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ABSTRACT

The Internet of Things (IoT) refers to the interconnection of embedded computing devices within
the Internet infrastructure. IoT has created a data-rich environment in which multiple sensors
continuously monitor a unit’s health status, and multiple units simultaneously transfer these data
through the communication network to the processing center for analysis. This has provided an
unprecedented opportunity for advanced data analytics and improving service decision making,
which could lead to closer monitoring of a unit’s health status, quicker fault diagnosis, more
accurate forecasts of a unit’s remaining lifetime, and proactive maintenance and control decisions
that are better aligned to a unit’s future conditions and performance. However, at the same time,
it also creates new challenges for research in data analytics as to how this vast and complex data
could be utilized to retrieve accurate diagnosis, meaningful prognosis, and real-time decision-
making capability. Many existing techniques fall short of addressing this issue because most of
them are developed when the data were collected in a well-controlled experimental setting.
However, the monitoring data often involves many factors that are uncontrollable and, inevitably,
has severe heterogeneity.

This research simultaneously addresses multiple challenges that arise from the monitoring
data.

I. A primary focus of any diagnostic analytic technique is to discover the out-of-control
condition as soon as possible. The characteristic of an engineering process under
consideration can be represented by a functional relationship between a response variable and
one or more explanatory variables. This functional relationship is typically referred to as
profile. A non-parametric technique that capitalizes on the specific structure of multivariate

profile data is essential for the effective diagnosis of any engineering system.

ii.  One significant challenge in condition monitoring (CM) stems from the common industrial
practice wherein an equipment is shut down (for maintenance or replacement) once its
degradation signal reaches the failure threshold, and consequently no further condition
monitoring data can be acquired beyond the failure threshold; this results in absence of
information regarding the tail observations following truncation. Also, the CM signal

observations in real-world applications are typically noisy as the sensors are subject to
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environmental disturbances. Noisy CM signal observations can be inaccurate and may even
contradict the underlying physics. For instance, CM signals should be monotonic over time
when the underlying health is continually deteriorating. Thus, there is a need for an accurate
yet flexible data-driven approach for modeling the evolution of degradation signals

considering these two challenges.

iii.  Individualizing the model is crucial for effective diagnosis and prognosis based on the
monitoring data. The primary focus of collecting the monitoring data is to understand the
specific in-service unit rather than studying the population behavior. Therefore, the
predictions or diagnostic decisions based on the monitoring data needs to be highly
individualized. This individualization is especially important in the current telemonitoring
systems where environmental condition data are also available in large scale beside CM data.
Thus, the model should be able to exploit both population level information and individual
level CM data stream, as well as environmental condition data and update or adjust itself

according to the newly collected data points from the specific individual.

Iv.  Many practical engineering systems only collect critical event occurrence data. Data analytics
on such event data can provide meaningful prognostic and diagnostic information. A critical
challenge in prognostic based on event data is individualizing the event prediction for a
specific unit of interest rather than developing a population model. Such a framework should
be able to map prognostic insights from similar performing unit to the special unit under study.
The developed model should also be scalable and flexible enough to facilitate sharing of

information and allows for analysis of flexible event patterns.

V.  Prognostic models provide insights on the future evolution of health status of the engineering
system under study. The next step for a prognostic model is to utilize the insights it provides
and integrate it into a decision-making framework to optimize the performance of the system.
Such an integrated analysis can consider individualized prognostic insight and develop

individualized control policies.

To address those issues listed above, five tasks are investigated in this dissertation. (a) To build
a statistical monitoring framework for multivariate profile data which is able to account for

correlation both within profiles and between profiles. This technique greatly improves



diagnostics capability specifically for systems where multiple sensors monitor the underlying
process. (b) To propose a non-parametric Bayesian framework which is able to extrapolate the
evolution of CM signal beyond its threshold level and to derive necessary and sufficient
conditions which ensures monotonic evolution of such CM signals even with noisy observations.
This technique is non-parametric and scalable to large data sizes. (c) To incorporate
environmental factors in prognostics framework through a Brownian motion process with a drift
dependent on the environmental conditions. This technique allows incorporating multiple time-
varying environmental factors into prognostic models through a semiparametric regression
approach utilizing penalized splines to model the environmental covariate-drift relationship. (d)
To propose a non-parametric prognostic framework for individualized event prediction that is
flexible and scalable to high dimensional settings. This framework provides sharing of
information between different units and allows for analysis of flexible event patterns. (¢) To
integrate individualized prognostic model into a decision-making framework. This framework
leverages the prognostics insights and allows for more realistic decision making considering the

uncertainty of units’ health status.
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Chapter 1

Introduction

1.1. Motivation

Major advances in IoT technology are transforming modern engineering systems into smart and
connected systems. These systems embody three key characteristics: tangible physical components
that comprise the engineering system, connectivity among components that enables data
acquisition and sharing, and smart data analytics and decision-making capability. IoT enabled
smart and connected systems have become increasingly available in practice. Examples include
GM’s OnStar® tele-service system, the InSite® tele-monitoring system from GE, and the

KitchenConnect® system from Welbilt Inc.

Prognosis and diagnosis for the underlying health status of such systems are the keys for
establishing a successful maintenance strategy and timely decision making. For those purposes,
critical event data and condition monitoring (CM) data are often used. CM data is defined as a
dataset that has been collected from individuals along the time, and it implicitly manifests the
underlying unobservable system status. Also, in many cases, there are crucial events of interest
and data analytics on such event data can provide meaningful prognostic and diagnostic
information. For instance, many automotive companies try to establish an effective teleservice
system. Teleservice systems monitor the in-field units and continuously generate data, which are
transmitted through the communication network to the back office. The aggregated data are then
processed and analyzed at the back-office to produce system prognosis. The prognosis results and
the service alerts are passed individually to the in-field unit. The ultimate goal of a teleservice
system is to improve the user experience, enhance the product safety, lower the ownership cost,

and eventually gain competitive advantage for the manufacturer.



The unprecedented data availability in IoT enabled smart and connected systems provides
significant opportunities for advanced data analytics and real-time decision-making; but, at the
same time, it reveals critical challenges. (i) Multivariate signal data are becoming prevalent with
the boom in sensor technology which offers significant opportunities for system diagnostics and
prognostics. (ii) individual-level data including units' degradation and operating conditions as well
as event stream data (like patient arrivals, failure events and etc.) has become available in large
scale and consequently, there is a pressing need for individualized modeling and analysis. (iii) The
large amount of data provides significant opportunities for realistic data-driven decision making.
Since the hardware infrastructure of such monitoring system has not become mature until very
recently, only limited work is available on developing statistical methods that are suitable for
diagnosis, prognosis, and decision-making based on such data. Therefore, to truly fulfill the
promise of smart and connected systems and facilitate the transformation from data-rich into

decision-smart, new analytics and data-driven decision-making methods are urgently needed.

1.2. Research Objectives

Some of the challenges mentioned in the previous section make the existing statistical methods
somewhat unsuitable for the real-time diagnosis, prognosis, and decision-making based on CM
data. To fill this research gap, the objective of this dissertation is to establish a series of data-driven
statistical methods that are tailored for both opportunities and the needs of prognosis, diagnosis,
and decision-making based on the data collected from advanced monitoring systems. In details,

the research tasks can be summarized as below.

I. A primary focus of any diagnostic analytic technique is to discover the out-of-control
condition as soon as possible. The characteristic of an engineering process under
consideration can be represented by a functional relationship between a response variable
and one or more explanatory variables. This functional relationship is typically referred to
as profile. A non-parametric technique that capitalizes on the specific structure of

multivariate profile data is essential for the effective diagnosis of any engineering system.

ii.  One significant challenge in condition monitoring stems from the common industrial

practice wherein an equipment is shut down (for maintenance or replacement) once its



degradation signal reaches the failure threshold, and consequently no further condition
monitoring data can be acquired beyond the failure threshold; this results in absence of
information regarding the tail observations following truncation. Also, the CM signal
observations in real-world applications are typically noisy as the sensors are subject to
environmental disturbances. Thus, there is a need for an accurate yet flexible data-driven
approach for modeling the evolution of degradation signals considering these two
challenges.

Individualizing the model is crucial for effective diagnosis and prognosis based on the
monitoring data. The primary focus of collecting the monitoring data is to understand the
specific in-service unit rather than studying the population behavior. Therefore, the
predictions or diagnostic decisions based on the monitoring data needs to be highly
individualized. This individualization is especially important in the current telemonitoring
systems where environmental condition data are also available in large scale beside CM data.
Thus, the model should be able to exploit both population level information and individual
level CM data stream, as well as environmental condition data and update or adjust itself

according to the newly collected data points from the specific individual.

Occurrence of an event of interest across multiple similar units typically bears similarity and
yet is distinct for each unit. A non-parametric framework that can handle multiple event
stream data and account for heterogeneity is needed. Such a non-parametric framework can
transfer knowledge acquired from similar units to enhance event prediction capability for a
specific unit. The proposed framework should also be scalable to real-world high-dimensional

data.

A data-driven decision-making framework for maintenance planning in smart and connected
systems is needed. Specifically incorporating the individualized prognostics model into a
decision-making framework to account for uncertainty in units’ failure is essential for cost-
effective maintenance plans. Such a maintenance plan is typically developed for multiple
components in the system considering a finite planning horizon. Developed policy should
also account for the effect of workload on degradation rates of different components in the

system and considers the interactions between them.



Targeting the abovementioned research goals, five specific research tasks that correspond to

each chapter of this dissertation are explained in the next section.

1.3. Outline of the Dissertation

The dissertation focuses on solving the aforementioned research problems for diagnosis, prognosis,
and decision-making based on the data collected by various monitoring systems that have been
established very recently. Figure 1.1 provides an overview of the research problems studied in
each chapter of this dissertation and their relationship.

Chapter 6:

Maintenance Decision
Making

Chapter 2: Chapter 3: Chapter 4: Chapter 5:

Profile Modeling Non-parametric Model Environmental Factors Multiple Event Streams

Non-Parametric Approach Non-Parametric Approach MNon-Parametric Approach MNon-Parametric Approach

Multivariate Signal Data Truncated and Noisy Data Data Heterogeneity Multiple Event Data Minimizing Total Cost
Need for modeling Need for Individualization Need for Individualization Need for Individualization  Integrating Individualized prognostics
covariance structure Model Scalability Diverse Data Type Model Scalability and decision-making model

Figure 1.1. Overview of the research challenges studied in the dissertation

Chapter 2: Statistical Monitoring of Multiple Profiles Simultaneously Using Gaussian Processes

Multivariate signal data are becoming very common with the advances in sensor technology. In
this task, an integrative diagnostic analytics method based on monitoring multivariate profile data
from a manufacturing process is established. The proposed method utilizes the multivariate
Gaussian process model based on non-separable covariance functions to establish an effective
unified diagnostic analytics framework. The key advantage of the proposed technique is that it
considers correlations both within profiles and between profiles and facilitates sharing of
information. The proposed framework is highly flexible and can quickly detect different out-of-

control states.

Chapter 3: Remaining Useful Life Prediction Based on Degradation Signals Using Monotonic B-

splines with Infinite Support

One significant challenge in condition monitoring is the issue of truncated degradation signals.

Moreover, based on the physics of degradation process, the CM signals should be inherently



monotonic. However, it is almost inevitable that most of the sensor-based degradation signals are
subject to noise which can lead to misleading prediction results. In this task, a novel nonparametric
approach to modeling and prognosis of CM signals using B-splines in a mixed effects setting is
proposed. In order to deal with the issue of truncated historical CM signals, our approach is based
on augmenting B-spline basis functions with functions of infinite support. Moreover, to model the
degradation signal more accurately and robustly in a noisy setting, necessary and sufficient
conditions to ensure monotonic evolution of the modeled signals are derived. Aside from being
nonparametric, the flexible and individualistic approach in our model can scale for larger data sizes

and automatically enforce the derived conditions for the in-service unit.

Chapter 4: Stochastic Prognostics under Multiple Time-Varying Environmental Factors

Many models assume that CM signals behave under similar environmental conditions or that
environmental factors have no effect on the evolution of these signals. This assumption might not
hold in real life applications. In this task we propose a nonparametric framework for modeling the
evolution of CM signals under time-varying environmental factors. The unique feature of our
model is that it does not assume any functional form for CM signals and is able to incorporate the
effect of time-varying environmental factors through a semiparametric regression approach

utilizing penalized splines.

Chapter 5: Multi-output Gaussian Process Modulated Poisson Processes for Event Prediction

This task aims to understand and model multiple event stream data of different units to make
accurate individualized prediction for a specific unit of interest. To achieve this aim, a multitask
Poisson point process model which leverages information from all units via multivariate Gaussian
convolution processes is proposed. The unique advantage of this framework is that it models the
temporal dependency of each event stream and takes advantage of the cross-correlation that exists
among different event streams to give accurate learning and prediction. Moreover, a scalable
inference scheme using variational approximation is developed which makes the framework

appropriate for high dimensional big data.



Chapter 6: Deep Reinforcement Learning for Maintenance and Operational Workload Planning

The data-driven decision-making methods for maintenance and operational workload planning
are investigated for smart and connected systems. This task proposes a novel stochastic control
policy to plan for both maintenance and workload assignment actions in a system consisting of
multiple similar units operating in a finite planning horizon. The problem is cast into a Markov
decision process and a control policy that utilizes deep reinforcement learning is proposed. The
proposed model aims to minimize maintenance and operational workload costs in a multi-
component system considering components’ degradation and economic dependency over a finite
planning horizon. The proposed framework models the effect of workload on component
degradation through a Brownian motion process and considers unit-to-unit variation using a

Bayesian updating technique.

Finally, chapter 7 is the summary of the dissertation. It summarizes the contributions of the

completed work and discusses the proposed future work.



Chapter 2

Statistical Monitoring of Multiple Profiles

Simultaneously Using Gaussian Processes”

2.1. Overview

Profile monitoring is the application of control charts to monitor the stability of a process over
time when the process can be characterized by a functional relationship between a response
variable and one or more explanatory variables. Most of the research in profile monitoring has
been focused on monitoring univariate profiles, while multivariate profile data are widely observed
in practice. In this chapter, a monitoring approach based on a multivariate Gaussian process (MGP)
model is proposed to monitor multivariate profiles simultaneously. In this regard, using a non-
separable covariance function, a MGP model is fitted to represent the baseline in-control
multivariate profile. Then, the stability of the process is tracked by monitoring a distance measure
between the new observations of the multivariate profile and the baseline in-control model. A key
advantage of this method is that it considers correlations both within profiles and between profiles.
We also introduce, as a benchmark, a univariate Gaussian process based profile monitoring scheme
modified for multivariate profiles. The performance of the proposed approaches is investigated
and compared through numerical studies and a real-world case study. The analysis confirms the

effectiveness of the MGP based monitoring scheme for multivariate profiles.

* This chapter is based on the paper: Jahani, S., Kontar, R., Veeramani, D. and Zhou, S., 2018. Statistical monitoring
of multiple profiles simultanecously using Gaussian processes. Quality and Reliability Engineering
International, 34(8), pp.1510-1529.



2.2. Introduction

Remaining useful life (RUL) estimation and failure prediction play an important role in system
reliability analysis and maintenance decision making. Consequently, RUL prediction methods
have long been investigated. The approaches of prognosis can be put into three main categories:
mechanistic model-based methods, artificial intelligent methods, and data-driven statistical
methods (Jardine et al., 2006). The mechanistic methods employ the models based on the first
principles to describe the evolution of the weakness, e.g., a crack in a structure, and then predict
the occurrence of the failure, e.g., structural failure (Kozin and Bogdanoft, 1989). The mechanistic
methods are very effective for systems where the physics behind the failure mechanism is known
clearly. However, for complex engineering systems, comprehensive mechanistic methods often
become intractable. The artificial intelligent methods are built upon the experiences of the experts
in the field to establish a set of heuristic rules for the failure prediction (Siddique et al., 2003).
Although those methods are relatively easy to use, the model building or model training is often
time-consuming and costly. Recently, the rapid development of information and sensor
technologies have led to the fast development of data-driven statistical methods for RUL prognosis.
In such methods, a statistical model is established based on the historical failure event data and
system degradation signals, also referred to condition monitoring signals in some applications, to
describe and to predict the uncertainties in the failure occurrence. The data-driven statistical
methods enjoy the broad applicability and statistical rigor. Therefore, we shall focus on this type
of prognostic methods in this chapter.

Advances in sensor and information technology have made measurement of many process
variables easily accessible and enabled unprecedented opportunities for process condition
monitoring and control. Statistical process control (SPC) has provided a variety of methods and
tools to monitor and control a process. Among various SPC techniques, profile monitoring has
drawn significant attention in recent years (Noorossana et al., 2011, Jensen and Birch, 2009,
Williams et al., 2007, Zhang et al., 2014, Woodall, 2007). In this context, the process characteristic
under consideration can be represented by a functional relationship between the response variable
and one or more explanatory variables. This functional relationship is typically referred to as a
“profile” and “profile monitoring” generally refers to methods used to detect changes in the profile

structure due to assignable causes and to accurately identify their sources.



In many engineering processes that are monitored with multiple sensors, the process condition
is characterized by two or more profiles, and the response variables of interest are correlated. For
instance, consider the force balance calibration in wind tunnel experiments at NASA Langley
Research Center (Parker et al., 2001). In this example, three orthogonal force components
representing the response variables and three orthogonal torque components as the explanatory
variables are measured simultaneously. Another example is the ice making process of an ice
machine. For an ice machine, it is known that the performance of the ice making process can be
characterized through different temperature signals. Figure 2.1 shows the behavior of four different
temperature signals in an ice machine during three consecutive ice making cycles. As seen in
Figure 2.1, in each of the panels, different cycles have some similarities as well as some differences.
The similarities between the cycles in each panel reflect inherent process characteristics under a
specific operational condition, while the differences are due to natural random disturbances. Also,
it can be seen that these four different signals demonstrate a correlated behavior with the same
cycle mostly because all of them are collected from the same physical system. Such correlation
may be due to interactions among the signals or due to the fact that all the signals are impacted by
the same latent factor, such as the ambient temperature. While the signals in (a), (b) and (d) of
Figure 2.1 exhibit the same or opposite trends and are clearly correlated, the signal in (c) is a bit
different and seems to be constant in most of the range. However, by using a formal statistical
hypothesis test (such as Pearson’s samples correlation coefficient test), one can confirm the
existence of correlation between the signal in (c) and other signals of Figure 2.1. For a process
having multiple signal profiles, it is highly desired that these profiles be monitored simultaneously

in order to quickly detect process condition changes.

(a) Evaporator Inlet Temperature (b)Evaporator Outlet Temperature (€) Liquid Line Temperature (d) Compressor Discharge Temperature
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Figure 2.1. Temperature signal profiles for three consecutive ice making cycles
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SPC methods, including profile monitoring methods, typically consist of two phases, phase I
and phase II. In phase I, a set of process data is gathered and analyzed to see if reliable control
limits can be established for future observations. In this phase, any unusual patterns in the data
lead to adjustment of the process and the search for some assignable causes. Once all of the
assignable causes and corresponding data have been eliminated from the data set, we are left with
data associated with a stable operating condition which is called the in-control (IC) data set. Using
the IC data set, IC process parameters which are representative of the actual process performance
are estimated. In phase II, the process is monitored to detect any change in the process using the
parameters estimated in phase I. The performance of a phase II monitoring scheme is typically
measured in terms of the average run length (ARL) which is the average number of samples taken
from the process until the chart signals a change. For a specific monitoring procedure, the IC ARL
is often set to a given level. Then, when the process is out of control (OC), the monitoring
procedure with a small ARL is considered to have good performance in detecting the specific
change in the process. The ARL when the process is in-control is referred to as ARL, whereas the
ARL when the process is out of control is referred to as ARL;.

The existing profile monitoring methods can be broadly classified into two categories:
parametric methods and non-parametric methods. Many parametric approaches have been
proposed in the research literature for profile monitoring using linear regression models. In most
of these approaches, the stability of the linear regression model is tracked by monitoring the
regression coefficients using the Hotelling’s T? control chart. For instance, Stover and Brill
(Stover and Brill, 1998) and Kang and Albin (Kang and Albin, 2000) proposed T? control charts
based on successive vectors of the least squares estimators of the Y-intercept and slope. However,
in many real-world applications, linear regression models are often insufficient to represent the
shape of the profiles. In such situations, a non-linear regression model may be better suited to
model each profile. For a non-linear regression model, one can monitor the stability of the profile
structure by monitoring the coefficients of the regression model as discussed by Williams et al.
(Williams et al., 2007).

In practice, it might be difficult to assume any form of parametric relationship for the observed
profiles. This issue might be due to difficulty in determining the correct parametric form of the

relationship or because of the fact that the function is inherently non-parametric, i.e., it does not
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have any finite parametric representation (Noorossana et al., 2011). For instance, vertical density
profiles (VDPs) data set has been extensively used in the literature (Walker and Wright, 2002,
Williams et al., 2007, Chang and Yadama, 2010). Considering the VDPS data set, Chang and
Yadama (Chang and Yadama, 2010) proposed a method to identify the mean shifts and shape
changes in non-parametric profiles. In their work, a discrete wavelet transformation is applied to
separate the noise from the profile contours, and B-splines are used to generate critical points to
define the shape of profiles. Applying principal component analysis (PCA), Shiau et al. (Shiau et
al., 2009) used charts of principal component scores of profiles in monitoring both phase I and
phase II. Chicken et al. (Chicken et al., 2009) proposed a threshold based method for determining
the difference between the known wavelet coefficients in phase I and the coefficients of the newly
observed profiles. All the above-mentioned approaches focus on single variable profile monitoring.
One challenge with these methods is how to select the right basis and the right number of basis
functions in the non-parametric representation.

Gaussian process (GP) models provide an interesting alternative for non-parametric profile
modeling and monitoring and offer several advantages. First, GP models are non-parametric and
do not assume any underlying relationship or rigid structure between the inputs and the outputs
(Rasmussen and Williams, 2006). Moreover, GP models provide a unique view on prediction
errors and give a powerful tool for uncertainty quantification which can be considered as an
advantage over the wavelet and PCA methods. Also, GP models can provide a robust estimate of
outputs over inputs in the case where there is insufficient sampling data. These features make GP
a useful tool for profile monitoring. For instance, a GP model was used by Colosimo et al.
(Colosimo et al., 2014) to model and monitor cylindrical machined surfaces generated by turning
operations. Similarly, Cicorella et al. (Cicorella et al., 2013) proposed using a GP approach to
model and monitor complex machined shapes. In these methods, a template profile is used to
establish a GP model, and then the newly observed profiles are compared with the model outputs.
Zhang et al. (Zhang et al., 2014) proposed using a GP model to describe the within-profile
autocorrelation (WPA) in a linear profile monitoring problem. They proposed two Shewart-type
multivariate control charts to monitor the parameters of the GP corresponding to the linear trend
and the WPA separately.

In the above-mentioned GP based non-parametric approaches, only single variable profile is

considered and the problem of simultaneously monitoring multivariate profiles is not addressed.



12

In a study by Zou et al. (Zou et al., 2012) a multivariate linear profile monitoring approach is
developed. They proposed to apply a variable-selection-based multivariate control scheme to
monitor multiple linear profiles. One restriction of their method is that it is not applicable to general
nonlinear profiles. Paynabar et al. (Paynabar et al., 2013) proposed a method for analyzing
multichannel nonlinear profiles using an uncorrelated multilinear principal component analysis in
order to characterize the process variation and perform fault detection and fault diagnosis.
Although the method proposed in their paper can effectively analyze the case of multichannel
homogenous profile data, it cannot be used for the case of multi-sensor heterogeneous profile data
where various sensors measure different variables. The case of monitoring multivariate nonlinear
profiles was also examined in a study by Chou at al. (Chou et al., 2014). In their proposed approach,
different profiles are first fitted by B-splines, and then the deviations of the observed profile from
the fitted profile are fed into a multivariate EWMA (MEWMA) control scheme for the purpose of
process monitoring. Moreover in a comprehensive study by Wu et al. (Wu et al., 2015), the
performance of different population covariance matrix estimators for the MEWMA control charts
has been investigated and interesting results have been reported. One limitation of these
approaches based on the MEWMA chart is that they also do not consider the heterogeneity in the
data. Recently, Li et al. (Li et al., 2017) proposed to fit a multivariate Gaussian Process (MGP)
model for multivariate profiles of the IC process in phase I, and then established the in-control
region of the parameters of the MGP. In phase II, an MGP model for the newly observed profiles
is fitted and the fitted model parameters are monitored. The MGP model enjoys the flexibility and
desirable analytical properties of the GP along with the ability to capture the correlation among
multiple variable profiles. These advantages make MGP an attractive option for the multivariate
profile monitoring problem. However, the approach in Li et al. (Li et al., 2017) has some
limitations. First, one needs to fit a new MGP model for every incoming multi-profile sample
which makes it difficult to monitor the profiles in phase II in real time, since fitting an MGP model
takes a considerable amount of time due to complexity in its likelihood function. Second, it is
known that the parameter fitting of GP is, in general, a non-convex optimization problem and the
solution could easily get stuck at a local optimum. This means that the distribution of the fitted
parameters of the MGP is very hard to characterize, which will lead to inefficiency in monitoring

the coefficients of the process for the profile monitoring problem.
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In this study, we propose a new multivariate profile monitoring chart using the MGP approach.
In our approach, using kernel convolution, a non-separable covariance matrix is developed and the
MGP model is fitted to establish the baseline in-control structure of the multivariate profile. In
phase II, unlike Li et al.’s approach (Li et al., 2017), our MGP chart is based on monitoring the
distance between the new and the baseline in-control profile values. This method offers several
advantages. First, it does not require fitting of a new MGP model and estimation of parameters for
every incoming sample in phase II monitoring. The proposed method can not only significantly
reduce the computational load in phase II, but also deal with the issues caused by the uncertainties
in parameter fitting in MGP. Furthermore, the flexible non-separable covariance matrix we
adopted for the MGP model can effectively address between-profile-correlation (BPC) and within-
profile autocorrelation (WPA), the two main challenges in multivariate profile monitoring
problems.

The remainder of this chapter is structured as follows. Section 2.3 provides the mathematical
formulation of the multivariate profile monitoring problem. In section 2.4, the methodology for
monitoring multivariate profiles is introduced. In addition to the MGP based method, we also
introduce a method for monitoring multivariate profiles using separate GP based univariate charts
for comparison purposes. Section 2.5 presents a numerical study where the performance of the
proposed approach is investigated under different scenarios. In section 2.6, the application of the
proposed methods on a real-life case study is demonstrated. We also compare the performance of
the proposed method with the method proposed in Li et al. (Li et al., 2017). Finally, our concluding

remarks are presented in section 2.7.

2.3. Problem Description
In this study, we focus on monitoring general multivariate profiles. In practice, each sample of
such multivariate profiles is measured at some specific time points which are referred to as design

points in the GP literature. To be more specific, let us assume we have an IC data set of n
independent samples of k different profiles, and denote ygm) as the m™ sample of the ith profile

variable, wherem = 1,2, ...,nand i = 1,2, ..., k. Further, we assume there are p; different design

points namely x;; (j =1,2,..,p;) for the i profile variable. Thus, we have ygm) =
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T
[yi(m)(xi,l),yi(m) (xi,z), ...,yi(m)(xi,pi)] . It is assumed that when the process is in statistical
control, the underlying model for each profile i is as follows:

yi(m)(xi,j) = gi(x;j) + Ei(m) (xi,5) (2.1)
(m)

where g; is the true underlying function of profile i and &;" is the intrinsic noise at the design

point x; ;. There is no restriction on the form of function g; and it can be either linear or non-linear.
For the intrinsic noise ei(m) (x;;) within each profile, we allow the possibility that
Corr(ei(m) (xl-,j), si(m) (xi‘jr)) > 0.

The number of design points for each profile i (p;) is taken to be equal and the explanatory
variables x; ; are assumed to be fixed from sample to sample. This is typically referred to as
common fixed design in the non-parametric regression context. However, this assumption is not
required for the GP-based and MGP-based profile monitoring methods. It is assumed merely for
convenience and for comparison with the legacy method that needs this assumption.

Here, we consider the two phases of a profile monitoring problem. In phase I, we assume that
we have a set of IC profiles data from which the IC process parameters can be estimated. Once the
IC model is established as a baseline, in phase II, we want to detect any change in the structure of
the profiles. The proposed methodology to model and monitor the multivariate profiles described

in eq. (1) is discussed in the next section.

2.4. Description of method for monitoring of multivariate profiles

A simple method for monitoring multiple profiles simultaneously is to monitor each profile
individually and use a simple rule to determine whether the process is out of control. For example,
the process can be considered to be out of control if one of the profiles indicates an out of control
situation. In order to compare with this simple method, we will introduce a monitoring scheme
based on univariate GP in Section 2.4.1. The MGP based monitoring scheme will be described in
Section 2.4.2. The comparison study later shows that the MGP based method performs better

because the cross correlation between different profiles is considered in MGP.
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2.4.1. Univariate Gaussian Process (GP) Chart

First, we focus on establishing a GP-based univariate profile monitoring scheme for profile i. A
GP model of profile i requires a set of training data containing one observation for each design
point of profile i; while in phase I analysis, we usually have a set of in-control samples for each
profile. Since one GP model can be estimated from one observation of a profile i, we need a way
to take advantage of the available multiple in-control observations of profile i while estimating the
GP model for profile i. In this regard, our approach is based on fitting a GP regression model for
each individual in-control observation of profile (ygm)) and pooling all n different GP models into
one representative model.

A GP is, in fact, a collection of random variables with a joint Gaussian distribution (Rasmussen
and Williams, 2006). Thus, having p; observations from sample m of profile i, we can consider
them as a sample of a p;-variate Gaussian distribution. A GP model for sample m of profile i is
completely specified by its mean function /,ti(m) (x;;) and covariance function %i(m) (X0, X 7).

Thus, the GP regression model for sample m of profile i can be expressed as follows:
v (i) = £ () + 6™ (x1) (2.2)
fl(m) (xi,j)~GP (.ul(m) (xi,j) i g(:l(m) (xi,jr xi,j'))r gl(m)NN(o’ 0—2)

In this model, ei(m) represents the measurement noise, the mean function ,ul(m) (x; ;) is usually

taken to be zero, and the model is parameterized by defining a positive definite covariance function.

In this study, as in most other practical applications, the covariance function is chosen to be a
Gaussian kernel where ?Ci(m)(xl-’j,xi,jr) = pfmexp {—Ai’m(xi,j - x”,)Z} (Zhang et al., 2014,
Colosimo et al., 2014, Cicorella et al., 2013, Rasmussen and Williams, 2006). Here piZ,m is defined
as the maximum allowable covariance and 4, ,,, is the shape parameter for sample m of profile i.

Considering the Gaussian covariance function, the covariance matrix zgm) for the observations of
profile i can be constructed. Moreover, having estimated the hyper-parameters of the covariance

function through maximizing a log-likelihood function, the prediction for each design point j of

profile i (ﬁi(m) (xl-, j))can be calculated considering the following distribution:
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-1
yl(m) (XLJ) |yfm)~]\f (nz:m(xl,])(zl(m)) yfm)' El(m) (xi,j’ xi,j)
2.3)

-1
- ThT,m(xi,j)(zi(m)) m,m(xi,j)>

T
where, 1;m(x;;) = [Zi(m)(xi,j'xi,l)'zi(m)(xi,j'xi,z)' ""Zl(m)(xi,j’xl',pi)] and Zi(m)(xi,j»xi,j) =

?Ci(m) (xl-, i Xi, j) + 02. More details about the development of a Gaussian process regression model
can be found in Rasmussen and Williams (Rasmussen and Williams, 2006).
Using the above method, we can fit a GP model for each observation m of profile i. As
(m)
%

mentioned above, the GP model gives us the covariance matrix ( ) as well as the vector of

predictions (?gm)) in design points for each sample m of profile i. As the next step, we need to
estimate the IC profile i by pooling all fitted GP models. In this regard, for each profile i, the final
vector of predicted values in its design points (¥;) can be estimated by averaging over their
multiple counterparts as follows:
o _ LN o) S(m)
yi=—> 3" =43 4
m=1 m=1

where 4; = %Ipixpi is a linear transform from the individual samples of profile i to the vector of
final predictions and I, p, is the identity matrix with dimensions p; X p;. For this vector of
predictions, the following properties can be derived:

n n n
EG)) = (Ai > ?E"”) =4 <Z ?E"”) =4, ) 9 (235)
m=1 m=1

m=1

n n
X} = var(y;) = A;var (Z ygm)Az = A, <Z ):l.("‘))AiT (2.6)
m=1 m=1

Regarding the above two properties, we can estimate the IC vector of predicted values (¥;) as well
as the covariance matrix (X;) of profile i. Moreover, it is guaranteed that using the above linear
transform, the resulting covariance matrix is positive definite.

Having estimated the required process parameters of each profile i using the GP regression
model, a monitoring scheme is required for the incoming profiles in phase II analysis. Moreover,

we can only establish separate univariate charts since the GP approach can only model the
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univariate profiles separately. In this regard, the following charting statistic is proposed for each

new sample r of profile i.
T
12, = (¥ -9) @ (" -3) (27)
T
where yl(r) = [yi(r) (xl-,l),yi(r) (Xi,z), ...,yi(r) (xl-,pl.)] is the wvector containing the new

observations of profile i, ¥; is the vector of estimated predicted values of profile i and X7 is its

estimated covariance matrix. This individual chart triggers an OC signal if TGZP” > Lgp, , where
Lgp, > 0 is the control limit chosen to satisfy
PI‘(TC?PLT > LGPi) = Qa;.
The value «; is called the false alarm rate. If the observations of profiles are independent from

each other, then ARL,, = ai Thus, by selecting an appropriate value of a;, we can achieve a
l

specific ARL, value for the individual GP chart i. For a given value of a;, the control limit (i.e.,
Lgp, here) is often determined through simulation. A general simulation procedure can be found
in Qiu et al. (Qiu et al., 2010) and is also described in the following section where we determine
the control limit for the MGP based monitoring scheme. In the above section, we have described
how to establish a univariate GP chart for a single variable profile. If there are multiple variable
profiles in the process, we can establish multiple univariate GP charts accordingly. However,
because we are using multiple charts as a system to monitor the process, the overall false alarm
rate of the system, denoted as a, will be different from each individual false alarm rate «;. If the
profile variables are independent from each other, the relationship between a and a;s could be

simple as described in Montgomery (Montgomery, 2009):

k
a=1—-| |1—-a;) (2.8)
]

Here, once we select a value of a, we can use the above equation and assume all @;s are the
same to compute the a; value. However, if the profile variables are not independent, the
relationship between a and a;s could be complex and hard to identify. In this case we can use the
above equation as an approximation. This is actually one weakness of using multiple univariate
charts to monitor multivariate profiles. In the next section, we introduce an MGP based method

for monitoring multivariate profiles simultaneously.
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2.4.2. Multivariate Gaussian Process Chart
A MGP model is developed using mechanisms that can simultaneously predict different outputs
considering their dependencies. The covariance matrix of a MGP model is defined by a function
which considers both BPC and WPA and can be either separable or non-separable. In a separable
structure, the same set of parameters is estimated for all of the variables and the correlations
between different outputs are forced. However, in a non-separable structure, different outputs have
different correlations which allow the model to infer the commonalities and differences between
different outputs and provide more flexible predictions. Thus, the non-separable covariance
matrices, in which different outputs have shared and independent features, lead to more flexibility
in defining the covariance structure over the separable ones. In this study, a MGP model based on
the non-separable covariance structure is proposed to model and monitor the multivariate profiles.
A MGP model, similar to the GP model, can be applied in the case that there is only one sample
of each profile. However, as mentioned earlier, there are n samples of different profiles in phase I
from which the IC process parameters need to be estimated. Therefore, here we need an approach
to take advantage of all the IC profiles in phase I to accurately estimate one representative MGP
model. In this regard, the proposed approach is based on fitting the MGP model for each in-control

m" _mT m)”

T
sample m of different profiles <y(m) = [y1 Yo e Y ] > and then pooling all of them

into one final model.
One common way to construct a non-separable MGP model is based on the kernel convolution
(Higdon, 2002) which is the alternative way of constructing a GP model. To be more specific, a

GP model can also be constructed by convolving the GP random variables with an arbitrary kernel.
Defining s € RP as the spatial region over which the design points are considered, fi(m) (s) in eq.
(2.2) can be constructed through convolving a smoothing kernel JCL.(m) (s) with a continuous
Gaussian white noise process Zi(m) (s). The resulting white noise process fi(m) (s) can be defined

as cov (Zl-(m) (s), Zl-(m) (s’)) = T4, Where 7 is the Dirac Delta function.

fi(m) (s) = J. ?Ci(m) (s— u)zi(m) (w)du (2.9)

RD

The resulting covariance function for fl.(m) (s) can be derived as follows:
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cov (£7(), () = f K™ (s —w)K ™ (s" — u)du (2.10)
RD
Therefore, considering the same procedure and a set of k outputs, the general decomposition of

the MGP model for the profile i of sample m can be written as follows:
y"(s) = ) +e™(s)  i=12.k, m=12,..,n (2.11)

where fl.(m) (s) is the process constructed through kernel convolution and ei(m) (s) is the noise term.

k

The final objective of a non-separable MGP model is to derive processes { fi(m) (s)} for each
1

1=

U

sample m that are dependent upon some common latent processes {Zl(lm) (s)} . Here, in the
u=1

multivariate profile monitoring setting, we consider the case where each profile yi(m) (s) is

constructed by the sum of three stationary Gaussian processes. The first process is the convolution
of a smoothing kernel with a unique latent function Zl-(m) (s), the second process originates from
the convolution of the output and a common latent function zém) (s), and the third one is the
measurement noise ei(m) (s). Thus, for each profile i of sample m, we have:
yl-(m) (s) = JCi(im) (s) * Zl-(m) (s) + JC(E:”) (s) * Zém) (s) + el-(m) (s)
i=12,..,k, m=12,..,n

(2.12)

where * defines the kernel convolution and XK,; is the kernel connecting the latent function
zl(lm) (u=0,i) to the output yi(m). Regarding the above formulation, we have successfully

considered the independent features of each output in sample m by convolving over unique latent

functions, as well as the shared features among all outputs through the common dependency on

Z(()m) (s). Thus, this structure provides enough flexibility for the multivariate profile monitoring
procedure to extract the shared information among different profiles. Figure 2.2 demonstrates the
MGP convolution structure described above.

As the next step, we need to choose a kernel function, and then the MGP model would be fully
parametrized through its hyper-parameters. Here, the Gaussian kernel is utilized to model the
structure in the MGP. The Gaussian kernels do not require many parameters to be estimated which
makes them a perfect choice for the scenario in which there is scarcity of data (Xia et al., 2008).

Also, their ability to model different spatial features and achieve reasonable performance in
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Figure 2.2. MGP convolution structure

different applications has made them a common choice in the literature (Colosimo et al., 2014,

Kontar et al., 2017, Zhang et al., 2014). Thus, considering eq. (2.11), the Gaussian kernel used in

this study is as follows:

Puiv |Lui|
4 /T[D

where s, € RP and L,; is a D X D positive definite matrix. Following the kernel convolution

Kui(s) = exp <_ % (s — /Jui)TLui(S - .uui)> (2.13)

discussed in Ver Hoef and Barry (Ver Hoef and Barry, 1998) and Kontar et al. (Kontar et al., 2017),
the auto and cross covariance functions considering the kernel in eq. (2.13) can be derived as

follows:

(m) N — (m) ,
X (s,8") = covy; “(s,s")

) 1 d? ) 1 d? )
= PiimeXxXp\ — Z X Lz— + PoimeéXp | — Z X Lz— + Gi,m6ss’

ii,m oi,m
2 (s,5") = covV(s, s) (2.14)
s 2|LogmLojm| exp( 1 d? )
= 0., 0 ., -_——— _— -
LR L%)i,m + L%)j,m 2 L%)i,m + L%)]',m

j,i=12,...,k and m=12,..,n
where d = s —s’, §(.) is the Kronecker delta function and g/, is the variance of el.(m) (s)

corresponding to the noise component of the ith profile in sample m. The detailed derivation of
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eq. (2.14) can be found in Appendix A.1. The covariance matrix of the joint Gaussian process of

all k profiles in sample m can be constructed as follows:

(m) (m)
I 2:1k
xm = (s | (s ) (2.15)
m m
2:k1 zkk,

The reliability of the MGP model depends upon the correct estimation of its hyper-parameters.
Considering © = {p, L, 0} as the set of hyper-parameters in the above covariance matrix, the log

likelihood function can be expressed as follows:
1 _ 1 k p.
1(6]y™) = — = (y)7 (zm) " ym — E10g|>;(m)| _ %10{; 2m) (2.16)

Maximizing the above equation to get 8, the predictive distribution for the design point j of ith

profile in sample m can be expressed as follows:

9 e Yy~ (T e (B, 50 )

B (2.17)
=1 (51 (E) i (1)
m) = [y JemT ) (e ) =0T (s T (. " ) =
where y [y Yo o e Y ]’nl,m(xl,]) [nll(xl,])'"'lnlk(xl,])] andnu’(xl,])
T
[Z(m)(xl], ",1)'257)(%1' 2) (xu, X;r Pz’)] . It should be noted that the number of

parameters to be estimated from the log-likelihood function is 5k and it increases linearly with the
number of variables. In many practical cases, the number of variables that needs to be monitored
simultaneously is relatively small. Therefore, the problem we are dealing with is generally not
highly complex. Also, one should note that according to Rasmussen and Williams (Rasmussen and
Williams, 2006) and many others, the predictions based on GP are robust to its parameters’
estimate because of the Bayesian interpretation. In other words, even if the estimates of the
Gaussian process parameters are sub-optimal, the prediction of the GP will be stable and relatively
accurate. More details about the kernel convolution and development of a MGP model can be find
at Higdon (Higdon, 2002), Ver Hoef and Barry (Ver Hoef and Barry, 1998) and Kontar et al.
(Kontar et al., 2017).

The main advantage of the non-separable MGP structure as derived above is that it models the

behavior of each profile considering its unique features along with the features that are shared
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among all the profiles. This learning structure is essential in multivariate profile monitoring where
different profiles have commonalities as well as unique behaviors.

The above procedure can be applied on every sample m of the set of IC samples in phase 1.
Then, we need to pool all of the developed MGP models to estimate one representative MGP
model of the IC process. In this regard, like the GP approach, the final vector of predicted values

(9") can be estimated by averaging over its multiple counterparts as follows:

1 n n
y = - y(m) =B z y(m) (2.18)
m=1 m=1

where = %I pxp » P =YX . p; and I, p represents the identity matrix with dimension P X P. Here

B is a linear transform from the individual samples to the vector of final predictions. For this vector
of predictions, the following properties can be derived:

=E (B zn: y(m)) =BE (Z y<m>> zn: ym (2.19)
m=1

m= m=1
n n
X =var(y*) = Bvar<z ymﬂ) BT =B (Z z<m>) BT (2.20)
m=1 m=1

Regarding the above two properties, we can estimate the IC vector of predicted values (y*) along

with the positive definite covariance matrix (£*) of the MGP.
The IC process parameters in phase I can be estimated using the above procedure. Next, a
procedure is required to monitor the stability of the incoming profiles in phase II. In this regard,

we propose using the following charting statistic for each new sample r of the process.
TZee = (Y™ —9") 27 (y® —5*) (2.21)

T T 71T
where y(™ = [y(r) , ygr) ) wee) yg) ] is the vector containing the new observations of all profiles,

y* = [y1 VYo e ?,*(T]T is the vector of estimated MGP predictions for all of the profiles and X*
is the estimation of the MGP covariance matrix. The above chart triggers an OC signal if

Tiige, > Lucp
where the control limit (L,;p) should be chosen to achieve a specified overall ARL, for the whole

process.
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In the SPC literature, it is conventionally assumed that the IC distribution of the process
measurements is known. Thus, the control limit can be searched using simulation based on this
distribution. However, the IC distribution is often unknown in practice and instead there is a large
IC data set. In this situation, the control limit can be searched using a resampling algorithm. In this
regard, in each run of the simulation, one can resample with replacement from the IC data set until
the control chart signals an OC condition. Then, the ARL, value can be computed based on
multiple runs of this simulation. The control limit is set iteratively to finally get a nominal value
for the ARL. In this study, 10,000 simulation runs are considered to compute the ARL values.

The design and implementation of the MGP chart can be summarized in the following steps.

Step 1. Fit an MGP regression model for every sample m of IC observations using the procedure
discussed in this section. The MGP model gives the vector of estimated predicted values as well
as the estimated covariance matrix for each sample m.

Step 2. Estimate the IC process by averaging the vectors of estimated predicted values of IC
samples obtained in step 1. Using this method, the IC vector of predicted values along with the
covariance matrix of the final MGP model can be estimated as described in eq. (2.19) and eq.
(2.20).

Step 3. Monitor the process by monitoring the T,@GPT statistic described in eq. (2.21) for every

new sample r of the process. The incoming samples are in-control if their corresponding T,E,GPT

statistics are less than a prespecified control limit Ly.p.

The MGP chart proposed here offers a key advantage. Specifically, it is established based on
the large covariance matrix which captures the cross-correlations between different profiles in each
sample along with the correlation within each profile. This feature is crucially important in most
applications where different sensors monitor a common underlying process and the measurements

are made in consecutive time intervals.

2.5. Numerical Study

In this section, the performance of the multivariate profile monitoring procedures proposed above
will be investigated. First, we start with the scenario that two signals are monitored simultaneously
where the intrinsic noise in eq. (2.1) is assumed to be independent and identically distributed. Then,

the existence of the autocorrelation in the noise in the two-profile case will be examined. We will
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also consider the situation where we are monitoring more than two profile variables. Moreover,
the case of shift in between profile correlation will be investigated.

For the sake of completeness, in the simulation study, we will compare the performance of the
proposed MGP chart with the conventional T? chart as shown in Mestek et al. (Mestek et al., 1994)
for monitoring each univariate non-parametric profile. For monitoring each new sample r of the

profile i we have:
T
T = (J’l@ - 71’) Si_l(yl@ - 71’) (2.22)
where ygr) is a vector containing the response values of rth new sample of profile i and y; =

[yi (xi,l), Vi (xi,z), v Vi (xi’pi)]T is a vector of in-control response averages over the n IC samples
of profile i in its design points. Moreover, S; is the pooled sample covariance matrix of profile i.
This individual T2 control chart triggers an OC signal for sample 7 if
TS > L

where L; > 0 is the control limit chosen to achieve a specific ARLg, value for the individual T?
control chart i. Here, as with the GP control chart, the control limit of each individual T? chart
should be chosen to achieve a specified overall ARL value for the system. It is worth mentioning
that this chart typically requires a large number of IC observations in order to give an accurate
estimate of the covariance matrix. Moreover, it should be noted that using the conventional T?
chart has two limitations. First, the number of IC samples (n) should be more than the number of
design points p;; otherwise, the sample covariance matrix of profile i would be singular. Also, it
requires fixed design points to construct the covariance matrix and monitor the incoming profiles.

In Section 2.5.5, we will also consider an “aggregated” T2 chart based on stacking all variables

of each observation as follows:

T? = (y(r) _ 7)TS_l(y(r) _ 7) (2.23)
where § = [y1, 57, ...,9%]7. Here, S is the pooled sample covariance matrix of all the profiles.
The control limit for this chart can also be chosen to achieve a specific ARL, value using the
procedure discussed previously.

It should be noted that the IC ARL is set to 370 in the simulation study and all the ARL values
are reported based on the average of 10,000 simulations. Also, as indicated in the previous sections,

both GP and MGP charts have enough flexibility to observe different design points for different
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profiles; however, the T? charts can only be used for the case of fixed design points. Thus, the
design points are assumed to be fixed and same in different profiles of a sample (p; = p) in order

to be able to compare the performance of the different profile monitoring schemes.

2.5.1. Two-variable profile monitoring
This section investigates the performance of the proposed profile monitoring schemes for two-
variable profiles. To illustrate the performance of different charts, our simulations cover two
models: a trigonometric model and a quadratic model. The simulation study is based on the two
phases of SPC as mentioned earlier. In each model setting, n in-control profiles are generated in
phase I. Then, using the procedure for each chart, the IC process parameters are estimated and the
corresponding chart is established to monitor the in-coming profiles in phase II. For each model,
three values of n are considered. This includes one sparse case with the least possible number of
IC samples allowed by the T? chart, another case with moderate number of IC samples, and a
dense case with large number of IC samples. For each model, three types of OC situations are
considered. The first OC model investigates the performance of the proposed charts in the situation
where a mean shift in the process has occurred. The second OC model deals with the shift in the
noise of the process. In the third OC model, it is assumed that there is a mean shift in a segment of
the process.

First, in the trigonometric model setting, we assume that the underlying process is characterized

by the following two signals:

yl(m) (xl,j) =542 cos(xl,j) + el(m) (xl']-) m=12,..,n
(2.24)
yz(m)(xz,j) =-5+2 Sin(xz,j) + Sz(m)(xz,j) m=12..,n

where o; = 0, = 0.5. In this model it is assumed that 30 design points are equally distributed over
[0,27r]. Table 2.1 presents the OC ARL of three charts in the case of mean shift, noise shift and
segment shift in this model for different number of IC observations (n). For the segment shift, it
is considered that a mean shift occurred in the middle segment of each profile, as displayed in
figure 2.3.

Results from table 2.1 show that in the sparse setting with n = 31 IC samples, the MGP chart
outperforms both the GP and T? charts in different shifts in the mean of the process. Moreover,

considering mean shift, the T2 chart’s performance is worse than the GP chart in this setting. As
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(a) Segment Shift in Signal 1 (b) Segment Shift in Signal 2
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Figure 2.3. Segment shift in the trigonometric model

mentioned earlier, the T2 chart requires a high number of IC samples in phase I in order to
accurately estimate the covariance matrix; therefore, we would expect these results. Table 2.1 also
shows the trend in the performance of these charts in different mean shift situations with increase
in the number of IC samples (n). The results show that, generally, an increase in the number of IC
samples (n) leads to an improvement in the performance of the charts in terms of ARL; in different
shifts in the mean of process. Specifically, the performance of the T? chart considerably improves
with the increase in the number of IC samples to the extent that in the case of n = 100 IC samples,

it performs better than the other charts in all of the mean shift situations.

From table 2.1, it can be seen that when there is a shift in the noise of the process, the MGP
chart consistently performs better than the GP and T? charts. Moreover, it can be seen that the GP
chart’s performance is relatively better than the T2 chart. This is, in fact, due to the power of GP
based models in uncertainty quantification and capturing the cross-correlation between the two
profiles. In this OC situation, as it can be seen from table 2.1, increasing n improves the
performance of all charts; nevertheless, the MGP chart outperforms other charts in different cases
with high number of IC samples. Further, when only a segment of the profiles has shifted, the
MGP chart outperforms the GP and T? charts in different amounts of shift. Here also, although
increasing n improves the performance of the charts, the MGP chart’s performance is relatively

better than the others.
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Table 2.1. ARL, comparison of the three charts in the trigonometric model

n=31 n=50 n=100
Shift GP MGP  T? GP MGP T? GP MGP T?
Mean 0.1 3413 2783 3556 2448 2345 3185 242.6 230.6 109.6
02 1841 117.1 302.0 117.6 872 1442 1155 80.1 679

03 690 331 2172 4177 236 4838 397  21.1  13.0
04 202 84 1382 131 60 152 157 6.0 5.0
0.5 6.1 26 845 42 2.1 5.5 4.1 2.0 2.0

Noise 0.0l 2159 178.1 271.0 184.0 156.5 189.0 172.7 1474 175.6
002 1330 935 1917 1200 89.5 185.9 107.1 872 146.9
003 782 512 1885 643 487 1499 64.1 452 989
004 494 316 1577 420 301 1129 41.0 308 672
005 328 199 130.1 276 187 862 253  17.8 482
Segment 0.1 3928 346.7 3584 319.3 314.1 340.6 305.6 299.5 3158
02 3209 2664 296.7 231.6 2193 267.6 229.7 205.0 2223
03 186.0 137.0 197.5 1469 116.7 193.4 1423 1142 1227
04 1210 805 2146 854 582 841 843 546 615
0.5 650 348 176.6 451 248 412 42.6 247 295

Next, we consider a quadratic setting in which the underlying process is characterized with two

signals as follow.

yl(m)(xl,j) = 1 + le,j + xlz,j + gl(m)(xl,j) m = 1'2' v, n (2 25)
yz(m)(xz,j) = 2x3; + gz(m)(xz,j) m=12,..,n

where o; = 0, = 1. The measurements are made in 10 design points equally over [0,10]. The OC
ARL of three charts in the case of mean shift, noise shift and segment shift in this model for
different number of IC observations (n) are summarized in table 2.2. Regarding the segment shift,
here also, it is assumed that a mean shift occurred in the middle segment of each profile.

In the quadratic model, also, the MGP chart outperforms the other charts in the sparse setting
when dealing with the mean shift in the process. Moreover, in this setting, the GP chart’s
performance is better than that of the T? chart. As expected, increasing the number of IC samples
(n) in phase I improves the performance of the charts, to the extent that the T2 chart outperforms

the other charts in a dense setting with n = 50 IC samples in different mean shift situations.
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Table 2.2, furthermore, confirms the superiority of the GP based charts in detecting the noise
shift in different settings with different number of IC samples. Especially, it can be seen that the
MGP chart which considers the cross-correlation structure of two profiles performs relatively
better than the GP chart. Regarding segment shift, the similar trend as the trigonometric model can

be seen where the MGP chart outperforms the other charts.

Table 2.2. ARL; comparison of the three charts in the quadratic model

n=11 n=30 n=50
Shit GP MGp T? GP MgP T? Gp Mgp T?
Mean 0.6 1220 81.9 3399 1193 80.1 208.5 120.1 803  51.1
07 817 454 3341 79.8 453 1549 773 445 317
0.8 539 299 3189 527 296 89.3 51.6  28.0 19.7
09 359 182 3038 353 17.7 589 351 168 125
1 227 106 2830 219 103 233 209 102 8.1

Noise  0.02 2654 242.6 263.6 248.5 235.0 259.1 248.7 233.5 240.6
0.04 1789 156.6 222.1 169.5 154.7 209.0 168.6 129.2 206.4

0.06 128.0 109.1 179.7 1229 107.7 162.0 121.4 1045 1337

0.08 95.0 76.1 145.1 914 756 125.1 919 754 1029

0.1 707 564 122.7 703 548 116.8 70.7 548 784

Segment (0.6 182.3 143.0 4229 1129 109.3 386.9 94.6 90.6 2769

0.7 148.1 1052 3903 128.6 857 278.1 619 554 2133
0.8 1147 77.8 3444 64.1 342 2222 39.3 328 170.7
09 865 542 2992 476 236 176.1 25.0 195 126.1

1 67.1 38.7 2618 356 16.6 1329 163 11.8  90.1

Next, the effect of the number of design points on the performance of the three monitoring
procedures is investigated. In this regard, for each model, the setting with large number of IC
samples is considered. For this setting, we increase the number of design points in both
trigonometric and quadratic models. In order to obtain a fair comparison, we focus on the OC
model with shift in the mean and noise of the process. Table 2.3 and table 2.4 show the results of
this analysis for the trigonometric and the quadratic models.

The results from table 2.3 and table 2.4 show that increasing the number of design points
improves the performance of the GP and MGP charts. As mentioned earlier, the covariance matrix

in the GP and MGP charts is calculated based on the radial basis kernel functions. Thus, increasing
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the number of design points decreases the distance between the points which leads them to learn

better from each other, while large number of design points merely increases the dimensionality

for the T2 chart which results in the loss of efficiency for this chart.

Table 2.3. The effect of number of design points in the trigonometric model

Trigonometric model with n=100 IC samples

30 design points 50 design points
Shit GP  MGP  T? GP MGp T?
Mean 01 242.6 230.6 109.6 230.7 225.1 2785
02 1155 80.1 679 1064 76.7 112
0.3 39.7 211 13.0 32.1 16.8  32.1
04 157 6.0 5.0 8.2 3.8 8.2
0.5 4.1 2.0 2.0 2.5 1.5 2.7
Noise .01 172.7 1474 171.6 165.8 146.8 238.5
0.02 107.1 872 1469 87.1 663 155.6
0.03 64.1 452 989 470 334 1024
0.04 41.0 308 672 276 183 67.1
0.05 253 17.8 482 17.0  10.7 475

Table 2.4. The effect of number of design points in the quadratic model

Quadratic model with n=50 IC samples

10 design points 30 design points

shit GP  MGP T? GP MGp T?

Mean 06 120.1 803 51.1 632 309 310
07 833 475 317 36.1 155 175

08 566 28.0 197 197 79 10.8

0.9 35.6 16.8 12.5 11.2 43 6.5

1 229 102 8.1 6.2 2.5 42

Noise 0.02 2487 233.5 2406 2083 169 2622
0.04 168.6 1292 206.4 121.3 88.8 198.9

0.06 121.4 1045 133.7 72.4 492 1472

0.08 919 754 1029 46.1 30.5 113.0

0.1 707 548 784 305 187 887
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2.5.2. Two-variable profile monitoring with autocorrelation

In this section, we investigate the performance of the proposed profile monitoring schemes in the
presence of autocorrelation. In this regard, our simulation is based on the two model settings
introduced in the previous section. The main difference here is that the noise term in eq. (2.1)
within each profile is not iid anymore and the successive noise terms are correlated. Specifically,
we consider the case where the current noise term depends on its previous lagged noise term. Thus,

the following process is assumed for the structure of the noise term:

sl.(m) (xi,j) + gbsi(m) (xi_j_l) (2.26)
As for the trigonometric model, the two profiles are defined using the eq. (2.24) with 30 equally
spaced design points over [0,27]. Moreover, it is assumed that ¢ = 0.5 defines the coefficient of
autocorrelation in eq. (2.26). Again, using the same logic in the previous section, n IC samples of
two-variable profiles with autocorrelation are generated in phase 1. Then, the IC parameters are
estimated and the monitoring is performed according to the procedure for each chart. Table 2.5

gives the ARL, values for the specified OC models of three charts in the trigonometric model under

the sparse and dense settings.

Table 2.5. ARL, comparison of the three charts in the trigonometric model with autocorrelation

n=31 n=100
Shit GP MGp T? GP MGP T?
Mean 0.1 289.9 279.7 358.1 277.0 2654 278.8
02 1505 123.7 329.8 143.1 112.1 1495
03 637 383 2747 324 309 706
04 235 114 2209 211 94 307
05 86 40 1721 8.1 32 132
Noise 001 2107 2040 2994 2013 1923 2459
0.02 1278 116.7 246.9 113.7 1014 1658
003 813 648 2025 814  60.0 109.9
0.04 543 406 171.9 517 370 75.1
005 366 261 1445 367 234 53.8
Segment 0.1 2948 2843 347.1 2813 253.0 3144
02 1550 1525 277.1 137.9 1284 240.8
03 867 825 190.9 819 714 162.1
04 355 291 1157 349 296 1034
05 167 122 652 177  12.6 594
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Results from table 2.5 show that in the sparse setting with n = 31 IC samples, the MGP chart
performs better than the other charts in the presence of autocorrelation. Also, the GP chart’s
performance is better than the T2 chart in terms of ARL,. This, in fact, originates from the nature
of the Gaussian process models that can capture the correlations within each profile. Although
increasing the number of IC samples generally leads to improvement of the charts, even with n =
100, the MGP chart performs relatively better than the other charts. Moreover, these results show
that, in the presence of autocorrelation, the GP chart performs relatively better than the T2 chart

in the dense setting with n = 100 IC samples.

Table 2.6. ARL, comparison of the three charts in the quadratic model with autocorrelation

n=11 n=50
Shit Gp MGp T? Gp wMgp T?
Mean 06 804 652 509.7 708 349 113.0
07 547 413 4815 429 195 812
08 367 254 462.7 270 108 575
09 247 163 4312 163 62 406
1 167 107 389.9 99 39 280
Noise  0.02 2402 2243 303.1 209.5 188.5 257.6
004 1734 1516 247.1 1259 999 1918
006 1253 1082 205.9 814  60.8 1463
008 964 774 1656 537 392 109.8
0.1 723 553 1400 363 250 827
Segment 0.6 1602 158.1 406.4 953  88.0 161.0
07 1207 1202 395.7 67.5 574 129.7
08 947 938 389.9 469 380 985
09 719 682 399.5 311 243 756
1 555 486 3911 208 157 548

Next, the performance of the proposed charts in the presence of autocorrelation is investigated
for the quadratic model. In this regard, the functions in eq. (2.25) are considered and it is assumed
that the design points are equally distributed over [0,10]. Here also, ¢ = 0.5 is considered as the
IC parameter. The results of simulation for this model are given in table 2.6.

The results in table 2.6 show the similar trend in the performance of the three charts as with the

trigonometric model. Here again, in the sparse setting, the MGP chart has a superior performance
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in terms of ARL, compared to the other charts. Moreover, as expected, the GP chart performs
better in the sparse setting than the T2 chart. Also, in the dense setting with n = 50 IC samples,
the MGP chart’s performance is relatively better than that of the other two charts.

2.5.3 Monitoring profiles with more than two-variables

In this section, we investigate the performance of the proposed charts in the scenario of more than
two-variable profiles. In this regard, we consider the cases where the underlying process is defined
through three or four variables. First, let us consider that the following three functions characterize

the underlying process under consideration:
¥ (xy;) =5+ 2cos(xy;) + () m=12,..,n
yz(m) (xz,j) =-5+2 sin(lej) + ez(m)(xz,j) m=12,..,n (2.27)
yém) (x3;) = 2e7%%*3) cos(x3 ;) + egm)(x&j) m=12,..,n
where 0; = 0, = 03 = 0.5 are iid noises and the measurements are made in 30 equally spaced
design points over [0,27]. Following the general procedure in this study, n = 50 IC samples of
the above three-variable profiles are generated and the IC parameters are estimated. In phase II,

the performance of the three proposed charts are compared in terms of ARL;. Next, we consider a

case with four-variable profiles where the following function is added to the set of functions
defined in eq. (2.27).
y‘fm) (x4;) = 10 + 2e7"%+i sin(x, ) + eim)(x4,j) m=12,..,n (2.28)

For the two scenarios explained here, different OC situations including shifts in the mean, noise
and the segment containing 10 design points in the middle of each profile is considered. The results
for these shifts are summarized in table 2.7.

The results in table 2.7 show that in the case of monitoring more than two variables, the
performance of the MGP chart is significantly better than that of the GP and T2 charts. First, it can
be seen that when monitoring both three signals and four signals, the MGP chart consistently
outperforms the other two charts in different OC shifts. Moreover, it can be seen that increasing
the number of signals further enhances the MGP chart where with the same amount of shift in the
four signal case, the ARL; for the MGP chart is less than its corresponding value for the three

signal case. However, looking at the results for the GP and T2 charts, it can be concluded that the
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inverse relationship holds and increasing the number of signals leads to a decrease in their

performance.

Table 2.7. ARL, performance of monitoring with three signals and four signals

Three Signals Four Signals
shit GP MGP T? GP MGP T?
Mean 0.1 2431 2240 269.1 2773 206.3 301.6
02 1189 681 158.0 1364 569 1395

03 403 142 744 49.1 102 492
04 118 34 29.2 13.9 2.5 13.5
0.5 3.7 1.4 11.3 4.1 1.2 43

Noise  0.01 175.1 143.7 2382 190.1 132.5 2769
0.02 99.8 69.1 1703 111.6 584 196.0

0.03 59.8 345 1232 67.8 29.0 1514

0.04 377 19.6 91.1 419 151 113.0

0.05 243 12.0 69.6 27.0 9.1 87.3

Segment (.1 286.5 285.0 307.6 333.1 287.8 3639
02 2172 1809 2324 260.5 165.6 298.1

03 1349 859 1499 1654 68.8 208.0

04 715 346 925 91.7 256 1424

05 355 132 526 44.2 8.8 87.9

2.5.4 Two-variable profile monitoring with covariance shift

In this section, we investigate the performance of profile monitoring schemes in the case where
there is a shift in the between-profile correlation of IC profiles. In this regard, in the trigonometric
model setting, we generate the initial IC samples from a multivariate Gaussian process with known
IC parameters as stated in eq. (2.14) with 30 equally spaced design points over [0,27]. Specifically,
it is assumed that the vector of IC parameters is {011, L11, P22, L22, Po1, Lo1, Po2» Loz, 01, 02} =
{2, 1,2,1,4,1.5,4,1.5,0.5,0.5}. Next, using the same logic as in previous sections, n IC samples
of two-variable profile are generated in phase I. Then, using the proposed methods, the estimated
IC model is built to monitor the new incoming samples. Moreover, in order to define the required
OC condition, we change the corresponding cross-correlation parameters (py;) of the covariance

function. Table 2.8 gives the ARL, values of the OC model for the three charts.
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Results from the above table show that MGP chart always performs better than the other charts
where there is a shift in between-profile correlation. This is mostly because of the non-separable
covariance function of the MGP method that explicitly considers the cross-correlation between
different profiles of a sample.

Table 2.8. ARL, performance in covariance shift

n=31 n=50 n=100
Shit GP MGP T? GP MgP T? GP MGP T?
02 3905 2885 360.7 379.5 279.0 333.1 3132 268.8 3246
04 2326 1903 3445 2299 186.7 2782 1925 179.9 270.6
06 112.1 1046 318.8 1133 1012 2337 1060 884 209.4
0.8 572 453 2735 60.8 451 1643 550  40.6 1344
1 323 205 2316 324 208 987 299 188 683

2.5.5 Comparison of the MGP chart with the “aggregated” T? chart

This section aims at comparing the performance of the MGP chart with the T2 chart as proposed
in eq. (2.23). In this regard, two-variable profiles in both trigonometric and quadratic model
settings are considered. The same logic as discussed in section 2.5.1 is also used here to generate
the IC samples. Considering the cases of moderate and large number of IC samples, the estimated
IC models are built in order to monitor the new incoming samples. The OC ARL of two charts in
the case of mean shift, noise shift and segment shift are summarized in table 2.9.

The results from table 2.9 show that the MGP chart outperforms the T2 chart described in eq.
(2.23) in different OC conditions. The only exception is the case of mean shift when the number
of IC samples is large. It should be noted that the MGP method can capture the cross-correlation
among different profile variables through the shared kernel parameters. Such parameters are
estimated based on the maximum likelihood method. On the other hand, the T? chart captures the
cross-correlation by simply pooling all the observations. The T? often requires a large number of
IC samples in phase I in order to accurately estimate the covariance matrix. Therefore, in the case
of mean shift when there is a large number of IC samples, the T2 chart performs slightly better

than the MGP chart.
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Table 2.9. ARL, comparison of the MGP and T? charts in the trigonometric and quadratic model settings

Trigonometric Model Quadratic Model
n=61 n=100 n=30 n=50

Shift MGP T2 MGP T2 Shift MGP T2 MGP T2

Mean 0.1 2859  357.6 230.6 2240 0.6 88.1 118.6 80.3 61.7
0.2 114.0 2298 80.1 80.3 0.7 44.2 83.2 44.5 37.2

0.3 31.5 198.4 21.1 25.9 0.8 29.7 57.6 28.0 232

0.4 7.9 189.3 6.0 9.0 0.9 16.4 40.0 16.8 14.1

0.5 2.5 185.0 2.0 3.8 1 11.6 27.5 10.2 8.8
Noise  0.01 284.3 381.0 1474  248.1 0.02 2454 2845 233.5 273.9
0.02 1134 3908 872 1822 0.04 1623  221.6 129.2 196.9
0.03 31.5 397.5 452  130.8 0.06 1115 183.2 104.5 146.9
0.04 7.8 401.0 30.8 99.3 0.08  77.6 144.7 75.4 109.7

0.05 2.5 379.0 17.8 76.0 0.1 55.8 114.0 54.8 83.6
Segment (.1 380.0  366.3 299.5  330.7 0.6 90.0 344.9 90.6 173.6
02 2767  287.1 205.0 2415 0.7 60.6 334.2 55.4 132.5

0.3 158.6 2545 1142 1489 0.8 43.2 310.9 32.8 99.5

0.4 79.9 232.7 54.6 80.6 0.9 30.0 287.3 19.5 70.9

0.5 353 215.0 24.7 41.9 1 21.6 265.9 11.8 50.2

2.6. Application to a Real-World Case Study

In this section, the application of the proposed profile monitoring procedures on a real-world case
study of an ice machine is demonstrated. In an ice machine, different sensors monitor different
aspects of the ice making process. Specifically, the temperature of the liquid refrigerant
(evaporator inlet temperature), temperature of the vapor refrigerant (evaporator outlet temperature),
the liquid line temperature and compressor discharge temperature are considered to be the main
drivers of the performance of the ice making process. These temperature signals for three
consecutive working cycles of the ice machine are demonstrated in figure 2.1.

Regarding the ice machine, data are collected every one minute during the machine’s operation.
Furthermore, the ice making process duration is not fixed from cycle to cycle and depends on some
factors including the ambient temperature, the quality of water, etc. However, in order to make a
fair comparison between different approaches, a fixed number of design points in different cycles
are required. Thus, using an interpolation technique for each individual sample of a four-variable

profile, the design points have been fixed at 12 equally spaced time points in the process. Figure
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2.4 shows three samples of the temperature signals along with the MGP estimate of the IC profile

functions.

(a) Evaporator Inlet Temperature (b) Evaporator Outlet Temperature (¢) Liquid Line Temperature (d) Compressor Discharge Temperature
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Figure 2.4. Three samples of the temperature signals (dashed lines) and the MGP estimate of the IC

profile functions (solid curve).

The ice machine data set contains 148 samples, each with four temperature variables measured
in 12 equally spaced design points. The first 20 samples of data set have been considered for the
phase I analysis. The IC parameters are then estimated by applying the specific procedures of the
proposed charts on the first 20 samples. The resulting MGP estimated IC profiles for the
temperature signals are displayed in figure 2.4.

Next, we construct the proposed control charts for phase II profile monitoring by fixing the IC
ARL at 200. In order to compare the monitoring procedures, we consider the scenario that a shift
in the mean or the middle segment of the profile variables has occurred. The OC simulations are
done based on the MGP estimate of the four variables and the results for 10,000 runs are

summarized in table 2.10.

Table 2.10. Mean shift and segment shift analysis for case study data set

Mean shift Segment shift
Shift GP MGP T? Shift GP MGP T?
05 1613 1529 2095 05 187.9 184.7 2103
1 1021 943 2050 1.0 147.1 1451 207.8
1.5 513 505 2015 15 1170 106.1 200.7
2 290 226 1955 20 835 704 1974
25 160 100 1863 25 59.0 443 193.0
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It can be seen from table 2.10 that the MGP chart outperforms the GP and T? charts in different
mean shift and segment shift situations. This confirms the results we obtained in the simulation
study that, for profile monitoring with more than two variables, the MGP chart performance is
better than that of the GP and T? charts.

Next, we establish a control chart based on monitoring the coefficients of the MGP model as
introduced in Li, Y. et al. (Li et al., 2017). Using the 20 initial samples, the coefficients and the
Fisher information matrix of the coefficients of MGP model are estimated. We use a T? statistic
to monitor the coefficients of the MGP model with the Fisher information matrix as the covariance
matrix. Again, the ARL, is fixed at 200. Table 2.11 demonstrates the OC simulation results in this
case.

Table 2.11. ARL, performance of monitoring the coefficients of MGP model in case study

Mean Shift Segment Shift
Shift Coefficient based MGP chart Shift Coefficient based MGP chart
0.5 163.5 0.5 170.8
1 159.8 1 170.2
1.5 154.6 1.5 169.4
2 150.4 2 166.9
2.5 149.9 2.5 165.7

Comparing the results of table 2.11 with table 2.10, one can see that the profile monitoring
scheme based on monitoring the coefficients of MGP model is less efficient than the MGP chart
proposed in this study. This further confirms the superiority of our proposed MGP monitoring
scheme.

In addition to the above comparison, we performed an analysis based on using the first 20 and
104 samples of data to estimate the IC parameters and to find the control limit, respectively. The
control limit is set using the procedure discussed in the simulation study section and considering
a type I error rate of 0.04. The remaining 44 samples are also used to test the charts discussed in
this study as well as the chart based on monitoring the coefficients of the MGP model. The MGP,
GP and T? charts for samples 105 through 148 are shown in figure 2.5 and figure 2.6. The solid

line in each chart represents the control limit of that specific chart.
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Figure 2.5. MGP chart for the ice machine data set
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Figure 2.6. Univariate GP and T2 charts for the ice machine data set

From figure 2.5, it can be seen that the MGP chart first gives an OC signal in the 117" sample.
Also, an OC condition is shown in the 119", 121%, 124" 128" 130% and 133" sample. However,

regarding the GP chart, it first signals OC in sample 121 where the liquid line temperature chart is

out of control. Next, this chart gives OC signals in samples 126, 128 and 133. As for the T2 chart,
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it gives its first OC signal in sample 122 where the compressor discharge temperature chart is out
of control. This chart signals out of control condition in samples 126 and 130 as well.

The charting statistics based on monitoring the coefficients of the MGP model for samples 105
through 148 are shown in figure 2.7. As can be seen from figure 2.7, this control chart can only
detect an OC condition in sample 110 and remains in-control for the rest of samples. In contrast,
the profile monitoring procedures introduced earlier in this study show a change in the ice making

process between the 117" and 133™ samples.

1
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Charting Statistics
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Figure 2.7. Chart of monitoring the coefficients of MGP model for the ice machine data set

The case study analysis shows that the MGP chart proposed in this chapter can detect an OC
condition faster and more accurately than the other monitoring schemes discussed here. It can also
be concluded that scheme based on monitoring the coefficients of the MGP model is not as efficient
as the MGP model proposed here, as it is unable to respond to the changes in the process between

the 117" and 133™ samples as detected by other charts.

2.7. Conclusion

In this study, modeling and monitoring of multivariate profiles using the MGP model are
investigated. Since in most engineering systems different sensors are correlated, it is crucially
important to consider this correlation in modeling and monitoring the resulting multivariate
profiles. The MGP model enjoys the flexibility and desirable analytical properties of the GP along
with the ability to capture the correlation among multiple variables of a profile. Thus, it provides
a powerful tool to model different profiles considering the correlations existing both within and

between profiles. Along with the MGP based profile monitoring scheme, methods based on
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modifying univariate GP and T2 charts for the case of multivariate profiles are also presented in
this chapter.

The MGP chart proposed in this study is based on the non-separable covariance structure which
offers high flexibility in modeling and monitoring multivariate profiles. This flexibility typically
leads to better performance in term of ARL; which is confirmed by the results in our numerical
study. The results also show that in the presence of autocorrelation in measured values of a profile,
the MGP chart outperforms other charts in different out-of-control situations with different number
of in-control samples. An important feature of the MGP model is that it can learn from different
dependent profiles. Therefore, increasing the number of profiles potentially enhances the MGP
model, while this merely increases the misdetection rate for the univariate charts. This is also
confirmed by the analysis in the numerical study section. Finally, the real-world case study further
confirms the results from the numerical study and shows the advantages of the MGP based chart
for monitoring multivariate profiles in practice.

It should be pointed out that the efficiency of MGP models can be further improved by optimally
selecting the design points in the measurement region. In this regard, one can use a space filling
algorithm like Latin hypercube or sliced Latin hypercube to select the optimal design points in
space. We aim to investigate along this direction in our future research. . Also, it is known that the
multivariate profile monitoring charts based on EWMA scheme can catch the OC faster in the case
of small shifts (Chou et al., 2014). One potential direction of research for the MGP chart proposed
here could be integrating it with an EWMA scheme to enhance its performance in the case of small
shifts. Finally, with the advent of stochastic kriging based methods, it would be desirable to

develop a chart using this approach and compare its performance with the MGP chart.
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2.8. Appendix

2.8.1. Covariance Function

Considering the general decomposition of profile i in eq. (2.12) and the Gaussian Kernel in eq.

(2.13), the cov( )(s,s") can be written as follows:

+co L |
(m) Pii;m | ii,m
co (s,s") = U5 ——exp ——(u +d-— uum) Lim(u+d-— uu,m)}
Pijm. || Lijm] 1 r
X s P {— 5 (= pijm) Lijom(u - ﬂij,m)} du
(2.29)
pOl,m |L01,m| 1 T
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Thus, for each integral term we have that
+00
1 T 1 T
f exp {_ E (u + 2d — ﬂui,m) Lui,m(u +d— ”ui,m)} exp {_ E (u - ﬂuj,m) Luj,m(u
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Considering ¥ = Lulm + Lu}m, we have that £ = Ly, + Lyjm, ¢ = E_l{Lu jmMujm +

Lul-,m(d - uui,m)} and @ = YTWyY where Y =d — {uui’m -y, ]-,m} . We can derive the

following:
b
(2m)2
\/|Lui,m + Luj,m|

And we have:

1
exp {—5 (= {Btuim = Hujm)) ®7(d = {ptuim — ﬂuj,m})} (2.31)
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(2.32)

Finally, considering the L € R and adjusting eq. (2.29) for the measurement noise the covariance

functions in eq. (2.14) can be derived.

2.8.2. Nomenclature

ygm) mth sample vector of the ith profile variable
Xi j design point j of profile variable i
Di number of design points in each profile i

M (xi)) intrinsic noise of profile i in sample m at design point x; ;
Hi(m) mean function of profile i in sample m of GP model

%™  Gaussian kernel of profile i in sample m of GP model

zgm) covariance matrix of profile i in sample m of GP model
ygm) vector of GP prediction for each profile i of sample m
y: GP chart estimate of profile i
X GP chart covariance estimate of profile i
y(m vector of in-control observations of all profiles in each sample m
Zi(m) Gaussian white noise process of profile i in sample m
T Dirac Delta function
y(™  vector of MGP prediction for each sample m
xm MGP estimate of covariance matrix of all k profiles in sample m

y MGP chart estimate of all profiles

A MGP chart covariance estimate of all profiles
S; Pooled T? sample covariance matrix of profile i
S Pooled sample covariance matrix of aggregated T2

TGZPLT GP charting statistic of each new sample r of profile i



2
Tyce,

ir

T

MGP charting statistic of each new sample r
T? charting statistic of each new sample r of profile i

Aggregated T? charting statistic of each new sample r

coefficient of autocorrelation

43
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Chapter 3

Remaining Useful Life Prediction Based on
Degradation Signals Using Monotonic

B-splines with Infinite Support*

3.1. Overview

Degradation modeling traditionally relies on monitoring degradation signals to model the under-
lying degradation process. In this context, failure is typically defined as the point where the
degradation signal reaches a pre-specified threshold level. Many models assume that degradation
signals are completely observed beyond the failure threshold, while the issue of truncated degrada-
tion signals still remains a challenge. Moreover, based on the physics of degradation process, the
degradation signal should be inherently monotonic. However, it is almost inevitable that most of
the sensor-based degradation signals are subject to noise which can lead to misleading prediction
results. In this chapter, a non-parametric approach to modeling and prognosis of degradation signals
using B-splines in a mixed effects setting is proposed. In order to deal with the issue of truncated
historical degradation signals, our approach is based on augmenting B-spline basis functions with

functions of infinite support. Moreover, to model the degradation signal more accurately and

*This chapter is based on the paper: Jahani, S., Kontar, R., Zhou, S. and Veeramani, D., 2019. Remaining
useful life prediction based on degradation signals using monotonic B-splines with infinite support. IISE Transactions,

pp-1-18.
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robustly in a noisy setting, necessary and sufficient conditions to ensure monotonic evolution of the
modeled signals are derived. Appropriate procedures for online updating of random coefficients
of mixed effects model considering derived monotonicity constraints based on degradation data
collected from an in-service unit are also presented. The performance of the proposed framework is
investigated and benchmarked through analysis based on numerical studies and a case study using

real-world data from automotive lead-acid batteries.

3.2. Introduction

Remaining useful life (RUL) estimation is essential in prognostics and health management of a
system. RUL can be defined as the remaining life of a component until it is able to function in
accordance with its intended purposes. With recent advances in sensor and information technology,
growing attention is being paid to RUL prognosis. In general, RUL prognosis models can be
categorized into two categories: Model-based prognostics and data-driven prognostics (Vanem,
2018). In model-based prognostics, the RUL prediction of the system is done using physical or
mathematical models of the degradation phenomenon. However, in data-driven prognostics, the
aim is to transform the data provided by the sensors into relevant models (parametric or non-
parametric) of the degradation behavior (Medjaher et al., 2012). In model-based approaches, the
prognosis accuracy is highly dependent on the accuracy of the physical model that is used. On the
other hand, the independence regarding specific objects in data-driven approaches provides more
flexibility which makes them widely used in RUL estimation and degradation modeling (Zhang

et al., 2018). This study deals with a data-driven prognostics approach for the estimation of RUL.

Contemporary data-driven prognostics approaches are mostly based on degradation signals.
Degradation signals, also known as condition monitoring (CM) signals, are correlated with the
physical degradation of the system and can be used to infer the unobservable underlying health
status of the system (Kontar et al., 2017). In degradation data analysis, the component under study
is considered failed once its degradation level reaches a certain pre-specified level for the first time
(first hitting time). Specifically, most data driven prognostics approaches first start by establishing
an initial population-level statistical model for describing the evolution of the degradation signals

in the offline stage that provides the prior information. Then, the prediction of signal evolution
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for a new in-service unit is performed based on both prior information and the newly collected

degradation data from the in-service unit to obtain the posterior information.

Most of existing data-driven prognostics methods in literature are based on parametric modeling
of the degradation signal evolution. Such parametric models typically assume that the degradation
signals behave according to a common functional form, referred to as common shape function (Liao
and Kottig, 2014). The most commonly used approach in parametric modeling is based on using
mixed effects models that contain a fixed effects part representing the average behavior of the
population and a random effects part representing the individual units, characteristics. Lu and
Meeker (1993) were among the first who proposed the use of a mixed effects model to characterize
the degradation path of a population of units. Based on the general model of Lu and Meeker
(1993) and general assumptions summarized by Wang (2000), several mixed effects models have

been proposed for RUL estimation (Gebraeel et al., 2005, 2009; Rizopoulos et al., 2014).

Apart from the methods based on the mixed effects models, two other widely-used parametric
approaches are Wiener processes and Gamma processes. Wiener processes are typically used
for degradation modelling where the degradation process may vary bi-directionally over time.
Tseng and Peng (2004) proposed to model the cumulative degradation path of a product,s quality
characteristic using Wiener processes. Modeling degradation processes using the Wiener process
has some limitations. Firstly, the Wiener processes have the Markov property which means that
the evolution of the degradation process at each stage is independent of its past behavior. Also,
the Wiener processes are based on the assumption that the mean degradation path is linear. On
the other hand, the Gamma process is appropriate for modeling degradation processes that are
monotonic and evolving in only one direction (Si et al., 2011; Sun et al., 2018). One limitation of
using Gamma processes is that, similar to Wiener processes, they also assume that the degradation
process has the independent increment property. Furthermore, the noise in the Gamma process

should have a Gamma distribution with a special parameter structure (Son et al., 2016).

The parametric models are typically derived from the underlying physics of the degradation
process or empirical evaluation of the degradation signals. However, in many applications it
may be difficult to identify the underlying physics and the signal may not follow any functional
form (Zhang et al., 2018). Moreover, imposing a parametric form always comes with one caveat

that if the specified form is far from the truth the prognostics results are misleading (Kontar et al.,
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2018). One approach to overcome the challenges of parametric models is to consider non-parametric
degradation models in which the functional form is learned from the degradation data. Zhou et al.
(2011) used functional principal component analysis (FPCA) to non-parametrically model the
degradation process using the historical data and a set of principal component scores. Moreover,
an empirical Bayes approach is used in their paper to update the principal component scores of
the degradation model in real-time for online monitoring of the components operating in the field.
One major weakness of modeling the degradation signals using the FPCA approach is inaccurate
estimation of the mean and covariance function under high noise level (Kontar et al., 2018; Zhou
et al., 2012). Besides that, in a recent attempt towards non-parametric prognosis of degradation
signals, Kontar et al. (2018) proposed using the multivariate Gaussian convolution processes
(MGCP) to model the evolution of individual components taking into account the heterogeneity in
data. Although their method can effectively model the evolution of degradation signals, it suffers

from the issue of scalability, specifically when number of signals is large.

Despite the recent work on non-parametric methods, both the FPCA and MGCP require that
data are densely observed over the whole domain of the experiment, i.e., degradation signals have
the same support. As mentioned previously, failure is defined as the moment when the degradation
signal reaches a certain pre-specified threshold level. In some engineering practices, it is possible
to continue observing the degradation signal after it crosses the failure threshold as the failure
does not necessarily imply component replacement (Shiau and Lin, 1999; Wang and Xu, 2010).
However, in most cases, the system is shut down or replaced immediately once the degradation
signal crosses the failure threshold. This means that no further observations can be made once
the unit has failed. Such signals are referred to as truncated degradation signals (Gebraeel et al.,
2005; Virkler et al., 1979). Unfortunately, truncation results in wrong estimation of the remaining
useful life for the MGCP and FPCA, since we are not able to observe the complete evolution of
the historical signals over the whole domain of the experiment. This is intuitively understandable,
as prediction for a Gaussian Process (GP) falls back to the mean when predicting far away from
observation points (Rasmussen, 2004). Therefore, the prediction may never hit the threshold level
in the case of truncation. One exception to this issue is a study by Zhou et al. (2012) where they
applied FPCA on the transformed degradation signals. However, their approach cannot guarantee

the monotonicity of the CM signal evolution, as the FPCA assumes that the signals indeed follow a



48

GP, which is non-monotone. Also, the transformation approach requires a relatively large number

of training units in the historical database.

In this study, we propose a non-parametric approach to modeling and prognosis of degradation
signals using B-spline basis functions in a mixed effects setting. Specifically, our approach is
motivated by supplementing the basis with functions of infinite support as proposed in Schumaker
(2007) and Corlay (2016). This framework offers numerous advantages. First, B-spline is inherently
a non-parametric data-driven approach in which we are allowing the data to speak for themselves.
Moreover, by augmenting the basis functions with infinite support we let the B-spline to cover the
whole possible range of degradation signal evolution thus allowing to extrapolate the evolution
of degradation signal beyond the threshold level. Therefore, it allows us to deal with the issue of
truncated signals as mentioned earlier in this study. Furthermore, it is well-known that the B-splines
can be derived as polynomials with a certain degree depending on the degree of generating B-spline
basis functions. This feature, further, allows us to control the evolution of the degradation signals
by imposing appropriate constraints to ensure monotonicity in the resulting polynomial functions.
This, in fact, helps with correct modeling and prognosis of the degradation signal when we are
observing noisy data. Finally, it should be mentioned that as opposed to MGCP approach developed
in Kontar et al. (2018), the number of parameters that needs to be estimated in the log-likelihood
function is fixed and depends only on the degree and number of basis functions. This, indeed,
offers a huge advantage over the multivariate Gaussian process based approaches that typically

suffer from the scalability issues.

The remainder of this chapter is structured as follows. Section 2 reviews degradation signal
modeling and conventional Bayesian updating. Moreover, the concept of B-splines with infinite
support is described in this section. In section 3, we derive necessary and sufficient conditions
to guarantee monotonic evolution of degradation signals in a mixed effects model based on B-
splines of infinite support. Moreover, appropriate procedures to conduct online updating based on
the collected data from the new in-service unit considering the derived monotonicity constraints
are discussed in this section. Section 4 presents numerical studies where the performance of the
proposed approach is investigated under different scenarios. In section 5, the application of the
proposed method in a real-world case study is demonstrated. Finally, our concluding remarks are

presented in section 6.
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3.3. Degradation signal modeling and prognosis

3.3.1. Review of B-spline based mixed effects modeling for degradation signals and online

updating

The mixed effects model has been widely used in degradation signal modeling and RUL estimation
in literature due to its flexible model structure (Gebraeel et al., 2005). The main advantage of
the mixed effects model is that it allows each unit to have its own parameters and degradation
progression path. The degradation path of the ith unit at each time point ¢ in the mixed effects

model is typically defined as:
yi(t)=xi (1) +& (1) = 2" (1) 0+ (1), (3.1)

where x;(t) is the true but unobservable value of the degradation signal, €;(¢) is the measurement
error which is assumed to be independent and normally distributed N (0, %), 27 (¢) is a pre-
specified time-dependent regression function and 6; = [9,-,1, o ,Hl-,d]T 1s the vector of random
coeflicients for unit ;. The random coefficients in (3.1) allow the units to have distinct but similar
degradation paths, and it is assumed that @; follows a multivariate normal distribution N (u, X).

In cases where the behavior of degradation signals is evident, we may consider the polynomials
of appropriate order or other certain specific nonlinear functions of time (e.g., log(t)) as the
regression function z” (7). However, in most of the cases, it happens that identifying a model that
best defines the evolution of degradation signals is difficult if not impossible. In this situation, one
can use B-spline basis functions of an appropriate degree as a non-parametric regression approach
to define 27 () in Eq. (3.1). The value of B-spline basis functions of degree n defined over
a set of non-decreasing knot values at time ¢ (bZ(t)) can be obtained recursively as a function
of lower degree basis functions. It is worth mentioning that by properly increasing the number
of knots or degree (n), B-splines can approximate arbitrary continuous functions to any given
precision (De Boor et al., 1978).

The B-spline based mixed effects model for modeling the degradation path of the ith unit at

time ¢ can be defined as follows:

yi () = bl (1) 0; + & (1), (3.2)
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where b, (1) = [b 1a(t), ..y bd,n(t)]T is the vector of B-spline basis functions evaluated at time
t over a set of non-decreasing knot values. In order to use the mixed effects model in (3.2), first
we need to estimate the parameters of the model such as y, £ and o2 in the offline stage based on
the historical dataset of degradation signals. Then, in the online stage, the estimated model is used
as a prior and the Bayesian updating is performed to estimate the model parameters for the new
in-service unit based on the degradation data collected from the new unit.

At the current time point 5, when the prediction is to be made, assume there are s; values of the
degradation signal available from the in-service uniti, i.e. y;(#:.1:1) = [Yi(ti1), Yi (ti2), .. Yi(tis:) ]!
and t; 1.5 = [ti1,ti2, ... ti,si]T where t; 5, < t,. Therefore, the posterior distribution of the random
coefficients based on the newly collected data from the ith in-service unit up to time f;, can
be computed as p(0;|y; (t1:n)) o< p(yi (ti1:1) 16:)7(0;) where p(y; (ti1:) |0;) represents the
likelihood of the observation data and 7(6;) refers to the prior distribution estimated in the of-
fline stage. Assuming normally distributed #; and ¢;, the posterior is also normally distributed
p (0,~|y,~ (ti1:n)) ~ Ny, ¥ 1) where ft;, and %, » represent the mean and covariance matrix of
the posterior. This, in fact, derives from the conjugate property of the normal distribution. Con-
sidering the prior parameter estimates as y, and X, the closed form expression for the posterior

mean and covariance matrix is as follows:

~ bl t; 1 it
b t; 1) b, (1 !

Xip=

s

o2

where by, (ti1:1) = [bn (ti1) ,ba (8i2) -+ ., by (ti,h)]T and p,, X9 and o? can be replaced by their
estimates f1, %o and &2 from the offline stage. With the updated mean and covariance matrix,
the degradation values of the new in-service unit can be predicted for future time ¢ > ¢;,. This
procedure considers both the prior information coming from the average behavior of the population
and specific behavior of the in-service unit up to time ¢.

It should be mentioned that the B-spline basis functions are always limited to the range of
observed data points and vanish outside this range based on their definition. As a result, modeling
the evolution of the degradation signals always depends on the specific range of the historical data

over which the B-spline basis functions are defined. However, it often happens that the support
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range of degradation signals in our historical dataset is limited. In this case, when modeling the
evolution of a specific unit, we reach to a state at which we are required to extrapolate outside the
range of B-splines. The next subsection introduces infinite support B-splines as a solution to deal

with this issue.

3.3.2. B-splines of infinite support

The classical B-spline basis functions have compact support and can only model data limited to
this specific support range. This subsection reviews the extension of classical B-spline to include

the basis functions with infinite support as proposed in Schumaker (2007).

Let k be a nonnegative integer andI" = {yp < y; < ... < ¥} be asorted collection of k knots,
where if k = 0 then I = (. Then the B-spline basis function of degree 0 associated with the knots

I' is defined as follows:

bo,0(1) = I—coinfm) (1),  Dbi0 = L sup(T) +00) (1), a4

bjo(t) =1y, 1y, (1), 1<j<k-1,

where /(.) denotes the indicator function. The B-spline basis functions with higherdegree 1 < n < k
can be defined using the induction formula given in appendix 3.8.1. The collection of functions
(b Jln)o < j<kintl for 0 < n < k are called the B-spline basis functions of degree n. Appendix
3.8.1 also gives the induction formula for the B-spline basis functions of degree n where n > k.
Figure 3.1 shows the B-spline basis functions with infinite supports of different degrees defined
over [—4, 4] with 6 equally spaced knot values placed at I = {-2.5,-1.5,-0.5,0.5, 1.5,2.5}. The
classical B-spline basis functions in this case are limited to the range between yy = —2.5 and
vs = 2.5. However, the basis functions with infinite support can extrapolate beyond this range as

demonstrated in Figure 3.1.

One important property of B-spline basis functions is that their derivatives can be decomposed

onto B-spline basis functions of lower degree. Therefore, with the same notation as above, the
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B-spline basis functions of degree 0 B-spline basis functions of degree 1
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Figure 3.1: B-spline basis functions of infinite support with degrees 0, 1, 2 and 3.

differentiation of B-splines basis functions (for 0 < n < k) is as follows:

~&bjn 0 < j <min(n, k),
_Vn?)/o bun-1 for j = n,

(brn) = Y5 bjoint = 5 2—bju1 n+1<j <k, (3.5)
mbk—l,n—l for j =k,
Cllbj—l,n—l max(n,k)+1 < j<k+n+1,

where for the constants Cy and Cy, we use the guideline proposed in Corlay (2016). In this study,
we take Cp = C; = 420 if y,_; > yp and Cy = C; = 1 otherwise. By iterating over this
decomposition, the mth derivative of B-spline basis function of degree n onto the basis of degree
n — m can be obtained. More information about the derivatives of B-splines and algorithms to
evaluate and calculate them can be found in Schumaker (2007) and Corlay (2016).

A critical stage in evaluating B-splines is the placement of knot values which can be generally
done using bisecting method with O(log(k)) complexity (Tjahjowidodo et al., 2017; Corlay, 2016;
Aguilar et al., 2018). However the case of equally spaced knots, which is utilized in this paper,

leads to further simplifications where all bounded spline basis functions have the same polynomial
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representation up to a parallel shift, and unbounded basis functions are symmetric. These properties
can be exploited to save a significant amount of memory and computation. Regarding selecting the
number of knots, we would like to also mention that it can be simply done using cross validation
or any of the well-established versions of statistical information criteria like Akaike Information
Criteria (AIC) or Bayesian Information Criteria (BIC).

In this study, we propose to use a non-parametric mixed effects model based on B-spline basis
functions of infinite support as the regression function in (3.2). The advantage of using the infinite
support B-spline is that, firstly, it is data-driven and does not assume the data to follow a specific
functional form. Moreover, by properly constraining the random coefficients of B-spline basis
functions in the mixed effects setting, one can ensure the monotonic degradation path of each
unit as suggested by our domain knowledge. The next section discusses the development of such
constraints and appropriate procedures for online updating of the infinite support B-spline based

mixed effects model.

3.4. Remaining useful life prediction using monotonic B-splines with infinite support

In this section, we first derive the monotonicity conditions for infinite support B-Splines of degree 1
and degree 2 in a mixed effects setting. Then, the necessary and sufficient conditions for monotonic
degradation of units in a mixed effects model with degree 3 B-spline basis function of infinite
support will be derived. Finally, the appropriate procedures to conduct online updating considering

these conditions will be discussed in section 3.4.2.

3.4.1. Monotonicity conditions for B-splines with infinite support

In degradation modeling, practitioners typically use B-splines to model degradation signals because
of their flexibility in consistently approximating the evolution of signals based on collected data.
However, in cases where we are collecting data from sensors, most often it happens that the
sensor data are noisy and as a result, the collected data may contradict the underlying physics.
In degradation modeling, for example, the degradation signal should be monotonically changing
over time since the underlying health condition is always deteriorating unless some maintenance

actions have been performed (Son et al., 2016; Byon et al., 2010; Zhou et al., 2012). In cases
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where the noise level of the collected data is high, non-parametric approaches like B-splines may
lead to incorrect estimation of the degradation signal. To overcome this potential shortcoming, the
ideal degradation modeling approach is the one that allows for flexibility while maintaining the
monotonic evolution path of the degradation signal. This section discusses the required conditions
for modeling of monotonic degradation signals using B-splines of infinite support in a mixed effects

setting.

First, we derive the necessary and sufficient conditions for monotonicity of degree 1 and degree
2 B-splines with infinite support in a mixed effects model. As mentioned in section 3.3.2, the
derivatives of B-spline basis functions are explicitly decomposed onto the basis of lower degree.
Thus, non-negativity constraints on the first derivative of B-splines with infinite support translates
into monotonicity constraints. The B-spline basis functions of degree n (n < k) associated with
the knots I' = {yg < y;1 < ... < yr-1} and given by the induction formula in appendix 3.8.1 are
a collection of non-negative functions. Therefore, non-negativity of coefficients of basis functions
in the mixed effects model is a sufficient condition for non-negativity of B-splines with infinite
support. For B-spline of degree O and degree 1, this also happens to be a necessary condition
(Yuan et al., 2017; Beliakov, 2002). Thus, for basis functions of degree 1 and degree 2 which
decompose onto degree 0 and degree 1 basis functions, one can obtain the monotonicity condition
using Eq. (3.5). The following lemma discusses the monotonicity constraints for degree 1 and

degree 2 B-splines with infinite support.

Lemma 1 Ler 6; = [9,;1, e, 0,-,,1+k+1]T be the coefficients of infinite support basis functions in
the mixed effects model of Eq. (3.2) for unit i at time t. LetT" = {yg < y1 < ... < yi_1} where
k > n be the set of non-decreasing knot values over which the infinite support B-spline is defined.
Then, the necessary and sufficient condition for monotonicity of degree 1 and degree 2 B-spline

with infinite support can be encoded in terms of the following constraints:

0;,;<0, j=1,...,n,
0ij—0ij-1>0, j=n+2,...,k+1, (3.6)

0;; >0, j=k+2,...,k+n+1.
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Proof. The B-spline of degree n with infinite support over the knot vector I" is defined as follows:

k+n

0" (1) =B (1)8; = )" 0 jrb (). 3.7)

j=0
The first order derivative of B-spline in (3.7) can be calculated using the differentiation of
B-spline basis functions given in (3.5) as follows:

k+n

Q;(n) (1) = Z (6ij01ba(1)
=0
n—1 “n —-n
= Z 9i,j+l (_bj,n—l(t)) + 0i,n+l ( bn,n—l(t))
= Co Yn =0
k-1 . "
+ Z i j+1 (—bj—l,n—l(f) - —bj,n—l(t))
j=n+1 ')/j—l _yj—n—l 7]' _Yj—n
k+n (3-8)
n n
+ 0 k+1 (—bk—l,n—l(f)) + Z Oi,j+1 (—bj_l,n—l(t))
Yik-1 ~ YVk-n-1 faras! Ci
n—1 _n k n
= Z (C_Qi,jﬂ) bjn-1(t) + Z (— (641 — 9i,j)) bj_1p-1(1)
=0 0 e Yj-1 = 7Yj-n-1
+n n
+ Z (C_‘gi,jﬂ) bj_1,-1(1),
Jj=k+1 1

where, in the last equality, we rearrange the terms for basis functions. The monotonicity condition
can be derived by imposing a non-negativity constraint on the first order derivative of B-splines with
infinite support. The first order derivative of B-splines of degree 1 and degree 2 can be calculated in
terms of basis functions of degree 0 and degree 1, respectively, as given in (3.8). For basis functions
of degree 0 and degree 1, non-negativity of coefficients is both a necessary and sufficient condition
for non-negativity of B-spline. Therefore, imposing non-negativity constraints on coefficients of
basis functions in the last equality of Eq. (3.8) for degree 1 and degree 2 B-splines results in the
conditions given in (3.6). As for the necessity of these conditions, it should be noted that the basis
functions b;_1 ,-1 and b; ,_| are always non-negative. Moreover for a degree 2 (or 1) B-spline,
each point in a knot interval has non-zero values in 3 (or 2) nearby basis functions (Please refer
to Figure 3.1). Therefore if the conditions in (6) for the corresponding coefficients is not satisfied,
the derivative of B-spline in that interval would be negative and as a result the B-spline function

is not monotonically increasing. This happens for degree 2 and 1 B-splines simply because their



56

derivatives can be written in forms of polynomials of degree 1 and 0. Thus the condition in (3.6)

is both necessary and sufficient and the proof is complete. O
Using Lemma 1, monotonicity constraints for degree 1 and degree 2 B-splines with infinite

support can be written in form of linear inequality constraints for each unit i as follows:

a < A0; <b, (3.9)

where
Al A A
Aaxa = Ay Ay Anl.
Az An Az
A = Az = Lixas
Az = Az = 0ps

Az1 = A2z = 0(k—ns1)xns

Az = Az = Opx(k—nt1)> (3.10)
1 0 O 00 0 O
-1 1 0O 00 0 O
0O -1 1 0O 0 O
Ap = ,
0O 0 -1 10 0 O
O 0 o0 o0 ... =11

Apisa(k—n+1)x(k—n+1) matrix and d = n+k+1 is the number of basis functions. For @ x1n+1)x1
wehavea = [al, al, ag]TWhere (@)1 = [=00,...,=0]", (@2) (k_psiyx1 = [-00,0,...,0]" and
(@3) 1 = [0,...,0]". Also, for b(sn1)x1 We have b = [b], b7, bg]T where (b1),«; = [0, ...,0]7,
(b2) (kns1yx1 = [+00, ..., +00]" and (b3) ) = [+00, ..., +00]".

The conditions in (3.9) should always be considered when updating the posterior distribution for
the in-service unit in online stage in order to get a monotone degradation path. Unfortunately, sole
application of the Bayesian updating procedure reviewed in section 3.3.1 cannot guarantee these
conditions in updating the posterior distribution. In subsection 3.4.2, we introduce an approach

for updating the posterior distribution of new in-service unit considering the linear inequality
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constraints in (3.9) to ensure monotonicity of the resulting modeled degradation signal in a mixed
effects models based on degree 1 and degree 2 B-splines with infinite support.

B-splines of degree 2 are typically sufficient for modeling a wide variety of degradation signal
evolution paths. Moreover, adding more knot values increases the accuracy of degree 2 B-splines.
However, B-splines of degree 3 are also commonly used in literature due to their flexibility and
ability to model curvature(Schumaker, 2007; Yuan et al., 2017). Thus, it is of prime importance
to develop necessary and sufficient conditions to ensure monotonic evolution of the degradation
signal using degree 3 B-splines of infinite support. In practice, B-splines of degree less than 4 are
sufficient for modeling different continuous functions and higher degrees of the B-splines typically
increases computational complexity and numerical instability (Schumaker, 2007).

For B-splines of degree 3 with infinite support, slightly more complex necessary and sufficient
conditions are required. In this regard, we take advantage of the piecewise representation of B-
splines. De Boor et al. (1978) and Schumaker (2007) state that for ¢ € [)/p, yp+1] where y, and
Yp+1 are two consecutive knot values, the degree 3 B-spline basis function can be expressed as

follows:

2 3
bj’3 (t) =p,p,; t al,p,jt + a’z,p’jt + a3,p,]~t s (3.11)

where @, , ;,r =0, ..., 3 are coeflicients determined only by placement of the knots. Because of the
local support property of B-splines, b; 3 (¢) are nonzero only when j = p — 3, ..., p. Therefore,

for B-spline of degree 3 with infinite support and ¢ € [)/p, yp+1] we have that:

k+3
0 (1) =bL (1)8;= " 0 jibya(1) = Z b+ Za””t
=0 j=p-3
o 3 (3.12)
:Z Z Oij+1rp j) 1" _Zn””tr'
r=0 j=p-3 r=0

Equation (3.12) shows that degree 3 B-splines model the degradation signal in each interval
[)/p, yp+1] using polynomials of degree 3. Figure 3.2 illustrates the piecewise polynomial con-
struction of a degradation signal using degree 3 B-spline basis functions with infinite support.
Monotonicity condition for a degree 3 B-splines can be obtained by imposing monotonicity on Q(3)

in each knot interval. The following lemma gives the required conditions for monotonicity of a

degree 3 B-spline with infinite support
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Figure 3.2: Piecewise polynomial construction of degradation signals using degree 3 B-splines

with infinite support.

Lemma 2 Let T" = {yg <y < ... < yk—1} where k > 3 be the set of non-decreasing knot values
over which the infinite support B-spline is defined. Letn, ,,r =0, ..., 3 be the coefficients of derived
degree 3 polynomial for t € [yp,yp+1] as defined in (3.12). Then, the necessary and sufficient
conditions for monotonicity of degree 3 B-spline with infinite support can be encoded in terms of

the following constraints:

1 (3m3pYp-1 < —N2p < 303pYp13p = 0) (m,p -

N,p +2m2,pYp-1+ 303, 72_ >0, p=1,...,k,
. rot (3.13)

2
Mk
I (3773,k7’k—1 S =Mk M3k 2 O) Nk — o >0,
n3.k

Mk + 20267k + 303477 2 0.

Proof. In order to obtain necessary and sufficient conditions for monotonicity of Ql@) (1), we need
to ensure monotonicity in each interval ¢ € [)/p, yp+1]. In this regard, one needs to just impose
monotonicity on a degree 3 polynomial in each interval ¢ € [yp, 7p+1] according to Eq. (3.12).
The polynomial Ql@ (1) = Zfzo nrpt" 1s monotonically increasing on t € [yp, yp+1] if we force its

derivative Q;(S) (1) = m1.p + 2m2,pt + 3173 51 to be positive for ¢ € [)/p, yp+1]. It should be noted
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7(3 . e .. . .
that Ql.( ) (¢) is minimized at ¢ = —12,p/(31m3,p) and the minimum value is 7, — ng’p/(3n3,p) if
n3,p > 0. Thus, the following three conditions ensure monotonicity of degree 3 B-splines with

infinite support for ¢ € [yp, yp+1].

2
m.p
I (3773,p7p < -Mmp < 3773,p7p+1,773,p = 0) Mp— 3 >0, (3.14)

Q;(s) (vp) 20, Q;G) (¥p+1) 2 0.

In order to obtain necessary and sufficient conditions for monotonicity of Ql@) (1), by local
support property of B-splines, we only need to ensure monotonicity in each interval of the knot
vector. We also need to add one dummy knot value at the end of the knot vector to determine the
extent of extrapolation that we are interested in. This knot value is not required to be inside the
range of the observed data point as with the regular B-splines. We denote this knot value by .
This results in the conditioned given in (3.13). O

The posterior distribution of the in-service unit should always satisfy the conditions of Lemma
2 in the online stage to obtain monotone evolution of a degradation signal when using degree
3 B-splines of infinite support in a mixed effect model. The constraints developed in (3.13) for
online updating of the mixed effects model based on degree 3 B-splines with infinite support are
non-linear, unlike the ones derived for the case of degree 1 and degree 2 B-splines with infinite
support in (3.9). Subsection 3.4.2 introduces a procedure to update the posterior distribution of
a new in-service unit considering the general form of non-linear inequality constraints derived in
Lemma 2 to ensure monotonic evolution of the resulting modeled degradation signal in the mixed

effects model based on degree 3 B-splines of infinite support.

3.4.2. Online updating of the mixed effects model based on the B-splines of infinite support

with monotonicity constraints

This section discusses appropriate procedures to realize the necessary and sufficient conditions
developed previously for online updating of the mixed effects model based on monotonic B-splines
of infinite support. Specifically in subsection 3.4.2, we first introduce the constraint Kalman filter
(CKF) approach tailored for updating the random coefficients of infinite support basis functions

of degree 1 and degree 2 in mixed effects model considering the constraints given in Lemma 1.
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The CKF procedure is applicable for updating random coefficients considering linear inequality
constraints. However, by Lemma 2, the monotonicity conditions for degree 3 B-splines with infinite
support are in the form of nonlinear inequality constraints, and the CKF procedure is not applicable
anymore. In order to deal with this issue, our approach to online updating of degree 3 B-splines
is based on Monte Carlo (MC) Sampling. The detailed procedure for updating based on the MC

sampling approach is discussed in subsection 3.4.2.

Analytical updating procedure based on the constrained Kalman filter for degree 1 and degree

2 B-splines with infinite support

The online Bayesian updating procedure based on collected data from new in-service unit i at
time #;, results in a multivariate normal distribution denoted as p (0i|yl- (ti1:n) ~ N(f Ein)
for random coefficients of a mixed effects model as discussed in section 3.3.1. In order to get
a monotonic degradation signal for the new in-service unit in a mixed effects model based on
degree 1 and degree 2 B-splines with infinite support, the posterior distribution should always
satisfy the conditions provided by Lemma 1. This, indeed, results in updating the posterior
multivariate normal distribution with linear inequality constraint given by Lemma 1. Enforcing
the set of constraints given in (3.9) yields the truncated multivariate normal distribution denoetd as

LN (ﬂi,h, ﬁ‘.,-,h; a,b, A) with the PDF as follows:

p(0i|yi(tiin)) 1 )
T - =&1p (0:|y; (ti10)) if 0 € Ch,
p (oilyi (ti,lzh) 19, € Ch) — fChP(0,|yz(tz,1:h))d6’l h (3.15)

0 otherwise,

where &, is a normalizing constant and C;, denotes the constraints, space.

First, in Lemma 3 we discuss transforming the multivariate normal distribution with linear
inequality constraints (@ ~ LN (u,X;a,b, A)) into a simpler form of a truncated multivariate
normal distribution with box constraints denoted by TN (u", £"*; a, b) where u”" and X" denote the

new mean vector and covariance matrix after transformation.

Lemma3 Let @ ~ LN (u,X;a,b, A) and Z = A@. Then Z ~TN(Au, ALAT;a,b) and If A~!
exists, then @ = A~ Z.
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Proof. We know 6 ~ LN (u,X;a,b, A) has PDF as follows:

Crlexp {-(0— )" 7' (0 - p) /2} Ia<a6<b), (3.16)

where C;, is the normalizing constant. Let us consider Z = A@. Then, according to the linear
transformation property of multivariate normal distribution, the first part of Eq.(3.16) must change
into the PDF of multivariate normal distribution N (A/.t, AEAT) for Z. Thus, Z has the PDF as
follows:

-1
Crlexp {— (Z - Ap)T (AZAT) (Z - Ap) /2} la<z<b). (3.17)

where Cr is the new normalizing constant after transformation. Equation (3.17) shows the PDF
of TN(Au, AXA”;a,b). Moreover, following the same steps as above, if A~! exists, then
0 = A~'Z, and the proof is complete. O

The monotonicity conditions of degree 1 and degree 2 infinite support B-splines can be ana-
lytically imposed using Lemma 3. In this regard, online updating based on the linear inequality
constraints of Lemma 1 reduces to a simpler form of box constraints on the coefficients of the
mixed effects model. Thus, if we had an approach to update the random coeflicients of B-spline
basis functions in a box constrained multivariate normal distribution, then we could convert back
the updated coeflicients according to Lemma 3 into the corresponding linear inequality constrained
multivariate normal distribution. Our approach for updating this simpler form of constraints is
based on the constrained Kalman filter proposed in Wilhelm et al. (2012) and Son et al. (2016).

The online Bayesian updating procedure discussed in section 3.3.1 eventually gives f1; ;, and ﬁ‘.i,h
where fi; , € R4, The true individual parameter 6; for a specific unit is unobservable and should
be estimated by the posterior mean f; ,. However applying Lemma 1 and Lemma 3 respectively,
suggest that the transformed vector of random coefficients should satisfy a specific set of box
constraints. Thus, the posterior distribution of this new transformed vector of random coefficients
should be truncated at certain boundaries. This can be achieved through a PDF truncation step in
addition to the Bayesian updating step.

To be more specific, suppose that we transform the truncated posterior multivariate normal dis-
tribution with linear inequality constraints of Lemma 1 for uniti at time #;, (LN ( i g, )f.,-,h; a,b, A))
into the new simpler truncated multivariate normal distribution with box constraints denoted by

TN (ﬁ?,h’ ﬁzh; a, b) using Lemma 3 where /ftlffh = Aji; ;, and f‘.?h = Aﬁi,hAT and A, a and b are
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as given in (3.9). Moreover, we assume that Z; = A#6; is the new vector of coeflicients for unit i

after transformation. The PDF for TN ( ﬂﬁ P )i? na, b) can be defined as follows:

F(Zily: (ti1n)
F (bly: (ti10)) = F (aly: (ti10))

where fr (Z,-|y,- (ti1:1) ;@,b) = 0 elsewhere, fr (-) indicates the truncated density function of

fr(Zily; (ti1n);a,b) = , for a; <z < bj, (3.18)

Z; with box constraints and f(-) and F () denotes the probability density and cumulative
density functions of multivariate normal distribution. After truncating the density, the mean
aly = [ﬁgxl, . ,ﬁZZd]T and the covariance matrix 5_(;?2/ [zij, zi1] for j,1 € {1,...,d} can be
readily computed, as shown in appendix 3.8.2 where TN (ﬂl” e ﬁ‘.?h a, b) ~ N (ﬁlTilV , ﬁ‘.IT;ZV) due to
preserving the reproducibility of conditional PDFs (Simon, 2006; Straka et al., 2012). The detailed
procedure to obtain the truncated mean vector (ﬂtTﬁlV ) and covariance matrix (ﬁlThN) is given in
appendix 3.8.2 for the sake of completeness.

Applying the constrained Kalman filter approach, we can update the posterior distribution of
transformed coeflicients according to the set of box constraints given by Lemma 3. Finally, we
need to transform back the updated mean vector and covariance matrix into the mean vector and
covariance matrix of the originally truncated posterior distribution using Lemma 3. Figure 3.3

summarizes the overall procedure for online updating considering the monotonicity constraints for

the mixed effects model based on degree 1 and degree 2 B-splines with infinite support using CKF.

General updating procedure based on Monte Carlo sampling for degree 3 B-spline with

infinite support

The monotonicity conditions of degree 3 B-splines are in the form of non-linear inequality con-
straints as derived in Lemma 2. Therefore, the analytical procedure presented in the previous
subsection is no longer applicable. In order to conduct online updating in this situation, we propose
to use a more general approach based on the MC sampling. To be more specific, suppose that the
unconstrained updating of mixed effects parameters based on the Bayesian procedure of section
3.3.1 results in the posterior distribution p (0,-|yl- (ti1:)) ~ N, . ) for unit i at time 7,. In
order to model a monotonic degradation signal using degree 3 B-splines with infinite support,
the random coefficients of mixed effects model should constantly satisfy the conditions derived

by Lemma 2. The aim is to estimate the posterior distribution of random coefficients subject to
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Figure 3.3: Summary of CKF procedure for online updating

constraints in (3.13), i.e., p (0,-|yl- (ti1:n);0: €Ch) ~ TN (ﬂi’h,)f.,-,h;e,- € Ch) where C;, denotes
the constraints, space. The PDF of TN (ﬁi,h, ﬁ‘.i,h; 0; € Ch) can be expressed similar to (3.15).
Equation (3.15) presents a closed form description of the PDF of random variable 6; with respect to
constraints in (3.13). Here, due to preserving the reproducibility of the conditional PDFs (Simon,

2006; Straka et al., 2012), the truncated PDF must be approximated by a Gaussian PDF as follows:
P (0:|yi (tir:n) :6; € Ch) ~ NS, 200 (3.19)

It should be noted that the Gaussian approximation of the truncated PDF in (3.19) has nonzero
values outside the constrained region. However compared to the original unconstrained distribution,
the volume of approximate Gaussian distribution above the constrained region is close to 1. Similar
approximations can also be found in Straka et al. (2012) and Simon (2006). The moment of the

PDF function in (3.19) can be written as follows:

iy, = / 0:p (0i|yi (ti1:n) ;0 € Cy) dO;, (3.20)

o C

T
£, = [ (0= 6,) (0 5,) 2 Oy (te1a) 36 € C1) o (3.21)
The mean and covariance in (3.20) and (3.21) are difficult to solve analytically except for

some special cases like linear inequality constraints (Straka et al., 2012). Here, we use MC

sampling technique to approximate the integrals of Equations (3.20) and (3.21). The MC sampling
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technique is based on approximating integrals using dense sampling of the truncated PDF. In order
to approximate the integrals in (3.20) and (3.21), suppose that N samples 01@, r=12,...,N, are
drawn from the unconstrained posterior distribution N (f; ;, £ ). We divide the samples into two
groups: the samples satisfying the constraints C; denoted as 05’(1), [=1,2,...,N¢ N¢< Nand
the ones not satisfying the constraints. Thus, the mean and covariance matrix of the truncated PDF

in (3.19) can be approximated as follows:

NC
R 1 ¢
i~ e 2,00, (3.22)
=1
. 1 X 1 ; T
i~ e (000 - ) (0 - i) (3.23)
=1

Therefore, in order to find the approximate mean and covariance matrix of the truncated posterior
PDF in (3.19), we need to simulate a large number of samples from N(f; , £.1) and form the
pool of samples satisfying the required constraints given in (3.13). Then the mean and covariance
matrix of posterior distribution considering the constraints in (3.13) can be approximated using
Equations (3.22) and (3.23). Figure 3.4 illustrates the online updating procedure considering the
monotonicity constraints using MC sampling for a mixed effects model based on infinite support

B-splines of degree 3 when we get a new observation from the in-service unit.

3.5. Numerical Study

In this section, the performance of the proposed mixed effects model framework will be investigated.
Specifically, we first discuss the general procedure to simulate the degradation signals and evaluate
the performance of different methods. Then, using the simulated signals, we demonstrate the
advantages of our proposed method compared with some existing methods in the literature.

To motivate the application of the proposed approach, we consider an illustrative example. Let
us assume we have signals generated from a true underlying function with noise. Specially we
assume that the signals are generated from R, (1) = wytl's +¢€,wherey=1,2,...,15,1 € [0, 10]
and w, ~ N(1, 0.252). The observations are made at 30 evenly spaced points and the measurement
noise is set to o, = 5. Moreover, it is assumed that all the signals in the historical dataset are

truncated after a specific observation time. Figure 3.5 demonstrates the signals generated in such
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Figure 3.4: Online updating for the in-service unit using B-splines of degree 3 with infinite support.

a setting where it is assumed that all the historical signals are observed until time point ¢ = 8. The

failure threshold for this specific example is set to TH=30.

As shown in Figure 3.5, the failure time of all units is not observed. Therefore, if the new
in-service unit fails after + = 8, then we need to extrapolate to find its failure time. Considering
these truncated historical signals, we can fit a mixed effects model to predict the remaining useful
life for the new in-service unit. In this regard, we consider the case where the mixed effects model
is used both with regular degree 3 basis functions and degree 3 basis functions with infinite support.
It is assumed that we have partial observations for the new in-service unit and the aim is to predict

its failure time. Figure 3.6 demonstrates the prognosis results for the new in-service unit.

From Figure 3.6, it can be clearly observed that the prediction results based on the regular
B-spline are misleading. The main reason is that the regular B-spline, as with most of the non-
parametric approaches, is limited to the range of historical observations which prevents it from
extrapolating beyond this range. However, for the infinite support B-spline, there is no such
limitation and the method can extrapolate and predict beyond the range. This extrapolation results
in accurate estimation of the failure time in this method as can be seen from Figure 3.6. However,

it should be mentioned that the extrapolation result of the proposed framework is indeed more
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Figure 3.5: Truncated historical observations with noise.

accurate when the truncation point is closer to the failure time and the signal trend is similar after
and before the truncation point.

Further, insight regarding the importance of monotonicity of the proposed approach can also be
gained from Figure 3.6. As can be seen, the regular B-spline based approach with no constraints on
the evolution of the degradation signals results in a signal which is not monotonically increasing.
This contradicts the underlying domain knowledge that the degradation signal cannot decrease over
time. This phenomenon, in practice, happens as a result of high level of noise in sensor data
observations. Therefore, the most suitable approach is the one that allows for certain flexibility
along with the ability to impose the domain knowledge. Imposing the appropriate monotonicity
constraint in the infinite support B-spline approach can account for the high level of noise and
adjust the prediction which, in turn, results in more accurate prediction of the failure time. This
feature is well demonstrated in the evolution path of the in-service unit based on the two model
settings in Figure 3.6.

Regarding the numerical study, we simulate the degradation signals from five different model
settings. In each model setting, we report the prediction accuracy of different methods for partially

observed in-service signal at varying time points ¢*. Specifically, we report the prediction accuracy
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Figure 3.6: Prognostics using infinite support B-splines vs. regular B-splines.

for different percentiles of observed in-service signal (i.e., 40%, 60% and 80%). Our procedure to
compare different methods is based on simulating Y=15 degradation signals from a specific model
setting and then randomly selecting one of them as the in-service unit r, and the rest as the historical
dataset. This procedure is repeated for 1000 times and each time we report the absolute error (AE)
as our criterion for comparing different methods. The absolute error between the true failure time

T, and the estimated failure time 7.(#*) can be described as follows:

AE (") = |T, (") = T,

, (3.24)

where as mentioned before a unit fails when its degradation signal passes the failure threshold.
The performance of different approaches are compared using a series of boxplots highlighting
the distribution of AE through 1000 simulation runs. Specifically, we compare the performance
of the proposed degree 3 infinite support B-spline with monotonicty constraint approach with four
other methods proposed in the literature. The first one is the parametric mixed-effects model using
an exponential function denoted by ME-Exp introduced by Gebraeel et al. (2005). The second
method is the nonparametric FPCA approach proposed by Zhou et al. (2011). The third approach
is the mixed-effects model using general polynomial function proposed by Son et al. (2013) and
Rizopoulos (2011) denoted as ME-Poly. The appropriate degree of polynomial is determined
using the Akaike information criteria (AIC). For this approach we also consider the case where

the degree of polynomial is always fixed at 3 to have a measure of comparision with our proposed
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Figure 3.7: Prediction accuracy results of model setting 1.

framework with degree 3 B-splines. We denote this approach as ME-Cube. Finally, we compare
the performance of our approach with the MGCP approach of Kontar et al. (2018). In addition
to the proposed framework with monotonicity constraints, we also consider the performance of
infinite support B-spline without the monotonicity constraints to make the numerical study more
complete. We denote the former as Inf B-spline-M, while the latter is denoted as Inf B-spline in

our model settings.

In this study, we consider five model settings to compare the performance of different ap-
proaches. In model setting I, we highlight the importance of monotonicity in degradation modeling.
Specifically in model setting I, we adopt the quadratic function defined in Kontar et al. (2018).
In this regard, we consider the setting where the outputs for the Y curves are generated from the
Ry (1) = w{’ytz +€,wherey =1,2,...,Y,t € [0,10] and w;,, ~ N(1,0.252). Moreover it is
assumed that the observations are made at 30 evenly spaced points, the measurement noise standard
deviation is set to o = 0.5 and the failure threshold is set at TH=40. In order to benchmark the
result with the correctly specified parametric form, we use the quadratic function in the polynomial
mixed effects model (ME-Poly). The results are demonstrated in Figure 3.7.

From Figure 3.7, we can see that the performance of the proposed non-parametric approach
based on the B-Splines of infinite support is comparable to that of the correctly specified parametric
model in ME-Poly approach. Specifically, in the earlier stage when only 40% of the in-service unit
signal is available, the variance of prediction error for the proposed method is a little bit higher

than the ME-Poly approach which is based on the true parametric function. This happens because
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Figure 3.8: Prediction accuracy results of model setting II.

the ME-Poly approach which is based on the true parametric form, can inherently capture the
trend even with a small number of observations. However, our proposed method requires more
observations to capture the true underlying trend and its prediction accuracy improves as it gets
more data. Moreover, we can see that by increasing the order of polynomial of mixed effect model
in ME-Cube approach we get similar performance as in ME-Poly.

From the results in Figure 3.7, we can gain insight regarding the importance of the monotonicity
constraint considered in our approach. The degradation signals generated in model setting I are
inherently monotone and imposing monotonicity through our proposed framework increases the
accuracy of its predictions. However, other non-parametric approaches considered in this study
cannot guarantee monotonicity. This is, in fact, the main reason that their prediction errors are
higher than that of our proposed method. It should also be mentioned that an important issue
with MGCP approach is scalability as mentioned in Kontar et al. (2018). This issue becomes
more prominent as we increase the number of signals in the historical dataset which leads the
optimization of log-likelihood to converge to local optima. This, in turn, results in inferior result
for the MGCP approach.

In order to further highlight the importance of extrapolation in our proposed approach, we
conduct a numerical study with doubly truncated signals. Specifically, in model settings II, we
adopt the signals introduced in model setting I with one modification. In model setting II, we
assume that in addition to the failure threshold, all the signals in the offline stage are truncated after

time ¢ = 7. The prediction accuracy results of this model setting are given in Figure 3.8.
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As can be seen from Figure 3.8, the performance of the infinite support B-spline approach
proposed in this study is comparable to the ME-Poly approach which is based on the correctly
specified parametric approach. As mentioned earlier, in this model setting, no historical observa-
tions are available after time # = 7. However, this does not significantly affect the performance of
the ME-Poly approach as it is inherently based on the correctly specified parametric form. This,
in fact, happens because even if the signals in the historical dataset are truncated after time = 7,
this approach can learn the true behavior of degradation signals based on the initial observations.
Regarding the infinite support based B-spline approach, however, the evolution of the in-service
degradation signal is extrapolated based on the behavior of the historical degradation signals until
time ¢ = 7. As can be seen from Figure 3.8, the performance of this extrapolation is comparable
to that of the true parametric form in different observation percentiles. However, as for the other
non-parametric approaches, the predictions outside the range of historical data converge to an
overall mean function which result in wrong estimation of the failure time. This can be seen from

the result of numerical study in Figure 3.8.

In order to further investigate the performance of our approach, we conduct three more numerical

studies. Specifically, in model setting III, we focus on a nonlinear signal function adapted from

111
2,y°

where y = 1,2,...,Y and ¢ € [0, 10]. For the yth output, w{ly’ ~ U(0.8,1.2) and wé’y’ ~ U(0,7).

Kontar et al. (2018). The output for Y curves are generated from R, (¢) = 1.5¢ + a){l yI sin (1) + w

It is assumed that there are 35 evenly spaced observations per signal. The measurement noise
standard deviation is set to o, = 0.01 and the failure threshold is set at TH=14. In model setting
IV, we randomly sample 10 observations from each signal to further evaluate the robustness of our
approach when sparse data are available. Moreover, model setting V investigates the performance
of the proposed method when the noise level is high. Specifically, we set the measurement noise

standard deviation to o = 0.05. Figure 3.9 demonstrates the results of model setting III.

From Figure 3.9, we can see that in different observation percentiles, the median and variance
of the prediction errors of the proposed method are less than those of the other parametric and
non-parametric approaches proposed in the literature. Moreover, it can be seen that the variance
and median of prediction errors decreases with increase in the observation percentiles. In fact,
as more data from the in-service unit becomes available in the online stage, the accuracy of

different methods gets better. We can also get an interesting insight by comparing the results of
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Figure 3.9: Prediction accuracy results of model setting III.
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Figure 3.10: Prediction accuracy results of model setting IV.

the parametric and non-parametric approaches. As can be seen from Figure 3.9, the prediction
based on the parametric approaches of ME-Poly, ME-Exp and ME-Cube leads to worse results
than that of the non-parametric approaches in different observation percentiles. This signals the
prominent hazard of defining a wrong parametric model in predicting the RUL. On the other hand,
the non-parametric approaches enjoy enough flexibility to adapt with the specific trend of the signal.
Moreover comparing the performance of Inf B-Spline-M and Inf B-Spline models, we can see that
imposing monotonicity constraints increases the prediction accuracy of the proposed framework

for nonlinear signal function forms.

Results from Figure 3.10 further demonstrate the robustness of different approaches to sparsity

in observations from the in-service unit. It can be seen that sparsity in observations leads to increase
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Figure 3.11: Prediction accuracy results of model setting V.

in the prediction errors of different approaches. However, the mean and variance of absolute error of
predictions based on our proposed method remains less than those of other approaches. Moreover,
Figure 3.11 showcases the impact of increase in the noise of observations. It can be seen that
increase in the level of noise increases the prediction error of the different approaches; however,
the performance of our proposed approach remains superior to that of other methods.

From the result of numerical study we can see that the importance of monotonicity constraint is,
in fact, more notable in the early stage of prediction when the data is rare. This can be observed more
vividly comparing the performance of the infinite support B-spline with and without monotonicity
constraints in all our model settings. As can be seen from Figures 3.7-3.11, the infinite support
B-spline with monotonicity constraint typically performs better than other approaches in the early
stage of RUL prediction when we cannot learn the monotonic trend of signal based on available
data. This better performance gets clearer, especially, when we have scarcity or higher noise level
in our observations as discussed in model settings IV and V. The scarcity, insufficient sampling data
and high measurement noise are, indeed, inevitable in most manufacturing systems which makes it

crucial for decision making and control policies to have a robust measure of RUL.

3.6. Real-world case study

In this section, application of the proposed prognosis procedure on the real-world data collected

from an automotive lead-acid battery aging test is demonstrated. The dataset contains 14 batteries
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and each battery fails when its degradation signal reaches a prespecified threshold level. Figure 3.12
demonstrates the degradation signal evolution of batteries from this dataset. The failure threshold
is defined as 5.4 and all the units are considered failed once their degradation signal hits the failure
threshold which results in truncated signals. Due to confidentiality, the data presented in Figure
3.12 has been slightly modified from the original data, but this modification does not affect our

study here.

In order to compare the performance of different methods, we use the leave-one-out cross
validation approach. Specifically, we consider that one of the 14 batteries is the in-service unit
and the model fitting in offline stage is performed for the remaining 13 ones. Then, the predictions
for the in-service battery is performed for different percentiles of its lifespan (i.e., 40%, 60% and
80%). Both degree 3 and degree 2 infinite support B-spline with monotonicity constraint are used
in this case study. We denote the former as Inf B-Spline-D2 while the latter is denoted as Inf
B-Spline-D3. The whole procedure is repeated 14 times and the AE is calculated each time. Figure

3.13 summarizes the results for the case study.

To the best of authors, knowledge, there is no general physical model for the degradation of

© - Failure Threshold = 5.4

Resistance

2 4 6 8 10 12 14

Time

Figure 3.12: Battery resistance data from an accelerated aging test.
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lead acid batteries. Therefore, a quadratic degradation path is used for the ME-Poly approach. This
further highlights the importance of non-parametric approaches in degradation modeling when
there is no general physical model. As can be seen from Figure 3.13, in different percentiles of the
observed signal of the in-service unit, our approach based on degree 3 B-splines of infinite support
performs relatively better than the other approaches proposed in literature. The main reason for
the superior performance of our method is that it can effectively deal with truncated signals using
the basis functions of infinite support. This feature combined with the monotonicity constraint
on the evolution of the degradation signal guarantee that predictions are not limited to the range
of historical data as with other non-parametric approaches. On the contrary, in non-parametric
approaches like MGCP, predictions outside the range of historical data converge to an overall mean
function which is typically defined as zero. This, indeed, results in wrong estimation of the RUL as
the predications may never hit the failure threshold. However, this is not an issue in our approach
which is based on B-splines of infinite support. Moreover comparing B-splines models, we can see
that the degree 3 B-splines which provide higher flexibility have a better performance in terms of
the absolute error compared with the degree 2 B-spline. Thus, the case study further confirms the
results of the numerical study that, in the case of truncated degradation signals, the performance of

our proposed approach is superior to the methods proposed in the literature.

40% Observation Percentile 60% Observation Percentile 80% Observation Percentile

Figure 3.13: Prediction accuracy results for case study.
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3.7. Conclusion

In this chapter, a non-parametric approach to modeling and prognosis of degradation signals using
B-splines in a mixed effects framework is proposed. Unlike most of non-parametric approaches
that rely on a historical sample of complete degradation signals, our approach is suitable for
modeling truncated signals. In this regard, our approach is based on the B-splines augmented
with basis functions of infinite support. One advantage of using this framework is that it allows
us to extrapolate the evolution of the in-service degradation signal beyond the range of truncated
degradation signals from our historical dataset.

Moreover, the B-spline setting allows us to encode the inherent monotonic evolution path of
degradation signals. In this regard, the necessary and sufficient conditions to guarantee monotonic
evolution of degradation signals in a mixed effects model based on B-splines of infinite support are
derived. Our approach for updating random coefficients of the proposed mixed effects model with
B-splines of degree 1 and degree 2 considering the derived monotonicity constraints is based on
transforming the resulted truncated multivariate normal distribution of coefficients into a simpler
form of box constrained multivariate normal distribution and updating using the constraint Kalman
filter. Regarding the B-splines of degree 3, slightly more complicated necessary and sufficient
monotonicity conditions based on polynomial representation of the B-spline basis functions are
developed. The derived conditions for updating the mixed effects model in the online stage in this
case leads to a truncated multivariate normal distribution with non-linear inequality constraints.
In order to estimate the mean and covariance matrix of the resulting truncated PDF, we resort to
the Monte Carlo sampling technique. The results of our numerical study along with the real-world
case study confirm the advantage of the proposed framework in dealing with truncated signals.

In this study, we have only considered modeling of one degradation signal. However, most of
the contemporary real-time monitoring systems tend to collect more than one degradation signal.
In such cases, the need for developing more sophisticated degradation modeling approaches arises
that can deal with both the issues of monotonicity and truncated degradation signal paths. This can

be considered as a potential future research direction that we intend to pursue.
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3.8. Appendix

3.8.1. Induction Formula for Infinite Support B-splines

The induction formula for the infinite support B-spline of degree 1 < n < k is as follows:

bjn(0) = 5 b a1 (1), j=0,
bj,n(t) = bj—l,n—l(t) + yé_;tbj,n—l(t)’ 1< ] < min(n, k),
bjctnm1(0) + 52=bj 1 (1), ifk >n
bin(t) =3 " e j = min(n, k)
bj1n-1(2) +bju-1(t), ifk=n
107n(0) 1= 5 b e (1) + 25 b e (1), min(n, k) + 1 < j < max(n, k),
bjn(t) + 7= by 1,1 (1), ifk >0
bjn(t) := ’ Vi1 =Y et Jj =max(n, k)
bj1n-1(2) +bju-1(t), ifk=n
bj,n(t) = t_yé%_lbj—l,n—l(t) + bj,n—l(t)a max(n, k) +1 < j <k+n,
bin(t) = by (1), j=k+n
(3.25)
where the term yj__ly_’;;f_’nl_l d yﬁ;j:l are replaced by 1 and O respectively, when their denominators

are equal to zero. Regarding the choice of constants Cy and Ci, we use the guideline proposed

in Corlay (2016). In this paper, we take Cp = C| = 7",;1__170 if yx_1 > yo and Cy = Cy = 1 otherwise.

The B-spline basis functions of degree n > k associated with knots I'" are defined as follows:

bjn(t) = ZZbj (1), j=0,
bj,n(t) = bj—l,n—l(t) + yé_;tbj,n—l(t)a 1 < ] < min(n, k),
(bj’”)min(n,k)s j<max(n,k)+1 any basis of Pmax(n,k)—min(n,k) (R) = Pn—k (R)

bjn(t) == b i (D) + b (1), max(nk)+1<j <k+n,

bjn(t) = by (1), j=k+n
(3.26)
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3.8.2. Details of Constrained Kalman Filter

Using the moment generating function (MGF), the mean i,V = [ﬁiThN], LA

T
] and the covari-
—TN .
ance matrix Cov [Gi,j, Hi,l] forj,l € {1,...,d} ofthe TN (ﬂ?h’ Zzh; a, b) with density function

given in (3.18) can be computed as follows:

d
A = 4wy (a0 E5) = i+ o e (a) = g0 (b)), (3.27)
=1

and

——TN AN A
Cov [Zi,j,Zi,l] =0injit &) (a, b§):ih) 1.1 (a, b; Eih)

(3.28)
-y (a, b;ﬁ?h) i (a, b; 27!1) ;

where o7, ;1 denotes covariance between the jth and the /th parameters. The &;; (a, b; ﬁ’,,nh) and

nji (a, b; }f.:lh) functions used in (3.27) and (3.28) are respectively defined as follows

S ) _ Zd: TinjqTinlq 13q%q (ag) = baq (bg) }

gjl (a, b; iy : (3.29)
g=1 Oih,q.q
and
d Tih Oih,l
AN th,g,oVih,l,
nj.1 (a, b; Zih) = Z Tih,j.q Z [(O'ih,z,o - #
g 9% o Tih.q.q (3.30)

X {‘Pq,o (aq,a(,) T @q.0 (bq’bO) ~ Pg.0 (aq’ bO) ~ ¥q.0 (bq’ a(,)}]

where ¢; and ¢, , are univariate and bivariate marginal density functions. The univariate
marginal density is ¢; (x) = /9_1 fr(x,Z_;) dZ_; where Z_; is a (d — 1)-dimensional vec-
tor that excludes z;; and Q_; = {Clj <zij<bj:Vj#lj=1,... ,d}. The bivariate marginal
density is ¢; (x,y) = /Q_q_o fr(x,y, Z_4—) dZ_,—, where Z_,_, is a (d — 2)-dimensional vec-
tor Z_4_, = [z,-,l, s Zig=1sZisgtls - o> Zio—15 Zisobls -+ - » Zi,d]T that excludes both z; , and z; , for

q# o,andﬂ_q_(,:{aj <z < b :Vjiqand‘v’jio,jzl,...,d} for g # o.
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Chapter 4

Stochastic Prognostics under Multiple

Time-varying Environmental Factors™

4.1. Overview

Prediction of the remaining useful life of in-field components, traditionally, relies on condition
monitoring signals which are correlated with the physical degradation of the system. Many mod-
els assume that condition monitoring signals behave under similar environmental conditions (e.g.
pressure, temperature, workload and relative humidity) or these conditions have no effect on degra-
dation process. In this chapter, we propose a Brownian motion process with a stress-dependent
drift to model multiple time-varying environmental covariates. A semiparametric regression ap-
proach utilizing penalized splines is, further, proposed to model the environmental covariates-drift
relationship. The unique feature of our approach is that it does not assume a functional form for the
degradation process drift and models multiple environmental covariates’ effect on the degradation
process. Moreover, the model is combined with in situ degradation measurements of the in-field
unit and its environmental conditions to predict the unit’s remaining useful life through a Bayesian
updating scheme. The performance of the proposed framework is investigated and benchmarked
through analysis based on numerical studies and a case study using real-world data of frying oil

degradation collected from connected fryers.

*This chapter is based on the paper: Jahani, S., Zhou, S. and Veeramani, D., 2020. Stochastic Prognostics Under
Multiple Time-varying Environmental Factors. Under Review at Reliability Engineering & System Safety.
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4.2. Introduction

Recent advances in sensor technology and wireless communication systems are playing a signif-
icant role in what is referred to as the Internet of Things (IoT). Remote condition monitoring of
physical assets using sensor data provides unprecedented opportunity for assessing the health and
performance of engineering systems. Many statistical models have used sensor data, typically
referred to as condition monitoring (CM) signals e.g. internal resistance of automotive battery or
vibration signal of a rotating machinery, to predict the remaining useful life (RUL) of in-service
units (Kontar et al., 2018; Gebraeel et al., 2009). In such models, a historical database of CM
signals is utilized to predict the RUL of an in-service unit through a linkage between the historical
data and real-time CM information collected from the in-service units. A unit is typically deemed

failed once its CM signal reaches a pre-specified threshold value (Nelson, 2009).

In most of the existing RUL prediction models, it is assumed that the units perform under a
fixed operating condition (e.g. pressure, temperature, workload and relative humidity), i.e. the
environmental condition has no effect on the failure and degradation process (Kontar et al., 2018,
2017; Son et al., 2016; Liao et al., 2021; Wen et al., 2018; Barri et al., 2020). However, in many
cases, the environmental condition varies with time and units may be exposed to different operating
conditions. Under such circumstances, the degradation of an operating unit can greatly decelerate
or accelerate, and the CM signal may exhibit different evolution rate over time. For products
with degradation driven by environmental conditions, information about these variables can be
critical for modeling the degradation process. For example, the degradation of the frying oil is
primarily driven by a series of physical and chemical reactions as a result of change in temperature,
humidity, and other factors affecting oil quality during frying. There are many other examples
where degradation is driven by the usage and environmental variables, such as degradation of ball
bearings, the loss of color and gloss of an automobile coating, and corrosion in oil transportation
pipeline.

Development in technology makes collection and transmission of massive amount of data possi-
ble in many systems. Nowadays, it is common to dynamically record product/system usage as well
as other environmental condition information like temperature, humidity, and etc. Environmental

condition data contains rich information and can be utilized for modeling and predicting product
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reliability. Most of the literature that incorporates environmental condition in reliability modeling
is based on proportional hazards models. Such models handle the environmental conditions by
incorporating them as covariates in the parametric hazard functions. For instance, Jardine et al.
(1997) used the hazard model for condition-based maintenance by modeling different attributes of
CM signals as covariates. Along this line, Banjevic and Jardine (2006) modeled the operating
condition as Markov processes and developed approximations for the failure time distribution.
Moreover, Rizopoulos (2011) proposed a joint framework that incorporates a polynomial mixed
effects model and the proportional hazards model. This framework was later extended in Zhou et al.
(2014) through updating the parameters of the polynomial mixed effects models. Other extensions
and applications of the proportional hazards model can be found in Gorjian et al. (2010) and Zhao

et al. (2010).

For degradation data analysis, the operating condition and environmental effects are also avail-
able in several settings such as accelerated repeated measure degradation tests (Meeker et al., 1998)
and accelerated destructive degradation tests (Escobar et al., 2003). Most of these approaches
proposed in the literature for modeling the environmental conditions estimate the lifetime of the
population rather than that of a single unit operating in the field. However the few approaches that
utilize CM signals for RUL estimation are usually based on mixed effects model, gamma processes,
Brownian motion process and other Lévy processes. Gebraeel and Pan (2008), for instance, ex-
tended the mixed effects model with an exponential function to provide individualized prognosis for
an in-service unit with different attributes using a Bayesian approach. Doksum and Hoyland (1993)
proposed a stress-dependent drift to account for environmental condition in accelerated life testing
experiments. Later, Whitmore and Schenkelberg (1997) proposed a time-scale transformation for
accelerated experiments to account for the level of stress under which the CM signals are operated.
Lawless and Crowder (2004) modeled CM signals as a gamma process with random effects and
covariates. Li et al. (2019) modeled the effect of a single time-varying environmental covariate
based on a two-factor state-space model considering signal jumps at condition change points. Pang
et al. (2021) proposed a non-linear diffusion process model to characterize the degradation process
of a product and then a parametric model is developed to establish the relationship between a single
environmental covariate and the model parameters. Similar ideas can be found in Liao and Tseng

(2006), Liao and Tian (2013) and Al-Dahidi et al. (2016).
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Most of the existing statistical models, including the above-mentioned studies, consider only
the effect of a single environmental covariate on the degradation signal. Few studies extended this
assumption to incorporate the effects of multiple environmental factors on CM signal modeling.
Park and Padgett (2006) and Ye and Chen (2014), for instance, modeled the effect of multiple envi-
ronmental covariates by assuming a known physics-based model. A limitation of these approaches
is the need to specify the correct physical model for the covariate-CM signal relationship. How-
ever, there exist numerous practical situations where this parametric form is unknown or difficult to
specify. For instance, consider the degradation of ball bearings operated under different loads and
speeds where the parametric form of degradation signal as a function of environmental covariates
is hard to specify (Bian and Gebraeel, 2013). As another case in point, consider the degradation
of frying oil in fast food restaurants. During the frying process a complex series of physical and
chemical reactions takes place, resulting in degradation of frying oil. In the field of food science,
the physical and chemical changes of oil and its degradation during frying operations have been
extensively studied through lab testing and experiments (Choe and Min, 2007; Judrez et al., 2011;
Briihl, 2014). Although very useful, most of these studies are qualitative or use a simple quantitative
model under a very specific well-controlled lab environment to describe oil degradation. Thus, the
results in above studies cannot be directly used to model the oil degradation in a real-life setting,
such as in a restaurant environment. An exception is the work by Hong et al. (2015) where they
modeled the effect of multiple covariates on degradation process using a non-parametric general
path model and considered a parametric model to describe the covariate process. While this ap-
proach works well in case all the units are exposed to the same environmental condition, it does
not apply to the scenario that the environmental condition covariates are evolving uniquely for each
unit. For instance, the case study of this chapter models the degradation of frying oil in different
frying pots where the environmental conditions (e.g. temperature, cooking time, humidity, and
etc.) are changing uniquely for each pot. An ideal degradation model in this case should be able
to take into account this unique evolution of environmental conditions. With the growing usage of
IoT-enabled fryers in fast food restaurants, the comprehensive dataset collected from the connected
fryers enables us to establish a quantitative data-driven model to consider multiple dynamic factors
in the oil degradation model. Little work has been done in degradation data modeling that consid-

ers the uniquely evolving environmental covariates. Table 4.1 summarizes the result of literature
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survey on prognostics models considering time-varying environmental condition.

Table 4.1: Summary of existing literature on prognostics models considering time-varying envi-
ronmental condition.

Number of | Covariate Online Parameter Unique Sources
covariates effect updating estimation evolution of
model procedure environmental
covariates
Single Parametric Monte Carlo Jardine et al.
No No (1997); Escobar
et al. (2003);
Banjevic and
Jardine (2006);
etc.
Single Parametric MLE Rizopoulos
No (2011); Zhou
et al. (2014);
Gebraeel and Pan
(2008); Liao and
Tian (2013);
Pang et al.
(2021); Liet al.
(2019);
Al-Dahidi et al.
(2016); etc.
Single Parametric MLE Lawless and
No No Crowder (2004);
etc
Multiple Parametric MLE Park and Padgett
No No (2006); Ye and
Chen (2014); etc
Multiple Non- MLE Hong et al.
parametric No (2015); Xu et al.
(2016)
Multiple Non- EM algorithm Current work
parametric with penalized
splines

The purpose of this study is to develop a degradation modeling framework that does not depend

on a specific parametric form and considers the effect of multiple time-varying environmental

covariates as well as their unit-to-unit variability. Specifically, we propose a stochastic Brow-

nian motion process with a drift dependent on the environmental conditions to incorporate the
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effects of multiple operational covariates. A semi-parametric regression model using penalized
splines is considered to model the drift of proposed Brownian motion process. Estimation is then
performed through casting the problem into a mixed effects modeling framework. A Expectation-
Maximization (EM) procedure is further developed to estimate the parameters of the proposed
framework. This framework offers a number of advantages. First, it is semiparametric and does not
assume any rigid parametric form on the Brownian motion process drift. The penalized splines that
combine a set of spline basis functions with a quadratic penalty on the corresponding coefficients,
also, strike a balance between ovefitting and accuracy of covariate-drift relationship. Moreover, the
mixed modeling framework proposed offers a natural way for choosing the smoothing parameters.
The proposed framework allows for the unique evolution of environmental covariates for each unit.
Also, the stochastic model can further be updated through a Bayesian procedure combining the
degradation signal observations and environmental conditions to predict the RUL of the in-field
unit in real-time.

The remainder of this chapter is organized as follows. Section 4.3 provides a detailed framework
of our modeling approach and estimation procedure and presents the RUL prediction using online
updating for the in-field units. To illustrate the effectiveness of our proposed approach, extensive
numerical study and a case study based on the degradation data of frying oil are conducted in

Section 4.4 and Section 4.5. Finally, Section 4.6 concludes the chapter with a short discussion.

4.3. Model Development

In this section, we first introduce the notation and then develop an offline modeling framework
using a semi-parametric based Brownian motion process modeling the effect of multiple time
varying environmental covariates on the degradation process. Then, an online updating procedure
is proposed to combine the degradation data and environmental condition observations of the

in-service unit with the developed offline model.

4.3.1. Notation for the data

Here, we introduce some notations for the degradation data model and the environmental co-

variate information. Suppose the database contains a historical dataset of N units. For the ith
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unit, denote the degradation measurements at time f; ; by X;(#;;), i = 1,..,N, j = 0,...,n;,
and n; marks the last timepoint where the degradation measurement was taken. The history of
degradation signal observations for unit i is denoted as X;(¢;0.,,) = [Xi(ti,o), e Xi(ti,ni)]t. Let
wi(t) = [a)l-, 1(7), wi2(7), ..., w,-,q(r)]t be a vector denoting the values of ¢ environmental covariates
at time 7 for unit i. The value of covariate / for unit i at the time 7 is denoted by w;;(7). The
history of covariate process for unit i is denoted by €2;(¢;,,) = {wi(r) : 0 < 7 < t;,,}, which
records the dynamic covariates information from time O to time ¢; ,, for unit ;. We consider all

the observed degradation signals and the corresponding operating condition for each unit i in our

historical database as 9; and all observed data from N units as D = {Z),-}f\; 1

4.3.2. Offline degradation modeling based on the Brownian motion process
Model Structure

The Borwnian motion process has several good properties and is often used to describe the degra-
dation of products (Le Son et al., 2013; Ye and Chen, 2014; Abdel-Hameed, 2014; Riascos-Ochoa
et al., 2016). In this study, we model the degradation based on a Brownian motion process as
follows:

X(t) =x0+ J; [w(T)dt + cW(1), 4.1)
where xg is the initial degradation, I' : R — R is the corresponding drift dependent on the level
of environmental covariates w(7) at time 7, and o is the diffusion parameter. W(z) denotes the

standard Brownian motion with the following three properties:

1. W(0) =0, where W(t) € (—o0, +00).

2. W(t+ Ar)—W() ~ N, Ar).

3. W) ~ NQ,1).

We introduce an additive regression model to incorporate operating condition information into
the degradation model. In particular, the drift of process for unit i at time ¢ can be modeled as

follows:

q
D(wi(1) = Bo + D fi (wia(0); Br) , (4.2)
=1
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Figure 4.1: Unit degradation in response to time-varying environmental covariates.

where each function f;(.) models the effect of an environmental covariate. Here S is the intercept
and (3; denotes the parameter(s) in each function f;(.),! € {1,...,q}. The coefficient vector of
the functions parameters can be denoted as 3’ = [ﬁ’, oo ﬁﬁl]t. For each covariate /, the function

Jfi(w; 1(1); By) represents the effect of w; ;(7) at time 7 on the drift of degradation process.

The cumulative damage model considered by equations (4.1) and (4.2) is motivated by the
cumulative damage model for the accelerated failure-time model in Nelson (2001). For certain
degradation mechanisms (e.g. wear out, crack growth, and decomposition of chemical structures),
the assumption of cumulative effects is appropriate. In the motivating example of this article, the
environmental variables cause certain chemical reactions which leads to degradation of oil over the

time. Thus, the assumption of cumulative effects is appropriate for the application.

Two approaches are typically available to choose the functional form for the effect functions
Jf1(.). The first approach is based on the models motivated by physical, chemical and engineering
knowledge. For example, the Arrhenius relationship (Meeker and Escobar, 2014) is typically used
to model the temperature effect on the degradation rate. When there is not enough information on
the correct form of f;(.) from physical/engineering knowledge or when such models do not fit the
data well, nonparametric models can be used. For this approach, the functions f;(.) can be estimated

as the linear combination of the spline bases. Considering the B-spline bases to non-parametrically
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model each covariate [, we have that:

d
filwi(0); B = D] Bl (i1 (T)Ba., 4.3)
d=1

where B (w; (7)) is the value of the corresponding B-spline basis evaluated at w; ;(7), S4.’s are
B-spline coeflicients and d; is the number of B-spline bases for each covariate /.

Based on the independent increment property of the Brownian motion process AX;(#; ;) =
Xi(t; j) — X;(t; j-1) is independent and identically distributed with a normal distribution N (
IZj_l I'(w(7))dT, (G\/FU)Z) where o is the diffusion of the process and 67; ; = 1; ; — £; j—1. Con-
sidering the additive regression model in (4.2), the mean of AX;(7; ;) in each interval [ti, j-1>1i, j]

can be written as follows:

lij tLij 4
Mij = J I'(wi(7))dt = Bodt; j + Z fi (wi(7); B1) d. 4.4)

ti,j-1 tij-1 [=1

It should be noted that most of the IoT systems record the environmental covariates in-
formation in discrete time points. Therefore, a discrete-data version of (4.4) should be esti-
mated for any real life application. Such an estimate can be obtained by replacing (4.4) with
Hij = Bodtij + 5 Sty iy <mip<nr; JI@i1(Ti); B)(Tiks1 — Tik)- Here, 7,4 are the time points where
the environmental covariates were recorded for unit i. Thus, considering B-splines to model f;(.)

as in (4.3), equation (4.4) can be rewritten as follows:

q d

pij = Bodtij+ > > G (i )Baus (4.5)
[

=1 d=1

where G a,(tij) = Xt <ty i<tr; Ba (i1 (Ti k) (Ti k1 — Tiko)-

One popular way of modeling the additive regression is through penalized splines, and here we
focus on the penalized B-splines or P-splines (Eilers and Marx, 1996). For covariate [ = 1, ..., ¢
suppose we choose B-spline of degree m; and we consider K; interior knots equally spaced on the
input interval. Then, the cumulative effect of each covariate in each time interval can be modeled as
si(tij) = G;(t,-, 7)B1 where G(t; ;) is constructed based on a set of d; = K; + m; — 1 basis functions

evaluated at #; ; and 3; = [,8 1ls wees ,Bdl,l]t is the corresponding d;-vector of coeflicients.
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To avoid overfitting, we augment the bases with a quadratic penalty on the coeflicients, typically
based on the squared difference of the adjacent coefficients. Such penalty can be written in the

form of P; = A; ZZ’Z ]l(ﬁdﬂ,l - ,Bd,l)2 which has a matrix form as follows:

1 -1 O
~ . -1 2 -1 ... B ;
P =2, 0 -1 o B =48,80, (4.6)

where 4; > 0 is a smoothing parameter. Increase in the A; forces a smoother curve, while 4; = 0
implies no penalization. In this study, we focus on the cubic B-splines and set the degree as 3 for
all covariates, i.e. m| = ... = m,; = 3. Regarding the number of knots, for simplicity, we use the

same number of interior knots for all g covariates.

Model Estimation

Let ¥ = [,80, o, AN ]t denote the parameters corresponding to the parametric component of the
model where A = [, 42, ..., 4,4]". Also, let 3’ = [ ’1, ...,B;]l denote the coefficients in the non-
parametric component corresponding to the B-splines. The penalized log-likelihood estimate of
model parameters considering the independent increment property of Brownian motion process

can be written as follows:

tp(¥,B3) = ﬁ] 2 In (p(AX(1;,))|¥, 3)) — 27" Iqu] B SiB, 4.7)

i=1 j= =
where p(AX;(t;)I¥, B) = N(Bodt; j+G' (1, )3, (061, )*) and G(1;.j) = [G (1 ), ... Gly(ti, ,-)]’.
Since the works of Kimeldorf and Wahba (1970), Wahba (1983) and Silverman (1985), it has been
recognized that this penalized likelihood estimation can be reformulated as a mixed effects model
by considering that the quadratic penalty amounts to assuming a normal random effects distribution.
Specifically for [ = 1, ..., g, let p(Bi|4;) = Na, (0, (,8)7") = ¢oa> exp(-27' 4,87 S13;) where
co is the normalizing constant independent of 3; and A;. Noting that S; is of full rank, we then

have the marginal log-likelihood as follows:
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ni

N q
tp(?) =In (J [ 1] [p@Xi ¥, 8) [ | p(Bilandp: | . (4.8)
i=1 j=1 =1

Formulating the additive regression drift as a mixed effects model allows us to exploit the wealth
of mixed model methodology for inference. We can utilize an EM algorithm to estimate the model

parameters.

The EM algorithm is an iterative method for computing maximum likelihood estimators by
alternating between the expectation step, the E-step, and its maximization, the M-step, at every
iteration until convergence. We notice here that the coefficients 3’ are actually hidden random
variables in our mixed effects framework. The EM algorithm proceeds by computing the expectation
of the log-likelihood of the complete data with respect to the posterior p(3’|D; V) in the E-step. Itis
straightforward to show that the posterior distribution of 3’ is multivariate normal Np(3'|pg/, Xg)

with :

G Gt 7) -1
Sp {5 3 3 S 5 )

z1] 0t;,j

G( )G(r, ! -
(5 2 3y SUE 5

=1 j=1

4.9)
X Z Z(AX (t; j) IBO)G(tl j)

i=1 j=1

where S is a D x D block diagonal matrix formed by taking the blocks of 4;S; for [ = 1, ..., ¢
and D = Zlq=1 d;. At each iteration v of the EM algorithm, the expected value of the logarithm of

complete likelihood with respect to the posterior p(3'|D;P) is as follows:

Q(AX,B:Y) = E,g1a x w00 {p(¥. B}, (4.10)

where AX = {{AX,-(ti, j)}?.;l }Zl is the collection of degradation process shift observations from
historical data. The E-step corresponds to analytical calculation of the function O, considering
the model parameters ¥ calculated in the previous iteration. The M-step entails maximizing the
0Y(AX, 3;¥) with respect to the parameters Sy, o and A. In this regard, we get the following

formulas to update the parameters By, o and A:
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y 1 Ny & v
,3(() v TSN s s 2D (AXi - G'(t;)us),
2oy 21 Otij =1 =1
N N (U ter NS (.
) =(i ﬁ: i ((Rz(lz]) G (tz])lllﬂ/) . G (tl])zﬁl G(tl])))l/z 4.11)
M =1 j=1 61‘,"]' (Sl‘i’j ’

1

1 t B
2y =d1(N(ﬁV1) S - (S|

where M = Zfi | i and R;(t; ;) = AX;(t; ;) — Poot; ; denotes the residual observations from para-
metric component. Please refer to appendix for a detailed derivation of these updating formulas.
Notice that after initializing the parameters to some values (Bg)), o @, A\®) the algorithm proceeds
by iteratively performing the E-step and M-step until some convergence criterion is satisfied. Here,
we note that inference for 3’ can be directly obtained since the sufficient statistic for its posterior
is computed in the E-step. Using this property, we propose a Bayesian updating scheme for online

updating based on the new data available from the in-service unit in the next section.

4.3.3. RUL prediction via online Bayesian updating

The proposed RUL prediction approach requires the simultaneous monitoring of both degrada-
tion signal and operating conditions. For in-service unit r at the current time point ¢, when
the prediction is to be made, assume s, is the recent value of degradation signal observation,

Le. Xr(tr,O:h) = [Xr(tr,O)’---, Xr(tr,sr)]t and tr,O:h = [tr,O, Irls e tr,sr]t where trs, < Ithe More-

over, we consider AX,(t,1.1) = [AX,(t,.1), ..., AX, (1,5 )] and R, (t,.1.) = [Ro(ty.1), ..., (1)
where I?,(t,, ) =AX () - ,@oétr, ; as the vector of estimated residual observations for in-service
unit . In addition, let ,(¢, ) = {w,(1) : 0 < 7 < 1, } denote the environmental covari-
ates observations from unit  up to s,. The posterior distribution of the environmental effect
coefficients 3’"” based on the newly observed data from the in-service unit up to time s,, can
be computed as p(B' | R, (ty.1:0): Qr(tri). ¥) o< p(Re(br1:0), Q)| B, $)n(B7), &) where
p(Rr(t,J; ), Q)87 W) denotes the likelihood for in-service unit r, which by the property

of Brownian motion process is normally distributed, and Jr(ﬂ’(’), \il) refers to the prior distribution

estimated in the offline stage and in the E-step of EM algorithm. Assuming normally distributed
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B, and following the conjugate property of multivariate normal distribution, the posterior is also
normally distributed p(ﬁ’(’)lﬁr(t,’l;h), Q.0 \i') ~N (,ﬁ,ﬁ;,h, ﬁ)ﬂ;,h) where ﬂﬁ;,h and ZA)ﬁ;,h rep-
resent the mean and covariance matrix of the posterior. Considering the prior parameter estimates
Hp; and g, it is straightforward to derive the closed form expression for the posterior mean and

covariance matrix as follows:

N S Gt(tr,lzh)AT_IRr(tr,j) -1
g, , = > o [ o2 + 2,3{) gy

b

(4.12)

£ - [2;5 . G’(tr,lzh)AZZ—lG(tr,l:h)’]‘1 |
where G'(t, 1.) = [G(rr,l), s G(t,,sr)], AT = diag(6t, 1, ..., 0ty ). Also K, Eﬂ(r) and o can be
replaced by their estimates fig, 3 p, and & obtained in the previous section from the offline stage.
It should be noted that the model updating performed in equation (4.12) involves the inversion of
X5, which has a computational complexity of O((¢ X d;)?). We note that g x d; is always reasonably

small and therefore updating of the parameters does not take much of time.

The RUL of a unit is defined as the remaining time until its degradation level reaches a
pre-defined failure threshold Dr. Two assumptions for RUL prediction under time-varying en-
vironmental covariates can be considered. The first one assumes that the future environmental
covariates are unknown and can be estimated from their most recent observation. Let 7, denote
the RUL of unit r, i.e. 7, = inf{r > 0 : X,(¢,5,) + X,(t) > Dr} where Dr > X,(t;5,). Then
assuming constant stress level w,(¢, 5, ) after ¢, 5, i.e. {w,(7) = w,(t,5,) : tr5, < 7}, the RUL of unit
r conditional on ¥ and the updated coefficients B follows an inverse Gaussian (IG) distribution

as:

P(T, = t|X,(trs,) Qtr ), B, ¥) ~ TG(t; urg(tn), Arg(tn)), (4.13)

DF_Xr(tr,sr)

is the
o+B(w; (tr,h))’ ,ﬁ’ﬁ; n

where 7 G(t;.,.) represents the pdf of an IG distribution, urg(ty) = 7

N _ (DF=Xe(tr )
mean parameter of IG distribution, and A7g(7p) = ———= =+~
o

is the shape parameters of the IG
distribution. Here, recall that w, (¢, ;) is the most recent observation of the environmental conditions

for in-service unit r and B(w,(t,,4))" = [B1(w,(t, 1)), ..., By(w,(t))]" are the B-spline bases.
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Typically we have control over the environmental covariates and they can be set according to
the specific application. The second assumption, which is used in this study, assumes that the
future operating conditions can be set in advance; therefore, the RUL of the component can be
predicted based on the profiled environmental covariates. Assume that the stresses in the future
after 7, 5, is a time-varying series and denoted as €2'(z, 5,) = {w,(7) : s, < 7}. Itis quite difficult to
obtain an analytical formula of the RUL distribution for a Brownian motion process under varying
drift parameters. For this reason, we use a Monte Carlo simulation method to estimate the RUL
distribution approximately. The basic idea is to simulate the evolution of the degradation process
in the future with the knowledge at time ¢, ;. For simplicity, the time interval for predictions are
assumed to be uniform and equal to unit interval 1, namely 7,5 ,; —t, 5,41 = 1,7 = 1,2,...,m.
For a simulated degradation path, the m-step prediction of the future state, that is X,(¢, 5,), under

varying stress series {2'(z, ;) is given by the following procedure:

Step 1: Generate a sample 3" from N(fiz , 2[;; D
forj=1,2,...,m;

Step2: Generate asample AX, (1, /) from N(Bo+ 22, S, 1 <oy g<trsr sy Sil@ri(Tri)s B )T g1 =

2
T k), 0°)

Step 3: Let Xr(tr,sr+j) = Xr(tr,sr+j—l) + AXr(tr,sr+j)-

Repeat Step 1-3 U times (say U = 1000), we can obtain U simulated paths to predict the states of
X, (t) after time ¢, 5. To obtain the distribution of the RUL, we can determine when the U samples
fail, respectively. As mentioned above, the RUL for a sample can be obtained by the first simulated
steps when X, (¢, 5, +1:5,+m) €xceeds Dr. Then, we have U simulated RULs, which are denoted as
(1!, T?,...,TY}. The mean and confidence interval can be estimated approximately using these
simulated RULs. The mean RUL at time 7, is estimated by %Zil TY. The approximated
100(1 — @)% CI for RUL at time 1, is estimated by [Tr(LB),Tr(UB)], where LB = |(a/2) - U],
UB = |(1 = (a/2)) - U] and |-] means round to the nearest integer and T,(”) is the u-th ordered

statistic of the set of RULSs for unit .
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4.4. Numerical Study

In this section we conduct simulations to validate the performance of the proposed modeling
approach. Specially, we first discuss the general procedure to generate degradation signals consid-
ering the operating conditions and to evaluate the performance of different methods. Then using

the simulated signals, we demonstrate the advantage of our proposed framework.

4.4.1. Simulation Setup

We simulate degradation signals from three model settings. In each model setting, we report
the RUL prediction accuracy of a partially observed in-service unit at varying time points t*.
Specifically, we report the prediction accuracy for different percentiles of the observed in-service
signal (i.e. 35%, 50% and 85%). Our procedure is based on simulating 20 degradation signals
from a specific model setting and then randomly selecting one of them as the in-service unit, and
treating the rest as our historical dataset. This procedure is repeated 1000 times, and each time
we report the absolute error (AE) between the true RUL (7,(¢)) and the estimated RUL (T.(t") as

follows:

AE@") = |T,(") - T,(), (4.14)

where, as mentioned before, a unit is deemed failed once its degradation signal passes its failure
threshold. Specifically, we compare the performance of our approach with the degradation modeling
approach proposed in Liao and Tian (2013) where a Brownian motion process with a parametric
stress-dependent drift is defined to model the degradation process.

Let us first assume that we have signals generated from a Brownian motion process with a drift
dependent on the effect of one environmental covariate where u;; = Bodt; j+a; sin(mw;(t;))(tj41-1t;),
i €{l,..,20}, j € {1,...,20}. Specifically, we assume that a; ~ U[3,3.5] and we generate w;
from a uniform distribution U[0, 1]. The initial degradation measure is normally distributed as
xo0 ~ N (20, 1), the diffusion is set to o = 1 and degradation signal observations are made at equal
time intervals 6¢; ; = 0.5, Vi, j. Figure 4.2 demonstrates the signals generated in such a setting.

As shown in Figure 4.2, the generated degradation signals are heterogeneous and do not follow

a common functional form. The reason is that unlike the traditional RUL prediction models
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Figure 4.2: Historical signal observations

(Jahani et al., 2020; Kontar et al., 2018, 2017) where the degradation signals are generated from a
common function and have similar temporal evolution, here in each degradation signal observation
stage, the Brownian motion drift is generated according to a random covariate effect function.
Considering these historical signal observations, we can use the framework proposed in this study
which utilizes environmental covariate observations to model the degradation process. For the
sake of comparison, we can fit the mixed effects model proposed in Jahani et al. (2020) to predict
the RUL of a new in-service unit. The model in Jahani et al. (2020) utilizes B-splines to model
the temporal evolution of degradation signals and does not consider the effect of environmental
covariates. Figure 4.3 demonstrates the prognosis results for the new in-service unit considering the
mean of the parameters’ posterior and the future environmental conditions as discussed in section

4.3.3.

From Figure 4.3, it can be observed that the prediction results based on B-splines as proposed in
Jahani etal. (2020) are misleading. The main reason is that the historical signal data is heterogeneous
hence making it difficult, even for a non-parametric approach like B-splines, to converge to the true
underlying signal of the in-service unit. However, the model based on the environmental covariate
observations can quickly adapt to the trend of the new in-service unit. The reason is that this model
is not limited to the temporal evolution of the degradation signal and performs regression on the

environmental covariate which controls the degradation process evolution over the time in future.

In order to get insight on the performance of the proposed framework, we perform further
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Figure 4.3: Prognostics using B-spline vs. using proposed method considering the environmental
covariate.

numerical study. We assume that the initial degradation measure is xo = 0.5 and the diffusion
parameter is set to o = 1, which are identical across all units. Moreover, it is assumed that the
degradation signal observations are made at equal time intervals 67; ; = 1, Vi, j, the environmental
covariates are fixed during the time intervals, and the failure threshold is set to Dy = 350. We
simulate degradation signals dependent on the effect of three environmental covariates from the

Brownian motion with the following drift in each interval j of unit i:

3
pij = Bodtij + D filwii(t;): B (te1 — 1)), (4.15)
I=1

Specially, for j € {1,...,30} and i € {1, ..., 20} a vector of three covariates (w;;(?),! = 1,2,3)
is generated by simulating w;,; from a uniform distribution U [0, 2], w;2 = 0.9w;; + e; where
e1 ~ U[0, 1] and w; 3 from a uniform distribution U[0, 1]. We adopt the linear function of stress as
proposed in Liao and Tian (2013) with some modifications to model the stress-drift relationship of
wi 1. Specially, we consider fi(w; 1) = @; 1w, 1 where ;1 ~ N(0.1, 0.25%). The second covariate
effect function is designed as f>(w;2) = exp(—a;rw;2) where ;> ~ N (2.5,0.25%). The effect
of the third covariate is modeled as f3(w;3) = @;3sin(nw; 3) where ;3 ~ U[1.2,2.5]. It is also

considered that Sy = 20.
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4.4.2. Performance Comparison

We first generate the degradation signals as discussed in section 4.4.1. In model setting I, we initially
only consider the effect of the first covariate for degradation modeling using the procedure proposed
in section 4.3. Then, we add the effect of the second covariate to the proposed framework and finally
we consider the effect of all three covariates in RUL prediction. These three models are denoted as
“Additive Regression I”’, “Additive Regression 11, “Additive Regression III”, respectively. In each
of these three models, we compare the performance of our proposed framework with Liao and
Tian (2013)’s approach where the drift is modeled to be linearly dependent on w; ; for each unit
denoted as “Linear Drift Model”. Figure 4.4 shows the results of numerical study in this model

setting.
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Figure 4.4: Results of model setting |

Figure 4.4 shows the performance of the proposed framework in comparison to the Brownian
motion process with parametric linear drift model proposed in Liao and Tian (2013). As can
be seen from this figure, with increase in the number of observations from the in-service unit
the prediction accuracy generally improves. Moreover, figure 4.4 shows that as we include more
covariates in the proposed degradation modeling framework, the prediction accuarcy increases.
We would, in fact, expect these results as the originally generated degradation signals are affected
by all three environmental covariates. Removing covariates from the degradation modeling frame-

work introduces extra bias in estimating the diffusion term of the Brownian motion process and
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Figure 4.5: Results of model setting 11

consequently causes inaccurate RUL prediction.

Figure 4.4 also shows that in the case where we only consider the effect of the first covariate, the
nonparametric approach proposed in this study performs relatively similar to the linear drift model
based on this covariate. In the earlier stage of RUL prediction when only 35% of in-service unit
degradation signal is observed, however, the parametric approach performs relatively better than
our non-parametric approach. This is intuitively understandable as the linear drift model is based
on the true parametric function and can inherently capture the correct unit specific parameters even
with small number of observations from the in-service unit.

In order to further investigate the performance of our approach, we conduct two more numerical
studies. Specially in model setting II, we investigate the effect of proposed approach when the noise
level is high. In this model setting, we set the diffusion parameter of the Brownian motion process
to o = 5. Figure 4.5 demonstrates the performance of the parametric model which only considers
the effect of one covariate with the proposed procedure with all three covariates. It can be seen that
increasing the diffusion generally increases the prediction error of different approaches; however,
the proposed framework of this study which considers all three covariates effect remains superior.

In model setting III, we add extra environmental covariates’ observations in each time interval
i, j. Specially, we assume that in each time interval 7, j of degradation shift, we observe environmen-
tal covariates in four equally-spaced time intervals. The drift-effect relationship for each covariate

. 1 v -
[ would then be modeled as 2t 1 <Tip<ti g Ji(wi1(7i 1); B(Ti k41 — Tik) Where T gy — Tix = 5 Vi, J.
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Specially, we compare the performance of our proposed framework with the case where we ignore
the extra environmental covariate observations and only consider the observations made at the
beginning of each degradation measurement interval. We denote the former model with extra envi-
ronmental observations modeling as “Additive Regression V”’ and the latter as “Additive Regression
IV” model. Figure 4.6 demonstrates the performance of two models. As can be seen from Figure
4.6, ignoring extra environmental covariates information affecting the degradation process in our

modeling, indeed, hurts the RUL prediction accuracy.
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Figure 4.6: Results model setting III

4.5. Case Study

This section applies the proposed framework on a real-world case study of frying oil degradation
modeling. During the frying process, typically, a complex series of physical and chemical reactions
occur leading to the degradation of oil. The total polar component (TPC) which is a measure of
proportion of polar materials in the oil, is the most predominant indicator for oil degradation. TPC
can be obtained by measuring the dielectric of the oil. Fortunately, modern fryers are equipped with
a sensor that can provide TPC measurements and daily TPC readings from the connected fryers can
be collected. Per oil disposal, the frying vat is refilled with fresh oil and the TPC values reset to a
lower value. The oil is typically deemed bad once its TPC value hits a pre-specified threshold value.

We note that this threshold value is domain specific and depends on the degradation process under
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study. Also, this threshold value does not necessarily indicates hard failure and merely suggests
that the oil is not healthy any more with TPC above this value. This pre-specified threshold value
is considered to be 25 in this study. Figure 4.7 demonstrates the TPC measurements for 12 such oil

disposal cycles.

TPC
20 30 40
1 I

10

Time (day)

Figure 4.7: Degradation paths of frying oil

Figure 4.7 shows that the degradation rates of frying oil are considerably heterogeneous in
different oil disposal cycles. Moreover, the degradation rate of each oil disposal cycle is different
in different time intervals. This is, in fact, directly related to the condition that the frying oil was
exposed to. Oil temperature is the most significant time-varying covariate contributing to the oil
degradation. Beside temperature, other covariates like number of cooks and number of filterings in
each time interval influence the corresponding degradation rate. We also checked the degradation
data model fit based on the Brownian motion process for the oil degradation data. The results
are in figure 4.8. The plot of studentized residuals in figure 4.8 shows that the constant variance
assumption holds reasonably well. We can also check the normality assumption using the QQ-plot.
The plot shows that the normality assumptions holds well. These graphical check shows that the
overall the model assumptions holds reasonably well.

Figure 4.9 shows the plot of estimated functions for the drift-environmental covariates relation-

ship estimated by the procedure introduced in Section 4.3.2. This figure, further, demonstrates that
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Figure 4.8: QQ-plot and the studentized residual plots for the residuals of the degradation data.
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Figure 4.9: Estimated covariate effect functions and the corresponding approximate 95% confidence
interval.

there is a strong non-linear relationship between the temperature and the drift of Brownian motion
process defining the degradation.

In order to investigate the performance of our proposed method, we pursue the leave-one-out
cross validation scheme for the available 117 oil disposal cycles. Specially, we leave one of the
available cycles as the testing data and fit the model using all other available data. Then, the
prediction for the in-service unit is performed for different percentiles of its lifespan. The whole
procedure is repeated 117 times and the AE is calculated each time. Each time, we fit three models
similar to numerical study section. The first model considers only the effect of temperature, the
second model adds the effect of number of cooks and the third model considers all three covariates.
We denote these three models as “Case 17, “Case II” and “Case III” respectively. Figure 4.10
summarizes the results for the case study.

As can be seen from Figure 4.10, increasing the number of covariates using the proposed frame-

work increases the RUL prediction accuracy. We would, indeed, expect this result as increasing the
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Figure 4.10: Results of case study

number of covariates increases the available information affecting the change in the oil degradation

process.

4.6. Conclusion

In this chapter, we proposed a statistical framework for modeling degradation signals using a
Brownian motion process with a drift dependent on the time-varying environmental covariates.
Specially, our proposed framework considers a semi-parametric regression based on penalized
splines to model the environmental covariates-drift relationship. An EM algorithm is further
developed to estimate the model parameters. The advantage of the proposed approach is that while
it models the effect of multiple time-varying environmental covariates on the degradation process, it
does not assume any rigid parametric assumption on the environmental covariate-drift relationship
of the Brownian motion process. The penalized splines that combine a set of splines basis functions
with a quadratic penalty on the corresponding coefficients, also, strike a balance between ovefitting
and accuracy of covariate-drift relationship while not being limited to specifying the exact number
and location of knot values. Moreover leveraging the mixed effect modeling framework and EM
algorithm, it offers a natural way of choosing the smoothing parameters of penalty term. Combining
the offline model estimation with degradation data and environmental covariates observations from

the in-service unit, we proposed a Bayesian updating scheme to conduct individualized RUL
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prediction. We evaluated the performance of our approach using both simulated and real data of
frying oil degradation collected from connected fryers. The numerical study and case study results
confirmed that ignoring the extra information available through multiple time varying covariates
affecting the degradation process hurts the RUL prediction accuracy.

This study considers a penalty based on the squared difference of the adjacent coefficients which
results in smoother functional forms. One can also use the adaptive LASSO penalty or any other
appropriate penalty form which provides a natural framework for variable selection for stress-drift
relationship. Moreover, the proposed model in this study only considers the additive effect of
multiple covariates. However, one can consider interactions among some of the covariates in the
degradation modeling framework using a tensor based spline approach. Also, the degradation
process developed in this study mainly concerns modeling the evolution of a one-dimensional
degradation process. However, one can extend this framework by considering techniques like data
fusions to develop a composite health index for degradation modeling and prognostics analysis
based on multidimensional degradation process (Liu et al., 2013; Yan et al., 2016; Song and Liu,

2018). We will investigate along this lines and report the results in a future study.
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4.7. Appendix

The equation in (4.10) can be further expanded as follows:

N n; N n; Ri tii t; s
Q(V)(AX,H;‘P)=—%ZZlnakLZZ( (t) = Gty

i=1 j=1 202 54 Ot
1Y G SY Gy (4.16)
207 i=1 j=1 Ot j
14

where u(v) and 2( ") correspond to coefficients posterior of I!" covariate and E(V) is of dimension
d; X d; and denotes the /"' diagonal block in E( estimated in iteration v. Here u( ”) and E( ") are
computed using the current estimates of Y. The M-step entails maximizing the 0*)(A X, 3’; ¥)
with respect to the parameters Bg, o and A. The derivatives of Q*)(A X, 3';¥) with respect to

these parameters are as follows:
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(4.17)

Setting these to zero, we get the formulas to update the parameters Sy, o and A in equation (4.11).
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Chapter 5

Multi-output Gaussian Process Modulated

Poisson Processes for Event Prediction™

5.1. Overview

Prediction of events such as part replacement and failure events plays a critical role in reliability
engineering. Event stream data are commonly observed in manufacturing and teleservice systems.
Designing predictive models for individual units based on such event streams is challenging and an
under-explored problem. In this chapter, we propose a non-parametric prognostic framework for
individualized event prediction based on the inhomogeneous Poisson processes with a multivariate
Gaussian convolution process (MGCP) prior on the intensity functions. The MGCP prior on the
intensity functions of the inhomogeneous Poisson processes maps data from similar historical units
to the current unit under study which facilitates sharing of information and allows for analysis
of flexible event patterns. To facilitate inference, we derive a variational inference scheme for
learning and estimation of parameters in the resulting MGCP modulated Poisson process model.
Experimental results are shown on both synthetic data as well as real-world data for fleet based

event prediction.

*This chapter is based on the paper: Jahani, S., Zhou, S. and Veeramani, D., 2020. Multi-output Gaussian Process
Modulated Poisson Processes for Event Prediction. Under review at IEEE Transactions on Reliability.
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5.2. Introduction

Recent advances in information and communication technology are playing a pivotal role in enabling
what is referred to as Internet of Things (IoT). An example of IoT technology is teleservice systems.
In a teleservice system, the data collected from a fleet of in-field units are transmitted through
the communication network to the data processing center where the aggregated data are analyzed
for condition monitoring and prognosis of in-field units. Figure 5.1 illustrates such a teleservice

system.

Equipment
in the field — Sensing data
~~~~~ <+ === Service alert

3 =)
1 Mgl
———-
Communication Back-office/Cloud
N Processing center

network

Figure 5.1: The structure of a teleservice system

Through the centralized data repository, the teleservice system has access to historical off-line
records of events such as part replacements and failure events from all the units. The teleservice
system also receives real-time event information from the in-field units. The availability of such
a rich set of historical and real-time data in a teleservice system poses significant intellectual
opportunities and challenges. On opportunities, since we have observations from potentially a
very large number of similar units, we can compare their event patterns, share the information,
and extract some common knowledge to enable accurate prediction at the individual level. On
challenges, because the data are collected in the field and not in a controlled environment, the data
contains significant variation and heterogeneity due to the large variations in working conditions for
different units. This requires the developed analytics methods to be stochastic in nature to account
for the variations.

This work focuses on event prediction for individual units using the real-time event information
collected from the unit under study as well as other units managed by the teleservice system. The
event of interest occurs multiple times for each one of similar units during their lifetime. Figure
5.2 illustrates typical event data of two forklifts collected in a teleservice system from a warehouse.

An example of the event, here, could be replacement of a part due to its failure. In the figure,
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we can see that the event repeatedly occurs for each forklift. The pattern of occurrence for two
forklifts bears some similarity but is distinct. One of the challenges in event prediction is how to
extract useful information from data collected from other units to improve the prediction for the
unit under study. This setting is known as multi-task learning. The premise of this setting is that
when multiple datasets from related outputs exist, their integrative analysis can be advantageous
compared to learning multiple outputs independently. The goal of multi-task learning is to exploit
commonalities between different units in order to improve the prediction and learning capabilities
(Yuan et al., 2012; Caruana, 1997). The key feature of multi-task learning is to provide a shared
representation between training and testing outputs to allow inductive transfer of knowledge. In this
chapter, this inductive transfer of knowledge is achieved through specifying a valid semi definite

covariance function that models dependencies of all data points (Conti et al., 2009).

Event occurrence for two forklift trucks with time

X Event
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Figure 5.2: Illustration of event data from material handling forklifts.

Events defined over a continuous domain arises in a variety of real-world applications including
reliability analysis and event prediction for operational units/machines in connected manufacturing
systems (Soleimani et al., 2017), disease prognosis in clinical trials (Jarrett et al., 2019) and events
prediction using vital health signals from monitored patients at risk (Lian et al., 2015). One
thread of work in such point process data focuses on learning event intensity rates by imposing
smoothness on a latent rate function (Adams et al., 2009; Teh and Rao, 2011; Lloyd et al., 2015).
Another consists of predicting future events as a direct function of past observations (Pillow et al.,

2008; Gunawardana et al., 2011). Taking fleet based event prediction as a motivating example, we
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focus on the latter problem: given similar vehicles’ history and the events history for the vehicle
under-study up to time #*, how many events will this vehicle have in [¢*, " + L]? Answering such
a question provides a quantitative evaluation of the failure risk, which helps in making efficient

maintenance plans and associated allocation of parts and resources.

Extensive research exists on event prediction, specially on failure prediction (Jardine et al.,
2006; Si et al., 2011). The main avenue of research for event prediction using event data is
focused on the data-driven statistical models. Data-driven statistical models typically estimate the
probability of time-to-event distribution through parametric models (such as Weibull distribution)
or non-parametric models (Meeker and Escobar, 2014; McPherson et al., 2010). In this context,
Cox PH regression has been widely used in clinical survival analysis and reliability engineering
to investigate the effect of some covariates on the hazard rate/survival of a patient or a machine
(Cox, 1972; Klein and Moeschberger, 2006). Using the previously occurred events as covariates,
Cox PH model has been used for event prediction using event stream data (Li et al., 2007; Yuan
et al., 2011). The Cox PH model can incorporate several unit-specific factors as covariates in the
regression. However, one limitation is that although the value of covariates can be unit specific, the
model parameters are fixed and cannot reflect unit-to-unit variation. In other words, if the values of
parameters for two units is the same, then the event prediction for these two units using the Cox PH
model will always be the same. Also, the Cox PH regression model becomes inapplicable when

good covariates are not available.

Another stream of research based on the event data uses frailty models as an extension of the
conventional survival regression models, like Cox regression models, by incorporating a random
effect term, typically called frailty term, to allow for unit-to-unit variation. Since the frailty term
is random and follows a common distribution, the frailty model allows for unit-to-unit variation
(Hougaard, 2012; Duchateau and Janssen, 2007; Deep et al., 2019). However, the majority of
research on frailty modeling is predominantly focused on investigating the significance of covariates
and the frailty term in the fitted model rather than prediction for the individual units. In addition,

frailty model is a parametric model that often needs relatively strong assumptions.
A few works have explored the event prediction problem in point processes by learning a

functional mapping from history features to the current event intensity rate (Gunawardana et al.,

2011; Pillow et al., 2008; Peng et al., 2018). In Gunawardana et al. (2011) the intensity function is
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constrained to be piecewise-constant, learned using decision trees and used for events’ prediction.
This setting is not appropriate for the events observation where the event intensity rate (or average
incidence rate) varies smoothly over time. Moreover, this modeling approach does not take into
account the variation between individual units. In our proposed approach, we will consider data
where the intensity of the event generating process is assumed to vary smoothly over the domain.
A popular model for such data is the inhomogeneous Poisson process with a Gaussian Process (GP)
prior for the smoothly varying intensity function. This form of point processes are typically known
as Cox processes in literature (Kingman, 1993; Mgller et al., 1998). An example of such modeling
approach is the Log Gaussian Cox Process (LGCP) where the log intensity function is driven by
a GP prior (Mgller et al., 1998). The flexibility of the LGCP comes at the cost of incredibly
hard inference challenges due to its doubly stochastic nature and the notorious scalability issues of
GP models. Another difficulty is that when available training data for each unit are scarce, then
building such predictive models for event occurrence processes is difficult. This happens because
industrial equipment nowadays tend to be generally very reliable and not subject to frequent
failures. Therefore, we treat each individual event occurrence process as a task and follow a
multi-task learning approach to share information from all tasks. This approach is in contrast to
the general school of thought where a population level model is constructed (Meeker and Escobar,
2014; Li et al., 2007; Vrignat et al., 2015). Building a population model treats event prediction of
different units’ similarly. Such a population-level approach lacks the individualization capability
where we need event predictions customized to an individual unit’s history. The multi-task learning
approach we propose here borrows information from the off-line historical event data and makes

individualized predictions for a specific unit operating in the field.

Methods for learning GPs from multiple tasks have been proposed (Yu et al., 2005), but
they typically involve a shared global mean function and require inference at all observed data
points across all the tasks. In the context of Cox processes, the inference of such multi-task
models become even more challenging as it is doubly stochastic in nature and involves multiple
correlated tasks (Diggle et al., 2013; Flaxman et al., 2015; Leininger et al., 2017). More details on
double-stochasticity or double-interactability of Cox processes are given later in this study. One
approximation method, variational Bayes, is often applied in such models leading to improvement in

the scalablity. However, the inference in such predictive models lacks individualization capability.
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In this study we propose a multi-task modeling approach enabling inference at individual level
while sharing information from the historical offline data set.

The main objective of this study is to provide a framework for analysis of event occurrence
probability of individual units under study. One challenge is that the available training data for each
unit is typically sparse. Here, we propose a multivariate Gaussian convolution process (MGCP)
modulated Poisson process model which facilities sharing of information from all units through
a shared latent function. The proposed framework borrows commonalities from different units
and makes it possible to do inference and prediction at individual level. As mentioned before, a
difficulty with building such a predictive model is that the inference is doubly-stochastic in nature
and it scales poorly with the number of tasks and data points. Borrowing from the framework of the
inducing variables or pseudo inputs in the GP literature (Snelson and Ghahramani, 2006; Titsias,
2009), we propose a variational inference framework to simultaneously estimate parameters in the
resulting MGCP-Poisson Process (MGCP-PP) model. This facilitates the scalability and safeguards
against model overfitting. Finally the advantageous feature of the proposed model is demonstrated

through numerical studies and a case study with real-world data from forklift trucks’ events.

The remainder of this chapter is organized as follows: In section 2, we provide an overview of
the Cox processes. In section 3, we describe the problem formulation and inference scheme. In
section 4 and section 5, we report the results of numerical studies and a real-world case study based

on event data from a fleet of forklift trucks. Finally, our concluding remarks are given in section 6.

5.3. Gaussian Process Modulated Poisson Process

Assume data have been collected from N units and let / = {1,2, ..., N} denote the set of all units.

(

For unit i € [, its associated data is 9, = {tl.p )};Ij;l where ') is the time that event p occurred for

)
unit . Formally a Cox process —a particular type of inhomogeneous Poisson process— is defined
via a stochastic intensity function A;(¢) : X — R* for unit i € /. For a domain X = R where R
is the real coordinate space, the number of points, N(7"), found in a subregion 7 C X of unit {
is Poisson distributed with parameter A= f,]_ A;(t)dt and for disjoint subsets 7,, of X, the counts

N(7,,) are independent. This independence is due to the completely independent nature of points

in a Poisson process (Kingman, 1993). If we restrict our consideration to some bounded region 7,
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the probability density of a set of P; observed points, 9;, conditioned on the rate function A;(¢) is
P;

P(Di|) = exp {— I &-(u)du} [T, (5.1)
T p=1

The likelihood of observed data across all N units is p(D|A) = Hf\i | P(Di|A;) where D = {Z)i}f\; 1

and \ = {/L‘},]-\i , is the collection of intensity functions for all units. Using Bayes’ rule, the posterior

distribution of the rate functions conditioned on the data, ps(A|D), is:

PaN TIY, exp{= [ 4iGw)du} T, A"
[ P TIY, exp{= [ Ai(w)du} T, A:(r)ax

(5.2)

which is often described as doubly-stochastic or doubly-intractable because of the nested integral

in the denominator. Here we use the subscript d to indicate the probability density function.

To overcome the challenges posed by the doubly-intractable integral, Adams et al. (2009)
propose the Sigmoidal Gaussian Cox Process (SGCP). In the proposed SGCP model, a Gaussian
process prior (Rasmussen and Williams, 20006) is used to construct an intensity function by passing
a random function, f ~ G%, through a sigmoid transformation and scaling it with a maximum

intensity A*. The intensity function is therefore A(¢) = A*o (f(¢)), where o(.) is the logistic function

1

1 +exp(—x)’ (5-3)

ox) =

While this model works well in practice in one dimension, in reality it scales poorly with the
dimensionality of the domain and the number of datapoints. Moreover, it only considers the event
data from the in-field unit and does not incorporate the off-line information from the historical units
stored in the data repository. In order to tackle the issue of scalability, Lloyd et al. (2015) propose
to use a variational inference scheme. They assumed that the intensity is defined as A(z) = f2(¢)
where f ~ GP is a GP distributed random function. This approach, also, falls short of considering
the information that comes from the peer units in making inference and prediction, and only relies

on the event data from the in-field unit.

In this study we use a multi-task modeling approach to model the intensity functions of different

units. This approach takes advantage of the multi-output GPs to share information between units
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from offline historical data and the online in-field unit via a shared latent function. A GP is
formally defined as a collection of random variables, any finite number of which have consistent
joint Gaussian distributions. For any input point t € X C R, observations from a random dataset
f@o) ={f@), f(t2), ..., f (tp)}T are considered as single sample from some multivariate Gaussian
distribution. Thus, the GP can be expressed as f(t) ~ GP(0, X(t,t')), where X(z,t’) is a positive
definite covariance function. An alternative approach for constructing a Gaussian process is to
convolve the GP random variables with an arbitrary kernel. Thus, f(#) can be expressed as the

convolution between a smoothing kernel G(¢) and a latent function X(¢) as follows:

f@) = J G(t —u)Xu)du. (5.4)
R

The resulting covariance function for f(¢) is then derived as

covs(t,t') = J G(t - u)J Gt — u")x(u,u)du' du (5.5)
R R

where cov[X(?), X(t')] = «(t,t’) is the covariance defining the latent function X (7). We note that this
construction is general in the sense that X () can be any GP random variable (Alvarez and Lawrence,
2009). Therefore, the covariance matrix can be directly parametrized through parameters in the
smoothing kernel. In this article we employ Convolution Process (CP) to build covariance functions
that model dependencies within and across units. The basic idea is to build multiple GPs where
all outputs depends on some common latent processes. The proposed framework can provide
each output with both shared and unique features and allows commonalities between different
outputs to be automatically inferred. We introduce our multi-task modeling approach which takes
advantage of the MGCPs in modeling the intensity of inhomogeneous Poisson processes in the
next section. We also introduce a variational inference approach to make inference in the resulting
MGCP modulated Poisson processes. The modeling framework introduced in this study makes
inference and prediction for the individual in-field unit possible while tackling the sparsity in the

observed event data.
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5.4. Construction of Multi-output Gaussian Process Modulated Poisson Process

We construct our prior over the individual rate functions using GPs and assume that the resulting

Cox process is driven by a latent log intensity function log 4; := f; with a GP prior:

fil) ~GP (0,%:(1,1)) . (5.6)

To obtain an accurate predictive result, we need to capture relatedness among all N units. Par-
ticularly, we use CP as mentioned in section 5.3 to model the latent log intensity functions f;(¢)
for each unit i € I. We can consider a shared independent latent function X(¢) and N different
smoothing kernels G;(¢) : i = 1,...,N. The latent function is assumed a GP with covariance

cov[X (1), X(t')] = k(¢,t"). We set the kernels as

2

exp —52—2) = o N(t;0, D), (5.7)

1
a;m 4

VIEl

to be scaled Gaussian kernels where N(z;0, fiz) is the density function of a zero mean normal

Gi(t) =

distribution with variance 51.2. We also consider «(z,t") to be the squared exponential covariance
function (Alvarez and Lawrence, 2009) as follows:
1@t—1)

k(t, 1) = exp [_5 P

] = V21 A2N(d; 0, %) := CN(d;0, %), (5.8)

The GP f;(¢) is then constructed by convolving the shared latent function with the smoothing

kernel as follows:

fi(®) = J Gi(t —uw)X(u)du. (5.9)
R

This is the underlying principle of MGCP, where the latent functions X(¢) is shared across
different units through the corresponding kernel G;(¢). Since the model in Eq. (5.9) shares the
latent function, a GP, across multiple units and since convolution is a linear operator, all outputs
can be expressed as a jointly distributed GP. Figure 5.3 shows an illustration of such a convolution

structure. As shown in figure 5.3, the key feature is that information is shared through parameters
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Figure 5.3: A convolution process with one latent functions

encoded in the kernels G;(¢). Outputs then possess both unique and shared features; thus, accounting

for heterogeneity in the intensity functions.

Based on equation (5.9), the covariance function between f; and f; and the covariance function

between f; and X, can be calculated as follows:

’ ’ ’ ’ / /12 1 (t - t/)z
covy, (8, 1) = Gi(t—u) | Gi(t' —u)k(u,u’)du du = a;a; TIT exp(—= 3 ),
R R C

2
A2 1(t — u)?
covy, x(t,u) = J Gi(t — u)k(u,u')du’ = iy |— exp(——( 2u) ),
. i 2 n

i ni i
7.] ’.] (5.10)
i

where 777, = £ + &7 + 2% and 1j7 = £ + 2°. Now denote the underlying latent log intensity rates at
the input data points as f = {flT, f;}T, where f; = {fi(tfl)), fi(tl(pi))}T. The density function
of f can be obtained as py(f) = N(f;0, Ky ), where Ky s sized (Zf\il pi) X (Zﬁil p;i) is the
covariance function.

Exact inference in the proposed model entails optimizing the model evidence p(D) = Epp) [

p(D|X = exp(f))] for which the marginal log-likelihood can be obtained as follows:

log p(D) = 10ng (DIA = exp(F) pa()dF, 5.11)

where as noted before p,(f) = N(f;0,Ky ). The likelihood of f in Eq. (5.11) involves
3

inversion of the large matrix Ky r which has a limiting cubic complexity O ((Zf\zf ] p,-) ) and is

in general intractable. Moreover, as mentioned in section 5.3, we see that the log-likelihood is

doubly-stochastic as it also involves an integration over the latent log intensity functions (see Eq.
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(5.1) and Eq. (5.11)). This, in turn, makes the exact inference more challenging. To alleviate the
computation burden of matrix inversion, low-rank Gaussian process functions can be constructed
by augmenting the Gaussian process with a small number of M inducing points or pseudo-inputs
from the shared latent function. In next subsection, we introduce a variational inference framework
based on the inducing points which tackles the double-stocasticity of Eq. (5.11) by obtaining a

lower bound on the model evidence.

5.4.1. Variational Inference

We denote the inducing points by Z = {zi}f.‘f , and the value of shared latent function at the
inducing points by X = [X(z1),..., X(zp)]”. Since the latent function is GP, any sample X
follows a multivariate Gaussian distribution. Therefore, the probability distribution of X can be
expressed as py(X|Z) = N(X;0, K, x), where K x is constructed by the covariance function
in equation (5.8). We now can sample from the conditional prior p(X(u)| X, Z). In equation
(5.9) where we construct latent intensity function f;(z), X(u#) can be well approximated by the
expectation E(X (u)| X, Z) as long as the latent function is smooth (Alvarez and Lawrence, 2009).

By multivariate Gaussian identities, the probability distribution of f conditional on X, Z is:

pafI1X,Z) =N(f: K;xKx X Kf.p - K;xKx YKxp), (5.12)

where Kx x is the covariance matrix between the inducing variables and K y is the covariance
matrix between the latent log intensity values and the inducing variables. Therefore, p,(f) can be

approximated by p,(f|Z), which is given as:

pa(£1Z) = jpd<f|X,Z)pd<X|z>dX. (5.13)

By equation (5.13), the marginal log-likelihood function can be approximated as follows:

log p(D) = log f P (DIA = exp(F) pa(H)df
(5.14)

~ log j fp (DI = exp(f)) palFIX, D)pa(X|Z)d X df
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We next continue by integrating out the inducing variables X, using a variational distribution
q4(X) = N(X;m, S) over the inducing points. We then multiply and divide the joint by g;(X)

and lower bound using Jensen’s inequality to obtain a lower bound on the model evidence:

og p0) = g | [ [ p@1ppacspac0 Lo axar,
Upde)qd(X)dX log(p(DI ) f + j f pa(FI1X)qa(X)d f logRLX) "E X§> X
=By [log pDI)] = KLqa(X) | pa(X)) 2 £
(5.15)

Since p4(f|X) is conjugate to g;(X), we can write down in closed form the resulting integral:

ga(f) = de<f|X>qd<X>dX = N D)
b= Ky Kyym (5.16)

3 =Kyp- KrxKyx(I - SKy Ky
Here, KL(qq4(X) || pa(X)) is simply the KL-divergence between two Gaussians:

| Kx x|

5 M+ 0-m)/KyyO@-m)|, (.17

1 _
KL(ga(X) |l pa(X)) =3 [Tr(KX}X& -1
where Tr(.) is a trace operator. We now take expectation of data log-likelihood under ¢ ,(f):

L =Ey, s [log p(DIf)] - KL(qa(X) || pa(X))

N N P;
= Bgup) [— 25 | exptindi+ 335 i)
i=1

i=1 p=1

(5.18)
— KL(qa(X) || pa(X))

The first term of integration in (5.18) can be analytically calculated as follows:

N N N 1
Bqut) [Z exp(d| = 3 J J gu(f)exptfiundfau = 3, | expluitu) + 507 ()
i=1 i=1 =1

(5.19)
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Figure 5.4: A sample of intensity rates generated from MGCP and the sigmoid link function.

where ,u,-(u) = Kfi(u),XK;(l’Xm and O'l.z(u) = Kﬁ(u),ﬁ(u)_Kf,-(u),XK;(I’X(I_SK;(l,X) KX,ﬁ(u)-

The second term in (5.18) can be calculated as follows:

P;

N
SIS AP

i=1 p=1

P;

N
= > 2 ) (5.20)

i=1 p=1

q(f)

where ,u,-(tf’7 )) =K ), xK )‘(1 x ™. To perform inference we find the variational parameters m
S* and the model parameters 8* = ({4, f,-,ai}f\; ;) that maximize the £. To optimize these
simultaneously, we construct an augmented vector © = [0, m’, vech(L)T] where vech(L) is the
vectorization of the lower triangular elements of L, such that § = LL”. The vech(.) operator is a

linear transformation which converts a matrix into a column vector.

5.4.2. Predictive Distribution

In this section, we derive the predictive distribution for the test unit N based on the optimized ®*.
Our training data (denoted as 9) includes the observations from the offline unitsi = 1,2, ..., N — 1

as well as the partial observations from the online test unit N.

Suppose observations from the test unit N have been collected up to time #*. We can next
derive the predictive distribution for any new input time 7" of the test unit N. In order to form the
predictive distribution we assume our optimised variational distribution ¢7,(X) = N(X;m*, S%)
approximates the posterior py(X|D). Similar to Equation (5.16), we next compute ¢;(f) ~
pa(f1D). We can now derive a lower bound of the (approximate) predictive log-likelihood for unit

N in any new input time 7"

log p(T|D, ©%) =1ogE,,,(£10)[P(T1)] ~ log By () [P(T1 )] 2 Egsp)[log p(T1 )] = L, (5:21)
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The derivation of £, follows Equations (5.18)-(5.20). The resulting bound is similar to £ except
that m, S are replaced with m* and S*, and there is no KL-divergence term. All the kernel
matrices are computed using ®*. We use this bound to give results from approximate predictive
likelihood when comparing against other approaches.

We can now answer the question posed at the beginning of this study using the derived predictive
log-likelihood. The question involves estimating the distribution of event occurrence in [t*, 1" + L]
for the test unit N. This event occurrence probability distribution for unit N depends on the predicted
latent log intensity function log Ay := fy(u),u € [t*,t* + L]. Given the predicted intensity rate
AN = I?L An(t)dt, the event occurrence has Poisson distribution. Given the estimated parameters,
we are interested in:

AN NV
pa(N(t) =y)=————, y=0,1,2, .., (5.22)
y:

where y is the number of events. Based on (5.22), the accurate probability of event occurrence
depends on the extrapolation of the intensity rate within L for the testing unit N. In the MGCP, the

predictive distribution for any new input point 7™ is given by:

PaVTND) = [ paTIXOPUAXIDIX ~ [ paluT )X )au XX
=N (T Kp iy x Kxym®, Koo o — Kpyrox Ky (5.23)
INT); K gy, x Ky xm, K gy o), py ) — K gy, x Kx x X
- S*K%I,X)KX,MT*))
where we assumed our optimized variational distribution ¢*(X) = N(X; m*, S*) approximates the

posterior p(X|D). We used K f, 7+, 1y (7+) as a notation when the covariance matrix is evaluated

at T*. Consequently, the predictions at the time point 7* for unit N is fy(T*) = K @, x K ilxm*.

5.5. Experiments

In this section, the performance of our proposed methodology, denoted as MGCP-PP is investigated.
We benchmark the prediction performance of our proposed framework using both synthetic and

real-world data. Specifically, we benchmark the performance against Variational Bayes for Point
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Processes (VBPP) approach of Lloyd et al. (2015) and the Sigmoidal Gaussian Cox Process
(SGCP) of Adams et al. (2009) which are based on considering a univariate Gaussian process prior
for the intensity rate. Unlike our proposed approach, the methods discussed in Lloyd et al. (2015)
and Adams et al. (2009) do not consider the cross-correlation that exists between different units.
Regarding our MGCP-PP model we set the number of pseudo-inputs to M = 10. Throughout this

section we consider N = 10 units and it is assumed that the observations are made in ¢ € [0, 100].

5.5.1. Data Setting

For the synthetic dataset, we simulate the underlying latent functions f;(¢),i = 1,...,10, using
MGCPs and generate the intensity rates of different units using a sigmoid link function. Then
conditioned on this function, we draw training datasets and test datasets (Adams et al., 2009). The
number of units generated is N = 10 where we pick the Nth unit as the testing unit. This experiment
is repeated for Q = 1000 times and we report the average prediction performance of the test dataset
for each approach. Figure 5.4 visualizes a sample of intensity rates drawn from the defined MGCP
model with four outputs passed through a sigmoid link function along with the simulated events
based on the method discussed in Adams et al. (2009). We note that here we only have four outputs
for the purpose of illustration while the actual simulation study is done using MGCP model with
N = 10 outputs.
In addition to generating the intensity rates using MGCP and sigmoid link function, we define
two parametric functional forms to generate the intensity rates as follows:
1) A sum of an exponential and a Gaussian bump A;(x) = a exp(—%) + exp(—("];sc)z) where
Se—-1 4e—-4 —-e-5
[a,b,c]” ~ N(p1, 1) with gy =1[3,20,65]" and ) = [4¢ -4 25¢—-1 3e—7|.
e—5 3e-7 1
2) A sinusoid with increasing frequency: A;(x) = a’ sin(b’x?) exp(—=;) + 1 where [a’, b/, 1~
1 —e—-7 2e—4
Nz, Xo) with gty = [2,2¢ = 3,501 and 3o = [—e =7 e—-2 3e-7|.

e—5 3e-7 1
We, also, generate the training and testing data conditioned on these functional forms in the

simulation study.
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Figure 5.5: Prediction performance for testing unit in different observation percentiles

5.5.2. Results

We compare different approaches in terms of predictive log-likelihood (LL) and root mean squared
(RMS) error between the predicted intensity rate and the true intensity rate of the testing unit N.
Prediction performance at varying time points ¢* for the partially observed unit N is reported. The
time instant #* = @ X 100 is defined as the a-observation percentile of the testing unit N. The values
of « is specified as 30% and 60% in the simulations. Figure 5.5 illustrates an example of the unit
observed up to different percentiles of its life. The intensity rates here are generated using the first
parametric functional form explained above. The illustrative example in Figure 5.5 demonstrates
the behavior of our method. As can be seen from the figure, our joint modeling framework can
provide accurate prediction of the true intensity rate for the testing unit N. It is mainly because
of the flexible convolution structure considered for the MGCP approach that makes sharing of
information possible among different units. The unique smoothing kernel G; for each individual
allows flexibility in the prediction as it enables each training signal to have its own characteristics.
This indeed substantiates the strength of the MGCP. Using the shared latent processes, the model
can infer the similarities among all units and predict the intensity rate for the testing unit more
accurately by borrowing strength from the training data.

The results in figures 5.6, 5.7 and 5.8 indicates that our MGCP-PP model clearly outperforms the
benchmarked models. Based on the figures we can get some important insights. First, as expected,

the prediction errors decrease as the lifetime percentile increase for the testing unit N. Thus, the
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prediction accuracy from the MGCP-PP becomes more accurate as ¢* increases and more data are

collected from the online monitoring unit. Second, we can observe that in the first simulation study,

where the data are generated using MGCP and the sigmoid link function, the SGCP approach gives

better predictive performance than the VBPP; however, our MGCP-PP model approach always

remains superior as it takes advantage of the pool of historical offline units in making inference for

the online unit under consideration. The reason that the SGCP approach performs better than the

VBPP here can be attributed to the fact that the SGCP uses the same link function and the generative

process which results in well-tuned hyper-parameters. Lastly, one striking feature shown in figures
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5.6, 5.7 and 5.8, is that even with a small number of observations (30% observation percentile)
from the testing unit we are still able to get accurate prediction results. This is crucially important
in many applications, specially when observed data are sparse, as it allows early prediction of an

event occurrence such as part replacements.

5.6. Real-world case study

In this section, application of the proposed procedure on the real-world data for fleet based event
prediction is demonstrated. The data is collected from material handling forklift trucks and events
of interest are part replacements captured in real-time. The event occurs across 20 trucks and the
number of events for the trucks lies in the range of 6-23. The actual calendar time is adjusted for
each unit, i.e. the starting time is made zero for all the units. Figure 5.2 illustrates the data collected
from forklift trucks collected in a teleservice system for warehouse material handling equipment.
Please note that the time axis is the lifetime of the forklifts, not the calendar time.

The models MGCP-PP, VBPP, and SGCP are fitted on the case study data. To perform a
comprehensive performance evaluation we use a leave-one-out cross-validation approach. First, we
exclude one of the 20 units as the testing unit N and the rest are used as the training units. Prediction
for testing unit N is then performed at 50% lifetime percentile. The whole procedure is repeated 20
times and the predictive performance of different approaches as a function of prediction window L

is illustrated in figure 5.9 .
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Figure 5.9: MAE of event occurrence in [¢t*,t* + L].
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Figure 5.9 shows the Mean Absolute Error (MAE) of the event occurrence counts in [#*,t* + L].
The MAE of all methods increases monotonically as prediction window length increases. The
MGCP-PP approach outperforms the SGCP and VBPP approaches that are based on the univariate
Gaussian processes. This indeed highlights the importance of borrowing information from the peer
units. Our MGCP-Poisson model that facilitates sharing of information between the testing unit
and the training units in the historical datatset clearly extrapolates the intensity rate more accurately

which results in better prediction performance.

5.7. Conclusion

In this study, a flexible and efficient non-parametric joint modeling framework for analyzing
event data is presented. Specifically, we propose a multivariate Gaussian convolution process
modulated Poisson process model that leverages information from all units via a shared latent
function. A variational inference framework using inducing variables is further established to
jointly estimate parameters from the MGCP-Poisson model accurately. The main advantage of
the proposed framework is that it allows accurate individualized prediction for units in the field
using the observations from the historical off-line units. The empirical studies highlight the
advantageous features of our modeling framework to predict the intensity rates and provide reliable
event prediction.

The model presented in this study can be readily extended to incorporate other observation
covariates. Moreover, the convolution structure proposed in this study is flexible. Here, we only
shared one latent process across all the units. One can modify this structure by adding more
independent latent processes for each unit to improve accuracy in modeling heterogeneity across
units. Other structures that share a group of latent processes among selected group of units can
be also extended from our model structure. Future work will be aimed towards developing these

variational structured Poisson process frameworks.
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Chapter 6

Deep Reinforcement Learning For
Maintenance And Operational Workload

Planning

6.1. Overview

Complex systems often consist of multiple components that are required to work together in parallel
to satisfy a specific system requirement. Failure of many of these components results from a gradual
and irreversible accumulation of damage, a degradation process. Multi-component systems with
parallel configuration are typically designed with some level of redundancy to compensate for
unexpected failure. In this way, a policy maker can decide on distribution of workload among
multiple similar components in the system. However, typically the components that are assigned
higher workloads close to their designed capacities experience higher rates of degradation and
higher risks of unexpected failure. Another measure that can be taken by a policy maker is to
proactively replace a component at a lower cost compared to the corrective maintenance cost.
Specially, this chapter develops a deep reinforcement learning based stochastic policy that aims at
minimizing replacement and workload assignment costs in a multi component system operating in a
finite horizon. Our developed framework considers the individualized degradation evolution of each
component in the system in planning for maintenance and workload assignment. A numerical study

is also used to evaluate our proposed framework compared to three intuitive benchmark policies.
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The results of numerical study and a case study using real-world data of frying machines confirm
that significant cost savings can be achieved by adjusting maintenance and workload decisions

based on the proposed framework.

6.2. Introduction

Modern complex systems typically consist of multiple components\units, where they need to operate
independently and simultaneously in parallel to meet the system requirements. For example, in an
automotive paint process with parallel paint booths, multiple cars can be painted simultaneously
(L1, 2004) or in an aircraft, multiple engines need to operate simultaneously to produce the sufficient
horsepower (Wu and Cui, 2021). Other examples include the single-stage manufacturing work cell
which often consists of several identical machines arranged in parallel to simultaneously perform
the specific operation to satisfy a high production demand and achieve a smooth production flow
(Kaiser and Gebraeel, 2009) or multiple frying machines that need to be available and operate
simultaneously to meet the demand of a store. It is noted that in any of the above examples,
each paint booth, aircraft engine, manufacturing machine or frying machine is a component in the
corresponding system.

In theory, failure of many engineering components usually result from a gradual and irreversible
accumulation of damage when performing operation, a process that is often referred to as degra-
dation. In many applications, the only way to observe the physical transitions that occur during
degradation is to monitor some manifestation of the process, for example, temperature changes,
increased vibration levels, intensity of acoustic emission, etc. These measures are known as degra-
dation signals (Davies, 2012). In this work, we assume that a degradation signal fully captures the
underlying degradation state of the components being monitored in the system. A component is

considered to have failed once its degradation signal reaches a prespecified failure threshold.

Once a unit fails it needs to undergo corrective maintenance to restore to its original state
before it can restart to function properly. The down time cost caused by an unexpected failure is
typically significant as it involves additional costs such as lost production and overtime labor. In
the automotive industry, for instance, an unexpected failure can result in stopping the assembly

line, resulting in very high lost production costs. As the demand for the high reliability systems
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increases, it is more imperative to develop efficient maintenance schedules to preventatively replace

components.

Moreover, in modern parallel component systems, the operational workload is typically dis-
tributed among similar components to avoid overlap of unexpected failures of multiple units. The
workload assigned to a component plays a critical role in its expected remaining useful life. In
general, components that are assigned higher workloads are bound to fail faster than units operating
under mild conditions (Hao et al., 2015). As a result, accounting for components’ workload con-
ditions and their effect on components’ degradation is very important for planning a cost-effective

maintenance schedule.

In recent years, advances in sensor technology and wireless communications are playing a
pivotal role in enabling what is referred to as Internet of Things (IoT). Remote condition monitoring
of physical assets has enabled an unprecedented opportunity for maintenance planning. The goal
of condition monitoring is to leverage data collected from sensors to predict the remaining useful
life of the component for a condition based maintenance policy. As a result, the unnecessary
maintenance actions and the risk associated with the preventive maintenance reduce which leads

to significant cost savings (Alaswad and Xiang, 2017; Yildirim et al., 2016a,b).

Condition based maintenance scheduling has attracted significant attentions in recent years.
Research on this topic can be broadly classified into two groups. First group consists of papers that
focus merely on maintenance optimization (Yildirim et al., 2016a; Poppe et al., 2018; Zhao et al.,
2018; Caballé et al., 2015), while the second group considers the operational decisions in the context
of maintenance scheduling (Kaufman and Lewis, 2007; Yildirim et al., 2016b). However, most
of these existing maintenance models focus on single-component systems, and are not applicable
for complex systems consisting of multiple components, due to various interactions between the
components. In general, there are three different types of interactions: economic, structural, and
stochastic dependence (Thomas, 1986). Economic dependency is the most common one among
these three types of interactions. Systems with the economic decency typically incur a common
systme-level cost, often referred to as setup cost, due to mobilizing repair crew, safety provisions,
disassembling machines, special transportation, and the downtime loss. These costs are shared by
all maintenance activities performed simultaneously. Considerable cost savings can be obtained

by jointly maintaining several components instead of separately, especially when the setup cost is
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high.

Multi-component maintenance planning problem, which joins the stochastic process regarding
the failures of the components with the combinatorial problems regarding the grouping of main-
tenance activities (Dekker and Scarf, 1998; Van Horenbeek and Pintelon, 2013), is challenging
in both modeling and solution techniques, and has remained an open issue in the literature. The
problem can quickly end in complex models and explicit analytical expressions for optimal main-
tenance costs and the corresponding decisions are sometime impossible to obtain. One often has
to make special system assumptions (Tian and Liao, 2011; Huynh et al., 2014), impose restrictions
on maintenance grouping activities (Ding and Tian, 2012; Van Horenbeek and Pintelon, 2013),
and/or resort to simulation tools (Laggoune et al., 2009; Nguyen et al., 2015) so that the decision
problem can be formulated with less mathematical difficulty. The difficulty of this problem even

exacerbates when optimizing decisions during a specific time horizon.

In this chapter, we study the maintenance and operational workload planning problem for multi-
component systems with economic dependence over a finite planning horizon. It is assumed that
the components in the system are similar and are working in parallel to satisfy a specific demand.
We aim to minimize total maintenance and operational workload costs for all components at each
decision period. First, we model the components’ degradation with a continuous-time continuous-
state stochastic process that captures the effect of workload over time. Moreover, variation in
different components are considered in our framework through a random effect modeling the drift
of stochastic process. In our degradation-modeling framework, real-time signals are used to update
the predictive distribution of the degradation signal using Bayesian techniques at each decision

epoch.

Next, we integrate this predictive distribution into our maintenance and operational workload
planning problem and formulate it as a Markov decision process (MDP). Moreover, we present
a novel Deep Reinforcement Learning (DRL) procedure to smartly decide on the maintenance
schedule and to distribute the workload among different components in the system over a finite
planning horizon. We note that such an MDP model combines both constrained continuous and
binary actions which pose challenges on developing a policy based on DRL. In this regard, we
propose a decomposition of the actions embedded in a policy gradient approach based on the

advantage actor-critic algorithm.



126

The rest of this chapter is organized as follows: Section 6.3 presents our predictive degradation
modeling framework. Section 6.4 introduces the maintenance and operational workload planning
problem. Our MDP formulation of the maintenance and operational planning problem as well as
the proposed solution based on DRL are presented in section 6.5. In section 6.6, we present the
experimental framework and the results of our numerical studies. Finally, our concluding remarks

will be provided in section 6.7.

6.3. Degradation Modeling Framework

In this section, we present a sensor-based degradation modeling framework that is used to charac-
terize the degradation of a component in the system. Within this framework, the evolution of a
component’s degradation signal is modeled as a stochastic process.

In this study, we model the degradation signal as a continuous-time continuous-state stochastic
process. The key underlying assumption here is that the degradation process of each unit depends
on the operational workload assigned to them over time. We define {X;(z, Q;(t)) : t € [0, +o0)} as
the underlying stochastic process of unit i where Q;(¢) = {w;(s) : s € [0,1), w;(s) € [0, Wmax]} is
its complete workload information until time . We note that wp,ax is the upper-bound capacity of
component i in the system. Each component i in the system can be assigned a workload up to its

capacity. Formally, the degradation signal can be expressed as follows:

t t

Ii(w;(s))ds + I v(w;(5)dW(s), 6.1)
0

Xi(t, (1)) = J

0
where X;(t, ;(¢)) is the amplitude of the degradation signal of component i at time ¢. I';(w;(¢)) and
vi(w;(t)) are the functions associated with rate and diffusion of degradation signal, respectively.
These functions can be further decomposed as I';j(w;(t)) = Biw;(t) and v(w;(t)) = [02w(D)]'/2.
Bi denotes the nominal rate of degradation for component i which can be considered to follow a
normal distribution ;(8;) ~ N (uo, a'g) to model unit to unit variation. {W(t) : ¢t > 0} is a standard
Brownian motion process that captures the signal noise. In this degradation modeling framework,
we make the common assumption that P(8 < 0) is negligible. Similar assumptions have been
widely use in degradation modeling literature; see, for example Bae and Kvam (2006); Hao et al.

(2015).
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Under this construct, we update the prior distribution r;(8;) in real-time using in situ degradation
signals acquired from components operating in the field. The updated (posterior) distribution
represents a new predictive distribution of the degradation signal, i.e., a revised distribution on the
signal trajectory for each component i of the system. The updating procedure can be performed
using a Bayesian framework. Without loss of generality, we assume that condition monitoring
and workload adjustment are performed at discrete observation epochs {¢; : 1 < j < k} where
tr 1s the most recent observation epoch, and the sampling intervals are constant, i.e. t; —fy =
tp =t = ... =t — t_1 = ot. Furthermore, let X;(z;,€2;(¢;)) be the amplitude of the degradation
signal of unit i at observation time #;. We define the signal changes during a sampling interval as
0X;(t;) = Xi(tj, Qi(t;)) — X;(t;-1,€2:(tj-1)). Based on the property of Brownian motion process, the
signal changes 6 X;(tx) = {6X;(t;) : 1 < j < k} are independent and identically distributed normal
random variables. Given f; and the corresponding workload assignment w;(¢;_1) during the time

interval [¢;_1,;], we have:

0Xi(tplwi(tj-1), Bi ~ N (ﬁiwi(tj—l)&, 0'2wi(lj—1)5t) , (6.2)

where based on the independent increment property of Brownian motion process, the probability

distribution function of signal increments can be expressed as follows:

k 1 kL (6Xi(t)) - Biwi(tj—1))*
0.X, i), B) = | | ——= -
PO X(t)|wi(ti), Bi) g . P ( ]Z; 22wt

Next, considering the degradation signal changes 6 X;(#x ), workload assignments €;(#;) and the

(6.3)

above likelihood, the posterior distribution of 5; can be computed using the following proposition.
Proposition 1 Given the observed signal increments 6 X;(t.) and workload assignments Q;(ty), the
posterior distribution of B (denoted as ') at ty follows a normal distribution with the following

parameters:
05 Xi(t, Qi(1)) + o2 po

0= , 6.4
Ho O'g& Z§=1 wi(tj-1) + o? ©4
2 2
O, 0
o) 4 : (6.5)

= k
0'351‘ 2o wiltj-1) + o2

Proof. Given the prior distribution of m(f), we can obtain its posterior distribution, denoted by
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p(Bl6 X (tr), Q;(tx)) as follows:

P(Bil6 Xi(tr), Qi(ty)) ocp(6 Xi(ti)|€i(1x), Bi)m(Bi)

kL (6X(t)) = Biwi(t;-1)61)? 1 2
B Pl vrrn ra Rl Rl
con oL i6Xl-<z,-)2+/33wi<t,-_1>2<6r>2—26Xi<z,-)ﬁiw,-<r,~_1)6r y
P\ 202 = wi(tj-1)0t
1 2 2
exp |~ 87 + 15— 2Bito]
0
[ k
1o | &G witsr 1| 1 | 2255 0X) 2y,
ocexp | —= 5 ——+— |+ =B +
P 2'8’ ]Z; o2 ol 2ﬁ o2 o
wexp |12 (0301 i wilt-0 + 07| ol Xilt, Qi) + 0o
P{™2P ogo? l ojo? ’

(6.6)

which follows a normal distribution with the parameters given in the proposition. O

Finally, we note that it is easy to show that the mean of posterior distribution given in proposition
1 is always positive indicating that the signal changes stay non-decreasing. Given the posterior
distribution of 5, we would like to determine the posterior distribution of degradation signal for
each component i. We then define the random variable X;(#; + 1, Q;(¢x + 1)) to be the degradation
signal value observed at time #; + ¢, t > 0, given degradation signal increments 0.X;(#x) and
workload assignments Q;(tx) observed at discrete epochs {¢; : 1 < j < k}. We can then determine

the predictive distribution of X;(tx + t, Q;(¢; + t)) as follows.

Proposition 2 Given the observed signal increments 6 X;(ty) and workload assignments Q;(ty),

Xi(tx +1,Qi(tx +1)) is a normal random variable with mean [i(ty +1t) and variance 02(ty +1), where:

Aite +1) 2 Xi(te, Qi(tr)) + powi(tit, (6.7)

FAt + 1) 2 wi(t) o + witte?, (6.8)
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Proof. First, note that using (6.1) we can write X;(tx + ¢, Q;(tx + 1)) as:

ti+t ti+t

Xi(tp + 1, Q(tx + 1)) =X;(tx, Qi(ty)) + B wi(ty)ds + Vo 2wt )dW(s)
193

Tk

(6.9)
=Xi(tk, Qi(t) + B'wi(ti)t + Vo 2wi(t ) (Wt +1) = W(ty)).

Therefore, given the observed signal increments ¢ X;(¢;) and workload assignments €;(#x), X;(tx +
t,Qi(tx + t)) is a normal random variable with mean fi(t; + 1) = X;(tx, Q;i(tx)) + E[B |w;(t;)t =
X;(tk, Qi(tr) + uyw; ()t and variance &2 (1 + )it +1) = (wi(t ) var[B']+ o wi(t)var[W (1 +
1) = W(t)] = wi(ty)* 20} + wilt)to?. O

This procedure for updating the distribution of degradation signal coefficient () can be per-
formed at each observation epoch new sensor information is obtained. In other words, each
observation epoch we collect a new signal observation we can recalculate the posterior distribution
for B and obtain new estimates of y;, and 0'(’)2 using proposition 1. Then, given these updated
parameters, we can update the predictive distribution of the degradation signal for each component
i by updating the values of i(t; + ) and &>(f; + t) using proposition 2. We note that this updating
procedure only requires the last degradation state value and the summation of all assigned workload
for each component. Thus, the degradation of each component can be formulated as a Markov
decision process (MDP). Next section discusses the MDP formulation of the maintenance and

operational planning problem.

6.4. Maintenance and Operational Workload Planning Problem

In this section, we develop a condition monitoring based maintenance and operational workload
planning problem. We consider a system with n components working in parallel to satisfy a
deterministic demand over a finite planning horizon. Specifically, we discretize a planning horizon
of length T into L time intervals each corresponding to a possible workload assignment period.
The workload at each time interval can be distributed among multiple similar units working in
parallel. The change in the degradation state of each componenti (i = 1, ..., n) is governed by the
degradation framework developed in section 6.3. The components with higher workload tend to

degrade faster as outlined in previous section.
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Specifically, the inspection are scheduled periodically at times 6¢,26¢, ..., Lot to reveal the
degradation of each component (6t is predetermined). The detailed degradation information of

components between inspections is unavailable. On the /"

inspection, we obtain information on
the degradation measurements of all components in the system. With some abuse of notation,
we denote this information as X; = [X;1, X2, ..., Xjn] where X;; = X;(I6t,Q;(161)). We also
denote 1; = [111, 12, ---, Nin] as the vector containing the summation of workloads assigned to each

component from their last replacement. We note that when the inspection interval is also a decision

variable, ¢ can be optimized by using a grid search approach.

We use s; = { X, 1;} to denote the overall health state/condition of the system in [th inspection
epoch. Based on such conditions, a proactive replacement decision can be made immediately for
any component in the system. We denote the proactive maintenance action set of the n-component
system with {; = ({11, {2, ..., {1n] Where ;; € {0, 1}. £;; = 1 indicates that component i should be
replaced by a new one with negligible time; and {;; = O indicates that no action is needed. We
denote the replacement cost of each component as ¢,,. To model a form of economic dependence
between components in the system and incentivised for opportunistic maintenance, we also consider
a setup cost of ¢, at any maintenance occasion. For instance, if n components are replaced at the

same time, the total savings from executing these n maintenance activities jointly is cs(n — 1).

At each inspection epoch [/, we also need to distribute the workload activities among n com-
ponents in the system to satisfy a fixed demand of D at each time interval. To highlight our main
idea, here we assume that the demand is constant and components perform one type of operation.
It is worth mentioning that the measurement unit of workload, demand and capacity may be either
discrete or continuous, depending on the application areas. For example, in discrete manufacturing
processes, the measurement unit can be the number of parts fabricated per hour, while in a contin-
uous system (e.g., the power grid), the measurement unit can be megawatt (MW). We consider a
workload cost of ¢,, for each component in the system. We use w; = [wy1, w2, ..., Wy ] to denote the
workload assigned to each component in inspection epoch /. As mentioned in the previous section
wy; has an upper-bound capacity of wmax. If the sum of workload assigned to different components
at each time interval is less than the demand, we incur a lost demand cost of A per unit of unsatisfied

demand.

The components fail if their degradation signals pass a pre-specified threshold A. If we decide
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not to replace a component in the system, we run the risk of sudden failure (within ¢¢ time units until
the next observation), in such a case we will be forced to perform a failure (reactive) replacement
atacost ¢y > ¢y, for each failed component. Ordering the costs in this manner reflects the fact that

reactive replacements may include additional costs such as lost production and overtime labor.

6.5. Deep Reinforcement Learning for Maintenance and Operational Workload Planning

Problem

We propose a customized DRL approach for the maintenance and operational workload planning
problem depicted in section 6.4. In section 6.5.1, we first discuss the condition monitoring based
maintenance and operational workload planning problem as a MDP, based on which in section
6.5.2 we propose a DRL approach that is flexible and efficient at minimizing the maintenance and

operational workload costs.

6.5.1. Markov Decision Process for Maintenance and Operational Workload Planning Prob-

lem

An MDP is a discrete-time stochastic control process (Puterman, 2014) where at each discrete time
step [ the agent observes a state s; and must take an action a; ~ m(a;|s;) , where r is the agent’s
policy. On the next step, the environment transitions to the new state s;.; ~ P(s;+1|$7, a;) and gives
the agent a reward r; ~ P(r;|s;, a;, s;+1). The agent’s objective is to find an optimal policy 7* that
maximizes the expected discounted return E,[2; yl r1], where y € (0, 1] is the discount factor.

For the n-component system introduced in the section 6.4, we showed that given the degradation
status and the summation of workload assigned to each components at each inspection epoch [ the
future degradation process does not depend on the degradation history because of the independent
increment property of Brownian motion process. Upon each inspection the predictive distribution
of degradation signal for each component and the expected reward can be calculated. Therefore
the Markov property holds for the system of interest, and the degradation based maintenance and
operational workload planning problem can be formulated as an MDP.

We consider s; = { X, 1;} as the state observed at each decision epoch /. We denote a; =

{¢1, w;} as set of actions that can be taken. Upon taking an action a;, the system transits to a new
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state and a reward r(s;, a;, s;+1) is observed. We note that the observed reward depends on action

a; and both the current state s; and the next state s;,; that the system transits to as follows:

r(s;,ag, s;41) = — [Z Jlicm + Sgn( Z §li)Cs + Z w};iCy + max {0, D - Z wn}/l
i i i i (610)

+ Z max {0, sgn(X([+1),~ - A) }cf
i

As the state transitions are governed by the environment, we can get an expected values of instant
reward by marginalizing on the future state the system will transit to. In this regard, we use the

results of proposition 2 developed in section 6.3 to find the expected value as follows:

r(si, a) = J S (sraalse, apr(si, ag, siv1)dsi

| 2 e st e+ S+ max 0.0 - T

n PZmax {o, sgn(X(l+1)i)}c de(X(m)l-)] 6.11)
__ Z | > i)es+ 3 o+ max fo.0 - ) o

(ol |

where @ is the cdf of standard normal distribution. Here we note that a maximization of the reward
will lead to a minimization of total cost. The expected instant reward calculated in equation (6.11)

will be further utilized in the next section in the proposed DRL procedure.

6.5.2. Deep Reinforcement Learning for Maintenance and Operational Workload Policy Op-

timization

In this section we propose a DRL approach based on the MDP formulation of the maintenance
and operation workload planning problem. Reinforcement Learning (RL) is one of the three
fundamental machine learning paradigms, alongside the supervised learning and unsupervised
learning (Sutton and Barto, 2018). RL learns to choose optimal actions that maximize rewards or

minimize losses for systems that consist of one or more agents interacting with an environment.
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The agent chooses actions based on the observed states of the environment, and each action results
in an outcome/reward as well as the next state of the environment. As a result, RL is suitable for

studying the decision making in MDP problems (Sutton and Barto, 2018).

Most applications of the traditional RL have been limited to domains where the features
can be handcrafted or represented in low-dimensional state spaces, e.g., when there is a single
component in a system. However, our proposed maintenance and operation workload planning
problem involves n components subject to degradation over time. At each inspection epoch, the
dimension of maintenance decisions alone is 2", which increases exponentially with the number of
components. Therefore, directly applying the traditional RL to maintenance and workload planning

of n-component systems would be computationally inefficient and challenging.

To overcome the challenge of the traditional RL, we propose a DRL-based approach for the
maintenance and operational workload planning problem of n-component systems. The DRL is an
integration of the RL and deep learning that provides powerful approximation and representation
learning properties, which significantly facilitates the computation speed and is thus suitable for
high-dimensional problems. In the literature, the DRL has achieved wide successes in various
areas such as the robot control (Bhagat et al., 2019), medical decision making (Tseng et al., 2017),
vehicular network scheduling (Atallah et al., 2018) and dialogue system training (Cuayéhuitl,
2017). Various DRL algorithms have been developed recently, among which the policy gradient
based algorithms are popular and have achieved significant successes in a variety of applications
(Liu et al., 2021; Andriotis and Papakonstantinou, 2019). In this study, the advantage actor-critic

algorithm which is a policy gradient based algorithm is selected.

In a policy gradient algorithm a policy can be described as a probability distribution for
taking an action a; given a state s; parametrized by a p-dimensional vector § € R”, denoted as
n(ay|s;;0) : S — A. At each inspection interval /, a policy distribution 7(a;|s;; 0) is constructed
from the distribution parameters. An action a; is then sampled from this distribution to interact
with the environment, i.e. a; ~ m(a;|s;; 6). Starting from an initial state, an agent follows a policy to
interact with the MDP to generate a trajectory of states, actions, and rewards sg, ag, 7o, ..., S, AL, I'L-
The goal of an agent is to maximize the return from a state, defined as the total discounted reward

Y

ry o= Z;‘;l Y/ r(sis j»ai+j) where y € (0, 1] is the discount factor describing how much we favor

current reward over those in the future.



134

To describe how good it is being in state s under the policy 7, a state-value function V”*(s) =
E,,[rglso = s] is defined as the expected return starting from state s, following the policy ,
interacting with environment dynamics, and repeating until the maximum number of episodes is
reached. An action-value function Q" (s, a), which describes the value of taking a certain action is
defined similarly, except it is the expected return starting from state s after taking an action a under
policy m. The goal in reinforcement learning is to learn a policy maximizing the expected return

from the start distribution

J() =J p”(s)‘[ n(als; O)r(s,a)dads
S A (6.12)

=Es~p”,a~7r [r(s,a)l,

where p"(s) = X2, ¥!p(s; = s) is the unnormalized discounted state visitation frequency in the
limit (Sutton et al., 1999).

Policy gradient methods are featured heavily in the state-of-the-art model-free reinforcement
learning algorithm (Mnih et al., 2016, 2015; Lillicrap et al., 2015). In these methods, training of
the policy is performed by following the gradient of the performance with respect to the parameters
VyJ(rr). This gradient can be computed from the Policy Gradient Theorem by simply changing

r(s,a) to Q" (s, a) as follows (Sutton et al., 1999):

VoJ(nr) = E[Q7(s,a)Vglog n(als; 0)]. (6.13)

Estimating the policy gradient is one of the most important issues in reinforcement learning. The
action-value function Q”(s, a) can be estimated by a variety of sample-based algorithms such as
Monte-Carlo (MC) or temporal-difference (TD) learning.

In an Actor-Critic method, an actor learns a policy to select actions and a critic estimates the
value function, and criticizes decisions made by the actor. The actor refers to the part of the agent
responsible for the producing the policy, while the critic refers to the part of agent responsible for
producing a value function. The gradient estimation technique can have high variance when using
only an actor as in (6.13). To solve this problem, actor-critic methods aim to reduce this variance by

using an actor and a critic. In this work, we focus on Advantage Actor-Critic (A2C) method (Mnih
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et al., 2016), which makes update to policy using advantage function: A™(s,a) = Q" (s, a) — V”(s).
Replacing the action value function (Q” (s, a)) with the advantage (A" (s, a)) reduces the variance
in estimating the policy gradient (Mnih et al., 2016; Greensmith et al., 2004). This gives us the

following stochastic policy gradient estimates:

g =A"(s,a)Vylogn(als;0), (6.14)

where g is the is the policy gradient estimator using the advantage. The advantage function measures

how much better than the average it is to take an action a.

Typically, the critic’s approximate value of a state V(s; 6,) is parametrized by 6,, where 8, € R¢
and d is the number components of the parameters vector. Both the actor function and the critic
function can be updated with the TD learning approach. The actor with policy z(a|s; 6) and the
critic with the V(s; 8,) are trained simultaneously. In this study, both the actor’s policy (7(als; 6))
and critic’s value function (V(s;8,)) are replaced with deep neural networks (Mnih et al., 2016,
2015; Lillicrap et al., 2015). Figure 6.1 shows the architecture of the proposed A2C method used

in this study.

Modeled by ' . e | Modeled by
Neural Network IR V(s; 0,) Neural Network
Actor Critic
State s s

Figure 6.1: Advantage actor-critic architecture.

In the proposed maintenance and operational workload planning problem, the action consists of
both binary actions (¢;) and continuous actions (w;). In the context of problem devised in this study,
the binary actions and continuous actions are independent given the observed state s;, yielding the

following decomposition:
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n(ayl|si; 0) =mg, (1|15 O)mg, (wilsi; 6)

(6.15)
= l_[ oy, (Cuils1; 0) l_[ mg,, (wiilsi; 6),

where 7g, 1is the probability mass function parametrized by 6, and 7y, is the probability den-
sity function parametrized by 6.,. We propose to model the binary maintenance actions using
Bernoulli distributions with parameters 6;, corresponding to each component i in the system where
o, (111815 6) = fBernoulli ({ 1i5 O, (813 9)), and fBernoulli 1S the probability mass function of Bernoulli
distribution. It should be emphasized that the parameters of Bernoulli distributions 6, (s;; 8) are

modeled by neural networks with parameters 6.

Moreover, we note that the continuous workload assignment actions are bounded in [0, wWmax]
interval. Here, we propose to use a Beta distribution to model these continuous actions. The
beta distribution has a support in [0, 1] (as shown in figure 6.2). We use me,, (wyils;; 0) =
JBeta (%, ai(sy; 0), Bi(sy; 0)) to represent the stochastic policy for workload assignment where
fBeta 18 the probability density function of Beta distribution, and 6., = {@;, 8;}. Since the beta
distribution has finite support and no probability density falls outside of the boundary, the Beta
distribution is bias-free. The shape parameters a; = a;(s;; ), Bi = Bi(s;; 6) are also modeled by
neural networks with parameters 6. In this study, we only consider the case where «;, 8; > 1, in

which the Beta distribution is concave and unimodal.

We borrow from the literature of reinforcement learning (Haarnoja et al., 2018c,a,b) the idea of
adding entropy bonus to the objective optimized by the agent, i.e. maximizing E,, [ % (r(sl, ap)
+kH (re(ay|s;; 0)) )] . A higher x encourages the agent to take actions that are more random, which in
particular can help with exploration at the beginning of the algorithm. Our action policy distribution
in (6.15) has a factorized distribution, therefore we can get a factorized entropy as follows (Chen

et al., 2020):

H(m(a;|si; 0)) =H (7, (Cils1;0)) + H (mg, (wils; 0))

(6.16)
= > H (o, (Culsi: ) + > H (g, (wiilsi: 0)),
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Beta PDF

Figure 6.2: Probability density function of Beta distribution with different @ and g.

where H (m)bi (.)) and H (JTgci (.)) are entropies of Bernoulli distribution and Beta distribution
respectively. We add the entropy decomposition in (6.16) to the objective function of the agent to

encourage for exploration. The final generalized maximum entropy objective is as follow:

Buer| 307 (1t @) + 6 ( 35 Hma,, Culsis 00) + k(3 Hemo, @ulsis o) )| ©17)

l

where hyperparameters «” and «¢ encourage exploration for binary and continuous actions, respec-
tively. Note that these two hyper parameters can be tuned using the procedure described in Haarnoja
etal. (2018c). The pseudo-code in algorithm 1 depicts the outline of proposed advantage actor-critic
algorithm. Here an episode is a trajectory of states, actions, and rewards so, ag, o, ..., S, AL, 'L
following a policy m(a;|s;; 6), tmax 1s the number of steps used in TD approach to estimate Q" (s, a),
and Enax is the maximum number of episodes the agent is trained. Next section discusses the

performance of the proposed DRL procedure.

6.6. Numerical Study

In this section we investigate the performance of the DRL approach developed in section 6.5 for

maintenance and operational workload planning problem. Specifically, we conduct simulation
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Algorithm 1: Advantage actor-critic pseudo-code

//Assume parameter vectors 6 and 6,;
initialize step counter ¢ < 1 ;
initialize episode counter E « 1 ;
repeat
Reset gradient: df « 0 and d6, < O;
Istart = 1,
Get state s;;
repeat
Perform a, according to policy m(a;|s;; 0);
Receive reward r; and new state s;,1;
t—1t+1;
until 7 — 24,1 == tyax;
R =V(s:;0,) [//Bootstrap from last state;
forl e {r—1,...,t54:} do
R «—r +yR;
Accumulate gradient wrt 0: d6 «— d6 + Vglogr(a;|s;; 0)(R — V(s;;6,)) +
«? 3 0H (ma, (Ciilsi; 6))/06 + k° 3 OH (ma, (wiils1; 6))/06 ;
Accumulate gradient wrt 6,: df, «— df, + (R —V(s;;6,))(0V(s;;6,)/00,) ;
end
Perform update of 6 using d6 and 6, using d0, ;

E—FE+1
until £ > E.x;

studies for a two-component system and a ten-component system in sections 6.6.1 and 6.6.2,

respectively.

6.6.1. Two-component System Maintenance and Operational Workload Planning

We first consider a two component system (i.e. n = 2) for illustration purposes subject to Brownian
motion process as described in section 6.3. The degradation coefficient S is assumed to have a
prior normal distribution with § ~ N(u = 0.5, O'g = 0.01). The Brownian motion part is assumed
to have a variance of 0.01 (0> = 0.01). The component degradation coefficient are generated
according to this prior distribution and they are updated using the Bayesian procedure proposed in
section 6.3. The failure threshold is set at A = 10. The two components capacities are fixed at 10
(wmax = 10). We assume a demand of D = 10 units should be satisfied in each inspection time
interval. Note that the demand and capacity structure provides some level of redundancy in the

components’ utilization. Moreover, the cost parameters are set as in Table 6.5.
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Table 6.1: Cost parameters setting

Downtime cost

Maintenance Replacement cost Workload cost  Lost demand cost
per component . .
setup cost per component Y per unit per unit
per unit time
cs =$10 cm =$5 cr =$500 ey =$1 1 =$100

We consider a time horizon of length 7 = 100 unit where inspections are done every one unit
of time, i.e. L = 100, 6t = 1). We first featurize the input space to 400-dimensional vactors using
random Radial Basis Functions (Rahimi et al., 2007) and then pass it to a simple neural network
where the final layer is a final output layer generating statistics for the policy distribution. This is
effectively a linear combination of state state features: ¢(s)! 6, where ¢ is the featurizing function
and 6 (6, in case of critic’s network) is the weight vector to be learnt. The discount rate is set as

v =0.95 and agent is trained for 1000 episodes (Epax = 1000).

Under the aforementioned parameters setting, we consider the degradation based maintenance
and operational workload planning problem. Three baseline policies are chosen as benchmark meth-
ods to illustrate the performance of proposed policy. Specially, in first baseline policy (baseline-a)
we do not perform any predictive maintenance and equally distribute the workload among all the
components in the system. In the second baseline policy (baseline-b) again we do not perform
any predictive maintenance but we allow for the agent to optimize the distribution of workload
among multiple components of the system. We note that in the baseline policies (a) and (b), we
run all components until failure is observed. Then we correctively replace the failed component
with a new one. In the third policy (baseline (c)), we train the agent to optimize for the predictive
component replacement but distribute the workload equally among all the components. Finally, we
compare these three baseline policies with our proposed policy where the agent learns and optimize
the planning of maintenance and operational workload in the two component system. Figure 6.3
depicts the convergence of the different policies. Table 6.2 summarizes the performance of the

proposed DRL policy and three baseline policies.

It is observed from table 6.2 that DRL-based solution of the proposed maintenance and op-
erational workload planning problem achieves the lowest mean discounted total cost and thus

outperform all the three baseline policies. Meanwhile, among the three policies, the baseline policy
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Table 6.2: Mean and standard deviation (in brackets) of discounted total cost in two component
system

Policy baseline-a baseline-b baseline-c proposed

Discounted total cost 21445.48 (42.3) 16648.39 (49.2) 10358.03 (55.5) 8833.011 (62.6)
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Figure 6.3: Convergence of different policies.

(a) that does not consider any maintenance and simply split the workload among components has
the worst performance compared to baseline policy (b) and (c). The reason is that in baseline
policy (a), the components are always run to failure and the cost of unexpected failure is higher
than replacing the components. Moreover, we can see that the total discounted cost of baseline
policy (c) is lower than baseline policy (b) where no maintenance is performed. The reason here
can be attributed to the higher cost of unexpected failure as compared to predicatively replacing

them considering the failure risk.

6.6.2. Ten-component System Maintenance and Operational Workload Planning

To further illustrate the flexibility and scalability of the proposed DRL based Maintenance and
operational workload planning problem, we consider a high dimensional system with 10 components
as described in section 6.4. We note that, upon each inspection, we have only 2!° = 1024 different
maintenance actions to choose let alone deciding on the optimal level of workload to be distributed

among different units. The cost parameters in this section are also chosen from table 6.5. Again,
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we consider three baseline policies explained in section 6.6.1 and compare it with the policy based
on the proposed DRL. Table 6.3 gives the results of this simulation study. Moreover, the baseline
polices (c) that considers predictive replacement performs relatively better than baseline (b) that
always runs the risk of unexpected failure.

It can be observed from table 6.3 that the proposed DRL solution for the maintenance and
operational workload planning problem outperforms the other three baseline policies. Again
baseline policy (a) has the worst performance among all three benchmark policies as it does not
consider any corrective maintenance action and the components are run to failure.

In addition to the cost benefit, the proposed model is also computationally efficient in solving
the maintenance and operational workload planning problem. For the 10-component system with
component-wise degradation and economic dependency, it takes 0.321 h using a computer with a
18 core CPU of 3.0 GHz. However, even if we ignore the optimal adjustment of workload among
multiple components of the system and only focus on setting optimal replacement decision under
a traditional threshold based maintenance framework (Wang et al., 2015; Li et al., 2009; Zhao
et al., 2019), 10 different maintenance threshold need to be set and optimized, which are quite
computationally expensive or impractical to implement with a commonly used grid search method-
ology framework. Furthermore, the computational time over different numbers of components with
the same training setting is provided in table 6.4, which demonstrates the overall computational

efficiency of the proposed approach for practical system sizes.

6.6.3. Case study

In this section we investigate the performance of the proposed DRL approach for the maintenance
and operational workload planning problem based on a real-world data. Specially, we apply
the proposed procedure to real-world data of frying oil degradation. During the frying process,

typically, a complex series of physical and chemical reactions occur leading to the degradation of

Table 6.3: Mean and standard deviation (in brackets) of discounted total cost in ten component
system

Policy baseline-a baseline-b baseline-c proposed

Discounted total cost 153423.94 (64.1) 103437.25 (65.9) 75986.37 (62.5) 409195 (71.3)
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Table 6.4: The computational time over different numbers of components

Number of components 2 4 6 8 10
Computational time (h) 0.126 0.149 0.193 0.277 0.321

oil. Total polar component (TPC) which is a measure of proportion of polar materials in the oil, is
the commonly known indicator for oil degradation. This indicator can be obtained by measuring the
dielectric of the oil. Modern industrial fryer are equipped with a sensor that can provide daily TPC
readings. Per oil disposal, the frying vat is refilled with fresh oil and the TPC reset to a lower value.
The oil is typically considered bad once its TPC value reaches a pre-specified threshold value.
The higher the TPC of frying oil is, the lower the quality of food produced with it. Thus serving
customers the food made in higher TPC value tarnishes the food franchises’ reputation. Figure 6.4
demonstrates the TPC measurements during four oil disposal cycles done in four different machines

all dedicated to cooking french fries.

30 40
1 1

TPC
20
1

Time (day)

Figure 6.4: Degradation paths of frying oil

We observe from figure 6.4 that the degradation rate of frying oil is considerably heterogeneous
in different machines. The main reason underlying the difference in the degradation rates of oil in
different vats and in the same vat within different time intervals is attributed to the number of cooks
that are done a that specific time interval. The more cook is done in a frying vat, the more frying

oil is exposed to the moister content of food which increases the hydrolysis of oils. Following the
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Table 6.5: Mean and standard deviation (in brackets) of discounted total cost in case study.

Policy baseline-a baseline-b baseline-c proposed

Discounted total cost 15438.64 (82.4) 14264.89 (81.9) 13986.38 (79.7) 12724 (93.6)

regulation around deep fat frying (Esfarjani et al., 2019; Choe and Min, 2007; Dobargarnes and
Marquez-Ruiz, 1998) we consider a TPC of 25 as the boundary over which the served food is of
inferior quality.

We model the degradation of oil as the Brownian motion process in (6.1). We consider 112 oil
disposal cycles from similar frying vats where TPC measurements are done daily. The likelihood

of TPC increments is as follows:

112 n;

PAX Y, Q) = 1‘1[ H p (6Xi(tplwitj-1), B) p(B), (6.18)
i=1 j=
where AX = {{6Xi(t)j)}7i=1}:_112’ ¥ = {uo, 00, o}, p(OXi(t Hwi(tj—1), B) ~ N(Bwi(tj-1), ow(t;_1))
and Q = {Q;(7,,)}_, is the hist(;ry of number of cooks done during each oil disposal cycle. The pa-
rameter estimation is done using a maximum likelihood approach (Wang, 2010; Wang et al., 2011;
Picchini et al., 2010). The degradation coefficient S is estimated to follow a normal distribution
with 8 ~ N(up = 0.043, 0'3 = 0.00032). The Brownian motion part is moreover estimated to have

a variance of 0.056 (o2 = 0.056).

We use the threshold value of 25 and the cost parameters in table 6.5. We consider a time
horizon of 30 days where degradation measures are observed every day. A fixed demand of 100
cooks must be satisfied in every time interval. We consider three baseline policies introduced in
the previous section. Four frying vats are considered each with a capacity of serving 50 cooks
every day. Moreover, each inspection of component requires a complete shut down of frying vat
and a lengthy cleaning process. To reflect the cost associated with an inspection we consider an
inspection cost of $50 for each component. Table 6.5 shows the result for case study with four
frying pots.

It can be observed from table 6.5 that the proposed policy based on DRL procedure outper-
forms other three benchmark policies that do not optimize for the predictive replacement and/or

distribution of workload (cooks) among frying vats. We note that a predictive replacement here
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entails cleaning the frying vat and refilling it with fresh oil. Moreover, we consider the case where
the inspection interval is a decision variable that needs to be optimized together with maintenance
and workload actions. For the optimization, a widely used grid search method is applied on the
inspection interval, i.e. the agent is trained over a sequence of discrete inspection intervals, and the
inspection interval that results in the lowest discounted total cost is chosen as the optimal inspection
interval. Specifically, the discounted total cost over different inspection intervals are calculated and
illustrated in figure 6.5.

It is observed from figure 6.5 that the optimal inspection interval is roughly every one and half
day based on the considered cost structure. Another observation is that as the inspection interval
increases, the variance of calculated discounted total cost increases. The reason is that a periodic
inspection policy with a larger inspection interval increases the uncertainty of degradation signal
prediction as well as increases the risk of running into unexpected failures, therby increasing the

total cost incurred to the system.
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Discounted total cost
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Figure 6.5: Discounted total cost vs. inspection interval

6.7. Conclusion

In this chapter, we proposed a procedure using deep reinforcement learning to solve the mainte-

nance and operational workload planning problem for multi-component systems with economic
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dependence over a finite planning horizon. The components in the system are assumed to be similar
and to be working in parallel to satisfy a deterministic demand. The goal was to minimize the total
cost of the system considering the underlying degradation process governing the health status of all
components. We developed an advantage actor-critic algorithm and proposed a decomposition of
actions to define the proposed stochastic policy. The workload actions which have an upper-bound
limit are modeled using Beta distribution while Bernoulli distribution is considered for predictive
maintenance actions. We showed through numerical study and a case study based on real world data
that the proposed DRL approach outperforms the simple intuitive policies that are often utilized.
This study only considers economic dependency between components in the system. Future
extension of this study can investigate optimal maintenance and workload planning where there
is stochastic dependency between components. A well-know model for stochastic dependency
between components is the competing risk model where a system fails if any of its components

fails. We will investigate along this direction and report the result in a future study.
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Chapter 7
Summary and Future Work

7.1. Overview

Prognosis, diagnosis, and decision-making have been highlighted in various applications and the
massive data collected by system monitoring technologies can be utilized to effectively accomplish
these tasks. The unprecedented data availability realized by the advanced system monitoring
technologies, however, would not have a significant utility if appropriate models addressing the
issues in prognosis, diagnosis, and decision-making based on such data are absent. The research
work presented in this dissertation has focused on establishing a series of new data analytics
methods for effective data-driven diagnosis, prognosis, and decision-making addressing various
issues in smart and connected systems. The future work can continue to investigate novel data
analytics, individualized informatics, metamodeling techniques and data-driven decision-making
methodologies to truly realize the competitive advantages that are promised by smart and

connected products/systems.

7.2. Summary of Contributions
The contributions of this dissertation can be summarized as follow:
1) Statistical Monitoring of Multiple Profiles Simultaneously Using Gaussian Processes

This study proposes a monitoring approach based on MGP model to monitor multivariate
profiles simultaneously. The proposed method uses a non-separable covariance function to
construct the MGP model and tracks the stability of the process under study by monitoring

a distance measure between the new observations of the multivariate profile and the
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baseline in-control model. A key advantage of this method is that it considers correlations
both within profiles and between profiles and facilitates sharing of information. The

proposed framework is highly flexible and can quickly detect different out-of-control states.

Remaining Useful Life Prediction Based on Degradation Signals Using Monotonic B-
splines with Infinite Support

In this study, a nonparametric approach to modeling and prognosis of CM signals using
B-splines in a mixed effects setting is proposed. This study is the first to tackle both
truncation and noisy CM signal issues using a non-parametric framework. In order to deal
with the issue of truncated historical CM signals, our approach is based on augmenting B-
spline basis functions with functions of infinite support. Moreover, to model the CM signal
more accurately and robustly in a noisy setting, necessary and sufficient conditions to
ensure monotonic evolution of the modeled signals are derived. Appropriate procedures
for online updating of random coefficients of mixed effects model considering derived
monotonicity constraints based on degradation data collected from an in-service unit are
also presented. The performance of the proposed framework is investigated and
benchmarked through analysis based on numerical studies and a case study using real-

world data from automotive lead-acid batteries.

Nonparametric Condition Based Remaining Useful Life Prediction Incorporating
External Factors

This study proposes a Brownian motion process with a stress dependent drift to model
multiple time-varying environmental covariates. A semiparametric regression approach
utilizing penalized splines is, further, proposed to model the environmental covariates-drift
relationship. The unique feature of the proposed approach is that it does not assume a
functional form for the degradation process drift and models multiple environmental
covariates’ effect on the degradation process. Moreover, the model is combined with in
situ degradation measurements of the unit and its environmental conditions to predict the
unit’s remaining useful life through a Bayesian updating scheme.
Multi-output Gaussian Process Modulated Poisson Processes for Event Prediction

This study proposes a non-parametric prognostic framework for individualized event

prediction based on the inhomogeneous Poisson processes with a MGCP prior on the
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intensity functions. The MGCP prior on the intensity functions of the inhomogeneous
Poisson processes maps data from similar historical units to the current unit under study
which facilitates sharing of information and allows for analysis of flexible event patterns.
The unique advantage of this framework is that it models the temporal dependency of each
event stream and takes advantage of the cross-correlation that exists among different event
streams to give accurate learning and prediction. Moreover, a scalable inference scheme
using variational approximation is developed which makes the framework appropriate for
high dimensional data.
5) Deep Reinforcement Learning for Maintenance and Operational Workload Planning
This study proposes a novel deep reinforcement learning procedure to devise a
stochastic control policy for planning both maintenance and operational workload
decisions. Unlike previous research, the developed framework considers the individualized
degradation evolution of each component in the system in planning for both maintenance
and workload assignment and accounts for economic dependency among them. Moreover,
in the proposed framework, the effect of workload on component degradation is modeled
through a Brownian motion process and unit-to-unit variation is considered using a
Bayesian updating technique. The predictive maintenance decisions are modeled using
Bernoulli distribution while workload assignments are modeled based on Beta distribution.
An advantage actor-critic algorithm is proposed to set the optimal parameters of the
stochastic policy distribution. The proposed framework takes into account the uncertainty

of components failure and outperforms the commonplace maintenance policies.

7.3. Future Work

Recent innovations across all engineering disciplines have converged to make smart and connected
systems technically/economically feasible. In the future, most (if not all) of the systems in various
engineering disciplines will eventually become smart and connected systems. The data analytics
methodologies proposed in this dissertation can help with achieving effective data-driven
diagnosis, prognosis, and decision-making based on the modern smart and connected systems.
However, new methodologies are urgently needed for data analytics and decision making to

complete this transformation towards smart and connected systems. There are still many issues
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that can be further investigated such as novel data analytics, individualized informatics,
metamodeling techniques and data-driven decision-making methodologies to truly realize the
competitive advantages that are promised by smart and connected products/systems. The potential
future research directions are:

1. Data fusion and individualized modeling and analysis towards smart and connected
systems. Future research can investigate novel data-driven methods to enable effective
diagnostic and predictive data analytics by leveraging distributed estimation,
multivariate Gaussian convolution processes, functional graphical models, and network
modeling tools to establish a unified data analytics framework that scales efficiently to
high dimensions and can incorporate functional heterogeneity and diverse data types
both quantitative and qualitative.

2. Data-driven reinforcement learning and Bayesian optimization for optimal
management of smart and connected systems. Effective decision making is crucial for
maintaining and operating any engineering and healthcare system. A future research
direction can focus on sequential and adaptive sampling methods, sequential Bayesian
optimization and developing distributionally robust optimization capabilities to address
the challenges of smart and connected systems as well as other engineering systems.

3. Bayesian deep learning for uncertainty quantification of deep neural networks. A
comprehensive artificial intelligence system established through any smart and
connected systems needs to not only perceive the environment with different sensors
but also infer the world conditional or causal relations and corresponding uncertainty.
The past decade has seen major advances in many perception tasks using deep learning
models. For higher level inference, however, probabilistic graphical models and
machine learning approaches like Gaussian processes with their Bayesian nature are
still more powerful, and flexible, and can effectively quantify uncertainty. Future
studies can work on Bayesian deep learning to provide a unified probabilistic
framework to tightly integrate deep learning and Bayesian models. This unified
framework would be able to process dense high-dimensional data while modeling
conditional dependencies and relations and providing a procedure for uncertainty

quantification to get the best of both worlds.
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4. Emerging applications in smart and connected manufacturing, healthcare and service
systems. Besides the abovementioned endeavors on the theoretical aspects, one can
work on the emerging applications in the smart and connected systems such as [oT-
enabled smart manufacturing and healthcare systems, and cloud-enabled remote

infrastructure management.
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