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(green) of the given shape Ŝ (red). . . . . . . . . . . . . . . . . . . . . . . 113

5.1 Proposed approach for predicting subject-specific structural performance:

Taylor series expansion of the FE solution for the mean shape as applied

in a heat transfer problem. . . . . . . . . . . . . . . . . . . . . . . . . . . 117



xv

5.2 The thin-plate deformation as a function of the boundary points XΓ: (a)

the undeformed domain, the initial boundary points XΓ (blue), and the

positions of the perturbed boundary points XΓ (red); (b) the deformed

domain based on the boundary perturbation XΓ → XΓ; (c) the FE mesh

of the mean shape; (d) the deformed FE mesh. . . . . . . . . . . . . . . . 122

5.3 Partition the domain into different regions and conduct Taylor expansion

in each region separately. . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.4 A 2D heat transfer problem: Dirichlet boundary condition u = 50 on Γ1

(red circle), Neumann boundary condition ∂u
∂n = −200(green boundary),

thermal load: q = 1000000 in the center of the hand (yellow area). . . . . 132

5.5 Predicted temperature distribution due to shape variations in the first

mode. The color means the temperature, and its range follows the same

color bar as in Figure 5.4. . . . . . . . . . . . . . . . . . . . . . . . . . . 133

5.6 The errors between the temperatures predicted by Taylor expansion and

from FE analysis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

5.7 Comparing Taylor expansion with FE analysis of thermal compliance: (a)

c̃ = c(0) + w1∂c/∂w1; (b) c̃ = c(0) + w2∂c/∂w2; (c) c̃ = c(0) + w3∂c/∂w3;

(d) cumulative distribution functions from Taylor expansions and from

500 Monte Carlo simulations. . . . . . . . . . . . . . . . . . . . . . . . . 141

5.8 A 2D linear elasticity problem: (a) FE model of the mean shape: Dirichlet
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Abstract

The goal of this dissertation research is to use pre-existing shape data to improve

efficiency and quality of custom design and analysis.

The rapid advancement of sensor miniaturization and growing sensor networks and

computer power has lead to wide availability of massive shape data from populations of

objects. Such massive shape data range from human body shapes to longitudinal knee

observations of osteoarthritis patients. Populations of shape data also include shapes of

man-made objects, such as part shapes of the same model due to manufacturing process

variation as well as part shapes due to shape degradation after deployment. Mining

and analysis of such massive population-based shape data can result in knowledge of

shape variability of the population and lead to the construction of faithful subject-

specific 3D shape models from sparse measurements. It is then possible to predict

shape-specific functional performance and population-wide structural performance

variation. Such an ability brings about unprecedented capabilities and tantalizing

opportunities for mass customization, part-specific failure prediction and just-in-time

part maintenance, and patient-specific biomedical intervention and treatment.

This work aims at developing efficient approaches that can: 1) construct faithful

subject-specific shape models from sparse measurements; 2) predict shape-specific

structural performance from a given subject-specific shape model; and 3) predict

structural performance variation over a shape population. Toward this end, we present
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a statistical atlas based approach that incorporates statistical shape modeling in

subject-specific shape reconstruction, finite element (FE) modeling and analysis.

The statistical atlas contains three parts: the mean shape and the variation modes

of the shape population which span a linear shape space, the FE mesh of the mean

shape, and the selected feature points and sizing dimensions. The feature points and

sizing dimensions are selected by maximizing the total variance they capture of the

shape population. Given a subject (e.g. a person), the corresponding dimensions

are measured and the subject specific shape model is synthesized. The FE mesh of

the mean shape serves as the template mesh which can be morphed to the subject

shape to conduct subject-specific FE analysis. The FE solution on the template

mesh can also be extrapolated to the subject shape through Taylor expansion. The

shape variances along the variation modes are obtained by the principal component

analysis. These variances tell the amount of shape variabilities in the population and

are combined with the Taylor expansion of the FE solution to obtain the structural

performance variation across the population. The numerical testings with various 2D

and 3D shape databases demonstrate the efficiency and effectiveness of the proposed

approach for custom design and analysis.

In this dissertation a statistical atlas based framework is developed for custom

design and analysis. The main contributions of this work are: 1) An approach that

selects feature points and sizing dimensions based on the total variance captured

of the shape population. 2) Automated subject-specific FE modeling through mesh

morphing based on the shape correspondence obtained by searching in the shape space.

A multi-correlation based metric is developed to evaluate the quality of the obtained
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shape correspondences. 3) A Taylor expansion approach for predicting subject-specific

structural performance and computing structural performance variation over a shape

population. Multi-point Taylor expansion approach is developed for the cases that

the structural performance is highly nonlinear with respect to the shape parameters.



1

1

Introduction

The goal of this dissertation research is to use pre-existing shape data to enhance

custom design and analysis. It is achieved through building a statistical atlas that

incorporates statistical shape modeling in subject-specific shape reconstruction, finite

element (FE) modeling, and finite element analysis.

1.1 Background, motivation and challenges

The rapid advancement of sensor miniaturization and growing sensor networks and

computer power has lead to wide availability of massive shape data from populations

of objects. Such massive shape data range from human body shapes in Civilian

American and European Surface Anthropometry Resource [1] and Size China [2],

to longitudinal knee observations of a large population of osteoarthritis patients [3].

Populations of shape data also include shapes of man-made objects, such as part

shapes of the same model due to manufacturing process variation as well as part

shapes due to shape degradation after deployment. Mining and analysis of such

massive population-based shape data can result in knowledge of shape variability

of the population and lead to the construction of faithful subject-specific 3D shape

models from sparse measurements. It is then possible to predict shape-specific
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functional performance and population-wide structural performance variation. Such

an ability brings about unprecedented capabilities and tantalizing opportunities for

mass customization [4; 5], part-specific failure prediction [6; 7] and just-in-time part

maintenance, and patient-specific biomedical intervention and treatment [8; 9]. Thus

this work aims at developing efficient approaches that can: 1) construct faithful

subject-specific shape models from sparse measurements; 2) predict shape-specific

structural performance from the given subject-specific shape model; and 3) compute

structural performance variation over the shape population.

1.1.1 Constructing faithful subject-specific shape models

Constructing faithful subject-specific shape model for a given subject is the first

step to custom design and analysis. For example, subject-specific human body

shape models are used in virtual reality for custom fitting and interaction design of

personalized items like eye-glasses [5], shoes [4], and helmet [10]. The shape models

of patient-specific anatomical structures (tibias, femurs) are used in the implant

design [11] and prediction of structural performance via subject-specific finite element

analysis [8; 12]. However, due to the tedious and error-prone process [13] of obtaining

neat subject shape models from images or scanned point clouds, its applications have

been limited.

In order to address this issue, methods that bypass the above processes have

been proposed. For example, parametric shape models [14; 13; 15] are widely used in

personalized customization, where the complete shape model of a subject is generated

by a few dimensions measured on the subject (sparse measurements). However,
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as pointed out in [5], there is no standardized method to determine what suitable

dimensions are and how to choose them. Sparse shape reconstruction is another

technique [16; 17] for rapid shape completion. The inputs are the positions of the

sparse markers on the subject obtained by sensors. The output is the reconstructed

shape. Similarly, the challenge is where to put the markers so we can have faithful

reconstructions.

Feature points are the points that capture the geometric characteristics of an

object. They usually have certain anatomical significance or geometric meaning. For

example, the left and right lateral malleolus points on the human body model in the

CAESAR project [1] are among the anatomical feature points. The high curvature

points and the extremity points are often used as geometric feature points. In [4],

the heel point is defined as "the vertex having the smallest x-coordinate value". The

selection of feature points is a fundamental problem in computer graphics [18] and

in CAD based custom data [14; 13] with various applications. The selected feature

points are used as the marker points based on which the 3D shape is reconstructed

[16; 17; 19]. In parametric shape design, the feature points are used to generate

semantic features [14; 13] and are used as the reference points for constructing

meaningful sizing dimensions[4; 5].

In the literature, feature point is selected on a single shape by its differential

property or the saliency. For example, in [20] the feature points are automatically

calculated on a shape by scale saliency [21]. In [22] a center-surround operator on

Gaussian-weighted mean curvatures is used to calculate saliency map on the shape. In

[23], the vertices on the convex hull of the multi-dimensional scaling (MDS) transform
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of the 3D mesh are selected as the feature points. In [16; 14] the landmarks on

the human body model were chosen by the anthropometry. In [24] the 14 feature

points are chosen from among the local protrusion points, high-curvature points, and

anatomically meaningful points.

Being carefully designed, the feature points selected by the above approaches

can represent the corresponding shape well. However, the population information of

similar shapes are not considered and the variations between different shapes in the

population are overlooked. Often, capturing the shape variations in the population is

important, especially in sparse shape reconstruction and parametric shape design.

The inputs to sparse shape reconstruction are the coordinates of sparse markers,

and the output is the reconstructed shape. The mapping from the feature points to

the complete shape is learned by regressing the shape examples in the training set on

the coordinates of the feature points [17]. If there exist variations in the population

that are not captured by the feature points, then no matter how sophisticated the

regression method is, the reconstructed shape would be very different from the real

shape, since some of the population information is missing.

Figure 1.1 shows the effects of different marker points on sparse shape reconstruc-

tion. The marker points in the top row are located at the tips of the fingers, the

marker points in the bottom row are located at the valleys of the fingers. From the

perspective of saliency, both of them are prominent points at high curvature areas.

However, as could be seen in Figure 1.1(b) and 1.1(e), the marker points in the top

row have captured the swings of the fingers while the marker points in the bottom

row have not. Since swings of fingers are the major variations in the population
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(a) Feature points on a shape (b) Feature points on 40 shapes (c) Shape reconstruction

(d) Feature points on a shape (e) Feature points on 40 shapes (f) Shape reconstruction

Figure 1.1: The effects of different marker points on the sparse shape reconstruction.

(compared to size and local shape changes), failing to capture them would lead to

major loss of the population information. As shown in Figure 1.1(c) and 1.1(e), the

shape reconstructed by the marker points in the top row is closer to the real shape

than that of the bottom row.

Similarly for the parametric shape design, where the inputs are the sizing dimen-

sions, the output is the synthesized shape. The mapping from sizing dimensions to the

complete shape is learned by regressing the shape examples in the training set on the

measured sizing dimensions [13; 14]. The obtained parametric shape model can then

be used in, for example, mass-customization of foot wear [4] and personalized item
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design (eyeglass) [5]. In [4], 24-foot dimensions (including heel length and midfoot

width) are manually chosen among the lengths and angles constructed from the 14

geometric feature points. In [5], 12 dimensions that are related to facial anatomy

are chosen by referring to the anatomical landmarks. Since capturing population

information is helpful for shape reconstruction and synthesis, we hypothesize that

the chosen sizing dimensions must capture the shape variations in the population.

1.1.2 Predicting shape-specific structural performance

The obtained subject-specific shape model enables us to predict the shape-specific

structural performance through finite element modeling and analysis. The ability of

in-time prediction of shape-specific structural performance from the given subject

shape model is critical in clinical settings such as surgical planning, surgical guidance

during surgery, and patient-specific biomedical intervention and treatment [6; 9].

However, the task of creating FE meshes such as hexahedral mesh for each subject

shape usually requires manual intervention and can be tedious and time consuming.

For example, in [8; 7] it takes 10 hours to create high quality hexahedral mesh for

the ascending aorta from the boundary triangulations by Hypermesh software. Such

lack of automation in FE modeling and its lengthy laborious process pose substantial

challenges for applications where FE modeling and analysis need to be done in a

short period of time. The ability to automate FE modeling of subject-specific shapes

would enable the wider application of subject-specific models with applications in

surgical planning, implant design and maintenance, and patient-specific treatment.
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In the literature, a common approach to efficient shape modeling or FE modeling

of subject-specific objects is through template-based deformation. For example,

morphing template meshes to subject-specific shapes has been explored in [25; 26; 27].

A mesh morphing approach to conducting statistical models of femurs was studied in

[28]. However, it has not been used to generate subject-specific FE models. Recently,

an atlas based geometry pipeline for constructing three-dimensional cubic Hermite

finite element meshes from tomographic patient image data and deforming the atlas

to a second patient has been studied in [29].

Their approaches contain two steps: 1) registration of the subject shape [25; 26; 27;

28] or image [29] to the template shape; 2) FE mesh morphing of the template mesh

to the subject with the shape correspondence obtained in the registration. However,

their approaches are unaware of the specificity of the subject shapes and have the

issues of: 1) too many variables to control the registration; 2) lack of robustness;

3) manually dependent. For example, in the free-form deformation, as pointed out

by [27], the resolution of the deformation should be approximately the size of the

smallest anatomical structures to be registered, so it requires a large number of

degrees of freedom (thousands) for the accurate registration of fine structures. This

makes the problem complex, inefficient and more importantly, not robust. Thus when

a subject shape deviates significantly from the template shape, a simple deformation

based approach, without manual specification of corresponding landmarks between

the template shape and the given shape, would fail to generate proper correspondence

between the two shapes. Therefore, the FE mesh cannot be properly transferred

from the template shape to the given shape. How to choose the template mesh also



8

remains an issue in their approaches, which will affect the subject shape registration

and later volumetric mesh morphing.

For a certain class of shapes, the shape variations follow some particular patterns,

and the deformations within the class are really constrained by a limited number of

degrees of freedom. Thus it is important to analyze the pre-existing shapes examples

and use the learned knowledge of the population to guide the shape registration and

help automate the FE modeling.

In the literature, approximation based approaches exist for structural performance

prediction that bypass the process of subject-specific FE modeling. For example, in

structural reliability analysis [30; 31; 32; 33], Taylor expansion is used to extrapolate

the FE solution of the template mesh to subject-specific structures. However, the

Taylor expansion approach requires parameterization of the finite element model with

respect to the design variables for sensitivity analysis. In the literature, such design

variables are usually material properties (e.g. density, Young’s modular) and sizes

(e.g. lengths, thickness, fillet radius, tangential and axial directions). However, for

many subject shapes, for example the shapes of bio-structures, there are no variables

directly available to parameterize the freestyle shape variations among them. Thus,

an efficient and compact way to parameterize the subject-specific shapes are needed,

which can be obtained by the statistical analysis of pre-existing shape examples [34].

Compared with subject-specific FE modeling and analysis, the Taylor expansion

approach is more efficient, however, it is an approximation of the true FE solution

and is generally not suitable to approximate highly non-linear structural performance

functions. Thus which method to use depends on the specific applications.



9

1.1.3 Computing structural performance variation over the

shape population

Nowadays, due to the ubiquitous availability of 3D sensors, it is more and more easier

to have access to massive scanning data of different subjects. As a consequence,

the population based structural analysis becomes popular, which allows us to study

the variability of structural performances within the population. The inputs for the

population based structural analysis are subject-specific shape models, the output is

the probability distribution of the structural performance within the population.

The population based analysis is crucial in a variety of applications, for example:

the structural reliability analysis and risk evaluation [31], the bio-structure fatigue

analysis and implant design [9].

Currently, there are two major approaches to conduct structural analysis over

a shape population: the subject-specific approach [12; 8] and the statistical model

based approach [6; 35; 36]. Given the shape models of different subjects, the subject-

specific approach conduct FE analysis on each individual subject shapes, from which

the structural performance over the population is obtained. The statistical model

based approach parameterizes the shape variations in the population by statistical

shape modeling (SSM) [34], based on which the statistical finite element models are

generated and Monte Carlo simulations [37; 38] are performed. The knowledge of the

performance variation is then gained.

In the subject-specific approach, given a set of shape models of different subjects,

researchers [8; 12] conduct FE analysis on each individual subject in the set to gain the

knowledge of the structural performances over the population. For example, in [8] the
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catastrophic ascending aorta aneurysm (AsAA) inflation and rupture was simulated

in 27 patient-specific finite element models. The simulation results were used to

guide the selection of meaningful metrics in risk evaluation. The subject-specific

approach is direct and easy to implement. However, since from FE meshing to FE

analysis, the subjects are modeled and analyzed independently from each other and

there’s no inter-subject correspondences, the analysis results are difficult to generalize

(interpolate and extrapolate) and it is hard to reach statistically rigorous conclusions.

To overcome the limitations due to the drawbacks of the subject-specific approach,

the statistical model based approach has been applied in structural analysis over

shape populations [6; 35; 36]. In the statistical model based approach, the shape

models of the subjects are not directly used for FE analyses, instead they are used

to construct the statistical shape model (SSM) [34], which parameterizes the shape

variations within the population. Then, by the statistical shape model, a large number

of sampling shapes are randomly generated, on which the FE models are created and

the corresponding FE analysis are performed (Monte Carlo simulations). At the end,

the results are collected and analyzed.

The use of statistical shape modeling techniques to understand shape variations

and its effect on biomechanical performance has been recently attempted in [6; 28;

35; 39; 36]. In [6], femoral neck fracture risk in a fall was studied within a population.

The geometric differences between the high risk and low risk groups were evaluated.

The uncertainties in both geometry and material properties were considered and

were modeled by principal component analysis. The statistical shape modeling in [6]

follows the general steps in [28]. Different from the typical statistical shape modeling
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[34; 40] approaches, where the shapes are in the boundary representations, the shapes

in [6; 28] are solid models with tetrahedral elements. In [36], the performance of

a cementless osseointegrated tibial tray in a general population was studied using

the finite element analysis. The variation of the tibial shape and internal loads are

modeled by principal component analysis following the steps in [39]. In [35], the

statistical shape and alignment model that accounts for the shape and alignment

variabilities of knee joints was developed and applied in the analysis of knee joint

mechanics. The review paper [9] gives a summary of the common approaches and

recent developments in this field, where the statistical shape modeling acts as a tool

that incorporates the variations in a shape population and parameterizes a shape

with several parameters.

In the foregoing literature, Monte Carlo simulations was performed to investigate

the structural performance variability caused by shape variations. That is by randomly

generating the shape parameters according to the obtained probabilistic distributions,

and obtaining a set of new shapes and new finite element mesh usually through mesh

deformation. The finite element analysis was then performed on the generated finite

element models and the results were collected, from which the distribution of the

structural performances and the relationship between shape and function are studied.

Compared with the subject-specific approach, the statistical model based ap-

proach provides a more statistically rigorous and comprehensive way of studying the

performance variation within a shape population. The drawback of this approach lies

in its inefficiency since to obtain a result with reasonable accuracy, a large number of

experiments (usually > 500) are needed and each experiment requires an expensive
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finite element analysis. Thus a more efficient way to utilize the pre-existing shape

data is needed.

1.2 Learning from the shape population

Our approach builds on statistical analysis of shape variations, also known as statistical

shape modeling (SSM). SSM has emerged as a powerful tool [34] for shape learning

from a population where statistical analysis of shape variations is conducted, typically

through principal component analysis.

Statistical shape modeling was initially proposed and applied in the field of image

segmentation in the 1990’s. Some of the earliest works are done by T.F. Cootes and

C.J. Taylor [41; 42]. In their work the image is segmented by evolving the contour of

a Smart Snake in the image domain. Different from the Active Contour Models who

deform the Snake freely, the Smart Snake is deformed within the linear shape space

learned from the training shapes. The method is called the Active Shape Models.

As an important part of the Active Shape Models, the Point Distribution Model

was introduced by T.F.Cootes in 1992 [43], which was later called the statistical

shape model. In this work, a shape is represented by a set of labeled points. Given

a set of training shapes {S1,S2, · · · ,Sns}, the mean shape S̄ and the modes of

shape variations (eigen-shapes) {ψ1,ψ2, · · · ,ψns−1} of the population are obtained

by principal component analysis. A linear shape space is spanned by the mean shape
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and the variation modes. An instance in the shape space is explicitly modeled by

S = S +
ns−1∑
i=1

ψiwi, (1.1)

where w = [w1, · · · , wns−1]T are the shape parameters. The Smart Snake evolves in

the shape space by adjusting its shape parameters w. Compared with the Active

Contour Models, where the Snake is usually a free curve, the Active Shape Models

has much fewer shape parameters and has accommodated the model specificity in

the sacrifice of variability. However, if we are only interested in a specific class of

shapes, then the model specificity is just what we need. The smaller number of shape

parameters in the Active Shape Models make the Snake evolve more robustly and

efficiently.

Statistical shape modeling has later found its success in various fields including

motion tracking [44] and parametric shape design [24; 13].

1.3 Proposed research

In this research, we present a statistical atlas based approach that incorporates

statistical shape modeling in subject-specific shape reconstruction, finite element

modeling and finite element analysis.

The statistical atlas contains three parts: a linear shape space spanned by the

mean shape S and eigen-shapes {ψ1,ψ2, · · · ,ψns−1}, the FE mesh T of the mean

shape S, and the selected feature points f and dimensions L.

The feature points and dimensions are selected on the mean shape by maximizing
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Figure 1.2: The statistical atlas.

the total variance they capture of the shape population. Then, given a subject (e.g.

a person), the corresponding measurements are made and the subject specific shape

model is reconstructed.

The FE mesh T of the mean shape serves as the template mesh by which we

either morph it to the given subject shape and conduct subject specific FE analysis or

directly extrapolate the FE solution on it to the given subject shape through Taylor

expansion.

The variances λ1, · · · , λns−1 in each variation modes ψ1, · · · ,ψns−1 are obtained

by principal component analysis. These variances tell us the amount of shapes

variabilities in the population and are combined with Taylor expansion of the FE

solution to obtain the structural performance variation across the population.
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Figure 1.3: The proposed approach.

As shown in Figure 1.3 is a schematic diagram of the proposed approach. Given

a subject, the first step is to obtain its corresponding shape parameters w in the

linear shape space. With the obtained shape parameters w, we could 1) synthesize a

subject-specific shape model for the given subject based on which the custom fitting

and interaction design can be performed; 2) efficiently predict the shape-specific

structural performance by the Taylor expansion of the FE solution of the mean shape

over the shape parameters: u(w) = u(0) +∑ ∂u
∂wi
|0wi; 3) create subject-specific FE

model by morphing the template FE mesh to the obtained shape parameters T(w)

and conduct subject-specific FE analysis u(T). Compared with (2), method (3) is

more accurate but is also more time consuming, which method to choose depends on

the applications.

In the schematic diagram, three approaches are provided to obtain the shape
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parameters w of the given subject.

In the first approach, the given subject is scanned to obtain a point-distribution

model. However, the point-distribution model will not be in the same representation

space with the instances of the statistical shape model. For example, the number of

points will be different and they will not be in correspondence. We propose to auto-

matically search the shape correspondence between the obtained point-distribution

model and the instance of the statistical shape model by deforming the mean shape in

the shape space. Based on the shape correspondence the point-distribution model is

projected into the linear shape space to obtain the corresponding shape parameters.

In the second and third approaches, mappings from the feature points and the

sizing dimensions to the shape parameters are built. Such mappings are obtained by

regressing the shape parameters of the training shapes on the simulated measurements

(e.g. positions of the feature points), since the locations of the feature points and

sizing dimensions are well defined on the mean shape and thus on all the training

shapes. Then, given the sizing dimensions or the positions of the feature points, the

regression model outputs the corresponding shape parameters. The second and third

approaches are more efficient than the first one, however, they are less accurate since

the regression is not perfect and there will always be some unexplained variations, so

which approach to use depends on the applications.

This dissertation research includes the following research contributions:

• Development of a statistical atlas based framework for custom design and

analysis.
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• Development of an approach that selects feature points and sizing dimensions

by the total variance they capture of the shape population.

• Development of a statistical shape model based approach for automated shape

registration and finite element modeling.

In the literatures, the non-rigid registration [45; 16; 46] and free-form deforma-

tion [47; 48] are commonly used methods for shape registration. In this research

we propose to search the shape correspondence by iteratively deforming the

mean shape to subject-shape in the shape space. This is inspired by the Active

Shape Model in image segmentation [49], The difference is that in [49], the

shape evolves in the image domain and domain information (e.g. nearby pixel

values, gradient information) is utilized to guide the deformation. However, our

goal is to find the point correspondences between two shapes in 2D or 3D space,

which is essentially a discrete problem. A direct adoption of the algorithm in

[49] causes oscillations and fails to find the right correspondence.

• Development of a metric to evaluate the quality of the obtained shape corre-

spondence.

In this research we propose to use the multi-correlation of the normal vectors

of two shapes to evaluate the obtained shape correspondence.

• Development of a Taylor expansion approach for predicting shape specific

structural performance and structural performance variation over a shape

population.



18

Taylor expansion is used in structural reliability analysis [31; 32; 50] to extrap-

olate the FE solution of the template structure to the structures with different

design parameters. However, for the structures that are not readily parame-

terized (e.g. bio-structures with freestyle shape variations), direct application

of this approach remains challenging. In this research, the design parameters

(shape parameters) are learned by the statistical analysis of training shapes.

• Development of a multi-point Taylor expansion approach for the cases that the

structural performance is highly nonlinear with respect to the shape parameters.

1.4 Organization of this dissertation

The remainder of this dissertation is organized as follows. Chapter 2 briefly

overviews the process of statistical shape modeling. Chapter 3 demonstrates the total

variance based feature points selection and its applications in sparse shape recon-

struction and construction of new dimensions. Chapter 4 illustrates the automated

shape registration and FE modeling for subject specific shapes by the statistical atlas

and develops a metric to evaluate the quality of the obtained shape correspondences.

Chapter 5 proposes a Taylor expansion approach for predicting the shape-specific

structural performance and structural performance variation over a shape population.

Chapter 6 summarizes this dissertation research.
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2

Statistical shape modeling

In this work, statistical shape modeling is used to learn from a population of

shapes. This section introduces the background of statistical shape modeling.

2.1 Shape population

Shape determines the appearance of an object. In 2D, shapes are often represented

by boundary contours (Figure 2.1), in 3D, shapes are often represented by boundary

surfaces. There are many other ways to represent a shape, for example, the volumetric

representation adopted in [28], Fourier shape descriptors and medial axis [51]. In this

dissertation, the shapes are in boundary representations such as polygonal contours

(2D) and triangle meshes (3D).

Statistical shape modeling (SSM) [34] is used to captures the variations and the

characteristics of a specific class of shapes through the analysis of the training shapes.

In the analysis, each training shape is represented by a set of labeled points (Figure

2.2(a)). Through principal component analysis, the mean shape is found and the

shape variations within the population are explicitly modeled. A linear shape space

is then spanned by the mean shape and the modes of shape variations. Through

statistical shape modeling, a shape instance is parameterized in the linear shape
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Figure 2.1: 40 hand shapes.

space by a few shape parameters, the probabilistic distribution of the shapes in space

are modeled by the probabilistic distribution of the shape parameters. The mean

shape of the population provides a statistical atlas, on which the template FE mesh

is created and the corresponding feature points and sizing dimensions are defined.

Figure 2.1 shows 40 hand shapes with different sizes and poses that are collected

from 4 different persons by [40]. The hand shapes are used as the training shapes for

statistical shape modeling and in this chapter serve the goal of demonstrating the

three steps of statistical shape modeling: shape registration, shape alignment, and

shape modeling. Here, all the 40 shapes are included in the training set. However, in
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practice, noises and errors are unavoidable and outliers among the training shapes

may affect the quality of statistical shape modeling. To prevent the outliers, we check

the shape parameters of each training shape after the statistical shape modeling and

exclude the shapes that have shape parameters beyond four-standard deviations from

the training set, and then we redo the statistical shape modeling with the cleaned

training set.

2.2 Shape registration

Given the training set of ns number of shapes S = {S1,S2, · · · ,Sns}, in order

to correctly calculate the population mean and model the shape variations, corre-

spondences between these shapes must be built. Based on such correspondences,

we sample the same number of points on each shape and conduct statistical shape

analysis.

The goal of shape registration is to find the correspondences between two shapes

(Figure 2.2(b)), which associate a point in one shape to a point in another shape.

Some well established shape registration methods include the rigid ICP (iterative

closest point) algorithm [52], which aligns one shape to another shape through itera-

tive rotations and translations. The non-rigid ICP algorithm [45; 53; 24] assigns an

affine transformation matrix to each point and iteratively matching points in one

set to the closest points in the other set. The free-form deformation based approach

[46; 54; 47] embeds a shape in the underlying domain (e.g. a B-spline cube) and

iteratively deforms the domain to match the points on another shape. Shape registra-
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tion through reparameterization is demonstrated in [55; 56; 57], where the training

shapes are represented by parametric surfaces (e.g. Bspline surfaces [57]) and are

re-parameterized in the parametric domain to find the correct shape correspondences.

However, the reparameterization approach requires surface parameterizations which

has limited its applications to the shape registration of complex geometries and

arbitrary topologies (e.g. aortas, tibia-fibulas).

In this research, the deformation based approach is used for shape registration.

A reference shape Sref is chosen from among the training shapes
{
Sraw1 , · · · ,Sraw(ns)

}
and is deformed to each training shape to find the shape correspondences. Ideally,

the reference shape should be close to the mean shape of the population. In practice,

the mean shape is unknown, the reference shape is chosen by avoiding the extreme

cases that it is far away from most of the other shapes in the population, since

large shape deformations are usually not robust [58]. The shape registration process

takes three steps: firstly, the reference shape is rigidly aligned (through rotations

and translations) to the training shape by the rigid ICP algorithm [52]; Then the

reference shape is further deformed to the training shape through iterative free-form

deformations [46]; Finally, the vertices of the deformed reference shape are projected

onto the training shape along the directions of normal vectors. Based on the obtained

correspondences, the training shapes are re-sampled by the same number of points in

correspondence:

Sk = [v(k)
1 , · · · ,v(k)

nb
]t, k = 1, · · · , ns, (2.1)

where Sk is the kth re-sampled training shape, nb is the number of sampling points
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on each shape, ns is the number of training shapes, and v(k)
i = [x(k)

i , y
(k)
i , z

(k)
i ] are the

coordinates of the ith vertex on the kth shape.

(a) The point distribution model (b) The shape correspondence

Figure 2.2: Shape registration and sampling.

The following subsections demonstrate the above processes of shape registration.

2.2.1 Shape alignment by rigid iterative closest point

algorithm

Rigid ICP algorithm is proposed by Besl and McKay [52] for finding the rigid

transformation between two point sets.

Here, among the ns number of training shapes, one shape is chosen as the reference

shape, note it as Sr. It is aligned to the other shapes Srawk , k = 1, · · · , ns in the

training set respectively by the rigid ICP algorithm. For simplicity, let’s denote

the reference shape Sr =
{
v(r)

1 ,v(r)
2 , · · · ,v(r)

N1

}
, and the corresponding training shape

St =
{
v(t)

1 ,v(t)
2 , · · · ,v(t)

N2

}
. The goal of rigid alignment is to find the optimal rotation

R and translation T such that the squared sum of the distances of the points in Sr
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to St is minimized:

min
R,T

N1∑
i=1

d(Rv(r)
i + T,St)2, (2.2)

where d(Rv(r)
i +T,St) is the distance of the transformed point Rv(r)

i +T to St. When

St is a point set, d(Rv(r)
i + T,St) is the distance of Rv(r)

i + T to its closest point in

St. The optimization problem in equation (2.2) is a discrete problem and is solved

by the iterative closest point algorithm [52]:

1. Firstly, the closest points of Sr =
{
v(r)

1 ,v(r)
2 · · · ,v

(r)
N1

}
in St are found: Sct ={

v(t,c)
1 ,v(t,c)

2 · · · ,v(t,c)
N1

}
.

2. Then the optimal translation T and rotation R are found for:

min
R,T

N1∑
i=1

(Rv(r)
i + T− v(t,c)

i )T (Rv(r)
i + T− v(t,c)

i ),

which has analytical solution as in [52].

3. If R and T converge, then stop; else go to step 1.

For more details of the rigid ICP algorithm, please refer to paper [52].

The rigid ICP algorithm is guaranteed to converge to a local minimum [52] and

is used here to align the reference shape to the corresponding training shape so to

reduce the amount of deformation in the following shape registration step. However,

in our 3D experiments we do observed several cases that the rigid ICP algorithm has

converged to bad local minimums (e.g. the head of a femur is aligned to the bottom
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part of another femur). In such situations manually chosen landmarks are used to

guide the alignment:

min
R,T

N1∑
i=1

d(Rv(r)
i + T,St)2 +

l∑
j=1

(Rv̄(r)
j + T− v̄j(t))T (Rv̄(r)

j + T− v̄j(t)),

where {(v̄(r)
1 , v̄(t)

1 ), · · · , (v̄(r)
l , v̄(t)

l )} are the pairs of landmarks on Sr and St, the second

term in (2.3) is used to penalize the landmark mismatches.

2.2.2 Pairwise shape registration by free-form deformation

Having aligned the reference shape to the corresponding training shape, the

iterative free-form deformation (FFD) is used to find the correspondence between

the reference shape and the training shape. Our approach is simplified from the

approach in [46], where an automated approach for shape registration by iterative free-

form deformations and fuzzy correspondences is proposed. Since in this dissertation,

our goal is to stably obtain good quality shape correspondences and apply that in

statistical shape analysis and the later custom design and analysis, a more conservative

way of shape registration is chosen. We drop the part of fuzzy correspondences in

[46] and guide the registration process by penalizing the mismatch error of the pairs

of manually specified landmarks as in the non-rigid ICP algorithm [45].

In free-form deformation (FFD) [59], a shape S ⊂ Rd in d dimensional Euclidean

space d = 2, 3 is morphed by deforming its underlying domain Ω ⊂ Rd. Here we use
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the B-spline FFD:

f(u) =
∑
i∈I

PiBi(u), u ∈ [0, 1]d, (2.3)

{Pi : i ∈ I} is the set of control points, {Bi : i ∈ I} is the set of B-bases, u is the

parameter value.

(a) Before deformation (b) After deformation

Figure 2.3: Deformation of a B-spline patch and the embedded shape.

Figure 2.3 shows the free-form deformation of a hand shape which is embedded in

a B-spline patch. The green points in the figure are the B-spline control points.

As shown by Figure 2.4(a), in this work, the shapes are represented by discrete

points. The goal of shape registration is to find the positions of the control points

{Pi} and the point-to-point shape correspondences c : vri → vtj such that the below



27

equation is minimized:

min
{Pi},c

Edeviation + αEsmooth + βElandmarks. (2.4)

The first term in (2.4)

Edeviation =
N1∑
j=1
‖f(v(r)

j )− v(t,c)
j ‖2,

is the sum of square of deviations between the deformed reference shape f(Sr) and

the target shape St, f is the deformation field as defined in (2.3), and v(t,c)
j is the

closest point of v(r)
j in St.

The second term in (2.4)

Esmooth =
∫

Ω
‖(

d∑
i=1

∂

∂xi
)2f‖2dx,

is the smoothing term and penalizes large deformations. The smoothing coefficient α

in (2.4) is chosen to be large at the initial deformation steps and reduced gradually.

To guide the deformation, we manually assign a set of landmarks to each shape

with presumed correspondences. The third term in (2.4)

Elandmarks =
l∑

i=1
‖f(v̄(r)

i )− v̄(t)
i ‖2,

captures the mismatch error of the landmarks, where {(v̄(r)
1 , v̄(t)

1 ), · · · , (v̄(r)
l , v̄(t)

l )} are

the pairs of landmarks on Sr and St. The landmark weight β in (2.4) is decided so
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that αEdeviation and βElandmarks are in the same order of magnitude.

Formula (2.4) is a formulation that has been widely used in the pairwise shape

registrations, while the shape deformation techniques applied are different. In [46; 54]

Bspline filed is used for free-form deformation. In [47] the Thin-spline is adopted.

In [45; 53; 24] affine transformation matrices are assigned to each vertex in the

deformation. Similarly as in the rigid ICP algorithm, iterative optimization approach

[45; 48; 60] is used to minimize (2.4):

• For α = N,N/2, N/4, · · · , n:

1. The closest points of Sr =
{
v(r)

1 ,v(r)
2 · · · ,v

(r)
N1

}
in St are found: Sct ={

v(t,c)
1 ,v(t,c)

2 · · · ,v(t,c)
N1

}
.

2. The positions of the control points {Pi} that minimizes (2.4) are solved.

This equals solving a set of linear equations since (2.4) is a quadratic

formula.

3. If {Pi} converge, then stop; else go to step 1.

In the above algorithm, α is a very big number N initially so only global deforma-

tions are allowed. As the reference shape gets deformed closer to the training shape,

α is decreased so to allow finer local shape deformations.

With fixed values of α and γ, equation (2.4) is guaranteed to converge to a

local minimum, since each step reduces the total energy function in (2.4). The

correspondence is updated by the closest points, so Edeviation is reduced by step 1

while Esmooth and Elandmarks remain the same. Based on the obtained correspondence,
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in step 2 the optimal positions of the control points {Pi} are solved so E is again

reduced.

After we have found the desired deformation f , we project the deformed reference

shape f(Sr) onto the target shape St along the vertex normal and establish a point-

wise correspondence between Sr and St. The normal on the vertex is calculated by

averaging the normals of its surrounding elements (line segments in 2D and triangle

facets in 3D).

In Figure 2.4(a) we show two shapes with landmarks, in Figure 2.4(b) we show

the process of free form deformation, and in Figure 2.4(c) is the projection.

2.3 Shape alignment

After the shape registration, the training shapes are sampled by the same number

of points in correspondence as in equation (2.1). Generalized Procrustes analysis

[61] is conducted to align the registered shapes {S1, · · · ,Sns} to the same coordinate

frame and to eliminate the effects of translation, rotation and scaling

min
{Rk,Tk,sk}

ns∑
k=1

(skS(k)Rk + Tk − S)2, (2.5)

where sk is the scaling coefficient of the kth shape, Rk the rotation matrix, and Tk

the translation. We have the mean shape

S = 1
ns

ns∑
i=1

(skS(k)Rk + Tk). (2.6)
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landmark on S
1

landmark on S
2

(a) Shapes in discrete points

S
1

deformation locus
S

2

(b) Locus of deformation

(c) Projection (d) Projection zooming in

Figure 2.4: Pairwise registration by free-form deformation: the template shape is in
red, the target shape is in blue.
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The mean shape is set to the unit size trace(StS) = 1, its centroid is set to the origin

and its orientations are fixed in the coordinate frame, so that the optimization (2.5)

is well defined. Figure 2.5 shows the results of the generalized Procrustes analysis of

40 hand shapes.

(a) Input shapes (b) Aligned shapes (c) Mean shape

Figure 2.5: By conducting the generalized Procrustes analysis, we obtain a set of
aligned shapes and the mean shape.

2.4 Principal component analysis

With the training shapes aligned in the same coordinate frame, principal compo-

nent analysis is conducted to model the shape variations in the population, where

each shape is treated as a vector in the Rnbd space, nb is the number of sampling

points on each shape, and d is the dimension. The mean shape of the population is

S = 1
ns

ns∑
k=1

Sk, (2.7)
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the shape covariance matrix is

Σ = 1
ns − 1ΦΦT , (2.8)

where Φ = [S1 − S, · · · ,Sns − S]. Just as all the covariance matrices do, the shape

covariance matrix Σ describes the pattern and range of variations deviate from the

population mean S. Through eigen-decomposition, we have

Σψk = λkψk, k = 1, · · · , ns − 1, (2.9)

where ψ1, · · · ,ψns−1 are the eigenvectors of the covariance matrix Σ and are or-

thonormal to each other. The amount of shape variations is maximized along the

first eigenvector, and is maximized along the second eigenvector with the components

along the first eigenvector removed and so on. λ1, · · · , λns−1 are the eigenvalues

and correspond to the amount of shape variances along these eigenvectors, they are

ordered from large to small.

The obtained mean shape S and eigenvectors (eigen-shapes) ψ1, · · · ,ψns−1 span

a linear shape space Θ. An instance in the shape space can be represented by:

S = S +
ns−1∑
k=1

wkψk, (2.10)

where w1 · · ·wns−1 are the weights on each eigen-shapes and are called the shape

parameters. The shape parameters uniquely determine an instance in the shape

space.
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(a) The first mode (b) The second mode (c) The third mode

Figure 2.6: Principal component analysis: (a) the first variation mode: S + w1ψ1,
w1 ∈ [−2σ1, 2σ1]; (b) the second variation mode: S +w2ψ2, w2 ∈ [−2σ2, 2σ2]; (c) the
third variation mode: S + w3ψ3, w3 ∈ [−2σ3, 2σ3].

In Figure 2.6 we show the first three eigen-shapes obtained by the principal

component analysis of 40 hand shapes. As a result of principal component analysis,

we have 39 eigen-shapes. However, due to the dimensionality reduction of principal

component analysis, the first several eigen-shapes capture most of the shape variances

in the population, thus only a small number of eigen-shapes need to be incorporated

in the statistical shape model. So a compact representation of the shape population

can be obtained and the potential noises in the last several eigen-shapes with close to

zero eigenvalues are avoided. Such noises are usually come from the errors in image

segmentation, shape reconstruction and surface rectification.

A truncated statistical shape model would be

S = S +
m∑
k=1

wkψk + ε, (2.11)

m is the number of modes chosen and can be determined, e.g. from
m∑
k=1

λk/
ns−1∑
k=1

λk ≥
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99%, which means that the first m modes should capture more than 99% of the total

shape variances in the training set, where ε is the random vector that captures the

remaining shape variances in the population.
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Figure 2.7: The cumulative variances of the shape population captured by the
increasing number of eigen-shapes.

Figure 2.7 shows the cumulative variances captured by the increasing number of

eigen-shapes. The first 8 eigen-shapes have captured 98.14% of the shape variances

in the population and the first 11 eigen-shapes have captured 99.01% of the shape

variances in the population. The 40 hand shapes are come from [40] and are used

here to illustrate the statistical shape modeling procedure. In our late chapters more

practical 3D shape data such human body shape models, rabbit tibia models will be

used.
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2.5 Probabilistic distributions of the shapes

For a training shape Si, its shape parameters can be obtained by projecting it

into the shape space:

wi,k = (Si − S)Tψk, k = 1, · · · , ns − 1, (2.12)

where wi,k means the kth shape parameter for the ith shape.

Thus the probabilistic distribution of the shapes in space can be modeled by

the distributions of the shape parameters. Assuming that the shapes are normally

distributed, the probability density of the vector of the shape parameters w is:

p(w) = Πm
k=1(2πσ2

k)−
1
2 e
−
w2
k

2σ2
k , (2.13)

where σk =
√
λk is the standard deviation along the kth mode, and λk is the kth

eigenvalue of the principal component analysis. Noted that as a result of the principal

component analysis, the shape parameters are uncorrelated with each other. While

most researches exploit the synthesis power of the statistical shape model and focus

on shape synthesis by the mean shape and the eigen-shapes, we view equations (2.11)

and (2.13) a probabilistic description of the shape distributions and build our methods

on it. In each of the later chapters there is a section briefly introduces the statistical

shape modeling to make them self contained.
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3

Total variance based feature point

selection and applications

Constructing faithful subject-specific shape model for a given subject is the first

step to custom design and analysis. However, the process of obtaining neat subject

shape models from images or scanned point clouds is tedious and error-prone. The

sparse shape reconstruction and parametric shape model are used to bypass this

process. The inputs are the positions of the sparse markers obtained by sensors or

the measurements of sizing dimensions. The output is the complete shape model

reconstructed for the subject. The challenge is where to put the markers and what

dimensions to choose so we can have faithful reconstructions.

Feature points are the points that capture the geometric characteristics of an

object. They usually have certain anatomical significance or geometric meaning. The

selection of feature points is a fundamental problem with various applications. For

example, they are used as the marker points in sparse shape reconstruction and

are used as the reference points for generating meaningful sizing dimensions in the

parametric shape design. The selection of feature points have many more applications

including shape registration, cross-parameterization, and shape approximation, which
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will not be enumerated here.

In the literature, feature point is selected on a single shape by its differential

property or saliency. The population information of similar shapes are not considered.

Being carefully chosen, they can represent the corresponding shape well. However,

the variations between different shapes within the population are overlooked.

In this work, through statistical shape modeling, we evaluate the feature points

by the amount of variance they capture of the shape population, which leads to an

algorithm that sequentially selects and ranks the feature points. In this way, the

selected feature points explicitly incorporate the population information of the shapes.

Then, we demonstrate how the proposed feature point selection approach can be

incorporated in the applications of sparse shape reconstruction, construction of new

dimensions and shape classification through sparse measurements.

The numerical examples validate the effectiveness and efficiency of the proposed

approach.

3.1 Method overview

The proposed feature points selection approach takes two steps as shown in Figure

3.1: 1) statistical shape modeling to learn the shape variations in the population;

2) selecting the feature points by the amount of variance they capture of the shape

population.

Given the training shapes, firstly, statistical shape modeling [40] is conducted

to learn the mean shape S and the variation modes Ψ = [ψ1,ψ2, · · · ,ψns−1] of the
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Inputs: training
shapes: {S1 · · ·Sns}

SSM: S = S + ∑
ψiwi

Variance based
feature point selec-
tion: maxf %S(f)

Figure 3.1: Total variance based feature points selection.

shape population. The mean shape and the variation modes span a linear shape

space, any instance in the shape space can be represented as the linear combination

of the mean shape and the variation modes as shown in Figure 3.1. The weights

w = [w1, w2, · · · , wns−1] of the variations modes are called the shape parameters,

whose probability distribution p(w) is learned from statistical shape modeling of the

shape population. Since the variation modes are unit vectors, the total variance of

the shape population equals the total variance of the shape parameters var(w)p(w).

The foregoing notation means the variance of w under the distribution of p(w).

Then, given the vector of feature points f =
{
vi1 · · ·vinf

}
, the conditional proba-

bility distribution of the shape parameters p(w|f) is calculated, the corresponding

conditional variance var(w)p(w|f) is obtained. The difference between the total vari-

ance and the conditional variance is the amount of variance of the shape parameters

explained (captured) by the feature points. The percentage of the total variance in
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the shape population captured by the feature points is then:

%w(f) = var(w)p(w) − var(w)p(w|f)

var(w)p(w)
. (3.1)

Thus, from the population perspective, the best set of feature points is the set that

captures the highest percentage variance (3.1) of the shape population. This leads to

a forward selection algorithm that sequentially selects and ranks the feature points.

Then, the selected feature points are incorporated in the applications of: 1) sparse

shape reconstruction, 2) construction and selection of new dimensions, and 3) shape

classification by sparse measurements.

3.2 Statistical shape modeling

Statistical shape modeling is used to obtain the variation modes of the shape popula-

tion and the variances along the variation modes.

Given the set of training shapes {S1, · · · ,Sns} registered by the free-form defor-

mation approach and re-sampled by the same number of points in correspondences:

Sk = [v(k)
1 , · · · ,v(k)

nv ]T , k = 1, · · · , ns. (3.2)

Generalized Procrustes analysis [61] is used to align them in the same coordinate

frame and then principal component analysis is applied to obtain the mean shape

S and eigen-shapes Ψ = [ψ1, · · · ,ψns−1] of the population. The first m number of

eigen-shapes are chosen such that 99% of the variances in the shape population is
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captured
m∑
k=1

λk/
ns−1∑
k=1

λk ≥ 99%. The mean shape and the first m eigen-shapes give a

compact representation of the shape population:

S = S +
m∑
k=1

wkψk + ε, (3.3)

where w = [w1, · · · , wm]T are the shape parameters, ε is the random vector that

captures the remaining shape variances in the population.

(a) Training Shapes (b) Mean shape

Figure 3.2: Shape population of human body: (a) training shapes in the same
coordinate frame, (b) the mean shape.

Figure 3.2 shows the training shapes of the human body model and the corre-

sponding mean shape. Figure 3.2 shows the first three eigen-shapes of the population.

The first eigen-shape is related to the change in height, the second eigen-shape is

related to the change in width, and the third eigen-shape is related to some local

shape changes.
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(a) +Mode 1 (b) +Mode 2 (c) +Mode 3

(d) -Mode 1: height (e) -Mode 2: width (f) -Mode 3: body shape

Figure 3.3: The first three eigen-shapes. The units are in mini-meters. The color on
the surface shows the amount of deviation from the mean shape.

Assuming that the shapes are normally distributed, the probability density of the

vector of the shape parameters w is:

p(w) = |2πΛ|− 1
2 e−

1
2 wTΛ−1w, ,Λ = diag(λ1, · · · , λm) (3.4)

where λi is the variance of shape parameter wi and is the ith largest eigenvalue of

the shape covariance matrix (2.8). The cumulative variance of the shape population

captured by the increasing number of eigen-modes is shown in Figure 3.5.

Figure 3.4 shows the distributions of the first six shape parameters obtained by
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Figure 3.4: The distributions of the shape parameters.

projecting the shapes on the eigen-modes by equation (2.12). It can be seen that the

distributions are similar to discs with denser points in the center and sparser points

at the outer area. Thus the normal distribution would be a good approximation to

the true distribution.

While most researches exploit the synthesis power of the statistical shape model

and focus on shape synthesis by the mean shape and the eigen-shapes, we view

equations (3.3) and (3.4) as the probabilistic description of the shape space and build

our method on it.

3.3 Feature point identification

Through statistical shape modeling, the eigen-modes of the shape population are

learned and are ranked by the amount of percentage variance they captured of the

shape population, as shown in Figure 3.5(a). Since the goal of feature points selection

is to capture as much information as possible of the shape population, in this section,

the feature points are selected and ranked by the amount of percentage variance they

capture of the shape population, as shown in Figure 3.5(b).
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(a) Cumulative variance (b) Cumulative variance

Figure 3.5: The percentage of variance of the training shapes captured by the
increasing number of (a) eigenvectors; (b) feature points.

With the statistical shape model (3.3), a shape in the population is parameterized

by a few shape parameters {w1, · · · , wm}, and the major amount of variance (i.e.

99.5%) in the population is captured by the variances of the shape parameters

{λ1, · · · , λm}, which are the eigenvalues of the shape covariance matrix Σ. The

remaining variance is captured by the residual vector ε in (3.3). Since it is not

meaningful to capture the variance in the residual vector, the selected feature points

are targeted to capture as much variance in the shape parameters as possible.

The inputs of the feature points selection is the statistical shape model, and

the number of points to be selected: nf . The outputs are the vertex indices of the

selected feature points I =
{
i1, · · · , inf

}
⊂ {1, · · · , nv}, where nv is the total number

of vertices. The feature points on the shape vectors can then be sampled by the

indices, for example, the vectors of feature points on the ns number of training shapes
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are:

F = [f1, f2, · · · , fns ], (3.5)

where fk = [v(k)
i1 ,v

(k)
i2 , · · · ,v

(k)
inf

]T is the vector of feature points sampled on the kth

training shape, which is abbreviated as the feature vector in the latter context.

Given the indices of the feature points, equation (3.3) can be partitioned into

f = Sf + Ψfw + εf , (3.6)

where f is the corresponding part of the shape vector S, Sf is the corresponding

part of the mean shape S, Ψf is the corresponding part of the matrix of eigenvectors

Ψ = [ψ1 · · ·ψm], and εf is the corresponding part of the residual vector ε.

The covariance matrix of the shape parameters are known from the principal

component analysis Λ = diag(λ1, · · · , λm). The covariance matrix of the residual

vector can be estimated by the residual variance
ns−1∑
k=m+1

λk of the remaining eigen-modes

and the resolution and quality of image segmentation:

Cov(εf ) =
 ns−1∑
k=m+1

λk
3nf

+ c

 I (3.7)

= εI,

where I is the identity matrix. The first component in Cov(εf) accounts for the

residual variance of the remaining eigen-modes, the second component accounts for

the noises from, for example, the image segmentation, shape extraction, and surface
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rectification.

Since the covariance matrices of the shape parameters and the residual vector are

known, the the covariance matrix of the feature vector f and the covariances between

the feature vector and the shape parameters can be calculate from equation (3.6) as

Cov(f , f) = ΨfΛΨT
f + εI, Cov(f ,w) = ΨfΛ, Cov(w, f) = ΛΨT

f , (3.8)

where Cov represent the covariance matrix.

In statistical shape modeling, it is assumed that the shape parameters are normally

distributed. Since equation (3.6) represents a linear relationship between f and w, so

their joint distribution is also normal distribution:

p(f ,w) ∼ N(

Sf

0

 ,
ΨfΛΨT

f + εI ΨfΛ

ΛΨT
f Λ

), (3.9)

where N(·, ·) stands for the normal distribution with the first parameter its mean

and the second parameter its covariance matrix. The conditional distribution of the

shape parameters w given the feature vector is:

p(w|f) ∼ N
(
ΛΨT

f (ΨfΛΨT
f + εI)−1(f − Sf ), Λ− ΛΨT

f (ΨfΛΨT
f + εI)−1ΨfΛ

)
.(3.10)

The first term inside N(·, ·) is the conditional mean, and the second term is the

conditional covariance matrix. Originally, the shape parameters are distributed in

a relatively larger area shaped by its covariance matrix Λ. Given the observation

of the feature points f , the shape becomes less free since it has to conform with
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the observed feature points. So the shape parameters are distributed in a smaller

area shaped by the conditional covariance matrix Λ − ΛΨT
f (ΨfΛΨT

f + εI)−1)ΨfΛ,

which tells us the remaining covariance structure of the shape parameters given the

observation of the feature points. The remaining variance in the shape parameters is

trace(Λ−ΛΨT
f (ΨfΛΨT

f + εI)−1ΨfΛ), thus the total amount of variance in the shape

parameters explained by the feature points is

var(w)p(w) − var(w)p(w|f) = trace(Λ)− trace(Λ− ΛΨT
f (ΨfΛΨT

f + εI)−1ΨfΛ)

= trace(ΛΨT
f (ΨfΛΨT

f + εI)−1ΨfΛ), (3.11)

and the percentage of the variance in the training shapes explained by the feature

points is

%S(f) = trace(ΛΨT
f (ΨfΛΨT

f + εI)−1ΨfΛ)/
ns−1∑
k=1

λk. (3.12)

By equation (3.12), we have Definition 1 for the selection of feature points.

Definition 1: The most important feature points on the shapes are the ones that

capture the highest percentage of the variance of the shape population.

By Definition 1, the optimization formula for feature points selection is:

max
{i1···inf }⊂{1···nv}

%S(f). (3.13)

Assume the set of training shapes well represent the underlying shape population,

then the subject-shapes that will be encountered in future also follow the same
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distribution p(f ,w), the expectation of the squared error of shape reconstructions by

the chosen feature points is:

Ese =
∫

(wtest − w̃)T (wtest − w̃)p(wtest|f)

= trace(Λ− ΛΨT
f (ΨfΛΨT

f + εI)−1ΨfΛ), (3.14)

where w̃ = ΛΨT
f (ΨfΛΨT

f + εI)−1(f − Sf) is the conditional mean in (3.10) and is

used to estimate the shape parameters from the positions of the feature points. If

the feature points are selected according to (3.13), then Ese is minimized.

The optimization problem in (3.13) is Np hard [62] whose global optimal can

only be achieved by exhaustive search, which is very time consuming. For example,

selecting 30 feature points from the human body shape with 6000 vertices will evaluate

equation (3.12) for C30
6000 = 7.75e + 80 times, which is computational prohibitive.

Instead of optimizing globally, here a forward selection algorithm is developed for two

reasons: 1) it efficiently finds a suboptimal solution that is good enough; 2) it gives a

ranking of the selected feature points that tells which points are more important and

which are less.

Algorithm 1:

1. Firstly, the point vi1 that maximizes (3.12) is added to the set I.

2. The next point is added such that %S(vI,vi) is maximized. Keep iterate until

nf number of feature points are selected.

Figure 3.6 shows the first four feature points selected by Algorithm 1. The color

shows the percentage variance %S(vI,vi) captured by moving the feature point on
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(a) The first point (b) The second point (c) The third point (d) The fourth point

(e) %S(vi) (f) %S(vI1 ,vi) (g) %S(vI2 ,vi) (h) %S(vI3 ,vi)

Figure 3.6: Feature points (yellow balls) on the human body model selected by
Algorithm 1. The color shows the percentage variance %S(vI,vi) captured by moving
the feature point on the shape surface. The warmest color corresponds to the highest
percentage of variance.

the surface of the shape. The warmest color corresponds to the highest percentage of

variance, and is where the next feature point is put.

3.4 Applications

In this section, we demonstrate how to incorporate the feature point identification

approach in the below applications: 1) sparse shape reconstruction; 2) dimensions
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construction and selection; 3) shape classification by sparse measurements.

3.4.1 Sparse shape reconstruction

The feature points are selected by maximizing the amount of variance they capture

of the shape population, which makes them powerful for being the marker points in

sparse shape reconstruction.

The shape reconstruction is based on the statistical shape model and takes two

steps:

1) Estimate the corresponding shape parameters w = [w1, w2, · · · , wm]T by the

coordinates of the observed feature points

w̃ = ΛΨT
f (ΨfΛΨT

f + εI)−1(f − Sf ), (3.15)

note that w̃ is the conditional mean in (3.10).

2) Reconstruct the shape by the estimated shape parameters S̃ = S + Ψw̃.

Through statistical shape modeling, the probabilistic distribution p(w) of the shape

parameters is obtained as in (3.4). Without any other information, the maximum

likelihood estimation of the shape parameters will be w = 0, which is just the mean

shape. Given the information of the feature vector f , the conditional distribution

p(w|f) of the shape parameters is obtained as in equation (3.10). The maximum

likelihood estimation of w is then the corresponding conditional expectation as in

equation (3.15).
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3.4.2 Dimension construction and selection

As pointed out in [5], there is no standardized method to determine what the suitable

dimensions are and how to choose them for the parametric shape design. In their

study, twelve dimensions that are related to facial anatomy are chosen. In [24], 24

dimensions were manually constructed from the 14 expert chosen geometrical feature

points. Here, a way to automatically construct and select sizing dimensions is given.

It takes two steps: firstly, a dimension pool that contains a large number of dimensions

is automatically constructed. Secondly, a subset of the dimensions in the pool is

selected and ranked by the amount of variance they capture of the shape population.

The dimension pool is composed of lengths and angles obtained by measuring the

feature points in a combinatorial manner. Given the feature points vi1 ,vi2 , · · · ,vinf ,

C2
nf

= nf (nf − 1)/2 number of length dimensions are constructed:

{
l1, l2, · · · , lnf (nf−1)/2

}
. (3.16)

Similarly, 3C3
nf

= nf (nf − 1)(nf − 2)/2 number of angle dimensions are constructed

by each time choosing three feature points and measuring the angles of the composed

triangle:

{
θ1, θ2, · · · , θnf (nf−1)(nf−2)/2

}
. (3.17)

Combined with the list of traditional measurements [1], a big pool of dimensions
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is constructed:

P = {l1, l2, · · · , lN} . (3.18)

A subset of dimensions L = [lj1 , lj2 , ljnl ] is selected from P by maximizing the variance

they capture of the shape population.

It is worth noting that P usually contains hundreds or even thousands of dimensions

(e.g. C2
12 = 66, 3C3

12 = 660). Some of the dimensions in P may be correlated or even

dependent on each other. However, the goal of dimension construction is to create

enough number of candidates for the dimension selection. It doesn’t matter whether

the dimensions in P are dependent or not, since the selected dimensions will be as

independent as possible. Any dimension that is dependent on the dimensions in L

will not be selected since it has no contribution to capturing the population variance.

In order to compute the amount of variance of the shape population captured by

the selected dimensions, the joint probability p(w,L) of the shape parameters w and

the sizing dimensions L is learned from the training shapes. The covariance matrix

Λ of the shape parameters is already obtained by statistical shape modeling. The

covariance matrix Σl of the selected dimensions L is obtained by measuring on the

training shapes:

Σl =
ns∑
k=1

(Lk − L)(Lk − L)T/(ns − 1), (3.19)

where Lk are the measurements on the kth training shape, L =
ns∑
k=1

Lk/ns is the mean

dimension vector of the training shapes, the covariance matrix between the shape
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parameters and the sizing dimensions is obtained by:

Σlw =
ns∑
k=1

(Lk − L)wT
k /(ns − 1), (3.20)

where wk is the vector of shape parameters for the kth training shape. Under the

assumption of normal distribution, we have the joint probability

p(L,w) ∼ N(

L

0

 ,
 Σl Σlw

Σwl Λ

), (3.21)

where N(·, ·) stands for the normal distribution. The corresponding conditional

distribution is:

p(w|L) ∼ N(ΣwlΣ−1
l (L− L), Λ− ΣwlΣ−1

l Σlw), (3.22)

where the first item inside N(·, ·) is the conditional mean, the second item is the

conditional covariance. The variance in the shape parameters captured by the selected

dimensions is:

var(w)p(w) − var(w)p(w|L) = trace(Λ)− trace(Λ− ΣwlΣ−1
l Σlw)

= trace(ΣwlΣ−1
l Σlw) (3.23)

The percentage of the variance in the training shapes explained by the selected
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dimensions is:

%S(L) = trace(ΣwlΣ−1
l Σlw)/

ns−1∑
k=1

λk. (3.24)

Based on the foregoing deducing, we have Lemma 2 for the dimension selection.

Definition 2: the best set L = [lj1 , lj2 , · · · , ljnl ] ⊂ P of dimensions are the ones

that captures the highest percentage of the variance of the shape population:

max
{lj1 ···ljnl }⊂P

%S(L). (3.25)

Assume the set of training shapes well represent the underlying shape population,

and the shape parameters and sizing dimensions are normally distributed, then the

subject-shapes that will be encountered in future also follow the same distribution

p(L,w), the expectation of the squared error of parametric shape synthesis by the

selected dimensions is:

Ese =
∫

(wtest − w̃)T (wtest − w̃)p(wtest|L)

= trace(Λ− ΣwlΣ−1
l Σlw), (3.26)

where w̃ = ΣwlΣ−1
l (L−L) is the conditional mean in (3.22) and is used to synthesize

the shape parameters from the sizing dimensions. If the dimensions are selected

according to (3.25), then Ese is minimized.

Similar as in formula (3.13), the optimization problem in (3.25) is Np hard [62].
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A forward selection algorithm is developed for 1) efficient dimension selection, and 2)

ranking the selected dimenions.

Algorithm 2:

1. Firstly, the dimension lj1 that maximizes %S(L) is added to the set L.

2. The next dimension is added such that %S(L, lj) is maximized. Keep iterate

until nl number of dimensions are selected.

The selected dimensions can be applied in the parametric shape design [14], the

mass-customization [24] and the personalized item design [5], since a faithful 3D

shape model of the given subject can be efficiently synthesized by the conditional

mean in (3.22).

3.4.3 Shape classification by key dimensions

Shape classification is of critical importance in clinics. It can help diagnosis healthy

and unhealthy anatomical structures [63] and study the effects of surgeries [64]. It

is ideal to have complete shape models for classification and comparing. However,

due to the tedious and error-prone process [13] of obtaining neat shape models from

images and scanned point clouds, its applications have been limited.

In this section an approach is proposed to construct and select dimensions that

can effectively distinguish two different groups of shapes, it takes two steps:

1) Identify the shape parameters ŵ = [wi1 , · · · , wid ]T ⊂ [w1, · · · , wm] that are

related to group differences. Since the shape parameters are uncorrelated to each

other due to principal component analysis, the student-t-test is conducted for each



55

shape parameter separately to decide whether that shape parameter shows differences

across the two groups or not.

2) The dimensions are selected to capture the variances in the selected shape

parameters ŵ = [wi1 , · · · , wid ]T :

max
L⊂P

%ŵ(L) = trace(ΣŵlΣ−1
l Σlŵ)/

d∑
k=1

λik . (3.27)

3.5 Numerical examples

The numerical examples are used to test the proposed feature point identification

approach and to demonstrate its applications in sparse shape reconstruction, con-

struction of new dimensions and shape classification by sparse measurements.

3.5.1 The Caesar human body models

The Caesar human body database [1] is used to demonstrate the feature point

identification and its applications in sparse shape reconstruction and construction of

new dimensions. The human body shape models are represented by the boundary

triangulations, the 4308 fitted meshes {S1,S2, · · · ,S4308} in [65] are used in this paper,

among which 4092 shapes are used as the training shapes to learn the statistical

shape model, select the feature points, and construct new dimensions, 216 shapes are

used as the testing shapes for validation. Ideally, to eliminate the sampling bias, the

training shapes and testing shapes should be sampled randomly from the database,
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however, for the repeatability of the results, the testing shapes are sampled by an

interval of 20:

Stest = {S1,S21,S41, · · ·S4301} . (3.28)

The remaining shapes are used as the training shapes:

Strain = {S2,S3, · · · ,S20,S22,S23, · · · ,S40, · · · ,S4308} . (3.29)

Feature point identification

At the previous section in Figure 3.6 we show the first four feature points selected

from the 6449 vertices by Algorithm 1. Figure 3.7 shows more intermediate results as

Algorithm 1 goes from nf = 5 to nf = 30, where nf is the number of feature points.

The top and bottom rows in Figure 3.7 show the front and back views of the human

body model. The corresponding statistical shape model is as shown in Section 2.

As shown in Figure 3.6 and Figure 3.7(a), the first point is placed at the armpit,

whose position is highly correlated with the first two variation modes (height and

width); the second point is placed near the ear (the real ear is missing due to

smoothing), which captures the variations above the shoulder; the third and fourth

points are placed at the wrists, which capture the variations in the arm length and

poses, the fifth point is at the waist, which tell us something about the lower body

(i.e. waist height and width).

Checking the other sub-figures in Figure 3.7, it can be seen that the selected

feature points distributed evenly on the human body and many of them are at the
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(e) nf = 5 (f) nf = 10 (g) nf = 20 (h) nf = 30

Figure 3.7: The selected feature points (yellow sphere) on the human body model:
(a) 5 feature points; (b) 10 feature points; (c) 20 feature points; (d) 30 feature points.
The upper and lower rows show the front and back views.

anatomically meaningful places. For example, the point at the belly button, the

points at the toes and heels, and the points are the joints (knee joints, arm joints),

which shows the reasonability of Algorithm 1.

Figure 3.8 compares the 67 feature points selected by Algorithm 1 and the 67

well defined anatomical landmarks in CAESAR project [1]. It can be seen that the

feature points selected by Algorithm 1 are distributed more evenly. For example,

the anatomical landmarks from CAESAR database do not have points on the hip,

however the shape variation of hip is in-negligible across the population.
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(a) Front view (b) Back view (c) Front view (d) Back view

Figure 3.8: The 67 feature points selected by (a) and (b) Algorithm 1, (c) and (d)
well defined anatomical landmarks from CAESAR.

In the foregoing, the feature points are selected from all the 6449 vertices on the

human body model. However, the precise positions of some of the selected feature

points are hard to locate (e.g. the points in the vast middle area of the belly). Instead

of selecting from all the vertices, we select just from the 67 well-defined anatomical

landmarks. Figure 3.9 shows the feature points selected from the anatomic landmarks.

Sparse shape reconstruction

In this section, the selected feature points are used as the markers in sparse shape

reconstruction. The positions of the feature points f on the testing shapes are

measured and a new shape S̃testi = S + Ψw̃(f) is constructed. The shape parameters

w̃ are estimated by equation (3.15) by the feature points f . The surface deviation

between the reconstructed shape and the original shape is used to evaluate the quality
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(e) nf = 5 (f) nf = 10 (g) nf = 20 (h) nf = 30

Figure 3.9: Feature points selected from the anatomic landmarks: (a) 5 feature points;
(b) 10 feature points; (c) 15 feature points; (d) 20 feature points. The upper and
lower rows show the front and back views.

of the reconstruction. The mean surface deviation is calculated as below:

di = 1
nv

nv∑
j=1
‖vtestij − ṽtestij ‖, i = 1, · · · , 216, (3.30)

where vtestij is the position of a vertex on the ith testing shape, ṽtestij is the position

of the vertex on the reconstructed shape.

Figure 3.10 shows the results of sparse shape reconstruction by the 67 feature points

selected from the 6449 vertices (middle row) and by the 67 anatomical landmakrs
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(a) Stest1 (b) Stest25 (c) Stest50 (d) Stest75

(e) S̃test1 (fv) (f) S̃test25 (fv) (g) S̃test50 (fv) (h) S̃test75 (fv)

(i) S̃test1 (fa) (j) S̃test25 (fa) (k) S̃test50 (fa) (l) S̃test75 (fa)

Figure 3.10: Sparse shape reconstruction. Top row: the test shapes; middle row:
the shapes reconstructed by the 67 feature points f v selected from the 6449 vertices;
bottom row: the shapes reconstructed by the 67 anatomical landmarks f va. The
color shows the value of surface deviation in millimeter.



61

(bottom row). It can be seen that the maximum surface deviations in the middle row

are smaller than that of the bottom row.

(a) Mean surface deviation (b) Mean surface deviation

Figure 3.11: The mean surface deviations of the shape reconstruction with different
number of feature points: (a) feature points are selected from the 6449 vertices; (b)
feature points are selected from the 67 anatomical landmakrs.

As shown in Figure 3.11 are the mean surface deviations (3.30) of the shape

reconstruction with different number of feature points. The feature points for Figure

3.11(a) are selected from the 6449 vertices. The feature points for Figure 3.11(b)

are selected from the 67 anatomical landmakrs. The curve in Figure 3.11(a) and

3.11(b) shows the average of the mean surface deviation over the 216 testing shapes:

d =
216∑
i=1

di/216, the error bar shows the standard deviation of the mean surface

deviation over the 216 testing shapes:
√

1
215

216∑
i=1

(di − d)2. It could be seen that as the

number of feature points increases, the mean surface deviation becomes smaller. At

last, the average of the mean surface deviation in Figure 3.11(a) is 2.47mm and in

Figure 3.11(b) is 2.86mm, which suggests the accuracy of the reconstruction.

Table 3.1 shows the values of the mean surface deviations, where nf is the number
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Table 3.1: Reconstruction errors by different number of feature points: mm

nf 5 10 15 20 30 40 50 67
d

(1) 10.81 6.08 4.26 3.51 2.95 2.73 2.59 2.47
d

(2) 10.60 6.37 4.50 3.73 3.20 3.02 2.93 2.86

of feature points, d(1) is the mean surface deviation of the reconstructions by the

feature points selected from all the vertices, d(2) is the mean surface deviation of the

reconstructions by the feature points selected from the anatomical landmarks.

It can be seen that the mean surface deviations in the first row is smaller than

that in the second row. That’s because the feature points for the first row are selected

from a much larger pool than the second row. This also demonstrates the effectiveness

of Algorithm 1, since the selected feature points in the first case are more powerful

than the expert defined anatomical landmarks.

(a) Randomly generated
from the 6449 vertices

(b) Randomly generated
from the anatomical land-
marks

Figure 3.12: The 20 feature points randomly generated from (a) the 6449 vertices,
(b) the anatomical landmarks.
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To further validate the capability of the feature points selected from the 6449

vertices and from the 67 anatomical landmarks, their performance in sparse shape

reconstruction is compared with 100 sets of points randomly generated from the 6449

vertices and from the 67 anatomical landmarks respectively. Figure 3.12 shows two

examples of randomly generated feature points.

(a) nf = 5 (b) nf = 10

(c) nf = 15 (d) Difference in the mean surface
deviation

Figure 3.13: The mean surface deviations of reconstructions of the 216 testing shapes
by the selected feature points and by the 100 sets of randomly generated points. Both
of the points are selected from the 6449 vertices.

Figure 3.13 shows the mean surface deviations of reconstructions by the selected

feature points and by the 100 sets of randomly generated points. Both are selected

from the 6449 vertices. It can be seen that the reconstruction error of the selected
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feature points is smaller than that of the randomly generated feature points, it

stays at the bottom of all the errors curves in Figure 3.13(a), 3.13(b) and 3.13(c).

Figure 3.13(d) shows the differences in the mean surface deviation of reconstructions

by the selected feature points and by the randomly generated points. The curve

shows the average difference over the 216 testing shapes and over the 100 set of

randomly generated points: 1
100

100∑
j

1
216

216∑
i=1

(drandomji − di), the error bar shows the

standard deviation of drandomji − di. It can be seen that the reconstruction by the

selected feature points is more precise than that of the randomly generated points.

However, as the number of feature points increases, the difference becomes smaller.

That is due to the compactness of the statistical shape model (the first 39 eigen-modes

captures more than 99% of the total shape variance), so we don’t need too many

feature points to capture the major shape variance in the population. Some of the

feature points will become redundant as the number of the feature points increases.

Figure 3.14 shows the mean surface deviations of the reconstructions by the

selected feature points and by the 100 sets of randomly generated points. Both are

selected from the 67 anatomical landmarks. It can be seen that the reconstruction

error of selected feature points is smaller than that of the randomly generated points,

it stays at the bottom of all the errors curves in Figure 3.14(a), 3.14(b) and 3.14(c).

Figure 3.14(d) shows the differences in the mean surface deviation of reconstructions

by the selected feature points and by the randomly generated points. The curve shows

the average difference over the 216 testing shapes and over the 100 sets of randomly

generated points, the error bar shows the standard deviation of the differences. It

could be seen that the reconstruction by the selected feature points is more precise
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(a) nf = 5 (b) nf = 10

(c) nf = 15 (d) Difference in the mean surface de-
viation

Figure 3.14: The mean surface deviations of the reconstructions of the 216 testing
shapes by the selected feature points and by the 100 sets of randomly generated
points. Both of the points are selected from the anatomical landmarks.

than that of randomly generated points.

Dimension construction and selection

The 12 most important feature points (the percentage variance captured = 96.8%)

selected from the 67 anatomical landmarks are used for dimension construction. Based

on which C2
12 = 66 lengths and 3C3

12 = 660 angles are constructed. Combined with

the 25 dimensions from the traditional measurement list:
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(a) Circumferences (b) Lengths

Figure 3.15: Dimensions from the traditional measurement list: (a) the 11 circumfer-
ences, (b) the 14 lengths.

• Circumferences: ankle circ, chest girth, chest circ under bust, head circ, waist

circ, vertical trunk circ, hand circ, neck base circ, hip circ maximum, thigh circ

maximum, hip circ maximum height.

• Lengths: stature, foot length, arm length (spine-shoulder), arm length (spine-

elbow), arm length (spine-wrist), head length, bizygomatic breadth, head

breadth, waist height preferred, shoulder (bideltoid) breadth, crotch height,

buttock-knee length, face length, hip breadth.

We have a pool of 751 dimensions: P = {l1 · · · l751}. Figure 3.15 shows the 25

dimensions from the traditional measurement list.

In this section, the dimensions that are selected by expert and by Algorithm 2 are

compared. The 4092 training shapes are used to select meaningful dimensions among

the population. The 216 testing shapes are used to test the selected dimensions in

shape synthesis (3.22). The dimensions are firstly selected from only the traditional

measurement list, whose results are then compared with the selections from the big

pool P = {l1 · · · l751}, which includes the constructed dimensions.
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(a) Algorithm 2: 4 dimensions (b) Algorithm 2: 8 dimensions (c) Algorithm 2: 12 dimensions

(d) Expert: 4 dimensions (e) Expert: 8 dimensions (f) Expert: 12 dimensions

Figure 3.16: Dimension selection from the traditional measurement list.

Figure 3.16 shows the results of dimensions selection from the traditional mea-

surement list. Two selection approaches are used: dimension selection by Algorithm

2 and dimension selection by expert.

The first column shows the most important 4 dimensions selected by the two

approaches. The dimensions selected by Algorithm 2 are: the height of the body, the

waist, the circumference of the buttock, and the height of the waist. The dimensions

selected by expert are: the height of the body, the waist, the circumference of the

chest, and the height of the crotch. The second and third columns show the most

important 8 dimensions and 12 dimensions selected by the two approaches.

Figure 3.17 shows the errors of shape reconstructions of the 216 testing shapes

by the dimensions selected from the traditional list. Figure 3.17(a) shows the error

of shape reconstructions by the dimensions selected by Algorithm 2. Figure 3.17(b)

shows the differences in the shape reconstruction by the expert selected dimensions

and by the dimensions selected by Algorithm 2. It could be seen that Algorithm 2
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(a) Mean surface deviation (b) Difference in the mean surface devia-
tion

Figure 3.17: Reconstruction error with different number of dimensions selected
from the traditional list: (a) mean surface deviations of the reconstructions by the
dimensions selected by Algorithm 2; (b) differences in the mean surface deviations of
the reconstructions by the dimensions selected by Algorithm 2 and by expert. The
unit is millimeter.

gives smaller errors. However, one thing observed is that the reconstruction errors

doesn’t decrease much as we increase the number of dimensions, as shown in Figure

3.17(a). This means that some of shape variations in the population are not captured

by the list of traditional measurements and new dimensions need to be constructed,

which is better illustrated by Figure 3.18.

Figure 3.18 shows the confidence region of the conditional distributions of the

shape parameters in the training set, which is obtained from equation (3.21). The

red point shows the true shape parameter of the testing shape being investigated. It

can be seen that as the number of dimensions increases, the area of the confidence

region of p(w1, w2|L) decrease obviously, which means that the information provided

by the additional dimensions can effectively localize the first two shape parameters of

the unknown testing shape. However, the area of the confidence region of p(w3, w4|L)
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(a) 4 dimensions (b) 8 dimensions (c) 12 dimensions

(d) 4 dimensions (e) 8 dimensions (f) 12 dimensions

Figure 3.18: Confidence regions (66%, 90%, 99%) of the conditional distributions
p(w1, w2|L) (upper row) and p(w3, w4|L) (bottom row). The red point shows the true
shape parameter of the testing shape being investigated.

barely decreases, which means that the information provided by the additional

dimensions are not relevant.

Figure 3.19 shows the results of dimension selection from the combined pool P,

which contains 751 dimensions (25 from the traditional measurement list and 726

constructed from the selected feature points). The first column shows the most

important 4 dimensions. It can be seen that the lengths from nose to both hands are

selected from the list of constructed dimensions. The second and third columns show

the most important 8 dimensions and 12 dimensions selected from the combined pool

P. It can be seen that angles are selected, which are constructed by the line segments

connecting the feature points. The angles can be computed by the edge lengths of
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(d) 4 dimensions (e) 8 dimensions (f) 12 dimensions

Figure 3.19: Dimensions selected from the combined pool P by Algorithm 2: (a) the
4 most important dimensions, (b) the 8 most important dimensions, (c) the 12 most
important dimensions. The dimensions in the upper row are the constructed lengths
and angles, the dimensions in the lower row are the traditional measurements.

the corresponding triangles. The edge lengths can be precisely measured by vernier

caliper, since the feature points are selected from well-defined anatomical landmarks.

Figure 3.20 shows the reconstructions by the selected dimensions. The first row shows

the shapes reconstructed by the expert selected dimensions, the second row shows

the shapes reconstructed by the dimensions selected from the combined pool. It can

be seen that the shapes reconstructed by the dimensions selected from the combined

pool by Algorithm 2 have smaller surface deviations.

Figure 3.21 shows the errors of shape reconstructions of the 216 testing shapes by

the dimensions selected from the combined pool P by Algorithm 2. It could be seen

that the reconstruction error deceases linearly as the number of dimensions increases,

and is much smaller than the errors in Figure 3.17, where the dimensions are only

selected from the traditional list.
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(a) S̃test1 (Lt) (b) S̃test25 (Lt) (c) S̃test50 (Lt) (d) S̃test75 (Lt)

(e) S̃test1 (Lp) (f) S̃test25 (Lp) (g) S̃test50 (Lp) (h) S̃test75 (Lp)

Figure 3.20: Shape reconstruction by the selected dimensions. The first row shows
the shapes reconstructed by the expert selected dimensions Lt, the second row shows
the shapes reconstructed by the dimensions selected from the combined pool Lp.

Figure 3.22 shows the confidence region of the conditional distributions of the shape

parameters. It can be seen that as the number of dimensions increases, the areas of

the confidence regions of both p(w1, w2|L) and p(w3, w4|L) decrease obviously, which

means that the information provided by the additional dimensions can effectively

localize the shape parameters, including the third and fourth shape parameter, of the

unknown testing shape. That demonstrates the necessity and effectiveness of the new

dimensions constructed by the feature points.
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(a) Mean surface deviation (b) Cumulative variance

Figure 3.21: Dimension selection from the combined pool by Algorithm 2: (a) the
mean surface deviations of shape reconstructions with different number of dimensions,
(b) the percentage variance in the training shapes captured by the increasing number
of dimensions.

3.5.2 The rabbit tibia example

The rabbit tibia models are used to demonstrate shape classification by sparse

measurements. The database is come from [64]. As show in Figure 3.23(a) there

are 64 rabbit tibias, among which 32 are normal tibias and 32 had surgery on the

proximal part. The tibias are scanned 8 weeks after the surgery. It is know from [64]

that the surgery do affect the growth of the rabbit tibias. In this study we want to

extract the dimensions on the tibia shape that can effectively distinguish the surgical

tibias and the normal tibias. The selected dimensions will be used in future studies

of surgical effects since it can effectively capture the shape differences caused by the

surgery.
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(a) 4 dimensions (b) 8 dimensions (c) 12 dimensions

(d) 4 dimensions (e) 8 dimensions (f) 12 dimensions

Figure 3.22: Confidence regions (66%, 90%, 99%) of the conditional distributions
p(w1, w2|L) (upper row) and p(w3, w4|L) (bottom row). The red point shows the true
shape parameter of the testing shape being investigated.

Statistical shape modeling

The statistical shape modeling is used to extract the population information of the

rabbit tibias.

Figure 3.23(b) shows the aligned shapes and Figure 3.23(c) shows the mean shape

of the population. Figure 3.24 shows the results of principal component analysis. It

can be seen that the first mode is about the overall size change, the second mode is

related to the thicken and elongation of the back of the tibia head, and the thrid mode

is focused on some local shape changes. The paired student t-test is conducted for

each shape parameter between the surgical and the normal tibias. The null hypothesis
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(a) 64 rabbbit tibias (b) Aligned shapes (c) Mean shape

Figure 3.23: Rabbit tibias: (a) the 64 traning shapes; (b) the aligned shapes; (c) the
mean shape.

(a) +Mode 1 (b) +Mode 2 (c) +Mode 3

(d) -Mode 1 (e) -Mode 2 (f) -Mode 3

Figure 3.24: Statistical shape modeling of the rabbit tibias: the first three eigenmodes.

is that there’s no difference between the surgical and normal tibias in terms of the

shape parameters. The significance level is chosen at 0.05, and a p-value less than

0.05 means that the probability that the null hypothesis is true is less then 0.05.

By calculating the p-values of the 27 shape parameters we have p1 = 0.0045, p2 =
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(a) Cumulative variance (b) Distribution of weights

Figure 3.25: Statistical shape modeling of the rabbit tibias: (a) the cumulative
variance captured by the increasing number of eigenmodes; (b) the distribution of
the first two shape parameters, ∗: normal, o: surgical.

0, p3 · · · p27 > 0.05, which means that the surgical and normal tibias differ along the

first and second eigen-modes, which is in accordance with [64].

Figure 3.25(a) shows the variance of the shape population captured by the

increasing number of eigenmodes. Figure 3.25(b) shows the distribution of the first

two shape parameters. It can be seen that the first two shape parameters nicely

distinguish the surgical and the normal tibias. However, in real clinical situations, it

is very time consuming to obtain the full 3D shapes. Instead, we’d like to extract the

dimensions related to the first two eigen-modes and can be measured efficiently in

clinical settings.

Feature points identification

Firstly, the feature points that can capture the total variance in the shape population

are extracted. Figure 3.26 shows the results of the feature points selection and the

variance of the shape population captured by the increasing number of feature points.
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(a) nf = 1 (b) nf = 2 (c) nf = 3

(d) nf = 4 (e) nf = 15 (f) Cumulative variance

Figure 3.26: Feature points selection: (a) - (e) the most important 15 feature points
selected by Algorithm 1; (f) the cumulative variance captured by the increasing
number of feature points.

Dimension construction and selection

Based on the selected feature points, C2
15 = 105 lengths and 3C3

15 = 1365 angles are

constructed. The dimension pool contains 1470 dimensions

P = {l1, l2, · · · , l1470} .

The conditional variance of the distribution p(w1, w2|L) is used to select the

dimensions, as in equation (3.27). Since we only care about how much variance in

w1, w2 are captured by the selected dimensions, where w1, w2 are the shape parameters

that relevant to the surgical effects.
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(a) Dimension selection & ranking (b) Cumulative variance (c) Distribution of f1, f2

Figure 3.27: Dimension selection: (a) the 2 dimensions that are most relevant to the
surgical effects; (b) the variance in the first shape parameters w1, w2 captured by the
increasing number of dimensions; (c) the distribution of the selected dimensions over
the 64 tibias. ∗: normal, o: surgical.

The selected dimensions is shown in Figure 3.27. The rank of the selected

dimensions is shown by the number in Figure 3.27(a). The percentage variance of the

shape parameters w1, w2 captured by the increasing number of dimensions is shown

in Figure 3.27(b). The distribution of the selected diemnsions over the groups is

shown in Figure 3.27(c). It can be seen that the selected dimensions are powerful in

distinguish the control and surgical tibias compared with merely using the overall

length as in [64]. The surgical shapes have smaller angles (l2) compared with the

control shapes. The selected angle have successfully captured the variation of the

second mode, which is very important in distinguishing the two groups of shapes.

Figure 3.28 shows the dimensions on the control shape and on the corresponding

surgical shape. It can be seen that the back of the head of the surgical shape has

been thickened and elongated, so the corresponding triangle is also elongated and

thus the angle becomes smaller.
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(a) Control (b) Surgical

Figure 3.28: Comparing the sizing dimensions on: (a) the control shape; (b) the
surgical shape.
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4

A statistical atlas based approach

for automated shape registration

and finite element modeling

The ability of in-time prediction of subject-specific structural performance from

the given subject-specific shape model is critical in clinical setting such as surgical

planning, surgical guidance during surgery, patient-specific biomedical intervention

and treatment [6; 9]. However, how to automatically create high-quality finite element

(FE) mesh remains challenging.

This chapter1 presents a statistical atlas based approach for automatic meshing of

subject-specific shapes. In our approach, shape variations among a shape population

are explicitly modeled and the correspondence between a given subject-specific shape

and the statistical atlas are sought within the “legal” shape variations. This approach

involves three parts: 1) constructing a statistical atlas from a shape population,

including the statistical shape model and the FE mesh of the mean shape; 2) es-
1This chapter is based on the following paper: Xilu Wang, Xiaoping Qian, "A statistical atlas

based approach to automated subject-specific FE modeling", Computer-Aided Design 70 (2016):
67-77.
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tablishing the correspondence between a given subject shape and the atlas; and 3)

deforming the atlas to the subject shape based on the shape correspondence.

Numerical results on 2D hands, 3D femur bones and 3D aorta demonstrate the

effectiveness of the proposed approach.

4.1 Method overview

The goal of this work is to present an approach that can automatically build

subject-specific FE models from a given subject-specific shape.

In the literature, a common approach to efficient shape modeling or FE modeling

of subject-specific objects is through template-based deformation, which contains

two steps: 1) registration of the subject shape to the template shape; 2) FE mesh

morphing of the template mesh to the subject with the correspondence obtained in the

registration. However, the above approach is unaware of the specificity of the subject

shapes and have the issues of: 1) too many variables to control the registration; 2)

lack of robustness; 3) manually dependent.

For a certain class of shapes, the shape variations always follow some particular

patterns, and the deformations within the class are really constrained by a limited

number of degrees of freedom. Thus, for the FE mesh construction of a specific

class of subject shapes, we first learn a prior knowledge of the population through

statistical shape modeling [40] and build a linear space of shapes. Then, instead

of applying a "free style deformation" in the registration, the mean shape of the

population is deformed in the "shape space" to match the subject-specific shape. In
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this way the deformation could be parameterized by just a few number of variables

and becomes simple and robust. The generic FE mesh is built upon the mean shape

of the population.

Figure 4.1 gives an overview of our approach: the input is the subject specific

shape, the output is the FE mesh of the subject shape. This mesh construction process

is based on the statistical atlas and contains two steps: 1) boundary correspondence

identification through shape instantiation and projection; 2) FE mesh morphing by

the boundary correspondence.

Subject-specific 
shape

FE mesh of
the mean shape

Mean shape/
Eigen-modes

Statistical atlas

Shape
instantiation/ 

projection

Mesh morphing 

FE mesh of the 
subject-specific 

shape

Boundary
correspondenceTrain

in
g sh

ap
e

s

SSM

Meshing

Figure 4.1: A schematic diagram of the statistical atlas based subject-specific FE
modeling.

The statistical atlas contains two parts: the statistical shape model which defines

a linear shape space and the FE mesh of the mean shape.

The statistical shape model is learned from a population of shapes by principal

component analysis, and includes the mean shape S̄ of the population and the eigen-

modes {Ψi} that capture the variations of the population. Originated at the mean

shape, the eigen-modes together span a linear shape space Θ and any instance in
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that space can be instantiated by:

S̃ = S̄ +
∑
i

wiΨi,

where {wi} are the shape parameters.

In the step of correspondence identification, the mean shape is deformed to the

subject shape along a path in the shape space by optimizing the shape parameters {wi}

and is then projected onto the subject shape to establish the boundary correspondence

between the mean shape and the subject shape.

Based on the obtained boundary correspondence, the FE mesh of the mean shape

is then morphed to the subject shape through free-form deformation.

The contribution of this work is a new approach that can automatically, efficiently

and robustly produce high quality FE meshes for given subject-specific shapes. To

examine the quality of the proposed approach, we use three measures: the distance

between the instantiated shape and the given shape, the correlation coefficient of

normal vectors between the mean shape and the given shape, and the mesh quality.

Numerical examples on 2D hands, 3D femur bones and 3D aorta demonstrate that

the proposed approach outperforms the simple deformation based approach.

The remainder of this work is organized as follows. Section 2 introduces the

construction of statistical atlas, section 3, 4 covers the two steps of the proposed

approach, section 5 introduces the three measures for our approach. Numerical results

are presented in Section 7.
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4.2 Constructing statistical atlas

The statistical atlas is constructed to incorporate the prior knowledge of a specific

class of shapes and provide a generic FE mesh for mesh morphing. The prior

knowledge are learned by the statistical shape modeling of a population of training

shapes. The generic FE mesh is constructed on the population mean whose overall

distance to other instances in the population is minimized.

In this section we briefly introduce the process of statistical atlas construction.

The 40 hand shapes in [40] are used as examples to demonstrate the process.

Given the set of training shapes {S1, · · · ,Sns} registered by the iterative free-form

deformation approach in chapter 2 and re-sampled by the same number of points in

correspondences:

Sk = [v(k)
1 , · · · ,v(k)

nv ]T , k = 1, · · · , ns. (4.1)

Generalized Procrustes analysis [61] is used to align the shapes into the same coor-

dinate frame and then principal component analysis is applied to obtain the mean

shape S and eigen-shapes Ψ = [ψ1, · · · ,ψns−1] of the population. The first m number

of eigen-shapes are chosen such that 99% of the variances in the shape population is

captured
m∑
k=1

λk/
ns−1∑
k=1

λk ≥ 99%. In this case we have m = 11. The mean shape and

the first m eigen-shapes give a compact representation of the shape population:

S = S +
m∑
k=1

wkΨk, (4.2)



84

where w = [w1, · · · , wm]T are the shape parameters. The shape space spanned by the

chosen m eigen-modes are called the eigen-space.

(a) S̄± 2σ1V1 (b) S̄± 2σ2V2 (c) S̄± 2σ3V3

Figure 4.2: The first three eigen-modes of the shapes. Green one is the mean shape,
red is the +2σ deviation and blue is the −2σ deviation.

Figure 4.2 shows the first three eigen-modes of the hand shapes obtained by

principal component analysis.

In Figure 2.7 we show the cumulative shape variances. In which the first 8 modes

have captured 98.14% of the shape variances and the first 11 modes have captured

99.01% of the shape variances.

On the mean shape S of the training populations, we manually create a generic

FE mesh by ANSYS. This generic FE mesh will be used as a template to create

subject-specific FE meshes.

Figure 4.3 shows the quadrilateral mesh of the mean shape of the 40 hands in

chapter 2, the color shows the value of Jacobians, which are all positive.
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Figure 4.3: The quadrilateral mesh of the mean shape S̄ and the Jacobians.

4.3 Shape instantiation and projection

By statistical shape modeling, we obtain the mean shape S̄ and the eigen-modes

Ψ1,Ψ2, · · · ,Ψns−1 of the training populations. The eigen-modes capture the shape

variations and together span a linear shape space. By choosing the first m eigen-

modes corresponding to the major shape variations as described in 4.2, we obtain

the eigen-space Θ, and an instance in it can be instantiated by S̃ = S̄ +∑m
k=1wkΨk,

where w = [w1, w2, · · · , wm]T are the shape parameters.

Given a new shape Ŝ, we search in the eigen-space to find the optimal shape

parameters w that best synthesize it and obtain the optimal shape instance S̃ in Θ

for Ŝ. Then we project the points of S̃ onto Ŝ along the normal vectors of S̃ so to

obtain the finally synthesized shape S̃P , from which the point-wise correspondences

between the given shape and the atlas can be established.
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During the eigen-space search, the instantiated shape S̃ is in the reference frame

of Θ, while Ŝ locates in the image frame or the corresponding physical frame if it is

obtained by point scanning. and we denote the transformation from the reference

frame to the physical frame as tR,T,s with parameters R, T, s, where R is the rotation,

T is the translation and s is the scaling. For a point p, tR,T,s(p) = sRp + T . In our

later expression, we use tR,T,s ◦S to denote the transformation of a shape under tR,T,s

point-wisely.

Similar with the free-form deformation, we search for the optimal shape parameters

and transformation by minimizing the distances between the given shape Ŝ and the

instantiated shape S̃. A regularization term is added to stabilize the optimization.

The total energy function is:

min
R,T,s,w

E = Ed + γEr, (4.3)

where Ed is the distance term and Er is the regularization term similar as Esmooth

in the free-form deformation. Large regularization coefficient γ will give strong

penalizations to large shape parameters w when compared with the square roots of

the eigen-values σk =
√
λk, k = 1, · · · ,m. We have

Ed = ‖Ŝc − tR,T,s ◦ (S̄ + Ψw)‖2, (4.4)

captures the discrepancies between the given shape Ŝ and the instantiated shape

S̃ = S̄ + Ψw, where Ψ = [Ψ1,Ψ2, · · · ,Ψm], and Ŝc is the re-sampling of Ŝ based on
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the correspondence. We have

Er = wTΛ−1w, (4.5)

as the regularization term, where Λ = diag(σ2
1, · · · , σ2

m) is the diagonal matrix of the

eigen-values. The regularization term represents our prior belief about the shape

parameters. The values beyond the standard deviation σi of the corresponding shape

parameter σi are less likely to happen.

Similar to the non-rigid registration algorithm in [47; 46; 45], we choose large initial

regularization coefficient γ and reduce it gradually. So at the beginning, more global

transformations are recovered by R, T, s and as γ is reduced, major shape variations

are recovered by the parameters corresponding to larger eigen-values, and as γ keep

reducing, local fine shape variations are recovered as the parameters corresponding

to smaller eigen-values being effective in (4.3).

(a) Searching: red S̃,
blue Ŝ

(b) re-sampling: Ŝc (c) Instantiation: S̃ (d) Searching

Figure 4.4: The iterative shape instantiation from a given shape: (a) the correspon-
dence between the instantiated shape tR,T,s ◦ S̃ and the given shape Ŝ is obtained
by searching the closest point; (b) the re-sampling Ŝc of Ŝ is obtained with the
current correspondence; (c) a newly instantiated and transformed shape is obtained
by minimizing (4.3) with the current Ŝc; (d) updating the correspondence by the
newly instantiated shape and iterate.
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The shape instantiation is done through an iterative process as shown in Figure 4.4,

in which the correspondence and the parameters w, R, T, s are optimized iteratively.

Starting from the mean shape S̄, we build the correspondence between S̄ and

the given shape Ŝ by searching the closest points. Based on the correspondence, we

re-sample Ŝ and obtain Ŝc, with which we search for the optimal shape parameters

w and transformation R, T, s by minimize (4.3). After that we instantiate a shape

instance by S̃ = S̄ + Ψw and transform it to the frame of Ŝ by tR,T,s ◦ S̃. Then we

update the correspondence with the newly instantiated shape and iterate until (4.3)

convergence to a local minimum. With fixed value of γ, equation (4.3) is guaranteed

to converge to a local minimum, since each step reduces E. The correspondence is

updated by the closest points, so Ed is reduced while Er remains the same. Based on

the obtained correspondence, optimal R, T, s and w are solved so E is reduced.

With known correspondence and the re-sampled points Ŝc, formula (4.3) is mini-

mized through iteratively optimizing the shape parameters w and the transformation

R, T, s by applying the Protocol 1 (Matching model points to target points) of the

active shape algorithm in [49], which was originally used for image segmentation in

[49; 42]. The difference is that in image segmentation, the shape S̃ evolves in the image

domain and the domain information (e.g. nearby pixel values, gradient information)

can be utilized to find the best match. In [49] the values of nearby pixels along the

gradient is utilized to match the instantiated shape S̃ and the target shape Ŝ in image

domain. However, in this paper the goal is to find the point correspondences between

two shapes represented by point sets, which is essentially a discrete problem [48], the

best match of S̃ on Ŝ is obtained by the closest points. Based on the closest points
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sampling Ŝc, the optimal parameters w, R, T, s are updated. In order to stabilize the

matching process, the regularization term is added thus by letting ∂E
∂w = 0, we have

w = (I + γ

s2 Λ−1)−1ΨT (t−1
R,T,s ◦ Ŝc − S), (4.6)

where t−1
R,T,s is the inverse transformation of tR,T,s, I is the m ×m identity matrix.

When γ = 0, we have w = ΨT (t−1
R,T,s ◦ Ŝc − S̄) as in [49].

The below Algorithm gives a detailed description of our approach:

Algorithm 1 Automatic shape synthesis by SSM

• Initialize: S̃ = S̄, R = I, T = 0, s = 1, I is the m×m identity matrix.

• For each regularization coefficient γ ∈ {γ1, · · · , γn}, γi > γi+1.

– Until ‖∆w‖ < ε

1. Find the correspondence by the closest points of tR,T,s ◦ S̃ in Ŝ;
2. Determine the parameters w, R, T, s by (4.3) for the current corre-

spondence and γ;
3. Instantiate the shape by S̃ = S̄ + Ψw and transform it to the subject

frame by tR,T,s.
– If the correspondence does not change, exit the main loop.

• Project the final instance tR,T,s ◦ S̃ onto Ŝ along the normal and obtain S̃P ,
exit.

The inputs for Algorithm 1 are the mean shape S̄, the eigen-modes Ψ and the

given shape Ŝ for synthesis; the output is the finally synthesized shape S̃P . With

the initialization, we start from the mean shape and deform it to the given shape

through successive shape instantiations.

In the outer loop, under the current regularization coefficient γ, we found the
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optimal correspondence, shape parameters w and transformations R, T, s for the given

shape Ŝ which respect to (4.3). Then we reduce the regularization coefficient γ, and

use the current parameters as the initial input and optimize. If the correspondence

does not change any more, we exit the outer loop otherwise we go to γn.

In the inner loop, we find the optimal parameters for the current γ by iteratively

optimize the correspondence and the parameters w, R, T, s. The convergence criteria

for the inner loop is that the 2-norm of the change of the shape parameters ‖∆w‖2 is

smaller than ε = 10−6 × total shape variance.

Once the correspondence is not changing, we project tR,T,s ◦ S̃ onto Ŝ along the

normal and obtain the optimal shape synthesis S̃P for Ŝ, by which we obtain the

one-to-one correspondences between the mean shape S̄ and the given shape Ŝ as a by

product.

It is worth mentioning that without the regularization term Er, the algorithm

converges slowly and often converges to bad local minimums (e.g. with some shape

parameter larger than 10 × the standard deviation). With the regularization term

and starting with large penalization coefficient γ, the algorithm converges in a few

hundreds of iterations and S̃ is deformed closely to Ŝ. In [49] shape parameters larger

than three standard deviations are truncated at three standard deviations. It works

in image segmentation, but in our experiments in correspondence finding, oscillations

at observed since in this case the objective function E is not guaranteed to be reduced

at every step.
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4.4 Meshing subject-specific shape by morphing

In section 4.3 we have shown how to automatically register the subject shape Ŝ

to the mean shape S̄ by the shape instantiation and projection. As a byproduct,

we obtain the transformation tR,T,s from the reference frame to the frame of Ŝ, by

its inverse t−1
R,T,s we transform the subject shape Ŝ to the reference frame where the

mean shape locates. Then with the explicit correspondences between the boundaries

of Ŝ and S̄, we obtain a smooth deformation field that morphs the mesh of S̄ to Ŝ by

min
{Pi}

N∑
j=1
‖f(pj)− p̂j‖2 + αEsmooth, (4.7)

where f is the B-spline field defined in (2.3), Pi, i ∈ I are its control points. pj, j ∈

1, · · · , N is the point on the mean shape S̄, and p̂j is its corresponding point on Ŝ

obtained by the shape instantiation and projection. The smoothing term Esmooth

is the same as in section 2.2.2 and α is the smoothing coefficient. Here since we

know the right correspondences, a small α that balances the magnitudes of the first

term and second term in (4.7) is enough: in this we choose case α = 50. Note that

in pairwise registration in 2.2.2, we begin with α = 30, 000, such that the smooth

term αEsmooth is thousands times more sensitive to the position change of the control

points than the distance term, thus initially only rigid transformations are allowed,

any distortion in the Bspline field will be amplified and be prevented. With the

obtained deformation field f , we morph the FE mesh of S̄ to Ŝ.

Figure 4.5 shows the correspondence obtained by the method of section 4.3 and

the resulting FE mesh from mesh morphing with the correspondence. The Jacobians
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(b) Morphed FE mesh

Figure 4.5: Meshing subject-specific shape by morphing: (a) The correspondence
between S̄ and Ŝ; (b) results of FE mesh morphing.

in Figure 4.5(b) are all positive which means the mesh is valid.

4.5 Evaluation

To examine the quality of the proposed approach, we use three measures: the

distance between the instantiated shape and the given shape, and correlation of

normal vectors between the mean shape and the given shape, and the Jacobians of

the subject-specific mesh obtained.

4.5.1 Shape deviations

The distance between the instantiated shape and the given shape is calculated by

(4.4) at the end of the instantiation to evaluate the quality of the shape instantiation.

Small distance means that we find an instance in the eigen-space that is very close
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to the given shape, thus by the projection we can build a reliable correspondence

between them. Large distance means either the given shape is far from the eigen-space

or the method has failed to instantiate the correct shape instance.

As long as the training shapes are homeomorphic, the instantiated shape S̃ will be

homeomorphic with large likelihood since it is instantiated in the shape space learned

from the training shapes. Our observations show that invalid shape instances occur

only when we extrapolate too far from the mean shape (beyond three or even four

standard deviations). However, in reality the chances that we observe data beyond

three or four standard deviations are rare. In normal distribution, only 0.27% of the

data are beyond three standard deviations, and 0.006% of the data are beyond four

standard deviations.

4.5.2 Correlation of normal vectors

The correlation of the normal vectors at the corresponding points between the mean

shape and the given shape is calculated to quantize the quality of the correspondence.

For two random variables x and y, their correlation coefficient

ρ(x, y) = Cov(x, y)
Cov(x, x) 1

2 Cov(y, y) 1
2
, (4.8)

measures the similarity in behavior between x and y, here Cov(x, y) is the covariance

between x and y. The square of the correlation coefficient ρ2(x, y) is the proportion of

the total variation in x that is explained by the variable y in a simple linear regression

model and visa versa [66].
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For a random variable x and a d dimension random vector Y, the multiple

correlation coefficient %(x,Y) ∈ [0, 1] between them is defined as [67]

sup
A

%2(x,Y) = ρ2(x,AY), (4.9)

where ρ is defined in (4.8). It turns out that A = Σ12Σ−1
22 is the vector of regression

coefficients of x on Y, where Σ12 is the covariance between x and Y whose dimensions

are 1 × d, Σ22 is the covariance of Y itself and is a d × d matrix. So by (4.8) and

(4.9) we have [67]

%(x,Y) =
√

Σ12Σ−1
22 Σ21/

√
σ11, (4.10)

where σ11 is the variance of x, Σ21 = ΣT
12. Similarly, %2(x,Y) is the proportion of the

variation in x that is explained by the variables in Y by linear regression with the

regression coefficients A = Σ12Σ−1
22 .

For two random vectors Xd1×1 and Yd2×1, for each individual component xi, i =

1, · · · , d1 of X, we calculate its multiple correlation with Y and obtain r = [%1, · · · , %d1 ]T

by (4.10), while %2
i is the proportion of variation in xi that is explained by Y by

linear regression. Thus the total proportion of variation in X that is explained by

Y can be calculated by
d1∑
i=1

%2
iσii/

d1∑
i=1

σii, where σii is the variance of xi, and
d1∑
i=1

σii is

the total variation in X, and
d1∑
i=1

%2
iσii is the variation of X being explained by Y by

linear regression.
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We define

%(X,Y) =

√√√√ d1∑
i=1

%2
iσii/

d1∑
i=1

σii, (4.11)

be the correlation between X and Y and use it to calculate the correlation of normal

vectors of two registered shapes. Note that %(X,Y) ∈ [0, 1], which achieves 1 if and

only if r = [1, 1, · · · , 1]T , and achieves 0 if and only if r = [0, 0, · · · , 0]T . Below is the

definition of what is a good correspondence when judged by this metric:

Definition: we say ca : S1 → S2 is a better correspondence than cb : S1 → S2 if

%(n1(x),n2(ca(x))) > %(n1(x),n2(cb(x))), x ∈ S1, (4.12)

where n1(x) is the normal vector at the point x on S1, n2(ca(x)) the normal vector at

the corresponding point of x on S2, and %(n1,n2) is defined in (4.11). The inequality

(4.12) says that ca is a better correspondence than cb if it gives larger correlation

between the normal vectors on S1 and S2.

4.5.3 Mesh quality metric

To check the quality of the morphed mesh for the subject-specific shape, we

calculate the Jacobians at the vertices of each element. It can be shown that the

Jacobians over a linear Bézier element (which degenerates to a linear Lagrange

element) are bounded by the Jacobians at it’s corners [68]. So, for the mesh of

bi-linear 2D finite elements and tri-linear 3D finite elements, it is sufficient to check

the Jacobians at the vertices of each element. For further discussions on the Jacobians
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of higher order elements, please refer to [69; 70].

4.6 Numerical results

In the proposed approach in section 4.2 , 4.3, and 4.4, we build the statistical atlas

from the population of training shapes and use it to aid the automatic construction of

the subject-specific FE mesh. Then we evaluate the approach by the metrics proposed

in section 4.5. Here we show the numerical results of the examples of the 2D hand

shapes, 3D femur proximals and 3D aortas.

4.6.1 2D hand shapes

In this section we apply our method on the subject-specific FE modeling of the

2D hand shapes. We have 40 hand shapes in total and they are scaled and moved

into the [0, 1] × [0, 1] bounding box. Each shape is represented by 2001 uniformly

sampled points.

In the FFD registration, the shape S23 is chosen as the template shape and has

been registered to the other training shapes by FFD. Then we re-sample all the other

training shapes by the points on S23 with the correspondences obtained. The size

of the B-spline control grid in this example is 20× 20, the smoothing coefficient α

is chosen to be 30000 at the start of the deformation and is halved per 8 iterations

until α < 10. We choose the weight of landmarks β = 5.

In Figure 2.5 and 4.2 we show the mean shape and eigen-modes calculated from

the training set of all the 40 re-sampled shapes. Here we design a leave-one-out
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experiment. For k = 1, · · · , 40, each time the kth shape is selected as the subject

shape and the remaining 39 shapes are used as the training shapes. The statistical

shape model is built from the re-samplings of the 39 training shapes. In this way, the

training set will not contain the exact subject shape.

In the shape instantiation, we use the first 11 eigen-modes (captures more than

99% of the variation) to instantiate the new shape. The regularization coefficient γ

is chosen to be 0.3 initially and multiplied by 1
4 each outer iteration in Algorithm 1

until it is less than 0.008. The rule of thumb is to choose the initial value of γ such

that at the beginning only rigid transformations are allowed. Then γ is gradually

decreased so to allow more and more shape changes. The final value of γ is chosen

such that γEr is an order of magnitude smaller than Ed (10 times smaller) so the

shape deviations dominates the deformation at the end. In the FE mesh morphing,

we choose the smoothing coefficient α = 50 that balances the magnitudes of the

distance term and smoothing term in (4.7).

The results of shape instantiation and FE mesh construction of shapes S1,S26,S37

are shown in Figure 4.6. Left column shows the results of shape instantiation and

right column shows the results of FE mesh construction. In the FE mesh construction,

the subject shapes were transformed to the reference frame by t−1
R,T,s.

Among the 40 shapes, only the instantiation of the shape S38 has failed, as shown

in Figure 4.7(a). As mentioned in [40], S38 belongs to one of the two outliers (S38,S40)

in the training set, which means it is much farther from the mean shape than other

shapes, and is more likely to be trapped in the local minimum. We say that it

is trapped in the local minimum because there does exist an instance S̃38 in the
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(a) Instantiation of S1
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(b) Subject FE mesh of S1

(c) Instantiation of S26

2

3

4

5

6

7

8

detJ

(d) Subject FE mesh of S26
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(f) Subject FE mesh of S37

Figure 4.6: The results of shape instantiation and subject FE mesh construction. In
the left column, the red contour is the mean shape, the blue contour is the subject
shape, the green contours are the locus of shape instantiation. The right column
shows the subject FE mesh and the Jacobians. We could see that all the meshes have
positive Jacobians.
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eigen-space built from S(38) = {Sc1, · · · ,Sc37, S
c
39, S

c
40} that is closer to S38 than the

one we found, as shown in 4.7(b).

(a) Instantiation of S38

S38eS38

(b) The best match S̃38

Figure 4.7: The algorithm has failed to correctly instantiate S38: (a) the locus of the
instantiation, the mean shape is in red, S38 blue; (b) the best match for S38 in the
eigen-space.

The best match of S38 is obtained by projecting Sc38 into the eigen-space by

S̃38 = S̄ + ΨΨT (Sc38 − S̄),

where Sc38 is the re-sampling of S38 with the correspondence obtained by FFD with

56 landmarks, S̄ is the mean shape of S(38).

In all other examples of 3D femur and aorta there are no failure cases because the

shapes are similar with each other.

Figure 4.8 shows the distance of the instantiated shape (Ed in section 4.3) to the

given shape at each iterations. We could see most of the instantiations succeed in
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Figure 4.8: The value of Ed at each iteration. The bold green curve corresponds to
S38.

finding an instance close to the given shape except for S38, which deviates too much

from the mean shape. The running time is from 1.507530 seconds (S13, 168 iteration)

to 5.910679 seconds (S38, 581 iterations) on Matlab with processor: Intel Core i7,

3.50GHz. Table 4.1 shows the detailed statistics.

Table 4.1: Performances (2D hands): on Matlab with Intel Core i7, 3.50 GHz

Running time Iterations Num. of pts
minimum 1.51 s 168 2001
maximum 5.91 s 581 2001

In Figure 4.9 we plot the correlation coefficients of normals between the template

shape and all other registered shapes before and after the free-form deformation, which

are in triangles and squares, and the correlation coefficients obtained by the shape

instantiation, which is in circle. We could see that the proposed correlation metric

has nicely distinguished the registered shapes and unregistered shapes while show no
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Figure 4.9: The correlation coefficient of normals. Here, we only calculate the
correlation coefficients for the 39 successfully registered shapes.

major differences between the FFD and the shape instantiation, which indicates that

the automatic shape registration by eigen-space search without manually intervention

gives as good correspondence as the free form deformation method with carefully

chosen landmarks. Actually, the 56 landmarks we used in the FFD based registration

are the same landmarks used by [40].

4.6.2 3D femur proximals

The clinical diagnosis of femur proximal abnormal relies on the analysis of femur

shapes, here we apply our method with the femur example to demonstrate its success

in 3D shape synthesis and FE mesh generation.
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Constructing statistical atlas

We have a set of 29 femur proximals as shown in Figure 4.10. These femurs

are represented by boundary triangulations and are scaled into the unite bounding

box. The number of vertex of each femur varies from 2912 to 3567. We find the

Figure 4.10: Overlay of 29 femur proximals plotted in different colors. The red, blue
and green points are, respectively, landmarks on the protrude, lower laterals, and
femur heads.

correspondences between those shapes by FFD with the chosen landmarks in Figure

4.10. Then we re-sample each shape based on the correspondences and conduct the

statistical shape modeling.

Figure 4.11 shows the shapes before GPA, after GPA and the mean shape S̄ of

the femurs. Figure 4.12 has shown the first three eigen-modes out of the 28 and

Figure 4.13 shows the cumulative shape variances captured by the increasing number

of shape modes from one mode to the whole 28 modes.
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(a) (b) (c)

Figure 4.11: (a) 29 shapes before GPA; (b) 29 shapes after GPA; (c) mean shape S̄.

(a) S̄± 2σ1Ψ1 (b) S̄± 2σ2Ψ2 (c) S̄± 2σ3Ψ3

Figure 4.12: The first three eigen-modes of the fenurs: green one is the mean shape,
red is the +2σ deviation and blue is the −2σ deviation.

After we obtained the statistical shape model, we create finite element mesh for

the mean shape as shown in Figure 4.14.

Shape instantiation and projection

With the obtained statistical shape model, we can conduct eigen-space search for

a given subject-specific shape. Here we did the same leave-one-out experiment for the

femur-proximal as in the 2D hand example. In the experiment we use 15 eigen-modes

(captures more than 96% of the variation) to instantiate the new shape.
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Figure 4.13: The cumulative shape variances captured by the increasing number of
shape modes.

Figure 4.14: Hex-mesh of the mean shape and the Jacobians.
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(a) S̄ red, Ŝ blue (b) S̄→ Ŝ

(c) S̃ red, Ŝ blue (d) Projected S̃P red and Ŝ blue

Figure 4.15: (a) The mean shape S̄ (the inner red one) and the given shape Ŝ (blue);
(b) the locus of each vertex in the eigen-space search; (c) the result S̃ of eigen-space
search; (d) normal projection.
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Figure 4.15 shows one example of shape instantiation and projection. Figure

4.15(c) shows the instantiated shape S̃ and Figure 4.15(d) shows its projection S̃P

onto the given shape Ŝ. It is clear that the deviation between the synthesized shape

S̃P and the given shapeŜ is random, indicting a good accuracy of the synthesis

process.

Iterations
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1

1.5

2
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Figure 4.16: The value of Ed at each iteration.

Figure 4.16 shows the distance of the instantiated shape (Ed in section 4.3) to the

given shape at each iterations. The average edge length of each triangle mesh is around

0.02, and all the instantiations have given an average surface deviation just about

half of the average edge length, which shows the success of the instantiation. The

average surface deviation is calculated by
√
Ed/nv, where Ed is the square distance

defined in (4.4) and nv is the number of vertex. The running time is from 0.939999

seconds (S2, 65 iteration) to 3.337465 seconds (S8, 218 iterations) on Matlab with

processor: Intel Core i7, 3.50GHz. Table 4.2 shows the detailed statistics.

In Figure 4.17 we compare the correlation coefficients of normals among the ICP,
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Table 4.2: Performances (3D femurs): on Matlab with Intel Core i7, 3.50 GHz

Running time Iterations Num. of pts
minimum 0.94 s 65 2912
maximum 3.34 s 218 3567
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Figure 4.17: The correlation coefficient of normals.

FFD and SSM based methods. In ICP and FFD, shape 2 is chosen as the template,

so the correlation with itself is 1. For SSM based shape synthesis, we conducted

a leave-one-out test and thus obtained correlation for 29 shapes. The correlations

obtained by SSM synthesized shapes (circle) is slightly better than the correlations

obtained by FFD (square) and show obvious improvement than the correlations

(triangles) obtained by ICP. This suggests that both FFD and SSM based approach

leads to comparable shape correspondence. However, FFD requires 3 landmark points

for guidance during the deformation process.

In Figure 4.18 we have removed the top of the given shapes Ŝ1, Ŝ2, Ŝ3 and repeated

the same process as we did in Figure 4.15. The results show that our method is
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(a) Ŝ1 (b) Ŝ2 (c) Ŝ3

(d) S̄1 red, Ŝ1 blue (e) S̄2 red, Ŝ2 blue (f) S̄3 red, Ŝ3 blue

(g) S̃1 red, Ŝ1 blue (h) S̃2 red, Ŝ2 blue (i) S̃3 red, Ŝ3 blue

Figure 4.18: (a), (b), and (c) are the shapes with missing top; (d), (e), and (f) are
the overlappings of the mean shapes (red) and their respective target shapes (blue);
(g), (h), and (i) shows the results S̃1, S̃2, S̃3 of eigen-space search (synthesizing). Here
we didn’t do normal projection because the given shape is incomplete.
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Figure 4.19: A comparison of the shape parameters wi
σi
, i = 1, · · · , 15 found for the

complete shapes in Figure 4.15 and the incomplete shapes in Figure 4.18. On the
x-axis are the index of the eigen-modes, on the y-axis is the value of the shape
parameter.

very robust even when the shapes are incomplete. In Figure 4.19 we have compared

the shape parameters we obtained from the given complete shapes and the given

incomplete shapes by the shape instantiation, the two sets of parameters only have

minor differences and are in good accordance with each other. This suggests that the

automatic shape instantiation is robust with incomplete data.

Automatic FE model generation

As shown in Figure 4.20, with the boundary correspondences obtained in the

previous section, we morph the FE mesh of the mean shape in Figure 4.14 to the

given shapes Ŝ1, Ŝ2, Ŝ3 and obtain the subject-specific FE meshes, whose Jacobians

are non-negative.
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(a) FE mesh of Ŝ1 (b) FE mesh of Ŝ2 (c) FE mesh of Ŝ3

Figure 4.20: The automatic generated FE mesh for the three given shapes in Figure
4.18.

4.6.3 Aorta

Due to the complex structures (two inlets on the main body and three leaflets

inside), the mesh generation of aorta is very time consuming and the automatic FE

mesh generation for aorta would be very appealing and have important potential

practical applications.

Constructing statistical atlas

We have five aortic models, four of them were used for constructing statistical

atlas and one was used as the given shape for synthesis.

As shown in Figure 4.21, we have four shapes in the training set. On each shape

we have marked 13 landmarks, based on which we conducted the FFD based shape

registration. Figure 4.22 shows the obtained mean shape model and eigen-modes of

the statistical shape model.
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(a) S1 (b) S2 (c) S3 (d) S5

Figure 4.21: Four aortas in the training set to build the statistical atlas.

(a) S̄ (b) S̄± 2σ1Ψ1 (c) S̄± 2σ2Ψ2 (d) S̄± 2σ3Psi3

Figure 4.22: Mean shape and the eigen-shapes.

Shape instantiation and projection

With the obtained mean shape S̄ and three eigen-modes Ψ1,Ψ2,Ψ3, given a new

shape Ŝ, we automatically instantiate it with the shape instances in the eigen-space

and find the correspondences between the given shape Ŝ and the mean shape S̄. In

Figure 4.23 we show the process of shape instantiation and projection.
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(a) Ŝ (b) S̄→ Ŝ (c) S̃ and Ŝ (d) S̃P

Figure 4.23: (a) The given shape Ŝ; (b) the overlay of the mean shape S̄ (red) and Ŝ
(blue); (c); shape instance S̃ optimized in the eigen-space; (d) projection to obtain
the synthesized shape S̃P .

Automatic FE mesh generation

With the correspondences obtained in the previous step, we automatically morph

the hexahedral mesh of the mean shape to the given shape Ŝ (Fig. 4.23(a)) by the

free form-deformation in section 4.4. The resulting mesh was shown in Figure 4.24.
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(a) T (b) T̂

Figure 4.24: (a) Hexahedral mesh of the mean shape, (b) generated Hexahedral mesh
(green) of the given shape Ŝ (red).
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5

A Taylor expansion approach for

computing structural performance

variation from population-based

shape data

Rapid advancement of sensor technologies and computing power has led to wide

availability of massive population-based shape data. This chapter1 presents a Taylor

expansion based method for computing structural performance variation over its

shape population. The proposed method takes four steps: 1) learning the shape

parameters and their probabilistic distributions through the statistical shape modeling;

2) deriving analytical sensitivity of structural performance over shape parameter;

3) approximating the explicit function relationship between the finite element (FE)

solution and the shape parameters through Taylor expansion; 4) computing the

performance variation by the explicit function relationship.
1This chapter is based on the following paper: Xilu Wang, Xiaoping Qian, "A Taylor expansion

approach for computing structural performance variation from population-based shape data", Journal
of Mechanical Design 139 (2017): 111411.
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To overcome the potential inaccuracy of Taylor expansion for highly nonlinear

problems, a multi-point Taylor expansion technique is proposed, where the parameter

space is partitioned into different regions and multiple Taylor expansions are locally

conducted. It works especially well when combined with the dimensional reduction of

the principal component analysis in the statistical shape modeling.

Numerical studies illustrates the accuracy and efficiency of this method.

5.1 Background

Our approach builds on statistical analysis of shape variations, also known as statistical

shape modeling (SSM). SSM has emerged as a powerful tool [34] for shape learning

from a population where statistical analysis of shape variation is conducted, typically

through principal component analysis. It has found its success in various fields

including image segmentation [71], motion tracking [44], and parametric shape design

[24; 13]. The use of statistical shape modeling techniques to understand shape

variations and its effect on biomechanical performance has been recently attempted

in [6; 28; 39; 35; 39; 36]. However, the computing of the structure performance

variation over a population is usually through the Monte Carlo simulation, i.e. by

randomly generating the shape parameters according to the learned probabilistic

distributions, and obtaining a set of new shapes and new finite element meshes usually

through mesh deformation. The finite element analysis is then performed on each

of the generated finite element models and the results are collected from which the

structural performance variation is obtained. For example, in [36], the performance of
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the cementless osseointegrated tibial tray in a general population was studied using

1000 finite element analyses on different subjects. The drawback of such Monte Carlo

simulation based approach lies in its inefficiency. In order to obtain a result with

reasonable accuracy, a large number of experiments (usually > 500) are needed and

each experiment, in this context, requires an expensive finite element analysis.

The advantage of our approach lies in the fact that only one time FE analysis of

the mean shape is used to predict the subject-specific shape’s structural performance

and the performance variation over the population. Figure 5.1 shows the proposed

approach as applied in a heat transfer problem: approximating temperature fields

for a shape population with Taylor expansion of the FE solution for the mean

shape. Given a population of shapes, the mean shape and the modes of variation are

obtained by the statistical shape modeling. A shape instance is then represented as

the linear combination of the mean shape and the modes of variation. The weights

w = [w1 · · ·wm]T is called the shape parameters. Based on the shape sensitivity

analysis ∂u/∂w, where u is the FE solution, the Taylor expansion is conducted to

approximate the function u(w) and extrapolate the solution on the mean shape to

other shapes.

The limitation of usual Taylor expansion lies in its potential inaccuracy for non-

linear problems. In this work, to overcome potential inaccuracy of Taylor expansion,

a multi-point based Taylor expansion technique is proposed. The parameter space

of the shape population is partitioned into different regions and multiple Taylor

expansions are conducted around the local bases within each region. This technique

is extremely powerful when combined with the dimensional reduction of principal
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(a) A shape population

(b) FE mesh of the mean shape (c) FE result of (b)

(d) Subject-specific temperature distributions from Taylor expansion

Figure 5.1: Proposed approach for predicting subject-specific structural performance:
Taylor series expansion of the FE solution for the mean shape as applied in a heat
transfer problem.

component analysis (PCA) in SSM. Since as a result of PCA, the first several shape

parameters capture a majority of the shape variations. Thus the region partition

is only carried with respect to the first few shape parameters and the dimension
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of the problem has been significantly reduced. To determining the positions of the

expansion bases, an optimization based approach is designed.

5.2 Method overview

The inputs for our method are the boundary shapes:
{
X(k)

Γ , k = 1, · · · , ns
}
, the

loading conditions, and the structural performance c of interest (e.g. the structural

compliance in linear elasticity and the thermal compliance in heat transfer). The

outputs are: a statistical shape model that parameterizes the training shapes, the FE

model and corresponding FE solution on the mean shape, the structural performance

c as an explicit function of the shape parameters w, and the probability distribution

of the structural performance c within the population.

The proposed method involves four steps: 1) statistical shape modeling; 2) shape

sensitivity analysis; 3) approximation by Taylor expansion; and 4) computing the

performance variation.

Firstly, the shape parameters and their probabilistic distributions are learned from

the statistical shape modeling. The shapes are parameterized by the eigen-shapes

{ψk} and the shape parameters {wk}

XΓ = XΓ +
m∑
k=1

wkψk, wk ∼ N(0, λk), (5.1)

where XΓ is the boundary shape, XΓ is mean shape of the population. wk ∼ N(0, λk)

means that the kth shape parameter is normally distribution with mean 0 and variance

λk.
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Secondly, the analytical sensitivities of the FE solution u and the structural

performance c with respect to the shape parameters w = [w1, · · · , wm]T are calculated

∂c

∂wk
= ∂c

∂ut
∂u
∂wk

, k = 1, · · · ,m. (5.2)

Then, with the results of sensitivity analysis, the structural performance c is

represented as an explicit function of the shape parameters w by Taylor expansion:

c̃(w) = c(0) +
m∑
k=1

∂c

∂wk
wk, (5.3)

where c(0) is the structural performance of the mean shape. Note that Taylor

expansion c̃(w) is an approximation of the true function c(w), in the later context,

"tilde" will denote approximation by default.

Finally, the probability distribution p(c̃) of the structural performance is obtained

by the explicit function relationship c̃(w) and the learned probability distribution of

the shape parameters p(w).

The output is the cumulative distribution function (CDF) Fc̃(c∗) = p(c̃ ≤ c∗) of

the structural performance c̃, where p(c̃ ≤ c∗) is the probability that c̃ is less than c∗.

In this study, we use p(·) to denote the probability of a specific event. The

boundary shapes are represented by discrete sampling points: XΓ = [x1, · · · ,xnb ]t,

where xi = [xi,1, xi,2]t is vector of coordinates and nb is the number of sampling points.

We use X to denote the FE mesh in general. When X appears in the equations,

it means the positions of the mesh nodes, for example, X = [p1, · · · ,pnp ]t, where

pi = [pi,1, pi,2]t is vector of coordinates and np is the number of mesh nodes. We use
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u to denote the FE solution in general. When u appears in the equations, it means

the nodal values of the FE solution, for example, u = [u1, · · · , unp ]t. If u is an np × 1

vector and w is an m× 1 vector, ∂u
∂wt would be an np ×m matrix, its element in the

ith row and jth column is ∂ui
∂wj

.

5.3 Statistical shape modeling

Statistical shape modeling plays important roles in computing the structural

performance variation over a shape population. It computes the mean shape and the

modes of variations in a population. It captures the variability of shapes in space

through the probability distribution of the learned shape parameters. The mean

shape of the population provides a statistical atlas, based on which we create the

template FE mesh. For more details of statistical shape modeling please refer to

chapter 2.

5.4 Shape sensitivity analysis

Through statistical shape modeling, a shape in the population is parameterized by

the shape parameters w. In this section we derive the analytical sensitivity of the FE

solution u over the shape parameters w. Assume we have the FE state equation

K(w)u = b(w), (5.4)
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the sensitivity of the FE solution over the shape parameters is calculated by [31]

∂u
∂wk

= K−1
(
∂b

∂wk
− ∂K
∂wk

u
)
, k = 1, · · · ,m. (5.5)

For a specific element e in the stiffness matrix K or the loading vector b, by the

chain rule we have

∂e

∂wk
= ∂e

∂Xt

∂X
∂Xt

Γ

∂XΓ

∂wk
, (5.6)

where ∂e
∂Xt |1×2np is the sensitivity of element e with respect to the mesh nodes, it is

calculated according to the governing equations of the finite element method[50; 72; 31];
∂X
∂Xt

Γ
|2np×2nb is the sensitivity of the mesh nodes with respect to the boundary points;

and ∂XΓ
∂wk
|2nb×1 is the sensitivity of the boundary points with respect to the shape

parameters and from equation (5.1) we have

∂XΓ

∂wk
= ψk, k = 1, · · · ,m. (5.7)

The only unknown in equation (5.6) is ∂X
∂Xt

Γ
, the sensitivity of the mesh nodes with

respect to the boundary points. Here the thin-plate deformation (TPS) [73] is used

to transfer the boundary perturbations to the interior nodes due to its simplicity,

robustness.

Figure 5.2 shows an example of the thin-plate deformation, in which the boundary

perturbation is transferred to the whole physical domain Ω. The FE mesh of the

mean shape is embedded in the domain Ω and is deformed accordingly.
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(a) Undeformed domain (b) Deformed domain

(c) FE mesh of the mean shape (d) Deformed FE mesh

Figure 5.2: The thin-plate deformation as a function of the boundary points XΓ: (a)
the undeformed domain, the initial boundary points XΓ (blue), and the positions
of the perturbed boundary points XΓ (red); (b) the deformed domain based on the
boundary perturbation XΓ → XΓ; (c) the FE mesh of the mean shape; (d) the
deformed FE mesh.

The formulation of the thin-plate deformation is

Φ(x) = c + Ax + VtU(x), (5.8)
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where x = [x1, x2]t is the domain point and is deformed to Φ(x); c = [c1, c2]t

is the translation vector; A is the 2 × 2 affine transformation matrix; VtU(x) is

the deformation part, where U(x) = [ρ(x − xΓ
1 ), · · · , ρ(x − xΓ

nb
)]t is the nb × 1

vector of kernel functions, xΓ
1 , · · · ,xΓ

nb
are the coordinates of boundary points with

xΓ
i = [xΓ

i,1, x
Γ
i,2]t, and V = [v1, · · · ,vnb ]t is the nb × 2 matrix of TPS weights with

vi = [vi,1, vi,2]t. The kernel function ρ is defined as

ρ(h) =


‖h‖2 log(‖h‖), ‖h‖ > 0;

0, ‖h‖ = 0.
(5.9)

It is worth mentioning that other deformation methods could also be applied, for

example, the free-form deformation [59], the deformation by pseudo linear elasticity[69].

The reason we choose thin-plate deformation is that the bending energy of the

underly domain is minimized by thin-plate deformation. It is proved in [74] that the

deformation by equation (5.8) minimizes the bending energy [34; 74] of the underlying

domain Ω with regards to all possible interpolating functions that map from XΓ to

XΓ. Since distortion of the underlying domain may cause mesh tangling, the property

of minimum bending energy is desirable.

Given the coordinates of the initial boundary points xΓ
1 , · · · ,xΓ

nb
, and the coordi-

nates of the perturbed boundary points xΓ
1 , · · · ,xΓ

nb
, the translation vector c, affine

transformation matrix A and the deformation weights V can be solved as[73; 34]:

V = B11XΓ,

 ct

At

 = B21XΓ, (5.10)
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where XΓ = [xΓ
1 , · · · ,xΓ

nb
]t is the nb × 2 matrix of initial boundary points, XΓ =

[xΓ
1 , · · · ,xΓ

nb
]t is the nb × 2 matrix of perturbed boundary points. In this paper the

mean shape XΓ is set as the initial boundary. B11 (nb × nb) and B21 (3 × nb) are

coefficient matrices decided by the positions of the initial boundary points XΓ, whose

closed form formulation is given in [34].

Substituting (5.10) into (5.8), we have

Φ(x) = Xt
ΓB12

 1

x

+ Xt
ΓB11U(x), (5.11)

where B12 is the transpose of B21.

Assume X = [p1, · · · ,pnp ]t the nodes of the FE mesh of the mean shape XΓ,

and X = [p1, · · · ,pnp ]t the nodes of the deformed FE mesh. We have X as a linear

function of the boundary points XΓ

X =
(
[1,Xt]B21 + Ut(X)B11

)
XΓ, (5.12)

where U(X) = [U(p1), · · · ,U(pnp)]. From equation (5.12) we have the sensitivity of
the mesh nodes with respect to the boundary points

∂X
∂Xt

Γ
=

 [1,Xt]B21 + Ut(X)B11

[1,Xt]B21 + Ut(X)B11

 , (5.13)

on the left side of the equation X and XΓ are vectorized.

Now, we have the sensitivity of the FE nodal solutions ∂u
wt from equations (5.5)

and (5.6). The sensitivity of the structural performance ∂c
∂wt can be easily obtained
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by the chain rule:

∂c

∂wt
= ∂c

∂ut
∂u
∂wt

. (5.14)

5.5 Taylor approximation of structural

performance

Taylor expansion is used to approximate the structural performance c by an

explicit function c̃(w) of the shape parameters w.

5.5.1 Single point Taylor expansion

In the single point Taylor expansion, the performance function c(w) is expanded

around the mean shape, where the shape parameters are zeros.

c̃(w) = c(0) + ∂c

∂wt
w, (5.15)

where c(0) = c(u(0)), and u(0) is the FE solution on the mean shape solved from

the below equation:

K(0)u = b(0). (5.16)
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Figure 5.3: Partition the domain into different regions and conduct Taylor expansion
in each region separately.

5.5.2 Multi-point Taylor expansion

To overcome the potential inaccuracy of Taylor expansion at points far away from

the mean shape, a multi-point Taylor expansion technique is proposed.

As shown in Figure 5.3 are two different examples of the multi-point Taylor

expansion. In Figure 5.3(a) the domain has been partitioned into three regions by

the two dashed horizontal lines. The Taylor expansions are conducted locally in

each region around the bases pi, i = 0, 1, 2. In Figure 5.3(b) the domain has been

partitioned into five regions. The procedure of the multi-region Taylor expansion is

as follows:

1. Choosing n number of expansion bases {p0,p1, · · · ,pn}.

2. Partition the parametric domain into n regions Ω0,Ω1, · · · ,Ωn according to the
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closest distance to the base points:

Ωi =
{
w | ‖w− pi‖ = min

j=0,··· ,n
‖w− pj‖

}
.

3. Approximate c(w) piece-wisely by the Taylor expansions around the local bases:

c̃(w) =


c(p0) + ∂c

∂wT (w− p0), ∀w ∈ Ω0

...

c(pn) + ∂c
∂wT (w− pn), ∀w ∈ Ωn

(5.17)

It should be noted that, though c̃(w) may not be continuous, the obtained probability

distribution p(c̃) will be close to that of the true performance p(c) as long as c̃(w) is

close to c(w).

Choosing appropriate expansion bases p0 · · ·pn is critical in the multi-point Taylor

expansion. For each point w, it is expanded with respect to the closest base point. So

the range of extrapolation at w is l(w) = min
j=0,··· ,n

‖w− pj‖. Since the error of Taylor

expansion is propositional to l(w)r+1, where r is the degree of expansion and in this

paper r = 1, it is desirable to minimize the overall squared range of extrapolation.

However, each shape parameter w does not appear in the same frequency, the accuracy

of approximation is more important at the regions of high probability. Based on that,

an objective function is designed:

min
{pj}

E =
∫
Ω

l(w)2p(w)dw, (5.18)
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where the extrapolation range l(w)2 is weighted by the probability density p(w) and

is integrated over the whole domain. Note that l(w) in equation (5.18) is a minimum

formula and will cause obstacles for the optimization. Since the p-norm is widely used

in approximating the minimum and maximum formulas, l2(w) = min
j=0,··· ,n

‖w− pj‖2 is

substituted by (∑n
i=0 l

−2q
j )−

1
q . Considering that the probability density p(w) of the

shape parameters is symmetric with respect to the origin as in equation (5.20), it is

desirable to have the expansion bases also symmetric with respect to the origin. At

last, we have the optimization formula:

min
{pj}

E =
∫
Ω

(
n∑
i=0

l−2q
j )−

1
q p(w)dw, (5.19)

s.t. pj = −pn−j, j = 0, · · · , n.

Locations of expansion bases are then obtained from (5.19) through a gradient decent

approach.

5.6 Probabilistic distribution of the structural

performance

Through the Taylor expansion, an explicit function relationship c̃(w) between the

shape parameters w and the structural performance c is obtained. By the statistical

shape modeling, the probability density function of the shape parameters are learned:

p(w) = Πm
k=1(2πλk)−

1
2 e
−
w2
k

2λk , (5.20)
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where wk is the kth shape parameter and λk is the shape variance in the kth principal

direction.

The cumulative distribution function of the approximated structural performance

c̃ is given by:

Fc̃(c∗) = p(c̃ ≤ c∗) =
∫

c̃(w)≤c∗

p(w)dw. (5.21)

5.6.1 Closed form solution

If the obtained structural performance c̃ is linear and continuous as in equation (5.15),

since it is assumed that the shape parameters are normally distributed, we have that

c̃ is also normally distributed with mean c(0) and variance:

λc = ∂c

∂wt
Λ ∂c

∂w
, (5.22)

where Λ = diag(λ1 · · ·λm) is the covariance matrix of w. The closed form of equation

(5.21) is then obtained accordingly.

5.6.2 Monte Carlo integration

If the obtained structural performance c̃ is discontinuous as in equation (5.17). A

closed form of equation (5.21) is either non-existent or very hard to obtain. In such

cases, the Monte Carlo integration is used to integrate (5.21) at various c∗ values.

The algorithm is as follows:

1. Randomly generate N (in this paper N=1000) sets of shape parameters {wi}
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according to p(w).

2. Calculate ci = c̃(wi) for each parameter wi by equation (5.17).

3. Order the values of {ci} ascendantly and we have:

Fc̃(ci) ≈
i

N
. (5.23)

The 95% confidence interval of p(c̃ ≤ ci) is approximately [ i
N
− 1√

N
, i
N

+ 1√
N

]. Thus

to achieve an accuracy of 5%, we need N ≥ 500; to achieve an accuracy of 1%, we

need N ≥ 10000. In our examples we set N = 1000. The function evaluation of

c̃(w) in equation (5.17) is quite cheap, so the Monte Carlo integration is very efficient

compared with the simulations by finite element analysis.

In order to obtain equation (5.17) the FEA problem need to be solved at every pj .

Here, as a result of dimensionality reduction of principal component analysis, most of

the shape variances are concentrated along the first few shapes parameters, so the

multi-point Taylor expansion only need to be done with respect to the first few shape

parameters and is very efficient. In our later linear elasticity example, it is done with

respect to the first shape parameter with three and five points respectively.

5.7 Numerical results

In this section, the influence of geometrical variation on the structural performances

have been studied with a 2D heat transfer problem and a 2D elasticity problem. We

examine the numerical accuracy of the Taylor expansion for various modes of shape
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variations. We also compare the distributions of the structural performances obtained

by Taylor expansion with those obtained by the Monte Carlo simulation.

The evaluation process of Monte Carlo simulation (MCS) is as follows:

1. Randomly generate N ≥ 500 sets of shape parameters {wi} according to p(w).

2. For each shape parameter wi, generate the corresponding boundary shape X(i)
Γ

by the statistical shape model (5.1).

3. Generate the finite element mesh X(i) for X(i)
Γ by the thin-plate deformation of

the FE mesh of the mean shape (5.12).

4. Conduct the FE analysis, record the results and repeat steps 2,3,4 until i = N .

In our numerical study, the 40 hand shapes in [40] are used as the training set

as in Figure 2.1. Each shape is represented by nb = 2001 number of discrete points.

We model the shape variations among them through the statistical shape modeling

method as detailed in [58]. The first 8 shape modes is used to compactly represent

the overall shape variation, which captures more than 98% of the total shape variance.

The template FE mesh is created on the mean shape and has np = 1250 number of

nodes.
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(a) Boundary conditions on the mean shape (b) FE solution

Figure 5.4: A 2D heat transfer problem: Dirichlet boundary condition u = 50 on Γ1
(red circle), Neumann boundary condition ∂u

∂n = −200(green boundary), thermal load:
q = 1000000 in the center of the hand (yellow area).

5.7.1 2D heat transfer problem

The 2D heat transfer is governed by the Poisson equation:

−∆u = q in Ω (5.24)

u = T1 on Γ1 (5.25)
∂u

∂−→n
= g on Γ2 (5.26)

where u is the temperature, q is the thermal load, Ω is the domain of heat transfer,

Γ1 is the Dirichlet boundary, T1 is the boundary temperature, Γ2 is the Neumann

boundary, and g is the Neumann boundary condition.

Figure 5.4 shows the 2D heat transfer on the hand shape. Figure 5.4(a) shows the

FE mesh of the mean shape and the boundary conditions. Figure 5.4(b) shows the
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(a) ũ(w1)|w1=−2σ1 (b) ũ(w1)|w1=−σ1

(c) ũ(w1)|w1=σ1 (d) ũ(w1)|w1=2σ1

Figure 5.5: Predicted temperature distribution due to shape variations in the first
mode. The color means the temperature, and its range follows the same color bar as
in Figure 5.4.

corresponding FE solution. In this example, the variability of the thermal compliance

c =
∫

Ω qudΩ due to the shape variations is studied.

Temperature distribution by Taylor expansion

Figure 5.5 shows the predicted temperature distribution of shapes due to the change

of the first shape parameter. We can see that as w1 increases from −2σ1 to 2σ1 in

Figure 5.5(a), 5.5(b), 5.5(c), and 5.5(d), the hand becomes more expanded, and the

temperature in the field decreases.
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In order to examine the accuracy of Taylor expansion, here we compare the results

predicted by the Taylor expansion with the ones obtained by the finite element

analysis.

The Taylor expansion of the nodal temperatures u(w) and the thermal compliance

c(w) around the mean are done through equation (5.15). The finite element analysis

are conducted at the designed points, as shown by the stars ∗ in Figure 5.7. At each

point, a new shape is generated by the corresponding shape parameters, the FE mesh

is obtained by the thin-plate deformation of the FE mesh of the mean shape and a

new FE analysis is conducted.

Figure 5.6(a) and 5.6(b) show the errors between the temperatures predicted by

Taylor expansion and from FE analysis with shape change in the first mode. The

results are obtained by varying the first shape parameter from negative two standard

deviations to positive two standard deviations, while keeping all the other shape

parameters 0. The maximum errors in Figure 5.6(a) and 5.6(b) are 6.89 and 7.03,

respectively, while the scale of temperature variation in our FE solution is about 80

as shown in Figure 5.4. We could see that the maximum error happens at the tip

of the little finger, where the shape variation is large and is far from the Dirichlet

boundary. The Taylor expansion extrapolates the FE solution of the mean shape to

other shapes, so it is reasonable to expect that the maximum error happens at the

farthest extrapolation point (large shape deviation). Since the temperature on the

Dirichlet boundary is fixed, so there is no error on the Dirichlet boundary.

Figure 5.6(c) and 5.6(d) compare the Taylor expansion with the FE solutions

for shape changes along the second mode. The maximum errors in Figure 5.6(c)
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and 5.6(d) are 1.59 and 2.15, respectively. Figure 5.6(e) and 5.6(f) compares the

Taylor expansion with the FE solutions for shape changes along the third mode. The

maximum errors in Figure 5.6(e) and 5.6(f) are 0.80 and 0.81, respectively.

It could be seen that from the first mode to the third mode, the errors become

smaller and smaller. That’s because as a result of PCA, the first mode captures a

majority of the total shape variances and the remaining modes captures fewer and

fewer shape variances. So the deviation from the mean shape becomes smaller and

smaller.

Thermal compliance by Taylor expansion

Figure 5.7(a) shows the relationship between the first shape parameter w1 and the

thermal compliance c by Taylor expansion and from the FE analysis. Since the

thermal load q as in Figure 5.4(a) is added in the middle area, where has small

extrapolation errors as in Figure 5.7(a), the results of Taylor expansion c̃ is close to

the FE analysis c. The maximum relative error (max |c̃− c|/c) is 6.77%.

Figure 5.7(b) and 5.7(c) show the relationships between the second and third

shape parameters with the thermal compliance. The results of Taylor expansion agree

well with the finite element analysis, the maximum relative errors are 0.42% and

0.49% respectively.

Since the Taylor expansions in Figure 5.7(a), 5.7(b), and 5.7(c) gives relatively

small extrapolation errors, the single-point Taylor expansion (5.15) around the mean

shape is used to approximate c(w) and calculate the cumulative probability function

(CDF) of the thermal compliance. In this case we have the analytical solution (5.22).
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The result is shown in Figure 5.7(d), it can be seen that the analytical CDF conforms

well to that obtained by the Monte Carlo simulations. The three horizontal curves in

Figure 5.7(d) partition the space into four intervals at the cumulative probabilities

of 5%, 50%, and 95%. From the two inner intervals we could see that, for about

90% of the shapes in the population, the thermal compliance c should be within the

range [5.8× 109, 7.1× 109]. The run time for the Taylor expansion based approach

is 2.88s including the sensitivity calculation. The run time for the 500 Monte Carlo

simulations is 106.54s. The computing is performed with MATLAB on the processor

of “intel(R) Core(TM) i7-5500U”.

5.7.2 2D elasticity problem

The governing PDEs of the linear elasticity problem are

−∇ · σ = f in Ω, (5.27)

σ = 2µε+ λ(∇ · u)I in Ω, (5.28)

ε = 1
2(∇u + ∇uT ) in Ω, (5.29)

u = û on ΓD, (5.30)

σn = t̂ on ΓN , (5.31)

where σ is the domain stress, f is the domain force, Ω is the domain, u is the

displacement, I is the identity matrix, û is the fixed displacement on the Dirichlet

boundary ΓD, and t̂ is the traction on the Neumann boundary ΓN .
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In this example, the variability of the structural compliance c =
∫

ΓN uT t̂dΓ due

to the shape variations is studied.

Figure 5.8(a) shows the FE model X of the mean shape XΓ and the boundary

conditions. Figure 5.8(b) shows the solved nodal displacements.

Nodal displacements by Taylor expansion

In this section we display the nodal displacements predicted from the Taylor expansion

of equation (5.15) for shapes with varying shape parameters.

Figure 5.9 shows the predicted nodal displacements of shapes due to the change

of the first shape parameter. As w1 increases from −2σ1 to 2σ in Figure 5.9(a),

5.9(b), 5.9(c), and 5.9(d), the hand becomes more expanded and smaller, and the

displacements decreases.

Structural compliance by Taylor expansion

In this section the single-point Taylor expansion around the mean shape (5.15) is

used to obtain the cumulative distribution function of the structural compliance.

Figure 5.10(a),5.10(b), and 5.10(c) plot the relationship between the first, second,

and third shape parameters and the resulting structural compliance c by the Taylor

expansions and from the FE analysis. It could be seen that the results of Taylor

expansion deviates a lot from that of the FE analysis.

Figure 5.10(d) compares the cumulative distribution function of the structural

compliance c̃ obtained by the Taylor expansion with the one obtained by 500 Monte
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Carlo simulations. We can see that the analytical CDF obtained by the Taylor

expansion deviates a lot from the CDF obtained by the Monte Carlo simulations.

Multi-point Taylor expansion

The drawback of Taylor expansion lies in the fact that the approximation error

becomes larger as the range of extrapolation increases. For certain problems, for

example the 2D elasticity problem in this paper, it will cause large discrepancy between

the approximated function c̃(w) and the real one c(w), and thus large discrepancy

between the corresponding cumulative distribution functions. By observing Figure

5.10(a), 5.10(b) and 5.10(c), it can be seen that the response of the real FE analysis

is quit curved and the Taylor expansion of the points far away from the mean shape

deviates a lot from the real FE solution. To overcome this issue, the multi-point

Taylor expansion technique, as discussed in section 5.2, is used.

Figure 5.11 shows the results obtained by the multi-point Taylor expansion. We

can see that the cumulative distribution function obtained by the Multi-point Taylor

expansion conform well with that of the Monte Carlo simulation. The expansion

bases {P0 · · ·Pn} are obtained by the optimization formula (5.18). In this example,

the multi-point Taylor expansion is only carried with respect to the first three

shape parameters (w1, w2, w3), which captures 91.0% of the total shape variances∑3
i=1 σ

2
i /
∑40
i=1 σ

2
i = 0.91.

With n = 2, the obtained expansion bases are: (1.107, 0, 0), (0, 0, 0), (−1.107, 0, 0),

the result is shown in Figure 5.11(a). With n = 4, the obtained expansion bases are:

(1.764, 0, 0), (−0.798, 0, 0), (0, 0, 0), (0.798, 0, 0), (−1.764, 0, 0), the result is shown
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in Figure 5.11(b). It is very interesting to notice that all the expansion bases are

arranged along the first dimension. This perhaps can be ascribed to the fact that the

1st mode captures 66.7% of the total shape variances.

The run time for the multi-point Taylor expansion is 12.98s with n = 2 and 21.86s

with n = 4 including the sensitivity calculation. The run time for the 500 Monte

Carlo simulations is 133.86s. The computing is performed with MATLAB on the

processor of “intel(R) Core(TM) i7-5500U”.
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(a) ũ(w1)− u(w1)|w1=−2σ1 (b) ũ(w1)− u(w1)|w1=2σ1

(c) ũ(w2)− u(w2)|w2=−2σ2 (d) ũ(w2)− u(w2)|w2=2σ2

(e) ũ(w3)− u(w3)|w3=−2σ3 (f) ũ(w3)− u(w3)|w3=2σ3

Figure 5.6: The errors between the temperatures predicted by Taylor expansion and
from FE analysis.
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Figure 5.7: Comparing Taylor expansion with FE analysis of thermal compliance:
(a) c̃ = c(0) + w1∂c/∂w1; (b) c̃ = c(0) + w2∂c/∂w2; (c) c̃ = c(0) + w3∂c/∂w3; (d)
cumulative distribution functions from Taylor expansions and from 500 Monte Carlo
simulations.
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(a) Boundary conditions on the mean shape (b) Nodal displacements

Figure 5.8: A 2D linear elasticity problem: (a) FE model of the mean shape: Dirichlet
boundary condition û = [0, 0]T on ΓD (red circle), Neumann boundary condition
t̂ = [200, 0]T (green boundary); (b) the resulting nodal displacements, the color shows
the values of horizontal displacements.
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(a) ũ(w1)|w1=−2σ1 (b) ũ(w1)|w1=−σ1

(c) ũ(w1)|w1=σ1 (d) ũ(w1)|w1=2σ1

Figure 5.9: Taylor expansion predicted nodal displacements due to shape variations
in the first mode. The color shows the values of horizontal displacements and its
range follows the same color bar as in Figure 11.
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Figure 5.10: Comparing Taylor approximation with FE solutions of structural com-
pliance.
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Figure 5.11: Cumulative distribution function by multi-point Taylor expansion: (a)
result with three expansion bases; (b) result with five expansion bases.
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6

Conclusions and future work

6.1 Conclusions

In this dissertation research, a statistical atlas based approach that incorporates

statistical shape modeling in finite element analysis and parametric shape design is

developed for custom design and analysis. Given the measurements of a physical

subject, its corresponding shape parameters in the linear shape space are obtained.

With the obtained shape parameters, a complete shape model can be synthesized and

used in virtual reality for custom fitting and interaction design. The subject-specific

structural performance is obtained by extrapolating the FE solution of the mean

shape to the obtained shape parameters through Taylor expansion. When necessary,

subject-specific finite element analysis is performed by morphing the FE mesh of the

mean shape to the obtained shape parameters. The structural performance variation

over the shape population is computed from the explicit function obtained by Taylor

expansion and the variances of the shape parameters.

The advantages of the developed approach include:

1) Construct faithful subject-specific shape models from very few measurements.

Under the assumptions that the shape population follows normal distribution and that
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the training shapes well represent the underlying shape population, the expectation of

the squared error of shape reconstructions (3.14) is minimized by the selected feature

points (or sizing dimensions). In our human body example, with the 15 selected

feature points, the mean surface deviation of the reconstructions is 4.26 millimeter,

while the mean surface deviation of the reconstructions by the selected anatomical

landmarks is 4.50 millimeter and by the randomly generated points is 6.1 millimeter

(Table 3.1 and Figure 3.13).

2) Automatically and efficiently create subject-specific FE model from the given

shape model. The subject-specific FE mesh is obtained by morphing the FE mesh

of the mean shape. The mesh morphing is guided by the boundary correspondence

between the mean shape and the given shape, which is automatically sought in the

shape space. Compared with the free-form deformation approach which has hundreds

or even thousands of parameters (e.g. A 20 × 20 × 20 Bspline grids have 8000 control

points), the shape space is spanned by the first few eigenvectors of shape covariance

matrix, thus (11 eigenvectors for 2D hands, 15 eigenvectors for human femurs, and

39 eigenvectors for human bodies). Thus deforming in the shape space is much more

robust and efficient than by the free-form deformation. In our 2D and 3D examples,

the shape space search only takes a few seconds and convergences within hundreds of

iterations (Table 4.1 and 4.2), while the shape registration by free-form deformation

takes several minutes to find the correspondences, not to mention the time needed

for manually picking landmarks.

3) Efficiently predict subject-specific structural performance from given shape

models. Subject-specific FE analysis is avoided by the Taylor expansion of the FE
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solution on the mean shape to the subject-specific shapes. The single-point Taylor

expansion approach is 50 times faster than the Monte Carlo simulations (2.88s vs

106.54s) in computing the structural performance variation over the population. The

multi-point Taylor expansion approach is 10 times faster than the Monte Carlo

simulations (12.98s vs 133.86s).

The main contributions of this dissertation research include:

• A statistical atlas based approach for custom design and analysis.

The developed approach sits on the existing techniques of statistical shape mod-

eling [34], builds on our own perspectives of shape space and shape distribution,

and finds its success in subject-specific shape reconstruction, subject-specific FE

modeling, and structural performance prediction. It allows efficient and faithful

shape reconstruction from sparse measurements. It can bypass the laborious

and manual process of subject-specific FE modeling and analysis. Such an

ability brings about unprecedented capabilities and tantalizing opportunities

for mass customization, part-specific failure prediction and just-in-time part

maintenance, and patient-specific biomedical intervention and treatment.

• An approach that selects feature points and sizing dimensions based on the

total variance they capture of the shape population.

In the literature, feature point is selected on a single shape by its differential

property or saliency. Here, statistical shape modeling is used to learn the

population information and to formulate a quantitative metric that evaluates

the percentage variance of the shape population captured by the feature points
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and sizing dimensions. A forward selection algorithm is developed to select

the feature points and sizing dimensions based on the metric. In the human

body example, the selected feature points and sizing dimensions are capable

of capturing the shape variations that are not captured by the 67 anatomical

landmarks in [1] and the 25 sizing dimensions from the traditional measurement

list [1]. The ability of capturing population information makes the selected

feature points and dimensions powerful in sparse shape reconstruction and

parametric shape design. In the shape classification example (rabbit tibia),

the additional dimension that captures the bending mode of the tibia head is

selected which nicely distinguishes the two groups of shapes, while in [64] only

longitudinal information (tibia length and the change of tibia length) is used.

• A statistical atlas based approach for automated shape registration and finite

element modeling.

The developed approach allows automatic FE modeling of subject-specific

shapes, even when a given subject-specific shape deviates significantly from the

mean shape. The correspondence between a given subject-specific shape and

the statistical atlas is sought by deforming the mean shape to the subject shape

in the shape space. This is advantageous over the template deformation based

approach in that large deviations between the template and the given shape

usually require manual specification of shape correspondence for it to work.

Searching shape correspondence by deforming in the shape space is inspired

by the Active Shape Model in image segmentation [49]. The difference is that

in image segmentation, the instantiated shape S̃ evolves in the image domain
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and the domain information (e.g. nearby pixel values, gradient information) is

utilized to guide the deformation. In [49] the values of nearby pixels along the

gradient is utilized to match the instantiated shape S̃ to the unknown shape Ŝ in

image domain. However, our goal is to find the point correspondences between

two discrete shapes represented by point sets, there’s no domain information,

the best match of S̃ on Ŝ is updated by the closest points. In order to stabilize

the matching process, a regularization term that reflects our prior belief of

the likelihood of the shape parameters is added to the object function and the

corresponding optimization strategy is developed (Algorithm 1 in Chapter 4).

• A multi-correlation based metric to evaluate the quality of the obtained shape

correspondences.

The multi-correlation of the normal vectors of two shapes is used to evaluate

the obtained shape correspondences. The proposed metric nicely distinguishes

the correspondences obtained by non-rigid registration (guided by landmarks)

from the correspondences obtained by rigid shape registration. Since the

former approach is much more flexible than the latter approach, it proves the

effectiveness of the proposed metric.

• A Taylor expansion approach for predicting subject specific structural perfor-

mance and computing structural performance variation over a shape population.

Taylor expansion is used in structural reliability analysis [31; 32; 50] to extrap-

olate the FE solution of the template structure to the structures with different

design parameters. However, for the structures that are not readily parame-
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terized (e.g. bio-structures with freestyle shape variations), direct application

of this approach remains challenging. In this research, the design parameters

(shape parameters) are learned by the statistical analysis of training shapes.

Our Taylor expansion approach allows computing of structural performance

variations over a shape population without conducting a large number of FE

analysis. The technical contributions of this work include: 1) We have derived

the analytical sensitivity of the FE solution with respect to the shape param-

eters and applied it in the Taylor series approximation of the FE solutions.

Numerical results confirms its accuracy with respect to FE solutions. 2) We have

demonstrated that the multi-point Taylor expansion technique can effectively

overcome the potential inaccuracy of Taylor expansion when combined with the

dimensionality reduction of principal component analysis.

6.2 Limitations and future work

This section discusses the limitations of this work and the potential extensions to

address these limitations in the future work:

• An important assumption in this work is that the shape parameters are normally

distributed, which is in accordance with the observations of our training shapes

(human body shapes, femur shapes, hands shapes and rabbit tibia shapes). The

normal distribution assumption plays important role in computing structural

performance variation from population based shape data, in feature point

identification and dimension selection. However, there are shape populations
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that are essentially not normally distributed, especially when obvious pose

changes are involved [75; 76]. An enhanced edition of the foregoing assumption

in dimension selection is that the joint distribution of the shape parameters

and the sizing dimensions are normally distributed. This is in accordance

with most of our observations, for example the joint distribution of the head

breadths and the first shape parameter of the human body models as in Figure

6.1(a). However, we do observed one case that the joint distribution is not even

close to normal distribution. Figure 6.1(b) shows the joint distribution of the

chest circumferences and the first shape parameter of the human body models,

which is bimodal due to the anatomical differences between male and female

(normal distribution is single modal). This also explains that why the chest

circumference, as a very important measure in anthropometry, is not selected

by Algorithm 1 in Chapter 3.

(a) Distribution: head breadth and w1 (b) Distribution: chest circumference and w1

Figure 6.1: Joint distributions of: (a) the head breadths and the first shape parameter
of the human body models; (b) the chest circumferences and the first shape parameter
of the human body models.
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Normal distribution has very good analytical properties such as the linear

combination of normally distributed variables is still normally distributed. This

property is utilized to compute the probabilistic distribution of structural

performance variation across the population. Another good analytical property

of normal distribution is that given the joint distribution of two vectors (e.g.

shape parameters and feature points), the conditional distribution of one vector

on the other is still normal distribution. In parametric shape design, the

conditional mean can be used for shape reconstruction (from feature points

or sizing dimensions), and the conditional variance is used for feature point

identification and dimension selection in this work.

To preserve the good properties of normal distribution, when the shape param-

eters are not normally distributed or the joint distribution does not follow the

normal distribution, multi-variable transformation method [66] can be used to

transform the data to close to normal distribution. This could be an interesting

work for the future.

However, transforming the data to normal distribution also means loss of

information, since normal distributions have no "inner structures", this may

not always be desirable. Our statistical shape modeling approach builds on

the assumption that the shapes are normally distributed and uses principal

component analysis to extract the shape bases, the obtained model is a linear

model. Alternative techniques for statistical shape learning can be considered

such as the support vector machine (SVM) [77; 78], Gaussian process latent

variable models (GPLVMs) [79; 80], and neural networks [81; 82], which learn
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nonlinear models and have the potential to account for the inner structures

of the shape data. For example, for the human body shape models, the inner

structures correspond to different feature vectors for males and females and

for different body types. The challenges for applying the foregoing nonlinear

methods in shape learning include the considerable amount of time needed for

learning and the risk of over-fitting, especially when the training set is not

big enough. In image recognition people work with millions of images (e.g.

ImageNet [83]), however, for shape learning, the current largest open dataset

contains just a few thousands of shapes [1]. Parallelized computing techniques

can be applied to solve the time issue. Reinforcement learning [84; 85] can be

considered and combined to relieve the heavy dependency on the training data.

A very inspirational news recently is that AlphaGo Zero beats AlphaGo in all

the 100 games they played by three days of reinforcement learning [85] without

the external training data that represent the human knowledge.

• Another limitation of our approach is that the shape instantiation is subject

to local minimum due to the discrete nature of the optimization formula (4.3)

which is essentially an NP hard problem [48; 60]. However, the examples show

that in most cases we can find the correct shape instance even when the subject

shape deviates significantly from the mean shape. For the failed case, a few

landmarks can be added to guide the deformation (the number of landmarks

needed will be much smaller than that of the free-form deformation). Future

research on this issue includes comparing the effects of different landmarks on

shape registration by free-form deformation and on shape instantiation with
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large shape deviations. A bold guess here is that the landmarks that capture the

shape variations of the population would perform better in shape registration

(e.g. when evaluated by the multi-correlation metric in Chapter 4).

• The developed 1st order Taylor expansion approach is a linear approximation

of the true FE solution, and the use of multi-point Taylor expansion makes it

possible to account for non-linearity. For shapes with large variations, it would

be interesting to compare our multi-point Taylor expansion with higher-order

approximations. The future work would include extending the proposed Taylor

expansion approach to 3D finite element analysis and to other physical problems

whose solutions are highly nonlinear and even oscillatory with respect to the

design parameters. The challenges are: 1) how to efficiently perform sensitivity

analysis for these problems; and 2) how to address the highly nonlinearity and

potential oscillations of the solution of these problem based on the developed

approach.
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