
Adversarial Robustness in Machine Learning:
An Optimal Transport Perspective

by
Muni Sreenivas Pydi

A dissertation submitted in partial fulfillment
of the requirements for the degree of

Doctor of Philosophy
(Electrical and Computer Engineering)

at the
University ofWisconsin-Madison

2022

Date of Final Oral Exam: August 8, 2022

The dissertation is approved by the followingmembers of the FinalOralCommittee:
Varun Jog (Chair), Lecturer, PureMathematics &Mathematical Statistics

(University of Cambridge)
Robert Nowak, Professor, Electrical & Computer Engineering
Kangwook Lee, Assistant Professor, Electrical & Computer Engineering
Xiaojin (Jerry) Zhu, Professor, Computer Science
Nicolás García Trillos, Assistant Professor, Statistics



©2022 –Muni Sreenivas Pydi
all rights reserved.

Permission to make digital or hard copies of all or part of this work for personal or class-
roomuse is grantedwithout fee provided that copies are notmade or distributed for profit
or commercial advantage and that copies bear this notice and the full citation on the first
page. Tocopyotherwise, to republish, to poston serversor toredistribute to lists, requires
prior specific permission.



i

Adversarial Robustness in Machine Learning:
An Optimal Transport Perspective

Abstract

Deep learning based classification algorithms perform poorly on adversarially perturbed data. Adversarial risk

quantifies the performance of a classifier in the presence of an adversary. Numerous definitions of adversarial risk—

not all mathematically rigorous and differing subtly in the details—have appeared in the literature. Adversarial

attacks are designed to increase the adversarial risk of classifiers, and robust classifiers are sought that can resist

such attacks. It was hitherto unknown what the theoretical limits on adversarial risk are, and whether there is an

equilibrium in the game between the classifier and the adversary.

In this thesis, we establish a mathematically rigorous foundation for adversarial robustness, derive algorithm-

independent bounds on adversarial risk, and provide alternative characterizations based on distributional robust-

ness and game theory. Key to these results are the numerous connections we discover between adversarial robust-

ness and optimal transport theory. We begin by examining various definitions for adversarial risk, and laying down

conditions for their measurability and equivalences. In binary classificationwith 0-1 loss, we show that the optimal

adversarial risk is determined by an optimal transport cost between the probability distributions of the two classes.

Using the couplings that achieve this cost, we derive the optimal robust classifiers for several univariate distribu-

tions. Using our results, we compute lower bounds on adversarial risk for several real-world datasets. We extend

our results to general loss functions under convexity and smoothness assumptions.

We close with alternative characterizations for adversarial adversarial robustness that lead to the proof of a pure

Nash equilibrium in the two-player game between the adversary and the classifier. We show that adversarial risk

is identical to the minimax risk in a robust hypothesis testing problem with Wasserstein uncertainty sets. More-

over, the optimal adversarial risk is the Bayes error between a worst-case pair of distributions belonging to these

sets. Our theoretical results lead to several algorithmic insights for practitioners and motivate further study on the

intersection of adversarial robustness and optimal transport.
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Darkness there was at first, by darkness hidden;

Without distinctive marks, this all was fluid;

That which, becoming, by the void was covered;

That One by force of contemplation, came into being.

Nāsadīya Sūkta (Hymn of Creation), Rig Veda

1
Introduction

1.1 Motivation

Deep learning has had tremendous success in recent times, producing state-of-the-art results in image classifi-

cation49,41, game playing76,77,89, speech42,35 and natural language processing95,22. However, Szegedy et al.82 dis-

covered that these algorithms are surprisingly vulnerable to minute adversarial perturbations. Many adversarial

attacks1,16,33 and defenses58,65,20 have been proposed since. Often, the defenses are subsequently broken or are

computationally intractable in practice. Despite the demonstrated vulmerabilities of deep learning, the adoption

ofdeep learning in safety-critical applications such as autonomousdriving37,64,medical imaging36,57,55 and law50,17

is on the rise. Hence, it has become all the more important to understand the limitations of machine learning algo-

rithms in the presence of adversarial entities.

The reason for existence of adversarial examples in deep learning is unknown, but many explanations have been

suggested. One line of work hypothesizes that adversarial examples are inevitable in certain high-dimensional set-

tings71,59. Goodfellow et al.33 propose that the reason for adversarial examples may be the linear nature of deep
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neural networks. Ilyas et al.47 propose that adversarial examples correspond to non-robust features in the data that

are highly predictive, but brittle. Moreover, it was recently proposed that adversarial risk may be fundamentally at

odds with standard risk—a claim that finds support both in theory85 and in practice81.

Complementary to the theoretical investigations on why the adversarial examples occur, there have been many

works on how to mitigate such adversarial attacks with provable guarantees if possible. The starting point for such

investigations is to define a notion of adversarial risk that quantifies the robustness of an algorithm to adversarial

attacks. A classification algorithmwith high accuracy (low risk) in the absence of an adversary may have poor accu-

racy (high risk) when an adversary is present. Thus, amodified notion known as adversarial risk is used to quantify

the adversarial robustness of algorithms. Algorithms that minimize adversarial risk are deemed adversarially robust.

In this thesis, we deviate from algorithm-dependent investigations on how to mitigate adversarial attacks. We

also deviate from theoretical investigations on why adversarial examples exist. Our focus in this work is on what ad-

versarial risk really is,what its fundamental limitations are, andwhat other ways there are to characterize adversarial

robustness. The motivation for this focus is explained in more detail below.

1.1.1 Rigorous Foundations

There is no universally agreed upon definition of adversarial risk. Even the simplest setting of binary classification

inRd with an ℓ2 adversary admits various definitions involving set expansions23,34, transport maps67, Markov ker-

nels68, and couplings62. Theseworks broadly interpret adversarial risk as ameasure of robustness to small perturba-

tions, but their definitions differ in subtle details such as the class of adversaries and algorithms considered, budget

constraints placed on the adversary, assumptions on the loss function, and the geometries of decision boundaries.

The diversity of definitions for adversarial risk makes it challenging to compare approaches. Theoretical results

pertaining to one definition of adversarial risk may not apply to another. Moreover, different definitions are mo-

tivated from different view points and the insights that led to the development of algorithms that minimize one

type of adversarial risk may not extend to other definitions. Hence, a common framework for comparing the vari-

ous definitions of adversarial risk is useful both for theoreticians and practitioners. This is the motivation for the

following question.

Question 1. How are the various formulations of adversarial risk related to each other?

In addition to the problem of numerous definitions, there is the problem of rigor. Not all approaches for defin-
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ing adversarial risk are rigorous. For instance, the classes of adversarial strategies and classifier algorithms are often

unclear, and issues of measurability are ignored. Although this may be harmless for applied research, it has led to

incorrect proofs and insufficient assumptions in some theoretical works. Thus, we seek to answer the following

question.

Question 2. What assumptions are needed to make adversarial risk well-defined?

1.1.2 Fundamental Limits

Once a definition for adversarial risk is established, algorithms thatminimize it are sought and deemed adversarially

robust. Procedures for finding them have been effective in practice58,87,65, spurring numerous theoretical investi-

gations into adversarial risk and its minimizers. For instance, a popular method for defending against adversarial

attacks is adversarial training, wherein a model is trained using the gradient of the loss computed at the worst-case

perturbation of each training data point. The goal in adversarial training is to minimize adversarial risk defined

as expected worst-case loss incurred by a model in the presence of a data-perturbing adversary. Another approach

knows as randomized smoothing aims to make a classifier more robust by “smoothening” its decision boundary

through random averaging. This is done by outputting the majority decision of a classifier on a number of ran-

domly sampled data points close to the test data point.

In light of these investigations onminimizing adversarial risk, a quantity of interest is the optimal adversarial risk,

which is theminimumvalue for adversarial risk over the space of all possible decision regions of a classifier. Optimal

adversarial risk is analogous to the notion of Bayes risk in a standard learning setup. In a binary classification setup

with equal priors, it is known that the Bayes risk is determined by the total variation distance between the true

probability distributions of the two classes. It was unclear how this result extends to the adversarial setting. In the

presence of a data-perturbing adversary, the risk incurred by any classifier is at least as big as its standard risk. But

it was unknown how much the optimal adversarial risk differs from the optimal standard risk, i.e. the Bayes risk.

This motivates the second major open question addressed by this thesis.

Question 3. Howmuch can the optimal adversarial risk differ from the Bayes risk?

A related question concerns the optimal classifier in the adversarial setting. A recent line of work shows that

non-parametric methods that converge to the Bayes classifier asymptotically can yield non-robust classifiers in the

presence of an adversary93,8. Hence, the Bayes classifier is not necessarily optimal in the presence of an adversary.
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TheworkofMoosavi-Dezfooli et al.63, Cohen et al.21 andYang et al.94 suggests that the optimal adversarial classifier

has smoother boundaries than the optimal standard classifier. Even so, the question of how the optimal adversarial

classifier differs from the standard one remains open. Hence, we have the following question.

Question 4. How does the optimal adversarial classifier differ from the Bayes classifier?

1.1.3 Alternative Characterizations

Finding optimal classifiers under 0-1 loss is equivalent to hypothesis testing, and there are natural connections of ad-

versarially robust classification to robust hypothesis testing. Classical literature on robust hypothesis testing studies

robust versions of the likelihood ratio test under various (non-adversarial) contamination models such as Huber’s

ε-contamination model, the total variation contamination model, or the Levy-Prokhorov metric contamination

model44,46. Contamination models based on f-divergences have also been analyzed for the Kullback-Liebler diver-

gence54 and the squaredHellinger distance39,40. Thesemodels study robustness toperturbations indata generating

distributions rather than the data itself.

Another line of work studies distributionally robust optimization (DRO)31,91, wherein the parameters of an

optimization problem are sampled from an unknown probability distribution inside an uncertainty set. InWasser-

sterin DRO28,27,11, the uncertainty sets are constructed using the Wasserstein metrics. The advantage of using

Wassersteinmetrics is the ability tomeasure distances between probability distributions with non-overlapping sup-

ports, which is not possible for divergence-based measures.

At first glance, distributional robustness may seem distinct from adversarial robustness. Some recent works

suggest connections between the two, when the distributional uncertainty is measured in the Wasserstein met-

rics78,86,79. However, it is unclear whether the adversarial robustness model can be reduced to a distributional

robustness model. This motivates the following question.

Question 5. What is the precise relationship between adversarial robustness and distributional robustness?

Optimal adversarial risk is most commonly defined as the minimax risk under adversarial contamination58,73.

Some recent works consider a two-player zero-sum game between the adversary and the classifier where the payoff

is defined as the adversarial risk incurred for a particular choice of contamination by the adversary and a particular

choice of decision region by the classifier62,67,13,14. In this game, the minimax risk corresponds to the best payoff

attainable by the classifier when the adversary makes the first move. A natural question to ask is if this risk matches
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with the best payoff attainable by the adversary when the classifier makes the first move. An equality between the

two payoffs determines the value of the game and proves the existence of a Nash equilibrium. Hence, we would

like to answer the following question.

Question 6. Is there a Nash equilibrium in the zero-sum game between the adversary and the classifier?

1.2 Contributions and Thesis Outline

This thesis addresses all the six questions raised in the preceding section. Our contributions are listed below.

• Rigorous foundations: We address Questions 1 and 2 in Chapter 2.

– Conditions for well-defined adversarial risk: We examine the definitions of adversarial risk based

on set expansions in a binary classification setup with 0-1 loss. For Polish spaces, we observe that

adversarial risk is not Borel measurable, and hence, not well-defined when the decision region is an

arbitrary Borel set (or, when the loss function is an arbitrary Borel measurable function). We show

that the problem can be resolved by considering a Polish space equipped with the universal comple-

tion of the Borel σ-algebra and restricting the decision regions to Borel sets (or by restricting the loss

function to be upper semi-analytic, which is stronger than Borel measurability and weaker than uni-

versal measurability). For the Euclidean space with the Lebesgue σ-algebra, we show that adversar-

ial risk is well-defined for any Lebesgue measurable decision region. Our key lemma (Lemma 2.3.3)

shows that the Lebesgue σ-algebra is preferred over the Borel σ-algebra because set expansions are

Lebesgue measurable but not necessarily Borel measurable. For general loss functions, we show that

the expected supremum formulation of adversarial risk is well-defined for upper semi-analytic loss

functions. These results resolve Question 1, and are contained in Section 2.3.

– Equivalences between adversarial risk definitions: We show that the definition of adversarial risk

using set expansions is identical to a notion of risk that appears in robust hypothesis testing with

∞-Wasserstein uncertainty sets. We prove this result in Polish spaces using the theory of measurable

selections5,90. In Rd, we are able to use the powerful theory of Choquet capacities19 (in particular,

Huber and Strassen’s 2-alternating capacities46) to establish results of a similar nature. In addition,

we derive the conditions under which this notion of adversarial risk is equivalent to alternative no-



6

tions defined using transport maps and Markov kernels. These results address Question 2, and are

contained in Section 2.4.

• Fundamental limits: We address Questions 3 and 4 in Chapter 3.

– Optimal adversarial risk via optimal transport: We resolve Question 3 in the binary classification

with 0-1 loss setting by deriving a formula for the optimal adversarial risk in terms of an optimal trans-

port cost between the two data distribution. Our proof is novel and simple and connects adversarial

machine learning towell-known results in optimal transport theory. We show that the formula can be

extended to the case of unequal priors by considering an unbalanced optimal transport cost between

scaled data distributions. The main tool we use is Theorem 9 in which we generalize a classical result

of Strassen on excess-cost optimal transport80,88 from probability measures to finite measures with

possibly unequal mass. These results are contained in Section 3.1.

– Optimal adversarial classifiers via optimal couplings: We construct optimal couplings for the op-

timal transport cost that determines the optimal adversarial risk when the two data distributions are

univariate normal, uniform over intervals, and triangular. We resolve Question 4 in these cases by

determining the optimal adversarial classifiers using the optimal couplings. Our results indicate that

the decision boundary can be sensitive to the adversary’s budget. These results are contained in Sec-

tion 3.2.

– Results for continuous loss functions: For continuous loss functions, we derive upper and lower

bounds on the optimal adversarial risk which depend on convexity and smoothness assumptions of

the loss with respect to data. We also partially address Question 4 by upper bounding howmuch the

optimal hypothesis with an adversary can deviate from the optimal hypothesis without an adversary.

These bounds are in terms of the curvature of the loss function with respect to the parameters of the

hypotheses. These results are contained in Section 3.3.

– Adversarial risk bounds for real-world datasets: We calculate the optimal adversarial risk for the

CIFAR10,MNIST, Fashion-MNIST, and SVHNdatasets. We perform a similar calculation for data-

augmented versions of these datasets. The non-zero values resulting from these calculations high-

light the impossibility of being completely accurate—even on the training set—in adversarial settings.

These results are contained in Section 3.4.
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• Alternative characterizations: We address Questions 5 and 6 in Chapter 4.

– Distributional robustness perspective: We consider a robust hypothesis testing setup where the

true distributions are contaminated in ε-balls measured in the∞-Wasserstein metric. We prove that

there exists a least favorable pair of distributions (LFDs) in the uncertainty sets that determine the

optimal error achievable in this setting. For Polish spaces with a midpoint property, our proof uses

a novel characterization of the Dε optimal transport cost from Section 3.1 in terms of the shortest

total variation distance betweenW∞ probability balls. For Rd, our proof borrows from the results

of Huber and Strassen46 on 2-alternating capacities. These results are contained in Section 4.1.

– Game theoretic perspective: We consider the setup of a zero-sum game between the adversary and

the classifier. We show that the value of this game (adversarial risk) is equal to the minimum Bayes

error between a pair of distributions belonging to the∞-Wasserstein uncertainty sets centered around

true data-generating distributions. We prove the existence of a pure Nash equilibrium in this game

forRd and for Polish spaceswith amidpoint property. This extends/strengthens existing results62,67,13

to non-parametric classifiers. These results are contained in Section 4.2.
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[T]he requirement of rigor, which has become proverbial

in mathematics, corresponds to a universal philosophical

necessity of our understanding; . . . A new problem, espe-

cially when it comes from the world of outer experience, is

like a young twig, which thrives and bears fruit only when

it is grafted carefully and in accordancewith strict horticul-

tural rules upon the old stem, the established achievements

of our mathematical science.

David Hilbert, Lecture at the ICM - Paris, 1900 2
Rigorous Foundations

2.1 Notation and Preliminaries

2.1.1 Notation

Throughout the thesis, we use X to denote a Polish space (a complete, separable metric space) with metric d and

Borel σ-algebra B(X ). For x ∈ X and A ⊆ X , we define the distance of x from A as, d(x,A) = infa∈A d(x, a).

For x ∈ X and r ≥ 0, let Br(x) denote the closed ball of radius r centered at x. We useP(X ) andM(X ) to denote

the space of probability measures and finite measures defined on the measure space (X ,B(X )), respectively. Let

B(X ) denote the universal completion of B(X ). LetP(X ) andM(X ) denote the space of probability measures

and finite measures defined on the complete measure space (X ,B(X )). For μ, ν ∈ M(X ), we say ν dominates μ

if μ(A) ≤ ν(A) for allA ∈ B(X ) and write μ � ν. WhenX isRd, we useL(X ) to denote the Lebesgue σ-algebra

and λ to denote the d-dimensional Lebesgue measure. For a positive integer n, we use [n] to denote the finite set

{1, . . . , n}.
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2.1.2 Metric Space Topology

Let ε ≥ 0 and A ∈ B(X ). We introduce the following three notions of expansion of the set A by ε.

Definition 1. (Minkowski set expansion) The ε-Minkowski expansion of A is given by A⊕ε := ∪a∈ABε(a).

Definition 2. (Closed set expansion) The ε-closed expansion of A is defined as Aε := {x ∈ X : d(x,A) ≤ ε}.

Definition 3. (Open set expansion) The ε-open expansion of A is defined as Aε) := {x ∈ X : d(x,A) < ε}.

We use the notation A−ε to denote ((Ac)ε)c. Similarly, A⊖ε := ((Ac)⊕ε)c. For example, consider the set A =

(0, 1] in the space (X , d) = (R, | · |) and ε > 0. ThenA⊕ε = (−ε, 1+ ε],Aε = [−ε, 1+ ε] andAε) = (−ε, 1+ ε).

For any A ∈ B(X ), Aε is closed and Aε) is open. Hence, Aε,Aε) ∈ B(X ). Moreover, Aε) ⊆ A⊕ε ⊆ Aε. However,

A⊕ε may not be inB(X ) (see Lemma 2.3.1). In general, theMinkowski sum of two Borel sets need not be Borel26,

and that of two Lebesgue measurable sets need not be Lebesgue measurable75.

2.1.3 Optimal Transport

Let μ, ν ∈ P(X ). A coupling between μ and ν is a joint probability measure π ∈ P(X 2) with marginals μ and ν.

The set Π(μ, ν) ⊆ P(X 2) denotes the set of all couplings between μ and ν. The optimal transport cost between μ

and ν under a cost function c : X × X → [0,∞) is defined as,

Tc(μ, ν) = inf
π∈Π(μ,ν)

∫
X 2

c(x, x′)dπ(x, x′). (2.1)

For a positive integer p, the p-Wasserstein distance between μ and ν is defined as,Wp(μ, ν) = (Tdp(μ, ν))
1
p . The∞-

Wasserstein metric is defined asW∞(μ, ν) = limp→∞Wp(μ, ν). It can also be expressed in the following ways30.

W∞(μ, ν) = inf
π∈Π(μ,ν)

ess sup
(x,x′)∼π

d(x, x′) = inf{δ > 0 : μ(A) ≤ ν(Aδ)∀A ∈ B(X )}. (2.2)

Given a μ ∈ P(X ) and a measurable function f : X → X , the push-forward of μ by f is defined as a probability

measure f♯μ ∈ P(X ) given by f♯μ = μ(f−1(A)) for all A ∈ B(X ).

2.1.4 Submodular Capacities

We introduce the following definitions from the work of Huber and Strassen46.
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Definition 4 (Capacity). A set function v : B(X ) → [0, 1] is a capacity if it satisfies the following conditions.

1. v(φ) = 0 and v(X ) = 1, where φ denotes the null set.

2. For A,B ⊆ X , A ⊆ B =⇒ v(A) ≤ v(B).

3. An ↑ A =⇒ v(An) ↑ v(A).

4. Fn ↓ F, Fn closed =⇒ v(Fn) ↓ v(F).

Definition 5 (2-AlternatingCapacity). Acapacity vdefinedon themeasure space (X ,B(X )) is called2-alternating

if it satisfies the following condition for any A,B ⊆ X .

v(A ∪ B) + v(A ∩ B) ≤ v(A) + v(B). (2.3)

Note that the above 2-alternating condition is equivalent to the submodularity condition for defining a submod-

ular set function. Hence, 2-alternating capacities are also known as submodular capacities.

For any compact set of probability measures Ξ ⊆ P(X ), the upper probability defined as v(A) = supμ∈Ξ μ(A)

is a capacity46. The upper probability of ε-neighborhoods of a μ ∈ P(X ) defined using either the total variation

metric or the Levy-Prokhorov metric can be shown to be a 2-alternating capacity46.

2.2 A Survey of theMany Faces of Adversarial Risk

In this section, we review several definitions for adversarial risk that are found in the literature. First, we consider a

setting of general loss functions, where classifiers are parametrized by parameter w in a hypothesis classW . Next,

we consider a binary classification setting with the 0-1 loss function, where non-parametric classifiers of the form

fA(x) = 1{x ∈ A} correspond to decision regions A ⊆ X .

2.2.1 General Loss Setting

LetX be the feature space, a Polish space equipped with a distance metric d. LetY be a finite set of labels. Let ρ be

the true data distribution of labeled data points (x, y) ∈ X × Y , which can be expressed as ρ(x, y) = ρy(y)ρx|y(x)

where ρy(y) is the marginal probability of label y ∈ Y and ρx|y(x) is the conditional probability of x ∈ X given
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the label y. LetW denote the hypothesis class. Let ℓ : (X × Y) × W → [0,∞] denote a loss function that is

measurable with respect to B(X ) for all w ∈ W .

Consider a data-perturbing adversary of budget ε ≥ 0 that perturbs any data point x ∈ X to x′ ∈ X such that

d(x, x′) ≤ ε. The adversarial risk of a classifier w ∈ W under a loss function ℓ in the presence of such an adversary

is given by,

R⊕ε(ℓ,w) = E(x,y)∼ρ

[
sup

d(x,x′)≤ε
ℓ((x′, y),w)

]
. (2.4)

If the loss function ℓ(·,w) is upper semi-continuous and bounded above for all w ∈ W , Meunier et al. (62)

show thatR⊕ε(ℓ,w) is well-defined. But in general, it may not be so.

One way to resolve measurability issues is to restrict the adversary to use measurable transport maps for data

perturbation. Let F := {fy : X → X , fy is ρy − measurable | y ∈ Y} denote a collection of measurable maps

for each label y ∈ Y . We say that F is of budget ε (denoted by F ∈ Fε) if d(x, fy(x)) ≤ ε with probability 1 for

(x, y) ∼ ρ. Under such an adversary, the adversarial risk may be defined as follows.

RFε(ℓ,w) = sup
F∈Fε

E(x,y)∼ρ
[
ℓ((fy(x), y),w)

]
. (2.5)

The above definition was used for the binary classification setting in Pinot et al.67 A more general definition for

adversarial risk was proposed in Pydi and Jog68 using Markov kernels. Let κ denote a set of Markov kernels κy

for y ∈ Y . Let ρκ(x,y,x′) denote the joint distribution of (x, y, x′) induced by κ. We say that the Markov kernel

adversary κ has a budget ε (denoted by κ ∈ Kε) if d(x, x′) ≤ ε, ρκ(x,x′)|y-a.s. where ρ
κ
(x,x′)|y ∈ P(X ×X ) denotes the

conditional distribution of (x, x′) given y ∈ Y and x′ is the perturbation of the data point x with label y using the

Markov kernel κy ∈ κ. Under such a Markov kernel adversary, adversarial risk is defined as the following in Pydi

and Jog68.

RKε(ℓ,w) = sup
κ∈Kε

E(x,y,x′)∼ρκ
(x,y,x′)

[
ℓ((x′, y),w)

]
. (2.6)

Another way to define adversarial risk is by considering perturbations to the input data distributions rather than

individual data points. Optimal transport-based perturbations, in particular the∞-Wassersteinmetric (denoted by

W∞) has been used to define such perturbations (68,62). Let an adversary γ be defined as a collection of perturbed
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probability distributions for each label i.e., γ := {ργx′|y ∈ P(X )|y ∈ Y}. We say that the adversary γ has a budget ε

(denoted by Γε) ifW∞(ρx|y, ρ
γ
x′|y) ≤ ε for all y ∈ Y . Under such a distribution perturbing adversary, the adversarial

risk is defined as,

RΓε(ℓ,w) = sup
γ∈Γε

E(x′,y)∼ρyρ
γ
x′|y

[
ℓ((x′, y),w)

]
. (2.7)

The use of∞-Wasserstein metric for defining adversarial risk is motivated by the following fact: For μ, ν ∈ P(X ),

W∞(μ, ν) ≤ ε if and only if there exists a coupling (a joint probability distribution) π ∈ Π(μ, ν) such that

d(x, x′) ≤ ε with probability 1 for (x, x′) ∼ π. That means, all the probability mass under the distribution μmay

be transported to νwithout transporting any mass by more than ε almost surely.

The following inequality is an immediate consequence of the above definitions of adversarial risk:

RFε(ℓ,w) ≤ RKε(ℓ,w) ≤ RΓε(ℓ,w). (2.8)

We shall investigate conditions for equality in the above inequality and relations between the above three formula-

tions of adversarial risk and the classical formulationR⊕ε(ℓ,w).

2.2.2 Binary Classificationwith 0-1 Loss Setting

In this subsection, we consider a binary classification setting where the label spaceY = {0, 1}. Let p0, p1 ∈ P(X )

be the data-generating distributions for labels 0 and 1, respectively. Let the prior probabilities for labels 0 and 1 be

in the ratio T : 1 where we assume T ≥ 1 without loss of generality. For any set A ∈ B(X ), we may consider a

classifier fA(x) := 1{x ∈ A} which labels any point in the set A as 1 and any point in Ac as 0. We say that such a

classifier has a decision region A. The error (standard risk) incurred by such a classifier under the 0-1 loss function

is,R⊕0(ℓ0/1,A) = T
T+1p0(A) +

1
T+1p1(A

c).

An adversary of budget ε > 0 can perturb any x ∈ X to x′ ∈ Bε(x). It follows that any x ∈ A can be perturbed

to x′ ∈ ∪a∈ABε(a) = A⊕ε. Hence, adversarial risk could be defined as

R⊕ε(ℓ0/1,A) =
T

T+ 1
p0(A⊕ε) +

1
T+ 1

p1((Ac)⊕ε). (2.9)

The above formulation is a special case of (2.4) for the 0-1 loss function. Indeed, for x ∈ X and y ∈ {0, 1},
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ℓ0/1((x, y),A) = 1{x ∈ A, y = 0}+ 1{x ∈ Ac, y = 1}. Hence,

R⊕ε(ℓ0/1,A)

=
T

T+ 1
Ep0

[
sup

d(x,x′)≤ε
1{x′ ∈ A}

]
+

1
T+ 1

Ep1

[
sup

d(x,x′)≤ε
1{x′ ∈ Ac}

]

=
T

T+ 1
p0(A⊕ε) +

1
T+ 1

p1((Ac)⊕ε).

A problem with the formulation in equation (2.9) is the ambiguity over the measurability of the sets A⊕ε and

(Ac)⊕ε. Even when A ∈ B(X ), it is not guaranteed that A⊕ε, (Ac)⊕ε ∈ B(X ) (see Appendix A for an example).

Hence,R⊕ε(ℓ0/1,A) is not well-defined for all A ∈ B(X ). It is shown in Pydi and Jog68 thatR⊕ε(ℓ0/1,A) is well-

defined when A is either closed or open. A simple fix to this measurability problem is to use closed set expansion

instead of the Minkowski set expansion, as done inMahloujifar et al.59 This leads to the following formulation.

Rε(ℓ0/1,A) =
T

T+ 1
p0(Aε) +

1
T+ 1

p1((Ac)ε). (2.10)

The above definition is well-defined for anyA ∈ B(X ) becauseAε and (Ac)ε are both closed and hence,measurable.

However, under the above definition, a point x ∈ A may be perturbed to x′ ∈ Aε such that d(x, x′) > ε. For

example, when A = (0, 1), we have Aε = [−ε, ε] and an adversary may transport x = δ > 0 to x′ = −ε, violating

the budget constraint at x. Another problemwith this definition is the fact that we do not recover the standard risk

by setting ε = 0 in the above definition.

Alternatively, one can also fix themeasurability problemby considering open set expansions, as done in Bungent

et al.15, leading to the following formulation.

Rε)(ℓ0/1,A) =
T

T+ 1
p0(Aε)) +

1
T+ 1

p1((Ac)ε)). (2.11)

LikeRε(ℓ0/1,A),Rε)(ℓ0/1,A) is also well-defined for anyA ∈ B(X ). As remarked in Bungent et al.15, a drawback

with this approach is that setting ε = 0 does not recover the standard risk definition.

Remark 1. The formulations in equations (2.4), (2.9) and (2.10) can give a strictly positive adversarial risk even

for a “perfect” (i.e., Bayes optimal) classifier. This is consistent with the literature on adversarial examples where even

a perfect classifier is forced to make errors in the presence of evasion attacks. These formulations of adversarial risk
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correspond to “constant-in-the-ball” risk of Gourdeau et al.34, and “corrupted-instance” risk in Diochnos et al.23 and

Mahloujifar et al.59 Here, an adversarial risk of zero is only possible if the supports of p0 and p1 are non-overlapping

and separated by at least 2ε. This is not the case with other formulations of adversarial risk such as “exact-in-the-ball”

risk34, “prediction-change risk and “error-region” risk23,59. We focus on the “corrupted-instance” family of risks in this

work.

Another approach to defining adversarial risk is by explicitly defining the class of adversaries of budget ε as mea-

surable transport maps f : X → X that push-forward the true data distribution such that no point is transported

by more than a distance of ε; i.e., d(x, f(x)) ≤ ε. The transport map-based adversarial risk67 is formally defined as

follows:

RFε(ℓ0/1,A) = sup
f0,f1:X→X

∀x∈X ,d(x,fi(x))≤ε

T
T+ 1

f0♯p0(A) +
1

T+ 1
f1♯p1((A

c)). (2.12)

It is easy to see that the above definition is a special case of the definition in equation (2.5) for the 0-1 loss function.

Yet another definition uses the robust hypothesis testing framework withW∞ uncertainty sets. In this approach,

an adversary perturbs the true distribution pi to a corrupted distribution p′i such thatW∞(pi, p′i) ≤ ε. From (2.2),

this is equivalent to the existence of a coupling π ∈ Π(pi, p′i) such that ess sup(x,x′)∼π d(x, x
′) ≤ ε. The adversarial

risk with such an adversary is given by

RΓε(ℓ0/1,A) = sup
W∞(p1,p′1),W∞(p0,p′0)≤ε

T
T+ 1

p′0(A) +
1

T+ 1
p′1((Ac)). (2.13)

Clearly, RFε(ℓ0/1,A) ≤ RΓε(ℓ0/1,A), but conditions for equality were not studied in prior work. Moreover, their

relation to set expansion-based definitions in (2.9) and (2.10) was also unknown.

2.2.3 Other RelatedNotions of Adversarial Risk

2.2.3.1 Error Region Adversarial Risk

In this thesis, we assume that the true data distribution ρ(x, y) is expressed as ρy(y)ρx|y(x). This model allows for

randomness in the label y for a fixed x. A special case of this model is when the existence of a true labelling function

is assumed; i.e., there exists a function c : X → Y such that c(x) is the true label of x for any x ∈ X . That is,
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ρ(x, y) = 1{y = c(x)}ρx(x). Under this model, Gourdeau et al.34 define constant-in-the-ball risk as

R(h) = Px∼ρx [∃x
′ : d(x, x′) ≤ ε, h(x′) 6= c(x)]. (2.14)

Rewriting in terms of expectation, we get the following.

R(h) = Ex∼ρx1{∃x
′ : d(x, x′) ≤ ε, h(x′) 6= c(x)} = Ex∼ρx

[
sup

d(x,x′)≤ε
1{h(x′) 6= c(x)}

]
.

Hence, the constant-in-the-ball risk defined above is identical to adversarial risk defined in (2.4) for 0-1 loss function

under hypothesis h. The same notion of risk is also called the corrupted instance risk in Diochnos et al.23.

A related notion of adversarial risk is the following:

R′(h) = Ex∼ρx

[
sup

d(x,x′)≤ε
1{h(x′) 6= c(x′)}

]
. (2.15)

Here, the loss on the perturbed data point is evaluatedwith respect to the true label at the perturbed data point; i.e.,

c(x′) rather than the true label of the original data point c(x). This notion of adversarial risk is termed exact-in-the-

ball risk in Gourdeau et al.34 and error-region risk in Diochnos et al.23. A key difference between R(h) in (2.14)

andR′(h) in (2.15) is thatR′(h) is exactly equal to 0 for h = c for any ε ≥ 0 whereasR(h)may be strictly positive

even for h = c. Thus, the definition ofR′(h) allows for the existence of an optimal classifierwhose adversarial risk is

0, while the optimal classifier that minimizesR(h)may still have a non-zero adversarial risk. As noted in Gourdeau

et al.34, R(h) measures the sensitivity of the output label to corruptions in the input, while R′(h) measures how

well a hypothesis fits the ground-truth even with corrupted inputs.

2.2.3.2 Distributionally Robust Risk

The adversarial risk formulation under a distribution perturbing adversary has been widely studied in the distri-

butionally robust optimization (DRO) literature31,91, with special focus onWasserstein DRO28,27,11. The advan-

tage of using Wasserstein metrics is the ability to measure distances between probability distributions with non-

overlapping supports, which is not possible for divergence-based measures.

The distributional uncertainty set is typically centered at the empirical distribution of the data points, unlike

definition (2.7) where it is centered around the true data generating distribution. Bertsimas et al.6 note that when
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the support of the true distribution is unbounded, the W∞-uncertainty set around the empirical distribution

does not contain the true distribution for any ε. Hence, W∞-distributional robustness is not considered in the

distributional robustness setting, except for the works of Tu et al.86 and Staib and Jegelka79 that make a similar

observation as our Theorem 5. Distributionally robust risk has also been studied in a minimax statistical learning

framework in53,61 for deriving generalization error bounds.

In the setting of Section 2.2.1, wemay extend theRΓε(ℓ,w) definition of adversarial risk to a p-Wasserstein distri-

butionally robust risk. As before, let an adversary γ be defined as a collection of perturbed probability distributions

for each label i.e., γ := {ργx′|y ∈ P(X )|y ∈ Y}. We say that the adversary γ has a budget ε in p-Wasserstein met-

ric (denoted by Γ(p)ε ) if Wp(ρx|y, ρ
γ
x′|y) ≤ ε for all y ∈ Y . Under such a distribution perturbing adversary, the

p-Wasserstein distributionally robust risk is defined as,

RΓ(p)ε
(ℓ,w) = sup

γ∈Γ(p)ε

E(x′,y)∼ρyρ
γ
x′|y

[
ℓ((x′, y),w)

]
. (2.16)

The RΓε(ℓ,w) definition of adversarial risk is therefore a special case of the p-Wasserstein distributionally robust

risk,RΓ(p)ε
(ℓ,w), with p = ∞.

For any μ, ν ∈ P(X ) and integers p, q satisfying 1 ≤ p ≤ q < ∞, we have the inequality W∞(μ, ν) ≤

Wq(μ, ν) ≤ Wp(μ, ν). Hence, Γε ⊆ Γ(q)ε ⊆ Γ(p)ε . This leads to the following inequality.

RΓε(ℓ,w) ≤ RΓ(q)ε
(ℓ,w) ≤ RΓ(p)ε

(ℓ,w). (2.17)

2.2.3.3 Surrogate Losses for Adversarial Risk

Before adversarial deep learning, minimax risk was studied in the context of robust classification with linear classi-

fiers and SVMs51,74,92,72,18. Here, one proposes surrogate robust loss functions that can be tractably minimized. A

similar strategy for minimizing adversarial loss may be found in48. For a discussion of surrogate losses, we refer the

reader to Bao et al.2.

In practice, the inner maximization term in the adversarial risk is approximated using gradient methods like the

Fast Gradient SignMethod (FGSM)33,16. This gives rise to several related notions of risk that can be interpreted as

a Taylor approximations for adversarial risk in definitionR⊕ε(ℓ,w).58,73.

Surrogate loss functions for ensuring Wasserstein distributional robustness have been proposed in28,27, and ro-
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bustness with respect to other optimal transport-based perturbations is studied in11. A key idea in these works is

the dual formulation of optimal transport distances. As we will see in the next section, adversarial robustness is

equivalent to W∞-distributional robustness. However, the recent work on optimal transport-based robustness

cannot be readily extended to theW∞-case because theW∞-metric does not admit a transport-cost minimizing

formulation (for instance, compare (2.1) with (2.2)) and so the classic Kantorovich-Rubinstein duality cannot be

applied.

2.2.3.4 Adversaries in Robust Statistics

Finding optimal classifiers under 0-1 loss is equivalent to hypothesis testing, and there are natural connections

of adversarial machine learning to robust hypothesis testing. Classical literature on robust hypothesis studies ro-

bust versions of the likelihood ratio test under various (non-adversarial) contamination models such as Huber’s

ε-contamination model, the total variation contamination model, or the Levy-Prokhorov metric contamination

model44,46. Contamination models based on f-divergences have also been analyzed for the Kullback-Liebler diver-

gence54 and the squared Hellinger distance39,40.

For general loss functions, finding the parametersw∗ ∈ W is akin tominimax robust estimation. Classical litera-

ture onminimax robust estimation studies problems such as density estimation and regressionunder aparametrized

uncertainty set of probability measures45. When the uncertainty sets are constructed with the Hellinger distance,

methods are known for obtaining nearly optimal estimators52,4,3.

2.3 Conditions forWell-Defined Adversarial Risk

In this section, we discuss the conditions under which the definitions for adversarial risk presented in Section 2.2

are well-defined. In Subsection 2.3.1 we present the results for the binary classification setting under 0-1 loss and

in Subsection 2.3.2 we discuss the setting of more general loss functions.

2.3.1 Binary Classificationwith 0-1 Loss Setting

As stated in Section 2.2,R⊕ε(ℓ0/1,A)may not be well-defined for some decision regionsA ∈ B(X ) because of the

non-measurability of the sets A⊕ε and (Ac)⊕ε. Specifically, we have the following lemma.

Lemma 2.3.1. For any ε > 0, there exists A ∈ B(X ) such that A⊕ε /∈ B(X ).
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The proof of Lemma 2.3.1 is in Appendix B.1.1.

In this section, we lay down the conditions under which the ambiguity on the measurability of A⊕ε can be

resolved. We begin by presenting a lemma that shows thatA⊕ε is an analytic set (i.e., a continuous image of a Borel

set) whenever A is Borel. It is known that analytic sets are universally measurable; i.e., they belong in B(X ), the

universal completion of the Borel σ-algebra B(X ), and are measurable with respect to any finite measure defined

on the complete measure space, (X ,B(X )).

Lemma 2.3.2. Let A ∈ B(X ). Then, A⊕ε is an analytic set. Consequently, A⊕ε ∈ B(X ).

The proof of Lemma 2.3.2 is in Appendix B.1.1. By virtue of Lemma 2.3.2, we have the following.

Theorem 1. Let p0, p1 ∈ P(X ). Then for any A ∈ B(X ), R⊕ε(ℓ0/1,A) is well-defined.

The proof of Theorem 1 is in Appendix B.1.1. For the special case of X = Rd, we can further strengthen

Theorem 1 to include all Lebesgue measurable sets L(X ) instead of just Borel sets B(X ). For this, we use the

concept of porous sets.

Definition 6 (Porous set). A set E ⊆ X is said to be porous if there exists α ∈ (0, 1) and r0 > 0 such that for

every r ∈ (0, r0] and every x ∈ X , there is an x′ ∈ X such that Bαr(x′) ⊆ Br(x)\E.

Porous sets are a subclass of nowhere dense sets. Importantly, λ(E) = 0 for any porous set E ⊆ Rd 99. By the

following lemma, the set difference between the closed/open set expansions is porous.

Lemma 2.3.3. Let (X , d) = (Rd, ‖ · ‖) and A ∈ L(X ). Then E = Aε\Aε) is porous.

The proof of Lemma 2.3.3 is in Appendix B.1.1. Lemma 2.3.3 plays a crucial role in proving that A⊕ε ∈ L(X )

whenever A ∈ L(X ). We recall that A⊕ε is the Minkowski sum of A with the closed ε-ball. In general, the

Minkowski sum of two Lebesgue measurable sets is not always Lebesgue measurable75,29. So the fact that one

of them is a closed ball in case of A⊕ε is important. In the following theorem, we use Lemma 2.3.3 to prove the

measurability of A⊕ε and in turn prove thatR⊕ε(ℓ0/1,A) is well-defined for any A ∈ L(X ).

Theorem 2. Let (X , d) = (Rd, ‖ · ‖). Let p0, p1 ∈ P(X ) and let ε ≥ 0. Then for any A ∈ L(X ), R⊕ε(ℓ0/1,A)

is well-defined.

Proof. By Lemma 2.3.3 Aε\Aε) is porous, and so λ(Aε\Aε)) = 0. Hence, λ(Aε) = λ(Aε)). Using the fact that

Aε) ⊆ A⊕ε ⊆ Aε, we have A⊕ε\Aε) ⊆ Aε\Aε). Hence, λ(A⊕ε\Aε)) = 0. Therefore, A⊕ε ∈ L(X ) and λ(A⊕ε) =

λ(Aε) = λ(Aε)). Since A⊕ε, (Ac)⊕ε ∈ L(X ),R⊕ε(ℓ0/1,A) is well-defined.



19

2.3.2 General Loss Setting

In the expected-supremum formulation of adversarial risk shown in (2.4), the worst-case loss function given by

supd(x,x′)≤ε ℓ((x
′, y),w) may not be measurable even when ℓ((x′, y),w) is measurable for every x′ ∈ X because

the supremum is taken over an uncountable family of measurable functions. In this subsection, we resolve this

ambiguity over the measurability of the worst-case loss function.

A real-valued function φ : X → R is called upper semi-analytic if the set {x ∈ X : φ(x) > t} is an analytic set

for every t ∈ R. Since every Borel set is an analytic set, it follows that every Borelmeasurable function is upper semi-

analytic. However, the converse is not true in general. Nevertheless, upper semi-analytic functions are universally

measurable owing to the fact that analytic sets are universallymeasurable. We now present a lemma that shows that

the worst-case loss function supd(x,x′)≤ε ℓ((x
′, y),w) is universally measurable if ℓ((·, y),w) is upper semi-analytic

for all y ∈ Y and w ∈ W .

Lemma 2.3.4. If the loss function ℓ((·, y),w) is upper semi-analytic for all y ∈ Y andw ∈ W , then theworst-case loss

function supd(x,x′)≤ε ℓ((x
′, y),w) is also upper semi-analytic and hence universallymeasurable. Therefore, R⊕ε(ℓ,w)

is well-defined on the measure space (X ,B(X )).

The proof of Lemma 2.3.4 is in Appendix B.1.2. For the special case of X = Rd, we can further extend the

measurability of the worst-case loss function from upper semi-analytic functions to the more general Lebesgue

measurable functions, as shown in the following lemma.

Lemma 2.3.5. Let (X , d) = (Rd, ‖ ·‖). Then, R⊕ε(ℓ,w) is well-defined for any loss function ℓ : (X ×Y)×W →

[0,∞] for which ℓ((·, y),w) is Lebesgue measurable for all y ∈ Y and w ∈ W .

The proof of Lemma 2.3.5 is in Appendix B.1.2.

Now that we have established the conditions for which R⊕ε is well-defined, in the next section, we explore its

relation to other notions of adversarial risk.

2.4 Equivalences between Adversarial Risk Definitions

In this section, we show the conditions under which R⊕ε(ℓ0/1,A) is equivalent to other notions of adversarial

risk based on transport maps andW∞ robustness. The equivalences established in this section are summarized in
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Table 2.1: Equivalences among adversarial risk formulations for 0‐1 loss. R⊕ε(A),Rε(A),RFε(A) andRΓε(A) denote adversarial
risk for 0‐1 loss function (ℓ0/1) for a binary classifier with decision region A (i.e. fA(x) = 1{x ∈ A}), defined using Minkowski set
expansions, closed set expansions, transport maps and∞‐Wasserstein metric respectively. B(X ) andL(X ) denote the Borel and
Lebesgue σ‐algebras. (X ,B(X )) denotes the universal completion of the Borel measure space, (X ,B(X )).

Equivalences in Adversarial Risk Conditions
R⊕ε(A) = RΓε(A) Rd: A ∈ L(X ) or (X ,B(X )): A ∈ B(X )
R⊕ε(A) = RΓε(A) = RFε(A) (X ,B(X )): A ∈ B(X )
R⊕ε(A) = RΓε(A) = RFε(A) = Rε(A) = Rε)(A) Rd: A ∈ L(X ) and p0, p1 have densities

Table 2.2: Equivalences among adversarial risk formulations for general loss. R⊕ε(w),RFε(w),RKε(w) andRΓε(w) denote adversarial
risk for a loss function ℓ for a classifier parametrized by w ∈ W , defined using expected supremum, transport maps, Markov kernels
and∞‐Wasserstein metric respectively. (X ,B(X )) denotes the universal completion of the Borel measure space.

Equivalences in Adversarial Risk Conditions

R⊕ε(w) = RΓε(w)
Rd: ℓ((x, y),w) Lebesgue measurable in x, or
(X ,B(X )): ℓ((x, y),w) upper semi-analytic in x

R⊕ε(w) = RΓε(w) = RFε(w) = RKε(w) (X ,B(X )): ℓ((x, y),w) upper semi-continuous in x

Tables 2.1 and 2.2. In Subsection 2.4.1, we consider general Polish spaces and in Subsection 2.4.2, we consider the

Euclidean space.

2.4.1 Results on Polish Spaces viaMeasurable Selections

We begin by proving the equivalence between the definitions for adversarial risk based on the three notions of set

expansions.

Theorem 3. Let (X , d) = (Rd, ‖ · ‖). Let p0, p1 ∈ P(X ) be absolutely continuous with respect to the Lebesgue

measure. Let ε ≥ 0. Then for any A ∈ L(X ),

Rε)(ℓ0/1,A) = R⊕ε(ℓ0/1,A) = Rε(ℓ0/1,A).

Proof. By Lemma 2.3.3 Aε\Aε) is porous, and so λ(Aε\Aε)) = 0. Hence, λ(Aε) = λ(A⊕ε)λ(Aε)). Therefore, the

desired result follows from the assumption that p0 and p1 are absolutely continuous with respect to the Lebesgue

measure.

We now present a lemma that links the measure of ε-Minkowsi set expansion to the worst case measure over a
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W∞ probability ball of radius ε.

Lemma 2.4.1. Let μ ∈ P(X ) andA ∈ B(X ). Then supW∞(μ,μ′)≤ε μ
′(A) = μ(A⊕ε). Moreover, the supremum in

the previous equation is achieved by a μ∗ ∈ P(X ) that is induced fromμ via ameasurable transportmapφ : X → X

(i.e. μ∗ = φ♯μ) satisfying d(x,φ(x)) ≤ ε for all x ∈ X .

The proof of Lemma 2.4.1 is in Appendix B.2.1. A crucial step in the proof of Lemma 2.4.1 is finding a mea-

surable transport map φ such that φ−1(A) = A⊕ε and d(x,φ(x)) ≤ ε for all x ∈ X . In the following theorem,

we use Lemma 2.4.1 to establish the equivalence between three different notions of adversarial risk introduced in

section 2.2.

Theorem 4. Let p0, p1 ∈ P(X ) andA ∈ B(X ). Then R⊕ε(ℓ0/1,A) = RFε(ℓ0/1,A) = RΓε(ℓ0/1,A). In addition,

the supremum over f0 and f1 in RFε(ℓ0/1,A) is attained. Similarly, the supremum over p′0 and p′1 in RΓε(ℓ0/1,A) is

attained.

Proof. Since A ∈ B(X ), Ac ∈ B(X ) and by Lemma 2.3.2, A⊕ε, (Ac)⊕ε ∈ B(X ). Therefore R⊕ε(ℓ0/1,A) is

well-defined. By Lemma 2.4.1, we have

RΓε(ℓ0/1,A) = sup
W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

T
T+ 1

p′0(A) +
1

T+ 1
p′1((Ac))

=
T

T+ 1

(
sup

W∞(p0,p′0)≤ε
p′0(A)

)
+

1
T+ 1

(
sup

W∞(p1,p′1)≤ε
p′1((Ac))

)

=
T

T+ 1
p0(A⊕ε) +

1
T+ 1

p1((Ac)⊕ε)

= R⊕ε(ℓ0/1,A).

By Lemma 2.4.1 again, the supremum over p′0 and p′1 inRΓε(ℓ0/1,A) is attained by measures pushed forward from

p0 and p1 via some measurable maps f0 and f1. From this, the remaining assertions of the theorem follow.

We will now extend the above result to more general loss functions. The following lemma plays a critical role in

doing this.

Lemma 2.4.2. Let μ ∈ P(X ). Then for any real-valued upper semi-analytic function function φ : X → [0,∞),

sup
W∞(μ,μ′)≤ε

Ex∼μ′ [φ(x)] = Ex∼μ

[
sup

d(x,x′)≤ε
φ(x′)

]
. (2.18)
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Moreover, if the function φ is upper semi-continuous, then the supremum on the left hand side in the previous equation

is achieved by a μ∗ ∈ P(X ) that is induced from μ via a universally measurable transport map m : X → X (i.e.

μ∗ = m♯μ) satisfying d(x,m(x)) ≤ ε for all x ∈ X .

The proof of Lemma 2.4.2 is in Appendix B.2.1. Using Lemma 2.4.2, we prove the following theorem, which

generalizes Theorem 4 to more general loss functions.

Theorem 5. If the loss function ℓ((·, y),w) is upper semi-analytic for all y ∈ Y and w ∈ W , then R⊕ε(ℓ,w) =

RΓε(ℓ,w). If in addition, ℓ((·, y),w) is upper semi-continuous for all y ∈ Y and w ∈ W , then R⊕ε(ℓ,w) =

RFε(ℓ,w) = RKε(ℓ,w) = RΓε(ℓ,w).

Proof.

RΓε(ℓ,w) = sup
γ∈Γε

E(x′,y)∼ρyρ
γ
x′|y

[
ℓ((x′, y),w)

]
= E(x,y)∼ρyρx|y

[
sup

d(x,x′)≤ε
ℓ((x′, y),w)

]

= R⊕ε(ℓ,w),

where the second inequality follows from Lemma 2.4.2 because of the assumption that ℓ((·, y),w) is upper semi-

analytic for all y ∈ Y and w ∈ W .

With the stronger assumption that ℓ((·, y),w) is upper semi-continuous for all y ∈ Y andw ∈ W , Lemma2.4.2

shows that for every y ∈ Y , there exists auniversallymeasurable transportmapmy : X → X satisfyingd(x,m(x)) ≤

ε for all x ∈ X such that the following holds.

RΓε(ℓ,w) = sup
γ∈Γε

E(x′,y)∼ρyρ
γ
x′|y

[
ℓ((x′, y),w)

]
= E(x,y))∼ρyρx|y

[
ℓ((my(x), y),w)

]
≤ sup

F∈Fε
E(x,y)∼ρ

[
ℓ((fy(x), y),w)

]
= RFε(ℓ,w).

Combining the above inequality with (2.8), we haveR⊕ε(ℓ,w) = RFε(ℓ,w) = RKε(ℓ,w) = RΓε(ℓ,w).
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2.4.2 Results inRd via Submodular Capacities

In this subsection, we establish a connection between adversarial risk and Choquet capacities19 in Rd. This con-

nection allows us to extend Theorem 4 from Borel sets to the broader class of Lebesgue measurable sets. We will

again use this connection for proving minimax theorems and existence of Nash equilibria in Chapter 4. We begin

with the following definitions.

Definition 7 (Capacity). A set function v : B(X ) → [0, 1] is a capacity if it satisfies the following conditions: (1)

v(∅) = 0 and v(X ) = 1; (2) For A,B ∈ B(X ), A ⊆ B =⇒ v(A) ≤ v(B); (3) An ↑ A =⇒ v(An) ↑ v(A); and

(4) Fn ↓ F, Fn closed =⇒ v(Fn) ↓ v(F).

Definition 8 (2-AlternatingCapacity). Acapacity vdefinedon themeasure space (X ,B(X )) is called2-alternating

if v(A ∪ B) + v(A ∩ B) ≤ v(A) + v(B) for all A,B ∈ B(X ).

For any compact set of probability measures Ξ ⊆ P(X ), the upper probability defined as v(A) = supμ∈Ξ μ(A)

is a capacity46. The upper probability of ε-neighborhoods of a μ ∈ P(X ) defined using either the total variation

metric or the Levy-Prokhorov metric can be shown to be a 2-alternating capacity46. The following lemma shows

that A 7→ μ(A⊕ε) is a 2-alternating capacity under some conditions.

Lemma 2.4.3. Let (X , d) = (Rd, ‖ · ‖). Let μ ∈ P(X ) and let ε ≥ 0. Define a set function v on X such that for

any A ∈ L(X ), v(A) := μ(A⊕ε). Then v is a 2-alternating capacity.

The proof of Lemma 2.4.3 is included in Appendix B.2.2.

Now we relate the capacity defined in Lemma 2.4.3 to the W∞ metric. Since the ε-neighborhood of a μ ∈

P(X ) in W∞ metric is a compact set of probability measures98, the upper probability over this W∞ ε-ball is a

capacity. The following lemma shows that it is a 2-alternating capacity, and identifies it with the capacity defined

in Lemma 2.4.3.

Lemma 2.4.4. Let (X , d) = (Rd, ‖·‖). Let μ ∈ P(X ). Then for anyA ∈ L(X ), supW∞(μ,μ′)≤ε μ
′(A) = μ(A⊕ε).

Moreover, the supremum in the previous equation is attained.

The proof of Lemma 2.4.4 is included in Appendix B.2.2. Lemma 2.4.4 plays a similar role to Lemma 2.4.1 in

proving the following equivalence between adversarial robustness andW∞ robustness.
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Theorem 6. Let (X , d) = (Rd, ‖·‖). Let p0, p1 ∈ P(X ) and let ε ≥ 0. Then for anyA ∈ L(X ), R⊕ε(ℓ0/1,A) =

RΓε(ℓ0/1,A), and the supremum over p′0 and p′1 in RΓε(ℓ0/1,A) is attained.

Proof. Observe that

RΓε(ℓ0/1,A) =
T

T+ 1

(
sup

W∞(p0,p′0)≤ε
p′0(A)

)
+

1
T+ 1

(
sup

W∞(p1,p′1)≤ε
p′1((Ac))

)
(∗)
=

T
T+ 1

p0(A⊕ε) +
1

T+ 1
p1((Ac)⊕ε)

= R⊕ε(ℓ0/1,A),

where (∗) follows from Lemma 2.4.4. By Lemma 2.4.4 again, the supremum over p′0 and p′1 in RΓε(ℓ0/1,A) is

attained.

Unlike Theorem 4, Theorem 6 does not show the equivalence ofRFε(ℓ0/1,A)with the other definitions under

the relaxed assumption of A ∈ L(X ). This is because Lemma 2.4.4 does not provide a push-forward map φ such

that μ∗ = φ♯μ with μ
∗ attaining the supremum over theW∞ ball.
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Maturity, the way I understand it, is knowing what your

limitations are.

Kurt Vonnegut, Cat’s Cradle

3
Fundamental Limits

3.1 Binary Classification: Optimal Adversarial Risk via Optimal Transport

In this section, we present one of the main results of this thesis that links the Dε cost to the optimal adversarial

risk in binary classification. We begin this section by introducing the Kantorovich duality for optimal transport in

section 3.1.1. In Section 3.1.2, we present the result for the case of equal priors, where the proof relies heavily on

Strassen’s theorem. In Section 3.1.3, we extend the result to the case of unequal priors using a notion of optimal

transport between measures of unequal mass.

3.1.1 Preliminaries on Duality in Optimal Transport

Recall from Chapter 2 that the optimal transport cost between two probability measures μ and ν under a cost

function c : X × X → [0,∞) is defined as,

Tc(μ, ν) = inf
π∈Π(μ,ν)

∫
X 2

c(x, x′)dπ(x, x′).
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The Kantorovich duality theorem88 states that the above minimization problem is equivalent to the following

maximization problem.

Tc(μ, ν) = sup
φ(x)+ψ(y)≤c(x,y)

∫
φdμ+

∫
ψdν,

whereφ,ψ : X → R are continuous and bounded functions onX satisfying the constraint, φ(x)+ψ(y) ≤ c(x, y)

for all x, y ∈ X .

An important special case of the Kantorovich duality theorem for {0, 1}−valued cost functions is the Strassen’s

theorem. Before we state the Strassen’s theorem, we introduct the following definition for an optimal transport

cost involving a {0, 1}−valued cost function.

Definition 9 (Dε cost). Let cε : X 2 → {0, 1} be such that cε(x, x′) = 1{(x, x′) ∈ X ×X : d(x, x′) > 2ε}. Then

for μ, ν ∈ P(X ) and ε ≥ 0, theDε transport cost between μ and ν is defined as,

Dε(μ, ν) := Tcε(μ, ν) = inf
π∈Π(μ,ν)

P(x,x′)∼π(d(x, x′) > 2ε). (3.1)

Remark 1. For ε = 0, the optimal cost is equivalent to the total variation distance, i.e., D0(μ, ν) = DTV(μ, ν). For

ε > 0, this cost does not define a metric over the space of distributions. This is because Dε(μ, ν) = 0 does not imply μ

and ν are identical. Moreover, it also does not define a pseudometric since the triangle inequality is not satisfied. To

see this, observe that if μ1, μ2, and μ3 are unit point masses at 0, 2ε, and 4ε, then Dε(μ1, μ3) = 1 > 0 = Dε(μ1, μ2) +

Dε(μ2, μ3).

Stassen’s theorem stated below gives a duality formula forDε cost that based on the measures of expansions of

closed sets.

Proposition 1. Let cε : X 2 → {0, 1} be such that cε(x, x′) = 1{(x, x′) ∈ X × X : d(x, x′) > 2ε}. Then for

μ, ν ∈ P(X ) and ε ≥ 0,

Dε(μ, ν) = sup
A∈B(X )

μ(A)− ν(A2ε). (3.2)

3.1.2 The case of Equal Priors: Balanced Transport

The following theorem relates the optimal adversarial risk withDε cost for the case of equal priors.
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Theorem 7. Consider the binary classification setup with Y = {0, 1}, where the input x ∈ X is drawn with equal

probability from two distributions p0 ∈ P(X ) (for label 0) and p1 ∈ P(X ) (for label 0). We consider a set of binary

classifiers of the form 1{x ∈ A}, where A ⊆ X is a topologically closed set. That is, the classifier corresponding to A

assigns the label 1 for all x ∈ A and the label 0 for all x /∈ A. Consider the 0-1 loss function ℓ((x, y),A) = 1{x ∈

A, y = 0}+1{x /∈ A, y = 1}. Then the optimal adversarial risk with the data perturbing adversary of budget ε ≥ 0

is given by

inf
A∈B(X )
A closed

=
1
2
[1−Dε(p0, p1)] . (3.3)

Instantiating Theorem 7 for ε = 0, we get R∗
0 = 1

2 [1−D0(p0, p1)] = 1
2 [1−DTV(p0, p1)], which is the Bayes

risk. It is also possible to derive weaker bounds in terms of the p-Wasserstein distance between the distributions of

the two data classes, as shown in the following corollary:

Corollary 3.1.1. Under the setup considered in Theorem 7, we have the following bound for p ≥ 1:

R∗
ε ≥

1
2

[
1−

(Wp(p0, p1)
2ε

)p]
. (3.4)

Our next result identifies a necessary and sufficient condition for Dε(μ, ν) = 0 for probability measures on a

bounded support. When this holds, adversarial risk is 1/2; i.e., no classifier can do better than random choice.

Theorem 8. Let μ, ν ∈ P(X ). Then Dε(μ, ν) = 0 if and only ifW∞(μ, ν) ≤ 2ε.

We now include the complete proof of Theorem 7 below, as the proof provides intuition on how Strassen’s

theorem is crucial to proving equality (3.3). Further, our proof is much simpler compared to the proof of a similar

statement that appears in the contemporary work of Bhagoji et al.7

Proof of Theorem 7. The optimal adversarial risk over the hypothesis class of closed sets is given by

inf
A closed

1
2
(
p0(A⊕ε) + p1

(
(Ac)⊕ε)) = 1

2

(
1− sup

A closed

{
p1
(
A⊖ε)− p0(A⊕ε)

})
.

The main idea of our proof is to leverage Strassen’s theorem (Proposition 1), which states that

Dε(p0, p1) = sup
A closed

{
p1(A)− p0(A2ε)

}
.
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Figure 3.1: Illustration of A,A⊕ε,A⊖ε, (A⊕ε)⊖ε, and (A⊖ε)⊕ε for a closed square in (R2, ‖ · ‖2). Observe that (A⊖ε)⊕ε ⊆ A and
A ⊆ (A⊕ε)⊖ε.

To prove the desired equality, notice that it is enough to prove that

sup
A closed

p1(A⊖ε)− p0(A⊕ε) = sup
A closed

p1(A)− p0(A2ε). (3.5)

We have the sequence of inequalities

sup
A closed

p1(A)− p0(A2ε)
(a)
≥ sup

A closed
p1(A⊖ε)− p0((A⊖ε)2ε)

(b)
≥ sup

A closed
p1(A⊖ε)− p0(A⊕ε).

Here, (a) follows because A⊖ε is contained in the set of all closed sets by Lemma A.0.4. Inequality (b) follows by

the equivalence (A⊖ε)2ε = (A⊖ε)⊕2ε fromLemmaA.0.5, andLemmaA.0.6 since (A⊖ε)2ε = [(A⊖ε)⊕ε]⊕ε ⊆ A⊕ε,

and so p0((A⊖ε)2ε) ≤ p0(A⊕ε).

For the other direction, notice that

sup
A closed

p1(A⊖ε)− p0(A⊕ε)
(a)
≥ sup

A closed
p1((A⊕ε)⊖ε)− p0((A⊕ε)ε)

(b)
≥ sup

A closed
p1(A)− p0(A2ε).

Here, (a) followsbecauseA⊕ε is a closed set according toLemmaA.0.4. To see (b), first note thatusingLemmaA.0.5,

(A⊕ε)ε = (A⊕ε)⊕ε = A⊕2ε = A2ε. Thus, p0((A⊕ε)ε) = p0(A2ε). Moreover, Lemma A.0.6 states that A ⊆

(Aε)⊖ε, and so p1(A) ≤ p1((A⊕ε)⊖ε). This completes the proof.

Remark 2. A similar result to Theorem 7 appeared in the contemporary work of Bhagoji et al.7 A key difference is

that the proof in Bhagoji et al.7 was established for a larger hypothesis class of measurable sets A ∈ B(X ); i.e., the
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following equality was established:

sup
A∈B(X )

μ(A⊖ε)− ν(A⊕ε) = sup
A∈B(X )

μ(A)− ν(A2ε).

It is not hard to check that Aε is closed for any A ∈ B(X ), and so

sup
A∈σ(X )

μ(A)− ν(A2ε) = sup
A closed

μ(A)− ν(A2ε)

Wemay restrict to the smaller hypothesis class of closed sets A and use the result in7 to obtain an inequality

sup
A closed

μ(A⊖ε)− ν(A⊕ε) ≤ sup
A closed

μ(A)− ν(A2ε).

Our result shows that this is, in fact, an equality.

3.1.3 The case of Unequal Priors: Unbalanced Transport

In this subsection, we present a theorem analogous to Theorem 7 for the case of unequal priors in binary classifica-

tion. We show that the optimal adversarial risk in this case is determined by an unbalanced optimal transport cost

between two finite measures that are related to the data-generating probability measures. We begin by introducing

unbalanced optimal transport.

Definition 10 (Coupling between finitemeasures). Let μ, ν ∈ M(X )with μ(X ) ≤ ν(X ). A coupling between μ

and ν is a measure π ∈ M(X ×X ) such that for anymeasurable setA ⊆ X , π(A×X ) = μ(A) and π(X ×A) ≤

ν(A). The set Π(μ, ν) denotes the set of all couplings between μ and ν.

Definition 11 (Optimal transport cost between finite measures). Let μ, ν ∈ M(X ) be such that μ(X ) ≤ ν(X ).

Let c : X ×X → [0,∞) denote a cost function. Then the optimal transport cost between μ and ν under the cost

c is defined as,

Tc(μ, ν) = inf
π∈Π(μ,ν)

∫
X×X

c(x, x′)dπ(x, x′). (3.6)

Recall that for μ, ν ∈ M(X ), we say that ν (i.e. μ � ν) dominates μ if and only if for all measurable sets

A ∈ B(X ), μ(A) ≤ ν(A).
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In the following theorem, we generalize Proposition 1 to the case when μ, ν are finite measures, in place of prob-

ability measures.

Theorem 9 (Generalized Strassen’s theorem). Let μ, ν ∈ M(X ) be such that 0 < M = μ(X ) ≤ ν(X ). Let ε > 0.

Let cε : X × X → {0, 1} be such that cε(x, x′) = 1{(x, x′) ∈ X × X : d(x, x′) > 2ε}. Then,

sup
A∈B(X )

μ(A)− ν(A2ε) = Tcε(μ, ν) = M inf
ν′∈P(X ):
ν′⪯ν/M

Dε
(
μ/M, ν′

)
. (3.7)

Tcε in (3.7) is a generalization ofDε to finite positive measures. When μ, ν ∈ P(X ), Tcε(μ, ν) = Dε(μ, ν) and

(3.7) of Theorem 9 reduces to (3.2) of Proposition 1. A central idea in our proof of Theorem 9 is the duality in

linear programming. Using strong duality, we first show the result in (3.7) for discrete measures on a finite support.

We then apply the discrete result on a sequence of measures supported on a countable dense subset of the Polish

space X . Using the tightness of finite measures on X , we construct an optimal coupling that achieves the cost

Tcε(μ, ν) in (3.7). We then show that the constructed coupling satisfies (3.7). This proof strategy is adapted from

the works of Dudley 25 and Schay 70 .

Like the Strassen’s theorem, generalized Strassen’s theorem involves closed set expansions. The following lemma

allows us to switch toMinkowski set expansions.

Lemma 3.1.1. Let μ, ν ∈ M(X ) and let ε ≥ 0. Then,

sup
A∈B(X )

μ(A)− ν(A2ε) = sup
A∈B(X )

μ(A⊖ε)− ν(A⊕ε).

Moreover, the supremum on the right hand side of the above equality can be replaced by a supremum over closed sets.

The proof of Lemma 3.1.1 is contained in Appendix C. Using Lemma 3.1.1 and the generalized Strassen’s the-

orem, we show the following result on optimal adversarial risk for unequal priors, generalizing Theorem 7.

Theorem 10. Let p0, p1 ∈ P(X ) and let ε ≥ 0. Then,

inf
A∈B(X )

R⊕ε(ℓ0/1,A) =
1

T+ 1

[
1− inf

q∈P(X ):q⪯Tp0
Dε(q, p1)

]
. (3.8)

Moreover, the infimum on the left hand side can be replaced by an infimum over closed sets.
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Proof.

inf
A∈B(X )

R⊕ε(ℓ0/1,A) = inf
A∈B(X )

1
T+ 1

[
Tp0(A⊕ε) + p1((Ac)⊕ε)

]
=

1
T+ 1

[
1− sup

A∈B(X )

(
p1(A⊖ε)− Tp0(A⊕ε)

)]
(i)
=

1
T+ 1

[
1− sup

A∈B(X )

(
p1(A)− Tp0(A2ε)

)]

(ii)
=

1
T+ 1

1− inf
q∈P(X ):
q⪯Tp0

Dε(q, p1)

 ,

where (i) follows from Lemma 3.1.1 and (ii) follows from Theorem 9.

Theorem 10 extends Theorem 7 in two ways: (1) the infimum is taken over all sets for which R⊕ε(ℓ0/1,A) is

well-defined, instead of restricting to closed sets, and (2) the priors on both labels can be unequal. We also note that

for (X , d) = (Rd, ‖ · ‖), (3.8) holds with the infimum on the left hand side taken over all A ∈ L(X ).

3.2 Binary Classification: Optimal Adversarial Classifiers via Optimal Couplings

In this section, we explicitly compute the optimal risk and optimal classifier for a data perturbing adversary in

some special cases. Instead of usingDε, we have shown in Corollary 7 that the optimal adversarial risk can be lower-

bounded using otherwell-understoodmetrics such as theWp distances. However, these bounds are often too loose

to use in practice, and thismotivates us to study the optimal costDε directly. In this section, we show that in certain

special cases, the optimal coupling corresponding to calculating Dε may be explicitly evaluated. Furthermore, in

these cases, we can exactly characterize the optimal classifier and the optimal risk in the presence of an adversary.

Givenmeasuresμ and ν corresponding to the two (equally likely) data classes, the general strategywe employ consists

of the following steps:

(1) Propose a coupling π between μ and ν.

(2) Using this coupling, obtain the upper bound

Dε(μ, ν) ≤ E(x,x′)∼πcε(x, x′).
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(3) Identify a closed set A and compute a lower bound using

Dε(μ, ν) ≥ μ(A⊖ε)− ν(A⊕ε).

(4) Show that the lower and upper bounds match. This shows that the proposed coupling is optimal, and the

sets A and Ac define the two regions of the optimal robust classifier.

In the examples we consider, guessing the set A corresponding to the optimal robust classifier is easy. The chal-

lenging part is proposing a coupling and establishing its optimality. Althoughwe shall focus on real-valued random

variables, some of our results also naturally extend to higher dimensional distributions.

In the following subsection, we review some results pertaining to optimal transport on the real line. We then

present results that help in evaluatingDε cost for real-valued random variables. In the subsequent subsections, we

use these results to propose optimal couplings for several univariate distributions.

3.2.1 Preliminaries on Optimal Transport on the Real Line

For a probabilitymeasure μ onR, the cumulative distribution function (cdf) of μ is defined as F(x) = μ((−∞, x]),

and for t ∈ [0, 1], the inverse cdf (or quantile function) is defined as F−1(t) = inf{x ∈ R : F(x) ≥ t}.

Lemma 3.2.1. [Theorem 2.5 in69] Let μ and ν be probability measures on the real line, where μ is absolutely con-

tinuous with respect to the Lebesgue measure. Then there exists a unique non-decreasing function T : R → R such

that μ(T−1(A)) = ν(A) for any measurable set A ⊆ R. Moreover, if F and G denote the cumulative distribution

functions of μ and ν respectively, then T is given by T(x) = G−1(F(x)).

The functionT in Lemma 3.2.1 that transforms (or “pushes forward”) the measure μ into ν is called amonotone

transport map. Given a monotone transport map, we can define a coupling induced by the monotone map as

follows. (X,X′) ∼ Π(μ, ν) where X ∼ μ and X′ = T(X) ∼ ν. This coupling is also known by the name quantile

coupling.

The following lemma shows that the coupling induced by the monotone transport map is optimal for certain

cases of the cost function.

Lemma 3.2.2 (Theorem2.9 in69). Let h : R → R+ be a strictly convex function. Let μ and ν be probabilitymeasures

on the real line, where μ has a density. Consider the cost function c(x, x′) = h(x′− x). Suppose Tc(μ, ν) is finite. Then,
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Tc(μ, ν) = Ex∼μ[c(x,T(x))], where T is the monotone transport map from μ to ν.

For the case of h(x) = |x|p where p ≥ 1, Lemma 3.2.1 shows that the optimal coupling for p-Wasserstein

distance is induced by the optimal transport map. However this may not be the case for∞-Wasserstein distance.

In the following theorem, we use themonotonemap fromLemma 3.2.1 to present amore concrete condition than

Theorem 8 for checking whenDε(μ, ν) = 0 for measures overR.

Theorem 11. Let μ and ν be probability measures on R that are absolutely continuous with respect to the Lebesgue

measure with Radon-Nikodyn derivatives f(·) and g(·), respectively. Let F and G denote the cumulative distribution

functions of μ and ν respectively. Then Dε(μ, ν) = 0 if and only if ‖F−1 − G−1‖∞ ≤ 2ε.

Proof. Consider the monotone transport map from μ to ν given by T(x) = G−1(F(x)) as in Lemma 3.2.1. We

shall show that this map satisfies |T(x)− x| ≤ 2ε for all x ∈ R, and so the optimal transport costDε must be 0. To

see this, note that

T(x)− x = G−1(F(x))− x

≤ F−1(F(x)) + 2ε− x

= 2ε,

where the last equality is in the μ-almost sure sense. A similar argument shows x−T(x) ≤ 2ε, and thus |T(x)−x| ≤

2ε.

For the converse, suppose that there exists a t0 ∈ (0, 1) such that G−1(t0) − F−1(t0) > 2ε. Equivalently,

G−1(t0) > F−1(t0) + 2ε.Applying theG function on both sides,

t0 > G(F−1(t0) + 2ε).

Consider the set Ã = (−∞, F−1(t0)]. For this set, notice that

ν(Ã2ε) = ν((−∞, F−1(t0) + 2ε]) = G(F−1(t0) + 2ε).
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Thus, we have

Dε(μ, ν) = sup
A

μ(A)− ν(A2ε)

≥ μ(Ã)− ν(Ã2ε)

= t0 − G(F−1(t0) + 2ε)

> 0.

A similar argument may also be made for the case when F−1(t0)− G−1(t0) > 2ε.

The above argument shows that monotone transport maps are optimal when Dε = 0. But monotone maps

are not always optimal for the cost function cε(·, ·). Consider for example the two measuresN (0, 1) andN (1, 1),

and ε = 0.1. The monotone map in this case is T(x) = x + 1, which gives unit cost of transportation. However,

Theorem 12 shows that the optimal transport cost in this example is strictly smaller than 1.

Checking the condition ‖F−1 − G−1‖ ≤ 2ε is not always easy. We identify a simple but useful characterization

in the following corollary:

Corollary 3.2.1. Let μ and ν be as in Theorem 11. Suppose that for every x ∈ R, we have F(x) ≥ G(x) and

F(x) ≤ G(x+ 2ε). Then Dε(μ, ν) = 0.

Proof. Applying theG−1 function to both sides of both inequalities, we arrive at

T(x) ≥ x, and T(x) ≤ x+ 2ε.

This gives |T(x)− x| ≤ 2ε for all x, which concludes the proof.

Theorem 11 may also be applied to finite measures μ, νwith μ(R) = ν(R) = U < ∞with simple scaling.

Let μ and ν be finite measures of unequal mass on the real line such that 0 < M = μ(R) ≤ ν(R). For the

purpose of keeping the notation concise, we will use Dε(μ, ν) to denote the unbalanced optimal transport cost

between μ and ν for the cost function cε that appears in the generalized Strassen’s theorem (Theorem 9). That is,

Dε(μ, ν) := M inf
ν′∈P(X ):
ν′⪯ν/M

Dε
(
μ/M, ν′

)
. (3.9)
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Figure 3.2: Figure illustrating the conditions in Lemma 3.2.3.

In the following two lemmas, we identify conditions underwhichDε(μ, ν) = 0 for finitemeasureswith unequal

mass.

Lemma 3.2.3. Let μ and ν be finite measures onR that are absolutely continuous with respect to the Lebesguemeasure

with Radon-Nikodyn derivatives f(·) and g(·), respectively. Let F andG denote the cumulative distribution functions

of μ and ν respectively. Assume that μ(R) = U and ν(R) = V. Suppose the following conditions hold:

1. The support of g is a subset of [a,+∞) and the support of f is a subset of [a+ 2ε,+∞) =: [a′,+∞).

2. For all x ∈ R, we have g(x) ≤ f(x+ 2ε).

Then Dε(μ, ν) = 0. A similar result holds if the supports of g and f are subsets of (−∞,−a] and (−∞,−a − 2ε]

respectively, and f(−x− 2ε) ≥ g(−x).

Proof. Consider the transportmapT(x) = x+2ε applied to ν. Thismaphas the effect of “translating” themeasure

ν by 2ε to the right. Call this translated measure η. Since f(x) ≥ g(x − 2ε), it is immediate that η � μ. Moreover,

the transport cost isDε(ν, η) = 0. This shows thatDε(μ, ν) = 0.

Lemma 3.2.4. Let μ and ν be as in Lemma 3.2.3. Assume that μ(R) = ν(R) = U. Suppose the following conditions

hold (see Figure 3.3 for an illustration):

1. Let a, b ∈ R be such that the support of f is a subset of [a, b]and the support of g is a subset of [a′, b] := [a+2ε, b].

2. There exists t ∈ [a, b] such that f(x) ≥ g(x) for x ∈ [a, t), and f(x) ≤ g(x) for x ∈ (t, b].

3. Let g̃(x) = g(x + 2ε). Note that the support g̃ is within [a, b − 2ε]. There exists t̃ ∈ [a, b − 2ε] such that

f(x) ≤ g̃(x) for x ∈ [a, t̃), and f(x) ≥ g̃(x) for x ∈ (̃t, b− 2ε].
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Figure 3.3: Figure illustrating the conditions in Lemma 3.2.4. Note that in general t̃ need not be equal to b− 2ε as shown in the figure.

ThenDε(μ, ν) = 0. Amirror image of this result also holds: Dε(μ, ν) = 0when the support of f is a subset of [b, c+2ε],

that of g is a subset of [b, c], and f(x) ≤ g(x) for x ∈ [b, t) and f(x) ≥ g(x) for x ∈ [t, c+2ε]; and for g̃(x) = g(x+2ε)

we have f(x) ≥ g̃(x) for x ∈ [b+ 2ε, t̃) and f(x) ≤ g(x) for x ∈ [̃t, c+ 2ε] .

Proof. We first prove F(x) ≥ G(x). To see this, considerH(x) = F(x) − G(x). Since the derivative ofH is f − g,

it must be thatH is increasing from [a, t) and decreasing from [t, b]. Also, we haveH(a) = H(b) = 0, and so the

function H must be non-negative in [a, b]. Equivalently, we must have F(x) ≥ G(x) for x ∈ R. We now prove

F(x) ≤ G(x + 2ε). Consider H̃(x) = F(x) − G̃(x). By condition (3), the derivative of this function is negative

from [a, t̃] and positive from [̃t, b]. Thus, the function H̃ decreases on the interval [a, t̃) and increases on the interval

[̃t, b]. Note that since H̃(a) = H̃(b) = 0, the function H̃must be non-positive in the interval [a, b]. Thus, we have

F(x) ≤ G(x+ 2ε). Applying Corollary 3.2.1 concludes the proof.

3.2.2 Gaussian distributions with identical variances

Theorem 12. Let p0 = N (μ0, σ
2) and p1 = N (μ1, σ

2) in the metric space (R, | · |). Assume μ0 < μ1 without loss

of generality. Then the following hold:

1. If ε ≥ |μ0−μ1|
2 , the optimal robust risk is 1/2. A constant classifier achieves this risk.

2. If ε <
|μ0−μ1|

2 , the optimal classifier satisfies A =
[
μ1+μ0

2 ,+∞
]
, where A is the region where the classifier

declares label 1. The optimal risk in this case is
∫∞

μ1+μ0
2 −ε p0(x)dx = Q

(
μ1−μ0

2 −ε
σ

)
.
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Figure 3.4: Optimal coupling for two Gaussians with identical variances. The shaded region within p0 is translated by 2ε to p1, whereas
the remaining is mass in p0 is moved at a cost of 1 per unit mass.

The lower bound of 1/2 on the adversarial risk is trivially achieved by the constant classifier. Part (1) of the

theorem states that for large enough ε, this is the best one can do. For smaller values of ε, the above theorem shows

that the optimal adversarially robust classifier is the same as the MLE classifier. For larger values of ε, the MLE

classifier has a risk larger than 1/2; i.e., it is worse than the constant classifier.

Proof. We shall prove (1) first. Note that if ε ≥ μ1−μ0
2 , the transport map T defined by T(x) = x + (μ1 − μ0)

transports p0 to p1. Moreover, this coupling satisfies |T(x)− x| = μ1 − μ0 ≤ 2ε. Thus, the optimal trans-

port cost for this coupling is 0, and therefore so is Dε(p0, p1). This gives the following lower bound on R∗
⊕ε :=

infA∈B(X ) Rε(ℓ0/1,A).

R∗
⊕ε ≥

1
2
.

However, since the constant classifier achieves the lower bound, we concludeR∗
⊕ε = 1/2.

For part (2), we consider the following strategy for transporting the mass from p0 to p1. As shown in Figure 3.4,

consider the distribution p̃1 obtained by shifting p1 to the left by 2ε. That is, p̃1(x) = p1(x+2ε). Define q : R → R

as q(x) = min(p0(x), p̃1(x)). It is evident that the overlapping area between p̃1 and p0 (i.e., the area under the

curve q(x)) maybe be translated by 2ε to the right so that it lies entirely under the curve p1(x). More precisely,

q(x − 2ε) ≤ p1(x) for all x ∈ R. Hence, the area under q(x) may be transported to p1(x) at 0 cost by using the

transport map T(x) = x + 2ε. It is easily verified that the area under q(x) equals 2Q
(

μ1−μ0
2 −ε
σ

)
, and so the total

cost of transporting p0 to p1 is at most 1− 2Q
(

μ1−μ0
2 −ε
σ

)
. Plugging this into the lower bound, we see that

R∗
ε ≥ Q

( μ1−μ0
2 − ε
σ

)
.

Since this risk is achieved by the MLE classifier, we conclude that this is the optimal robust risk and the MLE
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classifier is the optimal robust classifier.

Theorem 12 can be easily extended to d-dimensional Gaussians with the same identity covariances. Our results

may be summarized in the following theorem:

Theorem 13. Let p0 = N (μ0, σ
2Id) and p1 = N (μ1, σ

2Id) in the metric space (R, || · ||2). Then the following hold:

1. If ε ≥ ||μ0−μ1||2
2 , the optimal robust risk is 1/2. A constant classifier achieves this risk.

2. If ε < ||μ0−μ1||2
2 , the optimal classifier is given by the following halfspace:

A =

{
x : (μ1 − μ0)

(
x−

μ0 + μ1
2

)
≥ 0
}
. (3.10)

Remark 3. Bhagoji et al.7 also explore optimal classifiers for multivariate normal distributions. In fact, they show a

more general version of our Theorems 12 and 13 by considering data distributionsN (μ0,Σ) andN (μ1,Σ), and an

adversary that perturbs within ℓp-balls.

In the following subsections, we shall generalizeTheorem12 in a differentway by considering various interesting

examples of univariate distributions and identifying optimal couplings for these.

3.2.3 Gaussians with arbitrary means and variances

We shall introduce a general coupling strategy and apply it to the special case of Gaussian random variables. Given

two probability measures μ and ν onR, our strategy consists of the following steps:

(1) Partition the real line intoK ≥ 1 intervals Si, 1 ≤ i ≤ K, and let the restriction of μ to Si be μi.

(2) Partition the real line intoK ≥ 1 intervals Ti, 1 ≤ i ≤ K, and let the restriction of ν to Ti be νi.

(3) Transport mass from μi to νi such that Dε(μi, νi) = 0. (Here, we are using the definition of Dε for finite

measures from (3.9).) The transport maps used in these K problems may be arbitrary; however, we shall

often use versions of the monotone optimal transport map88.

Our next lemma is specific to Gaussian pdfs:

Lemma 3.2.5. Let f and g beGaussian pdfs corresponding toN (μ1, σ
2
1 ) andN (μ2, σ

2
2), respectively. Assume σ21 > σ22.

Then the equation f(x)− g(x) = 0 has exactly two solutions s1 < μ2 < s2.
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Proof. By scaling and translating, we may set μ2 = 0 and σ22 = 1. Solving f(x)− g(x) = 0 is equivalent to solving

the quadratic equation

x2

2
−

(x− μ1)
2

2σ21
= log σ1.

Simplifying, we wish to solve

x2(σ21 − 1) + 2μ1x− (μ21 + 2σ21 log σ1) = 0.

Since σ1 > 1, the above quadratic has two distinct roots: one negative and one positive. This proves the claim.

We shall call the two points where f and g intersect as the left and right intersection points.

Theorem 14. Let μ and ν be the Gaussian measuresN (0, σ21 ) andN (0, σ22), respectively. Assume σ21 > σ22 without

loss of generality. Let m > 0 be such that f(m+ ε) = g(m− ε). Let A = (−∞,−m]∪ [m,+∞). Then the optimal

transport cost between μ and ν is given by

Dε(μ, ν) = μ(A⊖ε)− ν(A⊕ε) = 2Q
(
m+ ε
σ1

)
− 2Q

(
m− ε
σ2

)
.

The corresponding robust risk is

R∗
⊕ε =

1− μ(A⊖ε) + ν(A⊕ε)

2
.

Moreover, if μ corresponds to hypothesis 1, the optimal robust classifier declares label 1 on the set A.

Proof. We shall propose a map that transports μ to ν. (See Figure 3.5 for an illustration.) The existence of am > 0

such that f(m + ε) = g(m − ε) is guaranteed by Lemma 3.2.5. Consider r ∈ (0,m − ε) whose value will be

provided later. First, we partitionR into the five regions for μ and ν, as shown in Table 3.1. For μ, these partitions

are (−∞,−m− ε], (−m− ε,−r], (−r,+r), [r,m+ ε), and [m+ ε,∞). Let μ restricted to these intervals be μ−−,

μ−, μ0, μ+, and μ++, respectively. Themeasure ν is also partitioned five ways, but the intervals used in this case are

slightly modified to be (−∞,−m+ ε], (−m+ ε,−r], (−r, r), [r,m− ε), and [m− ε,+∞). Call ν restricted to

these intervals ν−−, ν−, ν0, ν+, and ν++, respectively.
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μ−− (−∞,−m− ε]
μ− (−m− ε,−r]
μ0 (−r,+r)
μ+ [r,m+ ε)
μ++ [m+ ε,∞)

ν−− (−∞,−m+ ε]
ν− (−m+ ε,−r]
ν0 (−r,+r)
ν+ [r,m− ε)
ν++ [m− ε,∞)

Table 3.1: The real line is partitioned into five regions for μ and ν, as shown in the table.

The transport plan from μ to ν will consist of five maps transporting μ−− → ν−−, μ− → ν−, μ0 → ν0,

μ+ → ν+, and μ++ → ν++. In each case, we plan to show thatDε(μ∗, ν∗) = 0, where ∗ ranges over all possible

subscripts in {−−,−, 0,+,++}. Note that these measures do not necessarily have identical masses, and thus we

are transporting a quantity of mass equal to the minimum mass among the two measures. For this reason, even

though the transport cost isDε(μ∗, ν∗) = 0, it does not meanDε(μ, ν) = 0.

Consider μ++ and ν++. We have f(m + ε) = g(m − ε) by the choice of m. We argue that for any t ≥ 0,

we must have f(m + ε + t) ≥ g(m − ε + t). This is because any two Gaussian pdfs can intersect in at most

two points. By Lemma 3.2.5, the ε-shifted Gaussian pdfs f(x + ε) and g(x − ε) havem as their right intersection

point, and there are no additional points of intersection to the right ofm. Since the tail of f is heavier, it means that

f(m+ ε+ t) ≥ g(m− ε+ t) for all t ≥ 0. By Lemma 3.2.3, we can now concludeDε(μ++, ν++) = 0. A similar

argument also showsDε(μ−−, ν−−) = 0.

Before we consider μ− and ν−, we first define r as follows: Pick r > 0 such that μ([−m− ε,−r)) = ν([−m+

ε,−r)). To see that such an rmust exist, consider the functions a(t) := μ([−m− ε, t)) and b(t) := ν([−m+ ε, t))

as t ranges over (−m + ε, 0). When t = −m + ε, we have a(t) > b(t) = 0. When t = 0, we have a(t) =

1/2−μ−−(R) < b(t) = 1/2− ν−−(R). Thus, there must exist a t0 ∈ (−m+ ε, 0) such that a(t0) = b(t0). Pick

the smallest (i.e., the leftmost) such t0, and set −r = t0. Call f(·) restricted to [−m − ε,−r) and g(·) restricted

to [−m + ε,−r) as f− and g−, respectively, and their corresponding cdfs F− and G−, respectively. We claim that

μ− and ν− satisfy all three conditions from Lemma 3.2.4. Since the supports of f− and g− are [−m − ε,−r) and

[−m+ε,−r), condition (1) is immediately verified. To check condition (2), we break up the interval [−m−ε,−r)

into two parts: [−m − ε,−s) and [−s,−r), where s is such that f(−s) = g(−s). Observe that f− ≥ g− on

[−m− ε,−s), whereas f− ≤ g− on [−s,−r). This shows that condition (2) is satisfied. We have g−(−m+ ε) =

f−(−m − ε). Again, using Lemma 3.2.5 the 2ε-shifted Gaussian pdf f(x − 2ε) and g(x) have −m + ε as their

left intersection point, and the right intersection point is to the right of 0. Thus, we have f(x − 2ε) ≤ g(x) for all
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x ∈ [−m+ε, 0] ⊇ [−m+ε, r).Using this domination, we conclude that f− ≤ g̃− in the interval [−m−ε,−r−2ε)

and f− ≥ g− = 0 in the interval (−r − 2ε,−r], and so condition (3) is satisfied. Applying Lemma 3.2.4, we

concludeDε(μ−, ν−) = 0. An essentially identical argument may be used to showDε(μ+, ν+) = 0. The minor

difference being that r is chosen to satisfy μ([r,m+ ε)) = ν([r,m− ε)), and the mirror image of Lemma 3.2.4 is

applied.

Finally, consider the interval (−r,+r). In this interval, f(x) ≤ g(x) for every point. Hence, a transport map

from μ0 to ν0 is obtained by simply considering the identity function. Any remaining mass in μ is moved to ν

arbitrarily, incurring a cost of at most 1 per unit mass. The total cost of transport is then upper-bounded by

Dε(μ, ν) ≤ 1−
[
min(μ−−, ν−−) +min(μ−, ν−) +min(μ0, ν0) +min(μ+, ν+) +min(μ++, ν++)

]
= 1−

[
ν−− + μ− + μ0 + μ+ + ν++

]
= 1− μ([−m− ε,m+ ε])− 2ν([m− ε,∞))

= μ(A⊖ε)− ν(A⊕ε)

= 2Q
(
m+ ε
σ1

)
− 2Q

(
m− ε
σ2

)
.

where for brevity we have denoted μ∗(R) as μ∗. However, we also have

Dε(μ, ν) ≥ μ(A⊖ε)− ν(A⊕ε).

The lower and upper bounds match and this concludes the proof. The optimal adversarial risk R∗
⊕ε is given by

Theorem7. The optimal adversarial risk of the classifier that declares label 1 on the setA is easily seen to beR∗
⊕ε.

Wenowextend the aboveproof strategy to demonstrate the optimal coupling forGaussianswith arbitrarymeans

and arbitrary variances. Our main result is the following:

Theorem 15. Let μ and ν be Gaussian measuresN (μ1, σ
2
1 ) andN (μ2, σ

2
2) respectively. Assume σ21 > σ22 without

loss of generality. Let m1,m2 > 0 be such that f(−m1 − ε) = g(−m1 + ε) and f(m2 + ε) = g(m2 − ε). Let

A = (−∞,−m1] ∪ [m2,∞). Then the optimal transport cost between μ and ν is given by

Dε(μ, ν) = μ(A⊖ε)− ν(A⊕ε).
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Figure 3.5: Optimal transport coupling for centered Gaussian distributions μ and ν. As in the proof of Theorem 14, we divide the real
line into five regions. The transport plan from μ to ν consists of five maps transporting μ−− → ν−− (blue regions to the left), μ− →
ν− (orange regions to the left), μ0 → ν0 (green regions in the middle), μ+ → ν+ (orange regions to the right), and μ++ → ν++ (blue
regions to the right).

Consequently, the optimal adversarial risk is given by

R∗
⊕ε =

1
2
(1− μ(A⊖ε) + ν(A⊕ε)).

If μ corresponds to hypothesis 1, the optimal robust classifier declares label 1 on the set A.

Proof. We first note that the existence ofm1 andm2 in the theorem statement is guaranteed by Lemma 3.2.5. As

in the proof of Theorem 14, we shall divide the real line into five regions as shown in Table 3.2 where we define

r1 and r2 shortly. Using an identical strategy as in Theorem 14, we concludeDε(μ−−, ν−−) = Dε(μ++, ν++) =

0. Define r1 as the leftmost point where μ([−m1 − ε, r1)) = ν([−m1 + ε, r1)). Similarly, define r2 to be the

rightmost point such that μ([r2,m2 + ε)) = ν([r2,m2 − ε)). We shall now prove Dε(μ−, ν−) = 0 by using

Lemma 3.2.4. Verifying conditions (1) and (2) is exactly as in that of Theorem 14. The novel component of this

proof is verifying condition (3), since the domination used in the proof of Theorem 14 does not work in this case

due to the asymmetry. Consider the pdfs f−(x) and g−(x + 2ε). These two pdfs, being restrictions of Gaussian

pdfs to suitable intervals, may only intersect in at most two points. One of these points of intersection is−m1 − ε

by the choice of m1, so there can be at most one other point of intersection in the interval [−m1 − ε,−r1 − 2ε].

Note that there may be no point of intersection in this interval. However, the key observation is that in both

cases, condition (3) continues to be satisfied. To see this, suppose that there is a point of interaction t̃. In this
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μ−− (−∞,−m1 − ε]
μ− (−m1 − ε,−r1]
μ0 (−r1,+r2)
μ+ [r2,m2 + ε)
μ++ [m2 + ε,∞)

ν−− (−∞,−m1 + ε]
ν− (−m1 + ε,−r1]
ν0 (−r1,+r2)
ν+ [r2,m2 − ε)
ν++ [m2 − ε,∞)

Table 3.2: The real line is partitioned into five regions for μ and ν as shown in the table.

case, f− ≤ g̃− in [−m1 − ε, t̃), and f− ≥ g− in (̃t,−r1]. If there is no point of intersection, then f− ≤ g̃− in

[−m1 − ε,−r1 − 2ε), and f− ≥ g− = 0 in (−r1 − 2ε,−r1]. This verifies condition (3). Using Lemma 3.2.4, we

concludeDε(μ−, ν−) = 0. An identical approach givesDε(μ+, ν+) = 0. Since f(x) ≤ g(x) for all points in the

interval (−r1, r2), the identity map may be used to concludeDε(μ0, ν0) = 0.

Any remaining mass in μ is moved to ν arbitrarily, incurring a cost of at most 1 per unit mass. The total cost of

transport is then upper-bounded by

Dε(μ, ν) ≤ 1−
[
min(μ−−, ν−−) +min(μ−, ν−) +min(μ0, ν0) +min(μ+, ν+) +min(μ++, ν++)

]
= 1−

[
ν−− + μ− + μ0 + μ+ + ν++

]
= 1− μ([−m1 − ε,m2 + ε])− ν((−∞,−m1 + ε))− ν([m2 − ε,∞))

= μ(A⊖ε)− ν(A⊕ε),

where for brevity we have denoted μ∗(R) as μ∗, where ∗ ranges over all possible subscripts in {−−,−, 0,+,++}.

The rest of the proof is identical to that of Theorem 14.

3.2.4 Beyond Gaussian examples

The coupling strategy for Gaussian random variables can also be applied to other univariate examples that share

some similarities with the Gaussian case. To illustrate, we describe the optimal classifier and optimal coupling for

uniform distributions and triangular distributions.

Theorem 16 (Uniform distributions). Let μ and ν be uniform measures on closed intervals I and J respectively.

Without loss of generality, we assume |I| ≤ |J|. Then the optimal robust risk is ν(I2ε) and the optimal classifier is

given by A = Iε.

The proof of Theorem 16 is in Appendix C.2
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In the following, we present the optimal adversarial risk and optimal classifier for symmetric triangular distribu-

tions. For δ > 0, we use Δ(m, δ) to denote a triangular distribution with support [m− δ,m+ δ] and mode atm.

The pdf of such a distribution is given by the function f(x) = 1
δ max

{
1− |x−m|

δ , 0
}
.

The next lemma is similar to Lemma 3.2.5, but is specific to symmetric triangular distributions.

Lemma 3.2.6. Let μ and ν correspond to the triangular distributions Δ(m1, δ1) and Δ(m2, δ2) with pdfs f and g

respectively. Assume δ1 < δ2. Then,

1. If |m1 −m2| > δ2 + δ1, then the equation f(x)− g(x) = 0 has no solutions on the supports of μ or ν.

2. If δ2− δ1 < |m1−m2| ≤ δ2+ δ1, then the equation f(x)− g(x) = 0 has exactly one solution u on the support

of μ. Further, u ≥ m1 if and only if m1 ≤ m2.

3. If |m1 −m2| ≤ δ2 − δ1, then the equation f(x)− g(x) = 0 has exactly two solutions l ∈ [m1 − δ1,m1] and

r ∈ [m1,m1 + δ1] on the support of μ.

Proof. Wemay assume thatm1 ≤ m2, as case ofm1 ≥ m2 follows by symmetry.

Suppose |m1 −m2| > δ2 + δ1. Thenm1 + δ1 < m2 − δ2. Hence, the supports of μ and ν are disjoint and the

result follows trivially.

Suppose δ2−δ1 < |m1−m2| ≤ δ2+δ1. Then,m1+δ1 ∈ [m2−δ2,m2+δ2] andm1−δ1 /∈ [m2−δ2,m2+δ2].

Hence, the only solution u to f(x)− g(x) = 0 occurs at the intersection of the graph of g(x)with the line segment

joining the points (m1, 1/δ1) and (m1 + δ1, 0). Clearly, u ≥ m1.

Suppose |m1 − m2| ≤ δ2 − δ1. Then, m1 − δ1 ≥ m2 − δ2 and m1 + δ1 ≤ m2 − δ2. Hence, [m1 −

δ1,m1 + δ1] ⊂ [m2 − δ2,m2 + δ2]. It follows that f(m1 − δ1) − g(m1 − δ1) < 0, f(m1) − g(m1) > 0 and

f(m1 + δ1) − g(m1 + δ1) < 0. Since f(x) − g(x) is a continuous function, there must be l ∈ [m1 − δ1,m1] and

r ∈ [m1,m1 + δ1] such that f(l) − g(l) = 0 and f(r) − g(r) = 0. Moreover, f(x) > g(x) for x ∈ (l, r) and

f(x) < g(x) for x ∈ (m2 − δ2, l) ∪ (r,m2 + δ2). Hence, l and r are the only solutions to f(x)− g(x) = 0 on the

support of μ.

Theorem17 (Triangular distributions). Let μandν correspond to the triangulardistributionsΔ(m1, δ1)andΔ(m2, δ2)

with pdfs f and g respectively. Without loss of generality, assume δ1 < δ2 and m1 < m2 (the case of m1 > m2 fol-

lows from symmetry). Let 2ε ∈ (0,min(2δ1, δ2 − δ1)). Let l = sup{x ≤ m1 : f(x + ε) = g(x − ε)} and

r = inf{x ≥ m1 : f(x− ε) = g(x+ ε)}. Let A be the set defined as follows.
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1. If m2 −m1 ≥ δ2 + δ1 + 2ε, then A = (−∞,m1 + δ1 + ε].

2. If δ2 − δ1 − 2ε ≤ m2 −m1 < δ2 + δ1 + 2ε, then A = (−∞, r].

3. If m2 −m1 < δ2 − δ1 − 2ε, then A = [l, r].

Then Dε(μ, ν) = μ(A⊖ε)− ν(A⊕ε), and the robust risk is

R∗
⊕ε =

1− μ(A⊖ε) + ν(A⊕ε)

2
,

and if μ corresponds to hypothesis 1, then the optimal robust classifier declares label 1 on A.

The proof of Theorem 17 is in Appendix C.2

3.3 Continuous Loss Functions

It is natural to ask if the results for 0-1 loss in thepreceding sectionsmaybe extended to continuous losses. Unlike for

0-1 loss, the optimal adversarial risk for general loss functions no longer admits a dual formulation based on optimal

transport. However, we can still derive upper and lower bounds on the optimal adversarial risk for loss functions

that are convex and smooth. In this section, we present such results on adversarial risk bounds in regression-like

settings with continuous losses.

For this section, we assume that the feature spaceX is a Hilbert space, i.e.,X is equipped with an inner product

and a norm induced by the inner product.

3.3.1 Bounds onOptimal Adversarial Risk

Recall from Theorem 5 that for a loss function ℓ((·, y),w) that is upper semi-analytic for all y ∈ Y and w ∈ W ,

we haveR⊕ε(ℓ,w) = RΓε(ℓ,w). From equation (2.17), we haveRΓε(ℓ,w) ≤ RΓ(p)ε
(ℓ,w). In this section, we prove

lower bounds on RΓε(ℓ,w) and upper bounds on RΓ(p)ε
(ℓ,w). Overall, this leads to lower and upper bounds on

p-Wasserstein distributionally robust risk, which includes the adversarial risk,RΓε(ℓ,w) as a special case.

Throughout this section, we assume that the loss function satisfies the assumptions on Theorem 5 so that

R⊕ε(ℓ,w) = RΓε(ℓ,w). For a hypothesis classW , we define the optimal adversarial as follows.

R∗
⊕ε := inf

w∈W
R⊕ε(ℓ,w) = inf

w∈W
RΓε(ℓ,w). (3.11)
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Similarly, we define R∗
Γ(p)ε

:= infw∈W RΓ(p)ε
(ℓ,w). As a result of equation (2.17), we have the following inequality

for integers p and qwith 1 ≤ p ≤ q < ∞.

R∗
⊕ε ≤ R∗

Γ(q)ε
≤ R∗

Γ(p)ε
. (3.12)

We denote the standard risk (i.e. the risk when ε = 0) byR0(ℓ,w) and defineR∗
0 = infw∈W R0(ℓ,w).

A trivial lower bound

We start by presenting a trivial lower bound on the optimal adversarial risk. To simplify presentation, we shall

assume that for all ε ≥ 0, there exists an optimal hypothesisw∗
ε ∈ W that attains the infimum in infw∈W R⊕ε(ℓ,w).

The proofs can be easily modified by considering sequences of hypothesis such that lim infi R∗
⊕ε(wi) = R∗

ε in case

w∗
ε does not exist.

Theorem 18. The optimal adversarial risk is at least as large as the optimal standard risk, that is, R∗
⊕ε ≥ R∗

0.

Proof. We have the sequence of inequalities:

R∗
⊕ε = R⊕ε(ℓ,w∗

ε ) ≥ R0(ℓ,w∗
ε ) ≥ R0(ℓ,w∗

0) = R∗
0.

The first inequality holds becauseR⊕ε(ℓ,w) is a non-decreasing function of ε for any fixed ℓ and w. The second in-

equality follows from the fact that the adversarially optimal classifierw∗
ε is sub-optimal forminimizing the standard

riskR0(ℓ,w).

Note that the bound in Theorem 18 does not depend on the strength of the adversary ε, and hence it may not

be very tight for large ε. In what follows, we show tighter lower bounds forR∗
⊕ε that depend on ε.

For the lower bound, we consider loss functions that are convex with respect to the input x, as defined below.

Definition 12 (Convex loss function). We say that the loss function ℓ : X ×Y×W → R+ is convexwith respect

to the input if it satisfies the following condition.

ℓ((x′, y),w)− ℓ((x, y),w) ≥ 〈∇xℓ((x, y),w), x′ − x〉. (3.13)
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Theorem 19. The adversarial risk for a loss function satisfying (3.13) is bounded as follows.

R∗
⊕ε ≥ R∗

0 + inf
w∈W

E(x,y)∼ρ

[
sup

d(x,x′)≤ε
〈∇xℓ((x, y),w), x′ − x〉

]
. (3.14)

Remark 2. The lower bound holds for any p-Wasserstein distribution perturbing adversary with budget ε because

R∗
⊕ε ≤ R∗

Γ(p)ε
.

Note that adversary’s metric d(·, ·)may not be the same as the norm on the Hilbert spaceX . In the special case

d corresponds to the norm ‖·‖adv, we can tighten the result of Theorem 19 as follows.

Corollary 3.3.1. In the setting of Theorem 19, if d(x, x′) = ‖x − x′‖adv for x, x′ ∈ X , then the following bound

holds:

R∗
⊕ε ≥ R∗

0 + ε inf
w∈W

Ez[‖∇xℓ((x, y),w)‖adv*], (3.15)

where ‖·‖adv* is the dual norm of ‖·‖adv.

Proof of Theorem 19. Recall the notation Z = X × Y , and z = (x, y). Since w∗
ε is sub-optimal for minimizing

standard risk, we have

Ez[ℓ((x, y),w∗
ε )] ≥ Ez[ℓ((x, y),w∗

0)].

Hence,

R∗
⊕ε − R∗

0 = Ez

[
sup

d(x,x′)≤ε
ℓ((x′, y),w∗

ε )

]
− Ez[ℓ((x, y),w∗

0)]

≥ Ez

[
sup

d(x,x′)≤ε
ℓ((x′, y),w∗

ε )

]
− Ez[ℓ((x, y),w∗

ε )]

= Ez

[
sup

d(x,x′)≤ε
ℓ((x′, y),w∗

ε )− ℓ((x, y),w∗
ε )

]

≥ Ez

[
sup

d(x,x′)≤ε
〈∇xℓ((x, y),w∗

ε ), x′ − x〉

]
,

≥ inf
w∈W

Ez

[
sup

d(x,x′)≤ε
〈∇xℓ((x, y),w∗

ε ), x′ − x〉

]
.
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Proof of Corollary 3.3.1. From the proof of Theorem 19, we have

R∗
⊕ε − R∗

0 ≥ Ez

[
sup

d(x,x′)≤ε
〈∇xℓ((x′, y),w∗

ε ), x′ − x〉

]
.

Under the condition that d(x, x′) = ‖x− x′‖adv,

sup
d(x,x′)≤ε

〈∇xℓ((x′, y),w∗
ε ), x′ − x〉 = sup

∥δ∥adv≤ε
〈∇xℓ((x′, y),w∗

ε ), δ〉

= ε‖∇xℓ((x′, y),w∗
ε )‖adv*.

Next, we prove an upper bound for the adversarial risk for aW1-distribution perturbing adversary. From equa-

tion 3.12, this upper bound also holds for a Wp-distribution perturbing adversary of the same budget, where

1 ≤ p ≤ ∞. We make the following assumption on the loss function.

Definition 13 (Lw-Lipschitz loss function). We say that the loss function ℓ : Z ×W → R+ is Lw-Lipschitz with

respect to the input if it satisfies the following condition.

|ℓ((x′, y),w)− ℓ((x, y),w)| ≤ Lw‖x′ − x‖. (3.16)

Theorem 20. The adversarial risk for aW1-distribution perturbing adversary with budget ε satisfies, R∗
Γ(p)ε

≤ R∗
0+

εLw∗
0
.Naturally, we also have R∗

⊕ε ≤ R∗
0 + εLw∗

0
.

The proof of this result uses an optimal transport idea from Tovar-Lopez and Jog83.

Proof of Theorem 20. Recall that,

R∗
Γ(p)ε

= inf
w∈W

RΓ(p)ε
(ℓ,w) = inf

w∈W
sup
γ∈Γ(p)ε

E(x′,y)∼ρyρ
γ
x′|y

[
ℓ((x′, y),w)

]
.

Suppose that the infimum forR∗
Γ(p)ε

is attained at ŵ∗
ε and the supremum for R̂1

ε(ℓ, ŵ∗
ε ) is attained for γ∗ ∈ Γ(1)ε . For

y ∈ Y , recall that ργ
∗

x′|y ∈ P(X )denotes the distributionof theperturbeddata point x′ ∈ X . Letπy ∈ Π(ρx|y, ρ
γ∗
x′|y)
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be such thatW1(ρx|y, ρ
γ∗
x′|y) = E(x,x′)∼πyd(x, x′). Then

R∗
Γ(p)ε

− R∗
0 = E

(x′,y)∼ρyρ
γ∗
x′|y

ℓ((x′, y), ŵ∗
ε )− E(x,y)∼ρyρx|yℓ((x, y),w

∗
0)

(a)
≤ E

(x′,y)∼ρyρ
γ∗
x′|y

ℓ((x′, y), ŵ∗
0)− E(x,y)∼ρyρx|yℓ((x, y),w

∗
0)

(b)
= EyE(x,x′)∼πy [ℓ((x

′, y), ŵ∗
0)− ℓ((x, y), ŵ∗

0)]

(c)
≤ EyE(x,x′)∼πyd(x, x

′) · Lw∗
0

(d)
≤ εLw∗

0
.

Here, (a) follows from the definition of ŵ∗
ε , (b) follows from linearity of expectation since πy is a coupling of (x, x′)

that preserves the marginals, (c) follows from the Lipschitz assumption and (d) follows from the fact that γ∗ ∈

Γ(1)ε .

3.3.2 Bound on the evolution of Optimal Adversarial Classifier

Let w∗
ε and ŵ∗

ε denote the hypotheses in W that are optimal for R∗
⊕ε and R∗

Γ(p)ε
respectively. In this section, we

analyze howw∗
ε or ŵ∗

ε may deviate fromw∗
0. For the case of 0-1 loss, the optimal classifier can change drastically even

with small change in the adversarial budget ε. For instance, consider the setting of Theorem 12. When ε changes

from being less than |μ0−μ1|
2 to greater than |μ0−μ1|

2 , the optimal classifier changes from a halfspace to a constant

classifier. Studying the 0-1 loss is hard because closed sets are not parametrized easily. Hence we focus on the case

of convex loss functions–where convexity is with respect to w—to derive bounds in this section. Deriving bounds

without strong convexity assumptions appears challenging. To see this, observe that there may be multiple global

optima w∗
0 when ε = 0. The optimal hypothesis can jump from one global optimal to a different one—possibly

far away—even without any adversary.

Since our proof technique uses the upper and lower bounds for adversarial losses obtained in Section 3.3.1, the

bounds for deviation ofw∗
ε and ŵ∗

ε are identical. Now, we prove a theorem on howmuch the optimal classifier can

change in the presence of an adversary.

Theorem 21. For a loss function ℓ that satisfies (3.16), and is λ-strongly convex with respect to w, the following result
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holds:

‖w∗
ε − w∗

0‖ ≤
√

2εLw∗
0

λ
. (3.17)

Proof of Theorem 21. We have the following series of inequalities.

εLw∗
0

(a)
≥ R∗

Γ(p)ε
− R∗

0

(b)
≥ R0(ℓ,w∗

ε )− R0(ℓ,w∗
0)

(c)
≥ λ

2
(∇2

wR0(ℓ,w∗
0))‖w∗

ε − w∗
0‖2.

Here, (a) follows from Theorem 20, (b) follows from the fact that w∗
ε is sub-optimal for minimizingR0(ℓ,w), and

(c) follows from the λ-strong convexity of ℓwith respect to w.

The above theorem shows that larger values of λ prevent the adversary from changing the hypothesis drastically.

If the loss function ismerely convex but not strongly convex, adding a quadratic penalty λ
2‖w‖

2 to the loss function

will ensure strong convexity.

3.4 Adversarial Risk Bounds for Real-world Datasets

In this section, we present lower bounds on the optimal adversarial risk for empirical distributions derived from

several real world datasets.

For the case of empirical distributions, the computation of the optimal transport cost in (3.1) can be formulated

as a linear program and solved efficiently. Moreover, when the number of data points in the two empirical distri-

butions is the same, the problem of finding the optimal coupling between the two distributions is reduced to an

assignment problem (see Proposition 2.11 in Peyré andCuturi66), wherein the task is to optimallymatch each data

point from the first distribution to a distinct data point from the second distribution. Using this methodology,

we evaluate the optimal risk for ℓ2 and ℓ∞ adversaries for classes 3 and 5 in CIFAR10, MNIST, Fashion-MNIST

and SVHN datasets. The results for other pairs of classes are very similar, and are therefore omitted for brevity.

ForMNIST, Fashion-MNIST and SVHN datasets, we evaluate the optimal adversarial risk given in Theorem 7 by

randomly sampling 5000 data points from each class. The results are showing in Figure 3.6 with the legend σ = 0.
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(a) CIFAR10 ℓ2 (b) CIFAR10 ℓ∞

(c)MNIST ℓ2 (d)MNIST ℓ∞

(e) Fashion‐MNIST ℓ2 (f) Fashion‐MNIST ℓ∞

(g) SVHN ℓ2 (h) SVHN ℓ∞

Figure 3.6: Lower bounds on adversarial risk computed using Theorem 7. The curves with σ = 0 gives the exact optimal risk for
empirical distributions, while the other cuvers give lower bounds on the optimal risk for Gaussian mixtures based on the empirical
distributions using the coupling in Theorem 13.
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Since a major fraction of the data points in the empirical distributions are well-separated in ℓ2 and ℓ∞ metrics,

the optimal risk bound remains 0 even for high ε. For instance, for CIFAR10 dataset, the optimal risk remains 0 for

ε as high as 40/255 for ℓ∞. Similar results were also obtained in Bhagoji et al.7. However, the optimal risk bounds

for the true distributions may not be 0 for high ε, as it is unreasonable to expect a perfectly robust optimal classifier

under very strong adversarial perturbations. In addition, a common technique while training for a classifier is to

augment the dataset with Gaussian perturbed samples for robustness and generalization43,32. Motivated by this,

we also compute optimal risk lower bounds on Gaussian mixture distribution with the data points as the centers

with scaled identity covariances. σ = 0 corresponds to the empirical distribution of the data points from the two

classes. As σ increases, the overlap in the probabilitymass between the two classes increases. This allows for the cost

of optimal coupling that achievesDε to decrease, thus leading to a higher, possibly non-trivial bound forR∗
⊕ε.

To compute the optimal risk lower bound for Gaussian mixture, we use a coupling between the mixture distri-

butions in two steps. In the first step, we solve for the optimal coupling that gives the exact optimal risk for the

empirical distributions. This gives a pairwise matching of data points between the two empirical distributions. In

the second step, we use the optimal coupling for multidimensional Gaussians from Theorem 13 to transport the

mass in the Gaussians within each pair. Overall, this transport map gives an upper bound on theDε optimal trans-

port cost between the twomixture distributions. Using this, we obtain the lower bounds on adversarial risk shown

in Figure 3.6.

Figure 3.6 shows the lower bounds for various values of the variance σ used for the Gaussian mixture, where

σ∗ is half of the mean distance between data points from the two distributions. As explained previously, we see

in Figure 3.6 that the lower bound curves for higher values of σ are above those for lower values. For instance, the

optimal risk forCIFAR10 dataset under ℓ2 perturbationwith ε = 3 is 0.25 for σ = σ∗. That is, the adversarial error

rate for CIFAR10 with ε = 3 for any algorithm cannot be less than 0.25 even when trained with Gaussian data

augmentation (with σ = σ∗). In comparison, the lower bound obtained in Bhagoji et al.7 (which is equivalent to

the case of σ = 0) is 0 for ε = 3. Computation of non-trivial lower bounds for higher values of ε on adversarial error

rate as in Figure 3.6 is made possible by our analysis on the optimal coupling to achieve Dε between multivariate

Gaussians in section 3.2.2.
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We look up at the same stars and see such different things.

George R.R. Martin, A Storm of Swords

4
Alternative Characterizations

4.1 Distributional Robustness Perspective

Recall from Section 2.2 that theRΓε(ℓ0/1,A) definition of adversarial risk is motivated from the robust hypothesis

testing framework. In this approach, an adversary perturbs the true distribution pi of class label i ∈ {0, 1} to a

corrupted distribution p′i such thatW∞(pi, p′i) ≤ ε. The adversarial risk with such an adversary is given by

RΓε(ℓ0/1,A) = sup
W∞(p1,p′1),W∞(p0,p′0)≤ε

T
T+ 1

p′0(A) +
1

T+ 1
p′1((Ac)),

and the optimal adversarial risk is given by,

R∗
Γε := inf

A∈B(X )
sup

W∞(p1,p′1),W∞(p0,p′0)≤ε

T
T+ 1

p′0(A) +
1

T+ 1
p′1((Ac)). (4.1)

Consider the case of equal priors i.e., T = 1. For a particular choice of the adversary, i.e., for a particular choice
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of the perturbed pair of distributions p′0 and p′1, the best that a classifier can attain is,

inf
A∈B(X )

1
2
p′0(A) +

1
2
p′1((Ac)) =

1
2

[
1− sup

A∈B(X )

(
p′1(A)− p′0(A)

)]
=

1
2
[
1−DTV(p′0, p′1)

]
.

We say that (p∗0, p∗1 ) are the least favorable pair of distributions (LFDs) for the robust hypothesis testing problem

if the optimal risk for testing between (p∗0, p∗1 ) is equal to the minimax risk shown in equation 4.1. Proving the

existence of LFDs is a standard problem in robust hypothesis testing literature, as it allows for reducing the robust

hypothesis testing problem to a standard hypothesis testing problem involving the LFDs38,40.

From Theorem 7 and using the fact that RΓε(ℓ0/1,A) = R⊕ε(ℓ0/1,A) for all A ∈ B(X ) from Theorem 4, we

have the following.

R∗
⊕ε = R∗

Γε = inf
A∈B(X )

sup
W∞(p1,p′1),W∞(p0,p′0)≤ε

1
2
p′0(A) +

1
2
p′1((Ac)) =

1
2
[1−Dε(p0, p1)] .

Hence, if there exists a pair of distributions (p∗0, p∗1 ) such that W∞(p0, p0∗) ≤ ε, W∞(p1, p1∗) ≤ ε and the

following holds:

DTV(p∗0, p∗1 ) = Dε(p0, p1),

then (p∗0, p∗1 ) must be the LFDs for the robust hypothesis testing problem with ∞-Wasserstein uncertainty sets

centered around p0 and p1. In this section, we show that there indeed exist LFDs that satisfy the above condition.

We prove this result for general Polish spaces with amid-point property stated below.

Definition 14 (Midpoint property). A metric space (X , d) is said to have the midpoint property if for every

x1, x2 ∈ X , there exists x ∈ X such that, d(x1, x) = d(x, x2) = d(x1, x2)/2.

Any normed vector space with distance defined as d(x, x′) = ‖x − x′‖ satisfies the midpoint property. An

example of a metric space without this property is the discrete metric space where d(x, x′) = 1{x 6= x′}. The

midpoint property plays a crucial role in proving the following theorem, which shows that the Dε transport cost

between two distributions is the shortest total variation distance between their ε-neighborhoods inW∞ metric. A

similar result was also presented in Dohmatob24.
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Theorem 22 (Dε as shortest DTV betweenW∞ balls). Let (X , d) have the midpoint property. Let μ, ν ∈ P(X )

and let ε ≥ 0. Then,

Dε(μ, ν) = inf
W∞(μ,μ′),W∞(ν,ν′)≤ε

DTV(μ′, ν′). (4.2)

Moreover, the infimum over DTV in the above equation is attained.

The proof of Theorem 22 is in Appendix D.1.

As a result of the above theorem, we have the following corrolary on the existence of LFDs for the case of equal

priors in binary classification.

Corollary 4.1.1. Consider the binary classification setupwith equal priors as inTheorem7. LetX have themid-point

property. Then there exists LFDs (p∗0, p∗1 ) such that the following holds.

inf
A∈B(X )

sup
W∞(p1,p′1),W∞(p0,p′0)≤ε

1
2
p′0(A) +

1
2
p′1((Ac)) = inf

A∈B(X )

1
2
p∗0(A) +

1
2
p∗1 ((Ac)).

Proof. From Theorem 22, there exists (p∗0, p∗1 ) satisfyingW∞(p1, p′1),W∞(p0, p′0) ≤ ε such thatDTV(p∗0, p∗1 ) =

Dε(p0, p1). Hence,

inf
A∈B(X )

sup
W∞(p1,p′1),W∞(p0,p′0)≤ε

1
2
p′0(A) +

1
2
p′1((Ac)) =

1
2
[1−Dε(p0, p1)]

=
1
2
[1−DTV(p∗0, p∗1 )]

=
1
2

[
1− sup

A∈B(X )

(p∗1 (A)− p∗0(A))

]

= inf
A∈B(X )

1
2
p∗0(A) +

1
2
p∗1 ((Ac)).

For the case of (X , d) = (Rd, ‖ · ‖) (which satisfies the mid-point property), we can use the powerful theory of

Huber and Strassen’s 2-alternating capacities46 to extend the above theorem to the case of unequal priors.

Theorem 23. Let (X , d) = (Rd, ‖ · ‖). Then for any p0, p1 ∈ P(X ) and ε ≥ 0, there exist LFDs (p∗0, p∗1 ) such
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that the following holds.

inf
A∈B(X )

sup
W∞(p1,p′1),W∞(p0,p′0)≤ε

T
T+ 1

p′0(A) +
1

T+ 1
p′1((Ac)) = inf

A∈B(X )

T
T+ 1

p∗0(A) +
1

T+ 1
p∗1 ((Ac)).

The proof of Theorem 23 is given in AppendixD.1. Crucial to the proof of Theorem 24 is Lemma 2.4.3, which

shows that the set-valued maps A 7→ p0(A⊕ε) and Ac 7→ p1((Ac)⊕ε) are 2-alternating capacities. The same proof

technique is not applicable in general Polish spaces because the map A 7→ μ(A⊕ε) is not a capacity for a general

μ ∈ P(X ). This is because A⊕ε is not measurable for all A ∈ B(X ).

4.2 Game Theoretic Perspective

Several works67,62,13 propose a game-theoretic formulation for adversarial risk. Consider a game between two play-

ers:

1. The adversary whose action space is pairs of distributions p′0, p′1 ∈ P(X ).

2. The classifier whose action space is the space of decision regions of the form A ∈ B(X )}.

For T > 0, define the payoff function, r : B(X )× P(X )× P(X ) → [0, 1] as,

r(A, μ, ν) =
T

T+ 1
μ(A) +

1
T+ 1

ν((Ac)). (4.3)

Given A ∈ A, the adversary chooses p′0, p′1 ∈ P(X ) to maximize r(A, p′0, p′1). Similarly, given p′0, p′1 ∈ P(X ),

the algorithm chooses A ∈ A to minimize r(A, p′0, p′1). This defines a zero-sum game between both players with

r(A, p′0, p′1) as the pay-off function.

The max-min inequality stated below shows that the pay-off for any player is better (i.e. more for adversary and

less for classifier) when they make the first move.

sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

inf
A∈A

r(A, p′0, p′1) ≤ inf
A∈B(X )

sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

r(A, p′0, p′1). (4.4)
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The game is said to have a value if the following result holds:

inf
A∈A

sup
Wε

∞(p0,p′0)≤ε
Wε

∞(p1,p′1)≤ε

r(A, p′0, p′1) = sup
Wε

∞(p0,p′0)≤ε
Wε

∞(p1,p′1)≤ε

inf
A∈A

r(A, p′0, p′1). (4.5)

If the inequality in (4.4) is an equality, we say that the game has zero duality gap, and admits a value equal to either

expression in (4.4). In the equality setting, there is no advantage to a player making the first move. Our minimax

theorems establish such an equality. If, in addition to having an equality in (4.4), there exist p∗0, p∗1 ∈ P(X ) that

achieve the supremum on the left-hand side andA∗ ∈ B(X ) that achieves the infimum on the right-hand side, we

say that ((p∗0, p∗1 ),A∗) is a pure Nash equilibrium of the game. On the other hand, we say that ((p∗0, p∗1 ),A∗) is a

δ-approximate pure Nash equilibrium of the game if the following inequality holds.

sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

r(A∗, p′0, p′1)− δ ≤ r(A∗, p∗0, p∗1 ) ≤ inf
A∈A

r(A, p∗0, p∗1 ) + δ.

The following theorem proves the minimax equality and the existence of a Nash equilibrium for the adversarial

robustness game inRd.

Theorem 24 (Minimax theorem inRd). Let (X , d) = (Rd, ‖ · ‖). Let p0, p1 ∈ P(X ) and let ε ≥ 0. Define r as

in (4.3). Then,

sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

inf
A∈L(X )

r(A, p′0, p′1) = inf
A∈L(X )

sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

r(A, p′0, p′1). (4.6)

Moreover, there exist p∗0, p∗1 ∈ P(X ) andA∗ ∈ L(X ) that achieve the supremum and infimum on the left and right

hand sides of the above equation.

Proof. From Theorem 23, there exist LFDs (p∗0, p∗1 ) such that the following holds.

inf
A∈B(X )

sup
W∞(p1,p′1),W∞(p0,p′0)≤ε

r(A, p′0, p′1) = inf
A∈B(X )

r(A, p∗0, p∗1 ). (4.7)

Since (p∗0, p∗1 ) satisfy the constraintsW∞(p0, p′0),W∞(p1, p′1) ≤ ε, we have

inf
A∈B(X )

r(A, p∗0, p∗1 ) ≤ sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

inf
A∈L(X )

r(A, p′0, p′1). (4.8)
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Combining equations (4.7) and (4.7), we get the following inequality.

inf
A∈B(X )

sup
W∞(p1,p′1),W∞(p0,p′0)≤ε

r(A, p′0, p′1) ≤ sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

inf
A∈L(X )

r(A, p′0, p′1).

The desired result follows from combining the above inequality with the max-min inequality (4.4).

The existence of A∗ ∈ L(X ) that attains the infimum on the right in (4.6) follows from Lemma 3.1 in Huber

and Strassen46 and the equalityR⊕ε(ℓ0/1,A) = RΓε(ℓ0/1,A) proved in Theorem 6.

As noted before, the same proof technique is not applicable in general Polish spaces because the map A 7→

μ(A⊕ε) is not a capacity for a general μ ∈ P(X ). This is because A⊕ε is not measurable for all A ∈ B(X ).

In general Polish spaces, we can use the characterization of Dε as the shortest total variation distance between

W∞ ball from Theorem 22 to prove the minimax theorem for the case of equal priors.

Theorem 25 (Minimax theorem for equal priors). Let (X , d) have the midpoint property. Let p0, p1 ∈ P(X ) and

let ε ≥ 0. Define r as in (4.3) with T = 1. Then

sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

inf
A∈B(X )

r(A, p′0, p′1) = inf
A∈B(X )

sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

r(A, p′0, p′1). (4.9)

Moreover, there exist p∗0, p∗1 ∈ P(X ) that achieve the supremum on the left hand side of the above equation.

Proof. We have the following series of equalities.

inf
A∈B(X )

sup
W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

r(A, p′0, p′1) = inf
A∈B(X )

RΓε(ℓ0/1,A)

(i)
= inf

A∈B(X )
R⊕ε(ℓ0/1,A)

(ii)
=

1
2
[1−Dε(p0, p1)] ,

and

sup
W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

inf
A∈B(X )

r(A, p′0, p′1)
(iii)
= sup

W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

1
2
[
1−DTV(p′0, p′1)

]
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=
1
2

1− inf
W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

DTV(p′0, p′1)

 ,

where (i) follows from Theorem 4, (ii) from Theorem 10, and (iii) again from Theorem 10 with ε = 0. The

expressions on the right extremes of the above equations are equal byTheorem 22. The existence of p∗0, p∗1 ∈ P(X )

follows Theorem 22.

To prove theminimax theorem for unequal priors, we need the following generalization of Theorem 22 to finite

measures of unequal mass.

Lemma 4.2.1. Let p0, p1 ∈ P(X ) and let ε ≥ 0. Then for T ≥ 1,

inf
q∈P(X ):q⪯Tp0

Dε(q, p1) = inf
q∈P(X ):q⪯Tp0

inf
W∞(q,q′),W∞(p1,p′1)≤ε

DTV(q′, p′1)

= inf
W∞(p0,p′0),W∞(p1,p′1)≤ε

inf
q′∈P(X ):q′⪯Tp′0

DTV(q′, p′1) (4.10)

The proof of Lemma 4.2.1 is contained in Appendix D.

Now, we prove the minimax equality for unequal priors.

Theorem 26 (Minimax theorem for unequal priors). Let (X , d) have the midpoint property. Let p0, p1 ∈ P(X )

and let ε ≥ 0. For T > 0, define r as in (4.3). Then

sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

inf
A∈B(X )

r(A, p′0, p′1) = inf
A∈B(X )

sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

r(A, p′0, p′1). (4.11)

Proof. Without loss of generality, we assume T ≥ 1. (If T < 1, we simply repeat the proof with labels 0 and 1

swapped.) We have

inf
A∈B(X )

sup
W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

r(A, p′0, p′1) = inf
A∈B(X )

RΓε(ℓ0/1,A)

(i)
= inf

A∈B(X )
R⊕ε(ℓ0/1,A)

(ii)
=

1
T+ 1

1− inf
q∈P(X ):
q⪯Tp0

Dε(p0, p1)


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Figure 4.1: Illustration of various equivalent formulations of the optimal adversarial risk. The equalities summarize the results of Sec‐
tion 3.1 and Chapter 4. For equal priors (T = 1), A and B denote two ways of obtaining the optimal adversarial risk,R∗

⊕ε: 1)

A , which denotes theDε cost between the true label distributions p0 and p1, and 2) B , which denotes the shortest total variation

distance between∞‐Wasserstein balls of radius ε around p0 and p1. For unequal priors (T > 1), C , D and E denote three equiv‐
alent ways of obtainingR∗

⊕ε. The black dotted balls denote∞‐Wasserstein balls and the blue dashed balls denote sets defined using

stochastic domination. The order in which the two types of balls appear around p0 is reversed between D and E .
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(iii)
=

1
T+ 1

1− inf
W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

inf
q′∈P(X ):
q′⪯Tp′0

DTV(q′, p′1)


= sup

W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

1
T+ 1

1− inf
q′∈P(X ):
q′⪯Tp′0

DTV(q′, p′1)


(iv)
= sup

W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

inf
A∈B(X )

r(A, p′0, p′1),

where (i) follows from Theorem 4, (ii) from Theorem 10, (iii) from Lemma 4.2.1 and (iv) follows again from The-

orem 10 with ε = 0.

Remark 3. Unlike Theorem 24, Theorems 25 and 26 do not guarantee the existence of an optimal decision region

A∗. While Theorem 25 guarantees the existence of worst-case pair of perturbed distributions p∗0, p∗1 , Theorem 26 does

not do so. Nevertheless, a δ-approximate pure Nash equilibrium exists in all the cases. This is in sharp contrast with

the non-existence of Nash equilibrium proven in Pinot et al.67 The result of Pinot et al.67 is valid for a “regularized”

adversary, where the point-wise budget constraint d(x, x′) ≤ ε is replaced with a regularization term added to the

adversarial risk formulation. Our Nash equilibrium result holds for the standard formulation of adversarial risk as

in58,73, without the need for a regularization term.

Remark 4. A recent work62 shows the existence of mixed Nash equilibrium for randomized classifiers parametrized

by points in a Polish space. Other works67,13 consider a similar setup, but with a “regularized” adversary. The equi-

librium analysis in these works uses Fan’s minimax theorem with concave-convex condition. Since we consider non-

parametric classifiers represented by arbitrary decision regions, Fan’s theorem is inapplicable in our setting. Instead,

we use tools from Huber’s 2-alternating capacities for Rd, and the generalized Strassen’s duality theorem for general

Polish spaces. The connection with Huber’s capacities (which we prove in Lemma 2.4.3) and the generalization of

Strassen’s theorem (Theorem 9) are both novel to the best of our knowledge.
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Run, rabbit, run

Dig that hole, forget the sun

When, at last, the work is done

Don’t sit down, it’s time to dig another one

Pink Floyd, Breathe

5
Conclusion

We examined different notions of adversarial risk and laid down the conditions under which these definitions are

equivalent. By verifying the conditions in Sections 2.3 and 2.4, researchers may use different definitions inter-

changeably.

We introduced the Dε optimal transport cost between probability distributions. Through an application of

duality in the optimal transport cost formulation (via Strassen’s theorem), we have shown thatDε completely char-

acterizes the optimal adversarial risk R∗
⊕ε for the case of binary classification under 0-1 loss function. For general

loss functions, we give lower and upper bounds onR∗
⊕ε in terms of the Lipschitz and strong convexity parameters

of the loss function.

Using a formulation of optimal transport between finite measures of unequal mass, we extended the Dε based

characterization of adversarial risk to unequal priors by generalizing Strassen’s theorem. Thismay find applications

in the study of excess cost optimal transport97,96. A recent work84 obtains a different characterization of optimal

adversarial risk using optimal transport on the product spaceX ×Y whereY is the label space. Further, they show

the evolution of the optimal classifier A∗ as ε grows, in terms of a mean curvature flow. This raises an interesting

question on the evolution of the optimal adversarial distributions p∗0, p∗1 ∈ P(X )with ε.
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In analysing the adversarial risk for 0-1 loss functions, we give a novel coupling strategy based onmonotonemap-

pings that solves theDε optimal transport problem for symmetric unimodal distributions like Gaussian, triangular,

and uniform distributions. Employing the duality in the optimal transport, we also obtain the adversarially opti-

mal classifier under these settings. Our coupling analysis calls for an interesting open question: Is there a general

coupling strategy, akin to themaximal coupling strategy to achieve the total variation transport cost, that works for

a broader class of distributions? If yes, this gives us a handle on analyzing the nature of optimal decision boundaries

in the adversarial setting.

Using our characterization of R∗
ε in terms ofDε, we obtain the optimal risk attainable for classification of real-

world datasets like CIFAR10, MNIST, Fashion-MNIST and SVHN. Moreover, levaraging our optimal coupling

strategy for Gaussian distributions, we also obtain lower bounds on optimal risk for Gaussian mixtures based on

these datasets. These lower bounds have implications for the limits of data augmentation strategies using Gaussian

perturbations. Our bounds on adversarial risk are classifier agnostic, and only depend on the data disributions. In

addition, our bounds are efficiently computable for empirical/mixture distributions via reformulation as a linear

program.

We proved a minimax theorem for adversarial robustness game and the existence of a Nash equilibrium. We

constructed the worst-case pair of distributions p∗0, p∗1 ∈ P(X ) in terms of true data distributions and showed that

their total variation distance gives the optimal adversarial risk. Identifying worst case distributions could lead to a

new approach to developing robust algorithms.

We used Choquet capacities for results inRd andmeasurable selections in Polish spaces. Specifically, we showed

that the measure of ε-Minkowski expansion is a 2-alternating capacity. This connection could help generalize our

results to total variation and Prokhorov distance based contaminations.

We largely focused on the binary classification setup with 0-1 loss function. While we extended our results on

measurability and relation to∞-Wasserstein distributional robustness to more general loss functions and a multi-

class setup, it is unclear how our results on generalized Strassen’s theorem and Nash equilibria can be extended

further.

Our results on various equivalent formulations of optimal adversarial risk are specific to adversarial perturba-

tions (or equivalently,∞-Wasserstein distributional perturbations). An interesting open question is whether these

results hold for more general perturbation models.
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A
Preliminary Lemmas

Lemma A.0.1. Let An ∈ B(X ) for n ∈ {1, 2, . . .}. Then,

(∪nAn)
⊕ε = ∪nA⊕ε

n ,

(∩nAn)
⊕ε ⊆ ∩nA⊕ε

n .

Proof. Suppose a ∈ (∪nAn)
⊕ε. Then there exists ai ∈ Ai for some i ∈ {1, 2, . . .} such that d(a, ai) ≤ ε. Hence,

a ∈ A⊕ε
i ⊆ ∪nA⊕ε

n . Therefore, (∪nAn)
⊕ε ⊆ ∪nA⊕ε

n .

Suppose b ∈ ∪nA⊕ε
n . Then b ∈ A⊕ε

j for some j ∈ N. So there must exist b′ ∈ Aj such that d(b, b′) ≤ ε. Since

b′ ∈ ∪nAn, we get that b ∈ (∪nAn)
⊕ε. Therefore,∪nA⊕ε

n ⊆ (∪nAn)
⊕ε.

Suppose c ∈ (∩nAn)
⊕ε. Then there exists c′ ∈ ∩nAn such that d(c, c′) ≤ ε. Since c′ ∈ An for all n ∈ {1, 2, . . .},

c ∈ A⊕ε
n for all n ∈ {1, 2, . . .}. Hence, c ∈ ∩nA⊕ε

n . Therefore, (∩nAn)
⊕ε ⊆ ∩nA⊕ε

n .

Lemma A.0.2. Let (Fn) be a sequence of closed sets inX such that Fk ⊇ Fk+1 for k ∈ N . Then,

(∩nFn)⊕ε = ∩nF⊕ε
n .
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Proof. Suppose x ∈ (∩nFn)⊕ε. Then there exists x′ ∈ ∩nFn such that d(x, x′) ≤ ε. Since x′ ∈ Fn for all n ∈ N,

x ∈ F⊕ε
n for all n ∈ N. Hence, x ∈ ∩nF⊕ε

n and therefore (∩nFn)⊕ε ⊆ ∩nF⊕ε
n . We will now show the set inclusion

in the opposite direction.

Let x ∈ ∩nF⊕ε
n . Then x ∈ F⊕ε

n for all n ∈ N. Hence, there exists xn ∈ Fn such that d(x, xn) ≤ ε for all

n ∈ N. Since (xn) is a bounded sequence, it has a subsequence (xnk) that converges to some x∗. We claim that

x∗ ∈ F := ∩nFn. Indeed, for anym ∈ N, the tail of the subsequence (xnk)with indices greater thanm is contained

in Fm. Since Fm is closed, x∗ must be in Fm. Since the choice ofmwas arbitrary, x∗ ∈ ∩mFm = F. Hence, x ∈ F⊕ε

because d(x, x∗) ≤ ε. Therefore,∩nF⊕ε
n ⊆ F⊕ε.

Lemma A.0.3. Let A ∈ B(X ). Let (γn)
∞
n=1 be a non-negative, monotonically decreasing sequence converging to 0.

Let A denote the closure of A inX . Then, Aγn ↓ A.

Proof. We know A ⊆ Aγn = Aγn for all n. Hence A ⊆ limn→∞
⋂n

k=1 A
γk .

Suppose x ∈ limn→∞
⋂n

k=1 A
γk . Then it must be that d(x,A) = 0 because otherwise xwould not lie inAγn for

all large enough n. Since d(x,A) = 0, we can find a sequence of points in A that tend to x. But since A is closed,

we must have x ∈ A. Hence, limn→∞
⋂n

k=1 A
γk ⊆ A.

Lemma A.0.4. Let ε > 0. If A is a closed set, then A⊕ε and A⊖ε are also closed sets.

Proof. Let A be a closed set and let B be the closed ball of radius ε. Fix δ > 0. Let {zi}i≥1 be a sequence of points

in A⊕ε converging to a limit z. Assume without loss of generality that d(zi, z) < δ/2. We shall show that z ∈ A⊕ε

as well. Note that every zi admits an expression zi = ai + bi, where ai ∈ A and bi ∈ B. Since B is a compact set,

there exists a subsequence among the {bi} sequence that converges to b∗ ∈ B. Fix a δ > 0 and pick a subsequence

{b̃i}i≥1 such that b̃i → b∗ and |b̃i − b∗| < δ/2 for all i > 0. Denote the corresponding subsequence of {ai} by

{ãi} and {zi} by {z̃i}. Observe that

z− ãi = (z− z̃i) + (b∗ − b̃i)− b∗,

and so by the triangle inequality

d(z, ãi) < δ/2+ δ/2+ ε = ε+ δ.
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Thus ãi ∈ B(z, ε + δ) ∩ A, which is a compact set, giving a convergent subsequence within the {ãi} sequence.

Let that subsequence converge to a∗. We must have a∗ ∈ A and b∗ ∈ B since A and B are closed. This means

z = a∗ + b∗ must lies in A⊕ε, which shows that A⊕ε is closed.

Recall that A⊖ε = ((Ac)⊕ε)c. Since Ac is an open set, it is enough to show that C⊕ε is open if C is open. Let

z ∈ C⊕ε, which means z = c+ b for some c ∈ C and b ∈ B. Consider a small open ball of radius δ around c, called

Nδ(c) that lies entirely in C. This is possible since C is assumed to be open. Now observe thatNδ(z) ⊆ C⊕ε, since

Nδ(z) = Nδ(c) + b. This shows that every point z ∈ C⊕ε admits a small ball around it that is contained in C⊕ε, or

equivalently, C⊕ε is open. This completes the proof.

Lemma A.0.5. For a closed set A, we have Aε = A⊕ε.

Proof. Let x ∈ A⊕ε. Then there exists an a ∈ A such that d(x, a) ≤ ε, which means d(x,A) ≤ ε, and so x ∈ Aε.

This shows that A⊕ε ⊆ Aε.

To prove the reverse direction, suppose x ∈ Aε. This means we can a sequence of points {ai} such that ai ∈ A

and lim infi d(x, ai) ≤ ε. Fix a δ > 0 and assume without loss of generality that d(x, ai) ≤ ε + δ for all i > 0.

Then ai ∈ B(x, ε + δ) ∩ A for all i > 0. As A is closed, the set B(xi, ε + δ) ∩ A is compact, and there exists a

subsequence {ãi} that converges to a∗ ∈ A. By the triangle inequality, d(x, a∗) ≤ d(x, ãi) + d(ãi, a∗). Taking

lim infi on both sides yields

d(x, a∗) ≤ lim inf
i

d(x, ãi) ≤ ε.

This implies x ∈ A⊕ε, and we conclude Aε ⊆ A⊕ε.

Lemma A.0.6. Let A be a closed set. Then (A⊖ε)⊕ε ⊆ A and A ⊆ (A⊕ε)⊖ε.

Proof. We claim that a point x ∈ A⊖ε if and only if B(x, ε) lies entirely in A. If this were not the case, then we

could find a y ∈ Ac such that d(x, y) ≤ ε, and so x ∈ (Ac)⊕ε, which implies x 6∈ ((Ac)⊕ε)c = A⊖ε. Conversely,

if B(x, ε) ∈ A then d(x, y) > ε for all y ∈ Ac, and so x /∈ (Ac)⊕ε, which means x ∈ ((Ac)⊕ε)c = A⊖ε. This

observation implies that (A⊖ε)⊕ε ⊆ A.

Using the above logic for A⊕ε, we see that a point x ∈ (A⊕ε)⊖ε if and only if B(x, ε) ⊆ A⊕ε. By definition of

A⊕ε, every point x ∈ A satisfiesB(x, ε) ⊆ A⊕ε. Thus, if x ∈ A then x ∈ (A⊕ε)⊖ε. Equivalently,A ⊆ (A⊕ε)⊖ε.

Lemma A.0.7. Let ε1 > ε2 > 0 and A ∈ B(X ). Then for any δ ∈ (0, ε1 − ε2), Aε1−ε2−δ ⊆ (Aε1)−ε2 .
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Proof. Recall that for ε > 0, A−ε = ((Ac)ε)c. From the definition, x ∈ A−ε if and only if d(x,Ac) > ε.

Let δ ∈ (0, ε1−ε2) and x ∈ Aε1−ε2−δ. Then, d(x,A) ≤ ε1−ε2−δ. Consider any y ∈ (Aε1)c. Then, d(y,A) > ε1.

By the triangle inequality,

d(x, y) ≥ d(y,A)− d(x,A) > ε1 − (ε1 − ε2 − δ) = ε2 + δ.

Hence,

d(x, (Aε1)c) = inf
y∈(Aε1 )c

d(x, y) ≥ ε2 + δ > ε2.

Therefore, x ∈ (Aε1)−ε2 .

Lemma A.0.8. Let A ∈ B(X ). Then, 1{x ∈ A⊕ε} = supx′∈Bε(x) 1{x
′ ∈ A}.

Proof. Suppose x ∈ A⊕ε. Then there exists x′ ∈ A such that x′ ∈ Bε(x). Hence, supx′∈Bε(x) 1{x
′ ∈ A} = 1.

Suppose x ∈ X is such that supx′∈Bε(x) 1{x
′ ∈ A} = 1. Then there is a sequence (xn)∞n=1 such that d(x, xn) ≤ ε

and xn ∈ A for all n. Since (xn) is a bounded sequence in a closed set, Bε(x), it has a subsequence that converges to

some x∗ such that d(x, x∗) ≤ ε and x∗ ∈ A. Hence, x ∈ Bε(x∗) ⊆ A⊕ε.

Lemma A.0.9. For any real-valued function f : X → R and any t ∈ R,

{
x ∈ X : sup

d(x,x′)≤ε
f(x′) > t

}
= {x ∈ X : f(x) > t}⊕ε.

Proof. Suppose a ∈ {x ∈ X : f(x) > t}⊕ε. Then there exists a′ ∈ X such that f(a′) > t and d(a, a′) ≤ ε.

Hence, supd(a,x′)≤ε f(x
′) ≥ f(a′) > t. Therefore, a ∈

{
x ∈ X : supd(x,x′)≤ε f(x

′) > t
}
.

Suppose b ∈
{
x ∈ X : supd(x,x′)≤ε f(x

′) > t
}
. Then there exists b′ ∈ X such that f(b′) > t and d(b, b′) ≤ ε.

Hence, b ∈ {x ∈ X : f(x) > t}⊕ε.

Lemma A.0.10 (Max-min Inequality). Let p0, p1 ∈ P(X ) and let ε ≥ 0. For T > 0, define r : B(X )×P(X )×

P(X ) → [0, 1] as in (4.3). Then,

sup
W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

inf
A∈B(X )

r(A, p′0, p′1) ≤ inf
A∈B(X )

sup
W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

r(A, p′0, p′1). (A.1)
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Proof. For any A ∈ B(X ) and p′0, p′1 such thatW∞(pi, p′i) ≤ ε (i = 0, 1), we have

inf
A∈B(X )

r(A, p′0, p′1) ≤ r(A, p′0, p′1).

Taking supremum over p′0 and p′1 such thatW∞(pi, p′i) ≤ ε for i ∈ {0, 1} on both sides of the above inequality,

we get the following for any A ∈ B(X ).

sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

inf
A∈B(X )

r(A, p′0, p′1) ≤ sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

r(A, p′0, p′1).

Since the above inequality holds for any A ∈ B(X ), we have,

sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

inf
A∈B(X )

r(A, p′0, p′1) ≤ inf
A∈B(X )

sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

r(A, p′0, p′1).
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B
Proofs from Chapter 2

B.1 Proofs from Section 2.3

B.1.1 Proofs from Section 2.3.1

Proof of Lemma 2.3.1. We prove the above statement by using a counterexample motivated from Example 2.4 in

Luiro et al.56 For any ε > 0, there exists a Borel measurable set S ⊆ [−ε, ε]2 such that its projection onto the first

coordinate is not Borel measurable (see Luiro et al.,56 Theorem 6.7.2 and Theorem 6.7.11 in Bogachev12). That

is, S ∈ B(R2) but S1 := {x1 ∈ R : (x1, x2) ∈ S} /∈ B(R).

Define a homeomorphismφ : R3 → R3 asφ(x1, x2, x3) := (x1, x2,
√

ε2 − x22). φmaps the plane [−ε, ε]2×{0}

onto the half-cylinder, {(x1, x2, x3) ∈ R3 : x1 ∈ [−ε, ε], x22 + x23 = ε2, x3 ≥ 0}, of radius ε. LetA := φ(S×{0}).

Then A ∈ B(R3) because S× {0} ∈ B(R3). We have the following equality.

A⊕ε ∩ (R× {0}2) = S1 × {0}2

Suppose A⊕ε ∈ B(R3). Then the above equality implies that S1 ∈ B(R) contradicting our choice of S. Hence,
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A⊕ε /∈ B(R3).

Proof of Lemma 2.3.2. Recall that an analytic set is a continuous image of a Borel set in a Polish space. Although

an analytic set need not be Borel measurable, it is always universallymeasurable, i.e., measurable with respect to any

measure defined on a complete measure space5.

We will now show that if A ∈ B(X ), then A⊕ε is an analytic set, thus showing that it is measurable in the

complete measure space (X ,B(X )).

Define D = {(x, x′) ∈ X 2 : d(x, x′) ≤ ε}. D is Borel measurable because it is the preimage of the Borel set

(−∞, ε] under the Borel measurable function d. Define f : D → R as f(x, x′) = −1{x′ ∈ A}. For c ∈ R, we have

the following.

{(x, x′) ∈ X 2 : f(x, x′) < c} =



φ c ≤ −1,

(X × A) ∩D c ∈ (−1, 0],

X 2 c > 0.

SinceA ∈ B(X ) andD ∈ B(X 2), (X ×A)∩D ∈ B(X 2). Hence, byDefinition 7.21 in Bertsekas and Shreve5, f

is a lower semianalytic function. By Proposition 7.47 in Bertsekas and Shreve5, the function f∗ : X → R defined

as f∗(x) := infx′∈Bε(x) f(x, x′) is lower semianalytic. By Lemma A.0.8, we have

f∗(x) = inf
x′∈Bε(x)

−1{x′ ∈ A} = − sup
x′∈Bε(x)

1{x′ ∈ A} = −1{x ∈ A⊕ε}.

By Definition 7.21 in Bertsekas and Shreve5, it follows thatA⊕ε is an analytic set. By Corollary 7.42.1 in Bertsekas

and Shreve5, A⊕ε ∈ B(X ).

Proof of Lemma 2.3.3. Let β = 1/4. Take any e ∈ E. Since E = Aε\Aε), we have the following two implications:

1) E ⊆ Aε which implies that d(e,A) ≤ ε, and 2) E ∩ Aε) = ∅ which implies that d(e,A) > ε. Combining

the two implications, we get that d(e,A) = ε. Hence, for every r ∈ (0, ε], there must exist an ar ∈ A such that
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ε ≤ ‖e− ar‖ < ε+ r/4. We pick an x′ ∈ X on the line segment joining ar and x as follows.

t :=
r

2‖e− ar‖
,

x′ := tar + (1− t)e.

Since ‖e − ar‖ ∈ [ε, ε + r/4) and r ∈ (0, ε], it is clear that t ∈ (0, 1/2). From the definition of x′, it follows

that ‖x′ − e‖ = t‖e − ar‖ = r/2. We will now show that Bβr(x′) ⊆ Br(e)\E. For any y ∈ Bβr(x′), we have the

following.

‖y− e‖ ≤ ‖y− x′‖+ ‖x′ − e‖ ≤ βr+ r/2 < r.

Hence, y ∈ Br(e). Moreover,

‖y− ar‖ ≤ ‖y− x′‖+ ‖x′ − ar‖ ≤ βr+ (‖e− ar‖ − r/2) < ε.

Hence, y ∈ Aε) and so y /∈ E. Therefore, Bβr(x′) ⊆ Br(e)\E. Hence, we have the following property (call it (∗)):

For any e ∈ E and any r ∈ (0, ε], there is an x′ ∈ X such that Bβr(x′) ⊆ Br(e)\E. The property (∗) is depicted in

Figure B.1.

Let α = β(1 − β). Take any x ∈ X and r ∈ (0, ε]. We will now show that there exists x′ ∈ X such that

Bαr(x′) ⊆ Br(x)\E.

Suppose x ∈ E. Then by the property (∗), there exists x′ ∈ X such thatBαr(x′) ⊆ Bβr(x′) ⊆ Br(x)\E. Suppose

on the other hand x /∈ E. If Bβr(x) ∩ E = ∅, then choosing x′ = xwe have Bαr(x′) ⊆ Bβr(x′) ⊆ Br(x)\E. If not,

then there exists e ∈ Bβr(x) ∩ E. We claim that B(1−β)r(e) ⊆ Bβr(x). Indeed, for any y ∈ B(1−β)r(e)we have

‖y− x‖ ≤ ‖y− e‖+ ‖e− x‖ ≤ (1− β)r+ βr = r.

Since (1−β)r ∈ (0, ε], by the property (∗), there exists x′ ∈ X such thatBαr(x′) = Bβ(1−β)r(x′) ⊆ B(1−β)r(x)\E ⊆

Br(x)\E.
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Figure B.1: A depiction of the property (∗) in the proof of Lemma 2.3.3. e is an arbitrary point in E = Aε\Aε). For some r ∈ (0, ε],
ar ∈ A is picked so that ‖e− ar‖ ∈ [ε, ε+ r/4). x′ is a point on the line segment joining ar and e such that ‖x′ − e‖ = r/2. Then,
Bαr(x′) ⊆ Br(e)\E.

B.1.2 Proofs from Section 2.3.2

Proof of Lemma 2.3.4. Fix y ∈ Y and w ∈ W . Consider the function f : D → R defined as f(x, x′) =

−ℓ((x′, y),w), whereD = {(x, x′) ∈ X 2 : d(x, x′) ≤ ε}. Define f∗ : X → R as f∗(x) := infx′∈Bε(x) f(x, x′) =

− supx′∈Bε(x) ℓ((x
′, y),w). By Proposition 7.47 in Bertsekas and Shreve5, f∗ is upper semi-analytic. Therefore, the

worst-case loss function supd(x,x′)≤ε ℓ((x
′, y),w) is upper semi-analytic and hence universally measurable. Conse-

quently,R⊕ε(ℓ,w) is well-defined on the measure space (X ,B(X )).

Proof of Lemma 2.3.5. Since ℓ((·, y),w) is Lebesguemeasurable, the set {x ∈ X : ℓ((x, y),w) > t}⊕ε is Lebesgue

measurable. By LemmaA.0.9, all the level sets of theworst-case loss function supd(x,x′)≤ε ℓ((x
′, y),w) are Lebesgue

measurable. Therefore,

R⊕ε(ℓ,w) = E(x,y)∼ρ

[
sup

d(x,x′)≤ε
ℓ((x′, y),w)

]

= Ey∼ρyEx∼ρx|y

[
sup

d(x,x′)≤ε
ℓ((x′, y),w)

]
,

is well-defined.
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B.2 Proofs from Section 2.4

B.2.1 Proofs from Section 2.4.1

Proof of Lemma 2.4.1. Let μ′ ∈ P(X ) be such thatW∞(μ, μ′) ≤ ε. Then there exists a coupling λ ∈ Π(μ′, μ)

such that for (x, x′) ∼ λ, d(x, x′) ≤ ε λ-a.e. Hence,

μ′(A) = λ(A×X ) = λ(A× A⊕ε) ≤ λ(X × A⊕ε) = μ(A⊕ε).

Since the choice of μ′ was arbitrary in the set {ν ∈ P(X ) : W∞(μ, ν) ≤ ε}, we have,

sup
W∞(μ,μ′)≤ε

μ′(A) ≤ μ(A⊕ε).

Now we show the inequality in the opposite direction. Like in the proof of Lemma 2.3.2, consider the function

f : D → R defined as f(x, x′) = −1{x′ ∈ A}, whereD = {(x, x′) ∈ X 2 : d(x, x′) ≤ ε}. Define f∗ : X → R

as f∗(x) := infx′∈Bε(x) f(x, x′). As shown in the proof of Lemma 2.3.2, f∗(x) = −1{x ∈ A⊕ε}. By Proposition

7.50(a) in Bertsekas and Shreve5, there exists ameasurable functionφ : X → X such that |f∗(x)− f(x,φ(x))| < δ

for any δ > 0. Since f and f∗ are both 0-1 valued functions, we get f∗(x) = f(x,φ(x)) for all x ∈ X by choosing

δ = 1/2. Moreover, by Proposition 7.50(a) in Bertsekas and Shreve5,Gr(φ) ⊆ D i.e., d(x,φ(x)) ≤ ε for all x ∈ X .

Therefore,

sup
W∞(μ,μ′)≤ε

μ′(A) ≥ φ♯μ(A) = μ(φ−1(A)) = μ(A⊕ε).

Hence, supW∞(μ,μ′)≤ε μ
′(A) = φ♯μ(A) = μ(A⊕ε) for any set A ∈ B(X ).

Proof of Lemma 2.4.2. Let μ′ ∈ P(X ) be such thatW∞(μ, μ′) ≤ ε. Then there exists λ ∈ Π(μ′, μ) such that

λ({(x, x′) ∈ X 2 : d(x, x′) > ε}) = 0. Then,

Ex∼μ′ [φ(x)] = E(x,x′)∼λ[φ(x)]

= E(x,x′)∼λ

[
sup

x∈Bε(x′)
φ(x′)

]
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= Ex′∼μ

[
sup

x∈Bε(x′)
φ(x′)

]
.

Since the above inequality is true for any μ′ ∈ P(X ) satisfyingW∞(μ, μ′) ≤ ε, we have,

sup
W∞(μ,μ′)≤ε

Ex∼μ′ [φ(x)] ≤ Ex′∼μ

[
sup

x∈Bε(x′)
φ(x′)

]
.

Now we will show the inequality in the opposite direction. Consider the function f : D → R defined as

f(x, x′) = −φ(x′), whereD = {(x, x′) ∈ X 2 : d(x, x′) ≤ ε}. Define f∗ : X → R as f∗(x) := infx′∈Bε(x) f(x, x′) =

− supx′∈Bε(x) φ(x
′). Choose a δ > 0. By Proposition 7.50(a) in Bertsekas and Shreve5, there exists a universally

measurable functionmδ : X → X such that |f∗(x)− f(x,mδ(x))| ≤ δ and d(x,mδ(x) ≤ ε) for all x ∈ X . Hence,

Ex∼μ

[
sup

d(x,x′)≤ε
φ(x′)

]
= Ex∼μ[−f∗(x)]

≤ Ex∼μ[−f(x,mδ(x))] + δ

= Ex∼μ[φ(mδ(x))] + δ

= Ex∼mδ♯μ [φ(x)] + δ

≤ sup
W∞(μ,μ′)≤ε

Ex∼μ′ [φ(x)] + δ,

where the last inequality follows becauseW∞(μ,mδ♯μ) ≤ ε because d(x,mδ(x) ≤ ε) for all x ∈ X . Taking δ → 0,

we get the following inequality.

Ex∼μ

[
sup

d(x,x′)≤ε
φ(x′)

]
≤ sup

W∞(μ,μ′)≤ε
Ex∼μ′ [φ(x)].

Combining the above inequality with the reverse inequality shown previously, we obtain (2.18).

Suppose the function φ is upper semi-continuous. Then f is lower semi-continuous. Hence, for every x ∈ X ,

there exists x∗ in the compact set Bε(x) such that infx′∈Bε(x) f(x, x′) = f(x, x∗). By Proposition 7.50(b), there exists

a universally measurable functionm : X → X such that f∗(x) = f(x,m(x)) for all x ∈ X . Hence, we have

sup
W∞(μ,μ′)≤ε

Ex∼μ′ [φ(x)] = Ex∼μ

[
sup

d(x,x′)≤ε
φ(x′)

]
= Ex∼μ [φ(m(x))] = Ex∼m♯μ [φ(x)] .
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Therefore, μ∗ := m♯μ attains the supremum on the left side of the above equation.

B.2.2 Proofs from Section 2.4.2

Proof of Lemma 2.4.3. The following properties of v are trivially true: v(φ) = 0, v(X ) = 1 and v(A) ≤ v(B) for

A ⊆ B.

Consider a sequence of sets (An) in X such that Ak ⊆ Ak+1 for k ∈ N . Let A = ∪nAn. That is, An ↑ A.

Then by Lemma A.0.1 we have, A⊕ε = ∪nA⊕ε
n . Hence, A⊕ε

n ↑ A⊕ε and by the continuity of measure, v(An) =

μ(A⊕ε
n ) ↑ μ(A⊕ε) = v(A).

Consider a sequence of closed sets (Fn) in X such that Fk ⊇ Fk+1 for k ∈ N. Let F = ∩nFn. That is, Fn ↓ F.

By Lemma A.0.2, F⊕ε
n ↓ F⊕ε. Hence, by the continuity of measure, we have v(Fn) = μ(F⊕ε

n ) ↓ μ(F⊕ε) = v(F).

For any two sets A,B ∈ L(X ),

v(A ∪ B) = μ((A ∪ B)⊕ε)

(i)
= μ(A⊕ε ∪ B⊕ε)

= μ(A⊕ε) + μ(B⊕ε)− μ(A⊕ε ∩ B⊕ε)

(ii)
≤ μ(A⊕ε) + μ(B⊕ε)− μ((A ∩ B)⊕ε)

= v(A) + v(B)− v(A ∩ B),

where (i) and (ii) follow from Lemma A.0.1. Hence, v is a 2-alternating capacity.

Proof of Lemma 2.4.4. Let μ′ ∈ P(X ) be such thatW∞(μ, μ′) ≤ ε. Then there exists a coupling γ ∈ Π(μ′, μ)

such that for (x, x′) ∼ γ, d(x, x′) ≤ ε γ-a.e. Hence,

μ′(A) = γ(A×X ) = γ(A× A⊕ε) ≤ γ(X × A⊕ε) = μ(A⊕ε).

Since the choice of μ′ was arbitrary in the set {ν ∈ P(X ) : W∞(μ, ν) ≤ ε}, we have,

sup
W∞(μ,μ′)≤ε

μ′(A) ≤ μ(A⊕ε).
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Wewill now show the inequality in the reverse direction. By Lemma 2.4.3,A 7→ μ(A⊕ε) is a 2-alternating capacity.

Hence by Lemma 2.5 in Huber and Strassen46, for any Lebesgue measurable A ⊆ X , there exists a ν ∈ P(X )

such that ν(A) = μ(A⊕ε) and ν(B) ≤ μ(B⊕ε) for all Lebesgue measurable B ⊆ X . For such a ν, it is clear that

W∞(μ, ν) ≤ ε. Hence,

sup
W∞(μ,μ′)≤ε

μ′(A) ≥ ν(A) = μ(A⊕ε).

Hence, supW∞(μ,μ′)≤ε μ
′(A) = ν(A) = μ(A⊕ε).
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C
Proofs from Chapter 3

C.1 Proofs from Section 3.1

C.1.1 Proofs from Section 3.1.2

Proof of Corollary 3.1.1. From Theorem 7, we have

R∗
ε =

1
2

[
1− inf

π∈Π(μ,ν)
E(x,x′)∼π[1{d(x, x′) > 2ε}]

]
.

For p ≥ 1 and any π ∈ Π(μ, ν), we have the following:

E(x,x′)∼π[1{d(x, x′) > 2ε}]

= E(x,x′)∼π[1{d(x, x′)p > (2ε)p}]

≤ E(x,x′)∼π

[(
d(x, x′)

2ε

)p]
,



78

where the last inequality follows fromMarkov’s inequality. Therefore,

R∗
ε =

1
2

[
1− inf

π∈Π(μ,ν)
E(x,x′)∼π

[(
d(x, x′)

2ε

)p]]
≥ 1

2

[
1−

(Wp(p0, p1)
2ε

)p]
.

Proof of Theorem 8. Since W∞(μ, ν) = inf{δ > 0 | μ(A) ≤ ν(Aδ) for all measurable A}, if W∞(μ, ν) ≤ 2ε,

then μ(A) ≤ ν(A2ε) for all closed sets A. Hence,

Dε(μ, ν) = sup
A closed

μ(A)− ν(A2ε) ≤ 0.

SinceDε(μ, ν) ≥ 0, we conclude thatDε(μ, ν) = 0.

For the reverse direction, suppose that Dε(μ, ν) = 0. This means there exists a sequence of couplings (πi)i≥1

such thatEπicε(x, x′) → 0 where πi ∈ Π(μ, ν). We now show that the sequence of measures (πi) is tight. Given a

δ > 0, let E ⊆ X be a compact set such that min{μ(E), ν(E)} > 1− δ/2. Then,

πi((E× E)c) ≤ μ(Ec) + ν(Ec) < δ.

Hence, by Prokhorov’s theorem (for reference, see Theorem 5.1 in Billingsley10), there is a subsequence of (πi)

that converges weakly to a coupling π∗ ∈ Π(μ, ν). Since c is a lower semicontinuous cost function, the coupling π∗

satisfiesEπ∗cε(x, x′) = 0, or equivalently, ess sup(x,x′)∼π∗ d(x, x
′) ≤ 2ε.Using the definition ofW∞, we conclude

thatW∞(μ, ν) ≤ 2ε.

C.1.2 Proofs from Section 3.1.3

The following lemma presents a discrete version of the generalized Strassen’s theorem.

Lemma C.1.1. LetXn = {x1, . . . , xn} ⊆ X . Let p = (pi)ni=1, q = (qi)ni=1 be such that pi, qi ≥ 0 for i ∈ [n] and∑
i pi ≤

∑
i qi. Let ε > 0. For A ⊆ Xn, let Aε := {x ∈ Xn : d(x, x′) ≤ ε, for some x′ ∈ A}. For A ⊆ Xn, let
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p(A) =
∑

i:xi∈A pi and q(A) =
∑

i:xi∈A qi. For i, j ∈ [n], let cij = 1{d(xi, xj) > 2ε}. Then,

max
A⊆Xn

p(A)− q(A2ε) = min
xij≥0∑
j xij=pi∑
i xij≤qj

∑
i,j

cijxij. (C.1)

Proof. For i, j ∈ [n], define dij := 1− cij. Then,

min
xij≥0∑
j xij=pi∑
i xij≤qj

∑
i,j

cijxij =
∑
i
pi − max

xij≥0∑
j xij=pi∑
i xij≤qj

∑
i,j

dijxij (C.2)

Consider the following modification to the linear program on the right hand side of (C.2), where the constraint∑
j xij = pi is replaced by

∑
j xij ≤ pi.

max
xij≥0∑
j xij≤pi∑
i xij≤qj

∑
i,j

dijxij. (C.3)

We will show that the above linear program is equivalent to the linear program on the right hand side of (C.2).

Since the above linear program is bounded and feasible, it admits a solution. Let {x∗ij}i,j∈[n] be the solution to

(C.3). Suppose there existsm ∈ [n] such that
∑

j x∗mj < pm. Let s = pm −
(∑

j x∗mj

)
> 0. For j ∈ [n], define

sj := qj −
∑

i x∗ij. Then,

∑
j
sj =

∑
j
qj −

∑
i,j

xij ≥
∑
i
pi −

∑
i̸=m

pi

+ pm − s

 = s.

Therefore,
∑

j sj ≥ s. Let k be the largest integer for which
∑k

j=1 sj < s. Define,

yij =



x∗ij i 6= m,

x∗mj + sj i = m, j ≤ k,

x∗mk + s−
∑k

j=1 sj i = m, j = k+ 1,

x∗mj i = m, j ≥ k+ 1.

(C.4)



80

By the above definition we have,

∑
j
yij =


∑

j x∗ij i 6= m,∑
j x∗ij + s i = m.

∑
i
yij =



∑
i x∗mj + sj j ≤ k,∑
i x∗mk + s−

∑k
j=1 sj j = k+ 1,∑

i x∗mj j ≥ k+ 1.

Combining the above with the definitions of k, s and {sj}j∈[n], we see that
∑

j yij ≤ pi and
∑

i yij ≤ qj. Moreover,

yij ≥ xij for all i, j ∈ [n]. Hence,
∑

ij dijyij ≥
∑

ij dijxij. Therefore, any solution {x∗ij}i,j∈[n] for which there exists

m ∈ [n] such that
∑

j x∗mj < pm, can be improved to a solution {yij}i,j∈[n] for which
∑

j ymj = pm. Hence,

max
xij≥0∑
j xij=pi∑
i xij≤qj

∑
i,j

dijxij = max
xij≥0∑
j xij≤pi∑
i xij≤qj

∑
i,j

dijxij. (C.5)

Since the maximization in (C.5) is a linear program in canonical form, we employ the strong duality theorem (for

a reference, see Chapter 6 in Matousek and Gartner60) to get the following.

max
xij≥0∑
j xij≤pi∑
i xij≤qj

∑
i,j

dijxij = min
ui,vi≥0
ui+vj≥dij

∑
i
(piui + qivi). (C.6)

Since dij ∈ {0, 1}, we may assume ui, vi ≤ 1 for the minimization in (C.6) without violating other constraints

because any decrease of ui, vi down to 1 will only decrease the value of
∑

i(piui+ qivi), which we seek to minimize.

Defining wi := 1− ui, we have the following from (C.2) and (C.6).

min
xij≥0∑
j xij=pi∑
i xij≤qj

∑
i,j

cijxij = max
wi,vi∈[0,1]
wi−vj≤cij

∑
i
(piwi − qivi). (C.7)

The optimal w∗
i , v∗i that achieve the maximum in (C.7) must lie at one of the vertices of the polyhedron supported

by the hyperplanes, wi = 0,wi = 1, vi = 0, vi = 1 and wi − vj = cij. Hence, w∗
i , v∗i ∈ {0, 1}. Moreover if cij = 0
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and w∗
i = 1 for some i, j ∈ [n], then v∗j = 1. On the other hand if cij = 1, then v∗j can be set to 0 without violating

other constraints andwithout decreasing themaximizationobjective. Therefore, settingA := {xi ∈ Xn : w∗
i = 1},

we see that the maximum in (C.7) equals the maximum in (C.1).

Proof of Theorem 9. Let (γn)
∞
n=1 be anon-negative,monotonically decreasing sequence converging to0. Let (xn)∞n=1

be a dense sequence in X . Define a function f : X → {xn}∞n=1 such that f(x) = xk for the least integer k with

d(x, xk) < γn. LetHn = {x1, . . . , xn}. Let sn be the least positive integer such that,

μ(f−1(Hsn−1)) > μ(X )− γn, (C.8)

ν(f−1(Hsn−1)) > ν(X )− γn. (C.9)

Given n, construct a discrete measure μn supported on the finite set Hsn such that μn(xk) := μ(f−1(xk)) for

k ∈ [sn − 1] and μn(X ) = μ(X ). Similarly, construct νn supported on Hsn such that νn(xk) := ν(f−1
n (xk)) for

k ∈ [sn − 1] and νn(X ) = ν(X ).

Let A ∈ B(X ). We have,

μn(A)
(i)
= μn(A ∩Hsn)

(ii)
< μn(A ∩Hsn−1) + γn
(iii)
= μ(f−1(A ∩Hsn−1)) + γn
(iv)
≤ μ(Aγn) + γn, (C.10)

where (i) follows from the fact that μn is supported onHsn , (ii) follows from (C.8), (iii) follows from the definition

of μn and (iv) follows because of the following: For any y ∈ A ∩Hsn−1, f−1(y) ⊆ {x ∈ X : d(x, y) < γn} ⊆ Aγn .

Hence, f−1(A ∩Hsn−1) ⊆ Aγn . Applying (C.10), with Ac instead of A, we have the following.

μ(A−γn)− γn ≤ μn(A) ≤ μ(Aγn) + γn. (C.11)

Letting n → ∞ in (C.11) and using Lemma A.0.3, we get that lim supn μn(A) ≤ μ(A) for all closed subsets A

ofX . Hence, by applying the Portmanteau theorem (Theorem 2.1 in Billingsley9), we conclude that the sequence

of measures (μn)
∞
n=1 converges weakly to μ. Similarly, νn → νweakly.
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For any fixed n, we apply Lemma C.1.1 to the measures μn, νn on the finite spaceHsn to get the following.

max
A⊆Hsn

μn(A)− νn(A2ε+4γn) = min
xij≥0∑

j xij=μn(xi)∑
i xij≤νn(xj)

∑
i,j

xij1{d(xi, xj) > 2ε+ 4γn}, (C.12)

where the indices i, j run over [sn]. We have that μn(X ) = μ(X ) ≤ ν(X ) = ν(X ). Define a coupling πn ∈

Π(μn, νn) supported onHsn ×Hsn using the optimal solution {xij}i,j∈[sn] to the minimization in (C.12) by setting

πn(i, j) = x∗ij. Let Tn ⊆ Hsn be the set that achieves the maximum in (C.12).

We will now construct a candidate coupling for the infimum in (3.7). Since μ, ν are finite measures on a Polish

space, they are tight (see for example, Theorem 1.3 in Billingsley9). Hence, given a δ > 0, there exists a compact

set K ⊆ X such that min{μ(Kc), ν(Kc)} < δ/3. Since μn and νn converge weakly to μ and ν respectively, choose

N large enough so that min{μn(K
c), νn(Kc)} < δ/2 for all n ≥ N. Let ν′n be the second marginal of the coupling

πn. Then, ν′n � νn. By union bound, we have the following.

πn((K× K)c) ≤ μn(K
c) + ν′n(Kc) ≤ μn(K

c) + νn(Kc) < δ. (C.13)

Hence, the sequence (πn)n≥N is uniformly tight. Hence, by Prokhorov’s theorem (for reference, see Theorem 5.1

in Billingsley9), there is a subsequence (πnk) of (πn)n≥N that converges weakly to somemeasure π∗ ∈ M(X ×X ).

Moreover, π∗ ∈ Π(μ, ν) by virtue of the constraints imposed on the converging subsequence of (πn)n≥N.

Let Φ = supA∈B(X ) μ(A)− ν(A2ε) and Ψ = Tcε(μ, ν). For any nwe have,

πn(d(xi, xj) > 2ε+ 4γn)
(i)
= μn(Tn)− νn(T

2ε+4γnn )

(ii)
≤ (μ(Tγnn ) + γn)− (ν((T2ε+4γnn )−γn)− γn)
(iii)
≤ μ(Tγnn )− ν((T2ε+4γn−γn−γn/2n ) + 2γn

≤ μ(T2γnn )− ν((T2ε+2γnn ) + 2γn
(iv)
≤ Φ + 2γn, (C.14)

where (i) follows from the definition of πn and Tn, (ii) follows from (C.11), (iii) follows from Lemma A.0.7 and
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(iv) follows from the definition of Φ. Further,

Ψ = inf
π∈Π(μ,ν)

π[d(x, x′) > 2ε]

(i)
≤ π∗[d(x, x′) > 2ε]
(ii)
≤ lim inf

nk
πnk [d(x, x

′) > 2ε]

≤ lim sup
n

πn[d(x, x′) ≥ 2ε]

(iii)
≤ Φ, (C.15)

where (i) follows because π∗ ∈ Π(μ, ν), (ii) follows from Portmanteau’s theorem because (πnk) that converges to

π∗ and the set {(x, x′) ∈ X 2 : d(x, x′) > 2ε} is an open set, and (iii) follows by taking n → ∞ in (C.14).

To showthe inequalityΦ ≤ Ψ, consider a sequenceofmeasures (λn)∞n=1 such thatλn ∈ Π(μ, ν) and limn λn[d(x, x′) >

ε] = Ψ. For any A ∈ B(X ),

μ(A) = λn[x ∈ A, x′ ∈ Aε] + λn[x ∈ A, x′ /∈ Aε]

≤ ν(Aε) + λn[d(x, x′) > ε].

Letting n → ∞, we have μ(A)− ν(Aε) ≤ Ψ for all A ∈ B(X ). Hence, Φ ≤ Ψ. Combining this with (C.15), we

conclude Φ = Ψ.

C.2 Proofs from Section 3.2

Proof of Theorem 16. Like in the proof for Theorem 14, we prove Theorem 16 by partitioning the real line into

several regions for μ and ν, and transporting mass between these regions. Figure C.1 shows the optimal coupling

for the case when I2ε ⊆ J.

We first prove a lower bound. Choose the set A = I, we have that

Dε(μ, ν) ≥ μ(A)− ν(A2ε) = 1− ν(I2ε). (C.16)

To establish the upper bound, we need to find a coupling that transports μ to ν such that the cost of transportation
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Figure C.1: Optimal coupling for two uniform distributions. The region shaded in green is kept in place (at no cost). The two regions
shaded in orange are transported monotonically from either side at a cost not exceeding 2ε per unit mass. The remaining region in blue
is moved at the cost of 1 per unit mass.

is bounded above by 1 − ν(I2ε). Without loss of generality, let I = [−w1,w1] and J = [c − w2, c + w2] for some

c > 0 and 0 < w1 ≤ w2.

Case 1: 2ε < w2 − w1.

We split the analysis into the following five sub-cases.

Case 1(a): c ∈ [w1 + w2 + 2ε,∞).

In this case, the intervals I and J are separated by at least 2ε. Hence, ν(I2ε) = 0, and therefore, Dε(μ, ν) ≥

1− ν(I2ε) = 1. Combining this with the fact thatDε(μ, ν) ≤ 1, we get thatDε(μ, ν) = 1 = 1− ν(I2ε).

Case 1(b): c ∈ [−w1 + w2 − 2ε,w1 + w2 + 2ε).

In this case, ν(I2ε) = ν([c − w2,w1 + 2ε]) = (w1 + 2ε − c + w2)/(2w2) ≤ 1. Since μ([−w1,w1]) = 1 ≥

ν([c− w2,w1 + 2ε]), there must exist a u ∈ [−w1,w1] such that μ([u,w1]) = ν([c− w2,w1 + 2ε]). Solving for u,

we get the following.

w1 − u
2w1

= μ([u,w1]) = ν([c− w2,w1 + 2ε]) =
w1 + 2ε− c+ w2

2w2

=⇒ u = w1 −
w1

w2
(w1 + 2ε− c+ w2).

Since w1/w2 < 1, the above equation for u shows that u > w1 − (w1 + 2ε − c + w2) = c − w2 − 2ε. Hence,

(c− w2)− u < 2ε.

Let μ0 be the restriction of μ to [u,w1] and ν0 be the restriction of ν to [c−w2,w1+ 2ε]. Then, by construction,

μ0(R) = ν0(R). By Lemma 3.2.1, we have a monotone transport map T : [u,w1] → [c − w2,w1 + 2ε] that

transports μ0 to ν0 given by T(x) = w1+2ε−c+w2
w1−u (x − u) + (c − w2). Note that T transports u to c − w2 and w1
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to w1 + 2ε. Also, T(x) > x. Since T has a slope greater than 1, T(x) − x is an increasing function. Moreover,

T(w1) − w1 = 2ε and T(u) − u = (c − w2) − u < 2ε. Hence, |T(x) − x| ≤ 2ε for all x ∈ [u,w1]. Hence,

Dε(μ0, ν0) = 0. Therefore,Dε(μ, ν) ≤ 1−min(μ0, ν0) = 1− ν([c,w1 + 2ε]) = 1− ν(I2ε). Combining with the

lower bound in (C.16), we conclude thatDε(μ, ν) = 1− ν(I2ε).

Case 1(c): c ∈ (−w2 + w1 + 2ε,−w1 + w2 − 2ε).

In this case, ν(I2ε) = ν([−w1−2ε,w1+2ε]) = (2w1+4ε)/(2w2) ≤ 1. Since μ([0,w1]) = 1/2 > ν(0,w1+2ε),

there must exists a v ∈ [0,w1] such that μ([v,w1]) = ν([0,w1 + 2ε]). Let μ+ be the restriction of μ to [u,w1]

and ν+ be the restriction of ν to [0,w1 + 2ε]. Then, by construction, μ+(R) = ν+(R). Similar to the map T

in case 1b, there exists a monotone transport map T+ : [u,w1] → [0,w1 + 2ε] such that |T+(x) − x| ≤ 2ε.

Hence, Dε(μ+, ν+) = 0. Similarly, let μ− be the restriction of μ to [−w1,−u] and ν+ be the restriction of ν to

[−w1 − 2ε, 0]. Then by symmetry, there also exists a monotone transport map T− : [−w1,−u] → [−w1 − 2ε, 0]

such that |T−(x)− x| ≤ 2ε. Hence,Dε(μ−, ν−) = 0. Therefore,

Dε(μ, ν) ≤ 1− [min(μ+, ν+) +min(μ−, ν−)]

= 1− [ν([0,w1 + 2ε]) + ν([−w1 − 2ε, 0])]

= 1− ν([−w1 − 2ε,w1 + 2ε])

= 1− ν(I2ε).

Combining with the lower bound in (C.16), we conclude thatDε(μ, ν) = 1− ν(I2ε).

Case 1(d): c ∈ (−w1 − w2 − 2ε,w1 − w2 + 2ε].

The geometry of this case is a mirror image of that in case 1b. Hence, just as in case 2, we have Dε(μ, ν) =

1− ν(I2ε).

Case 1(e): c ∈ (−∞,−w1 − w2 − 2ε].

Like in case 1, the intervals I and J are separated by at least 2ε. Hence, similar to case 1, we get thatDε(μ, ν) =

1 = 1− ν(I2ε).

Case 2: 2ε ≥ w2 − w1.

In this case, we have the following sub-cases.

Case 2(a): c ∈ [w1 + w2 + 2ε,∞).

Like in case 1a, the intervals I and J are separated by at least 2ε. Hence,Dε(μ, ν) = 1 = 1− ν(I2ε).
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Case 2(b): c ∈ [w1 − w2 + 2ε,w1 + w2 + 2ε).

Since [w1 − w2 + 2ε,w1 + w2 + 2ε) ⊆ [−w1 + w2 − 2ε,w1 + w2 + 2ε), the coupling obtained in Case 1b can

be directly applied in this case. Hence, we again haveDε(μ, ν) = 1 = 1− ν(I2ε).

Case 2(c): c ∈ (−w1 + w2 − 2ε,w1 − w2 + 2ε).

In this case, the supports of μ and ν arewithin 2ε of each other. More specifically, J ⊆ I2ε. Hence, ν(I2ε) = 1. Let

Tdenote themonotone transportmap fromμ and ν as defined inLemma3.2.1. Then,T(x) = w2
w1
(x−w1)+(c+w2).

Note that Tmaps [−w1,w1] to [c− w2, c+ w2]monotonically. Since the supports of μ and ν are within 2ε of each

other, we have |T(x)− x| ≤ 2ε. Hence,Dε(μ, ν) = 0 = 1− ν(I2ε).

Case 2(d): c ∈ (−w1 − w2 − 2ε,−w1 + w2 − 2ε].

This case is a mirror image of case 2b and hence the resultDε(μ, ν) = 1− ν(I2ε) remains the same.

Case 2(e): c ∈ (−∞,−w1 − w2 − 2ε].

Like in case 1a, the intervals I and J are separated by at least 2ε. Hence,Dε(μ, ν) = 1 = 1− ν(I2ε).

It is easily checked that the error attained by the proposed classifier also matches the bound, which completes

the proof.

Proof of Theorem 17. We have the following cases:

Case 1: m2 −m1 > δ1 + δ2 + 2ε.

In this case μ and ν have disjoint supports separated by at least 2ε. Moreover, μ(A⊖ε) = 1 and ν(A⊕ε) = 0.

Then,

Dε(μ, ν) = sup
A closed

μ(A⊖ε)− ν(A⊕ε) ≥ μ(A⊖ε)− ν(A⊕ε) = 1.

Combining the above inequality with the fact thatDε(μ, ν) ≤ 1, we getDε(μ, ν) = 1.

Case 2: m2 −m1 < δ2 − δ1 − 2ε.

In this case,

|(m2 + ε)− (m1 − ε)| = |(m2 −m1) + 2ε| = (m2 −m1) + 2ε < δ2 − δ1,

|(m2 − ε)− (m1 + ε)| = |(m2 −m1)− 2ε| ≤ |m2 −m1|+ 2ε < δ2 − δ1.
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Hence, by Lemma 3.2.6, the equations f(x + ε) = g(x − ε) and f(x − ε) = g(x + ε) have exactly two solutions

each, on the supports of Δ(m1 − ε, δ1) and Δ(m1 + ε, δ1) respectively. Hence, lmust be the minimum of the two

solutions to f(x+ ε) = g(x− ε) and rmust be themaximum of the two solutions to f(x− ε) = g(x+ ε). As in the

proof of Theorem 15, we divide the real line into five regions as shown in Table C.1, where l′ is the leftmost point

such that μ([l+ ε, l′]) = ν([l− ε, l′]) and r′ is the rightmost point such that μ([r′, r− ε]) = ν([r′, r+ ε]). Observe

that by construction, f(x) ≤ g(x + 2ε) for x ∈ [r − ε,m1 + δ1]. Hence by Lemma 3.2.3, Dε(μ++, ν++) = 0.

Similarly, we also getDε(μ−−, ν−−) = 0.

Wewill nowuse Lemma3.2.4 to show thatDε(μ−, ν−) = 0. Let a = l−ε, a′ = l+ε, b = l′ and t̃ = l′−2ε. Let

t be the first coordinate of the intersection point of two line segments, one joining (a, g(a)) and (b, g(b)), and the

other joining (a′, f(a′)) and (b, f(b)). The following three conditions are satisfied by μ− and ν−. (1) The support

of ν− is [a, b] and the support of μ− is [a′, b] = [a + 2ε, b]. (2) g(x) ≥ f(x) for x ∈ [a, t) and f(x) ≥ g(x) for

x ∈ (t, b]. (3) g(x) ≤ f(x+ 2ε) for x ∈ [a, t̃) and the the interval (̃t, b− 2ε] is empty because t̃ = b− 2ε. Hence,

Dε(μ−, ν−) = 0. Similarly,Dε(μ+, ν+) = 0.

Finally,Dε(μ0, ν0) = 0. This is because f(x) ≥ g(x) for x ∈ [l′, r′] where [l′, r′] is the support of both μ0 and

ν0 and so an identity map T(x) = xmay be used to transport all the mass from ν0 to μ0 at zero cost.

Like in the proof of Theorem 12, we can upper boundDε(μ, ν) as follows.

Dε(μ, ν) ≤ 1− (ν([l− ε, r+ ε]) + μ([m1 − δ1, l+ ε]) + μ([r− ε,m1 + δ1])

= μ(A⊖ε)− ν(A⊕ε).

SinceDε(μ, ν) = supB closed μ(B
⊖ε)− ν(B⊕ε), the above inequality turns to an equality.

Case 3: δ2 − δ1 − 2ε < m2 −m1 < δ2 + δ1 + 2ε.

In this case,

(m2 − ε)− (m1 + ε) = (m2 −m1)− 2ε < δ2 + δ1,

(m1 + ε)− (m2 − ε) = 2ε− (m2 −m1) < δ2 + δ1.

Hence, |(m2 − ε) − (m1 + ε)| < δ2 + δ1. By Lemma 3.2.6, the equation f(x − ε) = g(x + ε) has either one or

two solutions. Therefore, rmust be the rightmost solution to f(x− ε) = g(x+ ε).
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Wewill split the analysis into three sub-cases.

Case 3(a): m2 −m1 > δ2 − δ1 + 2ε.

Wewill decompose μ and ν into twomutually singular positive measures each. Let μ− and μ+ be the restriction

of μ to the intervals [m1 − δ1, r − ε] and [r − ε,m1 + δ1] respectively. Let ν− and ν+ be the restriction of ν to the

intervals [m2 − δ2, r+ ε] and [r+ ε,m2 + δ2] respectively. The following inequality shows that the support of ν−

is of a lesser length than that of μ−.

[(r+ ε)− (m2 − δ2)]− [(r− ε)− (m1 − δ1)] = δ2 − δ1 + 2ε− (m2 −m1) < 0.

It follows that the support of ν+ is of a greater length than that of μ+. By construction, g(x − 2ε) ≤ f(x) for

x ∈ [m2 − δ2, r + ε]. Hence, by Lemma 3.2.3, Dε(μ−, ν−) = 0. A similar analysis shows thatDε(μ+, ν+) = 0.

Hence,

Dε(μ, ν) ≤ 1−min(μ−(R), ν−(R))−min(μ+(R), ν+(R))

= 1− μ([r− ε,∞))− ν([r+ ε,∞))

= μ(A⊖ε)− ν(A⊕ε).

SinceDε(μ, ν) = supB closed μ(B
−ε)− ν(Bε), the above inequality turns to an equality.

Case 3(b): δ2 − δ1 < m2 −m1 ≤ δ2 − δ1 + 2ε.

Let μ−, μ+, ν− and ν+ be as defined in case 3(a). The following inequality shows that the support of μ+ is

smaller than that of ν+.

[(m2 + δ2)− (r+ ε)]− [(m1 + δ1)− (r− ε)] = (m2 −m1) + δ2 − δ1 − 2ε > 0.

Moreover, f(x) ≤ g(x+ 2ε) for x ∈ [r− ε,m1 + δ1]. Hence by Lemma 3.2.3,Dε(μ+, ν+) = 0.

We will now show thatDε(μ−, ν−) = 0 by verifying the conditions of Lemma 3.2.4. Since 2ε < 2δ1, we have

the following.

δ2 − δ1 < m2 −m1 ≤ δ2 − δ1 + 2ε < δ2 − δ1 + 2δ1 = δ2 + δ1.
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Hence, by Lemma 3.2.6, there is exactly one point of intersection of f(x) and g(x) on the support of μ. Let t be

the first coordinate of that point. Let a = m2 − δ2 − 2ε, a′ = a + 2ε and b = r + ε. Then, (1) the support of

μ− is [m1 − δ1, r − ε] which is a subset of [a, b], and the support of ν− is [a′, b]. (2) f(x) ≥ g(x) for x ∈ (a, t]

and f(x) ≤ g(x) for x ∈ (t, b]. Hence, the first two conditions of Lemma 3.2.4 are verified. To verify, the third

condition, we note the following.

(m2 − 2ε)−m1 = m2 −m1 − 2ε < δ2 − δ1,

m1 − (m2 − 2ε) = m1 −m2 + 2ε < 2ε < δ2 − δ1.

Hence, by Lemma 3.2.6, f(x) − g(x + 2ε) = 0 exactly twice on the support of μ. The greater of the two will be

r − ε. Let t̃ be the lesser of the two. Then, t̃ < r − ε = b − 2ε. Further, f(x) ≤ g(x + 2ε) for x ∈ [a, t̃) and

f(x) ≥ g(x + 2ε) for x ∈ (̃t, b − 2ε]. Hence, Dε(μ−, ν−) = 0 by Lemma 3.2.4. Therefore, the optimal risk and

optimal classifier remain the same as in case 3(a).

Case 3(c): m2 −m1 ≤ δ2 − δ1.

We will partition the real line into four regions as shown in Table C.2, where l′ is the leftmost point such that

μ([m1 − δ1, l′]) = ν([m2 − δ2, l′]) and r′ is as defined in case 2. Since μ+, ν+, μ++ and ν++ are defined in an

identical manner to case 2, we getDε(μ+, ν+) = Dε(μ++, ν++) = 0.

We will now show Dε(μ−−, ν−−) = 0 using Lemma 3.2.4. Let a = m1 − δ1 − 2ε, a′ = a + 2ε, b = l′ and

t̃ = b − 2ε. Sincem2 − m1 ≤ δ2 − δ1, by Lemma 3.2.6, f(x) − g(x) = 0 has exactly two solutions. Let t be the

lesser of the two. Then, (1) the support of ν−− is [m2 − δ2, b]which is a subset of [a, b] and the support of μ−− is

[a′, b]. (2) g(x) ≥ f(x) for x ∈ [a, t) and f(x) ≥ g(x) for x ∈ (t, b]. (3) g(x) ≤ f(x+ 2ε) for x ∈ [a, t̃) and the the

interval (̃t, b− 2ε] is empty because t̃ = b− 2ε. Hence,Dε(μ−, ν−) = 0.

Finally, Dε(μ−, ν−) = 0 because f(x) ≥ g(x) for x ∈ [l′, r′] and the identity map T(x) = x transports all the

mass from ν− to μ− at zero cost.

Overall, we have the following inequality.

Dε(μ, ν) ≤ 1− (ν([m2 − δ2, l′]) + ν([l′, r′]) + ν([r′, r+ ε]) + μ([r− ε,m1 + δ1]))

= μ(A⊖ε)− ν(A⊕ε).
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Figure C.2: Optimal transport coupling for triangular distributions μ and ν. As in the proof of Theorem 15, we divide the real line into
five regions. The transport plan from μ to ν consists of five maps transporting μ−− → ν−− (blue regions to the left), μ− → ν−
(orange regions to the left), μ0 → ν0 (green regions in the middle), μ+ → ν+ (orange regions to the right), and μ++ → ν++ (blue
regions to the right).

As in Case 2, we conclude thatDε(μ, ν) = μ(A⊖ε)− ν(A⊕ε).

μ−− (m1 − δ1, l+ ε]
μ− (l+ ε, l′]
μ0 (l′, r′)
μ+ [r′, r− ε)
μ++ [r− ε,m1 + δ1)

ν−− (m2 − δ2, l− ε]
ν− (l− ε, l′]
ν0 (l′, r′)
ν+ [r′, r+ ε)
ν++ [r+ ε,m2 + δ2)

Table C.1: The real line is partitioned into five regions for μ and ν for Case 2.

μ−− (m1 − δ1, l′]
μ− (l′, r′)
μ+ [r′, r− ε)
μ++ [r− ε,m1 + δ1)

ν−− (m2 − δ2, l′]
ν− (l′, r′)
ν+ [r′, r+ ε)
ν++ [r+ ε,m2 + δ2)

Table C.2: The real line is partitioned into four regions for μ and ν for Case 3(c).
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D
Proofs from Chapter 4

D.1 Proofs from Section 4.1

Proof of Theorem 22. Consider any μ′ and ν′ such that W∞(μ, μ′) ≤ ε and W∞(ν, ν′) ≤ ε. Then there exist

γμ ∈ Π(μ, μ′) and γν ∈ Π(ν, ν′) such that

P(x,x′)∼γμ(d(x, x
′) > ε) = 0,

P(x,x′)∼γν(d(x, x
′) > ε) = 0.

Let γ′ ∈ Π(μ′, ν′) be the coupling that achieves the optimal transport cost DTV(μ′, ν′). Construct a coupling

γ0 ∈ Π(μ, ν) as γ0 = γμ ◦ γ
′ ◦ γν. Then,

Dε(μ, ν) ≤
∫
X 2

1{d(x, x′) > 2ε}dγ0

≤
∫
X 2

1{d(x, x′) > 0}dγ′

= DTV(μ′, ν′).
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Since the above inequalty is true for any μ′ and ν′ such that W∞(μ, μ′) ≤ ε and W∞(ν, ν′) ≤ ε, we have the

following inequality.

Dε(μ, ν) ≤ inf
W∞(p0,p′0),W∞(p1,p′1)≤ε

DTV(μ′, ν′).

Now we will show the above inequality in the reverse direction. Let γ ∈ Π(μ, ν) be the coupling that achieves

the optimal transport cost forDε(μ, ν). LetM : X 2 → X be a measurable midpoint map. (See Dohmatob24 for

why such a map exists.) That is, for all (x, x′) ∈ X 2 we have

d(x,M(x, x′)) = d(x′,M(x, x′)) =
1
2
d(x, x′).

Consider a transport map T : X 2 → X 2 defined as

T(x, x′) =


(M(x, x′),M(x, x′)) d(x, x′) ≤ 2ε,

(x, x′) otherwise.

T is measurable because it is piece-wise measurable on measurable sets. Further, it follows from the definition of

M that each coordinate of a point (x, x′) is transported by T by a distance no further than ε. Let μ0 ad ν0 be the

probability measures corresponding to the first and second marginals of T♯γ respectively. Then,W∞(μ, μ0) ≤ ε

andW∞(ν, ν0) ≤ ε. Hence,

Dε(μ, ν) =
∫
X 2

1{d(x, x′) > 2ε}dγ

=

∫
X 2

1{d(x, x′) > 0}dγ♯T

≥ DTV(μ0, ν0)

≥ inf
W∞(p0,p′0),W∞(p1,p′1)≤ε

DTV(μ′, ν′).

Combining with the reverse inequality that we proved above, it is clear that the infimum over DTV is attained by

μ0 and ν0.

Proof of Theorem 23. By Lemma 2.4.3, the set-valued mapsA 7→ p0(A⊕ε) andAc 7→ p1((Ac)⊕ε) are 2-alternating
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capacities. Hence, by Theorem 4.1 in Huber and Strassen46, there exist p∗0, p∗1 ∈ P(X ) such thatW∞(pi, qi) ≤ ε

for i = 0, 1 and,

inf
A∈L(X )

sup
W∞(p0,p′0),W∞(p1,p′1)≤ε

T
T+ 1

p′0(A) +
1

T+ 1
p′1((Ac)) = inf

A∈L(X )

T
T+ 1

p∗0(A) +
1

T+ 1
p∗1 ((Ac)).

D.2 Proofs from Section 4.2

Proof of Lemma 4.2.1. The first equality in (4.10) follows from Theorem 22. For the second equality, we have the

following.

inf
q∈P(X ):
q⪯Tp0

Dε(q, p1)
(i)
= 1− (T+ 1) inf

A∈B(X )
R⊕ε(ℓ0/1,A)

(ii)
= 1− (T+ 1) inf

A∈B(X )
RΓε(ℓ0/1,A)

= 1− (T+ 1) inf
A∈B(X )

sup
W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

r(A, p′0, p′1)

(iii)
≤ 1− (T+ 1) sup

W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

inf
A∈B(X )

r(A, p′0, p′1)

= inf
W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

[1− (T+ 1) inf
A∈B(X )

r(A, p′0, p′1)]

(iv)
≤ inf

W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

inf
q′∈P(X ):
q′⪯Tp′0

DTV(q′, p′1),

where (i) follows from Theorem 10, (ii) from Theorem 4, (iii) from Lemma A.0.10, and (iv) again from Theo-

rem 10 with ε = 0.

We will now show the inequality in the opposite direction. That is, we will show the following.

inf
q∈P(X ):
q⪯Tp0

inf
W∞(q,q′)≤ε
W∞(p1,p′1)≤ε

DTV(q′, p′1) ≥ inf
W∞(p0,p′0)≤ε
W∞(p1,p′1)≤ε

inf
q′∈P(X ):
q′⪯Tp′0

DTV(q′, p′1) (D.1)

Consider arbitrary probability measures q′, p′1 ∈ P(X ) generated in accordance with the constraints over the
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infimum terms on the left hand side of the above inequality. That is, let q′ and p′1 be such thatW∞(q, q′) ≤ ε and

W∞(p1, p′1) ≤ ε where q � Tp0. We will now construct p′0 ∈ P(X ) such that q′ � Tp′0 andW∞(p0, p′0) ≤ ε.

This will show that the set of q′, p′1 ∈ P(X ) satisfying the constraints over the infimum terms on the right hand

side is a superset of the corresponding set on the right hand side, and hence prove the above inequality.

Define a probability measure p′0 ∈ P(X ) as p′0(A) = p0(A) + 1
Tq

′(A)− 1
Tq(A) for A ∈ B(X ). To show that

p′0 is a valid probability measure, we have the following.

p′0(X ) = p0(X ) +
1
T
q′(X )− 1

T
q(X ) = 1

p′0(A) =
1
T
(Tp0(A)− q(A)) +

1
T
q′(A) ≥ 1

T
q′(A) ≥ 0.

The above equality also shows that q′ � Tp′0. We will now show thatW∞(p0, p′0) ≤ ε. SinceW∞(q, q′) ≤ ε,

there exists γ ∈ Π(q, q′) such that γ({(x, x′) ∈ X 2 : d(x, x′) ≤ 2ε}) = 1. Define γ′ ∈ Π(p0, p′0) as follows for

A ∈ B(X 2).

γ′(A) = p0({x ∈ X : (x, x) ∈ A}) + 1
T
γ(A)− 1

T
q({x ∈ X : (x, x) ∈ A}).

To see that γ′ ∈ Π(p0, p′0), we have the following for A1,A2 ∈ B(X ).

γ′(A1 ×X ) = p0(A1) +
1
T
q(A1)−

1
T
q(A1) = p0(A1),

γ′(X × A2) = p0(A2) +
1
T
q′(A2)−

1
T
q(A2) = p′0(A2).

Moreover,

γ′({(x, x′) ∈ X 2 : d(x, x′) ≤ 2ε}) = p0(X ) +
1
T
γ({(x, x′) ∈ X 2 : d(x, x′) ≤ 2ε})− 1

T
q(X ) = 1.

Therefore,W∞(p0, p′0) ≤ ε.
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