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ID and OOD classification results with ERM-NU on the synthetic dataset.
Nuclear norm regularization significantly reduces the OOD error rate.
Nuclear norm regularization enhances competitive baselines across a
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Cosine shape of the trained embeddings (hidden layer weights) and
corresponding power of Fourier spectrum. The two-layer network with
m = 1536 neurons is trained on k = 3-sum mod-p = 97 addition dataset.
We even split the whole datasets (p* = 97° data points) into the training
and test datasets. Every row represents a random neuron from the
network. The left figure shows the final trained embeddings, with red
dots indicating the true weight values, and the pale blue interpolation
is achieved by identifying the function that shares the same Fourier
spectrum. The right figure shows their Fourier power spectrum. The
results in these figures are consistent with our analysis statements in
Lemma4.10. . . .. ... ... . . . ...
All Fourier spectrum frequencies being covered and the maximum nor-
malized power of the embeddings (hidden layer weights). The one-
hidden layer network with m = 1536 neurons is trained on k = 3-sum
mod-p = 97 addition dataset. We denote 1i[i] as the Fourier transform
of u[i]. Let max; [4[il[*/(3_ [t[j]]*) be the maximum normalized power.
Mapping each neuron to its maximum normalized power frequency, (a)
shows the final frequency distribution of the embeddings. Similar to
our construction analysis in Lemma 4.11, we have an almost uniform
distribution over all frequencies. (b) shows the maximum normalized
power of the neural network with random initialization. (c) shows,
in frequency space, the embeddings of the final trained network are
one-sparse, i.e., maximum normalized power being almost 1 for all neu-
rons. This is consistent with our maximum-margin analysis results in

Lemma 4.11. . . . . . . o e e e
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All Fourier spectrum frequencies being covered and the maximum nor-
malized power of the embeddings (hidden layer weights). The one-
hidden layer network with m = 5632 neurons is trained on k = 5-sum
mod-p = 23 addition dataset. We denote 1i[i] as the Fourier transform
of u[i]. Let max; [4[il[*/(3_ [t[j]]*) be the maximum normalized power.
Mapping each neuron to its maximum normalized power frequency, (a)
shows the final frequency distribution of the embeddings. Similar to
our construction analysis in Lemma 4.11, we have an almost uniform
distribution over all frequencies. (b) shows the maximum normalized
power of the neural network with random initialization. (c) shows,
in frequency space, the embeddings of the final trained network are
one-sparse, i.e., maximum normalized power being almost 1 for all neu-
rons. This is consistent with our maximum-margin analysis results in
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heads m = 160 is trained on k = 3-sum mod-p = 61 addition dataset.
We even split the whole datasets (p* = 61° data points) into training
and test datasets. Every row represents a random attention head from
the transformer. The left figure shows the final trained attention weights
being an apparent 2-dim cosine shape. The right figure shows their 2-
dim Fourier power spectrum. The results in these figures are consistent
withFigure C.1. . .. .. ... ..
2-dimension cosine shape of the trained WX (attention weights) and
their Fourier power spectrum. The one-layer transformer with attention
heads m = 160 is trained on k = 5-sum mod-p = 17 addition dataset.
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Trade-off of universality and label efficiency for MoCo v2, NNCLR,
SimSiam on downstream tasks CIFAR-10, MNIST, Fer2013. “1, 2, 3, 4"
means incrementally adding datasets for pre-training. The x-axis is the
average test accuracy of Linear Probing on all 4 datasets. The y-axis is
test accuracy on the target task. Pre-training data: (a)(b)(c) CINIC-
10, SVHN, GTSRB, and ImageNet32. Target task: CIFAR-10. (d)(e)(f)
EMNIST-Digits&Letters, Fashon-MNIST, GTSRB, ImageNet32. Target:
MNIST. (g)(h)(i) FaceScrub, CIFAR-10, SVHN, ImageNet32. Target:
Fer2013. . . . . . .
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Linear CKA similarity score among downstream task features from
MoCo v2 pretrained on three sets of datasets. For “Independent”, each
representation model in the first four columns/rows is pre-trained on
a single dataset. “Union" indicates the model pre-trained on the union
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pre-training. . . . .. ... .o L
Linear CKA similarity among CIFAR10 features from MoCo v2 pre-
trained on CINIC10. Each representation in the first three columns/rows
is pre-trained with a different weight decay value. . . . . . ... .. ..
Pre-train MoCo v2 and SimSiam on CIFAR-10 + ImageNet32(200k) with
varying number of classes of ImageNet32 from 50 to 1000 (x-axis) under
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Trade-off on CIFAR-10 LP test accuracy (y-axis) for MoCo v2 and Sim-
Siam with varying target relevant (CINIC-10) pre-training data percent-
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Trade-off of universality and label efficiency for MoCo v2, NNCLR,
SimSiam on downstream tasks CIFAR-10, MNIST, Fer2013. x-axis: in-
crementally add datasets for pre-training. Pre-training data: (a)(b)(c)
CINIC-10 (C), SVHN (S), GTSRB (G), and ImageNet32 (I). For example,
“CS” on the x-axis means CINIC-10+SVHN. Target task: CIFAR-10. Red
line: average test accuracy of Linear Probing on all 4 datasets. Blue
line: test accuracy on the target task. (d)(e) (f) EMNIST-Digits&Letters
(E), Fashon-MNIST (F), GTSRB (G), ImageNet32 (I). Target: MNIST.
(g)(h)(i) FaceScrub (F), CIFAR-10 (C), SVHN (S), ImageNet32 (I).
Target: Fer2013. All evaluations are trained with 1% labeled data. . . .
Trade-off of universality and label efficiency for MoCo v2, NNCLR,
SimSiam on downstream tasks CIFAR-10, MNIST, Fer2013. x-axis: in-
crementally add datasets for pre-training. Pre-training data: (a)(b)(c)
CINIC-10 (C), SVHN (S), GTSRB (G), and ImageNet32 (I). For example,
“CS” on the x-axis means CINIC-10+SVHN. Target task: CIFAR-10. Red
line: average test accuracy of Linear Probing on all 4 datasets. Blue
line: test accuracy on the target task. (d)(e) (f) EMNIST-Digits&Letters
(E), Fashon-MNIST (F), GTSRB (G), ImageNet32 (I). Target: MNIST.
(g)(h)(i) FaceScrub (F), CIFAR-10 (C), SVHN (S), ImageNet32 (I).
Target: Fer2013. All evaluations are trained with 5% labeled data. . . .
Trade-off of universality and label efficiency for MoCo v2, NNCLR,
SimSiam on downstream tasks CIFAR-10, MNIST, Fer2013. x-axis: in-
crementally add datasets for pre-training. Pre-training data: (a)(b)(c)
CINIC-10 (C), SVHN (S), GTSRB (G), and ImageNet32 (I). For example,
“CS” on the x-axis means CINIC-10+SVHN. Target task: CIFAR-10. Red
line: average test accuracy of Linear Probing on all 4 datasets. Blue
line: test accuracy on the target task. (d)(e) (f) EMNIST-Digits&Letters
(E), Fashon-MNIST (F), GTSRB (G), ImageNet32 (I). Target: MNIST.
(g)(h)(i) FaceScrub (F), CIFAR-10 (C), SVHN (S), ImageNet32 (I).
Target: Fer2013. All evaluations are trained with 10% labeled data.
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Trade-off of universality and label efficiency for MoCo v2, NNCLR,
SimSiam on downstream tasks CIFAR-10, MNIST, Fer2013. x-axis: in-
crementally add datasets for pre-training. Pre-training data: (a)(b)(c)
CINIC-10 (C), SVHN (S), GTSRB (G), and ImageNet32 (I). For example,
“CS” on the x-axis means CINIC-10+SVHN. Target task: CIFAR-10. Red
line: average test accuracy of Linear Probing on all 4 datasets. Blue
line: test accuracy on the target task. (d)(e) (f) EMNIST-Digits&Letters
(E), Fashon-MNIST (F), GTSRB (G), ImageNet32 (I). Target: MNIST.
(g)(h)(i) FaceScrub (F), CIFAR-10 (C), SVHN (S), ImageNet32 (I).
Target: Fer2013. All evaluations are trained with 20% labeled data.
Trade-off of universality and label efficiency for MoCo v2, NNCLR,
SimSiam on downstream tasks CIFAR-10, MNIST, Fer2013. x-axis: in-
crementally add datasets for pre-training. Pre-training data: (a)(b)(c)
CINIC-10 (C), SVHN (S), GTSRB (G), and ImageNet32 (I). For example,
“CS” on the x-axis means CINIC-10+SVHN. Target task: CIFAR-10. Red
line: average test accuracy of Linear Probing on all 4 datasets. Blue
line: test accuracy on the target task. (d)(e) (f) EMNIST-Digits&Letters
(E), Fashon-MNIST (F), GTSRB (G), ImageNet32 (I). Target: MNIST.
(g)(h)(i) FaceScrub (F), CIFAR-10 (C), SVHN (S), ImageNet32 (I).
Target: Fer2013. All evaluations are trained with 100% labeled data.

Needle in a Haystack performance comparison of different filter layers
with LLaMA 3.1 8B Instruct model. The x-axis represents the length of
the input tokens, while the y-axis shows the position depth percentage
of the ‘needle’ information (e.g., 0% indicates the beginning, and 100%
indicates the end). A higher score reflects better performance, meaning

more effective retrieval of the ‘needle’ information. . . . . . .. . . ...
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G.4

Needle in a Haystack performance comparison of different methods
using the Phi 3.5 Mini 3.8B Instruct model. The x-axis represents the
length of the input tokens, while the y-axis shows the position depth
percentage of the ‘needle” information (e.g., 0% indicates the beginning,
and 100% indicates the end). A higher score reflects better performance,
meaning more effective retrieval of the ‘needle” information. GemFilter
significantly outperforms both standard attention (full KV cache) and
SnapKV. . ...
Needle in a Haystack performance comparison of different methods
using the Mistral Nemo 12B Instruct model. The x-axis represents the
length of the input tokens, while the y-axis shows the position depth
percentage of the ‘needle” information (e.g., 0% indicates the beginning,
and 100% indicates the end). A higher score reflects better performance,
meaning more effective retrieval of the ‘needle” information. (a) is using
the middle row to select top k indices and (b) is using the row with
largest {, norm to select top kindices. . . .. ... ... ... ... ...
Needle in a Haystack performance comparison of different methods
using the Mistral Nemo 12B Instruct model. The x-axis represents the
length of the input tokens, while the y-axis shows the position depth
percentage of the ‘needle” information (e.g., 0% indicates the beginning,
and 100% indicates the end). A higher score reflects better performance,
meaning more effective retrieval of the ‘needle” information. (a) is our
method GemFilter and (b) is the degenerate version GemFilter-One-Run
for ablationstudy. . . . .. ... ... o Lo
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G.5 Needle in a Haystack visualization of the top-k indices of each atten-
tion layer in GemFilter and SnapKV when using the Mistral Nemo 12B
Instruct model. The GemFilter uses layer-19 (the same as other experi-
ments) as its filter layer. Both GemkFilter and SnapKV use k = 100, i.e.,
the number of selected tokens. The x-axis is the layer index, 40 layers
in total. The y-axis is the input index, where the input token length is
n = 46,530. We use 50% as the position depth percentage of the ‘needle’
information. The red dots mean the selected tokens for the correspond-
ing layer and input tokens. The blue rectangle represents the position
of the needle information. The output of GemFilter is “The best thing to
do in San Francisco is eat a sandwich and sit in Dolores Park on a sunny day.”
which is totally correct. The output of SnapKV is “The best thing to do in
San Francisco is eat a sandwich.” which is partially correct. . . . ... .. 505

G.6 Needle in a Haystack visualization of the top-k indices of each attention
layer in GemFilter and SnapKV when using the LLaMA 3.1 8B Instruct
model. The GemFilter uses layer-13 (the same as other experiments) as
its filter layer. Both GemFilter and SnapKV use k = 1024, i.e., the number
of selected tokens. The x-axis is the layer index, 32 layers in total. The
y-axis is the input index, where the input token length is n = 108, 172.
We use 50% as the position depth percentage of the ‘needle’ information.
The red dots mean the selected tokens for the corresponding layer and
input tokens. The blue rectangle represents the position of the needle
information. The output of GemFilter is “Eat a sandwich and sit in Dolores
Park on a sunny day.” which is totally correct. The output of SnapKV is
“Eat a sandwich at a deli in the Mission District.” which is partially correct. 506
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G.7 Needle in a Haystack visualization of the top-k indices of each atten-
tion layer in GemFilter and SnapKV when using the Phi 3.5 Mini 3.8B
Instruct model. The GemFilter uses layer-19 (the same as other experi-
ments) as its filter layer. Both GemFilter and SnapKV use k = 1024, i.e.,
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in total. The y-axis is the input index, where the input token length
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position of the needle information. The output of GemFilter is “Sit in
Dolores Park on a sunny day and eat a sandwich.” which is totally correct.
The output of SnapKV is “Eat a sandwich.” which is partially correct. . 507
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ABSTRACT

Deep neural networks have achieved remarkable success across various domains of
artificial intelligence. A key factor in their success is their ability to learn effective
feature representations from data, distinguishing them from traditional machine
learning methods. This thesis explores how feature learning emerges during neural
network training and demonstrates its crucial role in foundation models” adaptation
to downstream applications.

First, we provide theoretical insights into the emergence of feature learning
in neural networks. We demonstrate that the networks can efficiently learn class-
relevant patterns in early training stages using minimal parameters, avoiding the
curse of dimensionality that affects traditional methods. Our analysis reveals that
this capability stems from the networks’ ability to leverage inherent input data
structures. We develop a unified analysis framework for two-layer networks trained
by gradient descent, characterizing how feature learning occurs beyond kernel
approaches. We extend our investigation to Transformer architectures, analyzing
Fourier features in one-layer Transformers and uncovering the relationship between
model scale and in-context learning behavior. Our findings reveal that larger models
cover more hidden features while smaller ones emphasize important features,
leading to different in-context learning behaviors.

Building on these theoretical insights, we develop practical applications for
foundation models. We introduce nuclear norm regularization for improved do-
main generalization, demonstrating consistent performance improvements across
various tasks. We address the trade-off between universality and label efficiency
in contrastive learning through a novel regularization method. Furthermore, we
propose looped Transformers for implementing multi-step gradient descent in
in-context learning and develop GemFilter, an algorithm that leverages early-layer
attention features to accelerate Large Language Model inference.

This thesis advances our understanding of feature learning in neural networks
and provides practical methods for improving foundation models’ performance,

developing more efficient and effective machine learning systems.



1 INTRODUCTION

Nowadays, deep neural networks dominate artificial intelligence and machine
learning. Deep Learning has achieved remarkable empirical success and has been
a main driving force for the recent progress in machine learning and artificial
intelligence. It has been widely used in many applications, such as computer
vision (He et al., 2016; Ren et al., 2015; Chen et al., 2018; Goodfellow et al., 2014;
Krizhevsky et al., 2012), natural language processing (Devlin et al., 2019; Vaswani
etal., 2017; Williams et al., 2018; Dolan and Brockett, 2005; Howard and Ruder, 2018;
Rajpurkar et al., 2016; Peters et al., 2018), speech recognition (Hannun et al., 2014;
Abdel-Hamid et al., 2014; Amodei et al., 2016; Chorowski et al., 2015) and game
playing (Silver et al., 2016, 2017), etc. In particular, foundation models (Bommasani
etal., 2021), e.g., Llama (Al 2024) and ChatGPT (OpenAl, 2022), have been widely
involved in people’s living and work and demonstrated immense potential to
enhance various aspects.

Various empirical studies have shown that an important characteristic of deep
neural networks is their feature learning ability, i.e., to learn a feature mapping for
the inputs which allows better performance. This is widely believed to be a key
factor to their remarkable success in many applications, in particular, an advantage
over traditional machine learning methods. To understand their success, it is crucial
to understand the source and benefit of feature learning in neural networks. Only
when we have a deeper understanding of feature learning, we can improve deep
learning comprehensively in a wide range of real applications. This raises critical
research questions:

How does feature learning emerges during the neural network training?
If we know that, could we utilize feature learning better, particularly in foundation models?

In this thesis, we assert the following statement:

Feature learning emerges from input data structures during the neural network training
and is crucial for foundation models adaptation to downstream applications.




In real-life vision tasks, the raw input data has a extremely large dimension. For
example, one color image from a 120 fps HD 1080p YouTube video has dimensions
1920 x 1080 x 3 = 6.2 x 10°. A 10-min video clip will have dimensions 600 x 120 x
6.2 x 10° = 4.5 x 10", We know that there is a huge information redundancy.
Empirical observations show that deep networks can discover an effective feature
representation for the task and learn neurons that correspond to different important
semantic patterns in the inputs (e.g., human eyes, bird shapes, tires, etc. in images).
Thus, it can non-linearly project the image to a feature space with much fewer
dimensions, e.g., 512. However, most traditional machine learning methods, like
kernel methods, suffer from the curse of dimensionality which is not tolerable in a
real-world application. In contrast, due to feature learning, neural networks can
routinely tackle high-dimensional datasets and adapt to the latent low-dimensional
structure without suffering from the curse of dimensionality.

In this thesis, we first study how feature learning emerge in the neural network
training dynamic, under settings including two-layer neural networks and one-layer
Transformers (Vaswani et al., 2017). We find that the task-useful feature is emergent
from the input data distribution, which explains how feature learning make neural
networks successful and beyond traditional machine learning methods. Secondly,
based on our understanding, we propose many algorithm utilization feature learn-
ing to make the foundation models have better downstream application adaptation,
including domain generalization, few-shot adaptation, in-context learning, and
Large Language Models inference acceleration. In the subsequent sections, we
will delve into the specific details of these two aspects and discuss their respective

contributions.

1.1 How does Feature Learning Emerge in the

Training of the Neural Network Dynamic?

Given the importance of feature learning, it is necessary to understand how feature

learning emerges to improve neural networks’ feature learning ability. The analysis



of feature learning is extremely challenging because the optimization of deep neural
networks is non-convex. Even training a three-node network can be NP-complete in
the worst case (Blum and Rivest, 1989). In contrast, the practical networks can be of
hundreds of layers with millions of nodes but can be trained to small training losses
with a relatively simple algorithm, in particular, Stochastic Gradient Descent (SGD)
with back-propagation. Overcoming the challenge, our studies show two critical
properties resulting in feature learning: (1) feature learning emergence from input
data structures in the first few learning steps; (2) implicit regularization/simplicity
bias of SGD towards effective features structure after the first few learning steps.
We refer readers to Chapter 2 to Chapter 4 for more details. Here, we made a

summary with high-level intuition.

Feature learning emergence from input data structures. In Chapter 2, to thor-
oughly understand the importance of feature learning for success, our work (Shi
et al., 2022¢c) proposes to analyze learning problems motivated by practical data.
The labels are determined by a set of class-relevant patterns and the inputs are gen-
erated from these along with some background patterns. Our work demonstrates
that a neural network with a small number of parameters is enough to learn some
class-relevant patterns in a few training steps, and these patterns are sufficient to
make the model a good performance on the task. On the other hand, traditional
machine learning methods with fixed features do not have such power. They need
exponential fixed features to cover the whole feature space so that they can contain
enough class-relevant features with a high probability to gain non-trivial perfor-
mance. Covering the whole feature space will lead to the curse of dimensionality.
Thus, we answer that, by feature learning, neural networks can figure out the low-
dimensional structure of useful features and prevent the curse of dimensionality.
Furthermore, we show that feature learning in the first few steps of neural networks
comes from the input data structure. Our work demonstrates that if there is no
input data structure, both neural networks and traditional methods cannot be better
than random guessing. It suggests that the input data structures (useful patterns)

are crucial for efficient machine learning in real-world applications.



Provable guarantees for neural networks via gradient feature learning. The
current theoretical analysis of deep neural network is not adequate for understand-
ing their success, e.g., the Neural Tangent Kernel approach fails to capture their
key feature learning ability, while recent analyses on feature learning are typically
problem-specific. In Chapter 3, our work (Shi et al., 2023d) proposes a unified
analysis framework for two-layer networks trained by gradient descent, which
extends the first work to general data distributions. The framework is centered
around the principle of feature learning from gradients, and its effectiveness is
demonstrated by applications in several prototypical problems such as mixtures
of Gaussians and parity functions. The framework also sheds light on interesting
network learning phenomena such as feature learning beyond kernels and the
lottery ticket hypothesis.

Fourier feature in one-layer Transformers. In the evolving landscape of machine
learning, a pivotal challenge lies in deciphering the feature representations har-
nessed by neural networks and Transformers. In Chapter 4, our work (Li et al.,
2024b) directs our focus to the complex algebraic learning task of modular addition
involving k inputs. Our research presents a thorough analytical characterization of
the features learned by stylized one-hidden layer neural networks and one-layer
Transformers in addressing this task. A cornerstone of our theoretical framework
is the elucidation of how the principle of margin maximization shapes the features
adopted by one-hidden layer neural networks. We demonstrate that a neuron count
of these networks attain a maximum margin solution. Furthermore, we establish
that each hidden-layer neuron aligns with a specific Fourier feature, integral to
solving modular addition problems. By correlating our findings with the empirical
observations of similar studies, we contribute to a deeper comprehension of the
intrinsic computational mechanisms of neural networks. Furthermore, we observe
similar computational mechanisms in attention matrices of one-layer Transformers.
Our work stands as a significant stride in unraveling their operation complexities,

particularly in the realm of complex algebraic tasks.



Feature learning in in-context learning. Large language models (LLM) have
emerged as a powerful tool for Al, with the key ability of incontext learning (ICL),
where they can perform well on unseen tasks based on a brief series of task examples
without necessitating any adjustments to the model parameters. One recent interest-
ing mysterious observation is that models of different scales may have different ICL
behaviors: larger models tend to be more sensitive to noise in the test context. In
Chapter 5, our work (Shi et al., 2024b) studies this observation theoretically aiming
to improve the understanding of LLM and ICL. We analyze two stylized settings:
(1) linear regression with one-layer singlehead linear Transformers and (2) parity
classification with two-layer multiple attention heads Transformers (non-linear
data and non-linear model). In both settings, we give closed-form optimal solutions
and find that smaller models emphasize important hidden features while larger
ones cover more hidden features; thus, smaller models are more robust to noise
while larger ones are more easily distracted, leading to different ICL behaviors.
This sheds light on where Transformers pay attention to and how that affects ICL.

1.2 What Forward Path will be led by Feature
Learning?

Pre-trained representations (a.k.a. foundation models) have recently become a
prevalent learning paradigm, where one first self-supervised pre-trains a represen-
tation function using large-scale unlabeled data and then learns simple predictors
on top of the representation using small labeled data from the downstream tasks.
The self-supervised pre-training can compete with or outperform supervised pre-
training on the downstream prediction performance. Practical examples like GPT-3
(a language generative model introduced by OpenAl, has 175B parameters trained
on 300B tokens and costs millions of dollars), CLIP, DALL-E, PaLM, and Flamingo
have obtained effective representations universally useful for a wide range of down-
stream tasks. There are two key desiderata for the representation function: label

efficiency (the ability to learn an accurate classifier on top of the representation



with a small amount of labeled data) and universality (usefulness across a wide
range of downstream tasks). As we have a better understanding of feature learning
emerging from input data structure, it can advise us on the proper way to improve
foundation models.

In Chapter 6 and Chapter 7, we provide several cases of using feature learning
analysis in real-world applications to gain two key desiderata. Furthermore, in
Chapter 8 and Chapter 9, we illustrate how to utilize feature learning to improve

Transformers. Here, we made a summary with high-level intuition

Domain generalization. The ability to generalize to unseen domains is crucial
for machine learning systems deployed in the real world, especially when we only
have data from limited training domains. In Chapter 6, we propose a simple and
effective regularization method based on the nuclear norm of the learned features
for domain generalization. Intuitively, the proposed regularizer mitigates the im-
pacts of environmental features and encourages learning domain-invariant features.
Theoretically, we provide insights into why nuclear norm regularization is more
effective compared to ERM and alternative regularization methods. Empirically, we
conduct extensive experiments on both synthetic and real datasets. We show that
nuclear norm regularization achieves strong performance compared to baselines in
a wide range of domain generalization tasks. Moreover, our regularizer is broadly
applicable with various methods such as ERM and SWAD with consistently im-
proved performance, e.g., 1.7% and 0.9% test accuracy improvements respectively

on the DomainBed benchmark.

Contrastive regularization. In Chapter 7, we focus on one of the most popular
instantiations of this paradigm: contrastive learning with linear probing, i.e., learn-
ing a linear predictor on the representation pre-trained by contrastive learning. We
show that there exists a trade-off between the two desiderata so that one may not
be able to achieve both simultaneously. Specifically, we provide analysis using a
theoretical data model and show that, while more diverse pre-training data result

in more diverse features for different tasks (improving universality), it puts less



emphasis on task-specific features, giving rise to larger sample complexity for down-
stream supervised tasks, and thus worse prediction performance. Guided by this
analysis, we propose a contrastive regularization method to improve the trade-off.
We validate our analysis and method empirically with systematic experiments

using real-world datasets and foundation models.

Looped Transformers in in-context learning. In-context learning has been recog-
nized as a key factor in the success of Large Language Models (LLMs). It refers to
the model’s ability to learn patterns on the fly from provided in-context examples
in the prompt during inference. Previous studies have demonstrated that the Trans-
former architecture used in LLMs can learn feature by implementing a single-step
gradient descent update by processing in-context examples in a single forward pass.
In Chapter 8, our work show that, during in-context learning, a looped Transformer
can learn feature by implementing multi-step gradient descent updates in forward
passes. We study linear looped Transformers in-context learning on linear vector
generation tasks. We show that linear looped Transformers can learn feature by
implementing multi-step gradient descent efficiently for in-context learning. Our
results demonstrate that as long as the input data has a constant condition number,
the linear looped Transformers can achieve a small error by multi-step gradient
descent during in-context learning. Our findings offer new insights into the mecha-
nisms behind LLMs and potentially guiding the better design of efficient inference
algorithms for LLMs.

Utilizing attention feature to compress input. Large Language Models (LLMs)
have demonstrated remarkable capabilities in handling long context inputs, but this
comes at the cost of increased computational resources and latency. In Chapter 9,
our research (Shi et al., 2024a) introduces a novel approach for the long context
bottleneck to accelerate LLM inference and reduce GPU memory consumption. Our
research demonstrates that LLMs can identify relevant tokens by attention feature
in the early layers before generating answers to a query. Leveraging this insight,
we propose an algorithm that uses early layers of an LLM as filters to select and



compress input tokens, significantly reducing the context length for subsequent
processing. Our method, GemFilter, demonstrates substantial improvements in
both speed and memory efficiency compared to existing techniques. Notably, it
achieves a 2.4 x speedup and 30% reduction in GPU memory usage compared to
SOTA methods. GemFilter is simple, training-free, and broadly applicable across
different LLMs. Crucially, it provides interpretability by allowing humans to inspect
the selected input sequence. These findings not only offer practical benefits for LLM
deployment, but also enhance our understanding of LLM internal mechanisms,

paving the way for further optimizations in LLM design and inference.

1.3 Summary of Contributions

This thesis makes several significant contributions to understanding feature learning
in neural networks and its applications in foundation models.

The first major contribution is a theoretical understanding of feature learn-
ing emergence. We demonstrated that feature learning emerges from input data
structures during early training steps. Our analysis proved that neural networks
can learn class-relevant patterns with minimal parameters, avoiding the curse of
dimensionality that plagues traditional methods. We developed a unified analy-
sis framework for two-layer networks trained by gradient descent, revealing how
feature learning occurs beyond kernel approaches.

The second key contribution centers on novel insights into Transformer architec-
ture. We characterized feature representations in one-layer Transformers through
the lens of Fourier features and revealed the relationship between model scale and
in-context learning behavior. Our work demonstrated how larger models cover
more hidden features while smaller models emphasize important ones, providing
crucial insights into model behavior at different scales.

The third significant contribution focuses on practical applications in founda-
tion models. We introduced nuclear norm regularization for improved domain
generalization and developed contrastive regularization methods to balance uni-

versality and label efficiency. Additionally, we created the GemFilter algorithm for



efficient long-context processing in LLMs and proposed looped Transformers for

implementing multi-step gradient descent in in-context learning.

1.4 Thesis Outline

The remainder of this thesis is organized into two main parts, focusing on theo-
retical understanding of feature learning emergence and practical applications in
foundation models.

Chapter 2-Chapter 5 establish the theoretical foundations of feature learning
emergence. Chapter 2 analyzes how feature learning emerges from input data
structures in neural networks. We present our theoretical framework for under-
standing feature learning in the first few training steps and demonstrate why neural
networks can avoid the curse of dimensionality while traditional methods cannot.
Chapter 3 introduces our unified analysis framework for two-layer networks trained
by gradient descent, showing how gradient-based feature learning occurs beyond
kernel approaches. Chapter 4 and Chapter 5 extends our analysis to Transform-
ers, characterizing Fourier features in one-layer Transformers and examining the
relationship between model scale and in-context learning behavior.

Chapter 6-Chapter 9 focus on practical applications of feature learning in foun-
dation models. Chapter 6 presents our nuclear norm regularization method for
domain generalization, including theoretical analysis and empirical validation
across various tasks. Chapter 7 explores the trade-off between universality and
label efficiency in contrastive learning, introducing our contrastive regularization
method to improve this balance. Chapter 8 describes our work on looped Trans-
formers for in-context learning, demonstrating how they can implement multi-step
gradient descent updates. Chapter 9 presents GemkFilter, our algorithm for efficient
long-context processing in Large Language Models, showing how feature learning
can be leveraged to improve computational efficiency.

Chapter 10 concludes the thesis by summarizing our key findings and contribu-

tions to feature learning theory and practice. We discuss the broader implications
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of our work for the field of machine learning and outline promising directions for
future research.

Each chapter begins with an overview of the specific problem being addressed
and concludes with a discussion of results and their implications. Technical proofs
and additional experimental details are provided in appendices to maintain read-

ability while ensuring completeness.
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2 A THEORETICAL ANALYSIS ON FEATURE LEARNING IN NEURAL

NETWORKS: EMERGENCE FROM INPUTS AND ADVANTAGE OVER

FIXED FEATURES

Contribution statement. This chapter is joint work with Junyi Wei and Yingyu
Liang. The author Zhenmei Shi proposed the method, contributed to part of the
theoretical analysis, and completed all the experiments. The results of this chapter
have been published as a conference paper in ICLR 2022 (Shi et al., 2022c).

2.1 Introduction

Various empirical studies have shown that an important characteristic of neural
networks is their feature learning ability, i.e., to learn a feature mapping for the
inputs which allow accurate prediction (e.g., Zeiler and Fergus (2014); Girshick
et al. (2014); Zhang et al. (2019); Manning et al. (2020)). This is widely believed
to be a key factor to their remarkable success in many applications, in particular,
an advantage over traditional machine learning methods. To understand their
success, it is then crucial to understand the source and benefit of feature learning in
neural networks. Empirical observations show that networks can learn neurons that
correspond to different semantic patterns in the inputs (e.g., eyes, bird shapes, tires,
etc. in images (Zeiler and Fergus, 2014; Girshick et al., 2014) ). Moreover, recent
progress (e.g., Caron et al. (2018); Chen et al. (2020c); He et al. (2020a); Jing and
Tian (2020)) shows that one can even learn a feature mapping using only unlabeled
inputs and then learn an accurate predictor (usually a linear function) on it using
labeled data. This further demonstrates the feature learning ability of neural net-
works and that these input distributions contain important information for learning
useful features. These empirical observations strongly suggest that the structure of
the input distribution is crucial for feature learning and feature learning is crucial

for the strong performance. However, it is largely unclear how practical training
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methods (gradient descent or its variants) learn important patterns from the inputs
and whether this is necessary for obtaining the superior performance, since the
empirical studies do not exclude the possibility that some other training methods
can achieve similar performance without feature learning or with feature learning
that does not exploit the input structure. Rigorous theoretical investigations are
thus needed for answering these fundamental questions: How can effective features
emerge from inputs in the training dynamics of gradient descent? Is learning features from
inputs necessary for the superior performance?

Compared to the abundant empirical evidence, the theoretical understanding
still remains largely open. One line of work (e.g. Jacot et al. (2018); Li and Liang
(2018); Du et al. (2019); Allen-Zhu et al. (2019b); Zou et al. (2020); Chizat et al.
(2019) and many others) shows in certain regime, sufficiently overparameterized
networks are approximately linear models, i.e., a linear function on the Neural
Tangent Kernel (NTK). This falls into the traditional approach of linear models
on fixed features, which also includes random features (Rahimi and Recht, 2008)
and other kernel methods (Kamath et al., 2020). The kernel viewpoint thus does
not explain feature learning in networks nor the advantage over fixed features. A
recent line of work (e.g. Daniely and Malach (2020); Bai and Lee (2019); Ghorbani
et al. (2020); Yehudai and Shamir (2019); Allen-Zhu and Li (2019, 2020a); Li et al.
(2020); Malach et al. (2021) and others) shows examples where networks provably
enjoy advantages over fixed features, under different settings and assumptions.
While providing insightful results separating the two approaches, most studies
have not investigated if the input structure is crucial for feature learning and thus
the advantage. Also, most studies have not analyzed how gradient descent can
learn important input patterns as effective features, or rely on strong assumptions
like models or data atypical in practice (e.g., special networks, Gaussian data, etc).

Towards a more thorough understanding, we propose to analyze learning prob-
lems motivated by practical data, where the labels are determined by a set of class
relevant patterns and the inputs are generated from these along with some back-
ground patterns. We use comparison for our study: (1) by comparing network
learning approaches with fixed feature approaches on these problems, we analyze
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the emergence of effective features and demonstrate feature learning leads to the
advantage over fixed features; (2) by comparing these problems to those with the
input structure removed, we demonstrate that the input structure is crucial for
feature learning and prediction performance.

More precisely, we obtain the following results. We first prove that two-layer
networks trained by gradient descent can efficiently learn to small errors on these
problems, and then prove that no linear models on fixed features of polynomial
sizes can learn to as good errors. These two results thus establish the provable ad-
vantage of networks and implies that feature learning leads to this advantage. More
importantly, our analysis reveals the dynamics of feature learning: the network
first learns a rough approximation of the effective features, then improves them to
get a set of good features, and finally learns an accurate classifier on these features.
Notably, the improvement of the effective features in the second stage is needed
for obtaining the provable advantage. The analysis also reveals the emergence and
improvement of the effective features are by exploiting the data, and in particular,
they rely on the input structure. To formalize this, we further prove the third result:
if the specific input structure is removed and replaced by a uniform distribution,
then no polynomial algorithm can even weakly learn in the Statistical Query (5Q)
learning model, not to mention the advantage over fixed features. Since SQ learning
includes essentially all known algorithms (in particular, mini-batch stochastic gradi-
ent descent used in practice), this implies that feature learning depends strongly on
the input structure. Finally, we perform simulations on synthetic data to verify our
results. We also perform experiments on real data and observe similar phenomena,
which show that our analysis provides useful insights for the practical network
learning.

Our analysis then provides theoretical support for the following principle: feature
learning in neural networks depends strongly on the input structure and leads to the superior
performance. In particular, our results make it explicit that learning features from
the input structure is crucial for the superior performance. This suggests that
input-distribution-free analysis (e.g., traditional PAC learning) may not be able to

explain the practical success, and advocates an emphasis of the input structure in
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the analysis. While these results are for our proposed problem setting and network
learning in practice can be more complicated, the insights obtained match existing
empirical observations and are supported by our experiments. The compelling
evidence hopefully can attract more attention to further studies on modeling the

input structure and analyzing feature learning.

2.2 Related Work

This section provides an overview while more technical discussions can be found
in Appendix A.3.

Neural Tangent Kernel (NTK) and Linearization of Neural Networks. One line
of work (e.g. Jacot et al. (2018); Li and Liang (2018); Matthews et al. (2018); Lee
et al. (2019a); Novak et al. (2019); Yang (2019); Du et al. (2019); Allen-Zhu et al.
(2019b); Zou et al. (2020); Ji and Telgarsky (2019b); Cao et al. (2020); Geiger et al.
(2020); Chizat et al. (2019) and more) explains the success of sufficiently over-
parameterized neural network by connecting them to linear methods like NTK.
Though their approaches are different, they all base on the observation that when
the network is sufficiently large, the weights stay close to the initialization during the
training, and training is similar to solving a kernel method problem. This is typically
referred to as the NTK regime, or lazy training, or linearization. However, networks
used in practice are usually not large enough to enter this regime, and the weights
are frequently observed to traverse away from the initialization. Furthermore,
in this regime, network learning is essentially the traditional approach of linear
methods over fixed features, which cannot establish or explain feature learning and
the advantage of network learning.

Advantage of Neural Networks over Linear Models on Fixed Features. Since
the superior network learning results via gradient descent are not well explained
by the NTK view, a recent line of work has turned to learning settings where
neural networks provably have advantage over linear models on fixed features
(e.g. Daniely and Malach (2020); Refinetti et al. (2021); Malach et al. (2021); Dou
and Liang (2020); Bai and Lee (2019); Ghorbani et al. (2020); Allen-Zhu and Li
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(2019); see the great summary in Malach et al. (2021)). While formally establishing
the advantage, they have not thoroughly answered the two fundamental questions
this work focuses on; in particular, most existing work has not studied whether
the input structure is a crucial factor for feature learning and thus the advantage,
and/or has not considered how the features are learned in more practical training
scenarios. For example, Ghorbani et al. (2020) show the advantage of networks in
approximation power and Dou and Liang (2020) show their statistical advantage,
but they do not consider the learning dynamics (i.e., how the training method
obtains the good network). Allen-Zhu and Li (2019) prove the advantage of the
networks for PAC learning with labels given by a depth-2 ResNet and Allen-Zhu
and Li (2020a) prove for Gaussian inputs with labels given by a multiple-layer
network, while neither considers the influence of the input structure on feature
learning or the advantage. Daniely and Malach (2020) prove the advantage of
the networks for learning sparse parities on specific input distributions that help
gradient descent learn effective features for prediction, and Malach et al. (2021)
consider similar learning problems but with specifically designed differentiable
models, while our work analyzes data distributions and models closer to those in
practice and also explicitly focuses on whether the input structure is needed for the
learning. There are also other theoretical studies on feature learning in networks
(e.g. Yehudai and Ohad (2020); Zhou et al. (2021b); Diakonikolas et al. (2020); Frei
et al. (2020)), which however do not directly relate feature learning to the input

structure or the advantage of network learning.

2.3 Problem Setup

To motivate our setup, consider images with various kinds of patterns like lines
and rectangles. Some patterns are relevant for the labels (e.g., rectangles for distin-
guishing indoor or outdoor images), while the others are not. If the image contains
a sufficient number of the former, then we are confident that the image belongs to
a certain class. Dictionary learning or sparse coding is a classic model of such data
(e.g., Olshausen and Field (1997); Vinje and Gallant (2000); Blei et al. (2003)). We
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thus model the patterns as a dictionary, generate a hidden vector indicating the
presence of the patterns, and generate the input and label from this vector.

Let X = RY be the input space, and Y = {£1} be the label space. Suppose
M € R4*P is an unknown dictionary with D columns that can be regarded as
patterns. For simplicity, assume M is orthonormal. Let J) € {0,1}P be a hidden
vector that indicates the presence of each pattern. Let A C [D] be a subset of size k
corresponding to the class relevant patterns. Then the input is generated by M,
and the label can be any binary function on the number of class relevant patterns.
More precisely, let P C [k]. Given A and P, we first sample cT) from a distribution
D, and then generate the input X and the class label y from d:

5 +1, if Y . A Pi€P,
d) ~ ‘D&)/ X = M(br Yy = ZleA d) (21)
—1, otherwise.

Learning with Input Structure. We allow quite general D4 with the following
assumptions:

(A0) The class probabilities are balanced: Pr[} ;., i € P] =1/2.

(A1) The patterns in A are correlated with the labels with the same correlation: for
any i € A,y = Elyd:] — ElylE[d:] > 0.

(A2) Each pattern outside A is identically distributed and independent of all other
patterns. Let p, := Pr [&31 = 1] and without loss of generality assume p, < 1/2.

Let D(A, P, Dy) denote the distribution on (X, y) for some A, P, and D. Given
parameters = = (d, D, k,y, po), the family &= of distributions include all D(A, P, D)
with A C [D], P C [k], and ®d> satisfying the above assumptions. The labeling
function includes some interesting special cases:

Example 1. Suppose P = {i € [k] : i > k/2} for some threshold, i.e., we will set
the label y = +1 when more than a half of the relevant patterns are presented in
the input.
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Example 2. Suppose k is odd, and let P = {i € [k] : iis odd}, i.e., the labels are
given by the parity function on (T)j (j € A). This is useful to prove our lower bounds
via the properties of parities.

Appendix A.8 presents results for more general settings (e.g., incoherent dic-
tionary, unbalanced classes, etc.). On the other hand, our problem setup does
not include some important data models. In particular, one would like to model
hierarchical representations often observed in practical data and believed to be
important for deep learning. We leave such more general cases for future work.
Learning Without Input Structure. For comparison, we also consider learning
problems without input structure. The data are generated as above but with differ-
ent distributions D ;:

(A1) The patterns are uniform over {0,1}P: for any i € [D],Pr[&)i =1 =1/2
independently.

Given parameters =, = (d, D, k), the family =, of distributions without input
structure is the set of all the distributions with A C [D], P C [k] and D b satisfying

the above assumptions.

2.3.1 Neural Network Learning

Networks. We consider training a two-layer network via gradient descent on the
data distribution:

2m
g(x) = Z a;0((wi, x) + b;) (2.2)
im1

where w; € R4, by, a; € R, and o(z) = min(1, max(z,0)) is the truncated rectified
linear unit (ReLU) activation function. Let 0 = {wy, b;, a; 2™ denote all the param-
eters, and let superscript (t) denote the time step, e.g., g'*) denote the network at
time step t with 0(t) = {wgt),bgt), agt)}.

Loss Function. Similar to typical practice, we will normalize the data for learning:
first compute x = (X —E[X])/& where 5> = E Zle (%; —E[X;])? is the variance of the
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data, and then train on (x,y). This is equivalent to setting ¢ = (& —E[¢])/& and
generating x = M. For (X,y) from D and the normalized (x,y), we will simply
say (x,y) ~ D.

For the training, we consider the hinge-loss {(y, ) = max{1 —y{y, 0}. We will
inject some noise & to the neurons for the convenience of the analysis. (This can
be viewed as using a smoothed version of the activation &(z) = E;0(z + &) similar
to those in existing studies like Allen-Zhu and Li (2022); Malach et al. (2021). See
Section 2.5 for more explanations.) Formally, the loss is:

Lo (g;08) = By Ly, g(x; £))], where g(x; &) = Z aiBe[o((wi, x) + bi + &)
(2.3)

where & ~ N(O, O'%Imxm) are independent Gaussian noise. Let Ly (g) denote the
typical hinge-loss without noise. We also consider {, regularization: R(g; Aq,Aw) =
Zf:l Aalail® + Aw|lwi |5 with regularization coefficients A, Ay.

Training Process We first perform an unbiased initialization: for every i € [m],

1n1t1ahze w ~ N(0, 02145 q) with o, = 1/k, b(o) (O Gb) w1th op = 1/k2
~ (0) (0) (0
~ N(0,0%) with 0, = &%/(yk?), and then set w,, = w.”, b!” = b!”,
afﬂli = —aEO). We then do gradient updates:

gt :e(t—l)_n(t)ve <L®(9(t 1) )+R(g /7\&)/7‘5«}))» fort=1,2,...,T,
(2.4)

for some choice of the hyperparameters n, ?\&t), 7\‘(;E ), Gg‘), and T.

2.4 Main Results

Provable Guarantee for Neural Networks. The network learning has the following

guarantee:
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Theorem 2.1. Forany 6,¢ € (0,1), ifk = Q (log2 (D/(éy))), Po = Q(k*/D), and
max{Q(k!?/e¥2),D} < m < poly(D), then with properly set hyperparameters, for any
D € F=, with probability at least 1 — 8, there exists t € [T] such that Pr[sign(g'")(x)) #
yl <Lo(gM) <e

The theorem shows that for a wide range of the background pattern probability
Po and the number of class relevant patterns k, the network trained by gradient
descent can obtain a small classification error. More importantly, the analysis shows
the success comes from feature learning. In the early stages, the network learns and
improves the neuron weights such that on the features (i.e., the neurons’ outputs)
there is an accurate classifier; afterwards it learns such a classifier. The next section
will provide a detailed discussion on the feature learning.
Lower Bound for Fixed Features. Empirical observations and Theorem 2.1 do not
exclude the possibility that some methods without feature learning can achieve
similar performance. We thus prove a lower bound for the fixed feature approach,

i.e., linear models on data-independent features.

Theorem 2.2. Suppose ¥ is a data-independent feature mapping of dimension N with
bounded features, i.e., ¥ : X — [—1, 1IN, For B > 0, the family of linear models on ¥
with bounded norm B is Hg = {h(X) : h(X) = (Y(X),w), |[w|2. < BLIf3 <k <D/16
and k is odd, then there exists D € Jz such that all h € Hyg have hinge-loss at least
Po (1 - @)

So using fixed features independent of the data cannot get loss nontrivially
smaller than p, unless with exponentially large models. In contrast, viewing the
neurons o((wi,Xx) + b;) as learned features, network learning can achieve any loss
e € (0,1) with models of polynomial sizes. We emphasize the lower bound is
because the feature map V¥ is independent of the data. Indeed, there exists a small
linear model on a small dimensional feature map allowing 0 loss for each data
distribution in our problem set F= (Lemma 2.5). However, this feature map V* is
different for different data distribution in J=, i.e., depends on the data. On the other

hand, the feature map V¥ in the lower bound is data-independent, i.e., fixed before
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seeing the data. For ¥ to work simultaneously for all distributions in J=, it needs to
have exponential dimensions. Intuitively, it needs a large number of features, so
that there are some features to approximate each ¥;. There are exponentially many
data distributions in J=z, and thus exponentially many data-dependent features
V¥, which requires ¥ to have an exponentially large dimension. Network learning
updates the hidden neurons using the data and can learn to move the features to
the right positions to approximate the ground-truth data-dependent features V¥,
so it does not need an exponentially large dimension feature map.

The theorem directly applies to linear models on fixed finite-dimensional feature
maps, e.g., linear models on the input or random feature approaches (Rahimi and
Recht, 2008). It also implies lower bounds to infinite dimensional feature maps
(e.g., some kernels) that can be approximated by feature maps of polynomial
dimensions. For example, Claim 1 in Rahimi and Recht (2008) implies that a
function f using shift-invariant kernels (e.g., RBF) can be approximated by a model
(¥Y(x), w) with the dimension N and weight norm B bounded by polynomials of
the related parameters of f like its RKHS norm and the input dimension. Then
our theorem implies some related parameter of f needs to be exponential in k for f
to get nontrivial loss, formalized in Corollary 2.3. Kamath et al. (2020) has more
discussions on approximating kernels with finite dimensional maps.

Corollary 2.3. For any function f using a shift-invariant kernel X with RKHS norm
bounded by L, or f(x) = ), ®iK(zi,x) for some data points z; and ||«ll, < L. If3 <
k < D/16 and k is odd, then there exists D € F= such that f has hinge-loss at least

poly(d,L) 1
Po <1 - 2k ) " poly(d,L)"

Lower Bound for Without Input Structure. Existing results do not exclude the

possibility that some learning methods without exploiting the input structure can
achieve strong performance. To show the necessity of the input structure, we
consider learning J=z, with input structure removed. We obtain a lower bound for
such learning problems in the classic Statistical Query (SQ) model (Kearns, 1998).
In this model, the algorithm can only receive information about the data through
statistical queries. A statistical query is specified by some polynomially-computable
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property predicate Q of labeled instances and a tolerance parameter T € [0, 1]. For
a query (Q,7), the algorithm receives a response Pq € [Pq — 1,Pq + T, where
Po = Pr[Q(x,y) is true]. Notice that a query can be simulated using the average
of roughly O(1/7?) random data samples with high probability. The SQ model
captures almost all common learning algorithms (except Gaussian elimination)

including the commonly used mini-batch SGD, and thus is suitable for our purpose.

Theorem 2.4. For any algorithm in the Statistical Query model that can learn over F=, to

classification error less than 3 — —, either the number of queries or 1/t must be at least

. ()
()7
The theorem shows that without the input structure, polynomial algorithms
in the SQ model cannot get a classification error nontrivially smaller than random
guessing. The comparison to the result for with input structure then shows that
the input structure is crucial for network learning, in particular, for achieving the

advantage over fixed feature models.

2.5 Proof Sketches

Here we provide the sketch of our analysis, focusing on the key intuition and
discussing some interesting implications. The complete proofs are included in
Appendix A.4-A.6.

2.5.1 Provable Guarantees of Neural Networks

Overall Intuition. We first show that there is a two-layer network that can represent
the target labeling function, whose neurons can be viewed as the “ground-truth”
features to be learned. We then show that after the first gradient step, the hidden
neurons of the trained network become close to the ground-truth: their weights
contain large components along the class relevant patterns but small along the
background patterns. We further show that in the second gradient step, these
features get improved: the “signal-noise” ratio between the components for class
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relevant patterns and those for the background ones becomes larger, giving a set of
good features. Finally, we show that the remaining steps learn an accurate classifier
on these features.

Existence of A Good Network. We show that there is a two-layer network that can
fit the labels.

Lemma 2.5. For any D € Fz, there exists a network g*(x) = Y_i; aio((w},x) + b})
withy = g*(x) for any (x,y) ~ D. Furthermore, the number of neurons n = 3(k + 1),
laf| < 32k, 1/(32k) < [bi] < 1/2, wi = &) ;.4 My/(4k), and [(w},x) + bi| < 1 for
any i € nland (x,y) ~ D.

In particular, the weights of the neurons are proportional to } ;.5 M;, the sum
of the class relevant patterns. We thus focus on analyzing how the network learns
such neuron weights.

Feature Emergence in the First Gradient Step. The gradient for w; (ignoring the

noise) is:

dLp(9g)
aWi

= —a;E(xy)~» (YIyg(x) < Ho'[(wyi, x) + bi]x}

= —a;Exy)~p {yxo'[(wi, x) + bi]}

where the last step is due to g(x) = 0 by the unbiased initialization. Let q; =
(M;, w;) denote the component along the direction of the pattern M;. Then the
component of the gradient on M; is:

0
<Mj, WLD(9)> =— a;E{yd;o’[(wi,x) + bil}
=—aEydio’ | D deqe+ by
Le[D]

The key intuition is that with the randomness of ¢, (and potentially that of the
injected noise §), the random variable under o’ is not significantly affected by a

small subset of ¢¢q,. For example, for class relevant patterns j € A, let I;p) =
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o’ [Zze[m deqe —l—bi} and I 5 = o’ [ZzeA $eqe + bi]. We have [jp) =~ [_, and
thus:

9|2

0
<Mj/ WLD(9)> x E{ydjlip1} ~ E{yd;l_a} = E{yd;}E[l_a]l = ~E[I_4]
since y only depends on ¢;(j € A). Then the gradient has a nontrivial component
along the pattern. Similarly, for background patterns j ¢ A, the component of the
gradient along M; is close to 0.

Lemma 2.6 (Informal). Assume p,, k as in Theorem 2.1 and cr(;) < 1/k, then with high
probability 55-Ln(g'"; of) = —al” Y2 MyT; where for a small e,

o ifj € A, then|T; — By/6] < O(e./&) with f € [Q(1),1];
o ifj € A, then |T;| < O(03 €.0).

By setting Ay’ = 1/(2n"), we have

D
(1) _ (1) (0 . oBY
w' =1V Y MjTimnVa FE M;.
j=1

jeA

For small p,, e.g., po = O(k?/D), these neurons can already allow accurate predic-
tion. However, for such small p,, we cannot show a provable advantage of networks
over fixed features. On the other hand, for larger p, meaning a significant number of
background patterns in the input, the approximation error terms T;(j & A) together
can overwhelm the signals T;(j € A) and lead to bad prediction, even though each
term is small. Fortunately, we will show that the second gradient step can improve
the weights by decreasing the ratio between T;(j ¢ A) and Tj(j € A).

Feature Improvement in the Second Gradient Step. We note that by setting a
small n'V, after the update we still have yg(x; &) < 1 for most (x,y) ~ D and thus

the gradient in the second step is:

0
aWi

Lp(g;0:) = —aiE(xy)~p (YxEe o' [(wi, x) + by + &il}.
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We can then follow the intuition for the first step again. For j € A, the component
(M, aiml_@ (g)) is roughly proportional to LE[I_A ] where

[ ag=0' [Z $eqe+bi + &

LA

While ¢, q, may not have large enough variance, the injected noise &; makes sure
that a nontrivial amount of data activate the neuron.! ThenI_A ¢ # 0, leading to a
nontrivial component along M;, similar to the first step. On the other hand, forj ¢ A,
the approximation error term T; depends on how well 0/ [}~ ;5 125 Geqe + bi + &

approximates 0’ |}, ip) $eqe + bi + &;|. Since the q¢’s (the weight’s component
along M;) in the second step are small compared to those in the first step, we
can then get a small error term Tj. So the ratio between T;(j € A) over T;(j € A)

improves after the second step, giving better features allowing accurate prediction.
Classifier Learning Stage. Given the learned features, we are then ready to show

the remaining gradient steps can learn accurate classifiers. Intuitively, with small

hyperparameter values (0¥ = = ALY =AY < K- ol =0for2 <t <T=
m?*3), the first layer’s weights do not change too much and thus the learning is
similar to convex learning using the learned features. Formally, our proof uses the

online convex optimization technique in Daniely and Malach (2020).

2.5.2 Lower Bounds

The lower bounds are based on the following observation: our problem setup is
general enough to include learning sparse parity functions. Consider an odd k, and
let P ={i € [k] : iis odd}. Theny is given by Ta(z) := HjeA z; for z; = 2&)]- —1,1ie,
the parity function on z;(j € A). Then known results for learning parity functions
can be applied to prove our lower bounds.

'Equivalently, the network uses &(z) = Ezo(z + &), a Gaussian smoothed version of ¢, and the
smoothing allows z slightly outside the activated region of o to generate gradient for the learning.
Empirically it is not needed since typically sufficient data can activate the neurons. One potential
reason is that the data have their own noise to achieve a similar effect (a remote analog being noisy
gradients can help the optimization). Further analysis on such an effect is left for future work.
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Lower Bound for Fixed Features. We show that J= contains learning problems that
consist of a mixture of two distributions with weights p, and 1 — p, respectively,
where in the first distribution @fj’, % is given by the uniform distribution over ¢
and the label y is given by the parity function on A. On such @1(,3), Daniely and
Malach (2020) shows that exponentially large models over fixed features is needed
to get nontrivial loss. Intuitively, there are exponentially many labeling functions
IT4 that are uncorrelated (i.e., “orthogonal” to each other): E[IT4,TT4,] = O for any
A; and A;. Note that the best approximation of TT by a fixed set of features ¥;’s is
its projection on the linear span of the features. Then with polynomial-size models,
there always exists some IT4 far from the linear span.

Remark. It is instructive to compare to network learning, which finds the effective
weights } ;c, M; among the exponentially many candidates corresponding to
different A’s. This can be done efficiently by exploiting the data since the gradient is
roughly proportional to E {yx} = } ;. M;. The network then learns data-dependent
features on which polynomial size linear models can achieve small loss.

Lower Bound for Learning without Input Structure. Clearly, J=z, contains the
distributions D‘E\l) described above. The lower bound then follows from classic SQ
learning results (Blum et al., 1994).

Remark. The SQ lower bound analysis does not apply to F=, because in F=
the input distribution is related the labeling function. This allows networks to
learn with polynomial time/sample. While both the labeling function and the
input distribution affect the learning, few existing studies explicitly point out the
importance of the input structure. We thus emphasize the input structure is crucial

for networks to learn effective features and achieve superior performance.

2.6 Experiments

Our experiments mainly focus on feature learning and the effect of the input struc-
ture. We first perform simulations on our learning problems to (1) verify our main
theorems on the benefit of feature learning and the effect of input structure; (2)

verify our analysis of feature learning in networks. We then check if our insights
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carry over to real data: (3) whether similar feature learning is presented in real
network/data; (4) whether damaging the input structure lowers the performance.
The results are consistent with our analysis and provide positive support for the
theory. Below we present part of the results and include the complete experimental
details and results in Appendix A.7.
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Figure 2.1: Test accuracy on simulated data with or without input structure.

Simulation: Verification of the Main Results. We generate data according to our
problem setup, with d = 500,D = 100,k = 5,p, = 1/2, a randomly sampled A,
and labels given by the parity function. We then train a two-layer network with
m = 300 following our learning process, and for comparison, we also use two
fixed feature methods (the NTK and random feature methods based on the same
network). Finally, we also use these three methods on the data distribution with
the input structure removed (i.e., Fz, in Theorem 2.4).

Figure 2.1 shows that the results are consistent with our results. Network learn-
ing gets high test accuracy while the two fixed feature methods get significantly
lower accuracy. Furthermore, when the input structure is removed, all three meth-
ods get test accuracy similar to random guessing.

Simulation: Feature Learning in Networks. We compute the cosine similarities
between the weights w;’s and visualize them by Multidimensional Scaling. (Recall
that our analysis is on the directions of the weights without considering their scaling,

and thus it is important to choose cosine similarity rather than say the typical
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Euclidean distance.) Figure 2.2 shows that the results are as predicted by our
analysis. After the first gradient step, some weights begin to cluster around the
ground-truth } ;. Mj (or — 3 ;.o M; due to the a; in the gradient update which
can be positive or negative). After the second step, the weights get improved and
well-aligned with the ground-truth (with cosine similarities > 0.99). Furthermore,
if a classifier is trained on the features after the first step, the test accuracy is about
52%; if the same is done after the second step, the test accuracy is about 100%. This
demonstrates while some effective features emerge in the first step, they need to be

improved in the second step to get accurate prediction.

Step 0 Step 1 Step 2

Figure 2.2: Visualization of the weights w;’s after initialization/one gradient
step/two steps in network learning on the synthetic data. The red star denotes the
ground-truth } ;_, M;; the orange staris — ) ;, M;. The red/orange dots are the
weights closest to the red /orange star, respectively.

Step 0 Step 3 Step 20
100

Figure 2.3: Visualization of the neurons” weights in a two-layer network trained on
the subset of MNIST data with label 0/1. The weights gradually form two clusters.

Real Data: Feature Learning in Networks. We perform experiments on MNIST (Le-
Cun et al., 1998; Deng, 2012), CIFAR10 (Krizhevsky, 2012), and SVHN (Netzer
etal., 2011). On MNIST, we train a two-layer network with m = 50 on the subset
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Figure 2.4: Test accuracy at different steps for an equal mixture of Gaussian inputs
with data: (a) MNIST, (b) CIFAR10, (c) SVHN.

with labels 0/1 and visualize the neurons” weights as in the simulation. Figure 2.3
shows a similar feature learning phenomenon: effective features emerge after a
few steps and then get improved to form two clusters. Similar results are observed
on other datasets. These suggest the insights obtained in our analysis are also
applicable to the real data.

Real Data: The Effect of Input Structure. Since we cannot directly manipulate
the input distribution of real data, we perform controlled experiments by injecting
different inputs. For labeled dataset £ and injected input U, we first train a teacher
network fitting £, then use the teacher network to give labels on a mixture of
inputs from £ and U, and finally train a student network on this new dataset M
consisting of the mixed inputs and the teacher network’s labels. Checking the
student” performance on different parts of M and comparing to those by directly
training the student on the original data £ can reveal the impact of changing the
input structure. We use MNIST, CIFAR10, or SVHN as £, and use Gaussian or
images in Tiny ImageNet (Le and Yang, 2015) as U. The networks for MNIST are
two-layer with m =9, and those for CIFAR10/SVHN are ResNet-18 convolutional
neural networks (He et al., 2016).

Figure 2.4 shows the results on an equal mixture of data and Gaussian. It
presents the test accuracy of the student on the original data part, the Gaussian
part, and the whole mixture. For example, on CIFAR10, the network learns well
over the CIFAR10 part (with accuracy similar to directly training on the original



29

data) but learns slower with worse accuracy on the Gaussian part. Furthermore,
the accuracy on the whole mixture is lower than that of training on the original
CIFAR10. This shows that the input structure indeed has a significant impact on
the learning. While MNIST+Gaussian shows a less significant trend (possibly
because the tasks are simpler), the other datasets show similar significant trends as
CIFAR10+Gaussian (the results using Tiny ImageNet are in the appendix).
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3 PROVABLE GUARANTEES FOR NEURAL NETWORKS VIA

GRADIENT FEATURE LEARNING

Contribution statement. This chapter is joint work with Junyi Wei and Yingyu
Liang. The author Zhenmei Shi proposed the method, contributed to part of the
theoretical analysis, and completed all the experiments. The results of this chapter
have been published as a conference paper in NeurIPS 2023 (Shi et al., 2023d).

3.1 Introduction

Neural network learning has achieved remarkable empirical success and has been
a main driving force for the recent progress in machine learning and artificial
intelligence. On the other hand, theoretical understandings significantly lag behind.
Traditional analysis approaches are not adequate due to the overparameterization
of practical networks and the non-convex optimization in the training via gradient
descent. One line of work (e.g. Jacot et al. (2018); Li and Liang (2018); Chizat
et al. (2019); Du et al. (2019); Allen-Zhu et al. (2019b); Zou et al. (2020) and many
others) shows under proper conditions, heavily overparameterized networks are
approximately linear models over data-independent features, i.e., a linear function
on the Neural Tangent Kernel (NTK). While making weak assumptions about the
data and thus applicable to various settings, this approach requires the network
learning to be approximately using fixed data-independent features (i.e., the kernel
regime, or fixed feature methods). It thus fails to capture the feature learning
ability of networks (i.e., to learn a feature mapping for the inputs which allow
accurate prediction), which is widely believed to be the key factor to their empirical
success in many applications (e.g., Zeiler and Fergus (2014); Girshick et al. (2014);
Zhang et al. (2019); Manning et al. (2020)). To study feature learning in networks,
a recent line of work (e.g. Allen-Zhu and Li (2019); Bai and Lee (2019); Yehudai
and Shamir (2019); Allen-Zhu and Li (2020a); Ghorbani et al. (2020); Daniely and
Malach (2020); Li et al. (2020); Malach et al. (2021) and others) shows examples
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where networks provably enjoy advantages over fixed feature methods (including
NTK), under different settings and assumptions. While providing more insights,
these studies typically focus on specific problems, and their analyses exploit the
specific properties of the problems and appear to be unrelated to each other. Is there
a common principle for feature learning in networks via gradient descent? Is there a unified
analysis framework that can clarify the principle and also lead to provable error guarantees
for prototypical problem settings?

In this work, we take a step toward this goal by proposing a gradient feature
learning framework for analyzing two-layer network learning by gradient descent.
(1) The framework makes essentially no assumption about the data distribution
and can be applied to various problems. Furthermore, it is centered around features
from gradients, clearly illustrating how gradient descent leads to feature learning
in networks and subsequently accurate predictions. (2) It leads to error guarantees
competitive with the optimal in a family of networks that use the features induced
by gradients on the data distribution. Then for a specific problem with structured
data distributions, if the optimal in the induced family is small, the framework
gives a small error guarantee.

We then apply the framework to several prototypical problems: mixtures of
Gaussians, parity functions, linear data, and multiple-index models. These have
been used for studying network learning (in particular, for the feature learning
ability), but with different and seemingly unrelated analyses. In contrast, straight-
forward applications of our framework give small error guarantees, where the main
effort is to compute the optimal in the induced family. Furthermore, in some cases
like parities, we can handle more general data distributions than existing work.

Finally, we also demonstrate that the framework sheds light on several interesting
network learning phenomena such as feature learning beyond the kernel regime,
simplicity bias, and lottery ticket hypothesis (LTH). Due to space limitations, we
present implications about features beyond the kernel regime in the main body but
defer other implications in Section B.3 with a brief here. (1) For simplicity bias,
it is generally believed that the optimization has some implicit regularization effect
that restricts learning dynamics to a low capacity subset of the whole hypothesis
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class, so can lead to good generalization Neyshabur (2017); Gidel et al. (2019). Our
framework provides an explanation that the learning first learns simpler functions
and then more sophisticated ones where the simplicity bias is measured by the size
of the family of gradient feature-induced networks. (2) For LTH, our framework
allows us to formally prove LTH for two-layer networks, showing (a) the winning
lottery subnetwork exists and (b) gradient descent on the subnetwork can learn
to similar loss in similar runtime as on the whole network. (b) is novel and not

analyzed in existing work.

3.2 Related Work

Neural Networks Learning Analysis. Recently there has been an increasing interest
in the analysis of network learning. One line of work connects the sufficiently over-
parameterized neural network to linear methods around its initialization like NTK
(e.g. Jacot et al. (2018); Li and Liang (2018); Matthews et al. (2018); Zou et al.
(2018); Oymak and Soltanolkotabi (2019); Lee et al. (2019a); Novak et al. (2019);
Yang (2019); Du et al. (2019); Allen-Zhu et al. (2019b); Chizat et al. (2019); Oymak
et al. (2019); Arora et al. (2019a); Cao and Gu (2019); Ji and Telgarsky (2019b);
Cao et al. (2020); Geiger et al. (2020); Liang et al. (2024h); Gu et al. (2024) and
more), so that the neural network training is a convex problem. The key idea is that
it suffices to consider the first-order Tyler expansion of the neural network around
the origin when the initialization is large enough. However, NTK lies in the lazy
training (kernel) regime that excludes feature learning Chizat and Bach (2018a);
Lee et al. (2018); Woodworth et al. (2020); Geiger et al. (2021). Many studies
(e.g. Arora et al. (2019b); Allen-Zhu and Li (2019); Wei et al. (2019); Ghorbani
et al. (2019); Yehudai and Shamir (2019); Hanin and Nica (2019); Allen-Zhu et al.
(2019a); Bai and Lee (2019); Allen-Zhu and Li (2020a); Daniely and Malach (2020);
Dou and Liang (2020); Lee et al. (2020); Chen et al. (2020a); Yang and Hu (2020);
Huang and Yau (2020); Li et al. (2020); Ghorbani et al. (2020); Refinetti et al. (2021);
Malach et al. (2021); Luo et al. (2021); Cao et al. (2022); Abbe et al. (2022b); Shi
et al. (2023d) and more) show that neural networks take advantage over NTK
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empirically and theoretically. Another line of work is the mean-field (MF) analysis
of neural networks (e.g. Mei et al. (2018); Chizat and Bach (2018b); Mei et al.
(2019); Sirignano and Spiliopoulos (2020); Chen et al. (2022); Ren et al. (2023) and
more). The insight is to see the training dynamics of a sufficiently large-width
neural network as a PDE. It uses a smaller initialization than the NTK so that
the parameters may move away from the initialization. However, the MF does
not provide explicit convergence rates and requires an unrealistically large width
of the neural network. One more line of work is neural networks max-margin
analysis (e.g. Soudry et al. (2018); Gunasekar et al. (2018a); Nacson et al. (2019b);
Ji and Telgarsky (2019a); Lyu and Li (2019); Nacson et al. (2019a); Chizat and
Bach (2020); Moroshko et al. (2020); Ji and Telgarsky (2020); Telgarsky (2022);
Frei et al. (2023b,a); Lyu et al. (2021) and more). They need a strong assumption
that the convergence starts from weights having perfect training accuracy, while
feature learning happens in the early stage of training. To explain the success of
neural networks beyond the limitation mentioned above, some work introduces
the low intrinsic dimension of data distributions (Chen et al., 2019a,b; Bartlett
et al., 2020; Frei et al., 2021; Chatterji et al., 2021; Stoger and Soltanolkotabi, 2021).
Another recent line of work is that a trained network can exactly recover the ground
truth or optimal solution or teacher network (Du et al., 2018; Arora et al., 2018;
Nacson et al., 2019¢; Papyan et al., 2020; Oymak and Soltanolkotabi, 2020; Zhou et al.,
2021b; Akiyama and Suzuki, 2021, 2023; Mousavi-Hosseini et al., 2022), but they
have strong assumptions on data distribution or model structure, e.g., Gaussian
marginals. Goldt et al. (2019); Wang et al. (2020a); Feng and Tu (2021); Abbe
et al. (2022a); Veiga et al. (2022) show that training dynamics of neural networks
have multiple phases, e.g., feature learning at the beginning, and then dynamics
in convex optimization which requires proxy convexity (Frei and Gu, 2021) or PL
condition (Karimi et al., 2016) or special data structure.

Feature Learning Based on Gradient Analysis. A recent line of work is studying
how features emerge from the gradient. Allen-Zhu and Li (2022); Frei et al. (2022c)
consider linear separable data and show that the first few gradient steps can learn
good features, and the later steps learn a good network on neurons with these
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features. Daniely and Malach (2020); Shi et al. (2022c); Frei et al. (2022b) have
similar conclusions on non-linear data (e.g., parity functions), while in their prob-
lems one feature is sufficient for accurate prediction (i.e., single-index data model).
Damian et al. (2022) considers multiple-index with low-degree polynomials as
labeling functions and shows that a one-step gradient update can learn multiple
features that lead to accurate prediction. Ba et al. (2022) studies one gradient step
feature improvements under different learning rates. Radhakrishnan et al. (2023)
proposes Recursive Feature Machines trying to show the mechanism of recursively
feature learning but without giving a final loss guarantee. These studies consider
specific problems and exploit the properties of the data to analyze the gradient in a
delicate way, while our work provides a general framework applicable to different
problems.

3.3 Gradient Feature Learning Framework

Problem Setup. Let X C R¢ denote the input space, Y C R the label space. Let D
be an arbitrary data distribution over X x Y. Denote the class of two-layer networks

with m neurons as:

Fam = {g(a,W,b) ‘ Jiaw,p)(X) == a’ [U(WTX —b)] = Z a; [o({wy, x) —by)] },
ielm]
(3.1)

where o(z) = max(z,0) is the ReLU activation function, a € R™ is the second layer
weight, W € R4*™ is the first layer weight, w; is the i-th column of W (i.e., the
weight for the i-th neuron), and b € R™ is the bias for the neurons. For technical
simplicity, we only train a, W but not b. Let superscript (t) denote the time step,
€.8., §(at, W p) denote the network at time step t. Denote = := (a, W, b), =t :=
(a(t),W(t),b).

The goal of neural network learning is to minimize the expected risk, i.e.,
Lp(g) == Exy)~pLxy)(g), where £,,)(g) = {(yg(x)) is the loss on an exam-



35

ple (x,y) for some loss function {(-), e.g., the hinge loss £(z) = max{0, 1 —z}, and the
logistic loss {(z) = log[1 4 exp(—z)]. We also consider {, regularization. The regu-
larized loss with regularization coefficient A is £3,(g) := L5 (g) + 3 ([[W|2 + [la]3).
Given a training set with n i.i.d. samples Z = {(x'Y),yV)}1c(n) from D, the empirical
risk and its regularized version are:

Ba(9)i=— Y Louyonleh  LR(9)=Lale) + SUWIE +lald).  (32)

Then the training process is summarized in Algorithm 1.

Algorithm 1 Network Training via Gradient Descent

Initialize (a©, W(©, b)
for t=1toT do

Sample 2!t D“
alt) = qt=1 RAV /C)‘ y(gzn), W =wit-D Vwﬁ)\ n(g=zin)
end for

In the whole paper, we need some natural assumptions about the data and the
loss.

Assumption 3.1. We assume E[||x||2] < By, E[||x]|3] < Bxa, [|x|l2 < By and for any label
y, we have ly| < 1. We assume the loss function {(-) is a 1-Lipschitz convex decreasing
function, normalized £(0) =1, €’(0)| = ©(1), and {(co0) = 0.

Remark 3.2. The above are natural assumptions. Most input distributions have the bounded
norms required, and the typical binary classification Y = {£1} satisfies the requirement.
Also, the most popular loss functions satisfy the assumption, e.g., the hinge loss and logistic
loss.

3.3.1 Warm Up: A Simple Setting with Frozen First Layer

To illustrate some high-level intuition, we first consider a simple setting where the
tirst layer is frozen after one gradient update, i.e., no updates to W for t > 2 in
Algorithm 1.
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The first idea of our framework is to provide guarantees compared to the optimal
in a family of networks. Here let us consider networks with specific weights for the
first layer:

Definition 3.3. For some fixed W € RY*™, b € RY, and a parameter B 4o, consider the

following family of networks Fw v ,, and the optimal approximation network loss in this

family:

FwpbBy, = {g(a,W,b] € Fam | lall2 < BaZ}/ OPTwpbe,:= min Lp(f).
9EFW,b,B 4,

(3.3)

The second idea is to compare to networks using features from gradient descent.
As an illustrative example, we now provide guarantees compared to networks with

first layer weights W1 (i.e., the weights after the first gradient step):

Theorem 3.4 (Simple Setting). Assunte Lz, (f(qwi ) is L-smooth to a. Letn'¥) =
LAY =0, forall t €{2,3,..., T} Training by Algorithm 1 with no updates for the first
layer after the first gradient step, w.h.p., there exists t € [T] such that

Lo(g(am wnp)

L (1) 2 BZ BZ W(l) ZBZ b 2
<omwm,b,3az+o< o+ B, [EL WO+ | ug)_

T n

Intuitively, the theorem shows that if the weight W1 after one step gradient
gives a good set of neurons in the sense that there exists a classifier on top of
these neurons with low loss, then the network will learn to approximate this good
classifier and achieve low loss. The proof is based on standard convex optimization
and the Rademacher complexity (details in Section B.4.1).

Such an approach, while simple, has been used to obtain interesting results
about network learning in existing work, which shows that W) can indeed give
good neurons due to the structure of the special problems considered (e.g., parities

on uniform inputs Barak et al. (2022), or polynomials on a subspace Damian
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et al. (2022)). However, it is unclear whether such intuition can still yield useful
guarantees for other problems. So for our purpose of building a general framework
covering more prototypical problems, the challenge is what features from gradient
descent should be considered so that the family of networks for comparison can
achieve a low loss on other problems. The other challenge is that we would like
to consider the typical case where the first layer weights are not frozen. In the
following, we will introduce the core concept of Gradient Features to address the
first challenge, and stipulate proper geometric properties of Gradient Features for

the second challenge.

3.3.2 Core Concepts in the Gradient Feature Learning Framework

Now, we will introduce the core concept in our framework, Gradient Features, and
use it to build the family of networks to derive guarantees. As mentioned, we
consider the setting where the first layer is not frozen. After the network learns
good features, to ensure the updates in later gradient steps of the first layer are
still benign for feature learning, we need some geometric conditions about the
gradient features, which are measured by parameters in the definition of Gradient
Features. The conditions are general enough so that, as shown in Section 3.4, many
prototypical problems satisfy them and the induced family of networks enjoy low
loss leading to useful guarantees.

We begin by considering what features can be learned via gradients. Note
that the gradient w.r.t. w; is MaLWEg) = aiEqy) ' (yg(x))y [0’ ((wi, x) —bi)lx] =
a;iExy) €' (yg(x))yxI[(wi,x) > bi]]. Inspired by this, we define the following no-

tion:

Definition 3.5 (Simplified Gradient Vector). For any w € R4, b € R, a Simplified

Gradient Vector is
G(W,b) := E ()~ [yxIw x > b]]. (3.4)

Remark 3.6. Note that the definition of G(w, b) ignores the term {'(yg(x)) in the gradient,
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where f is the model function. In the early stage of training (or the first gradient step),
'() is approximately a constant, i.e., £’ (yg(x)) ~ €'(0) due to the symmetric initialization
(see Equation (3.9)).

Definition 3.7 (Gradient Feature). For a unit vector D € R with ||D||, = 1, and a
v € (0,1), a direction neighborhood (cone) Cp ,, is defined as:

Cpy = {w [ [{(w,D)l/[[wl]l2 > (1—7v)}. (3.5)

Let w € RY, b € R be random variables drawn from some distribution W, B. A Gradient
Feature set with parameters p,y, Bg is defined as:
b
Sp,y,Bg(ng) = {(D/S) | Pr [G(W/b) € eD,‘y ’ HG(W/b)HZ 2 BG ;S = m] 2 P}

w,b

(3.6)
When clear from context, write it as S, .

Remark 3.8. The gradient features are simply the normalized vectors D that are given
(approximately) by the simplified gradient vectors. (Similarly, the normalized scalar s is
given by the bias b.) To be a useful gradient feature, we require the direction to be “hit”
by sufficiently large simplified gradient vectors with sufficient large probability, so as to be
distinguished from noise and remain useful throughout the gradient steps. Later we will
use the gradient features when 'W, B are the initialization distributions.

To make use of the gradient features, we consider the following family of net-
works using these features and with bounded norms, and will provide guarantees

compared to the best in this family:
Definition 3.9 (Gradient Feature Induced Networks). The Gradient Feature Induced

Networks are:

Fa,mBes (3.7)
={g(awp) € Fam | Vi€ M), [a;] < Bay, [|af> < Baz, (Wi, bi/[bil) €S, |bil < By},
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where S is some Gradient Feature set and By := (B 41, Baa, Bv) are some parameters.

Remark 3.10. In the Gradient Feature Induced Networks, the weight and the bias of a
neuron are simply the scalings of some item in the feature set S (for simplicity the scaling of
w; is absorbed into the scaling of a; and by).

Definition 3.11 (Optimal Approximation via Gradient Features). The optimal approx-
imation network and loss using Gradient Feature Induced Networks JF 4 , g, s are defined

as:

g" :=argmin L(f), OPT4,p.s:= min Lp(f). (3.8)

gef{deF/S gegrd,r,BF,S

3.3.3 Provable Guarantee via Gradient Feature Learning

To obtain the guarantees, we first specify the symmetric initialization. It is conve-
nient for the analysis and is typical in existing analysis (e.g., Daniely and Malach
(2020); Damian et al. (2022); Allen-Zhu and Li (2022); Shi et al. (2022c¢)), though

some other initialization can also work. Formally, we train a two-layer network with
(0)

4m neurons, g(qw,b) € Faam. We initialize a; ,wi(o) from Gaussians and b; from
a constant for i € {1,..., m}, and initialize the parameters fori € {m +1,...,4m}

accordingly to get a zero-output initial network. Specifically:

forie{l,...,m}: a§°) ~N(0, Gﬁ),wi(o) ~N(0,0%1),b; = b,
forie{m+1,...,2m}: al? = a9  wl® = _ W bi=-bi_m, (39)

1 1—m/ 1

forie{2m+1,...,4m}: a; =-a W, =

where (7%1, 02, b > 0are hyper-parameters. After initialization, a, W are updated as
in Algorithm 1.
We are now ready to present our main result in the framework.
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Theorem 3.12 (Main Result). Assume Assumption 3.1. Forany €,6 € (0,1), if m < e
and

4
(1 By 1 1 2
m=a| e (fB“B“VE) 75ty (8 (5)) ) (310
o (1 (ﬁBazBEBxl +m6> <\/10gm+ 1 )) (3.11)

€ (mp)s VBbBs By (mp)i
3
mB, B2 Bb(mp)%logm ( B, Tm 1 )3
=Q a2 1 1+ ——)v/By ,
" ( erBa1vBg " VB2 Tlog pd T BG) ?

(3.12)

then with initialization (3.9) and proper hyper-parameter values, we have with probability
> 1 — 0 over the initialization and training samples, there exists t € [T] in Algorithm 1
with:

Prlsign(gzw (x)) # yl <L (gzwv) (3.13)
vV Bx
<OPTq4,1,8,5,,5. T TBa1Bx11/2y + 0O ( %) +e.
e BGn§

Intuitively, the theorem shows when a data distribution admits a small approx-
imation error by some “ground-truth” network with r neurons using gradient
g ) the
gradient descent training can successfully learn good neural networks with suffi-

features from S, g (i.e., a small optimal approximate loss OPTq, ;s

ciently many m neurons.
Now we discuss the requirements and error guarantee. Viewing boundedness
parameters Bqq, By etc. as constants, then the number m of neurons learned is

r4 . . . a“
et ) a polynomial overparameterization compared to the “ground-

roughly © (
truth” network. The proof shows that such an overparameterization is needed such
that some neurons can capture the gradient features given by gradient descent. This

is consistent with existing analysis about overparameterization network learning,
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and also consistent with existing empirical observations.

The error bound consists of three terms. The last term € can be made arbitrarily

small, while the other two depend on the concrete data distribution. Specifically,
with larger r and vy, the second term increases. While the first term (the optimal
approximation loss) decreases, since larger r means a larger “ground-truth” net-
work family, and larger Y means a larger Gradient Feature set S,,, 5.. So there
is a trade-off between these two terms. When we later apply the framework to
concrete problems (e.g., mixtures of Gaussians, parity functions), we will show
that depending on the specific data distribution, we can choose proper values for
1,7y to make the error small. This then leads to error guarantees for the concrete
problems and demonstrates the unifying power of the framework.
Proof Sketch. The intuition in the proof of Theorem 3.12 is closely related to the
notion of Gradient Features. First, the gradient descent will produce gradients that
approximate features in S, , .. Then, the gradient descent update gives a good set
of neurons, such that there exists an accurate classifier using these neurons with
loss comparable to the optimal approximation loss. Finally, the training will learn
to approximate the accurate classifier, resulting in the desired error guarantee. The
complete proof is in Section B.4, including the proper values for hyper-parameters
like n'*) in Theorem B.17. Below we briefly sketch the key ideas and omit the
technical details.

We first show that a large subset of neurons has gradients at the first step as good
features. (The claim can be extended to multiple steps. For simplicity, we follow
existing work (e.g., Daniely and Malach (2020); Shi et al. (2022c)) and present only
the first step.) Let V; denote the gradient of the i-th neuron Vy,, L5 (g=© ). Denote

the subset of neurons with nice gradients approximating feature (D, s) as:

ago)‘ Bg}

(3.14)

G(D,s)Nice := {i € 2m]:s =bi/bil, (Vi,D) > (1 —v) [|Vill,, | Vill, =

Lemma 3.13 (Feature Emergence). For any r size subset {(D1,s1),...,(Ds,s+)} C
Sp.v,Be, With probability at least 1—re~®™P), for all j € [r], we have |G (b, 5;) Nicel = 52
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Thisisbecause V; = K/(O)aEO)E(X,U) [go’ [(wim),x> — bi} x] = E’(O)aEO]G(wi(O),bi).
Now consider s; = +1 (the case —1 is similar). Since w; is initialized by Gaus-
sians, by Vi’s connection to Gradient Features, we can see that for all i € [m],
Pr [i € G(p;,+1),N ice] > . Thelemma follows from concentration via a large enough
m, i.e., sufficient overparameterization. The gradients then allow obtaining a set of

neurons approximating the “ground-truth” network with comparable loss:

Lemma 3.14 (Existence of Good Networks). For any 6 € (0, 1), with proper hyper-
parameter values, with probability at least 1 — 8, there is @ such that ||dljo = O (r(mp)%

and g g w py(X) = S i a0 ((wim,x> — bi> satisfies

2B
Lo(giawn p)) < OPTd,r,BF,Sp/%BG +vV2rB 1By <\/_+ '/ \/_ng>

Given the good set of neurons, we finally show that the remaining gradient
steps can learn an accurate classifier. Intuitively, with small step sizes n'Y), the
first layer’s weights w; do not change too much and thus the learning is similar to
convex learning using the good set of neurons. Technically, we adopt the online
convex optimization analysis in Daniely and Malach (2020) to get the final loss

guarantee in Theorem 3.12.

3.4 Applications in Special Cases

In this section we will apply the gradient feature learning framework to some
specific problems, corresponding to concrete data distributions D. We primarily
focus on prototypical problems for analyzing feature learning in networks. We will
present here the results for mixtures of Gaussians and parity functions, and include

the complete proofs and some other results in Section B.5.
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3.4.1 Mixtures of Gaussians

Mixtures of Gaussians are among the most fundamental and widely used statistical
models. Recently, it has been used to study neural network learning, in particular,
the effect of gradient descent for feature learning of two-layer neural networks and
the advantage over fixed feature methods Refinetti et al. (2021); Frei et al. (2022c).
Data Distributions. We follow notations from Refinetti et al. (2021). The data
are from a mixture of r high-dimensional Gaussians, and each Gaussian is as-
signed to one of two possible labels in Y = {+1}. Let 8(y) C [r] denote the set
of indices of Gaussians associated with the label y. The data distribution is then:
q(x,y) = q(y)q(xly), q(xly) = >_;cs(y) PiNj(x), where Nj(x) is a multivariate nor-
mal distribution with mean p;, covariance X;, and p; are chosen such that q(x,y) is
correctly normalized. We will make some assumptions about the Gaussians, for

which we first introduce some notations.

N

=2, i = ~\/E, B :=min||{ti||,, B,z :=max||{i||o, ‘= minp;.