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Abstract

Let E be an elliptic curve over Q. For /-adic representations associated to £, much is under-
stood about the sizes of the images and the conjugacy invariants of the images of Frobenius
elements. On the other hand, much less is known about the outer Galois representations asso-
ciated to E. These are representations from Gal(Q/Q) to an outer automorphism group of a

free pro-¢ group.

The goal of this thesis is to take a first step in understanding more concretely more general
Galois representations associated to £ (to the automorphism group of a non-abelian group).
In particular, I study the surjectivity of a Galois representation to a certain subgroup of the au-
tomorphism group of a metabelian group. I use the Frattini lifting theorem to turn the question
of the surjectivity of this representation into a question about the surjectivity of a representa-
tion to the Frattini quotient of this group. Then, I compute some conjugacy invariants for the
images of the Frobenius elements. This will give rise to new arithmetic information analogous

to traces of Frobenius of the ¢-adic representation.
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Notation and Symbols

e Let G denote the Galois group Gal(Q/Q)

e Let I/ denote an elliptic curve.

e Let E(K) denote the points of £ defined over K
e / afixed prime

e [[n| the n-torsion points of F defined over the algebraic closure of the number field of

definition of £.
e For an abelian group A, rko A = dimyp, A/2A.
e Let K denote a number field.
e Let Ok denote the maximal order of K.
e Let p(K) denote the roots of unity in K.
e Let CI(K) denote the class group of K.
e Let U(K) denote the unit group of K.
e Let Cl,,(K) denote the ray class group of K with modulus m.
e Let (O /m)* denote the units mod m of K.
e Let 7 (K) denote the number of real embeddings of K.

e Let 75(K') denote the number of pairs of complex conjugate embeddings of K.
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Chapter 1

Introduction

1.1 Background and motivation

In the classical case of ¢-adic Galois representations associated to elliptic curves, there are
theorems concerning when these representations are surjective. Also, for these /-adic repre-
sentations, conjugacy invariants (such as the trace and determinant) of the images of Frobenius
elements can be computed. Note that the /-adic Galois representations are maps to the auto-
morphism group of the abelian group A = (Z,)%. In this thesis, all representations will be

continuous homomorphisms.

More generally, Grothendieck ([13]]) and others have a well-developed theoretical frame-
work of outer Galois representations. These are representations to the outer automorphism
group of a non-abelian free pro-¢ group F'. There is less concrete information known about

the sizes of the images and the images of Frobenius in this case.

The goal of this research is to begin to understand more tangibly Galois representations
to automorphism groups of non-abelian groups. Non-abelian free pro-¢ groups, however, are
very far from abelian groups, and so, as a first step, we work with a metabelian quotient M.

Metabelian groups are precisely those groups with trivial second derived subgroup.



GQ Aut(F)

Aut(M)

Aut(A)

Each of the representations in the picture depends on an elliptic curve F defined over Q
and a prime /. In the picture, the top arrow is a lift (using the Weierstrass tangential section) of
the outer Galois representation studied by Grothendieck and others. The bottom arrow is the
(-adic Galois representation. The maps are continuous homomorphisms. The vertical maps
are the natural ones and the diagram commutes. I will study the images of the middle repre-

sentation.

1.2 Our results

Let F be an elliptic curve defined over Q. I discuss the relevant background for elliptic curves
and (-adic representations in Chapter [2l In Chapter 3] I give the background on the outer
Galois representations. 1 define the metabelian group and the metabelian representation in

Chapter [ I also state the Frattini lifting theorem in this chapter, which turns the question



of surjectivity of the metabelian representation into a question about the surjectivity of the
representation to the Frattini quotient (a finite group). In Chapters [5] [6] and [7]T look for a
candidate field extension of (Q cut out by this Frattini quotient. In Chapter S| I use cohomol-
ogy theory to look for certain S;-extensions of Q. In Chapter [6] I use class field theory to
identify a field extension of Q with the Frattini quotient as a Galois group. In Chapter (7} I use
Galois theory and my results from other sections to say that there exists a field extension of
Q having all the desired properties (Galois group isomorphic to the Frattini quotient, the right
ramification, etc.) if E has surjective 2-adic representation (Theorem (7)), or if E is semistable
with full 2-torsion (i.e. the Galois group of the 2-division field of E over QQ is isomorphic to
Ss3), or if E is semistable with good supersingular reduction at 2. In Chapter [/, I conclude
the existence of a Galois representation to the Frattini quotient of the image of the metabelian
representation for certain families of elliptic curves. I relate this to Conjecture « that I will
make below. In Chapter [§] I study the Frattini quotient in the case ¢ = 3. In Chapter [9} I
study conjugacy invariants for the images of Frobenius elements in a finite quotient of the
metabelian representation. Eventually, I hope to find conjugacy invariants for the image of the

metabelian representation.

The metabelian representation associated to F' is a larger representation than the /-adic
representation. By considering the abelianization of the metabelian group M, the metabelian
representation can recover the /-adic representation. For this reason, it is useful for figuring
out the size of the image of the metabelian representation associated to £ to know the size of
the /-adic representation associated to . For ¢ > 5, if the /-adic representation is surjective

mod /, then it is surjective.



In this thesis, I will focus on the case that ¢ = 2. A result of Serre gives that if the repre-
sentation to Z/8Z is surjective, then the 2-adic representation is surjective. This can be shown
using the Frattini lifting theorem (4.6). The Dokchitsers give a characterization of when the
2-adic representation is surjective mod 2, but not mod 4 and mod 4, but not mod 8 (see Chapter
[2). In Chapter 2] I prove that if £ is semistable and the 2-adic representation is surjective mod

2, then the 2-adic representation is surjective.

In Chapter {4} I show that the image of the outer Galois representation in Out(M ) is iso-
morphic to GLy(Z,). Therefore, the outer representation does not contain more information
than the ¢-adic representation. There is a representation to a subgroup I' of Aut(M) given by
Grothendieck’s theory. The group I' has GLy(Z,) as a quotient, but is a larger group. As in
the /-adic representation case, the metabelian representation is unramified outside of ¢, primes

dividing the conductor of £, and co. This motivates the following definition:

Definition 1.1. Given an elliptic curve defined over a field F, we will say that a field extension
F,/ F\ has the right ramification if the extension is unramified outside 2, primes dividing the
conductor N, and oo where N is the conductor of the associated elliptic curve defined over

.

In chapter 4] T show that I'/®(I") = SmallGroup(384,20163) (in Magma notation).
We will define finite groups I',, for each n in Chapter 4l (The group I',, has a quotient to
GLy(Z/0"Z).) Using Frattini lifting and the result about the Frattini quotient of I' gives the
corollary that if the representation to I's is surjective, then the representation to I' is surjective

(which is meant to be analogous to the result in the case of 2-adic Galois representations, that



if the mod 8 representation is surjective then the 2-adic representation is surjective).

Because of the Frattini lifting theorem, in order to show that the representation to I is
surjective, I am interested in showing that the representation to I'/®(T") is surjective. In par-
ticular, in order for this to be true, there must exist a Galois extension L; of Q with the right
ramification, whose Galois group over Q is isomorphic to I'/®(I") and with L; containing
Q(FE[2]) (the 2-division field of E). I first try to determine if such extensions are possible by

studying S,-extensions containing the 2-division field.

The group I'/®(I") has 3 Sy-quotients. Assume that we are in the case that the mod 2
representation is surjective, so Gal(K/Q) = S; where K = Q(FE|[2]). Also, assume that £/
does not have an isogeny of degree 3. In Chapter [5] I show that in this case, there are at least

3 Sy-extensions of QQ containing K with the right ramification.

In Chapter [6] I assume that £ is an elliptic curve with conductor a prime p congruent to 3
mod 8, assume #CI1(K) is odd, and that F has supersingular reduction at 2. I use class field
theory to consider the ray class group of K = Q(E|[2]) with modulus m = 2% - N - O if E
has negative discriminant and modulus m = 23 . N - coOy if E has positive discriminant. Let
L denote the subfield of this ray class field obtained by taking the fixed field of the elementary

abelian 2-part of the ray class group. I first show that rks (Cly, (/) = 7. Then, I show that
Gal(L/Q) ~ SmallGroup(768,1090187).

Thus, there exists an extension of Q containing K with Galois group I'/®(I") with the right

ramification.



If the metabelian representation for F is surjective, then there is an extension of (Q corre-
sponding to the Frattini quotient of the full image of the metabelian representation. In Chapter
I give a condition C that encompasses the necessary traits of such an extension. I prove that
there exists an extension satisfying C' in the case that E is as in Chapter[6] I also prove that
there exists an extension satisfying C' in the case that E has surjective 2-adic representation.
One corollary of this result is that there is an extension satisfying C in the case that I is a
semistable with full 2-torsion. Another corollary is that there is an extension satisfying C in

the case that £ is semistable with good supersingular reduction at 2.

I get the following theorem as an immediate corollary of the fact that there exists an ex-

tension satisfying C' in the case that £ has surjective 2-adic representation.

Theorem 1.2. Let I be an elliptic curve with pg o surjective. This gives that there exists a

map Vg : Go — I'/®(T') satisfying condition C for E.

Conjecture 1.3. Conjecture
We have seen that there is a map ¢g : Gg — I (coming from Grothendieck’s theory).

Consider the following diagram.

Pk
r

Go
VE

/()

We conjecture that the composition 7 o ¢ is constructed by the previous theorem.



For example, in the special case that £ is an elliptic curve with conductor a prime p
congruent to 3 mod 8, #CI(K) is odd, and supersingular reduction at 2 (as in Chapter @,
Gal(L/Q) ~ SmallGroup(768, 1090187), which only has one I'/®(T")-quotient. Therefore,
in this case, there is a unique ¢g constructed. Therefore, the conjecture in this case is that this
representation makes the above diagram commute. A corollary to the conjecture is that if ¢p

is surjective, then ¢ is surjective.

In Chapter (8} I define the metabelian representation in the case that ¢ = 3. Using the Frat-
tini lifting theorem, I get the result that if the representation to a finite group I'; is surjective
then the representation to I' is surjective. (This result is analogous to the result for the 3-adic
representation that says that if this representation is surjective mod 9, then the representation

is surjective.)

In Chapter 9] we return to the case ¢ = 2 to study conjugacy invariants of the im-
ages of Frobenius. In the case of /-adic representations, natural conjugacy invariants to
use are the trace and determinant of the image (a subgroup of Glo(Z,)). We would like
an invariant of I' that generalizes trace and determinant. For now, we focus on the H =
SmallGroup(768, 1090187)-quotient of I" and compute certain invariants for the images of
the Frobenius elements in the field extensions of Q with Galois group H (see in Chapter [6).
The type of invariant we use is a 7-tuple of elements in (Z/4Z) (see Chapter E[) For H itself,
we get 17 different 7-tuples. Given the map m from elements of H to 7-tuples, we get a lemma

that says if H, is a subgroup H with |m(H,)| = 17, then H, = H.

In the case of (-adic representations, we already know that the trace of the image Frob,



isa, = p+1— #E(F,) mod ¢" and the determinant of the image is p mod ¢". Here we
relate the elements of the 7-tuple to the number of points on a quartic elliptic curve that is a
2-covering of F. This enables us to compute the invariants of the images of Frobenius and

hence the image itself for many elliptic curves.



Chapter 2

Elliptic Curves and /-adic

Representations

2.1 Elliptic curves background

An elliptic curve is a pair (E, O), where E is a curve of genus 1 and O € E. The elliptic
curve is defined over Q, written F/Q, if E is defined as a curve over Q and O € E(Q).

Let E be an elliptic curve defined over Q. Then there exist functions z,y € Q(F) such
that the map ¢ : £ — P? with ¢ = [z, y, 1] gives an isomorphism of £ /Q onto a curve given

by a Weierstrass equation

y2 + a1y + azy = 2%+ ayx® + agr + ag.

with coefficients a1, as, as, a4, ag € Q such that (O) = [0, 1, 0]. We will define a quantity
called the discriminant of the elliptic curve later in the section. The discriminant of this curve
is required to be different from 0 because otherwise the respective curve has a singularity.

This equation is not uniquely determined with respect to the given elliptic curve E since
any coordinate transformation (z,y) — (u?x +r,udy +u?sz+t) withr,s,t € Qand u € Q*
leads to another equation of the same shape. When applying this transformation, the discrim-

inant is multiplied by the factor u!2.
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By completing the square and then completing the cube on the right hand side, the equa-
tion can be written y* = 2% — 27cyx — Hdcg or y? = 23 + Ax + B, where ¢ = b3 — 24Dy,
Cg — —bg + 36b2b4 - 216b6 and bQ = (l% + 4a + 2, b4 = 2@4 + aias, b6 = CL% + 4(16, and

bs = ajag + 4asag — ajazay + asai — a3. Using these quantities, we can define the discrimi-

nant of the curve to be A = (0517_;8‘25) or —16(4A°% + 27B%).

Another important quantity attached to £ is its j-invariant

2.1.1 Reduction of elliptic curves

Definition 2.1. We say that F has good reduction at p if there is a Weierstrass equation for £
with a; € 7Z,, that (when the coefficients are reduced modulo p) defines an elliptic curve over

IF,, (which happens if and only if the corresponding A ¢ pZ,).

Definition 2.2. Suppose p is a prime of bad reduction for E. The elliptic curve modulo p
has a unique singular point. If that point is a node (respectively cusp), then we say L has
multiplicative (respectively additive) reduction at p. A node (respectively cusp) means that
two (respectively three) of the roots of the cubic are equal. Say E has semistable reduction at
p if has good or multiplicative reduction at p. Call E semistable if its reduction at all primes

is semistable.

Multiplicative reduction occurs at p if and only if v,(cs) = 0, v,(A) > 0.
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Let E be an elliptic curve defined over Q with Weierstrass equation y? = 2®+ Az + B. An
operation can be defined on the points on an elliptic curve which we can interpret as addition.
Under this operation, the elliptic curve is endowed with the structure of an abelian group. The
addition is performed subject to the rule that the sum of three points equals zero if and only if
they lie on a line. We take the point at infinity as the O element. Let P, () be two points differ-
ent from the identity. The line through P and () intersects the cubic in a third point P x Q). (If
P=Q), take the line to be the line tangent to the curve at P.) Set (z,y)*O = (z, —y—ai;z—as),

and define P& (Q = (P*Q)* 0. We have that P& O = P and [—1]P = Px*O is the additive

inverse.

Let E be an elliptic curve given by a Weierstrass equation

y2 + arxy + azy = 2%+ ayr® + agr + ag.
(a) Let Py = (x0,y0) € E. Then
— Py = (z0, —yo — 170 — as).

Now let

(b) If 1 = X2 and Y1+ Y2 + @122 + a3z = 0, then

Pl + P2 - O
. _ — . 322 4+2a2x1+as—a
_ ye-y _ yime—yem .y 3eit2azitas—aiy _
Otherwise, let A\ = 220 ¢ = BR2ZBLf gy £ g9 A sy raritas 0V

—x}+asz1+2a6—asy:
2y1ta1z1tas

tOEifPlng.

if x1 = x5. (Then y = Ax + v is the line through P, and P, or tangent
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(C)P3:P1+P2ngiVCIlby.T3:>\2+(11)\—a2—$1—1?2,y3:—<>\+6L1)ZE3—’U—(13.

(d) As special cases of (c), we have for P, # +P;,

2
(P + P) = (u) +a1(y2 y1>—az—9€1—9€2;

To — T T2 —T1

and the duplication formula for P = (z,y) € F

xt — bya® — 2bgx — by

- 43 + bQ-TZ + 2b4£L’ + b@7

z([21P)

where by, b4, bg, bs are the polynomials in the a;’s given earlier in the section.

2.1.2 Torsion points

Let £ be an elliptic curve defined over a number field K. Fix a positive integer m. Define the
m-division points of E:

E[m] = {P € E(K) : mP = O}. Define the 2-division polynomial to be Ay(z) =
423 + byx? + 2b4x + bg = (2y + a1z + a3)?. Note that this is the denominator of the duplica-

tion formula for a point given above.

Let K be an algebraic number field and let £ be an elliptic curve defined over K, given by
the equation y* = 2+ Az + B with A = —16(4 A% +27B?). We restrict ourselves to examine
the decomposition behavior only for unramified prime ideals of K (E[n])/K. Doing this, we
lose at most finitely many prime ideals. The Criterion of Néron, Ogg, Shafarevich determines

exactly which prime ideals are excluded by this restriction.

Proposition 2.3 (Néron, Ogg, Shafarevich). Let E be an elliptic curve defined over K, and
let p be a prime ideal of K having norm q. Then the following assertions are equivalent:

(a) E has good reduction modulo p
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(b) p is unramified in K(En))/K for alln € N with (n,q) = 1.

The Galois group of K (E[n])/K is a subgroup of GLy(Z/nZ). For example, the possible

Galois groups of K (E|[2])/K are given as follows:

Proposition 2.4. Adelmann 5.4.2 ([\I]]

[ GLy(2/22), ifA ¢ K and E[2)(K) = {O).

Gal(ic (e /K) = A€ K* and B[2)(K) = {0},
Z/2L, A ¢ K** and E[2)(K) # {O},

{1}, A € K*? and E[2)(K) # {O}.

\

Proof. K(+/A) is the subfield of K (FE[2]/K which is obtained by adjoining the discriminant
of the defining polynomial Ay(z) = (2y + a1z + as)? = 4(2® + Az + B). We have [K(VA) :
K] = 2 if and only if A is no square in K*. Since the y-coordinate of any 2-torsion point
equals O, Ay(x) is irreducible over K[z] if and only if £ has no K -rational 2-torsion point

£ 0. 0

Proposition 2.5 ([1]] 5.4.5). Decomposition Law for 2-Torsion Point Fields
Assume that Gal(K (F[2])/K) = GLy(Z/27). Let p be a prime ideal of k with norm q

such that (q,2) = 1 and v,(A) = 0. Let a, = ¢ + 1 — #E(F,) Then we have

1, if(%)zzland&qzo mod 2,
fr@Eeyx®) =< 3 if (%) —landa,=1 mod 2,
2
A) _
2, Zf (;) —1

\
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2.2 The /-adic Galois representations

2.2.1 Definition

Let £ be an elliptic curve defined over a number field /. For each positive integer m, we
obtain a homomorphism

Pem : Gal(K/K) — Aut(E[m]).

The group E[m] is isomorphic as an abstract abelian group to (Z/mZ)?. Combining the
representations for the m-division points of £ with m = (" for ¢ a prime and all positive

integers n, we get that the absolute Galois group of K acts on the ¢-adic Tate module
Ty(E) = @E[ﬁ”]
This yields a group representation
pee: Gal(K/K) — Aut(Ty(E)).
After a choice of basis, Aut(7y(E)) = GLy(Z). This is the /-adic representation of Gal(K /K)

associated to F.

2.2.2 Sizes of images

This section recalls theorems about the sizes of the images of the ¢-adic Tate representations.

Consider the case that F is an elliptic curve over QQ without complex multiplication. In this
case, a result of Serre asserts that (see [21], [22]) the image of pg  has finite index in GLo(Z,)

for all /. Moreover, there is a bound ¢, such that impg, = GLy(Z,) for all ¢ > ¢,. In other
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words, the representation is surjective except for a finite set of primes.

Consider the representation
P Gal(K/K) — GLy(Z /(7).

A theorem of Serre says that for £ > 3, the map pg ¢ is surjective if and only if py , is surjective.
Also, the map pg 2 is surjective if and only if p, ¢ is surjective and pp 3 is surjective if and only
if pp o is surjective. Noam Elkies wrote a paper that describes when the 3-adic representation
associated to an elliptic curve is surjective mod 3 but not mod 9 [12]. Tim Dokchitser and
Vladimir Dokchitser wrote a paper that describes when the 2-adic representation associated to

an elliptic curve is surjective mod 2 but not mod 4, and mod 4 but not mod 8 [10]].

2.2.3 Dokchitsers’ result for ¢/ = 2

This section discusses a paper by Tim and Vladimir Dokchitser [10]. We have that if the
representation pp; ¢ is surjective, then pg o is surjective. The Dokchitsers studied the necessary

and sufficient conditions for the representations py , and py, 4 to be surjective.

Theorem 2.6 ([10] Dokchitser and Dokchitser). Let E : y?> = a3 + Az + B be an elliptic
curve over Q with discriminant A = —16(4A3 + 27B?) and j-invariant j = —1728(4A)3/A.

Then
o (1) pg o is surjective if and only if v3 + Az + B is irreducible and A ¢ Q*2.

® (2) Py is surjective if and only if b, 5 is surjective, A ¢ —1-Q** and j # —4t>(t +8)

forany t € Q.

® (3) P is surjective if and only if pr, 4 is surjective and A ¢ £2 - Q*?
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We restate the proof here both because the arguments it contains will be useful and to

clarify some points of the argument for our purposes.

Proof. We have already seen (1) in Proposition [2.5and that Q(£[2]) contains Q(v/A).

Now recall that by the properties of the Weil pairing, Q(E[n]) D Q((,) and the corre-

sponding map Gal(Q(E[n])/Q) — (Z/nZ)* is simply the determinant. In particular,
Q(EM]) > Q(VA,v=T1) and Q(E[8]) > Q(VA, vV-1,V?2).

Incidentally, as there are elliptic curves whose 2-torsion defines an Ss3-extension of Q which

is disjoint from Q((g), e.g. y*> = 2® — 2, this shows that the canonical maps (mod2, det)
GLy(Z/AZ) — S5 x (Z/AZ)* and GLy(Z/SZ) — Sy x (Z/8Z)*

are surjective (being already surjective on the subgroups Impg , and Impg 5). Hence, if pp 4
is surjective, then Q(E[2], (4) has degree 12 over Q, so Q(v/A, /—1) has degree 4 over Q.

Similarly, if py; 4 is surjective, then Q(vV'A, v/=1, v/2) has degree 8 over Q.

(3) If pgg is surjective, then so is pp 4, and as Q(WVA) # Q(v=E2), it follows that
A ¢ £2-Q*2 Conversely, if p 4 is surjective and A ¢ £2 - Q*2, then Q(VA, v—=1,/2)
is a Uy x Oy x Cy-extension of Q. So Impy g surjects onto GLo(Z/47Z) (under the natural
map that reduces each entry of the 2 by 2 matrix mod 4) and onto (Z/8Z)*, and possesses a
Cy x Cy x Cy-quotient. A computation shows that the only such subgroups of GLy(Z/87Z) is

the full group itself.
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(2) We know that the splitting field of 2% — A over Q, Qa 4, is contained in Q(E[4]). Also,
Qa4 : Q] = 8; see [1L p.80-81]. Also, Gal(Qa 4/Q) is equal to the dihedral group of order
8. Therefore, Impy, ¢ will have the dihedral group of order 8 as a quotient. After this point,
the argument follows as in (3), except that in this case GLy(Z/47) does have a (unique up to
conjugacy) proper subgroup which surjects onto the dihedral group of order 8, GLy(Z/27Z)
and onto (Z/47Z)*, and has a Cy x Cy-quotient. This group has index 4, and is conjugate to

Hoy = ((9¢),(%1)) = C5 x Ds. The following lemma completes the proof. O

Lemma 2.7. Let E/Q be the elliptic curve y* = 2° + Ax + B with B # 0. The following

conditions are equivalent:
1. Gal(Q(E[4])/Q) is conjugate to a subgroup of Hay.
2. The polynomial
f(z) = 2" — 4A2° + 6A%0* + 4(TA® + 54B%)x + (1TA* + 108 AB?)
has a rational root.
3. j(E) = —4t3(t + 8) for some t € Q.

We omit the proof.

2.2.4 Elkies’ result for / = 3

Elkies showed that there exist infinitely many 5 € Q for which an elliptic curve of j-invariant
J must have pp; 5 surjective, but not pp, 4 surjective. The simplest such examples are j = 4374,

Jj = 419904 and j = —44789760. In general, j is the value of a rational function f(x) of
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degree 27 at all but finitely many = € P'(Q).

The group SLy(Z/37Z) is generated by

S:(fl(l))vT:(é%)a

the images mod 3 of the standard generators of SLy(Z). These generators of SLy(Z/3Z)

satisfy

S*= (ST = -I1,T° =1

To lift SLo(Z/3Z) to a subgroup H of SLy(Z/9Z), is enough to lift S, 7" to matrices mod 9
satisfying the same relations. A direct search finds 27 such lifts S, T, all equivalent under

conjugation in SLy(Z/97Z).

2.2.5 Result for semistable elliptic curves and / = 2

The Dokchitsers’ result characterizes in general, when the 2-adic representation is surjective
mod 2, but not mod 4 and mod 4, but not mod 8. Here, I give a result that in the case of

semistable elliptic curves, there are not the in-between cases.

Theorem 2.8. Let I/ be a semistable elliptic curve over Q. If pr o is surjective, then pg o is

surjective.

Proof. Assume that p, is surjective. We can write F in its Weierstrass form as y? =
2% + Ax + B. The x-coordinates of the 2-torsion points of E are the roots of the polyno-

mial 22 + Az + B. Since PE2 1S surjective, 3 + Ax + B is irreducible, so E has no rational
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points of order 2. Then by a corollary of Brumer and Kramer ([6, Corollary 5.3(3)]), neither

of +A is a perfect square.

There is a unique S;-quotient of GLy(Z/47Z). By a result of Adelmann ([1]]), the Sy-
extension of Q contained in Q(E[4]) is given by ¢ = z* — 4Axz — 12AA. The ungiue S3-

extension inside of the splitting field of ¢ is the splitting field of f = 23 + Ax + B.

Lemma 2.9. If py , is surjective and g = r* — 4Ax — 12AA has a rational root, then E is

not semistable.

Proof. Assume A = 0. In this case, g = x* — 4Ax does have a rational root 3 = 0. There
exists p such that v,(A) > 0 and v,(A) > 0. Therefore, £ is not semistable in this case.

Therefore, we can now assume that A £ 0.

Let 3 be the rational root of g. We have 3* — 4A3 — 12AA = 0. At least two of the
following three must be equal to the minimum of the three: v,(5*), v,(4Af), and v,(12AA).

Because neither of £A is a perfect square, there exists a prime p such that v,(A) is odd.

Case 1: There is a prime p such that v,(A) is odd with p # 2,3. If v,(8) = 0, then
0p(BY) = 0, 5(1244) = v,(4) + v,(A), and v,(4A8) = v,(A) + v,(8) = v,(A). But,
vp(A) > 0, so neither of v,(A) + v,(A) nor v,(A) is equal to 0. This contradicts the fact that
at least 2 of the 3 valuations must be equal to the minimum of the 3 values. Therefore we can

assume that v, () > 0.
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Case a: v,(8*)=v,(12AA). Then 4v,(8) = v,(A)+v,(A). The left hand side is a nonzero
multiple of 4. Also v,(A) is odd. This implies that v, (A) is odd. Therefore, v,(A) > 0.

Case b: v,(4A8)=v,(12AA). Then v,(A) + v,(8) = v,(A) + v,(A), so v,(B) = v,u(A).
Since v,(5) > 0, v,(A) > 0.

Case c: v,(8%)= v,(4AB). Then 4v,(8) = v,(A) + v,(B). If all 3 of the valuations
are equal, we can use case a or b to show that v,(A) > 0. Therefore, assume that 4v,(5) =
Up(A)+v,(8) < v,(12AA) = v,(A)+v,(A). Since this gives v, (A)+v,(8) < v,(A)+uv,(A),
vp(B) < v,(A), we get that v,(A) > 0.

In all of the subcases, we have shown that v,(A) > 0. Therefore, £ is not semistable at p.

Case 2: v5(A) is odd.

If v2(8) = 0, then vy(Bt) = 0, v12(12AA) = 2 + v3(A) + v2(A), and v,(4AB) =
2 + v3(A) + v2(B) = 2 + va(A). Neither of 2 + v9(A) + v2(A) nor 2 + va(A) is equal
to 0. This contradicts the fact that at least 2 of the 3 valuations must be equal to the minimum

of the 3 values. Therefore we can assume that v, (5) > 0.

Case a: v9(3%)= v2(124AA). Then 4vy(8) = 2 + va(A) + v9(A). The left hand side
is a nonzero multiple of 4. Also v3(A) is odd. This implies that v5(A) is odd. Therefore,
va(A) > 0.

Case b: v3(4A0)=v9(12AA). Then 2 + v5(A) + v2(8) = 2+ va(A) + v2(A), so ve(B) =
v9(A). Since vy(5) > 0, va(A) > 0.

Case c: (%)= va(4AB). Then 4v3(8) = 2 + va(A) + va(B). If all 3 of the val-
uations are equal, we can use case a or b to show that vo(A) > 0. Therefore, assume

that 4v2(8) = 2 + v3(A) + 12(8) < v2(12AA) = 2 + v9(A) + vo(A). Since this gives
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2+ v9(A) +v2(B) <24 v2(A) + v2(A), v2(B) < v2(A), we get that v (A) > 0.

Case 3: v3(A) is odd and v, (A) is even for all other primes p dividing A. Then Q(v/A) =
Q(v/=3) or Q(v/3). If v3(A) > 0, then E is not semistable. Therefore, we can assume in this
case that £ has good or multiplicative reduction at 2. Using Brumer and Kramer’s Corollary
5.3(1) ([6]), if E has ordinary good reduction or multiplicative reduction modulo 2, then three
divides the order of the ideal class group of @(\/Z) modulo the subgroup generated by the
classes of ideals lying above 2. The order of the ideal class group of both Q(+/3) and Q(v/—3)
is 1.

]

Since g is irreducible, its Galois group is a transitive subgroup of Sy. Since Q(E[2]) is
contained in the splitting field of g, the Galois group has Ss3 as a quotient. Therefore, the Ga-
lois group of ¢ is all of S4. Since A is not a square, z* — A is irreducible. The only subgroup of
GL2(Z/AZ) that surjects onto Sy and surjects onto the dihedral group of order 8 is the whole

group. Therefore, the image of pp, 4 is all of GLo(Z/4Z).

We will now show that A ¢ +2Q*? by contradiction. Assume that A is equal to +2 times
a square. Then, v3(A) is odd. Proceeding as in case 2 in the lemma above, this implies that
v(A) > 0. This contradicts the fact that E is semistable. Therefore, A ¢ £2Q*. Since pg 4
is surjective and A ¢ 42 - Q*2, we have that Pr.g 1s surjective. Then by the result of Serre,

we get that pg 5 1S surjective. 0

In the theorem above, I proved that if the representation to GLy(Z/27Z) ~ Sj is surjective,

then the representation to GLy(Z) is surjective.
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One question is whether a similar theorem holds for ¢ = 3. Elkies gives a modular curve
Xy of genus 0 parameterizing elliptic curves for which p, 5 (the representation to GLy(Z/3Z))
is surjective, but pg 5 is not surjective. He gives an explicit rational function f € Q(x) of de-
gree 27 realizing the modular cover Xy — X(1). Elkies gives a list of examples and then
explains that the list contains all nonzero integral j-invariants of elliptic curves parameterized

by Xy. His list has 7 elliptic curves, all of which have conductors that are not squarefree.

2.3 Results of Brumer and Kramer

Let F be an elliptic curve over Q. Let K = Q(E[2]). In order for the representation to I" to
be surjective, we need the Galos representation to I'/®(I") to be surjective. We will look for
candidate field extensions (i.e. extensions of (Q containing /' with Galois group isomorphic
to I'/®(I") and with the right ramification).

We introduce the work of Brumer and Kramer because we will use these results when we

study the class field theory of K (see Chapter [6).

Proposition 2.10 ([6] Brumer-Kramer, 5.2). (1) If E has supersingular reduction at 2 then K
is a cyclic cubic extension of Q(\/Z) unramified outside 2 and totally ramified at 2. Moreover,
2 remains prime in Q(v/A).

(2) If the formal group of E over QQ; has height one, then either E has a rational point
of order two or else Q(E[2]) is an unramified cyclic cubic extension of Q(v/A) in which the

primes dividing 2\ split completely.

Proof. This is an immediate consequence of the ramification data given in a Proposition of

Serre [22]]pp. 273-277. Note that Q(\/Z) is the subfield of K cut out by the alternating group
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Corollary 2.11. Suppose that the curve E has no rational points of order two.

(1) If £/ has ordinary good reduction or multiplicative reduction modulo 2, then three divides
the order of the ideal class group of Q(\/Z) modulo the subgroup generated by the classes of
ideals lying above 2.

(2) If E is supersingular modulo 2, then: (a) A =5 mod 8 and (b) for every element in « in
Q(V/A) for which the ideal () is the cube of an ideal prime to 2, we have & = 1 mod 2.

(3) Neither of +A is a perfect square.

Proof. (1) follows from Proposition (2) upon using the class field theoretic description of the
extension Q(E[2]) over Q(v/A).

(2) Since Q,(v/A) is an unramified quadratic extension of Q,, we have A = 5 mod 8. The
assertion about « gives a necessary and sufficient condtion for the existence of a cyclic cubic
extension of X' = Q(A) having the ramification properties in the Proposition of Serre ([22]pp.
273-277).

(3) is now clear using (1) and (2). ]
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Chapter 3

Grothendieck’s Etale Fundamental Group

3.1 Outer Galois representations

In this section, we will describe in more detail a method of Grothendieck that given an elliptic
curve defined over Q produces a representation of G to the automorphism group of a free
pro-{ group, F, on 2 generators. There is a natural map from Aut(F') to Aut((Z,)?). The in-
duced action on the abelianization of /' is none other than the ¢-adic representation associated

to the elliptic curve.

Let E be an elliptic curve defined over Q with Identity O € E(Q). Denote by Eg or
E\{O} the elliptic curve minus the identity. There is an exact sequence of arithmetic funda-

mental groups

PEH/Q

1ﬁ-7T1(Eo)ﬁ-7T1(E0) GQ 1

where Ep = Fop ® @
The maps in the above sequence are explained in [[18]. A brief summary of the definition

of pg, /g 18 given as follows:

e Given X an algebraic variety defined over (Q, we obtain the natural morphism X —

Spec(Q).
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e Given a morphism of schemes f : X; — X, and a geometric point Z; on X7, then one
obtains a homomorphism 7 (X3, 7;) — 71 (X5, T2). (If one changes the base-point 71,
the resulting homomorphism of fundamental groups is equivalent to the previous one

and so omitted.)

e The fundamental group 7 (Spec(Q) may be identified with the absolute Galois group

Go.
We denote by 71 (Eo)(¢) the maximal pro-¢ quotient of 7;(F() and define the quotient

group 7?58) (Eo) of m(Ep) to fit in the following exact sequence naturally

PEG/Q

1 ——m(Eo)(f) — 71" (Eo)

Go 1.
From this we obtain the outer Galois representation
ngo . GQ —— Out (7?1(@0)(6)) .

Here for each o € Gg, ¢p,, (o) is the class of automorphisms of 7 (E¢)(¢) induced by conju-

gation by elements of pgé /Q(a) so is well-defined up to inner automorphisms.

It is well-known that the Galois image ¢, (Gg) is contained in the pro-¢ mapping class
group which is defined as the subgroup of all the braid-like outer automorphisms of 7, (E¢ ) (£).

(See [16} Section 1.9].)

3.1.1 Weierstrass tangential section

We are able to lift ¢, to a representation to Aut (i (Eo)(¢)). There is a section s : Gg —

ﬂf)(Eo) called the Weierstrass tangential section. By conjugation through s, there arises a
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monodromy representation
Pr, : Gg—= Aut (m1(Eo)(()) .

(See [17, Sections 2.4, 2.5]).

By the comparision theorem [13]], the geometric fundamental group can be identified with
the profinite completion of the topological fundamental group of £ (C). From this, we get

that 71 (Eo)(¢) may be identified with a free pro-¢ group presented as
H1,1 = <£C17372, ZH%JCQ]Z = 1) 3.1

so that z generates an inertia subgroup over O.

3.1.2 The Abelian quotient of the outer Galois representation

The monodromy representation on the maximal abelian quotient of 11, ; corresponds to the ac-
tion on the first étale homology group of the elliptic curve. More concretely, the abelianization
is H,(E,Z¢) = (Z)* which is canonically identified with the ¢-adic Tate module Jm E[("] as

a Gg-module. Reduction of ¢, to this quotient gives the representation

PE GQ — Aut ((24)2) = GLQ(Z@)

3.2 Tsunogai’s work

One relevant work in the literature is that of Tsunogai, who studied W*, a subgroup of the auto-
morphism group of the free metabelian group F'/ F"([24]). He showed the conjugacy class in

U* of some element of order 2 is not determined by the action induced on the abelian quotient
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of I in the case ¢ = 2.

Tsunogai defines V* = {0 € Aut(F/F")|o(z) = 2 forsome a € Z;}. We will also
need the definition of ¥*(1) = {0 € V*|o(x) = fz,0(y) = gy (f,g € F'/F")}. These

groups fit into the following exact sequence:

1— 0" (1) — U* —2 GLy(Z)) — 1.

Tsunogai studies the elements in the subset

1 0
S=¢0e€U\(o) = ot =1
0 —1
where ) is as above. Tsunogai was interested in understanding if there is a unique conjugacy

class of elements of order 2 whose image under the /-adic representation matches that of com-

plex conjugation.

Tsunogai gets the following answer to the question about conjugacy above complex con-

jugation:

Theorem 3.1 (Tsunogai). 1. If{ # 2, any two elements of S are conjugate by an element

in U*(1)

2. If { = 2, there exist infinitely many elements of S which are mutually nonconjugate in

qj*
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Chapter 4

Group Theory

This chapter defines a sequence of metabelian groups M,, for each ¢ and take the inverse limit
of these groups. This is analogous to taking the groups (Z/("Z) x (Z/¢"Z) and taking the
inverse limit to get (Z,)? in the abelian case. Then, a subgroup I' of the automorphism group
of the metabelian group (in the case ¢ = 2) will be defined. In this section, we will also give a

Frattini lifting theorem that will help prove results about surjectivity of the representation.

Let GG be a profinite group. The Frattini subgroup of G is
®(G) = N{M|M is a maximal proper open subgroup of G'}.

Consider F, a free pro-¢ group on 2 generators (say, a, b). Let the maps m, : F —
(Z/0"Z) x (Z/¢"Z) be the canonical quotient maps. Let ,, be the kernel of 7,,. Then define

M, = F/®(K,).

Let M, ,(¢) be the inverse limit of the groups A,. This group is the free metabelian
pro-¢ group of rank 2 with commutator subgroup abelian of exponent /. Roman'kov ([20])
considered the automorphism group of this group and showed that it is topologically finitely

generated.
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We define the quotient maps by the inner automorphism groups:

Aut (M, (0)) d Out(Ma,(0))

Aut(M,) - Out(M,,) .

4.1 Fox derivatives

This section will give an introduction to pro-¢ Fox calculus. For a survey of this topic, see
[15] and for a fuller treatment in the pro-¢ case, see [14]. I will use this theory (for example in

theorem 4.3|about the image of the outer Galois representation).

Let £ be a free group of rank r. Let F; C F' be a normal subgroup of finite index. Then
F} is again free with rank r1, where r; — 1 = (r — 1)[F : Fj]. Let N run over all normal sub-
groups of F' contained in F} such that F} /N is a finite /-group and form the projective limit
5 = lgl(F/N ). The profinite group § constructed in this way will be called a free almost

pro-¢ group of rank 7.

Theorem 4.1 (Thara, see [14], Theorem 2.1, p.440-441). Let § be a free almost pro-{ group
of rank r generated by x4, ...x,. Let B = Z,[[§]] be its completed group algebra over Z,.

Let t : B — Zy be the trivializer (or augmentation homomorphism) defined by t(z a,v) =
veF

Z a,. Then every element 0 of B can be expressed uniquely in the form

veF

0=t0)-1+> 0;(x;—1)  (01,....0, €B),
j=1
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where 1 = 15 is the identity element of §. Moreover, for each j, 0 — 0; gives a continuous

Zy-linear map of *B onto itself.
Proof. See [14]]. []

Definition 4.2. 5—9 =0; (1<j<r)

The following are the basic rules for free differential calculus %, each of which is an

immediate consequence of the definition of % (see [14, p.440]):

e - B — DB iscontinuous (1 < j < r);
J

¢ ng; = 0;; (Kronecker delta) (1 < 7,5 <r);

o Jvw _ Ov t(w) + va—w_(v,w € ‘B);
J

dx; % Oz

o —ag}’};; = —oyx; (f € B

e if §; is any open subgroup of §, with free (almost pro-{) generators v, - - - , ¥, , then

9 90y,
89@ N Py &yz 8[Ej

(6 € Z[[3:1]]),

where we regard Z,[[§1]] as embedded in Z,[[F]].

Now consider the case that I is a free pro-¢ group on 2 generators. Given a map o €

Aut(F"), the Magnus representation is defined as follows:

(Ba(a1)>ab (8a(ag))ab
J(O{) — Bal 8(11

<8a(a1)>ab <8a(a2)>ab
6a2 8CL2

where “® means take the abelianization.
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Since this matrix resembles a Jacobian, I will denote the matrix by J(¢) for an automor-
phism ¢. Restricting to this representation to IA(M5 4(¢)) gives a map from IA (M, ,(€)) —

GL(2, Zy[[H]]) where H := H,(F,Z) ~ (Z,)*.

4.2 Group theory results

We will use the notation GG’ to denote the derived subgroup of a group G. There is a structure

of M5 ¢(¢)" as a continuous B-module such that

x—1-c=lz,d, y—1-c=ly,d, a-c=c,

for any ¢ € M, ()" and o € Z,. Then M, 4(¢)" is a free B-module of rank 1 generated by z,

1.e.

B ~ M27g(€)/
F« F-z

We will treat elements of M5 ,(¢)" in terms of B by this isomorphism (we will call F' the

exponent of z2).

Theorem 4.3. Let E be an elliptic curve defined over Q. The image of the outer Galois repre-

sentation in Out(Ms (¢)) is isomorphic to the image of the (-adic representation associated

to E.

Proof. There is a map

7 Aut(Mog(0)) — Aut(Mag(€)/Mao(0)) = GLa(Zy).



32

We will call the kernel of this map the I A-automorphism group and denote it by IA (M, 4(¢)).

To prove the theorem, we need to show that every I A-automorphism is an inner automor-
phism. The proof is a combination of the proofs in ([2], p.99, Theorem 2) and ([20], Lemma

4.5). In order to do this, we will use Fox derivatives.

The commutator of two elements z,y of a group will be denoted [z, y] and z¥ will denote

the conjugate of by y, that is, ¥ = yay~'.

Let ¢ € IAM; ,(£) NimGy.

Since ¢ € TA (M, ,(¢)), Roman’kov shows that ¢ is in the form

5 a +[b,a’a
b o [balPh

where A, B € 8. Then, the Magnus representation is the following:

1+ AMb-1) (1-a)A
J(p) =
Bb—-1) 1+ B(l—a)
Lett; =a—landty =b— 1. Then,detJ(¢) =1+ A(b—1)+ B(1 —a) = 1+ Aty — Bty.
Since ¢ € imGg, by Equation ¢ fixes the conjugacy class of z. In order for z! T4t~ 5t
to be conjugate to z in My ¢(£), we must have that 1 + At, — Bt; = 1. Since detJ(¢) = 1,

there exists an element C' such that A = C't; and B = Ct,. As in ([20]]), we get that, in this

case, ¢ is the inner automorphism corresponding to (a, b)°. [



33

The above theorem shows that there is no more information in the outer Galois represen-
tation than there is in the /-adic representation. Instead, we will consider a representation to
a subgroup of the automorphism group of M, ,(¢) (and will focus on the case ¢ = 2). Since
Out(M,) = GLy(Z/2"Z), we will consider the inverse image of G,, = GLy(Z/2"7Z) under

Gn-

Definition 4.4. Define T, = q, '(GLy(Z/2"7Z)).
Definition 4.5. Define I' = @ |

Theorem 4.6. (A Frattini Lifting Theorem) Let H, K be profinite groups and let p, p be contin-
uous homomorphisms as below. Let m : H — H /K be the canonical quotient map. Suppose

that ™ makes the following diagram commutative:

p
G

I

H/K

Also, suppose that p is surjective and that K C ®(H ). Then, p is surjective.

Proof. Suppose that p is surjective. Suppose for the sake of contradiction that p is not surjec-
tive, so there is an open maximal subgroup M of H such that p(G) C M then H/K = 5(G) =
mp(G) Cw(M)=MK/K,andsosince H/K C MK/K, H C MK. Since K C ®(H) and
the Frattini subgroup is the intersection of all open maximal subgroups of H, then K C M,
thus H = MK C M. This contradicts the assumption that M is a maximal subgroup of H.

Therefore, p is surjective. [
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For example, let H = GLy(Zs). Then H/®(H) = SmallGroup(96, 226) (in Magma nota-
tion). The group GL4(Z/8Z) has H/®(H) as a quotient. Therefore, using the Frattini lifting
theorem, we recover the result that if the homomorphism p g is surjective, then pg  is sur-

jective.

Theorem 4.7. Let H =T'. Then H/®(H) = SmallGroup(384,20163) (in Magma notation).

Proof. Let G = GL(2,Z,) and let I = Inn(M,,(¢)). Using Theorem {4.3| we get that the
following sequence is exact:

1—-71—-T—-G—1.

Let L be the kernel from I" to I';. Let K be the kernel from G to G;. The Nine Lemma holds
in the category of groups. It gives that since the columns of the following diagram are exact

and the bottom two rows are exact that the top row is exact:

1 1 1
1 I L K 1
1 I r G 1

1 1 rh—G 1

1 1 1

In the diagram, both I'; and (&; are isomorphic to Ss, the symmetric group on 3 letters. Since

the top row is an exact sequence of pro-2 groups, it follows that
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1——I/(IN®L)) — L/(L) — K/D(K) — 1

is an exact sequence.

Consider t = (94),u=(3'9),v=(§1),andb = (39). Then the following relations
hold: %, u?, (tu)*, (vu)?, (tutv)?,

(vtu)3, (b,u), (b, (tu)?), b= (tu) 7107 (tu) ~2o(tu)b(tu), v 107 (tu) T o~ Lo~ tb(tu) bv =t (tu),
vbu~1b~ 102, Using this, we can compute that K /®(K) is an elementary abelian 2-group of
rank 5.

In general, given a group Gy, Inn(Gy) = Go/Z(Gy) where Z(Gy) denotes the center of
G). In this case, since M, ,(¢) is generated by 2 elements, My ((¢)/Z (M ,(¢)), and therefore,
Inn(Ms,(€)) is generated by 2 elements. Therefore, //(/ N ®(I') is an elementary abelian
2-group of rank 2 and therefore L/®(L) is an elementary abelian 2-group of rank 7. We get

the following diagram:

r
6
L

27
(L)
Since L AT, ®(L) < ®(I") and therefore the order of I'/®(T") divides 768.

Claim 4.8. ['/®(L) surjects onto I's/®(Ls)

Proof. Let N = ker(I' — I's). Then N < L and L3 = L/N. Consider the following diagram:

q1 q2 I'/N
I —5T/N —" b
¢
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We need to show that ker(¢) > ®(L). Under ¢;, ®(L) maps to ®(L)N/N. But, we
have that &(L/N) > ®(L)N/N. Therefore, this maps to the identity under ¢» and therefore,

O(L) < ker(¢), soI'/®(L) surjects onto '3 /P(Ls3). O

We have that I's/®(L3) = SmallGroup(768,1090187) by a finite computation. Since
['/®(L) is a group of order 768 surjecting onto this group, I'/®(L) = SmallGroup(768, 1090187).
Taking the Frattini quotient of this group, we get that I'/®(I") = SmallGroup(384, 20163).

O

Corollary 4.9. By using the Frattini lifting theorem and the above theorem, we get the result

that if the representation to 1’5 is surjective, then the representation to I is surjective.
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Chapter 5

Number Theory and Cohomology of
Groups

In order to find a surjective representation ¢ that makes the following diagram commute:

0%
Go

Ve

I/e(r)
we need an extension of Q with Galois group isomorphic to I'/®(I") with the right ramifica-
tion. If there were such an extension, then since I'/®(I") has 3 S;-quotients, there must exist 3

Sy-extensions of (Q with the right ramification. In this chapter, we consider if this is possible.

5.1 Work of Bayer and Frey

Proposition 5.1 ([3] Proposition 1.1). Let K = Q(FE|[2]). There is a one-to-one correspon-

dence between fields L D K with Gal(L/K) = S, and elements ¢ € H'(Gq, E[2])\{0}.

Proof. By using the inf-res sequence one gets at once that H'(Gg, E[2]) =
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Homgai(r/0)(Gal(L/L), E[2]). Now take ¢ € H'(Gq, E[2])\{0} and denote by ¢ the corre-
sponding homomorphism. Let L, be the fixed field of its kernel. Then L, is a Galois extension
over Q and Gal(L4/K) is generated by two elements ¢, and e, of order dividing 2. Let o be
an element of order 3 in Gal(K/Q). Since for all P € E[2]\{0} the element cP — P is
nontrivial we get: If ¢(e;) # 0 then oe;o~" # ¢; and hence [L,, : K] = 4. We conclude that
Gal(Ly/Q) = S, and that ¢ is determined by ¢(e; ). Now let 7 be an element of order 2 in Ss
with 7e;7 = €;. Then gg(el) has to be the unique point of order 2 which is fixed by 7. Hence

¢ is uniquely determined by L.

Conversely let L /Q be Galois with group Sy containing X' = Q(F[2]) and Gal(L/K) =<
€1,€5 > with 76,7 = €, and o607 = €. Theng?) : Go — E[2] determined by qg(el) = P,
and ¢(ey) = o P, is an element in Homgay(z/0)(Gal(Z/L), E[2]) and hence corresponds to a

nontrivial element in H'(Gg, F[2]). O

5.2 Lower bound on the number of S;-extensions

Let E' be an elliptic curve over QQ of conductor N. Assume that pg , is surjective, so that
K = Q(E[2]) is an Ss-extension. We will show that there are at least 3 S;-extensions of Q
containing K unramified away from 2, IV, and oo so long as E does not have complex multi-

plication by —3. In order to do this, we will use theorems about cohomology of groups.

First, define E[2]* = Hom(E/[2], u2(Q)) to be the Galois module where the action of Gg

is given by the formula
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(@) (m) = g(é(g~'m)).
Theorem 5.2. Assume that Q(E[2]) is an Ss-extension and that E does not have an isogeny

of degree 3. Then, there are at least 3 Sy extensions of Q with the right ramification.

Proof. Let M be a Gg-module. In our case, M = E|[2]. By local conditions, we mean a col-
lection £ = {L, }, where for each prime p (including infinity) we are given a subgroup L, <
H'(Gg,, M) such that for all but finitely many p, L, = ker(H'(Gg,, M) — H'(I,, M)).
(These are called the unramified classes and will be denoted H;, (Gg,, M).) The correspond-

ing generalized Selmer group is

H}(Gg, M) = {c € H'(Gg, M) : res,(c) € L, for all p},

where res, : H'(Gg, M) — H'(Gg,, M) is the restriction homomorphism. Note that if £ is
a collection of local conditions for M then £* = {£}} is a collection of local conditions for
for the Pontryagin dual M* of M.

We will take the local conditions to be such that the unramified classes are all but 2, p, ... p,,

or oo where the p; are the distinct odd prime divisors of N.

Using the Bayer/Frey correspondence (5.1)), we get that the nonzero elements of H}(Q, E[2])
correspond bijectively to the Sy-extensions M of Q, containing K = Q(E[2]) with M over K

unramified away from 2, p;, 0o

The Duality Theorem for Selmer groups ([9]], Theorem 2.18) gives that

#Hp(Q E[2)) _ #HQ, E H
#H.(QE[2) ~ #H(Q, B2 #HO( Qy, 2])
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Remarks: Note that #(E[2]*) = #(Hom(F[2], u2)) = 4. Note that #H°(G,, E[2]) =
#H'(G,/I,, E[2]) for all but finitely many places, so we automatically get that almost all

factors in the product are 1 (See [25], p. 111) (except for £ = 2, p;, 00).

For ¢ = 2, p;, the following holds:

#H' (G, E[2])
#H(G,, E[2])

= #H°(Gy, E[2]*) - (re#ERD,

For ¢ = oo, G, is the group of order 2 consisting of the identity and complex conjuga-
tion.

Let A be the discriminant of . There are two cases:

Case 1: A < 0. In this case, F[2] consists of the point at co, 2 points not on the real
axis, and 1 other point on the real axis. In this case, complex conjugation only fixes 2 of
the points of E[2], so #H°(Q., E[2]) = 2. In this case, there are 4 cocycles and 2 of these

are coboundaries, so # H'(Q.., F[2]) = 2. Therefore, the factor = 1 in this case.

#Loo
#H9(Qoo,E[2])

Case 2: A > 0. In this case, E[2] consists of the point at co and 3 other points on the real
axis. In this case, complex conjugation fixes all of E[2], so #H°(Q.., E[2]) = 4. Also, since
the Galois action is trivial in this case, # H'(Q, F[2]) = #Hom(Q4,, F[2]) = 4. Therefore,

the factor = 1 in this case.

#Loo
#HO(Qoo, E[2])

So using the Duality theorem for Selmer groups above, we get

#HH(Q E2)) _ #H"(Q E[2)

FHL(Q.BRF) ~ #H0Q By 2 (G BED#HAG B2,
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We will first evaluate #H°(Q, E[2]) = #{m € E[2] | o(m) = m,forallc € Gg}.
Since E has no rational 2-torsion, only one point of E[2] is fixed by every element of Gg.

Therefore, #H°(Q, E[2]) = 1.

Next, we will evaluate #H°(Q, F[2]*). Suppose that ¢ € E[2]* such that ¢¢ = ¢ for all

g € Gg. Then, ¢(m) = (¢7)(m) = g(¢(g~'m)). Note that g(¢(g~'m)) = ¢(g~"'m) for all

g € Gg forall m € E[2] since ¢ : E[2] — u(Q) and because 12(Q) C Q so the Galois
action on it is trivial. We now have that ¢(m) = ¢(g~'m) forall g € Gg and for all m € E|[2].

This implies that if m # 0, ¢(m) = 1. So, ¢ = 1. Therefore, #H°(Q, E[2]*) = 1.

Applying that #H°(Q, E[2]) = #H°(Q, E[2]*) = 1 to the Duality theorem for Selmer

groups, we see that

#H(Q, E[2])

#Hl*((@, E[Q] ) =4 #HO(G27E[2]*)#HO(GP7E[2]*)

This shows that #H :(Q, E[2]) > 4.

Since #H}(Q, E[2]) > 4, the number of Sy-extensions of Q, containing K = Q(E[2])

that are unramified away from 2, p;, oo is at least 4 — 1 = 3. [
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Chapter 6

An Example

This chapter uses some explicit class field theory in order to find extensions of the 2-division
fields of elliptic curves. [We will use the elliptic curve with Cremona reference ‘11al’ as a
running example. This elliptic curve is given by y* + y = 2 — 2% — 10z — 20. In this case,

Pr s 1s surjective. This can be checked using the criteria of [[10]. Therefore, pg » is surjective.]

6.1 Notation

Let E be an elliptic curve defined over Q. Let N denote the conductor of £ and let A de-
note the discriminant of £. Let K = Q(E[2]) be the 2-division field of the elliptic curve. If
E has negative discriminant, consider the ray class field of K corresponding to the modulus
m = 23. N - Og. If E has positive discriminant, consider the ray class field of M corre-
sponding to the modulus m = 23 - N - coOp. Let L denote the subfield of this ray class field

obtained by taking the fixed field of the elementary abelian 2-part of the ray class group.

For the following family of elliptic curves, rky (Cly,(K)) is exactly 7. For a general

semistable elliptic curve over Q with odd conductor and p, , is surjective, rky (Cly, (K)) > 7.
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6.2 Examples

Theorem 6.1. Assume that the conductor of E is a prime p congruent to 3 mod 8, assume
#Cl(K) is odd, and assume that E has supersingular reduction at 2. Then, ks (Cly(K)) =

7.

Proof. The criterion of Néron-Ogg-Shafarevich implies that K is unramified outside 2, p, and
oo (see [19]]). Using [6, Proposition 5.2], we find that K over Q is an S3-extension. [For ex-

ample, for the elliptic curve ‘11al’, the 2-division field is the splitting field of 2® — 2% +x+1. ]

The condition on p implies that A = +p® for some odd integer s. Thus the quadratic sub-
field contained in K is either Q(y/p) or Q(v/—p). Since p = 3 (mod 4), Q(/p) is ramified
at 2. However, 2 must be inert in order for £ to be supersingular at 2. Therefore, the quadratic

subfield is Q(y/—p) and so the discriminant of K is negative and K is totally complex.

We have that (K) = {1, —1}. (If there were more roots of unity than {1, —1} in &, then
K over Q would contain that cyclotomic subextension. Such an extension would have degree
2. The only possible cyclotomic fields with degree 2 over Q are Q((3) and Q((y). Since p is

the conductor of an elliptic curve defined over Q, p > 11).

Also, [6, Proposition 5.2] gives that for p a prime ideal of Ok above p, we have that the
ramification degree ey; equals 2, the inertial degree fy; equals 1, and the number of such primes
is 3. There is exactly one prime ideal p lying above 2. It has the ramification degree ey = 3

and the inertial degree fy = 2.
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We will show that rky (Cly,(K)) = 7 for such E. It will then follow that Gal(L/K) is
isomorphic to (Z/2Z)". [Note that the elliptic curve 11al’ falls into this family of minimal

examples, so the 2-rank of its ray class group will end up being precisely 7.]

The following is an exact sequence:

U(K) —L+ (O /m)* 2 Clu(K) —2— CUK) — 1.

Dirichlet’s Unit Theorem gives that U(K) = u(K) x Z" 271, Since A < 0, K is to-
tally complex, so r; = 0 and 7, = 3. Using this and that u(K) = {1,—1} , we get that

rke (U(K)) = 3.

If #CI(K) is odd, the 2-rank of this group is 0. Using the exact sequence, this gives
that the 2-rank of Cl,,(K) equals the 2-rank of (Ox/m)* — 3. More generally, the 2-rank of
Cl,(K) equals the 2-rank of (O /m)* — 3 plus the 2-rank of Cl(K), so powers of 2 in the

class number will only increase the overall 2-rank.

For ideals a, b, c of O, if b = a-c where a and c are coprime, then (O /a)* x (Ok [c)* =
(O /b)*. Therefore, it suffices to compute the 2-rank of (O /p*)* for prime ideals p lying

above 2 or p.

Proposition 6.2. Let p be a prime ideal of O, and let (p) = p N Ok be such that ¢ = p’ is

the cardinality of the residue field O /p. Let k > 1 be an integer. Let

W ={r € (Og/p*) : 297 =1}
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and

Gy = (1+p)/(1+p").
Then (Ok [pF)* =W X G,.
Proof. (See [11]). OJ

First, for p a prime above the given odd prime p in Ok, G, is a p-group, sortky G, = 0
and W is a cyclic group of even order. Each such prime therefore contributes 1 to the 2-rank.

Therefore, together, the three primes above p in O contribute 3 to the 2-rank.

Second, consider p a prime above 2 in Ok. Let K, denote the completion of K at p. Since
the only prime above 2 has ramification degree e, equal to 3 and inertial degree f, equal to

2,the local field K, is a degree d = 6 extension of Q.

The structure of the multiplicative group of non-zero elements of a non-archimedean local
field K, is isomorphic to

Kp2<w > xpgq x UV

where ¢ is the order of the residue field (4 in our case), y,—; is the group of (¢ — 1)* roots of

unity (in K), U (1) is the group of principal units, and @ is a uniformizer of K p-

Since K, is a finite extension of Q, (of degree d), the structure as an abelian group is the
following:

Ky 27 xZ/(q—1)Z x L/p"L x .

where a > 0 is defined so that the group of p-power roots of unity in K, is ji,.. In this case,



46

we have that d = 6. Altogether, the prime above 2 contributes 7 to the 2-rank.

Returning to the exact sequence, we get rko (Cly, (K)) = 7.

]

Theorem 6.3. Assume that the conductor of E is a prime p congruent to 3 mod 8, assume

CI(K) is odd, and assume that E has supersingular reduction at 2. Then
Gal(L/Q) ~ SmallGroup(768, 1090187).

Thus, there exists an extension of Q containing K with Galois group I /®(T") with the right

ramification.

Proof. For each elliptic curve E satisfying the assumptions, we know that Gal(L/Q) is an
extension of S3 by the normal subgroup (Z/2Z)" by Theorem Magma ([5]) tells us that
there are 20 such groups. Each of these groups has 0,1,3, or 7 S;-quotients. Our goal is to

identify which of these groups is Gal(L/Q).

We know that the splitting field of X* — A over Q, Qa 4, is contained in Q(FE[4]). Also,
Qa4 : Q] = 8; see [1l p.80-81]. This extension is contained in the abelian extension of K
unramified outside 2 and A with Gal(Qa 4/Q) equal to the dihedral group of order 8. There-

fore, Gal(L/Q) will have the dihedral group of order 8 as a quotient.

For elliptic curves with odd, squarefree conductors, we get that Q(v/2, VA, v—1)isa
degree 8 extension of () and contained in the abelian extension of K unramified outside 2 and

N. Therefore, Gal(L/Q) will have the group Z /27 x 7./27 x 7/2Z as a quotient.
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We know that there are at least 3 S, extensions contained in L that contain K by us-
ing the result from Chapter |5, Using that Gal(L/Q) has at least 3 S, quotients narrows the
list of groups. Of the remaining possible groups, the only one with both a dihedral group
of order 8 as a quotient, and the group Z/27Z x 7 /27 x Z/2Z as a quotient is the group

SmallGroup(768, 1090187).

The group SmallGroup(768,1090187) has a quotient isomorphic to I'/®(I"). The corre-
sponding field extension is an extension of Q containing K with Galois group I'/®(T") and

with the right ramification. [

Note that the specific class of elliptic curves minimally achieve surjectivity to I'/®(I")
since rks (Cly, (K)) must be one less than a power of 2. This is because the 2-rank of the ray
class group measures the number of quadratic extensions of K only ramified at primes divid-
ing m. If py, ..., p, are prime ideals of K with 22 — p an extension of K contained in the ray
class field of K, then all of the quadratic extensions can be obtained by multiplying together

the primes in an element of the power set of the primes p, . . . p, except for the empty set.

Also, note that I'/®(I") has GLy(Z2)/P(GLy(Z2)) as a quotient, so if the conjecture holds,
i.e. if the the field extension corresponding to I'/®(I") comes from the metabelian represen-
tation, and the representation to I'/®(I") is surjective, then each E in the family of elliptic

curves has a surjective 2-adic representation.
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Chapter 7

Main Theorem

We have seen in Chapter [0 that if E is an elliptic curve of prime conductor p congruent to 3
mod 8 with odd order C1(K'), K = Q(F[2]), and supersingular reduction at 2, then there is an
extension of Q containing K with Galois group I'/®(I") and the right ramification. We will

give various other conditions on £ that guarantee this result.

First, we state a precise condition on the field extension that we are looking for. We will

call this condition C for F.

Definition 7.1. An extension L1/Q satisfies condition C for an elliptic curve E if the following

hold:
1. The field L, contains the field K = Q(E|[2]).
2. The Galois group Gal(L,/Q) = T'/d(I")
3. The extension L,/Q has the right ramification

4. Let G = GLy(Z3). There is a field Ky with L1 O Ky, D K such that Gal(K;/Q) =

G/®(G). Also, K, C Q(E[8)).

Remark: Consider the last part of condition C. The group I'/®(I") has 3 quotients isomor-

phic to G/®(G). We are interested in the corresponding field that is contained in the fields
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Q(E[2"]) for n > 3. It suffices to find the K contained in Q(E|[8]).

Definition 7.2. Given a field extension L, over Q satisfying condition C for E, we get a

representation Vg : Gog — I'/®(I'). We will also say that 1 satisfies condition C.
First, we will show that the elliptic curves in the example theorem [6.3]satisfy condition C.

Theorem 7.3. Assume that the conductor of E is a prime p congruent to 3 mod 8, assume

CI(K)) is odd, and assume that E has supersingular reduction at 2.

Proof. We have already seen in theorem that there is an extension L of Q with Galois
group SmallGroup(768, 1090187) and therefore a field L, contained in L with Gal(L;/Q) =
I'/®(I"). Also, L; contains K since there is a unique Ss-quotient of SmallGroup(768, 1090187)
and an Ss-quotient of I'/®(T"). We have that L, is contained in L, which is contained in the ray
class field of K with modulus m. This modulus is not divisible by primes other than 2, primes
dividing N, and oo. Therefore, L;/Q is unramified outside of 2, primes dividing NV, and oo,
so L1 /Q has the right ramification. Therefore, L,/Q satisfies the first 3 parts of condition C

for the elliptic curve £.

We have seen that in this case, Gal(Q(E[2])/Q) = Ss, so pp, is surjective. We also
have that F is semistable. Using theorem [2.2.5 we get that pp 5 is surjective. Therefore, the
image of the 2-adic representation of F in G is all of G. Therefore, for the last part of con-

dition C, we are looking for K /Q with K contained in L; and with Gal(K;/K) = G/®(G).

The groups SmallGroup(768, 1090187) and I'/®(I") each have 3 quotients isomorphic to

G/®(G) and 3 Sy-quotients. Exactly one of the 3 S;-quotients is contained in Q(E[4])/Q.
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By taking the compositum of this S;-extension of (Q with the Q(\/§ VAV —1) extension of

Q, we get the G/®(G) extension of Q contained in Q(E8]). O

Theorem 7.4. Let E be an elliptic curve defined over Q. Assume that I has surjective 2-adic

representation. Then there is an extension of Q satisfying condition C' for E.

Proof. Let E have conductor N. Consider L to be the 2-quotient of a certain ray class group
as in Chapter[6] Since E has surjective 2-adic representation, there is a field K contained in
L with Galois group (Z/27) over Q. This is the field extension of Q(v/2,v/N,+/—1) over
Q. Also, since the 2-adic representation is surjective, we know that £ does not have CM, so
by the result in Chapter E], we know that there are at least 3 S, extensions K, K3, K, that
contain K and are contained in L. Taking the compositum of the fields K; for 1 < ¢ < 4,
we get a Galois extension of Q with Galois group I'/®(T"). This field is contained in L, so it
has the right ramification.The proof that there is a G//®(G) extension of Q coming from the
2-adic representation of E follows as in[6.3]

]

Corollary 7.5. Assume that E is a semistable elliptic curve defined over Q. Assume that py ,

is surjective. Then, there is an extension of Q satisfying condition C for E.

Proof. Using theorem [2.2.5] we have that since £ is a semistable elliptic curve over Q with

Pp 2 surjective, pg o 1s surjective. Then, applying theorem gives the result. 0

Corollary 7.6. Let E be an elliptic curve defined over Q. Assume that E is semistable. Assume
that E has good supersingular reduction at 2. Then, there is an extension of Q satisfying

condition C for E.
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Proof. Using [6][Proposition 5.2], we find that K over QQ is an S3-extension. Therefore,

corollary [7.5] applies. O

In particular, these assumptions imply that if the extension corresponding to I'/®(T") is cut
out by the metabelian representation, then the 2-adic representation is surjective. Below are

some examples of what happens when one of the assumptions from Theorem [7.6]is dropped.

1. A counterexample that is not semistable and has good supersingular reduction at 2
is “27al’. This elliptic curve has CM and does not surject onto GL(2,Z/47). In this case,

Gal(L/Q) only has 1 S, quotient.

2. A counterexample that is semistable and does not have good supersingular reduction at

2 is ‘17al’. This elliptic curve does not surject onto GL(2,Z/27Z) ~ S;.

We showed that for certain families of elliptic curves, there is a number field L containing
the 2-division field of £ with Gal(L/Q) having a quotient isomorphic to I'/®(I"). Also, the

corresponding extension of (Q has the correct ramification.

Theorem 7.7. Let I be an elliptic curve with pg o surjective. This gives that there exists a

map Vg : Go — I'/®(T') satisfying condition C.

Corollary 7.8. Assume that Conjecture x holds (I.3), i.e. that in the following diagram
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['/&(T)
the composition T o ¢ is constructed by the previous theorem and therefore, the diagram

commutes. Then the metabelian representation associated to E, ¢ : Go — I is surjective.
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Chapter 8

Prime / = 3

We will define I',, and I in this case.

Consider F, a free pro-¢ group on 2 generators (say, a, b). Let the maps m, : F —
(Z)0"Z) x (Z]¢™Z) be the canonical quotient maps. Let K, be the kernel of 7,,. Then define
M, = F/®(K,).

Let M () be the inverse limit of the groups M,,. This group is the free metabelian pro-¢
group of rank 2 with commutator subgroup abelian of exponent /.

We define the quotient maps ¢ and ¢,, by the inner automorphism groups as before:

Aut(My () d Out(My,(0)) ,

Aut(M,,) - Out(M,,) .

Definition 8.1. Define I',, = g, ' (GL2(Z/3"Z)).
Definition 8.2. Define I' = @ r,.
Theorem 8.3. The order of I'/®(T") is 34992 and Ty is isomorphic to T'/®(T).

Proof. Let G = GL(2,7Z3) and let I = Inn(M,(¢)). Using Theorem {4.3] we get that the
following sequence is exact:

1=-71—-T—-G—1.
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Let L be the kernel from I" to I';. Let K be the kernel from G to G;. The Nine Lemma holds
in the category of groups. It gives that since the columns of the following diagram are exact

and the bottom two rows are exact that the top row is exact:

1 1 1
1 I L K 1
1 I r G 1

1 1 I —G; 1

1 1 1
In the diagram, both I'; and Gy are isomorphic to GL(2,Z/3Z) of order 48. Since the top row

is an exact sequence of pro-3 groups, it follows that

1—=TI/(IN®(L)) —= L/®(L) —= K/®(K) —=1

is an exact sequence.

0 1 11 2 0
Consider w = , U = ,and b = . Then the following

-1 0 01 01
relations hold: w*, bu=1b~ 102 w?b~1w?b,

w2 w?v, wotwetw o, b lwb T wbwbw, w v 2w b w T tow b, v 3 3ub?v b, Us-
ing this, we can compute that K /®(K) is an elementary abelian 3-group of rank 4.

In general, given a group Gy, Inn(Gy) = Go/Z(Gy) where Z(Gy) denotes the center of
G). In this case, since M ,(¢) is generated by 2 elements, My ((¢)/Z (M ,(¢)), and therefore,

Inn(Ms,(€)) is generated by 2 elements. Therefore, //(/ N ®(I') is an elementary abelian
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3-group of rank 2 and therefore L/®(L) is an elementary abelian 3-group of rank 6. We get

the following diagram:

r

48

L
36
(L)
Since L <T', &(L) < &(T") and therefore the order of I'/®(I") divides 34992.

On the other hand, we have that I'/®(I") surjects onto I'y /®(I'y), which is a group of order
34992. Therefore, the order or I'/®(I") is 34992 and I'/P(I") ~ I'y/P(T';). Also, we note that

[y /®(Ty) ~ I's by computation. O

By using the Frattini lifting theorem and the above theorem, we will get a result that if the

representation to I's is surjective, then the representation to I is surjective.
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Chapter 9

Conjugacy Invariants for [’

We would like an invariant of I' that generalizes trace and determinant. For now, we focus on
the quotient of I" = SmallGroup(768, 1090187) and compute these invariants for the images
of the Frobenius elements in the field extensions of Q with Galois group isomorphic to the

same group (see in Chapter [6).

The group SmallGroup(768, 1090187) has 6 GL(2,Z/47)-quotients. We can consider the

traces of Frobenius coming from each of these representations.

Using class field theory as in Chapter [6] we get a field extension of Q with Galois group
isomorphic to SmallGroup(768, 1090187). We can compute the images of Frob,, in this group

for p ¢ 2, p; with p; equal to the primes dividing the conductor of E.

For example, the chart below (9) shows the traces of Frobenius and 6 sets of traces mod 4
coming from the 6 GL(2, Z/47Z)-quotients for the elliptic curve curve with Cremona reference
‘11al’. The 2nd column has the usual traces of Frobenius for each prime p. The coefficients

in the third column are these traces taken mod 4.

We consider the following 7-tuple associated to an element of H = SmallGroup(768, 1090187):
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[a1,p, a2, A3, Qap, G5, G6 p, dp] Where the a; , are the traces are the 6 quotient maps from H
to GLy(Z/AZ). For each of these maps, the determinant is the same. Let d,, denote this quan-

tity. We have that d, = p mod 4.

All of the traces are the same mod 2 since all of the SmallGroup(768, 1090187)-quotients

contain the same GLy(Z/27) ~ S; quotient.

Chart for Frobenius Invariants for ‘11al’



p | p+1—#E(F,)

3 1 313(3/3/3|3
5 1 1/1]1(33]3
7 ) 2102202
13 4 0/2/2]0]2]2
17 2 2102202
19 0 0/22]0]2]2
23 -1 313(3[1[1]1
29 0 0/0j0|0|0O]O
31 7 313(3[1[1]1
37 3 303(3/1]1]1
41 8 0|2/2]0]2]2
43 6 212(0/2]210
47 8 ojlojolo|o]o
53 -6 20202222
59 5 1]t ]1]1
61 12 ojlojolo|o]|o0
67 7 1l )]t]1]1
71 3 1/1]1(3]3]3
73 4 0/22]0]2]2
79 -10 2120220
83 -6 2120220
89 15 3/3[3]3|131]3
97 7 L)1)

9.1 7-tuples

Letm : H — [a1,, a2y, G35, G4p, G55, G6 p, dp] be the map from elements of H to 7-tuples.

Running over the whole group f gives the following set of 17 7-tuples:
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S ={[22,2,2,2,2,1],[1,1,1,3,3,3,3],[2,0,2,2,0,2,3],[1,1,1,1,1,1,3],[3, 3,3, 1,1, 1, 1],

2,0,2,2,0,2,1],[1,1,1,1,1,1,1],[3,3,3,1,1,1,3],[0,2,2,0,2,2,3],[0,2,2,0,2,2, 1],

2,2,0,2,2,0,3],]0,0,0,0,0,0,3],[2,2,0,2,2,0,1],[0,0,0,0,0,0, 1], [3,3,3,3,3,3, 3],
3,3,3,3,3,3,1],[1,1,1,3,3,3,1]}.

The converse also holds in that if all 17 7-tuples are in the image, then the group is H.
Lemma 9.1. Let H, is a subgroup of H such that m(H,) hits all 17 7-tuples. Then H, = H

Proof. Consider the subset S; = {}. If m(H;) contains the set S, then H; = H. (proof by

iteration). There are many subsets S; of S such that if m(H;) contains S; then H; = H. [

9.2 Two-coverings of elliptic cruves

In Chapter [5] we presented the following result of Bayer and Frey.

Proposition 9.2 ([3] Proposition 1.1). Let K = Q(F|[2]). There is a one-to-one correspon-

dence between fields L. O K with Gal(L/K) = S, and elements ¢ € H'(Gq, E[2])\{0}.

Bayer and Frey also recall the geometric interpretation of elements in H'(Gg, E[2]) as

2-coverings of E over Q as in [[7]: ¢ corresponds to a commutative triangle
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with \ Q-birational and ;» Q-rational. Then C' is a curve of genus 1 over Q with Jacobian

E.

Let S be the set of primes /¢, p;, co where p; are the primes dividing the conductor of E.
We denote by H'(Gq, E[2]; S) the subgroup of H'(Gq, E[2]) consisting of cocycles that are
unramified away from S. Let § be the coboudnary map from F(Q) to H'(Gg, F[2]). Then

we get that

E(Q)/2E(Q)~"> H'(Gq. E[2; 5) -

In the setting of 2-descent on an elliptic curve, we are only interested in the image of J in

HY(Gg, E[2]; S).

In the case that ¢ is an element of the Selmer group of £, a result of Birch and Swinnerton-
Dyer [4] gives that the curve C' is the corresponding two-covering which can be given by an

equation U? = f,(V') where f, is a polynomial of degree 4 over Q and Ly is the splitting field

of f4.

9.2.1 Positive rank

If the rank of F(Q) is positive, we can take P € E(Q)\2E(Q) and ¢ = 6(P). Then Bayer
and Frey say that it is easy to determine a polynomial f4(1") determining L, by dividing P by
two. The addition formulas (for instance [23]]) imply:

If F is given by
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Y24+ a1 XY +a3Y = X34+ as X% + ay X + ag

and
P = (z,y)

then
f1(V) =V —4aV3 — (2a4 + aras + @iz + 4ayx)V? — 2(a3 + 4ag + 2a47 + ayazz)V —

2 2 2, 2
(ajag + 4asag — arazaqs + ayazay + asa; — aj + azv + 4agx).

Let C be the elliptic curve associated to y* = f,. Note that C depends on E and on P.
To each prime p, we associate the 7-tuple, [a; ,, a2 p, @3, Q4 p, A5, A6, dyp) in the following
way:

Let ac ), be the trace of Frobenius of C' at p.

® a1, =a,=p+1—#E(F,) mod 4 (the usual trace of Frobenius)

e d, = p mod 4 (the usual determinant of Frobenius)

o if (%) =1, then ag,, = ayp, if (%) — —1, then az,, = ac,, mod 4

o if (%) = 1then ag, = ay, if <%> = —1, then a3, = a1, + az, mod 4

-2\ _ _ _ _ =2\ _
o If (y) = 1, then Qap = A1p, A5p = A2 p, and Qgp = A3 p. If (7) = —1, then

a4, = —ay, mod 4, as , = —as, mod 4, and —ag, = as, mod 4

Example 1: E: Y?+Y = X3+ X
This is the curve 43a1’ in the Cremona database. Its discriminant is —43 and we can take

P = (0,0) as a Q-rational point not divisible by 2. The polynomial f;(V) = V* — 2V — 1.
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The discriminant of this polynomial is —2%43!. Let g be the defining polynomial of the unique
Sy-extension of Q contained inside Q(F[4]). The discriminant of g is —24433. Therefore, we

see that f, and g generate distinct Sy-extensions of Q.

Applying the formula for 7-tuples as above, we get

Chart for ‘43al’
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p | p+1—#E(F,)

3 2 210(2/2]0|2|3
5 4 0/2/2]0]2]2]1
7 0 0/2(2/0[2/2|3
11 3 31313133 /13|3
13 5 31331111
17 3 Lttt ]1]1
19 2 2/2]0(2(2/0|3
23 -1 313(3(1(1(1/3
29 6 210(2]2]0|21
31 1 303 (31113
37 0 ojlojolo|olo]|1
41 5 Ll ]11
47 4 ojlojolo|o|0|3
53 5 303 (3/1]1]1]1
59 12 ojlojolo|o|0|3
61 2 2102210/ 2]1
67 3 11ttt ]1]3
71 2 210(2/2]0/2|3
73 2 210(2]2]0|21
79 -8 0/0/0]0|0]|0]3
83 15 31313133 [3|3
89 4 0/2/20[2|2]1
97 7 313131313131

Using the formula, we get all 17 7-tuples. Also, we get the same chart here that we would
get if we used the class field theory approach as we did for the elliptic curve ‘11al’ in the first
part of this chapter. Using Lemmal9.1] we get that the representation ¢g : Gg — I'/®(T) is

surjective. Since the conductor of F is a prime p congruent to 3 mod 8, #CI(K) is odd, and
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E has supersingular reduction at 2,
Gal(L/Q) ~ SmallGroup(768,1090187).

Therefore, there is only one such 5 coming from class field theory as in Chapter[6] If this

1 1s the representation that makes the diagram commute

¢

Go
(0

I'/&(I)

then the representation ¢ to I is surjective.

Example 2: F:Y?+Y = X3 - 3X +4

This is the curve '135al1’ in the Cremona database. Its discriminant is —335% and we
can take P = (4,—8) as a Q-rational point not divisible by 2. The polynomial f,(V) =
V4 —16V3 + 6V2 + 14V — 59. The discriminant of this polynomial is —2%43352. Let g
be the defining polynomial of the unique S,-extension of Q contained inside Q(E[4]). The
discriminant of ¢ is —2%43352. We have that f; and g have the same splitting field.

Applying the formula for 7-tuples as above, we only get the following 13 of the 17-tuples:

S =1{2,2,2,2,2,2,1],[1,1,1,3,3,3,3],[2,0,2,2,0,2,3],[1,1,1,1,1,1,3],[3,3,3,1,1, 1, 1],
2,0,2,2,0,2,1],[1,1,1,1,1,1,1],[3,3,3,1,1, 1, 3], [0,0,0,0,0,0,3], [0,0,0,0,0,0, 1],

3,3,3,3,3,3,3],[3,3,3,3,3,3,1],[1,1,1,3,3,3,1]}.

Data: We computed the number of 7-tuples for all of the elliptic curves in the Cremona

database of elliptic curve with conductor N < 240000 ([8]) that are surjective 2-adically and
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that have rank 1.

We get that there are 415226 such elliptic curves. All except 2107 of these curves have 17
7-tuples in the image. Among the 2107 elliptic curves, there are no semistable elliptic curves.
Also, in each case f; is an irreducible quartic. The image of all of these is the set of 13 7-tuples
given in example 2. The examples that are not surjective and have conductor under 500 are the

folllowing: ‘135al’, ’225el1’, ’225e2’, 297al’, *44111°, *44112°,’459b1°, *484al’, *484a2’.

9.2.2 Rank zero

In this case, we can no longer use the formula to divide a points P € E(Q)\2E(Q) by 2
as above. Here we will just consider the numerator of multiplying a point 2. We get the

polynomial

f = 5(74 — b4ZL’2 - 2b61’ — bg.

Unlike in the case, where ¢ was coming from a rational point, we no longer are guaranteed

that this polynomial will be unramified outside of S.

Example 1: Consider the elliptic curve ‘11al’. For this curve,
f=ax*+202% + 158z + 21.

The discriminant of this polynomial is —2211'79%.

The polynomial z* — 4Ax — 12AA has discriminant —2*113 in this case. Using f in the

formula above gives 17 7-tuples. However, the corresponding representation is ramified at 2,
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11, and 17, so is not contained in the metabelian representation.

The curve y? = f is a quartic elliptic curve. There are formulas to write this quartic elliptic
curve in Weierstrass form (e.g. see ??). Doing this, we get that this is the elliptic curve £'1 =
‘6952al’. Its Mordell-Weil group has rank 2. If we now use £'1 as a starting place, and take
the numerator of the formula for multiplying a point by 2, and use the polynomial f; as in the

last subsection, we get

2t + 7223 — 351222 — 1769602 + 5891504

with discriminant —2811!. Using this polynomial, we get 17 7-tuples and the corresponding
representation is unramified outside S.

Example 2: Consider the elliptic curve ‘139al’. Here f = x* + 622 + 32z + 29 of
discriminant —29139. In this case, we get 17 7-tuples using the formula with C' as y? = f.
The corresponding representation is unramified outside S. There are 295570 elliptic curves in
the Cremona database of elliptic curve with conductor N < 240000 ([8]) that are surjective 2-
adically and that have rank 0. Of these, only 11950 of these the primes dividing the conductor

of I/1 contained in the set S.
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Appendix A

The Magnus Representation

Recall the definition of the Magnus representation. Let F' be a free pro-¢ group on 2 genera-

tors. Given a map « € Aut(F'), the Magnus representation is defined as follows:

<60¢(a1)>ab <8a(a2))ab

day day

<8a(a1)>ab <8a(a2))ab
8(12 8(12

where ?® means take the abelianization.

Since this matrix resembles a Jacobian, I will denote the matrix by J(¢) for an automor-
phism ¢. Restricting to this representation to IA (M, ,(¢)) gives a map from IA(My ,(¢)) —
GL(2,Z[[H]]) where H := H,(F,Z;) ~ (Z)*.

By using the chain rule, we will see that the Magnus representation is a crossed homomor-

phism for «, 5 € Aut(F}).

<60¢(a1)>ab <8a(a2))ab
o day day
J(CY) <8a(a1)>ab <8a ag))ab
8(12 8(12
ab ab
0B(a 9B (a
i - [ (CRD) (o€
« - 9B(ar) ab 98(as) ab
a( das ) a( Das )
(aa(gaal)))“b (&v(ﬁ(aa)))“b
J _ a1 a1
(aef) <da(ﬁ(a1>>>“b (aaw(az)))“b
daz 8CL2
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For example,
() - (242 (52 (529) (52)

and matching this up with the matrices J(«) and a(J(/3)), we see that the Magnus repre-

sentation is a crossed homomorphism because it satisfies the relation:

J(aof) = J(a)a(J(B)).
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