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Abstract

When the data object is described by a large number of features, it is often bene-
ficial to reduce the dimension of the data, so that the statistical analysis can have
better efficiencies. Recently, a new dimension reduction method called the envelope
method by Cook, Li, and Chiaromonte (2010) has been proposed in the multivariate
regressions. It has the potential to gain substantial efficiency over the standard least
squares estimator.

Chapter 2 proposes an approach to use envelope method when the predictors
and/or the responses are missing at random. When there exists missing data,
the envelope method using the complete case observations may lead to biased
and inefficient results. We incorporate the envelope structure in the expectation-
maximization (EM) algorithm. Our method is guaranteed to be more efficient, or
at least as efficient as, the standard EM algorithm. We give asymptotic properties
of our method under both normal and non-normal cases.

Chapter 3 extends the envelope model to the mixed effects model for longitudinal
data with possibly unbalanced design and time-varying predictors. We show that
our model provides more efficient estimators than the standard estimators in mixed
effects models.

Chapter 4 proposes a semiparametric variant of the inner envelope model (Su and
Cook, 2012) that does not rely on the linear model nor the normality assumption.
We show that our proposal leads to globally and locally efficient estimators of the
inner envelope spaces. We also present a computationally tractable algorithm to
estimate the inner envelope.

The instrumental variables (IV) are frequently used in observational studies to
recover the effect of exposure in the presence of unmeasured confounding. A key
fact is that the strength of IV matters: an IV with a stronger association with the
exposure results in a more accurate estimation of a causal effect. While it is hard to
find a stronger IV, we generalize a sufficient dimension method to remove immaterial
IVs. Chapter 5 investigates two different ways of incorporating the envelope method
into IV regression. We show that the first stage envelope method does not yield any
efficiency gain on the standard I'V estimator, however, it may reduce the finite sample
bias. The second stage envelope can achieve substantial efficiency gain under certain

condition.
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Chapter 1

Introduction

With the advancement of sciences and technologies, industry and scientific data
has the tendency to grow in both size and complexity. One characteristic of the
complexity lies in the sheer amount of available covariates, which makes it difficult
to detect the relationship between covariates and responses.

For example, consider the following multivariate regression model
Y; =7 X + e, (1.1)

where ¢; identically and independently (i.i.d) follows N(0,X), Y; € R" and X; € RP.
The parameter of interest is the regression coefficient § € RP*". In the absence of
any additional assumptions, classical results show that the OLS is asymptotically
efficient (Casella and Berger, 2021), defined as

Bors = (XTX)1xTy,

where X = (X1,..., X))  and Y = (V,...,Y,)T.

When there are multiple predictors and responses, usually there exists a more
parsimonious model than the full model. There are mainly two different approaches
in the statistical literature to find a more parsimonious model. One is variable
selection, where the researcher believes that only a few covariates are truly related
to the responses, and hence the other covariates can be omitted. In particular,
AIC (Akaike, 1974) and BIC (Schwarz et al., 1978) are two widely used variable
selection methods. The other approach is dimension reduction. In contrast to
variable selection, dimension reduction assumes the response variables only relates

to a linear combination of the covariates. Therefore, it is possible that all the



covariates have explanatory power, but the effect is only represented in several linear
combinations. The goal of dimension reduction is to successfully identify those linear
combinations.

A well-known dimension reduction approach under Model 1.1 is the partial least
squares (PLS) regression, which can be traced back to Wold (1966). For many
decades, PLS algorithms such as SIMPLS (De Jong, 1993) have been widely used
in many applied sciences such as chemometrics, bioinformatics, econometrics and
genetics.

The population SIMPLS algorithm produces a sequence of p dimensional vectors
Wi, ..., Wg, ... € RP with initial vector wy = 0. Given the first k£ vectors wy, ..., wg,

the next direction is obtained by solving the constrained optimization problem

Wgy1 = argmax wTZXyEYXw, subject to
w

w' Y x Wy =0 and ww = 1, (1.2)

where Wy, = (w1, ..., wy) € RP**. By definition, the objective function w! ¥ xy Xy xwy
monotonically decreases as the algorithm proceeds. Because for any non-zero vector
w we have w!'Y xy Xy xw > 0, this algorithm stops after d steps when w!' X xy Xy xw =
0 for any w # 0 that satisfies the constraints in (1.2).

In finite samples, we use sample version of the covariance matrix Sxy Sy x instead
of Y xy>yx and the algorithm stops when the objective function is close to 0. We
use Wy to denote the PLS estimator. Then, the relationship between X and Y can
be obtained by regressing Y on WdT X. That is,

BPLS = Wd(WgSXWd)AWdTSXY-

Cook et al. (2013) built a connection between PLS and the envelope, and showed
that the fundamental goal of PLS is to estimate the predictor envelope in a linear

model. The predictor envelope considers the following conditions under Model (1.1).
Condition 1.0.1 Cou(Y,ITX |TTX) =0,
Condition 1.0.2 Cov(I'"X, T{ X) =0,

where I' € RP*4 is a semi-orthogonal matrix and I'y € RP*®~9) ig its orthogonal com-
plement. Condition 1.0.1 implies that Y relates to X only through I'" X. Condition
1.0.2 implies that T'? X is uncorrelated with TTX. Together, the two conditions



indicate that I'l X has no correlation with (I'7X,Y’). One can always find an or-
thogonal matrix (I', ') that satisfies the above two conditions. A trivial choice is
I' = I,,, where I, is the identity matrix of size p. The smallest space of I" satisfying
Conditions 1.0.1-1.0.2 is called the predictor envelope. The number of columns of
I', d, is called the envelope dimension.

Under Conditions 1.0.1-1.0.2, Model (1.1) can be reparametrized as

Y, =0 TTX, + &5, By =TOTT 4+ TpQT'Y, (1.3)

where n € R>", Q = I'TST and Qy = FOTEXFO. Once T is estimated (details in
the following chapters), the envelope estimator can be obtained by projecting BO LS
onto span(D):

Bemw = PfBOLS-

Cook et al. (2013) showed that the asymptotic variance of Bem, is always no
larger than BOLS. They also showed that at the population level, the spanned PLS
directions are the same as the predictor envelope under the linear model, and the
envelope method outperforms the PLS in estimating (.

We consider a toy example to empirically compare the performance of OLS,
PLS and the predictor envelope under Model 1.1. We simulate data with different
sample sizes n = 100, 250, 500, 750 and 1000 for 100 times. We choose p =9, ' =
(1/3,1/3,1/3,1/3,1/3,1/3,1/3,1/3,1/3)T, n = 2, Q = 0.5, Qy = 0.2I3. The error
term g, is generated from N(0,9), the predictor X; is from N(0,TQIT + TuQeI'Y)
and Y; = n7TTX; + ¢;. The L2-norm || — 8|, for OLS, PLS and the predictor
envelope are shown in Figure 1.1.

1.25-
_ method
? 1.00- 4 env
< . — OLS
= 0.75- N PLS
0.50-

250 500 750 1000
Sample Size

Figure 1.1: A toy example comparing the estimation of 8 in Model 1.1 using OLS,
PLS and the predictor envelope.

The results in Figure 1.1 indicate both PLS and the predictor envelope have
better efficiency in estimating [ under Conditions 1.0.1-1.0.2, and the predictor



envelope outperforms PLS, which corroborates with Proposition 4.4 and 4.5 in Cook
et al. (2013).

As of now, the envelope model gets an increasing amount of attention due to
its effectiveness to increase the asymptotic efficiency. Different variants of envelope
methods have been proposed in various settings, including response envelope (Cook
et al., 2010), partial envelope (Su and Cook, 2011), inner envelope (Su and Cook,
2012), scaled envelope (Cook and Su, 2013), predictor envelope (Cook et al., 2013),
reduced rank envelope (Cook et al., 2015), simultaneous envelope (Cook and Zhang,
2015b), model-free envelope (Cook and Zhang, 2015a), sparse envelope (Su et al.,
2016) and tensor envelope (Li and Zhang, 2017).

However, there are still many open problems remaining unsolved for the envelope
models. In my series of work, I focus on adapting the envelope model to the following
problems: (1) when the data contains missing at random predictors and responses;
(2) when the data are longitudinal; (3) when the regression functional is not linear;
(4) when we are running two stage least squares (2SLS) and have many instrumental
variables. Each of the chapter will focus on one specific aforementioned problem.
Each chapter, although highly related to each other, is self-contained. Readers can
start from any chapters of interests. Chapter 2 is adapted from Ma, Liu, and Yang
(2021). Chapter 3 is adapted from Shi, Ma, and Liu (2020). Chapter 4 is adapted
from Ma, Liu, and Yang (2021). Chapter 5 is adapted from Ma, Kang, and Liu
(2022).



Chapter 2

Envelope method with ignorable

missing data

2.1 Introduction

Recently, a new dimension reduction method called the envelope method has been
proposed in the multivariate regressions (Cook et al., 2010). Unlike the standard
dimension reduction methods, the envelope method assumes the redundancy among
responses rather than among predictors. Specifically, it is assumed that there exist
some linear combinations of the response variables that do not contribute to the
regression. Under such an assumption, the envelope method is shown to have effi-
ciency gain over the ordinary least squares which regresses one response at a time
ignoring other responses. Similar redundancy structures have also been extended to
hold among the predictors or among both predictors and responses.

It is known that the estimation of the central space may suffer from bias when the
correlations between variables are high (Cook, 2018b). The envelope assumptions
circumvent the challenge of identifying the central space in the standard dimension
reduction problem when the correlation between variables is high, at the cost of
obtaining a bigger space containing the parameters of interest, and thus makes the
envelope estimates more reliable.

Various envelope methods have been proposed in different settings, including
response envelope (Cook et al., 2010), inner envelope (Su and Cook, 2012), scaled
envelope (Cook and Su, 2013), reduced rank envelope (Cook et al., 2015), predictor
envelope (Cook et al., 2013), simultaneous envelope (Cook and Zhang, 2015b), sparse
envelope (Su et al., 2016), tensor envelope (Li and Zhang, 2017), and model-free



envelope (Cook and Zhang, 2015a). Algorithms such as 1-D algorithm (Cook and
Zhang, 2016) and envelope coordinate descent (Cook and Zhang, 2018) have also
been proposed to effectively and efficiently estimate the envelope models.

A prominent problem when a large number of responses and predictors are col-
lected is the missingness of responses or predictors. Missing data may arise when
a subject refuses to respond to certain questions or when the data is not collected.
The missing data mechanism is said to be missing at random (MAR) or ignorable
if it only depends on the observed data and it is said to be missing not at random
(MNAR) or nonignorable if otherwise. As Little and Rubin (2014) suggested, in
most MAR scenarios, a complete case analysis would lead to an inefficient or possi-
bly biased results. We assume the missingness mechanism is MAR, throughout this
paper.

In this chapter, we generalize the envelope method for data with missing predic-
tors and responses. As the parameters under the envelope method are not pointwise
identifiable, such a generalization requires special decomposition. The importance
of the research lies in several aspects. First, with rapidly advancing technology, it
is common that high-dimensional responses are collected to characterize multiple
aspects of individuals. Biased and inefficient results will be obtained if the analysis
deletes all the observations with missing values. Second, while the standard missing
data methods typically suffer from an efficiency loss, as compared to the full data
analysis, the method that incorporates dimension reduction can potentially recover
substantial efficiency. Third, our proposed method to recover the missing informa-
tion can also be generalized to the predictor envelope model where the redundancy
is assumed among the predictors rather than the responses, as well as to the case
where the redundancy is present among both the responses and the predictors. And
lastly, to the best of our knowledge, our approach is among the first few in the di-
mension reduction literature to discuss the case where both responses and predictors

are subject to missingness.

2.2 Preliminary

Let Y; = (Yi1,...,Y,)" and X; = (Xi1, ..., Xip)? denote the multivariate responses
and predictors for individual ¢, where T denotes the transpose of a matrix and
i=1,...,n. Also, let Y = (Yy,...,Y,) € R and X = (X4,...,X,) € RP*",

where Y € RP*" denotes that Y is an element in the set of all real matrices with



dimension r X n. Consider the multivariate linear regression model

where g; are identically and independently (i.i.d) distributed following a normal dis-
tribution V(0,3), and 3 € R"*P. Here, the normality of the predictor is assumed for
simplicity. We extend later (in proposition 2) that the efficiency of envelope estima-
tor can still be achieved even the distriubtion of the error or predictors are misspec-
ified. Let Rx,, = 1if Xj; is observed and Ry, = 0 if otherwise, where j =1,...,p.
Similarly, let Ry, denote the missing indicator for Yj;, where £ = 1,...,r. Let
R; = (Rx,,..., Rx
of all variables for individual 7. Let Y, ;s and X, ;s denote the vectors of the

s Byiys .-, Ry, )T denote the vector of missingness indicators
missing responses and the predictors for individuals . Let Y; o and X, s denote
the vectors of the observed responses and predictors for individual 2. Under such
notations, different individuals may have different missing responses and predictors,
i.e., the lengths and the components of Y; 5s and X; .5 differ from one to another.
Let Diobs = (Xiobss Yiovs)? and Dy pis = (Ximis, Yimis)? denote the observed data
and the missing data for individual 4, respectively. Let y;, and x;; denote the pos-
sible value of Y and X;;. Then y; = (yi1,...,%:)" and x; = (i1, ...,2;)" are the
possible value of Y; and X;. Let X; s and X;,,;s denote the value of the observed
and missing predictors. Define y; o5 and y; ,,is similarly. We assume the missingness

is ignorable:
Assumption 2.2.1 (ignorability) R; 1L D is|D; ops-

Assumption 2.2.1 implies that given the observed data, the failure to observe a
variable does not depend on the unobserved data. This particular type of missingness
is called missing at random (MAR) or ignorable missingness. A complete case
analysis is inefficient and can be seriously biased (Little, 1992). Throughout the
paper, we assume both covariates and responses are missing at random, which has
also been assumed in Chen et al. (2008) and Hristache and Patilea (2017).

In multivariate regression with fully observed data, the envelope method (Cook
et al., 2010) is motivated by the observation that some characteristics of the re-
sponses are unaffected by the changes of the predictors. For example, in a random-
ized trial, the difference between the repeated measures of the blood pressure of a
patient in the treatment group (or the control group) may only reflect the aging

over time rather than the treatment effect. Define a matrix O € R™" as orthonor-



mal if and only if it satisfies OTO = I,., where I, denotes the identity matrix with

dimension r. Assume there exists an orthonormal matrix (I';T'y) € R™*" such that

rl'y 1.x (i)
My 1L fy|x (ii)

where I' € R™* Ty € R™*"% and 0 < u < r. These assumptions imply that
the distribution of 'Y is not affected by the predictor X marginally or through
an association of T'TY. For example, assume Y = (Y7, Y3). Suppose Y; = BX + &
and Yo = —BX + &5, where €7 and &5 follow two normal distributions and they
are independent of each other. The predictors X do not affect the summation of
responses Y7 + Y5. Additionally, it can be verified that Y; — Y5 is independent of
Y1 + Ys; thus, Y; + Y5 can be completely discarded in the regression. That is, the
regression of Y on X can be replaced with the regression of Y7 — Y5 on X. In this
example, T' = (1, —1)7/y/2, and Ty = (1,1)"/v/2. The combinations of responses
that are involved in the regression, I'’'Y, is called the material part of Y, and the
part that is uninvolved, 7Y, is called the immaterial part of Y. Hence, the main
focus of the envelope method is to find the column space of T', i.e., span(T"), that
fully contains the information of 3, i.e., find an envelope of 3.

It has been shown that under the normality of the error term, the independence
assumptions (i) and (ii) are equivalent to the reparameterization (i)* span(3) C
span(T) and (ii)* ¥ = 3; + Xy, where ¥ = PrXPr, ¥ = QrXQr, Pr = I'T'?
is the projection matrix onto span(I'), and Qr = I, — Pr (Cook et al., 2010).
Under (i)*, we have 8 = I'n, where n € R“*P. Also, by setting @ = T'TXT,
and Qy = I'TXTy, we can alternatively reparameterize the covariance matrix as
¥ =TQrT + T\QeI'l. The subspace satisfying (i)* and (ii)* is not unique, but the
envelope is uniquely defined as the smallest subspace satisfying these assumptions.
Note T'TY € R“*": thus, the dimension v is known as the envelope dimension.
Once an estimate of the basis T, f‘, is obtained, Bem, is obtained by projecting the
maximum likelihood estimator [3' onto the estimated envelope space, ,éem = Pf,é.

Figure 2.1 demonstrates the intuition of efficiency gain of the envelope method
when there is no missing data, or equivalently, with the full data. Consider two
groups of individuals (the group with X = 1 is denoted by triangles and the other
with X = 0 is by circle dots), where each point (triangle or circle dot) denotes one
individual. Two responses Y; and Y5 are collected for each individual. Suppose that

we are interested in estimating the group difference on Y7, the standard maximum



likelihood estimation (MLE) projects all the data onto the Y; axis, ignoring infor-
mation on Y, completely. The density curves of the two group distributions of Y;
are given at the bottom in Figure 2.2(a). The two curves are hard to distinguish
as they almost overlapped. The full data MLE for the group difference is 0.11 with
the bootstrap standard error being 0.12 and the p-value being 0.37. Thus, it is hard
to distinguish between the two groups. While the true difference between the two
group mean of Y7, 0.32, is contained in the 95% confidence interval of the full data
MLE, the large variability of the estimator makes the point estimate deviate from
the true parameter value.

The idea of the envelope method is to reduce the noise in the original data
by projecting each observation onto the direction that contains all the information
related to the regression. The two groups are best distinguished along the direction
of the black solid line. In contrast, the two groups have almost identical distribution
along the direction that is orthogonal to the black solid line. That is, the information
that is orthogonal to the black solid line does not contribute to the distinction
between the two groups. Thus, eliminating that part of variation does not sacrifice
any relevant information for the regression, but instead makes the regression more
efficient. An estimate of the black solid line is shown as the purple dashed line in
Figure 2.2(b). All the points are thus first projected onto the estimated direction
I'7Y, then projected onto the Y; axis. For example, a data point A was first
projected onto the estimated envelope direction with an intersection B, and then
projected onto the Y axis. Cook et al. (2010) showed that the envelope method can
achieve substantial efficiency gain when the envelope direction is aligned with the
eigenspaces of X that correspond to relatively small eigenvalues. In that way, linear
combinations of Y with larger variances can be eliminated by the projection. In
Figure 2.2(b), the direction that can better distinguish the two groups is aligned with
the direction that the data has less variability, so the envelope method is expected
to provide substantial efficiency gain. The density curves of the two groups under
the envelope estimation are shown at the bottom of Figure 2.2(b) and they have
much smaller spreads. The envelope estimator for the group difference is 0.32 with
the standard error being 0.03 and the p-value < 0.001. Thus, it is much easier to
distinguish between the two groups.

Now, consider the case where the predictors X are fully observed but some
values of the responses are missing (see Figure 2.2). The missingness mechanism
is as follows. For an individual ¢ for ¢« = 1,...,150, if X; = 1 and if Y;; is among
the largest 30 Y/, for i = 1,...,150, then Yjs is missing. If X; = 0 and if Y}, is
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among the largest 45 Y}/, for i =1,...,150, then Y;; is missing. Such missingness
mechanism is MAR, and the missing rate is 30% for Y7, and 20% for Y,. The hollow
triangle represents Y; missing, and the hollow circle dot represents Y5 missing. The
standard EM method is shown in Figure 2.3(a). Although being an asymptotically
unbiased method, the standard EM estimates of the group difference is 0.11. Similar
as the full data MLE, the point estimate of the standard EM also deviates from the
true parameter value due to the large variability. The bootstrap standard error is
0.12 with the p-value being 0.37. The spreads of the two group densities are again
relatively large, resulting in a relatively inefficient estimate.

The existing envelope methods for solving I' all require the data to be fully ob-
served (Cook et al., 2010; Cook and Zhang, 2016). Figure 2.3(b) shows the complete
case envelope where all the observations with missing data are deleted from the anal-
ysis. The estimated complete case envelope direction is shown as the blue dashed
line in Figure 2.3(b), which is far from the true envelope direction (black solid line).
This leads to a severe bias: even the sign of the estimated parameter is incorrect.
The complete case envelope estimate is —1.63 with the bootstrap standard error
being 0.15 and the p-value < 0.001.

Our method is shown in Figure 2.3(c). Different from the complete case analysis,
we use both the complete cases and the partially missing information. Our proposed
method is asymptotically unbiased when the missing pattern is MAR. The estimated
envelope direction is shown as the red dashed line. Our method recovers the envelope
direction and achieves significant efficiency gain over the standard EM as the density
curves have much smaller spreads. The EM envelope estimator is 0.31 with the
bootstrap standard error 0.04 and the p-value < 0.001. It is interesting to see
that our method may even outperform the full data MLE as the efficiency gain by
the envelope method outweighs the information loss due to missing data in this

illustrative example.

2.3 The Observed Data Likelihood

The envelope method proposed by Cook et al. (2010) utilizes the full data likelihood
function Ly, = [, f(yilxi;m, T, Q, 2) to obtain the MLE of the parameters. In
the presence of missing data, we replace the full data likelihood with the observed
data likelihood
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Figure 2.1: Intuitive illustration of the envelope method without missing data. Two
groups are shown using circle dots (X = 0) and triangles (X = 1). The solid line
is the true envelope direction, the dashed lines are the estimated envelope. The
density curves of the two groups using envelope method are shown at the bottom of
each subfigure.

=
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(a) Full data MLE (b) Full data envelope

Figure 2.2: Intuitive illustration of the envelope method in the presence of missing
data. Two groups are shown using circle dots (X = 0) and triangles (X = 1).
Hollow circle dots or triangles indicate one of the components of Y is missing: the
hollow triangle has Y; missing, and the hollow circle dot has Y5 missing. The solid
line is the true envelope direction, the dashed lines are the estimated envelope using
different methods. The density curves of the two groups using different methods are
shown at the bottom of each subfigure.
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where p is the parameter for the predictors’ distribution and o« denotes proportional
to, i.e., a multiplicative constant is omitted. Let x;,.is denote the set of predictors
X, that is missing for individual 7. For example, if X ,,.;s = Xj1, then x; mis = {Xi1 }-
Write Ximis =  when all the p predictors are observed for this individual. Since
f S (Viobs: Yimis|Xi; 1, T, Q0, Q)dYimis = [ (Yions|Xis 1, T, Qo, ), we can simplify the
observed data likelihood as

Lops o H f(Yi,obs|Xi; n, T, Q, Q)

iG{Xi,mis:@}

H /f(yi,obs‘xi; 7, L', Qo, ) f(Xi 0bs» Xi,mis; P)AXi mis-
i€{Xi,mis 70}
The first part of the observed data likelihood corresponds to the likelihood of the
individuals with fully observed predictors. The second part corresponds to the like-
lihood of individuals with missing predictors. Hence, it is easy to see that observed
data likelihood utilizes more information than the complete data likelihood.

The observed data likelihood is in general hard to calculate as it involves the
multivariate integral. Closed form observed data likelihood exists under certain
distributions. Example A.2.1 in the Appendix derives the closed form of the observed
data likelihood when predictors and responses follow a joint normal distribution.
However, in general, the integral in the observed data likelihood may result in a
complicated form. Cook and Zhang (2015a) pointed out that the envelope method
performs poorly when the objective function on its first order derivatives do not have
a closed form. Even when the observed data likelihood is available in a closed form,
the parameter is typically complicatedly intertwined in the likelihood. Together with
the fact that the parameter is not pointwise identifiable, it is very challenging to
calculate the maximum likelihood estimates. Such a challenge was also identified in
Cook and Zhang (2015a) in the context of generalized linear models. In this paper,
we propose an EM envelope algorithm that can identify and estimate the envelope

space with missing data.

2.4 The EM Envelope
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2.4.1 The EM envelope algorithm

Let lpuu(0|L) = log Ly (0]L) denote the log of full data likelihood. Then, the
logarithm of full data likelihood of (X,Y) is

lfull<0’X7 y) = lOg{fy\:p(y’X7 0)} + log{fx(x|0)}

n

= S lg log ] - 5y — Ax) TS (i — i) + log{uxlp)}] + €

i=1

n 1 —
= —Elog|2]—§ZAi+C,

i=1

where A; = (y; — 8x)TZ y; — Bx;) + 2log{ f.(xi|p)} and C = —(nrlog2r)/2.
We firstly do the E-step, where

Q(O‘Bt) = E{lfull<9’L)’Dobs; ot} - /lfull(a‘L)f(szs‘Dobsv Ot)dszs

Under model (2.1), 8 = (n,T',Q, 2, p). Note here, we abuse the notations a lit-
tle. More rigorously, we should vectorize the parameters (with duplicated terms
in covariance matrix deleted) on the right as 0 is a vector. We omit the vector-
ization notation for the simplicity of illustration. Recall that ¥; = I'QI'" and
3, = ToQeIY, we can also use 8 = (n, T, X1, Xy, p) as the new parameters for the

reparameterization. In the E-step, we have

n 1 —
Q(616.) = E{lrun(0X, Y)|Dop; 0} = — log [T — 5 > E(AiDi s 0:) + C.
=1

Since E(Y!XY;) = E{tr(ZY,Y])} = tr{ZE(Y,;Y/)}, we have

E(Ai|Djops; 0) = tr{S'E(Y: Y |D;ons;0;) + BT X BE(X;XT|D; 0ps; 01)
_QBTE_lE(YzX?|DZ,Obsy et)} - E[Q log{fx(XZ‘p>}|DZ,obsa et]
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Let Ail’t - E(YiY'LTlDi’ObS; 075)7 AiZ,t = E<YiX@T|Di,obs; 0t)7 Ai?),t = E<XinT|Di,obs; 0t)7
A =31 Ay, j=1,...,3. Thus,

n n
Q(0]6,) = _Elog|z|+ZE(A|Di,obs;0t)+C

i=1
1 " e -
B _g log || — §tr{2_l( E Ay —2 E Az‘2,t5T +8 E :Ai&tﬂT)}
i=1 i=1 i=1

+E[log{ f2(x:|p) }Di,obs; 6:] + C
x —nlog|¥|—tr{Z™* (Al,t — 2A2,t,3T + ,3A37tﬁT)}
+E[21og{ f.(xi|p) }|Di.obs; 0:] + 2C.

After the E-step, we do the M-step. However, the parameters under the envelope
method are not pointwise identifiable (Cook et al., 2010), the EM algorithm for the
envelope method is not straightforward and requires a special decomposition in the
M-step. We imitate that of the full data likelihood in Cook et al. (2010) to isolate
the parameter to be optimized from the other parameters. We decompose Q(0|0;) as
Q(816,) = Q1 (pl6:) + Qx(B, 316,), where Qu(p|8)) = E[21og{ £,(X,p)}|Dous; 6] +
20, and Q(8, X|0;) = —nlog || _tr{zfl (Al,t_2A27t/6T+ﬁA3,t/8T)}' As Q1(p|6;)
only involves p, the maximizer of Q1(p|0;) is pi+1 = arg max,enm E[2log{ f,(x;|p) } Dobs; 04,
where IT is the parameter space of p.

To find the maximizer of Q3(3,X|6;), note under the envelope assumptions (i)
and (ii), we have ¥ = 3, + 3, where ¥y = PrXPr, ¥ = QrXQr with 3,3, = 0,
and Span(3) C Span(X;). This implies X8 = 0. Additionally, as 3 = 21 4 %I

where T indicates the Moore-Penrose inverse, we can write ()5 as:

Q2(8,20,) = —nlogdety=; — tr{Z] (A1, — 2A,,8" + BA;,87)}
— nlogdetyXy — tr(EgAl,t),

where detg(A) denotes the product of its non-zero eigenvalues. Further, we have
Q2(8,216,) = Q2,1(8, X1(0:) + Q2,2(32[6,), where Q2,1 (8, 31(6;) = —nlogdetgX; —
tr{E](A1; — 245,87 + BA;,07)}, and Q22(X5|0;) = —nlogdetoXs — tr(ZA ).

Suppose for the moment, 3 is fixed. Then, from

tr{zi(Al,t — 2A2,t/6T + ,3A3,t,3T)}
1 _1 1 _ 1
= tr{Z](Ay, — Ay A AT )Y+ tr{(AZ,8" — A2 AL )EN(AZ,87 — A 7AT)T)
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the maximizer of Q21(3,%:|0;) subjects to Span(8) C Span(X;) with ¥, fixed is
B = Pgl,é'stdﬂf = P21A27tA3_}, where Bstd,t = A27tA3_}. Since leEJ{ = 0, we
have Q21 (Bri1, £1/6;) = —nlogdetoX; — tr{=] (A, — Ay, Aj;AL)}.

In order to maximize Q21(Bet1, 21(6:), Q2,2(32]0;) over 3y and 3y, we use the
Lemma 4.3 in Cook et al. (2010), which is reviewed as Lemma A.3.1 in the Appendix.
Suppose matrix I' is given, then by Lemma A.3.1, we have 31,11 = Pr(Ai; —
AQ,tAgT}Agﬂg)Pr/” and Xy 41 = QrAl,th/n- Hence, Q2,1(/3t+17 El,t+1|9t) =C), —
nlogdeto{Pr(A1;—As As{ AT )Pr}, Q22(2211]0;) = Co—nlogdeto (QrA1,Qr),
where C = nulogn — nu and Cy = n(r — u)(logn — 1). Finally, we find the ma-
trix I' to minimize the function logdet{Pr(A;; — Agth?:,}Ag’t)Pp + QrA1:Qr}.
The elements in I' are not pointwise identifiable; however, as the objective function
above is a function of Span(I'), we only need to estimate the span of the column
space of I', which is identifiable. In order to find the MLE of Span(T), full Grass-
mannian optimization is needed (Cook et al., 2010, 2016). However, to simplify
the calculation and reduce the computation burden, we apply the 1-D algorithm
proposed by Cook and Zhang (2016) to solve I'. The 1-D algorithm only provide a
\/n-consistent estimate of I' rather than the most efficient estimate. However, we
still find good performance of EM envelope method with 1-D algorithm in simulation

studies. Details about the algorithm are in the Appendix.

2.4.2 Selection of the envelope dimension

The selection of the envelope dimension can be viewed as a diagnostic or model
selection for the envelope model. Model selection criteria for missing data problem
such as the likelihood ratio test and the information criteria including AIC, BIC,
typically involve the observed data likelihood. As mentioned, the observed data
likelihood may be complicated and not in a closed form. Hence, it is ideal if the
calculation of the model selection criteria could be obtained directly from the EM
output. Ibrahim et al. (2008) proposed the information criteria for missing data
problems. They used the fact that E{log f(Dus|0)|Dos; 0:} = Q(6|6;) — H(0|6,),
where H(0|0;) = E{log f(Dinis|Dobs; @)|Doss; €} and Q(0]6;) was defined in Section
2.4.1. The @ function can be computed from the EM output and the H function
can be analytically approximated as part of the EM output.

Eck and Cook (2017) recommended using the BIC to select the envelope dimen-
sion, because the AIC tends to over select the true dimension and the likelihood ratio

testing is inconsistent. Thus, we generalize the BIC for the missing data problem
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following Ibrahim et al. (2008) as BICyo = —2Q(8|0) + 2H(8|8) + pulogn. The
penalty term is pulogn because under the envelope model, there are pu+r(r+1)/2
unknown parameters in total, and only pu varies with dimension u. The asymptotic
properties of BICy ¢ are given in Ibrahim et al. (2008).

The computation of the H function is not straightforward since it may not have
a closed form. Ibrahim et al. (2008) proposed a method for approximating the H
function through the truncated Hermite expansion with MCMC sampling. Alter-
natively, an approximation of BICq could be obtained by omitting H (0]6), where
BICq = —2@(9!9) + pulogn. When the proportion of missing information is small,
the use of BIC is adequate.

Alternatively, if the distribution of the error term ¢g; is not normal, the BICq
method we proposed above will not be accurate. Under this scenario, we adopt the
bootstrap method proposed in Ye and Weiss (2003); Dong and Li (2010) for choosing
the envelope dimension u.

Our target is the u-dimensional subspace spanned by the basis matrix I'. By
bootstrapping data (X,Y) for a total of b times, we get the corresponding estimate
of the envelope space f‘l, e ,f‘b. If the proposed dimension is u* > wu, then Span(f‘)
can be any space that contains span(I'), and thus, should be variational. As for
evaluating the variability of f‘l, e ,f‘b, we use the vector correlation coefficient q
proposed by Hotelling (1936a). Suppose A and B € R™" are semi-orthonormal
matrices, then

*(A,B) = |BTAATB|.

We see that ¢*(A,B) € [0,1] and higher value of ¢* indicates higher correlation
between the two subspaces. When ¢*(A,B) = 1, span(A) = span(B). Hence, we

choose the largest dimension uv* such that

b
> P (T,1Y) > 0.95,
j=1

S =

We use the BICg method in Section 2.5.1 when we assume normal errors, and the
bootstrap method in Section 2.5.2 when the error is not normal. Empirically, these
two methods show good performances.

Also, Eck and Cook (2017) suggested dimension selection can be entirely avoided
by using a weighted average of envelope estimators, one for each possible dimension.
They also showed that the weighted envelope estimator is y/n-consistent, where the

standard error can be well approximated by the residual bootstrap.
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2.4.3 Asymptotics

The following propositions guarantees the efficiency gain of the EM envelope es-
timator Bem,em over the standard EM estimator Bem,std- Specifically, proposition
2.4.1 establishes the result when the density for X and e are both correctly specified.
Proposition 2.4.2 extends the result to the case where both X and € are misspecified.
In this case, under some regularity conditions, our EM envelope estimator is consis-
tent and has efficiency gain over the standard estimator using the same misspecified

likelihood. The proofs are in the Appendix.

Proposition 2.4.1 Assume (i) and (ii) holds, and the reqularity condition A.1.1 in
the Appendiz holds for @ = (n,T', %, 3, p). Then, \/ﬁ{vec(ﬁ?emfem) —vec(B)} LN
N(07 Venv); \/ﬁ{vec(/éem,std) - VGC(,B)} i> N(07 Vstd); and Vem) S Vstd~

When the envelope dimension u = r, the envelope reduces to the standard maximum
likelihood estimate. Thus, if the envelope assumptions (i) and (ii) do not hold, the
envelope dimension u is expected to be the same as r. That is, even when the
envelope assumptions do not hold, the EM envelope estimator performs as well as
the standard EM estimator. However, following a similar argument as in Cook et al.
(2010), if the assumptions (i) and (ii) hold and if the variability of the immaterial
part is relatively large, then the efficiency gain would be substantial. In other words,
if the noise unrelated to the regression is large, then the envelope method, which
subtracts this part of the noise from the estimation, has substantial efficiency gain.
Consequently, fewer sample sizes are needed to detect the same effect size for our
method as compared with the standard EM. It is also worth mentioning that the
closed form of V,,, is in general difficult to calculate with no closed form in most
cases. We suggest to use bootstrap method to examine the standard error of Bemﬂw.

Proposition 2.4.1 requires the correct specification of the distribution of X; and
g;. However, we extend in Proposition 2.4.2 the asymptotic normality of missing
data envelope estimator when both X; and e; are misspecified. Note that the defi-
nition of envelope model is changed to defined directly on the parameters following
Cook and Zhang (2015a). Here, the working distribution of error term is still joint
Gaussian distribution as it is the most commonly used distribution for multivariate

regression.

Proposition 2.4.2 Assume (i) and (ii) holds, the error term €; and covariates

X; have finite (4 + 0)-th moment for some 6 > 0, and the regularity condition
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A.1.1 in the Appendiz holds for @ = (n,T,3,3,, p). If we obtain our EM enve-

lope estimator Bemﬂw by treating X; and €; as normally distributed, then we have

V{vec(Bem ens) —vee(B)} L N(0, Veny), vdvee(Bem.sia) —vee(8)} 2 N(0, V).

2.5 Simulations

2.5.1 Normal errors

In this subsection, we compare six different estimators: the EM envelope estimator
Bernenw, the complete case (CC) envelope estimator Beconw, the full data envelope
,éfullﬂw, the standard EM estimator Bem,std, the standard complete case (CC) es-
timator Bcc,std, and the full data MLE Bfullistd. The complete case estimators only
utilize the observations that do not have any predictors or responses missing, whereas
the full data estimators use the full data without any missingness. In practice, the
full data estimators cannot be calculated with the missing data. The full data en-
velope sets a theoretical maximal efficiency possibly gained from incorporating the
envelope structures. Jia et al. (2010) compared the envelope method with ridge re-
gression and Curds and Whey introduced by Breiman and Friedman (1997). They
concluded that the envelope model has the best performance when u < p <r <n
in the classical domain. Therefore, we only compare our method with ordinary least

squares estimators. We carry out the simulations in the following steps.

Step 1. Set the population size n = 500. Generate parameters I' € R™** 3 € R™?,
where » = 20, p = 5 and u = 3, and the elements are independently generated
from U(0, 1) and U(—10,10). By Schmidt orthogonalization, we get T' from T,
where T satisfies I'7T = I,,.,,. Set the true regression coefficients as 3 = Pp,@.
Generate a matrix N € RP*P and set ¥, = NNT, . = TQI'T + ['yQ I,
where 2 = 0.11,., 2o = 1000L,..

Step 2. Generate the full data (X;,Y;) for each individual i, where X; N (s, 22)
and Y,;|X; e N(BX, X.) and each element of p, is generated from U(—10, 10).

Step 3. Generate the missingness as follows. Set three missingness mechanisms for
the predictors as logitP(Rx,, = 1|lz;1, %2, 2i3) = 1 — 231 — 259 — 3253,
logitIP’(RXw = 1|ZE¢}1,ZE¢’4) =1- Xi1 — 2.%'1"4, and logitIP’(RXm = 1|ZEZ"1) =1-

x;1. Also, set five missingness mechanisms for the responses as logitP(Ry, , =
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1, RYM = 1|Iz',1, Yi,8s yz‘,g) =221 —Yig— i, logitIF’(Rm = 1|$i,27 Yi 4, yz‘,ﬁ) =
1 — Ty — 3Yia — Yig, logitP(Ry,, = 1,Ry,, = 1,Ry,y = lyi1,vi2,¥i3) =
2 — 2yi1 — Yi2 — 3Yi3, logitP(Ry,, = 1, Ry, \, = 1|@i1,%52) = 1 — x50 — 4
and logitP(Ry,; = 1,Ry,; = 1|@i1, %2, ¥i1,Yi10) = 1 — i1 — Tig — Yix —
Yi10. For each individual, we randomly choose one missingness mechanism
for the predictors and one missingness mechanism for the responses. Then,
Ry, ,, ..., Ry,,), for

1 =1,...n. We obtain the observed data for predictors and responses.

we generate the missingness indicators (Rx,,,..., Rx

i,p?

Step 4. Calculate /Bem,enva Bcc,enva IBfull,enva ﬂem,stdy /Bcc,std 3 and /Bfull,stdy where Bem,env
is calculated from the EM envelope algorithm using BIC, to select the envelope

dimension.

Step 5. Repeat the Steps 2-5 for 1000 times.

Under the missingness mechanisms above, each predictor suffers from about 10%—
15% missingness and each response about 5%-10%. The median MSEs are 4.44 x
1072, 2.00x 1074, 1.02x 1072, 5.34 x 1072, 0.69 and 5.23 x 102 for the EM envelope,
the complete case envelope, the full data envelope, the standard EM, the standard
complete case analysis and the full data MLE, respectively. Detailed comparisons
of the six estimators are given in Figure A.1 and Table A.1 in the Appendix. For
the EM envelope estimator, by using BICq to choose the envelope dimension, out of
1000 times of simulations, we correctly estimated the envelope dimension u = 3 at
an accuracy of 98.6%. The envelope dimension u = 2 is selected 12 times and u = 4
is selected 2 time. The overselection u = 4 still provides a correct model, although
the point estimate may not be as efficient as compared with that using the correct
u. The underestimation of u = 2 could introduce some bias. As expected, the
standard complete case analysis suffers from both large variance and large bias. In
contrast, the EM envelope is asymptotically unbiased and the most efficient among
the four estimators using the observed data, despite the occasional underestimation
of u. In this simulation setting, the variance of the immaterial part of the responses
is relatively large. Thus, by eliminating the variability of the immaterial part, the
EM envelope estimate outperforms the standard EM. This confirms the efficiency
gain in Proposition 2.4.1. Similar to the illustrative example in Section 77, the EM
envelope also outperforms the full data MLE in this simulation, emphasizing the
advantage of incorporating a dimension reduction method to recover the efficiency

loss due to missing data. The performance of the EM envelope is close to the full
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data envelope in this case.

In this specific setting, the complete case envelope outperforms the standard EM.
This is an interesting case as the complete case envelope is biased but the standard
EM is not. However, the ordering of the two is not certain in general. Intuitively, if
the proportion of missingness is low, the complete case envelope estimate resembles
the EM envelope estimate, and thus outperforms the standard EM. If the proportion
of missingness is high, the complete case envelope is both biased and inefficient while
the standard EM is still unbiased although inefficient. When the bias of the complete
case envelope dominates the MSE, the standard EM outperforms the complete case
envelope. When the proportion of missingness is not at extremes (too high or too
low), the complete case envelope is not necessarily better or worse than the standard
EM. The standard EM estimate may have a smaller bias but a relatively larger
variance while the complete case envelope may have a larger bias and a smaller
variance.

We carried out another simulation study, where the steps were the same as above,
except we replaced €2p = 10001, with €2y = 10I, in Step 2. This is a case where
the variance of the immaterial part is not as large. The median MSEs of the EM
envelope, the complete case envelope, the full data envelope, the standard EM, the
standard complete case analysis and the full data MLE are: 1.06 x 107, 6.16 x 1074,
8.58 x 107°, 5.42 x 1074, 6.81 x 1073 and 5.24 x 10~*. Detailed comparisons of the
six methods are given in Figure A.2 and Table A.2 in the Appendix. Out of 1000
simulations, the envelope dimension is correctly estimated as u = 3 with an accuracy
of 89.8%, while the rest 10.2% yields an estimated envelope dimension u > 3. As
mentioned, overselection can still provide us with the correct model, but may lead
to inefficient estimation. The EM envelope and the standard complete case analysis
remain the best and the worst estimators using the observed data in terms of the
MSEs, the standard EM now outperforms the complete case envelope. Again, the
EM envelope outperforms the full data MLE.

2.5.2 Non-normal errors

In order to confirm the efficiency gain in Proposition 2.4.2, we did several sets of
simulations to compare ,éemfem, with Bem,std when the error term €; is not normal. We
set the sample size n = 500, r = 10, p = 5, and u = 2. Again, we generate T € R
and B € R™ from U(0,1) and U(—10,10), and get the final form of T’ and 8 by
Schmidt orthogonalization and projection of B onto span(I'). After generating the
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positive definite matrix X,, we generate X; Tl t5(0,X,), where t,(u, ) represent
the multivariate t distribution with location parameter wu, scale parameter 3 and
degrees of freedom v. In order to satisfy the independence conditions TYY; 1 X;
and TTY; 1L TYY,|X;, we generate g; through the following procedure. Firstly
draw elements of €;; € R* and ;5 € R™™" independently of two distributions f; and
fo. Then we set €; = I'e;; + I'oejn. We simulated three sets of fi and fs:

1. fl ~ t5(0, 1), f2 ~ t5(0, 100)
2. f1 ~ U(-l, 1) and fg ~ U(—575)
3. fi ~ Laplace(0,1) and fy ~ Laplace(0, 10).

Then, we get the response variable Y; = BX; + ;. After that, we generate miss-
ingness using the same way as in the previous subsection.

The median MSE of Bem,em for the t, uniform and Laplace distributions are
1.23x 1073, 8.42 x 107°, 1.45 x 1073, For Bemﬂw, the median MSEs are 7.67 x 1073,
4.16 x 107, 9.48 x 1073 respectively. Also, all the envelope dimensions are correctly
specified through the bootstrap method. Detailed comparisons are given in Table
A.3. We see that even the error terms are not normal, as long as the envelope
independence conditions hold, our EM envelope estimator outperforms the standard

estimator.

2.6 Data Analysis

In this section, we apply our proposed method to the Chronic Renal Insufficiency
Cohort (CRIC) study. The CRIC study recruited 3939 participants from April 8,
2003 through September 3, 2008 and continued through March 31, 2013 (Feldman
et al., 2003). The study cohort was a racially and ethnically diverse group aged from
21 to 74 years with mild to moderate chronic kidney disease (CKD). Each study sub-
ject was given extensive clinical evaluation, and the information collected included
quality of life, dietary assessment, physical activity, health behaviors, depression,
cognitive function, and blood and urine specimens.

To prevent the development of severe clinical events, it is important to identify
the CKD patients with high risk of end-stage renal diseases (ESRD) in their early
stages. A variety of risk factors for ESRD have been identified in the literature
(Budoff et al., 2011; He et al., 2012; Madjid and Fatemi, 2013; Bansal et al., 2013;
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Ferguson et al., 2013; Anderson et al., 2015). It is of interest to investigate the
difference in the distributions of baseline biomarkers among the patients who develop
ESRD versus who do not. Correlation among risk factors have often been observed
in the literature (Capuano et al., 2003); however, it has not been fully utilized in
the statistical analyses for predicting ESRD and CVD. Our method leveraged the
correlation among the risk factors and biomarkers to improve the efficiency of the
analysis. Additionally, it is of interest to explore modifiable biomarkers, which are
the biomarkers that are significantly differently distributed for patients who develop
ESRD adjusting for the established biomarkers.

The study participants were distinguished by the ESRD status (binary, 1 for
ESRD and 0 for no ESRD) within five years of enrollment. We assumed death
before the progression of ESRD and withdraw from study were independent of the
ESRD disease status. Thus, we focused our analysis on the remaining 3205 patients.
In our analysis, we also adjusted for gender, age, race, systolic, and diastolic blood
pressures, and hemoglobin. The biomarkers and risk factors are urine albumin,
urine creatinine, high sensitivity C-reactive protein (HS_CRP), brain natriuretic
peptide (BNP), chemokine ligand 12 (CXCL12), fetuin A, fractalkine, myeloper-
oxidase (MPO), neutrophil gelatinase associated lipocalin (NGAL), fibrinogen, tro-
ponini, urine calcium, urine sodium, urine potassium, urine phosphate, high sensitive
troponin T (TNTHS), aldosterone, C-peptide, insulin value, total parathyroid hor-
mone (Total PTH), CO,, 24-hour urine protein, and estimated glomerular filtration
rate (EGFR). We performed a log transformation on the highly skewed biomarkers
and risk factors. In addition, we divided fetuin A by 10* as its scale was quite
different from other biomarkers.

We first assessed the difference in the distributions of baseline biomarkers versus
the ESRD status, unadjusted for the established biomarkers. All the biomarkers
except the EGFR had some missingness ranging from <1% to 6%. Also, as for the
predictors, hemoglobin and BMI had relatively low missing rate (there are 15 ob-
servations with hemoglobin missing and 5 observations with BMI missing). As the
proportion of missingness was relatively low, we used the BIC( given in Section 2.4.2
to select the envelope dimension. The EM envelope method reduced the dimension
of the biomarkers from r = 23 to u = 15. The point estimates, bootstrap stan-
dard errors, confidence intervals and p—values for the mean difference of biomarkers
among ESRD patients versus no ESRD patients are given in the Appendix. The
magnitude of the point estimates of our method is in general slightly smaller than

those of the standard EM. For example, the coefficient for urine albumin is 0.56
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using our method and 2.54 using the standard EM. This is because in each EM
iteration, the envelope estimate is the projection of the standard estimates onto the
envelope direction. The reduction in the magnitude is interpreted as the noise sub-
tracted from the original estimates. As we mentioned in Section 2.4.3, the closed
form of the standard errors of our method are difficult to obtain. Hence, we carried
out the nonparametric bootstrap for 1000 times, that is, we resample individuals
with replacement. The standard errors of our method is also generally smaller than
those of the standard method. For example, Figure 3.3 further shows the empirical
cumulative density distributions of the estimated standard errors of the standard
EM versus our method. Again, the estimated standard errors are in general smaller
(on the right hand side of 1 in Figure 3.3) using our method than using the stan-
dard EM indicating the efficiency gain using our method. The mean of the ratio is
1.24 for coefficients corresponding to ESRD and 1.62 for all coefficients. That is, on
average, our method is about 24% more efficient than the standard method for the
coefficients corresponding to ESRD and 62% more efficient for all coefficients. The
same set of biomarkers (all the aforemenioned biomarkers except HS CRP, fetuin A
and insulin value) were found by our method and the standard EM, to be signifi-
cantly different among patients with and without ESRD. Table A.4 and Table A.5
in the Appendix present details of the results.

It is found in the literature that although many novel biomarkers are found to
be marginally significantly associated with the ESRD status, such an association
often disappears after adjusting for the established biomarkers (Foster et al., 2015;
Park et al., 2017; Inker et al., 2017). That is, they are not as useful as modifiable
biomarkers. We next assess the mean difference of baseline biomarkers among pa-
tients with and without the ESRD status, adjusted for the established biomarkers.
The EGFR and the amount of urine protein excreted are two established biomarkers
for predicting the ESRD. Thus, in the subsequent analysis, we use the two variables
as predictors rather than responses. The estimated envelope dimension is u = 17.
The point estimates, bootstrap standard errors, confidence intervals and p—values
for the mean difference of biomarkers for different ESRD status adjusting for the
EGFR and the urine protein are given in Table A.4. The point estimates and the
standard errors are again in general smaller using our method as compared with
using the standard EM. Figure 2.4 shows the empirical distribution of the ratio be-
tween the estimated standard errors of the two methods. The mean of the ratio is
1.92 for coefficients corresponding to the ESRD and 1.86 for all coefficients. Com-

paring Figure 3.3 and Figure 2.4, we see that the EM envelope method achieves even
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higher efficiency gain when we adjust for the established biomarkers versus not. As
found in the literature, after adjusting for the established biomarkers, the majority
of biomarkers that have been investigated are no longer significant. We observe the
same phenomenon using both our method and the standard EM. However, among
the few biomarkers that remain significant, there is some discrepancy between the
standard EM and our method: our method found HS CRP, aldosterone, and C-
peptide significant which were not shown in standard EM; whereas standard EM
found NGAL, which was not found in our method. As our method is more efficient
for finite sample, the results of which are more precise than those of the standard
EM.

Figure 2.3: The empirical cumulative distribution of the ratio between the standard
errors of the standard EM and our method without adjusting for the established
biomarkers.
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Figure 2.4: The empirical cumulative distribution of the ratio between the standard
errors of the standard EM and our method adjusted for the established biomarkers.
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2.7 Discussion

In this paper, we proposed the EM envelope method to achieve more efficient estima-
tion for coefficients in the multivariate regression with missing data. Specifically, we
assumed the redundancy exists in the response variables and thus could be omitted
in the regression to reduce noise. A similar redundancy structure may also occur
among the predictors or among both predictors and responses. Our method can
be similarly derived under those scenarios. For example, if we assume there exist
a linear combination of predictors that does not contribute to the regression and
assume the missingness mechanism of predictors and responses are MAR, then our
method could be adapted to gain efficiency by discarding the immaterial part of the
variance among the predictors. A similar derivation can be made by changing the
covariance matrix X in this paper to X, the covariance matrix of predictors.

An alternative approach to calculate an envelope estimate with missing data is
to use the model free approach proposed by Cook and Zhang (2015a). Specifically,
we can calculate the standard EM estimator together with its asymptotic variance
using the Louis formula. However, the calculation of the asymptotic variance of the
EM estimator requires calculating the conditional expectation of the outer product
of the complete data score vector, an inherently problem-specific task that usually
requires much computational effort as discussed in Meng and Rubin (1991). Also,
this method requires estimating an envelope in RP? space instead of R?, which makes
the problem more challenging. A detailed comparison of the empirical performances
of such model free envelope based on the standard EM estimator versus the EM
envelope method is left for future work.

Envelope method has been generalized to GLM (Cook and Zhang, 2015a) with
univariate response. How to adapt GLM envelope method with multiple responses
even without missing data is still an open problem. Hence, our paper only focused
on linear model envelope method, which is the most widely used case.

Throughout this paper, our method is proposed assuming the missing data mech-
anism is ignorable. When the data is nonignorably missing, a selection model is

needed to be specified. We also leave it as a future research topic.

2.8 Software

The corresponding R package is available at https://github.com/mlgmlq/missing_

env.


https://github.com/mlqmlq/missing_env
https://github.com/mlqmlq/missing_env
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Chapter 3

Mixed effects envelope models

3.1 Introduction

3.1.1 Literature review

Over the past three decades, an increasing amount of literature has emerged on the
topic of sufficient dimension reduction (SDR). Li (1991) proposed the sliced inverse
regression to reduce the dimension of the predictors. That is, assuming the response
only depends on a linear combination of the predictors, one regresses the predictors
X against the response Y to circumvent any model-fitting process. Cook (1998)
defined the central subspace as the subspace with the minimal dimension such that
the response is independent of the predictors given the projection of the predic-
tors onto the space. Other SDR methods include but not limited to sliced average
variance estimation (Cook and Weisberg, 1991a), principal Hessian direction (Li,
1992), contour regression (Li et al., 2005), inverse regression estimation (Cook and
Ni, 2005), directional regression (Li and Wang, 2007), likelihood-acquired directions
(Cook and Forzani, 2009), discretization-expectation estimation (Zhu et al., 2010),
non-elliptically distributed predictors (Li and Dong, 2009; Dong and Li, 2010), di-
mension reduction based on canonical correlation (Fung et al., 2002; Zhou and He,
2008), and average partial mean estimation (Zhu et al., 2010). However, the afore-
mentioned methods all focus on the dimension reduction of predictors with univari-
ate response.

Recently, Cook et al. (2010) proposed a new sufficient dimension reduction
method called the envelope method to reduce the dimension of responses in multi-

variate regression. Specifically, Cook et al. (2010) considered the following multi-
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variate linear regression model

where 7 indicates the i"* individual, Y;, €; € R", X; € R? and the parameter of
interest is 3.

The key idea of the envelope method is to assume the existence of redundancy
in responses that do not contribute to the estimation of 8 in model (3.1), so that
the estimation of 3 is more efficient by leveraging this condition. Cook et al. (2010)
assumes that there exists an orthogonal matrix (I', T'y) € R™" where I' € R"™" and

Iy € R™*0-% with 0 < u < r satisfying the following conditions:
Condition 3.1.1 T7Y; 1L X;;
Condition 3.1.2 TTY; 1L 7Y, | X;,

where 1L indicates independence. Under Conditions 1 and 2, T'}Y; is redundant for a
fixed effect regression (Cook et al., 2010). The ¥.-envelope is uniquely defined to be
the smallest subspace satisfying these conditions. Once the basis Tis obtained, the
envelope estimator is obtained by projecting the ordinary least square estimator onto
the estimated envelope space. Cook et al. (2010) showed that the envelope estimator
can achieve efficiency gain over the OLS estimator. Following the definition in their
paper, we define the variance of T?Y; | X; as the material part variance, and
'Y, as the immaterial part variance. The efficiency gain will be substantial if the
variation of the immaterial part is relatively large as compared with that of the
material part.

The envelope methods have been developed in different settings, including re-
sponse envelope (Cook et al., 2010), partial envelope (Su and Cook, 2011), inner
envelope (Su and Cook, 2012), scaled envelope (Cook and Su, 2013), predictor en-
velope (Cook et al., 2013), reduced rank envelope (Cook et al., 2015), simultaneous
envelope (Cook and Zhang, 2015b), model-free envelope (Cook and Zhang, 2015a),
and tensor envelope (Li and Zhang, 2017).

Longitudinal data, also known as panel data, collects repeated measurements of
the same subjects over time. As a distinctive feature of longitudinal data, measures
that are collected repeatedly over time are typically correlated and redundancy typi-
cally exists among responses. Hence, reducing data to lower dimensions can improve

efficiency while still preserving all relevant information on regression. Additionally,
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data may be unbalanced in the sense that subjects are not measured at the same
time points. Moreover, the predictors may depend on time and may have different
trajectories over time across individuals. For example, in a study of the effect of
smoking on body weight, the number of cigarettes smoked per day may stay the same
for some individuals but not for others. These features distinguish the longitudinal
data from the cross-sectional data in terms of appropriate analyses. However, the
study of sufficient dimension reduction for longitudinal data is quite limited. Pfeif-
fer et al. (2012) developed first-moment sufficient dimension reduction techniques to
replace the original predictors with longitudinal nature. Bi and Qu (2015) applied
the quadratic inference function to longitudinal data sufficient dimension reduction.
The literature is even more scarce on dimension reduction in mixed effects models
with high-dimensional response. Some early work has been done by Zhou et al.
(2010) using a reduced rank model for spatially correlated hierarchical functional
data and by Hughes and Haran (2013) using sparse reparameterization to reduce
spatial confounding.

In this chapter, we propose a mixed effects envelope model. Similar to the stan-
dard mixed effects model, the variability of each observation are composed of the
within-individual variability and the between-individual variability. The mixed ef-
fects envelope model recovers the distribution of the unobserved between-individual
random coefficient and reduces noises in the within-individual variation. The mixed
effects envelope model inherits both the efficiency gain of the standard envelope
model and the flexibility of the standard mixed effects model. Specifically, our
methods result in more efficient estimators than those from the standard mixed
effects models and can be used for unbalanced data as well as with time-varying

predictors.

3.1.2 Notation

Consider a study with n individuals with each individual being measured at a total
of J; time points, where t = 1,...,nand j=1,...,J;. Let J.=>"" | J; denote the
total number of the observations across time. For an individual 7 at time j, let Y;; €
R" denote the responses of length r, let X;; € R? denote the vector of predictors of
length p, and let Z;; € R? denote the vector of predictors of length ¢. Predictors X;;
and Z;; can either be stochastic or nonstochastic. Let Y; = (Y;1,...Y, ) denote
the responses, and X; = (Xi1,...X,1), Z; = (Zi1, . . . Z;;,) denote the predictors for

one individual at all time points. Let R"*P denote the class of all matrices with size
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r X p. Let S™*" denote the class of all symmetric positive definite matrices of size r.
Let I, denote the identity matrix of size r. Let vec(-) denote the vectorization of a
matrix by stacking the columns of the matrix on top of one another, and let vech(-)
denote the vectorization of the unique part of each column that lies on or below the
diagonal. Let t denote the Moore-Penrose inverse. Also, let E, € R7™xr(r+1)/2 44
be the expansion matrix such that vec(-) = E,vech(-) and C, € R"+1/2x* t5 be
the contraction matrix such that vech(-) = C,vec(-). Let Y; = vec(Y;) denote the
vectorized responses. Let A ® B denote the kronecker product between A and B.
All the population covariance matrices in this paper are positive definite. We use
span(A) to denote the span of the column vectors of A.

We organize this chapter as follows. In Section 3.2, we give the standard mixed
effects model and discuss a special case where classic envelope can be directly ap-
plied. In Section 3.3, we propose the mixed effects envelope model as well as provide
a graphical illustration of our method. We further illustrate our proposed method
in the simulations in Section 3.4 and data analysis in Section 3.5. We conclude with

a brief discussion in Section 3.6.

3.2 Preliminary

3.2.1 Mixed effects model

Consider the mixed effects model
Y = a+ BXi; + biZ; + €4,

where o € R" is the intercept, B € R"*P denotes the coefficient for the fixed effects
and b; € R™7 denotes the random coefficients. Assume vec(b;) identically and
independently follows N(0,X},), where 3y, € S”*?". The residual error g;; identi-
cally and independently follows N(0,%,) for i = 1,...,n and j = 1,...,J;, where
3 € S™*". The normality of random effect and error are assumed here for simplicity.
We extend our result when they have finite (44-0)-th moment in Section 3.3. The ran-
dom effect b; is assumed to be independent from the residual error €;5, i.e., b; 1L &;;.
The variance due to random coefficient 3, is the between-subject variability and
the variance due to the error X, is the within-subject variability. Let A;; = ZZ-I;- ®1L,,
then b,Z;; = (ZZ; ®1,)vec(b;) = A;jvec(b;). The covariance of responses across time
for the same individual is correlated Cov(Y;, Yijr | Xij, Xijr, Zij, Zijr) = Al-ijAg;/

17 15
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lf] 7é j/, and Var(Yij ‘ Xz’j7 Zl]) = AZJEbAZ; + 25. Let g; = (Eib .. 'EiJi)7 we can

rewrite the model above in a matrix form as

Model (3.1) is a special case of model (3.2) when 3, = 0, and J; = 1fori=1,... n.

3.2.2 Classic envelope model for a special case of longitudi-

nal data

The classic envelope method can be applied to longitudinal data in a special case:
when the data is balanced, the predictors do not vary with time, and random slopes
are not included in the model (random intercepts are included). We will show that
under this setting, the mixed effects model naturally contains an envelope structure
over the observations across time. Under this setting, J; = J for any i. Also, if we

assume X; does not vary with time, then (3.2) can be written as

where €; € R™ i.i.d follows N (O, f]g) and ig =1;® Xy + X.. This model is a
standard multivariate model, hence we can impose an envelope model on it. Let
Ei(g) denote the X.-envelope for B, where B = span(1l; ® 3). The structure of
Es. (g) is given in the following proposition and corollary.

Proposition 3.2.1 Under model (3.3), the basis for E_(B) is 1; @ ®, where ® is
the basis for Es. /145, (B).

Corollary 3.2.1 Under model (3.3), the dimension of E.(B) C R cannot exceed

r.

Intuitively, although the repeated measures from the same individual are correlated,
because neither the fixed effects nor the random effects change over time, we can
reduce the dimension of responses by averaging each individual over different time
points. That is, model (3.2) naturally results in combinations of the responses of
dimension r(J — 1) that do not contribute to the regression. This results in a 3.
envelope &, (g) with envelope dimension no greater than r rather than rJ.
Proposition 3.2.1 presents a simple but important observation: if the true model

is a mixed effects model but instead we fit a standard multivariate linear regression,
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even we have a reduced dimension from rJ to r by the envelope method, we do
not gain additional efficiency. This is because the failure to leverage the mixed
effects model structure creates redundancy. Such an observation naturally leads us
to explore an envelope model that can incorporate the mixed effects model structure

to gain further efficiency.

3.3 The mixed effects envelope model

3.3.1 Conditions

Now, we propose the mixed effects envelope model. The key requirement of the
classic envelope method is the existence of some linear combination of the responses
that do not contribute to the regression. With longitudinal data, because both X;
and Z; are observed predictors, it may seem natural to extend Conditions 1 and 2
by replacing X; with (X;,Z;) as
Condition 1°. TY; 1L (X, Z;);
Condition 2°. I‘TYZ AL :[‘(j;YvZ ’ Xi; Zl

It has been shown that the standard envelope Conditions 1 and 2 are equivalent
to the reparameterization span(8) C span(T') and X, = TQI'7T + T'yQeT'Y, where
Q=T"3.T,and Q, = I‘OTEsl"O. Unlike Conditions 1 and 2 which impose conditions
on population parameters, Conditions 1° and 2° are equivalent to requiring certain
relationships between Z; and parameters as shown in the proposition below. In

general, Conditions 1° and 2° are hard to satisfy because their validity is contingent

on the observed value of Z; in the sample.

Proposition 3.3.1 Conditions 1° and 2° hold under model (3.2) if and only if
]_1(,1;/6 = O, Zz ® I‘O = 0, and IJz‘ ® (FTEEF()) + (ZlT ® PT)Eb(ZZ ® Fo) = 0

To modify Condition 1°, we want to find a condition that reduces to Condition
1 when there is no random effect. Recall under (3.1), vec(I'3Y;) only depends on
predictors through BX; in the mean and to have its distribution free of 3 is the same
as to have T2Y; 1L X;. In other words, Condition 1 can be equivalently expressed
as E(ITYY; | X;) = E(I'TY;) under linear model. However, under model (3.2),
vec(I'TY;) depends on the predictors (X;,Z;) through both mean and variance.
Notice that the parameter of interest 3 only involves in the mean of vec(I'}Y;).

Thus, this motivates us to relax the distributional independence between I'tY; and
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(X;,7Z;) to be just mean independence, i.e., E(T7Y; | X;,Z;) = E(T'JY;) so that
this condition reduces to Condition 1 when there is no random effect.

To modify Condition 2°, we also want to find a condition that reduces to Condi-
tion 2 in the absence of the random effect. Note vec(TTY;) | vec(T?Y), X, Z;, by ~
N(p™*, %), where

pt = vec(I"BX; + I'"'b;Z;) + 1, @ {T" 2. Lo(TFETo) '} -
{vec(TY;) — vec(T§ BX; + T b;Z,) },

and X** = I; ® (ITX_!T")~1. That is, if we conditional on both predictors and
random effects, the conditional independence between I'"'Y; and I'l'Y; is equivalent
to I'"E.Ty = 0, i.e., T reduces ¥.. This condition reduces to Condition 2 when
there is no random effect.

Thus, to develop the mixed effects envelope model, we assume

Condition 1*. E(TTY; | X, Z;) = E(TY,),

Condition 2*. TTY; 1 TTY; | X;i,Z;,b;. As mentioned, in the absence of
random effects, Condition 1* and 2* will reduce to Condition 1 and 2 under the
linear model. Conditions 1* and 2* can be viewed as extensions of Conditions 1
and 2 for longitudinal data. However, unlike the classic envelope condition (Cook
et al., 2010), Condition 1* only requires the expectation of I‘gYi | X;,Z; and FgYi
to be the same. The motivation of Condition 1* is that instead of imposing the
redundancy of T'2Y; on its entire distribution, we just assume the redundancy on
its mean, which is easier to satisfy.

Condition 2* assumes the independence between I'’Y; and FgYi conditional on
predictors (X;, Z;), as well as on the unobservable b;. Equivalently, the redundancy
of responses is within individuals rather than across. In other words, Condition 2*
excludes the possibility of T'?'Y; contributing to the regression through a correlation
with T'TY; given any individual, although such correlation may be present in the
population. Here, different from the original envelope model, under model (3.2), 3,
is the variance of outcomes given predictors and random effects, which is only the
within-subject variation not including the between-subject variation. Thus, when
the study is balanced, even when the classic envelope model does not have much
efficiency gain, the mixed effects envelope may achieve substantial efficiency gain:
decomposing part of the variability into material and immaterial variability may be

possible even when decomposing the total variability may not be possible. The idea
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of using part of parameters to form an envelope was also adopted in the development
of partial envelope (Su and Cook, 2011), where part of parameters in the mean model
are used.

Other than having clear interpretations, Conditions 1* and 2* also facilitate
the reparameterization of the original parameters in (3.2). Under Condition 1%,
E(TYY; | X, Z;) is free of 3, which indicates span(3) C span(T'). Additionally, since
Condition 2* conditions on the random effects, we have X, = TQI'? + T, QY. We
define the smallest reducing subspace that satisfies Conditions 1* and 2* as the mixed
effects envelope, or ¥.-mean envelope and write it as s_(B). Under Conditions 1*

and 2*, model (3.2) can be written as:
Yij =+ ]__‘?’]XZJ + bZZ” + €ij7 (34)

where €;; identically and independently follows N(0,X.), and ¥, = T'QI'7 +
LyQele.

Under the mixed effects envelope model (3.4), the number of variational inde-
pendent parameters changes from r 4+ rp + r(r +1)/2 + gr(qr +1)/2 to r + up +
r(r+1)/2 + qr(gr +1)/2. Since v < r, the number of parameters of mixed effects
envelope model is no more than the standard mixed effects model. When J is large,
the number of parameters in the mixed effects envelope model (3.4) can be sub-
stantially fewer than those in the standard envelope model, but there is no general
relationship between the number of parameters in these two envelope models.

Under Conditions 1* and 2* and model (3.2), the covariance Var(Y; | X;, Z;) has
a specific heteroscedastic error structure Var(?i | Xi,Z;) = A, AT + 15, @ 3,
where A; = ZF ®I,. Another heteroscedastic error model was considered in Su and
Cook (2013), where the predictors are only indicators for the subpopulation and
individuals in the same subpopulation have the same distribution. Following Su and
Cook (2013), Park et al. (2017) generalized the multivariate envelope mean model
to groupwise envelope regression models with heteroscedastic error. In their setting,
the envelope is assumed to be the intersection of subspaces that contains columns
of all the coefficients across populations. Under model (3.2), it is possible that Z; is
different for all individuals, then we have n single individual subpopulations. This

situation cannot be directly handled in their framework.
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3.3.2 Graphical illustration

Before diving into the estimation details of the mixed effects envelope model, we
first provide a graphical illustration of the classic envelope, the standard mixed
effects estimator and our mixed effects envelope estimator, under the mixed effects
model. We generate the outcomes Y; from (1) with Z;; = 1. To compare the classic
envelope with the mixed effects envelope, we only consider the setting where data
is balanced and the predictors are time-invariant.

Consider two groups of individuals with X; = 0 and 1 respectively. We generate
n = 2000 individuals with J; = 5 observation for each group. For individual ¢ at time
point j, we generate a bivariate response Y;; = (Yj;1, Yij2)? from the mixed effects
model (1) with a = 0 and 8 = (—7.07,7.07)". We are interested in examining the
mean group difference.

Figure 3.1a presents the raw data, where we directly implement the OLS method
and the classic envelope model. The OLS estimator is (—7.54,6.38, —7.17,6.83,
—7.23,6.66, —7.81,6.28, —7.68,6.27)7 with the MSE 1.10. Model (3.3) ignores the
fact that some responses are repeated measures over time and does not distinguish
them from different measures collected at the same time point. As a result, the OLS
estimator of model (3.3) is relatively inefficient.

By applying the classic envelope method, the estimated envelope dimension is
u = 2. The envelope estimate for the group difference is (—7.46,6.52, —7.49,6.49, —7.41,
6.53, —7.50,6.49, —7.57,6.39)7 with the MSE 0.93. The classic envelope removes
some redundancy in the responses as compared with the OLS estimator from model
(3.3). However, as we show below, such redundancy can easily be removed by in-
corporating the mixed effects model structure.

Figure 3.1b shows the performance of the estimator under model (1) using the
expectation-maximization (EM) algorithm, a standard mixed effects model estima-
tor. For comparison, we keep the OLS estimate of Y;; —b; in two groups when b is
assumed observed (dashed curve in Figure 3.1b) as a benchmark. The solid curves
denote the estimated distribution of Y;; — b, using the standard EM. The density
curves related to the EM algorithm are not simply projections of scattered points
obtained by subtracting b, and the scatter points just provide intuitions. The EM
algorithm separates the between-subject variability from the within-subject vari-
ability when calculating the point estimates, hence, the solid and dashed density
curves almost overlap completely. The group difference using the standard EM is
(—7.48,6.48)" with the MSE 0.95. The MSE is similar to that of the classic envelope
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Figure 3.1: Graphical illustration of the standard mixed effects estimator and the
mixed effects envelope estimator, with a random intercept. Individuals of the two
groups are represented by cross dots (X = 0) and triangles (X = 1). The scatter
points in Figure 3.1a demonstrate the original data, whereas Figure 3.1b and 3.1c
demonstrate the data of Y —b as if b is observed. Solid curves are from the EM-type
estimates, and the dashed curves are from the estimates when b is given.
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in (5), which confirms that incorporating the mixed effects model already eliminates
some noise in the repeated measures.

Figure 3.1c illustrates the performance of our mixed effects envelope method.
The solid curves at the bottom are obtained by applying our method on the data set
in Figure 3.1a. Unlike the standard EM algorithm which only recovers the between-
subject variability, our method additionally reduces the within-subject variability.
The estimated envelope dimension © = 1. The group difference estimated from our
method is (—6.97,6.99)7 with the MSE 0.40. The solid and dashed curves are sim-
ilar, indicating that our method provides a similar point estimate as the standard
envelope estimator with random effects subtracted. While the classic envelope esti-
mator has almost no efficiency gain over the standard EM estimator (similar MSEs),
our mixed effects envelope method achieves substantial efficiency gain over the stan-
dard EM estimator (the MSE ratio is only about 0.4) and even more efficiency gain
over the OLS estimator from model (4) (the MSE ratio is about 0.36). This shows
that by leveraging both the mixed effects model and the envelope structure, our
method may achieve a much greater amount of efficiency gain as compared with
either method.
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3.3.3 Maximum likelihood estimation

Under the reparameterization implied by Conditions 1* and 2*, we first investigate
the likelihood function given the observed data. Recall that A; = Z7 ® I,. We have

- 1
L(0,Y;X,Z) x H 1), ® e + A, S AT |72 exp { - §{V6C(Yi) —a® 1y, —vec(BX;)}"

i=1
Iy, ® Zc + A;ZpA]) H{vee(Y;) —a® 1, — Vec(,BXi)}},

(3.5)
where 0 = (a,T',1,Q,9Q0,%3), 8 = I'np, B, = TOAIT + ToQeI'! and o< denotes
proportional to. The formula above is obtained by square completion and the Wood-
bury matrix identity. As the likelihood function L(6,Y;X,Z) have a complicated
form in @, the MLE of model (3.4) does not have a closed form in general.

In order to obtain the maximum likelihood estimate, we combine the EM-
algorithm and the envelope structure. The resulting algorithm is not trivial since the
parameters are not element-wise identifiable and random effects are not observable.
Due to space constraints, we only briefly describe the steps here and relegate the
technical details of the algorithm in the Supplementary Materials. For any prede-
termined envelope dimension u, we start with an initial value for all parameters. We
calculate the E-step and then, during the M-step, we decompose the expectations
from the E-step such that all the other parameters can be optimized individually
given I', and then we optimize over I'. We iterate such EM process till convergence.

We adapt the BIC in the classic envelope models (Eck and Cook, 2017) to esti-
mate u in the mixed effects envelope model. Under model (3.4), BIC is —2l(§; Y |
X, Z) + log(J.)pu, where [(8:Y | X,Z) is the log of the likelihood L(8,Y:X,Z)
given in (3.5). The penalty coefficient in BIC is log(J.) rather than log(n) to take
the longitudinal feature of data into consideration (Jones, 2011). Also, the likelihood
in BIC is the observed data likelihood rather than the full data one. We summarize

the mixed effects envelope algorithm in the appendix.

3.3.4 Efficiency Gain

We discuss the asymptotic variance of the mixed effects envelope estimator. The
parameters of the envelope model is vector ¢ = (n,T', €2, €, Xp). A more rigor-
ous notation is ¢ = (vec(n), vec(I'), vech(€2), vech(€y), vech(3p)). We omit the

vectorization notations here. We are interested in the property of the parame-
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ter B, ¥. and 3y, which can be viewed as functions of ¢. Generally, we have
h(¢) = (8,2, %) = (T'n, TOTT + Ty, 3y) = (hi(@), ha(d), hs(d)). Let
0 =h(9¢), é\mm.em and é\mix.em denote the mixed effects envelope and standard EM
estimates under (3.2). The asymptotic variance of our estimator can be calculated
using Shapiro (1986).

Proposition 3.3.2 Under model (3.2) and assume envelope conditions (i)* and
(i1)* hold, then /i (Brmiz.em — 0) % N(0, V), and /1O mizens — 0) 2 N(0, Viiz.ens)
where Vmiz.emv = G(GTVG)TG, the form of V is given in the appendiz, and G is
given by

LT ' ®I, 0 0 0
0 2CT2®L -TelWI!) C.(I®TE, C.(TyoT\E,_, 0
0 0 0 0 Lyrgr+1)/2

Moreover, V72(V = Vo)V=2 = 1 — V2 G(GTV-IG)IGTV~2 > 0, so the mized

effects envelope always has no larger asymptotic variance.

In order to provide some insights on occasions where our estimator can be effi-
cient as compared with the standard method, we compare avar[y/nvec(3)] using the

mixed envelope model with the standard model under a relatively simple setting.

20
Specifically, we set r = 2, J =2, p =1, Z;; = 1 for all 4,5, X, = ‘Bl 2>7
90

0
3y = (;b 2] = (1,007, Ty = (0,1)T and n = 1. In this specific case, we have
b

the close form formula
2/ 2 2
07 (U 1+ 20 b)
2 9 2 2
Ubam1 + 01 ng

0

0
avar[\/ﬁvec(,é\mmem)] =

95(06 +203) |
ool + oo,
and 0 o )
R oi(o] + 2‘71)) 0
avar[\/ﬁvec(/gmix-env)] = 0-130-31 + 0-%0-%2 5

2
0 95,
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2 2 2 2 -1
h 2 0'mb1 + UOJwQ + 4(U% B 03)2(0503 + 20%05 + 20805 + 20'1271) 2
WHELE 9, = o2(02 + 20}) oioi(0} 4 20}) (02 + 202) » o =
0l00 b 10901 )00 b

Yo (zi —x2)?/noand 02, = 37 (a3 4 a3,)/n. As long as 07 # 0§ and 0§ > 0,

2 _ 00(00 +20)

O'B - 5 -
2 2 .2 2.2
O-bo-xl +O-Oo-zg

The ratio
avarly/ivee(Bl en)] _ |, A0t — 08)(010} + 2003 + ofa} + 20})
2

avar[\/ﬁvec(g(z) )] ot(of + 204)(0j03, + 0jo3,)

mix-enuv

tends to +o0o as 02 — +oo. Therefore, the efficiency gain is large when o? is large
relative to o?. Consequently, in this case, fewer samples are needed to detect the
same effect size for our method as compared with the standard EM.

The consistency and efficiency gain of the mixed effects envelope estimator in
Proposition 3.3.2 is derived based on the normality of the error and random effect. In
the next proposition, we justify the \/n-consistency of §mm.em without the normality

conditions on the error and random effect.

Proposition 3.3.3 If the error €;; and random effect b; have finite (4 + 0)-th mo-
ments for some § > 0, and the reqularity conditions in the appendiz hold, then
\/ﬁ(é\mix.em—O) LN N(0, \N/), and \/ﬁ(ém.m—e) N N(O, \meix.env) for some covari-
ance matrices V. and Vopizeno. In addition, we have Vomip.eny = G(GTJG)TGTJ{/J
G(GTIG)'GT. The definition of J is given in the Appendix.

3.4 Simulations

In this section, we carry out simulations to compare the finite sample efficiency of
our estimator with the standard EM method, the response envelope method and
the response PLS method using the SIMPLS algorithm. The response PLS is a
counterpart algorithm of the standard PLS algorithm but to reduce the dimension
reduction rather than that for predictors. A detailed algorithm can be found in
Cook (2018a). The response envelope and the response PLS methods do not take
the time dependency among responses into consideration, but still provide consistent
estimators. Although envelopes and PLS are asymptotically equivalent as Cook
et al. (2013) suggested, their finite sample properties are different. We first consider

a balanced case by generating a population of n = 50 individuals, and each has



r = 10 responses measured at each of the 5 time points (J; = J =5, i =1,...,50).
We set p = 6 and ¢ = 2 for the fixed and random effects.

We generate parameters I' and By of size r X v and r X p, where u = 1. The
elements of I and By are from U(0, 1) and U(—10, 10). Let 8 = PrBy. We generate a
matrix B of dimension ¢rx ¢r with each element from U(—10, 10) and let X}, = BB”.
Let € = 0.01I, and 2y = 100I;,_,) and let 3. = ror? + ryQery!. For each
individual, X;1, X2, X;3 vary with time, and X4, X;5, X;6 stay fixed for all the time
points, where each predictor (time varying or fixed over time) is independently
generated from U(—10,10). Then, generate Z; = (Z},Z%L)", where Z;; = 11y,
and each element of Z;, follows U(—10, 10). Generate vector €;; € R", where each
column follows N(0,3.). Also generate b, € R™*?, where vec(b;) is from the normal
distribution N(0,Xy,). Set Y;; = BX;; + b;Z;; + €;;. We then calculate ,@mix‘em,

Brmiz-env Benv and Bys, and repeat the above procedure for 100 times.

Figure 3.2: Empirical distribution of |8 — 8|2
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We compute the square of I, norm |8 — BJ|2 for each simulation. The boxplot
of 12 error across 100 simulations is given in Figure 3.2a, where we suppress the
outliers to make the figure clean. The mixed envelope estimates are significantly
better in terms of both bias and variance than the standard EM estimates. For
example, the mean [3 error of the mixed envelope estimate for 3 is 12.12, while that
is 104.77, 79.40 and 105.99 for the standard EM, response envelope and response
PLS estimates respectively. Also, 99 out of 100 of our method selected the correct
envelope dimension u = 1.

Then, we examine the results where J; is uniformly generated from {5,6,7,8,9}.

Other steps in the previous simulation remain unchanged. The mean [3 error of
Brizens 18 9.30, while that is 69.11, 79.05 and 72.16 for Bmig.em, Beny and By.



40

Also, the envelope dimension is always correctly estimated as u = 1. The empirical
distribution of /3 error is shown in Figure 3.2b. Our proposed mixed effects envelope
estimator has much smaller MSE than the standard EM estimator even in relatively

small samples.

3.5 Data Analysis

In this section, we apply our proposed method to the Action to Control Cardio-
vascular Risk in Diabetes (ACCORD) study. The ACCORD randomized-control
trial aimed at determining whether cardiovascular disease (CVD) event rates can be
reduced in people with diabetes. Participants are between the ages of 40 and 82.
All participants have Type 2 diabetes and an especially high risk for heart attack
and stroke.

We are interested in the treatment effect on the quality of life and changes in
health outcomes. The responses were collected at four time points, which are 12, 24,
36, 48 months after the beginning of the trial. We consider 2054 participants who
responded to the survey, among whom 1156 individuals responded to all surveys. In
our analysis, the response variables were treatment satisfaction, depression scale,
aggregate physical activity score, aggregate mental score, aggregate interference
score, symptom and distress score, systolic blood pressure (SBP), diastolic blood
pressure (DBP), and heart rate. The predictors were age and treatment, where
we consider the intensive glycemia treatment (7' = 1) and the standard glycemia
treatment (7' = 0).

We first assessed the difference in the quality of life versus glycemia level and
age for people who attended all four surveys (J; = 4). All responses except systolic
blood pressure and diastolic blood pressure had a missing rate less than 1.5%. Since
the missing rate is low, we imputed the missing data using its mean value. We
assume there is only random intercept in our model. The mixed effects envelope
method reduced the dimension of the response variable from r = 9 to u = 4. The
point estimates, bootstrap standard errors, and p-values for the regression parameter
is given in Table B.1 in the Supplementary Material. The magnitude of the point
estimates of our method is in general slightly smaller than those of the standard EM.
For example, the coefficient for treatment satisfaction with respect to treatment is
0.46 using our method and 0.69 using the standard EM. As the envelope estimate
is obtained by projecting the standard estimates onto the envelope direction, the

reduction in the magnitude can be interpreted as the noise subtracted from the
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Figure 3.3: The empirical cumulative distribution of the ratio between the estimated
standard errors of the standard EM and that of our method for ACCORD data.
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original estimates. As mentioned in Section 3.3.3, the closed form of the standard
errors of our method are difficult to obtain. Therefore, we used the nonparametric
bootstrap. Figure 3.3a shows the empirical cumulative density distributions of the
estimated standard errors of the standard EM versus that of our method. The
estimated standard errors are in general smaller (on the right hand side of 1 in
Figure 3.3a) using our method than using the standard EM, which indicates the
efficiency gain of our method. The mean ratio of the coefficient standard error using
our method over the standard EM is 1.33. That is, to achieve the same mean power
among all predictors, our methods require 75.2% of the original sample.

Then, we repeated the analysis by including people with less than four surveys,
thus J; varies across each person. In this case, the total number of observations J.
increases from 1156 to 2054. The missing rate is about the same, so we imputed
them using their mean again. The estimated envelope dimension is u = 1. The
point estimate, bootstrap standard errors and p-values for the regression coefficients
are given in Table B.2 in the Supplementary Material. It is worth noticing that our
method found SBP and DBP corresponding to age significant, whereas the standard
method found physical score corresponding to age significant. Figure 3.3b shows the
empirical distribution of the ratio between the estimated standard errors of the two
methods. The mean ratio of the coefficient standard error using our method over
the standard EM is 4.07. That is, to achieve the same mean power among all
predictors, our methods require 24.6% of the original sample. All the regression
coefficients except symptom and distress score corresponding to age have a smaller

standard error, which again shows that our method is more efficient.
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3.6 Discussion

In this chapter, we proposed the mixed effects envelope method to achieve a more
efficient estimation than the traditional EM in longitudinal studies. Although this
chapter is motivated by the repeated measures problem, the mixed effects envelope
model can also be used in clustered data to achieve efficiency gain. For example,
patients are nested in physicians, who are in turn nested in clinics. Such clustered
data also features in correlations between observations.

The mixed effects model is closely related to the missing data problem since the
random effects can be viewed as missing for all observations. Moreover, the missing
data techniques may be combined with the mixed effects model to further relax
conditions. Ma et al. (2021) discussed the envelope method under the ignorable
missingness of predictors and covariates. In this chapter, we assume that the mea-
sures collected at each visit are balanced and repeated measures may be collected
at different time points across individuals. Such a condition may be violated when
a different number of measures are collected every time. One possible solution is to
use the union of responses as the balanced response and frame this into a missing
data problem. The extension of the mixed effects models with missing data is left
as a future research avenue.

In this chapter, we considered a heteroscedastic error induced by the mixed
effects model. Su and Cook (2013) proposed an alternative method for another
heteroscedastic error covariance structure under the multivariate regression. Both
covariance structures allow us to formulate the regression with heteroscedastic vari-
ance as a variation of the original envelope model and thus we can use the original
computation to obtain the MLE of the likelihood. How to generalize the model with
a general heteroscedastic variance structure is left for future research.

In many contemporary studies and applications, the dimension of data can be
much larger than the number of observations. Under such high-dimensional settings,
more refined variants of the envelope method are desired. Many studies have adapted
the envelope method to high-dimensional settings under sparsity conditions. Su
et al. (2016) proposed the envelope model for response variable selection under
high-dimensional settings. Zhu and Su (2020) incorporated the envelope model
with partial least squares for high-dimensional regression. We leave the extension
of our mixed effects model for high-dimensional data as a future research topic.

Additional information for this chapter, including the proof of propositions,

graphical illustration of the response envelope, EM-algorithm for the mixed effects
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envelope model, derivation of py, ; and Xy, 4, the mixed effects envelope algorithm,

and Tables B.1 and B.2 for the data analysis are available in the appendix.
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Chapter 4

Semiparametric Efficient Inner

Envelope

4.1 Introduction

4.1.1 Background

In 2010, Cook et al. (2010) proposed a new approach to dimension reduction in
multivariate linear regression models called the envelope approach, with the aim of
more efficiently estimating the underlying regression coefficients. Briefly, for each
individual ¢« = 1,...,n, consider a multivariate linear regression model where we
regress r-dimensional, multivariate responses Y; € R™! onto p regressors X; € RP*!,
ie.

Y, =p0X;+¢€;, € ~N(02YX). (4.1)

Here, the term &; € R™™! is a random vector that is independent from X, and
follows a multivariate normal distribution with mean 0 and unknown covariance
3 € R™". The parameter 8 € R"*? is the unknown matrix regression coefficients
of interest. A natural estimator of 8 is the ordinary least square (OLS) estimator,
which takes the form 35, ¢ = (XTX) 'X”Y where X = (Xy,...,X,,)” € R"*? and
Y = (Yy,...,Y,)T € R™". However, when the number of responses r is large,
Cook and co-authors proposed to improve on the OLS estimator by considering an
“envelope” subspace in the space of the responses R". Specifically, if there is a
linear combination of the responses that is an ancillary for 3, Cook et al. (2010)
proposed a new estimator of 3, called the envelope estimator, and showed that the

new envelope estimator is at least as efficient as the OLS estimator; see Section 4.2.2
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for details.

Since the introduction of the envelope estimator, there has been an explosion
of work on using envelope-based dimension reduction methods for multivariate re-
gression models (Cook et al., 2010; Su and Cook, 2011, 2012; Cook and Su, 2013;
Cook et al., 2013, 2015; Cook and Zhang, 2015b,a; Li and Zhang, 2017; Shi et al.,
2020; Cook et al., 2021; Rekabdarkolaee et al., 2020; Ma et al., 2021). Our paper
focuses on one popular extension and improvement of the original work, the inner
envelope estimator of Su and Cook (2012). Specifically, the inner envelope estimator
supposes that there is an extra subspace that is dependent on some responses, but
becomes independent after conditioning on the regressors; see Section 4.2.2 for the
exact definitions. Critically, the inner envelope estimator of 3 can achieve efficiency
gains even when the envelope estimator offers no gains.

Despite its superior performance, the inner envelope estimator relies on paramet-
ric assumptions (e.g. model (4.1)) to guarantee its efficiency gains over the envelope
estimator or the OLS estimator. In general, most envelope-based approaches rely
on a linear relationship between the responses and the regressors (Cook et al., 2010;
Su and Cook, 2012; Cook and Su, 2013; Li and Zhang, 2017; Shi et al., 2020; Cook
et al., 2021) and/or the joint normality of the error terms (Cook et al., 2010; Cook
and Su, 2013; Li and Zhang, 2017; Cook et al., 2021), even though the envelope-
based assumptions are not stated with respect to a particular parametric model;
see, for example, our high-level descriptions of the envelope or the inner envelope
above or the exact definitions in Section 4.2.2. Often, parametric assumptions are
imposed out of theoretical convenience, especially to leverage the useful properties
of multivariate normal distributions concerning independence from its covariance
matrix or the variational independence between the parameters for the mean and
the covariance matrix.

More importantly, in practice, these parametric assumptions are often violated
or infeasiable for certain data types. For example, if the responses are binary, the
existing inner envelope estimator cannot be applied because, unlike the multivari-
ate normal model in (4.1), 3 and B are generally not variationally independent for
binary responses; so far, there is no inner envelope estimator for logistic or multi-
nomial multivariate regression. A similar problem occurs when some responses are
continuous while others are binary. Or, if the responses form non-linear relation-
ships with the regressors, say the regressors have higher-order polynomial terms, or
the regression errors are heteroskedastic, the existing inner envelope estimator may

be inconsistent and/or inefficient. In Section 4.2.3, we show the inconsistency of the



46

existing inner envelope estimator when model (4.1) is violated.

While some progress has been made to relax these assumptions in envelope-
based methods (Cook and Zhang, 2015a; Zhang et al., 2018), to the best of our
knowledge, there is no work on relaxing the parametric assumptions underlying the
inner envelope estimator. This paper aims to resolve this through a semiparametric

generalization of the inner envelope.

4.1.2 Our Contributions

At a high level, our semiparametric generalization relies on efficiently estimating
a more fundamental quantity discussed in the original inner envelope paper called
the inner envelope space (Su and Cook, 2012). In particular, in the original work,
estimation of 3 was done in two steps where the first step involved estimating the
inner envelope space and the second step involved a projection of the responses and
the regressors onto the estimated inner envelope space; see Section 4.2.2 for details.
Our main insight in the paper is to realize that (a) the inner envelope space in the
original work can actually be defined without assuming a parametric model (4.1)
or even a particular type of responses (i.e. continuous, binary, or even a mixture
of them), and (b) the inner envelope space can be uniquely parametrized as finite
dimensional, semi-orthogonal basis matrices. These insights serve as the basis to
develop locally and globally semiparametric efficient estimators, including a locally
robust estimator that remains consistent and asymptotically normal even if some of
the underlying models are mis-specified.

In addition to being robust to parametric modelling assumptions, our semipara-
metric generalization has two additional byproducts. First, we show a computa-
tionally simple procedure to evaluate all regular and asymptotically linear (RAL)
estimators based on the generalized method of moments (GMMs). Our procedure
is dramatically simpler than the original approach in Su and Cook (2012) based
on solving a non-convex objective function over a Grassmannian, a non-convex set.
Second, since our semiparametric generalization does not rely on a parametric model
between the responses and the regressors, we show how to use the efficiently esti-
mated inner envelope space to improve predictions from supervised machine learning
models, such as XGBoost (Chen et al., 2015) and random forest (Breiman, 2001). In
particular, we show that directly using the original responses Y; inside a supervised
machine learning method may lead to poor, out-of-sample, predictive performance

compared to using the dimension-reduced responses generated from our approach.
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Our work is related to some recent works on semiparametric relaxation of suf-
ficient dimension reduction (SDR) in traditional, univariate (i.e. single response)
linear regression models (Ma and Zhu, 2012, 2013). Typically, SDR methods such as
sliced inverse regression (SIR) (Li, 1991), sliced average variance estimation (SAVE)
(Cook and Weisberg, 1991b) and directional regression (DR) (Li and Wang, 2007)
require the univariate response to be linear and have homoskedastic variance. Ma
and Zhu (2012) relaxed these parametric assumptions by directly estimating the
dimension-reduced subspace of the regressors. In contrast, our work deals with the
case when both the regressors and the responses are multivariate. In particular, our
semiparametric relaxation of the inner envelope requires estimating two subspaces,
one of which summarizes the relationship between X and Y and another nested
subspace that contains purely relevant information; see Section 4.3 for the exact
definitions. The former subspace, which we denote as §; US; below, can be thought
of as the generalization of the dimension-reduced subspace of regressors estimated in
Ma and Zhu (2012) when there are multivariate responses. But, the latter subspace,
denote as S3 below, is new and arises because of the multivariate responses with a
dimension-reducing envelope structure.

The outline of the paper is as follows. Section 4.2 reviews the original envelope
(Cook et al., 2010) and the inner envelope (Su and Cook, 2012). The section also
illustrates the problem of the existing inner envelope when the parametric modeling
assumption is violated. Section 4.3 formalizes our semiparametric generalization of
the inner envelope. Sections 4.4 derive the semiparametric efficiency bound of the
inner envelope space and show estimators that can achieve this bound. Section 4.5
provides implementation details for our estimators. Sections 4.6 and 4.7 numeri-
cally demonstrate the efficiency gains of the proposed estimators in simulation and
a study on the relationship between glycemic control and various risk factors for

cardiovascular disease. Section 9 contains the proofs of the key results in the paper.

4.2 Preliminaries

4.2.1 Notation

For any matrix A € R™P, let A = span(A) denote the subspace of R" spanned by
the columns of A and let At denote the orthogonal complement of this subspace.
Let P4 and Q4 = I — P4 denote the orthogonal projection matrix that projects a
vector v € R” onto A and A, respectively. Let dim(A) denote the dimension of



48

the subspace A. Let vec(A) denote the vector formed by stacking columns of the
matrix A and ||A||r = y/trace(ATA) denote its Frobenius norm. Finally, we say a
square matrix A € R™" is an orthogonal matrix if AT A = I,,. We say a non-square
matrix A € R™? is a semi-orthogonal matrix if ATA =1T,,.

For two matrices A € R™? and B € R**9 let A ® B € R"™*P? denote their
Kronecker product. Relatedly, for any vector v € R”, let v¥2? = vv’. For any two
subspaces &) and Sy of R”, let §; & Sy = {x;1 + X3 : X1 € §1, %2 € Sy} denote their
direct sum. For a function f(x,y) : RF1t72 — R? let Of /0x’ € RP1*? denote the
derivative of f = (fi,..., f;) with respect of x where the (7, j)-th entry is denoted
as 0f;/0x;.

4.2.2 Review: Parametric Envelope and Inner Envelope Es-

timators

We review the parametric envelope estimator of Cook et al. (2010) and the para-
metric inner envelope estimator of Su and Cook (2012). The review is not aimed to
be comprehensive; rather, the review is geared towards introducing some important
concepts, notably the subspaces Si, 82,83, that we will use in our semiparametric
generalization. Also, without loss of generality, we will assume both X and Y are
mean 0 random vectors.

For the parametric envelope estimator, consider a subspace S C R” that satisfies

the following conditions in model (4.1):
Condition 4.2.1 QsY; | X; ~ QsY;,,

Condition 4.2.2 QsY; 1L PsY; | X,.

The smallest subspace S that satisfies the above conditions is called the envelope
subspace. Broadly speaking, Conditions 4.2.1 and 4.2.2 state that QgY; is irrele-
vant in estimating 3. Consequently, we can regress PsY; on X; to obtain a more
efficient, envelope estimator of 3, especially compared to the naive OLS estimator
that regresses the entire responses Y; on X;; see Cook et al. (2010) for the exact
arguments.

However, if the subspace satisfying Conditions 4.2.1 and 4.2.2 happens to be
the entire space of the multivariate responses (i.e. R"), the envelope estimator has
no efficiency gains over the OLS estimator. In such settings, Su and Cook (2012)

proposed the inner envelope estimator of 3, which is defined as follows. Suppose
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the responses can be decomposed as the sum of projections onto three orthogonal
subspaces S1, Sy, S3 € R", S @ So @ S3 = R”, with dimensions dim(S;) = wu,
dim(S2) = p — u, and dim(S3) = r — p. The three subspaces Si, S2, S; satisfy the
following conditions:

Condition 4.2.3 P55Y1 | Xz ~ PS3Yi7
Condition 4.2.4 Plei AL QS1Yi ‘ Xz

The largest subspace S; satisfying Conditions 4.2.3 and 4.2.4 is called the inner
envelope subspace. Unlike Conditions 4.2.1 and 4.2.2, the inner envelope estimator
presents a new subspace S; where Pg,Y; is correlated with both Pgs, Y; and Ps, Y,
but Pg,Y; is independent with Pgs,Y; and Ps,Y; given X. If S, is the null space,
Condition 4.2.4 reduces to Condition 4.2.2 and the inner envelope subspace coincides
with the envelope subspace, i.e. §; = S. Critically, Conditions 4.2.3 and 4.2.4 do
not necessarily rely on a parametric model between Y; and X, a fact that we exploit
in our semiparametric generalization of the inner envelope below.

Under Conditions 4.2.3, 4.2.4, and model (4.1), Su and Cook (2012) proposed
a two-step, inner envelope estimator of 3 where the first step involves estimating
the aforementioned subspaces &1, S, S3 and the second step involves estimating the
relationship between the predictors and the projected response. Specifically, in the
first step, let I' € R"™** and Ty € R™ (=% denote the semi-orthogonal basis matrices
for subspaces S; and Si, respectively (i.e. span(T') = S; and span(Ty) = Sy © S3).
Also, let B € RO—%x(P~w he a semi-orthogonal matrix such that T'\B is a semi-
orthogonal basis matrix for Sy (i.e. span(I'oB) = &y). Intuitively, the matrix B
divides the subspace spanned by Ty (i.e. Si) into the subspace specific to S, and
if By is the orthogonal complement of B, S3 can be rewritten as Sz = span(I'yBy).
Based on these orthogonal relationships, estimating I' and B is sufficient to estimate
all the subspaces S;,Ss, and S3. To estimate I'; Su and Cook (2012) proposed the

following estimator:

I' = argmin{log |G"S,G| +log |GTSIG[ + Y log(1+ X))} (4.2)
G i=p—u-+1
such that GTG = I,,.
Here, Gy is the orthogonal complement of G and Ay, i = 1,...,n are the ordered

descending eigenvalues of (GI'S;esGo) ?(GLS5Go)(GLSsGo) /% with Sg; and
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S.es being the sample covariances of the fitted and residual vectors, respectively,
from the OLS regression of Y on X. Using the orthogonal relationship, we can also
arrive at the estimator f‘o, which is the orthogonal complement of the estimated I
The estimator of B, which we denote as B, is similar and for brevity, the details are
relegated to the Appendix.

Once the basis matrices are estimated, Su and Cook (2012) proposed to estimate
3 as follows:

B = L¢ + ToBG.
Here, él,ég are the estimated coordinates of the projections onto the estimated
subspaces S; and Sy. Under the linear model with normal errors in (4.1), Su and
Cook (2012) showed that the estimator B is not only consistent and asymptotically
normal, but also has equal or smaller asymptotic variance than BOLS.

Finally, we make two additional remarks. First, the original inner envelope
implicitly assumed the dimension of the subspace Sz is fixed at » — p and thus, 3
is required to have full column rank. In our semiparametric generalization below,
we relax this assumption and allow S3 to have a dimension other than r — p. This
relaxation introduces one minor condition on the maximum size of the dimensions to
ensure identifability and is discussed in Section 4.3.1. Second, similar to other works
on semiparametric generalizations of dimension-reduction approaches Ma and Zhu
(2012, 2013, 2014), we assume u and d are known for our theoretical discussions.

But, Section 4.5.2 discusses how to choose this dimension from data.

4.2.3 Problem: Inconsistency of the Parametric Inner En-
velope When Model (4.1) is Wrong

In this section, we explore the consequences of using the original inner envelope
approach based on model (4.1) when that model no longer holds. This exercise in-
tends to mimic a practitioner who may naively conduct dimension reduction using
the original inner envelope, but the underlying data generating model may deviate
from model (4.1). Our goal in this section is to not only show that this practice can
lead to misleading results, but also to provide a concrete rationale for our semipara-
metric dimension reduction approach we propose in Section 4.3.

To start, consider the case where model (4.1) is correct. Specifically, let there
be two regressors generated from independent standard normals and three response

variables. The responses are generated from the model Y = (Xj+e1, Xo+69,2X5+
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e3)T where €1, €, €3 are independent, standard normals. Some simple algebra reveals
that the subspaces 81, Sy and S3 satisfying the inner envelope Conditions 4.2.3 and
4.2.4 are spanned by (1,0,0)7, (0,1,2)T and (0,2, —1)7, respectively; note that the
envelope subspace S is the entire space R? and thus, this is an example where the
envelope offers no gain compared to the inner envelope. Also, if S,¢s and Sg; in (4.2)
are replaced with the true population covariances, the resulting estimator Tis a
consistent estimator of the basis matrix that spans S;.

Now, suppose model (4.1) is incorrect and the true model has non-linear re-
gressors, say Y = (X7 + &1, Xy + €9,2X5 + €3)7. The true subspaces S;, Sy and
S that satisfy Conditions 4.2.3 and 4.2.4 are the same as those from the previ-
ous paragraph. However, the estimated basis matrix from the population version
of (4.2) is not (1,0,0)7; that is, there is another estimate I' that is not equal to
(1,0,0)T and that achieves the global minimum in (4.2). Thus, I" is an inconsistent
estimator of the true inner envelope subspace. Similarly, if the true model for Y is
Y = (X?+e1, Xo+ey, ng-:g)T where the third response has heteroskedastic variance,
the subspace & is the same as the previous examples, but its basis matrix is still
not the global optimum of (4.2).

The main, high-level, reason for the inconsistency lies in the original estimator’s
strong reliance on parametric modeling assumptions. Specifically, equation (4.2)
only utilizes second order moments between X and Y because under the linear
model with normal errors in (4.1), second order moments are “sufficient” to identify
the underlying subspaces. However, when Y7 contains non-linear terms or when Y3
has heteroskedastic variance, the responses are no longer normal and thus, higher-
order moments are necessary to identify the underlying dimension-reduced subspaces
that satisfy the inner envelope conditions.

Our proposed semiparametric generalization below aims to remove these depen-
dencies on a particular parametric model and arrive at a more robust and efficient

approach to inner envelope.

4.3 A Semiparametric Approach to Inner Enve-

lope
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4.3.1 Target parameters and assumptions

At a high level, our semiparametric approach focuses on a “model-free” estimation
the fundamental quantities underlying the original inner envelope estimator, the
three orthogonal spaces introduced in the prior section, Sy, Sy, and S3 with dimen-
sions u, d and r —u—d. However, a general challenge in estimating subspaces is that
the subspace requires an identifiable parametrization. For example, a basis matrix
A € R¥*7 for a 7-dimensional subspace A in R* is not unique even if the subspace A
is unique since for any full rank matrix U € R™7, AU also spans the same subspace
A. Additionally, the elements of a basis matrix are often variationally dependent,
which can complicate the estimation procedure.

Our solution to remedy these issues are as follows. First, we propose a new,
representation of the inner envelope space with the following lemma; see Ma and
Zhu (2013) for a related result.

Lemma 4.3.1 Consider a T-dimensional subspace A in R¥ where 7 € {1,... k}.
Then, there exists an one-to-one mapping V) such that a = ¥;(A) € R s
a vector with all variational independent elements. Also, there exists an one-to-
one mapping o such that A = y(A) € R¥™ is a semi-orthogonal matriz. The

construction of 1 and 1 are given in Section 4.9.

With Lemma 4.3.1, we can uniquely parametrize the inner envelope spaces with
semi-orthogonal matrices I' = 15(S;) and T'yB = 15(S,); note that since S; is
orthogonal to &7 and s, we can uniquely represent Sz as I'gBy. Relatedly, given
the orthogonality conditions, we can focus on estimating semi-orthogonal matrices
I' and B.

Second, let T' and B be the unique parametrizations of the subspaces from
Lemma 4.3.1. Using these parameters, we can restate Conditions 4.2.3 and 4.2.4
as

Condition 4.3.1 BIT!Y,; 1 X;,
Condition 4.3.2 TTY; 1L TTY; | X,

We additionally require S3 to be the largest subspace that satisfies Condition 4.3.1
and S to be the largest space that satisfies Condition 4.3.2 given S3. As mentioned
in Section 4.2.2, this additional requirement generalizes the implicitly assumed con-
straint in the original inner envelope where the subspace S3 has a pre-determined,

fixed dimension of r — p.
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Third, the elements in I' and B are not variationally independent, which makes
them difficult to work with for theory and for some well-known optimization algo-
rithms. Therefore, we collapse the matrices I' and B into variationally independent
vectors by using Lemma 4.3.1 again.

Specifically, we can reparametrized the two matrices as v = 11 (¢; ('), b =
Y1(¥; 1 (B)) and @ = (v7,b")T € R with ¢ = (r—u) x u+ (r —u—d) x d. Also, 8
uniquely parametrizes the subspaces span(I') and span(B), which in turn uniquely
parametrizes the subspaces S;, Sz, and S3. Given the uniqueness of the vector
representation @ and the matrix representation I', B, we use the two representations

interchangeability throughout the text.

4.3.2 Generalized method of moments estimators

In this section, we propose a simple estimator of the subspaces parametrized by 6
based on the generalized method of moments (GMM).
To do this, consider the function f(Y;, X;;0) that satisfies the following condi-

tion:

E{f(Y;,X;;0)} =0, where (4.3)
(Y, X;;0) = {g(BiTY:) — E{g(B{ T} Y)} Hh(T"Y;, X;) — E{h(I"Y;, X;)}}.

Here, g : R %4 — R%*! and h : R“™? — R d.,d, > ¢, are continuously
differentiable functions where the covariance matrix Var{f(Y;, X;; 8)} exists. There
are many functions g and h that satisfy (4.3). For example, if g, and h are identity
functions, i.e. g(B{TIY;) = BiTYY; and h(TTY;, X;) = {(TTY;)",XT}, then
E(f) = 0 because

E{BiT{Y, — E(BiTiY) HTTY, — E(TTY,)}]
=Cov(BIT!Y,;, TTY;) =0,

E{B;T{Y; — E(B{T{Y,) HX; — E(X;)}]
=Cov(B{TYY;, X;) =0,

where the latter equalities use the fact that Conditions 4.3.1 and 4.3.2 imply
BITlY; 1L (T7TY,,X;).
Theorem 4.3.1 shows that solving the empirical counterparts to (4.3) will lead

to y/n-consistent and asymptotically normal estimators of 6.
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Theorem 4.3.1 Suppose £(Y;,X;;0) is a continuously differentiable function that
satisfy equation (4.3). Consider the following GMM estimator:

N
6 = argmin £(Y;, X;:0)3.
gmin | Y (Y., Xis0)[3

i=1

Under the regularity conditions (S1)—(S6) in Section A of the Supplements, we have

V(0 —8) % N{o,(Clc,)"'cTD,Cy (CTCy) 'Y,
where C; = E{dvec(f)/00T} and Dy = Var{f(Y;,X;;0)}.

The regularity conditions (S1)-(S6) concern bounded moments, differentiability of f,
and identifiability of the population GMM equation. These are standard conditions
for GMM estimators to achieve consistency and asymptotic normality; see Chapter
2.2.3 in Newey and McFadden (1994) for a textbook exposition.

Compared to existing methods to estimate the inner envelope (or the envelope)
Cook et al. (2010, 2016); Cook and Zhang (2015a,b), the GMM approach does not
explicitly rely a parametric model between Y and X nor a parametric, distributional
assumption on € to achieve consistency and asymptotic normality. Also, solving the
estimating equations in Theorem 4.3.1 is far simpler than solving a non-convex
problem, say in (4.2), and can be done with existing statistical packages for GMMs
(Chaussé, 2010).

One limitation of Theorem 4.3.1 is that it does not specify which functions g and
h to use. That is, while all functions satisfying the conditions in Theorem 4.3.1 will
lead to an estimator that is consistent and asymptotically normal, some functions
may lead to smaller asymptotic variance than others. The next section explores this
question formally by deriving the semiparametric efficient lower bound for 8 and

showing an estimator that can achieve this lower bound.

4.4 Semiparametric Efficiency

While the GMM estimator is simple and computationally tractable compared to ex-
isting methods, it may not lead to the most efficient estimator of @ under Conditions
4.3.1 and 4.3.2. In this section, we propose a semiparametric efficient estimator of
0 by directly deriving the semiparametric efficient score under Conditions 4.3.1 and
4.3.2.
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4.4.1 Efficient Score

We start by characterizing the orthogonal nuisance tangent space; the derivations
are detailed in the Appendix.

Under Conditions 4.3.1 and 4.3.2, the joint density of (Y, X) can be decomposed
as

n(Y.X;0) =m(T"Y [ X;0)n(B'TY | BoTg Y, X;0)n3(By Ty Y; 0)na(X),
(4.4)
where 7 is the conditional probability density function (pdf) of TTY given X, 1, is
the conditional pdf of BTT]Y given (BIT{Y, X), n3 and n, are the pdfs of BITIY
and X, respectively. For simplicity, we use 7; 23 to denote the collection of density
functions 7y, 1o and ;3.

The orthogonal nuisance tangent space of 8 in (4.4) is

At ={f(Y,X) e R?: E(f | T7Y,X) is a function of X; E(f | T]Y, X)
is a function of BITJ Y, X; E(f | BIT{Y) = 0; E(f | X) = 0}.

We remark that the function f(Y;, X;; 6) inside the GMM estimator and defined in
(4.3) satisfies Mf(Y;, X;;0) € AL for all M € R7*d,

Let A(Y,X) =Y-E(Y | X),and Ay(BIT!Y,X) =E(Pr,sY | BIT]Y,X)—
E(Pr,gY | BITYY). Given the orthogonal nuisance tangent space A*, the efficient
score of @ has the form Seg = (Sef, Sefi,p) With

dlogmn | Ovec(T) dlogns ovec(Ty)
_ onT T T
Seff,y = Vec {QpAl G(I‘TY)T} T +vec' § (PrY + AQ)@(BOTFgY)T 0 9T
Jlog e dlogm ovec(Ty)
T|Pra B” B{
vee [ PN e®TIY)T - T a®BITIY)T O[] oyT
0logns Ovec(By)
— o T) T
Seﬁ,b = vecC {FO A2 8(BEF3Y)T 8bT .

Interestingly, the efficient score of Seg 1, only relies on the density of 3. This implies
that once « is known, we only need the marginal density 73 to estimate b and the
additional information contained in 7, does not improve the efficiency of B. In
contrast, the efficient score of v involves all three densities 7; 2 3.
If all the nuisance functions, specifically the partial derivatives of the log likeli-
hoods, i.e. dlogn /A(TTY)T, 0logne/OBITEY)T, dlogn,/O(BITIY)T, dlogns /O(BITEY)T,
and A, A, are known, we can obtain an efficient estimator of @ by solving the score
equation E{S.x(Y,X;60)} = 0 for 8. However, in practice, they are unknown and
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must be estimated. The next two subsections discuss different approaches of esti-
mating these nuisance functions, specifically the aforementioned partial derivatives,

which will lead to either a globally or locally efficient estimator of 6.

4.4.2 Globally efficient estimator

The globally efficient estimator uses kernel-based, nonparametric estimators of 7 2 3,
Ay, and A, as plug-ins estimators and solves for 6. Specifically, let K}, be a kernel
function that satisfies Assumption A5, say a uniform kernel or an Epanechnikov

kernel. The density 7 is estimated by a kernel density estimator of the form

" OKR(TTY, - Ty K (X, —
771 (FTy, X) — El:l h( - y) h( X) )
> i1 Kn(Xi —x)

Based on the estimator 7;(I'Ty,x), dlogn,/0(TTY)T can be calculated in closed

form, i.e.

Ologm _ mTy,x) >0 K(TTY; - TTy) K(Xi — x)
OrTy)"  m(CTy,x) 3o Ka(TTY, = TTy) Ky(Xi — )’

(4.5)

where K is the first order derivative of K. Estimation of the other two densities
1o and 73 and their partial derivatives are similar to 7; and stated in Section B.1 of
the Appendix.

Similarly, to estimate A;, we use nonparametric kernel regressions of the form

N
A Y KX —x
Auly.x) -y — 2 XX ),
Zi:l h( i —X)

(4.6)

The estimation of A, is similar and given in Section B.1 of the Supplements. For
additional details on kernel-based nonparametric estimators, see Hayfield and Racine
(2008).

Let S’GH(Yi, Xi, M.2.3, AI, Ag; 0) denote the sample version of the efficient score
where we replace the unknown nuisance functions with their nonparametrically es-
timated counterparts. The globally efficient estimator is 6 that solves the following

estimating equation:

1 & X A
g Z SeH(Yi7Xi>771,2,37 A, Ay 9) =0. (4-7)

i=1
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Theorem 4.4.1 shows that under Assumptions A1-A5, the estimator 6 obtained from
equation (4.7) is y/n-consistent and efficient.

Assumption A1l (The true conditional densities m123) The true conditional den-
sities 12,3 are bounded away from 0 and oo. The third order derivatives of logni 23
around 0 are locally Lipschitz-continuous. Also, there exists a compact set @ which

contains the true parameter value 6.

Assumption A2 (Identifiability of Seg) The solution to the estimating equation
E{Set (Y, X, 1123, A1, As;0)} = 0 is unique.

Assumption A3 (Estimation of 1123) The estimators ;23 are obtained through
a kernel density estimator with a common bandwidth h. The bandwidth satisfies

nh® = 0 and nh*'*) — 0o as n — 0o, where s = max(r +p — u,p + u).

Assumption A4 (Smoothness of Ay and Ay) The second order derivatives of
E(Y | X) and E(BTTYY | BITIY,X) with respect to X and (BITTY,X) are

continuous for all 0 € O.

Assumption A5 (Kernel function) Consider a univariate kernel Ky(x), 0 # [ 2*Ky(x) <
oo, which is bounded, symmetric, has a compact support on [—h, h] and has a bounded

second derivative. The multivariate kernel Ky (x) for a d-dimensional x has the form
Kp(x) = H;l:l Ki(zj) forx = (z1,...,24)".

Theorem 4.4.1 Under Assumptions A1-Ab and Conditions 4.3.1-4.3.2, the esti-
mator 0 obtained from solving (4.7) achieves the semiparametric efficiency bound
Vo = E(SeSks) ™!, i.e. asn — oo, 0 satisfies

V(0 —0) 5 N(0,Vp).

Assumptions A1-Ab are used to achieve consistency of kernel-based nonparametric
estimators at sufficiently fast rates. These assumptions are not new and have been
used in past works; see Chapter 1 in Li and Racine (2007) for one textbook example.
Also, under the original inner envelope framework where the linear model in (4.1) is
the true model, Assumptions A1, A2, and A5 concerning the data generating model
would hold (Su and Cook, 2012).
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4.4.3 Local efficiency and a robust score Si;

In some settings, investigators may have working models of the densities 7, 2 3, de-
noted as 77 53. For example, suppose the investigator imposes the working models
for 7y, 3 based on the multivariate normal model in (4.1). Then, under (4.1), the

densities of 77 5 3 follow multivariate normal distributions

n(C"Y;, X;) ~ NITY; — (X, Q),
n3(TeY;, X;) ~ N(B'T(Y; — ¢ X — py BiTY;, 2y),
Ué(BgFgYi) ~ N(BOTF;')FY@', BOTQOBO),

where i = (BfQ0Bo) BB and 2, = BT P2, 2 B; see Su and Cook
(2012) for details. Note that the terms ¢; € R*? and ¢, € RP~*P are the
coordinates of 3 under the basis matrices I' and I'gB, respectively, and the terms
Q and Q are the covariance matrices of I'TY; and I‘gYi respectively. Also, based
on the form of 7] 5 5, their partial derivatives in Seg can be written in closed-form as

m =Y - ¢i X)),

m = -BTY; - X — iy BTy Y) ' 251,
803631;% = (BTG Yi = & Xi — iy By T Y1) '35 puz,
S BT (BB

Then, under the multivariate normal working model, we only have to estimate finite-

dimensional nuisance parameters (i, ¢z, 2, and €2 to characterize the densities 17, 2 3
and these nuisance parameters can be estimated at y/n- rates. Also, if the working
models for 77,5 are correct, Seg(Y,X,n],3, A1,A9;0) € At and the estimator
based on solving for @ in the estimating equation E{Sg (Y, X, 7} 53, A1, Ay;0)} =0
is semiparametrically efficient.

However, more often than not, the working models 7], 5 are likely incorrect,
which implies Se(Y, X, 753, A1, A9;0) ¢ A+ and the solution to the estimating
equation E{Sex(Y, X, 7} 53, A1, Ag;0)} = 0 will lead to an inconsistent estimator
of 8. To overcome the sensitivity of the efficient score to potential mis-specifications
of the working models, we propose an alternative, robust score in A, denoted as
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e = (Sid., Segp)” and stated below:

€

v o 50 )
+ vecT :PrAl { 8(]33;}% “E (% BIT!Y, X> }BT} 8V§fy(f°) :
ép = vee [ng?{éxg;“% B E(agéorggnéﬁ) H o

An appealing feature of the new score S’; (Y, X, M 23, A1, Ag; 0) is that when the
working models of 77 , 5 are correctly specified, we have Sjz = Seq and the resulting
estimator of @ based on solving E{S}z(Y, X, 7] 53, A1, Ay;0)} = 0 is semiparamet-
rically efficient. But, if any of the working models are misspecified, S} is still an
element in At and thus, the estimator will still be consistent and asymptotically
normal. In other words, SZ; will always guarantee a consistent estimator of @ irre-
spective of the choice of the working models and the estimator will be efficient if the
working models are correct.

The new, robust score Si; contains new nuisance parameters in the form of
conditional expectations of the partial log of 77,5. Depending on the choice of
the working models, these conditional expectations may or may not have to be
estimated. For example, under the aforementioned working models based on the

multivariate normal distribution, SJ; simplifies to

Ovec(T")
oyt

+ (PrA; + A) YT, Bo(B{QB,) 'B{ }

= —vec! (QrAATTQ™) — vec' {PrA AT B, (B — p3 BY)

ovec(Ty)
oy"

*
eff,y

Y

dvec(By)

fo,b = — VGCT{FgAQYI‘oBo(BgQB())_I} 8bT

Notice that the conditional expectations of the partial logs of 7y , ; are not present
and the only unknown quantities in S’y are A; and Ay, which can be estimated using
the same nonparametric regression estimators from the globally efficient estimator
in Section 4.4.2.

However, if the working models are more complex, investigators may have to
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estimate these conditional expectations. Here, we propose to estimate them in
the same manner as estimating A; and A, with a kernel regression estimator. For
example, for E{dlogn}/O(TTY)T | X = x}, we propose the following nonparametric

estimator

E( dlogny

YOS ) _ Zz]il dlogn; /I(TTY,)" Ki(X; — x)
orTy,”r :

>ty Kn(Xi = x)

For additional details on the nonparametric estimators of E{dlogn;/0(BTTY)" |
BiTly, X}, E{0logn;/0(BJTIY)T | BIT{Y,X}, see Section B.1 of the Supple-
ments. Practically speaking, we recommend investigators start with the multivariate
normal working model as it not only mirrors the original, parametric inner envelope
estimator, but also it leads to a simpler SJ;.

Let S%(Y, X, i 2.3 Ay, Ay;0) denote the sample version of the score with the
posited densities 77 , ; and the estimated Ay, Ay from the globally efficient estimator
in (4.6). We define 6 to be the solution to the following estimating equation:

1~ 4 PP,
" Z o (Y3, X, M os A1, Ag; 0) = 0. (4.8)
i=1

Theorem 4.4.2 shows that under Assumptions B1-B4, the solution to (4.8) will
always be asymptotically normal and be locally efficient if all the working densities

are correctly specified.

Assumption B1 (Working models 17 53) The working models nf, 5 are bounded
away from 0 and infinity. The Hessians of logni, logn;, logn; are positive definite
and bounded on a compact set © that contains 6. The third order derivatives of

log 7 53 around 0 are locally Lipschitz-continuous.

Assumption B2 (Identifiability of S'z) The solution to the estimating equation
E{S5 (Y, X, 053, A1, Ay; 0)} = 0 is unique.

Assumption B3 (Smoothness of conditional expectations) The second order deriva-
tives of E{01logn; /O(TTY)" | X}, E{0logn;/O(BTTLYY)" | BITIY,X} and E{dlogn;
JOBITIY)T | BITTY, X} are uniformly continuous for all @ € ©. If they are es-
timated via kernel regressions in Section B.1 of the Supplements, the bandwidth h
satisfies nh® — 0 and nh?P—u=d _ o,

Assumption B4 (Data density) The data density for (X,Y) is bounded away from

0 and infinity and has twice continuously differentiable derivatives.
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Theorem 4.4.2 Suppose Assumptions B1-B4, A4—A5 and Conditions 4.53.1-4.3.2

hold. Then, the estimator in (4.8) is consistent and asymptotically normal, i.e.
V(6 — ) % N{0.C;'Dy(C, )},

where

C,—E {8S:H(Yi> X gf,egyg, A, A 0)

} ) D2 :E{S:H(Yiuxbnik,Z,S’A17A2;0)®2}'

Additionally, if the working models are correctly specified, i.e. nj =m, 5 =12 and

N5 = ns3, the estimator is locally efficient.

We make some remarks about the assumptions underlying Theorem 4.4.2. First, the
aforementioned multivariate normal model automatically satisfy Assumptions B1—
B3 and there is no need to nonparametrically estimate the conditional expectations
of the partial log likelihoods. Second, the consistency and asymptotic normality of
the locally efficient estimator requires weaker regularity condition for the bandwidth
rate than the globally efficient estimator. Specifically, the bandwidth rate nh?(+s) —

p+r—u—d)

oo from Assumption A3 implies nh? — oo in Assumption B3.

4.5 Computational and Other Considerations

4.5.1 An Alternating Algorithm to Solve Estimating Equa-

tions

Both the globally and locally efficient estimators in equations (4.7) and (4.8), re-
spectively, require solving potentially non-linear estimating equations. While there
are many general-purpose, optimization procedures to solve such equations (e.g.,
Chapter 11 in Nocedal and Wright (2006)), we propose a procedure based on an al-
ternating algorithm The optimization algorithm for the globally efficient estimator
is detailed in Algorithm 1 and the optimization algorithm for the locally efficient
estimator is detailed in Algorithm 2.

We make some remarks about both algorithms. First, both algorithms alter-
nate between estimating 6@ and the relevant nuisance parameters in the scores Seg
and Sl;. The rationale behind alternating between these two estimation steps is

that investigators can directly use popular, off-the-shelf software for nonparametric
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Algorithm 1: An alternating algorithm to solve equation (4.7)

Inputs: (1) data (Y;,X;), i =1,...,n; (2) kernel function Kj; (3) convergence
threshold § > 0.

1. Initialize 8 using the GMM estimator in Section 4.3 and denote it as 8.

2. Estimate A using equation (4.6).

while |8¢+) — 90| > §

3. Obtain T'®, I‘g), B®), Bét) from @® using Lemma 4.3.1.

4. Using the estimates in step 3, use the kernel estimators to nonparametrically
estimate 71 23 and As.

5. Using the estimates in step 4, solve the estimating equation in (4.7) for @ and
denote it as ¢+,

End while

Output: Final estimator § = (D,

Algorithm 2: An alternating algorithm to solve equation (4.8)

Inputs: (1) data (Y4, X;), i =1,...,n; (2) working models of 77 , 5; (3) kernel
function Kj; (4) convergence threshold ¢ > 0.

1. Initialize 8 using the GMM estimator in Section 4.3 and denote it as 8(©),
2. Estimate A; using equation (4.6).

while |84+ — 90| > §

2. Obtain T'®, I‘gt)7 B®), B(()t) from @® using Lemma 4.3.1.

3. Using the estimates in step 2, use the kernel estimators to estimate As.

4. Using the estimates in step 2, estimate relevant parameters in the working
models 77 5 5.

5. If necessary, estimate E{dlogn;/0(TWTY)T | X1,

E{0logn; /0(BYTTY Y)T | By Ty, X},

E{dlogn; /0BT | BYTTTY, X1 via equations (S7)—(S10).

6. Using the estimates from steps 3 to steps 5, solve the estimating equation in
(4.8) and denote it as ¢+,

End while

Output: The final estimator 6 = 0t+D),
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kernel-based estimation. For example, for nonparametric, kernel regression estima-
tors of A; and A,, investigators can use the R function “npreg” in the R package
“np” Hayfield and Racine (2008). For the densities 1y 23 and their derivatives, in-
vestigators can use the R function “kde” and “kdde” in the R package “ks” Duong
(2007). For choosing the bandwidth parameter, investigators can directly use the
R functions “npregbw” and “Hpi” in the above two packages, which use cross vali-
dation to choose the bandwidth parameters; note that while there is a rate-driven
choice of the bandwidth parameter h from our theory (see Theorem 4.4.1 and The-
orem 4.4.2), in practice, cross validation is used. Second, to evaluate the partial
derivatives of the basis matrices with respect to their vector representations (e.g.
dvec(Ty)/0~T), we can use Lemma 4.3.1, which provides a continuous mapping be-
tween ( I', B) and ~, b, and finite differencing Nocedal and Wright (2006). Third,
both algorithms initialize with the GMM estimator, but other initializations are
possible. In practice, we recommend using the GMM estimator with the identity

functions g and h for simplicity.

4.5.2 Dimension Selection of the Inner Envelope

An important step in using any dimension-reduction procedure is selecting the re-
duced dimension subspace. For the inner envelope, we need to estimate the dimen-
sions of 81, Sy and 83 and a common approach to estimating the dimensions involves
using Bayesian information criterion. But, this approach relies on a parametic model
between the responses and the outcome whereas our semiparametric generalization
does not impose such a model. Instead, we use a nonparametric, bootstrapped-
based procedure in Dong and Li (2010); Ye and Weiss (2003) adapted to our inner
envelope setting to estimate the dimension of the subspaces.

Formally, for each possible dimension of S;, we calculate the GMM estimators of
the corresponding @ with Theorem 4.3.1. We also take nonparametric bootstrapped

samples of (Y, X) and obtain B bootstrapped estimates of 6.
1 B
(a,d) = argrzlax B Z{QQ(SL?M Siju) +¢*(S20, Sg,d) +¢*(Ssr—u-d; Sg,r—u—d)}7 (4.9)
w b=1

where we assume the dimensions of S;, S; and Ss are greater or equal to 1. Here, ¢?

is the Hotelling’s vector correlation coefficient Hotelling (1936b) between two spaces.
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That is, for any subspaces A and B C R", ¢*(A, B) is defined as
*(A, B) = det(BTAA'B),

where A and B are any basis matrices for the spaces A and B. The correlation
coefficient ¢? is bounded between 0 and 1 where higher value of ¢? indicates higher
correlation between the two subspaces. In the extreme case where ¢*(A,B) = 1,
span(A) = span(B).

Roughly speaking, equation (4.9) selects the dimensions where the intra-correlation
between the bootstrapped estimates of the subspaces and the estimated subspace
are small. If the true dimension of a subspace is £*, but we estimated the subspace
assuming it is of dimension k # k*, the intra-correlation between the bootstrapped
estimates assuming k£ will be larger than that from assuming & = k* and thus, the
selected dimension from (4.9) will be closer to the true dimension. For additional de-
tails behind using intra-correlation of bootstrapped estimates of dimension-reduced

subspaces to estimate dimensions, see Dong and Li (2010); Ye and Weiss (2003).

4.6 Simulations Study

We conduct three simulation studies to numerically assess our proposed methods.
The first two simulation studies concern linear and non-linear models with r = 4
responses and p = 2 regressors. We set the true dimension of §;,S5; and S5 to be 1, 1,
2 respectively, and consider five different sample sizes, n = 100, 300, 500, 750, 1000.
We compare our methods with existing approaches and compare the performance
of each method by computing dist(S;,S;) = [Ps; = Pg, ||r, with a smaller distance
implying a better method. Additionally, for the linear simulation model in Section
4.6.1, we compute ||B—,3||2F and for the non-linear simulation model in Section 4.6.2,
we compare the out-of-sample predictive root mean squared error. Finally, for the
last simulation study, we generate our simulation model based on the well-known
iris data Fisher (1936).

4.6.1 Linear model with normal errors

Consider the following model
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Let T = (0.50,0.50,0.50,0.50)7 € R**!, B = (1,2,3)7/v/14 € R**!, Ty = (To1, Loz, Toz) €
R*3 with Tg; = (0.50,—0.83,0.17,0.17)%, Ty, = (0.50,0.17,—0.83,0.17)T, Ty3 =
(0.50,0.17,0.17, —0.83)%. For this simulation study, we set fi, fo, and €; as follows

[(X) =Xy, fo(X) = X+ Xo, €, =T, +T0B(0.2,0.2)ey; + T'yBoey,
€1Z‘NN(O,1), EQZ'NN(O,l()OIQ), Z:]_,,TL

With the above specifications, the simulation model is equivalent to the linear model
in equation (4.1) where 3 = T'n{ +T'\Bni , nf = (1,0),nd = (1,1),Q; = 72.5,Qy =
(wo1, w2, wo3), wor = (0.25,0.25,0.25)T, wge = (0.25,68.25, —31.75)T, and w3 =
(0.25,-31.75,68.25)T.  Also, Conditions 4.3.1 and 4.3.2 hold with the subspace
dimensions © = 1 and d = 1. We apply our proposed methods in Sections 4.3 and
4.4 as well as the original inner envelope estimator developed under a normal linear
model. We remark that for the GMM estimator, the functions g and h are chosen
to be identity functions.

Figure 4.1 shows the results for dist(S;, SJ) across different methods; for detailed
numerical results, see Table C.2 of the Supplements. We see that the locally efficient
estimator with correctly specified density performs better than the globally efficient
estimator and the GMM estimator performs the worst. Also, as expected, the
original inner envelope estimator performed the best since the simulation model
is linear and the errors are normally distributed. Finally, we remark that across
different sample sizes, the correct inner envelope dimension (i.e. u =1, d = 1) was
selected 97% of the time.

Next, we compare the estimates of the regression parameter 3. As discussed
in Section 4.2, once we have an estimate of the basis matrices T and B, we can
estimate ,é via projections; see the Appendix for details. Also, since the model is
linear, we include four additional estimators for 3: the OLS estimator, the original
envelope estimator, the response partial least squares (PLS) estimator Cook (2018a)
and the oracle estimator that assumes that the inner envelope spaces are known a
priori. Figure 4.2 shows || — B||% across different methods; see Table C.2 in the
Supplements for additional details. Compared to the OLS estimator, there are gains
from using either the original inner envelope estimator or our proposed estimators.
Specifically, the GMM estimator has a smaller |3 — 3|2 than the OLS estimator,
the PLS estimator, and the original envelope estimator. But, the GMM estimator is
worse than the original inner envelope estimator, the locally efficient estimator and

the globally efficient estimator. These observations agree with what’s expected from
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Figure 4.1: Distance between the true space §; and the estimated space Sj, denoted
as dist(Sj,Sj), from the linear simulation model in Section 4.6.1. GMM repre-
sents the GMM estimator, global represents the globally efficient estimator, local
represents the locally efficient estimator, and InnEnv represents the original inner
envelope estimator.

theory as the GMM estimator utilizes the inner envelope space compared to the OLS
estimator, the PLS estimator, and the original envelope estimator, leading to better
performance. But, the GMM estimator is not designed to be semiparametrically
efficient compared to the local, global, and the original inner envelope estimator.
Finally, in Section C.3 of the Appendix, we calculate the out-of-sample predictive
root mean squared error (RMSE) when n = 500. In short, because the underlying
data generating model is linear, the predictive performance of the different methods

mirror the performance of estimating (3.

4.6.2 Non-linear model with non-normal errors

For this simulation study, we consider the same general model in (4.10) and the

subspace matrices I', B, except we consider the following f;, f2, and &;:

S1(X5) = XTisgn(Xy), f2(Xi) = 20sin{0.5(X1; + Xo:) },
g; = FSM -+ FoB . 0.1T€22' -+ FoB()EQZ',
E1q4 t5(0, 1), E9; N~ t5(0, 10012)

Here, t,(p, ) denotes a multivariate ¢ distribution with mean p, covariance matrix
3} and degrees of freedom v, and 0.1 denotes the vector 1 x 0.1. Overall, the above



67

o
o

Methods

GMM
~ Global
- Local

InnEnv
~ Oracle

OLS

Env

PLS

Mean Squared Error
o
=

o
[N

100 300 500 750 1000
Sample size

Figure 4.2: Mean squared error of estimating 8 (i.e. HB — BJ|%) in Section 4.6.1.
GMM represents the GMM estimator, global represents the globally efficient esti-
mator, local represents the locally efficient estimator, InnEnv represents the original
inner envelope estimator, oracle represents the oracle OLS estimator where the inner
envelope structure is known a priori, OLS represents the naive ordinary least squares
estimator, Env represents the original envelope estimator, and PLS represents the
partial least squares estimator.

specification creates a non-linear, non-normal, and heteroskedatsic model between
the responses and the regressors. We also remark that Conditions 4.3.1 and 4.3.2
are satisfied for the above non-linear model.

Figure 4.3 shows the results of dist(S;, S]) under different methods; for additional
details, see Table C.2 in the Supplements. Because the underlying model is non-
linear and has non-normal errors, the original inner envelope estimator has a high
dist even as n increases. In contrast, our proposed estimators which do not rely
on linearity or normality show that the underlying subspaces are being estimated
correctly with dist shrinking towards zero as n increases. Also, between the locally
efficient estimator and the globally efficient estimator, the locally efficient estimator
uses wrong normal working models for the densities 71, 75, and 73 leading to worse
performance than the globally efficient estimator, which estimate these densities
nonparametrically via kernel regression. Finally, we remark that the correct inner
envelope dimension u = 1, d = 1 was selected 95% of the time. Next, we evaluate
the out-of-sample predictive RMSE when n = 500. To do this, we create pseudo-
outcomes Y; = (I'7Y;,B'TIY,) based on the estimated subspaces from above
and run a supervised learning algorithm with Y; as the outcome and X; as the
predictor. Note that after training the supervised learning model and obtaining the

predictions for the pseudo-outcome, we can transform the pseudo-outcome back to
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Figure 4.3: Distance between the true space §; and the estimated space Sj, de-
noted as dist(S;, 3]) for the non-linear model in Section 4.6.2. GMM represents the
GMM estimator, global represents the globally efficient estimator, local represents
the locally efficient estimator, and InnEnv represents the original inner envelope
estimator.

the original outcome via Y, = (f‘, fOE)Y, We randomly split 80% of the data into
training data (Yirain, Xerain) (2 = 1,...,m) and the rest into test data (Yyest, Xtest)
(t=m+1,...,n) and the predictive RMSE is evaluated on the test data. Finally,
for our supervised learning algorithms, we use XGBoost (Chen and Guestrin, 2016)
with the default hyperparameters in the R package (Chen et al., 2015).

The predictive RMSE for “Local”, “Global”, and “GMM” methods in Figure 4.3
are 18.94, 18.83, and 19.21, respectively. Also, the oracle predictive RMSE, which is
the RMSE from predictions that use the true subspaces, is 18.64 and the naive pre-
dictive RMSE, which is the RMSE from predictions that use the original responses
Y is 22.75. We see that incorporating the inner envelope structure into supervised
learning methods reduces out-of-sample predictive RMSE compared to the naive
method that directly use the original outcome. Also, the locally efficient and glob-
ally efficient methods have a predictive RMSE that is close to the oracle method,
and broadly speaking, the predictive performance roughly follows the performance

of estimating the subspaces in Figure 4.3.

4.6.3 Synthetic dataset based on the iris data

Our third simulation study mirrors is based on the the classic iris dataset by Fisher
Fisher (1936), which has been used by other envelope-based method (Su and Cook,
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2012). Briefly, the data contains 150 samples of iris species (setosa, versicolor,
and virginica) along with their flower characteristics (sepal length, sepal width,
and petal length). We take the species, dichotomized to two dummy variables, as
predictors We also standardize the flower characteristics to mean zero and one stan-
dard deviation. Also, as a sanity check, we added two, random artificial responses
(Z1, Zs) XN (0,I,) to the original set of responses. Our algorithms should identify
these two responses as part of the subspace S3. In total, we have six responses
Y € RS and two predictors X € R?.

We first fit a multivariate linear regression of Y against X. We also conduct a
Shapiro-Wilk normality test for the error terms based on the linear model. The test
suggests that the responses are non-normal, with p-value less than 10712, and the
original inner envelope method may be inappropriate in this setting.

Next, we run our globally efficient estimator using the selected dimension of u =
dim(S;) = 1 and d = dim(S;) = 4 from the nonparametric bootstrap method; note
that the original envelope method selected u = 4 as the dimension, suggesting that
the envelope does not discover structure beyond the two noise responses we added
artifically. Also, we verified whether the estimated S3 contains the subspace spanned
by the two artificially added random responses. At a high level, this verification
involves checking the distances between the estimated S5 and the space spanned by
the two responses and we found that our estimated S contains the subspace; see
the Appendix for details.

Next, we compare the estimated regression parameter 3 under different methods.
We also conduct nonparametric bootstrap 100 times to obtain estimates of the
standard errors of Bij,ols, Bmem’ BiﬂnnEnV, Bij,global and ﬁij,local, where we posit the
normal densities for the locally efficient estimator. The point estimates, bootstrap
standard errors and p-values are given in Table C.5 in the Supplements. On average,
the mean ratio of the standard error of the globally efficient estimator over that of
the OLS estimator is 1.83. The mean ratios of the standard errors for the locally
efficient estimator and the original inner envelope estimator compared to that of the
OLS estimator are 1.70 and 1.76. Finally, the mean ratio of the standard error of
the envelope estimator over that of the OLS estimator is 1.12. Figure 4.4 visualizes
these results by comparing the empirical cumulative distribution functions (ECDF)
of Sd(,éij,ols) /Sd(,éij,env) and Sd(,éij,ols) /Sd(,éij,globa]) for each element of 3 matrix.
Roughly speaking, these results imply that to achieve the same power to test the
null hypothesis that 3;; is zero versus a fixed, alternative hypothesis, a Wald test

based on the globally efficient estimator only requires about half of the original
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sample size (54.6%) compared to the Wald test based on the OLS estimator. The

Appendix contains additional results from the analysis.

Figure 4.4: The empirical cumulative distribution function of sd(Bij,ols) / sd(Bij,enV)

(left plot) and sd(Bij.e1s)/5d(Bijglobal) (right plot) for each element of 3 matrix from
the iris dataset.
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4.7 Real Data Analysis

Cardiovascular disease is a major cause of morbidity and mortality in patients with
type 2 diabetes. The Action to Control Cardiovascular Risk in Diabetes (ACCORD)
study in 2008 aimed to determine if the rate of cardiovascular disease (CVD) can be
reduced in people with type 2 diabetes using intensive glycemic control, intensive
blood pressure control, and multiple lipid management. Specifically, the ACCORD
study randomized patients to either intensive glycemic control (HbAlc 6%) or stan-
dard glycemic control (HbAlc 7-7.9%). Participant were between the age of 40 to
82 who have been involved in the study for 2 to 7 years. Apart from diabetes, they
also had a high risk of heart attack and stroke where each participant either has at
least two risk factors for CVD and diabetes or has been diagnosed with CVD before
the start of the study.

For our analysis, we are interested in investigating whether intensive glycemic
control is associated with better outcomes after adjusting for baseline covariates.
There are in total 6766 observations, 9 responses Y € R measuring the efficacy
of intensive glycemic contorl, and 3 regressors X € R®. The response variables are
treatment satisfaction, depression scale, aggregate physical activity score, aggregate

mental score, symptom and distress score, systolic blood pressure (SBP), diastolic
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blood pressure, and heart rate. Similar to the simulation studies, we standardized
the responses. The predictors are body weight, age and the treatment indicator.

We first build a multivariate linear model to check if the residuals follows a nor-
mal distribution using the Shapiro-Wilk normality test. The p-values for each of the
responses are significant under both tests, which suggests the normality assumption
is violated. Next, we apply our proposed methods and the original envelope method.
We remark that the envelope method chose a dimension of v = 9, which equals the
total number of responses and the envelope method may have limited practical
value. In contrast, our method found a non-trivial inner envelope structure with
dimensions u = dim(S;) = 2, and d = dim(S;) = 3.

Once the dimension are selected, we assess the out-of-sample RMSE where we
split 80% of the dataset into training data and 20% into test data, with 5416 and
1350 observations. Like Section 4.6, We calculate the predictive RMSE of the test
data using different machine learning algorithms where the responses are either the
original responses or the responses utilizing the inner envelope structure. The results

are shown in Table 4.1.

H XGBoost Random Forest Linear H

Using inner envelope structure  0.9918 0.9854 0.9834
Using original response 0.9949 0.9856 0.9835

Table 4.1: Predictive root-mean squared error (RMSE) for the test data in the
ACCORD study

Comparing the rows of Table 4.1, the predictive RMSE is slightly smaller for all
the methods if we use the inner envelope structure. Also, comparing the columns of
Table 4.1, the linear model seems to have a better predictive performance compared
to more complex methods. Given this, we compare the estimation of the regression
parameter 3 supposing that the underlying model is linear. Specifically, we use
the nonparametric bootstrap to obtain estimates of the standard errors of the OLS
estimator and our globally efficient semiparametric inner envelope estimator of 3.
The point estimates, bootstrap standard errors and p-values for the parameters in
a linear model corresponding to the treatment are given in Table 4.2.

Our method found that the treatment had a significant effect on mental score,
SBP and heart rate. In contrast, OLS found that the treatment was not significantly
associated with these responses. This may be because our method is more efficient

than the OLS, leading to more power to reject the null hypothesis of no effect.
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Table 4.2: The point estimates, bootstrap standard errors and p-values for the
regression parameter corresponding treatment for the ACCORD study. Asterisks
correspond to p-values that are less than or equal to 0.05.

Our Method OLS

Corresponding to Treatment B SE  p-value B SE  p-value
Treatment Satisfaction 0.029 0.023 0.22 0.027 0.023 0.24
Depression Scale 0.054 0.026 0.04* | 0.054 0.026 0.04*
Physical Score 0.016 0.024  0.50 0.014 0.024  0.55
Mental Score -0.045 0.020 0.03* | -0.043 0.026 0.10
Interference Score -0.011 0.015  0.46 |-0.009 0.027 0.72
Symptom & Distress Score | 0.039 0.024  0.11 0.039 0.025 0.13
SBP -0.012 0.005 0.02* |-0.034 0.022 0.12
DBP 0.004 0.024 0.86 0.002 0.025 0.94
Heart Rate 0.039 0.020 0.05* | 0.038 0.023 0.11

Indeed, the estimated standard errors of our method are generally smaller compared
to that from the OLS estimator. For example, the mean ratio of the standard error

using our method over that using the OLS estimator is 1.55.

4.8 Summary and Discussion

In this paper, we proposed a semiparametric approach to the inner envelope, a
dimension reduction method proposed by Su and Cook (2012) for the linear multi-
variate regression models. We derived the orthogonal nuisance tangent space, score
function and efficient scores to estimate the inner envelope, all without having to
make parametric modeling assumptions between the response, the covariates, and
or the error terms. We also prooposed a simple GMM estimator from a set of
estimating equations based on moment conditions.

We briefly take a moment to highlight some key limitations of our work. First,
we assume throughout the theoretical results that the dimension of the inner en-
velope is fixed, even though in practice it is estimated from data. While we have
shown that our bootstrap-based approach can reliably select the dimension numeri-
cally, we leave it as future work to derive the statistical properties of the estimated
inner envelope with an estimated dimension. Second, we have not explored joint
dimension reductions of both the responses and the predictors, which may bring

further efficiency gains on the parameters of interest.
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4.9 Proofs

4.9.1 Proof of Lemma 4.3.1

Take any matrix A; € R¥*™ that is full column rank and spans a 7-dimensional sub-
space A in a k-dimensional space. We can represent A; by A; = (Ag, AZT)T , Where
A, € R and A; € R*7*7  Without loss of generality, we can assume that A, is
invertible. Then, A is uniquely represented by Aoy = AjA;Y = {L,, (AJA; Hr }T,
and the lower (p — u) x u submatrix A;A,! uniquely parameterizes A. Let a =
vec(A;A ;1) denote the vector concatenation of the lower part of A,e,. Since the
mapping between A,.,. and A is one-to-one, there exists a one-to-one mapping 1,
such that a = 1, (A).

Because A,ep, is not a semi-orthogonal matrix, we use Gram-Schmidt procedure
to obtain a unique semi-orthogonal matrix A from A,,. Hence, there exists ¥
such that A = 15(A). One can show that 1, is also a one-to-one mapping. The
relationship between a, A, and A are shown in the Figure 4.5. Notice that if we
decompose A as A = (Afp, AT )T as before, we also have A, = AA;;. There-
fore, we have unique representations of the space A by a variational independent

parameter a and by an orthogonal matrix A.

Gr41,1

1 0

Qg1 : ' )
. Stack a and concatenate I- 0 ce 1 Gram-Schmidt

a= : Arepr = A=

Vectorize lower submatrix ar411 c Qr4l,r Arepr:AA;p1

ar41,7 . .

ag.1 T Qg r
ak.r

Figure 4.5: Unique parameterization of any space A.

4.9.2 Proof of Theorem 4.4.2

Proof. We prove the consistency and asymptotic normality by checking condi-
tions in Theorem 2.1 (Lemma 6 in the Supplements) and 3.1 (Lemma 7 in the
Supplements) from Newey and McFadden (1994), and the efficiency by checking

the asymptotic variance achieves the semiparametric efficiency bound. We write
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X, = 0,(1) if X,, B 0 and X,, = O,(1) if for all ¢ > 0 there exists M such that
sup,, P(||X,, > M]||) < e. Throughout the proof of this theorem, we let 6, denote
the true value of 6.

We firstly prove the 6 obtained by solving equation (4.8) satisfies 020,

We prove by checking conditions of Theorem 2.1 in Newey and McFadden (1994).

Consider the following two functions:

n 2
1 1 * *
Qo(0) = B {n ‘5—1 eH(Yi7Xi7771,2,3>A17A250)}

n 2
0n(0) =, {i > S (Y X g0 A1, B 0)} .

Let 6, be a minimizer of Qo(0). By regularity condition (B2), 6, is unique and
éo 2 6,. Also, 6 is the minimizer of @n(e) Because the parameter space © is
compact and (y(@) is continuous, in order to apply Theorem 2.1 in Newey and
McFadden (1994), we only need to show condition (iv) holds. That is, Q,(8) con-
verges uniformly in probability to Qy(€) for @ € ©. By Lemma 2.8 in Newey and
McFadden (1994), we only need to show (1) Q,.(8) = Qo(8) for any 8 € ©; and (2)

Qn(e) is stochastic equicontinuous. By the continuous mapping theorem, we only

need to show

A:H(Yi,sz??fz,&A17A2;9) 5 o (Y, Xi, 17 03, A, Ag; 0).
Since Sig (Yi, Xy, 0} 0.3, A1, Ag) is a continuous function of Ay, Ay, E{dlog n}/O(TTY)" |
X}, E{dlogn;/o(TTY)T | BITTY, X;} and E{dlogn:/d(BITIY;)T}; and by
the properties of nonparametric regression, A; — A, AQ(O) 2 A4(6), where
Ang =Y, —EY; | X)), Ap(0) = Pr,s{E(Y; | BOI‘OTYZ»,Xi) — E(Y; | BOI‘OTYZ»)},
and

X} AR {8810@71 X} ,

(T7Y;)"
0logns TT p Ologn;
908 | prpTy x \ g ) 008"
{3(1“0TY¢)T 070 ITYH)T

0logn; 2 Ologn; ‘
IBITTY)T oBITTY )T |’

=

dlog ny
A(rTY,)T

=

BITlY,, X} ,

=
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by continuous mapping theorem,
(YZ7X17T]1237A17A270) <Y27X17771237A17A2a0)

for any @ € ©. To prove the stochastic equicontinuity of Qn(e), by Lemma 2.9 of
Newey and McFadden (1994), we only need to show V8,0, € O, there exists B,, =
O,(1) such that |Q,(81) — Q,(0:)| < B,||0:— 82| By regularity conditions (A5) and
(B1), Q,(0) is differentiable. By mean value theorem, there exists @ € © such that
Q0 (01) — Q,(8)] < ||Q.(0)]]]|6: — 05]|. By Theorem 2.9 in Li and Racine (2007)
and regularity condition (B3), 0A,(8)/00 —9A4(0)/00 = O, (n'/2p1+ptr—u=d)/2) —
0p(1). Because lognj , 3 are twice differentiable, we have

909(TTY,)T | 909(TTY,)T | )
~ 9% log TT P 9% log s TRT

_9 08 | gIply, X, v BEl 2 9%k | gIply, x|
{698(F0TYi)T 00 009(rTY T | 700

E{ 02 logn; }&E{ & logn; }
000(BITIY )T 000(BITIY )T |~

Therefore, by continuous mapping theorem, Q’,(6) % Q4(8). Hence, B, = supge @', (0) <
SUPpee @h(0) + supgee |Qh(0) — Q,(8)]. Since Q)(8) is a continuous function in a
compact set, supgeg @4(0) is O,(1). Suppose supyee |Q4(0) — Q.,(8)] = oo, then
there exists a sequence {6} such that |Q}(6)) — Q',(6))| — oo. That is, for any
C > 0, there exists N € N* such that for any n > N, |Q}(8,) — Q' (8,)| > C, which
contradicts with the fact that Q',(6,) 2 Q}(8,). Hence, supgee |Q4(0) — Q. (0)] =
0p(1). Therefore, all the conditions in Theorem 2.1 from Newey and McFadden
(1994) hold, and we have 6 % 6.

Then, in order to show the asymptotic normality of é, we only need to verify
conditions (i)—(v) in Theorem 3.1 from Newey and McFadden (1994). Conditions (i)—
(ii) are already satisfied. We then prove \/ﬁﬁQn(Oo) /00 is asymptotically normal.

Because

dQn (6 i
\/ﬁ Qaé ) fzseﬂ Y17X17771237A17A2700 Zaa Y17X17771237A17A2700)7

and

* 0 * ok k
- Z aeseff Y25X17n1237A17A2590) _> E{aOSeH(Yaxvnla’rhaniﬂ;oO)} )
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by Slutsky’s Theorem, we only need to show n=1/2 3" | S (Y, X, 1) 2.3 A1, Ay 0))
converges to a normal distribution. Also, because

\/*ZSZH Yl)X27n1237A17A2a00)_>N|:0 E{ Y27X1777177727773700) } )
we only need to show

Zs:ﬁ (Yi, X, 75 5.3, A1, Ag; 6p) — ZS:H (Yi,Xi,775 23, A1, A2; 60) 5 0.

Vi Vi

The score function Sy = (Sit., Segp) has two components. For simplicity, we

only show the convergence of the second component Si,. The convergence of the
first component can be proved using the same technique. Let I' and B denote the
orthogonal basis derived from 6. Then,

Z eff,b Y17qu771237A17A2a00 Z eff,b Yi7Xi77ﬁ72,37A17A2§00)
A 0log nj « Jlognj Ovec(By)
_ T FTAZ 0 3 i 3
Jn Zvec [ 0 82000\ Ty~ E\ GBIy )T abT
dlogn; < dlog n; > }] dvec(By)
Ll A(6 —E
Vn« Zvec [ o Aarl 0){3(B§FoTYz‘)T O(BITEY,)" ob™

log 1 dlogn; dvec(By)
ZVQC {FO {Bia(60) = B0} {8(B0TI‘0T YT E<8(B§F§Yi)T obT

A 0lognj ~ 0lognj ovec(By)
L TIpT LA _ A, B ) 3
T/ Zvec [FO {A0(00) - 2(00) {E(a(BOTI‘OTYZ-)T> E<a(BOTrgYZ-)T> H abT
0logn} ) ~ ( dlogns )H dvec(By)
TlA (0 ———— | — E
e ZV@C i aeon{e (s yr) - s || o
By Lemma 5, the first term can be bounded by O, (h?+n~/2pp+"=u=dlog n4n'/2pt).

Under regularity condition (B3), the second term is o,(1).
By Theorem 2.6 in Li and Racine (2007), under regularity condition (A4),

. logn 1/2
sup |Ai2(0p) — A2(0p)| = Op{ (W) + h’2}

e

is 0,(1) under regularity condition (B3).
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By the central limit theorem,

" 7l [ x 0logn; . 0logns Ovec(By)
— Aj2(0g) — As(6 E( —————=—= | —E
Vi {0 - a0} 2(sprtitr) -2 Gmprra) | o

[l <= a { ( dlog n; ) - ( 0logn; ) H Ovec(By)
—vecT | = ST {AR(00) — An(@) - ValE( 2208 ) g
e [n;{ 2(60) 2(60)} - v d(BITIY,)T ABITEY)T obT

=0,(1) - 0,(1) = 0,(1).

Hence, the second term is also 0,(1).
Also,

=

1 < 0logn;
s )
Vi oY)

=0p(1) - n 2 " Ay ()

i=1

Jlogn;
IBITFY,)T

:OP(1)7

where the last equation is because A;s are i.i.d. mean 0 random variables. Hence,
the third term is also 0,(1).
Therefore,

1 - Ak Ak A A 1 - * *
n Z Sett b (Yis Xiy 111 2.3, A1, A2;00) — 7n Z Settv(Yis Xiy 01 2.3, A1, Ag; 0p) 0.
i=1 =1

Hence, by Slutsky’s Theorem,

ﬁang‘)w 4 N{0,CID,C},

where
0 * * k% * ko k% ®2
Cy=E % eff(Y7X777177727773;00) ) D2:E{Seﬂ(Yi7Xi7n17n2vn3;00) }

Next, we verify the conditions (iv)-(v) that are related to V@, (). Notice that

VooQn(0) 2 E{ 907 et

0 .
(Y, X5, 2,3 Ay, Ag; 9)} -E {

% eff
82
96967 gﬁ(Yisz’vWiz,s,Aqu;H)} — H(0).

9 ]
(Yi7 Xi) 771,2,37 Al? AQ? 0)}

+E { :ff(Yia Xi7 77;,2,37 Ala A2; 0)} -E {



78

Following the same argument as proving the uniform convergence in probability for
9Q,,(0)/00, because the third order derivative of log 11 2.5 €Xists, we have Voo Qn(0) 5
H(0) uniformly for 8 € ©. Hence, condition (iv) holds. Because

1 - * *
n Z eﬂ?(Yi?Xivnl,Z,B’ Ay, Ay; ) = 0,
i=1

we have H(0y) = CoCY. Since C, is nonsingular, H(6,) is nonsingular. Hence,
condition (v) holds. Therefore, by Theorem 3.1 in Newey and McFadden (1994),

Vn(@, —8) 5 N{0,H(0,) 'CID,CyH(0,) '} = N{0,C;'D,(CL)~1}.
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Chapter 5

Improving Instrumental Variable
Estimation by Removing

Redundant Instruments

In observational studies, a primary challenge in estimating treatment effects is
the presence of unmeasured confounding, that is, the outcomes between treatment
groups may differ, not only because of the treatment effect but also because of
unmeasured factors that may affect the treatment selection. For example, in the
classic example of the effect of schooling on earnings (Angrist and Keueger, 1991), a
comparison between earnings among people with different schooling may be biased
because pre-schooling levels of ability such as Intelligence Quotient (1Q), affects both
schooling choices and earnings given education levels. Instrumental variables (IV)
are commonly used to recover the effect of exposure in the presence of unmeasured
confounding between exposure and outcome. A valid IV is defined to satisfy 3 key
conditions: (a) it is associated with treatment; (b) it is independent of any un-
measured confounder of the exposure-outcome relationship, and (c) it has no direct
effect on the outcome. With a valid IV, one can extract exogenous variation in the
treatment that is unconfounded with the outcome, and to leverage this bias-free
component to make a causal inference about the treatment effect (Robins, 1989;
Angrist et al., 1996; Heckman, 1997).

The development of the IV approach can be traced back to Wright (1928) and
Goldberger (1972) under linear structural equations in econometrics. Various para-
metric and semiparametric IV estimators have been developed (Robins, 1989, 1994;
Imbens and Angrist, 1994; Angrist et al., 1996; Vansteelandt and Goetghebeur, 2003;
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Robins and Rotnitzky, 2004; Hernan and Robins, 2006; Tan, 2010; Sun et al., 2017,
Matsouaka and Tchetgen Tchetgen, 2017; Liu et al., 2017). Most of the existing IV
methods prefers the IV to have a strong correlation with the exposure. For exam-
ple, it is well recognized that in finite samples, the two-stage least squares (2SLS)
estimator is biased and the bias increases as the association between IV and expo-
sure decreases (Bound et al., 1995; Staiger and Stock, 1997; Imbens and Rosenbaum,
2005; Small and Rosenbaum, 2008). An IV that is strongly associated with exposure
is hard to find. For example, in the aforementioned study of Angrist and Keueger
(1991), they interact the birth quarter with 50 state and 9 year-of-birth dummies.
In a followup work, Chamberlain and Imbens (2004) consider three-way interaction
of quarter, year and state of birth to get 504 instruments. However, the majority
of those constructed instruments are only weakly related to or independent of the
years of schooling.

Rather than finding a new IV that extract more unconfounded components in
the exposure, we explore the alternative option to reduce the redundant IVst. An
instrumental variable is weak if its correlation with the exposure is small, while the
size of being “small” depends on the inference problem at hand, and on the sample
size (Andrews and Stock, 2018; Bound et al., 1995). Thus, a natural description of
redundant IVs is that those are not correlated with exposure. Such a characteriza-
tion motivated the literature of IV selection. For example, Donald and Newey (2001)
derived a mean-square error criteria that can be minimized to choose the instrument
set and Hall and Peixe (2003) improved this method in terms of the finite sample
performance. All these IV selection methods are selecting IVs coordinate-wisely.

As a start, we use a sufficient dimension reduction method (SDR) to select
linear combinations of IV in the commonly used two stage least square (2SLS)
and indirect least square (ILS) regression models. Such a selection is more general
than the coordinate-wise selection because all IVs may be correlated with exposure
but there may exist some linear combination of IVs that has a null correlation
with the exposure. Specifically, we use the envelope method proposed by (Cook
et al., 2013). By assuming that there exists some combinations of the variables
that is independent of the regression of interest, the envelope method can estimate
the material and immaterial information and thus improve the estimation of the
parameter of interest. Specifically, it may achieve substantial efficiency gains when

the variables have high correlations. Ever since the first paper on the envelope

L Another strand of work is to invert tests to derive conservative bounds for the causal effect
(Anderson and Rubin, 1949; Kleibergen, 2002, 2005; Moreira, 2003)
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method, an increasing number of research has been carried out to generalize envelope
in various settings (Cook et al., 2010; Su and Cook, 2011, 2012; Cook and Su,
2013; Cook et al., 2013, 2015; Cook and Zhang, 2015a,b; Su et al., 2016; Li and
Zhang, 2017) including response envelope, partial envelope, inner envelope, scaled
envelope, predictor envelope, reduced rank envelope, simultaneous envelope, model-
free envelope, sparse envelope and tensor envelope. Various algorithms (Cook et al.,
2016; Cook and Zhang, 2016, 2018) have been proposed to effectively and efficiently
estimate the envelope models. A review of the envelope methods can be found in
Cook (2018a).

We explore the reduction of IVs at the first stage of the 2SLS estimation and
at the second stage regression of ILS procedure. Interestingly, we found that the
first stage reduction only results in a reduction in finite sample bias but not in
asymptotic efficiency gain. While the reduction at the second stage has the potential
to achieve substantial efficiency gain. This motivates us to generalize the description
of informative IVs not only to those that have an association with the exposure but
also to those that affect the outcome through the exposure. With such a generalized
description of useful IVs, we can eliminate more immaterial IVs and thus achieve
potentially substantial asymptotic efficiency gain of the causal effect estimate.

This chapter has several contributions: Firstly, we considered a novel way to
improve the IV estimation by removing redundant IVs using SDR. Such a method
circumvents the search of a stronger IV and can be more efficient than the standard
method. Secondly, we generalized the notion of redundant IV by considering the
linear combination of some IVs and the correlation among IVs and that between IV
and response. Thirdly, to the best of our knowledge, this is the first paper to consider
the envelope methods in a model with endogeneity or unmeasured confounding.

The rest of the chapter is organized as follows. In Section 5.1, we briefly review
the definition of a valid IV and several variations of the envelope method. In Section
5.2, we consider 2SLS with predictor envelope at the first stage and ILS with pre-
dictor envelope at the second stage. We carry out extensive simulations in Section
5.3. We illustrated our method in the Wisconsin Longitudinal Study to estimate the
effect of education on wage in Section 5.4. We conclude with a discussion in Section

5.5. All proofs are given in the Appendix.

5.1 Preliminaries
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5.1.1 Notations and Assumptions

Consider a population of n individuals, where individuals have identical and inde-
pendent observations. For individual 7, let X; € R? denote a multivariate exposure,
Z; € R¥ denote a multivariate pre-exposure variable. For the identification purpose,
we always assume k > p, that is, the number of I'Vs is no less than that of the expo-
sure. Let Y; € R” denote the observed multivariate response and let U; € R! denote
the unmeasured confounder between X; and Y;. We omit the observed covariates as
our methods can easily be generalized. Additionally, we suppress the subscript ¢ if
referring to the variables of a general person, e.g., we use X; to denote the exposure
for a person. Let X = (X1,...,X,,)T, and define Y, Z, and U similarly. Throughout
this paper, we assume without loss of generality that all the variables have mean 0.
For random vectors Wy, n = 1,2,..., in a normed space, we denote Xy = O,(Y)
if for every € > 0, there is a M > 0 such that P(||Xx||/||Yell > M) < e. Also, we
denote X}, = 0,(Y}) if X;/Y}, converges to 0 in probability.

Formally, an IV must satisfy the following assumptions:

Assumption 5.1.1 (IV relevance) Z; 1L X, | U;;
Assumption 5.1.2 (IV unconfoundedness) Z; 1L U;;
Assumption 5.1.3 (Exclusion restriction) Z; 1L Y; | X;, U;.

Assumption 5.1.1 states that IV and exposure have a non-null association even if
the association is not causal. Assumption 5.1.2 states that the IV is not affected
by the exposure-outcome confounder U. Assumption 5.1.3 states that Z does not
have a direct effect on the outcome Y. If Assumptions 5.1.1-5.1.3 are satisfied for
all individuals, then Z is a valid IV.

We consider the linear model,

X, =0Z; +ex,,

(5.1)
Y; = ﬁX’L + €Y,

where ex, € RP and ey, € R" are both functions of U;, correlated and are mean zero.
Z; € R¥ is a valid IV. We further assume ¢ is full row rank so that 6Z may contain
enough information of X.

The 2SLS method is a standard method to parse the unmeasured confounding

using instrumental variables. Specifically, the estimation is carried out in two stages:
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the exposure X is projected onto the IV Z at the first stage, and the outcome Y is
regressed on the predicted exposure X = gggLSZ at the second stage, where 3\25 LS =
(ZTZ)71ZT X is the least square estimate obtained at the first stage. A detailed
algorithm is given in the Appendix. The idea of 2SLS is to project the confounded
exposure X onto the space of unconfounded IV Z so that the confounding is removed.
It can be shown that //B\QSLS =YTP,X(XTP;X)™! is consistent for 3, where Py =
Z(ZTZ)71ZT is the projection matrix onto Z.

It is well known that the strength of an IV is important. Rather than finding
a “stronger” IV that extracts more unconfounded components in the exposure, we
explore the alternative option of reducing the IV redundancy. We generalize the
envelope method (Cook et al., 2010) to the scenario with unmeasured confounding
to achieve substantial efficiency gain of the causal effect estimate by eliminating

immaterial IVs.

5.1.2 Review of the Envelope method

The envelope model was first proposed by Cook et al. (2010) for response reduction
in the multivariate linear model. The overarching goal of the envelope model is
to identify the material and immaterial information of regression and eliminate the
immaterial part to increase efficiency in estimation and prediction. Here, we briefly
review the predictor envelope proposed by Cook et al. (2013).
With a little abuse of notation, we express the linear regression model considered
by Cook et al. (2010) as
Y, = BX; + ¢, (5.2)

where predictor X; has variance Xy € SP*P, SP*P denotes the collection of all sym-
metric positive definite matrices of size p, and X; L ;. The response can either
be univariate or multivariate. Unlike the second equation in Model (5.1), the error
term €; and the predictor X; in the standard linear regression model (5.2) are inde-
pendent. Cook et al. (2013) assumes that there exists an orthogonal matrix (@, )
with ® € RP*% &, € RP*P~% guch that

Condition 5.1.1 cov(Y;, ®TX; | 7 X;) = 0,
Condition 5.1.2 cov(®7 X;, L X;) = 0.

Condition 5.1.1 states that there is no linear relationship between Y; and <I>0TXi

given ®7X;. Condition 5.1.2 ensures no marginal linear relationship between the
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reduced predictor and its complement. The predictor envelope is defined as the
smallest space of span(®) that satisfies Conditions 5.1.1-5.1.2. The dimension u of
the envelope basis ® is defined as the envelope dimension. The envelope dimension
has the range 0 < u < p and it can be estimated using information-based crite-
ria such as BIC, or cross-validation. Although the parameter ® is not point-wise
identifiable, the span of ® is uniquely identified and is denoted as s, {span(87)}.
Throughout this paper, we simplify the envelope notation as Es, (87). It has been
shown that under Conditions 5.1.1-5.1.2, Model (5.2) can be written as

Y; =" 0T X, + ¢, (5.3)

where X has variance Yy = ®Q®T + &yQdL, where Q = ®TExd and Qy =
OIS x Dy.

The envelope Es, () can be estimated by minimizing the objective function:

argmin  log |GTExy G| + log |GTELG. (5.4)

span(G)€G (u.p)
Because @ is a semi-orthogonal matrix, this is a Grassmann manifold optimization
problem. Cook et al. (2016) re-parameterized this objective function to convert this
problem to a non-Grassmann manifold one. Without loss of generality, Cook et al.
(2016) assume the first u rows of ® is non-singular, then we have ® = (®7, &) =
(I, AT)T'®, = G4®,, where A = ®,®, ' with no constraints and G4 = (I,,, AT)T.

Then the objective function (5.4) can be converted to

argmin ~2log IGEGA| +1og |GAS xy Gal + log |GAELGal, (5.5)
AeR(k—w)xu

which is a non-Grassmann manifold optimization problem. Cook et al. (2016) dis-
cussed an algorithm to solve this optimization problem. The envelope estimator can
be defined as //B\em = PEIS(SX)Bolsv where span(:ls) = span(@ 4). From the following
propositions, under some normality assumptions, Cook et al. (2010) showed that the
envelope estimator has an asymptotic variance no greater than that of the standard
ordinary least square (OLS) estimator in multivariate regression. When X;,Y; are
i.i.d with finite fourth moments, \/ﬁ{vec(a) — vec(f)} converges to a normal ran-
dom vector with mean 0. Especially, when X;,Y; are joint normal, the asymptotic
covariance matrix is @Q 10T @ ¥ + (&g @ T ) MT (O @ n), where ¥ = cov(e), MT is
the generalized inverse of M = Qy@nX~'nT + Q@ Q™' — 21, , ® I,,. Additionally,
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if the eigenvalues of material part are much larger than that of the immaterial part,

the predictor envelope estimator can achieve substantial asymptotic efficiency gain.

5.2 Envelope-IV method

5.2.1 First stage predictor envelope

Motivated by the definition of a weak IV, a natural way of reducing the dimension
of IVs is to impose the predictor envelope on the first-stage regression. As stated in
Algorithm 6, the first stage of the 2SLS regresses the endogenous exposure X onto
the exogenous IV Z. Therefore, there is not endogeneity at this stage and we can
directly impose the standard predictor envelope to reduce the dimension of the I'V.
Suppose X and ey are independent of k. Consider the following for an orthogonal
matrix (®, ®y) with & € R &, € RF*k—v) (0 < y < k, where u is given, such
that

Condition 5.2.1 cov(X;,®Z; | 97Z;) = 0,
Condition 5.2.2 cov(®7Z;, ®LZ;) = 0.

Under these two conditions, first stage regression can be written as: X; = n? ®7Z; +
£;, where X; has variance Yy = ®QT + 0;Q®1 ) € R¥** and )y € RE-wx(k-—u),
We can obtain envelope basis ® by solving objective function replacing response and

predictor from (5.5) as

argmin —2log |GLG 4| + log ]G£§Z|XGA\ +1og |G, Gal. (5.6)
AER(k—u)Xu
Then we have first stage envelope estimator gﬂtem} = P$(§Z)§§1§]27X = (DTS ,P) DTS,
~ ~ - ~ -1 ~ ~
and Blst,env = EY,Zgﬂt’enU <5lst,env2Z8£t7env> ) where ZZ - ZTZ/TL, EY7Z = YTZ/TL

and izx =7ZTX/n.

We now investigate the asymptotic behavior of @SLS and B\lst,em. Cook et al.
(2013) showed that the envelope estimators can achieve substantial efficiency gain.
However, as we show below, the first stage envelope estimator is warranted to have

the same efficiency as the 2SLS estimator.

Proposition 5.2.1 Under Model (5.1), suppose (X}, ZI)T are i.i.d. with finite

fourth moment, i = 1,...,n. Then, \/ﬁ{fueC(stLs —wvec(B))} converges to a normal



86

distribution with mean 0 and variance Vagrs, where Vogrg = (5225T)_1®E where

Yz =cov(Z) and X, = cov(ey).

gy’

Proposition 5.2.2 Under Model (5.1), assume u is known and (X[, ZI)T are i.i.d
with finite fourth moments. Then, \/ﬁ{vec(glstem,) —wvec(B)} converges to a normal

distribution with mean 0 and variance Vs eny = (022001 @ 3., = Vasrs.

Proposition 5.2.1 and 5.2.2 show that first stage envelope estimator behaves
the same as the 2SLS estimator in terms of asymptotic efficiency even though it
uses less IVs. This result is different from the traditional envelope result where
the resulting estimator may achieve a substantial efficiency gain. The first stage
envelope estimator cannot improve on the efficiency because the causal effect of
interest [ is a function of the parameter that we envelope. However, the first stage
envelope estimator may reduce the finite sample bias as we show below.

For finite samples, Buse (1992) shows that under Model (5.1), the bias of the
2SLS estimator E(fBysps — ) is approximately (k —p — D) (02267)7 1%, o, /n where
Py =Z(Z27Z)Z7 and 3. ., = cov(ex,ey). That is, the bias of 2SLS E(Bass—3)
is approximately proportional to (k—p—1)/n. Hence, if the dimension of IV can be
reduced, the finite sample bias is also smaller, when the approximation is close to the
true bias, that is when the concentration parameter u? = §27 26/ a?x is moderately
large, where 02 = cov(ex). When the approximate bias is small compared with the
variance, the MSE can be potentially reduced. The following Lemma shows that

the ratio of the approximate bias of first stage envelope method and 2SLS can be
(w—p—=1)/(k=p—1).

Lemma 5.2.1 Under Model (5.1), suppose envelope dimension u and basis ® €

R¥>% are given. We have for arbitrary small € > 0,
B\lst,env - 5 = /b\+ Op(n_1+€)
where E(Z) =(u—p—1(0226") 1S, o, /n+0p(n7h).

Both Proposition 5.2.1 and Lemma 5.2.1 are assuming the true envelope dimen-
sion is given. In reality, we need to estimate the envelope dimension from data. To
estimate it under a normality assumption, Cook (2018a) proposed to use likelihood
ratio test (LRT), BIC to choose the dimension of first stage envelope. Without the
normality assumption on the IVs and the errors, we select the envelope dimension by

adapting the vector correlation coefficient proposed by Hotelling (1936a) evaluating
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the distance of two space. Suppose A and B are semi-orthogonal m X n matrices,
the vector correlation coefficient is defined as ¢* = |BTAATB|, with 0 < ¢* < 1
and high ¢? implies A and B are close. When the prefixed u is larger than the
true dimension of envelope, the estimated envelope space contains the true envelope
basis and other random basis orthogonal to the true envelope, causing ¢* away from
1. As a result, we carry out the dimension selection procedure as follows. First, we
fix an envelope dimension from k£ — 1 to 1 and calculate the corresponding envelope
basis ®. Then m—folds bootstrap gives envelope basis ®; for i-th bootstrap and
the empirical ¢*(u) = Y_i*, ¢*(®,®;)/m. We choose the dimension u when ¢*(u)

achieves a threshold, which we will use 0.9 as the threshold.

5.2.2 Second stage predictor envelope in ILS

First stage envelope method can reduce redundant IVs that does not contribute
to the exposure X, which leads to the reduction of finite sample bias. However,
the asymptotic variance of the first stage envelope estimator remains the same as
the 2SLS estimator. Inspired by ILS, which we review below, we can avoid the
endogeneity of the regression of the outcome on the exposure and adapt envelope
method to reduce the dimension of target parameter 5, which will lead to efficiency
gain.

In Model (5.1), substituting the first equation into the second one, we have
Y; = X: + ey, = B6Z; + (Bex, + ev,) = M\Z; + Ey,, where A\ = (8§ and &y, =
Bex, + €y,. Hence, to estimate the causal effect, the ILS estimator is also obtained
in two stages (see a summarized algorithm in the Appendix): The first stage is the
same as 2SLS, from which we obtain S\QSLS = XTZ(ZTZ)~1; At the second stage, we
estimate \ by regressing Y on Z, A\jpg = YTZ(ZTZ)~. Then we calculate B from
NiLs = Boasrs, that is, Brng = AngMote, ¢{02s1sM0%y, s} !, where M € RF<k
can be any positive definite matrix. When M = Z7Z, the ILS estimator BQSLS =
YTZEQTSLS{EQSLS(ZTZ)ZS\;SLS ~! is equivalent to traditional 2SLS. For the rest of
this paper, we always use such a choice of M so that ILS is the same as 2SLS.

A nice feature of ILS estimation is that the second stage encodes the relationship
between IV and outcome. Thus, if we reduce the dimension of the IV at the second
stage of the ILS regression, we remove not only those IVs that have no association
with the X, but also those do not affect Y through X. Again, all the redundancy is
defined using linear combination rather than coordinate-wisely. Similar to the first

stage envelope, the envelope method is applicable in the second stage ILS because
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there is no endogeneity between IV Z and errors (ex,ey).

Specifically, we apply predictor envelope at the second stage of ILS to obtain
the envelope &, (AT) as follows. We consider Condition 5.2.2 together with the
following conditions

Condition 5.2.3 cov(Y;, I3 Z; | TTZ,) =0,
Condition 5.2.4 cov(T"Z,,TTZ;) = 0.

Under Model (5.1), Condition 5.2.3 implies Condition 5.2.1. As a result, the pre-
dictor envelope imposed at the second stage is contained in that of the first stage,
ie., &,(A\T) C &s,(67). This means that by imposing the envelope at the sec-
ond stage of the ILS regression, we can potentially remove more redundancy in
the IVs as compared to that at the first stage, and thus achieves more accurate
and efficient estimation. The second stage envelope basis can be estimated by
solving similar objective function as (5.5): T' = argmin 4 cpe—q)xq —2log |GLG 4| +
log |GhS 7y Gal + log|GES,'Gal. Suppose I' € RF*4 is the basis of &, (A7),
and T is the basis of its orthogonal subspace, then ¥, = TAI'T + ®;A 7, and
AT = TI'n. Consequently, we obtain Xgnd’em = YTZf(fTZTZf)*lfT and Bgnd7env =
/XQndyenvizsg‘SLS(SQSLS/X\]ZZSE—’SLS)il, where iz = 7ZT7Z/n and S\QSLS =XTz(z%72)-L.
Comparing with 2SLS, second stage envelope estimator changes the method of esti-
mating .

We first consider the asymptotic behavior of second stage envelope with joint
normality of (Y, X, 7). The following proposition shows that \/ﬁ{vec(@ndvem) -

vec(f)} converges to a normal random vector and gives its asymptotic variance.

Proposition 5.2.3 Under Model (5.1), and suppose Assumptions 5.1.1-5.1.3 hold.
Assume that (Y;, Z;) are independent and identically distributed with a normal dis-
tribution and assume the envelope dimension w is known. Then \/ﬁ{vec(gznd,em}) —
vec(B)} converges to a normal random vector with mean 0 and variance Vapd eny =
Vandenor + Veost in distribution, where Vapgenor = (05207) LTATT6T (62 267) ! @
Yoy + (0X70T) 1T AT T (62 20T) 1 @ B BT, Viost = (05207) 16X 7(BT BT —
AT AT 26T (6% 20T)7, A = BY. BT + BYcy ey B =%, + ey e 8L, and T =
{(Z3m@ TS5 ,m @ Qo+ Q@ Q' + Q71 @ Qp — 2Ly {025, @ TF )

The asymptotic variance of second stage envelope consists of two parts: the first
part Vopgenor is the asymptotic variance given the envelope basis which will be

derived in Proposition 5.2.4; the second part is the cost of estimating envelope.
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Suppose we now have the basis I". Proposition 5.2.4 gives the asymptotic behav-

ior of Bang.eny given the basis I'.

Proposition 5.2.4 Under Model (5.1), and suppose Assumptions 5.1.1-5.1.3 hold,
and further assume semi-orthogonal basis ® of Es,(A) is known. Suppose (e ,e1.)",
1 =1,...,n, are i.i.d. with finite variance. Then \/ﬁ(ﬁznd,m — ) converges in
distribution to a normal distribution with mean 0 and variance Vopgenyr, where
Vondenor = (08287 )LOTATT 6T (68 707) 1@, + (02207 ) 1T o AT 6T (62 207) '@
B 5.

Corollary 5.2.1 Under the conditions in Proposition 5.2.4,
Vasrs — Vandenvr = (05207) 7 HToATT 6T (0X207) 7 @ (Z., — B 8T). Further-
more, Vosrs — Vandenor > 0 if and only if 3., — BZQXBT > (.

Corollary 5.2.1 provides the formula of the efficiency gain of the second stage
envelope estimator as compared with the standard 2SLS estimator. Such a differ-
ence in asymptotic variance is semi-positive definite when the effect S = cov(ey,) —
cov(PBex,) > 0, so the second stage envelope estimator is asymptotically more effi-
cient or as efficient as the standard IV estimator when this condition holds. The
scale parameter § will be called as effect size in this article.

In reality, the regression of Y and X is fixed based on what effect we are interested
in. When all the IVs contain little information to explain X, ex can be large. If
we have some informative IVs, ex = X — E(X|Z) is relatively small compared with
non-informative IVs. Note that cov(fex) is the scaled unexplained term of X by Z.
When IVs are informative, cov(ey) — cov(Sex) > 0 is more likely to hold.

Whether S > 0 holds or not is crucial for us to decide whether second stage
envelope method is useful or not. We have two approach to test S > 0. The
first one is bootstrap. We can conduct a confidence interval based on estimated
S from bootstrap and therefore decide whether S > 0 or not. Another approach
is to calculate the asymptotic variance of S and derive a confidence interval based
on the fact that S is asymptotic normal when n is large. The asymptotic vari-
ance is obtained by delta method. Note that S is a function of t, where ¢ =
(vech(Sy)7, vec(EA]Xy)T, ’U@C(izy)T, Uec(EA]ZX)T, vech(32)T)T, and var (%) is part in
var(vee(3¢)) = B(YX", C;CT @ C,C;) /n2—vec(Se)vec(Se)T /n, where Cy is (YT, XT, ZT).

As a result, delta method gives the asymptotic variance of S.

Corollary 5.2.2 Under the conditions in Proposition 5.2.4, when Es, (A1) =Es,(67),
we have
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avar{/nvec(Basrs)} = avar{y/nvec(Band.ens)}. Especially, when p = dim(X) = 1,
we have Es,(A\T) = Es,(67).

When &y, (AT) = Es,(67), we only reduce the dimension of §, the effect of exposure
X on the IVs Z. For instance, when p = dim(X) = 1, there is no redundant
dimension in 3. Thus, second stage envelope method does not reduce the dimension
of the target 5 and there is no asymptotic efficiency gain.

Similar to first stage envelope, Proposition 5.2.3 and 5.2.4 also requires that
the true envelope dimension is known. We adapt the same way in Section 5.2.1 to

estimate the dimension of second stage envelope.

5.3 Simulations

We investigate the sample bias, variance and MSE of 2SLS, the first stage envelope
and second stage envelope estimators in two different scenarios: 1) large sample size
with a positive effect; 2) moderate sample size with a negative effect size. Also,
we only use partial significant IVs for the two envelope methods to show that it is

important to utilize all available IVs instead of searching for more IVs.

5.3.1 Scenario 1

Under Model (5.1), we generate a sample of size n = 4000. Set r =1, p =2, k = 5,
B =(0.5,0.5) and 6 = I'", where T" is the first two columns of a randomly generated
orthonormal matrix (I',T) € R***. Suppose we have k available IV and k' = 10
invisible IV. For the i individual, we generate the available IV, Z;, from N(0,X),
where X7 = TATT + ToA T, A = ((3,2)7,(2,3)T) and Ay = 0.313. The invisible
IV Zivisivie,i are generated from standard &’ dimension normal distribution. Then,
we generate the errors (ex,ey) following N (0, ((1,0,4)%,(0,16,16)7, (4,16, 33)")T).
Set X = 07 + 0' Zinvisivie + €x and Y = BX + ey, where &' € RP** consisting of
randomly generated U(0, 1). Under this setting, the dimensions of first and second
stage envelope are 2 and 1 respectively. Also, the envelope basis is I'isteny = I’
and Iopgeny = T'(1/ V2,1/v/2)T. We apply 2SLS, first stage envelope and second
stage envelope using partial IVs with dimensions are estimated using 50 bootstrap
samples. We also compare the performance of 2SLS using all the IVs with estimators
using only partial IVs. The simulations are repeated 1000 times. The bootstrap
method correctly selects the dimension of the first and second stage envelope 100%

and 99.8% among 1000 repetitions.
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‘ Full, 2SLS 2SLS 1st, env 2nd, env
Bias 1.25 0.27 0.19 0.22
tr(Var) 26.53 40.48  40.83 13.83
MSE 28.07 40.51  40.82 13.87

Table 5.1: Large sample with positive effect. (Bias is defined as ||E(B - A)ll2-)

We conduct bootstrap with 300 repetitions to give a 95% confidence interval of
S = cov(ey)—cov(fBex) to test whether second stage envelope can potentially reduce
the variance or not. There are 100% tests in 1000 repetitions choosing the correct
hypothesis that second stage efficiency condition holds. The empirical variances of
S calculated by bootstrap, delta method and repetition are 10.01, 10.16 and 10.10
with true S being 17.25.

The boxplots of 2SLS with all the IVs, 2SLS, first stage envelope and second
stage envelope estimators are given in Figure 5.1. In this scenario, the sample size
is relatively large, so by Proposition 5.2.4, we expect the reduction in the bias of
the first stage envelope estimator is not a leading part in the MSE and second
stage envelope estimator can reduce the variance of 2SLS. From Table 5.1, first
stage envelope estimator reduces the bias, but because variance is the leading term,
it does not improve the MSE of 2SLS. While second stage envelope significantly
reduce the variance and thus achieve efficiency gain in MSE. Note that second stage
envelope with available IVs can be better than 2SLS with all the IVs in terms of
MSE, it is important to use the material linear combinations of IVs via second stage
envelope instead of searching for all possible IVs.

This result shows that for large sample, if condition cov(ey) — cov(fex) > 0
in Corollary 5.2.1 holds that is if error in the predictor is relatively small compare
with error in the response (transformed though g to ensure they are under the same
unit), second stage envelope method can significantly reduce the variance compare
with 2SLS. Also, because variance plays an important role in MSE for large sample,

second stage envelope can potentially reduce MSE.

5.3.2 Scenario 2

In scenario 2, we examine the performance of envelope estimators when the sample
size is moderate and the effect is negative. We change the setting of scenario 1.
Set n = 300, k = 15, ¥ = 15, 8 = (1,1)T and variance of errors (cx,ey) to
be N(0,((7,0,=7)T,(0,7,7)T, (=7,7,15)T)T). We carry out 1000 repetitions. The
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n(B-p)

m(B-p)

a

i ks

2SLS  2SLS 1stenv2nd.env 2SLS 2SLS f1stenv2ndenv

(a) First coordinate (b) Second coordinate

Figure 5.1: Large sample: Boxplots of \/ﬁ(a — () for the 2SLS with all the IVs,
2SLS, the first stage envelope and the second stage envelope estimators with positive
effect. (Boxplot of 2SLS with all the IVs is ploted in gray.)

‘ Full, 2SLS 2SLS 1st, env 2nd, env
Bias 5.78 5.48 0.61 2.91
tr(Var) 3.86 8.39 12.01 21.86
MSE 37.30 3842  12.38 30.32

Table 5.2: Moderate sample with negative effect. (Bias is defined as |E(8 — 3)]|2.)

¢*> method selects correct first stage envelope dimension in 81.3% repetitions and
correct second stage envelope dimension in 99.9% repetitions.

We conduct bootstrap with 300 repetitions to give a 95% confidence interval of
S = cov(ey)—cov(fex) to test whether second stage envelope can potentially reduce
the variance or not. All tests in 1000 repetitions choosing the correct hypothesis
that second stage efficiency condition fails. The empirical variances of S calculated
by bootstrap, delta method and repetition are 20.62, 31.50 and 24.88 with true S
being —1.

The boxplots of 2SLS with all the IVs, 25LS, first stage envelope and second
stage envelope estimators are given in Figure 5.2. In this scenario, the sample
size is moderate, we expect the reduction in the bias of the first stage envelope
estimator can be significant in MSE. From Table 5.2, first stage envelope estimator
significantly reduces the bias and enlarge the variance in the same time. The trade
off improves the performance of 2SLS in terms of MSE. Because the effect is negative,
second stage envelope estimator has a larger variance comparing with 2SLS. Second
stage envelope estimator uses fewer dimension of feature space, thus the bias is also

reduced.
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2SLS 2SLS 1stenv 2nd,env 2SLS 2SLS 1stenv 2nd.env

(a) First coordinate (b) Second coordinate

Figure 5.2: Moderate sample: Boxplots of ﬁ(é — [) for the 2SLS with all the
IVs, 2SLS, the first stage envelope and the second stage envelope estimators with
positive effect. (Boxplot of 2SLS with all the IVs is ploted in gray.)

5.4 Real Data

Wisconsin Longitudinal Study (WLS) (Herd et al., 2014) is a longitudinal survey of
a random sample of men and women who graduated from Wisconsin high schools
in 1957. The survey data provides record of social background, schooling, family
formation and labor market experience of the respondents. The goal is to use the
WLS to replicate a well-studied question in labor economics, the effect of education,
measured in terms of years of schooling, on wages, measured in log units; see Card
(2001); Blundell et al. (2005); Card (1999) for reviews.

Specifically, in our analysis, we use the log of wage in 1974 as the outcome and
years of education as the treatment. Additionally, we studied the main effect of
education, and the interaction effect of education and sex as the exposures.

For instruments, we use college availability (a discrete variable with nine levels),
number of children in the family and the order of birth as IVs. College availability
measures how far did the individual live away from a college while growing up and
has been used in the past as an instrument for studying the return on education
(Card, 1993).

In this way, we have X € R?, Y € R!, and Z € R!°. At the same time, we
control for the following variables: sex, home population, dad and mom’s education,
parents income, size of the high school attend by the student, the type of high school,
parents income class compared in the neighborhood and father’s occupation.

We did a complete-case analysis on our dataset, that is, we removed any records
that contains at least one missing value. There are 4775 observations left after we
handled missing data.

Firstly, we compare OLS, 2SLS and LIML estimators. Their point estimates are
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shown in Table 5.3. Although the point estimates of OLS and 2SLS have the same
sign, their magnitude differs a lot. Also, the 2SLS estimator is close to the LIML
estimator which suggests the reliability of 2SLS in this case.

educ educ xsex

16 SE  t-stat 15} SE  t-stat
OLS | 0.075 0.006 11.90 |-0.017 0.006 -2.99
LIML | 0.141 0.065 2.17 |-0.323 0.142 -2.27
2SLS 0.131 0.062 2.11 |-0.298 0.127 -2.35

Ist,env | 0.137 0.053 2.49 | -0.324 0.123 -2.63

2nd,env | 0.134 0.030 4.47 | -0.306 0.068 -4.50

Table 5.3: The point estimates, standard error and t-stat for the effect of education
and its interactions on wage for OLS, LIML, OLS, and first and second stage enve-
lope methods

Next, we apply our proposed first and second stage envelope methods. Based
on bootstrap envelope dimension selection, the dimensions for the first and second
stage envelope are all 6, which reduce the dimensions by 3. The point estimate of
Basrs Bistens and Bangens are (0.131,—0.298), (0.137, —0.324), and (0.134, —0.306)
respectively for education, and the interaction effect of education and sex. The point
estimates are close for the three different methods. The estimated 95% confidence
interval of second stage efficiency condition in Corollary 5.2.1 calculated by 300
repetitions bootstrap is (0.592,0.762) which is above 0. This suggests our second
stage envelope has the potential for efficiency gains.

We then evaluate the standard deviations of //B\QSLS, Blst,erw and Bgnd’e,w using
bootstrap with 200 repetitions. The standard deviation for 2SLS, first and second
stage envelope is given in Table 5.3. The first stage envelope is roughly having the
same standard deviation as the OLS, and the second stage envelope have 50.7%
and 46.4% reduction on the three coordinates. In addition, we have the expected
errors being 1.03 (2SLS), 0.96 (first stage envelope) and 0.82 (second stage envelope)
through a 5-fold cross-validation. The expected errors drop from 1.02 to 0.98 as the

first stage envelope have a smaller bias as compare to the 2SLS.

5.5 Discussion

In this project, we generalized the envelope method to the setting with unmeasured

confounding. We explored two possible ways of imposing the envelope conditions.
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While the first stage envelope does not yield any asymptotic efficiency gain on the
standard IV estimator, the second stage envelope can achieve substantial efficiency
gain. An inspiring message we get is that the notion of redundant IV or weak IV
should not only be defined with regard to the relationship between X and Z, but
should also be whether IV affects Y through X.

Although the majority models we consider in this paper is linear models, our
methods can be extended to a more general model as we briefly explained in Section
5.2.2.

Throughout the paper, the coefficients are assumed fixed, that is, they do not
change with sample size. Another scenario that has been considered in the literature
of weak IVs is that the strength of IV decrease as the sample size increases. For
examples, Bekker (1994) developed asymptotic approximations of the bias when the
number of instruments k is proportional to the sample size n, 27 Z6T /(n — p) and
ekex/(n —p) fixed in Model (5.1). Staiger and Stock (1997) considered when k is
fixed, y/nd is constant. Our methods can potentially be extended to such a situation.

We leave the extension for future exploration.
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Appendix A

Appendix for Chapter 2

A.1 Proof of Propositions

Proof of Proposition 2.4.1

Let Bstdpbs, f)std,obs denote the maximizer of the observed data likelihood under
model (2.1). Let Bem,obs, 267“,,05,3 denote the maximizer of the observed data likeli-
hood assuming (i) and (ii) under model (2.1).

Similar as the notations in the manuscript, we omit the vectorization notations
here. Let V{ = avar(,éem,ob&ﬁ]em,obs) and V = avar(,éstd,obs, f]std,obs) denote the
asymptotic covariance matrices of the estimators for the EM envelope parameters
and the standard EM parameters. Also, let 8 = (n,T', €2, ) and 0 = (8, %) denote
the parameter under the envelope model and the standard model. Assume 6 and 0

satisfy the following condition A.1.1.

Condition A.1.1 L., is unimodal, i.e, the probability distribution has a single
mazimum, in the parameter space ® with only one point ¢o such that 0Q(@|d:) /0P| p=p, =
0, and that 0Q(|p:)/0¢ is continuous in ¢ and ¢,

Let {6,} and {6,} denote the EM sequences, i.c., the parameters sequences we
obtain from each EM iteration, of the envelope model and the standard model.
Under the regularity condition A.1.1 and by Corollary 1 of Wu (1983), the two EM
sequences{0,} and {ét} converge to their unique maximizer of L.,,. Hence, in order
to prove V., < Vg, it suffices to prove Vy < V. We can find function h such that

h(6) = (V@c(ﬁ)) _ ( vee(n' ) )
vech(X) vech(TQIT + Foﬂorg) '
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Oh(6)
267

Becaues of the over-parameterization of 8, the gradient matrix G = is not

of full rank. By Proposition 4.1 in Shapiro (1986), we have
Vo= G(GTV'G)'GT.
Hence,
V-Vi=V-GGV'G)IGT = Vi[I- V:G(GTVIG)IGTV 3] Vs.

Since I — V2 G(GTV~IG)'GTV 2 is the projection matrix onto the orthogonal

complement of span(V_%G), it is positive semi-definite. Hence, Vy < V.

Proof of Proposition 2.4.2

Since the EM envelope model is overparameterized, we only need to show the stan-
dard EM estimator using misspecified likelihood is /n-consistent and asymptotically
normal. Once we prove that, we can follow the same argument as in the proof of
Proposition 2.4.1, using Proposition 4.1 of Shapiro (1986), to prove that our method
has efficiency gain over the standard estimator.

We assume the regularity conditions in Condition A.1.1 hold, so that the EM
sequence éem,std converge to the observed data MLE éobwtd. Additionally, we assume
the following regularity conditions: the error £; and covariates X; has finite (4 + 4)-

th moment, lim inf, A\_{n~"'Var(s,(0))} > 0 and liminf,, A_{n"'M,,(0)} > 0, where

2
A_(A) denote the smallest eigenvalue of A, s,(0) = g_é’ M, (8) = _E{agaang}’

and [ is the log-likelihood when the error and covariates are normally distributed.
We aim to use Proposition 5.5 and Theorem 5.14 in Shao (2003) to prove con-
sistency and asymptotic normality of éob&std. Since we treat X; as normally dis-

A

tributed, the estimator @, 4 is obtained by maximizing the following misspecified
likelihood:

£6) =] [ [en 1= sl expl =53 - x8)7 = (v - x.8))

1 _
: exp{—i(xi - Hz)sz 1(Xi - u:r)}dxi,midei,mis-
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From Section A.2 and notations therein, we have

n 5 1 5
L(0) H S,B;=B7S7| 2 exp{—5(ows—SiBZ-[L)T(SZ-BZ-EB;fFSZ-T ) (Diobs—SiBift)}.

=1

By denoting S;B;fi = p; s and S;B;XBTST = %, ., we have
_1 _
L(e) X ‘Ei,obs| 2 exp{<Di,obs - I*l'i,obs)TELOlbs(Di,obs - /fl'i,obs)}-

The estimator éobs,std is the solution to the following generalized estimating equation
(GEE)

ol u ol -
907 = 2 = g7 = 2 (Diow,0) =0,
i=1 i=1

ol;
where [; is the misspecified log-likelihood of each observation, and 1;(D; ops, 0) = —.

Let vech(-) denote the half-vectorization operator. For example, vech(A) of
a symmetric n X n matrix A is the n(n + 1)/2 x 1 column vector obtained by
vectorizing only the lower triangular part of A. Let E, € R">*n(n+1)/2 1o the

expansion matrix such that vec(-) = E,vech(-) for a symmetric n xn matrix. Denote
aIJ’z obs al-'l’z obs 8vech(§]i obs) 8vech(2i obs)
My = Hidbs g, o Dot g SVSon) o VO R) g
LT TopT 0 TR T 98T 0 T T Tovech(m)T 0 987 o
Ovech(X; ops
5= m. Also, let k; denote the length of D; gs.

By matrix calculus, we have

ol )
a“{gz; = (Di,obs - Ni,obs)TEi,olbsMila
6l2 = _lvec(zil)TEk'M%—i_l(Di obs — obs)T®(Di obs — i obs)T<2‘71 ®E-71 )EkMzg)
Ovech(3,)T 2 i g\ ; ; : 3,005 %5 obs ) Lk )
all = _lveC(E_I)TEk'MB'f_l(Di obs — i obs)T®(Di obs — i obs)T(E-_l ®E<_1 )EkMz?,
aVGCh(E)T 2 ¢ 2 ’ ’ ) ) i,0bs i,0bs i )
Il _ ol; Ovech(X; ops) Ol O obs
0BT Ovech(Z; )T 0BT our,,, 0BT

1 _ 1 _ _
= —§V€C(2 l)TEkiMiAL + i(Di,obs - Mi,obs)T @ (Djobs — ,U'i,obs)T(Ei’;bs X EZ';(,S)EI@’Z-MM

+ (Di,obs - l'l’i,obs)TE‘il Mz’2‘7

i,0bs
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and

T
opl” dvech(X,)T dvech(X)T” 8BT)
Since E(D; obs) = Miobs, and Var(D; ops) = X; ops, We have

¢i(Di,Ob87 0) = (

E{(Di,obs - Ni,obs)T ® (Di,obs - Ni,obs)T<2;01bs & Eij()lbs)} == V€C<271>T.

Hence, E{¢;(D; s, 600)} = 0 where the subscript 0 indicates the true parameter
value.

In order to use Proposition 5.5 in Shao (2003) to prove consistency, we need
to show the conditions in Lemma 5.3 in Shao (2003) hold for any compact subset
of the parameter space. That is, for any ¢ > 0 and sequence {D; s }32, satisfying
|Di obs|| < ¢, the sequence of functions 1;(D; s, @) is equicontinuous on any compact

set of the parameter space.
O
00

is continuous in @ and D, . Hence, when the parameter space © is compact

By taking derivative for 1;(D; s, 0) with respect to 6, we will see that

and ||D; sl < ¢, % is uniformly bounded. Therefore, 1;(D; s, 0) is equicon-
tinuous. Moreover, since both g; and X; have finite (4 4+ J)-th moment, we have
E{supgco ||¥i(Di.obs, 0)||}> < 00, and E||D; gps|]| < 0o. The conditions in Lemma 5.3
in Shao (2003) holds.

By referring to Proposition 5.5 in Shao (2003), we also need to prove that

R
nh—{{olo E ; E{wi(Di,obm 0)} =0

implies @ = 6. For each i, the missing pattern can be arbitrary. Hence

7111_)1{.10 Yo E{¢i(D;ops, 0)}/n = 0 implies nh_)rgo Yo E{i(Y;,X;,0)}/n = 0, where
(Y4, X, 0) is the score for the full data. Hence nh_)rgo S E{yi(Y:,X;,0)} /n =
E{v;(Y;,X;,0)} = 0 implies @ = 6. Since the observed data MLE Oops ota iS always
O(1), by Proposition 5.5 in Shao (2003), Oups ota = Op.

Then, we prove asymptotic normality of éem,std using Theorem 5.14 in Shao
(2003). Since D, s has finite (4 + J)-th moment, sup;, ||1/11-(D2-70b$,9)|\2+g < 0.
Then, if conditions liminf, A\_{n~'Var(s,(0))} > 0 and liminf, A_{n"'M,(8)} > 0
holds, we have

V1 (Bans sta — B0) 5 N(0, V).

Since the regularity conditions in Wu (1983) hold, we have 0. std — Oops ora. There-
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fore,

V1 (O _sta — 60) 5 N(0, V).

We proved the y/n-consistency and asymptotical normality of éem,std- Because the

envelope model is overparameterized, by Proposition 4.1 of Shapiro (1986),

\/ﬁ(éem,erw - 00) _d> N(O, Vo)

A.2 The derivations of examples

In the following example, we show that if (X7, Y7)T follows a normal distribution,
then (Y7, X7

T obsr X ops) | follows a closed form distribution.

Example A.2.1 Suppose the predictors and responses are normally distributed as

Y,|X; "~ N(BX;, 2) and X; ~ N(py, B2). Then, (Y0 Xy,

i,0bs?

) independently
follows a normal distribution N(p!, X7), where the explicit form of the parameter
i =SBt and X = S;B,XBTST where B;, S;, i and X are given below.

Derivation of Example A.2.1. Note that Y;|X; i N(BX;,¥) and X; i

N(ptg, 3,); hence, (X7, YT S N(1, %), where i = (u7, p787)T, and ¥ =
. .0
gy, ¥+48"%,8
a square matrix that has exactly one entry of 1 in each row and each column
Yr, XT YD )T = By(XT, YHT; thus,

1,0bs7 “Ni,mis) T i,mis

. Also, there exists a unique permutation matrix B;, i.e.,

and Os everywhere, such that (X7

i,0bs)

(X7, YT XT YT )T independently follows N (B;fi, B;-B!). Therefore,
by the property of normal distribution, (X7, Y{,,)" ~ N(S:Bif, S,B,XB7ST),

where S; = (Iki Okix(l_ki)>, O.xp 18 a matrix of size a x b with all elements being
0, k; is the total length of (X7, Y/ ,,)", and [ is the total length of (X", YT)".
Hence, p; = S;B;fi, and X = S;B,XB’ST

The updates of the parameters B and X have been discussed above. Here, we

present two examples focusing on the calculation of A;; and p.
Example A.2.2 Under model (2.1) and assume X; S Ny(pz, 25). Then, the up-
date of parameters are puy 11 = E(X;| Dy obs; O1)/n and ;11 = { Az —2E(X;|D; obs; O1) pa i1 }/n+

Patr1bhy i1 The proof and the calculation of A, is shown below.

Example A.2.3 Under model (2.1), assume p =1 and X; S Ber(w). The update
of parameter is mq = Y . Tit/n. The form of 7y and the formula of A;, are

given below.
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The above examples both benefit from having a closed form distribution of D ;5| D ops
and closed form representations of the elements in A,;;. Even if there is no closed
form representations for those matrices, as long as we know the likelihood of the
predictors, we can always use methods like the Metropolis-Hastings algorithm to

obtain numerical approximations of those matrices.

Derivation of Example A.2.2

The likelihood function of X can be written as

n

n 1 _
l(p|X) - C, - 5 log |Ea:| - 5 Z(Xz - Pl'a:)zml(xz - /fo)Ta

=1

where C" = —(nplog2m)/2. Thus,

E{l<p|x) |Di,obs; Ot}

1
= (O — glog 2] = 5 > [ {E B %i|Diobs 0)} + 205 B(x] Dy ohs; 0) — 3, "]
i=1
1
= C'— glog (o] = S{tr(3 Agy) + 23 Ay — np 3},
where Ay = E(X;|0;, D; ,5) denote the conditional expectation of X; given D; gps.
Let pri1 = (Mes1, Xyp1). By Lemma A.3.1, we have pyyq = Azt/n, and X, 41 =
(Agy — 2A4 1 pe1) /0 + pl s
Then, we calculate Aj;, Agy, Ass. Since X; and Y;|X; are normaly distributed,
following a similar derivation as in the Example A.2.1, given 8, (X7, YT)T also

follows a normal distribution with mean (u?,, uI',87')" and covariance matrix

Z"’] o Ea:,t Eac,t/at
t T T :
/815 E:c,t Et + Bt Ea:,tﬁt

For simplicity, for the derivation of the parameter updates below, we only focus on
the t'* step, and thus omit all the subscript ¢ for the parameter updates. For differ-

ent individuals, missing value occurs at different locations, so we rearrange X;, Y;

to separate missing variables from the observed variables. Write (D7 mis Dfobs) =

Bi(X7,Y])", where B; is a permutation matrix. Thus, (D], ., D] ,,)" indepen-
TR R T T T

dently follows N{(p;;, pis)", ST S, }, where (Nz’,b#i,Q) = Bi(py, pu 877,
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DITAD IP
Y035 (Diobs — Miz), i — TpX3' XL}, Therefore,

DIVINDIF - .
and ( ! 2) = BZEBZ-T. Hence, D; 1is|Diobs independently follows N{p;1 +

E(D; mis|Diobs; 8) = i1 + 2@'22;31(Di,obs — Wi2),

E(Di,misDZobs‘Di,obs; 0) = E(Di,mis|Di,obs; B)Dzobs = {Ni,l‘i‘zwzél(Di,obs—llaz‘g)}DZobsa

and

E (Di,misDZmis ‘ Di,obs ) 0)

= E(Di,mis|Di,obs; O)E(Di,mis|Di,abs; 0>T + Var<Di,mis|Di,obs; 0)
= M1+ 212{2;31(]3@0&)3 — Mi2) H i + 21’22;31<Di,obs - ,u,m)}T + 3 — 21‘22;3122-

Then, we can obtain A;;, A;s and A;3 through

E(X;XTID; ops; E(X;YFD; ops:
E{(eraY;)T<X?:Y?)’Di,obs;0}:( ( 1 z| 1,0178)0) ( 7 z’ z,obsaZi)

E(YiXﬂDi,obs;e) E<YiYiT’Di,obs;

_ Ai3 AZE :BT E(Di,misDZmis‘Di,obs;e) E(Di,miSDZobs‘Di,obs;9>
A Ay ' E(Di,obsDT ’Di,obs;e) E(Di,obsDT ’Di,obs;e)

1,Mm1S

i
i,0bs

The last equation holds because for a permutation matrix B,;, we have B 1 =
B;TF. After obtaining A;;, A and A;3, we can obtain A;, Ay and Ajs through a

summation over ¢.

Proof of Example A.2.3

Let B; s denote the submatrix of 8 with the rows corresponds to the observed
responses Y, .ps. Let 3; o5 denote the submatrix of 3 with the elements corre-
sponds to the covariance of Y, 5. Let €; 055 denote the random error corresponds
to Y, ops- Hence, we have Y, ops = B 00sXi + €i.0bs Where €; o5 independently follows
N(0,3; ops)-
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First, we derive the distribution of X;|Y; s given 6 = ;.

f(xib’i,obs; 9t)
8 f(xza y’i,obs; 0t>

1 1 B N .
= 1 exp{__(yi,obs - inBi,obs,t)Ei,(}bs,t<yi,obs - -ri/gi,obs,t)T}7r 1(1 - 71')1 ‘

P 2
(271-) 2 ‘Ez?,obs,tl
1 T\
X exp _éxiﬁi,obst zobs tle obs t‘r +Yi, obs 23 zobs tlgz obs tx (1 — 7T)

-1 T —1 T
. |:7T eXp{IB@ObS,tEi,obs,tyi,obs - /BiﬂobS,tEi,obs,tﬁi,obs,t/2}] Ti
a 1—m '

The last equation holds because for a Bernoulli variable, we have z? = x;. Then,
Tqt

Xi|(Yiobs = Yiobs) follows a Bernoulli distribution with parameter ————,
1— Tt + Q¢

where

qr = eXp{/BiﬁbSvtEi_,(}bs,tyg:obs /6Z obs tzz obs,t i,obs,t/Q}'
The likelihood function of X can be written as

l(p|x) = szlogﬂ—i— n—ZxZ )log(1 — 7).

Hence,

E{l(p|X)[Di obs; 01}

Z E(Xi|Di,obs; 0;)logm + {n — Z E<Xi’Di,obs; 0;)} log(1 — ).

i=1 =1
For an individual 4, if X; is observed, E(X;|D;ows) = Xi, and E(X;|Djps) =

1-Ry,
— T if otherwise. Denote = L G XiRXi, we have E{I(p|X)|D; obs; 0:} =
1 —m + maq L —m + maq

Yo Tidlogm 4+ (n— > miy)log(l — ).

By taking derivative with regard to m, we get the update of parameter w1 =
Z?:l Tit/1

For simplicity, we again omit the subscript ¢ in the following derivation. Next,
we calculate the conditional covariance matrices A1, Ay, A3. For an individual i, if
x; is not missing, A;1, A;s and A;3 can be computed trivially. Hence, we only need to

demonstrate the case when x; is missing. There exist a permutation matrix B;, such
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that (Y7, Y7,

i,mis’ ~ i,0bs

3L X
where 31 = Var(Y; mis), iz = Cov( Y mis, Yimis), and 3;3 = Var(Y; ops).
E(Y?msti,mis|Yi,obs; 0) E( 7 mz5|YZ obss )yi,obs

' yz obsE(Yz,mis ‘yz obs) 0) yi,obSYz obs
need to compute E(Y Y i mis|Yiobs; @) and ]E(YT |Viobs; @). Since E(Y], mis| Yisobs; 0) =

{ﬁo,mis +ﬁ1/62,mzs + (yz,obs /BO,Obs - ﬁiﬁi,obs) i31 Eg}Tv and ]E(Y;Tmsti,mis ‘yl,obsu 0) =
21‘1 — 21222_3123; + E(yg:mis|Yi,obSa O)E(yi,mis|Yi,obs; 0), Ail can be obtained.

To calculate A;s, by the law of total expectation, we have

DI >
)T = B;Y;. Then, Var(y}, .., ¥iows)' = B:EB! = ( ! 2),

Because A;; = B;, we only

Ap = ]E(YiXi|Di,obs§ 0)
= E{E(Y:Xi|Xs,¥iobs; 0)|Yions; 0}
= BTE[]E{( i,mis> zobs) | Xi, Yisobs; 03 X[ Yions; 6]
= BIE[{BimisXi + (Yiobs Xi — ZiaXiz' Bi.ovsXi), Yiiobs Xi } |Yi.obs; 0]
= BI{BimisTi + FiobsTi — Zi2Xi5' BiobsTi); VisobsTi} - -
Since X;|yiobs follows Bernoulli distribution with parameter 7;, we have A;3 =

7;. After obtaining A;;, A, and A;3, we can obtain A;, Ay and Az through a

summation over ¢.

A.3 Lemma and algorithms

Review of Lemma 4.3 in Cook et al. (2010)

Lemma A.3.1 Let % denote the set of all positive semi-definite matrices in R™"
having the same column dimension k, 0 < k < r, and let P be the projection onto
the common column space. Let U be a matriz in R™" and let [(B) = —ndety(B) —
tr(UBTUT). Then, the optimizer of I(B) over & is the matriz n~"PUTUP, and
the mazimum value of [(B) is nklogn — nk — ndeto(PUTUP).

The 1-D algorithm

Cook and Zhang (2016) proposed the 1-D algorithm to calculate the envelope esti-

mates. We review it as follows:
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Algorithm 3: The 1-D algorithm
1. Initialization: gy = Gg = 0;
2. For k=0,1,...,u—1,
(a) Let Gy, = (g1, ..., &) if £ > 1 and let (Gy, Gox) be an orthogonal basis
for R".
(b) Define the stepwise objective function
Di(w) = log(w!Myw) + log{w? (My + Uy)'w},
where M = GE (A1, — Ay AS ;AT )Gor, Uy = Gl A3, AL AT G, and
weR*
(c) Solve w1 = arg min,, Dy(w) subject to a length constraint w’w = 1.
(d) Define ggi1 = GorWg1 to be the unit length (k + 1)th stepwise
direction.

The EM envelope algorithm

We summarize the EM envelope algorithm as follows, where § can be chosen de-

pending on the accuracy to achieve.

Algorithm 4: The EM envelope algorithm

for k=1, 2, ..., udo

Initialization: t = O, 20 = Iq, /80 = O, 00 = (2170, 2270, Mo, Fo, po),
po = (Pop.> Pos.), Pou, = 0, pos, =1, Ag = o0.

while A; > ¢ do

1. Calculate Al,t - Z?:l Ail,ta A27t == Z?:l A.Z‘27t7 A37t = Z?:l Ai3,t
based on 6;

2. Using Algorithm 3 to calculate I';, then
Y101 =Pr, (A — Az,tAgi%Ag,t)Prt/n;

3. Update: pyy1 = argmaxpern E[log{ f.(x;|p) }Dobs; 0:],
Bii1 = PELHIAQ,tA?:iy i1 =211+ Qr, A1 Qr, /1

4. Set Apy1 = ||Big1 — Bell1, Ovi1 = (Bia1, Big1, Pra1), Lt + 1

end
BICuqr = —2Q(0,/6,) +2H(6,|6,) + pulogn, By = Bi1
end
Select k£ which minimize BICyq . Corresponding By, is the EM envelope
estimator.

A.4 Additional tables and figure in Sections
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Table A.1: Summary of MSE when 2y = 10001,

Min. 1st Quartile Median  Mean  3rd Quartile  Max.

Bemenw  1.64e-05 3.58e-05 4.44e-05 1.03e-03 5.70e-05 8.66e-02

Becenv  3.80e-05 1.04e-04 2.00e-04 0.21 0.32 1.96
Bfullﬂw 3.90e-06 8.30e-06 1.02e-05  3.05e-02 1.23e-05 2.59
Bem sta  2.37e-02 4.41e-02 5.34e-02  5.47e-02 6.38e-02 0.12
Becsta 0.15 0.54 0.69 0.73 0.87 1.85
Bfu”fstd 1.99e-02 4.32e-02 5.23e-02  5.40e-02 6.23e-02 0.13

Table A.2: Summary of MSE when € = 101,

Min. 1st Quartile Median  Mean  3rd Quartile  Max.

Bomens 454005  9.08e-05  1.06e-04 1.36e-04  1.25e-04  1.05¢-03
Becoms 2.16e-04  4.95¢-04  6.16e-04 1.69e-03  9.42e-04  2.02e-02
Bruens 3.28¢-05  7.32e-05  858e-05 9.36e-05  9.97e-05  1.10e-03
Bemsta 217e-04 452004 542004 5.620-04  6.49e-04  1.34e-03
Beesa 1.49¢-03  5.40e-03  6.81e-03 7.32¢-03  8.80e-03  2.35¢-02
Brursa 2.00e-04  4.33¢-04  5.24e-04 5.40e-04  6.23¢-04  1.28¢-03

Table A.3: Summary of MSE under different distributions for €;

error method Min. 1st Quartile Median Mean  3rd Quartile Max.

Bem_env  3.50e-04 8.94e-04 1.23e-03 1.31e-03 1.59e-03 4.44e-03

s Bem sta  2.13e-03 5.84e-03 7.67e-03 8.24e-03 9.99e-03 3.83e-02
Uniform ﬁAemfem 2.13e-05 6.40e-05 8.42e-05 8.90e-05 1.07e-04 3.21e-04
Bem.sta 1.22e-04 3.21e-04 4.16e-04 4.37e-04 5.30e-04 1.27e-03
Bem-env  2.89e-04 1.10e-03 1.45e-03  1.54e-03 1.90e-03 4.24e-03

Laplace o

Bem.sta  1.81e-03 7.33e-03 9.48e-03  1.02e-02 1.25e-02 2.63 e-02
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Table A.4: The point estimates, bootstrap standard errors, confidence intervals and
p-values for the difference among patients with and without ESRD on biomarkers
adjusted for the established biomarkers

Our Method

Standard EM

=~

=~

Jé; SE  25% 97.5% p-value| @ SE  25% 97.5% p-value
log(Urine albumin) | -0.05 0.03 -0.12  3e-3 0.12 | -0.09 0.05 -0.18 4e-3 0.06
Urine creatinine -2.68 1.68 -5.97 0.55 0.11 -2.53  1.67 -5.79 0.70 0.13
log(HS_CRP) -0.04 0.02 -0.07 -2e-3 0.05 -0.12  0.07 -0.28 0.02 0.10
log(BNP) 0.14 0.03 0.09 020 <0.01]| 036 0.07 022 049 <0.01
CXCL12 98.22 31.41 3897 160.83 < 0.01 |99.34 31.35 3843 15859 < 0.01
Scaled FETUIN_A | -0.85 0.64 -2.10  0.37 0.18 |-0.85 0.63 -2.11 0.36 0.18
Fractalkine 0.05 8e-3 0.04 0.06 <0.01 | 0.09 0.02 0.05 0.13 <0.01
MPO 24.28 16.27 -7.13  59.23 0.14 22.32 16.81 -9.90 58.22 0.18
log(NGAL) -0.01  0.03 -0.07 0.04 0.69 0.18 0.07 006 031 <0.01
Fibrinogen 0.05 0.02 0.02 0.09 <001 ] 028 0.06 0.15 0.40 < 0.01
Troponini 4e-3  2e-3  3e4 Se-3 0.06 oe-3 2e-3 leA4 9e-3 0.04
log(Urine calcium) | -3e-3  0.02 -0.04  0.03 0.88 | -0.03 0.06 -0.15 0.09 0.60
Urine sodium -1.41  1.63 -4.58 1.89 0.39 -1.33 1.62 -4.49 1.86 0.41
Urine potassium 0.25 061 -096 1.46 0.68 0.18 0.60 -1.03 1.39 0.76
Urine phosphate | -0.36 0.93 -2.14 149 0.70 | -0.28 0.92 -2.05 1.51 0.76
TNTHS 10.07 164 689 1330 <0.01 ] 993 159 683 13.12 <0.01
log(Aldosterone) | 0.06 0.02 0.02 0.09 <0.01 | 004 004 -004 0.13 0.31
C-peptide -0.10 0.04 -0.17 -0.03 <0.01 | 0.21 0.12 -0.02 0.44 0.08
Insulin -2.12 125 -4.58  0.38 0.09 -2.08 1.25 -452 040 0.10
TOTAL PTH 2729 481 1843 3726 <0.01 |27.16 4.78 1831 36.96 <0.01
CO, -0.04 0.05 -0.14 0.06 0.47 -0.24  0.18 -0.58 0.12 0.18
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Table A.5: The point estimates, bootstrap standard errors, confidence intervals and
p-values for the difference among patients with and without ESRD on biomarkers
unadjusted for the established biomarkers

Our Method

Standard EM

8 SE  25% 97.5% p-value 8 SE  25% 97.5% p-value
log(Urine albumin) 0.56 0.06 0.44 0.68 <0.01 | 254 0.08 2.38 269 <0.01
Urine creatinine -11.98 133 -14.79 -930 <0.01 | -11.88 1.33 -14.69 -9.29 <0.01
log(HS_CRP) 0.02 0.04 -0.04 0.11 0.54 -0.02  0.06 -0.12 0.10 0.76
log(BNP) 0.45 0.04 0.38 0.54 <0.01 | 0.49 0.06 0.38 0.61 <0.01
CXCL12 266.41 27.17 21250 318.62 < 0.01 | 265.34 27.12 210.83 316.36 < 0.01
Scaled FETUIN_A -0.69 051 -1.75 0.26 0.17 -0.72 051  -1.77 0.23 0.16
Fractalkine 0.16 0.01 0.14 0.18 <0.01 | 0.22 0.02 0.19 026 <0.01
MPO 43.04 1699 11.20 78.69 0.01 43.07 16.95 11.28 78.69 0.01
log(NGAL) 0.30 0.06 0.14 0.38 <0.01 | 0.83 0.06 0.73 095 <0.01
Fibrinogen 0.29 0.04 0.23 039 <0.01 | 0.76 0.05 0.65 0.88 < 0.01
Troponini 0.01 2e-3 3e-3 0.01 <0.01 | 8e-3 3e-3 2e-3 0.01 <o0.01
log(Urine calcium) -0.41 0.03 -047 -036 <0.01 | -0.58 0.045 -0.67 -048 < 0.01
Urine sodium -7.51 133 -9.82 -482 <001 | -749 132 -9.78 -479 <0.01
Urine potassium -3.40 050 -440 -244 <0.01 | -3.33 0.4 -4.32 -237 <0.01
Urine phosphate -433 074 577 -281 <001 | -434 073 -579 -287 <0.01
TNTHS 2022 1.64 17.19 2358 <0.01 | 20.12 1.63 17.12 2348 <0.01
log(Aldosterone) 0.08 0.02 0.04 0.13 <0.01]| 014 0.03 0.08 021 <001
C-peptide 037 006 024 049 <0.01 ] 064 010 045 0.84 <0.01
Insulin 1.31 1.05  -0.74 3.37 0.21 1.27 1.05  -0.79 3.34 0.23
TOTAL PTH 5448 4.68 46.19 6422 <0.01 | 5442 4.69 46.11 6422 <0.01
CO, -099 019 -117 -080 <001 | -141 015 -169 -1.11 <0.01
log(24-hour urine protein) | 0.44  0.04  0.36 053 <0.01]| 206 0.06 194 219 <001
EGFR -13.07 047 -13.98 -12.13 < 0.01 | -1295 047 -13.88 -12.00 <0.01
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Figure A.1: Histograms of the MSEs of the EM envelope estimator, the complete
case (CC) envelope estimator, the full data envelope estimator, the standard EM
estimator, the standard complete case (CC) estimator and the full data MLE when

Q = 10001,
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Figure A.2: Histograms of the MSEs of the EM envelope estimator, the complete
case (CC) envelope estimator, the full data envelope estimator, the standard EM
estimator, the standard complete case (CC) estimator and the full data MLE when
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Appendix B

Appendix for Chapter 3

B.1 Proof of Propositions

B.1.1 Proof of Proposition 3.2.1

Under model (3.3),

Let
[ I, 1. I |
, " ) -1, 0 0
r=— || Ty=——=| 0 -IL 0
VIl VI .
I, '
| 0 o0 =

Notice that, TTY; = (eX — e%,.... L — eX)T, and I7Y; = VJ(a + BX; + &),
where €; = b; + Z}]=1 g;;/J. We have f‘OT?z A X, and

Cov(TYY;, TTY;) = Cov(Jel, (e}, — ek, ..., e —el)T) =0,

which indicates fgi A f‘T?Z\XZ Hence, Conditions 3.1.1 and 3.1.2 are satisfied
with (f,f‘o). The envelope must be contained in Span(f), ie., u < r. Hence
we proved Corollary 3.2.1. We can further find a semi-orthogonal matrix ® with
maximum dimension such that ‘I>gI~‘TYZ~ 1L (®TTTY,,X;). Thus, by definition,
I'® =1, ® ® is the basis matrix for & (B).
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B.1.2 Proof of Proposition 3.3.1

Under model (1), it is easy to verify that
vec(TEY,)|X;, Zi ~ N(vec(TE BX;), Mas),

vec(T7Y;)|vec(TY), Xy, Z ~ N (™, B%),

where My, = I; @ (TT3.T) + (ZT @ TT)Xy(Z; @ T), My, = I, @ (TTX.Ty) +
(Z] @ TT)Ey(Z; ® Tg), My, = 1, ® (T§2.Lo) + (Z] @ T{)2y(Z; @ Ty), p™* =
vec(T'TBX;) +M;,My, {vec(TLY;) —vec(TTBX,)}, and = = My; — M ;M M7,

Condition 1° holds if and only if the distribution of T} Y| X, Z; is free of X; and
Z;, that is, TT3 =0, Z; ® Ty = 0. Condition 2° holds if and only M, = 0, that is,
I; @ (TTX.Ty) + (ZF @ T2, (Z; @ Tp) = 0.

B.1.3 Proof of Proposition 3.3.2

Let éobs.em denote the maximizer of B3, X, and X, in the observed data likelihood
n (3.5). Similarly, let é\obs.em denote the maximizer of 3, ¥, and X, in (3.5) under
additional conditions (i)* and (ii)*. Let V, = avar(é\obs.em) and V = avar(éobs.em)
denote the asymptotic covariance matrices of the estimators obtained by directly
maximizing (3.5) instead of using EM algorithm. Also, let ¢ = (n,T', 2, Qy, 3p) and
0 = (3,%.,X}) denote the parameter under the envelope model and the standard
model. Let {¢:} and {6} denote the EM sequences, i.e., the parameters sequences
we obtain from each EM iteration, of the envelope model and the standard model.
By Corollary 1 of Wu (1983), the two EM sequences{¢;} and {6;} converge to their
unique maximizer of L.,s. Hence, in order to prove V,iz.env < Viiz.em, it suffices

to prove Vo < V. We found function h such that h(¢) = (h1(¢), ha(@), hs(¢)).

1S not

Because of the over-parameterization of 8, the gradient matrix G = 9T
of full rank. By Proposition 4.1 in Shapiro (1986), we have

Vo =G(GTV'G)'G.

V- Vy=V-GEVIG)GT = Vi [I-VEG(GTV G TV v

Since I — V_%G(GTVAG)TGTV_% is the projection matrix onto the orthogonal

complement of span(V’%G), it is positive semi-definite. Hence, Vy < V. In order
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to find out the close form of V. Because éobs.em is MLE, we can obtain V{ by

inverting its Fisher information matrix.
The log-likelihood is

1 n
1(0,Y;X,Z) = C_§ [logdet(L;, ® =, + A;SpA]) — {vec(Y;) — vec(a ® 17) — vec(8X;)}”
i=1
(I, ® Be + A Zp AT ) Hvec(Y;) — vec(a ® 17) — vec(B8X;)}].
(B.2)
For calculating Fisher, we need the following result in Magus and Neudecker
(1984):

Lemma B.1.1 Let U € R™? V € R™® and X € R"™?, then

Jvec(U @ V)

B dvec(U)
dvecT (X) (L

JvecT (X)

Jvec(V)

®G) dvec! (X)’

+(H®I,)
where G = (K, @ L)(L, @ vecV), H = (I, ® Kg) (vec(U) @ L), with K, being
the commutation matriz in R such that for any A € R™*™, Kg,vec(A) =

vec(AT).

ol,

Let [; denote the log-likelihood for individual ¢ and ;(Y;,0) = 90 Denote
¥, =1, 0%+ A Z,AT € R/ D, = vee(Y;) —a®1,, —vec(BX;) € RY". We
have C,E, = I,441)/2. Also, denote M;; = #(), and M,;, = #().

Ovech’ (X;) Ovech” (Xp)

By using Lemma B.1.1, we can also obtain the closed form for M;;:

dvech(%;) Ovec(3;)

_ VM), V) g o (1, @K,y ) (vee(I) © 1) @ LE,,
8vechT(EE) Ji OvecT (3) sr{ Ly, @ Korg)(vee(ls) @ L) @ L}

il
AISO, the matrix MZ’Q = CJiT<Ai X Ai)Eqr-

Using the notation above, we have
1 |

By matrix calculus, we have

dl;

0D;
— _=_-DI'y! =
ovecT () !

— =Dy '(XTwI,
* Ovecl(B) B0 (X o),

8[1 1 T 1 1 T T -1 -1
T el (Z7Y)E,, My + = (DT @ DT)(E @ =HE,, M,
aveChT(Es> 2 ( 7 ) Ji 1 2( )( ) J, 1
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ali 1 T -1 1 T T —1 —1
————=——vec (Z;HE;,Mp + (D] @ D} )(Z;' @ X7 E;,, Mo,
8V€ChT(Eb) 9 ( i ) J; 2 2( )( ) J. 2

and

dvec(B)" dvech” (B.)’ dvech” (Zp)

wl<Yl70> :( 1'717 3;7 i3)T = )T'

%

00T

Then, we can calculate the expression for :
awil —1 T

— =—(X; )X (X, ®I,),
8vecT(ﬁ) ( ® ) i ( 0 ® )
Mia

Ovec(Z; )
dvech” (,)

OvecT (3)
=D/ @ (X; @) }Z ' @2 HE,, M,

={D/ ® (X;®L,)}

i
Ovech” ()

Min 0 1 - . » | |
0vecT(B) o 8V€CT(IB){ MilEJir(Ei ®El )(DZ®D1)}

2
1
= —§M£E§;r(2[1 ® 2;1)(17“]1- ®D;+D;® ITJi)(XzT ®1),

=—{D] 9 (X;®L)}=' @ B7HE,,, M,

O3 LT 1 1 T
aVQCT(B) 2 12 Jir( ) & 7 )( Ji ® + ® Jz)( ) ® )
In order to calculate LTQ,
Ovech” (3)

Oin 1

S . — MZIET ('@ X HE, . M;
3veChT(Ee) 2 Al Jﬁ( 7 7 ) Ji 1

1
+5{(D] @ DY) ® (M{E],)} veo(T @ 2.

dvech” (,)

By Lemma B.1.1, we have
— vee(Z et
dvech” (,) (% i)
:[ITJi ® {<KTJN"J¢ ® ITJ’L)(ITJZ‘ ® VeC(Efl))} + {(ITJi
@ Ky (vee(Z71) @ Ly) @ Ly H{— (57 @ ;7 E,;, M }.



Hence,

iz
dvech” (Xe)
1
2

Similarly,

i
Ovech” (3p)

1 1
:aMinr(Efl ® Ez‘_l)EJﬁMﬂ - _{(D? ® D;) ® (MaEzr)}[ITJz ® {(KTJiﬂ'Ji ® ITJi)<I7“Ji®

® vee(Z7 )} 4+ {(Ls, ® Kpg ) (vee( T @ Ly) @ L H{(Z7 @ B7HE, Mo},
is
Ovech” (Z,)
1 1
=5 MEE} (37 @ 27 E,,Ma — o{(D] @ D) @ (MBE) )T, @ {(Kers, @ L) (1,
@ vec(S71)} + {(Lrg, @ Koy (vee(E7Y) @ L) @ Ly {(E7! @ B7)E, M},
Mis
Ovech” ()
1 1
:éMz;EYJ;r(EZ_l ® Ez’_l)EJiTMiQ - §{<D1T ® D?) ® (MEEY;T)}[ITJZ ® {(KTJM“J@' ® ITJi)(ITJz’®
® vee(Z7))} + {(Ts, ® Krgis) (vee(B7) @ Lyy) @ Ly H{(ET © B7)E, M}
Hence,
O iy My
dvecT(B)  dvech” (Z.) Ovech’ (Zp)
O iz Oia Oia
00T | Ovec”(B) 0Ovech” (B.) Ovech” ()
03 Ois O3
dvecT(B)  Ovech” (X.) Ovech’ (Zp)
We can obtain the Fisher information of @ by taking expectation of —— 3 0T with

respective to Y;
Iy Ly i
L;(0) = | I3, I I35 ]

I31 132 I33
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1
:_MgEir(Ez‘_l ® Ei_l)EJiTMil - §{<D;F ® DzT) ® (M;I;E:Z]—’T)}[ITJZ ® {(KTJi,TJi ® ITJz‘)(ITJi®

@ vec(T; )} 4+ {(Ly, @ Kpyp) (vee(E7Y) @ Ly,) @ Ly (B © 37 HE M },
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where
I = ~E{(-X, 0 L)'E' (X, 0 L) = (X, 0 L) (XT @ L)},

I}y = —E{—A{Dj @ (X; ® [,)}(%;' ® &;)E;,, M} =0,
Iy = —E{—A{D] ® (X; o ) }(;" @ X)) By, Mo} = 0,
By symmetry of ;(0), I3, = I}, = 0.

. 1 1
Iy = —§M£E§T(Ei—1 ® ;7 HE - M;; + §{VGCT(Ei) ® (MAES )Ly, @ {(Kpg s, @ L) (L, ®

@ vec(T; )} + {(Ly, @ Kpyp) (vee(27Y) @ Ly,) @ Ly {7 @ 7 HE, ;M },

. 1 1
I3 = —éMﬂE:f,T(Z;l ® ;7 HE,- M + §{VGCT(Zz‘) ® MAE] )L, @ {(Kogps, @ L) (L,®
@ vec(E;7 N} {(Lg, @ Kpgrg,) (vee(B71) @ Ly,) @ Ly H{(357! @ B;71E, M},
. 1 1
I3y = —§M§;E§T(E;1 ® 2 HE;, M + §{VGCT(Ei) ® (MBLES )Ly, @ {(Kpgrs, © L) (L, ®
®vec(EZ7 N} +{(Ts, @ Krgrs) (vee(Z7H) @ L) @ Ly H{(Z7 © 271 E;,Ma 1,
) 1 1
Ly = =5 MBE}, (27 © 3By, Mip + S{vee! (3) @ (ME) ), @ (K @ 1) (L,

® vee(3;))} + {(Lo, ® Kpg ) (vee(37) @ L) @ Ly (37 @ 5771 By, Mo},
this is because E(D;) = 0 and E(D; ® D;) = vec(Zy,).

The I;(0) we obtained is when assuming X; and Z; are fixed. Since Gmm em 1S

the MLE with regularity conditions satisfied, we have

-1
Var miz-em —{ZI } .

Let ¢ = (vec”(n), vec” (T), vech” (Q), vech” (£2¢), vech” (3p))7, h(¢) = (vec” (I'n), vech” (TQI" +

Jh
T'oQeI'Y), vech” ()7, and G = 8(2?) Then, we have
LT n’ I, 0 0 0
G=| 0 20(IQeL-TelQI!) C(eDE, C([&T)E_. 0
0 0 0 0 Lorgre1)/2

)

Hence, Var(O,iz-cnv) = Vo = G(GTVG)IGT, where V. =57 1,(6).
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B.1.4 Proof of Proposition 3.3.3

Since the mixed effects envelope model is overparameterized, we will use Propo-
sition 4.1 of Shapiro (1986) to prove Proposition 3.3.3. We will check their con-
ditions. For convenience, we match Shapiro’s notations in our context. Shapiro’s
X in our context is @m-gc.em = (,@mix.em, f]s.mm.em, flb.mix.em). We need to show the
\/n-consistency and asymptotical normality of x. We assume the following regular-
ity conditions: the error e;; and random effect b; have finite (4 4+ §)-th moment,
sup, [|X;|| < oo, sup, ||Z;|]] < oo, sup; J; < oo, inf;det(I; @ B + A; X, AT) > 0,
liminf, A_[n"'Var(s,(0))] > 0 and liminf, A\_[n"'M,(0)] > 0, where A_[A] de-

2
il },andlis the

te the smallest cigenvalue of the matrix A, M, (6) = ~E{ ==
note the smallest eigenvalue of the matrix A, (0) 90007

log-likelihood when the error is normally distributed.
The estimator é\mix-em is obtained by maximizing the following misspecified log-
likelihood:
1 n
1(0,Y;X,Z) = 0_5 [log det(I, ® e + A;ZpA]) — {vec(Y;) — a® 1, — vec(BX;)}"
i=1

(1), ® Be + AZpA] ) Hvec(Y;) —a® 1, — vec(BX;)}].
Thus, §mm.em is the solution to the generalized estimating equation (GEE)

ol "L Ol; "\
ao7 = 2 pgr — 2V (Y1.0) =0,
=1 =1

where [; is the misspecified log-likelihood of each observation, and ¥,;(Y;, 0) = %

Because Y; has finite second moment, E{t;(Y;,0y)} = 0, where the subscript 0
indicates the true parameter value. We apply Proposition 5.5 and Theorem 5.14 in
Shao (2003) to prove consistency and asymptotical normality of émmem

In order to use Proposition 5.5, we need to show the conditions in Lemma 5.3 in
Shao (2003) holds for any compact subset of the parameter space. That is, for any
¢ > 0 and sequence {y;}°, satisfying ||y;|| < ¢, the sequence of functions ;(y;, 0)

is equicontinuous on any compact set of the parameter space. It is easy to see

N
that i; (derived in the previous subsection) is uniformly bounded in any compact
subset © of the parameter space when |ly;|| < ¢ if sup; || X;]| < oo, sup, ||Zi] <
o0, sup; J; < oo and sup; [|Z; | < 00, where || - ||o indicates matrix infinity

norm. Since sup; || X; ! |lc < oo if and only if sup, ||Z;|| < oo and inf; det(X%;) >



117

0, the aforementioned conditions hold under the regularity conditions. Therefore,
Yi(yi, 0) is equicontinuous on ©. Moreover, since Y; has finite (4 + §)-th moment,
E{supgeo |i(Y:,0)]|}? < oo and sup, E||Y;|| < oo, the conditions in Lemma 5.3 in
Shao (2003) holds.

1
According to Proposition 5.5 of Shao (2003), we also need to prove lim — > * E{¢;(Y;,0)} =
n—oo N
0 implies @ = 6y. Let 019 = Bg, 00 = Xep, O30 = Yo denote the true parameter
value, and ;9 = I, ® 099 + A;050AT. Taking expectation of ¢;(Y;, 8), we have

E{¢1(Y;,0)} = VeCT{(910 — ﬁ)Xi}Ei_l(Xi ® 1),
E(u(Y,,0)) = sved (S5 — 5By, M,

1 _ _ _
E{¢(Y;,0)} = évecT(EiolﬁiEml — 3" HE M.

Also,
vec' (22 =271 =0 if and only if X; = Xy,

)

Because X; and Z; can be arbitrary,
Ez‘ = Ez’O if and OIlly if Es = 020 and Eb = 030.
Therefore,

n—00 N 4

1 o0
lim — ZE{@/JH(Y,-, 0)} =0 implies B = 04,
=1

1 0
lim — ZE{wﬂ(Yw 0)} =0 1mphes Zs = 020, Eb = 030.
i=1

n—o0 N, 4
1 ~
Hence, lim — 3", E{¢;(Y;,0)} = 0 implies 8 = 6. Since 0,,;z.c;n, is always O, (1),
n—oo M,
by Proposition 5.5 in (Shao, 2003), €,iz.em 2 0,.
Then we prove asymptotic normality of émm.em using Theorem 5.14 of (Shao,
2003). Since Y; has finite (4 + &)-th moment, sup, |[¢;(Y;,8)||*"3 < co. Then, if
conditions liminf, A_[n~'Var(s,(0))] > 0 and liminf, A\_[n"'M,,(6)] > 0 holds, we

have

-~

Vi (Orizem — 00) = N(0,V),
1

where V = —[M,,(68¢)] ' Var(s,(0y))[M,.(6)] .
n
Shapiro’s € in our context is € = (3, ¥, Xyp). Following the same technique
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in Su and Cook (2012) and Cook et al. (2015), we give the minimum discrepancy
function as fypr = lnee — [, where [ is the misspecified log-likelihood function
(B.2), and 4, is obtained by substituting émix.em for @ in (B.2). Although fypr
is written in terms of @ and BAmix.em, there must be one-to-one functions f; from @
to € and fy from HAmm.em to x so that &€ = f1(0) and x = fz(émm.em). As fupr
is constructed under the normal likelihood, it satisfies the four conditions required

by Shapiro (1986). Denote ¢ = (1,T,82,Q,Xy,), 8 = h(¢), G = Oh(¢)/0¢ and

1 02
t] =5 85?94;; . Notice that J equals the Fisher information matrix for @ when e
is normal.

Because é\mimem is obtained by minimizing fy;pr, by Proposition 4.1 of Shapiro
(1986),
\/ﬁ(é\mix-env - 00) i) N(O, vmix-env)a

where \meim.env = G(GTJG)TGTJ{/JG(GTJG)TGT. If we define the inner product
as (X1, Xg)3 = X} Jxo, then the projection onto span(B) relative to J has the matrix
representation Pg(y) = B(B7JB)'B”J. Hence, Voizens = PG(J)VPG(J) <V.

Graphical illustration of the fixed effects model

We present a graphical illustration of the fixed effects model. Using the same data
as Section 3.3.2, except that we assume the random effects b; are observed. In this
case, we use Y; —b; as response. That is, (1) holds for response Y; and observations
are independent for different i. After subtracting b;, (3) holds for response Y; — b;
and observations are independent for different ¢ and j.

Figure B.1 demonstrates the intuition for the efficiency gain of the classic enve-
lope method in standard multivariate regression with fixed effects only. In Figure
B.1 (a), the ordinary least square estimator (OLS) is obtained by projecting all the
data onto the Y; — by axis, ignoring Y5 completely. The density curves of the two
group distributions of Y;;; — b;; are given at the bottom in Figure B.1 and similar
curves can be made for Yjjo — bj. The two density curves are not well separated.
The OLS of the group difference of Y;; — b, is (—7.67,6.53)" with standard error
being (0.60,0.60)” and mean square error (MSE) of the group difference being 0.69.

The idea of the envelope method is to reduce noise in the data by projecting
each observation onto the direction that can best distinguish the groups. The two

groups are well separated along the dashed black line. Also, they have almost
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the same distribution in the direction that is orthogonal to the black solid line.
Therefore, discarding that part of variation does not sacrifice the information of
group difference, but instead, it makes the estimation more efficient. The density
curves of the two groups under the envelope estimation are shown at the bottom
of Figure B.1, and they have much smaller spreads than the OLS. The envelope
estimate for the group difference of Y;; — b; is (—7.10,7.10)" with standard error
(0.04,0.04)T and MSE 0.0025.

Figure B.1: Graphical illustration of the OLS and the classic envelope estimator
when the response is Y — b, i.e., with only fixed effect. The two groups are denoted
by triangle and cross dots.

Y1 —-by

(b) Envelope

B.2 EM-algorithm for the mixed effects envelope

model

Recall the standard EM-algorithm iterates through the following two steps:

(a) E-step. Suppose we have the parameter 8, from the t—th iteration, then
we compute the function Q(0)6;) = [1(0|X,Y,Z,b) [, f(b:|X;, Y, Z;, 6,)db;,
where [ is the log-likelihood function, and f is the density function. (b) M-step.

Find the maximizer of Q(0(6;) as 0;41.

To calculate the function (0|6;) in the E-step, we derive the formulas for both
f(0;|X,Y,Z,0,) and [(6|X,Y,Z,b). Note f(b;|X,Y,Z,0,) = f(b;,Y;|X;,Z;,0,)/ f(Y:| X, Z;, 0,),
thus, b;|X;, Y, Z;, 0; also follows a normal distribution N (pp, +, X, +), where pp, ; =
{ S/ ALYy — o = BXyy) }(Bpr + 7 AlZeAy) ™ By = (S +
Zj"zl ALY, A;;)". Derivation of pp,, and 3y, is given later in the Supplemen-
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tary Material. Therefore,

Q(616;)

J.
=— % log(2m) — % log(2m)

n J. 1 — _
— 5 log|Zp| — T log [Be|—3 D E {vec(by)"Ey vee(b)| X, Y, Z; pp, ¢, T, ¢}
i=1

n J;
1 e _
) SN E{(Yy - a— BXy; — biZi) 'S (Y — o — BXi; — biZij) X, Y, Z; i, ¢, D, 1 }
=1 j=1
n J;

1 _ _
=y > ~3 {(Yij — a = BXij — Ajjpn, 1) S (Yi5 — a — BXij — Ay, o) + tr(Z. Ay Sy, AL }
i=1 j=1
1 — J. n
T —1 —1 .
-3 Z; {Hbi,tzb M, + tr(2g Zbi’t)} — 510g 13| — B log |X¥p| + C,
K2

where C' is a constant.
Omitting the constant C', Q(0|6;) in the above equation can be decomposed as
a summation of two parts, i.e., Q(0]60;) = Q1(Xp|0;) + Q2(ax, B, X.|6;), where

n u 1
Q1(3|6:) = — 5 log || + > —3 {160 b+ t1(Z B, 1) |
=1

n J;

1 _
Qs(a, 3,%c)6:) =D —5{(Yij —a— BXy; — Aypn) B (Y — o= BXj — Ayjpn,)

i=1 j=1

_ J.
+ tr(3%; 1Aij2bi,tAz;)} b log |3/

Updates of parameters can be done separately for the two parts. Let pp: =

(Kbyts- - -5 Mo, t), then Q1 can be written as

n 1 _ -
Q1(Z6;) = —5 log ‘Eb‘_?r {Ebl<u’b,tru’g,t + ; Ebm)} :
The update of 3y, is Bp g1 = Dy L, /1 + b bty /7.
Now, we update o, 3 and 3. at the t+ 1 step. Under the envelope assumptions,
we have 25 = 21 + 22, where 21 = FQFT, 22 = Fgﬂorg with 2122 = 0, and ,6

belongs to the subspace spanned by the column vectors in ;. So we have 873X, = 0.
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Moreover, we have 31 = EI + E;, where the superscript ‘1’ denotes generalized
inverse.

When 8 and X, are fixed, the parameter e maximizing Qs (e, 3, X.|6;) is & =
Y — ,BX — [l,t, where Y = Zij YU/J, X = Zij XU/J, and ﬂ't = Zij Aijubi,t/J--
According to this relationship, o1 is a function of 8,41 and ¥ ;1. Substitute this

into the formula of ()5, we obtain

n Ji
J. 1 : — o _ T
Qa0 B,3¢(0)) = — Tlog [Se|—5 3 D [{YU — BXij — A, — (Y — BX — )}

i=1 j=1

EHY - BXy — Ay — (Y = BX — i)} + tr(zglAijzbmAg) .

Let Wy, = 0y Z;};l AiijhtAz;. Also,let Y, = Y - Y®1,;, X, =X-X®
i, ter = (Atifbrty - - s Apg, b, 1) — e @ 115 5. Then we have

Q2(a7 /87 26|0t)
1 1
= - 5‘] log |El + 22' - itr {(Yc - ﬁXc - Nc,t)T(EJ{ + 2;)(Yc - /BXC - Mc,t) =+ (EJ{ + 2;)‘Ilb,t}
1 1 1
= — 5. log dety®; — Str {(Yc — BX, — pe)"EN(Y. — BX, — uw)} _ §tr(21\11b7t)

1 1 1
— 5 logdeto X, — Str {(YC — ) TSR Y - ,u,qt)} — St(Shw,).
When ¥, 35 are fixed, ,@ that maximizes () is
Bir1 = Ps, U, XT(X.XT), (B.3)

where Py, denotes the projection matrix on the space spanned by the column vectors
of 8y, ie., Py, = (2,"2)7'%,", and U, = Y, — pes. Also, denote Qs, =
L - Ps,,

Then, we split ()5 into the following two parts:

J. 1 1
Q21(3116)) = = logdety 3y — Stx(Qx, U7, 2iU..Qx,) — 5tr(zzixlrb,t),
J. 1 1
Q2,2(22|0t) = —5 lOg detozg — étr(UZtEJ;Uc,t) — 51}1‘(2;\111)7,5),

where Qx, = I — Px,_, and dety(A) is defined as the product of its non-zero eigen-

values. Suppose I is given, then the maximizers of ()31 and Q)22 respectively are
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Siie1 = Pr(UeiQyr UL + W) Pr/J., Bap1 = Qr(Ue,UT, + Wy,)Qr/ .. The
maximized functions are Q31 = C; — J.logdety {Pp(UcthXT Ugt + ‘I’b,t)Pr} /2,

()22 = Cy— J.log dety {QI‘(UC,tUZt + ‘I’b,t)Qr} /2. Hence, 3 111 = X141+ X041
The final step is to find the semi-orthogonal matrix I" to maximize the function

(22, which is equivalent to minimizing the function
F(span(T)) = log det { Pr(U. Qyr UL, + i) Pr + Qr(Up UL, + ¥4,)Qr |

We only need to identify the span of the column space of I' from minimizing the
above objective function. We use the 1D algorithm (Cook and Zhang, 2016) to
obtain f, where span(f) is a y/n-consistent estimator of span(I'), rather than MLE
(more details on 1D algorithm is given later in the Supplementary Material). In our

simulation studies in Section 3.4, our 1D algorithm is feasible and fast converging.

B.3 Technical details for the EM updates

We derive pp, + and X, ; in this section. They can be determined from f(b;, Y;|X;, Z;, 6;).
f(b’w Y’L|XZ7 Zi7 Ot)
qr 1 1
=(2m)" 2 |[Xp4| 2 exp {—évec(bi) E;ltvec(bi)}

J,
: r 1

j=1

ar 1
=(2m)" 2 |Eb7t\_% exp {—gvec(bi)TEgévec(bi)}

J:
4 T 1 1
H(27T)_§ ]Ee’t‘_i exp {—é(YU — O — ﬁtXZ] — AZJVQC(bZ))TE;:tL (YZ] — QY — /BtXl] — Aijvec(bi)

J=1

1
[l exp { =5 veel) - an T Z5 fvec(D) i) |
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Hence,
Ji -1
Mo, t = (2{,; + Z AZ;‘EatAij) Zj;l {A;‘SE;} (Y — oy — ﬁtXij)} ;
j=1 ] 3
ot = (2,;; +) Agze,tAij> :
j=1

B.4 The mixed effects envelope algorithm

We combine the 1D algorithm with EM algorithm to obtain an estimator of the
mixed effects model under conditions (i)* and (ii)* as follows, where ¢ can be chosen

depending on the accuracy to achieve.
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Algorithm 5: The mixed effects envelope algorithm

for k=1, 2, ..., udo
Initialization: ¢t =0, Zpo =1, .o =1, g =0, By =0,

0y = (Zb,(h 26,07a07130>7 Ay = o0.
while A; > § do
L Set Ty, = (Tph + L7, ALS;) Aij)_l, where Ay = I @ Z7
and pry, , =
(21;,1 +30 AZE;%AU> 1 S {ATS (Y — o — BiX)) )
The update of Xy, is Ty 141 = (Z?Zl bt + Mb,tﬂg,t) /N, where
Hb: = (.Ubl,t, ce >.u‘bn,t)'
2. The update of v is a1 = Y — 3 X — [, where Y = Zij Y,/ J.,
X =30 X/, and iy =3, Agjpn, o/ ..
3. Using the 1D Algorithm to get I';;11. Then,
B = Pr,, U, XT(XXT)! where Y. =Y — Y @ 11y,
X, =X—-X® Ly,
Mot = (Aviftb,ts - Apg b, ) — e ©@ Lixyg and Ugy = Yo — prey.
4. ¥ 11 = 1441 + Bopq1, Where
Y41 = PI‘H_l(thQXz Uzt +W¥y,)Pr,.. /.,
Y41 = Qr,, (Uc,tUcT,t + ¥y, )Qr,,,/ /.,
Whp =20, Yo7 Ay Db, A
5. Set A1 = [|Bir1 — Bell1 /11 Bes1ll1, 01 = (Bes1, Bev, Pra1)s
t<—1t+1;

end
BIC, = —2l(§k; Y |X) + pulogn, where 0, and Bk are the estimators

when the iteration stops.

end
Select k which minimize BIC,, and ﬁk is the mixed effects envelope

estimator.

B.5 Additional tables
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Table B.1: The point estimates, bootstrap standard errors and p-values for the
regression parameter with respect to those patients attended all the measurements

Our Method Standard EM
Corresponding to Treatment B SE p-value B SE p-value
Treatment Satisfaction 0.46 0.44 0.30 0.69 0.59 0.24
Depression Scale -0.057 0.20 0.77 0.088 0.24 0.71
Physical Score -2.13x107% 6.25x107%  0.73 | -1.81x1073 0.025 0.94
Mental Score 0.011 0.033 0.73 0.011 0.061 0.86
Interference Score 4.57x10™*  1.87x1073 0.81 2.83x1073  4.48x1073 0.52
Symptom & Distress Score -0.99 1.89 0.60 -0.77 2.30 0.74
SBP -0.32 0.39 0.41 0.074 0.69 0.91
DBP -0.27 0.39 0.49 -0.22 0.46 0.64
Heart Rate 0.40 0.53 0.45 0.34 0.53 0.53
Corresponding to Age ﬁ SE p-value ,/3\ SE p-value
Treatment Satisfaction 0.24 0.10 0.02 0.23 0.046 < 0.01
Depression Scale -0.039 0.019 0.04 -0.071 0.013 < 0.01
Physical Score -2.66x107%  9.95x107* < 0.01 | -6.78x107% 1.87x10™% < 0.01
Mental Score 5.40x107% 3.65x107%  0.14 0.012 4.14x107% < 0.01
Interference Score 6.93x107° 2.12x10™*  0.74 | 1.50x10™* 2.71x10™*  0.58
Symptom & Distress Score -0.22 0.24 0.36 -0.29 0.15 0.06
SBP 0.071 0.01 0.45 0.041 0.051 0.41
DBP -0.60 0.059 < 0.01 -0.61 0.035 < 0.01
Heart Rate -0.34 0.037 < 0.01 -0.34 0.036 < 0.01

Table B.2: The point estimates, bootstrap standard errors and p-values for the
regression parameter with respect to all the patients attended all four measurements

Our Method Standard EM
Corresponding to Treatment B SE p-value B SE p-value
Treatment Satisfaction -0.019 0.20 0.92 0.67 0.53 0.21
Depression Scale 7.44x1073 0.080 0.93 0.13 0.18 0.48
Physical Score 6.16x107* 1.41x10~%  0.66 3.59%x107° 0.019 0.99
Mental Score -1.36x1073 0.017 0.94 -0.031 0.042 0.46
Interference Score S3.77x107° 9.39x107* 097 | -6.49x107*  2.72x1073  0.81
Symptom & Distress Score 0.14 1.50 0.93 1.23 1.69 0.47
SBP 8.19x1073 0.088 0.93 -0.45 0.63 0.47
DBP 4.56x1073 0.050 0.93 -0.60 0.36 0.10
Heart Rate 3.06x1073 0.034 0.93 0.13 0.40 0.74
Corresponding to Age 3 SE p-value B SE p-value
Treatment Satisfaction -1.67 0.34 < 0.01 0.23 0.51 < 0.01
Depression Scale -0.65 0.12 < 0.01 -0.071 0.16 < 0.01
Physical Score -0.061 0.011 0.40 -6.78x1073 0.018 < 0.01
Mental Score -0.17 0.023 < 0.01 0.012 0.050 < 0.01
Interference Score -0.015 1.21x107% < 0.01 | 1.50x107* 3.27x10™% < 0.01
Symptom & Distress Score 1.22 2.16 < 0.01 -0.29 1.88 < 0.01
SBP 0.72 0.18 < 0.01 0.041 0.50 0.59
DBP 0.40 0.097 < 0.01 -0.61 0.39 0.85
Heart Rate 0.27 0.082 < 0.01 -0.34 0.45 < 0.01
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Appendix C

Appendix for Chapter 4

C.1 Proof of Lemmas and Theorems
From equation (4.4), the nuisance tangent space can be written as

A={s51TTY | X) + 5(B'TYY | BITYY,X) + s3(B{TLY) + 54(X)}
=AUA UA3U A,

where s1, s9, s3 and s4 are measurable functions satisfying

/ 51(TTy | X)m(TTy | x)dy =0, for any x,
/ s2(B'T(y | BII(y, x)n(B Iy | BiT{y,x)dy =0, for any (B{I'Jy,x),

/ s3(BITTy)dy = 0, / sa(x)dx = 0,

and A; is the Hilbert space spanned by s; for ¢ = 1,...,4. Therefore, the structure

of A; has the following representation

Ay = {f(TTY,X) : ¥f such that E(f | X) = 0},

(
Ay = {f(B'TYY,BIT{Y,X) : ¥f such that E(f | BIT,Y,X) = 0},
Az = {f(B{T]Y) : Vf such that E(f) = 0},
Ay = {f(X) : Vf such that E(f) = 0},

where f is a square integrable function.
The following lemmas provide an orthogonal decomposition of the nuisance tan-
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gent space and the form of the orthogonal nuisance tangent space.

Lemma C.1.1 Under Condition (4.3.1) and (4.3.2), the nuisance tangent space
can be written as

A=A PA & AP Ay

Proof of Lemma C.1.1. We prove that Ay L Ay L A3 1 A4 Obviously,
Ay L (Ay UAyUA3). We only prove that Ay, Ay and Az are orthogonal to each
other. For any f; € A; and f5 € Ay,

=EE{f{ (T"Y,X)(B'T; Y, ByT) Y, X) | X}]
=E[E{f{ T"Y,X) | X}E{f(B'TyY,B; T Y,X) | X}] = 0.
Hence, A; L A,. The second equation to the third equation is because I'TY 1L
I'lY | X. The third equation equals to 0 because E(f; | X) = 0. For any f; € A,
and f3 € Ag,
E{f{ (T"Y,X)f3(BgTg Y)}
=E[E{f] (T"Y,X)fs(ByTyY) | X}]
=E[E{f{ (T"Y,X) | X}E{fs(ByT,Y) | X} = 0.
Thus, A; L As. The second to the third equation is again because of Condition
4.3.1. For any fy € Ay andfs € Ag,
=E[E{f; B'T{Y,B{T{Y,X)/3(BiTY) | B{T{Y,X}|
=E[E{f, (B'TgY, BT Y,X) | BiIY, X} f5(BgT, Y) =0
The last equation equals to 0 because E(fy | BITZY,X) = 0. Hence, A;, i = 1,...,4

are orthogonal to each other. Therefore,
A=A BN DA3P Ay

Lemma C.1.2 The orthogonal nuisance tangent space A+ = A N Ay N A3 N Af
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(Y,X) : E(f | TTY,X) is a function of X},

(Y,X): E(f | B'T]Y,B{T}Y,X) is a function of BT} Y, X},
Ay = {f(Y,X) :E(f | BiTJY) = 0},

(Y,X):E(f | X) =0}

Proof of Lemma C.1.2. From the structure of A, we have Our conjecture for

the orthogonal complements for A;, i =1,...,4 are
AILConJ ={f(Y,X):E(f | T"Y,X) is a function of X},
Ageony = {/(Y,X) : E(f | B'T{Y,B{I'Y,X) is a function of BIT(Y, X},
Ageonj = {/ (Y. X) - E(f | BgTY) = 0}
Aiconj = {f(va) : E(f | X) = 0}

We only prove our conjecture is true for Af.
For any fir € A{,,, and f1 € Ay,

1,conj

E{f7f} = EE{f - | ITY,X}]
— E[fE{f{ | T7Y,X}
— E{f]a(X)}
— E{E(/] | X)a(X)} = 0.

Hence, we have Afconj 1 A;. Then, we show that for any f € Af, f satisfies

E(f | TTY,X) = a(X) for some function a(X).
Firstly, define g = E(f | TTY,X) — E(f | X). Clearly, g € A;. Thus,

0=E(g"f) =E{g"E(f | T"Y,X)}
=E(g"9) +E{g"E(f | X)} =E(g"9).

Therefore, g = 0, which implies E(f | TTY,X) = E(f | X) = a(X). We proved
that Al,conj = Al.
Validity of the other three follows the same technique. =

Lemma C.1.3 The functions f(B{T2Y,X) and £(T7Y,B{TYY) defined above

belongs to the orthogonal nuisance tangent space A*.
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Proof of Lemma C.1.3. Recall that
HBTGY,X) = {g1(ByT5Y) — Egi }H{h(X) — Ehy} = 0,

H(ITY,BIT]Y) = {g(T"Y) — Eg2}{ho(B{TTY) — Ehy} = 0.

We want to show that f1(B{T{Y,X) € At and fo(TTY,BiT]Y) € AL

E(f; | TTY,X) = E{g:(B{T}Y) — Egi }{hi(X) —Eh} | TTY, X]
= E{q:(B{T{Y) — Egy | TTY, X}{hy(X) — Ehy}
= E{g:(B{T(Y) — Egi }{I (X) — Ehy}
=0.

Hence, f; € A{. The second to the third equation is because B{T?Y 1L
(T7Y, X).

E(fi |T3Y,X) =E[{g(BgTgY) — Egi H{n(X) — Ehi} | TG Y, X]
={0(BoT7Y) — Egi H{M(X) — Eh}

is a function of BLT?'Y and X. Therefore, f; € Ay. Notice that we also have

E(fi | BaT0Y) = E[{g:1(ByT5Y) — Egi }{h(X) — Ehi} | BaT( Y]

= {gl(BgFoTY) — Egi }E{h (X) — Eh, | BgFgY}
= {nBIIFY) — Egu}E{h (X) — Eh}
=0,

and

E(fi [ X) = E{g(ByTgY) = Bgi {h (X) = Eha} | X]

= E[{gl(BoTrgY) —Eg; | XHM(X) —Eh}
= E{n:(BiT5Y) — Egi }{h(X) — Ehi}
=0.

Therefore, f; € A N Ay N A3 NA; = AL. Then we prove that fo(TTY,BITLY) €
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At

E(f, | TTY,X) = E[{g2(T7Y) — Ego} {ho(B{T]Y) — Ehy} | TTY, X]
= {T"Y) — Eg:}E{hy(B{TY) — Ehy | TTY, X}
= {g2(T"Y) — Ego}E{hy(BiT(Y) — Ehy}
=0.

IE(f2 ’ FgYa X) = E[{gz(rTY) - Egz}{hz(BgFoTY) - Eh2} \ FoTYaX]
=E{g2(T"Y) —Egz | TTY, X}Hho(B{T{Y) — Ehy}
= E{g2(T"Y) — Egy | X}{ha(B{T]Y) — Ehy}

is a function of (BJT?Y, X).

E(fs | BITFY) = E[{g2(TTY) — Ego }{ho(B{TLY) — Ehy} | BIT? Y]
= E{92(PTY) - E92 ‘ BOTFOTY}{hz(BgToTY) - Eh2}
=E{g2(T"Y) — Eg2}{ho(B{T]Y) — Ehy}
=0.

E(f; | X) = E[{g2(T"Y) — Ego} {h2(BT(Y) — Ehy} | X]
= E{:(T"Y) — Egs | X}E{h2(ByI3Y) — Eh, | X}
= E{QQ(FTY) —Eg, | X}E{hz(BoTFoTY) — Ehy}
=0.
The first to the second equation is because TTY 1L B{T!Y | X. Hence, we also
have f, € A+, m

Lemma C.1.4 The tangent space generated by the score vector with respect to the
parameter of interest @ is Ty = {MSg for all M € R?*?}. The score vector Sg =
(5597,

S, —vecT{Y dlogm }avec(r) vecT{Y ((‘9logn3 B! }81}60(1"0)

ITTY)T | o7 IBITIY)T oyT
0logny dlogny dvec(Ty)
T T T
o Y B Y B |
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and

S, :vecT{I‘OTY 0logne }8vec(B)

A(BITIY)” [ ob?
0logns Jdvec(By)
aBITIY)" [~ abT

1 B
g oY duti

OBITIY)T [ obT

+ vecT{I‘OTY
Proof of Lemma C.1.4. Define [(0 | X,Y) as the log-likelihood of (X,Y), i.e.,
(6| X,Y) =logm(T"Y, X)+logn2(B'T; Y, ByT Y, X)+log s (By T Y)+log 1a(X).

Then, the score with respect to -y is as follows:

oL@ |X,Y) Ologm 0Ologn, 0logns
Sy = = + + .
oyT oyt oyt oyt

Firstly,
dlogm  0dlognmy  OTY Ovec(T)

oyT I(TTY)T Ovec(IHT  O~T

It’s easy to verify that
orty

- —-I,®Y"
dveomy? %
Hence,

dlogm dlogm T
= I Y
o~yT 8(I‘TY)T( «® )

ovec(T) ocT Ologn; | Ovec(T)
==V .
oyT IITTY)T [~ o7

Secondly,

dlogm,  dlogn, OB'T{Y dlogn, OBITEY

oyT OBITIY)T 04T | OBITIY)T 047

We know that BTT]Y = vec(BTT7Y) = vec(Y'T(\B) = (BT @ Y)vec(Ty). Thus,

OB'TTY
oyT

Ovec(T'y)

B"2Y"
(B' oY) =7
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Therefore,
0logna 0logny . T 0logny T 7| Ovec(Ty)
= B"'®Y (B Y o
o =\ mrpr ® © Y+ gy B o Y0} T
Jlog n, 0log ns dvec(Ty)
—vec!{ Y2 082 __pT .y B!
R TR e T

Similarly, we can show that

0logns 0logns T 7 Ovec(Lp) T 0log ns 7| Ovec(T'y)
= B YY) ——~ — Y B
1= Yh v s e AR > It Ial1= Y4 VA il S

Consequently, the score for ~ is

S, :VecT{Y dlogm } ovec(T) " VeCT{Y8< 0logns Bg} Ovec(Ty)

AITY)T [ 94T BITIY)" T
dlogny dlogn, Ovec(Ty)
RY-—— 2= B'+Y B!
+Vec{ OBITIY) ~ T ABITIY)T 0 o7

Next, we calculate the score with respect to b.

(v | X,Y) 0Ologny  Ologns
obT obT obT

By the chain rule, we have

dlogn,  dlogn, OB'T]Y dlogn, OBITLY
obT  9BTITFY)T  obT OBITIY)T  obT

Recall that B € RU~%*4 and By € RU-x(=v=d) where d is the dimension for S,.
By the same “vec” trick, we have

B'T]Y = vec(B'T{Y) = vec(Y'T(BI,) = (I; ® Y Ty)vec(B).

Hence,

Ovec(B) 0logny
obT IBITIY)T

0logny Ovec(B)

H(BTTTY)T } abT

dlogn,  Ologmy
obT  9(BITYY)T

Ovec(By)
obT

0logny Ovec(By)
H(BITIY)T [ obT

(Id X YTFO) (Irfufd X YTPO)

=vec’ { iy + vec” { iy
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Similarly,
dlogns Jlogns 7+ Ovec(By)
= L a®Y T'y)————
b aBITTY)r o © Y Do)
0logns Ovec(By)
=vec' {T{Y :
- { ’ a(B%FOTY)T} obT
Therefore,
0logny Ovec(B) 0logny Ovec(By)
— T FTY T FTY
Sp =vec { oY IBITIYYT [ obr U Y aBITIY)T [ abt
0logns Ovec(By)
TrgY :
e { 0T 9BITIY)T [~ obT

The score vector can be formulated as S = (S5, S,). =
Regularity Conditions and Proof of Theorem 4.3.1. Let ® denote the
parameter space that contains @, and let 8y denote the true parameter value. Firstly,
we state the regularity conditions needed for Theorem 4.3.1:
(S1) E{f(Y,X;0)} # 0 for all 8 € © such that 8 # 6. Also, 6, is an interior point
in ©.
(S2) The parameter space © is a compact set.
(33) Efsuppeo (Y. X: 0)2} < .
(S4) C; is continuous on some neighborhood ©, of 8y, where C; = E{dvec(f)/00"}.
(S5)
(S6) supgee, [0 SV dvec(f) /00T — C,|| & 0.

Regularity conditions (S1)—(S5) are standard conditions for the GMM estimators.
Based on these equations, by Theorem 3.2 in Hall (2004), we have

The matrix C; is of full column rank.

V(0 —0) % Mo, (CTC,)"'CTD, ¢, (CTCy) 1Y,

where Dy = Var{f(Y,;,X;;0)}. =

Derivation of the efficient score S.;;. Since Sp satisfies E(Sg) = 0, we only
need to consider the projection of any mean zero function (Y, X). Let II(h | A1)
denote the projection of h onto A*+. Then, by Lemma C.1.1,

M(h | AY) = h—TI(h | A) = h— TI(h | Ay) = TI(h | As) — TI( | Ag) — TI(h | Ay).

Notice that II(h | Ay) = E(h | TTY,X) — E(h | X), II(h | Ay) = E(h | TTY,X) —
E(h | BITTY,X), II(h | As) = E(h | BITTY) and TI(h | Ay) = E(h | X).
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Therefore,
Serp=Sp—E(Se | TTY,X)—E(Se | T3 Y, X)+E(Se | BET]Y,X)—E(Se | BT Y).

Notice that
_ Ologm  Ologne  Jlogns

%= "0 00 00
Firstly, since 7;(-) is the conditional distribution of I'7Y | X, and the model as-
sumption 7Y L TTY | X holds, we must have

E (81227“ I‘OTY,X) ~0.
As a consequence,
E (% B{F{Y,X) —0,
and o1
IE< ;im B§F§Y> ~ 0.

Similarly, for ns(-), we have

dlogns | . (Ologn,
E( 7 I‘Y,X)_E< -

BE)FI‘OTY,X> ~E (8122”2 ' B[{FOTY> ~ 0.

Also, because BITTY 1L (T'TY, X)),

dlogns | r
E r’y, X | =o.
(%56" .
Hence,
a1 1 1 1 o1
Supgy = 2ogm | Ologm | Ologmy < 087 | pry X) g ( 8% | pry. X)
0y oy oy oy oy
1 o1 1
_g (28 | pry x ) g (208 | grpry x ) g (2108 | grpry
dy Ay Oy
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Notably,

dlogm E Ologm
oy’ 0y

=vec’ [{Y —E(Y | TTY,X)}

dlog 1, ® 0log ny
oy’ oy

:V@CT{{Y ~E(Y | T)Y 7X>}{

0logns dlogns
—E
o~yT

—veCT{ {Y -E(Y|TJY,X)+E(Y | BiT{Y,X) —E(Y | BiT{Y)}

r’y, X)

Jdlogn | Ovec(I')
ATTY)T | o™

rly, X)

dlogn, T dlogny -\ | Ovec(Ty)

O(BTTTY)T OBITIY)T ™ T

0log n3 0log n3
0

B[—frg“Y,X) ~E (

BOTI‘OTY)

dlogns BT Ovec(T'y)
OBITIY)T " [ 047

I‘OTY,X) +IE(

In addition,

Y -E(Y|I"Y,X)=PrY+Qr —EPrY | I"Y,X) - E(QrY | TTY,X)
=Qr - E(QrY [ T"Y,X)
= Qr —E(QrY | X),

where the last equation is because 7Y 1L 7Y | X.

Y -E(Y |T}Y,X)=PrY +Qr —E(PrY | T]Y,X) -E(QrY | T]Y, X)
= Pr - E(PrY |T}Y,X)
= Pr - E(PrY | X).

Y -E(Y |TJY,X)+E(Y | BITYY,X) - E(Y | B{T,Y)

=Pr —E(PrY | X) + E(PrY | B{T(Y,X) +E(Pr,sY | B{T(Y,X) + E(Pr,s,Y | BiT(Y,X)
—~EPrY |B{T}Y) - EPr,sY | B{TLY) - E(Pr,s,Y | BITLY)

=Pr + E(Pr,sY | BIT]Y,X) - E(Pr,8Y | BIT{Y).
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The last equation is because

E(PrY | B{TlY,X) =E(PrY | X),
E(Pr,8,Y | BIT]Y,X) - E(Ppr,,Y | BIT]Y) = Pr,8,Y — Pr,8,Y = 0,
E(PrY | BIT]Y) =E(PrY) = PrE(Y) = 0.

Therefore,
Odlogm | Ovec(T) dlogn;s Ovec(Ty)
= vec” A Te(PrY +A B{
S = { Qe S vt { P e 2
dlogn, 0logny Ovec(Ty)
T""PrA{ ————=—BT+ — == _BI'} | ——~
o [P G ™ |

where Al =Y — E(Y | X), and AQ = E(PFOBY | BgI‘gY,X) - E(PFOBY |
BIT?Y). Similarly,

Serp = Sp — E (alogm Ty X) E (alog"?’ ‘ FEY,X)
+E <algi”3 BITTY, X) (alog s ‘ BE)FI‘OTY>
—veer{rppra g St AP e fripra, et el
+ vecT{FgAga(gé(;gg@)T } 8V22)(]T30) )

Since I Pr = TITT? = 0, Segp can be further simplified as

Sutp = VecT{FgAQ dlogns }8vec(B0)

ABITIY)T [ 9bT

Before proving the following theorem, we first prove a lemma.
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Lemma C.1.5 Under regularity conditions (A1)-(A5), we have

dlogm dlogm 2 | o 1/274 | . —1/27 —(utp+l
{A“{ TTY)T oyt f| T O PPt 4 n 2 log n),
dlog s dlog n; 2 1 - —(r+p—
A’L —0.(h /2h4 1/2h (r+p qul)l
[ l{a BITIY,)” O(B'TIY,) pI 4 A oen)
1 n

8 log U] 8 log 73 B B o
nz{ (%) { ABITTY,T Ty, |~ Ot R

=1

Under regularity conditions (B1)-(B4) and (A4)-(A5), we have

RN T|pT [ A dlogn; dlogn;
— T , — A _
Vi 2 { o {Baln A”("‘”}{a(BzrgYi)T E\amrrry,yr

:Op(h2 +n—1/2hp+r—u—d logn —|—n1/2h4),

= Y A dlogn; dlogn -
S Pr{An - Anl e B S5 BITIY X,
\/ﬁ pr F{ 1 1}{ 8(BTP%—'Y1)T 8(BTI*\%"Y’L)T oto X

=0, (h* + n~Y2hP logn + n'/?h%),
where

Proof of Lemma C.1.5. Since the equalities and their proofs are similar, we only
show the proof of the first one. Recall the kernel density estimation of 9n; /O(TTY)T

has the form

IMITY,X) Y KyTTY - T7Y,) K, (X - X,)
orry)r 2im Kn(X = X5) '

Hence,
dlogm(C"Y,X) YL, K(TTY —T"Y,) Ky (X - X))
ATTY)T S Ku(TTY —TTY,)Kp(X = X;)

Let f(TTY;,X;) = n ' Y0 Ky(TTY; — TTY) Ky(X; — X;) and £ (T7
n-t Z?:l Ké(FTYZ—FTYJ)Kh(XZ—X]) Also, let rq (FTYi, X; ) 87’]1( )

\v

)"
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Hence, we have
Z A dlogm  Odlogm
M aTTY,)T  9(ITY;)T

Al I‘TY“ X, ) rl(I‘TYi, Xz)
= - Z Azl )
=1

f(rrYy; X))  f(TTY;,X;)
B ZA ry I‘ Yl,X)—rl(I‘TYl,X)
a " F(TTY,; X,)

1 iAﬂ [rl(I‘TYi,XZ»){f(I‘TYi,Xi) —f(I‘TYi,Xi)}] ol)

fAITY;, X;)
1 Z”:A‘ {E(TTY,, X)) — 1 (DY, X)) HATTY:, X)) — FTTY,, X))}
" FTTY,, X)) f(TTY,, X,)
1 iA‘ r (PTY;, X){f(TTY,, X,) — f(TTY,, X,)}?
! PITY, X)) fTTY,, X)) |

The second equation is because |I' — T'|| < Cn~"/2. By the uniform convergence of

nonparametric regression Li and Racine (2007), we have

sup [/(T"Y, X) — f(T"Y, X)| = Op(v/n~'h= @+ logn + h?)
X, Y

and

sup i1 (TTY, X) — r (TTY, X)| = O, (v/nth=+ut2) log n + h?).

Therefore, the third quantity can be bounded by

Z o [T X0 = v (7Y XOHATTY, X) = f(0TY5 X0} ‘
" F(CTY,, X)) f(TTY,, X,)
SUPX,Y \fl(I‘TY, X) - rl(I‘TY, X)) Supx y ]f(I‘TY, X) — f(I‘TY, X)|
[F(CTY,;, X3) f(TTY;, X))

IA
S|
i

3

- - i |A| O, (n~th=P+ut log n + h?)
' _|f<FTYi,X-)f<FTY@-,X')|

_ O( —1h (p+u+1) 10gn—|—h4 Z‘Azly

= Op(n 'h= P logn + hh).
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The second to the third equation is because
|FT7Y5, X0) fOTY 3, X0) | = [ AT X){F(T7Y3, Xo) + 0,(D)F T = 0,(1).

Using the exact same technique, the fourth quantity in the above decomposition is
of order O,(n"th=P+*" logn + h*).

Notice that the first two quantities also share the same structure, in the sequel
we only deal with the first quantity.

1 i A f'1<FTYZ,XZ) — I'l(FTYi7XZ‘)
n " FTTY,, X,)

1< A )
= O(1)-~ > An[BT7Y, X)) - E{#(T7Y, X)) | TY;, X

=1

1 n
+0,(1) - > A [E{HTTY, X)) [ TTY;, X} - n(T7Y;, X))
=1

We can write

1

n(n —1) Z K (DY =T Y ) Kn (X=X ) { A+ A1} +0,(n ")

1 n
=3 At (T7Y, X)) =
n i=1 i#]

as a second order U-statistic with kernel function K}, (T7Y,;—T7Y ;) K5 (X;—X;){An+
Aj1}. Hence, by Lemma 5.2.1.A of Serfling (2009), the degenerated U-statistic has
the rate

1 n
=3 ALY X)) - E{H (TTY:, X)) | 7Y, X} = Oy (n~ hrhet),
n

1=1

Notice that E{t1(T7Y;,X;) | T7Y;, X;} —r1(T7Y;, X;) is the bias term in non-

parametric regression, hence
sup [E{#,(T7Y, X) | I7Y, X} — 1, (T7Y, X)| = O, (h?).
X, Y

Therefore

1 n
E Z Ail []E{f‘l (I‘TYZ‘, Xz) | FTYi, Xz} — I (]__‘TYZ‘, Xz)] = Op(n_l/QhQ).
=1
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Combine the above results, we have the desired order O, (n~/2h?+h*+n=th=P+utD Jog n).
n

Proof of Theorem 4.4.1. Similar to the proof of Theorem 3, we use Lemma 6

and 7 to prove the consistency and asymptotic normality. We only check condition

(iii) in Lemma 7. All other conditions can be proved using the same way as the
proof of Theorem 2. Consider the functions Q,(0) and Qy(6) as

2
1)1
Qo(0) = B {E iZISeH(YmeThQ,s, Aq, Ay; 9)}

2
A 1)1, A A
Qn(0) = 5 {E ;Seff(Yi,Xi,m,z,g,AhAz;0)} :

We want to show that /n0Q,(8y)/08 is asymptotically normal.

0Q,, 9
\/_ Q 0 = 7 EZ YquvanSaAlaAZan E 80 eff Y17X17771237A17A2790)7
and
1 3 . PO » 0
E E 8_ YZ‘,XZ‘,7’]17273, Al, AQ, 00) —E %Seff(YuXianl,Q,Sa Al; A27 0) :

By regularity condition (B1), the order of differentiation and integration can be

exchanged. Hence, we have

0
E {aOSeH(YzaXzanl 2,3, Aq, Ay; 9)} = _E{Seff(YiaXianlz,Ba Aq, Ay; 9)®2}-

By Slutsky’s Theorem, we only need to show n= /23" | Ser (Y3, X, o3, Ay, Ay 6)

converges to a normal distribution. Also, because
Lis (Y, X; Ay, Ag; 0)) 5 N[0, E{Se (Y, X, 160)%2}
\/ﬁ eff 79 17771,2,37 1, 2y, Y0 ) eff 79 Zan17n277]37 0 )
i=1

we only need to show

SR ) A A 1 ¢ p

= e 5 5 111,2,35 5 5 - T = iy iy 111,2,3 ) )

ﬁZSH(Yi Xi,M1,2,3: A1, Az; 0p) ﬁZSeH(Yz Xi,M,2,3, A1, A2;0p) = 0
— =
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Since Six = (Sig~» Serp), and the proof for each component are similar, we only
prove the convergence in Sk,

Let T and B denote the orthogonal basis derived from 6,. Then,

1 i ~ R “ 1 n
—= > (Y, Xz, Ar, At ) — —= D " Surn (Yo, X, 2 A, Ag; 0
\/52; b ( 1,23, A1, Ag; ) \/ﬁ; b ( N2, A1, Ag; 0))

n

_ A dlogns
—n1/2 E , — A o

i A dlog M3 Ologns
+n1/2 Z [{AQ(BO) - Ai2(0°)}{8(B§F§Yi)T - oBIITY)" H

=1
0log s 0log n3
1/2 0 . )
o Z{ al { JBITIY,)T  O(BITIY,)

By Lemma 5, the first term is O, (h? 4+ n'/2h* + n=Y/2p=(+P=u=d oo p) and the
third term is O,(h? + n'2pt 4 n~/2p~(rmu=dt ) og n). By the uniform convergence
theorem in nonparametric regression (Theorem 2.6 in Li and Racine (2007) and
Theorem 6 in Hansen (2008)), we have

A logn 1/2 9
Sup |Ai2(60) — Az (o) = Op{ (W) +h7 o,

logn 12 9
- OP{ (nhr—u—d—i-Q) +h }
Hence, the second term can be bounded by

O, {n~ 12 pr—v=d+14p/2 Jog n 4+ n/2p*} = 0,(1). Therefore,

and

dlog )3 B 0logns
OBITIY;)"  O(BFITY,)"

sup
Xi 7Y1

Zseﬂb Y27X1a771237A17A2a90 Zseﬂb YZ7X’L777123aA17A2700> O
\/_ \/_
Hence, by Slutsky’s Theorem,

0Qn (6 _
V) 4 w0, v

where Vo = E{Ser (Y, Xi, 1123, A1, Ag; 6)92} 1.
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Similarly, we can prove that
VeoQn(00) 2 Vy? = H.
Therefore, by Lemma 7, we have
V(8 —60) % N (0, V).

which achieves the semiparametric efficiency bound.
|

Lemma C.1.6 (Theorem 2.1 in Newey and McFadden (1994)) Suppose there is a
function Qo(0) such that (i) Qo(0) is uniquely minimized at Oy, (ii) © is compact,
(iii) Qo(0) is continuous, (iv) Qn(8) converges uniformly in probability to Qo(6),
then Q,(8), 8 2 6,.

Lemma C.1.7 (Theorem 3.1 in Newey and McFadden (1994)) Suppose that 0 is a
minimizer of Q,(0), 8 2 0y and (i) 0y € interior(®), (ii) Qu(0) is twice continu-
ously differentiable in a neighborhood N, of 8y, (i) \/nVeQy(600) KN N(0,%), (iv)
there is H(@) that is continuous at 6y and supge. Voo @n(8) — HO)|| & 0, (v)
H = H(6y) is nonsingular. Then, /(6 — 6,) % A(0,H'SH™1).

C.2 Additional Materials

C.2.1 MLE of the regression parameter under the inner en-

velope model

In this part, we present the MLE of the regression parameter 8 under the inner
envelope model. Here, we assume the inner envelope spaces I, I'y, B and B, are
already calculated.

Let Sg and S, denote the sample covariance matrices of the fitted and residual
vectors from the OLS fit of Y on X. Let A\;(Gg) denote the ordered, descending
eigenvalues of (GE'S,Go) V2(GLS:Go)(GES,esGo) Y2, where Gy € R™(%) is a
semi-orthogonal matrix. Also, we denote the matrices of ordered eigenvectors and
eigenvalues as V(Gyg) and A(Gg) = diag{\(Gy), ..., A—u(Go)}, and let K(G) =
diag{0,...,0,A\p_ut1(Go), ..., Ar_u(Go)}. Let F denote the n x p matrix with ith
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row X7, let U be the n x r matrix with ith row (Y; — Y)7, and let B, denote the
MLE of 8 under the standard model (4.1). Then,

¢ =17 B,

Q, = (UL — F)"(UT — Féi)/n,

Qo = ToSreslo + (lﬁ‘osresfo)1/2\7(IA‘O)K(IA‘O)(/v(f‘o)(lc‘osresf‘o)l/2

span(B) = QOSp_d(QO, D)

¢ = (BTQ;'B) BT I Bas,

B =T¢] + ol

3 =TT + TyQlY,
where S,(A, B) is the span of A~'/2 times the first k eigenvectors of A~/2BA~1/2,
Detailed derivations are carried out by Su and Cook (2012).

C.2.2 Nonparametric density estimation and nonparamet-

ric regression

The derivative of the log densities are estimated by

dlogin >, K, (TTY; — I'Ty) Kp,(X; — x) (1)
OrTy)T 3L Kn(TTY,; — TTy) Ky (X — %) '
Dlogin Sy KG{BTIT(Y, —y VKW (BITT(Y, - yIKu(Xe =)
SBTTTy)T S, Ku{BTTY (Y: — y) PR {BITS (Vs — y (X, =) O
Ologiiy _ Yo, Ki{BITI(Y: —y)} o)
BT )" YL K{BiT (Yi —y)}
The nonparametric regression A; and A, are estimated by
Al =y Zz 1Y Kh(X X)
Zz 1Kh( )
1T (Y
A, — > Prs Y K, {BITE (Y, )}Kh( —X) (C.4)
> Kn{BETE (Y, )}Kh( - X)

L Pre Y KW {BITI (Y —y)}
YL, K{BITE(Y: —y)}
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The nonparametric regression for the conditional expectations of 1] are estimated

i dlogn; Zl L 0log 7]1/8(I‘TY KL (X — x) ()
ATy, | ™ ’ '
( ) 21:1 Kh( )
E( dlogns; BITTy ) _ SN 9logns /OBTTY ) Ki{BITY (v; — y) }Kn(Xi — x)
O(BTTY:)" YN Kn{BIT (yi — y) H (X — x)
(C.6)
- dlogn; T S, 0logns /O(BITTY )T K {BIT] (y: — y)} (X, — x)
E oV | Boloy: x| == ~ pa——
8<B0 Iy Yz) Z¢:1 Kh{Bo L'y (yi — )}Kh( —X)
(C.?)
A Jlogn; al dlogn;
E (8(BOTI‘JY ) Z o( BTI‘TY (C8)

C.2.3 Simulation: linear model with additive, normal errors

For the out-of-sample predictive RMSE results in Section 6.1, the oracle, InnEnv,
local, global, GMM, OLS, Env and PLS methods have prediction RMSE equal to
1.82, 1.82, 1.83, 1.83, 1.83, 1.91, 1.97, 1.96 respectively.

C.2.4 Real data: synthetic dataset from iris data

The estimated inner envelope spaces obtained from the globally efficient algorithm

18

—0.01 0 —-0.98 0.08 —0.14 0
—0.02 0 0 —-0.86 —0.50 0.01
r 0.75 B - —0.50 DB, — 0 0 —0.04 —-0.43
—0.46 0.08 0 0 0 —0.88
0.35 0.66 0.11 032 —-0.56 —-0.12
0.33 0.55 —-0.13 —-0.38 0.64 —0.12

Because &y and Ss are of different dimension, we consider the spaces Ps,Sy and S?}.
The space Ps,S) should be close to Sy, and 53L should be perpendicular to Sy. It
turns out that dist(Ps,Sp, Sp) = 0.029 and dist(S3-, Sp) = 1.999. Since the upper
bound for dist(S3,Sy) is 2, it indicates that Sy is contained in S3. That is, our

method successfully identified the artificial noise space Sy.

)

)



C.3 Tables and Figures

H n ‘ InnEnv  Local Global GMM H
100 | dist(S;,S1)  0.111 0.134  0.166  0.224
dist(Ss,S3)  0.089  0.121  0.152  0.201
300 | dist(S,8;) 0.085  0.101  0.125 0.161
dist(Ss,S3)  0.062  0.078 0.102 0.119
500 | dist(Sp,81)  0.070  0.089 0.114  0.141
dist(Sg,Sg) 0.050 0.064 0.087 0.101
750 | dist(S, S‘l) 0.055 0.071 0.095 0.112
dist(Ss,S83)  0.041  0.057 0.072  0.084
1000 | dist(S:,81)  0.045  0.060 0.084  0.099
dist(S3,S3)  0.035  0.044 0.065 0.073
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Table C.1: Mean distance of the estimated space and the true space (linear case)

H Size ‘ Oracle InnEnv Local Global GMM OLS Env PLS H
100 | 0.136 0.162 0.190 0.212 0.244 0.669 0.705 0.751
300 | 0.077 0.088 0.097 0.115 0.135 0.378 0.403 0.460
500 | 0.060 0.065 0.071 0.084 0.102 0.287 0.386 0.317
750 | 0.049 0.054 0.063 0.074 0.085 0.240 0.346 0.278
1000 | 0.042 0.049 0.056 0.068 0.077 0.213 0.310 0.236

Table C.2: Mean and standard errors of ||3—3||% in Scenario 1 with different sample

sizes.
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H Size ‘ InnEnv  Local Global GMM H
100 | dist(S,,S)) 1175 0542 0.360 0.745
dist(S5,S3)  1.028  0.382 0274 0.507
300 | dist(Sy,S))  1.192 0429 0277 0.589
dist(S5,83)  1.052 0259 0.186  0.344
500 | dist(Sy,S;) 1213 0.360 0.236  0.502
dist(Ss,S3)  1.068 0209 0.142  0.277
750 | dist(S1,S1) 1201 0.297 0.192  0.412
dist(Ss,S3)  1.089  0.177 0.117  0.234
1000 | dist(Sy,S)) 1189  0.265 0.168  0.368
dist(S3,8;)  1.090  0.154 0.101  0.203

Table C.3: Mean distance of the estimated space and the true space (nonlinear case)

H Size ‘ InnEnv Local Global GMM H
100 [ dist(S,,S;)  0.992 0.385 0.320 0.425
dist(S;,S;)  0.998  0.498 0.401  0.552
300 | dist(S,,S;) 0984 0225 0.192 0.268
dist(Ss,S3)  0.920  0.288 0.238  0.340
500 | dist(Sy,81)  0.917  0.175  0.147  0.208
dist(S;,S;)  0.903  0.223  0.182  0.263
750 | dist(S;,S))  0.980  0.140 0.117  0.169
dist(S5,S5)  0.913  0.182  0.150 0.215
1000 | dist(S;,S;)  0.932  0.132  0.105  0.147
dist(S3,8;) 0919 0157 0.128  0.186

Table C.4: Mean distance of the estimated space and the true space (exponential
case)
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Table C.5: The point estimates, bootstrap standard errors and p-values for the
regression parameter for the iris dataset

Our Method Standard
Corresponding to X3 G SE  p-value | (3 SE  p-value
Noise; 0.08 0.10 0.40 0.07 0.12 0.54
Noisey 0.05 0.13 0.68 0.07 0.14 0.60
Sepal length -1.01 0.06 0.01 |-1.01 0.06 ;0.01
Sepal width 0.85 0.12 ;0.01 0.85 0.12 i0.01
Pedal length 1.30 0.02 ;0.0 |-1.30 0.02 ;0.01
Pedal width -1.25 0.02 0.01 |-1.25 0.02 i0.01
Corresponding to X, | /3 SE pvalue| B SE  p-value
Noise; 0.03 0.03 0.27 0.07 0.13 0.59
Noisey -0.01 0.03 0.73 |-0.02 0.16 0.91
Sepal length 0.10 0.07 0.12 0.14 0.10 0.17
Sepal width -0.65 0.10 ;0.01 |-0.65 0.10 {0.01
Pedal length 0.28 0.04 0.01 | 0.29 0.004 ;0.01
Pedal width 0.22 0.04 ;0.01 0.17  0.04 i0.01

H p-values setosa:versicolor setosa:virginica versicolor:virginica H

Ss1 0.396 0.717 0.272
Sso 0.869 0.717 0.549
Ss3 0.869 0.396 0.869
Ss4 0.869 0.998 0.717

Table C.6: p-values for testing whether the distributions of each species is different
on Ss.
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Appendix D

Appendix for Chapter 5

D.1 Extension to Invalid IVs

The exclusion restriction assumption, i.e., Assumption 5.1.3, requires a valid IV
not to have a direct effect on the outcome. This can be violated. For example,
in genetic studies, the pleiotropic effect happens when a single gene have multiple
effects. Lewbel (2012)’s estimation strategies exploit [Vs with a heteroskedastic co-
variance restriction in endogenous regressor models. Lewbel’s approach is extended
by Tchetgen Tchetgen et al. (2017) to MR G-Estimation under No Interaction with
Unmeasured Selection” (MR GENIUS). The extension of our method to invalid IVs
can be built on the identification and estimation results of Lewbel (2012) and Tch-
etgen Tchetgen et al. (2017). We adapt notations introduced by Tchetgen Tchetgen
et al. (2017).

Consider the following model:

E<Xz|Zz7 Uz) = (Iz(ZZ', UZ) + OéU<Ui),

(D.1)

where E{fy(U;)} = 0, E{ay(U;)} = 0, az(0,U;) = 0 and pz(0,U;) = 0. We
further assume that E(X;|Z;) = E{az(Z;,U;)|Z;} = 6Z;. Comparing Model (D.1)
with Model (5.1), when az(Z,U) = §Z, ay(U) = ex and fy(U) = ey, the second
equation in Model (D.1) has an additional term [z(Z;,U;) which allows a direct
impact of IV on the outcome, with potential effect modification by unmeasured
confounders U;. Tchetgen Tchetgen et al. (2017) showed that the causal effect (3

can be identified under the following two assumptions.
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Assumption D.1.1 (orthogonal conditions) The following equations hold with
probability 1,

cov{Bz(Zi, Us), az(Z;, Ui)| Zi} = cov{Bz(Zi, Us), aw (Us)| Zi} = 0,
COU{Oéz(Zi, UZ), BU(Ul)lz’L} =0.

As illustrated in Tchetgen Tchetgen et al. (2017), Assumption D.1.1 does not imply
orthogonality of fy(U;) and ay(U;) and therefore the degree of unmeasured con-
founding is not restricted by these orthogonality conditions. However, Assumption
D.1.1 restricts the degree of common effect modifiers in the outcome and exposure
models. As a special case, Assumption D.1.1 is satisfied if 87(Z;, U;) = 57(Z;) and
az(Z;,U;) = az(Z;). More examples of models that hold under Assumption D.1.1
can be found in Tchetgen Tchetgen et al. (2017). However, Assumption D.1.1 alone

is not enough for identification, we also need to make the following assumption.

Assumption D.1.2 (heteroskedastic condition) rank[cov{Z; var(X;|Z;)}] = p,

which is equivalent to cov{Z;, var(X;|Z;)} is full column rank.

Assumption D.1.2 requires the variance of X; to depend on Z;. When Z; is binary,
Assumption D.1.2 is equivalent to var(X;|Z; = 1) # var(X;|Z; = 0). As commented
in Tchetgen Tchetgen et al. (2017), this assumption is empirically testable, and will
typically hold for binary X;, other than at some exceptional laws. The key to achieve
identification of 3 is to do a transformation of the responses and predictors so that
the direct effect term 5z(Z;, U;) is canceled. Specifically, multiply X; — E(X;|Z;) on
both sides of Model (D.1), we have E(Y,ew i| Xnewi, Zi, Ui) = Y Xyewi + Enew.i, Where
Yoewi = vec[{X; — E(X;|Z;)}Y."] and X,e; = vech[{X; — E(X;|Z:)} XT], €newi =
vec[E{{X; — E(X;|Z)}B2(Z:,U))T + {X; — E(X;|Z:)}Bu (U) " | Xnew.i, Zi, Ui }] and
U = (8 ® I,)E,, where vector-half operator vech: S*** — R*@+1)/2 stacks only the
unique part of each column lines on or above the diagonal of a symmetric matrix into
a vector, and the expansion matrix E, € R**%+1)/2 gatisfies vec(A) = E,vech(A)
(see Henderson and Searle (1979) for further background). The identification of /3

is based on the following representation.

Lemma D.1.1 Under Model D.1, assume that Assumptions 5.1.1,5.1.2 and D.1.1
hold,

BE(ZYE

new,t

) = E(Zi Xnewi' )V,
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Because F(X|Z) can be identified, ¥ and f can also be identified. Under the con-
dition of Lemma D.1.1, if we further make Assumption D.1.2, then E(ZX. ) ME(ZXT

new,s new,i)

is nonsingular for any positive definite matrix M € R*¥**¥. Thus, ¥ can be solved as

U =E(Z;YT

new,i

V'S B(ZXE, HE(ZX],

new,i

)TxglE(ZX;{ew,i)}_l’

where M = ¥,'. To construct an estimator of 3 based on Lemma D.1.1, we first
estimate X,,c,, and Y., by estimating F(X|Z) by OLS, which we denoted as )?new
and }Afnew. Then, B can be obtained by

Bigrs = Wvech(L) = YL Py Xew(XE Py Xoew) 'vech(L,), (D.2)

new new

A~

where Y2 = (Yoewt, -+ Yoewn)s Xbw = (Xnewts - - - Xnewn)s Ynews = vec[{X; —
SZAY ), Xpews = vech[{X; — 02} XT) and & = XTZ(Z7 7).

When r = p = 1, the estimator B;SLS given in (D.2) reduces to the estimator
proposed by Lewbel (2012), which is similar to 2SLS, except that X and Y are
replaced by {X — E(X|Z)}X and {X — E(X|Z)}Y. We denote the estimator in
(D.2) as B;SLS because it is similar to the standard 2SLS estimator but is calculated
using the transformed data.

Motivated by the fact that U is estimated similar to 2SLS, we can impose the
first and second stage envelope conditions similarly as in Section 5.2.1 and 5.2.2.
In this article, we assume that X,,e,,; = vech[{X; — E(X;|Z;)} X]] = 0Z; + ex,.....
then A can be defined as A = g§. We apply the envelope on the model with
outcome Yey i, exposure Xy, ; and IV, Z;, similar as in Section 5.2.1 and 5.2.2.
For instance, let 2y, Z3, Zo/\/Z1Z3 follow uniform distribution U(0,1). Suppose X
follows a normal distribution N(0, ((Zy, Z2)T, (Zs, Z3)™)) plus a noise ex, which is
independent with Z, and Y = X + aZ + ey. In such model, we have the linear
models X,y = Z1 + Zo + Z3 + Var(ex) and Yiew = VY Xpew + Enew- If there is no
linear relationship between X,,.,, and IV, we can adopt the semiparametric envelope
proposed in Chapter 4 (see more discussion in Section 5.5).

We have the similar asymptotic results using first stage and second envelope

method respectively.

Proposition D.1.1 Under Model (D.1), and suppose Assumptions 5.1.1, 5.1.2,
D.1.1 and D.1.2 hold. Suppose X, and Z satisfy the conditions in Proposition
5.2.2. Then \/ﬁ{vec(g’fst’em) — vec(B)} converges to a normal distribution with
mean 0 and variance Vi .., = {vech(I,)" (65 20") tvech(I,)}X.,.., = Vg, where

Enew
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Yy = COU(Enew)-

Proposition D.1.2 Under Model (D.1), and suppose Assumptions 5.1.1, 5.1.2,
D.1.1 and D.1.2 hold. Suppose Z, X, ewo and Yye, satisfy all the conditions in Propo-
sition 5.2.4. Suppose ¥z = TAT' +T¢A¢l'y. Then \/ﬁ(@ndwv — ) converges in dis-
tribution to a normal distribution with mean 0 and variance Vy,; .,,., where Vo, . =
{vech(L,)T (62 767) LoD ATT 6T (65207 ) " twech(1,) } 2., +{vech(1,) T (65 767) 16T A
L6163 76T) tvech(1,) } BCov( X pew | Z) BT

Enew

Corollary D.1.1 Under the conditions in Proposition D.1.2,
Vosrs — Vo = {wech(I,)T (65 70T) 1oTo AT T 67 (65207 ) " tvech(I,) H(E

2nd,env

— BCov( Xpew|Z)BT).

Enew

D.2 Simulations for Invalid IVs

We investigate the MSE of second stage envelope under Model (D.1) when Assump-
tion 5.1.3 is violated. We generate a sample of size n = 5000 and set r = 1,p = 2
and k£ = 20. We first generate Z; ~ ¢;x1,7 = 1,3,4,...,20, where ¢; = 1 for
i =1,3and ¢; = 0.3 for i # 1,3. Let Zy ~ U(0,v/Z1Z3). Then, we generate
confounder ex = (g1,e9)" ~ N(0,diag(10,1)), ey = &, and X* ~ N(0,Xx~), where
Sxr = {(Z1,29)",(Z9, Z3)T}. We set X = X* +ex and Y = BX + aZ + ey,
where g = (=0.5,0.5), of = (ai,...,a15)7 € R and «; are independently gen-
erated from N(0,100) and held fixed. Thus, F(X,ew|Z) = (I3,03x17)Z. We apply
2SLS and the second stage envelope method as proposed in Section D.1. Figure D.1
shows the boxplot of v/1(Bs.¢ — 3), \/ﬁ(/@\i‘stem — ) and \/ﬁ(@‘nd,em — [3) over 500
simulations. The eigenvalues of variance differences var(@‘sm) - U(M"(Efstﬁnv) and
var(B\;SLS) - var(@nd,em}) are (—1.28,—10.13) and (2.86,0.81). The estimate bias
(\/ﬁHE(B — B)]|2) of 2SLS, first stage envelope and second stage envelope are 0.38,
0.39, 0.41 and 0.19. The MSEs (nE[||3 — 8||2]) for these three methods are 87.23,
110.73, 110.88 and 21.91. This shows appealing performance of the second stage

envelope estimator even when the IVs are invalid.
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Figure D.1: Box-plot of two coordinates of the 25LS and the second stage envelope
estimators when IVs are invalid

D.3 Algorithms of 2SLS and ILS

Algorithm 6: Two Stage Least Squares
Stage 1: Regress X on Z. Then, we have X = Z(272)"'Z7X.
Stage 2: Regress Y on X , where X is the predicted exposure from the first

stage.
Calculation: Bogrg = Y7X(X7X)™' = YT P,X(XTP, X)L,

Algorithm 7: Indirect Least Squares
Stage 1: The same as traditional 2SLS
Stage 2: Regress Y on Z. Then, we have 6 = (ZtZ)= 17Ty .
Calculation: ;15 = \Z7Z87 (627 Z67) " = YTP,X (X" PzX) ™.

D.4 Proof of Proposition 5.2.1

~ -~ ~ ~ -1 ~
Note that \/ﬁ(/BQSLS — 6) = (837;2/\/5)5%;%5 <5QSLSEZ(555’LS> s Where 52SLS =
XTZ(ZT 7). Because (XI,ZF)T i =1,...,n, are i.i.d. with finite second mo-
ment, SQSLS converges to d in probability.

Then /n{vec(Basrs)—vec(B)} = { (SQSLSEZ%“SLS) B Sasns @1, yvec(eD Z//n) =

{(&gLSf}Z@TSLS) - bosrs @ LY S Z; @ ey, /\/n. Because Z; and ey, have finite
fourth moments, Z; ® ey, has finite variance £z ® ». Thus, by Central Limit The-
orem, vec(d r , Z; ® ey, //n) converges to a normal distribution with mean 0 and
variance Yz ® X. By Slutsky’s theorem, we have \/ﬁ{vec(B\QSLS) — vec(f)} con-
verges to a normal distribution with mean 0 and variance {(0Xz67)7 10 @ I, }(X7 ®
ST (65,67 @ I} = (05,67) ' @ 5., = V.
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D.5 Proof of Proposition 5.2.2

~ — —~ ~ -1 ~
Note that /n(Bist,ens — 3) = (67 Z/v/1)01 41 oo (51%,6””225&76%) and § converges
to 0. We adapt similar approach as the proof of Proposition 5.2.1.

~ ~ ~ 1.
We have /n{vec(Bist.env)—vec(8)} = {((5182576””22(5&76“11) O1st.eno® 1 pvec(el Z/\/n) =

{(gut,enuizgﬁt,em) B glst,env ® L}Y " Zi ey, /y/n. Because Z; and ey, have fi-
nite fourth moments, Z; ® ey, has finite variance ¥, ® 3. Thus, by Central Limit
Theorem, vec(> ! | Z; ® ey,/y/n) converges to a normal distribution with mean 0
and variance ¥ ® ¥. By Slutsky’s theorem, we have \/ﬁ{vec(,/ﬁ\lswm) —vec(f)} con-

verges to a normal distribution with mean 0 and variance {(6X767)7 10 ® I} (27 ®
e 0T (02207) @ I} = (0X207) T @ B, = V.

D.6 Proof of Lemma 5.2.1

This proposition is a direct generalization of Buse (1992) when Y is multivariate
and predictors are projected on the given envelope. The proof is similar.
Proof. Note that

(5ZTZ5T 4 5Z€X X €§Z($T X €§qu>€x

T T T
-~ o SypchX X qu;.X -1 SYP2¢X
ﬁlst,em} ﬁ - n ( n ) - n ( n n n
(D.3)
T Pe X
= 2R (AL B4 O+ D)L (D.4)
n

The expectation considered here is conditional expectation giving Z®. By multivari-
ate Central limit theorem (CLT), we know that €7 Z67 /n = 0,(n=/2+€), for any fixed
e € (0,1/8). Thus, A — 65,67 in probability, B = 0,(n~1/?%¢), C = o,(n"1/?+)
and D = ngq)(q’TZnTZ@)_lZ@:EX = 0,(n"'2%¢). Suppose S = A+ B+ C+ D
and r = St — {47 — A71(S — A)A~'}. We aim to prove r is o,(n~ %), Be-
cause 1S = (S — A)A™H(S — A)A™ = 0,(n"17%*) and S — §Xz67 in probabil-
ity, we have r = o0,(n™'"%*) and S™' = A7 — A7H(S — A)A™! + o,(n71T%) =
A AY(B+ C>IT4_1 + 0p(n172).

_ ey 28T i L Z2o(@T 2T 28) 1 20T e

Now consider — - = FE + F. Similarly,
by multivariate CLT, E = 0,(n"Y/?*¢) and F = o0,(n"'7%). Then Basrs — B =
(E+F){A'—A Y (B+C)A ' Ho,(n ')} = FAT'-FA Y B+ C)A '+ FA ' +
0, (n=112).

Then we calculate the expectation of the four leading terms.

Eypzq>X
n

n

)71
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First, E{EFA™'} = E{eLZ§(6Z" Z6")~'} = 0 because of giving Z®. Then,

E(FA™' —FEA'BA™) = B{el Z®(®T 27 Z2®) ' ZdTex At — el Z6T A6 20T ex A1)
(D.5)
= Blei {201 2T Z2®) ' 20T — Z6T AT 520 Y ex ATH.
(D.6)

Note that P, = Z&(®TZTZ0)"1 ZdT — Z§T A~16Z®T is an idempotent symmetric
matrix with ¢r(P;) = u—p. Then E(eL PlexA™) = of E(UT PU)agA™'. The (i, j)
element of E(UTPU) is E(UF PU;) = tr(Py)o;j = (u — p)oij, where U, represents
the Ith column of U and o;; is the (i,7) element of Xy. Then E(eLPiexA™!) =
(u —p)af Tyag A~ The last term E(EAT'CA™Y) = E{el Z6TA 1L Z6T A7} =
FE{aTUTZ6T Aol UT Z6T A7}, Consider the (i, j) element of E(UT Z6T A=l UT),
we obtain that E(FA'CA™) = ol %y

(Z6TA DY Z§T A = ofSpas At Thus, Basps — 8 = b+ 0y(n~12), where
E(d) = (u—p—1)Se, o (627 287) 1 = 22153 (62587) " +o0,(n ") and %, .,
is the covariance matrix of ey, and cx,. m

D.7 Proof of Proposition 5.2.3

Proof. Suppose for any matrix A € RP*P, vech(A) = C,vec(A) and vec(4) =
E,vech(A), where E, is the expansion matrix and C, is the contraction matrix.
Because Bgnd,em, = Xgnd7envizggSLS(SQSLsiZggSLS)_l, we have \/ﬁ{vec(@nd,em) —
vec(B)} = (OasrsSz0s1s) 025152z © L [y/n{vec(Aonaens) — (It ® B)vec(dasrs)].
Then by Slutsky’s theorem, we only need to calculate the asymptotic distribution
of Vit {vec(dss — 07)7, vee(N gy — N)THT.
Let F = log(X¢) + tr(SeXgt) + [|XT — ZT6T||2/n, where C = (Z,Y),
Yo = (27,2200, (A2, %y)T), Sz is the sample estimator for ¥;. Because 2y
doesn’t change in the envelope model and is not the target parameter, we don’t

consider Xy then. The parameters of the envelope model are
¢ = (vec (67), vec (1), vec” ('), vech™ (Q), vech” (€)),
and the unconstrained parameters of 2SLS model are

h(¢) = (vec” (67),vec” (AT), vech” (27)).
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I
Thus,A:g—Z:(pk ),Where
H

g (beT nQ I 0 0
0 2C,(TQ® I, —TRTyQIY) CLT@T)E, Cp(To®@To)Eru.)
Also,
v 0*F (L,®XZz O
"on@on@)”  \ o J)’
Yo, ®% 0
where J = viz © 2 L . .
0 El (7' @ X" )Er/2

The 2SLS estimator v/n{vec(A\ls; ¢ — AT)7, vec(0y, ¢ — 07)7} converges to a
Yey ®X,1 Vio
Viy J

normal distribution with mean 0 and variance V = , Where

Vig = Exyiz ® ¥, 0).
By Shapiro (1986), v/n{vec(dag s — 6%)7, vec(A\],

T dems — ADTHT converges to

a normal distribution with mean 0 and variance Vopgeny = PV PT where P =
-1 -1 -1
Yix|z ® iy (EX,Y|22Y|Z ® Xy )V1> where
* Vi
Vi=3yz@TQ ' TT + (n@To)Mi(n" @TF) and M = nTz;}Zn R0+ Q"+
Q' ®Qy — 21, ® I,_,. Thus by Slutsky’s theorem, we can obtain the asymptotic

A(AT‘/OA)iAT% Then ‘/2nd,e7w -

distribution of vec(ggnd) presented.
(]

D.8 Proof of Proposition 5.2.4

Proof. Under Model (5.1), suppose I' € R¥*? is a basis of the second stage envelope
Es,{span(A\T)} and Ty € R¥*(* =9 is a basis of its orthogonal subspace. Then,
Yz = PATT + DoAY and AT = T'p, where A = TTS,I7, Ay = ITE,IT and
n € R,

We have \/EA(E - B) = \/E(B‘\Qnd,env - BSESLS)SZSzSLS(8\2SLSSZZS¥WSL5)71a where
Sy = ZTZ/n, dasps = XTZ(Z7Z)" and Nonaens = YTZD(TTZTZT)"'TT. We
now focus on the asymptotic behavior of \/ﬁvec(xgndﬁm — BS\QSLS). Note that
Vvec(Nandens — Bo2sps) = /avec{YTZT(TTZTZ0)'IT — BXTZ(Z7 7)1} =
vec{{(Bex +ey)TZ//n}T(TTS,0)'TT — (Bek Z/+/n)S,'}. By Central Limit The-
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orem, we have ||(Bex +ey)' Z/v/n|r = O,(1) and ||8e% Z/+/n||r = O,(1). Because
1Sz — Xz||F = 0,(1), we have vec{{(Bex + ey)" Z/\/n}T (TS, )~ 'TT

— (8L 2/\/)S; '} = veel{(Bex +ev )T 2/ AT (TTS,T) ' TT — (8%, 7/ )s; ) +
(1) = vee{ (L Z/yATATT — (85 2/ /)Ty TT} = {TATT & (0. 1,) —
DoAG'TT @ (B,0,%,) }vec{(ex,ev)TZ/v/n} + 0,(1). By Slutsky’s theorem, note
that vec{(ex,ey)?Z/y/n} converges to N(0,V) in distribution by Central Limit
Theorem, we have \/ﬁVeC(Xgndﬁm} - /BZS\QSLS) converges to N(0,UVUT) in distribu-
tion, where V = X7 ® 3, 3 = cov((ek,e)T), and U = TAT'TT @ (0yxp, I) —
DoAG'TE @ (8,0,x,). We can simplify UVUT as TATITT @ X, + ToA;'TE @
B, BT, Thus, because Sy and SQSLS converge to Xz and J in probability respec-
tively, by Slutsky’s theorem, \/ﬁ(@nd,m — () converges in distribution to a nor-
mal distribution with mean 0 and variance (63 267) 1dTATT 6T (62 ,67) " @ 3., +
(65 567) 0T AT ToT (6% 567 @ ., A7 .

]

D.9 Proof of Lemma D.1.1

Proof. Note that

BUX; — BE(Xi| Z)YY' | X, 23, Us) ={X; — BE(Xi| Z:)} X 8" +{Xi — B(Xi|Z:)}82(Z:, Us)"
+{Xi — B(Xi|Z)}Bu(U:)" := A; + B; + C.

The conditional expectation of the second and third term

E(Bj|Z;,U;) = E[{X; — E(X;|Z:)}B2(Z;, U;)" | Z;, Ui
= {E(X;|2;,U;) — E(Xi|Z)}B2(Z:, Uy)"
= {az(Z:,U;) + ay(U;) — E(Xi|Z:)}B2(Zi, Ui)T,

E(Ci|Z;,U;) = E{X; — E(Xi|Z:)}Bu(U)"| Z;, U] = ez (Z, Us) + ap(U;)
—E{az(Z:,U;)| Z:Y)Bu (U
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Thus, by Assumption D.1.1,

E(Bi|Zi) = E[{Xz - E(Xi|Zi)}5Z(Zz‘, Ui)T|Zz'] = COU{CYZ(Zu Ui) + QU(Ui)7BZ(Zi> Ui)|Zi =0,

B(Ci|Z:i) = El{az(Z:,U) + av(U;) — B{az(Z:, Ui)| Zi}} B (U)' | Zi]
= cov{az(Z;,Uy), Bu(U:)| Z:} + E{ay(U:)Bu(U)T)Z;} = 0.
Then
E(ZY}]..,) = E{Zwec(A; + B; + C;)"} = E[E{ Zwec(A:)"|Z;}] = E[E{Zwech(A:)"E]|Z;}]

= ElZwech{{X; — BE(X;|Z)}X][YE] (8" ® 1) = B(Z:X],..,) ¥,

where ¥V = (® [,)E,. =



158

He did not know that the new life would not be given him for nothing... But
that is the beginning of a new story — the story of the gradual renewal of a man,
the story of his gradual regeneration, of his passing from one world into another, of
his initiation into a new unknown life. That might be the subject of a new story,
but our present story is ended.

(F. Dostoevsky, Crime and Punishment, Epilogue.)
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