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ABSTRACT

With the substantial development of communication technology and connected and automated vehicle
(CAV), vehicle merging control problem gets more in-depth research to improve traffic efficiency and
safety. In this study, we proposed a systematic framework for CAV control at on-ramp merging scenario

by two parts: from 1) microscopic vehicle control, to 2) macroscopic traffic capacity analysis.

For the first part, we propose a rotation-based CAV distributed cooperative control strategy for an on-ramp
merging scenario. By assuming the mainline and ramp line are straight, we firstly design a virtual rotation
approach that transfers the merging problem to a virtual car following (CF) problem to reduce the
complexity and dimension of the cooperative CAVs merging control. Based on this concept, a multiple-
predecessor virtual CF model and a unidirectional multi-leader communication topology are developed to
determine the longitudinal behavior of each CAV. Specifically, we exploit a distributed feedback and
feedforward longitudinal controller in preparation for actively generating gaps for merging CAVs, reducing
the voids caused by merging, and ensuring safety and traffic efficiency during the process. To ensure the
disturbance attenuation property of this system, practical string stability is mathematically proved for the
virtual CF controllers to prohibit the traffic oscillation amplification through traffic stream. Moreover, as
provision for extending the virtual CF application scenarios of any curvy ramp geometry, we utilize a
curvilinear coordinate to model the two-dimensional merging control, and further design a local lateral
controller based on an extended linear-quadratic regulator to regulate the position deviation and angular
deviation of the lane centerlines. For the purpose of systematically evaluating the control performance of
the proposed methods, numerical simulation experiments are conducted. As the results indicate, the
proposed controllers can actively reduce the void and meanwhile guarantee the damping of traffic

oscillations in the merging control area.

For the second part, a stochastic capacity analysis for CAV at on-ramp merging scenario has been designed
to understand multiple stochastic factors’ impact. By utilizing first part works, a CF capacity model and

on-ramp merging capacity model based on three high-level factors including control gains, communication



capabilities, and traffic arrival pattern has been formulated. Specifically, the expected capacity and
corresponding variance equations has been exploited to describe the stochastic capacity. Then, numerical

simulations are conducted to illustrate the impact on different stochastic factors.



KEYWORDS

CONNECTED AUTOMATED VEHICLES

VIRTUAL CAR FOLLOWING

LONGITUDINAL CONTROL

LATERAL CONTROL

STRING STABILITY

STOCHASTIC CAPACITY ANALYSIS

MULTPLE STOCHASTIC FACTORS



ACKNOWLEDGEMENT

Throughout the writing of this dissertation, | have received a great deal of support and assistance. There
are many people whom | would like to thank for their contributions, both directly and indirectly, to this

thesis.

Firstly, I would like to express my deep and sincere gratitude to my research supervisor, Professor Bin
Ran, whose expertise was invaluable in formulating the research questions and methodology. It was a
great privilege and honor to work and study under this guidance. | am extremely grateful for what he has

offered me.

I would also like to give special thanks to my dad and mom as a whole for their continuous support and
understanding when undertaking my research and writing my project. Your prayer for me was what

sustained me this far.

I would like to thank Dr. Yang Zhou, as my second “mentor”, for consistently encouraging me to think of
what it means to be a researcher and for helping me keep perspective on where my research fits into the
bigger picture. His insightful feedback pushed me to sharpen my thinking and brought my work to a

higher level. I would also like to thank him for his friendship, empathy and great sense of humor.

To my lab colleagues, Dr. Shen Li, Dr. Ding Fan, Dr. Zhen Zhang, Dr. Xiaotian Li, Dr. Shuoxuan Dong,
Kunsong Shi, Ran Yi, Haotian Shi, Keshu Wu, Yifan Yao, Han Cao, Xiaodan Zhang, Sicheng Fu for

supporting me throughout the 5 years.

To my best friends, Yinggiao Zhou, Xiangyu Wang, Weifang Ding, Ye Zheng, Haopeng Xu, Weitao Cao,

Zexia Ding, Xukanghong Sun, Zhuojun Xiao, Yong Yu for teaching me how to love.

Last but not least, | am very much thankful to my girlfriend, Huiyu Yang, for her love, understanding.
Through all these darkness, she is all | see, and she is all I need. It’s because of her, [ know that love can

fight everything. So, MARRY ME please.



TABLE OF CONTENTS

IO N 2 1010 L I [ PSR 1
IO R = - Tox 1 | (01U o PP ORTR 1
1.2 Problem STateMENt ........cooiiiie e 3
1.3 RESEAICH ODJECHIVES ... 4
1.4 SCOPE AN ASSUMPLION ....c.viviiiiieiieieeiee ettt bbbt n bbb 4
1.5  Dissertation OrganiZatioN..........cccccveiieiieiieeseeiesee st esie s e ste e see e sae e s e e saesnaesraeseeenee e 6

2. LITERATURE REVIEW ....ocoiiiiiiieiee sttt 7
2.1 On-ramp Merging CoNntrol STrategy ........cccccvveieeiieiieieeie e 7
2.1.1  Traditional Merging Strategy ........cccovevieiieiieie s 7
2.1.2  Upper-level Controller for CAV at On-ramp Merging .........cccceevvrvrerienenenenesennenns 8
2.1.3  Lower-level Controller for CAV at On-ramp Merging ..........ccccecvrererieenenenenesennnnns 8
2.2 MacroscopiC Capacity ANAIYSIS ........coeiiiiriiieieieiese et 10
2.2.1  Traditional Capacity ANAIYSIS .......ccoiiiiiiiieieieiee e 10
2.2.2  CAV CapaCity ANAIYSIS......c.cciveiuiiieiieiie e siesteeie s e se e a et te e sreeste e sneennas 11

3. CAV CONTROL STRATEGY UNDER ON-RAMP MERGING.........cocevviiriiiniierieisenns 14
3.1 Control System MOdelling ........ccoooiiiiiieii e 14
3.1.1  Virtual Rotation and Virtual Car Following Sequencing ..........cccoceevvevveiiieseecieseee 15
3.1.2  Communication TOpology DESIGN.......cccuriiiiieiiieie et 16
3.1.3  Longitudinal Control STIUCLUIE. ...........oiiiiiiiiiieee e 18
3.2 String Stability CrItEriON .......cviieiei e 23
3.3  Two-Dimension Coordinate EXIENSION .........c.coveiuerieiierreieseeseeie e e see e nes 28
3.3.1  Curvilinear CoordinateS MO ..........cccoiiiiiiiiieieie e 29
3.3.2  Holonomic Vehicle Lateral DYNamICS .........c.covivieiieieiieiiesie e 30
3.3.3  Nonholonomic Vehicle Lateral DYNamiCs ..........ccccoevvevieiieiieie e 32

4. NUMERICAL SIMULATION RESULT FOR MODELLING........ccccoviiieiiiieicece e 37
4.1  Simulation of Longitudinal Controller.............cooeiiiiiiiie s 37
4.2 Sensitivity Analysis for Longitudinal Controller............cccocoiiiiiininiieie e 42
4.3 Simulation of Lateral CONtroller ...........cooovie i 44

5. STOCHASTIC CAV CAPACITY ANALYSIS ...t 47
51  MicroscopiC CONtroller EXIENSION .........coiiiiiirieieieie et 47

5.2 Capacity Modelling for Car-following SCENArio..........ccccevvvviiieiiiiiiie e 48



Vi

5.2.1  Communication Loss Special Case based on SINR ...........cccccveviiieviiiicccne e 50
5.3  Capacity Modelling for On-ramp Merging SCENArIO0 .........c.cccvevverierieereeriesieesieesiesiee e 53
5.3.1  Stochasticity of Arrival Pattern for On-ramp Capacity Model.............c.cccevvevrrnnnne. 55
6. NUMERICAL EXPERIMENTS FOR STOCHASTIC CAPACITY ANALYSIS............... 62
6.1  SIMUIALION SELING .. .ccviiiiiieiieieie bbb 62
6.2 CONLrol GAIN SCAIE ..ot 63
6.3  Communication Capability SCale...........ccooiiiiii 64
6.3.1  Transmission Power Versus Signal POWer DECAY..........ccccoveveereeiieeieeiiesieesieerie e 64
6.3.2  Threshold Versus Signal POWEr DECAY ..........cccvevueiieiieiieiieieeie e esee e sie e 65
6.4  Traffic Arrival Pattern SCAlE .........cccoiiiiiiiisieee e 67
7. CONCLUSION ..ottt sttt st et be s te b esenbesbe st eneanenes 69
7.1 SUMMArY OF CRAPTEIS ...ttt eneas 69
% O o] 0] 11 [ PSRRI 70
A T V1 (0= o] TSR 71

REFERENC E ... ..ottt b et b e b et nneenne s 73



Vi

LIST OF FIGURES

FIG. 1-1. Schematic diagram of the proposed merging at on-ramp SCENArio ..........ccoeveererrerreeene 5
FIG. 3-1. An example of the proposed virtual rotation approach in (a) Y1-axis, Y2-axis, (b) virtual
Z/=8KES 1ttt bbb b bR Rt R b bR R Rt R e R £ e R h e b e b e R e Rt Rt e Rt et et bbb beanes 16
FIG. 3-2. An example of MLT in both virtual and real-world scene........cccccceevvveviiveiieinennns 18
FIG. 3-3. Schematic of the feedback and feedforward controller............ccoovvvviinieieiciennnnen, 19
FIG. 3-4. Vehicle Dynamics in Path Coordinates Model .............cccooveiiiiiiiciecc e 30
FIG. 3-5. Nonholonomic Vehicle Dynamics in Cartesian Coordinates Model ...............ccccueene. 33
FIG. 4-1. Feasible region of control gains for string stability (a)-(c) Equally weighted case, (d)-(f)
Non-equally WeIghTEA CASE .........ccuiiieiiee e re e 38
FIG. 4-2. The initial position of 12 CAVS 0N y1 and Y2 aXIS. .....cccoecereririniniieieienese e 40
FIG. 4-3. State evolution results of longitudinal controller for Case 1: (a) Platoon Position on Z-
axis (b) Speed (c) Acceleration (d) Platoon Position on Y1-axiS .......cccccevvevieiievveiesieieeie e 40
FIG. 4-4. State evolution results of longitudinal controller for Case 2: (a) Platoon Position on Z-
axis (b) Speed (c) Acceleration (d) Platoon POSItion 0N Y 1-aXIS .....ccccveevverieiieneeriesieneenie e 41
FIG. 4-5. Square of 12 norm of absolute velocity comparison for case 1 and case 2. ................. 42
FIG. 4-6. Sensitivity analysis result: (a) Platoon Position on Z-axis (b) Deviation from the target
spacing (c) Square of {2 norm of absolute VEIOCITY. ..........cooviiiiiiiiie 43
FIG. 4-7. Schematic diagram of lateral experiment in real-world SCENe ..........ccccevvevviieieennnns 45
FIG. 4-8. Holonomic system results: state evolution of (a) lateral deviation and (b) angular
012V =1 oo PSSR 45
FIG. 4-9. Nonholonomic system results: state evolution of (a) lateral deviation, (b) angular
deviation, and (C) StEEriNG ANQIE. ........coiiiiiiiieee e 46
FIG. 5-1. An example of SINR status calculation..............ccoceiiiiiiiiiiice 51
FIG. 5-2. Detailed data flow of the SINR sampling algorithm ..........c.ccocoiiiiii 53
FIG. 5-3. Schematic diagram to illustrate all the combinations of Ek...........ccccccoeiviivciicinenns 55
FIG. 5-4. Schematic diagram of the proof StEPS .........ccveiiieiii e 56
FIG. 6-1. Expected capacity and variance result for control gain scale............cccccccevveviiiieinenens 64
FIG. 6-2. Expected capacity and variance result for communication capability Scale: Transmission
ST e YA D - Tor | PP 65
FIG. 6-3. Expected capacity and variance result for communication capability Scale: Threshold
A Y B =T | SRR 67

FIG. 6-4. Expected capacity and variance result for traffic arrival pattern scale......................... 68



viii

LIST OF TABLES
Table 4-1. Default value setting for the longitudinal controller experimental design. ................ 39
Table 4-2. Default value setting for the lateral controller experimental design..............ccccuev..... 44

Table 6-1. Default value setting for the stochastic capacity sensitivity analysis............c...c........ 62



1. INTRODUCTION
Studies and research have determined that vehicle merging at on-ramps is one of the main critical
transportation problems of traffic safety, congestion, and fuel consumption since nonsmoothed lane
changing (LC) caused by different driving behaviors would trigger speed breakdowns and traffic flow
oscillations. The traditional solutions to alleviate and eliminate congestions at on-ramps were related
to the physical improvement of the infrastructure layout (geometric design) and active traffic
management (ramp metering). With the development of advanced communication technology and
paradigm shift from conventional human-driven vehicles (HDVSs) to connected and automated vehicles
(CAVs), the emerging technologies give researchers a great opportunity to elevate road safety and
capacity to solve the merging at on-ramp problem. This chapter comes up with the general background
of the study, followed by the problem statement. The objectives and the assumptions of the study are
deeply discussed in the next session in order to narrow down the research goal to be more practical.

The last session summarizes the outline of the paper.

1.1 Background
Traffic congestion has increased substantially over the 39 years under the records from 1982. It has
become a critical road traffic problem all around the world that is affecting society, the economy, and
the environment. In 2017, congestion caused people to spend 8.8 billion hours of extra travel time and
to purchase an extra 3.3 billion gallons of fuel, resulting in a total cost estimated at 179 billion (KiM,
2015). Specifically, motorists lose $1.9 billion per year from lost time and wasted fuel driving on the
road that is congested in Wisconsin (Mobility, 2018). In addition, traffic congestion can produce driver
discomfort, distraction, and frustration, which may encourage more aggressive driving behavior and
further slow the process of recovering free traffic flow. Therefore, research on the management and

avoidance of this problem has been carried out since the development of freeway roads.

Vehicle merging at on-ramp is one of the major critical segments among different congestion

occurrence areas including lane drops, weaving, crests, sharp bends, etc. For decades, one of the



macroscopic conventional solutions is using ramp metering to control on-ramp flows and avoid or at
least delay breakdown on the mainstream. Particularly, ramp metering is the deployment of traffic
signals on a ramp to restrict the on-ramp vehicles to enter the mainline for conflict reduction (Carlson
et al., 2010b; Cassidy & Rudjanakanoknad, 2005; Papageorgiou et al., 1997). Although ramp metering
is the direct and efficient way to control freeway networks and improve traffic conditions, it introduced
a stop-and-go scenario which leads to extra energy consumption and time waste. In addition, its
metering scheme whereby commuter delay is merely transferred from the freeway to its on-ramps and
surface streets can be counterproductive (e.g., congestion may shift from one location to another). On
the other hand, due to the uncontrollability of HDVs, this macroscopic traffic flow control method
cannot eliminate the nonsmoothed LC maneuvers. Thus, the microscopic traffic control method should

be considered to further improve or even solve this problem.

Substantial developments in CAV technology have been achieved during the last decade. Both
connectivity and automation are integrated with CAVs, making them capable to not only drive by
themselves with on-board units but also communicate with each other by vehicle-to-vehicle (V2V)
communications or communicate to other facilities such as infrastructure by vehicle-to-infrastructure
(V21) communications. One of the most promising technologies using on the CAVs is cooperative
adaptive cruise control (CACC) which extends adaptive cruise control with cooperative maneuvers. By
sharing the vehicle information such as acceleration, speed, position, etc. through V2V communications
such as Dedicated Short-Range Communications (DSRC), LTE, 5G, etc., CACC allows CAVs to obtain
the following benefits: 1) driving safety is increased since actuation time is shortened; 2) roadway
capacity is increased since reduction of headway between vehicles; 3) energy consumption and air
pollution are reduced due to reduction of unnecessary velocity changes (Zhou et al., 2017). CACC
technology has been proposed and developed over the years under different traffic networks.
Specifically, this technology has been widely adopted to allow CAVs to merge with each other in a

cooperative manner at an on-ramp scenario. The concept of the virtual vehicle of a CACC system in



the on-ramps cooperative merging scenario was discussed by Lu et al., (2004). The proposed approach
maps a virtual vehicle onto the main road before the actual merging happens. This concept inspired

some of the work in this paper which will be discussed in the following chapters.

Besides the technologies taking advantages of V2V communications, technology taking advantages of
infrastructures such as infrastructure-to-vehicle (I12V) communication is another emerging approach.
One of the promising automated driving systems using this technology is connected and automated
vehicle highway (CAVH) (Ding et al., 2019; Ran et al., 2019). The CAVH system comprising of both
CAYV subsystem and connected and automated highway (CAH) subsystem. As the name implies, by
installing road intelligent units (RI1Us) with sensing, prediction, decision-making, and control functions
on the road, the CAH subsystem has the “intelligence”. Thus, the CAVH system can significantly
improve transportation efficiency, traffic safety and energy consumption through the integration of
CAYV and CAH. Specifically, under an on-ramp scenario, CAH subsystem sends the road geometric,
vehicle information, control instructions to each CAVs within the communication range. The stable
RIUs on the roadside not only mitigates the computational burden of the CAVs, but also increase the
stability and reliability of the entire system. These advanced technologies provide wide scenarios and

platforms for various microscopic control algorithms.

1.2 Problem Statement

With the above discussion, the following issues and questions appear as part of the problem formulation:

e How to turn a complex two-dimensional vehicle merging problem to a simple one-dimensional
problem?

e How to design a safe and efficient communication topology for merging maneuver?

o By actively generating gaps for merging vehicle, the cause of traffic oscillations during this process
is ignored, and the method to dampen the disturbances is missing.

e The mathematical framework and methods to theoretically analyze the system stability for the

merging process is missing.



e How to design a stochastic framework to estimate the CAV capacity for complex scenario?

1.3 Research Objectives

o Designs a virtual rotation approach that transfer the merging problem of straight ramp lines to a CF
problem by the concept proposed by Lu et al., (2004).

e Design an upper-level controller, which uses a predetermine merge point as a reference to calculate
the relative spacing for vehicle and then determines the virtual car following sequences of vehicles
in a predefined merging control area.

e Design a lower-level cooperative distributed control strategy to control vehicles’ trajectories with
a specifically designed unidirectional multi-leader communication topology (MLT). In detail, this
approach exploits a weighted multiple predecessor information based linear feedback and
feedforward controller to regulate the virtual platoon spacing, and speed differences.

e Derive a mathematical proved string stability for proposed controller with sufficient conditions.

e Design a local lateral controller to extend the framework to a two-dimensional merging case.
Specially, a curvilinear coordinate is utilized to describe the ramp with arbitrary shape. A local-
based lateral controller is developed to control the lateral motion of CAVs, while still satisfying the
concept, design, and the stability proof for the straight ramp line scenario mentioned above.

o Design a unified framework incorporating multiple factors to understand the parametric impact on

stochastic capacity.

1.4 Scope and Assumption
In this study, a unified framework including CAV microscopic control and macroscopic analysis has
been designed to analyze the CAV control under on-ramp merging scenario. For microscopic control,
a cooperative merging control strategy is developed for CAVs at an on-ramp area which actively
reduces the void and meanwhile guarantees the stability of the merging area. Specifically, given the
initial position and velocity of each CAVs and the road geometric information, the following steps are

conducted to fulfill control target mentioned above: 1) determine the virtual car sequencing based on



the known position and velocity of each vehicle in a centralized manner (e.g., per 1 sec); 2) design the
communication topology for each vehicle according to the car sequencing order; 3) determine the
acceleration portfolio for vehicles in the merging control area (e.g., 0.01 sec); 4) determine the vehicle
steering angle portfolio (e.g., 0.01 sec) in the merging control area as an extension based on the step 3.
The design is restricted to a pure CAV and CAH environment. And the merging geometric is consist

of one lane on each road as shown in FIG. 1-1.

FIG. 1-1. Schematic diagram of the proposed merging at on-ramp scenario

Ahead of detailed modelling, the following assumptions have been adopted:
e  The infrastructure has “intelligence” (Ding et al., 2019; Ran et al., 2019) that can sense
both vehicle information and road geometrics information over a predefined merge control area.
o The CAVs are fully automated, which (SAE, 2016) means vehicle can control by
themselves. Furthermore, they can communicate with each other and with infrastructure.
e  Merge control area is ample enough (e.g., the control begin area is at least 250 meters away
from the merging point) to apply the control strategy before vehicles merging.
e  The vehicle second-order dynamics are considered for this study.
e The communication delays are negligible due to the increasing maturity of 5G
communication technologies (Akpakwu et al., 2017).

e  The control algorithm should obey the “First in first out” (FIFO) concept.



1.5 Dissertation Organization
The rest of this paper is organized as follows. Chapter 2 introduces the relevant studies of CAV
merging control at on-ramp scenario and macroscopic capacity analysis. Chapter 3 utilizes a virtual
rotation concept to reformulate the problem as a ‘virtual” CF problem assuming the ramp is straight.
Based on that, we propose a communication topology and formulate the cooperative control model on
the shared virtual lane. For rigor, a string stability criterion has been mathematically proved for the
“virtual” CF problem. Then, we relax the assumption of the straightness of the ramp and develop a local
lateral controller by extending the ramp scenario to a two-dimensional path coordinate. Chapter 4
provides numerical simulation experiments to show the practicality and effectiveness of our algorithm.
Chapter 5 determined the macroscopic stochastic capacity model under both CF and on-ramp merging
scenario by introducing three high-dimension factors including vehicle control gains, communication
capability, and traffic arrival pattern. Chapter 6 provides numerical analysis to show the impact of
multi-scale parameters on the stochastic capacity model. Last, we give the conclusion and point out

future works in Chapter 7.



2. LITERATURE REVIEW

2.1 On-ramp Merging Control Strategy
Vehicle merging has received broad attention during the last decades since frequent and nonsmoothed
LC maneuvers significantly impact traffic safety, congestion, and fuel consumption in a merging zone
and its ambient areas (Waard et al., 2009; McCartt et al., 2004; Papageorgiou et al., 2008). To mitigate
the negative effect of the nonsmoothed merging, most research (Carlson et al., 2010; Sridhar et al.,
2008) focuses on traffic flow control and optimization at a macroscopic level that minimizing capacity
drop and improve sustainable traffic throughput.
2.1.1 Traditional Merging Strategy

One of the most conventional solutions is ramp metering which restricts the on-ramp vehicles to enter
the mainline for conflict reduction and corresponded discharging rate improvement (Carlson et al.,
2010b, 2010a; Cassidy & Rudjanakanoknad, 2005; Papageorgiou et al., 1997). However, due to the
uncontrollability of human-driven vehicles (HDVs), the macroscopic traffic flow control methods just
decrease the merging conflict by dynamically controlling the traffic flow in the merging area but cannot
eliminate nonsmoothed LC maneuvers. The microscopic analysis reveals that the invasive influence of
merging to the mainstream is not negligible. For example, Laval & Daganzo, (2006) claimed that LC
vehicles created voids (waste spaces) in traffic streams which reduced traffic throughput from a
macroscopic level. Chen & Ahn, (2018) investigated the mechanisms of how spatially distributed LCs
interact with capacity-drop at a microscopic level, and the result illustrated that HDVs had the potential
to create a void in merging that persists downstream due to its lower insertion speed and bounded
acceleration, which led to capacity-drop. Additionally, the vehicular interaction across lanes causes
disturbances. Due to the instability of HDVs car-following (CF) models, the disturbances will get
amplified through vehicle string, which makes the vehicle stop and go frequently, and the phenomenon
is also known as traffic oscillations significantly impacting the mainstream flow (Ahn & Cassidy, 2007;

Ahn et al., 2010; Zheng et al., 2011; Li et al., 2010).



2.1.2  Upper-level Controller for CAV at On-ramp Merging
The emerging CAVs provides a great opportunity to enhance road safety and capacity to resolve the
transportation problems caused by human (Rajamani et al., 2000). Specifically, CAVs brings
unprecedented promises to control CAV microscopically by actively reducing the creation of voids,
and further dampen traffic oscillations by cooperative adaptive cruise control (Gong & Du, 2018; M.
Wang, 2018; Zhou et al., 2020; Zhou & Ahn, 2019). For the merging control, one of the very early
efforts in this direction can be found in 1983, Schmidt & Posch, (1983) introduced a heuristic approach
merging control algorithm for CAVs based on a two-layer controller, the upper-layer and lower-layer
controllers. The upper layer determines the vehicle merging sequence, and the lower layer determines
the local merging maneuvers of each vehicle. For an upper-level controller, different optimal car
sequencing models have been developed. For example, Wang et al., (2007), Ntousakis et al., (2014)
and Chen et al., (2020) purposed scheduling methods based on 1) distance from the merging point, 2)
traveling time to the merging point, 3) the optimized future car merging sequencing with a predefined
objective and constraints. Although both studies schedule the car sequence, a detailed CAV control is

needed to execute the optimal sequence which rises the lower-layer controller.

2.1.3 Lower-level Controller for CAV at On-ramp Merging
The lower-level controller determines vehicle trajectories to smooth traffic and guarantee merging
safety. Based on different levels of cooperation. The prevailing control algorithms can be further
categorized as cooperative and non-cooperative control algorithms. The difference between these two
algorithms is whether multiple-source information (predecessor vehicles) is used to control the vehicle
and the degree of cooperation. For example, Kachroo & Li, (1997)and Lu et al., (2004) presented two
non-cooperative single vehicle control algorithms in keeping the safe merging process and smoothing
the ambient traffic flow. Specifically, Lu et al., (2004) proposed a “virtual platoon’ concept that projects
the CAVs on both the main lane and merging lane to a virtual lane and formulate a ‘virtual platoon’

before the on-ramp merging point, which transferred the merging problem to a car-following control



issue. However, the non-cooperative control algorithm only focused on the individual vehicle optimal
decisions which may induce system-level sub-optimality. The traffic disturbances analysis is ignored
even though the ‘virtual platoon’ concept already enables the stability analysis of the traffic flow. On
the other hand, due to the coordinated decision-making and multiple-source information, the
cooperative control strategies have greater potentials to further improve system-level behavior and get
more attention. Ran et al., (1999) and Davis, (2007) proposed a cooperative control algorithm that
created gaps on the mainline large enough for vehicles with CACC function merged without speed
reduction by designed CF models. Recently, several advanced control methods have been used in the
designing of lower-level control, such as linear and nonlinear controllers and model predictive control
(MPC). For example, Cao et al., (2015) proposed a cooperative merging path generation method using
a MPC scheme to cooperate with the two vehicles on the mainline and ramp, which is closest to the
merging point, to accelerate and decelerate smoothly when the merge happens. However, the influence
of disturbances of the merging process on the upstream is not theoretically analyzed. Rios-Torres et al.,
(2015) proposed an optimal vehicle control model for multiple vehicles which targets minimizing the
acceleration for safety and fuel consumption cooperatively. Further, Duret et al., (2019) developed a
hierarchical control strategy for truck platooning near merging. The lower operational layer applied a
MPC for multiple vehicles to actively generate gaps for vehicles to merge according to the merging
sequence from the upper tactical layer and guarantee the smoothness of vehicular acceleration and
deceleration. Though the local stability of the longitudinal controller has been analyzed, the stability of
the entire merging section has been rarely discussed.

As cited above, most studies focus on ensuring merging safety by actively creating a gap and control
the merging vehicles to reduce the void. However, they ignore the cause of traffic oscillations (e.g.,
caused by the cut-in maneuver and subsequently speed variation) during the process of active
generation of gaps, and a corresponding method to dampen the above disturbances during this process.
Especially, they lack a mathematical framework and methods to theoretically analyze the system

stability for the merging process. Last but not least, the above-mentioned works treat the ramp as a
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straight line, and ignore the lateral movement for vehicles, which limits the width of practical
application for different merging section geometric characteristics.
2.2 Macroscopic Capacity Analysis
Similarly, as mentioned above, emerging connected and automated vehicle (CAV) technologies have
been paid increasing attention in recent years since its substantial impacts on traffic safety, stability,
and efficiency (Chen at el., 2017; Ghiasi et al., 2017). Compared with human-driven vehicles (HDVs),
CAVs can largely improve the traffic throughput and flow stability by reducing the time headway and
traffic oscillations via advanced communication technologies (e.g., vehicle-to-vehicle, vehicle-to-
infrastructure) as suggested by theoretical analysis (Zhou et al., 2020; Gong & Du, 2018; Zhou et al.,
2017), and numerical simulations (van Arem et al., 2006; Milanes et al., 2014). Among those merits,
capacity serving as an essential indicator to describe the maximum sustainable traffic throughput, has
drawn wide attention during last several years.
2.2.1 Traditional Capacity Analysis

Before we discuss the CAV capacity analysis, an understanding of conventional analysis on HDVs is
indispensable. One of the earliest pioneering works can be found by Greensheilds et al., (1934), which
unveiled that the capacity can be calibrated by fitting the relationship among three factors traffic speed,
density, and flow, also known as the fundamental diagram (FD). Further, Highway Capacity Manual
(HCM) proposed deterministic methods to estimate the capacity from speed-flow diagram under
macroscopic characteristics (prevailing roadway and traffic condition). However, the constant capacity
value determined from above methods are not reliable since maximum traffic flow can vary over time
and space, specifically, at a traffic breakdown condition (Elefteriadou et al., 1995; Persaud et al. 1998;
Lorenz & Elefteriadou 2001). Thus, in order to analyze the capacity more realistically and effectively
in the congestion area, research have sought stochastic modelling from a theoretical perspective.
Kuehne & Anstett (1999) and Brilon et al. (2007) both derived mathematical models of traffic flow

which delivered traffic breakdown probability distribution. Their results showed high consistence with
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the empirical observations. With the increasing availability of trajectory, researches have been
conducted to explain the stochasticity of capacity from a microscopic driving behavior perspective
(Ozguven & Ozbay, 2008., Han & Ahn, 2018). Specifically, Han and Ahn (2018) proposed a stochastic
breakdown model based on driver characteristics and found that breakdown probability is sensitive to
speed and minimum spacing, thus, aggressive driver could improve the traffic throughput. Apparently,
above HDV capacity estimation models confine to macroscopic parameters and human driving
behavior to determine the stochasticity of the road capacity, while the introduction of CAV brings new

factors to the capacity stochasticity.

2.2.2 CAV Capacity Analysis

However, at current stage, there is no sufficient macroscopic empirical data to support stochastic
capacity analysis on the pure CAVs, and hence we have to resort to an approach utilizing microscopic
behaviors to theoretically and numerically analyze the capacity (Talebpour & Mahmassani, 2016;
Milanes et al., 2014; Chen et al., 2017; Wang at el., 2016). Particularly, Chen at el., (2017) provides a
capacity formulation based on platoon size and spacing characteristics, the result illustrate that the
microscopic behavior of autonomous vehicles (AVS) is directly related to the macroscopic capacity.
Further, Wang at el., (2016) illustrate the impact of deterministic car-following (CF) control algorithms
for both AVs and CAVs on traffic flow, the results show that the CAV control model are more
predictive and anticipative for traffic flow characteristic than the AV’s model. Specifically, the known
predecessor’s microscopic driving behavior (gap and speed) increases the effective capacity. Although
many literatures have derived the road capacity based on deterministic CAV CF models, the effect of
stochasticity of microscopic factors on capacity has rarely been addressed.

Similar to HDVs, CAVs CF controllers also exhibit stochastic characteristics. The difference between
those two CF behaviors is that the stochasticity of HDV car following is mainly introduced by human
control, perception, reaction differences, which can be concluded as human behavior differences, while

the stochasticity of CAVs CF control come from communication, and parametric stochasticity for CAV
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controllers. Current CAV CF controllers mainly stick to constant time gap policies and based on that,
linear controllers (Morbidi et al., 2013; Zhou & Ahn, 2019), model predictive controllers (Wang et al.,
2013; Gong et al., 2016; Zhou et al., 2017a), and deep reinforcement learning controllers (Shi et al.,
2021) are developed. Among those control algorithms, linear controllers are widely adopted due to their
analytical forms and string stability guarantee, which is an important property to attenuate the
disturbances through vehicle string. For linear controllers, Zhou and Ahn (2019) has proposed a robust
CF control and derived sufficient conditions for both local and string stability by introducing the
uncertainty of the vehicle dynamics and communication delays. Meanwhile, Wang et al., (2020)
investigate the influence of information flow topology and different vehicle dynamic control parameters
on cooperative adopted cruise control. Although these literatures have studied the parametric
stochasticity of their controllers, they have not further explored corresponding impact on road capacity.
All the parameters such as communication capabilities, and control boundaries contribute to CAV CF
behavioral stochasticity and further render the stochasticity of CAV capacity.

Moreover, with the maturity of one-dimensional CF research, more literatures extend their studies to
two-dimensional CAV control under complex scenarios such as intersection, merging, and diverging
(Cao et al., 2015; Duret et al., 2019; Chen et al., 2021). Specifically, Chen et al., (2021) proposed a
rotation-based CAV distributed cooperative control strategy for an on-ramp merging scenario. A
communication topology design and virtual CF model has been designed based on a virtual rotation
concept. The proposed virtual CF model exploit a distributed feedback and feedforward controller to
reduce the voids caused by merging, ensure safety and disturbance attenuation. Based on the pure CAV
environment and the proposed analytical linear controller, the capacity analysis of a highway on-ramp
section depends entirely on the corresponding communication capabilities, vehicle control boundaries,
safety parameters, and traffic arrival patterns. Thus, the concept and method inspire the work we have
done in this paper.

To the authors best knowledge there is no previous research addressing the stochastic capacity analysis

for the pure automated driving environment on complex scenarios. Some CF studies above only
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consider the impact of the deterministic vehicle control algorithm on the road capacity (Chen et al.,
2017; Wang et al., 2021). While some studies consider the stochasticity of the microscopic control
parameters but ignore the impact on the macroscopic capacity. Thus, no literatures have systematically
studied the capacity impact from the stochasticity of the vehicle control parameters and proposed any
corresponding stochastic capacity model. Not to mention that the relevant research on complex
scenarios is completely missing. Thus, under the trends to connected and automated driving, it is
necessary to estimate and analyze the capacity of pure CAV environment on a highway on-ramp

scenario.
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3. CAV CONTROL STRATEGY UNDER ON-RAMP MERGING
Motivated by the above research gaps, in this chapter, we firstly design a virtual rotation approach that
transfers the merging problem of straight ramp lines to a CF problem by the concept proposed by Lu et
al., (2004). This concept has been extended in Xu et al., (2018) at an unsignalized intersection which
further inspired us to systematically design the virtual rotation approach. Thus, the rotation process,
which serves as an upper-level controller, uses a predetermine merge point as a reference to calculate
the relative spacing for vehicle and then determines the virtual car following sequences of vehicles in
a predefined merging control area. A lower-level cooperative distributed control strategy is proposed
to control vehicles’ trajectories with a specifically designed unidirectional multi-leader communication
topology (MLT). In detail, this approach exploits a weighted multiple predecessor information-based
linear feedback and feedforward controller to regulate the virtual platoon spacing and speed differences.
The string stability for the proposed controller is further mathematically proven. To generalize the
application scenario, this study extends the framework to a two-dimensional case by considering CAVs
lateral movement. Specifically, a curvilinear coordinate is utilized to describe the ramp with arbitrary
shape. A local-based lateral controller is developed to control the lateral motion of CAVs, while still
satisfying the concept, design, and the stability proof for the straight ramp line scenario mentioned

above.

3.1 Control System Modelling
The first session describes the design and formulation of the proposed cooperative merging control
strategy for a simple scenario where the mainline and ramp line are straight. A virtual rotation strategy
has been introduced to reduce modeling complexity. Specifically, this study rotates CAVs on mainline
(Y;-axis) and CAVs on on-ramp (Y,-axis) to a shared straight axis Z, as it shown in FIG. 3-1. A virtual
CF sequence is obtained by the rotation strategy and FIFO scheme. To leverage the V2V
communication among multi-vehicles, a unidirectional multi-leader communication topology is

proposed in this research. According to the rules of sequence and topology, a multi-predecessor linear
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feedback and feedforward controller has been exploited to alleviate the disturbances on the gap

generation and merging procedure.

3.1.1 Virtual Rotation and Virtual Car Following Sequencing

To distinguish the CAVs, we define two groups of sets for CAVs on mainline (i.e., I, =
{1y, 24,...my}) and on-ramp (i.e., Iz = {1, 25,...7g}), respectively. Each group of sets contains a
vehicle sequence set, a vehicle position set and a vehicle velocity set, which denoted as X, =
{xi, %0, i, X b Xy ER™, Vi = {v1, Vg, e, Un b, Vy ER™ | Xp ={x1,%2, .., X, Xg ER" | Vi =
{vi,v9, ..., 0.}, Vg €ER".

Based on the vehicles’ state information, we define the concept of ‘virtual rotation’ as the process
determining the car-following sequence of merging, which is equivalent to finding the optimal car
following sequence for vehicles in a virtual axle based on a predefined law. The importance of the
maneuver lies in reducing modelling complexity and convert the merging problem to a car following
problem, which makes the string stability analysis available. One of the simplest strategies is sorting
the car following sequence based on the relative distance to the merging point. Specifically, we rotate
the on-ramp y, -axis to the mainline y, -axis and construct a virtual Z-axis, while maintaining the
physical distance to the merge point as illustrated by FIG 3-1. Based on that, we can have a union of

vehicles index, relative position, and speed set on the virtual axis Z, as below:

XZ=XM UXR, (1a)
VZ = VM V) VR' (1b)

Y] -axis

—— X2 —> 0
‘ . » Z-axis 2 ,
CAV, P — x; —
g — X CAV, CAV,

CAV, ()

(@)

Y, -axis
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FIG. 3-1. An example of the proposed virtual rotation approach in (a) Y;-axis, Y,-axis, (b) virtual Z-
axis

Correspondingly, based on the CAVs’ index and positions on the Z-axis, we can easily get the virtual

car-following sequences on Z-axis by a function g which sorts X, in a monotonically descending order:
Xz, V3,17, F7) = g(X2, V7, 1), (2)

where X, V,, I, F; represent the relative position set, speed set, car following sequence set, the
ramp/mainline indicator set on Z -axis after sorting. I, is organized in an ascending order I, =
{12, ..., Neotar} Neotat = M + R, Fz = {fz1, - fzn,,,4,}- SPecifically, fori € I, we let f; = 1, if
the i** vehicle on the virtual axis Z is actually on the mainline, and f;; = 0 vice versa. Though this
virtual rotation maneuver may result in violation of safety in the virtual axle, the vehicles which have
safety violation are actually at different lanes. Further, since the rotation process sequences all vehicles
in the merging area, the vehicles on the mainline and ramp line will only have equal or large desired
spacing. Note that, g can be any function satisfying FIFO, such as Chen et al., (2020) can be applied to
our framework. Since this section is not the main focus of this study, we just utilized a very simple

strategy as Eq. (2).

3.1.2 Communication Topology Design

According to above virtual car-following sequence, we specifically design a unidirectional multi-leader
communication topology (MLT) to leverage the V2V communication among multi-vehicles and
prevent the collisions between adjacent cars on both mainline and ramp entrances. The communication
topology will further facilitate the strict string stability for the vehicles on the mainline and ramp
respectively, later given in following session.

The MLT on the virtual Z-axis is modeled with a directed graph G(I, &, A), where I represents the
vertices of the graph, whose number of vertices is Nyy.q;. € S I X I is the set of edges representing

the car following connections between each pair of following vehicles. The adjacency matrix A =
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[ai'j],Vi,j € I, , represents the communication connections. We specifically let a complementary
communication set as €. connecting vertices Vi,j € I, and i < j, defined as: £, = U{edge (i, )} if
f2i=12j&3iI<k<|, fux =[2i00fz; # [,j &Fi <k <}, fx = f,- The edge set € is defined

as:
€ = (I x [\Ee )
And the A can be defined as:

1,if{€;; €€}, . . 4)
{ f{ b ] i,j € Ntotals
0, otherwise,

where &; ; € € Similarly, means that vehicle j can receive the information of vehicle i.

To clearly understand the definition of Eq. (3), we summarize it as the thumb of rules below: 1) for
vehicle i and predecessor j with the same ramp/mainline indicator if there is a vehicle k between i and
j that has the same indicator as vehicle i, no communication is allowed between i and j; 2) for vehicle i
and predecessor j with the different indicator, if there is a vehicle k between i and j that has the same
indicator as predecessor j, no communication is allowed between i and j. Other than the two above
scenarios, CAVs are all unidirectional interconnected. An intuitive example has been provided in FIG.
3-2 to illustrate how CAVs communicate in both virtual and real-world scenes. This example contains
5 CAVs, 3 on the mainline, 2 on the on-ramp, and the virtual car-following sequence has been
determined as F, = {1,0,0,1,0}. Based on the MLT rules, the fifth vehicle (the last mainline vehicle
passing the merging point) can only communicate with its two predecessors. No communication is
allowed with the second and first CAV since the third CAV already has the same mainline indicator as
the fifth one. Similarly, the fourth CAV can receive information from its three predecessors until the

first vehicle since the first vehicle has the same on-ramp indicator.
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FIG. 3-2. An example of MLT in both virtual and real-world scene

3.1.3 Longitudinal Control Structure

The merging problem can be converted to a virtual CF control problem by virtual rotation and virtual
car following sequencing. Specifically, the control objective is to coordinate CAVs on-ramp and
mainline to actively generate the gap for vehicles to merge, reduce the voids, and meanwhile reduce
traffic oscillations during the whole process. Based on the rotation scheme developed above, we design
a linear feedback and feedforward controller on the basis of Wang et al., (2020) for vehicles within
each subset.

The schematic of the feedback and feedforward controller for vehicle i is illustrated in FIG. 3-3. U;
represents the control command, which consists of two feedback control components Uy ;: 1) the
spacing error E; , 2) the velocity difference AV;, and one feedforward control term Uy ;_, from the
acceleration rates X;_, of every predecessors from vehicle i —1toi — k. G; and M; are the ideal
longitudinal vehicle dynamics, X; and V; represents the position and velocity output of vehicle i, H;
denotes the constant time gap (CTG) spacing policy, and w,; and w,,; are the equilibrium spacing
coefficient and equilibrium velocity coefficient, as ) and a;, are the weighting coefficients for
acceleration feedback and feedforward information, y, , is the weighting coefficient for velocity
feedback information. These three coefficients represent the relative importance of the information

from k predecessors to vehicle i and are different from each case which are discussed in the following
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FIG. 3-3. Schematic of the feedback and feedforward controller

Since this study considers an idealized longitudinal vehicle dynamics model that ignoring air drag and
actuator delay, for the lower-level controller, we assume it can address vehicle internal dynamics so
that vehicle can respond to acceleration and velocity commands without any delays, which is widely
used in the literatures, e.g., (Wang et al., 2020; Zhou et al., 2017). The linearized state-space
representation of the idealized longitudinal vehicle dynamics can be represented as:
{xi () = v;(t), ®)
v;(8) = w (0),
where x;(t), v;(t) and u;(t) are the absolute position, velocity and acceleration of vehicle i at time t.
To analyze stability performance, the modeling and analysis are performed in the Laplace domain. The
idealized longitudinal vehicle dynamics model in Laplace domain can be described by using transfer

functions as:

Gi(s) = Xi(U;i(s)™F =572, (6a)

M;(s) = Vi(s)Uy(s)™t =572, (6b)
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where the input U;(s) denotes the acceleration of vehicle i and the output X;(s) and V;(s) denotes the
absolute position and velocity of vehicle i in the Laplace domain.
To achieve more efficient damping oscillations, we obtain the desired relative distance between vehicle

i and its N; predecessors, whose communications are active, using the CTG policy as follows:

dix(t) = N;[L + 7x;(2)] (7)

where d; . (t) is the desired relative distance between vehicle i and vehicle k, and 7 is the desired time
gap for vehicle i. L is the constant standstill distance (including vehicle length) between the two
adjacent vehicles, x;(t) is the velocity of vehicle i.

The convex combination of spacing errors as follows:

N; (8)
ei(t) = ) apil[Ceiie(®) = x:0)] — (0D},

k=1

S.t.

N 9)
z ab,k = 1,
k=1
where ay,  is the weighting coefficients for position feedback information.
Substituting Eq. (7) into Eq. (8), the weighted spacing error is
Vi (10)
ei(®) = ) apflCeii () = x(®)] — KIL + Ti(O])
k=1

Taking the Laplace transformation of Eq. (10), the spacing error can be expressed equivalently as:
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Ni (11)
Fi) = ) anil[ (X (s) = X(9)] — kesXi()}

k=1

N; Nj

= Z ab,kXi_k(s) — Xl'(S) 1+ Z abrkk‘[s

k=1 k=1

N;

= Z ab,kXi—k(S) - Hi(S)Xi(S):

k=1
where H;(s) is the CTG spacing policy in frequency domain, given by:

i (12)

Hi(s):1+2ab,k*k*r*s.
k=1

The equilibrium velocity of vehicle i with its N; predecessors can be represented as:

" 13
Vie(t) = Zk=lyb,kvi—k(t)' (13)

S.t.

M (14)
Z Yok =1,

k=1

where y,,  is the weighting coefficient for velocity feedback information. Then, the deviation from

equilibrium velocity of vehicle i can be expressed as:
Av () = vi(t) — v (2). (15)
Taking the Laplace transformation of Egs. (13) and (15), we have:

N;
Vie(s) = Zkzlyb,kvi—k(s)- (16)
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N;
Wio) =V = ) Yook 0

The control command consists of a feedback term (spacing error feedback and velocity feedback) and

a set of feedforward terms, which shown as follow:

i (18
Ui(s) = Upi(S) + ) Upii(S),
k=1

where the feedback term U, ;(S) uses spacing error and velocity to stabilize the closed-loop system
while the feedforward term Uy ;_, (S) uses acceleration rates from the N; predecessors to minimize the
spacing error.

The feedback term U,, ;(S) and the corresponding feedback controller are defined as:

Up,i(S) = we iEi(s) + wy jAV; o (s), (19)

where E;(s) is the spacing error in the Laplace domain in Eq. (11). w, ; and w,, ; are the feedback gains
for deviation from equilibrium spacing and equilibrium speed respectively, where larger feedback gains
will make vehicle react more intensively.

The feedforward terms Uy ;_ (S) indicate that the acceleration rates of vehicle i — k are defined as:

Uri—1(S) = as i s2X;_1(5). (20)
The overall control command is obtained by summing up Egs. (18), (19) and (20). Through inverse
Laplace transformation, the expression for the control command is:

N (21)

Ui(t) = weie;(t) + wy jAv; o (L) + Z as ke X (0).
k=1
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3.2 String Stability Criterion
In this session, we analyze the string stability for longitudinal controller under the MLT mentioned in
Chapter 3.1.2. Specifically, we mathematically define the property of string stability and derive
sufficient conditions by analysis method. Since the velocity of the vehicle i is affected by its multiple
predecessors, we consider the following definition of strictly L, norm string stability based on

(Darbha et al., 2017):
Definition 1. A CAV platoon is (practically) L, norm string stable if and only if:

il 22)
2 1 2
I3 <7 > v kOB,
ik:l

where v;(t) is the absolute velocity of vehicle i on virtual Z-axis. ||v;(¢)||3 = ffflvi(t)lz dt is the
square of the L, norm of v;. According to Eq. (22), it requires that the square of the L, absolute velocity
of vehicle i is attenuated in the sense that it is less than the average of the squares of its predecessors’
L, absolute velocities. Note that, in the following study, we treat the square of the L, absolute velocity
as energy for easy understanding.

To analyze the frequency domain behavior of our system, we conduct the Fourier transformation on
the system by Egs. (11) and (21). The result is shown in Eq. (23).

N, N; 23)
s?X;(s) = we, Z appXi—k(s) — Hi($)X;(s) | + wy ;5 [ X;(s) — Z Yok Xi—k (5)
k=1 k=1

N;

+ S2 Z a’f,k Xi—k(s)'
k=1
To simplify the further analysis, we define Q,(s) = I;"((g where J(s) = s% + we,H;(s) — sw,,;, and
k

Pr(s) = weipx — SWyiVpx + szaf,k. Then, Eq. (23) can be represented as:
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Ni (24)
Xi(9) = ) Quls) Xeoi(5)
k=1
By dividing s on both hand sides of Eq. (24), we can have:
(25)

N;
Vi) = ) Q) Vi ()
k=1

Based on Definition 1, and Eq. (25), the Proposition 1 can be got as below:

Proposition 1. If ||Q, (@)l < Ni the CAV platoon is string stable on the virtual Z-axis.

Proof. According to the Parseval’s theorem (Steele, 2004), the energy in time and frequency domain

are equal, and then we have:

+oo +oo 26
w@IE= [ w@rd= [ WGwPdo (26)

— 00
f_
(0.0)

According to the Cauchy-Schwarz inequality (Steele, 2004), we can get,

2

Nj
> @GV G| do
k=1

o @7)
@13 < [ | N Y (V7 G) @ G0)QuGeolVicie ) | s
-® k=1

N; veo
<N Z ((Suplek(jw)l)z ' f Vilk (/w)Vi—k(iw)dw>
k=1 -*®

N;
= N; ) (10 G)IZ - II7e- (D11,
k=1

To satisfy Definition 1, by substituting Eq. (27) into (22), we can have:



25

1
1Rk Glleo < 5,V 1 <k < N;. (28)

2

Next, we bring the Eq. (28) proposed by proposition 1 into the two cases we defined below:

1. The Equally Weighted Case:

We firstly begin with Case 1 where weighted coefficients are equal to Ni similar to (Bian et al., (2019),

which shows below in Eq. (29). The exact identical coefficients are for dimensionality reduction which
neat the parameters and control algorithm. And the assignment of equally weight is to demonstrate that

we treat every coefficient under each k is equally important.

1 (29)
Apk = Ak = Vpk = N
L

Proposition 2. The CAV platoon is string stable on the virtual Z-axis, if the following inequality

equation are satisfied:

1+ N;
(we_l-r( 2 1)) —wy; = 0. (30)

Proof. By substituting Eq. (29) into Eq. (28), we can get:

. 2
We iAp |k — JWWyVpk — W Af i (31)

N; : ;
—w? + we (1 + X)L, ap * kTjw) — jowy,|

P (jw)
Jk(jw)

1@kl =

1 1,

_ ﬁiwe,i —ﬁiw —ﬁiwv,uw -

1
. N;’
—w? + we; + <(we,it OE—NL)) w — wwv,i>j

~

A+Bj
C+Dj

By multiply N; on both hand sides of Eq. (31) and simplified to ” ” < 1, we have:

A=w,; — w? (32a)
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B=-ww,; (32b)
C= —wz + We i) (32C)

< 1+ Ni)> (32d)
D= a)e_iTT W — WWy;.

Then, the Egs. (32a)—(32d) can be simplified as A? + B2 < C2? + D2, which is shown below:
Wi+ w* — 20w, ; + W w,;* (33)

<

1+ N;)?
<we,i212 %) w? + w?w, - (we,ir(l + NL-)) w?wy;

1+ N;
+ W + we? — 20w, = (a)e,ir( 2 l)> —wy; = 0.

In special case scenario, when N; = 1, Eq. (33) can be expressed as:

(,()e’i'l'

— Wy > 0. (34)

2. The Non-equally Weighted Case:

We extended the case 1 to a more general and realistic case where the weighted coefficients are assigned
by a function of k and N; which shows below in Eg. (35). The assignment function is to show that

the closer to CAV;, the greater the weighted coefficient of the CAV and the greater the impact on CAV;.

1
Sk 1<k<N; -1 (35)
Apk = Ak = Vpk = 1 .
e k=N

Theorem 1 (Darbha et al., 2019) The string stability for the system with the form as Eq. (25) is string

stable if the following inequality is satisfied:
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Dol < 1.
k=1
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(36)

Proposition 3. The CAV platoon is string stable on the virtual Z-axis, if the following inequality

equation are satisfied:

we,iTH - Za),,’i > 0.

Proof. By substituting Eq. (35) into (36), we can have:

N;
D ekl =
k=1

=

. 2
We iAp — JWWy;Vpp — O Af i

—w? + we'i(l + 22’;1 Ap i * k‘cja)) —joww,;

< Z ab’k.
9] k=1

A+Bj
C+Dj

By dividing Xy, ay,, on both hand side of Eq. (38) and simplified to ||

_ 2
A=w,; —w?,

B =-ww,;
- 2
C=—-w+w,,,

D= (we,iTH)a) — WWy i,

N;

0= z ab,k * k.
k=1

Then, the Egs. (39a)—(39f) can be simplified as A2 + B? < C? + D?, which is shown below:

We i+ w* — 20w, ; + W w,;*
< (0, 2720%)w? + 02wy, 2 — 20%We ;w0 TO + W* + we i

2
—20%we; = W10 — 2w,; = 0.

Remark 1. According to Wang et al., (2020), with the worst-case scenario where the

” < 1, we have:
[oe]

Vi—k(s)
Vien(s)’ -

(37)

(38)

(39a)
(39b)
(39¢)

(39d)

(39f)

(40)

V1<
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k < N is equal to one (which means the traffic oscillation is neither amplified nor dampened), the

transfer function in Eq. (25) becomes:
N;
Vi) = Vi (s) ) Qu(s). (41)
k=1
By Cauchy-Schwarz inequality, we have:

N;
Wil <[> e@|| Win@ll (42
k=1

[oe]

IVi()ll2

In order to satisfy the head-to-tail string stability (Wang, 2018), 7Y
i-N 2

< 1, which gives the

sufficient condition as || X%, Qi (s)|| , < 1 based on Eq. (42). Further, since

N; N;
Dlleole <[> ae| <1 (43)
k=1 k=1

co

we can find that practical string stability conditions given by Eq. (28) and Eqg. (36) is more stringent,
and hence the head-to-tail string stability can be naturally satisfied. By the communication topology in
Chapter 3.1.2 we can further conclude that the CAV platoon on both mainline and on-ramp is strictly

string stable.

3.3 Two-Dimension Coordinate Extension
To increase the application on all road geometries, we extend the ideal merging scenario whose ramp
is a straight line to a general scenario, a two-dimensional case. A local lateral controller is designed to
regulate the vehicles’ deviation from the lane centerline based on the proposed longitudinal control.
We firstly describe the vehicle state in a curvilinear coordinates model and illustrate the vehicle

lateral dynamics. The local linear feedback and feedforward controller are designed based on an
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extended linear quadratic regulator (ELQR). Note that to make the system more realistic, both

holonomic and nonholonomic vehicle lateral movement system has been considered in this study.

3.3.1 Curvilinear Coordinates Model
In this paper, we use a curvilinear coordinates model rather than a Cartesian coordinate model to model
the vehicle kinematics of the lateral movements. Certainly, the Cartesian coordinate model can easily
express the distance between the cars and the merging point. However, to express the vehicle trajectory
(including steering angle, position, and distance) more accurately and conveniently to the centerline of
the curved on-ramp, the curvilinear coordinate model is introduced. Since both coordinate models can

be invertible transformed by each other, the curvilinear coordinates model given by FIG. 5-1., can be
represented as [px,py, 9]5 € R3: where its position is [px,pyl, and @ is the orientation in the global
frame. Then, the wvehicle state M(t) can be represented in a curvilinear coordinate
[x;(£),7;(t), AG;(t)]T, where the vehicle state contains the path length (curvilinear abscissa) at the

closest point, x;(t), lateral deviation r;(t), the angular deviation A8;(t) which can be expressed as:

x;(t) (44)
M) = | ni(t) |,
A6;(t)
where 1;(t) is the orthogonal distance from the center of the CAV to the closest point on the on-ramp
yz-axis, and A8;(t) = 0;(t) — Oges(i) (1), 0;(¢) is the angle between the CAV heading direction and
the x-axis, 64.5(;)(t) is the angle between the tangent of the road centerline and the x-axis in the global
frame. An example of Two CAVs under our scenario in Path coordinate system is shown in FIG. Error! R

eference source not found.-1.
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FIG. 3-4. Vehicle Dynamics in Path Coordinates Model
3.3.2 Holonomic Vehicle Lateral Dynamics
Then, the vehicle dynamics can be described by the state space as below:
7; (t) * cos (A6;(t)) (45)

amye)  d |40

—| ri(®)
" & age) | Lo -

7;(t) * sin (A6;(1))
7(t) * cos (A6;()) |
R

where 7;(t) is the velocity of the CAV in the curvilinear coordinate. To make the structure and stability
given by the longitudinal controller mentioned above still hold, we can simply let v;(t) = 7;(¢t) *
cos (A6;(t)), and the string stability refers to a projected practically string stability by cos (A6;(t)) .
u; (t) is the angular velocity of the CAV and R is the radius of the curvature. Note that, x;(t) is more
related to the system level stability (string stability in our case), while the lateral movement is more
related to the individual vehicle stability (usually known as local stability). Hence, for this extension of
lateral control, we only need to consider the components of lateral deviation function dr;(t)/dt and
angular deviation function dA@;(t)/dt in Eq. (45). Therefore, we can define the lateral state M; ,(t) as

[r;(t), A8;(t)]T, and the state space function for the lateral vehicle dynamics becomes:
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dMy () dn@ 1 ﬁi(t)~*sin (A6;(t) (46)
de dt Aei(t)] - [ui(t) A0k CO}: CIION!

However, the function is still complex because of nonlinearities caused by sine/cosine function. Luckily,
the angle A8;(t) is usually small enough (e.g., A8;(t) < 14°, which also suggests v;(t) = ¥;(t)) that

satisfy the small-angle approximation to simplify vehicle lateral dynamic which given as follow:

dM;;(t)  d | r(t) ﬁi(q * sin (A6;(1)) (47)
= Zlag. o = 7y (t) * cos (AG; () |-
dt £186,0)] = | o) - :

By defining u; (t) as the system control input, Eq. (47) can be expressed as a linear time variant system

(LTV) as:

nd;i(t) = A;(t) * My, (t) + B;(£)u; (t) + D;(t), (48)

where A;(¢) = [ ﬁiét)],Bi(t)= 0] i) = [_ &]
R

To determine the u; (t), we apply a widely applied ELQR by Singh & Pal, (2017) at each time point t
in a rolling horizon manner according to the most recent measurement ¥; (t), which can be represented

as:

® 49
min J;(M;; (t), u; (t)) = f M; (T QM;; (t) + Ry, (t)*dt, (493)
0

S.t.

PO _ ) M) + BiOw(©) + DO o)

Eq. (49a) is used to regulate the lateral and angular deviation of the state, and meanwhile consider the

lateral control efficiency. Specifically, M;,(t)"QM;,(t) determines the lateral control efficiency,
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Ru;(t)? determines the lateral comfort, and Q = [n1 . ] R = 5 are the pre-define diagonal
2

positive-definite weighting matrices to guarantee the smoothness of the turning angular speed.
By solving the continuous ELQR, the optimal control for the lateral dynamic controller in Eg. (48) is

given as a linear feedback and feedforward controller as below:
i () = kpi (£)"M; () + kg (£)D; (D). (49c)

where ky; (t) = [k, (t), kagi(t)] is the constant continuous feedback gain for the lateral deviation and
angular deviation of vehicle i at time t, respectively, which can be solved by Continuous Algebraic

Recatti Equation (Anderson & Moore, 2007) as below:

kpi(©) = —R; T B;()TP,(D), (50a)
u(® = RO (4 - RBOBTOR®) | RO, o0
P.(0)A;(0) + A" (©OP;(t) — P;(O)B:(O)R; ™" B;" ())P,(t) = Q. (50c)

3.3.3  Nonholonomic Vehicle Lateral Dynamics
To make the system more realistic, a nonholonomic vehicle dynamics system has been considered as
an extension. The main difference from the holonomic system is taking the steering angle into account
(Necsulescu et al., 2010). As shown in FIG. 3-5, the revised vehicle lateral dynamics state M;(t) can
be defined as M;(t) = [r;(t), A8;(t), 5;(t)]" where the §;(t) denotes the steering angle of the vehicle,

L, denotes the spacing between the front and rear wheel.
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FIG. 3-5. Nonholonomic Vehicle Dynamics in Cartesian Coordinates Model

Then, the vehicle dynamics can be described by the state space as below:

vi(6) (1 - ;l((?)> tan(A6;(t)) (1)
dM;(t) ,
dt = Ui (t) (1 — ;ll((tt))) tan (51 (t)) vi (t) )
cos(A6;(t))L, T Ri(D)
K; (t)

where R;(t) denotes the radius of CAV i at time t for the nonholonomic system. x;(t), which is the
control input, represents the steering angular velocity of CAV i. Similar to Eq. (46), we apply a small-

angle approximation for A8;(t), which gives:

w0 (1- 1) 20,0 2
dM;(t) :
= |no(1- ;ti((tt))) tan (5(0) 1)
Ly Ri(®) /
Ki(t)
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As can be found that, Eq. (52) still has a non-linear term, tan (6;(t)), where practically §;(t) is not
small enough to make the small-angular approximation hold. Thus, to handle the non-linear continuous
optimal control problem, a discretization step and a linearization step are usually applied. For
discretization, the Forward Euler method (Puwal & Roth, 2007) is adopted, which transfer Eq. (52) to

the Eq. (53) below:

Mitie, =Yie + f(Mi,tvui,t)tsv (53)

where t is the time discretization length (i.e. 0.001 sec in our case). Note that the equilibrium of the
state space is M, = [0,0,0]7, with u, = 0. Then, by the first order Taylor series expansion, we can get

the discretized LTV system:
Mi,t+t5 ~ M, + Ve (M, u)ts|Mi,t=Me(Mi,t - Me) (54a)
+ VM, u)tslui'tzue(’ci,t - ue)'
which can be further simplified as:

Vi (54b)
"R (t)

Mi,t+t5 ~ (1 + Vf(M' u)tslMl‘_t=M9)Mi,t + Vfu(M! u)tslui‘t=ue +D

0 v;(t)t 0 0
where Vf (M, Wts|a;,=n, = 0 0 ”2“)1:5 , and Vfu(M'u)fslu,-,Fue:(O), D=

4

0 0 0
After simplification, the nonlinear system given in Eq. (54b) can be approximated as an LTV system:

* Vit (55)

Mire, = Aje X Mipye, + Biekye + Dt R
it
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1 vyt 0

0
where A;, =0 1 ""L—(t)ts B}, = <0)
0 0 1 s

By modifying lateral state-space formulation, we can still apply a discrete version of ELQR

controller in a rolling horizon fashion.

. © 56a
min J; (M ¢, i) = zt_oMi,tTQMi,t + RK; (2, (562)

S.t.

56b
Mitre, ~AtiMzt+thKzt+thR (56b)
it

where Q and R are the positive definite weighting matrix for system state and control input. By solving
the above discrete ELQR, we can get the control law for the lateral movement as discrete linear

feedback and feedforward controller given below:

57a
Mitre, "‘AltXMlt+t +thK1t+thR (572)
it

where kg, and k¢ are linear feedback and feedforward gains solved by Discrete Algebraic Recatti

Equation (Lancaster & Rodman, 1995) as below:

ke = —(R + B} Pt"Bjy) Blt P/ AL, (57h)
* - * -1 * 57

kff_ _(R+Blt PLt Blt) Blt PltAlt(Alt i,t 1(Pi,t_Q)) Di,t' ( C)

Q+Ai‘t[ — B (R+B;, P, "B Bl plt]A;t_ (57d)

Remark 2. For a lane change problem or a parallel ramp layout, we can treat the designed trajectory
curve as any generic twice-differentiable curve (Y) on a plane by a consecutive (x, y) points in a global

Cartesian Coordinate. By the construction of curvilinear coordinate, the differentiable curve can be

parametrized as Y(s) = (px(s),py(s)) (Sendra & Winkler, 1991), where p,(s) and p,,(s) are the
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global Cartesian Coordinate over the point s on the curve. By the road intelligence, the corresponding

curve radius at each point s can be pre-calculated as the reciprocal of the curvature K(s) as below:

1 _ 1 (58)
K(s) 2 2
d?p,(s) d?p,(s)
\/( 5325 ) + < d:z )

During vehicle operation, since the controller is implemented in a rolling horizon, at each time point t,

R(s) =

we can update the corresponding value R(t) based on current vehicles position s, to implement the

ELQR control.
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4. NUMERICAL SIMULATION RESULT FOR MODELLING
This chapter presents numerical simulations to validate the efficiency and stability of our proposed
control strategy. Both equally weighted and non-equally weighted information cases mentioned above
are conducted on MATLAB. Since we design the longitudinal controller as a system-based controller
and the lateral controller as a local-based controller, the experimental analysis of these two are

discussed separately.

4.1 Simulation of Longitudinal Controller
Firstly, to validate the correctness and effectiveness of the proposed propositions, we set the range of
the desired time gap at 7 = [0.5,1,1.5] and the number of communicated predecessors N; € [1,6] in
order to find the feasible region of control gains for two cases. Based on these settings and the
propositions, the results shown in FIG. 4-1. illustrate that the boundaries of the relationship between
w, and w,, is proportional, and with the number of CAVs in the communication topology (N;) increases,
the eligible combination of weight coefficients (the area under the boundaries) increases, which
indicates that the longitudinal controller we designed is practical. Additionally, this growth trend is
reflected in a desired time gap of vehicle, . As T increases, the area under the boundaries increases.
Specifically, though two cases follow the same trends, the equally weighted case shown in FIG. 4-1
(a)-(c) has more eligible combinations of the weight coefficients than the non-equal weighted ones

shown in FIG. 4-1 (d)-(f).
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FIG. 4-1. Feasible region of control gains for string stability (a)-(c) Equally weighted case, (d)-(f)

Non-equally weighted case

Given control gain analysis, the default parameter values for the CAVs controller design are shown as
Table. 4-1 to conduct CAVs trajectories simulation. The experiment setup consists of 12 CAVs control
simulation with one leading vehicle. Since the vehicle initial speed is set to 20 m/s, to better reflect our
algorithm, we preset the average distance between two adjacent cars to 20 meters with random
[—10,10] meters deviation. Based on that, the origin locations of the CAVs are randomly generated. In
this example, the 12 CAVs are initially set up as 7 vehicles on mainline and 5 vehicles on on-ramp
whose  corresponding  relative  distance to  the  merging point are Py =
[0,—30,—46,—68,—89,—165,—186] and P, = [—20,—109,—132, —154, —198]. By applying the
virtual car sequencing method, the initial positions of 12 CAVs on the virtual Z-axis are determined by
Eq. (2) above as P, =[0,—20,—30,—46,—68,—89,—109,—132,—154,—-165,—-186,—198] as
shown in FIG 4-2. Meanwhile, the movement of the leading vehicle is generated based on a sine

velocity function which indicates the back-and-forth changes of the velocity in a short amount of time
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that can directly reflect the optimization result of the control algorithm. The mean value of the sine
function is set to the initial speed, the oscillation magnitude is set to 3 and the frequency is set to 0.0005
to better visualize the result. The merging point is set to 600 meters away from the first CAV entering
the system. To make the simulation closer to the reality, the acceleration threshold is setto [—3,3] m/s?2.
Note that both cases use the exactly identical control parameters mentioned in Table 1. FIG. 4-3 below
shows the state evolution of a) position of the 12 CAVs on virtual Z-axis, b) the speed, c) the
acceleration and d) the position of CAVs on the mainline (Y; -axis) for the equally weighted information

case.

Table 4-1. Default value setting for the longitudinal controller experimental design.

Parameters Value
Time Discretization Rate t, 0.001
Total Running Time T 80 sec
T 1sec
L 5m
Vinitial 20 m/s
W, 14
Wy 0.3
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FIG. 4-3. State evolution results of longitudinal controller for Case 1: (a) Platoon Position on Z-axis

(b) Speed (c) Acceleration (d) Platoon Position on Y; -axis

Similarly, FIG. 4-4 shows all the result for Case 2, which is a non-equally weighted information case.
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It is observed that the disturbances are dampened along the string of CAVs in both state of speed and
acceleration. Additionally, the state of position for CAVs on virtual Z-axis and real-world mainline Y; -
axis are well reflected the shrink trend. Thus, this trend illustrates that not only the CAVs on the
mainline and on the on-ramp are string stable, but also the mapped virtual platoon on the virtual Z-axis
is string stable. Meanwhile, the state of the position results also demonstrates that CAVs are controlled
stably in the set time gap to ensure safety. Further, the result validates the proposed controller can
actively reduce the voids in a small amount of time and meanwhile guarantee the string stability of the

whole system in both cases.
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FIG. 4-4. State evolution results of longitudinal controller for Case 2: (a) Platoon Position on Z-axis

(b) Speed (c) Acceleration (d) Platoon Position on Y; -axis

To more quantitatively validate the proposed longitudinal controller that satisfy the propositions
mentioned in Chapter 3, we use the square of L, norm of the absolute velocity for each CAV to verify.
FIG. 4-5 shows the result of the square of L, norm of the absolute velocity (energy) for case 1 and 2.

The trends for both cases elucidate that the energy is attenuated through the control of vehicles.
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Specifically, this attenuation trend applies to CAVs on Y;-axis (red bars), on Y,-axis (blue bars), and
on the virtual Z-axis. Thus, the results validate the string stability criterion we proposed in Chapter

3.2.
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FIG. 4-5. Square of I, norm of absolute velocity comparison for case 1 and case 2.

4.2 Sensitivity Analysis for Longitudinal Controller
To examine whether merging control range is ample enough before merging, a numerical sensitivity
analysis has been designed for the proposed longitudinal controller. Specifically, an extreme case has
been conducted to find the minimum control range that allows CAVs on the virtual axle approach to
equilibrium state before merging. In this experiment, the extreme case consists of 4 CAVS, 2 on
mainline and 2 on on-ramp, where the initial positions of the CAVs on the virtual Z-axis violates the
safety constraint (smaller or equal to the time gap). Meanwhile the leading vehicle is designed to brake
sharply in a short amount of time during the simulation to test the resilience of the proposed controller.
For consistency, the experiment follows the default settings in Table 4-1 but with 40 seconds simulation
time. The initial positions of CAVs on the mainline are X,, = [0, —8], and the initial positions of CAVs
on the on-ramp are X = [—2,—9]. By applying the virtual car sequencing method, the initial position
of 4-CAV platoon on the virtual axle are X, = [0, —2, —8, —9]. The leading vehicle is set to decelerate
at 2 ms~2 after running for 13 sec until the velocity reach 10ms~1, then accelerate again at 2 ms~?2
after running for 26 sec until reach the initial velocity, 20ms~1. Note that, since the mainline/ramp

indicator set £, = [1,0,1,0], the weighted coefficients are equal in both equally weighted and non-
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equally weighted case. Thus, we only apply the equally weighted case string stability criterion in this

analysis. FIG. 4-6 illustrates the 4 CAVs’ state evolution of a) position on Z-axis, b) deviation of the

target spacing, and c) the square of [, norm of absolute velocity of the 4 CAVs.
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Deviation from target spacing (i.e., x;_1(t) — x;(t) — d; 1(¢t)) has been used to verify whether the
CAVs reach equilibrium close enough for merging CAVs. Specifically, in this case, we define that
when the deviation from target spacing meets the range [—3,3], the corresponding CAV get close to
equilibrium and can merge to the mainline relatively safely. In FIG. 4-6 (b), it is observed that, until
the fourth CAV drive for 14.83 sec, the whole platoon on the virtual axle meets the range [—3,3] which
close enough to the equilibrium state and the corresponding travelling distance is around 220 m. Thus,

we can conclude that the assumption we made in Chapter 1 is ample enough for the purposed controller.

4.3 Simulation of Lateral Controller
Next, we evaluate the extended lateral controller by another numerical experiment. Since we design the
lateral controller as a local controller, each CAV is controlled individually, the experiment is designed
to focus on one of the CAVs in the platoon. As mentioned in Chapter 3.3, the lateral movement is
more related to the individual vehicle stability, thus we determine the state evolution of lateral deviation
and angular deviation to validate the effectiveness of the lateral controller. The parameter settings are
given in Table 4-2 as an example. Note the initial angular deviation is set to 10° to satisfy small-angle
approximation. In this experiment, we select #2 CAV in the platoon, the first CAV entering the on-
ramp lane, as the test subject. Since the initial position of the test CAV is located at -620 meter on Y-
axis, the 6,4, can be calculated as 36°. FIG. 4-6 demonstrates the schematic diagram of the lateral

experiment in a real-world scene.

Table 4-2. Default value setting for the lateral controller experimental design.

Parameters Value
Initial lateral deviation 0.4
Initial angular deviation -10°
Radius of the on-ramp 1000 m
T 80 sec
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FIG. 4-7. Schematic diagram of lateral experiment in real-world scene
The evaluation of the holonomic system is based on two results: 1) the state evolution of lateral
deviation and 2) angular deviation for the first on-ramp vehicle as shown in FIG. 4-7 (a), (b), since
other on-ramp vehicles also exhibit the same conclusion. The result illustrates that the CAV controlled
by the lateral controller converges to the road's centerline (infinitely close to 0) very quickly. However,
it is observed that, at the time 32 sec, both deviations have a slight peak of changes (disturbances) which
indicates that the CAV is passing through the merging point. Due to the small amount of change and

instant amount of time, the changes can be neglected.
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FIG. 4-8. Holonomic system results: state evolution of (a) lateral deviation and (b) angular deviation.

The evaluation of the nonholonomic lateral controller has a corresponding steering angle validation
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term besides lateral and angular deviation. The initial steering angle of the testing CAV is set to 0.
Similar trends have been observed in the results shown in FIG. 4-9. Not only the lateral and angular
deviation converge fast, but the vehicle steering angle also quickly converges to the designed road
steering angle at the same time. Note that, after the vehicle merging to the mainline, the steering angle
continuously to be infinitely close to 0 indicates that the vehicle is driving along a straight line. Overall,
both holonomic and nonholonomic results well-reflect the control efficiency and smoothness of the

lateral movement.
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5. STOCHASTIC CAV CAPACITY ANALYSIS
Based on the finding gaps in literature reviews, we want to design a unified framework incorporating
multiple high-dimensional factors to understand the parametric impact on stochastic capacity under
on-ramp merging scenario. The high-dimensional factors comprise of both macroscopic
characteristics such as vehicle’s communication capability and corresponding topology, and
microscopic characteristics such as vehicle control gains. To step-by-step clarify the above objective,
we first extend the string stability criterion designed above to illustrate the relationship between the
desired time gap and other parameters of the CAV control strategy. Then to fit the stochasticity of
communication loss, we exploit a stochastic capacity model in a generic CAV CF scene. Further, we
extend the CF capacity model to a merging capacity model by adding one more stochastic feature,

vehicle arrival pattern.

5.1 Microscopic Controller Extension
Recall that in Chapter 3.3, a string stability criterion has been applied to ensure traffic oscillation
attenuation of the control system. Particularly, the sufficient string stable condition is a function with
respect of control gains w, and w,,, the desired time gap 7, and number of communicated predecessors

N;. By transferring the condition into a t function we can have:

4
T= % . (59)
a)e(l + Nl)
Then, based on the relationship among the parameters in Eq. (59), the minimum 7 can be calculated if
the boundary of equilibrium velocity difference is minimum and boundary of equilibrium spacing error
is maximum as follow:

4‘wv,min ) (60)

Tmin(N;) = max <Tsafe: o+ 1)
e,max i

where 7,4 is a predefined value for 7 for safety concerns.
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Note that, only the equal relationship in Eq. (59) has been retained when we express the t,,;,. Since,
by definition, the capacity is the inverse of t, we want to use t,,;, to find the maximum sustainable

flow rate of the road. Therefore, values greater than minimum are not considered in the following study.

5.2 Capacity Modelling for Car-following Scenario

In this session, we determine a capacity estimation model for CAV CF scenario based on vehicles’
stochastic communication capabilities. We firstly give a generic stochastic capacity model including
expected capacity and variance based on an assuming probability mass function (PMF) of a vehicle
communication capability function. Then, we provide a detailed PMF example by using a Signa-
Interface-plus-Noise-Ratio (SINR) (Du & Dao, 2014) as a special case.

To make capacity analysis easier to understand, we mainly address the analysis into two parts, from
relatively simple CF capacity modeling to more complex on-ramp merging capacity modeling. Based
on the literature reviews (Bian et al, 2019), we have found that vehicle communication capability is one
of the main factors that affect the CAV CF control. Therefore, different from many research (Zhou &
Ahn 2019; Duret et al., 2019) that assuming deterministic models for the communication failure while
ignoring stochasticity of communication capability and to make the following macroscopic analysis
closer to the reality, we have relaxed the “no communication delay or loss” assumption proposed in
Chapter 1.4. That means the N; in Eq. (60) no longer is a fixed value calculated by the MLT we
designed, but a stochastic parameter affects by the communication loss. Therefore, we define a new
stochastic parameter, N; .4y, to represents the capability of each vehicle to receive information from its
predecessors without communication loss. In other words, N; .4, denotes the number of continuous
predecessors that vehicle i can communicate.

Then, the Eg. (60) can be rewritten as:

4wv,min ) (61)

Tmin(Ni,cap) = max (Tsafe: w (1 TN, )
e, max i,cap
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Further, based on the definition, the corresponding capacity of the road segment can be calculated as

the inverse of 1,,,;;,, as follow:

1 1 (62)
Cop = (Noow) + = 4wy mi L’
' ' v,min
Fmin{Ni.cap Vfree A (Tsafe. We max(1 + N; cap)) * Vfree

where C, represents the capacity determined in the CF scenario; Vf,., denotes the free flow speed of
the road segment. Moreover, since N; .., is directly related to the stochasticity of communication
capability, we need to theoretically determine the expected (mean) capacity and variance among
different probabilities of N; ..

For a coherent understanding, lets first assume a known PMF of N; ..,,, and denote it as Pr(Ni,cap)-
Then, the expected capacity, given the know stochasticity of N; .., can be formulated as:

1 (63)

m L
Z?]:lax (Tmin(Ni,cap) + m) * Pr(Ni,cap)

E[CCf] =

1

4w, i L
Nmax v,min
T max| T , + * Pr( N;
t=1 ( <f we,max(”zvi,wp)) Vf> (Nicep)

)

where N, represents the maximum of vehicles within a communication range (e.g., Np,qx =5 within

200 meters). Then, the corresponding variance can be formulated as:
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Var(Cy) = EC% — (EC.y)” (64)

1

L
Z?’:Tr;ax (Trznin(Ni,cap) + m) * Pr(Ni.cap)

2
1

max L
2?121 (Tmin(Ni,cap) + m) * Pr(Ni,cap)

We have determined the general formulae for both expected capacity and variance of stochastic CF

capacity model. Now we can get back to find out a way to calculate the stochasticity of N; .4,.

5.2.1 Communication Loss Special Case based on SINR
In this study, we use SINR, one of the commonly used models in the wireless communication system
(e.g., V2V) (Du & Dao, 2014), to simulate the stochasticity of communication loss since its
measurement uses multiple realistic impact factors such as incoming signal power, interfering power
and noise. In our case, we use it to measure the communication loss between vehicle and its

predecessors. Specifically, by the definition, the SINR status Sl-fl-_ « between the receiver vehicle i and

transmitter vehicle i — k at time step ¢t is specified as:

o Qki (65)
MR O
14

where Qf_, ; represents the power of the incoming transmitted signal from vehicle i — k to i; If
denotes the interference power from other signals to vehicle i, and O indicates the noise term. More
detailed, Qf_, ; is defined as: Qf_,; = Pi_i(X}_x;)", where P,_, denotes the transmission power of
vehicle i — k; a is the signal power decay; X;_, ; represents the distance between two vehicles. Thus,
Qf_k_i incorporates the transmission property that the transmit signal power will decay with the increase

of the connection distance. Meanwhile, the interference term is defined as If =
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—-a . . .
Z%ﬁ‘ﬁ’fmik €i—mPi—m (Xf_m’i) , sums of the interference signal power from all other proceeding

vehicles except vehicle i — k in the communication range. e;_,, indicates the communication status
where e;_,,, = 1 if proceeding vehicle i — m is allowed to share and receive information; e;_,,, = 0
otherwise. Note that, for the noise term O, a normal distribution (e.g., 0~N (g, 03)) is adopted to
illustrate the stochasticity of the noise effect. Hence, Eq. (65) can be further extended as:

‘ P(Xie) ™ (66)

st =
i,i—k Noax t —-a .
Zm:l,m#:k ei—mPi—m(Xi—m,i) +0

Then, we set a corresponding information transmission status n{ i to directly illustrate whether the

information successfully transmit between vehicles based on S};_,:

nt . = Lif S > B (67)
0 SE < B

where £ is a threshold value determined by the communication modulation and code rate. To make it

easier to understand, an intuitive example has been provided in FIG 5-1.

N(),cap =3
N — a4 V- V4 a
max e e e T e R F T b e e » 0
— N N B B N
v Y )
L v )
v M y )
KXse Xas X3p X6
Se5> P Sea> P S63> P Se2<B
Nes =1 Nesa =1 Ne3 =1 N2 =0

FIG. 5-1. An example of SINR status calculation

As the figure shows, since N, i set to 4, for the CAV 6, it is allowed to communicate with CAV 5

to CAV 2. Then, based on the SINR status calculation, if Sg 5 is larger than the predefined threshold,
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the ng 5 is marked as 1 which means the CAV 6 can receive information from CAV 5. The same thing
happened if g 4 and ng 3 are marked as 1. However, if 74 , is marked as zero, even CAV 2 is within
the communication range, no communication is allowed between the sixth CAV and second CAV. Thus,
the Ng qp Is determined as 3 in total.

Further, since currently there are no microscopic CAV empirical data to calculate the exact distance
between each vehicle, a generic equilibrium state formula with an operation error term has been used

to approximate the X;_, ; as follow:

k 68
Xit—k,i ~ ko (Vfree * E[r] + L) + Zle; (68)

where Q, denotes the stochastic operation error for vehicle i — k and it is adopted by a normal
distribution (e.g., 0~ (uq,04)) to represent the stochasticity of Qj in the following numerical
simulation. Note that, we use the expected 7, E[t], as one of the inputs to estimate the distance. Further,
we can recalculate this expected 7 by applying SINR to sampling the PMF of N; .4,,. And theoretically,
the input 7 should be equal to the output 7. Therefore, since E[t] is not known, a specific algorithm has
been designed to approximate the expected t as close as possible to the reality. The detailed data flow

of this algorithm is shown in FIG 5-2.
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FIG. 5-2. Detailed data flow of the SINR sampling algorithm

The data input includes the initial 7 as T,ef,re, CONtrol gains, initial velocity, and all the parameters in
SINR calculation. Then, the corresponding X{_; ;, S{;_, and nf;_, can be determined. By using the
Monte Carlo method (Metropolis & Ulam, 1949) to sample the PMF of N; .4, the expected 7, T, ¢t
can be recalculated. Next, by comparing the difference between these two values, if the
difference,t¢yor, is smaller than a threshold (e.g., 0.0001), we conclude the T, st is finalized and can

be considered as the theoretically expected t. Thus, by using this finalized 7, the corresponding

expected capacity and variance can be determined based on Eq. (63) and (64).

5.3 Capacity Modelling for On-ramp Merging Scenario
Different from the above CF stochastic capacity model, not only communication capability will affect
the capacity, but the random vehicle arrival pattern from mainline and on-ramp will also it. Thus, in
this session, a new parameter, stochasticity of arrival pattern, has been introduced to formulate the on-
ramp merging capacity model based on the CF model. Specifically, we use an exponential distribution

to represent the vehicle arrival rate. One of the unique properties of exponential is the memoryless-ness,
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which means each event occurs continuously and independently. Thus, the arrival of one vehicle won’t

affect the next arriving vehicle.

Although the virtual rotation concept in Chapter 3 facilitates the conversion from CF capacity model
to on-ramp capacity model, some definitions of the parameters need to be reorganized. Particularly, the
definition of N, remain the same as the maximum communication range for each vehicle. The
definition of N; ., has slightly different, it still represents the number of continuous predecessors that
vehicle i can communicate but is limited to the MLT we designed. That means, if N; ..y, is larger than
the number of allowed communicated vehicles determined from MLT rules, we will still count all the
probability of vehicles larger than the limit, but we only allowed vehicles that obey the MLT rules to
communicate to vehicle i. Further to facilitate the following mathematic expression and understanding,
we define k as the in-between vehicles in acommunication subset and denotes as k = [0,1, ..., Nj cqp —

1].

Based on the definition of the exponential distribution, we first define the expectation (mean) arriving

interval of CAVs on mainline and on-ramp at the merging point as u,, and u,.. And the corresponding

arrival rate of mainline and on-ramp are defined as A,,, and A,. as the inverse of arrival interval (;).

Then, we further define an event Ej, as any combination of MLT communication subsets with k number
of in-between vehicles that pass through the merging point in a certain amount of time. And Ej
happened is denoted as E}, = 1. FIG. 5-3 shows all the combinations of E. Specifically, E; has two
forms as general event and special event. The general events illustrate the MLT subset with k number
of in-between vehicles coming from the same lane, while the special event illustrates with 0 numbers
of in-between vehicles. Moreover, the general events have two types whether the leading vehicle is
from mainline or on-ramp and we denote these two as L = m and L = r. Since the difference between
these two types is the vehicle sequence, for the following mathematic proofs, only one of them is used

for demonstration.



55

| —————— @ Virtualaxle Ep =1|L=m
Special Events =

— ——— @ Virtualaxle Ep=1|L=r71

— — —_— — —@—» Vitualaxle E, =1|L=m [ Ej
General Events 4
_ || ILLLEN | —@—» Virtualaxle E,=1|L=r
L k
Mainline CAV On-ramp CAV

FIG. 5-3. Schematic diagram to illustrate all the combinations of Ej,

5.3.1 Stochasticity of Arrival Pattern for On-ramp Capacity Model

We first begin with the probability determination for general events since the probability of special
events can be determined as one minus the summation of all the probability of general events. Thus,

based on the above definitions, proposition 4 can be formulated as:

Proposition 4. The conditional probability of E;, happened when the first and last CAVs in the topology

subset is coming from the mainline follows:

)k . ( y) 2 (69)

A
Pr(B, = 111 =m) = (1 ) VK [0, N — 1,
m T

Am + Ay
where E,, = 1 means the event happened, 0 means the event did not happen. L determines the leading
vehicle in the communication subset is from mainline (m) or on-ramp (r). And A, and A4,, are the
arriving rate of the distribution for CAVs on on-ramp and mainline. Note that the k starts from zero
which indicates no internal on-ramp vehicles between two adjacent mainline vehicles on the virtual

axle. FIG 5-4 shows the probability steps to facilitate the understanding of the following proofs.
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FIG. 5-4. Schematic diagram of the proof steps

Proof. As shown in FIG 5-4 (a), let's first assume there’s a vehicle just passed the point before time ¢,
and followed by this vehicle, an on-ramp vehicle also passed this point at time t. Based on the definition
of exponential distribution and assumption made above, the probability of this on-ramp CAV;. passing

through the merging point at time ¢ can be calculated as:

Pr(CAV, = t) = e Mt (70)

On this basis, follow by the on-ramp vehicle, if a mainline vehicle also passed this point after time t,

shown as FIG 5-4 (b), the corresponding probability of the whole process can be expressed as:
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Pr(CAVy, > t|CAV, =t) (71)

= fOOP(CAVm > t)f(CAV,. = t)dt
0

© A
_ (1 — oAt At __ r ~Am+ At |
fo (1= (1= ) (e Ho)de == e F
S At A,

Next, as shown in FIG. 5-4 (c), what happened if k numbers of consecutive on-ramp vehicles passing
through this point at time t? Based on the definition, since each vehicle passing a point at a certain
amount of time follows an exponential distribution, the summation of k numbers of consecutive

vehicles follows an Erlang distribution. Thus, the probability of (c) can be formulated as:
Pr(CAV,, > t|Erlang(k,A,) =t) (72)

_ (1 a=Amt r At
_J;) (1 (1 e ))*(k—Z)!e dt

© qkik-1 2 k 0
— (kr 1)' e_Arte_Amtdt — (k r 1)'—[ tk_le_(lm-'-lr)tdt
0 - ) - +)Jo

A" k=1 A \F
_(k—l)!*(/lm+/1r)k_(/1m+/1r> '

Then, based on the property of memoryless-ness of the exponential distribution, the probability of a
topology subset that first and last vehicle coming from the mainline and k vehicles in between coming

from the on-ramp, as shown in FIG. 5-4 (d), can be expressed as:

Pr(E, = 1|L = m) (73)
= Pr(CAVm,ﬂrst) * Pr(CAV;, > t|Erlang(k, ;)
2

A N 1 A
=t)* Pr(CAVm,zast) = (/1 + 2 ) * (A +A ) '
m r m T
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Therefore, in other words, the general events that the first vehicle is coming from the mainline can be

indicated as Eq. (73).

Similarly, we can have the expression of probability for the other general event type that first and last

vehicle comes from on-ramp:

Lemma 1. The conditional probability of E; happened when the first and last CAVs in the topology

subset is coming from the on-ramp follows,

Am \F L \? (74)
Pr(By =1L =7) = (Am + /1) i (Am + /1) '

After deriving the probability of both types, we can easily have lemma 2 as follow:

Lemma 2. Based on the two types of probability equation, the probability of a general event Ej,
happened is determined by the sum of the E;, = 1|L = m and E, = 1|L = r. Thus, according to Egs.

(69) and (74), we can get:

Pr(E, = 1) = [Pr(Ey = 1|L = m) + Pr(E, = 1|L =1)] (75)
2 K

() ) () ()
= * + *
A + Ay A + Ay A + Ay A + Ay

I R e
T (A T )RR

2

Note that, the special event will be included in the following expected t calculation.
Now, the PMF of arrival pattern has been determined, by combining both PMF of communication

capability and arrival pattern, we can further determine the expected t in proposition 5.

Proposition 5. The expected t in the on-ramp merging scenario can be expressed as:
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Nmax_l
A 22 + 2,52, (76)
o Z o vayez Wiy 2k+1), k=0
- m T
A 1.2+ 2,50,
(A + A,)k+2

Pr(Tmin,k+1) =

*Pr(Nicap = k+1),1 S Vk < Npgy — 1

where the upper formula represents the probability of special event with 0 in-between vehicles. Note
that the Pr(N; ., = k + 1) illustrate the probability of allowed communicated predecessors that obey

the MLT rules.

Proposition 6. Further, based on the definition of expected value, the expected capacity (long-term

average) for on-ramp merging scenario can be formulated as:

Nmax=1 (A K3 242 K3 2 (77)
E[Cor] = Zk:l Ck< m(/lnj+ /lr)rk+2m * Pr(Ni,cap >k + 1))

Nmax—1

A K2+ 1k 2
+C | 1- Z m(,mr+/1)rk+2m * Pr(Njcap = k+ 1) |.
m T

where E[C,, ] represents the expected capacity for on-ramp scenario, C, denotes the corresponding
capacity of topology subset that with k number of in-between vehicles, C; denotes the capacity of

topology subset that with 0 in-between vehicles.
Proposition 7. Similarly, the corresponding variance of the expected capacity follows:
Var(C,,) = E[Ctzzr] - E[Cor]2 (78)
Nmax=1 (%27 + 2,54,
_ 2 m ‘r T ‘m ) 2
) lzk=1 Ck < (Am + ;{r)k+2 * Pr(Nl'Cap = et 1)> * Cl !

N. -1
& 4, f02+ k02
Z m(lmr + /1r)rk+2m * Pr(Ni,cap =k+ 1)

- E[Cor]z-

Some special property can be determined from the above formulae as follow:
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Proposition 8. When k > 2, ¢,,, = % is the global stationary point (maxima) of the expected capacity

equation in Eq. (77).

Proof. To further simplify the above equations, we defined the expected arrival rate ratio ¢, = %
and 7 /1:1 =1 — g,,. Then, the proposition 6 can be get as below:
Nmax=1 k+2 k+2 (79)
+C; (1

Nmax—1
— 21\:0 (em® 2 + (1 — ,)**2) # Pr(Nycap = k + 1))

Then, to find the local stationary points of expected capacity function, we apply Fermat’s theorem

(Fletcher, 1989) by different Eq. (79) as follow:

OE[C,,]
dem,

(80)

Nmax_1
= > " (e (= )F) 1 Pr(Nyap 2 K+ 1)
k=0

Nmax—1
0 (17" (2 4+ (1= )42) wPr(Nycap 2 e + 1))
k=0

Nmax—1
= Z Pr(Nicap = k + 1) Cp (k + 2)& 1 (1 — &) +2
k=0

_ Nmax—1 k+2 _ k+1
Pr(Nicap =k +1) Cren 2 (k +2) (1 — &)
k=0

Nmax—1
- Z Pr(Nicap = k + 1) C1 (k + 2)£p (1 = £,)%+2
k=0

Nmax_1
+ Z Pr(N;eap = k + 1) Crem 2 (k + 2)(1 — )"
k=0

Nmax—1
= Z Pr(Nicap =k + 1) (k +2) (g, — €2)*H(C, — CH(
k=0

— 2&3).
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d E(C)

Let Py 0, we can easily calculate the only root is when ¢, equal to % thus, the point is global

Em
stationary. Then, to find whether this root (stationary point) is maxima or minima, we take the second

derivative of Eg. (80) as below:

' Pr(Nicap =k + 1) (k +2) (&, — €2)¥H(C, — €A (81)

0%E[C,r] 0 ZNmax—

dem > 0&m Lik=0

—2&3)

Nmax_1 a
=) S Pr(Nigp 2 K+ 1) G+ D) — £)F (G
k=0 O0&p

—C)(1 = 2¢p)

Nmax—1
- zk_o Pr(Nycap = k + 1) (k +2) (G — C1) (e — £2)¥(k

+ 11— 2¢,)% — 2(&,, — €2)FD).

Since we assume Pr(Ni,cap >k + 1) is @ known constant value, and by substituting &, with % and let

k =2,C, —C, > 0, we have:

ZNmax_l(k +2) (G — €)(=2(0.25)+1) < 0 (82)

k=0

Since the Eq. (8282) illustrates that the second derivative of expected capacity equation is negative
when &, is % we can conclude that local stationary point is maxima which means when the expected

arriving rate ratio between mainline and on-ramp is 50/50, the expected capacity reaches maximum.

To summarize, we have designed a stochastic capacity model for on-ramp merging scenario based on
the high-dimensional parameters including control gains, traffic arrival pattern, and communication
capability. Specifically, both traffic arrival pattern and communication capability are the stochastic

feature in this model.
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6. NUMERICAL EXPERIMENTS FOR STOCHASTIC CAPACITY ANALYSIS
This chapter presents the numerical experiments for the impact of multi-scale parameters on the
stochastic capacity. Specifically, based on the formulae we designed in Chapter 5, we mainly divided
the sensitivity analysis into three categories as: 1) control gain scale; 2) communication capability
scale; 3) traffic arrival pattern scale. Each scale is discussed separately through the following session.

Note that all the simulations are all conducted on MATLAB.

6.1 Simulation Setting
Since the on-ramp merging stochastic capacity model we designed is a function with respect of traffic
condition (initial velocity), control gains (w,,w,,), communication loss (P, «, B, 0), and traffic arrival
pattern (4,,, 1,). Thus, to theoretically understand the impact of these high-dimensional parameter on
the road capacity. We have carefully chosen the default values and reasonable interval range for each
parameter in order to best illustrate the influence. The default value settings are listed in Table 6-1.
Specifically, we set the 7,44, as 0.3 sec and initial velocity as 27 m/s (60 mi/hr). For stochastic
features, the normal distribution for noise is set to 0 means with 0.2 standard deviation; and the
normal distribution for operation error is set to 0 means with 2 meters standard deviation. The
exponential distribution rate parameter for mainline and on-ramp are set as 1.5 and 0.5, which means
when there are 3 vehicles passing from the mainline, one vehicle will pass from the on-ramp. Note
that both normal and exponential distribution are numerically generated in the software.

Table 6-1. Default value setting for the stochastic capacity sensitivity analysis

Parameter Notation Value
Equilibrium Spacing Coefficient We max 1.2
Equilibrium Speed Coefficient Wy min 0.5
Maximum Communication Capability Nonax 5
Initial Velocity (m/s) Vint 27
Transmission Power (mW) P 1000




Signal Power Decay a 2
Noise Normal Distribution (Mo, 00) (0,0.2)
Operation Error Normal Distribution (ug,0g) 0,2)
Threshold B 0.45
Exponential Distribution Rate Parameter for Mainline Am 15
Exponential Distribution Rate Parameter for On-ramp Ay 0.5
Safe Desire Time Gap (sec) Tsafe 0.3

6.2 Control Gain Scale
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To deeply understand the impact of the proposed merging controller on traffic throughput, we set the

control gains parameter w, from 1.05to 1.4, and w,, from 0.35 to 0.7. All the other parameters shown

in Table 6-1 remain the same. The corresponding expected capacity and variance result have shown

in FIG 6-1. It is seemed that the maximum capacity is around 8000 (vehphpl) as shown in the upper

right corner. Based on the color gradient, the capacity increase when w, is larger and w,, is smaller.
This trend meet our expectation since based on the relationship we determined from the string
stability criterion, the desired time gap t is small when w, is large and w,, is small. Similarly, the

standard deviation shows the same trends as the expected capacity.
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FIG. 6-1. Expected capacity and variance result for control gain scale

6.3 Communication Capability Scale
As we mentioned in Chapter 5, capacity is strongly related to the stochasticity of communication
capability. Thus, in order to systematically analyze the impact of parameters in SINR calculation on
capacity, in this experiment, we have selected three major parameters including transmission power

P, signal decay rate a and threshold g as the sensitivity analysis targets.

6.3.1 Transmission Power Versus Signal Power Decay
Start with the transmission power and signal power decay, we have set the transmission power from
500 to 3000 megawatts and decay from 0.5 to 3. The expected capacity and variance results have
been shown in FIG. 6-2. The maximum sustainable flow rate is around 5000 on the left side of the
figure. By the color gradient, the capacity increase when power is strong, and decay is small. But take
a closer look, the capacity is much sensitive with decay than with the power. The main reason of this
trends may be explained as when every vehicle in the control range has strong transmission power,
the power may be offset by each other. Further, the standard deviation shows the same trends as the

expected capacity.
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FIG. 6-2. Expected capacity and variance result for communication capability Scale: Transmission

power VS Decay

6.3.2 Threshold Versus Signal Power Decay

The next sensitivity analysis for communication capability is threshold versus signal power decay.

Thus, we have set the threshold interval from 0.02 to 0.12 and decay from 0.5 to 3. The corresponding

expected capacity and variance results have been shown in FIG. 6-3. The maximum sustainable flow
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rate is around 5000 in the right lower corner. By the color gradient, the capacity increase when
threshold is small, and decay is small, which make sense. Since the threshold is directly response to
whether the connection between vehicles is allowed or not. Smaller threshold allows more vehicles to
communicate. Thus, based on the proposed control strategy, more communicated vehicle within one
communication topology decreases the corresponding t which increase the capacity. Overall, for
communication factors, capacity increase when transmission power is strong, signal decay and

threshold is small.
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FIG. 6-3. Expected capacity and variance result for communication capability Scale: Threshold VS
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6.4 Traffic Arrival Pattern Scale

To analyze the impact of different traffic arrival rate on both mainline and on-ramp, and to verify the
proposition 6 and 8, we set the expected arriving rate ratio &, as [0.1:0.9] to generate the expected
capacity and standard deviation. The corresponding result with respect to &, is shown in FIG. 6-4. It

is observed that with the &, increasing, both capacity and standard deviation curve show the

symmetric concave down slope with global maxima point at &,,, = %which verify the proposition 8.

Thus, in reality, the optimal traffic throughput under the proposed merging controller is when the

mainline traffic flow and on-ramp traffic flow ratio is 50/50.



68

6000

—~—Expected Capacity
——Standard Deivation

N
(=]
(=]
o

3000 - T

Capacity (vehphpl

2000 .

1000 | | |
01 02 03 04 05 06 07 08 09

mainline/on-ramp ratio A___.
ratio

FIG. 6-4. Expected capacity and variance result for traffic arrival pattern scale



69

7. CONCLUSION

7.1 Summary of Chapters
Chapter 1 introduced the background of traffic congestion and emerging technologies and pointed out
the importance to system-wisely utilize the CAV techniques to improve traffic efficiency and safety in
complex scenarios. This chapter further illustrated the problem statement and listed all objectives and

assumptions of this research.

Chapter 2 summarized existing studies on CAV control under on-ramp merging scenario and CAV
capacity analysis. For the CAV merging microscopic control, most studies mainly proposed their
unique strategy to control the vehicle actively create gaps to ensure merging safety. However, some of
the early works ignored to reduce the voids, and most of them ignored the cause of traffic oscillation
which increase safety risk. Especially, they lacked a mathematical framework and methods to
theoretically analyze the system stability for the merging process. For the CAV capacity analysis,
research mainly used deterministic method to estimate the CAV capacity characteristics. However, the
effect of CAV stochasticity factor had rarely been addressed. And for complex scenarios such as

merging had not been analyzed.

Chapter 3 utilized a virtual rotation concept to reformulate the problem as a ‘virtual’ CF problem by
assuming the ramp is straight. Based on that, a communication topology and corresponding cooperative
control model on the shared virtual lane had been proposed. For rigor, a string stability criterion had
been mathematically proved for the ‘virtual’ CF problem. Then, we relaxed the assumption of the
straightness of the ramp and developed a local lateral controller by extending the ramp scenario to a

two-dimensional path coordinate.

Chapter 4 provided numerical simulation experiments to analyze the practicality and effectiveness of
the proposed rotation-based CAV merging control algorithm. The result proves that the proposed

controllers can actively reduce the void and meanwhile guarantee the damping of traffic oscillations in
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the merging control area.

Chapter 5 designed a unified framework incorporating multiple factors to understand the parametric
impacts on the stochastic capacity. By utilizing the microscopic control strategy, we first exploited a
CF capacity estimation model by introducing communication capability stochastic factor, and further
formulated an on-ramp merging capacity estimation model by adding traffic arrival pattern stochastic
factors. Specifically, the expected capacity and corresponding variance equations for CAV at on-ramp
merging have been designed based on the three high-dimensional factors: 1) control gains, 2)

communication capability, 3) traffic arrival pattern.

Chapter 6 discussed the impact of multi-scale high-dimensional parameters on the stochastic on-ramp
merging capacity model based on numerical analysis. The result shows that the capacity is strongly

related to CAV control gains, communication capability and traffic arrival pattern.

7.2 Conclusions

This study proposes a systematic framework for CAV control at on-ramp merging scenario from
microscopic vehicle controller to macroscopic capacity analysis. The framework mainly divided into
two parts. For the first part, a novel cooperative merging control strategy of CAVs based on a virtual
rotation approach has been designed. Specifically, the virtual rotation strategy has been introduced
which project CAVs on mainline and CAVs on on-ramp to a shared straight axis, which greatly
simplified the problem to a virtual car following problem while maintaining all characteristic of concern.
By using the merge point as a reference, a virtual car following sequences of vehicles is generated by
integrating the virtual rotation and FIFO rules, which serves as an upper-level controller. A
unidirectional multi-leader communication topology is specifically designed to fully utilize the
downstream CAVs information and achieve the strict string stability for the on-ramp lane and
mainstream lane. With the proposed topology, we design a multiple-predecessor feedback and

feedforward longitudinal controller and derived sufficient conditions for the string stability criterion
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with two case studies: 1) Equally weighted predecessors information case, 2) Non-equally weighted
predecessors information case. Further, to expand the application scenarios, we design a local-based
lateral controller based on an extended linear-quadratic regulator in a path coordinate system for the
curvy ramp lane case. Two sets of numerical simulation experiments are conducted to verify the
efficiency and stability for the system. For longitudinal controller experiments, 12-CAV trajectories
portfolio including position, speed, acceleration, and energy have been conducted to validate the model.
The results reveal that the proposed controller can actively reduce the voids and meanwhile guarantee
the distribution attenuation of the whole system. Similarly, for the lateral control experiment, the result
elucidates reasonably well to guarantee the smoothness of the turning movements with the small-angle
approximation. For the second part, a stochastic capacity analysis has been designed to understand
multiple factor impact. By utilizing first part works, we formulated CF capacity modelling and on-ramp
merging capacity modelling based on three high-level factors including control gains, communication
capabilities, and traffic arrival pattern. Then numerical simulations are conducted to illustrate the
impact on different stochastic factors.

To the best of our acknowledgment, it is the first attempt using the virtual rotation concept to turn a
two-dimensional merging problem into a one-dimensional CF control problem for multi-vehicle
controller with mathematical proofs of string stability criterion. And one of the earliest efforts on two-
dimensional extension for merging and CAV on-ramp capacity analysis in a stochastic manner. The
result of this study not only proposed a well-defined control strategy that ensure safety and smooth the
traffic dynamics, but also perform rigorous mathematical modeling of the problem to theoretically

illustrate properties.

7.3 Future Works
Some future works are desired on the results of this study. For example, for the microscopic analysis,
future work could consider systematic car sequencing optimization to further improve the performance

in this paper. We could incorporate uncertainties in vehicle dynamics and potential communication
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delays into robust control design. In addition, for the macroscopic analysis, more complex scenarios
such as intersection, roundabout, multi-lanes can be considered. Further, mixed traffic could be

considered as an extension in the future.
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