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Abstract

Increasing computation at inference time has proven effective for scaling trans-
former performance; for example, by providing more demonstrations for in-context
learning or generating longer reasoning traces for chain-of-thought. In both cases,
the model thinks in the token space, incurring substantial memory and compu-
tational costs as contexts and generated sequences grow. This raises a natural
question: since transformers already compute over continuous internal represen-
tations, can we move thinking into the transformer’s latent space?

We investigate this question through the lens of latent thinking, in which com-
putation is carried out within internal representations rather than through explicit
token sequences. We present three complementary studies organized around the
formation, iteration, and compression of latent representations. The first studies how
task-dependent representations (task vectors) form during in-context learning. We
characterize the conditions under which task vectors emerge and introduce an aux-
iliary loss that encourages their formation, resulting in improved robustness and
generalization. Complementing this, the second asks whether latent representa-

tions can be iteratively refined through architectural recurrence. On regression



tasks, looped transformers that reuse parameters across layers can emulate itera-
tive algorithms and match the performance of standard transformers with fewer
parameters. Finally, the third extends latent computation to reasoning tasks, com-
pressing chain-of-thought traces into latent representations via a dual-mode train-
ing algorithm that alternates between soft token compression and hard token de-
coding, substantially reducing inference computation while achieving similar or
better reasoning performance.

Together, these results indicate that transformers can perform task adaptation
and reasoning in their latent space rather than through explicit token sequences,

offering a viable path toward efficient inference and parameter usage.



Chapter 1

Introduction and Background

1.1 Latent Thinking and Internal Computation in
Transformers

Transformer models have achieved strong performance on complex tasks by in-
creasing the amount of computation performed at inference time. This trend is
evident in both in-context learning, where model performance improves as more
demonstrations are provided in the input context [17], and explicit reasoning ap-
proaches that generate long intermediate reasoning steps [ 146 ]. While these strate-
gies enable effective task adaptation and reasoning, they also substantially increase
inference-time computation and memory usage as the context length and gener-
ated sequences grow.

Importantly, these costs are driven not only by task difficulty but also by how

inference-time computation is expressed. In both in-context learning and explicit



reasoning, computation is carried out through discrete token sequences, despite
transformer models internally operating on high-dimensional continuous repre-
sentations. While token-level generation is valuable for interpretability, continu-
ous representations can naturally encode information more compactly. This raises
a fundamental question: how much task adaptation and reasoning can instead be carried
out implicitly within internal representations?

Motivated by this question, a growing body of research has explored alterna-
tive approaches that perform computation within latent representations of trans-
former models. We refer to this perspective as the latent thinking paradigm. This
paradigm includes several ways of leveraging latent representations, including but
not limited to iterating latent states through architectural recurrence [32, 122, 44,
176], compressing explicit reasoning traces into soft tokens [57, 50], and using
training objectives that encourage internalizing computation into latent represen-
tations [33, 165]. Together, these approaches show that transformer models can
perform rich inference-time computation while reducing reliance on long token
sequences.

Guided by this perspective, this dissertation investigates latent thinking in trans-
former models through a series of focused studies on internal representations and
internal computation. We organize this investigation around three aspects: how la-
tent representations are formed, iterated, and compressed. The studies span both
controlled in-context learning settings and reasoning tasks. These inference-time
settings are introduced in section 1.2, and section 1.3 details the specific contribu-

tions of each study.



1.2 Inference-Time Computation Instances

In this section, we describe the inference-time problem settings considered in this
dissertation. We focus on two settings: in-context learning from input-output ex-

amples, and reasoning via chain-of-thought.

1.2.1 In-Context Learning

In-context learning refers to the ability of a transformer to adapt to varying down-
stream tasks when provided with a short context of input-output pairs, without
requiring any update to the model parameters. Formally, for a task defined by a

function f(-), the model is presented with a sequence of £ demonstrations

(1, f(®1),- -+, 28, fTR)),

followed by a test input xt. The model infers the task implied by the demonstra-

tions and applies it to the test input within a single forward pass:

TF@(mD f(wl)a s, Lk, f(mk)u mtest) = Ytest

Throughout the introduction, we denote the transformer model as TFy for clarity;
in subsequent chapters, we use M (or Mjy) for conciseness. In this formulation,
task-specific information should be extracted from the context and represented
internally in order to support generalization to the test input.

A simple and analytically tractable instantiation of in-context learning arises in
regression problems. This setting was first proposed and studied by Garg et al.
[40], where a transformer is trained from scratch to solve the regression prob-

lem defined as f(xz) = w'x. These regression tasks capture key challenges of



in-context learning, including task inference, generalization beyond observed ex-
amples, and sensitivity to distributional structure [40, 3, 53], while avoiding com-
plications introduced by discrete tokenization of outputs. Moreover, many regres-
sion problems admit well-understood algorithmic solutions, providing a useful
reference point for analyzing model behavior [141, 2, 48, 38].

This in-context learning setting is used in the first part of the dissertation as
a controlled setting for examining how task information is formed and iterated

within the internal representations of transformer models.

1.2.2 Chain-of-Thought Reasoning

A complementary inference-time setting arises in reasoning tasks, where the model
is guided to solve a problem by generating a sequence of intermediate reason-
ing steps. Recent advances in large reasoning models (LRMs) [52] have empha-
sized this approach by encouraging models to externalize multi-step computa-
tion through natural language reasoning traces, commonly referred to as chain-
of-thought reasoning [146].

Concretely, given a question ¢, the transformer generates a sequence of n inter-

mediate reasoning steps (c1, 2, - - - , ¢,), followed by a final answer a:

TFH(q> = (Clv Coy "+, Cp, CL).

While effective, this formulation directly ties inference-time computation to the
length of the generated reasoning trace. As problem difficulty increases, the num-
ber of intermediate tokens can grow substantially, leading to increased computa-

tional cost, memory usage, and key-value cache requirements.



In the later part of the dissertation, this reasoning-based setting is used to study
how latent computation can reduce reliance on long explicit reasoning traces while

maintaining strong task performance.

1.3 Summary of Contributions

This dissertation studies latent thinking in transformer models through three com-

plementary lines of work:

Latent Task Representation Formation in In-Context Learning [162]. We study
how task-dependent latent representations, which we refer to as task vectors, form
during in-context learning. Using transformers trained from scratch on synthetic
regression tasks, we show that task vectors can naturally emerge under specific
conditions, but are often weakly expressed or non-locally encoded across layers.
This makes it difficult to reliably extract or reuse task information for controlled
generalization. To promote strong and localized task representations, we intro-
duce an auxiliary training objective that explicitly encourages task information to
be encoded at a prescribed location within the model. This approach eliminates
the need for post-hoc identification of task-correlated representations and leads
to improved out-of-distribution robustness while maintaining in-context learning
performance. In addition, the resulting task vectors can be directly reused to en-

able zero-shot task inference without explicit demonstrations.



Iterative Computation with Looped Transformer Models [161]. We study how
introducing architectural recurrence enables transformers to emulate iterative al-
gorithms in in-context learning problems. While transformers have been shown
to solve the regression problem in-context [40], their feedforward structure does
not explicitly implement an iterative computation mechanism commonly used in
classical learning algorithms. To address this limitation, we propose looped trans-
former architectures that reuse parameters across multiple computation steps by
feeding the final-layer hidden representation back into the model. We show that
this recurrence induces iterative computation in the latent space and allows looped
transformers to achieve performance comparable to transformers on a range of re-
gression tasks, while using less than 10% of the parameters. These results demon-
strate that architectural recurrence provides a parameter-efficient way to support

iterative latent computation in transformer models.

Latent Reasoning with Soft Token Compression [46]. We address the inference-
time cost of explicit chain-of-thought reasoning by developing a training algorithm
that compresses reasoning traces into latent representations. Soft tokens, defined
as hidden states fed back as input, provide a mechanism for internalizing interme-
diate computation, but they receive no direct supervision and can underperform
explicit chain-of-thought on certain tasks. We propose Sroic-ReasonEr, a dual-
mode training framework in which the model alternates between a latent thinking
mode that generates soft tokens and a local decoding mode that produces explicit
reasoning steps as hard tokens. The cross-entropy loss on these hard tokens pro-

vides the training signal to the soft tokens, implicitly teaching them to compress the



reasoning needed for subsequent decoding. We show that this approach achieves
similar or better performance compared to chain-of-thought finetuning on small-
scale mathematical and logical reasoning benchmarks.

Together, these studies show how latent representations can be formed, iter-
ated, and compressed to support efficient inference-time computation and param-
eter usage in transformer models. When properly structured through architectural
design and training objectives, they can effectively enable task adaptation and rea-

soning while reducing computational and memory costs.

1.3.1 Organization of the Dissertation

The remainder of this dissertation is organized as follows:

e chapter 2 reviews background and related work on in-context learning, task rep-
resentations, and prior approaches to latent and implicit computation in trans-

former models.

e chapter 3 studies how task-dependent latent representations, referred to as task
vectors, emerge during in-context learning and introduces a training objective

that promotes localized and reusable task representations.

o chapter 4 investigates looped transformer architectures and training algorithms
that enable iterative latent computation through architectural recurrence, emu-

lating convergent iterative algorithm on data-fitting problems.



e chapter 5 presents a framework for latent reasoning with soft token compres-
sion, which reduces inference-time computation by internalizing explicit rea-

soning traces into compact latent representations.

e Finally, chapter 6 summarizes the contributions of this dissertation and dis-

cusses limitations and directions for future work.



Chapter 2

Related Work

The previous chapter introduced the idea that inference-time computation in trans-
formers can be carried out within internal representations rather than through ex-
plicit token sequences, organized around three studies on the formation, iteration,
and compression of latent representations. This chapter reviews prior work rele-
vant to these studies, covering task representation in in-context learning, iterative
computation through recurrence and latent tokens, as well as efficiency improve-

ments enabled by latent representations.

2.1 In-Context Learning and Task Representation

As formalized in the previous chapter, in-context learning provides a concrete set-
ting for studying how models adapt to new tasks at inference time without param-
eter updates. A central question in the literature is how task structure is internally

inferred and represented.
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211 Understanding the In-Context Learning Behavior

In-Context Learning in Pretrained Large Language Models. Following the in-
troduction of GPT-3 [17], which demonstrated strong few-shot performance at in-
ference time, a substantial body of work has sought to understand the mechanisms
underlying in-context learning. Several studies have explored the significance of
labeling in in-context demonstrations [100, 73, 75, 92], while others have examined
the phenomenon through circuit mechanisms [35, 143, 129, 56, 144]. Research by
Dai et al. [28], Geva et al. [45], Merullo et al. [98] links in-context learning be-
havior to implicit internal weight and activation updates within the model. To
better understand “learning” in-context, several works [107, 128] have studied its
two distinct phases—task recognition and task learning—using controlled exper-
iments designed to disentangle these phases. Park et al. [108] studied the phase
transition along the context length and depth. Collectively, these studies suggest
that in-context learning relies on internal latent computation rather than simple
pattern matching, motivating the investigation of how task information is repre-

sented and processed within intermediate layers.

In-Context Learning in Controlled Small-Scale Settings. Researchers have also
examined in-context learning behavior in small-scale models, where models are
trained from scratch to perform in-context learning tasks. Gargetal. [40], Akytirek
et al. [3], von Oswald et al. [141, 142] investigated the ability of transformers to
learn regression problems, interpreting the model as performing a single step of

gradient descent: von Oswald et al. [141] empirically demonstrated that when
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minimizing the ¢, distance between predictions and true labels, a one-layer linear
self-attention (LSA) transformer learns to implement one step of gradient descent
as its optimal solution for the linear function, while Ahn etal. [2], Zhang et al. [170,
171] and Mahankali et al. [95] provided theoretical explanations for it. Beyond
one-layer LSA, Fu et al. [38], Giannou et al. [48] have demonstrated that multi-
layer transformers can perform higher-order optimization.

Subsequent work extended these findings to different pretraining mixtures of
tasks [117, 157], the ability to generalize to unseen tasks [158], explanations via
the Bayesian optimal estimator [172, 11, 103], the viewpoint of generalization er-
ror [82], and the perspectives of task retrieval and task learning [86, 148].

Beyond regression, several studies have explored in-context learning abilities
in other domains, such as reinforcement learning [78, 85], discrete function learn-
ing [16], factorial hidden Markov chains [153], and deterministic finite automata
(DFAs) [4]. Swaminathan et al. [133] studied the ICL mechanism with the clone-
structured causal graphs to understand the schema learning, retrieval and rebind-
ing. Additionally, Chan et al. [21, 22] investigated the behavior of in-context learn-

ing and in-weight learning on the Omniglot datasets.

2.1.2 Task Vector in In-Context Learning

While prior work has extensively characterized the behavioral and mechanistic
properties of in-context learning, a complementary line of research asks how task
information inferred from demonstrations is internally represented by the model.

In particular, recent work suggests that such information may be compressed into
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a single latent vector that can be extracted, analyzed, and manipulated. From the
perspective of latent thinking, this line of work supports the view that demon-
strations are summarized into a compact latent state that can be reused to guide

subsequent decoding.

Task Vectors as Latent Task Representations. The notion of a “task vector” was
first introduced by Ilharco et al. [67] in weight space. Subsequently, Hendel et al.
[59], Merullo et al. [97], Yu et al. [166], Liu et al. [89], Saglam et al. [119], Li et al.
[83] demonstrated that a single vector in the model’s activation space can encode
learned functions in a pretrained model. Specifically, Liu et al. [89] showed that,
when presented with an in-context learning demonstration, the activation at each
layer points to a subspace encoding the task information. Additionally, Todd et al.
[139] identified the “function vector”, another form of task vector, by averaging
the causal attention heads, which can also guide the pretrained language model’s
performance towards desired tasks. Task vectors have also been identified across
different modalities [93, 62, 110] and studied from different perspectives, includ-
ing cognitive science [114] and theoretical analysis [136]. Park et al. [109] observe

that concepts are represented linearly as directions in some representation space.

Emergence and Formation of Task Vectors. Beyond identifying task vectors, re-
cent work has focused on how such representations emerge and how architectural
constraints influence their formation. Mittal et al. [101] investigate whether ex-
plicitly learning appropriate latent representations via bottleneck architectures im-

proves robustness in in-context learning, while Kobayashi et al. [74] show that bot-
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tlenecks can enhance compositional generalization, albeit under a notion of com-
positionality centered on meta-skill learning rather than the sequential composi-
tionality studied in this dissertation. Bottleneck architectures have also been used
to analyze prequential in-context learning behavior [36]. More directly, Han et al.
[55] study the dynamics of task vector formation in both the sparse linear func-
tion and pretrained language models, showing that the emergence of task vectors
coincides with the development of conditional decoding strategies, leading to im-
proved in-context learning performance. These lines of work are closely related
to amortization-based meta-learning frameworks [41, 151], as well as approaches
that learn belief-state representations [64] or predictive state representations in re-
inforcement learning [88, 104 ], which similarly learn compact latent summaries of

context to guide downstream prediction.

Applications and Variants of Task Vectors. In addition to the benefits of zero-
shot task inference through task vectors, Li et al. [80] utilized this task vector to
enhance test-time adaptation, while Pham et al. [112] employed it to erase mali-
cious concepts during pretraining. Beyond activations, task information can also
be encoded in a task token [12], or a pause token can be used to gain extra com-
putation time [49]. Zhao et al. [174] propose to present each task concept with a
Gaussian distribution. Following the notion of “task vector” in the weight space,
several works utilize the weight space difference for multilingual chatbot adapta-
tion [65, 72], emotion transfer [71], aesthetic assessment [168], and soft prompt

initialization [14].
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2.2 Depth, Recurrence, and Latent Tokens for
Implicit Computation

Beyond analyzing observable behaviors such as in-context learning, a growing
body of work investigates how transformers perform computation implicitly within
latent representations. These approaches study mechanisms that enable addi-
tional inference-time computation without explicit token-level reasoning, includ-
ing depth-dependent processing, iterative latent updates, and the use of continu-

ous or soft tokens as carriers of intermediate computation.

2.2.1 Depth-Dependent Behavior in Language Models

Latent thinking in transformer models is closely tied to depth-dependent compu-
tation along the forward pass. Researchers have extensively studied the layer- and
depth-dependent behaviors of large language models (LLMs) along the forward
pass. nostalgebraist [105], Belrose et al. [15], and Wendler et al. [147] analyzed
how GPT models gradually determine top tokens through the logit lens and em-
bedding space [30,45]. Lioubashevski et al. [87] further showed that transformers
identify top-k tokens sequentially across layers. Beyond token predictions, several
works investigate layer-specific encoding of information. For instance, Lv et al.
[94], Yu et al. [166], Meng et al. [96], and Gurnee and Tegmark [54] explore how
factual associations are stored in a layer-dependent manner. Additionally, Liu et al.
[91] studied contextual sparsity changes across layers, while Sia et al. [128] ob-

served that “task recognition” typically occurs during the middle stages of the for-
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ward pass. More broadly, phase transitions in transformer behavior across layers
have been discussed by Lad et al. [76].

Leveraging these insights into layer-dependent behaviors, several works pro-
pose strategies to enhance LLM performance. Sharma et al. [125] demonstrated
that selectively applying low-rank decomposition in specific layers can improve
reasoning ability in question-answering tasks. Meanwhile, Sia et al. [128] and Liu
etal. [91] introduced methods to reduce inference computation by identifying and
leveraging specific layer behaviors. These findings indicate that transformers allo-
cate different types of latent computation to different layers, providing empirical

grounding for the task vector analysis in chapter 3.

2.2.2 Looped Transformer for Iterative Computations

Looped models reuse parameters across the forward pass to iteratively refine la-
tent representations before producing token outputs. This idea can be traced back
to early work on recurrent and weight-shared transformers [32, 77, 69]. More re-
cently, looped models have regained attention following the study of looped trans-
formers as programmable computers [47], which demonstrates that transformers
can emulate complex algorithms and programs through iterative latent computa-
tion. Since then, this paradigm has been explored on synthetic tasks such as task
difficulty extrapolation [123, 37], inversion problem [106] and fixed-point approx-
imation [161, 39, 42, 43], and has been further scaled to large-scale pretraining,
where looping has been shown to improve reasoning performance [122,44]. These

findings are consistent with broader evidence that increasing effective depth or
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computation improves performance on reasoning-intensive tasks [176, 120, 164].
At the extreme, implicit models [7] repeatedly apply the same function until con-
vergence, effectively realizing infinite-depth computation; applications of such im-

plicit formulations are discussed in the next paragraph.

Deep Implicit Model. Deep Implicit Models [6, 7, 8, 149, 10] employ black-box
solvers to find fixed-point solutions for implicit deep models. Later, Bai et al. [9]
proposed the Jacobian regularization to stabilize the training process. Neverthe-
less, this approach requires extensive hyperparameter tuning and still suffers from
instability challenges. In addition, implicit models have been demonstrated to
solve math problems with extrapolation ability [31]. While the looped transformer
studied in chapter 4 does not employ a black-box solver, the fixed-point perspective

motivates the training strategy developed there.

2.2.3 Latent Thinking via Tokens

Beyond looped transformers, latent thinking can also be implemented through the
use of continuous or latent tokens as inputs to the model. The idea of augmenting
LLMs’ capabilities by providing special tokens in the input, such as pause tokens
[49], dot tokens [111] and latent (dummy) tokens [132], has been shown to im-
prove reasoning with little or no additional training or architectural changes. A
related direction uses soft tokens, which can be created in multiple ways: (i) by
superposition over input embeddings [154], (ii) with learned discrete codes by us-

ing a VQ-VAE [131], or (iii) by feeding back the final layer’s hidden representations
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as input [57]. Superposed soft tokens in particular can encode parallel reasoning
traces, suggesting higher expressive capacity than fixed “hard” token sequences
[50]. Zhang et al. [173], Wu et al. [150], Zhuang et al. [178] explored super-
posing embeddings according to the next token’s probability distribution without
any finetuning, i.e., expectation over token embeddings, while other works involve
some type of training to learn the superposition [135, 70, 20, 155].

In this dissertation, we focus primarily on approach (iii), which feeds the last
layer’s hidden representations back to the input. This idea was first investigated
by Hao et al. [57], who aimed to compress explicit Col steps into a fixed number
of soft tokens, and has since been extended to pretraining [134] and theoretical
analysis of expressiveness of soft tokens [175]. Initial attempts in training models
to use soft tokens [57, 25] result in performance loss, relative to supervised fine-
tuning baselines, motivating methods that improve training stability. For example,
Shen et al. [127] add a distillation loss; Hwang et al. [66 ] train an encoder—decoder
compressor and a latent-thinking model guided by the decoder; Zhang et al. [169]
use custom masks (in the spirit of 102) to teach compression from hard-token se-
quences into soft tokens, and Yue et al. [167] explore latent thinking through rein-
forcement learning. Closely related, Shen et al. [126] introduces a hybrid approach
that interleaves soft tokens with selectively preserved hard tokens in the context.
They segment long reasoning traces into sentences or paragraphs, retaining math-
ematical expressions in text form, and compressing the remaining context into soft

tokens, enabling efficient parallel processing during training.
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Internalizing Thinking Process. Beyond using special tokens for latent think-
ing, another thread aims to internalize chain-of-thought (CoI') computation into
latent representations. Deng et al. [33] distill hidden representations produced by
explicit reasoning trajectories into standard forward passes, and Deng et al. [34]
extend this by progressively removing Col steps while preserving performance.
Similarly, to transfer deliberate “System 2” computation into a faster “System 1”
generation mode, Yu et al. [165], Liao et al. [84] distill step-by-step reasoning into
direct inference, while Wang et al. [145] devise System 1.5 which combines latent
computation with early exiting for faster inference. Complementary approaches
reduce inference cost by adaptively shortening traces, e.g., Su et al. [130] strate-
gically drop randomized traces for fast-mode inference, and Xia et al. [152] skip

tokens deemed less informative during reasoning.

2.3 Latent Representations for Efficiency

From a latent thinking perspective, many efficiency gains in transformer mod-
els stem from shifting computation from explicit token sequences to compact la-
tent representations that summarize and reuse intermediate reasoning. Below we
present a few applications where inference efficiency is improved through latent

thinking.

Soft Prompt and Efficient Adaptation of Transformers. The task vector observed
in Hendel et al. [59] can be viewed as a form of context compression for in-context

learning: information from the demonstration is summarized into a compact con-
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tinuous representation that can be injected to steer inference. This idea is closely
related to soft prompt [156, 72], where a frozen backbone model is conditioned
by optimizing a small set of continuous prompt parameters rather than updat-
ing all weights. Concretely, prefix-tuning [81] prepends a learned sequence of
“virtual” tokens to steer generation, while prompt tuning [79] demonstrates that
these learned soft prompts become increasingly competitive with full finetuning as
model scale grows; similarly, P-Tuning [90] uses continuous prompt embeddings
to stabilize and improve prompt-based NLU. Beyond directly optimizing prompts,
hypernetwork-based methods generate prompts conditioned on the task: Hyper-
Prompt [58] (and related hyper-tuning variants) enable parameter sharing across
tasks by producing task-specific soft prefixes.

Beyond learning soft prompts that encode instructions, researchers have also
explored context compression by modifying the attention mask to ensure the sum-
marization of context at a specific token: Mu et al. [102] distill prompts into com-
pact “gist” tokens that can be cached and reused for efficiency. Similarly, Ren et al.
[118] encourage summarization at designated positions via attention mask mod-
ification, and Phang [113] further studies gisting as an economical way to build

hypernetworks that emit soft prefixes from few-shot inputs.

Long Context Compression. Beyond soft-prompt-based context compression in
a single window, a complementary approach augments transformers with explicit
mechanisms to carry information beyond the fixed context window. These ap-
proaches are closely related to recurrent and weight-sharing architectures, reusing

parameters across segments while propagating latent state or memory to enable
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long-sequence processing. For instance, Transformer-XL [29] caches hidden states
from previous segments (across layers) and reuses them in attention for subse-
quent segments, enabling longer-range dependencies than a single window. Re-
current Memory Transformer (RMT) [18] instead maintains a small set of learned
memory states that are carried across segments and iteratively updated; Bulatov
etal. [19] scale this idea to million-token contexts. Building on this, Chevalier et al.
[26] finetune pretrained models with an adaptive (rather than fixed) number of
memory tokens, showing improved long-context performance. Complementary
to compressing context through continuous vectors, other works aim to compress
context by replacing explicit Col' with shorter verbal summaries learned during

training [160, 159, 1].
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Chapter 3

Task Vectors in In-Context Learning:

Emergence, Formation, and Benefits

In-context learning is a remarkable capability of transformers, referring to their
ability to adapt to specific tasks based on a short context. Previous research has
found that task-specific information is locally encoded within models, though their
emergence and functionality remain unclear due to opaque pretraining processes.
In this chapter, we address the first aspect of the latent thinking framework—the
formation of task-dependent latent representations—by investigating the formation
of task vectors in a controlled setting, using models trained from scratch on syn-
thetic datasets. Our findings confirm that task vectors naturally emerge under
certain conditions, but the task information may be relatively weakly and/or non-
locally encoded within the model. To promote strong task vectors encoded at a

prescribed location within the model, we propose an auxiliary training mecha-
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nism based on a task-vector prompting loss (TVP-loss). This method eliminates the
need to search for task-correlated encodings within the trained model and demon-

strably improves robustness and generalization.

3.1 Introduction

To understand the underlying mechanisms of in-context learning in transform-
ers, researchers have probed pretrained models from various perspectives, such
as altering the labels in demonstrations [100, 73] and investigating circuit mech-
anisms [35, 144, 56, 129]. Additionally, controlled, small-scale studies have been
conducted by training transformers from scratch to observe their in-context learn-
ing behavior on linear functions [40, 141], discrete functions [16], hidden Markov
chains [153], and DFAs [4]. Furthermore, theoretical approaches have also been
applied to this problem [153, 86, 47].

Among the various efforts to probe pretrained models, one significant line of
research employs the concept of a “task vector”, which is a vector in the model’s
weight or activation space! that encodes task-specific information. The concept of
the task vector was first introduced by Ilharco et al. [67], where it is defined as a di-
rection in a model’s weight space corresponding to a particular task. Subsequently,
Hendel et al. [59] demonstrated that, given a task demonstration as context, a pre-
trained large language model forms a task vector in its activation space at certain
layers. This task vector encodes only the task information and is independent of

the specific demonstration of the task. By inserting the task vector directly into the

'The “activation space” refers to the space where the output of each transformer layer resides.



23

model, it is able to perform the task without context or demonstration (i.e., zero-
shot). We will refer to this as Task-Vector Prompting (TVP) in this chapter. Concur-
rently, Liu et al. [89], Todd et al. [139], Merullo et al. [97], Li et al. [83], Saglam
et al. [119] have also identified a single vector that encodes the task information,
albeit using different terminology. We omit the details here and refer the reader to
the related work and the original papers for more information.

Motivated by prior observations of task vectors in pretrained LLMs—where
training conditions are inherently difficult to control—we investigate their emer-
gence in a controlled setting by training transformers from scratch on synthetic
datasets. As shown in fig. 3.1, when trained from scratch on the linear function
defined as f(x;) = w'x;, the transformer (dashed line) demonstrates the ability
to use in-context learning (ICL) to solve the task. We evaluate the trained model’s
performance in task-vector prompting (TVP) mode, where the task vector is ex-
tracted from the in-context learning mode and injected back in a zero-shot manner,
as defined by Hendel et al. [59]. The TVP performance is much better than chance
(indicated by the horizontal dashed line), but lower than ICL performance, which
we attribute to the fact that the encoding of the task may not be strong and local-
ized under vanilla training methods. To encourage the formation of a strong and
localized task vector, we propose an auxiliary training loss, called the task-vector
prompting loss (TVP-loss). As a result, the model is trained using the TVP-loss in
addition to normal training losses. In fig. 3.1, our approach (solid line) achieves
comparable ICL performance to the vanilla model in the ICL mode and its TVP

performance is significantly improved and comparable to ICL performance with
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Figure 3.1: Overview of the Transformer Operating in In-Context Learning (ICL) and Task-
Vector Prompting (TVP) Modes. A transformer can be configured to operate in ICL mode,
using input-output pairs as prompts, or in TVP mode, extracting task-specific embeddings
for zero-shot predictions (architecture and training details in section 3.2). On the right, the
ICL and TVP performances of the vanilla-trained model and our method are shown, with
the dashed horizontal line indicating random prediction performance (i.e., no task infor-
mation is inferred). Compared to vanilla training, our approach enhances task-specific
representations in the TVP mode while preserving comparable ICL performance.

multi-shot demonstrations.

Our main contributions and findings are outlined below:

Emergence of Task Vectors During Training. We investigate the effectiveness
of task vector extraction methods—originally proposed for pretrained LLMs-when
applied to small-scale models trained from scratch on synthetic datasets. Our find-
ings show that task vectors can naturally emerge during training, consistent with
the observations in Hendel et al. [59] for pretrained LLMs, provided appropriate
input formats and sufficient model capacity. To better understand what promotes

this emergence, we examine the role of model depth and in-context length.
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Strong Task Vectors with Proposed Auxiliary Loss. Although task vectors nat-
urally emerge, they are often weak and entangled with information from input
queries. This prevents task vectors from representing purely task-specific knowl-
edge. To overcome this limitation, we propose a training algorithm that explicitly
encourages the formation of task vectors independent of query information. This
approach strengthens the task vector, ensuring that task-specific encoding is ex-

plicitly established within the model.

Task Vectors for In-Context Learning Robustness. Using our proposed training
algorithm, we analyze the effects of TVP-loss on (a) synthetic, (b) formal language,
and (c) natural language tasks, demonstrating enhanced robustness in in-context

learning.

3.2 Task Vector Definition

In this section, we formally define the notion of the task vector. Let 7 denote a
class of functions or “tasks”, and let X and ) be the input and output spaces, re-
spectively. If f € F is the task in a specific “context”, then for any input €
X, the corresponding output is y = f(x) € ). Consider xws € X, and the
transformer model M. We can measure the model’s zero-shot performance by
O(f (@test), M (Pyuery) ), Where Pyuery = [Ttest) denotes the query input. The in-context
learning performance with k-shot examples is measured by ¢( f (@test), M (Fy)), where
Py is the k-shot in-context prompt [x1, f(@1), -, Tk, [(@Tk), Trest]-

Consider a demonstrated prompt PP, where the superscript D highlights its role
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in demonstrating task information. This prompt contains % in-context samples:
PP =[x, f(x1), - , @y, f(z1)] A task vector is an internal embedding 7 extracted
when the model is presented with PP, which encodes the task at hand (f). In-
serting the task vector into the model during zero-shot prompting is denoted by
M (Pyuery: 7). Note that the task vector 7 is extracted from the internal embed-
dings when inputting P”, not P, therefore the task vector T does not have explicit
knowledge of x when encoding the task.

A task vector extractor g tries to locate this single embedding 7 in the model
given the demonstrated prompt PP, i.e., 7 = g(M(PP)). Then the performance of
this extractor can be measured by £( f(@est), M (Pyuery; T))- A task vector is consid-
ered successfully formed in the model M for the task f if the performance of the
extracted task vector, i.e., task-vector prompting performance, closely aligns with
the in-context learning performance and outperforms zero-shot performance.

Hendel etal. [59] confirmed that, in pretrained large language models, g(M (PP))
corresponds to the output embedding at approximately the middle layers of the
model during the forward pass. Similarly, Sia et al. [128] found that the task in

context is recognized by the model during the middle stage of the forward pass.
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3.3 Emergence of Task Vectors in

Trained-from-Scratch Models

3.3.1 Experimental Setup

We study task vector localization using a GPT-2 decoder trained on randomly gen-

erated prompts for the following tasks (details in section 3.7.1):

1. Linear Function. f(x;) = w'x; with z;,w € R?. We set d = 6 in our experi-

ments.
2. Sinusoidal Function. f(x;) = sin(0.5 - w'x; + b), where b ~ N(0, 1).

During training, prompts are generated on the fly. Specifically, for each prompt,
a function f € F is randomly sampled according to the function distribution de-
scribed for each task above. Subsequently, input tokens {x;}" ; are independently
sampled from the corresponding input distribution. The function f is then evalu-
ated on these inputs to produce the target outputs, forming the in-context learning
prompt P, = [x1, f(21),..., Tk, f(@k), Tiest]. Let the distribution of such prompts
be denoted as P. The transformer M parameterized by 6 is then trained to mini-
mize the following expected loss:

k
mein Ep,~p ; U(f(ir1), Mo(F3)),

where P, = [z1, f(x1), ..., @i, f(2;), x;11] represents the prompt prefix containing
i in-context examples. The loss function ¢(-, -) is defined as mean squared error. In

our experiments, we use a GPT-2 model with an embedding size of 64, 4 attention
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heads, and 3 layers, trained with a maximum context length of 63 (i.e., K = 63)
and without positional embeddings (NoPE). We use the Adam optimizer with a
learning rate of 0.0001 and a batch size of 256, training for 300k iterations. With
dynamically generated prompts, this corresponds to 76.8 million distinct prompts.
All experiments are run on an NVIDIA GeForce RTX 3090.

We investigate various input formats and task vector extraction methods (de-
tails in section 3.8.1) to identify conditions under which task encoding emerges
in trained-from-scratch transformers. Based on this investigation, we focus on the

following setup, where task vectors emerge most distinctly:

e input format: Prompts with £ in-context examples are generated as

Py = [z, @1, f(x1), ..., &k, [(TL), Trest],

where z is a special token placed at the beginning of the prompt to serve as a
placeholder for injecting task encoding during zero-shot task-vector prompting.
During training, the embedding of z is treated as a learnable parameter that is

shared across all prompts (details in section 3.8.1).

e task vector extractor method: inspired by Hendel et al. [59], we locate the task vec-
tors at the activations of the token z and {y;} in the input format mentioned above.
Specifically, during task-vector prompting, the embedding is copied into the cor-
responding position in a zero-shot forward pass, and the zero-shot loss is mea-
sured. A lower zero-shot loss indicates that the embedding effectively encodes

task-specific information (detailed in section 3.8.1).
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As noted in Hendel et al. [59], the extraction process involves identifying the
layer that optimally encodes the task vector. The optimal layer index [* is deter-
mined by evaluating task vectors extracted from each layer and selecting the one
that minimizes the average loss ¢ across all N demonstrated prompts. This pro-
cedure ensures that the selected layer provides the most effective task vector for
predicting the test outputs. A formal description of this procedure is provided in

section 3.8.2.

Remark 3.3.1 (Task Vector Location). The work of Hendel et al. [59] employs an

in-context learning prompt format structured as

Py =z, 2, f(x1), -+, @k, 2, f(@h), Thet1, 2],

where z indicates the “maps-to” token. This setup differs from the prompt for-
mat used in our experiments. In section 3.8.1, we investigate various input for-
mats to determine their effect on task vector emergence. We find that the trained-
from-scratch model exhibits task vector emergence only when the input format for
training is P, = [z, @1, f(x1), -+ , Tk, f(%k), x+1), where no additional tokens are

placed between x and f(x).

3.3.2 Task Vector Emergence

Task vectors naturally emerge in small models trained from scratch.

In fig. 3.1, we demonstrate the presence of task encoding in the activations of



30

token y; for the linear function, using the experimental setup described in sec-
tion 3.3.1 with number of demonstrated prompts NV = 50. In the task-vector prompt-
ing mode, the transformer achieves a mean squared error (MSE) of approximately
0.25, significantly lower than the random prediction baseline of around 1.2, in-
dicating that the model successfully infers task information in its representation.
Throughout the chapter, we use N = 50 by default unless stated otherwise. Ad-
ditionally, we examine the impact of different /V values on task-vector prompting
performance, as detailed in section 3.8.3.

To understand the non-random performance observed in the task-vector prompt-
ing mode, we analyze how the model encodes task information using attention
maps and PCA of activations, as shown in fig. 3.2. Attention maps quantify the
relationships between input tokens: the query vector represents the current focus
of interest, while the key vectors interact with the query to calculate importance
scores (via their dot product), determining how relevant each input element is to
the query.

For the linear function using a 3-layer transformer with a 63-shot context, the
attention map of a specific head in the 2nd layer shows that the activations at the
x; positions primarily attend to the activations of the preceding y;_1, where task
information is stored. Furthermore, the activations at the y; positions attend to
both themselves and the preceding y;_1, enabling the model to update task infor-
mation incrementally. The PCA of the activations for token y; across layers reveals
that at the input to the third layer, the activations for different tasks begin to form

distinct clusters, indicating that the model progressively encodes task information
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as depth increases.
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Figure 3.2: Attention Map and PCA Visualization of Activations Across Three Different Linear
Functions. (Left) For the linear function described in section 3.3.1, the attention map il-
lustrates how each query (rows) attends to all available keys (columns), with each row
summing to 1. The heatmap reveals that the activations at the x; positions predominantly
attend to the activations of the preceding y;—1, where task information is stored (high-
lighted by the black boxes). Additionally, the activations at the y; positions attend to
both themselves and the preceding y;—1, enabling the online updating of task informa-
tion (highlighted by the white boxes). (Right) PCA visualizations of token y; activations
(i € {0,2,4,6,8}) across layers L reveal that task-specific clusters (three colors correspond
to three different tasks) begin to emerge at the output of the 2nd layer, indicating that the
model progressively encodes task information as depth increases.

Task Vector Layer Localization

The layer at which task vectors emerge depends on the task.

The PCA analysis above suggests that task information concentrates at the 2nd
layer of the 3-layer transformer. To quantify this, we evaluate TVP performance
when the task vector is extracted from each layer independently, averaging across

context lengths. As shown in fig. 3.3 (bottom left), the 2nd (penultimate) layer
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yields the best TVP performance, confirming it as the primary task vector loca-
tion. The layer usage distribution (top left) corroborates this: layer 2 is almost
exclusively selected as the best-performing layer across all context lengths, indi-
cating that task information is stably localized at this layer regardless of how many
demonstrations are provided.

This contrasts with observations in pretrained LLMs by Hendel et al. [59],
where task vectors emerge in the early layers out of around 20 total layers. In our
shallow models, task vectors consistently reside in the penultimate layer.

One factor to consider is the nature of the task at hand. For the linear function
class, the “task” appears to be identifying the parameter w, after which the “task
execution” phase simply requires the model to compute w 'z to generate predic-
tions. To explore this further, we examine the sinusoidal function using the same
GPT-2 model configured with an embedding size of 64, 4 attention heads, and 6
layers.

As shown in fig. 3.3 (bottom right), for this 6-layer transformer model, the 3rd
layer yields the best TVP performance, while other layers remain near or above
the random-guess baseline. The layer usage distribution (top right) confirms this:
layer 3 is selected as the best-performing layer for nearly all context lengths. Unlike
the linear case, the task vector no longer resides in the penultimate layer but in an
intermediate layer, suggesting that the emergence layer depends on the complexity

of the task being performed.
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Figure 3.3: Task-Vector Prompting Performance for Task Vector Emergence in: Linear Function
(Left) and Sinusoidal Function (Right). Top: layer usage distribution as a function of in-
context samples, showing which layer’s activation is selected as the task vector for each
prompt at different context lengths. Bottom: averaged task-vector prompting (TVP) per-
formance for each layer, measured across various context lengths. The dashed line repre-
sents random-guess performance, indicating no task information is inferred.

Effects of Model Depth and Context Length on Task Vector Emergence

For the linear function, we examine how model depth and context length affect
the emergence of task vectors by varying the problem dimension and model depth.
Weexplored € {4,5,6,7,8,9}, keeping the transformer’s embedding size at 64 and
adjusting the model depth from L = 3 to L = 8. The transformer’s performance in
ICL mode (solid line) and TVP mode (line with triangular markers) is shown in

fig. 3.4, with N = 50 for clarity.
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Figure 3.4: Performance of the Transformer in In-Context Learning (ICL) Mode (Solid Line) and
Task-Vector Prompting (TVP) Mode (Line with Triangular Markers) Across Problem Dimensions
de {4,5,6,7,8,9} and Varying Model Depths L € {3,4,5,6,7,8}. The dashed line indicates
the random-guess baseline. The results indicate that smaller problem dimensions (d = 4
to d = 7) and shallower model depths (L = 3 to L = 5) yield stronger and more stable
task encoding in the TVP mode. However, task encoding remains noisy in most cases.
Task vectors emerge more clearly when the ICL loss plateaus but tend to disperse with
increasing in-context length. In deeper models, task information appears to distribute
across layers, reducing the distinctiveness of task vectors.

Task vectors are most distinct at moderate model depth and just before the in-context

learning loss plateaus.

We observe the following characteristics of task vectors:

Along the Model Depth: Tasks with smaller problem dimensions (d = 4 to d =
7) exhibit a clear pattern of specific model depths producing strong and stable task
encoding, as illustrated in the plot. However, in most cases, task encoding remains
noisy. Notably, as model depth increases, the clarity of task encoding diminishes.

This could be due to the model’s increased capacity to approximate the least square
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solution directly in a single forward pass, reducing its dependence on previously

calculated task encoding.

Across the In-Context Length: Task vectors become more distinct as the in-context
learning loss plateaus, but they tend to disperse afterward. For example, when
d=>5with L =4 ord = 7with L = 4,5,6, task encoding is most evident around
the 5-th in-context example but then disperses into random task encodings. This
suggests that the model initially learns the task in a compact and focused manner;
however, over time, the task information becomes distributed more broadly across

the context.

3.4 A New Training Algorithm to Encourage the
Formation of Task Vector

As evidenced in the previous section, it is difficult to locate a single vector in the
trained-from-scratch small-scale transformer model that cleanly encodes the task
at hand. In this section, we propose a training algorithm that explicitly encourages
the formation of task vectors (as defined in Hendel et al. [59]) in the in-context
learning process.

Through this algorithm, which is a straightforward extension of the task vector
definition, we obtain a model with the task vector explicitly formed. As demon-
strated in section 3.4.2, comparing this model to the vanilla model (where task

vectors are not explicitly formed) reveals that task vector formation enhances the
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model’s robustness for out-of-distribution in-context learning tasks. This high-
lights the value of task vector formation in improving generalization and inter-

pretability in in-context learning.

3.4.1 A New Training Algorithm to Encourage Task Vector
Formation

To encourage the formation of task vectors, we include the performance metric
of the task vector in the training loss. Specifically, following the notation in sec-
tion 3.3, let each random prompt be P, = [z, 1, f(21), - , Zk, f(2)), Tps1] to be
sampled following the prompt distribution P, and a random test prompt Pyuery =
(2, Tiest]. We train the transformer M (parameterized by #) by optimizing the fol-

lowing loss:

k

mein Epp Z f(f(:czq_l), MG(Pz)) +£(f(xtest)7 Me(Pquery§ hi)) ) (3'1)
=1

ICL-loss TVP-loss

where h! represents the hidden state at the [-th layer of the transformer, extracted
from the i-th in-context example. Instead of adaptively identifying the layer where
the task vector resides, we simplify the process by directly designating a specific
layer [ as the location for forming the task vector. The hidden state %! at this pre-
scribed layer then serves as the task vector 7 defined in section 3.2. This ensures
consistent representation of task-specific information and facilitates training. We
illustrate the training algorithm in fig. 3.5. In section 3.4.2, we further explore the
impact of this hyper-parameter choice on the model’s performance.

The loss comprises two complementary components:
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(1) In-Context Learning Loss (ICL-loss): The term ((f(x;11), Mp(P;)) trains
the model to predict the output f(x;1) for the (i + 1)-th example, based on the
preceding context F;. Summing over k£ examples ensures the model learns from
the entire context effectively. (2) Task-Vector Prompting Loss (TVP-loss): The
term {( f(@rest), Mo(Pyuery; T)) With 7 = hl evaluates the model’s ability to use the

injected task vector h!, derived from the hidden state at the i-th in-context example,

to predict the test output f(@st). This term encourages the model to encode task-
specific information in the task vector 7.
As evidence of this, in fig. 3.1, although the model trained with ICL-loss already

exhibits emergence of task vector, the model with TVP-loss further improves the

encoded task vector, achieving a lower TVP error.
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Figure 3.5: Demonstration of Our Training Algorithm. In vanilla Meta-ICL training, the
model is updated using the ICL-loss signal from the few-shot context. To encourage the
formation of task vectors, we also explicitly include the TVP-loss from the zero-shot query.
This means the model is asked to predict yiest Wwhen only x5t and the injected hidden
states are given. In the given illustrated example, there are in total 2 layers in the trans-
former model, and we set [ = 1 to encourage the formation of the task vector at the first
transformer block’s output.
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3.4.2 Experimental Results on Synthetic Tasks

We apply this training algorithm to the two synthetic tasks: (1) the linear function
and (2) the sinusoidal function described in section 3.3.1. For all experiments, the
transformer model is configured with a total of 8 layers. For consistency with the

previous results, we set N = 50.

TV P-loss enhances task-vector prompting performance, aligning it closely with in-

context learning performance.

For clarity, we evaluate the in-context learning and task-vector prompting per-
formance at the 63rd context (i.e., the final query) for models trained with and
without the proposed TVP-loss. In this experiment, we designate task vectors
to form at the 1st, 3rd, 5th, and 7th layers. As illustrated in fig. 3.6, for the 8-
layer transformer, the task-vector prompting performance of the vanilla-trained
model is nearly random. In contrast, models trained with the TVP-loss exhibit
task-vector prompting performance that closely matches their in-context learning
performance, as long as the task vector layer is set to an intermediate or later layer
rather than the initial layers of the model.

Two observations are worth highlighting. First, the close alignment between
TVP and ICL performance indicates that the task vector formed by TVP-loss cap-
tures the essential task-specific information that the model extracts from the full

in-context demonstrations. In other words, a single vector at a prescribed layer suf-
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Figure 3.6: Model Performance with Vanilla and TVP-Loss Training. This figure compares
models trained with vanilla training and TVP-loss across layers where task vectors are
formed. The upper row shows in-context learning (ICL) and task-vector prompting
(TVP) performance on a logarithmic scale for clarity, while the bottom row depicts out-of-
distribution (OOD) prompt performance. Dashed lines represent the performance of the
vanilla-trained model in each respective setting (ICL, TVP, and OOD), providing base-
lines for comparison. Each column corresponds to a task: linear function (left) and si-
nusoidal function (right). The horizontal axis indicates the layer at which task vectors
are formed. ICL performance: Models with TVP-loss achieve similar ICL performance to
vanilla-trained models. TVP performance: TVP-loss improves TVP performance, espe-
cially when task vectors form in intermediate or later layers. OOD robustness: TVP-loss
enhances OOD generalization with task vectors formed at specific layers.

fices to encode the task as effectively as the entire demonstration context. Second,
as shown in fig. 3.6, adding the TVP-loss to training does not interfere much with
the model’s in-context learning performance: across both tasks and layer config-

urations, models trained with TVP-loss achieve ICL performance comparable to

their vanilla-trained counterparts.

TV P-loss improves in-context learning performance on out-of-distribution prompts.

Performance on OOD Prompts. Forcing the task vector to form at a specific layer

can be interpreted as introducing an implicit bottleneck architecture within the
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model’s forward pass. In this section, we examine the model’s generalization abil-
ity when the task vector is constrained to form at a particular layer. Specifically, for
the two synthetic tasks, we evaluate performance on the OOD prompts described
in section 3.7.1,

Note that during training, none of these OOD settings were encountered. As
shown in fig. 3.6, models with task vectors formed at specific layers exhibit equal or
improved performance on OOD prompts compared to vanilla-trained models. For
the linear function, forming the task vector at the 5th and 7th layer yields slightly
better OOD performance.

The sinusoidal function task can be considered as a compositional task, where
fi(z;) = w'x;, and fy(y) = sin(y). Then the OOD task modifies the f,(y) = sin(y)
to fo(y) = VY- In this case, models with task vectors show enhanced generalization
to the modified compositional task, indicating that capturing task representations

at intermediate layers improves OOD generalization.

3.5 In-Context Learning Beyond Synthetic Tasks

In this section, we extend our study beyond the synthetic regression tasks and
investigate the impact of the TVP-loss on synthetic formal language tasks in sec-

tion 3.5.1 as well as natural language tasks in section 3.5.2.
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Figure 3.7: GINC (Top) and RegBench (Bottom) Dataset In-Context Learning Performance.
Comparison of the in-context learning performance for the vanilla-trained model (dashed
line) and the model trained with TVP-loss at the 5th layer for GINC and the 4th layer for
RegBench (solid line). In all cases, the model with task vector formation outperforms the
vanilla-trained model.

3.5.1 Synthetic Formal Language Task

We conduct experiments on two benchmarks: the Generative In-Context Learn-
ing (GINC) dataset introduced in Xie et al. [153], and the RegBench dataset from
Akytirek et al. [4]. In both datasets, each context consists of s tokens per exam-
ple. For instance, an in-context prompt with context length £ = 3 and example
length s = 4lookslike:a b ¢ —d / e £ g - h / i j k - 1,whileacor-

responding zero-shot promptis m n o - p.

GINC Dataset. We follow the setup in Xie et al. [153]: a uniform mixture of
5 HMMs over a vocabulary of 100 tokens. Documents of 576 tokens are gener-
ated from a sampled HMM, with 192 dummy tokens “~" inserted, yielding a total
length of 768. We use a GPT-2 model with 8 layers, 8 heads, and an embedding
dimension of 256. In GINC, there are no explicit input-output pairs; instead, the

entire trajectory performs one task defined by a stochastic hidden Markov model.
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1" 77

Therefore, we encode the task vector into the inserted token in the trajectory.
To construct the zero-shot document for the TVP-loss, we sample 10 extra to-
kens from the same HMM and randomly insert a dummy token “~". The task vec-

“ 4

tor loss is computed by injecting the /-th layer’s hidden states at the token into
the zero-shot document. For task-vector prompting evaluation, we extract hidden
states at the ¢-th “~" token in the in-context prompt and inject them into the zero-
shot prompt; throughout the experiment we set N = 1. We provide an illustration

of our training algorithm adapted to the GINC dataset in fig. 3.8.
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Figure 3.8: Demonstration of Our Training Algorithm in GINC Dataset. In contrast to the
Meta-ICL format described in fig. 3.5, in GINC dataset, there are no explicit input-output
pairs. Instead, the entire trajectory performs one single task defined by a hidden Markov
model. Therefore, we randomly insert several “~" tokens into the trajectory in the few-shot
mode, while inserting one “~” token into the trajectory in the zero-shot mode. The task
vector at the I-th layer is then injected into the embedding in the zero-shot mode.

Though the model is not Meta-ICL trained—meaning the pretraining distribu-
tion differs from the prompt distribution—training with the TVP-loss still enables
the formation of task vectors during in-context learning. We present the results
in fig. 3.7 (top). We measure both models” performance on (a) in-context learn-

ing, (b) task-vector prompting, (c) noisy in-context learning, where the in-context
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token is replaced with a random token with probability 0.1, and (d) when the un-

derlying HMM is changed after the second context.

RegBench Dataset. We follow and revise the setup of Akytirek etal. [4]: we sam-
ple 100 deterministic finite automata (DFAs) for training, each with a vocabulary
of 40 tokens, up to 20 states, and at most 10 outgoing edges per state, converted
to probabilistic finite automata (PFAs) with uniform transition probabilities. Each

1 4

prompt contains 32 sequences of length s separated by the special token “ | 7, with a
dummy token “>" inserted before the last token in each sequence. We use a GPT-2
model with 8 layers, 2 heads, and an embedding dimension of 128, and train with
the next-token prediction loss on all tokens except the special tokens “>" and “|”.

For each training sequence, we sample an additional example from the same
DFA and insert a dummy token “>" before its last token; this serves as the zero-
shot prompt for computing the TVP-loss. Note that, similar to GINC, the task f
determined by the PFA’s transition function is stochastic. During inference, we
evaluate task-vector prompting with N = 1.

When evaluating the next predicted token in the in-context learning prompt,
we follow the same setup as in Akytirek et al. [4]: as long as the next predicted
token belongs to the outgoing edge set of the current DFA state, it is considered a
correct prediction; otherwise, it is incorrect. Intuitively, as k increases, more tran-
sitions are presented to the transformer. This requires the model to approximate
a larger n-gram distribution, leading to a degradation in performance. In fig. 3.7

(bottom), we present results on: (a) in-context learning, (b) task-vector prompt-

ing, (c) noisy in-context learning, where 4 out of 32 in-context labels are replaced
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with random tokens, and (d) performance when the underlying DFA of the first 4

out of 32 samples is changed to another DFA.

Performance Analysis. Across both datasets, models trained with TVP-loss con-
sistently outperform vanilla-trained models. Specifically, in the GINC dataset,
TVP-loss improves the model’s ability to learn in-context, even when trained only
on next-token prediction tasks, and enables task vector formation without directly
optimizing for in-context learning during pretraining. As shownin fig. 3.7, models
trained with TVP-loss achieve slight improvements in ICL performance and sig-
nificant gains in TVP performance. Additionally, these models exhibit increased
robustness to label noise and out-of-distribution (OOD) in-context samples, con-

sistently outperforming vanilla-trained models in OOD scenarios.

3.5.2 Natural Language Task

Motivated by the OOD improvements observed with TVP-loss on GINC and Reg-
Bench, we further assess its effectiveness in natural language tasks using the Cross-
Fit benchmark [163] following the MetalCL settings in Min et al. [99]. Specifically,
we finetune a pretrained GPT-2 Large model (774M parameters), modifying the
original MetaIlCL procedure by training across all context lengths rather than using
a fixed context length (k = 16), which allows the model to generalize to varying
context lengths at inference time.

Since the meta-training set contains a diverse range of tasks, the optimal layer

for forming task vectors may vary across tasks. To accommodate this, we do not
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fix a single task vector layer during finetuning with TVP-loss. Instead, for each
training prompt, we evaluate the TVP-loss at every layer from 8 to 15 (out of 36
total layers) and select the layer that minimizes the loss. Formally, recall the TVP-

loss in eq. (3.1) for layer [ is defined as

k
EZTVP = Z O(f (xtest), MG(PqueryS hi))
i=1

For each training step and each prompt, instead of minimizing ¢}, with prede-
fined /, we minimize {typ = mines g, .. 15} lLyp- This allows the model to determine
the most effective task vector location per prompt.

During inference, following Min et al. [99], each test query is paired with a set
of candidates (e.g., classification labels or answer choices for QA), and the model
selects the candidate with the highest conditional probability.

Table 3.1 presents results under three task transfer settings in the CrossFit bench-
mark following MetalCL settings. In each case, we train on a set of meta-training
tasks and evaluate on a distinct set of target tasks to assess generalization. The

three settings are:

1. High-resource — Low-resource (HR—LR): Datasets with 10,000 or more train-
ing examples—referred to as high-resource tasks—are used for meta-training,

while the remaining tasks are used for evaluation.

2. Non-Class — Class: The model is trained on tasks that do not involve classi-

fication and then evaluated on classification tasks.

3. Non-Paraphrase — Paraphrase: The model is trained on tasks that do not
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involve paraphrase detection and evaluated on tasks with paraphrase detec-

tion.

We report in-context learning performance (with context length £ = 16) on the
target tasks, showing the mean and standard deviation over 3 inference seeds. In
addition to overall target task performance, we also separately evaluate on un-
seen domain target tasks—datasets whose topics (e.g., finance, poetry, climate, or
medical) do not appear during meta-training—to assess cross-domain generaliza-
tion. As shown in table 3.1, models meta-trained with TVP-loss show modest im-
provements in ICL accuracy across all three settings. We hypothesize that TVP-loss
serves as a regularizer, promoting better OOD generalization by encouraging the
model to form task-specific encoding.

Lastly, we evaluate the performance of task-vector prompting with N' = 10
demonstrations. For each test query, we follow the same inference strategy as in
in-context learning: pairing the query with a set of candidate answers. Instead of
passing the full demonstration context, we insert the task vector extracted from
the context into a specific layer determined by the N demonstrations. The task-
vector prompting results are reported in the lower half of table 3.1. Although
the evaluation tasks were never seen during training, TVP-loss still improves task-
vector prompting accuracy in two of the three settings, while degrading in the

Non-Class—Class setting.
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Method HR—LR non-Class—Class non-Paraphrase—Paraphrase
MetalCL 44.88 £+ 0.29 / 39.14 4+ 3.20 37.97 +£1.05/32.71 +1.51 41.07 £ 2.57 / 34.05 + 0.00
ICL + TVP-loss (Ours) 45.60 +0.61 /42.10 £3.67 39.55+1.05/33.78 £2.43 41.82+1.73/34.05+£0.00
MetalCL 31.93 +0.20 27.74 + 0.34 30.97 + 2.00
TVP L TVP-oss (Ours) 34.414£0.25 22.71 £ 1.56 33.45 £ 0.82

Table 3.1: ICL and TVP Accuracy of Finetuned GPT-2 Large on the CrossFit Benchmark. We
evaluate performance under three task transfer settings: HR—LR (High-Resource to Low-
Resource), non-Class—Class, and non-Paraphrase—Paraphrase. Each cell reports the
mean ICL accuracy (+ std) over three inference seeds using k = 16 in-context examples,
shown as: overall performance / performance on target tasks from unseen domains.

3.5.3 Effects of Various Hyperparameter Choices

To further understand the robustness and sensitivity of our approach, we analyze

the impact of key hyperparameters on the HR—LR task:
(A) the range of candidate layers used for selecting the task vector location, and
(B) the weight wryp of the TVP-loss term, generalizing eq. (3.1) to ficr. +wryp-Crvp.

Table 3.2 reports ICL and TVP performance under different configurations.

Layer Range: Expanding the candidate range from the default (8-15) to a
broader span (8-18) generally improves ICL performance but degrades TVP ac-
curacy, potentially due to noisier task vector selection when the range is too wide.
Conversely, narrowing or shifting the range (6-13 or 10-17) slightly degrades both
ICL and TVP performance, while the 8-12 range degrades ICL but marginally im-
proves TVP accuracy. These results suggest that the 8-15 range strikes a balance
between flexibility and task vector quality.

Loss Weight wryp: Varying the weight of the TVP-loss in the joint objective
reveals a trade-off: smaller weights (e.g., wrvp = 0.3) slightly improve ICL perfor-

mance but reduce TVP accuracy, whereas larger weights (e.g., wryp = 3) hurt both
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metrics—likely due to over-regularization. We find that wryp = 1 yields the best

overall balance between in-context learning and task vector generalization.

Range
wTVP

8-15 8-12 8-18 6-13 10-17 8-15 8-15
1 1 1 1 1 0.3 3

ICL 45.60 £0.61 45.33+£0.30 46.00+0.09 45.45+0.52 45.60+0.47 | 45.93+0.45 44.53 +£0.40
TVP 34.41+£0.25 34.62+0.33 3291£0.55 33.99+0.22 33.28+0.68 | 33.83+0.10 33.65+0.11

Table 3.2: ICL and TVP Accuracy of HR—LR Task under Various Hyperparameter Setup.

3.6 Discussion and Conclusions

Factors Affecting Task Vector Emergence. The emergence of the task vector in
pretrained large language models may be attributed to multiple factors, such as
the model’s capacity and the diverse tasks encountered during pretraining. While
Hendel et al. [59] and related studies identify and analyze the existence of task
vectors, they do not study the factors that may affect their emergence and perfor-
mance. This gap in understanding motivates our investigation: we reproduce this
phenomenon in the small-scale setting when trained from scratch, gaining insight
into the factors influencing task vector emergence, such as model depth and con-
text length. For instance, for the linear function, a model with moderate depth
encourages the emergence of task vectors, which is most evident before the in-

context learning loss plateaus.

Training with TVP-Loss. While task vectors can emerge through normal train-
ing processes, adding the TVP-loss to the training process encourages the forma-

tion of task vectors at prescribed locations and leads to improved accuracy and
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robustness. Across various benchmark datasets, we have demonstrated two key
properties of TVP-loss training: (1) models trained with TVP-loss form clean task
vectors whose prompting performance closely matches in-context learning perfor-
mance, indicating that a single vector at a prescribed layer captures the essential
task-specific information from the demonstrations; and (2) adding the TVP-loss
does not interfere with the model’s in-context learning ability, as ICL performance
remains comparable to vanilla-trained models. Additionally, depending on the
task, task vectors formed at intermediate or later layers can enhance the model’s

robustness to out-of-distribution (OOD) prompts.

Potential Applications of Task Vectors. Task vectors can serve as a soft prompt,
effectively compressing the entire context into a single vector representation. In
practical scenarios, where the number and nature of tasks are unknown during
pretraining and only demonstrations are provided to the model, task vectors en-
able both context summarization and task identification. Specifically, a model with
task vectors formed gains the ability to identify the underlying task from demon-
strations, cluster tasks using the extracted task vectors, and subsequently perform
zero-shot inference with these extracted vectors.

Another practical benefit is during inference, attention computations over ear-
lier tokens can be masked out after the prescribed [-th layer, restricting attention to
only the task vector and the query. This approach mirrors the findings of Sia et al.
[128], who demonstrated a 45% reduction in computation for pretrained LLMs.
Looking ahead, incorporating the TVP-loss as an auxiliary objective during train-

ing offers a promising approach to enhance task-specific representation and overall
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performance.

Conclusion. We investigated how task-dependent latent representations emerge
during in-context learning by training transformers from scratch on synthetic tasks.
Our analysis showed that task vectors can naturally form under specific conditions,
such as appropriate input format and moderate model depth, but remain weak and
diffuse without explicit encouragement. To address this, we introduced the TVP-
loss, an auxiliary training objective that promotes the formation of strong, local-
ized task vectors at prescribed layers. Across synthetic, formal language, and nat-
ural language benchmarks, models trained with TVP-loss achieve comparable in-
context learning performance while exhibiting substantially improved task-vector

prompting accuracy and enhanced robustness to out-of-distribution prompts.

3.7 Detailed Experimental Setup

3.7.1 Synthetic Experiments

Linear Function. Following the setup in [86, 40], the input vectors x; € R? are

sampled from a normal distribution N(0, I'). The linear function weights w € R¢,

which define the task, are sampled from a mixture of d Gaussians, each with means

corresponding to the standard basis vectors: p; € R? with p;; = 1if i = j, and 0

otherwise. All Gaussians share a covariance matrix ¥ = ;I, and each component is
T

selected with equal probability. The target outputs are computed as f(x;) = w ' x;.

We set d = 6 in our experiments.
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Sinusoidal Function. Following the same sampling strategy as the linear func-
tion, the target outputs are defined as f(z;) = sin(0.5-w " ;+b), where b ~ N(0,1).
In this task, w and b determine the underlying function. For the two synthetic

tasks, we evaluate the following out-of-distribution (OOD) tasks:

1. Linear Function: We introduce an OOD prompt using the quadratic function
task, defined as f(x;) = w' (x; - z;), where - denotes element-wise multipli-

cation.

2. Sinusoidal Function: we consider the OOD prompt where the task is f(x;) =

\/max(0.5 ~w'x; + h,0) + b, where h,b ~ N(0,1).

3.8 Supplements on the Trained-from-Scratch Model

3.8.1 Effects of Input Formats

In this section, we examine different input formats for in-context learning prompts
and their effects on the emergence of task encoding. The various prompt formats
are detailed in Table 3.3. For clarity, we refer to the token positions where task
vector presence is examined as the task token locations.

We focus on the case where the problem dimension is d = 6 and the model
depth is L = 3, as it exhibits the most pronounced task encoding, as shown in
tig. 3.4. In fig. 3.9, we evaluate four task vector extraction methods, with their re-
spective task-vector prompting performance shown as line with triangular mark-

ers. The four methods are: (A) directly using the task token’s output embed-
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Figure 3.9: In-Context Learning (ICL) and Task-Vector Prompting (TVP) Performance Across
Input Formats and Task Vector Extraction Methods. This figure compares task-vector prompt-
ing performance across four task vector extraction methods and three input formats:
(*xy), (x—>y),and (*x->y). Method (A) is the default task vector extraction method,
and (*xy) is the default input format used throughout the main paper. As shown, for
the (*xy) input format, noticeable task encoding is observed, with performance exceed-
ing random predictions, regardless of the extraction method. In contrast, for the (x->y)
and (*x->y) input formats, no task encoding can be reliably extracted by any method,
resulting in task-vector prompting performance that is nearly random.

ding [59], (B) using the difference between the task token’s embedding and the
uninformative query embedding [89], (C) taking the principal direction of this dif-
ference via PCA [89], and (D) learning a linear combination of embeddings [83].
Notably, only the model with the input format (*xy) demonstrates task encoding

that surpasses random baselines. By default, we use the format (*xy) throughout

the main paper unless specified otherwise.

Table 3.3: Different Prompt Formats Examined. We analyze the input format based on the
settings described in Garg et al. [40] and Hendel et al. [59]. Here, z represents a special
token, Pquery denotes the test query format, and P, refers to the k-shot context. We examine
the activations at Ay, referred to as the task token location.

Piuery k-shot examples P Task Token Location A
(*xy) [40] (2, Trest] [z, 21, f(21), -, xp, f(2h), posd] Pp10::21: {f(z:)} and 2z
(x—>y) Hendeletal. [59]  [®test, 2] [x1, 2, f(x1), -, 2k, 2, [(@K), TRy, 2] P,[1::3]: 2

(*x—>y) Hendel etal. [59] [z, Ttest, 2] [z, 21,2, f(21), -+ @k, 2, f(@k), Tpy1, 2] Pel0::31: {f(x;)} and 2z
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Discrepancy with Pretrained LLM

In the pretrained LLM [59], the input format uses x—>y. There is a clear differ-
ence between the pretrained LLM and the trained-from-scratch transformer in how
task information is encoded. In the pretrained LLM, task information is primarily
stored in the "maps-to" token (->). Conversely, in the trained-from-scratch trans-
former, task information is stored in the y token (i.e., the "label" token), but only
when x and y alternate closely in the input format.

We hypothesize that this discrepancy arises because pretrained LLMs learn the
semantic meaning of the "maps-to" symbol (->) from their extensive pretraining
corpus, enabling them to use —> as an anchor for task summarization. Addition-
ally, this delimiter —> is needed to separate the x and y entries. In contrast, for the
trained-from-scratch transformer, the —> token functions more like a <pause> to-
ken [49], providing additional computational resources rather than semantic sig-
nificance. Moreover, the training procedure ensures that x and y tokens occupy
fixed positions, removing the need for a delimiter to separate them.

Furthermore, Wang et al. [ 144 ] show that label words themselves can serve as
anchors for aggregating task information in context. This observation aligns with
our finding that task information is encoded in the y tokens. While this result is
not explicitly framed within the task vector framework, it highlights the critical

role of label tokens in task encoding.



54

3.8.2 Formal Description of Layer Localization for Task Vector

For each task f, we generate N demonstrated prompts { P~ .1, where the same
function f is consistently used across all N prompts, and the input to each prompt
PP is uniformly sampled. Let Pguery, with test input @], represents the corre-
sponding test queries for the j-th demonstrated prompt. For a task vector extracted
from a k-shot prompt, the optimal layer index [* is computed as:
N
I* = arg min z 0 (f @hest)s M (Plery: g(M(PP),0)) ),

where g(M(P,”"7), 1) denotes the task vector extracted from the I-th layer when pro-

cessing the demonstrated prompt P, and M (P

uery’

T) represents the model’s

prediction for the query prompt where the task vector 7 extracted from

P ({uery/
the [-th layer is copied to the corresponding position in the model’s representa-

. . ]
tion when processing FJ

wery- A lower loss £ indicates that the corresponding layer

provides a more effective encoding of task-specific information.

3.8.3 Effects of Number of Demonstrated Prompts N

Throughout the paper, we use N = 50 by default when evaluating task-vector
prompting performance. Intuitively, larger N values yield more concentrated and
purified task vectors. To illustrate the effect of NV, we evaluate task-vector prompt-
ing performance for N = 1,2,5,10, 50, following the setup in section 3.3.1, and
present the results in fig. 3.10. In this experiment, the transformer is trained on the

linear function with a problem dimension of d = 6 and transformer depth L = 3.
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Figure 3.10: Impact of the Number of Demonstrated Prompts (N') on Task-Vector Prompting Per-

formance. Increasing N improves task-vector prompting performance, as larger N values
yield more concentrated task vectors. Across all N settings, model trained with TVP-loss
(“Ours”) consistently outperforms the vanilla model, demonstrating better task vector en-
coding. The dashed line represents random-guess performance.

For the model trained with TVP-loss, the task vector is explicitly formed at the 2nd
layer.

As shown in the figure, when N = 1, the vanilla model yields random task-
vector prompting performance. With increasing N, task vector performance im-
proves steadily. Notably, the model trained with TVP-loss (denoted as “Ours”
in the figure) demonstrates better task vector encoding compared to the vanilla
model across all N values. Because the linear functions in regression tasks have
weights that exist in a continuous space and can be very close to each other, sep-
arating tasks with only a single demonstration is challenging. As a result, it re-
quires N = 5 to achieve task-vector prompting performance comparable to its in-
context learning performance. For the vanilla model, however, even with N = 50,
task-vector prompting performance remains slightly worse than in-context learn-

ing performance.
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Chapter 4

Looped Transformers are Better at

Learning Learning Algorithms

The previous chapter studied how task information is formed into latent represen-
tations during in-context learning, a setting in which transformers have demon-
strated strong effectiveness in solving data-fitting problems [40]. A natural follow-
up question is whether these latent representations can be progressively refined:
in traditional machine learning, solutions can be obtained through iterative algo-
rithms such as gradient descent, which improve an estimate over multiple steps.
However, the transformer architecture processes inputs in a single forward pass
and lacks an inherent iterative structure, making it difficult to emulate such it-
erative algorithms. This chapter investigates how latent computation can be iter-
ated through architectural recurrence. We propose the utilization of a looped trans-

former architecture and its associated training methodology, with the aim of incor-
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porating iterative characteristics into the transformer. Experimental results sug-
gest that the looped transformer achieves performance comparable to the trans-
former in solving various data-fitting problems, while utilizing less than 10% of

the parameter count.

41 Introduction

Garg et al. [40] investigated the performance of transformers, when trained from
scratch, in solving specific function class learning problems in-context. Notably,
transformers exhibited strong performance across all tasks, matching or even sur-
passing traditional solvers. Building on this, Akytirek et al. [3] explored the trans-
former’s capability to learn linear regression task, interpreting the learned model
as an implicit form of established learning algorithms. Their study included both
theoretical and empirical perspectives to understand how transformers learn these
functions. Subsequently, von Oswald et al. [141] demonstrated empirically that,
when trained to predict the linear function output, a linear self-attention-only trans-
former inherently learns to perform a single step of gradient descent to solve the
linear function in-context. While the approach and foundational theory presented
by von Oswald et al. [141] are promising, there exists a significant gap between
the simplified architecture they examined and the transformer used in practice.
The challenge of training transformers from scratch, with only minor architectural
modifications, to effectively replicate a learning algorithm remains open.

In traditional machine learning, iterative algorithms are commonly used to solve
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linear functions. However, the methodologies employed by transformers are not
naturally structured for iterative computation. A looped transformer architecture,
as studied in Giannou et al. [47], Dehghani et al. [32], provides a promising avenue
to bridge this gap. By reusing the same parameters across multiple computation
steps, the looped architecture performs implicit iterative refinement of the model’s
latent hidden states—a form of latent computation that does not require generat-
ing any explicit tokens. This parameter reuse also means each iteration handles a
simpler subtask, potentially leading to significant savings in model parameters.

To illustrate how task breakdown leads to parameter savings, consider using
the transformer model to solve the linear function, specifically recovering w in
min,, || Xw — y||3 (fig. 4.1). To train a transformer on this task, we input a prompt
sequence formatted as (a:l, wTazl, e, T, wTa:k, a:test). Here w represents the pa-
rameters of the linear function, {x,--- ,x;} are k in-context samples, and Ttest
is the test sample. The transformer can potentially try to predict ywst by approx-
imating the ordinary least squares solution in a single forward pass. The com-
putation of the matrix inverse, as required in the ordinary least squares solution
(X" X) ' X "y, is more difficult for transformers to learn compared to matrix mul-
tiplication [23, 141]. This is attributed to the increased number of layers and heads
required in the inverse operation [47]. Nevertheless, gradient descent offers an al-
ternative approach to solving the linear function, which requires only the matrix
multiplication: X " (Xw — y), but is applied repeatedly.

Motivated by this observation, we ask the following question:
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Problem Setup:
Solve the linear function using decoder-only transformer (TF). ouput§ = (51 2 - e Fiew)
Letw € RY, {x;}* |, each x; € RY, y;, = wx;. Trained on objective: ! ! ! !

[ Learned TF Solver ]
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Traditional Sol closed-form solution, e.g. iterative algorithm, e.g. gradient descent:
raditional Solver W = (XTX)"'XTy. Wi < W —7- X' Xw, - Xy)

Figure 4.1: How Can a Transformer Be Trained to Learn an Iterative Learning Algorithm? Here
we consider the task of training a transformer to solve the linear function in context. The
provided prompt (z1,y1, T2, Y2, - , Tk, Yk, Ttest) is fed into a decoder transformer. The
objective is to reduce the squared loss between the predicted st based on this prompt,
and the target value f(xst). Garg et al. [40] demonstrated that a decoder transformer can
learn to solve linear functions, which potentially involves learning the approximation of
the least squares solution. In this chapter, we aim to train a transformer to learn iterative
learning algorithms. Our goal is to achieve performance on par with transformers but with
fewer parameters. To this end, we introduce the looped transformer architecture and its
accompanying training methodology.

Can looped transformers emulate iterative learning algorithms more

efficiently than non-recursive transformers?

Within the specific function classes tested, the answer is positive for in-distribution
evaluation. Our preliminary findings on using looped transformer to solve linear
functions are illustrated in fig. 4.2. The remainder of the chapter is organized as
follows. In section 4.3, we develop a training method for the looped transformer to
emulate the desired performance of the iterative algorithm. Subsequently, in sec-
tion 4.4, we compare the empirical performance of the transformer and the looped
transformer and analyze the trade-off between them. Our contributions and find-

ings are outlined below:
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Figure 4.2: The Looped Transformer Can Emulate Iterative Learning Algorithms, Offering Per-
formance Comparable to Transformers with Reduced Parameters. We train a looped transformer
to solve linear functions in-context. (Left): While trained for 30 loop iterations, the looped
transformer during inference achieves a stable fixed-point solution beyond the trained loop
iterations. (Right): The trained looped transformer matches the performance of a 12-layer
transformer and closely aligns with the least squares solver, while using only 1/12 of the
transformer’s parameters.

Training Methodology for Looped Transformer. We propose a training method-
ology for looped transformers, aiming to effectively emulate iterative algorithms.
The assumption for a looped transformer simulating a convergent algorithm is that
as loop iterations increase, the performance of the looped transformer should im-
prove or converge. In alignment with this assumption, we delve into the structural
design of the looped transformer, as well as investigate the number of loop itera-

tions required during training. These investigations lead to the formulation of our

training method.

Performance of Looped Transformers for In-Context Learning. Based on our
proposed training algorithm, empirical evidence demonstrates that looped trans-
former can be trained from scratch to in-context learn data generated from lin-
ear functions, sparse linear functions, decision trees, and 2-layer neural networks.
Among the varied function classes examined, the looped transformer consistently

matches or outperforms the transformer, particularly when data is generated from
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sparse linear functions or decision trees. Our findings hint at the possibility that
the looped transformer is more effective at in-context emulating learning algo-

rithms, specifically for the learning tasks explored in this chapter.

4.2 Problem Setting

Let F denote a class of functions defined on R?. Let D denote a probability distri-
bution over F and let Dy denote a probability distribution on R?. A random learn-
ing prompt P is generated as follows. A function f is sampled from Dr and inputs
{z1,- -,z } as well as the test sample x5 are sampled from Dy. The output of x;
is computed by f(x;). The prompt is then P = (xq, f(x1),- - , &k, f(Tr), Trest) and
the goal of a learning system is to predict f(xs). Let M be a learning system and
let M (P) denote its prediction (note it is not given f explicitly). The performance
of M is measured by the squared error ((f(st), M(P)) = (M(P) — f(Tiest))? In
this chapter, we focus on transformer-based learning systems and compare them
with other known learning systems depending on the tasks. Specifically, we ex-
amine the GPT-2 decoder model [116] with L layers. By default, L = 12 for the
transformer, following the setting of Garg et al. [40], and L = 1 for the looped

transformer.

4.3 Training Algorithm for Looped Transformer

In this section, we delve into the design choice for the algorithm-emulated looped

transformer. For an algorithm-emulated looped transformer, we anticipate the
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following characteristics: 1) As loop iterations progress, the looped transformer
should maintain or improve the performance; 2) the loop iterations have the po-

tential to continue indefinitely without deterioration in performance.

Training Strategy. Building on the problem setting in section 4.2, let the prompt
to the transformer be P = (x4, f(x1), - , Tk, [(T), Trest), With P; denoting the
prompt prefix with ¢ in-context samples P, = (x4, f(x1), -+, @i, f(x;), i11). The

output of the looped transformer after ¢ looping iterations is

Yi(Pi|0) = Mo(My(--- Mp(Yy + P) + P)--- + P,)

t iterations

where the transformer M is parameterized by 0, and Y is a zero tensor with the
same shape as P,. Then we train the transformer by minimizing the following

expected loss:

1 b1 Kk
- 3 3 . , .
e b—bo+ 15 k+1i:0€(f(a:1+1),16(3|€)) ’ 1

where we only measure the loss of the transformer over all prompt prefixes with
loop iteration by to b, with by = max(b— 7, 0). This truncated loss is inspired by the

truncated backpropagation through time [61, 60] for computation saving.

Model Configuration and Parameter Count. For fair comparison, we use a trans-
former identical to the one described in Garg et al. [40], except for the number of
layers. Specifically, we employ a GPT-2 model with an embedding dimension of
D = 256 and h = 8 attention heads. The transformer has L = 12 layers, and the

looped transformer has L = 1 layer. In terms of the number of parameters, the
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transformer comprises 9.48M parameters, and the looped transformer uses 0.79M.
We follow the same training strategy: train with Adam optimizer, learning rate
0.0001, no weight decay or other explicit regularization (such as gradient clip, or

data augmentation).

Key Factors for Finding a Fixed-Point Solution. When deploying this looped
architecture training, two key factors come into consideration: 1) the input injec-
tion in the looped architecture (section 4.3.1), and 2) the maximum loop iterations
during training (section 4.3.2). The subsequent sections will illustrate the impact
of these two factors, using the linear function as the specific task for in-context

learning.

4.3.1 Input Injection to Looped Transformer

Input injection avoids divergence when the model is run for more iterations than

seen during training.

Reusing some notation, let P represent the inputs to the transformer model M,
and let Y; be the output after applying M for t iterations. In a general form, a looped
transformer can be represented as Y;;1 = M (Y}; P), Vt. Several studies [77, 32]
have investigated a specific variant termed the weight-tying form: Y, 1, = M(Y;)
with Yy = P, for a finite number of iterations.

However, as ¢ approaches infinity, the influence of the initial input P dimin-
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ishes, and the solution becomes essentially random or unpredictable. Similar re-
sults have been observed in Bai et al. [7], Bansal et al. [13], where Bansal et al.
[13] propose to always recall the input when training a recurrent convolutional
neural network to solve the maze problem, and Bai et al. [7] show by construction
that any traditional L-layer neural network can be represented by a weight-tied,
input-injected network. Motivated by these findings, we propose setting Y;,; =
M (Y, + P) in order to incorporate the input P at each loop. It should be noted that
input injection methods are not limited to addition only. In fig. 4.3, we display the
outcomes when training a looped transformer either with (default) input injec-
tion or without (referred to as weight-tying). During inference, the weight-tying

transformer will quickly diverge after the trained loop iterations.

—— Looped Transformer
—— Weight Tying

squared error

0 20 40 60 80 100
loop iterations

Figure 4.3: Test Error for Linear Functions Using Looped Transformer, Comparing Models with
Default Input Injection to Those Without. Without input injection, the transformer’s perfor-
mance deteriorates beyond the trained loop iterations.

4.3.2 Choice of Loop Iterations

To assess the looped transformer performance at the b-th loop iteration, we must

execute this computation b times consecutively. This can be analogized to a trans-
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former architecture possessing b layers in effect, albeit with shared weights through-
out these layers. Choosing the value of b requires a balance. A higher b leads to
longer training and inference time, whereas a lower b limits the model’s potential.
Furthermore, as denoted in eq. (4.1), the loss is truncated, with only the outputs
of T" loop iterations contributing to the loss function.

Similarly, there’s a trade-off when choosing 7T": a smaller 7" results in reduced
memory usage but negatively impacts performance, whereas a larger 7' may cause
the gradient to fluctuate, making the training process unstable. This section fo-
cuses on the optimal selection of b and 7" values (fig. 4.4) for linear functions. We
analyze the suitability of b values within the set {12, 20, 30,40, 50}, and 7" values in

{5, 10, 15} for the linear function.
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Figure 4.4: Evaluation of the Looped Transformer on In-Context Learning Linear Functions with
Different b and T' During Training. The figure from left to right is trained with 7" = 5, 10, 15,
and different colors present different b values (denoted in the legend). The solid lines
of various colors depict how the looped transformer, trained with a specific value of b,
performs as the loop iteration increases during inference. The corresponding dashed line
represents the value of b.
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A sufficiently large loop depth b enables the looped transformer to find a stable fixed-

point solution.

Figure 4.4 suggests that a lower b value might cause the looped transformer to
diverge after the trained loop iterations, leading to a less robust fixed-point solu-
tion. On the other hand, a higher b value allows the model to locate a fixed-point
solution that avoids divergence after the trained loop iterations. However, exceed-
ing a certain b value initiates a decline in the convergence rate of the loop iteration.

A similar trade-off applies to the selection of T’; a lower 7" may compromise per-
formance, whereas a larger 7' could induce instability in training, a phenomenon
documented in the recurrent model training literature [68]. A looped transformer
with b = 12 matches the effective depth of the transformer studied in Garg et al.
[40]. Nevertheless, it fails to replicate the performance of the transformer.

An additional observation is that the looped transformer consistently discov-
ers a fixed-point solution that saturates prior to the trained iteration b. This satu-
ration of the fixed-point solution occurs due to the loss objective, which requires
the looped transformer to match the target within b steps. Consequently, selecting
a smaller value of b expedites convergence to the fixed-point solution. However,
beyond a certain value of b, the convergence rate reaches saturation regardless of
the increase in b. For instance, training with 7' = 15, b = 40,50 yields similar

convergence rates.
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Optimal Choiceof band 7. Our goalis to efficiently train the looped transformer
for the in-distribution task. This requires determining the minimal b value that
prevents divergence after training loop iterations. To minimize memory usage, we
prefer a smaller 7" value. Guided by these criteria, we adopt b = 30 and 7" = 15 for

linear functions.

4.4 Experimental Results

4.4.1 Experimental Setup

We focus on the data-fitting problems generated by the linear model with prob-
lem dimension d = 20, and in-context sample & = 40. The parameters are sampled
from N (0,I), and the in-context samples x; ~ N(0,I) as well. When measur-
ing the performance, we evaluate 1280 prompts and report the 90% confidence
interval over 1000 bootstrap trials. To ensure the error is invariant to the problem

dimension, we also normalize the error as specified in Garg et al. [40].

Scheduled Training. We follow the training curriculum in terms of d and %, as
specified in Garg et al. [40]. Additionally, we implement a schedule on the param-
eter b, the maximum number of loop iterations, which is progressively increased
during training. The truncated loss is computed over a window of size T', covering
loop iterations max (b — 7',0) to b as defined in eq. (4.1).

Consequently, we avoid referring to this approach as “curriculum learning," as

that term typically refers to starting with a less difficult task and gradually moving
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on to more challenging ones. Rather, this strategy can be seen as a method to
warm up the training of the transformer model in a loop structure. In general,
the decision to use or not to use the scheduling does not significantly impact the

outcome.

4.4.2 Looped Transformer can in-context Learn Linear Functions

Looped transformer matches the performance of transformer when evaluating in-

distribution.

As indicated in fig. 4.2 (right), the looped transformer trained with b = 30 and
T = 15 is able to match the performance of the transformer, almost matching the

performance of the traditional optimal solver: the ordinary least squares.

Looped transformer learns efficiently with fewer distinct in-distribution prompts.

We further evaluate the sample complexity of transformer training. Specifi-
cally, we ask how many distinct prompts need to be seen during training for the
transformer or the looped transformer to learn the function. To do so, instead of
generating the linear function on the fly in each iteration, we generate the training
dataset before training. Thus, during training, the transformer may encounter the

same prompt multiple times.
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To isolate the impact of curriculum learning, we disable this strategy and focus
on linear functions with problem dimension d = 10, in-context samples £ = 20.
The results are presented in fig. 4.5. Due to the fewer parameters in the looped
transformer, it is able to learn the function with fewer distinct prompts/functions
compared to the transformer. More results regarding different problem dimen-
sions are presented in section 4.8.
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Figure 4.5: Performance of Transformers on Linear Functions with d = 10 and k = 20, When
Trained with Different Numbers of Distinct Prompts/Functions.

Looped transformer exhibits an inductive bias toward simpler solutions when eval-

uating out-of-distribution.

Recall that the transformer is trained with * ~ N(0,I). We now evaluate
it on: a) inputs with skewed covariance, b) inputs with noise, and c) scaled in-
context example inputs. The result is shown in fig. 4.6. Rather than learning the
true algorithm (e.g., OLS or gradient descent) for solving the linear function class,
the looped transformer learns an approximation that exhibits an inductive bias fa-

voring simpler solutions compared to the transformer. As a result, it handles (a)
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Figure 4.6: Evaluation of Transformers Trained on Linear Functions, Tested Under Various Con-
ditions: a) Inputs with Skewed Covariance, b) Noisy Linear Functions, and c) Scaled Inputs.
skewed covariance inputs better than the transformer.

In the task of (b) noisy linear regression, the looped transformer displays a
reduced peak in the double descent curve, similar to the effects of applying minor
regularization to the base model for resolving noisy linear regression. However,
this inductive bias towards simplicity can negatively impact performance when
there is a scaling shift in the input distribution. As depicted in fig. 4.6 (c), during
the inference process, if we sample « such that ¢ = 3z,and z ~ N (0, I), the looped

transformer underperforms compared to the transformer.

4.4.3 Impact of Model Architecture Variations on Looped

Transformer Performance

In this section, we explore the impact of varying the number of layers (L) on the
looped transformer. The experiments are trained with b = 30, T" = 15.

In fig. 4.7, we plot the squared error for the transformer with L layers, and the
looped transformer with L layers, applying ¢ loop iterations. From the figure, we

observe that as L increases, convergence is achieved more rapidly. To match the
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Figure 4.7: Transformer and Looped Transformer’s Performance under Different Depth (Loops).
For linear functions with problem dimension d = 20, and in-context samples k& = 40, we
test the transformer and looped transformer with D = 256 and h = 8, but varying L,
where L is the number of layers.

performance of a transformer with L layers, the looped transformer needs more
than L loop iterations, i.e., the effective depth of the looped transformer exceeds
that of the transformer. For instance, a looped transformer with a single layer re-
quires roughly 20 iterations to achieve an 8-layer transformer’s performance. This
suggests that the transformer and the looped transformer learn different represen-
tations at each layer (iteration).

To delve deeper into the learning dynamics of each layer in both the transformer
and the looped transformer, we employ the model probing technique suggested
by Akyiirek et al. [3], Alain and Bengio [5]. Reusing some notation, we represent
the output of the transformer’s ¢-th layer or the looped transformer’s ¢ loop iter-
ations as Y;. An MLP model is trained on Y; to learn target probes, specifically
X Ty for the gradient component and the woys for the optimal least squares so-
lution. The mean squared error for model probing is illustrated in fig. 4.8. While
transformers initially capture representations relevant to X 'y and wors, and sub-
sequently shift focus to other statistics, the looped transformer consistently refines

its representations related to the target probes across its loop iterations. Details of
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the model probing are presented in section 4.10.
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Figure 4.8: How Do the Transformer and the Looped Transformer Encode Information Across
Layers/Iterations? We train a 2-layer MLP probing model to recover the target probe from
the transformer’s output at ¢-th layer/loop iteration. The dashed line indicates the minimal
probe error obtained in a control task, where the linear function parameter w is fixed to
be 1. Contrasting with the transformer, which decodes the target probe optimally around
the 10-th layer, the looped transformer steadily refines its representation, improving the
decoding of the target probe with each subsequent loop iteration.

4.4.4 Higher Complexity Function Classes

In this section, we shift our focus to function classes of higher complexity: a) the
sparse linear model with d = 20, k = 40, and s = 3 nonzero entries; b) the decision
tree with depth 4, input dimension d = 20, and k£ = 100; c¢) the 2-layer ReLU
neural network with 100 hidden neurons, input dimension d = 20, and k£ = 100.
For these functions, parameters are sampled from N (0, I'), and in-context samples
x; ~ N(0,I). This setup follows the methodology described in Garg et al. [40],

and is further detailed in section 4.6.

Optimal Loop Iterations in the Looped Transformer for Different Functions. In
section 4.3.2, we highlight that for the looped transformer trained on linear func-

tions, a larger value of b and an appropriate 7" enhance its ability to discover a
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fixed-point solution that remains stable beyond the trained loop iterations. This
observation is consistent across various functions, but the optimal b and T val-
ues may vary. fig. 4.9 depicts the performance of looped transformer trained with
T = 10 but varying b values on different functions.

Comparison with fig. 4.4 indicates that tasks with higher complexity, like the
linear function (which is more parameter-intensive than the sparse linear func-
tion), necessitate increased b and T values to achieve stable convergence during
training. For instance, with T = 10, the linear function diverges at b = 20, whereas
the sparse linear function converges to a fixed point. The values of b and T re-
quired can be indicative of the complexity a transformer faces when tackling a
specific task. Interestingly, while learning a 2-layer neural network is more chal-
lenging [24], it requires fewer b and 7 for the looped transformer in comparison
to seemingly simpler tasks, such as the linear function. Complete results of the
looped transformer trained with various b and 7" are presented in section 4.7.
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Figure 4.9: Evaluation of the Looped Transformer on In-Context Learning Data Generated from a))
the Sparse Linear Function, b) the Random Decision Tree, and c) the 2-Layer ReLU Neural Network
with T = 10 and Different b During Training. The solid lines of various colors depict how
the looped transformer, trained with a specific value of b, performs as the loop iteration
increases during inference. The corresponding dashed line represents the value of b.
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On higher-complexity function classes, the looped transformer matches or outper-

forms the transformer using less than 10% of the parameters.

Looped Transformer Matches or Outperforms Transformer. Through a com-
prehensive hyperparameter search, we identify optimal values for b and T, as de-
tailed in section 4.7. Specifically, for data generated from a) sparse linear functions,
we use b = 20 and T' = 10; b) decision trees, b = 70 and 7' = 15; and c) 2-layer
ReLU NNs, b = 12 and T' = 5. We then compare the performance of looped trans-
former against the transformer and other baseline solvers, as depicted in fig. 4.10.
Of all the tasks we examine, the looped transformer consistently matches the trans-
former, except for the sparse linear function tasks, where the looped transformer
outperforms the transformer, and even the Lasso [138]. By outperforming, we do not
refer to the precision of the final solution but to the trend relative to the num-
ber of in-context samples. For instance, with 40 in-context samples, the Lasso
achieves a solution with an error of 1.32e-04, the Least Squares reaches 8.21e-14, the
looped transformer achieves 6.12e-04, and the transformer achieves 0.0017. How-
ever, with fewer than 10 in-context samples, the looped transformer has a smaller
error than the Lasso solution. We perform a hyperparameter search for Lasso over
a € {le —4,1e — 3,0.01,0.1,1}, where « is the ¢; parameter, and select the best

a = 0.01. We conjecture that this performance gain is a result of the inductive bias
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Figure 4.10: Performance Evaluation of the Trained Transformer on In-Context Learning Data
from: a) Sparse Linear Functions, b) Random Decision Trees, and c) 2-Layer ReLU Neural Net-
works. The looped transformer matches or even surpasses the transformer’s performance
using only 1/12th of the parameters employed by the latter.

of the looped transformer, which favors simpler (i.e., sparser) solutions over their
more complex counterparts. When tackling sparse problems, this inherent bias
enhances the performance of the looped transformer. A further analysis across

varying sparsity levels is presented in section 4.9.

4.4.5 Validation on OpenML Datasets

To establish a connection with real-world applications and further validate our ap-
proach, we conduct additional experiments using 10 datasets from OpenML [140],
which better represent practical scenarios. The details of the used datasets are pre-
sented in table 4.1.

Let S = {720,725, 737,803,807, 816, 819,847,871, 42192} be the set of all datasets.
The datasets we examined have binary classification labels (0 or 1). We trained
the transformer and the looped transformer on 9 datasets and evaluated the in-
context learning ability on the unseen test dataset. Both transformer and looped
transformer have 256 embedding size and 8 heads. The transformer has 12 layers,

and the looped transformer has 1 layer, trained to maximum loop iteration b = 30
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Dataset ID Name # Numerical Features # Instances
720 abalone 7 4177
725 bank8FM 8 8192
737 space_ga 8 3107
803 delta_ailerons 5 7129
807 kin8nm 8 8192
816 puma8NH 8 8192
819 delta_elevators 6 9517
847 wind 14 6574
871 pollen 5 3848

42192 compas-two-years 7 3848

Table 4.1: OpenML Datasets Used in the Experiments. We only use numerical features for
the input features.

and window size T' = 15.

During training, we uniformly sampled prompts from 9 datasets, where for
each prompt, we first randomly selected a training set, then randomly selected k+1
samples from this training set, with k = 40 being the number of in-context samples.
During testing, we applied a similar approach for each test sample, selecting % in-
context samples from the test dataset, with care taken to exclude the test sample
itself from these in-context pairs. The test accuracies are presented in table 4.2.
As the results indicate, the looped transformer demonstrates comparable, and in
some cases, better performance compared to the transformer on these real-world

datasets.
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Test Dataset ID Train Dataset IDs  Transformer  Looped Transformer

720 S\{720} 0.626 & 0.008 0.662 + 0.008
725 S\{725} 0.511 4 0.007 0.504 & 0.008
737 S\{737} 0.656 & 0.006 0.720 + 0.010
803 5\{803} 0.394 4 0.010 0.400 + 0.010
807 S\{807} 0.405 =+ 0.004 0.416 + 0.005
816 5\{816} 0.463 + 0.004 0.462 + 0.004
819 5\{819} 0.483 & 0.005 0.568 + 0.010
847 5\ {847} 0.668 % 0.007 0.757 4 0.006
871 S\{871} 0.532 + 0.004 0.510 & 0.005
42192 5\ {42192} 0.650 + 0.005 0.650 = 0.008

Table 4.2: Test Accuracy for Transformer and Looped Transformer on Different Held-out Test
Datasets. The looped transformer demonstrates comparable, and in some cases, better per-
formance compared to the transformer.

4.5 Discussion and Conclusions

Looped Transformer Emulates Fixed-Point Iteration Method Within Training
Distribution. Through our designed training method, the looped transformer
successfully approximates fixed-point solutions beyond the iterations it was trained
on, effectively emulating the fixed-point iteration method within the training dis-
tribution. Nevertheless, these solutions come with an inherent error floor and
have limited performance on out-of-distribution prompts. As a result, our trained
looped transformer fails to identify an actual algorithm that generalizes to any in-
put distribution, but only emulates the algorithm with the particular input distri-
bution itis trained on. Overcoming this limitation, and enhancing the transformer-
derived solver to match the generalization capabilities of conventional algorithms

presents a promising future research direction.
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Choice of band 7" and the Notion of Task Difficulty. Asdiscussed insection4.4.4,
increasing the loop iterations (b) and truncated loss window size (7") enables the
looped transformer to find a fixed-point solution that does not diverge beyond the
trained loop iterations. The optimal values for b and 7" are determined through
hyperparameter tuning, selecting the minimum parameters necessary to prevent
divergence in the looped transformer. These optimal values of b and T reflect the
complexity of a task from the transformer’s perspective. A task that is inherently
more complex will require larger values of b and 7' to achieve convergence to a
fixed-point solution, whereas simpler tasks will require smaller values. Thus, the
parameters b and 7" could be used as a metric to assess the difficulty level of tasks
for transformers. Expanding on this, in practice where tasks exhibit varying de-
grees of complexity, an adaptive looping strategy could be beneficial. These strate-
gies could include token-level adaptive loop iterations, as studied in Dehghani

etal. [32].

Conclusion. Motivated by the widespread application of iterative algorithms in
solving data-fitting problems across various function classes, we analyzed the loop
architecture choice and training strategy, then developed a training method for the
looped transformer. This methodology enables the looped transformer to approx-
imate fixed-point solutions beyond the initially trained loop iterations, using less
than 10% of the parameters of a standard transformer. Our experiments show that
the looped transformer achieves competitive in-distribution performance across
multiple function classes while approximating fixed-point solutions beyond the

trained loop iterations.
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4.6 Detailed Setup for Function Classes

For completeness, we detail the setup of the function classes here, adhering to the
settings in Garg et al. [40]. Inputs  ~ N(0, I) are consistent across all function

classes.

Linear Function. For linear function with dimension d, we sample the parameter

of linear function w € R? following N/ (0, I).

Sparse Linear Function. We follow the same distribution setting as in linear func-

tion, and we uniformly select s out of d dimension to be nonzero.

Decision Tree. We employ a binary decision tree with a depth of 4. At each non-
leaf node, the decision to branch left or right is based on the sign of a randomly
selected coordinate of the input x. This coordinate is chosen uniformly at random.
The leaf nodes are initialized following a normal distribution A/ (0, I). The evalu-
ation of an input « involves traversing from the root to a leaf node, moving left for
a negative coordinate and right for a positive one, with the output being the value

of the reached leaf node.

2-layer ReLU NN. We initialize the weights of the network following A (0, I),

and set the hidden layer dimension to be 100.
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4.7 Further Analysis on Loop Iterations

In this section, we present the result (fig. 4.11) of the looped transformer perfor-
mance when trained with different b and 7" for the following function classes: a)
linear functions with problem dimension d = 20 and in-context samples k& = 40, b)
sparse linear functions with problem dimension d = 20, in-context samples k£ = 40,
and nonzero entry s = 3, ¢) decision tree with problem dimension d = 20, depth to
be 4, and in-context samples k& = 100, as well as d) 2-layer ReLU NN with problem
dimension d = 20, 100 hidden neurons, and in-context samples k& = 100.

Recall that the target function we aim to minimize during the training of looped
transformer is:

k

b
mlnEp b—b0+ zb: k:—|— ] - Z f(mi1), Yi(B]0))

where P, denotes the prompt prefix with ¢ in-context samples

P = (x1, f(x1), i, f(3), Ti11),

Y,(P;]0) is the output of the looped transformer with parameter 6 after ¢ looping
iterations. by = max(b — T',0). The choice of b affects how many loop iterations
the looped transformer needs to unroll during the training, and 7" represents the
truncated window size for the loss calculation.

For the linear function, sparse linear function, and 2-layer ReLU NN tasks, we
investigate the different values of b in {12, 20, 30, 40, 50}, and for the more challeng-
ing task — decision tree, we search over b values in {12, 50, 70, 100}. For all tasks,

we investigate 7" values in {5, 10,15}. Larger 7" values such as 7" = 20 will result
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in training instability if trained without any stabilization technique such as weight
decay, mixed-precision, or gradient norm clip. But once employed with those tech-
niques, it is safe to train with large 7" as well. In figs. 4.11 and 4.12, we present the
result of the looped transformer, when trained with different b and 7', the perfor-
mance on different tasks, with respect to the loop iterations, and with respect to
the in-context samples.

For each task, the results are consistent: training with smaller 7" will yield a
larger mean squared error in the in-context learning solution. When 7' is held
constant, larger b will enable the looped transformer to find a fixed-point solution.
As b increases, the performance improves until it reaches a point of saturation.

Across tasks, we can see a clear pattern of the choice of b and 7" related to the
level of difficulty of the task. Sparse linear function, which has fewer parameters
in its function class, requires fewer b and 7 to find a converged solution compared
to the linear function. The decision tree task requires the learning of 24¢Pth+1 — 1
number of parameters (in our case, 31 parameters). Thus it requires a larger b to
find a fixed-point solution. Counterintuitively, the 2-layer ReLU neural network,
which contains in total 21 x 100 number of parameters, only requires b = 12 to find
a fixed-point solution. The reason why data generated from a 2-layer ReLU neural
network only requires a small value of b to find the fixed-point solution remains
unclear. We conjecture that the value of b is an indication of the task’s difficulty

for the looped transformer to solve.
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Figure 4.11: We evaluate the looped transformer on in-context learning of a) linear func-
tions, and b) sparse linear functions with different b and 7" during training (b and 7 is
defined in eq. (4.1)). For each block of Figures, from left to right is with 7' = 5, 10, 15.
(top) Performance with respect to different loop iterations, (bottom) performance with
respect to different numbers of in-context samples.



83

— 12 50 70 — 100
100 ¢ . 100 . 100
3 N i I I I
5 I 1 1 1
= 1 1
o | | | | |
Qo | 1 101 1 101 1
5 1 I 1 1 1
2| | | | |
2 I I I I I
2 1 —2 1 | -2 1 |
10755 50 100 150 200 7% 50 100 150 200 0% 50 100 150 200
loop iterations loop iterations loop iterations
1.0 1.0
508 0.8
—
—
© 0.6 0.6
o
&
=04 0.4
&
202 0.2
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
in-context samples in-context samples in-context samples
(a) Decision Tree
—_— 12 20 30 40 —— 50
l T T
1.0{ | 1.0 1 1.0 1
8 I I
o 0.6 ! 0.6 !
o 0. : | 1 : I
o | | |
004 0.4 ||, | 0.4 |
So3 0.31 |l 1 0.3 1
g I 1 1
0.2 021 \WA\I 0.2 1
1 1 1 | N
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
loop iterations loop iterations loop iterations
1.25 1.25 1.25
| |
5 1.00 1.00 1.00
jar
o
©0.75 0.75 0.75
e
2
50.50 0.50 0.50
&
Fo.25 . 0.25 0.25
0.0073 20 40 60 go 100 29075 20 40 60 go 100 7 20 40 60 80 100
in-context samples in-context samples in-context samples

(b) 2-layer ReLU NN

Figure 4.12: We evaluate the looped transformer on in-context learning of a) random
decision tree, and b) 2-layer ReLU neural network with different b and 7" during train-
ing (b and T is defined in eq. (4.1)). For each block of Figures, from left to right is with
T = 5,10, 15. (top) Performance with respect to different loop iterations, (bottom) perfor-
mance with respect to different numbers of in-context samples.
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Figure 4.13: Performance of the Transformer and the Looped Transformer on Linear Func-
tions with Problem Dimension d = 5,10, 20, When Trained with a Different Number of Distinct
Prompts /Functions.

4.8 Further Analysis on Training Data Diversity

In section 4.4, we investigated the impact of the number of distinct prompts dur-
ing transformer training for a problem dimension d = 10 and in-context samples
k = 20. In this section, we extend the results to include (1) d = 5, £ = 10, and
(2) d = 20, k = 40. It is important to note that all experiments were conducted
without the use of curriculum learning for d and k. For the looped transformer,
we set b = 30, and 7' = 15, and we don’t apply scheduling in the loop itera-
tions as well. For d = 5, we investigated learning rate in {0.0001}, for d = 10
with learning rate {0.00001,0.0001}, and for d = 20, we explored learning rate
{0.00001, 0.0001, 0.001}, selecting the result with the best performance. The result
is presented in fig. 4.13. Across different problem dimensions, the looped trans-

former demonstrated better sample efficiency compared to the transformer.
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4.9 Further Analysis on Sparsity Levels

The looped transformer demonstrates enhanced performance in the sparse linear
function task compared to the transformer. To further investigate this, we examine
the task under varying levels of sparsity, which represent different task difficul-
ties. To enable the looped transformer to handle all complexity levels, we choose
parameters b = 30 and 7" = 15. As presented in fig. 4.14, the results show that
across all sparsity levels of the weight vector for the sparse linear function, the
looped transformer consistently outperforms the transformer, especially when the

number of in-context samples is limited.

o 1.007 o w1 00ped Transformer
o N ==+ Transformer

s=
D 0.50 —_—1
3
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9
— ]2

0 10 20 30 40
in-context examples

Figure 4.14: Performance of Looped Transformer in Solving Sparse Linear Functions with Prob-
lem Dimension d = 20. We examine sparsity levels s = 1, 3, 6,9, 12, where only s entries are
non-zero. Across all sparsity levels, the looped transformer consistently matches or out-
performs the transformer, achieving more accurate solutions with fewer in-context sam-
ples.

4.10 Details of Model Probing

In section 4.4.3, we analyze the output of either the transformer’s ¢-th layer or the
looped transformer’s ¢-th loop iteration by training a probing model on them. In

this section, we present the details of the model probing experiments.
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Reusing the notation, we denote the output at the ¢-th layer or loop iteration as
Y,. Y, is of shape k x D, where k represents the sequence length, and D represents
the embedding dimension of the transformer. In our experiments, we investigate
two target probes: (a) X Ty, representing the gradient component, and woys, rep-
resenting the optimal least square solution. Given the problem dimension is d, the
target probes v are of shape d x 1. For simplicity, we omit the batch size.

Before feeding the representation Y; into the probing model, we first compute
a weighted sum over the sequence dimension. Given s € R**!, we perform the

following operations:

a = softmax(s) (4.2)

Zi=a'Y, (4.3)

With Z, € R™P, we employ a multi-layer perceptron model (MLP) fyrp to
probe the output. The MLP model consists of two linear layers, with ReLU in

between, with dhiggen denoting the number of hidden neurons in MLP:

b = fure(Zt)

When training the s and fyp, we aim to minimize the mean squared error between
v and v. For each layer’s output, and each in-context length, we train a distinct s
and fyp to probe the target. When presenting the results, we compute the average
loss over various context lengths. Additionally, to normalize the error, we divide
the mean squared error by the problem dimension d.

In our experiments, we set D = 256, d = 20, and dnigqen = 64. We optimize the

probing model with Adam optimizer and learning rate 0.001, which is found to be
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the best among the set {0.01, 0.001,0.0001}.

Control Task Configuration. To highlight the significance of the learned prob-
ing model, we follow the setting in Akytirek et al. [3], and train the probing model
with the linear function weights w fixed at 1. In this case, the probing model will
only learn the statistics of the input X, eliminating the need for in-context learning.
Then during inference, we randomly sample w ~ N(0, I) and record the result-
ing probing error. The minimal probing error for the control tasks are shown as
dashed lines in fig. 4.8. From the figure, the gap between the control task and
the model probing results indicates the probing model utilizes the in-context in-
formation obtained in the output of each layer/loop iteration, suggesting that the

probing error is significant.
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Chapter 5

Stoic-ReasoNER: Dual-Mode
Transformers that Compress to Think

and Decompress to Speak

The previous chapters studied how latent representations are formed and itera-
tively refined in controlled in-context learning settings. This chapter shifts to rea-
soning tasks with potentially long reasoning traces, and addresses the compression
of explicit reasoning steps into compact latent representations.

Latent reasoning has emerged as an alternative to reasoning with natural lan-
guage. It involves feeding back the last layer’s hidden representation (soft token)
to the input of the transformer. This idea is promising, since soft tokens have
higher representation capacity compared to quantized vocabulary elements, i.e.,

hard tokens. However, models trained with soft tokens can underperform chain-
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of-thought reasoning on certain tasks. To address this, we propose a training
framework for transformers called Stoic-Reasoner (Soft TOken Implicit Context
ReASONER), in which the model learns to operate in two modes; one that processes
the soft tokens (latent thinking mode) and one that decompresses the soft tokens
into few reasoning steps using hard tokens from the vocabulary (local decoding
mode). We focus on logical and math reasoning tasks, and finetune pretrained
models of different sizes. Our method achieves similar or better performance,
compared to supervised finetuning with chain-of-thought data across all tasks;
while it requires reduced KV cache and allows sampling different reasoning traces

at inference.

5.1 Introduction

Chain-of-thought (CoT) reasoning [146] has become central to modern language
models, enabling them to solve complex problems by generating intermediate rea-
soning steps. However, these reasoning traces can be very long, increasing in-
ference cost and KV cache usage. This has motivated research into soft tokens—
continuous representations that are not part of the discrete vocabulary—as a way
to compress reasoning traces into a more compact form [57, 25, 169, 126].

Various approaches have been proposed for constructing soft tokens, such as
weighted linear combinations of vocabulary embeddings [173, 50], VQ-VAE-based
compression [131], and hidden-state representations [57, 25]. We focus on the

last approach, where soft tokens are last-layer hidden states. Prior methods in
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this line either gradually replace CoT steps with soft tokens without explicit train-
ing [57], use auxiliary losses to distill from a teacher model [127], or train a sepa-
rate encoder-decoder to guide latent reasoning [ 66 |. However, effectiveness varies
by task: latent reasoning methods perform well on graph exploration tasks but de-
grade on math reasoning, potentially due to compression of reasoning steps [57].

More fundamentally, soft tokens face two key limitations. First, supervision is
weak and indirect—unlike hard tokens, there is no ground truth for what a soft
token should represent. Second, models that reason purely in latent space produce
deterministic trajectories and do not naturally support sampling, which is essential
for post-training methods like GRPO [124] that generate and train on multiple
reasoning paths for the same problem seed.

To address these issues, we propose Stoic-REASONER, a training framework that
addresses both challenges by having the model operate in two modes: a latent think-
ing mode that generates soft tokens, and a local decoding mode that decompresses
each soft token into a few Col steps using hard tokens. A central property of this
approach is that soft tokens receive strong implicit supervision: at each chunk, the
local decoding loss provides a step-level training signal that flows back through the
soft tokens, guiding them to encode useful intermediate representations. More-
over, because the model decodes hard tokens at each step, it naturally supports
sampling: stochasticity in the decoded tokens induces stochasticity in the subse-
quent soft tokens, enabling exploration of different reasoning paths.

Our main contributions and findings are outlined below:
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Dual-Mode Training with Sampling. We train a single transformer to alternate
between latent (soft token) and decoding (hard token) modes. Soft tokens receive
step-level implicit supervision through the local decoding loss, and hard token

generation naturally enables sampling for post-training algorithms.

Strong Performance with Reduced Compute. On logical and math reasoning
benchmarks (GSM8k, ProsQA, ProntoQA ), our method matches or exceeds both
CoT finetuning and prior soft token methods while reducing KV cache require-

ments, enabling more efficient inference.

Better Generalization. Our method shows improved generalization to problems

requiring longer reasoning chains than those seen during training.

5.2 Our Method

We train a single transformer to alternate between two modes: latent thinking,
which produces soft tokens, and local decoding, which generates hard tokens. This
compresses reasoning steps into soft tokens while still producing interpretable CoT
outputs. We first describe the inference procedure, then the training algorithm.

Figure 5.1 illustrates the inference procedure.

5.2.1 Data Preprocessing

We split each training example into k£ chunks, where £ is a hyperparameter. Each

chunk contains zero, one, or more Col steps, followed by a special switch token
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Figure 5.1: Inference Procedure for Two Chunks. Top row: Processing chunk 1. The model
first produces soft token s; (blue) from the question alone (latent thinking). It then de-
codes CoT step 1, ending with switch token [s]. The hidden state at [s] becomes s} (red),
which replaces s;. Bottom row: Processing chunk 2. From question + s}, the model pro-
duces s (latent thinking). Afterwards, it decodes Col step 2, and the hidden state at [s]
becomes s, replacing s,. The process repeats for all CoT sentence chunks that the model
will generate till it produces the final answer.

[s]. If a Col has fewer than k steps, extra chunks are left empty.

5.2.2 Inference

At test time, the model alternates between producing soft tokens and generating
hard tokens. Below we walk through the procedure step by step. See section 5.5.1

for pseudocode.

Step 1: Initialize. Given a question, we pass it through the model and extract

the hidden state at the last token position. This becomes our first soft token, s;. It
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represents the model’s initial prediction of what reasoning should come next.

Step 2: Decode a Chunk. We concatenate the question and the initial guess s,
then generate hard tokens autoregressively until the model emits the switch token

[s]. These hard tokens form one chunk of interpretable Col reasoning.

Step 3: Replace the Soft Token. After generating the chunk, we extract the hid-
den state at the [s] position, denoted s}. We replace the current soft token s; with
si. Intuitively, s; represents what the model predicted the chunk would contain,

while s} encodes what it actually contained.

Step 4: Produce the Next Soft Token. We pass the question and the replaced
soft tokens through the model to produce s,. This prepares the model for the next
chunk.

Step 5: Repeat. We repeat steps 2-4 for s; with j = 2, ..., k until the model emits

[eos] or reaches a maximum number of chunks.

5.2.3 Training

Training follows the same alternating structure as inference (initialization, soft to-
ken replacement, and next soft token production are identical), with one key dif-
ference: instead of generating hard tokens autoregressively in Step 2, we feed the
ground truth chunk tokens and compute cross-entropy loss. Specifically, we con-
catenate the question, all soft tokens so far, the ground truth chunk tokens, and
the switch token [s], then compute the standard language modeling loss on the

chunk tokens. The total loss is the sum of cross-entropy losses over all chunks.
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Step 1: Initialize. Same as inference. We pass the question through the model to

produce the first soft token s;.

Step 2: Compute the Loss. We concatenate the question, the initial guess s;, the
ground truth chunk tokens, and the switch token [s]. We feed this to the model
and compute cross-entropy loss on the chunk tokens. This is standard language

modeling—the model learns to predict the CoT tokens.

Step 3: Replace the Soft Token. Same as inference. We extract the hidden state

at [s] and use it to replace s; with s}.

Step 4: Produce the Next Soft Token. Same as inference. We pass the question

and the replaced soft tokens through the model to produce s,.

Step 5: Repeat. We repeat steps 2-4 for s; with j = 2,..., k. The total loss is the

sum of cross-entropy losses over all chunks.

Implicit Supervision. Soft tokens receive no explicit supervision. Instead, they
are trained implicitly: the model must learn to produce soft tokens that enable
successful decoding of subsequent chunks. Gradients flow back through the soft

tokens via the cross-entropy loss on hard tokens.

5.2.4 Practical Considerations

Stochastic Decoding. Since s; already serves as an initial prediction of the chunk
content and s refines it with the actual decoded tokens, we can optionally skip
local decoding for some chunks. With probability pgecode, We decode the chunk and

replace the soft token s; with the updated s’;. With probability 1 — pgecode, We skip
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decoding and keep s; unchanged. When pgecode = 0, the model reasons entirely in

latent space. This provides a tradeoff between compute and interpretability.

Soft Token Curriculum. Training jointly learns two skills: producing useful soft
tokens and generating correct Col steps. To improve stability, we use a curriculum.
We start with £ = 0 soft tokens (equivalent to CoT finetuning), then gradually
increase k until reaching the target. This keeps early training close to the ColI,
then transitions to soft token compression. We analyze the effect of curriculum

scheduling in the experiments.

KV Cache Usage. Let g be question length, k the number of chunks, c soft tokens
per chunk, and [ tokens per chunk during local decoding. Our method uses KV
cache scaling as ¢ + kc + [. Col with trace length L uses g + L. Since kc + [ < L
in practice, our method substantially reduces KV cache requirements. Since the
soft tokens replace the hard tokens from previous chunks, the hard tokens in each

local decoding chunk attend to a shorter context, which also reduces FLOPs.

5.3 [Experiments

We evaluate Stoic-ReEasoNer by finetuning pretrained language models on math-
ematical and logical reasoning benchmarks, following Hao et al. [57], Shen et al.

[127]. Our main baseline throughout is supervised finetuning (SFT) on CoT traces.
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Datasets. We use four datasets: GSM8k [27], iGSM [164], ProsQA [57], and
ProntoQA [121]. For GSM8k we adopt the augmented split of Deng et al. [34];
for ProsQA we follow Hao et al. [57]. For iGSM we use two settings: medium with
maximum number of operations op < 15 and out-of-distribution (OOD) evalua-
tion at op = 20, - - - , 27, and easy with op < 9 and OOD at op = 12, --- ,19. Dataset

statistics are reported in section 5.5.2.

Models. We finetune GPT2-small (124M) [116], Gemma3 (270M) [137], and
Qwen2.5 (0.5B) [115].

Training. We use identical hyperparameters for our method and the SFT base-
line, first tuning for the baseline then transferring to our method. We apply learn-
ing rate 2e-4 when finetuning GPT2 and 2e-5 when finetuning Gemma3 or Qwen2.5
models. On GSM8k we finetune for 15 epochs for GPT2, and 5 epochs for Gemma3
and Qwen?2.5, while for ProsQA and ProntoQA we finetune for 60 epochs. We ap-
ply weight decay 0.01, cosine annealing learning rate scheduler, and effective batch
size 32. For method-specific hyperparameters, we set pgecode = 0.5 for ProsQA and
Pdecode = 1 elsewhere. Soft token scheduling is enabled by default, where the max
number of soft tokens is set such that for the given task, each soft token encodes at
most 1 Col step. We analyze the effects of pgecode and the impact of scheduling in

section 5.3.2.
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5.3.1 Performance on Reasoning Benchmarks

On small-scale benchmarks, Stoic-REASONER matches or exceeds both Col finetun-

ing and prior soft token methods.

The results on different reasoning tasks and models are reported in Table 5.1.
On GSMBK, for GPT2-small, our method outperforms the CoTI baseline and other
soft token approaches. On ProntoQA, our approach matches Col at 100%. On
ProsQA, latent/soft token methods generally beat CoT, likely because the task ben-
efits from exploring multiple paths in parallel without committing to any single
one. Using pgecode < 1, our method achieves significantly better performance com-
pared to Col and is competitive with prior soft token approaches.

Across the three backbone models, our method achieves similar or better accu-
racy than the CoT baseline. The gain is highest for GPT2-small, lower for Qwen?2.5-
0.5B, and mixed for Gemma3-270M. One possible explanation is that the bene-
fit of soft tokens depends on vocabulary size: GPT2 uses ~50k tokens, whereas

Gemma3 and Qwen2.5 use larger vocabularies (>150k).

On iGSM, Stoic-REAsONER generalizes better than Col to problems requiring more

reasoning steps than seen during training.
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Model GSMS8k ProsQA ProntoQA
CoT 44.73 84.6 100
iCoTl 30.0 98.2 -
Coconut 34.1 97.0 99.8
CODI 429 — -
SbS 40.3 92.6 -
Stoic (Ours)  47.84 94.6 100
Model CoT Stoic (Ours)
GPT2-small 4473 47.84
Gemma3-270M 48.75 47.92
Qwen2.5-0.5B 58.22 58.45

Table 5.1: Top: GPT2-small on GSM8k, ProsQA, ProntoQA comparing soft-token meth-
ods (results from original papers: iCol [34], Coconut [57], CODI [127],SbS [66]). Bottom:
GSMB8k accuracy across backbone models.

Task Difficulty Generalization. We further evaluate on iGSM [164], a GSM8K-
style synthetic benchmark that controls the number of arithmetic operations (op)
required to solve each problem. Unlike Ye et al. [164], who train models from
scratch, we finetune a pretrained GPT2-small model on iGSM-Easy (op < 9) and
iGSM-Med (op < 15) datasets, and then test on out-of-distribution (OOD) data
with longer reasoning chains (Easy: op € {12,--- ,19}; Med: op € {20,---,27}).
Due to GPT2-small’s learned absolute positional encodings, length extrapolation
is limited: when CoI spans more steps than seen during training, accuracy drops
for both methods. Asshown in fig. 5.2, our method matches the Col baseline on in-
distribution problems and consistently retains higher accuracy on OOD problems;

moreovet, its accuracy decays more slowly as op increases.
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Figure 5.2: In-Distribution and OOD Performance of iGSM Easy and Medium Dataset. Across
both settings, our method retains higher accuracy than Col' under OOD shifts with longer
reasoning chains and degrades at a slower rate as the number of operations increases.

Stoic-REASONER supports sampling via hard token generation, enabling compati-

bility with post-training algorithms like GRPO.

Test-Time Scaling. Srtoic-ReasonNer naturally supports sampling via local decod-
ing. We evaluate pass@K and majority voting against the baseline. As shown in
fig. 5.3, with GPT2-small trained on GSMB8k, our method exhibits the same mono-
tonic increase of accuracy with increasing K in both metrics, indicating compatibil-
ity with post-training methods. Interestingly, even though our method is slightly
worse on Gemma3 under greedy decoding (Table 5.1), with temperature sampling
it performs well and is more robust to higher temperatures: when the temperature
T increases from 1.0 to 1.5, our method maintains similar performance, whereas

the Col baseline drops. More results on different temperatures are in section 5.6.
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Figure 5.3: Test-Time Scaling on GSM8k. Pass@K (solid) and majority voting (dashed)
for GPT2-small (left), Gemma3-270M (middle), Qwen2.5-0.5B (right). Top row: T'=1.0;
bottom row: T=1.5. Both methods show monotonic gains with K. Storc-REASONER is more
robust to higher temperatures on Gemma3.

5.3.2 Ablations

Srorc-ReasoNEr involves the following two additional hyper-parameters compared
to Col: (i) soft token scheduling with a maximum budget ky,.x, and (ii) the prob-
ability pgecode With which we optionally decode each soft token. In this section, we

study the effects of these hyper-parameters on GSM8k and ProsQA.

Number of Soft Tokens. In GSM8k, we set the maximum number of soft tokens
to knax = 12, since most GSM8k CoT traces contain < 10 steps; this choice allows
(when possible) for at most one soft token per step. To study the effects of a smaller
soft token budget, we also evaluate ky.x € {4,6}, where some soft tokens must
summarize more than one step on average. We report the performance of different
numbers of soft tokens in Table 5.2. As shown in the table, encoding fewer steps

per token improves reasoning performance, and one-per-step suffices in matching



101

and surpassing the performance with CoT.

ColI' 4 soft tokens 6 soft tokens 12 soft tokens

GSM8k | 44.73 42.68 442 4784

Table 5.2: Performance of GPT2-Small on GSM8k for Different Number of Maximum Soft Tokens
with Scheduling and Probability pgecoge = 1.0.

Scheduling on Soft Tokens. Asnoted in section 5.2, the model is trained to learn
two skills jointly: learning the task at hand, and learning the generation of soft to-
kens. Introducing the full soft token budget from the start asks the model to master
both skills simultaneously, which can destabilize early training. A curriculum that
starts with £ = 0 (equivalent to CoT finetuning) lets the model first learn the task at
hand, then gradually introduces soft tokens so the model learns to produce useful
latent representations on top of an already-grounded decoding ability. We study
how different schedules for increasing k affect performance.

Specifically, we increase k by one every N% of the total training steps until ky,ax
is reached; for the remaining steps of training we use k.x. As shown in Table 5.3,
an interval of around 6% gives the best accuracy on GSM8k, balancing task learn-
ing and soft token learning. With this setting, the curriculum that gradually in-
creases the number of soft tokens spans roughly the first 70% steps of training,
while the remaining 30% steps set the number of soft tokens at k,,.x, encouraging
the model to compress each CoT step into a single soft token. Smaller or larger in-
tervals still lead to performance close (or even better) to the Col baseline. Follow-

ing this rule, we use a scheduling interval of ~ 6% for both Qwen2.5 and Gemma3.
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Percentage of total steps 0.0% 4.4% 5.6% 6.7% 8.3%

GPT2-GSM8k 4344 439 47.84 4632 4738

Table 5.3: Performance of GPT2-Small on GSM8k for Various Scheduling Schemes with Max
Soft Token Budget kmax = 12. The percentage of the steps corresponds to the amount of
steps performed for increasing the number of soft tokens by one. The remaining steps are
performed with keeping the number of soft tokens to be the maximum. The first column
(0.0%) corresponds to using the maximum number of soft tokens from the beginning.

The decoding probability paecode acts as a task-adaptive design knob: tasks that benefit

from parallel latent reasoning (e.g., ProsQA) favor lower pgecoqe, while tasks requir-

ing explicit grounding of intermediate steps (e.g., GSMS8k) favor higher pgecode-

Decoding Probability. During training, we stochastically decode the soft tokens
via local decoding with probability pgecode. We study the effect of pgecode 0N ProsQA,
where soft token methods outperform the Col baseline. We sweep pgecode € {0,
0.2,0.5,0.7, 1}, where pgecode = 1 corresponds to always using local decoding and
updating the soft tokens. As shown in Table 5.4, training and evaluating with
Pdecode = 0.5 yields the best performance while reducing the expected number of
hard-token decoding steps by 50% on average.

We also extend this analysis to GSM8k: we train with pgecode = 0.5 and vary
Pdecode at inference. As shown in Table 5.5, GSM8k accuracy drops whenever pgecode

< 1, indicating that inserting latent-only steps at test time hurts performance rel-
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ative to always decoding. We hypothesize this effect is task-dependent: tasks like
ProsQA benefit from encoding parallel reasoning traces in the latent space, so us-
iNg Pdecode < 1 during training and inference can help; in contrast, GSM8k appears
to benefit from grounding intermediate steps in hard tokens, SO pgecode < 1 reduces
accuracy, however with the trade-off of generating fewer hard tokens. These results
highlight that pgecode can serve as a design knob that allows the same method to
adapt to different types of reasoning tasks: by tuning this single parameter, one
can shift the balance between latent and explicit reasoning without changing the

underlying training framework.

Pdecode 0 0.2 0.5 0.7 1.0

Always decoding 0.0 910 916 874 820
Probabilistic decoding = 83.0 = 91.6 89.6 72.0
Latent only 90.6 89.0 0.0

Table 5.4: Performance on ProsQA (GPT2-Small) with Variable pgecoqe (columns) and Test-
Time Strategies (rows). “Always decoding” always performs local decoding at test time;
“Probabilistic decoding” uses pgecode matching the training column; “Latent only” uses
only soft token updates. Best result is 94.6% at pgecode = 0.5, halving hard-token decoding
steps.

Pdecode 0 0-2 0.5 0.7 1.0

GPT2-GSMSk 25.24 | 31.31 37914079281

Table 5.5: Performance of GPT2-Small on GSMS8k for Variable pgecoqe- The model is trained
with pgecode = 0.5.
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5.4 Discussion and Conclusions

Training Efficiency. One limitation of Stoic-REasoONER is the auto-regressive use
of soft tokens. Because each subsequent soft token depends on the previous ones,
training requires k sequential forward passes per example, where £ is the number
of chunks. With the scheduling curriculum described in section 5.2, k starts at zero
and increases gradually, so early training steps are as fast as Col finetuning; never-
theless, the overall wall-clock time scales roughly linearly with the average number
of chunks. Further speedups could be achieved by approximating soft-token up-

dates to enable parallel processing of chunks, as explored in HybridCoT [126].

Scaling and Post-Training. In this chapter, we study models up to 0.5B parame-
ters. Scaling to billion-parameter models makes full finetuning expensive; meth-
ods such as LoRA [63] could reduce training cost, and lightweight adapters spe-
cialized for the latent-thinking and local-decoding modes could further improve
their separation. On the post-training side, SFT supervises intermediate reasoning
steps but provides only indirect gradients to the soft tokens through the decoding
loss; reinforcement learning methods such as GRPO [124] could complement this
with an outcome-based objective that directly optimizes soft token representations

for final-answer correctness.

Conclusion. We presented Stoic-ReasoNER, a dual-mode training framework that
compresses chain-of-thought reasoning into soft tokens while preserving the abil-

ity to decode interpretable reasoning steps. By alternating between latent think-
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ing and local decoding, the model learns to produce useful soft tokens implicitly
through the decoding loss, without requiring explicit supervision on the latent
representations. Our experiments on mathematical and logical reasoning bench-
marks show that this approach matches or exceeds CoT finetuning while reducing
KV cache usage, generalizes better to longer reasoning chains, and naturally sup-

ports sampling for compatibility with post-training methods.

5.5 Additional Details

5.5.1 Complete Algorithms for Training & Inference

Here we present the detailed training and inference algorithms in Algorithm 1

and 2.

Algorithm 1 Training

Input: data point (g, CoI), transformer TFy, probability pgecode-
Choose k > number of soft tokens
{CoT;}*_, « Parrrrion(CoT, k) > split CoTs into & parts
s1 ¢ TFg(q)[—1]
forj=1,...,kdo
hj < S;
Zj — TFy ([CI» hl:ja COij [s] ])
s+ zj[—1]
t; < PROJvocab(%;[1en(q) +7 —1: —1])
10: if U(0,1) < pgecode then
11: hj < s} > update soft token
12: end if
13: 51 TFg([g, huy])[—1]
14: end fork
15: £+ Ej':1 f([COTj, [s] L tj)




106

Algorithm 2 Inference

24
25:

Input: data point ¢, transformer TFy, probability pgecode, max number of soft tokens max;,.

j 1
51 ¢ TFp(q)[-1]
hl — 51
while j < max; do
if U(0,1) < pdecode then
T« ]
while true do
2 < TFy([q, ha:5, T]) [1]
t < PRolvocab(z)
T.append(t)
ift=[s] ort= [eos] then
break
end if
end while
if t = [eos] then
break
end if
S; — TF@([q, hl:j7 T])[—l]
hj — S;
end if
Sj+1 < TFyp ([q7 hl:j]) [71]
j+—iji+1
hj “— Sj
end while

> stop generation

> pass [s] through the model to obtain s;-

> update soft token

5.5.2 Dataset Details

For GSM8K, ProntoQA, and ProsQA, we adopt the preprocessing and data splits

of Hao et al. [57]. For iGSM, we generate the dataset using the official open-source

implementation of [164]. We record the data split in table 5.6, and the max number

of CoT steps in each dataset in table 5.7. For the OOD dataset in iGSM, the number

of CoT step is the number of the operations op, so the iGSM with op = 20 contains

20 CoT steps.
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Dataset Training Validation Test OOD
GSM8k 385,620 500 1,319 -
ProntoQA 9,000 200 800 -
ProsQA 17,886 300 500 -
iGSM-med/easy 1,498,500 500 1,000 1,000

Table 5.6: Dataset Splits.

Dataset Training Validation Test Example Col step

GSM8k 13 8 8 «124+3=15»

ProntoQA 11 11 11 Each yumpus is a wumpus.

ProsQA 6 6 6 Every hilpus is a numpus.

iGSM-med 15 13 13 Define Niagara Falls Aviary'’s
Enclosure as y; so y = b = 20.

iGSM-easy 9 9 9 Define Goat Cheese’s Rye as S; so S
= 3.

Table 5.7: Number of Maximum CoT Steps for Each Split of the Datasets.
5.6 Additional Experimental Results

Test-Time Performance. In section 5.3.1, we study the test time evaluation per-
formance of our method and the baseline Col on pass@K and majority vote. Here
we present the full results on varying temperature, completing the results demon-
strated in the main text. As shown in fig. 5.4, our method exhibits similar trend in
both metrics. Interestingly, on Gemma3 model, even though our method is slightly
worse under greedy decoding, it is more robust to higher temperatures: as the tem-
perature increases, our method degrades more slowly than Col on both pass@K

and majority voting.
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Figure 5.4: Additional Results for GPT2-Small, Gemma3-270m and Qwen2.5-0.5B on Majority
Voting and Pass@K, Using Different Temperatures. As K increases, both methods follow a
similar curve.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

Transformer models have demonstrated strong performance on a wide range of
tasks by increasing inference-time computation, most notably through in-context
learning and chain-of-thought reasoning. While effective, these approaches often
express computation through long token sequences, leading to substantial compu-
tational and memory costs. This dissertation examined an alternative perspective,
referred to as latent thinking, which focuses on how inference-time computation
can be carried out and organized within latent representations rather than exter-
nalized entirely through tokens.

Through three complementary studies, this dissertation investigated how la-
tent representations can be formed, iterated, and compressed to support efficient

inference-time computation in transformer models. First, we analyzed how task-
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dependent latent representations emerge during in-context learning and showed
that encouraging their formation improves out-of-distribution robustness while
maintaining in-context learning performance. Second, we studied architectural
recurrence as a mechanism for iterative latent computation, demonstrating that
looped transformer architectures can emulate iterative algorithms while achiev-
ing competitive performance with substantially fewer parameters. Third, we pro-
posed a training framework for compressing explicit reasoning chains into latent
representations, enabling models to reduce inference-time computation and mem-
ory usage while preserving reasoning performance.

Taken together, these results suggest that efficiency can be strongly influenced
by how inference-time computation is structured and expressed. By shaping ar-
chitectural design and training objectives to better leverage latent representations,
it is possible to achieve efficient task adaptation and reasoning without relying on

long explicit token sequences.

6.2 Limitations and Future Directions

Extending Beyond Controlled Settings to Broader Domains. Much of the anal-
ysis in this dissertation was conducted in controlled synthetic settings. The looped
transformer analysis is limited to regression-based in-context learning, though
concurrent works have begun exploring weight-sharing on real-world datasets [ 122,
44, 177] and have demonstrated promising results. For task vectors, although

we verified TVP-loss on a pretrained 774M-parameter model, extending to tasks
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where the underlying function is harder to describe explicitly (e.g., compositional
or cognitive reasoning) would better evaluate task vector formation and reuse. For
Stoic-REASONER, scaling beyond the small models (GPT2-small, Gemma3, Qwen2.5)
studied here to larger models with longer, more diverse reasoning traces [51] re-

mains an important direction.

Adaptive Computation for Latent Thinking. A common limitation across the
studies is the use of fixed computation budgets: the looped transformer uses a pre-
determined number of loop iterations, and Stoic-ReasoNEr allocates a fixed num-
ber of soft tokens per chunk. Since tasks and reasoning steps vary in difficulty,
adaptive allocation would improve efficiency—assigning more loop iterations to
harder inputs, or more soft tokens to complex reasoning steps. Developing prin-
cipled methods for such adaptive computation, whether through learned halting
mechanisms or confidence-based criteria, is a natural next step. RL is a promis-
ing direction here, since discrete decisions such as when to stop iterating or how
many soft tokens to allocate are difficult to supervise but straightforward to opti-

mize with a reward signal that balances accuracy against computation cost.

Combining Latent Thinking Across Different Axes. This dissertation studied
the formation, iteration, and compression of latent representations as largely in-
dependent mechanisms. A natural direction is to explore their combination. For
instance, the task vector analysis shows that task-relevant information can concen-
trate at specific locations within the representation, while the looped transformer

iterates over the entire hidden state. An architecture that iteratively refines only
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a compact task representation through looping would reduce the cost of recur-
rence while preserving its benefits. Likewise, combining architectural recurrence
with soft token compression would allow a model to both iterate on latent states
and compress intermediate reasoning, reducing KV cache usage while enabling

inference-time computation through recurrence in the latent space.
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