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Abstract

Dynamical models play a crucial role for understanding and solving problems in many en-
gineering applications or natural systems. In turbulence, weather modeling, chemical pro-
cesses, and other interesting areas in engineering it is desired to find reduced-order models
that can make time predictions. The nature of high-dimensionality in fluid systems and
recent advances in machine learning have pushed the boundaries of what can be learned
when data and physical knowledge of a system is available. The objective of this thesis is
to develop deep learning architectures to learn efficient reduced-order models that can faith-
fully capture the most important features of flows in a low-dimensional representation. We
leverage the use of autoencoders to learn low-dimensional representations and dense neural
networks to learn an evolution equation on this low-dimensional space. By enforcing sym-
metry constraints that appear in the Navier-Stokes equations we show how more accurate
models for time prediction can be learned, while reducing significantly the dataset. Finally,
we present a framework capable of giving estimates of the minimal dimensions needed to

represent systems featuring complex dynamics and intricate behavior.
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General introduction

Turbulence is notoriously difficult to study and predict due to its nonlinear and chaotic
behavior. The flow is “chaotic” in the sense that any small changes in initial conditions of
the velocity field will result in trajectories diverging after some amount of time. Turbulent
flows can be observed in many industrial and commercial applications, particularly those
that involve pumping or transporting fluids. It has been estimated that nearly half of energy
consumption in fluid transport in pipes is dissipated by turbulence near the walls. A main
issue when flowing a fluid in the turbulent regime (or high velocities) is the increase in drag,
giving rise to energy losses as well as CO, emissions. As an example, wall-bounded flows
account for about 5% of the global carbon emission footprint [31]. Hence, drag reduction
is key to reducing energy costs and this can be achieved by implementing control schemes,
such as wall actuations that push and pull fluid within the domain to drive the system
towards a low drag state. The Navier-Stokes equations (NSE) describes the time evolution
of fluids. By tracking the velocities over the domain of interest one can understand the
behavior of the system, and subsequently decrease the drag. However, the turbulent nature
of the flows requires many grid points (or sensors) to correctly resolve all the relevant spatial
and temporal scales of the system. This makes the system high dimensional which leads to
challenges in the search of control strategies. Hence, there is a need to find simpler ways

to achieve this goal. One way is to build reduced-order models (ROMs), which contain the



essential information, and are useful because they can be used to simulate fluids much faster.
The ideal ROM has minimal degrees of freedom compared to the full velocity field data, with
reduction of up to three orders of magnitude, and the necessary information to evolve in time
such that statistics and features of the flow are faithfully captured.

In this work we leverage recent advances in machine learning in order to learn data-driven
ROMs. Then, we do the modeling of turbulence from a dynamical system point of view (we
learn the right-hand-side of the ordinary differential equation). Most of the focus throughout
this thesis is in a two-dimensional flow problem known as Kolmogorov flow which is driven
by a sinusoidal force and can exhibit chaotic dynamics. This system is of interest because
it shows intermittent behavior, which is common in many flow processes, is challenging to
model, and captures the essence of fluid turbulence.

To learn data-driven ROMs we use a combination of different variations of autoencoders
(AE) to reduce dimensions and dense neural networks (NN) to evolve in time. We show in
this thesis that we are able to learn efficient models that can capture important features of
flows. In addition, we also include symmetries of the system that leads to the improving
of the model performance. Finally, we present an architecture that automatically estimates
the minimal dimensions needed to represent complex systems.

In the following introduction we start by motivating the need to learn reduced-order
models. This is followed by an introduction to manifolds. Then, we discuss dimension
reduction techniques, neural networks, and finish by motivating the need to understand

symmetries in dynamical systems and ways to address them.



1.1 Building Reduced-Order Models

Development of reduced-order models (ROM) for complex flows is an issue of long-standing
interest, with applications in improved understanding, as well as control of flow systems. For

flows and many other cases, the dynamical system can be written as

dx

— = f(z,1;8), (1.1)

whose right-hand-side (RHS) is defined as the function f, and § correspond to the parameters
of the equations. In the case of the Navier-Stokes Equations (NSE) this could be the density,
viscosity, and the length scale. Analytical solutions are only known for simple problems.
Then, defining an initial condition and boundary conditions one can solve this "infinte-
dimensional" dynamical system using numerical methods. In many flow problems, an issue
that arises is the high-dimensionality of the grid (discretization of the equations) that is

necessary to correctly represent the state.

Due to this high-dimensionality, it is important to find ROMs for computational speed
and to apply control strategies [41]. A successful ROM should capture the important features
and dynamics of the true system. In this thesis we use solely data to learn ROMs. The data
comes from direct numerical simulations that results from solving the governing equations

of motion. Then, the dynamical system for a low-dimensional representation h is given as

dh

= gh), (12)

where  — h. This representation h can be estimated using different approaches. Principal
Component Analysis (PCA) provides the best linear representation of a data set, discussed
in Section 1.3.1, and gives a set of orthogonal basis vectors that are ordered by the total
contribution to the energy of the flow. Projecting onto this basis, and doing a Galerkin

approximation results in a classical framework for a ROM. However, in this scenario the



equations need to be known, the basis is projected onto the equations to find the model.
The major limitation of PCA is that it assumes that the subspace is flat, which is not
true for complex chaotic nonlinear systems. Hence, a nonlinear transformation is desired.
Popular nonlinear methods for dimension reduction include kernel PCA, diffusion maps, local
linear embedding (LLE), isometric feature mapping (Isomap), and t-distributed stochastic
neighbor embedding (tSNE) [64]. A drawback of these methods is that they do not provide
the function that maps h — 2.

In this thesis we will consider neural networks (NN) to learn the mapping from z — h.
These have shown great success in different flow and dynamical systems as will be shown in
further chapters. We specifically want to focus on finding the minimal dimensions needed

to capture the data manifold and dynamics.

1.2 Manifolds

For dissipative systems, such as the NSE, it is known that the long-time dynamics will
collapse on an manifold M, which has fewer dimensions than the original state space. A
depiction of this manifold is shown in Figure 1.1. In fluid mechanics, this manifold is often
called an inertial manifold [24, 62, 71]. As discussed by Lee [35] this manifold M of dimension
n has some properties that we discuss in this section. The first being that it is a Hausdorff
space. This means that for every pair of distinct points p,q € M there are disjoint open
subsets U,V C M such that p € U and q € V. Hence, the pair is separated but lives in the
manifold. The second property is that M is second-countable which means that there exists
a countable basis for the topology of M. The third property is that this manifold is locally
Euclidean of dimension n.

This third property implicates that we can find a homeomorphism ¢ : U — U locally.
This means that to find a map to the dimension R of M one would need to "cut" the

manifold into local representations. A global map of dimension R is not guaranteed.
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Figure 1.1: Schematic of state space with initial conditions collapsing onto an invariant manifold.

However global map to R?¥ does exist, giving an upperbound [65)].

1.2.1 Coordinate charts

As discussed by Lee [35] we formalize in this section the concept of charts which will motivate
our work on finding minimal dimension models. A coordinate chart on M is a pair (U, ¢)
where U is an open subset of M and ¢ : U — Uis a homeomorphism from U to an open
subset U. Here U is a coordinate domain and @ is a coordinate map. To form the manifold
one needs a collection of many charts that will cover the manifold. This collection is called

an atlas.



1.3 Dimension Reduction and Neural Networks

1.3.1 Dimension Reduction with Principal Component Analysis

Principal Component Analysis (PCA), also known as proper orthogonal decomposition (POD)
and Karhunen-Loéve decomposition [27] seeks a linear transformation such that data is pro-
jected into an orthogonal coordinate system. These coordinates are organized by variance
and in the case of velocity fields correspond to the energy content. Given Ny data vectors
("snapshots") z; € RY, one can obtain these basis vectors by performing singular value
decomposition (SVD) on the data matrix X = [z, 2, -] € RY*Ns such that X = UZVT.
Note, this U and V are different from the one in the previous section. Projecting the data
onto the first dj, basis vectors (columns of U) then gives a low-dimensional representation —

a projection onto a linear subspace of the full state space.

1.3.2 Neural Network Operations and Autoencoders

In this section we show the operations involved in NNs. Tensors and vectors are bolded for
a clearer understanding, however in the following sections of this thesis we will sometimes
drop this convention. NNs, are a machine learing model which contain units or neurons,
that are connected and form what is called a network. These units are scalar values and
weights w € R™ connect these through the network as seen in Figure 1.2a where m = 3
and w = (wy,1,ws 1, ws ) maps the input neuron z; into the vector y = (y1, Y2, y3) with the
operation y = wxy. Let us now look at the NN in Figure 1.2b. This type of NN is called
dense because all the input units are connected with the output units. The output y now
takes the form of y = Wx, where the matrix W € R3*3 operates on the input = € R3.
In this case the weight matrix contains the individual weight vectors that connect the input
neurons where W = [wf wlwl].

The values that W takes come from an optimization problem using gradient descent,

where the goal is for the NN to achieve a specific task. One of the tasks is to reduce the
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Figure 1.2: (a) Linear NN operation: single neuron input (b) three neurons input

dimensions of an input & to a lower dimensional representation in space h and from this
space reconstruct & (i.e. & ~ x). The NN for this case can be seen in Figure 1.3 (for the
sake of simplicity, we assume b; = 0). The weights then take the form W = W,W and
the output is & = WoW . This type of NN takes the name of an autoencoder (AE) where
the mapping « + h is called the encoder and h — & the decoder. The weights come from
optimizing what is called the cost or loss function £. We consider the mean squared error
(MSE) where £ = ﬁ 7 |l&;—=;||3. Here k4 corresponds to the dimension of x, in the case
of a 32 x 32 flow field k; = 322, and ¢ to the number of number of data. Using £ to optimize a
NN can prove to be quite computationally expensive, hence mini-batch Stochastic Gradient
Descent (SGD) can be used to optimize W where a random batch of data size p < ¢ is used

to compute £, = P ll&; — x;]|3 then the weights can be updated by

1
kq-p

m+1 aﬁp

m
Wiy = Wi; =N

1.
D (1.3)

where 7 is a tunning parameter called the learning rate. With backpropagation the derivative

0L, /0w; ; is computed, by repeatedly using the chain rule.

Nonlinearities can be introduced in the AE as a function o(n;) where n; corresponds
to different neurons in the network. A linear operation involves o(n;) = n; while common
nonlinear functions used in machine learning include the Rectified linear unit (ReLLU), which

is defined as o(n;) = max(n;,0), and the tanh function, which takes the form o(n;) =



/
P -
@ b] S Rdh bg - ]Rd

—— weights, W,

- — = » Dbias, b;

Figure 1.3: Linear autoencoder structure as depicted by a dense NN

tanh(n;). If nonlinearities were to be introduced in Figure 1.3, the mapping from x to h
would take the form h = o(Wz), where the function o operates elementwise on Wa. For
the sake of simplicity and to be able to directly connect ideas of linear algebra with NN,
an extra parameter that comes into play which is called the bias b; was set to zero. This
parameter comes into play as an addition to the weight operation on the input and appears
as h = o(Wix + by). This parameter is also updated with Equation 1.3. Here, linear

networks refer to & = WoW x, and nonlinear networks refer to the inclusion of ¢ and b.

1.3.3 Learning Time Maps

After training an AE we can obtain h(t), to learn the data-driven ROM. Different approaches
in literature consist in using long short-term memory (LSTM) and recurrent neural networks
(RNN) [20, 46]. However, we know that the NSE are Markovian in nature. This means that
we only need the sate at time t to evolve the system to time ¢ 4+ 7. In this section we discuss

our approaches to learn the time evolution where h(t) is mapped to h(t + 7).



Discrete Time Map

After learning a low dimensional representation h(t), we can seek a discrete time map
h(t+7) = F(h(t)) (1.4)

that evolves h(t) from time t to ¢t +7. The function F' can be expressed as a dense NN which

is trained with the following loss
Ly = ||B(t—|—7) —h(t+ 1) (1.5)

where h(t + 7) comes from true data and h(t + 7) = F(h(t)) from the prediction.

Neural Ordinary Differential Equations

Another framework to forecast in time is the the neural ODE (NODE) [14, 38, 40] which
are continuous models and has shown to be successful at this task. We use in this thesis a
stabilized version used by Linot et. al. [40] where the dynamics on the manifold are described

by the equation

Here A is chosen to have a stabilizing effect that keeps solutions from blowing up. The

equation is integrated to estimate h,(t + 7) as
t+1
B (t+7) = h () + / (o (h(): 6,) — AR’ (1.7)
t
where 6; are the weights of the NN g5, which are determined by minimizing the loss

Lyove (h;0;) = {[|h(t +7) = b (t + 7)||3) - (1.8)
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1.4 More Neural Network Frameworks

1.4.1 Dropout

Overfitting is a common problem in networks with large number of parameters. To address
this, dropout has been introduced as a technique that helps prevent units from co-adapting
[60]. During training random units in the network are dropped, resulting in the training of

"thin" networks. As discussed in [60], the feed-forward operation becomes

rél) ~ Bernoulli(p)

7O = p0) 4 y®

LD gt b§z+1)

7 7

yi(l—kl) —f (zi(lﬂ))

where * is an element-wise product, [ is the layer, and r is a vector of independent Bernoulli
random variables each of which has a probability p of being 1. In the optimization step the
active units get updated, only these affect the loss. When testing, all the units are always

present and are multiplied by p.

1.4.2 Contrastive Learning

The goal in contrastive learning is to learn representations by maximizing agreement between
augmented versions of the same data via a contrastive loss [15]. These augmented versions
correspond to a positive pair. In image classification tasks these can be: crops, color distor-
tions, and gaussian blur to mention a few. In the context of an autoencoder, to apply the
contrastive loss, h from an encoder can be extracted and combined with a projection head

s(+) that maps to the space where the loss in applied, z. The loss function for a positive pair
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of examples (4, j) is defined as

exp (sim (z;, zj) /7)

S L exp (sim (25, 2) /7)

&'J = —log (110)

where sim(u,v) = u'v/||ull||v]], ey € {0,1} is an indicator function, and 7 is a hyperpa-

rameter.

1.5 Symmetries in Dynamical Systems

We finalize this introduction by motivating the need to understand symmetries in dynamical
systems. The presence of symmetries can prove to play a crucial role when learning models
from data. This is in part because these have to spend efforts in learning the different copies
of the same data.

Previous work in computer vision has shown that the performance of NN improves when
addressing the symmetries of the problem considered, as opposed to data augmentation.
Winkels & Cohen applied this concept to pulmonary nodule detection where they used
3D discrete rotation equivariant convolutional neural networks in CT scans [67, 68]. They
showed a 10x increase in performance in terms of the data used for training as opposed to
using regular CNNs. This means that when the symmetries of the system are known, it
desired to address them instead of resorting to data augmentation. In dynamical systems
this has shown to also be the case. Linot & Graham addressed the continuous symmetry of
the Kuramoto-Sivashinsky equation with improvements in dimension estimates and MSEs
and in this thesis (Chapters 2 and 3) we show how this improves models for the NSE.

Addressing symmetries is of importance because any successful attempt to learn ROMs
involves dense coverage of the regions that the trajectories explore which are related to the
symmetries of the system. Let G be a group of symmetries acting on a dynamical system
f(z). The group of symmetries is said to be equivariant given f(Gz) = G f(x). This means

that any symmetry operation applied to the given state will give the same dynamics under
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a transformation, making these equivalent. In the invariant case f(Gxz) = f(x). Hence
dynamics will be the same. In the NSE symmetries appear in discrete and continuous forms

as we will see in this thesis.

1.5.1 Continuous Symmetry and Phase Aligning

The method of slices [10, 11] will prove to be useful due to the translational invariance nature
of the data as will be seen in further chapters. This method consists in taking the Discrete

Fourier Transform
u(w,7) =Y (7)™, (1.11)

and phase shifting by using the phase ¢ =atan2(Im(u;)/Re(;)) where 4, corresponds to the
first Fourier mode. By shifting the flow fields before training the network, data is translated
to a unique location. This is desired because the network does not have to account for
trajectories with the same structure in different locations. Another way to do this is to
consider a slice template instead of the first Fourier mode. This has been done for pipe flow

with great success and more details are given in Section 5.2.

1.5.2 Factoring Out Discrete Symmetries

In the context of the systems we study in this thesis, discrete symmetries can appear in the
form of rotations and reflections. Similar to the continuous symmetry, the Fourier modes
can be used to factor out the symmetries and map the snapshots to a fundamental space.
Budanur & Cvitanovic showed how this can be done for the Kuramoto—Sivashinsky system
[7]. In this work they used a polynomial basis from the Fourier coefficients such that the
different symmetric versions of the snapshots have the same signs. In Chapter 3 we take a

similar approach and use a set of Fourier mode to factor out the symmetries for the NSE.
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1.6 Outline of this work

The main goal of this thesis is to develop deep learning architectures to learn efficient data-
driven reduced-order models that can faithfully capture the most important features of flows
in a low-dimensional representation. We also present a framework capable of giving robust
estimates of the minimal dimensions needed to represent complex systems. Our benchmark
throughout this thesis is two-dimensional Kolmogorov flow. In the range considered this
system is high-dimensional, chaotic, and intermittent which makes it challenging to model.

In the remainder of this thesis we present our work towards modeling these complex
systems. In Chapter 2, we present a data-driven framework for minimal-dimensional models
that effectively capture the dynamics and properties of the flow. We are able to learn low
dimensional models that capture short-time tracking, long-time statistics, and even extreme
events with great success. In Chapter 3, we factor out the continuous and discrete symmetries
of the system, and build models with improved performance where less data is needed to
train the models and equivariance is satisfied. We also use a variation of an autoencoder
called implicit rank minimizing autoencoder (IRMAE) that gives estimates of the minimal
dimension needed to represent the system. In Chapter 4 the focus is to improve IRMAE
by introducing an extension to this framework. We show that this modification improves
robustness of dimension estimates.

We conclude this thesis in Chapter 5 where we discuss preliminary results on pipe flow
using our presented frameworks and give insights on using different machine learning methods

to improve dimension estimates and for addressing symmetries.
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Data-driven low-dimensional dynamic

model of Kolmogorov flow !

Reduced order models (ROMs) that capture flow dynamics are of interest for decreasing
computational costs for simulation as well as for model-based control approaches. This work
presents a data-driven framework for minimal-dimensional models that effectively capture
the dynamics and properties of the flow. We apply this to Kolmogorov flow in a regime
consisting of chaotic and intermittent behavior, which is common in many flows processes
and is challenging to model. The trajectory of the flow travels near relative periodic orbits
(RPOs), interspersed with sporadic bursting events corresponding to excursions between
the regions containing the RPOs. The first step in development of the models is use of
an undercomplete autoencoder to map from the full state data down to a latent space of
dramatically lower dimension. Then models of the discrete-time evolution of the dynamics in
the latent space are developed. By analyzing the model performance as a function of latent
space dimension we can estimate the minimum number of dimensions required to capture the
system dynamics. To further reduce the dimension of the dynamical model, we factor out

a phase variable in the direction of translational invariance for the flow, leading to separate

IThe text of this chapter is adapted from the publication by C. E. Pérez De Jests and M. D. Graham
Physical Review Fluids, 8, 2023
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evolution equations for the pattern and phase dynamics. At a model dimension of five for the
pattern dynamics, as opposed to the full state dimension of 1024 (i.e. a 32 x 32 grid), accurate
predictions are found for individual trajectories out to about two Lyapunov times, as well
as for long-time statistics. Further small improvements in the results occur as dimension
is increased to nine, beyond which the statistics of the model and true system are in very
good agreement. The nearly heteroclinic connections between the different RPOs, including
the quiescent and bursting time scales, are well captured. We also capture key features of
the phase dynamics. Finally, we use the low-dimensional representation to predict future

bursting events, finding good success.

2.1 Introduction

Development of reduced order dynamical models for complex flows is an issue of long-
standing interest, with applications in improved understanding, as well as control, of flow
phenomena. The classical approach for dimension reduction of these systems consists of
extracting dominant modes from data via principal component analysis (PCA), also known
as proper orthogonal decomposition (POD) and Karhunen-Loéve decomposition [27]. PCA
determines a set of basis vectors ordered by their contribution to the total variance (fluc-
tuating kinetic energy) of the flow. Given N, data vectors (“snapshots") x; € RY, one can
obtain these basis vectors by performing singular value decomposition (SVD) on the data
matrix X = [z1, g, -] € RV*Y such that X = UXVT. Projecting the data onto the first
dy, basis vectors (columns of U) then gives a low-dimensional representation — a projection
onto a linear subspace of the full state space. To find a reduced order model (ROM), a
Galerkin approximation of the Navier-Stokes Equations (NSE) using this basis can be im-
plemented; these have shown some success in capturing the dynamics of coherent structures
[3, 50]. Previous research has also used POD as well as a filtered version thereof [58], which

are linear reduction techniques, to reduce dimensions and learn a time evolution map from
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data with the use of neural networks (NNs) [43].

Although PCA provides the best linear representation of a data set in d;, dimensions, in
general the long-time dynamics of a general nonlinear dynamical systems are not expected
to lie on a linear subspace of the state space. For a primer and more details on data-driven
dimension reduction methods for dynamical systems refer to Linot & Graham [38]. For
dissipative systems, such as the NSE, it is expected that the long-time dynamics will lie
on an invariant manifold M, which can be represented locally with Cartesian coordinates,
but may have a complex global topology [28]. In fluid mechanics, this manifold is often
called an inertial manifold [24, 62, 71]. Figure 2.1 schematically illustrates a simple example
of this idea. Consider a dynamical system & = F(z) for state variable z € RY. As time
proceeds, general initial conditions in this space evolve toward an invariant manifold M of
dimension dy, which in this example can be described by the equation ¢ = ®(p) where
r=p+q, p € RM gec RV-9M_ Furthermore, if we write the dynamics in terms of p and ¢
asp = f(p,q),q = g(p,q), then trajectories on M evolve according to p = f(p, P(p)): i.e. the
long time dynamics are given by a set of ordinary differential equations in d, dimensions,
rather than the N dimensions of the original system. More generally, since M is invariant
under the dynamics, the vector field on M is always tangent to M, and the dynamics on
M are determined by this vector field. In the present work we do not require that the
manifold be represented in this simple form, but rather a more general form G(x) = 0. In

this example, G(z) = ¢ — ®(p).

In general one can think of breaking up M into overlapping regions that cover the domain,
to find a local representation. These are called charts and are equipped with a coordinate
domain and a coordinate map [36]. The strong Whitney’s embedding theorem states that
any smooth manifold of dimension d,, can be embedded into a Euclidean space of so-called
embedding dimension 2d, [36, 65]. This means that in the worst case we can expect in
principle to be able to find a 2ds-dimensional Euclidean space in which the dynamics lie.

To find a ds-dimensional Euclidean space one would in general need to develop overlapping
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Figure 2.1: Schematic of state space with initial conditions collapsing onto an invariant manifold
where the long time dynamics occur.

local representations and evolution equations — this avenue is not pursued in the present
work but has been done elsewhere [23]. In this work we aim to find a high-fidelity low-
dimensional dynamical model using data from simulations of two-dimensional Kolmogorov
flow. In this work, the governing Navier-Stokes Equations will only be used to generate
the data — the models will only use this data, not the equations that generated it. Neural
networks (NNs) will be used to map between the full state space and the manifold, as well

as for the dynamical system model on the manifold.

A number of previous studies have focused on finding data-driven models for fluid flow
problems with the use of NNs. Srinivasan et al. [59] developed NN models to attempt
to predict the time evolution of the Moehlis-Faisst-Eckhardt (MFE) model [46], which is
a nine-dimensional model for turbulent shear flows. They used two approaches to finding
discrete-time dynamical systems. The first is to simply use a neural network as a discrete-
time map, yielding a Markovian representation of the time evolution. The second is to

use a long short-term memory (LSTM) network, which yields a non-Markovian evolution
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equation. Despite the fact that the dynamics are in fact Markovian, the LSTM approach
worked better, yielding reasonable agreement with the Reynolds stress profiles. Page et al.
used deep convolutional autoencoders (CAEs) to learn low-dimensional representations for
two-dimensional (in physical space) Kolmogorov flow, showing that these networks retain
a wide spectrum of lengthscales and capture meaningful patterns related to the embedded
invariant solutions [52]. They considered the case where bursting dynamics is obtained at
a Reynolds number of Re = 40 and n = 4 wavelengths in the periodic domain. Nakamura
et al. used CAEs for dimension reduction combined with LSTMs and applied it to minimal
turbulent channel flow for Re, = 110 where they showed to capture velocity and Reynolds
stress statistics [47]. They studied various degrees of dimension reduction, showing good
performance in terms of capturing the statistics; however for drastic dimension reduction
they showed how only large vortical structures were captured. Hence, the selection of the
minimal dimension to accurately represent the state becomes a challenging task. Reservoir
networks have also shown great potential in learning nonlinear models for time evolution.
For example, Doan et al. trained what they call an Auto-Encoded Reservoir-Computing
(AE-RC) framework where the latent space is fed into an Echo State Network (ESN) to
model evolution in discrete time [20]. By considering the two-dimensional Kolmogorov flow
for Re = 30 and n = 4 good performance was obtained when comparing the kinetic energy
and dissipation evolution in time. They also showed how the model captures the velocity
statistics. However, the nature of the reservoir in the ESN stores past history, making the

model non-Markovian.

Although previous research has found data-driven ROMs for fluid flow problems, the
focus on these has not been to find the minimal dimension required to capture the data
manifold and dynamics. Linot & Graham have addressed this issue for the Kuramoto-
Sivashinsky equation (KSE) [37, 38]. They showed that the mean squared error (MSE) of
the reconstruction of the snapshots using an AE for the domain size of L = 22 exhibited an

orders-of-magnitude drop when the dimension of the inertial manifold is reached. Further-
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more, modeling the dynamics with a dense NN at this dimension either with a discrete time
map [37] or a system of ordinary differential equations (ODE) [38] yields excellent trajectory
predictions and long-time statistics. Increasing domain size to L = 44 and L = 66, which
makes the system more chaotic, affects the drops of MSE significantly. However a drop is
still seen, and when obtaining the dynamics and calculating long time statistics, good agree-
ment with the true data is obtained. This work, denoted “Data-driven manifold dynamics"
(DManD) has been extended to incorporate reinforcement learning control for reduction of

dissipation in the KSE, yielding a very effective control policy [73].

We aim to extend this approach to the NSE, specifically to the two-dimensional Kol-
mogorov flow, where an external forcing drives the dynamics. As Re increases, the trivial
state becomes unstable, giving rise to periodic orbits (POs), relative periodic orbits (RPOs)
and eventually chaos. Relative periodic orbits correspond to periodic orbits in in a moving
reference frame, such that in a fixed frame, the pattern at time ¢ + T is a phase-shifted
replica of the pattern at time ¢. The nature of the weakly turbulent dynamics at a Reynolds
number of Re = 14.4, and connections with RPO solutions are the focus of this study.
Due to the symmetries of the system the chaotic dynamics travels between unstable RPOs
[18] through bursting events [2] that shadow heteroclinic orbits connecting the RPOs. A
past study [1] shows that low-dimensional representations can be found with PCA for two-
dimensional Kolmogorov flow where in the case of weakly turbulent data, the first two PCA
basis in the streamfunction formulation capture most of the energetic content when filtering
out the bursting events before the analysis, and including a third basis function captures
the bursting information. This point hints at the low-dimensional nature of this system,
where a low number of PCA basis functions can energetically represent the data. However,
even though the energy can be contained in a low number of basis functions, this does not
imply that these will properly capture the dynamics [56]. In [1], development of a model of

time-evolution was not considered.

Returning to the aims of the present work, our focus is twofold. We aim to learn a
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minimal-dimensional high fidelity data-driven model for the long-time dynamics of two-
dimensional Kolmogorov flow with the use of an autoencoder (AE), and a discrete-time
map, in the form of a dense NN, of the dynamics on the invariant manifold. In this map,
the future time prediction only depends on the present state (on the manifold), in keeping
with the Markovian nature of the dynamics on the manifold. This approach contrasts with
models that use an RNN such as an LSTM, which carry a memory of past states so are not
Markovian. It is important to note, however, that the dimension of the invariant manifold is
not known a priori, and if we map the data onto a manifold of too low a dimension, then the
dynamics on that manifold will not be Markovian. Accordingly, in this work we will carefully
assess the performance of our Markovian models as a function of manifold dimension. For
our results, the model predictions will be evaluated as a function of dimension, considering
short-time trajectories, long-time statistics, quiescent and bursting time distributions, and
predictions of bursting events. This paper is structured as follows: in Section 2.2 we present
the governing equations together with the symmetries of the system. We also present the
dynamics at the two values of Re considered and the connections of the RPOs with the chaotic
regime. In Section 2.3 we show the methodology for data-driven dimension reduction and
dynamic modeling, which includes the AE architecture and the time map NN. Section 2.4

shows the results, and concluding remarks are given in Section 2.5.
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2.2 Kolmogorov flow formulation and dynamics

The two-dimensional Navier-Stokes equations (NSE) with Kolmogorov forcing are

ou 1
E%—u-Vu—%Vp—ﬁ

V-u=0 (2.2)

Viu + sin(ny) 2 (2.1)

where u = [u, v] is the velocity vector, p is the pressure, n is the wavenumber of the forcing,

VX

and & is the unit vector in the z direction. Here Re = %&£ (ﬁ

2

3/2
- ) where y is the dimensional

forcing amplitude, v is the kinematic viscosity, and L, is the size of the domain in the y
direction. We consider the periodic domain [0, 27 /a] x [0, 27] with o = 1. Vorticity is defined
as w = V x u. The equations are invariant under several symmetry operations [13], namely

a shift (in y)-reflect (in z), a rotation through 7, and a continuous translation in z:

S, v,w](z,y) = [—u, v, —w] <—x,y + %) , (2.3)
X u,v,w](z,y) = [—u, —v,w](—z, —y), (2.4)
T u,v,wl(x,y) = [u,v,w](x+1y) for0<I< %T. (2.5)

The total kinetic energy for this system (K F), dissipation rate (D) and power input (I) are

KE=1(u?), D= é (Vul), . I = {usinfny))y (2.6)

NO| —

where subscript V' corresponds to the average taken over the domain. For the case of n =1
the trivial solution is linearly stable at all Re [30]. It is not until n = 2 that the laminar

state becomes unstable, with a critical value of Re, = n3/221/4 [26, 44, 63].

The NSE are evolved numerically in time in the vorticity representation on a [d, x d,| =
[32 x 32] grid following the pseudo-spectral scheme given by Chandler & Kerswell [13], which

is based on the code by Bartello & Warn [4]. We show here time series results for the two
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Figure 2.2: (a) Time evolution of KE at Re = 13.5. (b) Time evolution of KE at Re = 14.4. (c)

Time evolution of D and I at Re = 14.4.



23

0.4 —— Re=135
Re=14.4
— 0.2 / \
-~
£ 0.0
E —0.21 \ /
—0.4+

04  —02 00 0.2 0.4
Re [ap1(t)]

Figure 2.3: Evolution of the real and imaginary components corresponding to the ag(t) Fourier
mode for Re = 13.5 and Re = 14.4.

dynamical regimes considered in this work, an RPO regime at Re = 13.5 and a chaotic regime
at Re = 14.4. Figure 2.2a shows the K E evolution for an RPO obtained at Re = 13.5. Due
to the discrete symmetries of the system, there are several RPOs [2], as we further discuss
below. Figure 2.2b shows the K'F evolution for a trajectory at Re = 14.4. The dynamics are
characterized by quiescent intervals where the trajectories are close to RPOs (which are now
unstable), punctuated by heteroclinic-like excursions between the RPOs, which are indicated
by the intermittent increases of the K'F. The RPOs are all related by the symmetries .
and Z [2, 49, 55]. This behavior can also be seen in Figure 2.2¢, where the black curve
corresponds to the time evolution of D and the blue curve to the time evolution of /. Figure
2.3, shows a state-space projection of a trajectory onto the plane Re [ag(t)] — Im[ag1(t)]
where a(k;, ky,t) = ap,x,(t) = F{w(z,y,t)} is the discrete Fourier transform in z and y.
The grey curve corresponds to Re = 14.4 and the different blue curves show four different

RPOs related by the shift-reflect symmetry . at Re = 13.5.
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2.3 Data-driven dimension reduction and dynamic mod-

eling

2.3.1 Dimension reduction with autoencoders

To learn a minimal-dimensional model for the two-dimensional Kolmogorov flow we first
have to find a low-dimensional nonlinear mapping from the full state to the reduced repre-
sentation. For this purpose we consider a common machine learning architecture known as
an undercomplete autoencoder (AE), whose purpose is to learn a reduced representation of
the state such that the reconstruction error with respect to the true data is minimized. The
AE consists of an encoder, £(+), that maps from the full space RY to the lower dimensional
latent space h(t) € R¥ (i.e., coordinates on the manifold M), and a decoder, D(-), that
maps back to the full space. Flattened versions of w(x,y,t) are used, which we refer from
this point on as w(t), so N = 32 x 32 = 1024. We shall see that the latent space dimension dy,
will be much smaller than the dimension N of the full spatially-resolved state. The encoder
E(w(t)) is a coordinate mapping from RY to M, and the decoder D(h(t)) is the mapping
back from M to RY.

We train the AEs with w(t) obtained from the evolution of NSE for the original data as
well as accounting for the discrete and continuous symmetries. By accounting for the symme-
tries it is expected that the networks will perform better, by not having to learn the symme-
tries in the latent space mapping. We account for the continuous symmetry in z, .7}, with the
method of slices [10, 11]. The k, = 1, k, = 0 Fourier mode is used to find the spatial phase:
¢.(t) = atan2 {Im[a; o(¢)] , Re[a10(¢)]}. This can then be used to phase-align the vorticity
snapshots such that this mode is a pure cosine: @(z,y,t) = F' {F{w(z,y,t)} e k=01
Doing this ensures that the snapshots lie in a reference frame were no translation happens
in the z direction. We will learn evolution equations for both w(t) and ¢,(t), which we
will denote as the pattern dynamics and phase dynamics, respectively. We also consider

the shift-reflect (SR) symmetry, ., as well as the rotation through 7, Z. To account for
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the SR symmetry the goal is to collapse the phase-aligned snapshots to the same common
state. We can define two indicator functions such that the SR subspace is specified. The
first one, Ipyen, = sgn(¢,), where ¢, (t) = atan 2 {Im[ag1(t)] , Re [ao1(t)]} is the spatial phase
in y. The second indicator function is I,4q = sgn(Ref[as(t)]), the sign of the real part of
the second Fourier mode in x. We can then map the vorticity snapshots in such a way that
Igyen, Ioaa > 0 by applying SR operations to the state. The rotation symmetry is accounted
for, on top of the SR symmetry, by minimizing the [>-norm of the data with respect to a
template snapshot. This is done by applying the discrete operation that rotates and shift-
reflects the vorticity snapshots and selecting the snapshot that minimizes the norm. We
note that we take a different approach for reducing the symmetries compared to previous

research on symmetry-aware AEs [34].

Previous work [37] has shown that training a NN to learn the difference between the data
and the projection onto the leading PCA basis vectors improved reconstruction performance
compared to learning a latent space directly from the full data. To present the framework,
we will use the phase-aligned and flattened vorticity w(t), since that is what we use for the
time-evolution. Below, however, we will present some results where other versions of the
data are used — e.g. the data with phase-shifting. The autoencoder aspect of the analysis is

identical.

We begin the process by computing the projection of the data onto the first d; basis
vectors, Py, UTw(t). We then seek to learn a dj,-dimensional correction to that projection,
E (UT&(t)) — the sum of these is the latent-space representation h(t). In other words, the

encoding step learns the deviation from PCA

E(U"a(t) = h(t) — P, U Q(1). (2.7)

We emphasize that this step is not simply a projection onto a linear subspace defined by

d;, PCA modes— rather it is an approach that learns the deviation of the data from that
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projection. Similarly the decoding section learns the difference

o (t)
D(h(t)) = UT&(t) — . (2.8)

where @(t) corresponds to the reconstruction of &(t). Inserting Equation 2.7 into Equation
2.8 and noting that by definition &(t) = U[Py, UT@(t), Py_a, UT&(t)]T we get that the exact
solution satisfies E (UT&(t)) 4+ Dy, ((h(t)) = 0. To satisfy this constraint we add it to the

loss function as a penalty to obtain
. x . 2
L= o) —w@)® + ap [|[EUT @) + Da, (h(1)) (2.9)

where || - || is the /2>-norm and we select ay, = 1. We can now train the AEs by minimizing
L via stochastic gradient descent. We train 4 AEs at each of several values of dj, to study
the MSE of the reconstruction of @(¢). All models were trained for 300 epochs with an
Adam optimizer using Keras. After 300 epochs no further improvement over the test data
was observed; see Figure 2.4. The training data consists of long time series from the direct
simulations, with initial transients removed. We use a total of 10% snapshots separated by
7 = 5 time units for Re = 14.4, and 10* snapshots separated by 7 = 5 for Re = 13.5. We
do an 80%/20% split for training and testing respectively. Figure 2.5a shows a summary
of the AE and Table 2.1 gives information on the layer dimensions, and activations used in
each layer of the encoder and decoder. At each value of dj, the model with the smallest
MSE over a test data set from the phase-aligned data is then selected for the discrete time
map. We will show in Section 2.4.1 that factoring out the phase dramatically increases AE

performance.
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2.3.2 Time evolution via a dense NN

After finding h(t) from the AEs, we seek a discrete-time map

h(t+ 1) = F(h(t)) (2.10)

that evolves h(t) from time ¢ to t + 7. We fix 7 = 5. The function F' is also expressed as a

dense NN. Here we train 5 NNs for the different d;, cases with the following loss

Ly = |h(t+7) = h(t+ 1) (2.11)

where h(t +7) comes from true data and h(t +7) = F(h(t)) from the prediction, and select
the one with the best performance. For the discrete time map we trained for 600 epochs
with the use of a learning rate scheduler. In this case we noticed an increase in performance
when dropping the learning rate hyperparameter by an order of magnitude after 300 epochs.
Figure 2.5b shows a summary the framework just described, and Table 2.1 gives information

on the layer dimensions and activations used in each layer.

As discussed previously, the time evolution is done in the phase-aligned space. To com-

plete the dynamical picture we seek a discrete-time map for the phase evolution

Ady(t+7) = G(h(t)), (2.12)

where A¢,(t 4+ 7) = ¢.(t +7) — ¢.(t). Because of translation equivariance, the actual phase
is only unique to within a constant. We train 5 NNs for the the different dj cases with the
following loss

L, = [|Agy(t +7) — Agy(t + 1), (2.13)

such that A¢,(t + 7) = G(h(t)). Figure 2.5¢ shows a summary of the framework we have

described, and Table 2.1 gives information on the layer dimensions and activations used in
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Figure 2.4: Autoencoder loss versus epochs over training and test data sets corresponding to a
trial from the case Re = 14.4, dj, = 9.

each layer.

Table 2.1: Neural network layer dimensions and activations used in each layer. Sigmoid function
are denoted ’S’.

Function Shape Activation
Encoder E 1024 : 5000 : 1000 : dj, S:S:S
Decoder D dy, : 1000 : 5000 : 1024  S:S:linear
Evolution F dp, - 500 : 500 : dy, S:S:linear
Phase Prediction G dp : 500 : 500 : 500 : 1 S:S:S:linear

2.4 Results

We present results as follows. First we will show the AE performance for the various d; and
symmetries considered. We then report results for time evolution models, again studying
performance as a function of the number of dimensions. Both evolution of the pattern and
phase dynamics are considered. We wrap up the results by predicting bursting events based

on the low-dimensional representation.
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Figure 2.5: Neural network frameworks for (a) autoencoder (b) discrete-time map for pattern
prediction and (c) discrete-time for phase prediction.

2.4.1 Dimension reduction with autoencoders

We begin by showing results for Re = 13.5. In Figure 2.6a we see the MSE versus dj,
trend where the grey curve corresponds to the PCA reconstruction for the original data
(@(t) = Uq,Ug w(t)), the black curve to the AE with the original data, and the blue curve
to the AE with the phase factored out before training. The MSE is calculated over the test
data set. Notice that, as expected, the AEs perform better than PCA. This is because of the
nonlinearities that are added to the linear optimal latent space found in PCA in combination
with the nonlinear decoder. The blue curve exhibits a sharp drop in the MSE at a dimension
of dy, = 2, which is the correct embedding dimension for a limit cycle. This happens because
the phase is accounted for; the dynamics of the system in the phase-aligned reference frame
corresponds to a PO and the autoencoder does not have to learn all the possible phases due
to the continuous translation in z. The overall embedding dimension is dj, + 1 = 3, where 1
corresponds to the phase. Hence we are able to estimate the dimension for this system by
looking at the drop in the MSE curve.

We now consider the Re = 14.4 case, where the dynamics are chaotic, moving between
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Figure 2.6: MSE versus dimension dj, over the test data corresponding to (a) Re = 13.5 and (b)
Re = 14.4. The PCA curve corresponds to the MSE of the reconstruction for the test data set
with respect to the true data w(t), with no symmetries factored out, using the truncated U into
dp, dimensions such that @(t) = Uthg;w(t) ; the ‘Original’, ‘Phase’, ‘Phase-SR’, and ‘Phase-SR-
Rotation’ curves correspond to the MSEs of the reconstruction for the test data set with respect
to the true data using AEs. In the curve labeled ‘Original’, no symmetries are factored out and in
the other curves the corresponding symmetries in the labels are factored out.

the regions near the now unstable RPOs. In Figure 2.6b we show the same curves as in
Figure 2.6a but we also include the green and magenta curves, which in addition factor out
the SR and the SR-Rotation symmetries respectively before training the AEs. These are
included due to the added complexity of Re = 14.4, where the chaotic trajectory travels in
the vicinity of the RPOs related by the symmetry groups previously discussed. A monotonic
decrease in MSE can be seen for the different symmetries considered in the blue, green,
and magenta curves, but no sharp drop is apparent. Instead we notice that the MSE drops
at different rates in different regions. For example, in the blue curve corresponding to the
phase aligned data, we see a sharp drop from d;, = 1 — 6 followed by a more gradual drop
from dj, = 6 — 13. In the following sections we couple the dimension-reduction analysis with
models for prediction of time evolution for the phase aligned data. We expect that this
combination will help us determine how many dimensions are needed to correctly represent

the state.
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Figure 2.7: Trajectory of I(t) vs D(t) corresponding to Re = 13.5 for (a) true and (b) predicted
data corresponding to dimensions dj = 2.

2.4.2 Time evolution as a function of dimension - Short time pre-

dictions

The focus of this work is the chaotic dynamics at Re = 14.4. Before considering that case,
for completeness we briefly present results for Re = 13.5. In Figure 2.7 we see D(t) versus
I(t) for the true and predicted dynamics at dj, = 2; they are indistinguishable. At d;, = 1,
which is not shown, the model fails and the dynamics can not be captured. The reason for
this is simple — the embedding dimension for a limit cycle is two.

Now we return to the case of Re = 14.4, focusing first on short-time trajectory predictions.
The Lyapunov time ¢, for this system is approximately t; ~ 20 [29], hence ¢, ~ 47. We
take initial conditions h(t) € R% to evolve recurrently with the discrete time map F(-), such
that h(t +7) = F(h(t)), h(t +27) = F(h(t+ 7)), h(t 4+ 37) = F(h(t +27)) and so on. After
evolving in time the data is then decoded to get wy(t) and compared with & (t). We consider
trajectories with ICs starting in the quiescent as well as in the bursting regions. The nature
of the intermittency of the data makes it challenging to assign either bursting or quiescent
labels. We consider a window of past and future snapshots and a criterion on ||w(t)|| to make
this decision, using the algorithm described in Algorithm 1.

Doing this we ensure that snapshots that are contained in the bursting events and have a

value of |[w(t)|| similar to quiescent snapshots are correctly classified. We use a threshold
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on ||w(t)|| to determine if a check is needed. For the classification strategy any snapshot
above a threshold of 60 is classified as bursting with a label of 1, below 60 we enter a loop as
shown in Algorithm 1 to determine if it should be classified as bursting or quiescent, where
quiescent corresponds to a label of 0. This check is needed to correctly label snapshots that
have comparable ||&(t)| but are still in the bursting regime. Figure 2.8 shows a short time
trajectory where the black line corresponds to ||w(t)|| and the red to the 0/1 labels. Notice
that, as shown in Algorithm 1, some of the data at the beginning and at the end of the time
series will not be labeled, there are no past or future snapshots to compare to, and can be

removed.

After labeling the data as quiescent or bursting, we then consider the time evolution from
ICs of h(t) using the models of various dimensions. We will first show sample trajectories
from ICs starting in the two regions, then show the ensemble-averaged prediction error as
a function of time. Figure 2.9a shows the KE evolution for an IC starting in the quiescent
region. The black curve corresponds to the true data and the colored curves to the different
dp, models. At a dimension of dj, = 3 the predicted K FE diverges quickly with respect to the
true K E. In the case of d, = 5 we see that the bursting event is correctly captured, but with
a slight lag. However d;, = 7 does not capture the bursting in this time frame considered. For
dp, = 9 the bursting event happens with a significant lag with respect to the true data and
dp = 11 captures the event similar to d, = 5. Figure 2.9b shows the KE evolution for an IC
starting in the bursting region. The black curve corresponds to the true data and the colored
curves to the different dj, models. At a dimension of d;, = 3 the K E stays bursting and does
not show agreement with the true K E. However d;, = 5 shows better agreement and is also
capable of closely predicting the end of the bursting event. In the case of d, = 7,9, and 11

these agree closely with the K F evolution before traveling to the quiescent region.
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Algorithm 1 Quiescent/Bursting labeling of vorticity snapshots

W+ [O(t), w(tz) - -] > Matrix with N, vorticity snapshots, W € RN*Ns
S > Initialize label array S
Wi < ||W]| > Calculate [>-norm of snapshots, W, € RV
b <+ 10 > Number of past snapshots in time to consider
f<+<10 > Number of future snapshots in time to consider
fori=5b,0+1,... Ng— f do > ¢ is snapshot 1.D.

if Wpyi] <60 then
d, < abs(Wpa|i — b : i) — Wis[i]) > Difference between current and past snapshots
b, < sum(d, > 5) > Sums values that exceed a threshold of 5 (user defined)
dy < abs(W[i : i+ f] — Wis[i]) > Difference between current and future snapshots
by < sum(dy > 5) > Sums values that exceed a threshold of 5 (user defined)
if b, =0o0r by =0 then
Sli—b <+ 0
else
Sli—b] « 1
end if
else
Sli—b) <1
end if
end for

Turning from examples of individual trajectories to ensemble averages, Figure 2.10a shows
ensemble averages of the difference between the true and predicted trajectories, separately
considering ICs in the bursting and quiescent regions. Solid curves correspond to quiescent
ICs and dashed curves to bursting ICs. Starting from d;, = 3 we increase up to d, = 12.
We selected 10* ICs in total where approximately 1/3 of the ICs correspond to bursting. As
expected, predictions at d, = 3 diverge quickly from the true dynamics in both quiescent
and bursting [C scenarios. With increasing dj,, trajectories track better for both types of
ICs. We can also notice that the two darkest curves, corresponding to d; = 11,12, fall on
top of each other in the case of quiescent ICs and the trajectories for the quiescent ICs track
almost perfectly for approximately two Lyapunov times for dimensions d, = 5 and higher.
In Figure 2.10b we show ensemble averages of the difference between the true and predicted
dynamics based on all ICs. The same trend is obtained as discussed for Figure 2.10a with

dimensions of dj, = 9 and higher in similar agreement, and as expected the errors increase
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Figure 2.8: Labeling of w(t) snapshots in a short time series where 1 corresponds to bursting and
0 to quiescent.

for all of the curves due to the divergence of the bursting ICs. We can conclude that models
of dimensions d;, = 5 and higher are very good at capturing trajectories in the quiescent
regions, which happens through the accurate prediction of the oscillatory behavior of the
unstable RPO right before a bursting occurs. Prediction from bursting ICs is harder, due
to the complex dynamics involved in this region. We also consider , in Figure 2.10c the
ensemble averages of the difference between the true and predicted trajectories versus dj, for
all ICs with at time instants ¢t = 0,1y, 2t;, 3t;. As expected, with increasing t the trajectories
deviate from the true data. However we notice that for all of the curves the error decreases

with increasing dj and after d; = 9 little to no improved performance is observed.

2.4.3 Time evolution as a function of dimension - Long time pre-

dictions

In this section we present long time statistics for the models and true data at Re = 14.4.
From ICs on the attractor, we evolve for 2 x 10° time units, yielding to get 4 x 10* snapshots
of data. This duration is sufficient to densely sample the quiescent and bursting regions. We

note that long time statistics did not change if the IC was in a bursting or quiescent region.
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Figure 2.9: Example trajectories of KE at different dj, for (a) a quiescent initial condition and
(b) a bursting initial condition, for dimensions dj, = 3,5,7,9, and 11.

Figure 2.11 shows the joint probability density function (PDF) of I and D for true and
predicted data from models with d;, = 3,5,7,9, and 11 — note the logarithmic scale, here and
below. We notice that at d;, = 3 the different areas corresponding to quiescent and bursting
regions are populated similarly in terms of the probability intensity compared with the true
PDF shown, but the shape of the predicted PDF takes a curved form that is not seen in the
true PDF. When we get to d;, = 5 the D and I events are captured better, and similarly
for increasing dimensions. We also compute the joint PDF of Re[a] and Im[ag;], shown
in Figure 2.12. From this quantity we can observe the heteroclinic-like connections between
the unstable RPOs, which correspond to the four ribbon-like regions of high probability.
Here we see similar trends as in the joint PDF for I-D: d, = 3 shows poor qualitative
reconstruction compared with higher dimensions, and once d;, > 5, the joint PDFs from the
model prediction are virtually indistinguishable from the true PDFs. To further quantify the
relationship of the PDFs from the models to the true data, we calculate the Kullback-Leibler
(KL) divergence,

Dw1(P||P) = / / P{a, b}lnﬁ“ Z{d db, (2.14)

where P corresponds to the predicted PDF and P to the true PDF. Due to the approximation
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Figure 2.10: Difference between true vorticity evolution and vorticity evolution obtained from the
time map F' from h(t) where (a) correspond to averages taken over bursting and quiescent ICs and
(b) averages over all the data. (c) Difference between true vorticity evolution and vorticity evolution
obtained from the time map F' from h(t) with varying dj, for increasing ¢7,. This corresponds to
averages over all the data.
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of the integral to discrete data we ignore areas where either the true or predicted PDFs are
zero. Let us first consider the case a = I and b = D. Figure 2.13a shows Dy calculated
with varying dj,. The dashed grey line corresponds to Dy calculated over different true
data sets. This serves as a baseline for comparison to the predicted PDFs. A significant
decrease happens at d; = 4 followed by small decreases at higher dimensions. We see that
after d;, = 5 no significant information is gained, with errors plateauing at approximately
dp, > 7. We can also look at the case where a = Re [ap;] and b = Im [ag;] in Figure 2.13b.
We notice that errors of the joint PDF in Figure 2.13b show a similar trend as Figure 2.13a
with errors plateauing at approximately d; > 9. We can infer from these results that the
embedding dimension of this system lies in the range d, = 5 — 9, and furthermore that the

data-driven model can reproduce the long-time statistics with very high fidelity.

The above PDFs yield no information about the temporal behavior of the system. One
temporal feature of significant interest in problems with intermittency is the probability
density of the durations of time intervals with different behavior. To address this, we consider
the PDFs of time spent in bursting (¢,) and in quiescent (t,) regions. The labeling method
discussed in the previous section is used. For this calculation we take a trajectory of 10°
snapshots from an arbitrary IC. The PDF for the true data is shown in Figure 2.14a followed
by the PDFs that come from the d;, = 3,5,7,9, and 11 models in Figures 2.14b - 2.14f. The
true data shows that ¢, is mostly concentrated between ¢ ~ 200 — 300 with a high intensity
peak shown at ¢ = 5. We attribute this peak to a small fraction of snapshots in the bursting
region that get mislabeled as quiescent due to the weakly chaotic nature of the data. We do
not expect for this to drastically change our conclusions because the same labeling system
is used for the true data and the models. In the case of t;, we notice that these are mostly
concentrated between ¢t ~ 0 — 200. Looking at both the PDFs and averages of the times we
see that dj, = 3 fails to correctly capture the shape of the PDF and also underpredicts (t,)
and (t,). At dj, = 5 we start getting better agreement where we see that the PDFs clearly

show the two regions where ¢, and ¢, are concentrated. In the case of dj, = 7 we can see
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Figure 2.11: Re = 14.4: Joint PDFs of I-D corresponding to Re = 14.4 for (a) true and (b)-(f)
predicted data corresponding to dimensions dp = 3,5,7,9, and 11.
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Figure 2.12: Re = 14.4: Joint PDFs of Re[ag,1(t)] — Im [aq,1(t)] corresponding to Re = 14.4 for
(a) true and (b)-(f) predicted data corresponding to dimensions dp = 3,5,7,9, and 11.
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Figure 2.13: Re = 14.4: Dy vs dimension dj, for (a) I-D and (b) Re[ag,1] — Im [ag 1] predicted
vs true joint PDFs. Dashed grey line corresponds to Dy, calculated over true data sets.

that the quiescent PDF spreads into regions with higher ¢, and for d;, = 9,11 these seem
to agree better with the true PDF. Figure 2.15 shows Dk with varying dj, for these PDFs.
As expected from observing the PDFs we see that Dy decreases up until d;, = 5 for both
cases. In the case of {; we see an increase in the error after d;, = 5 which agrees with the
above observation of the PDF at d;, = 7. For t,, D seems to keep slightly decreasing
after d, = 5. We also notice that for ¢;,, Dk, reaches a minimum at d;, = 9 and for ¢, no
significant decrease is observed at dj > 9. In short, these duration statistics achieve similar
agreement at d, = 9, and for the case of t, errors keep decreasing with increasing d;,. We
also calculate the mean of ¢, and ¢, for the case of d;, = 9 and obtain values of (t,) = 174

and (t,) = 97 which agree closely with the true values of (t,) = 176 and (t,) = 97.

2.4.4 Phase prediction

Recall that we gain substantial accuracy in dimension reduction by factoring out the spatial
phase ¢, (t) of the data. Here we complete the dynamical picture of the model predictions at
Re = 14.4 by illustrating the predictions of phase evolution, as given by the learned phase
evolution equation (2.12). Figure 2.16a shows a short time evolution of ¢,.(t) corresponding to

the true and predicted data for the d;, = 3,5,7,9, and 11 models. The smooth increases and
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Figure 2.14: PDFs of t, and t, at Re = 14.4 for (a) true and (b)-(f) predicted data for dimensions
dj, = 3,5,7,9, and 11.
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Figure 2.15: Re = 14.4: Dy, vs dimension dj, corresponding to PDFs for (a) ¢, (b) t;. Dashed
grey line corresponds to Dy, calculated over different true data sets.

decreases in Figure 2.16a correspond to trajectories during time intervals where they are near
an RPO and thus are traveling in the x-direction. The intervals where the phase flucuates
rapidly are the bursts during which the trajectories are moving between the RPO regions.
This behavior is well-captured for all of the dimensions shown except for d;, = 3. Notice that
although the trajectories diverge, for short times we get around two ¢, of prediction horizon
where the models still capture the correct dynamics, and Figure 2.16a provides a clear visual

indications that the loss of predictability occurs during the bursts.

We now take an approach to quantify how well the model performs with respect to the
true data. Taking a look at the drops and increases for ¢, (t) we can observe that after every
burst the trajectory will either travel, essentially randomly, in the positive (increasing ¢,)
or negative (decreasing ¢,) x direction. This behavior is essentially a run and tumble or
random walk behavior in the sense that the long periods of positive or negative phase drift
correspond to “runs" that are separated by “tumbles" that correspond to the bursts, in which
the direction of phase motion is reset. Hence, a natural analysis of quantification for this

type of dynamics consists of calculating the mean squared displacement (MSD) of the phase:

MSD(t) = (6. (t) — 62(0))?). (2.15)
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Figure 2.16: (a) Time evolution of ¢, corresponding to the true data and models with dimensions
dp = 3,5,7,9, and 11. (b) MSD of ¢,(t) corresponding to true data and models with dimensions
dy =3,5,7,9, and 11.

Figure 2.16b shows the time evolution of MSD of true and predicted data. The black
line corresponds to the true data and the black and green dashed lines serve as references
with slopes of 1 and 1.5, respectively. The colored lines correspond to models with various
dimensions. Looking at the true curve we notice a change from superdiffusive (slope = 1.5)
to diffusive (slope = 1) scaling that happens around ¢ ~ 200, which corresponds to the
mean duration of the quiescent intervals, as discussed above: i.e., to the average time the
trajectories travel along the RPOs before bursting. The trajectory then bursts and reorients
which is captured by the long time diffusive trend. Looking at the performance of the models
we observe that d;, = 3 does a good job at capturing the short time scaling, however it is
not to able capture the change in slope that is observed in the true data. It is not until
dp, > 5 that the correct behavior at long times is observed — indeed the predictions agree
very well with the data, with a slight upward shift at long times corresponding to the slight

overprediction of the mean duration of the quiescent periods.

2.4.5 Bursting prediction

Previous research has focused on finding indicators that guide predictions of when a burst will

occur. It has been shown for the Kolmogorov flow that before a burst there is a depletion
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Figure 2.17: Time evolution of K'E and amplitudes corresponding to (1,0) and (0,2) Fourier
mode for Re = 14.4.

of the content in the (1,0) Fourier mode, which then feeds into the forcing mode (0,n)
[49]. Figure 2.17 shows how this looks for Re = 14.4, n = 2. By considering a variational
framework and finding solutions to a constrained optimization problem it was also found

that examination of these modes can lead to predictions of when a burst will occur [22].

With our framework, natural indicators are the latent variables h, which we will consider
here along with some variations, including the indicators used in previous work. To predict
bursting events based on a given indicator, we will use a simple binary classifier in the form
of a support vector machine (SVM) with a radial basis function kernel [6]. These have
shown success in predicting extreme events for problems such as extreme rainfall [48]. With
this approach, data at time t is used to learn a function that outputs a binary label of
bursting/not bursting at time ¢ + 7,. For all of the cases considered we use the d;, = 5,9
models, taking a dataset of 5 x 10* snapshots to train the SVM and another 5 x 10* as a
test set.

Figure 2.18a shows the percent correct classification of bursting events with varying time
7, in the future. The black and gray curves corresponds to predicting the events based on

the PCA projection of the data, Py, UTw, into the first dj, = 5 and 9 coefficients respectively.
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Figure 2.18: Percent of correctly classified bursting events at 7, forward in time for: (a) Py, UTw
and h at dj, = 5,9, (b) and indicators A¢, (1,0), and (0,2). Note that the vertical scales on (a)
and (b) are very different.

The cyan and red curves corresponds to h of dimensions d;, = 5 and d, = 9 respectively.
We notice that the PCA and h curves fall on top of another and have a high probability of
correct classification when considering prediction horizons less than one ¢;. For this purpose
we see that PCA is enough to predict bursting events. Figure 2.18b shows the percent correct
classification of bursting at time 7, in the future for the previous discussed indicators. None
of these work nearly as well as Py, UTw or h. The blue curve corresponds to (1,0) amplitude
of the original true data, the green curve to the forcing (0, 2) amplitude, and we also consider
A¢ in the purple curve. In the case of A¢p we see some predictability at times longer than
one t;, and less than two. This also happens for the case of (1,0), however there seems to be
no decrease or increase in the probability of correct classification. We can see from Figure
2.17 that even though there is a depletion in the (1,0) mode preceding bursts, its amplitude
does not change dramatically between quiescent and bursting intervals, which may be a
reason that it does not provide much predictive power. The amplitude (0, 2), which changes
more strongly between quiescent and bursting regions, is seen to be the better predictor
for bursting events. At small 7, its predictions outperform (1,0) and A¢g, however at times

larger than one t;,, A¢ performs better.
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2.5 Summary

The nonlinearity of the NSE poses challenges when using ROMs, where the dynamics are
expected to evolve on an invariant manifold that will not lie in a linear subspace. Neural
networks have proven to be powerful tools for learning efficient ROMs solely from data,
however finding and exploiting a minimal-dimensional model has not been emphasized. We
present a data-driven methodology to learn an estimate of the embedding dimension of the
manifold for chaotic Kolmogorov flow and the time evolution on it. An autoencoder is used
to find a nonlinear low-dimensional subspace and a dense neural network to evolve it in time.

Our autoencoders are trained on vorticity data from two cases: a case where the dynamics
show a relative periodic orbit solution (Re = 13.5), and a case with chaotic dynamics (Re =
14.4). The chaotic regime we consider comes with challenges due to the intermittent behavior
observed where the trajectory travels in between quiescent intervals and bursting events.
We factor out the rich symmetries of Kolmogorov flow before training of the autoencoders,
which dramatically improves reconstruction error of the snapshots. This improves training
efficiency by not having to learn a compression of the full state. Specifically, factoring
out the translation symmetry decreases the mean-squared reconstruction error by an order
of magnitude compared to the case where phase is not factored out, and several orders
of magnitude compared to PCA. The phase-aligned low-dimensional subspace is then used
for time evolution where the RPO dynamics is learned essentially perfectly at d;, = 2 for
Re = 13.5 and very good agreement for short and long time statistics is obtained at d, =5
for Re = 14.4. Further small improvements in the results occur as dimension is increased to
nine, beyond which the statistics of the model and true system are in very good agreement.
For comparison, the full state space of the numerical simulation data is N = 1024.

We also show phase prediction evolution results based on the low-dimensional subspace
learned. The time evolution of the true phase exhibits a superdiffusive scaling at short
times and a diffusive scaling at long times which we attribute to the traveling near an RPO

and the reorientation due to bursting. Finally, using the low-dimensional representation
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enables accurate prediction of bursting events based on conditions about a Lyapunov time
ahead of the event. This work opens new avenues for data-driven ROMs with applications
such as control for drag reduction, an example of which is presented for turbulent Couette
flow in [41]. One important challenge that remains is more effective treatment of systems
with intermittent dynamics like those described here. A recent study [23] has introduced a
method that uses the differential topology formalism of charts and atlases to develop local
manifold representations and dynamical model that can be stitched together to form a global
dynamical model. One attractive feature of that formalism is that it enables use of separate
representations for regions of state space with very different dynamics, and has already shown

in specific cases to provide dramatically improved results for dynamics with intermittency.
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Building symmetries into data-driven

manifold dynamics models for

complex flows !

Symmetries in a dynamical system provide an opportunity to dramatically improve the per-
formance of data-driven models. For fluid flows, such models are needed for tasks related
to design, understanding, prediction, and control. In this work we exploit the symmetries
of the Navier-Stokes equations (NSE) and use simulation data to find the manifold where
the long-time dynamics live, which has many fewer degrees of freedom than the full state
representation, and the evolution equation for the dynamics on that manifold. We call this
method “symmetry charting”. The first step is to map to a “fundamental chart”, which is a
region in the state space of the flow to which all other regions can be mapped by a sym-
metry operation. To map to the fundamental chart we identify a set of indicators from
the Fourier transform that uniquely identify the symmetries of the system. We then find
a low-dimensional coordinate representation of the data in the fundamental chart with the

use of an autoencoder. We use a variation called an implicit rank minimizing autoencoder

IThe text of this chapter is adapted from the prepublication by C. E. Pérez De Jests, A. J. Linot, and
M. D. Graham on arXiv.
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with weight decay, which in addition to compressing the dimension of the data, also gives
estimates of how many dimensions are needed to represent the data: i.e. the dimension
of the invariant manifold of the long-time dynamics. Finally, we learn dynamics on this
manifold with the use of neural ordinary differential equations. We apply symmetry chart-
ing to two-dimensional Kolmogorov flow in a chaotic bursting regime. This system has a
continuous translation symmetry, and discrete rotation and shift-reflect symmetries. With
this framework we observe that less data is needed to learn accurate data-driven models,
more robust estimates of the manifold dimension are obtained, equivariance of the NSE is
satisfied, better short-time tracking with respect to the true data is observed, and long-time

statistics are correctly captured.

3.1 Introduction

In recent years, neural networks (NNs) have been implemented to learn data-driven low-
dimensional representations and dynamical models of flow problems, with success in sys-
tems including the Moehlis-Faisst-Eckhardt (MFE) model [59], Kolmogorov flow [20, 52],
and minimal turbulent channel flow [47]. For the most part however, these approaches do
not explicitly take advantage of the fact that for dissipative systems like the Navier-Stokes
Equations (NSE), the long-time dynamics are expected to lie on an invariant manifold M
(sometimes called an inertial manifold [24, 62, 71]), daq, whose dimension may be much
smaller than the nominal number of degrees of freedom N required to specify the state
of the system. Ideally, one could identify d,, from data, find a coordinate representation
for points on M, and learn the time-evolution on M in those coordinates. This would
be a minimal-dimensional data-driven dynamic model. Linot & Graham explored this ap-
proach for chaotic dynamics of the Kuramoto-Sivashinsky equation (KSE) [37, 38]. They
showed that the mean-squared error (MSE) of the reconstruction of the snapshots using

an autoencoder (AE) for dimension reduction for the domain size of L = 22 exhibited an
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orders-of-magnitude drop when the dimension of the inertial manifold is reached. Further-
more, modeling the dynamics with a dense NN at this dimension either with a discrete-time
map [37] or a system of ordinary differential equations (ODE) [38] yielded excellent trajec-
tory predictions and long-time statistics. The approach they introduced is referred to here as
data-driven manifold dynamics (DManD). For the KSE in larger domains, it was found that
simply observing MSE vs. autoencoder bottleneck dimension was not sufficient to determine
the manifold dimension and exhaustive tests involving time evolution models vs. dimension
were necessary to estimate the manifold dimension. Pérez De Jestis & Graham extended
this approach to two-dimensional Kolmogorov flow in a chaotic regime [53]. Here dimension
reduction from 1024 dimensions to < 10 was achieved, with very good short-time tracking
predictions, long-time statistics, as well as accurate predictions of bursting events. Linot
& Graham considered three-dimensional direct numerical simulations of turbulent Couette
flow at Re = 400 and found accurate data-driven dynamic models with fewer than 20 de-
grees of freedom [39]. These models were able to capture characteristics of the flows such
as streak breakdown and regeneration, short-time tracking, as well as Reynolds stresses and
energy balance. They also computed unstable periodic orbits from the models with close
resemblance to previously computed orbits from the full system. Relatedly, Zeng et al. [74]
exploited advances in autoencoder architecture [32] to yield more precise estimates of dpy
for data from high-dimensional chaotic systems. The present work illustrates how symme-
tries of a flow system can be exploited in the DManD framework to yield highly efficient

low-dimensional data-driven models for chaotic flows.

A fundamental notion in the topology of manifolds, which will be useful in exploiting
symmetry, is that of charts and atlases [36]. Simply put, a chart is a region of a manifold
whose points can be represented in a local Cartesian coordinate system of dimension d, and
which overlaps with neighboring charts, while an atlas is a collection of charts that covers
the manifold. This representation of a manifold has several advantages. First, for a man-

ifold with dimension d4, it may not be possible to find a global coordinate representation
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in dy, dimensions: Whitney’s embedding theorem states that generic smooth maps for a
smooth manifold of dimension d, can be embedded into a Euclidean space of 2d . Divid-
ing a manifold into an atlas of charts enables minimal-dimensional representations locally
in dy; dimensions. Second, from the dynamical point of view, dynamics on different parts
of a manifold may be very different and a single global representation of a manifold and
the dynamics on it may not efficiently capture the dynamics, especially in the data-driven
context. These two advantages of an atlas-of-charts representation have been exploited for
data-driven modeling. Floryan & Graham developed a method to implement data-driven
local representations for dynamical systems such as the quasiperiodic dynamics on a torus, a
reaction-diffusion system, and the KSE to learn dynamics on invariant manifolds of minimal
dimension [23]. They refer to this method as Charts and Atlases for Nonlinear Data-Driven
Dynamics on Manifolds — “CANDyMan". Fox et al. then applied this to the MFE model,
which displays highly intermittent behavior in the form of quasilaminarization and full relam-
inarization events, demonstrating more accurate time evolution predictions as global (“single
chart") model [25]. In the present work, we use the charts and atlases framework to exploit

symmetries.

In the Navier-Stokes equations (NSE), symmetries appear in the form of continuous and
discrete symmetry groups. The symmetries of the NSE in physical space are reflected in
state space as symmetries of the vector field, and these can generate natural charts of the
system. Consider the vector field g shown in Fig. 3.1a where the operation Rq rotates the
vector field by 7/2 in the clockwise direction. Trajectories of the ODE gy = q will reflect
this symmetry. Without exploiting symmetry, any model trained on this data will need to
represent the whole state space and even so will generally not obey the exact symmetries
of the true system due to finite sampling effects. In this work we leverage knowledge of
the charts by explicitly considering and factoring out the symmetries. We show a depiction
of this in Fig. 3.1b where we know that by applying R to the data we can map it to a

different quadrant, and that by mapping points in quadrants 2, 3, and 4 with R, R?, and
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R3, respectively, they all end up in quadrant 1. This is shown in Fig. 3.1c where the data
collapses on top of each other when mapped to the first quadrant. We will call this region the
“fundamental domain" for the state space, and when expanded to overlap with its neighbors,

the “fundamental chart".

Some previous work has focused on factoring out symmetries of dynamical systems for
dimension reduction in the data-driven context. However, symmetries have not been consid-
ered explicitly for data-driven reduced-order models (ROMs). Kneer et al. built symmetries
into an AE architecture for dimension reduction and applied it to the Kolmogorov flow
system [34]. With the use of branches that receive the different discrete symmetries of the
snapshots and spatial transformer networks that manipulate the continuous phase, they were
able to map to a fundamental domain by selecting the branch that gives the smallest MSE
and backpropagating through it. By doing this, the AE naturally selects a path that leads
to the lowest MSE of reconstruction while considering the symmetries of the system. The
purpose of this work was not to find the minimal dimension or learn ROMs. Budanur & Cvi-
tanovic formulated a symmetry-reducing scheme, previously applied to the Lorenz equations
[45], to the KSE, where a polynomial transformation of the Fourier modes combined with
the method-of-slices for factoring out spatial phase leads to a mapping in the fundamental
domain [7]. Applying this method to more complicated systems, such as Kolmogorov flow,
may be quite challenging. Symmetry reduction has also been successfully used for control-
ling the KSE with synthetic jets. Zeng & Graham applied discrete symmetry operations to
map the state to the fundamental domain, and used this as the input to a reinforcement
learning control agent, the performance of which is dramatically improved by exploitation

of symmetry [72].

In the present work, we present a framework for learning DManD models in the fun-
damental chart, as in Fig. 3.1c, where the dynamics of the flow occur, and apply it to
chaotic dynamics of the NSE. We refer to this method as “symmetry charting”, which results

in (at least approximately) minimal-dimensional data-driven models that are equivariant to
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Figure 3.1: (a) Vector field ¢ with symmetry group R in state space. (b) Data in each quadrant

can be mapped to another quadrant by operating with R. (c) After mapping everything to the
positive quadrant data lies on top of each other.

symmetry operations. In addition the model only need to be learned in one chart because
a combination of its symmetric versions will cover the manifold. We first learn minimal-
dimensional representations in the fundamental chart followed by an evolution equation for
the dynamics on it. To this end we use information about the symmetries of the system

combined with NNs to learn the compressed representation and dynamics.

We apply symmetry charting to two-dimensional Kolmogorov flow in a regime where
the chaotic dynamics travels between unstable relative periodic orbits (RPOs) [18] through
bursting events [2] that shadow heteroclinic orbits connecting the RPOs. RPOs correspond
to periodic orbits in a moving reference frame, such that in a fixed frame, the pattern at
time ¢t + T is a phase-shifted replica of the pattern at time ¢. To achieve this goal we map
the data to a fundamental chart which is then used to train undercomplete AEs to find low-
dimensional representations. To this end, we use Implicit Rank Minimizing autoencoders
with weight decay (IRMAE-WD) [74]. This architecture was introduced by Zeng & Graham
as a method that estimates dx, without the need to sweep over dimensions and using MSE
and statistics as indicators [37, 53]. We give an overview of IRMAE-WD in Section 3.3.2.
After learning a low-dimensional representation with IRMAE-WD we learn a time map with

the use of the neural ODE (NODE) [14], which we discuss in Section 3.3.3. We then show
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results in Section 3.4 and finish with concluding remarks in Section 3.5.

3.2 Kolmogorov flow, symmetries, and projections
The two-dimensional NSE with Kolmogorov forcing are

ou 1 2 . ~
Ejtu-Vu—f—Vp— %V u + sin(ny)z, (3.1)

V-u=0, (3.2)

where flow is in the x — y plane, u = [u, v] is the velocity vector, p is the pressure, n is the
wavenumber of the forcing, and @ is the unit vector in the x direction. Here Re = \/TX (5—;;)3/2
where x is the dimensional forcing amplitude, v is the kinematic viscosity, and L, is the size
of the domain in the y direction. We consider the periodic domain [0, 27/a] x [0, 27] with
a = 1. Vorticity is defined as w = 2 - V X u, where 2 is the unit vector in the z direction
(orthogonal to the flow). The equations are invariant under several symmetry operations

[13], namely a shift (in y)-reflect (in x), a rotation through 7, and a continuous translation

in z:

S, v,w](z,y) = [—u, v, —w] (—x,y + g) ) (3.3)
X |u,v,w](z,y) = [—u, —v,w](—z, —y), (3.4)
T u, v, w)(z,y) = [, v,wl(x + 1L y). (3.5)

For n wavelengths the state can be shift-reflected 2n—1 times with the operation .. Together
with the rotation & there will be a total of 4n states that are related by symmetries. In the
case of n = 2 this results in eight regions of state space that are related to one another by
symmetries. In the chaotic regime that we consider, trajectories visit each of these regions.
Relatedly, velocity fields for the Kolmogorov flow satisfy the equivarance property associated

with these actions: if w is a solution at a given time, then so are Su, Zu, and Ju. We
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elaborate on this property in Sec. 3.3.1.

The total kinetic energy for this system (K F), dissipation rate (D) and power input (1)
are

KE = (u”),,,D = % (IVul?), , I = (usin(ny))y (3.6)

N | —

where (-),, corresponds to the average taken over the domain. For the case of n = 1 the
laminar state is linearly stable at all Re [30]. It is not until n = 2 that the laminar state
becomes unstable, with a critical value of Re. = n3/22/426, 44, 63]. In what follows, we
evolve the NSE numerically in the vorticity representation on a [d, x d,] = [32 x 32] grid
following the pseudo-spectral scheme given by Chandler & Kerswell [13], which is based on
the code by Bartello & Warn [4].

In Fig. 3.2 we show the time-series evolution of ||w(#)||, where || - || is the [>norm, for an
RPO obtained at Re = 13.5, n = 2, as well as the state-space projection of the trajectory into
the subspace wg(0, 1) —w;(0, 1) —@;(0, 2) where w(k,, ky, t) = F{w(z,y,t)} = wr(ks, ky, t) +
iwr(ky, ky,t) is the discrete Fourier transform in  and y, and subscripts R and I correspond
to real and imaginary parts. We also consider chaotic Kolmogorov flow with Re = 14.4,
n = 2. Fig. 3.3 shows the time-series evolution of ||w(t)|| as well as the state-space projection
of the trajectory into the subspace wg(0,1) —w;(0,1) —w;(0,2) for this chaotic regime. Due
to the discrete symmetries of the system, there are several RPOs [2]. The dynamics are
characterized by quiescent intervals where the trajectories approach the RPOs (which are
now unstable), punctuated by fast excursions between the RPOs, which are indicated by the
intermittent increases of the |lw(t)|| in Fig. 3.3a. Under the projection shown in Fig. 3.3b, we
see four RPOs, which initially seems surprising as there are eight discrete symmetries and a
continuous symmetry. However, the continuous symmetry is removed under this projection
(it will only appear for k, # 0), and the discrete symmetry operations of # and . will
flip the signs of wWx(0,1), @;(0,1), and w;(0,2) such that portions of the different RPOs are

covered. Specifics of the sign changes will be made clear in Section 3.3.1.
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Figure 3.2: (a) Time evolution of ||w(t)| at Re = 13.5. (b) State-space projection of the trajectory

into the subspace wg(0,1) — @r(0,1) — w;7(0,2) for Re = 13.5.
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Figure 3.3: (a) Time evolution of ||w(t)| at Re = 14.4. (b) State-space projection of the trajectory

into the subspace wr(0,1) — @7(0,1) — @;(0,2) for Re = 13.5 and Re = 14.4.
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3.3 Data-driven dimension reduction and dynamic mod-
eling

In the following sections, we describe the steps involved in symmetry charting: 1) mapping
data to the fundamental space, 2) finding a minimal-dimensional coordinate representation,
and 3) evolving the minimal-dimensional state and symmetry indicators forward through
time. The parts of this procedure separating it from other data-driven reduced order models
are how we map to the fundamental and how we evolve the symmetry indicators through

time. Our approach guarantees equivariance under symmetry operations.

3.3.1 Map to fundamental domain

First we discuss a method to map trajectories of Kolmogorov flow to the fundamental domain
where symmetries are factored out [7]. The first step is to identify a set of indicators that are
related to the group of symmetries. In order to find these indicators we consider the effect of
these symmetry operations in Fourier space. After Fourier transforming the equations and

simplifying these are the actions of the symmetry operations on the Fourier coefficients:

I kwy ky) — —( =k, Ky ) e/ (3.7)
R : (kwy k) — Dk, ky), (3.8)
Ti ok, ky) — @ (ky, ky)e =t (3.9)

where ~ denotes the complex conjugate.

Now, we will show how these symmetry operations act on the Fourier coefficients in
specific ways that we can exploit to classify any given state as lying within a specific region
or domain of state space. We refer to this classification of the continuous symmetry as the

“phase” and the discrete symmetry as the “indicator”. To compute the phase and remove
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the continuous symmetry .7, we use the First Fourier mode method-of-slices [10, 11]. This
method involves computing the spatial phase ¢, of the k, = 1 and k, = 0 Fourier mode:
¢.(t) = atan2{w;(1,0),wr(1,0)}. Then, to phase-align the data, we shift the vorticity
snapshots such that this mode is a pure cosine: wy(z,y,t) = F' {F{w(z,y,t)} e *o=O 1.
Doing this ensures that the snapshots lie in a reference frame where no translation happens
in the x direction. From Eq. 3.9 we see that this operation only modifies Fourier coefficients
with k, # 0. Thus, if we use k, = 0 coefficients to determine the discrete indicator it will

be independent of the phase.

For the shift-reflect operation, we consider the (k, = 0,k, = 1) mode. In Eq. 3.7 the
shift-reflect operation modifies this Fourier coefficient in this manner: wg(0,1)+4wr(0,1) —
wr(0,1) —iwg(0,1). This shows that the shift-reflect operation maps between different quad-
rants of the wg(0,1) — @;(0,1) plane. Next, we consider the rotation operation on the
(ky = 0,k, = 2) mode. In Eq. 3.8 we see this operation simply flips the sign of the imagi-
nary component wy(0,2) — —w;(0,2). Thus, applying the eight possible discrete symmetry
operations (including the identity operation) to a vorticity field will map us to eight unique
points in the wr(0, 1), @w;(0,1), @w;(0,2) space. As such, we may classify each octant with an
T between 0 — 7. This means that any snapshot can be mapped to a fundamental domain
and be uniquely identified by Z. In Fig. 3.4 we show the indicators for Re = 13.5. The
colored curves correspond to the sections of the different RPOs that are related by discrete
symmetries. Notice that each section of the different RPOs can be uniquely identified by
Z. Table 3.1 shows how any snapshot in any octant can be mapped to the Z = 0 octant by
applying the corresponding discrete symmetry operations. These same indicators extend to
the chaotic case Re = 14.4 and in the rest of this work we refer to the fundamental domain
as the space corresponding to Z = 0. Fig. 3.5 shows the state-space projection of a chaotic
trajectory at Re = 14.4 into the region wg(0,1) — @;(0,1) — @;7(0,2), where the different
colors give the indicator for the chart in which that data point lies. More generally, we note

that any point in the state space of the system can represented by a point in the fundamental
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domain along with an indicator Z and phase ¢,.

This representation is satisfactory for static data, but not for modeling trajectories rep-
resented in the fundamental domain, because when a trajectory exits one region, its corre-
sponding trajectory in the fundamental domain leaves there and instantaneously enters at a

different point: i.e. the time evolution is discontinuous in this representation.

To address this issue we use the concept of charts and atlases that is fundamental to the
study of manifolds [36], in a way that is closely related to that of Floryan & Graham [23]. An
atlas for a manifold is a collection of patches, each of which must overlap with its neighbors,
that are called charts. In each chart, a local coordinate representation can be found, and
for each pair of overlapping charts, a transition map takes coordinates in one chart to those
in the neighboring one — with this coordinate tranformation there are no discontinuities. To
use this formalism in the present case requires us to expand the fundamental domain so that
it overlaps with its neighbors, so the fundamental chart is simply the fundamental domain,
comprised of “interior points" plus the overlap region (“exterior points"), and there are
seven other charts, each generated by the symmetry operation acting on the fundamental
chart including the overlap regions. We choose a coordinate representation for all charts
that corresponds to that for the fundamental chart, and for a trajectory that leaves the
fundamental domain with e.g. Z = 4 and reenters with Z = 6, the transition map is the
function that moves the point in the fundamental chart from the “exit" of the Z = 4 chart

to the “entrance" of the Z = 6 chart.

In Fig. 3.5a we show the state space projection of a trajectory, identifying interior points
with solid markers and exterior points with open markers. We isolate the region close to an
RPO in Fig. 3.5b to make this more clear. Solid markers correspond to data points that
lie in the interior of a chart. Open markers correpond to the data points in the connecting
chart that will be included together with the interior data. Many different approaches
can be taken to identify points to include in the exterior. Here we simply identified all

points in a small volume around each octant as exterior points. We did this by finding the
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dimensions of a box surrounding the octant (by calculating the maximum absolute value
in the wr(0,1) —w;(0,1) — @;(0,2) directions) and then increasing the size of this box by
expanding each direction 20%. Any point that lies in the volume between the octant and
this expanded domain is an exterior point. We varied the percent increase to 5%, 10%, and

30% and observed no change in the results.

Now that we have identified these exterior points we can continue with the procedure of
mapping the data to the fundamental chart. To do this, we apply the appropriate discrete
operations to the interior and exterior points of each chart to map the state such that the
interior points fall in Z = 0 (wg(0,1) > 0, w;(0,1) > 0, w;(0,2) > 0). Fig. 3.6a shows
the colored clusters mapped onto the positive octant, dark blue cluster. Figures 3.6b and
3.6¢ show projections in the planes wg(0,1) —w;(0,1) and wg(0, 1) — w;(0, 2) respectively of
data mapped to the positive octant. The dashed lines correspond to the boundaries between
the different octants. We see clearly that mapping the data to the fundamental chart leads
to a much higher density of data points and thus to better sampling than if we considered
the whole state space without accounting for the symmetries. Following the mapping to the
fundamental chart we phase-align the snapshots and refer to this data as @ from this point

on.

Table 3.1: Indicators Z and the corresponding operations required to map to Z =0

N

Discrete operations
None
Rw
SBw
I3 Rw
S RBw
S Rw
S
S w

N O Ul W N~ O
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Figure 3.4: State-space projection of the different RPOs into the plane wr(0, 1) —w;(0,1)—w7(0, 2)
for Re = 13.5. The different colors are for different discrete symmetry indicators which are shown
in the legend.
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Figure 3.5: (a) State-space projection of a trajectory into the subspace wr(0,1)—&r(0,1)—wr(0, 2)
for Re = 14.4. Colors correspond to the discrete symmetry indicator. (b) Zoom into the region
near the RPO corresponding to Z = 1,7. Solid markers correspond to interior points and open
markers to exterior points — e.g. the blue solid markers within an open orange marker are in the
interior region of chart 7 and exterior region of chart 1.
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Figure 3.6: (a) Snapshots mapped to the fundamental chart (wg(0,1) > 0, w;(0,1) > 0, wr(0,2) >
0). (b) and (c) are the state-space projection of the trajectory into the planes wr(0,1)—w;(0,1) and
wr(0,1) — wr(0,2), respectively. The dotted lines give the boundary between interior and exterior
points.
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3.3.2 Finding a manifold coordinate representation with IRMAE-
WD

In the previous section we discussed how to obtain the fundamental chart. We have defined
a natural subdivision of the state space, where the invariant manifold of the dynamics is
represented by an atlas of charts that are related by symmetry operations. This means
that we do not need to learn the full invariant manifold, only the piece in the fundamental
chart. To find a low-dimensional representation of the fundamental chart we use a variant
of a common machine-learning architecture known as an undercomplete autoencoder (AE),
whose purpose is to learn a reduced representation of the state such that the reconstruction
error with respect to the true data is minimized. We flatten the vorticity field @ such that
N = 32 x 32 = 1024. The AE consists of an encoder and a decoder. The encoder maps
from the full space @ € R to the lower-dimensional latent space h(t) € R%, where ideally
d;, = dyy < N, and the decoder maps back to the full space @,.

Previous works have focused on tracking MSE and dynamic model performance as dj,
varies to find good low-dimensional representations [37, 39, 53|. This is a tedious trial-and-
error process that in general does not yield a precise estimate of dns. Other works have
learned compressed representations of flow problems [20, 47, 52]. However, performance
over a systematic range of dj, is not examined in these cases. A more systematic alternative
would be highly desirable. In recent work, Zeng et al. [74] showed that a straightforward
variation on a standard autoencoder can yield robust and precise estimates of dy, for a
range of systems, as well as an orthogonal manifold coordinate system. The architecture
they study is called an Implicit Rank Minimizing Autoencoder with weigh decay (IRMAE-
WD), and involves inserting a series of linear layers between the encoder and decoder and
adding an Ls regularization on the neural network weights in the loss. The effect of these
additions is an AFE for which the standard gradient descent algorithm for learning NN weights
drives the rank of the covariance of the data in the latent representation to a minimum while

maintaining representational capability. Applying this to the KSE and other systems resulted
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in the rank being equal to the dimension of the inertial manifold d,,. IRMAE was originally
presented by Jing et al. [32] to learn low-rank representations for image-based classification

and generative problems.

Fig. 3.7a shows the IRMAE-WD framework. The encoder, denoted by E (@;g) reduces
the dimension from N to d,. We then include a linear network W (+; fy,) between the encoder
and the decoder which consists of several linear layers (matrix multiplications). Finally, the
decoder @, = D (z;0p) maps back to the full space. An Ly (“weight decay") regularization

to the weights is also added, with prefactor A\. The loss function for this architecture is
- - - A
L (@05, 0w,0p) = (& = D (W (E (@;05); 0w); 0p)|5) + LA (3.10)

where (-) is the average over a training batch, 0z the weights of the encoder, 6p the weights
of the decoder, and 6y the weights of the linear network. Zeng et al. [74] found dimension
estimates for the KSE to be robust to the number of linear layers, A, and d,. However, as
we will show, there is more variability when selecting these parameters for Kolmogorov flow.
Nevertheless, we will see that IRMAE-WD yields a robust estimate of the upper bound of

dq that proves very useful.

After training, we can perform SVD on the covariance matrix of the encoded data matrix
Z to obtain the singular vectors U and singular values S as shown in Fig. 3.7b. Projecting
z onto U7 gives an orthogonal representation h* = UTz as illustrated in Fig. 3.7c. Then,
by choosing only the singular values above some very small threshold (typically = 6 orders
of magnitude smaller than the leading singular values), we may project down to fewer di-
mensions by projecting onto the corresponding singular vectors U, denoted U to yield the
low-rank manifold representation h = Uz (Fig. 3.7d). We refer to Table 3.2 for details on

the architecture.
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Figure 3.7: Implicit Rank Minimizing autoencoder with weight decay (IRMAE-WD) framework:
a) network architecture with regularization mechanisms, b) singular value decomposition of the
covariance of the learned latent data representation Z, ¢) projection of latent variables onto manifold
coordinates d) isolated projection of latent variables onto manifold coordinates. Image reproduced
with permission from [74].
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3.3.3 Time evolution of pattern with neural ODEs

In the previous two steps we first mapped our data to the fundamental chart, allowing us to
represent the state with @, Z, and ¢,. Then we reduced the dimension of @ by mapping it to
the manifold coordinates h. Next, we need to find a method to evolve h, Z, and ¢ through
time. To forecast h(t) in time we use the neural ODE (NODE) framework[14, 38, 40]. We
use a stabilized version proposed by Linot et. al. [40] where the dynamics on the manifold

in the fundamental chart are described by the equation

dh
—r = on(h) = Ah. (3.11)

Here A is chosen to have a stabilizing effect that keeps solutions from blowing up. We can
define this parameter as A = diag(x[std(h)]) where £ = 0.1 is multiplied by the element-wise
standard deviation of h. The value of k can be changed, but we see good prediction for the

selected value. The equation is integrated to estimate h,.(t + 7) as
t+7
Bt +7) = h () + / (o (h(1): 6,) — AR’ (3.12)
t

where 6, are the weights of the NN gy,, refer to Table 3.2, which are determined by minimizing
the loss

Lxope (h;0)) = (||t +7) — h(t+7)|3) - (3.13)

To train the NODE model we first gather w(t) and w(t + 7). We then map to the
fundamental chart in pairs. As an example, if a snapshot w(t) lies in Z = 5 we apply the
corresponding discrete operations such that A(t) falls in the interior of the fundamental chart
Z = 0. The same discrete operations, which are % (refer to Table 3.1), are applied to
w(t + 7). This means that h(t + 7) does not need to fall in the interior. We select 7 = 0.5

which is a small enough time such that the exterior region is covered by the autoencoder.

Now that we trained the NODE models we want to evolve trajectories in time. To do
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Figure 3.8: (a) Initial condition (IC) starting at Z = 0 is evolved and exits into the chart Z = 5.
This exit is mapped back to Z = 0 to keep evolving in the fundamental chart. (b) Two-dimensional
projection showing the exit from the fundamental chart. Here we selected an IC near the RPO,
which is the reason why this trajectory nearly closes on itself.

this we need to track the pattern h and the indicator Z at every time. We first show an exit
and entry in the state space representation in Fig. 3.8. The initial condition (IC) starts in
7 = 0 and exits through the bottom part of the domain. Looking at Fig. 3.4 we see that this
corresponds to a transition from Z = 0 to Z = 5. Hence, to keep evolving in the fundamental
chart we need to apply the corresponding discrete operations to map to Z = 0 and keep track
of the new indicator Z = 5. Notice that we need to keep track of the new indicator to map
back to the full space at the end. This can generalize to a longer trajectory in which case
the indicator changes depending on where the trajectory leaves the fundamental chart. The
transitions between indicators corresponding to the different charts are shown in Fig. 3.9.
Here we see a graph representation of the connections between the 8 symmetry charts for a
trajectory of 10° snapshots. The intensity of each connection is related to the probability
of the trajectory transitioning to another chart. The four darker lines correspond to the
shadowing of the RPOs and the lighter lines are related to the bursting events. Now that
we know how the indicators change we can evolve initial conditions with the NODE models

to obtain predicted trajectories in h.
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Figure 3.9: Graph representation of connections between the symmetry subspaces where pairs
{2,4}, {0,5}, {6,3}, {7,1} correspond to the top and bottom sections of the octants where each
unstable RPO lies. The intensity of each connection is related to the probability of the trajectory
transitioning to another chart. The probability of staying in the same chart (not included in this
depiction) is ~ 94%, . Darker lines correspond to forward and reverse probabilities of ~ 5%. Lighter
lines correspond to forward and reverse probabilities of < 1%.
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Here we discuss the detailed operations for evolving trajectories in the fundamental chart
with the NODE models. Fig. 3.10a summarizes the methodology for evolving in time. An
initial condition in the fundamental space is first encoded and projected with U to obtain
h(t). Then the NODE maps a trajectory forward 7" time units to yield Aiemp(t + 1) (note
the indicator does not change in this step). We select T = 7. After this, we perform the
appropriate symmetry operations, detailed below, to find h,(t + T') and update the new
indicator Z(t + T"). This is repeated to continue evolving forward in time. In Fig. 3.10b we

present the method for performing these symmetry operations.

There are two main steps in applying the symmetry operations: 1) determining Z from
Rtemp, and 2) getting the values of h,(t +T') and Z(t + T'). Step 1 is simply a classification
problem where we wish to find a function that classifies new values of Jiemp as either lying
within or outside the fundamental domain. In Floryan & Graham [23] this was performed
by identifying the nearest neighbor of the training data in the manifold coordinates and
classifying Atemp With the same label. However, any classification technique can work — for
example, support vector machines (SVM) [6] also worked well at this task. In the case of our
specific problem, we found the fastest method was to map femp to the ambient space wiemp
at every step and calculate wg(0,1), wr(0,1), wr(0,2) to verify if Atemp lies in the fundamental
space. Step 2 involves updating the manifold coordinates to get h,(t + 7). If the indicator
changes, symmetries are factored out with Z(t + T') and the snapshot is encoded to get the

new h,(t+ 7). If the indicator stays the same h,(t + 1) = hiemp(t + 1) and Z(t +T) = Z(t).

3.3.4 Time evolution of phase with neural ODEs

We also wish to time-evolve the phase ¢,(t). The dynamics of the phase only depend upon

the fundamental-chart vorticity pattern h and the indicator Z, so we can describe them with

doy
dt

= 97(T)gy(h; 04). (3.14)
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The term g7(Z) equals 1 if an even number of discrete operations map h back to the funda-
mental space, or -1 if an odd number of discrete operations map h back to the fundamental
space. To understand how the signs of Equation 3.14 change consider the effect of discrete
symmetry operations on the phase calculation ¢, = atan2{w;(1,0),wgr(1,0)}. Applying a

discrete symmetry operation on a snapshot changes the phase variable to either

by = S b, = atan 2 {@;(1,0), —0r(1,0)} = 7 — ¢y, (3.15)

or

o = Ry = atan 2 {—;(1,0), or(1,0)} = — s (3.16)

Then, by simply taking the time derivative, we see that d¢, »/dt = —d¢,/dt and d¢, 5 /dt =
—d¢,/dt. Hence the operation of a discrete symmetry (rotation and shift-reflect) changes
the sign. Now, we train g4 by fixing the NODE g, to evolve h forward in time, and use
Equation 3.14 to make predictions ¢,,. We update the parameters of g4 to minimize the

loss

Lsn0DE (62305) = (|6t +7) — dup(t + 7[5, (3.17)

and refer to Table 3.2 for details on the NODE architecture.

Table 3.2: Neural network layer dimensions and activations used in each layer. Sigmoid functions
are denoted ‘S’. Number of linear layers W; can be varied.

Function Shape Activation
Encoder E 1024 : 2048 : 256 : 40 ReLU:ReLU:Linear
Decoder D 40 : 256 : 2048 : 1024 ReLU:ReLU:Linear
Linear Net W =Wi;Ws... 40 : 40 Linear
Pattern NODE Jh d,, : 500 : 500 : 500 : d,, S:S:S:Linear

Phase NODE 9o d,, : 500 : 500 : 500 : 1 S:S:S:Linear
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3.4 Results

We present results for the chaotic case Re = 14.4, whose trajectories sample all eight charts
introduced above. First we illustrate the effect of training data size on the autoencoder
performance when considering the fundamental chart data, as opposed to using the original
and phase-aligned data. These results are shown in Section 3.4.1. We then use IRMAE-WD
to estimate the minimal dimension needed to represent the data. We summarize these results
in Section 3.4.1. The time evolution model performance results are shown in Section 3.4.2.
Here we confirm the equivariance of the model, (Section 3.4.2) then show the performance
for short-time tracking, long-time statistics, and phase evolution (Sections 3.4.2, 3.4.2, and

3.4.2 respectively).

3.4.1 Dimension reduction with IRMAE-WD

To train our IRMAE-WD models we minimize £ via stochastic gradient descent. Following
Zeng et al. [74], we use the AdamW optimizer, which decouples weight decay from the
adaptive gradient update and helps avoid the issue of weights with larger gradient amplitudes
being regularized disproportionately, as observed in Adam [42]. All models were trained for
a total of 1000 epochs and with a learning rate of 1073. We consider 10° snapshots of the
original data (w), the phase-aligned data (w;), and the data mapped to the fundamental

space (w) separated by 7 = 0.5 time units.

Before training the AEs, the mean is subtracted and the data is divided by its standard
deviation. Three models are trained for each case of varying number of linear layers L =
0,4,6,8,10 and weight decay values of A = 107*,107%, 1078 for a total of 45 models for the
w, wy, and @ cases. For all of the networks discussed in this work, we use a 80/20 split of the
data for training and testing respectively. We select d, = 40, which is significantly higher

than the dimension expected based on our previous work [53].
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Effect of training data size on performance

A major benefit of mapping our data to the fundamental chart is that it results in eightfold
denser sampling within that chart, as shown in Fig. 3.6. We also see that all the data is in a
much smaller part of state space, and only that part of state space needs to be represented.
As such, in this section, we test if this increased density allows us to use less data for training
AEs. We factor out the symmetries of our system as discussed in Section 3.3.1 and train
IRMAE-WD models for the case of L = 4 and A = 10~*. In Fig. 3.11 we show the test MSE
of the IRMAE-WD models as we vary the amount of data for three cases: the original data
(w), the phase-aligned data (w;), and the data mapped to the fundamental space (©). In
all cases, we use the same 20,000 test snapshots to calculate the MSE, train 3 models at
each training data size, and reduce to a dimension of d, = 40. Notice that here we do not
project to a lower dimension; that will be done below. The purpose here is not to map to
the minimal dimension, but to study the effect of data size on training.

As can be seen in Fig. 3.11, removing phase results in an order of magnitude improvement
in the MSE over the original data, and mapping to the fundamental results in nearly another
order of magnitude improvement in the MSE over the phase-aligned data. Thus, this drastic
improvement in performance allows us to use far less data. For example, 800 snapshots in
the fundamental space performs nearly as well as 80,000 snapshots in the original space.
Similarly, 8,000 snapshots in the fundamental case outperforms 80,000 snapshots in the
phase-aligned case. Now that we have shown the effect of the number of snapshots on

performance we use 80,000 snapshots for the remaining studies.

Effect on dimension estimates with varying linear layers and weight decay

Here we study the effects on the dimension estimates when varying L and A for the original,
phase-aligned, and fundamental case. As discussed in Section 3.3.2 we perform SVD on the
covariance matrix of the encoded data ZZ7T to obtain U and truncate to obtain h = U7 2.

Zeng et al. [74] showed that structuring an autoencoder with linear layers and using weight
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Figure 3.11: MSE vs number of data size used for training IRMAE-WD corresponding to a test
data of 20,000 samples for Re = 14.4. The parameters used are L = 4 and A = 10~* and three
trials are considered for each case. The data is reduced to a dimension of d, = 40.

decay causes the latent space to become low-dimensional through training. In Fig. 3.12, we
show the evolution of these singular values through training. As the model trains for longer
times, the trailing singular values tend towards zero. These can be truncated without any
loss of information. For most cases, this drop is drastic (~ 10 orders of magnitude) and
a threshold can be defined to select how many singular values to keep (i.e. to select the
number of dimensions).

In Fig. 3.13 we plot the estimate of dimension for the original (black), phase-aligned
(red), and fundamental chart (blue) data as we vary the number of linear layers L and the
weight decay parameter A. For each case, there are two clear clusters — the cluster with
higher dimension corresponds to L = 0 and the other cluster has linear layers, L > 0.This
happens because in the absence of linear layers there is no mechanism to drive the rank to a
minimal value. When we factor out symmetries the dimension estimates become less spread
with ranges of d;, = 7 — 10 for fundamental, d;, = 8 — 13 for phase-aligned, and d, = 11 — 18
for original. This narrowing of the distribution likely happens due to the dense coverage of
the state space in the fundamental chart, which better captures the shape of the manifold.

The dimension estimate range from the fundamental chart is in good agreement with our
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Figure 3.12: Evolution of singular values of the covariance matrix of the encoded test data ZZ7
during training of an IRMAE-WD model with L = 4 and A = 10~%. Here the drop happens at
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Figure 3.13: MSE vs dimension dj, given by the spectral gap of the singular values for the original
(black), phase-aligned (red), and fundamental chart (blue) cases. Each case contains three trials of
combinations of parameters L = 0,4,6,8,10 and A = 10~4,1076,1078.
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previous observations of d, = 9 in [53]. In the following analysis we select a conservative

estimate of the dimension which appears to be d, = 10 from the fundamental chart data.

3.4.2 Time evolution

To learn our NODE models we first train g, by minimizing Equation 3.13 (Lxopg) and then
we fix g, and train g4 by minimizing Equation 3.14 (£, nxopr) via the Adam optimizer. We
train for a total of 40000 epochs and a learning rate scheduler that drops from 10732 to 10~*
at epoch number 13334 (1/3 into training) and from 10™* to 107 at epoch number 26667
(2/3 into training). As previously discussed we use 7 = 0.5 which ensures the trajectory
spends some time steps in an overlap region as it moves from chart to chart, so we can learn

the dynamics there.

Equivariance

The results we obtain with this framework should be equivariant with respect to initial
conditions. This means that after we apply any of the symmetry operations described above
to an initial condition, the resulting trajectory from the original initial condition and the
new initial condition must be equivalent up to this symmetry operation. Here we show
that our methodology retains equivariance. We select the IRMAE-WD models with the
lowest MSEs at a dimension of d;, = 10, which is a conservative dimension estimates for
the fundamental case, for both the phase-aligned and fundamental model. We then sample
1000 initial conditions separated by 10 time units such that we cover different regions of
state space. For every initial condition, we apply all the discrete symmetry operations in
the original Fourier space, mapping the data into every octant. Then we evolve these initial
conditions forward 1000 time units with the DManD model, with and without symmetry

charting. To test for equivariance, we compute the trajectory error T'FE between predicted
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Figure 3.14: TE(t) vs t for Fundamental and Phase-aligned case where T E(t) corresponds to the
error calculation between predicted NODE trajectories, from a model with dp = 10, from initial
conditions that are related by symmetry transformations.

trajectories as follows

100

TE(t) = moX?ZZIIwm — Gl (318)

where i corresponds to the trajectory number, and j to the initial chart (i.e. j = 0 corresponds
to the original initial condition of the ith trajectory). Fig. 3.14 presents this error through
time for our symmetry charting method (Fundamental) and for models with only phase-
alignment. As expected, the time integration from the model trained in the fundamental
space satisfies equivariance perfectly with a TE = 0. The phase-aligned curve does not
satisfy equivariance, and we see that trajectories diverge fairly quickly.

A more severe consequence of not enforcing the discrete symmetries can be seen in tra-
jectory predictions. Fig. 3.15 depicts ||w(t)|| vs t for the true data (shown in black) and the
time integration of initial conditions starting in different charts (red —Z = 0, blue - Z = 1,
and green — Z = 2) for both fundamental (a) and phase-aligned cases (b). In all cases, the
predicted trajectories diverge from the true trajectory after some time — this is expected

for a chaotic system, as explore further in Section 3.4.2. However, the symmetry-charted
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Figure 3.15: ||w(t)|| vs time for initial conditions integrated with the (a) Fundamental and (b)
Phase aligned NODE model for dj, = 10. Colors correspond to initial conditions starting in different
fundamental domains (red —Z = 0, blue —Z = 1, and green —Z = 2). In (a), all the different-colored
trajectories coincide.

predictions in Fig. 3.15a exhibit excellent short-time tracking and captures the bursting
event that happens around ¢t = 100. At longer times, the prediction is not quantitatively
accurate but still captures the alternation between quiescent and bursting intervals observed
in the true data. By contrast, the predictions for the phase-aligned model, Fig. 3.15b, devi-
ate quickly from the true data, and furthermore do not even exhibit intermittency between
quiescent and bursting dynamics — they stay in a bursting regime. Thus the models that
do not account for the discrete symmetries do not capture the dynamics correctly, even at
a qualitative level. These results reinforce the major advantage of properly accounting for

symmetries, as the symmetry charting method does.

Short-time predictions

In this section, we focus on short-time trajectory predictions. The Lyapunov time ¢, for
this system is approximately ¢, ~ 20 [29]. We take initial conditions of h(t) and evolve for
100 time units. These are then decoded and compared with the true vorticity snapshots.
We consider trajectories with initial conditions starting in the quiescent as well as in the

bursting regions. The dynamics at Re = 14.4 are characterized by quiescent intervals where
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Figure 3.16: Difference between true vorticity evolution and vorticity evolution obtained from the
Fundamental and Phase aligned NODEs from h(t) of dj, = 10, where (a) corresponds to averages
over all initial conditions, and (b) corresponds to averages taken over bursting and quiescent initial
conditions.

the trajectories are close to RPOs (which are now unstable), punctuated by heteroclinic-like
excursions (bursting) between the RPOs, which are indicated by the intermittent increases
of ||w(t)|| as observed in Fig. 3.3a. The nature of the intermittency of the data makes it
challenging to assign either bursting or quiescent labels. To split the initial conditions as

quiescent or bursting we use the algorithm discussed in [53].

We first show in Fig. 3.16a the ensemble-averaged prediction error as a function of
time for 10* initial conditions. We use the same models as in the previous section which
corresponds to d; = 10 for both fundamental and phase-aligned case. The comparison is
done with true phase-aligned data, so after obtaining the prediction from the fundamental
case we use the indicators to include the symmetries. The error is normalized with random
differences of the true data, where ¢ and j correspond to different snapshots. With this
normalization, when the curves approach 1 this means that on average the distance between
the model and the true data is the same as if we selected random points from the true data.
The DManD models using symmetry charting significantly outperform the phase-aligned

DManD models. This agrees with Fig. 3.15 as discussed above. Similar improvement is
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observed in Fig. 3.16b, and can be attributed to the organized (near-RPO) nature of the
dynamics in the quiescent region. Also, the dynamics spend more time in this area, so there

is more data for the autoencoder to train on.

Long-time predictions

Now that we demonstrated the short-time predictive capabilities of the model, we next turn
to the ability of the model to reconstruct the long-time statistics of the attractor. For
this comparison, we sample 2 x 10* time units of data every 0.5 time units for the DNS
and the DManD models. Fig. 3.17 shows the joint probability density function (PDF) of
Relap1(t)] and Im[ag(t)] for true and predicted data from the models with d; = 10 for the
fundamental and phase-aligned case. The true joint PDF (Fig. 3.17a) and the symmetry
charting fundamental joint PDF (Fig. 3.17b) are in excellent agreement. These PDFs both
show a strong, equal preference for trajectories to shadow the four unstable RPOs, and
lower probabilities between them where the bursting transitions of the RPO regions occur.
In contrast, the joint PDF for the phase-aligned model (Fig. 3.17c) shows that the model
samples the space before falling onto an unphysical stable RPO (bright closed curve) near
one of the true system’s unstable RPOs. Clearly, in this case, the phase-aligned model fails

to capture the system’s true dynamics.

Another important quantity to consider is the ability of the models to capture the energy
balance of the system. In Fig. 3.18 we show the joint PDF of [ and D for the DNS
and the same models. Again, the model trained in the fundamental space closely matches
the joint PDF of the true data. The phase-aligned model both underestimates the energy
associated with the high probability RPOs, and overestimates the energy associated with

the low probability high power input and dissipation events.
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Phase variable prediction

To complete the dynamical picture we predict the phase evolution as given by Equation
3.14. We compare the models to the true data by calculating the mean squared displacement
(MSD) of the phase,

MSD(t) = ((¢.(t) — ¢2(0))*) (3.19)

as was done in our previous work [53]. Due to the bursting region, where the direction of
phase evolution is essentially randomly reset, at long times the phase ¢, exhibits random-
walk behavior, which the MSD reflects. We take 420 initial conditions separated by 15 time
units and use the models of d, = 10 to predict ¢,(t) and calculate the MSD. This is done
for the fundamental and phase-aligned models.

Fig. 3.19 shows the evolution of MSD of true and predicted data. Here the black solid
line corresponds to the true data, and the black and green dashed lines serve as references
with slopes of 1 and 1.5 respectively. There is a change from superdiffusive (M SD ~ t!)
to diffusive (M SD ~ t) scaling around ¢ =~ 200, which corresponds to the mean duration
of the quiescent intervals: i.e., to the average time the trajectories travel along the RPOs

before bursting. The fundamental chart model accurately captures both the change in slope
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and the timing of this change in slope. However, the curve of the phase-aligned model fails
to match the true MSD at long times. This happens because the phase-aligned model is
unable to predict h(t) correctly at long times as observed in Fig. 3.15b, hence resulting in

poor predictions for ¢, ().

3.5 Summary

Symmetries appear naturally in dynamical systems and we show here that correctly account-
ing for them dramatically improves the performance of data-driven models for time evolution
on an invariant manifold. In this work, we introduce a method that we call symmetry chart-
ing and apply it to Kolmogorov flow in a chaotic regime of Re = 14.4. This symmetry
charting method factors out symmetries so we can train ROMs in a fundamental chart and
ensure equivariant trajectories — we are essentially learning coordinates and dynamics on one
region (chart) of the invariant manifold for the long-time dynamics rather than having to
learn these for the entire manifold. To do so, we first factor out the symmetries by identify-
ing a set of indicators that differentiate the set of discrete symmetries for the system. Here,
Fourier coefficients serve this purpose; we found that the signs of specific Fourier modes
could uniquely identify all discrete symmetry operations. We then use IRMAE-WD, an au-
toencoder architecture that tends to drive the rank of the latent space covariance of the data
to a minimum, to find a low-dimensional representation of the data. This method overcomes
the need to sweep over latent space dimensions. We observe that factoring out symmetries
improves the MSE of the reconstruction as well as the dimension estimates and robustness
to IRMAE-WD hyperparameters. When considering the original data (i.e. no symmetries
factored out) and the phase-aligned data (only continuous symmetry factored out) the MSE
is higher and the range of dimension estimates is wider. We also note that the dimension
estimate range in the fundamental chart agrees well with the dimension found in our previ-

ous work for the same system [53]. We then train a NODE with latent space of dimension
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d;, = 10 for both phase-aligned and fundamental space data. This dimension is the upper
bound of the dimension estimate obtained for the fundamental chart data. The resulting
models using symmetry charting to map to the fundamental space accurately reconstructed
the DNS at both short and long times. In contrast, the phase-aligned model quickly landed
on an unphysical stable RPO leading to poor reconstruction of the dynamics.

The approach described here is essentially a version of the “CANDyMan" (Charts and
Atlases for Nonlinear Data-driven Dynamics on Manifolds) approach described in [23, 25]. As
shown on those studies, learning charts and atlases to develop local manifold representations
and dynamical models can improve performance for systems with complex dynamics. There,
however, the charts were found by clustering; here that step is bypassed by using a priori
knowledge, about the system, namely its symmetries. The methodology presented in this
work can be applied to other dynamical systems with rich symmetries by identifying the
corresponding indicators. Future directions for symmetry charting and CANDyMan include
applications such as control in systems with symmetry (cf. [72]) as well as development of
hierarchical methods where the fundamental chart identified by symmetry can be further

subdivided using a cluster algorithm or a chart autoencoder [57].
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Improving robustness of dimension
estimates with implicit rank

minimizing autoencoders

The manifold dimension is not known for many complex systems and its estimating is a
nontrivial task. This manifold will usually have many fewer degrees of freedom than the full
state representation. For fluid flows, such minimal dimensional representations are needed
to creat invariant-manifold-based data-driven models which can result in decreased compu-
tational cost for simulations and be used for model-based control approaches. In this work
we use a variation of implicit rank minimizing autoencoders with weight decay (IRMAE-
WD) to improve robustness of dimension estimates for a library of dynamical systems. We
introduce a set of paths, or branches, that the autoencoder can take in the forward pass
step. These branches vary by the number of linear layers used after the encoding part. We
call this architecture IRMAE-WD-B, where B stands for branching. With IRMAE-WD-B
we avoid the need to define a number of linear layers, resulting in less models trained, and

observe that dimension estimates become more consistent for complex dynamical systems.



87

4.1 Introduction

The Navier-Stokes Equations (NSE) are dissipative PDEs, so it is expected that the long-
time dynamics will lie on an invariant manifold M, which can be represented locally with
Cartesian coordinates, but may have a complex global topology [28]. In dissipative PDEs,
this manifold is often called an inertial manifold [24, 62, 71]. This manifold is of many fewer
degrees of freedom d ¢ and will be embeded on an ambient space RY where often dy < N.
Then for the representation, we only need at least dn, degrees of freedom. However, this is
in the local sense, meaning that no global representation of dimension d,, is available. A
representation of dimension d, can be found by "cutting" the space into overlapping charts
which together form at atlas that covers the space [23]. Alternatively a global representation
with embedding dimension d. < 2d, can be guaranteed by Whitney’s theorem [36]. In this
work we aim to estimate manifold dimensions for different dynamical systems with the use
of autoencoders (AE) given access to only data. We will show how the addition of paths in
the AE with different amounts of linear layers improves robustness of dimension estimates.

Different methods to estimate manifold dimensions have been introduced in literature.
For the Kuramoto-Sivashinsky equation (KSE) the manifold dimension has been estimated
using covariant Lyapunov vectors and monitoring the drop of the Lyapunov spectrum [69, 70].
A Floquet mode approach has also been used for this system to estimate the dimension, which
involves knowledge of unstable periodic orbits [19]. These methods require access to the gov-
erning equations and high-precision solutions which is generally not available for the NSE.
On the other hand, data can also be used to estimate manifold dimensions. This is the case
of linear projection methods such as Principal Component Analysis (PCA) and variants of
it [5, 33, 75]. PCA determines a set of orthogonal basis vectors ordered by their contribu-
tion to the total variance (fluctuating kinetic energy) of the flow. Given N, data vectors
(“snapshots") z; € RY, one can obtain these basis vectors by performing singular value de-
composition (SVD) on the data matrix X = [zy,x9,---] € R¥*Ms such that X = UXVT.

Projecting the data onto the first dj, basis vectors (columns of U) then gives a low-dimensional
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representation — a projection onto a linear subspace of the full state space. However, these
low-dimensional representations can overestimate the dimension of the manifold where at

least daq + 1 dimensions will be required to represent the state.

Nonlinear methods are natural extensions to correctly capture these manifold dimensions.
For more details on different methods, we refer to Zeng et al. [74]. Here we focus on the use
of AEs to learn these low-dimensional representations. Neural networks (NNs) have been
used extensively to learn data-driven minimal dimensional models that can capture impor-
tant features of dynamical systems. Linot & Graham showed that for the KSE, tracking the
mean-squared error (MSE) of the reconstruction of the snapshots using an AE for the domain
size of L = 22 exhibited several orders-of-magnitude drop when the dimension of the inertial
manifold is reached. Furthermore, modeling the dynamics with a dense NN at this dimension
either with a discrete time map [37] or a system of ordinary differential equations (ODE) [3§]
yields excellent trajectory predictions and long-time statistics. However by increasing the
domain size to L = 44 and L = 66, which makes the system more chaotic, they observed that
this MSE drop is affected significantly. Pérez De Jesus & Graham extended this approach
to two-dimensional Kolmogorov Flow in a chaotic regime where they noticed that this drop
in MSE does not appear [53]. Nevertheless, modeling the dynamics at dimensions where the
mean-squared error (MSE) stopped decreasing (d, = 5 as opposed to N = 1024) showed
that short and long time statistics can be captured as well as prediction of bursting events.
Similarly Linot & Graham found low-dimensional representations of minimal flow unit tur-
bulent planar Couette flow at Re = 400 where the MSEs leveled off at a dimension of d;, = 18
[39]. They then learned minimal-dimensional models showing that these models were able to
capture characteristics of the flows such as streak breakdown and regeneration, short-time
tracking, as well as Reynolds stresses and energy balance. They also computed unstable
periodic orbits from the models with close resemblance to previously computed orbits from
the full system. The studies described above show how minimal-dimensional models can be

successfully learned with AEs. However, the question of estimating the inertial manifold
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dimension still remains open. Recently, a variation of a standard AE was introduced by Jing
et al. [32] to learn low-rank representations for image-based classification and generative
problems. Zeng et al. [74] showed that this architecture can yield robust and precise esti-
mates of dy, as well as an orthogonal manifold coordinate system. The architecture they
study is called an Implicit Rank Minimizing Autoencoder with weight decay (IRMAE-WD),
and involves inserting a series of linear layers between the encoder and decoder and adding
an Lo regularization on the neural network weights in the loss. The effect of these additions
is an AE for which the standard gradient descent algorithm for learning NN weights drives
the rank of the covariance of the data in the latent representation to a minimum while main-
taining representational capability. Applying this to the KSE and other systems resulted
in the rank being equal to the dimension of the inertial manifold dy. Pérez De Jesis et.
al. [54] applied IRMAE-WD to Kolmogorov flow in a fundamental representation, where
symmetries are factored out, and observed that the dimension estimates lie in a range of
d, = 7 —10. As opposed to the KSE, they observed that the dimension estimates change

when varying the number of linear layers and weight decay parameters.

In this work we explore an extension to IRMAE-WD that improves robustness of dimen-
sion estimates for more complex systems. These are more complicated in the sense that
they are either more chaotic, embedded in a higher dimension, or both. We show that this
is achieved with the addition of branches with different numbers of linear layers. We call
this architecture IRMAE-WD-B, where B stand for branching. In the following sections we

explain this framework and apply it to a library of dynamical systems.

4.2 Formulation

In this section we present IRMAE-WD-B, an extension of IRMAE-WD introduced by Zeng
et al. [74]. A schematic representation of the framework is shown in Figure 4.1. The encoder,

denoted by E (@; 0) reduces the dimension from N to d,. We then include a linear network
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W; (+;0w) between the encoder and the different decoders which consists of several linear
layers (matrix multiplications). We note that the forward pass propagates through different
branches of varying number of linear layers, which differs from IRMAE-WD. This bypasses
the step of defining a specific number of linear layer. Finally, the decoders @,; = D; (z;;0p,)
map back to the full space. An L (“weight decay") regularization to the weights is also

added, with prefactor A. The loss function for this architecture is

~ ~ . A
L; (@05, 0w, 0p,) = (| — D; Wi (E (&;05) ;6w) :0p,)5) + L4 (4.1)

where (-) is the average over a training batch, 0y the weights of the encoder, 0p, the weights
of the decoder ¢, and Oy, the weights of the linear network which contains the linear layers
used in the branch. Notice that this architecture will output a number of losses defined by the
number of linear layers. We can train this network by selecting a branch and backpropagating
through it to update the weights. To select the branch we first calculate the loss for each

£i and normalizing by the sum

of the paths. This is then weighted by calculating w; = e~
of all of the paths w; = w;/> w;. We can then define the ranges Wi yange = [0, 1),
Wa, range = |W1, W1 + W2), and so on for all of the paths. By generating a random number
between zero and one at every epoch during training we can select with higher probability
the path that has the lowest loss, while also giving it the opportunity to explore other paths.
To further improve the model at the end, we train using the lowest MSE in the last 10% of

the total number of epochs.

After training, we can perform SVD on the covariance matrix of the encoded data matrix
Z; to obtain the singular vectors U; and singular values S;, as shown in Fig. 4.1b. Then,
by choosing only the singular values above some very small threshold (typically 2 6 orders
of magnitude smaller than the leading singular values), we may project down to fewer di-
mensions by projecting onto the corresponding singular vectors U, denoted U to yield the

low-rank manifold representation. We refer to Table 4.1 for details on the architecture.
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WD-B. ) framework: a) network architecture with regularization mechanisms, b) singular value
decomposition of the covariance of the learned latent data representation Z;.
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4.3 Results

4.3.1 Dimension estimates for a library of systems

We test IRMAE-WD-B on a library of systems in this section. First we show a comparison
between IRMAE-WD and IRMAE-WD-B applied to the case of a one-dimensional arc em-
bedded in an ambient space of N = 1000. Then, we increase complexity, and present results
for KSE, Kolmogorov flow, and finally we test IRMAE-WD-B in combination with k-means
clustering to learn local representations.

Table 4.1: Here we list the architecture and parameters utilized in the studies of this paper. For
brevity, the decoders, D, of each architecture is simply mirrors of the encoder, £. Each network
has a total of 10 linear layers with shape d, x d, between the encoder and decoder. Learning rates
were set to 1073 and with mini-batches of 128.

Dataset E Activation d,
Arc 1000/2000/500/20  ReLU/ReLU/lin 20
KSE L = 22 64/512/256/20 ReLU/ReLU/lin 20

Kolmogorov flow  1024/2048/256/40  ReLU/ReLU/lin 40

One-dimensional arc embedded in higher dimensional space

In the case of the NSE, turbulent trajectories track solutions that appear in the form of
traveling waves (TW) and relative periodic orbits (RPO) which are known as exact coherent
states (ECS) [18]. Hence, these will be embedded in high dimensional spaces which can
be in the order of ~ 100,000 degrees of freedom. Inspired by this we build a toy problem
consisting of a one dimensional arc embedded in N = 1000. This resembles a portion of a
periodic orbit, hence we can represent and find a mapping to a dimension of d, = 1. To
embed this we first generate data as shown in Figure 4.2 which will have a dimension of
Xore € R?*Ms To embed in a dimension of N = 1000 we generate a random matrix of

Eg2x1000

size Xiana € . By multiplying these matrices we can get the data used for training

X = XL X, € RI0OXNs  \We first want to investigate if IRMAE-WD is able to capture

rand

the drop in the singular values at a dimension of dj, = 1. To do this we vary the number
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Figure 4.2: Visualization of arc data used for training and testing.

of linear layers and use a value of A = 107% for the weigh decay parameter. Specifics of the
NN architecture is given in Table 4.1. We consider the cases of L =4, 6,8, which fall in the
ranges studied by Zeng et al. [74] and train three models for each. Results for L = 6 are
shown in Figure 4.3. Here we see that only one of the trials is able to capture the drop at
dy = 1. For the case of L =4 (not shown) all of the drops happen at d;, = 2 and for L =8
(not shown) only one of the trials captures the drop of dj, = 1 similar to L = 6.

When the aim is to find the minimal-dimensional model, which we know should be of
dimension d;, = 1, this poses a problem. With this we motivate a new modification in the
architecture presented in Section 4.2. We specifically ask the question if there is a correct
number of linear layers needed to correctly estimate the dimension. We select a total of
L = 10 which is in the range considered by Zeng et al. [74]. This means that the architecture
will be able to explore linear layers starting from L = 1 through L = 10. We train a total
of five models with the architecture discussed in Section 4.2. In Figure 4.4 we show results

of MSE versus dimension estimate from the models trained with IRMAE-WD and IRMAE-
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Figure 4.3: Evolution of singular values of the covariance matrix of the encoded test data ZZ7
during training of an IRMAE-WD model with L = 6 and A = 107 for three trials. Here the drops

happen at (a) d, =2, (b) d, = 1, and (c) dj, = 2.
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Figure 4.4: Arc: MSE vs dimension dj given by the spectral gap of the singular values for
L = 4,6,8 and A = 107 and our proposed architecture. Each case of varying L contains three
trials and for our architecture we consider five trials.

WD-B. The latter is able to correctly capture d, = 1 and performs better. In addition
we only have to train five models and we avoid changing L which is done automatically.
Interestingly, the number of L selected at the end for the five cases is different with values
of L =5,5,6,3,2. This means that there is not a specific number of linear layers that can
correctly predict the dimension and there might be another factor involved. The success of
this architecture in this simple system motivates us to extend this to more complex problems

which are shown in the following sections.

Kuramoto-Sivashinsky equation (KSE)

The one-dimensional KSE takes takes the form

v _ _o0v _Jv ow (4.2)

Similar to Zeng et al. [74] we test our architecture on the KSE equation L = 22 with 40, 000
snapshots sampled on 64 mesh points. Details of the architecture is given in Table 4.1. For
this system it is known that the inertial manifold dimension is d, = 8 [19, 37, 61, 70]. We
see that this is the case for the five trials that we test with comparable MSEs. An example

of one of the trials is shown in Figure 4.5 which has an MSE over the test data of 5 x 107
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Figure 4.5: Evolution of singular values of the covariance matrix of the encoded test data ZZT
during training of our model for the KSE with a final linear layer of L = 9 and A = 10~%. Here the
drop happens at d;, = 8 as expected.

This shows again the robustness of our method where we are able to estimate the correct

dimension and we avoid training many models with different amounts of linear layers.

Kolmogorov Flow - Re = 14.4
The two-dimensional NSE with Kolmogorov forcing are

1
9 o VutVp—
Re

T V2u + sin(ny)z, (4.3)
V.ou=0, (4.4)

where flow is in the x — y plane, u = [u, v] is the velocity vector, p is the pressure, n is the
3/2

wavenumber of the forcing, and & is the unit vector in the z direction. Here Re = ¥= ( 3

where y is the dimensional forcing amplitude, v is the kinematic viscosity, and L, is the size
of the domain in the y direction. We consider the periodic domain [0, 27/a] x [0, 27] with

a = 1. Vorticity is defined as w = 2 - V X u, where 2z is the unit vector in the z direction
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(orthogonal to the flow).

In the case of Kolmogorov flow the manifold dimension in the chaotic regime of Re = 14.4,
n = 2 is not known. However, recent articles have found minimal dimensional models where
dynamics can be predicted [53, 54]. Pérez De Jests et al. [54] used IRMAE-WD to get
dimension estimates for this system in the fundamental representation where symmetries
are factored out. They observed that accounting for the symmetries drastically improved
the dimension estimates for the system, with ranges of d;, = 7— 10 for data with symmetries
factored out versus d;, = 39—40 for the original data. They were also able to learn dynamical
models with neural ordinary differential equations with great success at a dimension of
d, = 10. Pérez De Jesiis & Graham were also able to find great dynamical models at a
dimensions of d;, = 5 — 9 using autoencoders and tracking the performance of the MSE [53].
However, sweeping over dimensions was necessary for this analysis as well as training models
for each of the dimensions. We now want to test our method in this data for the case of
factored out symmetries. For more details on the symmetries and how we account for them
refer to [54]. In Figure 4.6 we show results of MSE versus dimension estimate from the
models trained with IRMAE-WD and our method. We can see that our method consistently
estimates a dimension of d;, = 8 as opposed to varying the number of linear layers. The
performance of the models trained seem to be slightly affected based on the MSE, however

it is still in the same order of magnitude.

4.3.2 Hierarchical clustering

As discussed in Section 4.1 a system in the inertial manifold representation dx, can be seen
as overlapping charts which together form an atlas. An example of this can be any dynamical
system that lies in a circle, which is the case of a limit cycle. Reducing the dimensions of the
global system to find a minimal representation results in 2d,, = 2. One can only uniquely
represent this system with dxs = 1 in the local sense. This is the case for the arc data showed

in Section 4.3.
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Figure 4.6: Kolmogorov Flow, Re = 14.4: MSE vs dimension dj given by the spectral gap of the
singular values for L = 4,6,8 and A\ = 1075 and our proposed architecture. Each case of varying L
contains three trials and for our architecture we consider five trials.

For the arc case, data is generated such that y = [0, 1] for x = [—1, 1]. Hence the other
half corresponds to y = [—1,0) and by stitching these two together one can represent the full
circle. Similarly, more complicated systems can be charted into many local representations
that together capture the full system. However, how to chart these systems might not be
as trivial as for the circle case. Floryan & Graham developed a method to implement data-
driven local representations for dynamical systems such as the quasiperiodic dynamics on a
torus, a reaction-diffusion system, and the KSE to learn dynamics on invariant manifolds
of minimal dimension [23]. They refer to this method as Charts and Atlases for Nonlinear
Data-Driven Dynamics on Manifolds — “CANDyMan". Pérez De Jesus et al. [54] took an
approach inspired by CANDyMan where a single chart is learned for Kolmogorov flow which

comes from the mapping of the symmetries to a fundamental chart.

In this section we extend the idea presented by Pérez De Jesis et al. [54] where we
further split the fundamental space into local charts similar to Floryan & Graham [23]. The
motivation comes from the complexity of chaotic systems governed by the NSE where the
dynamics can lie in the vicinity of many exact coherent states [18]. In the case of Kolmogorov
flow, Re = 14.4 due to the discrete symmetries of the system, there are several RPOs [2].

The dynamics are characterized by quiescent intervals where the trajectories approach the
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RPOs (which are now unstable), punctuated by fast excursions. There are four RPOs related
by symmetries which means that at least four clusters are needed to capture each RPO. By
mapping to the fundamental chart we bypass this step and ideally less clusters are needed

to find the inertial manifold dimension.

Figure 4.7a displays k-means clustering with a total of five clusters to the fundamental
chart. Here we see the mapping of the data to the wg(0,1) — @;(0,1) — @;(0,2) projection
which comes from taking the Fourier transform of the data. Cluster three and four capture
the area near the RPO while the other clusters capture the regions corresponding to the
heteroclinic and homoclinic like connections between the different RPOS. Figure 4.7b shows
the time evolution of (||w(t)]|?) corresponding to the five clusters. We now look at the
MSEs versus dimension estimates for all of the clusters. Figure 4.8 shows the MSEs versus
dimension estimates for the different clusters. As in previous sections, we compare our
method with the original IRMAE-WD. The black markers correspond to our method and
the blue markers correspond to original IRMAE-WD. Different from the previous cases we
see that the dimension estimates are not as robust. Instead our method now estimates a
range of dimensions d, = 7—9. As opposed to original IRMAE-WD, d;, = 7 — 13, the range
of dimensions our method estimates is smaller. We also observe that most of the estimates

happen at d, = 7.

4.4 Summary

In this work we introduce IRMAE-WD-B, an extension to IRMAE-WD as presented by Zeng
et al. [74]. The primary enhancement involves integrating branches into the AE architecture
to mitigate the framework’s dependency on the number of linear layers in the encoder. This
adjustment addresses a limitation present in the original IRMAE-WD, where the parameter
for the number of linear layers is predetermined. Thus, this new architecture reduces the

amount of models to be trained as it explores different paths. In this study, we observed
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that IRMAE-WD-B does not adhere to a specific pathway for the same system; rather, it
demonstrates an alternation of varying numbers of linear layers across all systems examined.
From this outcome, we suspect that there is a level of randomness that is helping improve the
dimension estimate. Moving forward we are interested in learning models for forecasting in
these minimal-dimensional representations. Code and sample data that support the findings

of this study are openly available at https://github.com/mdgrahamwisc/IRMAE_WD_B.


https://github.com/mdgrahamwisc/IRMAE_WD_B
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Conclusions

5.1 General summary

In this thesis, we developed data-driven reduced-order models for the Navier-Stokes equa-
tions. We mainly focused on the two-dimensional Kolmogorov flow problem in a chaotic
regime which contains the essence characteristics of fluid turbulence. This is motivated by
the high-dimensionality of the systems, and subsequently the need to find efficient high fi-
delity reduced order models. These can further be deployed for controls to reduce drag in
the case of turbulent flows and for predictive purposes. Motivated by the recent advances in
machine learning we use autoencoders to learn low-dimensional representations of the data
and combine with neural ordinary differential equations and dense neural networks to predict
in time. We also develop a methodology which includes the physics of the system, and an
extension to IRMAE-WD, which improves dimension estimates for complex data.

In Chapter 2 we presented a data-driven methodology to learn an estimate of the em-
bedding dimension of the manifold for chaotic Kolmogorov flow and the time evolution on
it. An autoencoder is used to find a nonlinear low-dimensional subspace and a dense neural
network to evolve it in time. By analyzing the model performance as a function of latent
space dimension we can estimate the minimum number of dimensions required to capture the

system dynamics. We then calculated long and short time statistics based on the data-driven
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reduced-order models showing great success compared with true data.

In Chapter 3 we introduced a method that we call symmetry charting and apply it to
Kolmogorov flow in a chaotic regime. This symmetry charting method factors out symme-
tries so we can train reduced-order models in a fundamental chart and ensure equivariant
trajectories — where we are essentially learning coordinates and dynamics on one region of
the invariant manifold for the long-time dynamics rather than having to learn these for
the entire manifold. We show great success when factoring out symmetries compared with
models that are trained with original data.

In Chapter 4 we presented an extension to IRMAE-WD which was introduced by Zeng
et al. [74] to automatically estimate the underlying dimensionality of a data set, and applied
it to a library of dynamical systems. The architecture is extended such that it can explore
various paths that contain different numbers of linear layers. This is shown to improve
robustness of dimension estimates for the Navier-Stokes equations, which is a hard prob-
lem, and we give insights on estimating inertial manifold dimensions for these complicated
systems.

In the following sections we discuss extensions of our work to a more complicated system
and potential avenues. We show how the symmetry charting method can be applied to pipe
flow with good preliminary results and how different regularizations and machine learning
methods can be used for robust dimension estimates and forecasting. We also discuss some
final thoughts on hierarchical clustering and discuss preliminary results on using IRMAE-

WD-B on other complex cases.

5.2 Future work

5.2.1 Symmetry charting applied to pipe flow

In our previous work we focused on two-dimensional Kolmogorov flow which exhibits chaotic

dynamics at Re = 14.4 and n = 2. However, turbulence appears in three dimensions in
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industrial settings and nature. Hence, it is important to extend what we have learned to
more realistic scenarios. In this section we focus our attention to pipe flow. As discussed by

[17, 66] the governing equations are

ou g, 1
§+U~Vu+u-VU+u-Vu——Vp+32§z+§

V.-u=0. (5.2)

Viu, (5.1)

The Reynolds number is defined as Re = UD /v, where U, D, and v are mean velocity of the
flow, diameter of the pipe, and kinematic viscosity. In this formulation w corresponds to the
deviation from the Hagen-Poiseuille flow equilibrium U(r) = 2(1 — (2r)?) 2. Pressure is p
and § = B(t) is the fractional pressure gradient needed to maintain a constant mass flux. The
computational domain is Q = [1/2,27/m,7/a] = (r,60,2) € [0,1/2] x [0,27/m] x [0, 7/a],
where L = 7/« is the length of the pipe, and m is a parameter to account for shift-invariance
in the azimuthal direction. For this study a = 1.7 which has been used in previous works
[12, 66]. We show in Figure 5.1 a snapshot of the magnitude of the velocity components for
the case of m = 4 (‘shift-and-reflect’ invariant space), Re = 2500 which corresponds to a
fourth of the domain in the # direction, the section of the pipe is copied to get the figure
shown. This minimal computational cell has been the focus of previous work to learn a

library of invariant solutions [12].

In this section we focus on the case where m = 1 (naturally periodic pipe flow). In many
systems and practical applications one has access to the full domain, and not the invariant
space as in the case of m = 4. Hence, it is important to address the symmetries in pipe flow

to build accurate data-driven reduced order models.
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Figure 5.1: Magnitude of velocities of pipe flow for m = 4, Re = 2500.

Pipe flow symmetries

The equations for pipe flow are invariant under several symmetry operations [66], namely a

reflection along the § = 0 azimuthal angle, and continuous translations in § and z:

9(o, O)[u,v,w, p|(r, 0, z) = [u,v,w, p|(r,0 — ¢,z — 1), (5.3)

olu,v,w,p|(r,0,z) = [u, —v,w, p|(r, =0, z). (5.4)

Similar to our previous work [54] where we developed the symmetry charting method, we are
interested in factoring out these symmetries to map to a fundamental chart. To apply this
method we first want to understand how the Fourier coefficients change under the symmetry
operations. This will provide a set of indicators that can be used to map to the fundamental

chart. After Fourier transforming the equations in the § — z directions and simplifying, these
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are the actions of the symmetry operations on the Fourier coefficients:

g, O], 0, W](r, kg, k) — [a, D, W] (r, kg, k. )eFoPe k=t (5.5)

olit, o, ] (r, kg, k) — [, —0, @] (r, —ko, k). (5.6)

Map to fundamental chart

To remove the continuous symmetry we use the method of slices as presented by Budanur

& Hof [8, 9]. A slice template is defined as

ul(r,0,z) = Jo(ar)cos(2rz/L), (5.7)

where Jj is the Bessel function of the first kind which vanishes at the pipe wall, Jy(a/2) = 0.

This template can be used to phase-align the snapshots as

wa(t) = g- (Lo /27) uft), (5.8)
where
¢-(t) = arg [(w(t), ul) + i (u(t), g-(—L/4)u’)] . (5.9)
Similarly for the 6 direction
uy(r, 0, z) = Jo(ar) cos(d), (5.10)
uy(t) = go (¢0) u(t), (5.11)
o(t) = arg [(u(t), up) + i (u(t), go(—7/2)up)] . (5.12)

To factor out the discrete symmetry we can consider the Fourier mode ky = 1, k, = 0 as an

indicator. This modifies the Fourier coefficient as 0g(r, 1,0) + i0;(r, 1,0) — —0g(r, —1,0) —
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ivr(r,—1,0) for the v component of velocity. We can also pick other components of kg, k..

Setting the sign of vx(r,1,0) to be positive maps the snapshots to a fundamental subspace.

Autoencoder preliminary results

For this system we consider a grid of size (N,, Ny, N,) = (64,60,48). Together with the
three components of velocity the state size is N = 552,960. Instead of feeding the large
full velocity field in the AE we take the approach discussed by Linot & Graham [39] and
Duggleby et al. [21] where POD is performed to do an initial linear reduction. In this
step, we reduce the dimensions from N = 552,960 to N = 4,080 which contains 98% of the
energy. This linear reduction is crucial to train the AEs. Then, we train an IRMAE-WD
model to reduce the dimensions to d;, = 50 with L = 4 linear layers and a weight decay value
of A = 1075, We show results of the reconstruction of the first 10> POD modes in Figure
5.2. Notice that factoring out the symmetries as discussed in the previous section vastly
improves the reconstruction of the POD modes. Moving forward in this work we want to
train NODESs for time integration in the fundamental chart. We expect that these NODEs
will outperform the models that do not have symmetries factored out. Ideally these will

show improved performance in short-time tracking and long-time statistics.

5.2.2 Regularizing using dropout

In Chapter 4 we introduced a methodology that improves robustness of dimension estimates
for a library of dynamical systems. We achieved this with addition of paths with different
number of linear layers. A natural follow-up to this work is the exploration of dropout.
This is analogous to the method we proposed in the sense that instead of pathing through
different branches, random connections are dropped during training [60]. This is equivalent
to many models trained and has shown to help with overfitting. We have tested this on
the case of the one-dimensional arc embedded in 1000 dimensions with preliminary results

showing success of drops at a dimension of d;, = 1. Further tests in this area include varying
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Figure 5.2: Reconstruction of POD modes for the case m = 1, Re = 2500 from models trained
with IRMAE-WD on original data and data mapped to the fundamental chart. These are compared
with the real POD modes.

the probability of zeroed elements in the architecture, varying number of linear layers or

combine with IRMAE-WD-B, and extending to more complicated systems.

5.2.3 Contrastive learning with symmetries

Throughout this thesis we have shown how accounting for symmetries improves forecasting
of reduced-order models. Specifically, short-time tracking is greatly affected when factoring
out continuous and discrete symmetries. This was shown in Chapters 2 and 3 for two-
dimensional Kolmogorov flow in a chaotic regime. A possible way to address symmetries and
learn more efficient models is to use contrastive learning. In contrastive learning positive
representations, which in this case corresponds to data in the same symmetry subspace, are
mapped such that these are similar and negative representations, from a different symmetry
subspace, are mapped such that these are more orthogonal [15, 16, 51]. This will result in
latent representations that are separated based on the symmetries of the system. Similar to
our previous work one can then train models for time evolution. An added benefit of using

contrastive learning is that one can also address noisy versions of the snapshots, which is
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common in experimental data.

5.2.4 Forecasting and hierarchical clustering

We introduced in Chapter 4 the idea of hierarchical clustering which is inspired by CAN-
DyMan presented in [23] and our symmetry charting method discussed in Chapter 3. With
hierarchical clustering one can find local representations of minimal dimension in a funda-
mental chart where symmetries are factored out. Inspired by our previous works, we can
learn models for time integration by tracking the indicator related to the symmetry and the
local chart. The fundamental representation will typically contain data with different dy-
namical behavior. In the case of Kolmogorov flow there can be organized oscillating regions,
quiescent, and bursting regions of increased energy. As in CANDyMan, k-means can be used
to "cut" the space. However, different approaches can be taken depending on the type of

data like isolating the quiescent and bursting regions in Kolmogorov flow.

5.2.5 TRMAE-WD-B in more complex cases

In Chapter 4 we introduced our framework to improve robustness of dimension estimates.
We also tested this architecture, with preliminary results, on more complex cases including
Kolmogorov flow at Re = 20, n = 2 and plane Couette flow (fluid confined between two
plates) at Re = 400. In Kolmogorov flow (N = 1024) most of the dimension estimates are
close to d;, = 20, however we did see some models that gave dimensions close to d;, = 10.
This might be due to the added complexity of the system. For Couette flow (N = 502,
POD modes) the estimates are close to dj, = 30 with one of the models predicting dj, = 36.
In this case only one of the continuous symmetries was factored out. We would expect
the dimensions to be more robust when factoring all the symmetries, as is the case for
Kolmogorov flow. An interesting avenue is to systematically consider the symmetries of

more complicated systems before performing IRMAE-WD-B which could improve results.
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