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Abstract

Multi-body systems are widely prevalent in chemistry, biology, and material sciences. Their

complex energy landscapes, heterogeneous dynamics across different time-scales, and numerous

pathways pose significant challenges in modeling long-term dynamics and understanding the un-

derlying molecular mechanisms with high spatial and temporal resolution using current experi-

mental and computational techniques. In this thesis, we developed machine learning algorithms

and non-Markovian dynamics modeling approaches to tackle these challenges and explore the dy-

namics of multi-body systems, ranging from biomolecules, such as protein-protein encounter com-

plexes and chromatin, to materials like supercooled liquids. In particular, to bridge the time gap

between simulations and the heterogeneous dynamics of interest, and to provide better interpreta-

tion for the underlying mechanisms, we developed a non-Markovian dynamic modeling approach

called the Integrated Generalized Master Equation (IGME) model. Unlike conventional Markov

State Models (MSMs), the IGME model encodes non-Markovian dynamics into time-integration

of memory kernel functions and offers more accurate predictions for long-time dynamics based

on shorter simulations. Additionally, to categorize diverse pathways with comparable fluxes, we

designed the Latent-space Path Clustering (LPC) algorithm, which applies variational autoencoder

network to effectively classify multiple pathways into a small set of metastable path channels ac-

cording to their kinetic similarities and path typologies. Moreover, we have developed an informa-

tion bottleneck approach for MSM constructions, providing an end-to-end pipeline that achieves

state-of-the-art performance. With these effective machine learning and dynamic modeling tools,

we studied a protein-protein encounter complex system, where our IGME model successfully pre-

dicted multiple non-canonical metastable protein-protein interfaces, supporting the rational design

of PROTACs, a promising next-generation cancer treatment drug. Meanwhile, using our LPC algo-

rithm and IGME model, we also explored chromatin folding dynamics and mechanisms, examining

the effects of phase separation of nucleosome condensation and DNA linker length, providing in-

sights into the discrepancies between in vivo and in vitro studies. In addition, we developed an
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unsupervised time-lagged approach to efficiently uncover the structural origins of dynamical het-

erogeneities in multi-body supercooled liquids, addressing a key open question in the field in a

much more data-efficient manner.
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of Fip35 WW-domain. (b) Projection of free energy landscape onto two physical
coordinates: RMSDs of the Hairpin 1 (X-axis) and Hairpin 2 (Y-axis) with respect to
the native structure. We projected all the MD conformations onto the RMSD space to
generate this figure. (c) The relationship between the number of identified pathways
from TPT and the number of MSM states. (d) The accumulated flux as a function
of the number of transition pathways (based on the 500-state MSM). This figure is
reproduced from Qiu. et al.[48] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
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4.10 The LPC algorithm classifies 5000 pathways into two path channels for the Fip35 WW
domain folding. (a) Loss function as a function of the number of training epochs for
the training and testing processes of VAE. (b) Distributions of kinetic pathways (each
is represented as a point) in the latent space with channel labels. (c) Visualization of
the identified path channels using two physical coordinates: the RMSDs of hairpin
1 and hairpin 2 with respect to the folded structure. To visualize each path channel,
we overlaid all the kinetic pathways (weighted by their fluxes) belonging to each path
channel, and for each pathway, we projected all the MD conformations (reweighted by
the inverse of local density)belonging to this pathway onto two RMSDs. (d) Represen-
tation of protein conformations along the two path channels. This figure is reproduced
from Qiu. et al.[48] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.11 Forward committor probabilities for the Fip35 WW-domain folding system. (a-b).
The forward committor probabilities are shown separately for each metastable path
channel on two physical coordinates: the RMSDs of Hairpin 1 and Hairpin 2 with
respect to the folded structure. Two representative configurations are chosen from
two states that have committor probabilities closest to 0.5 which correspond to two
different folding orders. This figure is reproduced from Qiu. et al.[48] . . . . . . . . . 61

5.1 Network architecture employed for SPIB consists of both the encoder and decoder
as nonlinear neural networks with two hidden layers. SPIB is designed to take fea-
tures such as pairwise distances, denoted as input Xt, enabling the learning of a low-
dimensional latent representation z for predicting its future state yt+∆t after a lag time
∆t. In this modified architecture, the encoder only outputs the mean µ, from which the
latent representation z is then sampled utilizing a position-independent trainable stan-
dard deviation σ. For visualization, the left panel illustrates some minimal residue-
residue distances of the Trp-cage system. In the middle, an example of the free energy
surface of the learned latent space is displayed. The right panel presents a network
plot of the output Markov state model. This figure is reproduced from Wang. et al.[35] 68

5.2 Protein systems investigated in this study. Data for all simulations is obtained from
the DESRES protein folding trajectories. The duration of the MD simulation and the
number of residues are specified for each case. This figure is reproduced from Wang.
et al.[35] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.3 Impact of different lag time ∆t choices on the number of converged SPIB states in
10-fold cross-validation for all three systems. This figure is reproduced from Wang.
et al.[35] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
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5.4 Implied timescales as a function of lag time for the MSMs of all systems. The left
panels illustrate the results for 4-state MSMs in Trp-cage and 5-state MSMs in HP35
and WW-domain, while the right panels showcase the outcomes for 10-state MSMs.
For clarity in presentation, only the mean values from 10 bootstrapping samples are
plotted. The shaded gray area represents the region where timescales become equal to
or smaller than the lag time and can no longer be resolved. This figure is reproduced
from Wang. et al.[35] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.5 Qualitative description of the MSM analysis for Trp-cage protein. (a) and (b) give the
free-energy surfaces in the two-dimensional SPIB latent space, denoted by IB0 and
IB1, for large and moderate ∆t, respectively. (c) and (d) give the metastable states
learned by SPIB in the case of large and moderate ∆t, respectively. (e) The Sankey
plot illustrates the corresponding relations between states learned by SPIB using large
(left) and moderate (right) ∆t. (f) The MSM constructed based on states identified by
SPIB, trained with a moderate ∆t, is visualized using a flux network. The node size
is proportional to the stationary population of the states, and the arrow width is scaled
according to jump probabilities. Additionally, ten randomly selected conformations
from each state are overlapped and displayed adjacent to the corresponding node. This
figure is reproduced from Wang. et al.[35] . . . . . . . . . . . . . . . . . . . . . . . . 82

5.6 Qualitative description of the MSM analysis for HP35 protein. (a) and (b) give the
free-energy surfaces in the two-dimensional SPIB latent space for large (100 ns) and
moderate (20ns) ∆t, respectively. (c) and (d) give the metastable states learned by
SPIB in the case of large and moderate ∆t, respectively. (e) The Sankey plot illus-
trates the corresponding relations between states learned by SPIB using large (left)
and moderate (right) ∆t. (f) The MSM constructed based on states identified by
SPIB, trained with a moderate ∆t, is visualized using a flux network. The node size
is proportional to the stationary population of the states, and the arrow width is scaled
according to jump probabilities. Additionally, ten randomly selected conformations
from each state are overlapped and displayed adjacent to the corresponding node, with
the secondary structure for each frame templated on a single, randomly selected frame
from all ten. This figure is reproduced from Wang. et al.[35] . . . . . . . . . . . . . . 85
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5.7 Qualitative description of the MSM analysis for WW-domain protein. (a) and (b) give
the free-energy surfaces in the two-dimensional SPIB latent space for large and mod-
erate ∆t, respectively. (c) and (d) give the metastable states learned by SPIB in the
case of large and moderate ∆t, respectively. (e) The Sankey plot illustrates the cor-
responding relations between states learned by SPIB using large (left) and moderate
(right) ∆t. (f) The MSM constructed based on states identified by SPIB, trained with
a moderate ∆t, is visualized using a flux network. The node size is proportional to the
stationary population of the states, and the arrow width is scaled according to jump
probabilities. Additionally, ten randomly selected conformations from each state are
overlapped and displayed adjacent to the corresponding node. This figure is repro-
duced from Wang. et al.[35] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

6.1 The KRAS-VHL encounter complex system (a-d) and the workflow of the construc-
tion of the non-Markovian IGME model (e-l). (a). The structure of the encounter
complex from rigid protein docking, involving VHL (cyan) and KRAS (orange), along
with the E3 ligand and two warheads. (b-d) Chemical structures of E3 ligand (green),
warhead 1 (magenta) and warhead 2 (red). (e) Generate initial conformations for the
encounter complex through rigid protein docking. (f) Perform extensive MD sim-
ulations using Folding@Home to explore the PPI interfaces of the encounter com-
plex. (g-h) Utilize MoSAIC community detection and spectral-oASIS algorithms to
extract essential pairwise distance features for representations of the PPI interfaces.
(i) Identify the collective variables by tICA. (j) Cluster the projected MD conforma-
tions to microstates by K-Means algorithm. The hyperparameters for (i) and (j) are
tuned through cross-validation based on the GMRQ score. (k) Lump the microstates
to metastable macrostates by PCCA+ algorithm. (l) Model the transition dynamics
between macrostates with IGME method. This figure is reproduced from Qiu. et al.[3] 94

6.2 Non-Markovian IGME models outperform MSMs in elucidating the dynamics of the
KRAS-VHL encounter complex formation. (a) Mean Integral of memory kernels
(MIK) with different τk for six-states model calculated from qMSM and IGME. (b)
Root mean squared error (RMSE) of predicted transition probability matrices with re-
spective to MD simulations, (c) Slowest implied timescale and (d) mean first passage
time (MFPT) from State III to State IV, calculated from IGME models and MSMs
constructed with various lag times. The error bars represent standard deviations esti-
mated from fifty bootstraps of the data with replacement. This figure is reproduced
from Qiu. et al.[3] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
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6.3 Construction and validation of the non-Markovian dynamics model using IGME method.
(a) The Root Mean Squared Error (RMSE) of IGME and MSM constructed with vary-
ing lag time ranges. (b) Mean First Passage Time (MFPT) between macrostates pre-
dicted by the IGME model with the smallest RMSE. (c) The Chapman–Kolmogorov
test of the MSM (blue, τ=250ns) and the IGME (red, τk=70ns, Lfit=80ns) compared
against MD simulations (grey). This figure is reproduced from Qiu. et al.[3] . . . . . . 98

6.4 Interpretation of non-Markovian dynamics model. (a) The free energy landscape and
distribution of states visualized on the top two tICA components. The free energy
is estimated from the ultralong trajectory generated by running kinetic Monte Carlo
with the microstate-MSM. Each point represents the center of a microstate, and its
color corresponds to the macrostate label. (b) Stationary populations for macrostates
predicted from the optimal IGME model. (c) The heterogeneity of each macrostate
is visualized by calculating the interface-RMSD relative to the state center for all
conformations within the state. (d) The buried area of PPI surfaces within each
macrostate. (e) The representative conformations for each macrostate (selected from
the microstates with the highest population). This figure is reproduced from Qiu. et
al.[3] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

6.5 PPI interfaces selected for linker design. (a-b). Average Solvent Accessible Sur-
face Area (SASA) depicted for (a) E3 ligand and (b) warhead 1 molecules across all
conformations within six macrostates and their respective most populated microstate.
(c) The average pairwise distances between the exposed heavy E3 ligand atoms and
warhead 1 atoms (top 50% SASA) are calculated across all conformations within
six macrostates and their respective most populated microstate. Error bars represent
standard deviations. Fifty randomly selected overlapping conformations and one rep-
resentative single conformation of the PPI interface are visualized for State II (d-e),
State III (h-i), and State V (i-m). The relative positions of the E3 ligand-warhead 1
and their partial chemical structures are displayed for State II (f-g), State III (j-k), and
State V (n-o). This figure is reproduced from Qiu. et al.[3] . . . . . . . . . . . . . . . 104
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6.6 The workflow for evaluating metastable PPI interfaces for PROTAC linker design. (a)
Perform MD simulations and dynamic modeling of linker-less encounter complex.
(b) Quantify structural heterogeneity for metastable states and select states with long-
lived consistent PPI bonding modes. (c) Use equilibrium populations predicted by
the IGME model and buried surface areas to select states with high interface binding
affinity. (d) Analyze the high solvent-exposed regions to identify potential linker at-
tachment sites. (e) Compute the distances between attachment sites and filter out PPI
interfaces with inappropriate distances. (f) Select linkers that can stabilize the selected
metastable PPI interfaces. This figure is reproduced from Qiu. et al.[3] . . . . . . . . 106

6.7 Comparison between computationally predicted PPI interfaces and the interface in-
duced by the experimentally designed PROTAC. (a) Structural alignment between the
crystal structure (magenta, PDB ID: 8QVU) and one PPI interface from most popu-
lated microstate in State III (orange). The interface with the smallest interface-RMSD
(0.68Å) is selected for visualization, and the alignment is based on the VHL protein.
(b) Projection (blue star) of the crystal PPI interface of the ternary complex onto the
top two CVs. (c) Pairwise distances between KRAS residues and VHL residues in
the crystal structure of the ternary complex (PDB: 8QVU). (d) Averaged pairwise dis-
tances between KRAS residues and VHL residues across all conformations within
macrostate III. This figure is reproduced from Qiu. et al.[3] . . . . . . . . . . . . . . 108

7.1 Representative configurations for the four tetra-nucleosome systems studied. The
three isolated systems feature tetra-nucleosomes of 20-bp (A), 25-bp (B), and 30-bp
(C) DNA linker. The corresponding NRL is 167, 172, and 177 bp, respectively. In the
fourth system, the tetra-nucleosome with NRL=167 is embedded into a nucleosome
condensate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

7.2 Overview of the computational pipeline to elucidate chromatin folding kinetics and
pathways. (A) The workflow begins with extensive unbiased MD simulations, initi-
ated from a variety of configurations. (B) Configurations collected from these sim-
ulations are then projected onto collective variables constructed by tICA, followed
by clustering into microstates to build up MSMs. (C) Subsequently, chromatin fold-
ing pathways are identified and reaction channels are lumped using transition path
theory and the Latent-space path clustering algorithm. (D) Finally, the microstates
are grouped into a few interpretable macrostates, and the transition dynamics between
these macrostates are modeled using the generalized master equation that incorporates
time-dependent memory kernels (D). . . . . . . . . . . . . . . . . . . . . . . . . . . 117
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7.3 Folding pathways and kinetics for the NRL = 167 tetra-nucleosome.(A) The free en-
ergy profile along the center-of-geometry distance between 1-3 (d13) and 2-4 (d24) nu-
cleosomes. (B) The three reaction channels for tetra-nucleosome folding. Top three
transition pathways with most reactive flux from each one reaction channel are drawn
as lines. The filled and open circles represent the centers of, and the MD config-
urations belonging to, the microstates along the pathways, respectively. The total
reactive flux of each reaction channel is provided on the side. (C) Diagram of the
non-Markovian dynamics model with six macrostates. The numbers represent rates
estimated as inverse MFPT labeled in unit of (109 steps)−1 for the corresponding tran-
sitions. Histone proteins are not shown in the representative configurations of each state.120

7.4 Folding pathways and kinetics for the NRL = 167 tetra-nucleosome embedded in nu-
cleosome condensate. (A) Illustration of the starting, middle, and end configurations
of the condensate system along a 70 million step long simulation trajectory. The tetra-
nucleosome is shown in cyan and green, and individual nucleosomes are shown in
yellow and orange. (B) The free energy profile along the center-of-geometry distance
between 1-3 (d13) and 2-4 (d24) nucleosomes from the tetra-nucleosome. (C) The
three reaction channels for tetra-nucleosome folding. Top three transition pathways
with most reactive flux from each one reaction channel are drawn as lines. The filled
and open circles represent the centers of, and all the MD configurations belonging to,
the microstates along the pathways, respectively. The total reactive flux of each re-
action channel is provided on the side. (D) Diagram of the non-Markovian dynamics
model with six macrostates. The numbers represent rates estimated as inverse MFPT
labeled in unit of (109 steps)−1 for the corresponding transitions. Histone proteins are
not shown in the representative configurations of each state. . . . . . . . . . . . . . . 122

7.5 Folding pathways and kinetics for the NRL = 177 tetra-nucleosome. (A) The free en-
ergy profile along the center-of-geometry distance between 1-3 (d13) and 2-4 (d24) nu-
cleosomes. (B) Diagram of the non-Markovian dynamics model with six macrostates.
The numbers represent rates estimated as inverse MFPT labeled in unit of (109 steps)−1

for the corresponding transitions. Histone proteins are not shown in the representative
configurations of each state. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
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7.6 Folding pathways and kinetics for the NRL = 172 tetra-nucleosome (A) The free en-
ergy profile along the center-of-geometry distance between 1-3 (d13) and 2-4 (d24)
nucleosomes from the tetra-nucleosome. (B) Diagram of the non-Markovian dynam-
ics model with six macrostates. The numbers represent rates estimated as inverse
MFPT labeled in unit of (109 steps)−1 for the corresponding transitions. Histone pro-
teins are not shown in the representative configurations of each state. (C,D) Addition
representative structures the compact stable states 5 and 6. . . . . . . . . . . . . . . . 126

8.1 Dynamical characteristics of the 3D Kob-Andersen model at different temperatures.
(a) Root mean square displacement, (b) Non-Gaussian parameters for different tem-
peratures. This figure is reproduced from Qiu. et al.[45] . . . . . . . . . . . . . . . . 136

8.2 Schematic representation of the unsupervised ML model Time-lagged AutoEncoder
(TAE). At a given temperature, the input descriptor vector Xi(t) consists of the local
structural descriptors of the i-th particle at time t, while the output descriptor vector
Xi(t + ∆t) consists of the descriptors for the same particle, at time t + ∆t. After
training of TAE, the OPs are the values of the normalized bottleneck space variables
(grey). This figure is reproduced from Qiu. et al.[45] . . . . . . . . . . . . . . . . . . 139

8.3 Selection of number of OPs and lag time ∆t for TCCA models constructed with radial
descriptors at T=0.50. (a) Top five singular values obtained from TCCA constructed
with different lag times. (b) Pearson correlation between OPs obtained at different lag
times (color) and those obtained with lag time of ∆t = 0.1 (light). Each bar represents
the correlation calculated between λi(∆t) and λi(0.1). . . . . . . . . . . . . . . . . . 141

8.4 Visualization and characterization of dynamical heterogeneity at T = 0.50. (a) The
2D slice snapshot of the simulation box is randomly selected and visualized, with
each particle colored based on its OP λ1 value, encoded by the TAE constructed
at T = 0.50. (b) The same snapshot, but with each particle colored based on its
bond-breaking correlation propensity at τBB

α /2. (c) The 2D latent space of the TAE.
Each point represents an individual particle, and the color is assigned based on the
CB(τBB

α /2) propensity. (d) The Pearson correlation coefficient between the leading
OP identified by different unsupervised ML models and CB(δt) over time is displayed.
The susceptibility χ4 over time is shown as the grey curve. This figure is reproduced
from Qiu. et al.[45] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
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8.5 Effectiveness of the TAE OP in explaining dynamical heterogeneity. (a) Comparison
of supervised ML methods and physics-based OPs from Ref. [43] with the OP λ1
from TAE in predicting the isoconfigurational average of displacementsD(δt) at tem-
perature T = 0.50. Pearson correlation coefficients at different time points are shown.
(b) Four TAE models are respectively constructed for four different temperatures, and
the Pearson correlation coefficients between CB(δt) and λ1 are shown for each TAE
model. This figure is reproduced from Qiu. et al.[45] . . . . . . . . . . . . . . . . . . 146

8.6 Effects of lag time and dimension of latent space on the quantify of OPs. Multiple
independent TAE models are constructed with 4-dimensional latent space and various
lag times ∆t = 0, 0.01, 0.1, 1, 10, 100 by utilizing radial density descriptors derived
from time-lagged configurations at different temperatures: (a) T=0.44, (b) T=0.47,
(c) T=0.50 and (d) T=0.56. The correlations between four OPs and bond-breaking
propensities are calculated and visualized, respectively. This figure is reproduced
from Qiu. et al.[45] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

8.7 Transferability of TAE across different temperatures. The TAE constructed at T =
0.50 is applied to encode configurations from other temperatures to obtain λ1 for
those temperatures. (a) The distributions of λ1 for encoded particles from different
temperatures are shown in red bars. The heights αm of the peaks of the non-Gaussian
parameter are shown in black curve for comparison. (b) The correlation between λ1
obtained from the transferred TAE and propensities is shown for different tempera-
tures. This figure is reproduced from Qiu. et al.[45] . . . . . . . . . . . . . . . . . . . 149

8.8 Importance of density at varying radii in constructing the OP λ1. The rescaled linear
transformation coefficients for local radial densities at different radii in the construc-
tion of λ1 using TCCA are displayed for (a) A-particles and (b) B-particles, respec-
tively. Each absolute value of coefficient is rescaled by the ensemble-averaged fluc-
tuation of the corresponding density. The gray curves represent the pair correlation
functions over different radii. This figure is reproduced from Qiu. et al.[45] . . . . . . 151
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8.9 Importance of radial descriptors within different shells to capture long-time dynam-
ics heterogeneity. A-particles from equilibrium configurations at temperatures (a)
T = 0.44, (b) T = 0.47, (c) T = 0.50, and (d) T = 0.56 are embedded using 200-
dimensional radial descriptors. These descriptors are subsampled based on reference
particle types (left two columns for A-particles, right two columns for B-particles)
and shells (regions colored blue, green, and pink). Independent TAE models are con-
structed with different input descriptors. For each model, the correlations between
propensities and the OP λ1 are calculated and visualized over time. The different
curves for correlation are obtained using descriptors from same colored regions in the
pair correlation function. This figure is reproduced from Qiu. et al.[45] . . . . . . . . 152

8.10 Impact of input feature dimension on the quality of order parameters. The 200-
dimensional radial density features are randomly subsampled into different dimen-
sions and used to train both AE and TAE models at four respective temperatures: (a)
T = 0.44, (b) T = 0.47, (c) T = 0.50, and (d) T = 0.56. The number of hid-
den neurons is consistently set as five times the input feature dimensions for all the
models, and the lag time for TAE is fixed at ∆t = 0.1. The subsamplings are re-
peated twenty times for a specific dimension of input features, and the error bars are
estimated accordingly. This figure is reproduced from Qiu. et al.[45] . . . . . . . . . . 154
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Chapter 1

Introduction

1.1 Conformational Dynamics of Multi-Body Systems

Conformational dynamics, i.e., the transitions between pairs of conformational states, are cru-

cial in a wide range of multi-body systems across chemistry, biology, and materials science. For

instance, protein-protein interactions association and dissociation are essential to numerous vital

biological processes[1–4]. Accurate recognition between drug molecules and protein receptors

is fundamental for effective drug design[5–8]. The aggregation and separation of biomolecules

can significantly influence various biological functions[9, 10]. The supercooling of liquid is vital

for synthesizing important glass materials used in both the electronic and pharmaceutical indus-

tries[11, 12]. And self-assembly provides a powerful technique for fabricating advanced materials

using a bottom-up approach in nanotechnology[13–17]. Investigating the dynamics of confor-

mational changes in multi-body systems at the molecular level is essential for understanding the

microscopic mechanisms of many fundamental chemical and biological processes and advanc-

ing the rational design of materials. However, studying the dynamics of multi-body systems is

highly challenging due to their complexity, and the fact that they often occur on the millisecond

time scale or longer at the detailed automatic level[15, 16, 18, 19]. In particular, the involvement

of diverse inter-molecular and intra-molecular interaction patterns in the multi-body systems re-

sult in complex free energy landscapes, multiple heterogeneous dynamical modes across different

timescales and numerous parallel pathways with comparable reactive fluxes. To investigate the

kinetics, molecular mechanisms and pathways of conformational changes in multi-body systems,
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considerable efforts have been made in both computational and experimental methods[1, 5, 13, 16,

18, 19].

Various experimental tools, including single-molecule fluorescence resonance energy trans-

fer (FRET)[20], dynamic nuclear magnetic resonance (NMR)[21], and laser-induced temperature

jump[22], are commonly employed to study the dynamics of conformational changes in multi-

body systems. However, their relatively low spatial and temporal resolutions significantly limit

their ability to fully elucidate the microscopic details of these conformational changes.

Additionally, computational tools such as all-atom molecular dynamics (MD) simulations have

proven to be an effective complementary tool to experimental techniques for studying conforma-

tional dynamics and related kinetic pathways in multi-body systems[13, 18]. MD simulations can

model the conformational evolution on a femtosecond timescale and at an atomic spatial scale,

offering high-resolution dynamical descriptions into conformational changes. However, the time

window that all-atom MD simulation can sample is typically much shorter than the timescale of

conformational changes in multi-body systems. This limitation arises from the minimum inte-

gration steps required for reliable MD simulations and the constrained computational resources

available. Additionally, the trajectories obtained from MD simulations are high-dimensional time

sequences, making it challenging for people to interpret the kinetics and molecular mechanisms

underlying conformational dynamics.

To bridge the gap between the timescales achievable by MD simulations with limited com-

putational resources and the long-term conformational changes in multi-body systems, various

techniques have been developed. Enhanced sampling algorithms, such as Metadynamics[23] and

Hamiltonian Replica Exchange[24], and adaptive sampling algorithms[25], like weighted ensem-

ble[26], have been integrated with MD simulations and have become popular in the past decade

for effectively sampling the energy landscape of complex multi-body systems. Additionally, sta-

tistical dynamics models, such as Markov State Models (MSMs)[27–29], non-Markovian dynam-

ics models[30–32] and Langevin equation model [33], have emerged as powerful approaches for

modeling the long-time dynamics of conformational changes based on ensembles of short MD

trajectories. Meanwhile, it is worth noting that these dynamic models can offer a more refined
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coarse-grained representation of MD trajectories, making them much easier to interpret. Recently,

with the rise of machine learning techniques, many sampling and dynamic modeling methods have

been integrated with various deep learning architectures, demonstrating significant performance

improvements[34–37].

1.2 Studying Dynamics Using Dynamic Models and Machine Learning Tech-
niques

Dynamic models based on statistical mechanics, particularly MSMs, have been extensively de-

veloped and applied over the past twenty years as a critical method for bridging the timescale gap

between unbiased MD simulations and rare events. Robust theories have been proposed and de-

veloped from various perspectives, resulting in the development of numerous algorithms in several

well-known software packages[38, 39]. The entire pipeline for MSM construction involves multi-

ple steps: partitioning the conformational space into metastable states according to their dynamic

metastability and coarse-graining time into discrete units called lag times. With an appropriate se-

lection of the lag time, the continuous dynamics in MD simulations can be modeled as Markovian

transitions among different conformational states. Consequently, MSMs can propagate long-time

dynamics based on short simulations and coarse-grain MD conformations into a few comprehen-

sive states, facilitating the prediction of their associated thermodynamic and kinetic properties.

Additionally, applying Transition Path Theory (TPT)[40, 41] to an MSM offers significant poten-

tial for deriving the complete ensemble of kinetic pathways from MD simulations, thereby aiding

in the understanding of the underlying mechanisms. This integrated approach has been widely

applied to study conformational changes of multi-body systems [13, 18].

However, for MSMs to achieve high predictive accuracy for long-term dynamics, they must be

constructed with either a large number of states or a sufficiently long lag time to ensure that intra-

state dynamics are relaxed and inter-state transitions are Markovian. This requirement presents

significant challenges, as a large number of states complicates the model’s interpretability, and the

lag time is constrained by the limited duration of short MD simulations. The increasing number

of states will also lead to a proliferation of kinetic pathways, particularly in multi-body systems,
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making it difficult to understand the mechanisms of conformational changes. Extending lag times

will not only require longer simulations but also reduce time resolution and introduce additional

statistical errors. These unresolved challenges urgently require the development of new theories

and algorithms. In the following chapters, we will present our newly developed non-Markovian

dynamics models and demonstrate their effectiveness in overcoming the above-mentioned chal-

lenges, providing new physical and biological insights into the dynamics of various multi-body

systems.

Meanwhile, with the rapid advancement of machine learning techniques, numerous algorithms

and deep neural network architectures have been integrated into the construction pipeline of dy-

namic models. These innovations have greatly enhanced the quality of dimensionality reduction,

clustering, and kinetic lumping procedures, streamlining the previously complex multi-step pro-

cess [34, 35, 37]. The development of novel deep learning approaches for MSM construction has

improved model quality by shortening the required Markovian lag time , and it recently has became

a rapidly evolving and promising research area. Expanding and implementing these methodologies

to various systems—such as multi-body biological systems (e.g., protein-protein interactions and

biomolecule aggregations) and multi-body material systems (e.g., self-assembly and supercooled

liquids)—as well as developing new algorithms with novel machine learning architectures to ad-

dress the challenges in the studies of multi-body systems, holds significant potential for future

advancements.

Current model construction algorithms are primarily unsupervised, relying on patterns and

structures in input data without predefined targets or labels. In contrast, supervised machine learn-

ing methods have been majorly applied to study supercooled liquids, an important type of multi-

body system, to automatically detect relevant structural features and establish structure-dynamics

relationships[42–44]. These supervised models require extensive training with large datasets that

include known long-time dynamics, leading to high computational demands and limited inter-

pretability. Consequently, integrating high-performance unsupervised approaches into the study of

supercooled liquids presents a promising alternative for gaining deeper physical insights[45].
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1.3 Overview of the Thesis Work

In this thesis, we focus on developing novel computational tools to gain a deeper understanding

of the conformational dynamics of the multi-body systems. This development of methods and al-

gorithms is grounded in statistical mechanics theory and advanced machine learning techniques. In

Chapter 2 and Chapter 3 we first provide a concise overview of the fundamental theories and gen-

eral methodologies underlying the MSMs and Generalized Master Equation (GME) methods[31,

46]. Chapter 2 introduces various theories of MSMs (i.e., the projection operator theory and the

Variational Approach for Markov Processes (VAMP) theory[34, 47] etc.) and techniques used in

MSM construction, and discusses the advantages and limitations of each algorithms. Chapter 3

approaches the problem from a different angle, introducing our newly developed non-Markovian

dynamics modeling approaches based on the GME. These approaches effectively address some of

the open questions related to MSMs[30, 31]. Both chapters are designed to facilitate the develop-

ment of subsequent sections in this thesis, whether focused on method development or practical

applications.

The general methods and algorithms discussed in Chapter 2 and 3 may not always be directly

applicable to real-world multi-body systems, as new research targets often present unique chal-

lenges. In Chapter 4, we will introduce a novel algorithm, the Latent-space Path Clustering (LPC)

algorithm[48]. This algorithm employs a variational autoencoder to effectively classify multiple

transition pathways into a limited set of metastable path channels based on their kinetic similarities.

The LPC algorithm significantly enhances the interpretation of complex dynamic mechanisms and

surpasses previous methods in performance. This algorithm will be further utilized to elucidate the

folding mechanisms of tetra-nucleosome chromatin systems, as discussed in Chapter 7.

In Chapter 5, we leverage a popular deep learning architecture known as the information bottle-

neck to develop a novel approach for constructing MSMs[35]. Unlike traditional multi-step proto-

cols, this information bottleneck method provides a streamlined, end-to-end pipeline that achieves

state-of-the-art performance with minimal hyperparameter tuning. We demonstrate this approach
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could shorten the Markovian lag time compared with the conventional methods and expect it to

significantly advance the study of conformational dynamics of multi-body systems in the future.

Chapter 6 focus on the application of the various advanced machine learning and dynamic mod-

eling tools to investigate the conformational changes within a critical multi-body system: protein-

protein encounter complex[3]. Specifically, we demonstrate how these techniques enhance the

prediction of non-canonical protein-protein interfaces at the atomic level, thereby facilitating the

rational design of PROTACs, which are highly promising candidates for next-generation cancer

treatments.

Subsequently, Chapter 7 showcases the effectiveness of non-Markovian dynamics model and

the LPC algorithm in investigating conformational changes in chromatin multi-body systems.

Specifically, we examine how the nucleosome aggregated condensate environment and varying

linker DNA lengths influence chromatin folding dynamics and mechanisms, offering insights into

the discrepancies observed between in vivo and in vitro studies. In this chapter, we also demon-

strate that non-Markovian dynamics model outperforms MSMs in accurately recover the long-time

dynamics from short MD trajectories.

Lastly, in addition to the unsupervised machine learning techniques used in the previous chap-

ters, Chapter 8 demonstrates how unsupervised approaches can be employed to investigate the

long-time dynamics of supercooled liquids in a more interpretable and data-efficient manner[45].

Especially, we introduce a new time-lagged analysis scheme that utilizes advanced structural de-

scriptors, time-lagged canonical component analysis, and time-lagged autoencoder to elucidate

the structural origins of dynamical heterogeneities in supercooled liquids. Compared to the state-

of-the-art supervised machine learning methods, our unsupervised scheme can achieve the same

accuracy in predicting long-time dynamics without requiring prior knowledge and intensive train-

ing.
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Chapter 2

Investigating Dynamics of Complex Conformational Changes with
Markov State Models

2.1 Hamiltonian Dynamics and Liouville Equation

In classical mechanics, the motion of a system can be described by Hamiltonian equations:

dr

dt
=
∂H
∂p

;
dp

dt
= −∂H

∂r
(2.1)

where r = {r1, r2, . . . r3N} and p = {p1, p2, . . . r3N} represent the generalized coordinate and

generalized momenta of the system, respectively. Therefore, the time evolution of the system can

be described as the trajectory of a point {Γ(t)}t=N
t=0 = {r(t),p(t)}t=N

t=0 in the phase space. From the

probability point of view, the density distribution could be introduced to describe the probability of

the system to be observed at certain region and certain time: ρ(Γt, t). The evolution of the density

distribution must adhere to the conservation law:

ρ(Γt, t)δΓ(t) = ρ(Γt+∆t, t+∆t)δΓ(t+∆t) (2.2)

Considering the phase space volume at different times, they could be connected through the Jacobi

determinant (assuming ri and pi are independent):

δri(t+∆t)δpi(t+∆t) =

∣∣∣∣∣∣
∂pi(t+∆t)

∂pi(t)
∂pi(t+∆t)

∂ri(t)

∂ri(t+∆t)
∂pi(t)

∂ri(t+∆t)
∂ri(t)

∣∣∣∣∣∣ δri(t)δpi(t) (2.3)

If the system is conservative, the determinant could be simplified with Hamiltonian equation 2.1:

δri(t+∆t)δpi(t+∆t) = (1− (
∂2H
∂ri∂pi

)2 +
∂2H
∂r2i

∂2H
∂p2i

)∆t2δri(t)δpi(t) (2.4)

Then the volume element in phase space could be proved as conserved:

lim
∆t→0

(δΓ(t+∆t)− δΓ(t))/∆t = 0 (2.5)
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And the density distribution function should be unchanged along the evolution of the system:

ρ(Γt, t) = ρ(Γt+∆t, t+∆t) (2.6)

Therefore, the total time derivative of density distribution should equal to zero:

dρ(Γt, t)

dt
=
∂ρ

∂t
+
∂ρ

∂Γ
· ∂Γ
∂t

= 0 (2.7)

By integrating with Hamiltonian equation 2.1, we could further simplify the second term:

∂ρ

∂Γ
· ∂Γ
∂t

=
3N∑
i=1

(
∂ρ

∂ri

dri
dt

+
∂ρ

∂pi

dpi
dt

) =
3N∑
i=1

(
∂ρ

∂ri

∂H
∂pi
− ∂ρ

∂pi

∂H
∂ri

) (2.8)

Plug back to equation 2.7, we could obtain:

∂ρ

∂t
= −

3N∑
i=1

(
∂ρ

∂ri

∂H
∂pi
− ∂ρ

∂pi

∂H
∂ri

) = −
3N∑
i=1

(
∂H
∂pi

∂

∂ri
− ∂H
∂ri

∂

∂pi
)ρ (2.9)

The Poisson bracket is further utilized to define the Liouville operator, allowing us to express the

Liouville equation as follows:
∂ρ(Γt, t)

∂t
= Lρ(Γt, t) (2.10)

In equilibrium, Liouville operator satisfies the principle of detailed balance:

Lρeq(Γ) = 0 (2.11)

and Liouville operator is a self-adjoint operator with respect to the equilibrium distribution:∫
fi(Γ)e

L∆tfj(Γ)ρ
−1
eq (Γ)dΓ =

∫
fj(Γ)e

L∆tfi(Γ)ρ
−1
eq (Γ)dΓ (2.12)

2.2 Molecular Dynamics

MD is a computational technique developed to investigate the dynamical behaviors of the

molecular systems over time. Based on the Hamiltonian mechanics, MD provides insights into

the interactions and dynamics of atoms and molecules with high time resolutions, enabling the

exploration of conformational changes within multi-body systems. Given the complex interaction
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patterns in multi-body systems, deriving an analytical expression for the Hamiltonian or Liouville

operator is infeasible. Instead, classical force fields are usually employed to model inter- and

intra-molecular interactions. Classical all-atom force fields typically model potential energy using

two main components: bonded and nonbonded interactions, each with various terms for different

interaction types. Coarse-graining force fields, on the other hand, streamline complex molecu-

lar systems by consolidating groups of atoms or molecules into single interaction sites, enabling

more efficient simulations of large-scale systems and extended time scales while preserving key

physical phenomena. In this thesis, we will utilize both types of force fields to investigate the

conformational changes in multi-body systems at varying levels of resolution.

Since force fields provide an implicit way to express the Hamiltonian, the dynamical propa-

gation scheme can be subsequently established using Hamiltonian mechanics. Various integrators

are designed to propagate the dynamics, typically using very short time steps to accurately cap-

ture the fastest fundamental motions and ensure the robustness of the calculation. For example,

the Velocity-Verlet algorithm and Leaf-Frog algorithm are commonly used. Meanwhile, in MD

simulations, thermostats are typically used to regulate and maintain the system’s temperature or

pressure, ensuring it adheres to the desired ensemble conditions (e.g., NPT or NVT). The im-

plementation of popular Langevin or Langevin middle integrators can automatically control the

temperature based on the fluctuation-dissipation theorem.

As previously mentioned, the time step in MD simulations limits the length of a single trajec-

tory, making it challenging to cover the timescale of conformational changes within multi-body

systems. To address this, MSMs are developed using a “divide-and-conquer” approach, where

multiple short trajectories could be integrated to infer long-term properties[27–29]. The construc-

tion of MSMs can be understood through various theoretical frameworks, including the projection

operator approach [46] and the Variational Approach for Markov Processes theory[34, 47].

2.3 Projection Operator and Markov State Models

Phase space is inherently high-dimensional for multi-body systems, and while the evolution

of dynamics within it is Markovian, it tends to be exceedingly complex. The Liouville operator,
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likewise, is typically complicated, encompassing both slow and fast-evolving kinetics. This com-

plexity is largely depended upon the inherent characteristics of the systems themselves. In the case

of dynamics of conformational changes, an approximation is usually made that a few underlying

manifolds can effectively describe the dynamics. In general, the spectrum of Liouville operator

can be written in order[27, 49]:

λ1 = 0 < λ2 ≤ λ3 ≤ · · · ≤ λk ≪ λk+1 ≤ . . . (2.13)

and we can always express the evolution of the density distribution in term of the eigenvectors of

Liouville operator:

|ρ(t+∆t)⟩ = |ψ1⟩⟨ϕ1|ρ(t)⟩+
∑
j=2

|ψj⟩eλj∆t⟨ϕj|ρ(t)⟩ (2.14)

Set the the truncation based on the separation or gap in the spectrum of Liouville operator:

|ρ(t+∆t)⟩ =
k∑

j=1

|ψj⟩eλj∆t⟨ϕj|ρ(t)⟩+
∑

j=k+1

|ψj⟩eλj∆t⟨ϕj|ρ(t)⟩ (2.15)

In this case, we exclusively focus on the leading eigenvalues and their associated eigenvectors,

which characterize the slowest dynamical modes. This choice is justified by the fact that, as time

progresses, the smaller eigenvalues rapidly converge to zero. The eigenvectors corresponding to the

slow leading eigenvalues hold significant promise as candidate collective variables or metastable

states, because the slowest processes often involve overcoming high free-energy barriers.

To represent the dynamics in a low-dimensional space (e.g. coase-grained metastable states)

which is spanned by finite basis set: {χ1(Γ), χ2(Γ), · · · , χn(Γ)}, we need to define the projection

operator. The general form of projection operator could be written as P = |R⟩S−1⟨L| where

|R⟩ = ρeq[χ1(Γ)χ2(Γ), · · · , χn(Γ)], ⟨L| = [χ1(Γ)χ2(Γ), · · · , χn(Γ)]
T and S = ⟨L|R⟩ is the

overlap matrix. Apply the projection operator on the Liouville equation:

Pρ(t+∆t) = PeL∆tPρ(t) + PeL∆tQρ(t)

Qρ(t+∆t) = QeL∆tPρ(t) +QeL∆tQρ(t)
(2.16)

where P+Q = I, Q is the complementary operator. The projected dynamics can be decomposited

into Markovian term (first term) and non-Markovian term (high-order term):

Pρ(t+∆t) = PeL∆tPρ(t) + PeL∆tQeL∆tPρ(t−∆t) + · · · · · · (2.17)
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One property of projection operator is: ⟨L|P⟩ = ⟨L|R⟩S−1⟨L| = ⟨L|, we can apply left projector

on the Markovian part of the equation and get:

⟨L|Pρ(t+∆t)⟩ = ⟨L|PeL∆tPρ(t)⟩ −→ ⟨L|ρ(t+∆t)⟩ = ⟨L|eL∆t|R⟩S−1⟨L|ρ(t)⟩ (2.18)

In the matrix form:
⟨χ1|ρ(t+∆t)⟩

...

⟨χn|ρ(t+∆t)⟩

 =


⟨χ1|eL∆t|ρeqχ1⟩ · · · ⟨χ1|eL∆t|ρeqχn⟩

... . . . ...

⟨χn|eL∆t|ρeqχ1⟩ · · · ⟨χn|eL∆t|ρeqχn⟩

 (2.19)

·


⟨χ1|ρeqχ1⟩ · · · ⟨χ1|ρeqχn⟩

... . . . ...

⟨χn|ρeqχ1⟩ · · · ⟨χn|ρeqχn⟩


−1

⟨χ1|ρ(t)⟩
...

⟨χn|ρ(t)⟩

 (2.20)

ρp(t+∆t) = C(∆t)S−1ρp(t) (2.21)

where C(∆t) is the time-lagged correlation matrix. C(∆t)S−1 is the normalized time-lagged cor-

relation matrix. Since we typically cannot obtain the analytical formulas for the Liouville operator

or Hamiltonian, the correlation matrix can only be estimated from MD simulations or observed

experimental data (ensemble average can be estimated from trajectory average)[27]:

Cij(∆t) =
1

NT −∆t

NT−∆t∑
i=1

χj(Γ, t)χi(Γ, t+∆t)

Sij(∆t) =
1

NT −∆t

NT−∆t∑
i=1

χj(Γ, t)χi(Γ, t)

(2.22)

It is worth noting that other methods like Maximum Likelihood Estimate[27] or Beyesian estima-

tion[50] can also be adopted to construct the correlation matrix. Once we estimate the C(∆t)S−1

and assume the Markovian term is the major contributor for the projected dynamics, we can easily

propagator our dynamics by using C(∆t)S−1, resulting in a first order master equation.

In the specific case of MSMs, where the low-dimensional space is constructed using indicator

functions to define state locations and boundaries within the phase space (i.e., χi(x) = 1 (or 0) if
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state variable of configuration x belongs (or not) to state i), the projection operator can be further

expressed as[46]:

P =
N∑
k=1

|ρeq(Γ)χk(Γ)⟩ · π−1
k ⟨χk(Γ)| (2.23)

where πk stands for the equilibrium population of state k. And the Markovian part of the dynamical

equation 2.21 could be written as:

p(t+ n∆t) = T n(∆t)p(t) (2.24)

where pj(t) = ⟨χj(x)|ρ(Γ, t)⟩ represents the probability of the system is observed in state j at

time t, and T ij(∆t) = ⟨χi(x)|eL∆t|ρeq(Γ)χj(x)⟩π−1
j is the transition probability matrix (TPM) of

lag time ∆t.

2.4 Variational Approach for Conformational Dynamic (VAC)

If one system is well sampled and its ergodic coordinates and momentum are recorded, it is

possible to construct the evolution propagator in phase space, effectively forming the Liouville

operator. However, this is generally not advisable because phase space typically has high dimen-

sionality, and we often do not need to account for the complete translational and rotational move-

ments of the molecules, nor the full degrees of freedom of the solvent. By embedding molecular

conformations obtained from MD simulations with translationally and rotationally invariant inter-

nal ’features’ and excluding all solvent degrees of freedom, we can define a subspace within the

phase space. These ’features’ are typically nonlinear combinations of the original Cartesian coor-

dinates. In the construction of MSMs, we decompose the high-dimensional phase space into a few

metastable states, which can also be regarded as a nonlinear transformation to a low-dimensional

state space. As previously demonstrated, the projected dynamics are not necessarily linear and

Markovian unless there is a clear temporal separation and we apply a linear transformation to

the coordinates. How can we evaluate different definitions of low-dimensional representations or

metastable states? The variational approach for conformational dynamics (VAC) shows that the op-

timal representation or state definition is achieved through the best approximations of the leading

slowest dynamical modes of the evolution operator or dynamical propagator[47, 51, 52].
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Since the explicit form of the evolution operator is unknown, obtaining its eigenvectors is chal-

lenging. In line with quantum mechanics, a straightforward approach is to use a linear combination

of basis sets and optimize the combination coefficients. To guide this optimization, certain criteria

are needed. It has been demonstrated that, for a linear propagator-driven reversible Markovian

process, the eigenvalues derived from the approximated eigenvectors (orthogonal to the top eigen-

vectors) are consistently smaller than the true eigenvalues. If we consider the Liouville operator

as the evolution operator, any trial function can be expressed within the space spanned by the

eigenfunctions:

⟨f | =
∑
α

cα⟨ϕtrue,α| (
∑
α

c2α = 1) (2.25)

The variational score could be used to measure how well the trial function approximate the slowest

dynamic modes:

⟨f |eL∆t|f⟩ρeq =
∑
α

∑
β

cαcβ⟨ϕtrue,α|eL∆t|ϕtrue,β⟩ρeq (2.26)

=
∑
α

∑
β

cαcβµtrue,β⟨ϕtrue,α|ϕtrue,β⟩ρeq (2.27)

=
∑
α

∑
β

cαcβµtrue,βδαβ =
∑
α

c2αµtrue,α ≤ µtrue,1 (2.28)

The similar derivations can be performed iteratively, ensuring that the lower-order trial functions

remain orthogonal to the higher-order ones throughout the process. Therefore, the sum of the

Rayleigh quotients, which are the top eigenvalues of the TPM or whiten time-lagged correlation

matrix, is used as a score to assess the quality of the MSM or low-dimensional collective variables,

since it is upper-bounded.

2.5 Variational Approach for Markov Processes (VAMP)

Variational approach for Markov processes (VAMP) theory has been developed based on Koop-

man operator theory, enabling the description of general Markovian dynamical processes, whatever

the process is reversible or nonreversible, stationary or non-stationary [34, 47, 53]. Considering

an arbitrary Markovian dynamical system, the system’s evolution can be expressed through time
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series of state variables, denoted as {xt}Tt=0 ∈ R3N . Koopman operator theory ensures that, even

if the dynamics are nonlinear, the system’s evolution can still be described by a linear Koopman

operator, defined as:

E[ζ1(xt+τ )] = KT
τ E[ζ0(xt)] (2.29)

where ζ0(x) = [ζ01(x), ζ02(x), · · · ]T and ζ1(x) = [ζ11(x), ζ12(x), · · · ]T are feature transforma-

tion functions or observable transformation functions with infinite rank that map the state variable

x to the feature or observable spaces L2
ρ0

= {ζ0|⟨ζ0, ζ0⟩ρ0 < ∞} and L2
ρ1

= {ζ1|⟨ζ1, ζ1⟩ρ1 < ∞}.

Following the theory, subsequent questions arise: Given our consistent pursuit of simple repre-

sentations (e.g., collective variables or metastable states) for expressing dynamics, how can we

construct a deduced Koopman operator with a substantially lower rank while still being able to

capture long-term dynamical information? And What are the most optimal feature transformation

functions for the deduced operator model?

To address these questions, the generalized Eckart-Young Theorem[54] suggests that the error

introduced in the approximation of finite and deduced Koopman operators can be minimized by

setting ζ0 and ζ1 as the top left and right singular functions of the true Koopman operator. To

identify the most optimal feature transformation functions, serving as the left and right singular

functions of the true Koopman operator, the VAMP theory could be employed. The VAMP theory

introduces the VAMP-r score, a summation of the singular values to the power of r of the approx-

imated Koopman operator, which facilitate s the measurement of similarity between the estimated

singular functions and the ground truth. A higher VAMP-r score indicates a more accurate approx-

imation of the singular functions. Specifically, the VAMP-2 score is the most commonly used and

well-defined, and it is also employed in the implementation of lots of algorithms. Then the ques-

tion of optimization of low-rank representations could be expressed as a maximization problem

with constraints:

argmax
k∑

i=1

σ2
i = argmax

ζ0,ζ1

k∑
i=1

⟨ζ0i,Kτζ1i⟩2ρ0 (2.30)

s.t. ⟨ζ0i, ζ0j⟩ρ0 = δij ⟨ζ1i, ζ1j⟩ρ1 = δij (2.31)
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In practice, to solve this problem, we can employ a large amount of trial functions (e.g. linear

combinations of the internal coordinates of molecules) to approximate the singular functions. By

utilizing the VAMP theory, we can identify the most optimal approximation. However, obtaining

the Koopman operator in prior is typically not feasible in real implementations. For instance, in

MD simulations, this underlying dynamical propagator is implicitly dependent on the initial setup,

including the force field, periodic boundary conditions, etc. If the time sequences of a set of basis

functions are observable or can be simulated, the Koopman operator under these normalized basis

functions can be estimated using the time-correlation matrix[34]:

Kτ = C
− 1

2
00 C01C

− 1
2

11 (2.32)

Here, the correlation matrices are estimated from the observable of basis functions:

C00 = Et[ζ0(xt)ζ0(xt)
T ] (2.33)

C01 = Et[ζ0(xt)ζ1(xt+τ )
T ] (2.34)

C11 = Et[ζ1(xt+τ )ζ1(xt+τ )
T ] (2.35)

And VAMP-2 score could be thereby calculated through:

R̂2 = ||C
− 1

2
00 C01C

− 1
2

11 ||2F = ||C− 1
2

00 C01C
− 1

2
11 ||2F + 1 (2.36)

where the matrices with bars represent the remove-mean covariance matrices. There are various al-

gorithmic approaches to accomplish this process. The most common method involves pre-selecting

a set of basis functions and utilizing the VAMP-2 score to optimize the linear combination coeffi-

cients of the functions for approximating the singular functions. This is referred to as time-lagged

canonical correlation analysis algorithm[55]. If we additionally enforce the detailed balance con-

straint for the dynamical process, we can employ a self-adjoint operator (i.e., transfer operator)

to propagate the dynamics, leading to the derivation of the time-lagged independent component

analysis algorithm[47].

In the case of VAMPnet[34], a neural network that maps high-dimensional continuous state

variables directly to metastable state assignments, a more general approach is used, where the basis
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functions can be parameterized. This was accomplished through the utilization of two parallel deep

neural networks that facilitate nonlinear transformations of the input simple basis functions. By

minimizing the loss function, which maximizes the VAMP-2 score, the trained neural network

can then function as the optimal basis functions to approximate the true singular functions of

the Koopman operator. In the implementation of VAMPnet, encoder neural networks are utilized

for non-linear transformations, where the number of neurons decreases gradually layer by layer.

Softmax functions are connected to the output layer, allowing for continuous non-linear functions

to approximate the singular functions. This setup facilitates the establishment of a direct mapping

between conformations and the probabilities of belonging to specific states.

Additionally, by removing the Softmax activation function from the last layer and incorporating

the detailed balance condition for the VAMP-2 score, state-free reversible VAMPnets (SRVnets)[37]

can be implemented. This network has the capability to identify continuous collective variables

for reversible dynamical systems by utilizing non-linear transformed input features.

2.6 Protocol and Cutting-Edge Algorithms for MSM Construction

As mentioned in the previous sections, the projection operator theory and VAMP theory pro-

vide solid mathematical foundations for construction of MSMs and the identification of collective

variables. Over the past decade, numerous methods and algorithms have been developed and im-

plemented based on these theories and other physical insights[27–29]. This has led to the creation

of well-known and user-friendly packages such as MSMBuilder[38] and PyEMMA[39]. In this

section, we summarize a general workflow that integrates many recently developed techniques to

investigate conformational changes in multi-body systems.

The complete workflow schematic is illustrated in Figure 2.1. First, unbiased MD simula-

tions need to be conducted. Since MSMs can integrate an ensemble of parallel short trajectories

to infer long-term dynamical information, performing ultra-long simulations is unnecessary. In-

stead, multiple simulations initiated from diverse configurations that subsequently sample the local

equilibrium distribution reversibly are ideal for constructing MSMs. Next, representative internal
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Figure 2.1: The general workflow for MSM construction to investigate conformational changes

of multi-body systems. (a-b) First the MD simulations are shooted from multiple diverse initial

structures. (c-d) And then the MD configurations are embeded by representative features. (e-f)

The feature-embedded configurations are further projected on few collective variables, where the

geometric distance represents the kinetic distance. (g) The projected configurations are clustered

into microstates and microstate-MSM is constructed and validated. (h) The microstates are lumped

into interpretable macrostates to comprehend the underlying mechanisims and dynamics. (i-j) The

kinetic transition pathways can be identified based on the microstate-MSM and further classified

into explainable metastable path channels.



18

features are typically selected to embed each MD configuration. By identifying the collective vari-

ables from these features, each MD configuration can be projected onto a low-dimensional space,

where the geometric distance corresponds to the kinetic difference. The projected configurations

are then coarse-grained into microstates, and the MD trajectories can be converted into transitions

between these microstates. The microstate-MSM can subsequently be constructed and validated.

To interpret the mechanisms and kinetic rates underlying the conformational changes, microstates

can be lumped into a few metastable macrostates, and transition path analysis can be performed

with the validated microstate-MSM. For conformational changes in multi-body systems, it is typ-

ically observed that multiple parallel kinetic pathways exist, each exhibiting comparable reactive

fluxes [18, 48, 56]. Therefore, further classification of pathways into a few metastable path chan-

nels may enhance the understanding of the underlying mechanisms.

2.6.1 Explore Diverse Initial Configurations

Preparing diverse initial configurations for unbiased MD simulations is crucial for extensively

sampling the wider energy landscape. This step can typically be guided by both experimental

structures and the integration of various simulation techniques. Experimental methods, such as

X-ray crystallography[57], cryo-electron microscopy[58], and nuclear magnetic resonance spec-

troscopy[21], can provide single or multiple structures that serve as initial seeds for simulations.

However, running unbiased MD simulations directly from a limited number of structures may lead

to many simulations being trapped in local equilibria, missing the broader scope of the energy land-

scape. Therefore, various simulation tools have been incorporated with experimental structures to

provide a more comprehensive range of structures. For example, enhanced sampling methods such

as Metadynamics[23], Hamiltonian Replica Exchange Molecular Dynamics[24], and Temperature

Accelerated Molecular Dynamics[59] have proven highly effective in sampling configurations on

a global scale. Additionally, coarse-graining MD simulations[60] can be employed to unbiasedly

and extensively explore the energy landscape at much greater speed. However, accurately back-

mapping from coarse-grain structures to all-atom structures remains an ongoing challenge[61].

Traditional methods, such as performing restrained MD simulations based on coarse-graining
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structures, along with newly developed deep learning approaches, are being considered for this

purpose.

Targeting different aims, other purely computational approaches can also provide reasonable

and insightful initial structures. For example, to study protein-protein or protein-ligand complexes,

rigid body docking holds great potential for generating diverse initial structural ensembles[62].

And it is easy to incorporate human intuition or experimental observations as constraints during

this process[3]. Moreover, with the rapid expansion of deep learning, increasingly powerful models

have been developed to generate diverse 3D all-atom structures, such as the series of AlphaFold

models[63, 64]. Recently, some generative models have even been shown to produce structures

consistent with the Boltzmann distribution, for both biomolecular systems and glassy systems[65–

67].

However, global exploration of the energy landscape can sometimes yield unwanted struc-

tures, such as the unfolding or dissociation of the entire system, which are far removed from the

conformational changes of interest. In such cases, elucidating localized initial pathways between

initial, target, or intermediate conformations becomes important[28, 29]. These initial pathways

can be generated using various computational algorithms, including the Climber algorithm[68] and

the string method[69]. By further optimizing conformations along the initial pathway, the mini-

mum free energy path and important intermediate states can be elucidated. Conducting unbiased

MD simulations from different points along this optimal pathway can effectively sample the con-

formational changes of interest and generate an appropriate input dataset for subsequent MSM

construction[28, 29].

2.6.2 Embed Conformations into Representative Features

After obtaining sufficient MD samples of the process we are interested in, the next step is

typically to extract appropriate internal features or coordinates to embed the MD configurations.

A common strategy for studying simple conformational changes in single-body systems, such

as protein folding, is to choose internal pairwise distances, dihedral angles, or the Root Mean

Square Distance (RMSD), which are invariant to overall translation and rotation. However, unlike
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Figure 2.2: A schematic model to illustrate the challenge associated with permutation in multi-

body system. The monomer is composed of four particles (the gray sphere represents a hydrophilic

particle, and the orange spheres represent hydrophobic particles). When two identical monomers

exchange positions, the inter-atom distances d2,3 and d3,2 change correspondingly, while the overall

configuration remains identical. This figure is reproduced from Liu. et al.[13]

single-body systems, this step is more difficult and crucial for studying conformational changes in

multi-body systems, as there are many additional factors that need to be considered[13, 18]. For

instance, a major issue in many multi-body systems (e.g. bio-condensate, supercooled liquid and

self-assembly) is that the features should be invariant not only to the translation and rotation of the

entire system but also to the permutations of monomers[13, 18]. Additionally, feature construction

often requires more question-driven intuition. Sometimes inter-molecular features are more impor-

tant, while other times, intra-molecular features take precedence. Meanwhile the conformational

changes of multi-body systems may involve various collective motions and multi-body interac-

tions[18, 19], so utilizing different kinds of features and considering longer-range interactions can

be crucial. Next, various challenges and approaches for feature embedding in multi-body systems

are discussed.

Identify permutation-invariant features to describe multi-body structures. In many multi-body

systems, monomers are permutable, i.e., exchanging two monomers results in an indistinguishable

overall structure. Therefore permutation-invariant features should be employed to study the con-

formational changes of the entire system[13]. As illustrated in Figure 2.2, each monomer in the

multi-body system consists of a chain of four particles. If two monomers are exchanged, the dimer
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configurations remain unchanged, but the pairwise distances between the monomers vary with the

permutation, making these distances unsuitable as features. To construct permutation-invariant

features, three different approaches can be utilized.

One approach is to choose physical structural order parameters or structural descriptors that

remain invariant under permutations. Numerous order parameters have been developed in the

fields of nucleation and supercooled liquids to encode local structures of monomer, independent of

the permutation of surrounding monomers[42, 44, 45, 70]. For example, the coordination numbers

and associated Gaussian expanded moments can precisely capture a monomer’s local radial density

distribution. Steinhardt bond order parameters, using spherical harmonics of different orders, ef-

fectively distinguish between ordered and amorphous structures and capture orientational structure

differences. Pair entropy order parameters can approximate radial and orientational entropies from

radial distribution functions. Additionally, averaging these order parameters for a single monomer

with its surrounding monomers incorporates longer-range information. After obtaining these order

parameters for each monomer, arranging them in a specific order or taking the pooling average can

achieve permutation-invariant structural embedding for the entire system.

An alternative approach is to use non-physical coordinates that represent the overall structure

of the system. For instance, the number of monomers in each aggregate and morphology parameter

have been demonstrated to serve as explainable and effective coordinates for studying the confor-

mational changes of self-assembly[17]. Additionally, solvent-accessible surface area and modified

RMSD have been employed to investigate the kinetics of amphiphilic lipid aggregation[71]. The

modified RMSD is invariant to the permutations of indistinguishable particles and can be con-

structed using the permutation matrix P: RMSD(A,B) = 1√
N
minP,D,L|RA−P(RB−D−L)|,

where D and L denote translational and periodic movement, respectively. Moreover, in the graph-

based method, aggregated structures are represented by undirected graphs with sub-units as nodes

and strong interactions between pairs of sub-units as edges. The number of nodes and edges could

be directly used as features for subsequent analysis.
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Another recently developed approach involves adopting deep neural networks with specific

architectural settings. For example, graph neural networks (GNN)[72] and equivariant neural net-

works (ENN)[73] have shown great capability in embedding permutation-invariant features. In the

implementation of GNN, identical features are initially encoded on permutable nodes. This en-

sures that after graph convolutional operations and pooling of the entire graph, the output features

remain invariant to permutations. ENN, which are designed to maintain the symmetries present

in the data, can also effectively embed permutation-invariant features by ensuring that the output

remains consistent under permutations of the input nodes. Currently, the development of vari-

ous approaches to identify permutation-invariant features for ordered and amorphous microscopic

structures is still an active and ongoing field.

Classify features to elucidate key collective motions. Due to the complexity of conformational

changes in multi-body systems, various collective motions typically exist. Therefore, it is crucial

to classify a large set of features and identify those representing the targeted or relevant dynamical

motions and filter out noise features that do not show any correlation with others. The MoSAIC

algorithm[74] has been developed to identify feature communities where features exhibit high cor-

relation, reflecting collective motions within a multi-body system. This algorithm helps in filtering

out features that either remain constant or vary randomly during dynamic processes. Meanwhile,

the identified communities offer clear interpretations of collective dynamics, enabling the incorpo-

ration of biological intuition into feature selection. Implementing the MoSAIC algorithm involves

two main steps: first, measuring the correlation between features and averaging this over the en-

semble of trajectories; and second, clustering the features based on these correlations. Pearson

correlation is used in the first step, while the Leiden community detection algorithm is employed

in the second. The Leiden algorithm views features as nodes and their correlations as edges in a

graph, performing clustering to optimize an objective function. The Constant Potts Model (CPM)

is used as the objective function, defined as follows:

Φ =
∑
c

ec − γ
nc

2

 (2.37)
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Here, ec and nc represent the total edge weights and the number of nodes within cluster c, re-

spectively, while the binomial term

nc

2

 = n2
c−nc

2
indicates the number of possible edges within

c. The parameter γ is a hyperparameter that determines the minimum average correlation within

clusters. A higher γ value requires a larger average correlation within communities, resulting in

more, smaller communities, whereas a lower γ value produces larger but fewer communities.

Select features to capture the slowest dynamics. One alternative criteria used to extract im-

portant features is to identify the most effective features for accurately capturing the slowest tran-

sition modes in the dynamical multi-body system. The Spectral-oASIS algorithm[75] was de-

signed based on this idea. The Spectral-oASIS algorithm operates through an iterative process:

(1) First, k features are randomly chosen, and the sub-correlation matrix is computed from these

selected features, Ck = C[:, S] ∈ Rn×k. The full correlation matrix is then reconstructed using:

C̃ = CkW
−1
k CT

k , where W = Ck[S, :] is an invertible matrix. (2) Next, the selection crite-

ria, defined by the diagonal reconstruction errors of the matrix weighted by the corresponding

eigenvectors, are used to choose features for the next iteration with the aim of minimizing these

reconstruction errors. (3) By iteratively applying this process, features are identified that not only

best approximate the eigenvalues of the correlation matrix but also effectively distinguish different

metastable states within the dynamical system. As the Nyström algorithm is applicable only to

symmetric positive semi-definite matrices, and the correlation matrix is considered an approxima-

tion for the time-lagged correlation matrix, Spectral-oASIS can also be comprehended through the

VAC[47, 51, 52].

2.6.3 Identify Low-dimensional Collective Variables

Typically, the aforementioned feature construction approaches will generate a large number of

features, making comprehension challenging. The next step is usually to identify a much lower-

dimensional set of collective variables based on these features. Over the last decade, various

unsupervised algorithms with different objective functions have been developed. For example,
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principal component analysis (PCA) has been developed to construct principal components by lin-

early combining input features, such that the projected data exhibits the largest variance. These

components are considered the most informative collective variables, minimizing the error in re-

constructing the original high-dimensional features from them. Similarly, the autoencoder neural

network has been designed to achieve this goal through non-linear transformation of input features

using trainable neural networks. However, a drawback of PCA and autoencoders is that they do not

utilize any time-sequence information from the unbiased simulations, which can sometimes cause

the resulting collective variables to overlook significant slow transitions.

To elucidate collective variables that represent the slowest dynamics, many algorithms have

been developed within the framework of VAC[47, 51, 52]. One of the most classical and widely

used methods is time-lagged independent component analysis (tICA)[47, 76]. Considering the

system’s evolution as a time series of state variables {xt}Tt=0 ∈ R3N , the feature embedding can

be expressed using a set of non-linear functions for each time point, resulting in mean-free fea-

tures {fi(xt)}Ki=1. To perform tICA algorithm, the time-lagged correlation matrix S(τ) and the

covariance matrix Σ need to be estimated based on the set of features:

S(τ)ij =
1

NT −Nτ

NT−Nτ∑
l=1

fi(x(l))fj(x(l +Nτ )) (2.38)

Σij =
1

NT

NT∑
n=1

fi(x(n))fj(x(n)) (2.39)

where τ = Nτ∆t (∆t denotes the time interval of the trajectory) and NT represents the length

of the trajectory. The VAC framework suggests that the leading eigenvectors obtained from the

eigen-decomposition problem S(τ)ψi = Σψiλi should provide the coefficients for the linear com-

binations of features that optimally approximate the slowest dynamical modes. In practice, to

enforce the detailed balance condition, the time-lagged correlation matrix is usually symmetrized

by averaging it with its transpose. By further combining tICA with diffusion map theory, the col-

lective variables can be re-scaled, allowing the Euclidean distance on these collective variables to

approximate kinetic distances[76]. In the line with tICA, SRVnets use two trainable encoders to

first perform a non-linear transformation of the features and then linearly combine the outputs to
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derive collective variables[37]. The SRVnet training objective function is designed to maximize

the time-lagged correlations of the collective variables using the VAMP-2 score, while also enforc-

ing the detailed balance constraint. It is worth noting that in the case of conformational changes in

multi-body systems, processes sometimes may prefer to be unidirectional; for instance, dissocia-

tion in self-assembly are often much slower than associations. This can cause the MD simulation

data to be biased or ’out-of-equilibrium’ to sample the less favorable processes. To address this

challenge, the above-mentioned VAMP theory can be used to construct VAMPnet[34], which is

good at performing dimensional reduction for non-reversible Markovian processes.

In addition to the aforementioned methods, several other algorithms based on the VAC frame-

work are available for dimensionality reduction, including kernel-tICA[77], deep-tICA[78], time-

lagged autoencodersc[55], and variational dynamics encoders[79]. Moreover, various other algo-

rithms have been developed based on different theories or criteria, such as the past-future informa-

tion bottleneck[80], state predictive information bottleneck[81], transition manifold methods[82],

reaction coordinate flow[83], and relaxation mode analysis[84], among others. In this thesis, we

will showcase the effectiveness and advantages of various algorithms across different systems.

2.6.4 Construct and Validate Microstate-MSMs

After projecting the MD configurations onto collective variables, we can cluster them into hun-

dreds or thousands of microstates and model the transition dynamics between these states. As

mentioned above, the Euclidean distance between projected conformations in the collective vari-

able space can be considered a good approximation of the kinetic differences between them[76].

Therefore, coarse-graining the projected MD conformations using distance metrics or density dis-

tribution in the collective variable space should be effective. Commonly used centroid-based algo-

rithms include the K-Centers algorithm, K-Means algorithm, and K-Medoids algorithm[28, 85].

These unsupervised algorithms define different objective functions to optimize, identify the land-

marks (i.e., center conformations or geometric means) for various clusters, and then assign the

conformations to the cluster with the nearest landmark. Specifically, the K-Centers algorithm aims

to minimize the maximum inter-cluster distance, resulting in more uniform clusters with similar
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sizes, while the K-Means algorithm seeks to minimize the total within-cluster variance, leading to

more clusters in the dense regions. The K-Medoids algorithm is in line with the K-Means algo-

rithm but designates actual data points as cluster centers instead of the geometric means. However,

these algorithms have certain shortcomings. For instance, the number of clusters must be specified

as an input parameter beforehand, and the algorithms perform poorly when the metastable regions

in the collective variable space are not convex.

In addition to centroid-based algorithms, other clustering methods are available, such as Au-

tomatic State Partitioning for Multibody Systems (APM)[19], Density-Based Spatial Clustering

of Applications with Noise (DBSCAN)[86], and Adaptive Partitioning by Local Density-Peaks

(APLoD)[87]. In particular, the APM algorithm iteratively splits and lumps clusters to determine

the appropriate number based on the lifetimes of clusters. The APLoD algorithm automatically

identifies the optimal number of clusters by analyzing local density variations within the data,

making it effective at identifying and characterizing metastable regions in high-dimensional spaces,

even when these regions are non-convex. These algorithms are often more suitable for studying

the heterogeneous dynamics within multibody systems.

After clustering the projected MD conformations into microstates, we can construct MSMs

based on these states. The crucial step in building MSMs is estimating the transition probabilities

with a lag time τ from the MD trajectories:

Tij = p(x(t+ τ) ∈ j|x(t) ∈ i) = Cij(τ)∑
j Cij(τ)

(2.40)

As indicated in the equation above, the most straightforward method for estimating transition prob-

abilities is to normalize the transition count matrix (TCM) C(τ). Each element of the TCM, Cij(τ)

, is constructed by counting the number of transitions from state i to state j across all trajectories.

To enforce the detailed balance constraint, the TCM is typically averaged with its transpose using

a brute-force approach:

Csymmetry(τ) =
C(τ) +CT (τ)

2
(2.41)

Meanwhile, there are many alternative ways to construct the transition probability. For example,

the maximum-likelihood estimator (MLE)[27] for a reversible MSM assumes that the observed
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transitions within the trajectories are independent and originate from the underlying equilibrium

distribution, thereby enabling the use of detailed balance condition as a constraint. In particular,

the likelihood function for detecting transition pairs within the simulations in the MLE framework

can be expressed as:

p(T|Cobs) ∝
n∏

i,j=1

T
Cobs

ij

ij (2.42)

By further incorporating the constraint πiTij = πjTji, the Lagrange approach can be used to

derive a self-consistent expression for the state equilibrium population and transition probabilities:

πi =
∑
j

Cij +Cji

Nj

πj
+ Ni

πi

(2.43)

Tij =
Cij +Cjiπj
Njπi +Niπj

(2.44)

where πi denotes the equilibrium population for state i and Ni =
∑

j Cij . Additionally, reversible

Koopman’s method[88] and various estimators designed to construct MSMs from biased simula-

tions (e.g., transition-based reweighting analysis methods[89]) could also be very useful to study

the conformational changes of the multi-body systems.

One of the most crucial hyperparameters in constructing an MSM is the lag time. The lag time

must be sufficiently long to allow intra-state dynamics to relax to equilibrium and for inter-state

transitions to become Markovian, thereby ensuring that the MSM can provide accurate long-term

predictions[27]. Typically, the shortest lag time that ensures inter-state transitions are Markovian

is chosen as the Markovian lag time. Two common approaches are used to qualitatively evaluate

the Markovianity of the model. The first is implied time scale (ITS) analysis, which is calculated

using the eigenvalue of the TPM for each dynamical mode:

ti(τ) = −
τ

lnλi(τ)
(2.45)

where λi(τ) is the ith eigenvalue of TPM with lag time of mτ . If the model is Markovian and

satisfies the first-order master equation λi(mτM) = λmi (τM), the ITS will converge to value

− τM
lnλi(τM )

and will be independent of the lag time. Therefore, the lag time at which the largest ITS

reaches a plateau can be considered the shortest Markovian lag time. Additionally, the Chapman-

Kolmogorov (CK) test could also be used to assess the Markovianity of the model. This test checks
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the consistency between the long-term transition probabilities predicted by the MSM, Tm(τM) ,

and those directly estimated from the raw MD data with the same lag time, T(mτM). When per-

forming the CK test, it is important to account for statistical errors introduced by MD sampling,

which can be estimated using bootstrapping of the trajectories.

Moreover, it is important to carefully choose various other hyperparameters during the con-

struction of MSMs, such as the number of collective variables and the number of states etc. The

VAC[47, 51, 52] and VAMP[34, 47, 53] theories introduced earlier provide useful scoring functions

to evaluate the quality of MSMs. The Generalized Matrix Rayleigh Quotient (GMRQ) score[90]

(based on VAC) and the VAMP-2 score (based on VAMP) are effective criteria for assessing the

model’s ability to approximate the leading eigenvectors or singular functions of the dynamical

propagator and capture the slowest timescales. Additionally, these scores can be used within a

cross-validation framework to balance the model’s systematic and statistical errors. For cross-

validation with GMRQ, we divide the dataset, which consists of multiple parallel trajectories, into

k folds. We use k − 1 folds as the training set to construct MSMs and the remaining fold as the

test data. The GMRQ scores for both the training and testing datasets are defined as follows:

GMRQtrain = k−1

k∑
i=1

Tr
(
A(−i)TS(−i)A(−i)

(
A(−i)TΣ(−i)A(−i)

)−1
)

(2.46)

GMRQtest = k−1

k∑
i=1

Tr
(
A(−i)TS(i)A(−i)

(
A(−i)TΣ(i)A(−i)

)−1
)

(2.47)

where S(−i) and S(i) denote the time-lagged correlation matrices computed from the training and

validation dataset (made symmetric to adhere to the detailed balance constraint), respectively. Sim-

ilarly, Σ(−i) and Σ(i) is the autocorrelation matrices estimated from the training and validation

datasets. A−i are the leading eigenvectors of the trained model: S(−i)Σ(−i)−1. Additionally, other

scoring functions derived from different perspectives should also be used to evaluate the quality

of MSMs and perform cross-validation. These may include measures of metastability[91] and

Shannon entropy of the metastable states[92], among others. We will demonstrate the untilization

details of more scores in the following chapters.
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2.6.5 Lump Microstates to Macrostates to Comprehend the Mechanisms

Microstate-MSMs can be constructed with relatively short lag times, making its construction

feasible for most short MD simulations. However, having hundreds or even thousands of mi-

crostates can make it challenging to understand the underlying mechanisms. To create a more

interpretable and explainable kinetic model, microstates are typically grouped into a smaller num-

ber of metastable macrostates based on their kinetic connectivity[28, 29]. Many algorithms have

been developed for this step, each with its own pros and cons.

The Perron Cluster Cluster Analysis (PCCA) and Robust Perron Cluster Analysis (PCCA+) al-

gorithms are the most widely used[93, 94]. The PCCA algorithm uses the sign patterns of the lead-

ing eigenvectors of the microstate-MSM to define a crisp assignment of microstates to metastable

macrostates, optimizing the approximation of the slowest dynamical modes. PCCA+ improves

upon this with a fuzzy approach, simultaneously considering multiple leading eigenvectors and

optimizing the membership vectors of microstates for each macrostate to be as close as possible to

binary values (0 and 1). This provides better performance for dealing with microstates around tran-

sition regions. Additionally, many other algorithms have been developed for kinetic lumping and

have demonstrated good performance under various criteria. These include the Bayesian Agglom-

erative Clustering Engine (BACE)[95], Gibbs Lumping algorithm[96], Most Probable Path (MPP)

algorithm][97], and Hierarchical Nystrom Expansion Graph (HNEG) algorithm[98]. In this the-

sis, we will also showcase the state-of-the-art performance of our recently developed information

bottleneck approach by comparing it with the PCCA+ and MPP methods.

After assigning the microstates to metastable macrostates, we can construct a macrostate-MSM

with similar steps as the microstate-MSM. However, with fewer states, longer lag times are re-

quired to allow intra-state dynamics to relax and ensure that inter-state transitions are Marko-

vian, which is often not feasible with relatively short trajectory lengths. To investigate these non-

Markovian transition dynamics with short lag times, one could apply our recently developed non-

Markovian dynamics models[30–32] (will be introduced in next chapter). Unlike conventional
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MSMs, which rely on the first-order master equation, the IGME model uses the generalized mas-

ter equation, offering a more accurate approach by incorporating time-dependent memory kernel

functions to describe the dynamics.

2.6.6 Analyze Transition Pathways

Transition Path Theory (TPT)[40, 41] applied to an MSM offers significant potential for de-

riving the complete ensemble of kinetic pathways from MD simulations. After constructing and

validating the MSM, and identifying the initial source states I and final sink states F for the tran-

sition pathways, the committor probabilities can be determined from the TPM of the MSM. The

forward committor probability q+i is defined as the probability that, when the system is in state i, it

will next reach a state in F rather than a state in I . Consequently, q+i = 0 for all i ∈ I and q+i = 1

for all i ∈ F . With these definitions, the committor probabilities q+i can be solved using a set of

linear equations:

q+i =
∑
j

Tijq
+
j (2.48)

Furthermore, the backward committor probability q−i is the likelihood that the system was pre-

viously in set I rather than F when being at state i. Under the detailed balance condition, the

backward committor probability is given by q− = 1 − q+. Notably, the forward committor prob-

abilities from equation 2.48 can also be used to identify significant transition states, where the

forward committor probability equals 0.5.

The flux fij along the edge i, j, contributing to the transition from I to F , can then be computed

as:

fij = πiq
−
i Tijq

+
j (2.49)

where πi represents the stationary population of state i. To eliminate unnecessary detours and

recrossings, the net flux matrix can be further defined as:

fij,net = max{fij − fji, 0} (2.50)

Finally, using the net flux matrix, the Dijkstra algorithm[99] can be employed to reveal the

most probable pathways from I to F . The detailed steps are as follows:
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(i). Mark the initial states in set I as visited and all other states as unvisited.

(ii). Visit the state s1 with the highest new flux from the initial states in I and designate I as

the “parent” state of s1.

(iii). Among the net flux values from any visited state to its unvisited neighbors, select the state

sn with the highest net flux fmn, where sm is a visited state and sn is an unvisited state. Visit sn

and label sm as the “parent” state.

(iv). Repeat step 3 until a final state in F is reached.

(v). Identify the pathway P = {p1 ∈ I, p2, · · · , pl−1, pl ∈ F} with the greatest minimal flux f

using the backtracking method: trace the parent states consecutively from F to I and reverse the

pathway found.

(vi). Remove the pathway and update the net flux matrix by subtracting the net flux of the

pathway from every state in the pathway: f+
pj ,pj+1

← f+
pj ,pj+1

− f(j ∈ [1, (l − 1)], j ∈ N).

(vii). Repeat steps 1-6 with the modified net flux matrix.

For multi-body systems, such as those involving heterogeneous aggregation, self-assembly,

protein-ligand binding, and protein-protein interactions, conformational changes often lead to the

identification of numerous parallel pathways with similar probabilities or fluxes[13, 48, 56]. To

simplify the interpretation of the intrinsic mechanisms, it is essential to consolidate these kinetic

pathways into a few metastable channels. Several path clustering algorithms have been developed

to categorize multiple pathways. For instance, the path lumping algorithm [56] uses inter-path flux

as the distance metric to group pathways. Additionally, data-driven methods utilizing dynamic time

warping (DTW) [100] have been created to classify transition pathways, such as those involved in

ligand-receptor binding. In the following chapters, we introduce an algorithm called Latent-space

Path Clustering (LPC)[48]. This algorithm uses a variational autoencoder to learn low-dimensional

representations of the high-dimensional kinetic distribution of pathways, which are then used for

clustering. In particular, we highlight its effectiveness in studying various multi-body systems,

including chromatin folding.
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Chapter 3

Developing Non-Markovian Dynamic Models to Study Long-time
Dynamics

This chapter is reproduced in part with permission from following publications:

[1]. Cao, S.; Qiu, Y; Kalin, M.; & Huang, X. Integrative generalized master equation: A

method to study long-timescale biomolecular dynamics via the integrals of memory kernels. The

Journal of Chemical Physics 2023, 159, 134106.

[2]. Yik, A. K. H.; Qiu, Y; Unarta, I. C.; Cao, S.; & Huang, X. A step-by-step guide on how

to construct quasi-Markov state models to study functional conformational changes of biological

macromolecules. In A Practical Guide to Recent Advances in Multiscale Modeling and Simulation

of Biomolecules (pp. 10-1). Melville, New York: AIP Publishing LLC.

Qiu, Y contributed to the methodology developments, authored the codes, and polished the

above papers for both the quasi-Markov State Model and the Integrative Generalized Master Equa-

tion method. Qiu, Y also rewrote and summarized the content in this chapter.

3.1 Nakajima-Zwanzig Equation

As mentioned in Chapter 2, the dynamical evolution of a conservative system can be described

by the Liouville equation in the phase space. When the system is observed through a few degrees

of freedom, the dynamics are projected onto a low-dimensional subspace. In this section, the

general analytical equation describing the low-dimensional projected dynamics is derived. The

projection of dynamics can be expressed by applying the general projection operator P on the

Liouville equation:

P
∂

∂t
ρ(t) = PL(P+Q)ρ(t) (3.1)
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where Q = I − P is the complementary operator of P. Meanwhile, one could also operate Q on

the Liouville operator as:

Q
∂

∂t
ρ(t) = QL(P+Q)ρ(t) (3.2)

By performing the Laplace transformation on equation 3.2, we can solve the dynamics projected

onto the Q subspace, which can be expressed as:

Qρ(t) = eQLtQρ(0) +
∫ t

0

eQL(t−s)QLPρ(s)ds (3.3)

Plugging equation 3.3 back to equation 3.1 results in the expression for dynamics projected onto

the P subspace:

∂

∂t
Pρ(t) = PLPρ(t) + PLeQLtQρ(0) +

∫ t

0

PLeQL(t−s)QLPρ(s)ds (3.4)

which is named Nakajima-Zwanzig equation[49, 101]. Clearly, from equation 3.3, we can see

that the probability density projected onto the Q space at time t arises from two terms: (1).

eQLtQρ(0), the initial projection onto the Q space, which further evolves to time t, and (2).∫ t

0
eQL(t−s)QLPρ(s)ds, the density initially projected onto the P space, which transitions back

into the Q space during the interval from 0 to t. Additionally, the right hand side of equation

3.4 is consisting of three terms, showing different resource of influences on dynamics in P space:

(1). PLPρ(t), the Markov term, which represents the density information that always remains

in the P space. (2). PLeQLtQρ(0), the inhomogenous term, represents the effect of the density

initially projected onto the Q space, evolve to time t and projected back to the P space. (3).∫ t

0
PLeQL(t−s)QLPρ(s)ds, the non-Markovian memory term, represents the effect of the density

transitioning to the Q space at time s, evolving within Q space, and then transitioning back to P

space. Nakajima-Zwanzig equation provides a general analytical formula to describe the projected

dynamics.

3.2 Generalized Master Equation (GME)

As mentioned in Chapter 2, constructing an MSM can be viewed as projecting the original

dynamics in phase space onto a set of indicator functions {χ1(Γ), χ2(Γ), · · · , χn(Γ)}, which are
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used to define the state decomposition:

χi(x) =

1 ifx ∈ state i

0 ifx /∈ state i
(3.5)

Based on this definition for state decomposition, the projection from phase space to state space can

be expressed using the generalized Hummer-Szabo projection operator[46]:

P =
N∑
k=1

|ρeq(Γ)χk(Γ)⟩ · π−1
k ⟨χk(Γ)| (3.6)

where ρeq(Γ) stands for the equilibrium distribution and πk is the equilibrium population of state

k. Applying this operator to the Nakajima-Zwanzig equation 3.4 and assuming the initial density

distribution is at equilibrium (ignoring the inhomogenous term), one could obtain the generalized

master equation (GME):

Ṫ(t) = T(t)Ṫ(0)−
∫ t

0

T(t− τ)K(τ)dτ (3.7)

where Tij(t) = ⟨χi(x)|eLt|χj(x)ρeq⟩π−1
j is the transition probability matrix (TPM) of lag time

t and the Ṫij(0) = −⟨χi(x)|L|χj(x)ρeq⟩π−1
j is the time-derivative of the TPM at t = 0. The

Kij(t) = ⟨χi(x)|LeQLtQL|χj(x)ρeq⟩π−1
j represents the time-dependent memory kernel matrix.

For dynamical systems with a clear separation of timescales, the relaxation time of memory kernel

τk (i.e., K(t ≥ τk)=0) is typically short. Therefore, the shortest upper bound for the convolution

integration term in the GME can be limited to a small time value. In this way, the GME could be

rewritten as[30, 31]:

Ṫ(t) = T(t)Ṫ(0)−
∫ min{t,τk}

0

T(t− τ)K(τ)dτ (3.8)

3.3 quasi-Markov State Models (qMSMs)

The GME serves as an approach that can accurately describe the projected density evolution in

the low-dimensional state space. In the line with the construction of conventional MSM, by con-

ducting MD simulations, we can assign MD conformations into different pre-defined metastable
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states and estimate the transition probabilities between these states at different lag times from the

simulation trajectories, even without knowing the explicit analytical formula of the Hamiltonian

and dynamical propagator. Employing GME as the equation to describe the dynamics (MSM uti-

lizes first-order master equation), we can then compute the memory kernel matrices at different

times and use it to accurately propagate long-term transition probabilities. Because the relaxation

time of the memory kernel is typically much shorter than the Markovian lag time, the required

length of MD segment data to construct GME models is significantly shorter than that needed to

build MSMs with predictive power.

The quasi-Markov State Model (qMSM)[30] has been developed to provide an iterative scheme

for solving the memory kernel matrices and propagating long-term dynamics based on GME.

Specifically, qMSM expresses the the derivatives in the equation 3.8 through discretized differ-

ences and Riemann sum:

Ṫ(n∆t) = T(n∆t)Ṫ(0)−∆t

min[n,
τk
∆t

]∑
m=1

T((n−m)∆t)K(m∆t) (3.9)

where ∆t is the time step of the simulation. Rearranging the equation gives the expression for the

time-dependent memory kernel matrices:

K(n∆t) =
Ṫ(0)T(n∆t)− Ṫ(n∆t)

∆t
+

n∑
m=1

K(m∆t)T((n−m)∆t) (3.10)

Consequently, by employing the short-lag-time TPMs {TMD(m∆t)}nm=0 and their derivatives, i.e.,

ṪMD(m∆t) ≈ [TMD((m + 1)∆t) − TMD(m∆t)]/∆t, which could be directly estimated from

MD trajectories, one could calculate the short-lived memory kernel {K(m∆t)}τk/∆t
m=0 with greedy

algorithm in an iterative way. To characterize the memory relaxation time, the mean integral

memory kernel (MIK) is defined as:

MIK(t) = 1

N

√√√√ N∑
i,j=1

(

∫ t

0

Kij(τ)dτ)2 (3.11)

which could be employed to assess the cumulative contribution of the memory kernel by different

time. Consequently, the time at which the MIK converges will be identified as the memory kernel
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relaxation time. Using the calculated memory kernel, the long-term dynamics can be propagated

with Equation 3.9. The qMSM has demonstrated great effectiveness in accurately predicting tran-

sition rates in studies of conformational changes in large biomolecular systems. However, in the

implementation of qMSM, it is observed that the numerical derivations of TPMs lead to significant

numerical fluctuations in the calculation of the memory kernel[30, 32]. To improve the model’s ro-

bustness, we recently developed the integrative generalized master equation (IGME) method[31].

3.4 Integrative Generalized Master Equation (IGME) Models

Due to the complex derivatives and convolutional integration terms in the GME, obtaining

an analytical solution is very difficult. The brute-force numerical derivative approach have been

found to introduce considerable numerical fluctuations in calculation of memory kernel matrices.

To construct a more robust model, our recently developed IGME method adopts the integration

of memory kernels for the propagation of dynamics. In particular, considering the dynamics for

t ≥ τk, T(t− τ) in the convolutional integration can be expressed using Taylor expansion:∫ t

0

T(t− s)K(s)ds =

∫ t

0

[
T(t) +

∞∑
n=1

1

n!

dnT(t)

dtn
(−s)n

]
K(s)ds (3.12)

= T(t)M0(t) +
∞∑
n=1

(−1)n

n!

dnT(t)

dtn
Mn(t) (3.13)

where Mn =
∫ τk
0

K(s)snds is the integration of memory kernel for different orders. We note that

since the relaxation timescale for the memory kernel is typically much shorter than the slowest

timescale of conformational changes in multi-body systems, Mn would converge to a constant

over a very short period. Under this circumstance, i.e., t ≥ τk, the GME could be expressed as an

ordinary differential equation:

T−1(t)
d

dt
T(t) = Ṫ(0)−M0 −

∞∑
n=1

[
(−1)n

n!
T−1(t)

dn

dtn
T(t)

]
Mn (3.14)
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By solving the equation in a self-consistent manner, an analytical solution can be obtained:

T(t ≥ τk) = AT̂t (3.15)

ln T̂ = Ṫ(0)−M0 −
∑
n=1

(−1)n

n!
(ln T̂)nMn (3.16)

Where A and T̂ are two integration constant matrices that can be estimated from the TPMs at

short lag times, and the equation can be used to propagate dynamics at any time much longer than

τk. The T̂ matrix represents the infinite-time dynamical behavior and can be used to calculate

thermodynamic properties, such as stationary populations, as well as long-time kinetic properties,

like implied timescales and mean first passage time. Additionally, the solution provides the sec-

ond approach to calculate the MIK: the first-order time-integrated memory kernel matrix can be

approximately obtained through M0 ≈ Ṫ(0)− ln T̂.

Equation 3.15 serves as the equation to evolve dynamics with the IGME model. The constant

matrix A and T̂ are the most important parameters to construct the IGME model. In practice, we

could estimated these two matrices from multiple short-lag-time TPMs {TMD(τk + m∆t)}Lfit

m=0

using the least square fitting approach. Specifically, we can firstly compute the logarithms of the

TPMs estimated from the MD simulations {lnTMD(τk + m∆t)}Lfit

m=0 using the spectrum-based

method, which involves multiplying the original eigenvectors of the matrices by the logarithms

of their eigenvalues. Then, we could perform the least squares fitting for each element of the

logarithms of the TPMs, i.e., [lnTMD(t)]ij = bij + kijt, to generate the initial guess for matrix

Ainit = exp(b) and T̂init = exp(k). Furthermore, the steepest descent method can be employed

to optimize these initial guesses, ensuring that the propagated TPMs have positive eigenvalues and

satisfy the detailed balance condition. In particular, we employ the loss function for the optimiza-

tion of A and T̂ as:

Lloss =
∑
t=τk

||TMD(t)−AT̂t||2F + α
∑
i

(∑
j

[
TIGME(t)

]
ij
− 1

)
(3.17)

+β||πTIGME(t)−TIGME(t)TπT ||2F (3.18)
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where the subscript F denotes the Frobenius norm. And the second term of loss function gurantee

the row-normalization requirement of TPMs, while the third term corresponds to the detailed bal-

ance requirement. One alternative approach to estimate the A and T̂ matrices with constraints is

the utilization of Lagrange multipliers[102]:

L =
1

2

∑
t

| lnTMD(t)− lnA− t ln T̂|2F +
∑
i

(
γi
∑
j

[ln T̂]ij

)
(3.19)

where γi is the Lagrange multiplier which constrain the row-sum rule of TPMs. With the La-

grangian, we could obtain the estimation of A and T̂ matrices by solving a linear equation.

While τk serves as the lower bound for available time range of IGME, the size of TPMs (i.e.,

hyper-parameter Lfit) used to estimate the A and T̂ matrices could be optimized. To quantify the

errors of IGME models in reproducing the simulation data, we have designed a criterion called the

time-averaged root mean squared error (RMSE):

RMSE =

√∑Lx

n=1

∑N
i,j=1[πiT

MD
ij − πiTIGME

ij ]2dt

N2Lx

(3.20)

Here, πi represents the stationary population for state i, N is the number of macrostates, and Lx

denotes the defined time range for computing RMSE. With this evaluation score, we can systemat-

ically and extensively scan multiple different τk and Lfit values to determine the optimal combina-

tion. Additionally, evaluating the RMSE for IGME models with varying numbers of states can help

identify the optimal number of states, balancing state resolution and modeling accuracy. While in-

creasing the number of states can enhance resolution, it also enlarges the dimensions of matrices A

and T̂, necessitating the fitting of more elements with limited data and thereby introducing greater

statistical errors.

3.5 Investigating the Dynamics of Complex Biomolecular Systems Using Non-
Markovian Dynamic Models

Next, we demonstrate the effectiveness of non-Markovian dynamic models, specifically the

IGME model, in elucidating the dynamics of a complex biomolecular system—the gate opening

mechanism of Taq RNA polymerase (RNAP), as shown in 3.1(a). We conducted MD simulations
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Figure 3.1: The IGME model of the gate opening dynamics of Taq RNAP. (a) The cartoon of

the bacterial holoenzyme and its domains (yellow), clamp (magenta), β-lobe (yellow) and Switch

two region (orange). (b) The RMSE heatmap of the IGME, qMSM, qMSMsm and MSM. The

triangular panel is the result of the IGME at different τk and L. The purple color shows the regions

of the top 5% most accurate IGME models. (c) The Chapman–Kolmogorov test of the MSM

(green), qMSMsm (cyan) and IGME (red) compared against MD simulations (grey). In this panel,

τMSM = τk = 30ns. (d) The bar graph of ITS bounds predicted by the qMSMsm (cyan) and IGME

(red). This figure is reproduced from Cao. et al.[31]
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to capture the conformational changes of the RNAP system [103]. The dataset comprises 306 tra-

jectories, each spanning 200 ns with snapshots saved at 100 ps intervals. To identify the metastable

states of the RNAP, we firstly performed the tICA to identify three collective variables from 1,770

number of features (involving alpha Carbon atoms of the clamp, β-lobe, β-protrusion, Switch

regions, and active site). Subsequently, four metastable states are identified using a splitting-and-

lumping approach. A 100-microstate MSM is initially constructed with the K-Centers algorithm

in the collective variable space, and then four states are further identified using the PCCA+ algo-

rithm. We estimate the transition probabilities between pairs of the four metastable states using the

maximum likelihood estimator.

For this system, the qMSM fails to converge at certain values of τk, and the converged qMSMs

exhibit significant fluctuations. To address this, we introduced a smoothing technique, qMSMsm,[103]

to reduce the fluctuations in the TPMs used to construct the qMSMs. This smoothing technique

significantly improved the convergence of the qMSM from 51% (original qMSM at τk ∈ [0, 90] ns)

to 92% (qMSMsm). For the converged data, as shown in Figure 3.1 (b), the smoothing technique

further reduced the error in predicted TPMs from 0.16% (average RMSE of the qMSM within

τk ∈ [30, 90] ns) to 0.07% (qMSMsm). However, for complex systems such as Taq RNAP, qMSMs

with the smoothing scheme still exhibit significant fluctuations, limiting the accuracy of long-term

dynamics predictions. The uncertainty in the variational bound of the slowest implied timescales

for qMSMsm ranges from 23% at τk ∼ 40ns to 108% at τk ∼ 10ns, as indicated by the blue bars

in Figure. 3.1(d).

In constrast, the IGME produces much more accurate results with smaller numerical fluctua-

tions. As shown in Figure. 3.1(b), the best qMSMsm has an RMSE of 0.04%, which is higher

than the RMSE of the green, cyan, blue, and magenta regions representing the top 30% of IGME

models from the exhaustive scan. The purple region consisting of the top 5% IGME models could

reach an even smaller RMSE (0.023%− 0.028%) than the qMSM. The enhancement in numerical

stability is illustrated in Figure. 3.1(d): when τk ≥ 20ns, the uncertainty of the ITS bound calcu-

lated by IGME ranges from 1% at τk ∼ 30ns to 7% at τk ∼ 50ns. More examples of implementing

non-Markovian dynamic models for biomolecular systems could be found in Ref. [31].
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Chapter 4

An Efficient Path Classification Algorithm Based on Variation-
alAutoencoder to Identify Metastable Path Channels for Com-
plexConformational Changes

This chapter is reproduced in part with permission from Qiu, Y; O’Connor, M. S., Xue, M., Liu,

B., & Huang, X. An Efficient Path Classification Algorithm Based on Variational Autoencoder to

Identify Metastable Path Channels for Complex Conformational Changes. Journal of Chemical

Theory and Computation 2023, 19(14), 4728-4742.

4.1 Introduction

As introduced in Chapter 1, conformational changes, or dynamic transitions between pairs

of conformational states, are crucial to many multibody systems, such as protein-protein interac-

tion[3, 5], protein-ligand recognition[7, 8], and the self-assembly of soft materials[13–17]. Inves-

tigating the kinetics of these conformational changes is essential for understanding the molecular

mechanisms underlying various biological processes and for advancing the rational design of self-

assembled materials[104]. Since conformational changes often occur on millisecond timescales

and at the molecular level, existing experimental techniques struggle to achieve the necessary spa-

tial and time resolution to directly observe their dominant kinetic pathways. All-atom MD simula-

tions have proven effective in studying these changes and their kinetic pathways, complementing

experimental techniques [6, 103]. However, identifying the ensemble of kinetic pathways from

MD simulations, which involve the time evolution of all-atom conformations, is challenging[28,

29, 40, 56, 105].

In the chapter 2, we have introduced that TPT applied to a MSM is highly effective for identi-

fying the full ensemble of kinetic pathways from MD simulations. In the framework of MSM, by

partitioning the conformational space into metastable states and coarse-graining time into discrete
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lag times, continuous dynamics can be modeled as Markovian transitions. TPT then identifies

and characterizes kinetic pathways between states, including dominant pathways and fluxes. This

approach has been widely used to study conformational changes in chemical and biological pro-

cesses.

Applying TPT to conformational changes of multi-body systems, especially in heterogeneous

aggregation and self-assembly, often results in numerous parallel pathways with comparable prob-

abilities or fluxes. For example, in the aggregation of two hydrophobic molecules with 500 states in

explicit solvent[56], 900 pathways are needed to account for 50% of the total flux. This multitude

of pathways complicates the understanding of molecular mechanisms. While some protein folding

studies demonstrate that a few pathways can capture a substantial fraction of the flux[106], many

conformational changes involve a large number of kinetic pathways[107–110]. For instance, the

top 200 pathways identified in a MSM for c-Src kinase activation with 1798 states only account for

about 18% of the total flux[109]. This extensive number of pathways hinders our understanding

of the underlying mechanisms, necessitating the simplification of models by grouping numerous

states into fewer, more interpretable states. However, a MSM with fewer states may need longer

lag times to achieve Markovianity, which is limited by the length of MD trajectories [30–32]. To

construct a high-resolution Markovian model with shorter lag times, the number of states (i.e., mi-

crostates) must be increased, resulting in a significant rise in kinetic pathways. Therefore, to gain

a deeper understanding of the mechanisms of conformational changes in multi-body systems, it is

necessary to develop algorithms that can lump parallel kinetic pathways into representative path

channels.

To effectively group kinetic pathways into path channels, it’s essential to define the distance

or similarity between pairs of pathways and then cluster them accordingly. Our previous path-

lumping algorithm [56] employed inter-path flux to define pathway distance, but this single-value

metric can sometimes lead to inaccurate clustering by overlooking pathway topology and spatial

distribution. This can consequently result in pathways with distinct transition mechanisms being

falsely grouped together due to large inter-path flux near initial source or final sink states. To
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Figure 4.1: Schematic potential illustrating the differences between the path-lumping algorithm

and latent-space path clustering (LPC) algorithm. (a) Three distinct pathways (green, blue, and

orange) are represented by the connected nodes. Each of the three pathways originates from the

energy basin on the left and ends at the one on the right (indicated by the red dots). The thicknesses

of the black arrows denote the relative quantities of effective fluxes between nodes crossing dif-

ferent pathways. Since the blue and orange pathways share large inter-path flux through the nodes

in the left and right potential basins, the path-lumping algorithm groups the three pathways into

two metastable path channels: channel 1 (in pink, containing the green pathway) and channel 2 (in

cyan, containing the blue and orange pathways). (b) The LPC algorithm treats each pathway as a

continuous flow and considers the topologies and boundaries of the pathways. Since the blue and

green pathways have more similar spatial distributions, LPC can correctly identify two metastable

path channels: channel 1 (in pink, containing the green and blue pathways) and channel 2 (in cyan,

containing the orange pathway). This figure is reproduced from Qiu. et al.[48]
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achieve more accurate classification, pathways should be considered as continuous flows, incorpo-

rating their spatial distributions into the clustering process. However, considering the spatial distri-

butions of pathways is challenging since these kinetic pathways go through the high-dimensional

phase space. In the construction of MSMs, MD conformations are typically projected into a lower-

dimensional subspace composed of collective variables that capture the slowest transitions before

clustered into states [47, 55, 76, 111]. In this collective variable subspace, Euclidean distances

between conformations can serve as a reliable indicator of kinetic distances. By leveraging spatial

distributions of pathways in the continuous collective variable space and employing deep learning

techniques, path classification can be performed with greater accuracy.

In this Chapter, we introduce the Latent-space Path Clustering (LPC) algorithm, designed to

group numerous parallel kinetic pathways into a condensed set of metastable path channels based

on their spatial distributions within a continuous subspace defined by collective variables. This ap-

proach leverages variational autoencoder (VAE) neural network[112], a deep learning framework

adept at extracting meaningful features from high-dimensional data and extensively used in studies

of dynamics of conformational changes [79, 81]. For instance, time-lagged VAE has been em-

ployed to simplify high-dimensional MD conformations into more manageable manifolds through

time covariance analysis [79]. Similarly, the state predictive information bottleneck method has

utilized VAE to directly map conformations in continuous space to discrete states based on the

information bottleneck principle[81]. By harnessing VAE’s capabilities, the LPC algorithm em-

beds the spatial distributions of kinetic pathways into a latent space, facilitating more effective

classification.

4.2 Latent-Space Path Clustering (LPC) algorithm

In this section, we introduce the Latent-space Path Clustering (LPC) algorithm, designed to

group various kinetic pathways into a set of metastable path channels. The core concept of LPC

is to consider the spatial distribution of each kinetic pathway within the continuous collective

variable space during path clustering. We begin by using the kinetic-mapping tICA algorithm to

construct a low-dimensional collective variable space, where the Euclidean distances between pairs



45

Figure 4.2: Schematic for the LPC algorithm. The initial step involves identifying the transition

pathways using MSM and TPT. Subsequently, the conformations associated with each pathway are

projected onto the collective variable space, generating the path distributions. The path distribu-

tions are then utilized to train the VAE network. Finally, path clustering is performed in the VAE

latent space using the K-means algorithm. This figure is reproduced from Qiu. et al.[48]

of MD conformations correlate well with their kinetic connectivity. As introduced in Chapter 2,

the kinetic-mapping tICA algorithm [76] achieves this by rescaling independent components from

tICA using the eigenvalues of the time-correlation matrix based on diffusion map theory. Once the

MD conformations are projected onto this collective variable space, they are grouped into states to

construct a MSM. Given initial (I) and final (F ) states, TPT is applied to identify an ensemble of

kinetic pathways, each consisting of a sequence of states visited when transitioning from I to F .

More details about MSM construction and TPT are presented in Chapter 2.

To classify kinetic pathways into a set of metastable path channels, it is crucial to define the

distance or similarity between pairs of pathways. In the previous path-lumping algorithm[56], the

distance between two pathways was determined by inter-path fluxes, which were calculated as the

normalized sum of effective flux between every pair of states belonging to the respective pathways.

However, relying solely on a single inter-path flux value may not always suffice for accurate path

clustering, as it only accounts for the total fluxes connecting two pathways without considering the

continuous flow and topology of each kinetic pathway. This can lead to inaccuracies, especially
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when effective fluxes between states near I and F dominate the inter-path flux. For example, Fig-

ure 4.1a shows two energy basins (left and right) connected by three pathways. The large effective

flux (black arrows) between nodes in the basins of the blue and orange pathways causes these path-

ways to be grouped together by the path-lumping algorithm (highlighted in cyan in Figure 4.1a),

even though the blue pathway is kinetically similar to the green pathway (highlighted in pink in

Figure 4.1b).

To address the challenge faced by the path-lumping algorithm, we developed the LPC algo-

rithm, which considers each pathway as a flow in the continuous collective variable space and uses

the spatial distributions of all pathways for classification rather than inter-path flux. This decouples

the pathway identification from the clustering process, allowing kinetic pathways identified by any

algorithm (TPT in this study) to be used as input for the LPC algorithm. Since TPT characterizes

a kinetic pathway as a sequence of state indices, it is necessary to embed the pathways as flows

in the continuous collective variable space. We project MD conformations belonging to the states

traversed by a kinetic pathway onto the collective variable space, resulting in a spatial distribution

that accurately represents the pathway’s shape and flow. Directly using these projections may lead

to biased clustering due to high-density regions dominating the distributions (see Figure 4.1 for

an example). To address this, we reweight each MD conformation using the inverse of the local

conformational density (i.e., 1/Nlocal) to generate pathways with homogeneous density distribu-

tions. This approach focuses on the shapes and spatial distributions of pathways during clustering.

Each pathway is then converted into a 1D vector with Nk dimensions (where k is the number of

collective variables and N is the number of bins along each collective variable).

After generating the 1D vectors for the individual pathways, we input them into a deep neural

network called VAE[112], which learns the spatial distributions of pathways. VAE is a popular

generative model in the deep learning field with the capability to learn, approximate, and compress

high-dimensional distributions[113]. It consists of two parts: the encoder network, which em-

beds high-dimensional input data into points in a low-dimensional representation called the latent

space, and the decoder network, which reconstructs the latent representation back to the original

dimensionality. The loss function used to update and train the network comprises two terms: the
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reconstruction loss and the Kullback-Leibler divergence. The reconstruction loss measures the dif-

ference between the original data and the reconstructions, while the Kullback-Leibler divergence

regularizes the encoder framework by applying Gaussian noise to the latent space. Variational

Bayesian inference with a Gaussian prior is incorporated into the loss function to maximize the

lower bound on the log-likelihood of the observed data[112]. The formula for the loss function is

as follows:

LV AE = LR + LKL = E[||x(i) − x′(i)||] +KL[q(z)||p(z)] (4.1)

where xi and x′(i) represent the input and output data for the VAE, q(z) is the latent space distribu-

tion learned by the encoder network, and p(z) is the prior normal distribution. The VAE generates

a representative latent space that captures the spatial distributions of kinetic pathways. When path-

ways are mapped to points within this latent space, those with high similarity correspond to similar

flows in the continuous collective variable space.

The detailed procedures to perform the LPC algorithm is summarized as follow:

(i). Construct an MSM by first projecting the MD simulation dataset onto a low-dimensional

collective variable space using kinetic-mapping tICA. Then, use clustering methods to group the

conformations into discrete states. Validate the MSM by inspecting the ITS and performing the

CK test [27–29].

(ii). With the given initial (I) and final (F ) states, employ the TPT to obtain an ensemble of

kinetic pathways.

(iii). Embed each pathway as a flow in the collective variable space and convert it to a 1D

vector with a dimension of Nk, where k is the number of collective variables and N is the number

of bins along each collective variable. See Figure 4.2 for an example with k = 2.

(iv). Train a VAE using the 1D vectors from the previous step. The encoder will embed each

pathway as a single point in the latent space (see Figure 4.2).

(v). Perform K-Means clustering in the VAE latent space to group kinetic pathways into a set

of metastable path channels. The distance between a pair of pathways is defined as the Euclidean

distance between two points in the latent space.
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4.3 Evaluating the LPC Algorithm: Comparison with Path Lumping

To showcase the performance of the LPC algorithm, we applied it to a 2D potential system

with numerous parallel transition pathways and four distinct path channels separated by potential

energy barriers (see Figure 4.3a). The 2D potential energy for each point (x, y) ∈ (0, 60)× (0, 60)

on the landscape is given by the following expression:

E

kBT
=

1

2

{
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20
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+

(
x− 30
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)4
}{

3 + cos

(
2πy
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)
+ 2cos

(
4πy

30

)}
(4.2)

Among these four channels, the two exhibiting spatial symmetry should have identical fluxes and

probabilities. MD simulations of a single particle with mass m = 1 were carried out on the 2D

potential landscape. The velocity-Verlet integrator was employed with a time step of 0.001, and

the Andersen thermostat maintained a temperature of T = 1/kB. At each integration step, the

particle’s velocity was randomly assigned according to the Boltzmann distribution with kBT = 1

at a probability of 0.001. Reflective boundary conditions prevented the particle from diffusing

outside the 2D space. To ensure ergodic sampling, an NVT simulation with 108 steps and a saving

interval of 100 steps was conducted. The resulting trajectories were then clustered into 500 states

using the K-Means algorithm, with the cluster centers serving as initial positions for the production

NVT simulations. During production, 500 parallel trajectories were simulated for 107 steps each,

with a saving interval of 100 steps. From these simulations, 105 points per trajectory were sampled,

totaling 5 × 107 points for subsequent analysis. To perform the TPT analysis, we selected the

states from the 300-state MSM closest to (10, 30) and (50, 30) as the initial and final states of the

transition pathways (Figure 4.3b). Finally,the top 500 pathways, contributing 94.8% of the total

flux,were grouped into path channels by the LPC algorithm (Figure 4.3c&d).

To apply the LPC algorithm, we initially embedded these 500 pathways as continuous flows in

the (x, y) space and then converted them into 500 1D-vectors, each with 900 dimensions (30× 30

bins), to form a training dataset for the VAE. After 100 training epochs, the VAE network converged

(see Figure 4.4a). Using K-Means clustering in the latent space, we classified these pathways into 4

metastable channels (see Figure 4.4b). Notably, the LPC algorithm’s classification results aligned

with the shape and symmetry of the potential energy landscape, assigning similar fluxes to the
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Figure 4.3: 2D-potential with 4 path channels connecting the two energy basins. (a) The analytic

2D-potential (see Eq.8 for details). (b) Free energy landscape of the 2D-potential sampled by MD

simulations at T = 1/kB. The distributions of MD conformations are estimated by the Gaussian

kernel function. (c) The number of identified pathways from TPT as a function of MSMs contain-

ing different numbers of states. (d) The accumulated flux as a function of the number of transition

pathways obtained by TPT from a 300-state MSM. This figure is reproduced from Qiu. et al.[48]



50

Figure 4.4: Latent-space path clustering (LPC) algorithm classifies 500 pathways into 4 path chan-

nels. (a) Loss function as a function of the training epochs for the training and testing of VAE. (b)

Distributions of kinetic pathways (each is represented as a point) in the latent space with channel

labels. (c) Visualization of identified path channels with each corresponding flux labeled. This

figure is reproduced from Qiu. et al.[48]



51

Figure 4.5: Forward committor probabilities for the 2D potential system. (a). Projections of for-

ward committor probabilities of 300 states onto the 2D map. Each state is visualized by overlaying

its conformations with the color corresponding to forward committor probabilities. (b). Forward

committor probabilities for each of the four metastable path channels. This figure is reproduced

from Qiu. et al.[48]
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Figure 4.6: Comparison of accuracy between path-lumping algorithm and LPC algorithm. All

154 kinetic pathways (each is represented as a point) are visualized on the same two-dimensional

latent space generated from the VAE in LPC and colored according to the classification labels.

This figure is reproduced from Qiu. et al.[48]

spatially symmetric path channels (see Figure 4.4c). Additionally, to visualize the transition states,

we plotted the forward committor probabilities on the 2D space (see Figure 4.5). The transition

states for the four path channels are precisely located on their respective energy barriers, clearly

distinguishing the left energy basin from the right.

The 2D-potential used in this study clearly distinguishes kinetic pathways into four metastable

channels, making it an ideal testbed for evaluating our LPC algorithm against the previous path

lumping method. The earlier path lumping algorithm relies on a single metric-namely, the accu-

mulated effective fluxes between states across different pathways-to assess pathway similarity. In

contrast, the LPC algorithm leverages the spatial distributions of pathways in continuous collective

variable space for clustering. To compare these two approaches, we analyzed an additional set of

154 pathways, identified using the modified TPT protocol described in the path lumping study. This

allowed us to evaluate both methods with a clear ”ground truth” established by directly plotting

individual pathways on the 2D-potential and accurately assigning them to specific path channels

(see Figure 4.6a). As shown in Figures 4.6b and c, the LPC algorithm significantly outperforms

the path-lumping approach, providing a more precise clustering result, especially near the chan-

nel boundaries (with only 2 mis-assigned pathways by LPC compared to 5 by the path-lumping
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method). The path-lumping method’s reliance on a single inter-path flux value proved insufficient

for accurate clustering. In contrast, the LPC algorithm’s use of continuous flow representations

and spatial distributions enhances its accuracy in distinguishing pathways.

4.4 Elucidating Path Channels for Hydrophobic Particles Aggregation

As mentioned in the Introduction, heterogeneous self-assembly or aggregation processes of-

ten involve numerous parallel kinetic pathways. We now evaluate the effectiveness of our LPC

algorithm in analyzing the aggregation dynamics of two hydrophobic 9-(diphenylmethylene)-9H-

fluorene (9D9F) molecules in explicit solvent (Figure 4.7a). The simulation data, sourced from a

prior study, includes 40 MD trajectories of 100ns each[56]. For constructing the MSMs, the final

80 ns of each trajectory were utilized. Additional information regarding the force field and MD

setup can be found in the referenced study. To construct the MSM, we used all pairwise distances

between heavy atoms of the two 9D9F molecules, resulting in 676 features. These features were

then combined and reduced to three collective variables using kinetic-mapping tICA. The confor-

mations were assigned to 500 states using the K-Centers clustering algorithm, and an MSM was

built with a Markovian lag time of 30ps. States were categorized based on their solvent accessi-

ble surface area (SASA), with 25 states identified as aggregated, 80 as separated, and the rest as

intermediate (Figure 4.7b). TPT identified over 15,000 pathways, and our LPC algorithm grouped

the top 10,000 pathways—accounting for 98.2% of the total flux—into four distinct path channels

(Figure 4.7c&d).

As illustrated in Figure 4.7, this system reveals a higher number of pathways compared to both

the 2D potential and the normal protein folding systems, even though all MSMs involved contain

only a few hundred states. This indicates that the dynamics of this hydrophobic aggregation are

exceptionally heterogeneous. Additionally, the majority of these kinetic pathways have similar

weights, with the most prominent pathway accounting for just 0.22% of the total flux. Conse-

quently, understanding the mechanisms of hydrophobic aggregation is challenging due to the large

number of parallel pathways, necessitating the use of path clustering.
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Figure 4.7: The dynamics for the aggregation of two hydrophobic molecules contain a large num-

ber of parallel pathways. (a) The chemical structure of 9D9F. (b) Separated and aggregated con-

formations for the two hydrophobic 9D9F molecules. (c) Number of identified kinetic pathways

from TPT as a function of the number of states in MSMs. (d) The accumulated flux as a function

of the number of transition pathways. The results are obtained using a 500-state MSM). This figure

is reproduced from Qiu. et al.[48]
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Figure 4.8: LPC clustering algorithm classifies 10, 000 pathways into 4 path channels for the hy-

drophobic aggregation. (a) Loss function as a function of the training epochs for the training and

testing processes of VAE. (b) Distributions of kinetic pathways (each is represented as a point)

in the latent space with channel labels. (c) Visualization of 4 path channels by overlaying all ki-

netic pathways (weighted by their fluxes) belonging to each path channel. To visualize a kinetic

pathway, we projected all the MD conformations (re-weighted by the inverse of local density) be-

longing to this pathway onto (θ1, θ2). θ1 and θ2 are defined by the normal vector of each 9D9F

molecule (grey arrows in the left panel) and the center of mass displacement vector between the

two 9D9F molecules (blue arrow in the left panel). This figure is reproduced from Qiu. et al.[48]
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To implement the LPC algorithm, we initially embedded the kinetic pathways as continuous

flows in a three-dimensional collective variable space. We then needed to convert these pathways

into 1D-vectors for use as training data for the VAE. However, directly transforming each pathway

into a 1D-vector resulted in an impractically high dimensionality for this system (i.e., 503). To

address this, we projected each kinetic pathway onto three distinct two-dimensional collective

variable spaces, each defined by a pair of the three collective variables. This approach yielded 1D-

vectors with a significantly reduced dimensionality (i.e., 502×3). After inputting these 1D-vectors

into the VAE and training for 100 epochs, both the training and testing scores converged (see Figure

4.8a). The latent space obtained, as shown in Figure 4.8b, exhibited a well-distributed arrangement

of data points that formed four distinct clusters, indicating the successful identification of four

kinetic metastable path channels.

Finally, we used K-Means algorithm to group 10, 000 pathways into four metastable path chan-

nels in the latent space of the trained VAE. As shown in Figure 4.8c, these four channels corre-

spond to four distinct relative orientations of how the two particles approach and aggregate. This

suggests the presence of free energy barriers between different aggregation modes, aligning with

chemical intuition. Our findings also support the observation that one particle must undergo a mir-

ror inversion to change the aggregation mode, which involves breaking and reforming contacts and

overcoming significant energy barriers. Due to the system’s spatial symmetry, the four path chan-

nels are expected to share an equal amount of flux, which is consistent with our clustering results.

Moreover, the clustering results from the LPC algorithm align with previous path lumping stud-

ies, confirming the algorithm’s effectiveness in analyzing self-assembly dynamics. To illustrate

the significant transition states within these four metastable channels, we projected the commit-

tor probabilities onto the (θ1, θ2) plane and displayed the corresponding transition state structures

(defined as states with committor probabilities closest to 0.5). The structures from transition state

represent encounter complex conformations specific to each path channel, highlighting distinct

aggregation pathways.
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Figure 4.9: The mechanism of Fip35 WW-domain folding. (a) The native and unfolded structures

of Fip35 WW-domain. (b) Projection of free energy landscape onto two physical coordinates:

RMSDs of the Hairpin 1 (X-axis) and Hairpin 2 (Y-axis) with respect to the native structure. We

projected all the MD conformations onto the RMSD space to generate this figure. (c) The rela-

tionship between the number of identified pathways from TPT and the number of MSM states. (d)

The accumulated flux as a function of the number of transition pathways (based on the 500-state

MSM). This figure is reproduced from Qiu. et al.[48]
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Figure 4.10: The LPC algorithm classifies 5000 pathways into two path channels for the Fip35

WW domain folding. (a) Loss function as a function of the number of training epochs for the

training and testing processes of VAE. (b) Distributions of kinetic pathways (each is represented

as a point) in the latent space with channel labels. (c) Visualization of the identified path channels

using two physical coordinates: the RMSDs of hairpin 1 and hairpin 2 with respect to the folded

structure. To visualize each path channel, we overlaid all the kinetic pathways (weighted by their

fluxes) belonging to each path channel, and for each pathway, we projected all the MD conforma-

tions (reweighted by the inverse of local density)belonging to this pathway onto two RMSDs. (d)

Representation of protein conformations along the two path channels. This figure is reproduced

from Qiu. et al.[48]
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4.5 Understanding Protein Folding Mechanisms with the LPC Algorithm

In this section, we demonstrate the effectiveness of the LPC algorithm in studying the folding

of a 35-residue Fip35 WW domain. This protein consists of three-stranded β-sheets, with residues

8 − 23 forming hairpin 1 and residues 17 − 30 forming hairpin 2 (see Figure 4.9a). In recent

years, significant efforts have been devoted to investigating the folding mechanism of the Fip35

WW domain[40, 114–118]. Two distinct folding pathways, differing in the order of hairpin 1 and

hairpin 2 folding, have been identified. The folding transition can occur through the formation of

hairpin 1 followed by hairpin 2 (hairpin 1-hairpin 2 pathway) or in the reverse order (hairpin 2-

hairpin 1 pathway)[40, 116, 118, 119]. In 2005, Klimov and Thirumalai employed coarse-graining

simulations to examine the impact of secondary structure elements on protein folding [119]. They

found that, for the asymmetrical Fip35 WW domain, approximately 70% of the folding pathways

involve the initial formation of hairpin 1, followed by the folding of hairpin 2. In 2009, Noé et al.

performed a TPT analysis based on a 50-state MSM and showed similar results, with 70% of the

folding transitions occurring through the hairpin 1-hairpin 2 pathway and 30% through the hairpin

2-hairpin 1 pathway[40]. However, their analysis was based on a modest dataset containing 180

MD trajectories of 115ns each (approximately 20.7µs in total). More recently, D. E. Shaw Re-

search published a much more extensive dataset containing two independent ultralong trajectories

of 651 and 486µs[114]. Here, we applied our LPC method to analyze this extended dataset and

quantify the probabilities of these two metastable channels for the WW domain folding.

Specifically, we performed K-Centers clustering on the three-dimensional collective variables

space to generate a 500-state MSM. TPT identified approximately 9, 000 pathways, with the top

5, 000 pathways serving as input for the LPC algorithm (Figure 4.9c&d). As with the hydrophobic

aggregation system in the previous section, we created three two-dimensional subspaces by com-

bining each pair of collective variables and further embedded the pathways as continuous flows in

each subspace. We then generated a distribution 1D-vector with a length of 502× 3 for each of the

5, 000 pathways and inputted them into the VAE. After 100 epochs of training, the network con-

verged, producing a two-dimensional latent space, as shown in Figure 4.10a. Using the K-Means
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clustering algorithm, we classified the pathways in the VAE latent space into two metastable path

channels (Figure 4.10b). When visualizing the classified path channels in the RMSDs with respect

to the folded structure, we observed that each channel corresponds to a specific folding pathway.

We found that the hairpin 1-hairpin 2 pathway accounts for 71.76% of the total folding flux, while

the hairpin 2-hairpin 1 pathway contributes 28.24% of the flux (Figure 4.10c and d). Our results,

based on the D.E. Shaw simulation dataset (1137µs in total), are consistent with those obtained by

Noé et al[40]. via TPT analysis of a 50-state MSM based on a much smaller dataset (∼ 20.7µs

in total). The findings by Thirumalai et al.[119] also support our results. Additionally, a pre-

vious study demonstrated that a global fitting of experimental ϕ-value data indicates the relative

probability of the hairpin 1 - hairpin 2 folding pathway is approximately 67 ± 5%[120], further

corroborating our analysis.

To identify the metastable transition states for the Fip35 WW domain, we visualized the com-

mittor probabilities for the two path channels in the RMSD space (RMSD to Hairpin 1 vs. Hairpin

2, see Figure 4.11). Interestingly, the transition state of path channel 1 shows a fully folded Hairpin

1 but a partially folded Hairpin 2. In contrast, the transition state of path channel 2 has a partially

folded Hairpin 1 but a fully folded Hairpin 2. These observations align with the different sequen-

tial orders of hairpin folding, effectively distinguishing channel 1 from channel 2 (see Figure 4.10).

Based on this transition state analysis, critical residues can be identified, and mutations designed in

the 3-stranded beta sheet. These mutations have the potential to disrupt or stabilize the transition

state of a specific path channel, thereby allowing modulation of the relative folding flux among

path channels.

In summary, the LPC algorithm is particularly effective in elucidating metastable path chan-

nels for self-assembly and other heterogeneous dynamic processes where multiple pathways with

similar probabilities coexist. Additionally, it can be applied to protein folding and other complex

biomolecular conformational changes, where constructing a Markovian model with many states

results in numerous kinetic pathways. In our current implementation, we used pathways from the

TPT analysis as input to the LPC algorithm. However, it is important to note that the VAE in

the LPC algorithm can be trained using pathways from other algorithms, such as Markov Chain
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Figure 4.11: Forward committor probabilities for the Fip35 WW-domain folding system. (a-b).

The forward committor probabilities are shown separately for each metastable path channel on two

physical coordinates: the RMSDs of Hairpin 1 and Hairpin 2 with respect to the folded structure.

Two representative configurations are chosen from two states that have committor probabilities

closest to 0.5 which correspond to two different folding orders. This figure is reproduced from

Qiu. et al.[48]
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Monte Carlo [121, 122] or MSMPathfinder[123]. Furthermore, our LPC algorithm trains a gen-

erative VAE model, with the decoder network capable of generating new continuous pathways in

the collective variable space. We anticipate this capability to be valuable for future applications in

sampling transition pathways.

However, the LPC algorithm may have certain limitations. Its performance is dependent on

the adequacy of conformational sampling; insufficient sampling can introduce bias in MSM and

TPT analysis, affecting the accuracy of the input data for LPC algorithm. To address this potential

issue, we recommend employing adaptive sampling techniques during MSM construction to im-

prove convergence[124]. Additionally, enhancing the quality of initial conformations for atomistic

MD simulations can be achieved by applying enhanced sampling algorithms or coarse-graining

simulations before initiating extensive unbiased MD simulations[28, 29].

We also acknowledge that TPT analysis and embedding of transition pathways as continuous

flows require careful selection of collective variables in advance. Currently, we use tICA-based

kinetic distances, which are linear combinations of input features. However, if this linear approach

fails to capture the underlying slow dynamics, alternative non-linear algorithms such as kernel-

tICA[77], SRVnets[37], Variational Dynamics Encoders[79], and diffusion maps[125] should be

considered. Additionally, the quality of collective variables can be improved by optimizing input

features using automatic methods like Spectral-oASIS[75] or through a deeper physical under-

standing of the system. In the future, we plan to further investigate collective variable selection to

enhance the performance of the LPC algorithm.

Finally, it is crucial to validate the theoretical predictions of our LPC algorithm against exper-

imental data. Recent progress in experimental methods has made these comparisons feasible. For

instance, Haran and colleagues have used single-molecule fluorescence resonance energy transfer

(smFRET) combined with Hidden Markov Model analysis to successfully elucidate the primary

transition fluxes between folded and unfolded states in adenylate kinase[126, 127].
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4.6 Conclusion

In this work, we have developed the LPC algorithm, which groups an ensemble of kinetic

pathways into metastable path channels based on their spatial distributions in the collective variable

space. In our algorithm, MD conformations are initially projected onto a low-dimensional space

containing a small set of collective variables. Then, MSM and TPT are constructed to obtain the

ensemble of pathways, which are subsequently embedded as continuous flows in the collective

variable space and used as the training dataset for the VAE. The VAE networks are trained to learn

the spatial distributions of kinetic pathways in the continuous collective variable space. In the

latent space of trained VAE model, each pathway is represented as a point. Pathways with similar

spatial distributions form clusters in the latent space and can be further classified into metastable

path channels. We have demonstrated the effectiveness of the LPC algorithm for a 2D potential,

the aggregation of two hydrophobic molecules, and the folding of the Fip35 WW domain. In all

three systems, the LPC algorithm identifies metastable path channels consistent with our physical

intuitions. Using the 2D potential, we further show that the LPC algorithm outperforms previously

developed path lumping algorithms. We anticipate that our LPC algorithm can be widely applied to

elucidate the metastable path channels underlying complex dynamic processes in various systems.
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Chapter 5

Information Bottleneck Approach for Markov Model Construc-
tion

This chapter is reproduced in part with permission from Wang, D.; Qiu, Y.; Beyerle, E.; Huang, X.;

Tiwary, P. Information Bottleneck Approach for Markov Model Construction, Journal of Chemical

Theory and Computation 2024, 20, 12, 5352–5367.

Qiu, Y equally contributed to the development of methodologies, authored the codes, and co-

wrote the paper with Wang, D and Beyerle, E. Qiu, Y also rewrote and summarized the content in

this chapter.

5.1 Introduction

As introduced in Chapter 2, with advancements in various algorithms for MSMs, it is important

to recognize that the specific construction of MSMs and the choice of hyperparameters can signif-

icantly affect the quality of the final kinetic model. To quantitatively evaluate the performance of

different MSMs and aid in their construction, several metrics have been established. These metrics

address various aspects of the model, including improving the metastability of macrostates in the

kinetic model[19, 91], optimizing approximations of the principal eigenmodes of dynamics[128],

and enhancing the model’s ability to capture the leading slowest dynamics[34, 47]. The third ap-

proach, known as the Variational Approach for Markov Processes (VAMP), has become the most

widely used. It provides a variational score to quantify the discrepancy between the eigenmodes

approximated by the model and those of the true dynamical propagator, serving as an objective

function for model optimization.

Several approaches utilizing artificial neural networks have proven effective in variational opti-

mization workflows. Recently, VAMPnets have been introduced, combining VAMP and Koopman

theory to create a unified, end-to-end data-driven model that directly maps molecular coordinates
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to coarse-grained macrostates[34]. Subsequently, State-Free Reversible VAMPnets (SRVs) were

introduced to learn nonlinear approximations of the leading slow eigenfunctions [37]. Time-lagged

autoencoders use auto-associative neural networks to reconstruct signals with a time lag, with em-

bedded variables from the bottleneck layer serving as collective variables[55]. Another method,

variational dynamics encoders (VDEs), integrates time-lagged reconstruction loss with autocor-

relation maximization within a variational autoencoder to approximate the dynamical propaga-

tor[79].

In this work, we demonstrate a robust protocol for MSMs construction through the use of an

information bottleneck approach called State Predictive Information Bottleneck (SPIB)[81]. Pre-

vious studies have shown that SPIB could effectively learn low-dimensional collective variables

for enhanced sampling in molecular simulations, accelerating various processes. These include

permeation[129] and dissociation of medically relevant ligands[130], conformational changes in

proteins[131, 132], and nucleation of crystal polymorphs[133]. Here, we focus on demonstrating

SPIB as a state-of-the-art approach for automatic construction of multi-resolution MSMs. Un-

like existing methods, such as VAMP-based approaches that maximize the Rayleigh coefficient or

VAMP-score, SPIB combines the information bottleneck framework with a straightforward heuris-

tic of state metastability at a predefined lag time to unify feature extraction and state division. By

utilizing this lag time parameter, SPIB allows for adaptive adjustment of the number of metastable

states in the final kinetic model, enabling automatic generation of MSMs at varying resolutions.

As a result, SPIB facilitates the automatic clustering and projection of the MD simulation data into

a few macrostates and learns directly from MD trajectories a low dimensional latent space where

these states are cleanly separated into metastable states, providing a single end-to-end framework

that integrates dimension reduction, clustering, and lumping tasks.

5.2 State Predictive Information Bottleneck (SPIB)

Current VAMP-based methods tend to focus either on direct state partitioning, such as VAMP-

nets[34], or on identifying low-dimensional continuous collective variables from input data, like
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SRVnets[37]. In contrast, our approach, the SPIB[81], employs an information bottleneck strat-

egy for MSM construction, providing a unified framework that seamlessly integrates both state

partitioning and dimension reduction.

SPIB employs a heuristic to determine both the number and location of potential metastable

states for constructing MSMs. The core idea is that if a configuration is in state i at a given time,

it should have the highest probability of remaining in state i after a short lag time ∆t, since the

escape time from a metastable state i should be much longer than ∆t. Using this principle, prior

study [81] introduced an iterative scheme to dynamically learn the number and location of states

on-the-fly.

We initiate with an arbitrary randomly generated state labels for the MD conformations in the

trajectory {yt}Tt=0, where both the number and definition of labels are some initial guess. The

probability that the system starting from X will be found in state y∆t = i after a lag time ∆t,

assuming a stationary distribution, can be estimated by the following:

p(y∆t = i|X) =
1

ρ(X)
lim

T→+∞

1

T

∫ T

0

1yt+∆t=iδ(X−Xt)dt

where ρ(X) = lim
T→+∞

1

T

∫ T

0

δ(X−Xt)dt.

(5.1)

Here ρ(X) represents the equilibrium density of X and 1yt+∆t=i is the indicator function defined

for state i, which is equal to 1 if the MD trajectory is within state i at time t + ∆t and equal to 0

otherwise. Since it depends on the input configuration X and denotes a state-transition probability,

we refer to the function p(y∆t|X) as the state-transition density. If the system starting from a

high-dimensional configuration X is most likely to be found in state i after a lag time ∆t, then the

label of configuration X will be updated to state i. Consequently, a set of new state labels can be

generated according to:

ŷt = argmax
i

p(yt+∆t = i|Xt). (5.2)

Based on the new refined state labels, the state-transition density p(y∆t|X) is re-estimated, and

the process is repeated until the state labels converge. This iterative refinement can result in some

initial labels being nullified, thereby reducing the total number of states. In this manner, SPIB can
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dynamically determine both the number and positions of potential metastable states in the system,

starting from any initial states.

Directly estimating the state-transition density using Eq. 5.1 suffers from the curse of dimen-

sionality as the input feature X is typically high dimensional for complex systems. To alleviate

this problem, SPIB seeks to identify a low-dimensional manifold onto which the system’s dynam-

ics can be projected, enabling a more robust estimation of the state-transition density p(y∆t|X).

This provides a unified pipeline for both dimension reduction and state decomposition. Such a low

dimensional representation zt is designed to leverage minimal information from the past signal Xt

while accurately predicting its future state label yt+∆t. This learning process is enabled by the

deep variational information bottleneck framework[134]. Various enhancements have been made

to improve the algorithm’s robustness since its initial introduction[80, 81], as summarized below.

The network architecture for SPIB is illustrated in Figure 5.1. Given a trajectory {X1, · · · ,XM}

and its corresponding state labels {y1, · · · ,yM}, where the length M is sufficiently large, the ob-

jective function of SPIB is formulated as follows:

argmax
θ

L(θ) = 1

M − s

M−s∑
n=1

[
log qθ(y

n+s|zn)− β log pθ(z
n|Xn)

rθ(zn)

]
(5.3)

where the encoder pθ(z|X), the decoder qθ(y|z), and the prior rθ(z) are probability distributions

parameterized by deep neural networks θ. The variable zn is sampled from pθ(z|Xn), where the

time interval between Xn and Xn+s represents the lag time ∆t, indicating how long into the future

SPIB is set to predict. The first term log qθ(y
n+s|zn) evaluates how well our representation predicts

the target, while the second term log pθ(z
n|Xn)

rθ(zn)
serves as a complexity penalty acting as a regularizer.

This regularization term encourages the latent space z to retain minimal information from the input

X, thus fostering a more compact representation. The balance between prediction accuracy and

model complexity is governed by the hyperparameter β ∈ [0,∞).

As usual, we opt to employ a Gaussian encoder with a constant variance:

log pθ(z
n|Xn) = logN (zn;µ, σI) (5.4)

where only the mean µ = µθ(X
n) is the output of a neural network whose input is Xn, while the

variance σ2 is a trainable parameter independent of the input X. I denotes the identity matrix. By
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Figure 5.1: Network architecture employed for SPIB consists of both the encoder and decoder

as nonlinear neural networks with two hidden layers. SPIB is designed to take features such as

pairwise distances, denoted as input Xt, enabling the learning of a low-dimensional latent repre-

sentation z for predicting its future state yt+∆t after a lag time ∆t. In this modified architecture, the

encoder only outputs the mean µ, from which the latent representation z is then sampled utilizing

a position-independent trainable standard deviation σ. For visualization, the left panel illustrates

some minimal residue-residue distances of the Trp-cage system. In the middle, an example of the

free energy surface of the learned latent space is displayed. The right panel presents a network plot

of the output Markov state model. This figure is reproduced from Wang. et al.[35]
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maintaining a constant variance for pθ(zn|Xn) across all X, we facilitate the learning of a more

homogeneous latent space. Meanwhile, a deep feed forward neural network with softmax outputs

is employed in the decoder qθ(y|z):

log qθ(y
n+s|zn) =

S∑
i=1

yn+s
i logDi(z

n; θ) (5.5)

here the state label y is represented as a one-hot vector with S dimensions, and the decoder function

D produces an S-dimensional softmax output from a neural network. The use of the softmax output

in the decoder enables fuzzy assignments to the states y predicted by SPIB.

Since the latent representation z is expected to distinguish between different metastable states,

a multi-modal distribution for the prior rθ(z) is appropriate. We adapt the variational mixture

of posteriors prior algorithm to create this multi-modal prior distribution. In this approach, the

approximate prior rθ(z) is a weighted mixture of various posteriors pθ(z|X), using representative

inputs {Xk
rep}Kk=1 instead of X:

rθ(z) =
K∑
k=1

ωk pθ(z|Xk
rep), (5.6)

where K is the number of representative-inputs, and ωk represents the weight of pθ(z|Xk
rep) with

the constraint
∑

k ωk = 1. The algorithm for selecting the representative inputs {Xk
rep}Kk=1 works

as follows: Initially, one sample is randomly chosen from each initial state to create the initial

set of representative inputs, with K representing the total number of initial states. After each

iteration of model training and state label refinement, all input samples are projected into the

learned latent space. We then calculate the center of each newly refined, non-empty metastable

state and determine the nearest sample to each center by measuring Euclidean distance in this latent

space. These chosen samples become the updated set of representative inputs {Xk
rep}Kk=1 for the

next iteration. As a result, the algorithm dynamically adjusts the representative inputs {Xk
rep}Kk=1,

ensuring that the number of representative inputs K always matches the number of states in y.

Moreover, by incorporating the mixture of Gaussians prior to Equation 5.3, the regularization term

could encourage spatial separation among the state centers within the latent space.
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With the optimal parameters θ∗ determined by maximizing the SPIB objective function, we can

revisit Equation 5.2. By using the deterministic output of SPIB, p̂(yt+∆t|Xt) ≡ D(µ(X);∆t, θ∗),

we can approximate the state-transition density p(yt+∆t|Xt) effectively. The updated rule for state

label assignment can be expressed as:

ŷt = argmax
i
Di(µ(Xt);∆t, θ

∗). (5.7)

The SPIB workflow is summarized as follows: To start the training process, SPIB requires

both trajectory data, represented by input features, and an initial set of state labels. These initial

labels are generated as the first step and serve as prior information, guiding the learning process

within SPIB. One straightforward approach for generating initial state labels involves discretizing

certain input order parameters based on expert intuition, a technique frequently used in previous

research. For more complex systems, particularly those without clear intuitive guidance-such as

the protein folding systems and multi-body systems-the initial state assignment can be approached

similarly to traditional MSM construction methods. This entails applying dimensionality reduction

techniques like PCA or tICA to select a subset of optimal linear combinations from a large set of

input features, and then using clustering algorithms such as K-Means or K-Centers to define the

discrete states. After generating the initial state labels, both the trajectory data X and the state

labels y are fed into SPIB. The goal is to determine the optimal latent representation that best

captures the key features of the past configuration Xt to accurately predict the future state yt+∆t.

Once the model has learned this representation, the state labels are refined according to Equation

5.7, and the updated labels are reintroduced into SPIB. This iterative process continues until the

latent representation and state labels converge, allowing for further analysis.

5.3 Evaluating MSM Performance with Quantitative Metrics

SPIB’s ability to independently identify metastable states indicates its potential as a valuable

tool for constructing MSMs. To assess the quality of the MSM generated by SPIB, we employed

a range of quantitative metrics and systematically compared it with MSMs constructed through

alternative methodologies. We adhered to the conventional sequence of dimensionality reduction,
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clustering, and lumping, but applied different algorithms at each stage. For dimensionality reduc-

tion, we employed tICA[47, 76, 111] and PCA; for clustering, we used the k-means algorithm;

and for lumping, we applied PCCA+[93] and MPP[92, 97]. This approach yielded four distinct

pipeline combinations for constructing MSMs. To provide a comparison with other deep neural

network-based methods, we also implemented the widely used VAMPnets[34] as a reference. For

both SPIB and VAMPnet, we crisply assign state labels to MD conformations according to the

highest probability output from the neural networks.

For the quantitative metrics, in line with benchmark studies on the same HP35 trajectory de-

tailed in References[92, 135], and based on traditional scoring functions introduced in Chapter 2,

we selected several metrics: the generalized matrix Rayleigh quotient (GMRQ)[90], metastabil-

ity score[91], Shannon entropy[135], Davies-Bouldin index (DBI)[135], and implied timescales

(ITS)[27]. These metrics are defined as follows:

1. GMRQ score: defined as the sum of the top n eigenvalues, λi, of the TPM:

GMRQ =
n∑

i=1

λi, (5.8)

where n is the total number of eigenvalues scored. According to VAC theory[51] mentioned in

Chapter 2, when the dynamics under study are reversible and detailed-balanced, the sum of the

eigenvalues of the approximated propagator (i.e., GMRQ score) can serve as a variational score,

providing a lower bound to the ground truth. Thus, maximizing VAMP-based scores typically re-

sults in larger eigenvalues for reversible propagators and, consequently, higher GMRQ scores[90].

Notably, the GMRQ score is also a widely utilized criterion in cross-validation for selecting opti-

mal model hyperparameters, helping to prevent overfitting[90].

2. Metastability Q: defined as the average trace of the TPM, which assesses the likelihood

that the system will stay in the same state after a lag time τ . High metastability generally signifies

successful separation of slow inter-state dynamics from faster intra-state dynamics[91]. Explicitly,

we define metastability Q as:

Q =
1

S
tr (T(τ)) , (5.9)

where S is, as previously defined, the number of metastable states spanned by T(τ).
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3. Shannon entropy H of the learned metastable states: defined in the usual information theo-

retic manner as

H = −
∑
i

πi log(πi), (5.10)

where πi denotes the stationary or marginal probability of occupying metastable state i. Specifi-

cally,
(
πTT(τ)

)
i
= πi (TPM is row-normalized). Thus, a higher value of H suggests that a sub-

stantial fraction of states is well-populated, which is preferred over partitions with a few densely

populated states and many sparsely populated ones.

4. Furthermore, the DBI measures the ratio between the average distance of data points within

a state and the distance between the centers of mass of different states. This metric indicates how

effectively the metastable states are separated:

DBI =
1

N

∑
i

max
j

si + sj
rij

, (5.11)

where si represents he average distance of points in state i from the centroid of metastable state

i, and rij is the distance between the centroids of states i and j. A low DBI value signifies well-

separated, structurally distinct states.

5. Implied timescales (ITS): which monitors the timescales, ti, of eigenmode i across different

lag time, were calculated for TPMs with different lag time[27]:

ti(τ) = −
τ

ln |λi|
. (5.12)

Here, π represents the lag time used to estimate the TPM, and λi denotes the i-th eigenvalue of

the TPM. Typically, if the ITS converge and are independent of the lag time τ , it implies that the

dynamics of the model satisfy the first-order master equation: λ(nτ) = λi(τ)
n. This characteristic

can help identify the shortest Markovian lag time. Additionally, the Chapman-Kolmogorov (CK)

test can be used as a supplementary validation tool to assess the Markovian properties of the model.

From the ITS analysis, two key factors can be used to evaluate the quality of MSMs: the

Markovian lag time and the values of the converged timescales. The Markovian lag time is the

shortest lag time at which all ITS converge, reflecting the time resolution of the MSMs. A shorter

Markovian lag time indicates a more effective separation of slow inter-state dynamics from fast
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Figure 5.2: Protein systems investigated in this study. Data for all simulations is obtained from

the DESRES protein folding trajectories. The duration of the MD simulation and the number of

residues are specified for each case. This figure is reproduced from Wang. et al.[35]

intra-state dynamics. Moreover, since the lag time is limited by the length of the trajectory, a

shorter Markovian lag time can reduce the required simulation length. Additionally, according to

VAC theory, a model with larger converged timescales is better at capturing the leading slowest

dynamics.

All analyses in this study are performed on the long equilibrium molecular dynamics trajec-

tories of three mini-proteins from the DESRES group[114], namely Trp-cage (PDB:2JOF)[114],

HP35 (PDB:2F4K)[136], and WW domain (PDB:2F21)[114] (Figure 5.2). All three datasets are

characterized using the minimal residue-residue distances, calculated as the nearest distance be-

tween the heavy atoms of two residues separated by at least two neighboring residues in sequence,

yielding 153 features for Trp-cage and 528 features each for HP35 and the WW-domain. To main-

tain computational feasibility, we analyze the HP35 and WW-domain datasets at a resolution of

1ns per frame. However, for the smaller Trp-cage system, we retain the original trajectory resolu-

tion of 0.2ns per frame.

To facilitate the comparison in the next section, we identified an optimal set of hyperparameters

through ten-fold cross-validation using the GMRQ score as the scoring metric for all the algorithms

employed in this Chapter. A more complex model generally has a higher capacity to capture

significant slow dynamics, reflected in a larger GMRQ score. However, limited data necessitates
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a balance between model complexity and generalization ability. The VAMP-2 score serves as an

alternative criterion, akin to the GMRQ score, particularly when the dynamics are reversible.

To prepare the data, we initially divide the long equilibrium DESRES trajectory into 100 seg-

ments of equal length, treating these segments as independent trajectories to simulate the typical

MSM construction process using multiple short trajectories. For 10-fold cross-validation, the 100

segments are shuffled and randomly subsampled as part of the train-test split procedure for each

fold. All parameters are then evaluated using only the top 3 eigenvalues at a 100ns MSM lag time

for all three systems. The 100ns lag time is confirmed as the Markovian lag time for all systems

based on the ITS analysis and CK test. All GRMQ scores and metastability values reported in this

chapter are calculated using MSMs with 100ns lag time.

5.4 Comparison of SPIB-MSM and Other State-Of-The-Art Methods

In this section, we will first examine the impact of lag time ∆t on SPIB performance, followed

by an evaluation of MSMs constructed by various methods, including SPIB, using different met-

rics. SPIB can be seen as a ’fast mode filter,’ where the hyperparameter ∆t-indicating how far into

the future the model should predict-filters out short lived states and controls the degree of dynamic

coarse-graining. Choosing the appropriate lag time ∆t is essential for simplifying the learning

process. When ∆t = 0, SPIB ignores dynamics entirely and focuses only on clustering the input

configurations into distinct states. In contrast, for ∆t > 0, SPIB acts as a filter, excluding dynam-

ics that occur faster than ∆t. This filtering ability allows SPIB to disregard extraneous details in

the dynamical processes, yielding a coarse-grained, dynamics-based understanding. Furthermore,

as illustrated in Fig. 5.3, the increase in lag time ∆t leads directly to a decrease in the number

of metastable states one expects to find after a delay of ∆t. This underscores a key advantage of

SPIB: it automatically adjusts the number of metastable states based on the chosen ∆t. As ∆t

increases towards infinity, the number of states will progressively decrease to one, representing the

system’s most stable state.

As shown in Figure 5.3, varying ∆t in SPIB results in different numbers of converged metastable

states. The lack of a clear plateau at shorter timescales suggests a complex free-energy landscape
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Figure 5.3: Impact of different lag time ∆t choices on the number of converged SPIB states in

10-fold cross-validation for all three systems. This figure is reproduced from Wang. et al.[35]
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in protein folding. Nonetheless, each choice of ∆t and the corresponding states effectively capture

the system’s relevant dynamics at the chosen temporal resolution. This capability, as explored in

subsequent subsections, highlights SPIB’s strength in providing detailed insights into the hierar-

chical energy landscapes of simple proteins. To evaluate SPIB’s performance both qualitatively

and quantitatively, we select two distinct values of ∆t: one large and one moderate. This choice

results in two sets of MSMs: one with 4 to 5 states for the large ∆t and another with approximately

10 states for the moderate ∆t. We avoid using smaller ∆t values to maintain fewer states for better

interpretability.

Specifically, for Trp-cage, we select ∆t = 100 ns which yielded 4 metastable states using

SPIB. For HP35, we use ∆t = 110 ns, which generates models with an average of 5 metastable

states. Finally, for the WW-domain, we use ∆t = 70 ns which led to 5 metastable states with

SPIB. To ensure a fair and meaningful comparison, we align the number of states produced by all

baseline methods with those generated by SPIB. This is accomplished by adjusting the relevant

hyperparameters: the metastability threshold Qmin for MPP, the number of clusters m for PCCA+,

and the number of output states for VAMPnets. Additionally, other hyperparameters are optimized

through cross-validation using the GMRQ score, ensuring that comparisons are made between

equivalently optimized MSMs from different methods.

Analysis reveals that VAMPnet consistently achieves the highest GMRQ scores and metasta-

bility across all three systems. This is because maximizing the VAMP-2 score for reversible dy-

namics inherently maximizes the eigenvalues of the TPM, leading to larger GMRQ scores and

generally higher metastability. However, when not using the VAMP-based score as the objective

function, SPIB shows comparable performance to both tICA-PCCA+ and VAMPnet in terms of

GMRQ score and metastability on the validation data. Beyond demonstrating similar effectiveness

to these leading methods in capturing slow dynamics, SPIB also reliably produces well-populated

and structurally distinct states. As a result, it achieves comparable entropy and DBI values across

all three systems when compared to tICA-PCCA+ and VAMPnet. Notably, other methods some-

times achieve higher entropy, as seen with PCA-PCCA+ for Trp-cage and PCA-MPP for WW-

domain, or lower DBI, such as PCA-PCCA+ for WW-domain. However, these improvements in
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Table 5.1: Quantitative comparison of different methods for large ∆t in terms of GMRQ (scoring

based on the top 3 eigenvalues), metastability Q, Shannon entropy, and DBI across three systems.

The arrows indicate whether larger or smaller values are better for each metric. The reported values

represent the mean along with the standard error of the mean derived from 10-fold cross-validation

results. This figure is reproduced from Wang. et al.[35]

Model
Trp-cage Train Trp-cage Validation

GMRQ ↑ Q ↑ H ↑ DBI ↓ GMRQ ↑ Q ↑ H ↑ DBI ↓

PCA-PCCA+ 3.00± 0.02 0.749± 0.004 0.895± 0.006 1.807± 0.006 2.72± 0.08 0.68± 0.02 0.86± 0.04 1.85± 0.03

tICA-PCCA+ 3.42± 0.01 0.855± 0.002 0.837± 0.005 1.748± 0.003 2.9± 0.2 0.76± 0.03 0.79± 0.05 1.81± 0.07

PCA-MPP 2.46± 0.03 0.56± 0.02 0.71± 0.02 2.0± 0.1 2.17± 0.09 0.50± 0.03 0.68± 0.05 2.1± 0.1

tICA-MPP 2.79± 0.08 0.67± 0.02 0.51± 0.01 2.14± 0.05 2.06± 0.09 0.50± 0.04 0.47± 0.05 2.1± 0.2

VAMPnet 3.55± 0.01 0.888± 0.002 0.807± 0.006 1.822± 0.003 3.0± 0.1 0.76± 0.03 0.76± 0.05 1.82± 0.04

SPIB 3.51± 0.01 0.878± 0.002 0.797± 0.006 1.810± 0.003 3.0± 0.1 0.75± 0.03 0.75± 0.05 1.76± 0.02

Model
HP35 Train HP35 Validation

GMRQ ↑ Q ↑ H ↑ DBI ↓ GMRQ ↑ Q ↑ H ↑ DBI ↓

PCA-PCCA+ 3.00± 0.02 0.73± 0.01 0.65± 0.08 3.5± 0.2 2.3± 0.2 0.62± 0.08 0.8± 0.1 3.5± 0.2

tICA-PCCA+ 3.57± 0.02 0.80± 0.02 0.92± 0.05 5.3± 0.3 3.0± 0.1 0.69± 0.04 0.87± 0.06 4.6± 0.6

PCA-MPP 3.12± 0.02 0.64± 0.03 0.91± 0.08 2.5± 0.1 2.5± 0.2 0.28± 0.02 0.89± 0.08 2.69± 0.08

tICA-MPP 3.52± 0.02 0.76± 0.02 1.21± 0.05 3.6± 0.3 3.1± 0.1 0.69± 0.03 1.18± 0.04 3.1± 0.3

VAMPnet 3.65± 0.04 0.83± 0.03 0.8± 0.2 3.5± 0.2 2.9± 0.1 0.65± 0.02 0.77± 0.07 3.1± 0.2

SPIB 3.51± 0.02 0.83± 0.01 1.26± 0.01 3.74± 0.04 3.0± 0.1 0.67± 0.03 1.19± 0.03 3.4± 0.1

Model
WW-domain Train WW-domain Validation

GMRQ ↑ Q ↑ H ↑ DBI ↓ GMRQ ↑ Q ↑ H ↑ DBI ↓

PCA-PCCA+ 3.02± 0.01 0.652± 0.006 0.587± 0.006 1.83± 0.03 2.4± 0.1 0.49± 0.03 0.57± 0.04 1.76± 0.05

tICA-PCCA+ 3.48± 0.01 0.788± 0.006 0.591± 0.006 2.27± 0.02 2.7± 0.2 0.58± 0.04 0.56± 0.04 2.19± 0.09

PCA-MPP 2.35± 0.06 0.46± 0.03 0.9± 0.1 8.5± 0.8 2.05± 0.07 0.41± 0.03 0.91± 0.09 7.9± 0.6

tICA-MPP 3.39± 0.05 0.79± 0.02 0.592± 0.006 1.99± 0.05 2.6± 0.2 0.60± 0.05 0.56± 0.03 1.8± 0.1

VAMPnet 3.64± 0.01 0.841± 0.003 0.592± 0.003 2.22± 0.02 2.8± 0.2 0.58± 0.04 0.56± 0.04 2.0± 0.1

SPIB 3.59± 0.01 0.823± 0.003 0.627± 0.003 2.29± 0.07 2.8± 0.2 0.67± 0.03 0.61± 0.05 2.28± 0.09
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Table 5.2: Quantitative comparison of different methods for moderate ∆t in terms of GMRQ

(scoring based on the top 5 eigenvalues), metastability Q, Shannon entropy, and DBI across three

systems. The reported values represent the mean along with the standard error of the mean derived

from 10-fold cross-validation results. This figure is reproduced from Wang. et al.[35]

Model
Trp-cage Train Trp-cage Validation

GMRQ ↑ Q ↑ H ↑ DBI ↓ GMRQ ↑ Q ↑ H ↑ DBI ↓

PCA-PCCA+ 3.42± 0.02 0.401± 0.002 1.33± 0.02 2.10± 0.05 2.9± 0.1 0.31± 0.01 1.27± 0.04 2.17± 0.06

tICA-PCCA+ 4.22± 0.02 0.506± 0.005 1.00± 0.03 2.55± 0.09 3.1± 0.1 0.32± 0.02 0.92± 0.05 3.0± 0.1

PCA-MPP 2.96± 0.03 0.323± 0.008 1.16± 0.04 2.3± 0.1 2.39± 0.08 0.25± 0.01 1.12± 0.07 2.3± 0.1

tICA-MPP 3.52± 0.07 0.39± 0.01 0.66± 0.05 4.3± 0.4 2.3± 0.1 0.26± 0.01 0.61± 0.07 4.5± 0.3

VAMPnet 5.05± 0.02 0.735± 0.006 1.00± 0.01 3.0± 0.3 3.0± 0.1 0.37± 0.05 0.86± 0.06 2.5± 0.2

SPIB 4.48± 0.03 0.538± 0.009 1.35± 0.05 3.03± 0.08 3.5± 0.1 0.40± 0.02 1.25± 0.08 2.8± 0.1

Model
HP35 Train HP35 Validation

GMRQ ↑ Q ↑ H ↑ DBI ↓ GMRQ ↑ Q ↑ H ↑ DBI ↓

PCA-PCCA+ 3.27± 0.08 0.38± 0.01 1.53± 0.02 2.8± 0.1 2.6± 0.2 0.29± 0.02 1.50± 0.05 2.91± 0.08

tICA-PCCA+ 4.816±0.008 0.619± 0.004 1.45± 0.02 5.2± 0.2 4.0± 0.1 0.49± 0.02 1.40± 0.05 4.6± 0.2

PCA-MPP 3.83± 0.02 0.34± 0.02 1.2± 0.1 3.4± 0.1 2.8± 0.2 0.22± 0.02 1.1± 0.1 3.5± 0.1

tICA-MPP 4.47± 0.06 0.50± 0.03 1.27± 0.03 5.8± 0.8 4.1± 0.8 0.47± 0.03 1.24± 0.04 3.9± 0.4

VAMPnet 5.21± 0.08 0.61± 0.02 1.41± 0.04 4.1± 0.3 3.4± 0.3 0.37± 0.02 1.37± 0.05 4.3± 0.2

SPIB 5.02± 0.04 0.65± 0.02 1.511± 0.009 4.7± 0.1 3.8± 0.2 0.46± 0.03 1.44± 0.05 3.8± 0.1

Model
WW-domain Train WW-domain Validation

GMRQ ↑ Q ↑ H ↑ DBI ↓ GMRQ ↑ Q ↑ H ↑ DBI ↓

PCA-PCCA+ 3.72± 0.01 0.44± 0.02 0.67± 0.01 2.13± 0.04 2.9± 0.1 0.32± 0.02 0.65± 0.04 2.11± 0.06

tICA-PCCA+ 4.65± 0.01 0.622± 0.004 0.773± 0.005 4.72± 0.03 3.7± 0.2 0.43± 0.02 0.75± 0.06 4.30± 0.08

PCA-MPP 2.37± 0.05 0.221± 0.007 1.2± 0.1 7.9± 0.5 2.06± 0.07 0.19± 0.01 1.1± 0.1 7.7± 0.5

tICA-MPP 3.51± 0.01 0.54± 0.01 0.67± 0.01 5.0± 0.4 2.9± 0.2 0.39± 0.02 0.65± 0.04 4.2± 0.4

VAMPnet 4.91± 0.02 0.669± 0.006 0.75± 0.01 4.18± 0.07 3.4± 0.2 0.44± 0.03 0.72± 0.05 3.7± 0.1

SPIB 4.75± 0.02 0.57± 0.01 0.95± 0.02 6.5± 0.4 3.6± 0.1 0.42± 0.02 0.92± 0.05 5.4± 0.3
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entropy or reductions in DBI often come at the expense of dynamical accuracy, leading to signif-

icantly poorer GMRQ scores and metastability compared to SPIB. Thus, the quantitative analysis

in Table 5.1 concludes that SPIB delivers state-of-the-art performance across four diverse metrics

for assessing the quality of kinetic models in all three protein folding systems.

To gain a more detailed understanding of the underlying dynamics with improved temporal

and spatial resolution, we select a moderate ∆t to identify additional metastable states using SPIB.

Specifically, we set ∆t = 10 ns for Trp-cage and WW-domain, and ∆t = 20 ns for HP35, aiming

to capture approximately 10 metastable states in each case. Table 5.2 consolidates all quantitative

comparison results for the moderate ∆t. As with the large ∆t scenario, SPIB shows competi-

tive or slightly superior performance in validation GMRQ scores and metastability compared to

tICA-PCCA+ and VAMPnet across all three systems. Notably, SPIB excels at identifying a larger

number of well-populated states, resulting in higher entropy scores on both training and validation

sets for all three proteins. In contrast, tICA-PCCA+ and VAMPnets often produce lower entropy

scores, suggesting they capture many sparsely populated states due to an overemphasis on slow

dynamics. Additionally, PCA-PCCA+ consistently shows the lowest DBI, indicating the presence

of the most structurally distinct states.

To thoroughly compare the Markovian properties of MSMs constructed using PCA-PCCA+,

tICA-PCCA+, VAMPnets, and SPIB, we present a detailed analysis in Figure 5.4. This figure of-

fers an in-depth view of ITS convergence as a function of lag time. The ITS are visualized using

the mean value obtained from 10 rounds of bootstrapping, where data is randomly sampled with re-

placement. SPIB consistently achieves short Markovian lag times and large converged timescales,

particularly for the slowest processes, making its performance competitive with VAMPnet. How-

ever, VAMPnet outperforms SPIB in Trp-cage and HP35 for other slow processes. This advantage

might be due to potential overfitting in VAMPnets, as SPIB maintains comparable GMRQ scores in

the validation set (Table. 5.1 and 5.2). This suggests a potential advantage of SPIB: VAMP-based

methods are prone to overfitting, especially with a large number of states, due to the statistical un-

certainty in estimating singular functions. In contrast, SPIB is trained in a self-consistent manner,

which generally makes it more robust and stable.
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Figure 5.4: Implied timescales as a function of lag time for the MSMs of all systems. The left pan-

els illustrate the results for 4-state MSMs in Trp-cage and 5-state MSMs in HP35 and WW-domain,

while the right panels showcase the outcomes for 10-state MSMs. For clarity in presentation, only

the mean values from 10 bootstrapping samples are plotted. The shaded gray area represents the

region where timescales become equal to or smaller than the lag time and can no longer be re-

solved. This figure is reproduced from Wang. et al.[35]
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Across all three systems, SPIB outperforms tICA-PCCA+ and PCA-PCCA+ methods in the

ITS, as the latter two fail to converge at the same lag times, and the converged timescales are

slightly smaller. This observed trend is attributed to the capacity of SPIB to learn nonlinear trans-

formations of input coordinates, providing enhanced resolution of slower processes, and the use

of a continuous basis set for MSM macrostates construction. These enhanced capabilities yield a

reduction of discretization errors compared to the Galerkin method when approximating the dy-

namical propagator. This results in higher converged timescales and the generation of state models

with clearer time separations, leading to shorter relaxation times within states and, consequently, a

reduced Markovian lag time.

5.5 Elucidating Biophysical Mechanisms with SPIB-MSM

In this section, we will demonstrate SPIB-MSM’s ability to elucidate the key biophysical mech-

anisms involved in the folding of three proteins (i.e., Trp-cage, HP35 and WW-domain). We be-

lieve that the SPIB-MSM approach has great potential for future studies of conformational changes

in multi-body systems.

5.5.1 Trp-cage

The Trp-cage protein, consisting of 20 residues, is a well-known example of a small folding

protein. It folds into a native state with an N-terminal α-helix, a short 310-helix, a C-terminal

polyproline II region, and a hydrophobic core stabilized by interactions between the Trp6 side

chain and Pro12, Pro18, and Pro19, as shown in Figure 5.2. Figure 5.5 demonstrates how SPIB

effectively identifies metastable states at varying levels of coarse-graining. With a large lag time

∆t, SPIB discerns and represents the system with 4 states, as shown in Figure 5.5(a, c). Addition-

ally, using a moderate lag time, SPIB captures more detail by elucidating 10 states, as depicted

in Figure 5.5(b, d). The connection between the 4-state and 10-state models is clearly depicted

in the Sankey plot shown in Figure 5.5(e). This plot visually maps one set of states to the other,

effectively revealing the hierarchical arrangement of metastable states[92].
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Figure 5.5: Qualitative description of the MSM analysis for Trp-cage protein. (a) and (b) give

the free-energy surfaces in the two-dimensional SPIB latent space, denoted by IB0 and IB1, for

large and moderate ∆t, respectively. (c) and (d) give the metastable states learned by SPIB in

the case of large and moderate ∆t, respectively. (e) The Sankey plot illustrates the corresponding

relations between states learned by SPIB using large (left) and moderate (right) ∆t. (f) The MSM

constructed based on states identified by SPIB, trained with a moderate ∆t, is visualized using a

flux network. The node size is proportional to the stationary population of the states, and the arrow

width is scaled according to jump probabilities. Additionally, ten randomly selected conformations

from each state are overlapped and displayed adjacent to the corresponding node. This figure is

reproduced from Wang. et al.[35]
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With a large ∆t, SPIB produces a minimal MSM for analysis. Key features of the landscape

include a folded state represented by state 3, which is intricately linked to the molten globule state

(state 0) through a narrow bottleneck. State 0 connects to the unfolded state (state 1), characterized

by multiple turns in the structure, via a small energy barrier, and to a hairpin state (state 2) through

a significant energy barrier.

When the lag time ∆t is reduced, the initial 4-state model undergoes further refinement, evolv-

ing into a more detailed 10-state model, as shown in Figure 5.5(e). The metastable conformational

ensembles and associated transitions for the 10 macrostates are visually depicted in Figure 5.5(f).

Notably, S8 corresponds to the folded state, while S0 and S5 represent intermediate states that

bridge the folded and unfolded states, featuring a partially folded N-terminus. Additionally, S9

embodies a crossed conformation with a minor central hairpin, and S6 comprises a mix of molten

globule structures and an extended conformation. S4 indicates a partially unfolded state. Addition-

ally, S1 and S2 adopt a braided hairpin-like structure, S7 appears as a partially compact configu-

ration with multiple turns, and S3 displays a distinct hairpin conformation. These identified states

are consistent with those reported in the literature, confirming their relevance and accuracy[137].

A clear correspondence emerges between the SPIB-learned latent space, as depicted in Figure

5.5(b,d), and the constructed MSM network shown in Figure 5.5(f). This observation suggests that

SPIB actually learns a continuous embedding of the MD conformations, serving as an information

bottleneck that maximally preserves information about state-to-state transitions.

Additionally, we also comprehensively exam the consequences of untilizing alternative meth-

ods for macrostate construction. For the 4-state model, SPIB aligns closely with VAMPnets,

whereas tICA-PCCA+ and PCA-PCCA+ identify states but have difficulty with precise bound-

aries. Conversely, PCA-MPP and tICA-MPP often fail to accurately identify or distinguish the

ensemble of unfolded states, frequently missing one or two significant unfolded states. For the

10-state model, SPIB excels in capturing a more refined model with numerous well-populated

macrostates. In contrast, other methods struggle to effectively subdivide highly populated states,

resulting in the identification of many sparsely populated states. Although using MPP and PCCA+
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on PCA helps mitigate this issue, their overall performance in dynamic metrics remains generally

suboptimal.

5.5.2 HP35

Figure 5.6 shows the analogous qualitative results for HP35. Figure 5.6(a,b) show the free-

energy surfaces in the SPIB latent space for a large (100 ns) and moderate (20 ns) values of ∆t,

indicating the kinetic model at a coarse and fine resolution, respectively. Figure 5.6(c,d) illustrates

the metastable partitions identified by SPIB on these free-energy surfaces. As anticipated, using a

smaller lag time enables the identification of a greater number of metastable states. Figure 5.6(e)

presents a Sankey plot that maps the topological relationships between the states learned with a

large ∆t and those learned with a moderate ∆t. The topological changes primarily involve a more

detailed partitioning of the unfolded state (state 1 in the 5-state model) into a series of substates,

while the folded states remain largely unchanged.

Figure 5.6(f) illustrates the state-to-state transition network for the discrete model learned by

SPIB at moderate ∆t. This network reveals that the two most populated states, S5 and S8, are

distinguished by changes in the ϕ3 dihedral angle (Figure. 5.2, middle). Previously, this dihedral

angle has been shown to effectively differentiate between folded states in HP35[92]. In our 10-

state analysis, S5 corresponds to ϕ3 > 0 rad and S8 to ϕ3 < 0 rad, while in the 5-state analysis,

they correspond to states 2 and 4, respectively. The remaining eight states in the 10-state model

represent varying degrees of unfolding or misfolding. The unfolded state 1 in the 5-state model

is further decomposed into states S1, S2, S3, S4, and S7 in the 10-state model. Although all these

states exhibit some level of secondary structure, they differ in the proportion and positioning of this

structure. Specifically, state S1 features an unfolded α2 and misfolded α3, with α1 folded. State S2

has α1 unfolded and both α2 and α3 misfolded. States S3 and S4 both show α1 unfolded while α2

and α3 are folded. State S7 represents a fully unfolded conformation.

State S3 features α1 unfolded and both α2 and α3 folded, acting as a central node in the folding

pathway and indicating that α1 is the last to fold in the 10-state SPIB model. Transition path

theory analysis, tracking the journey from unfolded state S2 to the folded state S8, suggests a
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Figure 5.6: Qualitative description of the MSM analysis for HP35 protein. (a) and (b) give the

free-energy surfaces in the two-dimensional SPIB latent space for large (100 ns) and moderate

(20ns) ∆t, respectively. (c) and (d) give the metastable states learned by SPIB in the case of large

and moderate ∆t, respectively. (e) The Sankey plot illustrates the corresponding relations between

states learned by SPIB using large (left) and moderate (right) ∆t. (f) The MSM constructed based

on states identified by SPIB, trained with a moderate ∆t, is visualized using a flux network. The

node size is proportional to the stationary population of the states, and the arrow width is scaled

according to jump probabilities. Additionally, ten randomly selected conformations from each state

are overlapped and displayed adjacent to the corresponding node, with the secondary structure for

each frame templated on a single, randomly selected frame from all ten. This figure is reproduced

from Wang. et al.[35]
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folding sequence where α3 folds first, followed by α2, and then α1. States S0 and S9, where α1

folds before α2, are less involved in the main folding trajectory and are identified as misfolded

trap states in our model. Overall, S7 functions as a sink for both the misfolded state S1 and other

unfolded states. However, the qualitative analysis of the 10-state model suggests that there is no

single dominant folding-unfolding pathway for the HP35 protein. Instead, the folding process

appears to be complex and multifaceted, lacking a clear, predominant route even for this relatively

simple protein.

We further make a comparison of the SPIB metastable states at both the 5 and 10 state level

of resolution and those discovered by the PCCA+, MPP, and VAMPnet approaches. We find that

only SPIB and tICA-MPP can clearly and completely differentiate between the two folded states

distinguished by the ϕ3 dihedral angle. All other methods tested merge these two states into a

single folded metastable state at the coarser 5-state level. At the finer 10-state level, all methods

are capable of distinguishing the two folded states based on the ϕ3 angle. However, VAMPnet

resolves the two folded states correctly in only 40% of the models, which aligns with its occasional

difficulty in predicting the third-slowest timescale in alanine dipeptide systems[34].

5.5.3 WW-Domain

The WW-domain protein consists of 35 residues which could form a three-stranded beta-sheet,

with residues 8-23 forming hairpin 1 and residues 17-30 forming hairpin 2 (as shown in Figure

5.2). Recent investigations, employing both experimental techniques and MD simulations, have

explored the folding mechanism of the WW-domain. Two distinct folding mechanisms have been

elucidated, differing in the folding order of hairpin 1 and hairpin 2. Approximately 70% of the

WW-domain protein folding process involves the sequential folding of hairpin 1 followed by hair-

pin 2, while the remaining 30% undergoes folding in the opposite order[40, 48, 118, 120]. In

this Chapter, adopting SPIB for MSMs analysis, we obtained results qualitatively consistent with

previous studies.

Constructing MSMs for the WW-domain protein folding system using SPIB, Figure 5.7 show-

cases the results from two SPIB models trained at ∆t = 70 ns and 10 ns, respectively. Employing
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Figure 5.7: Qualitative description of the MSM analysis for WW-domain protein. (a) and (b)

give the free-energy surfaces in the two-dimensional SPIB latent space for large and moderate

∆t, respectively. (c) and (d) give the metastable states learned by SPIB in the case of large and

moderate ∆t, respectively. (e) The Sankey plot illustrates the corresponding relations between

states learned by SPIB using large (left) and moderate (right) ∆t. (f) The MSM constructed based

on states identified by SPIB, trained with a moderate ∆t, is visualized using a flux network. The

node size is proportional to the stationary population of the states, and the arrow width is scaled

according to jump probabilities. Additionally, ten randomly selected conformations from each

state are overlapped and displayed adjacent to the corresponding node. This figure is reproduced

from Wang. et al.[35]
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a large ∆t yielded a highly coarse-grained model with 5 states. The latent space of the trained

SPIB model and the distributions of different states are visualized in Figure 5.7(a) and (c). Using a

much smaller ∆t of 10 ns, a higher-resolution model with 10 states is obtained, as shown in Figure

5.7(b) and (d). The representative conformations for the 10 states and their transition relationships

are elucidated in the network flux plot in Figure 5.7(e). The corresponding relationships between

the 5-state and 10-state models are illustrated in Figure 5.7(f).

Clearly, both the 5-states and 10-states MSMs introduced by SPIB successfully identified the

folded, unfolded, misfolded, and partially folded states. In the 5-state MSM, state 0 corresponds to

the misfolded state, while states 1 and 3 correspond to the unfolded and folded states, respectively.

State 2 represents the partially folded hairpin 1 state, and state 4 includes both partially folded

hairpin 1 and hairpin 2 conformations. This model effectively links the unfolded and folded states

through partially folded intermediates and separates the misfolded state. However, due to the

limited resolution of the model, distinctions between different folding mechanisms are not very

evident.

In the higher resolution 10-state MSM, the two folding mechanisms are clearly identified.

States S4 and S5 represent the unfolded states, states S1 and S3 correspond to the folded states,

and S0 is identified as the misfolded state. Additionally, two distinct pathways between unfolded

and folded states emerge: states 7-6-8-9 represent the hairpin 1 to hairpin 2 folding sequence,

while state 2 shows the hairpin 2 to hairpin 1 sequence. The widths of the flux arrows support the

dominance of the hairpin 1 to hairpin 2 pathway. Interestingly, the folded and unfolded states are

further subdivided based on different interactions between the terminal regions of the protein. This

model significantly enhances our understanding of the WW-domain protein folding process.

Overall, when comparing with other methods, we find that for the 5-state model, SPIB results

align with those produced by tICA-PCCA+, tICA-MPP, and VAMPnets. Given the presence of

multiple states with relatively low populations (i.e., < 1%) for the WW-domain, distinguishing the

partially folded states proves challenging for PCA-based methods. In the 10-state model, while

PCA-based methods still struggle to separate kinetically stable states, VAMPnets face difficulties

distinguishing variations within partially folded and unfolded conformations. Results from the
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tICA-PCCA+ method are mostly consistent with those from SPIB. Overall, SPIB demonstrates ro-

bust performance and effectively distinguishes various meaningful metastable states, highlighting

its significant potential for constructing MSMs.

5.6 Discussion and Conclusion

In this work, we utilize the State Predictive Information Bottleneck (SPIB) to construct multi-

resolution MSMs from MD simulation trajectories of protein conformational changes. This frame-

work integrates the variational information bottleneck principle with a straightforward heuristic for

state metastability, employing a flexible neural network to achieve both feature extraction and state

partitioning in a unified approach. Using various quantitative and qualitative metrics across three

distinct mini-proteins (Trp-cage, villin headpiece [HP35], and WW-domain), our study highlights

the distinct advantages of the SPIB approach over competing methods, with minimal hyperpa-

rameter tuning. These advantages include its ability to automatically determine the number of

metastable states based on the specified minimum time resolution, achieving an optimal balance

between capturing slow dynamics and identifying significantly populated states, and providing a

direct visualization of the underlying dynamics.

Without explicitly optimizing the VAMP-based score, SPIB consistently achieves state-of-the-

art performance in capturing the slowest dynamical processes, performing comparably or slightly

better in validation GMRQ and metastability compared with other advanced methods. Moreover,

the top few slowest ITS of MSMs constructed by SPIB rapidly converge to their timescales even

with shorter lag times, indicating an accurate Markovian kinetic model.

Beyond its proficiency in capturing slow dynamics, SPIB offers a distinct advantage in con-

structing a more nuanced MSM with 10 states. While VAMP-based methods optimize overall

kinetic performance, they often struggle to subdivide highly populated states further. In contrast,

SPIB excels at learning numerous well-populated macrostates, thanks to its optimization of likeli-

hood through the information bottleneck principle, which prioritizes slow transitions with signif-

icant probabilities. This characteristic distinguishes SPIB from VAMP-based methods, allowing
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it to excel in capturing intricate structural details. This effectiveness enables SPIB to differenti-

ate among various metastable states, particularly in discerning subtle differences within folded or

unfolded conformations in protein folding studies.

Our results also indicate that SPIB learns a low-dimensional, continuous embedding of MD

conformations that maximally preserves information about state-to-state transitions. This capa-

bility facilitates direct visualization and offers a more insightful interpretation of the folding and

unfolding pathways in mini-proteins within a 2D space. This contrasts with many existing dimen-

sion reduction methods that directly approximate eigenfunctions.

Analysis of all three mini-proteins reveals that SPIB uncovers a hierarchical structure in the free

energy landscape governing their folding processes. This organizational structure segments both

the native and unfolded basins into several well-populated metastable states, while also identifying

a few less populated intermediate or misfolded states. Even in these seemingly simple proteins,

folding processes are intricate, involving multiple pathways of folding and unfolding. We believe

our algorithm presents a novel, practical, and robust method for constructing MSMs. It is especially

promising for future implementation in multi-body systems, with potential applications spanning

molecular simulations and the analysis of complex dynamical systems. We expect it to be highly

valuable across diverse scientific disciplines.
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Chapter 6

Non-Markovian Dynamic Models Identify Non-Canonical KRAS-
VHL Encounter Complex Conformations for Novel PROTAC De-
sign

This chapter is reproduced in part with permission from Qiu, Y; Wiewiora, R.P.; Izaguirre, J.A.;

Xu, H.; Sherman, W.; Tang, W; & Huang, X; Non-Markovian Dynamic Models Identify Non-

Canonical KRAS-VHL Encounter Complex Conformations for Novel PROTAC Design, JACS Au

2024, jacsau.4c00503.

6.1 Introduction

As clearly stated in Chapter 1, protein-protein interactions (PPIs) and protein-ligand complexes

are typical multi-body systems encountered in drug discovery. A deep understanding of their ther-

modynamic and kinetic properties will greatly enhance the rational design of new drug compounds.

In this chapter, we will demonstrate how our non-Markovian dynamics models and unsupervised

machine learning algorithms can help elucidate non-canonical PPIs between two proteins in com-

plexes with three ligands and predict corresponding properties, thereby facilitating the future de-

sign of drug degraders namaed proteolysis targeting chimeras (PROTACs).

Small molecule heterobifunctional degraders, exemplified by PROTACs, have the potential to

transform drug discovery and therapeutic interventions by degrading proteins instead of inhibiting

them [138–141]. Unlike the traditional small-molecule inhibitors that block the protein function

through occupying the active or allosteric site of the protein of interest (POI), PROTACs can em-

ploy functional or non-functional binders to target the POI, inducing its degradation through a

catalytic mechanism [142, 143]. This approach provides opportunities to target many undruggable

POIs that lack well-defined small molecule binding sites for functional blockade. A PROTAC

comprises three distinct components: warhead, linker, and E3 ligand. With the warhead binding to
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the POI and E3 ligand binding to the E3 ligase, PROTAC facilitates the proximity between the POI

and the E3 ubiquitin ligase, leading to the formation of a ternary complex. This complex could

then trigger the ubiquitination of the POI, marking it for degradation by the cellular proteasome

machinery. Over the past two decades, significant effort has been dedicated to investigating and

designing PROTACs. However, the development of most PROTACs remains highly empirical, in-

volving the time-consuming synthesis and screening of libraries with various linkers between the

warhead and the E3 ligase ligand. This process aims to induce favorable non-native PPIs between

the POI and E3 ligase.

Throughout the PROTAC-induced targeted protein degradation (TPD), establishing specific

PPI between the POI and E3 ligase is critical [5, 144–146]. Many degraders function by lever-

aging the stabilization of pre-existing but weak PPIs between POIs and E3 ligases [5, 146, 147].

Additionally, both experiments and computational simulations reveal that PPIs of highly productive

ternary complexes exhibit noticeable dynamical conformational heterogeneities, distinct from the

static contacts found in crystal structures [5, 148–151]. Previous biophysical and structural stud-

ies have also demonstrated that different PROTACs, even with the same warhead and E3 ligand

but different linkers, can induce distinct PPIs in ternary complexes, leading to significant differ-

ences in degradation efficiency [144, 150–158]. Therefore, investigating the complex and dynamic

non-native PPIs between the POIs and E3 ligases is critical for understanding TPD mechanisms

and guiding the rational design of novel PROTACs. An approach with great potential to explore all

possible inherent PPIs between the POI and E3 ligase is to study the POI-E3 ligase encounter com-

plex without the linker [145, 159–161]. The subsequent introduction of the linker to this encounter

complex is akin to adding an additional geometric constraint.

All-atom MD simulation offers a promising approach to reveal metastable and dynamical PPIs

between the POI and E3 ligase [5, 145]. It has been combined with enhanced sampling techniques

to elucidate both the kinetic and thermodynamic properties of a PROTAC system [162]. However,

simulating the formation of PPIs presents significant challenges due to the various ways in which

the POI and E3 ligase can approach each other, as well as the conformational changes induced upon

the formation of the encounter complex. The formation and conformational changes of encounter
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complex PPI interfaces often occur on milliseconds timescales, which exceed accessible length

of the straightforward MD simulations for a system at the size of approximately 150,000 atoms.

Adding to the complexity, there is a lack of dominant PPI, and all PPIs may potentially serve as

functional ones for PROTAC design [145]. Therefore, obtaining a comprehensive understanding of

the conformational space of the encounter complex and identifying representative PPI interfaces,

along with their equilibrium populations and transition rates between them, are challenging.

MSMs built from extensive MD simulations offer a potentially useful technique to address

these challenges [13, 27, 29–32, 34, 48, 111, 163]. MSMs model dynamics through a series

of Markovian jumps among conformational states at discrete lag times. MSMs also provide a

rigorous pipeline to coarse-grain MD conformations into a few comprehensible states according

to their dynamic metastability, facilitating the prediction of thermodynamic and kinetic properties

associated with them. However, for MSMs to have predictive power, they must be constructed

with a sufficiently long lag time to ensure that inter-state transitions become Markovian, posing

a major challenge as the lag time is constrained by the length of short MD simulations [30–32].

To address this challenge, we recently developed an approach based on the Generalized Master

Equation (GME), called the Integrative Generalized Master Equation (IGME) method[31]. IGME

captures non-Markovian dynamics by incorporating time-integrations of memory kernel functions,

offering a promising approach to study PPIs in encounter complexes based on relatively limited

MD simulation data.

In this chapter, we constructed an IGME model from 2,492 MD trajectories, with an average

length of 605 ns (∼1.51 milliseconds in total), to elucidate potential non-native PPIs between the

oncogene homologue (KRAS) protein[164–167] and the von Hippel-Lindau (VHL) E3 ligase[168,

169]. KRAS is the oncogene most frequently mutated in cancer[164], and PROTAC-induced TPD

is considered as a promising approach for treating KRAS-induced cancer[165, 167]. We here sim-

ulated the formations and conformational changes of the encounter complex in the absence of the

linker, but with KRAS bound to two different warheads and VHL bound to one ligand (Figure

6.1 a-d). Using our simulation and dynamic modeling protocol, we revealed six metastable states
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Figure 6.1: The KRAS-VHL encounter complex system (a-d) and the workflow of the construction

of the non-Markovian IGME model (e-l). (a). The structure of the encounter complex from rigid

protein docking, involving VHL (cyan) and KRAS (orange), along with the E3 ligand and two

warheads. (b-d) Chemical structures of E3 ligand (green), warhead 1 (magenta) and warhead 2

(red). (e) Generate initial conformations for the encounter complex through rigid protein docking.

(f) Perform extensive MD simulations using Folding@Home to explore the PPI interfaces of the

encounter complex. (g-h) Utilize MoSAIC community detection and spectral-oASIS algorithms

to extract essential pairwise distance features for representations of the PPI interfaces. (i) Identify

the collective variables by tICA. (j) Cluster the projected MD conformations to microstates by K-

Means algorithm. The hyperparameters for (i) and (j) are tuned through cross-validation based on

the GMRQ score. (k) Lump the microstates to metastable macrostates by PCCA+ algorithm. (l)

Model the transition dynamics between macrostates with IGME method. This figure is reproduced

from Qiu. et al.[3]
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characterized by distinct conformations of PPI interfaces and provided the corresponding thermo-

dynamic and kinetic properties for each state. Based on the IGME model, we further evaluated

additional structural properties of conformations within each state, such as the spatial proximity of

the warhead and E3 ligand and the solvent-exposed sites of both. Consequently, we identified three

metastable states that exhibit promising PPI interfaces for future linker design. Conformations

from one of our predicted metastable states agree well with a recent ternary crystal structure[166]

(with an average interface-RMSD of 5.42± 3.67Å) involving a degrader of promising degradation

efficiency.

6.2 Elucidating the Dynamics of KRAS-VHL Encounter Complex Formation:
IGME Outperforms MSM

We construct our IGME model from MD trajectories totaling ∼ 1.51 milliseconds for study-

ing the conformational changes of the KRAS-VHL encounter complex (see Figure 6.1 panels e-l

for our protocol). Specifically, to systematically explore the full ensemble of PPI interface con-

formations, we employ rigid protein docking to globally search the preferable PPIs from various

approaching orientations, and then initiate unbiased MD simulations from these docking poses

(see Figure 6.1 e-f and Methods for more details). To build the 100-microstate MSM, we first char-

acterize the conformations of the encounter complex using all 25,330 internal pairwise distances

between KRAS and VHL residues, and then utilize the Molecular Systems Automated Identifi-

cation of Cooperativity (MoSAIC) algorithm[74] and Spectral-oASIS algorithm [75] to identify

1,500 important distances as features for subsequent analysis (see Figure 6.1 g-h). The implemen-

tation of these two algorithms makes sure that the selected distance features adequately represent

various important collective motions around the PPI interfaces, while also effectively capturing the

slowest dynamics (see Methods for details). Subsequently, we apply the time-lagged independent

component analysis (tICA)[47] with kinetic mapping[76] to project the encounter complex con-

formations onto five collective variables (CVs) (see Figure 6.1 i) and then cluster them into 100

microstates via K-Means algorithm (see Figure 6.1 j). The tICA-related hyperparameters and the

number of microstates are optimized using cross-validation with the Generalized Matrix Rayleigh
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Quotient (GMRQ) score[90]. More details about the construction and validation of microstate

MSM could be found in Methods.

To identify the inherent metastable PPIs of the KRAS-VHL encounter complex, we lump 100

microstates into six metastable macrostates using PCCA+[93, 94] and build a 6-macrostate IGME

model (see Figure 6.1 k-l). Unlike MSMs which model the dynamics as Markovian processes,

IGME utilizes the GME to evolve dynamics, considering the non-Markovian dynamics through

time integration of memory kernel functions. Considering that the relaxation time of memory

kernel functions is much shorter than the Markovian lag time for MSMs, IGME is able to model

dynamics between a handful of metastable states with shorter segments of MD simulations com-

pared to MSMs. As shown in Figure 6.2 a, the integrations of memory kernels reach plateaus at

around 50 ns, therefore accurate IGME models could be constructed with the memory kernel relax-

ation time τk > 50 ns. An example of such an IGME model, built from MD simulation segments,

each with the length of 150 ns (τk = 70ns and an additional segment of Lfit = 80 ns for fitting,

see Methods for details), is shown in Figure 6.3(c). In sharp contrast, one MSM constructed with

a much longer lag time of τ = 250 ns still predicts significantly faster state-relaxation dynamics

compared to the original MD simulations (Figure 6.3 c). Additionally, the time-averaged root mean

squared error (RMSE) of the MSMs’ predicted dynamics is over an order of magnitude larger than

that of the IGME models at different lag times (see Figure 6.2 b and the Methods for the details

of the RMSE computations). While IGME models consistently capture the slowest timescale and

the mean first passage time (MFPT) across a wide range of lag times, MSMs always underestimate

these values (see Figure 6.2 c-d). We believe that to achieve comparable performance with IGME

models, MSMs would require a considerably longer lag time, which is even beyond the length

of our MD simulations. As shown in Figure 6.3 a, IGME models built with a wide range of hy-

perparameters: τk and Lfit robustly exhibit small RMSEs, i.e., below 0.1%. For the other results

reported in this section, we choose the optimal IGME model as the one with the smallest RMSE

value (constructed with τk = 70ns and Lfit = 80 ns) to report the thermodynamic and kinetic

properties of the PPI interfaces (see Figure 6.3 a-b).
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Figure 6.2: Non-Markovian IGME models outperform MSMs in elucidating the dynamics of the

KRAS-VHL encounter complex formation. (a) Mean Integral of memory kernels (MIK) with

different τk for six-states model calculated from qMSM and IGME. (b) Root mean squared er-

ror (RMSE) of predicted transition probability matrices with respective to MD simulations, (c)

Slowest implied timescale and (d) mean first passage time (MFPT) from State III to State IV, cal-

culated from IGME models and MSMs constructed with various lag times. The error bars represent

standard deviations estimated from fifty bootstraps of the data with replacement. This figure is re-

produced from Qiu. et al.[3]
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Figure 6.3: Construction and validation of the non-Markovian dynamics model using IGME

method. (a) The Root Mean Squared Error (RMSE) of IGME and MSM constructed with varying

lag time ranges. (b) Mean First Passage Time (MFPT) between macrostates predicted by the IGME

model with the smallest RMSE. (c) The Chapman–Kolmogorov test of the MSM (blue, τ=250ns)

and the IGME (red, τk=70ns, Lfit=80ns) compared against MD simulations (grey). This figure is

reproduced from Qiu. et al.[3]
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6.3 Dynamic Heterogeneity of the Encounter Complex Associated with Di-
verse Metastable PPI Formation

Based on the optimal IGME model, we observe the metastable PPI interfaces of encounter

complex consist of diverse non-native interaction patterns and exhibit significant dynamical het-

erogeneities. As illustrated in Figure 6.4 a, the free energy landscape of PPI interfaces, projected

onto the top two CVs constructed by tICA, reveal various free energy basins. Each basin is asso-

ciated with distinct metastable macrostate, indicating the intrinsic flexibility and diversity for the

formation of the PPI interfaces between KRAS and VHL. Our optimal IGME model also eluci-

dates that State VI is highly populated (72.71%), while the equilibrium populations of the other five

states are all below 10% (Figure 6.4 b). Strikingly, we observe significant different PPI interfaces

formed and stabilized by diverse chemical interactions between different domains of KRAS and

VHL in these six metastable states (see representative structures in Figure 6.4 e). The transition

rates between these metastable states are also accurately predicted by our IGME model (Figure 6.3

b). To characterize different PPIs, we first illustrate the PPI patterns using the residue contact maps

and their standard deviations between KRAS and VHL. We find that various PPIs display substan-

tially different residue contact maps. Additional analysis of the contact frequency for each residue

across PPI interfaces also indicates the heterogeneity of these PPIs. To further examine if there

exists preference of specific non-bonded chemical interactions to stabilize these PPIs, we quantify

the preferences of amino acid type and interactions for PPIs formed in different macrostates. As

a result, we observe that salt bridges and dipolar interactions are present in all PPIs, through the

interactions between charged residues (e.g., Glu and Arg) and polar residues (e.g., Gln and His).

Interestingly, PPIs in States I and IV also exhibit additional hydrophobic interactions (e.g., via Leu

and Val). These observations indicate that KRAS and VHL can form different non-native PPIs via

diverse non-bonded interactions. We anticipate that these metastable non-native PPIs could open

new opportunities for future PROTAC linker design.

Both previous experimental and computational studies have demonstrated that it is inadequate

to uniquely rely on the crystal structure of induced ternary complex to assess the PROTAC per-

formance [150–158]. Instead, the dynamic behaviors of the ternary complex may conduct a more
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Figure 6.4: Interpretation of non-Markovian dynamics model. (a) The free energy landscape and

distribution of states visualized on the top two tICA components. The free energy is estimated

from the ultralong trajectory generated by running kinetic Monte Carlo with the microstate-MSM.

Each point represents the center of a microstate, and its color corresponds to the macrostate la-

bel. (b) Stationary populations for macrostates predicted from the optimal IGME model. (c) The

heterogeneity of each macrostate is visualized by calculating the interface-RMSD relative to the

state center for all conformations within the state. (d) The buried area of PPI surfaces within

each macrostate. (e) The representative conformations for each macrostate (selected from the mi-

crostates with the highest population). This figure is reproduced from Qiu. et al.[3]
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influential role on degradation efficiency. As our simulations of the encounter complex do not

include the degrader linker, the encounter complex should generally exhibit much greater hetero-

geneity among different protein domains. We next examine the structural heterogeneities within

each metastable macrostate. The visualizations of multiple encounter complex conformations for

each macrostate illustrate the high consistency of PPI interfaces in State I-V and significant flex-

ibilities of interfaces in state VI. By further using the MD conformation located at the geometric

center of each macrostate as the reference structure, we compute the interface-RMSD among all

MD conformations within each of the six macrostates (Figure 6.4 c). The interface-RMSD is com-

puted using the formula
√

1
N

∑N
i=1(xi − xref

i )2, where xi denotes the Cartesian coordinates of

atoms in the interface residues (i.e., residues with an average minimal distance to the other pro-

tein less than 10Å) after the optimal alignment, xref
i represents the reference coordinates and N is

the number of conformations. Except for the highest populated State VI, all other 5 macrostates

exhibit moderate interface-RMSD values which are consistent to those observed in the prior dy-

namical simulations of other PROTAC-induced ternary complexes[5]. This finding suggests that

even in the absence of the degrader linker, KRAS and VHL can display dynamic cooperativity

during the formation of the encounter complex, resulting in various well-defined PPIs suitable as a

baseline for linker design. Furthermore, we evaluate the stability of the PPIs for each macrostates.

Previous studies have elucidated a correlation between buried surface areas (BSA) and experimen-

tally measured binding affinity of the PPIs. We quantify the BSAs of interfaces from different

macrostates by subtracting the solvent-accessible surface area (SASA) of the two single proteins

from the encounter complex. As shown in Figure 6.4 d, our analysis demonstrates that there are no

noticeable differences in the BSA values of the six macrostates in our IGME model. This result is

consistent with the equilibrium populations predicted by IGME, where States I-V exhibit compara-

ble populations. Conversely, although State VI has significantly larger populations, it is composed

of many short-lived microstates that rapidly inter-convert with each other. Given the substantial

structural heterogeneity within State VI, we conclude State VI as a high-entropy state, we con-

clude State VI as a high-entropy state, where the diverse PPI bonding modes quickly exchange

and exhibit low kinetic stability. Consequently, PPI interfaces from States I-V may serve as better
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candidates for further PROTAC design. In the current study, we did not observe any metastable

state with an incredibly low equilibrium population. However, we note that population predicted

from the IGME model could be a very useful criterion in future studies. Specifically, states that

exhibit large time separations from other states but have very low populations should be considered

inappropriate for the linker design.

Compared to the simple rigid protein docking, our simulation and dynamic modeling protocol

demonstrates great power to refine PPI interface patterns and identify the most metastable inter-

faces. Although the interfaces obtained from docking exhibit great diversity, we found that many of

them do not fall into the free energy basins when projected onto the top two CVs. Further charac-

terization of structural differences between docking interfaces and those classified from metastable

states revealed generally non-negligible variations in contact map patterns. Additionally, assign-

ing docking interfaces to metastable states showed that while these interfaces span all six states,

the majority are predominantly associated with state VI, which is unsuitable for subsequent linker

design. This underscores the necessity of dynamic modeling for proper interface classification.

6.4 Shortlisting Predicted PPIs Meeting Linker Constraints

The rational design of PROTAC linkers has been extremely challenged due to the difficulties

associated with predicting the pre-existing PPIs between the POI and the E3 ligase. As our sim-

ulation and modeling protocol has identified and characterized the stabilities and kinetics of vari-

ous metastable PPI interfaces, we subsequently consider the geometries of interfaces and ligands

within each macrostate to assess their potential for linker design. Throughout the MD simula-

tions, we observe that the warheads and E3 ligand tightly bound to the protein pockets, with only

∼ 3.2% of trajectories showing them diffusing out from the binding site. We further remove out

these conformations from the post-analysis. Since the encounter complex exhibits varying extents

of conformational changes during the formation of different PPIs, warheads and E3 ligand expose

different atoms and take different relative orientations accordingly. To identify the exposed func-

tional groups in the warheads and E3 ligand that could potentially be connected via a linker, we

calculate the SASA for each of their atoms (Figure 6.5 a-b). We identify exposed heavy atoms,
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defined as those with the top 50% SASA among all atoms, as having the linkage potential. Fur-

thermore, we detect the average pairwise distances between the exposed heavy atom pairs of the

E3 ligand and the warheads to further evaluate the feasibility of linker design, as shown in Figure

6.5 c.

Figure 6.5 a-b illustrate that the E3 ligand consistently exhibits larger SASA compared to the

warheads, primarily due to the shallow pocket of VHL [170, 171]. The E3 ligand conformations

from States I and IV are significantly more exposed than those from other states. This suggests that

conformations from these two states may have multiple potential sites to be connected. However,

with further examining the interactive profiles between KRAS and VHL in these two states (Figure

6.4 e), we notice that developing any linker based on the PPI interfaces from these two states

is impractical, as the warheads and E3 ligand are too far away from each other (between 25Å

and 30Å , see Figure 6.5 c). Prior studies have demonstrated that linker length is one of the

most crucial factors determining the effectiveness of PROTACs, and excessively long linkers often

result in a reduction in potency. Generally, PROTACs with linkers containing more than 20 atoms

have comparatively low potency [152, 159, 172, 173]. Therefore, designing linkers based on the

PPI interfaces from States I and IV poses significant challenges. Moreover, after evaluating the

conformations from all states, we observe that warhead 2 (see its chemical structure in Fig. 6.1 d)

consistently stays distant from the E3 ligase ligand, indicating difficulties in developing a degrader

using it.

Consequently, by excluding State VI due to its kinetically unstable PPI, and eliminating State

I, State IV, and warhead 2 due to inappropriate distances between warheads and E3 ligand, the

PPI interfaces from the remaining three states (II, III, and V) are thought to have the potential

for further linker development between E3 ligand and warhead 1. We further visualize the PPI

conformations and the relative orientations of ligands for these three states. As shown in Figure

6.5 d-o, the conformations within these three states maintain homogeneous interfaces while also

exhibiting slight heterogeneities. Furthermore, the warhead and E3 ligand approach each other at

appropriate distances for adding the linker. As shown in Fig. 6.5 f, j, & n, we highlight the E3

ligand and warhead atoms with the top 50% largest SASA using dashed boxes in their chemical
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Figure 6.5: PPI interfaces selected for linker design. (a-b). Average Solvent Accessible Surface

Area (SASA) depicted for (a) E3 ligand and (b) warhead 1 molecules across all conformations

within six macrostates and their respective most populated microstate. (c) The average pairwise

distances between the exposed heavy E3 ligand atoms and warhead 1 atoms (top 50% SASA)

are calculated across all conformations within six macrostates and their respective most populated

microstate. Error bars represent standard deviations. Fifty randomly selected overlapping confor-

mations and one representative single conformation of the PPI interface are visualized for State II

(d-e), State III (h-i), and State V (i-m). The relative positions of the E3 ligand-warhead 1 and their

partial chemical structures are displayed for State II (f-g), State III (j-k), and State V (n-o). This

figure is reproduced from Qiu. et al.[3]
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structures. In these chemical structures, we have identified potential linkage sites, labeling them

with colored dots based on their synthetic ease and frequency of use reported in the literature. In

particular, the red dots correspond to atomic sites that are most commonly employed in literature

for attaching the linkers, while the green dots indicate sites that are less frequently used for this

purpose [174–179]. However, it is worth noting that less frequently used linkage sites for VHL

ligands could also lead to highly effective degraders. We believe that these selected conformations

may aid in designing linkers that could further stabilize the naturally favorable PPIs.

Through our systematic analysis, we notice there are several key factors to consider when eval-

uating and selecting appropriate PPI interfaces for linker design. After identifying metastable states

through our simulation and modeling protocol, quantifying their structural heterogeneity helps in

selecting states with long-lived PPI interfaces and consistent binding modes. States with interface-

RMSD values larger than 10Å should be carefully considered, given that the typical structural

heterogeneity of the POI-PROTAC-E3 ligase ternary complex is moderate[5]. Subsequently, the

equilibrium populations of states and the BSA of configurations within states can serve as refer-

ences for PPI binding affinity. States with very low populations (e.g., < 1%) and very small BSAs

(e.g., < 500Å)[147] should be used cautiously for linker design. Then we can employ SASA to

identify solvent-exposed heavy atoms on the warhead or ligand as potential linkage sites. Targeting

these exposed sites with a linker can largely retain the inherent binding modes of the warhead and

ligand. The identification process can be highly system-dependent, as variations in pocket shapes

and PPI binding modes significantly influence the conformations of the warhead and ligand. Mean-

while, it is also essential to integrate chemical synthesis knowledge during this step. Additionally,

the distance between selected linkage sites offers guidance for determining the appropriate linker

length. PPI interfaces with linking sites that are too far apart should be discarded, as typical linkers

span 5 to 15 carbon atoms in length[159]. A schematic workflow for evaluating metastable PPI

interfaces for linker design is shown in Figure 6.6.
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Figure 6.6: The workflow for evaluating metastable PPI interfaces for PROTAC linker design. (a)

Perform MD simulations and dynamic modeling of linker-less encounter complex. (b) Quantify

structural heterogeneity for metastable states and select states with long-lived consistent PPI bond-

ing modes. (c) Use equilibrium populations predicted by the IGME model and buried surface areas

to select states with high interface binding affinity. (d) Analyze the high solvent-exposed regions

to identify potential linker attachment sites. (e) Compute the distances between attachment sites

and filter out PPI interfaces with inappropriate distances. (f) Select linkers that can stabilize the

selected metastable PPI interfaces. This figure is reproduced from Qiu. et al.[3]
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6.5 Predicted PPI Interface Agrees with the Structure Induced by an Experi-
mentally Designed PROTAC

A recent experimental study by Johannes et al. successfully designed and completed the pre-

clinical validation of a single small molecule degrader, targeting KRAS and related mutant cancer

proteins with VHL E3 ligase [166]. In this study, the authors elucidated a co-crystal structure of

the degrader in complex with KRAS and VHL at a resolution of 2.2Å (PDB: 8QVU), as visualized

in Figure 6.7 a. We observe that the PPI interface in this ternary co-crystal structure is structurally

similar to the most populated microstate from our State III (Figure 6.7 a-b). Upon further ex-

amination of the residue pairwise distances of the crystal PPI interface, we find a high degree of

consistency with the distance map of the ensemble of interfaces within macrostate III (Figure 6.7

c-d), where salt bridges and dipolar interactions stabilize the PPI. The interface-RMSDs between

the crystal structure and the ensemble of interfaces from macrostate III and its corresponding most

populated microstate are as small as 5.42±3.67Å and 3.76±2.37Å, respectively. The interface with

the smallest interface-RMSD, visualized in Figure 6.7 a, has only a value of 0.68Å. Additionally,

the BSA of crystal structure is 1, 556Å2, which is also consistent with State III (1, 612 ± 367Å2)

and its most populated microstate (1, 587 ± 206Å2). This consistency between the PPI interfaces

in State III with the experimental crystal structure provides compelling validation of the predic-

tions from our IGME model. In contrast, among all interfaces generated from protein docking, we

found only one that could be assigned to state III and exhibited the smallest interface-RMSD with

the crystal structure. However, even the smallest interface-RMSD value is 8.28Å.

Detecting the dynamical interactions and elucidating non-native PPIs between protein pairs

without degrader are significant challenges for various experimental methods. The weak binding

affinity of the protein encounter complex makes it difficult for the structure biology approaches

like X-ray crystallography[180–182]. While NMR spectroscopy or hydrogen-deuterium exchange

mass spectrometry can detect the interactions, their time-resolution is rather very limited [5, 182].

Recently, it has also been shown that data-driven machine-learning approaches such as AlphaFold

and AlphaFold-Multimer face challenges in accurately predicting non-native PPIs, particularly
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Figure 6.7: Comparison between computationally predicted PPI interfaces and the interface in-

duced by the experimentally designed PROTAC. (a) Structural alignment between the crystal struc-

ture (magenta, PDB ID: 8QVU) and one PPI interface from most populated microstate in State III

(orange). The interface with the smallest interface-RMSD (0.68Å) is selected for visualization, and

the alignment is based on the VHL protein. (b) Projection (blue star) of the crystal PPI interface

of the ternary complex onto the top two CVs. (c) Pairwise distances between KRAS residues and

VHL residues in the crystal structure of the ternary complex (PDB: 8QVU). (d) Averaged pairwise

distances between KRAS residues and VHL residues across all conformations within macrostate

III. This figure is reproduced from Qiu. et al.[3]
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when the interface area is limited [183, 184]. Our results demonstrate that non-native PPIs in en-

counter complex could be systematically and accurately predicted in atomistic detail by integrating

parallel short unbiased MD simulations with non-Markovian dynamics modeling (i.e., IGME). Our

pipeline provides advantages of revealing both non-native PPIs and their dynamic heterogeneities

simultaneously, thereby offering ensembles of metastable PPI interfaces for later high-throughput

linker design. Moreover, in the future, the transition timescales predicted by our IGME model

could be valuable for designing flexible linkers to stabilize two distinct metastable PPI interfaces

that interconvert rapidly. Therefore, we anticipate that IGME holds significant potential for gener-

alization in future PROTAC discovery.

6.6 Conclusion

PROTAC-induced TPD is regarded as one of the most promising approaches for small molecule-

based drug discovery. However, the rational design of PROTACs remains challenging due to fac-

tors such as the large size of the multi-protein system and the complex, dynamic protein interac-

tions. In this study, we present a physics-based approach to identify the complete ensemble of

intrinsic and dynamic PPI interfaces between KRAS and VHL proteins by studying the linker-

less encounter complex. Specifically, we show that our IGME model, a non-Markovian dynamics

model, constructed from extensive MD simulations (∼ 1.5 milliseconds), is able to elucidate the

inherent metastable states of PPI interfaces and accurately predict their associated thermodynamic

and kinetic properties. We demonstrate that IGME models significantly outperform MSMs in

predicting slow dynamics associated with the encounter complex formation between KRAS and

VHL. The six metastable states revealed in our IGME model represent distinct PPI interfaces of

the encounter complex. Upon evaluating the stabilities and geometries of the PPI interfaces in

each state, we narrowed down to three states (State II, III, and V) with promising PPI interfaces

for future PROTAC linker design. The interfaces from the selected metastable states are primar-

ily maintained by electrostatic interactions and display local dynamic heterogeneity, serving as a

good basis for linker docking. We validate our theoretical predictions by showing that one of our

selected PPI interfaces (State III) is highly consistent with a recent co-crystal structure containing



110

the PPI induced by an experimentally validated PROTAC for the KRAS-VHL system. We antici-

pate that our predicted PPI interfaces for the KRAS-VHL system will provide valuable insights for

future linker design. We believe that the rigorous foundations of this strategy, grounded in physical

simulations and statistical thermodynamics, will lead to broad applicability across diverse systems,

facilitating more efficient designs of efficacious PROTACs.

6.7 Methods

6.7.1 All-Atom MD Simulation Setup for KRAS-VHL Encounter Complex

The structures of VHL protein (PDB ID: 1VCB)[185] and KRAS protein (PDB ID: 7RPZ)[186]

are respectively derived from crystal structures identified through X-ray diffraction. We first em-

ploy the PyRosetta docking package[62] to generate sets of initial KRAS-VHL encounter complex

structures. The rigid-body docking is performed while restraining the distance between the linker

attachment atoms of warhead 1 and the E3 ligand as 20Å, ensuring the formation of interfaces

appropriate for subsequent design. Subsequently, we ultize the K-Means algorithm to categorize

the obtained docking structures into fifty clusters based on their root-mean-square deviations. The

structure nearest to each cluster center is chosen as the initial structure for the subsequent MD

simulations. We then protonate and solvate the initial poses in cubic boxes with explicit TIP3P

water[187] and add counter ions to maintain the neutrality of the system. Next, we employ the

OpenMM package[188] to conduct all-atom simulations with power of Folding@Home[189], with

the in-house parameterized force field for the small molecules (i.e., ligand and warheads) and the

AMBER ff14SB force field[190] for the proteins. The final obtained dataset used for post-analysis

consists of 2,492 trajectories, totaling ∼ 1.51 milliseconds of aggregate simulation time, with an

average trajectory length of 605 nanoseconds.

6.7.2 Construction and Validation for Microstate-MSM

Following our proposed pipeline in Figure 6.1, we build the microstate-MSM to study the in-

herent PPIs between KRAS and VHL protein. The detailed procedures are present below:
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(1). Classify the collective motions at PPI interfaces via MoSAIC: we initially embed representa-

tions for PPI interfaces by utilizing the internal pairwise distances between KRAS residues (170

residues) and VHL residues (149 residues), resulting in 25,330 pairwise distance features. Sub-

sequently, we apply the MoSAIC algorithm to cluster these features into 27 communities, with

approximately 10% of the features filtered out as unimportant noise. Through visualization of the

features within each community and the integration of our biological intuitions, we further exclude

11 communities associated with collective conformational changes unrelated to PPI interfaces, re-

sulting in 16 communities encompassing a total of 14,402 features.

(2). Extract the features capturing slow dynamics by Spectral-oASIS: We employ the spectral-

oASIS algorithm for the second round of feature selection, through which 1,500 features are auto-

matically identified. These features are supposed to effectively capture the leading slowest dynamic

modes.

(3). Reduce dimensionality by tICA: We employ tICA with kinetic mapping to linearly construct

five collective variables (CVs) from 1,500 features. The MD conformations are then projected

on these CVs and further clustered into 100 microstates using the K-Means algorithm. The opti-

mal hyper-parameters (i.e., number of CVs, tICA relaxation time and the number of microstates)

are determined by cross-validations with the generalized matrix Rayleigh quotient (GMRQ) score.

Additionally, we validate that the microstates are well-connected, with multiple reversible transi-

tions observed between them.

(4). Validate the microstate MSM: Based on the 100 microstates model, we further produce Im-

plied Time Scale (ITS) analysis and Chapman-Kolmogorov (CK) test and validate the Markovian

lag time for microstates-MSM is 200ns.

6.7.3 IGME Modeling of Encounter Complex

To identify metastable states of the PPI interface, facilitate the interpretation, and acquire

the associated thermodynamic and kinetic properties, we employ our recently developed IGME

method to construct a model comprising only six representative states. We first utilize the PCCA+
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algorithm to lump the 100 microstates into 6 macrostates, given the largest time scale gap is be-

tween the 5th and 6th transition modes. We crisply assign each microstate to the macrostate

with the highest membership value. Subsequently, we evaluate the connectivity among the six

macrostates and demonstrate that each macrostate exhibits reversible transitions with at least four

other macrostates. Then the IGME is employed to precisely model the transition dynamics between

macrostates, encoding the non-Markovian dynamics through the time-integration of memory ker-

nel functions. Specifically, IGME accurately describes the evolution of the transition probabilities

matrices (TPMs) with the lag time longer than memory relaxation time τk by T(t ≥ τk) = AT̂t,

where matrices A and T̂ are estimated from simulations.

To decide τk, we adopt two approaches: one employs our previous quasi-MSM technique,

which calculates memory kernel matrices at various times using the greedy algorithm with dis-

cretized GME, the other approach involves using IGME to approximate the time-integrated mem-

ory kernel. The mean integral memory kernel, defined as MIK = 1
N

√∑N
i,j=1(

∫ t

0
Kij(τ)dτ)2,

computed from two approaches are well consistent and the memory relaxation time τk is decided

as 50ns (Figure 6.2 a).

To construct the optimal non-Markovian dynamics model, we employ multiple sets of TPMs

with different lag time range {TMD(τk + n∆t)}Lfit

n=0 to estimate the matrices A and T̂ using least-

squares fitting with a Lagrangian approach[102]. The optimal range, parameterized by τk and Lfit

are decided by time-averaged root mean squared error (RMSE) with respect to MD simulations.

After a systematic scan, we ultimately identify the optimal fitting range: τk = 70ns and Lfit =

80ns (see Figure 6.3 a).
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Chapter 7

Dynamic Modeling Reveals Nucleosome Condensates and Linker
DNA Influence Chromatin Folding Pathways and Rates

This chapter is reproduced in part from an unpublished collaborative work by Qiu, Y; Liu, S;

Lin, X; Unarta, I; Huang, X; & Zhang, B; with permission. Qiu, Y equally contributed to the

development of methodologies, data analysis, performing simulations and manuscript writing with

Liu, S. Qiu, Y rewrote and summarized the content in this chapter.

7.1 Introduction

In this chapter, to investigate the dynamical behavior of chromatin systems composed of multi-

body nucleosomes and to understand the relationships between structures observed with differ-

ent experimental techniques, we integrate coarse-grained (CG) models, the previously introduced

non-Markovian dynamic modeling approach, and various machine learning techniques, including

the LPC algorithm, to systematically study the origins of chromatin flexibility. In particular, our

implementation of various novel techniques significantly helps bridge the timescale gap between

simulations and rate events and enhance our understanding of the biological mechanisms. And

our exploration of how multi-body nucleosome condensates affect chromatin folding dynamics

provides new biophysical insights into how phase separation influences genetic functions.

Chromatin organization, essential for packaging DNA in eukaryotic genomes, plays a crucial

role in numerous genetic functions. [191–195]. Where available, atomistic structures of chro-

matin have been invaluable for constructing mechanistic models of gene regulation and other pro-

cesses [196, 197]. However, the detailed organization at the atomic level has been a topic of

contentious debate. The existence of 30-nm fibers, characterized by nucleosomes arranged in a

zig-zag pattern and stacking to form a twisted two-column fibril, has been documented for a long
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time [196–200]. However, several in vivo experimental techniques, including cryo-electron mi-

croscopy [196], Micro-C [201], and ChromEMT [202], have indicated a lack of ordered fibril-like

structures. Instead, these techniques suggest the presence of 10-nm disordered arrays with dom-

inant local oligomer motifs, such as trimers, α-tetrahedron, and β-rhombus tetramers [201–206].

These conflicting observations have left the principles of chromatin folding, particularly at the

short length scale of tens of nucleosomes, unresolved.

A more dynamic perspective on chromatin organization has proven to be insightful. Previ-

ous work [207] characterized the folding landscape of a tetra-nucleosome using a residue-level

CG model, suggesting that the unfolding of fibril structures leads to the irregular conformations

observed in the nucleus, thereby bridging in vitro and in vivo configurations. Another work [208]

further demonstrated that unfolding can generate clutches, consistent with observations from super-

resolution imaging of the cell nucleus [209]. A recent cryo-electron tomography (cryo-ET) study

further supports the presence of similar folding principles for chromatin both in vitro and in situ

[202]. However, the computational studies employed biased simulations to accelerate chromatin

folding and unfolding. While these simulations allow for thermodynamic predictions, extracting

accurate kinetic information from them is challenging. Therefore, it is crucial to directly deter-

mine whether the irregular in vivo chromatin configurations represent intermediate folding stages

leading to the zigzag fibril structure.

MSMs provide an efficient method for extracting interpretable kinetic information, enabling the

prediction of transition rates and the identification of reaction pathways from MD data [27–29, 40,

41, 48, 210, 211]. Importantly, the construction of such models and prediction of long-timescale

dynamics require only distributed short MD trajectories as inputs, which can be efficiently gener-

ated in parallel using supercomputing facilities. MSMs have demonstrated success in investigating

the dynamics of conformational changes in various chemical and biological systems, including pro-

tein folding [52, 106], protein-ligand recognition [6, 105], and the self-assembly of soft materials

[13, 16]. Moreover, recent advancements in non-Markovian dynamics models, which employ the

generalized master equation to account for memory effects, have led to significant improvements

in modeling accuracy and a substantial reduction in the required input MD trajectory length [30–
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Figure 7.1: Representative configurations for the four tetra-nucleosome systems studied. The three

isolated systems feature tetra-nucleosomes of 20-bp (A), 25-bp (B), and 30-bp (C) DNA linker.

The corresponding NRL is 167, 172, and 177 bp, respectively. In the fourth system, the tetra-

nucleosome with NRL=167 is embedded into a nucleosome condensate.
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32, 212]. By applying these dynamics modeling approaches to the study of chromatin folding, we

can gain new insights without the potential biases introduced by advanced sampling approaches.

Here, we we perform extensive residue-level CG MD simulations to study chromatin folding.

In particular, we investigate the folding of four different systems: three isolated tetra-nucleosomes

with nucleosome repeat lengths (NRL) of 167, 172, and 177 base pairs (bp), and a tetra-nucleosome

with an NRL of 167 bp embedded within a nucleosome condensate. We construct MSMs and

easily interpretable non-Markovian dynamics models for each system to comprehensively and re-

spectively characterize the folding pathways and kinetics. In each system, transition path analysis

consistently reveals numerous parallel folding pathways with comparable fluxes. This finding con-

trasts with typical one-body protein folding and more closely resembles multi-body self-assembly

processes. Notably, intermediate states along these pathways resemble in vivo chromatin organiza-

tion. Furthermore, while the tetra-nucleosome with NRL = 167 bp folds stably into the zigzag fibril

structure, both the nucleosome condensate environment and a 5 bp longer DNA linker destabilize

the fibril conformation, promoting the formation of folding intermediates through different molec-

ular mechanisms. Extending the linker DNA length by 10 or 5 bp has markedly different effects

on the chromatin folding landscape: while the 10 bp extension favors the zigzag fibril configura-

tion, the 5 bp extension does not form a specific structure, instead favoring a dynamic ensemble

of conformations. These results reinforce the idea that the absence of regular fibril configurations

inside cell nuclei could result from chromatin unfolding driven by various factors such as crowding

environments and linker length variation.

7.2 Construction of Dynamics Models for Chromatin Folding from Extensive
MD Simulations

Our study focused on tetra-nucleosomes, the fundamental units of the zigzag fibril configura-

tion [196, 197], to explore chromatin organization in various biological contexts. Specifically, we

configured a series of tetra-nucleosome structures with 20, 25, and 30 bp linkers, corresponding

to NRL of 167, 172, and 177 bp (Figure 7.1A-C), respectively. The nucleosomal DNA length

is defined as 147 bp, and we refer to the DNA connecting two adjacent nucleosomes as the linker
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Figure 7.2: Overview of the computational pipeline to elucidate chromatin folding kinetics and

pathways. (A) The workflow begins with extensive unbiased MD simulations, initiated from a

variety of configurations. (B) Configurations collected from these simulations are then projected

onto collective variables constructed by tICA, followed by clustering into microstates to build

up MSMs. (C) Subsequently, chromatin folding pathways are identified and reaction channels

are lumped using transition path theory and the Latent-space path clustering algorithm. (D) Fi-

nally, the microstates are grouped into a few interpretable macrostates, and the transition dynamics

between these macrostates are modeled using the generalized master equation that incorporates

time-dependent memory kernels (D).



118

DNA. To simulate a biologically relevant scenario, we further embedded the tetra-nucleosome with

a 20 bp linker in a solution of single nucleosomes to account for nuclear crowding effects. Our

setup results in an overall nucleosomal concentration of 0.3 mM (Figure 7.1D), consistent with

concentrations estimated from in vitro nucleosome array condensates [213, 214].

Given the complexity of nucleosome structures and the slow timescale of tetra-nucleosome

folding and unfolding, we employed a residue-level CG model to perform MD simulations, making

extensive sampling computationally feasible for investigating chromatin conformational dynamics

[215–219]. In particular, we utilized a one-bead-per-amino-acid model [220] and a three-bead-

per-nucleotide model [221] to maintain sufficient resolution for an accurate description of specific

protein-protein and protein-DNA interaction with physical chemistry potentials. These models

have been effectively employed to study various protein-DNA systems, accurately reproducing

experimental results and offering mechanistic insights [207, 208, 222–227]. Further details on the

CG force field are provided in the Methods section.

For each of these four systems, we conducted multiple independent, unbiased MD simulations

to extensively explore various regions of the chromatin configurational space. As illustrated in Fig-

ure 7.2A, these simulations were initiated from distinct conformations, capturing various degrees

of chromatin compaction and folding, as identified by the enhanced sampling techniques reported

in a previous study [207]. For isolated tetra-nucleosomes with varying linker lengths, we executed

4,643 simulations for each system. In the case of the condensate system, due to its much longer

equilibration time, we reduced the number of trajectories to 530 and extended each simulation

length. All simulations are sufficiently long to allow for the relaxation of chromatin conformations

and the attainment of local equilibrium.

Subsequently, we constructed dynamics models for each system to study chromatin folding

over timescales much longer than individual MD simulation trajectories. We projected tetra-

nucleosome configurations explored along unbiased trajectories onto collective variables using

time-lagged independent component analysis (tICA) [76, 111, 228, 229], and clustered them into

microstates via the K-Means algorithm (Figure 7.2B). Microstate-MSMs were then constructed

and validated to model chromatin folding dynamics through the implied timescale analysis and
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Chapman-Kolmogorov test. Further empolying the transition path theory (TPT) [40, 41, 230],

we identified the complete ensemble of kinetic pathways for the each tetra-nucleosome folding.

(Figure 7.2C).

To aid in interpreting the underlying folding dynamics, we constructed non-Markovian dy-

namics models with six metastable macrostates, derived by lumping microstates using the PCCA+

algorithm, and modeled the transition dynamics using the Integrated Generalized Master Equation

(IGME) method. [31] (Figure 7.2D). Different from microstate-MSMs, which typically involve

hundreds of states to describe slow dynamics, making it challenging to interpret their biological

significance, IGME models could accurately capture the slowest dynamics based on only a few

representative states. This advantage is due to IGME’s consideration of non-Markovian dynamics

via time-integrations of memory kernels. We demonstrated that, compared to MSMs constructed

with comparable or longer MD segments, IGME models exhibit significantly higher accuracy in

predicting long-term dynamics, as referenced by raw MD simulations. More details regarding sys-

tem setup, simulations, and constructions of MSMs and IGME models are available in the Methods

section.

7.3 Multiple Reaction Channels of Tetra-nucleosome Folding

We began our investigation with the isolated NRL = 167 tetra-nucleosome system. Inter-

nucleosomal distances, d13 and d24, are considered effective and interpretable coordinates for

studying tetra-nucleosome folding, as previously demonstrated [207]. Therefore, we used the

equilibrium populations obtained from the corresponding microstate-MSM to estimate the two-

dimensional free energy landscape along these coordinates. (Figure 7.3A) The resulting landscape,

featuring an approximate 10 kcal/mol difference between unfolded and folded regions, indicates

the stability of the native tetra-nucleosome structures and is consistent with previous estimations

from neural network fitting of mean forces[207].

The free energy landscape clearly indicates the potential existence of multiple folding path-

ways, as suggested in a previous study. Indeed, transition path analysis based on the microstate-

MSM revealed thousands of kinetic pathways with comparable fluxes. This demonstrates that
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Figure 7.3: Folding pathways and kinetics for the NRL = 167 tetra-nucleosome.(A) The free en-

ergy profile along the center-of-geometry distance between 1-3 (d13) and 2-4 (d24) nucleosomes.

(B) The three reaction channels for tetra-nucleosome folding. Top three transition pathways with

most reactive flux from each one reaction channel are drawn as lines. The filled and open cir-

cles represent the centers of, and the MD configurations belonging to, the microstates along the

pathways, respectively. The total reactive flux of each reaction channel is provided on the side.

(C) Diagram of the non-Markovian dynamics model with six macrostates. The numbers represent

rates estimated as inverse MFPT labeled in unit of (109 steps)−1 for the corresponding transitions.

Histone proteins are not shown in the representative configurations of each state.
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tetra-nucleosome folding differs significantly from typical protein folding, where a few leading

kinetic pathways contribute the majority of fluxes. Instead, it resembles multi-body systems such

as self-assembly, where pathways need to be further grouped to facilitate the understanding of

biological mechanisms. Applying the developed Latent-space Path Clustering (LPC) algorithm,

three reaction channels for chromatin folding were identified: the sequential channels correspond

to processes where one pair of nucleosomes stacks before the other, while the concerted channel

represents processes where both pairs of nucleosomes stack simultaneously (Figure 7.3B). The

low dimension projection with the two collective variables, however, leave the structural details of

chromatin folding unresolved.

Further insight into chromatin folding can be obtained from analyzing an IGME model with

six metastable macrostates. The representative conformations, equilibrium populations of these

macrostates, their transition network, and transition rates (estimated as the inverse mean first pas-

sage times, MFPTs) are illustrated in Figure 7.3C. The sparsely populated states 1 and 2 corre-

spond to unfolded structures. Their high transition rates to the folded state, state 6, and low rates

for backward transitions, are consistent with the downhill free energy landscape.

States 3 and 4 exhibit partially unfolded structures in which one nucleosome extrudes away

from the remaining three. These configurations resemble those seen in sequential chromatin fold-

ing pathways. A cryo-EM study has directly observed tri-nucleosome configurations [231], under-

scoring the IGME model’s capability to identify metastable states. The IGME model also identifies

a misfolded state (state 5). This state is characterized by non-canonical stacking between the first

and fourth nucleosomes (i.e., i & i + 3 contacts). To achieve the zigzag conformation of state 6,

these non-canonical interactions must be disrupted, leading to slow transition rates. We classify

this state as misfolded because transition path analysis indicates that none of the top 3,000 most

reactive pathways pass through it. Future cryo-EM studies may determine whether this state can

be resolved.
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Figure 7.4: Folding pathways and kinetics for the NRL = 167 tetra-nucleosome embedded in

nucleosome condensate. (A) Illustration of the starting, middle, and end configurations of the

condensate system along a 70 million step long simulation trajectory. The tetra-nucleosome is

shown in cyan and green, and individual nucleosomes are shown in yellow and orange. (B) The free

energy profile along the center-of-geometry distance between 1-3 (d13) and 2-4 (d24) nucleosomes

from the tetra-nucleosome. (C) The three reaction channels for tetra-nucleosome folding. Top three

transition pathways with most reactive flux from each one reaction channel are drawn as lines. The

filled and open circles represent the centers of, and all the MD configurations belonging to, the

microstates along the pathways, respectively. The total reactive flux of each reaction channel is

provided on the side. (D) Diagram of the non-Markovian dynamics model with six macrostates.

The numbers represent rates estimated as inverse MFPT labeled in unit of (109 steps)−1 for the

corresponding transitions. Histone proteins are not shown in the representative configurations of

each state.
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7.4 Nucleosome Condensate Promotes Chromatin Unfolding

Our study on the isolated tetra-nucleosome does not consider the multi-body nuclear environ-

ment. The presence of additional nucleosomes may not only act as a crowding agent but also affect

the stability of chromatin conformations through direct interactions. Inter-nucleosomal interactions

could destabilize the chromatin fiber by forming interdigitated configurations [208, 232]. In this

study, we examine the effects of immersing the tetra-nucleosome in the multi-body nucleosome

condensate environment on chromatin folding.

In simulations of this condensate system, individual free nucleosomes were initially uniformly

distributed throughout the cubic simulation box with the tetra-nucleosome at the center (Figure

7.4A). Over time, they rapidly and spontaneously aggregated around the tetra-nucleosome. This

aggregation resulted in contacts between free nucleosomes and those within the tetra-nucleosome.

Such contacts can be clearly observed in the end configuration of a typical simulation trajectory

provided in Figure 7.4A. They are also evident in the distributions of free nucleosomes around

the tetra-nucleosome. We observed that the radial distributions show significant populations at

distances as small as 5 nm, a value achievable only with stacked nucleosomes.

We further integrated individual unbiased simulations to construct microstate-MSM for the

tetra-nucleosome in the condensate. By using the equilibrium populations of microstates, we es-

timated the two-dimensional free energy landscape of the tetra-nucleosome. As shown in Figure

7.4B, the overall shape of the free energy landscape remains similar to that of the isolated system,

but the free energy values of the folding intermediate structures have decreased. This reduction

is attributed to interactions between the tetra-nucleosome and free nucleosomes, which stabilize

partially folded structures. However, the overall change in the free energy landscape is relatively

small, on the order of 1-2 kcal/mol.

To more directly and accurately examine chromatin folding kinetics, we constructed a six-

macrostate IGME model (Figure 7.4D). We observed a significant increase in the populations of

partially unfolded states 3 and 4, which are comparable to the population of the folded state 6.

This finding underscores the changes in the free energy observed in Figure 7.4B and the impact of
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nucleosome condensate on chromatin stability. Notably, the unfolding rates from state 6 to these

intermediate states are faster than the folding rates. Therefore, the nucleosome condensate does

not fundamentally alter the folding modes of the tetra-nucleosome (i.e., the distribution of fluxes

among different reaction channels remains unchanged), but it quantitatively modulates the free

energy landscape, favoring unfolding dynamics driven by inter-nucleosomal contacts.

7.5 The Role of DNA Linker Length on Chromatin Folding

Our study thus far has focused on a tetra-nucleosome with an NRL of 167 bp (i.e., 20-bp link-

ers). However, linker length is known to significantly influence chromatin organization [213, 233–

237]. A DNA linker of 10n bp facilitates well-aligned stacking between i and i+2 nucleosomes to

form the zigzag fibril structure [196, 197, 238, 239]. Extending the linker by 5 bp induces a half-

turn twist in the DNA, disrupting the stacking between i and i + 2 nucleosomes and destabilizing

the zigzag conformation [240]. These 10n + 5 linkers are significant and have been observed in

certain mammalian cells [241]. However, structural characterization of chromatin with 10n + 5

linker DNA is scarce due to the irregularity and instability of their organization. We further inves-

tigate how increasing the linker by 5 and 10 bp impacts chromatin stability and folding dynamics

using the computational pipelines mentioned earlier.

The folding of the tetra-nucleosome with an NRL of 177 resembles that of an NRL of 167 but

exhibits quantitative differences in reactive fluxes of folding. Its free energy landscape also shows

a global minimum at small values of d13 and d24 (Figure 7.5 A), indicating stacked two-column

structures. However, the stability of this folded state is reduced, as evidenced by its lower equilib-

rium populations in the six-macrostate IGME model (Figure 7.5 B). The folded state brings linker

DNA into close proximity, increasing electrostatic repulsion for longer linkers, which decreases

stability. Intermediate states along the sequential pathway also feature stacked nucleosomes with

closely positioned linker DNA, resulting in similar electrostatic penalties. As a result, unlike the

NRL = 167 tetra-nucleosome, the NRL = 177 one favors the concerted folding pathway over the

sequential ones. Notably, our findings align with those of previous studies[234], who observed an

expansion of chromatin with longer 10n-bp linkers.
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Figure 7.5: Folding pathways and kinetics for the NRL = 177 tetra-nucleosome. (A) The free

energy profile along the center-of-geometry distance between 1-3 (d13) and 2-4 (d24) nucleosomes.

(B) Diagram of the non-Markovian dynamics model with six macrostates. The numbers represent

rates estimated as inverse MFPT labeled in unit of (109 steps)−1 for the corresponding transitions.

Histone proteins are not shown in the representative configurations of each state.
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Figure 7.6: Folding pathways and kinetics for the NRL = 172 tetra-nucleosome (A) The free energy

profile along the center-of-geometry distance between 1-3 (d13) and 2-4 (d24) nucleosomes from

the tetra-nucleosome. (B) Diagram of the non-Markovian dynamics model with six macrostates.

The numbers represent rates estimated as inverse MFPT labeled in unit of (109 steps)−1 for the

corresponding transitions. Histone proteins are not shown in the representative configurations of

each state. (C,D) Addition representative structures the compact stable states 5 and 6.
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Unlike systems with 10n-bp linker DNA, the NRL = 172 tetra-nucleosome system explores

distinct chromatin conformations over a different folding landscape. As shown in Figure 7.6A,

the free energy profile has a broader global minimum and a smaller free energy gap between the

folded and unfolded states. This broad basin is due to the absence of a single stable conformation.

Instead, an ensemble of irregular structures are equally probable. The six-macrostate IGME model

(Figure 7.6B) reveals that two states, 5 and 6, emerge as “folded” states with comparable popu-

lations. Unlike the folded states in 10n bp linker systems, these states do not feature a dominant

stable configuration but rather an ensemble of conformations (Figures 7.6C and 7.6D). While the

structures in states 5 and 6 are compact and promote protein-DNA interactions, they do not exhibit

perfect stacking between i and i+2 nucleosomes due to the topological constraints imposed by the

additional 5 bp. Instead, they resemble intermediate states observed along the folding pathways

for 10n bp linker systems. The high transition rates between states 5 and 6 further emphasize the

dynamic nature of the tetra-nucleosome with 10n+5 bp linkers.

Meanwhile, the unfolded states, 1, 2, and 4, which have more extended structures in the NRL

= 172 tetra-nucleosome, also reveal distinct topology. Unlike the extended states seen in 10n

bp linkers, where consecutive nucleosomes reside on the same side of the linker DNA, the half-

turn linker DNA in NRL = 172 tetra-nucleosome introduces additional twist, causing consecutive

nucleosomes to reside on opposite sides of the linker.

7.6 Conclusions and Discussion

We integrated CG model based MD simulations, Markov state modeling, and non-Markovian

dynamic modeling techniques to comprehensively characterize chromatin stability and folding

mechanisms. These advanced techniques enable us to explore the long-timescale folding dynam-

ics beyond the reach of direct simulations. Our study of a single tetra-nucleosome reveals multiple

folding pathways, with intermediate states resembling in vivo chromatin organization [205, 242,

243]. For instance, intermediates along the concerted pathway often adopt a coplanar geometry,

with all four nucleosomes in the same plane, resembling the β-rhombus configuration [205]. In

contrast, intermediates along the sequential pathway have at least one nucleosome out of the plane,
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similar to the α-tetrahedron structure [205]. These findings suggest that the absence of regular

fibril configurations inside cell nuclei may result from chromatin unfolding driven by factors such

as the condensate environment and linker length.

Our examination of the tetra-nucleosome within the nucleosome condensate supports the hy-

pothesis that a crowded environment, typical inside cell nuclei, can drive chromatin unfolding

[208]. The stacking interactions that stabilize the fibril configuration in a single chromatin chain

may be replaced by contacts between nucleosomes from different chains. The replacement leads

to the formation of irregular conformations, even for DNA linker length that favor fibiril structures.

Additionally, we found that 10n+5 bp linkers destabilize the zigzag fibril configurations, fa-

voring structures that resemble in vivo configurations observed by cryo-electron tomography [242,

243]. Chromatin with these DNA linkers tends to adopt compact conformations without perfect

stacking between i and i+ 2 nucleosomes. These conformations are irregular and form a dynamic

ensemble, similar to the behavior of intrinsically disordered proteins.

Our study demonstrates that residue-level CG models allow predictive modeling of chromatin

organization at near-atomistic resolution under conditions where experimental techniques face

challenges. While our focus was on the impact of nucleosome condensate on chromatin orga-

nization, this approach can be generalized to study other protein condensates, such as HP1α for

constitutive heterochromatin. Recent advancements in force fields and software highlight the po-

tential for exciting future research directions [244–246].

7.7 Methods

7.7.1 Coarse-grained molecular dynamics simulations of chromatin

Following previous studies [207, 208], we utilized residue-level CG models to examine chro-

matin conformational dynamics. Specifically, we combined the 3SPN.2C model [221, 247, 248],

which represents DNA with three sites per nucleotide, and the SMOG model [249], which repre-

sents histone proteins with one bead per amino acid, to model chromatin. Protein-DNA interactions

included electrostatic interactions and non-specific Lennard-Jones potentials. Electrostatic inter-

actions were calculated at 300 K and 150 mM ionic strength using the Debye-Hückel potential.
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This setup has been shown to replicate the energetics of DNA unwinding in single nucleosomes

[250] and the force-extension curves of chromatin fibers [208]. To reduce computational cost and

prevent nucleosome sliding, we rigidified the histone core and the inner 73 bp layer of core DNA

during all simulations. Piror study [207] has demonstrated that such rigidification has negligible

effects on the chromatin folding landscape.

We studied three isolated tetra-nucleosome systems with NRL of 167, 172, and 177 bp, re-

spectively. For each system, we performed 4,643 independent, unbiased MD simulations starting

from distinct initial configurations. Initial configurations for these simulations were prepared using

10,000 tetra-nucleosome structures from a previous study that applied enhanced sampling meth-

ods to comprehensively cover the configuration space [207]. We computed the inter-nucleosome

distances for the 10,000 structures and selected those with d13 ≥ d24 (4,643 in total) to serve as

reference values for further MD simulations. From these reference inter-nucleosome distances, we

generated the initial configurations using 0.2 million-step-long restrained MD simulations to bias

the d13 and d24 toward reference values. From these initial configurations, we conducted unbi-

ased NVT simulations for production. For the NRL = 167 system, each trajectory lasted at least

0.8 million steps, while for the NRL = 172 and NRL = 177 systems, the trajectory length was

consistently set to 1 million steps. All simulations were performed at 300 K using LAMMPS on

CPUs [251], and the pairwise distances between each pair of nucleosome geometric centers, i.e.,

(d12, d13, d14, d23, d24, d34), were recorded every 500 steps.

Additionally, we conducted simulations for a system where the NRL = 167 tetra-nucleosome

is embedded in a nucleosome solution. Due to the higher computational cost of this system,

we limited the number of independent simulations to 530. Initial configurations of the tetra-

nucleosome for these simulations were prepared by selecting structures from the centers of the

530 microstates constructed for the isolated NRL = 167 tetra-nucleosome. Then we placed each

of the tetra-nucleosomes in the center of a cubic box with a 55 nm edge, and randomly placed

26 additional single nucleosomes to achieve a total nucleosome concentration of 0.3 mM. We re-

laxed each of these initial configurations with a 0.2 million-step NVT simulation, during which

the tetra-nucleosome was fixed as a rigid body while single nucleosomes were free to move. From
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the relaxed configurations, we conducted production NVT simulations of at least 7 million steps,

allowing all nucleosomes to evolve freely. Simulations were performed at 300 K with OpenMM

and OpenABC packages on GPUs [188, 245]. The pairwise distances between nucleosomes within

the tetra-nucleosome, as well as the positions of all nucleosomes, were recorded every 500 steps

for analysis.

7.7.2 Markov state modeling and transition path analysis for chromatin fold-
ing

We constructed independent microstate-MSMs and performed transition path analysis for all

four systems following a consistent protocol, briefly outlined below.

(a) Select the converged segments of the trajectories and duplicate the converged trajectories ac-

cording to the reflection symmetry of the nucleosome indices. All the following analyses are

applied to the converged and duplicated trajectories.

(b) With six inter-nucleosomal distances dij as input features, apply the time-lagged independent

component analysis (tICA) method with kinetic mapping algorithm to further reduce dimension-

ality and uncover independent collective variables (CVs) that better represent slow timescale dy-

namics [76, 111, 228, 229].

(c) Group MD conformations into microstates by the K-Means algorithm according to their kinetic

similarities based on the geometric distances in the tICA CV space. The hyperparameters of the

tICA and clustering (i.e., tICA relaxation time, number of tICs, and number of microstates) are

optimized using the cross-validation with the generalized matrix Rayleigh quotient (GMRQ) score

[90].

(d) Construct and validate the microstate-MSMs by the Chapman-Kolmogorov (CK) test and im-

plied time scale (ITS) analysis [27, 28].

(e) Employ the Transition Path Theory (TPT) [40, 41, 230] to elucidate the folding kinetic path-

ways and their corresponding fluxes.

(f) Lump multiple parallel kinetic pathways into a small set of metastable and representative reac-

tion channels using Latent-space Path Clustering (LPC) algorithm to facilitate the understanding
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of folding mechanisms [13, 48, 56].

All analyses were conducted using in-house Python codes and codes based on MSMBuilder ver-

sion 3.8.1. [38].

7.7.3 Identifying reaction channels from transition pathways

By conducting transition path analysis with the microstate-MSM, we identified over 20,000

pathways connecting the unfolded to folded states. Strikingly, the most dominant pathway only

contributes 0.09% of the total reactive flux for the folding. This contrasts with typical protein

folding, such as NTL9 folding, where the top 10 pathways can account for 25% of the total flux

[106]. In the case of tetra-nucleosome folding, approximately 600 pathways are required to reach

the same flux level. The observation of the downhill landscape and numerous parallel pathways

with comparable fluxes suggests that tetra-nucleosome folding is more akin to heterogeneous ag-

gregation in self-assembly systems than to typical protein folding [13].

To aid in interpreting the multiple parallel pathways with similar fluxes, we grouped the path-

ways into a small set of metastable reaction channels using the Latent-space Path Clustering al-

gorithm [48]. This method identified three metastable reaction channels: two sequential channels

(up and down sequential channels) and one concerted channel (Figure 7.3B). The overall reactive

flux in the sequential channels is slightly higher than in the concerted channel, indicating a prefer-

ence for reactions. This preference may result from more stable intermediates encountered along

pathways with increased internucleosomal contacts.

7.7.4 IGME modeling of chromatin folding

To facilitate the interpretation of chromatin folding, for each simulation system, we modeled

its folding dynamics with a six-macrostates IGME model[31] (Figure 7.2D). These six macrostates

were constructed by lumping hundreds of microstates using the Robust Perron Cluster Analysis al-

gorithm[93, 94]. Unlike MSMs, which approximate transition dynamics between states by Marko-

vian jumps based on the first-order master equation, the IGME model encodes non-Markovian

dynamics through time integrations of memory kernels based on the Generalized Master Equation



132

[31]. Specifically, IGME model describes the evolution of transition probabilities over time using

T(t ≥ τk) = AT̂t, where T(t) is the transition probability matrix (TPM) at lag time t, and τk is

the relaxation time of the memory kernels. The matrices A and T̂ are constants estimated from the

simulation data.

We determined the relaxation time of the memory kernels τk by examining the convergence of

the mean integral memory kernels. The A and T̂ matrices were estimated using a set of TPMs at

short lag times through least squares fitting with a Lagrangian approach. The optimal fitting range

was selected by a systematic scanning to minimize the deviation between the predictions from

IGEM model and raw MD data. The optimal IGME models were further validated and compared

to MSMs using the Chapman-Kolmogorov test. All results regarding the equilibrium populations

and MFPTs for macrostates were derived from the optimal and validated IGME models.
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Chapter 8

Exploring Dynamical Heterogeneities in Supercooled Liquids us-
ing Unsupervised Machine Learning

This chapter is reproduced in part with permission from Qiu, Y; Jang, I; Huang, X; & Yethiraj, A;

Unsupervised machine learning for supercooled liquids arXiv 2024, 2404.04473.

8.1 Introduction

As introduced in Chapter 1, supercooled liquids represent a unique multi-body system with

distinct dynamical properties. Over the past decade, the unique heterogeneous dynamics of su-

percooled liquids have been observed and extensively documented across various systems. How-

ever, the relationship between their microscopic structures and long-time dynamics remains a mys-

tery. With advancements in machine learning, various supervised methods have been developed

to establish structure-dynamics connections. Following the unsupervised approach developed for

MSMs, we extended time-lagged analysis to study the long-term dynamics of supercooled liquids,

demonstrating its effectiveness over state-of-the-art supervised methods.

The glass transition is a fascinating phenomenon in physics. When a liquid is cooled with

sufficient rapidity, certain substances can avoid crystallization and instead reach a homogeneous

amorphous solid state known as the “supercooled” state. The microscopic static structure, for

example, the powder x-ray diffraction pattern, is similar to that of a liquid, but the dynamic proper-

ties, for example, the viscosity, are slower by several orders of magnitude [11, 12]. Understanding

the mechanisms behind the glass transition is one of the major challenges in the field of liquid state

physics [42, 252–254].

One of the key dynamic properties of supercooled liquids is the emergence of strong dynami-

cal heterogeneity: molecules in certain regions actively rearrange, while molecules in other regions
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remain nearly frozen over the extremely long duration [255, 256]. Characterizing amorphous struc-

tures and understanding the relationship between disordered structures and heterogeneous dynam-

ics at the microscopic level are crucial and active areas of research [42, 44, 252–254, 257–260].

Over the years, various structural descriptors have been established to characterize amorphous

structures (e.g. local density [257, 261], soft modes [254, 257], potential energy [257, 262–264],

Voronoi tessellation [265], etc.), and ongoing efforts have been made to identify key structures

related to local relaxation dynamics [42, 70]. However, most manually crafted descriptors have

been found to be highly system-dependent and have limited effectiveness in accurately predicting

relaxation dynamics [42, 263].

To quantitatively characterize the connections between the structures and subsequent hetero-

geneous dynamics for supercooled liquids, an important dynamical property called propensity has

been employed [254, 266]. Propensity is obtained from iso-configurational ensemble simulations,

where multiple trajectories are initialized from the same configuration but with different velocities

randomly sampled from the equilibrium Boltzmann distribution [254, 266]. The propensity for

each individual particle is defined as either the bond-breaking correlation function [258, 259, 267]

or the absolute displacement [257] of the particle within a specified time interval, averaged over

all iso-configurational trajectories. Simulations clearly show dynamic heterogeneity, i.e., there is a

distribution of propensities, with particles of similar propensities clustered spatially. The simula-

tions do not, however, elucidate the key structural origin of this heterogeneity.

Recently, machine learning (ML) techiques have been extensively used to detect relevant struc-

tural features and establish structure-dynamics relationships for supercooled liquids. Specifically,

supervised ML models, such as support vector machines (SVM)[268–270], multilayer perceptrons

(MLP)[44, 259, 271], and graph neural networks (GNN)[43, 272, 273], which require prior train-

ing with large datasets where the propensity is known in prior, have shown significant accuracy in

predicting dynamical properties from structural pattern. However, a significant drawback of super-

vised methods is their high computational intensity: the large number of parameters in supervised

models necessitates substantial training data [43, 44], and obtaining propensities for these datasets
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requires lengthy iso-configurational ensemble simulations, which become progressively challeng-

ing as temperatures decrease [259]. Supervised models are also not generalizable, i.e., for every

new system, a new training dataset must be generated. Additionally, the low interpretability of

supervised models limits the deep understanding of important structures for dynamics, rendering

them high-performing yet opaque black boxes [42].

Meanwhile, few unsupervised ML models that do not require prior training with target propen-

sities have been developed. These models autonomously detect structural heterogeneity from a

large set of structural descriptors and attempt to correlate it with dynamic heterogeneity [70, 260,

261, 274]. Although unsupervised models are much more data-efficient and explainable, they al-

ways provide very limited prediction accuracy for dynamics compared to supervised models [42,

70]. Improving the prediction power of unsupervised models has emerged as one of the major

challenges in the ML for supercooled liquids [42]. Many efforts have been made, including the

development of better structural descriptors and the testing of various model architectures, but it

remains unclear how to construct the effective unsupervised models [70].

Recent studies have shown that unsupervised models, despite using similar or even identical

structural descriptors as supervised models, consistently demonstrated considerably lower perfor-

mance [42, 70, 260]. This suggests that the criteria currently used by unsupervised models to

rank feature importance, which are based on feature variances [70, 260], need to be redefined.

In this work, we developed a new unsupervised ML protocol to explore the structure-dynamics

connections of supercooled liquids. Departing from previous unsupervised models which focus

on identifying high-variance components, our approach aims to identify descriptors that exhibit

strong correlations over a short time period, referred to as lag time ∆t. Specifically, we employed

two methods: time-lagged canonical correlation analysis (TCCA) [275] and time-lagged autoen-

coder (TAE) [55] to extract low-dimensional order parameters (OPs) with highest time-correlations

over ∆t from high-dimensional structural descriptors. Since the construction of OPs does not use

any information about the target output labels, i.e., propensity, they are therefore completely un-

supervised. We demonstrate that OPs obtained with small but non-zero ∆t, such as thousandths
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Figure 8.1: Dynamical characteristics of the 3D Kob-Andersen model at different temperatures.

(a) Root mean square displacement, (b) Non-Gaussian parameters for different temperatures. This

figure is reproduced from Qiu. et al.[45]

of the relaxation time of the supercooled liquid, provide valuable insights into dynamic hetero-

geneity over long timescales. The predictive power of our OPs for long-time propensity is even

comparable to that of many supervised methods on the benchmark system. Meanwhile, we show

that our unsupervised model, constructed at a single temperature, exhibits robust transferability

across different temperatures, highlighting its potential to investigate the dynamical properties of

lower-temperature regions. Additionally, our methods highlight the importance of all length-scales,

particularly the medium-range density descriptors, in capturing long-time dynamic heterogeneity.

8.2 System, Structural Descriptors and Unsupervised ML Models

8.2.1 Physical system and dynamical observables

We study the benchmark glassy-forming system: the 3D KA 80:20 binary Lennard-Jones

mixture [276]. The system consists of 3277 big particles of type A and 819 small particles of

type B, which interact via a Lennard–Jones potential: Vαβ(r) = 4ϵαβ

[(σαβ

r

)12 − (σαβ

r

)6] where

α, β ∈ {A,B}, ϵAA = 1.0, ϵAB = 1.5, ϵBB = 0.5, σAA = 1.0, σAB = 0.8 and σBB = 0.88.

The units for distance, time, and temperature are σAA, σAA

√
m/ϵAA, and ϵAA/kB, respectively,

where kB is Boltzmann’s constant, and m is the mass of the particles. We performed molecular
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dynamics simulations using the package LAMMPS [277] to obtain equilibrium configurations at

reduced temperatures ranging from 0.44 to 0.56.

Two types of propensities are computed to quantify the dynamic heterogeneity: bond-breaking

correlation propensity and absolute displacement propensity. All propensities are calculated by

averaging at least 30 independent isoconfigurational simulations. The bond-breaking propensity

of particle i after a time interval δt is defined as: CiB(δt) = ⟨ni
δt/n

i
0⟩iso. Here, ni

0 represents the

initial number of nearest neighbors for particle i, while ni
δt measures the number of those original

neighbors retained after a time δt [267]. With the average bond-breaking propensity, the bond-

breaking relaxation time τBB
α could be computed as: ⟨ 1

N

∑N
i=1 CiB(t = τBB

α )⟩ = 0.5 [267], where

N denotes the number of A-particles. Meanwhile, the displacement-based propensity of particle i

after time interval δt is defined as: Di(δt) = ⟨|ri(δt)− ri(0)|⟩iso, where ri(δt) denotes the position

of particle i at time δt [43].

To characterize the dynamic heterogeneity of supercooled liquid, we also compute the non-

Gaussian parameter, α(t) ≡ 3
5

⟨(∆r)4⟩
⟨(∆r)2⟩2 − 1 where ∆r is the particle displacement over time t, and

⟨...⟩ denotes the thermodynamic average (see Figure 8.1). The peak value of α is denoted as αm.

8.2.2 Local environment structural descriptors

We employ the well-established structural descriptors to encode the local structural environ-

ment for each individual particle. The local radial density distribution for a given particle i is

characterized using multiple Gaussian kernel functions:

Gi(r, δ, s) =
∑

j ̸=i,sj=s

e−
(rij−r)2

2δ2 (8.1)

where rij signifies the distance between particle i and its neighbor j, sj = {A,B} is the species

of particle j for which we aim to assess the density. By adjusting the values of r, δ, and s, the

Gi capture density distributions for different shells and different types of particles surrounding

particle i. Gi with different hyper-parameters constitute a 200-dimensional descriptors vector for

each particle.
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Additionally, we also construct angular descriptors to represent the angular distribution using

spherical harmonics functions. First, for a given particle i, we define the complex quantities as

follows:

qi(l,m, r, δ) =
1

Z

∑
j ̸=i

e−
(rij−r)2

2δ2 Ym
l (rij) (8.2)

where Ym
l represents the spherical harmonic function of order l, with m being an integer ranging

from −l to +l. rij , the distance vector between particle i and j, can be used to determine polar

and azimuthal angles. Z =
∑

j ̸=i e
−

(rij−r)2

2δ2 is a normalization constant. Subsequently, rotationally

invariant angular descriptors are defined by summing over m as:

qi(l, r, δ) =

√√√√ 4π

2l + 1

m=l∑
m=−l

|qi(l,m, r, δ)|2 (8.3)

The qi quantifies the l-fold symmetry of the angular density distribution around particle i. By

tuning different hyperparameters, qi forms a 192-dimensional descriptor vector for each particle.

8.2.3 Unsupervised ML models

We use TCCA and TAE models to identify OPs with the strongest time-correlations in the

descriptor space. The input data for the models can be represented as {Xi(t),Xi(t + ∆t)}Ni=1,

where Xi(t) ∈ Rd is the structural descriptor for particle i embedded at time t with d dimensions.

Xi(t+∆t) is the descriptor for the same particle i, but encoded through the configuration at t+∆t,

which has evolved from the configuration at t. To construct the models, first, we process the input

data through mean-centering and covariance matrix whitening operations:

X̃i(t) = C
− 1

2
00 (Xi(t)−

1

N

N∑
i=1

Xi(t)) (8.4)

X̃i(t+∆t) = C
− 1

2
∆t∆t(Xi(t+∆t)− 1

N

N∑
i=1

Xi(t+∆t)) (8.5)

where C00 and C∆t∆t are self-covariance matrices for {Xi(t)}Ni=1 and {Xi(t + ∆t)}Ni=1, respec-

tively. Then both TCCA and TAE aim to identify the optimal solution for transformation P which
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Figure 8.2: Schematic representation of the unsupervised ML model Time-lagged AutoEncoder

(TAE). At a given temperature, the input descriptor vector Xi(t) consists of the local structural

descriptors of the i-th particle at time t, while the output descriptor vector Xi(t + ∆t) consists of

the descriptors for the same particle, at time t+∆t. After training of TAE, the OPs are the values

of the normalized bottleneck space variables (grey). This figure is reproduced from Qiu. et al.[45]

could minimize the loss function:

L =
1

N

N∑
i=1

||X̃i(t+∆t)− PX̃i(t)||2 (8.6)

TCCA assumes the transformation P is linear, allowing for an analytical solution to be obtained

from the regression [275]:

Pr = C
− 1

2
00 C0∆tC

− 1
2

∆t∆t (8.7)

where C0∆t is the covariance matrix between {Xi(t)}Ni=1 and {Xi(t + ∆t)}Ni=1. TCCA truncates

the leading singular vectors of Pr, obtained through SVD, to serve as OPs. Similar to principal

component analysis (PCA), which identifies the components exhibiting the largest variances by

minimizing the Frobenius norm reconstruction error, the OPs from TCCA show the strongest time-

correlations.

The TAE method [55] adopts an autoencoder neural network to non-linearly approximate the

P transformation and minimize the loss function (see Figure 8.2). After optimizing the TAE,

it autonomously provides an encoder that maps high-dimensional descriptors to low-dimensional

latent variables. We then apply PCA to orthogonalize and reorder the latent variables, thereby

obtaining independent OPs.
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8.3 Identifying Order Parameters via Unsupervised ML Models

We implement our unsupervised ML models on the 3-dimensional Kob-Andersen (KA) bi-

nary mixture system [276]. To obtain equilibrium configurations in different supercooled regimes

(from T = 0.44 to 0.56), we conduct molecular dynamics simulations at various temperatures with

multiple relaxation steps, ensuring the systems are fully relaxed. For each temperature, after gener-

ating the independent equilibrium configurations, we further extend each simulation for a short lag

time ∆t to obtain time-lagged configurations for the construction of our unsupervised models. In

line with previous studies, we quantify dynamic heterogeneity using the bond-breaking correlation

propensity CiB(δt) [258, 259, 267], which measures the fraction of nearest neighbors retained by

particle i over the time interval δt, thus representing its mobility. This propensity also offers a way

to extract the structural relaxation time, with the bond-breaking relaxation time τBB
α defined as the

time at which the average bond-breaking propensity decreases to 0.5. All results in this section are

reported for the large A-particles, but we note that the findings are independent of particle type.

Unlike systems such as the Wahnström model [278] with strong icosahedral order, the structure-

dynamics relationship in the KA system is much more complex [42, 70, 260]. To date, no straight-

forward single structural descriptor has been identified that is highly correlated with the long-time

dynamics of the KA system. Both prior supervised and unsupervised methods constructed a large

number of fine-grained descriptors to capture subtle local structural differences and then estab-

lished connections to dynamics. Based on previous studies, our unsupervised protocol can be di-

vided into two steps. First, for each individual particle, we characterize its local structure at a given

time t and at a lagged time t +∆t, respectively. Specifically, we encode the particle’s surrounded

radial density using 200-dimensional Gaussian kernel functions and its local angular distribution

using 192-dimensional spherical harmonic functions. These descriptors have demonstrated great

power in predicting dynamic heterogeneity within supervised schemes [44, 268, 271]. Second,

TCCA or TAE is employed to identify the optimal transformation for compressing the descrip-

tors at time t into low-dimensional representations, allowing for the most accurate reconstruction

of descriptors at time t + ∆t. These low-dimensional representations are considered OPs, along
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Figure 8.3: Selection of number of OPs and lag time ∆t for TCCA models constructed with radial

descriptors at T=0.50. (a) Top five singular values obtained from TCCA constructed with different

lag times. (b) Pearson correlation between OPs obtained at different lag times (color) and those

obtained with lag time of ∆t = 0.1 (light). Each bar represents the correlation calculated between

λi(∆t) and λi(0.1).
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which the projections of descriptors lagged by time ∆t exhibit the highest correlations. TCCA

assumes the transformation is linear and obtains the OPs via singular value decomposition (SVD)

of normalized time-correlation matrix. TAE utilizes an autoencoder to learn an optimal non-linear

transformation, and its normalized latent space serves as OPs, as shown in Figure 8.2.

TCCA ranks the OPs according to the singular values from SVD, while TAE uses princi-

pal component analysis (PCA) to reorder the latent space. The obtained OPs are denoted as

{λi(∆t)}ki=1. There are clearly two critical parameters need to be set for our unsupervised mod-

els, i.e., the number of OPs and the lag time ∆t. To choose the number of OPs, we analyze how

the time correlation of the projected time-lagged descriptors decay along each TCCA OP as ∆t

increases. Specifically, we examine the radial and angular descriptors separately. As shown in

Figure 8.3(a), at temperature T = 0.50, the top 5 singular values, which reflect the time correla-

tions along different OPs constructed from radial descriptors, are all close to 1 when ∆t is very

small but begin to decay quickly beyond the relaxation time (τBB
α ≃ 117 for T = 0.50). Notably,

the time correlation along λ1 decays much more slowly than the other OPs. This indicates that λ1

constructed from radial descriptors captures the long-term relaxation of structural descriptors. In

contrast, we observed that the time correlations along the OPs derived from angular descriptors are

generally much weaker and decay more quickly than those from radial descriptors over a broad

time range, suggesting that radial descriptors are better suited for capturing long-term dynamics.

Meanwhile, we also quantify the difference between OPs {λi}5i=1 constructed with different

lag times using the Pearson correlation coefficient. We observe that for both the radial and angular

descriptors, leading OPs obtained at very short lag times (e.g. ∆t = 0.1) exhibit strong similarities

and high correlations with those obtained at lag times around the relaxation time, especially for λ1

(see Figure 8.3(b)). This demonstrates that OPs with strong short-time correlations are consistent

with those strong long-time correlations, facilitating the inference of long-term dynamics from

short-term fluctuations. And we found that all of above observations are independent of temper-

atures ranging from T = 0.44 to T = 0.56. Therefore, we will set the lag time to a small value,

∆t = 0.1, and focus on the leading OP built with radial descriptors from TCCA or TAE, λ1, to

study long-term dynamic heterogeneity in the following analysis.
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8.4 Explaining Dynamical Heterogeneity with Order Parameters

Using unsupervised TCCA and TAE models, the local radial descriptors of the particle i can

be encoded into the OP λ1, based on its evolution over a very short lag time, ∆t = 0.1. For bet-

ter visualization, we constructed the TAE with a 2-dimensional bottleneck space. When applying

TAE at temperature T = 0.50, we observe that λ1 reveals clear structural heterogeneity, as shown

in Figure 8.4(a). Strikingly, we notice that the propensity around τBB
α /2, where the dynamics are

strongly heterogeneous, follows a similar distribution pattern (see Figure 8.4(b)). And the visual-

ization of the TAE bottleneck space further demonstrates the effectiveness of λ1 in distinguishing

between active and passive particles over long timescales (see Figure 8.4(c)). These observations

suggest that the structural heterogeneity captured by λ1 with a short lag time of less than 0.001τBB
α

may provide a compelling explanation for long-term dynamic heterogeneity.

Next, we systematically examine the correlation between the OP λ1 and the propensity CB(δt)

over a broad time range. Specifically, we use the Pearson correlation coefficient:

ρCB = cov(CiB, λi1)/
√
var(CiB)var(λi1) (8.8)

to quantify the relationship between them. As shown in Figure 8.4(d), we find the λ1 identified

by TAE exhibits a strong correlation (ρCB > 0.5) with the propensity from time ∼ τBB
α /3 to

∼ 3τBB
α . The OP λ1 from TCCA displays very similar behavior but with slightly lower correla-

tions. In contrast, consistent with previous studies[70, 260], the OP constructed by PCA or the

Autoencoder using the same descriptors, which represents the highest-variance component in the

data, provides very limited insight into dynamic heterogeneity (ρCB < 0.2). Our unsupervised

models clearly surpass traditional approaches, achieving state-of-the-art performance in accurately

correlating structures with heterogeneous dynamics.

Additionally, the four-point susceptibility, χ4(δt) = N(⟨C̄2B(δt)⟩ − ⟨C̄B(δt)⟩2), is commonly

used to characterize the spatial dynamic heterogeneity of supercooled liquid, where N represents

the number of A-type particles and C̄B(δt) is the averaged propensity [258, 259, 267]. We calculate

this time-dependent scalar to quantify how structural factors contribute to the system’s dynamic

fluctuations over time (see Figure 8.4(d)). At short timescales, since particles predominantly move
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Figure 8.4: Visualization and characterization of dynamical heterogeneity at T = 0.50. (a) The 2D

slice snapshot of the simulation box is randomly selected and visualized, with each particle colored

based on its OP λ1 value, encoded by the TAE constructed at T = 0.50. (b) The same snapshot,

but with each particle colored based on its bond-breaking correlation propensity at τBB
α /2. (c)

The 2D latent space of the TAE. Each point represents an individual particle, and the color is

assigned based on the CB(τBB
α /2) propensity. (d) The Pearson correlation coefficient between the

leading OP identified by different unsupervised ML models and CB(δt) over time is displayed.

The susceptibility χ4 over time is shown as the grey curve. This figure is reproduced from Qiu. et

al.[45]
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within their local confined cages, we find they typically display minimal heterogeneity. At longer

timescales, however, particles tend to lose memory of their initial structures, leading to the decay-

ing heterogeneity. Notably, we observe that the time dependence of χ4 closely mirrors the Pearson

correlation results of the OP λ1 from TCCA and TAE, indicating that our unsupervised protocol is

highly effective in understanding strongly heterogeneous dynamics.

To further demonstrate the effectiveness of our unsupervised approach, we compared the per-

formance of λ1 obtained from TAE with conventional physics-based OPs and some supervised

models. For consistency with Ref.[43], we chose to use a different propensity defined as the iso-

configurational average of particle absolute displacements,D(δt), rather than CB(δt). As shown in

Figure 8.5(a), TAE demonstrates much better predictive performance for the strong heterogeneous

regime compared to the soft modes (SM) [254], which uses the mode participation fraction of each

particle for low-frequency soft normal modes, and the Debye-Waller (DW) factor [264], which

relies on the ground-truth dynamics up to 3/4 of the initial value of the intermediate scattering

function (i.e.,corresponds to time ≃ 0.4 for T = 0.50). And TAE’s performance in the strong

heterogeneity range is comparable to, or even slightly superior to, that of supervised models in-

cluding graph neural networks (GNN), convolutional neural networks (CNN), and support vector

machines (SVM). To our knowledge, this is the first time an unsupervised method has been shown

to achieve performance comparable to supervised methods for the benchmark KA system.

Furthermore, as illustrated in Figure 8.5(b), we validate that the TAE OP λ1, constructed across

different temperatures (i.e., from T = 0.44 to T = 0.56), consistently demonstrates strong perfor-

mance in correlating with dynamic heterogeneity over a broad time range (i.e., from ∼ τBB
α /3 to

∼ 3τBB
α ). As the temperature is decreased, the TAE OP exhibits strong correlation with propensity

over longer time scales. Additionally, we examine the quality of other TAE OPs in correlating with

dynamic heterogeneity and how the lag time ∆t affects their performance. As shown in Figure 8.6,

we find that the leading OP, λ1, consistently shows the strongest correlation with long-term propen-

sity, while the second OP, λ2, exhibits a slightly higher correlation with short-term dynamics over

different temperatures. The other OPs, however, are far less informative. We also observe once

lag time is set as 0.1 < ∆t < τBB
α , the performance of the OPs shows minimal variation across
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Figure 8.5: Effectiveness of the TAE OP in explaining dynamical heterogeneity. (a) Comparison

of supervised ML methods and physics-based OPs from Ref. [43] with the OP λ1 from TAE in

predicting the isoconfigurational average of displacements D(δt) at temperature T = 0.50. Pear-

son correlation coefficients at different time points are shown. (b) Four TAE models are respec-

tively constructed for four different temperatures, and the Pearson correlation coefficients between

CB(δt) and λ1 are shown for each TAE model. This figure is reproduced from Qiu. et al.[45]



147

Figure 8.6: Effects of lag time and dimension of latent space on the quantify of OPs. Multiple

independent TAE models are constructed with 4-dimensional latent space and various lag times

∆t = 0, 0.01, 0.1, 1, 10, 100 by utilizing radial density descriptors derived from time-lagged con-

figurations at different temperatures: (a) T=0.44, (b) T=0.47, (c) T=0.50 and (d) T=0.56. The

correlations between four OPs and bond-breaking propensities are calculated and visualized, re-

spectively. This figure is reproduced from Qiu. et al.[45]
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different lag times and temperatures. These findings align with the TCCA singular value and OP

correlation analysis, where the leading singular values decay much more slowly than the others,

and OPs constructed with different lag times show strong correlations with each other.

8.5 Generalizing Predictive Power to Low-Temperatures

The computational cost of simulating supercooled liquids and calculating their propensities

around relaxation timescale increases significantly as the temperature decreases. Therefore, it is

crucial to investigate the generalization capabilities of the OPs constructed using our unsupervised

protocol across different temperatures. We evaluate the transferability of the TAE, constructed at

single temperature T = 0.50, to other temperatures. Specifically, after optimizing the parameters

(i.e., weights and biases) of TAE with 2-dimensional bottleneck space, we then encode the radial

descriptors of particles from equilibrium configurations at other temperatures, thereby determining

the λ1 distribution as a function of temperature. Notably, this process does not require additional

simulations at different temperatures, only ensembles of configurations from equilibrium simula-

tions.

Encoding multiple A-particles from 13 uniformly spaced state points (from T = 0.44 to

T = 0.56) by transferred TAE, produces 13 distributions for λ1. As shown in Figure 8.7(a),

the mean value of λ1 gradually increase with the decreasing of the temperatures, indicating the

“slow” structural group becomes more dominant. However, the increase in λ1 is linear and not

dramatic and sensitive as in the traditional properties used to quantify the onset of dynamical arrest

in supercooled liquids, for example, the peak value of non-Gaussian parameters αm, shown for

comparison. Additionally, the standard deviations of λ1 are observed to progressively increase as

the temperature decreases, demonstrating the structural heterogeneity captured by λ1 grows with

decreasing temperature, consistent with the trend of dynamic heterogeneity.

Furthermore, we quantify the ability of λ1, encoded from configurations at four different tem-

peratures by the transferred TAE, to predict dynamic propensity at the corresponding temperatures

(see Figure 8.7(b)). The predictive performance of the transferred TAE at different temperatures
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Figure 8.7: Transferability of TAE across different temperatures. The TAE constructed at T = 0.50

is applied to encode configurations from other temperatures to obtain λ1 for those temperatures. (a)

The distributions of λ1 for encoded particles from different temperatures are shown in red bars. The

heights αm of the peaks of the non-Gaussian parameter are shown in black curve for comparison.

(b) The correlation between λ1 obtained from the transferred TAE and propensities is shown for

different temperatures. This figure is reproduced from Qiu. et al.[45]
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is found to be comparable to that of the TAE models specifically constructed for those tempera-

tures (see Figure 8.5(b)). Therefore, the TAE exhibits great predictive capability at temperatures

other than where its parameters were optimized, showcasing the excellent transferability of our

unsupervised models and underscoring their potential for investigating dynamic heterogeneity at

exceptionally low temperatures and over extended timescales.

8.6 Extracting Important Local Structures for Long-Time Dynamics

We have shown that the OP λ1, constructed using our unsupervised models with radial descrip-

tors, is highly effective in correlating structural differences with long-term dynamic heterogeneity

across different temperatures. These unsupervised models are not only far more data-efficient but

also significantly more interpretable than supervised models. In particular, TCCA is implemented

through a very trivial linear combination of input descriptors, offering an good opportunity to un-

cover the critical information hidden in the static structure that influences prediction of long-term

dynamics.

We characterize the importance of radial densities with different radii by using the TCCA linear

combination coefficients of λ1, scaled by the ensemble-averaged fluctuations of the corresponding

densities. As shown in Figure 8.8, we find that radial density across all length scales plays a

crucial role in the success of TCCA. Notably, the densities of surrounding B-particles contribute

more than those of A-particles, especially at lower temperatures. The medium-range B-particle

densities, even beyond the cutoff for potential energy, are particularly crucial. And the importance

of radial descriptors remains largely consistent from T = 0.44 to T = 0.56.

Furthermore, we validate the importance of radial descriptors using TAE by constructing mul-

tiple TAEs, each restricted to descriptors from one of three regions: from 0 to the first minimum

in the pair correlation function, between the first and second minima, and beyond the second mini-

mum (see Figure S9). We observe that in general, the performance of the TAE OP constructed with

a subset of descriptors is weaker than when all descriptors are used (see Figure 8.9). Specifically,

when TAE is built using only the densities of surrounding A-particles, the performance of λ1 is

quite limited, whereas using only the densities of surrounding B-particles yields stronger results.
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Figure 8.8: Importance of density at varying radii in constructing the OP λ1. The rescaled linear

transformation coefficients for local radial densities at different radii in the construction of λ1 using

TCCA are displayed for (a) A-particles and (b) B-particles, respectively. Each absolute value of

coefficient is rescaled by the ensemble-averaged fluctuation of the corresponding density. The gray

curves represent the pair correlation functions over different radii. This figure is reproduced from

Qiu. et al.[45]
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Figure 8.9: Importance of radial descriptors within different shells to capture long-time dynam-

ics heterogeneity. A-particles from equilibrium configurations at temperatures (a) T = 0.44, (b)

T = 0.47, (c) T = 0.50, and (d) T = 0.56 are embedded using 200-dimensional radial descrip-

tors. These descriptors are subsampled based on reference particle types (left two columns for

A-particles, right two columns for B-particles) and shells (regions colored blue, green, and pink).

Independent TAE models are constructed with different input descriptors. For each model, the

correlations between propensities and the OP λ1 are calculated and visualized over time. The dif-

ferent curves for correlation are obtained using descriptors from same colored regions in the pair

correlation function. This figure is reproduced from Qiu. et al.[45]
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And it is also noticed that medium-range descriptors (i.e., 3rd+ shell) produce OPs with a stronger

correlation to long-term dynamics. Consequently, the outcomes from two unsupervised models are

highly consistent with each other. Our findings also align well with previous studies that emphasize

the importance of medium-range descriptors, showing that averaging descriptors with neighboring

particles can improve model performance [43, 44, 260].

Additionally, based on previous analysis of TCCA singular values, we demonstrate that OPs

constructed from angular descriptors show significantly weaker time correlations and may be insuf-

ficient for predicting long-term dynamics. We verify this by constructing OPs using both angular

descriptors and a combination of radial and angular descriptors with our unsupervised models. Our

findings support that, for the KA system, the three-dimensional angles of neighboring particles are

not useful for correlating with long-term dynamics. This aligns with a key conclusion from the

implementation of GNNs, which is that angles are only useful for short-term predictions, while

distances alone are sufficient for studying dynamics in the glassy regime [43].

8.7 Markovian Embedding of Non-Markovian Dynamics

We employ TAE to construct a non-linear propagator that maps the features of a particle at

time t to the features of the same particle at time t+∆t. In this approach, we ignore the historical

influence before time t and make the strong assumption that the evolution of dynamics in feature

space is Markovian. However, the dynamics of a single particle are expected to have a strong

memory effect due to its active interactions with multiple surrounding particles. If we solely utilize

the coordinates and velocities of the probe particle to construct the feature space, the dynamics in

the feature space should be non-Markovian. This explains why the displacement during a short lag

time shows no correlation with long-time propensity at all. The strong memory effect prevents the

predictability of long-term dynamics from short-time displacement alone.

In our implementation of TAE, we address this issue by employing the Markovian embedding

of non-Markovian dynamics approach.[279, 280] This involves incorporating a substantial amount

of additional degrees of freedom, achieved through the consideration of local surrounding struc-

tures. The resulting high-dimensional feature space takes into account interactions between the
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Figure 8.10: Impact of input feature dimension on the quality of order parameters. The 200-

dimensional radial density features are randomly subsampled into different dimensions and used

to train both AE and TAE models at four respective temperatures: (a) T = 0.44, (b) T = 0.47, (c)

T = 0.50, and (d) T = 0.56. The number of hidden neurons is consistently set as five times the

input feature dimensions for all the models, and the lag time for TAE is fixed at ∆t = 0.1. The

subsamplings are repeated twenty times for a specific dimension of input features, and the error

bars are estimated accordingly. This figure is reproduced from Qiu. et al.[45]
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particle and its surroundings, allowing for a better approximation of dynamics as a Markovian pro-

cess. But since we consider each particle individually and cannot update the evolution of features

due to the motions of surrounding particles, the accurate propagation time of dynamics is limited.

To substantiate the above justifications, we evaluate the quality of order parameters obtained

from TAE models constructed with varying numbers of features. We fix the TAE lag time at

∆t = 0.1 and randomly sub-sample the 200-dimensional radial features to train TAE models.

The number of hidden neurons is consistently set as five times the number of input features. We

repeat this process twenty times for a specific number of features. As shown in Figure 8.10, we

observe a substantial decrease in the prediction accuracy of TAE order parameters when the input

features are truncated. In contrast, the prediction accuracy of order parameters from the ∆t = 0

Autoencoder does not change significantly. Despite the identification of the radial features for B-

particle as important, utilizing only a single shell of these features lead to order parameters with

significantly reduced predictive power (Figure 8.9). These results demonstrate that expanding the

feature space enhances the predictability of long-time dynamics for a single particle using a short

lag time, aligning with our concept of Markovian embedding of non-Markovian dynamics.

8.8 Conclusion

Overall, our results from the unsupervised ML models suggest that structural heterogeneity

in supercooled liquids could be effectively captured and used to explain long-term dynamic slow-

down and heterogeneity in a more data-efficient and interpretable manner. In contrast to supervised

models, which are “black boxes” trained with targeted labels from extensive simulations, and to

typical unsupervised models that use numerous local structural descriptors to construct OP captur-

ing the most variance, our unsupervised protocol leverages information from extremely short equi-

librium simulations to identify OP with the greatest short-time correlation. This one-dimensional

OP is shown to be highly effective in representing variations in local structure that correlates with

strongly heterogeneous dynamics. An intriguing conclusion thereby drawn is that the essence of

long-term dynamics is already encoded in the fluctuating structural behaviors observed at short

times.
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While substantial efforts have been made to establish clear connections between structure and

dynamics—such as developing new ML networks, incorporating additional physical properties,

and creating novel structural descriptors—we take a different approach. By applying simple and

efficient linear or nonlinear transformations to commonly used descriptors, we achieve remarkable

performance across various temperatures, which is even comparable to some supervised models.

Note that our models use only trivial descriptors for individual particle as input, without any av-

eraging or coarse-graining. While averaging structural descriptors with neighboring particles can

enhance model performance, the hyperparameters for averaging are either empirical [44, 260] or

optimized through supervised methods [43]. The straightforward setup of our unsupervised proto-

col facilitates the implementation and helps identify the most important structures, with a particular

emphasis on medium-range structures and particle types. Meanwhile, the robust transferability of

our models opens up opportunities for studies of dynamic heterogeneities in lower-temperature

regions using data that are more easily obtained at higher temperatures.

It is also important to remember that structural and dynamic heterogeneity can vary from sys-

tem to system [263]. Our protocol provides a potential approach for exploring structure-dynamics

relationships, but further exploration is needed for future. In particular, future work could general-

ize the approaches to a wider range of glass-forming materials and systems, as well as investigate

the relationship between the identified OP and other relevant physical quantities in glassy systems.
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Chapter 9

Conclusions and Future Perspectives

Investigating complex dynamics in multi-body systems is of great importance for fields such

as chemistry, biology, and materials science. However, due to the unique characteristics of multi-

body systems, such as complex energy landscapes with large local fluctuations, heterogeneous

dynamics across various timescales, and diverse parallel transition pathways, etc., investigating

their microscopic dynamics and mechanisms at high temporal (picoseconds) and spatial (atomic-

level) resolution is highly challenging. MD simulation is a powerful tool for revealing the dynam-

ics of multi-body systems with high resolution, but its direct application to such systems remains

highly complex. On one hand, the short time steps required for MD simulations make it extremely

difficult to sample slow processes that occur on timescales of milliseconds or longer, creating a

timescale gap that hinders direct comparison with the timescales from experimental observations.

On the other hand, the trajectories generated from MD simulations are high-dimensional sequence

data, making them difficult to interpret, particularly when trying to identify transition pathways

and understand the mechanisms. To overcome these challenges, the MSMs framework has been

developed to bridge the timescale gap by integrating ensembles of short MD trajectories to infer

long-term dynamics and to interpret complex dynamical processes through Markovian jumps be-

tween few coarse-grained metastable states. However, it should be noted that to construct a MSM

with prediction power, a sufficiently long lag time must be employed to ensure that intra-state

dynamics are relaxed and inter-state transitions are Markovian. Since the feasible lag time is con-

strained by the length of the MD trajectory, MSMs with only a few metastable states typically still

require prohibitively long simulations. Increasing the number of states can help shorten the lag

time, but it also result in numerous parallel pathways and leads to difficulties in understanding the

underlying mechanisms. These open questions lead to a dilemma: it is difficult to simultaneously
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capture the heterogeneous long-time dynamics in multi-body systems accurately and intuitively

understand their molecular mechanisms.

In this thesis, we developed machine learning algorithms and non-Markovian dynamics models

to address the aforementioned challenges and dilemmas. Unlike conventional MSMs, which model

dynamics as a Markovian process using the first-order master equation, we developed the IGME

approach. This approach models dynamics using the generalized master equation, incorporating

time-integration of memory kernels to capture non-Markovian behaviors. Since the relaxation time

for memory kernels is much shorter than the Markovian lag time, the IGME model allowed us to

achieve greater accuracy in modeling long-term dynamics using shorter MD segments. Meanwhile,

we developed an effective algorithm called LPC to identify explainable metastable path channels

in multi-body systems. This algorithm could group multiple kinetic pathways with comparable

fluxes, identified through the integration of transition path theory and a hundred/thousand-state

MSM, providing a much clearer interpretation. Additionally, we also designed an information

bottleneck approach, which employed the varitional autoencoder deep neural network to construct

MSMs. Different from the traditional MSM construction pipeline, this approach can coarse-grain

MD conformations into a few metastable states using a set of non-linear basis functions, leading to

improved assignments for MD conformations and thereby significantly reducing the Markovian lag

time for MSMs. Through the development and implementation of the machine learning techniques

and algorithms mentioned above, along with the non-Markovian dynamics models, we expect to

better capture long-term heterogeneous dynamics and gain deeper insights into the mechanisms of

multi-body systems.

In the future, significant effort will be needed to further improve the workflow for MSM con-

struction and dynamic modeling. For instance, the generalized Langevin equation could replace the

generalized master equation to model projected dynamics in a low-dimensional space with higher

spatial and temporal resolution. However, additional efforts may be paid to determine the con-

tinuous friction kernels and stochastic noise while preserving the fluctuation-dissipation theorem.

Meanwhile, high-order or variable-order Markov models could be developed to more accurately

capture non-Markovian dynamics and provide better interpretations of the physical insights related
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to memory kernels. Additionally, improvements in algorithms for dimension reduction, clustering,

and kinetic lumping could optimize the MSM construction protocol, achieving better the time-scale

separation between intra-state and inter-state dynamics and thereby shortening the Markovian lag

time. In particular, beyond the commonly used VAMP-score-based optimization and metastabil-

ity maximum optimization schemes, methods that establish metastable state models with reduced

memory effects would be highly beneficial. To enhance the interpretation of mechanisms, pathway

clustering algorithms are still actively being developed. However, determining the optimal method

for quantifying similarities between pathways remains an open question. These path clustering

algorithms are crucial and highly relevant for complex multi-body systems, such as protein-ligand

complexes.

With the developed techniques, we further applied them to investigate the dynamics in real

multi-body systems, including PPIs and chromatin folding. Specifically, in the Chapter 6, we il-

lustrate how the IGME model and advanced feature embedding methods can aid in elucidating the

hetergeneous conformations and dynamics of the KRAS-VHL encounter complex. We identified

non-canonical PPI interfaces that serve as valuable baselines for future design of PROTAC linkers.

Meanwhile, we came up with a pipeline incorporating various metrics to shortlist the most suitable

metastable PPI interfaces for PROTAC design, which can be easily generalized to evaluate other

systems. In the Chapter 7, we thoroughly examine the impact of DNA linker length and nucleo-

some condensate environment on the folding dynamics and mechanisms of the tetra-nucleosome.

We observed notable differences between tetra-nucleosome folding and typical protein folding,

with the former involving many more parallel pathways with similar fluxes. Our LPC algorithm

was instrumental in identifying three distinct folding pathways, each corresponding to different

mechanisms, and in quantifying their relative dominance. Using the IGME models, we further

reveal that both longer DNA linkers and the phase separation of nucleosome condensate environ-

ment can destabilize the tetra-nucleosome and promote unfolding rates. Additionally, our dynamic

modeling provides insights into the differences between in vivo and in vitro observations.

For future studies, it remains unclear which computational approach is best for enhancing the

heterobiofunctional molecule PROTAC design. we anticipate that the simulation and dynamics
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modeling protocol used in our investigation of the KRAS-VHL encounter complex can be extended

to other PPI systems, potentially aiding in the design of PROTACs and molecular glues. Addition-

ally, in our study of the tetra-nucleosome within the nucleosome condensate, we did not explore the

dynamics of condensate aggregation, which would be a valuable area for future research. In par-

ticular, implementing graph neural networks, such as Graph-VAMPnet, could effectively identify

metastable intermediate aggregation patterns and elucidate the aggregation mechanisms of nucleo-

some condensates. Research into the dynamics of bio-condensate multi-body systems is becoming

increasingly popular and significant.

Moreover, in Chapter 8, we studied the dynamics of another typical multi-body system: su-

percooled liquids. Specifically, we present an unsupervised machine learning approach to explore

the connection between long-time dynamical heterogeneity in supercooled liquids and their local

structures. Different from typical supervised machine learning approaches that rely on training

with large datasets where dynamical heterogeneity is pre-modeled from long MD simulations, our

unsupervised method identifies order parameters with the highest short-time lagged correlations

from high-dimensional structural descriptors. And the order parameters were demonstrated to

effectively explain the long-term dynamical heterogeneity of supercooled liquids, achieving pre-

diction accuracy comparable to state-of-the-art supervised machine learning methods. Notably,

without additional training, our order parameters exhibited strong generalization ability in low-

temperature regions, indicating the success to localize key structural features across varying de-

grees of supercooling. Further analysis of input feature importance highlights the significance of

medium-range features, extending even beyond the potential energy cutoff.

With the advancement of machine learning techniques, predicting dynamical heterogeneities

at various timescales from initial structures has become an active and highly pursued research di-

rection in the study of supercooled liquids. In the future, there are four key directions to go. First,

improving structural descriptors for disordered amorphous glasses is crucial. Since the signifi-

cance of different features is difficult to be evaluated in advance and is highly system-dependent,

it’s important to develop a variety of descriptors that can comprehensively capture structural details

from multiple perspectives. Second, applying more advanced supervised machine learning models,
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such as different newly developed neural network architectures, remains promising for achieving

greater accuracy in dynamics prediction. Third, developing unsupervised methods with higher

performance can significantly enhance data efficiency and help understand the importance of dif-

ferent features, while adaptively using these identified features to build supervised models could

be promising. Fourth, since dynamical heterogeneities are highly system-dependent, it is crucial

to test different algorithms or models across various systems while also creating more benchmark

systems and datasets.
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Markov models. The Journal of chemical physics 2015, 143.
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