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Abstract

In this work we study 1+1 dimensional lattice directed polymer models. After intro-

ducing the general model in Chapter 1, in Chapter 2 (joint work with Christian Noack)

we develop a Mellin transform framework which allows us to simultaneously analyze the

four known exactly solvable 1+1 dimensional lattice polymer models: the log-gamma,

strict-weak, beta, and inverse-beta models. Using this framework we prove the conjec-

tured fluctuation exponents of the free energy and the polymer path for the stationary

point-to-point versions of these four models. In Chapter 3 (joint work with Christian

Noack) we define an integrability property shared by each of the log-gamma, strict-weak,

beta, and inverse-beta models. This integrability property encapsulates a preservation

in distribution of ratios of partition functions which in turn implies the so called Burke

property. We show that under some regularity assumptions, up to trivial modifications,

there exist no other models possessing this property. In Chapter 4 we further study the

log-gamma directed polymer and consider a model with multiple paths. We formulate

an environment in which the ratios of multi-path partition functions satisfy a Burke-type

stationarity property. This stationarity is then used to derive a formula for the variance

of the multi-path partition function.
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for his patience, his encouragement, and all the time he invested in guiding me. I’d also
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Chapter 1

Introduction

1.1 Background

A polymer is a large molecule consisting of a long chain of repeated subunits held together

by chemical bonds. Nylon, polyethylene, and polystyrene are some well-known examples

of synthetic polymers. Proteins, nucleic acids, and polysaccharides are examples of

natural polymers. Due to the ubiquity of polymer structures, polymers are a subject of

intense study in chemistry, biology, physics, and mathematics.

In statistical physics and mathematics, a polymer is typically modeled as a random

nearest neighbor path in a lattice. A typical formulation of a polymer model is to

specify a configuration space Ωn, a finite collection of allowable n-step polymer paths,

and a Hamiltonian function Hn, which associates to each path x P Ωn an energy Hnpxq.

The Gibbs measure on Ωn associated to Hn is the probability measure defined by

Pnpxq “
1

Zn
expp´Hnpxqq,

where Zn :“
ř

xPΩn
e´Hnpxq is the normalizing partition function.

The flexibility in the choice of the configuration space and Hamiltonian allows for the

modeling of a wide range of physical systems. The lecture notes of den Hollander [21]

provide an excellent introduction to the study of a variety of random polymer models

and the techniques used in their analysis.



2

In this work we will consider directed polymers models, for which the allowable paths

are directed in time. The paths considered are trajectories of nearest neighbor walks

in Zd, with time-space representation tpt, xtqu
n
t“0, where pxtq

n
t“0 is a nearest-neighbor

walk in Zd starting at the origin at time t “ 0. The Hamiltonian is defined in terms

of a random environment. A path is weighted according to the random weights that

it traverses. Our setup will be made precise in the following section. The model of

the directed polymer in a random environment can exhibit many interesting behaviors

including phase transitions when a temperature parameter is used to tune the strength

of the random environment. See the lecture notes of Comets [15] for a survey of the

mathematical work on directed polymers.

The Kardar-Parisi-Zhang [30] or KPZ equation is a stochastic partial differential

equation which, in the 1+1 dimensional setting, is commonly used as a model equation

in physics for surface growth and random interfaces. A broad class of 1+1 dimensional

random growth and interface models are expected to lie in the KPZ universality class.

For such models, certain observables of interest are expected to have random fluctuations

that grow as a power of the system size or time, N . As opposed to the Gaussian

universality class, where the order of the fluctuations is N1{2 and the scaled fluctuations

have a Gaussian limiting distribution, models in the KPZ universality class exhibit

fluctuations of order N1{3 and non-Gaussian limiting distributions arising from random

matrix theory. For an introduction to the KPZ equation and its universality class, see

the articles by Corwin [16],[17] and survey lecture notes by Quastel [43].

There is a vast body of physics literature on the KPZ equation and universality class,

including heuristic derivations of fluctuation exponents and even physical experimental

evidence for KPZ universality. See the survey article of Halpin-Healy and Takeuchi [26]
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and the many references within for an entry point into the literature. Despite the strong

evidence for KPZ universality, there are relatively few models for which KPZ behavior

has been rigorously proved. In the setting of lattice polymers there are four such models.

These are described in Section 1.2.1.

1.1.1 Summary of results

In Chapter 2 we formulate a framework which allows us to prove the KPZ fluctuation

exponents for the four models in a unified manner. The techniques used in the analysis

depend upon a stationarity property that each of the four models exhibits. In Chapter 3

we show that, up to trivial modifications, these four models are the only 1+1 dimensional

lattice polymers that have this stationarity property. In Chapter 4 we further consider

the log-gamma polymer, which is special in its exact solvability through the geometric

RSK correspondence. We formulate a stationary setup for a multi-path polymer, where

the configuration space now consists of k-tuples of non-intersecting walks, and use this

to prove a variance formula in the two-path case.

1.2 1+1 Dimensional Lattice Polymer Models

We now specify the model which is the subject of this work. We consider a 1+1 dimen-

sional lattice directed polymer. By making the change of coordinates pt, zq ÞÑ p t´z
2
, t`z

2
q

(illustrated in Figure 1), we can consider paths in the nonnegative quadrant of Z2. We

study the point to point polymer, meaning that the endpoint is fixed in space-time.

On each edge e of the Z2
` lattice we place a positive random weight. The superscripts

1 and 2 will be used to denote horizontal and vertical edge weights, respectively. For z P
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Figure 1: An example polymer trajectory in pt, zq coordinates and the corresponding
path in Z2

` obtained by rotating 45 degrees counter-clockwise then rescaling.

N2, let Y 1
z and Y 2

z denote the horizontal and vertical incoming edge weights. We assume

that the collection of pairs tpY 1
z , Y

2
z quzPN2 is independent and identically distributed with

common distribution pY 1, Y 2q, but do not insist that Y 1
z is independent of Y 2

z . Call this

collection the bulk weights. For x P Nˆ t0u, let R1
x denote the horizontal incoming edge

weight, and for y P t0uˆN, let R2
y denote the vertical incoming edge weight. We assume

the collections tR1
xuxPNˆt0u and tR2

yuyPt0uˆN are independent and identically distributed

with common distributions R1 and R2, and refer to them as the horizontal and vertical

boundary weights, respectively. We further assume that the horizontal boundary weights,

the vertical boundary weights, and the bulk weights are independent of each other. This

assignment of edge weights is illustrated in Figure 2. We call

ω “ tR1
x, R

2
y, pY

1
z , Y

2
z q : x P Nˆ t0u, y P t0u ˆ N, z P N2

u (1.2.1)

the polymer environment. We use P and E to denote the probability measure and

corresponding expectation of the polymer environment.
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R2
0,j

R1
i,0

Y 1
z

Y 2
z

z

Figure 2: Assignment of edge weights.

A path is weighted according to the product of the weights along its edges. For

pm,nq P Z2
`ztp0, 0qu we define a probability measure on all up-right paths from p0, 0q to

pm,nq. See Figure 3 for an example of an up-right path. Let Πm,n denote the collection

of all such paths. We identify paths x‚ “ px0, x1, . . . , xm`nq by their sequence of vertices,

but also associate to paths their sequence of edges pe1, . . . , em`nq, where ei “ txi´1, xiu.

Define the quenched polymer measure on Πm,n,

Qm,npx‚q :“
1

Zm,n

m`n
ź

i“1

ωei ,

where ωe is the weight associated to the edge e and

Zm,n :“
ÿ

x‚PΠm,n

m`n
ź

i“1

ωei

is the associated partition function. At the origin, define Z0,0 :“ 1. Taking the expec-

tation E of the quenched measure with respect to the edge weights gives the annealed

measure on Πm,n,

Pm,npx‚q :“ ErQm,npx‚qs.

The annealed expectation will be denoted by Em,n.



6

Figure 3: An up-right path from p0, 0q to p5, 5q.

Note that this formulation of the polymer measure is equivalent to using the Hamil-

tonian Hpx‚q “ ´
řm`n
i“1 logωei .

The logarithm of the partition function is called the free energy of the polymer model

and is an important object of study. Many of the thermodynamic quantities of interest

of an equilibrium statistical mechanical model can be expressed in terms of the free

energy.

1.2.1 Four basic beta-gamma models

In the setting of lattice directed polymers, there are four models for which results about

the scaling exponents or limit distributions are known. The log-gamma directed polymer

was introduced by Seppäläinen in [45], where the fluctuation exponents were proved.

A limit distribution result for the scaled free energy was proved by Borodin, Corwin,

and Remenik [11]. The strict-weak polymer model was simultaneously introduced by

Corwin, Seppäläinen, Shen [20] and O’Connell, Ortmann [38] and its limit distribution

was proved through different methods in these two papers. The beta directed polymer

was introduced by Barraquand and Corwin in [7], where its limit distribution was also
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calculated. The fourth model is the inverse-beta model, introduced by Thiery and Le

Doussal in [50], in which they conjecture a formula for the Laplace transform of the

polymer partition function and, contingent on this conjecture, show Tracy-Widom limit

distribution for the rescaled free energy.

We specify the edge weight distributions of the random variables pR1, R2, Y 1, Y 2q to

define the four stationary polymer models. The notation X „ Gapα, βq is used to denote

that a random variable is gammapα, βq distributed, i.e. has density Γpαq´1βαxα´1e´βx

supported on p0,8q, where Γpαq “
ş8

0
xα´1e´xdx is the gamma function. X „ Bepα, βq

is used to say that X is betapα, βq distributed, i.e. has density Γpα`βq
ΓpαqΓpβq

xα´1p1 ´ xqβ´1

supported on p0, 1q. We then use X „ Ga´1
pα, βq and X „ Be´1

pα, βq to denote that

X´1 „ Gapα, βq and X´1 „ Bepα, βq, respectively. We also use X „
`

Be´1
pα, βq ´ 1

˘

to denote that X ` 1 „ Be´1
pα, βq.

• Inverse-gamma (IG): This is also known as the log-gamma model. Assume

µ ą θ ą 0, β ą 0 and

R1
„ Ga´1

pµ´ θ, βq R2
„ Ga´1

pθ, βq

pY 1, Y 2
q “ pX,Xq where X „ Ga´1

pµ, βq.

(1.2.2)

• Gamma (G): This is also known as the strict-weak model. Assume θ, µ, β ą 0

and

R1
„ Gapµ` θ, βq R2

„ Be´1
pθ, µq

pY 1, Y 2
q “ pX, 1q where X „ Gapµ, βq.

(1.2.3)

• Beta (B): Assume θ, µ, β ą 0 and

R1
„ Bepµ` θ, βq R2

„ Be´1
pθ, µq

pY 1, Y 2
q “ pX, 1´Xq where X „ Bepµ, βq.

(1.2.4)
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• Inverse-beta (IB): Assume µ ą θ ą 0, β ą 0 and

R1
„ Be´1

pµ´ θ, βq R2
„
`

Be´1
pθ, β ` µ´ θq ´ 1

˘

pY 1, Y 2
q “ pX,X ´ 1q where X „ Be´1

pµ, βq.

(1.2.5)

The name of each model refers to the distribution of the bulk weights. We call these

models the four basic beta-gamma models.

The method used to obtain the fluctuation exponent results depends up the station-

arity property of the four basic beta-gamma models, which we formulate as a down-right

property, stated below. Section 2.2 of Chapter 2 elaborates upon this property.

Write α1 “ p1, 0q, α2 “ p0, 1q. For k “ 1, 2 define ratios of partition functions

Rk
x :“

Zx
Zx´αk

for all x such that x´ αk P Z2
`.

Note that these extend the definitions ofR1
i,0 andR2

0,j, since for example Zi,0 “
śi

k“1R
1
k,0.

We say that π “ tπkukPZ is a down-right path in Z2
` if πk P Z2

` and πk`1´πk P tα1,´α2u

for each k P Z. To each edge along a down-right path we associate the random variable

Λtπk´1,πku :“

$

’

’

&

’

’

%

R1
πk

if tπk´1, πku is horizontal,

R2
πk´1

if tπk´1, πku is vertical.

An example down-right path and the associated random variables are given in Figure 4.

The following definition is a weaker form of the Burke property (see Theorem 3.3 of

[45]).

Definition 1.1. Say the polymer model has the down-right property if for all down-right

paths π “ tπkukPZ, the random variables

Λpπq :“ tΛtπk´1,πku : k P Zu
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R2
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1,4

R1
2,3 R1

3,3 R1
4,3 R2

4,3

R2
4,2

R2
4,1

R1
5,0

Figure 4: A section of a down-right path in Z2
` and the associated random variables.

are independent and each R1
πk

and R2
πk

appearing in the collection are respectively dis-

tributed as R1 and R2.

To illustrate the usefulness of this down-right property, we use it to compute the

expectation of the free energy. By writing the partition function as a product of ratios

and taking a logarithm, the free energy can be expressed as

logZm,n “
m
ÿ

i“1

logR1
i,0 `

n
ÿ

j“1

logR2
m,j.

By assumption the terms R1
i,0

d
“ R1. Applying the down-right property to any down-

right path passing through the edges from pm,nq to pm, 0q shows that R2
m,j

d
“ R2. Thus

we have

ErlogZm,ns “ mErlogR1
s ` nErlogR2

s.
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1.3 Results

1.3.1 Fluctuation exponent results

In the setting of 1 ` 1 dimensional directed polymers, KPZ universality predicts that

the polymer path and free energy fluctuation exponents are 2{3 and 1{3, respectively.

The first main theorem of Chapter 2 shows that the free energy of the four basic

beta-gamma models has the conjectured order of fluctuations. The theorem is restated

below.

Theorem 1.2. Assume that the polymer environment has edge weight distributions

R1, R2, pY 1, Y 2q as in one of (1.2.2) through (1.2.5), and let pm,nq “ pmN , nNq
8
N“1

be a sequence such that

|mN ´NVarrlogR2
s| ď γN2{3 and |nN ´NVarrlogR1

s| ď γN2{3 (1.3.1)

for some fixed γ ą 0. Then there exist positive constants c, C, and N0 depending only

on µ, θ, β, γ such that for all N ě N0,

cN2{3
ď VarrlogZm,ns ď CN2{3.

The same constants c, C, N0 can be taken for all µ, θ, β, γ varying in a compact set.

The assumption (1.3.1) comes from the fact that we are considering the stationary

version of each model, and the boundary weights are distributed differently from the

bulk weights. The polymer needs to be scaled in a characteristic direction in order to

see the appropriate behavior. Corollary 2.4 of Chapter 2 shows that we see Gaussian

fluctuations and limit distribution when we scale in a non-characteristic direction.
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The second main theorem of Chapter 2 shows that the polymer paths have order

N2{3 fluctuations. The theorem is restated below.

Given a path x‚ P Πm,n, for 0 ď k ď m and 0 ď l ď n define

v0plq :“ minti : pi, lq P x‚u v1plq :“ maxti : pi, lq P x‚u

w0pkq :“ mintj : pk, jq P x‚u w1pkq :“ maxtj : pk, jq P x‚u.

This is illustrated in figure 5.

k

l

v1plqv0plq

w0pkq

w1pkq

Figure 5: Example path with v0, v1, w0, w1 illustrated.

Theorem 1.3. Assume that the polymer environment has edge weight distributions

R1, R2, pY 1, Y 2q as in one of (1.2.2) through (1.2.5), and let pm,nq “ pmN , nNq
8
N“1

be a sequence satisfying (1.3.1) for some fixed γ ą 0. Let 0 ď τ ă 1. Then there exist

positive constants b0, C, c0, c1, N0 depending only on µ, θ, β, γ, τ such that for b ě b0

and N P N,

Pm,npv0ptτnuq ď τm´ bN2{3 or v1ptτnuq ě τm` bN2{3
q ď

C

b3
,

Pm,npw0ptτmuq ď τn´ bN2{3 or w1ptτmuq ě τn` bN2{3
q ď

C

b3
,

(1.3.2)
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and for all N ě N0,

c0 ď Pm,npv1ptτnuq ě τm` c1N
2{3 or w1ptτmuq ě τn` c1N

2{3
q. (1.3.3)

The same constants can be taken for all µ, θ, β, γ, τ varying in a compact set.

The content of the upper bounds (1.3.2) can be thought of as a form of tightness for

the annealed polymer measure. Given a point pτm, τnq on the diagonal, one can choose

a horizontal or vertical window of order N2{3 about pτm, τnq (illustrated by the blue

line segments in Figure 6) such that the annealed polymer measure assigns most of its

mass to paths crossing through that window.

The lower bound (1.3.3) then shows that the correct order of the path fluctuations is

no smaller than N2{3. Under the annealed polymer measure, with probability of at least

c0 the polymer paths avoid a small window of order N2{3 about pτm, τnq (illustrated by

the red shaded box in Figure 6).

1.3.2 Characterization results

Since each up-right path ending at x P N2 uses the edge tx´α1, xu or tx´α2, xu in the

last step, the partition functions satisfy the recurrence relation

Zx “ Y 1
x Zx´α1 ` Y

2
x Zx´α2 for x P N2. (1.3.4)

This recurrence relation then implies the recursions

R1
x “ Y 1

x ` Y
2
x

R1
x´α2

R2
x´α1

R2
x “ Y 1

x

R2
x´α1

R1
x´α2

` Y 2
x

for x P N2. (1.3.5)
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m

n

τm

τn

Figure 6: The blue line segments indicate windows of size bN2{3 from upper bound
(1.3.2). The red shaded box is the window of size c1N

2{3 which the polymer path avoids
in lower bound (1.3.3).

Using the recursions (1.3.5) we can reduce the down-right property to the following

distributional identity:

pR1, R2
q
d
“ pY 1

` Y 2R1
{R2, Y 1R2

{R1
` Y 2

q. (1.3.6)

The content of Chapter 3 is to give a characterization of stationary polymer models (i.e.

those with the down-right property) by characterizing random variables R1, R2, pY 1, Y 2q

which satisfy (1.3.6).

We further assume that Y 1 and Y 2 have a functional dependence of the form pY 1, Y 2q “

`

Y, hpY q
˘

for some positive random variable Y and positive function h. Notice that each

of the four basic beta-gamma models has this form.
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When Y is a random variable taking values in the domain of h and pR1, R2q is a

random vector taking values in p0,8q2, define the random vector

T h,Y pR1, R2
q :“

ˆ

Y ` hpY q
R1

R2
, Y

R2

R1
` hpY q

˙

. (1.3.7)

Note that with pY 1, Y 2q “
`

Yx, hpYxq
˘

, the recursive equations 1.3.5 imply

`

R1
x, R

2
x

˘

“ T h,Yx
`

R1
x´α2

, R2
x´α1

˘

for all x P N2. (1.3.8)

Definition 1.4. Let O3 Ă p0,8q, h : O3 Ñ p0,8q, and assume the random variable

Y takes values in O3. Let pR1, R2q be a random vector taking values in p0,8q2 that is

independent of Y . We say that pR1, R2q is T h,Y -invariant if T h,Y pR1, R2q
d
“ pR1, R2q.

The first main result of Chapter 3, Theorem 1.5, consists of showing that, under some

regularity assumptions, T h,Y -invariance can only occur if h is of the form hpyq “ a` by

for real numbers a, b satisfying a_ b ą 0. This theorem is restated below.

Define the non-random analogue of (1.3.7),

T h,ypr1, r2q :“
`

y ` hpyq r1
r2
, y r2

r1
` hpyq

˘

. (1.3.9)

Theorem 1.5. Let R1, R2, Y be positive, independent random variables with respective

densities f1, f2, f3. Assume that the support of fj is Oj Ă p0,8q for j “ 1, 2, 3, where

each Oj is open and O3 is connected. Assume f1, f2 are twice differentiable on O1 and

O2 respectively and that f3 is three times differentiable on O3. Suppose h : O3 Ñ p0,8q

is four times differentiable, the mapping O1ˆO2ˆO3 Q pr1, r2, yq ÞÑ T h,ypr1, r2q surjects

onto O1 ˆ O2, and r2
r1
` h1pyq ‰ 0 for all pr1, r2, yq P O1 ˆ O2 ˆ O3. If pR1, R2q is

T h,Y -invariant, then h must be of the form hpyq “ a ` by, where a, b are real numbers

satisfying a_ b ą 0.



15

The second main result of the chapter, Theorem 3.4, consists of showing that if h has

this form, then T h,Y -invariance only arises as a modification of the four known invariant

models (described in (1.2.2) through (1.2.5)). Details of the modifications are given in

Section 3.4, but can loosely be described as either interchanging the x and y axes or

scaling the weights by constants. This theorem is restated below.

Theorem 1.6. Let Oj Ă p0,8q for j “ 1, 2, 3 and assume h : O3 Ñ p0,8q has the form

hpyq “ a ` by, where a, b are real numbers satisfying a _ b ą 0. Assume the mapping

O1 ˆ O2 ˆ O3 Q pr1, r2, yq ÞÑ T h,ypr1, r2q surjects onto O1 ˆ O2, and R1, R2, Y are

non-degenerate, independent random variables taking values in O1, O2, O3 respectively.

(a) If a “ 0 and b ą 0, then pR1, R2q is T h,Y -invariant if and only if
`

R1, 1
b
R2, Y, Y

˘

is distributed as in (1.2.2).

(b) If a ą 0 and b “ 0, then pR1, R2q is T h,Y -invariant if and only if
`

R1, 1
a
R2, Y, 1

˘

is distributed as in (1.2.3).

(c) If a ą 0, b ă 0, and ´b R t y
x

: px, yq P O1 ˆ O2u, then pR1, R2q is T h,Y -invariant

if and only if either
`

´ b
a
R1, 1

a
R2,´ b

a
Y, 1` b

a
Y
˘

or
`

1
a
R2,´ b

a
R1, 1` b

a
Y,´ b

a
Y
˘

is

distributed as in (1.2.4).

(d) If a ă 0 and b ą 0, then pR1, R2q is T h,Y -invariant if and only if

`

´ b
a
R1,´ 1

a
R2,´ b

a
Y,´ b

a
Y ´ 1

˘

is distributed as in (1.2.5).

(e) If a, b ą 0, then pR1, R2q is T h,Y -invariant if and only if
`

1
a
R2, b

a
R1, 1` b

a
Y, b

a
Y
˘

is distributed as in (1.2.5).

Figure 7 illustrates which one of the four basic beta-gamma models corresponds to

each choice of parameters a, b.
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a

b

1

-1

-1

1

– Inverse-gamma

– Gamma

– Beta

– Inverse-beta

– Not allowed

Figure 7: Modifications of the four beta-gamma models.

1.3.3 Multi-path polymer results

In Chapter 4 we further study the inverse-gamma (log-gamma) directed polymer, which

is exactly solvable using the geometric Robinson-Schensted-Knuth (gRSK) correspon-

dence. We consider multi-path polymers, which are represented as tuples of non-

intersecting up-right lattice paths.

The classical RSK correspondence is a combinatorial mapping between matrices with

entries in Z` and pairs of semi-standard Young tableaux of the same shape. See the

texts by Fulton [24] and Stanley [48] for constructions of the correspondence and some

of its applications. The RSK correspondence is the combinatorial structure that lies

behind the solvability of the problem of the length of the longest increasing subsequence

of a random permutation [3] and the solvability of directed last passage percolation with

geometric or exponential weights [29].
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The geometric RSK correspondence (gRSK) is a mapping from matrices with pos-

itive real entries to pairs of triangular arrays. The mapping was first introduced by

Kirillov [32]. In [19], Corwin, O’Connell, Seppäläinen, and Zygouras use the matrix

product formulation for gRSK developed by Noumi and Yamada [37] to apply the gRSK

correspondence to the study of directed polymers. If the entries of the input matrix

to gRSK are used as weights for a polymer environment, the output triangular arrays

can be expressed in terms of multi-path polymer partition functions. In the case where

the input matrix has inverse-gamma distributed entries with certain parameters, the

pushforward probability measure on triangular arrays has an explicit form.

The first result of Chapter 4 utilizes a theorem from [19] about the invariant distri-

butions of a certain Markov process on triangular arrays to specify an inverse-gamma

polymer environment for which ratios of multi-path polymer partition functions have a

form of stationarity similar to the down-right property of Definition 1.1.

The other main result of Chapter 4 applies the stationary setup and the coupling

method used in Section 2.3 of Chapter 2 to derive a formula for the variance of the

two-path partition function.
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Chapter 2

Fluctuation exponents

The content of this chapter is joint work with Christian Noack and is a modified form

of an article which has been published in the Latin American Journal of Probability and

Mathematical Statistics [14].

2.1 Introduction

In the 1 ` 1 dimensional case, a large class of polymer models are expected to lie in

the KPZ universality class. For this class, the polymer path and free energy fluctuation

exponents are conjectured to be 2{3 and 1{3, respectively, and the probability distri-

bution of the rescaled free energy is conjectured to converge to the Tracy-Widom GUE

distribution.

There are a few 1` 1 dimensional polymer models for which these results have been

proved. Balázs, Quastel, and Seppäläinen [5] prove the fluctuation exponents for a Hopf-

Cole solution to the KPZ equation with Brownian initial condition. This solution can

be interpreted as the free energy of a stationary continuum directed polymer. Amir,

Corwin, and Quastel [2] study the Hopf-Cole solution to the KPZ equation with narrow-

wedge initial condition and prove Tracy-Widom limit distribution for large time. For the

O’Connell-Yor semi-discrete Brownian directed polymer [41], the fluctuation exponents
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are proved by Seppäläinen and Valkó [46], and the limit distribution is proved in Borodin,

Corwin [9] and Borodin, Corwin, Ferrari [10].

In the setting of lattice directed polymers, there are four models for which results

about the scaling exponents or limit distributions are known. The log-gamma directed

polymer was introduced by Seppäläinen in [45], where the fluctuation exponents were

proved. The limit distribution result was proved by Borodin, Corwin, and Remenik [11].

The strict-weak polymer model was simultaneously introduced by Corwin, Seppäläinen,

Shen [20] and O’Connell, Ortmann [38] and its limit distribution was proved through

different methods in these two papers. The beta directed polymer was introduced by

Barraquand and Corwin in [7], where its limit distribution was also calculated. The

fourth model is the inverse-beta model, introduced by Thiery and Le Doussal in [50],

in which they conjecture a formula for the Laplace transform of the polymer partition

function and, contingent on this conjecture, show Tracy-Widom limit distribution for

the rescaled free energy.

In this work we provide a Mellin transform framework with which we are able to

treat these four lattice polymer models simultaneously and prove the fluctuation expo-

nents of the free energy and the polymer path for their stationary versions. While for

the log-gamma model these results were previously shown by [45], for the strict-weak,

beta, and inverse-beta models, the path fluctuation results are new. An independent

and concurrent work by Balázs, Rassoul-Agha, and Seppäläinen [6] also gives the path

fluctuation result for the beta model.

Our methods rely upon a Burke-type stationarity property that each of these mod-

els possesses. This stationarity, along with a coupling argument, are used to prove a

variance formula which is then amenable to analysis. This method was first used by
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Cator and Groeneboom [12] to prove the order of the variance of the length of the

longest weakly North-East path in Hammersley’s process with sources and sinks. In [4],

Balázs, Cator, and Seppäläinen adapt this method to prove the order of the fluctuations

of the passage time and the fluctuations of the maximal path for last passage perco-

lation with exponential weights. Seppäläinen [45] used this method to prove the order

of the fluctuation of the free energy and the polymer path fluctuations for the point-

to-point log-gamma model with stationary boundary conditions, and upper bounds on

the fluctuation exponents for the non-stationary point-to-point and point-to-line models.

Seppäläinen and Valkó [46] prove the scaling exponents for the O’Connell-Yor polymer,

and Flores, Seppäläinen, and Valkó [34] extend the result to the intermediate disorder

regime. Our work closely follows the methods in [45]; the Mellin transform framework

provides a unified way to apply these methods to the four models.

2.1.1 Results

Recall the model and notation defined in Section 1.2 of Chapter 1.

If X is a positive random variable with density ρ, define

LXpxq :“ ´
1

xρpxq
CovplogX,1tXďxuq (2.1.1)

for all x such that ρpxq ą 0. Given a path x‚ P Πm,n, define the exit points of the path

from the horizontal and vertical axes by

t1 :“ maxti : pi, 0q P x‚u and t2 :“ maxtj : p0, jq P x‚u. (2.1.2)

The following proposition gives exact formulas for the expectation and variance of

the free energy, which is a starting point for analysis of these four models.
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Proposition 2.1. Assume that the polymer environment has edge weight distributions

R1, R2, pY 1, Y 2q as in one of (1.2.2) through (1.2.5). Then for all pm,nq P Z2
`,

ErlogZm,ns “ mErlogR1
s ` nErlogR2

s,

VarrlogZm,ns “ ´mVarrlogR1
s ` nVarrlogR2

s ` 2Em,n

«

t1
ÿ

i“1

LR1pR1
i,0q

ff

, (2.1.3)

VarrlogZm,ns “ mVarrlogR1
s ´ nVarrlogR2

s ` 2Em,n

«

t2
ÿ

j“1

LR2pR2
0,jq

ff

. (2.1.4)

Using these exact formulas, we can obtain the following bounds on the variance of

the free energy when pm,nq grow in a characteristic direction.

Theorem 2.2. Assume that the polymer environment has edge weight distributions

R1, R2, pY 1, Y 2q as in one of (1.2.2) through (1.2.5), and let pm,nq “ pmN , nNq
8
N“1

be a sequence such that

|mN ´NVarrlogR2
s| ď γN2{3 and |nN ´NVarrlogR1

s| ď γN2{3 (2.1.5)

for some fixed γ ą 0. Then there exist positive constants c, C, and N0 depending only

on µ, θ, β, γ such that for all N ě N0,

cN2{3
ď VarrlogZm,ns ď CN2{3.

The same constants c, C, N0 can be taken for all µ, θ, β, γ varying in a compact set.

Theorem 2.2 and a Borel-Cantelli argument give the following law of large numbers.

Corollary 2.3. With assumptions as in Theorem 2.2 the following limit holds P-almost

surely

lim
NÑ8

logZm,n
N

“ ErlogR1
sVarrlogR2

s ` ErlogR2
sVarrlogR1

s. (2.1.6)
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For the four basic beta-gamma models, the right-hand side of (2.1.6) is given by

Apµ, θ, βq
´

B

Bθ
Bpµ, θq

¯

´

´

B

Bθ
Apµ, θ, βq

¯

Bpµ, θq ` Cpµ, θq,

where the functions A,B, and C are given in Table 8 and Ψnpxq :“ Bn`1

Bxn`1 log Γpxq denotes

the polygamma function of order n.

Model Apµ, θ, βq Bpµ, θq Cpµ, θq

IG log β Ψ0pθq ´Ψ0pµ´ θq ´Ψ0pµ´ θqΨ1pθq ´Ψ0pθqΨ1pµ´ θq

G log β Ψ0pµ` θq ´Ψ0pθq Ψ0pµ` θqΨ1pθq ´Ψ0pθqΨ1pµ` θq

B Ψ0pµ` θ ` βq Ψ0pµ` θq ´Ψ0pθq Ψ0pµ` θqΨ1pθq ´Ψ0pθqΨ1pµ` θq

IB ´Ψ0pµ´ θ ` βq Ψ0pθq ´Ψ0pµ´ θq ´Ψ0pµ´ θqΨ1pθq ´Ψ0pθqΨ1pµ´ θq

Figure 8: Functions for the limiting rescaled free energy of the four basic beta-gamma
models.

The following is a result for when the sequence pmN , nNq does not satisfy condition

(2.1.5). The statement is given for when the horizontal direction is too large, but an

analogous result holds for the vertical direction.

Corollary 2.4. Assume that the polymer environment has edge weight distributions

R1, R2, pY 1, Y 2q as in one of (1.2.2) through (1.2.5) and that m,n Ñ 8. Define N by

n “ NVarrlogR1s and assume

N´α
pm´NVarrlogR2

sq Ñ c1 ą 0

for some α ą 2{3. Then as N Ñ 8

N´α{2
plogZm,n ´ ErlogZm,nsq

converges in distribution to a centered normal with variance c1VarrlogR1s.
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The variance formulas in Proposition 2.1 connect the variance of the free energy to

the exit points of the path from the boundaries (2.1.2). This allows us to obtain bounds

on the polymer path fluctuations under the annealed measure.

Given a path x‚ P Πm,n, for 0 ď k ď m and 0 ď l ď n define

v0plq :“ minti : pi, lq P x‚u v1plq :“ maxti : pi, lq P x‚u

w0pkq :“ mintj : pk, jq P x‚u w1pkq :“ maxtj : pk, jq P x‚u.

(2.1.7)

This is illustrated in Figure 9.

k

l

v1plqv0plq

w0pkq

w1pkq

Figure 9: Example path with v0, v1, w0, w1 illustrated.

Theorem 2.5. Assume that the polymer environment has edge weight distributions

R1, R2, pY 1, Y 2q as in one of (1.2.2) through (1.2.5), and let pm,nq “ pmN , nNq
8
N“1

be a sequence satisfying (2.1.5) for some fixed γ ą 0. Let 0 ď τ ă 1. Then there exist

positive constants b0, C, c0, c1, N0 depending only on µ, θ, β, γ, τ such that for b ě b0

and N P N,

Pm,npv0ptτnuq ď τm´ bN2{3 or v1ptτnuq ě τm` bN2{3
q ď

C

b3
, (2.1.8)

Pm,npw0ptτmuq ď τn´ bN2{3 or w1ptτmuq ě τn` bN2{3
q ď

C

b3
, (2.1.9)
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and for all N ě N0,

c0 ď Pm,npv1ptτnuq ě τm` c1N
2{3 or w1ptτmuq ě τn` c1N

2{3
q. (2.1.10)

The same constants can be taken for all µ, θ, β, γ, τ varying in a compact set.

Structure of the chapter: In Section 2.2 we define the down-right property then

state and prove consequences of this property. In Section 2.3 we introduce the Mellin

transform framework, which allows us to treat the four basic beta-gamma models si-

multaneously, and prove Proposition 2.1. In Section 2.4 we prove the upper bound of

Theorem 2.2. In Section 2.5 we prove bounds (2.1.8) and (2.1.9) of Theorem 2.5. In

Section 2.6 we prove the lower bound of Theorem 2.2 and bound (2.1.10) of Theorem

2.5. In Appendix A we verify that each of the four basic beta-gamma models satisfies the

conditions of Hypothesis 2.15. Appendix B collects technical lemmas used in Sections

2.3 and 2.4. Appendix C collects facts used in the proof of Proposition 2.26.

2.2 The down-right property

Write α1 “ p1, 0q, α2 “ p0, 1q. For k “ 1, 2 define ratios of partition functions

Rk
x :“

Zx
Zx´αk

for all x such that x´ αk P Z2
`.

Note that these extend the definitions ofR1
i,0 andR2

0,j, since for example Zi,0 “
śi

k“1R
1
k,0.

We say that π “ tπkukPZ is a down-right path in Z2
` if πk P Z2

` and πk`1´πk P tα1,´α2u

for each k P Z. To each edge along a down-right path we associate the random variable

Λtπk´1,πku :“

$

’

’

&

’

’

%

R1
πk

if tπk´1, πku is horizontal,

R2
πk´1

if tπk´1, πku is vertical.
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The following definition is a weaker form of the Burke property (see Theorem 3.3 of

[45]).

Definition 2.6. Say the polymer model has the down-right property if for all down-right

paths π “ tπkukPZ, the random variables

Λpπq :“ tΛtπk´1,πku : k P Zu

are independent and each R1
πk

and R2
πk

appearing in the collection are respectively dis-

tributed as R1 and R2.

The partition functions satisfy the recurrence relation

Zx “ Y 1
x Zx´α1 ` Y

2
x Zx´α2 for x P N2. (2.2.1)

This recurrence relation then implies the recursions

R1
x “ Y 1

x ` Y
2
x

R1
x´α2

R2
x´α1

R2
x “ Y 1

x

R2
x´α1

R1
x´α2

` Y 2
x

for x P N2. (2.2.2)

Using the recursions (2.2.2) we can reduce the down-right property to a simple preser-

vation in distribution.

Lemma 2.7. Let R1, R2, pY 1, Y 2q be positive random variables such that R1, R2 and the

pair pY 1, Y 2q are independent. Put

`

rR1, rR2
˘

:“ pY 1
` Y 2R1

{R2, Y 1R2
{R1

` Y 2
q.

Then the polymer model with edge weights R1, R2, pY 1, Y 2q has the down-right property

if and only if
`

rR1, rR2
˘ d
“
`

R1, R2
˘

.



26

Proof of Lemma 2.7. Given a down-right path π, define its lower-left interior

Intpπq :“ tx P Z2
` such that x` pm,nq P tπu for some m,n P Nu.

If the polymer model with edge weights R1, R2, pY 1, Y 2q has the down-right property,

taking π to be the unique down-right path with interior tp0, 0qu implies that pR1
1,1, R

2
1,1q

d
“

pR1, R2q. Then (2.2.2) and the fact that
`

R1
1,0, R

2
0,1, pY

1
1,1, Y

2
1,1q

˘ d
“

`

R1, R2, pY 1, Y 2q
˘

imply that p rR1, rR2q
d
“ pR1, R2q.

For the converse direction, we first prove the statement for π with finite interior.

The case when the interior is empty is true by assumption. Assume that the down-right

property holds for all paths π with |Intpπq| “ n. Given a path π with |Intpπq| “ n ` 1

there exists x such that π traverses the right-down corner tx ´ α1, x, x ´ α2u. Let rπ

be the path which traverses the same points as π with the exception of instead passing

through the down-right corner tx ´ α1, x ´ α1 ´ α2, x ´ α2u. Then |Intprπq| “ n and so

`

R1
x´α2

, R2
x´α1

˘ d
“
`

R1, R2
˘

. Using (2.2.2), the assumption that p rR1, rR2q
d
“ pR1, R2q and

the independence of pY 1
x , Y

2
x q from the collection Λprπq gives us that the collection Λpπq

has the desired property.

To prove the statement for arbitrary π, pick a finite sub-collection F of Λpπq. Then

there exists rπ such that Intprπq is finite and F Ă Λprπq. Since the statement holds for

down-right paths with finite interior, we are done.

Proposition 2.8. Each of the four basic beta-gamma models, (1.2.2) through (1.2.5),

possesses the down-right property.

Proof. The p rR1, rR2q
d
“ pR1, R2q condition in Lemma 2.7 has been checked for the inverse-

gamma, gamma, beta, and inverse-beta models by Lemma 3.2 of [45], Lemma 6.3 of [20],

Lemma 3.1 of [6], and Proposition 3.1 of [49] respectively.
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The following lemma is an immediate consequence of the down-right property and

the starting point for the proof of Proposition 2.1.

Lemma 2.9. If the polymer model with edge weights R1, R2, pY 1, Y 2q possesses the

down-right property and logR1, logR2 both have finite variance, then for all pm,nq P Z2
`,

(a) ErlogZm,ns “ mErlogR1s ` nErlogR2s,

(b) VarrlogZm,ns “ ´mVarrlogR1s ` nVarrlogR2s ` 2CovpSN , SSq,

(c) VarrlogZm,ns “ mVarrlogR1s ´ nVarrlogR2s ` 2CovpSE, SW q,

where

SN :“ logZm,n ´ logZ0,n “

m
ÿ

i“1

logR1
i,n, SS :“ logZm,0 “

m
ÿ

i“1

logR1
i,0,

SE :“ logZm,n ´ logZm,0 “
n
ÿ

j“1

logR2
m,j, SW :“ logZ0,n “

n
ÿ

j“1

logR2
0,j.

(2.2.3)

Proof. By the down-right property SS is independent of SW , SN is independent of SE,

and

VarrSN s “ VarrSSs “ mVarrlogR1
s, VarrSEs “ VarrSW s “ nVarrlogR2

s.

These facts along with the equalities logZm,n “ SN ` SW “ SE ` SS gives (a) and

VarrlogZm,ns “ VarrSN s ` VarrSW s ` 2CovpSN , SW q

“ VarrSN s ` VarrSW s ` 2CovpSN , SE ` SS ´ SNq

“ ´VarrSN s ` VarrSW s ` 2CovpSN , SSq

“ ´mVarrlogR1
s ` nVarrlogR2

s ` 2CovpSN , SSq.
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Similarly,

VarrlogZm,ns “ ´nVarrlogR2
s `mVarrlogR1

s ` 2CovpSE, SW q.

2.3 The Mellin transform framework

In this section we develop a framework which allows us to treat the four basic beta-

gamma models simultaneously.

Given a function f : p0,8q Ñ r0,8q, write Mf for its Mellin transform

Mf paq :“

ż 8

0

xa´1fpxqdx

for any a P R such that the integral converges. Define

DpMf q :“ interiorpta P R : 0 ăMf paq ă 8uq.

Definition 2.10. Given a function f : p0,8q Ñ r0,8q such that DpMf q is non-empty,

we define a family of densities on p0,8q parametrized by a P DpMf q:

ρf,apxq :“Mf paq
´1xa´1fpxq. (2.3.1)

We write X „ mf paq to denote that the random variable X has density ρf,a.

Remark 2.11. If f : p0,8q Ñ r0,8q is such that DpMf q is non-empty, then Mf is C8

throughout DpMf q. Furthermore, if X „ mf paq, then

(a) logX has finite exponential moments. That is, there exists some ε ą 0 such that

Ereε| logX|
s ď ErXε

s ` ErX´ε
s “

Mf pa` εq `Mf pa´ εq

Mf paq
ă 8.
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(b) For all k P N,

Bk

Bak
Mf paq “Mf paqErplogXqks.

(c) ErlogXs “ ψf0 paq and VarrlogXs “ ψf1 paq, where

ψfnpaq :“
Bn`1

Ban`1
logMf paq for n P Z`.

The following remark says that random variables with densities of the form (2.3.1)

are closed under inversion.

Remark 2.12. If f : p0,8q Ñ r0,8q is such that DpMf q is non-empty and gpxq :“ fp 1
x
q

for x P p0,8q, then for all a P DpMf q,

(a) X „ mf paq ô X´1 „ mgp´aq,

(b) Mf paq “Mgp´aq and therefore DpMgq “ ´DpMf q,

(c) ψfnpaq “ p´1qn`1ψgnp´aq for all n P N.

Definition 2.13. Let f j : p0,8q Ñ r0,8q be such that DpMfjq is non-empty for j “

1, 2. We say that the polymer environment is Mellin-type with respect to pf 1, f 2q if

pR1, R2q „ mf1pa1q bmf2pa2q for some aj P DpMfjq.

When the polymer environment is Mellin-type with parameters pa1, a2q, we use

Ppa1,a2q, Epa1,a2q, Varpa1,a2q, Covpa1,a2q in place of P, E, Var, Cov respectively.

2.3.1 The four basic beta-gamma models are Mellin-type

We first specify functions f to obtain each of the random variables appearing in the

four basic beta-gamma models. Note that the fourth column in Table 10 specifies the
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distribution of the random variable corresponding to f . We let Bpa, bq “ ΓpaqΓpbq
Γpa`bq

denote

the beta function and recall that Ψnpxq “
Bn`1

Bxn`1 log Γpxq. For the Table 10 we assume

b ą 0 and a P DpMf q.

fpxq DpMf q Mf paq mf paq

e´bx p0,8q Γpaq{ba Gapa, bq

e´b{x p´8, 0q Γp´aqba Ga´1
p´a, bq

p1´ xqb´1
1t0ăxă1u p0,8q Bpa, bq Bepa, bq

p1´ 1
x
qb´1

1txą1u p´8, 0q Bp´a, bq Be´1
p´a, bq

p x
x`1
qb p´b, 0q Bp´a, b` aq Be´1

p´a, b` aq ´ 1

fpxq ψfnpaq

e´bx Ψnpaq ´ δn,0 log b

e´b{x p´1qn`1pΨnp´aq ´ δn,0 log bq
p1´ xqb´1

1t0ăxă1u Ψnpaq ´Ψnpa` bq
p1´ 1

x
qb´1

1txą1u p´1qn`1pΨnp´aq ´Ψnp´a` bqq
p x
x`1
qb Ψnpa` bq ` p´1qn`1Ψnp´aq

Figure 10: Mellin framework data for the distributions appearing in the four basic beta-
gamma models.

To express the distribution of the polymer environment in each of the four basic

beta-gamma models given in (1.2.2) through (1.2.5) within this Mellin framework, we

let

pR1, R2, Xq „ mf1pa1q bmf2pa2q bmf1pa3q, (2.3.2)

where the functions f 1, f 2 and parameters aj, j “ 1, 2, 3 are given in Table 11. Recall

that in each of the models, pY 1, Y 2q are given in terms of X. For Table 11 we assume

µ, β ą 0.

Remark 2.14. For each fixed value of the bulk parameter a3, we obtain a family of

models with boundary parameters a1 and a2 satisfying a1`a2 “ a3. For any such a1 and

a2, by Proposition 2.8 these models will have the down-right property.
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Model f 1pxq f 2pxq pa1, a2, a3q

IG e´β{x e´β{x pθ ´ µ,´θ,´µq θ P p0, µq
G e´βx p1´ 1

x
qµ´1

1txą1u pµ` θ,´θ, µq θ P p0,8q
B p1´ xqβ´1

1t0ăxă1u p1´ 1
x
qµ´1

1txą1u pµ` θ,´θ, µq θ P p0,8q

IB p1´ 1
x
qβ´1

1txą1u p x
x`1
qpβ`µq pθ ´ µ,´θ,´µq θ P p0, µq

Figure 11: Functions and parameters to fit the four basic beta-gamma models into the
Mellin framework.

2.3.2 Coupling of polymer environments

In order to compare polymer environments with different parameters, we use a coupling

to express the boundary weights as functions of i.i.d. uniformp0, 1q random variables.

If f : p0,8q Ñ r0,8q is such that DpMf q is non-empty, write F f for the CDF of the

random variable X „ mf paq. Specifically, F f : DpMf q ˆ r0,8q Ñ r0, 1s is given by

F f
pa, xq “

1

Mf paq

ż x

0

ya´1fpyqdy.

Define the quantile function

Hf
pa, pq :“ inftx : p ď F f

pa, xqu. (2.3.3)

If the random variable η is uniformly distributed on the interval p0, 1q, then Hf pa, ηq

„ mf paq.

Suppose that a polymer environment ω is Mellin-type with respect to pf 1, f 2q with

parameters pb1, b2q. Let tη1
i , η

2
j : i, j P Nu be i.i.d. uniformp0, 1q random variables that

are independent of the bulk weights tpY 1
z , Y

2
z q : z P N2u. Write pP, pE, and yVar for the

probability measure and the corresponding expectation and variance of these uniform

random variables and the bulk weights. Define the coupled environment

ωpb1,b2q :“ tHf1
pb1, η

1
i q, H

f2
pb2, η

2
j q, pY

1
z , Y

2
z q : i P N, j P N, z P N2

u. (2.3.4)
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Note that this environment is equal in distribution to the original environment ω.

To specifically denote weights accumulated by a path, the partition function, the

quenched measure, and the annealed expectation, associated to the coupled environment

ωpb1,b2q, define

W pb1, b2qpx‚q :“
m`n
ź

k“1

ω
pb1,b2q
pxk´1,xkq

for x‚ P Πm,n

Zm,npb1, b2q :“
ÿ

x‚PΠm,n

W pb1, b2qpx‚q

Qpb1,b2qm,n pAq :“
1

Zm,npb1, b2q

ÿ

x‚PA

W pb1, b2qpx‚q for A Ă Πm,n

Epb1,b2qm,n r‚s :“ pE
”

EQ
pb1,b2q
m,n r‚s

ı

.

(2.3.5)

Recall the definition of the exit points tj (2.1.2). We can decompose the weight accu-

mulated along a path to isolate the dependence on boundary weights

W pb1, b2qpx‚q “
t1
ź

i“1

Hf1
pb1, η

1
i q

t2
ź

j“1

Hf2
pb2, η

2
j q

m`n
ź

k“pt1_t2q`1

ω
pb1,b2q
pxk´1,xkq

. (2.3.6)

Notice that one of the first two products will be empty and the third product involves

only the bulk weights.

If we assume that f : p0,8q Ñ r0,8q has open support, is continuous on its support,

and DpMf q is non-empty, then F f is continuously differentiable on the set DpMf q ˆ

supppfq. By the implicit function theorem, Hf is continuously differentiable and for all

pa, pq P DpMf q ˆ p0, 1q, we have

BHf

Ba
pa, pq “

´BF
f

Ba
pa,Hf pa, pqq

BF f

Bx
pa,Hf pa, pqq

“ Hf
pa, pqLf pa,Hf

pa, pqq (2.3.7)

where Lf is given by

Lf pa, xq :“
x´a

fpxq

ż x

0

pψf0 paq ´ log yqya´1fpyqdy

“ ´
x´a

fpxq

ż 8

x

pψf0 paq ´ log yqya´1fpyqdy.

(2.3.8)
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The second equality follows from the definition of ψf0 paq. Notice that

Lf pa, xq “ ´
1

xρf,apxq
CovplogX,1tXďxuq “ LXpxq (as defined in (2.1.1))

when X „ mf paq, and therefore Lf pa, xq ě 0.

The following hypothesis collects technical conditions for the function f used in the

sequel.

Hypothesis 2.15. Suppose that f : p0,8q Ñ r0,8q is such that DpMf q is non-empty, f

has open support, is differentiable on its support, and for all compact K Ă DpMf q there

exists a constant C depending only on K such that the following hold for all a P K:

Lf pa, xq ď Cp1` | log x|q for all x P supppfq, (2.3.9)
ż 1

0

ˇ

ˇ

ˇ

B

Ba
Lf pa,Hf

pa, pqq
ˇ

ˇ

ˇ
dp ď C. (2.3.10)

Remark 2.16. If X „ mf paq where f satisfies Hypothesis 2.15, then by (2.3.9) and

Remark 2.11, LXpXq has finite exponential moments. By Lemma A.2 in the appendix,

each of the functions f corresponding to the random variables appearing in the four basic

beta-gamma models (see Table 10) satisfies Hypothesis 2.15.

Lemma 2.17. Assume that the polymer environment is Mellin-type with respect to

pf 1, f 2q, where f 1 and f 2 satisfy Hypothesis 2.15. Further assume that log Y 1 and log Y 2

have finite variance. Recall the notation (2.2.3). Then for all pm,nq P Z2
`,

CovpSN , SSq “ Em,nr
t1
ÿ

i“1

LR1pR1
i,0qs, (2.3.11)

CovpSE, SW q “ Em,nr
t2
ÿ

j“1

LR2pR2
0,jqs. (2.3.12)
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Proof. By assumption, there exists pa1, a2q P DpMf1q ˆ DpMf2q such that pR1, R2q „

mf1pa1q bmf2pa2q. There exist open neighborhoods Uj about aj contained in DpMfjq

for j “ 1, 2. We then show that

B

Bb1

Epb1,a2qrSN s “ Covpb1,a2qpSN , SSq for all b1 P U1, (2.3.13)

B

Bb2

Epa1,b2qrSEs “ Covpa1,b2qpSE, SW q for all b2 P U2, (2.3.14)

and that the mappings b1 ÞÑ Covpb1,a2qpSN , SSq and b2 ÞÑ Covpa1,b2qpSE, SW q are con-

tinuous. We begin with (2.3.13). We will vary the parameter b1 of the weights R1
i,0

while keeping the parameter a2 of the weights R2
0,j fixed. Let rE be the expectation

over tR2
0,j, pY

1
x , Y

2
x qujPN,xPNˆN. By Remark 2.11 and Lemma B.1, Epb1,a2qrS2

N s ă 8 for

all b1 P U1. Then Epb1,a2qrSN s “ Eb1rrErSN ss where Eb1 denotes the expectation over

tR1
i,0u

m
i“1 when R1 „ mf1pb1q. We now invoke Lemma B.2. Specifically, we use r “ m,

Xk “ R1
k,0, fk “ f 1 for all k “ 1, . . . ,m and ApR1

1,0, . . . , R
1
m,0q “

rErSN s to get, for all

b1 P U1,

B

Bb1

Epb1,a2qrSN s “
B

Bb1

Eb1rApX1, . . . , Xmqs “ Covb1pApX1, . . . , Xmq, SSq

“ Covpb1,a2qpSN , SSq

and U1 Q b1 ÞÑ Covpb1,a2qpSN , SSq is continuous. The third equality follows from the fact

that the collection tR2
0,j, pY

1
x , Y

2
x qujPN,xPNˆN is independent of SS. The second moment

condition of Lemma B.2 is satisfied since for all b1 P U1,

Eb1rApX1, . . . , Xrq
2
s “ Eb1rprErSN sq2s ď Eb1rrErS2

N ss “ Epb1,a2qrS2
N s ă 8.

A similar argument yields (2.3.14).
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Using the coupling (2.3.4)

Em,nr
t1
ÿ

i“1

LR1pR1
i,0qs “ Epa1,a2qm,n r

t1
ÿ

i“1

Lf
1

pa1, H
f1
pa1, η

1
i qqs. (2.3.15)

Taking the derivative of (2.3.6) and using (2.3.7), for j “ 1, 2

B

Bbj
logpW pb1, b2qpx‚qq “

tj
ÿ

k“1

B

Bbj
logHfj

pbj, η
j
kq “

tj
ÿ

k“1

Lf
j

pbj, H
fj
pbjη

j
kqq. (2.3.16)

Therefore

B

Bbj
W pb1, b2qpx‚q “ W pb1, b2qpx‚q

tj
ÿ

k“1

Lf
j

pbj, H
fj
pbjη

j
kqq (2.3.17)

which implies that

B

Bbj
logZm,npb1, b2q “ EQ

pb1,b2q
m,n r

tj
ÿ

k“1

Lf
j

pbj, H
fj
pbj, η

j
kqqs. (2.3.18)

We now prove (2.3.11). Similar to (2.3.5), in the coupled environment we use S‚pb1, b2q

to make explicit the dependence of S‚ on the parameters b1 and b2. Recall that pE

is the expectation of the coupled environment. For ε ą 0 small enough such that

ra1 ´ ε, a1 ` εs Ă U1,

ż a1`ε

a1´ε

Covpb1,a2qpSN , SSqdb1 “ Epa1`ε,a2qrSN s ´ Epa1´ε,a2qrSN s

“ pErSNpa1 ` ε, a2q ´ SNpa1 ´ ε, a2qs

“ pEr
ż a1`ε

a1´ε

B

Bb1

logZm,npb1, a2qdb1s

“

ż a1`ε

a1´ε

pEr
B

Bb1

logZm,npb1, a2qsdb1

(2.3.19)

where the first equality follows from (2.3.13), the third equality follows because SW does

not depend on b1 and SNpb1, a2q “ logZm,npb1, a2q ´ SW pa2q. The last equality follows

from (2.3.18) and Tonelli’s theorem (by the non-negativity of Lf
1
).
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Recall that b1 ÞÑ Covpb1,a2qpSN , SSq is continuous. Once we show that the mapping

b1 ÞÑ
pEr
B

Bb1

logZm,npb1, a2qs “ Epb1,a2qm,n r

t1
ÿ

i“1

Lf
1

pb1, H
f1
pb1, η

1
i qqs (2.3.20)

is continuous, using (2.3.19) and (2.3.15) we will have (2.3.11). The continuity of (2.3.20)

follows from the continuity of b1 ÞÑ EQ
pb1,a2q
m,n r

řt1
k“1 L

f1pb1, H
f1pb1, η

1
kqqs, the dominated

convergence theorem, and the bound

pE
“

sup
|b1´a1|ďε

EQ
pb1,a2q
m,n r

t1
ÿ

k“1

Lf
1

pb1, H
f1
pb1, η

1
kqqs

‰

ď pEr sup
|b1´a1|ďε

m
ÿ

k“1

Lf
1

pb1, H
f1
pb1, η

1
kqqs

ď CpEr
m
ÿ

k“1

1` | logHf1
pa1 ´ ε, η

1
kq| ` | logHf1

pa1 ` ε, η
1
kq|s ă 8

where we use the non-negativity of Lf
1

to replace t1 by its upper bound m, then use

assumption (2.3.9) of Hypothesis 2.15 (with the fact that Hf1pb, xq is non-decreasing in

b) and part (a) of Remark 2.11.

A similar argument shows that

Covpa1,a2qpSE, SW q “ Epa1,a2qm,n r

t2
ÿ

j“1

Lf
2

pa2, R
2
0,jqs.

This completes the proof.

We can now give the proof of Proposition 2.1.

Proof of Proposition 2.1. By assumption, the polymer environment is distributed as in

(2.3.2), where f 1 and f 2 satisfy Hypothesis 2.15 by Remark 2.16. By Remark 2.11,

for each of the four models log u and log v have finite variance. Thus the conditions of

Lemma 2.17 are satisfied. Combining Proposition 2.8 with Lemma 2.9, and Lemma 2.17

yields the result.
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2.4 Proof of the variance upper bound

The first lemma of this section allows us to compare the variance of the free energy at

different parameter values.

Lemma 2.18. Assume that the polymer environment is distributed as in (2.3.2). Let ε

be small enough such that for all |λ| ď ε, a1 ` λ P DpMf1q and a2 ´ λ P DpMf2q. Then

there exists a positive constant C depending only on pa1, a2q, β, and ε such that for all

pm,nq P Z2
`, the following holds for all |λ| ď ε,

ˇ

ˇVarpa1,a2qrlogZm,ns ´ Varpa1`λ,a2´λqrlogZm,ns
ˇ

ˇ ď Cpm` nq|λ|

Proof. Let ra1 “ a1 ` λ and ra2 “ a2 ´ λ. Applying Proposition 2.1 (recalling that

ψf1 paq “ VarrlogXs when X „ mf paq) then using the coupling (2.3.5) yields, for j “ 1, 2:

1

2

`

Varpra1,ra2qrlogZm,ns ´ Varpa1,a2qrlogZm,ns
˘

(2.4.1)

“
p´1qj

2

”

m
`

ψf
1

1 pra1q ´ ψ
f1

1 pa1q
˘

´ n
`

ψf
2

1 pra2q ´ ψ
f2

1 pa2q
˘

ı

(2.4.2)

` Epra1,ra2qm,n

«

tj
ÿ

k“1

Lf
j

praj, H
fj
praj, η

j
kqq

ff

´ Epa1,a2qm,n

«

tj
ÿ

k“1

Lf
j

paj, H
fj
paj, η

j
kqq

ff

. (2.4.3)

Since ψf
1

1 and ψf
2

1 are continuously differentiable, there is a constant C1 such that

line (2.4.2) is bounded by C1pm`nq|λ|. Suppressing the m,n dependence, we then split

line (2.4.3) as

“ pEEQpra1,ra2q

«

tj
ÿ

k“1

Lf
j

praj, H
fj
praj, η

j
kqq

ff

´ pEEQpra1,ra2q

«

tj
ÿ

k“1

Lf
j

paj, H
fj
paj, η

j
kqq

ff

(2.4.4)

` pEEQpra1,ra2q

«

tj
ÿ

k“1

Lf
j

paj, H
fj
paj, η

j
kqq

ff

´ pEEQpa1,a2q

«

tj
ÿ

k“1

Lf
j

paj, H
fj
paj, η

j
kqq

ff

(2.4.5)
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For line (2.4.4), since tj is all that is random under EQpra1,ra2q , we can replace tj by m_n.

Thus

| line (2.4.4)| ď pE
m_n
ÿ

k“1

ˇ

ˇ

ˇ
Lf

j

praj, H
fj
praj, η

j
kqq ´ L

fj
paj, H

fj
paj, η

j
kqq

ˇ

ˇ

ˇ

“ pm_ nq

ż 1

0

ˇ

ˇ

ˇ
Lf

j

praj, H
fj
praj, ηqq ´ L

fj
paj, H

fj
paj, ηqq

ˇ

ˇ

ˇ
dη

“ pm_ nq

ż 1

0

ˇ

ˇ

ˇ

ˇ

ˇ

ż

raj

aj

B

Ba
Lf

j

pa,Hfj
pa, ηqqda

ˇ

ˇ

ˇ

ˇ

ˇ

dη

ď pm_ nq

ˇ

ˇ

ˇ

ˇ

ˇ

ż

raj

aj

ż 1

0

ˇ

ˇ

ˇ

ˇ

B

Ba
Lf

j

pa,Hfj
pa, ηqq

ˇ

ˇ

ˇ

ˇ

dηda

ˇ

ˇ

ˇ

ˇ

ˇ

ď pm_ nqC2|λ|. (2.4.6)

In the last step we used the fact that f j satisfy assumption (2.3.10) in Hypothesis 2.15

by Remark 2.16.

We can write line (2.4.5) as

pE
“

`j
ÿ

k“1

Lf
j

paj, H
fj
paj, η

j
kqq

`

Qpra1,ra2qptj ě kq ´Qpa1,a2qptj ě kq
˘‰

,

where `1 “ m and `2 “ n. By Lemma B.3, Qpa1`λ,a2´λqpt1 ě kq is stochastically non-

decreasing in λ, and Qpa1`λ,a2´λqpt2 ě kq is stochastically non-increasing in λ. Using

the bound on (2.4.2), the bound (2.4.6), and the non-negativity of Lf
j
, line (2.4.5) is

non-negative if j “ 1 and λ ą 0 or j “ 2 and λ ă 0. This implies

(2.4.1) ě ´Cpm` nq|λ|.

If j “ 2 and λ ą 0 or j “ 1 and λ ă 0, then (2.4.5) is non-positive, so

(2.4.1) ď Cpm` nq|λ|.

This completes the proof.
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Lemma 2.19. Assume that the polymer environment is distributed as in (2.3.2). Then

there exists a positive constant C depending only on pa1, a2q and β such that for all

pm,nq P Z2
` the following two inequalities hold:

Em,nr
t1
ÿ

i“1

LR1pR1
i,0qs ď CpEm,nrt1s ` 1q, Em,nr

t2
ÿ

j“1

LR2pR2
0,jqs ď CpEm,nrt2s ` 1q.

Proof. Let Li “ LR1pR1
i,0q, Li “ Li ´ ErLis, and Sk “

řk
i“1 Li. Note that Li „ LR1pR1q

has finite exponential moments by Remark 2.16. Using Cauchy-Schwarz, Markov’s in-

equality, and the bound ErS8
ks ď Ck4, we estimate

E
“

1tSkąkuSk
‰

ď pPtSk ą kuq1{2 pkVarL1q
1{2
ď

ˆ

ErS8
ks

k8

˙1{2

pkCq1{2 ď Ck´3{2.

Thus
8
ÿ

k“1

E
“

1tSkąkuSk
‰

ď C.

Using this, we then get

Em,n

«

t1
ÿ

i“1

LR1pR1
i,0q

ff

“ Em,n

«

t1
ÿ

i“1

Li ` ELi

ff

“ Em,nrt1sErL1s ` Em,n

«

t1
ÿ

i“1

Li

ff

“ Em,nrt1sErL1s `

m
ÿ

k“1

E rQm,npt1 “ kqSks

ď Em,nrt1sErL1s `

m
ÿ

k“1

`

kE rQm,npt1 “ kqs ` E
“

1tSkąkuSk
‰˘

ď Em,nrt1sErL1s ` Em,nrt1s ` C

ď C pEm,nrt1s ` 1q .

The proof for t2 is analogous.
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Proposition 2.20. Assume that the polymer environment is distributed as in (2.3.2).

Assume that the sequence pm,nq “ pmN , nNq
8
N“1 satisfies

|m´Nψf
2

1 pa2q| _ |n´Nψ
f1

1 pa1q| ď κN

where κN ď γN2{3 and γ is some positive constant.

Then there exist positive constants C1, C2, C3, δ, δ1 depending only on pa1, a2q, β, and

γ such that for N P N and 1_ C1κN ď u ď δN ,

P
 

Qm,nptj ě uq ě e
´δu2

N

(

ď C2

´N2

u4
Em,nrtjs `

N2

u3

¯

for j “ 1, 2,

while for N P N and u ě 1_ C1κN _ δN ,

P
 

Qm,nptj ě uq ě e´δ1u
(

ď 2e´C3u for j “ 1, 2.

Proof. Let ε ą 0 be small enough such that for all |λ| ď ε, a1pλq :“ a1 ` λ P DpMf1q

and a2pλq :“ a2 ´ λ P DpMf2q. For the moment fix λ1 P r0, εs, λ2 P r´ε, 0s, and u ě 1.

The λj will give the perturbation pa1pλjq, a2pλjqq of the parameters pa1, a2q which will

be used when dealing with the exit time tj. Using the coupling in (2.3.5), (2.3.6) gives:

for both j “ 1, 2 and any path x‚ such that tjpx‚q ě u,

W pa1, a2qpx‚q

W pa1pλjq, a2pλjqqpx‚q
“

tj
ź

k“1

Hfjpaj, η
j
kq

Hfjpajpλjq, η
j
kq
ď

tuu
ź

k“1

Hfjpaj, η
j
kq

Hfjpajpλjq, η
j
kq
,

since Hf pa, xq is non-decreasing in a. Therefore

Qpa1,a2qm,n ptj ě uq “
1

Zm,npa1, a2q

ÿ

x‚PΠm,n

1tx‚ěuuW pa1, a2qpx‚q

ď
Zm,npa1pλjq, a2pλjqq

Zm,npa1, a2q

tuu
ź

k“1

Hfjpaj, η
j
kq

Hfjpajpλjq, η
j
kq
.
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Then for all real numbers z, r

P
!

Qm,nptj ě uq ě e´z
)

ďpP
!

tuu
ź

k“1

Hfjpaj, η
j
kq

Hfjpajpλjq, η
j
kq
ě e´r

)

(2.4.7)

` pP
!Zm,npa1pλjq, a2pλjqq

Zm,npa1, a2q
ě er´z

)

. (2.4.8)

We now split the proof into two cases.

Case 1: 1 _ C1κN ď u ď δN . Let b, δ ą 0 be small enough such that bδ ď ε.

These constants will be determined through the course of the proof. Put λ1 “
bu
N

and

λ2 “ ´
bu
N

. The condition u ď δN guarantees that ´ε ď λ2 ă 0 ă λ1 ď ε. Now plug in

r “ tuu

´

ψf
j

0 pajpλjqq ´ ψ
fj

0 pajq
¯

´ δu2

N
and z “ δu2

N
to obtain

RHS of (2.4.7) “ pP
!

tuu
ÿ

k“1

logHfjpaj, η
j
kq ´ logHfjpajpλjq, η

j
kq ě

δu2

N

)

ď C
N2

u3
(2.4.9)

by Chebyshev’s inequality and the fact that Hf pa, ηq „ mf paq. The constant C here

depends only on pa1, a2q, ε, and δ. We will now show how to tune b and δ as functions

of pa1, a2q and ε to get a meaningful bound on

(2.4.8) “pP
!

logZm,npa1pλjq, a2pλjqq ´ logZm,npa1, a2q ě

pE
“

logZm,npa1, a2q ´ logZm,npa1pλjq, a2pλjqq
‰

` r ´ z
)

.

(2.4.10)

Since the parameters satisfy a1pλjq ` a2pλjq “ a3, by Remark 2.14, the down-right

property is still satisfied for the perturbed model with parameters
`

a1pλjq, a2pλjq
˘

. Using
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Proposition 2.1 we can evaluate the right-hand side inside the above probability

“m
´

ψf
1

0 pa1q ´ ψ
f1

0 pa1pλjqq
¯

` n
´

ψf
2

0 pa2q ´ ψ
f2

0 pa2pλjqq
¯

` tuu

´

ψf
j

0 pajpλjqq ´ ψ
fj

0 pajq
¯

´ 2δ
u2

N

“pm´Nψf
2

1 pa2qq

´

ψf
1

0 pa1q ´ ψ
f1

0 pa1pλjqq
¯

` pn´Nψf
1

1 pa1qq

´

ψf
2

0 pa2q ´ ψ
f2

0 pa2pλjqq
¯

`N
”

ψf
2

1 pa2q

´

ψf
1

0 pa1q ´ ψ
f1

0 pa1pλjqq
¯

` ψf
1

1 pa1q

´

ψf
2

0 pa2q ´ ψ
f2

0 pa2pλjqq
¯ı

` tuu

´

ψf
j

0 pajpλjqq ´ ψ
fj

0 pajq
¯

´ 2δ
u2

N

ě´ κN
bu

N
C 1 ´Np

bu

N
q
2C 1 ` up

bu

N
qC2 ´ 2δ

u2

N

“
u

N

”

C2bu´ C 1b2u´ 2δu´ C 1bκN

ı

(2.4.11)

for some positive constants C 1 and C2. This can be obtained by taking a 2nd-order Taylor

expansion of the functions ψf
j

0 , keeping in mind that ψf
j

1 ą 0. In the last inequality we

also used u ě 1.

Now fixing b small enough followed by then fixing δ small enough we can ensure

that the entire quantity (2.4.11) is ě C3 u
2

N
for some positive constant C3 as long as

u ě C1κN for some positive C1. With these restrictions,

(2.4.8) ďpP
!

logZm,npa1pλjq, a2pλjqq ´ logZm,npa1, a2q ě C3
u2

N

)

ď
N2

pC3q2u4
yVar

“

logZm,npa1pλjq, a2pλjqq ´ logZm,npa1, a2q
‰

ďC
N2

u4

´

yVar
“

logZm,npa1, a2q
‰

` pm` nq
bu

N

¯

ďC
´N2

u4
Em,nrtjs `

N2

u3

¯

.

The second to last and last inequalities are applications of Lemma 2.18, Proposition 2.1,

and Lemma 2.19. Combining this result with (2.4.9) finishes the first case.
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Case 2: 1 _ C1κN _ δN ď u. Take δ, ε fixed from the first case, let δ1 P p0, δs,

and ε1 P p0, εs. The constants δ1 and ε1 will be determined throughout the course of

the proof. This time, put λ1 “ ε1, λ2 “ ´ε1, r “ tuu
`

ψf
j

0 pajpλjqq ´ ψf
j

0 pajq
˘

´ δ1u, and

z “ δ1u. Then

(2.4.7) “pP
!

tuu
ÿ

k“1

logHfjpaj, η
j
kq ´ logHfjpajpλjq, η

j
kqq ě δ1u

)

. (2.4.12)

By Remark 2.11 the random variables in the summation have finite exponential moments.

A large deviation estimate gives us the existence of a positive constant C3 such that

(2.4.12)ď e´C3u.

We now consider (2.4.10). A similar analysis to that in Case 1 tells us that the

right-hand side inside of the above probability

ě ´C 1ε0κN ´ C
1ε20N ` C

2ε0u´ 2δ1u

ě u
´

C2ε0 ´
C 1ε20
δ
´ 2δ1

¯

´ C 1ε0κN (2.4.13)

for some positive constants C 1 and C2 (the second inequality follows from u ě δN).

Now fixing ε0 small enough followed by then fixing δ1 small enough we can ensure that

(2.4.13) ě Cu for some positive constant C as long as u ě C1κN for some positive C1

(here we increase the previous constant C1 found in Case 1 if necessary). With these

constraints,

(2.4.8) ď pP
!

logZm,npa1pλjq, a2pλjqq ´ logZm,npa1, a2q ě Cu
)

.

Since the perturbed parameters are such that the polymer environment still has the

down-right property, the random variable inside the above probability can be expressed

as two sums of i.i.d. random variables, each of which has entries with finite exponential
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moments. Therefore a large deviation estimate gives the existence of a positive constant

C3 such that (2.4.8) ď e´uC3 . Combining this with (2.4.12) completes the proof.

Remark 2.21. If ε ą 0 is small enough such that for all |λ| ď ε, a1 ` λ P DpMf1q and

a2 ´ λ P DpMf2q, then the constants in Proposition 2.20 can be chosen such that the

conclusion also holds for the polymer environment with parameters pa1 ` λ, a2 ´ λ, a3q

for any |λ| ď ε.

Using the previous proposition, we can now bound the annealed expectation of the

exit points of the polymer path from the axes.

Corollary 2.22. Suppose all of the assumptions of Proposition 2.20 hold. Then there

exists a positive constant C depending only on pa1, a2q, β, and γ such that for both

j “ 1, 2,

Em,nrtjs ď CN2{3 for all N P N.

Proof of Corollary 2.22. Since all of the constants C1, C2, C3, δ, δ1 determined by Propo-

sition 2.20 depend only on pa1, a2q, β, and γ, it is sufficient to show that the constant C to

be determined in this proof depends only on these five constants and γ. Let r ě 1_C1γ.

Then rN2{3 ě 1_ C1κN . Suppressing the m,n dependence,

Ertjs “

ż 8

0

P ptj ě uqdu

ď rN2{3
`

ż rN2{3_δN

rN2{3

P ptj ě uqdu`

ż 8

rN2{3_δN

P ptj ě uqdu. (2.4.14)
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We now bound the integrals in line (2.4.14) individually.

ż 8

rN2{3_δN

P ptj ě uqdu “

ż 8

rN2{3_δN

ż e´δ1u

0

PtQptj ě uq ě xudxdu

`

ż 8

rN2{3_δN

ż 1

e´δ1u
PtQptj ě uq ě xudxdu.

ď

ż 8

δN

e´δ1udu

`

ż 8

rN2{3_δN

ż δ1

0

PtQptj ě uq ě e´suue´suu dsdu

ď
1

δ1

e´δ1δN `

ż 8

rN2{3_δN

ż δ1

0

2e´pC3`squu dsdu ď C, (2.4.15)

where in the first inequality we bounded the first integrand by one and made the substi-

tution x “ e´su for the second. For the second inequality, we apply Proposition 2.20 to

get that PtQptj ě uq ě e´suu ď PtQptj ě uq ě e´δ1uu ď 2e´C3u for all u ě rN2{3 _ δN

and all 0 ă s ď δ1.

We now bound the first integral of (2.4.14). Without loss of generality, assume that

rN2{3 ă δN . Then

ż rN2{3_δN

rN2{3

P ptj ě uqdu “

ż δN

rN2{3

ż e´δ
u2

N

0

PtQptj ě uq ě xudxdu

`

ż δN

rN2{3

ż 1

e´δ
u2
N

PtQptj ě uq ě xudxdu

ď

ż δN

rN2{3

e´δ
u2

N du

`

ż δN

rN2{3

ż δ

0

PtQptj ě uq ě e´s
u2

N ue´s
u2

N
u2

N
dsdu

ď δNe´δr
2N1{3

`

ż 8

rN2{3

ż 1

e´s
u2
N

C2p
N2

u4
Ertjs `

N2

u3
qdsdu

ď C ` C2

´Ertjs

3r3
`
N2{3

2r2

¯

, (2.4.16)

where for the first inequality we bound the first integrand by one and make the substi-

tution x “ e´s
u2

N for the second. For the second inequality we apply Proposition 2.20
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to get that PtQptj ě uq ě e´s
u2

N u ď PtQptj ě uq ě e´δ
u2

N u ď C2

´

N2

u4
Ertjs `

N2

u3

¯

for all

rN2{3 ď u ď δN and all 0 ă s ď δ.

Combining the bounds on (2.4.15), (2.4.16) and (2.4.14), we have: for all r ě 1_C1γ,

Ertjs ď rN2{3
` C ` C2

`Ertjs

3r3
`
N2{3

2r2

˘

.

We can now fix r large enough with respect to C and C2 then rearrange to get the

desired result.

We can now give the proof of the upper bound of the variance of the free energy.

Proof of upper bound of Theorem 2.2. Averaging (2.1.3) and (2.1.4) of Proposition 2.1

then applying Lemma 2.19 followed by Corollary 2.22 (recalling that ψf
j

1 pajq “ VarrlogRjs)

gives

VarrlogZm,ns “ Em,nr
t1
ÿ

i“1

LR1pR1
i,0qs ` Em,nr

t2
ÿ

j“1

LR2pR2
0,jqs

ď CpEm,nrt1s ` Em,nrt2s ` 2q

ď CN2{3,

which concludes the proof.

The following corollary is obtained by combining Proposition 2.20 and Corollary 2.22.

Corollary 2.23. Assume that the polymer environment is distributed as in (2.3.2) and

the sequence pm,nq “ pmN , nNq
8
N“1 satisfies (2.1.5) for some positive constant γ. Then

there exists positive constants b0, C2, C3, δ, and δ1 depending only on pa1, a2q, β, and γ

such that for all N P N and b0 ď b ď δN1{3,

P
 

Qm,nptj ě bN2{3
q ě e´δb

2N1{3(

ď
2C2

b3
for j “ 1, 2, (2.4.17)
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while for all N P N and b ě b0 _ δN
1{3,

P
 

Qm,nptj ě bN2{3
q ě e´δ1bN

2{3(

ď 2e´C3bN2{3

for j “ 1, 2. (2.4.18)

Lemma 2.24. Assume that the polymer environment is distributed as in (2.3.2) and

the sequence pm,nq “ pmN , nNq
8
N“1 satisfies (2.1.5) for some positive constant γ. Then

there exist constants b0 ě 1 and C ą 0 depending only on pa1, a2q, β, and γ such that

for all b ě b0 and N P N,

Pm,nptj ě bN2{3
q ď

C

b3
for j “ 1, 2.

Therefore, for all 0 ă p ă 3 there exists a positive constant C 1 depending on pa1, a2q, β, γ,

and p such that for all N P N,

Em,n

”´ tj
N2{3

¯pı

ď C 1 for j “ 1, 2.

Proof of Lemma 2.24. By Corollary (2.23) there exist positive constants b0, C2, C3, δ,

δ1 with b0 ě 1 such that (2.4.17) holds for b0 ď b ď δN1{3 while (2.4.18) holds for

b ě δN1{3 _ b0.

We first estimate for b ď δN1{3,

Pm,nptj ě bN2{3
q “

ż 1

0

P
 

Qm,nptj ě bN2{3
q ě x

(

dx

“

ż δ

0

P
 

Qm,nptj ě bN2{3
q ě e´sb

2N1{3(

b2N1{3e´sb
2N1{3

ds (2.4.19)

`

ż 8

δ

P
 

Qm,nptj ě bN2{3
q ě e´sb

2N1{3(

b2N1{3e´sb
2N1{3

ds (2.4.20)

ď
2C2

b3
` e´δb

2N1{3

ď
C

b3

for some positive constant C, where we made the substitution x “ e´sb
2N1{3

, used (2.4.17)

to bound the probability inside the integral of (2.4.19), and bounded the probability
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inside the integral of (2.4.20) by 1. For b ě δN1{3, we make the substitution x “ e´sbN
2{3

to get

Pm,nptj ě bN2{3
q “

ż 1

0

P
 

Qm,nptj ě bN2{3
q ě x

(

dx

“

ż δ1

0

P
 

Qm,nptj ě bN2{3
q ě e´sbN

2{3(

bN2{3e´sbN
2{3

ds (2.4.21)

`

ż 8

δ1

P
 

Qm,nptj ě bN2{3
q ě e´sbN

2{3(

bN2{3e´sbN
2{3

ds (2.4.22)

ď 2e´C3bN2{3

` e´δ1bN
2{3

ď
C

b3

increasing the constant C if necessary, where we used (2.4.18) to bound the probability

inside the integral of (2.4.21) and bounded the probability inside the integral of (2.4.22)

by 1.

Proof of Corollary 2.4. Let m1 “ tNVarrlogR2su. Since Zm,n “ Zm1,n

m
ź

i“m1`1

R1
i,n,

N´α{2logZm,n “ N´α{2logZm1,n `N
´α{2

m
ÿ

i“m1`1

logR1
i,n.

The sequence pm1, nq satisfies (2.1.5). Using Chebyshev’s inequality and the upper

bound of Theorem 2.2 shows that the term N´α{2logZm1,n converges to zero in proba-

bility. By the down-right property, the summands in the second term are i.i.d. with mean

zero and variance VarrlogR1s. By the central limit theorem, N´α{2
řm
i“m1`1 logR1

i,n con-

verges in distribution to a centered normal with variance c1VarrlogR1s.

2.5 Proof of the path fluctuation upper bound

Given 0 ď k ă m and 0 ď l ă n, we define a partition function Z
pk,lq
m,n and quenched

polymer measure Q
pk,lq
m,n on up-right paths from pk, lq to pm,nq by using the collections
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tR1
i,l : k ` 1 ď i ď mu and tR2

k,j : l ` 1 ď j ď nu as weights along the edges of the

south and west boundaries of the rectangle rk,ms ˆ rl, ns respectively, and the weights

tpY 1
z , Y

2
z q : z P tk`1, . . . ,muˆtl`1, . . . , nuu for the remaining edges. When the original

polymer environment (1.2.1) has the down-right property, it follows that Z
pk,lq
m,n has the

same distribution as Zm´k,n´l.

For an up-right path x‚ from pk, lq to pm,nq, define

t
pk,lq
1 px‚q :“ maxti : pk ` i, lq P x‚u, t

pk,lq
2 px‚q :“ maxtj : pk, l ` jq P x‚u.

Recall the definition (2.1.7).

Lemma 2.25. Assume that the polymer environment satisfies the down-right property.

Then for all 0 ď k ă m, 0 ď l ă n, and u ě 0,

Qm,npv1plq ě k ` uq “ Qpk,lqm,n pt
pk,lq
1 ě uq

d
“ Qm´k,n´lpt1 ě uq, (2.5.1)

Qm,npw1pkq ě l ` uq “ Qpk,lqm,n pt
pk,lq
2 ě uq

d
“ Qm´k,n´lpt2 ě uq. (2.5.2)

Proof. For 0 ď i ă m and 0 ď j ă n, we let

Zpi,jq,pm,nq :“
ÿ

x‚

pm´iq`pn´jq
ź

k“1

ωpxk´1,xkq

denote the partition function for up-right paths from pi, jq to pm,nq, where the sum is

taken over all such paths. A decomposition shows that

Zpk,lqm,n “

m
ÿ

i“k`1

˜

i
ź

a“k`1

R1
a,l

¸

Y 2
i,l`1Zpi,l`1q,pm,nq

`

n
ÿ

j“l`1

˜

j
ź

b“l`1

R2
k,b

¸

Y 1
k`1,jZpk`1,jq,pm,nq

“

m
ÿ

i“k`1

Zi,l
Zk,l

Y 2
i,l`1Zpi,l`1q,pm,nq `

n
ÿ

j“l`1

Zk,j
Zk,l

Y 1
k`1,jZpk`1,jq,pm,nq “

Zm,n
Zk,l

.
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We then have that for r P t0, . . . ,m´ ku,

Qpk,lqm,n pt
pk,lq
1 “ rq “

1

Z
pk,lq
m,n

˜

r
ź

i“1

R1
k`i,l

¸

Y 2
k`r,l`1Zpk`r,l`1q,pm,nq

“
1

Z
pk,lq
m,n

Zk`r,l
Zk,l

Y 2
k`r,l`1Zpk`r,l`1q,pm,nq

“
Zk`r,lY

2
k`r,l`1Zpk`r,l`1q,pm,nq

Zm,n

“ Qm,npv1plq “ k ` rq.

Summing over r ě u gives the first equality in (2.5.1). The equality in distribution

follows from the down-right property. An analogous argument gives (2.5.2).

We can now prove the upper bound on the polymer path fluctuations under the

annealed measure.

Proof of Theorem 2.5. By assumption, the polymer environment is distributed as in

(2.3.2). If τ “ 0 this reduces to Lemma 2.24. If τ P p0, 1q put pk, lq “ ptτmu, tτnuq. By

part (c) of Remark 2.11, VarrRis “ ψf
i

1 paiq for i “ 1, 2. Multiplying (2.1.5) by p1 ´ τq,

up to integer corrections the sequence pm´ k, n´ lq satisfies

|m´ k ´Mψf
2

1 pa2q| _ |n´ l ´Mψf
1

1 pa1q| ď γ0M
2{3, (2.5.3)

where M “ p1´ τqN and γ0 “ γp1´ τq1{3. We then apply Lemma 2.25 to get

Qm,npv1ptτnuq ě τm` bN2{3
q ď Qm,npv1ptτnuq ě tτmu` bN2{3

q

d
“ Qm´k,n´lpt1 ě bN2{3

q.

Applying Lemma 2.24, we get

Pm,npv1ptτnuq ě τm` bN2{3
q ď

C

b3
. (2.5.4)
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The same argument in the vertical direction gives us

Pm,npw1ptτmuq ě τn` bN2{3
q ď

C

b3
. (2.5.5)

To prove the corresponding bounds for v0 and w0 we now let k “ tτm´ bN2{3u and

l “ tτn ´ bN2{3 n
m

u. Again pm ´ k, n ´ lq will satisfy (2.5.3) for a different constant γ0.

Since w1pkq ě tτnu implies that v0ptτnuq ď k, it follows that

Qm,npv0ptτnuq ď τm´ bN2{3
q ď Qm,npw1pkq ě tτnuq

“ Qpk,lqm,n pt
pk,lq
2 ě tτnu´ lq

ď Qpk,lqm,n pt
pk,lq
2 ě CbN2{3

q

d
“ Qm´k,n´lpt2 ě CbN2{3

q,

for some constant C depending on pa1, a2q, β, and γ. Applying Lemma 2.24 gives

Pm,npv0ptτnuq ď τm´ bN2{3
q ď

C

b3
. (2.5.6)

An analogous argument shows that

Pm,npw0ptτmuq ď τn´ bN2{3
q ď

C

b3
. (2.5.7)

Combining bounds (2.5.4) and (2.5.6) gives (2.1.8), and (2.5.5) with (2.5.7) gives (2.1.9),

completing the proof.

2.6 Proof of the variance and path fluctuation lower

bounds

Proposition 2.26. Assume that the polymer environment is distributed as in (2.3.2)

and the sequence pm,nq “ pmN , nNq
8
N“1 satisfies (2.1.5) for some positive constant γ.
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Then there exist positive constants c0, ε0, N0 depending only on pa1, a2q, β and γ such

that for all N ě N0,

P
`

logZm,n ě c0N
1{3
˘

ě ε0.

From this proposition we can obtain the lower bound of Theorem 2.2:

VarrlogZm,ns ě E
“

plogZm,nq
2 : logZm,n ě c0N

1{3
‰

ě P
`

logZm,n ě c0N
1{3
˘

pc0N
1{3
q
2

ě ε0c
2
0N

2{3.

Proof of Proposition 2.26. Let ε ą 0 be small enough such that for all |λ| ď ε, a1 ` λ P

DpMf1q and a2 ´ λ P DpMf2q. Define

rm “ tm
ψf

2

1 pa2 ´ λq

ψf
2

1 pa2q
u, rn “ tn

ψf
1

1 pa1 ` λq

ψf
1

1 pa1q
u.

Taking Taylor expansions gives

m´ rm “ λ
ψf

2

2 pa2q

ψf
2

1 pa2q
m` opλqm

rn´ n “ λ
ψf

1

2 pa1q

ψf
1

1 pa1q
n` opλqn.

(2.6.1)

Let b be a large fixed constant which will be determined through the course of the proof.

Then there exists N0 P N such that for all N ě N0, bN´1{3 ď ε. Then with λ “ bN´1{3,

the sequence prm, rnq satisfies

|rm´Nψf
2

1 pa2 ´ λq| _ |rn´Nψ
f1

1 pa1 ` λq| ď γ0N
2{3

for some positive constant γ0. By Table 22 and (C.0.1) in the Appendix, in each of the

four basic beta-gamma models, either ψf
1

2 pa1q and ψf
2

2 pa2q are both positive (inverse-

beta model for certain choices of parameters and inverse-gamma model for all choices of
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parameters), ψf
1

2 pa1q is negative and ψf
2

2 pa2q is positive (gamma and beta models), or

ψf
1

2 pa1q is positive and ψf
2

2 pa2q is non-positive (inverse-beta model with the remaining

choices of parameters). By flipping the x and y axes in the second case, we only need

to consider the first and third cases.

For the case where ψf
1

2 pa1q and ψf
2

2 pa2q are both positive define AN “ m ´ rm and

BN “ rn ´ n. This case is illustrated in Figure 12. By (2.6.1) and increasing N0 if

necessary, there exist positive constants c1, c2, C1, C2 such that for N ě N0,

c1bN
2{3
ď AN ď C1bN

2{3,

c2bN
2{3
ď BN ď C2bN

2{3.

m

n

rm

rn

Figure 12: Case 1: ψf12 and ψf22 are both positive.

In the case where ψf
1

2 pa1q ą 0 and ψf
2

2 pa2q ď 0 we define c :“ 1
2
pm
rm
` n

rn
q and let

m “ crm, n “ crn. This case is illustrated in Figure 13. This pm,nq will satisfy

|m´Mψf
2

1 pa2 ´ λq| _ |n´Mψf
1

1 pa1 ` λq| ď γ0c
1{3M2{3

where M “ cN . A Taylor expansion gives

c “ 1`

˜

ψf
2

2 pa2q

ψf
2

1 pa2q
´
ψf

1

2 pa1q

ψf
1

1 pa1q

¸

λ

2
` opλq
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and thus

m´m “
λ

2

˜

ψf
2

2 pa2q

ψf
2

1 pa2q
`
ψf

1

2 pa1q

ψf
1

1 pa1q

¸

m` opN2{3
q,

n´ n “
λ

2

˜

ψf
2

2 pa2q

ψf
2

1 pa2q
`
ψf

1

2 pa1q

ψf
1

1 pa1q

¸

n` opN2{3
q.

The quantity
ψf

2

2 pa2q

ψf
2

1 pa2q
`
ψf

1

2 pa1q

ψf
1

1 pa1q
is positive since ψf

1

1 and ψf
2

1 are both positive and ψf
2

1 pa2qψ
f1

2 pa1q`

ψf
1

1 pa1qψ
f2

2 pa2q ą 0 by Lemma C.2 in the Appendix. Letting A “ m´m and B “ n´n,

there exist positive constants c11, c
1
2, C

1
1, C

1
2 such that

c11bM
2{3
ďAM ď C 11bM

2{3,

c12bM
2{3
ďBM ď C 12bM

2{3.

Recall that Ppa1,a2q is used to denote the probability measure on the polymer environment

m

n

rm

rn

m

n

Figure 13: Case 2: ψf12 ą 0 and ψf22 ď 0.

with parameters a1 and a2. Let pra1,ra2q “ pa1 ` λ, a2 ´ λq. Our goal is to show that

Ppa1,a2q
`

logZm,n ě ErlogZm,ns ` c0N
1{3
˘

ě ε0.

We will do so by making estimates using the pra1,ra2q environment and then use a coupling

of the two environments to transfer the results to the pa1, a2q environment.
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We would first like to show that in the pra1,ra2q environment, with high probability

the quenched probability gives most of the weight to paths which exit the x-axis at a

point of order bN2{3. That is: there exist positive constants C3, C such that, given any

ε ą 0,

Ppra1,ra2q
 

Qm,npc1bN
2{3
ď t1 ď C3bN

2{3
q ě 1´ ε

(

ě 1´
C

b3
(2.6.2)

holds for all sufficiently large N .

We start by using Lemma 2.25 to relate an upper bound on t1 to a lower bound on

t2.

Qm,npt1 ď ANq
d
“ Qm,rnpv1pBNq ď ANq “ Qm,rnpw1pANq ą BNq

d
“ Q

rm,rnpt2 ą BNq.

Using this and Corollary 2.23, there exists δ ą 0 such that

Ppra1,ra2q
 

Qm,npt1 ą c1bN
2{3
q ě 1´ e´

δ
N
B2
N

(

ě Ppra1,ra2q
 

Qm,npt1 ą ANq ě 1´ e´
δ
N
B2
N

(

“ Ppra1,ra2q
 

Qm,npt1 ď ANq ď e´
δ
N
B2
N

(

“ Ppra1,ra2q
 

Q
rm,rnpt2 ą BNq ď e´

δ
N
B2
N

(

ě 1´ Cb´3.

This implies that

Ppra1,ra2q
 

Qm,npt1 ď c1bN
2{3
q ě e´

δ
N
B2
N

(

ď Cb´3.

Applying the upper bound (2.4.17) directly with C3 ą C2, we obtain

Ppra1,ra2q
 

Qm,npt1 ą C3bN
2{3
q ě e´

δ
N
B2
N

(

ď Cb´3
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for another positive constant C. Taking a union bound we put the two bounds together

and get

Ppra1,ra2q
 

Qm,npc1bN
2{3
ď t1 ď C3bN

2{3
q ě 1´ 2e´

δ
N
B2
N

(

ě 1´ Cb´3.

Taking N large enough, we get (2.6.2).

The argument for the case where we use pm,nq and A,B is unchanged, with the

exception of using the scaling parameter M rather than N . This difference can be

absorbed into the constants.

In order to make use of the bound (2.6.2) for the system with the original pa1, a2q

environment we create a new measure qP which has both a1 and ra1 distributed weights

along the x-axis and estimate the Radon-Nikodym derivative of the pa1, a2q environment

with respect to this new environment.

Let qω denote the environment that has the same weights as the pa1, a2q environ-

ment except for the weights R1
i,0 for 1 ď i ď tC3bN

2{3u, which will be distributed with

parameter ra1. Let qP denote the probability measure of this environment. Then for

each path x‚ with c1bN
2{3 ď t1px‚q ď C3bN

2{3, the weight of the path in the pra1,ra2q

environment and the weight of the path in the qω environment agree. Thus, defining

Zm,npAq :“
ř

x‚PA

śm`n
k“1 ωpxk´1,xkq,

Zm,npc1bN
2{3
ď t1 ď C3bN

2{3
q (2.6.3)

is the same in distribution under Ppra1,ra2q and qP. We can now make use of the bound

(2.6.2).

Using a third-order Taylor expansion, the same series of calculations which leads

to inequality (2.4.11) in the proof of Proposition 2.20 gives the existence of a constant
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C 1 ą 0 such that:

Epra1,ra2qrlogZm,ns ´ Epa1,a2qrlogZm,ns “ m
´

Ψf1
0 pra1q ´Ψf1

0 pa1q

¯

` n
´

Ψf2
0 pra2q ´Ψf2

0 pa2q

¯

ě ´γbN1{3C 1 ` 4c4b
2N1{3

´ b3C 1

ě c4b
2N1{3

(2.6.4)

where c4 :“ 1
8

´

ψf
2

1 pa2qψ
f1

2 pa1q ` ψf
1

1 pa1qψ
f2

2 pa2q

¯

is positive by Lemma C.2 in the Ap-

pendix. The last inequality is obtained by first fixing b large enough then increasing N0

if necessary.

We now split the probability

Ppra1,ra2q
 

Qm,npc1bN
2{3
ď t1 ď C3bN

2{3
q ě 1´ ε

(

“ Ppra1,ra2q
"

1

Zm,n
Zm,npc1bN

2{3
ď t1 ď C3bN

2{3
q ě 1´ ε

*

ď qP
!

Zm,npc1bN
2{3
ď t1 ď C3bN

2{3
q ě p1´ εqeE

pra1,ra2qrlogZm,ns´
1
2
c4b2N1{3

)

(2.6.5)

` Ppra1,ra2q
!

Zm,n ď eE
pra1,ra2qrlogZm,ns´

1
2
c4b2N1{3

)

ď qP
!

Zm,npc1bN
2{3
ď t1 ď C3bN

2{3
q ě p1´ εqeE

pa1,a2qrlogZm,ns`
1
2
c4b2N1{3

)

(2.6.6)

` Ppra1,ra2q
!

Zm,n ď eE
pra1,ra2qrlogZm,ns´

1
2
c4b2N1{3

)

. (2.6.7)

The transition from Ppra1,ra2q to qP in (2.6.5) is due to the equality in distribution of (2.6.3)

under these measures. Inequality (2.6.6) comes from (2.6.4).

For (2.6.7) we can use Chebyshev’s inequality then the upper bound of the variance

to get

(2.6.7) ď
C

b3
.
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Thus (2.6.6) ě 1 ´ C
b3

for some new positive constant C. Let g be the Radon-Nikodym

derivative dqP{dPpa1,a2q. Recall that the distributions differ only on the weights along the

x-axis up until site tC3bN
2{3u. Thus

gpωq “

ˆ

Mf1pa1q

Mf1pra1q

˙tC3bN2{3u tC3bN2{3u
ź

i“1

ωλi,0.

We can evaluate Epa1,a2qrg2s explicitly. Increasing N0, if necessary, so that 2λ ď ε,

Epa1,a2qrω2λ
i,0s “

1

Mf1pa1q

ż 8

0

x2λxa1´1f 1
pxqdx “

Mf1pa1 ` 2λq

Mf1pa1q
.

Now

Epa1,a2qrg2
s “

ˆ

Mf1pa1q

Mf1pra1q

˙2tC3bN2{3u tC3bN2{3u
ź

i“1

Epa1,a2qrω2λ
i,0s

“

ˆ

Mf1pa1qMf1pa1 ` 2λq

Mf1pa1 ` λq2

˙tC3bN2{3u

.

Taking logarithms of both sides,

logEpa1,a2qrg2
s

“ tC3bN
2{3u

´

logMf1pa1q ` logMf1pa1 ` 2bN´1{3
q ´ 2 logMf1pa1 ` bN

´1{3
q

¯

Recall that B2

Ba2
logMf1paq “ ψf

1

1 paq ą 0. Then

lim
NÑ8

logEpa1,a2qrg2
s

“ C3b lim
NÑ8

logMf1pa1q ` logMf1pa1 ` 2bN´1{3q ´ 2 logMf1pa1 ` bN
´1{3q

N´2{3

“ C3b
2 lim
NÑ8

ψf
1

0 pa1 ` 2bN´1{3q ´ ψf
1

0 pa1 ` bN
´1{3q

N´1{3

“ C3b
3ψf

1

1 pa1q ą 0

Increase N0 if necessary so that for all N ě N0,

Epa1,a2qrg2
s ď e2C3b3 .
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Defining the event

D “

!

Zm,npc1bN
2{3
ď t1 ď C3bN

2{3
q ě p1´ εqeE

pa1,a2qrlogZm,ns`
1
2
c4b2N1{3

)

,

we get

1´
C

b3
ď (2.6.6) “ qPpDq

“ Epa1,a2qrg1Ds

ď
`

Epa1,a2qrg2
s
˘1{2`Ppa1,a2qpDq

˘1{2

ď eC3b3
`

Ppa1,a2qpDq
˘1{2

.

Thus

ε0 :“ p1´
C

b3
q
2e´2C3b3 ď Ppa1,a2qpDq.

Finally we have that

ε0 ď Ppa1,a2qpDq ď Ppa1,a2q
´

Zm,n ě p1´ εqe
Epa1,a2qrlogZm,ns`

1
2
c4b2N1{3

¯

“ Ppa1,a2q
´

logZm,n ě logp1´ εq ` Epa1,a2qrlogZm,ns `
c4b2N1{3

2

¯

ď Ppa1,a2q
`

logZm,n ě Epa1,a2qrlogZm,ns ` c0N
1{3
˘

.

Increasing N0 if necessary and taking c0 “
1
4
c4b

2 the final inequality holds for all N ě N0.

This concludes the proof.

We can use the variance lower bound to obtain a lower bound on the exit points of

the path from the horizontal and vertical axes.

Corollary 2.27. Assume that the polymer environment is distributed as in (2.3.2) and

the sequence pm,nq “ pmN , nNq
8
N“1 satisfies (2.1.5) for some positive constant γ. Then



60

there exist positive constants c0, c1, N0 depending only on pa1, a2q, β and γ such that for

all N ě N0,

c0 ď Pm,npt1 ą c1N
2{3 or t2 ą c1N

2{3
q.

Proof. Averaging (2.1.3) and (2.1.4) of Proposition 2.1 then applying Lemma 2.19 fol-

lowed by the lower bound of Theorem 2.2 gives the existence of positive constants

c, C, N0 such that for all N ě N0

cN2{3
ď VarrlogZm,ns “ Em,nr

t1
ÿ

i“1

LR1pR1
i,0qs ` Em,nr

t2
ÿ

j“1

LR2pR2
0,jqs

ď CpEm,nrt1 ` t2s ` 2q.

Letting c1 :“ c{6C and increasing N0 if necessary followed by an application of the

Cauchy-Schwartz inequality along with Lemma 2.24 gives

3c1 ď Em,nr
t1 ` t2
N2{3

s ď 2c1 ` Em,nr
t1 ` t2
N2{3

: t1 ` t2 ą 2c1N
2{3
s

ď 2c1 ` C
1Pm,npt1 ` t2 ą 2c1N

2{3
q
1
2

for some positive constant C 1. Thus

c0 :“ p
c1

C 1
q
2
ď Pm,npt1 ` t2 ą 2c1N

2{3
q ď Pm,npt1 ą c1N

2{3 or t2 ą c1N
2{3
q,

which completes the proof.

We now prove the path fluctuation lower bound.

Proof of (2.1.10). If τ “ 0, this reduces to Corollary 2.27. If τ P p0, 1q put pk, lq “

ptτmu, tτnuq. Then the sequence pm ´ k, n ´ lq satisfies (2.1.5) with a new scaling
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parameter M “ p1´ τqN . By the down-right property and Lemma 2.25

Qm´k,n´lpt1 ą u or t2 ą uq
d
“ Qpk,lqm,n pt

pk,lq
1 ą u or t

pk,lq
2 ą uq

“ Qm,npv1plq ą k ` u or w1pkq ą l ` uq

ď Qm,npv1plq ą τm`
u

2
or w1pkq ą τn`

u

2
q

provided that u ě 2. Corollary 2.27 applied to the sequence pm ´ k, n ´ lq completes

the proof.
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Chapter 3

Characterization

The content of this chapter is joint work with Christian Noack and is a modified form

of an article which has been published in the Electronic Journal of Probability [13].

3.1 Introduction

One method which has been used to study certain models of percolation and polymers

is to introduce a version of the model with boundary conditions that possesses a sta-

tionarity property. This stationarity property allows for the exact computation of some

quantities of interest, such as the free energy. In [41] O’Connell and Yor introduce a

model for a directed polymer in a Brownian environment with a Burke-type stationarity

property. In [46] Seppäläinen and Valkó use this stationarity to find bounds on the

fluctuation exponents of the free energy and the fluctuation of the paths. In [12] Cator

and Groeneboom relate a stationary version of the Hammersley process to the location

of a second class particle and determine the order of the variance of the longest weakly

north-east path. In [4] Balázs, Cator, and Seppäläinen use a stationary version of the

last passage growth model with exponential weights to study the variance of the last

passage time and transversal fluctuations of the maximal path.
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We define the integrability property T h,Y -invariance (Definition 3.1) which encapsu-

lates this stationarity in the setting of lattice directed polymers. This property implies

a preservation in distribution of ratios of partition functions. The first model discovered

possessing this property is the log-gamma model, introduced by Seppäläinen in [45].

In his paper T h,Y -invariance is used to prove the conjectured values for the fluctuation

exponents of the free energy and the polymer path in the stationary point-to-point case

and to prove upper bounds for the exponents in the point-to-point and point-to-line cases

without boundary conditions. In [25] Georgiou and Seppäläinen use T h,Y -invariance to

obtain large deviation results for the log-gamma polymer. In the setting of directed

polymer models, this is the first instance where precise large deviation rate functions for

the free energy were derived.

Thereafter three additional models admitting T h,Y -invariant versions were found: the

strict-weak model, introduced simultaneously by Corwin, Seppäläinen, and Shen in [20]

and O’Connell and Ortmann in [38], the beta model, introduced by Barraquand and

Corwin in [7] as the beta RWRE, and the inverse-beta model, introduced by Thiery

and Le Doussal in [50]. The stationary versions of these models were given by Balázs,

Rassoul-Agha, and Seppäläinen in [6] for the beta model, Thiery in [49] for the inverse-

beta model, and by Corwin, Seppäläinen, and Shen in [20] for the strict-weak model.

In this work we present a uniqueness result for T h,Y -invariant models. That is, under

some regularity assumptions and up to the two natural modifications of reflection and

scaling, the log-gamma, strict-weak, beta, and inverse-beta are the only T h,Y -invariant

models.

This work is similar in spirit to the physics works of Evans, Majumdar, and Zia

([22], [51], and [23]), who consider mass transport models on graphs and provide a
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characterization of the models which have a product form stationary measure. The

work of Povolotsky [42] uses the framework of Evans, Majumdar, and Zia and obtains

a three parameter family of zero range mass transfer models which are integrable via

Bethe ansatz. In fact, both the beta and the inverse-beta models were obtained as limits

of Povolotsky’s family of models.

In the paper [14] we use T h,Y -invariance along with a Mellin transform framework

to simultaneously prove the conjectured values for the fluctuation exponents of the free

energy and polymer path in the stationary point-to-point version of these four models.

3.1.1 The polymer model

The directed polymer in a random environment, first introduced by Huse and Henley

[27], models a long chain of molecules in the presence of random impurities. Imbrie and

Spencer [28] formulated this model as a random walk in a random environment. See the

lectures by Comets [15] for a survey of results on directed polymers. We consider a class

of 1+1-dimensional directed polymers on the integer lattice.

On each edge e of the Z2
` lattice we place a positive random weight. For x P N2,

let ux and vx denote the horizontal and vertical incoming edge weights. We assume

that the collection of pairs tpux, vxquxPN2 is independent and identically distributed,

but do not insist that ux is independent of vx (in fact we will later assume vx is a

function of ux). Call this collection the bulk weights. For x P Nˆ t0u, let R1
x denote the

horizontal incoming edge weight, and for x P t0uˆN, let R2
x denote the vertical incoming

edge weight. We assume the collections tR1
xuxPNˆt0u and tR2

yuyPt0uˆN are independent

and identically distributed, and refer to them as the horizontal and vertical boundary
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weights, respectively. We further assume that the horizontal boundary weights, the

vertical boundary weights, and the bulk weights are independent of each other. This

assignment of edge weights is illustrated in Figure 14.

R2
0,j

R1
i,0

ux

vx

x

Figure 14: Assignment of edge weights.

For pm,nq P Z2
`ztp0, 0qu, let Πm,n be the collection of all up-right paths from

p0, 0q to pm,nq. See Figure 15 for an example of such a path. We identify paths

x‚ “ px0, x1, . . . , xm`nq by their sequence of vertices, but also associate to paths their

sequence of edges pe1, . . . , em`nq, where ei “ txi´1, xiu. The point-to-point partition

function for the directed polymer is defined as

Zm,n :“
ÿ

x‚PΠm,n

m`n
ź

i“1

ωei for pm,nq P Z2
`ztp0, 0qu,

where ωe is the weight associated to the edge e. At the origin, define Z0,0 :“ 1.

Write α1 “ p1, 0q, α2 “ p0, 1q. The partition functions satisfy the recurrence relation

Zx “ uxZx´α1 ` vxZx´α2 for x P N2. (3.1.1)

For k “ 1, 2 define ratios of partition functions

Rk
x :“

Zx
Zx´αk

for all x such that x´ αk P Z2
`.
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Figure 15: An up-right path from p0, 0q to p5, 5q.

Note that these extend the definitions ofR1
i,0 andR2

0,j, since for example Zi,0 “
śi

k“1R
1
k,0.

The recurrence relation (3.1.1) yields the recursions

R1
x “ ux ` vx

R1
x´α2

R2
x´α1

R2
x “ ux

R2
x´α1

R1
x´α2

` vx

for x P N2. (3.1.2)

We look to exploit these recursions to obtain more structure of the ratios R1
x and R2

x,

which in turn allows us to analyze quantities of interest such as the free energy, logZm,n.

The notation X
d
“ Y is used to specify that random vectors X and Y have the same

distribution. We look for cases where pR1
x, R

2
xq

d
“ pR1

x´α2
, R2

x´α1
q, under the assumption

that ux and vx have a functional dependence of the form pux, vxq “
`

Yx, hpYxq
˘

for some

positive random variable Yx and positive function h. We further assume that there

exist positive random variables R1, R2, Y such that the horizontal boundary weights,

the vertical boundary weights, and the bulk weights are distributed as R1, R2, and

`

Y, hpY q
˘

, respectively.

When Y is a random variable taking values in the domain of h and pR1, R2q is a
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random vector taking values in p0,8q2, define the random vector

T h,Y pR1, R2
q :“

ˆ

Y ` hpY q
R1

R2
, Y

R2

R1
` hpY q

˙

. (3.1.3)

Note that with pux, vxq “
`

Yx, hpYxq
˘

, the recursive equations (3.1.2) imply

`

R1
x, R

2
x

˘

“ T h,Yx
`

R1
x´α2

, R2
x´α1

˘

for all x P N2. (3.1.4)

Definition 3.1. Let O3 Ă p0,8q, h : O3 Ñ p0,8q, and assume the random variable

Y takes values in O3. Let pR1, R2q be a random vector taking values in p0,8q2 that is

independent of Y . We say that pR1, R2q is T h,Y -invariant if T h,Y pR1, R2q
d
“ pR1, R2q.

Definition 3.1, while stated in terms of the random variables pR1, R2q and Y , is really a

property of the distributions of pR1, R2q and Y .

If pR1, R2q is T h,Y -invariant with R1 independent of R2, then (3.1.4) and an induction

argument imply that the polymer model possesses a form of stationarity:

`

R1
x, R

2
x

˘ d
“
`

R1, R2
˘

for all x P N2. (3.1.5)

Although our two main theorems require R1 and R2 to be independent, the results in

Section 3.2 hold without this independence.

3.1.2 Main results

Our first main result, Theorem 3.2, consists of showing that, under some regularity

assumptions, T h,Y -invariance can only occur if h is of the form hpyq “ a ` by for real

numbers a, b satisfying a _ b ą 0. Our second main result, Theorem 3.4, consists of

showing that if h has this form, then T h,Y -invariance only arises as a modification of

the four known invariant models (described in (3.1.7) through (3.1.10)). In the case of
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hpyq “ y, which is equivalent to vertex disorder, the uniqueness of the vertex weight

distributions was already shown (Lemma 3.2 of [45]).

Given a real valued function f we call tx : fpxq ‰ 0u the support of f . Note that

we do not insist on taking the closure of this set. Define the non-random analogue of

(3.1.3),

T h,ypr1, r2q :“
`

y ` hpyq r1
r2
, y r2

r1
` hpyq

˘

. (3.1.6)

Theorem 3.2. Let R1, R2, Y be positive, independent random variables with respective

densities f1, f2, f3. Assume that the support of fj is Oj Ă p0,8q for j “ 1, 2, 3, where

each Oj is open and O3 is connected. Assume f1, f2 are twice differentiable on O1 and

O2 respectively and that f3 is three times differentiable on O3. Suppose h : O3 Ñ p0,8q

is four times differentiable, the mapping O1ˆO2ˆO3 Q pr1, r2, yq ÞÑ T h,ypr1, r2q surjects

onto O1 ˆ O2, and r2
r1
` h1pyq ‰ 0 for all pr1, r2, yq P O1 ˆ O2 ˆ O3. If pR1, R2q is

T h,Y -invariant, then h must be of the form hpyq “ a ` by, where a, b are real numbers

satisfying a_ b ą 0.

Remark 3.3. If pR1, R2, Y q has support O1 ˆ O2 ˆ O3 and pR1, R2q is T h,Y -invariant,

then the surjectivity condition is a natural assumption. The assumption r2
r1
` h1pyq ‰ 0

is a convenience used in Lemma 3.11 which allows us to extend the preservation of

distribution of the pair pR1, R2q to the triple pR1, R2, Y q (see Definition 3.6). However,

this assumption can be removed by an application of Sard’s theorem (see Lemma 3.12)

at the expense of making a.e. statements throughout Section 3.2. As an example for

when the assumption r2
r1
` h1pyq ‰ 0 is satisfied, we can take h to be any differentiable

increasing function. Note that the assumptions do not require O1 or O2 to be connected.

Before giving the second main result we give the form of each of the four known
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invariant models.

The notation X „ Gapα, βq is used to denote that a random variable is gammapα, βq

distributed, i.e. has density Γpαq´1βαxα´1e´βx supported on p0,8q, where Γpαq “

ş8

0
xα´1e´xdx is the gamma function. X „ Bepα, βq is used to say that X is betapα, βq

distributed, i.e. has density Γpα`βq
ΓpαqΓpβq

xα´1p1´xqβ´1 supported on p0, 1q. We then use X „

Ga´1
pα, βq and X „ Be´1

pα, βq to denote that X´1 „ Gapα, βq and X´1 „ Bepα, βq,

respectively. We also use X „
`

Be´1
pα, βq ´ 1

˘

to denote that X`1 „ Be´1
pα, βq. The

symbol b is used to denote (independent) product distribution.

• Inverse-gamma: This is also known as the log-gamma model. Assume µ ą λ ą

0, β ą 0 and

`

R1, R2, Y
˘

„ Ga´1
pµ´ λ, βq bGa´1

pλ, βq bGa´1
pµ, βq. (3.1.7)

Then pR1, R2q is T h,Y -invariant, where hpyq “ y. (See Lemma 3.2 of [45].)

• Gamma: This is also known as the strict-weak model. Assume λ, µ, β ą 0 and

`

R1, R2, Y
˘

„ Gapµ` λ, βq b Be´1
pλ, µq bGapµ, βq. (3.1.8)

Then pR1, R2q is T h,Y -invariant, where hpyq “ 1. (See Lemma 6.3 of [20].)

• Beta: Assume λ, µ, β ą 0 and

`

R1, R2, Y
˘

„ Bepµ` λ, βq b Be´1
pλ, µq b Bepµ, βq. (3.1.9)

Then pR1, R2q is T h,Y -invariant, where hpyq “ 1´ y. (See Lemma 3.1 of [6].)

• Inverse-beta: Assume µ ą λ ą 0, β ą 0 and

`

R1, R2, Y
˘

„ Be´1
pµ´ λ, βq b

`

Be´1
pλ, β ` µ´ λq ´ 1

˘

b Be´1
pµ, βq. (3.1.10)
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Then pR1, R2q is T h,Y -invariant, where hpyq “ y´ 1. (See Proposition 3.1 of [49].)

The name of each model refers to the distribution of the bulk weights. We call these

models the four basic beta-gamma models.

Theorem 3.4. Let Oj Ă p0,8q for j “ 1, 2, 3 and assume h : O3 Ñ p0,8q has the form

hpyq “ a ` by, where a, b are real numbers satisfying a _ b ą 0. Assume the mapping

O1 ˆ O2 ˆ O3 Q pr1, r2, yq ÞÑ T h,ypr1, r2q surjects onto O1 ˆ O2, and R1, R2, Y are

non-degenerate, independent random variables taking values in O1, O2, O3 respectively.

(a) If a “ 0 and b ą 0, then pR1, R2q is T h,Y -invariant if and only if
`

R1, 1
b
R2, Y

˘

is

distributed as in (3.1.7).

(b) If a ą 0 and b “ 0, then pR1, R2q is T h,Y -invariant if and only if
`

R1, 1
a
R2, Y

˘

is

distributed as in (3.1.8).

(c) If a ą 0, b ă 0, and ´b R t y
x

: px, yq P O1 ˆO2u, then pR1, R2q is T h,Y -invariant if

and only if either
`

´ b
a
R1, 1

a
R2,´ b

a
Y
˘

or
`

1
a
R2,´ b

a
R1, 1` b

a
Y
˘

is distributed as in

(3.1.9).

(d) If a ă 0 and b ą 0, then pR1, R2q is T h,Y -invariant if and only if
`

´ b
a
R1,´ 1

a
R2,´ b

a
Y
˘

is distributed as in (3.1.10).

(e) If a, b ą 0, then pR1, R2q is T h,Y -invariant if and only if
`

1
a
R2, b

a
R1, 1` b

a
Y
˘

is

distributed as in (3.1.10).

Figure 16 illustrates which one of the four basic beta-gamma models corresponds to

each choice of parameters a, b.
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a

b

1

-1

-1

1

– Inverse-gamma

– Gamma

– Beta

– Inverse-beta

– Not allowed

Figure 16: Modifications of the four beta-gamma models.

In the related physics paper [50], Thiery and Le Doussal study the implications of

Bethe ansatz solvability in the context of 1`1-dimensional lattice directed polymers. In

their work, they consider the model without boundary and do not impose the additional

assumption that the weights on incoming horizontal and vertical edges, ux and vx, have

a functional dependence. Making the assumption of coordinate Bethe ansatz solvability

(for a precise definition see II.B in [50]), they arrive at a formula for the joint moments

of ux and vx. This is carried out under the assumption that all joint moments of ux and

vx are finite. Ignoring the finiteness of these moments, they consider the implications

of the joint moment conditions in an attempt to classify all weights ux and vx leading

to coordinate Bethe ansatz solvability. From this classification they are able to retrieve

the four basic beta-gamma models. This suggests a direct connection between the inte-

grability properties of Bethe ansatz solvability and stationarity. In the current work we

do not further explore this connection, but consider it an interesting direction for future
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research.

Structure of the chapter: In Section 3.2 we define the stronger property T h-invariance,

and give conditions for when T h,Y -invariance is equivalent to T h-invariance. T h-invariance

will be used as a tool in proving our main theorems. The proof of Theorem 3.2 is then

given in Section 3.3. In Section 3.4 we describe the natural modifications of reflection

and scaling. The proof of Theorem 3.4 is given in Section 3.5.

3.2 Equivalences between T h,Y -invariance and T h-invariance

First define

T h1 pr1, r2, yq :“ y ` hpyq
r1

r2

T h2 pr1, r2, yq :“ y
r2

r1

` hpyq. (3.2.1)

Notice that pR1, R2q is T h,Y -invariant if and only if

`

T h1 , T
h
2

˘`

R1, R2, Y
˘

:“
`

T h1 pR
1, R2, Y q, T h2 pR

1, R2, Y q
˘ d
“
`

R1, R2
˘

.

In this section we determine conditions which allow us to construct a function T h3

such that
`

T h1 , T
h
2 , T

h
3

˘

pR1, R2, Y q
d
“ pR1, R2, Y q. Moreover, T h3 will be such that T :“

`

T h1 , T
h
2 , T

h
3

˘

is an involution. Recall that a function T is an involution if T ˝T is the iden-

tity function. This augmentation of our mapping T h,Y to an involution T encapsulates

a form of reversibility of the polymer model.

Definition 3.5. Let O Ă p0,8q2, O3 Ă p0,8q, and h : O3 Ñ p0,8q. We say that an

involution T : O ˆ O3 Ñ O ˆ O3 is a polymer involution adapted to h if its first two

coordinates are as in (3.2.1).

Existence and uniqueness of polymer involutions is addressed in Lemma 3.8. When

the polymer involution adapted to h is unique we write T h. In our two main theorems
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we assume that R1 and R2 are independent and therefore take O “ O1 ˆO2. We allow

for arbitrary O Ă p0,8q2 since the results in this section allow for dependence between

R1 and R2.

Definition 3.6. Suppose pR1, R2, Y q is a random vector taking values in OˆO3, where

O Ă p0,8q2, O3 Ă p0,8q, and Y is independent of pR1, R2q. Let h : O3 Ñ p0,8q. If

there exists a polymer involution T on O ˆ O3 adapted to h such that T pR1, R2, Y q
d
“

pR1, R2, Y q, then we say pR1, R2, Y q is T -invariant (with respect to h).

If pR1, R2, Y q is T -invariant, the polymer model with weight distributions pR1, R2, Y q

not only has property (3.1.5), but possesses a stronger form of stationarity called the

Burke property (see Theorem 3.3 of [45]), named after Burke’s theorem on the output

distribution of M/M/1 queues (see the reference [31]). In Definition 3.5 we restrict our

attention to involutions, as T -invariance not only implies stationarity, but also a form of

reversibility: the construction of a dual measure (see Section 3.2 of [45] and Proposition

III.3 of [49] for more details).

The four basic beta-gamma models are not only T h,Y -invariant, but are in fact T h-

invariant as well. The rest of this section is dedicated to relating the properties of

T h,Y -invariance and T h-invariance, as given in the following proposition.

Proposition 3.7. Let O Ă p0,8q2, O3 Ă p0,8q, and h : O3 Ñ p0,8q. Assume

pR1, R2, Y q is a random vector taking values in O ˆ O3 and that Y is independent of

pR1, R2q. Then the following two conditions are equivalent.

(a) The mapping OˆO3 Q pr1, r2, yq ÞÑ T h,ypr1, r2q surjects onto O, for every pr1, r2q P

O the function O3 Q y ÞÑ y r2
r1
` hpyq is injective, and pR1, R2q is T h,Y -invariant.
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(b) There exists a unique polymer involution T h adapted to h on OˆO3 and pR1, R2, Y q

is T h-invariant.

The proof of Proposition 3.7 follows from combining Lemmas 3.8, 3.10, and Remark 3.9

below.

We use the notation πj : p0,8q2 Ñ p0,8q to denote the projection onto the j-th

coordinate for j “ 1, 2. Given O Ă p0,8q2, QpOq will denote the set
 

y
x

: px, yq P O
(

.

When O “ O1 ˆO2 we will write O2

O1
for QpOq.

When T is a polymer involution adapted to h we will often use the following notation

prr1, rr2, ryq :“ T pr1, r2, yq. (3.2.2)

More precisely, by equations (3.2.1)

rr1 :“ y ` hpyq
r1

r2

, rr2 :“ y
r2

r1

` hpyq, ry :“ T h3 pr1, r2, yq.

Note that these definitions imply that

rr2

rr1

“
r2

r1

. (3.2.3)

This equality of ratios will turn out to be quite useful.

The following lemma gives an equivalence to the existence of a unique polymer in-

volution.

Lemma 3.8. Let O Ă p0,8q2, O3 Ă p0,8q, h : O3 Ñ p0,8q, and T h1 , T
h
2 be as in

(3.2.1). Then the following are equivalent:

(a)
`

T h1 , T
h
2

˘

pOˆO3q “ O and for every pr1, r2q P O the function O3 Q y ÞÑ T h2 pr1, r2, yq “

y r2
r1
` hpyq is injective.
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(b) Gps, yq :“
´

y ` hpyq
s
, ys` hpyq

¯

is a bijection between QpOq ˆO3 and O.

(c) There exists a unique polymer involution T h on O ˆO3 adapted to h. Moreover,

T h “ pGb idq ˝ ψ2,3 ˝ pGb idq´1, (3.2.4)

where ψ2,3pa, b, cq “ pa, c, bq and pGb idqpa, b, cq :“ pGpa, bq, cq.

(d) There exists a polymer involution on O ˆ O3 adapted to h such that T h3 has no

y-dependence.

Proof. paq ñ pbq: Note that

G
`

r2
r1
, y
˘

“
`

T h1 , T
h
2

˘

pr1, r2, yq (3.2.5)

implies G
`

QpOqˆO3

˘

“ O. Injectivity of G follows from π2˝Gps,yq
π1˝Gps,yq

“ s and the injectivity

condition on T h2 .

pbq ñ pcq: We first show uniqueness. Suppose T “
`

T h1 , T
h
2 , T

h
3

˘

is a polymer

involution on O ˆ O3 adapted to h. For fixed pr1, r2, yq P O ˆ O3, with notation as

in (3.2.2), we have T prr1, rr2, ryq “ pr1, r2, yq since T is an involution. Using (3.2.3) we

have

pr1, r2q “
`

T h1 , T
h
2

˘

prr1, rr2, ryq “ G
`

r2
r1
, ry
˘

.

Therefore

G´1
pr1, r2q “

`

r2
r1
, T h3 pr1, r2, yq

˘

. (3.2.6)

Since G´1 has no y-dependence, neither does T h3 . One can now check that

T “ pGb idq ˝ ψ2,3 ˝ pGb idq´1 (3.2.7)
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proving uniqueness. Existence follows by simply setting T h3 pr1, r2, yq “ π2 ˝G
´1pr1, r2q.

This forces equality (3.2.7), the right side of which is indeed a polymer involution adapted

to h.

pcq ñ pdq is clear.

pdq ñ paq: Let T be a polymer involution on O ˆO3 adapted to h for which T h3 has

no y-dependence. Clearly the first two components of T ,
`

T h1 , T
h
2

˘

, surject onto O. Now

fix pr1, r2q P O. Since T h1 pr1, r2, yq “
r1
r2
T h2 pr1, r2, yq and T is itself injective, we have

injectivity of y ÞÑ T h2 pr1, r2, yq.

Remark 3.9. Note that the conditions in part (a) of Lemma 3.8 depend only on the

sets O, O3, and the function h. The condition
`

T h1 , T
h
2

˘

pO ˆ O3q “ O in part (a) is

equivalent to the condition that the mapping O ˆ O3 Q pr1, r2, yq ÞÑ T h,ypr1, r2q surjects

onto O (recall definition (3.1.6)).

When the polymer involution T is such that T h3 has no y-dependence, we will sim-

ply write T h3 pr1, r2q. The following lemma gives conditions for when T h,Y -invariance is

equivalent to T h-invariance.

Lemma 3.10. Suppose O, O3, and h satisfy one of the equivalent conditions in Lemma

3.8. Let pR1, R2, Y q be a random vector taking values in O ˆ O3 and assume that Y is

independent of the pair pR1, R2q. Let T h be the unique polymer involution adapted to h,

defined by (3.2.4), and write rY “ T h3 pR
1, R2q. Then the following are equivalent:

(a) pR1, R2q is T h,Y -invariant.

(b) R2{R1 is independent of rY and rY
d
“ Y .

(c) pR1, R2, Y q is T h-invariant.
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Proof. paq ô pbq: Put
`

rR1, rR2
˘

“
`

T h1 , T
h
2

˘

pR1, R2, Y q. Using equations (3.2.5) and

(3.2.6),

G
`

R2
{R1, Y

˘

“
`

rR1, rR2
˘ d
“
`

R1, R2
˘

ô
`

R2
{R1, Y

˘ d
“ G´1

`

R1, R2
˘

“
`

R2
{R1, rY

˘

ô R2
{R1 is independent of rY and Y

d
“ rY .

pcq ñ paq is clear. We now show that paq and pbq imply pcq. Since T h3 has no y-

dependence, Y is independent of the pair pR2{R1, rY q. Therefore the triple pR2{R1, Y, rY q

is independent. Thus
`

rR1, rR2
˘

“ GpR2{R1, Y q is independent of rY . Now combining paq

and rY
d
“ Y we get

`

rR1, rR2, rY
˘ d
“ pR1, R2, Y q.

We now give an analogue of Lemma 3.8 in which h and T h are continuously differ-

entiable. We compute the Jacobian matrix and determinant of T h in order to later give

an explicit form for the density of T hpR1, R2, Y q in terms of the density of pR1, R2, Y q

(see proof of Proposition 3.13).

Given a differentiable transformation F : U Ñ Rm, where U Ă Rn is open, use the

notations DF puq and DrF spuq to denote the Jacobian matrix of F evaluated at the point

u P U . When m “ n we say F is a C1-diffeomorphism if F is injective, continuously

differentiable, and its Jacobian matrix is invertible throughout U .

Lemma 3.11. Let O Ă p0,8q2, O3 Ă p0,8q, h : O3 Ñ p0,8q, and T h1 , T
h
2 be as in

(3.2.1). Further assume O and O3 are open, O3 is connected, and h is continuously

differentiable. Then the following are equivalent:

(a)
`

T h1 , T
h
2

˘

pO ˆO3q “ O and the following function does not vanish on QpOq ˆO3

Lps, yq :“ s` h1pyq. (3.2.8)
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(b) Gps, yq :“
´

y ` hpyq
s
, ys ` hpyq

¯

is a C1-diffeomorphism between QpOq ˆ O3 and

O. Moreover its Jacobian matrix and determinant are given by

DGps, yq “

»

—

–

´hpyq{s2 Lps, yq{s

y Lps, yq

fi

ffi

fl

, detDGps, yq “ ´
Lps, yq

s

ˆ

y `
hpyq

s

˙

.

(3.2.9)

(c) There exists a unique C1-diffeomorphic polymer involution T h on O ˆO3 adapted

to h. Moreover T h3 has no y dependence and the Jacobian matrix and determinant

of T h are given by

DT hpr1, r2, yq “
1

r1

»

—

—

—

—

–

hpyq{s ´hpyq{s2 Lps, yqr1{s

´ys y Lps, yqr1

rys{Lps, ryq hpryq{
`

sLps, ryq
˘

0

fi

ffi

ffi

ffi

ffi

fl

, (3.2.10)

detDT hpr1, r2, yq “ ´

ˆ

y

r1

`
hpyq

r2

˙

Lps, yq

Lps, ryq
,

where s “ r2
r1

and ry “ T h3 pr1, r2q.

(d) There exists a differentiable polymer involution on O ˆO3 adapted to h.

Proof. paq ñ pbq: For fixed pr1, r2q P O, since y ÞÑ
BTh2
By
pr1, r2, yq “ L

`

r2
r1
, y
˘

does not

vanish on the connected set O3, the conditions of Lemma 3.8-(a) are satisfied. Therefore

G is a bijection. The continuous differentiability of h now implies that G is continuously

differentiable. The Jacobian matrix and determinant of G can now be calculated. Notice

that for all ps, yq P QpOq ˆ O3, y ` hpyq{s “ π1 ˝ Gps, yq P π1pOq Ă p0,8q. Thus the

Jacobian determinant of G does not vanish on QpOq ˆ O3, which shows it is a C1-

diffeomorphism.
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pbq ñ pcq: Since G is a bijection, Lemma 3.8 gives existence and uniqueness of the

polymer involution T h “ pGb idq˝ψ2,3 ˝pGb idq´1. Since G is a C1-diffeomorphism, the

inverse function theorem tells us T h is a C1-diffeomorphism as well. Now fix pr1, r2, yq P

O ˆO3 and put ps, ryq “
`

r2
r1
, T h3 pr1, r2q

˘

. By (3.2.6)

ps, ryq “ G´1
pr1, r2q. (3.2.11)

DG´1pr1, r2q is now the inverse of the matrix DG
`

G´1pr1, r2q
˘

“ DGps, ryq. (3.2.11)

implies pr1, r2q “ Gps, ryq “
`

ry ` hpryq{s, rys` hpryq
˘

. Using this one can show that

DG´1
pr1, r2q “

1

r1

»

—

–

´s 1

sry
Lps,ryq

hpryq
sLps,ryq

fi

ffi

fl

and detDG´1
pr1, r2q “ ´

s

r1Lps, ryq
. (3.2.12)

Using equations (3.2.9), (3.2.11), and (3.2.12) we can compute

DT hpr1, r2, yq “
“

DpGb idq
`

ψ2,3 ˝ pG
´1
b idqpr1, r2, yq

˘‰

¨
“

Dψ2,3

`

pG´1
b idqpr1, r2, yq

˘‰

¨
“

D
`

G´1
b id

˘

pr1, r2, yq
‰

“ rDGps, yq b 1s ¨ rDψ2,3s ¨
“

DG´1
pr1, r2q b 1

‰

“

»

—

—

—

—

–

´hpyq
s2

Lps,yq
s

0

y Lps, yq 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

¨

»

—

—

—

—

–

1 0 0

0 0 1

0 1 0

fi

ffi

ffi

ffi

ffi

fl

¨
1

r1

»

—

—

—

—

–

´s 1 0

sry
Lps,ryq

hpryq
sLps,ryq

0

0 0 r1

fi

ffi

ffi

ffi

ffi

fl

“
1

r1

»

—

—

—

—

–

hpyq{s ´hpyq{s2 Lps, yqr1{s

´ys y Lps, yqr1

rys{Lps, ryq hpryq{
`

sLps, ryq
˘

0

fi

ffi

ffi

ffi

ffi

fl



80

and

det
`

DT hpr1, r2, yq
˘

“ det
`

DGps, yq
˘

det
`

Dψ2,3

˘

det
`

DG´1
pr1, r2q

˘

“ ´
Lps, yq

s

ˆ

y `
hpyq

s

˙

p´1q

ˆ

´
s

r1Lps, ryq

˙

“ ´

ˆ

y

r1

`
hpyq

r2

˙

Lps, yq

Lps, ryq
.

pcq ñ pdq is clear.

pdq ñ paq: If T is a differentiable polymer involution adapted to h, then its Jacobian

matrix has the same entries as the 2 ˆ 3 upper portion of (3.2.10), as
`

T h1 , T
h
2

˘

are

completely determined. Therefore the determinant of the top-left 2 ˆ 2 minor of the

Jacobian matrix of T is zero. Thus L vanishing at a point ps, yq P QpOq ˆ O3 would

imply the Jacobian determinant of T vanishes at any point pr1, r2, yq P O ˆ O3 such

that r2
r1
“ s. Since T ˝ T is the identity function, the Jacobian determinant of T cannot

vanish on O ˆO3. Thus L cannot vanish on QpOq ˆO3.

Let B :“
 

pr1, r2, yq P O ˆ O3 : r2
r1
` h1pyq “ 0

(

. The following Lemma shows that

when h is twice continuously differentiable, the image of B under the mapping
`

T h1 , T
h
2

˘

has Lebesgue measure zero.

Lemma 3.12. Take all assumptions from Lemma 3.11 with the addition that h is twice

continuously differentiable. Then
`

T h1 , T
h
2

˘

pBq has Lebesgue measure zero.

Proof. For convenience define Hpr1, r2, yq :“
`

T h1 .T
h
2

˘

pr1.r2.yq. The Jacobian matrix of

H is given by the top 2ˆ3 portion of the matrix (3.2.10). Therefore pr1, r2.yq is a critical

point of H, meaning the rank of DHpr1, r2, yq ă 2, if and only if L
`

r2
r1
, y
˘

“ 0
`

since

y r2
r1
` hpyq “ rr2 ą 0

˘

, which occurs if and only if pr1, r2, yq P B. Sard’s theorem [44]

yields the desired result.
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3.3 Proof of Theorem 3.2

We begin by using Lemma 3.11 to give another useful equivalence to T -invariance under

some regularity assumptions. In the appendix of [49], Thiery uses a specific case of the

following proposition to prove the invariance of the inverse-beta model. It can also be

used to prove invariance of the other three basic beta-gamma models.

Proposition 3.13. Let pR1, R2, Y q be a random vector with density ρ and assume Y

is independent of pR1, R2q. Suppose the support of ρ equals O ˆ O3 where O Ă p0,8q2

is open and O3 Ă p0,8q is open and connected. Let h : O3 Ñ p0,8q be continuously

differentiable and T be a differentiable polymer involution adapted to h on OˆO3. Then

pR1, R2, Y q is T -invariant if and only if

q ˝ T pxq “ qpxq for a.e. x P O ˆO3

where qpr1, r2, yq :“ r2
|Lpr2{r1,yq|

ρpr1, r2, yq and Lps, yq “ s` h1pyq, as given in (3.2.8).

Proof of Proposition 3.13. Recall the notation (3.2.2). By Lemma 3.11, L does not

vanish on QpOq ˆO3 and T is in fact a C1-diffeomorphism with

detDT pr1, r2, yq “ ´

ˆ

y

r1

`
hpyq

r2

˙

Lpr2{r1, yq

Lpr2{r1, ryq
“ ´

rr2Lpr2{r1, yq

r2Lpr2{r1, ryq
.

Therefore T pR1, R2, Y q has density

pρpxq :“ ρ
`

T´1
pxq

˘
ˇ

ˇdetDT´1
pxq

ˇ

ˇ “ ρ
`

T pxq
˘

|detDT pxq|

supported on x P OˆO3. Thus T -invariance of pR1, R2, Y q is equivalent to ρpxq “ pρpxq

a.e. on O ˆO3.

Using (3.2.3) we can explicitly write pρpr1, r2, yq “ ρprr1, rr2, ryq
ˇ

ˇ

ˇ

rr2Lpr2{r1,yq
r2Lprr2{rr1,ryq

ˇ

ˇ

ˇ
. After rear-

ranging terms, the condition ρpxq “ pρpxq for a.e. x P OˆO3 yields the desired result.
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We now prove the first main result.

Proof of Theorem 3.2. pR1, R2, Y q has density ρ
`

r1, r2, y
˘

“ f1pr1qf2pr2qf3pyq. By Lemma

3.11, there exists a unique differentiable polymer involution T h on O1ˆO2ˆO3 adapted

to h and the function Lps, yq “ s ` h1pyq does not vanish on the set O2

O1
ˆ O3. By

Lemma 3.10, pR1, R2, Y q is T h-invariant. Applying Proposition 3.13 gives q ˝ T h “ q

a.e. on O1 ˆ O2 ˆ O3. Since f1, f2, f3, and T h are continuous, this equality holds ev-

erywhere on O1 ˆ O2 ˆ O3. Since the support of fj equals Oj, we can further assume

fjpxq “ exppηjpxqq for x P Oj, j “ 1, 2, 3. Note that ηj has the same differentiability

properties as fj. Set s “ r2
r1

and recall the notation (3.2.2). Taking logarithms of the

equality q ˝ T h “ q then computing the total derivative we obtain

Drlog qsprr1, rr2, ryq ¨DT
h
pr1, r2, yq “ Drlog qspr1, r2, yq, (3.3.1)

where DT h is given in (3.2.10) and

Drlog qspr1, r2, yq “

„

r2

r2
1Lps, yq

` η11pr1q,
h1pyq

r2Lps, yq
` η12pr2q,´

h2pyq

Lps, yq
` η13pyq



.

Using the fact that T h is an involution and (3.2.3), r2 “ T h2 prr1, rr2, ryq “ rys ` hpryq. One

can then check that

DT hpr1, r2, yq ¨ rr1, r2, 0sT “ r0, 0, r2{Lps, ryqs
T .

Thus multiplying both sides of equation (3.3.1) on the right by rr1, r2, 0sT gives

1` r1η
1
1pr1q ` r2η

1
2pr2q “ r2gps, ryq, (3.3.2)

where

gps, yq :“
η13pyq

Lps, yq
´

h2pyq

Lps, yq2
.
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Applying the operator B2

Br1Br2
to the left-hand side of (3.3.2) gives zero. We now

exploit the fact that B2

Br1Br2
applied to the right hand side must equal zero to ultimately

arrive at the conclusion that h2pyq “ 0.

Note that if f is differentiable then for all non-negative integers k and n,

D

„

skfpyq

Lps, yqn



ps, yq “ sk´1

„

1

Lps, yqn
,
´nfpyq

Lps, yqn`1



¨

»

—

–

kfpyq sf 1pyq

s sh2pyq

fi

ffi

fl

. (3.3.3)

First calculate, using (3.2.10) and (3.3.3),

B

Br1

`

r2gps, ryq
˘

“ r2Dgps, ryq ¨

„

Bs

Br1

,
Bry

Br1

T

“ s2Dgps, ryq ¨

„

´1,
ry

Lps, ryq

T

“ s

„

1

Lps, ryq
, ´

η13pryq

Lps, ryq2



¨

»

—

–

0 sη23pryq

s sh2pryq

fi

ffi

fl

¨

„

´1,
ry

Lps, ryq

T

´ s

„

1

Lps, ryq2
, ´

2h1pryq

Lps, ryq3



¨

»

—

–

0 sh2pryq

s sh2pryq

fi

ffi

fl

¨

„

´1,
ry

Lps, ryq

T

“ tps, ryq :“
4
ÿ

j“2

s2κjpryq

Lps, ryqj
,

where

κ2pyq “ yη23pyq ` η
1
3pyq

κ3pyq “ ´yh
2
pyqη13pyq ´ yh

3
pyq ´ 2h2pyq

κ4pyq “ 2yh2pyq2.
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Taking an r2 partial derivative and multiplying by r1, by (3.2.10)

0 “ r1
B2

Br2Br1

`

r2gps, ryq
˘

“ r1
B

Br2

tps, ryq

“ r1Dtps, ryq ¨

„

Bs

Br2

,
Bry

Br2

T

“ Dtps, ryq ¨

„

1,
hpryq

sLps, ryq

T

.

This equality holds for all pr1, r2, yq P O1 ˆ O2 ˆ O3. Since T h is an involution on

O1 ˆ O2 ˆ O3, it also holds after interchanging pr1, r2, yq Ø prr1, rr2, ryq. Notice that, by

(3.2.3), s “ r2
r1

is unaffected by this interchange. Therefore, applying this interchange

and using (3.3.3)

0 “ Dtps, yq ¨

„

1,
hpyq

sLps, yq

T

“

4
ÿ

j“2

s

„

1

Lps, yqj
,
´jκjpyq

Lps, yqj`1



¨

»

—

–

2κjpyq sκ1jpyq

s sh2pyq

fi

ffi

fl

¨

„

1,
hpyq

sLps, yq

T

for all ps, yq P O2

O1
ˆO3. Multiplying by Lps, yq6{s gives

0 “
4
ÿ

j“2

“

Lps, yq5´j,´jκjpyqLps, yq
4´j

‰

¨

»

—

–

2κjpyq κ1jpyq

s h2pyq

fi

ffi

fl

¨ rLps, yq, hpyqsT . (3.3.4)

Now fix y P O3. The right hand side is now a fourth degree polynomial in s which

vanishes on the open set O2

O1
. It must therefore vanish at all values s P R. Taking

s “ ´h1pyq so that Lps, yq “ 0, (3.3.4) gives

0 “ ´4κ4pyqhpyqh
2
pyq “ ´8yhpyqh2pyq3.

The fact that y and hpyq are positive implies h2pyq “ 0. Since this holds for all y P O3,

which we assumed to be connected, h has the form hpyq “ a ` by where a, b are real

numbers. The condition a _ b ą 0 follows from the fact that h maps a subset of p0,8q

into p0,8q.
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3.4 Reflection and scaling

We describe two procedures which preserve T -invariance. By applying these procedures

to the four basic beta-gamma models, we can obtain a T -invariant model corresponding

to hpyq “ a` by for each choice of a, b such that a_ b ą 0.

We first define the reflection procedure. Let T be a polymer involution adapted to

h on O1 ˆO2 ˆO3 and assume that h is injective so that h : O3 Ñ hpO3q is a bijection.

Define the mapping ρpr1, r2, yq :“ pr2, r1, hpyqq. Define the mapping and the random

vector

pT :“ ρ ˝ T ˝ ρ´1 and
`

pR1, pR2, pY
˘

:“
`

R2, R1, hpY q
˘

. (3.4.1)

One can then check that pT is a polymer involution adapted to h´1 on O2 ˆO1 ˆ hpO3q.

Furthermore, pR1, R2, Y q is T -invariant with respect to h if and only if
`

pR1, pR2, pY
˘

is

pT -invariant with respect to h´1.

In the directed polymer setting, this procedure of mapping

h ÞÑ h´1
`

R1, R2, Y
˘

ÞÑ
`

pR1, pR2, pY
˘

T ÞÑ pT

corresponds to interchanging the horizontal and vertical coordinates while remaining in

the same framework. This is illustrated in Figure 17.

We now define the scaling procedure. If O Ă p0,8q and c is a positive constant,

define cO :“ tcx : x P Ou. Note that cO Ă p0,8q. Let c1, c2 be positive constants.

Let T be a polymer involution adapted to h on O1 ˆ O2 ˆ O3. Define the mapping

σpr1, r2, yq :“ pc1r1, c2r2, c1yq. Define the two mappings and the random vector

qT :“ σ ˝ T ˝ σ´1
qhpyq :“ c2h

`

y
c1

˘ `

qR1, qR2, qY
˘

:“
`

c1R
1, c2R

2, c1Y
˘

. (3.4.2)



86

R2

R1

Y

hpY q

Original

R1

R2

hpY q

Y

Reflected

pR2

pR1

pY

h´1ppY q

`

R2, R1, hpY q
˘

“
`

pR1, pR2, pY
˘

Figure 17: Reflection

One can check that qT is a polymer involution adapted to qh on c1O1 ˆ c2O2 ˆ c1O3.

Furthermore, pR1, R2, Y q is T -invariant with respect to h if and only if
`

qR1, qR2, qY
˘

is

qT -invariant with respect to qh.

In the directed polymer setting, this procedure of mapping

h ÞÑ qh
`

R1, R2, Y
˘

ÞÑ
`

qR1, qR2, qY
˘

T ÞÑ qT

corresponds to scaling the horizontal axis weights by c1 and the vertical axis weights by

c2 while remaining in the same framework. This procedure is illustrated in Figure 18.

R2

R1

Y

hpY q

Original

c2R
2

c1R
1

c1Y

c2hpY q

Scaled

qR1

qR2

qY

qhpqY q

`

c1R
1, c2R

2, c1Y
˘

“
`

qR1, qR2, qY
˘

Figure 18: Scaling

One can also check that the reflection and scaling procedures commute. By using
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the reflection and scaling procedures, the following lemma reduces the existence and

uniqueness of T -invariant models corresponding to hpyq “ a` by where a_ b ą 0 to the

existence and uniqueness for values pa, bq = p0, 1q, p1, 0q, p1,´1q, and p´1, 1q.

For real numbers a, b such that a_ b ą 0, define

T pa,bqpr1, r2, yq :“
´

y ` pa` byq r1
r2
, y r2

r1
` pa` byq, r1pr2´aq

r2`br1

¯

. (3.4.3)

One can check that when hpyq “ a ` by, (3.2.4) implies that T h “ T pa,bq. The domain

of T pa,bq is discussed prior to Lemma 3.18.

Lemma 3.14. Let a, b be real numbers satisfying a_b ą 0, hpyq “ a`by, and T “ T pa,bq

as defined in (3.4.3). Let R1, R2, and Y be random variables.

(a) If a “ 0 and b ą 0, then pR1, R2, Y q is T -invariant with respect to h if and only if

`

R1, 1
b
R2, Y

˘

is T p0,1q-invariant with respect to qhpyq “ y.

(b) If a ą 0 and b “ 0, then pR1, R2, Y q is T -invariant with respect to h if and only if

`

R1, 1
a
R2, Y

˘

is T p1,0q-invariant with respect to qhpyq “ 1

(c) If a ą 0 and b ă 0, then pR1, R2, Y q is T -invariant with respect to h if and only if

`

´ b
a
R1, 1

a
R2,´ b

a
Y
˘

is T p1,´1q-invariant with respect to qhpyq “ 1´ y.

(d) If a ă 0 and b ą 0, then pR1, R2, Y q is T -invariant with respect to h if and only if

`

´ b
a
R1,´ 1

a
R2,´ b

a
Y
˘

is T p´1,1q-invariant with respect to qhpyq “ y ´ 1.

(e) If a ą 0 and b ą 0, then pR1, R2, Y q is T -invariant with respect to h if and only if

`

b
a
R1, 1

a
R2, b

a
Y
˘

is T p1,1q-invariant with respect to qhpyq “ y ` 1.

(f) If a “ 1 and b “ 1, then pR1, R2, Y q is T -invariant with respect to h if and only if

pR2, R1, 1` Y q is T p´1,1q-invariant with respect to h´1pyq “ y ´ 1.
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Proof. Let c1, c2 be positive constants. After applying the scaling procedure with pc1, c2q,

with notation as in (3.4.2), one can check that

qhpyq “ ac2 `
bc2
c1
y and qT “ T pac2,bc2{c1q.

Recall that
`

qR1, qR2, qY
˘

“
`

c1R
1, c2R

2, c1Y
˘

is qT -invariant with respect to qh if and only

if
`

R1, R2, Y
˘

is T -invariant with respect to h. Now (a) through (e) follow by taking

pc1, c2q “
`

1, 1
b

˘

,
`

1, 1
a

˘

,
`

´ b
a
, 1
a

˘

,
`

´ b
a
,´ 1

a

˘

,
`

b
a
, 1
a

˘

respectively.

For part (f), after applying the reflection procedure, with notation as in (3.4.1),

one can check that pT “ T p´1,1q. Since
`

pR1, pR2, pY
˘

“ pR2, R1, 1 ` Y q is pT -invariant

with respect to h´1pyq “ y ´ 1 if and only if pR1, R2, Y q is T -invariant with respect to

hpyq “ y ` 1, the result follows.

3.5 Proof of Theorem 3.4

The following two theorems, due to Seshadri and Weso lowski (2003) and Lukacs (1955)

give characterizations of gamma and beta random variables, which will be used in the

sequel.

Theorem 3.15 ([47]). Let A and B be non-degenerate independent random variables

taking values in p0, 1q. Then the pair pC,Dq :“
`

1´B
1´AB

, 1´ AB
˘

is independent if and

only if there exist positive constants p, q, r such that pA,Bq „ Bepp, qq bBepp` q, rq, in

which case pC,Dq „ Bepr, qq b Bepr ` q, pq.
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Theorem 3.16 ([33]). Let A and B be non-degenerate independent positive random

variables. Then the pair pC,Dq :“
`

A`B, A
A`B

˘

is independent if and only if there

exist positive constants λA, λB, β such that pA,Bq „ GapλA, βq b GapλB, βq, in which

case pC,Dq „ GapλA ` λB, βq b BepλA, λBq.

Notice that the mapping pA,Bq ÞÑ
`

A ` B, A{pA ` Bq
˘

has the inverse pA,Bq ÞÑ

`

AB, Ap1´Bq
˘

. The following statement is a corollary of Theorem 3.16.

Corollary 3.17. Let A and B be non-degenerate independent random variables. Fur-

ther assume that A is positive and B takes values in p0, 1q. Then the pair pC,Dq :“

`

AB, Ap1´Bq
˘

is independent if and only if there exist positive constants λA, λB, β such

that pA,Bq „ GapλA`λB, βqbBepλA, λBq in which case pC,Dq „ GapλA, βqbGapλB, βq.

The next lemma constrains the sets on which T pa,bq (as defined by (3.4.3)) can be

a polymer involution. To specify this constraint, we define the following sets. For real

numbers pa, bq such that a_ b ą 0,

V ˘a :“ tx ą 0 : ˘px´ aq ą 0u, W˘
a,b :“ tx ą 0 : ˘pa` bxq ą 0u

D˘a,b :“ W˘
a,b ˆ V

˘
a ˆW

`
a,b.

Lemma 3.18. Let a, b be real numbers satisfying a_b ą 0. Let Oj Ă p0,8q for j “ 1, 2, 3

such that O3 is not a singleton. If T pa,bq, as defined in (3.4.3), is a polymer involution

on O1 ˆO2 ˆO3 with respect to h of the form hpyq “ a` by then O1 ˆO2 ˆO3 Ă D`a,b

or O1 ˆO2 ˆO3 Ă D´a,b assuming D˘a,b is non-empty.

Proof. We first show the following holds:
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(i) For all pr1, r2q P O1 ˆ O2, the three numbers a ` br1,
r2
r1
` b, r2 ´ a are all either

strictly positive, strictly negative, or equal to zero.

Fix pr1, r2, yq P O1 ˆ O2 ˆ O3 and put ry “ T
pa,bq
3 pr1, r2q “

r1pr2´aq
r2`br1

. Then the following

two equalities hold

r2 ´ a “ ry
`

r2
r1
` b

˘

, a` br1 “
r1
r2

`

a` bry
˘`

r2
r1
` b

˘

. (3.5.1)

Since T pa,bq is an involution on O1 ˆ O2 ˆ O3, ry P O3. Recall that, by Definition 3.5, h

maps O3 Ñ p0,8q. Therefore O3 Ă W`
a,b and the four numbers r1, r2, ry, and hpryq “ a`bry

are all positive. (3.5.1) now gives (i).

By Lemma 3.8, for all pr1, r2q P O1 ˆ O2 the mapping O3 Q y ÞÑ T
pa,bq
2 pr1, r2, yq “

yp r2
r1
` bq ` a is injective. Therefore r2

r1
` b does not vanish for any pr1, r2q P O1 ˆ O2.

Thus, by (i)

O1 ˆO2 Ă
`

W`
a,b ˆ V

`
a

˘

Y
`

W´
a,b ˆ V

´
a

˘

. (3.5.2)

If O1XW
`
a,b “ H, then by (3.5.2) O1ˆO2 Ă W´

a,bˆV
´
a . In this case O1ˆO2ˆO3 Ă D´a,b.

On the other hand, if O1 XW`
a,b ‰ H then there exists r1 P O1 such that a ` br1 ą 0.

By (i), r2 ´ a ą 0 for all r2 P O2. Thus O2 Ă V `a . Now (3.5.2) implies that O1 ˆ O2 Ă

W`
a,b ˆ V

`
a which gives O1 ˆO2 ˆO3 Ă D`a,b, completing the proof.

Using (3.5.1) one can in fact check that T pa,bq is an involution on both D`a,b and D´a,b

assuming they are non-empty.

The following proposition characterizes T h-invariant models corresponding to hpyq “

a` by when pa, bq “ p0, 1q, p1, 0q, p1,´1q, and p´1, 1q.
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Proposition 3.19. For a, b real numbers, let hpyq “ a ` by and assume T pa,bq, as

defined in (3.4.3), is a polymer involution adapted to h on O1 ˆ O2 ˆ O3 Ă p0,8q3.

Assume that pR1, R2, Y q are non-degenerate independent random variables taking values

in O1 ˆO2 ˆO3.

(a) If pa, bq “ p0, 1q, then pR1, R2, Y q is T p0,1q-invariant if and only if
`

R1, R2, Y
˘

is

distributed as in (3.1.7)

(b) If pa, bq “ p1, 0q, then pR1, R2, Y q is T p1,0q-invariant if and only if
`

R1, R2, Y
˘

is

distributed as in (3.1.8)

(c) If pa, bq “ p1,´1q, then pR1, R2, Y q is T p1,´1q-invariant if and only if either
`

R1, R2, Y
˘

or pR2, R1, 1´ Y q is distributed as in (3.1.9)

(d) If pa, bq “ p´1, 1q, then pR1, R2, Y q is T p´1,1q-invariant if and only if
`

R1, R2, Y
˘

is distributed as in (3.1.10).

Proof. Observe that T
pa,bq
3 has no y-dependence. Thus, by Lemma 3.8, T pa,bq is the

unique polymer involution adapted to h on O1 ˆO2 ˆO3. By Lemma 3.10, pR1, R2, Y q

is T pa,bq-invariant if and only if the following two properties hold:

(i) R2

R1 is independent of T
pa,bq
3 pR1, R2q.

(ii) Y
d
“ T

pa,bq
3 pR1, R2q.

Recall that

T
pa,bq
3 pR1, R2

q “
R1pR2 ´ aq

R2 ` bR1
.
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We now prove (a). Put pA,Bq :“ ppR1q´1, pR2q´1q. Then pA,Bq are non-degenerate

independent positive random variables. Now

R2

R1
“
A

B
and T

p0,1q
3 pR1, R2

q “ pA`Bq´1.

So (i) holds if and only if A{pA ` Bq “ p1`B{Aq´1 is independent of A ` B. By

Theorem 3.16 this occurs if and only if there exist positive constants λA, λB, β such that

pA,Bq „ GapλA, βq b GapλB, βq. In such a case, A ` B “ C „ GapλA ` λB, βq. Thus

T
p0,1q
3 pR1, R2q “ pA ` Bq´1 „ Ga´1

pλA ` λB, βq. Now put pµ, λq “ pλA ` λB, λBq and

use (ii) to get pR1, R2, Y q „ Ga´1
pµ´ λ, βq bGa´1

pλ, βq bGa´1
pµ, βq. This completes

the proof of (a).

We now prove (b). Notice that D´1,0 “ H. Therefore by Lemma 3.18 we have that

pR1, R2, Y q takes values in D`1,0 “ p0,8q ˆ p1,8q ˆ p0,8q. Put pA,Bq :“
`

R1, pR2q´1
˘

.

Then pA,Bq are non-degenerate independent random variables taking values in p0,8qˆ

p0, 1q. Now

R2

R1
“

1

AB
and T

p1,0q
3 pR1, R2

q “ Ap1´Bq.

So (i) holds if and only if AB is independent of Ap1´Bq. By Corollary 3.17, this occurs if

and only if there exist positive constants λA, λB, β such that pA,Bq „ GapλA`λB, βqb

BepλA, λBq. In such a case, T
p1,0q
3 pR1, R2q “ Ap1 ´ Bq “ D „ GapλB, βq. Now put

pµ, λq “ pλB, λAq and use (ii) to get pR1, R2, Y q „ Gapµ`λ, βqbBe´1
pλ, µqbGapµ, βq.

This completes the proof of (b).

We now prove (c). By Lemma 3.18, pR1, R2, Y q either takes values in

D`1,´1 “ p0, 1q ˆ p1,8q ˆ p0, 1q or D´1,´1 “ p1,8q ˆ p0, 1q ˆ p0, 1q.

First consider the case when pR1, R2, Y q takes values inD`1,´1. Put pA,Bq :“
`

pR2q´1, R1
˘

.

Then pA,Bq are non-degenerate independent random variables, both taking values in
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p0, 1q. Now

R2

R1
“

1

AB
and T

p1,´1q
3 pR1, R2

q “ 1´
1´B

1´ AB
.

So (i) holds if and only if 1´AB is independent of p1´Bq{p1´ABq. By Theorem 3.15,

this occurs if and only if there exist positive constants p, q, r such that pA,Bq „ Bepp, qqb

Bepp ` q, rq. In such a case, 1 ´ T
p1,´1q
3 pR1, R2q “ p1 ´ Bq{p1 ´ ABq “ C „ Bepr, qq.

Thus T
p1,´1q
3 pR1, R2q „ 1´ Bepr, qq “ Bepq, rq. Now put pµ, λ, βq “ pq, p, rq and use (ii)

to get pR1, R2, Y q „ Bepµ` λ, βq b Be´1
pλ, µq b Bepµ, βq.

In the case where pR1, R2, Y q takes values in D´1,´1, applying the reflection proce-

dure as in (3.4.1), one can check that pT “ T p1,´1q and the resulting random variables

`

pR1, pR2, pY
˘

“ pR2, R1, 1´ Y q take values in D`1,´1. By the first case, we are done. This

completes the proof of (c).

We now prove (d). Notice that D´´1,1 “ H. Therefore by Lemma 3.18 pR1, R2, Y q

must take values in D`´1,1 “ p1,8q ˆ p0,8q ˆ p1,8q. Put pA,Bq :“ p1 ´ pR1q´1, 1 ´

pR2`1q´1q. Then pA,Bq are non-degenerate independent random variables, both taking

values in p0, 1q. Therefore

ˆ

1`
R2

R1

˙´1

“
1´B

1´ AB
and T

p´1,1q
3 pR1, R2

q “
1

1´ AB
.

So (i) holds if and only if p1´Bq{p1´ABq is independent of 1´AB. By Theorem 3.15,

this occurs if and only if there exist positive constants p, q, r such that pA,Bq „ Bepp, qqb

Bepp` q, rq. In such a case, T
p´1,1q
3 pR1, R2q “ p1´ABq´1 “ D´1 „ Be´1

pr` q, pq. Now

put pµ, λ, βq “ pr`q, r, pq and use (ii) to get pR1, R2, Y q „ Be´1
pµ´λ, βqbpBe´1

pλ, β`

µ´ λq ´ 1q b Be´1
pµ, βq. This completes the proof of (d).

We now prove the second main result.
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Proof of Theorem 3.4. When hpyq “ a` by, for all fixed pr1, r2q P O1 ˆO2 the mapping

y ÞÑ T h2 pr1, r2, yq “ y
`

r2
r1
` b

˘

`a is injective whenever b ě 0. In the case b ă 0 and a ą 0

this injectivity follows from the assumption ´b R
 

y
x

: px, yq P O1 ˆO2

(

. Therefore the

conditions of Proposition 3.7-(a) are satisfied in all cases, which gives the existence of

a unique polymer involution T h adapted to hpyq “ a ` by such that pR1, R2, Y q is T h-

invariant. By (3.2.4), T h “ T pa,bq as defined in (3.4.3). Now applying Lemma 3.14 then

Proposition 3.19 completes the proof.
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Chapter 4

Stationary multi-path

inverse-gamma polymer

4.1 Introduction

In this chapter we further study the inverse-gamma (log-gamma) directed polymer,

which is exactly solvable using the geometric Robinson-Schensted-Knuth (gRSK) corre-

spondence. We consider multi-path polymers, which are represented as tuples of non-

intersecting up-right lattice paths.

The classical RSK correspondence is a combinatorial mapping between matrices with

entries in Z` and pairs of semi-standard Young tableaux of the same shape. See the

texts by Fulton [24] and Stanley [48] for constructions of the correspondence and some

of its applications. The RSK correspondence is the combinatorial structure that lies

behind the solvability of the problem of the length of the longest increasing subsequence

of a random permutation [3] and the solvability of directed last passage percolation with

geometric or exponential weights [29].

The geometric RSK correspondence (gRSK) is a mapping from matrices with pos-

itive real entries to pairs of triangular arrays. The mapping was first introduced by

Kirillov [32]. In [19], Corwin, O’Connell, Seppäläinen, and Zygouras use the matrix
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product formulation for gRSK developed by Noumi and Yamada [37] to apply the gRSK

correspondence to the study of directed polymers. If the entries of the input matrix

to gRSK are used as weights for a polymer environment, the output triangular arrays

can be expressed in terms of multi-path polymer partition functions. In the case where

the input matrix has inverse-gamma distributed entries with certain parameters, the

pushforward probability measure on triangular arrays has an explicit form in terms of

Whittaker functions.

In the paper [39], O’Connell, Seppäläinen, and Zygouras give an alternative for-

mulation of the gRSK correspondence as a correspondence between matrices by using

sequences of “local moves” acting on matrix entries and use this formulation to study an

inverse-gamma polymer in a symmetric environment. Nguyen and Zygouras [35] extend

the gRSK correspondence to polygonal input arrays and obtain formulas for the Laplace

transform of the joint distribution of inverse-gamma polymer partition functions at dif-

ferent space-time points. Bisi and Zygouras [8] use the gRSK correspondence to study

the point-to-line inverse-gamma polymer.

In the papers [36] and [18], Nica and Corwin-Nica study models of multi-path directed

polymers and in the intermediate disorder regime and show convergence of the partition

functions to the multi-layer continuum polymer introduced by O’Connell and Warren

[40].

The first result of this chapter utilizes a theorem from [19] about the invariant dis-

tributions of a certain Markov process on triangular arrays to specify an inverse-gamma

polymer environment for which ratios of multi-path polymer partition functions have

a form of stationarity similar to the down-right property of Definition 1.1. From this

stationarity we can easily compute the expectation of the multi-path free energy.
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The other main result of this chapter applies the stationary setup and the coupling

method used in Section 2.3 of Chapter 2 to derive a formula for the variance of the two-

path partition function. This variance formula involves the multi-path exit points from

the boundaries layers and could potentially be used as a starting point for the analysis

of the fluctuation exponents of the two-path polymer free energy.

4.2 Model and results

We define the multi-path polymer model. Let pYi,jqpi,jqPN2 be a collection of independent

positive random weights. These weights are the polymer environment. Let Π
p`q
m,n denote

the collection of all `-tuples π “ pπ1, . . . , π`q of non-intersecting up-right lattice paths

in N2 such that the ith path πi starts at p1, iq and ends at pm,n ´ ` ` iq. An example

3-tuple is given in Figure 19. Given π “ pπ1, . . . , π`q P Π
p`q
m,n, we define its weight to be

the product of all the random weights associated to the vertices that the paths traverse.

That is,

wtpπq “
ź̀

i“1

ź

xPπi

Yx.

As with the single path case, we can then construct a quenched polymer measure on

Π
p`q
m,n,

Qp`qm,npπq :“
wtpπq

Z
p`q
m,n

,

where

Zp`qm,n :“
ÿ

πPΠ
p`q
m,n

wtpπq

is the `-path partition function. Let EQ
p`q
m,n denote the quenched expectation.
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For m,n ě `, we define the ratios

U p`qm,n “
Z
p`q
m,n

Z
p`q
m´1,n

and V p`qm,n “
Z
p`q
m,n

Z
p`q
m,n´1

.

We would like these ratios to possess a stationarity property analogous to the down-right

property (Definition 1.1) formulated in Chapter 1.

p1, 1q

p1, 2q

p1, 3q

π1

π2

π3

p8, 6q

p8, 7q

p8, 8q

Figure 19: An example 3-tuple π “ pπ1, π2, π3q P Π
p3q
8,8.

Fix ` P N and parameters 0 ă θ1 ă ¨ ¨ ¨ ă θ` ă µ. We now define the `-path stationary

inverse-gamma polymer environment.

• Bulk weights: Yi,j „ Ga´1
pµq for i, j ě `` 1.

• Lower boundary layers: Yi,j „ Ga´1
pθjq for i ě `` 1 and j P t1, . . . , `u.

• Upper boundary layers: Yi,j „ Ga´1
pµ´ θ`´i`1q for i P t1, . . . , `u and j ě `` 1.

• Corner boundary weights: Yi,j „ Ga´1
pθj´ θ`´i`1q for pi, jq P t1, . . . , `u2 such that

i` j ě `` 2. Let the remaining weights be constant 1.
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For the stationary polymer, we insist that the polymer paths start in the cut-off

corner. That is, for 1 ď k ď ` and m ě `, n ě k, redefine the sets Π
pkq
m,n to be the

collection of all k-tuples pπ1, . . . , πkq of up-right lattice paths such that for 1 ď i ď k

the path πi starts at p` ´ i ` 1, iq and ends at pm,n ´ k ` iq. We let Z
pkq
m,n and ratios

U
pkq
m,n, V

pkq
m,n be defined using these sets.

Figure 20 illustrates this setup for the ` “ 2 and ` “ 3 cases.

` “ 2

µ

µ´ θ2

µ´ θ1

θ1

θ2
θ2 ´ θ1

` “ 3

µ

µ´ θ3

µ´ θ2 µ´ θ1

θ1

θ2

θ3

θ2 ´ θ1

θ3 ´ θ2

θ3 ´ θ1

Figure 20: Stationary `-path inverse-gamma polymer environment for ` “ 2, 3.

We now give the form of the stationarity.

Lemma 4.1. Let ` P N and suppose that tYi,jupi,jqPN2 is distributed as the `-path station-

ary inverse-gamma environment and let paths start in the cut-off corner. Let m,n ě

`` 1. Then the collections of ratios

•
Ťm
i“``1tU

p1q
i,n , U

p2q
i,n {U

p1q
i,n , . . . , U

p`q
i,n{U

p`´1q
i,n u

•
Ťn
j“``1tV

p1q
m,j, V

p2q
m,j{V

p1q
m,j, . . . , V

p`q
m,j{V

p`´1q
m,j u
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are independent, independent of each other, and have marginal distributions

U
p1q
i,n „ Ga´1

pθ1q,

U
pkq
i,n {U

pk´1q
i,n „ Ga´1

pθkq for 2 ď k ď `,

V
p1q
m,k „ Ga´1

pµ´ θ1q,

V
pkq
m,j{V

pk´1q
m,j „ Ga´1

pµ´ θkq for 2 ď k ď `.

As an application of the above lemma, we can compute the expectation of multi-path

polymer free energy.

Lemma 4.2. Under the assumptions of Lemma 4.1, the expectation of the `-path polymer

free energy is

ErlogZp`qm,ns “ ErZp`q`,` s ´ pm´ `q
ÿ̀

k“1

ψ0pθkq ´ pn´ `q
ÿ̀

k“1

ψ0pµ´ θkq, (4.2.1)

where

ErZp`q`,` s “ ´
`´1
ÿ

d“1

ÿ̀

k“d`1

ψ0pθk ´ θk´dq, (4.2.2)

and ψ0 is the digamma function.

The starting point for the analysis of the free energy and polymer path fluctuation

exponents in Chapter 2 was the variance formula (2.1.3) relating the variance of the free

energy to the exit point of a polymer path from the boundary. The following result is a

variance formula for the two-path case.

Given an up-right lattice path π, define tjpπq :“ maxti : pi, jq P πu (the x-coordinate

of the exit point of π from level j).



101

Proposition 4.3. Suppose that tYi,jupi,jqPZ2
`

is distributed as the 2-path stationary inverse-

gamma environment. Let m,n ě 3. Define A Ă Π
p2q
m,n to be the collection of all pairs

pπ1, π2q that pass through the point p2, 2q. Then

Var logZp2qm,n “ ψ1pθ2 ´ θ1q ` pn´ 2qpψ1pµ´ θ1q ` ψ1pµ´ θ2qq ´ pm´ 2qpψ1pθ1q ` ψ1pθ2qq

` 2EEQ
p2q
m,n

«

1ppπ1, π2q P AqLp´θ2 ` θ1, Y2,2q `

t1pπ1q
ÿ

i“3

Lp´θ1, Yi,1q

`

t2pπ1q
ÿ

j“t1pπ1q_3

Lp´θ2, Yj,2q `

t2pπ2q
ÿ

k“3

Lp´θ2, Yk,2q

ff

,

where ψ1 is the trigamma function, and

Lpa, xq :“ x´ae1{x

ż x

0

p´ψ0p´aq ´ log yqya´1e´1{ydy.

4.3 Proofs

We begin by collecting the necessary notation used in [19].

For N P N, define the space of triangular arrays with positive real entries, TN “ tzk,` :

1 ď ` ď k ď N, zk,` P p0,8qu. Figure 21 illustrates an element of T4. In Section 2.1 of

[19], the geometric RSK correspondence is defined in terms of geometric row insertion,

a process in which a word b “ pb1, . . . , bNq P p0,8q
N is inserted into a triangular array

z P TN to obtain an updated triangular array z1 P TN (denoted z1 “ z Ð b). The

geometric row insertion procedure is summarized by the following equations ((2.5) of
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[19]):

ak,1 “ bk for 1 ď k ď N

ak`1,``1 “ ak`1,`

zk`1,`z
1
k,`

z1k`1,`zk,`
for 1 ď ` ď k ă N

z1k,` “ ak,`pzk,` ` z
1
k´1,`q for 1 ď ` ă k ď N

z1k,k “ ak,kzk,k for 1 ď k ď N.

z11

z22 z21

z33 z32 z31

z44 z43 z42 z41

Figure 21: A triangular array in T4.

For a semi-infinite matrix of positive weights d “ tdt,j : t ě 1, 1 ď j ď Nu, we write

drts “ pdt,1, . . . , dt,Nq for the t-th row of d. Given such a matrix d and an initial state

zp0q P TN , iteratively inserting the rows of d defines a temporal evolution:

zptq :“
“

zpt´ 1q Ð drts
‰

“
“

zp0q Ð dr1s Ð ¨ ¨ ¨ Ð drts
‰

for t ě 1.

The relation between the process zptq defined above and directed polymers is ex-

plained in Section 2.2 of [19]. Starting with an empty array (the insertion into an empty

or partially empty array is defined in Section 2.1) and inserting the first t columns of d

to obtain zptq P TN , the entries of zptq are given by

zk,1ptq “ Z
p1q
t,k for 1 ď k ď N,

zk,`ptq “ Z
p`q
t,k {Z

p`´1q
t,k for 2 ď ` ď k ď N,

where the partition functions are defined using the polymer environment weights Yi,j “

di,j.
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A semi-infinite random matrix d “ tdi,j : i ě 1, 1 ď j ď Nu is a solvable inverse-

gamma weight matrix if its entries are independent and there are parameters ppθi : i ě 1q

and pθj : 1 ď j ď Nq such that entry di,j „ Ga´1
ppθi ` θjq. Given a (possibly random)

initial state zp0q P TN , successive insertion of the rows of a solvable inverse-gamma

weight matrix defines a Markov process pzptqqtPZ` (see Section 3.1 of [19] for details).

The following theorem describes the invariant distributions of a process defined through

ratios of entries of zptq.

Theorem 4.4 (Theorem 3.10 of Corwin-O’Connell-Seppäläinen-Zygouras [19]). Let zptq

evolve on the space TN according to the Markovian dynamics governed by a solvable

inverse-gamma weight matrix with parameters ppθi : i ě 1q and pθj : 1 ď j ď Nq.

(a) The process ηptq, defined for 1 ď ` ă k ď N by

ηk,`ptq “
zk,lptq

zk´1,`ptq
,

is a Markov chain in its own filtration.

(b) Let 1 ď ` ă N and assume θ1 ă θ2 ă ¨ ¨ ¨ ă θ` ă mintθ``1, . . . , θNu. Then the pro-

cess pη1ptq, . . . , η`ptqq has an invariant distribution where the variables tηk,j : 1 ď

j ď `, j ă k ď Nu are independent with marginal distributions ηk,j „ Ga´1
pθk´θjq.

If the process is started with this distribution, then the following statement holds for

all times t ě 1: the variables tηk,jptq : 1 ď j ď `, j ă k ď Nu Y tzN,jpmq{zN,jpm´

1q : 1 ď m ď t, 1 ď j ď `u are independent with marginals ηk,j „ Ga´1
pθk ´ θjq

and zN,jpmq{zN,jpm´ 1q „ Ga´1
ppθm ` θjq.

The stationarity of the `-path stationary polymer environment is a consequence of

the above theorem.
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Proof of Lemma 4.1. Define the initial state zp0q using the partition functions in the

first ` columns of the mˆ n cut-off rectangle. That is,

zk,1p0q :“ Z
p1q
`,k for 1 ď k ď n

zk,jp0q :“ Z
pjq
`,k {Z

pj´1q
`,k for 2 ď j ď ` ď n.

For ` ` 1 ď k ď n, define θk “ µ. By construction, the ratios ηp0q defined below are

independent and have marginal distributions

ηk,1p0q “ V
p1q
`,k „ Ga´1

pθk ´ θ1q for 1 ă k ď N

ηk,jp0q “ V
pjq
`,k {V

pj´1q
`,k „ Ga´1

pθk ´ θjq for 2 ď j ă k ď n.

The weights tYi,j : ` ` 1 ď i ď m, 1 ď j ď nu form a solvable inverse-gamma weight

matrix with parameters pθi “ 0 and θj as defined in the stationary setup. Applying part

(b) of Theorem 4.4 with N “ n, t “ m´ ` and weight matrix di,j “ Y``i,j, the variables

tηk,jpm ´ `q : 1 ď j ď `, j ă k ď nu Y tzn,jpiq{zn,jpi ´ 1q : 1 ď i ď m ´ `, 1 ď j ď `u

are independent with marginals ηk,j „ Ga´1
pθk ´ θjq and zn,jpiq{zn,jpi´ 1q „ Ga´1

pθjq.

Furthermore, since these random variables were obtained through the geometric row

insertion of the remaining columns of weights, their interpretation as ratios of polymer

partition functions is extended to polymer partition functions using weights in the mˆn

section of the lattice. That is, ηk,jpm ´ `q “ V
pjq
m,k{V

pj´1q
m,k and zn,jpiq{zn,jpi ´ 1q “

U
pjq
i,n {U

pj´1q
i,n .

The computation of the expectation of the free energy is a direct application of the

stationarity lemma.
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Proof of Lemma 4.2. We expand

logZp`qm,n “ logZ
p`q
`,` `

m´`
ÿ

i“1

`

logZ
p`q
``i,` ´ logZ

p`q
``i´1,`

˘

`

n´
ÿ̀

j“1

`

logZ
p`q
m,``j ´ logZ

p`q
m,``j´1

˘

“ logZ
p`q
`,` `

m´`
ÿ

i“1

logU
p`q
``i,` `

n´
ÿ̀

j“1

V
p`q
m,``j.

We further expanding the U and V terms,

logU
p`q
``i,` “ logU

p1q
``i,` `

ÿ̀

k“2

log
U
pkq
``i,`

U
pk´1q
``i,`

,

log V
p`q
m,``j “ log V

p1q
m,``j `

ÿ̀

k“2

log
V
pkq
m,``j

V
pk´1q
m,``j

.

Recall that if X „ Ga´1
pθq, then ErlogXs “ ´ψ0pθq. Applying Lemma 4.1, we obtain

ErlogU
p`q
``i,`s “ ´

ÿ̀

k“1

ψ0pθkq, Erlog V
p`q
m,``js “ ´

ÿ̀

k“1

ψ0pµ´ θkq,

from which (4.2.1) follows. Since Π
p`q
`,` contains only the single `-tuple of paths that

passes through all corner sites, Z
p`q
`,` is the product of the corner boundary weights. Thus

equation (4.2.2) follows from the assumption on the distributions of the corner boundary

weights.

The two-path variance formula utilizes the stationarity lemma and a coupling argu-

ment similar to that given in Section 2.3 of Chapter 2.

Proof of Proposition 4.3. Define the sums

SS “ logZ
p2q
2,2 `

m
ÿ

i“3

logU
p2q
i,2 , SN “

m
ÿ

i“3

logU
p2q
i,n ,

SW “ logZ
p2q
2,2 `

n
ÿ

j“3

log V
p2q

2,j , SE “
n
ÿ

j“3

log V
p2q
m,j.
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We can express logZ
p2q
m,n “ SS ` SE “ SW ` SN . By Lemma 4.1, SN is independent of

SE and so

VarplogZp2qm,nq “ VarpSW ` SNq “ VarpSW q ` VarpSNq ` 2CovpSW , SNq

“ VarpSW q ` VarpSNq ` 2CovpSS ` SE ´ SN , SNq

“ VarpSW q ´ VarpSNq ` 2CovpSS, SNq. (4.3.1)

By Lemma 4.1, we can express SW and SN as sums of independent random variables.

Recall that if X „ Ga´1
pθq, then VarplogpXqq “ ψ1pθq. It then follows that

VarpSW q “ ψ1pθ2 ´ θ1q ` pn´ 2q
`

ψ1pµ´ θ1q ` ψ1pµ´ θ2q
˘

,

VarpSNq “ pm´ 2q
`

ψ1pθ1q ` ψ1pθ2q
˘

.

(4.3.2)

Next define

S
p1q
S “

m
ÿ

i“3

logU
p1q
i,2 , S

p2q
S “

m
ÿ

i“3

logU
p2q
i,2 .

Then since Z
p2q
2,2 “ Y2,2, SS “ log Y2,2`S

p1q
S `S

p2q
S and logZ

p2q
m,n “ log Y2,2`S

p1q
S `S

p2q
S `SN .

We now use a coupling argument similar to that of Section 2.3 of Chapter 2. We ex-

press the horizontal boundary weights and corner weight as functions of uniform random

variables so that we can perturb the parameters θ1 and θ2. Let tζ1
i , ζ

2
i : i ě 2u be i.i.d.

uniform(0,1) random variables that are independent of the weights tYi,j : i ě 1, j ě 3u.

Using the definition (2.3.3) of function Hf from Chapter 2 we have that

Hf
p´θ1, ζ

1
i q

d
“ Yi,1 „ Ga´1

pθ1q for i ě 3,

Hf
p´θ2, ζ

2
i q

d
“ Yi,2 „ Ga´1

pθ2q for i ě 3,

Hf
p´θ2 ` θ1, ζ

2
2 q

d
“ Y2,2 „ Ga´1

pθ2 ´ θ1q,
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where f :“ e´1{x (see Table 10). Suppressing the f superscript of H, define the coupled

environment

ωpθ1, θ2q “tpY2,2pθ1, θ2q :“ Hp´θ2 ` θ1, ζ
2
2 qu Y t

pYi,1pθ1q :“ Hp´θ1, ζ
1
i q, i ě 3u

Y tpYi,2pθ2q :“ Hp´θ2, ζ
2
i q : i ě 3u Y tYi,j : i ě 1, j ě 3u

and note that it is equal in distribution to the original polymer environment. Let pP and

pE denote the probability measure and corresponding expectation of the uniform random

variables ζ`i and the weights above the horizontal boundary, tYi,j : i ě 1, j ě 3u. For

` “ 1, 2 let Z
p`q
m,npθ1, θ2q and Q

p`q
m,npθ1, θ2q denote the partition functions and quenched

polymer measures under the ωpθ1, θ2q environment. By utilizing Lemma B.2 of the

appendix, we can show that

´
B

Bθ1

pErSNpθ1, θ2qs “
yCov

`

S
p1q
S pθ1, θ2q ´ log pY2,2pθ1, θ2q, SNpθ1, θ2q

˘

, (4.3.3)

´
B

Bθ2

pErSNpθ1, θ2qs “
yCov

`

S
p2q
S pθ1, θ2q ` log pY2,2pθ1, θ2q, SNpθ1, θ2q

˘

(4.3.4)

where S
piq
S pθ1, θ2q and SNpθ1, θ2q are the sums defined using the coupled environment.

Furthermore, there are open intervals I1 Q θ1 and I2 Q θ2 on which the covariances (4.3.3)

and (4.3.4) change continuously under perturbations of θ1 and θ2.

For a pair pπ1, π2q P Π
p2q
m,n, we decompose the weight of the path to isolate the coupled

weights. With the convention that an empty product has value one,

wtpπ1, π2qpθ1, θ2q “

¨

˝

t1pπ1q
ź

i“3

pYi,1pθ1q

t2pπ1q
ź

j“t1pπ1q_3

pYj,2pθ2q

t2pπ2q
ź

k“3

pYk,2pθ2q

˛

‚

ˆ

¨

˝

ź

p2,2qPpπ1,π2q

pY2,2pθ1, θ2q

˛

‚wtpπ1, π2q, (4.3.5)
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where wtpπ1, π2q is the portion of the weight picked up in the rectangle t1, . . . ,mu ˆ

t3, . . . , nu. Recall from (2.3.7) that

B

Ba
Hf
pa, pq “ Hf

pa, pqLf pa,Hf
pa, pqq, (4.3.6)

where Lf pa, xq is defined in (2.3.8).

Using the decomposition (4.3.5) and derivative (4.3.6), we now compute the deriva-

tives of the free energy with respect to the two parameters, θ1 and θ2. Let A Ă Π
p2q
m,n be

the set of all pairs pπ1, π2q that contain the point p2, 2q. Suppressing the superscript f

of Lf ,

B

Bθ1

logZp2qm,npθ1, θ2q “
1

Z
p2q
m,n

ÿ

pπ1,π2qPΠm,n

wtpπ1, π2q

˜

1ppπ1, π2q P AqLpθ1 ´ θ2, pY2,2q

`

t1pπ1q
ÿ

i“3

´Lp´θ1, pYi,1q

¸

“ Lpθ1 ´ θ2, pY2,2qQ
p2q
m,npAq ´ E

Q
p2q
m,n

t1pπ1q
ÿ

i“3

Lp´θ1, pYi,1q (4.3.7)

B

Bθ2

logZp2qm,npθ1, θ2q “
1

Z
p2q
m,n

ÿ

pπ1,π2qPΠm,n

wtpπ1, π2q

˜

´ 1ppπ1, π2q P AqLpθ1 ´ θ2, pY2,2q

`

t2pπ1q
ÿ

j“t1pπ1q_3

´Lp´θ2, pYj,2q `

t2pπ2q
ÿ

k“3

´Lp´θ2, pYk,2q

¸

“ ´Lpθ1 ´ θ2, pY2,2qQ
p2q
m,npAq ´ E

Q
p2q
m,n

«

t1pπ1q
ÿ

j“t1pπ1q_3

Lp´θ2, pYj,2q

`

t2pπ2q
ÿ

k“3

Lp´θ2, pYk,2q

ff

. (4.3.8)

On the other hand, using the decomposition

logZp2qm,npθ1, θ2q “ log pY2,2pθ1, θ2q ` plogZ
p2q
2,n ´ logZ

p2q
2,2q ` SNpθ1, θ2q
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and the fact that plogZ
p2q
2,n ´ logZ

p2q
2,2q has no dependence on θ1 or θ2, the derivatives of

the free energy can also be expressed as

B

Bθ1

logZp2qm,npθ1, θ2q “ Lpθ1 ´ θ2, pY2,2q `
B

Bθ1

SNpθ1, θ2q, (4.3.9)

B

Bθ2

logZp2qm,npθ1, θ2q “ ´Lpθ1 ´ θ2, pY2,2q `
B

Bθ2

SNpθ1, θ2q. (4.3.10)

Using the equality in distribution of the original and the coupled environments, equations

(4.3.3), (4.3.4), (4.3.9), (4.3.10), (4.3.7), (4.3.8), and a justification similar to that in the

proof of Lemma 2.17 of Chapter 2, we then pass the derivative through the expectation

to obtain:

CovpSS, SNq “ ´
B

Bθ1

´

pESNpθ1, θ2q

¯

´
B

Bθ2

´

pESNpθ1, θ2q

¯

“ ´pE
„

B

Bθ1

logZp2qm,n `
B

Bθ2

logZp2qm,n



“ EEQ
p2q
m,n

«

1ppπ1, π2q P AqLpθ1 ´ θ2, Y2,2q `

t1pπ1q
ÿ

i“3

Lp´θ1, Yi,1q

`

t2pπ1q
ÿ

j“t1pπ1q_3

Lp´θ2, Yj,2q `

t2pπ2q
ÿ

k“3

Lp´θ2, Yk,2q

ff

. (4.3.11)

Combining equation (4.3.1) with equations (4.3.2) and (4.3.11) completes the proof.
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Appendix A

Verification of Hypothesis 2.15

Lemma A.1. If the function f satisfies the conditions of Hypothesis 2.15 and gpxq :“

fp 1
x
q for x P p0,8q, then g also satisfies the conditions of Hypothesis 2.15.

Proof. Note that supppgq “ supppfq´1. Fix a compact K Ă DpMgq and let a P K. By

parts (c) and (b) of Remark 2.12, ψg0paq “ ´ψf0 p´aq and ´K Ă DpMf q. Thus there

exists a positive constant C depending only ´K such that for all b P ´K, (2.3.9) and

(2.3.10) hold. It therefore suffices to show the following two relations hold:

Lgpa, xq “ Lf p´a,
1

x
q for all x P supppgq (A.0.1)

ż 1

0

ˇ

ˇ

ˇ

B

Ba
Lgpa,Hg

pa, pqq
ˇ

ˇ

ˇ
dp “

ż 1

0

ˇ

ˇ

ˇ

B

Bb
Lf pb,Hf

pb, pqq
ˇ

ˇ

ˇ
dp (A.0.2)

where the right hand side of (A.0.2) is evaluated at b “ ´a.

(A.0.1) can be proven by using ψg0paq “ ´ψ
f
0 p´aq and making the substitution y ÞÑ 1

y

in the first integral appearing in (2.3.8).

(A.0.2) will now follow from (A.0.1) and

Hg
pa, 1´ pq “

1

Hf p´a, pq
for all p P p0, 1q.

To see that this equality holds, let X „ mgpaq and x ą 0. Using part (a) of Remark
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2.12

F g
pa, xq “ PpX ď xq “ PpX´1

ě x´1
q “ 1´ PpX´1

ă x´1
q “ 1´ F f

p´a, x´1
q.

(A.0.3)

Fix p P p0, 1q and recall the definition ofH‚, (2.3.3). Note thatHf p´a, pq andHgpa, 1´pq

lie in supppfq and supppgq “ supppfq´1 respectively. Plugging x “ Hgpa, 1 ´ pq into

(A.0.3) gives

1´ p “ F g
pa,Hg

pa, 1´ pqq “ 1´ F f
`

´ a,
1

Hgpa, 1´ pq

˘

.

Rearranging yields

F f
`

´ a,
1

Hgpa, 1´ pq

˘

“ p “ F f
p´a,Hf

p´a, pqq.

Since x ÞÑ F f p´a, xq is one-to-one on supppfq we have the desired result.

Lemma A.2. Each of the functions f in Table 10 satisfy Hypothesis 2.15.

Proof. Fix b ą 0. By Lemma A.1 it suffices to show the three functions

fpxq “ e´bx, fpxq “ p1´ xqb´1
1t0ăxă1u, fpxq “

` x

x` 1

˘b

satisfy the conditions of Hypothesis 2.15. In [45] (equation 3.30 and the computation

following equation 4.7), Seppäläinen showed that the function fpxq “ e´x satisfies these

conditions. A simple rescaling then shows that these conditions are also satisfied for

fpxq “ e´bx.

We will write C0paq, C1paq, . . . to indicate the positive constants Ckpaq have a contin-

uous dependence on a. We claim it is sufficient to show that if fpxq “ p1´xqb´1
1t0ăxă1u
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or fpxq “ p x
x`1
qb, then for all x P supppfq the following three bounds hold:

Lf pa, xq ď C0paqp1` | log x|q (A.0.4)

|x
f 1pxq

fpxq
|Lf pa, xq ď C1paqp1` | log x|q (A.0.5)

|Gf
pa, xq| ď C2paqp1` plog xq2q (A.0.6)

where

Gf
pa, xq : “

x´a

fpxq

ż x

0

pψf1 paq ` ψ
f
0 paq log y ´ plog yq2qya´1fpyqdy (A.0.7)

“ ´
x´a

fpxq

ż 8

x

pψf1 paq ` ψ
f
0 paq log y ´ plog yq2qya´1fpyqdy.

Note that the second equality in the definition of Gf pa, xq follows from the definitions

of ψf0 paq and ψf1 paq in part (c) of Remark 2.11. (A.0.4) clearly implies (2.3.9). To show

(2.3.10) is satisfied, using (2.3.7), we calculate

B

Ba
Lf pa,Hf

pa, pqq “
BLf

Ba
pa,Hf

pa, pqq `
B

Ba
Hf
pa, pq

BLf

Bx
pa,Hf

pa, pqq

“

ˆ

BLf

Ba
pa, xq ` xLf pa, xq

BLf

Bx
pa, xq

˙
ˇ

ˇ

ˇ

ˇ

x“Hf pa,pq

.

Since

BLf

Ba
pa, xq ` xLf pa, xq

BLf

Bx
pa, xq “pψf0 paq ´ 2 log xqLf pa, xq ´ aLf pa, xq2

`Gf
pa, xq ´ x

f 1pxq

fpxq
Lf pa, xq2,

the conditions (A.0.4), (A.0.5), and (A.0.6) imply the existence of a positive constant

C3paq such that for all x P supppfq,

ˇ

ˇ

ˇ

BLf

Ba
pa, xq ` xLf pa, xq

BLf

Bx
pa, xq

ˇ

ˇ

ˇ
ď C3paq

`

1` plog xq2
˘

.
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Condition (2.3.10) now follows from

ż 1

0

ˇ

ˇ

ˇ

ˇ

B

Ba
Lf pa,Hf

pa, pqq

ˇ

ˇ

ˇ

ˇ

dp ď C3paq

ż 1

0

`

1` plogHf
pa, pqq2

˘

dp

“ C3paq
`

1` ψf1 paq ` pψ
f
0 paqq

2
˘

ă 8.

The last equality is justified by parts (a) and (c) of Remark 2.11 along with the fact

that Hf pa, ηq „ mf paq when η is uniformly distributed on p0, 1q.

We first show (A.0.4), (A.0.5) and (A.0.6) for the case fpxq “ p1 ´ xqb´1
1t0ăxă1u.

Let a P DpMf q “ p0,8q. Then there exists some positive constant C4paq such that the

following two inequalities hold:

ˇ

ˇψf0 paq ´ log y
ˇ

ˇya´1fpyq ď

$

’

’

&

’

’

%

C4paqp1´ log yqya´1 if 0 ă y ă 1
2

C4paqp1´ yq
b´1 if 1

2 ď y ă 1

ˇ

ˇψf1 paq ` ψ
f
0 paq log y ´ plog yq2

ˇ

ˇya´1fpyq ď

$

’

’

&

’

’

%

C4paq
`

1` plog yq2
˘

ya´1 if 0 ă y ă 1
2

C4paqp1´ yq
b´1 if 1

2 ď y ă 1.

Since a ą 0, (2.3.8) and (A.0.7) give: for 0 ă x ă 1
2
,

Lf pa, xq ď
2bC4paq

xa

ż x

0

p1´ log yqya´1dy ď C0paqp1` | log x|q (A.0.8)

ˇ

ˇGf
pa, xq

ˇ

ˇ ď
2bC4paq

xa

ż x

0

`

1` plog yq2
˘

ya´1dy ď C2paq
`

1` plog xq2
˘

.

Similarly, the secondary expressions in (2.3.8) and (A.0.7) give: for 1{2 ď x ă 1,

Lf pa, xq ď
2aC4paq

p1´ xqb´1

ż 1

x

p1´ yqb´1dy ď C0paqp1´ xq (A.0.9)

ˇ

ˇGf
pa, xq

ˇ

ˇ ď
2aC4paq

p1´ xqb´1

ż 1

x

p1´ yqb´1dy ď C2paqp1´ xq

where we increased C0paq and C2paq if necessary. Thus the bounds (A.0.4) and (A.0.6)
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hold. Moreover, by (A.0.8) and (A.0.9),

ˇ

ˇx
f 1pxq

fpxq

ˇ

ˇLf pa, xq “ |b´ 1|
x

1´ x
Lf pa, xq ď

$

’

’

&

’

’

%

C1paqp1` | log x|q if 0 ď x ă 1
2

C1paq if 1
2 ď x ă 1

proving the bound (A.0.5).

We now consider the case fpxq “ p x
x`1
qb. Let a P DpMf q “ p´b, 0q. Then

ˇ

ˇψf0 paq ´ log y
ˇ

ˇya´1fpyq ď

$

’

’

&

’

’

%

C4paqp1´ log yqya`b´1 if 0 ă y ă 1

C4paqp1` log yqya´1 if y ě 1

ˇ

ˇψf1 paq ` ψ
f
0 paq log y ´ plog yq2

ˇ

ˇya´1fpyq ď

$

’

’

&

’

’

%

C4paq
`

1` plog yq2
˘

ya`b´1 if 0 ă y ă 1

C4paqp1` plog yq2qya´1 if y ě 1.

Since a` b ą 0, (2.3.8) and (A.0.7) give: for 0 ă x ă 1,

Lf pa, xq ď
2bC4paq

xa`b

ż x

0

p1´ log yqya`b´1dy ď C0paqp1` | log x|q

ˇ

ˇGf
pa, xq

ˇ

ˇ ď
2bC4paq

xa`b

ż x

0

`

1` plog yq2
˘

ya`b´1dy ď C2paq
`

1` plog xq2
˘

.

Similarly, since a ă 0, the secondary expressions in (2.3.8) and (A.0.7) give: for x ě 1,

Lf pa, xq ď
2bC4paq

xa

ż 8

x

p1` log yqya´1dy ď C0paqp1` | log x|q

ˇ

ˇGf
pa, xq

ˇ

ˇ ď
2bC4paq

xa

ż 8

x

p1` plog yq2qya´1dy ď C2paqp1` plog xq2q

where we increased C0paq and C2paq if necessary. Thus the bounds (A.0.4) and (A.0.6)

hold. Since |xf
1pxq
fpxq

| “ b 1
x`1

ď b, (A.0.4) implies (A.0.5) completing the proof.
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Appendix B

Lemmas used in Section 2.3 and

Section 2.4

Lemma B.1. Assume the polymer environment is such that logR1, logR2, log Y 1, and

log Y 2 have finite second moments. Then ErplogZxq
2s ă 8 for any x P Z2

`.

Proof. Since logZk,0 “
řk
i“1R

1
i,0 and logZ0,` “

ř`
j“1 logR2

0,j, logZx has finite second

moment for each x P Z2
`zN2. If x P N2, the recursion (2.2.1) implies that

plog Y 1
x ` logZx´α1q ^ plog Y 2

x ` logZx´α2q

ď
logZx

2
ď plog Y 1

x ` logZx´α1q _ plog Y 2
x ` logZx´α2q.

Thus

plogZxq
2
ď 4plog Y 1

x ` logZx´α1q
2
` 4plog Y 2

x ` logZx´α2q
2.

Since log Y 1 and log Y 2 have finite second moments, an inductive argument finishes the

proof.

Lemma B.2. Suppose fk : p0,8q Ñ r0,8q for k “ 1, . . . , r and a0 ă a ă a1 are real

numbers such that ra0, a1s Ă
Şr
k“1DpMfkq. Suppose we have a collection of indepen-

dent random variables tXku
r
k“1 where Xk „ mfkpaq for all 1 ď k ď r. Let Ea be the

expectation corresponding to the product measure induced by tXku
r
k“1.
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Let S “
řr
k“1 logXk and A : Rr Ñ R be a measurable function such that EarApX1, . . . , Xrq

2s ă

8 for all a P ra0, a1s. Then

B

Ba
EarApX1, . . . , Xrqs “ CovapApX1, . . . , Xrq, Sq for all a P pa0, a1q

and pa0, a1q Q a ÞÑ
B

Ba
EarApX1, . . . , Xrqs is continuous.

Proof. The joint density of plogX1, logX2, . . . , logXrq is given by

gpx1, . . . , xrq “
ea

řr
k“1 xk

śr
k“1Mfkpaq

r
ź

k“1

fkpe
xkq.

Thus the density of S is given by

hapsq “
eas

śr
k“1Mfkpaq

ż

Rr´1

f1pe
x1qf2pe

x2´x1q . . . frpe
s´xr´1qdx1, . . . , xr´1 (B.0.1)

Therefore the joint density of plogX1, logX2, . . . , logXrq given that S “ s is

gpx1, . . . , xrq1t
řr
k“1 xk“su

hapsq
“

śr
k“1 fkpe

xkq1t
řr
k“1 xk“su

ş

Rr´1 f1pex1qf2pex2´x1q . . . frpes´xr´1qdx1, . . . , xr´1

,

which has no a dependence. Thus

B

Ba
EarApX1, . . . , Xrqs “

B

Ba

ż

R
EarApX1, . . . , Xrq|S “ sshapsqds

“

ż

R
EarApX1, . . . , Xrq|S “ ss B

Ba
hapsqds

“

ż

R
EarApX1, . . . , Xrq|S “ sshapsq

`

s´
r
ÿ

k“1

B

Ba
logMfkpaq

˘

ds

“ CovapApX1, . . . , Xrq, Sq.

The last equality comes from ErSs “
řr
k“1 ErlogXks “

řr
k“1

B

Ba
logMfkpaq, by part (a)

of Remark 2.11. The interchanging of the derivative and the integral is justified by the

bound

ż

R
Er|ApX1, . . . , Xrq|

ˇ

ˇS “ ss sup
aPra0,a1s

ˇ

ˇ

ˇ

ˇ

B

Ba
hapsq

ˇ

ˇ

ˇ

ˇ

ds ă 8. (B.0.2)
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Once we show that there is a constant C depending only on a0 and a1 such that

sup
aPra0,a1s

ˇ

ˇ

ˇ

ˇ

B

Ba
hapsq

ˇ

ˇ

ˇ

ˇ

ď Cp1` |s|qpha0psq ` ha1psqq (B.0.3)

we will have the bound (B.0.2) since

ż

R
Er|ApX1, . . . , Xrq|

ˇ

ˇS “ ssp1` |s|qhajpsqds “ Eaj r|ApX1, . . . , Xrq|p1` |S|qs

ď Eaj rApX1, . . . , Xrq
2
s
1
2Eaj rp1` |S|q2s

1
2 .

The last expression is finite since Eaj rApX1, . . . , Xrq
2s ă 8 by assumption, and S is a

finite sum of independent random variables each of which has finite exponential moments,

by part (a) of Remark 2.11. Notice that the bound (B.0.2) also implies that a ÞÑ

B

Ba
EarApX1, . . . , Xrqs is continuous. All that is left to do is verify the bound (B.0.3). To

accomplish this, notice that equation (B.0.1) implies that B

Ba
log hapsq “ s´ EarSs. So

sup
aPra0,a1s

ˇ

ˇ

ˇ

ˇ

B

Ba
hapsq

ˇ

ˇ

ˇ

ˇ

ď C1p1` |s|q sup
aPra0,a1s

hapsq

where C1 :“ 1 _ supaPra0,a1s |E
arSs|. Thus it suffices to show that supaPra0,a1s hapsq ď

C2

´

ha0psq ` ha1psq
¯

for some constant C2 independent of s. By part (c) of Remark

2.11, a ÞÑ EarSs is an increasing function. Therefore, for all s ď Ea0rSs the function

a ÞÑ hapsq is non-increasing on ra0, a1s. Thus

sup
aPra0,a1s

hapsq ď ha0psq for all s ď Ea0rSs.

On the other hand, if s ą Ea0rSs, then B

Ba
log

´

hapsq exp papEa1rSs ´ Ea0rSsqq
¯

“ s ´

EarSs ` Ea1rSs ´ Ea0rSs ą 0 for all a P ra0, a1s. Thus for all s ą Ea0rSs, a ÞÑ

hapsq exp
´

apEa1rSs ´ Ea0rSsq
¯

is increasing on the interval ra0, a1s. Therefore,

sup
aPra0,a1s

hapsq ď C3ha1psq for all s ą Ea0rSs
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where C3 “ exp
´

pa1 ´ a0qpEa1rSs ´ Ea0rSsq
¯

. We now get the desired result with C2 “

1` C3.

Lemma B.3. Assume that the polymer environment is distributed as in (2.3.2) and let

ε be small enough such that for all |λ| ď ε, a1 ` λ P DpMf1q and a2 ´ λ P DpMf2q. Let

pm,nq P N2 and k P N. Then, with notation as in (2.3.5), Q
pa1`λ,a2´λq
m,n pt1 ě kq is stochas-

tically non-decreasing in λ and Q
pa1`λ,a2´λq
m,n pt2 ě kq is stochastically non-increasing in

λ.

Proof.

B

Bbi
Qpb1,b2qm,n ptj ě kq “

B

Bbi

˜

1

Zm,npb1, b2q

ÿ

x‚PΠm,n

1ttjěkuW pb1, b2qpx‚q

¸

. (B.0.4)

If i ‰ j, the sum in (B.0.4) has no bi dependence, so

B

Bbi
Qpb1,b2qm,n ptj ě kq “

´1

pZm,npb1, b2qq
2

ˆ

B

Bbi
Zm,npb1, b2q

˙

ÿ

x‚PΠm,n

1ttjěkuW pb1, b2qpx‚q,

which is non-positive by (2.3.18). If i “ j, then by (2.3.17) and (2.3.18),

B

Bbi
Qpb1,b2qm,n pti ě kq “

ř

x‚PΠm,n
1ttiěku

B

Bbi
W pb1, b2qpx‚q

Zm,npb1, b2q

´

ˆ

B

Bbi
logZm,npb1, b2q

˙

ř

x‚PΠm,n
1ttiěkuW pb1, b2qpx‚q

Zm,npb1, b2q

“ CovQ
pb1,b2q
m,n

`

ti
ÿ

k“1

Lf
i

pbi, H
f i
pbi, η

i
kqq,1ttiěku

˘

,

which is non-negative.
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Appendix C

Properties of ψ
f
n

Model ψf
1

n pa1q ψf
2

n pa2q

IG p´1qn`1pΨnpµ´ θq ´ δn,0 log βq p´1qn`1pΨnpθq ´ δn,0 log βq

G Ψnpµ` θq ´ δn,0 log β p´1qn`1pΨnpθq ´Ψnpµ` θqq

B Ψnpµ` θq ´Ψnpµ` θ ` βq p´1qn`1pΨnpθq ´Ψnpµ` θqq

IB p´1qn`1pΨnpµ´ θq ´Ψnpµ´ θ ` βqq Ψnpµ´ θ ` βq ` p´1qn`1Ψnpθq

Figure 22: ψfn functions for each of the four basic beta-gamma models.

By [1] (p.260 line 6.4.1) the polygamma function of order n, Ψnpxq “
Bn`1

Bxn`1 log Γpxq,

has integral representation

Ψnpxq “ p´1qn`1

ż 8

0

tne´xt

1´ e´t
dt. (C.0.1)

Lemma C.1. For any n P N, the map a ÞÑ Ψn`1paq
Ψnpaq

is strictly increasing on p0,8q.

Proof. Fix n P N and a P p0,8q. We will show that B2

Ba2
log |Ψnpaq| ą 0.

After substituting y “ e´t in (C.0.1) we get

|Ψnpaq| “

ż 8

0

ya´1fpyqdy “Mf paq

where fpyq :“ p´ log yqn

1´y
1t0ăyă1u. Note that DpMf q “ p0,8q. Now given a random

variable X „ mf paq, by part (c) of Remark 2.11,

B2

Ba2
log |Ψnpaq| “

B2

Ba2
logMf paq “ VarrlogXs ą 0,

since X is non-degenerate.



120

Lemma C.2. Assume the polymer environment is distributed as in (2.3.2). Then

ψf
1

1 pa1qψ
f2

2 pa2q ` ψ
f2

1 pa2qψ
f1

2 pa1q ą 0.

Proof. Recall that ψf
j

1 are always positive and by (C.0.1) Ψn has sign p´1qn`1 throughout

p0,8q.

For the inverse-gamma model (1.2.2) with fixed constants β ą 0 and µ ą θ ą 0,

Table 22 implies that ψf
j

2 pajq ą 0 for j “ 1, 2. The conclusion follows immediately.

For the gamma model (1.2.3) with fixed positive constants β, µ, and θ, by Table 22

ψf
1

1 pa1qψ
f2

2 pa2q ` ψ
f2

1 pa2qψ
f1

2 pa1q “ ´Ψ1pθ ` µqΨ2pθq `Ψ1pθqΨ2pθ ` µq.

The quantity on the right hand side is positive if and only if

Ψ2pθ ` µq

Ψ1pθ ` µq
ą

Ψ2pθq

Ψ1pθq

which holds true by Lemma C.1 with n “ 1.

For the beta model (1.2.4) with fixed positive constants β, µ, and θ, using Table 22

ψf
1

1 pa1qψ
f2

2 pa2q ` ψ
f2

1 pa2qψ
f1

2 pa1q ą 0 ô

ψf
1

2 pa1q

ψf
1

1 pa1q
ą ´

ψf
2

2 pa2q

ψf
2

1 pa2q
ô

Ψ2pθ ` µ` βq ´Ψ2pθ ` µq

Ψ1pθ ` µ` βq ´Ψ1pθ ` µq
ą

Ψ2pθ ` µq ´Ψ2pθq

Ψ1pθ ` µq ´Ψ1pθq
. (C.0.2)

By Cauchy’s mean value theorem there exist constants θ ă ξ1 ă θ`µ ă ξ2 ă θ`µ`β

such that the left and right-hand sides of (C.0.2) equal Ψ3pξ2q
Ψ2pξ2q

and Ψ3pξ1q
Ψ2pξ1q

respectively.

Lemma C.1 with n “ 2 now gives (C.0.2).
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For the inverse-beta model (1.2.5) with fixed constants β ą 0 and µ ą θ ą 0, by

Table 22, ψf
1

2 pa1q ą 0, ψf
2

1 pa2q ą Ψ1p´θ ` µ ` βq, and ψf
2

2 pa2q ą Ψ2p´θ ` µ ` βq.

Therefore

ψf
1

1 pa1qψ
f2

2 pa2q`ψ
f2

1 pa2qψ
f1

2 pa1q

ą ψf
1

1 pa1qΨ2p´θ ` µ` βq `Ψ1p´θ ` µ` βqψ
f1

2 pa1q

“ Ψ1p´θ ` µqΨ2p´θ ` µ` βq ´Ψ1p´θ ` µ` βqΨ2p´θ ` µq.

Letting x “ ´θ ` µ, the last line is positive if and only if

Ψ2px` βq

Ψ1px` βq
ą

Ψ2pxq

Ψ1pxq

which holds true by Lemma C.1 with n “ 1.
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