√
N`d` − 4/N2

which along with union bound and Lemma 6.5 completes the proof of

Theorem 6.3.

D.2 Proof of Theorem 6.4

Let T be set of indices of columns belonging to the subspace, S`. From

Theorem 6.3, we have with high probability the coefficients of β̂T c = 0.

Lemma 6.8 with the assumption on the number of points sampled gives

us that the ∆-RGG formed by the points XT on the unit hypersphere is

fully connected. The connected component has cardinality at least N`.

If maxi |β̂i| = 0, then the claim is trivial so suppose maxi |β̂i| > 0, then
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M ⊆ T and the claim follows from r ≤ N` and Lemma 4.2.
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