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Abstract

In this work we study 1+1 dimensional lattice directed polymer models. After intro-
ducing the general model in Chapter 1, in Chapter 2 (joint work with Christian Noack)
we develop a Mellin transform framework which allows us to simultaneously analyze the
four known exactly solvable 1+1 dimensional lattice polymer models: the log-gamma,
strict-weak, beta, and inverse-beta models. Using this framework we prove the conjec-
tured fluctuation exponents of the free energy and the polymer path for the stationary
point-to-point versions of these four models. In Chapter 3 (joint work with Christian
Noack) we define an integrability property shared by each of the log-gamma, strict-weak,
beta, and inverse-beta models. This integrability property encapsulates a preservation
in distribution of ratios of partition functions which in turn implies the so called Burke
property. We show that under some regularity assumptions, up to trivial modifications,
there exist no other models possessing this property. In Chapter 4 we further study the
log-gamma directed polymer and consider a model with multiple paths. We formulate
an environment in which the ratios of multi-path partition functions satisfy a Burke-type
stationarity property. This stationarity is then used to derive a formula for the variance

of the multi-path partition function.
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Notation and Symbols

N The natural numbers {1,2,...}.

The integers.

Z, The nonnegative integers {0,1,2,...}.

R The real numbers.

|z The greatest integer less than or equal to .
avb The maximum of a and b.

anbd The minimum of a and b.

supp(f) For a real valued function f, supp(f) = {x : f(z) # 0}.

® Denotes (independent) product distribution.
-A For AcR, —A={-a:a€c A}
At For A < R such that 0¢ A, A™' = {1 :ae A}.

X For a random variable X with finite expectation, X = X — E[X].
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Chapter 1

Introduction

1.1 Background

A polymer is a large molecule consisting of a long chain of repeated subunits held together
by chemical bonds. Nylon, polyethylene, and polystyrene are some well-known examples
of synthetic polymers. Proteins, nucleic acids, and polysaccharides are examples of
natural polymers. Due to the ubiquity of polymer structures, polymers are a subject of
intense study in chemistry, biology, physics, and mathematics.

In statistical physics and mathematics, a polymer is typically modeled as a random
nearest neighbor path in a lattice. A typical formulation of a polymer model is to
specify a configuration space §2,, a finite collection of allowable n-step polymer paths,
and a Hamiltonian function H,, which associates to each path x € Q,, an energy H,(x).

The Gibbs measure on 2, associated to H,, is the probability measure defined by

P,(z) = Ziexp(—Hn(l’)),

n

Hn(®) i5 the normalizing partition function.

where 7, := > o €~
The flexibility in the choice of the configuration space and Hamiltonian allows for the
modeling of a wide range of physical systems. The lecture notes of den Hollander [21]

provide an excellent introduction to the study of a variety of random polymer models

and the techniques used in their analysis.



In this work we will consider directed polymers models, for which the allowable paths
are directed in time. The paths considered are trajectories of nearest neighbor walks
in Z, with time-space representation {(¢,z;)}",, where (z;)?, is a nearest-neighbor
walk in Z? starting at the origin at time ¢ = 0. The Hamiltonian is defined in terms
of a random environment. A path is weighted according to the random weights that
it traverses. Our setup will be made precise in the following section. The model of
the directed polymer in a random environment can exhibit many interesting behaviors
including phase transitions when a temperature parameter is used to tune the strength
of the random environment. See the lecture notes of Comets [I5] for a survey of the
mathematical work on directed polymers.

The Kardar-Parisi-Zhang [30] or KPZ equation is a stochastic partial differential
equation which, in the 141 dimensional setting, is commonly used as a model equation
in physics for surface growth and random interfaces. A broad class of 1+1 dimensional
random growth and interface models are expected to lie in the KPZ universality class.
For such models, certain observables of interest are expected to have random fluctuations
that grow as a power of the system size or time, N. As opposed to the Gaussian
universality class, where the order of the fluctuations is N2 and the scaled fluctuations
have a Gaussian limiting distribution, models in the KPZ universality class exhibit
fluctuations of order N'/3 and non-Gaussian limiting distributions arising from random
matrix theory. For an introduction to the KPZ equation and its universality class, see
the articles by Corwin [I6],[I7] and survey lecture notes by Quastel [43].

There is a vast body of physics literature on the KPZ equation and universality class,
including heuristic derivations of fluctuation exponents and even physical experimental

evidence for KPZ universality. See the survey article of Halpin-Healy and Takeuchi [20]



and the many references within for an entry point into the literature. Despite the strong
evidence for KPZ universality, there are relatively few models for which KPZ behavior
has been rigorously proved. In the setting of lattice polymers there are four such models.

These are described in Section [[.2.1]

1.1.1 Summary of results

In Chapter [2] we formulate a framework which allows us to prove the KPZ fluctuation
exponents for the four models in a unified manner. The techniques used in the analysis
depend upon a stationarity property that each of the four models exhibits. In Chapter
we show that, up to trivial modifications, these four models are the only 141 dimensional
lattice polymers that have this stationarity property. In Chapter 4 we further consider
the log-gamma polymer, which is special in its exact solvability through the geometric
RSK correspondence. We formulate a stationary setup for a multi-path polymer, where
the configuration space now consists of k-tuples of non-intersecting walks, and use this

to prove a variance formula in the two-path case.

1.2 141 Dimensional Lattice Polymer Models

We now specify the model which is the subject of this work. We consider a 1+1 dimen-

%)

sional lattice directed polymer. By making the change of coordinates (t,z) — (5%,

(illustrated in Figure , we can consider paths in the nonnegative quadrant of Z?. We
study the point to point polymer, meaning that the endpoint is fixed in space-time.
On each edge e of the Z2 lattice we place a positive random weight. The superscripts

1 and 2 will be used to denote horizontal and vertical edge weights, respectively. For z €
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Figure 1: An example polymer trajectory in (¢, z) coordinates and the corresponding
path in Z2 obtained by rotating 45 degrees counter-clockwise then rescaling.

N2 let V! and Y2 denote the horizontal and vertical incoming edge weights. We assume
that the collection of pairs {(Y!, Y?)}.en2 is independent and identically distributed with
common distribution (Y, Y?), but do not insist that Y! is independent of Y2. Call this
collection the bulk weights. For z € N x {0}, let R. denote the horizontal incoming edge
weight, and for y € {0} x N, let RZ denote the vertical incoming edge weight. We assume
the collections { R} }senxoy and {R>},eq0yxn are independent and identically distributed
with common distributions R' and R2, and refer to them as the horizontal and vertical
boundary weights, respectively. We further assume that the horizontal boundary weights,
the vertical boundary weights, and the bulk weights are independent of each other. This

assignment of edge weights is illustrated in Figure 2l We call
w={Ry, R, (Y}, Y?): e Nx {0},y € {0} xN,ze N} (1.2.1)

the polymer environment. We use P and E to denote the probability measure and

corresponding expectation of the polymer environment.
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Figure 2: Assignment of edge weights.

A path is weighted according to the product of the weights along its edges. For
(m,n) € Z2\{(0,0)} we define a probability measure on all up-right paths from (0,0) to
(m,n). See Figure |3 for an example of an up-right path. Let I, ,, denote the collection
of all such paths. We identify paths =, = (xq, z1,. .., Tm+n) by their sequence of vertices,
but also associate to paths their sequence of edges (e1, ..., €min), Where e; = {x;_1,z;}.

Define the quenched polymer measure on 1I,, ,,

1 m-+n

Qm,n(x.) = 7 1_[ We, 5
=1

where w, is the weight associated to the edge e and

m-+n

Zm,n = 2 1_[ We;

z.€llpm,n =1

is the associated partition function. At the origin, define Zy, := 1. Taking the expec-
tation E of the quenched measure with respect to the edge weights gives the annealed

measure on IL,, ,,

Pm,n@-) = E[Qm,n(x)]

The annealed expectation will be denoted by E,, .



Figure 3: An up-right path from (0,0) to (5,5).

Note that this formulation of the polymer measure is equivalent to using the Hamil-
tonian H(z.) = — >, " log w,,.

The logarithm of the partition function is called the free energy of the polymer model
and is an important object of study. Many of the thermodynamic quantities of interest

of an equilibrium statistical mechanical model can be expressed in terms of the free

energy.

1.2.1 Four basic beta-gamma models

In the setting of lattice directed polymers, there are four models for which results about
the scaling exponents or limit distributions are known. The log-gamma directed polymer
was introduced by Seppéldinen in [45], where the fluctuation exponents were proved.
A limit distribution result for the scaled free energy was proved by Borodin, Corwin,
and Remenik [T1I]. The strict-weak polymer model was simultaneously introduced by
Corwin, Seppéldinen, Shen [20] and O’Connell, Ortmann [38] and its limit distribution
was proved through different methods in these two papers. The beta directed polymer

was introduced by Barraquand and Corwin in [7], where its limit distribution was also



calculated. The fourth model is the inverse-beta model, introduced by Thiery and Le
Doussal in [50], in which they conjecture a formula for the Laplace transform of the
polymer partition function and, contingent on this conjecture, show Tracy-Widom limit
distribution for the rescaled free energy.

We specify the edge weight distributions of the random variables (R', R?, Y Y?) to
define the four stationary polymer models. The notation X ~ Ga(c, () is used to denote
that a random variable is gamma(a, 3) distributed, i.e. has density I'(a) 3% le=52

O a—1

supported on (0, ), where I'(a) = | 2~ 'e™*dx is the gamma function. X ~ Be(a, 3)

is used to say that X is beta(q, ) distributed, i.e. has density F((°;+?) 1 - z)ft

BT
supported on (0,1). We then use X ~ Ga '(a,3) and X ~ Be '(«, 8) to denote that
(Be -1)

Xt ~ Ga(a, 8) and X! ~ Be(a, ), respectively. We also use X ~

to denote that X + 1 ~ Be™!(a, 3).

e Inverse-gamma (IG): This is also known as the log-gamma model. Assume

pw>0>0,6>0and
R'~Ga'(n—0.8) R*~Ga '(0,5)
(1.2.2)
(Y1 Y?) = (X, X) where X ~ Ga'(u, B).

e Gamma (G): This is also known as the strict-weak model. Assume 6, p, 5 > 0

and
R'~Ga(p+0,8)  R*~Be '(0,p)
(1.2.3)
(Y1 Y?) = (X,1) where X ~ Ga(u, 5).
e Beta (B): Assume 6, u, § > 0 and
R'~Be(u+6,8)  R*~Be (6, p)
(1.2.4)

YLY? = (X,1-X)  where X ~ Be(u,fB).



e Inverse-beta (IB): Assume > 6 >0, 5 > 0 and

R' ~Be '(u—0,p) R* ~ (Be '(0,8+pn—0)—1)
(1.2.5)
(YLY?)=(X,X —1)  where X ~ Be (i, B).

The name of each model refers to the distribution of the bulk weights. We call these
models the four basic beta-gamma models.

The method used to obtain the fluctuation exponent results depends up the station-
arity property of the four basic beta-gamma models, which we formulate as a down-right
property, stated below. Section of Chapter [2| elaborates upon this property.

Write a1 = (1,0), as = (0,1). For k = 1,2 define ratios of partition functions

Z
R’; = a
Zx—ak

for all z such that x — oy, € Zi.

Note that these extend the definitions of R} and R} ;, since for example Z; o = [ ]}, _, R} .
We say that 7 = {m}kez is a down-right path in Z?% if 7, € Z2 and 71 — 7 € {1, —an}

for each k € Z. To each edge along a down-right path we associate the random variable

R if {71, 7} is horizontal,
Amim =
Rz if {me_y, m} s vertical.

An example down-right path and the associated random variables are given in Figure [4]

The following definition is a weaker form of the Burke property (see Theorem 3.3 of

[45]).

Definition 1.1. Say the polymer model has the down-right property if for all down-right

paths ™ = {7y }rez, the random variables

A(m) = {Agzy s mpy - K€L}



R,
R,
Rhy Ry Ry | e
4,3
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Figure 4: A section of a down-right path in Z2 and the associated random variables.

. 1 2 . . . . .
are independent and each R, and R appearing in the collection are respectively dis-

tributed as R' and R?.

To illustrate the usefulness of this down-right property, we use it to compute the
expectation of the free energy. By writing the partition function as a product of ratios

and taking a logarithm, the free energy can be expressed as
10g Zynn = . log Ry + Y log B2, ;.
i=1 j=1

By assumption the terms R} 2 R'. Applying the down-right property to any down-
right path passing through the edges from (m,n) to (m,0) shows that wa- < R?. Thus

we have

E[log Z,,.n] = mE[log R'] + nE[log R?].
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1.3 Results

1.3.1 Fluctuation exponent results

In the setting of 1 + 1 dimensional directed polymers, KPZ universality predicts that

the polymer path and free energy fluctuation exponents are 2/3 and 1/3, respectively.
The first main theorem of Chapter [2| shows that the free energy of the four basic

beta-gamma models has the conjectured order of fluctuations. The theorem is restated

below.

Theorem 1.2. Assume that the polymer environment has edge weight distributions

RY R% (Y1 Y?) as in one of (1.2.2) through (1.2.5)), and let (m,n) = (my,ny)%_,

be a sequence such that
Imy — NVar{log R*]| < yN*? and Iny — NVar[log R']| < yN**  (1.3.1)

for some fized v > 0. Then there exist positive constants ¢, C', and Ny depending only

on 1,0, 8,7 such that for all N = Ny,
cN*2 < Var{log Zyn] < ON*2.
The same constants c, C, Ny can be taken for all u,0,5,~ varying in a compact set.

The assumption ([1.3.1) comes from the fact that we are considering the stationary
version of each model, and the boundary weights are distributed differently from the
bulk weights. The polymer needs to be scaled in a characteristic direction in order to
see the appropriate behavior. Corollary of Chapter [2| shows that we see Gaussian

fluctuations and limit distribution when we scale in a non-characteristic direction.
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The second main theorem of Chapter [2| shows that the polymer paths have order
N?3 fluctuations. The theorem is restated below.

Given a path z, € 11,,, ,,, for 0 < k < m and 0 <[ < n define

vo(l) := min{i : (i,1) € z.} vi(l) := max{i : (i,0) € z.}
wo(k) :=min{j : (k,j) € z.} wi (k) := max{j : (k,j) € x.}.

This is illustrated in figure o]

wy (k) f-mmmmmm - —I-I

wo(k) f----mmmm - T

Figure 5: Example path with vy, vy, wg, w; illustrated.

Theorem 1.3. Assume that the polymer environment has edge weight distributions

RYL R, (Y, Y2) as in one of (T22) through (TZ), and let (m,n) = (mx,nn)%_y
be a sequence satisfying (1.3.1) for some fizred v > 0. Let 0 < 7 < 1. Then there exist

positive constants by, C, co, c1, No depending only on u, 8, 3, v, T such that for b = by

and N € N,
P < 7tm — bN?3 > bN2/3) < ¢
man(Vo(|TR]) < M or vi(|Tn]) = Tm + ) < it
C (1.3.2)

Pn(wo(|tm]) < mh — bN?3 or wy(|tm]) = ™ + sz/S) < —,

<
w
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and for all N = Ny,
co < Prn(vi(|mn]) = 7m + e, N¥2 or wi(|mm]) = ™ + e N?/3). (1.3.3)

The same constants can be taken for all u, 8, B, v, T varying in a compact set.

The content of the upper bounds can be thought of as a form of tightness for
the annealed polymer measure. Given a point (7m, 7n) on the diagonal, one can choose
a horizontal or vertical window of order N%? about (7m,7n) (illustrated by the blue
line segments in Figure @ such that the annealed polymer measure assigns most of its
mass to paths crossing through that window.

The lower bound then shows that the correct order of the path fluctuations is
no smaller than N3, Under the annealed polymer measure, with probability of at least

co the polymer paths avoid a small window of order N%3 about (7m, tn) (illustrated by

the red shaded box in Figure [f]).

1.3.2 Characterization results

Since each up-right path ending at x € N? uses the edge {x — ay, 2} or {x — ay, z} in the

last step, the partition functions satisfy the recurrence relation
Zo=Y} Ty oy + Y2t o,  forweN (1.3.4)

This recurrence relation then implies the recursions

1

R.L=Y] +Y2R$ a2

RZ
P2 e for x e N2, (1.3.5)
R Yl RT [e31 4 Yg;2
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T™m m

Figure 6: The blue line segments indicate windows of size bN?? from upper bound
(1.3.2)). The red shaded box is the window of size ¢; N*/ which the polymer path avoids

in lower bound ({1.3.3).

Using the recursions (|1.3.5) we can reduce the down-right property to the following

distributional identity:
(R',R®) £ (Y' + Y?R'/R®, Y'R*/R" + Y?). (1.3.6)

The content of Chapter |3]is to give a characterization of stationary polymer models (i.e.
those with the down-right property) by characterizing random variables R', R?, (Y1, Y?)
which satisfy .

We further assume that Y and Y2 have a functional dependence of the form (Y, Y?) =
(Y, h(Y)) for some positive random variable Y and positive function h. Notice that each

of the four basic beta-gamma models has this form.
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When Y is a random variable taking values in the domain of h and (R', R?) is a

random vector taking values in (0, 00)?, define the random vector

T (R, R?) := (Y - h(Y)g—:, Y%j + h(Y)) . (1.3.7)

Note that with (Y!,Y?) = (Y, h(Y,)), the recursive equations imply

(R, R2) =T""(R._,, . R:_,)  forallzeN (1.3.8)

r—aoag) r—o

Definition 1.4. Let O3 < (0,00), h : O3 — (0,00), and assume the random variable
Y takes values in Oz. Let (R', R?*) be a random vector taking values in (0,00)? that is

independent of Y. We say that (R', R?) is T™Y -invariant if T"Y (R, R?) 4 (R', R?).

The first main result of Chapter 3| Theorem consists of showing that, under some
regularity assumptions, T"Y-invariance can only occur if 4 is of the form h(y) = a + by

for real numbers a, b satisfying a v b > 0. This theorem is restated below.

Define the non-random analogue of ({1.3.7)),

T"Y(ry, o) = (y + h(y)k y2 + h(y)). (1.3.9)

Theorem 1.5. Let R', R?,Y be positive, independent random variables with respective
densities f1, fa, f3. Assume that the support of f; is O; < (0,00) for j = 1,2,3, where
each O; is open and Os is connected. Assume fi, fo are twice differentiable on Oy and
O, respectively and that f3 is three times differentiable on Os. Suppose h : O3 — (0, 00)
is four times differentiable, the mapping Oy x Oy x Oz 3 (11,19, y) = T™¥(ry,12) surjects
onto Oy x Oy, and 2 + h'(y) # 0 for all (r1,r2,y) € O1 x Oz x Oy. If (R', R?) is
T™Y sinvariant, then h must be of the form h(y) = a + by, where a,b are real numbers

satisfying a v b > 0.



15

The second main result of the chapter, Theorem |3.4], consists of showing that if A has
this form, then T"Y -invariance only arises as a modification of the four known invariant
models (described in through (1.2.5)). Details of the modifications are given in
Section [3.4) but can loosely be described as either interchanging the x and y axes or

scaling the weights by constants. This theorem is restated below.

Theorem 1.6. Let O; < (0,00) for j = 1,2,3 and assume h : O3 — (0,00) has the form
h(y) = a + by, where a,b are real numbers satisfying a v b > 0. Assume the mapping
O1 x Oy x O3 3 (ry,79,y) = Th(ri,ry) surjects onto Oy x Oy, and R*, R%, Y are
non-degenerate, independent random variables taking values in O1, Os, O3 respectively.

(a) If a =0 and b > 0, then (R', R?) is T™Y -invariant if and only if (Rl, %RQ,Y, Y)
is distributed as in (1.2.2)).

(b) If a > 0 and b = 0, then (R*, R?) is T"Y -invariant if and only if (R',1R?Y,1)
is distributed as in (|1.2.3)).

(¢c) Ifa>0,b<0, and b ¢ {£ : (z,y) € Oy x Oy}, then (R*, R?) is T™Y -invariant
if and only if either (—SRl, %R2, —%Y, 1+ SY) or (5R2, —%Rl, 1+ gY, —EY) 18
distributed as in (1.2.4)).

(d) If a <0 and b > 0, then (R, R?) is T™Y -invariant if and only if
(—gRl, —%RQ, —SY, —ZY — 1) is distributed as in (|1.2.5)).

(e) If a,b > 0, then (R', R?) is T"Y -invariant if and only if (%RQ, ZRl, 1+ SY, EY)
is distributed as in (|1.2.5)).

Figure [7] illustrates which one of the four basic beta-gamma models corresponds to

each choice of parameters a, b.
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Figure 7: Modifications of the four beta-gamma models.

1.3.3 Multi-path polymer results

In Chapter 4 we further study the inverse-gamma (log-gamma) directed polymer, which
is exactly solvable using the geometric Robinson-Schensted-Knuth (gRSK) correspon-
dence. We consider multi-path polymers, which are represented as tuples of non-
intersecting up-right lattice paths.

The classical RSK correspondence is a combinatorial mapping between matrices with
entries in Z, and pairs of semi-standard Young tableaux of the same shape. See the
texts by Fulton [24] and Stanley [48] for constructions of the correspondence and some
of its applications. The RSK correspondence is the combinatorial structure that lies
behind the solvability of the problem of the length of the longest increasing subsequence
of a random permutation [3] and the solvability of directed last passage percolation with

geometric or exponential weights [29)].
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The geometric RSK correspondence (gRSK) is a mapping from matrices with pos-
itive real entries to pairs of triangular arrays. The mapping was first introduced by
Kirillov [32]. In [19], Corwin, O’Connell, Seppéldinen, and Zygouras use the matrix
product formulation for gRSK developed by Noumi and Yamada [37] to apply the gRSK
correspondence to the study of directed polymers. If the entries of the input matrix
to gRSK are used as weights for a polymer environment, the output triangular arrays
can be expressed in terms of multi-path polymer partition functions. In the case where
the input matrix has inverse-gamma distributed entries with certain parameters, the
pushforward probability measure on triangular arrays has an explicit form.

The first result of Chapter 4 utilizes a theorem from [19] about the invariant distri-
butions of a certain Markov process on triangular arrays to specify an inverse-gamma
polymer environment for which ratios of multi-path polymer partition functions have a
form of stationarity similar to the down-right property of Definition |1.1

The other main result of Chapter 4 applies the stationary setup and the coupling
method used in Section [2.3] of Chapter [2| to derive a formula for the variance of the

two-path partition function.
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Chapter 2

Fluctuation exponents

The content of this chapter is joint work with Christian Noack and is a modified form
of an article which has been published in the Latin American Journal of Probability and

Mathematical Statistics [14].

2.1 Introduction

In the 1 + 1 dimensional case, a large class of polymer models are expected to lie in
the KPZ universality class. For this class, the polymer path and free energy fluctuation
exponents are conjectured to be 2/3 and 1/3, respectively, and the probability distri-
bution of the rescaled free energy is conjectured to converge to the Tracy-Widom GUE
distribution.

There are a few 1 + 1 dimensional polymer models for which these results have been
proved. Baldzs, Quastel, and Seppélainen [5] prove the fluctuation exponents for a Hopf-
Cole solution to the KPZ equation with Brownian initial condition. This solution can
be interpreted as the free energy of a stationary continuum directed polymer. Amir,
Corwin, and Quastel [2] study the Hopf-Cole solution to the KPZ equation with narrow-
wedge initial condition and prove Tracy-Widom limit distribution for large time. For the

O’Connell-Yor semi-discrete Brownian directed polymer [41], the fluctuation exponents



19

are proved by Seppéldinen and Valké [46], and the limit distribution is proved in Borodin,
Corwin [9] and Borodin, Corwin, Ferrari [10].

In the setting of lattice directed polymers, there are four models for which results
about the scaling exponents or limit distributions are known. The log-gamma directed
polymer was introduced by Seppéldinen in [45], where the fluctuation exponents were
proved. The limit distribution result was proved by Borodin, Corwin, and Remenik [11].
The strict-weak polymer model was simultaneously introduced by Corwin, Seppaléinen,
Shen [20] and O’Connell, Ortmann [38] and its limit distribution was proved through
different methods in these two papers. The beta directed polymer was introduced by
Barraquand and Corwin in [7], where its limit distribution was also calculated. The
fourth model is the inverse-beta model, introduced by Thiery and Le Doussal in [50],
in which they conjecture a formula for the Laplace transform of the polymer partition
function and, contingent on this conjecture, show Tracy-Widom limit distribution for
the rescaled free energy.

In this work we provide a Mellin transform framework with which we are able to
treat these four lattice polymer models simultaneously and prove the fluctuation expo-
nents of the free energy and the polymer path for their stationary versions. While for
the log-gamma model these results were previously shown by [45], for the strict-weak,
beta, and inverse-beta models, the path fluctuation results are new. An independent
and concurrent work by Baldzs, Rassoul-Agha, and Seppéldinen [6] also gives the path
fluctuation result for the beta model.

Our methods rely upon a Burke-type stationarity property that each of these mod-
els possesses. This stationarity, along with a coupling argument, are used to prove a

variance formula which is then amenable to analysis. This method was first used by
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Cator and Groeneboom [I2] to prove the order of the variance of the length of the
longest weakly North-East path in Hammersley’s process with sources and sinks. In [4],
Balazs, Cator, and Seppalidinen adapt this method to prove the order of the fluctuations
of the passage time and the fluctuations of the maximal path for last passage perco-
lation with exponential weights. Seppéldinen [45] used this method to prove the order
of the fluctuation of the free energy and the polymer path fluctuations for the point-
to-point log-gamma model with stationary boundary conditions, and upper bounds on
the fluctuation exponents for the non-stationary point-to-point and point-to-line models.
Seppéldinen and Valké [46] prove the scaling exponents for the O’Connell-Yor polymer,
and Flores, Seppélédinen, and Valké [34] extend the result to the intermediate disorder
regime. Our work closely follows the methods in [45]; the Mellin transform framework

provides a unified way to apply these methods to the four models.

2.1.1 Results

Recall the model and notation defined in Section [I.2] of Chapter [I}

If X is a positive random variable with density p, define

Lx(z) := Cov(log X, Lix<a}) (2.1.1)

-~ ap()
for all x such that p(z) > 0. Given a path z, € I1,, ,, define the exit points of the path

from the horizontal and vertical axes by
t1 := max{i : (¢,0) € x.} and  t9:=max{j: (0,j) € x.}. (2.1.2)

The following proposition gives exact formulas for the expectation and variance of

the free energy, which is a starting point for analysis of these four models.
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Proposition 2.1. Assume that the polymer environment has edge weight distributions

RY R%* (Y'Y?) as in one of (1.2.2) through (1.2.5). Then for all (m,n) € Z2,

E[log Z,n.n] = mE[log R'] + nE[log R?],

t1
Var{log Zy,n] = —mVar{log R'] + nVar{log R*] + 2E,,., [Z Lp(Rig) |, (21.3)
i—1
to
Var[log Z,, n] = mVar[log R'] — nVar{log R*] + 2E,,, . [Z LR2(R8J)] : (2.1.4)
j=1

Using these exact formulas, we can obtain the following bounds on the variance of

the free energy when (m,n) grow in a characteristic direction.

Theorem 2.2. Assume that the polymer environment has edge weight distributions

RY R? (Y1 Y?) as in one of (1.2.2) through (1.2.5), and let (m,n) = (my,nn)%_,

be a sequence such that
Imy — NVar{log R*]| < yN*? and Iny — NVar[log R']| < yN*?  (2.1.5)

for some fized v > 0. Then there exist positive constants ¢, C', and Ny depending only

on p, 0,8, such that for all N = Ny,
cN?? < Var[log Zyn] < CN?3.
The same constants ¢, C, Ny can be taken for all u,0,3,~ varying in a compact set.

Theorem and a Borel-Cantelli argument give the following law of large numbers.

Corollary 2.3. With assumptions as in Theorem[2.9 the following limit holds P-almost

surely

. log Zn
lim ————
N—o

= E[log R'|Var{log R?*] + E[log R*]Var{log R']. (2.1.6)



22

For the four basic beta-gamma models, the right-hand side of (2.1.6)) is given by

0

A 0.0)(55B.0)) — (5 A4(.0.)) B(u.0) + C(1s0),

on+1

where the functions A, B, and C are given in Table and ¥, (7) := 5557 logI'(x) denotes

the polygamma function of order n.

’ Model H A(p, 0, 8) \ B(u,0) \ C(u,0) ‘
IG log 8 Wo(0) — Wo(p —0) | —Wo(p — 0)¥1(0) — Vo (0)W:1(p — )
G log 8 Po(p+0) —o(f) | Wolp+6)¥1(0) — Vo(0)Vi(p+0)
B o(p+0+PB) | Yolu+6)—Vo(0) | Polp+0)Wi(0) — Wo(0)V1(p+0)
IB —Vo(u— 0+ 8) | Yo(8) — Wo(p—0) | —Wolp — 60)¥1(#) — Vo(0)V1(p—0)

Figure 8: Functions for the limiting rescaled free energy of the four basic beta-gamma
models.

The following is a result for when the sequence (my,ny) does not satisfy condition
(2.1.5). The statement is given for when the horizontal direction is too large, but an

analogous result holds for the vertical direction.

Corollary 2.4. Assume that the polymer environment has edge weight distributions

RY R? (Y1, Y?) as in one of (1.2.2) through (1.2.5) and that m,n — oo. Define N by
n = NVarllog R'] and assume

N~%(m — NVar{log R*]) —» ¢; > 0
for some o« > 2/3. Then as N — o0
N2 (log Zynn — E[log Zinn])

converges in distribution to a centered normal with variance ¢, Var{log R'].
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The variance formulas in Proposition connect the variance of the free energy to
the exit points of the path from the boundaries (2.1.2). This allows us to obtain bounds
on the polymer path fluctuations under the annealed measure.

Given a path z, € I1,,, ,,, for 0 <k <m and 0 <! < n define

vo(l) := min{i : (i,1) € x.} v1(l) :== max{i : (i,1) € z.}
(2.1.7)

wo(k) :=min{j : (k,j) € z.} wi (k) := max{j : (k,j) € x.}.
This is illustrated in Figure [9}

wy (k) f-mmmmmm - —I-I

wo(k) f-----mmm - T

Figure 9: Example path with vy, v1, wg, w; illustrated.

Theorem 2.5. Assume that the polymer environment has edge weight distributions

RY R? (Y1, Y?) as in one of (1.2.2)) through (1.2.5)), and let (m,n) = (my,nn)%_;
be a sequence satisfying (2.1.5)) for some fized v > 0. Let 0 < 7 < 1. Then there exist

positive constants by, C, cq, c1, Ny depending only on u, 0, B8, v, T such that for b = by

and N € N,
P < bN?? > b2y < & 2.1.8
mn(Vo(|Tn]) < TM — or vi(|Tn]) = Tm + ) < 0 (2.1.8)
Prn(wo(|mm|) < mn — bN?3 or wy(|rm|) = mn + bN??) < g, (2.1.9)

S
w
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and for all N = Ny,
co < Pun(vi(lmn]) = 7m + et N*2 or wi(|mm]) = mn + ¢, N*/3). (2.1.10)
The same constants can be taken for all u, 6, B, v, T varying in a compact set.

Structure of the chapter: In Section we define the down-right property then
state and prove consequences of this property. In Section [2.3| we introduce the Mellin
transform framework, which allows us to treat the four basic beta-gamma models si-
multaneously, and prove Proposition 2.1} In Section [2.4] we prove the upper bound of
Theorem . In Section we prove bounds and of Theorem In
Section we prove the lower bound of Theorem and bound of Theorem
2.5 In Appendix[A]we verify that each of the four basic beta-gamma models satisfies the
conditions of Hypothesis [2.15] Appendix [B] collects technical lemmas used in Sections

and 2.4 Appendix [C] collects facts used in the proof of Proposition [2.26]

2.2 The down-right property

Write ay = (1,0), ay = (0,1). For k = 1,2 define ratios of partition functions

RF .= Za

2= for all z such that  — oy, € Z2.
T—ap

Note that these extend the definitions of R}, and R3 ;, since for example Z;o = [ ]}, _, R} .
We say that m = {m}kez is a down-right path in Z? if 7, € Z% and 11 — 7 € {on, —an}

for each k € Z. To each edge along a down-right path we associate the random variable

R if {m_1, T} is horizontal,
A{Wk—lﬂfk} =
Rz if {m_1, ™} is vertical.
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The following definition is a weaker form of the Burke property (see Theorem 3.3 of

[45]).

Definition 2.6. Say the polymer model has the down-right property if for all down-right

paths ™ = {7 }rez, the random variables
A(T) o= { Ny} K € Z}

are independent and each R,lrk and Rfrk appearing in the collection are respectively dis-

tributed as R' and R?.

The partition functions satisfy the recurrence relation
Zo =Y} Ty oy + Y2 o,  forwe N (2.2.1)

This recurrence relation then implies the recursions

Rl
Rl =Y!+ Yj—Rg‘”
R e for x e N2, (2.2.2)
Ri = Yxl Rf_al + YIQ
T—QQ

Using the recursions (2.2.2)) we can reduce the down-right property to a simple preser-

vation in distribution.

Lemma 2.7. Let R', R? (Y, Y?) be positive random variables such that R*, R* and the

pair (Y1, Y?) are independent. Put
(R', R?) := (Y' + Y2R'/R?, Y'R?/R' + Y?).

Then the polymer model with edge weights R*, R?, (Y1, Y?) has the down-right property

if and only if (El, §2) 4 (R', R?).



26
Proof of Lemma |2.7. Given a down-right path 7, define its lower-left interior
Int(r) := {z € Z2 such that z + (m,n) € {7} for some m,n € N}.

If the polymer model with edge weights R', R? (Y Y?) has the down-right property,
taking 7 to be the unique down-right path with interior {(0,0)} implies that (R} ;, R ) 2
(R', R?). Then and the fact that (Rig, R3,, (Y], YH)) L (RY, R, (Y',Y?))
imply that (B!, R?) £ (R!, R).

For the converse direction, we first prove the statement for = with finite interior.
The case when the interior is empty is true by assumption. Assume that the down-right
property holds for all paths 7 with |Int(7)| = n. Given a path 7 with |Int(7)| =n + 1
there exists = such that 7 traverses the right-down corner {r — ay,z,x — as}. Let 7

be the path which traverses the same points as 7 with the exception of instead passing

through the down-right corner {z — ay,x — @1 — a2,z — as}. Then |Int(7)| = n and so

(R o, R2_,) 4 (R', R?). Using (2.2.2), the assumption that (B!, R?) £ (R!, R?) and

the independence of (Y;!,Y;?) from the collection A(7) gives us that the collection A(7)
has the desired property.
To prove the statement for arbitrary =, pick a finite sub-collection F' of A(7). Then

there exists 7 such that Int(7) is finite and F' < A(7). Since the statement holds for

down-right paths with finite interior, we are done. O

Proposition 2.8. Fach of the four basic beta-gamma models, (1.2.2)) through (1.2.5)),

possesses the down-right property.

Proof. The (R', R?) £ (R', R?) condition in Lemmahas been checked for the inverse-
gamma, gamma, beta, and inverse-beta models by Lemma 3.2 of [45], Lemma 6.3 of [20],

Lemma 3.1 of [6], and Proposition 3.1 of [49] respectively. O
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The following lemma is an immediate consequence of the down-right property and

the starting point for the proof of Proposition [2.1}

Lemma 2.9. If the polymer model with edge weights R, R*, (Y, Y?) possesses the

down-right property and log R*, log R? both have finite variance, then for all (m,n) € Z2,
(a) E[log Z,,»] = mE[log R'] + nE[log R?],
(b) Varllog Z,,,] = —mVar{log R'] + nVar{log R?] + 2Cov(Sy, Ss),
(c) Varllog Z,,,] = mVar{log R'] — nVar[log R?| + 2Cov(Sg, Sw),

where

Sy =log Z,,, —log Zy,, = Z log R},, Ss:=10gZny = Z log R},

i=1 i=1

" " (2.2.3)
Sg i=log Zyn —log Zpo = Z log R?n,j’ Sw = log Zy,, = Z log Rg,j'
j=1

j=1
Proof. By the down-right property Sg is independent of Sy, Sy is independent of Sg,

and
Var[Sy] = Var[Sg] = mVar[log R'], Var[Sg] = Var[Sy ] = nVar[log R?].
These facts along with the equalities log Z,,, , = Sy + Sw = Sg + Ss gives (a) and

Var[log Z,, ] = Var[Sy| + Var[Sw] + 2Cov(Sy, Sw)
= Var[Sy] + Var[Sw] + 2Cov(Sy, Sg + Ss — Sn)
= —Var[Sy] + Var[Sy | + 2Cov(Sy, Ss)

= —mVar[log R'] + nVar[log R*] + 2Cov(Sy, Ss).
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Similarly,

Var[log Z,,.n] = —nVar[log R*] + mVar[log R'] + 2Cov(Sg, Sw).

2.3 The Mellin transform framework

In this section we develop a framework which allows us to treat the four basic beta-
gamma models simultaneously.

Given a function f : (0,00) — [0, ), write M for its Mellin transform

My(a) = f 2 f(2)dx

0

for any a € R such that the integral converges. Define
D(Mjy) := interior({a e R: 0 < My(a) < o0}).

Definition 2.10. Given a function f : (0,00) — [0,00) such that D(M;y) is non-empty,

we define a family of densities on (0,00) parametrized by a € D(Mjy):

prale) i= My(a) 2"~ f(2). (2.3.)
We write X ~ my(a) to denote that the random variable X has density py,.

Remark 2.11. If f : (0,00) — [0,0) is such that D(M;y) is non-empty, then My is C*

throughout D(My). Furthermore, if X ~ my(a), then

(a) log X has finite exponential moments. That is, there exists some € > 0 such that

M¢(a+¢€)+ Ms(a —e€)
Mjy(a)

E[es X < B[X€] + E[X €] = < .
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(b) For all k € N,

o* :
%Mf(a) = My(a)E[(log X)"].

(¢) E[log X] = i (a) and Varllog X] = ¢! (a), where

n+1

0
Vl(a) = Wlong(a) forneZ,.

The following remark says that random variables with densities of the form (2.3.1)

are closed under inversion.

Remark 2.12. If f : (0,00) — [0,0) is such that D(Mj) is non-empty and g(x) := f(2)

for x € (0,0), then for all a € D(My),
(a) X ~my(a) = X ~my(—a),
(b) My(a) = M,(—a) and therefore D(M,) = —D(Mj),
(c) ¥j(a) = (=1)""'¢4(~a) for allneN.

Definition 2.13. Let f7 : (0,00) — [0,00) be such that D(M;) is non-empty for j =
1,2. We say that the polymer environment is Mellin-type with respect to (f%, f?) if

(R, R?) ~ mp(a1) ® my=(ag) for some aj e D(Mi).

When the polymer environment is Mellin-type with parameters (aj,as), we use

Plorez) laa2) Yar(ene2) Cov(®92) in place of P, E, Var, Cov respectively.

2.3.1 The four basic beta-gamma models are Mellin-type

We first specify functions f to obtain each of the random variables appearing in the

four basic beta-gamma models. Note that the fourth column in Table [10| specifies the
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distribution of the random variable corresponding to f. We let B(a,b) = % denote

an+l

the beta function and recall that ¥, (z) = S5 logI'(z). For the Table (10| we assume

b>0and a € D(My).

| f(z) | D(My) | My(a) | my(a) |
e b (0,00) [(a)/b Ga(a, b)
e/ (—00,0) | T(—a)b® Ga '(—a,b)
(1 —2)"  jocp<ry | (0,00) B(a,b) Be(a, b
(1—2)" "1y | (—0,0)] B(—a,b) Be '(—a,b)
(-%)° (=b,0) | B(—a,b+a)|Be '(—a,b+a)—1
| f(z) | Vi (a) |
e b U, (a) — b, 0logb
et (=)™ (W, (—a) — d,0logb)

(1 —2)" 'gepeny U, (a
(1— 2" ey | ()"
(wiﬂ)b U,(a+b

)=V (a—i—b)
(=

W(Ca) = U (—a+ b))
)+ ()" W (=a)

Figure 10: Mellin framework data for the distributions appearing in the four basic beta-
gamma models.

To express the distribution of the polymer environment in each of the four basic
beta-gamma models given in through within this Mellin framework, we
let

(R, R*, X) ~ myi(ar) @my2(az) @ myi(as), (2.3.2)
where the functions f', f? and parameters a;, j = 1,2,3 are given in Table . Recall
that in each of the models, (Y, Y?) are given in terms of X. For Table [11| we assume

w3 > 0.

Remark 2.14. For each fixed value of the bulk parameter as, we obtain a family of
models with boundary parameters a; and ay satisfying ay +as = as. For any such a; and

as, by Proposition these models will have the down-right property.
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[Model | (@) [ Pl T (aaa) | |
IG 67/8 ’ 676 * (0 — M —0, _:u) b e (07 :U“)
G e Pe (1 - %)M_lﬂ-{:c>1} (,u + 6)7 _07 /'L) 0e (07 OO)
B (1 — x>ﬂ_1]]-{0<z<1} (1 — %)M_ll{m>l} (:U’ + 97 _‘97 :u) b€ (07 OO)
1B (1 - %)6_11{m>1} (xLH)(B'FH) (6 — K _97 _,u) 0 e (07 ,u)

Figure 11: Functions and parameters to fit the four basic beta-gamma models into the
Mellin framework.

2.3.2 Coupling of polymer environments

In order to compare polymer environments with different parameters, we use a coupling
to express the boundary weights as functions of i.i.d. uniform(0, 1) random variables.
If f:(0,00) — [0,00) is such that D(M;) is non-empty, write F/ for the CDF of the

random variable X ~ mg(a). Specifically, '/ : D(M;) x [0,00) — [0,1] is given by

Define the quantile function
H'(a,p) := inf{z : p < F/(a,z)}. (2.3.3)

If the random variable 7 is uniformly distributed on the interval (0,1), then H/(a,n)
~ my(a).

Suppose that a polymer environment w is Mellin-type with respect to (f!, f2) with
parameters (b, by). Let {n},n7 : i,j € N} be ii.d. uniform(0,1) random variables that
are independent of the bulk weights {(Y1,Y2) : z € N2}. Write P, E, and Var for the

probability measure and the corresponding expectation and variance of these uniform

random variables and the bulk weights. Define the coupled environment

w2 = AH by, n}), H (b2, ?), (Y2, Y2) 1ie N, je N,z e N2} (2.3.4)

zZ1r oz
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Note that this environment is equal in distribution to the original environment w.
To specifically denote weights accumulated by a path, the partition function, the
quenched measure, and the annealed expectation, associated to the coupled environment

w(b1:b2) , define

+

W (b1, bo)(z.) := H 2@ bi ) for z, € I1,,, ,,

Znn(by, b2) = 2 W (by, bo)(x.)
€Ml (2.3.5)

Qb (A) .= Z W (by, by)( for A< I1,,,,

o m n bla b2
Eg;lﬁbz)[.] —F [EQ%}JL@) [o]] .
Recall the definition of the exit points ¢; (2.1.2). We can decompose the weight accu-

mulated along a path to isolate the dependence on boundary weights

m+n

W (b1, by) (x HHJ” (b1, m}) HHf (bod) [ wi™,) (2.3.6)

k=(t1vt2)+1

Notice that one of the first two products will be empty and the third product involves
only the bulk weights.

If we assume that f : (0,00) — [0, c0) has open support, is continuous on its support,
and D(M;) is non-empty, then F7 is continuously differentiable on the set D(M;) x
supp(f). By the implicit function theorem, H/ is continuously differentiable and for all

(a,p) € D(My) x (0, 1), we have

ﬁHfa B aFf(aHf(ap)): fra I
20 (©P) T (a, (0, p)) H(a,p)L’ (a, H'(a,p)) (2.3.7)

where L7 is given by

LY (a,z) = L r(w(’f(a) —logy)y* " f(y)dy

fla) Jy
= —}U(x) L (¥ (a) — logy)y™" f(y)dy

(2.3.8)
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The second equality follows from the definition of ¢ (a). Notice that

LY (a,x) = — Cov(log X, L{x<s}) = Lx(x) (as defined in (2.1.1))

Tpfa(T)
when X ~ my(a), and therefore L/ (a,x) > 0.
The following hypothesis collects technical conditions for the function f used in the

sequel.

Hypothesis 2.15. Suppose that f : (0,0) — [0, 00) is such that D(My) is non-empty, f
has open support, is differentiable on its support, and for all compact K < D(Mjy) there

exists a constant C depending only on K such that the following hold for all a € K :

L' (a,z) < C(1 + |logx|) for all x € supp(f), (2.3.9)

L ‘%Lf(a,Hf(a,p))‘dp <C. (2.3.10)

Remark 2.16. If X ~ mg(a) where [ satisfies Hypothesis[2.18, then by and
Remark‘. Lx(X) has finite exponential moments. By Lemma m A.9 in the appendiz,

each of the functions f corresponding to the random variables appearing in the four basic

beta-gamma models (see Table@) satisfies Hypothesis .

Lemma 2.17. Assume that the polymer environment is Mellin-type with respect to
(fY, f%), where f! and f? satisfy Hypothesis. Further assume that logY' and log Y?

have finite variance. Recall the notation ([2.2.3)). Then for all (m,n) € Z2,
Cov(Sy,Ss) = Emn Z L (R},) (2.3.11)

Cov(Sg, Sw) = Emn Z Lg:(RE))] (2.3.12)
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Proof. By assumption, there exists (a1, az) € D(Mp) x D(Mj2) such that (R, R?) ~
myi(a;) ® my2(az). There exist open neighborhoods U; about a; contained in D(M;)

for 7 = 1,2. We then show that

%E@wz)[sjv] = Cov®2)(Sy, Sg) for all by € Uy, (2.3.13)

1

a%ﬂ-z(“hbz)[SE] = Cov'®*2)(Sp, Sy) for all by € Uy, (2.3.14)
2

and that the mappings b; — Cov®1%)(Sy, Sg) and by — Covl@:%)(Sy, Sy) are con-
tinuous. We begin with . We will vary the parameter b; of the weights Ril,()
while keeping the parameter as of the weights Rg,j fixed. Let E be the expectation
over {Rg;, (Y,!,Y?)}jenwenxn. By Remark and Lemma [B.1] E¢+22)[S3] < oo for
all by € U;. Then E®-22)[Sy] = EM[E[Sy]] where EP* denotes the expectation over
{R}o}i, when R' ~ myi(by). We now invoke Lemma Specifically, we use r = m,
Xy = Rbg fr = flforall k =1,....mand A(R},,...,R. o) = E[Sx] to get, for all

bl € Ula

iE(bW?)[SN] _ O gn [A(X1, ..., Xm)] = Cov™ (A(X4, ..., X,), Ss)
by oby

= Cov"*) (S, Ss)

and Uy 2 by — (Cov(bl’“?)(S ~,Ss) is continuous. The third equality follows from the fact

that the collection {R% ., (Y.!,YV.2)}jenzenxn is independent of Ss. The second moment

0,7 T

condition of Lemma is satisfied since for all b; € Uy,
E"[A(X, ... X,)*] = B [(B[SN])’] < EM[E[SR]] = E®*2)[S}] < 0.

A similar argument yields ([2.3.14)).
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Using the coupling ([2.3.4)

t1 t1

EpulY ) L (Rlp)] = ESL*[Y L (a1, HY (a1, )], (2.3.15)
i=1 i=1
Taking the derivative of and using , for j =1,2
ilog(VV(bl bo)(z.)) = y ilog HY (b;,7) i (b;, HY (b;n))). (2.3.16)
0b; ’ —~ 0, b Pt 7k
Therefore
a%mbl,bzx ) = Wb, by)(a 2 LY (b;, HP (b)) (2.3.17)

which implies that

0 (b1 ,b3) ; ; A
757 108 Zmabr, ba) = E9me [ZLf (b, H (bj, )] (2.3.18)
k=1

We now prove (2.3.11)). Similar to (2.3.5]), in the coupled environment we use S, (b1, b2)
to make explicit the dependence of S, on the parameters b; and by. Recall that E
is the expectation of the coupled environment. For ¢ > 0 small enough such that

a1 —€,a1 + €] C Uy,

al+e
J Covl®2)(Sy, Sg)dby = Elmo®)[Sy] — Bl ®2)[gy]

al—e

= IE[SN(al + €, ag) - SN(a1 — €, (12)]
ot (2.3.19)
= E[J T 10g me(bl, ag)dbl]

a1 —e 1

a1+e/\ a
_ J Bl 108 Zy(br,02))db
1

where the first equality follows from ([2.3.13), the third equality follows because Sy, does
not depend on by and Sy(by, as) = log Z,, n (b1, a2) — Sw(az). The last equality follows

from (2.3.18) and Tonelli’s theorem (by the non-negativity of L/ ).
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Recall that b; — Cov(®12)(Sy, Sg) is continuous. Once we show that the mapping

~ (3 tl 1 1
b= Bl 7~ 10g Znn (b1, 02)] = EQue [>T (by, HY (b)) (2.3.20)

=1

is continuous, using (12.3.19) and (2.3.15]) we will have (2.3.11). The continuity of (2.3.20))

(b1,a3)

follows from the continuity of by — E@m™ [S3L L (b, H' (b1, 7}))], the dominated

convergence theorem, and the bound

t1
A~ (by,a2) 1 1
]E[‘ sup| E@mn [Z LY (b, HY (5177]11))]]
b1—ai1|<e k=1

<I@[ sup ZLfl(bthl(blﬂhi))]

|b1—a1]|<e

< CE[Y 1+ |log H (a1 — e,np)| + [log H' (a1 + €, m)|] < 0
k=1

where we use the non-negativity of L" to replace ¢; by its upper bound m, then use

assumption (2.3.9) of Hypothesis m (with the fact that H/' (b, ) is non-decreasing in

b) and part (a) of Remark [2.11]

A similar argument shows that

t2
COV(GI’GQ)(SE,SW) _ Er(r?,lriw)[z Lf2 (CLQ,Rg,j)].

j=1

This completes the proof. O
We can now give the proof of Proposition [2.1

Proof of Proposition[2.1 By assumption, the polymer environment is distributed as in

(2.3.2), where f! and f? satisfy Hypothesis by Remark [2.16, By Remark [2.11]

for each of the four models logu and logv have finite variance. Thus the conditions of

Lemma are satisfied. Combining Proposition with Lemma 2.9 and Lemma

yields the result. O]
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2.4 Proof of the variance upper bound

The first lemma of this section allows us to compare the variance of the free energy at

different parameter values.

Lemma 2.18. Assume that the polymer environment is distributed as in (2.3.2]). Let €
be small enough such that for all |\| <€, a1 + A€ D(Mp) and ay — A € D(Mjy2). Then
there exists a positive constant C' depending only on (ay,as), B, and € such that for all

(m,n) € Z2, the following holds for all |\ < e
Vart®*)(log Z,, ] — Var™ ™ Nlog Z,,, ]| < C(m + n)|A|

Proof. Let d@; = a; + X\ and @y = as — \. Applying Proposition (recalling that

¢! (a) = Var[log X] when X ~ m(a)) then using the coupling (2.3.5) yields, for j = 1,2:

% (Var(al’az) [log Zpn.n] — Var®»@2)[log Zmn)) (2.4.1)
= X [mef @) o (@) — nlsf @) 0 (@) (2:42)

t;

+ E @1,3z) [Z (a;, H a], 7)) (2.4.3)

t; . ‘ 4
- Er(g,ler) [Z ij (ajv Hf] (aj> 77@)
k=1

Since ¢{ and @/}{ are continuously differentiable, there is a constant C such that

line ([2.4.2)) is bounded by C}(m + n)|A|. Suppressing the m,n dependence, we then split
line (2.4.3)) as

tj . . . ~ P t‘j . . .
— BB [2 L” (@, 0" (4, ni))] —Ep™™ [2 L (a;, B (ay, ni))] (2.4.4)
k=1 k=1
t; t;

ke (@y,dz) i (a1.a2)
+EE® [Z (aj, Hf %m))] —EE? [Z aJ’Hf aj’nk))]

(2.4.5)
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For line (2.4.4)), since ¢; is all that is random under EQU ™) e can replace t; by mv n.

Thus

mvn

|11ne | EZ ‘Lf] aJ, a],nk))—ij(aj,Hfj(aj;ni))l

— (m v n) f L @5, 1 @5, m) = L 0, B (ag,m) |
0

v [

< (mvn)

J ] iij(a,H’”(CLJ}))Cia dn

a

aj

Lo . .
P g gl
5L (e H (a,n))‘dnda

< (m v n)CsA|. (2.4.6)

In the last step we used the fact that f7 satisfy assumption (2.3.10]) in Hypothesis
by Remark
We can write line (2.4.5)) as

L;
Z LY a],Hf %77716))(@(&17&2)@]‘ > k) — Q(alm)(tj = k))L

where ¢ = m and ¢y = n. By Lemma Qu+Aa2=N (¢ > k) is stochastically non-

decreasing in \, and Q@ +*}%2~N (¢, > k) is stochastically non-increasing in A. Using

the bound on (2.4.2), the bound (2.4.6), and the non-negativity of L/, line (2.4.5) is

non-negative if 7 =1 and A > 0 or j = 2 and A < 0. This implies
241) = —-C(m +n)|Al.

If j=2and A>0o0r 7 =1and A <0, then is non-positive, so
(2.4.1) < C(m +n)|Al.

This completes the proof. O]
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Lemma 2.19. Assume that the polymer environment is distributed as in (2.3.2). Then
there exists a positive constant C' depending only on (ai,as) and 5 such that for all

(m,n) € Z2 the following two inequalities hold:

Em[Z Lii(Rip)] < C(Bmalti] + 1), Em[Z Lpa(F5 ;)] < O(Enlte] +1).

Proof. Let L; = LR1(R o), Li = Ly —E[L;], and S = Zlefi. Note that L; ~ Lz (R')
has finite exponential moments by Remark Using Cauchy-Schwarz, Markov’s in-

equality, and the bound E[S?] < C'k*, we estimate

E[S;]
k8

1/2
E [Lis,>1)Sk] < (P{Sx > k})'* (kVarLy)"/? < ( ) (kC)Y2 < Ck2,

Thus

o0]
DB [Lis,-1y5] < C.

k=1

Using this, we then get

t1 t1
Ema” [Z Lp (Rzl,o)] = Em,n [Z Zz + ELz]
i=1

e i

[Qm n(tl - k)Sk]

b'l

M3

= Em,n [tl]E[Ll]

x>
Il
—

Ms

< Bt |E[L1] + ) (KE [Qun(ts = )] + E [Lis,=1)Sk])

x>
Il
—_

< EpnltE[L1] + Ennlti] + C

< C(Ennlti] +1).

The proof for ¢y is analogous. O



40

Proposition 2.20. Assume that the polymer environment is distributed as in (2.3.2)).

Assume that the sequence (m,n) = (my,ny)%_, satisfies
2 1
[m = No{ (az)| v In— Nyi ()] < ky

where Ky < YN?? and ~ is some positive constant.
Then there exist positive constants Cy, Cy, C3, 8,61 depending only on (ay,as), (3, and

v such that for Ne N and 1 v Ciky < u <IN,
—5u2 N2 2
P{Qm,n(tj >u) = 6T} < O (—4Em,n[t]] + —> for 3 =1,2,
u
while for N e N andu>1v Ciky v 0N,
P{Qmn(t; = u) > e "} < 2e" " forj=1,2.

Proof. Let € > 0 be small enough such that for all |A\| <€, a1(\) := a1 + A € D(Mp)
and az(A) := as — A € D(Mj2). For the moment fix A\; € [0,€], Ay € [—¢,0], and u > 1.
The A; will give the perturbation (a;(});),a2();)) of the parameters (ay,as) which will
be used when dealing with the exit time ¢;. Using the coupling in , gives:
for both j = 1,2 and any path x, such that t;(z.) > v,

t |

W (a1, az)(z.) H HY ( am”k H Gjﬂ]k
Wi(ai(N)), aa(Aj))( T HP (a;(X)

7

3\./
>~

k= k:1 J)’

since H/(a, z) is non-decreasing in a. Therefore

1
Qi (ty 2 u) =———= D} Lz W(ar,a2)(x.)

Zm,n(aly aQ) 2.€0 n

Znnla1(N), as(N;)) 14 Hfj<a],ni>
Zmn(al, CLQ)

~
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Then for all real numbers z, r

. =R [uJ Hf]' (aj, 77]) .
P{Qualt; = u) > e} <P Hraatn = } (2.4.7)
rp{Zagptieils o) o

We now split the proof into two cases.

Case 1: 1 v Ciky < u < ON. Let b,6 > 0 be small enough such that b) < e.

These constants will be determined through the course of the proof. Put \; = bﬁ“ and
Ay = —bﬁu. The condition u < 0N guarantees that —e < Ay < 0 < A\; < e. Now plug in

r=|ul <¢Oj(aj(/\j)) — ¢0j(aj)) — % and z = % to obtain

Su?
> 2

[ 2
A~ - - - - N
RHS of ([2-4.7) :p{glogmf(aj,n;)_1ongﬂ<aj<Aj>,n;> > } <C— (24.9)
k=1

w3
by Chebyshev’s inequality and the fact that H”(a,n) ~ my(a). The constant C here

depends only on (aj,as), €, and 6. We will now show how to tune b and § as functions

of (a1,as) and € to get a meaningful bound on

A~

248 zP{log me(al(/\j), CLQ(/\]‘)) — 10g me(al, CLQ) =

A (2.4.10)
E[10g Zpnn(a1, az) =108 Zm n(ar1(N;), az(Aj))] + 7 — z}.

Since the parameters satisfy a;();) + a2(N;) = as, by Remark 2.14] the down-right

property is still satisfied for the perturbed model with parameters (a1 (Aj), a2(>\j)). Using
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Proposition [2.1| we can evaluate the right-hand side inside the above probability

=m (4 () =4 (@) + (4 (a2) =4 (@(0)))

L (6 (s 0)) — ol ) — 20

—(m = No{"(a2) (¥ (@) = v (@ (V)
+ 0= N (a0) (40 (02) = v (@2(\))
N[0l (02) (0 (@) = v (@ (0))) + 0l (@) (0 (02) = vl (@) |

2

+ ) (] (as0)) = vl (a)) — 205

bu _, bu., ., bu., ., u?
> — ky—C' — N(— —)C" — 26—
/{NNC’ N(N)C+U(N)C’ 26N
_u "y, w2, e’
=% [C’ bu — C'b*u — 20u — C me] (2.4.11)

for some positive constants C” and C”. This can be obtained by taking a 2nd-order Taylor
expansion of the functions w(’;j, keeping in mind that w{ > 0. In the last inequality we
also used u > 1.

Now fixing b small enough followed by then fixing 6 small enough we can ensure
that the entire quantity is > C” “WQ for some positive constant C” as long as

u = Chky for some positive C7. With these restrictions,

2

(2.4.8)) <I§’{log Zmm(a1(N), a2(N;)) —1og Zpn(ar, ag) = Omuﬁ}

N? —

< (C///)Quzlvar[ 1Og Zm,"<a1()‘j)7 a2<>‘j)) - 10g Zm,n(ah a2)]
N? /— bu

<C— (Var[log Zun(ar,a2)] + (m + )7 )

N? N?
<O(FEm,n[t]] + ?) .

The second to last and last inequalities are applications of Lemma [2.18] Proposition [2.1]

and Lemma [2.19] Combining this result with (2.4.9)) finishes the first case.
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Case 2: 1 v Ciky v ON < u. Take 6, € fixed from the first case, let 6; € (0,46],
and €; € (0,¢]. The constants §; and e; will be determined throughout the course of
the proof. This time, put A = €1, Ay = —ey, r = [u]( ({j(aj()\j)) — gj (a;)) — 61u, and
z = 01u. Then

||
:]IAD{ 2 log HY (aj,n]) — log H (a;(\),n])) = 51u}. (2.4.12)

k=1

By Remark [2.11]the random variables in the summation have finite exponential moments.
A large deviation estimate gives us the existence of a positive constant C5 such that
< e~ O,

We now consider . A similar analysis to that in Case 1 tells us that the

right-hand side inside of the above probability

= —C/GORN — CIEgN + CIIEOU — 2(51'&
2
C'eg

> u(C”eo Y 251> ~ Cleokin (2.4.13)

for some positive constants C’ and C” (the second inequality follows from u > JN).
Now fixing €y small enough followed by then fixing §; small enough we can ensure that
(2.4.13) = Cu for some positive constant C' as long as u > Cyky for some positive C
(here we increase the previous constant C; found in Case 1 if necessary). With these

constraints,

(2.4.8) < I@{log Zmn(ai1(X)), az(N;)) — log Zy, n(ar, a) = C’u}.

Since the perturbed parameters are such that the polymer environment still has the
down-right property, the random variable inside the above probability can be expressed

as two sums of i.i.d. random variables, each of which has entries with finite exponential
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moments. Therefore a large deviation estimate gives the existence of a positive constant

Cs such that (2.4.8) < e7%“3. Combining this with (2.4.12)) completes the proof. O

Remark 2.21. If € > 0 is small enough such that for all |\| <€, a1 + A€ D(Mp) and
as — A € D(M;y2), then the constants in Proposition can be chosen such that the
conclusion also holds for the polymer environment with parameters (a3 + X\, as — A, as)

for any || < e.

Using the previous proposition, we can now bound the annealed expectation of the

exit points of the polymer path from the axes.

Corollary 2.22. Suppose all of the assumptions of Proposition hold. Then there
exists a positive constant C' depending only on (ay,as), B, and v such that for both
J=12,

Emnti]] <CN*3  forall N e N.

Proof of Corollary[2.29. Since all of the constants C4, Ca, Cs, d, 61 determined by Propo-
sition depend only on (ay, as), 5, and 7, it is sufficient to show that the constant C' to
be determined in this proof depends only on these five constants and v. Let r > 1 v C7.

Then rN?3 > 1 v Ciky. Suppressing the m,n dependence,

Elt;] - LOO P(t; > u)du

rN2/3V5N 0

P(t; = u)du + J P(t; = u)du. (2.4.14)
rN2/3v6N

< rN?3 +J

rN2/3
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We now bound the integrals in line ([2.4.14]) individually.

f) m@>mmsz fﬂwmmg>m>xMMU

rN2/3VéN rN2/3véN JO

+Jw JI]M@Q>m>xMMM

rN2/3y§N Je—01u

o0

-5

<J e du
SN

a0 (51
+ f J P{Q(t; = u) = e *}e *“udsdu
rN2/3v 5N Jo
0

1 &
< —e 0N 4 f f 2e~ Gty dsdu < O, (2.4.15)
01 rN2/3véN

where in the first inequality we bounded the first integrand by one and made the substi-
tution x = e™* for the second. For the second inequality, we apply Proposition to
get that P{Q(t; = u) = e} < P{Q(t; = u) = e 1%} < 2e7%% for all u = rN¥3 v 6N
and all 0 < s < ;.

We now bound the first integral of . Without loss of generality, assume that

rN2/3 < §N. Then

TN2/3\/5N
J u)du = f f ]P{Q > u) = z}drdu
rN2/3 N2/3
f J , P{Q(t; = u) = x}dadu
N2/3 676’“

f _J*du
TN2/3

J u2 2 u?
f J P{Q(t; = u) = e *~}e "N —dsdu
N2/3 N

0 1 2 2

_5r2N1/3 N N
< dNe + J;N2/3 J;S%? CQ(FE[tJ] + g)dsdu
E[t]] N2/3>

2 + o (2.4.16)

C+c(

where for the first inequality we bound the first integrand by one and make the substi-

u2
tution x = e *~ for the second. For the second inequality we apply Proposition [2.20




46

w2 2

to get that P{Q(t; = u) = e ¥} < P{Q(t; = u) = e N} < CQ(N—2E[tj] + f—;) for all

ut

rN?3 <y <8N and all 0 < s < 0.

Combining the bounds on ([2.4.15)), (2.4.16)) and (2.4.14)), we have: for allr > 1v C}~,

E[t;] N?3
3r3 272

E[t;] < TN+ C + Oy

We can now fix r large enough with respect to C' and (5 then rearrange to get the

desired result. O

We can now give the proof of the upper bound of the variance of the free energy.

Proof of upper bound of Theorem [2.3. Averaging (2.1.3) and (2.1.4]) of Proposition
then applying Lemma followed by Corollary (recalling that ¢ ’ (aj) = Var[log R’])

gives

t1 to
Var[log Zy, ] = Em,n[Z Lp (Ril,o)] + B [Z Lpe (Rg,jﬂ
i=1

j=1
< C(Em,n[tl] + Em,n[t2] + 2)

< CN?3,
which concludes the proof. n
The following corollary is obtained by combining Proposition [2.20|and Corollary [2.22]

Corollary 2.23. Assume that the polymer environment is distributed as in (2.3.2)) and
the sequence (m,n) = (my,ny)%—; satisfies (2.1.5)) for some positive constant ~y. Then

there exists positive constants by, Cy, C3, §, and §; depending only on (ay,as), B, and 7y

such that for all N € N and by < b < IN'/3,

_s12771/3 202 .
P{Qun(t; = BN?3) = 7N }<YF forj=1,2, (2.4.17)
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while for all N € N and b = by v SN'/3,
2/3 —61bN2/3 —C3bN?/3 .
P{Qmn(t; = bN??) > } <2 forj=1,2. (2.4.18)

Lemma 2.24. Assume that the polymer environment is distributed as in (2.3.2) and
the sequence (m,n) = (my,ny)%_, satisfies (2.1.5)) for some positive constant . Then

there exist constants by = 1 and C' > 0 depending only on (ay,as), 5, and 7y such that

for allb>= by and N € N,

P,n(t; = DN?3) < forj=1,2.

S
Therefore, for all0 < p < 3 there exists a positive constant C" depending on (a1, as), B, 7,

and p such that for all N € N,

tj p , .
Emn[(W) ] <C" forj=1,2.

Proof of Lemma[2.24 By Corollary ([2.23) there exist positive constants by, Cs, Cs, 9,
61 with by > 1 such that (2.4.17) holds for by < b < dN3 while (2.4.18) holds for
b= SNY3 v by.

We first estimate for b < §N/3,
Pmn( bN2/3 J P{an N2/3 = x}dx
J P{Quun(t; = BNY?) = e VNP2 N30 N g (2.4.19)

+ J P{Qun(t; = DN??) > 7V N PR N B N g5 (2.4.20)
0

202 _Sb2N1/3 C
b_3 +e < b_3

~

for some positive constant C, where we made the substitution z = e~s°N 1/3, used ([2.4.17))

to bound the probability inside the integral of (2.4.19)), and bounded the probability
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inside the integral of (2.4.20) by 1. For b > §N'/3, we make the substitution 2 = e—*tN*"*

to get

P,n(t; = bN??) —J P{Qun(t; = bN??) > z}da

01
_ J P{Qun(t; = BN?3) = eIV Y N3 =02 g (2.4.21)
0

0
+ f P{Qun(t; = BN?3) = e NPV NBe=NP g (9.4.92)
01

—C3bN2/3 —6,bN2/3 C
< 2e +e ! < 0

increasing the constant C' if necessary, where we used ([2.4.18)) to bound the probability

inside the integral of ([2.4.21)) and bounded the probability inside the integral of ([2.4.22))
by 1. O]

Proof of Corollary[2 Let m; = | NVar[log R*]|. Since Zyn = Zmyn H R} ..

i=mi1+1
N=%og Zpn = N~%0g Zpy, n + N™2 Z log R},
i=mi1+1

The sequence (mq,n) satisfies . Using Chebyshev’s inequality and the upper
bound of Theorem . shows that the term N~%2log Z,, n converges to zero in proba-
bility. By the down-right property, the summands in the second term are i.i.d. with mean
zero and variance Var[log R']. By the central limit theorem, N /2 ) log R! R;, con-

verges in distribution to a centered normal with variance ¢; Var[log R']. O

2.5 Proof of the path fluctuation upper bound

Given 0 < k£ < m and 0 < [ < n, we define a partition function Zmn and quenched

polymer measure Q%Q on up-right paths from (k,[) to (m,n) by using the collections
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{Rl, - k+1<i<m}and {R},:]+1<j < n} as weights along the edges of the
south and west boundaries of the rectangle [k, m] x [I,n] respectively, and the weights
{(YEYH) :ze{k+1,...,m}x{l+1,...,n}} for the remaining edges. When the original
polymer environment has the down-right property, it follows that Zq(f,}ll) has the

same distribution as Z,,_j n—i-

For an up-right path z, from (k,[) to (m,n), define

59 (1) := max{i : (k +14,1) € z.}, t5°)(x,) == max{j : (k.1 +j) € z.}.

Recall the definition ([2.1.7)).

Lemma 2.25. Assume that the polymer environment satisfies the down-right property.

Then for all0 <k <m,0<l<mn, andu >0,

Qun(vi(l) =k +1u) = QEVEM > u) £ Qppni(ts = w), (2.5.1)
Qun(wi(k) =1+ 1) = QFVASY = 1) £ Qo i(ts = u). (2.5.2)

Proof. For 0 <7 <m and 0 < j <n, we let

(m—i)+(n—j)

Z(i5)(mm) 1= Z l_[ W(zg_1,7k)

denote the partition function for up-right paths from (i, j) to (m,n), where the sum is

taken over all such paths. A decomposition shows that

A Z (H R, ) 1 25 041),(mo)

i=k+1 \a=k+1

n J
+ Z ( H Ri,b> Yk1+1,jZ(k+17j),(m,n)
j=1+1 \b=I+1

ZZZ 2 - Z%J 1 Zan
= ‘:;1 ooy L1 Zaden may ¥ ; Ty Rt L) ) =
7 Jj=l+1
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We then have that for r € {0,...,m — k},

*d
Zinn) \ici
1 Zk+r,lY2 7
T k) 7 ki1 4 (ktrl+1),(mon)
Zmm kil
2
Zkar )Y i1 L (kv 41),(mn)
Zm,n

= Qmn(n1(l) =k +r).

1 '
k.l
Q%Q (é ) = T) = (H Rllc+i,l> Yk2+r,l+1Z(k+7‘,l+1)7(m7n)

Summing over r > u gives the first equality in (2.5.1)). The equality in distribution

follows from the down-right property. An analogous argument gives (2.5.2)). O

We can now prove the upper bound on the polymer path fluctuations under the

annealed measure.

Proof of Theorem[2.5. By assumption, the polymer environment is distributed as in

(2.3.2). If 7 = 0 this reduces to Lemma [2.24] If 7 € (0,1) put (k,1) = (|7m],|mn]). By
part (c) of Remark , Var[R'] = wfi(ai) for i = 1,2. Multiplying (2.1.5) by (1 — 7),

up to integer corrections the sequence (m — k,n — ) satisfies
e f? g f! 2/3
|m —k — My (as)| v In—1— Muy{ (a1)| < voM*”, (2.5.3)
where M = (1 —7)N and 7y = v(1 — 7)"/3. We then apply Lemma [2.25] to get

Qmn(v1(|Tn]) = ™m + bN2/3) < Qmau(vi(lTn]) = [Tm] + bN2/3)

4 Qm—tn—i(t1 = bN?/3).
Applying Lemma [2.24] we get

C
Prn(vi(|mn]) = 7m + bN?3) < = (2.5.4)
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The same argument in the vertical direction gives us

Pon(wi(|Tm]) = m + bN??) < ¢

o (2.5.5)

To prove the corresponding bounds for vy and wy we now let k = |[7m — bN?3| and
[ =|tn—bN?32| Again (m — k,n — [) will satisfy (2.5.3)) for a different constant .

Since wq (k) = |rn] implies that vy(|7n]) < k, it follows that

Qun(vo([Tn]) < 7m0 — BN??) < Quun(wr (k) = |7n])
= QENHY > |rn) — 1)

< QEN (Y = CHN?)

L Qutmi(ts > CONY3),

for some constant C' depending on (ay, as), 3, and . Applying Lemma gives

Prn(vo(|mn]) < 7m — bN?3) < b—c?: (2.5.6)
An analogous argument shows that
P (wo(|mm|) < mn — bN??) < g (2.5.7)
: B3
Combining bounds ([2.5.4]) and (2 - ) gives ,and (2 - with (2 - ) gives (| -
completing the proof. m

2.6 Proof of the variance and path fluctuation lower
bounds

Proposition 2.26. Assume that the polymer environment is distributed as in (2.3.2))

and the sequence (m,n) = (my,nyn)%_, satisfies (2.1.5)) for some positive constant .
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Then there exist positive constants co, €9, Ny depending only on (aq,as), f and v such

that for all N = Ny,
P(log Zmn = coN'?) = €.

From this proposition we can obtain the lower bound of Theorem

Var[log Z,, n] = E[(log Zm)? 108 Zp o = CON1/3]
> P(10g Zmn = coN'?) (coN'?)?
= Eoc(Z)Nz/?’.

Proof of Proposition[2.26. Let € > 0 be small enough such that for all [A\| <€, a1+ X €

D(Mfl) and a9 — A E D(Mf2) Define

2 . fl
o= m =N et
Y1 (a2) U1 (a1)
Taking Taylor expansions gives
f2
m—m = )\¢2 (a2)m + o(A)m

CLQ)

f2(
1
" U (@)
=\ A)n.
n—n wfl(al)n+0< mn

Let b be a large fixed constant which will be determined through the course of the proof.

(2.6.1)

Then there exists Ny € N such that for all N > Ny, bN~/3 < e. Then with A\ = bN /3,

the sequence (m,n) satisfies
[ — Nopd (az = M| v |7 = Noof (a1 + 3| < 7oN??

for some positive constant . By Table [22] and (C.0.1]) in the Appendix, in each of the
four basic beta-gamma models, either ¢ 1(al) and ] 2(@2) are both positive (inverse-

beta model for certain choices of parameters and inverse-gamma model for all choices of
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parameters), w{ 1(al) is negative and wf(ag) is positive (gamma and beta models), or
W) ' (aq) is positive and 1/152 (ag) is non-positive (inverse-beta model with the remaining
choices of parameters). By flipping the x and y axes in the second case, we only need

to consider the first and third cases.

For the case where w{l(al) and ¢£2(a2) are both positive define Ay = m — m and

By = . — n. This case is illustrated in Figure [12, By (2.6.1) and increasing Ny if

necessary, there exist positive constants ci, ¢, C1, Cs such that for N > N,

Cle2/3 < AN < Cle2/3,

CQbN2/3 < BN < CQbNQ/?).

NN

~

m m

Figure 12: Case 1: ¢§1 and @/}52 are both positive.
In the case where ¢{1(a1) > 0 and ¢§2(6L2) < 0 we define ¢ := (2 + 2) and let
m = c¢m, n = cn. This case is illustrated in Figure This (m,n) will satisfy
2 1
m— Mp{ (ay = M| v [0 — M (a1 + N)| < e M

where M = ¢N. A Taylor expansion gives

1/)22(@2) ¢21(a1) A
c=1 = - = — +o(A
" <w1 (@) o] <a1>> 2 F oW
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and thus
2 1
A !
A <¢22(a2) ) w§1<a1>> 4 o(N)
2\ (a2) Py (1)
2 1
A f
D <¢§2(@2> 4 @bil(al)) n 4 0(N2/3)
2\ (a2) ¥ (1)
£? .
The quantity zfcg—gmijﬁbfcl—zali is positive since w{d and @D{Q are both positive and ¢{2 (ag)gbgl (ay)+
1 (a2 1 a1

1/1{1 (al)wf(aQ) > 0 by Lemma in the Appendix. Letting A = m—m and B = n—n,

there exist positive constants c , c,, C!, C’ such that
1)%2, Y1y VY2

DM <Ay < CLOMPP,

chbM?® <Byy < CypMP,

Recall that P(@1%2) is used to denote the probability measure on the polymer environment

n

n
n

mmm
Figure 13: Case 2: ¥5' > 0 and ¢5* < 0.
with parameters a; and as. Let (a1,ds) = (a3 + A\, as — A). Our goal is to show that
P9) (log Zy = E[log Zmn] + coN'?) = €.

We will do so by making estimates using the (@, o) environment and then use a coupling

of the two environments to transfer the results to the (a;, as) environment.
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We would first like to show that in the (ay,ds) environment, with high probability
the quenched probability gives most of the weight to paths which exit the x-axis at a
point of order bN??. That is: there exist positive constants Cs, C' such that, given any

>0,
P@a (0, (eDN?? < t) < CbNY?) 21—} =1 — — (2.6.2)

holds for all sufficiently large N.
We start by using Lemma to relate an upper bound on ¢; to a lower bound on

to.

Il

Qmn(t1 < Ay) 4 Qmi(v1(By) < Ay) = Qui(wi(Ay) > By) = Qmu(ts > By).
Using this and Corollary there exists > 0 such that

P (Q, (> c;bN?3) > 1 — e v Pk}
> POE(Q, (t > Ay) = 1 — e 7Pk
= PO, () < Ay) < e %P}
P32 Qs 5 (ty > By) < e 75X}

>1-Cb°
This implies that
P {0, (t < ;bN?3) = e % PF ) < Cb2,
Applying the upper bound directly with C3 > (5, we obtain

P@a (), (t > C3bNY?) = e NP ) < b3
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for another positive constant C. Taking a union bound we put the two bounds together

and get
P L), (DN <t < CbN??) =1 —2e %P} > 1 - Cb>,

Taking N large enough, we get ([2.6.2]).

The argument for the case where we use (m,7) and A, B is unchanged, with the
exception of using the scaling parameter M rather than N. This difference can be
absorbed into the constants.

In order to make use of the bound for the system with the original (aq, as)
environment we create a new measure P which has both a; and a; distributed weights
along the z-axis and estimate the Radon-Nikodym derivative of the (a;, a2) environment
with respect to this new environment.

Let @ denote the environment that has the same weights as the (aj,as) environ-
ment except for the weights R}, for 1 < i < |C3bN?/3|, which will be distributed with
parameter a;. Let P denote the probability measure of this environment. Then for
each path z, with ¢;bN?3 < t,(z.) < C3bN?3, the weight of the path in the (dy,ds)

environment and the weight of the path in the & environment agree. Thus, defining

Zm,n(A) = Zz.eA HZI:IN W(zp_1,k)>
Zm’n(cle2/3 < tl < Cng2/3) (263)

@1,32) and P. We can now make use of the bound

is the same in distribution under P
(2.6.2)).
Using a third-order Taylor expansion, the same series of calculations which leads

to inequality ([2.4.11)) in the proof of Proposition m gives the existence of a constant
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C’ > 0 such that:
E(ahag)[log Zm,n] - E(al’m)[log Zm,n] =m (\I;(J)Cl (51) - \Ij(ji)c1 <a1)>
#n (W) - vf(aw))
(2.6.4)
> —AbNY3C! + 4eyb® NV — 3¢

> c,b’N'/3

where ¢ := %(wlz(ag)wgl(al) + 1/1{1 (al)wgz(a2)> is positive by Lemma |C.2[in the Ap-

pendix. The last inequality is obtained by first fixing b large enough then increasing Ny
if necessary.

We now split the probability

P(alﬁaZ){Qm,n(cleW?’ <t <CbN*P)=1- e}

— p(a1,a2) {

Zmn (1N <t < C3bN?P) > 1 - g}

m,n

<P {me(clbm/ﬁ” <t < C3bN?3) = (1-— e)ewl@’Uogzm,nl—%cw?fv”?*} (2.6.5)
+ P(al,ﬁz) {Z < eE(51,52)[10g Zmyn]f%cd;?Nl/S}
<P {Zm7n(cle2/3 <t < CpbN?B) = (1 — )™ llog Zmynl+%04b2N”3} (2.6.6)

L planae) {me < SE132) [log Zm,n]—%mb?Nl/g’} . (2.6.7)

The transition from P@1d2) to P in (2.6.5]) is due to the equality in distribution of (2.6.3))
under these measures. Inequality (2.6.6) comes from ([2.6.4]).
For (2.6.7) we can use Chebyshev’s inequality then the upper bound of the variance

to get
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Thus (2.6.6) > 1 — & for some new positive constant C. Let g be the Radon-Nikodym
derivative dfﬁ’/ dP(@1:92) - Recall that the distributions differ only on the weights along the

r-axis up until site |C5bN?/?|. Thus

L bN2/3| |C3bN2/3
o(w) = (Mf1(a1))lcsbN Il 31_[ Jw')\
Mfl (Eil) il 0

We can evaluate E(@1%2)[¢?] explicitly. Increasing Ny, if necessary, so that 2\ < ¢

Mfl (a1 + 2)\)
Mp(ar)

1 Q0
R aZ)[ z,o] Mfl(al)f gPAgn-lfl (x)dzx =

Now

bN2/3| |C5bN?/3
Mfl ap ) Cs G J

o ( ) R g
(a1)

My (ay) M (ay + 22) | 12N
Mfl (CLl + )\) .

Taking logarithms of both sides,

log E“12)[¢?]

— |C3bN%?] (log M (a1) + log Mji (ay + 26N~3) — 2log M (ay + bN*1/3)>

Recall that a s log Myi(a) = z/;{l(a) > (0. Then

lim log E(1:%2)[¢?]
N—o0
. log Mpi(ay) +log Myi(a; + 2bN~Y3) — 21og M1 (ay + bN~Y3)
= Cgb lim
N—oo N—2/3

Wl (ar + 26N3) — ¢ (ay + BNY3)
N-1/3

= 0362 lim
N—o
= C5bPyd (ay) > 0
Increase Ny if necessary so that for all N > N,

E(al’a2) [92] < 62C3b3 .
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Defining the event

D= {Zmn(cle2/3 <t < Cng2/3> > (1 i e)eIE(al7a2)[10me,n]+%C4b2N1/3} ’

we get
C ~
1— S (2.6.6) = P(D)
— Elave2)[g]
[91p]

< (E@ 2 [g2))"? (Plor22) (D)) 2

< 6031)3 (]P)(al,ag)(D))l/Q‘
Thus

C

o i= (1= g5) e < PO (D)

Finally we have that

€0 < P(al’a2)<D) < P(al,ag) Zmn > (1 . 8)61[;(&1@2)[lome,n]+%C4b2Nl/3)
al,a a1,a cab?N1/3
= P (log Zy > log(1 — £) + @) [log Z,,,,] + <E2°)
< P2) (log Z,,, = E*)[log Z,, ] + coN'?).

Increasing Nj if necessary and taking ¢y = %0462 the final inequality holds for all N > N,.

This concludes the proof. O

We can use the variance lower bound to obtain a lower bound on the exit points of

the path from the horizontal and vertical axes.

Corollary 2.27. Assume that the polymer environment is distributed as in (2.3.2) and

the sequence (m,n) = (my,ny)%_, satisfies (2.1.5)) for some positive constant . Then
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there exist positive constants co, ¢1, No depending only on (ay,as), B and vy such that for
CZH N 2 No,

co < Pty > et N?B or ty > clN2/3).

Proof. Averaging (2.1.3) and ([2.1.4)) of Proposition [2.1] then applying Lemma fol-

lowed by the lower bound of Theorem gives the existence of positive constants

¢, C, Ny such that for all N > N,
NP < Var[log Z,,n| = Em,n[z Lp (Rg,o)] + L [Z LR?(R(Q),j)]
< C(Emm[tl + tQ] + 2)

Letting ¢; := ¢/6C and increasing Ny if necessary followed by an application of the

Cauchy-Schwartz inequality along with Lemma [2.24] gives

t1 + o
N2/3

t1 + to

W ct 1l > 201N2/3]

301 < Em,n[ ] < 2C1 + Em,n[

< 2¢ + C/Pm,n(tl + 19 > 261N2/3)%

for some positive constant C’. Thus

c
Cy .= (51/)2 < Pm,n(tl + 15 > 261N2/3) < Pm,n(tl > ClN2/3 or ty > ClNZ/S),
which completes the proof. O

We now prove the path fluctuation lower bound.

Proof of (2.1.10). If 7 = 0, this reduces to Corollary 2.27, If 7 € (0,1) put (k,l) =
(|rm],|mn]). Then the sequence (m — k,n — [) satisfies (2.1.5) with a new scaling
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parameter M = (1 — 7)N. By the down-right property and Lemma

< Q%Q (t§’“” > U or ték’l) > u)
= Qm,n(U1<l) >k +u or wl(k) > [+ u)

Qm—tn—i(t1 > u or ty > u)
S
™ 2)

< Qman(v1(l) > Tm + 5 or wy (k)

provided that v > 2. Corollary applied to the sequence (m — k,n — [) completes
m

the proof.
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Chapter 3

Characterization

The content of this chapter is joint work with Christian Noack and is a modified form

of an article which has been published in the FElectronic Journal of Probability [13].

3.1 Introduction

One method which has been used to study certain models of percolation and polymers
is to introduce a version of the model with boundary conditions that possesses a sta-
tionarity property. This stationarity property allows for the exact computation of some
quantities of interest, such as the free energy. In [4I] O’Connell and Yor introduce a
model for a directed polymer in a Brownian environment with a Burke-type stationarity
property. In [46] Seppéldinen and Valké use this stationarity to find bounds on the
fluctuation exponents of the free energy and the fluctuation of the paths. In [12] Cator
and Groeneboom relate a stationary version of the Hammersley process to the location
of a second class particle and determine the order of the variance of the longest weakly
north-east path. In [4] Baldzs, Cator, and Seppéldinen use a stationary version of the
last passage growth model with exponential weights to study the variance of the last

passage time and transversal fluctuations of the maximal path.
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We define the integrability property 7Y -invariance (Definition which encapsu-
lates this stationarity in the setting of lattice directed polymers. This property implies
a preservation in distribution of ratios of partition functions. The first model discovered
possessing this property is the log-gamma model, introduced by Seppélédinen in [45].
In his paper 7Y -invariance is used to prove the conjectured values for the fluctuation
exponents of the free energy and the polymer path in the stationary point-to-point case
and to prove upper bounds for the exponents in the point-to-point and point-to-line cases
without boundary conditions. In [25] Georgiou and Seppiliinen use 7™ -invariance to
obtain large deviation results for the log-gamma polymer. In the setting of directed
polymer models, this is the first instance where precise large deviation rate functions for
the free energy were derived.

Thereafter three additional models admitting 7Y -invariant versions were found: the
strict-weak model, introduced simultaneously by Corwin, Seppéldinen, and Shen in [20]
and O’Connell and Ortmann in [38], the beta model, introduced by Barraquand and
Corwin in [7] as the beta RWRE, and the inverse-beta model, introduced by Thiery
and Le Doussal in [50]. The stationary versions of these models were given by Baldzs,
Rassoul-Agha, and Seppéléinen in [6] for the beta model, Thiery in [49] for the inverse-
beta model, and by Corwin, Seppélédinen, and Shen in [20] for the strict-weak model.

In this work we present a uniqueness result for 7%Y -invariant models. That is, under
some regularity assumptions and up to the two natural modifications of reflection and
scaling, the log-gamma, strict-weak, beta, and inverse-beta are the only 7Y -invariant
models.

This work is similar in spirit to the physics works of Evans, Majumdar, and Zia

([22], [51], and [23]), who consider mass transport models on graphs and provide a
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characterization of the models which have a product form stationary measure. The
work of Povolotsky [42] uses the framework of Evans, Majumdar, and Zia and obtains
a three parameter family of zero range mass transfer models which are integrable via
Bethe ansatz. In fact, both the beta and the inverse-beta models were obtained as limits
of Povolotsky’s family of models.

In the paper [I4] we use T'Y-invariance along with a Mellin transform framework
to simultaneously prove the conjectured values for the fluctuation exponents of the free

energy and polymer path in the stationary point-to-point version of these four models.

3.1.1 The polymer model

The directed polymer in a random environment, first introduced by Huse and Henley
[27], models a long chain of molecules in the presence of random impurities. Imbrie and
Spencer [28] formulated this model as a random walk in a random environment. See the
lectures by Comets [I5] for a survey of results on directed polymers. We consider a class
of 14+1-dimensional directed polymers on the integer lattice.

On each edge e of the Z?2 lattice we place a positive random weight. For z € N?,
let u, and v, denote the horizontal and vertical incoming edge weights. We assume
that the collection of pairs {(us,v:)}zenz is independent and identically distributed,
but do not insist that u, is independent of v, (in fact we will later assume v, is a
function of w,). Call this collection the bulk weights. For x € N x {0}, let R. denote the
horizontal incoming edge weight, and for x € {0} x N, let B2 denote the vertical incoming
edge weight. We assume the collections {R}},enxfo; and {Rz}ye{O}xN are independent

and identically distributed, and refer to them as the horizontal and vertical boundary
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weights, respectively. We further assume that the horizontal boundary weights, the
vertical boundary weights, and the bulk weights are independent of each other. This

assignment of edge weights is illustrated in Figure [14]

Uy T

2
Ry, Vo

1
Ri,O

Figure 14: Assignment of edge weights.

For (m,n) € Z2\{(0,0)}, let II,, be the collection of all up-right paths from
(0,0) to (m,n). See Figure [15 for an example of such a path. We identify paths
x, = (o, ZT1,...,Tmin) by their sequence of vertices, but also associate to paths their
sequence of edges (e1,...,€min), where ¢; = {z;_1,7;}. The point-to-point partition

function for the directed polymer is defined as

m+n

o = 2 H We, for (m,n) € Zi\{((), 0)},

. €Il n =1

where w, is the weight associated to the edge e. At the origin, define Z, := 1.

Write ay = (1,0), ay = (0,1). The partition functions satisfy the recurrence relation
Zyp = UpZp—oy + Volip—a for x € N2, (3.1.1)

For k = 1,2 define ratios of partition functions

RF .= Za

2T for all z such that = — oy, € Z2.
T—p
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Figure 15: An up-right path from (0,0) to (5,5).

Note that these extend the definitions of R}, and R ;» since for example Z; o = szl R}C’O.

The recurrence relation (3.1.1)) yields the recursions

1

Rals = Uy + Vg R;_OQ
, for x e N2, (3.1.2)

R2 = u,—1— + v

€T IR}U_OQ x

We look to exploit these recursions to obtain more structure of the ratios R. and R2,
which in turn allows us to analyze quantities of interest such as the free energy, log Z,, ,,.
The notation X £ Y is used to specify that random vectors X and Y have the same

distribution. We look for cases where (R., R?) £ (R!

T—Q)?

R2_,.), under the assumption
that u, and v, have a functional dependence of the form (u,,v,) = (Yx, h(Yx)) for some
positive random variable Y, and positive function h. We further assume that there
exist positive random variables R', R?,Y such that the horizontal boundary weights,
the vertical boundary weights, and the bulk weights are distributed as R!, R?, and
(Y, h(Y)), respectively.

When Y is a random variable taking values in the domain of h and (R!, R?) is a



67

random vector taking values in (0,00)?, define the random vector

Y (R, R?) := <Y - h(y)g—:, Y%j + h(y)) : (3.1.3)

Note that with (ug,v,) = (Yz, h(Y,)), the recursive equations (3.1.2) imply

(R, R2) =T""(R._,,,R2_,) foralzeN. (3.1.4)

Tr—a? Tr—o1

Definition 3.1. Let O3 < (0,00), h : O3 — (0,00), and assume the random variable

Y takes values in Os. Let (R', R?) be a random vector taking values in (0,00)* that is

independent of Y. We say that (R, R?) is T"Y -invariant if T"Y (R, R?) £ (R, R?).

Definition [3.1] while stated in terms of the random variables (R', R?) and Y, is really a
property of the distributions of (R, R?) and Y.
If (R, R?) is T"Y -invariant with R! independent of R?, then ([3.1.4) and an induction

argument imply that the polymer model possesses a form of stationarity:
(RL,R%) £ (RY,R?)  forallze N2 (3.1.5)

Although our two main theorems require R! and R? to be independent, the results in

Section [3.2] hold without this independence.

3.1.2 Main results

Our first main result, Theorem [3.2] consists of showing that, under some regularity
assumptions, 7" -invariance can only occur if h is of the form h(y) = a + by for real
numbers a, b satisfying a v b > 0. Our second main result, Theorem [3.4 consists of

showing that if A has this form, then 7"Y-invariance only arises as a modification of

the four known invariant models (described in (3.1.7)) through (3.1.10)). In the case of
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h(y) = y, which is equivalent to vertex disorder, the uniqueness of the vertex weight
distributions was already shown (Lemma 3.2 of [45]).

Given a real valued function f we call {x : f(x) # 0} the support of f. Note that
we do not insist on taking the closure of this set. Define the non-random analogue of

B-1.3),

T (r1,19) == (y + h(y)k y2 + h(y)). (3.1.6)

Theorem 3.2. Let R', R?,Y be positive, independent random variables with respective
densities f1, fa, f3. Assume that the support of f; is O; < (0,00) for j = 1,2,3, where
each Oj is open and Os is connected. Assume f1, fo are twice differentiable on O; and
O, respectively and that f3 is three times differentiable on Os. Suppose h : O3 — (0, 00)
is four times differentiable, the mapping Oy x Oy x Oz 3 (11,19, y) = T™(ry,15) surjects
onto Oy x Oy, and > + h'(y) # 0 for all (r1,r2,y) € O1 x Oz x Os. If (R', R?) is
ThY sinvariant, then h must be of the form h(y) = a + by, where a,b are real numbers

satisfying a v b > 0.

Remark 3.3. If (R, R%)Y) has support Oy x Oy x Oz and (RY, R?) is T"Y -invariant,
then the surjectivity condition is a natural assumption. The assumption 2 + R (y) # 0
s a convenience used in Lemma which allows us to extend the preservation of
distribution of the pair (R', R?) to the triple (R', R?Y) (see Definition[3.6). However,
this assumption can be removed by an application of Sard’s theorem (see Lemma
at the expense of making a.e. statements throughout Section [3.3. As an example for
when the assumption :—f + W (y) # 0 is satisfied, we can take h to be any differentiable

increasing function. Note that the assumptions do not require Oy or Oy to be connected.

Before giving the second main result we give the form of each of the four known
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invariant models.
The notation X ~ Ga(a, ) is used to denote that a random variable is gamma(c, )

distributed, i.e. has density I'(a)!3%x* le=#* supported on (0,00), where I'(a) =

0 _a—1

o T9 'e""dx is the gamma function. X ~ Be(a, 3) is used to say that X is beta(a, 3)

distributed, i.e. has density %ﬁ‘*ﬂ —12)?~1 supported on (0,1). We then use X ~

Ga'(a, 8) and X ~ Be '(a, 3) to denote that X~! ~ Ga(a, ) and X' ~ Be(a, ),
respectively. We also use X ~ (Be’l(a, B) — 1) to denote that X +1 ~ Be™'(a, 3). The

symbol ® is used to denote (independent) product distribution.

e Inverse-gamma: This is also known as the log-gamma model. Assume p > \ >

0, >0 and
(RY,R%Y) ~ Ga™'(u— )\, B) ® Ga ' (\, B) ® Ga~* (11, B). (3.1.7)
Then (R', R?) is T™Y -invariant, where h(y) = y. (See Lemma 3.2 of [45].)
e Gamma: This is also known as the strict-weak model. Assume A, p, 5 > 0 and
(RY, R%Y) ~ Ga(u + A\, B) ® Be ' (\, 1) ® Ga(u, B). (3.1.8)
Then (R, R?) is T™Y -invariant, where h(y) = 1. (See Lemma 6.3 of [20].)
e Beta: Assume A, y, 5> 0 and
(R, R%Y) ~ Be(u + )\, 8) @ Be (), 1) ® Be(y, B). (3.1.9)
Then (R, R?) is T -invariant, where h(y) = 1 —y. (See Lemma 3.1 of [6].)
e Inverse-beta: Assume p > A >0, > 0 and

(R, RLY) ~Be ' (u—\B)® (Be ' (N, B+ —\) —1) @ Be (1, 8). (3.1.10)
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Then (R!, R?) is T™Y -invariant, where h(y) = y — 1. (See Proposition 3.1 of [49].)

The name of each model refers to the distribution of the bulk weights. We call these

models the four basic beta-gamma models.

Theorem 3.4. Let O; < (0,00) for j = 1,2,3 and assume h : O3 — (0,0) has the form
h(y) = a + by, where a,b are real numbers satisfying a v b > 0. Assume the mapping
O1 x Oy x O3 3 (ry,79,y) — Th(ry,ry) surjects onto Oy x Oy, and R*, R%, Y are

non-degenerate, independent random variables taking values in O1, Oq, O3 respectively.

(a) If a =0 and b > 0, then (R*, R?) is T™Y -invariant if and only if (R',tR2,Y) is
distributed as in (3.1.7)).

(b) Ifa >0 and b = 0, then (R', R?) is T"Y -invariant if and only if (R, £R%Y) is
distributed as in (3.1.8)).

(¢) Ifa>0,b<0, and —=b¢ {£: (x,y) € Oy x Os}, then (R', R?) is T"Y -invariant if
and only if either (—gRl, éRQ, —ZY) or (%RQ, —ZRl, 1+ SY) 18 distributed as in
B1.9).

(d) Ifa <0 andb> 0, then (R', R?) is T"Y -invariant if and only if (—2R', -1 R? —tY)
18 distributed as in (3.1.10)).

(¢) If a,b > 0, then (R, R?) is T"Y -invariant if and only if (1R* 2R',1+ 2Y) is

distributed as in ((3.1.10)).

Figure [16] illustrates which one of the four basic beta-gamma models corresponds to

each choice of parameters a, b.
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Figure 16: Modifications of the four beta-gamma models.

In the related physics paper [50], Thiery and Le Doussal study the implications of
Bethe ansatz solvability in the context of 1+ 1-dimensional lattice directed polymers. In
their work, they consider the model without boundary and do not impose the additional
assumption that the weights on incoming horizontal and vertical edges, u, and v,, have
a functional dependence. Making the assumption of coordinate Bethe ansatz solvability
(for a precise definition see I1.B in [50]), they arrive at a formula for the joint moments
of u, and v,. This is carried out under the assumption that all joint moments of u, and
v, are finite. Ignoring the finiteness of these moments, they consider the implications
of the joint moment conditions in an attempt to classify all weights u, and v, leading
to coordinate Bethe ansatz solvability. From this classification they are able to retrieve
the four basic beta-gamma models. This suggests a direct connection between the inte-
grability properties of Bethe ansatz solvability and stationarity. In the current work we

do not further explore this connection, but consider it an interesting direction for future
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research.

Structure of the chapter: In Sectionwe define the stronger property 7"-invariance,
and give conditions for when 7" -invariance is equivalent to T"-invariance. T"-invariance
will be used as a tool in proving our main theorems. The proof of Theorem is then
given in Section [3.3] In Section we describe the natural modifications of reflection

and scaling. The proof of Theorem [3.4] is given in Section

3.2 Equivalences between 7" -invariance and T"-invariance

First define

(8]

.
T (r1, 79, y) ==y + h(y) Ty (ry, 79, y) = yr—j + h(y). (3.2.1)

T2

Notice that (R, R?) is T"Y-invariant if and only if
(T, 1) (R, R%,Y) = (T{(RY, R%,Y), T(R', R%,Y)) £ (R, R?).

In this section we determine conditions which allow us to construct a function 77
such that (77,79, T¢)(R', R%,Y) 2 (R',R%Y). Moreover, T!" will be such that T :=
(Tlh, T ;) is an involution. Recall that a function 7" is an involution if 707" is the iden-
tity function. This augmentation of our mapping 7"" to an involution 7' encapsulates
a form of reversibility of the polymer model.

Definition 3.5. Let O < (0,20)%, O3 < (0,0), and h : O3 — (0,0). We say that an
mwvolution T : O x O3 — O x O3 is a polymer involution adapted to h if its first two

coordinates are as in (3.2.1)).

Existence and uniqueness of polymer involutions is addressed in Lemma When

the polymer involution adapted to A is unique we write 7”. In our two main theorems
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we assume that R' and R? are independent and therefore take O = O; x O,. We allow

for arbitrary O < (0, 00)? since the results in this section allow for dependence between

R' and RZ.

Definition 3.6. Suppose (R', R%)Y) is a random vector taking values in O x O3, where
O < (0,0)% O3 < (0,:), and Y is independent of (R', R?). Let h : O3 — (0,0). If
there exists a polymer involution T on O x O3 adapted to h such that T(R', R%)Y) 4

(R', R%)Y), then we say (R', R*)Y") is T-invariant (with respect to h).

If (R', R?Y) is T-invariant, the polymer model with weight distributions (R, R?)Y")
not only has property , but possesses a stronger form of stationarity called the
Burke property (see Theorem 3.3 of [45]), named after Burke’s theorem on the output
distribution of M/M/1 queues (see the reference [31]). In Definition |3.5| we restrict our
attention to involutions, as T-invariance not only implies stationarity, but also a form of
reversibility: the construction of a dual measure (see Section 3.2 of [45] and Proposition
I11.3 of [49] for more details).

The four basic beta-gamma models are not only 7" -invariant, but are in fact 7"-
invariant as well. The rest of this section is dedicated to relating the properties of

ThY -invariance and T"-invariance, as given in the following proposition.

Proposition 3.7. Let O < (0,00)?, O3 < (0,0), and h : O3 — (0,00). Assume
(R', R%)Y) is a random vector taking values in O x Oz and that Y is independent of

(R, R%). Then the following two conditions are equivalent.

(a) The mapping O x O3 3 (r1,72,y) — T™Y(r1,1r2) surjects onto O, for every (r1,72) €

O the function O3 3y — y32 + h(y) is injective, and (RY, R?) is T"Y -invariant.
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(b) There exists a unique polymer involution T" adapted to h on O xO3 and (R', R%)Y)

is TM-invariant.

The proof of Proposition [3.7] follows from combining Lemmas [3.8] and Remark
below.

We use the notation m; : (0,00)* — (0,0) to denote the projection onto the j-th
coordinate for j = 1,2. Given O < (0,0)?, Q(O) will denote the set {£ : (z,y) € O}.
When O = O; x Oy we will write % for Q(O).

When T is a polymer involution adapted to A we will often use the following notation
(71, 72,9) == T(r1,r2,y). (3.2.2)

More precisely, by equations (|3.2.1))

1 ~ )

=y h(y)—, Ty =y — + h(y), = T3 (r1,72,y).
T2 1
Note that these definitions imply that
22 (3.2.3)
T1 1

This equality of ratios will turn out to be quite useful.
The following lemma gives an equivalence to the existence of a unique polymer in-

volution.

Lemma 3.8. Let O < (0,0)2%, O3 < (0,2), h : O3 — (0,0), and TP T be as in

(3.2.1). Then the following are equivalent:

(a) (TP, T)(OxOs) = O and for every (r1,r2) € O the function O3 3 y — T3 (r1,72,y) =

Y2 + h(y) is injective.
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(b) G(s,y) := <y + ) s h(y)> is a bijection between Q(O) x O3 and O.

s

(c) There exists a unique polymer involution T" on O x Oz adapted to h. Moreover,
Th = (G ®id) 0 1a3 0 (G®id)™", (3.2.4)
where 9 3(a, b, c) = (a,c,b) and (G ® id)(a,b,c) := (G(a,b),c).

(d) There exists a polymer involution on O x Oz adapted to h such that Ty has no

y-dependence.
Proof. (a) = (b): Note that

G(Z—f,y) = (T{lyTéb)(Tl,TQ,y) (3.2.5)

implies G(Q(O) x O3) = O. Injectivity of G follows from :igggizg = s and the injectivity
condition on T%.

(b) = (c): We first show uniqueness. Suppose T' = (T, T3, T}) is a polymer
involution on O x O3 adapted to h. For fixed (r1,7r2,y) € O x O3, with notation as

in (3.2.2), we have T'(71,72,7) = (r1,792,y) since T is an involution. Using (3.2.3) we

have
(r1,7m2) = (TF,TQ")(%%,@) = G(%vg)'
Therefore
G (r1, 1) = (2, TH(r1,72,9)). (3.2.6)

ry’?

Since G~! has no y-dependence, neither does T4. One can now check that

T=(G®id) ogz0 (G®id)™! (3.2.7)
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proving uniqueness. Existence follows by simply setting T (ry, 72, y) = 72 0 G~ (ry,r2).
This forces equality , the right side of which is indeed a polymer involution adapted
to h.

(¢) = (d) is clear.

(d) = (a): Let T be a polymer involution on O x O3 adapted to h for which 7§ has
no y-dependence. Clearly the first two components of T, (Tlh, Tzh), surject onto O. Now

fix (ry,r9) € O. Since TV (ry,r9,y) = ;T{‘(rl,m,y) and T is itself injective, we have

injectivity of y +— T (ry, 79, y). O
Remark 3.9. Note that the conditions in part (a) of Lemma depend only on the
sets O, Os, and the function h. The condition (T{',T3)(O x O3) = O in part (a) is

equivalent to the condition that the mapping O x Oz 3 (r1,7r9,y) +— T™¥(ry,75) surjects

onto O (recall definition (3.1.6]) ).

When the polymer involution 7' is such that T2 has no y-dependence, we will sim-
ply write T2 (ry,72). The following lemma gives conditions for when T"Y-invariance is

equivalent to T"-invariance.

Lemma 3.10. Suppose O, O3, and h satisfy one of the equivalent conditions in Lemma
. Let (R', R%)Y) be a random vector taking values in O x O and assume that Y is
independent of the pair (R, R?). Let T" be the unique polymer involution adapted to h,

defined by (3.2.4), and write Y = THRY, R?). Then the following are equivalent:
(a) (R, R?) is T"Y -invariant.
(b) R?/R! is independent of Y and Y LY.

(c) (R', R?)Y) is T"-invariant.
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Proof. (a) = (b): Put (R, R?) = (T} T9)(R', R%Y). Using equations (3.2.5) and

(32:6),
G(R*/R.Y) = (R',R?) £ (R', R?)
< (R*/R.Y) £ G'(R', R?) = (R*/R",Y)
< R?/R' is independent of Y and Y £ Y.

(¢) = (a) is clear. We now show that (a) and (b) imply (c). Since 7% has no y-
dependence, Y is independent of the pair (R2/R",Y). Therefore the triple (R%/R,Y,Y)
is independent. Thus (R', R?) = G(R?/R",Y) is independent of Y. Now combining (a)

and Y £V we get (ﬁl,EQ,?) 4 (R', R%Y). O

We now give an analogue of Lemma in which h and T" are continuously differ-
entiable. We compute the Jacobian matrix and determinant of 7" in order to later give
an explicit form for the density of T"(R!, R?)Y) in terms of the density of (R!, R%Y)
(see proof of Proposition [3.13)).

Given a differentiable transformation F': U — R™, where U < R" is open, use the
notations DF(u) and D[F|(u) to denote the Jacobian matrix of F' evaluated at the point
we U. When m = n we say F is a C!-diffeomorphism if F is injective, continuously

differentiable, and its Jacobian matrix is invertible throughout U.

Lemma 3.11. Let O < (0,0)?, O3 < (0,0), h : O3 — (0,90), and T, T be as in
(3.2.1). Further assume O and Os are open, Oz is connected, and h is continuously

differentiable. Then the following are equivalent:
(a) (T, T2)(O x O3) = O and the following function does not vanish on Q(O) x Os

L(s,y) := s+ h'(y). (3.2.8)
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(b) G(s,y) := (y + @, ys + h(y)> is a Cl-diffeomorphism between Q(O) x Oz and

O. Moreover its Jacobian matriz and determinant are given by

DG(s,y) = , det DG(s,y) = —
y L(s,y)

—h(y)/s* L(s,y)/s L(s,y) <y+ h(y))

(3.2.9)

(c) There exists a unique C*-diffeomorphic polymer involution T" on O x O3 adapted
to h. Moreover T2 has no y dependence and the Jacobian matriz and determinant

of T" are given by

h(y)/s —h(y)/s*  L(s,y)r1/s
DTh(rl,rg,y)=% —ys y L(s,y)r1 |- (3.2.10)
Js/L(s,7) h(D)/(sL(s,9)) 0

det DT" (1, 13, 7) = — (2 . h(y)) L(s.y)

1 T2

T2

where s = 22 and § = T (ry,ma).

(d) There exists a differentiable polymer involution on O x O3 adapted to h.

Proof. (a) = (b): For fixed (ry,r2) € O, since y — %(mﬂ“g,y) = L(:—f,y) does not
vanish on the connected set O3, the conditions of Lemma [3.8}(a) are satisfied. Therefore
G is a bijection. The continuous differentiability of A~ now implies that G is continuously
differentiable. The Jacobian matrix and determinant of G can now be calculated. Notice
that for all (s,y) € Q(O) x O3, y + h(y)/s = m o G(s,y) € m(0O) < (0,00). Thus the

Jacobian determinant of G' does not vanish on Q(O) x Oz, which shows it is a C'-

diffeomorphism.
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(b) = (c): Since G is a bijection, Lemma [3.8| gives existence and uniqueness of the
polymer involution 7" = (G®id) o1y 30(G®id)™". Since G is a C''-diffeomorphism, the
inverse function theorem tells us 7" is a C'-diffeomorphism as well. Now fix (11, 79,7) €

O x Oz and put (S7g) = (%7 T3h(7‘1,7”2)). By "
(5,9) = G (r1,m). (3.2.11)

DG'(r1,r2) is now the inverse of the matrix DG(G~!(r1,12)) = DG(s, 7). (3.2.11)
implies (r1,r2) = G(s,9) = (§ + h(F)/s, Js + h(7)). Using this one can show that
DGy = 1| ! d et DG (r ) = —————. (3.2.12)
T, Tre) = — an e T1,T2) = — —. (3.2,
V| e VY nL(s.9)

L(s,g)  sL(s,9)

Using equations ([3.2.9)), (3.2.11), and (3.2.12)) we can compute

DTh(T’l, o, y) = [D(G &® ld) (2#273 o (G_l &® id)(rl, T, y))] : [D¢273 ((G_l &® id)(?”l, o, y))]
. [D (G_l ®id) (7’1,7"2,y)]

= [DG(s,y) @ 1] - [Dipas] - [DG(r1,72) @ 1]

“h)  Lew) 100 -5 1 0
= L(s,y) 0|0 0 1 L
y ? y T1 L(S,g) SL(S,@)

0 0 1 010 0 0 n
h(y)/s ~h(y)/s*  L(s,y)r/s
1
:7“_1 —Ys Y L(s,y)r

Js/L(s.7) h(@)/(sL(s,7)) 0
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and

det (DT"(r1,72,y)) = det (DG(s,y)) det (Diba3) det (DG~ (r1,72))

(¢) = (d) is clear.

(d) = (a): If T is a differentiable polymer involution adapted to h, then its Jacobian
matrix has the same entries as the 2 x 3 upper portion of (3.2.10), as (17, T%) are
completely determined. Therefore the determinant of the top-left 2 x 2 minor of the
Jacobian matrix of 7" is zero. Thus L vanishing at a point (s,y) € Q(O) x Oz would
imply the Jacobian determinant of T vanishes at any point (r1,79,y) € O x O3 such
that :—f = s. Since T o T is the identity function, the Jacobian determinant of T' cannot

vanish on O x Oz. Thus L cannot vanish on Q(O) x Os. O

Let B := {(r1,72,y) € O x O3 : 2+ h(y) = 0}. The following Lemma shows that
when h is twice continuously differentiable, the image of B under the mapping (Tlh, TQ")

has Lebesgue measure zero.

Lemma 3.12. Take all assumptions from Lemma with the addition that h 1s twice

continuously differentiable. Then (T{’,Té’)(B) has Lebesque measure zero.

Proof. For convenience define H(r1,72,y) := (I{".1%)(r1.r2.y). The Jacobian matrix of
H is given by the top 2 x 3 portion of the matrix (3.2.10)). Therefore (r,r2.y) is a critical
point of H, meaning the rank of DH(ry,re,y) < 2, if and only if L(:—f,y) =0 (since
Y2+ h(y) =7 > 0), which occurs if and only if (ry,r2,y) € B. Sard’s theorem [44]

yields the desired result. O]
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3.3 Proof of Theorem 3.2

We begin by using Lemma to give another useful equivalence to T-invariance under
some regularity assumptions. In the appendix of [49], Thiery uses a specific case of the
following proposition to prove the invariance of the inverse-beta model. It can also be

used to prove invariance of the other three basic beta-gamma models.

Proposition 3.13. Let (R', R*)Y) be a random vector with density p and assume Y
is independent of (R', R?). Suppose the support of p equals O x Oz where O < (0, 0)?
is open and Oz < (0,00) is open and connected. Let h : O3 — (0,00) be continuously
differentiable and T be a differentiable polymer involution adapted to h on O x Os. Then

(R', R%)Y) is T-invariant if and only if

qoT(z) =q(x) for a.e. x € O x O3

where q(r1,72,Y) 1= ‘L(T;/—Zrhy)'p(rl,rg,y) and L(s,y) = s+ I (y), as given in (3.2.8).

Proof of Proposition[3.13. Recall the notation (3.2.2). By Lemma L does not

vanish on Q(O) x Oz and T is in fact a C'-diffeomorphism with

Y h(y)) L(ra/r1,y) _772L(7”2/7“1,y)

det DT =—| -+ 7 )
e (7“1,7’2,y) (rl To L(r2/7’1’y) 7”2[/(7"2/7"1,1/)

Therefore T(R', R?)Y) has density
p(x) == p(T7'(x)) |det DT~ (z)| = p(T()) |det DT (x)|

supported on x € O x O3. Thus T-invariance of (R, R?)Y) is equivalent to p(z) = p(z)
a.e. on O x Os.

Using (3.2.3) we can explicitly write p(r1,79,y) = p(71,72,7)

ranging terms, the condition p(z) = p(x) for a.e. x € O x O3 yields the desired result. [

ToL(ra2/r1,y

)
m . After rear-
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We now prove the first main result.

Proof of Theorem[3.3. (R', R?,Y') has density p(r1,72,y) = fi(r1) f2(r2) f3(y). By Lemma
, there exists a unique differentiable polymer involution 7" on O; x Oy x O3 adapted
to h and the function L(s,y) = s + h'(y) does not vanish on the set 8—? x Oz. By
Lemma [3.10] (R', R?,Y) is T"-invariant. Applying Proposition [3.13] gives ¢ o T" = ¢
a.e. on O x Oy x Os. Since fi, f2, f3, and T" are continuous, this equality holds ev-
erywhere on O; x Oy x Os. Since the support of f; equals O;, we can further assume
fi(z) = exp(n;(x)) for z € O, j = 1,2,3. Note that n; has the same differentiability
properties as f;. Set s = :—f and recall the notation (3.2.2)). Taking logarithms of the

equality g o T" = ¢ then computing the total derivative we obtain
Dllog (71,72, %) - DT"(r1,72,y) = D[logq](r1,72,9), (3.3.1)

where DT" is given in ([3.2.10]) and

)

R (y) ) '(y)
sy P TRy T ”3(”] '

Using the fact that 7" is an involution and (3.2.3)), ro = T2(71, 7, 7) = ¥s + k(7). One

Dllogl(r1,s,y) — [ ),

riL(s,y

can then check that
DTh(Tl,TQ,?J) 11, 7, O]T = [0, 0, 7"2/L(3>?7)]T-
Thus multiplying both sides of equation on the right by [ry, ro, 0]T gives
L+ rimy(r1) + ramy(ra) = ra9(s, 9), (3.3.2)

where

() R (y)
99 = Ts,y) " T(s )
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Applying the operator aTaQ to the left-hand side of (3.3.2)) gives zero. We now

10r2

exploit the fact that arf;z applied to the right hand side must equal zero to ultimately

arrive at the conclusion that h”(y) = 0.

Note that if f is differentiable then for all non-negative integers k£ and n,

s’“f(y)} _ k_l{ 1 —nf(y) ] kf(y) sf'(y)
D[L(s,y)” 5= I T s sh'(y) (333)
First calculate, using and ,
o) = raDuts ) [ 22, T
N 7T
=04 gl
:Sl I _né@)} 0 sA(®) [_ i ]
L) L] |, g | | E6D)
_S[ 1 _2h’(gj)]‘ 0 sh"(9) '[_1 7y ]T
L(s,7)*"  L(s,9) " L(s,7)

~

= t(s,) = ), S(?(gy)z_,

h

where

ra(y) = ynz(y) + n5(y)
k3(y) = —yh" (y)ns(y) — yh" (y) — 21" (y)

kaly) = 2yh" (y)*.
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Taking an ry partial derivative and multiplying by r1, by (3.2.10)
0* ~ 0 ~
Ay (r29(s:0)) = mizt(s.)
87“2 ’ 57“2
h@ 1"
CsL(s, )]

027’1

— 1. Dt(s,7) - [

- i(s.)- 1
This equality holds for all (ry,72,y) € O; x Oy x Oz. Since T" is an involution on

01 x Oy x Og, it also holds after interchanging (r1,72,y) <> (71,72,7). Notice that, by

(13.2.3), s = :—f is unaffected by this interchange. Therefore, applying this interchange
and using ((3.3.3)
hy) 1"
0= Dt -1
%3) [ ’ SL(&y)]
B 2[ () ] 265(y) 55 (y) ll h(y) r’
S LL(s,y) " Lis,y)™! s s | Lty

for all (s,y) € O—f x Oz. Multiplying by L(s,y)%/s gives

/

2rk5(y) K (y)

s h'(y)

Now fix y € O3. The right hand side is now a fourth degree polynomial in s which

0= Z [L(s,9)° ™, —jr;(y) L(s,9)" 7] - LGs,y), h)]T . (3.3.4)

vanishes on the open set 8—?. It must therefore vanish at all values s € R. Taking

s = —h/(y) so that L(s,y) = 0, (3.3.4) gives
0= —dra(y)h(y)h" (y) = —Syh(y)h" (y)*.

The fact that y and h(y) are positive implies h”(y) = 0. Since this holds for all y € Os,
which we assumed to be connected, h has the form h(y) = a + by where a,b are real
numbers. The condition a v b > 0 follows from the fact that h maps a subset of (0, w0)

into (0, c0). O
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3.4 Reflection and scaling

We describe two procedures which preserve T-invariance. By applying these procedures
to the four basic beta-gamma models, we can obtain a T-invariant model corresponding
to h(y) = a + by for each choice of a,b such that a v b > 0.

We first define the reflection procedure. Let T" be a polymer involution adapted to
h on O x Oy x O3 and assume that h is injective so that h : O3 — h(Oj3) is a bijection.
Define the mapping p(r1,79,y) := (r2,71, h(y)). Define the mapping and the random
vector

T:=poTop™t and (R,R%,Y):= (R R'N(Y)). (3.4.1)

One can then check that 7 is a polymer involution adapted to A~! on Oy x O; x h(O3).
Furthermore, (R', R?,Y) is T-invariant with respect to h if and only if (ﬁl, R?, }A/) is
T-invariant with respect to h~1.

In the directed polymer setting, this procedure of mapping
h bt (R',R%Y) — (R',R%Y) T T

corresponds to interchanging the horizontal and vertical coordinates while remaining in
the same framework. This is illustrated in Figure [17]

We now define the scaling procedure. If O < (0,00) and ¢ is a positive constant,
define cO := {cx : © € O}. Note that cO < (0,00). Let ¢;,cy be positive constants.
Let T" be a polymer involution adapted to A on O; x Oy x O3. Define the mapping

o(r1,r2,y) := (c171, care, c1y). Define the two mappings and the random vector

T:i=coToo™' Iy =ch(L) (RLEY):=(aR aR%aY). (34.2)
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Y (Y Y
R? h(Y') R! Y R? h (YY)
R! R? p
Original Reflected %

(R, R, h(Y)) = (R", R%,Y)
Figure 17: Reflection

One can check that T is a polymer involution adapted to h on 101 x 309 x ¢105.

Furthermore, (R, R?)Y") is T-invariant with respect to A if and only if (}Vzl, }?2,17) is

T-invariant with respect to h.

In the directed polymer setting, this procedure of mapping

~

hesh (R', R%,Y) — (R, R%Y) T T

corresponds to scaling the horizontal axis weights by ¢; and the vertical axis weights by

¢o while remaining in the same framework. This procedure is illustrated in Figure [18]

Y oY v
R? hY) R’ oh(Y) R h(Y)
R! 1 R! 2
Original Scaled

(aRY, 2R, 1Y) = (él,éa}v/)

Figure 18: Scaling

One can also check that the reflection and scaling procedures commute. By using
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the reflection and scaling procedures, the following lemma reduces the existence and
uniqueness of T-invariant models corresponding to h(y) = a + by where a v b > 0 to the
existence and uniqueness for values (a,b) = (0,1), (1,0),(1,—-1), and (—1,1).

For real numbers a, b such that a v b > 0, define

T(a’b) (7“1, T2, y) = (y + (a + by):_;7 y:_i + ((l + by) 7'1(7"2*‘1)> : (343)

7 ro4bry
One can check that when h(y) = a + by, (3.2.4) implies that 7" = T@". The domain

of T ig discussed prior to Lemma m

Lemma 3.14. Let a,b be real numbers satisfying avb > 0, h(y) = a+by, and T = T

as defined in (3.4.3). Let R', R?, and Y be random variables.

(a) If a =0 and b > 0, then (R', R%)Y) is T-invariant with respect to h if and only if

(Rl, %RQ, Y) is TOY invariant with respect to E(y) =y.

(b) Ifa >0 and b =0, then (R', R%)Y) is T-invariant with respect to h if and only if

(Rl, %RQ, Y) is TUO) -invariant with respect to iVL(y) =1

(c) Ifa >0 and b < 0, then (R', R%)Y) is T-invariant with respect to h if and only if

(= LR 1R? -2y is TV inuariant with respect to h(y) =1—y.

(d) If a <0 and b > 0, then (R', R%)Y) is T-invariant with respect to h if and only if

(—gRl, —%RQ, —gY) is TCUY invariant with respect to ?L(y) =y — 1.

(e) If a >0 and b > 0, then (R', R%)Y) is T-invariant with respect to h if and only if

(%Rl, %RQ, %Y) is TV sinvariant with respect to E(y) =y+ 1.

(f) Ifa=1 and b =1, then (R', R%)Y) is T-invariant with respect to h if and only if

(R%, RY, 1 +Y) is TV dnvariant with respect to h™'(y) =y — 1.
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Proof. Let 1, ¢y be positive constants. After applying the scaling procedure with (¢q, ¢2),

with notation as in (3.4.2)), one can check that
h(y) = acs + 2y and T = Tlaczbea/er),

Recall that (Rl, R?, EV/) = (a R aR?, 1Y) is T-invariant with respect to h if and only

if (R*, R%Y) is T-invariant with respect to h. Now (a) through (e) follow by taking

(ener) = (L4, (L), (5 (40 ()

respectively.

For part (f), after applying the reflection procedure, with notation as in (3.4.1)),
one can check that 7 = TC1Y. Since (]3’1,?{2,37) — (R?,R',1+Y) is T-invariant
with respect to h™'(y) = y — 1 if and only if (R', R?|Y) is T-invariant with respect to

h(y) =y + 1, the result follows. ]

3.5 Proof of Theorem [3.4

The following two theorems, due to Seshadri and Wesolowski (2003) and Lukacs (1955)
give characterizations of gamma and beta random variables, which will be used in the

sequel.

Theorem 3.15 ([47]). Let A and B be non-degenerate independent random variables

taking values in (0,1). Then the pair (C, D) := (%, 1— AB) is independent if and

only if there exist positive constants p,q,r such that (A, B) ~ Be(p,q) ® Be(p + q,r), in

which case (C, D) ~ Be(r,q) ® Be(r + q,p).
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Theorem 3.16 ([33]). Let A and B be non-degenerate independent positive random
variables. Then the pair (C,D) = (A + B, ﬁ) 1s independent if and only if there
exist positive constants A, Ag, B such that (A, B) ~ Ga(Aa, f) ® Ga(Ag, ), in which

case (C, D) ~ Ga(Aa + A, B) ® Be(Aa, Ap).

Notice that the mapping (A, B) — (A + B, A/(A + B)) has the inverse (A, B)

(AB ,A(1-B )) The following statement is a corollary of Theorem m

Corollary 3.17. Let A and B be non-degenerate independent random variables. Fur-
ther assume that A is positive and B takes values in (0,1). Then the pair (C, D) :=
(AB, A(l —B)) 1s independent if and only if there exist positive constants Aa, A\g, B such

that (A, B) ~ Ga(Aa+Ap, B)Q@Be(Aa, Ap) in which case (C, D) ~ Ga(Aa, B)QGa(Ag, ).

The next lemma constrains the sets on which 7" (as defined by (3.4.3)) can be
a polymer involution. To specify this constraint, we define the following sets. For real

numbers (a,b) such that a v b > 0,

VEi={r>0:+(x—a) >0} Wi ={x>0:+(a+bx) >0}

a

+ ._ 1/t + +
Da,b = Wa,b x V= x Wa’b.

Lemma 3.18. Let a, b be real numbers satisfying avb > 0. Let O; < (0,00) forj =1,2,3
such that Os is not a singleton. If T@Y  as defined in (3.4.3)), is a polymer involution
on O1 x Oy x O3 with respect to h of the form h(y) = a + by then O x Oy x O3 < D;b

or Oy x Oy x O3 < D, assuming D;ib 1S non-empty.

Proof. We first show the following holds:
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(i) For all (r1,72) € O x Oy, the three numbers a + bry, 2 4+ b,ry — a are all either

strictly positive, strictly negative, or equal to zero.

Fix (r1,72,y) € O1 x Oy x O3 and put § = T?)(a’b) (r1,7r9) = n(r2=a) * Then the following

ro+bry

two equalities hold
ro—a=7g(2+b), a+br="2(a+by) (2 +0b). (3.5.1)

Since T(*" is an involution on O; x Oy x Os, § € Os. Recall that, by Definition , h
maps O3 — (0, 0). Therefore O3 Wafb and the four numbers ry, ro, 7, and h(y) = a+by
are all positive. now gives (i).

By Lemma , for all (r1,72) € O x Oy the mapping O3 3 y — Tga’b)(rl,f@,y) —
y(32 + b) + a is injective. Therefore 12 + b does not vanish for any (ri,72) € O1 x Os.
Thus, by (i)

O1x Oy (Wl x V) u (W, x V). (3.5.2)

a,

If O, mWa+b &, then by (3.5.2) O1 x Oy < W, » %V, . Inthis case O1 x Oy x O3 < D .
On the other hand, if O; N W;’Fb # (& then there exists vy € O; such that a + br; > 0.
By (i), ro — a > 0 for all 75 € Oy. Thus Oy < V7. Now 2) implies that O; x Oy <
W+b x V& which gives O x Oy x O3 C Dab, completing the proof.

[]

Using (3.5.1) one can in fact check that T(@% is an involution on both D}, and D,
assuming they are non-empty.
The following proposition characterizes T"-invariant models corresponding to h(y) =

a + by when (a,b) = (0,1), (1,0), (1,-1), and (—1,1).
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Proposition 3.19. For a,b real numbers, let h(y) = a + by and assume TP as
defined in (3.4.3)), is a polymer involution adapted to h on Oy x Oy x O3 < (0, 0)3.
Assume that (R', R%)Y') are non-degenerate independent random variables taking values

m 01 X02 XOg.

(a) If (a,b) = (0,1), then (R*, R%Y) is TV -invariant if and only if (R*, R%Y) is

distributed as in ([3.1.7))

(b) If (a,b) = (1,0), then (R',R%Y) is T"Y-invariant if and only if (R', R*Y) is

distributed as in (3.1.8])

(c) If (a,b) = (1,—1), then (R*, R?Y) is T~V -invariant if and only if either (R', R*,Y)
or (R, R, 1Y) is distributed as in ([3.1.9)

(d) If (a,b) = (—1,1), then (R', R%Y) is T"Y-invariant if and only if (R', R%Y)
is distributed as in (3.1.10]).

Proof. Observe that Tg(a’b) has no y-dependence. Thus, by Lemma , T is the
unique polymer involution adapted to h on O; x Oy x O3. By Lemma (RY, R%)Y)

is 7@ invariant if and only if the following two properties hold:

(i) g—f is independent of T."" (R!, R?).

(ii) v £ TP (R! R2).

Recall that
RY(R? —a)

a,b
LY (R R = g
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We now prove (a). Put (A, B) := ((R')™, (R?)™"). Then (A, B) are non-degenerate
independent positive random variables. Now

2 A
%_ 5 and 7"V (R', R?) = (A + B)™".

So (i) holds if and only if A/(A + B) = (1+ B/A)™" is independent of A + B. By
Theorem this occurs if and only if there exist positive constants A4, Ag, 3 such that
(A, B) ~ Ga(Aa,8) ® Ga(Ap, 5). In such a case, A+ B = C' ~ Ga(Ag + A, 5). Thus
TOY(RY, R?) = (A+ B)™' ~ Ga™' (A4 + Ag, 8). Now put (11, A) = (Aa + Ap, Ap) and
use (i) to get (R', R%Y) ~ Ga™'(u— X, ) ® Ga™ (X, 3) ® Ga™ ' (s, 8). This completes
the proof of (a).

We now prove (b). Notice that Dy, = ¢J. Therefore by Lemma we have that
(R', R%,Y) takes values in Df, = (0,00) x (1,0) x (0,0). Put (4, B) := (R, (R?)™).
Then (A, B) are non-degenerate independent random variables taking values in (0, 00) x

(0,1). Now
R 1
R'  AB
So (i) holds if and only if AB is independent of A(1—B). By Corollary3.17] this occurs if

and T."”(R',R?) = A(1 — B).

and only if there exist positive constants A, Ag, 5 such that (A, B) ~ Ga(As + Ap, f) ®
Be(A4, Ap). In such a case, Tél’o)(Rl,RQ) = A(1-B) = D ~ Ga(Ag, ). Now put
(11, A) = (A, Aa) and use (i) to get (R, R2,Y) ~ Ga(p+ A, B)®@Be (A, 1) ® Ga(p, B).
This completes the proof of (b).

We now prove (c). By Lemma [3.18] (R, R?)Y) either takes values in
D, =(0,1) x (1,0) x (0,1) or D;_; =(1,0)x(0,1) x (0,1).

First consider the case when (R', R?Y') takes values in DY _,. Put (4, B) := ((R*)™, R').

Then (A, B) are non-degenerate independent random variables, both taking values in
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(0,1). Now
1-B
1-AB’

R2 1 (1,-1) 1 9
ﬁ:E and Tg’ (R,R):lf

So (i) holds if and only if 1 — AB is independent of (1— B)/(1— AB). By Theorem [3.15
this occurs if and only if there exist positive constants p, ¢, r such that (A, B) ~ Be(p, 9)®
Be(p + ¢,r). In such a case, 1 — T3(1’_1)(R1,R2) =(1-B)/(1-AB) = C ~ Be(r,q).
Thus Tél’fl)(Rl,Pf) ~ 1 —Be(r,q) = Be(q, ). Now put (i, A, 8) = (q,p,r) and use (ii)
to get (R, R2,Y) ~ Be(u + A, 8) ® Be ' (\, 1) ® Be(i, B).

In the case where (R, R%)Y) takes values in Dy 4, applying the reflection proce-
dure as in , one can check that 7 = T(~1 and the resulting random variables
(fil, R, )A/) = (R?,R',1-Y) take values in D _,. By the first case, we are done. This
completes the proof of (c).

We now prove (d). Notice that D~; ; = ¢J. Therefore by Lemma (RY, R%)Y)
must take values in D, = (1,00) x (0,%0) x (1,00). Put (A,B) := (1 —(R")™", 1-
(R?+1)71). Then (A, B) are non-degenerate independent random variables, both taking

values in (0, 1). Therefore

rR\"' 1-B (—11) 1
1+— ] = Ty (R R?) = .
(+R1) T—ap o L) =g

So (i) holds if and only if (1 — B)/(1 — AB) is independent of 1 — AB. By Theorem [3.15
this occurs if and only if there exist positive constants p, ¢, r such that (A, B) ~ Be(p, ¢)®
Be(p + ¢, 7). In such a case, T (R, R?) = (1— AB)™' = D' ~ Be”'(r + ¢,p). Now
put (u, A, B) = (r+q,r, p) and use (i) to get (R', R2,Y) ~ Be ' (u— X\, 8)®@(Be ' (A, B+

p—A) —1)®Be (i, ). This completes the proof of (d). O

We now prove the second main result.
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Proof of Theorem[3.4. When h(y) = a + by, for all fixed (ry,73) € O; x Oy the mapping
y > Th(ry,re,y) = y(:—f +b) + a is injective whenever b > 0. In the case b < 0 and a > 0
this injectivity follows from the assumption —b ¢ {% s (x,y) € Oy x 02}. Therefore the
conditions of Proposition [3.7}(a) are satisfied in all cases, which gives the existence of
a unique polymer involution 7" adapted to h(y) = a + by such that (R', R%)Y) is T"-
invariant. By , Th = T as defined in . Now applying Lemma then

Proposition [3.19] completes the proof. O
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Chapter 4

Stationary multi-path

inverse-gamma polymer

4.1 Introduction

In this chapter we further study the inverse-gamma (log-gamma) directed polymer,
which is exactly solvable using the geometric Robinson-Schensted-Knuth (gRSK) corre-
spondence. We consider multi-path polymers, which are represented as tuples of non-
intersecting up-right lattice paths.

The classical RSK correspondence is a combinatorial mapping between matrices with
entries in Z, and pairs of semi-standard Young tableaux of the same shape. See the
texts by Fulton [24] and Stanley [4§] for constructions of the correspondence and some
of its applications. The RSK correspondence is the combinatorial structure that lies
behind the solvability of the problem of the length of the longest increasing subsequence
of a random permutation [3] and the solvability of directed last passage percolation with
geometric or exponential weights [29].

The geometric RSK correspondence (gRSK) is a mapping from matrices with pos-
itive real entries to pairs of triangular arrays. The mapping was first introduced by

Kirillov [32]. In [19], Corwin, O’Connell, Seppéldinen, and Zygouras use the matrix
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product formulation for gRSK developed by Noumi and Yamada [37] to apply the gRSK
correspondence to the study of directed polymers. If the entries of the input matrix
to gRSK are used as weights for a polymer environment, the output triangular arrays
can be expressed in terms of multi-path polymer partition functions. In the case where
the input matrix has inverse-gamma distributed entries with certain parameters, the
pushforward probability measure on triangular arrays has an explicit form in terms of
Whittaker functions.

In the paper [39], O’Connell, Seppélédinen, and Zygouras give an alternative for-
mulation of the gRSK correspondence as a correspondence between matrices by using
sequences of “local moves” acting on matrix entries and use this formulation to study an
inverse-gamma polymer in a symmetric environment. Nguyen and Zygouras [35] extend
the gRSK correspondence to polygonal input arrays and obtain formulas for the Laplace
transform of the joint distribution of inverse-gamma polymer partition functions at dif-
ferent space-time points. Bisi and Zygouras [§] use the gRSK correspondence to study
the point-to-line inverse-gamma polymer.

In the papers [36] and [18§], Nica and Corwin-Nica study models of multi-path directed
polymers and in the intermediate disorder regime and show convergence of the partition
functions to the multi-layer continuum polymer introduced by O’Connell and Warren
[40].

The first result of this chapter utilizes a theorem from [19] about the invariant dis-
tributions of a certain Markov process on triangular arrays to specify an inverse-gamma
polymer environment for which ratios of multi-path polymer partition functions have
a form of stationarity similar to the down-right property of Definition [1.1} From this

stationarity we can easily compute the expectation of the multi-path free energy.
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The other main result of this chapter applies the stationary setup and the coupling
method used in Section [2.3| of Chapter [2 to derive a formula for the variance of the two-
path partition function. This variance formula involves the multi-path exit points from
the boundaries layers and could potentially be used as a starting point for the analysis

of the fluctuation exponents of the two-path polymer free energy.

4.2 Model and results

We define the multi-path polymer model. Let (Y; ;) jjenz be a collection of independent

positive random weights. These weights are the polymer environment. Let H,(f;)n denote

the collection of all ¢-tuples m = (my,...,m) of non-intersecting up-right lattice paths

in N2 such that the ith path 7; starts at (1,7) and ends at (m,n — £ +14). An example

3-tuple is given in Figure . Given 7 = (my,...,m) € H%),n, we define its weight to be

the product of all the random weights associated to the vertices that the paths traverse.

That is,

¢
wt(m) = H H Y.

i=1 xem;

As with the single path case, we can then construct a quenched polymer measure on

1,
© wi(r)
Qm,n (ﬂ-) Z,Ef)n ’
where
Zf,f)n = Z wt ()

WEH%)’n

is the (-path partition function. Let E@» denote the quenched expectation.
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For m,n > ¢, we define the ratios

Z50n AT
Usn =~ and V{5 =~
mel,n Zm,nfl

We would like these ratios to possess a stationarity property analogous to the down-right

property (Definition formulated in Chapter

® (8,8)

3

® 8,7

® (8,6)

Uy

T

(1,3) @

(1,2) @

(1,1) @

Figure 19: An example 3-tuple m = (7, m, 73) € Hé?g.

Fix ¢ € N and parameters 0 < 6; < --- < 0, < . We now define the /-path stationary

inverse-gamma polymer environment.

Bulk weights: Y;; ~ Ga™'(p) for i,j > ¢ + 1.

Lower boundary layers: Y;; ~ Ga™'(6;) fori > ¢+ 1 and j e {1,...,/}.

Upper boundary layers: Y;; ~ Ga™'(u —60,_;,1) forie {1,..., ¢} and j = ¢ + 1.

Corner boundary weights: Y; ; ~ Ga™"(0; — 0,_;;1) for (i, ) € {1,...,£}? such that

1+ j = ¢+ 2. Let the remaining weights be constant 1.
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For the stationary polymer, we insist that the polymer paths start in the cut-off
corner. That is, for 1 < k < £ and m > ¢, n > k, redefine the sets Hgf)n to be the
collection of all k-tuples (71, ..., ) of up-right lattice paths such that for 1 < i < k
the path m; starts at (¢ —i + 1,7) and ends at (m,n — k + 7). We let 7, and ratios

mn, an be defined using these sets.

Figure [20] illustrates this setup for the ¢ = 2 and ¢ = 3 cases.

p—bh It p—"=0 p—b It
p— 0o p—0s
03 — 0,
4. H),
+
HZ T HI H_) T Hl
0, 0,
(=2 (=3

Figure 20: Stationary ¢-path inverse-gamma polymer environment for ¢ = 2, 3.

We now give the form of the stationarity.

Lemma 4.1. Let { € N and suppose that {Y ;} ¢ jyenz is distributed as the (-path station-
ary imverse-gamma environment and let paths start in the cut-off corner. Let m,n >

¢+ 1. Then the collections of ratios
® Uz Z-‘rl{U’LiL)’ Z?”L/U’Lil)7" U(Z /Uﬁ 1)}

@ ns ) jy (-1)
® U] €+1{V m,j? Vm]/ mj7 ) Vm,j/VmJ' }
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are independent, independent of each other, and have marginal distributions

Ui(,iz) ~ Gail(el)a
UR oS < GaN6y) for2 <k <,

zn

Vi~ Ga (= 0y),

m,

mJ/Vkl Ga'(u—0) for2<k<cd.

As an application of the above lemma, we can compute the expectation of multi-path

polymer free energy.

Lemma 4.2. Under the assumptions of Lemmal/.1, the expectation of the (-path polymer

free energy is
‘ ‘
Ellog Z{),] = E[Z0] — (m =€) ) wo(0) = (n =€) Y woln— ). (4.2.1)
k=1 k=1

where

E[Z)] = Z Z Yo(Or — Or_a), (4.2.2)
and g 1s the digamma function.

The starting point for the analysis of the free energy and polymer path fluctuation
exponents in Chapter [2| was the variance formula relating the variance of the free
energy to the exit point of a polymer path from the boundary. The following result is a
variance formula for the two-path case.

Given an up-right lattice path 7, define ¢;(7) := max{i : (¢, 7) € 7} (the z-coordinate

of the exit point of 7 from level j).
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Proposition 4.3. Suppose that {Yz‘,j}(z’,j)ezi is distributed as the 2-path stationary inverse-
gamma environment. Let m,n > 3. Define A < H,(g)n to be the collection of all pairs

(71, m2) that pass through the point (2,2). Then

Varlog Z2), = ¢1(65 — 01) + (n = 2) (1 (e — 61) + 1 (= 02)) — (m = 2) (91 (61) + ¢1(62))
t1(m)

1+ OEE@n lﬂ(m,@) € A)L(~05+ 61, Ya2) + Y. L(~61,Yi1)
=3

ta(m1) (72

+ Z (—6,,Y]2) 2 —05,Y52)

j=ti(m1)v3 k=3

where 1y s the trigamma function, and

L(a,z) := x_“el/mf (—o(—a) — logy)y* e dy.
0

4.3 Proofs

We begin by collecting the necessary notation used in [19].

For N e N, define the space of triangular arrays with positive real entries, Ty = {zj 4 :
1 <l<k<N,zyue (0,00)}. Figure [21|illustrates an element of Ty. In Section 2.1 of
[19], the geometric RSK correspondence is defined in terms of geometric row insertion,
a process in which a word b = (by,...,by) € (0,0)" is inserted into a triangular array
z € Ty to obtain an updated triangular array 2z’ € Ty (denoted 2z’ = z « b). The

geometric row insertion procedure is summarized by the following equations ((2.5) of
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[19]):
ar,1 = by forl<k<N
/
RE+1,0%) ¢
Aft1,0+1 = Q410 forl1<l<k<N
Rl+1,07kL
/ /
Rlp = apo(2ne + Zk—lﬁ) for1<l<k<N
Zl,ck = Ak kZk,k for 1 <k <N.
211
222 221
233 232 231
Z44 Z43 Z42 Z41

Figure 21: A triangular array in T,.

For a semi-infinite matrix of positive weights d = {d,; : t = 1,1 < j < N}, we write
dl = (d;y,...,d;n) for the t-th row of d. Given such a matrix d and an initial state

2(0) € Ty, iteratively inserting the rows of d defines a temporal evolution:
2(t) = [2(t = 1) < d[t]] = [2(0) < d— .. — d[t]] for t > 1.

The relation between the process z(t) defined above and directed polymers is ex-
plained in Section 2.2 of [19]. Starting with an empty array (the insertion into an empty
or partially empty array is defined in Section 2.1) and inserting the first ¢ columns of d

to obtain z(t) € Ty, the entries of z(t) are given by
2p1(t) = Zt(}g) for 1 <k <N,
elt) = 219/ Z257Y for2 <0<k <N,

where the partition functions are defined using the polymer environment weights Y; ; =

d

1,5
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A semi-infinite random matrix d = {d;; : i = 1,1 < j < N} is a solvable inverse-
gamma weight matrix if its entries are independent and there are parameters (5, 1 =1)
and (¢, : 1 < j < N) such that entry d;; ~ Ga_l(@- + 6;). Given a (possibly random)
initial state z(0) € Ty, successive insertion of the rows of a solvable inverse-gamma
weight matrix defines a Markov process (2(t))wez, (see Section 3.1 of [19] for details).

The following theorem describes the invariant distributions of a process defined through

ratios of entries of z(t).

Theorem 4.4 (Theorem 3.10 of Corwin-O’Connell-Seppéldinen-Zygouras [19]). Let z(¢)
evolve on the space Ty according to the Markovian dynamics governed by a solvable

~

inverse-gamma weight matriz with parameters (0; i > 1) and (6; : 1 < j < N).

(a) The process n(t), defined for 1 <€ <k < N by

Zk,l (t)

=20
(e

is a Markov chain in its own filtration.

(b) Let 1 <€ < N and assume 0 < 0y < --- <0y <min{fy,1,...,0n}. Then the pro-
cess (mi(t),...,me(t)) has an invariant distribution where the variables {ny; : 1 <
j </{,j <k < N} are independent with marginal distributions ny, ; ~ Ga™*(0),—0;).
If the process is started with this distribution, then the following statement holds for
all times t = 1: the variables {ny ;j(t) : 1 < j < {,j <k < N} u{zn;(m)/zn;(m—
1):1<m<t1<j</{} are independent with marginals ny; ~ Ga™* (0, — 0;)

and zyj(m)/zyj(m —1) ~ Ga ' (6, + 6;).

The stationarity of the /-path stationary polymer environment is a consequence of

the above theorem.
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Proof of Lemmal[{.1] Define the initial state z(0) using the partition functions in the

first £ columns of the m x n cut-off rectangle. That is,

2,1(0) 1= Zé’lk) for1<k<n

g (0) = 20/ 2570 for2<j<t<n.

For ¢ + 1 < k < n, define 6, = p. By construction, the ratios 1(0) defined below are

independent and have marginal distributions

M1 (0) = V) ~ Ga™' (6, — 1) for 1 <k <N

Mg (0) = Vi Vi ~ Ga™' (0 — 0)) for2<j<h<n

The weights {Y;; : £ +1 < i < m,1 < j < n} form a solvable inverse-gamma weight
matrix with parameters (Z = 0 and 6; as defined in the stationary setup. Applying part
(b) of Theorem 4.4 with N = n, t = m — ¢ and weight matrix d; ; = Y, ;, the variables
{mm—0):1<j<lj<k<n}u{z,;i)/zm;i-1):1<i<m-{1<j<{}
are independent with marginals ;. ; ~ Ga™ (0}, — 0;) and 2,,;(i)/zn;(i — 1) ~ Ga™'(6;).
Furthermore, since these random variables were obtained through the geometric row
insertion of the remaining columns of weights, their interpretation as ratios of polymer
partition functions is extended to polymer partition functions using weights in the m xn
section of the lattice. That is, ng;(m — €) = VnS{L/Vrﬁj,;” and 2, (1)/z, (1 — 1) =

U, z(]n)/ Uz‘(,{zil) . ]

The computation of the expectation of the free energy is a direct application of the

stationarity lemma.
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Proof of Lemma[{.3 We expand

logZ long +Z logZéHK logZéil 14 Z 1ogZ o logZ( e 1)

i=1 j=1

= log ZM + Z log U€+z€ Z Vm£)€+]

=1

We further expanding the U and V' terms,

¢ (k)

o) 0410
IOgUe(He logUHM+Zl ]:1)
k=2 E+z€

(k)

(1) m€+
it = longe+]+Zlg ].
mf+j

log A%

Recall that if X ~ Ga™'(6), then E[log X] = —1,(#). Applying Lemma , we obtain
0 - 0 -
Ellog U;?; ] = Z (6, EllogV,\), ;] = Z (1 — 61),

from which (4.2.1) follows. Since ngg contains only the single /-tuple of paths that
passes through all corner sites, 7 ﬁ) is the product of the corner boundary weights. Thus

equation (4.2.2)) follows from the assumption on the distributions of the corner boundary

weights. O]

The two-path variance formula utilizes the stationarity lemma and a coupling argu-

ment similar to that given in Section [2.3] of Chapter [2

Proof of Proposition[{.3 Define the sums

Sg = log Z2(22) + Zlog UZ%), Sy = ZlogU
i=3
Sw = log Z§22) + Z log V;j), Z logV,

j=3
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We can express log Zr(f?n =S¢+ Sg = Sw + Sy. By Lemma , Sy is independent of

Sk and so
Var(log Z,Sf’)n) = Var(Sw + Sn) = Var(Sw) + Var(Sy) + 2Cov(Sw, Sn)

= Var(SW) + Var(SN) + 2(COV(SS + S — SN, SN)

= Var(Sy) — Var(Sy) + 2Cov(Ss, Sy). (4.3.1)

By Lemma 4.1 we can express Sy and Sy as sums of independent random variables.

Recall that if X ~ Ga™'(f), then Var(log(X)) = 11(). It then follows that

Var(Sw) = 1(0y — 01) + (n — 2)(%(# —01) + (e — 92))7

Var(SN) = (m — 2) (77/)1(01) + ¢1(02))

(4.3.2)

Next define
Sg) = Z log Ui(’;), Sg?) = Z log Ui(;).
i=3 1=3

Then since 2522) = Y54, Sg = log Y272+S§1) +Sé2) and log Z,(ﬁ,)n = log 3/2,2—%5;1)4—5;2) +Sn.

We now use a coupling argument similar to that of Section of Chapter 2 We ex-
press the horizontal boundary weights and corner weight as functions of uniform random
variables so that we can perturb the parameters 6; and 6,. Let {¢},(? : i > 2} be i.i.d.

uniform(0,1) random variables that are independent of the weights {Y;; : i > 1,j > 3}.

Using the definition (2.3.3)) of function H” from Chapter [2| we have that

H! (=0,,¢H) LY, ~ Ga™'(6,) fori=3,

HY (—65,¢3) Y5 ~ Ga () fori=>3,

HI (—0y +6,,63) £ Yoo ~ Ga™ (0 — 01),
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where f := e~!/* (see Table . Suppressing the f superscript of H, define the coupled

environment

w(91792) :{%,2(91a02> = H(_QQ + 917622)} U {271(91) = H(_917Ci1)7i = 3}

U {Vig(0h) i= H(=0,,(2) i =3} u{Y;,;:i=1,j >3}

and note that it is equal in distribution to the original polymer environment. Let P and
E denote the probability measure and corresponding expectation of the uniform random
variables ¢/ and the weights above the horizontal boundary, {Y;; : i > 1,5 > 3}. For
¢ =1,2let fo,)n(@l,ﬁg) and Q%{n(el,ez) denote the partition functions and quenched
polymer measures under the w(fy,6y) environment. By utilizing Lemma of the

appendix, we can show that

0 A

—aTE[SN(QhQQ)] COV(S (‘91,02) logf/gg(&l,@g),SN(01,492)), (433)
1
0 =

—aTE[SN(QhQQ)] (COV(S (‘91,92) + 10g%2(01,02) SN<91,492>) (434)
2

where Sf;)(el, 05) and Sy(01,6,) are the sums defined using the coupled environment.
Furthermore, there are open intervals I; 3 #; and Iy 3 65 on which the covariances (4.3.3)
and change continuously under perturbations of 6; and 6s.

For a pair (7, m) € Hg?n, we decompose the weight of the path to isolate the coupled
weights. With the convention that an empty product has value one,

t1 7r1 to (771

wt(my, mo) (01, 02) = H Yz1 (61) H Y, Y 2(62) 1_[ f/ (62)

j=t1(m1)v3

X 1_[ }/22 91,02 )wt 7T1,7T2 (435)

(2,2)e(m1,m2)
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where wt(my,m) is the portion of the weight picked up in the rectangle {1,...,m} x

{3,...,n}. Recall from (2.3.7)) that

%Hf(aap) = Hf(a,p)Lf(a, Hf(a,p)), (436)

where L7 (a, ) is defined in (2.3.8).
Using the decomposition (4.3.5)) and derivative (4.3.6), we now compute the deriva-

tives of the free energy with respect to the two parameters, #; and 5. Let A c Hg)n be

the set of all pairs (m, m2) that contain the point (2,2). Suppressing the superscript f

of LY,

0 1 ~
89 10g Z (61, 92) = Z(Q) 2 wt(m, 7T2) (]].((7'('1, 7T2) S A)L(Ql — 82, Y272>

+Z (=01, 11>

tl(ﬂ'l)
~ 2 ~
= L(61 — 05, Y25)Q0) (A) — E®mn Y L(—61,Y]1) (4.3.7)

1=3

0 1 -
log Z3,(01,0:) = — >, wt(m,m) ( — 1((my, m2) € A)L(O; — 05, Y35)

00,
g m,n (leﬂQ)EHm,n

N

:tl(ﬁl)\/?)
tz(ﬂ'z) R
= N L(=6,, Vi) (4.3.8)
k=3

On the other hand, using the decomposition

logZ (01, 02) = 10%%,2(91792) (10g22( IOgZ22>+SN(91792)
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and the fact that (log Zéa — log 22(22) ) has no dependence on 6; or 0y, the derivatives of

the free energy can also be expressed as

0 0
log Z),(61,02) = L(61 — s, Yas) + =—Sn (61, 65), (4.3.9)
691 a‘91
d log Z2) (01,60,) = —L(61 — 03, Yas) + iSN(el, 05). (4.3.10)
892 ’ 502

Using the equality in distribution of the original and the coupled environments, equations

(4.3.3), (4.3.4), (4.3.9), (4.3.10), (4.3.7)), (4.3.8), and a justification similar to that in the

proof of Lemma of Chapter [2] we then pass the derivative through the expectation

to obtain:
Cov(Ss, Sy) = —a% <]ESN(91,92)> - a% (ESN(91,92)>
F 0
- -E log Z)), + ——log Z
[ael 08 “min T 5p, 08 ]

t1(m1)

= EEn | 1((m,m5) € A)L(0y — 05, Ya2) + 3. L(~601, Y1)
to(m1) ta(m2)
+ > L( 05, Yj0) + > L(—QQ,YW)]. (4.3.11)
Jj=t1(m1)v k=3

Combining equation (4.3.1]) with equations (4 and m 4.3.11]) completes the proof. [



110

Appendix A

Verification of Hypothesis 2.15

Lemma A.1. If the function f satisfies the conditions of Hypothesis and g(z) :=

f(%) for x € (0,00), then g also satisfies the conditions of Hypothesis .

Proof. Note that supp(g) = supp(f)~'. Fix a compact K < D(M,) and let a € K. By
parts (¢) and (b) of Remark [2.12, ¥¢(a) = —¢}(—a) and —K < D(M;). Thus there
exists a positive constant C' depending only —K such that for all b € —K, (2.3.9) and

(2.3.10f) hold. It therefore suffices to show the following two relations hold:

LY(a,x) = LI (—a, i) for all x € supp(g) (A.0.1)
Yo Lo
| 5ot @ lap = | |52 0. 000 | (A02)
o 10a o 10b

where the right hand side of (A.0.2) is evaluated at b = —a.

(A.0.1)) can be proven by using ¢§(a) = —(—a) and making the substitution y ;
in the first integral appearing in (2.3.8§]).

(A.0.2)) will now follow from (A.0.1) and

1

= m for all pE (O, 1)

Hg(aa 1 _p)

To see that this equality holds, let X ~ mgy(a) and > 0. Using part (a) of Remark
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2. 12

Fi(a,z) =P(X <z)=PX 'za2H=1-PX'<a')=1-F/(—a,z).
(A.0.3)

Fix p € (0, 1) and recall the definition of H*, (2.3.3)). Note that H/(—a, p) and H9(a, 1—p)

lie in supp(f) and supp(g) = supp(f)~! respectively. Plugging = H9%a,1 — p) into
(A.0.3) gives

1

1—p:F%mH%&1—m>=1—ﬁquhﬁanjﬁy

Rearranging yields

FI(—a, ! ))zszf(—a,Hf(—a,p)).

Ho(a,1—p
Since x +— F/(—a, ) is one-to-one on supp(f) we have the desired result. O

Lemma A.2. Fach of the functions [ in Table[I( satisfy Hypothesis[2.15,

Proof. Fix b > 0. By Lemma it suffices to show the three functions

@) = et F@) = (1= 2)" ey, fla) = (—=)"

x+1
satisfy the conditions of Hypothesis 2.15] In [45] (equation 3.30 and the computation
following equation 4.7), Seppélidinen showed that the function f(x) = e satisfies these
conditions. A simple rescaling then shows that these conditions are also satisfied for
f(x) =e b=,
We will write Cy(a),Ci(a), ... to indicate the positive constants Cy(a) have a contin-

uous dependence on a. We claim it is sufficient to show that if f(z) = (1 —z)" ' Ljg<z<1



or f(z) = (3%5)", then for all z € supp(f) the following three bounds hold:

LY (a,2) < Cy(a)(1 + |log z|)
()

|G¥(a,2)| < Co(a)(1 + (logx)?)

| |LY (a,2) < C1(a)(1 + |log z|)

where

4
/(=)
4

" @) FW{(“) + ¥4 (a)logy — (logy)?)y" " f(y)dy.

G'(a,z): =

f:w{ (a) + ¥ (a) logy — (logy)*)y"" £ (y)dy
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(A.0.4)

(A.0.5)

(A.0.6)

(A.0.7)

Note that the second equality in the definition of G (a,x) follows from the definitions

of 1! (a) and ¢! (a) in part (c) of Remark [2.11] (A.0.4) clearly implies (2.3.9). To show

(2.3.10) is satisfied, using (2.3.7)), we calculate

0 oL’

f
%Lf(a’ Hf(a7p)) = %((LHJC(C%]))) + a_aaHf(a7p)%(a7 Hf(a’p))

- <aa—lj(a, )+ 2L (a, x)&a—lj(a,x))

x=H'(a,p)
Since
a—Lf(a, z) + zLf (a, x)a—Lf(a, x) z(wg(a) —2logx) LY (a,z) — al(a,z)?
oa ox
+ Gf(a, x) — x%Lf(a, r)?,

the conditions (A.0.4)), (A.0.5)), and (A.0.6) imply the existence of a positive constant

Cs(a) such that for all x € supp(f),

oLt oL!
- f = 2
P (a,x) +xL’ (a,x) . (a,:r;)’ < Cs(a) (1 + (log z)?).
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Condition ([2.3.10) now follows from
0

1
J, &

a

L (a, Hf<a,p>>] dp < Cofa) [ (14 (log 1 0. )?)

0

= Cy(a) (1 + 9 (a) + (¥ (a))?) < 0.

The last equality is justified by parts (a) and (c) of Remark along with the fact

that H/(a,n) ~ my(a) when 7 is uniformly distributed on (0, 1).

We first show (A.0.4)), (A.0.5) and (A.0.6) for the case f(z) = (1 — 2)" ' Ljgeper;-

Let a € D(My) = (0,00). Then there exists some positive constant Cy(a) such that the

following two inequalities hold:

.
Cy(a)(1 —logy)y® ! if0o<y<1i
¥5(a) —logy|y" ™" f(y) << o ) i
Cy(a)(1 —y)b! ifl<y<i

\
P

Cu(a)(1 + (logy)?)y®>t if0 1
[ (@) + ¥ (a) logy — (logy)*[y* " f(y) < 4 {1+ Gogy))y R

Cy(a)(1 —y)bt if % <y<l.
L

Since a > 0, (2.3.8) and (A.0.7) give: for 0 <z < 3

2b04 (CL)
o
2bC4(a)

xa

Lf(a,z) <

Jox(l —logy)y* tdy < Co(a)(1 + |logz|) (A.0.8)
‘Gf(a, x)‘ < J: (1 + (log y)2)y“_1dy < C’g(a)(l + (log x)2)

Similarly, the secondary expressions in and m ) give: for 1/2 <x <1,

L (a,2) < (12‘:0;(;)1 f (1— y)"'dy < Co(a)(1 — ) (A.0.9)
2¢ 04(a) b—1
600 < o [ (1= < Calara - )

where we increased Cy(a) and Cy(a) if necessary. Thus the bounds (A.0.4) and (A.0.6))



hold. Moreover, by (A.0.8]) and (A.0.9)),

’ Ci(a)(1 + |logx ifo<z <3
|x%‘l)f(a,1‘)=|b—1]%Lf(a,$)< )+ os ) =T

C1(a) fil<z<l1

proving the bound (|A.0.5)).

We now consider the case f(z) = (

Let a € D(My) = (=b,0). Then

x+1)

; ) Cyla)(1 —logy)y®1 ifo<y<1
¥ (a) —logy|y" ™ f(y) < 5
Cy(a)(1 +logy)y®! ify=>1

\
-

Cula)(1 lo 2)0t+0—1 if 1
[0 (a) + ¢ (a) logy — (log )|y~ f(y) < 3 ) {1+ Gogy))y =Y
Ci(a)(1 + (logy)*)y*~!  ify=>1

\

Since a + b > 0, (2.3.8) and (A.0.7) give: for 0 <z < 1,

2°Cy(a) (* _
) < 2080 [0 =10y dy < Cola) 1 + 1oga)
0

2604(61)

anrb

|G (a,2)| < J: (1+ (logy)*)y***'dy < Cy(a)(1 + (logz)?).

Similarly, since a < 0, the secondary expressions in and (A.0.7)) give: for z >
2bC4(CL)
xCL

(0] < 2D 714 tomghy 'y < o)1 + (2

xa

L(a,2) < f (1 + log y)y*dy < Co(a)(1 + | log 2])

x
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where we increased Cy(a) and Cy(a) if necessary. Thus the bounds (A.0.4) and (A.0.6))

hold. Since \:1: f(w) b= +1 < b, (A.0.4)) implies (A.0.5) completing the proof.

]
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Appendix B

Lemmas used in Section 2.3 and

Section 2.

Lemma B.1. Assume the polymer environment is such that log R', log R?, logY!, and

log Y? have finite second moments. Then E[(log Z,)*| < «© for any x € Z2.

Proof. Since log Zy o = Zle R‘l,o and log Zy, = Zﬁ:l log R(%’j, log Z,, has finite second

7

moment for each z € Z2\N?. If 2 € N?| the recursion (2.2.1)) implies that

(10g Yxl + lOg Zacfoq) A (lOg Ya:2 + log meo&)

log Z,
2

< < (10g Y;cl + lOg fooa) v (log Y:,E + IOg foaz)'

Thus

(log Z,)* < 4(logY;! +log Zy_a,)” + 4(log Y, 4108 Zy—a,)*.

Since log Y'! and log Y? have finite second moments, an inductive argument finishes the

proof. O]

Lemma B.2. Suppose fi, : (0,00) — [0,00) for k =1,....7r and ay < a < ay are real
numbers such that [ag, a1] < (V,_y D(My,). Suppose we have a collection of indepen-
dent random variables {X};,_, where X ~ my, (a) for all 1 < k < r. Let E* be the

expectation corresponding to the product measure induced by {Xy}y_;.
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Let S =Y, _,log X} and A : R" — R be a measurable function such that E*[A(X, ..., X,)?] <

o for all a € [ag,a1]. Then

0
%E“[A(Xl, oy Xp)] = Cor'(A(X, ..., X,),S)  forall ae(ag,a)
and (ag, a1) 2 a — ZE[A(Xy,...,X,)] is continuous.

Proof. The joint density of (log X1,log Xs,...,log X,) is given by

a1k r
(&

= = | | fr(e™).
Hk:l My, (a) IH

g(xy,...,x,)

Thus the density of S is given by

eas

a H;:I Mfk(a’) Rr—1

Therefore the joint density of (log X1,log Xs,...,log X,) given that S = s is

ha(s) fi(e™) fa(e™ ™) oL fr(e¥T T ) day, L ey (B.0.1)

g(CL’l, e ,xr)]l{xzzlxkzs} _ H7];=1 fk(exk>l{22:1 Tp=s}
ha(s) Spror fr(em) fo(em2=21) oL fo(es=or=t)day, ... 2oy

which has no a dependence. Thus

LR[AX, ..., X,)] = 2 fR ETA(Xy, ..., X;)|S = s]ha(s)ds
_ JRIE“[A(Xl,...,XrNS = 5]Lhy(s)ds
_ JREQ[A(XI, L XD)IS = sTha(s) (s — ;;1 2 log My, (a))ds
— Cov*(A(Xy,..., X,),5).

The last equality comes from E[S] = >, _ E[log Xi] = >}, _; £ log My, (a), by part (a)
of Remark [2.11, The interchanging of the derivative and the integral is justified by the

bound

L ha(s)

pe ds < 0. (B.0.2)

JRE[|A(X1, XIS = 5] sup

a€lao,a1]
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Once we show that there is a constant C' depending only on ay and a; such that

Z ha(s)

5 a(8)] < O+ IsD)(hap (8) + hay (5)) (B.0.3)

sup
a€lap,a1]

we will have the bound (B.0.2) since
| BOAGE . X018 = 10+ s (5)ds = BV (LAY, ... X1+ )
<EY[A(Xy,..., X,)2ZEY[(1 +[9])*]=.

The last expression is finite since E%[A(X1, ..., X,)?] < oo by assumption, and S is a
finite sum of independent random variables each of which has finite exponential moments,
by part (a) of Remark Notice that the bound also implies that a —
ZE[A(Xy,...,X,)] is continuous. All that is left to do is verify the bound (B.0.3). To

accomplish this, notice that equation (B.0.1]) implies that < log h,(s) = s — E*[S]. So
p ) q p oa g

0
sup _ha(s) < Cl<1 + |S|) sup ha(s)
a€lap,a1] aa a€lap,a1]
where Cy 1= 1V SUDye(q)q,) [E9[S]]|. Thus it suffices to show that sup,ei,qe,)ha(s) <

Cy (hao (s) + hal(s)> for some constant Cy independent of s. By part (c¢) of Remark
2.11} a — E°®[S] is an increasing function. Therefore, for all s < E®[S] the function

a — hg(s) is non-increasing on [ag, a1]. Thus

sup  hy(s) < hg,(s) for all s < E™[S].

a€lap,a1]
On the other hand, if s > E®[S], then a%log(ha(s) exp (a(E"[S] —E“O[S]))> =5 —
E*[S] + E*[S] — E*[S] > 0 for all a € [ag,a;]. Thus for all s > E®[S], a —

ha(s) exp <a(E“1 [S] — E [S])) is increasing on the interval [ag, a1]. Therefore,

sup he(s) < Cshg,(s) for all s > E*®[S]

a€lao,a1]
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where C3 = exp ((al — ag) (E[S] — E [S])) We now get the desired result with Cy =

1+ Cs. O

Lemma B.3. Assume that the polymer environment is distributed as in (2.3.2)) and let
€ be small enough such that for all |\| <€, a1 + A€ D(Mp) and ay — A€ D(My2). Let
(m,n) € N? and k € N. Then, with notation as in , QlaFhaz=d) (t1 > k) is stochas-

tically non-decreasing in \ and Q (a1+2,a2=2) (to = k) is stochastically non-increasing in

A.

Proof.

0
Q(b”’”( > k) = o (ﬁ D0 Lz Wb, bo)( )>- (B.0.4)

. €L n

If i # j, the sum in (B.0.4) has no b; dependence, so

(bl ) (p s k) by, by) L -
Q (t; = k) (Zumm (b1, b2))? (66 Zm (b1, bo )mg (t;2ky W (b1, b2)(2.),

which is non-positive by (2.3.18)). If i = j, then by (2.3.17)) and (2.3.18),

Zw,el’[m,n l{tiZk} aibzwa)la b2> (33.)
Zmn (b1, b2)

0 Dl Ltz W (01, b2)(2.)
108 Zyan (b1, b T
( 3b o8 ( ' 2>) Zm,n(bly b2>

£ QU > 1) =

(bq1,b9) i % 3
— (COV m1”2 (Z Lf (b Hf (bmnlzc))’ ﬂ'{tzzk})’

k=1

which is non-negative. O
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Appendix C

Properties of w;ﬁ

| Model | Wl (a1) | Wl (as) |
IG ()" (W, (t — 0) — S0 108 B) )" (,(0) — nologm
G U, (1t + 0) — dn0log B ()™ (W, (0) — Wi + 0))
B U, (1 +0) — Ui+ 0+ B) < D" L(0,(6) — U,(p + 6))
B | ()™ (U(p—0) — U(u—0+B)) | Uplpp— 0+ B) + (—1)""10,,()

Figure 22: ¢/ functions for each of the four basic beta-gamma models.

By [1] (p.260 line 6.4.1) the polygamma function of order n, ¥, (x) = ;:Ti log T'(x),

has integral representation

) o) tn —xt
U, (z) = (-1)"* dt. C.0.1
@ =0 | S (©01)
Lemma C.1. For any n € N, the map a — %ES) is strictly increasing on (0, 00).

Proof. Fix n€ N and a € (0,90). We will show that Z log |W,,(a)] > 0.

After substituting y = et in (C.0.1)) we get

) - [ "y () dy = My(a)

where f(y) := (_io_gyy)n]l{kyd}. Note that D(My) = (0,00). Now given a random

variable X ~ m¢(a), by part (c) of Remark [2.11}

0? 02
. = log|¥,(a)| = pm = log My (a) = Var[log X] > 0,

since X is non-degenerate. O
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Lemma C.2. Assume the polymer environment is distributed as in (2.3.2). Then

@D{l(al)@bf(%) + ¢{2(a2)¢§1 (a1) > 0.

Proof. Recall that 7,0{ " are always positive and by U, has sign (—1)"*! throughout
(0, 00).

For the inverse-gamma model with fixed constants § > 0 and pu > 6 > 0,
Table [22[ implies that @Z)gj(aj) > ( for j = 1,2. The conclusion follows immediately.

For the gamma model (1.2.3]) with fixed positive constants /3, i, and 6, by Table

W (@) (a2) + 07 (a2) ] (@) = =1 (8 + ) Ws(0) + Wy (0)Ws(6 + p).

The quantity on the right hand side is positive if and only if

which holds true by Lemma with n = 1.

For the beta model ([1.2.4]) with fixed positive constants 3, i, and 6, using Table

W] (a)d (az) + ¥ (a2)0f (@) > 0 o
v (a) __¥f (ao) -
(a1> 1?{2(%)
Vo0 +p+5) - ‘1/2(9+ 1) ‘1’2( + 1) — Ws(6)
U@ ptB) U@t T+ ) Ti(0) (€0.2)

By Cauchy’s mean value theorem there exist constants 0 < & < 0+u < & < 0+u+0

such that the left and right-hand sides of (C.0.2) equal 33&2 and \PS e ; respectively.

2
Lemma with n = 2 now gives (C.0.2)).
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For the inverse-beta model (|1.2.5) with fixed constants f > 0 and © > 6 > 0, by

Table 2 ¢4 (a1) > 0, ¢{" (@) > Wi(=0 + p+ 8), and ¥f (@) > Ws(—0 + i+ B).

Therefore

O (@) (a2)+0f (as)d (ar)
> wfl(al)‘lfz(—H +u+ )+ U (=04 p+ BW;(%)

= Uy (—0 + p) Vo (=0 + p+ 8) = Vi (=0 + p + B)U2(—0 + p).

Letting x = —6 + u, the last line is positive if and only if

qu(l’ + 6) - \112(.%')
\IJI(ZC + 5) \1’1(11)

which holds true by Lemma with n = 1. O
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